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Over thirty years since an early epoch of inflation was proposed as an elegant

way solution to the Big Bang’s flatness, horizon, and monopole problems, re-

cent theoretical and observational advances have made it possible to robustly

test the physics of inflation using a variety of cosmological probes. It is now

known that the higher-order correlators of primordial fluctuations beyond the

power spectrum, starting with the bispectrum (or ‘shape’), is highly sensitive to

the specific physical model of inflation, and this has motivated an intense effort

to robustly extract bispectrum constraints from current and upcoming data sets.

This thesis aims to build on existing methods for reconstructing the amplitude

and wavenumber-dependence of primordial bispectra and making robust infer-

ences about the inflationary physics of our Universe, given cosmic microwave

background (CMB) data from Planck and future large-scale structure (LSS) sur-

veys, such as DESI and Euclid.

We present forecasted constraints from CMB bispectrum data for a range of

inflationary shapes, ranging from fixed individual templates, which are meant

to represent distinctive features of large classes of physical models, to more

general shapes and joint constraints on sets of shapes, which are important for

quantifying how well the data may be able to detect bispectrum signatures that

are not already theoretically predicted, and how well it may distinguish be-



tween competing theories. In addition, to better model general bispectra that

may have complex behavior on squeezed triangle configurations of (k1, k2, k3),

we created an alternative divergent basis for reconstructing bispectra. Next,

we extend this analysis to a wholly different probe of inflation that will be-

come available when large galaxy surveys come online in the next decade: the

scale-dependent halo bias as measured from galaxy power spectra. Our analy-

sis shows that the two probes of bispectra from the CMB and LSS can be quite

complementary, especially if we can obtain a strong prior on the galaxy bias

from external data sets. We also show that although previous analyses have fo-

cused on the large-scale halo bias, the small-scale halo bias also contains infor-

mation that can be used to constrain and discriminate between models. Finally,

we narrow our focus to a class of inflationary theories that have non-trivial ini-

tial quantum states for the inflaton, as these models have in the past not been

well-constrained due to the limitations of current reconstruction methods. We

present an alternative basis, derived from b-splines, which can reconstruct the

sharp localized peaks and oscillatory features typical of bispectra in these mod-

els, and show that the b-spline basis is competitive with other choices of basis,

partly because b-spline basis functions are more easily generated.
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CHAPTER 1

INTRODUCTION

Cosmology over the past several decades has converged on a concordance

model that tells a consistent story of our Universe from its early hot Big Bang

phase to its present state. The concordance cosmology is one which obeys Ein-

stein’s general relativity, is flat, presently made up of approximately 70% dark

energy, 25% dark matter, and 5% baryonic matter, and consistently ties together

all existing cosmological measurements to date (e.g. [9, 10, 11]). However, de-

spite the ΛCDM cosmology’s many successes in evolving initial conditions from

the onset of the Big Bang to the present day, in agreement with observations, it

alone does not provide the answers about why or how our Universe’s initial

conditions were set as they were.

The lack of the ΛCDM model’s predictive power in this respect is partic-

ularly concerning, because the initial conditions inferred from the model’s pa-

rameters appear to be very fine-tuned. Historically, these fine-tunings have been

called puzzles within the Big Bang paradigm. For example, why is the Universe

so flat (the ‘flatness problem’), and why have no magnetic monopoles been ob-

served (the ‘monopole problem’)? Why do causally disconnected regions of the

sky look so similar (the ‘horizon problem’)? In addition to these questions, the

concordance cosmology does not comment on the origins of the density pertur-

bations that need to have been present during the early universe in order for

subsequent structures to form through gravitational collapse.

Beginning in the early 1980’s, it was realized that an early phase of accel-

erated expansion, or ‘inflation’, preceding the Big Bang would resolve these

puzzles (e.g. [12, 13, 14]). A simple model for inflation can be constructed
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by positing the existence of a single scalar field, the ‘inflaton’, with an associ-

ated potential, V(φ), which dominates the energy budget of the universe dur-

ing inflation. Then, the inflaton’s effective equation of state is w ≡ p/ρ =

( 1
2 φ̇

2−V(φ))/(1
2 φ̇

2+V(φ)), and can drive accelerated expansion if the negative pres-

sure is sufficiently strong (w < −1/3). An example of such a scenario is shown in

Figure 1.1. If the accelerated expansion lasts a minimum number of e-foldings,

then the flatness, monopole, and horizon problems can be neatly reconciled: the

exponential expansion drives generic values of the curvature towards flatness,

dilutes the density of monopoles, and shrinks the comoving horizon, such that

the largest density fluctuations observable today were previously in causal con-

tact (as illustrated in Figure 1.2).

While this classical behavior of the inflaton field provides a description for

the background accelerated expansion of the universe during inflation, quan-

tum fluctuations of the inflaton around the classical solution can provide an ele-

gant physical explanation for the origin of density fluctuations. In this scenario,

small differences in the value of the inflaton field in separated regions of space

result in different volumes of the universe undergoing accelerated expansion

for different lengths of time, creating the density fluctuations that provide the

initial conditions for the Big Bang and ΛCDM cosmologies. More quantitatively,

an inflationary action encodes the dynamics of the background expansion and

quantum fluctuations during inflation, and is the starting point for calculations

of the primordial power spectrum and bispectrum. For example, the action in

the simplest single-field slow-roll scenario is

S =

∫
d4x
√
−g

[
−

1
2

R +
1
2

gµν∂µφ∂νφ − V(φ)
]
, (1.1)

where the first term corresponds to the Einstein-Hilbert action for gravity (R is

the Ricci scalar), and gµν is the metric (with g its determinant). This action can
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Figure 1.1: A simple inflationary toy model, with a single scalar field, φ,
called the ‘inflaton’, and an associated potential, V(φ). Accel-
erated expansion occurs when the potential energy dominates
the kinetic energy of the field, 1

2 φ̇
2, which is initially small for

a slowly rolling inflaton, and ends when the kinetic energy
grows to be comparable to the potential energy, after which the
field value will oscillate around the potential’s minimum. As
the oscillations damp out, the inflaton’s energy is transferred
into the creation of standard model particles, which heat the
universe, and begin the hot Big Bang. Figure taken from [3].

be recast as an expansion in terms of the comoving curvature perturbations, R,

which remain constant after leaving the horizon during inflation,

S = S (0)[φ̄, ḡµν] + S (2)[R2] + S (3)[R3] + ... (1.2)

While the zeroth-order action terms in S (0) determine the background expan-

sion during inflation, such as the values of the Hubble constant and the slow-

roll parameters, the second- and third-order terms, S (2) and S (3), determine the

generation and evolution of fluctuations captured by the power spectrum and

bispectrum, respectively. The quantum mechanical nature of these fluctuations

is accounted for by promoting the classical field R to an operator, schematically
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Figure 1.2: This diagram, taken from [3], illustrates the changing comov-
ing horizon (red) with respect to a density fluctuation on a fixed
scale (blue). During inflation, the shrinking comoving horizon
causes density fluctuations to shift outside the horizon, with
the fluctuations on the largest scales leaving first. This effec-
tively freezes in the fluctuation until it re-enters the horizon at
a later time, after the onset of the Big Bang. Inflation provides
a solution to the horizon problem, by allowing the largest-scale
fluctuations observable today to have been inside the horizon
before the Big Bang.

written in Fourier-space as

R̂k ∼ Rk(t)âk + R∗k(t)â†
−k. (1.3)

Imposing the canonical commutation relation on the creation and annihilation

operators, and choosing the initial quantum state to be the Bunch-Davies vac-

uum, determines a unique solution for R̂k. The power spectrum and bispectrum

are then defined as correlations in R̂k products, evaluated at the time of horizon-

crossing,

〈RkRk′〉 = (2π)3δ(k + k′)PR(k) (1.4)〈
Rk1Rk2Rk3

〉
= (2π)3δ(k1 + k2 + k3)BR(k1, k2, k3). (1.5)

In this way, different models of inflation, given by a range of inflationary ac-
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tions, predict different statistics of the primordial density fluctuations, which

we can try to measure in order to test competing inflationary scenarios.

For the simplest single-field slow-roll models, like the one in Figure 1.1, this

calculation yields primordial fluctuations that are:

- adiabatic, i.e. fluctuations in different components (photons, baryons,

dark matter, neutrinos, etc.) are all sourced by the same perturbations

to the gravitational potential, which come from the same inflaton. The vi-

olation of this condition would hint at an inflationary model with multiple

degrees of freedom, such as a multi-field model of inflation.

- Gaussian, corresponding to the inflaton being a free field in its vacuum

ground state. This condition can be broken in a variety of ways, e.g. by

introducing additional fields, additional inflaton interactions, or changing

the quantum state of the inflaton, each of which will introduce uniquely

different non-Gaussian deviations to the resulting primordial fluctuations.

- nearly scale-invariant. Scale-invariant fluctuations are generated when the

inflaton’s dynamics are time-independent, as it would be if the potential

were completely flat. Since inflation must end at some point, there must be

some time-dependence, which for a slow-rolling scenario implies that the

fluctuations will exhibit small deviations from perfect scale-invariance.

- imprinted on tensor fluctuations of the spacetime metric, which are ob-

servable in the late time universe as gravitational waves. For single-field

slow-roll models, the amplitude of the tensor power spectrum gives a

measure of the energy-scale at which inflation occurred, and the ampli-

tude and near scale-invariance of the tensor power spectrum must satisfy

a consistency condition.
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These predictions for single-field slow-roll models have been so far found to

be consistent with observations of the fluctuations’ statistics in the cosmic mi-

crowave background (CMB) and large-scale structure (LSS). However, to more

fully probe inflation, each of the above predictions for the simplest models of

inflation can be constrained with improving data sets, to search for clues to the

physical mechanism for inflation. In the last decade, the connections between

inflationary theories and the (non-)Gaussianity of the generated primordial fluc-

tuations have been explored for a large number of inflationary models in the lit-

erature. While a nearly scale-invariant power spectrum, P(k), is a generic feature

of many inflation models, the structure of higher-order correlators, such as the

bispectrum, B(k1, k2, k3), or 3-point correlation function, and in particular, their

k-dependence, have been shown to be highly sensitive probes of the particulars

of the underlying physics of inflation.

One can add physically-motivated complexity to the single-field slow-roll

inflaton’s action, and see what kinds of bispectra arise. General trends in the

derived bispectra of different physical models have become apparent over the

last decade of exploring the ties between bispectra and inflationary physics:

- Local type non-Gaussianity arises in many models with multiple fields, and

these bispectra have large amplitude for squeezed triangles, k3 << k2 ∼ k1.

Squeezed triangles, as well as other commonly discussed triangle config-

urations, are shown in Figure 1.3.

- Equilateral and orthogonal type non-Gaussianity generically come from in-

flationary actions with non-trivial kinetic terms, or higher-derivative inter-

action terms, and these bispectra have their largest amplitudes for equilat-

eral triangles, k1 ∼ k2 ∼ k3, and folded/flattened triangles, with k2 + k3 ∼ k1.
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- Flattened type non-Gaussianity, also called enfolded or folded non-

Gaussianity, come from models with non-trivial vacuum initial conditions,

and these bispectra generically have large amplitude on folded/flattened

triangles. Their bispectrum functions are also often highly oscillatory.

These studies, taken together, imply that it is possible to shed light on

the physics of the inflation by focusing our efforts on measuring the non-

Gaussianities of the primordial fluctuations with future experiments.

Currently running and upcoming surveys of the CMB and LSS aim to do

this by constraining the bispectrum of primordial fluctuations with increasingly

higher precision. The strongest constraints on non-Gaussianity to date come

from the Planck satellite’s survey of the CMB sky [15], while galaxy surveys

that are planned for the next decade, such as the Dark Energy Survey Instru-

ment (DESI) and Euclid, will provide an alternative and complementary probe

of non-Gaussianity. Any robust detections of non-Gaussianity, or the contin-

ued non-detections of existing constraints, both have exciting implications for

our understanding of inflation, and motivates continued efforts to better under-

stand and analyze the available and upcoming data.

Constraining higher order correlators, like the bispectrum, however, is gen-

erally not an easy task, and a few subtleties of obtaining and interpreting con-

straints should be kept in mind. First, calculating observational CMB and

LSS predictions for a variety of non-Gaussian initial conditions is computa-

tionally challenging, and constructing pipelines that can translate realistic data

sets into robust constraints on the amplitude and k-dependence of the true pri-

mordial bispectrum adds to the difficulty. Much of the computational burdens

can be lifted in cases where the bispectrum of interest can be written, or well-
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Figure 1.3: Parts (a)-(e) of this figure from [4] illustrate a variety of tri-
angle configurations that make up the full space of allowed
(k1, k2, k3) combinations, representing the space over which a
bispectrum’s amplitude, BΦ(k1, k2, k3), is defined. Each one is
labeled with a common name, such as ‘squeezed triangle’,
that is often used in the literature and throughout this work
to correspond to similar-looking triangles. Additionally, bis-
pectra are often plotted on figures like the one in the bottom
right panel. Bispectra are always symmetric under interchange
of the wavenumbers, and many bispectra are scale-invariant,
meaning they can be reduced to functions of k2/k1 and k3/k1, al-
lowing all of the unique information contained within a bispec-
trum function to be shown as a contour plot over the domain
shown in the last panel.

approximated as, a separable function of the three wavenumbers, BΦ(k1, k2, k3) =

X(k1)Y(k2)Z(k3) + permutations of k1, k2, and k3. Exact separable approximations

are not guaranteed to exist, but a handful of shape classes (like the local, equi-

lateral, orthogonal, and flattened types discussed above) can be defined, with

a representative separable template for each one. However, the danger of this
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approach is that there are an infinite number of ways for non-Gaussianities to

be realized in the data, and if the true form of non-Gaussianity, if it exists, is not

similar to a type that we are looking for, there is a possibility that it will go unde-

tected. It is therefore worthwhile to look for ways of constraining general types

of bispectra, including exotic types that do not fit into the classes discussed,

and general forms that do not directly correspond to any particular physically-

derived model. Fergusson et al. have proposed a strategy of constructing a basis

of separable functions, upon which any bispectrum can be reconstructed [16].

In practice, the efficient convergence of such an expansion is sensitive to the

bispectra that one desires to the reconstruct, as well as the particular choice of

separable basis. Alternative choices of basis can be explored, to probe as much

of the theory space as possible, and give us the best chances of uncovering the

correct model.

Secondly, in the scenario where some form of non-Gaussianity is eventually

detected, care must be taken when interpreting the detection. For example, if we

search for a local type of non-Gaussianity and detect it with a statistically sig-

nificant amplitude, how much confidence can we have that the correct model is

truly the local type, and verify that it is not the signal from another type of non-

Gaussianity that is leaking into our measurement? There remains a possibility

that we are detecting signatures of an altogether different theory, the bispectrum

for which shows some similarities with the local template used, but ultimately

describes different physics. The degradation of the measurements’ error bars

can be quantified to include the effect of having to distinguish between multi-

ple competing models on the resulting constraints.

This thesis represents a small part of the current efforts to constrain inflation
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through searches for non-Gaussianity, and presents calculations of forecasted

constraints on and improving tests of, inflationary models that will be possible

with these current and future data sets. In Chapter 2, reproduced from [17], we

construct an alternative separable basis, which we call the “divergent basis”,

that has the advantage of being able to more efficiently describe a wider variety

of shapes that peak strongly in squeezed configurations, and using this basis

we forecast constraints on general shapes that will be achieved with a CMB

survey of temperature and polarization fluctuations, modeled on the data set

expected from Planck’s final release. Chapter 3 reproduces the analysis in [18],

which computes the constraints on inflationary models that upcoming galaxy

surveys are likely to yield. The same density perturbations that are reflected

in the CMB sky are imprinted on the distribution of structures, such as galax-

ies, in the late-time universe. Rather than attempting to measure the primordial

bispectrum through the bispectrum of galaxies, halos, or dark matter, we in-

stead search for primordial non-Gaussianity indirectly through its effect on the

scale-dependence of the halo bias, which is measurable in the power spectrum

of galaxies. We forecast the constraints on general shapes that the power spec-

trum of galaxies will provide, from future galaxy surveys such as DESI and

Euclid, focusing on whether these constraints can compete with or complement

the constraints from Planck on general shapes, and what theoretical systematics

they might be susceptible to. The forecasted constraints in both Chapters 2 and

3 are computed jointly for a subset of non-Gaussian bispectra, to quantify the

impact of distinguishing between multiple models on resulting constraints.

In Chapter 4, reproduced from [19],we consider a special class of inflationary

models that have typically been less well-probed by existing analyses, due to

the unusual features that their bispectra typically display. Inflationary models
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with non-trivial initial quantum states for the inflaton are physically motivated

extensions of the simplest single-field models, and these bispectra are gener-

ically peaked in squeezed and flattened triangular configurations, with oscil-

latory amplitudes over the entire space of triangles. Their sharp features and

rapid oscillations have made them difficult to reconstruct using existing choices

of separable basis, such as the polynomial basis adopted by Planck’s existing

constraints on general shapes. In this work, we derive general shapes with non-

Bunch-Davies initial states, and devise a basis built upon b-spline functions that

are computationally simple and are able to compete with existing choices of ba-

sis for reconstructing these exotic and unusual shapes. Finally, in Chapter 5,

we summarize the major results of the work in this thesis, and discuss future

directions and extensions of interest on the road to improving constraints on

inflation.
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CHAPTER 2

NON-GAUSSIAN SHAPE RECOGNITION

2.1 Introduction

An early period of accelerated expansion, perhaps a trillionth of a second af-

ter the Big Bang, is proposed to solve a number of problems unresolved by the

Big Bang scenario, such as the flatness and horizon problems. The paradigm of

single-field slow-roll inflation is the simplest model to describe this acceleration,

and makes broad predictions of adiabatic and Gaussian-distributed primordial

density (scalar) perturbations, described by a nearly scale-invariant 2-point cor-

relation, and smaller gravitational metric (tensor) perturbations. In this model,

the scalar and tensor amplitudes and scale dependence are related through a

‘consistency relationship’.

The precision of astrophysical measurements has dramatically improved

over the last decade. Cosmic Microwave Background (CMB) measurements,

such as from the Wilkinson Microwave Anisotropy Probe [20, 21], small-scale

CMB measurements from the Atacama Cosmology Telescope and South Pole

Telescope [22, 23], and large-scale structure (LSS) observations such as from the

Sloan Digital Sky Survey [24, 25], are all entirely consistent with single-field

slow-roll predictions, placing strong constraints on the scalar power spectrum

and upper limits on the degree of deviations from Gaussianity and amplitude

of tensor modes.

The agreement between single-field inflationary predictions and observa-

tions is a profound success for cosmology, but it is as yet, insufficient to inform
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us about the underlying theory from which inflation derives. Rapid theoretical

progress in high energy effective field theory has led to a wide range of possible

Lagrangians for inflation [26, 27, 28, 29]. These often go beyond making dis-

tinct predictions for the form of the single-field inflationary potential and can

include multiple dynamical fields and non-canonical derivative (kinetic) terms

in the action.

These alternative mechanisms can generate new observational signatures,

including different consistency relationships relating scalar and tensor pertur-

bations [30, 31], the addition of non-adiabatic (isocurvature) modes [32, 33], and

the possibility of observationally measurable non-Gaussian correlations [34]. In

particular, the possibility that primordial non-Gaussianity may be detectable as

a non-zero 3-point correlation function, or bispectrum, has been a major devel-

opment in the search for observational signatures of the underlying inflationary

theory. What is most exciting is that different theories can give rise to bispectra

with distinct scale dependencies, such that measuring not only the amplitude

but also the scale-dependence, or ‘shape’, of the bispectrum could provide a

direct insight into the inflationary mechanism.

Much work has focused on potentially measuring the amplitude of com-

monly predicted shapes, such as the local [35, 36, 34], equilateral [37], and

orthogonal [38] templates. Recent theoretical developments have also led

to a wider population of bispectra, including those from fast-roll inflation

[39, 40, 41, 42, 43], quasi-single field inflation [44, 45], warm inflation [46, 47, 48],

and non-Bunch-Davies or excited initial states [39, 49, 50, 51]. There are also hy-

brids of multi-field and non-slow-roll models [52, 53, 54], and the inclusion of

isocurvature modes in the non-Gaussian correlations [55, 56, 57]. These bispec-
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tra can have very different shapes, meaning their signal is weighted towards

different configurations of the 3 wavenumbers in (Fourier) k-space. How diver-

gent shapes are in the ‘squeezed’ k-configuration, when one of the three length

scales contributing to the 3-point function becomes much larger than the other

two, in particular can signal whether inflation is derived from a single-field or

multi-field model.

The divergence in the squeezed limit could also be constrained by its effect

on large-scale structure. A non-Gaussian signal peaking in the squeezed limit

would directly couple large scale modes to small scales, on which non-linear

halos are forming [58]. This gives rise to an additional contribution to the halo

bias, determining how the number density of halos of a given mass are related to

the underlying linear power spectrum. In theory, wide field large-scale structure

surveys could provide a sensitive constraint on the divergence properties of

non-Gaussianity [59, 60, 61, 62, 63, 64, 65].

Given the diversity of theoretically motivated shapes, an intriguing question

is how well one might actually be able to determine the shape of primordial non-

Gaussianity, rather than purely assuming a shape template is the true shape a

priori. To what extent can the shape of non-Gaussianity be reconstructed using

the CMB and LSS 3-point correlations? If a positive detection is made assuming

a template, how well would such a detection really constrain the underlying

shape and the theoretical model that generated it?

This ‘reconstruction’ approach has been widely considered in the context of

the inflationary power spectrum, both in terms of P(k) reconstruction (e.g. [66,

67, 68]), and measuring the hierarchy of slow-roll parameters (e.g. [69, 70, 71, 72]

and references therein), instead of assuming a nearly scale-invariant spectrum
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parametrized by a constant tilt ns and a constant running dns/d ln k.

Unfortunately, calculating theoretical predictions for CMB bispectra is com-

putationally cumbersome in its exact form, requiring 4-dimensional integrals to

be performed. A formalism to make the calculation tractable for general bispec-

tra was introduced in [16]. The authors proposed a technique to create templates

for shapes by expanding non-separable shapes on a basis set of bispectra that

are explicitly separable functions of the three wavenumbers. The separability

reduces the 4-dimensional integral to a tractable computation without a signif-

icant reduction in the accuracy of the computed CMB bispectra. This approach

has been used to forecast bispectrum constraints for a variety of fundamental

shapes [21] and adapted to other basis sets to describe oscillatory, rather than

monotonic, shapes [73]. Furthermore, the method of modal expansions on a

separable basis has been shown to be advantageous and applicable in a variety

of contexts, for example in studying CMB 3-point correlations with wavelets

[74], CMB trispectra [75, 76], and matter density bispectra in LSS [77, 78, 79].

In this work we present an alternative separable basis to efficiently describe

and investigate the broad class of nearly scale-invariant general bispectra in

terms of their squeezed limit properties. We discuss a way to expand a gen-

eral shape in the basis, which is specifically tuned to enable us to systemati-

cally increase the complexity of the template in a theoretically motivated way.

We forecast the potential for determining the underlying non-Gaussian shape

given upcoming CMB temperature and E-mode polarization data modeled on

the Planck survey.

The format of the paper is as follows. In section 2.2, we review the formal-

ism used to calculate CMB bispectra. We introduce a separable basis to describe
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general shapes that are scale-invariant and potentially divergent, and discuss

how this basis can be applied to describe a wide variety of shapes in the liter-

ature. Using the basis, we develop an expansion that allows us to incremen-

tally investigate classes of bispectra motivated by theories. In section 2.3, we

present a Fisher analysis quantifying how well a Planck-like survey will be able

to distinguish between and constrain individual bispectrum shapes. Using a

principal component analysis, we find the best to worst measured uncorrelated

shapes, and compute the overall uncertainties in the bispectrum measurement

as a function of k-space configuration under different theoretical priors. We use

these results to establish how much we can learn about the bispectrum shape,

and hence with what confidence we might be able to narrow down the under-

lying inflationary theory. In section 2.4, we summarize our findings and discuss

implications for future work.

2.2 Efficient calculation of a general non-Gaussian shape

In this section we lay out the formalism to describe and compute general bispec-

tra. In subsections 2.2.1 and 2.2.2, we respectively review the calculation of the

CMB bispectrum given the primordial 3-point function and the definitions of

covariances in wavenumber and multipole space that roughly quantify the the-

oretical similarity of two bispectra. In subsection 2.2.3 we introduce a separable

basis set to describe general bispectra and develop computationally tractable

templates. Subsection 2.2.4 discusses the application of the basis set to a variety

of theoretical bispectra and templates in the literature. How bispectra can be

classified and presented pictorially is reviewed in subsection 2.2.5.
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2.2.1 The CMB bispectrum

While Gaussian fluctuations are wholly described by a 2-point correlation func-

tion, a full description of non-Gaussian fluctuations requires higher order corre-

lations that are not trivially related to the 2-point function. The simplest higher

order correlation is the 3-point function, where the 3-point Fourier space statis-

tic analogous to the 2-point power spectrum is the bispectrum, BΦ, defined by

〈Φ(k1)Φ(k2)Φ(k3)〉 ≡ (2π)3δ(k1 + k2 + k3)BΦ(k1, k2, k3). (2.1)

Φ(k) is the primordial gravitational potential, related to the curvature perturba-

tion by Φ = 3
5R. Under the assumptions of statistical isotropy and homogeneity,

the bispectrum is dependent on only the magnitudes of the wavenumbers, k1,

k2, and k3.

The bispectrum is often parameterized by a shape, S (k1, k2, k3), and an am-

plitude, fNL, at an arbitrary configuration in k-space which together determine

the bispectrum at all scales,

(k1k2k3)2

N
BΦ(k1, k2, k3) = fNLS (k1, k2, k3). (2.2)

The typical convention is to choose N = 6[2π2
(

3
5

)2
∆2
R
(k0)]2, where ∆2

R
(k0) is the

amplitude of the primordial power spectrum of the curvature perturbations at

a pivot scale k0. Shapes are typically normalized such that S (k0, k0, k0) = 1.

CMB statistics are commonly described by correlations between angular mo-

ments on the sky, a`m, calculated through a spherical harmonic decomposition

of the photon transfer functions, ∆`(k), integrated along the line of sight and

sourced by the primordial perturbations,

a`m ≡ 4π(−i)`
∫

d3k
(2π)3 ∆`(k)Φ(k)Y`m(k̂). (2.3)
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The CMB 3-point correlation function is given by

〈a`1m1a`2m2a`3m3〉 =

(
2
π

)3 ∫
dxx2

∫
dk1dk2dk3(k1k2k3)2BΦ(k1, k2, k3)

×∆`1(k1)∆`2(k2)∆`3(k3) j`1(k1x) j`2(k2x) j`3(k3x)

×

∫
dΩx̂Y`1m1(x̂)Y`2m2(x̂)Y`3m3(x̂). (2.4)

To perform the integrals over k and x, we use the CAMB1 code [80], which uses

the line of sight approximation [81] to calculate the photon transfer functions

∆`.

We consider purely isotropic bispectra for which the integral over
∫

dΩx̂ is

a separable geometrical factor called the Gaunt integral. The properties of the

Gaunt integral require that the non-zero correlations have `1, `2, and `3 satisfying

an even sum `1 + `2 + `3 and |`1 − `2| ≤ `3 ≤ `1 + `2 for `1, `2 ≤ `3. Under the

assumption of isotropy, the angle-averaged angular bispectrum is the 3-point

analogue to the C`,

B`1`2`3 =
∑
mi

 `1 `2 `3

m1 m2 m3

 〈a`1m1a`2m2a`3m3〉, (2.5)

where the bracketed term is the Wigner-3j symbol. To further separate out a

purely geometrical factor from the angular-averaged bispectrum, it is conve-

nient to work with the reduced bispectrum b`1`2`3 ,

B`1`2`3 =

√
(2`1 + 1)(2`2 + 1)(2`3 + 1)

4π

 `1 `2 `3

0 0 0

 b`1`2`3 , (2.6)

so that

b`1`2`3 =

(
2
π

)3 ∫
dxx2

∫
dk1dk2dk3(k1k2k3)2BΦ(k1, k2, k3)

×∆`1(k1)∆`2(k2)∆`3(k3) j`1(k1x) j`2(k2x) j`3(k3x). (2.7)
1http://camb.info
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Here x is a dummy variable which should be integrated between zero and in-

finity. We note that in an analogous evaluation of C`, x has a physical inter-

pretation as the comoving distance to the surface of last scattering. One might

assume therefore that in the 3-point integral the upper limit xmax could be set to

(τ0 − τrec). However, as others have previously also commented [38], the inte-

gral over x arises out of rewriting the delta function in 2.1 as an integral over a

product of Bessel functions. Numerically, for a general bispectrum we find the

value of xmax ensuring the required degree of convergence is `-dependent, and

typically needs to be greater than (τ0 − τrec).

2.2.2 Shape similarity

The degree to which a bispectrum B is theoretically similar to another, B′, can

be quantified by a k-space correlation coefficient, or ‘k-space cosine’, corrk, inte-

grated over the k-space tetrapyd volumeV with weight w [82, 16],

〈S , S ′〉 ≡
∫
V

S (k1, k2, k3)S ′(k1, k2, k3)w(k1, k2, k3)dk1dk2dk3, (2.8)

corrk(S , S ′) ≡
〈S , S ′〉k

√
〈S ′, S ′〉k〈S , S 〉k

. (2.9)

An analogous statistic describing the similarity of two bispectra in multipole

space can be quantified by their `-space correlation coefficient, or ‘`-space co-

sine’, corr` [16],

〈S , S ′〉` ≡
∑
`1`2`3

B`1`2`3 B′`1`2`3

C`1C`2C`3

(2.10)

corr`(B, B′) ≡
〈S , S ′〉`

√
〈S , S 〉`〈S ′, S ′〉`

. (2.11)

These correlation statistics are frequently used within non-Gaussian shape

studies to quantify how well a template matches a given shape. A template can
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be obtained, given a set of n basis shapes, in our case {Kn}, by first applying the

Gram-Schmidt algorithm to give a set of orthonormal basis functions {Rn} (in

either k or ` space),

R′0 = K0 (2.12)

R′n+1 = Kn+1 −

n∑
i=0

〈Kn+1,Ri〉 (2.13)

R j =
R′j√
〈R′j,R

′
j〉

=

j∑
i=0

λ jiKi, (2.14)

where the last line defines the matrix λ. The new basis can then be used to create

a matched template for a specific non-separable shape S ,

S (n)
template =

n∑
i=0

〈Ri, S 〉Ri =

n∑
i=0

αiRi. (2.15)

We note that in general the classical Gram-Schmidt algorithm can be numer-

ically unstable, resulting in {Rn} that are not exactly orthogonal. This issue can

be abated by implementing the well-known modified Gram-Schmidt algorithm,

and any numerical issues that may remain can be checked by verifying that all

of the {Rn} are orthogonal to each other, i.e. 〈Ri,R j〉 = δi j. For our case this was

true to within a few ×10−6 at worst, across the first 7 modes. In addition, a faster

check can be conducted for those shapes for which the coefficients on the orig-

inal basis are known, since computing αλ should return the input coefficients

on the {Kn} basis. We verified that this was the case for the equilateral, orthogo-

nal, and enfolded templates, with the worst coefficients being off by a fractional

error of a few ×10−5. We find this accuracy is more than sufficient for the fore-

casting analyses to constrain shape measurements with upcoming surveys as

we discuss in section 3.

The efficacy of the template to match a given shape S can be quantified by

the cumulative cosine, corr(S , S (n)
template) as in (2.9) or (2.11). A high correlation
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coefficient signals a good fit. If this cosine is close to one then the two shapes

are sufficiently alike that one might expect constraints on the amplitude of B

can be taken as constraints on B’ as well, without having to do a separate anal-

ysis of the data. If on the other hand, the cosine is low, then it is likely that

separate analyses of the data are needed for B and B’, because a template for

B will not be able to pick out a non-zero signal for B’, and vice versa. We note

though that while a template may have a large cosine with the shape, this does

not automatically mean that the template will be able to accurately model a cor-

relation between the true shape and a third shape, with which it is not similar.

The extreme example of this would be if the third shape were exactly propor-

tional to the discrepancy between the template and shape. In constructing a

template, if this was a concern, one might want to tailor it to the purpose by al-

tering the weight in the Gram-Schmidt decomposition to ensure a minimization

of the covariance between the shape and template over a given region of (k or `)

configuration space in which a third shape was relevant.

While it is extremely useful to establish the similarity of shapes, it is the

converse of this, how well two shapes can be distinguished from one another,

using data, that is the main focus of this work. This provides a motivation

to consider an efficient way to generate `-space bispectra explicitly by creating

templates described by basis functions separable in k1, k2 and k3 as we discuss

below. To do this, in sections 2.2.3 and 2.2.4 we develop a framework to describe

the possible degrees of freedom that a general shape might have under a specific

theoretical prior.

We note that corrk and corr` represent simplified correlation statistics that

purely take into account the cosmic variance limitations. Neither statistic, as
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they are written above, takes into account the noise, sky coverage or resolution

characteristics of a particular survey. As described in [16], corr` can be modi-

fied to include these experimental effects by changing the weighted sum over

`1, `2, `3 to reflect the measurement covariance matrix. The modified corr` is then

a refined, survey-dependent extension of 2.11 that tailors the correlation statis-

tic to reflect the observational, rather than intrinsic, distinguishability of shapes.

Distinguishability between several shapes can be done by conducting a Fisher

or χ2 analysis that includes the measurement covariance matrix [34]. In section

2.3, we perform a Fisher analysis and use the correlation statistics, including

experimental effects such as instrument noise, beam size, and incomplete sky

coverage, to quantify how well upcoming surveys might distinguish one shape

from another.

2.2.3 A new separable basis, Kn

The 4-dimensional integral over the product of highly oscillatory functions

given in 2.7 is computationally intensive. This has been a barrier to efficiently

calculating observational predictions for the CMB bispectrum. As a result

many studies have focused on models for which the primordial bispectrum

can be written as, or well-approximated by, a separable (symmetric) function

of (k1, k2, k3),

S (k1, k2, k3) = f (k1)g(k2)h(k3) + cyclic perms, (2.16)

such that the 3-dimensional integral over k1, k2, and k3 in 2.7 is reduced to a

product of three 1-dimensional integrals.

In [16] the authors proposed a way to reduce the computation time for gen-
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eral models by expanding the shape in terms of a separable basis,

S (k1, k2, k3) =
∑

i

αiQi(k1, k2, k3). (2.17)

Each Qi is constructed from symmetrized products of three 1-dimensional poly-

nomials of k1, k2, and k3,

Qn(k1, k2, k3) ∝
p∑

i=0

cpi

r∑
j=0

cr j

s∑
k=0

csk

(
ki

1k j
2kk

3 + ki
1kk

2k j
3 + 4 perms

)
, (2.18)

where n maps onto a combination of {p, r, s} ≥ 0, and cpi, cr j, csk are constants. Us-

ing the Qn basis, the equilateral template can be reconstructed to 98% accuracy

(according to the cumulative cosine) using 6 basis functions [16], while other

shapes motivated by single-field inflation models can require 20 or more mode

functions to get > 95% convergence [83].

An analysis of data to constrain the bispectrum depends not only on the un-

certainties inherent in the data itself, but also the theoretical priors determining

the model being compared with the data. The choice of a separable basis set to

describe the theory is therefore also influenced by this prior. An analysis allow-

ing the primordial bispectrum to take any form (i.e. with no shape prior on the

forms of the separable functions fi, gi, hi) would use a discrete set of k-space bins

to describe the uncorrelated amplitudes at each scale and configuration. In such

a scenario, no theoretical prior is applied and the constraints on the bispectrum

are simply those determined by the data. In studying theoretically motivated

models of inflation, however, there can be broad or specific characteristics of

the bispectra that it would be reasonable to impose in conjunction with the data

that suggest a form for the separable basis functions. For example, a Fourier

basis may be more efficient than a polynomial one for describing bispectra with

oscillatory features [73]. The two minimal assumptions we consider here as the-

oretical priors are that the bispectrum i) has a roughly monotonically changing
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amplitude as a function of scale, and ii) like the power spectrum, it is nearly

scale-invariant.

The polynomial basis of [16] does not naturally confine shapes to these two

common theoretical properties of bispectra. Firstly, the polynomial basis does

not naturally restrict itself to scale-invariant shapes, because i + j + k ≥ 0 in

2.18; resulting sums of the basis functions are thus scale-dependent in general.

Most theoretically-motivated bispectra in the literature, however, are nearly

scale-invariant, with i + j + k ≈ 0 (see [84] for a review). Such shapes can be

reduced to functions of two variables, k1/k3 and k2/k3. There are exceptions to

this, of course, such as non-Gaussianity from particle production [85] or from

features in the inflationary potential [86, 87]. These models can strongly devi-

ate from scale-invariance because modes leaving the horizon at a specific mo-

ment, when particle production is occurring or a feature in the potential is im-

portant, are preferentially populated. Secondly, different types of theoretical

mechanisms generating bispectra predict different divergence properties in the

squeezed limit, where k1 � k2 ≈ k3. We consider the squeezed limit as k1 = k`, the

long wavelength mode, and k2 = k3 = ks, the short wavelength modes, so that

for scale-invariant shapes the squeezed limits purely dependent on xsq ≡ k`/ks.

Single-field inflation models, through a consistency relation [88] predict the bis-

pectrum will vanish in this limit. Local bispectra, typically arising in multi-field

models, have a x−1
sq divergence, while excited states can have x−2

sq divergence.

Since the powers i, j, and k in 2.18 are ≥ 0, the {Qn} all tend towards a con-

stant value in the squeezed limit, and thus cannot effectively describe shapes

diverging in the squeezed limit. As a result, this basis is not immediately suited

to reconstructing templates that display specific divergence behaviors in this

limit, without a further prior being imposed. For example, the compelling and
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well-studied local template cannot easily be recovered using the {Qn} basis with-

out either using many more basis functions or ignoring the divergent part of the

shape that makes the local template distinct from others [83].

In this paper we introduce a set of separable basis functions, {Kn}, that ef-

ficiently describe nearly scale-invariant and potentially divergent shapes, and

explicitly consider the forms of the shapes generated using this basis under var-

ious divergence constraints. Explicitly, we consider

fNLS (k1, k2, k3) =
∑

n

f n
NLKn(k1, k2, k3). (2.19)

Here f n
NL are expansion coefficients and n again denotes a combination of powers

{p, r, s} of the wavenumbers (k1, k2, k3). Kn is defined as

Kn(k1, k2, k3) ≡
1

Nnk2(ns−1)
0

[
kp′

1 kr′
2 ks′

3 + {prs}perms
]
, (2.20)

where Nn is the number of distinct permutations of {p, r, s}. p′ is defined as

p′ = 2 +
(p − 2)(4 − ns)

3
, (2.21)

and similarly for r′ and s′.

To allow for potentially divergent shapes, we allow the powers {p, r, s} to

be negative as well as positive, and to make each Kn nearly scale-invariant, we

require the powers to satisfy p + r + s = 0. Equations 2.20–2.21 then ensure

that each Kn is normalized in the conventional way, with Kn(k1, k2, k3) = 1 at

k1 = k2 = k3 = k0. In the scale-invariant case where ns = 1, Kn only depends on

k1/k3 and k2/k3, and Kn(k1, k2, k3) = 1 for all k1 = k2 = k3.

Each shape has a well-determined behavior in the squeezed limit,

K sq
n =

1∑
m=R

dnmxm
sq + O(x2

sq). (2.22)
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R =
Kn {p, r, s}

dnm,m =
Kpqrmin(p, r, s) -3 -2 -1 0

0 K0 (0,0,0) 1 K000

-1 K1 (-1,0,1) 1
3

1
3

K12
K111

K2 (-1,-1,2) 2
3

K3
K111

-2

K3 (-2,1,1) 1
3

K33
K222

K4 (-2,0,2) 1
3

1
3

K24
K222

K5 (-2,-1,3) 1
3

1
3

K15
K222

K6 (-2,-2,4) 2
3

K6
K222

-3

K7 (-3,1,2) 1
3

K45
K333

K8 (-3,0,3) 1
3

1
3

K36
K333

K9 (-3,-1,4) 1
3

1
3

K27
K333

K10 (-3,-2,5) 1
3

1
3

K18
K333

K11 (-3,-3,6) 2
3

K9
K333

etc.

Table 2.1: The set of Kn with the allowed combinations of {p, r, s} that sat-
isfy p + r + s = 0. The ordering of the modes is according to
their divergence behavior in the squeezed limit. The coefficients
of their divergent terms in this limit, dnm, are trivially related to
the values of {p, r, s}, but are given here for convenience. We also
give the equivalent short-hand notation used in [1] and summa-
rized in (2.23).

The set of {Kn} with the allowed combinations of {p, r, s} is given in Table 2.1

along with their divergence properties. The basis modes are also written in the

equivalent short-hand notation used by [1]. Since we will use this notation to

describe non-separable shapes in the next section we summarize it here:

Kp =

3∑
i=1

kp
i , Kpq =

1
∆pq

3∑
i=1

kp
i

∑
j,i

kq
j , Kpqr =

1
∆pqr

3∑
i=1

kp
i

∑
j,i

kq
j

∑
`,i, j

kr
`, (2.23)

with

∆pq = 1 + δpq, ∆pqr = ∆pq(∆qr + δpr). (2.24)
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2.2.4 Application of the basis to shapes arising in inflationary

theory

In this subsection, we illustrate the efficiency and accuracy allowed by our basis

in describing shapes in the literature. First we discuss cases involving shapes

and templates which are exactly expressed in terms of, or well-approximated

by, linear combinations of the first 3 modes of the basis. Then we extend the

basis to include more divergent modes, and present the basis of shapes we will

use under different divergence priors.

Shapes exactly expressed in terms of {K0 − K2}

Some commonly considered templates can be exactly expressed in terms of the

first three modes of the basis {K0 − K2}.

The local shape, S local = K2, can be derived from a simple ansatz for describ-

ing the nonlinear contribution to the primordial curvature perturbation in real

space as a local effect [34],

Φ(x) = ΦL(x) + fNL

(
Φ2

L(x) −
〈
Φ2

L(x)
〉)
. (2.25)

Local shapes arise out of single-field slow-roll models, though the amplitude

of the bispectrum in this case is predicted to be undetectably small [88, 89].

Large, local non-Gaussianity is predicted by a wide variety of other physically-

motivated models, such as multifield inflation (e.g. curvaton scenario) [90, 91],

(p)reheating mechanisms [92], and ekpyrotic inflation [91, 93].

The constant shape, S const = 1 = K0, was originally studied for its very simple

form [1]. More recently the shape has been studied in the context of shapes
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arising from quasi-single field inflation (QSFI) models [44, 45, 94, 63]. The more

general shape of QSFI is discussed in more detail below.

Models with higher-derivative kinetic terms and/or non-trivial speeds of

sound in the inflationary Lagrangian generally produce non-separable shapes,

sensitive to the sum kt = k1 + k2 + k3 in the denominator, and thus cannot be

exactly written in terms of a separable basis. The equilateral template [37],

S equil = −2K0 + 6K1 − 3K2, is widely used as a template to detect evidence of

such shapes. Examples include generalized single-field models [95, 96, 39, 26],

k-inflation [97, 30, 98], ghost inflation [99], DBI inflation [100, 101], single-field

non-slow roll and bimetric theories [42, 102, 41].

A general, effective field theory of inflation is dominated by contributions

from two shapes [39],

S DBI =
3

7K111

(
8K22

kt
−

4K23

k2
t
− K3

)
, (2.26)

S single =
27K111

k3
t

. (2.27)

While each can typically be well-described by the equilateral template, a lin-

ear combination of these picking out the differences between them can yield a

very different shape. This realization led to the generation of the ‘orthogonal’

template, S orth = −8K0 + 18K1 − 9K2 [38].

While inflation derived from a Bunch-Davies vacuum can be written in

terms of a plane wave basis with positive k modes, excited states that are not

in the Bunch Davies-vacuum can have initial states with both positive and neg-

ative k. Models motivated by non-trivial vacuum states can produce shapes

with denominators containing k1 + k2 − k3 (and its permutations), rather than kt

[39, 49, 50, 51]. Unlike the equilateral and local templates, these shapes peak in
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the flattened configuration, when k3 = k1 + k2. While this shape again cannot be

reconstructed perfectly using separable basis functions, an ansatz proposed as

a proxy to this shape can be given by S en f = −3K0 + 6K1 − 3K2 [50]. The shape

has zero amplitude at k1 = k2 = k3, making the conventional normalization at

this configuration unsuitable for this template. Though flattened shapes such as

this one are usually associated with generalized initial states, it is in some cases

possible to obtain flattened shapes through single-field inflation [29].

Shapes well-approximated by {K0 − K2}

Non-Gaussian templates to describe single-field theories are not limited to

equilateral and orthogonal shapes. Fast-roll single-field non-Gaussian models

[40, 41] retain the scale-invariant spectra but relax the condition for slow-roll

inflation. [83] showed these can be written in terms of seven constituents, four

of which are S local, S const, K1, and S single. The remaining three constituent shapes

are 2

S 3 =
K22

K111kt
, S 4 =

K23

K111k2
t
, S 5 =

K6

K111k3
t
, (2.28)

all of which have significant cosines with the local template.

Other shapes exist in the literature that, while not separable, to some de-

gree interpolate between the templates discussed above and hence can be

reasonably-well described by linear combinations of {K0 − K2}. For example,

non-Bunch-Davies vacua generate shapes that can be equilateral, local, or en-

folded [51].

Quasi-single field (QFSI) models [44, 45, 94, 63] motivated by string theory

2Our shape, S n, is related to Battefeld and Grieb’sAn, by S n = An/K111.
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and supergravity inspired inflation contain multiple fields, but the extra fields

have masses comparable to the Hubble scale. These models can be well de-

scribed by a family of bispectrum templates dependent on a single parameter,

ν,

S QS FI(ν) =

(
3k1k2k3

kt

)3/2 Nν

[
8k1k2k3k−3

t

]
Nν[8/27]

, (2.29)

where Nν is the Neumann function of order ν. This shape interpolates between

the constant and local templates. Another set of models that combine multiple

fields and higher-derivative terms [53, 52, 54] also generate configurations that

interpolate between standard shapes, spanning the local and equilateral tem-

plates.

We use the basis modes, {K0−K2} to create templates for these non-separable

shapes, S 3−5, S DBI , S single, and S QFS I(ν). To demonstrate this, we generate an

orthonormal basis {Rn} using the Gram-Schmidt algorithm in k-space, taking

R0 = K0, and create a template S template =
∑n

i=0 αnRn as in (2.15) that reduces the

covariance between the shape and template. The effectiveness of the template’s

fit can be quantified by the cumulative cosine. In Figure 2.1 we show how the

shapes discussed above can be well modeled by templates using linear combi-

nations of the {K0,K1,K2} templates. In each case the cumulative cosine for the

template and shape exceeds 0.98.

Shapes well-approximated by more divergent {K0 − Kn}

There are two strong motivations to extend template design beyond these three

core templates. Firstly, expansions using the first three templates do not nec-

essarily ensure that theoretical priors on the divergence properties are satisfied
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Figure 2.1: The application of the separable basis to describe shapes moti-
vated by theoretically distinct models that span a wide array of
configurations in k-space. The local, equilateral, and orthogo-
nal templates are explicitly separable, and are included only for
reference. The other shapes are not separable but are approx-
imated by templates using linear combinations of {K0,K1,K2}.
We construct an orthonormal basis, Rn, in k-space with uniform
weighting, using a Gram-Schmidt decomposition for Kn, for
0 ≤ n ≤ 2, starting with n = 0 . [Left panel] The cosines between
each shape and the Rn. [Right panel] The cumulative cosine
between a constructed template

∑n
i=0 ciRi and the true shape.

by the template. An example of this is the consistency relation that requires

shapes of single-field inflation to vanish in the squeezed limit [88]. However, the

orthogonal and enfolded templates constructed to describe single-field shapes

tend toward a constant value in the squeezed limit. [38] proposed an orthogo-

nal template, S ortho(2), and [103] an enfolded template, S en f (2), that are somewhat

more complex, using linear combinations of shapes that diverge as xsq
−2, but

they have the benefit of showing the correct divergence properties and more ac-

curately reproducing the original non-separable shape. They can be written in
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R
r

-2 -1 0 1

-1 K2 = S local K0 −2K0 + 6K1 + 3K2 = S equil

2K1 − K2

-2
K6 2K5 − K6 2K4 − K6 K0 + 3K3 − 3K4

K2 + 2K3 − 2K5

2K3 − K6

Table 2.2: Shapes constructed from basis modes with maximal divergence
xR

sq (R < 0) which, through cancellations of the divergent terms,
have a squeezed limit that diverges as xr

sq. These represent an
irreducible set of component shapes, for each value of R, from
which general, scale invariant, separable shapes can be con-
structed.

terms of the Kn modes as

S ortho(2) = (1 + p)S equil

−p
(
2
9
K0 +

8
3
K1 − 2K2 +

20
9
K3 −

10
3
K4 +

4
3
K5 −

1
9
K6

)
(2.30)

S en f (2) = (1 + p)S equil − p
(
6
5
K0 +

16
5
K3 −

18
5
K4 +

1
5
K6

)
, (2.31)

where p is a variable chosen to maximize the template’s fit to the physical shape.

Using our basis we can generalize this approach and write down classes of

templates, denoted S [R,r], constructed from basis modes with maximal diver-

gence R that in the squeezed limit diverge as xr
sq, where r ≥ R. In general, a

shape written in terms of the basis will have a squeezed limit behavior given by

S sq = αn

1∑
m=R

dnmxm
sq + O(x2

sq), (2.32)

with dnm summarized in Table 2.1. We find S [R,r] can be written in terms of an

irreducible set of shapes given in Table 2.2 for which αndnm = 0 for R ≤ m < r.

S local and S equil are the only shapes constructed from R = −1 modes that re-

spectively have −1 and vanishing divergence. There are an infinite set of shapes,
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however, with constant divergence described by βK0+(1−β)(2K1−K2) where β is

free parameter which could take any value except β = −2, for which the equilat-

eral template is recovered. Instead of varying the parameter β, we could instead

select a value of β to generate a template from the set. β = −8 corresponds to the

orthogonal template chosen by [38] to maximize the resulting shape’s orthog-

onality with S local and S equil. We could then choose to write general shapes in

terms of linear combinations of {S equil, S ortho, S local}, rather than αnKn,

S [−1,0] = αES equil + αOS ortho, (2.33)

S [−1,−1] = αES equil + αOS ortho + αLS local. (2.34)

If these are the only shapes being used, the normalization constraint

S [R,−r](k0, k0, k0) = 1 fixes one α coefficient.

We can extend this approach to include basis modes that diverge as xsq
−2,

S [−2,1] = αES equil + αO(S ortho + 6K4 − 6K3) + αL(S local + 2K3 − 2K5)

+(1 − αE − αO − αL)(2K3 − K6), (2.35)

S [−2,0] = αES equil + αOS ortho + αL(S local + 2K3 − 2K5) + β3(2K3 − K6)

+(1 − β3 − αL − αE − αO)(2K4 − K6) (2.36)

S [−2,−1] = αES equil + αOS ortho + αLS local + β3(2K3 − K6) + β4(2K4 − K6)

+(1 − β3 − β4 − αL − αE − αO)(2K5 − K6), (2.37)

S [−2,−2] = αES equil + αOS ortho + αLS local + β3(2K3 − K6) + β4(2K4 − K6)

+β5(2K5 − K6) + (1 − β3 − β4 − β5 − αL − αE − αO)K6. (2.38)

To tie this general approach to specific shapes in the literature, S ortho(2) and S en f (2)

can be written in this form by the following choice of coefficients:

S ortho(2) = (1 + p)S equil − pS [−2,1]

[
αE = −

19
9
, αO =

5
9
, αL =

2
3

]
(2.39)
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S en f (2) = (1 + p)S equil − pS [−2,1]

[
αE =

9
5
, αO = −

3
5
, αL = 0

]
. (2.40)

The inclusion of extra basis shapes can be particularly important when the

shape has undulations and is not just a smooth monotonic function. Shapes

arising out of Galileon inflation are a good example of this. Imposing a Galilean

symmetry on a single-field inflation model [104, 105, 103, 106] gives rise to a

non-Gaussian shape generated by three cubic interaction terms in the inflaton

Lagrangian. While the shapes associated with each of these three operators, in-

dividually, are well-approximated by S equil and S en f (2), there exist combinations

of them for which the resulting Galileon shape has little overlap with any of the

shapes we have mentioned so far. Non-separable templates for Galileon infla-

tion have been developed in [103] and [106] which have high cosines both with

the underlying shape and each other.

For illustrative purposes, we consider the shape presented in [103], based on

equations (26)-(28) of this reference. When we use the Gram-Schmidt decompo-

sition to construct a template with only the first three modes, we find a poor fit

with a cumulative cosine of only 0.13. The Galileon shape derives from a single-

field action and a Bunch-Davies vacuum so theoretical consistency requires that

it vanishes in the squeezed limit. Motivated by this, if we fit the Galileon model

using the 4 shapes in S [−2,1], we obtain a template with a cosine of 0.93. This re-

construction is not improved if we allow an unconstrained combination of the

seven K0 − K6 modes.

We can extend our approach to R = −3 modes, and for example consider the

following general shape that vanishes in the squeezed limit:

S [−3,1] = αES equil + αO(S ortho + 6K4 − 6K3) + αL(S local − 2K5 + 2K3) + β3(2K3 − K6)
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+β7(2K7 − K11) + β8(S ortho + 6K8 − 6K7) + β9(S local − 2K9 + 2K7)

+(1 − αE − αO − αL − β3 − β4 − β7 − β8 − β9)(K6 − 2K10 + 2K7). (2.41)

Fitting these eight distinct shapes in S [−3,1] to the Galileon shape, we obtain an

improved template with cosine of 0.99.

The second reason to consider a basis including more divergent terms is that

some inflationary scenarios, such as excited initial states and warm inflation,

in which inflation occurs in a warm radiation bath [46, 47, 48] (see [107] for a

review), can give rise to shapes that are more divergent than the local shape,

with an overall divergence of xsq
−2. This would suggest using an unconstrained

combination ofK0−K6 modes, or using constrained combinations of the R = −3

modes for which the x−3
sq divergent term vanishes. One such example of this is a

template for warm inflation proposed by [83],

S warm = K2 +K7 − K9. (2.42)

The realization that the differences between similar shapes can be important

and provide an additional insight into the underlying model, implies that we

should not just compare a small number of templates to the data. It is reasonable

to extend beyond this and create more refined templates, sensitive to more than

just properties that models have in common with the equilateral, orthogonal,

and local templates.

2.2.5 Shape classification and depiction

The models discussed in the previous section reflect only a sample of the wide

range of non-Gaussian inflationary shapes arising in the literature. Putting a
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coarse filter on their properties, one might characterize them using three de-

scriptors: i) their divergence in the squeezed limit, ii) how many modes it takes

to accurately describe them, and iii) the “family” to which they belong.

Many of the physical shapes tend to be grouped in terms of a “family” re-

semblance to an existing template, reflecting the type of configurations of trian-

gles with side lengths k1, k2, and k3 where the shapes have most of their power

[1, 108]. For scale invariant shapes this is equivalent to studying the distribution

of power over the space { k1
k3
, k2

k3
} for a fixed k3 > k1, k2. This space can be pictorially

represented by a triangle with sides 0 ≤ k1
k3
≤ 1 and 1/2 ≤ k2

k3
≤ 1. We introduce it

here in the context of the shapes already discussed, because we use this format

to present some of our forecasting results.

In Figure 2.2 we show examples of the shapes discussed in the previous sec-

tion. S const = K0 is the archetypal component of a family with similar power over

all scales, homogeneous over the whole triangular region plotted. “Squeezed”

shapes have a bispectrum amplitude that is peaked in the top left-hand corner

of the plot where k1
k3
� 1 and k2

k3
= 1, while “equilateral” type shapes peak in the

top right-hand corner where k1
k3

= k2
k3

= 1. “Flattened” shapes peak along the left

edge, where k1
k3

+ k2
k3

= 1.

Of the shapes we’ve discussed so far, some clearly fall within these family

categories: S local, S warm, S 4 and S 5 are “squeezed” shapes, while S equil, S DBI , S single

are “equilateral” and S en f is “flattened”.

There exist other additional shapes generated by modes K3 through K7. For

example, Figure 2.2 also includes three shapes that contribute to S [−2,1] that could

describe a general single-field model with Bunch Davies vacuum. While each
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Figure 2.2: Plots showing the comparative spatial distribution of non-
Gaussian shape, S (k1, k2, k3), as a function of k1/k3 and k2/k3.
From left to right we show [top] the local, equilateral, and
enfolded separable templates, [middle] the orthogonal(2) tem-
plate, and non-separable shapes derived from a QSFI model
with ν = 1.3 and Galileon inflation, and [bottom] shapes con-
tributing to S [−2,1]. All shapes are normalized to unity at the
equilateral configuration ( k1

k3
= k2

k3
= 1). The color scales for all

but the local and QSFI shapes are the same to aid comparison.
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vanishes in the squeezed limit by construction, we find they differ from the

equilateral shape in still having a component of their signal focused along the

flattened configuration. The comparative size of this component correlates with

the divergence of the shapes from which they are created, S ortho, S local, and K3.

There are shapes that do not fall clearly into any of these families: S ortho(2)

peaks in both the flattened and equilateral configurations, excited states can

peak in squeezed and flattened configurations, and S QS FI shapes interpolate be-

tween constant and local properties. Beyond this there are shapes with dis-

tinct undulating forms, the S Galileon shape for example, that do not peak at either

edges or corners. Moreover, not all shapes within each family are alike. For

example, the local and warm shapes both peak in squeezed configurations, but

their divergence properties in this region are different, leading to a low cosine

between them.

Given the breadth of bispectrum shapes that could be created, and the com-

paratively loose characteristics on which “families” are formed, there is strong

motivation to ask how much information we can discern observationally about

bispectra. This will help quantify how well we might determine the underlying

non-Gaussian shape, if a detection of non-Gaussianity is made.

2.3 Forecasting constraints on general shapes

In the following analysis, we apply the separable, divergent basis and template

classes from the previous section to assess how we can constrain the shape of

primordial bispectra with upcoming CMB data. Our goal is to quantify what

properties of shapes are measurable, and the respective roles of the experimen-
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tal uncertainties and theoretical priors on determining distinguishability.

Motivated by a broad cross-section of models in the literature, we will focus

on shapes described by basis functions {K0 − K6} that are nearly scale-invariant

and contain terms that are potentially as divergent as x−2
sq in the squeezed limit.

We describe the Fisher matrix approach we use assuming a Planck-like CMB

experiment in section 2.3.1. In section 2.3.2, we present the results of a principal

component analysis for the set of shapes S [−2,r] with different divergence crite-

ria in the squeezed limit imposed. Doing so generates the experiment’s pre-

ferred orthogonal basis of best to worst measured bispectrum configurations,

the principal components (PCs) and their corresponding uncertainties, subject

to the theoretical prior. We consider the implications for shape normalization

and the best-measured k-configuration in sections 2.3.3 and 2.3.4, respectively,

and finish in section 2.3.5 by quantifying our potential ability to determine and

distinguish shapes.

2.3.1 Fisher matrix approach

We compute the 7 × 7 Fisher matrix for the amplitudes of the basis modes, Kn,

{ f n
NL, n = 0, ..., 6} defined in Eq. 2.19 as

F( f i
NL, f j

NL) = fsky

∑
abc,pqr

∑
`1`2`3

∂Babc (i)
`1`2`3

∂ f i
NL

(Cov−1)abc,xyz
`1`2`3

∂Bxyz ( j)
`1`2`3

∂ f j
NL

, (2.43)

where {abc} and {xyz} each sum over the 8 possible temperature (T ) and polariza-

tion (E) combinations of bispectra: TTT,TT E,T ET, ETT,T EE, ET E, EET, EEE.

Given a general primordial shape expanded on the {Kn} basis as in 2.19, the
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corresponding CMB reduced bispectrum is

babc
`1`2`3

= N
∑

n

f n
NLK

abc(n)
l1l2l3

, (2.44)

where K (n)
`1`2`3

denotes the reduced bispectrum of the basis function Kn in 2.20–

2.21. Here we compute it as

K
abc(n)
`1`2`3

=
1

N(n)
permk2(ns−1)

0

∫
x2dx

[
Iap
`1

(x)Ibr
`2

(x)Ics
`3

(x) + {prs}perms
]

(2.45)

Iap
` (x) ≡

2
π

∫ kmax

kmin

dkkp′∆a
`(k) j`(kx) (2.46)

where p′ is defined as in (2.21).

We have modified the CAMB 3 code [80] to numerically evaluate the values

of Iap
`1

and then written code to appropriately combine them to form eachK (n)
`1`2`3

.

Specifically, we take kmin = 6.6 × 10−6 Mpc−1, kmax = 0.56 Mpc−1, and xmax = 16.5 ×

103 Mpc.

We include a note of caution that since the integrals over k and x for cases

where p is very negative (positive) depend on having accurate transfer func-

tions at small (large) values of k, numerical results for these integrations should

be carefully checked for robustness. To verify the numerical robustness of our

results, we have checked that Iap
` (x) obtained numerically for p < 0 match the

expected analytic result in the Sachs-Wolfe limit. We have also quantified how

the Fisher matrix results quoted in the next section are robust or exhibit insta-

bilities to changes in the accuracy boost parameter in CAMB, which allows for

fine resolution in the k and x integrals. For our purposes of computing the in-

tegrals over k and x accurately, increasing the accuracy boost parameter by, for

example, a factor of 2 will compute these integrals with twice as many k or x

bins. In particular, for the most divergent K6 mode, which is a combination
3http://camb.info
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of the most extreme integrals (with p = −2 and 4) and thus we would expect

to have the greatest amount of numerical error, we find that the Fisher results

quoted in the next section changed by less than 0.01% when the accuracy boost

was increased from 1.5 to 2. However, we find that the worst measured eigen-

mode, in the PCA, is far more sensitive to the integral resolution. We find with

an accuracy boost of around 2 we get convergence of a few percent in all but the

worst measured mode. This last mode oscillates with a variation of around 15%

in the standard deviation. This sensitivity in the worst measured mode (which

we will find is the least divergent shape in the squeezed limit), can affect the

constraints for shapes which have a component described by this mode. In the

following sections, we present our results with these cautions attached when

appropriate.

The covariance matrix we use from [109] is

(Cov−1)abc,xyz
`1`2`3

= (C−1)ax
`1

[
(C−1)by

`2
(C−1)cz

`3
+ (C−1)bz

`2
(C−1)cy

`3

]
+(C−1)ay

`1

[
(C−1)bz

`2
(C−1)cx

`3
+ (C−1)bx

`2
(C−1)cz

`3

]
+(C−1)az

`1

[
(C−1)bx

`2
(C−1)cy

`3
+ (C−1)by

`2
(C−1)cx

`3

]
, (2.47)

with

(C−1)ax
` =

 ĈTT
` ĈT E

`

ĈT E
` ĈEE

`


−1

(2.48)

Ĉax
` = Cax

` + Nax
` . (2.49)

Here fsky is the overall fraction of the sky observed, and we assume fsky = 0.8. Nax
`

is the instrument noise for a correlation between observables a and x. We model

CMB noise by considering the three lowest frequency bands of the Planck HFI

instrument for temperature and E-mode polarization, as described in the Planck

Bluebook [110]. We assume each frequency channel has Gaussian beam profile
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of width θFWHM and isotropic noise with error in X = T, E of σX. The noise in

each frequency channel c is then given by

Nax
`,c = (σx,cθ f whm)2e`(`+1)θ2

f whm,c/8 ln 2δax (2.50)

Nax
` =

∑
c

(
Nax
`,c

)−1
−1

. (2.51)

Our fiducial flat ΛCDM cosmology is described by the following parame-

ters, which are consistent with the latest WMAP 9-year constraints [21]: Ωbh2 =

0.02258, Ωch2 = 0.1109, ∆2
R
(k0) = 2.43 × 10−9, ns = 0.963, and τ = 0.088. As

has been done in other recent Fisher forecasts on non-Gaussianity parameters,

such as [111], we consider the uncertainties on the non-Gaussian amplitudes

independent of the uncertainties in the fundamental cosmological parameters

that also affect the power spectrum, as these are comparatively small relative

to the uncertainties from the bispectrum shape functions [112]. For this initial

analysis, we neglect the effect of imperfect measurements of the lensing signal

[113, 114], secondary anisotropies [34], and inhomogeneous sky coverage/noise

on the constraints (e.g. [115, 16]).

2.3.2 Fisher matrix results

A general bispectrum can be expanded in terms of either Kn or the component

shapes, {S X}, in S [R,r], given in (2.33)-(2.38),

BΦ(k1, k2, k3)(k1k2k3)2

N
= fNLS

=
∑

n

f n
NLKn(k1, k2, k3)

=
∑

X

f X
NLS X(k1, k2, k3) (2.52)
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While the Fisher matrix we used based on S [R,r] automatically includes the ad-

ditional priors to constrain the divergence properties, these could also be in-

troduced into the Kn Fisher analysis by using Lagrange multipliers to system-

atically impose each divergence constraint. The latter makes no assumption a

priori about what linear combinations of the shapes given in Table 2.2 should

have their amplitudes constrained. While we use the shape expansion in our

discussion below, we investigated both approaches and found they led to con-

sistent conclusions.

We use the Fisher matrix in terms of Kn to construct Fisher matrices for the

component shapes in S [−2,r] for r = −2,−1, 0, 1. In Table 2.3 we give the `-space

correlation coefficients based on (2.11), but here weighted by the data covariance

between pairs of the component shapes, S X and S Y ,

Corr`(S X, S Y) =
FXY

√
FXXFYY

. (2.53)

This gives a measure of the similarity of the component shapes based on how

they are measured by the survey, integrated over all ` combinations.

We find the similarity between pairs of the four basis shapes in S [−2,1], each of

which vanishes in the squeezed limit, are primarily related to the divergence of

the shapes from which they are derived. S equil and S ortho +6K4−6K3 are very sim-

ilar to each other, while S local−2K5 +2K3 and 2K3−K6 also have a high degree of

overlap. Interestingly the S local−2K5 +2K3 and 2K3−K6 shapes also have signif-

icant similarities with the shapes that diverge as x0
sq. This is derived from their

strong signal along the configurations between squeezed and flattened configu-

rations, as discussed in section 2.2.5. The shape with x−1
sq divergence constructed

from the R = −2 modes, 2K5 − K6, is highly degenerate with the local template;

essentially this implies the two are indistinguishable from one another using the
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Divergence , xsq
n, n = 1 0 -1 -2

n Corr` S e
qu

il

S
or

th
o

+
6K

4
−

6K
3

S
lo

ca
l
−

2K
5

+
2K

3

2K
3
−
K

6

S
or

th
o

2K
4
−
K

6

S
lo

ca
l

2K
5
−
K

6

K
6

1

Sequil 1 0.97 0.41 0.07 -0.11 0.33 0.23 0.21 0.003
Sortho + 6K4 − 6K3 1 0.24 -0.10 - - - - -
S local − 2K5 + 2K3 1 0.94 0.78 0.98 - - -
2K3 − K6 1 0.80 0.95 -0.29 -0.20 -0.03

0 S ortho 1 0.72 -0.48 -0.40 -0.06
2K4 − K6 1 -0.12 -0.04 -0.01

-1 S local 1 0.99 0.66
2K5 − K6 1 0.68

Table 2.3: Correlation coefficients between shapes that diverge as xn
sq.

These shapes are components in the general template classes,
S [−2,r], for r ≤ n.

CMB data.

The unmarginalized errors, σ( f X
NL) = 1/

√
FXX, give the uncertainty in the

measurement of a specific template if the underlying theory is known to be

wholly described by that template. We find these are comparatively insensitive

to the integral resolution discussed in section 2.3.1. The covariance matrices

obtained from inverting the Fisher matrices give the uncertainties on the ampli-

tudes of the component shapes, σ( fNL), marginalized over the freedom allowed

by each model. The marginalization does make the results precision dependent

in the worst measured mode, i.e. the results are accurate to better than 15%.

We summarize the results in Table 2.4. The covariance matrix in each case
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can be diagonalized to obtain the orthonormal eigenvectors,

êi =
∑

X

ciXS X, (2.54)

and associated eigenvalues, which give the variances σ2(bi) in the amplitudes

of the eigenvectors. These then provide a way to rank the best to worst mea-

sured bispectra. Given this orthonormal basis, any general bispectrum may be

expanded as

fNLS =
∑

i

biêi. (2.55)

The principal components obtained by diagonalizing the covariance matrix are

not immediately ‘shapes’ in the way we considered so far. They have unit norm

with respect to the component shape basis,
∑

X |ciX |
2 = 1, rather than being nor-

malized at the equilateral configuration,
∑

X ciXS X(k0, k0, k0) = 1.

If we restrict the shapes to those described by the first three modes, marginal-

ization does not significantly alter the constraints from the unmarginalized er-

rors, i.e. the three common templates are essentially the principal components

(PC) of the covariance matrix, with the eigenvalues showing that the more di-

vergent the shape, the better it is measured. In contrast, when extended to gen-

eral shapes, constructed of all seven modes, we find marginalized errors for

individual shapes are far larger because of observational similarities between

shapes of similar divergence, or similar properties in the flattened limit. It seems

that only K6 is well constrained if any shape from the S [−2,r] type is allowed.

When extended to shapes constructed of seven modes, the correspondence

between the PC’s and divergence remains. We find that, in general, divergence

in the squeezed limit, followed by a second divergence measure, corresponding

to the signal near the flattened configurations, can be used as coarse indica-

tors of comparative constraining power with the CMB. For the general shape
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σ( fNL) marg.d over shape
Divergence Shape Unmarg. S [−1,r] S [−2,r]

xsq
n σ( fNL) r=0 -1 r=1 0 -1 -2

1

Sequil 43 44 45 351 365 387 404
Sortho + 6K4 − 6K3 41 - - 293 - - -
S local − 2K5 + 2K3 32 - - 920 1064 - -
2K3 − K6 18 - - 468 742 1425 1428

0 S ortho 19 19 22 - 362 364 366
2K4 − K6 23 - - - 1000 1018 1034

-1 S local 3 - 4 - - 1073 1081
2K5 − K6 4 - - - - 1074 1082

-2 K6 0.011 - - - - - 0.018

Table 2.4: The uncertainties on the amplitudes of the component shapes,
in the general template classes S [−2,r], that diverge as xr

sq in the
squeezed limit. We give both the unmarginalized errors, assum-
ing the underlying shape is exactly described by the component
shape, and the marginalized errors if we allow the shape to be a
general linear combinations of components consistent with the
prior on the divergence properties.

without any additional divergence constraints, the best measured PC is almost

completely composed of the most divergent shape, K6. The second best mea-

sured PC has dominant contributions from S local and 2K5 − K6 with which it is

very degenerate. If the general shape is restricted to have vanishing divergence

in the squeezed limit, then the best measured PC is very similar to a shape like

2K3 − K6 which has large signal in the flattened configurations despite vanish-

ing in the squeezed limit. The next best measured PC is then similar to shapes

like equilateral or the orthogonal-derived shape S ortho +6K4−6K3, which has less

power on flattened configurations. In both cases, none of the templates look like

the two worst measured modes, which exhibit large oscillatory features along

flattened configurations.

46



Shape S [−2,−2] S [−2,−1] S [−2,0] S [−2,1]

σ(bi) σ( fNL,i) σ(bi) σ( fNL,i) σ(bi) σ( fNL,i) σ(bi) σ( fNL,i)
ê1 0.0084 0.016 2.8 4 20 18 31 11
ê2 4 5 22 18 38 32 138 45
ê3 24 18 38 32 49 39 1321 26
ê4 38 32 491 41 1321 25 7518 28
ê5 522 43 1420 22 9576 16
ê6 1505 19 9576 16
ê7 9576 16

Table 2.5: Properties of the principal components for each template class
S [−2,r] in terms of their component shapes. The properties in the
squeezed limit is determined by the value of r. The table pro-
vides uncertainties, for a unit norm eigenvector, σ(bi), and an
effective σ( fNL(êi)), when the eigenvector is normalized consis-
tently at the equilateral configuration.
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0.0 0.2 0.4 0.6 0.8 1.0
0.5

0.6

0.7

0.8

0.9

1.0

k1 � k3

k 2
�

k 3

PC 4

-3

3

(d) ê4
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Figure 2.3: Configurations of the principal components for S [−2,−2], a gen-
eral shape that can be as divergent as x−2

sq in the squeezed limit.
The plots show the amplitude of the eigenvectors for the best ê1

to worst ê7 measured modes as a function of k1
k3

versus k2
k3

. The
principal components are each normalized to be unity at the
equilateral configuration.
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2.3.3 Drawbacks of normalization at the equilateral configura-

tion

As stated earlier, the PC’s as they are originally generated, are not shapes in the

usual sense because they are not bispectra normalized at k1 = k2 = k3 = k0. They

have a unit norm in terms of the basis shapes. With this normalization, as usual

in PCA, their eigenvalues quantify which combinations of the basis shapes are

best and worst constrained by data, and the eigenvectors can be combined to

create general shapes.

We can convert σ(bi) to an effective σ( fNL(êi)), corresponding to the ampli-

tude of each eigenvector shape normalized in the conventional way, σ( fNL(êi)) =

|σ(bi)êi(k0, k0, k0)|. Table 2.5 gives the values of σ(bi) and σ( fNL(êi)). We quote

the results when both temperature and polarization data are included. We find

that the exclusion of the E-mode polarization from the Fisher analysis does not

noticeably change the shape of the principal components, but does increase the

eigenvalues by about a factor of ∼ 1 − 3 across all eigenvectors. The constraints

on all but the last eigenvalue under each divergence constraint shown in Table

2.5 are accurate to a few percent. The worst measured eigenmode is measured

to ∼ 15% accuracy.

Normalizing our PC’s at the arbitrarily chosen equilateral configuration al-

lows us to compare them to other shapes consistently at one point in k-space.

σ( fNL) does not in itself, however, quantify a shape’s overall variance across all

k. An analogous situation arises in quoting uncertainties on the power spec-

trum amplitude from two different surveys, say a large-scale CMB survey and

a galaxy survey. Both surveys could quote uncertainties at a common arbitrary
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scale, say k0 = 0.05h/Mpc, but while this uncertainty might represent the best

measured scale for the galaxy survey, it would grossly overstate the minimum

uncertainty in the CMB survey, which is best measured at a much larger scale.

It is entirely possible for a well measured mode to have a significant part of

its small variance located in the equilateral configuration, while a poorly mea-

sured mode could have its lowest variance in the equilateral configuration but

be poorly measured over other regions of k-space. Indeed we find this to be the

case, given that the best measured shapes have signal peaked near the squeezed,

rather than equilateral, configuration. This means that σ( fNL) is not a useful

measure in itself to assess how well a shape can be measured. This shortcom-

ing of the conventional normalization has been discussed previously in other

studies, e.g. [37] and [16], where alternative normalization schemes based on

an integrated total amount of non-Gaussianity have been proposed.

The overall spread in uncertainties from the best to worst eigenvector is

much reduced when normalized at the equilateral configuration and can in

some cases produce a switch in the ordering of the modes for σ( fNL) relative

to that of σ(bi). This does not present an inconsistency in the analysis, but sim-

ply demonstrates the perils of considering a normalization at an arbitrary scale.

Figure 2.3 shows the variety of profiles in the 2-dimensional ( k1
k3
, k2

k3
) space

shown in the triangle plots. Given that the power spectrum we consider is not

perfectly scale invariant, there is some small dependency of the bispectrum am-

plitude on the value of k3, described by p′ in (2.21). The spatial profiles, however,

in terms of k1
k3

and k2
k3

are k3-independent.

The gradients in the PC configurations reflect the rough ordering from
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Figure 2.4: As in Figure 2.3, but showing the configurations of the princi-
pal components for S [−2,1], a general shape that vanishes in the
squeezed limit.

squeezed to flattened to equilateral as the modes span from best to worst. The

complementarity of the eigenvectors, reflected by the different directions of gra-

dients of the signals in the configuration space, has implications for the location

of the best measured configuration, as we discuss in section 2.3.4.

51



2.3.4 Best measured k-configurations

In the analysis that follows, we avoid splitting up bispectra into shapes and

amplitudes, normalized at an arbitrary configuration. Instead we consider the

overall constraints on the bispectrum, B(k1, k2, k3), itself up to the constant nor-

malization, given in (2.2), fNLS = k2
1k2

2k2
3B(k1, k2, k3)/N.

The eigenmodes and eigenvalues from the PCA provide a way to compute

an error on a general k-space bispectrum. We can calculate the posterior distri-

bution of the uncertainties on fNLS given the data, D, with a theoretical prior

given by the eigenvectors {êi},

p( fNLS |D) =

∫ n∏
i=0

dbi p( fNLS |bi)p(bi|D), (2.56)

p( fNLS |bi) = δ( fNLS −
n∑

i=0

biêi(k1, k2, k3)), (2.57)

p(bi|D) =
1

√
2πσ(bi)

exp
(
−

b2
i

2σ2(bi)

)
. (2.58)

Under this assumption of Gaussian errors this gives the commonly used result,

σ2 ( fNLS (k1, k2, k3)) =
∑

i

σ2(bi)êi(k1, k2, k3)2. (2.59)

This equation for computing the error can be applied to each set of PC’s

generated for each divergence scenario in the previous section. The errors

in the ( k1
k3
, k2

k3
) configuration space can be plotted and the best measured k-

configuration, and the associated uncertainty, calculated for each scenario.

σ( fNLS ) varies only very weakly across slices in k3; its functional form can

be divided into a dependence on ( k1
k3
, k2

k3
) and a weak dependence on k3, going

as k2(ns−1)
3 , for fixed k1

k3
and k2

k3
. For our choice of theoretical priors on the model,

σ( fNLS ) decreases with increasing k3. This is because the noise scales as the
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signal for the near scale-invariant theoretical prior we impose. An alternative

prior would give very different dependencies on k3. For example if we were to

remove the theoretical prior all together and model the bispectrum amplitude

as bins in k, the only constraints on the model come from the observational

uncertainties, and the noise would diverge exponentially on small scales.

The weak k3 dependence implies that the uncertainties at one k3 reasonably

reflect the overall uncertainties if one were to marginalize over k3. Figure 2.5

shows the error on the k3 = 0.01 Mpc−1 slice for three different divergence cases.

The location of minimum σ( fNLS ) comes from the sum of the eigenmodes that

is weighted by each mode’s error, which arises out of the complementarity of

the degeneracy directions of the PC’s. We find the location of the best mea-

sured configuration is consistent for the scenarios that diverge as x−2
sq through

to a constant in the squeezed limit for R = −2. This location is not situated

in any one of the corners of the triangle plot associated with squeezed, equi-

lateral, and flattened configurations. Instead it is somewhat centrally located

adjacent to the flattened edge. The best-measured configurations are located at

k1
k3
≈ 0.32 and k2

k3
≈ 0.80, with minimum σ( fNLS ) ≈ 37. For the vanishing diver-

gence prior, the best-measured configuration approaches the squeezed limit, as

we have required the noise to scale as the shapes, which go to zero there. We

also find that for shapes constructed from the local, equilateral, and orthogonal

templates (R = −1), the best measured location spans a degeneracy direction

also along the flattened edge, with minimum σ( fNLS ) ≈ 20.
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Figure 2.5: Example contour slices of σ( fNLS ) under different divergence
constraints, [top left] S [−2,−2], [top right] S [−2,1], and [bottom]
S [−1,−1].
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While the best measured region, in which the error is a minimum, is use-

ful in the absence of knowledge about the theory, the signal-to-noise ratio, for

a given underlying model can also help determine a survey’s ability to distin-

guish between shapes. We consider this in the following subsection.

2.3.5 Shape determination and distinguishability

We now turn to discussing a central question of the paper: given a detection

of non-Gaussianity using a specific template, what can be confidently inferred

about the true underlying shape? We have already considered this from one per-

spective in section 2.3.2 by considering the uncertainties in ascribing a detection

using a template to the template’s shape itself. If we allow for the possibility

that a detection using a specific template could be detecting the component of

another shape allowed by the theoretical prior we are considering, then the er-

rors on shape determination can increase significantly, especially for shapes that

do not peak in the squeezed or flattened configurations.

In this section we approach the question of shape distinguishability from

a second direction, considering the range of possible general shapes, under a

divergence prior, that could create the detected template signal and fit the bis-

pectrum data within some confidence range. Such analyses have already been

considered in the context of specific models, for example, how well we might

disentangle a QSFI model (e.g. in 2.29) from S equil or S local as a function of ν

[94, 63]. Here we extend this approach to a more general shape, and consider

what implications a detection with one of the common templates has for general

models. For specificity we consider a subset of general shapes consistent with
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S [−2,1],

S gen = (1 − αX − αY − αZ)S equil + αXS X + αYS Y + αZS Z, (2.60)

where S X,Y,Z can be {S ortho + 6K4 − 6K3, S local − 2K5 + 2K3, 2K3 − K6}. This is inves-

tigating a general set of single-field inflation models from which S ortho(2) in 2.39

and S en f (2) in 2.40 are drawn.

How large must a template signal f T
NL be to be confident that the signal is not

from a different, more general shape S gen? We set this distinguishable detection

threshold to be σ( f T
NL), the error on f T

NL for the template, marginalized over f S
NL,

the amplitude of the general shape. The marginalized constraint is computed

by inverting the 2×2 Fisher matrix for ( f T
NL, f S

NL). Thus we are comparing two

shapes, where one is a template, and the other is a general shape, in which αX,

αY , and αZ parametrize the deviation from S equil.

In the simplest case, we allow only αX to be non-zero, such that S gen is a

linear combination of two shapes, S equil and S X, that varies with one parameter.

In Figure 2.6, we showσ( f T
NL) for the local, equilateral, and orthogonal templates

when S X takes different forms. The minimum value of σ( f T
NL) for each template

across all values of α recovers the unmarginalized errors of each. A detected

value of f equil
NL must be larger to produce a 1σ detection of the equilateral shape,

as opposed to a more general shape with α , 0, while f local
NL never has to be

much larger than the unmarginalized σ( f local
NL ) to favor the local model over this

general shape, because S X and S local are weakly correlated.

To illustrate the use of Figure 2.6, for example, a detection of f orth
NL = 40, while

greater than the unmarginalized error of 19, would only be sufficient to rule out

a false 1σ detection of S gen with S X = 2K3 − K6 for −5 . α . 0.9. On the other

hand, if f orth
NL is detected to be larger than 46, then S gen of the 1-parameter form
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would be disfavored, as σ( f orth
NL ) is smaller than this over all values of α. Models

with S X = 2K3 − K6 are most easily differentiated from S equil because they have

the lowest correlation with S equil.

An application of comparing constraints on αX from two distinct templates

is to test whether a given model is consistent with or disfavored by the data.

If two template measurements each individually remain consistent with two

non-overlapping regions of α-space, then it would be clear that modeling the

underlying shape with α alone is not able to produce a viable model. This would

be true for dual measurements of { f equil
NL = 60, f ortho

NL = 45} for S X = 2K3 − K6,

since they would imply non-overlapping ranges of α, −0.7 ≤ α ≤ 0.3 versus

1.3 ≤ α ≤ 3.8 to each be consistent with the data.

We can extend the same analysis to a comparison between templates and a

2-parameter general shape by allowing both αX and αY to vary simultaneously,

while αZ is fixed to zero. For example, S en f (2) is a specific template for which

this is true. In Figure 2.7 we show σ( f equil
NL ) and σ( f orth

NL ) over different choices of

the 2-dimensional space and find that there exist degeneracy directions that are

not fully captured by the 1-dimensional projections in Figure 2.6. We find that

σ( f local
NL ) remains close to the unmarginalized value in this case as well.

In the most general 3-parameter model, we can ask the question of whether

there is any area of this space corresponding to a general model that vanishes in

the squeezed limit, with a significant enough overlap with the local template to

require that a potentially detected f local
NL be much greater than the unmarginal-

ized value of 3. If this were the case, then it may be that a local template de-

tection cannot definitively rule out a general shape that satisfies the single-field

consistency relation. However, we find that nowhere in the parameter space
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does the σ( f loc
NL ) become greater than 4.2, showing that a detection of the local

template above this threshold would effectively rule out a general shape, van-

ishing in the squeezed limit, subject to the assumption that it can be written in

terms of our basis in S [−2,1]. The same distinguishing power is not present for

S local if we allow a weaker prior given by S [−2,−1]. In this case the significant co-

sine between S local and 2K5 − K6, means we may never be able to confidently

attribute a detection with S local to be definitive evidence that the diverging sig-

nal is unambiguously S local. A long shot could be to additionally look at the

correlation of the bispectrum signal with 2K4 − K6 which is mildly negatively

correlated with S local and essentially uncorrelated with 2K5 − K6.

This last point raises an interesting application of our study: to ask if there

are distinct, new templates that we might use to learn about the origins of a de-

tected non-Gaussian signal. In the context of models described by the first three

modes, K0 to K2, the local, equilateral, and orthogonal templates are almost

perfectly aligned with the principal components. If we extend the templates to

include K3 through K6, however, we find these no longer represent the PC’s.

For example, what might be the best way to extend the template pool to search

for signatures of single-field inflation models with Bunch-Davies vacua? In the

context of r = 1 shapes, 2K3 − K6 is well-aligned with the best measured PC

and is only mildly correlated with the existing templates which would make it

a reasonable candidate to add as an additional template. We show the result-

ing constraints on general shapes in Figures 2.6 and 2.7. The figures show that

this template probes regions of the allowed α-space which the equilateral and

orthogonal templates do not constrain in the same way. Thus it may be possible

to combine constraints from the common templates and a small number of new

templates, like 2K3 − K6, to probe the underlying shape of non-Gaussianity.
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Figure 2.6: Detection thresholds on the amplitude of templates, f T
NL, for

distinguishing between the template and a general shape, S =

(1−α)S equil +αS X, at the 1σ confidence level. [Left] S X = S ortho +

6K4 − 6K3, [right] S X = 2K3 − K6. Blue, orange, red, and black
curves denote f equil

NL , f orth
NL , f local

NL , and f 2K3−K6
NL , respectively. Since

S local − 2K5 + 2K3 is very similar to 2K3 − K6, the case where
S X = S local − 2K5 + 2K3 is not shown.

2.4 Conclusion

At the heart of this work is the discussion about how uncertainties quoted on

shape detection are inherently dependent on the underlying assumptions made

about the shape. While a detection of non-Gaussianity with any template will be

extraordinarily transformative in our field, its interpretation, in what it tells us

about the underlying shape, has to be considered carefully in terms of our un-

derlying theoretical prior we impose. Even if no detection of non-Gaussianity is

made, upper bounds on the deviations from Gaussianity according to templates

will have broader impacts for constraints on general shapes.

We have presented an approach for quantifying how well upcoming CMB

temperature and E-mode polarization data can determine the shape of primor-

dial non-Gaussianity under minimal assumptions. We proposed a set of poly-

nomial divergent basis functions, {Kn}, that are well-tuned to describing many
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Figure 2.7: Detection thresholds on the amplitude of templates, [left] f equil
NL ,

[center] f orth
NL , and [right] f 2K3−K6

NL , for distinguishing between
each template and two forms of a general shape S at the 1σ
confidence level. The general shapes considered are [top pan-
els] S gen = (1 − αX − αY)S equil + αX(S ortho + 6K4 − 6K3) + αY(S local −

2K5+2K3) or [bottom panels] S gen = (1−αX−αY)S equil+αX(S local−

2K5 +2K3)+αY(2K3−K6) . Contours for f loc
NL are not pictured, be-

cause the marginalized σ( f loc
NL ) remains close to its unmarginal-

ized value over these 2-dimensional spaces. The case where
S X = S ortho + 6K4 − 6K3 and S Y = 2K3 − K6 is not pictured be-
cause S X and S Y are nearly uncorrelated, thus no additional
information is revealed beyond that in Figure 2.6.

nearly scale-invariant, smoothly varying, but potentially divergent shapes dis-

cussed in the literature. We find we need only three to seven modes to generate

matched templates to describe a wide range of physically motivated shapes. In

this sense, the divergent basis is more efficient than the polynomial basis used

in previous studies (e.g. [16]). Each Kn in our basis is generally divergent, but

linear combinations of the Kn can be constructed to have cancellations in the

squeezed limit, thus creating templates that are less divergent (e.g. equilateral
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shape). For example, S equil and (2K3 −K6) both vanish in the squeezed limit, but

still have a low correlation because the latter has more power near the flattened

and squeezed configurations.

Using the {Kn} it is straightforward to form template classes, S [R,r], that have

specific, common divergence properties in the squeezed limit. Each class is con-

structed from an irreducible set of shapes, that while constructed out of a basis

sets with maximum divergence xR
sq (R < 0), through cancellations of divergent

terms, have squeezed limit xr
sq (r > R). The choice of R controls how many ba-

sis modes are used to develop the templates, e.g. R = −1 includes K0 through

K2, while R = −2 uses K0 through K6. As R becomes more negative it allows

templates to be refined and shapes with a broader set of features across config-

uration space to be modeled.

The classes allow templates to be developed with priors that are well-

motivated by theories: S [R,1] represents the class of all single-field models de-

rived from a Bunch-Davies vacuum, S [R,−1] in addition includes all multi-field

models that diverge like the local shape in the squeezed limit, and S [R,−2] is the

most general class of shapes which includes models from non-Bunch-Davies

vacuum initial states.

While the constituent shapes making up each class have the same diver-

gence properties in the squeezed limit, away from this limit they have power

weighted differently in the configuration space. For example, we discuss a new

shape, 2K3 − K6, used in S [R,1], that has the same squeezed limit behavior as the

equilateral shape but has `-space cosines with the standard equilateral, orthogo-

nal, and local templates of 0.07, 0.80 and -0.29 respectively. While the divergent

terms cancel in the squeezed limit, 2K3 − K6 has significant power just away
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from the squeezed and flattened configurations that differentiates it from the

equilateral shape, and leads to it being most similar (though only mildly) with

the orthogonal template.

An added benefit of using the divergent basis and template classes to con-

sider general shapes is that it ties together the methods we use to search for

evidence of shapes with CMB data to LSS constraints from a scale-dependent

halo bias, which probes the squeezed limits of shapes. It is well-known that

templates for physical shapes which work for generating CMB predictions can

fail when used for LSS predictions [64], because while CMB constraints rep-

resent a weighted average over all k-space configurations, the halo bias traces

the squeezed limit region of k-space only. Thus our approach provides a way

of generating templates that can potentially be used consistently for both CMB

and LSS studies.

We adopt a Fisher matrix approach modeled on a Planck-like survey to es-

timate uncertainties on the amplitudes of shapes within each shape class, r. As

summarized in Table 2.4, we computed the uncertainties on shape attribution

under each prior and how these uncertainties on confidently being able to de-

termine that a template is the true shape can change substantially dependent

upon the type of prior we impose.

We find that the best measured shapes are those with the strongest diver-

gence and with principal power near squeezed and flattened k-configurations.

Though the conventional approach is to quote constraints at the equilateral con-

figuration, k1 = k2 = k3, we show, as summarized in Table 2.5, that this conven-

tion can mask how well or badly a shape is measured, as doing so has the effect

of re-normalizing constraints such that badly measured modes can appear to
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have constraints similar to the best measured mode.

Using the PCA results, we map out the k-dependence of the constraints for

a general shape given a prior, and show its dependence on the prior. For all

but the r = 1 case, the best measured location is not in the equilateral config-

uration where shapes and constraints on fNL are typically normalized, but in a

configuration that is neither squeezed, flattened, or equilateral, but somewhere

in between. This best measured location at roughly k1/k3 ≈ 0.32 and k2/k3 ≈ 0.80

arises out of the complementary gradients of the power in the PC’s. For the

r = 1 case, the best measured location is weighted more strongly towards the

squeezed configuration, reflecting that the signal and the noise, with which it is

correlated, both go to zero in this limit.

Given our parametrization of a general shape under a divergence prior, we

then ask how well it could be constrained using measurements of amplitudes of

common templates, like the local, equilateral, and orthogonal templates. We fo-

cus on the class of general shapes that can represent the possible range of single-

field models that vanish in the squeezed limit (r = 1). We calculate bounds on

the subset of shapes that can remain consistent with constraints on the local,

equilateral, and orthogonal templates, and find again–consistent with what we

found earlier in the analysis–that templates with more power in the squeezed

and flattened configurations provide more stringent constraints on this class of

general shapes. Thus, the local, equilateral, and orthogonal templates serve dif-

ferent roles in constraining general shapes; the local template, if detected with

sufficient amplitude, will rule out any shape of this type, while the equilateral

and orthogonal templates serve to put constraints around different regions of

the parameter space. In this sense, constraints from different templates can be
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complementary.

Furthermore, a general (unknown) shape, will have different overlaps with

the templates, creating a possibility that by combining constraints on templates,

the overall constraint will shed more light on the underlying theory than any

one constraint alone. We find it can also be advantageous to look for signals

with a new, distinct template, beyond the three standard ones, that could help

constrain models more efficiently; we explored the potential for using 2K3 − K6

in this context.

In this initial study we use somewhat idealized assumptions focusing on the

effects of cosmic variance and Gaussian noise from a homogeneous sky cov-

erage. We recognize the rich potential for further study to other basis sets,

that better characterize sharp or oscillatory features in bispectra, the presence

of isocurvature modes, and stronger deviations from scale-invariance. To con-

fidently attribute a primordial source to any measured non-Gaussianity one

would also want to fully account for contributions from astrophysical and in-

strumental sources, including gravitational lensing, inhomogeneous sky cover-

age, and secondary anisotropies from astrophysical foregrounds. There is also

the substantial question of how large-scale structure measurements, with sensi-

tivity to the squeezed limit, can complement the CMB data in constraining these

general shapes, as well as whether 4-point statistics and checks of non-Gaussian

consistency ansatzes can play a role. We are tackling some of these intriguing

issues in work in preparation.
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CHAPTER 3

NON-GAUSSIAN SHAPE DISCRIMINATION WITH SPECTROSCOPIC

GALAXY SURVEYS

3.1 Introduction

The physical mechanism behind inflation still remains an open question, de-

spite the successes of the inflationary paradigm. An abundance of physically-

motivated theories of inflation exist that employ very different physics to drive

inflation, ranging from the simplest models with a single slowly-rolling inflaton

field, to those with multiple fields, non-canonical kinetic terms, or originating

from excited initial states, to broadly name a few. In general, however, each

model predicts a distinct ‘thumbprint’ signature in the statistics of the generated

primordial perturbations due to the particular self-interactions of the inflation-

ary field(s) that give rise to a scale-dependence in deviations from Gaussianity

in tracers of the dark matter density and Cosmic Microwave Background (CMB)

temperature and polarization perturbations.

Recent results from the Planck survey of the CMB have put the strongest

constraints yet on the potentially non-Gaussian statistics of primordial pertur-

bations [116, 117] from the imprint on the observed multipole bispectrum. The

primordial signal appears as changes in the dark matter halo bias and halo

mass function at later cosmological epochs. By exploiting how galaxies are

distributed with respect to these halos, we can extract shape constraints from

galaxy surveys. Upcoming experiments, such as the Large Synoptic Survey

Telescope (LSST) [118], Euclid [119], and DESI [7], will capture the statistics

of the evolved late-time perturbations through the distribution of large-scale
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structure (LSS). These probe non-Gaussianity, potentially even more strongly

than Planck (e.g. [120, 121, 122]). Furthermore, the CMB and LSS observables

probe the primordial fluctuations differently, offering the enticing possibility

of using them together as complementary data sets to strengthen existing con-

straints (e.g. [123]).

The simplest way for a distribution to be non-Gaussian is to have a non-zero

3-point correlator, i.e. bispectrum or ‘shape’. Typically the amplitude of primor-

dial N-point correlators grows smaller as N increases, so that the bispectrum

constraints are the principal N-point non-Gaussian correlation statistic investi-

gated. An exciting realization in inflationary theory is that discerning the scale-

dependence, or ‘shape’, of the bispectrum could provide a direct insight into the

inflationary mechanism, through how non-Gaussianity is generated [16, 108].

Taking a specific bispectrum template and comparing it to data is a sensible ap-

proach to assess if the theory is consistent, or if it possesses new properties that

might be observable with appropriately designed future surveys. Three tem-

plates have been studied extensively: the local shape that arises in multi-field

inflation [35, 36, 34], and the equilateral [37] and orthogonal shapes [38] that

derive from non-trivial kinetic terms in the inflationary action.

Recent theoretical developments have shown there are a far wider popula-

tion of bispectrum shapes, including those from fast-roll inflation [39, 40, 41, 42,

43], quasi-single field inflation [44, 45], warm inflation [46, 47], and non-Bunch-

Davies or excited initial states [39, 49, 50, 51, 124, 125]. There are also hybrids of

multi-field and non-slow-roll models [52, 53, 54], the inclusion of isocurvature

modes in the non-Gaussian correlations [55, 56, 57], and models motivated by

string theory [100, 126, 127]. The large number of alternative theories motivates
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looking for distinctive characteristics with which to classify bispectra and re-

construct what we can know about the underlying theory in an unbiased way

from the data. One such characteristic in particular has gained prominence in

the literature: while the bispectra can have very different shapes, meaning their

signal is weighted towards different configurations of the three wavenumbers

in (Fourier) k-space, their properties in the ‘squeezed limit’ when one of the

three length scales contributing to the 3-point function becomes much larger

than the other two, can signal whether inflation is derived from a single-field or

multi-field model or from a non-Bunch-Davies vacuum.

For a preferred model with a particular bispectrum BΦ(k1, k2, k3), one can

forecast or measure a constraint on the amplitude fNL of the model’s shape at

a particular pivot value of (k1, k2, k3). Then, under the assumption that this is the

right model, we can extend the fixed shape to infer the amplitude of the bispec-

trum at all other k-configurations. Constraints obtained in this way thus assume

a strong theoretical prior, as they do not account for our uncertainty in knowing

which model is the right one. In contrast, an alternative and more conservative

way of getting constraints on inflation is to assume less theoretical bias, and

attempt to use the data itself to reconstruct the general primordial shape and

its potentially complicated k-dependence. If there is a detection of a non-zero

fNL given one template, e.g. if f local
NL , 0, this could either indicate evidence of

local non-Gaussianity as might arise in multifield inflation, or that another in-

flationary model has generated non-Gaussianity whose signal leaks into, or is

partially described by, the local template. These dual questions of distinguish-

ing between model shapes and model-independent constraints on shapes have

been considered recently in the context of CMB bispectrum data by WMAP9

[20] and Planck [117] .
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In this paper we explore the ability of upcoming galaxy surveys and their

measured galaxy power spectra, to obtain general shape constraints and distin-

guish between shapes, alone and in combination with CMB data. To do this,

we consider the effects that different shapes have on dark matter halo statis-

tics through the halo bias and halo mass function, with a particular focus on

which k-configurations of the primordial shape are primarily probed by the halo

statistics. By implementing the halo model, we forecast Euclid- and DESI-like

constraints on fNL for a variety of specific templates, as well as consider the dis-

tinguishability and degeneracies between combinations of these shapes. This

work builds on prior work considering general shape constraints arising from

CMB data [20, 17, 117], and through using basis reconstruction to study gen-

eral non-Gaussian shapes, provides an alternative approach to other studies

of non-Gaussian halo bias constraints in the literature, that used scale depen-

dent modifications to the local template [61, 62] and theoretically motivated

two-parameter models [63, 94], to constrain the squeezed limit properties of

bispectra.

The paper is organized as follows: Section 3.2 describes the formalism be-

hind our analysis, including an outline of the basis function approach used to

describe general non-Gaussian shapes, the halo bias and halo mass function

modeling, and the Fisher analysis. Our findings, centered on the potential to

use LSS data to constrain shapes beyond the squeezed-limit, are presented in

Section 3.3 and in Section 4.5 we summarize our conclusions and their implica-

tions.
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3.2 Formalism

This section outlines the main theoretical assumptions used in the analysis. Sec-

tion 3.2.1 outlines the approach we use to describe general bispectrum shapes,

and 3.2.2 describes how the halo bias and halo mass function are altered in the

presence of primordial non-Gaussianity. Sections 3.2.3 and 3.2.4 respectively

summarize how halo statistics are translated into halo and galaxy power spec-

tra within the framework of the halo model. Finally, 3.2.5 outlines the Fisher

matrix formalism we use to forecast constraints for upcoming galaxy surveys,

such as Euclid and DESI.

3.2.1 Bispectrum shape families and templates

Theoretical predictions for the primordial fluctuations created by different infla-

tionary models are typically given by N-point correlators, such as bispectra, and

their specific k-dependence. A primordial bispectrum, Bζ , is defined through the

3-point correlation function of (comoving) curvature perturbations in Fourier

space,

〈ζ(~k1)ζ(~k2)ζ(~k3)〉 = (2π)3δ(~k1 + ~k2 + ~k3)Bζ(k1, k2, k3). (3.1)

Each model’s bispectrum can then be parametrized in terms of an amplitude,

fNL, and shape, S ζ(k1, k2, k3), that are related by a normalization factor, N, chosen

such that the shape is equal to unity at a pivot scale ~k0,

(k1k2k3)2Bζ(k1, k2, k3) = N fNLS ζ(k1, k2, k3), (3.2)
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where N ≡ 72π4∆4
ζ(k0)/5, and ∆2

ζ(k) is the dimensionless primordial power spec-

trum.1

Each model’s shape is unique, but many shapes exhibit similar features, mo-

tivating us to roughly categorize shapes into families of shapes that peak when

k1, k2, and k3 form squeezed, equilateral, flattened, etc. triangles. Thus some

of the most widely studied shapes are templates that approximate the shapes

within each family, e.g. the local, equilateral, orthogonal, and enfolded tem-

plates, where the degree of similarity between shapes, or between true shapes

and templates, can be quantified by a inner product statistic [16]. These tem-

plates are meant to be used as indicators of more complex shapes that arise

from models with, for example, multiple fields (local template), higher deriva-

tive terms (equilateral and orthogonal templates), or non-trivial vacuum states

(enfolded template).

Going beyond shapes characterized by a single template that is chosen to

reflect a preferred model, a model-independent way to parametrize a general

shape is to choose a basis of shape functions and assume that the underlying

true shape is well-approximated by a linear combination of the basis, such as

in [16, 17]. We utilize the separable {Kn} basis set introduced in [17]. Each basis

function is defined as

Kn(k1, k2, k3) ≡
1

Nnk2(ns−1)
0

[
kp′

1 kr′
2 ks′

3 + {prs}perms
]
, (3.3)

where Nn is the number of distinct permutations of {p, r, s}, and p′, q′ and r′ are

defined as

p′ ≡ 2 +
(p − 2)(4 − ns)

3
. (3.4)

1In terms of the fluctuations in the potential in Chapter 2, Φ = 3
5ζ. We note that the normal-

ization, N, is different, depending on whether it corresponds to the bispectrum of ζ or Φ.
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To create near scale-invariance, the powers must satisfy p + r + s = 0.

Bispectrum separability is not strictly necessary to efficiently compute the

resulting halo bias and halo mass function corrections using 3.15, 3.14, and 3.11

as we describe below. It is, however, a useful approach if one wants to consis-

tently consider constraints on general shapes, and mesh together the squeezed

limit and broader shape properties, from LSS and the CMB analyses, as sepa-

rability is essential for the latter. Separability also allows for computationally

efficient simulations that verify our theoretical understanding of how different

LSS probes depend on non-Gaussianity, e.g. for nonlinear power spectra and

halo mass functions [128], halo bias [64], and matter bispectra and higher-order

correlators [77].

The {Kn} basis can be used to describe many nearly scale-invariant shapes in

the literature precisely using only a relatively small set of 7 basis functions,

(k1k2k3)2Bζ(k1, k2, k3) = NS ζ(k1, k2, k3) ≈ N
6∑

n=0

αnKn(k1, k2, k3). (3.5)

The local, equilateral, orthogonal, and enfolded templates can be expressed ex-

actly in terms of this basis, as shown in Table 3.1. Shapes constructed from the

first 3 basis functions, {K0,K1,K2}, can alternatively be written in terms of linear

combinations of the local, equilateral, and orthogonal templates, which we will

refer to as the LEO basis. For example, the enfolded template can be rewritten

in terms of the LEO basis as S en f = 1
2 (S orth − S equil).

As mentioned in [17], one advantage of the Kn basis is its ability to recover

the correct squeezed limits of shapes. This is especially pertinent for this work,

because the similarity between a shape and its template approximation may be

more critical for characterizing the model’s predictions for the halo bias and

halo mass function, since these probes tend to correspond more to the shape’s
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squeezed limit, compared to the CMB bispectrum. Motivated by this concern,

[38] constructed an improved orthogonal template, called S orth(2), which in ad-

dition to having the same overall features as the original S orth, also has the same

behavior in the squeezed limit as the primordial shape on which the original

orthogonal template was based. Similarly, [103] constructed a template peaking

on enfolded triangles with a vanishing squeezed limit, which we call S en f (2), but

arises from higher-derivative operators of single-field models. Both S orth(2) and

S en f (2) can be written exactly in terms of the Kn basis, as we show in Table 3.1.

Furthermore, combinations of the basis modes can create a set of irreducible

shapes with the same divergence properties in the squeezed limit [17]. For ex-

ample, we can consider modes that individually diverge by up to 1/k2 in the

squeezed limit, {K0−K6}, and, construct three irreducible templates, in addition

to the equilateral template, S equil: {K0 + 3K3 − 3K4,K2 + 2K3 − 2K5, 2K3 −K6} that

each vanish in the squeezed limit, but have significant differences from S equil

away from the squeezed limit.

A general template that vanishes in the squeezed limit can be reconstructed

out of linear combinations of these four templates. An example of this is the Self-

Ordering Scalar Fields (SOSF) model [2], which while vanishing in the squeezed

limit, like the equilateral shape, has principal power in the ‘aligned’ configura-

tion where k1 ∼ 2k2 ∼ 2k3. In [2], a fitting function for S S OS F is provided that

fits the numerical results to a few percent. We reconstruct a template, included

in Table 3.1, that has the maximal cosine (> 0.99) with the fitting function in [2],

and vanishes in the squeezed limit. We use the fitting function for the LSS anal-

ysis, but use the separable template in Table 3.1 to allow efficient computation

of the CMB constraints.
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Shape Template in terms of the Kn basis
S local K2

S equil −2K0 + 6K1 − 3K2

S orth −8K0 + 18K1 − 9K2

S en f −3K0 + 6K1 − 3K2

S orth(2) (1 + p)S equil − p
(

2
9K0 + 8

3K1 − 2K2 + 20
9 K3 −

10
3 K4 + 4

3K5 −
1
9K6

)
S en f (2) (1 + α)S equil − α

(
6
5K0 + 16

5 K3 −
18
5 K4 + 1

5K6

)
S S OS F 22.6 S equil − 5.98 (K0 + 3K3 − 3K4) − 29.5 (K2 + 2K3 − 2K5) + 13.9 (2K3 − K6)
S 1 2K4 − K6

Table 3.1: The Kn expansion for a variety of templates discussed in the lit-
erature. The variables p and α, used in S orth(2) and S en f (2), are
chosen to maximize the template’s fit to the physical shape. The
separable template for S S OS F is used for the CMB analysis, and is
constructed from combinations of the basis functions that van-
ish in the squeezed limits, with coefficients that maximize the
cosine with the fitting function given in [2], giving a cosine of
> 0.99.

We also consider non-Gaussian shapes that can arise from models with large-

scale magnetic fields (which could be generated by vector perturbations dur-

ing inflation), vector fields that are coupled to the inflaton, and the solid (or

elastic) inflation model [129]. The basis describing these, {S 0, S 1, S 2} in [129],

corresponds exactly to a linear combination of Kn functions, and represents a

theoretically-motivated generalization of the local shape, analogous to studies

of scale-dependent fNL [62]. In this analysis we include consideration of the S 1

template used in describing these models, as an example of a shape with an

anisotropic squeezed limit, in which their properties differ depending on from

which direction, in k-configuration space, the squeezed limit is approached.
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3.2.2 Non-Gaussian halo statistics

In general, primordial non-Gaussianity changes the power spectrum of dark

matter halos by coupling the local power spectrum to the local long-wavelength

matter overdensity. This effect was first discovered in N-body simulations of

local non-Gaussianity [58], and since then there has been both theoretical and

numerical work towards understanding the effect more precisely and how it

extends to other types of non-Gaussianity (e.g. [128, 64, 8, 130, 131, 132]). We

adopt the framework based on the peak-background split approach [132] that

has shown good agreement with N-body simulations over the range of length

scales and halo masses relevant to this work [128, 64]. Here we review how

general bispectrum shapes can change the statistics of halos through its effect

on the halo bias and halo mass function within this analytic model.

Given the primordial gravitational potential, Φ(~k), where Φ = 3ζ/5, the dark

matter density contrast δ(~k) at redshift z is described by

δ(~k, z) = M(k, z)Φ(~k), (3.6)

where

M(k, z) ≡
2D(z)k2T (k)

3Ωm,0H2
0

, (3.7)

D(z) is the growth factor normalized to 1 at z = 0, and T (k) is the matter transfer

function. M(k, z) is straightforward to compute using publicly available codes,

such as CAMB2. For simpler notation, from now on we will drop the explicit

z-dependence in our equations.

In the presence of non-Gaussianity, the matter fluctuations acquire a non-

zero skewness, S 3, which is an integrated measure of the smoothed matter bis-
2http://camb.info
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pectrum,

S 3(m) ≡
〈δ3

R〉

σ4
R

, (3.8)

where σ2
R is the variance of the smoothed density contrast,

σ2
R ≡

∫
d3k

(2π)3 M(k)2WR(k)2PΦ(k), (3.9)

and the third moment is

〈δ3
R〉 ≡

∫
d3k d3q M(k)M(q)M(|~k − ~q|)WR(k)WR(q)WR(|~k − ~q|)BΦ(k, q, |~k − ~q|)

=
2

(2π)4

∫
dlnk k3M(k)WR(k)

∫
dlnq q3M(q)WR(q)

×

∫
dµM(kµ)WR(kµ)BΦ(k, q, kµ). (3.10)

WR(k) is the Fourier transform of a spherical top-hat function of radius R, nor-

malized such that
∫

dxWR(x) = 1, where R corresponds to an effective radius

for the halo mass under consideration, with R = (3Mhalo/4πρm)1/3, and ρm is the

matter density today. In what follows, we choose to work with the redshift-

independent reduced skewness, σRS 3(m).

The skewness induces changes in the halo mass function, dn/dm, that gives

the number density, n, of halos of mass m, and we parametrize the deviation

from what the halo mass function would be in the Gaussian case through the

factor RNG [59], defined as

RNG ≡
dnNG/dm
dnG/dm

= 1 +
1
6
σRS 3

(
ν3 − 3ν

)
−

1
6

dσRS 3

dlnν

(
ν −

1
ν

)
, (3.11)

where ν ≡ δc/σR, and we assume δc = 1.686 is the linear threshold for spherical

collapse.

In addition to changes in the halo mass function, non-Gaussianity also alters

how the halos are distributed with respect to the underlying dark matter fluctu-

ations. At the linear level, the halo density δh traces the matter fluctuations with
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a bias factor that depends on the halo mass m and wavenumber k,

δh(m,~k) ' bhalo(m, k)δ(~k). (3.12)

The linear halo bias can then be split up into three contributions: a Gaussian

scale-independent term, a non-Gaussian scale-independent term, and a non-

Gaussian scale-dependent term,

bhalo(m, k) = bG(m) + ∆bsi(m, fNL) + ∆bsd(m, k, fNL). (3.13)

The scale-independent bias correction is derived from RNG as [133]

∆bsi(m, fNL) ≡ −
1
σR

∂lnRNG

∂ν

= −
1

6σR

1
RNG

×

[
3σRS 3

(
ν2 − 1

)
+

dσRS 3

dlnν

(
ν2 − 4 −

1
ν2

)
−

d2σRS 3

dlnν2

(
1 −

1
ν2

)]
.(3.14)

The scale-dependent term ∆bsd(m, k) is given by [132]

∆bsd(m, k, fNL) =
δc[bG(m) + ∆bsi − 1]

2M(k)
I21(m, k)
σ2

R

+
1

M(k)
∂lnσ2

R

[
I21(m, k)
σ2

R

]
. (3.15)

I21 is defined and calculated as

I21(m, k) ≡ 1
PΦ(k)

∫
d3q

(2π)3 M(q)WR(q)M(|~k − ~q|)WR(|~k − ~q|)BΦ(k, q, |~k − ~q|)

= 1
(2π)2PΦ(k)

∫
dlnq q3M(q)WR(q)

∫ 1

−1
dµ M(kµ)WR(kµ)BΦ(k, q, kµ), (3.16)

where by construction, ~kµ = ~k − ~q such that k2
µ = k2 + q2 − 2kqµ, and µ is the

cosine of the angle between ~q and ~k. This multidimensional integral and others

in this work are computed using Cuba, a publicly available code for numerical

integration of multidimensional integrals3.

In the local case, I21/σ
2
R, the first term in the scale-dependent bias, tends to-

wards a constant value of 4 fNL on large scales, such that the contribution from
3http://www.feynarts.de/cuba/
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the second, derivative term, ∂lnσ2
R
[I21(m, k)/σ2

R] is negligible. However, in general

the inclusion of both terms is important: the first and second terms typically

have opposing signs and partially cancel each other on scales above a few Mpc.

For the templates where the two terms are comparable, such as in the equilat-

eral and orthogonal cases, the large scale, k → 0 scaling behavior and small scale

properties are determined by the cancellation. The relative weight of each term

changes with the halo mass, and gives rise to mass-dependent biases.

When computing ∆bsd on large scales, the integral over µ in 3.16 averages

over squeezed configurations. For isotropic shapes, the absence of µ depen-

dence in the leading term in the squeezed limit expansion of the shape in powers

of k/q gives a trivial mapping of the large scale scale-dependence of the large-

scale halo bias. For shapes for which the squeezed limit is anisotropic in µ, the µ

integral can alter the sign and amplitude of the leading k scaling in the bias, or

make it vanish. Thus interpreting the halo bias data using just large scale data,

and presuming that the primordial shape is isotropic, could potentially lead to

incorrect or incomplete conclusions about the shape determination, and miss an

important sector of the theory space.

3.2.3 The halo model

In this section, we first briefly summarize our implementation of the halo model

for computing non-linear matter and galaxy power spectra (see [134] for a de-

tailed review of the halo model), and then describe our resulting power spectra

from different non-Gaussian shapes.

In the halo model, the halo matter power spectrum Ph is the sum of cor-
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relations between separated halos, P2h, and within the same halo, P1h, Ph(k) =

P1h(k) + P2h(k), with

P1h(k) =

∫
dm

dn
dm

(
m
ρ̄

)2

|u(k|m)|2, (3.17)

P2h(k) =

[∫
dm

dn
dm

(
m
ρ̄

)
u(k|m)bh(m, k)

]2

Plinear(k). (3.18)

Here Plinear is the linear dark matter spectrum, dn/dm is the halo mass function,

and bh is the halo bias. In the fiducial Gaussian case, we compute dnG/dm and bG

using the numerical fits in [135]. We include non-Gaussianity in the halo mass

function using the RNG parameter, and in the halo bias, parametrized by ∆bsi

and ∆bsd, as described in section 3.2.2. u(k|m) is the Fourier transform of the halo

density profile that describes the distribution of matter within each halo. We

assume the Navarro-Frenk-White (NFW) profile [136, 137], which has two free

parameters that can be chosen as a scale radius, rs, and a corresponding matter

density, ρs. However, it is also common to choose the two free parameters to be

how the virial radius, Rvir, of the halo is defined, and how the concentration of

each halo, c, depends on the halo mass and redshift. Here we define Rvir such

that it contains an average density that is ∆vir = 200 times the average matter

density of the universe, and use the concentration from [138]. Our choices of

these inputs to the halo model calculation were made to facilitate comparisons

between our results and those of previous forecasts. In particular, we have used

the same Gaussian halo mass function and halo density profile that were noted

by [6] to provide good agreement with simulations.

Implementing the halo model requires two additional constraints to be im-

posed by hand: (1) that all matter is contained in halos, and (2) that the cal-

culated Gaussian matter power spectrum on large scales matches the linear

expectation, Plinear(k). The numerical details of enforcing these constraints are
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described in [139].

We include a note of caution, that as one proceeds to significantly non-linear

scales the halo model needs to be carefully calibrated against N-body simula-

tions, with an increasing number of parameters, including improvements in the

concentration parameter fits. However, in this work we confine our analysis to

linear and mildly nonlinear scales, k . 0.25h/Mpc, on which the halo model and

N-body simulations have been found to agree reasonably well, e.g. [140, 141].

3.2.4 The galaxy bias model

One can compute the galaxy power spectrum, Pgal(k), by using theoretical and

empirical prescriptions for how galaxies are arranged within halos of a given

mass. With assumptions on the distribution of galaxies within the halo, ugal,

and the moments of the statistical distribution of the number of galaxies with

a halo of a given mass, the Halo Occupation Distribution (HOD),
〈
Ngal|m

〉
, the

galaxy power spectrum can be written:

P1h
gal(k, z) =

∫
dm

dn
dm
〈Ngal(Ngal − 1)|m〉

n̄2
gal

|ugal(k|m)|p, (3.19)

P2h
gal(k, z) =

[∫
dm

dn
dm
〈Ngal|m〉

n̄gal
ugal(k|m)bh(m, k)

]2

Plinear(k, z), (3.20)

where

n̄gal(z) =

∫
dm

dn
dm
〈Ngal|m〉. (3.21)

We make the reasonable assumption that galaxies are distributed within halos

in a similar way that dark matter particles are, i.e. ugal(k|m) = u(k|m), and, as

discussed in [134], set p = 1 or 2 depending on whether 〈Ngal(Ngal − 1)|m〉 < 1 or

≥ 1. We note that using the halo model-derived galaxy power spectrum as our
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observable does not require measurements of individual halo masses; instead

we have adopted a semi-analytic model for the redshift independent moments

〈Ngal|m〉 and 〈Ngal(Ngal − 1)|m〉 of the halo occupation distribution [142], as used

in [121], that assumes a fixed relationship between a host halo’s mass and the

number of galaxies that reside within the halo.

As the mapping between galaxies and the underlying dark matter, the

galaxy bias, bgal(k, z) =
√

Pgal/Ph, can be probed in different ways – observa-

tionally, theoretically, and with simulations. In the large scale limit, ugal ≈ 1 and

the 2-halo term dominates so that

bgal(z) ≈
∫

dm
dn
dm
〈Ngal|m〉

n̄gal
bh(m, k � 1). (3.22)

As our fiducial, Gaussian, galaxy bias, we use the values from semi-analytic

models of galaxy formation from Orsi et al. [5], which are in broad agreement

with the range of fiducial Gaussian bias values that are taken in the literature for

different comparable forecasts. Figure 3.1 gives a comparison of the halo model

Gaussian galaxy bias evaluated for halos consistent with emission line galaxies

(ELGs) and the Orsi et al. paper, along with others assumed in the literature.

The galaxy bias can be measured most directly if the galaxies and matter are

observed in overlapping fields, for instance, with galaxy-lensing cross correla-

tions. Such constraints have been analyzed while assuming the Gaussian case

[143, 144, 145, 146, 147, 148], as well as for simultaneously constraining tem-

plates of non-Gaussianity [149, 150, 6, 151]. In observations without a lensing

component, the matter field is less directly inferred from the data, due to the

complex processes of galaxy formation. However, we know from theoretical

and observational considerations that galaxy formation is strongly correlated

with their host halos, which allows for full encapsulation of complex formation
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processes into a HOD with a few free parameters describing the number and

spatial distribution of galaxies inhabiting a halo of a given mass [152, 153]. The

HOD allows galaxy survey measurements to be more easily related to the un-

derlying halos, the statistics of which are more directly predicted by theoretical

cosmology-dependent parameters. With the HOD as a tool to bridge the gap

between galaxies and halos, other probes beyond galaxy-lensing correlations

have been employed to infer the galaxy bias. One such technique is to employ

dark matter simulations and a halo finder algorithm, which can be done for

both Gaussian and non-Gaussian initial conditions, to see how halo power spec-

trum and bispectrum statistics are altered by primordial shapes [128, 64, 154].

Given the output of such simulations of halos, the HOD can further these pre-

dictions to the level of galaxies, allowing for easier comparison of theories with

data. For example, higher-order galaxy correlations, such as the bispectrum

of galaxies, can also constraint galaxy bias parameters in the Gaussian case

[155, 156, 157], and the bias parameters simultaneously with the fNL parame-

ters in non-Gaussian cosmologies [158]. While a detailed description and im-

plementation of such techniques is outside the scope of this paper, the combina-

tion of these studies paints a picture of steady improvements in the theoretical

understanding and observational measurements of the galaxy bias, and under-

standing how to extract non-Gaussian constraints simultaneously.

3.2.5 Fisher matrix approach for LSS and CMB

We conduct a Fisher matrix analysis as a preliminary tool to estimate potential

constraints on bispectrum shapes with upcoming surveys. This approach has

been used in a number of previous analyses that also aim to extract constraints
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Figure 3.1: Fiducial Gaussian galaxy biases in this work from [5] [blue
circles] and computed from the halo model we consider for
ELGs [black]. Other bias parametrizations in the literature are
shown for comparison: bG

gal(z) =
√

1 + z [red] [6], and ELG bias
bG

gal(z) = 0.84/D(z) [blue dashed] [7].

on primordial NG from the halo bias [6, 94, 62, 159, 160]. The analysis we present

here assumes a spectroscopic galaxy survey from Euclid-like and DESI-like ex-

periments, where the observed galaxy power spectrum can be used to infer the

underlying dark matter distribution, which in turn contains traces of primordial

non-Gaussianity. In doing so, however, we must account for the various astro-

physical and observational effects that can change how the observed galaxies

are related to the halo model’s theoretically predicted galaxy power spectrum.

We model the relation between the theoretical galaxy (position) power spec-

trum we compute from the halo model, Pgal, and the one that is observed, Pobs
gal ,

as

Pobs
gal (k, µ̃, z) =

[
1 +

f (z)µ̃2

bgal(k, z)

]2

Pgal(k, z)e−D(k,µ̃,z) (3.23)

where µ̃ is the cosine of the angle between the wavenumber k and the line of

sight, and should not be confused with µ in the definition of the non-Gaussian

shape. The bracketed factor in 3.23 uses the Kaiser formula [161] to model the

effect of redshift-space distortions (RSD), and we take f ≡ Ωm(z)0.55 as the linear
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growth rate. On mildly non-linear scales, the power spectrum’s form is damped

due to three contributions, separately parametrized, in Gaussian form, on the

scales of interest: the redshift uncertainty of the survey (σz/z = 0.001), non-

linear damping related to the BAO scale, and the finger-of-god effect. The last

of these is the dominant one for our analysis. While a Gaussian finger-of-god

damping term is commonly used, there are alternative fits in the literature, as

discussed in [162, 163].

The set of parameters to be constrained, ~θ, includes the non-Gaussianity pa-

rameters we wish to constrain, as well as nuisance parameters that we wish to

marginalize over. We allow for the potential for additional, external information

about the galaxy bias in the analysis by allowing the Gaussian galaxy bias in

each redshift to act as a nuisance parameter, that can be marginalized over with

varying priors. For this analysis, our parameter set is ~θ = { fNL; bG
gal(z1), ..., bG

gal(zN)},

where the Gaussian galaxy bias parameters, bG
gal, for each of the N z-bins are in-

cluded. We consider scenarios in which they are fully marginalized over, repre-

senting no additional information about the bias from external analyses, to per-

fect knowledge, with no marginalization, and gradations in between through

the imposition of independent, Gaussian priors on each.

The Fisher matrix contribution in a given redshift slice, now including the

sky fraction, is given by

Fαβ(z) =
fsky

8π2

∫ ln kmax

ln kmin

k3 dlnk

×

∫ 1

−1
dµ̃
∂ ln Pobs

gal (k, µ̃, z)

∂θα

∂ ln Pobs
gal (k, µ̃, z)

∂θβ
Ve f f (k, µ̃, z), (3.24)

and evaluated at the fiducial cosmology, for which we use the best-fit cosmo-

logical parameters from the WMAP9 results [20], assuming no non-Gaussianity:

Ωbh2 = 0.02264, Ωch2 = 0.1138, ΩΛ = 0.721, ∆2
R

= 2.41 × 109, ns = 0.972, τ = 0.089.
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Previous work studying the potential degeneracies between fNL and the stan-

dard cosmological parameters has found minimal impact on fNL constraints

due to uncertainties in the underlying cosmology, especially when the LSS con-

straints are combined with CMB priors from the CMB power spectrum [164, 6].

For this analysis, we consider a fixed cosmology and focus on degeneracies be-

tween the non-Gaussian and nuisance parameters.

The effective inverse data covariance is given by

Ve f f (k, µ̃, z) = Vsurvey(z)

 n̄obs
gal (z)Pobs

gal (k, µ̃, z)

1 + n̄obs
gal (z)Pobs

gal (k, µ̃, z)

2

(3.25)

Vsurvey(z) =
4π
3

[
χ(zmax)3 − χ(zmin)3

]
, (3.26)

where χ is the comoving distance, n̄obs
gal is the predicted number density of galax-

ies observed for the survey in the redshift bin, and zmax and zmin are the bound-

ary redshifts for a given z-bin. To combine the constraints from multiple redshift

slices and get the total Fisher error, we simply add the Fisher matrices from each

redshift bin.

One could use the full 3D information within the survey by including corre-

lations between different redshift bins, which would result in tighter constraints

on cosmological parameters (e.g. [165]), chiefly due to the effects of gravita-

tional lensing on the densities and parameters of interest. Though there is po-

tential to glean more information by considering cross-bin corelations, here we

adopt a conservative use of the data, and do not include them.

For the Euclid-like forecast, we consider 27 redshift bins from 0.7 < z < 2,

with bin width ∆z = 0.05, where the number densities of galaxies within each

bin are taken from [166] and fsky = 20, 000 deg2. For the DESI-like forecast, the

constraints are calculated separately for the ELG and LRG galaxy populations,
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before being combined. The DESI ELG constraint uses 11 redshift bins from

0.6 < z < 1.7 with ∆z = 0.1, while the DESI LRG constraint uses 6 redshift bins

from 0.6 < z < 1.2 with ∆z = 0.1. For DESI, the estimated number densities of

LRG and ELG galaxies is as per Table 2.3 of the DESI Conceptual Design Report

[167], and assumes a 14, 000 deg2 survey.

The k-dependence of the inverse covariance matrix of ln Pobs
gal is proportional

to k3Ve f f which scales roughly as ∝ k3. The mildly non-linear scales, where both

the halo mass function and scale-dependent bias are important and sensitive to

a broad range of primordial shape configurations, are potentially better mea-

sured than larger scales. The additional effect of the bias marginalization has to

be taken into account, however, in order to assess the projected constraints.

Where the large scale structure constraints are combined with CMB con-

straints, we have followed the CMB Fisher calculation described in [17]. We

summarize the relevant calculation here, and refer the reader to [17] for further

details.

The CMB constraint on set of fNL values, one for each primordial shape that

is simultaneously constrained, from CMB bispectrum data can be forecasted

by first computing the theoretical CMB bispectrum for each shape, and apply-

ing survey-specific modeling to the CMB bispectrum covariance. The full CMB

Fisher matrix is then

F( f i
NL, f j

NL) = fsky

∑
abc,pqr

∑
`1`2`3

∂Babc (i)
`1`2`3

∂ f i
NL

(Cov−1)abc,pqr
`1`2`3

∂Bpqr ( j)
`1`2`3

∂ f j
NL

, (3.27)

where B`1`2`3 are the angle-averaged CMB bispectra for the, {abc} and {pqr} run

over all possible bispectra from combinations of temperature and E-mode po-

larization data (i.e. TTT, TTE, TET, etc.), i and j label the primordial shapes, and
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fsky is the fractional sky-coverage of the survey. The bispectrum covariance is

a function of the CMB power spectra, C`, and includes modeling of the CMB

survey’s frequency channels’ noise properties and beam profiles. For the partic-

ular CMB Fisher constraints discussed in this work, we have modeled the con-

straints from a Planck-like survey, and keep the fiducial background cosmology

fixed and consistent with the LSS forecasts described earlier in this section.

3.3 Findings

In this section we present the major findings. Sections 3.3.1 and 3.3.2 describe,

analytically and numerically, how the halo bias and halo mass function probe

different regions of the primordial shape. Section 3.3.3 presents the forecasted

constraints on fixed shapes, as well as constraints for the distinguishability be-

tween shapes and general k-configuration dependent constraints.

3.3.1 Squeezed limit behavior

On large scales where k → 0, the halo bias in 3.15 and 3.16 is a weighted average

over squeezed limit configurations of the primordial shape, i.e. configurations

with k/q � 1 with µ a free parameter that is the cosine of the angle between ~q

and ~k. Table 3.2 shows the squeezed limit forms for the templates discussed in

section 3.2.1, and illustrates in particular how the squeezed limits of different

shapes may depend on the angle µ.

Many shapes discussed in the literature, such as the local, orthogonal and

enfolded shapes, are isotropic, meaning the leading order term in the squeezed
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Shape Squeezed limit form to O(k/q)
S local

2
3

q
k −

µ

3 + 1
6 (1 + 3µ2) k

q
S orth −2 + 6(1 − µ2) k

q
S en f −1 + 2(1 − µ2) k

q
S equil 2(1 − µ2) k

q

S ortho(2) 2
(
1 − µ2 − α

(
5
27 + µ2

))
k
q

S en f (2) −2
(
1 − µ2 − 16

9 α
)

k
q

S 1
2
3 (1 − 4µ2) + 8

3µ(1 − µ2) k
q

S S OS F 13.3 k
q

Table 3.2: The squeezed limit expansion, in powers of k/q as k/q→ 0, for a
variety of templates described in section 3.2.1.

limit has no µ dependence as k/q → 0. For an isotropic shape, the squeezed

limit is µ-independent, so the calculation of the scale-dependent halo bias on

large scales using 3.16 can be simplified by choosing a fixed value for µ when

evaluting the integrand. Typically the squeezed isosceles configuration is cho-

sen, equivalent to taking q = kµ, such that µ = k/2q → 0, to derive a rule of

thumb: for a primordial shape which scales like ∝ 1/kn in the squeezed limit,

the scale-dependent halo bias will be ∝ 1/kn+1. For example, in the local case

which diverges as S local ∝ 1/k in the squeezed limit, it is straightforward to

show that I21(m)/σ2
R → 4 fNL as k → 0, such that for a fixed halo mass, the halo

bias on large-scales is ∆bsd ∝ 1/M(k), resulting in a strongly scale-dependent

bias, ∆bsd ∝ 1/k2.

Even though for isotropic shapes the large-scale behavior of ∆bsd has a clear

implication for the shape’s squeezed limit, the same is not true of anisotropic

shapes, which may have an unusual variety of µ-dependent limits while still

appearing degenerate with other isotropic or anisotropic shapes, due to the in-

tegration over µ in 3.16. Local-like anisotropic shapes were considered in [129],

and the Kn basis is capable of describing more general anisotropic shapes that

87



are not necessarily local-like. Indeed, one can even employ the basis to pur-

posely construct an anisotropic shape such that the averaging over squeezed

configurations through the integration over µ in 3.16 produces a halo bias scal-

ing which breaks the rule of thumb. For example, it is possible to construct an

anisotropic shape which approaches a µ-dependent constant in the primordial

squeezed limit, similarly to S 1, while still yielding a scale-independent large-

scale halo bias.

This may be a point of concern if a scale-independent bias is confirmed

through future surveys, since the single-field consistency relation states that

single-field models of inflation should vanish in the primordial squeezed limit.

Under the rule of thumb, a lack of a scale-dependent bias detection implies an

inflationary model with a single-field. However, such data may still be con-

sistent with general anisotropic models which do not satisfy the consistency

relation, but still yield scale-independent halo biases.

Despite this possible degeneracy between the primordial shape’s squeezed

limit and the large-scale halo bias, information from the halo bias on smaller

scales may help to distinguish otherwise degenerate inflationary models. Once

potential µ-dependence is taken into account, the k → 0 limit of 3.15 yields a

good power-law approximation to a shape’s bias on large scales, but in general

as k increases towards smaller scales the bias takes on a more complex scale-

dependence.

In this work, since we include both large and small scale power spectra in

our Fisher forecasts, we use the full k-dependence of the bias from a numerical

calculation of 3.15 and 3.16 for each k. In other analyses, small scale behavior

has been approximated by extending the large scale-derived, asymptotic, ex-
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Figure 3.2: The left panels, from top to bottom, shows the scale-dependent
halo bias using the analytic derivation [thick], as in (3.15), and
the asymptotic form [8] if extrapolated to small scales [thin],
for two halo masses, 1012.5M�/h [red] and 1013.5 M�/h [blue],
for the local, orthogonal, and equilateral shapes at z = 1 for
fNL = 1. The right panels, from top to bottom, show the scale-
dependent bias, for the same halo masses, for the enfolded,
anisotropic, and SOSF shapes, respectively. Dashed curves de-
note negative values.

pressions for the halo bias, using an analytically derived k → 0 expression for

I21(m, k)/σ2
R and its derivative in evaluating 3.15. Figure 3.2 compares the fully
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k-dependent and asymptotic forms of the bias for the local, equilateral, and or-

thogonal shapes and shows the differences between the two results on small

scales for the orthogonal and equilateral templates. The right hand panels show

the differences in large scale and small scale properties, and halo mass depen-

dence, for the isotropic shapes, S en f and S S OS F , and anisotropic shape, S 1. The

figure also shows that including information on mildly non-linear scales, ∼ 10

Mpc, can reveal richer information about the shape than purely considering the

large-scale bias: while two shapes can have the same scaling (up to a constant)

in the squeezed limit, and thus they both have a scale-dependent bias ∝ 1/kn on

large scales, on smaller scales, and at different halo masses, their bias functions

can differ.

We note that particularly in the equilateral template constraints, the use of an

asymptotic approximation for the scale dependent bias, ∆bsd, that extrapolates

the large scale behavior to small scales, leads to tighter constraints on fNL [6].

This is due to an artificial increase in the amplitude of the bias on small scales

relative to when the full analytic expression for the halo bias is used.

In summary, inferring the squeezed limit behavior of the true primordial

bispectrum from observations of the large-scale halo bias becomes less straight-

forward if we allow for the possibility of general anisotropic shapes. However,

exploiting the halo bias on smaller scales, using numerical calculations of the

halo bias at all k values (rather than extrapolations of analytic derivations on

large scales), may help to break the degeneracy between the large-scale halo

bias and the shape’s squeezed limit.

90



3.3.2 Configurations probed by the halo bias and mass function

To explore which configurations of the shape the scale-dependent bias probes

best, and allow for the consideration of shapes that are anisotropic in µ as one

approaches the squeezed limit, we define a weight function, wsd, that encodes

the relative importance to the bias per unit shape amplitude, S , at each lnq and

µ, for a tracer of halo mass m and wavenumber k:

∆bsd(m, k) =

∫
dlnq

∫
dµ wsd(k, lnq, µ,m)S (k, q, kµ). (3.28)

By finding the triangles, formed by the (k, q, kµ) wavenumbers, at which the

weight is largest, we can infer which triangular configurations of the primor-

dial shape the halo bias is most sensitive to.

Figure 3.3 shows how the precise behavior of the weight function for the

scale-dependent bias is dependent upon the halo mass m and the triangu-

lar configuration formed by the (k, q, kµ) wavenumbers. On very large scales,

k ∼ 0.001 h/Mpc, the bias primarily probes squeezed configurations for which

k/q . 0.01, while on small and mildly non-linear scales of k ∼ 0.1 h/Mpc, the

bias probes a wider range of configurations, including those that are not signifi-

cantly squeezed. On intermediate scales (not shown), k ∼ 0.01 h/Mpc, the weight

rises for configurations that are moderately squeezed, k/q ∼ 0.01 − 0.1, with an

overall amplitude comparable to the weight function of the k ∼ 0.1 h/Mpc slice,

for the same halo mass. In all cases, the weights do not pick out a single, pre-

ferred value of µ, but are equally sensitive to all values of µ for a given value of

k and q.

To show the mass-dependence in another way, in Figure 3.4 we show just the

µ = 0 slice of wsd for k = 0.001 h/Mpc and two halo masses. The figure illustrates
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that larger halo masses have a weight function that is broader and larger in am-

plitude than for less massive halos, suggesting that having data sets specifically

targeted to different halo mass bins may yield complementary information by

weighting the halo bias to the primordial shape in different ways.

To determine the shape sensitivity of the halo mass function, we can define

an analogous weight function, wRNG , for RNG:

RNG(m) = 1 +

∫
dlnk

∫
dlnq

∫
dµ wRNG (k, lnq, µ,m)S (k, q, kµ). (3.29)

We find this weight is highest and has the largest contributions to the total value

of RNG on the k ∼ 0.1 h/Mpc slice, shown in Figure 3.5. The figure illustrates that

the weight has the largest amplitude for triangles that have q ∼ 0.1 − 1 h/Mpc.

While wRNG does probe squeezed triangles, the weight also extends to include

other configurations that are not very squeezed. In this sense, RNG probes similar

configurations to ∆bsd(k) on mildly non-linear scales, but with a different specific

triangle configuration-dependence. Since RNG is an integrated measure of the

shape (as it integrates over k and has no remaining k-dependence), we might

expect one can extract more information from ∆bsd(k) than from RNG. The non-

Gaussian modification to the halo mass function and the scale-independent halo

bias by the local, equilateral, and orthogonal templates is shown in Figure 3.6.

The figure shows that corrections to RNG and ∆bsi from non-Gaussanity are more

important for the most massive halos, and is typically at the few percent level.

In summary, the scale-dependent bias on large scales probes general

squeezed configurations of the primordial shape, while the scale-dependent

bias on small scales and the halo mass function are more sensitive to a broader

range of configurations.
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3.3.3 Prospective constraints from upcoming LSS and CMB

surveys

Here we discuss the results of the Fisher matrix analysis, using the approach

described in Section 3.2.5, establishing constraints on a variety of non-Gaussian

templates in section 3.3.3, and the potential to distinguish between characteris-

tics of different primordial shapes in section 3.3.3.

Constraints on specific templates

Constraints for the different templates discussed in Section 3.2.1 are shown in

Table 3.3 for Euclid-like and DESI-like spectroscopic surveys. In general, tem-

plates with more strongly k-dependent halo biases on large scales are better

measured by LSS, and it is clear that assumptions about the prior knowledge

of the galaxy bias in each spectroscopic bin can have a major effect on the con-

straints. The bias assumption is most key for the least divergent shapes: con-

straints degrade most when removing any assumptions on galaxy bias for the

shapes with the least scale-dependent bias. Below, we describe why this is the

case, and what steps might be taken to improve constraints for the least diver-

gent shapes.

For templates that have a scale-independent bias on large-scales, uncertain-

ties in the Gaussian galaxy bias can easily mimic the effects of non-Gaussianity.

Scale-dependent changes to the halo-model-derived Pgal on small scales, typi-

cally smaller than k ∼ 0.1 h/Mpc, then provide the sole constraints. If the large

scale galaxy bias can be measured then these small scale effects can give rise to

fNL constraints that are competitive with the CMB as shown in Table 3.3.
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σ( fNL) CMB Euclid-like LSS (+CMB) with bG
gal(z) prior

marg. bG
gal 10% prior 1% prior known bG

gal

S local 3.5 8.4 (3.2) 8.4 (3.2) 8.3 (3.2) 7.1 (3.1)
S equil 43 250 (42) 230 (42) 64 (36) 21 (19)
S orth 19 51 (18) 51 (18) 40 (17) 18 (13)
S en f 34 120 (33) 120 (32) 58 (29) 20 (17)

S orth(2), α = 8.52 11 190 (11) 160 (11) 31 (10) 9.8 (7.3)
S en f (2), α = 0.60 100 1700 (100) 1300 (100) 220 (93) 71 (58)

S S OS F 10 110 (10) 85 (10) 14 (8.4) 4.6 (4.2)
S 1 23 200 (23) 200 (23) 200 (23) 180 (23)

σ( fNL) CMB DESI-like LSS (+CMB) with bG
gal(z) prior

marg. bG
gal 10% prior 1% prior known bG

gal

S local 3.5 13 (3.4) 13 (3.4) 12 (3.4) 7.4 (3.2)
S equil 43 120 (40) 120 (40) 81 (38) 21 (19)
S orth 19 52 (18) 52 (18) 46 (18) 19 (13)
S en f 34 100 (32) 100 (32) 74 (31) 20 (17)

S orth(2), α = 8.52 11 76 (11) 75 (11) 42 (11) 9.8 (7.3)
S en f (2), α = 0.60 100 520 (100) 520 (100) 300 (97) 71 (59)

S S OS F 10 32 (9.8) 31 (9.8) 19 (9.1) 4.6 (4.2)
S 1 23 200 (23) 200 (23) 200 (23) 180 (23)

Table 3.3: Fisher constraints on fNL for templates with varied divergences
and µ-dependent properties in the squeezed limit. We present
the forecasted constraints for a Planck-like CMB experiment,
and from the halo properties of galaxies measured by a Euclid-
like spectroscopic survey [top] and a DESI-like survey [bottom].
The LSS constraints are shown without CMB and with (in paren-
theses) and with four different assumptions on the amount of
information known about the galaxy bias: assuming no knowl-
edge and marginalizing over the bias in independent redshift
bins (‘marg.’), assuming a 10% and 1% prior knowledge, and
assuming the extreme limit, in which the galaxy bias has been
measured precisely by a complementary method.

One way of strengthening constraints on fNL is to improve our understand-

ing of the galaxy bias, through constraints from other probes. Figure 3.7 shows

that the redshift evolution and scale dependence of the non-Gaussian galaxy

bias are distinct from that of the Gaussian bias predicted using the halo model
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and different for both the ELG and LRG galaxy samples at the same redshift.

These differences might be utilized to extract out information about the Gaus-

sian component of the galaxy bias, using weak lensing [149, 150, 6, 151] and

three-point statistics [158]. These analyses suggest 1-10% constraints using

higher order statistics, and comparable or better constraints using weak lensing

might be achievable. We have therefore considered constraints from the galaxy

clustering power spectrum alone, with the possibility of additional information

by imposing 1% and 10% constraints on the Gaussian galaxy bias, and the lim-

iting case, of perfect Gaussian bias determination, in which the Gaussian bias

is not marginalized over at all in the analysis. In Table 3.3 we show projected

constraints on fNL with a range of assumptions about the Gaussian galaxy bias,

including 1% and 10% priors roughly consistent with current constraints from

the literature (e.g. [155, 145, 157, 168]).

One interesting feature of the constraints in Table 3.3 is that DESI’s marginal-

ized constraints for shapes with scale-independent large-scale halo biases (S equil,

S orth(2), S en f (2), and S S OS F) are stronger than those forecasted for Euclid. The

principal constraining power in these cases comes from DESI’s LRG popula-

tion, which we attribute to the LRGs having a different HOD that probes more

massive halos. At the same time, the ELG population is still better at constrain-

ing the more scale-dependent shapes like the local, orthogonal, and enfolded

templates. This seems to hint that different tracers are possibly better suited for

constraints on different shapes of non-Gaussianity.

In Figure 3.8, we show how the contribution to a Fisher matrix diagonal ele-

ment at a fixed redshift-slice, e.g. dF fNL, fNL(z)/dk, varies with k. The magnitude of

the Fisher contribution at a particular k scale indicates the amount of informa-
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tion, or constraining power, that we can gain by measuring the galaxy power

spectrum at k. Figure 3.8 illustrates that, with the exception of the local type

of non-Gaussianity at very high redshifts, the principal strength of a template’s

constraint relies on information coming from small quasi-non-linear scales. To

further illustrate the importance of small scales, we computed the LEO con-

straints in the case where we take more conservative assumptions about how

much information we can extract from small scales. We model this conservative

case using kmax = 0.15 h/Mpc and pNL = 1. In this case, the LEO marg (unmarg)

constraints are: σ( f local
NL ) = 9.0 (8.5), σ( f equil

NL ) = 390 (33), and σ( f orth
NL ) = 79 (23).

Compared to the more optimistic, default case, the marginalized fixed equilat-

eral and orthogonal constraints weaken by factors of ∼ 1.4 and 1.5, while the

local constraint is largely unaffected.

We note that in general the constraints here are weaker than in some previ-

ous analyses of constraints from halo bias measurements, e.g. [121, 6]. These

arise from updates lowering estimates of galaxy number counts expected from

Hα surveys [166, 169] relative to prior expectations [170], the inclusion of non-

linear damping effects on small scales, and the use of the full, rather than

asymptotic, forms for scale-dependence of the halo bias that alter the small scale

constraints in particular for less divergent shapes.

Furthermore, the constraints also differ due to different assumptions about

the Gaussian galaxy bias. If instead of using the fiducial galaxy biases from

Orsi et al. [5], we take the galaxy bias from the halo model as our fiducial,

as shown in Figure 3.1, the resulting marginalized (unmarginalized) template

constraints on LEO for a Euclid-like survey are weakened to σ( f local
NL ) = 8.6 (7.5),

σ( f equil
NL ) = 280 (23), σ( f orth

NL ) = 54 (20). This is consistent with previous forecasts,
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which also showed the sensitivity of constraints to the assumed fiducial bias [6].

We have forecasted constraints on fixed shape templates from surveys like

DESI and Euclid, and explored the sensitivity of the constraints to different sur-

vey specifics and astrophysical uncertainties. For Euclid-like forecasts, we have

quantified how resulting constraints have changed with updated and decreased

expected number counts of Hα galaxies, while for a DESI-like survey, we have

seen that different galaxy populations provide tighter constraints on different

templates. We have additionally quantified the effect that different fiducial val-

ues and priors on the Gaussian galaxy bias, and conservative vs optimistic treat-

ments of small quasi-linear scales, impacts the resulting constraints.

Discriminating between shapes

In addition to considering single templates, we are also interested in the dis-

criminating power of the data to differentiate between templates. We first con-

sider the joint constraints on the local, equilateral, and orthogonal (LEO) tem-

plates.

In Figure 3.9 we show the 2D marginalized constraints on these templates

from the CMB, and Euclid-like and DESI-like spectroscopic galaxy surveys.

With no prior information about the galaxy bias the constraints on LEO non-

Gaussianity from the halo bias are projected to be much weaker than for the

CMB. If galaxy bias information is known from a complementary source, such

as overlapping weak lensing statistics, then the LSS gives additional constrain-

ing power in the LE and, especially, the EO planes, in which the LSS and CMB

constraints are more orthogonal. In the case of DESI, the low-z LRG and high-
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z ELG galaxies have complementary degeneracy directions in the LEO con-

straints, coming from the different HODs specific to red vs. blue galaxies.

We have also considered the properties of shapes that are not well described

purely by the LEO basis, because of a complex divergence properties, or richer

structure, examples include S ortho(2), S en f (2), S 1, and S S OS F . In some cases these

have similar squeezed limits, and therefore large scale halo bias properties,

but are dissimilar, or have anisotropic properties, as one moves away from the

squeezed limit. These provide distinctive differences at smaller scales. In Figure

3.10 we consider the potential for future surveys to differentiate between pairs

of such shapes.

In the case of the orthogonal and enfolded shapes, halo predictions for the

two shapes are too similar to distinguish them with the galaxy power spectrum.

The degeneracy directions in the LSS and CMB data are somewhat complemen-

tary, and with knowledge of the galaxy bias, the overall LSS+CMB constraint is

stronger than either data set alone.

The S 1 shape, has the same isosceles squeezed limit (up to a constant) as

the orthogonal template but is anisotropic as it approaches the squeezed limit.

We find that the LSS constraints on a scenario looking to distinguish these two

shapes are quite orthogonal to those of the CMB. Even in the case where the

Gaussian bias is marginalized over and the two shapes are highly degenerate

with LSS data alone, the LSS+CMB constraint is improved over just the CMB

constraint. With prior knowledge of the Gaussian bias, the forecasts suggest

that degeneracies that exist between the anisotropic S 1 shape and isotropic S orth

shape can be further broken with the inclusion of LSS data.
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We can also consider how well one might distinguish between models that

all vanish in the squeezed limit. To do this we consider discriminating between

the equilateral template and two others: the orthogonal(2) and SOSF shapes.

Because of their common large scale scale-independent bias there is a strong

degeneracy, and weak constraints, for the LSS-only constraints with no prior

knowledge about the Gaussian galaxy bias. If the Gaussian bias is known well,

however, the degeneracy directions between the CMB vs LSS are very comple-

mentary.

Finally, beyond distinguishing pairs of bispectrum shapes, one could con-

sider model-independent constraints on a general shape constructed from a lin-

ear combination of LEO models. Figure 3.11 shows k-dependent constraints that

quantify how well the product fNLS (k1, k2, k3) may be constrained for different

triangle configurations, under the assumption that the underlying primordial

shape is any linear combination of the three LEO templates. For the calcula-

tion of these errors, we have used the principal component analysis method

described in [17], where σ2( fNLS (k1, k2, k3)) =
∑

i σ
2(bi)êi(k1, k2, k3)2, σ2(bi) are the

eigenvalues of the Fisher matrix for the f local
NL , f equil

NL , and f orth
NL parameters, and

êi(k1, k2, k3) are the shapes corresponding to the eigenvalues, each of which are

linear combinations of the LEO templates, that have zero covariance for the

modeled survey. These configuration-dependent constraints in Figure 3.11 are

strongest on triangles that are scalene and somewhat flattened, not equilateral

triangles, where shape amplitudes are typically normalized. Prior knowledge

of the Gaussian bias improves the constraints but does not significantly alter the

morphology of the best measured region.
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3.4 Discussion & Conclusions

The large number of viable inflationary theories currently in the literature war-

rant a careful consideration of how well upcoming galaxy surveys will be able

to observationally discriminate between contending models. In this work, we

focused on forecasting the ability of forthcoming galaxy power spectrum data

from the spectroscopic portions of future surveys, such as Euclid and DESI, to

constrain amplitudes of a variety of non-Gaussian shapes, as well as to dis-

tinguish between shapes, and put (k1, k2, k3)-dependent constraints on a gen-

eral primordial shape. In particular, the galaxy power spectrum is affected by

changes to the halo bias and halo mass function that arise from non-zero pri-

mordial shapes.

Although the halo bias on large-scales generally reflects the primordial

shape’s behavior in the squeezed limit (i.e. if the squeezed limit of the isotropic

primordial shape scales as ∝ 1/kα, then the halo bias generally goes as ∝ 1/kα+1),

we find this simple correlation between late-time observables and the primor-

dial shape is less straightforward when shapes which are anisotropic in the

squeezed limit, such as S 1, are considered.

We consider the effects of non-Gaussianity beyond the large scale, scale de-

pendent halo bias, including the scale independent corrections and the effect

on the halo mass function. By defining two weighting functions, we found that

while the halo bias on large scales is a weighted average of the shape that is

strongly peaked on very squeezed configurations (as expected from analytic ar-

guments in Section 3.3.1), the halo mass function and halo bias on small scales

probes more general configurations that are not very squeezed.
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A significant hurdle is the degeneracy between the signature induced by

non-Gaussianity in the scale-independent halo bias and the Gaussian galaxy

bias. The halo model bridges the gap between halos and their resident galax-

ies and, to a large extent, the galaxy power spectrum preserves the effect of

non-Gaussianity on the halos: the large-scale behavior of Pgal depends largely

on the scale-dependent halo bias, while on smaller scales the k-dependence of

Pgal is a combination of all effects, from the halo bias, halo mass function and

the halo occupation distribution. In theory the use of different galaxy samples,

with different HODs, and redshift distributions as tracers, which map the halo

information to the galaxy bias in different ways, could allow the Gaussian and

scale-independent non-Gaussian contributions to be disentangled.

Understanding the galaxy power spectrum on small quasi-non-linear scales

and measuring it precisely can enrich our understanding of the primordial

shape: rather than using the survey data to only constrain the squeezed limit

of the primordial shape, we can gain information about other regions of the

shape as well. We include the potential to differentiate between these two ef-

fects, for example through the additional information from weak gravitational

lensing, in the Fisher analysis through considering constraints in the presence

of a prior on the Gaussian galaxy bias. The forecasted constraints modeled on

Euclid and DESI for a range of templates, show that for shapes with a signif-

icant scale-dependent bias, assumptions about the scale-independent bias are

not critical. In the cases where there is not significant scale dependence, DESI’s

LRGs are a more powerful probe of fNL in the absence of any information about

the Gaussian galaxy bias, while knowledge of the Gaussian galaxy bias to a per-

cent or better makes Euclid and DESI’s constraints comparable, and both LSS

data sets competitive with CMB constraints, such that the combined LSS+CMB
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constraint is better than either alone.

In addition to constraints for fixed shapes we show the forecasts for each

survey’s ability to distinguish between the local, equilateral, and orthogonal

shapes, using LSS-data only, CMB-data only, and the combination of LSS+CMB

data. In this case, when no additional information about the Gaussian bias is

included, Euclid- and DESI-like constraints are similarly weak in comparison

to CMB constraints, though the two LSS surveys have different degeneracy di-

rections in the LEO planes, due to their differing galaxy populations. How-

ever, if the galaxy bias is constrained the Euclid-like and DESI-like surveys

are comparable, with Euclid’s constraints being slightly stronger. Additionally

we find that, with strong priors on the galaxy bias, LSS and CMB constraints

have complementary degeneracy directions, particularly in the ( f local
NL , f equil

NL ) and

( f equil
NL , f orth

NL ) planes.

We explored how well LSS data might distinguish between shapes which

have similar scale-dependent biases on large scales, leveraging their quite dif-

ferent forms away from the squeezed limit, or their distinct, anisotropic vs

isotropic, squeezed limits. We find that with strong priors on the galaxy bias,

LSS and CMB constraints have complementary degeneracy directions and the

combination of the data improves upon either data set alone, but the LSS data

alone with no other information about the Gaussian galaxy bias is typically not

going to noticeably improve on the CMB-only constraints.

Finally, we computed the k-configuration-dependent constraints on general

shapes via a principal component analysis. The principal components illus-

trate what features of the primordial shape the galaxy power spectrum are best

and worst measured, and the k-dependent constraints show how well we can
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measure different configurations of a general shape. Without any additional

knowledge about the galaxy bias, the LSS constraints do not improve on the

CMB constraints. With percent or better priors on the galaxy bias, the LSS+CMB

constraints are improved accordingly, though the overall morphology of the k-

dependent constraints on the general shape are largely unchanged.

In conclusion, we have quantitatively demonstrated that the galaxy power

spectrum can provide a valuable complementary probe of non-Gaussianity to

the CMB, and can probe bispectrum configurations beyond the asymptotic

squeezed limit. A key requirement to realize the full utility of the galaxy clus-

ter measurements is knowledge of the galaxy bias. This is a rich area we plan

to investigate in future work: to quantify the ability for upcoming weak lens-

ing measurements and higher order galaxy clustering statistics to constrain the

galaxy bias, as well as the potential for utilizing other tracers of the halo distri-

bution to provide additional constraints.
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(a) m = 1012.5 M�/h, k = 10−3 h/Mpc (b) m = 1012.5 M�/h, k = 0.1 h/Mpc

(c) m = 1013.5 M�/h, k = 10−3 h/Mpc (d) m = 1013.5 M�/h, k = 0.1 h/Mpc
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Figure 3.3: The halo bias weight function, wsd, for halo masses m =

1012.5M�/h [top] and m = 1013.5M�/h [middle], and scales k =

10−3 h/Mpc [left] and k = 0.1 h/Mpc [right] as a function of
the wavenumber q and angle µ used to described the bispec-
trum shape. We have labeled specific configurations at which
each weight shown peaks. Some points are simply labeled as
‘Sq’ signifying that the triangular configuration is significantly
squeezed and not easily illustrated to scale. For weights at
k = 0.1 h/Mpc, we label other configurations and illustrate the
corresponding triangles, which are much less squeezed than
those labeled ‘Sq’, showing that ∆bsd on small scales can probe
configurations beyond very squeezed triangles.
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Figure 3.4: The solid and dashed curves respectively show the µ = 0 slice
of the weight from the scale-dependent bias for k = 10−3 h/Mpc
and M = 1013.5M�/h and M = 1012.5M�/h cases.

(a) m = 1012.5 M�/h, k = 0.1 h/Mpc (b) m = 1013.5 M�/h, k = 0.1 h/Mpc
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Figure 3.5: The weight function wRNG , parameterizing the shape sensitivity
in non-Gaussian corrections to the the halo mass function, as
defined in 3.29. The function is plotted for a fixed k = 0.1 h/Mpc
slice, where the weight is peaked, and two halo masses, m =

1012.5M�/h (left) and m = 1013.5M�/h (right). The plots illustrate
that there are non-negligible contributions from configurations
that are not significantly squeezed, like those labeled E and F.
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Figure 3.6: The effect of the non-Gaussian corrections to the halo mass
function [left panel] and the scale-independent halo bias [right
panel] on the halo power spectrum relative to the Gaussian
case PG

h , for the local [full blue], equilateral [dotted red], and
orthogonal [dashed black] shapes at z = 1 for fNL = 100.
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Figure 3.7: The predicted galaxy bias as a function of scale for luminous
red galaxies (LRGs) at z = 0.75 [solid lines], and emission line
galaxies (ELGs) at z = 0.75 [dotted] and z = 1.55 [dashed], for a
variety of non-Gaussian bispectrum templates with fNL = 100:
local [blue] and orthogonal [black] (left panel), as well as equi-
lateral [red] (right panel).
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Figure 3.8: Contributions to a Fisher element as a function of k, Fz(k), for
( fNL, fNL) in a fixed redshift slice, z = 2 [left] or z = 1 [right],
from the local [blue], equilateral [dotted red], and orthogonal
[dashed black] templates. Contributions to the Fisher element
for (bG

gal, b
G
gal) are also shown [dot dashed gray], multiplied by a

scaling factor of 10−8 in order to show on the same plot. Unless
the primordial shape has a strongly scale-dependent bias on
large-scales, most of the resulting constraint on fNL comes from
intermediate and small scales, k & 0.05 h/Mpc. The constraint
on the Gaussian galaxy bias, while it has a larger overall am-
plitude, its shape is qualitatively similar to the signal on small
scales coming from fNL.
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Figure 3.9: Euclid-like [top] and DESI-like [bottom] Fisher matrix projec-
tions for the constraints on the amplitudes of contributions to a
general shape constructed from local, equilateral and orthogo-
nal (LEO) templates. Constraints from the halo bias only [blue],
CMB only [red], and in combination [black] are shown for a
range of assumptions on prior knowledge of the galaxy bias:
the most conservative scenario [full lines] in which all Gaus-
sian bias information is obtained from this dataset and bG

gal
is marginalized over fully, the opposite regime [dotted lines],
in which galaxy bias are wholly determined by an alternative
technique, such as those discussed in section 3.2.4, and is not
marginalized over, and the optimistic scenario [dashed lines]
in which the Gaussian bias is well-constrained which we rep-
resent using a 1% prior.
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Figure 3.10: Euclid-like Fisher matrix projections for the joint constraints
on the amplitudes of a pair of shapes. Constraints from the
halo bias only [blue], CMB only [red], and in combination
[black] are shown for scenarios in which bG

gal is marginalized
over fully [full], in which galaxy bias is wholly determined
by an alternative technique [dotted lines], and in which the
Gaussian bias is well-constrained, which we represent using
a 1% prior [dashed lines].
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Figure 3.11: Joint LSS+CMB k-dependent constraints on a general shape,
σ( fNLS (k1, k2, k3)), assuming a basis set of local, equilateral,
and orthogonal templates assuming no [left] and perfect
[right] prior knowledge of the Gaussian bias.
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CHAPTER 4

A NEW BASIS FOR NON-SEPARABLE BISPECTRA

4.1 Introduction

We are fortunate to live in a time when cosmological datasets can probe the

Universe in exquisite detail. In particular, the cosmic microwave background

(CMB) provides a rich source of information about the very early Universe,

and is an especially precise probe of the inflationary paradigm. An impor-

tant question that we are now in a position to probe, more thoroughly than

ever, is: what is the initial quantum state of inflationary fluctuations? It is

usually taken to be the Bunch-Davies state, but from the point of view of

treating inflation as an effective theory it is not unreasonable to consider the

choice of state to be open, subject to the conditions that it allow for inflation

to occur and that it be consistent with field theoretic precepts. Explicit exam-

ples of scenarios that give rise to non-Bunch-Davies initial conditions for in-

flation can be found in [171, 172, 173, 174, 175, 176]. Assuming that the initial

state is more general than the free vacuum, such as a Bogoliubov transform

of the Bunch-Davies state or even a mixed state, we can calculate its imprint

on cosmological observables like the power spectrum and bispectrum of in-

flationary perturbations, and in turn those of CMB temperature anisotropies

[177, 178, 179, 180, 181, 39, 49, 50, 182, 124, 183, 172, 184, 185, 173, 51, 186, 187].

Whether these effects can actually be observed in cosmological data depends

on the extent of departure from a Bunch-Davies state, the number of e-folds

of inflation beyond the minimum required, and of course the sensitivity of our

experiments [188, 189, 125].

111



Given these choices, how can we narrow down the possibilities? The ini-

tial state of perturbations will leave its imprints on their correlation functions,

for example, logarithmic oscillatory modulations in the CMB power spectrum

[190]. Higher order correlators, such as the bispectrum [191, 117], are extremely

sensitive to deviations from the Bunch-Davies state. The bispectrum carries in-

formation both about the amplitude of the correlations, typically encoded in fNL,

as well as of preferred configurations in momentum space; the three momenta

must form a triangle, but the shape of the triangle is sensitive to both the inter-

actions of the inflaton, including the mixing with gravity, as well as the initial

state.

The bispectrum for general initial states is highly oscillatory and cannot be

written in a separable form, i.e. as a product of separate functions of the three

momentum modes. This makes the study of these states via the bispectrum

computationally difficult. For such shapes we usually construct a basis of sep-

arable functions and rewrite the desired shape as a sum over many such basis

functions, for example, using a polynomial basis [16], Fourier basis [73], or di-

vergent basis [17].1 As long as the original and reconstructed shapes are very

similar and have a significant overlap, or in other words have a cosine close to

unity, we can look for signatures of the reconstructed shape in the CMB bispec-

trum and be assured that the result will be an accurate reflection of what we

would have obtained for the real shape. Non-Bunch-Davies shapes, however,

can be difficult to efficiently describe with existing bases [16, 73, 17, 117]. This

leaves open the possibility that signatures of general initial states could still be

present, yet undetected, in the CMB data.

1In special shape-specific cases, other basis sets can be used: for example, feature or resonant
models exhibiting linear or logarithmic oscillations, respectively, can be efficiently reconstructed
through a one-dimensional (1D) expansion in the sum of wavenumbers, k1 + k2 + k3 [192, 193].
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In this paper we describe a new basis of piecewise spline functions and use

it to fit non-Bunch-Davies shapes of the bispectrum. The spline basis consists of

polynomial functions defined locally, between various points called “knots” in

3D space [194, 195]. This makes it particularly suitable for smoothing and in-

terpolating data with complex patterns, and in our case, for capturing localized

features of any complicated shape of the bispectrum. Another immediate ad-

vantage of defining localized functions is that the basis functions are orthogonal

to a good approximation, and there is no need to perform a Gram-Schmidt-like

orthogonalization process on the basis functions. Instead, the basis-fitting algo-

rithm we adopt does not rely on having an orthonormal basis. This makes the

spline basis easy to implement and to extend, using a large number of mode

functions to capture fine features in the bispectrum. We find that the spline

basis performs at least as well as the polynomial and Fourier bases in describ-

ing most non-Bunch-Davies shapes, and for many shapes offers significant im-

provements (in the cosines) over existing techniques.

The remaining paper is organized as follows. In section 4.2 we briefly re-

view how we define the initial conditions for the perturbations and obtain the

bispectrum for general initial states. We describe the spline basis in section 4.3

and use it to fit non-Bunch-Davies shapes in section 4.4. We conclude in section

4.5 with a summary and discussion on the scope of this work. Appendices A.1

and A.2 contain details on calculations of the correlation functions for general

initial states, and appendix A.3 describes our numerical implementation of the

spline basis.
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4.2 Non-Bunch-Davies shapes

We usually describe primordial correlation functions in terms of the curvature

perturbation ζ(t, ~x), since this quantity is conserved outside the horizon [88]. It is

defined as the perturbation in the local scale factor a(t); the metric perturbation

hi j(t, ~x) is then written as hi j = a2e2ζδi j. In an effective field theory setting, ζ(t, ~x) is

related to the Goldstone mode of time reparameterization symmetry breaking,

usually denoted as π(t, ~x) [26, 196]. In this section we describe how the choice of

initial state for the perturbation ζ(t, ~x) (or equivalently π(t, ~x)) affects the primor-

dial bispectrum Bζ(k1, k2, k3) defined via 〈ζ~k1
ζ~k2
ζ~k3
〉 = (2π)3δ3(~k1+~k2+~k3)Bζ(k1, k2, k3).

Starting with the Einstein-Hilbert action, we can calculate the action for

scalar perturbations directly in the ζ-gauge. Writing down the most general

Lorentz-invariant scalar-tensor theory with second order equations of motion

results in the Horndeski action for the perturbations [197, 198, 199, 200, 42].2

For P(X, φ) models of inflation, with X ≡ −gµν∂µφ∂νφ,3 the leading order in slow-

roll Horndeski action at cubic order in the perturbations is given by

S =

∫
d3x dt a3

{
ε

c2
s

[
ζ̇2 −

c2
s

a2 (∂iζ)2
]

+ Λ1ζ̇
3 + Λ2ζζ̇

2 +
Λ3

a2 ζ(∂iζ)2
}

+ S boundary . (4.1)

Here we have set MPl = 1, ε ≡ −Ḣ/H2 is the slow-roll parameter, cs is the constant

sound speed for perturbations, and the couplings Λ1 − Λ3 are given by

Λ1 =
ε

Hc4
s

(
1 − c2

s − 2
λc2

s

Σ

)
, (4.2)

2The Horndeski action does not describe ghost inflation, however, which can be included
in an effective field theory setting. Another example outside the Horndeski domain is Horǎva-
Lifshitz gravity, in which Lorentz invariance is explicitly broken.

3The action for many single scalar field models of inflation can be written as S =
1
2

∫
d4x
√
−g

[
R + 2P(X, φ)

]
, with φ controlling the dynamics of both the background and pertur-

bations.
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Λ2 = −3
ε

c4
s

(
1 − c2

s

)
, (4.3)

Λ3 =
ε

c2
s

(
1 − c2

s

)
, (4.4)

with λ ≡ X2 ∂2P
∂X2 + 2

3 X3 ∂3P
∂X3 and Σ ≡ X ∂P

∂X + 2X2 ∂2P
∂X2 = H2ε

c2
s

. The boundary terms in

eq. (4.1) are important and in general do contribute to the bispectrum when the

initial state is different from the Bunch-Davies vacuum; here we assume for sim-

plicity that the initial state for ζ(t, ~x) is defined in such a way as to cancel these

boundary terms. It is also worth noting that the action in eq. (4.1) is equivalent

to that obtained using an effective field theory approach [26, 196] up to bound-

ary terms, and the bispectrum for general initial states agrees between the two

actions, as shown in [201].

The usual method to obtain correlation functions of ζ(t, ~x) is to use in-in per-

turbation theory [202, 203, 204, 205, 206, 207, 208, 209]. The initial state can be

input as a density matrix defined at the initial time t0 [51]; for simplicity we

will assume that the initial density matrix is pure and Gaussian.4 Doubling the

fields on the plus and minus branches of the in-in contour, we can calculate the

Green’s function corresponding to the quadratic (or “free”) part of the action in

eq. (4.1), including the effect of a general initial state; details of this calculation

can be found in the appendix of [51]. The Green’s function for ζ(t, ~x) is found to

be

G
ζ
k(η, η′) =

c2
s

2ε
1

a(η)a(η′)

 G++
k (η, η′) G+−

k (η, η′)

G−+
k (η, η′) G−−k (η, η′)

 , (4.5)

where η is the conformal time defined as η =
∫

dt/a and the factor out front

comes from rewriting the quadratic action in terms of the canonically rescaled

4Here by “pure” we are distinguishing between pure and mixed quantum states. Mathemat-
ically speaking, Tr

(
ρ2

)
= 1 for pure states, while Tr

(
ρ2

)
< 1 for mixed states, ρ being the density

matrix. Relaxing the pure state assumption leads to qualitatively very similar results to what
we discuss here. By “Gaussian” we mean that the action describing the initial state is quadratic.
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field χ(t, ~x), ζ = 1
√

2ε
cs
a χ. The functions G±,±k (η, η′) are given by

G++
k (η, η′) = f >k (η) f <k (η′)θ(η − η′) + f <k (η) f >k (η′)θ(η′ − η) , (4.6)

G+−
k (η, η′) = f <k (η) f >k (η′) , (4.7)

G−+
k (η, η′) = G+−∗

k (η, η′) , (4.8)

G−−k (η, η′) = G++∗
k (η, η′) , (4.9)

and the mode functions f ≷
k (η) are solutions to the second order differential equa-

tion resulting from the Green’s function equation,

f ≷
k (η) = α

≷
k hk(η) + β

≷
k h∗k(η) − 2 f ≷

k (η0)Akgk(η)θ(η0 − η) . (4.10)

The last term above is an additional contribution from the initial density matrix,

Ak being the kernel that multiplies the ζ+
~k
ζ+

−~k
term in the initial state action [51];

it does not, however, contribute to the bispectrum, and so we will ignore it in

our discussion. The Bogoliubov coefficients α≷
k , β≷

k are functions of kernels in

the initial density matrix, the mode functions, and time derivatives of the mode

functions, all at the initial time, and satisfy α<k = β>∗k , β<k = α>∗k ,
∣∣∣α>k ∣∣∣2 − ∣∣∣β>k ∣∣∣2 = 1.

Finally, the function hk(η) is defined at leading order in slow-roll as

hk(η) = −
1
2

(−πη)1/2H(1)
3/2(−cskη) , (4.11)

where H(1)
3/2 is a Hankel function. The Bunch-Davies choice consists of setting the

initial time η0 → −∞, the initial density matrix to unity, and additionally α>k = 1,

β>k = 0 so that the mode function f >k (η) picks out the positive frequency solution

proportional to e−icskη.

The time η0 at which the initial conditions are set can be taken to be a con-

stant time in the past at the onset of infation, or can be considered as a scale-

dependent quantity, η0(k). In the latter case, the initial conditions for each k
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mode are set at the time when the physical momentum corresponding to this

mode csk/a(η0) (with a(η0) = −1/(η0H) during inflation, at leading order) crosses

a fixed energy scale Λ of new physics. The Bogoliubov transform in eq. (4.10)

is correct for either choice of η0. In appendix A.1 we show that for a scale-

dependent initial time, this solution leads to the well-known oscillations in the

late-time power spectrum [180, 181]. We use both choices of initial time in sec-

tion 4.4 when we apply the spline basis to non-Bunch-Davies shapes of the bis-

pectrum.

Let us now discuss how general initial states modify the bispectrum. Ob-

servables, such as the bispectrum, can be calculated using any combination of

plus and minus fields on the in-in contour. For Gaussian initial states, we can

calculate the three-point function in the perturbations as〈
ζ+
~k1
ζ+
~k2
ζ+
~k3

〉
(η) =

〈
ζ+
~k1

(η)ζ+
~k2

(η)ζ+
~k3

(η) × exp
[
i
(
S (3)+ − S (3)−

)] 〉
G
, (4.12)

where S (3) is the cubic part of the action in eq. (4.1) written in momentum space,

with conformal time derivatives, and with the time integral running from η0 to

η. The subscript “G” indicates that Wick contractions on the right are carried

out using the Gaussian theory. At leading order in slow-roll, only the three op-

erators ζ̇3, ζζ̇2, and ζ(∂iζ)2 contribute, and we can write the three-point function

at late times
〈
ζ+
~k1
ζ+
~k2
ζ+
~k3

〉
(η)|η→0− as a sum of contributions from each of these three

operators. To calculate the three-point function in eq. (4.12) at late times we

need the function Gζ,++

k (0, η′) and its derivative ∂η′G
ζ,++

k (0, η′) for η′ ≥ η0; using

eqs. (4.6), (4.10) (discarding the θ(η0 − η) term), and (4.11) these are given by

Gζ,++

k (0, η′) =
H2

4εcsk3

[
ak(1 − icskη′)eicskη′ + bk(1 + icskη′)e−icskη′

]
(4.13)

and

∂η′G
ζ,++

k (0, η′) =
H2csη

′

4εk

(
akeicskη′ + bke−icskη′

)
, (4.14)
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where we have defined the functions

ak =
(
α>k − β

>
k
)
α>∗k , (4.15)

bk = −
(
α>k − β

>
k
)
β>∗k . (4.16)

Using these in eq. (4.12) and performing the time integrals we find that the con-

tributions to the bispectrum from the three operators are given by〈
ζ+
~k1
ζ+
~k2
ζ+
~k3

〉
ζ̇3

(η)|η→0− = −
3

32
(2π)3 δ3

(∑
~ki

)
× Λ1

H5

ε3

[ 1∑
l,m,n=0

c(l)
k1

c(m)
k2

c(n)
k3
Fζ̇3

(
(−1)lk1, (−1)mk2, (−1)nk3, η0

) ]
+ c.c. , (4.17)

〈
ζ+
~k1
ζ+
~k2
ζ+
~k3

〉
ζζ̇2

(η)|η→0− =
1
32

(2π)3 δ3
(∑

~ki

)
× Λ2

H4

ε3

[ 1∑
l,m,n=0

c(l)
k1

c(m)
k2

c(n)
k3
Fζζ̇2

(
(−1)lk1, (−1)mk2, (−1)nk3, η0

) ]
+ c.c. , (4.18)

and 〈
ζ+
~k1
ζ+
~k2
ζ+
~k3

〉
ζ(∂ζ)2

(η)|η→0− =
1
64

(2π)3 δ3
(∑

~ki

)
× Λ3

H4

c2
sε

3

[ 1∑
l,m,n=0

c(l)
k1

c(m)
k2

c(n)
k3
Fζ(∂ζ)2

(
(−1)lk1, (−1)mk2, (−1)nk3, η0

) ]
+ c.c. , (4.19)

where “c.c.” denotes complex conjugate and

c(i)
k =


ak i = 0

bk i = 1 .
(4.20)

The functions Fζ̇3 , Fζζ̇2 , and Fζ(∂ζ)2 are written out explicitly in appendix A.2.

The above equations give us the leading order result for the bispectrum for gen-

eral initial states. The non-Bunch-Davies contributions to the bispectrum are
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strongly peaked in the flattened limit k1 ≈ k2 + k3 (assuming that k1 is the largest

momentum mode) and in the squeezed limit k3 � k1 ≈ k2. (We show these en-

hancements and discuss apparent divergences in both limits in appendix A.2.)

Further, these shapes are highly oscillatory, which makes them even harder to

constrain using the CMB bispectrum. In the next section we discuss the spline

basis that we use to rewrite these shapes as a sum of separable functions.

4.3 The spline basis

B-splines, short for “basis splines”, are a well-established, and conceptually sim-

ple, mathematical formalism for curve fitting, using a set of piecewise polyno-

mial functions [194, 195]. For a basis in one dimension, one chooses a set of

“knots”, {x0, x1, . . . , xN}, representing the points at which the polynomial func-

tion pieces are joined, and the degree q of the polynomials. For example, a 1D

spline basis spanning 0 ≤ x ≤ 1 with a set of six piecewise cubic polynomials is

shown in Figure 4.1. As an explicit example of the functional form of the basis,

one of the basis functions shown in the figure is

B1(x) =


9
4

(
4x − 18x2 + 21x3

)
0 ≤ x < 1

3

1
4

(
8 − 36x + 54x2 − 27x3

)
1
3 ≤ x ≤ 2

3 .

(4.21)

The numerical coefficients defining the spline basis for input knots and q are

easily generated using existing software libraries in many languages.

A general 1D function, f (x), can be expanded, and approximated, using the

spline basis,

f ′(x) =

N−1∑
n=0

αnBn(x) . (4.22)
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Figure 4.1: Example spline basis generated from knots at x = {0, 0, 0, 0, 1/3,
2/3, 1, 1, 1, 1} and polynomials of degree q = 3.

The expansion coefficients are computed by first tabulating a sample of (xi, fi)

values, where fi ≡ f (xi), corresponding to M data points, and finding the values

of {αn} that minimize the least-squares function,

LS =

M∑
i=1

 fi −

N−1∑
n=0

αnBn(xi)

2

. (4.23)

In practice, this requires solving the linear system of equations given by BT B~α =

BT ~f , where B here is an M × N matrix containing the values of Bn(xi).

Similarly, we can generate a higher-dimensional basis by multiplying 1D b-

splines together. For example, a 3D b-spline fit for a shape5 can be expressed

as

S ′(k1, k2, k3) =

N−1∑
k=0

k∑
j=0

j∑
i=0

Ai jk[Bi(k1)B j(k2)Bk(k3) + perms] , (4.24)

where “perms” refers to permutations of k1, k2, and k3. We note that the number

of relevant (i, j, k) combinations in such a fit is not N3, because each spline mode

is symmetric in the three wavenumbers, and not all (i, j, k) combinations will

correspond to a spline mode that is non-zero for wavenumber combinations

5A shape function is usually denoted by S (k1, k2, k3), not to be confused with the action S .
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that can form a closed triangle. In the 2D and 3D cases, efficient algorithms

solving for the expansion coefficients Ai jk already exist in the literature [210].

We illustrate how to use the spline basis further through explicit examples and

include snippets of our numerical codes in appendix A.3.

In contrast to other bases used to create non-Gaussian templates made of

globally varying functions, such as polynomial, Fourier, and divergent func-

tions, the spline basis consists of a set of localized modes, each of which de-

scribes only a small region of the allowed k-space. This makes the spline basis

very well-suited to describing shapes such as those of non-Bunch-Davies mod-

els, that are characterized by highly-peaked features concentrated on very flat-

tened triangles. Because of the localization of spline modes, the modes are by

construction nearly orthogonal, and no orthogonalization procedure (such as

Gram-Schmidt) is used in our implementation. Avoiding any explicit orthog-

onalization is an advantage, as orthogonalizing the polynomial/Fourier basis

sets via Gram-Schmidt is numerically unstable, and requires very high preci-

sion throughout to create a basis with a large number of modes.6

4.4 Fitting non-Bunch-Davies shapes

In this section we consider two non-Bunch-Davies shapes included in Planck’s

analysis that were not well-reconstructed in multipole-space using the polyno-

mial modal expansion, S NBD1 and S NBD2 [117].7 We also consider a set of general-

6The numerical instability of the classical Gram-Schmidt algorithm can be partially miti-
gated by instead adopting the modified Gram-Schmidt algorithm, which is what we have im-
plemented in generating the polynomial and Fourier modes.

7In the notation of [117], S NBDi here is equal to (k1k2k3)2BNBDi
Φ

/
(
2A2 f NBDi

NL

)
, where i = 1 , 2.
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ized non-Bunch-Davies shapes, S ζ̇3 , S ζζ̇2 , and S ζ(∂ζ)2 ,8 with different assumptions

for the initial time boundary csη0 and its potential wavenumber dependence. We

consider three different choices for the initial time boundary: cs|η0| = 103 Mpc,

corresponding to a choice of the largest scale that is amenable to our effective

description of inflation, as well as wavenumber-dependent cs|η0| = (Λ/H)/k1 or

(Λ/H)/(k1 + k2 + k3), corresponding to alternate ways of defining the early cross-

ing of modes into the effective field theory regime. We allow Λ/H to be 10 or 103,

representing a physically-motivated range of values. These shapes span a wide

variety of possible non-Bunch-Davies features in the bispectrum, and allow us

to compare our results with previous analyses.

For any non-separable primordial shape S , and given a choice of basis {Mn},

one can compute a separable fit S ′ that approximates S as a linear combination

of separable basis functions,

S ′(k1, k2, k3) =
∑

n

αnMn(k1, k2, k3) . (4.25)

The similarity between the original shape and its fit is quantified by a cosine,

cos(S , S ′) ≡
〈S , S ′〉

√
〈S , S 〉 〈S ′, S ′〉

, (4.26)

where the inner product is defined in Fourier space with a choice of weighting,

〈S , S ′〉 ≡
∫

dVT S (k1, k2, k3)S ′(k1, k2, k3)w(k1, k2, k3) .

(4.27)
8The shapes S ζ̇3 , S ζζ̇2 , and S ζ(∂ζ)2 here are related to corresponding leading order non-Bunch-

Davies corrections to the bispectrum; for example, S ζ̇3 (k1, k2, k3) = (k1k2k3)2
[
Fζ̇3 (−k1, k2, k3, η0) +

Fζ̇3 (k1,−k2, k3, η0) + Fζ̇3 (k1, k2,−k3, η0) + c.c.
]
, where we have set aki = 1 and bki = 0.01. In general

bki can have some scale-dependence as long as it does not spoil constraints from backreaction
of the energy density in the initial state. Whatever choice is made for bki should be applied
consistently in the case of a joint analysis of the power spectrum and bispectrum.
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The volumeVT includes only those combinations of k1, k2, and k3 that can form a

closed triangle, with each wavenumber satisfying kmin ≤ k1, k2, k3 ≤ kmax, where

kmin = 10−3 Mpc−1 and kmax = 0.1 Mpc−1. The weight w(k1, k2, k3) is typically taken

to be either unity or 1/(k1 + k2 + k3), where the latter choice is meant to represent

a more accurate reflection of the scaling of the covariance of the CMB bispec-

trum, such that the Fourier-space cosine is closer to the multipole-space cosine

between the CMB bispectra corresponding to the shapes S and S ′. However, in

general we find that both choices result in similar cosines. In our analysis, we

use a unit weight for the 3D Fourier basis fits and all 2D fits, and a weight of

1/(k1 + k2 + k3) for the remaining fits.

In this section we implement the existing polynomial and Fourier basis

methods, and additionally our new basis of piecewise splines, to obtain separa-

ble fits to non-Bunch-Davies shapes. In each case, we quantify the performance

of the basis by computing the cosine as a function of an increasing number of

modes used in the fit.

We use the polynomial basis described in [16] and the Fourier basis de-

scribed in [73]. In each case, three 1D functions based on either polynomials

or sines/cosines of ki are multiplied together to form 3D separable functions,

that are then orthogonalized using a Gram-Schmidt algorithm to create a ba-

sis of 3D orthonormalized and separable functions, called {Rn} for polynomials

and {Fn} for Fourier modes. Since the basis functions are orthonormal in each

case, the expansion coefficients {αn} can be computed through inner products

between S and the basis functions, αn = 〈S ,Rn〉 or αn = 〈S ,Fn〉.

Alternatively, in the spline basis expansion, three 1D piecewise spline func-

tions are multiplied together to form a basis of 3D separable spline functions
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{Bn}. In this case, each mode is highly localized in a region of Fourier space, so

any two modes are orthogonal by construction unless they have peaks that over-

lap. While the lack of strict orthogonality means that the expansion coefficients

in the spline basis cannot be computed using simple inner products, existing al-

gorithms can solve for the coefficients efficiently [210] (also see appendix A.3).

In the subsections that follow, we present polynomial, Fourier, and spline

basis fits to a variety of non-Bunch-Davies shapes.

4.4.1 S NBD1 and S NBD2

The cosines for polynomial, Fourier, and spline fits to these shapes are shown

in the upper left panel of Figure 4.2. We find that the polynomial expansion

produces a better fit than the Fourier basis, and polynomial cosines typically

increase slowly beyond about 100 modes for S NBD1 and 50 modes for S NBD2, in-

dicating that lower order modes contribute most to the fits. While it is possi-

ble that increasing the number of polynomial or Fourier modes will increase

the cosines further, during our analysis we found that generating large polyno-

mial and Fourier basis sets is computationally very demanding. The separable

modes are orthogonalized using a Gram-Schmidt algorithm, which is known

to be numerically unstable, and the instabilities become more severe as higher

order polynomials are used. On the other hand, the spline basis expansion as

we have implemented it does not require orthogonalization, so in comparison

a large number of modes can easily be generated and used in the separable fits.

In the case of S NBD1 and S NBD2, we find that the spline expansion performs sim-

ilarly well as the polynomial expansion when 200 modes are used, and better
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Figure 4.2: Comparisons of shape reconstructions for S NBD1 (solid) and
S NBD2 (dashed) [upper left panel] or S ζ̇3 (solid) and S ζζ̇2

(dashed) [other three panels] using the polynomial (black),
Fourier (gray), and b-spline methods. Top row and lower left
panels: The 3D spline basis reconstructions correspond to the
colored curves, where the purple, blue, orange, and red col-
ors correspond to spline basis sets derived from using 10, 14,
22, and 40 1D spline functions in each dimension. Lower right
panel: The 2D spline basis reconstructions correspond to the
colored curves, where the purple, blue, orange, and red colors
correspond to spline basis sets derived from using 50, 100, 200,
and 300 1D spline functions in each dimension.

fits can be achieved by using a larger number of modes.
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4.4.2 S ζ̇3, S ζζ̇2, and S ζ(∂ζ)2 with k-independent csη0

These shapes have oscillatory features that grow with the size of the triangle

(i.e. with k1) and in the flattened and squeezed limits. With cs|η0| = 103 Mpc, the

set of 200 polynomial modes produces a cosine of 0.52 for S ζ̇3 and 0.80 for S ζζ̇2 ,

as shown in the upper right panel of Figure 4.2.9 While these modes produce a

higher cosine than a set of 200 spline functions, better fits can be generated with

a larger set of splines.

4.4.3 S ζ̇3, S ζζ̇2, and S ζ(∂ζ)2 with k-dependent csη0

For small Λ/H, we find that the shapes are easily reconstructed with both the

polynomial and spline methods using . 200 modes, as shown in lower left

panel of Figure 4.2. The oscillatory features are of low enough frequency that

lower order polynomials are sufficient to capture most of the features of these

shapes, and the spline functions also do not need to have a very fine resolution.

If the initial conditions are set at 10/k1, rather than 10/(k1 + k2 + k3), then the

oscillatory features are of somewhat higher frequency; for either shape, how-

ever, the large global features still allow both the polynomial and spline bases

to efficiently reconstruct these shapes.

For cases with k-dependent csη0 and larger values of Λ/H, the oscillations

have a much higher frequency than what can be captured by polynomials, and

we find that the spline reconstructions perform similarly poorly. However, the

k-dependence of csη0, whether it be (Λ/H)/(k1 + k2 + k3) or (Λ/H)/k1, allows

9The shape for S ζ(∂ζ)2 is sufficiently similar to S ζζ̇2 that its fits are not shown separately in the
figures.
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the shapes to be rewritten as functions of only two free parameters: the ratios

x ≡ k3/k1 and y ≡ k2/k1. In terms of x and y, the oscillation frequency does not in-

crease drastically throughout the allowed parameter space, which makes it eas-

ier to generate good 2D fits. The advantage of rewriting scale-invariant shapes

such as these in terms of two free parameters for computing k-space cosines and

CMB bispectra has been discussed in earlier works [211].

We generate the 2D fits by defining a 2D analogue of the polynomial/spline

basis sets and the cosine. We find, however, that to generate the same number

of polynomial modes as in the 3D case (200) requires using higher order 1D

polynomials, which exacerbates the numerical issues that we encountered in

the 3D case, so for the 2D fits we only use 100 polynomial modes with unit

weight. We do not encounter similar numerical issues in the spline fits.

We show the results for the 2D fits in the cs|η0| = 103/(k1 + k2 + k3) case in the

lower right panel of Figure 4.2; for cs|η0| = 103/k1 the shapes have very similar

features, with the oscillations being slightly more rapid and more difficult to

represent in the latter case. 2D spline fits achieve similar cosines as 2D poly-

nomial fits using the same number of modes (∼ 100), while also being able to

produce higher cosines through the addition of more modes without running

into numerical issues, as shown in Figure 4.3.

4.5 Discussion

If the CMB is to be used to its full potential to elucidate the details of inflation,

we need to be able to both effectively characterize a wide variety of potential

inflationary signatures while also ensuring that this information is accessed in a
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Figure 4.3: 2D b-spline fits to S ζ̇3 (solid) and S ζζ̇2 (dashed), where the pur-
ple, blue, orange, and red colors correspond to spline basis sets
derived from using 50, 100, 200, and 300 1D spline functions in
each dimension.

timely manner. For non-Gaussian signatures, present in the CMB bispectrum, a

potential bottleneck in this process is the production of separable templates that

accurately match the characteristic properties of the underlying shape. This is-

sue is particularly acute for initial states that differ from the Bunch-Davies state,

which can generically have highly oscillatory features whose characteristic scale

can vary over the bispectrum configuration space.

In this work we have analyzed a variety of functions to generate templates

for bispectrum shapes arising in a variety of non-Bunch-Davies scenarios. We

have quantified how well different choices of separable basis functions, derived

from polynomials, Fourier functions, and b-splines, can reconstruct the original

non-Bunch-Davies shapes. The spline expansion method is a new alternative

choice of basis, that we implement here for the first time, and can be used at a

reasonable computational cost to obtain cosines that can be very close to unity.

We find that the polynomial basis is good for describing some non-Bunch-

Davies shapes with large features, and generally performs better than the
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Fourier basis. For the rest of the shapes we considered, assuming the low

cosines will steadily increase with the addition of more modes, we find that

numerical difficulties prevent us from generating enough modes to see higher

cosines. For most shapes, the spline basis performs as well as the polynomial

one when equal numbers of modes are chosen. The spline basis is both numer-

ically simpler to compute, and does not require orthogonalization due to its lo-

calized nature. This allows a larger number of modes to be efficiently calculated

to improve the match between the templates and the actual shapes.

The spline basis expansion method is very flexible, and there are other ways

to adapt a spline basis to target specific shapes better that we have not explored

here. For example, while our spline bases are derived from equally spaced

knots, we note that one can create a basis using unequally-spaced knots, such

that different k-space regions are sampled more finely than others. Non-Bunch-

Davies shapes, where the features are sharply peaked and localized near flat-

tened and squeezed configurations, can potentially be probed more efficiently

by optimizing the spline basis in this way.

Finally, while our analysis takes place in primordial k-space, the flexibility

and computational simplicity of the spline basis approach translates directly to

multipole-space, where it complements existing approaches, such as the poly-

nomial basis. Utilizing a variety of basis expansion techniques ensures that the

exquisite CMB data available now, and in the future, can be used efficiently to

explore the full theory space of viable inflationary scenarios.
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CHAPTER 5

CONCLUSIONS AND FUTURE WORK

In the last decade, many theoretical and observational advances have been

made towards a fuller understanding of inflation. On the theory side, there

are now a wide range of physically-motivated alternatives to simple single-

field slow-roll models, each of which has a uniquely non-Gaussian structure

in higher-order correlators (e.g. bispectra, or ‘shapes’), providing a promising

strategy to uncover the key to inflation. Observationally, techniques for extract-

ing constraints on primordial non-Gaussianity from data have improved greatly

in order to meet the demands of precision measurements from experiments such

as Planck. The overarching goal of this thesis has been to contribute further to

these efforts, by better understanding and improving the techniques by which

theoretical models are reconstructed and tested with current and future sur-

veys. Looking forward, there are a variety of future directions that can extend

the work presented in this thesis.

On the CMB front, Planck’s data collection is complete. Two releases have

yielded the strongest constraints to date on non-Gaussianity, with no significant

detections so far, and a final release is expected in the coming year. One of the

major challenges in constraining theories, however, is that the corresponding

predicted CMB bispectra are generally not computationally tractable unless the

primordial bispectrum can be written as a separable function of three wavenum-

bers. In order to fully and efficiently probe the allowed space of theoretically

motivated models, it is advantageous to have several methods for achieving

this. To complement existing methods exploiting separable basis expansions, in

Chapter 2 we constructed a separable basis of divergent bispectra, that in con-
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trast to basis sets derived from polynomials is able to reconstruct a wide range

of primordial shapes, including models with complex squeezed limits (e.g. solid

inflation) or wave-like features (e.g. Galileon inflation), with relatively few ba-

sis functions. Then, using the divergent basis, we forecasted Planck-like CMB

constraints on the bispectrum amplitude of individual models with a fixed k-

dependence, including standard templates and more general inflationary mod-

els, as well as theoretically-unbiased constraints on the bispectrum that are in-

dependent of any particular choice of model. We also quantified constraints on

sets of shapes, which can take into account how well competing theories can be

distinguished from each other with the data.

Still, it is clear that many theories actively being considered require more

precise modeling than what has been achieved so far. For example, realistic

bispectra derived from non-Bunch-Davies initial quantum states for the infla-

ton are very difficult to reconstruct with smooth polynomials because of their

strong peaks in both squeezed and flattened triangles, with very high frequency

oscillations superimposed over all triangular configurations: Planck constraints

on these models relied on a polynomial basis bispectrum reconstruction that

achieved only a 60% level of similarity. In Chapter 4, we developed a new

basis description built from b-splines that is competitive with, and in select

cases, performs better than the polynomial basis used by the Planck analysis,

and can reconstruct these shapes to > 90% fidelity. With these tools in hand, it

will be possible to analyze projected constraints on a variety of models that as

yet do not have robust separable approximations through other means, starting

with generalized non-Bunch-Davies theories. Additionally, feature and reso-

nant models arising from inflaton potentials with sharp features or superim-

posed oscillations have not yet been fully constrained: most attention on these
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models in the literature has been in the limit where oscillations are more rapid

than what can be accurately captured by the polynomial basis. The lack of effi-

cient methods for analyzing such shapes motivated other groups to explore yet

other bases and strategies for computing CMB bispectra and analyzing CMB

data [192, 193], which offers yet another possibility for constraining oscillatory

CMB bispectrum signatures. Exploring new methods such as these for testing

the full range of inflationary theories will give us the best chances for discover-

ing what drove inflation, and will certainly allow us to make the most out of the

exquisite measurements taken by Planck. In the future, when the Planck data

is publicly available, analyses and constraints from the data using alternative

bases will be able to weigh in on an extended range of models. Future analyses

of the Planck data may yield even stronger constraints on the class of oscillatory

models: for example, non-Bunch-Davies models generate oscillatory features

in not only the bispectrum, but the power spectrum as well, and the ampli-

tude, scale-dependence, and phase of such features should appear consistently

in both observables, allowing for stronger discrimination between models than

by looking at the power spectrum or bispectrum separately.

To complement CMB constraints on inflation, there are many large-scale

structure surveys that are currently in progress or approaching soon: SDSS

(BOSS and eBOSS), DES, LSST, DESI, and Euclid. The same primordial, and po-

tentially non-Gaussian, fluctuations that are imprinted on the CMB also leave

their signatures on the subsequent distribution and growth of large-scale struc-

ture at later times. In the last several years, much effort has been devoted to un-

derstanding, both theoretically and verified by N-body simulations, how non-

Gaussianity induces changes to the halo mass function and the biasing of dark

matter halos with respect to the smooth dark matter fluctuations. With several
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new large-scale structure (LSS) surveys coming on-line in the next decade, it is

an opportune time for studying how well LSS observables and data will realis-

tically be able to constrain inflationary histories.

In Chapter 3, we forecasted how well DESI and Euclid will be able to ex-

tract and distinguish between signatures of general primordial bispectra from

forthcoming precision measurements of the galaxy power spectrum. This work

improves on existing forecasts by modeling the halo bias more accurately away

from the large-scale limit, and taking a more realistic approach to modeling the

information that can be extracted from small scales. One of the key results from

this study is that the power spectrum down to small quasi-linear scales contains

valuable information about the primordial bispectrum—information that is crit-

ical to obtaining a strong constraint if the model under consideration does not

create a strongly scale-dependent halo bias on large scales (e.g. equilateral type

non-Gaussianity). While smaller scales are in theory better measured due to

the larger number of modes that fit within the survey volume, in practice there

are a number of known astrophysical difficulties with using small scales to con-

strain physics: non-linear galaxy bias, peculiar velocities, baryonic effects, etc.

In preparation for future surveys, improved tools are actively being developed

to address these challenges. For example, one strategy is to combine differ-

ent probes; no observable is without problems, but the strengths of one probe

may be able to mitigate the weaknesses of another. Specifically, combining the

galaxy power spectrum data with weak lensing data, which is not susceptible

to the same systematics, may be able to combine the advantages of both probes,

while minimizing their individual weaknesses.

Weak lensing, with its own set of unique systematics, is a wholly differ-
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ent observable that is interesting to explore for its potential complementarity

to galaxy power spectrum constraints, as well as for its own sake. For example,

upcoming surveys with weak lensing components will reach such a high preci-

sion that ignoring the effect of baryons on the weak lensing convergence power

spectrum can result in biased parameter constraints that are several times larger

than the statistical errors of the surveys. However, simulations have shown that

the baryonic effects can be recast as changes to the halo mass-concentration re-

lation corresponding to a rearrangement of dark matter within individual halos

[212]. Thus jointly constraining the mass-concentration parameters with cosmo-

logical parameters of interest is a promising approach to realistically account-

ing for our imperfect knowledge of baryons, and may even contribute to new

knowledge about the galaxy formation process [213]. So far there are no fore-

casts of weak lensing constraints on non-Gaussianity that include baryonic ef-

fects, while forecasts ignoring baryons indicate that anticipated weak lensing

data have the potential to strongly constrain primordial bispectra, particularly

for those models that are not realistically expected to be strongly constrained

by the galaxy power spectrum alone [6]. It may be interesting to explore and

obtain more robust forecasts of weak lensing constraints on general inflation-

ary theories. At the same time, the parametrization of baryonic effects clearly

has wide-ranging applicability for any constraints that draw their power from

small scale structure, such as constraints on massive neutrinos or the growth of

structure from modified gravity theories.

Another way that experiments have complementary power when combined,

is in the range of scales that they are able to probe effectively. For example, both

CMB data and the upcoming galaxy surveys discussed above, probe largely

overlapping scales, roughly between k ∼ 0.001 − 1 h/Mpc, but more futuristic
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surveys may be able to probe larger and smaller scales than this range. For ex-

ample, future 21 cm surveys provide a new exciting opportunity to both harness

a new cosmological probe for constraining fundamental physics, as well as to

see into the reionization epoch and the dark ages, about which we know rela-

tively little. The redshifted 21 cm line from neutral hydrogen can shed light on

how the first luminous objects formed, and also act as a tracer of the underlying

matter distribution, allowing independent observational constraints on funda-

mental physics, such as the physics of inflation. For these purposes, 21 cm has

strong advantages in theory: LSS, such as the matter power spectrum, can be

observed down to smaller scales than with any other probe, with most of the

observable range remaining well-described by linear perturbation theory, and

the volumes observed will be larger as well. Probing both larger and smaller

scales will allow observations of more triangle configurations of the primor-

dial bispectrum than what will be achieved with other CMB and LSS surveys.

Though the practical challenges of getting at the cosmological information are

immense, current experiments, like PAPER, LOFAR, and MWA, that are aimed

at first detecting the 21 cm signal from reionization, are paving the way for fu-

ture surveys, including CHIME and SKA, that will provide very competitive

cosmological constraints on, e.g. dark energy and inflation, assuming the sys-

tematics can be sufficiently understood. In particular, a large part of the meth-

ods in Chapter 3 for forecasting optical galaxy survey constraints on inflation

are directly applicable to studying the constraints that 21 cm galaxy surveys are

likely to yield.
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APPENDIX A

CHAPTER 1 OF APPENDIX

This appendix provides derivations and details that supplement the discus-

sions in Chapter 4 of bispectra from non-Bunch-Davies initial states. In Ap-

pendix A.1, we reproduce the calculation in (cite refs 10 & 11 from the NBD pa-

per), which shows that general initial states for the inflaton, set at a finite scale-

dependent time in the past, η(k), lead to oscillatory features in the primordial

power spectra. In Appendix A.2, we show the full bispectrum expressions that

are derived from adopting a general action and allowing general initial states,

and focus only on the shapes that are leading-order in the slow-roll parameters:

Fζ̇3 , Fζζ̇2 , and Fζ(∂ζ)2 . We derive the limits of these bispectra in squeezed and

flattened configurations, showing that their amplitudes are strongly enhanced

for these triangles. In Appendix A.3, we discuss the b-spline shape-fitting algo-

rithm in detail, with 1D and 2D example fits, and by showing the Mathematica

code we have used to calculate the shape reconstructions discussed in Chapter

4.

A.1 Power spectrum for general initial states

In this appendix we show that the result for the Green’s function for general ini-

tial states in section 4.2 with a scale-dependent initial time η0(k) gives the correct

form of the late-time power spectrum in [180, 181]. We start with developing a

precise definition for the adiabatic vacuum at η0 → −∞ or the Bunch-Davies

vacuum. Let us write the field χ~k(η) (defined via ζ = 1
√

2ε
cs
a χ) in terms of anni-

hilation and creation operators at the time η0, a~k(η0) and a†
−~k

(η0), and the mode
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functions f ≷
k (η), as

χ~k(η) = a~k(η0) f >k (η) + a†
−~k

(η0) f <k (η) . (A1)

The conjugate momentum, π~k(η) can be obtained from the quadratic Lagrangian

for χ~k(η); at leading order this is given by

π~k(η) =
∂L(2)

∂χ̇
=

dχ~k
dη
−

1
a

da
dη
χ~k , (A2)

We can write π~k(η) in terms of its corresponding mode functions g≷
k (η) as

π~k(η) = −i
(
a~k(η0)g>k (η) − a†

−~k
(η0)g<k (η)

)
. (A3)

For Bunch-Davies modes we choose the positive frequency solution at early

times, and using a(η) = −1/(ηH) at leading order during inflation, the mode

functions are given by

f >k (η) =
1
√

2csk
e−icskη

(
1 −

i
cskη

)
, (A4)

g>k (η) =

√
csk
2

e−icskη . (A5)

The choice of Bunch-Davies vacuum can then be expressed as the following

relationship between the field and its conjugate momentum in the infinite past,

π~k(η0) = (−icsk)χ~k(η0) . (A6)

Note that this does not imply that the position and momentum operators com-

mute at all times; it is merely a statement of how they are related at η0 → −∞.

Equivalently, in terms of the mode function f >k (η) we can write

d f >k
dη

∣∣∣∣
η=η0
−

1
a

da
dη

f >k (η0) = (−icsk) f >k (η0) , (A7)

for η0 → −∞. The above condition is the definition of the adiabatic vacuum

in the infinite past, or equivalently the Bunch-Davies vacuum. As shown in

[214, 180] this choice corresponds to a minimum uncertainty state.
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The prescription to choose an adiabatic vacuum at a finite initial time is to

enforce the same condition in eq. (A7) at a given η0. This corresponds to a state

which minimizes the uncertainty at η = η0. Choosing the initial density matrix

to be unity, but still having a non-Bunch-Davies initial state by allowing β>k , 0,

i.e. with f >k (η) given by eq. (4.10) with Ak = 0, this leads to the following relation

between the Bogoliubov coefficients,

β>k
α>k

=

(
i

2cskη0 + i

)
e−2icskη0 . (A8)

Combining this with the usual condition
∣∣∣α>k ∣∣∣2 − ∣∣∣β>k ∣∣∣2 = 1 we find that

∣∣∣α>k ∣∣∣2 =
4c2

sk
2η2

0 + 1

4c2
sk2η2

0

. (A9)

Let us now choose η0 to be a function of k such that the physical momentum

csk/a(η0) crosses some fixed high energy scale Λ of new physics at η0, then

η0 = −
Λ

Hcsk
. (A10)

With the above equations we can write the following solution for α>k and β>k (note

that we are free to choose any overall phase),

α>k =

(
2Λ/H − i

2Λ/H

)
e−iΛ/H , (A11)

β>k = −

(
i

2Λ/H

)
eiΛ/H . (A12)

For Λ/H � 1 we can now write the late-time power spectrum as

Pζ(k) =
k3

2π2

c2
s

2ε
1

a2(η)
f >k (η) f <k (η)

∣∣∣∣
η→0−

=
H2

8π2εcs

[
1 −

H
Λ

sin
(
2Λ

H

)]∣∣∣∣∣∣
csk=aH

, (A13)

which includes a scale-dependent oscillatory term. The argument of the oscilla-

tions is usually written as being proportional to ln(k/kp), where kp is some fixed
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pivot scale. This can be seen by expanding H around the pivot scale so that

H(k) ≈ H(kp)
[
1 − ε(N − Np) + . . .

]
≈ H(kp)

[
1 − ε ln k

kp
+ . . .

]
, leading to logarith-

mic oscillations in the power spectrum. Note that this expansion only holds for

small ε and a reasonable range of scales.

A.2 Bispectrum for general initial states

The functions Fζ̇3 , Fζζ̇2 , and Fζ(∂ζ)2 in eqs. (4.17) - (4.19) are given by

Fζ̇3(p1, p2, p3, η0) =
1

k1k2k3

[
−

2
K3

1

+
eicsK1η0

K1

(
2

K2
1

−
2icsη0

K1
− c2

sη
2
0

)]
, (B1)

Fζζ̇2(p1, p2, p3, η0) =
1

k1k2k3

[−2K3
1 K3

3 + K2
1 K4

2 + K1K2
2 K3

3

K3
1 K6

3

+
eicsK1η0

K3
1 K6

3

(
2K3

1 K3
3 − K2

1 K4
2 − K1K2

2 K3
3 + icsK2

1 K2
2 K3

3η0

) ]
, (B2)

and

Fζ(∂ζ)2(p1, p2, p3, η0) =
1

(k1k2k3)3

[K6
1 − 3K4

1 K2
2 − K3

1 K3
3 + 2K2

1 K4
2 + 2K1K2

2 K3
3

K3
1

+
eicsK1η0

csK3
1η0

{
i
(
K5

1 − 2K3
1 K2

2

)
+ cs

(
K4

1 K2
2 + K3

1 K3
3 − 2K2

1 K4
2 − 2K1K2

2 K3
3

)
η0

− ic2
s

(
K4

1 K3
3 − 2K2

1 K2
2 K3

3

)
η2

0

}]
, (B3)

where for brevity of notation we have suppressed the explicit momentum de-

pendence of the functions K1, K2, and K3,

K1(p1, p2, p3) = p1 + p2 + p3 , (B4)

K2(p1, p2, p3) = (p1 p2 + p2 p3 + p3 p1)1/2 , (B5)

K3(p1, p2, p3) = (p1 p2 p3)1/3 . (B6)
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In the next two subsections we show how one obtains the flattened and

squeezed enhancements from the functions F (also see [65]). We work with the

simplest function Fζ̇3 , though the results are similar for the other two functions

(or at least for their appropriate sum) as well.

A.2.1 Flattened limit

The bk1ak2ak3 term leads to an enhanced flattened limit (k1 ≈ k2 + k3, k1 being

the largest momentum mode) bispectrum. Let us first assume that bk1 is purely

imaginary, so that the bispectrum is proportional to the imaginary part of F .

The corresponding F function we consider is,

Fζ̇3(−k1, k2, k3, η0) = −
2

k̃3
1k1k2k3

+
eicsk̃1η0

k̃1k1k2k3

 2
k̃2

1

−
2icsη0

k̃1
− c2

sη
2
0

 , (B7)

where k̃1 ≡ −k1 + k2 + k3. In the limit of k̃1 → 0, the exponential can be expanded

as

lim
k̃1→0

eicsk̃1η0 = 1 + icsk̃1η0 −
c2

s k̃
2
1η

2
0

2
−

ic3
s k̃

3
1η

3
0

6
+ . . .

(B8)

Using this in eq. (B7), and noticing that any term with k̃1 in the numerator goes

to zero, we find that

lim
k̃1→0
Fζ̇3(−k1, k2, k3, η0) = −

i
3(k2 + k3)k2k3

c3
sη

3
0 .

(B9)

For fixed η0, we can set cs|η0| = 1/k∗. The above limit of the three-point function is

therefore enhanced (though not divergent) in the flattened limit. For η0(k) with

large Λ/H as well we see an enhancement in the flattened limit. If we instead
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assume that bk1 is real, then the bispectrum is still enhanced, though not in the

exactly flattened limit but in a near-flattened limit.

A.2.2 Squeezed limit

Let us now look at the ak1bk2ak3 piece,

Fζ̇3(k1,−k2, k3, η0) = −
2

k̃3
2k1k2k3

+
eicsk̃2η0

k̃2k1k2k3

 2
k̃2

2

−
2icsη0

k̃2
− c2

sη
2
0

 , (B10)

where k̃2 ≡ k1 − k2 + k3. In the squeezed limit (k3 � k1 ≈ k2) we have k̃2 → kmin,

where kmin is the smallest momentum mode observable today. Using this in eq.

(B10) we find that

lim
k̃2→kmin

Fζ̇3(k1,−k1, k3, η0) = −
2

k2
1k4

min

+
eicskminη0

k2
1k2

min

(
2

k2
min

−
2icsη0

kmin
− c2

sη
2
0

)
. (B11)

For fixed η0 and in the limit of kmin � k∗, the c2
sη

2
0 term gives the largest contri-

bution. This term is multiplied with a highly oscillatory function though, and

averaging over the large argument of the cosine (real part of the exponential)

we expect its contribution to vanish. The leading order contribution is then pro-

portional to 1/(k2
1k4

min), which shows a strong squeezed limit enhancement. In

the limit of kmin & k∗ or for η0(k) this argument no longer holds and we may or

may not see enhancements.1

A.3 B-splines fitting algorithm

In this appendix, we build on the discussion of section 4.3 to describe in more

detail the b-spline fitting algorithms we have used, and illustrate b-spline fitting
1In our fits with fixed η0 in section 4.4 we took k∗ to be similar to kmin (∼ 10−3 Mpc−1) which

is what the Planck team had used in [117].

141



examples for a simple 1D function and a 2D representation of the scale-invariant

enfolded template. Snippets of Mathematica 10 codes we have implemented

are shown here, and the same algorithms were first constructed and explicitly

shown as Matlab code in [210].

Our first example considers a spline fit to a simple 1D function f (x), with

0 ≤ x ≤ 1. To generate a fit, we first make two choices: a choice of basis and

a choice of data points to fit. The spline basis is determined by a choice of

k + 1 equidistant knots, {x0, x1, . . . , xk}, at which each basis function’s degree q

polynomial pieces will be joined. The b-splines in general do not have to be

generated using constant knot intervals, but for simplicity we always start with

equidistant knots, and additionally include q extra knots at each of x = 0 and

x = 1 to produce a “clamped” basis. Without these extra knots, the generated

basis sets do not have splines with non-zero amplitudes at x = 0 and x = 1, and

it will be difficult to fit functions that are non-zero at the endpoints.

Given these inputs, existing codes, such as Mathematica’s BSplineBasis

function, can recursively generate a basis of k + q b-splines such that each

one is spanned by q + 2 knots, made up of q + 1 polynomial pieces, with

derivatives continuous up to order q − 1. In addition, the sum of all b-

spline amplitudes at any x is unity. For example, the b-splines in Fig-

ure 4.1 are easily generated by choosing q = 3 and k = 3 such that

the knots vector is knots = {0,0,0,0,1/3,2/3,1,1,1,1}, and executing

BSplineBasis[{q,knots},i,x], where i is an integer 0 ≤ i ≤ k + q − 1 iden-

tifying each particular b-spline. In this work, we vary the number and widths

of the b-splines by varying k, but always keep the degree fixed to q = 3.

Next, the choice of data points depends on how finely we wish to sample
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f (x). We would like to choose a data set consisting of M data pairs, (xi, fi), where

fi ≡ f (xi), such that our data resolves any potentially fine features in the func-

tion we would like to fit, without including so many extra data points that our

numerical calculation becomes intractable. The final fit should ultimately be in-

sensitive to the sampling we have chosen. Again, for simplicity, we always use

equidistant sampling points xi in our analysis, but vary the density of sampling

points by changing M.

The spline fit then approximates the original function as

f ′(x) =

N−1∑
n=0

αnBn(x) , (C1)

where the expansion coefficients {αn} are solved for by minimizing the least-

squares function,

LS =

M∑
i=1

 fi −

N−1∑
n=0

αnBn(xi)

2

. (C2)

This requires solving the linear system of equations given by BT B~α = BT ~f , where

B is an M×N matrix containing the values of Bn(xi), and is easily performed with

algorithms such as Mathematica’s LinearSolve.

We note one extension of b-splines, called p-splines, that aims to avoid over-

fitting a set of input data by imposing smoothness on the resulting fit. Short

for “penalty b-splines”, in the p-spline method, the fit’s expansion coefficients

are determined by both the choice of basis and the choice of input data, plus

a choice of penalty function that generally disfavors fits with large differences

between coefficients of neighboring b-splines [215]. In this context one would

instead minimize

LS =

M∑
i=1

 fi −

N−1∑
n=0

αnBn(xi)

2

+ λ

N−1∑
j=k

(
∆kα j

)2
, (C3)
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where λ is a constant that controls the smoothness of the fit and k is the order

of the penalty, a typical choice being k = 2, such that ∆2α j = α j − 2α j−1 + α j−2.

The use of a penalty is optional, and its main purpose in the context of data

fitting is to avoid fitting any noisy features in the data. Further, if there are not

sufficiently many data points sampling f (x), with many more splines than data

points, then without a penalty the fits may display spurious features, as we will

deliberately try to show in the 1D example that follows.

In Figure A.1 we show fits to f (x) = sin(10x)/(10x) with different choices

of data points and smoothing parameter λ. We have fixed the knots at

{0, 0, 0, 0, 0.1, 0.2, . . . , 0.8, 0.9, 1, 1, 1, 1}, yielding a basis of 13 b-splines. We find,

as illustrated in the figure, that we can achieve good fits without introducing

extra smoothing through a non-zero value of λ, as long as we fit to enough data

points. So we now continue to an example of fitting a primordial shape in two

dimensions, without a penalty.

To illustrate the b-spline fitting algorithm in two dimensions, we construct a

basis of 2D b-splines and use it to fit the scale-invariant enfolded template,

S enf(x, y) =
1
xy

(1 − x − y − x2 − y2 + x3 + y3 − x2y − xy2 + 3xy) , (C4)

where x ≡ k3/k1 and y ≡ k2/k1. As in the 1D case, the inputs to the fitting algo-

rithms are made up of a choice of basis and a set of data points. The basis is

specified by a choice of polynomial degree and a sequence of knots in each of

the two dimensions, x and y. In our particular application, since we are aiming

to fit shape functions that are symmetric in their wavenumber arguments, we

only specify the knots and degree in one dimension, and use the same b-spline

basis for the additional second dimension. The 2D b-splines are then made of

products of any two 1D splines, for example, Bn(x)Bm(y). The data are given by
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Figure A.1: Example 1D b-spline fits to f (x) = sin(10x)/(10x). All fits
shown have used a basis of 13 splines. In the upper panel,
the fits have been computed using 6 data points, sampled at
xi = {0, 0.2, 0.4, 0.6, 0.8, 1}. Attempting to construct such a fit
without smoothing [solid red] causes the splines to produce
spurious features, especially at smaller values of x, while in-
troducing a penalty and a small amount of smoothing [dashed
red], λ = 0.1, restores the fit to a reasonable representation of
the true function. The lower panel is the same fit, except with
21 data points, sampled at xi = {0, 0.05, 0.1, . . . , 0.9, 0.95, 1}. In
this case, the fits with [dashed blue] and without [solid blue]
smoothing are very similar.

(xi, y j, S (xi, y j)) and stored in Yi j = S (xi, y j), where again some care must be taken

in the choice of sampling, which must be dense enough to capture any small

features such as oscillations that we would like to capture in the resulting fit.

The 2D analogue of the least-squares function in eq. C2 is

LS =

M∑
i=1

M∑
j=1

Yi j −

N−1∑
m=0

N−1∑
n=0

αmnBm(xi)Bn(y j)

2

. (C5)

To turn the problem of solving for the expansion coefficients αmn into a linear

system, we create a regression basis C from the M × N b-spline basis matrices in
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each dimension, B1 and B2, which in our case are equal. We define

C = (B2 ⊗ eT
L ) � (eT

K ⊗ B1) ≡ B1�B2 , (C6)

where ⊗ is the Kronecker product, � is an element-by-element multiplication,

the second equality defines the � operation, and eL and eK are vectors of 1’s

with length L each. In Mathematica, we define the � operation as box:

box[B1_,B2_]:=Module[{K,L,eK,eL},

K=Length[B1[[1,All]]];

L=Length[B2[[1,All]]];

eK=ConstantArray[1,{K}];

eL=ConstantArray[1,{L}];

KroneckerProduct[B2,{eL}]*KroneckerProduct[{eK},B1]

]

Then by stacking the columns of the coefficients array αmn and the data array

Yi j to get vectors ~β and ~y respectively, the task of finding a solution for the coef-

ficients is once again reduced to solving a linear system of equations given by

CT WC~β = CT W~y. Here W is a matrix containing weights, which may be different

for each data point, but for simplicity we restrict ourselves to using a weight of

unity for all of our data.

For modest amounts of data and numbers of b-splines, one can quickly solve

for the coefficients in this straightforward way. For large data sets and num-

bers of b-splines, however, this approach becomes computationally cumber-

some due to the large size of C. While it is still possible to numerically solve for

the coefficients αmn using a low-level language like C(++) or Fortran, we have

instead used algorithms developed for higher level languages, such as Matlab
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in [210], using only vector and matrix operations. This has the benefit of be-

ing easier to implement, while still being able to sidestep much of the memory

storage and speed issues typical of a more brute-force approach in a high-level

language. Instead of starting with a calculation of C in the brute-force approach,

the algorithm from [210] that we have adopted computes CT WC and CT W~y us-

ing only B. We refer the reader to [210] for a detailed discussion of how the

method itself is devised and constructed, or to see the equivalent Matlab code,

and present here an implementation of the b-spline fitting algorithms in Math-

ematica.

The normal equations can be efficiently constructed and solved, given an

input of data in Y and information about the data sampling and b-spline basis

in B:

get2dfit[Y_,B_]:=Module[{m,n,W,R,r,F,a,A},

m=Length[Y[[1,All]]];

n=Length[B[[1,All]]];

W=ConstantArray[1,{m,m}];

R=Transpose[B].(W*Y).B;

r=ArrayReshape[R,{n*n,1}];

F=Transpose[box[B,B]].W.box[B.B];

F=ArrayReshape[F,{n,n,n,n}];

F=TensorTranspose[F,Cycles{{3,2}}]];

F=ArrayReshape[F,{n*n,n*n}];

a=LinearSolve[F,r];

A=ArrayReshape[a,{n,n}]

]
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After the matrix of coefficients is solved for, we construct the final fit through

two steps. First, we map the coefficients output as A from get2dfit to a new

set of coefficients that corresponds to a 2D basis of splines which is symmetric

in its two arguments, so that each 2D basis mode is a sum of up to two terms:

Bi(x)B j(y) + B j(x)Bi(y). Second, in building up the fit, mode by mode, we start

with the modes that contribute most to the fit. Since the b-splines in a choice

of basis have similar shapes and amplitudes, we use the magnitude of the Ai j

coefficient as a proxy for gauging how much any particular b-spline contributes

to a fit’s overall cosine with the original shape. This motivates building up a fit

by adding in modes, starting with those that have the largest |Ai j|. The cosine

is then computed in the usual way, through an inner product over (x, y)-space

between the original shape S enf and the fit.

As an example, we use a basis of 10 splines in each dimension constructed

by choosing k = 7 and q = 3, and use as our data set a grid of uniformly spaced

(x, y) values from taking 50 samples in each dimension, to compute the matrix

of coefficients Ai j, using the algorithms box and get2dfit above. The total

number of symmetric modes is then 55, and the modes are ordered by their

corresponding values of largest to smallest |Ai j| to produce the cosines in Figure

A.2. A visual comparison of the full fit using 55 modes and the original enfolded

template is given in Figure A.3.

For our 3D fits, the fitting method is the same: a choice of b-spline ba-

sis and data set make up the inputs to the algorithm, which returns an array

Amnp containing the expansion coefficients that approximate the input shape as

S ′(k1, k2, k3) =
∑

mnp Amnp Bm(k1)Bn(k2)Bp(k3). However, due to the higher dimen-

sionality of the problem, we must introduce a new function, rho, to generalize
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Figure A.2: Cosines between the enfolded shape and the 2D b-spline fits
generated by a basis with 10 splines per dimension.
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Figure A.3: The original template S enf(x, y) [upper panel] and its b-spline
fit using a set of 55 modes [lower panel]. The amplitudes range
from 0 (violet) to 1 (red) in both panels.

the matrix product to the product of a matrix and a 3D array. Below, we show

Mathematica code for rho[A,B,p], which computes the normal matrix prod-

uct between rows of A and the pth column of B, resulting in a product, C, which

has the same dimensions as B:

rho[A_,B_,p_]:=Module[{sa,sb,n,ip,cycles,sbip,prodsbip,

tempB,C},
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sa=Dimensions[A];

sb=Dimensions[B];

n=Length[sb];

ip=Join[Range[p+1,n],Range[1,p-1]];

Which[

p==1,cycles=Cycles[{}],

p==2,cycles=Cycles[{{1,3,2}}],

p==3,cycles=Cycles[{{1,2,3}}]];

tempB=TensorTranspose[B,cycles];

sbip=sb[[ip]];

prodsbip=Product[sbip[[i]],{i,1,Length[sbip]}];

tempB=ArrayReshape[tempB,{sb[[p]],prodsbip}];

C=Transpose[A].tempB;

C=ArrayReshape[C,Join[{sa[[2]]},sb[[ip]]]];

C=TensorTranspose[C,InversePermutation[cycles]]

]

Given this definition of rho, the 3D b-spline fit coefficients are calculated using

get3dfit:

get3dfit[Y_,B_]:=Module[{m,n,W,F,R,A},

m=Length[Y[[1,1,All]]];

n=Length[B[[1,All]]];

W=ConstantArray[1,{m,m,m}];

F=rho[box[B,B],W,1];

F=rho[box[B,B],F,2];

F=rho[box[B,B],F,3];
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R=rho[B,Y*W,1];

R=rho[B,R,2];

R=rho[B,R,3];

F=ArrayReshape[F,{n,n,n,n,n,n}];

F=TensorTranspose[F,Cycles[{{3,2,4,5}}]];

F=ArrayReshape[F,{nˆ3,nˆ3}];

A=LinearSolve[F,ArrayReshape[R,{nˆ3,1}]];

A=ArrayReshape[A,{n,n,n}]

]
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