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This thesis contains several projects investigating aspects of the Ricci flow (RF),
from preserved curvature conditions, Harnack estimates, long-time existence
results, to gradient Ricci solitons.

Recently, Wilking [98] proved a theorem giving a simple criterion to check if
a curvature condition is preserved along the RF. Using his approach, we show
another criterion with slightly different flavor (interpolations of cone condi-
tions). The abstract formulation also recovers a known preserved condition.

Another project was initially concerned with the Ricci flow on a manifold
with a warped product structure. Interestingly, that led to a dual problem of
studying more abstract flows. Using the monotone framework, we derive sev-
eral estimates for the adapted heat conjugate fundamental solution which in-
clude an analog of G. Perelman’s differential Harnack inequality as in [81].

The behavior of the curvature towards the first finite singular time is also
a topic of great interest. Here we provide a systematic approach to the mean
value inequality method, suggested by N. Le [63] and F. He [59], and display a
close connection to the time slice analysis as in [97]. Applications are obtained
for a Ricci flow with nonnegative isotropic curvature assumption.

Finally, we investigate the Weyl tensor within a gradient Ricci soliton struc-
ture. First, we prove a Bochner-Weitzenbock type formula for the norm of the
self-dual Weyl tensor and discuss its applications. We are also concerned with

the interplay of curvature components and the potential function.
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CHAPTER 1
INTRODUCTION

This thesis is devoted to studying several aspects of the Ricci flow introduced
by R. Hamilton [51], from preserved curvature conditions, Harnack estimates,

long-time existence results, to gradient Ricci solitons.

Definition 1.0.1. (M,g(1)), 0 < t < T < oo, a manifold equipped a one-parameter

family of Riemannian metrics, is a solution to the Ricci flow if,

0
a—tg(t) = —2Rc(?). (1.1)

Itis a powerful tool to prove the existence of canonical metrics on a manifold
with suitable initial data. Even though the equation is a weakly-parabolic sys-
tem, using DeTurck’s trick [41], we can transform it to a strictly parabolic flow.
Uniqueness and short-time existence follows but the flow generally develops
singularities in finite time. The theory, hence, depends largely on understand-
ing the formulation of singularity models, as limits in an appropriate sense. The
recent breakthrough was obtained by G. Perelman, whose non-collapsing result
makes it possible to take a limit in a general setting [81]. For dimension three,
building on Hamilton’s work, Perelman’s surgery essentially completed the ar-
guments for the Poincaré conjecture [82] . Since then, the Ricci flow played a key
role in the proofs of the Space Form theorem for manifolds with 2-positive cur-
vature operators by C. Bohm and B. Wilking [10] and the Differentiable Sphere
theorem by S. Brendle and R. Schoen ([13, 15]) for point-wise 1/4-pinched man-
ifolds.

Nevertheless, several aspects of the field remain elusive and intriguing. A

preserved curvature condition is a restriction on the curvature tensor that would



be passed on to the limit. The Harnack estimate developed by G. Perelman [81]
plays a role in proving that it is possible to take a limit. Long-time existence
results concern with conditions on the curvature approaching the first finite sin-
gular time. Finally, a gradient Ricci soliton is a self-similar solution to the Ricci

flow and, thus, a special singularity model but it arises frequently in practice.

Now we describe the organization of the thesis. For preparation, Chapter 2
and 3 collect well-known facts about Riemannian geometry and the Ricci flow.
There is little original research in those chapters but the narrative can be specu-

lative occasionally, possibly reflecting the author’s naive perspective.

In Chapter 4, we investigate preserved conditions along the Ricci flow. Since
such a condition could be passed on to the limit, it is a key ingredient in ap-
plications of the Ricci flow (such as in celebrated works of [51, 81, 10, 13]).In
a recent development, Wilking [98] proved a theorem giving a simple criterion
in the Lie Algebra language. Using that approach, we show another criterion
with slightly different flavor (interpolations of cone conditions). The abstract

formulation also recovers some known preserved condition developed in [13].

Chapter 5 is initially concerned with the Ricci flow on a manifold with a
warped product structure. That leads to a dual problem of studying more ab-
stract geometric flows. Using the framework of monotone formulas, we derive
several estimates for the adapted heat conjugate fundamental solution which
include an analog of G. Perelman’s differential Harnack inequality in [81]. The

proof here is inspired by [78].

In Chapter 6 we study the behavior of the curvature towards the first finite

singular time. This topic has been intensively investigated but simple questions,



such as whether the scalar curvature blows up, persistently remain open. Here
we provide a systematic approach to the mean value inequality method, sug-
gested by N. Le [63] and F. He [59]. We also display a close connection between
this method and time slice analysis as in [97]. Applications are derived for a

Ricci flow with the nonnegative isotropic curvature assumption.

Chapter 7 is about the Weyl tensor within a gradient Ricci soliton structure
(GRS). The Ricci flow in low dimension is relatively well understood thanks
to classification results of gradient Ricci solitons. In higher dimension, n > 3,
the situation is subtler mainly because of the non-triviality of the Weyl tensor.
Thus, it is interesting to investigate that setting, particularly in dimension four,
by combining different techniques including flow equations and a normal form
used to study Einstein manifolds. First, we prove a Bochner-Weitzenbock type
formula for the norm of the self-dual Weyl tensor and discuss its applications,
including connections between geometry and topology. We are also concerned
with the interaction of different components of Riemannian curvature and (gra-
dient and Hessian of) the soliton potential function. The Weyl tensor arises

naturally in these investigations. Applications here are rigidity results.



CHAPTER 2
PRELIMINARIES

In this chapter we first fix our notation and then review some basics of Rieman-

nian geometry which will be used throughout the document.

2.1 Notations and Conventions

Let (M", g) be an n-dimensional manifold with Riemannian metric g. The Levi-

Civita connection is defined by,

2(VxY, Z), =X (Y, Z), + Y (X, Z), — Z(X, Y),

+ (X, Y1,2), - (X, Z1, ), - [V, Z], X), .

Also, we denote V;YZ = VxVyZ - Vy,vZ and {e;}’_, a local coordinate. Conse-

quently, the Christoffel symbol can be calculated explicitly,

1 0 0 0
V(E‘ s #Fl'{':_kl_‘+—i——i'.
< ze] ek> ij 2g (6€jgﬂ aejgl aelg ])

2.1.1 Operators

Given 1-forms ' € T*M, we define,
(@' A e AWP)(X, X)) = det[w'(X)].

The wedge product A can be extended for all forms using linearity and associa-

tivity.



The volume form dy is, for a positively oriented basis {w'}’_, € T*M,
du = (/det(g;)w' A ... A",

The exterior derivative d and interior product « are defined as follows:

d(fw' Ao AWP) = [df) AW A oo AP,
(dw)(Xo, --Xp) = ZL1(Tx BY Xy ovrs X o0s X)),
dw A Y) = (dw) ANy + (-DPw A (dy),
(xw)(X, ... X)) = (X, X1, ...X,,),

(W AY) = (xw) AY + (=1 'w A (xy).

Remark 2.1.1. Our convention for d and ¢ follows [83] and differs from [38] by scaling.

For differential forms v, n of the same type p, the inner product is agreed to

be, for i) < ... <i,, ji < ...jp,

oy = 8"y i My,

In particular,

(0" A AP W1 A A W) = det().
The Hodge * operator A’T*M — A"?T*M is defined via the volume form du:

(xy) An = (y,m)du.

(W' A e AWP) = WPV A A W

The Lie derivative is defined though diffeomorphisms. Let X be a vector field

and ¢, the corresponding (locally-defined) flow. The Lie derivative of a tensor



O in the direction of X is just the first order term in a suitable Taylor expansion

of that tensor moved by the flow ¢,. That is,
o1
LxD = hn(} ;(@ - (¢1).D).
t—
In particular, for a function f, vector fields X, Y, and tensors w, ¥,

Lxf =X,
LyY = [X,Y],

Lx(w AY) = (Lxw) ANy + w A (Lxy).
Also, we have the H. Cartan’s magic formula,
Ly=doutx+ixyod.

Finally, the divergence ¢ (or div) and Laplacian A are defined as, with an

orthonormal coordinate,
(O0T)(Xy, .. X)) = tr(w = (V)(Xy, ... X)) = Z(Ve,T)(ei,Xl, o Xon);
AT = tr(V)T = ) V2. S.

We also take the chance here to introduce the heat operator,

0

Oo=—-A
ot

Remark 2.1.2. In an appropriate context, the divergence can be identified with the co-

differential (adjoint of d) with an opposite sign [8].



2.1.2 Curvature Notions

The Riemannian curvature is defined by,

R(X,Y,Z) = V3, Z + Vi, Z

R(X.Y.Z, W) = = (V}yZ - V3, Z. W>g :
Remark 2.1.3. Our (3,1) curvature sign agrees with [1, 8] and opposite to [11, 38, 51,

831. Our (4,0) curvature convention, however, is the same as [1, 8, 11, 51] and opposite

to [38, 83]. Consequently,

0 0
I _ [ [ my-l m
Rix = a_ejrik - a_eirjk + Dyl — Tl

If P c T M is a 2-plane with an orthonormal basis {e,, ¢,}, the sectional cur-

vature of P is defined by

K(P) = R(ey, ez, €1,e2) = Rippo.

The Ricci and scalar curvature are defined by, respectively,

Ri; = g"Ripjg:

S = ginij-
We take the chance to define the conjugate heat operator, along a Ricci flow,

0
== _A+S.
O ot +

In order to define the Weyl tensor, we first need to recall the Kulkarni-

Nomizu product for (2,0) symmetric tensors A and B,

(Ao B)jju = AuBji + A;Bj — AyBjx — AjBj.



Then we have the following decomposition of curvature, for E = Rc - Sf, W the

Weyl tensor,

R=W+

Sgog

Eog_

TN =) n-2

Sgog

Rcog

T2n-2m-D -2

2.1)

It can be seen from the equation that W inherits most of the symmetry from R,

see Section 2.3.

2.1.3 Identification between tensors and operators

Using the point-wise induced inner product, any anti-symmetric (2,0) tensor «

(a two-form) can be seen as an operator on the tangent space by,

a(X,Y) = (—a(X),Y) = (X,a(Y)) = (@, X A Y).

In particular, a bi-vector acts on a vector X as follows

(UAVX =V, X)U - (U,X) V.

For instance, in dimension four, for ¢;; = ¢; A e;:

€120+ €34 | €13~ €4 | €14t €23 | €10 —€34 | €13+ €24 | €14 — €23
€1 —e) —e3 —é4 —é) —e3 —éy
() el €4 —e3 (4] —é4 és
(%] —€4 €1 ér €4 €1 —é)
€4 és —eé) e —e3 (%) (4]

(2.2)

In a similar manner, any symmetric (2, 0) tensor b can be seen as an operator

on the tangent space,

b(X,Y)=(X),Y)=(X,b(Y)) =(b,X NY).



Consequently, when b is viewed as a 1-form valued 1-form, dyb denotes the

exterior derivative (a 1-form valued 2-form). That is,

(dyb)(X, Y, Z) = (VD)(X, Y, Z) + (=1) (VD)(Y, X, Z) = Vxb(Y, Z) = Vyb(X, Z).

Similarly, a (4,0) tensor such as R, W can be interpreted as an operator on
two-forms, that is, a map from A,(TM) — Ay(TM). Then, we normally take the
operator norm (sum of squares of eigenvalues) (this agrees with the tensor norm
detined in [38] for (2, 0) tensors but differs by 1/4-factor for (4, 0) tensors). More
precisely, for an orthonormal frame or coordinate,

IW[* = Z Wizjkl'
i<jk<l
In addition, the norm of covariant derivative and divergence on these ten-

sors can be defined accordingly,

VWP =) > (ViWasa)’,

i a<bse<d
BWE = > > (W),
i a<b
For atensor T : A»(TM)® (TM) — R, we define
(T,6W) = > Tip(@W ), (2.3)
i<j:k
(T,ixW) = > Tijlix W (24)
i<jk

Also, the Einstein summation convention is used when dealing with indices.

Finally, when the context is clear, we will omit the measure when integrating.



2.1.4 Coordinate versus Frame

In order to study the geometry of a smooth manifold, it is essential to be able
to carry out various computation (such as calculating the curvature given its
metric). The two most popular tools are a local coordinate and a local frame.

Because of the dominance of these two concepts, let’s distinguish them first.

Let p be a point in a smooth manifold and U an open neighborhood of p.

n
i=1

A local coordinate {a%} is associated with a local coordinate chart {x;}!_
which is a diffeomorphic map between U and a open subset of the Euclidean

space R". The shorthand notation for - is just d; when the context is clear.

A local frame {E;}!, is a collection of vector fields on V such that they are

linearly independent and span the tangent space at each point in U. A local

frame is orthonormal if <E W E j> = 61’ .

In practice, it is often convenient to work with a normal coordinate (that is,
Vo; |,= 0) or a normal orthonormal frame (VE; |,= 0). It can be shown that,
given an orthonormal basis {e;}_, of the tangent space at p, there exist a normal
orthonormal frame and a normal coordinate around p such that their restric-

tions to that tangent space are exactly the given basis [83, Chapter 2].

Indeed, a local coordinate is usually constructed via the exponential map
while a local frame can be built via parallel translations. To illustrate the differ-
ence in calculation involved with each method, we’ll provide both perspectives

on certain calculation such as Section 2.2 or Lemma 2.5.1.

10



2.2 The Riemannian Curvature

The purpose of this section is to show how to compute the Riemannian curva-

ture given its metric and review some of its properties.

2.2.1 Coordinate Calculation

In a local coordinate, the curvature can be calculated from the Christoffel sym-

bols Fﬁ.‘ ; as discussed earlier:

1
Iy = Egkl(aigjl + 0,81 — 018i)) (2.5)
R}, = -0 +9,T} - ;I + LI (2.6)
Riju = gmRj-
Remark 2.2.1. The formulae make clear that curvature components are essentially 2nd

derivatives of the metric. In that sense, the Bianchi identities (2.8), (2.9) essentially

expose the symmetry of the metric at the 2nd and 3rd orders.

2.2.2 Frame Calculation

The curvature can also be calculated by using a frame via Cartan’s structure
equations. Our treatment here follows [38, Chapter 1]. Let {e;} be an orthonor-
mal frame and {w'} its dual, i.e. w'(e)) = 6’/ The connection 1-form w{ is defined
as,

<Vxel~, ej> = a)lj(X).

11



Furthermore, it satisfies the following properties,

Vyw' = —w;(X)wj,

I
Ve, = w; ®e;.

Remark 2.2.2. w’]‘.(ei) ~ Ff.‘j but one is defined by a local frame while the other by a local

coordinate.

Define Rm{ X,Y) = % <R(X, Ye;, e,-> then we have Cartan’s equations:
do' = W' A w;,
J_ J k J
Rm; = dw; — w; A w.
Also, for computation convenience,

a)f(ej) = da)i(ej, er) + dw(e;, er) — dwk(ej, e;).

2.2.3 Properties

Recall that,
R(X.Y,Z,W) = = (VyyZ - V3, Z.W).

So it is easy to see the symmetry,

RX,Y,Z,W)=-R(Y,X,Z,W) =R(Z, W, X,Y).

12



Also, the (4,0) curvature tensor R satisfies the following Bianchi first and second

identities,
2.7)
Riju + Rjir + Ryijr = 0, (2.8)
ViR jkim + V Ryt + ViRijim = 0. (2.9)

As a consequence, we have the following contracted 2nd Bianchi identity in
terms of the divergence:

1
d(Rc - ESg) =0 (2.10)
An immediate application is the flowing well-known fact.

Lemma 2.2.1. On a closed Riemannian manifold, for any smooth function f,
2 —
fM (2(Re,v f>g — SAf)du =0

Proof. We have,

S(ReVf) = (BRO)VS + (Re, V2 f)g

- %VSV £+ (Re, V2f)

¢ .

Applying the divergence theorem yields,

L(2<RC,V2f>g—SAf)dy:L(—VSVf—SAf)d,u:O.

2.3 The Weyl Tensor in Dimension Four

In this section, we give a brief review of the Weyl tensor on an oriented four-

manifold (M, g).

13



2.3.1 Decomposition of the Curvature

Recall the curvature decomposition (2.1):

Sgog  Eog Sgog Rcog
R=W+ + =W - + .
2n(n—-1) n-2 2m-2)(n-1) n-2

We note that, as (4,0) tensors, W, E o g, g o g are orthogonal. Consequently,
the Weyl tensor inherits algebraic properties of the curvature tensor and is also
traceless. Then it is easy to see the followings, for an orthonormal frame,
Wiap = Z Wijij-
2<i<j
More generally, if the tangent space is decomposed into orthogonal subspaces

Ny, N, then,

Wy, = Z Wijij = Z Wik

i<j,i,JEN1 k<lk,JeN,

That is, the Weyl “sectional curvature”s of complementing subspaces are rel-
atively comparable and then well-defined. ! Also, it is noted that if the co-

dimension of N; is 0 or 1 then Wy, = 0.
In dimension four the decomposition becomes,

S 1
R=W+ — +=Eog=W+U+YV,
248°87 308 v+v

R = [WP + |[UP + VP,

1 1
UPf = ——S*= =57,
vl 2n(n - 1) 24

1 1
VP = —IEP = SIEP.

A special feature of dimension four is that the Hodge * operator decom-

poses the space of two-forms (A,) orthogonally according to eigenvalues +1.

!Berger’s inequalities (Lemma 6.4.2) compare sectional curvatures of the curvature tensor.

14



Let sign(i, j, k) be the sign-um of the permutation of {1, 2,3} and {cxl-}?= , a positive-
oriented orthogonal basis of A} with |a;| = V2 and sign(i, j, k) = 1, then, accord-
ing to [2],
a,.z = —Identity,
cy,aj = Qi = —aja/i,
(€:(X), @;(0) = (X, —aie;X) = (X, 4 X) = 0.
An example of such a basis is given by multiplying V2 the basis given in (2.11).

Consequently, we have the following result.

Lemma 2.3.1. Suppose (M, g) is a four-dimensional Riemannian manifold and X is a

vector field on M. At any point p such that X, # 0,
T,M = X, ® A} (X,),
in which A (X) = {a(X,),a € AJ}.
Proof. Pick an orthogonal basis of A] as above then it follows that {a,-(Xp)}f’:1

are three orthogonal vectors and each is perpendicular to X,,. So the statement

follows. d

Let {e;}}, be a positively oriented orthonormal basis of T,M, then a pair of

orthonormal bases of Aj is given by,

1 1 1
{%(612 + e3), %(613 — ex), @(614 + ex3)} for AJ, (2.11)
{@(612 — e34), %(613 + e2s), %(614 —ex3)} for A5

Accordingly, the curvature is,
AT C
R = , (2.12)
ct A

15



for C essentially the traceless Ricci. In addition,

S
Ar = W* + —1d",
12
2

S
A = [WH? + T

SZ
IRc|* - il |E]* = 4|C? = 4tr(CCT).

Also, we observe that W(AZ) € A%, so it is unambiguous to define W* = W'« In

particular, with o* and g* the projection of @, 8 onto A7,

W(a, B) = W(at, B). (2.13)

2.3.2 Normal form of the Weyl Tensor

As W is traceless and satisfies the first Bianchi identity, there is a normal form
developed by M. Berger [7, 93] (it first came to our attention through the works
of [25, 80]). That is, there exists an orthonormal basis {e,-}j‘: , of T,M, consequently

{e12, €13, €14, €34, €a2, €23} being a basis of A, such that, for A = diag(a;,a,,a3), B =

diag(bl, b,, b3), and ay+a +az = by + b, + b3 =0,

A B
W = : (2.14)
B A
Then, by (2.13),
A:B  BxA
wt=| 2 2
B:A  A:B
2 2

With respect to the basis given in (2.11),

Hence we obtain the following well-known identities [39, 2.31].

16



Lemma 2.3.2. Let (M*, g) be a four-dimensional Riemannian manifold, then the fol-

lowing tensorial equations hold,

(W9)ikpg (W), = [W* gy, (2.15)

+ + 1 +
(w_)ikpq(w_)kqu = §|W_|2gij~

Proof. We observe that these tensorial identities only depend on the structure of
these tensors. In particular, it suffices to prove for the Weyl tensor. Using the

normal form discussed above,

3
Wlkpqwkpql = Z Cll-z - 2(b]b2 + b2b3 + b3b])

i=1
3

= > (@ +b).
i=1

Calculation can be done for other pairs of indexes to verify the statements. O

2.3.3 Some Geometry of the Weyl Tensor

If the manifold is closed, then the Gauss-Bonnet-Chern formula for the Euler

characteristic and Hirzebruch formulas for the signature [8] are given by,

2 _ 2 2 2N _ 2_1 2 S_2
8nx<M>—fM(|W| VE + U] )—quvw S + 0
- [ are P, (2.16)
M

127°t(M) = f (WP = [WP). (2.17)
M

Remark 2.3.1. It follows immediately that if M admits an Einsterin metric E = 0, then

we have the Hitchin-Thorpe inequality

2
[T(M)] < 2x(M).
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Furthermore, the Weyl tensor is involved in the definition of the
Weitzenbock operator, the curvature term that arises in the classical

Weitzenbock formula [80, Section 2].
Definition 2.3.3. Acting on two-forms, the Weitzenbdck operator is,

S
P=—Id-W.
6

Using (2.12), P > O is equivalent to 3Id., —A. = tr(A)Id. -A, = $£Id.-W, > 0.
A necessary condition is that [W.|* < g—i [80, Lemma 3.2]. Note that the converse

is not true.

Lemma 2.3.4. If $1d, — W. > 0 then [W.]> < £.

Proof. Let A, A, A5 be eigenvalues of W, then we have:

S
/ll+/12+/13:Oand —g

S
<A<
6

Consider the function f(a, b, c) = a* + b* + ¢* then we want to maximize f on the
plane a + b + ¢ = 0 bounded by the the tube —% < a,b,¢ < £. Since the region is

compact, the function attains its maximum.

Suppose (a, b, c) maximizes the function then we can assume a < b < c¢. Then
a <0 < c. If a > -5 then we can always increase the function by decreasing a

and increasing either b or c¢. Thus a = —3 and the result follows. o

Using the elementary technique above, we also obtain the following esti-

mate.

Lemma 2.3.5. In dimension 4, for E = Re - 3, [W(E, B)| < 71=[WIE[.

18



Proof. Since E is symmetric, we can choose an orthonormal basis that diagonal-

izes both E and g. Then,

W(E,E) = Z Wijijdid; = W21 A + A344) + Wi313(A1 A3 + A A4) + Wig14(A1 A4 + A3 Ap).

i<j
Algebraically, W and E are independent so we can think of W as fixed and try
to maximize f(4;, A, 43, A4) given the constraint }; 4; = 0 and }}; A2 = |E?

Towards that end, we repeatedly apply the Lagrange-Euler equation to obtain:

Wig14(=22) = A — A3) + Wi313(A3 — A2) + Winia(Ap — A3) = 2u(2A; + A + A3),
Wizi3(=A1 = 245 = A3) + Wig1a(A3 — A1) + Winpa(d) — A3) = 2u(d; + 22, + A3),

Winin(=A1 — Ay = 243) + Wiz13(A) — A2) + Wiga(d — A1) = 2u(A; + Ax + 243).
Using =W 212 = Wi313 + W44 we can rewrite these equations as

Wizi2(A; + A2) + Wiziz(A) + A3) = p(2A; + A + A3),
Wiin(dy + A2) + Wiga(Ads + A3) = pu(A; + 22, + A3),

Wiziz(d + 43) + Wigia(dz + A3) = p(dy + A, + 243).
It is obvious that the system reduces further to

Wina(A; + A2) = pu(Ay + Ap),
Wizi3(A; + A3) = u(d; + 43),

Wis14(Ap + A3) = u(As + A3).

Case 0. pu is different from all W;;;;. Then the system can only be satisfied if
AM+L=4+A3=2+143=0.5S0 4 =0and f =0.

Case 1. Wi = Wizi3 = Wiyy = 0 then f = 0.

Case 2. Wiy = Wiz = ‘TIW1414 # 0 then the above system can be satisfied in

two sub-cases:
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Subcase 21: u = Wy, = W33 then 4, + 43 = 0 and consequently 4; + 44 = 0.

Direct calculation yields that | f| = %% = %.

Subcase 22: u = W44 then 4, + 43 = 4, + A, = 0. Thus direct calculation yields
| fl |W||E|

Case 3. sz, Wis13, Wig14 are distinct and W1, = u then, similar to sub-case 22,
A= =23 = —Aand |f] = [EFIW 313 + Wigia] < l\ﬂ?

< VIER

23 ° -

Summarizing these cases we have |f]

Remark 2.3.2. For a general dimension n and E = Rc — g, it was proved that

IW(E,E)| < 2 \W|[E[? [60, Lemma 3.4]. If n = 4, the constant is

2(n 1 \f

2.4 Variational Formulas

In this section, we collect several variational formulas (as ¢ is reserved to denote
variation here, the divergence goes by div). Let (M, g) be a Riemannian manifold

and v a symmetric (2, 0) tensor. We consider the variation,

6(g) = v.
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Then we have, for V = tr,(v), [8, Theorem 1.174]:

2{0VxY,Z), = Vxv(Y, Z) + Vyv(X,Z) — Vv(X, Y), (2.18)
‘5r§j = %gkl(Vile + Vv = Vi) (2.19)
(6R)(X, Y)Z = (Vyo(V))(X, Z) — (Vx6(V))(Y, Z), (2.20)

26(R)(X, Y, Z,U) = V3, ,v(X, U) + Vi yv(Y, Z) = Vi w(Y, U) — Vy,v(X, Z)
+v(R(X,Y)Z, U) - v(R(X, YU, Z), (2.21)

1 1
6(Rij) = —Vl(Vile + VjV,‘l - V]Vl‘j) — —Vl'VjV
2 2

= _%ALvij - diV*(diVV)l‘j - %V[Vj, (222)

8(S) = —AV + div(div(v)) — (v, Rc) (2.23)
Vv

o(du) = Ed,u. (2.24)

Here,

Apvij = Avi; + 2Ry = Ry — Rjvu,
—ZdiV*(diVV)ij = V,(leV)J + V](dIVV)l
Now suppose M has boundary X with second fundamental form 4;;, mean cur-

vature H, and the inward normal vector e¢,. Then by [68, Section 3], with V the

induced connection on X and i, j,k # O,

Aij= <e0,Vel.ej> = —%aog,-j,

o(e) = —%Vooeo - vper, (2.25)
0(A;j) = %(ViVOj + Vivoi = Vovij — Aijvoo)

= %(ﬁ-voj + AkivI; + gjv()i + Agvh = Vovij — Aijvoo)s (2.26)

S(H) = —v7A;j + g8(A;j) = Vvl — %(g"fvov,-j + Hvop), (2.27)

Sdis) = 3{ds. (2.28)
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With above formulae, it is easy to calculate variations of well-known func-

tionals. For example, here is Perelman’s energy [81],

Fgf)= f(IVfI2 +S)e/dV.
M
Lemma 2.4.1. Let 6g = vand 6f = € then,

0F = f [ ~ V(R + ViV f) + (%V = OQAf = IVfF + S)]e‘de.
M

Another example is the Einstein-Hilbert functional:

&(g) = Vol(M) ™" f Sdj.

M

Lemma 2.4.2. If 6g = v and S is constant then

6& = Vol(M)™ f

S
<—RC +—g, v> du. (2.29)
M n
If g is Einstein and the variation is volume-preserving then, the second variation,

i
8= 3 f (v, Av + 2div" (diov) + 2Rav) d
M

1 S
+= f (2div’y — AV = =V)Vdp, (2.30)
2 M n
where (R * V)ij = Rl-ljpvl”.

Furthermore, if the variation is conformal, i.e. v = fg, then

n—2

58 =
2

[ «a-mar-ss.pu @.31)
M
Definition 2.4.3. A variation v is called transverse-traceless if divy =0 = V.

Remark 2.4.1. A transverse-traceless variation can not be conformal.
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2.5 Conformal Transformation

Since conformal transformation is of general interest, we devote this section to
collect its related formulas. Most of the computation are readily adjusted from
the previous section. If (M, g) is a smooth Riemannian manifold and u = ¢/ a

smooth function, a conformal change is given by:

gzezfg.

Then, for any quantity © with respect to g, the corresponding for g will be .

Adjusting formula (2.18), we have:
VyY = ViY + X()Y + Y(H)X — (X, Y)VS. (2.32)
Consequently, for a = Hessf — df ® df + 1|V fl’g,
R=e*R-e¥aoyg. (2.33)
Also,
dii =¢" dy,
Ah =e™(Ah + (n = 2)V* £V;h),
W =e*W,
Re =Re - (n - 2)a - (af + %Wﬂz)g,
S=e?(S-2(n-af-(n-2)n- VP

(s 20D iy o)

When the covariant derivative is involved, the transformation is nontrivial.

Lemma 2.5.1. Under the conformal change g = ug, the divergence of the Weyl tensor
is given by,

—~ A\
SW(X,Y,Z) = SW(X, Y, Z) + (n - HW(—, X, Y, Z).
u
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Proof. We provide two ways of doing calculation: by a coordinate and a frame.
First, let {e;}!_, be a normal coordinate (note that it does not stay normal under a

conformal transformation). In fact, by (2.32),

= . U u; letéij
Veei =Vij+ —e;+ —e, —
i J
u u u
u; u; Vuéij
=—e€; + —e€; — .
u u u

Then, we compute,
SW(jkl) =trace(w — (V,,W)(jkl)) = g <(€iW)(jkl)’ ef') =g <(FVV"W)(]' kD), e,->
= (W) = u Wi, j k) = WG Voo kD

— W3, j,Vik, D) — u W, j, k, Vi)

i \Y% i i \Y
=u (1AW, ) — W(zie,- - —”, ik, D) — WG, 3] + ﬂz 6k, D)
u
v
- Wi j. = Wi 4 k 5,k - WG, ik ,uli+—l— 52y
u u

=5W(j, k, 1)+ 2W(7, ok, D)+ nW(—, Jok, 1) — ZW(—, Jk, D)
V V V
u
=0W(j,k, 1)+ (n - 3)W(7, Ji kD).

Calculation using the frame: Let {¢;}"_, be a normal orthonormal frame. Then,

correspondingly, {¢; = %}! | is an orthonormal frame with respect to g. Then,
SW(X.Y,Z) =(V;W)(&:. X. Y, Z)
=Ve(W(@. X. Y.2) - W(V:2,. X, ¥.2)

~ W, Ve X, Y, 2) - W, X, VY, Z) - W(&,, X, Y, V5. 2).

By equation (2.32),
— 1 ; \Y
V,8 == Vi) + 2u 3 ue; — u—
u u u
\Y
=u"V,e; + uue; — u_z—u
u

— \Y
Vg)l.X :u_IV,X + I/t_zl/t,'X + foéi - <X, éz) _u
u
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Therefore, since {e;}!_, is normal,

- \v
V., (W@, X, Y, 2)) =5W(X, Y, Z) + W(—, X, Y, Z),
u
~ ~ Vu Vu
W(Véiei’Xa KZ) :W(_’X’ Y,Z) - nW(—,X, Y’Z)
u u
~ = Vu
W(ei7 VE,-X’ K Z) :2W(_7 X’ Y’Z)a
u
— — \Y \Y
W@, X, Vo Y, Z) =W(—, X, Y, Z) - W(Y, X, —, Z),
u u

_ - \Y \
W@, X, Y, V., Z) =W(—, X, ¥, Z) - W(Z, X, Y, —).
u u

The result then follows immediately. o

Now we restrict to n = 4 and notice that,

S =1’ (=6A + S)u,
W&EEJ = u_4wabcd = u_zwabcd’

det{VT = u®detW,.

Then we have the following formula for a conformal change for the covariant

derivative of the Weyl tensor.

Lemma 2.5.2. Let (M*, g) be a Riemmanian manifolds and g = ug. Then,

VW2 = u S|VWP + 18u 8 |Vu [WP = 106" VuVIW[® + 16 (6W, 1y, W) .
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Proof. We calculate:

VW :M_IO((FVVe,-W)abcd)z,
(Ve Wasea =Vit* Wapea) = 1(W(Voa,b, ¢, d) + W(a, Vo, b, ¢, d)
+W(a,b,V.c.d) + W(a,b,c,V,,d))
=1ViWapea = 2ut;Wapea + U6iaWvupea — UW ipcalta
+ U6y W avuca — UW gically, + U6ic W apvua — UW apialle

+ uéidwachu - uwabciud .

Now by summation over all indices using Lemma 2.3.2, we have:

(ViWaed)” = IVWP, (UiW apea)” = [VulP WP,
(5iaWVubcd)2 = 4(WVubcd)2 = 4|VM|2|W|2, (Wibcdua)z = |VM|Z|W|27
2Viwabcduiwabcd = <V|W|2’ Vl/t> > Viwabcd(siaWVubcd = <6W7 iVuW> s

ViWareaWineatta = (VIWE, Vi) = (GW, ivu W), 14 W apeadiaWyaea = [Vul WP,

2 2 2 2
uiwabcdwibcdua = |VL£| |W| > 5iaWVubchibcdua = |VL£| |W| >
2 2 2 2
5iaWVubcd5ibanucd = _lvul |W| s Wibcduawaicdub = _lvul |W| .
Also,

0ia Wvubed W aicaly = 0ia W ubca W aviale = 0ia Wvubca W abcita = 0,
81a WeubeaOic W, = WouiaWpiave = ! Vul W}
ia WyubcaOic W abvud = Wvubia W biavu = §| ul W[,

1
210712
Wibcata W aviatte = W ipvua Wvupia = §|VM| W[

The result then follows. O

Now we calculate the conformal change of a quantity related to a Bochner-

Weitzenbock’s formula.
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Lemma 2.5.3. Let (M*, g) be a Riemmanian manifolds and
h =AW, |* = 2]VW,|* = SIW,* + 36detW,. (2.34)

Then under the conformal change § = ug for any positive C*~function u,

~ v A v
= h— 202w 1 22U WL + 10V WL — 3207 (W 1 W) (2.35)
u u u

Proof. We abuse notation here to let W = W, and calculate,

~— ~ B B Vu B
AIWP =A@ W) = u (A W) — 27V(u WP,
:u_z(u_4A|W|2 + WAL + 2Vu VWP
\Y \Y
2AWP2Vu™ - 2u™ VWP,
u u
=u AW + 20u 3 |WP|Vul* = 4u”|W|*Au
— 10u”"VuVIW| + 8u 8 |Vul* W[,
=u AW + 28u 8 |WA|Vul* = 4u”"|W|*Au — 10u~"VuV|W/>.

SIW]? =u°S|W|? — 61~ [W|*Au.

The result then follows by combining these equations with Lemma 2.5.2 which

is also valid for W.. O

2.6 Hyper-surfaces and Warped Products

In this section, we state a few calculation tools involved with hyper-surfaces

and warped products.
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2.6.1 Coordinate Perspective

First, we start with a general computation which is similar to [35]. Consider
(N",g(s)), s € (a,b), a manifold with an one-parameter family of metrics such
that %g = 2v. Let M be the manifold N X (a,b) induced with the metric g =

ds* + g(s).

Remark 2.6.1. The choices of v, —Rc(g(s)) and B}f g, correspond to the space-time con-

struction for the Ricci flow and the warped product g = ds* + f*(s)g respectively. For a

general hyper-surface, it can be understood that v = —A, the second fundamental form.

Lemma 2.6.1. Let {¢;}}_, be a local coordinate on g(s) and 0, = e, then

—0

Ly = —vij,

—k

Ly =Tijs

- «

FtO = FO[ = vz ’

—% =0 =0

Lo =T =Ty =0,

R, =R, +vy !
ijk ijk T VikVi = VikVjs

—1

R,y = 0,V + V0

V=V =100 f = V2.F +vi;
i,jf_ i,jf ij Of_ i,jf Vljfv,

Viof = 0idof ~ Viorf.
If the coordinate is chosen to be normal then

— —

ROjk = ROjkl = —Vijl + V]ij,
E00 = -0,V - |V|2 (V= trg(s)v)’
ﬁiO = —ViV + Vjv,-j,

RC,']' = RCij - (9sv,-j — VVij.
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Proof. First using (2.5) we calculate the Christoffel symbols. Then the curva-
ture is computed by (2.6), and the variation of the Christoffel symbol by (2.19).

Finally, the Hessian is,

2.6.2 Frame Perspective

Now, we change the perspective and consider M = N" X, F? with the metric
gu = 8 = gv + fgr. The calculation here is comparable to [8, Section 9.]] or [83,

Section 3.2].

Remark 2.6.2. Depending on the choice of N, F, and f, the manifold can be considered

as structurally different warped products as discussed later.

The computation below makes use of Cartan’s structure equations. Let {e;}

({w'}) be a normal orthonormal (co)frame on N while {e,} ({w“}) on F. Then
¢ =e¢ ande, = ?ea (@' = and @" = fw?)

are the orthonormal (co)frame for g.
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Thus, we have:

—a _ ﬁ—w
i = ?w

—Q (o4

wﬁ = wﬁ,

= ﬁwa’

R =R/

R = Jigi o~ Ll n e

_ Vv fl?
Ri:R§+| ;{I o AT

Then,

R(e_l’ e_j’ e_k’ e_l) = R(ei7 €j, €k, el)a
—fij

R(C,, 21, €3, €,) = —L0p,
f

- _ 1 IVa S
R(ea’ €y, €p, ey) = FR(eou €y, €p, ey) - %6(%,

R(e;, e, €, €j) = R(e,, €;, eq, €ﬁ) =0,

_ A 1
Rc(eq, ep) = ——féa/s + —Rce(eq, e5) —(p— 1)

f f
ﬁ(?l,zj) = Rc(ei, €j) - p%

Furthermore,

2
VX,Ya = vaya’ - vayCY,

V2@ = V(Va) - o(e)Vsa.
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Thus, for a function @,

_ 2
Vg = 75 Vap® + =g,
2 1
V.. d = —0,0:,
f
—2 W
V;,;(I) - VI,J(D’
— 1 Vy®V
AD = AN(D + FAF(D + pNTNf

Next, we’ll show how the computation simplify for warped products.

2.6.3 Warped Product with an Interval Base

Given an interval I = (a, b), and (N, g(x)), x € I, let

M =N x 1,5 = F*(x)dx* + f2(x)g(x) = ds* + f2(s)g(s).
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Adapted to this setting, we have:

Also,

w; = wy,
ES = .ok,
R =R/ - (L) w A,
f
R) = L2500 A o,
f
R(eiaej7ei?ej) - fZR(e_l’e_jﬁe_He_j
—fi
R(ela 85,61,(9 ) = fSS ijs

R(e;, 8, ¢j,e;) = 0

R(ei’ ej’ €k, el) = R(e_l’ e_j3 e_k’e_l)9

r
s -1 7 7
Rew = ~(n - 1>f7 =R H ),
D~ 1 .fS fSS f, 1 7 !
Re;; - ]TZRCii =—(n- 2)(f) 7 =—(n— 2)(f_h)2 - ﬁ(f h—Hf),
ﬁij fZRClj.
—2
VOO(D = g,
=2 fs
V., ® = 0,6, — —(e;D),
’ f
VD = eie;® — I w(e)(er®) + ]; (D,) = 7 V,,(l) + ]} @,
— 1
V., ® = e — I wk(e))(er®) = Vi,
fi 1 1 o
A- FA &+ (n— 1)fa = ﬁai hz((n— 1)7 + Z)a"

32
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2.6.4 Warped Product with a Manifold Base

Letg = g + f*dx* be a warped product metric on M = N X I. Then,

Ef = a)f,
—o_Ji o
a)l = =W 0
S
R/ =R/,
ﬁ?— & N ﬁw{/\w",
f f
R(z;. e, er.e) = Ry, e, 1, 1),
= —fij
R(ei’ 85‘9 €, as) = —
! f
ﬁ(el" 657 ej’ ek) = O,
— A
Rc(0,, 0;) = ——f,
f
ﬁij = —& + Eii-
f
As before, for a function @,
—2 Vov
f
—2
V,,® = @,
—2
Vi,jq) = V,',,'(D,
VoV f

AD = AD + Dy + 7
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CHAPTER 3
FUNDAMENTALS OF THE RICCI FLOW

3.1 Existence

As mentioned earlier, the uniqueness and short-time existence of a Ricci flow
follows immediately from DeTurck’s trick . However, it generally develops
finite-time singularities. We say that (M, g(t)), t € [0,T), is a maximal solution
if it becomes singular at time 7. In his first paper on this topic, Hamilton de-

scribed a characterization of the curvature approaching the singular time:

Theorem 3.1.1. [51, Theorem 14.1] Let (M, g(¢)) 0 < t < T < oo be a solution of the

Ricci flow on a closed manifold. Then the solution can be extended past time T or

lim max |R(x, 1)| = oo.
t—-T M

However, qualitatively the solution does not blow up too fast:

Lemma 3.1.2. (Doubling-time estimate) If (M, g(1)) is a Ricci flow on a closed man-

ifold and Qo = maxy [R(x,0)| then for all t € [0, t55.),

R(x,1) < 20Q,.

For a proof, see [38, Lemma 6.1].

3.2 Evolution Equations

The Ricci flow is a deformation of the metric along the Ricci direction. The first

step in understanding the flow is to observe how the geometry evolves.
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3.2.1 Curvature

Here we collect evolution equations related to various notions of curvature.

First, the curvature tensor satisfies the following equation [51, Theorem 7.1],

0
= Riju = ARiji + 2(R? + R (3.1)
- 8" RipR ki + RjpRipu + Ry Rijpr + RipRijip),
1
RZ(X7 Ya Za W) = ER(Xv K ep7 eq)R(Z7 W ep7 eq) (3'2)

RYX,Y,Z,W) = R(X, ¢, Z, e,)R(Ye,, W,e,) = R(X,e,, W,e,)R(Y,e,, Z,e,).  (3.3)

It is possible to simplify the equation using the Uhlenbeck’s trick. The main idea
is to evolve the frame in calculation. To be precise, first we pick a vector bundle
V — M isomorphic to the tangent bundle TM — M and a bundle isomorphism
Lo : V. — TM. By pulling back the metric on TM at a fixed initial time, we obtain

a metric on the fiber of V. We let the isometry evolve by the equation
2L(t) = Rc(?) o «(¢)
ot '

Here Rc is a bundle map TM — TM. Then it can be shown that «(¢) pullbacks
varying metric g(¢#) on TM to the fixed metric on V. Consequently, the evolution

equation of the pullback of the curvature tensor is,
0 2 ot
2R = AR +2(R* + RY) = AR +20(R). (3.4)

It is easy to see that Q(R) can be seen as an algebraic curvature tensor and,

Re(QR))ix = ) RipgRey (3.5)
pq
S(Q(R)) = [Rel’, (3.6)
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Then we can write down the evolution equation for the Ricci curvature and the

scalar curvature,

(%RC(X, Y) = ARC(X, ¥) +2 )" R(X, e, Y, e,)Re(e,, €) (3.7)

pq

d
8—ts = AS + 2|Rc]*. (3.8)

Finally, the equation of the Weyl tensor can be deduced from (3.1) as in [32, Prop
1.1],

0
Ew(t)ijkl =AWjx) + 2(Cijur — Cijic + Ciji — Cirje)

- gpq(RCiquﬂd + chpwiqkl + RCka,'qu + RCiqujkl)

+ _27 g’ (ReipReug i — RejpReyg i + Rejp,Reqigiu — Rej,Reigin)
2S
+ (n—2) (Reig i — Reag j + Rejigin — Rejgin) (3.9)

2(S* ~ IRcl’)

2
+ ——RuRi—RuRy) + —————(gigi1 — gug ),
n—2( R — RjRy) (n_l)(n_z)z(gkgﬂ gilgjk)
Cijkl :gpqg” W pijr W slkq-

Remark 3.2.1. Since (3.9) is calculated from (3.1), it does not use the Uhlenbeck’s trick.

3.2.2 Geometric Quantities

It is also of great interest is to study how geometric operators like the Laplacian
and quantities such as distance and volume evolve along the flow.
The Laplacian on functions and volume form evolve by,
%)
G_I(A(l)) =2R;; - V;V,,
0
—du(t) = —=Sdu(t).

ot

36



If y : [a,b] = M is a fixed path then its length at time t is given by

b dy
L(t) = f [ @)l = fy ds.
Differentiating yields

oL 1 (" dy 08 dy dy »
G G = ‘fy R

Thus,

. oy e O
min ( - f Re(7 7)ds) = — Iy d(x.)

Y
< max (- f Re(y. 7)ds) = 2= Iy dix.y)
Y y ot
where the extrema are taken over all minimal geodesics, with respect to g(t), v

joining x toy.

Remark 3.2.2. The distance function might not be smooth in t for fixed x, y but at least
Lipschitz continuous. Thus, the inequalities are understood in the sense of limsup and
liminf of forward (superindex) or backwark (lowerindex) quotients. For a more detailed
discussion, see [56, Lemma 17.3] and [36, Section 18.1]. If P(t) = sup,, |[Rc(?)| then it

follows that,

o*d(x,
% < P(d(x, ),

dt ()C, }’) 2
|In ————| < f P(2).
dfl (x’ y) n

3.2.3 In Dimension Four

Here we collect some evolution equations for quantities in dimension four.

Lemma 3.2.1. Let (M*,g(t)), 0 <t < T < oo, be a solution to Ricci flow, and the

curvature operator is decomposed as in (2.12). Then, for a moving frame,

1
%W* = AW* + 2(W)? + 4WHf + 2(CCT - §|C|21+). (3.10)
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Proof. By [71, Prop. 4.6], for a moving (in time) frame (Uhlenbeck’s trick), we

have the following equations,

gtm = AA* +2(A%) + 44 +2CCT, (3.11)
S

A" =W —I* 12

W ST (3.12)

S = 4tr(A™). (3.13)

Furthermore, if A" is diagonalized with eigenvalues a,, a,, a; then

(A*)* =diag(a; a5 a3), (3.14)

(A_'—)ti :diag(a2a3 aas alaz). (315)

From (3.11), (3.13), (3.14), and (3.15), we arrive at,

2 § _ﬁ +\ + +12 # T
8t(4) _(')ttr(A ) = Atr(A™) + 2tr((A7)") + 4tr(A*) + 2tr(CC")

=Atr(A") + 2(trA%)? + 2|C%.

Thus, by (3.12), we obtain

O 0o 108
a et 3G

=AA* +2(A*)? + 4(AH) + 2cCT - %(Atr(A*) +2(trAM)? + 2ICPHIT
+ 2
=AW" +2[(4")* - (trA 3 ) I+ 44N +2(CCT - |C|21+). (3.16)

If we denote A; = a; — 3, for i = 1,2, 3, then they are eigenvalues of W* and we

12’

calculate each term in the diagonal of (A*)* — %I * to be,

1S 1S S
P B S L
( ) 36 T 6 T2

In addition, each term in the diagonal of 2(A*)* is exactly,

S SA  S?
2 200, — — + —.
(4; +7 )(ﬂk+ 12) Ak 6 + 7
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Therefore, (3.16) reduces to,

d 1
a—tw+ = AW + 2(WH)? + 4(WHF + 2(CCT - §|C|21+).

Remark 3.2.3. Our convention agrees with [71] but differs from [52].

The following result will come in handy later.

Lemma 3.2.2. For a four-dimensional Riemmanian manifold (M, g), if the curvature is

represented as in (2.12), then,

1
(W, cC™) = 7 (W".ReoRe). (3.17)
Proof. Since the equation is certainly coordinate free, it suffices to show it for a

particular basis, namely one constructed by eigenvectors of Rc. With that basis,

leta;,i=1,2,3asin (2.11) be a basis of A5. Then C is diagonalized and,

_ 1 1
C(ay,ay) ZER(lz +34,12-34) = E(Rmz — R3434)

1
:Z(RC“ + Rcay — Ress — Rew).
Therefore,

1
4CC"(at,a)) ZZ(SZ —4(Rcy; + Repp)(Ress + Reys))
2

S
:I — (Rcyy + Rep)(Resz + Reyy) — RejRegy — ReszReyy

+ RC11R022 + RC33RC44

Sz 1
:Z - E(Sz - |RC|2) + RC]]RCZZ + RC33RC44
=7 E(s — |Re|?) + (Rc o Re)(ay, ay).
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Similar calculation holds for a; and «j. As W™ is traceless, we obtain,
+ T 1 +
(W, cC™) = 7 (W".ReoRe).
o

Theorem 3.2.3. Let (M*,g(t), 0 <t < T < oo, be a solution to the Ricci flow then we

have following evolution equation,

0
(6_t — AW = =2[VW'* + 36det,, W* + (Rc o Re, W) (3.18)

Proof. The calculation below is done for a local moving (in time) normal or-
thonormal (in space) frame (using the Uhlenberk’s trick). First, since the pull-

back metric is fixed, we observe,

0 0
ZIWE =2 > (Wi
i,j,k,l

0
=(W*, —WH).
(w5
AW 22]VWH? + 2(WH AW .
Therefore,
(ﬁ — AW == 2lVWH? +2(W* (2 - AW
ot ot

1
= —2[VW*? +2 <W+, 2(W*)? + 4(WH + 2(CCT - §|C|21+)> )

We use Lemma 3.2.1 in the second step. By (3.14) and (3.15) and that W* is
traceless, we have,

2(W*,2(W*)) =12detW",

2(W*, 4(W")) =24detW,

<w+, tr|C|21+> =0.
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Moreover, applying (3.17) yields,
2(W*,2CC") = (W*,Re o Re).
The result then follows. m]

Remark 3.2.4. The Weyl tensor is considered as the traceless part of the curvature
operator (module out the Ricci and scalar components). Thus, it is interesting to com-
pare the above calculation with the evolution equation for the traceless part of the Ricci
curvature f = |E?,

VSP 2
(6% AP = - 2Ref + O 2S| + 38/ —4E’ +4W(E.E)

2
=-2VfV(nS) - §|SVRc — RcVSP?

+2722IV(In S)]* + 2) — 4E°® + 4W(E,E).
This follows from, see [24],

d
(a_r — A)Rcf* = — [VRc]* + 4R(Rc, Re),

2n—1 S3
"7 “SIRe? - 2R —
n—1 n-1
3 S3

Rc® =E® + =SE” + —.
n n

R(Rc, Rce) :n%( ) + W(Rc, Re),

Corollary 3.2.4. Let (M*,g(1)),0<t < T < o0, be a Ricci flow solution, then

d W2 2 ) W2 )
(a_t — AX( & )=— §|svw+ — WHVSP + (V( > ),VInS
det\xW* (RcoRc, W)  |[W*PRc]
+ 36 32 + 3 -4 s (3.19)

Proof. Notice that
d A BjA-AgB

o0~ B
A BAA - AAB A

A=) =— —(V(—),V( BZ>.
(5 == = (V(5), Van B
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Then applying the evolution equation 25? = AS? — 2|VS|? + 4S|Rc|* and Theorem

3.2.3 yields the statement. o

Remark 3.2.5. On a GRS, the equation becomes

W+2 2 +12
—Af(l | ):—§|SVWJr W*VS|? +<V(| i ),VIn Sz>
det\2W*  (Rc o Rc, W+ W*RIRcP
eV (RcoRe, WH)  IWTIRC]
S2 S2 S3

Proposition 3.2.5. Let (M*, g(t)), 0 < t < T < oo, be a Ricci flow solution on a

closed manifold M. If det x; W* is nonpositive along the flow then there exists a constant

C = C(g(0)) such that 'Vg—” < C is preserved along the flow.

— IRCI

Proof. Denote f = ' . At a given point, we pick an orthonormal
basis which diagonalizes the metric g and the Ricci tensor Rc simultaneously.

Then by direct calculation,
(RcoRe, W) =(Wia34 + Win12)(R11R2 + Ra3Ra4)
+ (Wisgo + Wi313)(R11R33 + RyoRuy)

+ (Wiss + Wiga) (R 1Ry + R33R2)).

Therefore, by elementary inequalities,

V3

(RcoRc, W) < 7|W*||Rc|2.

At the maximum of £, since det\:W* <0,

9 V3
_max—S h__4
azf < f(2\/7 )

Consequently, if fyqc > & then 2 f,.,. < 0. The result follows by the maximum

principle. m|

Remark 3.2.6. Without the assumption on det,> W* then we have the following in-
equality:
fmax < SVf@Vo6f —4an~/f + —)
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3.3 Convergence

A key step in the theory of the Ricci flow is to obtain a limit in an appropriate
sense. In this section, we describe that process. Our main references are [83,

Chapter 10], [46] and [1, Chapter 8].

3.3.1 Gromov-Hausdorff Distance

First, in order to talk about the convergence of manifolds, we need to develop a
notion about how to compare manifolds with different geometries. The appro-
priate concept is the Gromov-Hausdorff distance. B(P, r) denotes a ball of radius

r around P.

Definition 3.3.1. Suppose Z is a metric space, Ay, A, two subsets of Z, then the Haus-

dorff distance between them is defined as:
dy(A;,Ay) = inf{ r|As € B(A,,r) and A, € B(Ay, 1))
Suppose X, Y are two metric spaces, the Gromov-Hausdorff distance is defined as,
deu(X,Y) = anlg{ du(i(X), j(Y) |i: X - Z, j: Y~ Zare isometric embeddings}
Suppose (X, x),(Y, y) are pointed metric spaces, the pointed GH distance is defined as,
don((X, %), (Y,y)) = infldgn (X, Y) + d(x, y)}.

Here d(x,y) is calculated according to the isometric embedding.

In practice, the following notion is useful.
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Definition 3.3.2. Let (X,dy,x) and (Y,dy,y) be pointed metric spaces. A map f :

(X, x) = (Y,y) is called an e-pointed GH approximation if

(f(,0) < 6,
1 1

B(y’ _) - B(f[B(X, _)]7 6)9
€ €

1
ld(x1, x2) = d(f(x1), f(x2))| < € for all x;, x, € B(x, E)'

Remark 3.3.1. The 2nd condition says that f maps X to almost all of Y while the 3rd
condition essential implies f is almost an isometry. Then the pointed GH distance is
equivalent to the infimum of € such that there exist e-pointed GH approximations f :

X, x) > (Y,y)and g : (Y,y) — (X, x).

It is not difficult to show that these notions of distance satisfy the traditional
axioms including the triangle inequality. Moreover, using this formulation, Gro-

mov proved in the 80s the following result:

Definition 3.3.3. A family (X, x;) of path metric spaces is precompact if for each r > 0,

the family of balls B(x;, r) € X; is precompact with respect to the GH distance.

Theorem 3.3.4. [46, Theorem 5.3] The set of n-dimensional pointed Riemannian
manifolds with Ricci curvature uniformly bounded below is precompact with respect

to the pointed GH topology

Remark 3.3.2. The limit is actually a length space with curvature bounded from below

in the sense of an Alexandrov space [16].

A closer look at the proof of that theorem reveals that the Ricci curvature
bound is mostly used to obtain volume estimates. To be precise, let’s explain

the key lemma of that theorem.
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Definition 3.3.5. For each € > 0,r > 0 let N(e,r,X) be the maximum number of

disjoint balls of radius e that fits within the ball of radius r centered at an x € X.

The following result relates the precompactness with the boundedness of

N(e,r, M).

Lemma 3.3.6. [46, Proposition 5.2] A family (X;, x;) of pointed path metric space is
precompact iff each function N(e,r,-) is bounded on X;. In this case, the family is rel-
atively compact, i.e, each sequence in the X; admits a subsequence that converges to a

complete, locally compact path metric space in the GH topology.

The lemma clearly shows that estimates on the volume of small balls are the
key to prove compactness. Along a Ricci flow, there are certain situations when
we obtain volume estimates without using the bound on Ricci curvature. An

example is the following GH convergence for gradient shrinking ricci solitons.

Definition 3.3.7. A normalized gradient shrinking Ricci soliton is a triple (M, g, f)
such that,

1
Rc + Hessf = 38

The entropy is given by,

u(g) = f QAf — VP +S + f — n)(dm) e
M

To see why the formula is well-defined, consult [58, Section 2].

Theorem 3.3.8. [58, Theorem 2.3] Let (M,, g;, f:) be a sequence of normalized gradi-
ent shrinking Ricci solitons with entropy uniformly bounded below u(g;) > u > —oo
then the sequence is volume non-collapsed at finite distances from the base points (min-

imum of f;) and a subsequence converges to a complete metric space in the pointed GH

topology.
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Remark 3.3.3. The volume estimates in this theorem nevertheless come from the vol-

ume comparison theorem for the Bakry-Emery Ricci tensor.

3.3.2 Smooth Convergence

When there is control over the curvature, it is possible to obtain smooth conver-

gence.

Definition 3.3.9. (Smooth Cheeger-Gromov convergence) A sequence (M,, g;, p;) of
complete pointed Riemannian manifolds converges to a pointed Riemannian manifold

(M, 80> Poo) if there exists:

1. An exhaustion U; C M., with p., € U,.

2. A sequence of diffeomorphisms ®; : U; — V; ¢ M; with ®(p.) = p; such that

(D7 g;) converges in C-topology to g., on compact subsets in M.

The following theorem gives necessary criteria, curvature bound at each or-
der and lower injectivity radius, to obtain a smooth Cheeger-Gromov conver-

gence.

Theorem 3.3.10. (Cheeger-Gromov Compactness Theorem) Let (M, g;, p;) be a se-

quence of complete pointed Riemannian manifolds satisfying

1. |VPRmy,| < C, on M; for each p > 0

2. inj, (p;) 2 k for some uniform k > 0

Then there exists a subsequence that converges in the smooth Cheeger-Gromou sense to

a complete pointed manifold (M, oo, Poo)-
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In the theory of the Ricci flow, due to Shi’s estimates [92](see also [56]),

Hamilton proved the following version.

Theorem 3.3.11. [55, Theorem 1.2] Suppose (M;, gi(t), X))ien, t € (a,8) 3 0, is a se-

quence of complete pointed Ricci flow solutions satisfying:

1. R(Egi()lgr < Con M; X (a,p),

2. inj, )(x)) 2 & > 0.

Then the sequence sub-converges to a pointed complete solution of the Ricci flow

M, (1), X)), t € (@, W).

Remark 3.3.4. The curvature bound can be replaced by various local uniform bounds

at the expense of the completeness, see [95].

The lower bound on injectivity radius is intrinsically related to the lower

bound on the volume ratio.

Theorem 3.3.12. (Cheeger-Gromov-Taylor) For any constant ¢ > 0,s > 0,n € N.
there exists a constant 5, > 0 such that the following holds. Suppose (M, g) is a complete
Riemannian manifold with |R| < 1 and p is a point such that, for all r € (0, 5],

VolB(p.r)) _

rn
Then we have,

11’1]( p) > Jp.

Remark 3.3.5. For a proof, see [38, 5.42].

For the Ricci flow, the lower bound on the volume ratio then follows from
Perelman’s non-collapsing result, Theorem 3.4.7. Therefore, we obtain the fol-

lowing convergence result.
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Definition 3.3.13. Given a constant 1 < C < oo let
1
Mc ={(x,1) : |R(x,1)| > C mﬂz}x R(, 0|} (3.20)

From a sequence (x;,t;) of a solution (M, g(t)), the parabolic dilation is defined as, for
K; = [R(x;, 1),
t
gi(t) = Kig(t; + E)' (3.21)

1

Theorem 3.3.14. [38, Theorem 8.4] Let (M, g(1)), 0 < t < T < oo, be a maximal
solution to the Ricci flow on a closed manifold. If (x;,t;) is a sequence satisfying (3.20),
then (M, gi(t), x;) as defined by (3.21) sub-converges uniformly in every C*-norm on

compact sets to a complete solution (M, 8w, X) 0f the Ricci flow.

3.4 Entropy functionals

In this section, we recall the definition and basic properties of Perelman’s func-

tionals along a Ricci flow.

3.4.1 Motivation and Definition

This subsection follows the discussion in [77]. On a closed manifold the heat

equation d,u = Au is the L*-gradient flow of the Dirichlet functional,

1
D(u) = f —|Vul*dV,
w2

0,D = f —(Aau)?dv < 0.
M

48



The Nash entropy is, for u = e™/,
N(u) = f ulnudV,
M
AN = f —|VfPe/dV <0.
M
Taking the 2nd derivative yields,

O’N = f 2u(lHess(f)|* + Re(V £, Vf))dV.
M

Now we write a positive function u in the normalized form u = (4nr)™?e”/,

fM u = 1 and define the following functional (like N + 9,N):

Y(u,t) = f AVfP? + f —nudV. (3.22)
M

Also, we denote,

W(u,t) = tQAf = V) + f—n (3.23)

For u satisfying the heat equation, then, because of (Af — |[Vf*)u = —Au and

integration by parts,

‘P(u,t):fWudV.
M

Furthermore,
(3, — A)(Wu) = ~2ut(|Hess ~ 2%'2 +Re(V£, V1)),
Thus, we obtain,
O (u,f) = — f 2ut(|Hess(f) - 824 Re(VS,V H)dv
M 2t
That motivates the definitions below.

Remark 3.4.1. For the discussion below, along the Ricci flow, it is convenient to let

=T —-t>0and theno* =9, - A-S.
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Definition 3.4.1. On a closed manifold, the ¥ functional is defined as, for [ e~/ = 1:

F(g, f) = f (V£ +S)eav (3.24)
M

Remark 3.4.2. In particular, if 0*(e” f) = O then (8,+A)f = |V f|*=S. Thus, by Lemma
2.4.1, along the Ricci flow, 6,F = fM 2u|Hess(f) + Rc|*’dV > 0. Also we note that S

appears when calculating the evolution of the volume form.
Definition 3.4.2. On a closed manifold, for u = (4n7t)™"?e™, [u = 1, define:

W =1QAf = |Vf*+S)+ f—n,

Y(g,u,7) = f WudV = f [2(V A1+ R) + (f = m)|udV (3.25)
M M
Remark 3.4.3. IfO0u = O then (8, + A)f = [Vf? - S+ 3-. Furthermore, along the Ricci
flow,
0" (Wu) = —27|Rc + Hess f — ;;leu.
Then,

d
—WY(g,u,7) = 6tf WudV = —f o*(Wu)dV
dt M M

2
- f 27‘Rc+Hessf—£' udv >0
M 2T

3.4.2 Applications of Functionals

Here we collect some results on the fundamental solution of the conjugate heat
equation and applications of Perelman’s functional for a Ricci flow [81]. First

the theorem below describes a Harnack inequality along a Ricci solution.

Theorem 3.4.3. Let u be a positive solution to O*u = 0 and u tends to a 6-function
as T — 0. Then W < 0 for all > 0. Furthermore, the maximum value of W is

non-decreasing in t.
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The following corollary is immediate.

Corollary 3.4.4. Under the assumptions as above, for any smooth curve y(t)in M holds

fy(@®),1)
AT - 1)’

0 1
—(th(vf(t), 1 S§(|7"(t)|2 +S(y(0),1) -

0
~5 2 VTf) VTS + 17P).

Then it is natural to define the backwards reduced geometry as follows.

Definition 3.4.5. Fix a point p and let I'(q,7) = {y : [0,T] = M,¥(0) = p,¥(T) = g}.

The reduced distance is defined as

1 T
£(g,T) = inf —f VTR + |[7P)dr!. 3.26
q yer{ s 7P)dr (3.26)
The backwards reduced volume is,
V(T) = f (4rT) "2 4DaV(g). (3.27)
M

Using this machinery, Perelman was able to prove non-collapsing results.

Definition 3.4.6. A Riemannian manifold (M, g), is k-non-collapsed at the scale r if
any metric ball B of radius r, with |R|(x) < r™* ¥x € B, has volume at least kr". It is

k-non-collapsed if it is k-non-collapsed at every scale.

Then the following statement holds..

Theorem 3.4.7. For a Ricci flow solution (M",g(t)), 0 <t < T < coand p € (0, 0),
there exists a constant k = k(n, g(0), T, p) such that (M, g(t) is k-non-collapsed below the

scale p. In that case, the solution is k-non-collapsed.

Remark 3.4.4. There is an improved version, also due to Perelman, where only an
upper bound on the scalar curvature is needed. If the scalar curvature is uniformly
bounded by a constant C then we can pick p = 1/ VC > 0. For any p € M, r < p holds

VolB(p,r) > kr".
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3.5 Singularity Model: Gradient Ricci Soliton

As a weakly parabolic system, the Ricci flow can develop finite-time singulari-
ties and, consequently, the study of singularity models becomes essentially cru-
cial. In this section, we introduce some essential facts about gradient Ricci soli-
tons (GRS), which are self-similar solutions of the Ricci flow and arise naturally
in the analysis of singularities.

A GRS (M, g, f, 2) is a Riemannian manifold endowed with a special structure

given by a (soliton) potential function f, a constant 4, and the equation:
Rc+ VVf = Ag. (3.28)

Depending on the sign of 4, a GRS is called shrinking (positive), steady (zero),
or expanding (negative). In particular an Einstein manifold N can be considered
as a special case of a GRS where f is a constant and A becomes the Einstein con-
stant. A less trivial example is a Gaussian soliton (R¥, g4, A%, A) with g4 being
the standard metric on Euclidean space. It is interesting to note that A can be
an arbitrary real number and that the Gaussian soliton can be either shrinking,
steady or expanding. Furthermore, a combination of those two above, by the
notation of P. Petersen and W. Wylie [84], is called a rank k rigid GRS, namely a
quotient of NxR*. Other nontrivial examples of GRS are rare and mostly Kéhler,

see [19, 43].

In recent years, following the interest in the Ricci flow, there have been var-
ious efforts to study the geometry and classification of GRS’s; for example, see
[20] and the citations therein. In particular, the low-dimensional cases (n = 2, 3)
are relatively well-understood. For n = 2, Hamilton [53] completely classified
shrinking gradient solitons with bounded curvature and showed that they must

be either the round sphere, projective space, or Euclidean space with standard
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metric. For n = 3, utilizing the Hamilton-Ivey estimate, Perelman [82] proved
an analogous theorem. Other significant results include recent development
of Brendle [12] showing that a non-collapsed steady GRS must be rotationally

symmetric and is, therefore, isometric to the Bryant soliton.

In higher dimensions, the situation is more subtle mainly due to the non-
triviality of the Weyl tensor (W) which is vacuously zero for dimension less than
four. One general approach to the classification problem so far has been impos-
ing certain restrictions on the curvature operator. An analogue of Hamilton-
Perelman results was obtained by A. Naber proving that a four dimensional
complete non-compact GRS with bounded nonnegative curvature operator
must be a finite quotient of R*, §? x R? or §° X R [75]. In [62], B. Kotschwar
classified all rotationally symmetric GRS’s with given diffeomorphic types on
R”, §"! x R or S". Note that any rotationally symmetric Riemannian manifold

has vanishing Weyl tensor.

Thus, a natural development is to impose certain conditions on that Weyl
tensor. If the dimension is at least four, then a complete shrinking GRS with
vanishing Weyl tensor must be a finite quotient of R”, or S"~! xR or S” following
the works of [79, 103, 28, 85]; a steady GRS is flat or rotationally symmetric
(that is, a Bryant Soliton) by [21]. The assumption W = 0 can be weakened to
oW = 0, a closed or non-compact shrinking GRS must be rigid [28, 44, 74]; or
in dimension four, to the vanishing of self-dual Weyl tensor only, a shrinking
GRS with bounded curvature must be a finite quotient of R*, S° xR, ", or CP?,
and steady GRS must be a Bryant soliton or flat [34]. There are some other
classifications based on, for instance, Bach flatness [18] or assumptions on the

radial sectional curvature [85].
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Next, we collect important identities associated with a GRS. Algebraic ma-
nipulation of (3.28) and application of the Bianchi identities lead to following

formulas (for a proof see [38]),

S+Af =na, (3.29)

%V,S = V/R;; = R;;V/f, (3.30)
Re(Vf) = %VS, (3.31)

S +|Vf]* = 2Af = constant, (3.32)
AS + 2|Rc]* = (V£,VS) + 218S. (3.33)

Remark 3.5.1. If 1 > 0, then S > 0 by the maximum principle and equation (3.33).
Moreover, a complete GRS has positive scalar curvature unless it is isometric to the flat

Euclidean space [86].

One motivation of the study to GRS’s is that they arise naturally as self-
similar solutions to the Ricci flow. For a fixed GRS given by (3.28) with g(0) = g
and f(0) = f, we define p(¢) := 1 — 24Ar > 0, and let ¢(¢) : M" — M" be a one-
parameter family of diffeomorphisms generated by X(r) := ﬁvgm) f. By pulling
back,

8(®) = p(1)¢(1)"g(0),

A
Rc(?) = ¢"Re(0) = %g(t) — Hess, f(1).

Then (M, g(1)), 0 < t < T, is a solution to the Ricci flow, where T = 217 (= o) if
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A >0 (4 £ 0). Other important quantities along the flow are given below,

f(@0) = f(0) 0 (1) = (1) f,

nAa

S(#) = trace(Rc(r)) = m — Ao (1),
fi= |Vf|§(,),
_r_;=P0
(t)y=T-t= R

u = (4nr) e/,

¥(g. 7. ) = f (VP + )+ f = n)udy
M

:—TC(t)f udu.
M

3.5.1 New Sectional Curvature

In this subsection, we prove some results in dimension four to illustrate that
classical techniques for Einstein 4-manifolds can be adapted to study GRS's.

For a four-dimensional GRS (M, g, f, 1), we define
H = Hessf og. (3.34)

Then, with respect to bases given by (2.11), we have

A B
H= , (3.35)
BT A
with
Af
A=—Id,
2
w Jo3 = fia Jaa+ fi3
B = o3 + fia f11+f33;f22—f44 faa = fio

Jutfas—fo—fa3
Jaa = f13 S+ fi2 5
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Remark 3.5.2. In particular (H, W) = 0.

We further define a new “curvature” tensor R by

_ 1
R=R+5H (3.36)
W+S +1(R S ) +1H
= —oo0 — — —9)o _
248°8THReT 88Ty

S 1 A S
=W- — =y =W+ (5 -= )
p8°8+ 4808 +(2 12)g0g

Thus, it follows immediately that, with respect to (2.11),

_ A" o
R = .
0 A

withA = W*+(1— DId = W+ (%f +2)Id. Furthermore, following the argument
in [7], we obtain,
Proposition 3.5.1. There exists a normal form for R. More precisely, at each point,

there exits an orthonormal base {e;}}_,, such that with respect to the corresponding base

{e12, €13, €14, €34, €2, €23} for A* and as an operator on 2-forms,
_ A B
R = ,
B A
with A = diag(ay, as,as) and B = diag(b,, by, b3). Moreover, a; = minK, a; = max K
and |b; — bj| < |a; — a;|, where K is the “sectional curvature” ofﬁ, ie., K(ei,e)) = Riap
for any orthonormal vectors e, and e;.

Remark 3.5.3. Can a GRS be characterized by the existence of such a function f with

R constructed as above having the normal form?

Next, we investigate the assumption of having a lower bound on this new

sectional curvature similar to [49]. For € < 1/3, suppose that

K > el (3.37)
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Equivalently, for any orthonormal pairs e; and e, that is

o> i t Jjj
Rijij > el © R;jij + % > ed. (3.38)

Then we have the following lemma.

Lemma 3.5.2. Let (M, g, f, A) be a GRS, then assumption (3.37) implies the following:

S +3Af > 12€,
S <6(1 -6,

Af >23e-1)a,

1

G

The equality happens in the last formula if and only if W* has the form

(W' + WD) < 2(1 — )4 - %

a*diag(-1,-1,2), with a* > 0 and

S
a++a_:2(1—6)/l—§.

Proof. All inequalities follow from tracing equation (3.38) and the soliton equa-

tion § + Af = 44 except the last one.

For the last inequality, first note that any two form ¢ can be written as a
simple wedge product of 1-forms iff ¢ A ¢ = 0. In dimension four, with respect
to (2.11), that is equivalent to ¢ = ¢* + ¢~ and [¢*| = |¢~. Therefore, in light of

Proposition 2.14, assumption (3.37) is equivalent to
. S
a +a +2/l—§226/1 (3.39)
with a*, a” are the smallest eigenvalues of W*. Using the algebraic inequalities
W™, (3.40)

W™, (3.41)



we obtain:

S 1 ) _
2(1—6)1—52%('“’ [+ W7)).

Equality happens if and only if the equality happens in (3.39) and (3.40) (or

(3.41)). The result then follows immediately.

Lemma 3.5.3. Let (M, g, f, A) be a closed GRS with assumption (3.37), then
f(|W+| + W2 < f —d,u 8(1 — e)(1 + 3e)*V(M).
Again equality holds if W* has the form a*diag(-1,-1,2) with a* > 0 and

S
a++a_:2(1—e)/l—§.

Proof. Applying Lemma 3.5.2, we compute
2
f(2(1 A= 2 =4(1 - PLRV(M) - EM f f 3
M 3 9
2
=4(1 — €)’2>V(M) — M4AV(M) + f 5
3 v 9

S2
=4(1 — e)2V(M)(—€ — —) +
w9

Remark 3.5.4. If we use S < 6(1 — €)A, then

2 2(1+3 41 -3
[awriew (| s - 5720 = 50

Lemma 3.5.4. Let (M, g, f, A) be a closed GRS, then

SZ
f IRc|]? = f ?—MZV(M).
M M
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Proof. Using equation (3.33), we compute:

2f IRc|*du = f(Z/lS +(V £, VS))du
M M
= 244V(M) — f AfSdudu
M

= 8A2V(M) - f (44 — S)Sdu
M

= -8 V(M) + f S%du.

M

The above results lead to the following estimate on the Euler characteristic.

Proposition 3.5.5. Let (M, g, f, 2) be a closed non-flat GRS with unit volume, satisfy-

ing assumption (3.37), then

7
872y (M) < - f S%du + 22%(12€* — 8¢ - 3).

M

Proof. By the Gauss-Bonnet-Chern formula,
81°x (M) = f (WP - 1IEI2 + S—z)d
AT 2 T
+ -2 1 2 SZ
< | AW+ W D)du+ = | IRel"du— | —=du.
M 2 Ju w12

Applying Lemmas 3.5.3 and 3.5.4 yields the inequality.

We now claim that the equality case can not happen. Suppose otherwise
then [IW*[W~| = 0 and equality also happens in Lemma 3.5.3. By the regularity
theory for solitons [4], we can choose an orientation such that [W~| = 0. Hence
W* = diag(—-a*, —a*,2a") with a* = 2(1 — €)4 - %, then by [34, Theorem 1.1], we

have W =0o0orRc=0.
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In the first case, by the classification of locally conformally flat four-
dimensional closed GRS’s as discussed in Introduction, (M, g) is flat, this is a

contradiction.

In the second case, Rc = 0 implies S = 0 = 4, and since equality happens in

Lemma 3.5.3, W* = 0. Hence the above argument applies.

O

Remark 3.5.5. The Euler characteristic of a closed Ricci soliton has been studied by

[40]. If the manifold is Einstein and € = 0, we recover some results of [49].
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CHAPTER 4
PRESERVED CONDITIONS

Here, we investigate preserved conditions along the Ricci flow. Since such a
condition could be passed on to the limit, it is a key ingredient in applications

of the Ricci flow, such as in celebrated works of [51, 81, 10, 13].

Hamilton first observed that a closed manifold with positive Ricci curva-
ture in dimension three and, more generally, a closed manifold with positive
curvature operator remains so along the flow [51, 52]. Then other important
conditions are shown to be preserved along the flow such as two-positive cur-
vature [56, 33] and positive isotropic curvature and its variants [13, 76]. In a
recent development, Wilking [98] proved a theorem giving a simple criterion to

check whether a curvature condition is preserved.

Using his Lie algebra approach, we show another criterion with slightly dif-
ferent flavor (interpolations of cone conditions). The abstract formulation also

recovers some known preserved condition developed in [13].

The organization of this chapter is as follows. Section 4.1 discusses the basic
setting and techniques of the Lie algebra approach by Wilking [98]. In Section

4.2, we prove our main results.

4.1 The Lie Algebra Approach

In this section, we discuss the notation and basic setting of the Lie algebra ap-

proach developed by Wiling [98] and collect some preliminary results.
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4.1.1 Identification of Vector Spaces and Complexification

A two-form can be seen as an operator on the associated tangent space (Chapter
2). Therefore, the space of two forms A?(V) can be identified with the orthogonal
Lie algebra of skew-symmetric real matrices so(n,R). The inner products on

those spaces are, correspondingly,

XAY,UAV) =X U)X, V)X, V)X U),

(u,v) = %tr(uTv) = —%tr(uv).

Furthermore, given A, B € SO(n,R), u,v € so(n,R), the adjoint representation of

the Lie group (algebra) is given by conjugation (commutator),

Ad,v = AvA~!,

ad,v = [u,v] = uv — vu.

Remark 4.1.1. For more background on Lie algbera, see [45].

Next, we complexify the real vector space, Ve = V®g C. Thatis, Z € V¢ if and

only if Z = X + iY for some X, Y € V. Then A*(V¢) & so(n, C) accordingly.

The inner product on so(n, R) extends to a bilinear form (.,.) on so(n, C). The

inner product (., .) on so(n, C) is defined as
S S
(M, V) = <M’ V) = Elr(u ,V)-
Noted that the bilinear form (but not the inner product) is adjoint-invariant,

(u,vy = (Adpu, Adyv),

(v, v) = (v, V) = (Adav, Ad,V) # (Adpv, Ad5v) = (Adv, Adyv).
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4.1.2 Space of Algebraic Curvature Operators

An algebraic curvature operator R can be seen as a symmetric operator satis-
fying the first Bianchi identity on A*(V) and so a map: so(n,R) — so(n,R). We
denote the space of all these maps by S%(A%(V)) & S2(s0(n, R)).

Under the complexification procedure, the curvature is an operator on

so(n, C) by linear extension. It is noted that R is a Hermitian operator,
(RA, B) = <RA,E) = (A,RE) = (A,RB) = R(A, B).
Immediately we obtain the following results.

Corollary 4.1.1. The operator —ad,Rad; is Hermitian.

Lemma 4.1.2. If A is a nonnegative Hermitian operator on a finite dimensional vector

space V and B is nonnegative Hermitian operator on the image of A then tr(AB) > 0

Proof. Since A is a nonnegative Hermitian operator, V has an orthonormal basis
consisting of eigenvectors of A. Call them {x;}?_, with eigenvalues 4; > 0. Then
we have tr(BA) = (BAx;, x;) = Ai(Bx;, x;) > 0 because, when A; > 0, x; is in the

image of A. O

We also observe the following result.

Lemma 4.1.3. The followings are equivalent:

a.Risa @ — 1 nonnegative operator on so(n,R)
b. R(v,v) < tr(R) for any unit vector v in so(n, R)
c. R(v,v) = (Rv,v) = (Rv,v) < tr(R) for any unit vector v in so(n, C)

d.Risa @ — 1 nonnegative operator on so(n, C)
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Proof. (a © b) and (c © d) are obvious. The only nontriviality partis b < c.

b = c. If v is any unit vector in so(n, C) then there exist x,y € so(n, R)

v =x+ 1y,

1 =[xl + |y,

Then, R(v,v) = R(x + iy, x — iy) = R(x, x) + R(y,y) < [x*tr(R) + [y/*tr(R) = tr(R).
¢ = b. Let v be any unit vector in so(n, R) then v is also a unit vector in so(n, C)

and the result follows. O

Let F be a closed-convex set in S %(so(n, R)) which is invariant under the nat-
ural action of O(n). The following theorem is essential in the study of preserved

conditions along a Ricci flow. For Q(R), see (3.4).

Theorem 4.1.4. [51] Suppose F is invariant under the Hamilton ODE,

0

=R = OR).

If (M, g(2)), t € [0,T), is a solution to the Ricci flow such that R,y € F for all points

p € MthenR,, € F forall t € [0,T).

The theorem effectively reduces the study of the PDE system to the study
of the corresponding ODE. Then to check a set is invariant under the ODE, it

suffices to show that if R € 0F then Q(R) € F.

4.1.3 Basics of Q(R) and R

Let {¢} be an orthonormal basis of A*(V) or, equivalently, so(n, R) and the struc-

ture constants are defined as, ¢}’ = ([¢?, ¢"], ¢*). Notice that the structure con-
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stants are fully skew-symmetric. Equations (3.2), (3.3) become,

2
Ra,E :RCWR,BV’

1
Riﬁ 5 CZ;” CgeRy(sRng.

It follows that R? is just the matrix multiplication. The main difficulty when
studying Q(R), hence, is to understand R*. One important observation is that R?

can be realized as trace of an operator.

Lemma 4.1.5. (R, v) = —1tr(ad,Rad,R).

Proof. Since every operator involved is linear it suffices to show the statement
for u = ¢' and v = ¢*>. Towards that end, we calculate tr(ad,Rad,R). Let M =
adsR and N = adpR. The matrix of ad, is given by (ady)x = ([¢', ¢/], o) = c;;j ;

therefore,
M;; = (adg)aRy; = ¢}'Ryjs
Nji = (adg) Ry = ¢}'Ry;.

Then,
tr(MN) = Z MiiN;i = cleR R = —=cKicl Ry Ry = 2R

Lj
O

Lemma 4.1.6. Let {¢*} be an orthonormal basis diagonalizing R with eigenvalues {1},

bop =19 ¢,

diy = (v, 0"1.¢"),
for any vector v;. Then we have:
a. R¥(v;, v) = §(d )’ A" 2.

b. tr(R*) = a7 2P,
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Proof. a. By Lemma 3.3, 2R (v, v;) = —tr(ad,,Rad,,R). Matrix A of ad,, with re-
spect to the base {¢“}, is given by M,z = <[v,~, 1, ¢5> = déﬁ- Also, since d;k = —d,"(j,
the result follows immediately.

b. Now let {v;} be an orthonormal basis of A%(V) then by part a,
1 ‘
By _ - i \2\ya@ 8
tr(RY) = 2(2(%) YA,

We also observe,

St =S (adg". ) = S (on vy

1 1 1

As <[¢“, 1, vi> is the magnitude of the projection of ¢,s on v; and{v;} is an or-

thonormal basis, the right hand side is exactly |@,s/*.

Remark 4.1.2. By (3.4), tr(R* + R%) = |Rcf?, thus

1 1 n—4 1
23098 2 2 2 2 W12
|@apl INY 2| | ( D(n-2) + 2| c| 2| |

If n = 3, structure constants are 1, R|* = 4Rc|* — S%. If n = 4, it becomes ¢S* — 5|W/2.

If R is pure, R* can be calculated explicitly.

Lemma 4.1.7. If the curvature operator is pure, then the R* is diagonalized by the same
basis and

R¥(eij, ei;) = R(en, en)R(eji, €jx)

Proof. Let e; be a basis that diagonalizes the curvature operator. Note that for

distinct indices i, j, k, 1,

leij, en] =0,
leij, eix] = ek,

<eij’eik> =0.
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So the only nonzero structure constants are <[e,- ekl e jk> = 1. Therefore,

R¥(e;j, en) = R¥(eij, en) = 0

1 2
R¥(e;j, e;)) = 3 <[€k1, €mnls eij> R(e, ex)R(€mn, €mn) = Reir, €i)R(eji, €ji).

When W = 0, the curvature is pure and we obtain the following result.

Corollary 4.1.8. If, along the Ricci flow, W = 0 then positive Ricci curvature is pre-

served.

Proof. LetA; =R; and A = n%lEi/L-. By the curvature decomposition, since W = 0,
1
Rijij = m(/ll + /1]' — /l)

By the above lemma and equation (3.5),

d
— A = 2 Rispd,
24 = TR
1
=— 22k¢1/1k(/11 + A4 —A)
1
= m(zkil/li (1= ﬂl)zk;tl/lk)
1 .1 . n=2
= m(zkil/lk - m@k;el/lk) + . 1/112/#1/11()
Now since 447 — =5 (S Ax)* > 0, the result follows. o

Before we proceed further, let’s summarize the set up.
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A*(V) A2(Ve) so(n, R) so(n, C)

XAY linearext | u:Zw—<{Y,2YZ—-(Z,2)Y linear ext

(XAY,ZAW) | linearext | (u,v) = 1tr(u’v) = —3tr(uv) | conjugation

SHA* (V) SN (Vo) S (s0(n, R)) S 3(s0(n, ©))

<Rﬁu, v> = —3tr(ad,Rad,R) linear ext

<R2u, v> = R(u, p*)R(v, ¢%) linear ext

4.2 Main Results

First, we recall Wilking’s result and its consequences.

Definition 4.2.1. Let g be a real Lie algebra, so(n,R) or uw(n,R), and gc = g & C,

so(n, C) or u(n, C). For a set S in gc, and a real number h, we define,
C(S,h) = {R € Si(ac) | R»v, V) > h, Vv € S}.
Also the Lie group associated with that Lie algebra is denoted Ge.
Wilking’s theorem asserts that if S is invariant under the adjoint representa-
tion of G¢ then C(S, h) is invariant under the ODE R’ = Q(R). That statement
along with Hamilton’s ODE-PDE theorem 4.1.4 capture several preserved con-

ditions along the Ricci flow. For example, setting 4 = 0 and choosing appropri-

ate set S’s, we recover some well-known results summarized below.
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Conditions Choice of Set

NC S = so(n,C)

2NC S =S, = {v € s0(n, C), tr(»*) = 0}

NIC S =Sy ={veson,C), rank(v) = 2,v* = 0}
NIC1 S =S, = {v € so(n, C), rank(v) = 2,v* = 0}
NIC2 S =S, ={veson,C),rank(v) = 2}

Explanation of these conditions, ¢, ¥ € so(n,R), n,{ € so(n, C), {ei};‘:1 orthonormal:

e NC: Nonnegative curvature, R(¢, ¢) > 0.

e 2NC: Two-nonnegative curvature, R(¢, ¢) + Ry, ¥) > 0, V|g| = |yl (¢, ¢¥) = 0.

e NIC: Nonnegative isotropic curvature, R(n,¢,7,{) > 0, for all (,7) =

n, &)=<, =0,or,

Ri313 + Rig14 + Ro3p3 + Roans — 2R 234 > 0.

e NIC1: R(5,£,7,¢) > 0 for all (i, ) (¢, £) = (,{)* or

R1313 + /12R1414 + R2323 + /12R2424 - 2/1R1234 >0 forall 1 € [O, 1]

e NIC2: R(,¢,7,0) > 0 or

Ri33 + A*Rygig + 12Ros3 + 2P Rogos — 24uR 1934 2 0 for all A, u € [0, 1].

Remark 4.2.1. By Theorem 4.1.4, a priori requirement for C(S, h) to be invariant under

the Ricci flow is O(n, R)-invariant. But that is equivalent to say that S is invariant un-

der the adjoint representation of O(n,R). Thus, Wilking’s theorem is a partial converse

statement.

Lemma4.2.2. S, =5,NS5,,.
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Proof. First, let u € S, N S,,. Since rank(u) = 2 there exist X,Y € V¢ such that
X AY & uby the correspondence above.

Claim: For any skew-symmetric matrix of rank 2, u® = 1rr(u®)u.

To see the claim, we observe,

wZ) =Y, 2)X -(X,2)Y,
WZ =Y, Z) Y, X) = (X, Z) (Y, Y )X = (Y, Z) (X, X) = (X, Z) (X, Y))y

1
wZ =—puZwithp = (X, X)(T, V)= (X, Y’ =(XAYV,XAY) = —Err(bﬂ).
Thus, ifu € S, N S,,, then > = 0 and so u € S;. The converse is similar. O

Remark 4.2.2. C(S, U S5,0) = C(S,,0) N C(S4,0) but C(S, N S,0) 2 C(S,,0) U
C(Sp,0).

Remark 4.2.3. There have been subsequent works based on Wilking’s criterion to study

the convergence of a Ricci solution [50, 87].

Inspired by Wilking’s theorem, we come up with the following theorem.

Definition 4.2.3. For a set S C gc and h € R we define,
Ci(S,h) = (R € Si(ac), Vv € S | R(v, V) + Altr(v?)| > 0}.
Remark 4.2.4. Note that C,.(S, h) is in general not a cone for h # 0.

Theorem 4.2.4. If S is invariant under the adjoint representation of G¢ then C,.(S, h)

is invariant under the ODE, R’ = Q(R)

The following lemma is essential in the proof of the theorem.

Lemma 4.2.5. Let S be an invariant set under the adjoint representation of Ge. If

R, V) +hltr(v?)| > 0,Vv € S and R(u, w) + hltr(u?)| = 0 for some u € S then R¥(u, u) > 0.
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Proof. We pick an arbitrary v € gc and define
ful#) = R(GAexp ity Adexp i) + Altr(Adexpnit)?).

Since S is invariant under the adjoint representation of G¢, Adeypnu € S and thus
the function f, is nonnegative for all t and zero at ¢ = 0.

Since the adjoint representation is given by Ad.(u) = AYA™,
[tr((Adexpntt)*)] = [1r(u?)l.
Therefore, differentiating twice with respect to t and evaluating at r = 0 yield,
0 < 2R(ad,u, ad;u) + R(ad,ad,u, u) + R(u, adyadsu).
Replacing v by iv and summing the 2 inequalities yields, for all X € so(n, C)
0 < R(ad,u, adyu) = R(ad,v, adzVv).

The last equation implies that —ad;Rad, and its conjugate —ad,Rad; are nonneg-
ative on g and R induces a nonnegative operator in the image of ad,. By Lemma
4.1.5,

<Rﬁu, ﬁ> = —%tr(aduRaduR).

Thus, the statement follows from Lemma 4.1.2. O

Proof. (Theorem 4.2.4). Since trace is invariant under the adjoint representation,

C,.(S,h) is convex and O(n,,R)-invariant. Furthermore as |c?| = |c|* the set is
scaling-invariant. Then, by Theorem 4.1.4 and the fact that R? is weakly positive

definite, the statement follows from Lemma 4.2.5. O

Remark 4.2.5. The complex set up allows the interchange of v and iv. That manipula-
tion is powerful because we can compare algebraically the curvature operator acting on

perpendicular elements.
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It is interesting to observe some relations between new invariant sets and

Wilking’s original sets.

Proposition 4.2.6. If S be invariant under the adjoint representation of G then
a. C(S,0) = NpsoCu(S, h).

b. Ci(S,3) C {R € Si(s0(n,C)),R + Id € C(S,0)}.

c. C(S N Sy4,0) = UpsoCr(S, h).

To prove Prop 4.2.6, first, we need the following lemma.

Lemma 4.2.7. For v € gc, 5ltr(v)] < [vI-

Proof. If v € gc, it can be written as v = ¢ + iy, ¢,y € g. Then we have,
WP = (v, vy = |8 + .
Furthermore, using the Cauchy-Schwarz inequality for the inner product on g,

1
|§tr<v2>|2 =, vy = llgl* = [l* + 2i(p, )
=ll* + I — 2L Il* + 4 (¢, ¥)°
<lgl* + ! + 2lp Pl = (gI* + lwl*)? = v*

Thus, 3[tr(?)] < v o

Proof. (Prop. 4.2.6) Without loss of generality, we can assume that S is closed
and scaling invariant.

a. Obviously if, Vv € S, R(v,v) > 0, then for h > 0, R(v,V) + hltr(v*)| > 0. Thus,
C(S) € C(S, h) for each h > 0.

For the other direction, we observe that if R € N;,.oC(S, h) then for each v € S,

R(v,v) > —hltr(?)| for all h > 0. Letting h — 0* we have R(v,v) > 0. Then the
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result follows.

b. If R € Cy(S, 3) then forall v € S, by Lemma 4.2.7,
1
0 <R,V + E|tr(v2)| <R, V) + V> = R, v) + Id(v, V).

Therefore, R + Id € C(S, 0).

c. Let R € Cy (S, h) then, for any v € SN Sy, tr(v?) = 0, R(v,v) > 0. Thus, Cy(S,h) C
C(SNSyy).

For the other direction, we proceed by contradiction. Let R € C(S N S,;) and
suppose that R ¢ Cy(S, h) for any & > 0. That is, we can find sequences /; — +oo,
v; € S such that R(v;,v;) + & jltr(vi)l < 0. Since the inequality is scaling invariant
we can assume that |v;| = 1. Then, by compactness, we can obtain a subsequence

h; — +oo and v; — v such that
R(v;, V) + hiltr(v})] < 0. (4.1)

If [tr(v?)] # O then the second term of (4.1) approaches positive infinity and,
thus, we obtain a contradiction as R(v;,v;) — R(»,v) < oco. If |tr(v?)| = 0 then
veS NS, SinceR € C(SNS,,;), R(v,v) > 0. But that is also a contradiction with

(4.1).Therefore, R € C,,(S, h) for some i > 0. O

Also, by choosing S = S, h = 1 we recover the following result which plays

a role in the proof of the differentiable sphere theorem [13].

Corollary 4.2.8. Let C be the set of algebraic curvatures such that, for {e,-}?:1 orthonor-

mal, A, u € [0,1],
Ri313 + A°Rygig + 12Ro303 + X’ Rogos — 2AuR 934 + (1 = A3)(1 — %) > 0.

Then C is invariant under the Hamilton ODE.
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Proof. We observe that if z = e; + iue, and w = e3 + ide, then,

R(z,w,Z,W) =Ry313 + P Rygrs + 1*Rass + P Rosns — 2R 34,

1
—Etr((z AW?) =@ Aw,z Aw) =1+ 2207 — 2% — 1

Then by the correspondence between so(n, C) and A*(V ®g C) (see [11, Appendix

B]), the statement follows. m]
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CHAPTER 5
HARNACK ESTIMATES

In this chapter, we show Harnack estimates on a closed manifold M™*” with
warped product symmetry along the Ricci flow. Given (F?, gr) Ricci flat and
(N",gn) a closed Riemannian manifold, let M"*? = N" x F? with the warped
product metric :

gn = gn + flgr = gv + €'gr, (5.1)
which evolves under the Ricci flow

0
& gn = -2Rey. (52)

The Ricci flow on a warped product has been investigated by several authors
such as Cao [22], Lott-Sesum [69]. Harnack inequalities have a long history with
fundamental contribution by, for example, Li-Yau [66] on parabolic equations.
For the Ricci flow, key results were proved by Hamilton [54] and Perelman [81].
Our main theorem gives estimates for a fundamental solution to the adapted
conjugate heat equation. The inequality is structurally similar to Perelman’s but

for a slightly more general setting.

Before proceeding further, let’s fix the notation. We will use Ay to denote a
quantity with respect to metric gx on manifold X. We'll also omit the subscript
when it is clear that the calculation is carried on N. Also if the flow exists for
0 <t < T,itis convenient to define r = T —t. The conjugate heat operator
with respect to the Ricci flow on M is 0}, = d; — Ay + Sy. For the warped
product setting, the adapted operator on N is given by, for S,, = Sy — p|Vul?,

O, =0, — An + S,,.

'The warped structure can also be defined more generally as in Section 2.6 but that one is
not preserved by the Ricci flow in general.
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The rest of this chapter is organized as follows. In section 2, we discuss the
adaptation of the Ricci flow for a warped product and an equivalent system
obtained via diffeomorphisms. In section 3, we derive modified monotonicity
formulas and functionals. In section 4, we prove several gradient estimates with

respect to the equivalent system. Section 5 collects some applications.

5.1 Basics of Ricci Flow on Warped Products

Let (M, gu) be a warped product as in (5.1) then, by Section 2.6, for a function h,

Hessyh = [Hesshly ® [f VA,V )y grlr (5.3)

= [Hesshly @ [¢* (Vh, Vu)y grlF,

Aph = Ayh+ p(Vu,Vh)y = Ayh + ?(V f.Vh)y, (5.4)
dpy = dun fPdur = duye™dur, (5.5)
Rey = [Re - ?Hess(f)]N & [~(fof +(p— DIVP)grlr (5.6)
= [Rc — pHess(u) — pdu ® duly ® [—e*(Au + p|Vul)grlr,
Af IVfI?
Su=S- 2197 -plp-1) 7 (5.7)

=S - 2pAu— p(p + D)|Vul>.

Lemma 5.1.1. Let (M, gy()), 0 < t < T, be a solution to the Ricci flow and g,(0) is a
warped product metric as in (5.1). The flow preserves that warped structure and can be

considered as a flow on (N, g(1)):

P H

—-g=—2Rc+ 2p%€ = _2Rc + 2pHessu + 2pdu ® du, (5.8)
0 \Zi&

Ir=n ~1

0tf f+p-1 7

a 2

—u = Au+ p|Vul” = Ayu.

ot
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Proof. Suppose (gy, f) evolves as above then we can check that g, evolves by the
Ricci flow. By the uniqueness theorem for Ricci flow [51, Section 5], the result

follows. O

Since u satisfies the heat equation, the maximum principle applies that if
u(.,0) < C then u(.,1) < C as long as the flow exists. Furthermore, extensive use

of the maximum principle yields interior estimates.

Lemma 5.1.2. Let (M, gu(?)), 0 < t < T, be a solution to the Ricci flow and g (0)
is a warped product metric as in (5.1). Then for each a > 0, there exists a constant
C(m,n, @) such that if

Rmly(., 1) < k for all t € [0, %]

then
Clu(.,0)|z~

m
|V ul?(f) < 2

forall t € [0, 7].

Proof. Since (%u = Ag,,u and |u(., 0)|.~ is preserved, the method of Shi’s estimates

applies. For a detailed calculation, see lemma 3.6 of [11]. o

Remark 5.1.1. The essence of this lemma is that the constant only depends on degree
and dimension. Therefore, under suitable dilation limit analysis, it holds for any small

compact interval under a uniform curvature bound.

5.1.1 Transform by Diffeomorphisms

Here, we discuss the procedure of transforming the flow system on N by a fam-
ily of diffeomorphisms and collect some useful evolution equations. Most of the

calculation here are similar to that of [67] or [73].
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We consider diffeomorphisms generated by —pVu, %(p(t)(x) = (=pVu)(p(t)(x)).
Pullbacks (1) = ¢"(1)(g(1)), (1) = \/pe"(D)(u(1)) = +/pu(t) o ¢(t) yield
o_ . L i .. .0
6—lg(t) =L pvu(¢"(D(g®) + ¢ (t)(Eg(t))

... 0
= ¢ ((5-8(0) + Lpvug(1) = ¢"()(=2Rc + 2pdu & du)

= —2Rc +2dii ® i,
0 d
Eﬁ(t) = VpL_,vu(@" (1)) + \/1_?90*(t)((§u(t))

d
= x/ﬁso*(t)(a—tua) + L_pv,u(1)) = \pe"(H)(au) = Al

So (5.8) is transformed into the following system on N (we abuse notation here

as tildes are removed):

S=Rc-du®du

% = —2Rc +2du® du = =28 (5.9)
M g
o

Remark 5.1.2. Thus, results in [69] extend to a slightly more general setting: the fiber
can be any Ricci flat manifold instead of S'.

Then the Christoffel symbols evolve by

0
Eré{j =—g"(V:S; + V81 - ViSi))

= gkl(—ViRCﬂ - VjRCil + V]RCij + 2ViVju61u).

Lemma 5.1.3. If (N, u(., 1), g(t)) is a solution to (5.9) then the Laplacian acting on func-
tion evolves by

0
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Proof. We compute

0 0, . o .
EA = a—t(g”ViVj) = 87(8”(31'(9]’ - Fi'{jak))
0 ;0
= (_Egij)vivj - gl](a_tri'{j)ak'
Using the evolution equation for I'}; yields
0 .
g”(EFZ)ak = gkl(—Zg’fViRle +V,R) + nglAualuak

=2Au(Vu,V(.)),

where we use the contracted 2nd Bianchi identity. The result follows. |

Now we derive evolution equations for some geometrical quantities. Recall

S, = tr(S) = R — |Vul* and we compute:
0 0, ;i )
E'V”F = o (8/ViuVu) = 28(Vu, Vu) + 2<Vu,Va—tu>,
= 2Rc(Vu, Vu) = 2|Vul* + 2 (Vu, Vau),
0
AlVul> =2 <Vu, V8_tu> + 2Rc(Vu, Vu) + 2|Hessul> (Bochner’s formula).
Combining equations above yields

OlVul> = —2[Hessul* — 2|Vu|*. (5.11)

By Section 2.4 2¢ = v then 2R = —atrace(v) + div(divv) — (v,Re). Here,

div(div2Rc) = V2V,;Rc;; = V;V:S = AS,
div(divdu ® du) = ViV (VuV ju)) = %Aqulz + (Vu, Vauy + |Aul?,
a%s = —A(=2S,,) — AS + A[Vul® + 2 (Vu, VAu)

+ 2|Auf* + 2|Rc|* = 2Rc(Vu, Vi)

= AS,, + 2(Vu, VAu) + 2|Aul* + 2|Rc]* — 2Rc(Vu, Vu).
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Combining equations above yields

0
oS = AS + 2lAul* +2|S;1%. (5.12)

Remark 5.1.3. [67] considers a similar system with a constant «, associated with the
term du ® du. However, in case a, > 0 letting it = +Ja,u recovers (5.9). So every result

in section 4 holds for a,, > 0 as well.

Remark 5.1.4. A generalization of that system is so-called the Ricci-Harmonic flow
first introduced by R. Muller in [73] and it is interesting to extend the result here for
that setting (see, [9]).

5.2 Monotonicity Formulae

We shall derive the adapted and modified forms of monotonicity formulas and
associated functionals to the warped product setting. First, to adapt these for-

mulas (see Section 3.4) to our setting, we observe the following relations.

Lemma 5.2.1. a. If H = ¢ and H = He™ = ¢ then

h = h - pu,
h, = V> = Ayh — Ry, iff

h, = =S — Axyh+ VR(Vh + pVu).
b. If H = (4n7) P2 qnd H = He? = (4rrr) "2~ then

h=h—pu+ gln(47rT) and

E[:|VE|2—AME—RM+n;plff
T

By = -8 — Anh+ VA(Vh + pVu) + ;
T
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Proof. a. Using (5.4) and (5.7), we compute

hy = |Vh|* = Ayh — Ry
= |Vh* — Ayh — pVhVu — Ry + 2pAyu + p(p + D)|Vul?,
h, = E, — pu;
= |Vh]* = ayh — pVhVu — Ry + 2payu + p(p + 1)|Vul?
— pAyu— p*|Vul’

= —Ayh — Ry + p|Vul* + V(h + pu)Vh.
b. This follows from a similar computation. o

Lemma 5.2.2. Adapted to the Ricci flow on warped product metric given in (5.1) , the
monotonicity formulas on (N, g(t)) are given by:

a. F(g.u.h) = [ (S, +|VhP)e " dy restricted to [, e™dp = 71

Furthermore if h, = =S,, — Ah + Vi(Vh + pVu) then
d 2 2\ -h
—F =2 (1S + Hess(h)* + plAu — VuVh)e™"du.
N

a’. W.r.t system (5.9), h, = -S,, — Ah + |Vh|*.

b. Restricted to || Hdu = [\ (4nt)™"e "dp = Vi
W(g,u,1,h) = f [T(|Vh|2 +S,)+(h+pu—n-p)- gln(4ﬂr)]Hd,uN.

N

And if h, = =S,, — Ah + Vi(Vh + pVu) + % then
d g 1, -nj2 ~h
—V¥ =27 | (IS + Hessh — =|" + p|Au — VuVh + —|")(4nt)""“e™"du.
dt N 2T 2T

b’. W.r.t system (5.9), hy = =S — ah + |Vh|* + £.
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Proof. a. We will use formulas (5.7), (5.4), (5.5) to compute:

F(gm, h) = f Sy + IVIP)e " dpy
M
= f f (Sy = 2pAu— p(p + DIVul® + [VAP)e e dpndur
NJF

= V(F) f (S = plVul* + |VA*)e ™ "du,
N

where we use integration by parts (IBP) to simplify

f 2pAue”"dy = f 2pVhVue™"du.
N

N

Furthermore, using (5.3) and (5.6), we calculate
hy = |Vh* = Ayh — Sy, then
d _
—F =2 f (IRcys + Hessyhl*dpy
dt "y
2
= 2V(F)f (|Rc — pdu ® du — pHess(u) + Hess(h + pu)
N
2
+ p' — Ayt — pIVul® + VuV(h + pu)' Jdu

=2V(F) f (IRc — pdu ® du + Hessh|* + plau — VuVh[*)e™"du.
N

The result then follows from lemma 5.2.1.
a’. It follows from L_,yv,h = —pVuVh.

b. and b’. are similar using part b) of lemma 5.2.1.

Corollary 5.2.3. For (N, g()) along (5.9), if

¥, (g, u, 7, h) = f (TAVAP +S,) + (h = m))@drr) ™ e ™ duy
N

h; =-S,,— Ah+Vhi(Vh + pVu) + —,
27
then,

d
—V¥, =21 f (1S + Hessh — 22 + p|au — VuVhP)(drr) e duy.
dt N 27
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Proof. We have

S f (p—u+ gln(4ﬂr))ﬁe””dy1\;.

Since u satisfies the heat equation on M and H the conjugate, < uﬁd,uM =0.
Thus,
d d d .
W= E‘P + 2(d In(477)) f He"duy
Hed
dt f ¢ ai
On the other hand,
1, , 11
[Au—VuVh+ —|" = |Au - VuVh|" + — + —(Au — VuVh),
27 472 1
f Aue " duy = f VuVhe™"duy by Stoke’s theorem.
N N
The result follows. m]

An immediate application from the above calculation is the following result.

Proposition 5.2.4. Let (M, gy) be a closed warped product given as in (5.1). If M is a
gradient soliton and the soliton function is constant on each fiber then (N, gy) is Ricci

flat and f is a constant function.

Proof. Suppose (M, g) is a gradient soliton satisfying
Rey + HessMﬁ = Agwm,

with & constant on each fiber. Let & = h + pu and follow the calculation from

previous lemmas, we obtain:

0= f IRcy, + Hessyh — /lgM|2e‘%d/1M = f IS + Hessyh — /lglee_ﬁdyM
M M

+ V(F) f plANu — VuVh + APduy.
N
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On the other hand,

|Ayu — VuVh + A = |Ayu = VuVh* + 2% + 2A(Ayu — VuVh),

f Ayue™duy = f VuVhe ™ duy by Stoke’s theorem.
N N

Thus A = 0 and (N X F, gy + f?gr) is a gradient steady soliton. As N X F is
closed, by either theorem 2.4 of [81] or 20.1 of [56], the manifold is Ricci flat.
That is

0= fAnf +(p = DIV = Ayu + p|Vul,

Hessy(f)
p—f -

However, as fN Ayuduy = 0, the first equality implies that Vu = 0 and so f must

O:RCN—

be constant. Plugging into the 2nd equality yields the result. o

Remark 5.2.1. Also computation above shows that monotone functionals in [67] are
just suitable modification of ones developed by Perelman for warped products. For com-

pleteness, we’ll repeat the definition here.

Definition 5.2.5. Along the flow given by (5.8) or (5.9), restricted to fN etduy =1,
Foolg,u, h) = fN Sy + IVAP)e "duy. (5.13)
Restricted to [ (4mr)™ e duy = 1,
¥, (g, u,7,h) = fN (VAP +S,) + (h = m))(dmr) ™ e dpy. (5.14)

Furthermore, associated functionals can be defined similarly as follows:

t(g,u, 7) = inf ¥, (g, u, b, 7), (5.15)
vy(g,u) = ing (8, U, T), (5.16)
Aw(g,u) = inf F,(8, u, h) 2 Agwm)- (5.17)
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Remark 5.2.2. These functionals satisfy diffeomorphism and scaling invariance:
lIlw(g7 l/l, Ta h) = lIIW(Cg’ ua CT7 h)a

ﬂW(ga u, T) = /JW(cg’ u, CT)a

v(g, 1) = v,(cg, u).

Also the reduced geometry can be motivationally defined in an analogous

manner (see also [72]).

Definition 5.2.6. We define the L,-length of a curvey : [t9, 7] = N, [19,7:] € [0, T]
by
L,(y) = f VTS, (y(1) + (D) )d.

For a fixed point y € N and 1y = 0, the backward reduced distance is defined as

£o(n 1) 1= infl—— L0 (), (5.18)

yel 2T1
whereT = {y : [0,7,] = M,y(0) = y,y(1)) = x}.

The backward reduced volume is

V(1) = f G B TH )
M

Remark 5.2.3. The functionals here differ from ones for the Ricci flow by replacing S
with S,,. So it is natural that these new quantities behave similarly. First, we collect

some lemmas.

Lemma 5.2.7. For any metric g, smooth function u on closed N anf t > 0,

a. There exists a smooth minimizer f; for ¥,,(g, u, ., T) which satisfies
TQAf; = IV +S0) + fo =1 = (g, u, 7).

b. (g, u, 7) is finite.

c. Along the flow, 0 < t; <1, < T and 7(t) > 0, 47 = —1 then
(g(12), T(12)) = i, (g(11), T(21)).
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d. lim, ¢+ u,, (g, u, 7) = 0.

Proof. The arguments are identical to the counterpart for the Ricci flow, such as
[37, Chapter 6] and [36, chapter 17]. Also details for the Ricci-Harmonic map
flow which our setting is a special case of are given in [73, Section 7]. The proof

of part d is verbatim to that of [91, Prop 3.2], replacing S by S,,.

Remark 5.2.4. It is interesting to note that the functional u,, can be defined without

the flow context but the proof of d use some monotonicity formula of the flow.
Lemma 5.2.8. Assume as above and A,,(g,u) > 0 then lim,_,., u,,(g, u, 7) = +00. Thus,
u(g, u) is well-defined and finite.

Proof. The argument is verbatim to [37, Lemma 6.30] replacing S by S,,. o

An immediate application of the monotone framework is the theorem below
which resembles a result of P. Topping in [94] using scalar curvature to control
diameter for a compact manifold along the Ricci flow. The proof is verbatim by
replacing monotonicity formulas 4 and v by u, and v,, with required features

described in Lemmas 5.2.7 and 5.2.8.

Theorem 5.2.9. Let n > 3 and (N", g(t), u(., 1)) be a solution to (5.8) with v,,(g, u) > —co

then there exists a C depending on n, v,,(g, u) such that

diam(N, g) < C f (S 2y = C f (S = pIVuP)" 2 dpay.
N N

Remark 5.2.5. The + subscript denotes the positive part and C = max{ 2, 6¢*7+).
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Corollary 5.2.10. Let n > 3 and Let (M, g (1)), 0 < t < T, be a solution to the Ricci flow
and gy (0) is a warped product metric as in (5.1). Furthermore assume that A,,(g(0)) > 0

then there exists C,, C, depending on the initial conditions such that

diam(M, g) < Cy + Cs f (S = pIVuP) "y
N

Proof. Since the flow preserves the warped product setting, (F,gr) is closed,
lu(., Dl < |u(.,0)|.~, the result follows from triangle inequalities and theorem

5.209. m]

Remark 5.2.6. Applying Topping result directly yields the bound C fN(S —2pAu—p(p+

D)|Vul?)+P=D2ePudyy. Thus, the above corollary gives a better estimate.

5.3 Gradient Estimates and Harnack Inequality

For this section, we restric ourselves to system (5.9) and prove gradient esti-
mates and a differential Harnack inequality for solutions to the conjugate heat
equation. This section might be of independent interest and some arguments

here are similar to those in [78].

Recall O, = -2 -A+S,, is the adapted conjugate operator. Following standard

theory on heat equations, for example [36, Chapter 23, 24], we denote:
H(x,1;y,T) = (4n(T — 1)) "?e™ = (4nr)"2e7",

fort = T—t > 0, to be the heat kernel. That s, for fixed (x, ), H is the fundamental
solution of equation OH = 0 based at (x,7), and similarly for fixed (y,7T) and

equation Oy H = 0. The ultimate goal is to prove the following theorem.
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Theorem 5.3.1. Let (N, u(.,1),g(t)), 0 < t < T, be a solution to (5.9). Fix (y,T), let

H = (4nt)™?e™" be the fundamental solution of 0’,H = 0, and
v=((T = Q@A = VAP +S,) + h = n)H,

then forall t < T, we have

First let us recall the asymptotic behavior of the heat kernelas ¢t — T.

Theorem 5.3.2. [36, Theorem 24.21] Fort =T —1t,

sy

e 4t oo .
H(X, Ly, T) ~ sz:(ﬂ'juj(x,y, T).

More precisely, there exist ty > 0 and a sequence u; € C*(M x M X [0, t]) such that,

d%(x,y)
. e_ 4t k . _
H(X, [ Y, T) - sz:OTjuj(xa Y, T - l) - Wk(-xa Y, T)’
with
up(x, x,0) = 1,
and

wi(x,y,7) = O(+172)

as T — 0 uniformly for all x,y € M.
Next we derive a general estimate on the kernel. The proof is inspired by
[29].

Lemma 5.3.3. Let B = —info.,<r p,,(g(0), 7)( B is well-defined due to Lemma 5.2.8)

and D = min{0, inf vy, S,,}, then we have

H(x,t,y,T) < 5 TPB@4n(T — 1))™/2.
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Proof. Without loss of generality, we may assume that r = 0. Let ®(y, ) be any
positive solution to the heat equation along the flow. First, we obtain an upper

bound for the L*-norm of ®(., T) in terms of L'-norm of @(., 0).

Set p(l) = 75 = L then p(0) = 1 and lim;7 p(/) = co. For A = ,/fN Ordu, v =
A7'®P? and VOV = (p — 1)p~24|Vv]?, integration by parts (IBP) yields

8,(In||®|») = —p’p~> In( f OPdp) + (p f D)™ 0,( f O dp)
N N N
= —p'p 2 In( f O’du) + (p f o dpy”!( f O (p®' O’ + p' In® - S, )dp)
N N N

2
=—p'p?In(4%) + p_lA_z( f APV (pd7'D + p’ = In(Av) - Sw)d,u)
N p

:fvzcl)_]A(Dd,u+p’p_2fv2 lnvz—p_lfswvzdu

N N

- o7 f P invidu - (p - Dp~ f HVvid - p! f S,V 2dy
N N N

-1 -1
:p'p‘z(fvzlnvzd,u—p—,f4|VV|2dﬂ—p—,fswvzdv)
N V4 N p N

(= Dp2—ph f S 2dy
N

Note that if we set v* = (4n7)™/?¢™" then the first term becomes,

-1 -1
_p,p_Z\PW(ga u, p—/a h) -—n- E ln(4ﬂp B ).
p 2 p

We have

, 5 1p=-1 KT~

-1 _ (T_l)z
pp - T’ p, - T — .

TZ

,and (p— Dp~* -

For0 <ty < T, 1(t) = ’O(T ) and 4 L7 =—1then0 < 7(0) = @ < T. By Lemma

5.2.7, we arrive at

1 1
—p'p (gD, u, p h) < =7 ¥, u,7(0), 1) < =7 inf 41, (8(0),7) =

Thus

n (T -1 (T -1)?
< B—-—pn-= —
To,(In|D|») <B-n > In(4n T ) T D,
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since, by (5.12), the minimum of S,, is nondecreasing along the flow. Integrating

the above inequality yields

|D(., Tl n T2
Th————<TB-n-—=Un@nrT)-2)) - —D.
00 = ¢ > 3
Then
IO, T)ll= < P TPRERT) ™D, 0)|1
Since

00.7) = [ 5.0, T)OC Ot (9 (5.19)
N
and the above inequality holds for any arbitrary positive heat equation, we ob-
tain

H(x, 0,3, T) < " PPArT) ™",

Lemma 5.3.4. Assume there exist ki, k,, k3 > 0 such that, on N x [0, T],

Re(g(1) > —kig(1),
max{S,,, VS, |’} < k,

IVul? < k.

Let q be any positive solution to the equation O},q = 0on Nx[0,Tlandt =T—t. Ifg < A

hen there exist C,, C, depending on ki, k, k3 and n such that for 0 < v < min{1, 7, i},

we have

T

VP A
Vat _ 1+ cyo)in PRagi (5.20)

9>
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Proof. We compute

Vgl? Vgl?
|q|:S|q|
q

1 1
Pl 2)Vql* = 5[ - 28(Vq, Vg) - 2Rc(Va, Vg) - 2VgV(S g) - 2IV’qP],

(=0, = 1)

1 1 1
+ —(=0, — M)|Vgl* + 2|Vg’V=VIn g — 2V|Vg|*V -,
q q q

1 vl
VPV VI g = —2! Z' :
q q
1 V2(Vq,V
ovgpy L = 4T 4V VD)
q q
Thus
Vg -2 dg®dg, —4Rc(Vq,Vq)+2(VuVq) — 2VgV(S,, VP
(—0,—A)| ql = v - q® 9o, c(Vg,Vq) +2(VuVg) gV( q)+swl gl
q q q q
v 2
< [+ ks + 3k + 1195 4 kg
q

Furthermore, we have

IVql*
q

A A
(=0, —r)gln—)=-S,gln— +S,,g +
q q

2
S Vgl

A
— (nky + k3)q — kpg1In —.
q

Let ® = a(r)@ —b(1)gIn %‘ —cq, and we can choose a,b,c appropriately such that

(=0, — A)D < 0. For example,

.
1+ [(4 + 0k + 3k + 117

kot
b =",

¢ = (" (nky + k3) + ko).

Then by the maximum principle, noticing that ® <0 at r = 0,

IVgl*

A
a < b(t)gIn — + cq.
q

The result then follows from simple algebra.
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The next result, mainly from [72], relates the reduced distance defined in

(5.18) with the regular distance at time T.

Lemma 5.3.5. Let L,,(x,7) = 47¢,(x, T) then we have.
a. Assume that there exists ki, k, > 0 such that —k,g(t) < S(t) < kog(t) for t € [0,T]
then L,, is smooth amost everywhere and a local Lipschitz function on N x [0, T]. Fur-

thermore,

m 4k
e (x,y) - ST < Ly(x) < P (ry) + T

_ Ly

*[ e 4T
b. DW(W) <0.

c. H(x,t;y,T) = (4nt) ™2™ then h(x,t;y,T) < €, (x, T — 1) .

Proof. a. This follows from the result [72, Lemma 4.1] for general flows.
b. This follows from [72, Lemma 5.15]. The key assumption is the non-

negativity of the quantity,
D(S, X) = (9,SW —AS, — 2|S|2 + 4(V’SU)X] - 2(V]S )X] + 2(RC — S)(X, X)
In our case, applying (5.12) and the second Bianchi identity yields

D(S, X) = 2(Au)* + 4V'(R;; — uiu )X = 2V (S — |[Vul) X’ + 2du ® du(X, X)

= 2(Au)* — 4Au(Vu, X) + 2 (Vu, X)* = 2(Au — (Vu, X))* > 0.

c. We first observe that part a) implies lim._,y L,,(x, 7) = d2(y, x) and, hence,

_LwG)

i ey~ O
since locally Riemannian manifolds look like Euclidean. It follows immediately

from part b) and the maximum principle that,

_Lwkx) _ LwxT-1
e 4t

e 47
H(x,t;yv,T) > = .
B2 1) 2 i = Gn(T =y
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Hence we have,

LW’ 9
hx,t;y,T) < ix D _ (1) = 6, T = D).
T

A direct consequence is the following estimate on the heat kernel.

Lemma 5.3.6. We have [ hH®duy < 3®(y,T), i.e, [ (h— 2)H®duy < 0.

Proof. By lemma 5.3.5 we have

lim sup f hH®duy < lim sup f €, (x, T)HOduy(x)
N N

7—0 -0

&2(x,
< lim sup f ) i ().
N 4T

70

Using Lemma 5.3.2,

d3.(xy)

d2(x, d2(x, T
lim f Tix y)H(I)d,uN(x) = lim f r(6y) e Oduy(x).
N T T

70 0Jn 4T (471"1')"/2

Either by differentiating twice under the integral sign or using these following

identities on Euclidean spaces

© 2 T © 2 1 T
e ™dx= /- and xX2e ™ dx = — [ =,
oo a oo 2a Y a
we obtain

00 00 n—l
f xPe " dx = n(f xze‘“xzdx)(f 6_“x2dx) = i(z)"/z,
R —co0 —oo 2a a

Therefore, .
d5.(x.y)
d2(x,y) e % n
lim -~ ==6
—t At (Arry2 277 %)
and so
d(x,y) e‘@ n
li r __®od = —®®,T).
TI—I}(%IV 4t (4nT)n/? () 2 0. T)
Thus the result follows. O
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Remark 5.3.1. In fact, the equality actually holds (See the proof of Theorem 5.4.2).

Proposition 5.3.7. Let v = ((T — ) QAR —|Vh* +8S,,) + h — n)H then
a. O,y = =2(T - 1)(|S + Hessh — £ + |Au — VuVh[*)H < 0;

b. If po(t) = [, v®duy, then lim,_7 po(t) = 0.

Proof. a. Let g = 2Ah - |Vh? + S, then

H™'ov = =3, + A)rq + h) - 2(V(rq + h), H'VH)

= g =10, + A — (B, + M)h + 27 (Vq, VhY + 2Vh[2.
As H satisfies 0, H = 0, (9, + A)h = =S,, + |VA]> + ££. We compute
@, + A)Ah = A% +2(S, Hess(h)) — 2Au (Viu, VhY + A(Ah)
= A(-Ah + |VH?* =S, + %_ + A(Ah)
+ 2(S,Hess(h)) — 2Au{Vu, Vh)

= A(Vh)* = S,,) + 2(S, Hess(h)) — 2Au{(Vu, Vh),

where we use Lemma 5.1.3.

@, + N)|Vh)? =28(Vh,Vh) + 2 <Vh, V%> + A|VA?

=2(Vh,V(-ah +|Vh[ - 8,))

+28(Vh,Vh) + A|Vh]*.
Recall from (5.12), (8, + A)S,, = 2AS,, + 2|S|* + 2|Aul?*, and

28(Vh, Vh) = 2Rc(Vh, Vh) = 2du ® du(Vh, Vh) = 2Rc(Vh, Vh) = 2(Vu, Vh)?

A|IVh]? = 2Hess(h)* + 2 (Vh, VAh) + 2Rc(Vh, Vh),
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where the second equation is by Bochner’s identity. Combining those above
yields,
(0, + A)g =4(S, Hess(h)) — 4Au (Vu, Vh) + A|Vh[?
—28(Vh,Vh) -2 <Vh, V(-2h + |Vh)* - sw)> +2|S? + 2|Auf?
=4(8S, Hess(h)) — 4Au(Vu, Vhy + 2 (Vh, Vq) + 2Hess(h)*
+ 2SI + 2|Auf* + 2 (Vu, Vh)*
=2|S + Hess(h)|* + 2|Au — (Vu, VhY |* + 2(Vh,Vg).
Thus,
H'ov=q+S$, — VAP — — 5o+ 2VAP
—27(|S + Hess(h)* + 2|Au — (Vu, Vh) [*)

= ~27(|S + Hess(h) - L2y au- VuVhP).
2T

The result follows.

b. IBP yields

polt) = f (AR = VAP +S,) + h = n)H®dpy
N
- f 2eVhV(H®)duy — f 7|V HOduy + f (S, + h — n)H®duy
N N N
= f 7|Vh?H®duy — 27 f VOVhHduy + f (1S, + h — n)HOduy
N N N
= f T|Vh*HOduy — 21 f Ha®duy + f (S, + h — n)H®duy
N N N
= fTIVhlZH(I)d,uN + f hH®duy — 2t f HA®duy + f(TSw —n)HOduy.
N N N N

For the first term, using Lemmas 5.3.3 and 5.3.4 for N X [, 7] to arrive at
—D‘r/3

f IVAPH®duy < (2 + Ci7) f (ln(H( p= —) + C;0)H®dpy

Dt
<@2+Ci7) f(ln C; — ? +h+ CQT)H(Dd,UN,
N
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with Cy, C;, as in Lemma 5.3.4 while C; = 26—1;2

Therefore, applying Lemma 5.3.6,
lin(}( 7|VhPduy + f hH®duy) < 3 f hH®duy +2In C3O(x, T)
=Y JN N N
< (3; +2InC3)D(x, T).

Now we observe that expect for the first 2 terms, the rest approaches —n®(y, T')
as 7 — 0. Thus

lim po (1) < C4®(x, T).
—

Furthermore, since @ is a positive test function satisfying the heat equation

0, = AD, hence,
0,p0(t) = 0, f vOduy = f(DCI)v — oo v)duy = 0. (5.21)
N N
The above conditions imply that there exists @ such that
lim po (1) = a.

Hence lim,o(po(T — 7) — po(T - 3)) = 0. By equation (5.21), part a), and the

mean-value theorem, there exists a sequence 7; — 0 such that

lim Tl-z f (lS + Hessh — 2£|2 + |Au — Vth|2)H(Dd,uN =0.
N T

T,'—>0

Now using standard inequalitites yield,

( f (S + Bh — 22 HOdyay )
N 27;
<( f (S, + 8k — 21 Hbdjuy ) f H®duy)
N 27; N
< (f 7S + Hessh — £|2Hd>d,uN)(f H®duy).
N 27 N
Since lim;,¢ [ HOduy = ®(y,T) < co and [au — VuVh? > 0,

lim | 7S, + Ak — 2i)H<1>d,1N - 0.
Ti

T[—>0 N
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Therefore, by Lemma 5.3.6,
lim po,(1) = lim f (1:(20h — VAP + Sy) + h — n)H®duy
t— — N
—1im [ (ri(ah = [VAP) + h— DY HOduy
t—T N 2
—1im( | (~r;HADduy + f (h - DY HDduy)
t—T N N 2
- f (h — DyHdduy < 0.
2

So @ < 0. To show that equality holds, we proceed by contradiction. Without
loss of generality, we may assume ®(y,T) = 1. Let HD = (4a7r)™"2¢" (that is,
h = h — In ®), then IBP yields,

Vo

(rF

po(t) =Y, (g, u,1, h) + f )—®In (I))Hde. (5.22)

N
By the choice of ® the last term converges to 0 as 7 — 0. So if lim,_,7 pe(?) = @ < 0
then lim,_, u, (g, u, 7) < 0 and, thus, contradictss Lemma 5.2.8. Therefore a = 0.

The result then follows. m|

Now Theorem 5.3.1 follows immediately.

Proof. (Theorem 5.3.1) Recall from inequality (5.21)

0, f vOduy = f(vl:l(I) — o0 v)duy > 0.
N N

By Proposition 5.3.7, lim,_,7 fzv v@duy = 0. Since ® is arbitrary, v < 0. O

5.4 Applications

In this section, we collect some applications of the estimates proved in the pre-

vious sections.
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An immediate consequence is the following LYH-type Harnack estimate.

Corollary 5.4.1. Let (N,g(1)), 0 <t <T,t =T —1t, be a solution to (5.9), along any

smooth curve y(t) in N, we have

1
—0h(y(n),1) < 7 Suv(0). 1) + (0P - h(y(®), 1),

2T - 1)
8:2Vth) < VT(S, + [7®)P).

Proof. As H satisfies O},H = 0,
, N
h, =-S5, —Ah+|Vh|" + —.
2T

Substituting that into 8,a(y(2), 1) = VAy(1) + b, > h, — 3(IVh + [3(1)]*) and applying

v < 0 prove the result. o

The next theorem exposes relations between fundamental solutions and the

reduced distance defined with respect to the same reference point (y, 7).

Theorem 5.4.2. Let (N,g(t)), 0 <t < T,t =T —t, be a solution to (5.9). Let H =
(4nt)™?e™" be a positive fundamental solution of O’ H = O centered at (y,T). If ® is a
positive solution to the heat equation 0, = Ay ®, then the following hold:

a. hix,ly,t) <{,(x,T - 1),

b. lim,_476,(x,7) = d2(y, X),

c. limg [ hH®duy = lim_ [, £,(x, DVH®duy = 50y, T).

Proof. Part a) and b) are proved in Lemma 5.3.5. Part c) follows from Lemma
5.3.6 and the proof of Lemma 5.3.7, where it is shown that equality must hold.

O

Remark 5.4.1. If H satisfies (5.25), then H = He™ satisfies the conjugate heat equation

on (M, gy). However, H is not fundamental because it blows up on the whole fiber over

98



(o, T). That partially explains the following result which is interesting because if H

were a fundamental solution then the limit would be zero.

Corollary 5.4.3. Let ¥ be Perelamn’s P~functional (3.25) and H as above. Let

1 _ —~
vor = (Arr) PR, (5.23)

H

for V(F) denotes the volume of (F, gr). Then lim,_,o ¥(gum, 7,h) = oo.

Proof. We abuse notation here by writing,
W(gm, 7. ) = f ("'(|VE|2 +Sy)+h—n- p)(47TT)_("+”/2e_Ed/,tM,
M

for [ Hduy = V(F).
Let ® = 1 be the constant function in Prop. 5.3.7 then p,(¢) = ¥,,(g, u, 7, h).
By Lemmas 5.2.1 and 5.2.2,

Y(gum, T, E) = V() f (T(SW + |Vh|2) +h—-n—p+pu-— gln(47rr))HduN
N

=V(F)¥Y, (g, u,1,h)+ pV(F) f(u -1- %ln(47rT))Hd,uN.
N

Since lim,_ In(477) = —co, by Lemma 5.3.7, lim,_ ¥(gy, 7, h) = +oo. A direct

calculation yields that,

- 1 —
Y(gu, 7, h) = ﬁ‘P(gM, 7,h) + In(V(F)). (5.24)

Thus the result follows. O

Finally, we state the Harnack inequality translated to the warped product.

Theorem 5.4.4. Let (M, gy (1)), 0 <t <T,t =T —t, be a solution to the Ricci flow and
gu(0) a warped product metric as in (5.1). Let H be a positive, fiber-constant function

on M such that, on N, H = He" = (4nt) "™ is the fundamental solution of

o,H + pVuVH =0 (5.25)
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centered at (y,T). If v = (v(2Ah — VA +S,) + h = n)H, then, for all 0 < T < T, v < 0.

Proof. By the diffeomorphism discussed in Section 2, the result follow from The-
orem 5.3.1. Note that if, with respect to (5.9), ® (H) is a positive function satisfy-
ing the equation 9,® = Ay® (O0;,H = 0) then pulling back by the diffeomorphism,

with respect to (5.8),

0D = AN + pVuVO = A, O,

0,H=-AyH+S —wH + pVuVH.
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CHAPTER 6
CONDITIONS TO EXTEND THE RICCI FLOW

This chapter describes a joint work with X. Cao [27] examining conditions
related to the first finite singularity time. In particular, we provide a systematic
approach to the mean value inequality method, suggested by N. Le [63] and F.
He [59]. We also display a close connection between this method and time slice

analysis as in [97].

It was first shown by Hamilton that [R| must blow up approaching the first
finite singular time (Theorem 3.1.1). More recently, by using an application of
the non-collapsing result of Perelman (Section 3.4), Sesum was able to prove that
if |[Rc| is bounded then the flow can be extended [90]. Since then, the obvious
generalized question of whether the scalar curvature must behave similarly has
received extensive attention. It is still open but considerable progress has been
made: the Type I case is resolved by J. Ender, R. Muller and P. Topping [42],
also independently by Q. Zhang and the X. Cao in [30, 24], while the Kdhler
case is solved by Z. Zhang [102]. There are various other relevant results such
as estimates relating the scalar curvature and the Weyl tensor [24], compara-
ble growth rates of different components of the curvature tensor [97], [96], and

integral conditions by Le and Sesum [64].

It is interesting that elementary but clever analytical techniques proved fruit-
ful to study this problem. Following the mean value inequality trick of Le [63]
for the mean curvature flow, F. He developed a logarithmic-improvement con-
dition for the Ricci flow [59]. Our contribution is to provide a more systematic
treatment of the mean value inequality method and to find a close connection

to the time slice analysis method suggested by B. Wang [97]. Then we apply our
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analysis to a particular context of Ricci flow with a uniform-growth condition

defined below.
For the rest of this chapter, we will use the following notation:
Q(r) = sup [R|, P(r) = sup [Re|, O(#) = sup [S].
Mx{t} Mx{t} Mx{t}
Our first theorem gives a logarithmic-improvement condition relating the Ricci

curvature and the Riemannian curvature tensor (in comparison, the logarithmic

result in [59] involves a double integral of just the Riemannian curvature).

Theorem 6.0.5. Let (M, g(t)), t € [0,T), be a Ricci flow solution on M. If for some

0 < p <1, we have
T
Ldl’ < 00,
o (n(l + Q())?

then the solution can be extended past time T.

Since we are interested in the behavior of the scalar curvature at a singular

time, this motivates the following definition.

Definition 6.0.6. A Ricci flow solution on a closed manifold is said to satisfy the
uniform-growth condition if it develops a singularity in finite time, and any singular-
ity model obtained by parabolic rescaling at the scale of the maximum curvature tensor

must has non-flat scalar curvature.

Under the Ricci flow, the uniform-growth condition generalizes both Type
I and (non-flat) nonnegative isotropic curvature (NIC) conditions. Combining
the above mean value inequality method with the uniform-growth condition

yields the following logarithmic-improvement result.
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Theorem 6.0.7. Let (M, g(1)), t € [0, T), be a Ricci flow solution satisfying the uniform-

growth condition on M. If for some 0 < p < 1, we have

|S|n/2+1
f f an (1 + Sy Har <o (61)

then the solution can be extended past time T.

The organization is as follows. In Section 2, we recover a result of [59] by
elementary continuity analysis. Section 3 discuss mean value inequalities and
provide the proof of Theorem 6.0.5. Section 4 displays a close connection to the
time-slice analysis and thus gives another proof of the above result as well as
some independent estimates. In Section 5 we apply our method to the context

of nonnegative isotropic curvature and its generalization.

6.1 Continuity Analysis

This section is to prove the following result:

Theorem 6.1.1. Let (M, g(z)), 0 < t < T < oo be a solution to the Ricci flow. If

F(x) = fOT IRc|(x, t)dt is continuous on M then the solution can be extended past time T.
Remark 6.1.1. The result is also proved in [59] using the Sobolev machinery.

Let H (1, 1) = ft :2 IRc|(x, H)dt. H is uniformly continuous if for any € > 0, there
exists 6 > 0 such thatif |t, — 11| < § then H.(t;,1,) <€, Yx € M.

Lemma 6.1.2. H is uniformly continuous under one of those assumptions:
a. [ P(t)dt < C.

b. F(x) = fOT IRc|(x, 1)dr is continuous on M

103



Proof. a. Since fOT P(#)dt is finite, we can choose 1 such that H(t,T) < € for all
n<tlfn<t <t <T then obviously, H(t;,t;) < €. Letc = max, e, |P(¢)] and

choose 6 < min{7, £} then the result follows.

b. Let ¥ (x,1) = fot IRc|(x, H)dt. By the assumption and M is closed and T finite,

¥ is uniformly continuous on M X [0, T]. The argument carries over. o
Remark 6.1.2. Is it possible to replace fOT P(t)dt by fOT IRe(1)ldt at any point in M?

Lemma 6.1.3. Let (M, g(1)), 0 < t < T < oo be a solution to the Ricci flow. If H is

uniformly continuous then g(t) is uniformly continuous.

Proof. For any x € M and any V € T.M we have:

g(x, )(V, V) |ft2 9:8(x, (V, V)

1
S AT} PR AN

15}
<2 f IRel(x, 1) = H\(t1, 1).
1

We are ready to prove the main theorem.

Proof. (of Theorem 6.1.1) The proof is modeled after that of [38, Theorem 6.40].
By Lemmas 6.1.2 and 6.1.3, the metric is uniformly continuous. Thus the same
argument as in the aforementioned reference would apply if we can show that
the singularity model is Ricci flat.

If T is the singular time then by Theorem 3.1.1, there exist a sequence t; — T,
Q; = maxy |R(x,1;)] = oco. We dilate the solution by g;(1) = Q;g(t; + Qij). Then

= L L4 L
IRcl;(x,2) = Qj|RC|()C, ti+ Q,) and therefore,

0 R
f IRc;|(x, 1)dt = f R ) as
-1 -5

Qj
1j
= f |Rc|(x, s)ds
fo L

]Qj

104



Since Q; — oo, t;— é — T. Asin Lemma 6.1.2, ¥ (x,t) = fot IRcl|(x, H)dt is uniformly
continuous on M X [0, T']. Therefore, the last integral above is approaching zero
as j — oo. By the convergence theory (see 3.3.14), f_ 0] IRClo(x, £)dt = 0 and the

solution is Ricci flat. The result then follows. O

Remark 6.1.3. Let (S", go) be the space form of constant sectional curvature 1. The

Ricci flow has the solution g(t) = (1 —=2(n— 1)t)g(0) with T = Z(nl— i) is the first singular

time. The family g(t) is not uniformly continuous because

2(n = Dt - 1o
1 -2(n- 1

lg(11) = &(t0)lgwry) = 2(n = DIty = 10[18(0)lgry) = 18(0)lgc0)-

6.2 Mean Value Inequalities

In this section, we describe the method of mean value inequalities to study con-
ditions to extend the Ricci flow. The key idea is to generalize a simple but clever
trick from [63] which involves an integral with a carefully chosen weight func-
tion. The conclusion is that, regarding the blow-up behavior, the weight func-

tion does not really matter.

Lemma 6.2.1. Let f,G : [0,T) — [0, o) be continuous functions and  : [0, c0) —

[0, c0) be a non-decreasing function such that
——ds = oo. (6.2)

If there is a mean value inequality of the form
JO <G fot Y(f(sNG(s)ds + Cy = h(r) (6.3)

and fOT G(t)dt < oo, then lim sup,_,; f(t) < .
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Proof. Forany T, < T,

To To
C,G(tdrt =
fo N AT

h(To) 1
= —d 1 ts="h , ds = h/ d
fh«)) Y(f(h=1(s))) s (let s = (), ds (H)dt)

h(To) 1
> f —ds.
noy W)

The last inequality is because of f(¢) < h(t). If fOT CG(t)dt < oo, then by the choice

Cp(f(0))G(n)dr

of ¥, h(T)) < C < co. Now by the mean value inequality, f(T) < h(T,) < C. Since

T, is arbitrary, sup, 1, f < C < oo. o

Next, we will establish a mean value inequality connecting Q(t) and P(z).

Lemma 6.2.2. Let (M, k, Cy) = {g(®It € [0, 11, g(¢) is k-noncollapsed, Q(0) < Co} be a
set of complete Ricci flow solutions on M". Then there exists a constant C = C(n, k, Co)

such that for any g(t) € X,

1
sup Q(f) < C f O()P(1)dt + 32C,. (6.4)
0

[0.1]

Proof. The proof is by contradiction. Suppose that the statement is false then

there exists a sequence of g;(f) € £ and a; — co such that

1
sup Q;(t) > al-f O:(0HP;(t)dr + 32C,.
0

[0,1]
Let Q; = supy Qi(t) then we can find (x;,#;) such that Q; is attained. Since
Q; > 32C, there exists t;) being the first time backward such that Qi(y) = %Qi.
Consequently, for t € [y, %], 32Cy < Q; < 20;(t), Qi(tp) > 16C, and by Lemma

1
312, tio > Tocy

Claim: There exists a constant € = €(n, «) such that the following holds: for

any to > 0, D > max{1/t, maxo,; Q}, let ; > 1y be the first time, if exists, such that
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O(t)) = D, and t, > t; be the first time, if exists, such that | In(Q(t,)/O(t;))| = In2,

15}
f P()dt > .
13

Proof of claim: This is essentially just a restatement of [97, Lemma 3.2]. If there

then

are no such 1, 1, the statement is vacuously true. If they exist then we dilate the
solution by g(¢) = Dg(t; + t/D) then g(¢) satisfies the condition of the aforemen-

tioned result and the claim follows after rescaling back.

Applying the claim above yields

1
f Pi(t)dt > . (6.5)
tio
Thus,
1
0> 32Cy + Cl,‘f Qi(l)Pi(l)dl > 32C, + a;16Ce. (66)
tio
On the other hand,
1 1
0, f Pidr <2 f 0.(1)P (o)dr
tio tio
1
<2 f () P.(1)dt
0
< 2Qi - 32C0,
a;
hence

i 2 0, -32C
f Pi(H)dt < 20 =326 0,
tio ai Qi

the last limit follows from (6.6) and a@; — co. This is in contradiction with (6.5),

so the lemma follows. O

We are now in the position to state our mean value inequality.
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Proposition 6.2.3. Let (M, g(1)), 0 <t < T, be a Ricci flow solution. There exist:

Co = Co(n, k, (0)),

C = 320(0),

such that,

sup Q < Cof O(u)P(u)du + C,. (6.7)
0

[0.1]

Proof. For t € [0 ) the statement is true by Lemma 3.1.2. For any ¢ €

1
> 160(0)

[m , T) define

1
8(s) = ~g(19), s €0, 1],

0(s) = 1Q(5).

Since the non-collapsing constant is a scaling invariant, Lemma 6.2.2 yields

1
sup O < Cy f Q(s)P(s)ds + 320(0),
0

[0.1]

suptQ < Cot f Ow)P(u)du + 32tQ(0) (u = ts),
0

[0.1]

sup Q < Cy f Q) P(u)du + 320(0).
0

[0.1]

Now we can finish the proof of Theorem 6.0.5.

Proof. (Theorem 6.0.5) First observe that if T is the first singular time then
lim Q(7) = oo
t—T

by Theorem 3.1.1. Now applying Lemma 6.2.1 with the function ¢(s) = sIn(1 +
s)?,0 < p <1 (it is easy to check that it is nondecreasing and floo Lﬁds = o0) and

Proposition 6.2.3 yields the result. o
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6.3 Time Slice Approach

In the last section, the essential ingredient to obtain the mean value inequality
relating Q(f) and P(¢) is the estimate in Lemma 6.2.2. That result points out that,
when the curvature doubles, the integral of the maximum of the Ricci tensor
norm is bounded below by a universal constant. It turns out that using the time
slice analysis, we can deduce similar results in a slightly different manner. To
be more precise, the logarithmic quantity and /n( fOT P(t)dt) blow up together at
the first singular time. We shall also derive some other results which might be

of independent interest.

For a Ricci flow solution developing a finite time singularity, let s; be the first

time such that Q(s;) = 2**Q(0). Then by Lemma 3.1.2,

1 1
S > S;i+ —— =5;+ .
+ 160(s;) 80(si+1)

6.8)

Lemma 6.3.1. Let (M, g(2)), t € [0, T), be a maximal k-noncollapsed Ricci flow solution
on M . Then

sup O(s) < 24 b PO 16000, 6.9)
[0,¢]

where ¢ is the constant from the claim of Lemma 6.2.2.

Proof. The result can be deduced directly from [97, Theorem 3.1]. For complete-

ness, we provide a proof here. From the claim in Lemma 6.2.2, we have

f POt > e

Let N be the largest interger such that sy < ¢ then

Ne < fﬁN P(s)ds < f P(s)ds,

K0 0
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hence

1 !
N < —f P(s)ds.
€ Jo

Thus it follows that

sup O(s) < 2V*1160(0) < 2 b9 160(0).
[0,7]

Next we derive a mean value type inequality using the time slice argument.

Theorem 6.3.2. Let (M, g(1)), t € [0, T), be a maximal k-noncollapsed Ricci flow solu-

tion on M. Furthermore, let
In2 (™
G(u) = In(160(0)) + 2In2 + — | P(s)ds.
€ Jo

Then for 0 < p < 1, we have

! P(s)

MEOT= L, G o

s+ C,, (610)
where C, > 0 only depends on €, C, > 0 depends on € and Q(0).

Proof. First, without loss of generality, let QO = sup,,; O(s) > 2 and observe that
for0<p<l,

(In(1 + O(s)))” <In(1 + Q(s)) < In(1 + Q).

Applying Lemma 6.3.1,

1+0< 2% f(;P(s)ds+216Q(0)’

In(1 + Q) < In(160Q(0)) +21n2 + lz—z f P(s)ds.
0 0
Since G(u) = In(160(0)) +21n2 + In2 [ P(s)ds, we have

In2
G'(s) = —ZP(s) > 0,
€
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and

G(s) > (In(1 + Q(5)))".
Therefore,
In2 [ P(s) ft G'(s)
—_— — ds > ds
& Jo (In(1+ O(s)))? o G(9)
= In G(¢) — In G(0).
The statement now follows immediately. O

Remark 6.3.1. Theorem 6.0.5 now follows from Theorem 6.3.2 and the fact that
T . . .
fo P(s)ds needs to blow up at the first singular time T [97].
Next we apply the same method to a slightly different setting.

Lemma 6.3.3. Let (M, g(2)), t € [0, T), be a maximal k-noncollapsed Ricci flow solution

on M. Then there exists a constant C = C(Q(0), k), such that

Si+1
O(siv1) < Cf f |R|7+2dug(s)ds, (6.11)
Si M
and thus

1 Si+1 "
=< f f IRI> dpgds. (6.12)
C Si M

Proof. Suppose that the statement is false then as j — oo, there exist 5;, — T and

a; — oo, such that

Sij+]
242
ajf f IRI"**2du,ds < O(si;+1)-
Si. M
J

Therefore, we can choose a blow-up sequence (x;, 5;,+1) and rescale (see Section

3.3 to obtain a singularity model (M, g (), Xo) With |[Re(Xe, 0)] = 1.
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On the other hand, due to (6.8),

1 Sij+1 0y
f f IR(g,; (D)) g ndt = f IR(($)I> dpydss
1/8

Q(sl,+1) Sijo1- wﬁ -
51+1 )
< R duyod
<sl+1)f f' (B dptgcods
g——>0
aj

Hence, the limit solution is flat, a contradiction. The second statement follows

from the first immediately. m|

Note that Lemma 6.3.3 involves a time slice estimate similar in the spirit of
the claim in Lemma 6.2.2 and, thus, applying the same method as before yields
the following results. The proofs are omitted as they are almost identical to

those of Lemma 6.3.1 and Theorem 6.3.2.

Proposition 6.3.4. Let (M, g(t)), t € [0,T), be a maximal k-noncollapsed Ricci flow

solution on M. Then

sup O(s) < 26k Ju R dwds+ 1160, (6.13)
[0,¢]

Theorem 6.3.5. Let (M, g(1)), t € [0,T), be a maximal k-noncollapsed Ricci flow solu-

tion on M. Let

G(u) = In(160(0)) + 21n2 + C1n2 f f IR|3 dpay o ds.
0 M

Then for 0 < p < 1, we have

! 2+1
IR|2
1 < ——————duyod 14
n(G(t)) < C, j(; fM (Lt R)7 Ueyds + Ca, (6.14)

where Cy > 0 and C, only depend on k and Q(0).

Remark 6.3.2. It is shown in [96] that the function G(t) must blow up as t approaches
the first singular time. Therefore, Theorem 6.3.5 implies [59, Theorem 1.6].
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6.4 Nonnegative Isotropic Curvature Condition

The notion of nonnegative isotropic curvature (NIC) was first introduced by M.
Micallef and J. D. Moore in [70]. A Riemannian manifold M of dimension n > 4
is said to have nonnegative isotropic curvature if for every orthonormal 4-frame

{e1, es,e3,e4}, that
Ri313 + Rig14 + Ro3o3 + Roans — 2Ry234 > 0.

The positive condition is defined similarly by replacing the above with a strict
inequality. The isotropic curvature is also related to complex sectional curva-
tures described as follows. For each p € M, let TlfM = T,M ®g C, then the

Riemannian metric g extends naturally to a complex bilinear form
g:TsMXTSM — C,
and so is the Riemannian curvature tensor R to a complex multilinear form
R:TyMXTyMXTSMXTsM — C.
Then M has NIC if and only if,
R(6,7.6,7) > 0

for all (complex) vectors 6, n satisfying g(6,6) = g(n,n) = g@,n) = 0 (such a
plane spanned by 6 and n is called an isotropic plane, for more details, see [11]).
Furthermore, this NIC condition is implied by several other commonly used
curvature conditions, such as nonnegative curvature operator or point-wise 1-
pinched sectional curvature conditions, and it implies nonnegative scalar cur-

vature. For more details, see [70] or [11].

113



Another interesting and relevant fact is that this condition is preserved along
the Ricci flow. In dimension 4, it was proved by Hamilton [57]; higher di-
mension analog was extended by S. Brendle and R. Schoen [13] and also by
H. Nguyen [76] independently. Using minimal surface technique, Micallef and
Moore [70] showed that any compact, simply connected manifold with posi-
tive isotropic curvature is homeomorphic to §”. By utilizing the Ricci flow and
the aforementioned perseverance, Brendle and Schoen further proved the Dif-
ferentiable Sphere theorem, which has been a long time conjecture since the
(topological) ;-pinched Sphere theorem was proved by M. Berger [5] and W.
Klingenberg [61] around 60’s. More precisely, Brendle and Schoen showed that
any compact Riemannian manifold with point-wise i-pinched sectional curva-

ture is diffeomorphic to a spherical space form [13].

In this section, we apply our analysis to the context of non-flat manifolds
with NIC or, slightly more generally, satisfying the uniform-growth assump-
tion as in Definition 6.0.6. Let’s first recall the definition of flag curvature and

Berger’s Lemma.

Definition 6.4.1. Given a unit vector e, the flag curvature on the direction e is a sym-
metric bilinear form on V, = e* (the perpendicular compliment of e in V = R") given by

R.(X,X) =R(e,X,e,X) forany X € V,.

We further define p, = supjy_yj=1 <x.y>=0 (Re(X, X) = R.(¥,¥)) and p = sup, p..

Remark 6.4.1. It is clear that p is no more than the difference between the maximum

and minimum of sectional curvatures at each point.

Lemma 6.4.2 (Berger [6]). For orthonormal vectors U, V, X, W in T ,M, we have
a) R(U,V,U,W)| < 1py,

b) IR(U,V, X, W)| < %pU+X + épU—X + %pU+W + épU—W < %P'
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It is well-known [70, 71, 80] that in dimension four, NIC is equivalent to the
non-negativity of the Weitzenbock operator as in Subsection 2.3.3. The follow-
ing result is well-known, for example, see [89] or [11, Prop. 7.3]. We'll provide

a proof for completeness.

Lemma 6.4.3. Let (M", g), n > 4, be a Riemannian manifold with NIC then |R| < c(n)S.

Proof. We have
Rikik + Riiit + Rjje + Rjjp > 0,
Rii + Rjj > 2Rijij’

n—-4HR; +S > 0.

Thus,
S
R > oA
Ri=S—-3.R;<S+(n- 1)% = ¢S,
R;jij < %(Rii +Rj) < ¢S,
R;jij =2 =3¢S,
Now by Lemma 6.4.2,
IRijiel < 2¢18, (6.15)
IRl < 2615- (6.16)

Thus, there exists a constant c¢(n) such that

R| < ¢(n)|S|.

A direct consequence of the above lemma is the following proposition.
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Proposition 6.4.4. Let (M, g(1)), t € [0, T), be a maximal Ricci flow solution with NIC,

then there exists ¢ = c(n, g(0)) such that |R| < ¢S along the flow.

Proof. 1f n > 4 then the result follows from part b) of Lemma 6.4.3.

If n = 4, then by the pinching estimate of [24] and Lemma 2.3 .4,

g
Rel < 1(m,8(00) + ex(m) sup \/ <c1+c2w/
S MX[0,T)

Furthermore, [R|> = [W]> + 5 + 2|Rc]?, the result follows. ]

Remark 6.4.2. One easy consequence is that a non-flat Ricci flow solution on a closed

manifold with NIC satisfies the uniform-growth condition as in Definition 6.0.6.

Theorem 6.4.5. Let (M, g(1)), t € [0, T'), be a Ricci flow solution satisfying the uniform-

growth condition. If either

f IS|"dptgr) < o0, for some a > n/2,
M

or
T n

f f IS|"dptgdt < oo for some @ > = + 1,
0o Jm 2

then the solution can be extended past time T.

Proof. First we observe that, by Holder inequality, for the second condition, it

suffices to prove the case @ = 5 + 1.

The proof is by a contradiction argument. Suppose the flow develops a sin-
gularity at time 7 then we carry a point-picking and rescaling procedure de-

scribed in Section 3.3 to obtain a singularity model (M., g-($), Xoo) With

IReo(eos O)] = 1. 6.17)
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Recalling the scaling property of S, we calculate:

f 1SN dptgy) = f 07 I1S(8 (I O} Py
M M
= Qig_af IS|"dug) — 0 asi — oo.
M

In the second case, we have:

0 1 0 ; ;
f f IS(ai(sNIF dptg o ds = f | f 018 (0IF O dpuy Qi
-1JIM li—g: YM

Qi

ti
= f 1 f |S(8(1)|%+ldug(;)dt —0asi— oo.
ti— 5 M

[9

By the dominating convergence theorem, the singularity model (M, go(5), X0)

is scalar flat, which is a contradiction to our uniform-growth condition. o

Applying Lemma 6.2.1 in this context, we obtain the following lemma.

Lemma 6.4.6. Let (M, g(2)), t € [0, T), be a Ricci flow solution satisfying the uniform-

growth condition. Suppose ¢ : (0, 00) — (0, o) is a nondecreasing function such that
——ds = co. (6.18)
If there is a mean value inequality of the form
o) < fo t C1(O(5))G(s)ds + Ca = h(?), (6.19)
and fOT G(t)dt < oo, then the solution can be extended past time T.
Proof. 1f T is a first singular time then, by Theorem 3.1.1, lim,,7 Q(¢) = co. The
uniform-growth condition implies that the curvature tensor and the scalar cur-

vature blow up together. Applying Lemma 6.2.1 we obtain a contradiction,

hence the result holds. O

We are ready to state a mean value inequality.

117



Lemma 6.4.7. Let (M, g(1)), t € [0,T), be a maximal Ricci flow solution satisfying the
uniform-growth condition. Then the following mean value inequality holds: there exists

Cy = Ci(n, g(0)) and C, such that,

!
sup 01 < Co [ IS(" i + €, (6.20)
[0,1] 0 JM

forallt<T.

Proof. First we observe that there is a constant ¢o(n) such that [S|(x, ) < coR|(x, 7).

Also by Lemma 3.1.2, if 7 < 175~ then

O(t) < coQ(t) < 2¢00(0). (6.21)

Let C, = 2¢9Q(0). Suppose the statement is false then there exist sequences t; = T

and a; — oo such that

1
a; f f IS 2 dpagcyds + 2o Q(0) < sup O(t) < cq sup Q(1).
0 M [0,#] [0,#]

Let Q; = supy,, Q(?) then there exist x;, #; — T such that Q; = [R(x;, 7).
Now we can invoke a convergence process again to obtain a singularity model

(Moo, 8oo(1), X0), t € [—00,0], with R (X, 0)] = 1.

On the other hand, we have

0 1 7
ffmmwm%mw—f‘ﬂmww%m
-1JIM Qi f,-—Qil_ M

< coQ; — 2¢oQ(0) .
B a;Q;

Thus, by the dominating convergence theorem, the limit solution is scalar flat,

0.

which is a contradiction to the uniform-growth condition. o

Proof. (Theorem 6.0.7) Applying Lemma 6.4.6 with the function y(s) = sIn(1 +
s)?,0 < p <1 (it is easy to check that it is nondecreasing and flw ﬁds = o0) and

Lemma 6.4.7 yields the result. m|
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CHAPTER 7
THE WEYL TENSOR OF A GRADIENT RICCI SOLITON

As the major obstruction to understand GRS in higher dimensions is the non-
triviality of the Weyl tensor, this chapter is devoted to studying the delicate role
of the Weyl tensor within a gradient soliton structure. This is joint work with X.

Cao [26].

In particular, we derive several new identities on the Weyl tensor of GRS in
dimension four. In the first part, we prove the following Bochner-Weitzenbock
type formula for the norm of the self-dual Weyl tensor using flow equations and

some ideas related to Einstein manifolds.

Theorem 7.0.8. Let (M, g, f, A) be a four-dimensional GRS. Then we have the following

Bochner-Weitzenbock formula:
AfW*P =2]VWH + 4AW*? = 36detW* — (Rc o Re, W)

=2|VW*? + 4AW*|* — 36detW* — (Hessf o Hessf, W") . (7.1)

It potentially has several applications and we will present a couple of them
in Section 7.2 including a gap theorem. More precisely, if the GRS is not locally
conformally flat and the divergence of the Weyl tensor is relatively small, then
the L,-norm of the Weyl tensor is bounded below by a topological constant (cf.
Theorem 7.2.1). The proof, in a similar manner to that of [48], uses some ideas

from the solution to the Yamabe problem.

In the second part, we are mostly concerned with the interaction of different
curvature components, gradient and Hessian of the potential function. In par-
ticular, an interesting connection is illustrated by the following integration by

parts formula.
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Theorem 7.0.9. Let (M, g, f, A) be a closed GRS. Then we have the following identity:

f(W,RcoRc)zf(W,HessfoHessf):fW(Hessf,Hessf):fWijklf,'kfﬂ
M M M M

_ | f (6W, (n —4)M + (n - 2)P). (7.2)
n-3Jy

In particular, in dimension four, the identity becomes

f (W,RcoRc) =4 f oW/ (7.3)
M M

Remark 7.0.3. For definitions of M and P, see Section 7.3. In dimension four, the
statement also holds if replacing W by W=, see Corollary 7.3.8. This result exposes the
intriquing interaction between the Weyl tensor and the potential function fon a GRS. It
will be interesting to extend those identities to a (possibly non-compact) smooth metric

measure space or generalized Einstein manifold.

The interactions of various curvature components and the soliton potential
function can be applied to study the classification problem. For example, Theo-
rem 7.4.1 asserts rigidity of the Ricci curvature tensor in dimension four. More
precisely, if the Ricci tensor at each point has at most two eigenvalues with mul-
tiplicity one and three, then any such closed GRS must be rigid. It is interesting
to compare this result with classical classification results of the Codazzi ten-
sor, which requires both distribution of eigenvalues and information on the first

derivative (see [8, Chapter 16, Section C]).

This rest of the chapter is organized as follows. Section 7.1 provides a
proof of Theorem 7.0.8 and Section 7.2 gives immediate applications of the new
Bochner-Weitzenbock type formula. In Section 7.3, we first discuss a general
framework to study the interaction of different components of the curvature
with the potential function, and then prove Theorem 7.0.9. Then, in the last

Section, we apply our framework to obtain various rigidity results.
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7.1 Bochner-Weitzenbock Formula

In this section, we prove Theorem 7.0.8, a new Bochner-Weitzenbock formula
for the Weyl tensor of GRS’s, which generalizes the one for Einstein manifolds.
Bochner-Weitzenbock formulas have been proven a powerful tool to find con-
nections between topology and geometry with certain curvature conditions (for

example, see [47, 83, 99]).

Particularly, in dimension four, if W* = 0 (this contains all Einstein mani-

folds), we have the following well-known formula (see [8, 16.73]),
AW = 2]VWT P + SIW*? — 36detW™. (7.4)

This equation plays a crucial role to obtain a L,-gap theorem of the Weyl tensor

and to study the classification problem of Einstein manifolds (cf. [48, 49, 101]).

Our first technical lemma gives a formula of A;W in a local frame. Also it is

noticed that the Einstein summation convention is used repeatedly here.

Lemma 7.1.1. Let (M, g, f, ) be a GRS and {e;}_, be a local normal frame, then the

following holds,

AWijg =2AW;ji — 2(Cijig — Cijie + Cixjt = Cirjr)

g"(Rc;pReg i — RejpRe 8k + Rej,Re g — RejpReggin)

(n—2)?
2S
+ (n—2) (Reigji — Reagje + Rejigie — Rejugin) (7.5)
2 2(S* — |Rcl)

- nTZ(Rikle - R;Ry) - m(gikgﬂ — &g k)

here Ciji; = 878" W iy W giiq.
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Proof. First, as in Section 3.5, a GRS can be realized as a self-similar solution to
the Ricci flow via ¢(x, 1), a family of diffeomorphisms generated by, for 7(r) =
1 - 241, X = 1Vf. In particular, W(r) = 7¢*W. Let p be a point in M and {e;}%,
be a basis of T,M, and we obtain a local normal frame via extending ¢; to a
neighborhood by parallel translation along geodesics with respect to g(0). We
observe, at that chosen point,

ditw(t)ijkl li=0= (%np*w)ijkl li=0= _Z;Wijkl + (Lvy W) ju- (7.6)

Furthermore,

LyWiju =Vf(Wijiu) = W([Vf, el ej e, e)) —We, [Vf,ejl,, ek e)

- Wei,e;, [Vf el e) —W(ei e, e, [Vf,el). (7.7)
We calculate that
W([Vf, el ej er,e)) =W(Vyre; — V., Vf, e, er,e)) = —-W(V, V[, e e e).
By the soliton structure, V,,V f = —Rc(e;, .) + Ag(e;, .). Thus,

W([Vf’ ei]’ ej7 €L, el) = _W(/lei - Rc(ei)a eja €k, el)

= _/lWijkl + gquCiqujkl- (78)
Combining (7.6),(7.7), and (7.8) we obtain,

d
EW(Z),' ikt 1=0=V f(Wijr) + 2AW 1y

- gpq(RCiqujkl + chpwiqkl + RCka,'qu + RCiqujkl).

Now, in combination with (3.9), the result follows. ]

In dimension four, we obtain simplification due to the special structure given

by the Hodge operator. That gives the proof of the first main theorem.
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Proof. (Theorem 7.0.8) We observe that,
(W5 AW = (W5 AWT) — (W*, Vg, W)
= (W', AW*) — %va|w+|2.
Therefore,
AfIWHP = AIW* P = Vg (W = 2(W*, A/W*) + 2 VWP,

To calculate the first term of the right hand side, we use the normal form of

the Weyl tensor (2.14). As usual, a local normal frame is obtained by parallel

3

translation along geodesic lines. Then (2.11) gives a basis of eigenvectors {a;};_,

of W* with corresponding eigenvalues A; = a; + b;. Consequently,
(WHAW) = > WA W (@, @), (7.9)

In order to use Lemma 7.1.1, it is necessary to calculate the C;;; terms. By the

normal form, we have

Ciaia = aj + b3 + b3, Ci23s = —2a,bs,
Ci21 = —=2byb;, Ci43 = 2a, by,
Cii = 2azas, Ci324 = 2a2bs3,
Ci21 = —2b,bs, Claz = —2asbs.

Thus,

AyW 212 =24a; — 2(a; + b} + 2asas + 2babs)

1 S
— E Z(Rc%p + RC%p) + E(RC“ + Rcyp)
p

1
— (RepRyy — RC%z) - 8(52 - |RC|2),

AfW1234 :2/lb1 - 4(611b1 + Clzbg + Cl3b2) + (RC13R024 - RC23RC14).
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Therefore,
1
AWy, ) = 220, = 247 — 44,05 — E(|Rc|2 -SH-Ty, (7.10)
in which,

2T

[

=Rc 1Ry + RejsReyy + 2Re3Rep4 — RC%Z —2Rcp3Rey4 — RC§4

=(Rc o Rc)(ay, ay).
Similar calculations hold when replacing @, by a», a3,
AW (@2, @y) =205 — 245 — 42,25 — %(IRCIZ -5H - %Rc oRc(a, ay),  (7.11)
AW (s, 3) =243 — 245 — 4,2, — 11—2(|Rc|2 -5 - %Rc oRc(as, a3). (7.12)
Combining (7.9), (7.10), (7.11), (7.12) yields,
(W, A/W*) =20[W* [ — 18detW* - Z T:A;
=2A|W** — 18detW" — % (Rc o Rc, WH).

The first equality then follows. The second equality comes from the soliton

equation, the property that W* is trace-free and Remark 3.5.2. o

7.2 Applications of the Bochner-Weitzenbéck Formula

This section presents some applications of the Bochner-Weitzenbock formula.

7.2.1 A Gap Theorem for the Weyl Tensor

In [48], under the assumptions W* # 0, SW* = 0, and the positivity of the Yam-

abe constant, M. Gursky proves the following inequality, relating [[W*||;, with
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topological invariants of a closed four-manifold,
+12 4 2
f IW* Py 2 27 (2(M) + 37(M)). (7.13)
M

Our main result here is to prove an analog for GRS’s. It is noted that the partic-
ular structure of GRS allows us to relax the harmonic self-dual condition at the

expense of a worse coefficient due to the lack of an improved Kato’s inequality.

Theorem 7.2.1. Let (M, g, f, ) be a closed four-dimensional shrinking GRS with
+ 2 +12
(W™, Hessf o Hessf) < 3 SIW*5, (7.14)
M
then, unless W* = 0,
+12 4 2
f IW*Pdu > (M) + 37(M)). (7.15)
M

Remark 7.2.1. By Corollary 7.3.8, assumption (7.14) is equivalent to

S
f|5w+|zsfg|w+|2.

To prove Theorem 7.2.1, we follow an idea of [48] and introduce a Yamabe-

type conformal invariant. First, the conformal Laplacian is given by,
L=-6A+S.
Furthermore, we define that

F,, =aS — b|W™|,

La,b = - 6aAg + Fa,b =alL - bW*,

where a and b are constants to be determined later. Under a conformal transfor-
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mation as described in Section 2.5, for any function ®, we have

L(®) =u"L(Du),
Za,th :u73La,h((Du)’

Fop =u=3(=6aA, + Fyp)u,

f Fopdfi = f u(=6ah, + Fop)udu
M M
-,

(F o pt® + 6a|Vul*)dpu.

The Yamabe problem is, for a given Riemannian manifold (M, g), to find a
constant scalar curvature metric in its conformal class [g]. That is equivalent to
find a critical point of the following functional, for any C? positive function u,

let § = u?g, define B
 u,Luy, fM Sdp

2
I,

8

a
=l

Then the conformal invariant Y is defined as
Y(M,[g]) = inf{Y,[u]: uis a positive C? function on M}.

For an expository account on the Yamabe problem, see [65].

As F,;, conformally transforms like the scalar curvature, in analogy with the

discussion above, we can define the following conformal invariant.

Definition 7.2.2. Given a Riemannian manifold (M, g), define
Yus(M, [g]) = inf{(¥,,)[ul: u is a positive C* function on M},

where

_ <M’La,bu>L2 _ fM deﬁ

(?a,b)g[u] - P
e, [ &
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For the case of interest, we shall denote

F=F 4 =S—-6VoIW*,

V(M) =Y, ¢ 5(M, [g]),
when the context is clear. First we observe the following simple inequality.

Lemma 7.2.3. Let (M", g) be a closed n-dimensional Riemannian manifold which is not

locally conformally flat, and (S", gs1) be the sphere with standard metric. Then

Y(M,[g]) < Y(M,[g]) < Y(S",[gsa]) = Y(S", [gsa))- (7.16)

Proof. The first inequality follows from the definition and the following obser-

vation. Given a metric g, a positive function u and » > 0, then

(u, Luyp, = Cu, Ly puy,, = f BIW*u*dp > 0.
M

The second inequality is a result of T. Aubin [3] and R. Schoen [88]. The last
inequality is an immediate consequence of the fact that the standard metric on

S" is locally conformally flat (W = 0). o

On a complete gradient shrinking soliton, the scalar curvature is positive un-
less the soliton is isometric to the flat Euclidean space [86]. Therefore, if the GRS
is not flat then the existence of a solution to the Yamabe problem [65] implies

that Y, > 0. This observation is essential because of the following result.

Proposition 7.2.4. Let (M, g) be a closed four-dimensional Riemannian manifold. If

Y(M) > 0 and Y(M) < 0, then there is a smooth metric § = u*g such that

f S%dii < 216 f IW*d. (7.17)
M

M

Furthermore, the equality holds only if Y(M) = 0 and S = 6 V6|W] .
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Proof. The proof is almost identical to [48, Prop 3.5]. Thus, we provide a brief
argument here. Through a conformal transformation, the Yamabe problem can
be solved via variational approach for an appropriate eigenvalue PDE problem.
In particular, the existence of solution under the assumption Y(M) < Y(S") de-
pends solely on the analysis of regularity of the Laplacian operator (but not on

the reaction term) [65, Theorem 4.5].

In our case, F conformally transforms as scalar curvature and Lemma 7.2.3
holds, then there exists a minimizer v for ¥, .[.], such that under normalization
IVllz, = 1, the metric g = v?g satisfies F=S-6 \/€|W+| = Y(M). Applying Y(M) > 0

and Y(M) < 0 we obtain,
f S2dp = f 6 V6|W*|Sdji + Y (M) f Sdji
M M M
< f 6 VoW [Sdji
M
< 6 V6( f IW*Pdf)'( f ISPdm)'/2.
M M

Therefore, fMgzd/:l < 216 fM IW*[2di. The equality case is attained if only if g
attains the infimum, ¥(M) = 0 and S = 6 V6[W!. O

Proposition 7.2.5. Let (M, g, f, A) be a closed four-dimensional shrinking GRS satis-
fying (7.14) and W* # 0, then Y(M) < 0. Moreover, equality holds only if W* has the

form wdiag(—1, -1, 2) for some w > 0 at each point.

Proof. By Theorem 7.0.8, we have

AfIW*P = 2[VW* + 4AW*| - 36det,a W* — (Rc o Re, W*).
Integrating both sides and applying (7.14) yield

fM Af W Pdu > fM [2|VW+|2 + (2 +Af)IWH - 36detA3W+].

128



Via integration by parts, we have

[ vraw it = [ (TR du =~ [ WP
M M M
Therefore, we arrive at
+12 S +12 +
0> f (2VW*P + Z|W* - 36det, W),
M 3 "

We also have the following pointwise estimates,

VW > [VIW*P,

~18detW* > — VO[W*’.

The first one is the classical Kato’s inequality while the second one is purely

algebraic. Thus, for u = W7,

1
f (=Fu? + 2|Vul»)du < 0.
w3

Hence, if |§V\:| > 0 everywhere then the statement follows. If |W\1| = 0 some-
where, let M, be the set of points at which [W+| < e. By the analyticity of a closed
GRS [4], Vol(M,) — 0 as € — 0. Let 7, : [0, 00) — [0, 00) be a C? positive function
which is €/2 on [0, /2], identity on [€, o) and 0 < 77 < 10. If u, = 1. o u, then u. is
C? and positive. In addition, we have,
f Fuldu < f Fu*du + Ce*Vol(M,),
M M-M.

f \Vul*du = f . Vul*du < f \Vul?du + CVol(M,),
M M M-M¢

where C is a constant depending on the metric. Therefore, we have,

inf{ f (Fu? + 6|Vu*)du} < 0.
M

e>0

Consequently, (M) < 0.
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Now, equality holds only if fM(%F u? +2|Vul*)du = 0 and the equality happens

in each point-wise estimate above. The result then follows.

We are now ready to prove the main result of this subsection.

Proof. (Theorem 7.2.1)

By Proposition 7.2.5, we have Y(g) < 0and Y(M) > 0. Otherwise S = 0 and
the GRS is flat by [86], which is a contradiction to W* # 0. Therefore, following

Proposition 7.2.4, there is a conformal transformation g = u’g with

f S <216 f IW*2d. (7.18)
M

M

According to (2.16) and (2.17),

— 1 — 1 ~
21 (2 (M) + 31(M)) = f \W*Pdp — — f [EPdp + — f S*du
M 4 Ju 48 Ju
< |\7\7+|2d;z+i R m (7.19)
M 48 Ju
<(1+2) | W
M

Here we used (7.18) in the last step. Since |[W*]|,, is conformally invariant, (7.15)

then follows.

Now the equality holds only if all equalities hold in (7.19), (7.18) and (7.14).
The first one implies that g is Einstein. Therefore, by [49, Theorem 1], inequality
(7.18) is strict unless S = 0. But this is a contradiction to Y(M) > 0. Thus the

inequality is strict.
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7.2.2 Isotropic Curvature

Another application is the following inequality which is an improvement of

[100, Prop 2.6].
Proposition 7.2.6. Let (M, g, f, A) be a four-dimensional GRS, then we have
3 I,
Apu < QA+ Su =S = IRel (7.20)

in the distribution sense where u(x) is the smallest eigenvalue of 5 —2W...

Proof. Let X234 = % — 2W(e, + ex, €1 + exy) for any 4—orthonormal basis. We
use the normal form discussed in (2.14) and obtain a local frame by parallel
translation along geodesic lines. We denote {ai}le the basis of A] as in (2.11)
with corresponding eigenvalues A; = a; + b;. Without loss of generality, we can
assume a; + by > a, + by > as + by and thus u(x) = Xj»34(x). Using Lemma 7.1.1,

we compute

AfW 212 =24a; — 2(a; + b} + 2asas + 2babs)

1 S
-3 (Ret, +Re3,) + 5 (Ren +Repo)
p

1
— (ReiRy, — RC%Z) - 8(52 - |RC|2),

AfW1234 :2/7191 - 4(Cllb1 + Clzbg + Cl3b2) + (RCl3RC24 — RcypsReqq).

Let us recall that, A;S = 24S — 2|Rc|*. Thus, for 2T, = (Rc o Re)(a, @), we have

S 2

3 3
1 1

=2X 234 — 5|Rc|2 + 427 + 843 — 8s2 +T.

1
Ap(X1234) =22 IRc|* — 4A(a; + by) + 427 + 8,43 + 8(|Rc|2 -SH+ T,

Next we observe that 1, + 13 = —1; and 8,43 < 2/1? By Cauchy-Schwartz
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inequality, 7 < ;|Rc[*. Therefore,

1 3-Xou, 1,

Ar(Xi1234) 24X 1234 — ZlRCl + 6(7) - gs
3., 1 3 1
<2AX1934 + §X1234 —SXi34 — Z|RC| = u(2/1 + Eu — S) — ZlRC| .

Since Aju < Ap(Xj234) in the barrier sense of E. Calabi (see[17]), the result then

follows. d

7.3 A Framework Approach

In this section, we shall propose a framework to study interactions be-
tween components of curvature operator and the potential function on a GRS
(M, g, f, ). In particular, we represent the divergence and the interior prod-
uct iyy on each curvature component as linear combinations of four operators
P,Q, M, N. The geometry of these operators, in turn, gives us information about
the original objects. It should be noted that some identities here have already

appeared elsewhere.

Now we define the elements of the framework, first via a local frame and
then provides a coordinate-free version. Let @ € Ay, X,Y,Z € TM, and {e;}_, be a

i=

local normal orthonormal frame on a GRS (M", g, f, A).
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Definition 7.3.1. The tensors P, Q, M,N : A,TM ® TM — R are defined as:

Pijx = ViRcjx — ViRey = Vfiu = Vifix = Rju, VP f, (7.21)
PXANY,Z)=-R(X,Y,Z,Vf) = (dvyRc)(X, Y,Z) = 6R(Z, X, Y),
P(a,Z) =R(a,Vf ANZ)=0R(Z a);
Qiik = 8uiV;S — 81 ViS = 2(guRjp — gkjRip) VP f, (7.22)
OXAY,Z) =2(X,Z)Re(Y, Vf) = 2Y, Z)Re(X, V),
(e, Z) = —=2Rc(a(2), Vf) = =2{aZ,Re(V ) ;
My = RijVif — RV, f, (7.23)
M(X A Y,Z) = Re(Y, Z)Vx f - Re(X, Z)Vy f = —Re(X A V)V, 2),
M(a,Z) = —Rc(a(Vf),Z) = —(aVf,Rc(2));
Nijw = 8iVif — 8uV,fs (7.24)
NXANY,Z) =Y. Z)Vx[ (X, Z)Vyf ={(XANY)Z,Vf),
N(a,Z) ={aZ,Vf) = —-a(Z, V).

Remark 7.3.1. The tensors P*, Q*, M*,N* : A;TM®TM — R are defined by restrict-

ing a € A;TM. They can be seen as operators on A, by standard projection.

Remark 7.3.2. Before proceeding further, let us remark on the essence of these tensors.
P = 0 if and only if the curvature is harmonic; Q = 0 if and only if the scalar curvature
is constant; N = 0 if and only if the potential function f is constant; finally, M = 0 if

and only if either V f = 0 or Rc vanishes on the orthogonal complement of V f.

7.3.1 Decomposition Lemmas

Using the framework above, we now can represent the interior product iy, on

components of the curvature tensor as follows. Again the Einstein summation
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convention is used here.

Lemma 7.3.2. Let (M, g, f, 1) be a GRS, for P, Q, M, N as in Definition 7.3.1, in a local

normal orthonormal frame, we have

Riiy VP f = Roej e, €4, V) = =Py = VPR3, = —0R(ex, e;, €)), (7.25)

(8o QiupV'f = (gogleiej, e, V) = =2Nij, (7.26)
(Rco 2)iju, VP f = (Rco g)(ej, ej, e, V) = %Qijk - M, (7.27)
Hi, V' f = H(ej,ej,ex, V) = Mij — %Qijk — 24N, (7.28)
Wi, VP f = W(ej, e, e, V) (7.29)

Oijk M; i SNk
P e Ty T e T D=2

Proof. The first formula is well-known (cf. [23]), following from the soliton

equation and Bianchi identities. For the second, we compute,
(80 8)ijipV'f =2(8u8&jp — &ip8iW)V' f
=2guV;f =28y Vif = =2Nijk.
For the third, we use (3.31) to calculate
(Re 0 8)ijip VP f =(Reig jp + RCjpgic — Reipg ik — Rejugip) VP f
1
=RcyV;f + E(gikvjs - giViS) = Rcy V,f
1

=§Qijk - Mij.
The next formula is a consequence of the above formulas, definition of H (3.34)
and the soliton equation (3.28). Finally, the last one comes from decomposition

of the curvature operator (2.1) and previous formulas; it appeared, for example,

in [34]. O
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In addition, the divergence on these components can be written as linear

combinations of P, Q, M, N.

Lemma 7.3.3. Let (M, g, f, 1) bea GRS, for P, Q, M, N as in Definition 7.3.1, in a local

normal orthonormal frame, we have

VPRijkp = =Pijk, (7.30)
VP(Sg o 8)ijkp = 2Qijks (7.31)
1
VP(Rc o g)ijkp = =VPHijip = —Piji + EQijk’ (7.32)
n-—3 n-—3 n-—3
VPW, 5, =~ 2P,y — = -2 C 7.33
ke = T gk 2(n—1)(n—2)QJk n—2 (7.33)

Proof. The first formula is well-known and comes from the second Bianchi iden-

tity [23]. For the second, we compute,

VP(Sgo g)ijkp = 2Vp(Sgikgjp - Sgipgjk)
= 28u8&;p V'S — gix&ipV’'S

=2giV;S — g ViS = 20;i.
For the next one, we use (3.30) to calculate,

VP(Rc o g)ijp = VP(Reugjp + Rejpgi — Reipg i — Rejgip)
= &jpV'Rei + giVPRe, — gk VPReip — gip VPRC
1
= VjRCik + E(giijS - gjle-S) — ViRCjk
1
= EQijk = Pij.
Finally, the last one comes from decomposition of curvature (2.1) and previous

formulas; it also appeared in, for example, [39, Eq. (9)]. o

Remark 7.3.3. C defined in (7.33) is also called the Cotton tensor in literature.
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Remark 7.3.4. By the standard projection, and

(OW)* = 6(W™),

(ivfW)* = iy, W,

the analogous identities hold if replacing W, P, Q, M, N in Lemmas 7.3.2 and 7.3.3 by

W=, P*, Q*, M*, N*, respectively.

The following observation is an immediate consequence of Lemma 7.3.3.

Proposition 7.3.4. Let (M", g, f,A), n > 2, be a GRS and H given by (3.34). Then the

tensor
n-3 n(n—3)S

F=Ws M -2

8§°8

is divergence free.

Remark 7.3.5. The result can be viewed as a generalization of the harmonicity of the

Weyl tensor on an Einstein manifold.

Lastly, we introduce the following tensor D which plays a crucial role in the

classification problem (cf. [18], [21], [34]),

ij M;; SN;;
Qi L " (7.34)

Dijk:_ +
Xn-Dn-2) n-2 m-Dn-2

= Cijx + Wi, VP f.
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7.3.2 Norm Calculations

Lemma 7.3.5. Let (M, g, f, A1) be a GRS, then the following identities hold:

2(P,Q) = —|VSF,
2(P,N) = (Vf,VS),

2(Q, Q) =2(n - IVSP,

2 (M, M) = ARV P~ 5 IVSF
2(N,Ny=2(n-D|VfP,

2(Q, M) = |[VS]* — 2S(Vf,VS),

2(Q,N) = -2(n— 1)(Vf,VS),

2(M,N) =2S|Vf> —(Vf,VS).

Furthermore, if M is closed, then

f 2(P,PYe”/ = f |[VRc|?e™/,
M M

f 2(P, M)y =2 f (ARc? - Rc?) + f (V. VIReP) +
M M M

f [VSJ>.
M

Proof. The main technique is to compute under a normal orthonormal local

| =

frame. For example,
2(P, Q) = P Qijk
= (ViRcjr — VjRci)(guiV ;S — gi;jViS)
= Z(V,'RCjk — VjRCik)gkiVjS
= ZVJ'S(VkRij - VjRCkk)

= |VS]* = 2|VS|* = —|VSJ.

Other equations follow from similar calculation.
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When M is closed, we can integrate by parts. In particular, the first equation

was first derived in [23]. For the second, we compute that
f 2 (I), M> =2 f (V,‘RCjk - VjRCik)RijV,‘f
M M
= f VifViRc -2 f V,ReuRey,Vif,
M M '
f VjRCikRijVif = - f RCikRijﬁj - f RC,‘kﬁVjRij
M M M

1
=— f (ARc|* = Rc?) — = f IVS|.
M 4 M

Hence, the statement follows. i

Remark 7.3.6. The factor of 2 is due to our convention of calculating norm. Some

special cases of dimension four also appeared in [14, Proposition 4].

An interesting consequence of the above calculation is the following corol-

lary, which exposes the orthogonality of Q, N versus iy,W, 6W.

Corollary 7.3.6. Let (M, g, f, A) be a GRS.
a. At each point, we have

0 =(Q.ivyW) = (N, iv/W) = (Q.6W) = (N,6W).

b. If M is closed, then,

f 26W e = (g)2 f ([VRc|* - ;|VS|2)e_f . (7.35)
M n— 2 M (n - 1)

Proof. Part a) follows immediately from Lemmas 7.3.2, 7.3.3,7.3.5, and our con-

138



vention (2.3). For example,
<Q, inW> = Z Qiji(ivy Wi
i<j

= Z Qi VP fW ppij = — Z QixWijiy VP f

i<j i<j

~ 0 M SN
_<Q’P+2(n—2) n—2+(n—1)(n—2)>

_|vspP L= DIVSP  IVSP? . S(V/,VS) (n=1)S(Vf,VS)
2 2(n—2) 2(n —2) n-2 (n-1Dn-2)

=0.

Other formulas follow from similar calculations.

For part b) we observe that,

2_&2 0 0
oW =G =) <P+ -1 T 2 - 1)>

:(”_3)2<P+ g ,P>.
n—2 2(n—-1)

Notice that we apply part a) in the last step. Consequently, applying Lemma

7.3.5 again yields

2 -f _ ﬂzf Y -f
2fM|(5W|e _(n—2) M2<P+2(n_1),P>e

_n-3, , ISP
= 7 [ avReP - 5 e

O

Remark 7.3.7. Part b) recovers the well-known fact that harmonic curvature implies

harmonic Weyl tensor and constant scalar curvature.

Now we are ready to prove Theorem 7.0.9.
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Proof. (Theorem 7.0.9) First, we observe,

(W, Hessf o Hessf) = Z Wiiu(Hessf o Hessf);ju

i<jk<l

1
=3 Z Wi;iu(Hessf o Hessf);ju

k<li,j

= Z Wija(ficfiu = fufi)

k<Li,j
= Z Wik fifir-

i, ikl
Next, subduing the summation notation, we integrate by parts,
f Wik ficfin = — f ViWiiafifi — f Wi fiVifi
M M M
The first term can be written as
fM ViWiififii = fM VWi fi(Agj1 — Rejp)

1
:_fViwijklﬁcRle:_Ef(éw)jklelj
M M

:—f (OW, M) .
M

Next, we compute the second term,
f Wik fiVifi = —f Wi fiVi(gji —Rej) = f Wi fkViRc
M M M
1 0
=~ | WoufiPiui=— | (iv;W,P+
5 J, Wnsips fM<’Vf 20— 1>>
n—2 )
_ o L<6W, lva)
—"_2f<5w p+ M >
T n=-3Jy ’ n-21"

It is noted that we have used Corollary 7.3.6 repeatedly to manipulate Q and N.
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To conclude, we combine equations above,

n—2 M
fW,-jklfikfﬂ:f((SW,M)— f<5W,—P+ >

! f((SW, (n—=2)P+(n—-4)M).
n—-3Ju

If n = 4, then

f W fafin = f 2(5W, P) = f 2<6W,P+%>
M M M

= f 2(5W,26W) = 4 f I6W|2.
M M

O

Remark 7.3.8. The formula in dimension four is also a consequence of the divergence-

free property of the Bach tensor. We omit the details here.

Moreover, in dimension four, we have similar results for W=.

Lemma 7.3.7. Let (M*, g, f, A) be a GRS, then at each point, we have

0= (0% ig,W*) = (0%, 6W*) = (N*, iy, W*) = (N*,6W*). (7.36)

Proof. It suffices to show the statements is true for the self-dual part.

Let {¢;}\, be a normal orthonormal local frame and let {e;}}_, be an orthonor-

mal basis for AJ . Then
(0%,igW*) =3 > 0@, e )W(Vf Aej, )
i
== 2(ai(e).Re(VHYW(Vf Aej ).

Furthermore, we can choose a special basis, namely the normal form as in (2.14).

Then ;s diagonalize W* with eigenvalues A;’s. Consequently,
WV f Aej,a) = 4ai(Vf Aej) = 4 <Vf, CYi(ej)>~

141



Thus,

(0" inyW*) = = 24, {ai(e;). Re(Vf)) (eile)), V£)
= — 2y (ew Re(V)) i V1),

for i = Z A;.

i,j:ai(ej)=xe

Now by (2.2), it is easy to see that each 77, = 0 because W™ is traceless.
Claim: (P*, Q%) = —1|VS[.
To prove this claim, we choose {e;} as in (2.11) and observe that,

1
P(ay,e))Q(ay,e)) =§P(€12 + ez, ¢)0(err + €34, €))

== (P1pj + P34)) <(€12 + ex)e;, RC(Vf)>

= - (VIRCZJ‘ — VzRClj + V3RC4j - V4RC3j) <(€12 + €34)€j, RC(Vf)> .
Similarly,

P(ay, ¢))Qan, ¢)) = = (ViRes; = V3Reyj — VaRey; + VaRey)) ((e13 — eas)e, Re(V ),

P(as,ej)Q(asz,e;) = — (ViRcy; — V4Rey; + VoRes; — VsRey)) <(€14 + ex)ej, RC(Vf)> .
Thus,

(P*,0%) =" Plai,e)Qlase))
bj

== GilewRe(V1),
k
for ¢ = Z \/EP(a'i’ ej) — Z \/EP(ai, ej).
i,j:ai(ej)=ex i,j:ai(ej)=—ex
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Using (2.2), we can compute,
&1 = ‘/E(P(Ch, ) + P(ay, e3) + P(a3, 64))
=V Rcy, — VoRe; + V3Resy — V4Ress
+ VlRC33 — V3RC13 — V2R043 + V4RC23
+ ViRcas — V4Re4 + VzRC34 - V3RC24

1 1
:V1(S - RCH) - (§V18 - V]RC]]) = EVls

Similarly we have ¢; = %VkS. We also have Re(Vf) = %VS. This proves our claim.

In addition, it is easy to see that

3
(0", 0") = §|VS|2.

Since SW+ = P—; + %, it follows that

(0, 6W*) = 0.

The statements involved N follow from analogous calculations as

N(are)) = (ai(e;). Vf).

By manipulation as in the proof of Theorem 7.0.9, using Remark 7.3.4 (re-
placing Lemmas 7.3.2 and 7.3.3) and Lemma 7.3.7 (replacing Lemma 7.3.6), we

immediately obtain the following result.

Corollary 7.3.8. Let (M, g, f, A) be a four-dimensional closed GRS. Then we have the
following identity:
f (W*,RcoRc) =4 f IGW . (7.37)
M M
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7.4 Rigidity Results

In this section, we present conditions that imply the rigidity of a GRS using the

analysis on the framework discussed in the previous section.

First, Proposition 7.4.10 provides a geometrical way to understand tensor
D defined in (7.34). In particular, it says that D = 0 is equivalent to a special
condition, namely, the normalization of Vf (if not trivial) is an eigenvector of
the Ricci tensor, and all other eigenvectors have the same eigenvalue. Such a
structure will imply rigidity as the geometry of the level surface (of f) being

well-described.

On the other hand, Theorem 7.0.9 reveals an interesting connection between
the Ricci tensor and the Weyl tensor in dimension four. That allows us to obtain

rigidity results using only the structure of the Ricci curvature for a GRS.

Theorem 7.4.1. Let (M*, g, f, 1) be a closed four-dimensional GRS. Assume that at
each point the Ricci curvature has one eigenvalue of multiplicity one and another of

multiplicity three, then the GRS is rigid, hence Einstein.

We also find conditions that imply the vanishing of tensor D.

Theorem 7.4.2. Let (M", g, f,7), n > 3, be a GRS. Assuming one of these conditions
holds:

1. inRC c0g= 0,

2. iyyW = 0and 6W(.,.,Vf) = 0.

Then at the point Vf # 0, D = 0.
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Remark 7.4.1. D = 0 can be derived from other conditions such as the vanishing of the

Bach tensor (cf. [18, Lemma 4.1]).
Remark 7.4.2. For GRS’s, condition (2) is a slight improvement of [31], where the
author characterizes generalized quasi-Einstein manifolds with 6W = iy;W = 0.
In dimension four, the result can be improved significantly.
Theorem 7.4.3. Let (M, g, f, ) be a four-dimensional GRS. At points where Vf # 0,

then W*(Vf,.,.,.) = 0 implies W* = 0.

As discussed in the last section, there are some similarities between taking
the divergence and interior product iy, of the Weyl tensor, for example, see
Corollary 7.3.6. The following theorem is inspired by condition (1) of Theorem
7.4.2.

Theorem 7.4.4. Let (M", g, f,7),n > 3, be a GRS. Then §(Rc o g) = 0 if and only if the

Weyl tensor is harmonic and the scalar curvature is constant.

An immediate consequence of the results above (plus known classifications

discussed in the Introduction) is to obtain rigidity results.

Corollary 7.4.5. Let (M", g, f, 1), n > 4, be a complete shrinking GRS.
i. If ivjRc o g =0, then (M", g, f, A) is Einstein;
ii. If iyyW = 0and 6W(.,.,Vf) =0, then (M", g, f, A) is rigid of rank k = 0, 1, n;

iii. If 5(Rc o g) = 0, then (M", g, f, A) is rigid of rank 0 < k < n.

In particular, when the dimension is four, we have the following result.
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Corollary 7.4.6. Let (M, g, f, A) be a four-dimensional complete GRS. If
W*Vf,.,.,)=0,

then the GRS is either Einstein or has W+ = 0. Furthermore, in the second case, it is
isometric to a Bryant soliton or Ricci flat manifold if A = 0; or is a finite quotient of RY,

S* xR, S*or CP*if 1> 0.

The general strategy to prove aforementioned statements is to use the frame-

work to study the structure of the Ricci tensor.

7.4.1 Eigenvectors of the Ricci curvature

Here we study various interconnections between the eigenvectors of the Ricci
curvature, the Weyl tensor, and the potential function. First, we observe the

following lemma.

Lemma 7.4.7. Let (M, g) be a Riemannian manifold. Assume that, at each point, the
Ricci curvature has one eigenvalue of multiplicity one and another of multiplicity n— 1.
Then we have,

(W,RcoRc)=0.

Proof. Without loss of generality, we can choose a basis {¢;}’_, of T,M consisting

of eigenvectors of Rc, namely Rc;; = nand Rc; = { fori = 2, ...,n. Then,

(W,RcoRe) = > WyuReaRey (7.38)
i<jik<l
= ZwijinCiiRij = Ufzwlﬂj + Z Wijij. (7.39)
i<j Jj 1<i<j
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We observe that,

Zwijij = _Wlilia (740)
>1
2 Z Wiﬁj = Z Zwiﬁj = - ZW],’],’ =0. (741)
1<i<j i>1 j>1 i
The result then follows. o

Next, a consequence of our previous framework (on P, Q, M, and N) is the

following characterization about the condition Re(Vf) = uVf.

Lemma 7.4.8. Let (M, g, f, 1) be a GRS. Then the followings are equivalent:

1. Re(Vf) = uVf;
2. Q(...Vf)=0;
3. M(.,..Vf)=0;
4. SW(Vf,., ) =0;

5. SH(Vf,.,.) = 0.

Proof. We'll show that (1) & (2), (1) & (3), (2) & (4),and (2) & (5).

For (2) — (1): Let @ € Ay, we have 0 = Q(a, Vf) = =2(a(Vf),Rc(Vf)). Since
@ can be arbitrary, a(Vf) can realize any vector in the complement of Vf in T M.

Therefore, Re(Vf) = uVf.

For (1) - (2): Q(@,Vf) = =2(a(Vf),Rc(Vf)) = =2(a(Vf),uV[f) = 0 because
a(Vf) L VS

(1) being equivalent to (3) follows from an identical argument as above.
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(2) being equivalent to (4) follows from

n—-73 n—73
WX X.2) = S PLZX) + 50 0 2,X),

PY,ZVf)=-R(Y,Z, V[, Vf) = 0.

(2) being equivalent to (5) follows from

1
OH(X. Y. Z2) = - P(Y.Z,X) + 5 QY. 2. X),

P(Y,Z,Vf)=-R(Y,Z,Vf,Vf) = 0.

Furthermore, the rigidity of these operators Q, M, N is captured by the fol-

lowing result.

Proposition 7.4.9. Let (M", g, f,7),n>3,bea GRS and T = aQ + bM + cN for some

real numbers a,b,c.

i. Assume that T = 0. If a # 0 then Re(Vf) = uV f; moreover, if Vf # 0and b # 0,

then all other eigenvectors must have the same eigenvalue;

ii. In dimension four, if Tiasorm = 0then T = 0.

Proof. Let {e;}’_, be an orthonormal basis which consists of eigenvector of Rc

with corresponding eigenvalues A;. Then we have

T(a,e;) =a0(a,e;) + bM(a,e;) + cN(a, e;)
= —2a{a(e;)), Re(Vf)) — b{a(V[),Rc(e)) + c{ale), V)
= —2a(a(e;), Re(Vf)) + b(Vf,a(die)) + c{a(e), V[)

= (a(e;), =2aRc(Vf) + bA,Vf +cVf). (7.42)
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i. Without loss of generality, we can assume Vf # 0. Since T(a,¢;) = 0 for

arbitrary @ and e;,

T(a,Vf) = 0=(a(Vf),Re(Vf)) = Qa, Vf).

vf

By Lemma 7.4.8, ¢) = 7 is an eigenvector of Re. Plugging into (7.42) yields,

T(a,e;) = (-2ad; + bA; + c){ale;),Vf).

Therefore, —2ad, + bA; + ¢ = 0. Hence, as b # 0, all other eigenvectors have the

same eigenvalue.

ii. In dimension four, fix a unit vector e¢; and note that 7(a,e;) = 0 for any
@ € A;. By Lemma 2.3.1 and Remark ??, T(8,¢;) = O for all € AJ. Ase;is

arbitrary the result then follows. m]

Recall that tensor D is a special linear combination of M, N, Q. Therefore, we

obtain the following geometric characterization.

Proposition 7.4.10. Let (M", g), n > 3, be a Riemannian manifold and D defined as in

(7.34). Then the followings are equivalent:

1. D=0;
2. The Weyl tensor under the conformal change g = et g is harmonic;

3. Either Vf = 0 and Cotton tensor C;y = 0, or Vf is an eigenvector of Rc and all

other eigenvectors have the same eigenvalue.

Proof. We shall show (1) < (2), (1) = (3) and (3) — (1).
For (1) & (2) : By equation (7.34) and (7.33), we have
n—2
Dij = Cijx + Wijkpvpf = m@w)ku - W(Vf, e e e)).
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Thus, D = 0 is equivalent to
n-3
WX, Y, Z) - —2W(Vf, X, Y,7Z)=0.
n —
Under the conformal transofrmation g = u’g (see the appendix), W = ui*W,

and

— \%
WX, Y,2) =6W(X, Y, Z) + (n - 3)W(—u,X, Y, 7).
u

The result then follows from the last two equation.
The statement (1) — (3) follows from [18, Proposition 3.2 and Lemma 4.2].

For 3) — (1): Va,b,c,let T = aQ + bM + cN. For any @ € A, and ¢; a unit

tangent vector, by (7.42), we have
T(a,e;) = a(e;), —2aRc(Vf) + bA,Vf +cVf).

For the tensor D,

1
T Xm-hn-2)
|
b=,
n—2
-s

[fVf=0thenT =0, hence D = 0. If Vf # 0, then there exist ¢; = % and

{e;}?,, eigenvectors of Rc, with eigenvalues ¢, 7, respectively. Then,

T(a,e;) = (ale;),(—2al +bn+c)Vf).

Since ¢ + (n — 1)n = S, with given values of a, b, c above, it follows that

—2al +bn+c=0. Thus, D = 0. O
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Remark 7.4.3. Our formulas are different from [39, 2.19] by a sign convention.

Remark 7.4.4. Under that conformal change of the metric, the Ricci tensor is given by

— 1 1
Rc =Rc + Hessf + ——df @ df + ——(Af — [VfP)g
n—2 n—2

1

(Af = VfP + (n—2)D)g.
n—2

1
=——-df ®df +
n-2

Therefore, at each point, Rc has at most two eigenvalues. Furthermore, since g has

harmonic Weyl tensor, its Schouten tensor

~ 1
Sc =

P LU Y N

is a Codazzi tensor with at most two eigenvalues. Using the splitting results for Rie-
mannian manifolds admitting such a tensor gives another proof of results in [18]. This

method is inspired by [31].

Now we investigate several conditions which will imply that Re(Vf) = uVf.

Proposition 7.4.11. Let (M", g, f,7), n > 3, be a GRS. Assuming one of these condi-

tions holds:

1. l‘VfW = 0,'

2. SW*=0ifn=4.

Then Re(Vf) = uVf.

Proof. The idea is to find a connection of each condition with Lemma 7.4.8.

Assuming (1): We claim that 6W(Vf,.,.) = 0.
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Choosing a normal local frame {e;}_,, we have:
SW(Vf,er,e) = ) (ViW)(e;, V. e, )
= Z ViW(e;, Vf, e, e) - Z Wi(e;, ViVf, e, e)

=0 — W(Hessf, &, ¢)).

Since Hessf is symmetric and W is anti-symmetric, 6W(Vf,.,.) = 0. The re-

sult then follows.

Assuming (2): First recall

1 1 1
OW(X.Y.Z) = 5C(X.Z.X) = sP(Y AZX) + O(Y AZ.X).

Ya € A2, since

W (X, ) =V,W(e; A X,a) =0,

we have

| 1
W)X, @) = S(WH(X, @) = EP(Q/’ X) + EQ(Q/, X).

Since 0 = R(Y,Z,Vf,Vf) = =P(Y A Z,Vf) and 6W* = 0, hence Q(a,Vf) = 0.

The desired statement follows from Lemmas 2.3.1 and 7.4.8.

7.4.2 Proofs of Rigidity Theorems

Proof. (Theorem 7.4.1)
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By Lemma 7.4.7, we have

f W(RcoRc)=0
M

Theorem 7.0.9, hence, implies that W = 0. Then by the rigidity result for har-

monic Weyl tensor discussed in the Introduction, the result follows. o

Proof. (Theorem 7.4.2).
Assuming (1): We observe that

1
Rcog(X,Y,Z,Vf) = EQ(X’ Y,2)-M(X.Y,Z).

Therefore, the result follows from Lemma 7.4.9 and Proposition 7.4.10.

vf
V£l

be an orthonomal basis of Rc with eigenvalues A;. By (7.29) and W(Vf, .,.,.) =0,

Assuming (2): By Proposition 7.4.11, e; = 5+ is a unit eigenvector. Let {¢;}

1

0 M ____ SN
2—-2) (n-2) (m-Dn-2)

Thefore,

S
A1(0x01; — 00 j1) — (610 — 6110 jx) — (5 %01 — 6[/(6]1)]

P, j,k) = ,L f'[

\Y S
| fl (5jk§11 =00 1)y + Ay — nTl)' (7.43)

Using the assumption 6W(., ., Vf) = 0, we obtain that

(P+ 2(71 — I)Q)(Vf’ "-) =0
Combining with (7.43) yields,
o _AIVAL 19 s
P(1,k, k) = o 1)Q(l,k,k) TR n_z(/ll + Ak p— 1).
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Thus A, = A; = 44, = =4t Proposition 7.4.10 then concludes the argument.

The proof of Theorem 7.4.4 follows from a similar argument.

Proof. (Theorem 7.4.4)

By equation (7.32), 6(Rc o g) = 0 implies P — % = 0. Thus, by Lemma 7.3.5,

) IVS|?
2P2:2<P,—>:— .
|P| > >

Hence P = 0 = VS. It then follows from Corollary 7.3.6 that 6W = 6S = 0. The

converse is obvious. O

Proof. (Theorem 7.4.3)

Using a normal local frame, we can rewrite the assumption as,
AW =0,
We pick an arbitrary index a and multiply both sides with W, to arrive at,
Z fiW,-*jszZ ki = 0.

Applying identity (2.15) yields,

0= Z Z fiW?jszZ Jjkl

jkl i

_ + +
= Z fi Z Wit Waju
i jki

= > AW Pgia = £IWP.

Since index a is arbitrary, we have Vf = 0 or [W*| = 0. O
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Proof. (Corollary 7.4.5)

By Theorem 7.4.2 and Theorem 7.4.4, each condition implies D = 0. Then,
[18, Lemma 4.2] further implies that 6W = 0. It follows, from classification
results for harmonic Weyl tensor as discussed in the Introduction, that the man-
ifold must be rigid. We now look at each case closely and observe that not all

ranks can arise.

i. In this case, Lemma 7.4.9 reveals that 1) — 4; = 0 with Re(Vf) = AV,
and 4; is any other eigenvalue of Rc. Therefore, the manifold structure must be

Einstein.

ii. In this case, since D = 0 implies Rc has at most two eigenvalues with one

of multiplicity 1 and another of n — 1. So k can only be 0, 1, n.

iii. In this case, there is no obvious obstruction, so all rank can arise.

Proof. (Corollary 7.4.6)

The statement follows immediately from Theorem 7.4.3, [34, Theorems 1.1,

1.2], and the analyticity of a GRS with bounded curvature [4]. O

155



BIBLIOGRAPHY

[1] Ben Andrews and Christopher Hopper. The Ricci flow in Riemannian ge-
ometry, volume 2011 of Lecture Notes in Mathematics. Springer, Heidelberg,
2011. A complete proof of the differentiable 1/4-pinching sphere theorem.

[2] M. F. Atiyah, N. J. Hitchin, and I. M. Singer. Self-duality in four-
dimensional Riemannian geometry.  Proc. Roy. Soc. London Ser. A,
362(1711):425-461, 1978.

[3] Thierry Aubin. quations diffrentielles non linaires et problme de yamabe
concernant la courbure scalaire. |. Math. Pures Appl., 55:269-296, 1976.

[4] Shigetoshi Bando. Real analyticity of solutions of Hamilton’s equation.
Math. Z.,195(1):93-97, 1987.

[5] Marcel Berger. Les variétés Riemanniennes (1/4)-pincées. Ann. Scuola
Norm. Sup. Pisa (3), 14:161-170, 1960.

[6] Marcel Berger. Sur quelques variétés riemanniennes suffisamment
pincées. Bull. Soc. Math. France, 88:57-71, 1960.

[7] Marcel Berger. Sur quelques variétés d’Einstein compactes. Ann. Mat.
Pura Appl. (4), 53:89-95, 1961.

[8] Arthur L. Besse. Einstein manifolds, volume 10 of Ergebnisse der Mathe-
matik und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas
(3)]. Springer-Verlag, Berlin, 1987.

[9] Mihai Bileteanu and Hung Tran. Harnack estimates for the Ricci-
Harmonic map flow. submitted.

[10] Christoph Bohm and Burkhard Wilking. Manifolds with positive curva-
ture operators are space forms. Ann. of Math. (2), 167(3):1079-1097, 2008.

[11] Simon Brendle. Ricci flow and the sphere theorem, volume 111 of Graduate
Studies in Mathematics. American Mathematical Society, Providence, RI,
2010.

[12] Simon Brendle. Rotational symmetry of self-similar solutions to the ricci
flow. Inventiones mathematicae, pages 1-34, 2012.

156



[13] Simon Brendle and Richard Schoen. Manifolds with 1/4-pinched curva-
ture are space forms. J. Amer. Math. Soc., 22(1):287-307, 2009.

[14] Simon Brendle and Richard Schoen. Curvature, sphere theorems, and the
Ricci flow. Bull. Amer. Math. Soc. (N.S.), 48(1):1-32, 2011.

[15] Simon Brendle and Richard M. Schoen. Classification of manifolds with
weakly 1/4-pinched curvatures. Acta Math., 200(1):1-13, 2008.

[16] Dmitri Burago, Yuri Burago, and Sergei Ivanov. A course in metric geometry,
volume 33 of Graduate Studies in Mathematics. American Mathematical
Society, Providence, RI, 2001.

[17] E. Calabi. An extension of E. Hopf’s maximum principle with an applica-
tion to Riemannian geometry. Duke Math. J., 25:45-56, 1958.

[18] H.-D. Cao and Q. Chen. On Bach-flat gradient shrinking Ricci solitons.
ArXiv e-prints, May 2011.

[19] Huai-Dong Cao. Existence of gradient Kdhler-Ricci solitons. In Elliptic
and parabolic methods in geometry (Minneapolis, MN, 1994), pages 1-16. A K
Peters, Wellesley, MA, 1996.

[20] Huai-Dong Cao. Recent progress on ricci solitons. Adv. Lect. Math., 11:1-
38, 2009.

[21] Huai-Dong Cao and Qiang Chen. On locally conformally flat gradient
steady Ricci solitons. Trans. Amer. Math. Soc., 364(5):2377-2391, 2012.

[22] Xiaodong Cao. Isoperimetric estimate for the Ricci flow on §2xS!. Comm.
Anal. Geom., 13(4):727-739, 2005.

[23] Xiaodong Cao. Compact gradient shrinking Ricci solitons with positive
curvature operator. J. Geom. Anal., 17(3):425-433, 2007.

[24] Xiaodong Cao. Curvature pinching estimate and singularities of the Ricci
flow. Comm. Anal. Geom., 19(5):975-990, 2011.

[25] Xiaodong Cao and Wu Peng. Einstein four-manifolds of three-
nonnegative curvature operator. preprint, 2013.

157



[26] Xiaodong Cao and Hung Tran. Mean value inequalities and conditions to
extend Ricci flow. preprint, 2013.

[27] Xiaodong Cao and Hung Tran. The Weyl tensor of gradient Ricci solitons.
preprint, 2013.

[28] Xiaodong Cao, Biao Wang, and Zhou Zhang. On locally conformally flat
gradient shrinking ricci solitons. Communications in Contemporary Mathe-
matics, 13(02):269-282, 2011.

[29] Xiaodong Cao and Qi S. Zhang. The conjugate heat equation and ancient
solutions of the Ricci flow. Adv. Math., 228(5):2891-2919, 2011.

[30] Xiaodong Cao and Qi S. Zhang. The conjugate heat equation and ancient
solutions of the Ricci flow. Adv. Math., 228(5):2891-2919, 2011.

[31] Giovanni Catino. Generalized quasi-Einstein manifolds with harmonic
Weyl tensor. Math. Z., 271(3-4):751-756, 2012.

[32] Giovanni Catino and Carlo Mantegazza. The evolution of the Weyl tensor
under the Ricci flow. Ann. Inst. Fourier (Grenoble), 61(4):1407-1435 (2012),
2011.

[33] Haiwen Chen. Pointwise 1/4-pinched 4-manifolds. Annals of Global Anal-
ysis and Geometry, 9(2):161-176, 1991.

[34] Xiuxiong Chen and Yuangi Wang. On four-dimensional anti-self-dual
gradient ricci solitons. 2011.

[35] Bennett Chow and Sun-Chin Chu. A geometric approach to the linear
trace Harnack inequality for the Ricci flow. Math. Res. Lett., 3(4):549-568,
1996.

[36] Bennett Chow, Sun-Chin Chu, David Glickenstein, Christine Guenther,
James Isenberg, Tom Ivey, Dan Knopf, Peng Lu, Feng Luo, and Lei Ni.
The Ricci flow: techniques and applications. Part III. Mathematical Sur-
veys and Monographs. American Mathematical Society, Providence, RI.
Geometric-Analysis aspects.

[37] Bennett Chow, Sun-Chin Chu, David Glickenstein, Christine Guenther,
James Isenberg, Tom Ivey, Dan Knopf, Peng Lu, Feng Luo, and Lei Ni.
The Ricci flow: techniques and applications. Part I, volume 135 of Mathematical

158



Surveys and Monographs. American Mathematical Society, Providence, RI,
2007. Geometric aspects.

[38] Bennett Chow, Peng Lu, and Lei Ni. Hamilton’s Ricci flow, volume 77 of
Graduate Studies in Mathematics. American Mathematical Society, Provi-
dence, RI, 2006.

[39] Andrzej Derdzifiski. Self-dual Kdhler manifolds and Einstein manifolds
of dimension four. Compositio Math., 49(3):405-433, 1983.

[40] Andrzej Derdziiski. A myers-type theorem and compact ricci soliton.
Proc. Amer. Math. Soc., 134(12):3645-3648, 2006.

[41] Dennis M. DeTurck. Deforming metrics in the direction of their Ricci ten-
sors. . Differential Geom., 18(1):157-162, 1983.

[42] ]J. Enders, R. Miiller, and P. M. Topping. On Type I Singularities in Ricci
flow. ArXiv e-prints, May 2010.

[43] Mikhail Feldman, Tom Ilmanen, and Dan Knopf. Rotationally symmetric
shrinking and expanding gradient kéhler-ricci solitons. Journal of Differ-
ential Geometry, 65(2):169-209, 2003.

[44] Manuel Fernandez-Lépez and Eduardo Garcia-Rio. Rigidity of shrinking
Ricci solitons. Math. Z., 269(1-2):461-466, 2011.

[45] MR William Fulton and Joe Harris. Representation theory: a first course,
volume 129. Springer, 1991.

[46] Misha Gromov. Metric structures for Riemannian and non-Riemannian spaces,
volume 152 of Progress in Mathematics. Birkhduser Boston Inc., Boston,
MA, 1999. Based on the 1981 French original [ MR0682063 (85e:53051)],
With appendices by M. Katz, P. Pansu and S. Semmes, Translated from the
French by Sean Michael Bates.

[47] Matthew J. Gursky. The weyl functional, derham cohomology, and kahler-
einstein metrics. Annals of Math., 148:315-337, 1998.

[48] Matthew J. Gursky. Four-manifolds with sww* = 0. Math. Ann., 318:417-
431, 2000.

159



[49] Matthew J. Gursky and Claude Lebrun. On Einstein manifolds of positive
sectional curvature. Ann. Global Anal. Geom., 17(4):315-328, 1999.

[50] HA Gururaja, Soma Maity, and Harish Seshadri. On wilkings criterion for
the ricci flow. Mathematische Zeitschrift, pages 1-11, 2011.

[561] Richard S. Hamilton. Three-manifolds with positive Ricci curvature. J.
Differential Geom., 17(2):255-306, 1982.

[52] Richard S. Hamilton. Four-manifolds with positive curvature operator. .
Differential Geom., 24(2):153-179, 1986.

[53] Richard S. Hamilton. The Ricci flow on surfaces. In Mathematics and
general relativity (Santa Cruz, CA, 1986), pages 237-262. Amer. Math. Soc.,
Providence, RI, 1988.

[54] Richard S. Hamilton. The Harnack estimate for the Ricci flow. J. Differen-
tial Geom., 37(1):225-243, 1993.

[55] Richard S. Hamilton. A compactness property for solutions of the Ricci
flow. Amer. |. Math., 117(3):545-572, 1995.

[56] Richard S. Hamilton. The formation of singularities in the Ricci flow. In
Surveys in differential geometry, Vol. 1I (Cambridge, MA, 1993), pages 7-136.
Internat. Press, Cambridge, MA, 1995.

[57] Richard S. Hamilton. Four-manifolds with positive isotropic curvature.
Comm. Anal. Geom., 5(1):1-92, 1997.

[58] Robert Haslhofer and Reto Miiller. A compactness theorem for complete
Ricci shrinkers. Geom. Funct. Anal., 21(5):1091-1116, 2011.

[59] Fei He. Remarks on the extension of the ricci flow. preprint, 2012.

[60] Gerhard Huisken. Ricci deformation of the metric on a Riemannian man-
ifold. J. Differential Geom., 21(1):47-62, 1985.

[61] Wilhelm Klingenberg. Uber Riemannsche Mannigfaltigkeiten mit posi-
tiver Kriimmung. Comment. Math. Helv., 35:47-54, 1961.

[62] Brett Kotschwar. On rotationally invariant shrinking Ricci solitons. Pacific
J. Math., 236(1):73-88, 2008.

160



[63] Nam Q. Le. Blow up of subcritical quantities at the first singular time of
the mean curvature flow. Geom. Dedicata, 151:361-371, 2011.

[64] Nam Q. Le and Natasa Sesum. Remarks on the curvature behavior at the
first singular time of the Ricci flow. Pacific J. Math., 255(1):155-175, 2012.

[65] John M. Lee and Thomas H. Parker. The yamabe problem. Bulletin of the
American Mathematical Society, 17(1):37-91, 1987.

[66] Peter Li and Shing Tung Yau. On the parabolic kernel of the Schrodinger
operator. Acta Math., 156(3-4):153-201, 1986.

[67] Bernhard List. Evolution of an extended Ricci flow system. Comm. Anal.
Geom., 16(5):1007-1048, 2008.

[68] John Lott. Mean curvature flow in a Ricci flow background. Comm. Math.
Phys., 313(2):517-533, 2012.

[69] John Lott and Natasa Sesum. Ricci flow on three-dimensional manifolds
with symmetry. preprint, 2011.

[70] Mario J. Micallef and John Douglas Moore. Minimal two-spheres and the
topology of manifolds with positive curvature on totally isotropic two-
planes. Ann. of Math. (2), 127(1):199-227, 1988.

[71] Mario J. Micallef and McKenzie Y. Wang. Metrics with nonnegative
isotropic curvature. Duke Math. J., 72(3):649-672, 1993.

[72] Reto Miiller. Monotone volume formulas for geometric flows. ]. Reine
Angew. Math., 643:39-57, 2010.

[73] Reto Miiller. Ricci flow coupled with harmonic map flow. Ann. Sci. Ec.
Norm. Supér. (4),45(1):101-142, 2012.

[74] Ovidiu Munteanu and Natasa Sesum. On gradient ricci solitons. Journal
of Geometric Analysis, pages 1-23, 2009.

[75] Aaron Naber. Noncompact shrinking 4-solitons with nonnegative curva-
ture. Preprint, 2007.

[76] Huy T. Nguyen. Isotropic curvature and the Ricci flow. Int. Math. Res.
Not. IMRN, (3):536-558, 2010.

161



[77] Lei Ni. Ricci flow and nonnegativity of sectional curvature. Math. Res.
Lett., 11(5-6):883-904, 2004.

[78] Lei Ni. A note on Perelman’s LYH-type inequality. Comm. Anal. Geom.,
14(5):883-905, 2006.

[79] Lei Ni and Nolan Wallach. On a classification of gradient shrinking soli-
tons. Math. Res. Lett., 15(5):941-955, 2008.

[80] Maria Helena Noronha. Positively curved 4-manifolds and the nonnega-
tivity of isotropic curvatures. Michigan Math. J., 44(2):211-229, 1997.

[81] Grisha Perelman. The entropy formula for the Ricci flow and its geometric
applications. preprint, 2002.

[82] Grisha Perelman. Ricci flow with surgery on three-manifolds. preprint,
2003.

[83] Peter Petersen. Riemannian geometry, volume 171. Springer, 2006.

[84] Peter Petersen and William Wylie. Rigidity of gradeitn ricci solitons. Pa-
cific journal of mathematics, 241(2):329-345, 2009.

[85] Peter Petersen and William Wylie. On the classification of gradient Ricci
solitons. Geom. Topol., 14(4):2277-2300, 2010.

[86] S.Pigola, M. Rimoldi, and A. G. Setti. Remarks on non-compact gradient
Ricci solitons. ArXiv e-prints, May 20009.

[87] Thomas Richard. Lower bounds on ricci flow invariant curvatures and
geometric applications. arXiv preprint arXiv:1111.0859, 2011.

[88] Richard Schoen. Conformal deformation of a riemannian metric to con-
stant scalar curvature. J. Diff. Geom., 20:479-495, 1984.

[89] Harish Seshadri. Almost-Einstein manifolds with nonnegative isotropic
curvature. Ann. Inst. Fourier (Grenoble), to appear.

[90] Natasa Sesum. Curvature tensor under the Ricci flow. Amer. J. Math.,
127(6):1315-1324, 2005.

162



[91] Natasha Sesum, Gang Tian, and Xiao-Dong Wang. Notes on perelmans
paper on the entropy formula for the ricci flow and its geometric applica-
tions. preprint, 2003.

[92] Wan-Xiong Shi. Deforming the metric on complete Riemannian mani-
folds. J. Differential Geom., 30(1):223-301, 1989.

[93] I. M. Singer and J. A. Thorpe. The curvature of 4-dimensional Einstein
spaces. In Global Analysis (Papers in Honor of K. Kodaira), pages 355-365.
Univ. Tokyo Press, Tokyo, 1969.

[94] Peter Topping. Diameter control under Ricci flow. Comm. Anal. Geom.,
13(5):1039-1055, 2005.

[95] Peter Topping. Remarks on Hamilton’s Compactness Theorem for Ricci
flow. preprint arXiv:1110.3714, 2011.

[96] Bing Wang. On the conditions to extend Ricci flow. Int. Math. Res. Not.
IMRN, (8):Art. ID rnn012, 30, 2008.

[97] Bing Wang. On the conditions to extend Ricci flow(II). Int. Math. Res. Not.
IMRN, (14):3192-3223, 2012.

[98] Burkhard Wilking. A lie algebraic approach to ricci flow invariant cur-
vature conditions and harnack inequalities. Journal fiir die reine und ange-
wandte Mathematik (Crelles Journal), 2013(679):223-247, 2013.

[99] Hung-Hsi Wu. The bochner technique in differential geometry. Mathe-
matical reports, 3:298-542, 1988.

[100] Gouyi Xu. Four dimensional shrinking gradient solitons with small cur-
vature. Preprint, 2012.

[101] DeGang Yang. Rigidity of einstein four-manifolds with positive curva-
ture. Invent. Math, 142:435-450, 2000.

[102] Zhou Zhang. Scalar curvature behavior for finite-time singularity of
Kahler-Ricci flow. Michigan Math. J., 59(2):419-433, 2010.

[103] Zhu-Hong Zhang. Gradient shrinking solitons with vanishing Weyl ten-
sor. Pacific |. Math., 242(1):189-200, 2009.

163



