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In this thesis, we prove heat kernel estimates in two main contexts: (1) man-

ifolds with ends with mixed Dirichlet and Neumann boundary condition and

(2) infinite (countable) graphs satisfying certain properties, which we call book-

like graphs. In both of these settings, we start with “sufficiently nice” pieces

(pieces satisfying two-sided Gaussian heat kernel estimates) that are “glued”

together in some sufficiently nice way. The results in setting (1) extend previ-

ous results of Grigor’yan and Saloff-Coste in the case of manifolds with ends

with Neumann (or no) boundary condition. In setting (2), we are in the discrete

case, where there is not direct prior work. This thesis extends some of the con-

tinuous setting results of Grigor’yan and Saloff-Coste mentioned above to the

discrete setting, and the results here are also related to results of Grigor’yan and

Ishiwata regarding gluing two copies of Rn via a surface of revolution. In both

settings, the results of this thesis rely heavily on the h-transform technique and

understanding particular harmonic functions and hitting probabilities. In the

setting of (1), we show the existence of a global harmonic function satisfying

particular properties. In the setting of (2), we give estimates on certain hitting

probabilities that naturally arise from considering subgraphs of larger graphs.

All work in this thesis is joint with Laurent Saloff-Coste.
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CHAPTER 1

INTRODUCTION

Since its introduction by Joseph Fourier in the 1800s, the heat equation

∆u = ∂tu has been of interest to mathematicians in a variety of fields. It is the

quintessential example of a parabolic partial differential equation, and it is also

deeply related to probability theory through its connection to Brownian motion

and random walks. Part of the broad appeal and importance of the heat equa-

tion comes from the fact that it can be studied on many different kinds of spaces,

and, moreover, the behavior of the heat kernel is closely related to the geome-

try of the space and other interesting properties. Examples of spaces where the

heat equation can be studied include manifolds [28, 47, 57], graphs [5, 29, 65],

Lie groups [19, 43, 56], groups [9, 41, 52], and fractals [2, 4, 44]; the references

given here are by no means exhaustive or even representative. The position of

this thesis, then, is to add to the already extensive literature surrounding the

heat equation and its solutions. The main results proved in this thesis concern

heat kernel estimates in spaces that can broadly be construed as a finite number

of nice pieces that are glued together in a nice fashion. In particular, we obtain

results for a certain class of manifolds and for a certain class of graphs.

Recall that from the perspective of partial differential equations, the heat ker-

nel is the fundamental solution of the heat equation, while, from a probability

perspective, the heat kernel is the transition density of Brownian motion. A first

natural space to study the heat equation on is Rn, where there are many classical

results and the heat kernel is given by the explicit formula

p(t, x, y) =
1

(4πt)n/2 exp
(
−

d(x, y)2

4t

)
, (1.1)

where d(x, y) denotes the Euclidean distance between x and y.
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However, the heat equation and heat kernel can be studied on any metric

measure space nice enough to admit a version of the Laplacian ∆. The theory

of Dirichlet forms (see [8, 22]) provides a framework to make sense of the pre-

vious sentence. While we (mostly) avoid appealing to such abstraction in this

thesis, this theory helps to explain why the two main settings considered here,

manifolds and graphs, are not as different as they may first appear. That said,

we mostly try to write results and proofs in the more concrete language of each

setting, and hence the notation and definitions used vary between Chapter 2

and Chapters 3 and 4.

In spaces that are more abstract or less symmetric than Rn (or its discrete

counterpart Zd), we can no longer hope to have a precise formula for the heat

kernel p(t, x, y). As with many problems in analysis and probability, the question

then becomes one of obtaining good upper and lower bounds. In this thesis,

we are particularly interested in “matching” upper and lower bounds, which

means the upper and lower bounds have the same general form and the same

kinds of terms. Many existing results of this type are of the form of classical two-

sided Gaussian heat kernel estimates, which resemble the formula (1.1), and, in

fact, such heat kernel estimates are known to be equivalent to nice functional

inequalities. For more details, see Sections 2.3 and 3.1.2 below.

Settings where such nice two-sided Gaussian estimates are less likely to hold

include situations where moving between different parts of a space is difficult

(when so-called “bottleneck effects” are present) and when there is some sort of

killing or Dirichlet boundary condition. In this thesis, our primary concern is

with “glued” spaces, that is, spaces that can be thought of as being made up of

certain nice pieces, which do satisfy two-sided Gaussian heat kernel estimates,
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that are glued together somehow. We in general do not expect such glued spaces

to have Gaussian estimates. Initial work on this type of gluing program was first

begun by Alexander Grigor’yan and Laurent Saloff-Coste around three decades

ago. The series of papers [34, 35, 36, 37, 38] builds up the theory of heat kernel

estimates on manifolds with ends. In these initial papers, the ends satisfy two-

sided Gaussian estimates and are glued via a compact set; no (or Neumann)

boundary condition is taken. Of importance is that the overall manifold is tran-

sient (has a Green function). Work in the case where the underlying manifold

is parabolic continues to this day in papers of Grigor’yan, Ishiwata, and Saloff-

Coste [30, 31, 32]. Other recent work includes that of Chen and Lou [10], who do

not constrain the gluing operation to stay in the class of smooth manifolds and

consequently give results in the Dirichlet space setting. In this thesis, we con-

tinue work in this vein of gluing problems by giving heat kernel estimates on

manifolds with ends with mixed boundary condition and heat kernel estimates

for certain graphs, which we will call book-like graphs.

In Chapter 2 (which contains work from [14]), we consider heat kernel es-

timates on manifolds with ends with mixed Dirichlet and Neumann boundary

condition. This builds off of previous work of Grigor’yan and Saloff-Coste, who

considered the case of manifolds with ends with no, or Neumann, boundary

condition (see [37] and references therein). Much of this chapter involves de-

scribing a setting in which previous results can be applied and combined. In

particular, we wish to use the results of Gyrya and Saloff-Coste in [40], which

deal with Dirichlet and mixed boundary condition, along with the results of

[37] on gluing manifolds. A main tool appearing in this chapter is the use of

an appropriate h-transform, and one of the main new results is Theorem 2.4.1,

which constructs a sufficiently nice global harmonic function on the manifold.
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The general heat kernel estimates in this setting are given in Theorem 2.5.1.

Chapters 3 (which contains work from [15]) and 4 together ultimately de-

scribe heat kernel estimates on what we call book-like graphs (Theorem 4.3.1).

In particular, Chapter 4 aims to begin the study of heat kernel estimates on

spaces made up of gluing “nice” graphs (graphs satisfying two-sided Gaussian

heat kernel estimates) together via a possibly infinite set of vertices. These are

the first results in the discrete case, and we obtain the discrete version of (some)

results of [37] as a special case (Corollary 4.4.1). Chapter 3 grew out of a desire

and need to obtain good estimates for certain hitting probabilities in the context

of this kind of gluing problem, but may also be of independent interest.

This shift to the discrete case was inspired by considering the problem of

gluing manifolds along non-compact sets, for example, along submanifolds or

hypersurfaces. Presently, the only results in this direction can be found in work

of Grigor’yan and Ishiwata in [39], which addresses gluing two copies of Rn

via a paraboloid of revolution. This paper relies heavily upon the symmetry

of both Rn and of the paraboloid of revolution and is far from the general ab-

stract results found in the compact case. In this sort of problem, certain hitting

probability calculations are very important, and in the discrete time and space

case, these calculations simplify significantly. Hopefully, Chapter 4 will prove

a useful blueprint for future work in the continuous setting. However, the dis-

crete case is also interesting in its own right, and, while the hypotheses given in

Chapter 4 allow for a finite number of pieces (“ends”) and do not rely on precise

symmetry, these hypotheses are still fairly restrictive. In future work, we hope

to be able to treat a somewhat more general case using these same methods.
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CHAPTER 2

HEAT KERNELS ON MANIFOLDS WITH ENDS WITH MIXED

BOUNDARY CONDITION

2.1 Introduction

This chapter deals with the continuous setting, that of manifolds with ends.

Here the gluing takes place over a compact set, and we allow for Dirichlet

boundary condition or mixed Neumann and Dirichlet boundary condition. This

chapter contains joint work with Laurent Saloff-Coste from [14]. The particulars

are quite technical, so we begin with motivation and gradually build up the nec-

essary notation.

2.1.1 Motivation

In [33], Alexander Grigor’yan and Laurent-Saloff Coste initiated the study of

two-sided heat kernel estimates on weighted complete Riemannian manifolds

with finitely many nice ends, M = M1# · · · #Mk, where the notation # denotes the

connected sum operation. The components Mi of this connected sum are, them-

selves, assumed to be weighted complete Riemannian manifolds. The main

assumption is that, on each Mi, the heat kernel pMi(t, x, y), is well understood in

the sense that it satisfies a classical-looking two-sided Gaussian estimate, uni-

formly at all times and locations. Equivalently ([23, 54, 55]), the volume func-

tions of these manifolds, Mi, 1 ≤ i ≤ k, are uniformly doubling at all scales and

locations and their geodesic balls satisfy a Neumann-type Poincaré inequality,

uniformly at all all scales and locations. These are very strong hypotheses, and,
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in certain cases, additional more technical hypotheses are needed. The results

of [33] are sharp two-sided estimates on the heat kernel of M. The most basic

case illustrating these results is when Mi = R
N for some N, and, more generally,

Mi = R
ni × SN−ni , for some N and ni, 1 ≤ ni ≤ N. These basic cases were new

and already plenty challenging at the time [33] was published. They are richer

than they appear if one takes into consideration the variation afforded by the

weight functions. In addition, the results hold without change when the term

“complete Riemannian manifold” is interpreted in the context of manifolds with

boundary. Complete, then, means metrically complete, and the heat equations

and heat kernels on M and on the Mi, 1 ≤ i ≤ k, are all taken with Neumann

boundary condition.

The aim of the present chapter is to initiate the study of the case when the

heat equation on the complete manifold M (with boundary) is taken with mixed

boundary condition: Neumann on some part of the boundary and Dirichlet on

the rest of the boundary. (Of course, restrictive assumptions will be made on

the nature of the set on which Dirichlet boundary condition holds.) Here, as

usual, Neumann boundary condition refers to the requirement that the normal

derivative of the solution vanishes at the boundary, whereas Dirichlet boundary

condition refers to the vanishing of the solution itself at the boundary. Even the

simplest possible instances of this problem, such as the planar domain depicted

in Figure 2.1, present interesting challenges.
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M

Figure 2.1: Sketch of a planar, unbounded, complete manifold M (light
red) with three conic ends. Dirichlet boundary is depicted in
blue, Neumann boundary in red. Corners should be rounded
so that M is a manifold with boundary. However, the presence
of a finite number of corners actually does not matter; see Sec-
tion 2.7.

M

Figure 2.2: Same M as in Figure 2.1, but with different boundary condi-
tions.

Describing the behavior of the heat kernel p(t, x, y) in the domain depicted in

Figures 2.1 and 2.2 (with the given boundary conditions) will require the intro-

duction of a fair bit of notation. Ultimately, in our main result of Theorem 2.5.1,

we give upper and lower bounds, valid for all time t > 0 and pairs (x, y) ∈ M,

which are essentially “matching bounds” in the sense used widely in the liter-

ature on heat kernel bounds. For the purpose of this introduction, we focus on

the following particular case: Fix a point o in M not on the Dirichlet boundary.

What is the behavior of p(t, o, o) as t tends to infinity when M is the domain

7



depicted in Figure 2.1 with the given boundary conditions?

To answer this question, starting from upper left and continuing counter-

clockwise, denote by M1,M2,M3 the three cones whose connected sum is M.

Note that M1 carries Dirichlet boundary condition on both sides whereas M2

and M3 carry Dirichlet boundary condition on one side and Neumann on the

other. Let αi be the apertures of Mi, 1 ≤ i ≤ 3. We will show that, because each

αi is positive, there are constants 0 < co ≤ Co < +∞ such that, for all t > 1,

cot−a ≤ p(t, o, o) ≤ Cot−a

with

a = 1 +min
{
π

α1
,
π

2α2
,
π

2α3

}
.

Now consider the case where there is a cone of positive aperture carrying

Neumann boundary condition on both sides and (at least) one other cone car-

rying Dirichlet boundary condition on at least one side as in Figure 2.2. We will

show that this situation leads to the behavior

co(t log2 t)−1 ≤ p(t, o, o) ≤ Co(t log2 t)−1.

To give yet another variation, consider the domain depicted in Figure 2.3.

M

Figure 2.3: An M with an end that is a cone of aperture zero.
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In this case,

cot−3/2 ≤ p(t, o, o) ≤ Cot−3/2.

2.1.2 Description of the method

These results will be obtained via a general method based on a combination

of the basic ideas developed in [34, 35, 36, 37, 38] and [40] (the results in [37]

make heavy use of those in [34, 35, 36, 38]). Reference [37] provides a very gen-

eral line of attack to reconstruct heat kernel estimates on a connected sum from

heat kernel estimates on and related knowledge of the parts forming that sum.

Reference [40] provides the ideas that make the technique of [37] applicable to

the case when Dirichlet boundary condition is present. Namely, after an ap-

propriate h-transform (also known as Doob’s transform after Joseph Doob), the

Dirichlet condition disappears, and one can apply the technique of [37] straight-

forwardly even though the set-up is not quite that of [37]. (Section 2.3.4 contains

the relevant adaptations of the results from [37].) Further connections with ear-

lier results are described in Section 2.8.

The rest of this chapter proceeds as follows. Section 2.2 introduces the spe-

cific objects and setting under consideration. Section 2.3 introduces notation,

definitions, and summaries of relevant past work (with some additional con-

nections given in the final section of this chapter, Section 2.8), as well as a frame-

work that is slightly more general. Section 2.4 constructs a harmonic function

with special properties to be used as the key function h in the h-transform tech-

nique. Section 2.5 then implements the h-transform technique to obtain the de-

sired heat kernel estimates, and Section 2.6 applies the main theorem from Sec-
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tion 2.5 to various examples. Section 2.7 describes how to extend the results of

this chapter to manifolds with simple corners using the framework from Section

2.3.

2.2 Set-up for our problem

Here we describe the notation and set-up most important to us in this chapter;

we postpone some more technical definitions until Section 2.3 and refer to them

as necessary.

2.2.1 The underlying complete manifold M

We start with a smooth manifold with boundary, (M, δM), equipped with a Rie-

mannian structure g and a positive, smooth weight σ : M → (0,+∞). It will

sometimes be useful to set M• = M \ δM. We let d be the geodesic distance on

(M, g) and assume that (M, d) is a complete metric space. We call M a weighted,

complete Riemannian manifold with boundary (by definition, a manifold is

connected). Hence M comes equipped with a number of additional objects we

briefly describe.

• The Riemannian measure, dx, and its weighted version µ(dx) = σ(x)dx. We

view (M, d, µ) as our main metric measure space.

• Geodesic balls in M, which are denoted by BM(x, r), x ∈ M, r > 0. The µ

volume of BM(x, r) is V(x, r) := µ(BM(x, r)).
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• The gradient ∇ f defined on smooth functions by

d f
∣∣∣
x
(X) = gx(∇ f (x), X)

for any tangent vector X at x ∈ M.

• The divergence divX = divµX defined on smooth vector fields by∫
M

div(X) f dµ = −
∫

M
g(X,∇ f ) dµ

for any smooth compactly supported function f on M.

• The Laplace operator ∆ = ∆µ defined on smooth functions on M• = M \ δM

by ∆ f = div(∇ f ).

Definition 2.2.1 (The Sobolev space W1
0 (V)). The (local) Sobolev space Wloc(M•)

is the space of distributions on M• which can be represented locally by an L2

function and whose first partial derivatives in any precompact local chart of M•

can also be represented by L2 functions. For any open set U• ⊂ M•, we may

define Wloc(U•) in the same way by replacing M• with U•. For any open subset

V ⊂ M, the Sobolev space W0(V) = W1
0 (V) is the subspace of L2(V) = L2(V, µ

∣∣∣
V

)

obtained by closing the space of smooth compactly supported functions on V ,

C∞c (V), under the norm
(∫

V
| f |2 dµ +

∫
V
|∇ f |2 dµ

)1/2
.

Definition 2.2.2 (Heat equation on M). The heat semigroup PM
t is the semigroup

associated with the Dirichlet form (W0(M),
∫

M
g(∇ f ,∇ f ) , dµ). It is given on L2(M)

by

PM
t f (x) =

∫
M

pM(t, x, y) f (y) dµ(y), t > 0, x ∈ M,

where the heat kernel pM, viewed as a function of t and x, satisfies the heat

equation (∂t − ∆)p(t, x, y) = 0 on M \ δM with Neumann boundary condition

along the boundary δM and the initial condition pM(0, x, ·) = δx(·) (when the dis-

tribution/smooth function pairing is given by the extension of ⟨ϕ, ψ⟩ =
∫
ϕψ dµ).
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The infinitesimal generator associated with this Dirichlet form will be referred

to as ∆M.

2.2.2 Our main objects of study

The complete manifold M and its heat kernel are not the main objects of interest

in the present chapter. Instead, we consider an open subset Ω of M such that the

closed set M \Ω is a subset of δM. Hence, the topological boundary of Ω in M is

∂Ω = M \Ω.

M Ω

Figure 2.4: Sketch (corners should be rounded) of the complete manifold
M (dark red) and its submanifold Ω (light red and red bound-
ary) with “Dirichlet boundary” ∂Ω ⊆ δM, not part of Ω, high-
lighted in blue.

We can view Ω as a manifold with boundary δΩ = δM ∩ Ω, but it is not

metrically complete if ∂Ω , ∅. The metric completion of Ω is (isometric to) M.

We will use the following notation:

• Geodesic balls in Ω are denoted by B(x, r) = BΩ(x, r). The µ-volume of

B(x, r) is V(x, r) = µ(B(x, r)) = µ(BM(x, r)). By abuse of language and nota-

tion, if x ∈ ∂Ω, we write BΩ(x, r) = BM(x, r) ∩Ω.

• The heat semigroup Pt = PΩt and its kernel p(t, x, y) = pΩ(t, x, y), (t, x, y) ∈

12



(0,+∞) ×Ω ×Ω, are given on L2(Ω) by

Pt f (x) =
∫
Ω

p(t, x, y) f (y) dµ(y), t > 0, x ∈ M,

and are associated with the Dirichlet form (W0(Ω),
∫
Ω

g(∇ f ,∇ f ) dµ), which

has infinitesimal generator ∆Ω. By definition, the heat kernel p = pΩ,

viewed as a function of t and x, satisfies the heat equation (∂t−∆)p(t, x, y) =

0 on Ω \ δΩ with Neumann boundary condition along the boundary δΩ

and Dirichlet boundary condition (in the weak sense) along ∂Ω.

Condition (*): Unless specified otherwise, we make the simplifying assump-

tions that the closed set ∂Ω ⊆ δM has countably many connected components,

each of which is a smooth codimension 1 manifold with boundary, and that any

point in M has a neighborhood in M containing at most finitely many connected

components of ∂Ω.

2.2.3 Finitely many nice ends

In this subsection, we describe the main additional hypotheses we make on

the global geometric structure of M (and hence Ω). Namely, we assume that

M is the connected sum of k complete Riemannian manifolds with boundary

(M1, δM1), . . . , (Mk, δMk),

M = M1#M2# · · · #Mk.

With ⊔ denoting disjoint union, this means that

M = K ⊔ (E1 ⊔ · · · ⊔ Ek) ,

where K is a compact subset of M with the property that M \ K has k con-

nected components E1, . . . , Ek and each Ei is isometric to a connected subset of
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Mi with compact complement Ki (hence, Mi = Ki ⊔ Ei). The explicit decomposi-

tion M = K ⊔ (E1 ⊔ · · · ⊔ Ek) is, of course, not unique, and we will assume this

decomposition possesses additional nice properties. We assume that the met-

ric closure of each Ei is, itself, a manifold with boundary. This is a somewhat

constraining hypothesis, but it has the advantage of simplifying exposition by

restricting our attention to smooth manifolds with boundary. The weight σ on

M is assumed to be compatible with a weight σi on each Mi in the sense that

σ
∣∣∣
Ei
= σi.

Next, we consider an open set Ω ⊂ M with M \Ω ⊆ δM and set

Ui = Ω ∩ Ei, i = 1, . . . , k.

The open sets Ui are important to us. Each Ui is a weighted Riemannian man-

ifold with boundary δUi = δM ∩ Ui and whose topological boundary in M,

denoted by ∂Ui, is the union of its “lateral” boundary or “side” boundary

∂sideUi = Ei ∩ ∂Ω and its “inner” boundary ∂innerUi = ∂Ei. The inner boundary

∂innerUi = ∂Ei is also a subset of K. It is compact with finitely many connected

components, which are co-dimension 1 submanifolds with boundary. The union

∂sideUi ∪ ∂
innerUi is not necessarily disjoint, but the intersection ∂sideUi ∩ ∂

innerUi is of

co-dimension at least 2. We make the following strong hypotheses:

(H1) Each (Mi, σi) is a Harnack manifold (Definition 2.3.11). Equivalently, each

Mi is doubling and the Poincaré inequality holds, both uniformly (see Def-

initions 2.3.9 and 2.3.10).

(H2) Each Ui is uniform in Mi (Definition 2.3.13).

We now collect a list of important known consequences of these hypotheses for

future reference.
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(C1) The condition that each Ui is uniform in Mi implies that Ui satisfies (RCA)

from Definition 2.3.1. This can be seen directly from the definitions.

(C2) The condition that each Ui is uniform in the Harnack manifold Mi implies

that the elliptic boundary Harnack inequality holds uniformly in Ui (Def-

inition 2.3.6). Further details on the elliptic boundary Harnack inequality

and situations in which it holds can be found in [6, 40, 50] and the refer-

ences therein.

(C3) The condition that each Ui is uniform in the Harnack manifold Mi implies

that Ui admits a harmonic profile ui, that is, a positive harmonic function

vanishing along ∂Ui (see Definition 2.3.3). This profile is unique up to a

positive multiplicative constant. This follows from Theorem 4.1 of [40].

(C4) The weighted Riemannian manifold (Ui, σu2
i ) is a Harnack manifold. This

is given by Theorem 5.9 of [40].

2.3 Generalities and notation

In this section, we elaborate on terms that appeared above as well as detail a

slightly more general set-up. Let (Ω, δΩ) be a weighted Riemannian manifold

with boundary. If the associated metric space (Ω, d) is not complete, let Ω̃ be its

completion and ∂Ω = Ω̃ \ Ω. This set-up is more general that that which will

be considered in the main part of this chapter, where we require the following

condition (*) to hold:

(*) Ω is a submanifold of the weighted complete Riemannian manifold with

boundary (M, δM) with M\Ω ⊆ δM, and ∂Ω has countably many connected
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components such that every point in M has a neighborhood containing

only finitely many of these connected components, and these components

are themselves codimension 1 submanifolds (with boundary) of M.

Indeed, in general, Ω̃ may not be a manifold with boundary. One more subtle

difference of importance to us here is that the weight σ on Ω, which is smooth

and positive in Ω, might have a variety of behaviors when one approaches the

boundary ∂Ω. Under hypothesis (*), the weight σ is smooth and positive up to

the boundary δM.

Recall thatΩ• = Ω\δΩ, that Wloc(Ω•) is the local Sobolev space onΩ•, and that

W1
0 (Ω) is the closure of C∞c (Ω) under the norm

(∫
Ω
| f |2 dµ +

∫
Ω
|∇ f |2 dµ

)1/2
(Defini-

tion 2.2.1). For U ⊂ Ω, the space W1(U) is the set of functions f ∈ Wloc(U•) such

that
(∫

U
| f |2 dµ +

∫
U
|∇ f |2 dµ

)1/2
< +∞. Then the space Wloc(U) is defined as the set

of functions where for any open relatively compact V ⊂ U, there is a function

f V ∈ W1(U) such that f = f V almost everywhere on V. We also let Lip(V) be the

space of bounded Lipschitz functions on V .

Recall the following definition used in [37]:

Definition 2.3.1 (Relatively connected annuli property). A metric space (M, d)

satisfies the relatively connected annuli property ((RCA), for short) with respect

to a point o ∈ M if there exists a constant CA such that for any r ≥ C2
A and all

x, y ∈ M such that d(o, x) = d(o, y) = r, there exists a continuous path γ : [0, 1] →

M with γ(0) = x, γ(1) = y whose image is contained in B(o,CAr) \ B(o,C−1
A r).
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2.3.1 Local and global harmonic functions

Throughout, we choose to use appropriate weak definitions of solutions of the

Laplace or heat equation even though, in the special set-up of interest to us,

because of various simplifying hypotheses made in the main parts of the chap-

ter, such solutions are, in fact, classical solutions, including with respect to the

boundary conditions (see, for instance, [48]).

Definition 2.3.2 (Harmonic function in an open set U of Ω). Let U be an open

subset of Ω. A function u defined in U is a (local) harmonic function in U if

u ∈ Wloc(U) and, for any ϕ ∈ C∞c (U),∫
U

g(∇u,∇ϕ) dµ = 0.

In classical terms, u ∈ C∞loc(U), ∆u = 0 in U ∩ Ω• = U ∩ M•, and u has vanishing

normal derivative along U ∩ δΩ (and no condition along U ∩ ∂Ω).

Definition 2.3.3 (Harmonic function in U ⊂ Ω open, vanishing on ∂Ω). Let U be

an open subset of Ω. A function u defined in U is a (local) harmonic function

in U with Dirichlet boundary condition along ∂Ω (i.e., vanishing along ∂Ω) if u

is locally harmonic in U and, for any ψ ∈ Cc(U♯) ∩ Lip(U♯), uψ ∈ W1
0 (U). Here

U♯ is the largest open set in Ω̃ such that U♯ ∩ Ω = U. In classical terms, under

condition (*), u ∈ C∞loc(U), ∆u = 0 in U ∩ Ω• = U ∩ M•, u has vanishing normal

derivative along U ∩ δΩ, and u can be extended continuously by setting u(x) = 0

at any point x ∈ ∂Ωwhich is at positive distance from Ω \ U.

Definition 2.3.4 (Global harmonic function in Ω). A global harmonic function

in Ω is a function u in Ωwhich is locally harmonic in Ω and vanishes along ∂Ω.

Remark 2.3.1. This last definition applies to the case M = Ω, providing the defi-

nition of global harmonic function in M. In that case, there is no Dirichlet bound-

ary condition as ∂M = ∅.
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Definition 2.3.5 (Elliptic Harnack inequality). We say that:

• The elliptic Harnack inequality holds locally in a subset V of Ω if for any

compact set K ⊂ V there exist HK and rK > 0 such that, for all (x, r) ∈

K × (0, rK), and any positive harmonic function u in BΩ(x, 2r),

sup
BΩ(x,r)

{u} ≤ HK inf
BΩ(x,r)

{u}.

• The elliptic Harnack inequality holds up to scale r0 over a subset K of Ω if

there is a constant HK,r0 such that, for all (x, r) ∈ K × (0, r0) and any positive

harmonic function u in BΩ(x, 2r),

sup
BΩ(x,r)

{u} ≤ HK,r0 inf
BΩ(x,r)

{u}.

• The elliptic Harnack inequality holds uniformly in an open subset U of

Ω if there is a constant HU such that for all (x, r) ∈ U × (0,+∞) such that

BΩ(x, 2r) ⊂ U and any positive harmonic function u in BΩ(x, 2r),

sup
BΩ(x,r)

{u} ≤ HU inf
BΩ(x,r)

{u}.

Remark 2.3.2. The elliptic Harnack inequality always holds locally on Ω. It

holds up to scale r0 = d(K, ∂Ω) > 0 on any compact subset K of Ω. Under

condition (*), the elliptic Harnack inequality always holds locally on Ω and on

M. (They do not mean the same thing.) It also holds up to scale r0 for any fixed

r0 on any compact subset of M.

Definition 2.3.6 (Boundary elliptic Harnack inequality). The following defini-

tions are only useful when ∂Ω , ∅.

• The boundary elliptic Harnack inequality holds locally on a subset V of

∂Ω if for any compact set K ⊂ V there exist HK and rK > 0 such that,
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for all (x, r) ∈ K × (0, rK), and any two positive harmonic functions u, v in

BΩ(x, 2r) = Ω ∩ BΩ̃(x, 2r) vanishing along ∂Ω,

sup
BΩ(x,r)

{u/v} ≤ HK inf
BΩ(x,r)

{u/v}.

• The boundary elliptic Harnack inequality holds up to scale r0 over a subset

K of ∂Ω if there is a constant HK,r0 such that, for all (x, r) ∈ K×(0, r0) and any

two positive harmonic functions u, v in BΩ(x, 2r) = Ω ∩ BΩ̃(x, 2r) vanishing

along ∂Ω,

sup
B(x,r)
{u/v} ≤ HK,r0 inf

B(x,r)
{u/v}.

• The boundary elliptic Harnack inequality holds uniformly in an open sub-

set U of Ω if there is a constant HU such that for all (x, r) ∈ ∂Ω × (0,∞) such

that B(x, 2r) ⊂ U and any two positive harmonic functions u, v in B(x, 2r)

vanishing along ∂Ω,

sup
B(x,r)
{u/v} ≤ HU inf

B(x,r)
{u/v}.

Remark 2.3.3. The validity of a boundary elliptic Harnack inequality depends

on the nature of the boundary ∂Ω. Under assumption (*), the boundary elliptic

Harnack inequality always holds locally on Ω and, for each r0 > 0, up to scale r0

on any compact subset K of ∂Ω.

2.3.2 Local and global solutions of the heat equation

To save space, we refer the reader to [20, 40, 59, 60, 61] for the definition

of local weak solutions of the heat equation in an open cylindrical domain

(a, b) × U ⊂ R × Ω, in the context of the strictly local regular Dirichlet space

(W1
0 (Ω),

∫
Ω

g(∇ f ,∇ f ) dµ). Because such weak solutions are automatically smooth

19



in time, one can be a bit cavalier with the details of such definitions. In fact,

these local weak solutions are always smooth in (a, b)×U, including up to δΩ∩U

where they satisfy the Neumann boundary condition.

For the definition of weak solutions in an open set U of Ω vanishing along

∂Ω, we refer the reader to [40]. Simply put, given that weak solutions are smooth

in time and at any point in U, the condition that the solution vanishes along the

relevant part of ∂Ω can be captured as in Definition 2.3.3 by requiring that, for

any t ∈ (a, b) and any ψ ∈ Cc(U♯) ∩ Lip(U♯), uψ ∈ W1
0 (U). In fact, under condition

(*), such a solution will vanish continuously along the relevant part of ∂Ω [48].

Definition 2.3.7 (Global solution of the heat equation in (a, b) × Ω). A global

solution of the heat equation function in (a, b) × Ω is a function u in (a, b) × M

which is smooth in (a, b) × Ω, satisfies (∂t − ∆)u = 0 in (a, b) × M•, has vanishing

normal derivative on δΩ and vanishes along ∂Ω.

Given a time-space cylinder Q = (s, s+4r2)×B(x, 2r), set Q− = (s+ r2, s+2r2)×

B(x, r) and Q+ = (s + 3r2, s + 4r2) × B(x, r).

Definition 2.3.8 (Parabolic Harnack inequality). We say that:

• The parabolic Harnack inequality holds locally in a subset V of Ω if for

any compact set K ⊂ U there exist HK and rK > 0 such that, for all s ∈ R,

(x, r) ∈ K × (0, rK), and any local solution u ≥ 0 of the heat equation in

Q = (s, s + 4r2) × BΩ(x, 2r),

sup
Q−
{u} ≤ HK inf

Q+
{u}.

• The parabolic Harnack inequality holds up to scale r0 over a subset K of Ω

if there is a constant HK,r0 such that, for all s ∈ R, (x, r) ∈ K × (0, r0) and any
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local solution u ≥ 0 of the heat equation in Q = (s, s + 4r2) × BΩ(x, 2r),

sup
Q−
{u} ≤ HK,r0 inf

Q+
{u}.

• The parabolic Harnack inequality holds uniformly in an open subset U of

Ω if there is a constant HU such that, for all s ∈ R and (x, r) ∈ U × (0,+∞)

such that B(x, 2r) ⊂ U and any local solution u ≥ 0 of the heat equation in

(s, s + 4r2) × BΩ(x, 2r),

sup
Q−
{u} ≤ HU inf

Q+
{u}.

2.3.3 Doubling and Poincaré

Definition 2.3.9 (Doubling). Very generally, doubling refers to the volume func-

tion property that V(x, 2r) ≤ CV(x, r) where (x, r) belong to some specific subset

of Ω × (0,+∞).

• A set V is locally doubling if for any compact set K ⊂ V there exists r0(K) >

0 such that K is doubling up to scale r0(K).

• An arbitrary set K is doubling up to scale r0 if there is a constant CK,r0 such

that for all (x, r) ∈ K × (0, r0), V(x, r) ≤ CK,r0V(x, 2r).

• An open subset U of Ω or Ω̃ is uniformly doubling (or doubling for short)

if there is a constant CU such that for all (x, r) ∈ U × (0,+∞) such that

B(x, 2r) ⊂ U, V(x, 2r) ≤ CUV(x, r).

Remark 2.3.4. A manifold with boundary is always locally doubling. It may

or not be doubling up to scale r0 for some r0 > 0. It may or not be uniformly

doubling. Euclidean space Rn is doubling, as is any complete Riemannian man-

ifold without boundary with non-negative Ricci curvature. Convex domains in
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Rn are doubling. Hyperbolic space is doubling up to any fixed scale r0, but it is

not doubling. A complete Riemannian manifold without boundary with Ricci

curvature bounded below is doubling up to any fixed scale r0.

A Poincaré inequality is an inequality of the form

∀ f ∈ C∞(B(x, r)),
∫

B(x,r)
| f − fB|

2 dµ ≤ Pr2
∫

B(x,r)
|∇ f |2 dµ,

where fB is the average value of f over B = B(x, r).

Definition 2.3.10 (Poincaré inequality). Consider the following three versions:

• The Poincaré inequality holds locally in a subset V of Ω or Ω̃ if for any

compact set K ⊂ V there exists r0(K) > 0 and a constant PK such that, for

all (x, r) ∈ K × (0, r0(K)),

∀ f ∈ C∞(B(x, r)),
∫

B(x,r)
| f − fB|

2 dµ ≤ PKr2
∫

B(x,r)
|∇ f |2 dµ.

• The Poincaré inequality holds up to scale r0 over a subset K of Ω or Ω̃ if

there is a constant PK,r0 such that, for all (x, r) ∈ K × (0, r0),

∀ f ∈ C∞(B(x, r)),
∫

B(x,r)
| f − fB|

2 dµ ≤ PK,r0r
2
∫

B(x,r)
|∇ f |2 dµ.

• The Poincaré inequality holds uniformly in an open subset U of Ω or Ω̃

if there is a constant PU such that for all (x, r) ∈ U × (0,+∞) such that

B(x, r) ⊂ U,

∀ f ∈ C∞(B(x, r)),
∫

B(x,r)
| f − fB|

2 dµ ≤ PUr2
∫

B(x,r)
|∇ f |2 dµ.

Remark 2.3.5. A Poincaré inequality always holds locally on any manifold with

boundary. A Poincaré inequality up to scale r0 for some r0 > 0 may hold or or

not on a manifold with boundary. A Poincaré inequality may hold uniformly

22



or not on a manifold with boundary. A Poincaré inequality holds uniformly on

Euclidean space Rn, and it also holds uniformly on any complete Riemannian

manifold without boundary with non-negative Ricci curvature. A Poincaré in-

equality up to scale r0 for any fixed r0 > 0 holds on hyperbolic space, but it does

not hold uniformly at all scales. A Poincaré inequality up to scale r0 for any

fixed r0 > 0 holds on any complete Riemannian manifold without boundary

with bounded Ricci curvature.

2.3.4 Harnack weighted manifolds

As above, let (Ω, δΩ) be a Riemannian manifold. We do not assume it is com-

plete. Let Ω̃ be its metric completion and ∂Ω = Ω̃ \Ω. Let σ be a smooth positive

weight on Ω. We consider the (local regular) Dirichlet space (W1
0 (Ω),

∫
Ω
|∇ f |2 dµ)

and the associated heat equation (see, e.g., [40, 60, 61] for details).

Definition 2.3.11 (Harnack manifold). We call a weighted Riemannian manifold

Ω is a Harnack manifold if the parabolic Harnack inequality holds uniformly in

Ω.

Under relatively mild conditions onΩ, Ω̃, and the weight σ, this condition is

known to be equivalent ([23, 40, 54, 61]) to the validity of the volume doubling

condition and Poincaré inequality, uniformly in Ω̃. It is also equivalent to the

validity of the two-sided (Gaussian) heat kernel estimate

c1e−C2
d2
t

V(x,
√

t)
≤ pΩ(t, x, y) ≤

C1e−c2
d2
t

V(x,
√

t)
, d = d(x, y). (2.1)

Remark 2.3.6. The best known large class of Harnack manifolds is the class

of complete Riemannian manifolds with non-negative Ricci curvature (see [55]
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and the references therein). In this case the weight is the constant weight 1.

Reference [33] discusses how to obtain examples with non-trivial weights. We

are interested in the case when Ω̃ is a (smooth) manifold satisfying condition (*).

In this case, assuming that σ has a continuous extension to ∂Ω, it is necessary

for the weight σ to vanish at the boundary in order for the weighted manifold

Ω to have a chance to be a Harnack manifold. One of the simplest examples

of Harnack manifold of this type is the upper-half Euclidean space Rn
+ = {x =

(x1, . . . , xn) ∈ Rn : xn > 0} equipped with the weight σ(x) = x2
n. See [40] for many

more examples.

We will make use of the following key theorems. See [40] for a discussion of

more general versions of these theorems.

Theorem 2.3.1. Let (Ω, σ) be a weighted Riemannian manifold with boundary. As-

sume that Ω̃ = M is a manifold with boundary and that ∂Ω = M \Ω satisfies condition

(*). Assume that the weight σ has a continuous extension to M, vanishing on ∂Ω and

such that the restriction to Ω of any Lipschitz function compactly supported in M is in

W1
0 (Ω). Then the weighted manifold (Ω, σ) is Harnack if and only if (Ω, σ) is uniformly

doubling and the Poincaré inequality holds uniformly.

This is a slight extension of the results in [23, 54], which essentially cover

the case Ω = M. This extension is contained in the more general Dirichlet space

version given in [40].

The following important theorem follows from Section 5 of [40].

Theorem 2.3.2. Assume that (M, σ) is a weighted complete Riemannian manifold

which is uniformly Harnack. Let Ω be an open subset of M such that ∂Ω = M \ Ω

is a subset of the boundary δM and satisfies (*). Assume that Ω is a uniform subset of
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M (Definition 2.3.13) and let h be a positive harmonic function vanishing along ∂Ω (a

harmonic profile for Ω).

Then there are constants 0 < c ≤ C < +∞ such that, for any x ∈ M, r > 0, and any

xr such that xr ∈ B(x, Ar) and d(xr, ∂Ω) ≥ ar, we have

ch(xr)2V(x, r) ≤ Vh(x, r) :=
∫

B(x,r)
h2 dµ ≤ Ch(xr)2V(x, r)

where, as usual, V(x, r) = µ(B(x, r)).

Moreover, the Riemannian manifold Ω weighted by σh = σh2 is a Harnack man-

ifold. In particular, if pΩ,h2 indicates the heat kernel for (Ω, σh), there exist constants

c1, c2, c3, c4 > 0 such that ∀t > 0, x, y ∈ Ω

c1

h(x√t)2V(x,
√

t)
exp

(
−

d(x, y)
c2t

)
≤ pΩ,h2(t, x, y) ≤

c3

h(x√t)2V(x,
√

t)
exp

(
−

d(x, y)
c4t

)
.

We will also a need an extension of a particular case of the main result of [37]

that holds on a certain class of manifolds, some of which may be incomplete.

Theorem 2.3.3. Let (Ω, σ) be a weighted Riemannian manifold with boundary such

that Ω̃ = M is a manifold with boundary and (Ω, σ) satisfies (*). Assume that the weight

σ has a continuous extension to M, vanishing on ∂Ω and such that the restriction to Ω

of any Lipschitz function with compact support in M belongs to W1
0 (Ω). If Ω has ends

U1, . . . ,Uk, further assume that each Ui ∪ ∂
innerUi, 1 ≤ i ≤ k, is Harnack in the sense of

Theorem 2.3.1 and non-parabolic (see Section 2.3.6). Then for all x, y ∈ Ω and t > 1,

p(t, x, y) ≈ C
[

1√
Vix(x,

√
t)Viy(y,

√
t)

exp
(
− c

d2
∅
(x, y)
t

)
+

(
H(x, t)H(y, t)

V0(
√

t)
+

H(y, t)

Vix(
√

t)
+

H(x, t)

Viy(
√

t)

)
exp

(
− c

d2
+(x, y)

t

)]
,

where the constants C, c take different values in the upper and lower bounds.
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Here

ix =


i, if x ∈ Ui

0, if x ∈ K,

and, so that |x| is bounded below away from zero, we set

|x| := sup
y∈K

d(x, y), x ∈ M.

Then if Bi(x, r) denotes a ball in Ui centered at x with radius r and oi is a fixed

reference point on ∂innerUi, 1 ≤ i ≤ k,

Vi(r) := Vi(oi, r) =
∫

Bi(oi,r)
σi(x) dx.

We further set V0(r) = min1≤i≤k Vi(r). The notation d+(x, y) refers to the distance

between x and y when passing through the compact middle K, whereas d∅(x, y)

refers to the distance between x and y if we avoid K. Finally, we define

H(x, t) = min
{

1,
|x|2

Vix(|x|)
+

( ∫ t

|x|2

ds
Vix(
√

s )

)
+

}
.

Remark 2.3.7. If Vix(r) satisfies the condition that for some c, ε > 0,

Vix(R)
Vix(r)

≥ c
(R

r

)2+ε

for all R > r ≥ 1, (2.2)

then, as in Section 4.4 of [37], we have the estimate

H(x, t) ≈
|x|2

Vix(|x|)
.

Proof of Theorem 2.3.3: Recall dµ = σdx. Since the restriction to Ω of any Lips-

chitz function with compact support in M belongs to W1
0 (Ω, µ), in fact W1

0 (Ω, µ) =

W1(Ω, µ). Hence the Dirichlet forms given by (W1
0 (Ω, µ),

∫
Ω

g(∇ f ,∇ f ) dµ) and

(W1(Ω, µ),
∫
Ω

g(∇ f ,∇ f )d µ) coincide. Therefore we can think of ∂Ω as having no

boundary condition, which amounts to considering the heat kernel on the com-

plete manifold (with boundary) M = Ω̃, which has Harnack, non-parabolic ends.

Hence the result follows from repeating the proofs of Theorems 4.9 and 5.10 in

[37]. □
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2.3.5 Uniform domains

There are several definitions of uniform domains which are equivalent under

certain circumstances (see [40], [49], and the references therein). In this section

we need only assume we have a length metric space (M, d), that is, a metric space

such that d(x, y) is equal to the infimum of the lengths of all continuous curves

joining x to y in M. We recall a few definitions as in [40].

Definition 2.3.12 (Length of a Curve). Let γ : I = [a, b] 7→ M be a continuous

curve. Then the length of γ is given by

L(γ) = sup
{ n∑

i=1

d(γ(ti−1), γ(ti)) : n ∈ N, a ≤ t0 < · · · < tn ≤ b
}
.

Definition 2.3.13 (Uniform domain). Let U ⊂ M be open and connected. We say

U is uniform in M if there exist positive, finite constants cu,CU such that for any

x, y ∈ U there exists a continuous curve γx,y : [0, 1] → U with γ(0) = x, γ(1) = y

that satisfies

1. L(γx,y) ≤ Cud(x, y)

2. For any x ∈ γx,y([0, 1]),

d(x, ∂U) ≥ cu
L(γ[x,z])L(γ[z,y])

L(γx,y)
, (2.3)

where for any z = γx,y(s), z′ = γx,y(s′), 0 ≤ s ≤ s′ ≤ 1, L(γ[z,z′]) = L(γ|[s,s′]).

Remark 2.3.8. A set U satisfying Definition 2.3.13 is sometimes instead referred

to as a length uniform domain. In this context, a domain may be called uniform

if the length L of curves is replaced by the distance d in M everywhere in (2.3).

However, under a relatively mild condition on balls, these notions are equiva-

lent. (See Theorem 2.7 of [51] and Proposition 3.3 of [40], noting that the proof
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of Proposition 3.3 contains some errors.) In our case of interest, this condition

follows from the doubling assumption.

Remark 2.3.9. If we replace both the distance d in M in (a) and the lengths of

curves L in (2.3) with dU , the distance in U, we obtain the definition of an inner

uniform domain. In the situations considered in the main part of this chapter,

one can easily check a uniform domain is also inner uniform and all relevant

results apply. In fact, in the case where the closure of a set U is nice, U being

uniform in its closure is equivalent to U being inner uniform.

2.3.6 Green function, parabolic versus non-parabolic

Definition 2.3.14 (Parabolic/Non-parabolic manifolds). Let Ω be a weighted

Riemannian manifold with minimal heat kernel p(t, x, y) associated with the

Dirichlet form (W1
0 (Ω),

∫
Ω

g(∇ f ,∇ f ) dµ). Consider

G(x, y) =
∫ ∞

0
p(t, x, y)dt, x , y ∈ Ω.

If this (extended) function of x , y is identically +∞, then we say Ω is parabolic.

If G(x, y) is finite at some pair x , y, then it is finite for all x , y, and we say that

Ω is non-parabolic. In the second case, we call G the Green function on Ω; it is a

global harmonic function on Ω.

There are many characterizations of parabolicity. One of them is that the

constant function 1 : Ω → (0,+∞) is the limit of a sequence of smooth functions

ϕn with compact support for the norm (
∫

V
| f | dµ +

∫
Ω
|∇ f |2 dµ)1/2 where V is one

(any) fixed non-empty relatively compact open set in Ω.
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Let (M, δM) be a complete weighted Riemannian manifold with boundary

and assume M has a strictly positive weight σ. Then using the above characteri-

zation of parabolicity, if Ω is a submanifold of M such that M \Ω contains a non-

empty hypersurface of codimension 1, then it easily follows that the weighted

manifoldΩ is non-parabolic. See [27] for an extensive discussion and references.

When the weighted Riemannian manifold Ω is a Harnack weighted mani-

fold, parabolicity boils down to the volume integral condition∫ ∞

1

ds
V(x,

√
s)
= +∞. (2.4)

This should be satisfied for one (equivalently, all) x ∈ Ω. Moreover, when Ω is a

Harnack weighted manifold that is non-parabolic, its Green function G satisfies

cΩ

∫ +∞

d(x,y)2

ds
V(x,

√
s)
≤ G(x, y) ≤ CΩ

∫ +∞

d(x,y)2

ds
V(x,

√
s)
. (2.5)

2.4 Construction of a profile for Ω

The main result of this section is to construct a sufficiently nice harmonic func-

tion on the manifold Ω. We assume the set-up of Section 2.2 and all hypotheses

given in Section 2.2.3 throughout this section.

2.4.1 Harmonic profiles for Ω

In order to use the technique of [37], we need to apply an appropriate h-

transform. The effect of this will be to “hide” the Dirichlet boundary and take

us to the setting of a connected sum of Harnack manifolds. The goal of this
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section is to construct a positive global harmonic function in Ω (Definition 2.3.4)

that grows at least as fast in each end as the profile for that end; we may refer

to this function as a profile for Ω. While the profiles for the ends Ui, 1 ≤ i ≤ k,

are unique up to constant multiples (see (C3)), this is in general not the case for

Ω, even with the additional restriction on the growth of the function. Our main

result in this section is that Ω always possesses a harmonic function of this type.

Theorem 2.4.1. Assuming ∂Ω , ∅, there exists a positive harmonic function h on Ω,

vanishing along ∂Ω, such that h ≥ cui for some constant 0 < c < +∞, where ui denotes

the profile for Ui, 1 ≤ i ≤ k, as in (C3).

If ∂Ω = ∅, thenΩ = M is complete and this case is covered by [37], providedΩ

is non-parabolic (Definition 2.3.14). The theorem is proved by using the profiles

ui, 1 ≤ i ≤ k, to construct a global harmonic function on Ω, which we then show

satisfies all of the desired further properties. However, we first gather some

additional consequences of our hypotheses.

2.4.2 Behavior of Green functions

The proof of the theorem relies heavily on the behavior of the Green function G

of Ω, which exists since ∂Ω , ∅ (recall Section 2.3.6). The behavior of G is closely

related to the behavior of the Green functions for the ends Ui, GUi , 1 ≤ i ≤ k,

which exist since all ends Ui are non-parabolic as ∂innerUi , ∅. In turn, what we

can say about the behavior of GUi relies on the strong hypotheses we require

of the ends, as well as whether the underlying manifolds Mi are parabolic or

non-parabolic.
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Definition 2.4.1. We say that a continuous function f on Ω tends to zero at in-

finity in an end Ui if, for all ε > 0, there exists a compact set Kε ⊂ M such that

| f (x)| ≤ ε for all points x ∈ Ui \ Kε.

Similarly, we say f tends to zero at infinity in Ω if, for all ε > 0, there exists a

compact set Kε ⊂ M such that | f (x)| ≤ ε for all points x ∈ Ω \ Kε.

Definition 2.4.2. Fix points oi ∈ Ui, 1 ≤ i ≤ k. (Generally, we think of oi as being

near ∂innerUi). We say that x tends to infinity in Ui if the distance between x and

oi (taken in Ui) tends to infinity.

Theorem 2.4.2. The following dichotomy takes place regarding the behaviors of each of

the Green functions GUi , 1 ≤ i ≤ k :

(E1) If Mi is non-parabolic, then GUi(x, y) → 0 as x → ∞ in Ui, uniformly for all y in

a fixed compact set.

(E2) If Mi is parabolic, there exists an increasing, unbounded function f taking the

positive reals to the positive reals such that for all R > 0 sufficiently large, there

exists a point xR satisfying R/2 < d(oi, xR) < 3R/2 and ui(xR) ≥ f (R).

Moreover, if x (or, equivalently, y) is in a fixed compact set, then GUi(x, y) is

bounded above uniformly, provided d(x, y) ≥ δ > 0 for some fixed δ > 0.

Proof. Fix i ∈ {1, . . . , k} and a point oi ∈ Ui. Throughout this proof, we will as-

sume that d refers to the distance in Ui and B(x, r) = BUi(x, r), V(x, r) = VUi(x, r)

refer to balls and their volumes in Ui.

Proof of (E1): Since Mi is non-parabolic, it possesses a Green function GMi ,

which satisfies the estimate (2.5) and condition (2.4) found in Appendix 2.3.6.

As the heat kernel is an increasing function of sets, so that pV(t, x, y) ≤ pU(t, x, y)
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if V ⊆ U for all t > 0, x, y ∈ V, the Green function is also an increasing function

of its domain. Hence

GUi(x, y) ≤ GMi(x, y) ≤ C
∫ ∞

d2(x,y)

dt

VMi(y,
√

t)
< +∞, ∀x, y ∈ Ui, x , y.

Since this last integral converges, it tends to zero as d(x, y) tends to infinity. As

Mi is doubling, VMi(y,
√

t) and VMi(y
∗,
√

t) are comparable for all y, y∗ in a fixed

compact set. It follows that GUi(x, y) tends to zero as x → ∞ uniformly for all y

in this fixed compact set.

Proof of (E2), first statement: The situation is more complicated when Mi is

parabolic, since in this case Mi possesses no Green function. Consider instead

Ei, which possesses a Green function GEi since ∂Ei , ∅. Recall Ei differs from Mi,

a Harnack manifold, by a compact set Ki, which is the setting of [34].

As Ui is uniform in Mi and Ei = U i, Ei is itself uniform in Mi and hence

possesses a harmonic profile wi. The weighted space (Ui, σw2
i ) remains uniform

and hence has a profile vi. Consider the product wivi. This function must vanish

along all of ∂Ui since wi is a harmonic function vanishing on ∂Ei = ∂
innerUi and vi

must vanish along ∂sideUi.Moreover, wivi has vanishing normal derivative along

δUi as this is true of both wi and vi. Since vi = (wivi)/wi is the profile of (Ui, σw2
i ),

the function wivi must be locally harmonic in (Ui, σ); this can be seen by consid-

ering the unitary map T : L2(Ui, σw2
i ) → L2(Ui, σ) given by g 7→ gwi. Therefore

wivi is a profile of (Ui, σ). Such profiles are unique up to constant multiples, so

we may take ui = wivi.

Uniformity of Ui in Mi also guarantees, as in [40, Lemma 3.20], that for any

R > 0, there exists a point xR ∈ Ui such that d(oi, xR) and d(xR, ∂Ui) are both

of scale R. In particular, we can take xR such that R/2 < d(oi, xR) < 3R/2 and

d(xR, ∂Ui) ≥ coR/8 for some fixed constant c0. It follows from the proof of Theo-
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rem 4.17, [40], that there exists a constant C > 0 such that

vi(y) ≤ Cvi(xR) ∀ r > 0, y ∈ B(xR, r).

Additionally, from the construction of ui in [40], there exists a point y∗ ∈ Ui such

that vi(y∗) = 1. Thus C−1 ≤ vi(xR) for all R > 0.

Moreover, the proof of Lemma 4.5 in [34] implies that for d(oi, x) = r

wi(x) ≈
∫ r

r0

s ds
V(oi, s)

,

for any sufficiently large r0 > 0, where f ≈ g means there exist constants 0 < c∗ ≤

C∗ < +∞ such that c∗ f ≤ g ≤ C∗ f . Since Mi is Harnack and parabolic, the above

integral tends to infinity as r tends to infinity. Hence wi tends to infinity in Ui.

Therefore ui(xR) = vi(xR)wi(xR) → ∞ as R → ∞ since this is true of wi and vi is

bounded below at the points xR. Hence we can construct a function f (R) of the

type necessary to satisfy (E2).

Proof of (E2), second statement: Since GUi ≤ GEi , it suffices to prove the state-

ment for GEi .

By Theorem 5.13 of [40],

GEi(x, y) ≈ h(x)h(y)
∫ ∞

d(x,y)2

dt

Vh(x,
√

t)
,

where h is the profile for Ei, and

Vh(x,
√

t) :=
∫

B(x,
√

t)
h2(z)dµ(z),

where B(x,
√

t) = {y ∈ Ui : dUi(x, y) <
√

t}.

Moreover, by Theorem 2.3.2 (see also [40, Theorem 4.17]),

Vh(x,
√

t) ≈ [h(x√t)]
2 V(x,

√
t),
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where V is the usual volume in Ui, and x√t is any point in Ui satisfiying

d(x, x√t) ≤
√

t
4

and d(x√t,Mi \ Ei) ≥ c0

√
t

8
.

Therefore

GEi(x, y) ≈ h(x)h(y)
∫ ∞

d(x,y)2

dt

[h(x√t)]2 V(x,
√

t)
.

On the other hand, we recall that [34] implies

h(z) ≈
∫ d(oi,z)

r0

t dt
V(oi, t)

,

where r0 is such that BMi(oi, r0) contains ∂Ei.

Therefore, by adding a correction term near zero, we can write

h(x√t) ≈
∫ d(oi,x√t)

0

se−1/s

V(s)
ds,

where V(s) := V(oi, s).

For any x ∈ Ei, set |x| := d(oi, x). Hence, for x fixed,

GEi(x, y) ≈ h(x)h(y)
∫ ∞

d(x,y)2

dt[ ∫ |x√t |

0
se−1/s

V(s) ds
]2

V(x,
√

t)

≈ h(x)
( ∫ |y|

0

se−1/s

V(s)
ds

)( ∫ ∞

d(x,y)2

dt[ ∫ |x√t |

0
se−1/s

V(s) ds
]2

V(x,
√

t)

)
.

Let R := d(x, y). Since x is fixed |x√t| ≈
√

t, as d(x, x√t) is of order
√

t. Addition-

ally, |y| ≈ d(x, y) ≈ R for R sufficiently large. Also, V(x,R) ≈ V(R).

We define two functions, f , g : [0,∞)→ R, as follows:

F(R) :=
∫ ∞

R2

dt[ ∫ √t

0
se−1/s

V(s) ds
]2

V(
√

t)
; G(R) :=

1∫ R

0
se−1/s

V(s) ds
.
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Then

F′(R) =
−2R[ ∫ R

0
se−1/s

V(s) ds
]2 V(R)

; G′(R) =
−Re−1/R[ ∫ R

0
se−1/s

V(s) ds
]2 V(R)

so that F′(R) = 2e1/RG′(R).

Thus, for R large enough, F′(R),G′(R) < 0. Hence both F and G are decreas-

ing, and F is decreasing at least as quickly as G, which implies F(R) ≤ G(R) for

large R. This plus the estimates above yield

GEi(x, y) ≈ h(x)
F(R)
G(R)

≈
F(R)
G(R)

,

since x is fixed. Therefore GEi is largest for small R = d(x, y) and decreases with

R. Moreover, for x in some fixed compact set, we can again treat h(x) as constant,

which implies GEi is bounded in the desired fashion. □

Lemma 2.4.1. Under the hypotheses of Theorem 2.4.1, if GUi satisfies (E1), then (E1)

holds for G in Ui, and the same holds for (E2).

Proof. Let O1,O2 be two precompact sets with smooth boundary in M such that

K ⊂ O1 ⊂ O2 and O1 ⊂ O2. Let Ki = Oi, i = 1, 2. We will show there exist constants

0 < c ≤ C < +∞ such that, for any y ∈ Ui ∩ K1,

cGUi(·, y) ≤ G(·, y) ≤ CGUi(·, y)

on Ui \ K2.

This implies GUi ,G are comparable in the end Ui sufficiently far away from

the middle. Since K2 is compact, the behavior of G near the middle is deter-

mined by the boundary of Ω and its similarly to GUi in the ends, as local elliptic

and boundary Harnack inequalities hold. (See Section 3.5 for statements of Har-

nack inequalities.) Thus proving GUi ≈ G as above suffices to prove the lemma.
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Since Ui ⊂ Ω, GUi(x, y) ≤ G(x, y) for all x, y ∈ Ui, proving the first inequality

with c = 1. The other inequality is more challenging.

Let {Ω j}
∞
j=1 be an exhaustion of Ω by pre-compact open sets and GΩ j be the

Green function for Ω j, j = 1, 2, 3, . . . . As GΩ j ↗ G, it suffices to show there exists

0 < C < +∞ such that GΩ j(·, y) ≤ CGUi(·, y) in the desired range, where C does

not depend on j.

Fix ε > 0. Let oi be a fixed reference point in U•i ∩ K1. Assume oi ∈ Ω j and

K2 ⊂ Ω j for all j. As in the previous theorem, let d, B, and V refer to distance,

balls, and volumes taken in Ui. Locally in a coordinate chart neighborhood of oi,

the functions GΩ j behave like the Green function of Rn, where n is the dimension

of M. For some r0 > 0, we may take W = B(oi, r0) ⊂ K1 to be our coordinate chart

neighborhood. Then for all z such that d(oi, z) = r0/2 and d(z, ∂Ω j) ≥ ε, there exist

constants 0 < c0 ≤ C0 < +∞ independent of j such that

c0 ≤ GΩ j(oi, z) ≤ C0. (2.6)

By construction of K1,K2, there exists δ > 0 such that if x ∈ Ui \ K2, y ∈ K1,

then d(x, y) ≥ δ. As the elliptic Harnack inequality holds locally in Ω, since GΩ j is

harmonic, K2 is compact, and (2.6) holds, there exist constants 0 < c1 ≤ C1 < +∞

which do not depend on j such that

c1 ≤ GΩ j(x, y) ≤ C1

for all x ∈ ∂K2 ∩ Ui, y ∈ K1, d(x, ∂Ω j) ≥ ε, d(y, ∂Ω j) ≥ ε.

Using the boundary Harnack inequality to compare GΩ j to GUi along points

of ∂K2 ∩ Ui at distance less than ε from ∂Ω j and to push y ∈ K1 ∩ Ui toward ∂Ω,

and using the elliptic Harnack inequality to gain control of GUi away from the
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Dirichlet boundary, we see there exists a constant 0 < C < +∞ such that

GΩ j(·, y) ≤ CGUi(·, y)

on ∂K2 ∩ Ui for any y ∈ K1 ∩ Ui.

We now use a comparison principle, since both GΩ j ,GUi are harmonic in Ω j∩

(Ui \ K2). Along ∂K2 ∩ Ui, we showed GΩ j(·, y) ≤ CGUi(·, y). Also, GΩ j vanishes

along the inner boundary of Ω j that lies in Ui, while GUi is positive there. Both

functions vanish along ∂Ω j ∩ ∂Ui and have vanishing normal derivative along

δΩ j ∩ Ui. The Hopf boundary lemma guarantees that minimums of harmonic

functions cannot occur solely at points where the normal derivative vanishes,

and therefore

GΩ j(·, y) ≤ CGUi(·, y)

on Ω j ∩ (Ui \ K2), where y ∈ K1 ∩ Ui. Taking j→ ∞ finishes the proof. □

2.4.3 Construction of the profile for Ω

We now prove the main theorem in this section. The construction of the profile

h of Ω closely follows the method of [62].

Proof of Theorem 2.4.1. For clarity, the proof is divided into a series of steps.

Step 1 (Construct a global harmonic function on Ω): Fix a point o ∈ K and take

precompact open sets O1,O2 ⊂ M with smooth boundary such that K ⊂ O1 ⊂ O2

and no points in δΩ ∩ ∂Ω belong to the set O2 \ O1, which is possible since every

point in M possesses a neighborhood containing only finitely many components

of ∂Ω.
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Construct a smooth function ψ on Ω such that ψ ≡ 1 on Ω \ O2, ψ ≡ 0 on

O1, and ψ has vanishing normal derivative on δΩ. Let u be defined on Ω \ K by

u
∣∣∣
Ui
= ui, 1 ≤ i ≤ k.

Define

h(x) = (uψ)(x) +
∫
Ω

G(x, y)∆(uψ)(y) dµ(y), ∀x ∈ Ω.

Here ∆(uψ) is a smooth function with with compact support on M by the con-

struction of ψ and elliptic regularity theory (it extends smoothly to the boundary

by construction of O1,O2). The relevant weak definitions regarding harmonic

functions may be found in Section 2.3.1; here, for simplicity, we write the proof

in terms of the corresponding classical definitions.

For any smooth, compactly supported function α on M, set

G(α) :=
∫
Ω

G(x, y)α(y) dµ(y).

Then for α = ∆(uψ), h = uψ +G(α).

We compute

∆G(α) =
∫
Ω

∆G(x, y)α(y) dµ(y) =
∫
Ω

∆ΩG(x, y)α(y) dµ(y) = −α(x),

as we may replace∆ (which applies to smooth functions) by∆Ω (the infinitesimal

generator associated with (W0(Ω),
∫

g(∇ f ,∇ f ) dµ)) since G is the Green function

for Ω.

As δΩ is smooth, a direct calculation shows the normal derivative of h on δΩ

vanishes, since this is true of all of u, ψ, and G by definition. Similarly, as u = 0

on ∂Ω \ K and G = 0 on all of ∂Ω, it follows that h = 0 on ∂Ω as well. Thus h is a

global harmonic function on Ω.
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Step 2 (On each end Ui, h behaves similarly to ui): For the remainder of the

proof, we need to make use of the two possible cases of the behavior of G on

each Ui, 1 ≤ i ≤ k, given by Theorem 2.4.2 and Lemma 2.4.1. Crucially, these

two conditions imply that h behaves similarly to ui in (at least) one of two (non-

equivalent) ways.

First suppose Ui satisfies (E1). Note α = ∆(uψ) is bounded and the integral in

G(α) is only over the compact set O2. Additionally, (E1) implies G tends to zero

with x. These three facts imply G(α)→ 0 at infinity in the end Ui. Since ψ→ 1 at

infinity, h − ui → 0 at infinity in Ui.

If Ui satisfies (E2), then we claim h/ui → 1 at infinity in the end Ui. To see

this, take R > 0 sufficiently large and consider the annulus AR = {x ∈ Ui : R/2 <

d(o, x) < 3R/2}. The key step in proving this claim is to show that ui is actually not

too small in the entire annulus AR by obtaining a lower bound for ui depending

on G and R.

We will make use of the technique of remote and anchored balls found in

[36], to which we refer the reader for more details. In brief, an anchored ball

is simply a ball whose center belongs to ∂Ω, while a remote ball (in Ω) is one

whose double is precompact in Ω. The import of this is that elliptic Harnack in-

equalities hold in remote balls, whereas boundary elliptic Harnack inequalities

hold in anchored balls.

By assumption (E2), there exists a point xR ∈ AR and an increasing, un-

bounded real function f such that ui(xR) ≥ f (R) for all R > 0 sufficiently large.

Since Ui satisfies (RCA) by (C1), for any x∗ ∈ AR and any fixed ε > 0, there exists

a sequence of at most Qε balls connecting x∗ and xR where each ball is either re-
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mote of radius εR
4 or anchored to the boundary of radius εR. Label this sequence

of balls B0, . . . , Bl in such a way that xR ∈ B0, x∗ ∈ Bl and B j∩B j+1 , ∅, 0 ≤ j ≤ l−1.

Recall that (C2) indicates an elliptic boundary Harnack inequality holds uni-

formly in Ui, while the hypothesis (H1) implies an elliptic Harnack inequality

holds uniformly in Mi. Let CH be the uniform elliptic Harnack inequality con-

stant for Mi and CB denote the uniform elliptic boundary Harnack constant for

Ui. We show that ui remains relatively large in all of B0.

If B0 is a remote ball and y ∈ O2, applying the elliptic Harnack inequality to

the non-negative harmonic functions G and ui in B0,

G(x, y) ≤ C2
H

G(xR, y)
ui(xR)

ui(x) ≤
C2

HL
f (R)

ui(x) ∀ x ∈ B0,

where L is an upper bound on G(xR, y) for large R given by Theorem 2.4.2.

Similarly, if B0 is anchored to the boundary, we may compare G and ui us-

ing the elliptic boundary Harnack inequality. Although this inequality a priori

applies only in the ball of half the radius, by covering B0 by a finite number

of remote or anchored balls and chaining appropriate Harnack inequalities, the

boundary Harnack inequality actually holds in all of B0, albiet with a potentially

different constant, which we continue to call CB. Thus

G(x, y)
ui(x)

≤ CB
G(xR, y)
ui(xR)

≤
CBL
f (R)

∀ x ∈ B0.

In either case, we obtain a lower bound for ui, involving G, in the entire ball

B0. We then chain between the balls B0, . . . , Bl, obtaining a similar inequality

with an additional constant at each stage. Since there are at most Qε balls, there

exists a constant 0 < C < +∞ depending only on Qε,CH,CB, and L such that

G(x∗, y) ≤
C

f (R)
ui(x∗) ∀ x∗ ∈ AR.
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Recall h = uψ + G(α), where α is bounded. Hence for d(o, x) = |x| ≈ R large

enough in Ui,

ui(x) − δRui(x) ≤ h(x) ≤ ui(x) + δRui(x)

for some δR > 0 that tends to zero as R tends to infinity. Thus h/ui → 1 as x→ ∞

in Ui as claimed.

Step 3 (h is non-negative): Let ε > 0. Then there exists a compact set Kε ⊂ M

such that on Ω \ Kε, −ε ≤ ui − ε ≤ h on ends Ui where Ui satisfies (E1) and

0 < (1/2)ui ≤ h at points in ends Ui satisfying (E2), and every end falls in (at least

one) of these two cases. Recall h = 0 on all of ∂Ω, and by the Hopf boundary

lemma, a minimum of h cannot occur only on δΩ. Hence a minimum principle

implies −ε < h on all of Ω. Since ε was arbitary, we conclude h ≥ 0 on Ω.

Step 4 (h ≥ cui on Ui): We again employ a minimum principle. For fixed i,

first assume that Ui satisfies (E1). For every ε > 0, since h − ui → 0 at infinity in

Ui, there exists a compact set Kε such that ui − ε ≤ h in Ui \ Kε. Since h is non-

negative and ui vanishes along ∂innerUi by definition, ui ≤ h there. Both ui and h

vanish along ∂sideUi, and both have vanishing normal derivative along δUi. Take

a sequence of balls B(o,Rl) such that Rl → ∞ as l→ ∞ and K1/l \ ∂Ω is contained

in B(o,Rl) for l = 1, 2, 3, . . . . Then on Ui∩∂B(o,Rl), ui−1/l ≤ h. Thus on Ui∩B(o,Rl)

the weak minimum principle combined with the Hopf boundary lemma gives

ui − 1/l ≤ h. Sending l→ ∞ yields ui ≤ h on Ui.

Assume Ui satisfies (E2) instead. Then we may choose R0 > 0 such that

(1/2)ui ≤ h in Ui\B(o,R0). Then for R sufficiently large, h = ui = 0 on ∂sideUi∩B(o,R)

and, along ∂innerUi and ∂B(o,R) ∩ Ui, (1/2)ui ≤ h. Therefore the Hopf boundary

lemma and a minimum principle give (1/2)ui ≤ h on B(o,R) ∩ Ui. Consequently

(1/2)ui ≤ h on all of Ui.
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Combining the two cases above, (1/2)ui ≤ h on Ui, 1 ≤ i ≤ k, so in each end,

h grows at least as fast as the harmonic profile for that end.

Step 5 (h is positive on Ω): As a local elliptic Harnack inequality holds in Ω,

either h ≡ 0 on Ω or h > 0 on Ω. Since ui > 0 in Ui, the previous step implies

h . 0. Thus h is positive and hence is a profile for Ω. □

2.4.4 Relationship between h and the ui

By virtue of Theorem 2.4.1, Ω possesses a profile h which must grow at least

as fast as the profile ui in Ui, 1 ≤ i ≤ k. In fact, outside of a compact set in Ui,

the profiles h and ui are comparable. This comparison is crucial for our main

result; the existence of a non-negative harmonic function on Ω satisfying the

appropriate boundary conditions (but no other properties) follows from [49]

due to the smoothness of the boundaries ∂Ω, δΩ.

Theorem 2.4.3. Assume ∂Ω , ∅ and let h be a harmonic profile for Ω as constructed

in Theorem 2.4.1. Then there exist constants 0 < ci ≤ Ci < ∞ and compact sets

K̂i ⊂ M, 1 ≤ i ≤ k such that

ciui ≤ h ≤ Ciui

on Ui \ K̂i.

Proof. For simplicity, we drop the subscript i. The desired lower bound holds

with c = 1/2 on all of U as in Theorem 2.4.1. Once again the proof depends on

the relative behavior of the Green function.

Assume U satisfies (E1). Let K̂ be a compact subset of M such that the in-

ner boundary of U is contained in the interior of K̂. Recall an elliptic Harnack
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inequality holds locally on Ω, and since U is uniform in a Harnack manifold,

by consequence (C2) an elliptic boundary Harnack inequality holds uniformly

in U. For Û := U \ K̂, consider ∂innerÛ. This is a compact set and hence it can be

covered by a finite number of balls that are either far away from ∂sideÛ or that are

near this boundary. In balls far away from ∂sideÛ, the elliptic Harnack inequality

implies both h and u are relatively constant. As we approach ∂sideÛ, since an el-

liptic boundary Harnack inequality holds uniformly, h and u decay at the same

rate. Hence there exists C ≥ 1 such that h ≤ Cu along ∂innerÛ.

Since h − u → 0 at infinity in U, there exists a sequence of balls B(o,Rl) such

that h ≤ u+ 1/l on Û\B(o,Rl). It follows from a minimum principle and the Hopf

boundary lemma that h ≤ Cu + 1/l on B(o,Rl) ∩ Û. Sending l → ∞ gives h ≤ Cu

on Û.

If instead U satisfies (E2), the desired statement follows immediately from

the fact that h/u→ 1 at infinity in U. □

2.5 Heat kernel estimates

This section explains how the profile h of Ω (from Theorem 2.4.1) can be used to

estimate the mixed boundary condition heat kernel on Ω. The key techniques

used here are those of [33, 37] (dealing with manifolds with ends) and of [40]

(dealing with mixed Dirichlet and Neumann boundary conditions). Section 2.8

explains additional connections with the existing literature.
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2.5.1 The h-transform space

Assume ∂Ω , ∅ and let h be a harmonic profile for Ω as constructed in Theorem

2.4.1. Consider the weighted manifold (Ω, h2σ). Notice this change of measure

is related to the unitary map T : L2(Ω, h2σ) → L2(Ω, σ) defined by T ( f ) = h f for

all f ∈ L2(Ω, h2σ). The heat kernel pΩ,h2(t, x, y) = ph(t, x, y) for Ω after h-transform

(that is, (Ω, h2σ)) is related to the heat kernel p(t, x, y) for (Ω, σ) by the following

simple formula [34, 40]:

p(t, x, y) = h(x)h(y)ph(t, x, y).

Hence in order to estimate p(t, x, y), it suffices to estimate ph(t, x, y). To estimate

this quantity, we will use Theorem 2.3.3. The results in this section rely heavily

upon Section 2.3.4.

Let K∗ ⊂ M be compact such that K is a subset of the (topological) interior

of K∗. Then Ω = K∗ ⊔ U∗1 ⊔ · · ·U
∗
k , where U∗i and Ui differ by a compact set for

1 ≤ i ≤ k.

Consider the manifolds (U∗i , σh2), where we put Neumann boundary condition

on ∂innerU∗i (this amounts to the abuse of notation “U∗i = U∗i ∪ ∂
innerU∗i ”). We first

show these manifolds are in fact Harnack and non-parabolic.

Proposition 2.5.1. The manifolds (U∗i , σh2), 1 ≤ i ≤ k, described in the preceding

paragraphs are Harnack.

Proof. For appropriate choice of K∗, Theorem 2.4.3 guarantees cui ≤ h ≤ Cui

on U∗i . By consequence (C4) of our hypotheses, the manifold (Ui, σu2
i ) is a

Harnack manifold. We can also choose K∗ such that the boundaries of the

manifolds U∗i , 1 ≤ i ≤ k, satisfy condition (*). Moreover, h vanishes on
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∂U∗i = ∂Ω ∩ (∂Ui \ K∗) by construction. The function h is harmonic in the in-

terior of U∗i but does not have vanishing normal derivative along ∂innerU∗i . How-

ever, since such points are part of U∗i , they do not affect whether functions in

Lipc(U
∗

i ) belong to W1
0 (U∗i , h

2σ). Thus it follows from Proposition 5.8 of [40] that

Lipc(U
∗

i ) ⊂ W1
0 (U∗i , h

2σ). Moreover, (U∗i , σh2) must be uniformly doubling and

satisfy the Poincaré inequality uniformly since this is true of (Ui, u2
iσ) and h ≈ ui

in U∗i . Therefore by Theorem 2.3.1, (U∗i , h
2σ) is a Harnack manifold. □

Proposition 2.5.2. The manifolds (U∗i , σh2), 1 ≤ i ≤ k, are non-parabolic.

Proof. One of the equivalent definitions of non-parabolicity is that the space

(U∗i , σh2) possesses a non-constant, positive superharmonic function [27]. Such

a function must satisfy Definition 2.3.2 where we consider U∗i as an open subset

of U
∗

i , but with the equality replaced by a less than or equal to. In other words,

we need a smooth function u such that ∆U∗i , h
2σ u ≤ 0 in the (geometric) interior of

U∗i and u has vanishing normal derivative along the boundary points of U∗i as a

manifold.

Consider the function 1/h on (U∗i , σh2). By the correspondence between

L2(U∗i , σ) and L2(U∗i , σh2), 1/h is harmonic in the geometric interior of U∗i . It also

has vanishing normal derivative on δU∗i ∩ δUi, since this is true of h. However, h

does not have vanishing normal derivative on the inner boundary of U∗i , so 1/h

is not itself superharmonic. Nonetheless, 1/h is a local harmonic function in U∗i

in the desired sense outside of a compact set containing ∂innerU∗i , so 1/h can be

extended to a positive superharmonic function in U∗i . Since h behaves like ui, if

this modified version of 1/h is constant, then ui must be relatively constant on

U∗i . However, if this is the case, then U i must have been non-parabolic to start

with, so U∗i must also be non-parabolic. □
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We now come to the main result of this chapter. In Theorem 2.5.1 below, all

notation will be as in Theorem 2.3.3 where subscripts h indicate we have applied

the theorem to the manifold (Ω, h2σ). For explicit examples of the estimates in

Theorem 2.5.1, see Section 2.6.

Before the main result, we recall some notation (see also Theorem 2.3.3). For

x ∈ Ω, the notation ix indicates to select the index i such that x belongs to the

end Ui. If x ∈ K, we set ix = 0. Also let |x| := supy∈K d(x, y). The distance d+

indicates distance passing through the compact middle K, whereas d∅ indicates

distance avoiding K. We will also need the following two functions involving

the h-transform.

Definition 2.5.1. If Bi(x, r) denotes a ball in Ui centered at x with radius r and oi

is a fixed reference point on ∂innerUi, 1 ≤ i ≤ k, then

Vi,h(r) = Vi,h(oi, r) = µi,h(Bi(oi, r)) :=
∫

Bi(oi,r)
h2(x)σi(x)dx (2.7)

and V0,h(r) = min1≤i≤k Vi,h(r).

Furthermore, we set

Hh(x, t) = min
{

1,
|x|2

Vix,h(|x|)
+

( ∫ t

|x|2

ds
Vix,h(

√
s)

)
+

}
. (2.8)

Theorem 2.5.1. Let (M, σ) be a weighted complete Riemannian manifold with bound-

ary such that M = M1# · · · #Mk. Let Ω ⊂ M be open such that ∂Ω = M \ Ω ⊂ δM

satisfies condition (*) and assume ∂Ω , ∅.

Let K be a compact set such that M = K⊔ (E1⊔· · ·⊔Ek) and Ui = Ω∩Ei, 1 ≤ i ≤ k.

Assume (H1) and (H2) so that (Mi, σi), 1 ≤ i ≤ k are Harnack manifolds and each Ui

is uniform in Mi. Let h denote a profile for Ω as constructed in Theorem 2.4.1.
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Then for any t > 1, x, y ∈ Ω, we have the estimate

p(t, x, y) ≈ Ch(x)h(y)
[

1√
Vix,h(x,

√
t)Viy,h(y,

√
t)

exp
(
− c

d2
∅
(x, y)
t

)
+

(
Hh(x, t)Hh(y, t)

V0,h(
√

t)
+

Hh(y, t)

Vix,h(
√

t)
+

Hh(x, t)

Viy,h(
√

t)

)
exp

(
− c

d2
+(x, y)

t

)]
,

where the constants C, c are different in the upper and lower bounds.

Proof. By Propositions 2.5.1 and 2.5.2, the ends U∗i are non-parabolic and Har-

nack in the sense of Theorem 2.3.1. Moreover, the restriction of any Lipschitz

function with compact support in M will lie in W1
0 (Ω, σh2) by Proposition 5.8 of

[40] since h is a positive harmonic function in Ω, vanishing on ∂Ω.

Therefore we apply Theorem 2.3.3 to (Ω, σh2), with ends U∗i , 1 ≤ i ≤ k, giv-

ing us an estimate for ph(t, x, y). The theorem follows once we recall p(t, x, y) =

h(x)h(y)ph(t, x, y). □

Remark 2.5.1. We now indicate how to compute some of the quantities in The-

orem 2.5.1 in practice. In fact, all such quantities can be computed based solely

on information about the ends x and y belong to except for the quantity V0,h(r).

By Theorem 2.4.3, in each end Ui, the profile h of Ω is comparable to the

profile ui of that end, away from some compact set K∗ ⊃ K. Hence we can

compute h using these profiles. As h is harmonic, inside of K∗ it is roughly

constant away from points of ∂Ω and vanishes linearly as it approaches such

points. Frequently, given an end Ui, it may be easier to compute the profile of

some set Vi that is close to Ui in the sense that their difference is a compact subset

of K∗. Using Harnack inequalities and maximum principles as in Section 2.4, we

see the profiles of such Ui,Vi are comparable.
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A useful technique for computing quantities Vix,h(x,
√

t) in the theorem above

is the use of points x√t, which were encountered in the proof of Theorem 2.4.2.

The spirit is the same as that of Theorem 2.3.2, which does not directly apply.

For any t > 0 and any point x ∈ Ui, 1 ≤ i ≤ k, there exists a point x√t ∈ Ui

such that d(x, x√t) ≤
√

t/4 and d(x√t,Mi \ Ei) ≥ c0
√

t/8 for some constant c0 > 0

[40, Lemma 3.20]. As the Ui’s are uniform, by Theorem 4.17 of [40] (or Theorem

2.3.2), we have ∫
Bi(x,

√
t)

u2
i (y)σi(y)dy ≈ ui(x√t)

2 Vi(x,
√

t) ∀x ∈ Ui.

As ui ≈ h in Ui \ K∗ for K∗ compact, it follows that

Vix,h(x,
√

t) ≈ h(x√t)
2Vi(x,

√
t) ∀x ∈ Ui.

In the simplest examples, the integral in the definition (2.8) of Hh(x, t) does

not contribute and the computation reduces to

Hh(x, t) ≈ min
{
1,

|x|2

Vix,h(|x|)

}
≈ min

{
1,

|x|2

h2(x|x|)Vix(|x|)

}
.

If Vix,h grows fast enough, then the second term above is always less than 1 and

the computation simplifies further. See Remark 2.3.7 and (2.2) for the appropri-

ate condition on the volume.

Obtaining heat kernel estimates for small times t ≤ 1 is much simpler and

follows from the fact that the parabolic Harnack inequality (Definition 2.3.8)

holds for small scales in (Ω, σh2).

Theorem 2.5.2. Under the hypotheses of Theorem 2.5.1, for any 0 < t ≤ 1 and x, y ∈ Ω,

p(t, x, y) ≈ h(x)h(y)
1

Vh(x,
√

t)
exp

(
− c

d(x, y)2

t

)
,

where Vh denotes the volume in (M, σh2) and d denotes distance in M.
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Proof. Since (Ω, σh2) is a connected sum of the Harnack manifolds (Ωi, σh2), the

parabolic Harnack inequality holds up to scale r0 for any r0 > 0 as in [37, Lemma

5.9]. Thus for any 0 < t < 1, x, y ∈ Ω,

ph(t, x, y) ≈
1

Vh(x,
√

t)
exp

(
− c

d(x, y)2

t

)
and the result follows from the relation between p(t, x, y) and ph(t, x, y). □

Remark 2.5.2. In fact, the estimate in Theorem 2.5.2 can be replaced by that in

Theorem 2.5.1 as is explained in [37].

2.6 Examples

Example 2.6.1. Suppose M is a connected sum of three cones in R2 with aper-

tures α1, α2, α3 ∈ [0, 2π) such that α1 + α2 + α3 < 2π. (While we should round

the corners to stay in the category of smooth manifolds, this changes nothing

significant.) For simplicity, we assume that the vertex of each cone of positive

aperture is the origin. We consider Ω ⊂ M that encodes boundary conditions on

these cones; for each cone of positive aperture, we assign one of the following

three boundary conditions: either both sides of the cone carry Neumann bound-

ary condition, both sides carry Dirichlet boundary condition, or one side carries

each boundary condition. A cone of zero aperture is represented by a strip with

Neumann condition on both sides. A typical example of this situation in found

in Figures 2.5 and 2.6.

The above six pieces of information (the three apertures of the cones and

what boundary conditions they carry on their sides) are all that is necessary to

determine the behavior of p(t, o, o) in such domains (where naturally we take o

to be the origin).
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(0, 0)

α1

α2
α3 = 0

Figure 2.5: An example of a connected sum of three cones whose vertices
lie at the origin and which are placed around the unit circle.

Ω

Figure 2.6: The manifold Ω associated with Figure 2.5.

We will assume at least one cone has some Dirichlet boundary condition to

ensure that Ω is non-parabolic (recall Section 2.3.6). If there exists a cone of

positive aperture with Neumann condition on both sides, then for t > 1,

co(t log2 t)−1 ≤ p(t, o, o) ≤ Co(t log2 t)−1.

Let U1,U2,U3 denote the ends of Ω with respect to the closure of the unit

circle, and let V1,V2,V3 denote the actual cones. Consider the map A : {V1,V2,V3}

given by

Vi 7→



3
2 , αi = 0

1 + π
αi
, αi > 0 and the cone has Dirichlet boundary condition

1 + π
2αi
, αi > 0 and the cone has both boundary conditions
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for i = 1, 2, 3.

Then for t > 1,

c0t−a ≤ p(t, o, o) ≤ Cot−a,

where

a = min{A(V1), A(V2), A(V3)}.

This naturally generalizes for any finite number of cones. Furthermore, the

requirement
∑3

i=1 αi < 2π can be removed by considering moving the vertices

of the cones farther away from the center of the origin so that each cone takes

up less arc length of the unit circle or by noting that we need not require the

resulting manifold to be embedded in the plane.

With slightly more information, we can give more precise estimates on

p(t, x, y) for any t ≥ 1, x, y ∈ Ω. For simplicity of notation, we will assume all

cones have positive aperture and Dirichlet boundary condition on both sides.

Let ϕi denote the angle between the positive x-axis and the edge of the cone

such that when continuing counter-clockwise from this edge, we lie inside of

the cone Vi, 1 ≤ i ≤ 3. (The the other edge of the cone is at angle ϕi + αi as mea-

sured from the positive x-axis; note ϕi maybe be negative.) In polar coordinates,

the profile of a cone with aperture α and edge at angle ϕ as above with Dirichlet

boundary condition on both sides is given by hcone(r, θ) = rπ/α sin
( π
α
(θ − ϕ)

)
. (In

the case of cones with Dirichlet condition on one side and Neumann condition

on the other side, hcone(r, θ) = rπ/2α sin
( π

2α (θ − ϕ)
)

if the first edge has Dirichlet

condition and a similar formula holds if the first edge instead carries Neumann

condition.) The desired estimate depends on whether or not the points x, y lie in

the same end Ui.
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Let x = (|x|, θx), y = (|y|, θy) denote x, y written in polar coordinates. Previously,

|x| was defined as supy∈K d(x, y) to be bounded below away from zero. Below,

taking |x| = d(0, x) as is needed for polar coordinates will not be a problem since

in all such instances the point x lies in Ui, 1 ≤ i ≤ 3, and hence |x| ≥ 1. Above, we

have already seen what occurs if both points lie in the middle (and away from

any Dirichlet boundary) by examining p(t, o, o). We have the following further

cases, where we continue to assume t > 1:

Case 1: Suppose x and y are in different ends; without loss of generality assume

x ∈ U1, y ∈ U2. Then

p(t, x, y) ≈ sin
( π
α1

(θx − ϕ1)
)

sin
( π
α2

(θy − ϕ2)
)
·[

1

t
π
α∗
+1 |x|

π
α1 |y|

π
α2

+
|x|

π
α1

t
π
α1
+1
|y|

π
α2

+
|y|

π
α2

t
π
α2
+1
|x|

π
α1

]
exp

(
− c

d2
+(x, y)

t

)
,

where α∗ = max1≤i≤3 αi. For fixed x, y, we obtain the same decay rate as above

for p(t, o, o), and if |x| ≈ |y| ≈
√

t, then p(t, x, y) decays like

sin
( π
α1

(θx − ϕ1)
)

sin
( π
α2

(θy − ϕ2)
)
t−

π
2α1
− π

2α2
−1
.

Case 2: Suppose x, y are in the same end, U1. Then

p(t, x, y) ≈ sin
( π
α1

(θx − ϕ1)
)

sin
( π
α1

(θy − ϕ1)
)
·

(
|x|

π
α1 |y|

π
α1

t h(x√t)h(y√t)
exp

(
− c

d2
∅
(x, y)
t

)
+

[ 1

t
π
α∗
+1 |x|

π
α1 |y|

π
α1

+
|x|

π
α1

t
π
α1
+1
|y|

π
α1

+
|y|

π
α1

t
π
α1
+1
|x|

π
α1

]
exp

(
− c

d2
+(x, y)

t

))
.

Further, we can compute the quantity h(x√t) described following the proof of

Theorem 2.5.1. For any x ∈ U1,

h(x√t) ≈


t
π
α1 , if 1 ≤ |x|2 ≤ t

|x|
2π
α1 sin2

(
π
α1

(
θx +

√
t
|x| − ϕ1

)
)
)
, if 1 ≤ t ≤ |x|2.
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Case 3: Suppose one point lies in the middle; assume this point is o, the origin.

The other point x lies in some end, say U1. Then

p(t, o, x) ≈ sin
( π
α1

(θx − ϕ1)
)[ 1

t
π
α∗
+1 |x|

π
α1

+
|x|

π
α1

t
π
α1
+1

]
exp

(
− c
|x|2

t

)
.

Example 2.6.2. The previous example of unions of cones can also be considered

in dimensions other than two. In general, a cone is a subset of Rn of the form

U = R+ × Σ, where Σ is a subset of Sn−1, the (n − 1)-dimensional unit sphere. If Σ

has smooth boundary, then U is uniform in Rn.

The profile for such a cone U with Dirichlet boundary condition everywhere

(see [3, 40]) is given by

hU(x) = |x|αϕ
( x
|x|

)
,

where λ is the first Dirichlet eigenvalue of the spherical Laplacian, ϕ is its corre-

sponding eigenfunction, and

α =

√
(n − 2)2 + 4λ − (n − 2)

2
. (2.9)

If we take a union of such cones with Dirichlet boundary condition every-

where, smoothing corners as necessary, then Theorem 2.5.1 applies. Everything

is as in the previous two-dimensional example, except we may now be unable

to compute α and ϕ.

In particular, consider a union of k such cones, all with Dirichlet boundary

condition. Define a map A on the ends U1, . . . ,Uk corresponding to the cones

by A(Ui) = n/2 + αi, where αi is given by (2.9) and indicates the power of |x|

appearing in hUi . Then, as above, for all t > 1,

c0t−a ≤ p(t, o, o) ≤ C0t−a,
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where a = min{A(U1), . . . A(Uk)}. Here o is a fixed point in M and the constants

c0,C0 depends on o. Theorem 2.5.1 gives a two-sided estimate over all t > 1 and

x, y ∈ Ω but it is more complicated to write down explicitly.

We can also consider the case n ≥ 3 where at least one of the cones, say U1,

carries Neumann boundary condition instead of Dirichlet boundary condition.

Then hU1 ≈ 1, and, for any fixed o, there are constant c1,C1 such that, for all t > 1,

we have

c1t−n/2 ≤ p(t, o, o) ≤ C1t−n/2.

Note this is the same behavior as for pRn(t, o, o).

Example 2.6.3. Consider the three dimensional body consisting of a solid disk

to which we have attached a solid cone on top and a solid cylinder on bottom,

as shown in Figure 2 of [37]. With Neumann condition everywhere, this figure

was considered in Example 6.15 of [37]. If pN(t, x, y) denotes the heat kernel

for this figure with Neumann boundary (here, N in pN stands for Neumann)

everywhere and o is a fixed point, then, for t > 1,

c0(t log2 t)−1 ≤ pN(t, o, o) ≤ C0(t log2 t)−1.

Here we consider this example with some Dirichlet boundary condition. The

most natural place to add Dirichlet boundary condition is on the three dimen-

sional cone. The cone with Dirichlet boundary everywhere has a profile with

growth of power α > 0 by the previous example, so that the volume of the cone

weighted by its profile is approximately r2α+3. Thus volume in the cone grows

faster than r2 log2 r, which describes how volume grows after h-transform in the

infinite solid disk. Hence pD(t, o, o) has the same long-term decay in time as

pN(t, o, o).
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In fact, the previous paragraph still holds true when we impose any Dirichlet

boundary condition on the cone in such a way that condition (*) holds, as the

following lemma demonstrates that profiles cannot decrease volume in some

sense.

Lemma 2.6.1. Let (U, σ) be an unbounded weighted Riemannian manifold that is uni-

form in its closure U, which is a Harnack manifold. Let u denote the profile for U. Then

there exists C > 0 such that∫
BU (x,r)

u2(y)σ(y)dy =: Vu(x, r) ≥ CV(x, r)

for all x ∈ U and all r > 0 sufficiently large (where r may depend on x).

Proof. It is not possible that u(x) → 0 as x → ∞ since if this were the case, the

maximum principle combined with the Hopf boundary lemma imply u ≡ 0.

Therefore there exists a sequence of points {z j}
∞
j=1 in U and a number ε > 0 such

that for any fixed point o ∈ U, d(z j, o)→ ∞ as j→ ∞, and u(z j) ≥ ε.

Then by Theorem 2.3.2 there exist constants 0 < c0 < +∞ and 0 < c1 ≤ C1 <

+∞ such that

c1u(xr)2V(x, r) ≤ Vu(x, r) ≤ C1u(xr)2V(x, r)

for all x ∈ U, r > 0, and xr such that d(x, xr) ≥ r/4 and d(xr, ∂U) ≥ c0r/8.Moreover,

by the proof of Theorem 4.7 in [40], there exists a constant 0 < C2 < +∞ such

that

u(y) ≤ C2u(xr) ∀x ∈ U, y ∈ B(x, r), r > 0.

Given x ∈ U, let r > 0 be sufficiently large so that z j ∈ B(x, r) for some

j = 1, 2, . . . . Then

Vu(x, r) ≥
c1

C2
u(z j)2V(x, r) ≥

c1ε
2

C2
V(x, r)

55



as claimed. □

Example 2.6.4. Consider two copies of the exterior of a parabola in R2. Put

Dirichlet condition along each parabola and glue the two copies via a collar, as

in Figure 2.7. If K indicates the compact collar, then this manifold Ω has two

ends, both of which are the exterior of a parabola in R2, minus a disk.

Ω

Figure 2.7: A connected sum of the exterior of two parabolas in R2.

As R2 minus a parabola is the complement of a convex set, it is uniform in

its closure [40, Proposition 6.16], and removing a disk of fixed radius will not

change this property. Further, with Neumann condition along both parabola

and disk, this manifold is Harnack [40, Theorem 3.10]. Thus hypotheses (H1)

and (H2) are satisfied.

The global profile h for Ωwill behave like the profile for R2 minus a parabola

and a disk in each end. Denote the profile for the exterior of a parabola by

hEP. Consider the exterior of the parabola weighted by h2
EP. Then this space is

transient and satisfies the parabolic Harnack inequality, so removing the disk,

a compact set, has little effect [34, 40]. What is important to us here is that ĥ,

the profile for R2 minus a parabola and a disk, weighted by h2
EP, is essentially

constant away from the disk. As the profile for the ends we are interested in is

56



the product of hEP and ĥ, it behaves like hEP when away from the disk. Thus the

global profile h for Ω, which appears in Theorem 2.5.1, also behaves like hEP.

The profile for the exterior of the parabola x2 = x2
1 in R2, that is, the space

EP = {(x1, x2) ∈ R2 : x2 < x2
1}, is given by

hEP(x) =

√
2
(√

x2
1 + (1/4 − x2)2 + 1/4 − x2

)
− 1. (2.10)

The profile for the exterior of any parabola can be found by making an appro-

priate change of variables in this formula.

Using (2.10) to compute quantities appearing in Theorem 2.5.1, for any fixed

point o, there exist constants 0 < c ≤ C < +∞ such that for all t > 1,

ct−3/2 ≤ p(t, o, o) ≤ Ct−3/2.

Now fix 0 < r1 ≤ r2. Assume that x, y lie in different copies of the exterior of

the parabola and are both at distance approximately
√

t from the collar, that is,

r1
√

t ≤ |x|, |y| ≤ r2
√

t. Since Vi,h(r) satisfies (2.2),

Hh(x, t) ≈
|x|2

Vix,h(|x|)
≈

t

Vix,h(
√

t)
≈ t−1/2.

Likewise, Hh(y, t) ≈ t−1/2. Thus there exists constants 0 < c1 ≤ C1 < +∞ such that,

for t sufficiently large and all such x, y,

c1h(x)h(y)t−2 ≤ p(t, x, y) ≤ C1h(x)h(y)t−2.

Depending on the location of x, y relative to the parabola, h(x), h(y) can range

from zero to behaving like t1/4. See Figure 2.8. Note if h(x) ≈ h(y) ≈ t1/4, then

p(t, x, y) ≈ t−3/2.
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x1

x2

x2 = x2
1

1
4r

√
t

collar

h(x) = 0 h(x) = 0

h(x) ≈ t1/4

Figure 2.8: If |x| ≈
√

t, then for t sufficiently large, x is also approximately at
distance

√
t from the focus of the parabola; denote this distance

by r
√

t so that x lies on the circle depicted above. In the bottom
half of this circle, colored green, h(x) ≈ t1/4 for large t. As x
travels along the circle toward the parabola, h(x) decreases to
zero.

Example 2.6.5. Consider Example 2.6.4, except remove a parabola with Dirichlet

condition from only one plane. Then the profile h(x) for this manifold behaves

like hEP(x), which is given by (2.10), in the end with the parabola removed, and,

in the plane without the parabola removed, h(x) behaves like log(|x|), as this is

the harmonic profile for the plane minus a disk. Thus, for o fixed, the presence

of the plane without the parabola removed results in heat kernel decay of the

form

c(t log2 t)−1 ≤ p(t, o, o) ≤ C(t log2 t)−1 for all t > 1.

Again, fix 0 < r1 ≤ r2 and take x in the plane minus the parabola and y in
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the plane, both so that their distance to the collar lies between r1
√

t and r2
√

t.

We still have H(x, t) ≈ t−1/2 as in the previous example, but Viy,h does not satisfy

(2.2) for y in the plane without the parabola removed. Working directly with the

definition of Hh(y, t) (see formula (2.8)), we find Hh(y, t) ≈ (log2 t)−1 for all such y.

Therefore, for t > 1, we obtain the estimate

c1h(x)(t3/2 log t)−1 ≤ p(t, x, y) ≤ C1h(x)(t3/2 log t)−1.

Again, the behavior of h(x) depends on where x is relative to the parabola as in

Figure 2.8. If h(x) ≈ t1/4, then p(t, x, y) ≈ (t5/4 log t)−1.

Example 2.6.6. Now consider an analog of Example 2.6.4 or 2.6.5, but in higher

dimensions. For instance, remove a paraboloid of revolution from a copy of

R3 and impose Dirichlet boundary condition on the resulting boundary. Take

two copies of this space and glue them via a collar. Then, in theory, we may

apply the technique of the previous two examples to estimate the heat kernel of

this space. However, estimates for the profile of R3 minus a paraboloid are not

known. Thus, in practice, we cannot compute explicit decay rates of this heat

kernel.

2.7 Allowing for corners

We chose to write our main results in the category of Riemannian manifolds

with boundary, but there are no serious difficulties other than notational and

expository to apply the same method under various levels of generalization. Be-

cause allowing some corners is very natural in the context of connected sums,

we feel compelled to describe briefly a restrictive but simple set of hypotheses
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that can replace the basic assumption that all our manifolds are smooth man-

ifolds with boundary whose metric closures are also smooth manifolds with

boundary satisfying condition (*).

Let us start with M•, a smooth Riemannian n-manifold without boundary

and its metric closure M. Let Ω be an open subset of M with M-topological

boundary ∂Ω contained in M \ M•. In our results up to this point, we were

assuming that M was a smooth manifold with boundary, and that Ωwas a man-

ifold with boundary satisfying the extra condition (*).

Let consider instead the assumption that, for any point x of M \ M•, there

is a neighborhood Nx of x in M, a Lipschitz map Φx : Rn−1 → R defining Rx =

{(x1, . . . , xn) : xn ≥ Φx(x1, . . . , xn−1)} and a one-to-one Lipschitz map ϕx : Nx → Rx

which is bi-Lipschitz on its image Vx. The Lipschitz constants associated to Φx

and ϕx, ϕ
−1
x may depend on x but are locally bounded on M \M•. The (minimal)

heat kernel on the (weighted) smooth manifold (M•, µ) is well defined as usual.

The (“Neumann type”) heat kernel on (M, µ) is also easily defined, being associ-

ated with the regular strictly local Dirichlet form
∫

M
|∇ f |2 dµ with domain the set

of all functions f in Wloc(M•) such that
∫

M
(| f |2 + |∇ f |2) dµ < +∞. In this Dirichlet

space whose underlying space is M, solutions of the heat equation satisfy the

local parabolic Harnack inequality. Any open set Ω with ∂Ω ⊆ M \ M• is locally

inner-uniform in M (see [49, Section 3.2] for details on local inner-uniformity).

By [49, 50], it follows that harmonic functions in Ω which vanish on ∂Ω satisfy

the local version of the boundary elliptic Harnack inequality. Together, these

facts allow for the generalization of the results of this chapter in this context.

The key difference lies in the way in which positive harmonic functions vanish

at the boundary. On smooth manifolds with boundary, positive harmonic func-
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tions vanishing at the boundary vanish linearly. In the more general context

described above, the best one can say is already contained in the boundary Har-

nack inequality, and vanishing of the type d(x, ∂Ω)ηx0 when x tends to x0 ∈ ∂Ω,

with ηx0 ∈ [0, 1], is typical. Without entering into all the details necessary to

make the above line of reasoning precise, it can easily be implemented to cover

the very basic examples with corners shown in Figures 2.1–2.3 of the introduc-

tion.

2.8 Connection with earlier results

To help the reader understand the techniques and estimates discussed above

and relate them to the existing literature, we illustrate how they include some

known results. Even though our focus is on manifolds with finitely many nice

ends, this section discusses the simpler case when there is only one end.

Consider a complete Harnack Riemannian manifold M (e.g., a complete

manifold with non-negative Ricci curvature) and a domainΩ = M\K. When K is

a bounded C1,1-domain and Dirichlet condition is assumed on the boundary of

Ω (assume for simplicity that Ω is a domain, hence connected), [67] gives global

two-sided heat kernel estimates for pΩ(t, x, y) at all times and locations. In the

case where M is non-parabolic, the estimates of [67, Theorem 1.1(a)] compare

pΩ(t, x, y) (at all times t and locations x, y) to expressions of the form

C
(
d(x,K)
√

t ∧ 1
∧ 1

) (
d(y,K)
√

t ∧ 1
∧ 1

) exp
(
−cd(x,y)2

t

)
V(x,

√
t)

.

The key ingredients in [67] are (a) near boundary estimates based on [21] and the

C1,1 nature of the boundary (see also [66]) and (b) global estimates away from
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the boundary from [34] treating the case when d(x,K) and d(y,K) are greater

than 1.

The validity of such two sided global heat kernel estimates are extended in

several different directions in [40, Theorem 5.11]. Theorem 5.11 of [40] applies

to a domain Ω = M \ K in a complete Harnack manifold whenever Ω is uniform

(in fact, inner-uniform suffices–see, e.g., [40, 49]). In such cases (and without the

hypothesis of non-parabolicity), there exists a positive harmonic function h on

Ω, vanishing appropriately when reaching K, such that the heat kernel pΩ(t, x, y)

compares (at all times and locations x, y) to expressions of the form

C
h(x)h(y)

Vh(x,
√

t)
exp

(
−c

d(x, y)2

t

)
.

Here Vh(x, r) =
∫

B(x,r)
h2(z) dz ≈ h(xr)2V(x, r) where xr is a point at distance at most

Ar from x and at least ar from K for some appropriate fixed constants a, A (see

Theorem 2.3.2). When Ω = M \ K is connected and K is a bounded C1,1-domain,

Ω is automatically uniform and, by classical theory, h vanishes linearly near the

boundary of Ω. If, in addition, M is non-parabolic then h(x) ≈ d(x,K)∧ 1 and, by

simple computation, one recovers the estimates of [67]. This yields a different

proof of the results in [67], independent from the earlier results in [21, 34].

In addition, [40, Theorem 5.11] allows for K to be unbounded and non-

smooth as long as the key hypothesis that Ω \ K is uniform (in fact, inner-

uniform) remains. In fact, because it is stated in the setting of Dirichlet spaces,

[40, Theorem 5.11] allows for the treatment of mixed boundary condition. For

instance, as in Example 2.6.6, one can take M = Rd, K = {x = (x1, . . . , xd) :

x2
1 + . . . x2

d−1 ≤ xd} (a paraboloid of revolution), and Ω = M \ K. Moreover, one

can impose mixed boundary condition along ∂K = ∂Ω. The technique of [40]

is to obtain estimates on pΩ(t, x, y) via intermediate heat kernel estimates on a
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related heat kernel, the heat kernel pΩ,h2(t, x, y) of the weighted manifold (Ω, h2)

where h is the harmonic profile of the domainΩ. The key point is that whenΩ is

uniform, one can prove that the profile h has good properties that imply (Ω, h2)

is a Harnack manifold. This implies that classical two-sided heat kernel bounds

hold for pΩ,h2(t, x, y) (see Theorem 2.3.2 above). The estimates for pΩ(t, x, y) then

follow simply because pΩ(t, x, y) = h(x)h(y)pΩ,h2(t, x, y). One important aspect of

this approach is that it resolves all at once the problems related to the global

geometric structure of the manifold M and domain Ω, and the local problems

related to the presence of boundary conditions.

The strategy from [40] just explained is implemented in the above chapter

to prove the main result, Theorem 2.5.1, using the function h constructed in

Theorem 2.4.1, and Theorem 2.3.3 applied to the weighted manifold (M, σh2).
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CHAPTER 3

HITTING PROBABILITIES AND UNIFORMLY S -TRANSIENT

SUBGRAPHS

In this chapter and the subsequent one, we now consider the discrete time

and space setting. This chapter develops some background and estimates that

will be used to address gluing graphs in Chapter 4; on its own, this chapter is

about subgraphs of graphs. This chapter contains work appearing in [15], which

is joint with Laurent Saloff-Coste.

3.1 Introduction

In the study of Markov chains, questions about hitting times (or exit times) of

certain subsets are natural. In this chapter, we are interested in discrete time ran-

dom walks on countable graphs such as the square grid Zd. Namely, we are mo-

tivated by the problem of studying random walks on graphs that are obtained

by gluing simpler graphs along particular subsets of vertices (as an example,

think of Z4 and Z5 glued along their respective first coordinate axes). With this

in mind, we investigate hitting times, hitting probabilities, and a related notion

of transience for subgraphs of a larger graph (think Z4 \ Z where Z = Z is em-

bedded nicely into Z4) when the random walk on the underlying larger graph

is assumed to have an iterated transition kernel satisfying (discrete) two-sided

Gaussian estimates. We will call a graph satisfying such two-sided Gaussian

estimates a Harnack graph (see Theorem 3.1.1). There is much literature dis-

cussing two-sided Gaussian estimates on graphs and equivalent properties. See

e.g., [5, 11, 12, 16] and the references therein.
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The examples we consider here stem from our goal to apply these results to

the problem of gluing graphs along infinite subsets. In such settings, we are in-

terested in whether it is certain the random walk will hit a subset K or not. We

consider this as a sort of recurrence/transience question, although it is impor-

tant to be careful with what is meant by these definitions. Here we define a no-

tion of “S -transience” based on the probability ψK(x) that a random walk started

at vertex x hits K before time infinity. This probability is of course 1 − EscK(x),

where EscK(x) is the probability K is never hit. Considering the quantity EscK(x)

is related to the harmonic measure from infinity, HK(x), particularly in the case

where K is finite. Such questions are addressed for Zd in Chapter 2 of [46] and

Section 25 of [58]. Work of Boivin and Rau [7] considers the harmonic measure

from infinity on weighted graphs; see also the references therein. Moreover,

questions of recurrence/transience are related to Weiner’s test. However, none

of these related results cover the precise situation of interest to us.

One of the main theorems, Theorem 3.2.1, gives an upper bound on the hit-

ting probability of a subset of a Harnack graph in terms of a ratio of volumes.

Although this bound is not always optimal, it makes no assumptions about the

geometry of the set we want to hit. This bound can be computed using only vol-

ume functions (which in practice are often easier to compute than other quanti-

ties).

The other main theorem, Theorem 3.3.4, gives two-sided bounds on the hit-

ting probability in terms of volumes and the harmonic profile h (a special har-

monic function). This theorem requires an additional significant geometric as-

sumption (inner uniformity). We then obtain a partial analog to a well-known

theorem that states that a Harnack space is transient (in the classical sense) if

65



and only if ∫ ∞

[V(x,
√

r)]−1 < +∞

for some/all points x. Further, we can apply the same ideas as in the proof of

Theorem 3.3.4 to get two-sided bounds on related quantities, such as the har-

monic measure.

This chapter proceeds as follows. The rest of this section describes the set-

ting of interest and introduces notation. Section 3.2 carefully defines what we

mean by transience and gives an upper bound for the hitting probability of a set

(Theorem 3.2.1). It concludes with several examples of applying the theorem

to demonstrate its practicality. Section 3.3 introduces the well-known notion

of h-transform which is used to give an upper and lower bound on the hitting

probability in Theorem 3.3.4. One can compare the discrete h-transform here

with the continuous version encountered in Chapter 2. We also state several

related corollaries and apply the theorem and corollaries to examples. Section

3.4 gives remarks on the relation between our results and Wiener’s test.

3.1.1 General graph notation and random walks

Let Γ = (V, E) be a connected graph, where E is a subset of the pairs of elements

in V. In other words, Γ is a simple graph that does not contain loops or multi-

ple edges. Any graphs appearing will be assumed to be simple and connected

unless stated otherwise.

On Γwe take the usual graph distance d based on the shortest path of edges

between vertices, and we consider closed balls with respect to this distance:

B(x, r) = {y ∈ V : d(x, y) ≤ r} ∀x ∈ V, r > 0.
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We also assume Γ has a random walk structure given by edge weights (con-

ductances) µxy and vertex weights (measure) π(x) with the following properties:

• µxy , 0 ⇐⇒ {x, y} ∈ E and µxy = µyx (the edge weights are adapted to the

edges and symmetric)

•
∑

y∼x µxy ≤ π(x) ∀x ∈ V (the edge weights are subordinate to the mea-

sure/vertex weights).

The notation y ∼ x means that the unordered pair {x, y} belongs to the edge set

E. The notation y ≃ x means either y ∼ x or y = x. We will use V(x, r) to denote

the volume (with respect to π) of B(x, r).

Given a graph, we can always impose such a random walk structure on it;

for example, we can take µxy ≡ 1 ∀{x, y} ∈ E and π(x) = deg(x) ∀x ∈ V. We will

refer to this particular structure as simple weights.

Under the above assumptions, we define a Markov kernel K on Γ via:

K(x, y) =


µxy

π(x) , x , y

1 −
∑

z∼x
µxz
π(x) , x = y.

(3.1)

Hence loops are not allowed in Γ, but the random walk is allowed to stay in

place. Note that the Markov kernelK is reversible with respect to the measure π,

that is,

K(x, y)π(x) = K(y, x)π(y) ∀x, y ∈ Γ.

The random walk structure on Γmay be equivalently defined by either a given

µ, π, in which caseK is as in (3.1), or by a given Markov kernelK with reversible

measure π.
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Let Kn(x, y) denote the n-th convolution power of K(x, y). Then if (Xn)n≥0 de-

notes the random walk on Γ driven by K , we have Kn(x, y) = Px(Xn = y). The

quantity Kn(x, y) is not symmetric (in particular, K itself need not be symmet-

ric), so we will often be interested in studying instead its transition density, the

heat kernel of the random walk, given by

p(n, x, y) = pn(x, y) =
Kn(x, y)
π(y)

.

There are various hypotheses one may make about the weights that have

nice consequences. Here we will make the hypothesis of controlled weights.

Definition 3.1.1. We say a graph Γ has controlled weights if there exists a constant

Cc > 1 such that
µxy

π(x)
≥

1
Cc

∀x ∈ Γ, y ∼ x. (3.2)

This assumption implies that Γ is locally uniformly finite (that is, there is a

uniform bound on the degree of any vertex) and that for x ∼ y, we have µxy ≈

π(x) ≈ π(y); we prove these straightforward consequences in the two lemmas

below.

Lemma 3.1.1. Let (Γ, π, µ) be a graph with controlled weights. For any x ∈ Γ and y ∼ x

we have µxy ≈ π(x) ≈ π(y), where ≈ means we have upper and lower bounds involving

constants from the hypotheses above.

As a consequence, if d(x, x′) ≤ A, then π(x) ≈ π(x′) and µxy ≈ µx′y′ for all y ∼ x, y′ ∼

x′ (where the constants in the inequalities depend on A).

Proof. For y ∼ x, µxy ≤ π(x) follows from the assumption that weights are sub-

ordinate to the measure and having controlled weights implies π(x) ≤ Ccµxy.
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Hence π(x) ≈ µxy = µyx ≈ π(y). Iterating this argument at most A times gives the

desired result. □

Lemma 3.1.2. Let (Γ, π, µ) be a graph with controlled weights. Then Γ there is a uni-

form bound on the number of neighbors of any vertex.

Proof. Indeed, for any fixed x ∈ Γ,

#{y ∈ Γ : y ∼ x} =
∑
y∼x

1 =
∑
y∼x

µxy

µxy
≤

Cc

π(x)

∑
y∼x

µxy ≤ Cc ∀x ∈ V.

□

Unless stated otherwise, we will assume all graphs appearing have con-

trolled weights.

3.1.2 Harnack graphs

In this section we describe several further properties graphs (Γ, π, µ) may pos-

sess and some of the consequences of these properties. The reader may wish to

compare and contrast these properties to those described in Section 2.3.

Definition 3.1.2. A graph is said to be doubling if there exists a constant D such

that for all r > 0, x ∈ Γ,

V(x, 2r) ≤ DV(x, r). (3.3)

Definition 3.1.3. We say that Γ satisfies the Poincaré inequality if there exists con-

stants Cp > 0, κ ≥ 1 such that for all r > 0, x ∈ Γ, and functions f supported in

B(x, κr), ∑
y∈B(x,r)

| f (y) − fB|
2 π(y) ≤ Cp r2

∑
y,z∈B(x,κr)

| f (y) − f (z)|2 µyz, (3.4)
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where fB is the (weighted) average of f over the ball B = B(x, r), that is,

fB =
1

V(x, r)

∑
y∈B(x,r)

f (y) π(y).

Under doubling, the Poincaré inequality with constant κ ≥ 1 (which appears

in B(x, κr) on the right hand side) is equivalent to the Poincaré inequality with

κ = 1.

Definition 3.1.4. We say a pair (µ, π) is uniformly lazy if there exists Ce ∈ (0, 1)

such that ∑
y∼x

µxy ≤ (1 −Ce)π(x) ∀x ∈ V, y ∼ x.

We say a Markov kernel K is uniformly lazy if there exists Ce ∈ (0, 1) such that

K(x, x) = 1 −
∑
z∼x

µxz

π(x)
≥ Ce ∀x ∈ Γ.

These two conditions are equivalent. In this case, the Markov chain is ape-

riodic. Unless stated otherwise, we will consider all random walk structures

appearing to be uniformly lazy.

Definition 3.1.5. A function h : Γ→ R is harmonic (with respect to K) if

h(x) =
∑
y∈Γ

K(x, y)h(y) ∀x ∈ Γ. (3.5)

Given a subset Ω of Γ (usually a ball), h is harmonic on that set if (3.5) holds for

all points in Ω; this requires that h be defined on {v ∈ Γ : ∃ω ∈ Ω, v ≃ ω}.

As K(x, y) = 0 unless y ≃ x, the sum over y ∈ Γ in (3.5) can be replaced by a

sum over y ≃ x.

Definition 3.1.6. A graph (Γ, π, µ) satisfies the ellliptic Harnack inequality if there

exist η ∈ (0, 1), CH > 0 such that for all r > 0, x0 ∈ Γ, and all non-negative

70



harmonic functions h on B(x0, r), we have

sup
B(x0, ηr)

h ≤ CH inf
B(x0, ηr)

h.

Definition 3.1.7. A function u : Z+ × Γ→ R solves the discrete heat equation if

u(n + 1, x) − u(n, x) =
∑
y∈Γ

K(x, y)[u(n, y) − u(n, x)] ∀n ≥ 1, x ∈ Γ. (3.6)

Given a discrete space-time cylinder Q = I × B, u solves the heat equation on Q

if (3.6) holds there (this requires that for each n ∈ I, u(n, ·) is defined on {z ∈ Γ :

∃x ∈ B, z ≃ x}).

Definition 3.1.8 (Parabolic Harnack inequality). A graph (Γ, π, µ) satisfies the

(discrete time and space) parabolic Harnack inequality if: there exist η ∈ (0, 1), 0 <

θ1 < θ2 < θ3 < θ4 and CP > 0 such that for all s, r > 0, x0 ∈ Γ, and every

non-negative solution u of the heat equation in the cylinder Q = (Z+ ∩ [s, s +

θ4r2]) × B(x0, r), we have where Q− = (Z+ ∩ [s + θ1r2, s + θ2r2]) × B(x0, ηr) and

Q+ = (Z+ ∩ [s + θ3r2, s + θ4r2]) × B(x0, ηr).

The parabolic Harnack inequality obviously implies the elliptic version. The

following theorem relates several of the above concepts.

Theorem 3.1.1 (Theorem 1.7 in [16]). Given (Γ, π, µ) (or (Γ,K , π)) where Γ has con-

trolled weights and K is uniformly lazy, the following are equivalent:

(a) Γ is doubling and satisfies the Poincaré inequality

(b) Γ satisfies the parabolic Harnack inequality

(c) Γ satisfies two-sided Gaussian heat kernel estimates, that is there exists constants

c1, c2, c3, c4 > 0 such that for all x, y ∈ V, n ≥ d(x, y),

c1

V(x,
√

n)
exp

(
−

d2(x, y)
c3n

)
≤ p(n, x, y) ≤

c3

V(x,
√

n)
exp

(
−

d2(x, y)
c4n

)
. (3.7)
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Definition 3.1.9. If (Γ, π, µ) satisfies any of the conditions in Theorem 3.1.1, we

call Γ a Harnack graph.

Remark 3.1.1. The uniformly lazy assumption avoids problems related to parity

(such as those that appear in bipartite graphs). Without this assumption, it may

be that (a) holds but p(n, x, y) = 0 for some n ≥ d(x, y), and then (b) and the lower

bound in (c) do not hold. Here we avoid such difficulties by assuming the graph

is uniformly lazy; another solution to this problem is to state (b) and (c) for the

sum over two consecutive discrete times n, n + 1, e.g., for (c), p(n, x, y) + p(n +

1, x, y).

Definition 3.1.10 (The notation ≈). For two functions of a variable x, the notation

f ≈ g means there exist constants c1, c2 (independent of x) such that

c1 f (x) ≤ g(x) ≤ c2g(x).

Definition 3.1.11 (Abuse of ≈). We will often abuse the notation ≈ in the case of

heat kernel and hitting probability estimates to write formulas more compactly.

For instance, we will write (3.7) as

p(n, x, y) ≈
1

V(x,
√

n)
exp

(
−

d2(x, y)
n

)
.

Note this use of ≈ means there are different constants in the upper and lower

bounds both inside and outside the exponential. In the event that we chain such

notations together, the all constants may change from line to line.

Definition 3.1.12 ((Lazy) Simple Random Walk). Given any graph Γwith a uni-

form bound on the degree of any vertex, we can define the simple random walk

on Γ (“take simple weights on Γ”) by setting π(x) = deg(x) for all x ∈ Γ and µxy = 1

for all x, y ∈ E. In other words, at each time step, the random walk moves to a

neighbor of the current vertex with equal probability.
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The lazy simple random walk stays in place with probability 1/2 and oth-

erwise moves to a neighbor of the current vertex with equal probability. This

corresponds to taking weights π(x) = 2deg(x) for all x ∈ Γ and µxy = 1 for all

x, y ∈ E. The lazy simple random walk satisfies our hypotheses of having con-

trolled and uniformly lazy weights.

3.1.3 Subgraphs of a larger graph

Sometimes we think of Γ as a subgraph of a larger graph Γ̂ = (V̂ , Ê). If given Γ̂,

then for any subset of V of V̂ , we can construct a graph Γ with vertex set V and

edge set E where {x, y} ∈ E if and only if x, y ∈ V and {x, y} ∈ Ê. On occasion, we

will abuse notation and use the same symbol to denote both a subset of V̂ and

its associated subgraph.

Further, a subgraph Γ inherits a random walk structure from Γ̂.We set πΓ(x) =

πΓ̂(x) and µΓxy = µΓ̂xy for all x, y ∈ V, {x, y} ∈ E. (Hence we may simply use π, µ

without indicating the whole graph versus the subgraph, provided that x, y ∈ Γ.)

Then we may define a Markov kernel on Γ as in (3.1); we call this Markov

kernel the Neumann Markov kernel of Γ (with respect to Γ̂) and denote it by

KΓ,N . To be precise,

KΓ,N(x, y) =


µΓxy

π(x) =
µΓ̂xy

π(x) , x , y, x, y ∈ V

1 −
∑

z∼x
µΓxz
π(x) = 1 −

∑
z∼x, z∈V

µΓ̂xz
π(x) , x = y ∈ V.

(3.8)
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We can also define the Dirichlet Markov kernel of Γ (with respect to Γ̂) by

KΓ,D(x, y) = KΓ̂(x, y)1V(x)1V(y) =


µΓxy

π(x) , x , y, x, y ∈ V

1 −
∑

z∼x,z∈V̂
µΓ̂xz
π(x) , x = y ∈ V,

(3.9)

where 1V(x) = 1 if x ∈ V and zero otherwise. When V , V̂ , KΓ,D is only a

sub-Markovian kernel.

A subgraph Γ comes with its own notion of distance dΓ, where dΓ(x, y) is the

length of the shortest path between x and y of edges contained in Γ. It is always

true that dΓ̂(x, y) ≤ dΓ(x, y).

There are two natural notions for the boundary of Γ, both of which are useful

to us here.

Definition 3.1.13. The (exterior) boundary of Γ is

∂Γ = {y ∈ Γ̂ \ Γ : ∃x ∈ Γ s.t. dΓ̂(x, y) = 1},

in other words, the set of points that do not belong to Γwith neighbors in Γ.

The inner boundary of Γ is the set of points inside Γwith neighbors outside of

Γ,

∂IΓ = {x ∈ Γ : ∃y < Γ s.t. dΓ̂(x, y) = 1}.

For x ∈ Γ and y ∈ ∂Γ, we extend dΓ(x, ·) by setting

dΓ(x, y) = 1 + min
z∈Γ:z∼y

dΓ(z, x).

However, this extension is not a distance function as it need not satisfy the tri-

angle inequality. The correct way to think of adding points in ∂Γ to Γmay be to

think of them as multiple points. If the boundary points are duplicated appro-

priately, this extension can be made into a distance function.
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x y x y

Figure 3.1: Example of interior and exterior boundary points and dupli-
cating the boundary points.

For instance, consider Figure 3.1. Let Γ̂ be the full ten edges by ten edges

square as on the left. Take Γ to be Γ̂ minus the red points. The red points are

∂Γ, and the blue points are ∂IΓ. Then d(x, ∂Γ) = 4 and d(y, ∂Γ) = 3, and both

of these distances are achieved by the same point in ∂Γ, call it z. Note dΓ(x, y) =

19 > dΓ(x, z) + dΓ(y, z) = 7. The correct way to think of this is duplicating the red

points of ∂Γ as shown in the right figure.

3.2 Hitting probabilities and S -transient graphs

3.2.1 Hitting probability upper bound

For this section, consider a graph Γ̂ = (V̂ , Ê) with controlled and uniformly lazy

weights (µ, π). Let K be a subset of V̂ , where we abuse notation to let K indicate

both this set of vertices and the subgraph of Γ̂ induced by these vertices. Set

Γ := Γ̂ \ K, that is, we think of Γ as the subgraph of Γ̂ with vertex set V̂ \ K. We

are interested in transience properties of Γ and the hitting probability of K. We

will assume Γ̂, Γ to be infinite and connected; K may be either finite or infinite
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and connected or disconnected.

We are used to thinking of Markov (or subMarkovian) kernels as recurrent if

random walks return to their starting points infinitely often and transient if they

do not. However, in the present setting of a subgraph which inherits a random

walk structure from a larger graph, there are several natural ways to think of

transience/recurrence.

Definition 3.2.1 (N-transience). We call a subgraph Γ of (̂Γ,K , π) N-transient

(“Neumann”-transient) if (Γ,KΓ,N , π) is transient, that is, with probability one,

a random walk on Γ only returns to its starting point finitely often.

Being N-transient is an intrinsic property of the subgraph Γ,which is in some

sense independent of Γ̂. A similar definition could be given using (Γ,KΓ,D, π)

instead to define D-transience. The killing present in the subMarkovian kernel

KΓ,D makes D-transience more likely.

However, in this thesis, the main definition of transience we will be con-

cerned with is S -transience, or “survival”-transience, defined below. The expla-

nation for the name is that a subgraph of a larger graph is survival-transient

if there is positive probability that a random walk started inside the subgraph

never sees vertices that do not belong to the subgraph.

Definition 3.2.2 (Hitting time, hitting probability). Consider a graph (̂Γ,K , π)

with random walk denoted by (Xn)n≥0. Then we denote the first hitting time of

a subset of vertices K by τK := min{n ≥ 0 : Xn ∈ K} and the first return time to

K by τ+K := min{n ≥ 1 : Xn ∈ K}. If X0 < K, then τK and τ+K are the same. Further,

denote the hitting probability of K by ψK(x) = Px(τK < +∞).

Definition 3.2.3 (S -transience). Let (̂Γ,K , π) be a connected graph with con-
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trolled weights and K be a subset of Γ̂ such that Γ := Γ̂ \ K is connected. We

say the subgraph Γ is S -transient (“survival”-transient) or that the graph Γ̂ is

S -transient with respect to the set K if there exists x ∈ Γ̂ such that ψK(x) < 1.

If this is not the case, then we say Γ is S -recurrent (or that Γ̂ is S -recurrent

with respect to K).

Lemma 3.2.1. Let (̂Γ,K , π) be a connected graph with controlled weights and K be a

subset of Γ̂ such that Γ := Γ̂ \ K is connected. Then the following are equivalent

1. There exists x ∈ Γ̂ such that ψK(x) < 1.

2. For all x ∈ Γ, ψK(x) < 1.

3. For all y ∈ ∂Γ, Py(τ+K < +∞) < 1.

Proof. Clearly (b) implies (a). That (a) implies (b) follows from the maximum

principle: By the definition of a hitting probability, ψK is a harmonic function on

Γ := Γ̂ \ K; thus so is 1 − ψK , which is non-negative. By the maximum principle,

if there exists some x ∈ Γ such that 1 − ψK(x) = 0, then 1 − ψK ≡ 0 on Γ. Hence if

ψK(x) < 1 for a single x ∈ Γ, this must be true of all x ∈ Γ.

We now show the equivalence of (a)-(b) and (c). If y ∈ ∂Γ, then using the

Markov property,

Py(τ+K < +∞) =
∑
x≃y

Py(τ+K < +∞, X1 = x) =
∑
x≃y

Ey(1{X1=x}E
X1(1{τK<+∞})) (3.10)

=
∑
x≃y

K(y, x)Px(τK < +∞) =
∑
x≃y

ψK(x)K(y, x). (3.11)

Since y ∈ ∂Γ, there exists z ∈ Γ such that z ∼ y. If (b) holds, then ψK(z) < 1 so

Py(τ+K < +∞) <
∑
x≃y

K(y, x) = 1
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and (c) holds. Conversely, if (c) holds, then∑
x≃y

ψK(x)K(x, y) < 1 =
∑
x≃y

K(x, y).

Thus there exists some z ∼ y such that ψK(z) < 1, so (a) holds. □

Note the lemma does not contain some of the other usual equivalent defi-

nitions of transience as allowing for K to be infinite can cause difficulties. For

example, whether K is hit infinitely often or not can depend upon the precise

choice of K as well as upon if we start inside or outside of K.A graph is transient

in the classical sense if and only if it is S -transient with respect to any finite set.

Example 3.2.1 (Lattices Zm). The lattice Zm with simple weights is (classically)

transient/S -transient with respect to any finite set if and only if m ≥ 3.

Example 3.2.2 (Lattices in lattices, Zm \Zk). Consider the copy of a k-dimensional

lattices Zk inside of Zm, where we assume k ≤ m and m ≥ 3.

If k ≤ m − 3, then Zm \ Zk is connected, N-transient, and S -transient.

If k = m−2, then Zm \Zk is connected and N-transient, but it is not S -transient,

since the set Zk will be visited infinitely often with probability one (and hence

certainly ψZk ≡ 1).

If k = m − 1, then Zm \ Zk is disconnects into two half-spaces (see Example

3.2.3 below).

Example 3.2.3 (Half-space Zm
+). Let Γ = Zm

+ = {(x1, . . . , xm−1, xm) ∈ Zm : xm > 0}

denote the upper half-space inside of Zm with simple weights. Then Zm
+ is N-

transient if and only if m ≥ 3, and it is always transient if we kill the walk along

the set {xm = 0}. However, Zm
+ is never S -transient, since in any dimension the

walk on Zm
+ hits the set {xm = 0}with probability one.
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Definition 3.2.4 (Uniform S -transience). Let (̂Γ, π, µ) be a graph and Γ := Γ̂ \ K a

subgraph. We say Γ is uniformly S -transient, or that Γ̂ is uniformly S -transient with

respect to K, if there exist L, ε > 0 such that d(x,K) ≥ L implies that ψK(x) ≤ 1 − ε.

The following theorem gives an upper bound on the hitting probability of K.

This bound can be useful for showing S -transience.

Theorem 3.2.1. Let (̂Γ, µ, π) have controlled weights that are uniformly lazy. Let K be

a subset/subgraph of Γ̂. Set Γ := Γ̂ \ K and note ∂Γ ⊆ K. Assume that Γ̂ is Harnack.

Define

B∂Γ(x, r) = BΓ̂(x, r) ∩ ∂Γ and V∂Γ(x, r) = π(B∂Γ(x, r)) ∀x ∈ Γ̂,

that is, V∂Γ is the volume of traces of Γ̂-balls in ∂Γ.

For any x ∈ Γ = Γ̂ \ K, set

W(x, r) :=
VΓ̂(x, r)
V∂Γ(x, r)

.

Then, if dx := d(x,K), there exists a constant C (depending on the constants appearing

in the controlled weights, uniformly lazy, and Harnack assumptions) such that

ψK(x) ≤
∑
n≥d2

x

C
W(x,

√
n)

∀x ∈ Γ \ ∂IΓ. (3.12)

The theorem does not discuss x ∈ ∂IΓ, since in this case ψK(x) ≈ 1, indepen-

dently of x, due to the controlled weights hypothesis.

Using the theorem, it is easy to verify that Zm \ Zk is uniformly S -transient

when k ≤ m − 3 (see Example 3.2.4 below).
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Proof. For any x ∈ Γ \ ∂IΓ, d(x,K) ≥ 2, and we have

ψK(x) := Px(τK < +∞) =
∞∑

n=1

Px(τK = n) =
∑
n≥1

∑
v∈K

Px(τK = n, XτK = v)

=
∑
n≥2

∑
v∈∂Γ

∑
y∼v
y∈Γ

Kn−1
Γ,D (x, y)KΓ̂(y, v).

(3.13)

Controlled weights mean that KΓ̂(y, v) is roughly constant. The Dirichlet

Markov kernel on Γ is less than the Markov kernel on all of Γ̂, which is Har-

nack. Hence

ψK(x) =
∑
n≥2

∑
v∈∂Γ

∑
y∼v
y∈Γ

Kn−1
Γ,D (x, y)KΓ̂(y, v) ≤

∑
n≥2

∑
v∈∂Γ

∑
y∼v
y∈Γ

Kn−1
Γ̂

(x, y)

≤ C
∑
n≥2

∑
v∈∂Γ

∑
y∼v
y∈Γ

π(y)
VΓ̂(x,

√
n)

exp
(
−

d2
Γ̂
(x, y)

cn

)
.

Now π(y) ≈ π(v) and the number of y ∼ v is uniformly bounded above. More-

over, as any of the above y′s belong to ∂IΓ while x does not, it is impossible that

x = y. Hence dΓ̂(x, y) ≥ 1. Thus we can replace dΓ̂(x, y) via dΓ̂(x, v) since

dΓ̂(x, v) ≤ dΓ̂(x, y) + 1 ≤ 2dΓ̂(x, y).

We have

ψK(x) ≤ C
∑
n≥2

∑
v∈∂Γ

π(v)
VΓ̂(x,

√
n)

exp
(
−

d2
Γ̂
(x, v)

cn

)

We sum first in time. First we split the sum into two, noting that the expo-

nential is large for large n; recall the notation ≈ is as in Definition 3.1.11 and

means we have matching upper/lower bounds with different constants inside
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and outside the exponential:∑
n≥2

1
VΓ̂(x,

√
n)

exp
(
−

d2
Γ̂
(x, v)

n

)
≈

∑
n≤d2

Γ̂
(x,v)

1
VΓ̂(x,

√
n)

exp
(
−

d2
Γ̂
(x, v)

n

)
+

∑
n≥d2

Γ̂
(x,v)

1
VΓ̂(x,

√
n)
.

We compute the first piece of the sum by arranging a dyadic decomposition

with d/
√

n ≍ 2l, where d := dΓ̂(x, v). Here the quantity d/
√

n ranges from 1 to d.

Let lx,v be the integer such that d(x, v) ≍ 2lx,v . Then∑
n≤d2

Γ̂
(x,v)

C
VΓ̂(x,

√
n)

exp
(
−

d2
Γ̂
(x, v)

cn

)
≤

lx,v∑
l=0

∑
√

n≍d2−l

C
VΓ̂(x,

√
n)

exp
(
−

d2

cn

)

≤

lx,v∑
l=0

C
VΓ̂(x, d/2l+1)

d2

4l exp
(
−

4l

c

)
≤ C

d2

VΓ̂(x, d)

lx,v∑
l=0

exp
(
−

4l

c

)
≤ C

d2

VΓ̂(x, d)
,

where in the last line we used the doubling of Γ̂ (a consequence of the assump-

tion that Γ̂ is Harnack).

It is easy to see the sum we just computed is dominated by the tail sum

(n ≥ d2(x, v)) as
4d2∑

n=d2

1
VΓ̂(x,

√
n)
≈

d2

VΓ̂(x, d)

due to the doubling of Γ̂. Recall here the exponential is large.

Let dx := d(x,K) and note d(x,K) ≤ d(x, v) for all v ∈ ∂Γ. Switching the order

of summation in the upper bound above, we find

ψK(x) ≤ C
∑
v∈∂Γ

∑
n≥d2(x,v)

π(v)
VΓ̂(x,

√
n)
= C

∑
n≥d2

x

∑
v∈∂Γ:

d(x,v)2≤n

π(v)
VΓ̂(x,

√
n)

= C
∑
n≥d2

x

V∂Γ(x,
√

n)
VΓ̂(x,

√
n)
=

∑
n≥d2

x

C
W(x,

√
n)
.
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□

In the case the volume of traces of Γ̂-balls in ∂Γ are doubling, the theorem

simplifies. It is important that in the corollary we only consider traces whose

centers belong to ∂Γ.

Definition 3.2.5 (Doubling Boundary). Consider a graph (̂Γ, µ, π) and subgraph

Γ of Γ̂with exterior boundary ∂Γ.We say V∂Γ is doubling if there exists a constant

D > 0 such that for all z ∈ ∂Γ, r > 0, V∂Γ(z, 2r) ≤ DV∂Γ(z, r).

Corollary 3.2.1. Under the assumptions of Theorem 3.2.1 and the additional assump-

tion that V∂Γ is doubling (as in Definition 3.2.5), then the upper bound of Theo-

rem 3.2.1 has the following simplified form. Let vx ∈ ∂Γ achieve d(x,K) and set

W̃(x, r) := VΓ̂(x, r)/V∂Γ(vx, r).

Then there exists a constant C (depending on D from Definition 3.2.5 and the con-

stants from the assumptions as in Theorem 3.2.1) such that

ψK(x) ≤
∑
n≥d2

x

C

W̃(x,
√

n)
.

Proof. Return to the point in the proof of Theorem 3.2.1 where

ψK(x) ≤ C
∑
v∈∂Γ

∑
n≥d2

Γ̂
(x,v)

π(v)
VΓ̂(x,

√
n)
.

Then dΓ̂(x, vx) ≤ dΓ̂(x, v) by definition of vx and dΓ̂(vx, v) ≤ dΓ̂(vx, x) + dΓ̂(x, v) ≤

2dΓ̂(x, v). Therefore dΓ̂(v, x) ≥ 1
3 (dΓ̂(x, vx) + dΓ̂(vx, v)), and we can replace dΓ̂(v, x)

with this sum, that is,

ψK(x) ≤ C
∑
v∈∂Γ

∑
n≥ 1

9 (d2
Γ̂
(x,vx)+d2

Γ̂
(vx,v))

π(v)
VΓ̂(x,

√
n)
.
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Again interchanging the order of summation, noting that the time sum for a

particular v requires n ≥ cd2
Γ̂
(vx, v), we have

ψK(x) ≤ C
∑

n≥ 1
9 d2
Γ̂
(x,vx)

1
VΓ̂(x,

√
n)

∑
v∈∂Γ:

1
9 d2
Γ̂
(vx,v)≤n

π(v)

≤ C
∑

n≥d2
Γ̂
(x,vx)

V∂Γ(vx, c′
√

n)
VΓ̂(x,

√
n)
≤ C

∑
n≥d2

Γ̂
(x,vx)

V∂Γ(vx,
√

n)
VΓ̂(x,

√
n)

,

where we used the doubling of both V∂Γ and VΓ̂ in the last line. □

Remark 3.2.1. If {
∑

n≥1
(
W(x,

√
n)

)−1
}x∈Γ (or the sum with W̃) converges uniformly,

that is, for all ε > 0, there exists N (independent of x) such that

∑
n≥N

1
W(x,

√
n)
< ε, (3.14)

then it follows from Theorem 3.2.1 that Γ̂ is uniformly S -transient with respect

to K. In fact, in this case, ψK(x)→ 0 uniformly as dΓ̂(x,K)→ ∞.

In the S -recurrent case,
∑

n≥1
(
W(x,

√
n)

)−1 need not converge. We will also see

examples where this sum converges, but not uniformly in x. In certain regimes

of the latter type of example, we may be able to use (3.12) to see that ψK < 1 for

some x (and hence show transience). In other regimes and in the recurrent case,

this bound is not useful. (Recall ψ(x) ≤ 1 ∀x since ψ is a probability.) Observe

that the above theorem is not strong enough to conclude that if
∑

n≥1
(
W(x,

√
n)

)−1

converges for some (any) x ∈ Γ̂ \ K then Γ̂ is S -transient with respect to K. This

is because in the bound given by the theorem, the start of tail of the sum de-

pends on the point x, so although
∑

n≥1
(
W(x,

√
n)

)−1 may converge, that does not

guarantee that
∑

n≥d2
x

(
W(x,

√
n)

)−1 is sufficiently small to make ψK(x) < 1.
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3.2.2 Examples

In this section we give examples of applying Theorem 3.2.1 or Corollary 3.2.1 to

demonstrate S -transience or uniform S -transience. Below we frequently use ≈

from Definition 3.1.10.

Example 3.2.4 (Lattices in lattices). We verify that Zm is uniformly S -transient

with respect to Zk whenever m − k ≥ 3.

Consider Γ̂ = Zm with K = ∂Γ = Zk = {(x1, . . . , xk, 0, . . . , 0) ∈ Zm : x1, . . . , xk ∈ Z}

the k-dimensional sublattice made up of the first k-coordinates. Assume m− k ≥

3. Suppose Zm has simple weights or a variation thereof (such as taking bounded

weights or taking the lazy simple random walk on Zm). With these weights, Zm

is Harnack, and B∂Γ(z, r) = BZm(z, r) ∩ Zk = BZk(z, r) for all z ∈ Zk, so it is clear VZk

is doubling. Thus all the hypotheses of Theorem 3.2.1 and Corollary 3.2.1 are

satisfied. We compute

W̃(x, r) :=
VZm(x, r)
VZk(vx, r)

≈
rm

rk = rm−k.

Hence,

ψK(x) ≤
∑
n≥d2

x

1

W̃(x,
√

n)
≈

∑
n≥d2

1
n(m−k)/2 ≈

1
dm−k−2 → 0 as d → ∞

since (m− k)/2 > 1 as m− k ≥ 3. Here there is only dependence on d, the distance

to K = Zk, and not on x itself. Hence Zm is uniformly S -transient with respect to

Zk. In fact, in this case {
∑

n≥1(W(x,
√

n))−1}x∈Γ̂\K converges uniformly.

Note that if m−k < 3, then we get a series that fails to converge, and Theorem

3.2.1 gives the pointless bound of ψ ≤ ∞.

Remark 3.2.2. In our examples, it is common that K = ∂Γ. Theorem 3.2.1 is use-

ful for showing that Γ̂ is transient with respect to a subset K of its vertices, and
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we have the idea that transient sets tend to be “thin” or of smaller dimension,

as we saw above, so the set K doesn’t have a much of an “interior” in the larger

graph.

However, for future applications involving gluing graphs, thinking of the

set K as having some “thickness” may be useful. Consider Γ̂ = Zm and take K to

be a cylinder, say K = {x⃗ ∈ Zm : |xm| ≤ r}, so that K is the set of all points within

distance r from the xm-axis. Then if r ≥ 1 and Γ = Zm \ K, ∂Γ , K. However, the

chance we hit K is essentially the same as the chance we hit a single line in Zm,

so Γ is S -transient if and only if m ≥ 4.

Example 3.2.5 (A sparse line in Z3). In Example 3.2.4, we could not use Theorem

3.2.1 to decide the S -transience/S -recurrence of a copy of Z in Z3. The same can

be said for a half-line in Z3. Now consider the sparse half-line in Z3 given by

dyadic points: K = ∂Γ = {(2k, 0, 0) ∈ Z3 : k ∈ Z≥0}. Take the lazy SRW on Z3.

The hypotheses of Theorem 3.2.1/Corollary 3.2.1 are satisfied; to verify dou-

bling of ∂Γ, note that V∂Γ(z, r) ≈ log2(r) for z ∈ ∂Γ. Further note for any vx ∈ ∂Γ,

we have V∂Γ(vx, r) ≤ V∂Γ(0, r). We now compute, for any x ∈ Z3,

∑
n≥1

1

W̃(x,
√

n)
=

∑
n≥1

V∂Γ(vx,
√

n)
VZ3(x,

√
n)
≤

∑
n≥1

V∂Γ(0,
√

n)
VZ3(x,

√
n)
≈

∑
l≥0

∑
√

n≈2l

V∂Γ(0,
√

n)
n3/2

≈
∑
l≥0

∑
√

n≈2l

l + 1
23l ≤

∑
l≥0

l + 1
23l 22l =

∑
l≥0

l + 1
2l .

This is a convergent sum that is independent of x. Therefore Z3 is uniformly

S -transient with respect to the sparse line K.

Example 3.2.6 (Weighted half-spaces). Consider Γ̂ = Zm
+ = {(x1, . . . , xm) ∈ Zm :

xm ≥ 0}where π(x1, . . . , xm) = (1 + xm)α and α > 1. Let K = ∂Γ = {(x1, . . . , xm) ∈ Zm
+ :

xm = 0}. LetKZm
+

denote the Markov kernel for the lazy SRW on Zm
+ , that is at each
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step we stay in place with probability 1/2 or move to a neighbor uniformly at

random (at points on the edge, we have a higher probability of staying in place).

Define a new Markov kernel on Zm
+ by

MZm
+
(x, y) =


KZm

+
(x, y) min{1, π(y)

π(x) }, x , y

1 −
∑

z∼xMZm
+
(x, z), x = y.

Then this is a Markov kernel, and we consider the graph (Zm
+ , π,MZm

+
). Since KZm

is symmetric with respect to the vertex measure that is identically 1, it is easy to

verifyMZm
+

is symmetric with respect to π.

The appropriate edge weights that give the same Markov kernel are

µxy = π(x)MZm
+
(x, y).

AsKZm
+

was uniformly lazy and had controlled weights,MZm
+

inherits these prop-

erties.

That Zm
+ is Harnack with respect to this random walk structure can be verified

by directly showing it is doubling and satisfies the Poincaré inequality or by

using arguments similar to those in Section 4.3 of [36]. On K, we have π ≡ 1 and

V∂Γ((x1, . . . , xm−1, 0), r) ≈ rm−1 is doubling. Further,

VΓ̂((x1, . . . , xm), r) ≈


|xm|

α rm, r ≤ |xm|

rm+α, r ≥ |xm|.

The above computation can be seen as follows: If r ≤ |xm|, there are approx-

imately rm points in B((x1, . . . , xm), r), each of which has weight approximately

|xm|
α. It is clear we can get such an upper bound; for the lower bound, note the

ball of radius r contains the ball of radius r/2 which again has approximately rm

points and since r ≤ |xm|, all such points have weight approximately |xm|
α.On the
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other hand, if r ≥ |xm|, we can consider a ball of radius r with center on ∂Γ. As π

is constant except in the xm direction, the volume of such a ball is approximately

rm−1(1α + · · · + rα). As
( r

2

)α r
2 ≤ 1α + · · · + rα ≤ rα · r, the desired volume follows.

Therefore

W̃((x1, . . . , xm), r) ≈


|xm|

αr, r ≤ |xm|

r1+α, r ≥ |xm|.

Note that in this example, the family of sums {
∑

n≥1(W̃(x,
√

n))−1}x∈Zd
+\K does

not converge uniformly as

∑
n≥1

1

W̃(x,
√

n)
=

|xm |
2∑

n=1

1
|xm|

α n1/2 +
∑

n>|xm |2

1
n(1+α)/2

≤
1
|xm|

α

[
2|xm| − 2] +

( 2
α − 1

) 1
|xm|

α−1 (since α > 1),

which depends on x.

However, this example is still uniformly S -transient due to the relationship

between dx = d(x,K) = |xm| and the condition which determines the form of W̃.

We see

∑
n≥d2

x

1

W̃(x,
√

n)
=

∑
n≥|xm |2

1
n(1+α)/2 =

1
dα−1

x
→ 0 as dx → ∞.

Therefore for any ε > 0, we can choose L > 0 such that whenever d(x,K) ≥ L,

we have

ψK(x) ≤
∑
n>d2

x

1

W̃(x,
√

n)
=

1
dα−1

x
≤

1
Lα−1 < ε,

that is, the weighted half-space Zm
+ (with α > 1) is uniformly S -transient with

respect to K for all m.
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3.3 Harmonic profiles and hitting probability estimates

The previous section obtained an upper bound for the hitting probability ψK . In

this section, we obtain two-sided bounds on ψK . Getting a lower bound requires

a better estimate on KΓ,D, which we will give in terms of a nice harmonic func-

tion (a harmonic profile) on Γ. To guarantee such harmonic functions exist, we

will make geometric assumptions about Γ.

Recall all graphs (Γ, π, µ) are assumed to be uniformly lazy and have con-

trolled weights.

Definition 3.3.1. A subgraph Γ of a graph Γ̂ is uniform in Γ̂ if there exist constants

0 < cu, CU < +∞ such that for any x, y ∈ Γ there is a path γxy = (x0 = x, x1, . . . , xk =

y) between x and y in Γ such that

1. k ≤ CUdΓ̂(x, y)

2. For any j ∈ {0, . . . , k},

dΓ̂(x j, ∂Γ) = dΓ̂(x, Γ̂ \ Γ) ≥ cu(1 +min{ j, k − j}).

Definition 3.3.2. A subgraph Γ of Γ̂ is inner uniform in Γ̂ if there exist constants

0 < cu, CU < +∞ such that for any x, y ∈ Γ there is a path γxy = (x0 = x, x1, . . . , xk =

y) between x and y in Γ such that

1. k ≤ CUdΓ(x, y)

2. For any j ∈ {0, . . . , k},

dΓ̂(x j, ∂Γ) = dΓ̂(x, Γ̂ \ Γ) ≥ cu(1 +min{ j, k − j}).
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The only difference between a uniform domain and an inner uniform do-

main is that uniform domains require the length of the path in Γ to be compara-

ble to the distance between x and y in the larger graph Γ̂, while an inner uniform

domain requires the length of the path to be comparable to distance in Γ. This

somewhat subtle difference is key. Recall dΓ(x j, ∂Γ) = dΓ̂(x j, ∂Γ) if we extend dΓ to

∂Γ.We refer the reader to [18] and the references therein for more details on such

geometric assumptions on domains in the discrete space setting; in particular,

Section 8.1 gives many examples of finite (inner) uniform domains. Condition

(b) in these definitions can be thought of as a “banana” or “cigar” condition and

says that it must be possible to fit a linearly growing “banana” (with respect to

the distance to the boundary) around all paths from x to y. This “banana” must

stay inside the domain.

All uniform domains are inner uniform. Domains above Lipschitz functions

in Zd are uniform. A slit two-dimensional lattice is the typical example of a

domain that is inner uniform but not uniform. Similarly, the complement of

a discrete parabola in Z2 is inner uniform but not uniform. In general, slits

and “bottlenecks” are obstacles to uniformity. An example of a domain that is

neither inner uniform nor uniform would be {(x, y) ∈ Z2 : x ≤ −2} ∪ {(x, y) ∈

Z2 : x ≥ 2} ∪ {(−1, 0), (0, 0), (1, 0)}, considered as a subgraph of Z2. There is no

criterion to determine (inner) uniformity, and proving whether a given set is

(inner) uniform is difficult.

Inner uniform domains are useful because they allow us to transfer the Har-

nack inequality from a larger graph to a subgraph.

Theorem 3.3.1 (Theorem 1.10 of [42]). Let (̂Γ,K , π) be a Harnack graph and Γ be an

inner uniform subgraph of Γ̂. Then (Γ,KΓ,N , π) is also a Harnack graph.
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Remark 3.3.1. The converse of Theorem 3.3.1 is not true. For instance, consider

the traces of two parabolas in Z2 (with the lazy simple random walk) connected

by a finite number of edges. One such example is Γ = {(x, y) ∈ Z2 : y ≥ x2 +

1} ∪ {(x, y) ∈ Z2 : y ≤ −x2 − 1} ∪ {(0, 0)}, where this denotes the vertex set of a

subgraph of Z2. The continuous version of this example is Harnack by Theorem

7.1 of [36]. Therefore, the discrete version is also Harnack by results of [13]. This

is an example of a subgraph of a Harnack graph where the subgraph is neither

uniform nor inner uniform but (Γ,KΓ,N , π) is nonetheless Harnack.

Definition 3.3.3. A function h is an harmonic profile for an infinite graph Γ that is

a subgraph of Γ̂ if it satisfies the following properties:

1. h > 0 in Γ

2. h = 0 on the exterior boundary of Γ

3. h is harmonic in Γ, that is,

h(x) =
∑
y∈Γ

KΓ̂(x, y)h(y) =
∑
y∈Γ

KΓ,D(x, y)h(y) ∀x ∈ Γ. (3.15)

(Note KΓ,D(x, y) = 0 unless y ≃ x and h(y) = 0 if y < Γ.)

On finite graphs, there is no such function satisfying properties 1., 2., and

3. above since any harmonic function that is zero on the exterior boundary of Γ

(which we assume to be non-empty) is zero everywhere.

We would like to appeal to a variety of pre-existing results about the exis-

tence of harmonic profiles and their properties in inner uniform domains. In

the continuous space setting, the desired results are found in [40]. These results

were transferred to the graph setting in the case of infinite graphs in [42, Chap-

ter 5]; see also [18, Chapter 8]. In general, the technique of [42] is to associate
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with any given graph its cable process. The cable process takes place in a con-

tinuous space with a nice Dirichlet form, so the results of [40] apply to it, and

there is a one-to-one correspondence between a profile of the cable process and

a profile of the graph.

Proposition 3.3.1 (Prop. 5.1, Corollary 5.3 of [42]). Suppose Γ is a proper infinite

subgraph of (̂Γ, µ, π). Then there exists a harmonic profile h for Γ. Moreover, if Γ is inner

uniform in Γ̂ and Γ̂ is Harnack, then the profile h of Γ is unique up to multiplication by

a constant.

The existence of h is straightforward. The uniqueness of h is more subtle and

can be obtained from [40, Theorem 4.1] via the cable process.

3.3.1 h-transform on graphs

The existence of the profile h for a graph Γ (considered as a subgraph of a graph

Γ̂) allows us to consider a reweighted version of Γ, which we will refer to as the

h-transform space. Recall a graph and the random walk structure on it may be

given by triples of the form (Γ, π, µ) or (Γ,K , π).

Reweight the measure π on Γ by h2 to obtain the measure πh(x) = h2(x)π(x).As

h > 0 on Γ, πh remains a positive function on the vertices of Γ. Define a Markov

kernel by

Kh(x, y) =
1

h(x)
KΓ,D(x, y)h(y). (3.16)

That this is a Markov kernel follows since h is harmonic as, for all x ∈ Γ,∑
y∈Γ

Kh(x, y) =
∑
y∈Γ

1
h(x)
KΓ,D(x, y)h(y) =

h(x)
h(x)

= 1.
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Notice Kh is a Markov kernel, despite that not being the case for KΓ,D. Thus

one effect of the h-transform is to return us to the setting of Markov kernels as

opposed to subMarkovian ones.

Moreover, Kh is reversible with respect to πh since KΓ,D is reversible with

respect to π:

Kh(x, y)πh(x) = Kh(x, y)h(x)2π(x) = h(x)h(y)KΓ,D(x, y)π(x)

= h(x)h(y)KΓ,D(y, x)π(y) = Kh(y, x)h2(y)π(y)

= Kh(y, x)πh(y).

Directly defining Kh as in (3.16) is equivalent to taking reweighted conduc-

tances µh
xy = h(x)h(y)µxy on Γ and then defining the Markov kernel as in Section

3.1.3. Note that µh
xy = 0 if at least one of x, y < Γ, so it does not matter whether

we think of the Neumann or Dirichlet kernel. Considering the graph this way,

the weights µh
xy are subordinate to the measure πh due to the harmonicity of h.

Further, if Γ̂ has controlled weights, the same holds for the h-transform space

since h(y)/h(x) is bounded below for x ∼ y (x, y ∈ Γ).

The heat kernel ph(n, x, y) on the h-transform of Γ is the transition density

of Kh and is given by Kn
h (x, y)/πh(y). The h-transform heat kernel on Γ and the

Dirichlet heat kernel on Γ have the following relationship:

ph(n, x, y) =
Kn

h (x, y)
πh(y)

=
Kn
Γ,D(x, y)

h(x)h(y)π(y)
=

1
h(x)h(y)

pΓ,D(n, x, y).

Under certain conditions, we have good two-sided estimates for the heat

kernel of the h-transform of Γ, which is the content of the next theorem.

Theorem 3.3.2 (Theorem 1.11 and Corollary 5.8 of [42]). Suppose that (̂Γ, µ, π) is

a Harnack graph and Γ is an inner uniform subgraph of Γ̂. Then (Γ,Kh, πh) is also a
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Harnack graph. Consequently, there exist constants c1, c2, c3, c4 > 0 such that, for all

x, y ∈ Γ and n ≥ dΓ(x, y),

c1

Vh(x,
√

n)
exp

(
−

c2d2
Γ
(x, y)
n

)
≤ ph(n, x, y) ≤

c3

Vh(x,
√

n)
exp

(
−

c4d2
Γ
(x, y)
n

)
or, equivalently,

c1h(x)h(y)
Vh(x,

√
n)

exp
(
−

c2d2
Γ
(x, y)
n

)
≤ pΓ,D(n, x, y) ≤

c3h(x)h(y)
Vh(x,

√
n)

exp
(
−

c4d2
Γ
(x, y)
n

)
Here Vh denotes the volume in Γ with respect to the measure πh.

The following lemma is useful for computing Vh.

Lemma 3.3.1 ([42, Proposition 5.5]). Let Γ be inner uniform in a Harnack graph

(̂Γ, µ, π). For any x ∈ Γ, r > 0, let xr ∈ Γ be a point such that dΓ(x, xr) ≤ r/4 and

d(xr, ∂Γ) ≥ cur/8 (recall cu is one of the inner uniformity constants). Then there exist

constants c,C (independent of x, r) such that

ch(xr)2VΓ(x, r) ≤ Vh(x, r) ≤ Ch(xr)2VΓ(x, r).

Remark 3.3.2. The existence of points xr as in the lemma above is a relatively

straightforward consequence of the inner uniform assumption (see [40, Lemma

3.20], [42, Lemma 4.7]).

Remark 3.3.3. The definition of such points xr is motivated by the following key

property of h: There exists a constant A such that

h(y) ≤ Ah(xr) ∀ r > 0, y ∈ BΓ(x, r).

This property is called a Carleson estimate, and it follows from arguments given

in Section 4.3.3 (in particular (4.28)) of [40], Chapter 8 of [18], and Theorem 2 of

[1]. This property is crucial to Lemma 3.3.1.

Moreover, due to the harmonicity of h and the inner uniform property,

h(x2r) ≈ h(xr), and VΓ is doubling.
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Remark 3.3.4. In the situation where we can compute h, the above abstract ex-

amples become concrete. For example, if Γ̂ = Zm and Γ = {(x1, . . . , xm) ∈ Zm : xm >

0} is the upper half-space, then h(x1, . . . , xm) = xm. It is easy to verify the above

claims about h for this example. However, there are only a few situations where

exact formulas for h are known, and, in general, estimating h is a hard problem.

The following theorem holds for continuous spaces and is discussed in

Chapter 4 of [40]. Once again, the theorem can be transferred to the discrete

setting using the cable process (see [42]).

Theorem 3.3.3 (Boundary Harnack Principle [40, Theorem 4.18]). Let Γ be an

inner uniform subgraph of the Harnack graph (̂Γ, µ, π). Then there exist constants

A0, A1 ∈ (1,∞) such that for any ξ ∈ ∂IΓ and any two positive harmonic functions

f , g on BΓ(ξ, A0r) that are zero along ∂Γ ∩ BΓ̂(ξ, A0r), we have

f (x)
f (x′)

≤ A1
g(x)
g(x′)

∀x, x′ ∈ BΓ(ξ, r).

3.3.2 Hitting probabilities and Dirichlet kernels in the inner

uniform case

Theorem 3.3.2 gave two-sided estimates of pΓ,D in terms of h; whenever we can

estimate h on part (or all) of Γ, the abstract estimate of pΓ,D becomes more con-

crete.

Lemma 3.3.2. Let Γ := Γ̂ \ K be inner uniform in the Harnack graph (̂Γ, µ, π). If Γ̂ is

S -transient with respect to K, then the profile h of Γ is given by 1−ψK . If Γ̂ is uniformly

S -transient with respect to K, then h ≈ 1.
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Proof. Since ψK is the hitting probability of K, and the exterior boundary of Γ is

contained in K, ψK is harmonic in Γ. Further, 0 ≤ ψK ≤ 1 on Γ and ψK ≡ 1 on K.

Hence h = 1 − ψK is a harmonic function inside of Γ that is zero on the exterior

boundary of Γ. Since Γ̂ is S -transient with respect to K, there exists some y ∈ Γ

such that ψK(y) < 1. Thus h(y) > 0, and, by the maximum principle, h(x) > 0 for

all x ∈ Γ. Therefore h is the profile of Γ.

Now suppose Γ̂ is uniformly S -transient with respect to K. Then there exist

L, ε > 0 such that ψK(x) ≤ 1−εwhenever d(x,K) ≥ L. (Note the distance from x to

K is the same whether considered in all of Γ̂ or only in Γ.) Hence for d(x,K) ≥ L,

we have ε ≤ 1 − ψK(x) = h(x). From the definition of a harmonic function, h(x) ≥

(1/Cc)h(y) for x ∼ y, x, y ∈ Γ, where Cc is the constant for controlled weights.

Applying this inequality a finite number of times (since d(x,K) ≥ 1 ∀x ∈ Γ),

there exists ε∗ > 0 such that ε∗ ≤ h(x) ≤ 1 for all x ∈ Γ. □

Corollary 3.3.1. Assume that Γ̂ is a Harnack graph that is uniformly S -transient with

respect to K and that Γ := Γ̂ \K is inner uniform. Then there exist constants 0 < c, C <

+∞ such that

cpΓ,N(Cn, x, y) ≤ pΓ,D(n, x, y) ≤ pΓ,N(n, x, y).

If Γ̂ is S -transient with respect to K, then the Neumann and Dirichlet heat kernels

are comparable in the region where h ≈ 1.

In other words, adding killing along Γ does not significantly alter the behav-

ior of the heat kernel in this setting.

Proof. The upper bound is immediate. Since we are in the setting where Γ is

an inner uniform subgraph of a Harnack Γ̂, by Theorem 3.3.1, (Γ,KΓ,N , π) is a
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Harnack graph. Thus there exist constants c1, c2, c3, c4 > 0 such that for all x, y ∈ Γ

and all n ≥ d(x, y),

c1

V(x,
√

n)
exp

(
−

c2d2
Γ
(x, y)
n

)
≤ pΓ,N(n, x, y) ≤

c3

V(x,
√

n)
exp

(
−

c4d2
Γ
(x, y)
n

)
.

From Theorem 3.3.2, we also know that the h-transform of Γ is Harnack. In the

uniformly S -transient setting, h ≈ 1 by Lemma 3.3.2. Therefore h(x) ≈ h(y) ≈ 1

and Vh ≈ V. Therefore there exist constants b1, b2, b3, b4 > 0 such that

b1

V(x,
√

n)
exp

(
−

b2d2
Γ
(x, y)
n

)
≤ pΓ,D(n, x, y) ≤

b3

V(x,
√

n)
exp

(
−

b4d2
Γ
(x, y)
n

)
.

Hence pΓ,N , pΓ,D satisfy two-sided Gaussian estimates and we obtain the desired

lower bound. This argument holds whenever h(x), h(y) ≈ 1, so the statement

about the transient case follows. □

Theorem 3.3.4. Suppose that Γ := Γ̂\K is inner uniform in the Harnack graph (̂Γ, µ, π).

Then, where the constants for ≈ depend on the constants appearing in the inner

uniform, Harnack, controlled weights, and uniformly lazy assumptions,

ψK(x) ≈
∑

n≥d2
Γ
(x,∂IΓ)

∑
y∈∂IΓ:

d2
Γ
(x,y)≤n

h(x)
h(x√n)

h(y)
h(y√n)

π(y)
VΓ(x,

√
n)

∀x ∈ Γ \ ∂IΓ. (3.17)

If, in addition, Γ is uniformly S -transient, then the two-sided bound

ψK(x) ≈
∑

n≥d2
Γ
(x,∂IΓ)

∑
y∈∂IΓ:

d2
Γ
(x,y)≤n

π(y)
VΓ(x,

√
n)

(3.18)

holds, where the constants in ≈ are as above and also depend upon L, ε from the uni-

formly S -transient assumption.

Remark 3.3.5. In Theorem 3.2.1, the main step of the proof that resulted in an

upper bound (without a matching lower bound) came from using the inequality
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Kn−1
Γ,D ≤ K

n−1
Γ,N . In Theorem 3.2.1, no assumptions about the geometry of Γ (or K)

were made, and the proof uses dΓ̂. Theorem 3.3.4 instead uses the distance dΓ,

so while these theorems are similar, the main objects differ. If Γ is uniform in Γ̂,

then dΓ ≈ dΓ̂. However, even under uniformity, the upper bounds of Theorem

3.2.1 and Theorem 3.3.4 only clearly agree up to a constant if there is also some

sort of doubling of the set ∂Γ as in Corollary 3.2.1.

Proof. For x ∈ Γ \ ∂IΓ, dΓ(x,K) ≥ 2 and

ψK(x) = Px(τK < +∞) =
∑
n≥2

∑
v∈∂Γ

∑
y∼v
y∈Γ

Kn−1
Γ,D (x, y)KΓ̂(y, v)

=
∑
n≥2

∑
v∈∂Γ

∑
y∼v
y∈Γ

h(x)
h(y)
Kn−1

h (x, y)KΓ̂(y, v)

≈
∑
n≥2

∑
v∈∂Γ

∑
y∼v

h(x)h(y)π(y)
Vh(x,

√
n)

exp
(−cd2

Γ
(x, y)
n

)
≈

∑
n≥2

∑
y∈∂IΓ

h(x)h(y)π(y)
Vh(x,

√
n)

exp
(−cd2

Γ
(x, y)
n

)
,

where we have used that KΓ̂(y, v) is roughly constant (by the controlled weight

hypothesis), the result of Theorem 3.3.2 forKn−1
h , and that each y ∈ ∂IΓ is adjacent

to at least one, but at most finitely many, v ∈ ∂Γ (uniformly over y).

Since (Γ,Kh, πh) is a Harnack graph, it must be doubling and satisfy the

Poincaré inequality. Taking the sum in time n and using Lemma 3.3.1 to esti-

mate Vh,∑
n≥2

1
Vh(x,

√
n)

exp
(
−

d2
Γ
(x, y)
n

)
≈

∑
n≥d2

Γ
(x,y)

1
Vh(x,

√
n)
≈

∑
n≥d2

Γ
(x,y)

1
h(x√n)2VΓ(x,

√
n)
,

where the upper bound follows from the same argument as in Theorem 3.2.1

and the lower bound comes from forgetting the earlier terms of the sum.
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If dΓ(x, y) ≤
√

n, then h(x√n) ≈ h(y√n). This follows from the inequality

h(y√n)2VΓ(y,
√

n) ≤ CVh(y,
√

n) ≤ CVh(x, 2
√

n) ≤ Ch(x√n)2VΓ(x, 2
√

n)

≤ Ch(x√n)2VΓ(y,
√

n),

where we have used the relationship between Vh and VΓ and that both of these

are doubling.

Hence

ψK(x) ≈
∑
y∈∂IΓ

∑
n≥d2

Γ
(x,y)

h(x)
h(x√n)

h(y)
h(y√n)

π(y)
VΓ(x,

√
n)
.

Now interchange the order of summation. Noting the set {y ∈ ∂IΓ : d2
Γ
(x, y) ≤

n} is nonempty if and only if n ≥ d2
Γ
(x, yx),∑

y∈∂IΓ

∑
n≥d2

Γ
(x,y)

←→
∑

n≥d2
Γ
(x,yx)

∑
y∈∂IΓ:

d2
Γ
(x,y)≤n

.

Thus

ψK(x) ≈
∑

n≥d2
Γ
(x,yx)

∑
y∈∂IΓ:

d2
Γ
(x,y)≤n

h(x)
h(x√n)

h(y)
h(y√n)

π(y)
VΓ(x,

√
n)

The result for the uniformly S -transient case follows from the above and

Lemma 3.3.2. □

Remark 3.3.6. Recall from Remark 3.3.3 that the Carelson estimate h(z) ≤ Ah(xr)

holds for all r > 0, z ∈ BΓ(x, r). Therefore the terms h(x)/h(x√n) and h(y)/h(y√n)

are bounded and, essentially, add additional decay to the sum. Thus Theorem

3.3.4 has additional decay that is not present in Theorem 3.2.1. However, if

h ≈ 1, dΓ ≈ dΓ̂, and the boundary is doubling, then these bounds are the same.
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In the S -recurrent case, ψK ≡ 1, so the two-sided bound above should yield

constants. Example 3.3.4 demonstrates this.

Theorem 3.3.5. Suppose that Γ := Γ̂ \ K is an inner uniform subgraph of the Harnack

graph (̂Γ, µ, π).

Let B∂I (x, r) := BΓ(x, r) ∩ ∂IΓ denote the trace of Γ-balls in ∂IΓ and V∂I (x, r) =

π(B∂I (x, r)) for any x ∈ Γ. Define

W∂I (x, r) :=
VΓ(x, r)
V∂I (x, r)

∀x ∈ Γ.

Then:

1. If Γ is uniformly S -transient, there exists some L′, ε′ > 0 such that

d(x,K) ≥ L′ =⇒
∑

n≥d2
Γ
(x,∂IΓ)

1
W∂I (x,

√
n)
≤ ε′.

2. If for any ε > 0, there exists Lε > 0 such that

d(x,K) ≥ Lε =⇒
∑

n≥d2
Γ
(x,∂IΓ)

1
W∂I (x,

√
n)
≤ ε,

then Γ is uniformly S -transient.

Proof. (1): Suppose that Γ is uniformly S -transient, so there exist ε, L > 0 such

that ψK(x) ≤ 1 − ε whenever d(x,K) ≥ L. By Lemma 3.3.2, we have h ≈ 1. Using

the result of Theorem 3.3.4, we have

∑
n≥d2

Γ
(x,∂IΓ)

1
W∂I (x,

√
n)
=

∑
n≥d2

Γ
(x,∂IΓ)

∑
y∈∂IΓ:

d2
Γ
(x,y)≤n

π(y)
VΓ(x,

√
n)
≤ CψK(x) ≤ C(1 − ε)

whenever d(x,K) ≥ L. Setting ε′ = C(1 − ε) gives the result.
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(2): Now suppose that for any ε > 0, there exists Lε > 0 such that∑
n≥d2(x,∂IΓ)

(W∂I (x,
√

n))−1 < ε whenever d(x,K) ≥ Lε. Using Theorem 3.3.4 and the

fact that h(x)/h(x√n) ≤ 1 for all x ∈ Γ,
√

n ≥ 1,

ψK(x) ≤ C
∑

n≥d2
Γ
(x,∂IΓ)

∑
y∈∂IΓ:

d2
Γ
(x,y)≤n

h(x)
h(x√n)

h(y)
h(y√n)

π(y)
VΓ(x,

√
n)
≤ C

∑
n≥d2

Γ
(x,∂IΓ)

∑
y∈∂IΓ:

d2
Γ
(x,y)≤n

π(y)
VΓ(x,

√
n)

=
∑

n≥d2
Γ
(x,∂IΓ)

C
W∂I (x,

√
n)
≤ Cε.

Taking ε sufficiently small, there exists ε′, L′ > 0 such that ψK(x) ≤ 1 − ε′

whenever d(x,K) ≥ L′, which is precisely the definition of Γ being uniformly

S -transient. □

Remark 3.3.7. Theorem 3.3.5 relies upon the lower bound of Theorem 3.3.4 in

(1) and the upper bound in (2). An analogous statement of (2) could be obtained

in the setting of Theorem 3.2.1 using the function W as opposed to the function

W∂I .

3.3.3 Two-sided bounds on hitting probabilities accounting for

time or vertex hit

When Γ is an inner uniform subgraph of a Harnack graph Γ̂, Theorem 3.3.4

gives matching upper and lower bounds on the probability of leaving Γ (i.e.

the probability of hitting Γc.) Other questions of natural interest include the

likelihood of exiting Γ at a particular point v ∈ ∂Γ, or the chance of exiting Γ (in

general, or at a particular point), at or before time n. While in the recurrent case

ψK(x) ≡ 1, this is not the case for the probabilities in the previous sentence, and

these questions remain interesting. Bounds on these probabilities can be given
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using the same ideas and reasoning we have already seen. We collect these

results below as corollaries. In particular, Corollaries 3.3.3 and 3.3.4 can be seen

as discrete versions of the results of [35].

Definition 3.3.4 (Various Hitting Probabilities). Recall that given (̂Γ, µ, π) with

subgraph Γ = Γ̂ \ K, τK denotes the first hitting time of K/first exist time of Γ.

Define the following hitting probabilities, where x ∈ Γ, v ∈ ∂Γ, and n ≥ dΓ(x, v) :

• ψK(x) = Px(τK < +∞), the chance of hitting K, given the walk starts at x

• ψK(x, v) = Px(XτK = v, τK < +∞), the chance of hitting K for the first time at

the point v, given the walk starts at x

• ψK(n, x, v) = Px(XτK = v, τK ≤ n), the chance of hitting K for the first time at

the point v ∈ ∂Γ, and doing so in time less than or equal to n

• ψ′K(m, x, v) = ψK(m, x, v) − ψK(m − 1, x, v) = Px(XτK = v, τK = m), the chance of

hitting K for the first time at v at the time m

• ψK(n, x) = Px(τK ≤ n) the chance of hitting K at time less than or equal to n

• ψ′K(m, x) = ψK(m, x) − ψK(m − 1, x) = Px(τK = m), the chance of hitting K for

the first time at time m.

There are various relationships between these quantities, for example

ψK(n, x, v) =
n∑

m=0

ψ′K(m, x, v)

ψK(n, x) =
n∑

m=0

ψ′K(m, x) =
∑
v∈∂Γ

n∑
m=d(x,v)

ψ′K(m, x, v) =
∑
v∈∂Γ

ψK(n, x, v).

Our theorems above dealt with ψK(x); the corollaries below provide esti-

mates for some of these other quantities. These corollaries use the symbol ≈

from Definitions 3.1.10 and 3.1.11 where constants are allowed both inside and

101



outside exponentials. These constants depend on the constants appearing in the

definitions of controlled weights, uniformly lazy, inner uniform, and Harnack

graph, and, in the assumption of uniform S -transience, on L, ε.

Corollary 3.3.2. Assume Γ := Γ̂ \ K is an inner uniform subgraph of a Harnack graph

(̂Γ, µ, π). Then

ψK(x, v) ≈
∑
y∈Γ:
y∼v

h(x)h(y)π(y)
∑

n≥d2
Γ
(x,y)

1
Vh(x,

√
n)

∀x ∈ Γ \ ∂IΓ, v ∈ ∂Γ. (3.19)

In the event that Γ is uniformly S -transient, then

ψK(x, v) ≈
∑

n≥d2
Γ
(x,v)

π(v)
VΓ(x,

√
n)
. (3.20)

Proof. Reasoning as in Theorem 3.3.4, but without summing over all points of

the boundary of Γ yields

ψK(x, v) ≈
∑
n≥2

∑
y∈Γ:
y∼v

h(x)h(y)π(y)
Vh(x,

√
n)

exp
(
−

d2
Γ
(x, y)
n

)
≈

∑
y∈Γ:
y∼v

h(x)h(y)π(y)
∑

n≥d2
Γ
(x,y)

1
Vh(x,

√
n)
.

If Γ is uniformly transient, the result follows as h ≈ 1 by Lemma 3.3.2. □

Remark 3.3.8. In (3.20), a sum over the neighbors of v that belong to ∂IΓ appears.

For any x, v there is always a point yx,v ∈ ∂IΓ such that dΓ(x, yx,v) + 1 = dΓ(x, v),

but there may be multiple points that achieve this or other neighbors of v that

are further away from x in Γ. In the lower bound, we may keep only the point

yx,v, but, in the upper bound, we do not know a relationship that would allow

us to replace a generic h(y) by h(yx,v). If h ≈ 1, or if we know all y ∼ v are close

in Γ (not just in Γ̂), this is not a problem and only one yx,v counts. However, if v

can be approached from multiple “sides,” this is not the case, and in fact h may

be very different on the different sides. (Consider a slit domain or two sides of

a boundary with a “corner.”)
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We are, however, always free to replace π(y) by π(v) due to the assumption of

controlled weights.

Corollary 3.3.3. Assume Γ := Γ̂ \ K is an inner uniform subgraph of a Harnack graph

(̂Γ, µ, π). Then

ψ′K(m, x, v) ≈
∑

y∈Γ:y∼v

h(x)h(y)π(y)
Vh(x,

√
m)

exp
(
−

d2
Γ
(x, y)
m

)
∀x ∈ Γ \ ∂IΓ, v ∈ ∂Γ,m ≥ dΓ(x, v)

(3.21)

and for n ≥ d2
Γ
(x, v),

ψK(x, v) − ψK(n, x, v) ≈
∑

y∈Γ:y∼v

h(x)h(y)π(y)
∞∑

m=n

1
Vh(x,

√
m)

(3.22)

If Γ is uniformly S -transient, then

ψ′K(m, x, v) ≈
π(v)

VΓ(x,
√

m)
exp

(
−

d2
Γ
(x, v)
m

)
, (3.23)

and when n ≥ d2
Γ
(x, v),

ψK(x, v) − ψK(n, x, v) ≈ π(v)
∞∑

m=n

1
VΓ(x,

√
m)
. (3.24)

Proof. Proceeding as in the proof of Theorem 3.3.4, but summing in neither time

nor space, for x ∈ Γ \ ∂IΓ, v ∈ ∂Γ,

ψ′K(m, x, v) = Px(XτK = v, τK = m) =
∑

y∈Γ:y∼v

Km−1
Γ,D (x, y)KΓ(y, v)

≈
∑

y∈Γ:y∼v

h(x)h(y)π(yv)
Vh(x,

√
m)

exp
(
−

d2
Γ
(x, y)
m

)
.

Note points y in the sum above will only appear if m ≥ dΓ(x, y) (there is

always at least one such y since m ≥ dΓ(x, v) by assumption).
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To obtain (3.22), use (3.21) to find

ψK(x, v) − ψK(n, x, v) =
∞∑

m=n

ψ′K(m, x, v)

≈
∑

y∈Γ:y∼v

h(x)h(y)π(y)
∞∑

m=n

1
Vh(x,

√
m)

exp
(
−

d2
Γ
(x, y)
m

)
.

When n ≥ d2
Γ
(x, y), the exponential does not count.

In the uniformly S -transient case, we know h ≈ 1. For the lower bounds,

discard any inconvenient terms; for the upper bounds, recall the number of

neighbors y of v is bounded above and all such neighbors satisfy dΓ(x, y) + 1 ≥

dΓ(x, v) ≥ 2. □

Corollary 3.3.4. Assume Γ := Γ̂ \ K is an inner uniform subgraph of a Harnack graph

(̂Γ, µ, π). For all x ∈ Γ \ ∂IΓ, v ∈ ∂Γ, n ≥ dΓ(x, v),

ψK(n, x, v) ≈
∑

y∈Γ:y∼v

[h(x)h(y)π(y)d2
Γ
(x, y)

Vh(x, dΓ(x, y))
exp

(
−

d2
Γ
(x, y)
n

)
+

n∑
m=dΓ(x,y)2

h(x)h(y)π(y)
Vh(x,

√
m)

]
.

(3.25)

In the uniformly S -transient case,

ψK(n, x, v) ≈
π(v)d2

Γ
(x, v)

VΓ(x, dΓ(x, v))
exp

(
−

d2
Γ
(x, v)
n

)
+

n∑
m=dΓ(x,v)2

π(v)
VΓ(x,

√
m)
. (3.26)

Proof. This quantity is like that of Theorem 3.3.4, except that the sum in time

stops at a value n instead of continuing to infinity. We are forced to consider

several cases about the relationship between the size of n and dΓ(x, v). As before,

the uniformly S -transient case will follow by recalling h ≈ 1 and that only one

y ∼ v counts.
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In all cases, using Corollary 3.3.3,

ψK(n, x, v) =
n∑

m=0

ψ′K(m, x, v) ≈
∑
y∈Γ:
y∼v

n∑
m=dΓ(x,y)

h(x)h(y)π(y)
Vh(x,

√
m)

exp
(
−

d2
Γ
(x, y)
m

)
.

We now compute the inner sum in time m above. For simplicity, we will

often abbreviate dΓ(x, y) by d in the rest of the proof.

Case 1: Total time n is small compared to distance, that is dΓ(x, y) ≈ n; say

dΓ(x, y) ≤ n ≤ 2dΓ(x, y).

Then the inner sum is roughly

h(x)h(y)π(y)
n∑

m=d

1

Vh(x,
√

d)
exp

(
−

d2

d

)
≈

h(x)h(y)π(y)
Vh(x, d)

exp(−d).

In this situation the exponential is very small, so any powers of d that appear

by taking the sum or adjusting the radius of Vh can be fed to the exponential by

changing the constant. Recall Vh is doubling (see Theorem 3.3.2).

Case 2: The intermediate case, 2dΓ(x, y) ≤ n < d2
Γ
(x, y).

We use a dyadic decomposition and cut the sum into pieces where d2−l−1 ≤

√
m ≤ d2−1. Let a denote the integer such that

√
n ≈ d2−a, or a ≈ log2(d/

√
n) and b

be the integer such that
√

d ≈ d2−b or b ≈ log2(
√

d). Since d/
√

n ≤
√

d in this case,

we have a ≤ b. Hence using the same tools to compute the sum as above, where
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the constants C, c can change from line to line,
n∑

m=dΓ(x,y)

Ch(x)h(y)π(y)
Vh(x,

√
m)

exp
(
−

d2
Γ
(x, y)
cm

)
≤ Ch(x)h(y)π(y)

b∑
l=a

∑
√

m≈d2−l

1
Vh(x, d2−l)

exp
(
−

4l

c

)
≤ Ch(x)h(y)π(y)

b∑
l=a

d2

4l

1
Vh(x, d2−l)

exp
(
−

4l

c

)
≤

Ch(x)h(y)π(y)d2

Vh(x, d)

b∑
l=a

exp
(
−

4l

c

)
≤

Ch(x)h(y)π(y)d2

Vh(x, d)
exp

(
−

4a

c

)
.

The last step follows from bounding the sum from above by
∑

l≥a, and recalling

4a ≈ d2/n gives the desired upper bound. For the lower bound, repeat the same

series of steps, except in the last step keep only the first term l = a.

We have found
n∑

m=dΓ(x,y)

h(x)h(y)π(y)
Vh(x,

√
m)

exp
(
−

d2
Γ
(x, y)
m

)
≈

h(x)h(y)π(y)d2

Vh(x, d)
exp

(
−

d2

n

)
.

Case 3: The case where time is large compared to the distance squared, n ≥

d2
Γ
(x, y).

Cut the sum into two pieces: where m < d2 and where m ≥ d2. For the first

piece, apply the previous case. Here the exponential is large, so we may always

ignore it. We find
n∑

m=dΓ(x,y)

h(x)h(y)π(y)
Vh(x,

√
m)

exp
(
−

d2
Γ
(x, y)
m

)
≈

h(x)h(y)π(y)d2

Vh(x, d)
+

n∑
m=d2

h(x)h(y)π(y)
Vh(x,

√
m)

.

To finish estimating ψK(n, x, v), take the sum in points y. Different points y ∼ v

may fall into different cases above, but in all cases the expression found matches

that of (3.25). □
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Corollary 3.3.5. Assume Γ := Γ̂ \ K is an inner uniform subgraph of a Harnack graph

(̂Γ, µ, π). For all x ∈ Γ \ ∂IΓ and all m ≥ dΓ(x,K),

ψ′K(m, x) ≈
∑
y∈∂IΓ

dΓ(x,y)≤m

h(x)h(y)π(y)
Vh(x,

√
m)

exp
(
−
−d2
Γ
(x, y)
m

)
. (3.27)

If Γ is uniformly S -transient, then

ψ′K(m, x) ≈
∑
y∈∂IΓ

dΓ(x,y)≤m

π(y)
VΓ(x,

√
m)

exp
(
−

d2
Γ
(x, y)
m

)
. (3.28)

The corollary follows from similar arguments as above. There are no partic-

ularly nice simplifications for any of these expressions since the sums in space

rely on h, π, and dΓ(x, y).

Note either of the previous two corollaries could be used to get an estimate

on ψK(n, x).

3.3.4 Examples

In this section we apply the results of previous sections to various examples.

Recall we have already seen that Zm \ Zk is uniformly S -transient when k ≤

m − 3. Further, it is not too difficult to verify that Zm \ Zk is uniform if and only

if k ≤ m − 2, so that the results of the previous section also apply. This example

generalizes as follows.

Example 3.3.1 (Examples with regular volume growth). Let Γ := Γ̂ \ K be inner

uniform inside the Harnack graph (̂Γ, π, µ). Assume there exists α > 0 such that

VΓ(x, r) ≈ rα for all x ∈ Γ, r > 0. Further assume that V∂IΓ is doubling in the sense
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of Definition 3.2.5 and that ∂IΓ is regular in the sense that there exists β > 0 such

that V∂IΓ(y, r) ≈ rβ for all y ∈ ∂IΓ, r > 0. Assume α − β > 2.

Then we may use Corollary 3.2.1 to justify that Γ is uniformly S -transient, in

which case h ≈ 1 and (3.18) gives us a two-sided bound on ψK as a function of x:

ψK(x) ≈
∑

n≥d2
Γ
(x,∂IΓ)

V∂IΓ(yx,
√

n)
VΓ(x,

√
n)
≈

∑
n≥d2

Γ
(x,∂IΓ)

1
n(α−β)/2 ≈

1
dΓ(x, ∂IΓ)α−β−2 .

Example 3.3.2 (Half-space, Zm \ Zm−1). Consider upper half-space Γ = Zm
+ =

{(x1, . . . , xm) ∈ Zd : xm > 0} inside of Zm with the lazy simple random walk

(Definition 3.1.12). Let x⃗ = (x1, . . . , xm) ∈ Γ. We consider the chance we hit

v⃗ = (v1, . . . , vm−1, 0) from x⃗. Clearly Γ is inner uniform in Zm, which is Harnack. In

this case, h(x⃗) = xm. Let y⃗v := (v1, . . . , vm−1, 1).

Let x = (x1, . . . , xm−1), v = (v1, . . . , vm−1) and d(x, v) = |x1 − v1| + · · · + |xm−1 −

vm−1|. Applying various corollaries from the previous section (and assuming n ≥

d2
Γ
(x⃗, v⃗) where sensible),

ψK(x⃗, v⃗) ≈
xm

[d(x⃗, y⃗v)]m
=

xm

(d(x, v) + |xm − 1|)m

ψ′K(n, x⃗, v⃗) ≈
xm

(xm +
√

n)2 nm/2
exp

(
−

([d(x, v)]2 + |xm|
2)

n

)
ψK(x⃗, v⃗) − ψK(n, x⃗, v⃗) ≈

xm

nm/2

ψK(n, x⃗, v⃗) ≈
xm

[dΓ(x⃗, v⃗)]m
exp

(
−

d2
Γ
(x⃗, v⃗)
n

)
+ xm

[ 1
[dΓ(x⃗, v⃗)]m

−
1

nm/2

]
ψ′K(n, x⃗) ≈

xm

n3/2

ψK(x⃗) − ψK(n, x⃗) ≈
xm

n1/2

ψK(n, x⃗) ≈ xm

[ 1

x1/2
m

−
1

n1/2

]
.

The above estimate for ψK(x⃗, v⃗) is essentially a (multivariate) Cauchy distri-

bution as expected. This is clearer to see if we take m = 2, x⃗ = (0, 2), and v⃗ = (v, 0)
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so that ψK(x⃗, v⃗) ≈ 1
(1+|v|)2 ≈

1
1+v2 . Further, notice that the rate of convergence of

ψK(x⃗, v⃗) in time is dependent on the dimension, but convergence to ψK(x⃗) ≡ 1

has the same rate in all dimensions.

Example 3.3.3 (Cones in Z2). Let Γ̂ = Z2 and Γ be the lattice points lying inside of

a cone of aperture α ∈ (0, 2π) with vertex at (0, 0) and one side of the cone lying

along the x-axis. Note this is a case where K , ∂Γ. As the cone is inner uniform,

the results of the previous section apply.

In the continuous case, it is known that the profile of such a cone is h(r, θ) =

rπ/α sin
( π
α
(θ)

)
, where (r, θ) ∈ R2 are polar coordinates. Since a cone can be thought

of as the graph above a Lipschitz domain, a result of Varopoulos [64] says har-

monic functions in the discrete (lattice) and continuous versions should be sim-

ilar away from the boundary; for further discussion of harmonic functions in

cones see [17] and references therein.

Therefore, assuming x⃗ ∈ Z2 is away from the boundary of our discrete cone

and v⃗ ∈ Z2 lies along the boundary of the cone, by Corollary 3.3.2,

ψK(x⃗, v⃗) ≈
|x⃗ |π/α sin

( π
α
(θx⃗)

)
|⃗yv⃗ |

π/α sin
( π
α
(θy⃗v⃗)

)
[dΓ(x⃗, y⃗v⃗)]2π/α

,

where y⃗v⃗ ∼ v⃗ and belongs to Γ. One can verify this result matches that of the

half-plane in the previous example (α = π,m = 2).

We can also express ψK(x⃗, v⃗) in terms of distances to the edges of the cone.

Let the edge of the cone that lies along the x-axis be L0 and the other edge be L1.

Then |x⃗| ≈ d(x⃗, L0) + d(x⃗, L1) and, for α fixed, sin
( π
α
(θx⃗)

)
≈

d(x⃗,L0)
|x⃗ |

d(x⃗,L1)
|x⃗ | . (Note one of

these factors is always roughly constant.) Thus

ψK(x⃗, v⃗) ≈
[d(x⃗, L0) + d(x⃗, L1)]

π
α−2 [d(⃗v, L0) + d(⃗v, L1)]

π
α−1 d(x, L0), d(x, L1)

[dΓ(x⃗, y⃗v⃗)]2π/α
.
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Example 3.3.4 (A line in Z3, e.g. Zm \ Zm−2). Consider Γ̂ = Z3 and K = {(0, 0, x3) :

x3 ∈ Z}, the x3-axis. The arguments below apply more generally to Zm \ Zm−2.

The harmonic profile is the same as the harmonic profile of a single point in Z2,

and consequently h(x1, x2, x3) ≈ log(|x1|+ |x2|+ 1) (see e.g. [58], Section 11). Given

x⃗ = (x1, x2, x3) ∈ Γ := Z3\K, then dx⃗ := d(x⃗, ∂IΓ) = |x1|+ |x2|−1.We can use Theorem

3.3.4 to check that ψK(x⃗) ≈ 1:

ψK(x⃗) ≈
∑
n≥d2

x⃗

∑
y⃗∈∂IΓ,

d2
Γ
(x⃗,⃗y)≤n

h(x⃗)h(⃗y)
h(x⃗√n)h(⃗y√n)

π(⃗y)
VΓ(x⃗,

√
n)

≈
∑
n≥d2

x⃗

∑
y⃗:d2
Γ
(x⃗,⃗y)≤n

log(dx⃗)
log(dx⃗ +

√
n) log(

√
n)n3/2

≈
∑
n≥d2

x⃗

log(dx⃗)
(log(n))2n

≈
log(dx⃗)
log(dx⃗)

= 1.

The above calculation used that the number of y⃗ ’s in the x3-axis at distance

less than
√

n from x⃗ is about
√

n − dx⃗ ≈
√

n. This is sensible if we replace the

exterior sum n ≥ d2
x⃗ by n ≥ cd2

x⃗; for the lower bound, we can throw this away,

and, in the upper bound, the sum over d2
x⃗ ≤ n ≤ cd2

x⃗ is can be controlled by

later pieces of the sum. This might seem simple, but the fact that we can make

manipulations like this in our calculations relies on the fact that in this case our

boundary is doubling. (See Remark 3.3.9 below.)

It is more interesting to compute ψK(x⃗, v⃗) where v⃗ = (0, 0, v) ∈ K. Then via

Corollary 3.3.2:

ψK(x⃗, v⃗) ≈
∑

y⃗∈Γ:⃗y∼v⃗

h(x⃗)h(⃗y)π(w)
∑

n≥d2
Γ
(x⃗,⃗y)

1
Vh(x⃗,

√
n)
≈ log(dx⃗)

∑
n≥d2

Γ
(x⃗,⃗y)

1
(log(n))2n3/2

≈
log(d(x⃗, v⃗x⃗))

(dΓ(x⃗, v⃗x⃗) + dΓ(⃗vx⃗, v⃗))(log(dΓ(x⃗, v⃗x⃗) + dΓ(⃗vx⃗, v⃗))2
.

Remark 3.3.9. Given x ∈ Γ, y ∈ ∂IΓ, it is always true that dΓ(x, y) ≈ dΓ(x, yx) +

dΓ(yx, y), where yx ∈ ∂IΓ achieves dΓ(x, ∂IΓ) (and that yx ∼ vx ∈ ∂Γ that achieves
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d(x, ∂Γ)). Provided changing the “radius” by a constant does not really change

how many points y ∈ ∂IΓ are at a particular distance from yx ∈ ∂IΓ, then when

n is sufficiently large, the inner sums in our theorems/corollaries can be taken

over y ∈ ∂IΓ : d2(y, yx) ≤ n. This remark is similar in spirit to Corollary 3.2.1;

Example 3.3.6 below gives an example where such assumptions do not hold.

Example 3.3.5 (Weighted half-spaces). This example is a continuation of Exam-

ple 3.2.6. Once again we consider Γ = {x⃗ = (x1, . . . , xm) ∈ Zm : xm > 0} inside Zm
≥0

with weight (1 + xm)α. Provided α > −m, then Zm
≥0 with this weight is Harnack,

which can be shown using similar arguments to those given in Section 4.3 of

[36]. The profile for such a space clearly only depends on the xm coordinate and

reduces to computing the profile on the weighted half-line. Using the defini-

tion of harmonic and choosing the scaling by setting h(x1, . . . , xm1 , 1) = 1, we can

compute

h(x1, . . . , xm) =


∑xm

l=1
1
lα , α ≥ 0∑xm+1

n=2
2α
nα , α ∈ (−N, 0)

≈ x1−α
m .

If α > 1, then 1−α < 0 and it is clear h is uniformly bounded above and below.

In Example 3.2.6, we already saw that Zm
+ was uniformly S -transient with such

weights. Using Theorem 3.3.4 gives us a lower bound that matches the upper

bound found in Example 3.2.6, and we can also find ψK(x⃗, v⃗):

ψK(x⃗) ≈
1

xα−1
m

ψK(x⃗, v⃗) ≈
1

[d(x⃗, v⃗)]m+α−2
≈

1
[|x1 − v1| + · · · + |xm−1 − vm−1| + |xm|]m+α−2 .

Now consider α ∈ (−N, 1]. Using Theorem 3.3.4, we find that ψK(x⃗) is roughly
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constant, and we can compute ψK(x⃗, v⃗) :

ψK(x⃗) ≈
∑

n≥d2(x⃗,∂Γ)

x1−α
m n(m−1)/2

n1−αn(m+α)/2 ≈
∑
n≥x2

m

x1−α
m

n(3−α)/2 ≈
x1−α

m

x1−α
m
≈ 1

ψK(x⃗, v⃗) ≈
x1−α

m

[d(x⃗, v⃗)]m−α
=

x1−α
m

[|x1 − v1| + · · · + |xm−1 − vm−1| + |xm|]m−α .

Substituting α = 0 into the expression for ψK(x⃗, v⃗) above, we recover the

formula from Example 3.3.2.

In general knowing ψK(x⃗) ≈ 1 is not sufficient to conclude a subgraph is

S -recurrent, as this does not necessarily imply ψK(x⃗) = 1. However, in this

specific case, we can use symmetry to argue that the half-space cannot be S -

recurrent and have ψK(x⃗) uniformly bounded below away from zero. First note

that clearly ψK(x⃗) only depends on xm = d(x⃗, ∂Γ). Also, by using repeated appli-

cations of the Markov property, if xm = d, then in order for the random walk to

hit the set {xm = 0}, it must first hit the set {xm = d − 1}, then the set {xm = d − 2},

and so on, so the probability of hitting {xm = 0} decomposes into a product of

probabilities of hitting a set that is distance 1 away from the starting point. Al-

though the weights are different if we consider hitting {xm = 0} from a point

where xm = 1 in the usual half-space versus hitting {xm = k} from a point where

xm = k + 1 in the half-space {xm ≥ k}, the weights will be uniformly compara-

ble. Since ψK is the chance of hitting K before time ∞, a bounded change of

weights will not change it. Hence if ψK(x⃗) < 1 everywhere, there must be points

where ψK is arbitrarily close to zero. Hence knowing ψK(x⃗) ≈ 1 shows that these

weighted half-spaces are in fact S -recurrent.

Example 3.3.6 (“Flyswatter”). In Z4, consider K to be a two-dimensional infinite

“flyswatter” as in the Figure 3.2 below. A key point is that the flyswatter has

long “handles” and “mesh parts” at every scale; this causes K = ∂Γ to fail to
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be doubling in Z4. However, Γ = Z4 \ K is uniform as one can always use the

extra two dimensions to move away from the flyswatter, and dΓ ≈ dZ4 since

the flyswatter is either thin or has frequent holes. While Theorem 3.3.4 and

associated corollaries apply to this example, we do not know how to compute

h. This situation is typical.

Figure 3.2: The blue “flyswatter,” which we imagine continues infinitely
in both directions in a similar manner. Although this picture
is in two dimensions, we think of this in a higher dimensional
space. Note how there are black points in-between the blue
points, and it is easy to see distance in Zd would not be changed
significantly by avoiding the blue points when d ≥ 4.

3.3.5 Example: A set that is S -transient but not uniformly so

In this section, we discuss an example that turns out to be S -transient, but not

uniformly so, illustrating the distinction between these notions. We apply both

Theorems 3.2.1 and 3.3.4 and discuss what we can say about its harmonic profile

h.

Let Γ̂ = Z4. Think of x ∈ Z4 as x = (x1, x2, x3, x4). In the x1x2-plane, let K = ∂Γ be

the set of lattice points that lie inside the graph of x2 = ±xα1 for α ∈ (0, 1), x1 ∈ Z≥0.

In the case α = 1/2, we have a parabola whose axis of symmetry is the x1-axis;

we may often refer to the points of K as a “parabola” regardless of the value of

α (or the fact that we are only considering a discrete analog of a parabola). Note
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that K is a two-dimensional object in four-dimensional space, so Γ := Z4 \ K is

inner uniform.

x1

x2

Figure 3.3: For α = 1/2, we take the lattice points inside of the parabola
x1 = x2

2 as our set K. This figure is the x1x2-plane that lives inside
Z4.

On Z4 consider the lazy simple random walk, which stays in place at each

step of the Markov kernel with probability 1/2 and otherwise moves to any of

the eight neighboring vertices with equal probability. Then Z4 has controlled

weights and is Harnack. Hence we can apply any of our results to this example.

We first use Theorem 3.2.1 to show that Z4 is S -transient with respect to K.

Doubling of traces of balls in ∂Γ can be seen by the following formula for V∂Γ :

V∂Γ(x, r) ≈



r2, r ≤ |x1|
α

|x1|
αr, |x1|

α < r < |x1|

rα+1, r ≥ |x1|

for x = (x1, x2, 0, 0) ∈ K.

For any point x ∈ Γ̂, we have VΓ̂(x, r) ≈ r4. For any x ∈ Γ := Z4 \ K, let

x∗ = (x∗1, x
∗
2, x

∗
3, x

∗
4) denote the unique point in K that achieves d(x,K). Thus for
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any r > 0 and any x ∈ Γ,

W̃(x, r) ≈



r2, r ≤ |x∗1|
α

r3

|x∗1 |
α , |x∗1|

α < r < |x∗1|

r3−α, r ≥ |x∗1|.

Lemma 3.3.3. The graph Z4 is S -transient with respect to the parabola K. Moreover,

for a given ε > 0, we can pick Lε = L sufficiently large so that in the regime where

dx := dZ4(x,K) ≥ |x∗1| ≥ L, we have ψK(x) ≤ 1 − ε.

Proof. Recall x∗ = (x∗1, x
∗
2, x

∗
3, x

∗
4) is the point that achieves dZ4(x,K).When dx ≥ |x∗1|,

ψK(x) ≤
∑
n≥d2

x

1

W̃(x,
√

n)
≈

∑
n≥d2

x

1
n(3−α)/2 ≈ −

1
t(1−α)/2

∣∣∣∣∞
t=d2

x
≈

1
d1−α

x
≤

1
L1−α .

Thus ψK(x) < 1 − ε for Lε sufficiently large. □

A key component of the proof of the above lemma was the assumption that

dx ≥ |x∗1|. If instead |x∗1|
α ≤ dx ≤ |x∗1|, then we have the bound

ψK(x) ≤
∑
n≥d2

x

1

W̃(x,
√

n)
=

|x∗1 |
2∑

n=d2
x

|x∗1|
α

n3/2 +
∑

n≥|x∗1 |
2

1
n(3−α)/2 =

ca|x∗1|
α

dx
−

ca

|x∗1|
1−α +

cb

|x∗1|
1−α ,

(3.29)

where the constants ca, cb depend on the approximation of W̃ and on the esti-

mation of the sums above. We only write these constants to emphasize that

the |x∗1|
α−1 terms do not cancel. If instead dx < |x∗1|

α, then there is a third term

appearing in the estimate for ψK given by Theorem 3.2.1/Corollary 3.2.1.

Lemma 3.3.3 does not show that Z4 is uniformly S -transient with respect to

the parabola K since dx and |x∗1| are related. Indeed, it is possible to pick a se-

quence of points {xm}m≥0 such that dxm → ∞, but the bound in Theorem 3.2.1 does
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not give useful information. To that end, consider points xm = (xm
1 , x

m
2 , x

m
3 , x

m
4 )

that lie directly above the parabola so that dxm ≈ xm
3 + xm

4 , which is independent

of xm
1 = (xm

1 )∗. Further, take dxm = |(xm
1 )∗|α for all m. Then we are in the situation of

(3.29) so that

ψK(xm) ≤
ca|(xm

1 )∗|α

dxm
−

ca

|(xm
1 )∗|1−α

+
cb

|(xm
1 )∗|1−α

= ca −
ca

|(xm
1 )∗|1−α

+
cb

|(xm
1 )∗|1−α

.

Thus ψK(xm) → ca as dxm = |(xm
1 )∗|α → ∞. From this, we cannot conclude that

ψK(xm) tends to zero as dxm → ∞, and, if ca ≥ 1, this tells us no information

on ψK at all. Indeed, the appearance of the constant ca (essentially “1”) in the

computation of the above sum indicates that Theorem 3.2.1 will not give a useful

bound in this regime.

From Lemma 3.3.3, we know that Γ is S -transient and that h ≈ 1 in the region

where d(x,K) ≫ |x∗1|, since ψK(x) ≤ 1 − ε in this region. The two lemmas below

capture how the results of Section 3.3 can improve our knowledge of h as we

approach the parabola in certain ways.

Lemma 3.3.4. For any x ∈ Γ satisfying dx ≫ |x∗1|
α ≥ L, we have h(x) ≈ 1.

Lemma 3.3.5. Let u∗ = (u1, 0, 0, 0) ∈ K and B = BΓ̂(u
∗, 1

2 |u1|
α). Then there exists a

constant 0 < a < 1 such that

h(x) ≈ c
log(dx)

log(ĉ|u1|
α)
∀x ∈ BΓ(u∗, a|u1|

α).

Proof of Lemma 3.3.4. We already know this result for x ∈ Γ satisfying dx ≫ |x∗1|

due to Lemmas 3.3.3 and 3.3.2. Therefore it suffices to consider x ∈ Γ such that

dx ≈ ĉ|x∗1|
α for some constant ĉ. In this region, by (3.29) and Lemma 3.3.2,

h(x) = 1 − ψK(u) ≥ 1 +
ca − cb

|x∗1|
1−α − ca

|x∗1|
α

dx
.
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If ca > cb we can ignore the middle term; otherwise, assume |x∗1|
α ≥ L where L is

large enough to ensure (ca − cb)/|x∗1|
1−α ≥ −1/4. Also choose ĉ so that ca/ĉ < 1/4.

With these choices, for x satisfying dx ≈ |x∗1|
α ≥ L,

h(x) ≥
3
4
−

ca|x∗1|
α

ĉ|x∗1|
α
≥

1
2
.

Thus h ≈ 1 whenever dx ≫ |x∗1|
α ≥ L as desired. □

Proof of Lemma 3.3.5. As this result is about points near the parabola K, we

use the boundary Harnack inequality. Given u∗ = (u1, 0, 0, 0) ∈ K, take u =

(u1, 0, u3, u4) such that du ≈ |u1|
α and h(u) ≈ 1 as in Lemma 3.3.4. Note u∗ is the

projection of u onto K.

As Γ̂ is Harnack and h is harmonic inside Γ, by applying the elliptic Harnack

inequality a finite number of times, we find a point (which we continue to call

u) such that h(u) ≈ 1 and u lies in B = BΓ̂(u
∗, 1

2 |u1|
α).

From the perspective of B, we cannot tell that K is not the entire x1x2-plane.

As in B we are looking at a two-dimensional ball inside of four-dimensional

space, we know there is a positive harmonic function f in B that is zero on the

intersection of B with K such that f (x) ≈ log(|x3|
2 + |x4|

2) ≈ log(d(x,K)2).

Therefore, by the boundary Harnack inequality (Theorem 3.3.3),

f (x)
f (u)

≤ A1
h(u)
h(x)

=⇒ c
log(d2

x)
log(d2

u)
= c

log(dx)
log(ĉ|u1|

α)
≤ h(x) ∀x ∈ B(u∗,

1
2A0
|u1|

α).

As we may also apply boundary Harnack in the other direction, we conclude

h(x) ≈ c
log(dx)

log(ĉ|u1|
α)

on a ball of radius strictly smaller than that of B (but comparable to |u1|
α). □
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The two lemmas above give a wide region where we understand h. How-

ever, there is still a “bad region” of points where the behavior of h remains un-

known. For any x ∈ Γ, recall x∗ = (x∗1, x
∗
2, x

∗
3, x

∗
4) is its projection on to K. The

behavior of h is not known for points x ∈ Γwhere dx ≪ |x∗1|
α and |x∗2| ≫ |x

∗
1|
α, that

is for points that neither Lemma 3.3.4 nor Lemma 3.3.5 apply to. (Lemma 3.3.5

can be applied to points near the parabola but that do not get too close to its

“edge.” Repeated applications of boundary Harnack could get similar results to

hold in balls with centers of the form u∗ = (u1, u2, 0, 0) as long as u2 is sufficiently

small compared to u1.) These bad points lie in a tube around the parabola of

radius comparable to |x∗1|
α.

Lemma 3.3.5 shows that h 0 1 for points close to the middle of the parabola,

so along with Lemma 3.3.2, this shows Z4 is not uniformly S -transient with re-

spect to the parabola.

3.4 Connections with Wiener’s test

In many situations, Wiener’s test gives an optimal way for determining classical

transience/recurrence of a set S ⊂ Γ, where transience is taken to mean Px(Xn ∈

S i.o.) = 0 and recurrence means Px(Xn ∈ S i.o.) > 0. In many cases (such as for

the simple random walk on Zd), a 0 − 1 law holds for these probabilities, but

such a 0 − 1 law does not hold in the general setting considered in this thesis.

Below we give the version of Wiener’s test in the case of interest to us. See,

for example, [5, 45, 53, 63] for statements of Wiener’s test in various settings.

Theorem 3.4.1 (Wiener’s test for Harnack Graphs). Assume (Γ,K , π) is a Harnack

graph with controlled weights. Let (Xn)n≥0 denote the process on the graph.
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Assume that Γ is transient in the sense that Px(Xn = x i.o.) = 0 for some/all x ∈ Γ.

Fix o ∈ Γ and let Ak := BΓ(o, ak+1) \ BΓ(o, ak) for some constant a.

Then there exists a > 1 such that for any set S ⊂ Γ,

Po(Xn ∈ S i.o.) = 0 ⇐⇒
∞∑

k=1

Cap(S ∩ Ak)
Cap(Ak)

< +∞. (3.30)

Here Cap denotes the capacity, defined as

Cap(S ) =
∑
y∈S

eS (y),

where

eS (y) =


Py(∀n ≥ 1, Xn < S ), y ∈ S

0, y < S

is the equilibrium potential of S .

Further, if V denotes the volume function on Γ, and y ∈ Ak such that d(y, ∂Ak) ≈ ak,

then

Cap(Ak) ≈
[ ∞∑

n=a2k

1
V(y,

√
n)

]−1
. (3.31)

This theorem follows by repeating the proof of Theorem 7.23 in [5] with a few

modifications to account for the different form of assumed heat kernel bounds

on Γ here.

There are key differences between Wiener’s test and the questions we ad-

dressed in the main part of this chapter. First, the definitions of transience used

do not align. In this chapter, we defined transience as ψK(x) < 1 for some/all

x ∈ Γ := Γ̂ \ K. Wiener’s test takes transience to be Px(Xn ∈ K i.o.) = 0 for all

x ∈ Γ̂. These may not be the same, and Wiener’s test does not account for uni-

form S -transience (see Example 3.4.1 below), which is of much interest to us.
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Further, Wiener’s test does not care about where the walk is started. However,

we are only interested in starting the walk outside of the set K. There may be

cases where the random walk started well inside of K is unlikely to ever leave

K, but a random walk started outside of K may have a positive chance to never

visit K.

Example 3.4.1 (Applying Wiener’s test to the parabola example). Let K be the

“parabola” inside a lattice Z4 as in Section 3.3.5.

In the case of the lattice Zd, we can take a = 2. We do this here to emphasize

Theorem 3.4.1 is a generalization of the classical formulation of Wiener’s test for

Zd.

First, by (3.31), we have

Cap(Ak) ≈
[ ∞∑

n=22k

1
V(y,

√
n)

]−1
≈

[ ∞∑
n=22k

1
n2

]−1
≈ 22k.

The intersection of the parabola and the (4-dimensional) annulus, K ∩ AK ,

is contained inside a two-dimensional rectangle Rk of length approximately 2k

and width approximately 2αk, where α determines the shape of the parabola, i.e.

α = 1/2 for an actual parabola. Since in Z4 the capacity of a point is a positive

constant, if |Rk| denotes the number of points in Rk, then

Cap(S ∩ Ak) ≤ Cap(Rk) ≤ c|Rk| ≤ c2k+kα.

Therefore

∞∑
k=0

Cap(S ∩ Qk)
22k ≤ c

∞∑
k=0

2k+kα

a2k = c
∞∑

k=0

1
2(1−α)k < ∞ since α ∈ (0, 1).

Therefore Z4 \ K is transient in the sense of Wiener’s test and is S -transient,
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but it is not uniformly S -transient. This shows that Wiener’s test is not sufficient

for our purposes.
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CHAPTER 4

HEAT KERNEL ESTIMATES ON BOOK-LIKE GRAPHS

In this chapter, we return to the setting of a gluing problem. In particular,

the goal of this chapter is to obtain heat kernel estimates for a certain class of

graphs which can be thought of as nice pieces (“pages”) glued together in a suf-

ficiently nice way via a gluing “spine”. The results we obtain can handle the

case of gluing pieces satisfying the parabolic Harnack inequality via a finite set

of vertices (the discrete version of some of the results of Grigor’yan and Saloff-

Coste in [37]), as well as gluing such graphs via an infinite set of vertices–under

a specific set of hypotheses. The only existing work in a similar vein to this

latter situation is work of Grigor’yan and Ishiwata [39], which considers glu-

ing copies of Rn via a paraboloid of revolution. While the hypotheses we make

about the gluing set of vertices in this chapter are fairly restrictive, they are dif-

ferent in flavor from those of [39], and our work does have the advantage of not

needing precise symmetry. For example, our results which apply to gluing lat-

tices Zd equally apply to gluing graphs that are lattice-like (say quasi-isometric

to lattices).

The main motivation for considering the discrete case at the moment, as op-

posed to its continuous analog, is the results of Chapter 3. A key idea from that

chapter was that in order to hit a set at time n, the random walk must be at a

neighbor of that set at time n − 1, which leads to a nice decomposition of the

hitting probability. While these results should have their appropriate analogs

in the continuous setting, the proof will necessarily require a somewhat differ-

ent strategy. It should also be emphasized that, in general, having heat kernel

estimates in the discrete setting does not directly imply the same result in the
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corresponding continuous setting, and vice versa. Such results are true in cer-

tain cases, for instance, in the case of spaces satisfying the parabolic Harnack

inequality (see e.g. [13]), because in this case heat kernel estimates are related

to functional inequalities that are stable under perturbations. For the sort of es-

timates we obtain here, that is not the case. Nonetheless, we expect the results

to be the same and hope this chapter can provide a guide for how to treat the

continuous case.

The rest of this chapter proceeds as follows. Section 4.1 describes the par-

ticular construction of cutting/gluing graphs we consider here, as well as the

key hypotheses we will assume. Section 4.2 describes the general framework

for estimating the heat kernel on the kind of graph we consider using gluing

formulas from Appendix A. Terms appearing in these gluing formulas can be

estimated by Chapter 3 and by results from Appendix B. Section 4.3 then ap-

plies this method to obtain general heat kernel estimates for the kind of book-

like graph we consider here, with the main result being Theorem 4.3.1. The last

three sections of this chapter apply Theorem 4.3.1 to several examples where we

can get more concrete estimates. Section 4.4 addresses the case of a finite gluing

set, and Corollary 4.4.1 is the discrete version of some continuous setting results

of [37]. Section 4.5 addresses the main example that motivated this chapter:

gluing lattices of varying dimensions along a smaller dimensional lattice. The

heat kernel estimate in this case is given in Corollary 4.5.1; this discrete setting

estimate is related to some continuous setting estimates found in [37, 39]. Our

results also hold in the case where the graphs in question are not precisely lat-

tices, a case which the corresponding continuous results do not handle. Section

4.6 gives additional examples of gluing lattices along a half-space or along a

cone.
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4.1 Set-up: Cutting and gluing graphs, book-like graphs

In this section, we describe the class of graphs we consider in the rest of this

chapter, both in terms of their construction and various hypotheses we wish to

assume. We explain the construction from the perspective of both cutting and

gluing. In general, we assume the notation and general set-up of Chapter 3, that

is, we consider connected graphs with random walk structure given by (Γ, π, µ)

or (Γ,K , π) that have controlled weights and are uniformly lazy. All definitions

of terms such as Harnack graphs, (inner) uniform set, harmonic functions, etc.,

remain as given in Chapter 3.

4.1.1 Gluing graphs together

Start with graphs (Γi, πi, µ
i) for i = 1, . . . , l. These graphs will be referred to as

“pages” (occasionally “pieces”) and play the role of “ends” in the manifold with

ends setting.

Further assume we have a graph (Γ0, π0, µ
0). We will refer to Γ0 as the “spine”

or “gluing set”. In the language of the manifolds with ends setting, the spine

plays the role of the central compact set. We will allow for Γ0 to be disconnected.

We will require that weights on Γ0 be adapted, subordinate, controlled, and

uniformly lazy (see Sections 3.1.1 and 3.1.2).

We glue together the pages Γi, 1 ≤ i ≤ l along the spine Γ0 as follows. As-

sume each Γi comes with a marked set of vertices (a “margin”); label this set

of vertices Gi. Further, assume that for each i ∈ {1, . . . , l} the spine Γ0 contains

a set of vertices G′i that is a copy of Gi. (Note the G′i need not be disjoint.) For
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each i, we assume there is an identification map (bijection) between Gi and G′i .

Moreover, this identification map should satisfy the condition that there exist

constants cI ,CI such that if x ∈ Gi, x′ ∈ G′i are identified, then

cIπ0(x′) ≤ πi(x) ≤ CIπ0(x′). (4.1)

In other words, the weights at vertices that we glue together should be compara-

ble, with uniform constants that apply to the whole graph. Due to the controlled

weights condition, this also means the weights on any edges we glue together

are comparable. We glue the pages to the spine according to these identification

maps and call the resulting graph Γ.

Remark 4.1.1.

(1) The identification maps above are between vertices. We could think of

these identification maps as literally “identifying” vertices as being the

same, or we could think of them as telling us to put an edge between the

vertices that are identified. Either way should make no real difference.

However, for the sake of being consistent, here we will think of the iden-

tification as literally identifying the vertices, which ensures the following

makes sense.

(2) In the instance that a vertex x ∈ Γ0 has no neighbors (in Γ0), it may be

convenient on occasion to allow for π0(x) = 0. In terms of the Markov

kernel, nothing changes; if π0(x) = 0, then K(x, y) = 0 for all y , x and

K(x, x) = 1. In this setting, obviously (4.1) cannot hold, and the appropriate

condition should be instead that there exist (uniform) constants cI ,CI such

that for all xi ∈ Γi and x j ∈ Γ j where there exists x′ ∈ Γ0 such that both xi, x j

are identified with x′, we have

cIπ j(x j) ≤ πi(xi) ≤ CIπ j(x j). (4.2)
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The random walk structure on Γ = (V, E) is given by a pair of weights (π, µ)

defined from the weights on the pages and spine via

π(x) =
l∑

i=0

πi(x) and µxy =

l∑
i=0

µi
xy ∀x, y ∈ V,

where we take the convention that πi(x) = 0 if x < Vi (the vertex set of Γi) and

µi
xy = 0 if {x, y} < Ei (the edge set of Γi).

We ask that the following be true of Γ:

1. Γ is connected.

2. There exists a number α > 0 such that Γ0, seen as a subgraph of Γ, is α-

connected, that is, [Γ0]α, the α-neighborhood of Γ0 in Γ, is connected.

3. When seen as a subgraph of Γ, for all i = 1, . . . , l, we have ∂IΓi = Gi.

4. The identification between Gi, G′i satisfies the description given above, i.e.

is a bijection between vertices with compatible weights.

Lemma 4.1.1. The graph (Γ, π, µ) obtained by the gluing procedure above is of the type

we consider. That is, Γ = (V, E) is a simple connected graph with edge weights µxy that

are both symmetric and adapted to the edges, and which are subordinate to the vertex

weight π. Further, the weights on Γ are both controlled and uniformly lazy.

Proof. That Γ is connected is requirement 1. above, and if any edges are “dou-

bled” from gluing, we will still think of them as one edge, so the graph remains

simple.

That µxy is symmetric follows from the symmetry of the µi
xy. If µxy , 0, then

there exists some i ∈ {0, . . . , l} such that µi
xy , 0, which implies {x, y} ∈ Ei, and

hence that {x, y} ∈ E. Moreover, if {x, y} ∈ E, then it must be that {x, y} ∈ Ei for

126



some i ∈ {0, . . . , l}, and hence µxy ≥ µ
i
xy > 0. Therefore µ is adapted to the edges of

Γ.

Further, the edge weights are subordinate to the vertex weights since that is

true of the spine and pages:∑
y∼x

µxy =
∑
y∼x

l∑
i=0

µi
xy ≤

l∑
i=0

πi(x) = π(x).

That Γ has controlled weights follows from the assumed compatibility con-

dition (4.1). Consider any edge {x, y} ∈ Γ. Then there must exist at least one

i ∈ {0, . . . , l} such that {x, y} ∈ Ei, since Γ is connected and the gluing process does

not add new edges (except those that occur from identifying vertices). Then, if

Ci
c denotes the constant for controlled weights of Γi, we have:

µxy

π(x)
=

∑l
j=0 µ

j
xy∑l

j=0 π j(x)
≥

µi
xy

CIlπi(x)
≥

1
Ci

cCIl
≥

1
CIl maxi Ci

c
.

That Γ is uniformly lazy again follows from that assumption on the pages

and the spine:∑
y∼x

µxy =

l∑
i=0

∑
y∼x

µi
xy =

l∑
i=0

(1 −Ci
e)πi(x) =

l∑
i=0

πi(x) −
l∑

i=0

Ci
eπi(x)

≤ π(x) −
l∑

i=0

(min
i

Ci
e)πi(x) = (1 − (min

i
Ci

e))π(x).

□

4.1.2 Cutting graphs into pieces

The gluing operation described in the previous subsection is relatively natural

for graphs. It is also natural to instead approach the question from the point of

view of cutting a larger graph (Γ, π, µ) apart into pages and a spine.
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More precisely, assume we have (Γ, π, µ). Identify a set of vertices (and their

induced subgraph) as Γ0. Remove the vertices in Γ0 from Γ. This splits the graph

into connected components with trailing edges left from removing the vertices

in Γ0.

Assume Γ0 is such that doing the above procedure produces a finite number

of connected components, Γ1, . . . ,Γl, all of which are infinite graphs. We “cap”

the trailing edges in a given Γi with vertices and call these cap vertices the set

Gi. Then Gi has a natural identification with a subset of vertices G′i of Γ0.

On Γ0,Γ1, . . . ,Γl recall the random walk structure inherited from Γwith Neu-

mann Markov kernel is obtained by taking the vertex and edge weights from

Γ and then staying in place with the appropriate probability to make this a

Markov kernel. When cutting, we add some additional flexibility to this no-

tion by saying that weights on the subgraphs should be comparable to weights

on Γ, that is, there exist constants CB, cB such that for all x ∈ Γi, 0 ≤ i ≤ l,

cBπ(x) ≤ πi(x) ≤ CBπ(x),

and a similar inequality holds for edge weights.

All nice properties of the random walk structure on Γ are inherited by these

subgraphs.

Remark 4.1.2.

(1) With the notion of adding “cap” vertices, the question of do we add edges

between two such vertices arises. If we set µi
xy = µxy if x, y ∈ Γi and zero

else, then this adds back in edges we may have removed.

(2) While it might seem most natural to simply take the random walk struc-

ture inherited from Γ on the spine and pages, allowing some flexibility
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in changing the weights enables us to ensure that it is possible to cut a

graph apart in such a way that it can be glued back together into exactly

the graph we began with. Under the set of hypotheses we will assume (see

Section 4.1.3 below), everything about the pages Γ1, . . . ,Γl is stable under

such perturbations of weights.

We require the following of the above cutting construction:

1. As already mentioned, removing Γ0 should create a finite number of con-

nected components, all of which are infinite.

2. In Γ, the graph Γ0 is α-connected.

3. The set Γ0 should have the property that any vertex x ∈ Γ0 either has (1)

all neighbors also in Γ0 or (2) has neighbors in Γi and Γ j with i , j and

i, j ∈ {0, 1, . . . , l}.

Property 3. above ensures that ∂IΓi = Gi and prevents selecting vertices for

Γ0 that are surrounded by other vertices from only one page and is the analog

of property 3. for the gluing operation.

We illustrate the above construction with a simple example and postpone

further examples until later, after we have described additional hypotheses.

Example 4.1.1 (Gluing half-planes). Consider (Γi, πi, µ
i
xy) for i = 1, 2, where Γ1 =

{(x, y) ∈ Z2 : y ≥ 0} is the discrete upper half-plane and Γ2 = {(x, y) ∈ Z2 : y ≤ 0} is

the discrete lower half-plane. Assume both graphs have the lazy simple random

walk (Definition 3.1.12). Take Γ0 to be a totally disconnected copy of Z (vertices

are Z, no edges) with π0(x) ≡ 0.
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Figure 4.1: On the left, we have Γ1,Γ2 with the lazy simple random walk.
Vertices in Gi, i = 1, 2 have three neighbors, so the walk moves
to any neighbor with probability 1/6. When gluing over the
spine Γ0, we obtain the graph on the right. Using the con-
struction above, vertical edges leading away from Γ0 now have
probability 1/12, but horizontal edges are “doubled” from the
gluing and still have probability 1/6, since the orange vertices
now have weight 2. At all other vertices in the graph, we will
move to any of the four neighbors with probability 1/8 and stay
in place with probability 1/2.

Let Gi be the set {y = 0} and G′i = Γ0 for both i = 1, 2. Then all Gi, G′i are copies

of Z and Gi, G′i have a natural identification for i = 1, 2. Figure 4.1 illustrates this

scenario and how the random walk changes along the gluing spine Γ0; away

from the gluing spine, the random walk structure is still that of the lazy simple

random walk (lazy SRW).

We could also think of taking Γ = Z2 with lazy SRW and cutting it apart

along the set {y = 0}; we re-derive the above picture if we “cap” the vertices and

add back in edges between these capped vertices. However, the probabilities

in this case are slightly different: if we take the Neumann random walk on the

pages, the probability of all edges is 1/8. In this setting, gluing the pages back

together does not give us Z2 with the lazy SRW. On the other hand, instead cut

Z2 apart with the rule that we give each vertex in Gi or Γ0 weight 1/3 and that

we give edges along the y = 0 axis weight 1/24 in Γi, i = 0, 1, 2. In this case Γ0

is a connected copy of Z. We leave all other edges with weight 1/8 and all other
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vertices with weight 1. This cutting/gluing operation satisfies the condition that

the weights be comparable, and when gluing this graph back together, we do in

fact obtain Z2 with the lazy SRW.

4.1.3 Book-like graphs and further assumptions

Above, we described a construction for cutting and gluing graphs. In this sec-

tion, we give additional hypotheses we want to impose upon such graphs in

order to obtain heat kernel estimates.

Definition 4.1.1 (Book-like graph). Assume we have a construction (Γ, π, µ) as in

the previous subsections with pages Γ1, . . . ,Γl and gluing spine Γ0. If there exists

a number δ > 0 such that for all x ∈ Γ0 and for all 1 ≤ i ≤ l, we have d(x,Γi) ≤ δ,

we call Γ a δ-book-like graph (or simply a book-like graph).

In other words, Γ is book-like if each vertex in the spine Γ0 is at distance at

most δ from all of the pages.

Definition 4.1.2 (Augmented pages). Let (Γ, π, µ) be a δ-book-like graph with

pages Γ1, . . . ,Γl and spine Γ0. For each i ∈ {1, . . . , l}, the augmented page associated

with Γi will be denoted Γ̂i and is defined as

Γ̂i := [Γi]δ ∩ (Γi ∪ Γ0),

where [Γi]δ := {y ∈ Γ : d(y,Γi) ≤ δ} is the δ-neighborhood of Γi.

Note that Γ0 ⊆ Γ̂i for all i ∈ {1, . . . , l}. The δ-book-like hypothesis ensures the

augmented page Γ̂i consists of “page i” and the entire spine Γ0.
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We can define π̂i, µ̂
i as just taking the values of π, µ; in the event that the

weights on Γi, Γ0 are not precisely the same as that on Γ (due to the compatible

weights condition), we could instead apply the weights from Γi and Γ0 (seen as

graphs separate from Γ). Any such variation will always produce comparable

weights and will not affect any results (except up to constants).

The following notion is often useful for thinking about “perturbations” of

graphs or comparing two similar graphs.

Definition 4.1.3 (Quasi-isometry). Consider two graphs as metric measure

spaces, (Γ1, d1, π1) and (Γ2, d2, π2), where di denotes the graph distance and πi

denotes a measure on vertices. (For this definition, we do not need a stochas-

tic process/random walk.) We say Γ1 and Γ2 are quasi-isometric if there exists a

function Φ : Γ1 → Γ2 such that

1. There exists ε > 0 such that the ε-neighborhood of the image of Φ is equal

to Γ2.

2. There exist constants a, b such that

a−1d1(x, y) − b ≤ d2(Φ(x),Φ(y)) ≤ ad1(x, y) ∀ x, y ∈ Γ1.

3. There exists a constant Cq > 0 such that

1
Cq
π1(x) ≤ π2(Φ(x)) ≤ Cqπ1(x).

Further remarks on quasi-isometry can be found in Appendix B.1.1.

The following theorem indicates that Harnack graphs are stable under quasi-

isometry and will be useful to us due to the ambiguity present in our cut-

ting/gluing construction.
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Theorem 4.1.1 (see [13]). Assume (Γ1,K1, π1) is a Harnack graph and is quasi-

isometric to (Γ2,K2, π2). Then Γ2 is also Harnack.

Below we give the key hypotheses that will be assume throughout the rest

of the chapter.

Key Hypotheses:

(B1) (Γ, π, µ) is a δ-book-like graph with pages Γ1, . . . ,Γl and spine Γ0.

(B2) Assume that each Γi, 1 ≤ i ≤ l is a Harnack graph (Definition 3.1.9). In

other words, assume the heat kernel associated with KΓi,N is Harnack for

all 1 ≤ i ≤ l.

(B3) Assume that each Γi is inner uniform (Definition 3.3.2) and is uniformly

S -transient when considered as a subgraph of Γ̂i in the sense of Definition

3.2.4.

(B4) Assume that each Γi, 1 ≤ i ≤ l is uniform (Definition 3.3.1) in Γ.

Lemma 4.1.2. Under hypotheses (B1)-(B4) above, each page Γi is quasi-isometric to

both its augmented version Γ̂i and to its 1-neighborhood [Γi]1 = {x ∈ Γ : d(x,Γ1) ≤ 1}.

Proof. We aim to show there exists a quasi-isometry Φ : Γi → Γ̂i (or to [Γi]1). The

proof is the same in both instances. Let Φ be the inclusion map. It is obvious

that by taking ε = δ (or ε = 1) that an ε-neighborhood of the image of Φ contains

the whole set.

Given any two vertices x, y ∈ Γi, we know that there exists a constant cU such

that cUdi(x, y) ≤ dΓ(x, y) since Γi is uniform in Γ (hypothesis (B4)). Consequently,
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since the graph distance can only get smaller in a larger graph,

cUdi(x, y) ≤ dΓ(x, y) ≤ dΓ̂i
(x, y) ≤ di(x, y),

which satisfies hypothesis 2. of being a quasi-isometry.

Hypothesis 3. of the definition of a quasi-isometry follows from the assump-

tion that vertex weights are comparable when we do a gluing and the fact that

we know vertex weights in any ball of a fixed radius are comparable. □

An important consequence of hypothesis (B2), Lemma 4.1.2, and Theorem

4.1.1 is that Γ̂i and [Γi]1 are also Harnack graphs.

4.1.4 Examples

We describe several examples and how they fit in with the hypotheses from the

previous section.

Example 4.1.2 (Gluing lattices along a shared lattice). The motivating or pro-

totypical example considered in this chapter is that of gluing lattices along a

lower dimensional lattice. For i = 1, . . . , l, let Γi = Z
Di with the lazy simple ran-

dom walk, so that the pages of the graph are lattices of varying dimensions.

Let the spine Γ0 be a disconnected (no edges) copy of Zk, where we require

min1≤i≤l Di − k ≥ 3. Then we may set Gi to be equal to a copy of Zk in ZDi , for

example, Gi = {(x1, . . . , xk, 0, . . . , 0) ∈ ZDi} and G′i = Γ0 for all i = 1, . . . , l. This is a

δ-book-like graph for any δ > 0 since the spine is part of all of the pages.

Moreover, ZDi is always a Harnack graph, and the condition Di − k ≥ 3 guar-

antees each Γi is uniform in its augmented page and uniformly S -transient, as
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seen in Example 3.2.4. It is also clear that distances in Γi versus in Γ remain un-

changed, so each Γi is uniform in Γ for i = 1, . . . , l. Thus such graphs satisfy all

of the key hypotheses (B1)-(B4).

We obtain heat kernel estimates for this example in Section 4.5.

Remark 4.1.3. We could also consider Γ0 to be made up of several copies of Zk

so that there are disjoint copies of Zk to identify with each page, i.e. so the G′i are

disjoint (and, in fact, it is often useful to do so–see Remark 4.2.2). These disjoint

G′i = Z
k’s should then all link to a central copy of Zk that belongs to the spine Γ0

but not to any page. In this situation, we may take the lazy simple random walk

on Γ0. Such a graph is clearly still book-like and satisfies hypotheses (B1)-(B4).

Example 4.1.3 (Cutting/gluing over a finite set). Start with a connected graph

(Γ, µ, π) with controlled and uniformly lazy weights. Pick a finite set of vertices

Γ0 in Γ. We require the three properties of a cutting construction above; since Γ0

is finite, it must be α-connected in Γ, but the other two cutting hypotheses are

not immediately satisfied. In terms of the additional hypotheses (B1)-(B4), that

this construction is book-like, i.e. satisfies hypothesis (B1), is automatic since Γ0

is finite. Whether (B2)-(B4) hold depends upon the specifics of this construction.

On the other hand, we could instead begin with Harnack graphs (Γi, µ
i, πi)

for 1 ≤ i ≤ l. Let Γ0 be a finite set of size K. In each page Γi, let Gi be a finite set of

vertices of size K. Then we may set G′i = Γ0 for all 1 ≤ i ≤ l, and assume we have

a set bijection between each Gi and Γ0.

We may assume Γ0 is connected and comes with the simple lazy random

walk. Then certainly Γ is connected, and Γ0 remains connected in Γ. Since Γ0

is finite, the vertex weights are automatically comparable, and, moreover, it is

impossible to make a graph that is not book-like via this construction.
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Whether the key hypotheses (B3), (B4) are satisfied depends upon the nature

of the gluing and graphs in question. In this case, the questions of S -transience

becomes equivalent to the question of transience in the usual sense. Whether of

not the pages are uniform depends on how the gluing is done; if it is done in

a reasonable sense where Gi is made up of nearby vertices, then property (B4)

holds.

See Section 4.4 below for a return to this example and some additional dis-

cussion of these hypotheses.

Example 4.1.4 (A graph that is not book-like). Suppose l = 3 and Γi = Z
4 for

all 1 ≤ i ≤ 3 with lazy simple random walk. Identify the x1-axes of Γ1 and Γ2,

and identify the x2-axes of Γ2 and Γ3. Then this example fits the given gluing

construction, where Γ0 consists of two axes that share a single vertex (we can

think of Γ0 as connected or not). However, this example is not a book-like graph

since points far along the shared x1-axis of Γ1,Γ2 are far from Γ3.

This is the simplest sort of example that is not book-like but that does satisfy

our other key hypotheses, since the pages are Harnack, lines are S -transient

in 4-dimensional space, and the described gluing does not change distances in

individual pages. Moreover, this example does have a “fixed width” spine as in

Definition B.2.1 in Appendix B. While we would ultimately like to obtain heat

kernel estimates for such graphs, that is beyond the scope of this chapter.

4.2 Gluing heat kernels

In this section, we first discuss some abstract estimates for gluing heat kernels

in a discrete setting that hold with minimal hypotheses. After that, we consider
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specifically the setting of the construction of the previous section with graphs

satisfying hypotheses (B1)-(B4) and what we can say about certain hitting prob-

abilities. This section builds up the main tools and ingredients that will be used

to actually obtain heat kernel estimates in Section 4.3.

4.2.1 Abstract gluing estimates

We start with an abstract theorem about gluing heat kernels. This theorem is

very general and does not require any of the strong hypotheses of the graph,

that is, we do not need (B1)-(B4). It is a discrete version of Theorem 3.5 of [34].

Theorem 4.2.1 ([34, Theorem 3.5]). Let U1,U2 be two subgraphs of (Γ, π, µ) satisfying

one of the following two conditions:

1. U1 ∩ U2 = ∅ in such a way that ∂U1 ∩ U2 and ∂U2 ∩ U1 are also empty

2. U2 ⊂ U1.

Then for all x ∈ U1, y ∈ U2, and n ≥ d(x, y),

p(n, x, y) ≤ pU1,D(n, x, y) + 2
∑

v∈∂U1

∑
w∈∂U2

sup
⌊ n

4 ⌋≤m≤n
p(m, v,w)ψ∂U1(n, x, v)ψ∂U2(n, y,w)︸                                                                ︷︷                                                                ︸

TERM A

(4.3)

+
∑

v∈∂U1

∑
w∈∂U2

sup
⌊ n

4 ⌋≤m≤n
ψ′∂U2

(m, y,w)ψ∂U1(n, x, v)
n∑

l=d(v,w)

p(l, v,w)︸                                                                       ︷︷                                                                       ︸
TERM Bx

(4.4)

+
∑

v∈∂U1

∑
w∈∂U2

sup
⌊ n

4 ⌋≤m≤n
ψ′∂U1

(m, x, v)ψ∂U2(n, y,w)
n∑

l=d(v,w)

p(l, v,w)︸                                                                       ︷︷                                                                       ︸
TERM By

. (4.5)
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and

2p(n, x, y) ≥ pU1,D(n, x, y) + 2
∑

v∈∂U1

∑
w∈∂U2

inf
⌊ n

4 ⌋≤m≤n
p(m, v,w)ψ∂U1

(⌊n
4

⌋
, x, v

)
ψ∂U2

(⌊n
4

⌋
, y,w

)
︸                                                                       ︷︷                                                                       ︸

TERM A

(4.6)

+
∑

v∈∂U1

∑
w∈∂U2

inf
⌊ n

4 ⌋≤m≤n
ψ′∂U2

(m, y,w)ψ∂U1

(⌊n
4

⌋
, x, v

) ⌊ n
4 ⌋−1∑

l=d(v,w)

p(l, v,w)︸                                                                          ︷︷                                                                          ︸
TERM Bx

(4.7)

+
∑

v∈∂U1

∑
w∈∂U2

inf
⌊ n

4 ⌋≤m≤n
ψ′∂U1

(m, x, v)ψ∂U2

(⌊n
4

⌋
, y,w

) ⌊ n
4 ⌋−1∑

l=d(v,w)

p(l, v,w)︸                                                                          ︷︷                                                                          ︸
TERM By

. (4.8)

Here the notation of hitting probabilities is as in Definition 3.3.4, that is

ψ∂U1(n, x, v) is the chance of hitting ∂U1 for the first time at v in time less than

or equal to n, while ψ′∂U1
(m, x, v) is the chance of hitting ∂U1 for the first time at

vertex v in time exactly m. The proof of Theorem 4.2.1 is essentially the same as

in the continuous and compact case of [37] and is based on a series of gluing

lemmas; for completeness, the details of this proof are given in Appendix A.

Remark 4.2.1. Although the sums appearing in Theorem 4.2.1 look as if they

are over the full (possibly infinite) sets ∂U1, ∂U2, in reality each of the three

“colorful” terms is only non-zero when all of the following are true: dΓ(x, v) ≤

n, dΓ(y,w) ≤ n, and dΓ(v,w) ≤ n. (In the lower bound, replace n with ⌊n
4⌋.) There-

fore the sums will always be finite, and the distance between any points appear-

ing is at most of order n.

The additional hypotheses (B1)-(B4) and gluing structure we have described

will be useful for evaluating the objects appearing in the estimate above. We

will in general apply the above theorem with either U1,U2 being distinct pages
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or with U1 being a neighborhood of the page and U2 being the page itself. We

would like to have ∂U1, ∂U2 ⊂ Γ0 \ (Γ1∪· · ·∪Γl); this is possible with an appropri-

ate construction (see Remark 4.2.2 below). If this holds, then there are two kinds

of objects above: (1) estimates involving the heat kernel between two points in

the gluing spine, e.g. p(m, v,w), and (2) certain hitting probabilities of the gluing

set/exit probabilities of a page. It is worth nothing that in [39], Grigor’yan and

Ishiwata use a continuous version of Lemma A.1.2, as opposed to the more pre-

cise theorem above, which suffices as they only ever consider two ends (pages).

To address (1), we will use a Faber-Krahn estimate. This is where the hy-

pothesis that the graph is book-like, or that the gluing spine always sees all

ends, comes into play. To address (2), we use results from Chapter 3.

Remark 4.2.2. While it is natural to wish to use Theorem 4.2.1 with say U1 =

Γ1,U2 = Γ2, this is only possible if ∂Γ1 ∩ Γ2 = ∅ (and vice versa). That is, we need

the boundary of each page to avoid touching the boundary of another page.

While this hypothesis is not necessarily satisfied by some of our descriptions

(e.g. “identify” the shared axes), it is always possible to make this hypothesis

hold by “fattening” the spine with additional vertices that belong only to the

spine.

For instance, suppose z ∈ ∂Γi ∩ Γ j with i, j ∈ {1, . . . , l}, i , j. By construction,

it must be that z < Γi and d(z,Γ0) ≤ 1. We may replace z by two (or more) vertices

z1, z2 such that z1 ∈ ∂Γi, z1 < Γ j, z2 ∈ Γ j, and z1 ∼ z2. Essentially, we turn z

into two vertices (that are neighbors) in such a way that separates ∂Γi and Γ j

but preserves the overall geometric structure. Since we have a finite number

of ends, by repeating this process we eventually arrive at a description of Γ0

so that taking any two pages will satisfy hypothesis (a) of Theorem 4.2.1. Using
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this same idea, it is also possible to make say [Γi]2, the 2-neighborhood of Γi such

that [Γi]2 \ Γi ⊆ Γ0 for all 1 ≤ i ≤ j.

If we are given a graph Γ, it is obvious that we can choose Γ0 in such a way as

to make the spine satisfy the properties above (say by taking a 1-neighborhood

of a given Γ0 that is not “fat”). This may alter the pages, but under our hypothe-

ses (B1)-(B4), this only changes things up to a quasi-isometry and everything of

interest is stable.

4.2.2 The Γ heat kernel from Γ0 to Γ0

In order to apply Theorem 4.2.1, we need good estimates on p(m, z,w) where

z,w ∈ Γ0. We also need to understand finite sums of these quantities in the time

variable. We treat the upper bound using Faber-Krahn functions and the lower

bound using a local parabolic Harnack inequality. In general, obtaining good Γ0

to Γ0 heat kernel estimates, particularly in the upper bound, is a major obstacle

to proving more general results about graphs that are not book-like.

First we consider the upper bound.

Set B = B(z, r) and define

Vmin(z, r) := min
1≤i≤l

min
y∈[B]δ∩Γi∩[Γ0]δ

Vi(y, r). (4.9)

Then the results of Appendix B, in particular Lemma B.2.1 and Theorem

B.3.1 give the following theorem:

Theorem 4.2.2. Let (Γ, µ, π) be a book-like graph with pages Γ1, . . . ,Γl and spine Γ0
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satisfying hypotheses (B1)-(B4). Then for any v,w ∈ Γ0,

p(m, v,w) ≤
c1√

Vmin(v,
√

m)Vmin(w,
√

m)
exp

(
−

d2
Γ
(v,w)
c2m

)
. (4.10)

There are several simplifications in Theorem 4.2.2 as opposed to the results of

Appendix B because here we assume Γ is δ-book-like (instead of merely having

a fixed width spine) and we are only interested in the estimate for points along

the spine. The main simplification is that Γ0 ⊆ Γ̂i for all 1 ≤ i ≤ l, which is a

direct consequence of hypothesis (B1).

We now turn to the lower bound. Since (Γ, µ, π) is a connected graph with

controlled and uniformly lazy weights, Γ satisfies a parabolic Harnack inequal-

ity at scale 1 (in fact, at any finite scale). Let m ∈ Z+ and v,w ∈ Γ0. Let vi,wi denote

the closest points to v and w, respectively, in Γi for i = 1, . . . , l.

Theorem 4.2.3. Let (Γ, µ, π) be a book-like graph with pages Γ1, . . . ,Γl and spine Γ0

satisfying hypotheses (B1)-(B4). Then there exist constants c1, c2 such that for all v,w ∈

Γ0 and all m ≫ dΓ(v,w) + δ,

p(m, v,w) ≥ min
1≤i≤l

c1

Vi(vi,
√

m)
exp

(
−

d2
Γ
(v,w)
c2m

)
. (4.11)

The condition m ≫ dΓ(v,w) + δ just means m ≥ C(dΓ(v,w) + δ) for some fixed

constant C; we add the δ to handle the event that v = w. We need this condition

to ensure the random walk has enough time to see all pages; for small values of

m bounds on p(m, v,w) are not so interesting.

Proof. By hypothesis (B1), Γ is δ-book-like, so d(vi, v), d(wi,w) ≤ δ for all i. By the

small scale parabolic Harnack inequality,

p(m, v,w) ≈ p(m′, vi,w) ≈ p(m′′, vi,wi),
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where m ≈ m′ ≈ m′′.

By hypotheses (B2) and (B3) we have that each page Γi is uniformly S -

transient and inner uniform in Γ̂i, a Harnack graph (since Γ̂i is quasi-isometric to

Γi, which is Harnack). Therefore, by Corollary 3.3.1, pΓi,D ≈ pΓi,N for all 1 ≤ i ≤ l.

As by definition the Dirichlet heat kernel of any subgraph is less than the heat

kernel on the entire graph, we have

pΓ(m′′, vi,wi) ≥ pΓi,D(m′′, vi,wi) ≥ cpΓi,N(Cm′′, vi,wi) ∀1 ≤ i ≤ l.

Moreover, by assumption (B2), each page Γi is in fact Harnack, so we have a

Gaussian lower-bound on pΓi,N). Conseuqently

pΓ(m, v,w) ≥
c1

Vi(vi,
√

m)
exp

(
−

d2
Γi

(vi,wi)

c2m

)
∀1 ≤ i ≤ l. (4.12)

This is almost exactly what we wanted to prove, except we want to replace

dΓi(vi,wi) by dΓ(v,w). First, by hypothesis (B4), each page Γi is uniform in Γ, so

dΓi(vi,wi) ≈ dΓ(vi,wi). Then, via the triangle inequality and Γ being δ-book-like,

dΓ(vi,wi) ≤ dΓ(vi, v) + dΓ(v,w) + dΓ(wi,w) ≤ 2δ + dΓ(v,w).

As (a + b)2 ≈ a2 + b2, we can square both sides, recall δ is constant, and

note that this inequality goes precisely the way we want to replace d2
Γi

(vi,wi) by

d2
Γ
(v,w) in the exponential above and get a lower bound (at the price of changing

the values of c1, c2).

Since (4.12) holds for all i ∈ {1, . . . , l} (with dΓ(v,w) in the exponential) it holds

for the minimum over all such i, which is precisely what we wanted to prove.

□
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We now want to know that the upper and lower bounds we found for

p(m, v,w) in (4.10) and (4.11) are in fact matching, which is the content of the

next lemma.

Lemma 4.2.1. Let (Γ, µ, π) be a book-like graph satisfying (B1)-(B4). With Vmin given

by (4.9), then for all v,w ∈ Γ0 and m ≫ dΓ(v,w) + δ,

p(m, v,w) ≈
c1

Vmin(v,
√

m)
exp

(
−

d2
Γ
(v,w)
c2m

)
. (4.13)

Proof. First we show that we can replace the miny∈[B(v,r)]δ∩Γi∩[Γ0]δ in Vmin by simply

the point vi defined above (i.e. vi ∈ Γi is a closed point in Γi to v). Note vi belongs

to the set [B(v, r)]δ∩Γi∩ [Γ0]δ for all r ≥ 0, so obviously miny∈[B(v,r)]δ∩Γi∩[Γ0]δ Vi(y, r) ≤

Vi(vi, r).

To get the other inequality, suppose y ∈ [B(v, r)]δ ∩ Γi ∩ [Γ0]δ. Then if r ≥ 1,

vi ∈ B(y,Cδr) for some fixed constant C. Since Vi is doubling, we know Vi(vi, r) ≤

Vi(y,Cδr) ≤ ĈVi(y, r) for some constant Ĉ independent of y, r. Hence Vi(vi, r) ≤

Ĉ miny∈[B(v,r)]δ∩Γi∩[Γ0]δ Vi(y, r).

We have shown that

Vmin(v, r) ≈ min
1≤i≤l

Vi(vi, r). (4.14)

From this it is clear that Vmin is a doubling function since each Vi, so standard ar-

guments show that the quantity
√

Vmin(v,
√

m)Vmin(w,
√

m) appearing in the up-

per bound (4.10) can be replaced by either Vmin(v,
√

m) or Vmin(w,
√

m) at the price

of changing the constants slightly. The lower bound in (4.13) follows immedi-

ately from (4.11) given (4.14). □

Remark 4.2.3. The motivation for the assumption (B1), that the graph under

consideration be book-like, is exactly so that Lemma 4.2.1 holds. In general, we
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would prefer to replace being book-like with Γ0 having the fixed width property

encountered in Appendix B. However, in that case, the set JB is not longer all

possible indices and it is not longer obvious that Vmin(z, r) is increasing in r in

some reasonable sense. It is also no longer clear that the upper bound given

by the Faber-Krahn function argument and the lower bound obtained using the

local parabolic Harnack inequality are the same except in some special cases

(such as when all pages are lattices of the same dimension).

Finally, we want to consider sums of p(m, v,w) in time, where we still have

v,w ∈ Γ0. Since Vmin is doubling, we can compute this sort of sum using exactly

the same kind of arguments as given in Chapter 3, in particular, see the proof of

Corollary 3.3.4. Using the notation ≈ as in Definition 3.1.11, we find
n∑

l=dΓ(v,w)

p(l, v,w) ≈
n∑

l=dΓ(v,w)

1

Vmin(v,
√

l)
exp

(
−

d2
Γ
(v,w)

l

)
≈

d2
Γ
(v,w)

Vmin(v, dΓ(v,w))
exp

(
−

d2
Γ
(v,w)
n

)
+

n∑
l=d2
Γ
(v,w)

1

Vmin(v,
√

l)
.

(4.15)

We might worry that the above bounds only hold for l sufficiently large.

However, in the lower bound we can always throw away terms where l is too

small or simply estimate the heat kernel by exp(−d(v,w)), and the upper bound

does not actually have the same restriction in l.

As seen in the proof of Lemma 4.2.1, Vmin is a doubling function. In the event

that Vmin satisfies the condition that there exists ε > 0 such that

Vmin(v,R)
Vmin(v, r)

≥ c
(R

r

)2+ε
∀ν ∈ Γ0,R ≥ r, (4.16)

then the bound in (4.15) simplifies to

n∑
l=dΓ(v,w)

p(l, v,w) ≈
d2
Γ
(v,w)

Vmin(v, dΓ(v,w))
exp

(
−

d2
Γ
(v,w)
n

)
. (4.17)
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This is obvious in the lower bound and in the case that n ≤ d2
Γ
(v,w). In the re-

maining case, one uses the doubling property of Vmin to compute the “tail” sum

in (4.15) using arguments very similar to those seen multiple times in Chapter

3. The condition (4.16) guarantees that we get a finite sum.

4.2.3 Hitting probabilities in Harnack graphs

Let us recall some results of Chapter 3, applied to the present setting.

Lemma 4.2.2 (Corollaries 3.3.3 and 3.3.4). Let (̂Γ, π, µ) be a connected graph that is

uniformly lazy with controlled weights. Assume that (̂Γ, π, µ) is Harnack and Γ is an

inner uniform subgraph of Γ̂ that is uniformly S -transient. Then, ∀x ∈ Γ \ ∂IΓ, v ∈

∂Γ, n ≥ dΓ(x, v), with ≈ as in Definition 3.1.11,

ψ′∂Γ(n, x, v) ≈
π(v)

VΓ(x,
√

n)
exp

(
−

d2
Γ
(x, v)
n

)
(4.18)

ψ∂Γ(n, x, v) ≈
π(v)d2

Γ
(x, v)

VΓ(x, dΓ(x, v))
exp

(
−

d2
Γ
(x, v)
n

)
+

n∑
m=d2

Γ
(x,v)

π(v)
VΓ(x,

√
m)
. (4.19)

If, in addition, VΓ satisfies condition (4.16), then in fact

ψ∂Γ(n, x, v) ≈
π(v)d2

Γ
(x, v)

VΓ(x, dΓ(x, v))
exp

(
−

d2
Γ
(x, v)
n

)
. (4.20)

We will in general apply Lemma 4.2.2 in the case where Γ is a page and Γ̂

is the augmented page or a neighborhood of the page; the precise details will

depend on various cases as we will see below in Section 4.3.
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4.2.4 Summary of Estimates

Theorem 4.2.1 provides a way to obtain heat kernel estimates with upper and

lower bounds that are matching (modulo some supremums/infimums). Above,

we got estimates for all of the abstract terms appearing in Theorem 4.2.1 in terms

of quantities such as distances and volumes. In particular, (4.13), (4.15), (4.18),

and (4.19) give matching upper and lower bounds for all terms in Theorem 4.2.1.

Some care must be taken as to what the definitions of the sets U1,U2 are, but in

general, the idea is clear. In the following section we explain the details under

the additional assumption (4.16), that is, that for each 1 ≤ i ≤ l there exists ci, εi

such that
Vi(x,R)
Vi(x, r)

≥ ci

(R
r

)2+εi

∀x ∈ Γi, R ≥ r.

There is no real need to make this additional assumption, other than the fact the

formulas are already complicated and long enough in the simpler case.

4.3 General heat kernel estimates

The objective of this section is to carry out the strategy mentioned in the pre-

vious section to obtain somewhat more concrete heat kernel estimates that still

broadly apply. As mentioned above, we assume all volumes grow fast enough

to simplify formulas. Due to the assumption that each page is uniformly S -

transient, most easy to think of examples satisfy this volume growth condition.

Theorem 4.3.1. Assume (Γ, µ, π) is a book-like graph with pages Γ1, . . . ,Γl and spine Γ0

satisfying hypotheses (B1)-(B4). Further assume the construction of Γ is such that the

spine Γ0 is thick; see Remark 4.2.2. Finally, assume that Vmin,Vi satisfy the condition

(4.16).
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Given v,w, x, y, set

d2
3 := d2

Γ(x, v) + d2
Γ(v,w) + d2

Γ(w, y).

We have the following heat kernel estimates for x, y ∈ Γ and n ≫ dΓ(x, y)+d(x,Γ0)+

d(y,Γ0) + δ:

1. If x ∈ Γi, y ∈ Γ j where i , j, and neither point is near Γ0 (within distance say 4)

then we have upper and lower bounds of p(n, x, y) of the form

∑
v∈∂Γi:

d(x,v)≤n

∑
w∈∂Γ j:

d(y,w)≤n,
d(v,w)≤n

1
Vmin(v,

√
n)

π(v)d2
i (x, v)

Vi(x, di(x, v))

π(w)d2
j (y,w)

V j(y, d j(y,w))
exp

(
−

d2
3

n

)

+
∑

v∈∂Γi:
d(x,v)≤n

∑
w∈∂Γ j:

d(y,w)≤n,
d(v,w)≤n

π(w)
V j(y,

√
n)

π(v)d2
i (x, v)

Vi(x, di(x, v))
d2
Γ
(v,w)

Vmin(v, dΓ(v,w))
exp

(
−

d2
3

n

)

+
∑

v∈∂Γi:
d(x,v)≤n

∑
w∈∂Γ j:

d(y,w)≤n,
d(v,w)≤n

π(v)
Vi(x,

√
n)

π(w)d2
j (y,w)

V j(y, d j(y,w))
d2
Γ
(v,w)

Vmin(v, dΓ(v,w))
exp

(
−

d2
3

n

)
.

(4.21)

2. If both x, y are near the spine Γ0, then

p(n, x, y) ≈
1

Vmin(x,
√

n)
exp

(
−

d2
Γ
(x, y)
n

)
. (4.22)

3. If x, y belong to the same page Γi and are away from Γ0, then we have upper and

lower bounds for p(n, x, y) of the form

1
Vi(x,

√
n)

exp
(
−

d2
i (x, y)

n

)
+

∑
v,w∈∂Γi

[
1

Vmin(v,
√

n)

π(v)d2
i (x, v)

Vi(x, di(x, v))
π(w)d2

i (y,w)
Vi(y, di(y,w))

+
∑

v,w∈∂Γi

π(w)
Vi(y,

√
n)

π(v)d2
i (x, v)

Vi(x, di(x, v))
d2
Γ
(v,w)

Vmin(v, dΓ(v,w))

+
∑

v,w∈Γi

π(v)
Vi(x,

√
n)

π(w)d2
i (y,w)

Vi(y, di(y,w))
d2
Γ
(v,w)

Vmin(v, dΓ(v,w))

]
exp

(
−

d2
3

n

)
,

(4.23)

where the sums are only over v,w ∈ ∂Γi such that d(x, v), d(y,w), d(v,w) ≤ n.
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4. If one of x, y is near the spine (say x ∈ Γi away from Γ0 and y ∈ [Γ0]4), for

1 ≤ k ≤ l, let yk denote a point in Γk as close as possible to y and that satisfies

d(yi,Γ0) > 4. Then (4.23) holds with y = yi and (4.21) holds with y = y j for all

j , i. Consequently, these estimates must necessarily be the same in this case.

As we will see in concrete examples later, the various cases in the above

theorem can typically be captured by a single formula/expression. However, in

practice, the way to compute estimates is to consider these various cases, which

is part of why we list them above.

Proof. We treat each of the given cases.

Case 1: x, y are in distinct pages away from the gluing set

Assume x ∈ Γi, y ∈ Γ j where i , j and d(x,Γ0), d(y,Γ0) ≥ 4.We apply Theorem

4.2.1 with U1 = Γi, U2 = Γ j; due to our assumption on the construction of Γ,

hypothesis (a) of the theorem is satisfied. As x and y are in different pages,

pΓi,D(n, x, y) = 0 for all n. We are left with the three “colorful” terms to estimate.

By (4.13) and the fact that Vmin is doubling, taking supremums or infimums of

the estimate of p(m, v,w) with ⌊ n
4⌋ ≤ m ≤ n does not change the estimate. More-

over, we can estimate ψ∂Γi(n, x, v) using Lemma 4.2.2 since Γi is inner uniform

and uniformly S -transient inside of the Harnack graph Γ̂i by hypotheses (B2),

(B3). Further, any distances that should be taken in Γi,Γ j can be replaced by

distances in the full graph Γ due to hypothesis (B4). The notation Vi, di stands

for VΓi , dΓi , and recall d2
3 = d2

Γ
(x, v)+d2

Γ
(v,w)+d2

Γ
(w, y). Thus regardless of the term
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we get matching upper/lower bounds by simply using these earlier estimates.

TERM A ≈ 2
∑

v∈∂Γi:
d(x,v)≤n

∑
w∈∂Γ j:

d(y,w)≤n,
d(v,w)≤n

sup
⌊ n

4 ⌋≤m≤n
p(m, v,w)ψ∂Γi(n, x, v)ψ∂Γ j(n, y,w)

≈
∑

v∈∂Γi:
d(x,v)≤n

∑
w∈∂Γ j:

d(y,w)≤n,
d(v,w)≤n

1
Vmin(v,

√
n)

π(v) d2
i (x, v)

Vi(x, di(x, v))

π(w) d2
j (y,w)

V j(y, d j(y,w))
exp

(
−

d2
3

n

)

TERM Bx ≈
∑

v∈∂Γi:
d(x,v)≤n

∑
w∈∂Γ j:

d(y,w)≤n,
d(v,w)≤n

sup
⌊ n

4 ⌋≤m≤n
ψ′∂U2

(m, y,w)ψ∂U1(n, x, v)
n∑

l=d(v,w)

p(l, v,w)

≈
∑

v∈∂Γi:
d(x,v)≤n

∑
w∈∂Γ j:

d(y,w)≤n,
d(v,w)≤n

π(w)
V j(y,

√
n)

π(v)d2
i (x, v)

Vi(x, di(x, v))
d2
Γ
(v,w)

Vmin(v, dΓ(v,w))
exp

(
−

d2
3

n

)

TERM By ≈
∑

v∈∂Γi:
d(x,v)≤n

∑
w∈∂Γ j:

d(y,w)≤n,
d(v,w)≤n

sup
⌊ n

4 ⌋≤m≤n
ψ′∂U1

(m, x, v)ψ∂U2(n, y,w)
n∑

l=d(v,w)

p(l, v,w)

≈
∑

v∈∂Γi:
d(x,v)≤n

∑
w∈∂Γ j:

d(y,w)≤n,
d(v,w)≤n

π(v)
Vi(x,

√
n)

π(w)d2
j (y,w)

V j(y, d j(y,w))
d2
Γ
(v,w)

Vmin(v, dΓ(v,w))
exp

(
−

d2
3

n

)

These are exactly the three terms we wanted.

Case 2: x, y are both near the spine

If x, y are in Γ0, then (4.22) is exactly the same as (4.13), since we already

estimated the Γ0 to Γ0 heat kernel in the previous section. If d(x,Γ0) ≤ 4, then

via the small scale parabolic Harnack inequality, p(m, x, y) ≈ p(m′, vx, y) where

vx ∈ Γ0 achieves d(x,Γ0) and m′ ≈ m. We again recover (4.22).

Case 3: x, y are away from the same spine and in the same end
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Assume x, y ∈ Γi and d(x,Γ0), d(y,Γ0) ≥ 4. We apply Theorem 4.2.1 with

U2 = Γi and U1 = [Γi]1, sets which satisfy condition (b). Since Γi is inner uniform

and uniformly S -transient inside a Harnack graph Γ̂i ⊇ [Γi]1, it is also true that

Γi is inner uniform and uniformly S -transient inside the Harnack graph [Γi]1.

Therefore, by Corollary 3.3.1,

pΓi,D(n, x, y) ≈ pΓi,N(n, x, y) ≈
1

Vi(x,
√

n)
exp

(
−

d2
i (x, y)

n

)
,

since Γi is also itself Harnack with Neumann condition.

Estimating the “colorful” terms is very similar to as in Case 1. Since Γi, [Γi]1

are basically the same and the boundary points present are still in the spine,

nothing particularly changes about the estimates from the previous section.

Again, recall hypothesis (B4) enables us to turn distances in a page into distance

in the whole graph Γ. Therefore:

TERM A ≈ 2
∑

v∈∂[Γi]1

∑
w∈∂Γi

p(n, v,w)ψ∂[Γi]1(n, x, v)ψ∂Γi(n, y,w)

≈
∑

v,w∈∂Γi

1
Vmin(v,

√
n)

π(v)d2
i (x, v)

Vi(x, di(x, v))
π(w)d2

i (y,w)
Vi(y, di(y,w))

exp
(
−

d2
3

n

)
.

Note quantities like dΓi(x, v) make sense when interpreted as extending di

to [Γi]2; again, due to uniformity, we can also replace all such quantities with

dΓ(x, v). While technically the double sum is over v ∈ ∂[Γi]1, w ∈ ∂Γi, since [Γi]1

is quasi-isometric to Γi and none of the estimates change significantly for terms

at distance 1 from each other, there is no trouble replacing this with the double

sum over v, w ∈ Γi. The other terms are similar:

TERM Bx ≈
∑

v∈∂[Γi]1

∑
w∈∂Γi

ψ′∂Γi
(m, y,w)ψ∂[Γi]1(n, x, v)

n∑
l=d(v,w)

p(l, v,w)

≈
∑

v,w∈∂Γi

π(w)
Vi(y,

√
n)

π(v)d2
i (x, v)

Vi(x, di(x, v))
d2
Γ
(v,w)

Vmin(v, dΓ(v,w))
exp

(
−

d2
3

n

)
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TERM By ≈
∑

v∈∂[Γi]1

∑
w∈∂Γi

ψ′∂[Γi]1
(n, x, v)ψ∂Γi(n, y,w)

n∑
l=d(v,w)

p(l, v,w)

≈
∑

v,w∈Γi

π(v)
Vi(x,

√
n)

π(w)d2
i (y,w)

Vi(y, di(y,w))
d2
Γ
(v,w)

Vmin(v, dΓ(v,w))
exp

(
−

d2
3

n

)
.

Again, these are exactly the terms from 4.23.

Case 4: Only one of x, y is near the gluing set

Using the local parabolic Harnack inequality, we have p(n, x, y) ≈ p(n, x, yk)

for all 1 ≤ k ≤ l where d(yk,Γ0) ≥ 4. Depending on whether k = i or not gives

the various possible cases. It is sensible that the formulas in these two different

cases should match up in this case as since y is near the gluing set, so hitting y is

like hitting the gluing set, which is close to all of the ends. □

Another approach to Case 4 would be to use Lemma A.1.2 instead of Theo-

rem 4.2.1, which would give yet another estimate that should be the same as the

ones above.

4.4 Example: Γ0 is finite

Corollary 4.4.1. Assume the hypotheses of Theorem 4.3.1. In addition, assume the

gluing spine Γ0 is finite. Fix a point o ∈ Γ0 (all points in Γ0 are essentially identical).

Let |x| := max{1, d(x,Γ0)} and ix denote the index i of the page x belongs to (if x is in the

spine Γ0, set ix = 0 and Vix = Vmin). Then for all x, y ∈ Γ and sufficiently large n,
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p(n, x, y) ≈
π(y)

Vix(x,
√

n)
exp

(
−

d2
ix

(x, y)

n

)
(4.24)

+

[
|x|2|y|2

Vmin(o,
√

n)Vix(x, |x|)V jy(y, |y|)
+

|x|2

V jy(y,
√

n)Vix(x, |x|)
(4.25)

+
|y|2

Vix(x,
√

n)V jy(y, |y|)

]
exp

(
−

(|x|2 + |y|2)
n

)
. (4.26)

In the first term, we take the convention that dix(x, y) = +∞ if x, y do not be-

long to the same page, in which case this term disappears. In this case, we also

have |x| + |y| ≈ dΓ(x, y). In the case x, y are in the same end, then dix(x, y) = dΓ(x, y)

and |x| + |y| is essentially the distance between x and y requiring a visit to Γ0.

The corollary is an immediate consequence of Theorem 4.3.1, with significant

simplifications coming from the fact that Γ0 is finite, so all points of Γ0 can be

treated as identical and all sums can be taken over all points of Γ0.The (unwrit-

ten) constants will contain dependences on Γ0, such as its diameter and volume.

Moreover, it is easy to see all four cases in Theorem 4.3.1 reduce to the terms

above and vice versa.

For instance, if x ∈ Γ0, then |x| ≈ 1 and Vix(x, |x|) ≈ Vmin(o, 1), a constant. In the

situation both x, y ∈ Γ0, the theorem reduces to

p(n, x, y) ≈
1

Vmin(o,
√

n)
exp

(
−

diam(Γ0)2

n

)
,

as expected from Section 4.2.2.

Remark 4.4.1. The estimates in the corollary are exactly the discrete analog of

heat kernel estimates in the case of gluing transient manifolds over compact

sets found in the work of Grigor’yan and Saloff-Coste [37]. However, while the

estimates are the same, the hypotheses are phrased differently. Namely, in [37]
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the assumption is that each end is Harnack and transient (in the classical sense).

Note the lack of uniformity hypotheses. However, in [34] Grigor’yan and Saloff-

Coste also show that a transient Harnack manifold can only have one end. The

proof should work equally well in the discrete case, and this result should imply

some sort of uniformity. We do not aim to resolve this question fully here, but

merely to point out that one should be careful that these results may not be

exactly the same. In addition, the results of [37] cover the case where some ends

can be recurrent, provided at least end one is transient. We do not discuss the

case of only one page being transient here.

4.5 Example: Gluing pages Zni along a spine Zm

The prototypical example of a “book-like” graph is that of gluing pages which

are lattices over a spine of a lower-dimensional lattice as described in Example

4.1.2. Instead of precisely gluing lattices over a single shared copy of Zk, as in

Remark 4.2.2 we “fatten” the spine by thinking of it as Zk with some thickness so

that the boundaries do not overlap. To summarize, (Γ, µ, π) is a book-like graph

made up of pages Γ1 = Z
D1 , . . . ,Γl = Z

Dl with a spine Γ0 = Z
k × {1, . . . , A} for

some fixed constant A. We may take the lazy simple random walk on all such

quantities and we identify distinct “slices” Zk in Γ0 with the first k-coordinates of

Γi in such a way that these slices don’t overlap. We have the following concrete

heat kernel estimates for this example.

Corollary 4.5.1. Let (Γ, µ, π) be the book-like graph with pages ZD1 , . . . ,ZDl and

spine Γ0 a thick version of Zk as described above. In particular, we assume Dmin :=

min1≤i≤l Di ≥ k + 3. For any x ∈ Γ, let Dx denote the dimension of the page x belongs to,

with Dx := Dmin in the case that d(x,Γ0) ≤ 4, and and let ix denote the index of the page
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x belongs to, again with ix = 0 if x is near Γ0. Also let |x| := max{1, d(x,Γ0)} and d+(x, y)

denote the minimum distance between x and y where the path must pass through the

gluing spine Γ0.

Then for all x, y ∈ Γ and n sufficiently large,

p(n, x, y) ≈
1

n
Dx
2

exp
(
−

d2
ix

(x, y)

n

)
+

[
1

n
Dmin

2 |x|Dx−k−2 |y|Dy−k−2
+

1

n
Dy
2 |x|Dx−k−2

+
1

n
Dx
2 |y|Dy−k−2

]
exp

(
−

d2
+(x, y)

n

)
.

(4.27)

Corollary 4.5.1 follows from applying Theorem 4.3.1 to this example. The

rest of this section provides the details of doing so, which are non-trivial.

Proof. First note many quantities appearing in Theorem 4.3.1 can be easily com-

puted. We have Vi(x, r) ≈ rDi for all x ∈ Γi, 1 ≤ i ≤ l, and Vmin(v, r) ≈ rDmin for

all v ∈ Γ0. Further, since the global weight function π is uniformly bounded, we

may treat all appearances of it as a constant. Also, recall that the uniformity

hypothesis (B4) means we can always replace the distance in any end with the

global distance in Γ. We go through the cases in Theorem 4.3.1, and, as we will

see, all such cases are captured by estimate (4.27).

Case 1: x, y are in distinct pages and away from the gluing spine Γ0

This is the main case and is the one that will take us the most time to prove.
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By estimate (4.21) from Theorem 4.3.1,

p(n, x, y) ≈
∑
v∈Zk:

d(x,v)≤n

∑
w∈Zk:

d(y,w)≤n,
d(v,w)≤n

[
1

n
Dmin

2 d(x, v)Dx−2 d(y,w)Dy−2
+

1

n
Dy
2 d(x, v)Dx−2 d(v,w)Dmin−2

+
1

n
Dx
2 d(y,w)Dy−2 d(v,w)Dmin−2

]
exp

(
−

[d2(x, v) + d2(v,w) + d2(w, y)]
n

)
.

(4.28)

Assume x ∈ Γi \[Γ0]4 and v ∈ ∂Γi.We claim that d(x, v) ≈ |x|+d(vx, v),where we

recall |x| := max{1, d(x,Γ0)} and where vx is a vertex in ∂Γi achieving minv∈∂Γi d(x, v)

(if there are multiple such vertices, pick one). The upper bound easily follows

from the triangle inequality, as d(x, v) ≤ d(x, vx)+d(vx, v) = |x|+d(vx, v). The lower

bound follows from the fact that |x| = d(x, vx) ≤ d(x, v) by definition of vx, and

also d(vx, v) ≤ d(vx, x) + d(x, v) ≤ 2d(x, v), using the triangle inequality and the

definition of vx again. Hence (4.28) becomes

p(n, x, y) ≈
∑
v∈Zk:

d(x,v)≤n

∑
w∈Zk:

d(y,w)≤n,
d(v,w)≤n

[
1

n
Dmin

2
[
|x| + d(vx, v)

]Dx−2 [
|y| + d(wy,w)

]Dy−2

+
1

n
Dy
2
[
|x| + d(vx, v)

]Dx−2 d(v,w)Dmin−2
+

1

n
Dx
2

[
|y| + d(wy,w)

]Dy−2 d(v,w)Dmin−2

]

· exp
(
−

[d2(x, v) + d2(v,w) + d2(w, y)]
n

)
.

(4.29)

We would like to actually compute the double sums above. At this point we

need to use different arguments for the upper and lower bounds.

Upper bound: Here the main idea is we can ignore the restrictions on the sum

and simply take them over entire copies of Zk. Further, the distances in the expo-

nential are clearly controlled by d(x, y) due to the triangle inequality. We require

a some facts from calculus which we collect in the following lemma.
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Lemma 4.5.1. Assume a ≥ 1 and A,D ≥ k + 3. Then if d(·, ·) denotes the distance

between two points in the lattice Zk (or in some fattened version of the lattice as we have

seen above),

∑
v′∈Zk

1
[a + d(v∗, v′)]D−2 ≤

1
aD−k−2 , ∀v∗ ∈ Zk (4.30)

∑
w∈Zk

1
[1 + d(v,w)]D−2 ≤ 1, ∀v ∈ Zk (4.31)

∑
v∈Zk

1
(a + d(v′, v))D−2

∑
w∈Zk

1
[1 + d(v,w)]A−2 ≤

1
aD−k−2 . (4.32)

Here the value “1” in the upper bounds represents a constant (independent of a).

Proof of Lemma 4.5.1. We being by proving (4.30). Arrange Zk so that v∗ is the

origin and d(v∗, v′) = |v′1| + · · · + |v
′
k|, where v′ = (v′1, . . . , v

′
k). Then

∑
v′∈Zk

1
[a + d(v∗, v′)]D−2 =

∑
v′1∈Z

· · ·
∑
v′k∈Z

1[
a + |v′1| + · · · + |v

′
k

∣∣∣]D−2
. (4.33)

As we sum in each coordinate, the other coordinates are fixed, so it suffices

to consider a one-dimensional sum. In that case,

∑
v′∈Z

1
[a + |v′|]D−2 = 2

∞∑
v′=0

1
[a + v′]D−2 ≤

1
aD−2 +

∫ ∞

0

dx
(a + x)D−2

≤
1

aD−2 +

∫ ∞

a

du
uD−2 =

1
aD−2 +

[
−

1
uD−3

]∞
a

≤
1

aD−2 +
1

aD−3 ≤
1

aD−3 ,

where we have used a ≥ 1.

Therefore, continuing equation (4.33) yields (4.30):

∑
v′∈Zk

1
[a + d(v∗, v′)]D−2 ≤

∑
v′1∈Z

· · ·
∑

v′k−1∈Z

1
[a + |v′1| + · · · + |v

′
k−1|]

D−3 ≤
1

aD−k−2 .
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We now prove (4.31). The copies of Zk that v,w live in need not be exactly the

same, but for any v ∈ Zk, there exists wv in the the “w” copy of Zk that achieves the

minimum distance between v and that copy. We have d(v,w) ≈ d(v,wv)+ d(wv,w)

and we know 0 ≤ d(v,wv) ≤ δ by the book-like graph assumption (B1). The

“1 + d(v,w)” in (4.31) accounts for the situation that v = wv. Then the desired

result follows by making the denominator smaller and using (4.30):∑
w∈Zk

1
[1 + d(v,w)]D−2 ≤

∑
w∈Zk

1
[1 + d(wv,w)]D−2 ≤ 1.

The inequality (4.32) follows by applying (4.31) to the innermost sum, fol-

lowed by applying (4.30) to the outer sum. □

We now wish to apply Lemma 4.5.1 to (4.29). The only thing to worry about

is whether it is sensible to consider d(v,w) ≈ 1 + d(v,w). However, this must

clearly be the case, as we have assumed the spine Γ0 is “fat” so it is impossible

v = w, and, even if we had not done so, then we should have been more care-

ful with our earlier estimates as if v = w, writing d(v,w) in the denominator is

nonsensical. (In this setting, we can think of the ball of radius zero as still con-

taining the point w, and in this case the “volume” of that ball is approximately

1.) Consequently, we find

p(n, x, y) ≤
[

1

n
Dmin

2 |x|Dx−k−2 |y|Dy−k−2
+

1

n
Dy
2 |x|Dx−k−2

+
1

n
Dx
2 |y|Dy−k−2

]
exp

(
−

d2(x, y)
n

)
.

(4.34)

In this case, dix(x, y) = +∞, so the first term of (4.27) vanishes and d(x, y) =

d+(x, y), so this is precisely the desired estimate.

Lower bound: Here the idea is that we can throw away terms appearing in the

sums that are not useful to us, as opposed to adding more terms. In the end,
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we will see that only the terms in a certain “window” matter, as we will find a

lower bound that matches the upper bound we already have. The key idea is

we will only look at v, w in the gluing spine at distance on the scale of d(x, y)

away from x, y, respectively (or closer).

The full sum appearing is over d(x, v), d(y,w), d(v,w) ≤ ⌊ n
4⌋. For the lower

bound, instead of looking at the full sum, we look at a particular part of this

sum; we will call the part where we look a “window.” Given x, y in distinct

pages, let vx,wy denote a choice of closest points in Γ0 to x, y, respectively. Also

select a geodesic path between x and y. Since x, y are in distinct pages, such

a geodesic path must cross both ∂Γix and ∂Γiy , so we may select vertices vg ∈

∂Γix ,wg ∈ ∂Γiy such that d(x, y) = d(x, vg)+d(vg,wg)+d(wg, y). (We use the subscript

g to denote “geodesic”.)

Define Wx,y := {v ∈ Γix : d(v, vg) ≤ 4d(x, y)}; we could analogously define Wy,x.

The constant 4 here is not particularly important.

The set Wx,y has the property that it contains vx since d(vx, vg) ≤ d(vg, x) +

d(x, vx) ≤ 2d(x, y). Moreover, if v ∈ Wx,y then d(x, v) ≤ d(x, vx) + d(vx, v) ≤ d(x, y) +

4d(x, y) ≤ 5d(x, y). By assumption, n ≫ d(x, y) which means d(x, v) ≤ ⌊ n
4⌋ for all

v ∈ Wx,y; that is, all v ∈ Wx,y appear in the sum present in the lower bound.

If v ∈ Wx,y and w ∈ Wy,x, then d(v,w) ≤ d(v, vg) + d(vg,wg) + d(wg,w) ≤ 9d(x, y),

so for n sufficiently large the double sums appearing in Theorem 4.3.1 contain∑
v∈Wx,y,w∈Wy,x

. As this is the lower bound, we can throw away all other terms.

Above, we justified that d(x, v), d(v,w), d(y,w) are all controlled by d(x, y)

(times some fixed constant), so we may again replace the distances in the ex-

ponential in (4.29) with d(x, y).
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We now need an analog of Lemma 4.5.1.

Lemma 4.5.2. Let Ĉ,C be fixed constants. Assume 0 ≤ a ≤ Ĉd(x, y) and D ≥ 3 + k.

Then: ∑
v∈Zk: d(v,v′)≤Cd(x,y)

1
[a + d(v′, v)]D−2 ≥

1
aD−k−2 , ∀v′ ∈ Zk. (4.35)

Proof. We can always think of v′ as being the origin. Then if d(v, v′) = |v1| +

· · · + |vk| ≤ Cd(x, y), we have |v1|, . . . , |vk| ≤ Cd(x, y). Hence it suffices to prove the

following lower bound on a one-dimenional sum:

Cd(x,y)∑
v=0

1
[a + v]D−2 ≥

1
aD−3 . (4.36)

We may need to adjust Ĉ,C at each step to ensure we always have terms that

show up in the full sum, but this poses no problem. There are two cases to

consider in order to prove (4.36).

Case 1: a ≤ Cd(x, y) : In this case,

Cd(x,y)∑
v=0

1
(a + |v|)D−2 =

a∑
v=0

1
(a + |v|)D−2 +

Cd(x,y)∑
v=a+1

1
(a + |v|)D−2 ≥

a∑
v=0

1
(a + |v|)D−2

≥

a∑
v=0

1
aD−2 =

a
aD−2 =

1
aD−3 .

Case 2: Cd(x, y) ≤ a ≤ Ĉd(x, y) : In this case a ≈ d(x, y) and c̃a = Cd(x, y) for

some value of c̃ (which is bounded above/below). Thus, since a ≤ a + |v| ≤

(C + 1)a,

Cd(x,y)∑
v=0

1
(a + |v|)D−2 ≥

c̃a∑
v=0

1
aD−2 =

1
aD−3 .

□
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The above lemma is sufficient to deal with the first term appearing in 4.29.

However, we also are interested in sums of the form

∑
v,w∈Zk:

d(x,v), d(y,w), d(v,w)≤n

1
[|x| + d(vx, v)]Dx−2 d(v,w)Dmin−2 . (4.37)

To deal with such terms, instead of reducing to taking the sum over the

windows Wx,y,Wy,x, we take the sum over a slightly different set of windows

Wx,y, W̃y,x. The only difference between W̃y,x and Wy,x is that we change the con-

stant “4” to a constant sufficiently large so that for any v ∈ Wx,y, the closest point

in ∂Γiy to v, denoted by wv, belongs to W̃y,x. This change is possible since

d(wv,wg) ≤ d(wv, v) + d(v, vg) + d(vg,wg) ≤ δ + 4d(x, y) + d(x, y) ≤ (5 + δ)d(x, y).

In other words, to define W̃, replace the constant 4 by the constant 5 + δ. Again,

since n ≫ d(x, y), we can take the double sum in (4.29) to be over Wx,y, W̃y,x. Then

∑
v∈Wx,y

1
|x| + d(vx, v)Dx−2

∑
w∈W̃y,x

1
d(v,w)Dmin−2 ≥

∑
v∈Wx,y

1
|x| + d(vx, v)Dx−2

1
d(v,wv)Dmin−2

≥
1

δDmin−2

1
|x|Dx−k−2 =

1
|x|Dx−k−2 ,

where in the last line we used Lemma 4.5.2 and recalled δ is a fixed constant.

Applying the same line of reasoning as above to all of the terms in (4.29)

gives a lower bound that is of exactly the same form as the upper bound (4.34),

which matches the estimates in the corollary.

Case 2: x, y are both near the gluing spine Γ0

By (4.22), we have

p(n, x, y) ≈
1

nDmin/2
exp

(
−

d2
Γ
(x, y)
n

)
,
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which is exactly the same as (4.27) since the first term is zero, dΓ(x, y) ≈ |x| +

|y|, |x|, |y| ≈ 1, and dΓ(x, y) + |x| + |y| ≈ dΓ(x, y).

Case 3: x, y are in the same end away from the gluing spine Γ0

The arguments are very similar to the distinct ends case. Applying estimate

(4.23) from Theorem 4.3.1 and recalling Dx = Dy gives

p(n, x, y) ≈
1

n
Dx
2

exp
(
−

d2
ix

(x, y)

n

)
+

∑
v,w∈∂Γi:

d(x,v), d(y,w), d(v,w)≤n

[
1

n
Dmin

2 d(x, v)ix−2 d(y,w)ix−2

+
1

n
Dx
2 d(x, v)ix−2 d(v,w)Dmin−2

+
1

n
Dx
2 d(y,w)ix−2 d(v,w)Dmin−2

]

· exp
(
−

[d2(x, v) + d2(v,w) + d2(y,w)]
n

)
.

The first term is precisely the first term of (4.27). For the upper bound, it is

obvious that the exponential is controlled by d+(x, y), since this quantity can be

thought of as minimizing over all paths between x and y that hit a v and a w (it

could be that v = w). Arguing exactly as in the distinct ends case and taking the

sum over all of Zk gives the desired upper bound.

For the lower bound, again as in the distinct ends case we use the idea of

only taking the sum over a certain “window.” Take a path between x and y that

hits Γ0 and achieves d+(x, y). Then d+(x, y) = d(x, vg) + d(vg, y) for some vg ∈ Γ0.

We take windows of scale d+(x, y) around vg. Then we can repeat the arguments

given in the distinct ends case (note |x|, |y| are controlled by d+).

Case 4: One of x, y is near the gluing spine Γ0

In this case, we should be able to use either the distinct ends case or the same

ends case to get the estimate (4.27). Assuming y is near Γ0, then |y| ≈ 1. Using
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(4.34), we get

p(n, x, y) ≈
[

1

n
Dmin

2 |x|Dx−k−2
+

1

n
Dx
2

]
exp

(
−

d2(x, y)
n

)
.

If we used the estimate where both points are in the same end instead, we

get the same terms as above; the extra term appearing is the same as one of the

ones we already have. The estimate is above is also what (4.27) reduces to in

this situation. □

Remark 4.5.1. The results of Corollary 4.5.1 also extend to the case where the

pages and spine are only quasi-isometric to lattices. We already allowed for

the spine Γ0 to be a “fat” lattice, but it also need not have such strict symme-

try. This extension is important because it demonstrates that our arguments

are sufficiently robust as to allow for certain perturbations. It is easier to think

about this about cutting apart a graph Γ into pages and a spine all of which

are quasi-isometric to the appropriate lattices; below we describe a gluing that

would result in such a graph.

As above, let k be the dimension of the gluing spine and D1, . . . ,Dl be positive

integers greater than or equal to k + 3 be the dimensions of our l pages. Let

M = max{D1, . . . ,Dl}. Consider pages Γ1, . . . ,Γl such that Γi is quasi-isometric to

ZDi for all 1 ≤ i ≤ l in the sense of Definition 4.1.3.

Defining the gluing spine in this situation is more subtle. In RM, take a (pos-

sibly affine) subspace of dimension k; call it S . Fix εs, εr > 0. To construct Γ0, pro-

ceed as follows. First take the εs neighborhood of S , which we denote N(S , εs).

Then take a discrete subset Γ0 of points in N(S , εs). We turn Γ0 into a graph (also

denoted Γ0) by connecting two vertices (elements) in Γ0 via an edge if and only

if they are at distance less than εr from each other in RM.We require Γ0 to be such
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that, as a graph, it is quasi-isometric to N(S , εs). (While Definition 4.1.3 referred

only to quasi-isometries between graphs, it has a natural extension to general

metric measure spaces, though we now need a “+b” on the right hand side of

hypothesis 2.)

As usual we need identification maps (bijections) between subsets of Γ0 and

Γi. Let us further require that these subsets (like Γ0 itself) also be quasi-isometric

to N(S , εs).

While this description is somewhat complicated, essentially nothing should

change about the proof of Corollary 4.5.1. Even though the pages are only quasi-

isometric to a lattice, the volumes are still the same, up to a constant, and dis-

tances still resemble those of a lattice. The most worrying part of the above

proofs may be the computation of sums over Zk, but again, there is sufficient

flexibility in the quasi-isometry and our computation of the sums to result in no

change except in some constants.

This remark is particularly important since the results of Corollary 4.5.1 in

the case of exactly gluing lattices along a lattice match those of [37, 39] by re-

ducing the dimension. Again, there is the caveat that these continuous setting

results do not imply the discrete setting results. However, the technique of re-

ducing the dimension fails if we are not gluing over exactly lattices, whereas

Corollary 4.5.1 is stable under quasi-isometry as discussed above.
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4.6 Further examples

In this section we briefly describe a few more examples to which we could apply

Theorem 4.3.1 and obtain more concrete results.

Example 4.6.1 (Gluing two Z4’s via a half-line). Consider two copies of the lat-

tice Z4. Identify the non-negative part of the xn-axis in each copy (fattening as

necessary). In this case, we have two pages, each a copy of Z4, and Γ0 is a (thick)

half-line. This clearly satisfies hypotheses (B1)-(B4) and the additional volume

growth condition (4.16) so that Theorem 4.3.1 applies. In fact, the computations

of a more concrete estimate in this setting are essentially the same as those in

Corollary 4.5.1, except that the quantities |x|, |y| appearing in (4.27) now repre-

sent the distance of x, y to the x4-half axis (as opposed to just the x4-axis). This

difference also comes into play in computing d+. So, while the estimate has the

same form as (4.27), the terms appearing are not quite the same. In particular,

if x = (x1, x2, x3, x4) where x4 is large and negative, then |x| is much larger when

gluing over the half-line than when gluing over the line.

Remark 4.6.1. There is nothing special here about the dimension 4 (or even that

the dimensions be the same). The same estimates hold for any number of copies

of Zd of varying dimensions where in each one we select half of a coordinate

axis and identify all of these axes together. One could also consider half-lattices

of other dimensions, provided the pages have high enough dimension that hy-

pothesis (B3) holds.

Example 4.6.2 (Gluing lattices via a two-dimensional cone). Consider taking a

set of points in a copy of Z2 that corresponds to a cone. For instance, take a cone

of aperture α in R2, and then take the set of lattice points lying inside of that

cone. Consider l lattices ZDi with Di ≥ 5 for all 1 ≤ i ≤ l and identify the chosen
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cone points across the last two coordinate axes. This gives a book-like graph

with Γi = Z
Di and Γ0 the chosen cone. Once again we can apply both Theorem

4.3.1 and the reasoning of Corollary 4.5.1 to get heat kernel estimates of the form

(4.27), with distances interpreted appropriately.
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APPENDIX A

GLUING ESTIMATE IN ABSTRACT TERM

This appendix proves Theorem 4.2.1, which is based on a series of lemmas.

We first remind ourselves of some notation. Let (Γ,K , π) be an infinite connected

graph with controlled weights and heat kernel pΓ(n, x, y). In this appendix, we

need not assume the weights on Γ are uniformly lazy. This section is general

and does not in general require hypotheses about the geometry of the graph.

Let notation of hitting times and probabilities be as in Chapter 3 (see Definition

3.3.4) so that if U is a subset/subgraph of Γ and x ∈ U,

τ∂U = τUc = inf{n ≥ 0 : Xn ∈ Uc} = inf{n ≥ 0 : Xn ∈ ∂U}

ψ∂U(n, x) = Px(τ∂U ≤ n)

ψ∂U(n, x, z) = Px(τ∂U ≤ n, Xτ∂U = z)

ψ′∂U(n, x, z) = ψ∂U(n, x, z) − ψ∂U(n − 1, x, z) = Px(τ∂U = n, Xτ∂U = z)

Kn
U,D(x, y) := Px

U,D(Xn = y) := Px(Xn = y, τ∂U > n)

pU,D(n, x, y) :=
Kn

U,D(x, y)

πy
.

While in Chapter 3 we tended to use notation along the lines of τUc , ψUc as

oppsssed to using τ∂U , ψ∂U , there is no difference between these notions since a

random walk started in U must necessarily first hit Uc along ∂U.

A.1 Gluing lemmas

This section adapts gluing lemmas from Section 3 of [37] to the discrete case,

as well as allowing for an infinite gluing set. These lemmas and the ideas con-

tained in them will be combined in the next section to prove Theorem 4.2.1.
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Lemma A.1.1 ([37, Lemma 3.1]). Let (Γ, π, µ) be an infinite connected graph with

controlled weights and U ⊂ Γ denote both a subset of vertices and their associated

subgraph. Then for all x ∈ U, y ∈ Γ, and n > 0, we have:

p(n, x, y) ≤ pU,D(n, x, y) +
∑
z∈∂U

sup
0≤m≤n

p(m, z, y)ψ∂U(n, x, z). (A.1)

We may also refine the estimate to

p(n, x, y) ≤ pU,D(n, x, y) +
∑
z∈∂U

sup
n−⌊ n

2 ⌋≤m≤n
p(m, z, y)ψ∂U

(⌊n
2

⌋
, x, z

)
+

∑
z∈∂U

sup
⌊ n

2 ⌋+1≤m≤n
ψ′∂U(m, x, z)

n−⌊ n
2 ⌋−1∑

l=0

p(l, z, y)

(A.2)

with corresponding lower bound

p(n, x, y) ≥ pU,D(n, x, y) +
∑
z∈∂U

inf
n−⌊ n

2 ⌋≤m≤n
p(m, z, y)ψ∂U

(⌊n
2

⌋
, x, z

)
+

∑
z∈∂U

inf
⌊ n

2 ⌋+1≤m≤n
ψ′∂U(m, x, z)

n−⌊ n
2 ⌋−1∑

l=0

p(l, z, y).

(A.3)

Note if n < d(x, y), then all quantities appearing above are zero and there is

nothing interesting to say. Also, the lower bound reduces to the obviously true

inequality p(n, x, y) ≥ pU,D(n, x, y) if n − ⌊ n
2⌋ < d(x, y).

Proof. We begin by noting

p(n, x, y) =
Kn(x, y)
πy

=
1
πy
Px(Xn = y)

=
1
πy

(
Px(Xn = y, τ∂U > n) + Px(Xn = y, τ∂U ≤ n)

)
=

1
πy
Kn

U,D(x, y) +
1
πy
Px(Xn = y, τ∂U ≤ n)

= pU,D(n, x, y) +
1
πy
Px(Xn = y, τ∂U ≤ n).

In other words, any path traveling from x to y in time n either stays within U or

leaves it.
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Let 1A denote the characteristic function of a set A and (Fn)n≥0 denote the

filtration on the underlying probability space so that Fτ∂U is the σ-algebra asso-

ciated to (Xn)n≥0 with respect to the stopping time given by τ∂U . By the strong

Markov property,

Px(Xn = y, τ∂U ≤ n) = Ex(1{τ∂U≤n}1{y}(Xn)
)
= Ex

[
Ex(1{τ∂U≤n}1{y}(Xn)

∣∣∣Fτ∂U

)]
= Ex

[
1{τ∂U≤n}E

x(1{y}(Xn)
∣∣∣Fτ∂U

)]
= Ex

[
1{τ∂U≤n}E

Xτ∂U (1{y}(Xn−τ∂U ))
]

= Ex
[
1{τ∂U≤n}K

n−τ∂U (Xτ∂U , y)
]

=
∑
z∈∂U

Ex
[
1{τ∂U≤n}1{Xτ∂U=z}K

n−τ∂U (Xτ∂U , y)
]

≤
∑
z∈∂U

sup
0≤m≤n

Km(z, y)Px(τ∂U ≤ n, Xτ∂U = z)

=
∑
z∈∂U

sup
0≤m≤n

Km(z, y)ψ∂U(n, x, z).

Dividing both sides of the above by πy,

1
πy
Px(Xn = y, τ∂U ≤ n) ≤

∑
z∈∂U

sup
0≤m≤n

p(m, z, y)ψ∂U(n, x, z)

and hence

p(n, x, y) ≤ pU,D(n, x, y) +
∑
z∈∂U

sup
0≤m≤n

p(m, z, y)ψ∂U(n, x, z),

which is precisely inequality (A.1).

To obtain inequality (A.2), we estimate the second term from above more

carefully by cutting it into two pieces:

Px(Xn = y, τ∂U ≤ n) = Ex(1{0≤τ∂U≤⌊
n
2 ⌋}
1{y}(Xn)) + Ex(1{⌊ n

2 ⌋<τ∂U≤n}1{y}(Xn)). (A.4)

For the first term on the right hand side, we use the strong Markov property

as above and divide by πy to obtain

1
πy
Ex(1{0≤τ∂U≤⌊

n
2 ⌋}
1{y}(Xn)) ≤

∑
z∈∂U

sup
n−⌊ n

2 ⌋≤m≤n
p(m, z, y)ψ∂U

(⌊n
2

⌋
, x, z

)
.
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For the second term on the right hand side of (A.4), we can make use of τ∂U

being bounded below away from zero. Again using the strong Markov property

and dividing by πy,

1
πy
Ex(1{⌊ n

2 ⌋<τ∂U≤n}1{y}(Xn)) =
∑
z∈∂U

Ex(1{⌊ n
2 ⌋<τ∂U≤n}1{Xτ∂U=z}p(n − τ∂U , Xτ∂U , y)

)
=

∑
z∈∂U

n∑
l=⌊ n

2 ⌋+1

Ex(1{τ∂U=l}1{Xτ∂U=z}p(n − l, z, y)
)

≤
∑
z∈∂U

sup
⌊ n

2 ⌋+1≤m≤n
Px(τ∂U = m, Xτ∂U = z)

n∑
l=⌊ n

2 ⌋+1

p(n − l, z, y)

=
∑
z∈∂U

sup
⌊ n

2 ⌋+1≤m≤n
ψ′∂U(m, x, z)

n∑
l=⌊ n

2 ⌋+1

p(n − l, z, y).

Combining the above estimates gives

p(n, x, y) ≤ pU,D(n, x, y) +
∑
z∈∂U

sup
n−⌊ n

2 ⌋≤m≤n
p(m, z, y)ψ∂U

(⌊n
2

⌋
, x, z

)
+

∑
z∈∂U

sup
⌊ n

2 ⌋+1≤m≤n
ψ′∂U(m, x, z)

n−⌊ n
2 ⌋−1∑

l=0

p(l, z, y)

as claimed in (A.2).

To treat the lower bound, we return to (A.4). Using similar arguments as for

the upper bound above,

1
πy
Ex(1{0≤τ∂U≤⌊

n
2 ⌋}
1{y}(Xn)) ≥

∑
z∈∂U

inf
n−⌊ n

2 ⌋≤m≤n
p(m, z, y)ψ∂U

(⌊n
2

⌋
, x, z

)
and

1
πy
Ex(1{⌊ n

2 ⌋<τ∂U≤n}1{y}(Xn)) ≥
∑
z∈∂U

inf
⌊ n

2 ⌋+1≤m≤n
ψ′∂U(m, x, z)

n−⌊ n
2 ⌋−1∑

l=0

p(l, z, y),

which proves (A.3).

□
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Lemma A.1.2 ([34, Lemma 3.3]). Let U1,U2 be two subgraphs of (Γ, π, µ) that satisfy

one of the following conditions:

1. U1 ∩ U2 = ∅ in such a way that ∂U1 ∩ U2 and ∂U2 ∩ U1 are also empty.

2. U2 ⊂ U1.

Then for all x ∈ U1, y ∈ U2, and n > 0, we have the lower bound

2p(n, x, y) ≥ pU1,D(n, x, y) +
∑

z∈∂U1

inf
n−⌊ n

2 ⌋≤m≤n
p(m, z, y) ψ∂U1

(⌊n
2

⌋
, x, z

)
+

∑
w∈∂U2

inf
n−⌊ n

2 ⌋≤m≤n
p(m,w, x) ψ∂U2

(⌊n
2

⌋
, y,w

) (A.5)

and matching upper bound

p(n, x, y) ≤ pU1,D(n, x, y) +
∑

z∈∂U1

sup
n−⌊ n

2 ⌋m≤n
p(m, z, y) ψ∂U1

(⌊n
2

⌋
, x, z

)
+

∑
w∈∂U2

sup
n−⌊ n

2 ⌋≤m≤n
p(m,w, x) ψ∂U2

(⌊n
2

⌋
, y,w

)
.

(A.6)

Moreover, we can refine the upper bound (A.6) to

p(n, x, y) ≤ pU1,D(n, x, y) +
∑

z∈∂U1

sup
n−⌊ n

2 ⌋≤m≤n
p(m, z, y) ψ∂U1

(⌊n
2

⌋
, x, z

)
+

∑
w∈∂U2

sup
n−⌊ n

2 ⌋≤m≤n
p̂U1(m,w, x) ψ∂U2

(⌊n
2

⌋
, y,w

)
,

(A.7)

where

p̂U1(m,w, x) := p(m,w, x) − pU1,D(m,w, x). (A.8)

The only difference in the refinement is we have replaced p with p̂U1 in the last term.

Proof. To prove (A.5), we use the lower bound (A.3) twice: once for U1, where

we neglect the term with the derivative of the hitting probability, and then once
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for U2, taking advantage of the fact that p(n, x, y) = p(n, y, x) and neglecting both

the term with the derivative of the hitting probability and the the pU2,D term.

This yields precisely the bound we wanted:

2p(n, x, y) ≥ pU1,D(n, x, y) +
∑

z∈∂U1

inf
n−⌊ n

2 ⌋≤m≤n
p(m, z, y) ψ∂U1

(⌊n
2
⌋
, x, z

)
+

∑
w∈∂U2

inf
n−⌊ n

2 ⌋≤m≤n
p(m,w, x) ψ∂U2

(⌊n
2
⌋
, y,w

)
.

The upper bound is more challenging because it requires a time reversal

argument. Recall Γ = (VΓ, EΓ) as a graph. Let ΩN denote the space of all paths on

Γ of length N + 1 (for N > 0 fixed), that is ΩN = {ω : {0, . . . ,N} → VΓ with ω(i) ∼

ω(i + 1) ∀ 0 ≤ i ≤ N − 1}. We can think of Px as a measure on ΩN , where Px sits on

the subset ΩN,x := {ω ∈ ΩN : ω(0) = x} of ΩN .

Then for any A ⊂ VΓ with π(A) =
∑

x∈A πx < ∞, we define a measure PA on ΩN

via

PA(A) =
∑
v∈A

Pv(A)πv

for any event A in ΩN . Note this is not a probability measure, since if A = ΩN ,

then PA(ΩN) = π(A).

It will also sometimes be useful for us to consider the measure

P̃v(A) = Pv(A)πv = P
v(A)πv

for any eventA as above. As shown above, for a vertex v ∈ VΓ, we have Pv(A) =

Pv(A). The above definition lets us write

PA(A) =
∑
v∈A

P̃v(A).

Let us define a probability measure on ΩN via

PN,A,B(A) :=
PA(A∩ (XN ∈ B))
PA(XN ∈ B)

(A.9)

171



for any A, B ⊂ VΓ such that PA(XN ∈ B) , 0 and any eventA in ΩN .

If ω is a path in ΩN , we denote its time reversal by ω∗, that is ω∗(n) = ω(N−n).

Similarly, ifA is an event in ΩN , letA∗ := {ω∗ : ω ∈ A}.

Claim: PN,A,B(A) = PN,B,A(A∗) for all N, A, B such that this quantity makes sense.

First, notice

PA(XN ∈ B) =
∑
v∈A

Pv(XN ∈ B)πv =
∑
v∈A

∑
w∈B

KN(v,w)πv

=
∑
v∈A

∑
w∈B

KN(w, v)πw =
∑
w∈B

Pw(XN ∈ A)πw

= PB(XN ∈ A).

Thus to prove the claim, it remains to show

PA(A∩ (XN ∈ B)) = PB(A∗ ∩ (XN ∈ A)). (A.10)

Assume A = (Xn1 ∈ C1, . . . , Xnl ∈ Cl), for 0 < n1 < · · · < nl < N and Ck ⊂ VΓ for

1 ≤ k ≤ l. It suffices to prove (A.10) for such events.

For such an eventA, the Markov property gives

PA(A∩ (XN ∈ B)) =
∑
v∈A

Pv(Xn1 ∈ C1, . . . , Xnl ∈ Cl, XN ∈ B)πv

=
∑
v∈A

∑
w∈B

∑
zl∈Cl

· · ·
∑
z1∈C1

Kn1(v, z1)Kn2−n1(z1, z2) · · · KN−nl(zl,w)πv
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and

PB(A∗ ∩ (XN ∈ A)) =
∑
w∈B

Pw(XN−n1 ∈ C1, . . . , XN−nl ∈ Cl, XN ∈ A)πw

=
∑
w∈B

∑
v∈A

∑
z1∈C1

· · ·
∑
zl∈Cl

KN−nl(w, zl)Knl−nl−1(zl, zl−1) · · ·Kn1(z1, v)πw

=
∑
w∈B

∑
v∈A

∑
z1∈C1

· · ·
∑
zl∈Cl

KN−nl(zl,w)
πzl

πw
· · · Kn1(v, z1)

πv

πz1

πw

=
∑
w∈B

∑
v∈A

∑
z1∈C1

· · ·
∑
zl∈Cl

KN−nl(zl,w) · · · Kn1(v, z1)πv.

Rearranging the sums above yields the equality (A.10), finishing the proof of

the claim.

Now consider a path ω ∈ ΩN . Let τ1 = τ∂U1 and τ2 = τ∂U2 denote the first

hitting times of ∂U1, ∂U2. We will consider PN,A,B as above with A = {x}, B = {y}.

Recall x ∈ U1, y ∈ U2. (In the continuous setting of Lemma 3.3 of [37], this part

of the proof requires a limiting argument, which is not necessary here in the

discrete setting.)

Notice PN,x,y sits on the set of paths ω ∈ ΩN satisfying ω(0) = x and ω(N) = y.

Call this set of paths ΩN,x,y. If ω ∈ ΩN,x,y, then by the hypotheses on U1, U2, either

ω always stays in U1 (this is only possible if condition 2. holds) or ω hits both

∂U1 and ∂U2 before time N (this is possible in either case). In the latter case,

then τ∂U1(ω), τ∂U2(ω
∗) are finite and τ∂U2(ω) + τ∂U2(ω

∗) ≤ N so that at least one of

τ∂U1(ω), τ∂U2(ω
∗) ≤ ⌊N/2⌋.

Therefore

1 = PN,x,y(ΩN,x,y) ≤PN,x,y(ω stays in U1) + PN,x,y(τ∂U1(ω) ≤ ⌊N/2⌋)

+ PN,x,y(τ∂U2(ω
∗) ≤ ⌊N/2⌋).

(A.11)
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IfA = {ω : τ∂U2(ω
∗) ≤ ⌊N/2⌋}, then

A∗ = {ω∗ : ω ∈ A} = {ω∗ : τ∂U2(ω
∗) ≤ ⌊N/2⌋} = {ω : τ∂U2(ω) ≤ ⌊N/2⌋}. (A.12)

Multiplying both sides of the inequality in (A.11) by P̃x(XN = y) = KN(x, y)πx

and using a time reversal argument along with (A.12) on the last term yields

KN(x, y)πx ≤ P̃x(τ∂U1 > N, XN = y) + P̃x(τ∂U1(ω) ≤ ⌊N/2⌋, XN = y)

+ P̃y(τ∂U2(ω) ≤ ⌊N/2⌋, XN = x).
(A.13)

Note

P̃x(τ∂U1 > N, XN = y) = KN
U1,D(x, y)πx.

and dividing by both by πxπy above gives pU1,D(N, x, y) on the left. As

P̃x(τ1(ω) ≤ ⌊N/2⌋, XN = y) = Px(τ1 ≤ ⌊N/2⌋, XN = y)πx,

dividing by πxπy and using estimates as in the proof of Lemma A.1.1 gives

1
πxπy
P̃x(τ1(ω) ≤ ⌊N/2⌋, XN = y) ≤

∑
z∈∂U1

sup
N−⌊ N

2 ⌋≤m≤N
p(m, z, y)ψ∂U1

(⌊N
2

⌋
, x, z

)
and

1
πxπy
P̃y(τ2(ω) ≤ ⌊N/2⌋, XN = x) ≤

∑
w∈∂U2

sup
N−⌊ N

2 ⌋≤m≤N
p(m,w, x)ψ∂U2

(⌊N
2

⌋
, y,w

)
.

Hence dividing both sides of (A.13) by πxπy and using the above estimates, we

find

p(N, x, y) ≤ pU1,D(N, x, y) +
∑

z∈∂U1

sup
N−⌊ N

2 ⌋≤m≤N
p(m, z, y)ψ∂U1

(⌊N
2

⌋
, x, z

)
(A.14)

+
∑

w∈∂U2

sup
N−⌊ N

2 ⌋≤m≤N
p(m,w, x)ψ∂U2

(⌊N
2

⌋
, y,w

)
, (A.15)

which is exactly the upper bound (A.6).
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In order to obtain the desired refinement of the upper bound, we need to

show the expression p(m,w, x) in (A.15) above can be replaced by p̂U1(m,w, x) =

p(m,w, x) − pU1,D(m,w, x).

If we assume that U1,U2 satisfy condition 1., then since x ∈ U1,w ∈ ∂U2, and

∂U2 ∩ U1 = ∅, it follows that pU1,D(m,w, x) = 0 and there is nothing to show.

Now assume U1,U2 satisfy condition 2. instead. In this case, any paths that

do not stay in U1 must cross ∂U1, so (A.11) becomes

1 = PN,x,y(ΩN,x,y) ≤ PN,x,y(ω stays in U1) + PN,x,y(τ∂U1(ω) ≤ ⌊N/2⌋)

+ PN,x,y(τ∂U2(ω
∗) ≤ ⌊N/2⌋, ω∗ crosses ∂U1).

Only the last term is different from before, as it now takes into account our

assumptions on U1, U2. Again using time reversal,

PN,x,y(τ∂U2(ω
∗) ≤ ⌊N/2⌋, ω∗ crosses ∂U1)

= PN,y,x(τ∂U2(ω) ≤ ⌊N/2⌋, ω crosses ∂U1)

= PN,y,x(τ∂U2(ω) ≤ ⌊N/2⌋) − PN,y,x(τ∂U2(ω) ≤ ⌊N/2⌋, ω does not cross ∂U1).

Multiplying the last expression above by P̃y(XN = x) gives

Py(τ∂U2 ≤ ⌊N/2⌋, XN = x) πy − Py(τ∂U2 ≤ ⌊N/2⌋, ω does not hit ∂U1, XN = x) πy.

(A.16)

Then using the strong Markov property as in Lemma A.1.1 (conditioning with
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respect to Fτ∂U2
), we find

(A.16) =
∑

w∈∂U2

Ey
[
1{τ∂U2≤⌊N/2⌋}

1{Xτ∂U2
=w}K

N−τ∂U2 (Xτ∂U2
, x)

]
πy

−
∑

w∈∂U2

Ey
[
1{τ∂U2≤⌊N/2⌋}

1{Xτ∂U2
=w}K

N−τ∂U2
U1,D

(Xτ∂U2
, x)

]
πy

=
∑

w∈∂U2

Ey
[
1{τ∂U2≤⌊N/2⌋}

1{Xτ∂U2
=w}

(
KN−τ∂U2 (Xτ∂U2

, x) − K
N−τ∂U2
U1,D

(Xτ∂U2
, x)

)]
πy.

(A.17)

Again dividing by πxπy,

(A.17) ≤
∑

w∈∂U2

sup
N−⌊N/2⌋≤m≤N

p̂U1(m,w, x)ψ∂U2

(⌊N
2

⌋
, y,w

)
.

This is exactly the estimate needed to prove the refinement (A.7). □

A.2 Proof of Theorem 4.2.1

Proof of Theorem. 4.2.1 We begin with the upper bound. Applying (A.7) and us-

ing that hitting probabilities ψ are increasing in n gives

p(n, x, y) ≤ pU1,D(n, x, y) +
∑

z∈∂U1

sup
n−⌊ n

2 ⌋≤m≤n
p(m, z, y) ψ∂U1

(
n, x, z

)
+

∑
w∈∂U2

sup
n−⌊ n

2 ⌋≤m≤n
p̂U1(m,w, x) ψ∂U2

(
n, y,w

)
.

(A.18)

Now applying (A.2) from Lemma 1 (using U = U1) to p(m,w, x) and mono-

tonicity of the hitting probability (again) yields

p̂U1(m,w, x) = p(m, x,w) − pU1,D(m, x,w)

≤
∑

z∈∂U1

sup
m−⌊m

2 ⌋≤ j≤m
p( j, z,w)ψ∂U1(m, x, z)

+
∑

z∈∂U1

sup
⌊m

2 ⌋+1≤ j≤m
ψ′∂U1

( j, x, z)
m−⌊m

2 ⌋−1∑
l=0

p(l, z,w).
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For z ∈ ∂U1, y ∈ U2, the assumptions on U1,U2 guarantee that pU2,D(m, z, y) =

0. Therefore now applying (A.2) from Lemma 1 (using U = U2) to p(m, z, y) gives

p(m, z, y) = p(m, y, z) ≤
∑

w∈∂U2

sup
m−⌊m

2 ⌋≤ j≤m
p( j,w, z)ψ∂U2(m, y,w)

+
∑

w∈∂U2

sup
⌊m

2 ⌋+1≤ j≤m
ψ′∂U2

( j, y,w)
m−⌊m

2 ⌋−1∑
l=0

p(l,w, z).

Plugging these estimates into (A.18), using the symmetry and positivity of

the heat kernel, the monotonicity of hitting probabilities, and and collecting like

terms, we obtain

p(n, x, y) ≤ pU1,D(n, x, y) + 2
∑

z∈∂U1

∑
w∈∂U2

sup
⌊ n

4 ⌋≤m≤n
p(m, z,w)ψ∂U1(n, x, z)ψ∂U2(n, y,w)

+
∑

z∈∂U1

∑
w∈∂U2

sup
⌊ n

4 ⌋≤m≤n
ψ′∂U2

(m, y,w)ψ∂U1(n, x, z)
n∑

l=0

p(l, z,w)

+
∑

z∈∂U1

∑
w∈∂U2

sup
⌊ n

4 ⌋≤m≤n
ψ′∂U1

(m, x, z)ψ∂U2(n, y,w)
n∑

l=0

p(l, z,w).

The lower bound is proved similarly. First, we apply the bound (A.5) from

Lemma A.1.2:

2p(n, x, y) ≥ pU1,D(n, x, y) +
∑

z∈∂U1

inf
n−⌊ n

2 ⌋≤m≤n
p(m, z, y) ψ∂U1

(⌊n
2

⌋
, x, z

)
+

∑
w∈∂U2

inf
n−⌊ n

2 ⌋≤m≤n
p(m,w, x) ψ∂U2

(⌊n
2

⌋
, y,w

)
.

(A.19)

Then we apply (A.3) from Lemma A.1.1 to both p(m, z, y) (using U = U2) and

p(m,w, x) (using U = U1), and, in both cases, forget about the pU,D term. This

yields

p(m, z, y) = p(m, y, z) ≥
∑

w∈∂U2

inf
m−⌊m

2 ⌋≤ j≤m
p( j,w, z)ψ∂U2

(⌊m
2

⌋
, y,w

)
+

∑
w∈∂U2

inf
⌊m

2 ⌋+1≤ j≤n
ψ′∂U2

( j, y,w)
m−⌊m

2 ⌋−1∑
l=0

p(l,w, z)
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and

p(m,w, x) = p(m, x,w) ≥
∑

z∈∂U1

inf
m−⌊m

2 ⌋≤ j≤m
p( j, z,w)ψ∂U1

(⌊m
2

⌋
, x, z

)
+

∑
z∈∂U1

inf
⌊m

2 ⌋+1≤ j≤n
ψ′∂U1

( j, x, z)
m−⌊m

2 ⌋−1∑
l=0

p(l, z,w).

Substituting these estimates into (A.19) and using monotonicity gives the

desired

2p(n, x, y) ≥ pU1,D(n, x, y) + 2
∑

z∈∂U1

∑
w∈∂U2

inf
⌊ n

4 ⌋≤m≤n
p(m, z,w)ψ∂U1

(⌊n
4

⌋
, x, z

)
ψ∂U2

(⌊n
4

⌋
, y,w

)
+

∑
z∈∂U1

∑
w∈∂U2

inf
⌊ n

4 ⌋≤m≤n
ψ′∂U2

(m, y,w)ψ∂U1

(⌊n
4

⌋
, x, z

) ⌊ n
4 ⌋−1∑
l=0

p(l, z,w)

+
∑

z∈∂U1

∑
w∈∂U2

inf
⌊ n

4 ⌋≤m≤n
ψ′∂U1

(m, x, z)ψ∂U2

(⌊n
4

⌋
, y,w

) ⌊ n
4 ⌋−1∑
l=0

p(l, z,w).

Note that quantities like ⌊ n−⌊ n
2 ⌋

2 ⌋ and n − ⌊ n
2 − ⌊

n−⌊ n
2 ⌋

2 ⌋ are equal to either ⌊ n
4⌋ or

⌊ n
4⌋ + 1 depending on the value of n mod 4. Taking supremums over a larger set

always results in a larger value (and taking infimums over a larger set results in

a smaller value), so using these and various monotonicity properties gives the

precise indices here. □
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APPENDIX B

FABER-KRAHN FUNCTIONS AND HEAT KERNEL ESTIMATES

Here we discuss gluing Faber-Krahn functions on glued spaces with the aim

to generalize the results of [38].

B.1 Faber-Krahn functions and quasi-isometry

In this section, we provide clarifying remarks and comments about the concept

of quasi-isometry (Definition 4.1.3), define (relative) Faber-Krahn functions, and

explain the relationship between Faber-Krahn functions of two graphs that are

quasi-isometric in Lemma B.1.1.

B.1.1 Further comments on quasi-isometry

Recall that quasi-isometry is a property of metric measure spaces. In the present

setting, this means considering graphs with their graph distance and a vertex

weight.

Remark B.1.1.

• Suppose (Γ1, π1, µ
1) and (Γ2, π2, µ

2) are connected graphs with controlled

and uniformly lazy weights, as has been assumed throughout this the-

sis. Suppose Γ1,Γ2 are quasi-isometric as in Definition 4.1.3 with a quasi-

isometry Φ : Γ1 → Γ2. Hypothesis 3., which says that the quasi-isometry

takes vertices to vertices with comparable weights, can also be thought of

as a condition on the volume of small balls. In particular, hypothesis 3.,
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along with Lemmas 3.1.1 and 3.1.2, imply

V1(x, 1) ≈ V2(Φ(x), 1) and µ1
xy ≈ µ

2
Φ(x)z ∀y ∼ x ∈ Γ1, z ∼ Φ(x) ∈ Γ2.

• Suppose Γ1, Γ2 are quasi-isometric and there is a quasi-isometry Φ : Γ1 →

Γ2. Then we may always define a quasi-isometry Φ−1 : Γ2 → Γ1 as follows:

for every z ∈ Γ2, set Φ−1(z) to be an element β ∈ Γ1 such that d2(Φ(β), z) ≤ ε.

(Such a β always exists as Φ is a quasi-isometry.) While Φ−1 is not literally

the inverse of Φ, for such a choice of Φ−1 we always have

d2(z,Φ(Φ−1(z))) = d2(z,Φ(β)) ≤ ε.

Note the quasi-isometry constants of Φ−1 need not be the same as those for

Φ (though they are related).

B.1.2 Faber-Krahn functions

Essentially, a Faber-Krahn function is a function that provides a lower bound

on the first Dirichlet eigenvalue of the Laplacian; this can also be considered

as a kind of isoperimetric inequality. There are several common definitions or

“kinds” of Faber-Krhan functions, where the differences in definition are re-

lated to precisely which Laplacian we are considering and whether we want the

bound to be local or global (in some appropriate sense). Faber-Krahn inequal-

ities are very closely related to heat kernel upper bounds. The theory of us-

ing Faber-Krahn estimates to obtain heat kernel estimates or vice versa is well-

developed in the work of Grigor’yan (see e.g. [24, 25, 26]). In this section, we

define the kind of relative Faber-Krahn function useful to us in this thesis and

show a relationship between relative Faber-Krahn functions of quasi-isometric

graphs.
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Definition B.1.1 (Relative Faber-Krahn function). Let (Γ, π, µ) be an infinite con-

nected graph with controlled and uniformly lazy weights. Let B = B(z, r), ν ∈

(0,+∞). We say that a function Λ where (B, ν) 7→ Λ(B, ν) is a relative Faber-Krahn

function of Γ if the following two properties hold:

1. ν 7→ Λ(B, ν) is non-increasing in ν

2. For all balls B ⊂ Γ, and any Ω ⊂ B,

λ1(Ω) ≥ Λ(B, π(Ω)),

where λ1(Ω) denotes the first Dirichlet eigenvalue of the Laplacian in Ω.

Remark B.1.2. We can write λ1(Ω) using the variational definition

λ1(Ω) = inf
supp f⊆Ω

∥ |∇ f | ∥22
∥ f ∥22

where

|∇ f |(x) =
(1
2

∑
y∈Γ

| f (x) − f (y)|2K(x, y)
)1/2

∥ |∇ f | ∥22 =
∑
x∈Γ

[
|∇ f |(x)

]2
π(x) =

1
2

∑
x,y∈Γ

| f (x) − f (y)|2 µxy

∥ f ∥22 =
∑
x∈Γ

| f (x)|2 π(x).

Lemma B.1.1 (Relative Faber-Krahn Functions of quasi-isometric Graphs). As-

sume that Γ = (Γ, d, π, µ), Γ̂ = (̂Γ, d̂, π̂, µ̂) are connected, countably infinite graphs with

controlled and uniformly lazy weights. Further, assume Γ, Γ̂ are quasi-isometric and

fix a quasi-isometry Φ : Γ→ Γ̂ and a choice of its inverse Φ−1.

Then there exist constants c1, c2, c3 (depending on choice of quasi-isometry and the

constants controlling the weights) such that ifΛ(B, ν) is a relative Faber-Krahn function

for Γ, then a relative Faber-Krahn functions for Γ̂ is given by

Λ̂(B̂(z, r), ν) = c1Λ(B(Φ−1(z), c2r), c3ν).
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Proof. Let the quasi-isometry constants of Φ be a, b, ε,Cq,Cw as in Definition

4.1.3. In this proof, we use the Latin alphabet to denote elements of Γ̂ and the

Greek alphabet to denote elements of Γ.

Let r > 0, z ∈ Γ̂. Consider Ω̂ ⊂ B̂(z, r) and fix a function f supported on Ω̂.

Since we know the eigenfunction of λ1(Ω) has a sign, we may assume f ≥ 0.

We will also assume r ≥ 1 : If r < 1 then B̂(z, r) = {z} and the only choice is

Ω = B so f (z) = C and f (x) = 0 for x ∈ Γ̂ where x , z. Then, if Ĉc is the constant

for controlled weights in Γ̂,

∥ |∇ f | ∥22 = C2
∑
y∼z

µ̂zy ≥ C2 π̂(z)

Ĉc

=
1

Ĉc

∥ f ∥2.

Thus λ1(Ω̂) ≈ 1. This estimate is independent of z, and similarly, λ1({α}) ≈ 1 for

any α ∈ Γ. Thus these Faber-Krahn functions evaluated at such balls are always

similar and we can focus on the more interesting case where r ≥ 1.

Let fε denote the weighted average of f on balls of radius ε, that is,

fε(x) =
1

V̂(x, ε)

∑
y∈B̂(x,ε)

f (y) π̂(y).

Support of fε ◦ Φ:

Consider fε ◦ Φ, which is a function on Γ.

By definition, supp f ⊆ Ω̂ ⊆ B̂(z, r). Then supp fε ⊆ [Ω̂]ε ⊆ B̂(z, r + ε) ⊆ B̂(z, (1 +

ε)r), where [Ω̂]ε denotes the ε-neighborhood of Ω̂.

We claim that if α ∈ supp( fε◦Φ), then α ∈ B(Φ−1(z), c2r),where c2 := a(1+2ε+b).
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Suppose α ∈ supp fε ◦ Φ. Then Φ(α) ∈ B̂(z, (1 + ε)r) and hence:

d(α,Φ−1(z)) ≤ ad̂(Φ ◦ Φ−1(z),Φ(α)) + ab ≤ a
[
d̂(Φ ◦ Φ−1(z), z) + d̂(z,Φ(α))

]
+ ab

≤ a
[
ε + (1 + ε)r

]
+ ab ≤ a(1 + 2ε + b)r.

Moreover, let Ω := PreImΦ([Ω̂]ε) ⊂ B(Φ−1(z), c2r). Note α ∈ Ω ⇐⇒ Φ(α) ∈

[Ω̂]ε. Hence supp( fε ◦ Φ) ⊂ Ω ⊂ B(Φ−1(z), c2r).

Using a Faber-Krahn Function on Γ:

Since Λ is a relative Faber-Krahn function on Γ, we have

∥ |∇( fε ◦ Φ)| ∥22 ≥ Λ(B(Φ−1(z), c2r), π(Ω)) ∥ fε ◦ Φ||22. (B.1)

The result will follow if we can prove the following three claims:

1. π(Ω) ≤ c3 π̂(Ω̂) for some constant c3 (sinceΛ is decreasing in ν by definition)

2. ∥ |∇( fε ◦ Φ)| ∥22 ≤ CA∥ |∇ f | ∥22 for some constant CA

3. ∥ fε ◦ Φ||22 ≥ CB∥ f ∥22 for some constant CB.

(Note above we must be careful to choose the appropriate L2 norms with

respect to either Γ or Γ̂.)

Claim 1: π(Ω) ≤ c3 π̂(Ω) for some constant c3.

As Γ̂ is locally uniformly finite, each point in Γ̂ has at most N̂ neighbors. Fur-

ther, suppose w ∈ [Ω̂]ε\Ω̂. Then there exists some point x ∈ Ω̂ such that d̂(x,w) < ε

and hence π̂(x) ≈ π̂(w) (with constants independent of x, w). The contribution of

w to π̂([Ω̂]ε) is π̂(w). For each point x ∈ Ω̂, there are at most finitely many w’s in
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[Ω̂]ε \ Ω̂ satisfying d̂(x,w) < ε. Hence there is some constant C (depending on ε

and the constants of the hypotheses on the graphs) such that

π̂(Ω̂) ≤ π̂([Ω̂]ε) ≤ C π̂(Ω̂).

By definition, Ω = PreImΦ([Ω̂]ε). Each point in [Ω̂]ε can be mapped to by a

finite number of points in Ω since Γ1 is locally uniformly finite and

ad(α, β) − b ≤ d̂(Φ(α),Φ(β)) = 0 =⇒ d(α, β) ≤
b
a
.

Then, where c is a constant (depending on the graph structure and quasi-

isometry) whose value changes in each step, the above and earlier remarks im-

ply

π(Ω) =
∑
α∈Ω

π(α) ≤ c
∑
α∈Ω

π̂(Φ(α)) ≤ c
∑

v∈[Ω̂]ε

π̂(v) ≤ ĉπ(Ω̂).

We may take c3 to be any value of c that achieves this upper bound.

Claim 2: ∥ |∇( fε ◦ Φ)| ∥22 ≤ CA∥ |∇ f | ∥22 for some constant CA

Let α, β ∈ Γ satisfy α ∼ β. Then d̂(Φ(α),Φ(β)) ≤ ad(α, β) = a. Let x = Φ(α), y =

Φ(β); by the previous sentences, y ∈ B̂(x, a). Consequently, for w ∈ B̂(y, ε), we

have w ∈ B̂(x, ε + a). Hence

| fε(x) − fε(y)| = | fε(x) − f (x) + f (x) − fε(y)|

≤
1

|V̂(x, ε)|

∑
v∈B̂(x,ε)

| f (v) − f (x)| π̂(v) +
1

|V̂(y, ε)|

∑
w∈B̂(y,ε)

| f (x) − f (w)| π̂(w)

≤
C

|V̂(x, ε)|

∑
v∈B̂(x,ε+a)

| f (v) − f (x)| π̂(v).
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Using Jensen’s inequality,

| fε(x) − fε(y)|2 ≤
∣∣∣∣ C

|V̂(x, ε)|

∑
v∈B̂(x,ε+a)

| f (v) − f (x)| π̂(v)
∣∣∣∣2

≤
C

|V̂(x, ε)|

∑
v∈B̂(x,ε+a)

| f (v) − f (x)|2 π̂(v)

Now, for each v ∈ B̂(x, ε + a), take a path of vertices x0 = x, x1, . . . , xd̂(x,v) = v

between x and v such that d̂(xi, xi+1) = 1 for all i. Then since such a path has a

bounded length,

| f (v) − f (x)|2 ≤
∣∣∣∣ d̂(x,v)−1∑

i=0

| f (xi) − f (xi+1)|
∣∣∣∣2 ≤ C

d̂(x,v)−1∑
i=0

| f (xi) − f (xi+1)|2.

Moreover π̂(v) ≈ π̂(xi) for any i = 0, . . . , d̂(x, v) − 1 since d̂(xi, v) ≤ ε + a, a fixed

value. Putting the above estimates together,

| fε(x) − fε(y)|2 ≤
C

|V̂(x, ε)|

∑
v∈B̂(x,ε+a)

d(x,v)−1∑
i=0

| f (xi) − f (xi+1)|2 π̂(xi).

Recall x = Φ(α) (and y = Φ(β)). Using Remark B.1.1 and the controlled

weights of the graphs,

µαβ ≈ µ̂Φ(α)x1 ≈ π̂(Φ(α)) ≈ π̂(xi) ≈ µ̂xi xi+1 .

Now, as at most finitely points of Γ can map to the same point in Γ̂,

∥ |∇( fε ◦ Φ)| ∥22 =
1
2

∑
α,β∈Γ

| fε ◦ Φ(α) − fε ◦ Φ(β)|2µαβ =
1
2

∑
α,β∈Γ

| fε(x) − fε(y)|2µαβ

≤ C
∑
α∈Γ

1

|V̂(x, ε)|

∑
v∈B̂(x,ε+a)

d(x,v)−1∑
i=0

| f (xi) − f (xi+1)|2 π̂(xi) µ̂(xi, xi+1)

≤ C
∑
w∈Γ̂

1

|V̂(w, ε)|

∑
v∈B̂(w,ε+a)

d(w,v)−1∑
i=0

| f (xi) − f (xi+1)|2 π̂(xi) µ̂(xi, xi+1)

≤ C
∑
w∈Γ̂

∑
v∈B̂(w,ε+a)

d(w,v)−1∑
i=0

| f (xi) − f (xi+1)|2 µ̂(xi, xi+1),
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where in the last line we used that π̂(xi) ≈ π̂(w) ≈ V̂(w, ε) for all xi ∈ B̂(w, ε + a).

Further, suppose u1, u2 ∈ Γ̂ and u1 ∼ u2. Then there are a finite number of

elements w ∈ Γ̂ such that u1, u2 ∈ B̂(w, ε + a). Further, in each such ball, there

are also a finite number of elements v where u1, u2 could appear on a shortest

path between w and v. Hence in the above sum, each pair u1, u2 appears at most

finitely many times. Thus

∥ |∇( fε ◦ Φ)| ∥22 ≤ C
∑
u1∈Γ̂

∑
u2∼u1

| f (u1) − f (u2)|2 µ̂u1u2 = CA∥ |∇ f | ∥22.

Claim 3: ∥ fε ◦ Φ||22 ≥ CB∥ f ∥22 for some constant CB.

By our earlier arguments about the support of fε ◦ Φ, we have

∥ fε ◦ Φ∥22 =
∑
α∈Γ

| fε ◦ Φ(α)|2 π(α) =
∑

α∈B(Φ−1(z),c2r)

| fε ◦ Φ(α)|2 π(α).

Take a set of points {wi}
iε
i=1 ⊂ Γ̂ such that

• wi = Φ(αi) for some αi ∈ Γ (as the wi are distinct, so are the αi)

• B̂(z, r) ∩ B̂(wi, ε) , ∅

• B̂(z, r) ⊆
⋃iε

i=1 B̂(wi, ε).

Such a set of points exists since every point in x ∈ Γ̂must be at distance at most

ε from a point w = Φ(α).

This choice forces each αi ∈ B(Φ−1(z), c2r), so that all of the wi’s appear in the

L2 norm of fε ◦ Φ. Hence, recalling π(α) ≈ π̂(wi),

∥ fε ◦ Φ∥22 ≥ c
iε∑

i=1

| fε(wi)|2 π̂(wi).
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For each x ∈ B̂(z, r), there exists at least one j such that x ∈ B̂(w j, ε). Thus

f (x) π̂(x)

|V̂(w j, ε)|
≤

1

|V̂(w j, ε)|

∑
y∈B̂(w j,ε)

f (y)̂π(y) = fε(w j).

Up to a constant, the left hand side above is just f (x), since π̂(x) ≈ π̂(w j) ≈

V̂(w j, ε).

As at most finitely many elements x ∈ B̂(z, r) are in the same B̂(w j, ε) (and,

in fact, we have a uniform bound on how many such elements there are), and

these small balls cover the entire larger ball, we find

∥ fε ◦ Φ∥22 ≥ c
iε∑

i=1

| fε(wi)|2 π̂(wi) ≥ c
∑
x∈Ω

| f (x)|2 π̂(x) = CB∥ f ∥22.

□

B.2 Gluing relative Faber-Krahn functions

Recall all graphs (Γ, µ, π) are assumed to be connected with controlled and uni-

formly lazy weights. In this section, we will assume Γ is a graph with pages

Γ1, . . . ,Γl and spine Γ0 as in Chapter 4; however, here we do not assume all of

the key hypotheses and instead assume (B4) and a weaker version of (B1).

Definition B.2.1 (Fixed width spine). As in Chapter 4, let (Γ, µ, π) be a a graph

with pages Γ1, . . . ,Γl and spine Γ0. We say the spine Γ0 has a fixed width of δ > 0

if for all v ∈ Γ0, where exists i ∈ {1, . . . , l} such that d(v,Γi) ≤ δ.

In particular, assuming Γ0 has fixed width δ means there exists a page Γi and

x ∈ Γi such that d(v, x) ≤ δ. Note the difference between a fixed width spine,

where each point of the spine Γ0 is at distance at most δ from some page, as
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opposed to a δ-book-like graph, where each point of the spine Γ0 is at distance

at most δ from all pages.

As in Definition 4.1.2, we may still define augmented pages via

Γ̂i := [Γi]δ ∩ (Γi ∪ Γ0).

Note the augmented pages now need not contain the entire spine. It is still the

case that the inclusion map i : Γi → Γ̂i is a quasi-isometry due to the uniformity

hypothesis and controlled weights.

The following theorem gives a relative Faber-Krahn function for such graphs

Γ in terms of the relative Faber-Krahn functions on the pages.

Lemma B.2.1 (Gluing Faber-Krahn functions). Let (Γ, µ, π) be a grpah with pages

Γ1, . . . ,Γl and spine Γ0. Assume the spine Γ0 has fixed width (Definition B.2.1) and

hypothesis (B4) from Section 4.1.3 (that each page Γi is uniform in Γ). Moreover, assume

each page Γi, 1 ≤ i ≤ l has a relative Faber-Krahn function Λi.

Let B = B(z, r) ⊂ Γ. Then Γ has a relative Faber-Krahn function given by

Λ(B, ν) :=


a1Λi(B, a2ν) if B ⊂ Γi for some i = 1, . . . , l

Λ(B, v) else,

where

Λ(B, ν) := c1 min
i∈JB

min
α∈[B]δ∩Γi∩[Γ0]δ

Λi(Bi(α, c2r), c3ν)).

with JB := {1 ≤ i ≤ l : B ∩ Γ̂i , ∅}.

Proof. Let B = B(z, r) ⊂ Γ and let Ω ⊂ B. Take a function f supported in Ω. Notice

for a fixed B, the definition of Λ in the lemma is decreasing in ν since each Λi is.
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If B ⊂ Γi for some 1 ≤ i ≤ l, then B = Bi. Recalling the cutting/gluing con-

struction that makes Γ ensures compatible weights, we compute:

∥ |∇ f | ∥22 =
1
2

∑
x,y∈Γ

| f (x) − f (y)|2µΓxy ≥
1
2

∑
x,y∈Γi

| f (x) − f (y)|2 µi
xy

≥ Λi(Bi, πi(Ω))
∑
x∈Γi

| f (x)|2 πi(x)

≥ a1Λi(Bi, πi(Ω))
∑
x∈Γ

| f (x)|2 πΓ(x).

Above a1 is some constant depending on the compatible weights. Addition-

ally, due to the compatible weight condition and the fact that Ω ⊂ Γi, we have

πi(Ω) ≈ πΓ(Ω), proving the first part of the lemma for some appropriate constant

a2, which again depends on the compatible weights hypothesis.

Now suppose that B ⊈ Γi for some 1 ≤ i ≤ l. Consider the augmented pages

Γ̂i. Set Ω̂i := Γ̂i ∩Ω and define

Îi :=
∑
x∈Ω̂i

| f (x)|2 π̂i(x)
(
=

∑
x∈Γ̂i

| f (x)|2 π̂i(x)
)
.

(Recall there is some ambiguity in how π̂i is defined, but that all such definitions

are comparable to each other and to πΓ up to constants; see Definition 4.1.2.)

Since the spine Γ0 has fixed width, Γ ⊆
⋃l

i=1 Γ̂i. Then, where cB,CB are the

constants controlling compatible weights in the cutting/gluing,

l
∑
x∈Γ

| f (x)|2πΓ(x) ≥
1

CB

l∑
i=1

Îi ≥
cB

CB

∑
x∈Γ

| f (x)|2πΓ(x),

since each point in Γ appears in at most all l of the sets Îi and as the weights π̂i

are all comparable to π = πΓ.

Fix ε < (cB/l). Then there exists at least on j ∈ {1, . . . , l} such that Î j ≥ ε∥ f ∥22.

In particular, for such j, this means f is not identically zero on Γ̂ j. Hence B must
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intersect Γ̂ j and j ∈ JB. Further, B ∩ (̂Γ j \ Γ j) , ∅, since B is connected and is not

contained only in Γ j. Take y ∈ B ∩ (̂Γ j \ Γ j).

We claim there exists a constant C∗ such that Ω̂ j ⊆ B̂ j(y,C∗, r).

First note that Ω̂ j ⊆ Ω ⊆ BΓ(z, r) ⊂ BΓ(y, 4r) since y ∈ BΓ(z, r). Let w ∈ Ω̂ j. Recall

Γ j and Γ̂ j are quasi-isometric (with constant a relating their distances, constant

ε = δ relating neighborhoods) and Γ j is uniform in Γ (with a constant CU). Then,

since r ≥ 1,

d̂ j(w, y) ≤ ad j(Φ−1(w),Φ−1(y)) ≤ acU d̂i(Φ−1(w),Φ−1(y))

≤ acU

(
d̂i
(
Φ−1(w),w

)
+ d̂i(w, y) + d̂i

(
y,Φ−1(y)

))
≤ acU(2δ + 4r) ≤ acU(2δ + 4)r.

Thus w ∈ B̂ j(y,C∗r) for C∗ = acU(2δ + 4).

Let Λ̂ j denote a Faber-Krahn function for Γ̂ j. Assume the comparable condi-

tion of the edge weights is given by cm µ
Γ
xy ≤ µi

xy ≤ CM µ
Γ
xy. Then, by the above,

our choice of the index j, and Lemma B.1.1,

∥ |∇ f | ∥22 =
1
2

∑
x,y∈Γ

| f (x) − f (y)|2µΓxy ≥
1

CM

∑
x,y∈Γ̂ j

| f (x) − f (y)|2 µ̂ j
xy

≥
1

CM
Λ̂ j

(
B̂ j(y,C∗r), π̂ j(Ω̂ j)

)∑
x∈Γ̂ j

| f (x)|2 π̂ j(x)

≥
ε

CM
Λ̂ j

(
B̂ j(y,C∗r), π̂ j(Ω̂ j)

)∑
x∈Γ

| f (x)|2 πΓ(x)

≥ c1Λ j
(
B j(Φ−1(y), c2r), c3π̂ j(Ω̂ j)

)
, ∥ f ∥22.

In the last line, we combined some constants. Now, π̂ j(Ω̂ j) ≤ CBπ(Ω), and Faber-

Krahn functions are non-increasing in ν, so we may replace c3π̂ j(Ω̂ j) by c3CBπ(Ω)

in Λ j above, we then call c3CB as c3 again.
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It remains to show that we can control the expression involving Λ j above by

Λ. The vertex Φ−1(y) belongs to Γ j and lies within the δ-neighborhoods of both

Γ0 and B since y ∈ Γ0 ∩ B. Therefore it is clear

c1Λ j(B j(Φ−1(y), c2r), c3π(Ω)) ≥ Λ(B, ν).

□

B.3 Relation between Faber-Krahn functions and heat kernel

estimates

Let Γ be a graph satisfying all the hypotheses of the previous section and Lemma

B.2.1. Assume in addition that hypothesis (B2) holds, that is, that each page Γi

is Harnack. A consequence of this assumption is that the relative Faber-Krahn

function of each Γi has a nice form. In particular, there exist constants ai, αi > 0

such that for all balls Bi(z, r) in Γi and all ν > 0,

Λi(Bi(z, r), ν) =
ai

r2

(Vi(z, r)
ν

)αi

. (B.2)

Assuming that Γ satisfies all hypotheses of Lemma B.2.1 and hypothesis (B2),

then we can use the above to write out Λ in terms of volume functions of the

pages:

Λ(B, ν) = c1 min
i∈JB

min
α∈[B]δ∩Γi∩[Γ0]δ

Λi(Bi(α, c2r), c3ν)

= c1 min
i∈JB

min
α∈[B]δ∩Γi∩[Γ0]δ

ai

c2
2r2

(Vi(y, c2r)
c2ν

)αi

≈ min
i∈JB

min
α∈[B]δ∩Γi∩[Γ0]δ

C
r2

(Vi(y, r)
ν

)αi

.

191



In the last line, we have used the fact that each Vi is doubling (and we have a

finite number of pages), so Vi(y, c2r) ≈ Vi(y, r) since c2 is a fixed constant.

Define

Vmin(z, r) := min
i∈JB

min
y∈[B]δ∩Γi∩[Γ0]δ

Vi(y, r) (B.3)

and set

F(z, r) :=


Vi(z, r) = VΓ(z, r), if B ⊂ Γi for some 1 ≤ i ≤ l

Vmin(z, r), else.
(B.4)

Corollary B.3.1. Let (Γ, µ, π) be a graph with pages Γ1, . . . ,Γl and a fixed width spine

Γ0 satisfying hypotheses (B2), and (B4). Set α = min1≤i≤l αi, where αi is the exponent

appearing in the relative Faber-Krahn function of Γi as in (B.2). Let Vmin, F be defined

as in (B.3), (B.4), respectively. Then a relative Faber-Krahn function for Γ is given by

Λ(B(z, r), ν) =
C
r2

(F(z, r)
ν

)α
. (B.5)

The corollary follows directly from Lemma B.2.1 and the above.

Theorem B.3.1. Assume Γ is a graph with a relative Faber-Krahn function given by

(B.5) as in Corollary B.3.1 above. Then

p(n, x, y) ≤
c1√

F(x,
√

n)F(y,
√

n)
exp

(
−

d2(x, y)
c2n

)
. (B.6)

There is a significant amount of literature on the relationship between Faber-

Krahn functions and heat kernel upper bonds. However, the literature does not

quite cover the case given here. As such, we require several lemmas and small

modifications of existing work, which we give in the next section for complete-

ness.
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B.3.1 Proof of Theorem B.3.1

There are some very general results about heat kernel upper bounds and Faber-

Krahn functions in the continuous case in the work of Grigor’yan; see for ex-

ample Theorem 5.2 of [25]. However, there are not quite such general results in

the discrete case. In [11], Coulhon and Grigor’yan prove the equivalence of Γ

being Harnack and having relative Faber-Krahn function of form (B.2). In par-

ticular, this implies that if Γ has a relative Faber-Krahn function of form (B.2),

then p(n, x, y) satisfies the upper bound

p(n, x, y) ≤
C√

V(x,
√

n)V(y,
√

n)
exp

(
−

d2
Γ
(x, y)
cn

)
.

We would instead like to prove that if Γ satisfies (B.5) that p(n, x, y) has the

upper bound given by (B.6); this amounts to replacing VΓ(z, r) by the function

F(z, r). It is not possible for us to simply replace V with F in their entire argu-

ment, in part because having a relative Faber-Krahn inequality of form (B.2)

would imply Γ is doubling, which we need not be true in our case. Nonetheless,

we can still follow most of the same general approach of both [25, 11]. We begin

by collecting together some lemmas.

We start with an L2 mean value inequality as in Section 4 of [11].

Lemma B.3.1. Let (Γ, µ, π) be a graph with a relative Faber-Krahn function of the form

(B.5) and let u(T, z) be a non-negative sub-solution of the discrete heat equation. Then

u2(T, z) ≤
C

F(z, r) min{T 1/α+1R−2/α,R2}

2T∑
k=0

∑
x∈B(z,R)

u2(k, x)π(x). (B.7)

Proof. We can essentially copy the proof given in [11], Sections 4.4 and 4.5.

Mostly, they treat

β =
a
R2 V(z,R)α
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as a constant. All of the difference in the situation here enters into the quantity

β, as we have instead

β̃ =
a
R2 F(z,R)α.

The only time the volume is explicitly used is to prove that

β ≤ cπ(z)α =⇒ βα
−1γ−N

≤ cπ(z)γ
−N
, (B.8)

an equality which seems to “magically” make certain factors in the somewhat

involved iteration proof cancel. That the inequality in (B.8) holds for β̃ is true for

essentially the same reasons. The desired inequality will follow if we can show

F(z,R)
π(z)

≤ cR2/α.

Consider B = B(z,R) and let Ω = {z}, which is a subset of B(z,R). Let f be the

function on Γ that is 1 at z and zero everywhere else. Therefore, by the form

(B.5) of the Faber-Krahn function on Γ,

1
2

∑
x,y∈Γ

| f (y) − f (x)|2µxy ≥ Λ(B, πz)
∑

x∈B(z,R)

| f (x)|2πx

=⇒
∑
y∼z

µyz ≥
a
R2

(F(z, r)
πz

)α
πz.

Since the weights are subordinated to the measure, it follows that
∑

y∼z µyz ≤ πz.

Therefore we get precisely the desired inequality(F(z, r)
πz

)α
≤ CR2.

Otherwise than this modification, the proof goes through exactly as in [11].

□

We can think of Lemma B.3.1 as an L2 → L∞ type estimate. We would like

to obtain an L1 version of this result. There are several ways we can proceed.
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The approach we take here is to try to directly repeat the arguments given in

the continuous setting in [25]. One of the main obstacles present in the discrete

work [11] is that at the time of that paper’s publication, there was not yet a dis-

crete version of the integrated maximum principle, which is a key component

of the arguments of [25]. Hence the methods in [11] necessarily avoid appeal-

ing to this principle. However, Coulhon, Grigor’yan, and Zucca give a discrete

version of the integrated maximum principle in [12]. Hence we may make use

of several of their results to follow the method of [25].

Lemma B.3.2 (Discrete integrated maximum principle, Theorem 2.2 [12]). Let

(Γ, µ, π) be connected graph with controlled and uniformly lazy weights, where α is a

constant such that K(x, x) ≥ α for all x ∈ Γ. Let f be a strictly positive function on

[0, n] × Γ such that for all x ∈ Γ, k ∈ [0, n),

∂k f (x) +
|∇ fk+1|

2

4α fk+1
(x) ≤ 0. (B.9)

Then, for any solution u of the heat equation in [0, n) × Γ, the quantity

Jk = Jk(u) :=
∑
x∈Γ

u2
k(x) fk(x)π(x) (B.10)

is non-increasing in k, that is, Jk+1 ≤ Jk for all k ∈ [0, n).

Lemma B.3.3 (Proposition 2.5 of [12]). Let (Γ, µ, π) be a connected graph with con-

trolled and uniformly lazy weights. Let ρ be a 1-Lipschitz function on Γ such that

inf ρ ≥ 1. Then there exists a positive number Dα (depending only on α from the uni-

formly lazy condition) such that for all D ≥ Dα, the weight function

fk(x) = f D
k (x) := exp

(
−

ρ2(x)
D(n + 1 − k)

)
(B.11)

satisfies (B.9) for all x ∈ Γ, k ∈ [0, n).
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Lemma B.3.4 (Proposition 5.3 of [12]). Again let (Γ, µ, π) be a connected graph with

controlled and uniformly lazy weights. Define the quantity

ED(k, x) :=
∑
z∈Γ

p2(k, x, z) exp
(d2

1(x, z)
Dk

)
π(z), (B.12)

where d1(x, z) := max{d(x, z), 1}.

Then for all x, y ∈ Γ, k ∈ N, and all D > 0,

p(2k, x, y) ≤
√

ED(k, x)ED(k, y) exp
(
−
−d2(x, y)

4Dk

)
. (B.13)

We now use the above lemmas to prove a discrete version of Theorem 4.1

of [25]. The proof is essentially the same and simply requires appealing to the

above discrete setting lemmas (instead of their continuous analogs).

Lemma B.3.5. As above, let (Γ, µ, π) be a connected graph with controlled and uni-

formly lazy weights with relative Faber-Krahn function of form (B.5). Let B =

B(z,R), d̃(x, y) = max{1, d(x, y)}, and d̃(x, B) = max{1, d(x, B(z,R)} = max{1, (d(x, z) −

R)+}. Then

∑
y∈Γ

p(k, y, z)2 exp
( d̃(y, B)2

ĉ(T + 1)

)
π(y) ≤

c̃T
F(z,R) min{R2,T 1+1/αR−2/α}

=
c

F(z,R) min{(R2/T ), (T/R2)1/α}
.

Proof. Fix B = B(z,R). Let φ be a function on Γwith finite support, and takeΩ ⊂ Γ

finite and containing both suppφ and B(z,R).

Set

uΩ(k, x) :=
∑
y∈Ω

pΩ,D(k, x, y)φ(y)π(y). (B.14)

By properties of the heat kernel p, uΩ is a solution of the heat equation on N ×

B(z,R). Without loss of generality, we may assume that φ ≥ 0, and, consequently,
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the same is true of uΩ. Applying Lemma B.3.1 to uΩ yields

u2
Ω(T, z) ≤

C
F(z,R) min{T 1/α+1R−2/α,R2}︸                               ︷︷                               ︸

A

2T∑
k=0

∑
x∈B(z,R)

u2
Ω(k, x)π(x). (B.15)

Now consider the function

f (s, x) := exp
(
−

d̃(x, B)2

ĉ(T + 1 − s)

)
.

For ĉ sufficiently large, f (s, x) is the sort of function considered Lemma B.3.3.

When x ∈ B, d̃(x, B) = 1 and f (x, s) = exp(−1/(ĉ(T +1− s))), which is largest when

s is smallest. In particular, when x ∈ B, exp(−1/ĉ) ≤ f (s, x) ≤ exp(−1/(ĉ(T + 1))).

Therefore

u2
Ω(T, z) ≤ A

2T∑
k=0

∑
x∈B(z,R)

u2
Ω(k, x)π(x) exp

(
−

1
ĉ

)
exp

(1
ĉ

)
≤ A exp

(1
ĉ

) 2T∑
k=0

∑
x∈B(z,R)

u2
Ω(k, x) f (k, x)π(x)

≤ AC(ĉ)
2T∑
k=0

∑
x∈Ω

u2
Ω(k, x) f (k, x)π(x)︸                      ︷︷                      ︸

Bk

We now want to apply the discrete integrated maximum principle. As men-

tioned above, uΩ solves the heat equation in Ω, and, by choice of ĉ, we also have

that f satisfies (B.9). Therefore, Bk is decreasing in k, which means it is largest

when k = 0. Consequently

u2
Ω(T, z) ≤ 2AC(ĉ)T

∑
x∈Ω

u2
Ω(0, x) f (0, x)π(x)

= 2AC(ĉ)T
∑
x∈Ω

[∑
y∈Ω

pΩ(0, x, y)φ(y)π(y)
]2

exp
(
−

d̃(x, B)2

ĉ(T + 1)

)
π(x)

= 2AC(ĉ)T
∑
x∈Ω

φ2(x) exp
(
−

d̃(x, B)2

ĉ(T + 1)

)
π(x).
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All sums above were finite and well-defined since Ω is itself finite. As Ω → Γ,

then uΩ → uΓ and

u2
Γ(T, z) =

[∑
y∈Γ

p(T, z, y)φ(y)π(y)
]2

≤ 2AC(ĉ)T
∑
x∈Γ

φ(x)2 exp
(
−

d̃(x, B)2

ĉ(T + 1)

)
π(x).

Now think of T, z as fixed and consider a map Φ : L2(Γ)→ R given by

Φ(η) :=
∑
y∈Γ

p(T, y, z) exp
( d̃(y, B)2

2ĉ(T + 1)

)
η(y) π(y).

If η(y) has the form exp
(
−

d̃(y,B)2

2ĉ(T+1)

)
φ(y), then Φ(η) = u(T, z). In this case,

Φ(η)2 ≤ AC(ĉ)T∥η∥2L2(Γ).

Since functions η of the form exp
(
−

d̃(y,B)2

2ĉ(T+1)

)
φ(y) (where φ has compact support)

are dense in L2(Γ),

∥Φ(η)∥2R = |Φ(η)|2 ≤ AC(ĉ)T∥η∥2L2(Γ), (B.16)

which imples ∥Φ∥2 ≤ AC(ĉ)T and that Φ is well-defined.

On the other hand, ∥Φ∥ = sup{∥Φ(η)∥ : ∥η∥L2 = 1}, so by Cauchy-Schwartz,

∥Φ(η)∥ ≤
[∑

y∈Γ

p2(T, y, z) exp
( d̃(y, B)2

ĉ(T + 1)

)
π(y)

]1/2[∑
y∈Γ

η2(y)π(y)
]1/2

=

[∑
y∈Γ

p2(T, y, z) exp
( d̃(y, B)2

ĉ(T + 1)

)
π(y)

]1/2

.

The supremum occurs when the above inequality is an equality, and hence

∥Φ∥2 =
∑
y∈Γ

p2(T, y, z) exp
( d̃(y, B)2

ĉ(T + 1)

)
π(y) ≤ AC(ĉ)T.

Recalling the definition of A and simplifying, we get the desired inequality∑
y∈Γ

p2(T, y, z) exp
( d̃(y, B)2

ĉ(T + 1)

)
π(y) ≤

Ce−1/ĉ

F(z,R) min{(T/R2)1/α,R2/T }
.

□
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We are at last ready to prove the theorem.

Proof of Theorem B.3.1. We begin with the result of Lemma B.3.4:

p(2k, x, y) ≤
√

ED(k, x)ED(k, y) exp
(−d2(x, y)

4Dk

)
.

Recall

ED(k, x) =
∑
w∈Γ

p2(k, x,w) exp
( d̃(x,w)2

Dk

)
π(w),

where d̃(x,w) := max{d(x,w), 1}. The only difference between ED and the left

hand side of Lemma B.3.5 is in the exponential term. In order to apply Lemma

B.3.5 to ED, we need to justify that we can replace exp
(

d̃(x,w)2

Dk

)
with exp

(
d̃(w,B)2

ĉ(k+1)

)
,

where we take B = B(x,R).

This sort of estimate is only of interest to us if k ≥ 1, so k+1 ≈ k.As in [25] (see

the proof of Corollary 4.1), a quadratic inequality holds. In particular, provided

that D > 2ĉ,
2ĉ
D

d̃(x, y)2 −
2ĉ

D − 2ĉ
R2 ≤ d̃(w, B)2. (B.17)

Therefore

exp
( d̃(x,w)2

Dk

)
≤ exp

( R2

(D − 2ĉ)k

)
exp

( d̃(w, B)2

2ĉk

)
≤ exp

( R2

(D − 2ĉ)k

)
exp

( d̃(w, B)2

ĉ(k + 1)

)
.

Hence, applying Lemma B.3.5,

ED(k, x) ≤
∑
w∈Γ

p2(k, x,w) exp
( R2

(D − 2ĉ)k

)
exp

( d̃(w, B)2

ĉ(k + 1)

)
π(w)

≤ exp
( R2

(D − 2ĉ)k

) C(ĉ)
F(x,R) min{(R2/k), (k/R2)1/α}

.

Now choose R =
√

2k; then R2/k is the constant 2 and

ED(k, x) ≤
C(ĉ,D)

F(x,
√

2k)
.
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Chaining inequalities above together gives

p(2k, x, y) ≤
C√

F(x,
√

2k)F(y,
√

2k)
exp

(
−

d2(x, y)
c̃(2k)

)
, (B.18)

where C, c̃ depend on ĉ. Tracing back through the lemmas, ĉ only depends upon

the value α from the uniformly lazy condition (i.e. K(x, x) ≥ α ∀x ∈ Γ, and not

on x, y, or k. Inequality (B.18) gives the desired result for even times; to get the

result for odd times, note one more time step doesn’t change much due to the

controlled and uniformly lazy weights. There is also no real need in the proof

above to take k an integer, though some modifications should be made with

floor/ceiling functions where appropriate. □
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