CHAPTER II.

POSITION, VELOCITY, AND ACCELERATION.

11. Velocity.—While Kinematics in its general sense
comprises all kinds of problems dealing with pure motion,
the number of such problems falling within the province of
the Kinematics of Machines is somewhat limited. We
shall consider in this chapter some elementary notions con-
cerning velocity which are applicable to the purposes of
the Kinematics of Machines. Methods of studying the
position and motion of a point or rigid body from a gecmet-
rical point of view have already becen indicated; it now
remains to investigate not only the amount by which such
position is changed during motion, but the rate of such
change of position. Going a step farther still, it may be
asked, does such velocity increase, diminish, or change in
any way as time goes on, and if so, at what rate?

The rate of change of position of a point or body is
called its wvelocity. A body, as we have seen, may change
its position by a motion of translation, or by one of rotation.
Hence we distinguish between linear and angular velocity,
The former is measured by the space passed over in unit of
time, and is usually expressed in feet per second, although
other units, such as miles per hour or knots, are adopted in
special cases. The latter is measured by the angle de-
scribed in unit of time, the natural unit being therefore one
radian per second. Engineers, however, commonly measure
angular velocity in revolutions per minute. Either kind
of velocity may be uniform or variable.

It is important to note that the term velocity involves
27
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the ideas of both speed, direction, and sense. In other
words, a velocity is a vector quantity, and, like other vector
quantities, may be represented by a straight line of definite
length, this length being proportional to the speed, or mag-
nitude of the velocity, measured in feet per second, radians
per second, or whatever units are to be employed.

In the case of linear velocity the direction of the vector
or straight line representing the velocity on the diagram is
taken to represent the directzon of the motion. Thus, for
example, we might draw upon a map a line running east
and west, and 2 inches in length, and take this line as repre-
senting a linear velocity of 2 miles per hour, or 2 feet per
second, either from east to west, or from west to east. The
sense of the motion may be either from east to west, or from
west to east. In order to indicate the sense, we place upon
the line a small arrow-head so as to show the point towards
which the body i1s moving (see Fig. 12).

In the case of angular velocity the direction of the vector
on the diagram would be taken to represent the direction
in space of the axis about which the spin or rotation is taking
place, and a line similar to that mentioned above would
mean a spin of two radians per second, or two revolutions
per minute, according to the scale, about an axis lying east
and west. This rotation may be either right-handed or
left-handed, and 1t is therefore customary to indicate the
sense by placing the arrow-head in such a fashion that the
spin will appear to be right-handed, or clockwise, when
looking along the axis and following the arrow-head.

It is plain that in this manner a velocity, whether linear
or anzular, may be completely represented by a vector,
having magnitude, direction, and sense.

12. Uniform Velocity.—A body having uniform velocity
(whether angular or linear) performs equal changes of posi-
tion in equal times. If the body has a uniform linear veloc-
ity v, 1t describes a distance v¢ in time ¢, where ¢ is any num-
ber of units of time. Calling s the space described, we have
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therefore s =v¢. Similarly, if the uniform velocity is angular
and 1s denoted by w, any line on the body in a plane per-
pendicular to the axis of rotation describes « radians in
each second and therefore wt radians in ¢ seconds, Hence,
calling 6 the angle described in ¢ seconds, we have

6 = wi.

If a point, at distance r from the centre about which it
moves in a circular path, has a linear velocity v, its angular
velocity is measured by the angle subtended at the centre
by the path it describes in one second. Hence

13. Variable Velocity.—In general a moving body
varies its speed as well as its direction of motion. It is easy
by observing the time taken to travel over a known dis-
tance, for example in a train, to calculate the average speed
of the train during the interval considered. This does not
tell us, however, the actual speed of the train at any instant
during the interval of time, which may be quite diffcrent
from the average speed.

The velocity at any instant, or instantaneous velocity, 1s
measured by the space (or angle, as the case may be) which
would have been described in a unit of time if the motion
had continued uniformly, during that interval, at the same
rate as at the instant considered. The word instant is here
used to mean an indefinitely small interval of time.

Wee are not able to measure the distance (or angle) de-
scribed during an indefinitely small interval of time, and
therefore have to obtain the value of the instantaneous
velocity of a body in another manner.

This will be best understood by a numerical example.
Suppose that a man in a street-car at 12 o’clock finds that
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1in 10 seconds the car traverses a distance of zoo feet. This

gives 20 feet per second as

the average speed during the 10

seconds after 12 o’clock. Suppose that other observations

taken during the first 1{,

2, and 4 seconds showed that

during these times the car travelled 30, 48, and 100 feet, cor-
responding to average speeds of 25, 24, and 21.75 feet per

second. It is evident that

the speed must really have been

continually diminishing, and that the shorter the time dur-
ing which the observation was made, the more nearly do we
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obtain the speed at which the car must have been travelling

at 12 o’clock. To arrive

at this more exactly, since we

cannot measure the distance passed over in an infinitely
small interval of time, we plot a curve {rom our observations,
as in Fig. 10, and see that the speed at 12 o'clock must have

been 27 feet per second.

In mathematical language, if 4s

be the distance traversed in a small interval of time 4¢, the

average velocity during th

at small interval is j_: while the

velocity attheinstant beginning che interval is measured by
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POSITION, VELOCITY, AND ACCELERATION. 31

diminishing 4 indefinitely, and finding the limiting value

ds : ds
of =° -
4 OO M the language of the calculus TR Thus
_ds
S ar’

The same reasoning, of course, applies in the case of
angular velocity, where we should write

ade

Q) —

at’

Compare these with the corresponding expressions in the
case of uniform velocity.

14. Uniform Acceleration.—A body moving with uniform
acCeleration changes its velocity by equal amounts in equal
times. Thus suppose that in time ¢ the velocity changes
from v, to v,; we have, if a is the acceleration,

.=
ﬂ=2t'........(1)

v, + 7,
. 2
arithmetical mean between the initial and final velocities;
hence if s be the space described,

Agamn, the average velocity during the time ¢/ is , the

s=mt........(2)
2

From these two expressions we find

v, —v,?
S="'Z ! * . - ] . . . L (3)

2a
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Butv,=v,+at. Substituting in (3), we get
a
5==1H£+~;t2. N )

In the case of angular velocity precisely similar relations
hold, so that, calling « the uniform angular acceleration, w
the angular velocity at the beginning of the time ¢, and 6
the angle described, we have, instead of (4),

a:mg+?%. N 7))

To express the velocity 1n terms of distance (or angle)
and initial velocity we shall have instead of (3)

a;22=w12+2aﬁ,. N & 1))

while the expression connecting velocity, acceleration, and
time 1s
w, = w,+ at, % B @05 . 3 (I{J)

As an example of the use of these expressions, suppose a
wheel 15 revolving thirty times per second and comes to rest
in 12 seconds. How many revolutions will it make in coming
to rest if uniformly retarded?

We have w,=w,+ at: hence

12¢¢+ 30 X 27 =0,

[ Yo¥rs :
and o= — = — 15.71 radians per second per second.
I2
Again, w,’ =w,’+ 2af; hence
(6oz)?*~ 1020 =0,
6or)? .
and f = (60x) = 360~ radians.

IOT

Hence the wheel cemes to rest in 180 revolutions.
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Again, a train starting from rest has a uniform accelera-
tion of half a mile per hour per second. How far will it
have travelled before attaining a speed of 30 miles per hour,
and in what time will this occur?

In the equation (4) above we have s =v ¢+ at?,

Here v, = o, t evidently will be 60 seconds, and g — 2640 _
3600

0.733 feet per second per second. Thus

s =O'733§3§$ =1218 feet.
2

It should be noted that it is as incorrect to speak of
an acceleration of so many feet per second as it would be to
say that a body has a velocity of so many feet, without men-
tioning the unit of time.

15. Acceleration in General. - The determination of
velocity and acceleration in the case of non-uniform or tijon-
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uniformly accelerated motion will be discussed later.
Acceleration is defined generally as rate of change of velocity
with regard to time, and so far we have used the term as
meaning change in the magnitude of the velocity, whether
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Jinear or angular. Strictly speaking, however, a change
m the diredtion of motion in linear velocity, or in the position
of the axis of rotation in angular velocity, is also an accelera-
tion. In fact, a point travelling in a circular path around
a fixed point has an acceleration impressed upon it, although
its angular velocity may be uniform, and such acceleration
is called rddzal, for reasons which will presently be seen.

In Fig. 11 let AB represent a portion of the curved path
alng which a point is travelling with a linear velocity v,
whose direction 1s continually changing. Let p be the
radius of curvature OP of a very small portion PQ, and O
the centre of curvature, ¢ being the very small angle be-
tween the tangents at /2 and (), an angle so small that the
arc P(Q 1s not sensibly different from 1its chord.

Consider the acceleration in a direction parallel to PO.
The time taken for the particle to travel from P to Q will be
PTQ, But during this time the distance traversed under ac-
celeration a is P,() parallel to PO. Hence (if a1s constant)

] 2
P.O= w(fy_@) and a =v? (2]}322% :

It 1s known that for very small angles the numerical
value of the sine of an angle is sensibly the same as the angle
itself (of course expressed in circular measure). Also in the
figure 1f we make ¢ small enough, /() =1P(), the error in
this statement diminishing as ¢ diminishes. Hence for an
tdefinitely small vdlue of ¢ we may say that

2PO_ PO . 1 POt 1 P
PG PQ.M(Q PX =—and hence a=—,

PQ 0P PQ ", 0
The statement i1s exactly correct, and a i1s the radial

acceleration at P, because we have taken ¢ as being the

angle described during an indefinitely small interval of

time.
The earth’s equatorial radius is 4000 miles, and the
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earth makes one rotation on its axis in about 86,200 seconds,
What is the radial acceleration of a particle on the earth'’s
surface at the equator?

Linear velocity of a point at equator

A

LR S I et feet peresecond.

86200

Thus v: _ (27)? X 4000 X 5280
P 862002

=o0.112 feet per second per second.

It is often necessary to find the acceleration of a body
along its virtual radius; this is of course determined in
exactly the same way as the radial acceleration with regard
to a pecrmanent centre.

16. Composition of Velocities and Accelerations.—It has
been already pointed out that velocities, whether linear or
angular, can be represented by straight lines of definite
length, sense, and direction, and are in fact wvector quantitzes,
as distinguished from scalar quantities, such as mass,
energy, and so on which have simply numerical values.
Accelerations are also vector quantities.

The resolved part of a vector in any new direction is
found by projecting its original length on the new direction,

FiG. 12.
If, for example, a ship is proceeding northeast at a speed of
13 lnots, represented by the vector AB (1 knot being a
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speed of 6080 feet, or 1 nautical mile, per hour), its resolved
velocity in a northerly direction is represented by

AC =ADB cos 45° =13 Xo0.707 =9.19 knots.

This shows that each hour the position of the ship is g.19
nautical miles farther to the northward.

Again, suppose that the ship, still steering N.E. at the
same specd, runs into a current whose speed 1s 4 knots due
east, what will be the real velocity of the ship relatively to
the earth? Relatively to the water its speed is still 13 knots

>

4 KNOTS -

Fic. 13.

in a N.E. direction, but the water is itself moving, and at
the end of the hour the ship will evidently be at D, a position
obtained by measuring 4 nautical miles east from 5. @n cal-
culation 1t will be found that at any time during the hour the
ship has been moving relatively to the earth along the line
AD, and its real speed over the ground (about 16 knots) will
be measured by the length of A D, the third side of a triangle,
whose other two sides represent respectively the velocity
of the ship relatively to the water, and the velocity of the
water relatively to the earth, Wesay, then, that the vector
A D represents the resultant of the two vectors AL and BD,
obtained by the process of vector addition.
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The above example deals with plane motion 1n a straight
linc only. But if we are treating of the motion in space of
a body having six degrces of freedom, its motion may be
considered as made up of three motions of simple translation
and three motions of rotation, which, when compounded
according to the method just explained, constitute the
actual motion of the body.

It must not be forgotten that the resultant of two or
more angular vclocities can be found in exactly the same
way as for linear velocities. :\s already cxplained, it is
customary to indicate an angular g
velocity by a vector (as in Fig. 14),
representing tlie numerical value of
the velocity by the length AB, the
dircction of the axis by the direction
of AB, and the sense of rotation by A
drawing AB in such a manner that Fic. 14.
the rotationis clockwise, or right-handed, when looking from
A to B. It is often necessary to compound or to resolve
spins or angular velocities according to the mcthod of
vector addition, which will be already familiar to most
readers under the name of the tnangle of vclocities, or
the parallelogram law for the composition of vectors.

17. Resultant Acceleration.—In Fig. 15 let B reprc-
sent the original velocity of a particle, and suppose that
accelerations represented by BC, BI) are impressed upon
the particle. Then BC and BD may be taken to represent
the velocities gencrated in one second, corresponding re-
spectively to the two accelerations.

If now the acceleration BC had alone acted on the point,
its velocity at the end of one second would have been AC.
Again, if AC had been the original velocity and an accelera-
tion BD had been impressed. the final velocity at the end
of one second would have been AD’, where CI) is equal and
parallel to BD. The two accelerations, therefore, have
changed the original velocity from AB to AD’. But this
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effect would have been produced by compounding with AB
for one second a velocity BD’, and we may therefore look
on BD’ as representing the change of velocity in one second,
due to the action of the accelerations BC and BD. In

Fi1G. 18.

other words, BD’ is the resultant of the accelerations BC
and BD.

The general rule for the composition oraddition of vectors,
then, is that the resultant of two vectors is the diagonal of a
parallelogram (or the third side of a triangle) of which the
two components form the two adjacent sides. In this way
we can find the resultant of any number of velocities, or
of accelerations, either linear or angular. The same rules
apply to the composition of any other vector quantities.

18. Diagrams of Displacement and Velocity.—In study-
ing the motion of a body, whether linear or angular, itis
necessary to know the position of the body at every instant
during the motion, if we desire full information as to its
velocity and acceleration. We have seen that if we only
lanow the position of the body at certain times we can obtain
the value of the average velocity between those times, but
cannot tell exactly how the real velocity has changed.

It would of course be very cumbersome to have to state
in words or figures a sufficient number of particulars to give
us a practically complete knowledge of the position, velocity,
and acceleration of a body, and therefore in such cases
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graphic methods of representation and calculation are gen-
erally adopted.

For example, in order to determine the velocity of a
body whose changes of position are known, such a diagram
as Fig. 161sconstructed. Two axes, OA, OB, are drawn at
right angles, and distances measured parallel to OA accord-
Ing to any convenient scale are considered to represent time,
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while lengths measured parallel to OF represent either the
distance that has been traversed by the body, reckoning
from some known position, or the angle turned through by
the body at any given instant. This quantity we may call
the displacement of the body, and it may be either linear or
angular.

For instance, from the figure we see that after the lapse
of 3 secands the body in question has moved 10 feet from
its original position, and we might give the information
contained in the diagram in a less complete form in the
shape of a table, thuse

Time........ o 1 2 3 4 5seconds.
Displacement. o o 5 10 12 12 feet.

From the diagram, however, we are enabled to gather
further particulars, for it is plain that the curve of displace-
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ment during the second and third seconds is straight, ie.
distance is increasing proportionally to time, or the velocity
1s uniform and the speed 5 feet per second. During the
fourth second the distance increases more and more slowly,
and then remains constant, hence the velocity diminishes
and finally ceases. Thus plainly, in order to find out the
velocity at any instant from such a diagram, we have only
to determine the rate at which distance (or angle) 1s increas-
ing or diminishing at that instant. We shall see that this
intformation can be obtained from the form of the curve.
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In Fig. 17 let ABC be any curve of displacement on a
time base, and let Aat, Bb represent the distances (or angles)
corresponding to the times Oa, Ob. We wish to determine
the velocity at the point A, 1.e., after the lapse of the time Oa.

It has already been pointed out that to find the instan-
taneous value of a velocity, or the velocity at any instant,
we must take what is really the average velocity during an
infinitely small time, or, if 45 be a small change in position
and J4¢ the corresponding interval of time, the instantaneous

velocity is the limiting value of j; In the figure let A and
B be very close together; evidently BD = Bb— Aa =ds, the
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change in distance during the time 4¢. The small interval
of time 4t is represented by the length ab=.4D. Hence
the ratio

BD _s

AD 4t
Draw the straight line A B and produce it to cut the axis of
: i ) 4s BD Aa
time in £, making an angle AEa=¢. Then T =AD" fa

=tan ¢. Now suppose we diminish 4¢, making B approach
A more and more nearly, as is shown on a larger scale in

Fic. 18.
Fig. 18. The chord AB becomes A B, and, as 4t diminishes,
approaches more and more closely to the tangent to the
curve at A, and, if 4¢ 1s made infinitely small, AB will

.. : : 4
coincide with that tangent. Still, however, the value of th
i1s shown by the numerical value of tan ¢, and 1n the limit

velocity =tan ¢ =g§’*

Accordingly we may say that to find the velocity of a
body at any instant from its diagram of displacement drawn
on a lvme base, we have only todraw at the point correspond-
ing to that instant a tangent to the curve. The slope of
that tangent, as measured by the tangent of the angle it
makes with the axis of time, is proportional to the velocity,
and indeed represents the velocity numerically if the dis-
tances are measured to their proper scales. For example,
at C in Fig. 16, to the scales marked, tan ¢ has the value
1o feet

2 sec.

e

*See §_13.

and shows, therefore, that at 3 seconds the body 1n
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question had a velocity of 5 feet per second. If a scale of
miles had been marked along the axis of distance, while
hours had been measured along the axis of time, our velocity
would have been read in miles per hour.

The reader should notice that at the point F in Fig. 17
the displacement has ceased to increase with increase of
time, and is about to decrease; the body has in fact reached
its maximum distance from its starting-point. At this
point the body must of course cease to be moving for an
instant, which i1s shown by the fact that the tangent to the
curve at F 1s horizontal, corresponding to zero velocity.
After F the velocity will of course have to be reckoned
negative, since distance i1s now diminishing as time goes on.

If the velocity at every instant could be measured n this
wayv and a new curve drawn on a_time base, having ordinates
at each instant proportional in length to the velocity at that
instant, we should obtain a curve or diagram of velocity.
Actually we obtain only a sufficient number of values to
give us a series of points on the curve, through which the
curve can be drawn. This has been done as an example
in Fig. 19. The full curve 1s a diagram showing the dis-
tance from London at times between 11.50 A.M. and 12.20
P.M., on a certain date, of the London and Exeter express
on the Great Western Railway, the times of passing various
stations and mile-posts having been carefully noted. From
this full curve has been drawn a dotted one, the height of
which at any point is proportional to the speed of the train
at that time; this dotted line in fact is a curve of velocity.

It will be seen that the curve of displacement slopes
continually upward, showing that the train did not stop
during the time considered. Its speed, however, was verv
variable. The train performed the whole journey from
London to Exeter, 194 miles, in 3 hours 38 minutes without
a stop; thus the average speed was 53.4 miles per hour. At
about 12.14, however, the speed for a very short time is seen
to have exceeded 8o miles per hour, as shown at [, while
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shortly afterwards, at about 12.19, a signal-check caused the
speed to be reduced to about 10 miles per hour, as shown
at C. The method of finding points on the curve of velocity
is shown at B. The ordinate at B is proportional to the
ratio Aat Ea, where AFE is a tangent to the displacement
curve at A.

By the construction of such curves we can trace out the
whole history of the motion, and if a sufhicient number of
points have been taken, and our drawing has been accurate,
the results will be trustworthy for all practical purposes.

It 1s often difficult to draw the tangents to the curve
correctly enough, especially if the slope of the curve is small,
and it is usual to adopt another construction, to be explained
later, which avoids the necessity of drawing the tangents by
guesswork.

It is to be noted that diagrams of displacement may
quite well be drawn, in which ordinates represent angles
instead of distances, and from such diagrams angular
velocities can be obtained exactly as described above.

19. Diagrams of Acceleration.—If a diagram of velocity
on a time base be drawn, the curve of acceleration can be
obtained from it by an application of the same method
adopted for getting the velocity curve from that of displace-
ment. In Fig. 20 let OAB be a curve of velocity. At any
point A the rate of change of velocity is the limiting value
of the ratio of the small change 4v in velocity to the small
interval of time 4¢ in which such small change occurs, and
by similar reasoning to that in § 18 it will be seen that
this ratio is numerically equal to the tangent of the angle
of slope of the curve at the point considered. In the figure,
then, the acceleration at A is represented by tan @. Plainly
at such a point as C, where the velocity has a maximum
valuc (having ceased to increase and being about to de-
crease), there will be no acceleration, and the acceleration
curve will pass through the time axis, as at ¢. Further, it
will be noticed that where the velocity is increasing uni-
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formly (as between D and E), and the curve of velocity is
therefore straight, the acceleration curve becomesa horizon-
tal straight line, as at de.
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In practice, when such diagrams have to be drawn
either for curves of velocity or of acceleration, a somewhat
different method 1s adopted (as shown in Fig. 21), based on
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the same principle, but avoiding the necessity of drawing
a number of tangents to the curve, many of which can only
be determined approximately.

The diagram shows a curve of displacement* for an
electric street-car starting from rest. The data were ob-
tained from tests of a special car designed for an initial
acceleration of 3 miles per hour per second.

To construct from such a curve the corresponding curve
of velocity, the time shown by the diagram is divided into
a number of small intervals, in this case of 2 seconds each,
as at ab. On measurement the length bc¢ 1s found to repre-
sent 100 feet and 1s the difference between aa’, or bb’, and cb’.
Now aa’ is the distance moved by the car during the first
14 seconds. Thus ¢b represents the distance traversed during
the fifteenth and sixteenth seconds, and accordingly the
averdge velocity for those two seconds was 1§2, or 5o feet per
second.

In the figure an ordinate ¢f of length five times bc¢ has
been marked oft at the point corresponding to 15 seconds
from the start, and its extremity gives one point on our
curve of velocity. In the same way jk has been made 5 X gh,
and so on.

A curve drawn through the points thus found shows
approximately what was the velocity at any time after the
start. We say approximately, because the attud! velocity
at the middle of-a 2-second interval would only be equal to
the averdge velocity during such an interval if the straight
line joining ac (for instance) had been parallel to the tangent
to the displacement curve at d; that 1s, if the points a”, f, b’
had been in a straight line. We know that actually this
may or may not be the case, but by taking sufhciently small
intervals of time we can reduce the error from this cause to
any desired extent, until in fact it becomes neghgible.

In order to obtain from the velocity curve that of accel-

* Taken from Engineering /Vews, Oct. 14, 1897.
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eration, an exXactly similar procedure is employed. The
length bn, for example, has been set up and exaggerated
fivefold at np, and 1s proportional to the change of velocity
during the tenth and eleventh seconds.

Having drawn our curves, it becomes necessary to deter-
mine their scales, that of the original diagram of displace-
ment being known.

The displacement diagram was drawn originallyt® on such
a scale that bc (representing 100 feet) was actually half an
inch; the scale of distance was then 200 feet to the inch.
The scale of time was 1’/ =5 seconds, or 1 second = § of an
inch. A length bc transferred to the velocity diagram then
represented (if ab=2 seconds) a velocity of 5o feet per
second, giving a scale of " = 5o feet per second, or 100 feet
per second to the inch. For clearness this was exaggerated
in the figure, so that 20 feet per secondt=1 inch. In the
same way the scale of the acceleration curve was made
such that five inchest=10 feet per second per second.
Scales of miles per hour and miles per hour per second have
also been marked for comparison.

In general, then, the scales of such diagrams may be de-
termined as followst

Let the displacement diagram be drawwn to a distance
scale of 1 inch =/ feet, and suppose the short intervals of
time during which the average velocities are estimated are
each n seconds.

An ordinate of r inch in length on the displacement
diagram when transferred to the velocity diagram then
represents a velocity of / feet in # seconds, 1.e., I/i feet per
second. The scale of the velocity diagram is then #// inches
=1 foot per second

Thus 1n the figure above we should have, if the ordinates
were not exaggerated, a velocity scale ot y}s incht=1 foot
per second, for =200 and # =2. It was drawn actually to
a scale of 5 inch =1 foot per second.

* It is of course reproduced here to a smaller scale.
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Considering next the scalc of the acceleration diagram,
suppose that on the velocity diagram the velocity scale is
1 inch = feet per second, while the small intervals of time
are as before # seconds each; then an ordinate of 1 inch on
the acceleration diagram will represent an acceleration of
ni/n feet per second per second.

In the figure m =20, n =2, so that the acceleration scale
would naturally have been %° =10 feet per second per second
to the inch, had it not been exaggerated for clearness to 2
feet per second per second to the inch.

20. Diagrams on a Displacement Base.— Diagrams of ve-
locity and acceleration may also be drawn on a displacement
base, in which case lengths measured horizontally are pro-
portional to distance traversed or angle describedt such a
construction is frequently very useful.

We have seen that on a time base the velocity curve for
a body having uniform acceleration will be a straight line,
passing through the origin of the two axes if the body has
no vclocity when time is reckoned zero. Velocity is then
proportional to time. Suppose, however, that vwe consider
the way in which velocity varies with regard to displace-
ment in such a case.

Let a be the constant acceleration, v the velocity attained
from rest after moving for a time ¢; then by our definition

a :'-Z;. Now the distance moved by the body will be numer-

ically equal to the average velocity (%) multiplied by the

time: thus s = vt or v= —2-: :
2
But v =at; hence

. 2ast
v i =24s.

Therefore, the acceleration being constant, the displace-
ment varies as the square of the velocity. In the figure the



50 KINEMATICS OF MACHINES.

acceleration is 1.5 feet per second per second, and the dis-
tance traversed in the first two seconds (during which a
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velocity of 3 feet per second has been attained) 1s § X2 =
3 feet. In 3 seconds, the velocity heing 4.5 feet per second,

a distance of fz—s X 3 =6.75 feet will have been described, and



POSITION, VELOCITY, AND ACCELERATION. ST

in 1 second, the velocity being 1.5 feet per second, a distance

of 12 x1 =0.75 feet will have been covered. The diagram
2

of velocity and displacement shown in the lower part of
Fig. 22 will be found to express these relations, and
the velocity curve on a displacement base is not a straight
line, but a curve whose ordinates are proportional to the
square roots of the abscissa.

21. Acceleration Curves on a Displacement Base.—Let q, c,
(Fig. 23), be two points on a velocity curve drawn on a
displacement base. The difference of the ordinates b¢ repre-
sents the change of velocity. Draw the straight line ac, bisect

VELOCITY

a’ e U | S DISPLACEMEAT
R
Fre. 213.
it by the line df at right angles, and draw de perpendicular
ef _bc

to the axisof displacement. Then -~ since the triangles

abc, def are similar.

Assuming ghat the velocity changes uniformly, while
the moving body describes the distance represented by
a’b’, letes be the space described in time ¢, while the velocity
changes from v, to v,. Then we know that

-E'--—‘_‘Ut and i= e .
2 U1+,

S
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Again, the acceleration

hence
_ (v,— v, (v,+v,)
2S |

a

But in the figure aad’ =v,, ¢b’ =v,, so that v,—v, = b,
2

—=de, and s=ab; thus

bCXdezef
o )

accelerationt=

Actually, of course, the velocity in general does not
change uniformlyt we may, however, take a indefinitely
close to ¢, so that the straight line ac becomes a tangent to
the velocity curve, and df becomes the normal to that curve,
while ef is the subnormal at d and represents the accelera-
tion,

We find, then, that in the case of a velocity curve drawn
on a displacement base the subnormal at any point repre-
sents the acceleration. It only remains to determine the
scale on which, for example, ef represents the acceleration
at c.

Let the scale for velocity be 1 incht=#: feet per second,
while the distance scale is onc incht=# feet. Let ab, bc, de,
and ¢f be measured in inches. Then, wunerically, V,— v, =
bc X m feet per second, -Z'ﬂizﬂ- =de X m feet per second, and
s=ab X feet. But we have just seen that

(vg—v,) (v, +v,)
s X2
be X 1t X de X w
a abXn

m?
= ef X et
71

acceleration =

ef being also measured in inches.
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In Fig. 24 is given the curve of velocity for a cable-car
from starting to stopping on a run of 200 fecet, and from it
the curve of acceleration has been drawn, the construction
for one ordinate being shown. Note the high positive accel-
eration at the start, indicating a considerable jerk, followed
(after the first 35 feet) by a small and variable value of the
acceleration, sometimes positive, sometimes negative. The
stoppage of the car is accomplished in the last 35 feet,
and 1s shown by the ncgative acceleration or retardation
during that portion of its travel.

As originally drawn, the velocity scale was 1 incht=3
miles per hour = 7.33 feet per second, while the distance scale
was one incht=s5o feet. Accordingly the acceleration scale

was 1 incht;=7'335>:7'33 =1.075 feet per second per second,
oro.732 mile per hour per second. The greatest acceleration
is then about 3.3 miles per hour per second, and the greatest
retardation about 2.2 miles per hour per second.

I't should be noted that the curve of velocity on a displace-
ment base, when acceleration is constant, is a parabola, this
being the curve one of whose characteristic properties is
the constancy of the subnormal.*

22. Polar Diagrams of Displacement, Velocity, and Ac-
celeration.—Bcsides employing the methods just given for
drawing curves of displacement, etc., it is often useful,
especially in considering periodic motion (in which the same
circumstances or conditions as to velocity or displacement
repeat themselves at regular intervals of time), to draw
diagrams in which a radius vector represents displacement,
velocity, or acceleration, while the angle turned through by
such a radius is proportional to time.

In Fig. 25 suppose that a line ON turns about the point
O. starting from the initial position OM ; the angle 6 it has
described, when it has reached any position such as O A, being
proportional to an interval of time ¢, during which a body

* See Fig. 22.
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whose motion we are considering has moved to a distance s,
from its starting-point. Mark off a distance OA =s,. Then
a curve, such as NAB, drawn through successive positions

Fic. 2s.

of A, is a polar dragram of displacement for the body con-
sidered. Let OB =s,, while the angle BOA =¢,.

Then the average velocity between the times ¢, and ¢, will

be represented by angle—;(g) 3 =£t3—__-5tL. Making OC =0A4,
¥ 2 1

we have, therefore,

BC ds

average velocity = angle BOA 46

Join AC, and draw the straight line BA. Now if 46 is
a very small angle, the length of the straight line AC does not
differ sensibly from that of the arc of a circle of radius OA,
so that we may sav that if 40 1s small,

AC

40 =2
A0’

4s BC.AO

46 ~ AC
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Bisect AB in D, and draw OD, DE, OE, respectively
perpendicular to .AC, AB, BC, so that the triangles BC A,
BC _EO and
AC DO
ds OF
‘T(fe_EFOXAO'

EOD are similar; then

Next suppose that the interval of time represented by

46 becomes indefinitely small, so that the points B and A

coincide, and AB becomes a tangent to the curve. d4sand

40 will both become infinitesimal in magnitude, but their

ratio (which now represents the velocity the body has when

a time represented by 0 has elapsed) is finite, and its value
OFE.AO

i1s measured by the limiting value of _ﬁ'aﬁ when A0 =D0.

Fi1G. 26.

This is of course OFE. Hence the velocity is measured by
the length of OF when taken to the proper scale and drawn
perpendicular to OA, and to find the velocity correspond-
ing to any point A on a polar displacement diagram, we
draw a normal to the curve, and find its intercept OF on a
line drawn perpendicular to the radius vector OA. By
carrying out this construction for a number of points and
marking off valuesof OF along OA (as at OF, Fig. 26) in
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each case, we find points on a new curve, QF F,, which
is in fact a polar velocity-time diagram.

The reader willnow be in a position to see that by repeat-
ing the same construction with the new velocity curve a
further diagram is obtained, that of acceleration; since
acceleration has exactly the same relation to velocity that
velocity has to displacement. In this case, of course, the
quantity represented by a line drawn in the same way as OL
above is the rate of change of velocity with regard to time.

We may next study some examples of such diagrams.

Fig. 27 represents a polar diagram or curve of dis-
placement, in which distance increases uniformly with
time, as shown by the fact that QO — PO =P0O —NO, if the
angle JOPe-angle PO:N, and so on. The curve ONPQ is
of course an Archimedean spiral. It may be.proved that
the length of the intercept OF by the normal DE on a line
OE through O perpendicular to the radius vector is con-
stant whatever the position of D * on the curve. This
length OF has been shown to represent the velocity, and
accordingly in this case the velocity diagram will be a circle
with radius OF, and the acceleration will be zero, since the
velocity is uniform. In the drawing, if the displacement
scale 1s as shown, and the time scale is go° = 10 seconds, the
velocity of the body is 1 foot per second. To determine the
velocity scale of such a diagram we need only reflect that

* The polar equation to the spiral of Archimedes is » = af ;

hence & = r and ‘g = 1.
a dr a

If ¢ be the angle which the tangent makes with the radius vector,

tan ¢ = rﬁf—‘.

Thus tan @ = L.
a

Now the angle between the normal D E and aline O perpendicular to the

. . r a
radius vector is ¢. Hence O£ =—— = r. — = a = constant.
tan @ r
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the velocity is numerically g‘;. . If the displacement scale

were 1 inch =3 feet, a velocity of 1 foot per second would
be represented by a length of one third of an inch
divided by the angle representing 1 second. In this case

DISPLACEMENT & 2 3 s 4 10 reen
TIME ONE SECOND = 0,157 RADIAN
FT.
YELOCITY ¢ 0.5 1 1.5 e,
Fi1g. 27.

go°® represents 1o seconds of time, so that 1 second of time

would be denoted by % or o.157 radian. Hence unit veloc-
2

I

I

3Xoﬁ.;5_7
velocity scale would be 1 incht=o0.471 foot per second.

23. Diagrams for Simple Harmonic Motion.— In the
following chapter we shall frequently meet with cases in
which bodies have periodic motion in a straight line, either
exactly or approximately harmonic in character. We
define stmple harmonic motion as the motion of a point which
is the orthogonal projection on a straight line of another
point moving uniformly in a circle, termed the aquxiliary
circle. The radius of the auxiliary circle is called the ampl:-
tude of the motion. Such motion can be conveniently
studied by means of polar diagramst the engineer, for
example, often employs such diagrams to elucidate the
action of the slide-valve of a steam-engine, for the valve

itv would be represented by 2.12 inches, and the
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has very nearly such a motion as has been defined above.
In Fig. 28 let AOB represent the path of a point having

mi

Fig. 28.
simple harmonic motion; we wish to draw diagrams of

displacement, velocity, and acceleration for this point. AO
1s the amplitude of the motion, AmBq 1s the auxiliary circle,
and, according to our dehnition, LAIN P, etc., will be posi-
tions of the point after the lapse of times proportional to
the angles AO!l, AOm, AOn, AOp, and so on. It is plan,
then, that a polar time-displacement diagram can be readily
drawn by marking off along each radius a distance equal to
the corresponding displacement of the vibrating point from
its mid-position. Thus OL’ has been made equal to OL.
It should be noticed that during each revolution of the
rotating point round the auxiliary circle, 1ts projection
travels from A to B and back again, so that twice during
each period the displacement of the vibrating point will be
zero, while at the same time the velocity will have its
greatest value.

The pertod 1s of course the time of a complete revolution of
the point round the auxiliary circle. During one half of this
time the vibrating point has a positive velocity, i.e., is mov-
ing in one sense, say from right to left, while during the

remainder of the period the velocity will have a negative
value,
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The displacement diagram is drawn by obta.ning a series
of such pointsas L’, where OL’ =0OL ; the locus of such points
is easily shown to be a pair of circles touching the auxihary
circle and each other. Taking the point L’, for example,
join L’A. Then in the triangles OlL, OAL" wehave OL’ =0OL
and Ol =0.4, while the angle /[0 is common to both. Hence
the triangles are equal in all respects, and the angle OL’A is
a right angle. Therefore the point L’ lies on a semicircle
drawn on OA as a diameter, and the complete locus of L’ is
a pair of circles, as shown. The radius vector OL’ repre-
sents the displacement of the vibrating point at a time
represented by the angle between the radius vector and the
initia} line OA.

Having given such a diagram of displacement (Fig. 29),
let us apply to it our construction for determining velocity.
At any point D the line /)E 1s drawn normal to the curve of
displacement, and 1s cut by OF where the angle EOD is a

Fi1G. 2q.

right angle. Accordingly, when the length OF 1s marked off
at &/ along OD we get one point on the velocity diagram,
Plainly, in this particular case, any radius vector of the ve-
locity diagram, such as OF’, is equal in length to the radius
vector of the displacement diagram which makes an angle
of go°® with it, and it follows that the velocity diagram will
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also be a pair of circles, as shown in the figure. Their axis is,
however, at right angles to the axis of the displacement
diagram, the maximum velocity being reached when the
body is at the middle point of its path.

On constructing the diagram of acceleration, we find
that it also takes the form of a pair of circles and coincides
with that of displacement. The scales of the two diagrams
are of course not the same, but it follows that in simple
harmonic motion. the acceleration at any instant 1s propor-
tional to the distance of the vibrating point from its mid-posi-
tion, a fact which can also be readilv proved analytically.*

Fig. 30 gives the linear and polar diagrams of displace-
ment, velocity, and acceleration for a simple harmonic
motion of which the amplitude is o.75 foot, while the period
is 3 second. This corresponds approximately, but by no
means exactly, to the motion of the piston of a steam-engine,
18 inches stroke, and making 300 revolutions per minute.

The linear diagrams have been plotted on a straight line
base from the radial diagramst they might have been drawwn
by the methods of §§ 18 and 19, in which case their
scales would have been different from those shown. In
general, polar diagrams are easier to draw than linear dia-
grams, and are more useful for cases of periodic motion
such as thist the linear diagrams are added for the sake
of comparison.

With regard to the scales of these figures, the scale of
timeasbriginallydrawn was 180° =o.1second (i.e., 1 secondt=
27

o= 31.416 radians), while that of distance was 1 foott=1

inch. Accordingly unit velocity was represented by a length

of

I

G inch. The velocity scale was thus 1 inch=31.416

feet per second. Unit acceleration was represented by

* See Perry, Applied Mechanics, p. 549.
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1 foot per second .0318
, OF —=—

1 second 31.410
eration scale was 1 inche= 988 feet per second per second.
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Note that the velocity of the rotating point round the
auxiliary circle is 10—5; =23.6 feet per second. The max-
imum velocity of the vibrating point as measured from the
diagram 18 0.75X 31.416 =23.6 feet per second, thus agree-
ing with our definition of simple harmonic motion. The
maximum acceleration of the vibrating point will be found

to be the same as the radial acceleration of the point
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. o : v?
travelling round the auxihary circle, namely ~» Or

T 23.6X23.6

©.75

If an acceleration diagram on a displacement base is re-
quired, this can easily be drawn from the acceleration-
time and displacement-time diagrams, and it will be found
to take the form of a straight line, since, as has previously
been remarked, acceleration in simple harmonic motion is
proportional to displacement.

24. Relative Motion of Two Bodies each having S. H. M.—
Cases arise in which it is necessary to find the relative

=741 feet per second per second.

-l C T

Fic. 31.

motion of two or moreebodies having simple harmonic
motion, or we may wish to determine the motion resulting
from the combination of two or more simple harmonic
motions. We proceed to show how this is done.

It has been scen that every simple harmonic motion 1s
capable of being referred to a corresponding uniform motion
round a circle called the auxiliary circle. At any instant, for
example, the simple harmonic motion of the point L (Fig.
31) corresponds to the uniform motion round the circle
of the point L.

Let there be two points, L and M, having simple har-
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monic motion (of the same or different amplitude), and
let [ and m be their reference points. If AOB is the line
on which the motion of [ and s 1s projected, we define the
constant difference between the angles CO! and COm as
the difference of phase in the two simple harmonic motions.
In Fig. 31 the point 1/ has a motion differing in phase by
—go°® from that of the point L; in other words, Ont con-
tinually lags 9o° behind O/, and of course /M lags behind L
to a corresponding extent.

In Fig. 32 let there be two points, L and M, having sim.
ple harmonic motions along AOB, whose amplitudes are

Fi1Gc. 32.

Ol and Om, and whose difference of phase 1s the angle [Om,
the period being the same for both motions. We wish to
find the relative motion of L and M, compounded of their
two simple harmonic motions.

Join lIin ancl draw On equal and parallel to ml. Draw
nlN perpendicular to A B.

Then the relative displacement of L and M is OM ~OL,
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where OM or OL is reckoned negative when measured to
the left of 0. Now OM — OL =ML is the projection on A B
of the line nul. Also, O.V is the projectionon AB of the line
On, equal and parallel toml. Thus ON =ML, since each
is equal to On cos NOn.

Hence in any position the relative displacement of M
and L 1s equal to the distance of the point N from the cen-
tre O. DBut N has a simple harmonic motion of the same
period as that of M and L, of amplitude On =mnl, and differ-
ing in phase from that of L by the angle /On. Thus if two
points have simple harmonic motions of the same periods
and along the same straight line, their relative motion 1s
also a simple harmonic motion, in general differing in ampli-
tude from either of the components, and also differing in
phase.

In Fig. 33 diagrams of displacement are drawn for two
simple harmonic motions of 2 seconds period, the amplitudes
being } inch and 1 inch, and the phase difference 60°.

b 1 9 3 INCHES

Fic. 33.

The curves L’ and M’ have ordinates proportional to
the displacements of the corresponding points along AB, as
represented by the motion of the points PQ round their
respective auxiliary circles. The resultant displacement
of L relatively to M is shown by the distance M'L’ =0'N’,
N’ being above or below the line CD (along which time 1is

measured) according as L is above or below A along the
line AB.
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Thus the curve N’ is drawn through points whose heights
above CD are equal to the heights of L above M at different
times. It will be found that these displacements are the
same as those of a point N moving along AB with a simple
harmonic motion of period 2 seconds, amplitude o.9 inch,
whose phase is about 45° behind that of L and 105° behind
that of 1.

The curves drawn in Fig. 33 are in fact sine curves,
since their ordinates are proportional to the sines of angles
which are proportional to the abscisse. In general, on
compounding simple harmonic motions of different periods
we do not obtain a simple harmonic motion as a result, but
a more complex movement which is still, however, periodic.
A case of this is shown in Fig. 34, where two simple har-

Fi1G. 134.

monic curves, A and B (shown by dotted lnes), differ-
ing in phase, amplitude, and period, are compounded, the
resultant curve C being shown by a full line. It is possible
to resolve the curve representing any periodic function into
a number of component sine curves of different phase, ampli-
tude, and period. In this way, for example, the complex
curve drawn by a tide-gauge is analyzed, and the periods,
amplitudes, and phases of its component tides are deter-
mined.

In the figure, for instance, the curve CC might represent.
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the actual rise and fall of the water-level at a certain place,
due to the simultaneous effects of two tides, which, acting
alone, would respectively produce the fluctuations shown
by AA and BB. Distances measured horizontally repre-

sent time as before.
Such diagrams as those given above enable us to study

any periodic function, and they find many important ap-

plications in scientific work.
25. Composition of S. H. M. not along Same Line.—Imag-

ine that a point, having simple harmonic motion in the
direction of a given line AB, has impressed upon it an-
other simple harmonic motion in the direction of a line CD
at right angles to AB. The motion of the bob of a suinple
pendulum 1is very approximately simple harmonic. An
arrangement like that shown in Fig. 35 may be devised,
which will give to a pencil, P, a motion compounded of
those of two pendulums, Q and R, swinging in planesat

right angles to one another.

T 4 B

Fi1G. 35.

It is easy to see what the path of such a pencil will be.
In Fig. 36 let o 1 2 3 4 5 6 represent successive positions of the
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vibrating point measured along one line, and o1'2’3’4'5'6’
those measured along the other, equal intervals of time
being taken, and the periods of the two motions being equal.
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In the figure the movement from o to 1 or 1 to 2 is executed
in 7%; of a complete period. Now if both harmonic motions
have the same phase, points of intersection of the lines
drawn through 1 and 1/, 2 and 2/, 3 and 3’, etc., parallel to
the axes O A, OC, will give successive positions of the trac-
ing-point.  If there is a phase difference of 60°, the tracing-
point will have moved as far as 2’ along one line, while it

8 ___10
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1s still at o on the other: hence the lines drawn through 1
and 3, 2 and 4’, and so on, now give the path, which is
seen to be an ellipse. Again, with a phase difference of
go® the path becomes circulare Figs. 37 and 38 show the
curves resulting from the compounding of two simple
harmonic motions of equal amplitudes, having periods in
the proportion of 2:1 and 2:3 respectively, and various
initial phase differences @ The combination of motions
which have periods in any other ratio can readily be illus-
trated by the same method, and the reader will find it in-
structive to plot for himself some of the resulting curves.
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	CHAPTER II. 
	POSITION, VELOCITY, AND ACCELERATION. 
	11. Velocity.-While Kinematics in its general sense ses all kinds of problems dealing with pure motion,number of such problems falling within the province of the Kinematics of Machines is somewhat limited. We shall consider in this chapter some elementary notions con­cerning velocity which are applicable to the purposes of the Kinematics of Machines. Methods of studying the position and motion of a point or rigid body from a gecmet­rical point of view have already been indicated; it now ains to investigate 
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	the 
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	change of 
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	The rate of change of position of a point or body is called its velocity. A body, as we have seen, may change its position by a motion of translation, or by one of rotation. Hence we distinguish between linear and angular velocity.The former is measured by the space passed over in unit of time, and is usually expressed in feet per second, although other units, such as miles per hour or knots, are adopted in special cases. The latter is measured by the angle de­scribed in unit of time, the natural unit being
	of 
	veloc
	ity 

	It is important to note that the term velocity involves 
	27 
	• 
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	the ideas of both speed, direction, and sense. In other words, a velocity is a vector quantity, and, like other vector quantities, may be represented by a straight line of definite length, this length being proportional to the speed, or mag­nitude of the velocity, measured in feet per second, radians per second, or whatever units are to be employed. 
	In the case of linear velocity the direction of the ,rector or straight line representing the velocity on the diagram is taken to represent the direction of the motion. Thus, for example, ,ve might draw upon a rnap a line running east and west, and 2 inches in length, and take this line as repre­senting a linear velocity of 2 miles per hour, or 2 feet persecond, either from east to west, or from ,vest to east. 'fhe sense of the motion may be either from east to west, or from ,vest to east. In order to indic
	In the case of angular velocity the direction of the vector on the diagram would be taken to represent the direction in space of the axis about which the spin or rotation is taking place, and a line similar to that mentioned above would mean a spin of two radians per second, or two revolutions per minute, according to the scale, about an axis lying east and west. This rotation may be either right-handed or left-handed, and it is therefore customary to indicate the sense by placing the arrow-head in such a f
	It is plain that in this manner a velocity, whether linear or a:igular, may be completely represented by a vector,having magnitude, direction, and sense. 
	12. Uniform Velocity.-A body having uniform velocity (whether angular or linear) performs equal changes of posi­tion in equal times. If the body has a uniform linear veloc­ity v, it describes a distance vt in time t, where tis any num­ber of units of timeCallings the space described, \Ve have 
	. 
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	therefore s =vt. Similarly, if the uniform velocity is angularand is denoted by w, any line on the body in a plane per­pendicular to the axis of rotation describes w radians in second and therefore wt radians in t seconds. calling 0 the angle described int seconds, we have 
	each 
	Hence,

	O=wt. 
	If a point, at distance r from the centre about which it moves in a circular path, has a linear velocity v, its angularcity is measured by the angle subtended at the centre by the path it describes in one second. Hence 
	velo

	V
	w =or v=wr. 
	-

	r 
	13. Variable Velocity. -In general a moving body s its speed as well as its direction of motion. It is easy observing the time taken to travel over a kno\vn dis­for example in a train, to calculate the average speed train during the interval considered. This does not tell us, however, the actual speed of the train at any instant g the interval of time, which may be quite different m the average speed.
	varie
	by 
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	ce, 
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	the 
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	The velocity at any instant, or instantaneous velocity, is sured by the space (or angle, as the case may be) which Would have been described in a unit of time if the motion had continued uniformly, during that interval, at the same rate as at the instant considered. The word instant is here to mean an indefinitely small interval of time. 
	mea
	Used 

	,,eare not able to measure the distance (or angle) de­during an indefinitely small interval of time, have to obtain the value of the instantaneous velocity of a body in another manner. 
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	scrib
	ed 
	and 
	ther
	efore 

	This \Yill be best understood by a numerical example.
	12 o'clock finds that 
	Suppose that a man in a street-car at 
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	10 seconds the car traverses a distance of 200 feet. This 20 feet per second as the average speed during the 10 12 o'clock. Suppose that other observations 2, and 4 seconds showed that 30, 48, and 100 feet, cor­25, 24, and 21.75 feet persecond. It is evident that the speed must really have been continually diminishing, and that the shorter the time dur­ing which the observation was made, the more nearly do we 
	in 
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	seconds after 
	taken during the first rt, 
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	responding to average speeds of 
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	obtain the speed at which the car must have been travelling 12 o'clock. To arrive at this more exactly, since we cannot measure the distance passed over in an infinitelysmall interval of time, we plot a curve from our observations, 10, and see that the speed at 12 o'clock must have 27 feet per second. In mathematical language, if Js be the distance traversed in a small interval of t1me Jt, the 
	at 
	as in Fig. 
	been 

	average velocity during that interval is , ,vhile the 
	sm::i.11 
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	velocity at the instant beginning the interval is measured by 
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	diminishing .Jtt indefinitely, and finding the limiting value 
	ds . ds
	or, m the language of the calculus . Thus 
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	'fhe same reasoning, of course, applies in the case of ar velocity, where ,ve should write 
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	dt
	. 

	Compare these with the corresponding expressions in the case of uniform velocity.
	14. Uniform Acceleration.-A body moving ,vith uniform eleration changes its velocity by equal amounts in equal Thus suppose that in time t the velocity changes m v1 to v2 ; we have, if a is the acceleration, 
	acc
	tim
	es. 
	fro

	Figure
	• 
	m, the average velocity during the time t is , the 
	Aga
	·v
	2
	+ v,

	' 2 metical mean bet\VŁcn the initial and final velocities; hence ifs be the space described, 
	arith

	Figure
	these two expressions ,ve find 
	From 

	vi-1J2
	2 
	= 

	I
	S • • • • • • 
	2a 
	KINEMATICS OF MACHINES. 
	But v= v+ at. Substituting in (3), we get 
	Figure
	In the case of angular velocity precisely similar relations hold, so that, calling a the uniform angular acceleration, w the angular velocity at the beginning of the time t, and (} the angle described, ,ve have, instead of (4), 
	Figure
	To express the Yelocity in terms of distance (or angle) and initial velocity \Ve shall have instead of (3) 
	Figure
	\Vhile the expression connecting velocity, acceleration, and time is 
	Figure
	• 
	Figure
	As an example of the use of these expressions, suppose a \,·heel is re\·ol\·ing thirty ti1nes per second and comes to rest in 12 seconds. Ho\;v many revolutions \Vill it make in coming to rest if uniformly retarded? 
	\\' e have w= (u + <tt: hence 
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	12a+30X2r: o, 
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	Again, w= w+ 2afJ; hence 
	2 
	1 
	1
	2 

	(6o.:) -10.:0 =o, 
	2

	(60Ł)
	2 
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	Hence the wheel comes to rest in 180 revolutions. 
	Again, a train starting from rest has a uni£ orm accelera­tion of half a mile per hour per second. How far will it have travelled before attaining a speed of 30 miles per hour,and in what time will this occur? 
	2
	In the equation (4) above we haves= vt+ ½at.. 
	1

	-
	Here v=o, t evidently will be 60 seconds, and 
	a
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	o.733 feet per second per second. Thus 
	0.733 X 3600 
	s= ----= 1218 feet
	s= ----= 1218 feet
	.
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	2 
	It should be noted that it is as incorrect to speak of acceleration of so many feet per second as it would be to say that a body has a velocity of so many feet, without men­tioning the unit of time. 
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	15. Acceleration in General. -The determination of velocity and acceleration in the case of non-uniform or 11on
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	uniformly accelerated motion will be discussed later. Acceleration is defined generally as rate of change of velocitywith regard to time, and so far we have used the term as meaning change in the magnitude of the velocity, whether 
	KINEMATICS OF MACHINES. 
	linear or angular. Strictly speaking, however, a. .in the directtion ofmotion in linear velocity, or in the position of the axis of rotation in angular velocity, is also an accelera­tion. In fact, a point travelling in a circular path around a fixed point has an acceleration impressed upon it, although its angular velocity may be uniform, and such acceleration is called ratdial, for reasons which vvill presently be seen. 
	chat@ 

	11 let AB represent a portion of the curved pathalng which a point is travelling with a linear velocity v, whose direction is continually changing. Let p be the radius of curvature OP of a very small portion PQ, and 0 the centre of curvature, <p being the very small angle be­t\.veen the tangents at P and Q, an angle so small that the arc PQ is not sensibly different from its chord. 
	In Fig. 

	Consider the acceleration in a direction parallel to PO. 
	The time taken for the particle to travel from P to Q will be 
	PQ 
	But during this time the distance traversed under ac-
	Q parallel to . 
	P
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	V 
	It is known that for very small angles the numerical 
	celeration is P
	a 
	1

	Hence (if a is constant) 
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	(PQ)2 
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	value of the sine of an angle is sensibly the same as the angle itself (of course expressed in circular measure). Also in the figure if we make <p small enough, 111Q = ½PQ, the error in th·1s statement diminishing as <p diminishes. Hence for an intdefinitely sntall vatlue of <p we may say that 
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	The statement is exactly correct, and a is the radial acceleration at P, because ,ve have taken <p as being the angle described during an indefinitely small interval of time. 
	The earth's equatorial radius is 4000 miles, and the 
	> 
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	earth makes one rotation on its axis in about 86,200 secondsWhat is the radial acceleration of a particle on the earth's surface at the equator? 
	. 

	Linear velocity of a point at equator 
	\ 
	' 
	2,r X4000 X5280 
	f

	= eet pereseconed. 
	86200 
	86200 

	vz (2,r) X 4000 X 5280
	2 

	Thus 
	86200
	p 
	2 

	= o. 112 feet per second per second. 
	It is often necessary to find the acceleration of a bodyalong its virtual radius ; this is of course determined in exactly the same way as the radial acceleration with regardto a permanent centre. 
	16. Composition of Velocities and Accelerations.-It has been already pointed out that velocities, whether linear or angular, can be represented by straight lines of definite length, sense, and direction, and are in fact vector quantities, as distinguished from scalar quantities, such as mass, energy, and so on which have simply numerical values. Accelerations are also vector quantities.
	The resolved part of a vector in any new direction is found by projecting its original length on the new direction. 
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	example, a ship is proceeding northeast at a speed 13 knots, represented by the vector AB (1 knot being a 
	If, 
	for 
	of 

	--
	speed of 6080 feet, or I nautical mile, per hour), its resolved velocity in a northerly direction is represented by 
	AC =AB cos 45= 13 xo. 707 =9.19 knots. 
	° 

	This shows that each hour the position of the ship is 9. 19 nautical miles farther to the northward. 
	Again, suppose that the ship, still steering N.E. at the same speed, runs into a current whose speed is 4 knots due east, what will be the real velocity of the ship relatively to the earth? Relatively to the water its speed is still 13 knots 
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	in a N.E. direction, but the water is itself moving, and at the end of the hour the ship will evidently be at D, a positionobtained by measuring 4 nautical miles east from B On cal­
	.
	culation it will be found that at any time during the hour the ship has been moving relatively to the earth along the line AD, and its real speed over the ground (about 16 knots) will be measured by the length of ,4D, the third side of a triangle, whose other two sides represent respectively the velocity of the ship relatively to the \vater, and the velocity of the water relatively to the earth. We say, then, that the vector AD represents the resultant of the two vectors AB and BD, obtained by the process o
	The above example deals with plane motion in a straight line only. But if we are treating of the motion in space of a body having six degrees of freedom, its motion may be considered as made up of three motions of simple translation and three motions of rotation, ,vhich, when compounded according to the method just explained, constitute the actual motion of the body. 
	It must not be forgotten that the resultant of two or more angular velocities can be found in exactly the same way as for linear velocities. .i-\s already explained, it is customary to indicate an angular velocity by a vector (as in Fig. 14), representing the numerical value of the velocity by the length AB, the direction of the axis by the direction 
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	of .A. B, and the sense of rotation by 
	Figure
	A 

	dravving AB in such a manner that 
	Fie. 1 
	4
	. 

	the rotation is clockwise, or right-handed, vvhen looking from A to B. It is of ten necessary to compound or to resolve spins or angular velocities according to the method of vector addition, which will be already familiar to most readers under the name of the triangle of velocities, or the parallelogram law for the composition of vectors. 
	17. Resultant Acceleration.-ln Fig. 15 let .4B repre­sent the original velocity of a particle, and suppose that accelerations represented by BC, BD are impressed upon the particle. Then BC and BD may be taken to represent the velocities generated in one second, corresponding re­spectively to the two accelerations. 
	If now the acceleration BC had alone acted on the point, its velocity at the end of one second would ha v� been AC. Again, if AC had been the orjginal velocity and an accelera­tion BD had been impressed. the final velocity at the end one second would have been AD', where CD' is equal and parallel to BD. The two accelerations, therefore, have changed the original velocity from AB to AD'. But this 
	of 

	effect would have been produced by compounding with AB for one second a velocity BD', and we may therefore look on BD' as representing the change of velocity in one second, due to the action of the accelerations BC and BD. In 
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	other words, BD' is the resultant of the accelerations BC and BD. 
	The general rule for the composition or addition of vectors, then, is that the resultant of two vectors is the diagonal of a parallelogram (or the third side of a triangle) of which the two components form the two adjacent sides. In this way we can find the resultant of any number of velocities, or of accelerations, either linear or angular. The same rules apply to the composition of any other vector quantities. 
	18. Diagrams of Displacement and Velocity.-ln study­ing the motion of a body, whether linear or angular, it is necessary to know the position of the body at every instant during the motion, if we desire full information as to its velocity and acceleration. We have seen that if we only know the position of the body at certain times we can obtain the value of the average velocity between those times, but cannot tell exactly how the real velocity has changed. 
	It would of course be very cumbersome to have to state in words or figures a sufficient number of particulars to giveus a practically complete knowledge of the position, velocity, and acceleration of a body, and therefore in such cases 
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	.graphic methods of representation and calculation are gen­·erally adopted. 
	For example, in order to determine the velocity of a body whose changes of position are known, such a diagramas Fig. I6isconstructed. Two axes, OA, OB, are drawn at right angles, and distances measured parallel to OA accord­ing to any convenient scale are considered to represent time, 
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	while lengths measured parallel to OB represent either the distance that has been traversed by the body, reckoningfrom some known position, or the angle turned through bythe body at any given instant. This quantity we may call the displacement of the body, and it may be either linear or angular.
	For instance, from the figure we see that after the lapse of 3 seconds-the body in question has moved IO feet from its original position, and we might give the information 
	Łontained in the diagram in a less complete form in the shape of a table, thuse: 
	Time. . . . . . . . o I 2 3 4 s seconds. 
	Displacement. o o 5 IO 12 12 feet. 
	From the diagram, howe·ver, we are enabled to gatherfurther particulars, for it is plain that the curve of displace
	-

	ment during the second and third seconds is straight, i.e., distance is increasing proportionally to time, or the velocity is uniform and the speed 5 feet per second. During the fourth second the distance increases more and more slowly,and then remains constant, hence the velocity diminishes. an� finally ceases. Thus plainly, in order to find out the velocity at any instant from such a diagram, we have onlyto determine the rate at which distance (or angle) is increas­ing or diminishing at that instant. vVe 
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	In Fig. 17 let ABC be any curve of displacement on a time base, and let Aat, Bb represent the distances (or angles)corresponding to the times Oa, Ob. \Ve wish to determine the velocity at the point A, i.e. , after the lapse of the time Oa. 
	It has already been pointed out that to find the instan­taneous value of a velocity, or the velocity at any instant, we must take what is really the average velocity during an infinitely small time, or, if Js be a small change in positionand Jt the corresponding interval of time, the instantaneous 
	velocity is the limiting value of Ł. In the figure let A and 
	s 

	1't 
	B be very close together ; evidently BD = Bb-Aa = Js, the 
	change in distance during the time Jt. The small interval of time Jt is represented by the length ab =,.4.D. Hence the ratio 
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	1me 1n E, ma 1ng an ang e 1 AEa= cp. Then _
	=-ADEa 
	Jt 
	-

	= tan cp.A more 
	Now suppose we diminish Jt, making Bapproachand more nearly, as is shown on a larger scale in 
	FIG. 18. 
	Fig. 18. The chord AB becomes ABand, as Jt diminishes,approaches more and more closely to the tangent to the curve at A, and, if .dt is made infinitely s1nall, AB will 
	1 

	coincide with that tangent. Still, however, the value of Ł: 
	is shown by the numerical value of tan cp, and in the limit 
	ds * 
	1 .
	ve oc1ty = tan cp 
	=-dt• 
	.i\ccordingly we may say that to find the velocity of a body at any instant from its diagram of displacement drawn on a time base, we have only to draw at the point correspond­ing to that instant a tangent to the curve. The slope of that tangent, as measured by the tangent of the angle it makes with the axis of time, is proportional to the velocity,and indeed represents the velocity numerically if the dis­tances are measured to their proper scalesFor example,at C in Fig. 16, to the scales marked, tan cp has
	. 

	10 feet . 
	---and shows, therefore, that at 3 seconds the body 1n
	2 sec. 
	*See§ 13. 
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	question had a velocity of 5 feet per second. If a scale of miles had been marked along the axis of distance, \Vhile hours had been measured along the axis of time, our velocity would have been read in miles per hour. 
	The reader should notice that at the point F in Fig. r 7 the d'isplacement has ceased to increase with increase of time, and is about to decrease; the body has in fact reached its maximum distance from its starting-point. At this point the body must of course cease to be moving for an instant, \vhich is shown by the fact that the tangent to the curve at F is horizontal, corresponding to zero velocity . ..-\fter F the velocity \.vill of course have to be reckoned negative, since distance is now diminishing a
	If the velocity at C'very instant could be measured in this way and a new curve drawn on a. time base, having ordinates at each instant proportional in length to the ·velocity at that instant, we should obtain a curve or d£agram vf velocity. Actually we obtain only a st1fficient n11mber of values to give us a series of points on the curve, through which the curve can be drawn. This has been done as an example in Fig. 19. The full curve is a diagram showing the dis­tance from London at times between 11.50 A.
	It will be seen that the curve of displacement slopes continually upward, showing that the train did not stop during the time considered. Its speed, however, was very variable. The train performed the whole journey from Lonclon to Exeter, 194 miles, in 3 hours 38 minutes without a stop; thus the average speed was 53.4 miles per hour. 1\t about 12. 14, ho,vever, the speed for a very short time is seen to have exceeded 80 miles per hour, as shown at D, while 
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	shortly afterwards, at about 12.19, a signal-check caused the speed to be reduced to about 10 miles per hour, as shown at C. The method of finding points on the curve of velocity is shown at B. The ordinate at B is proportional to the ratio Aat: Ea, where AE is a tangent to the displacement curve at A
	. 

	By the construction of such curves we can trace out the whole history of the motion, and if a sufficient number of points have been taken, and our drawing has been accurate, the results will be trustworthy for all practical purposes.
	It is often difficult to dra\v the tangents to the curve correctly enough, especially if the slope of the curve is small, and it is usual to adopt another construction, to be explained later, which avoids the necessity of dra\ving the tangents by guesswork. 
	It is to be noted that diagrams of displacement may quite well be drawn, in which ordinates represent angles instead of distances, and from such diagrams angular velocities can be obtained exactly as described above. 
	19. Diagrams of Acceleration.-If a diagram of velocity on a time base be drawn, the curve of acceleration can be obtained from it by an application of the same method adopted for getting the velocity curve from that of displace­ment. In Fig. 20 let OAB be a curve of velocity. At any point A the rate of change of velocity is the limiting value of the ratio of the small change .dv in velocity to the small interval of time .dt in which such small change occurs, and by similar reasoning to that in § 18 it will 
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	formly (as between D and E), and the curve of velocity is therefore straight, the acceleration curve becomes a horizon­tal straight line, as at de. 
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	In practice, when such diagrams have to be drawn either for curves of velocity or of acceleration, a somewhat different method is adopted (as shown in Fig. 21), based on 
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	the same principle, but avoiding the necessity of drawing a number of tangents to the curve, many of \vhich can only be determined approximately. 
	The diagram shows a curve of displacement * for an electric street-car starting from rest. The data were ob­tained from tests of a special car designed for an initial acceleration of 3 miles per hour per second. 
	To construct from such a curve the corresponding curve of velocity, the time shown by the diagram is divided into 2 seconds each, as at ab. On measurement the length be is found to repre­sent 1oo feet and is the difference between aa', or bb', and cb'Now aa' is the distance moved by the car during the first 14 seconds. Thus cb represents the distance traversed during the fifteenth and sixteenth seconds, and accordingly the averatge velocity for those two seconds was -}.l!., or 50 feet per second. 
	a number of small intervals, in this case of 
	. 
	1

	In the figure an ordinate ef of length five times be has been marked off at the point corresponding to 15 seconds from the start, and its extremity gives one point on our curve of velocity. In the same way jk has been made 5 Xgh, and so on. 
	A curve drawn through the points thus found shows approximately what was the velocity at any time after the start. We say approximately, because the acttuatl velocity at the middle of·a 2-second interval would only be equal to the averatge velocity during such an interval if the straight line joining ac (for instance) had been parallel to the tangent to the displacement curve at d; that is, if the points a", f, b" had been in a straight line. \Ve know that actually this may or may not be the case, but by ta
	In order to obtain from the velocity curve that of accel-
	* Taken from Enginttrinc News, Oct. 14, 1897. 
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	eration, an exactly similar procedure is employed. The length bn, for example, has been set up and exaggerated fivefold at np, and is proportional to the change of velocity during the tenth and eleventh seconds. 
	Having drawn our curves, it becomes necessary to deter­mine their scales, that of the original diagram of displace­ment being known. 
	The displacement diagram was drawn originallyt* on such a scale that be (representing 100 feet) was actua11y half an 200 feet to the inch. The scale of time was 1" = 5 seconds, or 1 second t of an inch. A length be transferred to the velocity diagram then represented (if ab = 2 seconds) a velocity of 50 feet per 50 feet per second, or 100 feet per second to the inch. For clearness this was exaggerated 20 feet per secondt= 1 inch. In the same way the scale of the acceleration curve was made 10 feet per secon
	inch; the scale of distance was then 
	= 
	second, giving a scale of ½" = 
	"in the figure, so that 
	such that five inchest= 

	In general, then, the scales of such diagrams may be de­termined as follo,vst: 
	Let the displacement diagram be dra\.vn to a distance 1 inch =l feet, and suppose the short intervals of time during vvhich the average velocit1es are estimated are each n seconds. 
	scale of 

	1\n ordinate of 1 inch in length on the displacement diagram when transferred to the velocity diagram then represents a velocity of l feet in n. seconds, i.e., l/11, feet per second. The scale of the velocity diagram is then n/l inches 1 foot per second 
	= 

	Thus in the figure above we should have, if the ordinates 1 foot per second, for l = 200 and n = 2. It ,vas drawn actually to 0 inch = 1 foot per second. 
	were not exaggerated, a velocity scale of -r!o incht= 
	a scale of -,l

	*It is of course reproduced here to a smaller scale. 
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	Considering next the scale of the acceleration diagram, suppose that on the velocity diagram the velocity scale is r inch=111-feet per second, while the small intervals of time are as before n seconds each ; then an ordinate of r inch on the acceleration diagram ,vill represent an acceleration of ni/n feet per second per second. 
	In the figure m= 20, n = 2, so that the acceleration scale ,vould naturally have been ifO = ro feet per second per second to the inch, had it not been exaggerated for clearness to 2 feet per second per second to the inch. 
	20. Diagrams on a Displacement Base.-Diagrams of ve­locity and acceleration n1ay also be drawn on a displacement base, in ,vhich case lengths measured horizontally are pro­portional to distance traversed or angle describedt; such a construction is frequently very useful. 
	\Ve have seen that on a time base the velocity curve for a body having uniform acceleration ,vill be a straight line, passing through the origin of the t,vo axes if the body has no velocity ,vhen time is reckoned zero. Velocity is then proportional to time. Suppose, however, that ,ve consider the ,vay in vvhich velocity varies with regard to displace­ment in such a case. 
	Let a be the constant acceleration, v the velocity attained from rest after moving for a time t; then by our definition 
	,
	,
	Z

	'

	a=-···. No,v the distance moved by the body will be numer­
	t 
	ically equal to the average ·velocity (:) multiplied by the 
	7.'i 2S
	time: thus s= -or v = ---. 
	2 t 
	But v =at; hence 
	2ast 
	2 

	v =--· = 2as. 
	Therefore, the acceleration being constant, the displace­ment varies as the square of the velocity. In the figure the 
	KINEMATICS OF MACHINES. 
	acceleration is 1.5 feet per second per second, and the dis­tance traversed in the first two seconds (during which a 
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	velocity of 3 feet per second has been attained) is¾ X2 3 feet. In 3 seconds, the velocity being 4.5 feet per second, 
	= 

	a distance of · 5 X3 = 6.75 feet will have been described, and 
	4

	2 
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	in 1 second, the velocity being 1.5 feet per second, a distance of ·-X 1 =0.75 feet will have been covered. The diagram 
	1
	5 

	2 of velocity and displacement shown in the lower part of Fig. 22 will be found to express these relations, and the velocity curve on a displacement base is not a straight line, but a curve whose ordinates are proportional to the square roots of the abscissre. 
	21. Acceleration Curves on a Displacement Base.-Let a, c, 
	(Fig. 23), be two points on a velocity curve drawn on a displacement base. The difference of the ordinates be repre­sents the change of velocity. Draw the straight line ac, bisect 
	"' 
	> 
	\\ \ \ \ \ \ \\\ \ \ \ \\ \ \\ \ \\ \I ' ' , fa' •e b 8 Df8PLACEME1'T 
	FIG. 23. 
	FIG. 23. 


	it by the line df at right angles, and draw de perpendicular 
	to the axis of displacement. Then :£ = !Ł,since the triangles 
	abc, def are similar. 
	Assuming that the velocity changes uniformly, while the moving body describes the distance represented bya'b', letebe the space described in time t, while the velocity changes from vto v• Then we know that 
	·e
	s 
	1 
	Figure
	2
	Figure

	and 
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	.. A.gain, the acceleration 
	V -V
	1.
	a= z 
	t ' 
	hence 21 (21) 
	a= 
	(
	v
	-v
	v
	+v

	2S 
	=VI' cb' =v, so that v-v= be, 
	But in the figure aa' 
	2
	2 
	1 

	-dand s =ab; thus
	V2
	+ 
	i
	1
	i 
	e, 

	--·
	-

	. be Xde 
	accelerationte.
	=
	f

	= 
	= 
	ab 

	�-\ctually, of course, the velocity in general does not change uniformlyt; we may, however, take a indefinitely close to e, so that the straight line ae becomes a tangent to the velocity curve, and df becomes the normal to that curve, ,vhile ef is the subnormal at d and represents the accelera­tion. 
	\\e find, then, that in the case of a velocity curve dra,vn on a displacement base the subnormal at any point repre­sents the acceleration. It only remains to determine the scale on ,:vhich, for example, ef represents the acceleration C. 
	"'
	at 

	Let the scale for velocity be I inchtni feet per second, \Yhilc the distance scale is one incht= n feet. Let ab, be 
	= 
	de

	' ' 
	1 
	X1n feet per second, Ł= de Xni feet per second, and 
	be 
	V
	+
	v
	1 

	2 
	s = ab 11-feet. But ,ve have just seen that 
	X

	. (vtv)(v+v) 
	-

	2 1 1 2
	accelera t1on = 
	sx2 
	bcXnt XdeXni 
	abxn 
	m2
	=ef 
	X 
	·n
	·' 

	ef being a1so measured in inches. 
	In Fig. 24 is given the curve of velocity for a cable-car 200 feet, and from it the curve of acceleration has been drawn, the construction for one ordinate being shown. Note the high positive accel­eration at the start, indicating a considerable jerk, followed (after the first 35 feet) by a small and variable value of the acceleration, sometimes positive, sometimes negative. The stoppage of the car is accomplished in the last 35 feet,and is shown by the negative acceleration or retardation during that porti
	from starting to stopping on a run of 

	I incht= 5 miles per hour= 7.33 feet per second, while the distance scale 50 feet. Accordingly the acceleration scale 
	As originally drawn, the velocity scale was 
	was one incht= 

	33 33
	X
	7 

	I incht= ··= 1.075 feet per second per second, 
	was 
	7

	50 
	or o. 7 32 mile per hour per second. The greatest acceleration is then about 33 miles per hour per second, and the greatest retardation about 2.2 miles per hour per second. 
	.

	It should be noted that the curve of velocity on a displace­ment base, when acceleration is constant, is a parabola, this being the curve one of whose characteristic properties is the constancy of the subnormal.* 
	22. Polar Diagrams of Displacement, Velocity, and Ac­celeration.-Besides employing the methods just given for drawing curves of displacement, etc., it is often useful,especially in considering periodic motion (in which the same circumstances or conditions as to velocity or displacement repeat themselves at regular intervals of time), to dra\v diagrams in which a radius vector represents displacement, velocity, or acceleration, while the angle turned through by such a radius is proportional to time. 
	2 5 suppose that a line ON turns about the point 
	In Fig. 

	0. starting from the initial position OM ; the angle fJ it has described, when it has reached any position such as OA. beingproportional to an interval of time tu during which a body 
	*Ł Fig. 22. 
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	\Vhose motion we are considering has moved to a distance sfrom its starting-point. l\,lark off a distance OA =s,. Then a curve, such as NAB, drawn through successive positions 
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	of A, is a polar diagram of displacement for the bodr con­sideredLet OB = , while the angle BO.7\.-l = t• 
	1
	. 
	s
	2
	2

	Then the average velocity between the times t, and twill 
	2 

	be represente dby Mamg OC = 
	B
	0-.,
	4.0 
	s2
	-
	s
	, 
	k'
	04.

	1 BO ,,, .t1. ----
	-
	-
	-
	-

	at-t
	at-t
	ng e 
	2 
	1 
	., , 

	we have, therefore, 

	. BC Js
	average ve oc1ty 
	average ve oc1ty 
	=

	angle BOA J() . 
	1 
	Figure
	= 


	Join AC, and draw the straight line BA. Now if J(} is a very small angle, the length of the straight line AC does not differ sensibly from that of the arc of a circle of radius OA, so that we may sav that if J() is small, 
	AC
	() =AO ;
	J

	Js BC.AO 
	-= 
	.
	J() 
	AC 
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	Bisect ,4B in D, and draw OD, DE, OE, respectiYely perpendicular to .4C, AB, BC, so that the triangles BC.-!. , BC EO
	EOD are similar; then -= --. and
	,4C DO Js OE
	= 
	JOeDO X 
	AO
	. 

	Next suppose that the interval of time represented by J() becomes indefinitely small, so that the points B and A coincide, and AB becomes a tangent to the curve. Js and JO will both become infinitesimal in magnitude, but their ratio (which now represents the velocity the body has \Vhen a time represented by O has elapsed) is finite, and its value 
	is measured by the limiting value of Ł-io when AO =DO. 
	0

	• E1 -------------­0 -.... '' ' M 
	FIG. 26. 
	This is of course OE. Hence the velocity is measured by the length of OE when taken to the proper scale and drawn perpendicular to OA, and to find the velocity correspond­ing to any point A on a polar displacement diagram, we draw a normal to the curve, and find its intercept OE on a line drawn perpendicular to the radius vector OA . By carrying out this construction for a number of points and marking off values of OE along OA (as at OF, Fig. 26) in 
	each case, we find points on a new curve, QFF, which is in fact a polar velocity-time diagram. 
	2
	1

	The reader will now be in a position to see that by repeat­ing the same construction \Vith the new velocity curve a. further diagram is obtained, that of acceleration; since acceleration has exactly the same relation to velocity that velocity has to displacement. In this case, of course, the quantit:y represented by a line drawn in the same way as OE above is the rate of change of 11elocity with regard to time. 
	ve may next study some examples of such diagrams. 
	,

	Fig. 27 represents a polar diagram or curve of dis­placement, in which distance increases uniformly with ti1ne, as shown b)the fact that QO-PO =PO-lVO, if the angle QOPe=eangle P01V, and so on. The curve 01VPQ is of course an Archimedean spiral. It may be ,proved that the length of the intercept OE by the normal DE on a line OE through O perpendicular to the radius vector is con­stant whatever the position of D * on the curve. This length OE has· been shown to represent the velocity, and accordingly in this
	7 
	° 
	velocity of the body is 

	*The polar equation to the spiral of Archimedes is r = afJ ; 
	I 
	r d(J 

	hence () = -and -.... -. 
	a dr a 
	If 4> be the angle which the tangent makes with the radius vector
	, 

	Figure
	r 
	Thus tan ¢ = -. 
	a 
	Now the angle between the normal .DE and a line OE perpendicular to the 
	. r a
	d.ra 1us vector 1s 4>. Hence OE =--=-r. -= a = constant. 
	tan ¢ r 
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	the velocity is numerically :. If the displacement scale 
	;

	1 inch 3 feet, a ·velocity of 1 foot per second would be represented by a length of one third of an inch 1 second. In this case 
	were 
	= 
	divided by the angle representing 

	E 
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	0 
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	FIG. 27. 
	90represents 10 seconds of time, so that 1 second of time 
	° 

	,vould be denoted by !!._ or o.157 radian. Hence unit veloc
	-

	20 
	ity \.VOuld be represented by = 2. 12 inches, and the 
	1 

	3Xo.157
	1 incht= 0.471 foot per second. 
	velocity scale ,vould be 

	23. Diagrams for Simple Harmonic Motion. -In the follovving chapter we shall frequently meet vvith cases in ,vhich bodies have periodic motion in a straight line, either 
	. exactly or approximately harmonic in character. \Ve define simple har1nonic 1notion as the motion of a point which is the orthogonal projection on a straight line of another point moving uniformly in a circle, termed the auxiliary circle. The radius of the auxiliary circle is called the ampli­tude of the motion. Such motion can be convenientlystudied by means of polar diagramst; the engineer, for example, often employs such diagrams to elucidate the .action of the slide-,·alve of a steam-engine, for the v
	has very nearly such a motion as has been defined above. In Fig. 28 let AOB represent the path of a point having 
	1: 
	CJ. 
	Figure
	FIG. 28. 
	simple harmonic motion; we wish to draw diagrams of displacement, velocity, and acceleration for this point. AO is the amplitude of the motion, A·mBq is the auxiliary circle, and, according to our definition, L1ll NP, etc., will be posi­tions of the point after the lapse of times proportional to the angles AOl, AOni, AOn, .40p, and so on. It is plain, then, that a polar time-displacement diagram can be readily drawn by marking off along each radius a distance equal to the corresponding displacement of the v
	each period the displacement of the vibrating point will be zero, while at the same time the velocity will have its greatest value. 
	The peritod is of course tl1e time of a complete revolution of the point round the auxiliary circle. During one half of this time the vibrating point has a positive velocity, i.e., is mov­ing in one sense, say from right to left, while during the remainder of the period the velocity will have a negative value. 
	KINEMA TICS OF MACHINES. 
	The displacement diagram is drawn by obta_ning a series of such points as L', where OL' =OL ; the locus of such points is easily shown to be a pair of circles touching the auxiliary circle and each other. Taking the point L', for example, join L' A. Then in the triangles OlL, OAL' we have OL' = OL and Ol = 0,4, while the angle l0./1 is common to both. Hence the triangles are equal in all respects, and the angle OL'.4 is a right angle. Therefore the point L' lies on a semicircle drawn on O.A. as a diameter, 
	Having given such a diagram of displacement (Fig. 29), let us apply to it our construction for determining velocity. At any point D the line DE is drawn normal to the curve of displacement, and is cut by OE where the angle EOD is a 
	Figure
	FIG. 29. 
	right angle. Accordingly, when the length OE is marked ofI' at E' along OD we get one point on the velocity diagram. Plainly, in this particular case, any radius vector of the ve· Iocity diagram, such as. 0E', is equal in length to the radius vector of the displacement diagram which makes an angle of 90with it, and it follows that the velocity diagram will 
	° 

	also be a pair of circles, as sho\.vn in the fire. Their axis is, however, at right angles to the axis of the displacement diagram, the maximum velocity being reached when the body is at the middle point of its path. 
	gu

	On constructing the diagram of acceleration, we find that it also takes the form of a pair of circles and coincides with that of displacementThe scales of the two diagrams are of course not the same, but it follows that in simple har1nonic motion, the acceleration at any instant is propor­tio1ial to the distan,ce of the vibrating point from its mid-posi­tion, a fact which can also be readily proved analytically.* 
	. 

	Fig. 30 gives the linear and polar diagrams of displace­ment, velocity, and acceleration for a simple harmonic motion of which the amplitude is o. 7S foot, while the period is i second. This corresponds approximately, but by no means exactly, to the motion of the piston of a steam-engine,18 inches stroke, and making 300 revolutions per minute
	. 

	The linear diagrams have been plotted on a straieht line base from the radial diagramst; they might have been dra\vn by the methods of §§ 18 and 19, in ,vhich case their scales would have been different from those shown. In general, polar diagrams are easier to draw than linear dia­grams, and are more useful for cases of periodic motion such as thist; the linear diagrams are added for the sake of comparison. 
	,Vith regard to the scales of these figures, the scale of timeastoriginallydrawn was 180=01 second (ie., 1 secondt= 
	° 
	.
	.

	,r =31.416 radians),while that of distance was I foott=1 
	2

	0.2 
	inch. Accordingly unit velocity was represented by a length 
	o . .
	I·tmeh The velocity scale ,vas thus I inch= 31 .416 
	f -
	-

	31.416 
	feet per second. Unit acceleration was represented by 
	* See Perry, Applied l\fechanics, p. 549. 
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	1 foot per second .0318 
	.

	, or .001011 mch, hence the accel
	=
	-

	1 second 31 6
	.41

	eration scale was 1 inche988 feet per second per second. 
	= 

	SCALE OF TIME: 1 RADIAN = . 038 SECOND 
	Figure
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	Note that the velocity of the rotating point round the 
	1r = 23.6 feet per second. The max
	auxiliary circle is Ł-
	5
	-

	0.2 imum velocity of the vibrating point as measured from the diagram is o.75X3r.4r6=23.6 feet per second, thus agree­ing with our definition of simple harmonic motion. The maximum acceleration of the vibrating point will be found to be the same as the radial acceleration of the point 
	vz
	travelling round the auxiliary circle, namely or
	r' 
	23.6X 23.6 
	-= 741 eet per secon per second---f d .
	.75 
	o

	If an acceleration diagram on a displacement base is re­quired, this can easily be drawn from the acceleration­time and displacement-time diagrams, and it will be found to take the form of a straight line, since, as has previously been remarked, acceleration in simple harmonic motion is proportional to displacement. 
	24. Relative Motion of Two Bodies each having S. H. M.­
	Cases arise in ,vhich it is necessary to find the relative 
	B M A 
	FIG. 31. 
	motion of two or moree· bodies having simple harmonic motion, or we may wish to determine the motion resulting from the combination of two or more simple harmonic motions. We proceed to show how this is done. 
	It has been seen that every simple harmonic motion is capable of being referred to a corresponding uniform motion round a circle called the auxiliary circleAt any instant, for example, the simple harmonic motion of the point L (Fig
	. 
	.

	31) corresponds to the uniform motion round the circle of the point l. 
	Let there be two points, L and M, having simple bar
	-

	Figure
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	manic motion (of the same or different arnplitude), and let l and 1n be their reference points. If AOB is the line on vvhich the motion of l and 1n is projected, we define the constant difference betvveen the angles COl and COm as the difference of phase in the two simple harmonic motions. In Fig. 31 the point J-/ has a motion differing in phase by 90from that of the point L; in other \.vords, Oni con­
	° 

	-
	tinually lags 90behind Ol, and of course J\,1 lags behind l., to a corresponding extent. 
	° 

	In Fig. 32 let there be two points, Land J\I[, having simple harmonic motions along AOB, whose amplitudes are 
	­

	-­
	Figure
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	FIG. 32. 
	Ol and Om, and whose difference of phase is the angle lOm, the period being the same for both motions. We wish to find the relative motion of L and M, compounded of their two simple harmonic motions. 
	Join l1n ancl draw On equal and parallel to ml. Draw n.'V perpendicular to AB
	. 

	Then the relative displacement of Land Mis OM -OL, 
	where Olvl or OL is reckoned negative \Vhen measured to the left of O. Now O 1\II -0L = l\iL is the projection on AB of the line nil.. Also, 01V is the projection on AB of the line On, equal and parallel to ml. Thus ON =ML, since each is equal to On cos N01i. 
	Hence in any position the relative displacement of M and L is equal to the distance of the point N from the cen­tre 0. But N has a simple harmonic motion of the same period as that of 111 and L, of amplitude On = 1nl, an4 differ­ing in phase from that of L by the angle lOn. Thus if two points have simple harmonic motions of the same periods and along the same straight line, their relative motion is also a simple harmonic motion, in general differing in ampli­tude from either of the components, and also diff
	In Fig. 33 diagrams of displacement are drawn for two 2 seconds period, the amplitudesI inch, and the phase difference 60
	simple harmonic motions of 
	being ¾ inch and 
	° 
	. 

	I \ A N' , 1.5' ' N' L' , 2 SEC. ' ' / ,.... ,,.. Ł--_,., 
	3 INCHES
	0 1 
	FIG. 33. 
	The curves L' and M' have ordinates proportional to the displacements of the corresponding points along AB, as represented by the motion of the points PQ round their respective auxiliary circles. The resultant displacementof L relatively to M is shown by the distance M' L' = 0' N', N' being above or below the line CD (along which time is measured) according as L is above or below M along the line AB. 
	KINEMATICS OF MACHINES. 
	Thus the curve N' is drawn through points whose heights above CD are equal to the heights of Labove Mat different times. It will be found that these displacements are the same as those of a point l\/ moving along AB with a simple 2 seconds, amplitude 0.9 inch, 
	harmonic motion of period 

	° °
	whose phase is about 45behind that of L and 105behind that of ŁŁ,f. 
	The curves drawn in Fig. 33 are in fact sine curves, since their ordinates are proportional to the sines of angles which are proportional to the abscissre. In general, on compounding simple harmonic motions of different periods we do not obtain a simple harmonic motion as a result, but a more complex movement which is still, however, periodic. A case of this is shown in Fig. 34, where two simple har-
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	Figure
	FIG, 34. 
	monic curves, .4. and B (shown by dotted lines), differ­ing in phase, amplitude, and period, are compounded, the resultant curve C being shown by a full line. It is possible to resolve the curve representing any periodic function into­a number of component sine curves of different phase, ampli­tude, and period. In this way, for example, the complex. curve drawn by a tide-gauge is analyzed, and the periods, amplitudes, and phases of its component tides are deter-­mined. 
	In the figure, for instance, the curve CC might represent. 
	Figure
	the actual rise and fall of the water-level at a certain place, due to the simultaneous effects of two tides, which, acting alone, would r�spectively produce the fluctuations shown by A.4. and BBDistances measured horizontally repre­sent time as before. 
	. 

	Such diagrams as those given above enable us to study any periodic function, and they find many important ap­plications in scientific work. 
	25. Composition of S. H. M. not along Same Line.-Imag­ine that a point, having simple harmonic motion in the direction of a given line AB, has i1npressed upon it an­other simple harmonic motion in the direction of a line CD at right angles to AB. The motion of the bob of a siinple pendulum is very approximately simple harmonic. An arrangement like that sho,vn in Fig. 35 may be devised,which will give to a pencil, P, a motion compounded of those of two pendulums, Q and R, swinging in planes at right angles t
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	FIG. 35. 
	I 
	It is easy to see what the path of such a pencil will be
	. 

	In Fig. 36 let o 1 2 34 5 6 represent successive positions of the 
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	FIG. 37• 
	vibrating point measured along one line, and o 1'2'3'4'5'6' those measured along the other, equal intervals of time being taken, and the periods of the two motions being equal. 
	In the fire the movement from o to I or r to 2 is executed in r'of a complete period. Now if both harmonic motions have the same phase, points of intersection of the lines I and r', 2 and 2', 3 and 3', etc., parallel to the axes OA, OC, will give successive positions of the trac­ing-point... If there is a phase difference of 60, the tracing­point will have moved as far as 2' along one line, while it 
	gu
	i! 
	dra,vn through 
	° 

	.,,,.-. 
	,,<
	-
	-


	11 
	,. 10 
	,. 10 
	,.,(9 

	/8
	I 1-Ł
	I

	I
	' 
	1-6 
	,.5
	'

	\.4 
	\

	\ 3 
	', 1 
	'<
	2
	,, 

	_..,(.,_ 
	.......
	-

	3 6 9 12 15 18 
	Figure

	PERIODS 2 :3, AMPLITUDES EQUAL 
	° 
	INITIAL PHASE DIFFERENCE 0 •I ,, ,, 300 
	b, 
	a, 

	FIG. 38. 
	I 2 and 4', and so on, now give the path, which is seen to be an ellipse. �.\gain, with a phase difference of 90the path becomes circulare. Figs. 37 and 38 show the curve� resulting from the compounding of two simpleharmonic motions of equal amplitudes, having periods in 2 : r and 2 : 3 respectively, and various initial phase differences The combination of motions which have periods in any other ratio can readily be illus­trated by the same method, and the reader will find it in­structive to plot for himsel
	is still at o on the other: hence the rines drawn through 
	and 3', 
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	the proportion of 








