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This dissertation consists of three essays on specification tests on functional co-
efficient models via the Fourier transform and applications on conditional asset
pricing models.

The first essay, “An Asymptotically Efficient Test for Functional Coefficient
Models”, proposes a consistent test for model specification in a functional coef-
ticient model that uses the discrete Fourier transform of a consistent nonpara-
metric estimator of the random coefficient. As a generalization of the condi-
tional moment tests by Bierens (1980, 1982), it is applicable in testing part of the
coefficient functions, rather than testing for all of the them jointly. Although
a nonparametric estimation step is included, my method is able to detect local
alternatives at a rate of VT, owing to the U-process structure of the test statis-
tics. Monte Carlo studies demonstrate that my method outperforms current
nonparametric tests, such as the generalized likelihood ratio test by Fan et al.
(2001) and the Wald-typed tests by Li et al. (2002), especially when the sample
size decreases and the dimension of the state variables increases.

In the second essay titled ”A Consistent Model Specification Test for Func-
tional Coefficient Models”, I propose a consistent test for model specifications
in functional coefficient models via discrete Fourier transform (DFT). The DFT
of the sample score function can extract the local property of unknown parame-

ters over the state variable. Therefore, my test avoids nonparametric estimation



and is asymptotically more efficient than the existing nonparametric tests. It can
detect a class of local alternatives at the parametric rate. Furthermore, my test
allows the regressors and the state variables to be the same and is also robust
to heteroscedasticity and serial correlation. Simulation studies show that the
proposed test has reasonable size and excellent power against various misspec-
ifications of coefficient functions. The two essays both aim at improving the effi-
ciency of the tests over existing nonparametric tests in the literature. Rather than
the same, they can be viewed as complement to each other. The first involves a
step of nonparametric estimation and thus can test part of coefficient functions,
rather than the joint test for all of the coefficient functions in the model. The
drawback is that it is not tuning parameter free. The second uses a score func-
tion approach which is based on the residuals from the parametric estimation
and is free of nonparametric estimation. Both have their merits and limitations
and together provide a system of more efficient methods that can be applied in
various economics circumstances.

The third essay, "How Does Smooth Structural Change Affect Asymmetric
Dependence in Foreign Exchange market?”, I use a copula approach based on
Patton (2006) to model this asymmetric exchange rate dependence and inves-
tigate how different but reasonable specification of marginal distribution affect
the asymmetric behavior between mark-dollar and yen-dollar exchange rates.
Central banks are facing a trade-off between export competitiveness and price
stability, which will result in an asymmetric dependence behavior among cur-
rencies during joint appreciations versus during joint depreciation. It is plausi-
ble that the change pace of the underlying economic mechanism and technolog-
ical progress can cause the structural change of exchange rate in a country. Fur-

thermore, since the pattern of correlation or dependence structure is determined



by second or higher order moment, we would expect the marginal structural
change in volatility to change the dependence structure in joint distribution.
This chapter can also serve as an empirical evidence of implementing smooth

structural change into test for asymmetric correlations, proposed by Hong, Tu

and Zhou (2007).
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CHAPTER 1
INTRODUCTION

1.1 An Asymptotically Efficient Test for Functional Coefficient

Models

Since the work of Hastie and Tibshirani (1993), functional coefficient models
have been widely used to capture nonlinear dynamics and changes in economic
and financial phenomena. As natural generalizations of classical linear regres-
sion models that allow the coefficients to be functions of observable state vari-
ables, they are both more flexible and interpretable than other semiparametric
models.! More importantly, many classical nonlinear models can be regarded
as special cases of functional coefficient models. For example, the threshold au-
toregressive (TAR) model of Tong (1990) assumes that random coefficients are
step functions of some state variables. A special case is the self-exciting TAR
(SETAR) model of Tong (1983), where the state variables are some lagged order
of the series themselves. Another example is the smooth transition autoregres-
sive (STAR) model of Terdsvirta (1994), where the coefficients are typically con-
tinuous CDFs of the state variables. Other examples include the FAR of Chen
and Tsay (1993), and the exponential autoregressive (EXPAR) model of Haggan
and Ozaki (1981). Moreover, many empirical studies have focused on func-

tional coefficient models. For example, researchers in asset pricing use condi-

!Examples include projection pursuit, developed by Huber (1985), the sliced inverse regres-
sion of Li (1991), the single index models of Hardle and Stoker (1990), the additive models of
Breiman and Friedman (1985) and Hastie and Tibshirani (1987), the low-dimensional interac-
tion models of Friedman (1991), Gu and Wahba (1992), and Stone et al. (1997), the partially
linear models of Wahba (1984) and Green and Silverman (1994), and their hybrids, developed
by Carroll et al. (1997), Fan et al. (1998), Heckman et al. (1998), Fan et al. (2003), and others.



tional factor models to explain the failures of unconditional asset pricing mod-
els when analyzing the cross-sectional returns of different assets. Ideally, the
parameters (i.e., the factor loadings) change with the investor’s unobservable
information set, which can be proxied by state variables.? Although Shanken
(1990) and Ferson and Harvey (1999) specify parametric forms of the factor
loadings, in order to avoid a potential misspecification, nonparametric methods
have been proposed for inferences of conditional factor models. These methods
include those of French, Schwert, and Stambaugh (1987), Bansal, Hsieh, and
Viswanathan (1993), Bansal and Viswanathan (1993), Wang (2003), Lewellen
and Nagel (2006), Nagel and Singleton (2011), Ang and Kristensen (2010), Li and
Yang (2011), and Roussanov (2014). In the field of labor economics, Card (2001)
proposes that the returns on schooling should vary with post-school experience.
If wage models assume the additive separability of education and experience,
then returns on education could be understated if returns on experience are in-
creasing in education. Therefore, inferences using functional coefficient models

are important in economics.

In an important pioneering work, Fan et al. (2001) propose a generalized
likelihood ratio (GLR) test in which they compare the likelihood of the para-
metric specification under the null hypothesis and the nonparametric specifi-
cation (functional coefficient models) under the alternative hypothesis. By as-
suming that the stochastic errors follow certain parametric distributions, which
need not contain the true distribution, they overcome the difficulty of the non-
parametric MLE. In this way, they attenuate the difficulty of the nonparametric
maximum LR test, and enhance the flexibility of the test by allowing for a range

of smoothing parameters. The asymptotic null distribution of the GLR is free of

2In another specification, the parameters are deterministic functions of time; see Lewellen
and Nagel (2006), Ang and Kristensen (2010), and Li and Yang (2011) for details.



nuisance parameters and nuisance functions. Therefore, it enjoys the appealing
Wilks phenomena. Moreover, the rate of alternatives it can detect is 75 under
suitable choices of smoothing parameters. Ang and Kristensen (2012) use the
GLR to test pricing errors in conditional CAPM models. Hong and Lee (2013)°
improve the efficiency of the GLR using a loss function approach. Here, they
reduce the variance of GLR test statistic by eliminating the first-order term by
using particular loss functions. Another set of specification tests for functional
coefficient models are the Wald-type tests. Li et al. (2002) use the integrated
squared difference between the parametric and nonparametric estimators of the
random coefficient to test parametric specifications under the null hypothesis.
The authors apply the test to the production function of the nonmetal mineral
industry in China. Their results show that intermediate production and man-
agement expenses play a vital role, and represent an unbalanced determinant of
the labor and capital elasticities of output in production. Chen and Hong (2012)*
consider a generalized Hausman test using the quadratic distance between the
parametric and nonparametric estimators. Li and Yang (2011) apply the test
to conditional asset pricing models. Li et al. (2015) consider a two-step proce-
dure to estimate conditional factor models. The first step acquires the residuals
from the conventional parametric estimation. The second step is based on the
nonparametric estimation of the residual from the first step. The test statistic is
based on a Wald-type test of the two-step estimator. Fu and Hong (2019) use
a discrete Fourier transform method to examine smooth structural changes in
time-varying coefficient models (functional coefficient models, where the state

variable is time). They argue that the time-varying local feature of the model pa-

SHong and Lee (2013) consider a model in which the conditional expectation is any nonpara-
metrically specified function that can be extended to a functional coefficient model.

“Chen and Hong (2012) consider a test for smooth structural changes, where the smoothing
is in the time domain. This test can be extended to the state domain as well.



rameters will remain in the residuals estimated using an ordinary least squares

regression.

I propose an alternative approach, using a Fourier transform to construct
a convenient and consistent specification test for functional coefficient models.
My test is based on a discrete Fourier transform (DFT) of the consistent nonpara-
metric estimator of the functional coefficient and, thus, has a U-process struc-
ture. As pointed out by Powell, Stock, and Stoker (1989), each data point is used
to estimate several kernel regressions, and the overlaps render a faster conver-
gence rate. In essence, I transform the test problem in the time or state variable
domain to one in the frequency domain, achieving a parametric rate at a rela-
tively small cost. My approach has several advantages over existing parametric

and nonparametric tests in literature.

First, compared with nonparametric tests, and despite including a nonpara-
metric estimation step, my approach detects alternatives with parametric rate
T-2 and, thus, does not suffer from the so-called “curse of dimensionality.” Ow-
ing to the U-process structure of the test statistics, my test significantly improves
the power performance in small samples, and when the dimension of the state
variable increases. In addition, for particular kinds of null hypotheses (e.g.,
testing a linear combination of the coefficients), my test is easy to implement by
simply imposing a coefficient matrix; other nonparametric tests may incur con-
strained optimization when estimating the null model. Furthermore, as pointed
out by Gao and Gijbels (2008), the performance of nonparametric tests is highly
sensitive to the bandwidth selection. Gao and Gijbels (2008) argue that the band-
width should be chosen based on the trade-off between size and power, rather

than on minimizing the mean squared error (MSE) of the estimation. Because of



the parametric rate, the power of our test is not affected by the choice of band-

width; thus, using MSE-based criteria for bandwidth selection is appropriate.

Second, compared with parametric tests, my method can handle a larger
class of tests. In particular, it can test one or certain dimensions of the coeffi-
cients, as well as any linear combination of the coefficients. For example, the
residual-based approach of Fu and Hong (working paper) is computationally
convenient, and can achieve a parametric rate. However, because the residuals
from the parametric model under the null are derived from a one-step regres-
sion of the entire model, they are not able to analyze the behavior of one (or
a few) of the coefficients separately. Therefore, these tests cannot be applied
to economics and finance problems such as testing the pricing errors of asset
pricing models. In contrast, my test can easily handle such problem by com-
puting the DFT of certain coefficients, rather than all of them, and the feature of

detecting local alternatives with parametric rates still holds.

To highlight my approach, I apply my test to examine the validity of various
conditional asset pricing models. Using daily, weekly, and monthly U.S. stock
market data, I re-examine the validity of conditional versions of well-known
asset pricing models, including the CAPM and Fama and French three-factors
models. For the case in which the state variable is time, I compare my results
with those of Li and Yang (2011) and Ang and Kristensen (2012), who use GLR
and Wald-type tests, respectively. When the state variables are random vari-
ables, I follow the choices in Nagel and Singleton (2011) and Li et al. (2015).
my method rejects models that are not rejected by the GLR and Wald-type tests,

especially when I use all three state variables from the literature.



1.2 A Consistent Model Specification Test for Functional Coef-

ficient Models

Functional coefficient models have been extensively applied to capture nonlin-
ear dynamics and evolutions in economic and financial phenomena. As nat-
ural generalizations of classical linear regression models, the functional coeffi-
cient models allow the coefficients to be functions of observable state variables,
which is great useful in capturing such nonlinear features as asymmetric cy-
cles, bi-modality and so on. In addition, they also enjoy great flexibility and
interpretability as compared to other semiparametric models including the pro-
jection pursuit (Huber 1985), the sliced inverse regression ( Li 1991), the sin-
gle index models( Hardle and Stoker 1990), the additive models (Breiman and
Friedman 1985, Hastie and Tibshirani 1987), low-dimensional interaction mod-
els (Friedman 1991, Gu and Wahba 1992, Stone et al. 1997) and partially linear
models (Wahba 1984, Green and Silverman 1994, Fan et al. 1998, Heckman et al.
1998, Fan et al. 2003).

Many popular nonlinear models can also be regarded as special cases of
functions coefficient models. For example, the threshold model considered by
Tong (1990) and Hansen (1997, 2000) assumes the coefficient functions to be step
functions of some observed state variables. Terdsvirta (1994) models the coef-
ticient functions as smooth functions (e.g. logistic functions) of state variables,
and proposes the smooth transition model. If the state variable follows an uni-
form(0,1) distribution, then the functional coefficient model could be regarded
as a linear quantile regression (Koneker, 2005). Due to the meaningful economic

interpretations of functional coefficient model, many studies use this model to



capture nonlinear relationship among economic and financial variables. For ex-
ample, literature in asset pricing (e.g.,Shanken 1990, Ferson and Harvey 1999,
French et al. 1987, Bansal et al. 1993), Lewellen and Nagel 2006, Roussanov 2014,
and so on) models the factor loadings as functions of some state variables, which
are proxy variables represent the unobserved information set of investors. By
introducing the coefficient function, these studies explain the failures of uncon-
ditional asset pricing models in analyzing cross sectional returns of different
assets. In labor economics, Card (2001) proposes that the returns to schooling
should depend on the after-school work experience in nonlinear form. The lin-
ear additive separable setting of education and experience in the model will
underestimate returns to education. In international economics, Borensztein et
al. (1998) build a threshold regression model to investigate the nonlinear effect

of FDI on economic development.

Although a parametric form of coefficient function can greatly facilitate the
estimation and testing of functional coefficient model, a parametric setting has
the risk of misspecification, which may lead to inconsistent estimation and mis-
leading empirical results. Considering this, nonparametric methods have been
proposed for the estimation of functional coefficient model. For example, Fan
and Zhang (1999) provide an innovative two-step method for independent sam-
ples via local polynomial estimation. Cai et al. (2000) adopt local linear re-
gression technique to estimate the coefficient functions in time series context.
However, by introducing the nonparametric coefficient functions, one avoid the
model misspecification problem at the cost of estimate efficiency. That is, the
asymptotic convergence rate of the estimated parameters and coefficient func-
tions is much slower than the parametric convergence rate. Moreover, it is usu-

ally difficult to provide economic interpretations of the dependence between the



unknown regression coefficients S on the state variable Z, when the dimension
of state variable is large. Therefore, testing whether coefficient functions are
constant of zero or in a certain parametric form is an important theoretical and
empirical issue in fitting functional coefficient models. In an important pioneer-
ing work, Fan et al. (2001) propose a generalized likelihood ratio (GLR) test by
comparing the likelihood of the parametric specification under the null and the
nonparametric specification of coefficient functions under the alternative. Un-
der suitable choice of smoothing parameters, it can detect the local alternative
with convergence rate T75. Ang and Kristensen (2012) apply the GLR to test
pricing errors in conditional CAPM models. Li et al. (2002) measure integrated
squared difference between the parametric and nonparametric estimator of the
coefficient functions to test parametric specifications under the null hypothe-
sis. Hong and Lee (2013) consider a model where the conditional expectation is
nonparametrically specified functions, which can be extended to the functional
coefficient models, and improve the efficiency using a loss function approach.
The essence is to reduce the variance of GLR test statistic by eliminating the first

order term due to the use of particular loss functions.

In this chapter, we propose a unified approach for inference in functional
coefficent models via discrete Fourier transform (DFT). Unlike the existing tests
that focus on time domain analysis, we investigate the specification of certain
functional coefficient models in frequency domain. The intuition is straightfor-
ward: if the true model parameter is correctly specified, then the conventional
estimation method (depend on the model specification under the null hypoth-
esis) will fail to estimate it consistently. Consequently, such information will
be captured by the sample score function. Even though the first order condition

guarantees the sample mean of score function is identically 0, by doing a Fourier



transform with respect to the state variables, we can extract the local property
of unknown parameters over the state variable. Compared with the existing
specification tests in functional coefficient models literature, the proposed test

has the following appealing features.

First, our test is widely applicable for various specifications of coefficient
functions, which is more general than the existing parametric test such as
Hansen (1997, 2000) for threshold regression, Terdsvirta (1994, 1998) for smooth
transition model. The only input of our test is the sample score function ob-
tained by maximum likelihood estimation. In fact, the sample score function
exists as long as the coefficient function is second order differentiable with re-
spect to the unknown parameters that could be consistently estimated with
VT convergence rate under the null hypothesis. Even the score function is
non-derivable with respect to some sup-convergence parameters, such as the
threshold value in threshold regressions, our test is still applicable. Therefore,
we could check model specifications for linear models, threshold regressions,

smooth transition models and so on.

Second, our test can detect a class of local alternatives that converges to the
null hypothesis at a faster rate than the existing nonparametric tests such as Fan
et al. (2001), Li et al. (2002), Hong and Lee (2013). The rate of local alternatives
that our test can detect is T7'/2. In contrast, the upper bound convergence rate
of the aforementioned nonparametric test is T~*?, which is lower than our DFT
based test statistic. This is a appealing advantage of the DFT. Since we only need
to estimate the model under the null hypothesis, we can achieve the parametric

convergence rate.

Third, our test does not need the smoothed nonparametric estimation. It



avoids the delicate business of choosing a bandwidth and free of the “curse of
dimensionality” problem. Therefore, we do not need to impose restrictive as-
sumptions on the dimension of state variables. In comparison, the convergence
rate of Fan et al.’s (2001) GLR rely on the dimension of state variables. The
power of Fan et al.’s (2001) GLR test also depend on the choice of bandwidth.
While they propose a wild bootstrap to relieve this problem the power of their

testis still sensitive to the choice of bandwidth in finite sample.

Fourth, we allow the regressors and state variables to be the same. This
is of particular importance in testing certain parametric specifications such as
SETAR. If the SETAR assumes the coefficients to be indicator functions of the
regressors themselves, nonparametric estimations will fail since the functional

coefficient model is not even identified in this case.

Finally, our test is robust to conditional heteroskedasticity and serial corre-
lation of unknown form in error terms, and hence broaden the applicability of

the proposed test.

1.3 How Does Smooth Structural Change Affect Asymmetric

Dependence in Foreign Exchange market?

Asymmetric dependence of stock returns with the market indices have been
widely studied in literatures. As reported in Erb et al. (1994), Karolyi and Stulz
(1996), Ang and Bekaert (2002), Longin and Solnik (2001), and Ang and Chen
(2002), two equity returns exhibit greater correlation during joint appreciations

than during joint depreciations. Hong, Tu and Zhou (2007) proposed a model-

10



free test for asymmetric correlations which allows for general distributional as-

sumptions, such as the GARCH process.

Such a dependence structure also exists between foreign exchange rates. For
example, Patton (2006) uses a copula approach to investigate the dependence
between the Deutsche mark and the yen over the period January 1991 to De-
cember 2001. He finds strong evidence that these two exchange rates exhibit
stronger dependence during joint depreciation in the pre-euro period, whereas
an opposite type of asymmetric dependence pattern in the post-euro period.’
He also proposes that this asymmetric dependence is possibly caused by asym-
metric behavior of central banks in reaction to exchange rate movements: A
desire to maintain the competitiveness of their exports to the U.S. with other
countries exports to the U.S. would lead the central bank to intervene to en-
sure a matching depreciation of their currencies against the dollar whenever

the other currency depreciated against the dollar.®

The study of asymmetric dependence feature is important for many reasons.
First, as mentioned in Hong, Tu and Zhou (2007), hedging relies heavily on
he dependence structure between the assets hedged and the financial instru-
ments hedged. The presence of asymmetric feature can affect the effectiveness
in hedging. Second, in the pricing of financial options or in the calculation of
portfolio Value-at Risk (VaR) or in a forecast situation where the loss function
is unknown, we require for some feature of conditional joint distribution, say
asymmetric dependence. Third, the theory of portfolio diversification might be

questionable if assets tend to fall or rise simultaneously.

>The mark/euro exchange rate was fixed since the inroduction of the euro on January 1, 1999,
but the mark was still used for transactions in Germany until the end of 2001.
®Such a senario was also considered by Takagi (1999).
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Despite suffered from model specification, similar to Hong, Tu and Zhou
(2007), Patton (2006) uses generalized GARCH process to model marginal distri-
bution, which can capture the feature of volatility clustering in foreign exchange
market. However, GARCH models impose a key assumption of stationarity.
Note that the specification of marginal distribution plays an important role in
modeling joint distribution (copula approach), especially when modeling de-
pendence structure. In particular, the evolution of marginal structures can be
a source of time variation in dependence behavior. Naturally we may ask how
does the structural change in marginal distributions affect the asymmetric de-

pendence feature described in Patton (2006).

It is plausible that the change pace of the underlying economic mechanism
and technological progress can cause the structural change of exchange rate in
a country. Furthermore, since the pattern of correlation or dependence struc-
ture is determined by second or higher order moment, we would expect the
marginal structural change in volatility to change the dependence structure in

joint distribution.

Naturally we are facing the decision between abrupt and smooth changes.
In copula literatures, there have been numerous papers discussing abrupt struc-
tural change in marginal distributions, e.g. Kramer and Kampen (2011), Na, Lee
and Lee (2012). Patton (2006) also considered abrupt structural change at the
point of introduction of euro for his marginal distributions. However, Hansen
(2001) provide a guidance for this, ”...might seem more reasonable to allow a
structural change to take a period of time to take effect”. Indeed, such changes
in foreign exchange market induced by policy switch, preference changes, and

technology progress usually exhibit evolutionary changes in a long term. In

12



particular, volatility may take time for the market to achieve some consensus.
Therefore, I follow the local QMLE method, proposed by Chen and Hong (2014),
to estimate the smooth time-varying GARCH parameters and thus make a mod-

ified specification of marginal distribution in Patton (2006).

In this chapter, I follow copula approach in Patton (2006) to model the condi-
tional tail dependence and show how does this smooth structural change affect
the dependence structure in foreign exchange market and try to extrapolate the
findings. Here, the modification of smooth structural change in GARCH has
its own economic intuition. As mentioned above, structural change in exchange
rates can be viewed as a evolution of underlying economic conditions. By inves-
tigating this effect on dependence structure, we are essentially asking how does
the domestic conditions affect central banks’ preferences. Furthermore, the na-
ture of copula allows us to separate the variation between local economics and

the dependence structure.
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CHAPTER 2
AN ASYMPTOTICALLY EFFICIENT TEST FOR FUNCTIONAL
COEFFICIENT MODELS

2.1 Framework and Approach

In this chapter, we test special cases of the functional coefficient model in the

following linear time series regression form:
Y, =X'BZ)+¢&, t=12,..T, (2.1)

where {X, Z,, Y,} is a R*xRE-xR-valued observable random sample, 3(-) : RF — R¥
is any measurable function of the state variables, and ¢, is an unobservable dis-
turbance, such that E(g/|X,, Z,) = 0, implying that both X, and Z, are exogenous.
However, this might not be true in many applications in economics and finance.
When some components of X, are endogenous, we use an IV, as in Cai et al.
(2006). For identification, we assume E(g; | X;,Z;) = 0and Q(2) = E[X,X] | Z, = Z]
is nonsingular, for all Z. This excludes cases in which Z, = X,, because X, X, is
always singular, unless X, is a scalar. It will be shown in chapter 3 that this

constraint can be released by avoiding the nonparametric estimation.

Notation. Throughout this chapter, i denotes an imaginary number, such
thati = V=1. For an m x n complex matrix A, we denote its complex conjugate
as A%, its transpose as A’, its real part as Re(A), its Euclidean norm as [|A]| =
(2, X5 141712, and its Moore-Penrose generalized inverse as A~. We use
C € (0, o) to denote a generic positive constant, which may vary between cases.
The operator %5 denotes convergence in probability, < denotes convergence in

distribution, and = denotes weak convergence.
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2.2 Testing the Constancy of 5(Z;)

In this section, we test the constancy of the parameters as functions of the state
variables. The true model is a classical linear regression; the alternative is a
general functional coefficient model. We test whether the coefficients change
with the state variables. When the state variable is time, we test whether struc-
tural changes exist in a time series context, as in Bai and Perron (1998), Hall et
al. (2012), Perron and Yamamoto (2014), and Perron and Yamamoto (2015) for
abrupt structural changes, and in Chen and Hong (2012), Chen (2015), and Fu
and Hong (2019) for smooth structural changes. When the state variables are
random variables, the meaning of the hypothesis varies with the economic con-
text. For example, in asset pricing, recent studies have focused on conditional
factor models (Shanken 1990; Ferson and Harvey 1999, Cochrane 1996; Jagan-
nathan and Wang 1996; Lettau and Ludvigson 2001; Lustig and Nieuwerburgh
2005; Santos and Veronesi 2006):

ri’t = CYI(Z,) +ﬁl(Z[)Tft + Si’[,t = 1, 2, ceey T, (2.2)

where r;, is the excess return on asset i at time ¢, and «;(-) and B;(-) denote asset
i’s pricing error and factor loadings, respectively. Then, f; = (fi,, fors - fis) de-
notes the excess returns for mimicking portfolios.! The conditional asset pricing
models originate from the failure of unconditional models, and are theoretically
more appealing (e.g., Jensen 1968; Dybvig and Ross 1985). Under the condi-
tional factor models, the parameters change with the investor’s unobservable
information set, which can be proxied by the state variables. The test for the

constancy of the parameters can be viewed as a test between unconditional and

!This includes popular models in the literature, such as the three-factor CAPM of Fama and
French (1993), four factors of Hou et al. (2015), five factors of Fama and French (2015), and six
factors of Barillas and Shanken (2017).
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conditional factor models.

A further example is provided by the wage-education model. Card (2001)
proposes a random coefficient model to analyze the return on education. He ar-
gues that if we assume additive separability of education and experience, then
returns on education could be understated if the returns on experience are in-
creasing in education. As a result, Cai et al. (2006) proposed a functional coeffi-

cient wage-education model:
Y =Z[\60 + g0(Z12) + 81(Z1)X + &, (2.3)

where Y is the natural logarithm of hourly wage; Z;, includes indicators for mar-
ital status, being employed by the government, union status, and other dummy
variables; X is a measure of education (“Schooling”); Z,, is a measure of work
experience; and Z, is an instrumental variable, namely, an index of labor market
sentiment (Das et al., 2003). Therefore, testing whether the coefficients change
with the state variables can be interpreted as testing whether the return on edu-

cation changes with after-school work experience.

2.21 Hypotheses of Interest

The hypothesis of interest is
Ho: : B(Z;) = By, for unknown B, € 9,

versus

Ha, : B(Z,) # B, for any 8 € O,
where ® c R¥ is a compact parameter space.
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A straightforward approach to testing Hy, is to first obtain consistent esti-
mates for B(Z,) under the null and alternative hypothesis, and then to compare
the difference between the two. Under the null hypothesis Hy,, the model is a
classical linear regression, and the coefficients can be estimated using the OLS
method. Under the alternative hypothesis Hy;, the estimation of 3(Z,) can be
from any nonparametric local estimation, including the Nadaraya—Watson esti-
mator and local linear estimations. For example, the GLR test by Fan, Zhang,
and Zhang (2001) compares the likelihood between parametrically null models
and nonparametrically alternative models. The nonparametric MLE is typically
infeasible, because the nonparametric likelihood has infinitely many parame-
ters. Thus, they assume that the stochastic errors follow a standard normal dis-

tribution,? and the GLR test statistic can be based on:

_ TRSS,—RSS,

1
=92 RSS,

(2.4)

where RS S = Z,T: | (Yt - X,’,[Aio)2 is the residual sum of squares from the OLS, and
RSS, =Y, (Yt - X,’B(Zt))2 is the residual sum of squares from the nonparamet-
ric estimation. Under regular conditions, as a sequence of constants yy — oo

and some constant r > 0,
AT BT 4 o, 1. (2.5)

N

The GLR test is a pseudo-likelihood ratio test, because its alternative has
infinite dimensions. Therefore, it does not inherit the most powerful property of
the Neyman—~Pearson lemma (1933). Hong and Lee (2013) argue that the GLR
test does not have the optimal power property of the classical LR test. Therefore,
they propose a loss function approach that compares the models under the null

and alternative hypotheses by specifying a penalty for the discrepancy between

2This need not contain the true distribution.
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the two models, as follows:

T
Or = ) dimy(Z)), (2.6)
t=1

where m;,(Z,) is a nonparametric estimator of E(g, | X;,Z,), and d is a class of loss
functions. Under regular conditions, let gr = Qr /72 and 7% = + 3. [&,-mu(Z)1?,
where &, is the residual from the OLS. Then,

s(K)qr —vr

4 N, 1), 2.7)
2VT

where s(K) and v do not depend on nuisance parameters.

Another set of nonparametric tests compares the distance between the para-
metric and nonparametric estimators of 8(Z;) directly. We refer to these as Wald-
type tests. For example, Li et al. (2002) use the integrated squared difference as

the basis for the test:
A A1T A A
1= [ b2 -3 b - Blaz 2.38)
Similarly, Chen and Hong (2012) and Ang and Kristensen (2012) compare the
distance between the parametric and nonparametric estimators of S(Z;,). These

are generalized Hausman tests (Hausman, 1978), because the two estimators

converge to the same probability limit under Hy; only.

The nonparametric tests above follow nonparametric convergence rates, ow-
ing to the nonparametric estimation step; thus, they follow a nonparametric
convergence rate, which is slower than a parametric rate. This is an undesir-
able feature, because the low convergence rate may affect the performance of
the test, particularly for a finite sample, or when the dimension of the state vari-

ables increases (the “curse of dimensionality”).

At the same time, it is well known that nonparametric tests are very sensi-

tive to the choice of bandwidth. Typically, the bandwidths are based on cross-
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validation. This minimizes the MSE from the nonparametric estimation step,
which may not be optimal for nonparametric tests. Gao and Gijbels (2008) de-
rive the leading terms of the size and power functions of their test statistic, and
choose the bandwidth to maximize the power of a test, given a significance
level. Sun, Phillips, and Jin (2008) have a similar idea. Deriving the size and
power as a function of the bandwidth is sometimes difficult or infeasible in
many nonparametric tests. Therefore, in practice, empirical researchers sim-
ply select a bandwidth by minimizing the MSE. However, an inappropriate
choice of bandwidth may affect the asymptotic performance of the nonpara-

metric tests, yielding misleading results.

To circumvent these undesirable features, I propose a novel consistent test

based on a discrete Fourier transform.

2.2.2 Test Statistic

Under Hy,, B(Z,) does not change with Z,. Therefore, testing Hy, is equivalent to

testing whether B(Z,) is independent of Z,.

Tests of independence have been studied widely in the economics and statis-
tics literature. Because the covariance and correlation capture only a linear rela-
tionship between two random variables, researchers generalize these measures
to determine the nonlinear dependence structure. For example, Campbell, Lo,

and MacKinlay (1997)° test the martingale property of a time series using

cov[X;, h(X,-j)] = 0, (2.9)

3An even older work is that of Granger and Terasvirta (1993), who determine a maximum
correlation coefficient.

19



for A(-) in a pre-specified family of measurable functions. They conclude that
X, is orthogonal to X,_;, in the sense that E(X, | X,_;) = u. However, as pointed
out by Cucker and Smale (2001), the scope of the family of candidate functions
of h(-) induces an approximation error. Therefore, the performance of the test

hinges on the pre-specified family of functions.

On the other hand, Hong (1999) provides a generalized covariance approach

that uses the characteristic function, or Fourier transform:
oj(u,v) = cov(e™Xr, VX, (2.10)

A generalized covariance captures the linear relationship between two vari-
ables, as well as the nonlinear dependence structure. An advantage of this
method is that it avoids the class of potential functions in Campbell, Lo, and

Mackinlay (1997) and, thus, circumvents the approximation error.

Therefore, we test Hy, based on a generalized covariance between (Z;) and

Z,: cov[B(Z,), e #]. To facilitate our method, define
A(u) = E[B(Z) ("7 - Ee™ 7). (2.11)

The following lemma originates from the characteristic function approach of
Bierens (1982) for the test of independence. Our test statistic for Hy, is based on

the following:

Lemma 2.2.1. A (u) = 0, for all u € RY, if and only if Ho, holds.

PR . i T o T
Intuitively, we can take Taylor’s expansion of ¢ # around 0: ¢“ % = 1 +

Doy (i“:(!z’)k. Now, A;(u) = 0 becomes the covariance between 8(Z;) and an infinite

series of the moments of Z,. Thus, linear uncorrelation becomes independence.*

A more rigorous proof takes a Fourier transform of ¢ %; see Bierens (1982).
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In fact, A;(u) can be viewed as the coefficient of the de-meaned Fourier trans-
form at the frequency u. Under Hy,, B(Z,) is a constant function of Z, and, thus,
the Fourier coefficients should all be equal to zero. The de-meaned ™% is used
because we only care whether 5(Z,) is a constant; we do not need to know the
value of that constant. Lemma 1 transforms the hypothesis of interest from a
time or state variable domain into the frequency domain. The nonparametric

estimation of 5(Z,) now becomes a parametric estimation of the Fourier coeffi-

cient in the frequency domain, which improves the efficiency of our test.

Lemma 2.2.1 suggests that we can test Hy based on the sample analog of

Aq(u):

iz 1O
'z _ iu' Zs
e T E e ], (2.12)

s=1

T
— 1 —
A = ;mz,)
where E(Z,) is any consistent nonparametric estimator of 8(Z,).

Various smoothing techniques can be applied here, including local smooth-
ing such as the Nadaraya-Watson estimator, splines, and orthogonal series
methods. In this study, we adopt the local linear estimation proposed by Cai,
Fan, and Yao (2000). Because we need to demonstrate the performance of our
method as the dimension of the state variable increases, we generalize the es-
timator to the case where Z, is multidimensional. The local linear estimator is
defined as 8(Zy) = B3, where {(B(Z,), B'(Zy)} minimizes the sum of the weighted

squares:

T

) , / X, 2 d
; [Y; —- (B(Zy)', vec(B'(Zy)) )((Zz _70)® Xz)} l:l[ Kiw(Zii — 200), (2.13)

where K,(x) = h"'K(x/h), K(-) is a kernel function on R, and 4 > 0 is a bandwidth
that controls the degree of smoothing in the estimation. In addition, 8'(%)) is the

Jacobian matrix of 5(Z;), and ® is the Kronecker product. As pointed out by Cai
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(2009), the estimator {(B(ZO), ,@’(ZO))} can be obtained by performing an OLS on

the following model:

d
[l—[ Ki(Zsi — z0i)
i=1

1/2 d 1/2

Y, = Ky(Z;; - ZOi)} [ﬁ(ZO)/Xt + VeC(ﬁ'(Zo))/(Zz -2y ® Xz] + 42-14)
1

i=

The sample analog A;(«) can be viewed as a discrete Fourier transform of
E(Zt) on the random state variable Z,. At fixed frequency u, it has a V-statistic
structure of A(u), which can be approximated by a U-statistic under regularity
conditions. As in Powell et al. (1989), although this sample analog invokes the
nonparametric estimation, the data points used in the kernel regressions of 3(Z,)

will be reused.

Traditionally, the choice of h should satisfy Th* — oo, where the optimal
bandwidth 7 = ¢ * T~%# minimizes the MSE of the estimation. The con-
stant ¢ is typically set using Silver’s rule of thumb, or using a data-driven
method, such as cross validation. However, the optimal bandwidth for esti-
mation is not necessarily the best choice for testing, and the bandwidth does
impact the performance of the test. In a hypothesis test, the central problem
is the trade-off between Type-I and Type-II errors. Gao and Gijbels (2008) de-
rive the leading term of their test statistics, and choose & = arg max, B, @B (M),
where B,(a) = h: @ — cmin < @y(h) < @ + Cmin, for some prespecified small con-
stant cmin € (0, @). Here, a,(h) and §,(h) represent the size and power, respec-
tively, of the test, given h. The idea is to choose a data-driven bandwidth, with a
bootstrap, that maximizes power, while controlling for size within an acceptable
range. Sun, Phillips, and Jin (2008) provide a similar approach. In this study, we

select the bandwidth by rule of thumb. We leave this issue to further research.

Our approach circumvents this problem due to a As pointed out by Pow-
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ell, Stock, and Stoker (1989), each data point is used in the estimation of sev-
eral kernel regressions, and the overlaps render a faster convergence rate. This
structure allows us to properly account for the “overlaps” in the local linear es-
timators by imposing an additional smoothing step. The cost of this approach

is that we must check for all u € R¥, rather than just a subset of RX.

Under Hy, A,(u) = 0, for any given u. Under Hy,, A;(u) is a nonzero function
of u and, thus, determines the power of a test, based on A, 1(u). Therefore, we
can test Hy; by measuring the deviation from zero using the following sample
quadratic forms:

@:TjWﬁwwwww, (2.15)
RL

where W : R — R* is a nonnegative symmetric weighting function of u. The

introduction of W(u) allows us to consider many points for u.

Because Z, is a L x 1 vector, the test statistic (2.15) involves d,-dimensional
integration, which is usually calculated using numerical integration or approx-
imated using simulation methods. When the dimension Z, is large, the afore-
mentioned methods would be tremendously computationally costly. We can
approximate integration using a finite number of grid points for u. This could
reduce the computational cost, but may lead to power loss. Another way to
avoid high-dimensional numerical integration is to integrate (2.15) out analyt-
ically by choosing some suitable weighting function. Here, we follow Hong,
Wang, and Wang (2017), and use the following weighting function, based on

the joint independent normal density:

g | u;
W) = T, ———exp(-=%5). (2.16)

\2mé 26

where & can be viewed as the standard deviation of Wy(u) for dimension k.
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With this weighting function and using the identity:

d; 2
f cos [Z] exp (—%) du = (27r) 3 exp (—l|x|2) (2.17)

i=1
The quadratic form (2.15) can be written as:

T

T
O =23 > BZIV.BZ) 2.18)

s=1 =1
Where VS[ =e 2|Z Zt — 1 Z |Z[ Z[ — 1 Z |ZS_Z[| + % Zr];;’nzl e 2 an The
computation of the test statistic @ requires no numerical integration, regardless
of the dimension of Z,. Note that another type of weighting function, based on

the Laplace density function, can also avoid numerical integration:
0 Al
Wi(u) = Hk:l?e BN (219)

where 1; denotes a scale parameter. Indeed, the choice of weighting func-
tion affects the asymptotic power of the test; therefore, those tests that can-
not avoid numerical integration may outperform those based on the aforemen-
tioned weighting. This comparison needs to be checked using simulations.
However, the difference is not significant compared with that between GLR and
our test. Note too that the quadratic form (2.15) is not the only way to measure
the deviation of A(u) away from zero. For example, sup,cqe |A(u)| is a classical
method in statistics. Chen and Kato (2019) provide a finite-sample approxima-

tion to the U-process supremum. We leave these issues to further research.

2.3 Testing a Parametric Form of 5(Z))

In this section, we are interested in testing a particular parametric form of S(Z)).
A simple case of this type of hypothesis is to test a certain value of the coeffi-

cients: B(Z,) = f, for a pre-specified ;. This differs from Hy, since 3 is known.
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In this case, the mean level of the Fourier coefficient is not irrelevant and it leads

us to use the regular Fourier transform rather than the demeaned one in A (w).

A more complicated case is to test a particular parametric specification of
B(Z;). Depending on the function form in the null hypothesis, the test in this
section can be applied to check specification for many classical nonlinear time

series models:

1. IfX, = (Y1, . Yi0), Z, = (Xi—g) and B(-) being the indicator function,
then model (2.1) degenerates to the threshold autoregressive model (TAR)

proposed by Tong (1990):
YZ‘ :¢(li)Yt—1 +"'+¢S)Yt—p+8§i)’ ifxt—degh [ = 1325“' ’R

where {Q;} form a non-overlapping partition of real line.

2. If X, = (Yt—la' e, Yt—k), and ﬁj(Zt) = a; + (E} + ’)/JZt) CXP(—HJZIZ) with Z, =
Xi-q, then model (2.1) becomes the generalized exponential autoregressive
(EXPAR) model proposed by Haggan and Ozaki (1981) and Ozaki (1982):

k
Y, = Y {a;+ B +v,Y-a) exp(—=0;X" NI X,—; + &
=1
where§; >0 for j=1,2,--- K.
3. If X, = (Y1, -+, Yip) and B(Z) = $1G(Z;;y, ©)+¢2(1-G(Z;;y, ¢)), then model

(2.1) becomes the smooth transition AR model considered by Terdsvirta
(1994):
k
Y= ) {01} GZsy, oY j + {9} [1 = G(Zy,0) Y-+ &
j=1

where G(Z;;y,¢) = {1 + exp[—y(Z, — ¢)]}"! being the logistic function.
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4. If Z, ~ U(0, 1), then model (2.1) could be regard as a linear quantile regres-
sion (Koenker, 2005):

Oy(tlX,) = X;B(7), T~ i.i.d.U[0, 1]

where B(7) measures the relationship between X, and Y, at quantile 7.

Estimation of A(-) has been extensively investigated in the literature. Fan and
Zhang (1999) provide an innovative two-step method for independent samples
via local polynomial estimation. Cai et al. (2000) adopt local linear regression
technique to estimate the coefficient functions g(-) in the time series context.
However, nonparametric estimation of 8(-) has some undesired features. For
instance, when the dimension of Z, is large, one will encounter the “curse of di-
mensionality” problem. As a result, the asymptotic convergence rate of the es-
timated parameters and coefficient functions is much slower than the paramet-
ric convergence rate. Moreover, it is hard to provide economic interpretations
of the dependence between the unknown regression coefficients g on the state
variable Z,. Thus, parametric modeling of 3(-) is quite appealing in practice.
For example, Tong (1990) and Hansen (2000) study the theoretical properties
of threshold model, while Terasvirta (1994, 1998) and Granger and Terdasvirta
(1993) explore asymptotic results for the smooth transition models. Therefore, it
is critical to check whether the parametric form is correctly specified. This leads

us to focus on the following hypothesis of interest.

2.3.1 Hypotheses of Interest

The setting of model 2.1 is fairly general. Besides testing the constancy func-

tional coefficients, in some economic circumstances, one may also be interested
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in checking whether the functional coefficients follow certain parametric forms.

In this case, the hypothesis of interest can be written as follows:

Ho, : RB(Z;) = RB(Z,,6,), for some 6, € O, (2.20)

where O € R’ is a parameter space, against

Hy, : RB(Z) # RB(Z,.6), V0€® (2.21)

where ® c R* is a compact parameter space. Here, R is a full rank m X K ma-
trix, and m represents the number of restrictions. We can form the matrix R to
tit our hypothesis. When R is the identity matrix, Hy, becomes 8(Z,) = S, that
is, whether all coefficients are changing with the state variables. This can be
regarded as a model specification test for the classical linear regression mod-
els against the more general functional coefficient models. More importantly,
the choice of R allows us to test part (or any linear combination) of the ran-
dom coefficients, while maintaining flexibility in the specifications of the other
coefficients. This is important in many circumstances, for example, to test the
conditional asset pricing models in 2.2, arbitrage-free pricing theorem (APT)
implies the pricing error «;(-) = 0 if there exists risk free asset. Therefore, testing
a conditional asset pricing model is equivalent to testing a functional coefficient
model by letting R = (1,0). On the other hand, if the market is without risk
free asset, Shanken (1985) and Jagannathan et al. (2009) prove that the condition
becomes «;(Z,) = y(1 — Bi(Z,)) where y is an unknown zero-beta rate. This can be

conducted by letting R = (1, 7).
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2.3.2 Test Statistic

The test of Hy, uses the de-meaned Fourier transform A;(«) = 0. When testing
a certain parametric form, we need to check whether R3(Z,) — RB(Z,,6,) = 0.
Therefore, we use the Fourier transform rather than the de-meaned transform.

Define the following;:

Ax(u) = E|(RB(Z)) - RB(Z, 60)) ¢ 7| (2.22)
The test to Hy, is based on the following lemma:

Lemma 2.3.1. Ay(u) = 0 for all u € R* if and only if Hy, holds.

Compared to Lemma 2.2.1 in section 2.2, besides checking whether the dif-
ference RB(Z,) — RB(Z;,0y) is a constant, we also need to know whether this
constant is equal to zero. Therefore, we use the Fourier transform instead of
the de-meaned one.A,(u) can be viewed as the coefficient of the (un-demeaned)
Fourier transform of the difference RB(Z,) — RB(Z,, 6) at the frequency u. Un-
der Hy,, RB(Z,) — RB(Z;,0y) = 0 and thus all the Fourier coefficients should be
equal to zero. Lemma 2.3.1 transforms the hypothesis Hy, from the time or state
variables” domain into the frequency domain. Again, the estimation of the the
Fourier coefficient in A,(u) follows a parametric convergence rate at each fre-

quency. This gives us the improvement in efficiency of our test.

Lemma 2.3.1 suggests that we can test Hy, based on the sample analog of
Ar(u):

_ 1l — "
Axu) = = ) RIB(Z) ~ Bz, 8" 7, (2.23)
t=1

where 8(Z,,0) is a parametric estimation of the null model in Hy,. In this chapter,
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we adopt the following nonlinear least squares (NLS) estimator

T

0 = argmin DY = XBZs OF . (2.24)
t=1
By FOC, we have
d T
— Y, - X8(Z;0)° = 0
s Zl [Y, - X;5(Z::6)]
T
DBV 0y X [Y, - XipZ:0)] = o,
t=1
where BV(Z,;0) = %I oy 18 @ k X d Jacobian matrix.

In the simple case when then hypothesis of interest is S(Z,) = B, for a pre-
specified Sy, there is no need to estimate B(Z,, 6y). We can simply replace S(Z,, 0)
by By in ;fz(u). For more general cases, estimation of 5(Z, 6,) depends on the
parametric specification in the null hypothesis Hy,. For example, Tong (1990)
and Hansen (2000) use a profile approach to estimate the regression coefficient
and the threshold values in the TAR models. The coefficient estimator follows
a VT convergence rate while the threshold estimator has a super T rate. It is
important to point out that the way of parametric estimation of (Z;,6y) does
not change the asymptotic results of Ay(u) as long as it is a consistent estimator

with a faster convergence rate than the nonparametric estimation.

We can test Hy, by measuring the deviation from zero via the following sam-
ple quadratic forms:

0,=T fR AP W () (225)

where W : Rl — R” is a non-negative symmetric weighting function of u. The in-

troduction of W(u) allows us to consider many points for u. The other weighting

functions and measures of deviation introduced in last section are still suitable

in this test statistic.
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To avoid numerical integration, we can use the normal weighting function
in equation 2.16 and the test statistic in 2.25 can be written as
T T
_ 1 — A 5
Oz = == > > [RB(Z) - RB(Z, D) ViIRB(Z) - REZ, O] (2.26)
r s=1 t=1

where V,, = ¢"2l%%1,

2.4 Asymptotic Theory

In this section, we will derive the asymptotic null distribution of the test statistic
0, and Q, and investigate their asymptotic local power property. We also intro-
duce bootstrap procedures to improve the finite sample performance of the test.

. . p d .
Throughout this section, denote “—”, ”—="” and "=" as convergence in proba-

bility, convergence in distribution and weak convergence respectively.

24.1 Assumptions

To derive the asymptotic distribution of our test statistics, we first impose some

regularity assumptions.

Assumption 2.4.1. Let(Q, F, P) be a complete probability space. The stochastic
process {X,,Z,}, is strictly stationary absolutely regular on R¥** with g-mixing

coefficients satisfying 3%, 28(j)”"*¥ < C for some 0 < 6 < 3.

Assumption 2.4.2. (a) The joint density f7(Z) of Z, is positive, bounded and con-
tinuously differentiable in z € G ¢ R* up to order r, where G is a compact sup-
port of Z,, (b) The joint density fxz(x, z) is positive, bounded and continuously

differentiable at fixed Z over the support of Z,.
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Assumption 2.4.3. {g,} is a martingale difference sequence, that is, E(g, | I,-)) =
O Where It—l = {XZ’Zth—l,Zl‘—l’gl—l’"'} and VXZ(X’Z) = E(Stz | Xt = X,Zt = Z).
In addition, EIQ(Z); X,pel* < oo for jp = 1,...K. Also v.(Z) = E(g] | 2) is

continuous in Z.

Assumption 2.4.4. k : R — R" is a product of some univariate kernel K, i.e.,
k(u) = [k, K(u;), where K : R — R* satisfies the Lipschitz condition and is
symmetric, bounded, and squre-integrable with [ o; u'K(u)du = C, < oo for some

r>2and [ W'K@du=0forli=1,..,r-1.

Assumption 2.4.5. (i) B(-; 6) is measurable function and twice continuously dif-
ferentiable with respect to 6 € ©; 6. € int® is the probability limit of NLS estima-

tor, such that VT - 6,) = Op(1); (i) BV(Z,;0) = % is a k x d Jacobian matrix

such that sup,.q E(|BV(Z;; 0)||**) < C for some ¢ > 0; (iii) Let 8,(Z; 6) be the jth

d*Bi(Z::0) . .
5;29’, ) is a d X d Hessian

component in 5(Z;; 6), where 1 < j <k, then ﬁ;z)(Z,; 0) =

matrix such that sup,e E(||,B§.2) (Z,;0)|1*+°) < C for some ¢ > 0.

Assumption 2.4.6. W : R* — R* is a nonnegative symmetric integrable function

with [, lull*W(u)du < co.

Assumption 2.4.1 imposes regularity conditions on the DGP. Note that, in the
literature, there are cases where Z, and X, can be nonstationary; see Xiao (2009)
for X;, and Cai, Li, and Park (2009) and Juhl (2005) for Z,. We leave these issues to
turther research. The f-mixing condition restricts the degree of temporal depen-
dence in (X}, Y;, Z;), which is generally adopted in the nonparametric time series
literature; see, for example, Hjellvik et al. (1998), Su and White (2007,2008), and
Chen and Hong (2010).

Assumption 2.4.2 imposes regular conditions on the distribution of the

marginal density of the state variable and on the joint density of the state vari-
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able and the regressors. These are common in the local smoothing literature; see
Cai, Fan, and Yao (2000) for local linear estimation. Assumption 2.4.2(b) requires
only the smoothness condition of fxz(x,z) on the state variables, assuming the

regressors can be discrete.

Assumption 2.4.3 restricts the model disturbance &, to be serially uncorre-
lated. This simplifies our discussion, and can be modified easily to more general
cases. In addition, we allow for conditional heteroskedasticity with the smooth-
ness condition on v(z). This is important for the boundness condition in the

U-statistic kernel, and is similar to Powell, Stock, and Stoker (1989).

Assumptions 2.4.4 and 2.4.5 imposes conditions on the kernel and the
weighting functions on the frequency. With r > 2, we allow, but do not require
using higher-order kernels. Assumption 2.4.4 is a mild condition on W(u), en-
suring the existence of the integral in (2.15). Any density function with a finite

fourth-order moment satisfies this condition.

2.4.2 Asymptotic Null Distribution

By construction, A, (u) is a second order non-degenerate U-process in Serfling
(1980), which is based on Hoeffding (1948). Under the regularity conditions, we

first state that VT A;(u) converges to a complex-valued Gaussian process.

Proposition 2.4.1. Suppose Assumptions 2.4.1 - 2.4.4 hold, Th* — o0 as T — oo,
then under Hy,

VTA (1) = G1(w)

where G (u) is a complex-valued Gaussian process with O mean and covariance kernel
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as

K (u,v)

cov(Gi(u), G1(v))
4E [rl (é‘:l’ M)f{(é‘:l" V),]

and
1
ri(€,u) = Ecosz(zt)‘lw(u, Z) vx(Z)vy(Z) + X, Y]

and vx(Z,) = E(X, | Z,), vy(Z:) = E(Y, | Z,). And = denotes the complex conjugate.

Proposition 2.4.1 follows from Powell, Stock and Stoker (1989) to derive an
approximation of the asymptotic variance. It is well known that a nonpara-
metric estimator is biased. However, A, (u) is not affected by bias, because the
expectation of the nonparametric estimator has been subtracted. Intuitively, the
bias does not matter when testing the constancy of the parameters because we

do need to specify these unknown constants.

The statistic A,(x) involves parametric estimation of 5(Z,, 6,) which is of un-
known form. Therefore, we impose assumption 5 to restrict the convergence
rate of parametric estimator of 6. Most parametric estimation satisfies this con-
dition as long as it has a convergence rate faster than V7. Thus we state that

VT A5 (1) converges to a complex-valued Gaussian process.

Proposition 2.4.2. Suppose Assumptions 2.4.1 - 2.4.5 hold, and h = ¢T™* for 7= <

A< 1, where 0 < ¢ < oo, then under Hy,
VT Ay (1) = Go(u)

where
Gr(u) = Goi(u) + Goo(u),

is a complex-valued Gaussian process with 0 mean and covariance kernel as
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Ko (u, v) con(Gr(u), G>(v))

T (u, v) + Koo (1, v) — 2cov [Gay (u), G5, (V)]

where

cov [Ga(w), G3,(W)] = E|coQZ) ™ ¢(u, Z)X,G; (v) v(X,, Z,)]

and G (u) is a complex-valued Gaussian process with O mean and covariance kernel as

Ko (u, v) con(Ga1(u), G5, (v))

4E [ry1 (&, wry (&,v)']

and
1
&) = S0UZ) " G, Z) vx(Zvy(Z) + X, Y))
and G»(u) is a complex-valued Gaussian process with O mean and covariance kernel as

Kn(u,v) = con(Gn), G ()

E[G(w)G,(v)'&e],

where
.y A -1 A
G,(w) = E [BV(Z: 60" “ | E[BV(Z:: 0y X.X;80(Z,: 60| BV (Z: ) X..
and * denotes the complex conjugate.
Proposition 2.4.2 shows that the distribution of As(u) is determined by two
components jointly. The first term G,(u) is derived from the non-parametric
estimation 3(Z,). It is due to analogous argument of U-process in Proposition

2.4.1. The second part G»(u) is from the NLS estimation S(Z,, 6). Since both

follows parametric convergence rate, they jointly determine the distribution of
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A>(u). Since both part share a common component X,g,, their interactions, the

covariance, also affect the final distribution of A,(«).

The bandwidth # is chosen to remove the bias of the non-parametric esti-
mation of 5(Z,). We can also calculate the expression of the bias and subtract it

directly.

After providing the test statistics A,(u) and A,(), by continuous mapping

theorem, we now show the asymptotic null distributions of Q; and Q..

Theorem 2.4.1. Suppose Assumptions 2.4.1 - 2.4.4 and 2.4.6 hold, Th* — oo as T —

oo, then under Hy,

0,50 =T f 161 OIP W)
RL

Theorem 2.4.2. Suppose Assumptions 2.4.1 - 2.4.6 hold, and h = cT™ for 7= < A <

1, where 0 < ¢ < co, then under Hy

0,5 0,=T f 1G(OIPW ()
RL

Theorem 2.4.1 and theorem 2.4.2 provide the asymptotic distribution of 0,
under Hy; and éz under Hy,. Because our test statistic does not have a stan-
dard asymptotic distribution, we need a resampling method to obtain the criti-
cal value of Q; and Q,. We adopt a wild bootstrap procedure to accommodate

the heteroskedasticity in the model:

Step 1 Obtain the coefficient estimator 3, from an OLS of the null linear regres-

sion model, and the nonparametric estimator B(Z), forallt=1,..,T.

Step 2 Compute the Q statistic and the residual g, = ¥, —X;,@(Z,) from the nonpara-

metric model.
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Step 3 Draw a bootstrap error € = &,v,, where {v,}tT:1 is an i.i.d.N(0, 1) sequence,
and compute Y/ = X/B, + &. This forms a wild bootstrap sample
(X, Z, Y7\ .

Step 4 Use the wild bootstrap sample {X;, Z,, ¥;}_, to compute a bootstrap statistic

Q*, using the same kernel K(-) and the same bandwidth % as in step 2.

Step 5 Repeat steps 3 and 4 B times, where B is a large number. We then obtain a

collection of bootstrap test statistics, {Qf}f; .-

Step 6 Compute the bootstrap P-value P* = B™' 37, 10 < Qj). Reject Hy at a

prespecified significance level « if and only if P* < a.

Our test is tuning parameter free, and the asymptotic distributions are not piv-
otal because they depend on the unknown data generating process (DGP). Thus,

resampling methods are suitable to obtain critical values.

2.4.3 Asymptotic Power

Next, we show the asymptotic power of our test statistics. We first show the

consistency of our test statistics.

Theorem 2.4.3. Suppose Assumptions 2.4.1 - 2.4.4 and 2.4.6, Th* — oo as T — oo.

Then under Hy,, for any sequence of nonstochastic constants {cr = o(T)}, as T — oo,
PO >cr) — 1

Theorem 2.4.4. Suppose Assumptions 2.4.1 - 2.4.6 hold, and h = ¢T~ for 575 < A <

2L+2

2, where 0 < ¢ < co. Then under Ha,, for any sequence of nonstochastic constants

{cr=0(T)},as T — o,

PO, >cr) — 1
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These result show the power of 0, and Q, against fixed alternatives that
approach one as T — oo. Therefore, 0, is consistent against both abrupt struc-
tural breaks and smooth structural changes, and 0, is consistent against general

functional coefficient models.

We now investigate the local power property of our tests and compare it
with existing consistent tests in the literature. Consider the following local al-

ternatives under Hy;:
a1 - RB(Zy) = RB(Z, 0p) + a(T)S(Z,), (2.27)
where a(T) — 0 as T — oo. Here, RB(Z, 6)) is equal to an unknown g, for 0.

Theorem 2.4.5. Suppose Assumptions 2.4.1 - 2.4.4 and 2.4.6 hold, Th* — coas T —

oo, Then under Hy, and a(T) = T2

05 f 1G1 () + & @)IPW (u)du. (2.28)

where &(u) is a complex-valued non-centrality parameter process, with covariance ker-

nel

T-1 T

DD E[8 @) wwu )8’ 2] (2.29)

t=1 s=t+1

M5 = M3 2
/e S R
5 (u,v) = [ 12— g ] M T

Theorem 2.4.6. Suppose Assumptions 2.4.1 - 2.4.6 hold, and h = cT™ for 7= < A <
Z' where 0 < ¢ < co. Then under Hy; and ao(T) = T2,

~ d

0 — f 1G2(u) + &(u) + &)W (u)du, (2.30)

where &(u) is a complex-valued non-centrality parameter process, with covariance ker-

nel

2
H —,Ul,u3
Ke,(u,v) = [ 2

T-1 T

t=1 s=t+1
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and &(u) is a complex-valued non-centrality parameter process, with covariance

kernel

T-1 T

. 2 A v A *
Keula:v) = Jim zm—s ; S:ZHZI E|G3(w)X,X.8(Z)5(Z)G3,(v)'| (2.32)

Theorem 2.4.5 and 2.4.6 show that our tests Q and §2 have nontrivial power
against a class of local alternatives with the parametric rate o(T) = T". In con-
trast, the GLR of Fan, Zhang, and Zhang (2001), loss function approach of Hong
and Lee (2013), and Wald-type test of Li et al. (2002) can detect only a class of
local alternatives at a rate of -9 under to optimal rate of bandwidth 7-5. This
advantage requires an additional smoothing step using the Fourier transform.
The cost incurred is that the asymptotic distributions of our tests Q and @z are
not pivotal. At the same time, the parametric test in Fu and Hong (2019) cannot
handle H,, owing to the lack of a non-parametric estimation. Especially, Theo-
rem 2.4.5 shows the power of Q, is largely affected by the second derivative of
function of deviation 6(-). It implies the smoothness of alternative model may
affect the power of our test, which will be illustrated in the simulation study. On
the other hand, Theorem 2.4.6 shows that, in addition to the second derivative
part, the deviation also plays a role in the parametric estimation. Unsurpris-
ingly, the power will be less affected by the smoothness of alternative model.

The simulation studies also reveal this fact.

2.5 Monte Carlo Study

We now conduct a Monte Carlo study to assess the finite-sample performance

of our test for a specification of functional coefficient models. We compare our
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model with the GLR test of Fan, Zhang, and Zhang (2001) and the loss function
test of Chen and Hong (2012).

For simplicity, we consider the state variables Z, ~ i.i.d. U[O, 1]1.° To demon-
strate that our test outperforms the existing tests as the dimension of the state
variables increases, for each DGP below, we allow the dimension of Z, to vary
between one and three.’. Furthermore, to examine the robustness of our test,
for each DGP below, we consider different specifications for the error terms &,,

as in Hong and Lee (2013): (i) i.i.d. N(0, 1);

(ii) ARCH errors:
& = \/h_tvlv
h, = 0.2+0.5&",,
v, ~ Li.dN(0,1);

(iii) Conditional heteroskedasticity Errors:

\/h_tVt s

g =
h, = 02+0.5X7,
vi ~ iidN(0,1).

To examine the size performance of Ql, we consider the following DGPs, as in

Hong and Lee (2013):

>We also tried other parametric distributions of Z, but the performance of the test is not
affected significantly. We do not report the results here, for brevity.

®The “curse of dimensionality” is known to be serious when the smoothing takes place on
more than three variables. Therefore, we consider a maximum dimension of three for the state
variables, although the additional smoothing step can ameliorate this problem. Another reason
is that most applications consider three state variables
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DGP S1 (Linear model)

Y =1+X,+¢,
Xt = O.SX[_I + V[,
v; ~ 1.1.d.N(O, 1).

To examine the size performance of Q,, we consider the following DGPs:

DGP S2 (nonlinear model without intercept):

Y, =0 +05Z)X, + &,
X; = 0.5Xt_1 + v,
v; ~ 1.0.d.N(O, 1).
DGP S3 (STAR(1)):

Xi—-1 X -1
5 5 eeny )

X, = O.SXt_l + (I)( )Xt—l + X2 + u,

where @ is the CDF of the multinomial distribution.

DGP S1 satisfies the null hypothesis of constant coefficients, and can be used
to check the size of our test statistic @1. For brevity, we check only the con-
stancy of the entire set of parameters. DGP S2 satisfies the null hypothesis of
a certain parameter with a particular value. More specifically, the intercept of
the model is zero, whereas the other parameters are nonlinear functions of the
state variable Z,. DGP S3 satisfies the null hypothesis for a certain specification
of the parameters. Here, we use a STAR(1) model, with a smoothing transition
function as the CDF of the multinomial distribution. This can be used to check
the performance of our test when the specification in the null is indeed the true

model.

To examine the power performance of Q;, we consider the following DGPs:
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DGP P1 (nonlinear model)

Yt = [1 + H(B(Zt) - 1)] Xf + St,
BZ) =2+ 2y + ... + 2y,
Xt = O.SXt_l + Vt,

v, ~ 1.i.d.N(0, 1).

DGP P2 TAR(1):

_O.SXt_l - 0'2X1‘—2 + 811‘ if X[_z < O, Xt—3 < O,

X O.SXt_l + O.9X[_2 + 82[ lf X[—Z < 0, X[_3 Z 0,
;=
0.1X,.1 — 0.3X,, + &3 if X, »>,X,3<0,

_O.IXI_I - O.SX[_Z + 84[ if Xt—2 Z 0Xt—3 2 O,

To examine the power performance of 0,, we consider the following DGP:

DGP P3 STAR(1):

X -1 X_ -1
X, = 05X, | +® ”2 ’L2 X+ X0+,

where ® is CDF of multinomial distribution.

DGP P1 is a nonlinear model where the coefficients of the state variables are

nonconstant, and can be used to check the power of our test statistic 0,. Then, 6
is a tuning parameter for nonlinearity in the model. To examine how the power
of the tests change for different levels of deviation from a linear model, we check
the cases where § = 0.2,0.5, and 1.0. DGP P2 is a TAR(1) model. This is a
functional coefficient model, where the state variables are lagged variables, and
the parameters are step functions of the state variables. For the space constraint,
we provide an example of two state variables. The case for one and three state

variables are similar, except that all thresholds are zero. The null hypothesis
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for DGP P1 and DGP P2 is still the constancy of all the parameters. DGP P3 is
the same as DGP S3, but now the null hypothesis is that the smooth transition

function is a CDF of the y7 distribution.

For each DGP, we simulate 1000 data sets with sample sizes T' = 200, 500, 800.
We use three kernels: the uniform kernel K(z) = %1(|Z| < 1), the Epanechnikov
kernel K(z) = 3(1 — u*)1(lz] < 1), and the quartic kernel K(z) = 2(1 — u*)*1(l2 < 1).
For brevity, we report only those results based on the Epanechnikov kernel. The
results for the other two kernels are available from the authors upon request.
Our simulation study shows that the choice of kernel function has little effect on
the performance of our test. The choice of bandwidth is based on the modified

multifold cross-validation criterion in Cai, Fan, and Yao (2000). We choose # to

minimize
Y
AMS (h) = ZAMSq(h), (2.33)
gq=1
where, forg =1, ..., 0,
T—gm+m )
AMS ,(h) = — > {n-xTB,@) (2.34)
t=T—-gm+1

and ﬁq(-) are computed from the sample (;,Z, X;),1 <t < T — gm, with band-
width equal to i = (T_Lqm)é. The idea is to use Q sub-series of lengths T' — gm(q =
1,..., Q) to estimate the unknown coefficient functions, and then to compute the
one-step forecasting errors for the next section of the time series of length m,
based on the estimated models. In our simulation study, we use m = [0.17] and
Q = 4. This cross-validation criterion is used to minimize the MSE in an esti-
mation, which may not be optimal in nonparametric tests. However, because
the power of our test is not affected by the selection of the bandwidth, it can be
viewed as being optimal in our setup. Other nonparametric tests do not have

this feature.
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Tables A.1-A.3 show the size performance of the three types of null hypoth-
esis at the 10% and 5% levels. Here, we use only bootstrap critical values for the
GLR test and loss function approach, although their test statistics are asymptot-
ically normal. This is because we find the critical values using the bootstrap in
our test; thus, we should not take advantage of bootstrap over the asymptotic
distribution in small samples. The results show that our test is robust to differ-
ent specifications of stochastic errors. More importantly, it is well known that
non-parametric tests exhibit size distortion, and tend to over-reject, especially
for a small sample size. Compared with the GLR test and the Wald-type test,
the results show that our test mitigates this problem by means of an additional

smoothing step, especially when the dimension of the state variables increases.

Tables A.4-A.6 show the power performance of our test, the GLR test, and
the Wald-type test in a finite sample. We can see Q is more powerful than the
GLR test and Wald-type test in all DGPs. In particular, Table C.3 demonstrates
our test has greater power to test constancy when the model parameters are near
to constants. The power improvement of our test is more prominent when the
sample size is small and the dimension of the state variables is large. Intuitively,
this is because of the additional smoothing step and faster convergence rate of

our test statistic.
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2.6 Empirical Application

2.6.1 Conditional Asset Pricing Models

In this section, we provide an empirical application to conditional asset pricing
models. In finance, such models have been proposed to explain why uncondi-
tional models fail:

Ri,t = CL’,',I +ﬁl,tﬁ + 6i,f7t = 1, 2, ceey T, (2-35)

where R;, is the excess return for asset i at time 7, f; = (fis, fors - fK,,)T stands for
the excess returns from mimicking portfolios, and «a;, and g;, stand for asset i’s

pricing error and factor loadings, respectively.

The time-variation in the risk and expected returns is expected to explain
important asset-pricing anomalies. Two methods are proposed to check the va-
lidity of the conditional asset pricing models. First, instead of specifying state
variables, we assume the coefficients are functions of time: «;, = «;(t/T) and
Bi: = Bi(t/T). Lewellen and Nagel (2006) estimate and test the models using a
tixed window size, and Li and Yang (2011) and Ang and Kristensen (2012) argue
that inappropriate windows may lead to inconsistent or conflicting inferences.
They use the GLR test and the Wald-type test to examine conditional CAPM.
The drawback of these methods is that to avoid specifying state variables, we
need to make a strong assumption that information is relatively stable within
small windows, which is even more difficult to satisfy when the windows are
date driven. On the other hand, we can specify certain state variables based on
different consumption-based models: a;, = @i(Z,) and B;, = Bi(Z,). These include

the models of Shanken (1990), Ferson and Harvey (1991), Nagel and Singleton
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(2011), Li, Su, and Xu (2015), Kelly et al. (2018), Santos and Veronesi (2019), and
Nagel et al. (2019). The disadvantage is that, as pointed out by Ghysels (1998)
and Harvey (2001), the estimation is highly sensitive to the choice of variables
in the information set. Furthermore, many conditioning variables, especially
macro and accounting variables, are only available at coarse frequencies, al-

though we can obtain daily stock return data.

In this empirical application, we focus on the state-variable approach and
demonstrate that our method can mitigate the aforementioned issues. First, we
can solve the problem of sensitivity to the selection of state variables by specify-
ing all of them as state variables. The simulation studies in Section 4 show that
our test has good power when the dimension of the state variables increases,
compared with that of the GLR test and Wald-type test. Second, because the
state variables are typically quarterly data, the sample size is small. Simula-
tions also show that our test has better performance in small samples, owing to

a faster convergence rate.

2.6.2 Data

The state variables examined in our study follow from Nagel and Singleton
(2011) and Li, Su, and Xu (2015).” the consumption—wealth ratio of Lettau and
Ludvigson (2001) (cay), labor income-consumption ratio of Santos and Veronesi
(2006) (yc), and corporate bond spread, as in Jagannathan and Wang (1996) (def).

The cay data are obtained from Martin Lettau’s website. Following Santos and

7Santos and Veronesi (2019) provide alternative choices for the state variables: (a) the level of
the aggregate premium itself; (b) the level of the firm’s expected dividend growth; (c) the firm’s
fundamental risk, that is, the one pertaining to the covariation of the firm’s cash-flow with the
aggregate economy. We leave these for further research.
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Veronesi (2006), we obtain yc as the labor income component of cay. The def
series is calculated as the yield difference between Baa- and Aaa-rated bonds,
obtained from the Federal Reserve Bank of St. Louis. The data on these state
variables run from 1959.Q1 to 2018.Q4. The state variables Z, summarize the
information set at time ¢ — 1. In our context, we consider seven choices of Z;:

cay,-1, yc,-1, defi_;, and any combinations thereof.

The returns and other corresponding data are taken from Professor Kenneth
French’s Website. As in Li and Yang (2011), we divide the stocks into six size
and B/M portfolios, and three momentum portfolios: S is the average of the five
portfolios in the lowest size quantile; B to be the average of the five portfolios in
the highest size quantile; S-B is the difference; G is the average of the five port-
folios in the lowest B/M quantile; V is the average of the five portfolios in the
highest B/M quantile; G-V is the difference; W is the portfolio with the highest
return among the 10 momentum portfolios; L is the portfolio with the lowest
return among the 10 momentum portfolios; W-L is the difference. We tried both
value weighted and equally weighted portfolios. We compound monthly port-
folio returns to obtain quarterly returns that run from 1959.Q1 to 2018.Q4. The

sample size is T = 240, a relatively small sample.

2.6.3 Test on Conditional CAPM

For simplicity, we evaluate only the performance of the conditional CAPM. We
are interested in two types of hypothesis tests. First, are betas time varying
(e.g., Bollerslev, Engle, and Wooldridge 1988; Ferson and Harvey 1991; Ferson

and Korajczyk 1995): 8:(Z,) = By, where B is an unknown unconditional beta for
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portfolio i. Second, we examine whether, when conditioning on Z,, the condi-
tional CAPM can price a single portfolio and multiple portfolios. This amounts
to testing the null hypothesis: ;(Z, = 0, for i = 1, ..., N. If the conditional CAPM
is able to price all N portfolios jointly, the conditional pricing errors associated
with any portfolio i should be zero at all time ¢. The p-value for each test statistic
is obtained based on 200 bootstraps using the procedure described in Section 2.
The bandwidth selection for all three tests is the same as in the simulations in

Section 4.

Table A.7 provides bootstrap p-values for the tests on conditional alpha. The
results show that, by all three tests, the conditional CAPM is strongly rejected
for all three B/M portfolios, conditioning on either state variable individually.
This is consistent with the results of Li, Su, and Xu (2015), but are counter to the
conclusions of several recent influential studies (e.g., Jagannathan and Wang
1996; Lettau and Ludvigson 2001; Santos and Veronesi 2006), which argue that
conditioning dramatically improves the performance of both the simple and
the consumption CAPMs. However, the GLR test and the Wald-type test fail to
reject the conditional CAPM in all cases. Our results show that the conditional

CAPM cannot explain pricing anomalies in unconditional CAPM.

Table A.8 provides the bootstrap p-values of the tests on the constancy
of conditional beta. Panel A uses returns of value-weighted portfolios, as in
Lewellen and Nagel (2006), and Panel B uses the returns of equally weighted
portfolios suggested by Boguth et al. (2010). The results show that the con-
stancy of conditional beta is strongly rejected using our method for all V, G,
and V-G conditioning on either state variable individually. However, the GLR

test and the Wald-type test only reject the null hypothesis for V-G when condi-

47



tioning on yc and def. When the dimension of the state variable increases, our
tests are still able to detect the nonconstancy in the conditional beta, whereas
the GLR test and the Wald-type test fail to reject the null hypothesis. The results

are similar between the value-weighted and equally weighted portfolios.

2.6.4 Test on Conditional FF6 and Q-factor Models

As an extension to our empirical analysis, we further test more frequently
adopted conditional asset pricing models. For simplicity, here we check the
FF six-factors model (Fama and French, 2018) and Q-factor model (Hou et al.,

2015).

For FF6 model (Fama and French, 2018), the factors in model 2.35 are

£, = (rm, rsms> rEML, TRMWS TCMAS TUMD)- (2.36)

For Q-factor model (Hou et al., 2015), the factors in model 2.35 are

£, = (rm, rsmB» r1/4> TROE)- (2.37)

Table A.9 provides bootstrap p-values for the tests on conditional alpha in
conditional FF-6 model (Fama and French, 2018). The results show that, by
all three tests, the conditional FF-6 model is strongly rejected for all portfolios,
conditioning on either state variable individually. However, the GLR test and
the Wald-type test fail to reject the conditional FF-6 model in all cases. Our
results show that the conditional FF-6 model cannot explain pricing anomalies

in unconditional FF-6 model.
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Table A.10 provides the bootstrap p-values of the tests on the constancy of
conditional beta in conditional FF-6 model (Fama and French, 2018). Panel A
uses returns of value-weighted portfolios, as in Lewellen and Nagel (2006), and
Panel B uses the returns of equally weighted portfolios suggested by Boguth et
al. (2010). The results show that the constancy of conditional beta is strongly
rejected using our method for all V, G, and V-G conditioning on either state
variable individually. However, the GLR test and the Wald-type test only reject
the null hypothesis for G when conditioning on each state variable individu-
ally. When the dimension of the state variable increases, our tests are still able
to detect the nonc-onstancy in the conditional beta, whereas the GLR test and
the Wald-type test fail to reject the null hypothesis. The results are analogous

between the value-weighted and equally weighted portfolios.

Table A.11 provides bootstrap p-values for the tests on conditional alpha in
conditional Q-factor model (Hou et al., 2015). The results show that, by all three
tests, the conditional Q-factor model (Hou et al., 2015) is strongly rejected for all
three B/M portfolios, conditioning on either state variable individually. How-
ever, the GLR test and the Wald-type test fail to reject the conditional Q-factor
model (Hou et al., 2015) in all cases. Our results show that the conditional Q-
factor model (Hou et al., 2015) cannot explain pricing anomalies in uncondi-

tional Q-factor model (Hou et al., 2015).

Table A.12 provides the bootstrap p-values of the tests on the constancy of
conditional in conditional Q-factor model (Hou et al., 2015). Panel A uses re-
turns of value-weighted portfolios, as in Lewellen and Nagel (2006), and Panel
B uses the returns of equally weighted portfolios suggested by Boguth et al.

(2010). The results show that the constancy of conditional beta is strongly re-
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jected using our method for all V, G, and V-G conditioning on either state vari-
able individually. However, the GLR test and the Wald-type test only reject the
null hypothesis for G when conditioning on cay and def. When the dimension
of the state variable increases, our tests are still able to detect the non-constancy
in the conditional beta, whereas the GLR test and the Wald-type test fail to re-
ject the null hypothesis. The results are similar between the value-weighted and

equally weighted portfolios.

2.7 Conclusion

This chapter proposes a novel DFI-based approach to model specification test
in functional coefficient models. We consider two types of hypothesis: con-
stancy and a particular function form of the parameters. Although including a
nonparametric estimation, by projecting the nonparametric estimator onto the
Fourier basis, our test is able to obtain root-T consistency and, thus, is asymptot-
ically more efficient than existing nonparametric tests. Therefore, our approach
can detect a class of local alternatives at the parametric rate. Especially, simula-
tion studies show that our test outperforms other nonparametric tests in small
sample and when the dimension of the state variables increases. On the other
hand, the implementation of nonparametric estimation generalizes the condi-
tional moment tests in Bierens (1980, 1982) and enables our test to be applicable
in broader circumstances. Therefore, our test improves the efficiency of non-

parametric tests while maintaining its applicability.

An empirical application to conditional asset pricing models shows us the

results by existing nonparametric tests in literature are misleading since they
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are less powerful in small sample. We also examine the model with more than
one state variable and our tests perform good power in these cases. In this way;,

we avoid the problem of selecting state variables.

Several interesting extensions are possible. First, the construction of our test
statistics implies that we can conduct the tests if only we get consistent estima-
tors of the null and alternative models. Therefore, the extension to instrumented
functional coefficient models is possible using the consistent estimator in Cai et
al. (2006). Second, one can consider model specification test for the endogenous
functional coefficient models under the framework of GMM, which is expected
to be useful in macroeconomic analysis involving economic expectations. Third,
it is interesting to consider the model specification problem for coefficient func-
tions with unobserved state variables, such as the Markov regime switching
models. Fourth, our method can be easily extended to the case where the state
variable is a deterministic function of time. In this case, we are testing for abrupt
or smooth structural changes. All these problems will be pursued in subsequent

studies.
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CHAPTER 3
A CONSISTENT MODEL SPECIFICATION TEST FOR FUNCTIONAL
COEFFICIENT MODELS

3.1 Hypotheses and Test Statistic

In this chapter, we introduce the hypotheses of interest and propose a test statis-
tic to detect model specification in functional coefficient models via a DFT ap-
proach. The method in this chapter and last chapter both aim at improving
the efficiency of the tests over existing nonparametric tests in the literature. In
fact, they both can detect a local alternative at a parametric rate. Rather than
the same, they can be viewed as complement to each other. Both have their
merits and limitations and together provide a system of more efficient methods
that can be applied in various economics circumstances. The method in chapter
2 involve a step of nonparametric estimation and thus can test part of coeffi-
cient functions, rather than the joint test for all of the coefficient functions in the
model. The drawback is that they depend on the choice tunning parameter, the
bandwidth of local linear estimation. The test introduced in this chapter uses
a score function approach which is based on the residuals from the parametric
estimation and is free of nonparametric estimation. Also, since it only involves
parametric estimation, it is computationally easier. However, due to the lack of
nonparametric estimation, it can only treat all the parameters in the null model
as a whole and therefore cannot test one or part of the parameters. As will be
illustrated in chapter 4, it is not suitable in the cases testing the validity of con-

ditonal asset pricing models.
Notation. Throughout this paper, i denotes the imaginary number such that
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i = V=1. For an m x n complex matrix A, we denote its complex conjugate
as A%, its transpose as A’, its real part as Re(A), its Euclidean norm as ||A|l(=
[, 251 1Ai171"%) and its Moore-Penrose generalized inverse as A~. We use C €
(0, ) to denote a generic positive constant that may vary from case to case.
The operator %, denotes convergence in probability, < denotes convergence in

distribution, and = denotes weak convergence respectively.

3.1.1 Hypotheses of Interest

Let {X,,Z}" , bejointly strictly stationary processes. We consider the model spec-

ification problem for the following functional coefficient model:
Y, = XB(Z) + &, (3.1)

where X, is a k X 1 vector of explanatory variables, Z; is a [ x 1 vector of state
variable, () : R — RFis an unknown function, and the error term satisfies
E(&lZ,, X,) = 0. It is important to point out that, in this chapter, we allow X, and
Z, to be overlapping or contain the same variables. The identification condition
for functional coefficient models is that Q(Z) = E[X,X," | Z, = Z] is nonsingular,
for all Z. When X, and Z, are overlapping or contain the same variables, Q(Z) =
E[X,X] | Z, = Z] is always singular and thus the identification condition fails.
In this case, any test involving nonparametric estimation will be invalid since
the model is not even nonparametrically identified. This will exclude many
classical time series models such as TAR and SETAR with state variables as the
regressor themselves. However, as will be illustrated below, since the method in
this chapter avoid nonparametric estimation by employing the residuals from
parametric estimation under the null model, it can be applied in these special

cases.
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The setting of model (3.1) is fairly general, and many popular time series

models could be viewed as special cases.

1. If B(Z,) = 6 for some unknown parameter 6, then the model (3.1) degener-

ate to the linear regression model:
Y, = X0+,
This is the conventional linear regression model, and the OLS estimators

are consistent.

221X, = (Yior,--- , Yik), Zt = (Xi—g) and B(-) being the indicator function,
then model (3.1) degenerates to the threshold autoregressive model (TAR)

proposed by Tong (1990):
Y, :¢(1i)Yt—l +...+¢S)Yt_p+g§i), ifx, 4€Q;, i=12,---,R

where {Q;} form a non-overlapping partition of real line.

X,—q4, then model (3.1) becomes the generalized exponential autoregressive

(EXPAR) model proposed by Haggan and Ozaki (1981) and Ozaki (1982):
k
Yo=Y {a;+ (Bj+¥¥ea) exp(—0,X. )IX,j + &
=1

where §; > 0for j=1,2,--- K.

4. It X, = Yoy, Yo' and B(Z) = ¢1G(Z;;y, ) +¢2(1-G(Z;; v, ¢)), then model
(3.1) becomes the smooth transition AR model considered by Terdsvirta
(1994):

k
Y, = Z{¢1,’}G(Zt§ Y, Yj+ {2} [1 = G(Zy, 0] Y- + &
j=1

where G(Z;;y, ¢) = {1 + exp[—y(Z, — ¢)]}"! being the logistic function.
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5. If Z, ~ U(0, 1), then model (3.1) could be regard as a linear quantile regres-
sion (Koenker, 2005):

Oy(tlXy) = X;B(7), T~ 0.i.d.U[0, 1]

where (1) measures the relationship between X; and Y, at quantile 7.

Estimation of 5(-) has been extensively investigated in the literature. Fan and
Zhang (1999) provide an innovative two-step method for independent samples
via local polynomial estimation. Cai et al. (2000) adopt local linear regression
technique to estimate the coefficient functions g(-) in the time series context.
However, nonparametric estimation of 3(-) has some undesired features. For
instance, when the dimension of Z, is large, one will encounter the “curse of di-
mensionality” problem. As a result, the asymptotic convergence rate of the es-
timated parameters and coefficient functions is much slower than the paramet-
ric convergence rate. Moreover, it is hard to provide economic interpretations
of the dependence between the unknown regression coefficients 8 on the state
variable Z,. Thus, parametric modeling of 3(-) is quite appealing in practice.
For example, Tong (1990) and Hansen (2000) study the theoretical properties
of threshold model, while Terdsvirta (1994, 1998) and Granger and Terasvirta
(1993) explore asymptotic results for the smooth transition models. The para-

metric model could be written as
Y, = X5(Z;0) + &,

where B(-;6) is a parametric function (e.g., threshold model, quantile regres-
sion, etc) of an observable state variables Z, up to an unknown parameter vector
6 € ®, where ® c R? is a parameter space. However, a correct specification of Z,
is quite essential for this model. Misleading result will arise when S(Z,) is mis-

takenly parameterized. Hence, it is desirable to check whether the specification
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of parametric form is correct or not. Therefore, one should test
Hy : B(Z;) = B(Z;; 6y), for unknown 6§, € ®
against
Hy : B(Z,) # B(Z;0),
forall 8 € O.

Notice that here Hj and H,; do not involve the restriction matrix R in chapter
2, which means we cannot test part or linear combinations of the functional coef-
ticients. This is due to the lack of nonparametric estimation. For circumstances
that testing part of the coefficients, such as testing the validity of conditional

asset pricing models, one can refer to the method introduced in chapter 2.

3.1.2 Test Statistic

Under Hj, we could estimate the unknown parameter 6 via maximum likelihood
estimation (MLE) or equivalently, the following nonlinear least squares (NLS)

estimator
T
6 = argmin )" [Y, - X;8Z;0). (3.2)

t=1

By taking the first order difference, we have

d < ,
d—g|e:é ; [Y, - Xtﬂ(zt; 9)]2 =0

T

D B0y XY - XiB(Z: 0)] =0,

=1

where SV (Z,; 0) = %@9 is a k x d Jacobian matrix.
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Let S,(0) be the [ x 1 vector of score function such that
S0 = BVZ: )X, [V, - X,B(Z;;6)] .

Our test statistic is constructed based on the following Discrete Fourier Trans-

form (DFT) of the sample score function
1 T
A _ M i Z;
Au) = T ;:1 S(@)e™,

where 8 is the NLS estimator. Under certain regularity conditions, it is straight-
forward to show that the probability limit of 4, denoted as 6. exists. And 6,
coincides with 6, under Hy. (Use White, 1994, Consistency of Extrema Estima-

tors)

To see why A(u) is able to test H, against Hy, we decompose A(u) in the fol-

lowing way:

n 1 - M i Z;
Au) ;;w)e

1 o AN/ ’ N 174
= 7 2 B X Y - XipZ: b)) e
=1
T

T
1 A\ 7 ’ A (174 1 AN/ (174
= = BZ;0YX. X |B(Z) - BZ:0)| " + = > BVZ;0) X,e6™
T T

=1 =1

T
% Zﬁ(l)(Zz; O XX [B(Z) - B(Z,:6.)] €%

t=1
1 T
o 2 B0y XX |B(Z:0) ~ Bz 0] 7
t=1
1 T
v ) BBy X
t=1

The above result shows that the DFT A(«) contains three parts. The first com-
ponent captures the deviation of the parametric function B(Z;; 6) from the true

unknown regression coefficient 5(Z,) evaluated at 6 = .. Under Hj, 6. = 6, it
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equals O for all u € R!. While under H,, we can show that it will converge to a
non-zero empirical process indexed by u. The second component captures the
estimation uncertainty introduced by the NLS estimator. The third component
is associated with the regression disturbance. Under certain regularity condi-
tions, we can show that the last two terms will converge to zero for all u at the

parametric rate.

To guarantee that our DFT based approach can detect a great range of model
mis-specification of unknown form, we shall examine the deviation of A from
a zero spectrum at each frequency u. Therefore, we propose the following test

statistic:

D=T f NAQ)|? W (u)du, (3.3)
Rl

where W(:) : R' - R* is a nonnegative symmetric weighting function of u and
satisfies j];%d W(u)du = 1. The use of W(u) allows us to consider infinitely many
points for u. The test statistic 3.3 involves /-dimensional integration, which is
usually calculated using numerical integration or approximated by simulation
methods. When the dimension d of Y, is large, the calculation of this integration
would be tremendously computational costly. To avoid the high dimensional
numerical integration, one can integrate the objective function out analytically
by choosing some suitable weighting function. For example, if W(u) is chosen
as the joint standard normal density function, the sample analog of the above
objective function has a closed-form expression:

T T i 2
D= : Z Z S.)'S () exp [_@]
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3.2 Asymptotic Theory

In this section, we derive the asymptotic null distribution of our test statistic and
investigate its asymptotic local power property. We also introduce bootstrap

procedures to improve the finite sample performance of the test.

3.2.1 Assumptions

To derive the asymptotic distribution of D, we first impose the following regu-

larity conditions.

Assumption 3.2.1. (i) The stochastic process {X],Z/} is strictly stationary abso-
lutely regular on R**! with mixing coefficient such that 2o j)(so;‘l < C < oo for
some § > 1; (ii) For some v > 0, E(||X,|[**) < C and E(||Z|[*"") < C; (iii) E(X,X]) is

finite and nonsingular.

Assumption 3.2.2. The error term &, is weakly stationary and satisfies: (i)

(o)
j=—0

E(&lX:,Z;) = 0 almost surely; (ii) The long run variance is Q, = }, E(&&14));

(iii) E(e}) < C; (iv) E(X,X]g,) is finite and positive definite.

Assumption 3.2.3. The weighting function W(:) : R - R" is nonnegative sym-

metric integrable function with fRd W(u)du = 1 and fRd ul[*W(w)du < .

Assumption 3.2.4. (i) B(-; 6) is measurable function and twice continuously dif-
ferentiable with respect to 6 € ©; 6, € int® is the probability limit of NLS estima-

tor, such that VT'(@ - 6,) = 0p(1); (ii) BV(Z,;0) = % is a k x d Jacobian matrix

such that sup,.q E(IIB"(Z;; 0)|1**°) < C for some ¢ > 0; (iii) Let 8,(Z;; 0) be the jth

d*Bi(Z;:0) . .
géizé/ ) is a d x d Hessian

component in S(Z;; 0), where 1 < j < k, then ,85.2) (Z;;0) =

matrix such that sup,.q E(ILBE.Z)(Z,; 0)|1*+%) < C for some ¢ > 0.
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Assumption 3.2.1 imposes regularity conditions on the DGP. Note that, in the
literature, there are cases where Z, and X, can be nonstationary; see Xiao (2009)
for X,, and Cai, Li, and Park (2009) and Juhl (2005) for Z,. We leave these issues to
further research. The S-mixing condition restricts the degree of temporal depen-
dence in (X}, Y;, Z,), which is generally adopted in the nonparametric time series
literature; see, for example, Hjellvik et al. (1998), Su and White (2007,2008), and
Chen and Hong (2010).

Assumption 3.2.2 imposes regular conditions on the distribution of the
marginal density of the state variable and on the joint density of the state vari-
able and the regressors. These are common in the local smoothing literature; see
Cai, Fan, and Yao (2000) for local linear estimation. Assumption 2.4.2(b) requires
only the smoothness condition of fxz(x,z) on the state variables, assuming the

regressors can be discrete.

Assumption 3.2.3 restricts the model disturbance &, to be serially uncorre-
lated. This simplifies our discussion, and can be modified easily to more general
cases. In addition, we allow for conditional heteroskedasticity with the smooth-
ness condition on v(z). This is important for the boundness condition in the

U-statistic kernel, and is similar to Powell, Stock, and Stoker (1989).

Assumptions 3.2.4 imposes conditions on the kernel and the weighting func-
tions on the frequency. With r > 2, we allow, but do not require using higher-
order kernels. Assumption 2.4.4 is a mild condition on W(u), ensuring the ex-
istence of the integral in (2.15). Any density function with a finite fourth-order

moment satisfies this condition.
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3.2.2 Asymptotic Null Distribution

By the property of the score function, we can show that

T
Aw = Z (X[ IB(Z) = B(Zi; 0] + = Z Giwe,
i=1 (3.4)
= Ay () + Ay (),

where G,(u)isalx 1 complex-valued vector empirical process such that

Gi(u) = {Ize"”'zf -

-1
1 o AN ’ i 1 - AN / e AN/
;;ﬁ“)(zt;e)X,X,ﬁ“)(zz;e)e “ ;;ﬂ“kz,;e)thtﬁ“%Zt;e) }ﬂ“)(z,;e)xt.

Under H, : B8(Z;) = B(Z;, 6y), then 6, = 6,, and we can show that Ay (u) = 0forall
u, and the second term A,(u) converges to a zero spectrum in frequency domain
for all u due to the orthogonality condition that E(g/|X;, Z,) = 0 a.s.. We can show

that under Hy, VTA(u) converges to a complex-valued Gaussian process.

Proposition 3.2.1. Suppose Assumptions 3.2.1-3.2.3 hold. Then under H, : B(Z,) =

B(Z;; 6y), we have
ﬁA(M) = Gu), asT — o

where G(u) is a complex-valued Gaussian process with covariance kernel

T-1 T
Kw.v) = lim (Tz_ 5 Z Z E[G,(w)G,(v) &,¢,],

t=1 s=t+1

and

i ’ ’ iu ’ ’ -1 ’
Gi(u) = {Izem 7 - E [V 0.y X X502 00" % | E[BV(Z::0.) X, X5V (Z: 0,)] }ﬂm(zt; 0.)X,.

Here we see that the covariance kernel allows for serial correlated errors

terms, which makes our approach to be widely applicable.
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Now, the asymptotic distribution of our test D is stated in the following The-

orem.

Theorem 3.2.1. Suppose Assumptions 3.2.1-3.2.3 hold. Then under H, : B(Z,) =

B(Z,; 6y), we have

H 5 fR NG Ww)du.

3.2.3 Asymptotic Local Power

Under the Hy, the first component A,(u) is no longer equal to O for all u € R/ be-
cause it contains the deviation of 3(Z,, 6.) from the true coefficient function 8(Z,).
The following proposition shows that A(u) converges to a non-zero empirical
process over R'. To investigate the asymptotic power property of our tests, we

now consider the following local alternatives

Ha(Ar) : B(Z) = B(Z:,0.) + Ard(Zy),

where B(Z,,6.) is a parametric function evaluated at 6,, and ¢(-) : R/ - Rfisa
nonrandom function of scaled time Z, satisfying E||¢(Z,)|| < C and ¢(-) # 0 on an

interval with nonzero Borel measure.

Proposition 3.2.2. Suppose Assumptions 3.2.1-3.2.3 hold. Then under Hs(Ar) with

Ar =T V2,45 — oo,
Aw) = A®w),
where

Aw) = E[Gw)X] (B(Z) - B(Z,, 0.)}].
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Theorem 3.2.2. Suppose Assumptions 3.2.1-3.2.3 hold. Then under Hs(Ar) with Ar =

T2 as T — oo,

H 5 f ) + G)I* W(w)du,
RI
where G(u) is defined in Proposition 3.1 and £(u) = E |G (u)X[¢(Z,)] .
Theorem 3.2.2 provides the asymptotic distribution of D under the local al-
ternative Hy(A7). It shows that our test can detect a class of local alternatives

with é(u) # 0 at rate Ay = T2, In terms of Pitman’s criterion, it is asymptoti-

cally more efficient than Fan et al.’s (2001) GLR test.

3.3 Monte Carlo Simulations

We now study the finite sample performance of the proposed test through
Monte Carlo simulations. We also compare our test with Fan et al.’s (2001) GLR

test.

To examine the size performance, we consider the following DGPs:

DGPSS1 [linear regression]: Y, = 1 + X, + u,, X, ~ i.i.d.N(0, 1)
DGP.S2 [AR(l)] Y, = ﬂo +ﬁ1Yt_1 + u;
DGPS3 [TAR(1)]: ¥, = =0.5Y,11(Y,.; > 0) + 0.7Y,_11(Y,_; <0) + u,

DGP.S4[Threshold regression]: ¥, = 1 + X, 1(X, > 0) + (1 + X, 1(X, < 0) + u,,
X, ~i.id.N@©,1).
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Since we want to check the size performance of our test, the model should
be correct specified under the null hypothesis. Therefore, we set the parametric
form B(Z,,0) = 6 for DGP.S1-S2, and set B(Z;,0) = 0,1(Z, > ¢) + 6,1(Z, < ¢) for
Z, = Y,.; and Z, = X, respectively for DGP.53-54. That is, we fit a linear regression
for DGP.S1-5S2 and fit a threshold regression for DGP.S3-54. In addition, to check

the power performance of our test, we set 8(Z,,0) = 6, i.e., estimate a linear

regression of ¥, on (1, X;) for the following DGP.P1-P4:

DGP.P1 [Quadratic regression]: ¥, = 1 + X, + 6X? + u,
DGP.P2 [Nonlinear regression]: ¥, = 1 + F(X)X, + 2[1 - F(X)]1 X, + u,
DGP.P3 [STAR(l)] Y, = -05FY;_ Y. +0.7[1 = F(Yi_1)] Yio1 + u;

DGP.P4 [Threshold regression]: ¥, = 1 + X,1(X; > 0) + (1 + O)X,1(X, < 0) + i,

where F(X,) = [1 + exp(-X))] .

To assess the power performance of our test under the nonlinear null hy-
pothesis, we fit a threshold regression for DGP.P1-P3. That is, we set 3(Z,,6) =
0,1(Z, > ¢) + 0,1(Z, < ¢) with Z, = X, for DGP.P1-P2, and Z, = Y,_; for DGP.P3, and

regard these DGPs as DGP.P5-P7 respectively.

For each DGP, we consider three cases for the error terms u,: (i) the i.i.d.
case, where u; ~ i.i.d.N(0, 1); (ii) the conditional heteroskedastic case, where u, =
htl/ 2y, h, =02+ ().3ut2_1, v, ~ i.i.d.N(0, 1); (iii) the serially correlated case, where
u; = 0.5u,_1 + v, v, ~ i.i.d.N(0, 1). We note that the AR model will suffer from the
endogenous regressors problem when the error term exits serial correlation. As

a result, the OLS and NLS estimators are inconsistent. Hence, we do not report
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the results with serial correlation error terms for DGP.S2-S3 and P3.

In addition to our test, we also consider Fan et al.’s (2001) GLR test. We
use the Epanechnikov kernel and Silverman’s rule-of-thumb bandwdith & =
2350, T~ for the GLR test, where o, is the sample standard deviation of
state variable. For each DGP, we simulate 1000 datasets with sample sizes T' =
100,200, 500. We apply the wild bootstrap procedure for the cases (i) and (ii),
and apply the moving block bootstrap procedure for the case (iii). We set the

number of bootstrap iterations B = 300.

Table B.1 reports results of DGP.51-54. The test statistics of this chapter and
Fan et al (2001)’s Generalized Likelihood Ratio (GLR) test are based on the crit-
ical value generated by the bootstrap method at the 5% and 10% significance
levels. From the results in the table, it can be seen that the test statistics D have
good performance under different sample sizes and regression disturbance set-
tings, and their experience levels are not much different from the nominal sig-
nificance levels. The general likelihood ratio (GLR) test statistic has a certain
degree of rejection for DGP.52-54, and its experience level is significantly lower
than the nominal significance level. Table B.2 reportS the empirical rejection
probability of the two test statistics for different data generation process models
at 5% and 10% significance levels. The first four rows give the test results when
the linear regression model is estimated for DGP.P1-P4, last three rows corre-
spond to the test results when the threshold regression model is set for DGP.P1-
P4. It can be seen from the results of the test power that, compared with the
generalized likelihood ratio (GLR) test statistic based on non-parametric regres-
sion, there is a higher probability of D rejection under each setting, which also

confirms the above. The section discusses the pros and cons of the two types
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of tests on asymptotic power. In Table B.2, when DGP.P3 is mistakenly set as
threshold regression, the test statistics D and the Generalized Likelihood Ratio
(GLR) test of Fan et al (2001) all have lower rejection rates. This is because the
setting form of the function coefficients in the smoothly variable autoregressive
model is very similar to the threshold model. Nevertheless, the test statistics
in this article show better recognition ability, and the probability of rejecting
the null hypothesis is much higher than that of the generalized likelihood ratio
test, thus giving researchers more accurate conclusions in empirical research.
More importantly, the test statistics proposed in this article do not need to per-
form non-parametric regression for unknown models, and do not need to select
adjustment parameters, which provides researchers with great convenience in

practical applications.

3.4 Empirical Application

With the continuous deepening of economic globalization, the world economic
situation is changing, and the uncertainties facing the economies of various
countries are gradually increasing. Existing literature (e.g. Bloom et al. 2007)
shows that the existence of economic uncertainty will affect the effectiveness
of monetary policy. Generally speaking, when economic uncertainty increases,
decision makers face increased risks, which will cause consumers to postpone
consumption behavior, investors delay investment plans to maintain cash lig-
uidity, and decision makers will also be more cautious in making decisions.
Aastveit et al. (2017) introduced the interaction term between economic uncer-
tainty and monetary policy in the VAR model, and found that when economic

uncertainty is high, the effect of monetary policy is weaker. However, the im-
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pact of economic uncertainty on the effect of monetary policy is not necessarily
linear. Therefore, this section will apply the functional coefficient model and
corresponding test statistics proposed in the previous section to examine the

impact of economic uncertainty on the effect of monetary policy.

3.4.1 Data

In order to increase the sample size, this chapter is modeled based on monthly
macroeconomic data. The sample interval is from January 1992 to December
2019. The data for some indicators in 1992 are not available, so the calculation

starts from the earliest available data.

The first is a measure of the effectiveness of monetary policy regulation. This
article mainly examines the impact of monetary policy on economic growth and
price levels. Although GDP can fully reflect the comprehensive indicators of
economic performance, countries only calculate quarterly GDP and cannot di-
rectly obtain the measurement results of monthly GDP. Although some scholars
use indicators such as gross industrial production and industrial added value
to replace GDP indicators and model based on monthly data, in fact, such alter-
native indicators cannot comprehensively reflect the overall economic situation,
especially as China’s industrialization process deepens. As the share of tertiary
industry in GDP gradually surpasses industry, the error caused by this alterna-
tive indicator will become more serious. Therefore, this chapter refers to Zheng
and Wang (2013), Zheng and Wang (2020) to construct a mixing dynamic factor
model for GDP, industrial value added, investment, consumption, taxation, im-

port and export, etc., based on which the mixing consistency can be extracted.
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Index (MFCI), and get the estimated result of monthly GDP (MGDP). These two
estimation series can be regarded as measuring indicators of macroeconomics.
In addition, this article also selects the macroeconomic consistency index issued
by the Economic Prosperity Monitoring Center of the National Bureau of Statis-
tics as the macroeconomic measurement index. For the price level, this article

uses the Consumer Price Index (CPI) minus 100 to measure the price level.

The second is the selection of monetary policy variables. This section will
examine two monetary policy tools, price-based and quantity-based, respec-
tively. The selected variables are short-term interest rate (SR) and money supply.
For short-term interest rates, referring to the research of most domestic scholars
such as Xie et al. (2002), Lu and Zhong (2003), Zhao and Gao Hui (2004), Zheng
and Liu(2010), this chapter selects the expiry date The 7-day Interbank Offered
Rate is used as a proxy variable for the market interest rate. The 7-day lending
rate basically reflects the recent market position fluctuations. For the money
supply, this article refers to the research of most domestic scholars and chooses

the broad money supply M2 year-on-year growth rate.

The third is the selection of economic uncertainty measurement indicators.
With reference to Li and Yang(2015), Li et al. (2016), Gu et al. (2018) and Su et
al. (2019), this chapter uses the EPU index constructed by Baker et al. (2016)
to measure economic uncertainty. It is true that, as stated in some documents,
the EPU index mainly measures the uncertainty of economic policies, and is not
equivalent to economic uncertainty. However, the trend of the index is relative
to China’s main economic timing, and it can measure the uncertainty of China’s

economic fundamentals to a certain extent.

Lastly, the selection of control variables. In order to exclude the influence of

68



tiscal policy and the international environment on the effect of China’s mon-
etary policy tools, this paper selects China’s government fiscal expenditure
(GoV), the U.S. Industrial Production Index (IPUS), the U.S. Federal Bench-
mark Interest Rate (IRUS), and the U.S. Producer Price Index (PPIUS). ) As a
control variable, all data are derived from FRED (https:/ /fred.stlouisfed.org/)
database. The data frequency of each indicator is monthly. Among them, my
country’s government fiscal expenditure, the US industrial production index,
and the US producer price index are all calculated using logarithmic difference

to obtain year-on-year growth rate data.

Table B.3 gives some descriptive statistics of the above indicators. The mean
value describes the average value of these indicators, the standard deviation de-
scribes the degree of variation of these indicators, and the minimum and max-
imum values give the fluctuation range of each indicator. Figure B.1 further
shows the time series of economic growth indicators, CPI, short-term interest

rates, M2 and EPU index.

3.4.2 Model Specification and Results

In order to examine whether the level of economic uncertainty has an impact on
the effect of monetary policy control, this chapter considers setting the following

functional coefficient model:
Y, =bo(Up) + (U)X, + 8Z + e, (3.5)

where Y, is the explained variable, which represent output or prices; X, rep-
resents monetary policy variables, U, represents economic uncertainty, and Z,

represent control variables. In order to avoid the endogeneity of the model,
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this chapter refers to Aastveit et al. (2017), Su et al. (2019), and selects the
lagging one-period variables of each indicator as explanatory variables. Specif-
ically, ¥, = MGDP,, MFCI,, CCI, or CPI,, U, = EPU,_;, X, = M2,., or SR,_,,
Z, = (GoV,_,IPUS ,_{,IRUS ,_;, PPIUS ,_). This section tests whether the follow-

ing three forms of null hypothesis hold:

Hy :bo(Uy) = bo,by(U)) = by
HY :bo(U) = bo1(U; > co) + b 1(U, > co), bu(Uy) = by 1(U; > 1) + bl (U; > ¢1)
HY :by(U) = bpiG(U,, 8o, o) + boal 1 — G(U,, go, o),

by(U) = bnGU;gi,¢1)+bip[l —G(U,, g1,¢1)]

where t = 1,2, G(U,,g,¢) = {1 + exp[—g(U, — ¢)]}™" is the logistic function; 1(a)
is the indicator function. Obviously, the null hypothesis H." test whether the
regression coefficient is a constant, that is, whether the model 3.5 has a linear
regression form; the null hypothesis H(()Z) test whether the regression model has
a threshold model form; the null hypothesis H|  test whether the regression

model has a smooth transition model form.

Similar to the Monte Carlo simulation, for the statistics in this chapter, the
weight function W(u) is set as the standard normal distribution density func-
tion. For the GLR statistics of Fan et al. (2000) and Fan and Huang (2005), a
second-order Gaussian kernel function is used. In order to explore the impact
of different bandwidths on the GLR test results, this chapter sets the bandwidth
as h = cT™', ¢ = 1/2c,, where c,, represents the optimal bandwidth selected by
the least squares variational method. Before calculating the statistics, we use the
sample mean and sample variance of each data series to standardize it. The crit-
ical value of the asymptotic distribution is obtained by the bootstrap method,

where the number of bootstraps is B = 2000.
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Table B.4 reports the test results of whether economic uncertainty affects the
effectiveness of monetary policy for three different null hypotheses. As men-
tioned earlier, this article chooses MGDP, MFCI and CCI to measure output,
CPI to measure price, and examines the effectiveness of monetary policy based
on the broad money supply M2 and short-term interest rate IR. From the re-
sults in the table, the following basic conclusions can be drawn: First, at the
5% significance level, the test statistics proposed in this chapter significantly re-
ject the null hypothesis, indicating that the effect of monetary policy depends
on the level of economic uncertainty. For most cases, the GLR test of Fan et
al. (2000) can also reject the null hypothesis. However, when short-term in-
terest rates are used to measure monetary policy, it is impossible to reject the
assumption that the impact of monetary policy on prices does not depend on
uncertainty. According to the Monte Carlo simulation results in this article, this
may be caused by the lower power of the GLR test; Then, from the test results,
for the three output indicators, price indicators and two monetary policy mea-
surement indicators, the test statistics in this paper are all at the 5%significance
level, rejecting the threshold relationship between the effectiveness of monetary
policy and policy variables. The null hypothesis. Conversely, GLR statistics can
only reject the null hypothesis in a few cases. In particular, in some cases (e.g.
X, = IR,_,, Y, = MGDP,), based on different selection of bandwidth, the GLR
test gets different conclusions. The test statistics presented in this chapter do
not depend on the selection of bandwidth parameters, so consistent test results
are always obtained. Finally, for some cases, our test statistics reject H((f) at the
5% significance level, that is, the effectiveness of monetary policy and economic
uncertainty have a smooth transition relationship, but the p-value obtained is

generally higher than the test result under H" and H{”. This may mean that the
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smooth transition form described in H((f ) is closer to the true reaction coefficient
than " and H_”. The GLR test cannot reject H;”’ in most cases, and the p-value
obtained is higher. In addition, we also tries to set the regression coefficient g
in formula 3.5 to depend on the form of U,, that is, g = g(U,) for all the coeffi-
cients, to examine whether the null hypotheses of the form H{", H(()z) and H(()3) are
established. The test results obtained based on the statistics in this chapter are

basically consistent with Table B.4, and will not be repeated here.

3.4.3 Estimation of the Functional Coefficient Model

In order to better characterize the impact of economic uncertainty on the effec-
tiveness of monetary policy, we refer to Fan and Huang (2005), using the Profile
Least Square to estimate model 3.5. In this section, we choose Y, = MGDP,
and CPI, to examine how the influence of money supply on output and prices
changes with economic uncertainty. We standardize economic uncertainty indi-
cators. When estimating the model, a second-order Gaussian kernel function is
used and the bandwidth is setas i = ¢, T~'/, where c,, is the optimal bandwidth

selected by the least squares variational method.

Figure B.2 shows the estimated result of the function coefficient of the influ-
ence of broad money supply on output. It can be seen from Figure B.2 that with
the increase of economic uncertainty, the effectiveness of monetary policy grad-
ually declines. This result is consistent with the conclusion of Su et al. (2019). In
particular, when economic uncertainty is low, the growth rate of broad money
supply increases, and output rises accordingly. When the economic uncertainty

exceeds 600, the central bank cannot stimulate the economy by increasing the
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growth rate of the broad money supply, and monetary policy fails. This is also
in line with the existing economic theory, that is, when economic uncertainty
increases, future risks will intensify, and both investors and consumers will be
in a risk-averse mind and make cautious decisions. This greatly reduces the
effectiveness of monetary policy. In particular, when economic uncertainty is
extremely high, panic and risk-averse psychology dominates, and the central
bank’s loose monetary policy cannot achieve the effect of stimulating economic

recovery.

Figure B.3 depicts the estimated results of the function coefficients of the
broad money supply’s impact on prices, where the horizontal axis represents
the economic uncertainty index. It can be seen from Figure B.3 that the effect
of monetary policy on price regulation depends on the economic uncertainty
index. When the economic uncertainty is low, the increase in the growth rate
of the broad money supply will lead to an increase in prices. However, when
the economic uncertainty is high, its effectiveness decreases. Especially when
economic uncertainty is very high, the result of b,(U — 1) estimate quickly tends
to 0, making monetary policy nearly ineffective. In addition, it should be noted
that when the EPU value is greater than 900, the value of b,(U—-1) is less than -0.5,
which seems to be different from the actual situation. Note that there are only
four samples with an EPU value greater than 900, so the abnormal result may
be caused by a large estimation error caused by a small local interval sample

size when nonparametric estimation is used.
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3.5 Conclusion

Functional coefficient models are useful in capturing nonlinear relationships
such as asymmetry among economic and financial variables. Since the gen-
eral form of functional coefficient model involves nonparametric estimation,
which delivers slower convergence rate and lacks definite economic interpre-
tation, many parametric forms of coefficient functions have been developed,
such as threshold regression, smooth transition model and so on. However,
parametric settings have the risk of misspecification, which will lead to incon-
sistent estimation and misleading empirical results. Therefore, it is crucial to
test whether coefficient functions are in a certain parametric form. In this paper,
we propose a unified approach for inference in functional coefficient models via
discrete Fourier transform (DFT). Unlike the existing tests that focus on time do-
main analysis, we investigate the specification of certain functional coefficient
models in frequency domain. Our test is widely applicable for various speci-
fications of coefficient functions. More importantly, our test does not involve
the smoothed nonparametric estimation. As a result, we can not only avoid the
delicate business of choosing a suitable bandwidth, but also detect a class of lo-
cal alternatives that converges to the null hypothesis at parametric rate, which is
faster than the existing nonparametric tests such as Fan et al. (2001). In addition,
we allow the regressors and state variables to be the same, which is particular
importance in testing certain parametric specifications such as SETAR. Our test
is also robust to conditional heteroscedasticity and serial correlation. Monte
Carlo simulations show that in comparison with Fan et al.’s (2001) GLR test,
the proposed test has both reasonable size and excellent power against various

misspecification of coefficient functions.
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Several interesting extensions are possible. First, one can consider model
specification test for the endogenous functional coefficient models under the
framework of GMM, which is expected to be useful in macroeconomic analysis
involving economic expectations. Second, it is interesting to consider the model
specification problem for coefficient functions with unobserved state variables,
such as the Markov regime switching models. Third, one can consider the
model specification test for part of coefficient functions, rather than the joint test
for all of the coefficient functions in the model. For example, the functional co-
efficient model Y, = a(Z)) + X;B(Z,) + u, under the null hypothesis of Hy : 5(Z,) = By
degenerates the partially linear model proposed by Robinson (1988) and Stock

(1989). All these problems will be pursued in subsequent studies.
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CHAPTER 4
HOW DOES SMOOTH STRUCTURAL CHANGE AFFECT ASYMMETRIC
DEPENDENCE IN FOREIGN EXCHANGE MARKET?

4.1 The Copula Model

In this section, I introduce the theory of conditional copulas to model the condi-
tional bivariate distribution of the daily Deutsche mark-U.S. dollar and Japanese
yen-U.S. dollar exchange rate over the period January 2, 1991, to December 31,
2001. This is the era of post-unification in Germany. The DM-USD and Yen-USD
exchange rates have been widely studied for the reason that they are two most
heavily traded exchange rates, representing approximately 50 percents of total
foreign exchange trading volume. Table C.1 presents some summary statistics

of the data.

By Sklar’s theorem!, we are able to decompose a joint distribution into its

marginal distributions and its dependence function, or copula:

Fxy(x,y) = C(Fx(x), Fy(y)) (4.1)

where Equation 4.1 decomposes a bivariate cdf. Under regular conditions, Pat-
ton (2006) makes an extension of Sklar’s theorem to conditional copulas and
shows that for any joint conditional distribution Fyyw(x,y | w), there exists a

unique conditional copula C(. | w) such that:

Fxyw(x,y | w) = C(Fxiw(x | w), Fyw(y | w) | w),
(4.2)

V(x,y) e RxR and each w in its support.

!See Sklar (1959). For a thorough review of copulas, see Nelsen (1999) and Joe (1997).
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Note that he conditioning variable (or events) must be the same for both
marginal distributions and the copula. Specifically, the theorem does not guar-
antee that Fxywi w2(x,y | wl,w2) = C(Fxw,(x | w1), Fyw,(y | w2) | wi, wy). The only
exception is when Fyw, (x | wi) = Fxw,w,(x | wi, wy) for all (x, w;, wy) € RXW; xW,
and Fyw,(y | w2) = Fyyw,.w, (v | wi, wy) for all (y, wi, wz) € Rx W, X W,. Fortunately,
in this paper, as indicated by Patton (2006), conditional on lags of the DM-USD
exchange rate, lags of the Yen-USD exchange rate do not impact the distribu-
tional of the DM-USD exchange rate. On the other hand, conditional on lags of
the Yen-USD exchange rate, lags of the DM-USD exchange rate do not affect the

Yen-USD exchange rate.

A candidate copula should allow for asymmetric dependence structure in
either direction and nest symmetric dependence as a special case. The copula
used in this paper will be a modification of the “BB7” copula of Joe (1997). 2
Since there is still slight asymmetry in the Joe-Clayton copula even when the
two tail dependence measures are equal, we need a symmetritized version of it.
In this way, we are able to parameterize the tail dependence by a symmetritized

Joe-Clayton copulaconditional univariate extreme events:

Csc(u,v | TU, TL)

(4.3)
=0.5-(Cje(u,v |V, ™+ Cre(1 —u, 1 =v |5t +u+v-1

ZPatton (2006) also used the normal (or Gaussian) copula. But the essence of this paper is
not on the selection of copulas to model tail dependence. Instead, we are arguing the effect of
different specification of marginals on joint dependence structure.
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where C)c is the Joe-Clayton copula®:

Cre(u,v | TV, 78) = 1= (1= {[1 = (1 = )] + [1 = (1 = »)] = 1))l
where k= 1/log>(2 — TU), v = —1/10g2(TL) (4.4)
and ¥ €(0,1), tte(0,1).

By construction, ¥ and 7" are measure of dependence known as tail depen-

dence under the following definition:

Definition 4.1.1. If the limit
lir%Pr[U <g|V<eg]= lin&Pr[V <g|lU<e¢g]= lin(}C(s,s)/s =7t

exists, then the copula C exhibits lower tail dependence if 7% € (0, 1] and no

lower tail dependence if 7" = 0. Similarly, if the limit
llsin}Pr[U >0|V>06]= }SirrllPr[V >0|U>06]= };inll(l — 25+ C(5,0)/(1-6) =1

exists, then the copula C exhibits upper tail dependence if ¥ € (0,1] and no

upper tail dependence if ¥ = 0.

Note that U and V are derived from the conditional “probability integral
transforms” of the original exchange rates conditional on their extreme events
respectively. Fisher (1934) and Rosenblatt (1952) showed that U and V have the
Unif(0, 1) distribution, regardless of the original distributions. Thus once we
specify the marginal distributions of DM-USD and Yen-USD, it is straightfor-
ward to transform the original data to the uniformly distributed data, which are

easy to implement into the copula model. Patton (2006) models the marginals

3A drawback of the Joe-Clayton copula is that even when the two tail dependence parame-
ters are equal, there still exists some slight asymmetry, due to the functional form. This is why

we need the symmetrized version to ensure it is symmetric when ¥ = 7-.
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by a GARCH in Mean process*’:

X, =+ \/Egt’
hl‘ = w +ﬂhl‘—1 + ’yXIZ_l, (4‘5)

g ~ 1.i.d.N(Q,1).

The parameter estimates and standard errors for marginal distribution mod-
els are presented in Table C.2. In both margin, all parameters changed signif-
icantly after the introduction of the euro, implying a structural break in both
markets. The test for the structural break at a specified point can was proposed
in Patton (2012). It is easy to implement but requires the researcher to have a
prior knowledge of when a break in the dependence structure may have oc-
curred. Fortunately, we get a significant structural break on the day of intro-
duction of euro. However, we do not have additional knowledge about other
break point in this sample period. Note that smooth structure change cannot be
detected from any test for abrupt structural change. On the other hand, we are
able to detect abrupt structural change by a smooth change test such as Chen

and Hong (2012) and Chen and Hong (2014).

Having the data transformed from the probability integral, we can estimate
the tail dependence parameters by maximum likelihood estimation®. Indeed,

estimating all coefficients simultaneously by a single step QMLE will yield the

4Patton (2006) did the model specification test and proposed AR(1)-GARCH(1,1) as marginal
distribution for DM-USD exchange rate and AR(1,10)-GARCH(1,1) for Yen-USD. However, in
practice, I find that the specification of g, has little impact on estimation of GARCH parameter,
which is critical for the dependence structure in copula.

>QMLE is robust to error term’s distribution, but we need it to do “probability integral trans-
forms” .Theoretically it has little effect on dependence structure if only the distribution is sym-
metric. Patton (2006) uses t distribution (the so-called tGarch). Here I use normal distribution
for the purpose of staying consistent with estimation in Chen and Hong (2014). Despite we are
free from estimating degree of freedom in student-t distribution, the result is very similar to that
of tGarch.

®Here we do not use the term QMLE because copula model itself describes model’s likili-
hood. There is no need to specify a particular distribution.
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most efficient estimates. However, the large number of parameters can result
in numerical optimization issue. Under standard conditions, the estimates ob-
tained here are consistent and asymptotically normal. In addition to the con-
stant tail dependence parameter, in order to plot a path to show how the param-
eters evolve over time, Patton (2006) also proposed a time-varying symmetri-

tized Joe-Clayton copula, which specifies the following evolution equations:

10
1
U -1
T, :A((UU'FBUTIU +ay - — ut_j—vt_j)
10 £;

10

1
TZL = A((L)L +ﬁLTtL_] +ay - 1—0 Z Iu,_j - Vt—j|) (46)
=1

where A(x) = (1 + ¢™)™! is the logistic transformation, used to keep ¥ and 7~ in

(0, 1) at all times.

Figure C.1 shows the degree of asymmetry in the conditional copula by plot-
ting the difference between the upper and lower conditional tail dependence
measures implied by both the constant and time-varying SJC copula model.
By definition, 7% = lim.( C(e, €)/€ is the limit of quantile dependence when
0<g<1/2and 7Y = lim,, 1_2+Cq(q’q) is the limit of quantile dependence when
1/2 < g < 17. So the tail dependence is actually a measure of the dependence
structure between extreme events. In our case, upper (lower) tail dependence
measures the dependence between the exchange rates during joint depreciating
(appreciating) against the USD. As noted above, it does not matter which of the

two currencies one conditions on the dollar having appreciated or depreciated

against.

’See Patton (2012) for more discussion.
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The constant SJC copula results suggest that in the pre-euro period, the lim-
iting probability of the yen appreciating heavily agains the dollar, given that
the mark has appreciated heavily against the dollar, is about 86% smaller than
the corresponding depreciation probability, meaning that the exchange rates are
more dependent during depreciations against the dollar than during appreci-
ations®. This implies that export competitiveness preference dominated price
stability preference for Bank of Japan and the Bundesbank in the pre-euro pe-
riod. On the other hand, the time-varying model suggests that the conditional
upper tail dependence was greater than conditional lower tail dependence on
98% of days in the pre-euro period®. This is also consistent with the finding
above. In the post-euro period the asymmetry is reversed. The constant SJC
copula suggests that the upper tail dependence is almost zero and the lower tail
dependence is 0.012, implying price stability preference dominated export com-
petitiveness preference for the two central banks in the post-euro period. The
time-varying model finds similar results: the conditional lower tail dependence
was greater than conditional upper tail dependence for the whole period after

the introduction of euro.

4.2 The Smooth Time-varying GARCH

As mentioned in the introduction, the specification of marginal distribution
plays an important role in modeling joint distribution (copula approach), es-

pecially when modeling dependence structure. To illustrate this point, I plot

8Despite different from 22% in Patton (2006), it does not change the pattern of asymmetric
dependence. When using tGarch as the model of marginal distribution, I found similar results
in both constant and time-varing model

Patton (2006) found 92% of days when upper tail dependence is larger than lower tail de-
pendence.
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the tail dependence structure using the empirical cumulative distribution func-
tion as the marginals. The empirical CDF calculate the cumulative frequencies
on each data points and use these frequencies as the transformed data to imple-
ment into copula model estimations. However, the empirical CDF approach is
not able to capture the feature of volatility clustering in foreign exchange mar-
kets. Thus it cannot serve as a correct specification of the marginal distribution.

Figure C.1 shows the result.

Despite suffered from model misspecification problem, the empirical CDF
indicates that the copula dependence structure is very sensitive to marginal dis-
tribution specification: in the pre-euro period, the constant SJC copula shows
exactly opposite results as in stationary GARCH marginal specification. The
lower tail dependence is about 7% larger than the upper tail dependence, im-
plying that the central banks preferred price stability in this period than ex-
port competitiveness. The time-varying model has similar implications: only
31.6% of days in the pre-euro period display larger upper tail dependence, much
smaller as compared to 98% in the GARCH specification. If we are using the de-
pendence structure estimated from the SJC copula as an index for hedging, the
marginal specification of empirical CDF and stationary GARCH will provide us

with totally different guidance in the pre-euro period'’.

Since the copula tail dependence structure relies crucially on the marginal
distribution specification, we have to check whether it is appropriate to assume
stationarity for the GARCH model and how does different specification affect

the dependence pattern.

"The dependence structure in the post-euro period is similar to the one using GARCH as
marginal distribution: the constant SJC copula indicates the upper tail depence is almost zero
and the lower tail dependence is 0.049 while the time-varying SJC copula suggests that the
conditional lower tail dependence is greater than conditional upper tail dependence for the
whole period after the introduction of euro.
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Among different specifications, smooth structural GARCH model is of par-
ticular interest for two reasons. First, the change pace of the underlying eco-
nomic mechanism and technological progress can cause the structural change
of exchange rate in a country. Since the pattern of correlation or dependence
structure is determined by second or higher order moment, we would expect
the marginal structural change in volatility to change the dependence structure
in joint distribution. Second, structural change in exchange rates can be viewed
as a evolution of underlying economic conditions. By investigating this effect
on dependence structure, we want to check how does the domestic conditions

affect central banks’ preferences.

To study the smooth structural GARCH model, I follow the local QMLE
method, proposed by Chen and Hong (2014). Note that we admit the abrupt
structural change at the date of introduction of euro but only apply smooth
change model to the pre-euro and post-euro period separately. The time-

varying GARCH model is specified as follows:

X, = \/ES;,
h; = w; + Bihi—1 + y,th_] , (4.7)
& ~ 1.I.d.N(O, 1).
Let 6, be the collection of parameters; namely, 6, = (w;,B:,,)’. In the time series
literature, it is common to assume 6, is an unknown smooth function of time in

form of:

6, = e(%x (4.8)

where 6 : [0,1] — R? is a vector-valued smooth function. The reason for the

specification that 6() is a function of ratio + rather than time t is that a non-
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parametric estimator for 6, will not be consistent unless the amount of data on
which it depends increases. The amount of local information must increase as
the sample size T increases'!. To achieve this we can regard 6 as the ordinates of
the smooth function 6(-) on an equally spaced grid over [0, 1]. which becomes
finer and finer as T — oo. Consider the following locally stationary GARCH

process {X;(u)} that is associated with {X,} at the fixed point u € [0, 1]:

Xi(u) = Vht(u’ 0.)&,
he(u, 0,) = w,(u) + BeWhe—1(u) + ¥ (W)X} (u), (4.9)

& ~1id.NQO,1), t=1,.,T,

where all coefficients depend on the fixed point u but do not depend on time t.

To transform the original data into the uniformly distributed which are used
to estimate the copula, we need the probability distribution at each data point.

That is, we need to assume local stationarity at u = fort = 1,...,T. The

s
T

boundary-corrected'? local QMLE estimator to 6, is given by

1 © .
arg max T ; kgl (6) if t=[cTh],0<c<1

o =19, if |Th]<t<T-|Tbh] (4.10)

1 .
— E =T - <c<
arg max A kls(0) if t=T-|cTh],0<c<1

where 6, = arg maxgeo % Zstl kyl(0) is the local QMLE at interior points and

1,(0) = —1illoghy(6) + hx—;})] is the likelihood function. k, = ;k(3}), the kernel

k : [-1,1] — R is a pre-specified symmetric bounded probability density, and

1Gee Robinson (1989), Phillips and Hansen (1990), Dahlhaus and Subba Rao (2006), Cai
(2007), Chen and Hong (2012) for more discussion.

12The boundary corrected estimator uses the so called data reflection method, which is very
standard to solve the boundary problem in nonparametric estimation. It is necessary for the
following test in a sense that it makes the asymptotic biases to be the same order of magnitude
at both interior and boundary points and thus improves power of the test.
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b = b(T) is a bandwidth such that b - 0 and 7 — o as T — . By applying
the extreme estimator lemma (e.g., Amemiya, 1985, Thm. 4.1.1), we can prove

the consistency of the local QMLE 6,.

4.3 Empirical Results

Before applying the estimated probability integral transform, we need to check
whether there exists smooth structural change in the two series. Chen and Hong
(2014) proposed a model free test' to dectect the smooth structural change in
GARCH parameters. By comparing the difference between the likelihood of
constant GARCH and time-varying GARCH, under regular conditions, they are

able to prove the test has a null asymptotic N(0, 1) distribution:
LR = 2T Vb(ly - Lp) - A1/ VB 5 N(O, 1) (4.11)

where [;; and Ik are average log likelihood of the (unrestricted) time-varying pa-
rameter GARCH model and the (restricted) constant parameter GARCH model
respectively. A and B are centering and scaling factor. Table C.3 shows the test

result.

Based on LR test statistics, all series are time-varying GARCH significant at
0.1 level, except for DM-USD in post euro period. The two series in pre euro pe-
riod are significant at 0.01 level. This might be due to we have fewer data points
in post euro period. When using adjusted LR, all the four series are significant

at 0.1 level, justifying our use time-varying parameters GARCH model.

As a by-product of the test above, the estimator 6, for the time-varying

13We are still assuming GARCH model here, but allowing the coefficient to be any function
of time.
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GARCH parameters can be used to derive the marginal distribution at each time
t =1,..,T, which is applicable to transform the original data into the uniformly

distributed one. Figure C.2 shows the result.

In the pre-euro period, the constant SJC copula suggests that the limiting
probability of the yen appreciating heavily against dollar, given that the mark
has appreciated heavily against the dollar, is about 52.7% smaller than the cor-
responding depreciation probability, as compared to 86% in previous section.
This means that the exchange rates are even more dependent during depre-
ciation than during appreciations. The time-varying model verifies the above
conclusion: the upper tail dependence was greater than conditional lower tail
dependence in the whole pre-euro period. This result implies that we may un-
derestimate the dependence structure if we do not take structural change in
marginals into account. This can be possibly explained by endogeneity of mon-
etary policy. When the two central banks intervene to ensure a matching depre-
ciation of the opponent currencies against the dollar, they are implementing ex-
pansionary policy and depreciate even more, causing a heavier dependence in
joint depreciation. On the other hand, this endogenous effect is smaller in joint
appreciation. In this way, ignoring the structural change in marginal distribu-
tions may underestimate the asymmetric dependence structure toward upper

tail.

However, things are more complicated in the post-euro period. The most
striking feature is the inconsistency between constant tail dependence and
time-varying tail dependence. The constant SJC copula still suggests that the
lower tail dependence was heavier than upper tail dependence, while the time-

varying version indicates that the conditional lower tail dependence was greater
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than conditional upper tail dependence for only 61.3% in the post-euro period,
as compared to 100% in previous section. First notice that the constant tail de-
pendence is not the average of the time-varying tail dependence. Instead, it
can be viewed as a test of asymmetric dependence similar to Hong, Tu and
Zhou (2007). Although they did not allow for nonstationary marginal distri-
bution, the results here implies that the model free test proposed by Hong, Tu
and Zhou (2007) should be robust to nonstationary series. On the other hand,
the time-varying model indicates that if we are using asymmetric dependence
as a factor to form portfolio, simply testing the average level over a certain pe-
riod may cause troubles, since we are using the opposite strategy on almost
39% days! Also, similar to the pre-euro period, ignoring the smooth structural

change in marginals may cause underestimation of the upper tail dependence.

4.4 Conclusion

In this chapter we investigate how does smooth structural change in marginal
distribution of mark-dollar and yen-dollar exchange rates affect their joint de-
pendence structure. Abrupt structural change in marginal distribution has been
discussed in literature. However, it is more plausible that the structural change
takes a period of time to take effect. The specification of time-varying param-
eters GARCH models is not of no economic implication. By allowing its pa-
rameters to change smoothly, we are actually trying to answer how does the
change of underlying economic conditions affect their joint asymmetric depen-
dence structure. And the asymmetric dependence behavior can be interpreted
as, explained by Patton (2006), the central banks’ tradeoff between price stability

and export competitiveness.
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Based on Patton (2006), we use both the constant and time-varying SJC cop-
ula to model the conditional tail dependence of the Deutsche mark- U.S dollar
and yen-dollar exchange rates, over the period from January 1991 to December
2001. Justified by a test for smooth structural changes in GARCH models pro-
posed by Chen and Hong (2014), we use the local QMLE method to estimate
the marginal distribution for the two series separately over pre-euro period and
post-euro period. By doing this, we admit the abrupt structural change on the
day of introduction of Euro on January 1, 1999. But different from Patton (2006),

we allow for smooth structural changes in the marginal distribution.

As a result, we found ignoring the time-varying structure of marginal distri-
butions may cause under estimation of upper tail dependence in both period.
This can be possibly explained by smaller endogenous effect of expansionary
monetary policy during joint appreciation than that of contractionary policy
during joint depreciation. More importantly, we found that the constant condi-
tional tail dependence did not change much by allowing for smooth structural
change in marginal distributions. This indicates the asymmetric test proposed
by Hong, Tu and Zhou (2007) is robust to nonstationary series. However, the de-
parture of the time-varying tail dependence from the constant version implies
that simply testing the average level of asymmetric dependence over a certain

period may lead to misleading result in investment decision.
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APPENDIX OF CHAPTER 2

APPENDIX A

A1 Figures and Tables

Table A.1: Empirical size for DGP S.1

T=200 T=500 T=800
Q GLR Wald Q GLR Wald Q GLR Wald
L 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5%
DPG S.1: i.i.d normal errors
1 113 62 105 59 107 54 100 56 104 53 104 58 97 49 88 49 97 50
2 118 62 122 64 125 64 87 40 131 6.0 116 6.1 102 50 11.1 41 116 43
3 129 63 168 73 159 7.8 109 54 129 62 130 7.0 98 47 79 38 109 69
DPG S.1: ARCH errors
1 124 62 105 6.0 11.8 6.6 102 55 98 56 97 56 93 49 85 42 89 43
2 125 61 124 62 132 6.6 89 44 133 6.0 122 59 108 51 113 4.0 114 52
3 124 65 160 7.7 159 8.1 108 59 123 6.6 130 6.8 96 48 73 39 77 42
DPG S.1: conditional heteroskedasticity errors
1 11.7 58 108 59 116 52 104 54 103 52 107 53 10.0 47 142 79 138 73
2 121 59 133 6.0 135 6.2 113 57 122 62 126 59 96 44 83 38 86 40
3 123 61 169 6.6 160 7.0 11.7 54 134 59 140 6.1 103 53 118 69 126 7.1

Note: (i) 1000 iterations; (ii) GLR the generalized likelihood ratio test in Fan, Zhang, and
Zhang(2001), Wald the Wald-type test in Li et al. (2002); (iii) L is the dimension of state
variables; (iv) Critical values for all three tests are computed using the resampling method in
Section 3; (v) The Epanechnikov kernel is used for all three tests; the bandwidths # = ¢ - T5
for our test Q and the Wald-type test, and & = ¢ - T-5 for the GLR, where c is selected based
on the CV method in this section.
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Table A.2: Empirical size for DGP S.2

T=200 T=500 T=800
Q GLR Wald Q GLR Wald Q GLR Wald
L 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5%
DPG S.2: i.i.d normal errors
1 114 61 116 69 117 6.6 102 56 114 54 114 58 106 51 89 49 92 45
2 119 67 129 75 129 69 109 61 133 6.6 124 6.1 107 51 11.7 46 112 52
3 128 67 169 7.6 158 79 119 59 159 72 143 72 99 49 81 42 107 63
DPG S.2: ARCH errors
1 116 59 127 62 119 6.6 106 56 11.0 57 108 56 102 49 105 51 106 5.1
2 126 64 139 68 137 7.0 11.7 62 133 6.1 132 59 108 52 122 59 124 59
3 134 68 162 7.8 169 82 11.8 59 143 6.6 131 6.6 121 59 151 72 156 7.1
DPG S.2: conditional heteroskedasticity errors
1 109 58 119 56 123 54 94 49 103 52 107 53 96 48 87 32 90 43
2 121 6.0 135 62 141 65 121 56 131 67 125 58 116 49 123 59 130 6.2
3 127 6.0 159 64 149 6.0 128 59 143 69 155 65 119 53 146 68 150 6.7

Note: (i) 1000 iterations; (ii) GLR, the generalized likelihood ratio test in Fan, Zhang, and
Zhang(2001); Wald, the Wald-type test in Li et al. (2002); (iii) L is the dimension of state
variables; (iv) Critical values for all three tests are computed by the resampling method in
Section 3; (v) The Epanechnikov kernel is used for all three tests; the bandwidths 2 = ¢ - T3
for our test Q and Wald-type, and = ¢ - T-35 for the GLR, where c is selected based on the
CV method in this section.
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Table A.3: Empirical size for DGP S.3

T=200 T=500 T=800
Q GLR Wald Q GLR Wald Q GLR Wald
L 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5%
DPG S.3: i.i.d normal errors
1 116 62 119 70 119 638 104 57 116 57 11.6 58 96 49 89 44 89 39
2 121 6.6 130 73 133 6.9 113 65 133 62 134 64 119 56 124 52 122 54
3 128 67 169 7.6 158 79 119 59 159 72 143 72 97 48 91 39 108 62
DPG S.3: ARCH errors
1 116 61 129 6.1 123 6.6 108 58 11.1 58 11.8 59 106 52 105 53 109 52
2 136 68 139 69 141 71 122 64 135 63 137 6.2 118 56 121 58 120 58
3 139 69 158 72 167 77 131 58 152 7.0 155 6.9 121 54 131 62 149 6.1
DPG S.3: conditional heteroskedasticity errors
1 94 48 91 33 83 44 104 53 11.1 56 105 58 104 49 107 55 100 52
2 131 62 139 59 138 64 128 56 132 69 131 6.1 11.8 52 121 58 132 6.4
3 144 64 161 72 159 6.6 138 59 152 69 152 6.7 11.8 56 149 63 151 64

Note: (i) 1000 iterations; (ii) GLR, the generalized likelihood ratio test in Fan, Zhang, and
Zhang(2001); Wald, the Wald-type test in Li et al. (2002); (iii) L is the dimension of state
variables; (iv) Critical values for all three tests are computed by the resampling method in
Section 3; (v) The Epanechnikov kernel is used for all three tests; the bandwidths 2 = ¢ - T3
for our test Q and the Wald-type and h = ¢ - T~5 for the GLR, where ¢ is selected based on
the CV method in this section.
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Table A.4: Empirical power for DGP P.1

T=200 T=500 T=800
Q GLR Wald GLR Wald Q GLR Wald
0 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5%
DPG P.1: i.i.d normal errors
02 244 117 171 73 162 72 394 221 263 142 245 138 55.5 263 494 20.1 464 19.1
05 447 262 332 144 30.1 129 59.3 352 459 29.6 456 27.8 70.8 46.6 60.5 30.1 575 29.6
1.0 80.2 59.7 733 521 741 529 989 872 96.7 803 945 787 100 100 100 100 100 100
02 242 112 133 6.6 124 56 369 192 193 11.0 182 104 50.7 234 424 138 405 122
1 422 245 205 99 236 11.1 56.6 329 333 20.1 30.8 189 662 40.1 50.0 199 487 171
1.0 722 536 524 301 50.1 285 97.7 843 90.0 69.8 882 673 100 99.8 100 99.2 100 99.3
02 232 109 112 54 115 52 360 187 184 9.0 191 92 50.7 205 391 98 390 92
1 394 225 119 71 120 76 56.5 28.6 214 13.0 232 151 633 384 42.0 10.7 389 100
1.0 699 503 376 171 339 16.7 90.8 80.5 70.2 409 683 36.8 999 992 876 799 881 81.0
DPG P.1: ARCH errors
02 235 121 164 79 168 8.0 38.8 21.1 257 14.1 255 139 542 246 481 20.0 454 187
05 43.6 253 319 140 288 126 59.2 35.0 447 29.0 446 279 702 457 60.1 289 56.5 29.1
1.0 799 593 721 515 740 529 98.6 87.0 962 80.1 93.8 782 100 100 100 100 100 100
02 238 11.0 131 62 120 55 359 19.0 187 109 181 102 50.2 231 428 132 40.0 115
1 420 246 213 97 240 112 56.6 32.8 335 19.7 305 184 66.4 40.1 505 19.8 489 169
1.0 724 538 523 300 51.2 289 96.7 836 889 67.6 86.8 66.8 100 100.0 100 99.7 100 99.6
02 230 105 111 55 117 52 355 184 183 9.0 178 84 505 20.1 390 9.6 388 9.0
1 395 225 11.7 70 123 7.7 562 282 21.1 127 231 146 62.8 37.7 420 10.8 384 102
1.0 689 50.1 373 170 335 16.3 90.3 80.0 68.6 40.1 678 36.8 999 99.0 871 799 878 80.3
DPG P.1: conditional heteroskedasticity errors
02 248 118 176 80 160 7.1 39.1 21.6 26.0 129 241 126 56.5 264 484 20.0 46.1 19.0
05 442 266 331 14.0 29.7 125 59.1 35.1 451 292 454 278 70.3 459 59.7 30.0 564 28.6
1.0 80.6 588 723 513 740 52.6 982 87.0 962 80.0 941 782 100 100 100 100 100 99.9
02 237 108 131 62 126 5.6 362 190 189 112 18.0 103 50.7 241 432 139 40.7 128
05 421 242 201 94 232 11.0 57.1 330 331 201 306 18.6 66.6 402 504 199 484 17.0
1.0 719 532 521 295 50.0 282 98.1 848 878 669 88.0 67.2 100 999 100 99.6 100 994
02 236 109 111 52 118 5.1 36.7 189 186 92 190 88 50.1 20.1 384 96 391 97
05 391 224 115 72 126 7.8 56.1 282 21.1 13.0 23.1 144 626 374 420 102 383 11.0
1.0 69.2 50.1 372 165 341 16.0 91.2 80.8 70.0 40.2 68.1 36.2 100 99.1 871 79.6 87.3 80.1

Note: (i) 1000 iterations; (ii) GLR, the generalized likelihood ratio test in Fan, Zhang,

and

Zhang(2001); Wald, the Wald-type test in Li et al. (2002); (iii) L is the dimension of the state
variables; 6 is a measure of deviation from constancy; (iv) Critical values for all three tests
are computed by the resampling method in Section 3; (v) The Epanechnikov kernel is used
for all three tests; the bandwidths & = ¢-T~5 for our test Q and the Wald-type, and h = ¢-T~5
for GLR, where c is selected based on the CV method in this section.
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Table A.5: Empirical power for DGP P.2

T=200 T=500 T=800
Q GLR Wald Q GLR Wald GLR Wald
L 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5%
DPG P.2: i.i.d normal errors
1 793 568 633 425 614 412 989 872 962 732 957 727 100 100 100 100 100 100
2 722 536 594 30.1 558 289 97.7 843 90.0 698 884 69.1 100 99.8 100 99.2 100 99.0
3 699 503 476 171 472 17.0 90.8 80.5 702 409 713 425 999 992 876 799 872 778
DPG P.2: ARCH errors
1 799 570 601 399 599 37.8 99.2 892 954 695 921 694 100 100 100 100 100 100
2 76.6 525 554 282 535 279 98.7 86.7 90.8 721 912 722 100 100 100 100 100 100
3 703 492 493 176 42,6 153 96.8 852 71.1 449 672 402 100 994 95.6 90.8 90.2 85.2
DPG P.2: conditional heteroskedasticity errors
1 797 570 59.2 392 59.1 373 984 87.0 955 731 951 724 100 100 100 100 100 999
2 763 521 551 28.0 532 274 973 841 90.0 69.2 881 68.3 100 100 100 100 99.8 99.2
3 701 492 499 17.8 422 151 905 80.1 69.2 402 711 422 100 99.6 962 909 91.1 858
Note: (i) 1000 iterations; (ii) GLR, the generalized likelihood ratio test in Fan, Zhang, and
Zhang(2001); Wald, the Wald-type test in Li et al. (2002); (iii) L is the dimension of the state
variables; (iv) Critical values for all three tests are computed by the resampling method in
Section 3; (v) The Epanechnikov kernel is used for all three tests; the bandwidths & = ¢ - T3
for our test Q and the Wald-type, and & = ¢ - T75 for GLR, where c is selected based on the
CV method in this section.
Table A.6: Empirical power for DGP P.3
T=200 T=500 T=800
GLR Wald GLR Wald GLR Wald
L 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5%
DPG P.3: i.i.d normal errors
1 668 424 431 246 412 205 88.7 792 785 534 767 524 100 99.8 925 895 917 873
2 583 372 282 163 263 159 769 602 505 323 512 331 100 99.2 865 793 835 768
3 389 189 121 72 143 93 50.5 269 282 133 281 127 989 931 773 685 741 652
DPG P.3: ARCH errors
1 663 421 425 242 408 201 882 79.1 777 529 762 521 100 99.6 921 89.0 912 87.1
2 581 370 277 161 257 153 76.1 60.0 50.2 31.6 50.6 328 100 99.0 862 78.6 831 76.2
3 384 182 115 71 141 88 50.2 264 281 133 269 125 982 91.8 780 689 738 647
DPG P.3: conditional heteroskedasticity errors
1 669 431 43.0 238 41.1 204 89.1 795 782 531 763 518 100 100 929 899 92.0 88.1
2 583 370 293 156 261 154 76.1 594 502 321 522 342 100 995 879 812 845 769
3 385 185 121 71 142 89 50.1 262 27.6 132 281 131 972 903 742 668 72.9 62.4

Note: (i) 1000 iterations; (ii) GLR, the generalized likelihood ratio test in Fan, Zhang, and
Zhang (2001); Wald, the Wald-type test in Li et al. (2002); (iii) L is the dimension of the state
variables; (iv) Critical values for all three tests are computed by the resampling method in
Section 3; (v) The Epanechnikov kernel is used for all three tests; the bandwidths & = ¢ - T3
for our test Q and the Wald-type, and & = ¢ - T75 for GLR, where c is selected based on the
CV method in this section.
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Table A.7: Bootstrap p-values for tests on conditional alpha (CAPM)

\Y G V-G
Zt Q GLR Wald Q GLR Wald Q GLR Wald

panel A: value-weighted portfolios
cay 0.000 0.005 0.005  0.000 0.000 0.005  0.010 0.010 0.005
yc 0.005 0.010 0.005  0.000 0.000 0.000  0.000 0.000 0.000
def 0.000 0.005 0.000  0.005 0.005 0.005  0.010 0.015 0.020
cay,yc  0.025 0.310 0.290  0.035 0.625 0.615  0.045 0.315 0.225
yc,def  0.015 0.520 0.395  0.040 0.470 0515  0.025 0.310 0.505
def,cay  0.035 0.610 0.485  0.070 0.625 0.730  0.025 0.390 0.455
cay, yc,def 0.040 0.810 0.925  0.020 0.695 0.810  0.055 0.735 0.890
panel B: equally-weighted portfolios
cay 0.000 0.005 0.005  0.000 0.005 0.005  0.000 0.000 0.005
yc 0.000 0.010 0.005  0.005 0.010 0.005  0.000 0.005 0.000
def 0.000 0.005 0.005  0.000 0.010 0.000  0.005 0.005 0.005
cay,yc  0.015 0290 0435  0.045 0535 0.640  0.045 0.385 0.395
yc,def  0.035 0515 0.575  0.040 0.310 0225  0.025 0.610 0.485
def,cay  0.020 0.730 0.455  0.070 0.395 0.730  0.035 0.595 0.570
cay, yc,def 0.055 0920 0.785 ~ 0.025 0.605 0.655  0.035 0.645 0.590

Note: (i) GLR, the generalized likelihood ratio test in Fan, Zhang, and Zhang (2001); Wald,
the Wald-type test in Li et al. (2002); (ii) Z; is the set of state variables; (iii) The p-value
for each test statistic is obtained based on 200 bootstraps using the procedure described in
Section 2; (iv) The Epanechnikov kernel is used for all three tests; the bandwidths & = ¢- T5

for our test Q and the Wald-type, and & = ¢ - T-5 for GLR, where c is selected based on the
CV method in Section 4.
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Table A.8: Bootstrap p-values for tests on conditional beta (CAPM)

\Y G V-G
Zt Q GLR Wald Q GLR Wald Q GLR Wald

panel A: value-weighted portfolios

cay 0.035 0.270 0415  0.135 0.890 0.760  0.030 0.240 0.325

yc 0.005 0.020 0.110  0.000 0.085 0.040  0.000 0.040 0.025

def 0.035 0.125 0.520  0.045 0.060 0.105  0.000 0.000 0.000
cay,yc  0.045 0530 0480  0.030 0215 0410 0.010 0.315 0.225
yc,def  0.020 0.325 0.265  0.140 0.875 0980  0.055 0.410 0.610
def,cay  0.055 0.280 0.490  0.070 0.665 0425  0.045 0.490 0.585
cay, yc,def 0.090 0.885 0.940  0.025 0.260 0285  0.040 0.525 0.410

Panel B: equally-weighted portfolios

cay 0.025 0.190 0.095  0.155 0.520 0.450  0.035 0.335 0.365

yc 0.015 0.045 0.110  0.005 0.065 0.060  0.000 0.020 0.020

def 0.060 0.125 0.525  0.045 0.040 0.160  0.000 0.010 0.005
cay,yc  0.040 0.630 0480  0.045 0210 0.435  0.040 0.320 0.410
yc,def  0.035 0315 0.265  0.140 0.820 0.450  0.055 0.470 0.580
def,cay  0.040 0.340 0510  0.055 0.635 0425  0.025 0.410 0.560
cay, yc,def 0.085 0.720 0.945  0.040 0.190 0260  0.120 0.695 0.450

Note: (i) GLR, the generalized likelihood ratio test in Fan, Zhang, and Zhang(2001); Wald,
the Wald-type test in Li et al. (2002); (ii) Z; is the set of state variables; (iii) The p-value
for each test statistic is obtained based on 200 bootstraps using the procedure described in
Section 2; (iv) The Epanechnikov kernel is used for all three tests; the bandwidths & = ¢- T5

for our test Q and the Wald-type, and & = ¢ - T-5 for GLR, where c is selected based on the
CV method in Section 4.
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Table A.9: Bootstrap p-values for tests on conditional alpha (FF6)

\Y G V-G
Zt Q GLR Wald Q GLR Wald Q GLR Wald

panel A: value-weighted portfolios

cay 0.000 0.005 0.005  0.000 0.000 0.005  0.010 0.010 0.005

yc 0.000 0.005 0.005  0.000 0.005 0.005  0.000 0.000 0.005

def 0.000 0.005 0.005  0.005 0.005 0.005  0.010 0.015 0.020
cay,yc  0.020 0.315 0.260  0.045 0575 0595  0.040 0.335 0.315
yc,def  0.015 0.520 0.395  0.040 0.460 0.535  0.055 0.330 0.515
def,cay  0.035 0.610 0.485  0.075 0.625 0.730  0.025 0.390 0.365
cay, yc,def 0.040 0.810 0.925  0.025 0.705 0.830  0.065 0.715 0.890

panel B: equally-weighted portfolios

cay 0.000 0.005 0.005  0.000 0.005 0.005  0.000 0.000 0.005

yc 0.000 0.010 0.005  0.005 0.010 0.005  0.000 0.005 0.000

def 0.000 0.005 0.005  0.000 0.010 0.000  0.005 0.005 0.005
cay,yc  0.015 0290 0435  0.045 0535 0.720  0.037 0.410 0.365
yc,def  0.035 0515 0.575  0.040 0420 0230  0.035 0570 0.485
def,cay  0.020 0.730 0.455  0.060 0.285 0.730  0.035 0.595 0.590
cay, yc,def 0.055 0920 0.785  0.035 0.675 0.675  0.045 0.595 0.580

Note: (i) GLR, the generalized likelihood ratio test in Fan, Zhang, and Zhang(2001); Wald,
the Wald-type test in Li et al. (2002); (ii) Z; is the set of state variables; (iii) The p-value
for each test statistic is obtained based on 200 bootstraps using the procedure described in
Section 2; (iv) The Epanechnikov kernel is used for all three tests; the bandwidths & = ¢- T5

for our test Q and the Wald-type, and & = ¢ - T-5 for GLR, where c is selected based on the
CV method in Section 4.
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Table A.10: Bootstrap p-values for tests on conditional beta (FF6)

\Y G V-G
Zt Q GLR Wald Q GLR Wald Q GLR Wald

panel A: value-weighted portfolios

cay 0.000 0.005 0.005  0.000 0.000 0.005  0.010 0.010 0.005

yc 0.000 0.005 0.005  0.000 0.005 0.005  0.000 0.000 0.005

def 0.000 0.010 0.005  0.005 0.005 0.005  0.020 0.015 0.020
cay,yc  0.025 0.315 0.260  0.040 0.555 0.565  0.040 0.335 0.315
yc,def  0.015 0.520 0.395  0.040 0.460 0.535  0.055 0.330 0.515
def,cay  0.035 0.610 0.485  0.075 0.665 0.720  0.035 0.390 0.365
cay, yc,def 0.040 0.810 0.925  0.025 0.705 0.820  0.065 0.705 0.880

panel B: equally-weighted portfolios

cay 0.000 0.005 0.005  0.000 0.005 0.005  0.000 0.000 0.005

yc 0.000 0.010 0.005  0.005 0.010 0.005  0.000 0.005 0.000

def 0.000 0.005 0.005  0.000 0.010 0.000  0.005 0.005 0.005
cay,yc  0.015 0290 0435  0.045 0535 0.720  0.037 0.410 0.365
yc,def  0.035 0535 0.575  0.040 0420 0230  0.035 0570 0.485
def,cay  0.025 0.720 0.455  0.060 0.285 0.730  0.035 0.595 0.590
cay, yc,def 0.045 0940 0.765  0.025 0.665 0.665  0.065 0.555 0.590

Note: (i) GLR, the generalized likelihood ratio test in Fan, Zhang, and Zhang (2001); Wald,
the Wald-type test in Li et al. (2002); (ii) Z; is the set of state variables; (iii) The p-value
for each test statistic is obtained based on 200 bootstraps using the procedure described in
Section 2; (iv) The Epanechnikov kernel is used for all three tests; the bandwidths & = ¢- T5

for our test Q and the Wald-type, and & = ¢ - T-5 for GLR, where c is selected based on the
CV method in Section 4.
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Table A.11: Bootstrap p-values for tests on conditional alpha (Q Factor)

\Y G V-G
Zt Q GLR Wald Q GLR Wald Q GLR Wald

panel A: value-weighted portfolios

cay 0.000 0.005 0.005  0.000 0.010 0.000  0.005 0.005 0.005

yc 0.005 0.005 0.005  0.000 0.000 0.000  0.000 0.000 0.000

def 0.005 0.010 0.005  0.005 0.005 0.005  0.010 0.015 0.020
cay,yc  0.025 0.310 0.290  0.035 0.625 0.615  0.045 0.315 0.225
yc,def  0.015 0.520 0.395  0.040 0.470 0515  0.025 0.310 0.505
def,cay  0.035 0.610 0.485  0.070 0.625 0.730  0.025 0.390 0.455
cay, yc,def 0.040 0.810 0.925  0.020 0.695 0.810  0.055 0.735 0.890

panel B: equally-weighted portfolios

cay 0.000 0.005 0.005  0.000 0.005 0.005  0.000 0.000 0.005

yc 0.000 0.010 0.005  0.005 0.010 0.005  0.000 0.005 0.000

def 0.000 0.005 0.005  0.000 0.010 0.000  0.005 0.005 0.005
cay,yc  0.015 0290 0435  0.045 0535 0.640  0.045 0.385 0.395
yc,def  0.035 0515 0.575  0.040 0.310 0225  0.025 0.610 0.485
def,cay  0.020 0.730 0.455  0.070 0.395 0.730  0.035 0.595 0.570
cay, yc,def 0.055 0920 0.785 ~ 0.025 0.605 0.655  0.035 0.645 0.590

Note: (i) GLR, the generalized likelihood ratio test in Fan, Zhang, and Zhang (2001); Wald,
the Wald-type test in Li et al. (2002) (2012); (ii) Z, is the set of state variables; (iii) The p-value
for each test statistic is obtained based on 200 bootstraps using the procedure described in

Section 2; (iv) The Epanechnikov kernel is used for all three tests; the bandwidths & = ¢- T5

for our test Q and the Wald-type, and & = ¢ - T-5 for GLR, where c is selected based on the
CV method in Section 4.
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Table A.12: Bootstrap p-values for tests on conditional beta (Q Factor)

\Y G V-G
Zt Q GLR Wald Q GLR Wald Q GLR Wald

panel A: value-weighted portfolios

cay 0.000 0.005 0.005  0.000 0.010 0.000  0.005 0.005 0.000

yc 0.005 0.005 0.005  0.000 0.000 0.005  0.005 0.000 0.000

def 0.005 0.010 0.005  0.005 0.005 0.005  0.010 0.015 0.020
cay,yc  0.020 0.360 0.290  0.045 0.605 0.615  0.035 0.325 0.195
yc,def  0.015 0.520 0.375  0.045 0.460 0515  0.025 0.310 0.505
def,cay  0.035 0.600 0.495  0.070 0.625 0.730  0.025 0.390 0.455
cay, yc,def 0.040 0.830 0.925  0.025 0.695 0.820  0.060 0.765 0.880

panel B: equally-weighted portfolios

cay 0.000 0.005 0.005  0.000 0.005 0.005  0.000 0.000 0.005

yc 0.000 0.010 0.005  0.005 0.010 0.005  0.000 0.005 0.000

def 0.000 0.005 0.005  0.000 0.010 0.000  0.005 0.005 0.005
cay,yc  0.015 0290 0435  0.045 0535 0.640  0.045 0.385 0.395
yc,def  0.035 0515 0.575  0.040 0.310 0225  0.025 0.610 0.485
def,cay  0.020 0.730 0.455  0.070 0.395 0.730  0.035 0.595 0.570
cay, yc,def 0.055 0920 0.785 ~ 0.025 0.605 0.655  0.035 0.645 0.590

Note: (i) GLR, the generalized likelihood ratio test in Fan, Zhang, and Zhang (2001); Wald,
the Wald-type test in Li et al. (2002); (ii) Z; is the set of state variables; (iii) The p-value
for each test statistic is obtained based on 200 bootstraps using the procedure described in
Section 2; (iv) The Epanechnikov kernel is used for all three tests; the bandwidths & = ¢- T5

for our test Q and the Wald-type, and & = ¢ - T-5 for GLR, where c is selected based on the
CV method in Section 4.
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A.2 Mathematical Proofs

p 4 ‘"

. d .
Throughout the appendix, we let “=”, “=” and “=" denote convergence in

probability, convergence in distribution, and weak convergence respectively.

Also define y; = f_o; w K(u)du and ¢o = o /(2 — pi3) and ¢y = —p1 /(2 — 113).

Proof of lemma 2.2.1. Notice that
EIBZ)i(Z,w)] = E[BZ)(" % — E(e" )]
= ElBZ) — EBZ))e" "]
By Theorem 1 (I) of Bierens (1982), we have E[[B(Z,) — E(B(Z))]e"*] = 0 if

and only if E[B(Z,) — E(B(Z)))IZ,] = 0 a.s. The latter is equivalent to E[B(Z,)IZ,] =

E[B(Z,)]. That is, B(Z,) is a constant function of Z,. O
Proof of equation 2.16. Notice that

2
0-7 [,

W(u)du
j}; ZIB(Z ),B(Zt)lﬁ (M)l,bt(u) W(u)du

s,t=1

Zﬁ(z,m(u)

T T T
1 , 1 iy
Z (Z )ﬁ(Zt) [ iwZs Z elu Z]J( 'z _ Z e—zu Z[] W(u)du
s Ré I=1 ro
Denote
1 T
Vs = f em 'Z) —zu 'Z —iu Zl) W(I/l)dl/t
[ T 1 T
_ ' (Zs—2Z;) _ lLl "Z-Z) _ i’ (Zs—2;) - i (Zn—2y)
_jl;d IZ TZe + 72 W;Ie ]W(u)du
= cosu'(Z,— 7)) — — cosu'(Z,—Z;) — —= cosu'(Zy — 7)) + — cosu'(Z,, — Z,)| W(u)
fRd L t Z t Z mgl
1 T 1 T T
e -7 Ze Nz-z,2 ?Ze siz-zif Z o272l

=1 =1 m,n=1
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by equation (2.2.2). o

Proof of Propostion 2.4.1.
VEMm::7L§jam BZ) + B2 | |dnw) = () + ()|
= TL ZT] 1BZ) = B(Z) + B2 | [¢w) = $w) + ()
= TL ZT: [,g(z,) ,B(Z,)] U () + —— T‘ - Z BZ)r(u)
+ T} = ZT: 1BZ) - B2 o) - ()| + Tl =7 Zﬁ(Z )|¢w) - pw)]

=1
= A +A)+Az3+ Ay, say.

Firstly, we show A; weakly converges to a gaussian process by the following
lemma:

Lemma A.2.1. Under the conditions of Theorem 1, A, = G(u) where G(u) is a complex-

valued Gaussian process with 0 mean and covariance kernel as

Kui,uy) = cov(G(ur), G (1))
= 4E[r(&, u)r' (&, u2)'])
where
r(&,u) = —CoQ(Z) Wu, Z) vx(Z)vv(Z) + X, Y] (A.1)

and vx(Z,) = E(X, | Z,), vy(Z:) = E(Y, | Z,). And = denotes the complex conjugate.

Proof. By Cai, Fan and Yao (2001), the local linear estimator for functional coef-

ticient models can be expressed as:

B@) = e,H 'S (2T1(2)
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where

S10(@) S1.1(2)
Sr(@) =
| ST,I(Z) ST,z(Z)
| LK -axX FIL Kz - 9XX (5F)
- _ ~A\2
|+ S0 KnZ - 9XX) (52) 1 2L Kz - 9X.X] (45
and
- Sto(2) 7 2o Kn(Z = 9X.Y,
T Z = =
Sr2@ | | + 3L Kz - XY, (542)

Since the coefficient B(z) is are conducted in the neighborhood of |Z, — z| < &, by
Taylor’s expansions, it is straightforward to see that uniformly over u € R* and
z€RE,

2

h 7/’
B B = e, H'S T3 Q) + e H 'S <>( ”(Z))ﬁ @)+ 0,(1)
S13(2)

Under Hy;, 8/ (z) = 0. Then uniformly over u € R%,

1 T
A = —Z e, H™'S 7 Z)TH(Z) |wiw) + 0,(1)

ep H™'S™Z)S(Z)S7 (Zz)F§(Zz)]lﬁz(u)+0p(1)

~ ‘ ’ﬂ
—

M’ﬂ T M’ﬂ 1l

i [e,,H-ls”(Zt) [1-(5@) -Srzps™ @) r;(zo] Yilu) + 0,(1)
t=1

It is easy to see that |4, < 1 for each eigenvalue 4; of (S(Z,) — S7(Z,))S " (Z,), then

by geometric expansion,

[1- (@)~ S:@NS™ @) = 1+@)~S1@)S™(Z)+0USZ) - S1(Z)S ™ (Z))

I+(S(Z) = S1(Z)S™(Z) + 0,(1)

for all ¢, where we use the uniform convergence result of sup,. 1S (z) = S7(2)| =
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0,(1) by Theorem 5, Hansen (2008). Then uniformly over u € RE,

1 < 1 <
A= o D eI T @ITE@ i) + s 3 [epHTIS TS 2 = S 1(Z)S TN Z0TH(Z)) | und
t=1 =1
2 Q@) R e
= TUZ;[ ) QT<ZI)] w,(u>+m;[epfl 'S 1(Z)S TN ZOTHZ) | 9uw) + 0,(1)

= All +A12 + Op(l), say.

where

| - Za -7 Zu—7
QT(z,>=?SZ:;XS[c0+cu( = ”)+...+c1d( = "‘)]Kh(zs—zoss

Notice that A, is a third-order non-degenerate U-process and A, = 0,(1) uni-
formly over u € RE, which is involved in the proof of A;; term, we refer the
reader to the proof of A;; below. To complete the proof of Proposition 2.4.1, we
still need to show

(i) A is stochastically equicontinuous over u € R%;

(ii) For each u € R, if Th' — coas T — co, then Ay; — MN(0, 4E [r(&,, uyr*(&,, u) |-
4A(u)A*(u))as T — oo.

For (i), we need to show that, for any € > 0 and « > 0, there exists a 6 > 0 such

that
lim P su 2 ZT: [Q(Zt)_l 0 (Z)]'J’ () — = ZT: [Q(Zt)_l o (Z)]l// (ur)|| > K] <€
100 | nento oo || T2 Lt | Fzy = )Y TR L Tz 2T P '

Let &2 = nu; + (1 — n)u, for some n € (0, 1) such that

.y .y . ey
elulZ, — eUAZZ, + lZ;,(ul _ uz)ezu Z,’
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then

| S s - 7 S| e v -4
“tmr| e [Ge]en- sy
-l S|zt -
< F _ul,uzeRi}iupl—uzll<5 T%/z = g}if’z); Crz) 2\ T2 Z Jize u - uZ)H K
el N 2 o] 7 e -l
< Jim P JTWZT; e 0n2) J%inmﬁ > /5

where the second to last inequality is by Cauchy-Schwarz inequality and the

iﬁ’Z,||2

IA

last equality is due to the fact that |le = 1 and |ju; — u|| 0. Given

the moment conditions in Assumptions 5, we have # Z,T: | WZI> = 0,(1) and

i’ 2
ﬁ Zthl ‘ gjfzz(g) QT(Zt)| = 0,(1). Thus, for any € > 0, we can find a § > 0 small
enough such that
imp|  sup |2 i[g(z’)_lg (Z)]w ) i[m’)_lg (Z)]w( )
uy)— u
=0 |umertiu e | T2 S| @) = )70 T TR A fyzy T
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Next we show (ii). Notice that

L Q)
T Z) 01 (Z)(u)

=1 f2(Z)
T _ T
5B (B (2 e
= T3/2 Z gj‘ftz)t 1 [co + ¢y (ZS1 ;ZZII ) + ...+ cCyy (ZSd }_z Zua )] kn(Zs — Z)e (u)
1 Qz)™! 1
= T ; 2 Xic OWK(O)[I&%(M)
e AR . PO
= A + A
(A.2)

We first show A, = 0,(1).

1 &G Q2Z)! R
_ d 4 _ d
An = KO s ) gy e = KO s ; n

=1

By orthogonality condition E(g, | X;,Z,) = 0, we have E(A,;) = 0, and

T-1

T
var(Ay) = c(Z)K(O)MT_3h_2d Z var(n;) + COK(O)2dT 2pd Z |cov (71, 771+l-]|
t=1 i=1

— O(T—Zh—Qd) + O(T—Zh—Zd)Z j2ﬁ(j)5/(1+6) — O(T—Zh—Zd)

=1

We have A, = 0,(1) by Chebyshev’s inequality.

Then we show Ay = U + 0,(1).
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1 QzZ)™!
Ay = 320 SZ# 2 ——— X (Zy — Z)egy(u)

Q)" (2=
s Zs - Zt st
+ e ; X (B iz Zeanw

QZ)™! -Zn
T3/2 =, C12 ; fZ(Z; s ( )Kh(Zs - Zt)sswt(u)

QzZ)! -7
S W

_ (0) 1 () ()
=A, +A, +tAS + .. +A,
We shall first prove A(m) =0,(1) form = 1,2, ...,d. Define

d

N S

=
d

[T (552 Gy ol )

i=1

+

Then we have

m 1
AR = Clupr D Pri€né)

1<s<t<T

Define

pr(&s) = E(pr(&s, £)IE)

Then we have

pr(&) = f P& OAPE)

- Q(Z) ! sm — Zm in'z
f ﬂ = [ e X, (2 e ¢(u))]fz(z)dz

f ]jl( - Q()IX (Z }:Zm)ss(ei"lz—¢(u))]dz
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where we have used the fact that E(g; | X;, Z;) = 0. Notice that E(p7(&5)) = 0, then

Clm

m(T =1
AR = i D préné) = pr&) = pr)] 4 Sk )Zpr(g,

3/2pd
1<s<t<T r

-2
Obviously, E [pr(&s, &) — pr€s) — pr(&)] = 0, which implies E(R(l)) 0. By
Lemma A(ii) of Hjellvik et al. (1998), we have

var(Ry) < — T°E |Ipr(€08) = pr(€) = pr&P]™ > 2BGT
Jj=1
=0 nis) = o —L )= (1)
B T]’lZd B Th 2d -
Then R)) = 0,(1) by Chebyshev’s inequality. In addition,
T T-1
C T -1)
var(RY) < T3 hM Z var [pr(&)] (T3 th) T > |eov[prn, pri.)

t=1 j=1
< Ch 20 (hZ(d+1)) + Ch20 (hZ(d+1))
= 0(I*) = o(1)
Then R = 0,(1) follows from Chebyshev’s inequality. Hence we have proved
AP = o,(1) form = 1,2,....d, if only Th'%? — coas T — co.
Here we have used the fact that E [( pT(f,))2] = O(h*@*D). To prove this, we define

% =v; fori=1,2,...,d. And we focus on the first integration inside.
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pr(&) = f ]_[K Sl [Q()lx (Z - Z’")sxe""'*ﬂ“))]dz

y f ]—[ K0 [QZ, + 1) Xy, (@ 40)]| dy

i=1

d
= hdfl—[ K(;) [Q(ZS)_IXSvmss (ei“,ZS_"’(“))] dv
i=1
d
+ 1 f l_lK(vi)

= hQzZ,) X gs( W Zs=g(w) nfl((v )dv,fK(vm)vmdvm

1#Fm

d ’
Z QUZ) " X,vi | Ve, (75740 dv(1 + o(1)

N hd+1 W'z, ¢(u) l_[ Qi(Z)'X, fv,-K(v,-)vmdv(l +0o(1))

= pi*! (ei"’z-v-¢<”>) £0,(Z)7'X, f V2K @m)dva(1 + o(1)) = O(h™*")

where we have used the fact that f vK(w)dv = 0 and Q;(Z,)"! = a%Q(Zs)*l. Then

2

E|(pr(€))y] = f [hd“ ("7 £,0,(Z)'X, f Ve K@mdva(1+0(1)| fAZ)dZ,
— O(hZ(d+1))

Next we prove A(O) U+ o,(1). Let

é:t_(t’ to )

and define

d _
\P(.fs, f,) _ ld 1—[ K (Zsi ]/_lZzi) Q7)) IXSgswt(u)

ht 2| f2(Zy)

U1 o (Zi = Za\ QAZ,)!
ﬁ]_l[K( ) iy e

Then we have
1
A = pco ), W)
1<s<t<T

It is obvious that

2
A9=2 VTG 2 &8+ o)

1<s<t<T
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So we now concentrate on Ur = 5055 Ni<sasr P(&s, &). Define

V(g = E[Y(Es 6]
1 Zyi = Zi\ QUZ)™!
hi ) K( h ) f2(Z)

d
f%ﬂl{( ) X, (¢ - pta)) dz

i=1

=FE

N

Xsaswt(u)lfs

and define

2 T
—;;%m

Next we will reconcile the relatively slow convergence properties of nonpara-
metric kernel estimator with the classical properties of sample average. Note
that Uy is a second-order U-statistic: this structure permits proper accounting
of the “overlaps” in the kernel estimators that comprise Ur. To establish VT-
consistency and asymptotic normality of Ur, we follow Lemma 3.1 of Powell,
Stack and Stoker (1998) in a time series context to show the asymptotic equiva-

lence of Uy and Uy
VI(Ur - Ur) = 0,(1)

if only E [IW(&,, £)IP| = o(T).

To see this, notice that

47—
¥, &I f i = Zi
£| |1 (=57

X f2(Z,) f2(Z5)dZ,dZ,
1 d
=fﬁ[1mm
i=1
X f(Z) f2(Z; + h)dZ,dv

=0(h) = O(TTLhd)

where the second equality uses the change-of-variables from (Z,, Z,) to (Z,,v =

Xse(u) +

2P@w az,)-
f2(Z,) f2(Zy)

2
thtws(u)]

2

’ [Q(Z,)“ QZ, + hv)™!
12(Z) f2(Z; + hv)

X@wﬂo+——————&a&mhm—¢wﬂ

(Z, — Z)/h), with Jacobian h™? and the third equality uses the continuity of f.
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Consequently, we have E [ ¥(&,.£)IF| = o(T) if and only if Th! — oo as h — 0.

Thus we have

_ 1 <
NTU; ~ NTUr = — ) 2W(€,
r r WZ &)

and

1
Y&, = ﬁ K

— ) Q) ' X,e, (e"",Z - ¢(u)) dz

i=
d

- f ]—[ W) QZ + hw) WY (Z, + hw)dwX e,
1

= Q( ) ws(u)X s+ Op(l)

Then we have

AV = ZCOQ(Z) U W)X,&s + 0,(1)

Let S, = coQZ,) '¥(u)X,&,. By Assumption 2, it is easy to show that {S,, ;} is an

adapted stationary martingale difference sequence. Define

T

V, = var[%z&] =var(S;) sV

=1

The equality above comes from stationarity of S,. In order to make use of
Cramer-Wold device, we define any real k x 1 vector A such that A = 1. From
now on we concentrate on A'V~-1/2S,. It is obvious that 2’V~1/2§, is also a station-
ary martingale difference sequence. Therefore one can apply Brown’s (1971)

theorem. Notice that

var('V12Ss ) = xvilyy 2 = 1 (A.3)

sroavlzs,
var(ZtT:1 py V’I/ZS,)

By Brown’s theorem, 4 N(, 1) if

T T
Z E{(UV 28 )21 V2S | > € std(z 2v128 ) = 0,Ve> 0
var(z V- 1/ZS pur) =1

(A.4)
and

1 T
TZ&’V‘”ZS,S;V‘”ZA— 150 (A.5)
=1
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Given A.3 and stationariy assumption, it suffices for A.4
E{V'2S P1[|AV72S | > eNT |} - 0 (A.6)

Since E [(/l’V“/zSt)z] =1 < o,and 1 [l/l’V“/zS,I > e\/ﬂ %o, (A.6) is satisfied
by dominated convergence theorem. This proves the lindeberg condition in
Brown’s martingale central limit theorem.
We now turn to verify (A.5), for which it suffices to show that

1 T

7 D avirs v E(avs sivtta) = (A7)

=1

It is straightfoward to show (A.7) by stationary and ergodic theorem (e.g. White)

if the following condition is satisfied
EIXV2S.Sv2) < 00 (A.8)

Since A and V are finite, it is equivalent to show the expected absolute value of

each element of E|S.S’| is finite, that is,
EISS!j<oeo for i,j=1,..d, (A.9)

By Cauchy-Schwarz inequality, it is suffices to show

E(S, ) <o for j=1,...d, (A.10)
where
dyx
S = | QZ;p Xiper| ¢ila)
p=1
Then
dy 2
2N -1 2
E(S,jP) = E|| > QZ);, X i) ]
p=1
[ d N 1
< [E D.0@)pXe | | (Eldl)’
p=1
n 0 43 1
<|DLE[D Q@) Xy } (Elgi@l!)” < oo
p=1 p=1
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by Assumption 2.4.2. The second line follows from Minkowski inequality, and

the third line follows triangular inequality.

Let Gi(u) = coQ(Z) 'y, (w)X,, then AY) = G=Guwe; + 0,(1) uniformly over
u € RE, we can also have

A = Gu)

where G(u) is a complex-valued Gaussian process with covariance kernel

T-1

D D ElGuG () s8]

t=1 s=t+1

, >
Ky = lim 771

It remains to show that, under the conditions of Proposition 2.4.1, A; = 0,(1),
As = 0,(1) and A4 = 0,(1) uniformly over u € R-. Since ¢,(u) and ¢(u) — E(u) con-
verges to 0 pointwisely by law of large numbers, along with the argument es-
tablishing stochastic equicontinuous in the proof of Lemma A.2.1, it is straight-
forward to show these three terms are uniformly negligible. This completes the

proof of Proposition 2.4.1.

Proof of Theorem 2.4.1. Under Hy,, Proposition 2.4.1 shows that TA () weakly
converges to a complexed valued Gaussian process G,(u). Under Assumption

2.4.4 and continuous mapping theorem, we have

0,50 =T f 161 OIPW o)
RL

as T — oo. O
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Proof of Theorem 2.4.3. Under Hy,, it is straightforward to see that uniformly

over u € Rl and z € RY,
2

B(z) - Bz) = e,H'S 7 ()T (2) + h—e,,H*S ;1@(5 “(Z))ﬁ” (2) + 0,(1)
2 S13(2)

Then by the proof of Proposition 2.4.1, uniformly over u € R%,

2§ Qz)" RSV o= 2(Zy)
Ay = T1/2 ;[ A2, QT(Zz)] (u) + m ; E@,,H 's l(Zt ( S+(2) )ﬁ Z) + Op(l)

where

| - Za -7 Zu—7
QT(z,>=?;Xs[co+cu( = ”)+...+c1d( = "‘)]Kh(zs—z,)ss

Notice that the first term #ZL [gjf&; QT(Z,)] vi(u) = OP(l/\/T) = 0,(1)

by the proof of Proposition 2.4.1. By Cai et. al (2000), the second term
77 Z,TIhZZ H'S “(Z,)(gigg)ﬁ"(zt) = 0,(1) pointwisely. It is also stochastic
equicontinuous using the same argument in the proof of Proposition 2.4.1. The

remained terms A,, A; and A, are still negligible uniformly over u € R-. There-

fore,

0 =T f 1147 () [P W ()l
RL

O,(T).

Proof of Theorem 2.4.5. Under Hy, : RB(Z,) = RB(Z, 6y) + a(T)5(Z,), set B(Z, 6y) = Bo.

We have B(Z,) = By + «(T)6(Z,). Notice that uniformly over u € R* and z € R%,
2

B(z) - Bz) = e,H'S 7 ()T (2) + h—e,,H*S ;1<z>(5 “(Z))ﬁ” (2) +0,(1)
2 S73(2)

where

| Za -7 Zu—7
QT(Zt):?;Xs[CO'i'CU( lh t1)+-.-+C1d( dh td)]Kh(Zs_Zt)gs

113



Then by the proof of Proposition 2.4.1, uniformly over u € R%,

2 g|e@) L P [S2(Z)
A = T1/2;[ 2 QT(ZI)] wt(u)+m23e,ﬂ 'S 1(Zt( Sa(Z) )ﬁ (Z)W:(u) + 0,(1)

2w [Qz)! 1« K (S22 ,
T1/2;[ ) QT@]%(u) T_Zﬁ IS (Zf>(s3<zt>)“(T)5 ZWiw) + 0,(1)

= A3+ Ay, say.

From the proof of Proposition 2.4.1, the first term A3 = G;(u). For the second

term A4, uniformly over u € RE,

L R o (Sa(Z) .
VT A D 5eHS l(zt)(Sj(Zt))amé Zwi(w)

Il
H‘H
1~
|

hz 1 2( t)
> e,HS™ (Zz)( S+(Z) ) (T)8" (ZoWri(u)

Tr 2
= > B S Zoww) + 0,(1)
=1 M2 lul

where y; = [ O:o u/K(u)du. Therefore, it is straightforward that

VT A 5 228 s Zw)] = £u)

M2 — :ul
uniformly over u € R*. The remained terms A,, A; and A, are still negligible

uniformly over u € RE. Therefore, under Hy,,
VTA () = &u) + G (u),
for all u # 0. By the continuous mapping theorem,

0 4 f|§(u) + EW)PW(w)du.
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Proof of Proposition 2.4.2.

VT Ax(u) [ﬁ (Z)) - B(Z,, B))e™*

Sl-
~ ||M\l

! 0 iv'Z;
ﬁz B(Z)) - BZ) - (BZ:, 0) — B(Z))e"*

T

1 — R -
[B(Z) - BZ)le™? — — » [B(Z,,0) — B(Z)]e™*
) 8)

= A21 + A22.

For the first term A,,, from the proof of Proposition 2.4.1, it is easy to see that

uniformly over u € R,

Ay = \/_ZGZ,(u)sﬁop(l)
= G

where G»(u) is a complex-valued Gaussian process with covariance kernel

T- T
K(u,v) = lim T(T Z D ElGa()Ga,(v) &85,
=1

s=t+1

and Gy (u) = coQZ) ™' ¢ ()X,

For the second term A,,, notice that

T
he 7 PSR
1 T
= i'Z,;
= 7 Z[(ﬁ(zf, 0) ~ BZy,00)) — (BZ)) — BZy, 60))e
r T
= — Z[ﬁ(Z,, @) - B(Z,, 90)]eiu’Z, _ L Z[B(Z’) - B(Z, 90)]eiu’Z,
\/T t=1
= Aé? + Aé?

The second term A( ) is equal to 0 under Hy,. For the first term A(zlz),

by Taylor

expansion
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B(Z:;0) = B(Z;; 60) + B (Z:36) (@ - 6),

where 6 = ) + (1 — @)f for some 0 < @ < 1. Furthermore, by the FOC of NLS,

we have

T

0 = Y BZ:OyX,[Y, - XipZ:0)]
t=1
T

T
= Y B0y Xe + Y FUZ 0V XX |B(Z) - BZi: D)

t=1 t=1

T T
= Y B0y Xe+ Y. BUZ 0V XX BZ) - BZi; 60)]
=1 =1

T

- > BV 0YXX; |BZ::6) - BZis 00)]
t=1
T

T
= D BUZ0 X+ ) PO OV XX |BZ) - BZi 60)

t=1 t=1
T
= > B 0y XX (Z,:0)(@ — o).
t=1

Thus, it follows

T -1
b-0, = [Zﬁ“)@;é)'XtX;ﬁ“kz,;é)

=1

T T
X {Z BUZ; 0y Xie + ) BV(Z: 0Y XX |B(Z) - B 90)]} :
t=1 t=1
Therefore,
1 T
Ay = —= ) IBZ)~BZ. 60"
22 \/T; t t> Y0
1 T
= —= ) BYZ:6)e" b -6
VT ,Zl t
- T1r 4-1
1 T o T R _ T )
= —=| D BOZs 0 || Y B2 X XpVZs 0| D B0 Xie
\/T L =1 JIL=1 | t=1
- 1r 41
1 T o T . _ T A
* D B e || Y By XX B2 0| D B Y XX, [BZ) - BZi; 60)]
L =1 1Llt=1 | t=1

116



The second term above is equal to 0 under Hyp,. Let
-1

T T
Guw) = |—= > B Z; B)e"” %Zﬁ”(zt;e) XXpZ:0)| U)X,
t=1 t=1

VT <

then under Hy,,

RSP
AD) = — > Guwe
22 \/7 tzzl t t
To complete the proof, we need to show

(i) Ga(u) — Gx,(u) is stochastically equicontinuous uniformly over u € R%;

(i) sup,ent 1G5,(u) — G| = 0, where
- .y N - 1-1 A
Gy() = E[BV(Z; )" | [80Z: 0y X X802 0| BV (2 0) X,

For (i), the property of stochastically equicontinuous is established from the
proof of 2.4.1. For (ii), we can use analogous arguments in the proof ??ch3.

Therefore, under Assumptions 2.4.1-2.4.4, by FCLT

AL = Go(u),

where G3(u) is a complex-valued Gaussian process, with mean 0 and covariance
kernel

o) T-1 T
Kos(u,v) = lim ———— " 3" E[G3()G3,u)&5,]

1
T T(T — 1)

t=1 s=t+1

The remained is to compute the covariance term in the variance-covariance ker-
nel in G,(u). By the mixing condition in Assumption 2.4.1 and the condition on

the error terms in Assumption 2.4.2, it is straightforward to see that

cov(Ga(u). G3) = E [c0Z) ™ (1, Z)X,G; (v v(X,, Z)|
This completes the proof. o

Proof of Theorem 2.4.2. Under H,, Proposition 2.4.2 shows that T Ay (u) weakly

converges to a complexed valued Gaussian process G»(u). Under Assumption
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2.4.4 and continuous mapping theorem, we have

0,5 0,=T fR G-I W)

as T — oo. O

Proof of Theorem 2.4.4. Under Hy,, it is straightforward to see that uniformly

over u € R and z € R,
— o S
B0 - @) = e,H 'S @50 + 2 e,H 572 )( TZ(Z))B @ +0,(1)

Then by the proof of Proposition 2.4.2, uniformly over u € R%,

2 T Q(Z, -1 1 d h? t
Al = =55 Z [ ) QT(ZZ)] ¢i(u) + TR Z EepH_lS‘l(Z, ( 2 ))ﬂ (Z)¢i(u) +0p(1)
=1

T2 L f,2) S:(Z)
where
| - Zg -7 Zu—7
QT(Z»:?;XS[%HU( 1 “)+...+c1d( d "‘)]Kh(zs—zgss

Notice that the first term #ZL [K}(ZZ(Z) QT(ZI)] o(u) = Op(l/\/T) = 0,(1)

by the proof of Proposition 2.4.1. By Cai et. al (2000), the second term

W ep ‘S“(Z,)(gigi;)ﬁ" (Z)$(u) = 0,(1) pointwisely. It is also stochastic

equicontinuous using the same argument in the proof of Proposition 2.4.2. The

remained terms are still negligible uniformly over u € R*. Therefore,

—

0> 142 W (u)du

RL

0,(T).

Proof of Theorem 2.4.6. Under Hy, : RB(Z,) = RB(Z, 6y) + a(T)6(Z,), we have B(Z,) =

B(Z,,60) + «(T)6(Z,). Notice that uniformly over u € R* and z € R%,
2

Blo) - B0) = e, H' ST @30) + e, H'S ;1<z>(S ”(Z))ﬂ” (2) + 0,(1)
2 S13(2)
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where
T
1 Z,-Z Zy -7
QT(Zz):?;Xs[CO‘FCn( lh t1)+---+61d( dh td)]Kh(Zs_Zt)Ss

Then by the proof of Proposition 2.4.2, uniformly over u € R%,

2 Gz 1 A ,
Ay = T2 ;[ fi(Z)z) QT(Zt)] ¢i(u) + mz 3€pH_15_1(Zz( jEZz))ﬁ (Z)¢:(u) + op(1)

2

2 le@) L (SaZ))
Tl/z;[ (Z) QT(Zt)]f/’t(“) T— 3 e,HS (Zt)(S3(ZZ))a(T)5 (Z)¢:(u) + 0,(1)

Axz + Aoy, say.

From the proof of Proposition 2.4.2, the first term A,; = G,(u). For the second

term A4, uniformly over u € RE,

T A,

1« K S (Z, .
?de,,H-ls-l(z,)( o ))a(T)é (Z)¢(u)

S3(Zy)
T
)

2 :“2 #1#3

where y; = f_ O:o uw K(u)du. Therefore, it is straightforward that

S2(Z))
S3(Z,)

N|F

H“S‘l(Zt)( )a<T>6”(Z,)¢,<u>

2 _
VT Ay 5 2288 b 24, = £5(u)
M2 — M

uniformly over u € RE. The remained terms are still negligible uniformly over

u e R

For A,,, notice that

T
Ax Z GawX[6(Z,) + Z Gawe,
VT £ =

= &)+ Q23(u),

where &;(u) is a complex-valued Gaussian process, with non-zero mean and co-

variance kernel

T— T
Z D E[GawX;X,6(Z)5(Z,) G|

=1 s=t+1

K(u,v) = h_r)r}o T(T—l
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Therefore, under Hy;,
VT Ay (1) = &) + &(u) + Go(u),
for all u # 0. By the continuous mapping theorem,

0,5 f 1€2(0) + &3(u) + Go ()| > W ()du.
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APPENDIX B
APPENDIX OF CHAPTER 3

B.1 Figures and Tables

Figure B.1: Time series of descriptive statistics
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Table B.1: Size of tests under DGP.S1-54

i.i.d. error term ARCH errors serial correlation errors
D GLR D GLR D GLR
5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10%
S1 T=100 58 11.0 41 84 52 101 3.8 8.0 57 108 4.6 9.6
T=200 47 96 50 87 58 122 44 9.0 3.8 96 48 94
T=500 52 103 44 96 41 85 45 93 52 105 59 109
S2 T=100 42 93 36 72 53 120 35 75 - - - -
T=200 50 11.0 40 84 64 125 19 6.5 - - - -
T=500 48 105 47 96 37 97 14 48 - - - -
S3 T=100 27 66 07 22 58 114 1.0 3.5 - - - -
T=20 37 91 13 33 6.5 11.6 21 438 - - - -
T=500 51 100 12 29 6.1 112 21 44 - - - -
S4 T=100 28 62 06 15 51 94 10 27 3.8 84 09 2.2
T=200 46 98 04 14 50 102 17 37 52 101 1.0 2.9
T=500 54 97 09 28 47 92 18 47 56 98 20 3.9
Table B.2: Power of tests under DGP.P1-P4
i.i.d. error term ARCH errors serial correlation errors
D GLR D GLR D GLR
5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10%
P1 T=100 988 995 98.8 994 969 985 723 84.6 100 100 100 100
T =200 100 100 100 100 995 99.7 934 964 100 100 100 100
T =500 100 100 100 100 100 100 100 100 100 100 100 100
P2 T=100 519 64.6 18.0 30.2 41.2 534 138 225 575 69.7 325 451
T =200 858 916 379 544 685 80.8 275 40.1 871 917 609 71.0
T =500 100 100 86.5 93.0 99.0 99.0 735 835 100 100 945 97.0
P3 T=100 721 81.6 31.8 476 305 438 85 17.0 - - - -
T =200 952 976 653 78.2 50.2 633 12.7 228 - - - -
T=500 100 100 99.9 999 89.5 925 295 46.0 - - - -
P4 T =100 717 826 351 472 98.7 996 86.2 923 75.3 839 463 584
T =200 955 97.6 66.1 79.0 100 100 98.7 99.4 964 99.0 78.7 86.1
T=500 99.9 100 99.0 99.5 100 100 100 100 100 100 100 100
P5 T=100 794 885 489 64.6 392 555 82 155 90.6 952 76.0 83.7
T =200 96.8 982 816 894 721 825 23.0 352 99.8 999 981 98.8
T =500 100 100 100 100 97.5 98.8 70.0 80.5 100 100 100 100
P6 T =100 24.8 40.6 47 10.1 323 477 82 154 267 393 74 134
T =200 494 623 14.0 247 649 781 271 40.1 524 651 210 323
T =500 882 942 51.1 658 964 98.0 729 819 89.6 934 616 726
P7 T=100 6.2 120 0.6 15 55 121 09 28 - - - -
T=200 134 215 13 36 13.2 220 24 59 - - - -
T =500 331 469 8.0 143 260 362 36 9.0 - - - -
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Table B.3: Descriptive statistics

Sample interval Mean Std Min Max

MGDP 1992M1-2019M12  9.540 2.518 5.800 16.111

MECI 1992M1-2019M12 0.162 2.576 -4.379 6.597
CCI  1992M1-2019M11 -1.088 5219 -10.420 17.030
CPI 1992M1-2019M12  4.132 5.820 -2.200 27.700
SR 1996M1-2019M12  3.690 2.599 0.990 12.720
M2 1992M1-2019M12 17.379 6.530 7.971  43.382
EPU  1995M1-2019M12 173.771 180.427 9.067 970.830
GoV  1992M1-2019M12 15.198 12.644 -22.141 81.580

IPUS 1992M1-2019M12 1.960 4041 -16.646 8.198

IRUS 1992M1-2019M12  2.620 2.159 0.070 6.540
PPIUS 1992M1-2019M12 1.926 4866 -17.505 16.009

Table B.4: Test of the Influence of Economic Uncertainty on the Effectiveness of
Monetary Policy

Hy": by(U,1) = bo, by(Us-) = by

X, = M2,_1 Xt = IR,_l
D GLR(hy) GLR(h) GLR(h,py) D GLR(hy) GLR(h) GLR(h,p)
Y, = MGDP, 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
Y, =MFCI, 0.000 0.000 0.000 0.000 0.000  0.000 0.001 0.000
Y, =CCI, 0.001 0.003 0.000 0.000 0.000 0.000 0.000 0.000
Y, =CPI, 0.010 0.008 0.004 0.017 0.042 0.272 0.097 0.851
H(()Z): bo(U,-1), bi1(U,_y) follow threshold model
Y, = MGDP, 0.004 0.048 0.055 0.080 0.008 0.640 0.968 0.002
Y, =MFCI, 0.003 0.023 0.021 0.020 0.000 0.334 0.552 0.472
Y,=CCl, 0.003 0.697 0.119 0.074 0.001  0.000 0.004 0.000
Y,=CPI, 0.012 0.132 0.156 0.135 0.008 0.178 0.263 0.191
H((f): bo(U,-1), bi1(U,_y) follow smooth transition model
Y, = MGDP, 0.058 0.974 1.000 0.998 0.050 0.053 0.167 0.025
Y, =MFCI, 0019 0.982 1.000 1.000 0.158 0.524 0.564 0.471
Y,=CCI, 0.006 0.698 0.119 0.075 0.068 0.254 1.000 0.207
Y, =CPI, 0.045 0.337 0.298 0.347 0.004 0.289 0.417 0.326

Note: The p-value for each test statistic is obtained based on 2000 bootstraps.
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Figure B.2: Estimation results of function coefficients of the influence of broad
money supply on output
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Figure B.3: Estimation results of function coefficients of the influence of broad
money supply on prices

B

0.00

-0.50

-0.75

0 100 200 300 400 500 600 700 800 900 EPU

125



B.2 Mathematical Proofs

Proof of (3.4). By Taylor expansion
B(Z;0) = B(Z;6.) + BV (Z;0)(0 - 6.),

where 6 = a8, + (1 — @)d for some 0 < « < 1. Furthermore, by the FOC, we have
T
0 = Y pVZ:bX|Y, - X/pZ:0)]
t=1

T T

= B0y Xe + Y BOZ 0 XX |B(Z) - Bz D)
=1 =1
T

T
= Y BVZ:0yXe + Y BV 0 XX [BZ) - BZ;6.)]
=1 =1

T

- > BV XX, |BZ;0) - pZ;;6.)]

=1
T T
= D BVZ:0Xie + ) PO 0 XX [BZ) - BZ;6.)]
t=1 t=1
T
= > BV 0y X, X BV (Z: )@ - 6.),
=1
Thus, it follows

T
b-0. = [Zﬁ”(z,; O X, XpV(Z;;6)

=1

t=1 t=1

-Ler T
{Zﬁ“)(zf; Oy Xie, + ) BV(Z: 0V X, X[ |BZ) - BZ; 0»]} (B.1)

By Taylor expansion, the second term in A(u) has
1 : (1) AN/ ’ o) iu'Z,
5 D BV XX; B2 6) - 20| e
t=1

1 c D\ ’ N i Zs )
= 5 D BB XX B)e 4B - 6.
t=1
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Plugging in B.1 to substitute § — 6., we have the following result for the second

term of A(u):

T T -lor

1 A _ ~ _ ~

—[7 BV 0 XX B2, B)e™ Z'} Zﬁ“kzt;e)’XtX,'ﬁ“th;e)} > BV 0) X,
t=1 t=1 t=1

-1 T

D BV 0y XX
=1

T T

- [% D BV 0y X X0 é)e""'zf} [Z B0y XX (Z:9)
=1 t=1

x [B(Z:) = B(Z:6.)].

Plug it back to A(u), then we have

Aw) = %i;HMKWZ%ﬁ@wm
1 & A
+7;Gt(u)st
= A+ Ay(u),

where G,(u) is a [ x | complex-valued vector empirical process such that

T

A i 1 o\ ’ 0\ il
Gilu) = {Ile’“ ‘- {7 2 B @y X XipV 2 0

t=1 t=1

- -1
% PW-RCAL Do ol é)} }/3‘”(2,; b X,
O

Lemma B.2.1. Let Assumptions 3.2.1-3.2.4 hold, then

(i). G,(u) — G,(u) is stochastically equicontinuous over u € R,
(ii). Sup,cz 1G1t) — G| = 0,

where

iu' ’ ’ i ’ ’ -1 ’
Gf<u>={Izel"Zf—E[ﬁ“)(zt;e*) X XpO(Z; 0.0e" | E |8V (Zs: 0. X, X[ (2, 6.)] }/3“)(2,;9*))(,.

Proof of Lemma B.2.1. For (i), we need to show that, for any € > 0 and « > 0, there

exists a § > 0 such that

MnP[ sup |G = Gi(u) = (Gilwn) = Giw)|| > k| < €.

T—oo uq,up€R:|Juy —un || <6
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By Triangle inequality, it suffices to show that G,(u) and G,(u) are both stochas-
tically equicontinuous. For G.(u), let @ = nu; + (1 — n)u, for some 5 € (0, 1) such

that
i,z _ iulZ .71 iit’ Z,
e =" +iZ,(u) — up)e™

A —-1-1 A
and B, = |+ X1, BVZ: Oy X X/pV(Z:6)|  BV(Z; ) X,, then

lim P[ sup ||Gt(u1) - ét(u2)|| > Kl
T—eo u1,up €R:||uy —us || <6
< lim P[ sup [0 0y X, (¢4 — )|
T—oo uy,up€R:|uy —un || <6
1 T
+ ;;ﬁ”(zt;0)'X;X;ﬁ“>(zt;e) (e"i% — )| Bl >
= lim P[ sup “ﬁ“)(Zt; 0Y X,iZ, (u; — uz)e”_‘lz’”
T—ooo uy,up€R:|Juy —un || <6
1 T
+ TZﬁm(z,;é)'x,xgﬂ”(zt;é)iz;(ul—uz)e”"’zf B>«
=1
< lim P[ sup 182 0) X,.Z; || 11y — uall
T—oo uy,up€R:|Juy —un || <6
T T
LS B0z 0y X X B2 B)Z A iz | B
Hll\ 7 DBV By X X2 Zi | 7 D e — u)e AP | By >
=1 =1
1 T
< lim P[|L3<“(Z,;é)’xtz; + TZﬁ(l)(Zt;@)’XtX;ﬁ(l)(Zt;@)Zt’ B/|| > «/6|,
t=1

where the second to last inequality is by Cauchy-Schwarz inequality and the last
equality is due to the fact that [|e”%|*> = 1 and |lu; — u,|| < 6. Given the moment
conditions in Assumptions 3.2.3 and 3.2.4(ii), we have “ﬁ“)(Zt; 0yx,.Z!|| = 0p(1)
|3 2L 0@ by xxipoz: 02 5

find a § > 0 small enough such that

and = Op(1). Thus, for any € > 0, we can

lim P[ sup ||G,(u1) - Gt(uz)” > K] <E€.

T—eo uq,ur€R!:|Jug —un||<6

The stochastic equicontinuity of G,(«) can be shown in an analogous way.
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Next, we show (ii). By the definition of G,(u) and G,(u), we decompose

G(u) — G/(u)

[B02:6) B (Z:6.)] X"
-1
BY(Z:0)'X,

—{ [% t_iﬁm(z’; O'XX/p0(Z; é)e"“’Z'] [% t_iﬁm(z’; O X.X/pV(Z:0)
~E[B0(Z:0.Y XX B2 0.0 5| E [B0(2Z:0.Y X X;0(Z:0.)] B2 e*yx,}
= a(u) - a(u) - { |b(w) = bw)| @ = o) (d - d) + [bw) - bw)| & = ¢)d + |b(w) - bw)| c (d - d)
+|b(u) - bw)| ed + b(w) @ - ¢) (d - d) + b(w) ¢ = c)d + b(u)c (d - d) }
where we let

aw) = PO(Z:0) X" %

7 1 4 D\ ’ i
b = _;;ﬁ“kzt;e)X,Xﬂ”(z,;e)e Zf]
,l T —1
¢ = ;Zﬁm(z;@)'x,xgﬁm(z,;é)]
| =1
d = ﬁ(l)(Zt;é)’Xt

a(u) = ﬁ(l)(zt;g*)/xtem,z[
bw) = E|BVZ:0.)XXBVZ:0.)e" %
-1
b = E|pVZ:0.)XX87(Z;:0.)

¢ = ﬁ(l)(Zt§ 0.)'X;.

129



By triangle inequality, we have

sup |G (u) — G, ()|

ueR!
< Suﬂg lla(u) — a(u)|| + suﬂg H[fa(u) - b(u)] (¢ —-c¢) (cf - d)H
+sup|[B )] @ = )| + sup | [0 ~ bio] (2 - a)|

+sup || b = b)) cd]| + sup [bw) @ - &) (d - d)| + sup lIbw) @ = eyl + sup [bawye (4 - |

ueR! ueR! ueR! ueR!
8

= E R;, say.
J=1

Then, to show that G,(u) — G,(«) uniformly converge to 0 over u € R/, it is equiv-
alent to show that R; % 0for j=1,..,8. For each R j, we first establish the point-
wise convergence for each fixed u € R/, and then show that the corresponding
empirical process is stochastically equicontinuous. Finally, we show that each

R; converges to 0 in probability.

We start with R;. For each fixed u € R/,

aw) - atw) = [BV2:0) - BU(Z:60.)| X
50,
by Assumption 3.2.4. For R,, we show that b(u) — b(u) %0 ¢6-¢c 50 and
d—d>5o0, respectively.
b(u) — b(w)

1 S N\’ ’ i ’ ’ i
= 7 ) B @O XXV 20~ E B2 0.y X XIpV 2 0. ]
=1
T
1 ., .
= 7 ) B @0y XXIBV2: 0.0 ~ E[BVZ: 0. X XB V(2 0.)¢" 7 | + 0p(1)
t=1
= 0p(T'),

where the second equality holds given Assumption 3.2.4(i), (iii), and the fact

that 6 lies between 6 and 6.. The last equality is due to the mixing condition in
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Assumption 3.2.1 and the moment conditions in Assumption 3.2.3 and 3.2.4(ii).
By analogous arguments, it is straightforward to show ¢ — ¢ 5 0,andd—d 5 0.
Therefore, the pointwise convergence for each empirical process in R; has been

established.

Next, to show each empirical process in R; is stochastically equicontinuous,

we can follow similar arguments in Proof of Lemma B.2.1(i).
Lastly, we show the uniform convergence for each R;. We start with R;:

Ri = supllau) - a@
ueR!
= sup [[8V@;:0) - B0 X

ueR!

< supl|[8(Z:0) - B(Z:0.)] X, cos(w'Z)

ueR!

ueR!

= Ry + Ry, say.
Next, we show that Ry; = op(1) and R}, = 0p(1), respectively.

Let Uy = [-s7, s7]' € R, where we let s; — o as T — oo, then we want to

show for any « > 0 and € > 0, there exists a T(6, k) such that
PRy > k) <€,
forall T > T(6,«). Let US = R' — Uy be the complement set of Ur, then

]

max {P ( sup [[8Z:0) - 50250 X, costuz,)
ueUr

P(Rll > K)

P (sup [EREAIRCAN P AICZA

ueR!

4.
)

Due to the periodicity and boundness of cos(-), for any given 7, we can find a s7

P(sup I8 - 50 0] X, coswz)
uels;
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that is large enough such that

P ( sup (1820 - 5V(Z:0.)] X, cos(w'z)| < K)
uE(L[T

<4

for any « > 0. Let {BT(uj,cS) j=12,.., J} be a finite cover of U such that u €

[80(:0) - BV (2,2 0] X, cos(u'Z,)

> P(sup

(4
ueUs

B(u;,0) if and only if d(u, u;) = |lu; — ul| < 6. Then, it follows

A

Tlim PRy >k) < Tlim P(sup ”[,B(U(Z,;@) —B(U(Zt;é’*)]/Xt cos(u'Z,)|| > K)
—00 —00 uely

-4

IA

tim (s s {59/ -5 200 X Joos 7 2) - con 12
)

[ﬁ(l)(Zt; 0) - pV(z,; 9*)]/ X, [cos (it'Z;) — cos (u;Zt)]

3

+ ”[ﬂ(l)(Zt; o) -pV(z; 9*)]' X; cos (u;.Z,)

IA

lim P sup
T—eo | ujeDid(iu;)<s

T—o0

+ lim P (max H[B(U(Zz; 0 -pVz; 9*)]’ X; cos(u;Zy)
=

= 0,

where the last inequality hold since a(u) — a(u) is stochastically equicontinuous
and a(u) — a(u) 20 for any u € R'. The derivation for Ry, 2 0is quite similar.
The uniform convergence for R, to Ry can be established in an analogous way.

We neglect it to save space. m|
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Proof of Proposition 3.2.1. By definition,
1+ ,
A(u) = T Z St(e)etu Z;

=1

1 |

= ? Zﬁ(l)(zt; 9)’X1th [ﬂ(zt) _ﬁ(zt; 9*)] ot Z

t=1
1« |

= > B0y XX |B(Z:0) - pZ:6.)] 7

t=1

1 % AN/ i’
+ Zﬁ(l)(zﬁe) X.ge “

where G,(u) is a I x 1 complex-valued vector empirical process such that

1+ N _
= 2B @y X xip 0 2:0)

t=1

T

~ - 1 n _ .,
Gw) =" — | = % BV(Z;0Y X, X, (Z;; 0)e™ *
T 1.

t=1

-1
}ﬂ<”<z,; b)Y X..
Under Hy : B(Z,) = B(Z;;6y), and 0, = 6,, we have
Aw)=0
for all u € R'. By Lemma B.2.1(ii), we have
1 T
Aw = = ) Gwe, +op(D),
t=1

where

in i ’ ’ -1 ’
Gi(u) = {Ile’“ Z — E|BV(Z; 00) X, X[V (Z; 00)e™ “ | E [BV(Zss 00) X X8V (Zs3 60)] }ﬁ(”(z; 60)' X,.

Lemma B.2.1(i) also establishes that G,(u) is stochastically equicontinuous, thus,

under Assumptions 3.2.1-3.2.4, by FCLT
VTAw) = Gw),
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where G(u) is a complex-valued Gaussian process, with mean 0 and covariance

kernel

T T
K(u,v) = lim LS S EIG WG, 5]

Proof of Theorem 3.2.1. Under H,, Proposition 3.2.1 shows that VTA(x) weakly
converges to a complexed valued Gaussian process G(1). Under Assumption

3.2.4, by Lemma B.2.1(i) and continuous mapping theorem, we have

h 2 f IGWIPW (w)du,
R/

as T — oo. O

Proof of Proposition 3.2.2. By Lemma B.2.1(ii), we have

. 1 «
A(u) = T Z G(wX; [B(Z,) — B(Z,,6.)] + op(1)
=1

where
G(u) = {Ize"“’zf — E[BV(2: 0.7 X XBV(Z: 006" % | E[B(Z:: 0. X X,V (Zi: 0] } BYZ;6.) X,.
Let ¢(Z)) = B(Z,) — B(Z,,6.), under H,, we can show that

1 T
= > GwX] [B(Z) - B(Z,0.)]
t=1

1 - ’ ’ i
= 5 2B @0 XX p(Z)e
t=1

T
’ ’ i’ ’ ’ -1 1 ’ ’
~E[BV(Z: 0.y X XipV (2006 7 | E[BV(Z: 0.y X XipVZ 00| 7 ) B2 6. X X[ 9(2)
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= E[BV(Z: 0./ X.X/¢(Z)e" %
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_ -~ 'z
= E[z,e ’],
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where we let

g, ="(Z; 0. X, X,$(Z;)

B2 0 X XB 2 00 [BVZ: 0. X XB (200 E[BV(Zi: 0.7 X X002

By Bierens (1982), E [” ”"Z’] = 0 for all u € R if and only if E(E,|Z)=0 almost

surely. o

Proof of Theorem 3.2.2. Under Hy(Ar), with Az = T™'/2, we have

VTAw) = NT Al(u)+ VT Ay (u)
T
= —ZG(M)X’¢(Zt Z (W,
t=1
S £+ GG,

where é(u) = E(G(u)X;¢(Z,)), by Proposition 3.1 and 3.2. By continuous mapping

theorem, and Lemma A.1(i), it follows

H 5 le I€@) + G| W (w)du.
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APPENDIX C
APPENDIX OF CHAPTER 4

C.1 Figures and Tables

Table C.1: Summary Statistics

Pre-Euro Post-Euro

DM-USD Yen-USD DM-USD Yen-USD
Mean 0.005 —-0.009 0.035 0.017
Std. Dev. 0.673 0.729 0.662 0.693
Skewness -0.024 -0.789 -0.184 -0.198
Kurtosis 5.065 8.896 4.107 4.903
Jarque-Bera statistic 370.7* 3238* 44.38" 123.2*
ARCH LM statistic 110.5* 205.6* 6.69 20.28*
Linear correlation 0.509 0.116
Number of obs. 2086 783

Note: The data are 100 times the log-difference of the daily Deutche mark-U.S.
dollar and Japanese yen-U.S. dollar exchange rates. 2,086 in the Pre-Euro sample
prio to the introduction of the euro on January 1,1999 and 783 in the Post-Euro
sample after the introduction of the euro. The ARCH LM statistic is conducted
using 10 lags. An asterisk (*) indicates a rejection of the null at the 0.05 level.
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Table C.2: Results For the Marginal Distributions

DM-USD Margin Yen-USD Margin
Pre-Euro Post-Euro Pre-Euro Post-Euro
Constant 0.008 0.036 —0.006 0.029
(0.013) (0.024) (0.014) (0.024)
AR(1) 0.022 0.011 0.028 —-0.030
(0.021) (0.041) (0.023) (0.039)
AR(10) - - 0.079 0.022
- - (0.024) (0.040)
GARCH constant 0.005 0.003 0.010 0.006
(0.001) (0.003) (0.001) (0.004)
Lagged variance 0.950 0.983 0.925 0.956
(0.007) (0.012) (0.006) (0.015)
Lagged term 0.039 0.009 0.056 0.030
(0.006) (0.006) (0.005) (0.008)

Note: Here we report the QMLE, with asymototic standard errors in
parenthese, of the parameters of the marginal distribtution models for
the two exchange rates. From the marginal distribution specification
tests, the 10th lag was not found to be important for the DM-USD
exchange rate. That is why its estimator is not reported here.

137



Figure C.1: Symmetrised Joe-Clayton copula with stationary marginals

Tirne path of difference bebween upperand lowertail dependenceinthe Symmetised Joe-Claston copula
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Difference between upper and lower tail dependence from the symmetrized Joe-Clayton
copulas allowing for a structural break at the introduction of the euro on January 1, 1999.
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Figure C.2: Symmetrised Joe-Clayton copula with non-stationary marginals

Tirne path of difference bebween upperand lowertail dependenceinthe Symmetised Joe-Claston copula
U 1 1 1 1 ¥ 1
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Difference between upper and lower tail dependence from the symmetrized Joe-Clayton
copulas using empirical CDF as the marginal distribution.

Table C.3: Test For Smooth Structural Changes in GARCH Models

LR Adjusted LR
Pre-Euro Post-Euro Pre-Euro Post-Euro
DM-USD 15.430 1.437 12.387 1.732
Yen-USD 4.696 —1.706 5.773 -1.962

Note: Adjusted LR acounts for departure from normal distri-
bution, and thus adjusts LR by esitimated kurtosis, i.e. & =

F2l@E -3
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Figure C.3: Difference between upper and lower tail dependence from the sym-
metrized Joe-Clayton copulas using time-varying parameter GARCH as the
marginal distribution.

Tirne path of difference between upperand lowertall dependence inthe Syrmetised Joe-Clatorn copula
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Difference between upper and lower tail dependence from the symmetrized Joe-Clayton
copulas using time-varying parameter GARCH as the marginal distribution.
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