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Machine learning models traditionally operate within the confines of Euclidean

space, assuming the Euclidean nature of data. However, there is a growing

interest in learning within non-Euclidean hyperbolic space, particularly in sce-

narios where data exhibits explicit or implicit hierarchies, such as in natural

languages (with taxonomies and lexical entailment) or in tree-like and graphi-

cal data (as seen in biological and social networks). Embracing the geometry of

the data not only leads to more expressive models but also offers deeper insights

into the underlying mechanisms governing complex datasets.

An important foundation of machine learning lies in representing data as

continuous values, a process known as embedding. Recent studies have demon-

strated both theoretically and empirically that hyperbolic space can embed hi-

erarchical data with lower dimensionality compared to Euclidean space. This

insight has spurred the development of various hyperbolic networks, despite

the challenge that hyperbolic space is not a vector space. To address this, we

propose an end-to-end approach that adopts hyperbolic geometry from a mani-

fold perspective. This approach includes an embedding framework that directly

encodes data hierarchies, a method for hyperbolic-isometries-aware learning,

and a demonstration of how our framework can enhance the performance of

attention models, such as transformers, by capturing implicit hierarchies.

While hyperbolic geometry offers theoretical advantages, its practical im-



plementation faces challenges due to numerical errors stemming from floating-

point computations, further exacerbated by the ill-conditioned hyperbolic met-

rics. This issue, often referred to as the “NaN” problem, arises when practi-

tioners encounter Not-a-Number while running hyperbolic models. To address

this, we introduce several robust and accurate representations using integer-

based tilings and multi-component floating-point methods, which offer prov-

ably bounded numerical errors for the first time. Additionally, we present

MCTensor, a PyTorch library that enables general-purpose and high-precision

training of machine learning models. We demonstrate the effectiveness of our

approach by applying multi-component floating-point to train large language

models at low precision, mitigating the issue of reduced numerical accuracy

and producing models of better performances.

In conclusion, our work aims to empower individuals and organizations to

leverage the potential of hyperbolic geometry in machine learning, drawing a

broad audience towards this promising and evolving research direction.
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CHAPTER 1

INTRODUCTION

1.1 Background

Modern machine learning methods favor continuous data representations, as

such representations can be easily used in differentiable deep models. Yet real-

world data is often discrete; for example, natural language sentences are com-

posed of characters and words, and graphs consist of nodes and edges [22, 104].

This discrete-continuous gap has resulted in a wide variety of embedding meth-

ods that map discrete data into continuous spaces. Popular methods such as

word2vec [116] and GloVe [135] approach this problem by mapping into high-

dimensional Euclidean spaces, which capture complex relations between data

by using many dimensions.

However, not all data can be well represented in Euclidean Space [23, 147].

Hierarchical and graphical data, such as biological phylogenetic trees and so-

cial networks, are more naturally modeled with hyperbolic geometry [150, 147].

Intuitively, Euclidean geometry studies flat spaces with zero curvature (i.e., Eu-

clidean space), while hyperbolic geometry focuses on spaces with negative cur-

vature. It has been shown theoretically and empirically in [21, 150, 32, 23] that

hyperbolic space is better- and naturally-suited for representing such data and

capturing implicit hierarchies, outperforming Euclidean baselines.

Moreover, many well-established modern machine learning models are de-

signed within the framework of Euclidean space. This underscores the neces-

sity of exploring and developing machine learning models in hyperbolic space

1



to achieve more expressive and efficient learning from real data. However, this

exploration comes with its own set of challenges. For example, since hyper-

bolic space is not a vector space, determining the principal approach for utiliz-

ing hyperbolic geometry to develop network operations (e.g., matrix-vector and

matrix computations) is non-trivial. Additionally, hyperbolic operations can be

computationally expensive and numerically unstable, posing challenges for the

robust training of hyperbolic networks and models.

1.2 Hyperbolic Geometry Preliminaries

We detail some necessary preliminaries on hyperbolic geometry in this section.

Hyperbolic space Hn is the unique n-dimensional simply connected Rieman-

nian manifold [136] with constant negative curvature −k, k > 0 [7]. Typically,

people work with hyperbolic space using hyperbolic models, which are mathe-

matical representations within ambient Euclidean space in a way that can be

visualized or understood more easily.

There exists multiple important models of hyperbolic space, most notably

the Poincaré ball model, the Lorentz hyperboloid model, and the Poincaré

upper-half space model [7]. These all model the same geometry in the sense that

any two of them can be related by an isometry, a transformation that preserves

geometrical properties of the space, including distances and gradient [25]. Gen-

erally, one can choose whichever model is best suited for a given task.

Poincaré ball model. The Poincaré ball model is the Riemannian manifold

(Bn, gp), where Bn = {x ∈ Rn : ∥x∥ < 1} is the open unit ball. The metric and
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distance on Bn are defined as

gB(x) =
(

2
1 − ∥x∥2

)2

ge, dB(x, y) = arcosh
(
1 + 2

∥x − y∥2

(1 − ∥x∥2)(1 − ∥y∥2)

)
,

where ge is the standard Euclidean metric. The Poincaré ball model is also re-

ferred as the Poincaré disk model when n = 2. Due to its conformality (angles

measured at a point in Euclidan space are the same as that in the actual hyper-

bolic space), convenient parameterization, and clear visualization results, the

Poincaré ball model is widely used in many scenario. However, point distance

within the Poincaré ball model changes rapidly when the points are close to the

boundary (i.e. ∥x∥ ≈ 1), and hence it becomes very poorly conditioned near the

boundary.

Lorentz hyperboloid model. The Lorentz model is arguably the most natural

model algebraically for hyperbolic space. It is defined in terms of a nonstandard

scalar product called the Lorentzian scalar product ⟨·, ·⟩L, for example in R3

⟨x, y⟩L = xT gly, ∀x, y ∈ R3 where gl =


−1 0 0

0 1 0

0 0 1

 .
The Lorentz model of 2-dimensional hyperbolic space is the upper-sheet of a hy-

perbola embedded in R3, formally defined as the Riemannian manifold (L2, gl),

where L2 and associated distance function are given as

L2 = {x ∈ R3 : ⟨x, x⟩L = −1, x0 > 0}, dL(x, y) = arcosh(−⟨x, y⟩L).

This model generalizes easily to higher dimensional spaces by increasing the

number of 1s on the diagonal of the matrix gl. Points in the Lorentz model

lie on the upper sheet of a two-sheeted n-dimensional hyperbola. Unlike the
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Poincaré ball model, which is confined in the Euclidean ball, the Lorentz model

is unbounded.

Poincaré upper-half space model. The Poincaré upper-half space model pa-

rameterizes the hyperbolic space using the upper-half of Euclidean space Rn.

It’s defined as the Riemannian manifold (Un, gu) with Un = {x ∈ Rn : xn > 0}.

The metric and corresponding distance function are

gu(x) =
ge

x2
n
, du(x, y) = arcosh

(
1 +
∥x − y∥2

2xnyn

)
where ge is the Euclidean metric. In the two dimensional case, the Poincaré

upper-half space model can also be interpreted as a mapping on the complex

plane (the “half-plane model”).

1.2.1 Key Concepts in Hyperbolic Geometry

With the hyperbolic models defined, we are ready to introduce some key con-

cepts for usages in later sections, which are common terms in Riemannian ge-

ometry, readers may refer [136, 7] for more details.

The boundary ofHn is the set of points which are infinitely far away from the

origin. In the Poincaré ball model, the boundary ∂Bn is the sphere of radius 1

at the “edge” of the ball. In the Poincaré upper-half space model, the boundary

∂Un consists of the 0-hyperplane (xn = 0) and points at infinity. In the Lorentz

hyperboloid model, the boundary ∂Ln is simply points at infinity.

An important concept in Riemannian geometry is the tangent space: it is

the first order vector space approximation of a Riemannian manifoldM locally
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around a point x, denoted as TxM. TxM can also be interpreted as the set of

tangent vectors of all smooth paths ∈ M through point x.

The notion of locally flat tangent space allows us to define local distance

metrics, gM(x), everywhere on a Riemannian manifold. gM(x) is termed Rie-

mannian metric (as given in hyperbolic models), and it is a positive-definite

quadratic form that assigns an ”infinitesimal distance” to each tangent vector at

a point on the manifold.

With the Riemannian metric gM(x) defined, we are able to argue the Rieman-

nian generalization of Euclidean straight lines, the geodesics. They are defined

as smooth curves of locally minimal length connecting two points x and y on a

Riemannian manifoldM. The length of a global geodesic can be understood as

the local Riemannian metric gM(x) integrated along the geodesic.

The tangent space TxM is connected to the Riemannian manifoldM via the

exponential map and the logarithm map. Specifically, the exponential map

expx(v), maps a vector v ∈ TxM to another point in M by traveling along the

geodesic from x in the direction of v. The logarithm map logx(y) does the inverse

thing: given x, y ∈ M, it finds the vector v ∈ TxM such that expx(v) = y.

Many geometry objects and concepts in Euclidean space can be extended

to their counterparts in Riemannian geometry or hyperbolic space in our case,

such as spheres, balls, hyperplanes, equidistance curves and even laws like the

law of sines. For example, a hypercycle is an equidistant curve that is on one

side and at a given distance from a geodesic l, its axis. In the Poincaré ball,

hypercycles of l are Euclidean circular arcs or chord of the boundary circle that

intersect the boundary at l’s ideal points at non-right angles.
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In the Poincaré half space, if l is a Euclidean semicircle, then the hypercycles

of l are again Euclidean circular arcs intersecting the boundary at l’s ideal points

at non-right angles. If l is a vertical ray, then hypercycles are Euclidean rays that

intersect l’s ideal point at a non-right angle.

An important rule we will use in Section 2.2 is the hyperbolic law of sines,

like its Euclidean counterpart, it relates the angles of any hyperbolic triangle to

its geodesic side lengths:

sin A
sinh a

=
sin B
sinh b

=
sin C
sinh c

(1.1)

where A, B, and C are the angles of a hyperbolic triangle, and a, b, and c are the

geodesic edges of the sides opposite to these angles.
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CHAPTER 2

EXPRESSIVE HIERARCHICAL DATA MODELING WITH HYPERBOLIC

GEOMETRY

2.1 Background

Many kinds of real-world data are hierarchical or graph-like, such as the IBM

Information Management System to describe the structure of documents, the

large lexical database WordNet [57], various networks [37, 151, 79, 143] and nat-

ural language sentences [117, 118]. It is challenging but necessary to embed

these structured data for the use of modern machine learning methods. Well-

designed models and representations that take advantage of this data geometry

could potentially ease the task and make learning more efficient (with less pa-

rameters).

Recent work [43, 122, 123, 26] proposed using non-Euclidean hyperbolic spaces

to embed these structures and has achieved exciting results. Intuitively, Eu-

clidean geometry studies flat spaces with zero curvature, while non-Euclidean

geometry studies spaces with non-zero curvature. Hyperbolic space is a man-

ifold with constant negative curvature and endowed with various geometric

properties. In particular, hyperbolic space is characterized by a larger exponen-

tially growing volume [198] compared to the polynomial growth observed in

Euclidean space, thus it has more space for representations with a lower dimen-

sionality. This exponential growth property resembles real data such as tree-,

graph-style data and natural languages with latent hierarchies, where the in-

terested hierarchies can grow exponentially. Indeed, [21] shows that any finite

subset of an hyperbolic space looks like a finite tree according to the definition

7



in [65].

It has been shown both theoretically and empirically [21, 150, 32, 23] that

hyperbolic space is naturally well suited for representing such data and captur-

ing implicit hierarchies, outperforming Euclidean baselines. For example, [147]

shows that hyperbolic space can embed trees without loss of information (arbi-

trarily low distortion), which cannot be achieved by Euclidean space of any di-

mension [31, 142]. [122, 123] proposed low-dimensional hyperbolic embeddings

to capture (implicit) hierarchies on many tasks such as taxonomies, link predic-

tion and inferring concept hierarchies, which achieves superior performances

with light models that are unattainable in Euclidean space. Further more, there

is an active line of research on developing ML models in hyperbolic space. Start-

ing from hyperbolic neural networks (HNN) by [60], a variety of hyperbolic net-

works were proposed for different applications, including HNN++ [153], hyper-

bolic variational auto-encoders (HVAE, [111]), hyperbolic attention networks

(HATN, [67]), hyperbolic graph convolutional networks (HGCN, [28]), hyper-

bolic graph neural networks (HGNN, [106]), and hyperbolic graph attention

networks (HGAT [210]). The strong empirical results of HGCN and HGNN in

particular on node classification, link prediction, and molecular-and-chemical-

property prediction show the power of hyperbolic geometry for graph learning.
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2.2 Partial Orders Embedding in Hyperbolic Shadow Cones

Overview

In this work, we focus on learning embeddings that capture partial orders on a

set of data points X. In a partial order, certain pairs of points u, v ∈ X possess

entailment relations. That is, if u ≺ v, u is an ancestor of v. Many hierarchical

structures such as directed acyclic graphs (DAGs) can be expressed as partial

orders, making partial orders a popular tool to represent such structures with

[174, 60]. Furthermore, since not all pairs u, v ∈ X need to be comparable (hence

the “partial” nomer), partial orders are especially useful for graph prediction

tasks, where multiple embeddings with different properties can exist for a single

partial order over a set.

We propose a novel and physically intuitive partial order embedding frame-

work, which we call the “shadow cones” framework. Shadow cones use a set

of hyperbolic cones derived from shadows formed by light sources and opaque

objects in hyperbolic space. Entailment relations between objects are modeled

by subset relations between shadows, similar to how planets block each other

out during solar eclipses. Shadow cones can be seen as a generalization of exist-

ing approaches that use hyperbolic cones to model partial orders (“entailment

cones”), and are agnostic to choice of hyperbolic model. This results in better

numerics and optimization properties, which allow shadow cones to empiri-

cally outperform existing entailment cone constructions on a wide variety of

graph embedding tasks.

In the following sections, we present formal constructions of shadow cones
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Figure 2.1: Example of two sets of shadow cone embeddings in the Poincaré
ball, and the partial relations it encodes. Marked in black are the encoded partial
relations, while in blue are the embeddings, u, v,w and x, y, z. Marked in red are
the light source (S), and the dotted geodesics representing light rays. Shaded
areas represent shadows. The symbol ”∥” denotes negative relations between
unrelated, incomparable elements.

in the Poincaré ball and half-plane. Our main contributions are that we:

• Introduce the shadow cones framework to model partial order relations, and

detail two self-contained formulations in two hyperbolic models, resulting

in four embedding schemes.

• Define a differentiable energy function to measure disagreement between

ground truth partial orders in data and those induced by shadow cones.

• Achieve state-of-the-art results on a wide range of graph embedding tasks,

lending both empirical and theoretical support to the advantages of all

four embedding schemes.

Related Work

We review several approaches to embedding partial orders and other hierarchi-

cal relations in Euclidean and hyperbolic space. Order embeddings were first
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introduced in [174] to model partial orders in Euclidean space, by defining en-

tailment relations as subset relations between axis-parallel cones at embedded

points; that is, u ⪯ v iff the cone of v ⊆ the cone of u. However, since all axis-

parallel cones eventually intersect, order embeddings are incapable of model

nonoverlapping categories, such as “canine” and “feline” in a taxonomy. Since

volumes in Euclidean space only increase polynomially, sets of infinite cones are

prone to heavy intersections. This results in provably limited space for disjoint

regions that are necessary to model negative relations (u ∥ v). More recently,

[207, 19] proposed box embeddings in Euclidean space using subset relations

between axis-parallel boxes, to represent entailment relations. Yet these meth-

ods are subject to the drawbacks of Euclidean space, limiting their expressivity.

The “crowdedness” of Euclidean space places fundamental limits on its rep-

resentation power for deep and wide hierarchical structures [147]. On the other

hand, volumes in hyperbolic space grow exponentially, giving clear advantages

for embedding hierarchies. Many works have explored the utility of hyper-

bolic embeddings for hierarchical data through likelihood scoring functions

[122, 123, 198, 27]. For example, [122] used the following heuristic composed

of norms and distances to rate the likelihood of Is-A ≺ relationships:

score(Is-A(u, v)) = −(1 + α(∥v∥ − ∥u∥))dH(u, v).

However, such approaches are limited, as they do not explicitly model partial

orders and cannot easily recover learned hierarchies.

[60] introduced the concept of entailment cones, which models entailment

relations by subset relations between cones rooted at points. Formally, an entail-

ment cone at x ∈ X, Sx, is defined by mapping a convex cone S from the tangent

space TxM toH using the exponential mapSx = expx(S ), S ⊂ TxM = TxH. Differ-
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ent choices of S give different sets of entailment cones for X. While entailment

cones offer strong empirical performance, they also suffer from initialization is-

sues that hinder optimization. For example, the specific construction presented

in [60] leaves an ϵ-hole at the origin of the Poincaré ball where cones are un-

defined, and care must be taken to ensure that embeddings do not land in the

ϵ-hole. To mitigate this issue, [60] initialize embeddings with pretrained em-

beddings from [122]. However, this approach constrains the representational

capacity of entailment cones and complicates performance analysis, as it devi-

ates from being a self-contained framework.

Ganea’s entailment cones are a special case of our “penumbral shadow

cones” (section 2.2.1) in the Poincaré ball, and our framework provides an in-

tuitive explanation of why this ϵ-hole exists.1 Additionally, our shadow cones

framework allows for constructions that do not suffer from the ϵ-hole problem:

we do this by instead defining penumbral cones in the Poincaré half-space and

mapping the light source to infinity. Our experiments show that penumbral

cones in the Poincaré half-space consistently outperform [60]’s strong baselines.

2.2.1 Formulations of Shadow Cones

The shadow cones framework defines entailment relations using shadows cast

by a light source S from opaque objects representing embedded data points.

The general idea is to geometrically represent the partial relation using subset

relation between shadows: we say u ⪯ v when the “shadow cast” by v is a

subset of the “shadow cast” by u. Note that this embedding scheme automati-

1Specifically, it corresponds to the interior of the “light source” inside which shadows are not
cast (Remark 1).
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cally satisfies the transitivity of partial relations since subset relations are inher-

ently transitive. However, explicitly characterizing the subset relations between

shadowed regions is complicated. In this section, we introduce shadow cones

which reduces region-region subset relations to point-region membership rela-

tions. Specifically, v is in the shadow cone of u iff the shadow of v ⊆ the shadow

of u. (Figure 2.1).

We categorize shadow cones into two types of cones, depending on the type

of shadow used: umbral and penumbral. In umbral cones, the light source S

is a point and data points are represented by objects with volume. Conversely,

in penumbral cones, S has volume while data points are volumeless points.

The exact shape of shadow cones depends on the shape and position of S and

the objects associated with data points. In the following sections, we adopt S

with shapes and positions that result in axially symmetric shadow cones. Given

that hyperbolic space is endowed with continuous isometries capable of trans-

forming non-axially symmetric placement of light sources into axially symmet-

ric ones, our focus on symmetric cases greatly simplifies computations while

at the same time do not lose any generality. We defer further discussions on

isometries to Appendix A.1.2.

Umbral Cones

We provide constructions for umbral cones in the Poincaré ball and half-space

models. In both constructions, embedded points are centers of associated hy-

perbolic balls of radius r. In both models, these hyperbolic balls correspond to

Euclidean balls with shifted centers.

Definition 2.2.1. Given a point light source S and points x, y ∈ H, we say that y is
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Figure 2.2: Umbral-half-space embeddings of partial relation u ⪯ v. Marked in
red are light source at infinity (S), directions of light (en), and geodesic shadow
boundaries (l). Blue is the object, and green the shadow cones.2

in the radius-r umbral cone at x if for every point u in the (hyperbolic) ball of radius

r centered at y, every geodesic between u and S passes through the (hyperbolic) ball of

radius r centered at x.

This definition formalizes the notion that the ball centered at y is entirely

in the shadow of the ball centered at x. We provide several equivalent defini-

tions of shadow cones in Appendix A.1.2 with a detailed analysis. Each result-

ing umbral cone is a subset of the umbral shadow, enclosed by the so-called

equidistant curves (i.e., hypercycles) to the boundaries of the umbral shadow.

We detail umbral cones and the boundaries in the Poincaré half-space and ball

model separately below.

Formulation 1: Umbral-half-space We illustrate the shape of umbral cone

when S is placed at xn = ∞ in the Poincaré (upper) half-space model. Light

2Same notations and symbols apply to Figures 2.3-2.5.
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travels along vertical ray geodesics in the direction en = (0, . . . , 0,−1). The central

axis of the cone induced by a point u is then AUu = {(u1, . . . , un−1, xn)|0 < xn ≤ un}.

In the Poincaré half-space model, the hyperbolic ball of u is a Euclidean ball with

center cu = (u1, . . . , un−1, un cosh r) and radius re = un sinh r. Thus, the shadow of

u’s ball is the region directly beneath its object, or equivalently, the region within

Euclidean distance re from its central axis. Note that the umbral cone is a subset

of this shadow, as the entire ball of v needs to be in this shadow for v ⪰ u.
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Figure 2.3: Umbral-

Poincaré-ball embeddings

of relation u ⪯ v.

This umbral cone is better characterized by study-

ing its boundary. Note the set of light paths tangent

to the boundary of u’s ball is {(x1, . . . , xn−1, t)|
∑n−1

i=1 (xi −

ui)2 = r2
e , t > 0}. Let l be such a light path, then one

boundary of the umbral cone is the curve equidistant

to l, and passing through u (i.e., a hypercycle with

axis l). Since l is a ray-geodesic, its equidistant curve

is the Euclidean straight line through u and l’s ideal

point on the xn = 0–hyperplane. Thus, the umbral

cone of u is also a Euclidean cone with u as its apex and base on the xn = 0–

hyperplane with Euclidean radius re. The Poincaré half-space is conformal, so

the half aperture of this cone is θu = arctan (re/un) = arctan sinh (r), which is fixed

across different u. This allows us to test if u ⪯ v by simply comparing the angle

between v − u and en.

Formulation 2: Umbral-Poincaré-ball We now discuss the umbral cone when

S is placed at the origin of the Poincaré ball model 3, which emits light along the

3Again, fixing the light source at the origin causes no loss of generality using isometries, for
reasons discussed in the appendix.
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radii. The umbral cone is symmetric with central axis ABu = {pu|1 ≤ p < 1/∥u∥}.

Again, we characterize the umbral cone by looking at its boundary. Let l be

a light path tangent to the boundary of u’s associated ball. Assume l intersects

with the boundary at two ideal points b f , bc, where bc is closer to u than b f . The

corresponding boundary of the umbral cone is the curve equidistant to l, and

passing through u (i.e., hypercycle passing through u with axis l). This is an arc

passing through three points: b f , bc,u. Thus, the related boundary of the umbral

cone is the arc segment ubc (see Figure 2.3).

Penumbral Cones

For penumbral cones, S is a convex region, while embedded points are points

of no volume. We define the penumbral shadow of u as the region delineated

by geodesic rays tangent to the light source’s boundary ∂S and passing through

u. Consequently, u ⪯ v iff v is in the shadow of u.

Definition 2.2.2. Given a convex light source S and points x, y ∈ H, we say that y is

in the penumbral cone at x if the geodesic ray from y through x passes through S.

This definition formalizes the idea that x occludes some part of the light

source as seen from y.

Formulation 3: Penumbral-Poincaré-ball We adopt a hyperbolic ball of ra-

dius r to be the light source. We parameterize the cone in the Poincaré ball

model, and without loss of generality (up to an isometry), we place the center

of S at the origin. The penumbral cone in this case is symmetric with central

axis ABu .
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Figure 2.4: Penumbral-

Poincaré-ball embeddings

of relation u ⪯ v.

Let l be an arc geodesic tangent to the light

source’s boundary ∂S at w and passes through u.

Then the penumbral cone induced by u is axially-

symmetric, with one boundary being the segment of

l starting from u. The half aperture of the penumbral

cone with apex u can be derived by applying the hy-

perbolic laws of sines (Equation 1.1 in Section 1.2.1)

to the hyperbolic triangle △Swu, with ∠Swu = π/2.

The half aperture is then:

θu = arcsin
(

sinh r
sinh dH(u,S)

)
To test the partial order of any u, v, we need to compute the angle ϕ(v,u) between

the cone central axis and the geodesic connecting u, v at u, i.e., π − ∠Ouv, which

is given by [60] as

ϕ(v,u) = arccos

 ⟨u, v⟩(1 + ∥u∥2) − ∥u∥2 (1 + ∥v∥2)

∥u∥ ∥u − v∥
√

1 + ∥u∥2 ∥v∥2 − 2⟨u, v⟩

 ,
One can test whether u ⪯ v simply by comparing ϕ(v,u) with the half aperture

θu. Note that larger radius r leads to wider aperture θu, which implies larger

numbers of children. In Appendix A.1.3, we make r a learnable parameter, and

observe a curious relation between the optimal radius and connectivity of the

embedded dataset.

Formulation 4: Penumbral-half-space The penumbral shadow cone frame-

work is very general and do not restrict the shape of the light source. Here we

introduce one more formulation with the light source shaped as horospheres

[83], which are hyperbolic analogs of hyper-planes in Euclidean spaces. In the
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Poincaré half-space model, a horosphere is either a sphere tangent to the xn = 0–

hyperplane at an ideal point, or a Euclidean hyper-plane parallel to the xn = 0–

hyperplane. We use the latter as it induces symmetric shadows. In particular,

we consider horospheres {(x1, . . . , xn−1, eh)|h > 0}, whose boundaries ∂S are par-

allel to and with a distance h from the xn = 0–hyperplane.
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Figure 2.5: Penumbral-

half-space embeddings of

relation u ⪯ v.

Consider a half-circle geodesic l tangent to the

horosphere light source, that passes through u and

ends up at infinity. Then the boundary of the penum-

bral cone induced by u is the segment of l between u

and infinity, that is, the xn = 0–hyperplane. This is

illustrated in Figure 2.5. The central axis of the cone

is AUu . With some basic geometry, we derive the half

aperture as θu = arcsin
(
un/eh

)
. Similarly, we compute

the angle ϕ(v,u) between the cone central axis and

the geodesic connecting u, v at u, i.e., the angle be-

tween logu(v) and en, where log is the logarithm map in the Poincaré half-space

model [200], the formula of which is also provided in Appendix A.1.2.

For completion, we also discuss the third and final category of celestial shad-

ows - the antumbral shadows, apart from umbral and penumbral shadows. An-

tumbral shadows are formed when both the light source S and objects have

volumes. The cones induced by antumbral shadows are in fact mathematically

equivalent to those induced by penumbral shadows.

Antumbral Cones Antumbral shadows occur under two necessary condi-

tions: 1. The radius r of the object must be smaller than the radius R of the
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light source. 2. At least a portion of the object must be located outside the light

source. In Figure 2.6, we illustrate antumbral cone in the half-space setting,

where shadows are generally not axially symmetric.
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Figure 2.6: Antum-

bral cone in half-

space

Let l be geodesics tangent to the surface of the light

source ∂S and the object ∂u, such that u is between ∂S and

the intersection u′ of light paths. The antumbral shadow of

u is then defined as the penumbral shadow of u′. Note that

by construction, for any object u with well-defined antumbal

cone, it is always possible to find a surrogate point u′, whose

penumbral shadow is identical to the antumbral shadow of

u.

Therefore, to encode relation u ⪯ v using antumbral

shadows, it is equivalent to require their surrogate points

to satisfy u′ ⪯ v′ in the penumbral cone formulation. This

establishes an equivalence between the entailment relations

of antumbral and penumbral formulations.

Some Properties of Shadow Cones

We discuss some key properties of shadow cones in this section.

Theorem 2.2.1. The shadow cone partial orders are transitive, i.e., if u ⪯ v and v ⪯ w,

then u ⪯ w.

This theorem follows immediately from the fact that the shadow cone re-

lation is induced by the subset relation on shadows; a rigorous proof of this
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theorem is provided in Appendix A.1.2. The shadow cone framework is thus

well-suited framework to represent partial orders. In fact, shadow cones gener-

alize entailment cones to a broad class of formulations, and the existing entail-

ment cones in [60] is a special case of shadow cones, specifically, Formulation

3.

Theorem 2.2.2. Entailment cones [60] are equivalent to Formulation 3, penumbral

cones with a hyperbolic-ball-shaped light source at the origin.

We prove this equivalence in Appendix A.1.2. As discussed in Section 1.2,

the ϵ-hole problem of [60]’s entailment cones is a serious limitation of the model.

Here, we give an intuitive explanation of this ϵ-hole problem around the origin

in the shadow cones framework.

Remark 1 (Hole around the light source). The shadow is not defined when the light

source S intersects with the point u (and its associated ball for umbral cones). We

therefore require dH(u,S) > r, which results in a hole of hyperbolic radius r centered at

S.

Umbral and penumbral cones also differ in many aspects that make them

suitable for different purposes. For example,

Theorem 2.2.3. Penumbral cones are geodesically-convex, while umbral cones are not

due to the hypercycle boundary (Appendix A.1.1 and A.1.2).

The half aperture of umbral cones are fixed for ∀u ∈ H, while that of penum-

bral cones become smaller as u approaches the 0-hyperplane. We note that the

hyperbolic radius r and the level h in penumbral cones can be trainable pa-

rameters or even a function r(u) and h(u) in the space. However, in our main
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Table 2.1: Properties of four shadow cone formulations

Cone Model Emb. Type Convex? Light Source θu

Umbral Half-Space Ball No Point at∞ Fixed

Poincaré Ball Ball No Point at Origin Varying

Penumbral Poincaré Ball Point Yes Ball at Origin Varying

Half-Space Point Yes Horosphere Varying

experiments, we treat them as constants. A summary of these properties can be

found in Table 2.1.

2.2.2 Optimization within Shadow Cones

In this section, we use our shadow cones to design an algorithm for embed-

ding partial relational data. Given a dataset containing partial orders between

pairs of elements, we seek to learn an embedding of all elements, such that the

shadow cone framework can be used to evaluate the encoded partial order, and

infer missing partial orders from the dataset.

A key component in learning with shadow cones is a differentiable energy

function, or loss function, which quantifies both the confidence of a correctly

classified pair (u, v), and the penalty associated with an incorrectly classified

pair (u, v′). We propose to use the hyperbolic distance between v and the shadow

cone of u as energy function.

The shortest path from v to the shadow cone induced by u can be classified

into two distinct cases: (1) if v is at a higher ”altitude” than u, i.e. the apex of the

cone, then the shortest path to the cone is the geodesic from v to the apex of the

cone; (2) if v is at the same ”altitude” as or lower than u, then the shortest path
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Figure 2.7: Shortest distances to u’s cone
in umbral-half-space, as computed dif-
ferently for negative (v1) and positive (v2)
altitude points respectively.

Figure 2.8: A toy optimization example:
u ⪯ v,u ∥ w. (Left) v is a child of u, but is
wrongly initialized outside of u’s cone. w
is incomparable with u but is initialized
inside the cone. (Right) The energy gra-
dients pulls v inside the cone, and pushes
w outside. Red denotes positive energy,
and blue negative.

to the cone is the shortest geodesic from v to the cone’s boundary. Figure 2.7

illustrates the two distances for the umbral-half-space formulation.

To easily check which distance measure to use, we introduce a relative ”alti-

tude” function, H(v,u). If H(v,u) > 0, then u is at a higher altitude than the apex

of u’s cone, corresponding to case 1. Otherwise, we are in case 2. we present this

relative altitude function along with the shortest distances to the cone, using the

umbral-half-space formulation. We leave the discussion of other cases, such as

penumbral cones, and detailed derivations to Appendix A.1.2.

Lemma 2.2.4 (Umbral-half-space). Define temperature t = (
√∑n−1

i=1 (ui − vi)2 −

un sinh
√

kr)/vn, then the relative altitude function of v with respect to u is H(v,u) =

v2
n(1 + t2) − u2

n cosh2
√

kr.

Theorem 2.2.5 (Shortest Distance to Umbral Cones). For umbral cones with tem-

perature t and relative altitude function H(v,u), the signed-distance-to-boundary func-

tion is 1
√

k
arsinh(t) + r. Thus, the shortest distance from v to the umbral cone induced
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by u is

d(v,Cone(u)) =


dH(u, v) if H(v,u) > 0,

1
√

k
arsinh(t) + r if H(v,u) ≤ 0.

We note that the sign of distance-to-boundary serves as another way to test partial order

of v,u.

To learn embeddings in a geometrically meaningful manner, we introduce

”shadow loss”, which is designed to draw child nodes v closer to the cones of

their patent nodes u while simultaneously pushing away randomly sampled,

negative child nodes v′:

Lγ1,γ2 = −
∑

(u,v)∈P

log
exp(−max(E(u, v), γ2))∑

(u′,v′)∈N exp(max(γ1 − E(u′, v′), 0))
, (2.1)

where P is the edge set of positive relations, N that of negative relations, and

E(u, v) = d(v,Cone(u)) is the two-case distance defined previously. In addition,

this loss allows us to choose how far to push negative samples away from the

cone (distance γ1 > 0), and how deep to pull positive samples into the cone

(distance γ2 > 0). Intuitively, positive samples shrink the embedding while

negative ones dilate. In Figure 2.8, we show how the distance-energies are used

to optimize a toy embedding for umbral-half-space.

Compared to the max-margin energy used in previous works [174, 60],

namely L =
∑

(u,v)∈P E(u, v) +
∑

(u′,v′)∈N max(0, γ − E(u′, v′)), our distance-based

shadow loss offers several advantages: (1) The learning dynamics are refined

by considering the distance or depth of both wrongly and correctly classified

points relative to the cone. (2) We adopt the contrastive-style loss proposed by

[122], which we demonstrate to be effective in Section 2.2.3.

Our distance-based measure offers a more nuanced understanding of hier-
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archical relationships compared to the angle-based energy used in [60]:E(u, v) =

max(0, ϕ(v,u) − θu), where θu is the half aperture and ϕ(v,u) is the angle between

the geodesic uv and cone’s central axis at u. This angle-based energy lacks the

ability to capture the depth or confidence of the hierarchy. For example, all

points v on the the cone’s axis associated with u have ϕ(v,u) = 0, yet some may

require further optimization to better reflect hierarchical depth. Additionally,

the angle-based energy, when used with max-margin energy loss in [60], leads

to vanishing gradients for misclassified negative samples in the shadow cone

[60]. Our approach effectively avoids this issue.

2.2.3 Experiments

This section showcases shadow cones’ ability to represent and infer hierarchical

relations on four datasets (detailed statistics in Appendix A.1): MCG [181, 185,

105], Hearst patterns [75, 101], WordNet Noun [36], and its Mammal sub-graph.

We consider only the Is-A type relations in these datasets.

Transitive reduction and transitive closure. MCG and Hearst are pruned un-

til they are acyclic, as detailed in Appendix A.1.3. We then compute their tran-

sitive reduction and closure [3]. Transitive reduction reduces the graph to a

minimal set of relations from which all other relations could be inferred. Con-

sistent with [60], we refer to this minimal set as the ”basic” edges. On the other

hand, transitive closure encompasses all pairs of points connected via transi-

tivity. Transitive reduction and closure respectively offer the most succinct and

exhaustive representations of DAGs.
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Table 2.2: F1 score (%) on mammal sub-graph with best numbers bolded

Dimension = 2 Dimension = 5Non-basic-edge
Percentage 0% 10% 25% 50% 90% 0% 10% 25% 50% 90%

GBC-box 23.4 25.0 23.7 43.1 48.2 35.8 60.1 66.8 83.8 97.6
VBC-box 20.1 26.1 31.0 33.3 34.7 30.9 43.1 58.6 74.9 69.3
Entailment Cone 54.4 61.0 71.0 66.5 73.1 56.3 81.0 84.1 83.6 82.9

Umbral-half-space 57.7 73.7 77.4 80.3 79.0 69.4 81.1 83.7 88.5 91.8
Umbral-Poincaré-ball 44.6 58.9 60.5 65.3 63.6 62.4 67.4 81.4 81.9 92.2

Penumbral-half-space 52.8 74.1 70.9 72.3 76.0 67.8 82.0 83.5 87.6 89.9
Penumbral-Poincaré-ball 44.6 60.8 62.7 68.4 67.9 60.8 69.5 78.2 84.4 92.6

Table 2.3: F1 score (%) on WordNet noun, MCG, and Hearst with best numbers
bolded

Dataset Noun MCG Hearst

Non-basic-edge Percentage 0% 10% 25% 50% 0% 10% 25% 50% 0% 1% 2% 5%

d=5 29.2 78.1 84.6 92.1 25.3 56.1 52.1 60.2 22.6 45.2 54.6 55.7Entailment
Cone d=10 32.1 82.9 91.0 95.2 25.5 58.9 55.5 63.8 23.7 46.6 54.9 58.2

d=5 45.2 87.8 94.2 96.4 36.8 80.9 85.0 89.1 32.8 63.4 77.1 80.7Umbral-
half-space d=10 52.2 89.4 95.7 97.0 40.1 81.9 87.5 91.3 32.6 65.1 81.2 86.9

d=5 44.6 82.6 86.2 88.3 35.0 78.6 81.1 85.3 26.8 62.8 72.3 78.8Penumbral-
half-space d=10 51.7 84.1 88.3 89.8 37.6 81.9 85.3 89.2 28.4 54.4 68.1 79.3

Training and testing. Non-basic edges can be inferred from the basic ones by

transitivity, but the reverse is not true. Therefore, it is critical to include all basic

edges in the training sets. Consistent with [60], we create training sets with

varying levels of difficulty by progressively adding 1% to 90% of the non-basic

edges. The remaining 10% of non-basic edges are evenly divided between the

validation and test sets. Our main testing regime is to first train an embedding

using a collection of basic and non-basic edges, and then use it to predict unseen

non-basic edges. In Appendix A.1.3 we discuss other downstream tasks such as

distance-based classification.

Initialization. The initial embeddings have been observed to be important for

training [60]. Following the convention established by [122], we initialize our
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Figure 2.9: Mammal sub-graph embeddings in the 2D Umbral-Half-Space formulation.
Black points represent the embedded nodes, while blue lines the basic edges between
them.

embeddings as a uniform distribution around origin in [−ϵ, ϵ] in each dimen-

sion. Note the origin of the Poincaré half-space model is (0, . . . , 0, 1). In the

Poincaré ball model, since embedded points and light sources can not overlap,

we project the initialized embeddings away until they are at least of distance

r (radius of hyperbolic ball) from the origin. We note that [60] adopted a pre-

trained 100-epoch embedding from [122] as initialization.

We benchmark against the entailment cones proposed in [60] by following

their original implementation with max-margin angle-based energy loss, which

to our knowledge is state-of-the-art model using cone embeddings in hyper-

bolic space. For completion, we also compare with the latest box embeddings in

Euclidean space: GBC-box and VBC-box [207, 19]. Table 2.2 summarizes all four

shadow cone’s performance on Mammal, which nearly outperform all previous

methods, Euclidean and Hyperbolic, in terms of generalization.

Discussion on the impact of ϵ-hole. We note that the Poincaré half-space for-

mulations of shadow cones consistently outperform their Poincaré-ball counter-

26



parts. We attribute this difference to the initial embeddings prior to optimiza-

tion. In the Poincaré-ball model, due to the hole around the light source at the

origin, the initial embeddings are randomly projected away onto the boundary

of the hole, which can destroy the hierarchical relationship between two ob-

jects by potentially pushing them to opposite directions. However, in contrast,

shadow cones in the Poincaré half-space model do not suffer from this issue as

the light source is placed far away from the hyperbolic origin.

On large datasets (WordNet Noun, MCG, and Hearst), we compare shadow

cones in the Poincaré half-space against the baseline, as shown in 2.3. In all ex-

periments, umbral-half-space cones consistently outperform the baselines and

penumbral-half-space cones for all non-basic-edge percentages. This is likely

because penumbral-half-space has a height limit while umbral-half-space does

not. Finally, we visualize one of our trained embeddings: Umbral-half-space

on Mammals, in 2.9. The points represent taxonomic names, with blue edges

indicating basic relations. It’s noteworthy that the learnt embedding naturally

organizes points into clusters, roughly corresponding to families. The depth

of points within these clusters may be interpreted as taxonomic ranks, such as

the Canidae family to the German Shepherd species. Our code is available on

github 4.

Geodesic Convexity of Penumbral Cones. In our experiments thus far,

penumbral cones have not demonstrated performance on par with umbral

cones in the half-space model, potentially due to their height limit and variable

aperture. However, we would like to highlight a theoretical advantage unique

to penumbral cones - geodesic convexity. Suppose v1 and v2 are both within the

4https://github.com/ydtydr/ShadowCones
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Figure 2.10: Multi-relation embedding in Euclidean Space. Marked in purple
and red are the two different light sources, and the respective shadow bound-
aries they cast.

penumbral cone of u, then the entire geodesic segment v1v2 also resides within

the penumbral cone. Such convexity lends itself to more meaningful geomet-

ric operations, such as interpolation. We thus conjecture that penumbral em-

beddings are better suited for word2vec or GloVe-style semantic analysis [164].

Semantic analysis in Euclidean spaces necessitates the comparison of vectors in

Euclidean space, which is straightforward. However, comparing geodesics in

general Riemannian manifolds requires careful approaches using methods such

as exponential maps and parallel transport.

Multi-relation Embeddings. The shadow cones framework also allows one to

capture multiple relation types within one embedding by using multiple light

sources, with the shadows cast by each light source capturing one type of rela-

tion. It is possible to enrich the same embedding simultaneously with various

types of relations, such as entailment and causality. This can be done while re-

laxing the classification accuracy for each relation types. Our framework readily

facilitates this, as we can utilize multiple light sources, each casting shadows of
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a distinct color that captures a different type of relation. An example is depicted

in Figure 2.10, which is set in Euclidean space for simplicity. This approach may

enable more comprehensive representation of complex relational datasets.
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2.3 HyLa: Random Hyperbolic Laplacian Features

Overview

In Section 2.1 and Section 2.2, we see hyperbolic space can support high-fidelity

embeddings of tree- and graph-structured data, upon which various hyperbolic

networks have been developed. Presently, most well-known and -established

deep neural networks are built in Euclidean space. The standard approach is

to pass the input to a Euclidean network and hope the model can learn the

features and embeddings. But this flat-space approach can encode the wrong

prior in tasks for which we know the underlying data has a different geometric

structure, such as the hyperbolic-space structure implicit in tree-like graphs.

Existing hyperbolic networks adopt hyperbolic geometry at every layer of

the model. Since hyperbolic space is not a vector space, operations such as ad-

dition and multiplication are not well-defined; neither are matrix-vector mul-

tiplication and convolution, which are key components of a deep model that

uses hyperbolic geometry at every layer. A common solution is to treat hy-

perbolic space as a gyro-vector space by equipping it with a non-commutative,

non-associative addition and multiplication, allowing hyperbolic points to be

processed as features in a neural network forward. However, this complicates

the use of hyperbolic geometry in neural networks because the imposition of

an extra structure on hyperbolic space beyond its manifold properties—making

the approach somehow non-geometric. A second problem with using hyper-

bolic points as intermediate features is that these points can stray far from the

origin (just as Euclidean DNNs require high dynamic range [89]), especially

for deeper networks. This can cause significant numerical issues when the
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space is represented with ordinary floating-point numbers: the representation

error is unbounded and grows exponentially with the distance from the origin.

Much careful hyperparameter tuning is required to avoid this “NaN problem”

[147, 198, 200]. These issues call for a simpler and more principled way of using

hyperbolic geometry in DNNs.

Here we propose such a simple approach for learning with hyperbolic space.

The insight is to (1) encode the hyperbolic geometric priors only at the input via

an embedding into hyperbolic space, which is then (2) mapped once into Eu-

clidean space by a random feature mapping ϕ : Hn → R
d that (3) respects the

geometry of hyperbolic space in that its induced kernel k(x, y) = E[⟨ϕ(x), ϕ(y)⟩] is

isometry-invariant, i.e. k(x, y) depends only on the hyperbolic distance between

x and y, followed by (4) passing these Euclidean features through some down-

stream Euclidean network. This approach both avoids the numerical issues

common in previous approaches (since hyperbolic space is only used once early

in the network, numerical errors will not compound) and eschews the need

for augmenting hyperbolic space with any additional non-geometric structure

(since we base the mapping only on geometric distances in hyperbolic space).

Our contributions are as follows:

• In Section 2.3.1 we propose a random feature extraction called HyLa which

can be sampled to be an unbiased estimator of any isometry-invariant ker-

nel on hyperbolic space. This generalizes the classic method of random

Fourier features proposed for Euclidean space by [140].

• In Section 2.3.2 we show how to adopt HyLa in an end-to-end graph learn-

ing architecture that simultaneously learns the embedding of the initial

objects and the Euclidean graph learning model.
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• In Section 2.3.3, we evaluate our approach empirically. Our HyLa-

networks demonstrate better performance, scalability and computation

speed than existing hyperbolic networks: HyLa-networks consistently out-

perform HGCN, even on a tree dataset, with 12.3% improvement while

being 4.4× faster. Meanwhile, we argue that our method is an important

hyperbolic baseline to compare against due to its simple implementation

and compatibility with any graph learning model.

Related Work

To encode geometric priors into neural networks, many versions of hyperbolic

neural networks have been proposed. But while (matrix-) addition and multipli-

cation are essential to develop a DNN, hyperbolic space is not a vector space

with well-defined addition and multiplication. To handle this issue, several ap-

proaches were proposed in the literature.

Gyrovector space. Many hyperbolic networks, including HNN [60], HNN++

[153], HVAE [111], HGAT [210], and GIL [214], adopt the framework of gyrovec-

tor space as an algebraic formalism for hyperbolic geometry, by equipping hyper-

bolic space with non-associative addition and multiplication: Möbius addition

⊕ and Möbius scalar multiplication ⊗, which is defined for x, y ∈ Bn and a scalar

r ∈ R

x ⊕ y :=
(1 + 2⟨x, y⟩ + ∥y∥2)x + (1 − ∥x∥2)y

1 + 2⟨x, y⟩ + ∥x∥2∥y∥2
, r ⊗ x := tanh(r tanh−1(∥x∥))

x
∥x∥

.

However, Möbius addition and multiplication are complicated with a high com-

putation cost; high level operations such as Möbius matrix-vector multiplication
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are even more complicated and numerically unstable [200, 201], due to the use

of ill-conditioned functions like tanh−1. Also problematic is the way hyperbolic

space is treated as a gyrovector space rather than a manifold, meaning this ap-

proach can not be generalized to other manifolds that lack this structure.

Push-forward & Pull-backward. Since many operations are well-defined in

Euclidean space but not in hyperbolic space, a natural idea is to mapHn to Rd via

some mappings, apply well-defined operations in Rd, then map the results back

to hyperbolic space. Many works, including HATN [67], HGCN [28], HGNN

[106], HGAT [210], Lorentzian GCN [211], and GIL [214], adopt this method:

• pull the hyperbolic points to Euclidean space with a “pull-backward”

mapping;

• apply operations such as multiplication and convolution in Euclidean

space; and then

• push the resulting Euclidean points to hyperbolic space with a “push-

forward” mapping.

Since hyperbolic space and Euclidean space are different spaces, no isomorphic

maps exist between them. A common choice of the mappings [28, 106] is the ex-

ponential map expx(·) and logarithm map logx(·) (Section 2.1), where x is usually

chosen to be the origin O.

This approach is more straightforward and natural in the sense that hyper-

bolic space is only treated as a manifold object with no more structures added,

so it can be generalized to general manifolds (although it does privilege the ori-

gin). However, expo(·) and logo(·) are still complicated and numerically unstable.
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Both push-forward and pull-backward mappings are used at every hyperbolic

layer, which incurs a high computational cost in both the model forward and

backward loop. As a result, this prevents hyperbolic networks from scaling to

large graphs. Moreover, the Push-forward & Pull-backward mappings act more

like nonlinearities instead of producing meaningful features.

Kernel Methods and Horocycle Features. [33] proposed hyperbolic kernel

SVM for nonlinear classification without resorting to ill-fitting tools developed

for Euclidean space. Their approach differs from ours in that they map hyper-

bolic points to another (higher-dimensional) hyperbolic feature space, rather

than an Euclidean feature space. They also constructed feature mappings only

for the Minkowski inner product kernel: it’s unknown how to construct feature

mappings of their type for general kernels. Another work by [55] develops sev-

eral valid positive definite kernels in hyperbolic spaces and investigates their

usages; they do not provide any sampling-based features to approximate these

kernels. [178] constructed hyperbolic neuron models using a push-forward

mapping along with the hyperbolic Poisson kernel

Pn(x,ω) = (
1 − ∥x∥2

∥x − ω∥2
)n−1, x ∈ Bn, ω ∈ ∂Bn

as the backbone of an even more complicated feature function. [155] theoret-

ically proposes a continuous version of shallow fully-connected networks on

non-compact symmetric space (including hyperbolic space) using Helgason-

Fourier transform, where some network functions coincidentally share some

similarities to features proposed in this paper.
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Background on Laplacian

Laplace operator (Euclidean). The Laplace operator ∆ on Euclidean space Rn

is defined as the divergence of the gradient of a scalar function f , i.e.,

∆ f = ∇ · ∇ f =
n∑

i=1

∂2 f
∂x2

i

.

It serves as an important characterization of the space, which has a physical

interpretation for non-equilibrium diffusion as the extent to which a point rep-

resents a source or sink of chemical concentration.

The eigenfunctions of ∆ are the solutions of the Helmholtz equation −∆ f =

λ f , λ ∈ R, and can form an orthonormal basis for the Hilbert space L2(Ω) when

Ω ∈ Rn is compact [62], i.e., a linear combination of them can represent any func-

tion/model that is L2-integrable. A notable parameterization for these eigen-

functions are the plane waves, given by f (x) = exp(i⟨ω, x⟩), where ω ∈ Rn and ⟨·, ·⟩

is the Euclidean inner product. A standard result given in [76] states that any

eigenfunction of ∆ can be written as a linear combination of these plane waves

(Theorem A.2.1). The famous result of [140] used these eigenfunctions to con-

struct feature maps, called random Fourier features, for arbitrary shift-invariant

kernels in Euclidean space.

Theorem 2.3.1 (Bochner’s theorem, [146]). For any shift-invariant continuous ker-

nel k(x, y) = k(x − y) on Rn, let p(ω) be its Fourier transform and ξω(x) = exp(i⟨ω, x⟩).

Then k is positive definite if and only if p ≥ 0, in which case if we draw w proportionally

to p,

k(x − y) =
∫
Rn p(ω) exp(i⟨ω, x − y⟩) dω = k(0) · Eω∼p [ξω(x)ξω(y)∗].

Since both the probability distribution p(ω) and the kernel k(x − y) are

real, the integral is unchanged when we replace the exponential with a co-
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sine. [140] leveraged this to produce real-valued features by setting zω,b(x) =
√

2 cos(⟨ω, x⟩ + b), arriving at a real-valued mapping that satisfies the condi-

tion Ew∼p,b∼Unif[0,2π] [zω,b(x)zω,b(y)] = k(x − y). [140] approximated functions such

as Gaussian, Laplacian and Cauchy kernels with this technique.

Laplace-Beltrami operator (Hyperbolic). The Laplace-Beltrami operator L is

the generalization of the Laplace operator to Riemannian manifolds, defined as

the divergence of the gradient for any twice-differentiable real-valued function

f , i.e., L f = ∇ · ∇ f . In the n-dimensional Poincaré disk model Bn, the Laplace-

Beltrami operator takes the form [2]

L =
1
4

(1 − ∥x∥2)2
n∑

i=1

∂2

∂x2
i

+
n − 2

2
(1 − ∥x∥2)

n∑
i=1

xi
∂

∂xi
.

O w

x

ξ(w, x)

⟨w, x⟩

Figure 2.11: Euclidean hyperplane.

Just as in the Euclidean case, the eigen-

functions of L in hyperbolic space can be

derived by solving the Helmholtz equation.

We might hope to find analogs of the “plane

waves” in hyperbolic space that are eigen-

functions of L. One way to approach this is

via a geometric interpretation of plane waves.

In the Euclidean case, for unit vector ω and scalar λ, f (x) = exp(iλ⟨ω, x⟩) is called

a “plane wave” because it is constant on each hyperplane perpendicular to ω.

We can interpret ⟨ω, x⟩ as the signed distance from the origin O to the hyper-

plane ξ(ω, x) which contains x and is perpendicular to w (Figure 2.11).

In the Poincaré ball model of hyperbolic space, the geometric analog of the

hyperplane is the horocycle. For any z ∈ Bn and unit vector ω (i.e., ω ∈ ∂Bn), the

horocycle ξ(ω, z) is the Euclidean circle that passes through ω, z and is tangent
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to the boundary ∂Bn at ω, as indicated in Figure 2.12. We let ⟨ω, z⟩H denote the

signed hyperbolic distance from the origin O to the the horocycle ξ(ω, z). In the

Poincaré ball model, this takes the form

⟨ω, z⟩ = log
1 − ∥z∥2

∥z − ω∥2
= log P(z,ω), z ∈ Bn, ω ∈ ∂Bn,

If we define the “hyperbolic plane waves” exp(µ⟨ω, z⟩H), where µ ∈ C. Unsur-

prisingly, they are indeed eigenfunctions of the hyperbolic Laplacian [2].

L exp(µ⟨ω, z⟩H) = µ(µ − n + 1)e(µ⟨ω, z⟩H).

ξ(w, z)

w

z

O
⟨w, z⟩

Figure 2.12: Hyperbolic horocycle.

Since we are interested in finding real

eigenfunctions (via the same exp-to-cosine

trick used in [140]), we restrict our attention

to µ that yield a real eigenvalue. This happens

when µ = n−1
2 + iλ for real λ, in which case the

eigenvalue is µ(µ − n + 1) = −λ2 − (n − 1)2/4.

Just as the Euclidean plane waves exp(i⟨ω, x⟩)

span the eigenspaces of the Euclidean Lapla-

cian, the same result holds for these “hyper-

bolic plane waves” (Theorem A.2.2).

2.3.1 HyLa: Euclidean Features from Hyperbolic Embeddings

In this section, we present HyLa, a feature mapping that can approximate an

isometry-invariant kernel over hyperbolic space Hn in the same way that the

random Fourier features of [140] approximate any shift-invariant kernel over

Rn. In place of the Euclidean plain waves, which are the eigenfunctions of the
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Euclidean Laplacian, here we derive our feature extraction using the hyperbolic

plain waves, which are eigenfunctions of the hyperbolic Laplacian. Since the

hyperbolic plane wave exp(( n−1
2 − iλ)⟨⟨ω, x⟩H) is an eigenfunction of the real op-

erator L with real eigenvalue, so will this function multiplied by any phase

exp(−ib), as will its real part. Call the result of this

HyLaλ,b,ω(z) = exp
(
n − 1

2
⟨ω, z⟩H

)
cos (λ⟨ω, z⟩H + b) . (2.2)

This parameterization, which we call HyLa (for Hyperbolic Laplacian features),

yields real-valued eigenfunctions of the Laplace-Beltrami operator with eigen-

value −λ2 − (n − 1)2/4.

HyLa eigenfunctons have the nice property that they are bounded in almost

every direction, as ⟨ω, z⟩H approaches 0 as z approaches any point on the bound-

ary of Bn except ω. Note that HyLa eigenfunctions are invariant to isometries

of the space: any isometric transformation of HyLa yields another HyLa eigen-

function with the same λ but a transformed ω (depending on how the isometry

acts on the boundary ∂Bn). It is easy to compute, parameterized by continu-

ous instead of discrete parameters, and are analogous to random Fourier fea-

tures. Moreover, HyLa can be extended to eigenfunctions on other manifolds

(e.g. symmetric spaces) since we only use manifold properties of Hn.

We show that for any λ ∈ R, under uniform sampling of ω and b, the product

HyLaλ,b,ω(x) HyLaλ,b,ω(y) is an unbiased estimate of an isometry-invariant kernel

k(x, y).

Theorem 2.3.2. Let ω be sampled uniformly (under the Euclidean metric)

from the boundary ∂Bn and let b be sampled uniformly from [0, 2π]. Then

E [HyLaλ,b,ω(x) HyLaλ,b,ω(y)] = kλ(x, y) for any λ ∈ R and x, y ∈ Hn, where the function
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kλ is an isometry-invariant kernel given by

kλ(x, y) =
1
2
· 2F1

(
n − 1

2
+ iλ,

n − 1
2
− iλ;

n
2

;
1
2

(1 − cosh(dH(x, y)))
)
,

where 2F1 is the hypergeometric function, defined via analytic continuation by the power

series

2F1 (a, b; c; z) =
∞∑

n=0

(a)n(b)n

(c)n

zn

n!
= 1 +

ab
c

z
1!
+

a(a + 1)b(b + 1)
c(c + 1)

z2

2!
+ · · · (|z| < 1).

Note that despite the presence of an i in the formula, this kernel is clearly

real because the hypergeometric function satisfies the properties 2F1(a, b; c; z) =

2F1(b, a; c; z) and 2F1(a, b; c; z)∗ = 2F1(a∗, b∗; c∗; z∗). In practice, as with random

Fourier features, instead of choosing one single λ, we select them at random

from some distribution ρ(λ). The resulting kernel will be an isometry-invariant

kernel that depends on the distribution of λ, as follows:

k(x, y) =
1
2

∫ ∞

−∞

2F1

(
n − 1

2
+ iλ,

n − 1
2
− iλ;

n
2

;
1
2

(1 − cosh(dH(x, y)))
)
· ρ(λ) dλ. (2.3)

This formula gives a way to derive the isometry-invariant kernel from a dis-

tribution ρ(λ); if we are interested in finding a feature map for some particular

kernel, we can invert this mapping to get a distribution for λwhich will produce

the desired kernel.

Theorem 2.3.3. Suppose that k(x, y) = k(dH(x, y)) is an isometry-invariant positive

semidefinite kernel. Assume the existence of an associated density ρ(λ) with the kernel,

then

ρ(λ) = λ tanh (
πλ

2
)
∫
Bn

∫
∂Bn

k(dH(z,O)) exp
(
(
n − 1

2
− iλ)⟨ω, z⟩H

)
dω dz.

i.e., ρ(λ) is the spherical transform of the kernel, and if we draw λ proportional to ρ, ω

uniformly on ∂Bn, and b uniformly on [0, 2π], then

k(0) · E [HyLaλ,b,ω(x) HyLaλ,b,ω(y)] = kλ(x, y) = k(x, y).
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Figure 2.13: Visualization of the kernel k(x, y) when ρ(λ) = N(0, 0.52). (left) Dis-
tributions of k(x, y) and the heat kernel (at temperature t = 6) in 3D hyperbolic
space; (middle) k(x,O) in 2D Poincaré disk model; (right) ⟨ϕ(x), ϕ(y)⟩ for HyLa
features based on D = 1000 samples.

Although Theorem 2.3.3 lets us find a HyLa distribution for any isometric

kernel, for simplicity in this paper, because the closed-forms of many kernels in

Hn are not available, rather than arriving at a distribution via this inverse, we

will instead focus on the case where ρ is a Gaussian. This corresponds closely

to a heat kernel [64], as illustrated in Figure 2.13 (left).

We will use HyLa eigenfunctions to produce Euclidean features from hy-

perbolic embeddings, using the same random-features approach as [140]. Con-

cretely, to map from Hn to RD, we draw D independent samples λ1, . . . , λD from

ρ, D independent samples ω1, . . . ,ωD uniform from ∂Bn, and D independent

samples b1, . . . , bD uniform from [0, 2π], and then output a feature map ϕ the kth

coordinate of which is ϕk(x) = 1
√

D
HyLaλk ,bk ,ωk

(x). It is easy to see that this will

yield feature vectors with E [⟨ϕ(x), ϕ(y)⟩] = k(x, y) as given in Eq. 2.3.

We visualize the kernel k(x,O) for ρ(λ) = N(0, 0.25) in the 2-dimensional

Poincarè disk in Figure 2.13, evaluating the integral in Eq. 2.3 using

Gauss–Hermite quadrature. In Figure 2.13 (right), we sample random HyLa

features with D = 1000 and plot ⟨ϕ(x), ϕ(O)⟩. Visibly, the HyLa features ap-

proximate the kernel well. A discussion of the estimation error is provided in

Section A.2.2.
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Connection to Euclidean Activation. There is a close connection between the

HyLa eigenfunction and the Euclidean activations used in Euclidean fully con-

nected networks. Given a data point x ∈ Rn, a weight ω ∈ Rn, a bias b ∈ R and

nonlinearity σ, a Euclidean DNN activation can be written as

σ(⟨ω, x⟩ + b) = σ(∥ω∥⟨
ω

∥ω∥
, x⟩ + b),

In hyperbolic space, for z ∈ Bn, ω ∈ ∂Bn, λ ∈ R, b ∈ R and σ = cos, we can

reformulate the HyLa eigenfunction as

HyLaλ,b,ω(z) = σ (λ⟨ω, z⟩H + b) exp
(
n − 1

2
⟨ω, z⟩H

)
,

HyLa generalizes Euclidean activations to hyperbolic space, with an extra factor

exp
(

n−1
2 ⟨ω, z⟩H

)
from the curvature of Hn.

From a functional perspective, any f ∈ L2(Hn) can be expanded as an in-

finite linear combination (integral form) of HyLa (Theorem 4.3 in [155]). This

statement holds whenever the non-linearity σ is a tempered distribution on R,

i.e., the topological dual of the Schwartz test functions, including ReLU and

cos. Though the features will not approximate a kernel on hyperbolic space if

σ , cos, this suggests variants of HyLa with other nonlinearities may be inter-

esting to study.

2.3.2 HyLa for Graph Learning

In this section, we show how to use HyLa to encode geometric priors for end-

to-end graph learning.
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Background on Graph Learning. A graph is defined formally as G = (V,A),

whereV represents the vertex set consisting of n nodes and A ∈ Rn×n represents

the symmetric adjacency matrix. Besides the graph structure, each node in the

graph has a corresponding d-dimensional feature vector: we let X ∈ Rn×d denote

the entire feature matrix for all nodes. A fraction of nodes are associated with

a label indicating one (or multiple) categories it belongs to. The node classifica-

tion task is to predict the labels of nodes without labels or even of nodes newly

added to the graph.

An important class of Euclidean graph learning model is the graph convo-

lutional neural network (GCN) [92, 47]. The GCN is widely used in graph tasks

including semi-supervised learning for node classification, supervised learning

for graph-level classification, and unsupervised learning for graph embedding.

Many complex graph networks and GCN variants have been developed, such

as the graph attention networks (GAT [172]), FastGCN [30], GraphSage [72],

and others [173, 190]. An interesting work to understand GCN is simplifying

GCN (SGC [183]): a linear model derived by removing the non-linearities in a

K-layer GCN as:

f (A,X) = softmax(SKXW) ,

where S is the “normalized” adjacency matrix with added self-loops and W is

the trainable weight. This is essentially a multi-class logistic regression on the

pre-processed features SKX. Note that the pre-processed features SKX can be

computed before training, which enables large graph learning and greatly saves

memory and computation cost.

End-to-End Learning with HyLa. We propose a feature-extracted architecture

via the following recipe: embed the data objects (graph nodes or features, de-
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tailed below) into some space (e.g., Euclidean or hyperbolic), map the embed-

ding to Euclidean features X via the kernel transformation (e.g., RFF or HyLa),

and finally apply an Euclidean graph learning model f (A,X). This recipe only

manipulates the input of the graph learning model and hence, this architecture

can be used with any graph learning model. The graph model and the hyper-

bolic embedding are learned simultaneously with backpropagation. In theory,

the embedding space can be any desired space, just use the same Laplacian

recipe to construct features. Below we only show the pipeline for hyperbolic

space, while we also include Euclidean space (with random Fourier features) as

a baseline in our experiments.

Algorithm 1 End-to-End HyLa

input: n objects, Poincaré disk Bd0 ,
HyLa feature dimension d1, adja-
cency matrix A, node feature matrix
X, graph neural network f
initialize Z ∈ Rn×d0 {hyperbolic em-
beddings}
sample boundary pts matrix Ω ∈

Rd1×d0 , eigenvalues Λ ∈ Rn×d1 and bi-
ases B ∈ Rn×d1

compute P=⟨Ω,Z⟩H∈Rn×d1{Horocycle
distance}
compute X = exp

(
n−1

2 P
)
cos(Λ · P + B)

{HyLa}
if embedding features: X = XX ∈

Rn×d1

return Y = f (A,X) {e.g., SGC}

Directly Embed Graph Nodes. We

embed each node into a low dimen-

sional hyperbolic space Bd0 as hyper-

bolic embedding Z ∈ Rn×d0 for all

nodes in the graph, which can be

either a pretrained fixed embedding

or as parameters learnt together with

the subsequent graph learning model

during training time. To compute

with the HyLa eigenfunctions, first

sample d1 points uniformly from the

boundary ∂Bd0 to get Ω ∈ Rd1×d0 , then

sample d1 eigenvalues and biases separately from N(0, s2) and Uniform([0, 2π])

to get Λ,B ∈ Rd1 , where s is a scale constant. The resulting feature matrix

(X ∈ Rn×d1) computation follows; please refer to Algorithm 1 for a detailed
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breakdown. The mapped features X are then fed into the chosen graph learning

model f (A,X) for prediction.

Embed Features. One can also embed the given features into hyperbolic space

so as to derive the node features implicitly. Specifically, when a node feature

matrix X ∈ Rn×d is given, we initialize a hyperbolic embedding for each of the d

dimensions to derive hyperbolic embeddings Z ∈ Rd×d0 . The Euclidean features

X can be computed in the same manner following Algorithm 1. However, to

get the new node feature matrix, an extra aggregation step X = XX ∈ Rn×d1 is

required before fedding into a graph learning model.

Embedding graph nodes is better-suited for tasks where no feature matrix

is available or meaningful features are hard to derive. However, the size of the

embedding Z will be proportional to the graph size, hence it may not scale to

very large graphs due to memory and computation constraints. Furthermore,

this method can only be used in a transductive setting, where nodes in the test

set are seen during training. In comparison, embedding features can be used

even for large graphs since the dimension d of the original feature matrix is

usually fixed and much lower than the number of nodes n. Note that as the

hyperbolic embeddings are built for each feature dimension, they can be used

in both transductive and inductive settings, as long as the test data shares the

same set of features as the training data. One limitation is that its performance

depends on the existence of a feature matrix X that contains sufficient informa-

tion for learning.

Any graph learning model can be used in the proposed feature-extracted ar-

chitecture. In our experiments, we focus primarily on the simple linear graph
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network SGC, which takes the form f (A,X) = softmax(AKXW) with a train-

able weight matrix W. Note that just as the vanilla SGC case, AK or AKX can be

pre-computed in the same way before training and inference. For the purpose of

end-to-end learning, we jointly learn the embedding parameter Z and weight W

in SGC during the training time. It’s also possible to adopt a two-step approach,

i.e., first pretrain a hyperbolic embedding following [122, 123, 147, 156, 28], then

fix the embedding and train the graph learning model only. We defer this dis-

cussion to Appendix A.2.3.

2.3.3 Experiments

Node Classification

Task and Datasets. The goal of this task is to classify each node into a cor-

rect category. We use transductive datasets: Cora, Citeseer and Pubmed [151],

which are standard citation networks benchmarks, following the standard splits

adopted in [92]. We also include datasets adopted in HGCN [28] for compari-

son: disease propagation tree and Airport. The former contains tree networks

simulating the SIR disease spreading model [9], while the latter contains airline

routes between airports from OpenFlights. To measure scalability, we supple-

ment our experiment by predicting community structure on a large inductive

dataset Reddit following [183]. More experimental details are provided in Ap-

pendix A.2.4.

Experiment Setup. Since all datasets contain node features, we choose to em-

bed features most of the time, since it applies to both small and large graphs,
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and transductive and inductive tasks. The only exception is the Airport dataset,

which contains only 4 dimensional features—here, we use HyLa/RFF after em-

bedding the graph nodes to produce better features X. We then use SGC model

as softmax(AKXW), where both W and Z are jointly learned. Further training

details are provided in Appendix A.2.4, our code is available at github5

Baselines. On Disease, Airport, Pubmed, Citeseer and Cora dataset, we com-

pare our HyLa/RFF-SGC model against both Euclidean models (GCN, SGC and

GAT) and Hypebolic models (HGCN, LGCN and HNN) using their publicly re-

leased version in Table 2.4, where all hyperbolic models adopt a 16-dimensional

hyperbolic space for consistency and a fair comparison. For the largest Reddit

dataset, a 50-dimensional hyperbolic space is used. We also compare against the

reported performance of supervised and unsupervised variants of GraphSAGE

and FastGCN in Table 2.4. Note that GCN-based models (e.g., HGCN, LGCN)

could not be trained on Reddit because its adjacency matrix is too large to fit in

memory, unless a sampling way is used for training. Worthy to mention, despite

of the fact that standard Euclidean GCN literature [92, 183] train the model for

100 epochs on the node classification task, most hyperbolic (graph) networks in-

cluding HGCN, LGCN, GIL6 report results of training for (5-)thousand epochs

with early stopping. For a fair comparison, we train all models for a maximum

of 100 epochs with early stopping, except from HGCN7, whose results were

taken from the original paper trained for 5,000 epochs.

5https://github.com/ydtydr/HyLa.git
6We cannot replicate results of GIL from their public code.
7HGCN requires pretraining embeddings from a link prediction task to achieve reported

results on node classification task for Pubmed and Cora.
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Table 2.4: Test accuracy/Micro F1 Score (%) averaged over 10 runs on node
classification task. Performance of some baselines are taken from their original
papers. OOM: Out of memory.

Dataset Disease Airport Pubmed Citeseer Cora
Hyperbolicity δ 0 1.0 3.5 5.0 11

GCN 69.7 ± 0.4 81.4 ± 0.6 78.1 ± 0.2 70.5 ± 0.8 81.3 ± 0.3
SGC 69.5 ± 0.2 80.6 ± 0.1 78.9 ± 0.0 71.9 ± 0.1 81.0 ± 0.0
GAT 70.4 ± 0.4 81.5 ± 0.3 79.0 ± 0.3 72.5 ± 0.7 83.0 ± 0.7
HGCN 74.5 ± 0.9 90.6 ± 0.2 80.3 ± 0.3 64.0 ± 0.6 79.9 ± 0.2
LGCN 81.3 ± 4.0 57.6 ± 0.7 77.8 ± 0.7 65.9 ± 0.8 78.0 ± 0.6
HNN 41.0 ± 1.8 80.5 ± 0.5 69.8 ± 0.4 52.0 ± 1.0 54.6 ± 0.4
RFF-SGC 83.4 ± 1.9 94.8 ± 0.8 77.6 ± 0.1 71.3 ± 0.6 81.6 ± 0.4
HyLa-SGC 86.8 ± 2.1 95.2 ± 0.5 80.3 ± 0.9 72.6 ± 1.0 82.5 ± 0.5

Model Test F1

GCN OOM
HGCN OOM
LGCN OOM
SAGE-mean 95.0
SAGE-GCN 93.0
FastGCN 93.7
SGC 94.9
RFF-SGC 93.9
HyLa-SGC 94.5

Analysis. Our feature-extracted architecture is particularly strong and expres-

sive to encode geometric priors for graph learning from Table 2.4. Together

with SGC, HyLa-SGC outperforms state-of-the-art hyperbolic models on nearly

all datasets. In particular, HyLa-SGC beats not only Euclidean SGC/GCN, but

also an attention model GAT, except on the Cora dataset with a comparable per-

formance. For the tree network disease with lowest hyperbolicity (more hyper-

bolic), the improvements of HyLa-SGC over HGCN is about 12.3%! The results

suggest that the more hyperbolic the graph is, the more improvements will be

gained with HyLa. On Reddit, HyLa-SGC outperforms sampling-based GCN

variants, SAGE-GCN and FastGCN by more than 1%. However, the perfor-

mance is close to SGC, which may indicate that the extra weights and nonlinear-

ities are unnecessary for this particular dataset. Notably, RFF-SGC, embedding

into Euclidean space and using RFF, sometimes can be better than GCN/SGC,

while HyLa-SGC is consistently bettter than RFF-SGC.

Visualization. In Figure 2.14, we visualize the learned node Euclidean fea-

tures using HyLa on Cora, Airport and Disease datasets with t-SNE [170] and

PCA projection. This shows that HyLa achieves great label class separation (in-
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Figure 2.14: Visualization of node HyLa features on Cora, Airport and Disease
datasets, where nodes of different classes are indicated by different colors. (left)
t-SNE on Cora; (middle) t-SNE on Airport; (right) PCA on Disease.

dicated by different colors).

Text Classification

Task and Datsets. We further evaluate HyLa on transductive and inductive

text classification task to assign documents labels. We conducted experiments

on 4 standard benchmarks including R52 and R8 of Reuters 21578 dataset,

Ohsumed and Movie Review (MR) follows the same data split as [193, 183].

Detailed dataset statistics are provided in Table A.3 in Appendix A.2.4.

Experiment Setup. In the transductive case, previous work [193] and [183]

apply GCN and SGC by creating a corpus-level graph where both documents

and words are treated as nodes in the graph. For weights and connections in

the graph, word-word edge weights are calculated as pointwise mutual infor-

mation (PMI) and word-document edge weights as normalized TF-IDF scores.

The weights of document-document edges are unknown and left as 0. We fol-

lows the same data processing setup for the transductive setting, and embed the

whole graph since only the adjacent matrix is available. In the inductive setting,

we take the sub-matrix of the large matrix in the transductive setting, includ-
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Table 2.5: Test accuracy (%) averaged over 10 runs on transductive and induc-
tive text classification task except from the LR mode. Bold numbers: best in
both transductive and inductive setting; Underlined numbers: best in inductive
setting.

Setting Methods R8 R52 Ohsumed MR

Trans-
ductive

TextGCN 97.1 ± 0.1 93.5 ± 0.2 68.4 ± 0.6 76.7 ± 0.2
TextSGC 97.2 ± 0.1 94.0 ± 0.2 68.5 ± 0.3 75.9 ± 0.3
RFF-SGC 96.5 ± 0.3 94.0 ± 0.5 67.2 ± 0.4 73.1 ± 0.4

HyLa-SGC 96.9 ± 0.4 94.1 ± 0.3 67.3 ± 0.5 76.2 ± 0.3

Inductive
TextGCN 95.8 ± 0.3 88.2 ± 0.7 57.7 ± 0.4 74.8 ± 0.3

LR 93.3 85.6 56.6 73.0
HyLa-LR 97.4 ± 0.2 93.5 ± 0.2 64.9 ± 0.3 75.5 ± 0.3
RFF-LR 97.0 ± 0.4 92.2 ± 0.2 61.6 ± 0.3 76.0 ± 0.3

ing only the document-word edges as the node representation feature matrix

X, then follow the procedure in Section 2.3.2 to embed features and apply Hy-

La/RFF to get X. Since the adjacency matrix of documents is unknown, we

replace SGC with a logistic regression (LR) formalized as Y = softmax(XW). We

train all models for a maximum of 200 epochs and compare it against TextSGC

and TextGCN in Table 2.5.

Performance Analysis. In the transductive setting, HyLa-based models can

match the performance of TextGCN and TextSGC. The corpus-level graph may

contain sufficient information to learn the task, and hence HyLa-SGC does not

seem to outperform baselines, but still has a comparable performance. HyLa

shows extraordinary performance in the inductive setting, where less informa-

tion is used compared to the (transductive) node level case, i.e. a submatrix of

corpus-level graph. With a linear regression model, it can already outperform

inductive TextGCN, sometimes even better than the performance of a transduc-

tive TextGCN model, which indicates that there is indeed redundant informa-
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tion in the corpus-level graph. From the results on the inductive text classifica-

tion task, we argue that HyLa (with features embedding) is particularly useful

in the following three ways. First, it can solve the OOM problem of classic GCN

model in large graphs, and requires less memory during training, since there

are limited number of lower level features (also X is usually sparse), and there

is no need to build a corpus-level graph anymore. Second, it is naturally induc-

tive as HyLa is built at feature level (for each word in this task), it generalizes to

any unseen new nodes (documents) that uses the same set of words. Third, the

model is simple: HyLa follows by a linear regression model, which computes

faster than classical GCN models.
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Figure 2.15: Performance over training

time on Pubmed. HyLa-SGC achieves

best performance with minor computa-

tion slowdown.

Efficiency. Following [183], we mea-

sure the training time of HyLa-based

models on the Pubmed dataset, and

we compare against both Euclidean

models (SGC, GCN, GAT) and Hy-

perbolic models (HGCN, HNN). In

Figure 2.15, we plot the timing per-

formance of various models, tak-

ing into account the pre-computation

time of the models into training time.

We measure the training time on a

NVIDIA GeForce RTX 2080 Ti GPU

and show the specific timing statistics in Appendix A.2.4. HyLa-based mod-

els achieve the best performance while incurring a minor computational slow-

down, which is 4.4× faster than HGCN.

50



2.4 Coneheads: Hierarchy Aware Attention

Overview

Beyond the usage of hyperbolic embeddings for graph learning in section 2.3,

we further extend the potential of hierarchy-aware hyperbolic embedding to

improve the parameter efficiency of attention models, such as graph networks

and transformers, with the shadow cones framework in section 2.2.

In recent years, attention networks have achieved highly competitive per-

formance in a variety of settings, often outperforming highly-engineered deep

neural networks [24, 54, 171]. The majority of these networks use dot product at-

tention, which defines the similarity between two points u, v ∈ Rd by their inner

product u⊤v [171]. Although dot product attention empirically performs well, it

also suffers from drawbacks that limit its ability to scale to and capture complex

relationships in large datasets [180, 161]. The most well known of these issues

is the quadratic time and memory cost of computing pairwise attention. While

many works on attention mechanisms have focused on reducing the computa-

tional cost of dot product attention, few have considered the properties of the

dot product operator itself [180, 44].

Many real world datasets exhibit complex structural patterns and relation-

ships which may not be well captured by an inner product [168, 110]. For ex-

ample, NLP tasks often contain hierarchies over tokens, and images may con-

tain clusters over pixels [192, 74]. Motivated by this, we propose a new frame-

work based on hyperbolic entailment cones to compute attention between sets

of points [60, 203]. Our attention mechanism, which we dub “cone attention”,
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utilizes partial orderings defined by hyperbolic cones to better model hierarchi-

cal relationships between data points. More specifically, we associate two points

by the depth of their lowest common ancestor (LCA) in the cone partial order-

ing, which is analogous to finding their LCA in a latent tree and captures how

divergent two points are.

Cone attention effectively relies on two components: hyperbolic embed-

dings and entailment cones. Hyperbolic embeddings, which use the underlying

geometric properties of hyperbolic space, give low-distortion embeddings of

hierarchies that are not possible with Euclidean embeddings [147]. Entailment

cones, which rely on geometric cones to define partial orders between points,

allow us to calculate explicit relationships between points, such as their LCA

[60, 203]. To the best of our knowledge, we are the first to define a hierarchy-

aware attention operator with hyperbolic entailment cones.

Functionally, cone attention is a drop-in replacement for dot product atten-

tion. We test cone attention in both “classical” attention networks and trans-

formers, and empirically show that cone attention consistently improves end

task performance across a variety of NLP, vision, and graph prediction tasks.

Furthermore, we are able to match dot product attention with significantly

fewer embedding dimensions, resulting in smaller models. To summarize, our

contributions are:

• We propose cone attention, a hierarchy aware attention operator that uses

the lowest common ancestor of points in the partial ordering defined by

hyperbolic entailment cones.

• We evaluate cone attention on NLP, vision, and graph prediction tasks,

and show that it consistently outperforms dot product attention and other
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Figure 2.16: Overview of cone attention vs. dot product attention. In dot prod-
uct attention (left), similarity scores are calculated with K = qk⊤. In cone atten-
tion (right), q and k are first projected onto hyperbolic space. Then, pairwise
similarity is calculated from the lowest common ancestor of points in the partial
ordering defined by entailment cones. Cone attention allows us to explicitly en-
code notions of hierarchy in attention, and empirically gives better performance
than dot product attention.

baselines. For example, we achieve +1 BLEU and +1% ImageNet Top-

1 Accuracy on the transformer iwslt de en and DeiT-Ti models, re-

spectively.

• We test cone attention at low embedding dimensions and show that we

can significantly reduce model size while maintaining performance rela-

tive to dot product attention. With cone attention, we can use 21% fewer

parameters for the IWSLT’14 De-En NMT task.

2.4.1 Background

In this section, we provide background on attention mechanisms and describe

our choice of entailment cones to encode partial orderings.

Attention

The attention operator has gained significant popularity as a way to model in-

teractions between sets of tokens [171]. At its core, the attention operator A
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performs a “lookup” between a single query qi ∈ R
d and a set of keys k ∈ Rn×d,

and aggregates values v ∈ Rn×d associated with the keys to “read out” a single

value for qi. Mathematically, this can be represented as

A(qi, k) = C
∑

j

(
K(qi, k j)v j

)
,

where C
∑

j K(qi, k j) = 1. In “traditional” dot product attention, which has gen-

erally superseded “older” attention methods such as Additive Attention and

Multiplicative Attention [13, 109],

K(qi, k j) = exp
(
qik j
√

d

)
C =

1∑
j K(qi, k j)

A(qi, k) = softmax
(
qik⊤
√

d

)
v,

similarity is scored with a combination of cosine similarity and embedding mag-

nitudes.

Existing works have proposed replacing dot product attention to various de-

grees. A large body of works focus on efficiently computing dot product atten-

tion, such as with Random Fourier Features and low-rank methods [132, 180].

These methods generally perform worse than dot product attention, as they are

approximations [212]. Some recent works, such as EVA attention, parameter-

ize these approximations and effectively get a larger class of dot-product-esque

attention methods [212]. Beyond this, [167] replace K with compositions of clas-

sical kernels. Others extend dot product attention, such as by controlling the

“width” of attention with a learned Gaussian distribution or by using an expo-

nential moving average on inputs, although extensions do not usually depend

on K [69, 110]. Closer to our work, [67] introduced hyperbolic distance atten-

tion, which defines K(qi, ki) = exp(−βdH(qi, ki) − c) where dH is the hyperbolic

distance, β ∈ R+, and c ∈ R. K can be interpreted as an analog of the distance

from qi to ki on a latent tree. Finally, in an orthogonal direction, [160] ignore

token-token interactions and synthesize attention maps directly from random
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alignment matrices. Whether token-token interactions are actually needed is

outside the scope of this work, and we compare cone attention accordingly.

Entailment Cones

Entailment cones in hyperbolic space were first introduced by [60] to embed

partial orders. The general concept of Ganea’s entailment cones is to capture

partial orders between points with membership relations between points and

geodesically convex cones rooted at said points. That is, if u ∈ the cone of v,

then v ≺ u. Ganea’s cones (Figure 2.17 right) are defined on the Poincaré ball

by a radial angle function ψ(r), with an ϵ-ball around the origin where cones

are undefined [8, 60]. This makes learning complicated models with Ganea’s

cones difficult, as optimization on the Poincaré ball is nontrivial and the ϵ-ball

negatively impacts embedding initializations [203, 60].

In this work, we instead use the shadow cone construction introduced in

section 2.3 and operate on the Poincaré half-space, which makes computing our

desired attention function numerically simpler. Shadow cones are defined by

shadows cast by points and a single light source S, and consist of the penum-

bral and umbral settings (Figure 2.17 left quadrant). In the penumbral setting,

S is a ball of fixed radius and points are points. The shadow and cone of u

are both the region enclosed by geodesics through u tangent to S. In the um-

bral setting, S is instead a point, and points are centers of balls of fixed radius.

Here, the shadow of u is the region enclosed by geodesics tangent to the ball

around u that intersect at S. However, to preserve transitivity, the cone of u is a

subset of the shadow of u (see Figure 2.17). The shadow cone formulation can

also be achieved with subset relations between shadows instead of membership
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Figure 2.17: (Left Quadrant) Clockwise from top left: finite setting penumbral
cone, infinite setting penumbral cone, infinite setting umbral cone, and finite
setting umbral cone. All figures are in H2. Shadows are represented by shaded
regions, and cones are enclosed in green. In all figures, u ≺ v since v is in the cone
of u. (Right) Ganea’s entailment cones, as defined on the Poincaré ball. Note the
ϵ-ball where cones are not defined, which makes optimization nontrivial. Figure
from [60].

relations between points and cones, which may be conceptually clearer.

Infinite-setting Shadow Cones. For penumbral cones, when S is a ball with

center at xd = ∞, S’s boundary is a horosphere of user-defined height h. Here,

all shadows are defined by intersections of Euclidean semicircles of Euclidean

radius h. Notably, the infinite setting penumbral cone construction is similar to

Ganea’s cones under an isometry from the Poincaré half-space to the Poincaré

ball where S maps to the ϵ-ball [203]. For umbral cones, when S is xd = ∞,

shadows are regions bounded by Euclidean lines perpendicular to the x-axis.

Unlike Ganea’s cones and penumbral cones, umbral cones are not geodesi-
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cally convex [203]. That is, the shortest path between two points in an umbral

cone may not necessarily lie in the cone. In a tree, this corresponds to the short-

est path between two nodes not being in the subtree of their LCA, which is

not possible. Empirically, while still better than dot product attention, umbral

attention usually performs worse than penumbral attention.

Lowest Common Ancestor (LCA) and Least Upper Bound

The LCA of two nodes u, v in a directed acyclic graph is the lowest (deepest in

hierarchy) node that is an ancestor of both u and v. Although the two terms are

similar, the LCA is not the same as the least upper bound of a partial ordering.

The least upper bound of two points x, y in a partial ordering, denoted sup(x, y),

is the point p such that p ⪯ x, y and ∀q where q ⪯ x, y, q ⪯ p. The key difference

is that all other upper bounds must precede the least upper bound, while not

all ancestors of u and v must also be ancestors of LCA(u, v). Furthermore, p may

not actually exist.

2.4.2 Hierarchy Aware Attention

Here, we describe cone attention using the shadow cone construction, and dis-

cuss projection functions onto Hd that allow us to use cone attention within

attention networks. All definitions use the infinite-setting shadow cones, and

proofs and derivations are in the appendix. For clarity, we refer to Ganea’s en-

tailment cones as “Ganea’s cones” and the general set of cones that captures en-

tailment relations (e.g. Ganea’s cones and shadow cones) as “entailment cones”

[60, 203]. Our methods are agnostic entailment cone choice, and can also be
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Figure 2.18: In this example using penumbral cones in Hd, sup2(u, v) is the lowest
common ancestor of u and v. The red region is the set of points P s.t. p ∈ P ⪯ u, v.
Of these, sup2(u, v) is the lowest point whose cone (light gray) contains both u
and v. Here, S is the root of all hierarchies, and points closer to xd = 0 are closer
to the “leaves” of hierarchies. If d = 2, then sup2(u, v) is also the least upper
bound of u and v in the partial ordering defined by entailment cones.

used with Ganea’s cones.

Cone Attention

We wish to associate u, v ∈ Hd by their LCA in some latent tree T , which is analo-

gous to finding their LCA, denoted sup2(u, v), in the partial ordering defined by

entailment cones. Formally,

sup2(u, v) = r
(
arg max

C:u,v∈C
dH(S, r(C))

)
where r(C) denotes the root of a cone C. This corresponds to finding the cone

that is farthest away from S, which is the root of all hierarchies in the shadow

cones construction. When d = 2, sup2(u, v) also has the nice property of being

the least upper bound sup(u, v) in the partial ordering defined by shadow cones.

Then, we define the similarity between u and v as

K(u, v) = f (dH(sup2(u, v),S))

where f is a user-defined monotonically increasing function. If K(u, v) > K(u,w),

then dH(sup2(u, v),S) > dH(sup2(u,w),S), which implies that u and v have a more
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recent “ancestor” than u and w. Thus, K gives a higher similarity score to points

who have a more recent “ancestor” in T . In the infinite-setting shadow cone

construction, sup2(u, v) is root of the minimum height (literal lowest) cone that

contains both u and v, or sup2(u, v) = r
(
arg minC:u,v∈C r(C)d

)
.

Using this, we provide definitions for K(u, v) in the infinite-setting shadow

cone construction. Both the umbral and penumbral definitions correspond to

the Euclidean height of sup2(u, v). In the penumbral setting, when sup2(u, v) does

not exist, we return the Euclidean height of lowest light source where sup2(u, v)

exists. xd denotes the last dimension of x, and x:−1 denotes the first d − 1 di-

mensions of x. γ ∈ R+ corresponds to the softmax “temperature” in attention.

In the penumbral setting, r ∈ R+ is the user-defined height of the horosphere

light source. In the umbral setting, r ∈ R+ is the user-defined radius of the ball

centered at each point.

Definition 2.4.1. Penumbral Attention:

K(u, v) = exp

−γmax

ud, vd,

√√√√√√√√
r2 −


√

r2 − u2
d +

√
r2 − v2

d − ∥u:−1 − v:−1∥

2


2



when there exists a cone that contains u and v, and

K(u, v) = exp

−γ
√(
∥u:−1 − v:−1∥

2 + u2
d − v2

d

2∥u:−1 − v:−1∥

)2

+ v2
d


otherwise. There exists a cone that contains u and v when(

∥u:−1 − v:−1∥ −

√
r2 − u2

d

)2

+ v2
d < r2

Definition 2.4.2. Umbral Attention:

K(u, v) = exp
(
−γmax

(
ud, vd,

∥u:−1 − v:−1∥

2 sinh(r)
+

ud + vd

2

))
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These definitions possess a rather interesting property – when ud = vd and K

is normalized across a set of vs, cone attention reduces to the Laplacian kernel

K(u:−1, v:−1) = exp(−γ∥u:−1 − v:−1∥). Since Euclidean space is isomorphic to a horo-

sphere, and u and v are on the same horosphere if ud = vd, cone attention can

also be seen as an extension of the Laplacian kernel [124].

Cone attention and dot product attention both take O(n2d) time to compute

pairwise attention between two sets of n d-dimensional tokens q, k ∈ Rn×d [180].

However, cone attention takes more operations than dot product attention,

which computes qk⊤. In transformers, our PyTorch cone attention implementa-

tions with torch.compile were empirically 10-20% slower than dot product

attention with torch.bmm (cuBLAS)[129] (see section A.3.3). torch.compile

is not optimal, and a raw CUDA implementation of cone attention would likely

be faster and narrow the speed gap between the two methods [129].

Mapping Functions

Here, we discuss mappings from Euclidean space to the Poincaré half-space.

These mappings allow us to use cone attention within larger models. The canon-

ical map in manifold learning is the exponential map Expx(v), which maps a

vector v from the tangent space of a manifoldM at x ontoM by following the

geodesic corresponding to v [134, 8]. In the Poincaré half-space [200],

Expx(v):−1 = x:−1 +
xd

∥v∥/ tanh(∥v∥) − vd
v:−1 Expx(v)d =

xd

cosh(∥v∥) − vd sinh(∥v∥)/∥v∥

While Expx(v) is geometrically well motivated, it suffers from numerical in-

stabilities when ∥v∥ is very large or small. These instabilities make using the

exponential map in complicated models such as transformers rather difficult.
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Using fp64 reduces the risk of numerical over/underflows, but fp64 signifi-

cantly reduces performance on GPUs, which is highly undesirable [35].

Instead, we use maps of the form (x:−1, xd) → (x:−1 f (xd), f (xd)) that preserve

the exponential volume of hyperbolic space while offering better numerics for

large-scale optimization. Our use of alternatives to Expx(v) follows [67]’s psue-

dopolar map onto the Hyperboloid. Geometrically, since n-dimensional Eu-

clidean space is isomorphic to a horosphere in Hn+1, these maps corresond to

selecting a horosphere with f (xd) and then projecting x:−1 onto that horosphere

[124]. To achieve exponential space as xd → −∞, we use functions f of the form

exp(·).

For the infinite-setting umbral construction, since there is no restriction on

where points can go in the Poincaré half-space, we map x ∈ Rd to Hd with ψ :

Rd → Hd:

ψ(x):−1 = x:−1 exp(xd) ψ(x)d = exp(xd)

For the infinite-setting penumbral construction, since the mapped point cannot

enter the light source at height h, we map x ∈ Rd to area below the light source

with ξ : Rd → Hd

ξ(x):−1 = x:−1
h

1 + exp(−x)
ξ(x)d =

h
1 + exp(−x)

While ξ is structurally the sigmoid operation, note that sigmoid(x) =

exp(−softplus(−x)). Since softplus(x) ≈ x for large values of x, ξ preserves the

exponential volume properties we seek.
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2.4.3 Experiments

Here, we present an empirical evaluation of cone attention in various atten-

tion networks. For each model we test, our experimental procedure consists of

changing K in attention and training a new model from scratch. Unless other-

wise noted in the appendix, we use the code and training scripts that the au-

thors of each original model released. We assume released hyperparameters are

tuned for dot product attention, as these models were state-of-the-art (SOTA)

when new.

Baselines. Our main baseline is dot product attention, as it is the most com-

monly used form of attention in modern attention networks. Additionally,

we compare cone attention against [67]’s hyperbolic distance attention and the

Laplacian kernel. To the best of our knowledge, few other works have studied

direct replacements of the dot product for attention.

[67]’s original hyperbolic distance attention formulation not only computed

the similarity matrix K in the Hyperboloid, but also aggregated values v in hy-

perbolic space by taking the Einstein midpoint with respect to weights α in the

Klein model (see appendix for definitions) [134]. However, the Einstein mid-

point, defined as

m(α, v) =
∑

i

(
αiγ(vi)∑
j α jγ(v j)

)
where γ(v) = 1/

√
1 − ∥v∥2, does not actually depend on how α is computed. That

is, α could be computed with Euclidean dot product attention or cone attention

and m(α, v) would still be valid. The focus of our work is on computing similar-

ity scores, so we do not use hyperbolic aggregation in our experiments. We test

hyperbolic distance attention using both [67]’s original pseudopolar projection
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onto the Hyperboloid model and with our ψ map onto the Poincaré half-space.

Models. We use the following models to test cone attention and the various

baselines. These models span graph prediction, NLP, and vision tasks, and

range in size from a few thousand to almost 250 million parameters. While

we would have liked to test larger models, our compute infrastructure limited

us from feasibly training billion-parameter models from scratch.

Graph Attention Networks. Graph attention networks (GATs) were first

introduced by [172] for graph prediction tasks. GATs use self-attention layers

to compute node-level attention maps over neighboring nodes. The original

GAT used a concatenation-based attention mechanism and achieved SOTA per-

formance on multiple transductive and inductive graph prediction tasks [172].

We test GATs on the transductive Cora and inductive multi-graph PPI datasets

[112, 71].

Neural Machine Translation (NMT) Transformers. Transformers were first

applied to NMT in [171]’s seminal transformer paper. We use the fairseq

transformer iwslt de en architecture to train a German to English transla-

tion model on the IWSLT’14 De-En dataset [126, 56]. This architecture contains

39.5 million parameters and achieves near-SOTA performance on the IWSLT’14

De-En task for vanilla transformers [126]. As this model is the fastest trans-

former to train out of the tested models, we use it for ablations.

Vision Transformers. Vision transformers (ViT) use transformer-like archi-

tectures to perform image classification [54]. In a ViT, image patches are used

as a tokens in a transformer encoder to classify the image. We use the Data Effi-

cient Vision Transformer (DeiT) model proposed by FAIR, which uses a student-
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teacher setup to improve the data efficiency of ViTs [165]. DeiTs and ViTs share

the same architecture, and the only differences are how they are trained and the

distillation token. We train DeiT-Ti models with 5 million parameters on the

ImageNet-1K dataset for 300 epochs[165, 49]. We also train cone and dot prod-

uct attention for 500 epochs, as we observed that training for more iterations

improves performance.

Adaptive Input Representations for Transformers. Adaptive input repre-

sentations were introduced by Baevski and Auli for transformers in language

modeling tasks [12]. In adaptive inputs, rarer tokens use lower dimensional

embeddings, which serves as a form of regularization. We use the fairseq

transformer lm wiki103 architecture (246.9M parameters) and train mod-

els on the WikiText-103 language modeling dataset with a block size of 512

tokens [126, 113]. We also test the same architecture without adaptive inputs,

which has 520M parameters. This version converges in significantly fewer iter-

ations, allowing us to train such a large model.

Diffusion Transformers. Diffusion transformers (DiT) are diffusion mod-

els that replace the U-Net backbone with a transformer [131]. DiTs operate on

latent space patches, so we expect there to be less hierarchical information vs.

taking image patches. We use DiTs to test cone attention when the data is less

hierarchical. We train DiT-B/4 models with 130M parameters on ImageNet-1K

[131, 49].
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Table 2.6: Performance of various attention methods across models and tasks. ∗

indicates the model failed to converge or ran into NaN errors. ↑ indicates higher
is better, and ↓ indicates lower is better. Cone attention methods (†) generally
outperform dot product attention and other baselines. Model default refers to
a model’s default attention method, which is dot product attention except for
GATs.

Method
NMT IWLST

(BLEU ↑)

DeiT-Ti Imagenet
Top-1 / 5 (Acc. ↑)

300 Epochs

DeiT-Ti Imagenet
Top-1 / 5 (Acc. ↑)

500 Epochs

GAT Cora /
PPI (Acc. ↑)

Model Default 34.56 72.05 / 91.17 73.65 / 91.99 0.831 / 0.977
Dot Product 34.56 72.05 / 91.17 73.65 / 91.99 0.834 / 0.985
Penumbral† 35.56 72.67 / 91.12 74.34 / 92.38 0.835 / 0.990
Umbral† 35.07 73.14 / 91.82 74.46 / 92.54 0.836 / 0.989
dH Hn ξ 32.54 49.19∗ / 74.68∗ – 0.834 / 0.987
dH Hyperboloid 33.80 0.10∗ / 0.45∗ – 0.13∗ / 0.989
Laplacian Kernel 34.68 71.25 / 90.84 – 0.823 / 0.986

Method
Adaptive Inputs WikiText-103

0 / 480 Context Window (Ppl. ↓)
Without Adaptive

Inputs
DiT-B/4 @ 400K Steps

(FID-50K ↓)

Dot Product 20.86 / 19.22 26.62 / 24.73 68.9
Penumbral 20.72 / 19.01 26.44 / 24.31 67.7
Umbral 21.16 / 19.59 27.82 / 26.73 67.6

Results

Table 2.6 summarizes the performance of cone attention across various mod-

els and tasks. Both penumbral and umbral attention significantly outperform

baselines on the NMT IWSLT and DeiT-Ti Imagenet tasks. For DeiT-Ti, umbral

attention achieves 73.14% top-1 and 91.82% top-5 accuracy at 300 epochs and

74.46% top-1 and 92.54% top-5 accuracy at 500 epochs, which matches a dis-

tilled DeiT-Ti with more parameters (74.5% / 91.9%) [165]. On the GAT tasks,

cone attention again outperforms baselines and achieves Graph Convolutional

Network-level performance on the PPI dataset. Interestingly, almost all base-

lines, including dot product attention, outperform the concatenation-based at-

tention in the original GAT paper. The two GAT tasks also reveal some inter-

esting differences between penumbral and umbral attention. The Cora citation
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dataset is more tree-like with an average of 2 edges per node and chronological

dependencies between nodes (a paper cannot cite a newer paper), while the PPI

dataset is closer to a clustered graph with 14.3 edges per node [172, 71, 112].

As noted in [203], umbral cones appear to be better for strict hierarchies, while

penumbral cones capture more complicated relationships such as those in the

PPI dataset.

The adaptive inputs method regularizes models by reducing d for rare

words. We expect rarer words to be closer to the leaves of a word hierarchy,

so the adaptive inputs method also acts as a hierarchical prior on the data [192].

We use adaptive inputs to test cone attention when combined with other hier-

archical priors. Penumbral attention outperforms dot product attention with or

without adaptive inputs, but the gap between the two methods is larger with-

out adaptive inputs. On the other hand, umbral attention performs worse than

dot product attention and penumbral attention on the WikiText103 task, with

or without adaptive inputs. Since umbral cones are not geodesically convex,

which means that the shortest path between two points in a cone may not nec-

essarily lie entirely in that cone, we suspect that convexity is important for the

WikiText-103 language modeling task. In the DiT model, patches are taken at

the latent space-level, which we suspect gives less hierarchical information than

when patches are taken from an input image [131]. Here, cone attention still out-

performs dot product attention, but to a lesser degree. This mirrors our expec-

tation that the DiT model does not benefit as much from hierarchical attention,

and verifies that in such cases, using cone attention does not hurt performance.

Interestingly, umbral cones slightly outperform penumbral cones in the DiT-B/4

task, which may be a result of patches being over the latent space, and not the

input image.
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Table 2.7: Comparison of various mappings from Euclidean space to hyperbolic
models for the NMT IWSLT task (BLEU scores, higher is better). The exponen-
tial map generally performs worse than ψ and the pseudopolar map. While
ψ also performs worse than the psuedopolar map, table 2.6 indicates that the
pseudopolar map is less numerically stable than ψ.

Method ExpO(v)→ Hd ξ → Hd ψ→ Hd Pseudopolar→ Hyperboloid

Penumbral 35.12 35.56 - -
Umbral 34.63 - 35.07 -
dH 30.59 - 32.54 33.80

Effect of Mapping Functions

Table 2.7 compares how ψ and ξ compare to the exponential map and psueod-

polar map (section 2.4.2) on the NMT IWSLT task. Here, we use the expo-

nential map at the origin of Hd, O = (0, 0, ..., 1). To compare ExpO(v) to ψ,

we first take ExpO(v) and then project the point onto the boundary of L if

ExpO(v) is in L. In the infinite penumbral setting, this corresponds to taking

ExpO(v)d = min(ExpO(v)d, h). ψ and ξ generally perform much better than taking

the exponential map at the origin O, which suggests that ψ and ξ have better

optimization properties. For dH attention, Gulcehre et al.’s pseudopolar map

slightly outperforms ξ. However, table 2.6 indicates that outside of this specific

task, using the psuedopolar map and Hyperboloid is less numerically stable.

Attention Efficiency and Model Size

Figure 2.19 shows the performance of cone attention vs. dot product attention at

low token (q, k) embedding dimensions (d from before) on the NMT IWSLT task.

Both umbral and penumbral attention are able to achieve significantly better

performance than dot product attention in this regime, matching dot product
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Dimension

B
LE

U

30

32

34

36

3 (30.2M params) 4 (30.3M) 6 (30.5M) 8 (30.6M) 12 (30.9M) 16 (31.2M)

Dot Product Umbral Penumbral Dot Product d=128 (39.5M) Umbral d=128 (39.5M) Penumbral d=128 (39.5M)

Performance at Low q, k Dimensions for NMT IWSLT

Figure 2.19: Performance of cone and dot product attention at low dimensions
on NMT IWSLT. The base architecture uses 128 dimensions, and cone attention
is able to match dot product attention with only 16 dimensions. For this model,
this allows us to use 21% fewer parameters to reach performance parity, indi-
cating that cone attention more efficiently captures hierarchical information.

Table 2.8: Performance of DeiT-Ti at 64 (default) and 16 dimensions, 300 epochs.

Method d = 64 d = 16

Dot Product 72.05 / 91.17 71.29 / 90.54
Penumbral 72.67 / 91.12 72.25 / 91.20
Umbral 73.14 / 91.82 71.67 / 90.71

attention at d = 128 with only d = 16. For this model, using 16 dimensions

reduces the number of parameters from 39.5M to 31.2M. Table 2.8 shows the

performance of DeiT-Ti at d = 16. Here, penumbral attention at d = 16 is able to

outperform dot product attention at d = 64, again indicating that cone attention

is able to more efficiently capture hierarchies.

Sensitivity to Initialization

Hyperbolic embeddings are known to be sensitive to initialization [60, 203]. To

test cone attention’s sensitivity to initialization, we trained 5 seeds for the IWSLT

De2En task for cone attention and dot product attention. Dot product had an

68



Figure 2.20: Attention heatmaps from an attention head in a trained IWSLT
De2En translation model for the tokenized validation sequence “Und ich meine,
”Zieh sie aus! Mach dir keine gedanken, verstehst du.’, which translates to “I’m like,
”Get it off! Don’t worry about it, you know.” The cone attention heatmaps (left and
center) have a clear distinction between the two parts of the sequence separated
by “!”, whereas the dot product heatmap (right) does not have a clear separa-
tion.

average BLEU score of 34.59 and standard deviation 0.12, penumbral achieved

35.41 ± 0.14, and umbral achieved 35.03 ± 0.30. There was one outlier in the

umbral attention trials, and with the outlier removed umbral achieved 35.16 ±

0.09. The cone attention methods appear to have slightly higher variance than

dot product attention, but not significantly so.

Attention Heatmaps

A natural question arises about what cone attention methods actually learn.

Figure 2.20 shows heatmaps from an attention head in a trained IWSLT De2En

translation model. The heatmaps for penumbral and umbral attention show

clearer separation than the dot product attention heatmap. Furthermore, the

separation in the two cone attention methods happens at the exclamation mark,

a natural segmentation of the sequence into two parts. Intuitively, cone at-

tention can be seen as an attention method that satisfies certain “logical con-
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straints,” such as “if z ≺ y and y ≺ x, then z ≺ x,” which leads to relations

between attention scores. For example. if K(x, y) and K(y, z) are both high, then

K(x, z) should also be relatively high in cone attention. In dot product attention,

this is not guaranteed. If x = (1, 1, 0, 0), y = (10, 10, 10, 10), and z = (0, 0, 1, 1), then

⟨x, y⟩ = ⟨y, z⟩ = 20, but ⟨x, z⟩ = 0. We suspect this is a reason why cone atten-

tion methods show better separation than dot product attention, which can aid

performance.
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CHAPTER 3

ROBUST AND EFFICIENT NUMERICAL COMPUTATIONS

3.1 Background

In the second part of my research, I focused on the practical model deploy-

ment. Particularly the impact of numerical precision on model performance

and efficiency, within the realm of (low-precision) floating-point arithmetic – a

cornerstone of virtually all modern computing systems.

The advantages of hyperbolic space sketched in Section 2 do not come for

free. It’s surprising that the numerical error of floating-point representations

could drastically affect the performance of hyperbolic models, even with float32,

which typically performs well for Euclidean models. The large volumes that are

so beneficial from a embedding-capacity perspective create unavoidable numer-

ical problems. Informally called “the NaN problem” [199], representing hyper-

bolic space with ordinary floating-point numbers can cause significant errors

and lead to severe numerical instability that compounds throughout training,

causing NaNs to pop out everywhere in the computations. Common models

of hyperbolic space, such as the Poincaré ball model and the Lorentz hyper-

boloid model introduced in Section 1.2, all suffer from significant numerical

errors. These errors originate in the ordinary floating-point representation, and

are further amplified in subsequent computations by the very ill-conditioned

Riemannian metrics involved in their construction.

To address this when embedding a graph, one technical solution exploited

by [150] is to carefully scale down all the edge lengths by a factor before embed-
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ding, then recover the original distances afterwards by dividing by the factor.

However, this scaling increases the distortion of the embedding, and the distor-

tion gets worse as the scale factor increases. [147] show that this sort of tradeoff

is unavoidable when embedding in hyperbolic space: one can either choose

to increase the number of bits used for the floating-point numbers or increase

the dimension of the space, and this is independent of the underlying models.

However, increasing the dimension is not a panacea, as the ‘NaN’ problem still

exists in high dimensional space (albeit to a lesser degree).

Another straightforward solution to the ‘NaN’ problem would be to com-

pute with high precision floating-point numbers, such as BigFloats (specially

designed with a large quantity of bits), as adopted in the combinatorial con-

struction of hyperbolic embedings in [147], where floating-point numbers with

thousands of bits are used with the support of Julia [17]. However, there are two

evident problems with representing hyperbolic space using BigFloats. Firstly,

BigFloats are not supported on ML accelerator hardware like GPUs: compu-

tations using BigFloats on CPUs will be slow and hence not realistic for many

meaningful tasks. Secondly, BigFloats are currently not supported in most deep

learning frameworks even on CPUs, so one would need to develop the algo-

rithms from scratch so as to learn over hyperbolic space, which is tedious and

fraught with the danger of numerical mistakes.

The impact of numerical precision further extends beyond hyperbolic mod-

els. Recent success of large models using transformers backend has gathered

the attention of community for generative language modeling (GPT-4 [125],

LaMDA [163], LLaMa [166]), image generation (e.g., Dall-E [16]), speech gen-

eration (such as Meta voicebox, OpenAI jukebox [102, 53]), and multimodality
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(e.g. gemini [162]) motivating to further scale such models to larger size and

context lengths. However, scaling models is prohibited by the hardware mem-

ory and also incur immense compute cost in the distributed training, such as

∼1M GPU-hrs for LLaMA-65B [166], thus asking the question whether large

model training could be made efficient while maintaining the accuracy?

Previous works have attempted to reduce the memory consumption and

run models more efficiently by reducing precision of the parameter’s repre-

sentation, at training time [208, 96, 97, 133] and post-training inference time

[40, 141, 34]. The former one is directly relevant to our work using low-precision

storages at training time, but it suffers from issues such as numerical inaccura-

cies and narrow representation range. Researchers developed algorithms such

as loss-scaling and mixed-precision [115, 154] to overcome these issues. Exist-

ing algorithms still face challenges in terms of memory efficiency as they require

the presence of high-precision clones and computations in optimizations. One

critical limitation of all the aforementioned methods is that such methods keep

the “standard format” for floating-points during computations and lose infor-

mation with a reduced precision.
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3.2 Numerically Accurate Hyperbolic Embeddings Using

Tiling-Based Models

Overview

While methods proposed in Section 3.1 can greatly improve the accuracy of an

embedding empirically, they come with a computational cost, and the floating-

point error is still unbounded everywhere. As points move far away from the

origin, the error caused by using floating-point numbers to represent them will

be unbounded. Even if we try to compensate for this effect by using BigFloats,

no matter how many bits we use, there will always be numerical issues for

points sufficiently far away from the origin. No amount of BigFloat precision is

sufficient to accurately represent points everywhere in hyperbolic space.

To address this problem, it is desirable to have a way of representing points

in hyperbolic space that: (1) can represent any point in the space with small

fixed bounded error; (2) supports standard geometric computations, such as

hyperbolic distances, with small numerical error; and (3) avoids potentially ex-

pensive BigFloat arithmetic.

One solution is to avoid floating-point arithmetic and do as much compu-

tation as possible with integer arithmetic, which introduces no error. To gain

intuition, imagine solving the same problem in the more familiar setting of the

Euclidean plane. A simple way to construct a constant-error representation is

by using the integer-lattice square tiling (or tessellation) [38] of the Euclidean

plane. With this, we can represent any point in the plane by (1) storing the co-

ordinates of the square where the point is located as integers and (2) storing the
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coordinates of the point within that square as floating point numbers. In this

way, the worst-case representation error (3.2.1) will only be proportional to the

machine epsilon of the floating-point format—but not the distance of the point

from the origin.

We propose to do the same thing in the hyperbolic space: we call this a tiling-

based model. Given some tiling of hyperbolic space, we can represent a point in

hyperbolic space as a pair of (1) the tile it is on and (2) its position within the

tile represented with floating point coordinates. In this paper, we show how we

can do this, and we make the following contributions:

• We identify tiling-based models for both the hyperbolic plane and for

higher-dimensional hyperbolic space in various dimensions. We prove

that the representation error (3.2.1) is bounded by a fixed value, further,

the error of computing distances and gradients are independent of how

far the points are from the origin.

• We show how to compute efficiently over tiling-based models, and we of-

fer algorithms to compress and learn embeddings for real-world datasets.

3.2.1 A Tiling-Based Model for Hyperbolic Plane

We first show explicitly that the standard models of hyperbolic space exhibit

unbounded numerical error as the hyperbolic distance from the origin increases.

Definition 3.2.1. [Representation error] We are concerned with representing points

in hyperbolic space Hn using floating-points fl. Define the representation error of a

particular point x ∈ Hn as δfl(x) = dHn(x,fl(x)), and the worst case representation
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error of floating-points representation as a function of the distance-to-origin d, which

is the maximum representation error of any point with a distance-to-origin at most d,

δd
fl = max

x∈Hn, dHn (x,O)≤d
δfl(x).

Theorem 3.2.1. The worst-case representation error (Definition 3.2.1) in the Lorentz

model using floating-point arithmetic (with machine epsilon ϵm) is δd
l = arcosh(1 +

ϵm(2 cosh2(d) − 1)), where d is the hyperbolic distance to origin. This becomes δd
l =

2d + log(ϵm) + o(ϵ−1
m exp(−2d)) if d = O(− log ϵm).

Herein, we will describe a tiling-based model that avoids this problem. Our

model is constructed on top of the Lorentz model for the two-dimensional hy-

perbolic plane H2.

In hyperbolic geometry, a uniform tiling [38, 45, 158] is an edge-to-edge fill-

ing of the hyperbolic plane which has regular congruent polygons as faces and

is vertex-transitive (there is an isometry mapping any vertex onto any other)

[137]. Any tiling is associated with a discrete group G of orientation-preserving

isometries of H2 that preserve the tiling [204, 94]; discrete subgroups of isome-

tries of H2 (like G) are called Fuchsian groups [90, 15, 176]. Importantly, not only

does the tiling determine G, but G also determines the shape of the tiling. One

way to see this is to consider the images of a single point in H2 under the group

action G (called an orbit of the action). Then the Voronoi diagram associated

with the orbit (which partitions each point in H2 into tiles based on which point

in the orbit it is closest to) will be a regular tiling of H2. This equivalence be-

tween tilings and groups means that we can reason about tilings by reasoning

about Fuchsian groups.

In the 2-dimensional Lorentz model, isometries can be represented as ma-
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trices operating on R3 that preserve the Lorentzian scalar product. That is, a

matrix A ∈ R3×3 is an isometry if AT glA = gl. If we have some discrete group of

isometries G, and we choose the tile which contains the origin to be the funda-

mental domain [176, 175] F, then we can start to define a tiling-based model on

top of the Lorentz model of the hyperbolic plane.

L-tiling model. Our first insight is to represent points in the hyperbolic plane

as a pair consisting of an element of the group and an element of the funda-

mental domain. The point represented by this pair is the result of the group

element applied to the fundamental domain element. For example, the ordered

pair (g, x) ∈ G × F would represent the point gx. The L-tiling model of the hy-

perbolic plane is defined as the Riemannian manifold (T n
l , glt), where glt = gl

and

T n
l = {(g, x) ∈ G × F : ⟨x, x⟩L = −1}, dlt((gx, x), (gy, y)) = arcosh

(
−xT gT

x glt gyy
)
.

Of course, this is useless unless we have a group G that we can store and

compute with easily. Our second insight is to construct a Fuchsian group that

can be represented with integers so that group operations can be computed

exactly and efficiently. The naive way to do this is to try the subgroup of

orientation-preserving isometries in R3×3 that have all-integer coordinates: un-

fortunately, this group (called the modular group) results in a tiling with un-

bounded fundamental domain, which makes it impossible to bound the repre-

sentation error, so it is not suitable for our purpose. Instead, we constructed a

special Fuchsian group to get a particularly useful L-tiling model of hyperbolic

plane.
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Figure 3.1: The regular quadrilateral
tiling of hyperbolic space produced
by the group G on the Poincaré disk.

Algorithm 2 Map Lorentz model to L-
tiling model

Require: x ∈ L2

initialize R← I
while x < F do

if x2 ≤ −|x3| then S ← g−1
a

else if x2 ≥ |x3| then S ← g−1
b

else if x3 < −|x2|| then S ← gb

else if x3 > |x2| then S ← ga

(R, x)← (R · S , L · S −1 · L−1 · x)

x1 =

√
x2

2 + x2
3 + 1 ▷ renormalize x

end while
Output (R, x)

Definition 3.2.2. Let ga and gb ∈ Z
3×3 and L ∈ R3×3 be defined as

ga =


2 1 0

0 0 −1

3 2 0

 , gb =


2 −1 0

0 0 −1

−3 2 0

 , and L =


√

3 0 0

0 1 0

0 0 1

 .
Define G to be the fuchsian group generated by L · ga · L−1 and L · gb · L−1. It is straight-

forward to verify that (L · ga · L−1)T gl(L · ga · L−1) = (L · gb · L−1)T gl(L · gb · L−1) = gl.

Note that g6
a = g6

b = (gagb)3 = I, and so this group has presentation

G = L · ⟨ga, gb|g6
a = g6

b = (gagb)3 = 1⟩ · L−1.

Importantly, any element of G can be represented in the form g = LZL−1

where Z ∈ Z3×3 is an all-integers matrix. For this reason, we can store elements

of G and take group products and inverses using only integer arithmetic. This

property makes G of particular interest for use with an L-tiling model. But be-

fore we can construct an L-tiling model for this group, we need to choose an

appropriate fundamental domain.

Theorem 3.2.2. F = {(x1, x2, x3) ∈ L2|max(2x2
2 − x2

3, 2x2
3 − x2

2) < 1} is a fundamental
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domain of G. Any point in L2 can be mapped by G to one unique point in F or to a

point on its boundary.

Figure 3.1 illustrates the tiling generated by group G and F centered at the

origin in the Poincaré disk model. Now that we have a group and a fundamental

domain, we can start computing with our new L-tiling model. The first step is

to build a relationship between standard hyperbolic models and the L-tiling

model, i.e., convert points into the L-tiling model from other models: to this

end, we offer a “normalization” procedure (Algorithm 2), which transforms the

Lorentz model to the L-tiling model. The convergence and complexity of this

algorithm are characterized in Theorem 3.2.3.

Theorem 3.2.3. For any point in the Lorentz model, Algorithm 2 converges and stops

within 1 + 7d steps, where d = d(x,O) denotes the distance from x to the origin.

Representing points. For a point (g, x) in the L-tiling model, where g ∈ G,

x ∈ F, we represent this point with (g,fl(x)). Here g is exact because it is repre-

sented by the related integer matrix, while fl denotes float arithmetic with error

bounded by some machine epsilon ϵm. This floating point arithmetic introduces

some representation error, which we can bound as follows:

dlt((g, x), (g,fl(x))) = arcosh(−xT gT gltgfl(x)) = arcosh(−xT gltfl(x))

Since x ∈ F, which is bounded as shown in Theorem 3.2.2, this approxima-

tion error can also be bounded (Theorem 3.2.4). In comparison, for the Lorentz

model, the worst case error (Theorem 3.2.1) is unbounded.

Theorem 3.2.4. The representation error (Definition 3.2.1) in L-tiling model is

bounded as δd
lt ≤
√

5ϵm + 15ϵm/4 + o(ϵm), where ϵm is the machine error.
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By convention, for (g, x) in the L-tiling model, where g ∈ G, x ∈ F, firstly we

will usually denote g using its related integer matrix ĝ = L−1gL; Secondly for the

point x ∈ F, even though x is part of the Lorentz model and lies in 3-dimensional

space, in fact only two coordinates suffice to determine its position. For simplic-

ity, we define a biejective function h(x2, x3) = (
√

1 + x2
2 + x2

3, x2, x3) which maps

R2 to the hyperboloid model (this is sometimes called the Gans model [61]). In

this way, we can represent (g, x) ∈ T 2
lt as (ĝ, h−1(x)). We can then store the integer

matrix and floating-point coordinates h−1(x) ∈ R2. In future sections, we assume

we will use this integer matrix and two-coordinate representation rather than

(g, x) unless otherwise specified.

3.2.2 Learning in the L-tiling Model

In this section, we provide an efficient and precise way to compute distances

and gradients accordingly in the L-tiling model, with which we can construct

learning algorithms to train and derive embeddings. We also present error

bounds for these computations, which avoid the “Nan” problem.

Distance and Gradient. For two points (U, u), (V, v) in the L-tiling model, the

formula to compute distance is

d((U, u), (V, v)) = arcosh (h(u)T L−T QL−1h(v))

where Q = −UT LT gltLV can be computed exactly with integer arithmetic. A

potential difficulty here is that the entries in Q can be very large (possibly even

larger than can be represented in floating-point). To solve this, observe that Q11

has the largest absolute value in the matrix (B.1.2). So we define and compute
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Q̂ = Q/Q11, which is guaranteed to not overflow the floating-point format, since

all the entries of Q̂ are in [−1, 1]. Let dc = h(u)T L−T Q̂L−1h(v), this reduces our

distance to

d((U, u), (V, v)) = arcosh(Q11 · dc) = log(Q11) + log
(
dc +

√
d2

c − Q−2
11

)

Algorithm 3 RSGD in the L-tiling
model
Require: Objective function f , fuch-

sian group G with fundamental do-
main F, exponential map expβt

(v) =
cosh (∥v∥L)βt + sinh (∥v∥L) v

∥v∥L
, where

∥v∥L =
√
⟨v, v⟩L.

Require: (βt,Ut) ∈ F ×G, Epochs T , and
learning rate η
for t = 0 to T − 1 do

lt ⇐ g−1
βt
∇βt f (LUtL−1βt) ▷ Rieman-

nian
grad f ⇐ lt+ ⟨βt, lt⟩Lβt ▷ Projection

βt+1 ⇐ expβt
(−η grad f ) ▷ Update

if βt+1 < F then
W⇐ arg min

W∈G
d(LW−1L−1βt+1,O)

Ut+1 ⇐ Ut · W ▷ Normalize if
βt+1 < F
βt+1 ⇐ LW−1L−1βt+1

else
Ut+1 ⇐ Ut

end if
end for
Output (βt+1,Ut+1)

Note that (assuming that we can

compute log(Q11) without overflow)

this expression can be computed in

floating-point without any overflow,

since all the numbers involved are

well within range. The corresponding

formula for the gradient can also be

derived as

∇ud((U, u), (V, v)) =
∇h(u)T L−T Q̂L−1h(v)√

d2
c − Q−2

11

,

where

∇h(u) =

 u√
1 + ∥u∥2

, I


Again, this avoids any possibility

of overflow. We provide the error of

computing distance (Theorem B.1.3)

and gradient (Theorem B.1.4) in L-

tiling model together with that in Lorentz model in Appendix. By computing

with integer arithmetic, the error will be independent of how far the points are

from the origin, which guarantees that it avoids the “NaN” problem. Since we
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can compute distances and derivatives, we can use all the standard gradient-

based optimization algorithms. In Algorithm 3 we present the most powerful

one, RSGD, adapted for use with the L-tiling model.

3.2.3 Extension to Higher Dimensional Space

Extending the L-tiling model to higher dimension seems simple: just find a co-

compact (to ensure a bounded fundamental domain) discrete subgroup of the

higher-dimensional space’s isometry group. Such a group would induce a hon-

eycomb, a higher-dimensional analog of a regular tiling of the hyperbolic plane.

Unfortunately, a classic result by [41] says this is impossible in general: there are

no such regular honeycombs in six or more dimensions.

In order to derive a high dimensional tiling-based model which may be nec-

essary for complicated datasets, we consider two possibilities.

• Take the Cartesian product of multiple copies of the L-tiling model in the hy-

perbolic plane. The use of multiple copies of models in the hyperbolic plane

was previously proposed in [66].

• Construct honeycombs and tilings from a set of isometries that is not a group.

Practically we can embed data into products of H2s as we do in section 3.2.4,

however, the first possibility (tilings over H2 × H2 × · · ·H2) is something fun-

damentally different from tiling a single high dimensional hyperbolic space

(tilings over Hn), which we aims to do in this section. Fortunately for the second

possibility, in half-space model, we find that horizontal translation and homo-

theties are hyperbolic isometries, which can produce the (infinite) square tiling
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(0,1)

Datasets Nodes Edges

Bio-yeast[144] 1458 1948
WordNet[57] 74374 75834↰

Nouns 82115 769130↰

Verbs 13542 35079↰

Mammals 1181 6541
Gr-QC[104] 4158 13422

Figure 3.2: (Left) The infinite square tiling of hyperbolic space on the half-plane
model; (Right) Dataset statistics.

illustrated in Figure 3.2 (Left) [6, 25]. It consists of the image of the unit square

S , with vertical and horizontal sides and whose lower left corner is at (0, ..., 0, 1),

under the maps

p→ 2 j(p + k), ( j, k) ∈ Z × (Zn−1 × {0}).

Here each square is isometric to every other square, and the unit square S

takes on the role of the fundamental domain in Theorem 3.2.2. With these maps,

we can define a tiling-based model on top of the half-space model as follows.

H-tiling model. The H-tiling model of the hyperbolic space is defined as the

Riemannian manifold (T n
h , ght), where

T n
h = {( j, k, x) ∈ Z × (Zn−1 × {0}) × S }, ght( j, k, x) =

ge

(2 jxn)2

The associated distance function on T n
h is then given as

d(( j1, k1, x), ( j2, k2, y)) = arcosh
(
1 +
∥2 j1z1 − 2 j2z2 + 2 j1k1 − 2 j2k2)∥2

2 j1+ j2+1z1nz2n

)
.

Similarly, we derive the representation error for this model, which is

bounded by a constant depending on the machine epsilon as shown in Theo-

rem 3.2.5.
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Theorem 3.2.5. The representation error (Definition 3.2.1) in H-tiling model is

bounded as δd
ht =

√
(n + 3)ϵm/2 + (n + 3)ϵm/4 + o(ϵm), where ϵm is the machine error.

We can compute distances and gradients in a numerically accurate way, and

run RSGD algorithm on this model for optimization, just as we could in the

L-tiling model. For lack of space, we defer that discussion and more learning

details of sections 3.2.2 and 3.2.3 to B.1.1. Also note that we are not tied to the

half-space model here: while the half-space model gives a convenient way to

describe the set of transformations we are using, we could use the same trans-

formations with any underlying model we choose by adding an appropriate

conversion.

3.2.4 Experiments

Compressing embeddings. We consider storing 2-dimensional embeddings

using the L-tiling model for compression: storage using few bits. While storing

the integer matrices exactly is convenient for computation, it does tend to take

up a lot of extra memory (especially when BigInts are needed to store the integer

values in the matrix). This motivates us to look for alternative storage methods.

To store the matrix g, we prorpose and evaluate the following methods:

• Matrix: store all 9 integers in the matrix g as Int or BigInt.

• Entries: store just g21, g31 as Int or BigInt, which we can show is sufficient

to reconstruct the whole matrix (Theorem B.1.1 in Appendix B.1.3).

• Order: store the generator order with respect to ga, gb as a string.

• VBW: store the generator order with respect to ga, gb using a variable bit-

width encoding. We use binary code 10 to represent g1
a and g1

b, 001 to
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Hyperbolic Error-Bits

bits per node

lo
g(

M
S

H
E

)

L-tiling
Lorentz
Poincare

Models size (MB) bzip (MB)

Poincaré(16512B) 372 119

Poincaré(12688B) 287 81
Lorentz(11898B) 396 171

Matrix (VLQ) 600 (286) 260 (251)
Entries (VLQ) 132 (63) 57 (55)
Order 111 8.52
VBW 33.1 6.07

f32-FD 6.2 1.96
f16-FD 4.25 1.07

Figure 3.3: (Left) Hyperbolic error for WordNet Nouns; (Right) Compression statistics
for WordNet under the same MSHE, first block contains the size of original poincare
embedding, second block contains the size of compressed baseline models, third block
contains the size of matrix part in the L-tiling model (size of compressed integers using
VLQ is also reported), the last block contains size of float points (f32 or f16) in the
fundamental domain (FD) of L-tiling model.

represent g2
a and g2

b, 010 to represent g3
a and g3

b, 011 to represent g4
a and

g4
b, 11 to represent g5

a and g5
b, and 000 to represent the end of the string.

This encoding disambiguates the generators by taking advantage of the

fact that powers of ga and gb must alternate to appear.

The generator order and corresponding VBW encoding of a given matrix can

be derived using Algorithm 2 as shown in Lemma B.1.1. Additionally, for Int

or BigInt, we can use variable length quantity (VLQ) to compress [148]. To test

our compression methods, we use combinatorial construction [147] to derive 2-

dimensional Poincaré disk embeddings for WordNet (Tree-like) and Bio-yeast

datasets (Figure 3.2 Right Table), then we transform embeddings and compress

them. We calculate the mean squared hyperbolic error (MSHE) with respect to

the original embedding to show the error of compression.

For Bio-yeast, we evaluate different compressions using MSHE and mean

average precision (MAP). As shown in Table 3.1, representation and compres-
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Table 3.1: Compression error of Bio-yeast

Models MSHE MAP

Poincaré(8128B) 0.00 0.873
Poincaré(6360B) 4.84e-17 0.873
Poincaré(1832B) 1.01e+03 0.310

L-tiling-f64(1832B) 9.76e-17 0.873
L-tiling-f32(1768B) 5.12e-08 0.873
L-tiling-f16(1736B) 4.30e-05 0.873
L-tiling-f0(1704B) 5.90e-01 0.873

Table 3.2: Embedding performances of
Mammals

Models MAP MR

Poincaré 0.805±0.011 2.22±0.10
Lorentz 0.855±0.013 1.89±0.13

L-tiling-SGD 0.892±0.031 2.14±0.70
L-tiling-RSGD 0.9300.9300.930±0.005 1.491.491.49±0.09
H-tiling-RSGD 0.923±0.016 1.56±0.20

sion in the L-tiling model (with different floating number for points in the fun-

damental domain) does not hurt MAP performance, while the compression of

the Poincaré embedding to the same size hurts MAP severely. For WordNet, we

plot the scatter of the relationship between log(MSHE) and bits to store per node

in Figure 3.3 (Left). Under the same MSHE, the L-tiling model requires approxi-

mately 2/3 less bits per node compared to that of Lorentz and Poincaré models.

We measure the size of different models under the same MSHE in Figure 3.3

(Right). The L-tiling model can represent the hyperbolic embedding with only

(6.07+1.07) MB, which is 2% of the original 372 MB, while it will cost at least 81

MB for any reasonably accurate baseline model.

Learning embeddings. As we have shown, our tiling-based models represent

hyperbolic space accurately, and so they can be used for learning embeddings

with generic objective functions. However, since we analyzed hyperbolic dis-

tance and gradient computation error in this paper, we evaluate our learning

methods empirically on objective functions that depend on distances. As pro-

posed in [122], to consider the ability to embed data that exhibits a clear latent

hierarchical structure, we conduct reconstruction experiments on the transitive

closure of the Gr-QC, WordNet Nouns, Verbs and Mammals hierarchy as sum-
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marized in Table 3.2. We firstly embed the data and then reconstruct it from

the embedding to evaluate the representation capacity of the embedding. Let

D = {(u, v)} be the set of observed relations between objects. We aim to learn

embeddings ofD such that related objects are close in the embedding space. To

do this, we minimize the loss [122]

L(Θ) =
∑

(u,v)∈D

log
e−d(u,v)∑

v′∈N(u) e−d(u,v′) , (3.1)

whereN(u) = {v | (u, v) < D} ∪ {u} is the set of negative examples for u (including

u). We randomly sample |N(u)| = 50 negative examples per positive example

during training.

We consider the L-tiling models trained with RSGD and SGD, H-tiling mod-

els trained with RSGD and the Cartesian product of multiple copies of 2-

dimensional L-tiling models (proposed in [66]). The Poincaré ball model [122]

and Lorentz model [123] were included as baselines. All models were trained in

float64 for 1000 epochs with the same hyper-parameters. To evaluate the quality

of the embeddings, we make use of the standard graph embedding metrics in

[20, 121]. For an observed relationship (u, v), we rank the distance d(u, v) among

the set {d(u, v′)|(u, v′) ∈ D)}, then we evaluate the ranking on all objects in the

dataset and record the mean rank (MR) as well as the mean average precision

(MAP) of the ranking.

We start by evaluating all 2-dimensional embeddings on the Mammals

dataset. As shown in Table 3.2, all tiling-based models outperform baseline

models: the performances of L-tiling model and H-tiling model with RSGD are

nearly the same. In particular, the L-tiling model achieves a 8.8% MAP improve-

ment on Mammals compared to Lorentz model.

Embedding experiments on other three large datasets are presented in Ta-
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DIMENSION MODELS
WORDNET NOUNS WORDNET VERBS GR-QC

MAP MR MAP MR MAP MR

2

POINCARÉ 0.124±0.001 68.75±0.26 0.537±0.005 4.74±0.17 0.561± 0.004 67.91±1.14
LORENTZ 0.382±0.004 17.80±0.55 0.7500.7500.750±0.004 2.11±0.06 0.563±0.003 68.40±1.20
H-TILING-RSGD 0.390±0.002 17.18±0.52 0.747±0.003 2.10±0.05 0.560±0.004 66.17±1.05
L-TILING-SGD 0.341±0.001 20.27±0.39 0.696±0.003 2.33±0.07 0.5740.5740.574±0.005 63.0463.0463.04±1.97
L-TILING-RSGD 0.4130.4130.413±0.007 15.2615.2615.26±0.57 0.746±0.004 2.072.072.07±0.03 0.564± 0.002 63.88±1.47

4 2×LORENTZ 0.460±0.001 10.12±0.03 0.8730.8730.873±0.001 1.31±0.01 0.7180.7180.718±0.003 11.59±0.32
2×L-TILING-RSGD 0.4640.4640.464±0.002 9.999.999.99±0.09 0.871±0.004 1.33±0.01 0.716±0.005 10.8810.8810.88±0.42

5
POINCARÉ 0.848±0.001 4.16±0.04 0.948±0.001 1.19±0.01 0.714±0.000 34.60±0.52
LORENTZ 0.865±0.005 3.703.703.70±0.12 0.947±0.001 1.161.161.16±0.00 0.7150.7150.715±0.003 33.51± 1.04
H-TILING-RSGD 0.8690.8690.869±0.001 3.703.703.70±0.06 0.9490.9490.949±0.001 1.161.161.16±0.01 0.714±0.002 33.4633.4633.46±0.66

10
POINCARÉ 0.876±0.001 3.47±0.02 0.953±0.002 1.16±0.01 0.729±0.000 29.51±0.21
LORENTZ 0.865±0.004 3.36±0.04 0.948±0.001 1.15±0.00 0.724±0.001 29.34±0.23
H-TILING-RSGD 0.8880.8880.888±0.004 3.223.223.22±0.02 0.954±0.002 1.15±0.00 0.729±0.001 27.75±0.39
5×LORENTZ 0.672±0.000 4.42±0.00 0.958±0.003 1.07±0.01 0.944±0.007 3.06±0.03
5×L-TILING-RSGD 0.674±0.000 4.41±0.00 0.9610.9610.961±0.002 1.061.061.06±0.00 0.9530.9530.953±0.002 3.033.033.03±0.01

Table 3.3: Embedding experiments on different datasets. Results are averaged
over 5 runs and reported in mean+std style.

ble 3.3. These results show that tiling-based models generally perform better

than baseline models in various dimensions. We found three observations par-

ticularly interesting here. First, the group-based tiling model (L-tiling) performs

better than the non-group tiling model (H-tiling) in two dimensions. Second,

tiling-based models perform particularly better than baseline models for the

largest WordNet Nouns dataset, which further validates that numerical issue

happens for standard models when the embeddings are far from the origin and

affects the embedding performances. Third, the Cartesian product of multiple

copies of 2-dimensional L-tiling models performs even better than high dimen-

sional models when the datasets are not too large and complex such as WordNet

Verbs and Gr-QC, especially for the dense graph Gr-QC.

More experiment details are provided in B.1.1. We release our compression

code1 in Julia and learning code2 in PyTorch publicly for reproducibility.

1https://github.com/ydtydr/HyperbolicTiling_Compression
2https://github.com/ydtydr/HyperbolicTiling_Learning
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3.3 Representing Hyperbolic Space Accurately using Multi-

Component Floats (MCF)

Overview

The tiling-based hyperbolic model in Section 3.2 allows for a guaranteed bound

on the numerical error of learning in hyperbolic space. However, their approach

is limited somewhat in that its guarantees apply to loss functions that depend

only the hyperbolic distance between points. A bigger issue with this type of

approach is computational: the big-integer matrix multiplication involved in

the model is not supported on GPUs and is not yet implemented in many deep

learning frameworks such as PyTorch [128] and TensorFlow [1]. This effectively

prevents the method from being used in training of complex models that de-

pend on GPU acceleration, such as hyperbolic neural networks [60, 67, 28, 106].

In this work, we propose a simple, feasible-on-GPUs, and easy-to-

understand solution for general numerically accurate float computations. We

use multi-component floating-point (MCF) [138, 139, 77, 152] to represent exact

numbers as the unevaluated sum of multiple ordinary (low-precision) floats.

MCF allows roundoff error to occur when performing exact arithmetic, then ac-

counts for it afterwards by adding more components (in the same precision).

We make the following contributions:

• We propose representing hyperbolic space with the Poincaré upper-half

space model for optimization, and show how to represent it with MCF to

eliminate the ‘NaN’ problem.
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• We provide algorithms for computing with these MCF that are adapted to

hyperbolic space, where we prove numerical errors can be reduced to any

degree by simply increasing the number of components of the MCF.

• We experimentally measure our model on embedding tasks across several

datasets, and show that one can gain more learning capacity (compared to

models that use ordinary floating-point numbers) with only a mild com-

putational slowdown on GPUs, meanwhile significantly faster than prior

high precision hyperbolic models.

3.3.1 Computing with MCF

Numerical error analysis. Section 3.2 shows that in the Lorentz hyperboloid

model of the hyperbolic space, the error of representing an exact point x with

ordinary floating-point fl(x) is unbounded and proportional to the distance to

the origin d(x,O). Here, as a baseline to compare our MCF methods to, we show

that the same sort of representation error d(x,fl(x)) happens when represent-

ing points in the Poincaré upper-half space model with ordinary floating-point

numbers.

Theorem 3.3.1. The representation error of storing a particular point x ∈ Un using

floating-points fl is δfl(x) = du(x,fl(x)), and the worst case representation error

defined as a function of the distance-to-origin d in the Poincaré upper-half space model

is

δd := max
x∈Un,du(x,O)≤d

δfl(x) = arcosh(1 + ϵ2
machine cosh2(d)).

where ϵmachine is the machine epsilon of the underlying floating-point arithmetic. This

becomes δd = 2ϵmachine + o(ϵmachine) if d < log(1/ϵmachine) and δd = 2d + 2 log(ϵmachine) +
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o(ϵ−1
machine exp(−2d)) if d ≥ log(1/ϵmachine).

We plot the averaged representation error and the ‘NaN’ problem practically

in Figure 3.4, the distance error d(x,fl(x)) when x is represented as fl(x) using

floating-point. The error explodes at at distance of around 55 from the origin,

which will then potentially cause NaNs in subsequent computations.

Optimizing x in the Poincaré upper-half space model will typically push

x away from the origin, with xi, i , n being large floating-point numbers and

xn being floating-point numbers close to 0. Hence, the subtraction of two big

floating-point numbers in ∥x − y∥2 of the distance calculation leads to catas-

trophic cancellation and accounts for a large part of the numerical errors. We

can localize this part of the numerical errors easily in simple subtractions in the

Poincaré upper-half space model. (For comparison, in the Lorentz model Sec-

tion 2.1, the multiplication in Lorentzian scalar product accounts for the major

numerical errors in distance computations.)

We can derive a y′ using ordinary floating-point arithmetic and compute the

distance error between the exact y and y′. In Figure 3.5, we show how this error
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Table 3.4: Overview of MCF algorithms.

Operation Function Example Usage

Two-Sum sum of two floats most MCF algorithms
Grow-Expansion add a float to an expansion RSGD, update parameters
Add-Expansion sum of two expansions distance calculation
Scale-Expansion multiply a float to an expansion gradient calculation, RSGD
Renormalize reduce # components of an expansion RSGD, reduce # components

Algorithm 4 Two-Sum

Input: p-bit floats a, b, where p ≥ 3
x← fl(a + b)
bvirtual ← fl(x − a)
avirtual ← fl(x − bvirtual)
broundoff ← fl(b − bvirtual)
aroundoff ← fl(a − avirtual)
y← fl(aroundoff + broundoff)

Return: (x, y)

Algorithm 5 Grow-Expansion

Input: m p-bits expansion e, p-bit
float b
initialize Q0 ← b
for i = 1 to m do

(Qi, hi)← Two-Sum(Qi−1, ei)
end for
hm+1 ← Qm

Return: h

du(y, y′) varies as the starting point x gradually moves away from the origin.

At a distance of around 60, the halfspace RSGD algorithm will be numerically

unstable with numerical errors large enough to cause NaNs.

Hence, we propose to use multiple-component floating-point numbers in the

Poincaré upper-half space model to avoid the numerical errors in addition and

subtraction. We provide some basic numerical operations for computing with

multiple-component floating-point numbers. To start with, we consider the sum

of two p-bit floating-point numbers to form a non-overlapping expansion.

Theorem 3.3.2. [93, 152]. For floating point numbers a, b, Alg. 4 produces a non-

overlapping expansion (x, y) such that a + b = x + y, where x is an approximation to

a + b and y is the roundoff error. Particularly, when exact rounding is adopted, the

roundoff error y is bounded as

|y| ≤
1
2

ulp(fl(a + b)), |y| ≤ min(|a|, |b|).
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where ulp(x) is the unit of the least precision of x.

Algorithm 6 Renormalize [139]
Input: (m+ 1)-components expansion
(a0, a1, · · · , am) in decreasing order.
initialize s← am, k ← 0
for i = m to 1 do

(s, ti)← Two-Sum(ai−1, s)
end for
for i = 1 to m do

(s, e)← Two-Sum(s, ti)
if e , 0 then

bk ← s
s← e
k ← k + 1

end if
end for
Return: (b0, b1, · · · , bm−1)

This theoretical bound on the

roundoff error y serves an important

role in computations involving Alg. 4

(most MCF algorithms). Now we can

derive an expansion by adding two p-

bit floating-point values with this al-

gorithm, next, we need to add a sin-

gle floating-point number to an ex-

pansion. Alg. 5 shows how to add a

single p-bit value to any arbitrary pre-

cision value expressed as an expan-

sion.

Theorem 3.3.3. [152] Let e =
∑m

i=1 ei be a non-overlapping m p(≥ 3)-bit components

expansion, sorted in increasing order, except that any of the ei may be zero. Let b be a

p(≥ 3)-bit value, then Alg. 5 produces a non-overlapping m + 1 cmponents expansion

h =
∑m+1

i=1 hi = e + b, where the components are also in increasing order, except that any

of them may be zero. Notably, Qi in Alg. 5 can serve as an approximate sum of b and

the first i components of e.

As a result of Alg. 5, addition of a value to an m-components expansion will

grow the expansion and outputs an expansion with m+1 components. However,

if there are no constraints on the number of components, then different values

will be highly irregular and vary a lot, which will slow down the computations

and make the algorithms much more complicated. Hence, in our implemen-

tation, rather to grow the number of components without any constraints, we
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would like to fix the number of components for all expansions we may use.

With Alg. 6, we can renormalize an m + 1 expansion back to an m components

expansion.

[139] proves that if the input expansion of Alg. 6 does not overlap by more

than 51 bits, then the algorithm works correctly. This condition holds when or-

dinary floating-point numbers are used. Table 3.4 summarizes MCF algorithms

used in this paper, some of them detailed in the Appendix. Note that firstly

these MCF algorithms can be easily vectorized to apply on high dimensional

vectors, secondly, they are linear in the number of components (quadratic for

Scale-Expansion) and dimension, hence enjoy a great speedup.

3.3.2 Learning using MCF

We solve the ‘NaN’ problem in the Poincaré upper-half space model using

multiple-component floating-point arithmetic in the addition & subtraction

computations. We only need to use m-multiple-component floating-point num-

bers for the first n − 1 coordinates of the model, denoted as m-xMC-Halfspace.

We will mostly compute with MCF arithmetic (in Table 3.4) for the addition &

subtraction involved in the computations, and leave the rest of computations

to ordinary floating-point arithmetic. For example, we compute the distance

between x, y ∈ Un as:

du(x, y) = arcosh
(
1 +

Add-Expansion(x,−y)2
1

2xnyn

)
where we add two expansions x,−y to get the summed expansion and then

take the first, largest component as an approximation of the scalar ∥x − y∥. Fur-

ther more, in Appendix we show how to do RSGD using the multi-component
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floating-point numbers in the m-xMC-Halfspace model.

When we compute with the introduced multi-components floating-point

numbers in the model, we show theoretically the worse case numerical rep-

resentation error in Theorem 3.3.4.

Theorem 3.3.4. The worst case representation error of storing an exact point x ∈ Un

with m-multi-component floating-point expansion (x(m), · · · , x(2), x(1)) defined as a func-

tion of the distance-to-origin d is

δd = arcosh
(
1 + ϵ2

machine +
ϵ2m

machine(1 + ϵmachine)
22m cosh2(d)

)
,

where ϵmachine is the machine epsilon. This becomes δd=2ϵmachine+o(ϵmachine) if d<

m log(1/ϵmachine) and δd=2d+2m log(ϵmachine/2)+o(ϵ−2m
machine exp(−2d)) if d ≥ m log(1/ϵmachine).

Hence, there’s a region around the origin whose radius is proportional to the

number of components m, where we can be confident there are no numerical

issues. This is the scaling we’d expect, and is in line with the results from [147].

In Figure 3.4, we plot the averaged representation error d(x,MCF(x)) when x is

represented using 2-component floating-points. The error will not explode until

a distance of 125 from the origin simply by using 2 components, compared to

the distance of 55 for vanilla halfspace.

Particularly, we also show the numerical errors of the adapted RSGD algo-

rithm in the 2-xMC-Halfspace model in Figure 3.5, with way smaller error com-

pared to the increasing numerical errors in Poincaré upper-half space model

using ordinary floating numbers. Practitioners can choose the number of com-

ponents according to the desired precision requirements, yet many applications

would get full benefits from using merely a small multiple of (such as two or

three) components.
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Table 3.5: Dataset Statistics.

Datasets Nodes Edges

WordNet[57] 74374 75834↰

Nouns 82115 769130↰

Verbs 13542 35079↰

Mammals 1181 6541
Gr-QC[104] 4158 13422

Table 3.6: Embedding performances on Mammals

Model MAP MR

Halfspace 92.07%±1.01% 1.600±0.79
2-xMC-Halfspace 93.8593.8593.85%±0.57% 1.4301.4301.430±0.16

Lorentz 85.75%±2.30% 1.857±4.78
L-Tiling 91.49%±1.42% 1.645±1.28
H-Tiling 91.60%±1.60% 1.559±0.44

As a matter of fact, MCF can be more generally adopted in many opera-

tions, in all hyperbolic models and different generic loss functions for better

performance. Hence we also implement the model with all coordinates repre-

sented with MCF, denoted as m-MC-Halfspace. We defer the discussion of this

model to Appendix since it is more sophisticated by making use of the Scale-

Expansion algorithm.

3.3.3 Experiments

Firstly proposed in [122], hyperbolic embedding was used to embed data with

hierarchical structure such as taxonomies, producing results that outperform

Euclidean embeddings. Motivated by this, we conduct embedding experiments

on datasets including the Gr-Qc and commonly used WordNet Nouns, Verbs

and Mammals dataset whose statistics are shown in Table 3.5. We are inter-

ested in two aspects of the proposed MCF-based models in practice: firstly the

capacity of the models, and secondly the running speed of model training and

optimization.

Reconstruction. We focus on the tasks which can show the capacity of the

models. Given an observed transitive closure D = {(u, v)} of all objects, we em-
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bed all objects into hyperbolic space and then reconstruct it from the embed-

ding. Hence, the error from the reconstructed embedding to the ground truth

will be a reasonable measure for the capacity of the model and reflect how the

underlying floating-point arithmetic may affect the performance. Specifically,

we learn embeddings of the transitive closure D such that related objects are

close in the embedding space. To do this, we aim to minimize the loss intro-

duced in [122]:

L(Θ) =
∑

(u,v)∈D

log
e−d(u,v)∑

v′∈N(u) e−d(u,v′) ,

whereN(u) = {v | (u, v) < D} ∪ {u} is the set of negative examples for u (including

u). We do negative sampling randomly per positive example during training for

different datasets.

We implemented the upper-half space model and xMC-Halfspace models

trained with RSGD in our experiments, as for baselines, we consider the cur-

rent state-of-the-art L-tiling models, H-tiling models [199] trained with RSGD

and the Lorentz model [123]. Models were trained using ordinary float64 with

the same hyper-parameters starting from same initializations of parameters, see

Appendix for more implementation details. To evaluate the quality of the em-

beddings, we make use of the standard graph embedding metrics in [20, 121].

For an observed relationship (u, v), we rank the distance d(u, v) among the set

{d(u, v′)|(u, v′) ∈ D)}, then we evaluate the ranking on all objects in the dataset

and record the mean rank (MR, smaller⇒better) as well as the mean average

precision (MAP, larger⇒better) of the ranking.

We firstly evaluate different 2-dimensional embeddings on the light-scale

Mammals dataset. As shown in Table 3.6, we choose 2 components for the MCF-

based models. The proposed upper-half space model already outperforms all
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DIMENSION MODELS
WORDNET NOUNS WORDNET VERBS GR-QC

MAP MR MAP MR MAP MR

2

LORENTZ 15.61±0.37% 55.59±0.53 56.76±0.52% 4.18±0.07 55.93±0.32% 71.81±1.24
L-TILING 23.39±0.31% 34.22±1.03 63.08±0.31% 3.28±0.03 56.07±0.21% 72.53±2.08
H-TILING 23.34±0.19% 34.30±0.49 64.26±0.40% 3.23±0.05 55.95±0.30% 71.7871.7871.78±1.02
HALFSPACE 23.31±0.17% 34.81±0.26 63.65±0.32% 3.36±0.07 55.60±0.35% 74.29±1.32
2-XMC-HALFSPACE 24.4224.4224.42±0.11% 34.0134.0134.01±0.17 64.8864.8864.88±0.25% 3.183.183.18±0.05 56.3556.3556.35±0.38% 71.81±1.12

5

LORENTZ 74.82±0.38% 7.528±0.23 89.72±0.04% 1.52±0.00 71.16±0.33% 33.66±1.23
H-TILING 74.90±0.08% 7.529±0.12 90.13±0.08% 1.46±0.00 70.89±0.15% 32.99±0.52
HALFSPACE 74.89±0.14% 7.388±0.08 89.99±0.21% 1.51±0.01 71.10±0.19% 32.29±0.75
2-XMC-HALFSPACE 75.0575.0575.05±0.12% 7.3777.3777.377±0.12 90.2590.2590.25±0.09% 1.411.411.41±0.01 71.2171.2171.21±0.24% 31.8931.8931.89±0.71

10

LORENTZ 78.43±0.42% 6.148±0.15 90.7190.7190.71±0.13% 1.41±0.00 72.8472.8472.84±0.13% 28.53±0.27
H-TILING 78.40±0.22% 6.229±0.13 90.62±0.02% 1.40±0.00 72.57±0.09% 28.5028.5028.50±0.35
HALFSPACE 78.39±0.12% 6.227±0.21 90.7190.7190.71±0.11% 1.391.391.39±0.02 72.66±0.11% 28.56±0.24
2-XMC-HALFSPACE 78.4678.4678.46±0.08% 6.1366.1366.136±0.14 90.7190.7190.71±0.04% 1.391.391.39±0.00 72.69±0.09% 28.57±0.32

Table 3.7: Embedding learning experiments on different datasets. Results are
averaged over 5 runs and reported in mean+std style. Bold numbers show the
best performance among all models.

previously proposed baseline models. In particular, the xMC-Halfspace model

further improves the embedding performance and achieves a 2.25% MAP im-

provement on Mammals compared to the best baseline models.

We present the large scale experiments on other three datasets in Table 3.7.

These results show that MCF-based models generally perform better than base-

line models in various dimensions with respect to MAP and MR, particularly in

2 dimensional hyperbolic space, since higher dimension can alleviate the ‘NaN’

problem to some degree. On 2 dimensional embeddings of the largest WordNet

Nouns dataset, MCF-based models gain as large as a 1.03% MAP improvement

compared to the L-tiling model and a 1.11% MAP improvement compared to

the upper-half space model.

The limitation of the work is that in some cases of embedding problems that

stay close to the origin, MCF will give no improvement over plain half space

because it was already numerically accurate enough, also our method will even-

tually break down at very large distances due to overflow or underflow of the

floating point exponent.
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DATASET MODELS
BATCHSIZE=32 BATCHSIZE=64 BATCHSIZE=128

2D 5D 10D 2D 5D 10D 2D 5D 10D

WORDNET NOUNS

LORENTZ 57.37 60.00 53.42 27.38 27.28 26.74 9.37 9.08 9.14
HALFSPACE 118.7 119.9 119.7 40.2 40.3 39.3 17.4 17.4 20.4

L-TILING (CPU) 205 203203203 203 185 185 182 161 158 158
H-TILING (CPU) 146146146 188188188 238 107 156 212 93 129 177
2-XMC-HALFSPACE 272 284 296 118 136 121121121 545454 585858 686868

WORDNET VERBS

LORENTZ 3.21 3.19 3.25 0.93 0.93 0.96 0.42 0.41 0.41
HALFSPACE 5.65 5.68 5.71 1.69 1.66 1.66 0.78 0.75 0.77

H-TILING (CPU) 7.467.467.46 8.878.878.87 10.7610.7610.76 5.565.565.56 7.85 8.54 5.06 6.63 8.59
2-XMC-HALFSPACE 12.38 12.14 12.83 6.19 5.865.865.86 6.42 1.80 1.841.841.84 2.09

GR-QC

HALFSPACE 4.29 4.36 4.31 2.13 1.91 1.88 0.59 0.63 0.67
LORENTZ 2.45 2.61 2.44 0.67 0.76 0.67 0.36 0.36 0.36

H-TILING (CPU) 5.995.995.99 7.227.227.22 10.1210.1210.12 4.394.394.39 6.45 8.12 4.16 5.41 7.32
2-XMC-HALFSPACE 9.52 9.96 10.41 5.42 5.57 5.94 1.461.461.46 1.63 1.791.791.79

Table 3.8: Training time (seconds per epoch) of models on various datasets.
Results are averaged over 10 epochs. Performances of low precision models
(Lorentz & Halfspace) are separated from that of high precision models in the
table.

Training time cost. Running the model on GPUs confers important training

advantage for modern machine learning tasks. In order to provide a com-

prehensive comparison result, we train most models in our experiments on

GPUs including MCF-based half space models, upper-half space model and the

Lorentz model. As for the L-tiling and H-tiling model, since big-integer matrix

multiplications are not supported in GPUs, we train both models with CPUs.

For all timing results within this section, we use GPU: GeForce RTX 2080 Ti and

CPU: Intel(R) Xeon(R) Gold 6240 @2.60GHZ.

Note that negative sampling size and batch size can make a great difference

to the timing performance over CPUs and GPUs. Herein, we fix the negative

sampling size to be 50 and only vary the batchsize in 32, 64, 128. Readers may

question the performances of the model as the batchsize changes, we note that

with a simple scale of the learning rate, one can achieve comparable results

for different batchsize, detailed in the Appendix. We report the training time

(seconds per epoch) for different models on three different datasets in Table 3.8.
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We can conclude that:

• On large-scale datasets or large batchsize (e.g. 128) training, MCF-based

models (high precision) can be trained efficiently, with timing close to that

of models using ordinary floating-point.

• MCF-based models (high precision) can run on GPUs, enjoying a great

training speedup compared to other high precision models such as the L-

tiling and H-tiling models which can only run over CPUs. As a matter of

fact, on WordNet Nouns, relatively it takes MCF-based models around 2/3

less time and saves 30.27 hours to finish 1000 epochs training (batchsize =

128), compared to the H-Tiling model with best MAP performance.

3.3.4 MCTensor: A High-Precision Deep Learning Library

We further develop the MCF float representation approach into a multiple-

component floating-point library, MCTensor, for general-purpose, fast, and

high-precision deep learning. We build MCTensor on top of PyTorch and it

can be used in the same way as the PyTorch Tensor object.

Our MCTensor library can benefit applications in the following areas: (1)

high precision training with low precision numbers. Training with low preci-

sion numbers is an emerging deep learning area on tasks like mobile computer

vision [169] and leveraging hardware accelerator like Google TPU [87], where

the deep learning model computes with low precision numbers such as float8

and float16. A large quantization error using low precision arithmetic would

affect the convergence [184] and may degrade the performance of the model;

(2) numerical accurate and stable hyperbolic deep learning. For example, graph
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embedding [122, 123] and many developed hyperbolic networks, including hy-

perbolic neural networks [60] and hyperbolic GCN [28, 196]. Our main contri-

butions are as follows:

• We implement MCTensor in the same way as PyTorch Tensor with corre-

sponding basic and matrix-level operations using MCF.

• We enable learning with MCTensor by developing the MCModule layers,

MCOptimizers and etc with the same programming interface as PyTorch’s

counterparts.

• Beyond the usage of MCF/MCTensor on hyperbolic tasks (Section 3.3.3),

we further demonstrate the performance of MCTensor for high precision

training with low precision numbers.

Methodologies

Here we introduce some basics of our MCTensor library, built on top of PyTorch

[130] 3 that employs multi-component floating-point as its underlying tensor

representation. Each MCTensor x is represented as an expansion, an unevalu-

ated sum of multiple tensors as follows:

x = (x0, x1, · · · , xnc−1) = x0 + x1 + ... + xnc−1 (3.2)

where each xi, as a component of x, can be a PyTorch floating-point Tensor in

any precision, and nc is the number of components for MCTensor x. It’s required

that all components to be ordered in a decreasing magnitude (with x0 being the

largest and xnc−1 being the smallest). In this way, MCTensor allows roundoff

3Our PyTorch version is 1.11.0
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error to be propagated to the later components and thus offers better precision

compared to a standard PyTorch Tensor4.

We first implement basic operators add, subtract, multiply, divide, . . . for MCTen-

sor with MCF arithmetic and further vectorize them to matrix-level operators

dot, mm, . . . with same semantics as their PyTorch counterparts. These operators

then allow us to implement higher-level MCModule, MCOptim as the coun-

terpart for torch.nn.Module and torch.optim so that we can use them for any deep

learning applications.

MCTensor Object with Basic Operators

[MCTensor object] A MCTensor x can be abstracted as an object with specifica-

tion x{fc, tensor, nc}. Specifically, x.tensor has nc components of PyTorch tensors

x0, x1, · · · , xnc−1 in the last dimension, and it has shape as (∗x0.shape, nc). The x. f c

data term in MCTensor is a view of x0, keeps track of the gradient for x, and if

needed, serves as an approximate tensor representation of x.

[Gradient] Because a MCTensor is an unevaluated sum of Tensors, then the

gradient of a function f w.r.t. x is

∂ f
∂x
=

∂ f
∂(x0 + x1 + · · · + xnc−1)

=
∂ f
∂xi

,

which is same as the the gradient of f w.r.t. any component xi. So we only keep

track of the gradient information of x.fc for a MCTensor x, which can then be

computed naturally by PyTorch’s auto-differentiation engine to get x.fc.grad as

x.grad.
4unless otherwise specified, the PyTorch tensor, or “Tensor”, is referred to a PyTorch tensor

with an arbitrary floating point data type in this paper
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Algorithm 7 Grow-ExpN

Input: nc-MCTensor x, PyTorch
Tensor v
initialize Q← v
for i = 1 to nc do

k ← nc + 1 − i
(Q, hk)← Two-Sum(xk−1,Q)

end for
h← (Q, h1, · · · , hnc)
Return: Simple-Renorm(h, nc)

Figure 3.6: Relative Errors for Multipli-
cation Mul−MCN(x,y), Compared with High
Precision Julia BigFloat (3000 bits preci-
sion). Order of magnitudes for x and y are
the same.

[Basic Operators] We develop binary MCTensor operators to support input

types (1) a MCTensor and a Tensor, (2) a Tensor and a MCTensor, and (3) a

MCTensor and a MCTensor. For unary operators, we only accept a MCTensor

as an input. The output for all these operators is a MCTensor with the same nc

as the input(s). We implement MCF algorithms for basic arithmetic, with the

full list of their algorithm statements available in the appendix:

• MCTensor: Exp−MCN (exp), Square−MCN (square)

• MCTensor and Tensor: Grow−ExpN (add), ScalingN (multiply), DivN (divide)

• MCTensor and MCTensor: Add−MCN (add), Div−MCN (divide), Mul−MCN (multi-

ply)

For example, the addition between a MCTensor and a Tensor, or Grow−ExpN

(Grow Expansion with Normalization), is given in Alg. 7. Grow−ExpN takes a nc-

component MCTensor x and a normal Tensor v as input. The approximated

result Q of this addition, is initialized to v. The Grow Expansion happens first in

the for loop, starting with the last component of x, xnc−1, to the first component
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x0. The algorithm Two−Sum sums Q and a component xk−1, resulting in the updated

approximation Q and the error term hk. The resulting h is therefore grown into

nc + 1 components, which are naturally ordered in a decreasing manner, except

that there could be some intermediate zero components. Hence, in order to meet

the requirements of a MCTensor, we use Simple−Renorm algorithm to move zeros

backwards and output a nc components MCTensor.

We also implement two different algorithms for Mul−MCN: a fast version that

uses two Div−MCN operations to perform multiplication, and a slower version that

have better error bounds. However, in practice we see little difference between

them, so we run all our experiments with the fast version. Details of these basic

MCF algorithms are provided in the appendix.

To demonstrate how a MCTensor’s precision increases with the number of

components nc, we plot the relative numerical errors for MCTensor with differ-

ent nc and PyTorch Tensor. We set the data type for both MCTensors and Tensors

to be Float32, and compute the errors w.r.t. the results derived by high preci-

sion Julia BigFloat with number of bits of the significand set to 3000. As can be

seen from Figure 3.6, even with nc = 2, the relative error is orders of magnitude

smaller than PyTorch Tensors.

MCTensor Matrix Operators

After defining the basic MCF arithmetic, we are able to implement commonly

used matrix level operators for MCTensor including AddMM−MCN (torch.addmm),

Dot−MCN (torch.dot), MV−MCN (torch.mv), MM−MCN (torch.mm), BMM−MCN (torch.bmm) and

Matmul−MCN (torch.matmul). Details of them are provided in the appendix.
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Operators Inputs sizes FloatTensor 1-MCTensor 2-MCTensor 3-MCTensor

Dot-MCN 5000, 5000 1.61µs ± 3.29ns 442µs ± 5.61µs 656µs ± 1.16µs 858µs ± 12.2µs
MV-MCN (5000 × 500), 500 157µs ± 4.32µs 320ms ± 5.78ms 460ms ± 10.7ms 580ms ± 12.1ms
Matmul-MCN ( 500× 200), ( 200× 50) 97.3µs ± 1.1µs 495ms ± 10.8ms 735ms ± 21.7ms 934ms ± 28ms

Table 3.9: MCTensor matrix operators running time (mean ± std)

For matrix operators, we leverage the broadcastability and vectorization

from native PyTorch operations embedded in our basic MCF operators across

each nc, and then apply sequential error propagation. For example, for MV−MCN

with input as x and v, we first use ScalingN to compute the broadcasted product of

x and v for each nc, and then we sequentially sum up the results and propagate

errors with the Add−MCN operator. In this way, we can make our multiplication

part (ScalingN) independent of the input size and only employ for-loop for ad-

dition part (Add−MCN) since error propagation in the addition is sequential by the

algorithm. Theoretically, accurate addition of N MCTensors is of order at least

O(nc · log N).

MCTensor operators will be slower because of the need to propagate errors

in computation, and have more memory burden than PyTorch operators be-

cause of the nature of MCF representation. In Table 3.9, we can see a tradeoff

between program speed and precision. However, we would like to note that

there is still much space to optimize these algorithms for better timing in prac-

tice. This work aims to provide ML community with the possibility to do high-

precision computations for learning with MCTensor over GPUs. More details

can be found in Appendix B.4.4.
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class MCLinear(MCModule):
def init (self, in features , out features , nc, bias=True):

super(MCLinear, self). init ()
self.in features = in features
self.out features = out features
self.nc = nc
self.weight = MCTensor(out features , in features , nc=nc, requires grad=True)
if bias:

self.bias = MCTensor(out features , nc=nc, requires grad=True)
else:

self.bias = None

def forward(self, input):
return F.linear(input, self.weight, self.bias)

Figure 3.7: An example for implementing MCLinear

MCModule, MCActivation, and MCOptim

We enable learning with MCTensor by developing neural network basic mod-

ules (MCModule), activation functions (MCActivation) and optimizers (MCOp-

tim), in the exact programming interfaces as their PyTorch counterparts in

(torch.nn.Module, torch.nn.functional and torch.optim). The semantics are identical

to that of PyTorch’s module and optimizer, except that we are using MCTensor

arithmetic. Specifically, we give some examples:

• MCModule: MCLinear, MCEmbedding, MCSequential

• MCOptim: MC−SGD, MCAdam

• MCActivation: MCSoftmax, MCReLU, MC−GELU

Here Figure 3.7 is the MCTensor implementation of linear layer, where

weights and biases are represented by MCTensors. Similar to its PyTorch peer,

a MCLinear takes input of size of input shape, in features, size of output shape,

out features, learn with or without biases (boolean: bias) and number of com-

ponent nc for setting up the underlying MCTensors. To handle the operations

within MCLinear layer, we override PyTorch’s nn.functional.linear to perform
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mc model = MCModel(nc=nc)
mc optimizer = MCSGD(mc model.parameters())

for x, y in train dataset:
mc optimizer.zero grad()
y hat = mc model(x)
loss = loss fn(y hat , y)
loss.backward()
mc optimizer.step()

Figure 3.8: MCTensor model opti-
mization programming paradigm Figure 3.9: Loss curves on linear re-

gression task.

matrix level multiplication (Algo. 39) between a MCTensor weight and the Ten-

sor input, then the addition of the product with bias (Algo.11) if needed. The

output of the MCLinear layer is a MCTensor with the same nc.

Since we implemented MCModule, MCActivation, and MCOptimizer to fol-

low the same specification as their PyTorch counterparts, building a MCTensor

model is the same way as one would build a PyTorch module. The only dif-

ference to the users is the need to specify the number of components nc. An

demonstration of our MCTensor model optimization programming paradigm

can be found in Fig. 3.8.

Error Analysis

Principally, one can achieve arbitrary precision using MCTensor by simply in-

creasing the number of components, however, note that each component of a

MCTensor is a standard float, which has a natural range. Take Float16 for exam-

ple, the minimum representable strictly positive value is 2−24 ≈ 5.96 × 10−8, i.e.,

the smallest error that can be captured by MCFloat16 is 2−24. Hence in practice,

2-MCFloat16 is usually sufficient and similar performances are observed when
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more components of MCFloat16 were adopted. While simply adding an ap-

propriate scale factor 2−k (depending on the precision requirements) to smaller

components can help capture even smaller errors, it is out of scope of this paper.

To validate improved precision of MCTensor models, we consider the linear

regression task since it is possible to obtain loss arbitrarily close to zero. We use

a single MCLinear without bias term and the Mean Squared Error (MSE) loss on

fully observed synthetic data: L(W) =MSELoss(y, XWT ), where X is a (10000×2)

matrix with each entries sampled from x ∼ N(−0.5, 0.52), and y is calculated

from y = XW∗T where W∗ is the (10000 × 1) target weight sampled from w∗ ∼

N(−0.5, 0.52). We use gradient descent with lr = 0.05 for optimization.

In Figure 3.9, we plot the training loss curves for the model with the same

structure and initialization, but with MCTensor or Tensor as data structure.

The comprehensive results can be seen in Table B.9. The final train loss for

2-MCFloat16 is orders of magnitudes smaller than Float16.

Since by just using 2-MCFloat16, we can achieve much better precision than

Float16 Tensor (HalfTensor), we run all following experiments in Float16 with

nc =2 or 3 expect for Hyperbolic MCEmbedding.

High-precision Computations with Low Precision

A MCTensor is able to achieve improved precision compared with a PyTorch

Tensor with the same data type. If higher precision implies better results under

the same experiment settings, we would expect our n-MCTensor (n ≥ 2) model

can achieve better performance than a native PyTorch model with same pre-

cision. We demonstrate the increasing precision under the same data type for
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MCTensor by carrying out experiments in the setting: high precision learning

with low precision numbers, this include logistic regression model and multi-

layer perceptrons (MLP) in Section 3.3.4; For all these experiments, MCTensor

models use the same initialization as the Tensor models, and use MCModule as its

PyTorch’s nn.Module counterpart, with MCTensors as layer weights. Our code and

models are open-source and available at github 5.

Low precision machine learning employs models that compute with low

precision numbers (e.g. float8 and float16), which become popular in many

edge-applications [82, 209]. However, the quantization error inherent with

low precision arithmetic could affect the convergence and performance of the

model [184, 46]. As a matter of fact, most current low precision learning frame-

works including [39, 46] adopt high precision numbers during gradient compu-

tations and optimizations, but pursue a better way to convert the results to low-

precision numbers with less quantization errors. In comparison, with MCTen-

sor, one can get accurate update with purely low-precision numbers thoroughly

without even touching high precision arithmetics. This is particularly helpful

on devices where only low-precision arithmetics are supported.

Logistic Regression. We conduct a logistic regression task on a synthetic

dataset and the cancer dataset, both are datasets with binary labels. The syn-

thetic dataset consists of 1, 000 data points, where each data point contains two

features. This dataset is constructed through the make classification [70] function

from scikit-learn package with both n informative and n clusters per class are set to

1. The breast cancer dataset [120] consists of 569 data points and each data point

contains 30 features. More details can be found in Appendix B.4.2.

5https://github.com/ydtydr/MCTensor
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Figure 3.10: (Left): Training Losses of Logistic Regression on the Breast Can-
cer Dataset; Test Accuracy for MC-MLP on the Breast Cancer (Middle) and
Reduced MNIST (Right). Note that the curve for MC-MLP model with nc=2,
float16 essentially overlaps with the curve for PyTorch MLP model with float32.

Multi-layer Perceptron. We also construct a Multi-layer Perceptron using

MCTensor (MC-MLP) and evaluate it on classification tasks on the breast cancer

dataset and a reduced MNIST, which has only 10,000 data points in total, with

1,000 images sampled randomly per class [50]. The MC-MLP consists of three

MCLinear layers with model weight in MCFloat16. After each MCLinear layer, the

resulting MCTensor is transformed into a normal tensor, passed it to activation

function and fed to the next layer.

We experiment on both the Breast Cancer dataset and the Reduced MNIST

dataset, and as demonstrated in Table 3.10 and Figure 3.10, in both experiments,

MC-MLP outperforms PyTorch float16 models, and arrive at a lower training

loss and a higher test accuracy (same as PyTorch float32 and float64 models).

Notice that for both datasets, after nc exceeds certain value (nc = 2), adding extra

more nc would not lead to further improvement. More details can be found in

Section B.4.2.
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Model Training Loss Testing accuracy

MLP Float16 0.144 90.35
MLP Float32 0.124 91.23
MLP Float64 0.124 91.23

MC-MLP (nc=1) 0.144 90.35
MC-MLP (nc=2) 0.124 91.23
MC-MLP (nc=3) 0.124 91.23

Table 3.10: MC-MLP models on Breast Cancer dataset with MCSGD

3.4 Collage: Light-Weight Low-Precision Strategy for LLM

Training

Overview

In this work, we elucidate that in the setting of low-precision (for example,

16-bit or lower) for floating point, using alternative representations such as

multiple-component float (MCF) helps in making reduced precision accurate in

computations, particularly for low-precision training of large language mod-

els (LLMs), which usually suffers from reduced numerical accuracy and renders

less useful models.

We propose COLLAGE6, a new approach to deal with floating-point errors in

low-precision to make LLM training accurate and efficient. Our primary objec-

tive is to develop a training loop with storage strict in low-precision without a

need to maintain high-precision clones. We realize that when dealing with low-

precision floats (such as Bfloat16), the “standard” representation is not sufficient

to avoid rounding errors which should not be ignored. To solve these issues, we

rather apply an existing technique of MCF to represent floats which (i) either en-

6Inspired from the multi-component nature of the algorithm.
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Figure 3.11: Left: COLLAGE uses a strict low-precision floating-point (such as BF16) op-
timization loop without ever needing to upcast to FP32 like in the mixed-precision with
master weights (red thick loop). The model weights in COLLAGE are represented as
multi-component float (MCF) instead of “standard float”. Right: Total bytes/parame-
ter savings for COLLAGE without taking the FP32 upcasting route. The memory savings
and uncompromising use of low-precision results in speed-up as seen in Table 3.17.

counters drastic rounding effects, (ii) the scale of the involved floats has a wide

range such that arithmetic operations were lost. We implemented COLLAGE as a

plugin to be easily integrated with the well-known optimizers such as AdamW

[108] (extensions to SGD [145] are straight-forward) using low-precision storage

& computations. By turning the optimizer to be more precision-aware, even with

additional low-precision components in MCF, we obtain faster training (upto

3.7× better train throughput on 6.7B GPT model, Table 3.17) and also have less

memory foot-print due to strict low-precision floats (see Figure 3.11 right), com-

pared to the most advanced mixed precision baseline.

We have developed a novel metric called “effective descent quality” to trace

the lost information in the optimizer model update step. Due to rounding and

lost arithmetic (see definition in Section 3.4.2), the effective update applied to the

model is different from the intended update from optimizer, thus distracting the

model training trajectory. Tracing this metric during the training enables to com-

pare different precision strategies at a fine-grained level (see Figure 3.13 right).

In this work, we answer the critical question of where (which computation)
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with low-precision during training is severely impacting the performance and

why? The main contributions are outlined as follows.

• We provide COLLAGE as a plugin which could be easily integrated with

existing optimizer such as AdamW for low-precision training and make it

precision-aware by replacing critical floating-points with MCF. This avoids

the path of high-precision master-weights and upcasting of variables,

achieving memory efficiency (Figure 3.11 right).

• By proposing the metric effective descent quality, we measure loss in the

information at model update step during the training process and provide

better understanding of the impact of precisions and interpretation for

comparing precision strategies.

• COLLAGE offers wall-clock time speedups by storing all variables in low-

precision without upcasting. For GPT-6.7B and OpenLLaMA-7B, COL-

LAGE using bfloat16 has up to 3.7× speedup in the training throughput

in comparison with mixed-precision strategy with FP32 master weights

while following a similar training trajectory. The peak memory savings

for GPTs (125M - 6.7B) is on average of 22.8%/14.9% for COLLAGE forma-

tions (light/plus), respectively.

• COLLAGE trains accurate models using only low-precision storage com-

pared with FP32 master-weights counterpart. For RoBERTa-base, the av-

erage GLUE accuracy scores differ by +0.85% among the best baseline in

Table 3.14. Similarly, for GPT of sizes 125M, 1.3B, 2.7B, 6.7B, COLLAGE has

similar validation perplexity as FP32 master weights in Table 3.15.
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Figure 3.12: Bert-base-uncased phase-1 pretraining with settings as described
in Section 3.4.4. Left: Model parameter L2 norm vs iterations for BF16 and
FP32 master weights strategy. Right: update ∆θt L2 norm across iterations. The
model parameter norm and update norm are at different scales, for example,
∼ 450 vs ∼ 0.5 at 14k iterations, which is a factor of 900 and causes lost arith-
metic.

3.4.1 Background

We provide a survey on using different floating-points precision strategies for

training LLM. We also introduce necessary background information on floating-

point representations using multi-component float.

Floats in LLM Training

In LLM training, weights, activation, gradients are usually stored in low preci-

sion floating-points such as 16-bit BF16 [114] for enhanced efficiency and opti-

mized memory utilization. The low-bits floating point units (FPUs) are appeal-

ing because of its low memory foot-print and computational efficiency. Due to

numerical inaccuracies, popular choices of training strategies using FPUs are as

follows.

Mixed-precision refers to operations executed in low precision (16-bit) with

minimal interactions with high precision (32-bits) floats, thus offering wall-clock
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speedups. For example, in GEMM (Generalized Matrix Multiplication), ma-

trix multiplication is performed in 16-bit while accumulation in done in 32-bit

through tensor cores in NVIDIA A100 [86] and V100 [85].

Mixed-precision with Master Weights. Mixed-precision computations of the

activations and gradients are not sufficient to ensure a stable training due to

encountered numerical inaccuracies, especially, when gradients and model pa-

rameters are at different scale, which is the case with large models (see Fig-

ure 3.12 ). A standard workaround is to use the master weight (MW), which

refers to maintaining an additional high-precision version (such as 32-bit float)

copy of the model (Figure 3.11 left) and then performing model update (opti-

mizer step) in high-precision to the master weight [115]. To our knowledge, this

approach has the state-of-the-art performance among mixed-precision strate-

gies.

Note that, we also use mixed-precision for GEMM (activations and gradi-

ents) in our work. In addition to “standard single float” representation which

is used in the above strategies, an alternate form is discussed below in Sec-

tion 3.4.1.

Multiple-Component Floating-point. Exact representations of real numbers

such as 0.999 is usually muddled in low-precision, such as BF16, with rounding-

to-the-nearest (RN); 0.999
RN
−−−→
BF16

1.0, but can be represented accurately as a

length-2 expansion (1.0,−0.001) in MCF with two BF16 components. The first

component serves as an approximation to the value, while the second accounts

for the roundoff error. This problem is further aggravated in weighted averag-

ing (see Section 3.4.3), such that instead of the average, a monotonic increasing
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sum is produced causing reduced step size and poor learning. We aim to alle-

viate such problems by using expansions to represent numbers and parameters

accurately (e.g., Table 3.11). Since speed and scalability is critical for LLM train-

ing, we are particularly interested in utilizing low-precision MCF (e.g., BF16 and

FP16) as low-bit FPUs are faster than their high-bit counterparts such as FP32.

For rest of the work, we consider only length-2 expansion for MCF as it suffices

for our purpose.

3.4.2 Imprecision Issues

To motivate the work, in this section, we formalize the issue of imprecision in

floating point units. Afterwards, we introduce a novel metric to monitor the

information loss. Next, we show its impact via a case study on BERT-like mod-

els [52, 107]. Unless specified otherwise, the low-precision FPU is referred to

bfloat16, and the same analogy can be easily extended for other low-precision

FPUs such as float16, float8.

Imprecision with Bfloat16

A commonly encountered problem of computations using low-precision arith-

metic is imprecision, where an exact representation of a real-number x either re-

quires more mantissa bits (see Appendix B.3.1 for definitions) beyond the limit

(for example, 7 bits in bfloat16), or is not possible (for example, x = 0.1, is

rounded to 0.1001 in BF16). As a result, the given number x will be rounded

to a representable floating-point value, causing numerical quantization errors.

An important concept for FPU rounding is unit in the last place (ulp), which is
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the spacing between two consecutive representable floating-point numbers, i.e.,

the value the least significant (rightmost) bit represents if it is 1.

Definition 3.4.1 (ulp [119]). In radix 2 with precision P, if 2e ≤ |x| < 2e+1 for some

integer e, then ulp(x) = 2max (e,emin)−P, where emin is the zero offset in the IEEE 754

standard.

Broadly speaking, two numbers for a given FPU are separated by its ulp,

hence the worst case rounding error for any given x is ulp(x)/2 [63] assumed

rounding-to-the-nearest is used. Next, lets denote F BF16(a κ b) as bfloat16

floating-point operation between a, b, where κ could be ⊕ addition, ⊙ multi-

plication, etc. Such operations can be computationally inaccurate and as a con-

sequence, we identify below a problematic behavior with RN.

Definition 3.4.2 (Lost Arithmetic). Given the input floating-point numbers a, b and

precision P. A floating operation F P(a κ b) is lost if

|F P(a κ b) − a| ≤
ulp(a)

2
, or |F P(a κ b) − b| ≤

ulp(b)
2

.

Consequently, F P(a κ b) = a, or b, respectively.

Remark 2. For any non-zero bfloat16 number, if |b| ≤ ulp(a)/2, then F BF16(a ⊕ b) = a.

As an example, if a = 200, b = 0.1, then F BF16(200 ⊕ 0.1) = 200, since ulp(200) = 1.

Next, we discuss these concepts in the context of LLM training.

Loss of Information in LLM Training

The situation of ‘adding two numbers at different scale’ is very common in LLM

training. See Figure 3.12 , where due to different scales of model parameter
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and updates, ⊕ in bfloat16 becomes an lost arithmetic. A pseudocode of model

parameter (θ) update using bfloat16 at iteration t is written as

θt ← F
BF16(θt−1 ⊕ ∆θt), (3.3)

where, ∆θt is the aggregated update from an optimizer (for example, including

learning rate, momentum, etc.) at step t. With a possibility of lost arithmetic in

Equation (3.3), the actual updated parameter could be different from expected.

Hence, we define the effective update at step t as

∆̂θt = F
BF16(θt−1 ⊕ ∆θt) − θt−1. (3.4)

Note that in the event of no lost arithmetic, ∆̂θt = ∆θt. While, when ∆̂θt , ∆θt

which is usually the case with low-precision FPUs, there is a loss in information

as ≤ ulp /2 values are simply ignored (see Figure 3.13(a)). To better capture this

information loss, we introduce a novel metric.

Definition 3.4.3 (Effective Descent Quality). Given the current parameter, aggre-

gated update at step t as θt, ∆θt, respectively. The effective descent quality for a given

floating-pint precision is defined as

EDQ(∆θt, ∆̂θt; θt, P) =
〈 ∆θt

||∆θt||
, ∆̂θt

〉
, (3.5)

where, ∆̂θt is defined in eq. (3.4) for a given precision P.

In other words, EDQ in eq. (3.5) is projection of the effective update along

the desired update. In the absence of any imprecision, EDQ will be simply the

norm of original update. We show in Section 3.4.4 and Figure 3.13 how EDQ

relates to the learning and helps understanding impacts of different precision

strategies.
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To remedy the imprecision and lost arithmetic in the model parameter up-

date step (Equation (3.3)), works such as Kahan summation [205, 127] exist (see

Appendix B.3.1), however, we see in Figure 3.13 (Middle) that although Kahan-

based BF16 approach improves over ‘BF16’ training but it still could not match

with the commonly used FP32 master weights approach.

3.4.3 COLLAGE: Low-Precision MCF Optimizer

In this section, we present COLLAGE, a low precision strategy & optimizer im-

plementation to solve aforementioned imprecision and lost arithmetic issues

in Section 3.4.2 without upcasting to a higher precision, using the multiple-

component floating-point (MCF) structure.

Computing with MCF

Precise computing with exact numbers stored as MCF expansions is easy with

some basic algorithms7. For example, Fast2Sum captures the roundoff error for

the float addition ⊕ and outputs an expansion of length 2.

Theorem 3.4.1 (Fast2Sum [48]). Let two floating-point numbers a, b be |a| ≥ |b|,

Fast2Sum produces a MCF expansion (x, y) such that a+b = x+y, where x← F P(a⊕b)

is the floating-point sum with precision P, y← F P
(
b ⊖ F P(x ⊖ a)

)
= a+ b−F P(a⊕ b)

is the rounding error. Also, y is upper-bounded such that |y| < ulp(x)/2.

Note that, particularly for LLM training, we are able to add using Fast2Sum

without any sorting since parameter weights θ are usually larger than the gra-
7The correctness of algorithms presented herein rely on the assumption that standard

rounding-to-the-nearest is used.
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Algorithm 8 Grow

1: Input: an expansion (x, y) and a float a with |x| ≥ |a|
2: (u, v)← Fast2Sum(x, a)
3: (u, v)← Fast2Sum(u, y + v)
4: Return: (u, v)

dients and updates ∆θ in absolute value at the parameter update step Equa-

tion (3.3) (See Figure 3.12 ). Similar basic algorithms exist for the multiplication

of two floats, which produces in the same way a length-2 expansion. Using

the basic algorithms, an exhaustive set of advanced algorithms are developed

[201]. We refer the reader to Appendix B.3.2 for more details. Particularly, for

the optimizer update step (3.3), a useful algorithm to introduce is Grow (see

Algorithm 8) which adds a float to a MCF expansion of length 2.

Algorithm 9 COLLAGE: Bfloat16 MCF AdamW Optimization
1: Given α (learning rate), β1, β2, ϵ, λ ∈ R
2: Initialize time step: t ← 0, BF16 parameter vector θt=0 ∈ R

n, BF16 first mo-
ment vector: mt=0 ← 0, BF16 second moment vector: vt=0 ← 0

3: Initialize 2nd component δθt=0 ← 0 in BF16 for parameter

4: (optional) Represent β2 as expansion (β̂2, δβ2),

5: + initialize 2nd component δvt=0 ← 0 in BF16 for second moment

6: repeat
7: t ← t + 1
8: gt ← ∇ ft(θt−1)
9: mt ← β1 · mt−1 + (1 − β1) · gt

10: vt ← β2·vt−1+(1−β2)·g2
t =⇒ (vt, δvt)← Grow(Mul(β̂2, δβ2), (vt−1, δvt−1)), (1 − β2) · g2

t )

11: m̂t ← mt/(1 − βt
1)

12: v̂t ← vt/(1 − βt
2)

13: ∆θt ← −α(m̂t/(
√

v̂t + ϵ) + λθt−1)
14: θt ← θt−1 + ∆θt =⇒ (θt, δθt)← Grow((θt−1, δθt−1),∆θt)
15: until stopping criterion is met
16: return: optimized parameters θt
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COLLAGE: Bfloat16 MCF AdamW

Using the basic components from Section 3.4.3 and Appendix B.3.2, we now pro-

vide plugins to modify a given optimizer such as AdamW [108] to be precision-

aware and store entirely with low-precision floats, specifically bfloat16 in Al-

gorithm 9. Note that, mixed-precision is still used in GEMM for obtaining gra-

dients and activations but are stored in bfloat16 only. The required changes are

highlighted in pink, and are discussed individually as follows.

Model Parameters We substitute the bfloat16 model parameter θt with a

length-2 MCF expansion (θt, δθt) by appending an additional bfloat16 variable

δθt in line-3 which does not require any gradients. Next, to update the model

parameter expansion, we use Grow in line-13 to add a float ∆θt to the expansion.

Table 3.11: Length-2

expansions for β2 in

Bfloat16.

β2 BF16 MCF

0.999 (1,−0.001)

0.99 (0.9893, 0.0017)

0.95 (0.9492, 0.0008)

Optimizer States With Adam-like algorithms, unlike

the first moment mt, the second moment vt update suf-

fers from severe imprecision and lost arithmetic due to

smaller accumulation, gt vs g2
t . To make the matter

worse, default choice of β2 such as 0.999 [52] are sim-

ply rounded to 1.0 in bfloat16, thus resulting in a mono-

tonic increase in second momentum. This in turn makes

the update ∆θt smaller and hence slower learning as we

see in Figure 3.13. To alleviate this issue, we propose

switching β2 from standard single float to a MCF expansion as (β2, δβ2), and also

for second momentum as (vt, δvt). Doing so, we have an exact representation of

β2 as shown in Table 3.11. We then perform a multiplication of two expansions
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Table 3.12: Precision breakdown of various training strategies applied to the
given optimizer. The strategies are ranked from top to bottom in the order of
byte/parameter occupancy.

Precision Option
Stages & Components Memory

(bytes/parameter)Parameter
& Gradient

Optimizer
States

MCF or
Master Weight

A (BF16) BF16 × 2 BF16 × 2 NA 8
B (COLLAGE-light) (ours) BF16 × 2 BF16 × 2 BF16 × 1 10
C (COLLAGE-plus) (ours) BF16 × 2 BF16 × 2 BF16 × 2 12
D (BF16 + FP32Optim + FP32MW) BF16 × 2 FP32 × 2 FP32 × 1 16

Table 3.13: Pre-training perplexity of BERT (both phases) and RoBERTa for all
precision strategies as listed in Table 3.12. Lower values are better, with the best
results in bold. D−MW with FP32Optim with same bytes/parameter as COLLAGE
could not match its performance.

Precision Option
β2 = 0.999 β2 = 0.98

BERT-base BERT-large RoBERTa-basePhase-1 Phase-2 Phase-1 Phase-2
A 8.67 7.61 6.05 5.47 3.82
B (COLLAGE-light) 5.99 5.26 4.39 3.90 3.49
C (COLLAGE-plus) 5.26 4.66 3.94 3.53 3.49
D−MW (BF16 + FP32Optim) 6.23 5.64 4.66 4.22 3.82
D 5.26 4.71 4.06 3.63 3.46

using Mul (see Appendix B.3.2).

For the sake of simplicity in notations, we denote COLLAGE-light as using

MCF expansions only for model parameters and COLLAGE-plus for both model

parameters and optimizer states. It’s worthy to note that imprecision and lost

arithmetic are common and sometimes hard to notice. We only identify places

when they hurt training accuracies. A rule of thumb is to do as many scalar com-

putations in high precision as possible before casting them to low precision (e.g.,

PyTorch BFloat16 Tensor). Worthy to note, existing Kahan-based optimizers are

special cases of COLLAGE-light under a magnitude assumption, we defer this

discussion and other places of imprecision and lost arithmetic such as weight

decay that exist in the algorithm to Appendix B.3.2.

122



3.4.4 Empirical Evaluation

We evaluate COLLAGE formations against the existing precision strategies on

pretraining LLMs at different scales, including BERT [52], RoBERTa [107],

GPT [10], and OpenLLaMA [166]. Specifically, we compared the following pre-

cision strategies in our experiments, which are ordered in an increasing number

of byte/parameter (see Table 3.12).

• Option A: Bfloat16 parameters

• Option B: Bfloat16 + COLLAGE-light

• Option C: Bfloat16 + COLLAGE-plus

• Option D: Bfloat16 + FP32 Optimizer states + FP32 master weights

Since option D is the best-known baseline with state-of-the-art quality

among mixed-precision strategies, we aim to outperform, or at least match the

quality of option D with COLLAGE throughout our experiments. We show that

COLLAGE matching the quality of option D, has orders-magnitude higher per-

formance (speed, see Table 3.17). All strategies are evaluated using AdamW

[108] optimizer with standard β1 = 0.9 while varying β2 as per different experi-

ments. We use aws.p4.24xlarge compute instances for all of our experiments.

Pre-training BERT & RoBERTa

We demonstrate that BF16-COLLAGE can be used to obtain an accurate model,

comparable to heavy-weighted FP32 master weights strategy.
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Figure 3.13: BERT phase-1 pre-training (see Appendix B.3.3 for details). Left:
Imprecision percentage (%) measured as the percentage of lost arithmetic for all
model parameters, i.e., not updated, vs iterations for BF16. Middle: Training
perplexity vs iterations for various precision strategies (see Table 3.12). Addi-
tionally, we evaluate “FP32” as 32-bit counterpart of option A, and BF16-Kahan
as Kahan-sum [205] with BF16 parameters. Right: Effective descent quality
(EDQ) in (3.5) vs iterations to measure loss in information at the optimizer step
for different precision strategies. BF16-COLLAGE-plus training perplexity and
EDQ overlaps with the best “FP32”, and “BF16 + FP32 MW” with less bytes/-
parameter.

Precision options. In addition to options A, B, C, D, we further augment our

experiments with another baseline strategy D−MW, where we disabled the FP32

master weights but only used FP32 optimizer states. This strategy saves 4

bytes/parameter in comparison to Option D and has the same bytes/param-

eter as option C (COLLAGE-plus).

Model and Dataset. We first pre-train the BERT-base-uncased, BERT-large-

uncased, and RoBERTa-base model with HuggingFace (HF) [182] configuration

on the Wikipedia-en corpus [11], preprocessed with BERT Wordpiece tokenizer.

We execute the following pipeline to pretrain, i) BERT in two phases with phase-

1 on 128 sequence length, and then phase-2 with 512 sequence length; and ii)

RoBERTa with sequence length 512. We adopt β2 = 0.999 for BERT and β2 = 0.98

for RoBERTa following the configs from HF. We defer more training details to

Appendix B.3.3.
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Table 3.14: GLUE benchmark for BERT-base-uncased and RoBERTa-base pre-
trained using different precision strategies. See Appendix B.3.3 for experimental
details. BF16-COLLAGE training strategy matches/exceeds the finetuning qual-
ity over several metrics.

Model Precision MRPC QNLI SST-2 CoLA RTE STS-B QQP MNLI Avg

BERT-base

A 0.8210 0.8832 0.8890 0.3522 0.6462 0.8666/0.8618 0.8973 0.7993 0.7796
B (ours) 0.8431 0.8974 0.9071 0.4149 0.6606 0.8837/0.8785 0.9031 0.8184 0.8007
C (ours) 0.8602 0.9090 0.9128 0.4314 0.6698 0.8851/0.8821 0.9069 0.8330 0.8100
D 0.8651 0.9071 0.9036 0.4212 0.6714 0.8890/0.8849 0.9064 0.8330 0.8090

RoBERTa-base

A 0.8504 0.8914 0.9000 0.3866 0.6281 0.8636/0.8625 0.8981 0.8155 0.7884
B (ours) 0.8455 0.9000 0.9025 0.4460 0.6281 0.8636/0.8635 0.9002 0.8182 0.7964
C (ours) 0.8529 0.9040 0.9048 0.4588 0.6137 0.8658/0.8647 0.9005 0.8230 0.7986
D 0.8406 0.8993 0.9002 0.3870 0.6389 0.8622/0.8631 0.8999 0.8203 0.7901

Results. The final pretraining perplexity of various precision strategies are

summarized in Table 3.13 and for BERT-base, the complete phase-1 training loss

trajectory is shown in Figure 3.13 middle. Additionally, we did finetuning of the

pre-trained models on the GLUE benchmark [177] for eight tasks in Table 3.14

with the same configurations specified in Appendix B.3.3. COLLAGE-plus al-

though using only BF16 parameters, outperforms the vanilla BF16 option A and

matches/exceeds option D for both pre-training and finetuning experiments.

For BERT-base COLLAGE-plus exceeds on 5/8 tasks with +0.1% lead in average,

while for roberta-base its exceeds on 7/8 tasks with +0.85% in average. Note

that, although D−MW has FP32 optimizer states and same/more byte/parameter

complexity as COLLAGE-plus/light, respectively, it could not match the quality

showing the importance of MCF in the AdamW through COLLAGE. This shows

that simply having higher-precision is not enough to obtain better models but

requires a careful consideration of the floating errors.

Interestingly, COLLAGE-light suffices to closely match the option D in the

RoBERTa pretraining experiments with β2 = 0.98, while lagging to match with

the β2 = 0.999 BERT pretraining experiments. Our proposed metric, the effective

descent quality (EDQ) provides a nuanced understanding of this phenomenon
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Table 3.15: Left: Train | Validation perplexity of pre-trained GPT with β2 = 0.95.
Right: OpenLLaMA-7B with β2 = 0.95 and 0.99.

Model GPT
Precision Option 125M 1.3B 2.7B 6.7B
A (BF16) 14.73 | 15.64 10.28 | 12.43 9.97 | 12.18 9.87 | 12.18
B (COLLAGE-light) 14.01 | 15.03 8.50 | 17.70 8.33 | 11.36 8.17 | 11.13
C (COLLAGE-plus) 14.01 | 15.03 8.50 | 17.70 8.33 | 11.36 8.17 | 11.13
D (BF16 + FP32Optim + FP32MW) 13.87 | 15.03 8.50 | 17.70 8.33 | 11.36 8.17 | 11.13

OpenLLaMA-7B
β2 = 0.95 β2 = 0.99
6.36 | 4.81 15.96 | 12.55
5.99 | 4.53 8.00 | 5.99
5.99 | 4.57 6.11 | 4.62
5.99 | 4.57 8.58 | 6.42

in Figure 3.13 (Right). COLLAGE-light and Kahan-based approach improve EDQ

upon BF16 option A at the parameter update step, yet cannot achieve the op-

timal EDQ due to lost arithmetic at the exponential moving averaging step. In

contrast, COLLAGE-plus achieves better EDQ by taking it into considerations

and thereby outperforms the best-known baseline, Option D.

Pretraining multi-size GPTs & OpenLLaMA 7B

Model and Dataset. We conduct following pretraining experiments; 1) GPT

with different sizes ranging from 125M, 1.3B, 2.7B to 6.7B, and 2) OpenLLaMA-

7B using NeMo Megatron [97] with the provided configs. The GPTs are trained

on the Wikipedia corpus [11] with GPT2 BPE tokenizer, and OpenLLaMA-7B

on the LLaMA tokenizer, respectively. Additional training and hyerparameter

details are described in Appendix B.3.3.

Results. Using the recommended β2 = 0.95 [10], Table 3.15 summarizes the

train & validation perplexity after pre-training GPT models and OpenLLaMA-

7B under various options. Our COLLAGE formations are able to match the qual-

ity of the best-known baseline, FP32 MW option D, most of the time for all mod-

els with the only exception on the smallest GPT-125M, while having the same

validation perplexity.
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Table 3.16: Train | Validation perplexity of GPT-125M pre-trained with β2 ∈

{0.95, 0.99, 0.999} and Global BatchSize ∈ {1024, 2048}.

Precision Option Global BatchSize = 1024 Global BatchSize = 2048
β2 = 0.95 β2 = 0.99 β2 = 0.999 β2 = 0.95 β2 = 0.99 β2 = 0.999

A (BF16) 14.73 | 15.64 14.88 | 15.80 17.29 | 18.17 14.73 | 15.18 14.88 | 15.33 17.64 | 15.33
B (COLLAGE-light) 14.01 | 15.03 14.01 | 15.03 14.88 | 15.80 13.87 | 14.44 13.87 | 14.44 14.59 | 15.18
C (COLLAGE-plus) 14.01 | 15.03 14.01 | 15.03 14.15 | 15.18 13.87 | 14.44 13.87 | 14.44 14.01 | 14.59
D (BF16 + FP32Optim + FP32MW) 13.87 | 15.03 14.01 | 15.03 14.01 | 15.03 13.87 | 14.44 13.87 | 14.44 14.01 | 14.59

Ablation: Impact of β2. We conduct ablation experiments to illustrate the im-

pact of β2 on the quality of precision strategies by further pre-training the GPT-

125M model using β2 = 0.99 and 0.999, with a global batchsize 1024, 2048 and

the same micro-batchsize 16, as summarized in Table 3.16. Similar to the BERT

and RoBERTa pre-training experiments, COLLAGE-light is able to closely match

Option D when β2 = 0.95 or 0.99 and remain unaffected by changes in the global

batchsize.

However, with β2 = 0.999, COLLAGE-light underperforms option D while

COLLAGE-plus is still able to closely match option D. As analyzed in Sec-

tion 3.4.3, low precision (Bfloat16) arithmetic fails to represent and compute

with β2 = 0.999 due to rounding errors. In fact, we observed the same phe-

nomenon as pre-training BERT & RoBERTa in Section 3.4.4, including i) a high

imprecision percentage of lost additions with low-precision BF16 arithmetic; ii)

a reduced EDQ for COLLAGE-light and a better EDQ for COLLAGE-plus. These

together rationalize the utility and significance of our proposed metric EDQ and

the necessity of COLLAGE-plus for quality models. We defer figures of these

metrics for GPTs to Appendix B.3.3.

We also pretrain OpenLLaMA-7B with β2 = 0.99 in Table 3.15 (right),

where both COLLAGE formations outperform option D. In fact, we observe

that β2 = 0.99 can easily lead to gradient explosion (see Figure B.4 right in Ap-
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Table 3.17: Relative speed-up compared
to the option D.

Precision GPT OpenLlama
7BOption 1.3B 2.7B 6.7B

A 1.78× 2.59× 3.82× 3.15×
B (ours) 1.74× 2.57× 3.74× 3.14×
C (ours) 1.67× 2.48× 3.57× 3.05×
D 1× 1× 1× 1×
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Figure 3.14: GPU peak memory in GB
vs model size. GPT-125M is hosted on
1 NVIDIA A100 40GB, while all other
models were hosted on 8× A100 40GB
using tensor-parallelism 8.

pendix B.3.3), while COLLAGE-plus provides stable training. The training per-

plexity trajectories in Figure B.3,B.4 (in Appendix B.3.3) show that COLLAGE-

plus effectively solves the imprecision issue and produces quality models.

Remark 3. The optimal choice of β2 differs case-by-case. To our best knowledge, there is

no clear conclusion between β2 and the converged performance of the pre-trained models.

Showing COLLAGE works with different β2’s, enable LLM training to be not limited by

such precision issues.

Performance and Memory

Throughput. We record the mean training throughput of precision strategies

for pre-training GPTs and OpenLLaMA-7B in a simple setting for fair compar-

isons: one aws.p4.24xlarge node with sequence parallel [95] turned off8, and

present relative speed-up in Table 3.17. Both COLLAGE formations are able to

maintain the efficiency of option A. The speed factor for COLLAGE increases

with an increase in the model size, obtaining up to 3.74× for GPT-6.7B model.

8We observed similar throughputs for precision strategies when sequence parallel is turned
on

128



Table 3.18: Memory compatibility of pre-training GPT-NeoX-30B using preci-
sion options with different micro batchsize (UBS) and sequence length.

Precision UBS= 1 UBS= 2
option / SeqLen 1, 024 2, 048 1, 024 2, 048

A (BF16) ✓ ✓ ✓ ✓
B (COLLAGE-light) ✓ ✓ ✓ OOM
C (COLLAGE-plus) ✓ ✓ ✓ OOM
D (BF16 + FP32Optim + FP32MW) ✓ OOM OOM OOM

Memory. We probe the peak GPU memory of training precision strategies dur-

ing practical runs on 8×NVIDIA A100s (40GB) with the same hyper-parameters

for a fair comparison: sequence length 2048, global batchsize 128 and micro

(per-device) batchsize 1. Figure 3.14 visualizes the peak memory usage of GPTs

vs model sizes. During real runs, on average, COLLAGE formations (light/plus)

use 23.8%/15.6% less peak memory compared to option D. The best savings are

for the largest model OpenLLaMA-7B, with savings 27.8%/18.5%, respectively.

Increased Sequence Length and Micro BatchSize. We study the bene-

fits of COLLAGE’s reduced memory foot-print (as shown in Figure 3.14),

with a demonstration on pre-training a large GPT-30B model with tensor-

parallelism=8, pipeline-parallelism=2 on two aws.p4.24xlarge (8×A100s 40GB)

instances. Specifically, we identify the maximum sequence length and micro

batchsize for all precision strategies to be able to run without OOM, as sum-

marized in Table 3.18. COLLAGE enables training with an increased sequence

length and micro batchsize compared to option D, thus providing a smooth

trade-off between quality and performance.

Remark 4. Further improvements on throughput and memory can be achieved for

COLLAGE with specialized fused kernels.
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APPENDIX A

EXPRESSIVE HIERARCHICAL DATA MODELING WITH HYPERBOLIC

GEOMETRY

A.1 Partial Orders Embedding in Hyperbolic Shadow Cones

A.1.1 Shadow Cones’ Boundary Characterization

In this part, we explain intuitively the boundary computation of shadow cones

and the reason why Umbral cones are not geodesically convex.

Figure A.1: An example illustrating the ne-

cessity for v’s ball to be entirely immersed

in u’s umbral shadow, in order that u ⪯ v.

In the marginal case shown here, u ⪯̸ v even

though the point v is in u’s umbral shadow.

This is because part of v’s ball and corre-

sponding umbral shadow is outside of u’s

umbral shadow.

Penumbral shadow, which results

from partial eclipse of a light source

with volume, is produced by a point

object. Therefore, the boundaries

of penumbral shadow are geodesics

passing through u while being tan-

gent to the light source. Note

that the Penumbral Shadow(v) ⊂

Penumbral Shadow(u) for any v ∈

Penumbral Shadow(u), therefore, all

possible children of u, i.e., penumbral

cone of u coincides with the penum-

bral shadow of u, with geodesics

boundary described above.

On the other hand, Umbral shadow, which results from total eclipse of a
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Figure A.2: Umbral shadow cone (green) of u in half-space model with light
source S at infinity, where en is the propagation direction of lights. l (dotted
red) denotes the boundary of umbral shadow casted by u and its ball. Solid
green lines denote the boundary of the umbral cone of u, while solid black lines
delineate the geodesically convex hull of u’s umbral cone. This figure shows
that umbral cones are not geodesically convex, because they are strict subsets of
their geodesically convex hulls.

point light source, is produced by an object with volume (a ball around u).

Therefore, the boundary of umbral shadow is geodesics passing through the

point light source, while being tangent to the ball around u. Now, let’s look at

all possible children v of u, i.e., umbral cone of u. Since the objects u and v have

volumes, then for u ⪯ v to be true, it must be that v and its ball are entirely im-

mersed in u’s shadow. Otherwise, the portion of v’s ball outside of u’s shadow

can cast shadows outside. In Fig A.1, we sketch a case where v’s center is in u’s

shadow, but nevertheless u ⪯̸ v, because part of v’s ball is outside.

Hence, the boundary of umbral cones are the set of points equidistant from

the umbral shadow, aka, hypercycles in hyperbolic space, a well-studied geo-

metric object. In Euclidean space, the set of points equidistant from a straight
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line forms another, parallel straight line. In contrast, in hyperbolic space, the set

of points equidistant from a geodesic do not necessarily form a geodesic, and is

instead referred to as a hypercycle. In Fig A.2, we illustrate the non-convexity of

umbral cones in Poincaré half-space. In green are the umbral cone boundaries,

while in black are its convex hull - the minimum convex set - that contains the

umbral cone. The boundaries of the convex hull are geodesics. We can see that

the umbral cone is a strict subset of its convex hull, which means the umbral

cone is not geodesically convex.

A.1.2 Proofs for Theorems/Claims in Section 2.2

Isometry Mapping Light Source to Origin

For the Poincaré ball model, when the light source of shadow cones is in the

space but not at the origin, we utilize the following isometry to map the light

source to the origin.

Definition A.1.1 (Isometry [197]). Let Inv(x) = x
k∥x∥2 , then the map

TS(x) = −S + (1 − ∥S∥2) Inv(Inv(x) − S)

is an isometry of the Poncaré ball, which maps S to the origin O, i.e., TS(S) =

O,T−1
S

(O) = S.

Since isometries preserve distance, geodesics and also equal distance curves

(i.e., hypercycles), then both the umbral and penumbral cones are preserved un-

der isometries. Therefore, when the light source S is not at the origin, we apply

the isometry TS to all embeddings, then the energy function can be computed

accordingly as the light source at the origin case.
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Proof of Transitivity & Geodesic Convexity

In this section, we provide proofs to the transitivity of the partial orders induced

by umbral and penumbral cones, together with the proof of penumbral cones’

convexity. We first give several equivalent definitions to umbral and penumbral

cones

1. u ⪯ v iff v (and its ball) is in the shadow of u (and its ball).

2. u ⪯ v if the shadow of v (and its ball) is a subset of the shadow of u (and

its ball).

3. u ⪯ v if every geodesic between the light source S and v (and its ball)

passes through u (or its ball).

Wherein, the parentheses refer to the umbral cone case. We will adopt the 3rd

definition within this section.

Proof of transitivity. We start with the umbral cone case, suppose that x ⪯ y and

y ⪯ z, then every geodesic between S and y’s ball passes through x’s ball, and

every geodesic between S and z’s ball passes through y’s ball. Now consider

any geodesic between S and z’s ball, which must passes through the y’s ball,

but then it is also a geodesic between S and y’s ball, which must pass through

x’s ball, that is x ⪯ z.

For penumbral cones, suppose that x ⪯ y and y ⪯ z. Consider the geodesic

submanifold (isometric to the hyperbolic plane) passing through x, y and z.

Since x ⪯ y, then the geodesic from y through x intersects the light source. Sim-

ilarly, the geodesic from z through y intersects the light source. Denote these
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intersection points on the boundary of S as a and b respectively, then consider

the geodesic ray from z passing through x, as it passes through z, it either enters

or exits the triangle △aby. Since x is on the line segment ya now, it can’t be exit-

ing the triangle, because y is on the line segment zb, so z was already outside the

triangle. Therefore, it must be entering the triangle and it must exit the triangle

at some point along one of the other sides.

Note that it can’t exit along the side yb, because z is already on that line, and

it can’t intersect the line twice, so it must exit along the side ab, but that side is

entirely within the light source, because a and b are on the light source and the

light source is convex. therefore x ⪯ z.

Worthy to mention, in the proof of penumbral cones, we used the fact that S

is convex, so is the intersection of S with any geodesic submanifold of dimen-

sion 2. In fact, we only need the intersection with any geodesic submanifold of

dimension 2 to be connected, but convexity of S suffices. □

Proof of geodesic convexity for penumbral cones. This can be proved following a

similar pattern as last proof. Suppose that x ⪰ y and x ⪰ z. Let w be any point

on the geodesic line segment yz, again we consider the geodesic submanifold

passing through x, y and z, which also passes through w. The geodesic from y

through x intersects the light source, so is the geodesic from z through x. De-

note these intersection points as a, b respectively. Now consider the geodesic

from w through x, which is contained between geodesics xy and xz, so it will

also be contained at the other side of them, i.e., xa and xb. Also x is one vertex

of the triangle △abx, so the geodesic wx enters the triangle △abx, then it must

exit the triangle at some point along one of its sides. Since wx intersects xa and

xb at x, so it can’t exit along xa and xb sides, because it can’t intersect a line
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twice. Therefore, it must exit along the side ab, which is entirely within the

light source, because the light source is convex. Therefore, wx intersects with

the light source at some point, i.e., w ⪰ x. □

Equivalence of Penumbral-Poincaré-ball and [60]’s entailment cone construc-

tion

Proof. [60] defines the entailment cones in the Poincaré ball model (of curvature

−1) as

{y ∈ Bn|ϕ(y, x) ≤ arcsin(K
1 − ||x||2

||x||
)},

where ϕ(y, x) is the angle between the half-line (xy and (ox.

On the other hand, Penumbral-poincaré-ball is defined as

{y ∈ Bn|ϕ(y, x) ≤ θx = arcsin(
sinh r

sinh dH(x,O)
)}.

With

dH(x,O) = arcosh
(
1 +

2||x||2

1 − ||x||2

)
,

we get

θx = arcsin(
sinh r

sinh arcosh
(
1 + 2||x||2

1−∥x∥2

) ) = arcsin(
sinh r

2
1 − ||x||2

∥x∥
),

then the penumbral-Poincaré-ball cone is

{y ∈ Bn|ϕ(x, y) ≤ θx = arcsin(
sinh r

2
1 − ||x||2

||x||
)},

set K = sinh r
2 (since r is a user-defined hyperparameter), the entailment cone

reduces to penumbral-Poincaré-ball cone, a special case of shadow cones. □
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More Details on Shortest Hyperbolic Distance to Shadow Cones

Umbral-half-space Cones

In the main paper, we provide the shortest hyperbolic distance to the umbral-

half-space cone, here we give a detailed derivation of the formulas. We start by

giving the logarithm map in the Poincaré half-space model [200], let v = logx(y),

then

vi =
xn

yn

s
sinh s

(yi − xi)

vn =
s

sinh s
(cosh s −

xn

yn
)xn,

where s = dH(x, y).

Note that the hyperbolic ball of radius r centered at u in Poincaré half-space

corresponds to an Euclidean ball with center cu = (u1, . . . , un−1, un cosh r) and ra-

dius re = un sinh r. Note that boundaries of the umbral cone induced by u are

hypercycles with axis l, where l belongs to the set of light paths that are tangent

to the boundary of u’s ball: {(x1, . . . , xn−1, t)|
∑n−1

i=1 (xi − ui)2 = r2
e , t > 0}. In order

to derive the signed hyperbolic distance from v to the boundary of the umbral

cone, it suffices to compute the signed distance of v to such a l since hypercycles

are equal-distance curves.

Now we derive the shortest signed hyperbolic distance from v to such an l.

Let w be a point on l such that dH(v, l) = dH(v,w), then clearly the geodesic from

w through v is orthogonal to l at w, i.e.,

(logw(v))n = 0 =⇒ cosh s = wn/vn =⇒ dH(v, l) = dH(v,w) = arcosh (wn/vn).

Note that the geodesic from w through v is a half-circle-style geodesic with cen-

ter on the 0-hyperplane. Since it’s orthogonal to l (a vertial line), hence the center
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of the geodesic is in fact (w1, . . . ,wn−1, 0), then we have

w2
n =

n−1∑
i=1

(wi − vi)2 + v2
n,

by computing the radius to v and w respectively. Meanwhile, we have the fol-

lowing ratio between coordinates:

vi − wi

vi − ui
= 1 −

re√∑n−1
i=1 (vi − ui)2

.

From both equations we can derive that

w2
n = v2

n + (1 −
re√∑n−1

i=1 (vi − ui)2
)2

n−1∑
i=1

(vi − ui)2

= v2
n + (

√√
n−1∑
i=1

(vi − ui)2 − re)2.

Hence, the signed shortest distance from v to the boundary Cone(u) is

r + arcosh (wn/vn) = r + arcosh (

√√√√
1 + (

√√
n−1∑
i=1

(vi − ui)2 − re)2/v2
n)

Note that arcosh(
√

1 + t2) = arsinh(t), ∀t ≥ 0, where the latter is a desired signed

distance, then let

t =


√√

n−1∑
i=1

(ui − vi)2 − un sinh r

 /vn

be a temperature function, we derive the signed shortest distance from v to the

boundary Cone(u) is

r + arsinh(t).

In order to derive the relative altitude function of v respect to u, consider when

the shortest geodesic from v to the boundary of Cone(u) is attained at u, which

will be orthogonal to the boundary at u, using the property of half-circle-stlye

geodesic, we have that

v2
n + (

√√
n−1∑
i=1

(ui − vi)2 − re)2 = r2
e + u2

n = u2
n(1 + sinh2 r) = u2

n cosh2 r,
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that is, v2
n(1 + t2) = u2

n cosh2 r, hence, a natural choice of the relative altitude func-

tion is H(v,u) = v2
n(1+ t2)− u2

n cosh2 r. Then the shortest signed distance from v to

Cone(u) is dH(u, v) when H(v,u) > 0 and r + arsinh(t)/ when H(v,u) ≤ 0.

Umbral-Poincaré-ball Cones

Similarly for umbral-Poincaré-ball cone, we have

Lemma A.1.1 (Umbral-Poincaré-ball). Denote α as the angle between u, v, and β as

the maximum angle spanned by the hyperbolic ball of radius r associated with u, then

α = arccos
u⊺v
∥u∥ ∥v∥

, β = arcsin
r

sinh (dH(u,O))
= arcsin

2r ∥u∥
1 − ∥u∥2

.

Set the temperature as

t = sinh (dH(v,O)) sin(α − β) =
2 ∥v∥

1 − ∥v∥2
sin(α − β),

then the relative altitude function of v with respect to u is

H(v,u) = arcosh
(
cosh (dH(v,O))
√

1 + t2

)
− arcosh (cosh (dH(u,O)) cosh (r)),

= arcosh
(

1
√

1 + t2

1 + ∥v∥2

1 − ∥v∥2

)
− arcosh

(
cosh (r)

1 + ∥u∥2

1 − ∥u∥2

)
.

In fact, boundaries of the umbral cone induced by u are hypercycles with

axis l, where l belongs to the set of light paths that are tangent to the boundary

of u’s ball. We compute the signed distance of v to such a l in the Poincaré ball

model, which is easier since the line Ov and l are geodesics, where hyperbolic

laws of sines can be applied.

Denote α as the angle between u, v, and β as the maximum angle spanned by

the hyperbolic ball of radius r associated with u, then

α = arccos
u⊺v
∥u∥ ∥v∥

, β = arcsin
r

sinh (dH(u,O))
= arcsin

2r ∥u∥
1 − ∥u∥2

.
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where the equation of β is a result of hyperbolic laws of sines. Again using the

hyperbolic laws of sines, we derive the signed distance from v to l as

dH(v, l) = arsinh (sinh (dH(v,O)) sin(α − β)) ,

therefore, we set the temperature as

t = sinh (dH(v,O)) sin(α − β) =
2 ∥v∥

1 − ∥v∥2
sin(α − β),

then the signed shortest distance to the boundary of Cone(u) is simply arsinh(t)+

r. In order to derive the relative altitude function, we consider the altitude of

v, which is simply the projection of v to l, using hyperbolic laws of cosines, we

have

cosh (dH(v,O)) = cosh (dH(v, l)) cosh (H(v)),

Similarly for the altitude of u,

cosh (dH(u,O)) = cosh (dH(u, l)) cosh (H(u)) = cosh (r) cosh (H(u)),

combining them togeterm, the relative altitude function H(v,u) = H(v) − H(u) is

H(v,u) = arcosh
(
cosh (dH(v,O))
√

1 + t2

)
− arcosh (cosh (dH(u,O)) cosh (r)),

= arcosh
(

1
√

1 + t2

1 + ∥v∥2

1 − ∥v∥2

)
− arcosh

(
cosh (r)

1 + ∥u∥2

1 − ∥u∥2

)
.

Then the shortest signed distance from v to Cone(u) is dH(u, v) when H(v,u) > 0

and r + arsinh(t) when H(v,u) ≤ 0.

Penumbral Cones

For penumbral cones, things are simpler since the boundary of penumbral cones

are geodesics, where we can freely apply the hyperbolic laws of sines to hyper-

bolic triangles.
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Theorem A.1.2 (Shortest Distance to Penumbral Cones). For penumbral cones, the

temperature is defined as t = ϕ(v,u) − θu, where ϕ(v,u) is the angle between the cone

central axis and the geodesic connecting u, v at u, θu is half-aperture of the cone. The

relative altitude function is H(v,u) = t − π/2, and the shortest distance from v to the

penumbral cone induced by u is

d(v,Cone(u)) =


dH(u, v) if H(v,u) > 0,

arsinh (sinh (dH(u, v)) sin t) if H(v,u) ≤ 0,

where the second formula represents the signed-distance-to-boundary.

We derive the relative altitude function first, note that H(v,u) = 0 when the

geodesic from v through u is orthogonal to one boundary of the cone at u, with

simple geometry, the relative altitude function is H(v,u) = t− π/2. We derive the

signed-distance-to-boundary dH(v, l) by simply applying the hyperbolic laws of

sines:
sinh dH(u, v)

sin (π/2)
=

sinh dH(v, l)
sin t

,

then we get that dH(v, l) = arsinh (sinh (dH(u, v)) sin t). In summary, the shortest

distance from v to the penumbral cone induced by u is

d(v,Cone(u)) =


dH(u, v) if H(v,u) > 0,

arsinh (sinh (dH(u, v)) sin t) if H(v,u) ≤ 0,

where the second formula represents the signed-distance-to-boundary.

A.1.3 Training Details and Additional Experiments

Data pre-processing and statistics. WordNet data are directly taken from [60],

which was already a DAG. MCG and Hearst are taken from [181, 185] and [75]
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Table A.1: Statistics of partial order datasets

Mammal Noun MCG Hearst

Depth 8 18 31 56
# of Nodes 1,179 82,114 22,665 35,545
# of Components 4 2 657 2,133
# of Basic Relations 1,176 84,363 38,288 42,423
# of All Relations 5,361 661,127 1,134,348 6,846,245

respectively. Since these datasets are orders of magnitudes larger than Word-

Net, we take the 50, 000 relations with the highest confidence score. We note

that there are numerous cycles even in the truncated MCG and Hearst graphs.

To obtain DAGs from these graphs, we randomly remove 1 relation from a de-

tected cycle until no more cycles are found. The resulting four DAGs have vastly

different hierarchy structures. To roughly characterize these structures, we use

longest path length as a proxy for the depth of DAG and number of components

(disconnected sub-graphs) as the width.

While the WordNet Noun and MCG datasets are trained with a maximum

of 50% non-basic edges, we limit Hearst training to 5%. This is due to Hearst’s

transitive closure being more than 10× larger than that of WordNet Noun, de-

spite having comparable numbers of basic relations. We note that a data set’s

complexity is better reflected by the size of its basic edges than that of the transi-

tive closure, as the latter scales quadratically with depth. For instance, although

Hearst possesses only half as many basic relations as Noun, its transitive closure

is tenfold larger. This can be attributed to its depth - 56 compared to Noun’s 18

and MCG’s 31. Full data statistics can be found in A.1.

Negative sampling. Negative samples for testing: For each positive pair in

the transitive closure (u, v), we create 10 negative pairs by randomly selecting 5
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nodes v′, and 5 nodes u′ such that the corrupted pairs (u, v′) and (u′, v) are not

present in the transitive closure. As a result, this ‘true negative set’ is ten times

the size of the transitive closure. We choose negative set size equals 10 as a result

of following [60].

Negative samples for training are generated in a similar fashion: For each

positive pair (u, v), randomly corrupt its edges to form 10 negative pairs (u, v′)

and (u′, v), while ensuring that these negative pairs do not appear in the training

set. We remark that since the training set is not the full transitive closure, these

dynamically generated negative pairs are impure as they might include non-

basic edges.

Burnin. Following [122, 123], we adopt a burnin stage for 20 epochs at the

beginning of training for better initialization, where a smaller learning rate

(burnin-multiplier 0.01×) is used. After the burnin stage, the specified learn-

ing rate is then used (1×).

Hyper-parameters and Optimization. On WordNet Noun and Mammal, we

train shadow cones and entailment cones for 400 epochs, following [60]. On

MCG and Hearst, we train shadow cones and entailment cones for 500 epochs

since due to their increased hierarchy depth. A training batchsize of 16 is

used for all datasets and models. For the margin parameters in shadow loss,

we use γ2 = 0 consistently for all experiments. We tune γ1 and the learn-

ing rate in {0.01, 0.001, 0.0001}. For umbral cones, we tune the source radius

r in {0.01, 0.05, 0.1, 0.2, 0.3}, empirically r = 0.05 during training gives the op-

timal performance when evaluated under a slightly larger radius r = 0.1. For

penumbral-half-space cones, we tune the exponentiated height eh in {2, 5, 10, 20},
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where empirically 20 during training gives the optimal performance, which val-

idates our assumption that the height of penumbral-half-space cones can limit

its performance. Note that for shadow cones, when H(v,u) > 0, the shortest

distance to the cone is dH(u, v), which will only pull v to be close to u, apex of

the shadow cone, but not pull v into the shadow cone. To solve this issue, we

use dH(u′, v) when H(v,u) > 0, where u′ is derived by pushing u into its shadow

cone along the central axis for a distance γ3. We set γ3 = 0.0001 consistently for

all shadow cones. We use HTorch [202] for optimization in various models of

hyperbolic space. We use RiemannianSGD for Poincaré half-space model, and

RiemannianAdam for Poincaré ball model due to the ill-conditioned initializa-

tion results from the hole around the origin, where RiemannianAdam offers a

much faster convergence than RiemannianSGD.

Ease of Training. Our training routine is less complicated than that of the En-

tailment Cone [60]: 1) While the entailment cone uses pretrained 100-epoch em-

bedding as initialization in order to avoid the ϵ-hole issue in the Poincaré-ball,

we simply use random initialization around the origin as a one-stage approach.

2) Our half-space based cones and embeddings have no ϵ-hole issue at the ori-

gin, and need no extra steps to project the “stray” points out of the hole.

Additional Experiments

We would also like to supplement with a simpler experiment that demonstrates

how partial order embeddings capture meaningful structures in data. Given a

shadow cone embedding of mammal taxonomy, we are interested in predicting

the order of a species. For example, the order of American beaver is rodents,
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and the order of Bonobo is primates. To construct the classification task, we first

find all the nodes in the mammal graph that represent order names. This yields

10 categories, including ungulate, rodent, cetacean, etc. Then, we identify all

the species names as the leaf nodes with no outgoing links. Lastly, we predict

the category of each species using a softmax probability distribution based on

distance. Specifically, we measure the distance between the cone central axis of

the species node and those of the 10 category nodes. In the Poincaré-half space

model, this distance is simply:

d(x, y) = arcosh(1 +
||x − y||2

2xnyn
),

where we xn and yn are both fixed to be 1. Therefore, this distance could also be

thought of as the hyperbolic distance confined to the xn = 1 plane.

We note that the shadow cone embedding optimizes for the entailment rela-

tions among nodes, and does not directly optimize this classification task and

its loss. Yet a simple distance-based classification achieved an accuracy 94.80%

with a 5D Umbral half-space cone and 73.23% with a 2D Umbral half-space

cone.

Interpretation of light source radius

We modified our existing framework to learn light source radius from data.

Fig A.3 and A.4 show the learned embedding as well as light source radius. For

the mammal dataset, the source radius quickly expands from its initial size, re-

sulting in a converged radius that is very large compared to the distribution of

learned embeddings. We speculate that this might be a result of the connectivity

of the underlying data: the mammal graph is highly interconnected, featuring
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Figure A.3: A global view of learned
Mammal subgraph embeddings with
a trainable light source radius, using
Penumbral-Poincaré-ball.

Figure A.4: A zoomed-in view of
learned Mammal subgraph embed-
dings with a trainable light source ra-
dius, using Penumbral-Poincaré-ball.

only four disconnected components. A large light source can cast large penum-

bral shadows, making it easier to model highly connected DAGs. We would

be interested in exploring whether different data can induce radius of differ-

ent sizes, and quantify if there is a relation between source radius and graph

connectivity.

A.2 HyLa: Random Hyperbolic Laplacian Features

A.2.1 Proofs for Theorems in Section 2.3

Theorem A.2.1 ([76, 206]). All smooth eigenfunctions of the Euclidean Laplacian ∆

on Rn are

f (x) =
∫

S n−1
eiλ⟨ω,x⟩dT (ω),
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where λ ∈ C − {0} and T is an analytic functional (or hyperfunction), i.e., an element of

the dual space of the space of analytic functions on S n−1.

Theorem A.2.2 ([76, 206]). All smooth eigenfunctions of the Hyperbolic Laplacian L

on Bn are

f (z) =
∫
∂Bn

exp((iλ +
n − 1

2
)⟨ω, z⟩H) dT (ω),

where λ ∈ C and T is an analytic functional (or hyperfunction).

Lemma A.2.3 (Expression of k(x,O)). Denote ζλ,ω(z) = exp
(
(n−1

2 + iλ)⟨ω, z⟩H
)
, then

the corresponding kernel kλ(x,O) for a particular value of λ defined as

kλ(x,O) = E [HyLaλ,b,ω(x) HyLaλ,b,ω(y)] =
1
2
· E
ω

[
ζλ,ω(O)∗ζλ,ω(x)

]
=

1
2
· E
ω

[
ζλ,ω(x)

]
(A.1)

takes the form

kλ(x,O) =
1
2
· 2F1

(
n − 1

2
+ iλ,

n − 1
2
− iλ;

n
2

;
1
2

(1 − cosh(dH(x,O)))
)
,

where the expectation in Equation A.1 is taken over ω drawn uniformly from the n-

dimensional unit sphere.

Proof. Recall that for x in the n-dimensional Poincare ball Bn and ω ∈ ∂Bn,

⟨ω, x⟩H = log
(

1 − ∥x∥2

∥x − ω∥2

)
.

Let γ = n−1
2 + iλ, expanding Equation A.1 out,

kλ(x,O) =
1
2
· E
ω

[
exp

(
γ log

(
1 − ∥x∥2

∥x − ω∥2

))]
=

1
2
· exp

(
γ log

(
1 − ∥x∥2

1 + ∥x∥2

))
E
ω

[
exp

(
γ log

(
1 + ∥x∥2

∥x − ω∥2

))]
=

1
2
· exp

(
γ log

(
1 − ∥x∥2

1 + ∥x∥2

))
E
ω

(∥x − ω∥2
1 + ∥x∥2

)−γ
=

1
2
· exp

(
γ log

(
1 − ∥x∥2

1 + ∥x∥2

))
E
ω

(∥x∥2 − 2ωT x + ∥ω∥2

1 + ∥x∥2

)−γ ,
146



and if we let

u =
−2 ∥x∥

1 + ∥x∥2
,

and let x̂ denote the unit vector in the direction of x, then this becomes

kλ(x,O) =
1
2
· exp

(
γ log

(
1 − ∥x∥2

1 + ∥x∥2

))
E
ω

[(
1 + ux̂Tω

)−γ]
.

Expanding this out using the Binomial Formula (which is valid here because

|u| < 1), we get

kλ(x,O) =
1
2
· exp

(
γ log

(
1 − ∥x∥2

1 + ∥x∥2

))
E
ω

 ∞∑
k=0

(
−γ

k

)
uk

(
x̂Tω

)k


=
1
2
· exp

(
γ log

(
1 − ∥x∥2

1 + ∥x∥2

)) ∞∑
k=0

(
−γ

k

)
uk E
ω

[(
x̂Tω

)k
]
.

Since this expected value is 0 for odd k, this becomes

kλ(x,O) =
1
2
· exp

(
γ log

(
1 − ∥x∥2

1 + ∥x∥2

)) ∞∑
k=0

(
−γ

2k

)
u2k E

ω

[(
x̂Tω

)2k
]
.

But x̂Tω has the same the distribution as the inner product of two uniform ran-

dom unit vectors in n dimensions. The square of this is well known to be Beta-

distributed with parameters ( 1
2 ,

n−1
2 ). So we can write this as

kλ(x,O) =
1
2
· exp

(
γ log

(
1 − ∥x∥2

1 + ∥x∥2

)) ∞∑
k=0

(
−γ

2k

)
u2k E

w

[
wk

]
,

where w ∼ Beta(1
2 ,

n−1
2 ). Of course, the moments of the Beta distribution are well-

known to be

E
w

[
wk

]
=

(
1
2

)(k)(
n
2

)(k) ,

where x(k) denotes the Pochhammer symbol representing the rising factorial. On

the other hand, (
−γ

2k

)
=

(−γ)(2k)

(2k)!
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where x(k) denotes the Pochhammer symbol representing the falling factorial.

Since x(k) = (−1)k(−x)(k), we can write this in terms of rising factorials as(
−γ

2k

)
=

(γ)(2k)

(2k)!
.

So substituting everything in, we have

kλ(x,O) =
1
2
· exp

(
γ log

(
1 − ∥x∥2

1 + ∥x∥2

)) ∞∑
k=0

(γ)(2k)

(2k)!
· u2k ·

(
1
2

)(k)(
n
2

)(k) .

Next, observe that(
1
2

)(k)

=

k−1∏
m=0

(
1
2
+ m

)
= 2−k

k−1∏
m=0

(2m + 1) = 4−k ·
(2k)!

k!
.

So this becomes

kλ(x,O) =
1
2
· exp

(
γ log

(
1 − ∥x∥2

1 + ∥x∥2

)) ∞∑
k=0

(γ)(2k)

k!
· u2k · 4−k ·

1(
n
2

)(k) .

Next, we leverage the famous identity that

γ(2k) = 4k
(
γ

2

)(k)
(
γ + 1

2

)(k)

to get

kλ(x,O) =
1
2
· exp

(
γ log

(
1 − ∥x∥2

1 + ∥x∥2

)) ∞∑
k=0

1
k!
·

(
γ

2

)(k)
·

(
γ + 1

2

)(k)

· u2k ·
1(

n
2

)(k)

=
1
2
· exp

(
γ log

(
1 − ∥x∥2

1 + ∥x∥2

))
· 2F1

(
γ + 1

2
;
γ

2
;

n
2

; u2
)
.

Since

u2 =
4 ∥x∥2

1 + 2 ∥x∥2 + ∥x∥4
,

it follows that

1 − u2 =
1 − 2 ∥x∥2 + ∥x∥4

1 + 2 ∥x∥2 + ∥x∥4
=

(
1 − ∥x∥2

1 + ∥x∥2

)2

and
√

1 − u2 − 1

2
√

1 − u2
=
− ∥x∥2

1 − ∥x∥2
.
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Recall the classic formula that

2F1

(
a, a +

1
2

; c; z
)
= (1 − z)−a

2F1

(
2a, 2c − 2a − 1; c;

√
1 − z − 1

2
√

1 − z

)
.

Substituting z = u2, a = γ

2 , and c = n
2 yields

kλ(x,O) =
1
2
· 2F1

(
γ, n − γ − 1;

n
2

;
− ∥x∥2

1 − ∥x∥2

)
=

1
2
· 2F1

(
n − 1

2
+ iλ,

n − 1
2
− iλ;

n
2

;
− ∥x∥2

1 − ∥x∥2

)
.

Therefore,

− ∥x∥2

1 − ∥x∥2
=
− tanh2(D/2)

1 − tanh2(D/2)
=
− tanh2(D/2)
sech2(D/2)

= − sinh2(D/2) =
1
2

(1 − cosh(D)) ,

where D = dH(x,O). So we get a final expression

kλ(x,O) =
1
2
· 2F1

(
n − 1

2
+ iλ,

n − 1
2
− iλ;

n
2

;
1
2

(1 − cosh(dH(x,O)))
)
.

The proof is done here. We further make a remark here. Recall that for the

Poincaré ball model,

d(x,O) = 2 log

 ∥x∥ + 1√
1 − ∥x∥2


= log

(
(∥x∥ + 1)2

1 − ∥x∥2

)
= log

(
1 + ∥x∥
1 − ∥x∥

)
= 2 artanh(∥x∥).

Therefore,

log
(
1 − ∥x∥2

1 + ∥x∥2

)
= log

(
1 − tanh2(D/2)
1 + tanh2(D/2)

)
= log

(
sech2(D/2)

1 + tanh2(D/2)

)
= log

(
1

sinh2(D/2) + cosh2(D/2)

)
= log

(
1

sinh2(D/2) + cosh2(D/2)

)
= − log (cosh(D)) .
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And on the other hand,

u =
−2 tanh(D/2)

1 + tanh2(D/2)
= tanh(D).

then we can also write the kernel as

kλ(x,O) =
1
2
· exp

(
−

(
n − 1

2
+ iλ

)
log (cosh(D))

)
· 2F1

(
n + 1

4
+ i

λ

2
,

n − 1
4
+ i

λ

2
;

n
2

; tanh(D)2
)
,

where D = dH(x,O). □

Lemma A.2.4 (Isometry-invariance). The kernel defined by

kλ(x, y) =
1
2
·E
ω

[
ζλ,ω(x)∗ζλ,ω(y)

]
=

1
2
·E
ω

[
exp

(
(
n − 1

2
− iλ)⟨x,ω⟩H + (

n − 1
2
+ iλ)⟨y,ω⟩H

)]
is isometry-invariant.

Proof. Let g be any isometry of the space, then observe the geometric identity

[76]:

⟨g ◦ x, g ◦ ω⟩ = ⟨x,ω⟩ + ⟨g ◦ O, g ◦ ω⟩. (A.2)

Take ω = g−1 ◦ ω in Equation A.2, it follows that

⟨g ◦ x,ω⟩ = ⟨x, g−1 ◦ ω⟩ + ⟨g ◦ O,ω⟩.

Take x = g−1 ◦ O in Equation A.2, it follows that

0 = ⟨O,ω⟩ = ⟨g−1 ◦ O,ω⟩ + ⟨g ◦ O, g ◦ ω⟩,

i.e.,

⟨g−1 ◦ O,ω⟩ = −⟨g ◦ O, g ◦ ω⟩,

replace g−1 with g, then

⟨g ◦ O,ω⟩ = −⟨g−1 ◦ O, g−1 ◦ ω⟩.
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By definition,

kλ(x, y) =
1
2
· E
ω

[
exp

(
(
n − 1

2
− iλ)⟨x,ω⟩H + (

n − 1
2
+ iλ)⟨y,ω⟩H

)]
. (A.3)

Now assume, g ◦ y = O, then consider

kλ(g ◦ x,O) =
1
2
· E
ω

[
ζλ,ω(g ◦ x)∗ζλ,ω(O)

]
=

1
2
· E
ω

[
ζλ,ω(g ◦ x)∗

]
=

1
2
· E
ω

[
exp

((
n − 1

2
− iλ

)
⟨g ◦ x,ω⟩

)]
=

1
2
· E
ω

[
exp

((
n − 1

2
− iλ

) (
⟨x, g−1 ◦ ω⟩ + ⟨g ◦ O,ω⟩

))]
=

1
2
· E
ω

[
exp

((
n − 1

2
− iλ

) (
⟨x, g−1 ◦ ω⟩ − ⟨g−1 ◦ O, g−1 ◦ ω⟩

))]
=

1
2
· E
ω

[
exp

((
n − 1

2
− iλ

) (
⟨x, g−1 ◦ ω⟩ − ⟨y, g−1 ◦ ω⟩

))]
=

1
2
·

∫
Sn−1

exp
((

n − 1
2
− iλ

) (
⟨x, g−1 ◦ ω⟩ − ⟨y, g−1 ◦ ω⟩

))
ρ1(ω)dω,

where ρ1(ω) is a uniform distribution over the sphere, use ω̂ = g−1◦ω as a change

of variable, then

kλ(g ◦ x,O) =
∫
Sn−1

exp
((

n − 1
2
− iλ

) (
⟨x, g−1 ◦ ω⟩ − ⟨y, g−1 ◦ ω⟩

))
ρ1(ω)dω

=

∫
Sn−1

exp
((

n − 1
2
− iλ

)
(⟨x, ω̂⟩ − ⟨y, ω̂⟩)

)
ρ1(g ◦ ω̂)d(g ◦ ω̂).

We claim that the mapping g acts on the boundary with the Jacobian given by

d(g ◦ ω̂)
d(ω̂)

=
1
2
· exp((n − 1) · ⟨g−1 ◦ O, ω̂⟩) =

1
2
·

 1 −
∥∥∥g−1 ◦ O

∥∥∥2∥∥∥g−1 ◦ O − ω̂
∥∥∥2


n−1

, (A.4)
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then

kλ(g ◦ x,O) =
1
2
·

∫
Sn−1

exp
((

n − 1
2
− iλ

)
(⟨x, ω̂⟩ − ⟨y, ω̂⟩)

)
ρ1(g ◦ ω̂)d(g ◦ ω̂)

=
1
2
·

∫
Sn−1

exp
((

n − 1
2
− iλ

)
(⟨x, ω̂⟩ − ⟨y, ω̂⟩)

)
ρ1(g ◦ ω̂) exp((n − 1) · ⟨g−1 ◦ O, ω̂⟩)d(ω̂)

=
1
2
·

∫
Sn−1

exp
((

n − 1
2
− iλ

)
(⟨x, ω̂⟩ − ⟨y, ω̂⟩) + (n − 1) · ⟨y, ω̂⟩

)
ρ1(g ◦ ω̂)d(ω̂)

=
1
2
·

∫
Sn−1

exp
((

n − 1
2
− iλ

)
⟨x, ω̂⟩ +

(
n − 1 −

n − 1
2
+ iλ

)
⟨y, ω̂⟩

)
ρ1(g ◦ ω̂)d(ω̂)

=
1
2
·

∫
Sn−1

exp
((

n − 1
2
− iλ

)
⟨x, ω̂⟩ +

(
n − 1

2
+ iλ

)
⟨y, ω̂⟩

)
ρ1(g ◦ ω̂)d(ω̂).

Since ρ1 is a uniform distribution, this is

kλ(g ◦ x,O) =
1
2
· E
ω̂

[
exp

((
n − 1

2
− iλ

)
⟨x, ω̂⟩ +

(
n − 1

2
+ iλ

)
⟨y, ω̂⟩

)]
,

compared with Equation A.3, it follows that kλ(g◦x,O) = kλ(x, y). Since kλ(g◦x,O)

only depends on dH(g ◦ x,O) = dH(x, g−1 ◦ O) = dH(x, y) from Lemma A.2.3, then

kλ(x, y) is distance-invariant, and hence isometry-invariant.

It suffices to prove Equation A.4, i.e.,

d(g ◦ ω)
d(ω)

=

 1 −
∥∥∥g−1 ◦ O

∥∥∥2∥∥∥g−1 ◦ O − ω
∥∥∥2


n−1

,

clearly it holds when g is an rotation, it suffices to show this for a translation

isometry. Denote Inv(x) = x
∥x∥2 , then in the Poincarè Ball model, all translation

isometry takes the form

Ta(x) = −a + (1 − ∥a∥2) Inv(Inv(x) − a),

where both x, a in the Poincarè Ball model and Ta(a) = O,T−1
a (O) = a. Thus,

Ta(ω) = −a+(1−∥a∥2) Inv(Inv(ω)−a) = −a+(1−∥a∥2) Inv(ω−a) = −a+(1−∥a∥2)
ω − a
∥ω − a∥2

,

where we use the fact ∥ω∥ = 1. Since the integral is taken over the unit sphere

with ∥ω∥ = 1, ∥Ta(ω)∥ = 1, we consider only the mapping of Ta restricted to the
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first n − 1 (free) dimensions, with an abuse of notation, regard ω as an n − 1

dimensional vector. Then the Jacobian of Ta(ω) with respect to ω is

dTa(ω) = (1 − ∥a∥2)d(
ω − a
∥ω − a∥2

),

we can calculate that

d(
ω − a
∥ω − a∥2

) =
∥ω − a∥2 dω − (ω − a) · 2(ω − a)⊺dω

∥ω − a∥4

=
1

∥ω − a∥2
·
∥ω − a∥2 − 2(ω − a) · (ω − a)⊺

∥ω − a∥2
dω

=
dω

∥ω − a∥2
·

(
In−1,n−1 −

2(ω − a) · (ω − a)⊺

∥ω − a∥2

)
,

then
dTa(ω)

dω
=

1 − ∥a∥2

∥ω − a∥2

(
In−1,n−1 −

2(ω − a) · (ω − a)⊺

∥ω − a∥2

)
,

note the relation that

det(I + xy⊺) = 1 + x⊺y,

then

det(In−1,n−1 −
2(ω − a) · (ω − a)⊺

∥ω − a∥2
) = 1 −

2(ω − a)⊺ · (ω − a)
∥ω − a∥2

= 1 − 2 = −1,

then the absolute value of determinant of the Jacobian is

| det(
dTa(ω)

dω
)| = | det

(
1 − ∥a∥2

∥ω − a∥2
(In−1,n−1 −

2(ω − a) · (ω − a)⊺

∥ω − a∥2
)
)
|

=

(
1 − ∥a∥2

∥ω − a∥2

)n−1

=

 1 −
∥∥∥g−1 ◦ O

∥∥∥2∥∥∥ω − g−1 ◦ O
∥∥∥2


n−1

,

with which a change of variable would give

d(g ◦ ω)
d(ω)

=

 1 −
∥∥∥g−1 ◦ O

∥∥∥2∥∥∥g−1 ◦ O − ω
∥∥∥2


n−1

,

which finishes the proof. □
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Proof of Theorem 2.3.2. As a result of Lemma A.2.3 and Lemma A.2.4, the ex-

pression for kλ(x, y) follows:

kλ(x, y) =
1
2
· 2F1

(
n − 1

2
+ iλ,

n − 1
2
− iλ;

n
2

;
1
2

(1 − cosh(dH(x, y)))
)
,

where 2F1 is the hypergeometric function, we can also apply the Euler transfor-

mation to get

kλ(x, y) =
1
2
·

(
1
2

(1 + cosh(dH(x, y)))
)1− n

2

· 2F1

(
1
2
+ iλ,

1
2
− iλ;

n
2

;
1
2

(1 − cosh(dH(x, y)))
)
.

If we let

z =
1
2

(1 − cosh(dH(x, y)))

then this is written more succinctly as

kλ(x, y) =
1
2
· (1 − z)1− n

2 · 2F1

(
1
2
+ iλ,

1
2
− iλ;

n
2

; z
)
.

We can also write this as a Legendre function,

kλ(x, y) =
1
2
· (1 − z)1− n

2 · Γ

(n
2

)
· z

2−n
4 · (1 − z)

n−2
4 · P1− n

2

− 1
2+iλ

(1 − 2z)

=
1
2
· (z(1 − z))

2−n
4 · Γ

(n
2

)
· P1− n

2

− 1
2+iλ

(1 − 2z)

Observe that

z(1 − z) =
1
4

(
1 − cosh2(dH(x, y))

)
=

1
4

(
− sinh2(dH(x, y))

)
and similarly

1 − 2z = cosh(dH(x, y)).

This is manifestly real because

kλ(x, y) =
1
2
·

∞∑
k=0

k−1∏
m=0

(
n−1

2 + m + iλ
) (

n−1
2 + m − iλ

)(
n
2 + m

)
(1 + m)

·
1
2

(1 − cosh(dH(x, y)))

=
1
2
·

∞∑
k=0

k−1∏
m=0

(
n−1

2 + m
)2
+ λ2(

n
2 + m

)
(1 + m)

·
1
2

(1 − cosh(dH(x, y))) .
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If we draw HyLa features using a distribution ρ over λ, then the resulting ap-

proximated kernel will be

k(x, y) =
1
2
·

∫ ∞

−∞

kλ(x, y) · ρ(λ) dλ

=
1
2
·

∫ ∞

−∞

2F1

(
n − 1

2
+ iλ,

n − 1
2
− iλ;

n
2

;
1
2

(1 − cosh(dH(x, y)))
)
· ρ(λ) dλ.

□

Proof of Theorem 2.3.3. Denote

ϕλ(z) =
∫
Sn−1

ζλ,ω(z)dω =
∫
Sn−1

exp
(
(
n − 1

2
+ iλ)⟨ω, z⟩H

)
dω,

which are basic spherical functions. For any x, y ∈ Bn, assume gy is an isometry

that maps y to the origin, i.e., gy ◦ y = O, denote x̂ = gy ◦ x, then kλ(x, y) = kλ(x̂,O)

for any λ, note that

kλ(x̂,O) =
1
2
·

∫
Sn−1

exp
(
(
n − 1

2
+ iλ)⟨ω, x̂⟩H

)
ρ1(ω)dω

=
1
2
·

1
Area(Sn−1)

∫
Sn−1

exp
(
(
n − 1

2
+ iλ)⟨ω, x̂⟩H

)
dω

=
1
2
·

1
Area(Sn−1)

ϕλ(x̂),

where we use the fact that ρ1(ω) is a uniform distribution over the sphere. As-
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sume the existence of an associated density ρ(λ) with the kernel, then

k(x, y) = k(dH(x, y)) = k(dH(x̂,O))

=

∫ ∞

−∞

kλ(x, y) · ρ(λ) dλ

=

∫ ∞

−∞

kλ(x̂,O) · ρ(λ) dλ

=
1
2
·

∫ ∞

−∞

1
Area(Sn−1)

ϕλ(x̂) · ρ(λ) dλ

=
1
2
·

1
Area(Sn−1)

∫ ∞

−∞

ϕλ(x̂) · ρ(λ) dλ

=
1

πArea(Sn−1)

∫ ∞

−∞

ρ(λ)
λ tanh (πλ2 )

· ϕλ(x̂) · |c(λ)|−2 dλ

where |c(λ)|−2 = πλ
2 tanh πλ

2 when λ ∈ R. Note that the last integral is exactly the

inverse spherical transform [76] of ρ(λ)
λ tanh ( πλ2 )

, hence it can be derived in the reverse

direction by taking the spherical transform of k(dH(x̂,O)), i.e.,

ρ(λ)
λ tanh (πλ2 )

=

∫
Bn

k(dH(x̂,O))ϕ−λ(x̂)d x̂.

Hence ρ(λ) can be derived as

ρ(λ) = λ tanh (
πλ

2
)
∫
Bn

k(dH(x̂,O))ϕ−λ(x̂)d x̂

= λ tanh (
πλ

2
)
∫
Bn

∫
∂Bn

k(dH(z,O)) exp
(
(
n − 1

2
− iλ)⟨ω, z⟩H

)
dωdz.

Therefore, given an isometry-invariant positive semidefinite kernel k(x, y) =

k(dH(x, y)), we can compute ρ(λ) following the above expression if it exists, then

the rest of the theorem follows. □

A.2.2 Concentration of the Kernel Estimation

The readers may wonder whether there is a concentration behavior using the

random variable ⟨ϕ(x), ϕ(y)⟩ to approximate k(x, y). Unfortunately, the eigen-
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Figure A.5: Averaged estimation error of HyLa to the kernel.

function ϕ(x) itself is not a sub-Gaussian so as to derive a concentration bound

in a straightforward way, but we do provide a numerical experiment to mea-

sure the estimation behavior. For the estimation in Figure 2.13, we sampled

1, 000 different eigenfunctions.

We first fix a set of 1, 000 points xi by uniformly sampling over 2-dimensional

hyperbolic space, then approximate the kernel k(o, xi) using ⟨ϕ(xi), ϕ(o)⟩ by sam-

pling with an increasing number of eigenfunctions, ranging from 50 to 1, 000.

At last, we compute the mean absolute error of the estimation ⟨ϕ(xi), ϕ(o)⟩ to the

true kernel value k(o, xi). We plot the mean estimation error in Figure A.5, which

seems to be an exponentially decay, it’s an interesting future work to investigate

this estimation error.
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A.2.3 Discussions on the Methodology

Node Embedding vs Feature Embedding

When HyLa is adopted at node level, i.e., each vertex/node vi in the graph is

associated with a hyperbolic embedding parameter zi ∈ B
d0 . Then the inner

product of HyLa features ⟨ϕ(zi), ϕ(z j)⟩ of vertex vi, v j approximates some kernel

k(zi, z j). The optimization of zi encourages learning of the kernel on the hyper-

bolic space to solve the task.

When HyLa is adopted at feature level, i.e., each column dimension of the

node feature X ∈ Rn×d is associated with a hyperbolic embedding parameter

zi ∈ B
d0 . The HyLa feature associated to each vertex/node vi is then computed

as
∑d

k=1 Xikϕ(zk), where
∑d

k=1 Xik = 1 if a row-normalization is applied on the

original node features.

Therefore, the inner product of two node HyLa features is

⟨

d∑
k=1

Xikϕ(zk),
d∑

l=1

X jlϕ(zl)⟩ =
d∑

k,l=1

XikX jl⟨ϕ(zk), ϕ(zl)⟩,

which in expectation equals a linear combination of kernels, i.e.,
∑d

k,l=1 XikX jlk(zk, zl).

Therefore, it captures a much more complicated kernel relation on the hyper-

bolic space than directly embedding nodes.

Two-Step Approach

For the purpose of end-to-end learning, in our experiments, we jointly learn the

embedding parameter Z and weight W in SGC during the training time, as de-

tailed in A.2.4. It’s possible to adopt a two-step approach, i.e., first pretrain a hy-
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perbolic embedding, then fix the embedding and train the graph learning model

only. In the first step, for example, optimization-based methods [122, 123] and

combinatorial construction methods [147, 156] can be adopted by supervising

the graph connectivity. However, these methods only utilize the graph struc-

ture information, but ignore the node feature information X, which leads to a

natural performance degradation. In comparison, as shown in experiments and

analyzed in A.2.3, our end-to-end learning of HyLa can be used to embed fea-

tures and enables learning a complex kernel representation to avoid this short-

coming. Intuitively, the graph connectivity information can be too general for

downstreaming tasks which rely more on semantic information. It’s not clear

to us how to encode the semantic information (node features) into embedding

following e.g., [122, 123].

Another way [28] of deriving a pretrained hyperbolic embedding that might

take semantic information into consideration is to train a link prediction model,

however, this method is not efficient as HGCN, shown in Table A.6 and Fig-

ure 2.15.

A.2.4 Experiment Details

Task and Dataset

We provide a detailed description/table of used datasets in Table A.2 and Ta-

ble A.3.

1. Citation Networks. Cora, Citeseer and Pubmed [151] are standard citation

network benchmarks, where nodes represent papers, connected to each
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Table A.2: Node classification dataset statistics.

Setting Dataset # Nodes # Edges Classes Features

Trans-
ductive

Cora 2,708 5,429 7 1,433
Citeseer 3,327 4,732 6 3,703
Pubmed 19,717 44,338 3 500

Disease 1,044 1,043 2 1,000
Airport 3,188 18,631 4 4

Inductive Reddit 233K 11.6M 41 602

Table A.3: Text classification dataset statistics.

Dataset # Docs # Words Average Length Classes

R8 7, 674 7688 65.72 8
R52 9, 100 8892 69.82 52
Ohsumed 7400 14157 135.82 23
MR 10662 18764 20.39 2

other via citations. We follow the standard splits [92] with 20 nodes per

class for training, 500 nodes for validation and 1000 nodes for test.

2. Disease propagation tree [28]. This is tree networks simulating the SIR

disease spreading model [9], where the label is whether a node was in-

fected or not and the node features indicate the susceptibility to the dis-

ease. We use dataset splits of 30/10/60% for train/val/test set.

3. Airport. We take this dataset from [28]. This is a transductive dataset

where nodes represent airports and edges represent the airline routes as

from OpenFlights. Airport contains 3,188 nodes, each node has a 4 di-

mensional feature representing geographic information (longitude, lati-

tude and altitude), and GDP of the country where the airport belongs to.

For node classification, labels are chosen to be the population of the coun-

try where the airport belongs to. We use dataset splits of 524/524 nodes

for val/test set.
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4. Reddit. This is a much larger graph dataset built from Reddit posts, where

the label is the community, or “subreddit”, that a post belongs to. Two

nodes are connected if the same user comments on both. We use a dataset

split of 152K/24K/55K follows [72, 30], similarly, we evaluate HyLa induc-

tively by following [183]: we train on a subgraph comprising only training

nodes and test with the original graph.

Training details.

We use HyLa together with SGC model as softmax(AKXW), where the HyLa

feature matrix X ∈ Rn×d1 is derived from the hyperbolic embedding Z ∈ Rn×d0 us-

ing Algorithm 1. Specifically, we randomly sample constants of HyLa features

X by sampling the boundary points ω uniformly from the boundary ∂Bn, eigen-

value constants λ from a zero-mean s-standard-deviation Gaussian and biases b

uniformly from [0, 2π]. These constants remain fixed throughout training.

We use cross-entropy as the loss function and jointly optimize the low di-

mensional hyperbolic embedding Z and linear weight W simultaneously during

training. Specifically, Riemannian SGD optimizer [18] (of learning rate lr1) for Z

and Adam [91] optimizer (of learning rate lr2) for W. RSGD naturally scales to

very large graph because the graph connectivity pattern is sufficiently sparse.

We adopt early-stopping as regularization. We tune the hyper-parameter via

grid search over the parameter space. Each hyperbolic embedding is initialized

around the origin, by sampling each coordinate at random from [−10−5, 10−5].
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Table A.4: Hyper-parameters for node classification.

Dataset d0 d1 K s lr1 lr2 # Epochs

Disease 16 100 5 1.0 0.05 0.0001 100
Airport 16 1000 2 0.01 0.5 0.1 100
Pubmed 16 100 5 0.1 0.5 0.001 200
Citeseer 16 500 5 1.0 0.1 0.001 100
Cora 16 100 2 1.0 0.1 0.01 100
Reddit 50 1000 2 0.5 0.1 0.001 100

Table A.5: Hyper-parameters for text classification.

Transductive Setting Inductive Setting

Dataset d0 d1 s lr1 lr2 d0 d1 s lr1 lr2

R8 50 500 0.5 0.01 0.0001 50 500 0.5 0.001 0.0001
R52 50 500 0.5 0.1 0.0001 50 1000 0.5 0.008 0.0001
Ohsumed 50 500 0.5 0.01 0.0001 50 1000 0.1 0.001 0.0001
MR 30 500 0.5 0.1 0.0001 50 500 0.5 0.01 0.0001

Hyper-parameters

We provide the detailed values of hyper-parameters for node classification and

text classification in Table A.4 and Table A.5 respectively. Particularly, we fix

K = 2 for the text classification task and train the model for a maximum of 200

epochs without using any regularization (e.g. early stopping). Also note that in

the transductive text classification setting, HyLa is used at node level, hence the

size of parameters will be proportional to the size of graph, in which case, d0 and

d1 can not be too large so as to avoid OOM. In the inductive text classification

setting, there is no such constraint as the dimension of lower level features is

not very large itself.
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Timing

We show the specific training timing statistics of different models on Pubmed

dataset in Table A.6. Particularly for HGCN model, in order to achieve the re-

port performances, we follow the same training procedure using public code,

which is divided into two stages: (1) a link prediction task on the dataset to

learn hyperbolic embeddings, and (2) use the pretrained embeddings to train

a MLP classifier. Hence, we add the timing of both stages as the timing for

HGCN.

Table A.6: Training time on Pubmed.

Model Timing (seconds)

SGC 0.37
GCN 1.25
GAT 12.52
HNN 2.41
HGCN 15.41
LGCN 10.93
HyLa-SGC 3.51

A.3 Coneheads: Hierarchy Aware Attention

A.3.1 Penumbral & Umbral Attention Derivation

Penumbral Attention Derivation

Recall the definition of Penumbral Attention in the infinite setting shadow cone

construction:
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K(u, v) = exp

−γmax

ud, vd,

√√√√√√√√
r2 −


√

r2 − u2
d +

√
r2 − v2

d − ∥u:−1 − v:−1∥

2


2

 (A.5)

when there exists a cone that contains u and v, and

K(u, v) = exp

−γ
√(
∥u:−1 − v:−1∥

2 + u2
d − v2

d

2∥u:−1 − v:−1∥

)2

+ v2
d

 (A.6)

otherwise. There exists a cone that contains u and v when(
∥u:−1 − v:−1∥ −

√
r2 − u2

d

)2

+ v2
d < r2 or ∥u:−1 − v:−1∥ ≤

√
r2 − u2

d (A.7)

Below, we give a derivation of this definition in the infinite penumbral cone

construction. From theorem A.3.2, sup2(u, v) is the lowest cone that contains u

and v in the plane containing u, v, and the ideal point of S. This lets us derive the

height of sup2(u, v) in that plane, which is given by the intersection of Euclidean

semicircle geodesics with Euclidean radius r.

First, we check if there exists a cone that contains u and v in this plane. Note

that the region of points v s.t. ∃ a cone containing u and v is the region contained

by the two geodesics forming the cone of u (see Figure A.6). Assume ux = 0.

Then, in the infininte setting penumbral construction, these geodesics are the

two semicircles centered at
(
±

√
r2 − u2

y , 0
)

with radius r. We can check if a point

is in this region by checking if it is in the quarter circle bounded by
(
−

√
r2 − u2

y , 0
)

and the arc from
(
−

√
r2 − u2

y − r, 0
)

to
(
−

√
r2 − u2

y , r
)
, the quarter circle bounded

by
(√

r2 − u2
y , 0

)
and the arc from

(√
r2 − u2

yr, 0
)

to
(√

r2 − u2
y , r

)
, or the rectangular

region between the two. This is given by(((
vx −

√
r2 − u2

y

)2
+ (vy − 0)2 < r2

)
∧ vx >

√
r2 − u2

y

)
∨ vx ≤

√
r2 − u2

y

which reduces to equation A.7 since ux = 0 =⇒ vx = ∥u:−1 − v:−1∥.
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Figure A.6: The gray area (A ∪ B ∪ C ∪ D) is the region of all points that share a
cone with u. B is the cone of u, and D is the region of points whose cones contain
u (ancestors of u).

Figure A.7: If vx ≥ ux, then sup2(u, v) is the intersection of the “right” geodesic of
u (red) and the “left” geodesic of v (blue).

Now, we derive the height of sup2(u, v) when there exists a cone containing u

and v. Assume WLOG that vx ≥ ux, and normalize u and v s.t. ux = −∥u:−1−v:−1∥/2

and vx = ∥u:−1 − v:−1∥/2. If u ⊀ v and v ⊀ u, sup2(u, v) is intersection of the “right”

geodesic of u and the “left” geodesic of v (see Figure A.7). The center of the right

geodesic of u is given by
(
ux +

√
r2 − u2

y , 0
)
, and the center of the left geodesic of v

is given by
(
vx −

√
r2 − v2

y

)
. Since sup2(u, v) is equidistant from these two centers,
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sup2(u, v)x =

(√
r2 − u2

y −

√
r2 − v2

y

)
/2. Then,

sup2(u, v)y =

√√√√√√√√
r2 −


√

r2 − u2
y −

√
r2 − v2

y

2
−

(
ux +

√
r2 − u2

y

)
2

=

√√√√√√√√
r2 −


∥u:−1 − v:−1∥ −

√
r2 − u2

y −

√
r2 − v2

y

2


2

=

√√√√√√√√
r2 −


√

r2 − u2
y +

√
r2 − v2

y − ∥u:−1 − v:−1∥

2


2

(A.8)

If u ≺ v or v ≺ u, then sup2(u, v) is equal to u or v, respectively. In this situation,

equation A.8 is less than uy or vy, repsectively. Thus, we take the max of uy, vy,

and equation A.8 to get equation A.5.

When there does not exist a cone containing u and v, we return the height

of the lowest light source s.t. there exists such a cone. This corresponds to the

height of the highest point in the extended geodesic through u and v. Since

geodesics are Euclidean semicircles, this height is the radius of the Euclidean

semicircle through u and v. Let the center of this semicircle be (x, 0), and nor-

malize u and v s.t. ux = 0 and vx = ∥u:−1 − v:−1∥. Then, we have

x2 + u2
y = (vx − x)2 + v2

y

2vxx = v2
x + v2

y − u2
y

2∥u:−1 − v:−1∥x = ∥u:−1 − v:−1∥
2 + v2

y − u2
y

x =
∥u:−1 − v:−1∥

2 + v2
y − u2

y

2∥u:−1 − v:−1∥

The radius of the semicircle through u and v is then√(
∥u:−1 − v:−1∥

2 + v2
y − u2

y

2∥u:−1 − v:−1∥

)2

+ u2
d
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It is easy to verify that this is symmetric in u and v and gives equation A.6.

Furthermore, it is also easy to verify that when(
∥u:−1 − v:−1∥ −

√
r2 − u2

d

)2

+ v2
d = r2

the in-cone and out-of-cone heights are both r, and equations A.5 and A.6 both

equal exp(−γr), making K continuous with respect to the positions of u and v.

Umbral Attention Derivation

Recall the definition of Umbral Attention in the infinite setting shadow cone

construction:

K(u, v) = exp
(
−γmax

(
ud, vd,

∥u:−1 − v:−1∥

2 sinh(r)
+

ud + vd

2

))
(A.9)

As shown in [203], cone regions for infinite setting umbral cones are given by

Euclidean triangles with angle apertures of 2 arctan(sinh(r)). WLOG, assume that

vx ≥ ux and normalize u and v s.t. ux = 0 and vx = ∥u:−1 − v:−1∥. When u ⊀ v

and v ⊀ u, sup2(u, v) is given by the intersection of the line with slope 1/ sinh(r)

through u and the line with slope −1/ sinh(r) through v. This gives

y − uy =
x − ux

sinh(r)

y − vy =
x + vx

sinh(r)

2y =
vx − ux

sinh(r)
+ vy + uy

y =
∥u:−1 − v:−1∥

2 sinh(r)
+

vy + uy

2

(A.10)

where sup2(u, v) = (x, y). When u ≺ v or v ≺ u, equation A.10 is less than uy or

vy, respectively. Thus, we take the max of uy, vy, and equation A.10, giving us

equation A.9. When vx < ux, sup2(u, v) becomes the intersection of the line with

slope 1/ sinh(r) through v and the line with slope −1/ sinh(r) through u, which

gives us the same result.
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A.3.2 Proofs for Theorems in Section 2.4

Theorem A.3.1. In the infinite shadow cone construction, the cone with root farthest

away from S that contains u and v is the minimum height cone that contains u and v.

Proof. We prove the umbral and penumbral cases separately.

Penumbral Cones: The distance from boundary of S to a point x is the length

of geodesic orthogonal to S through x. In the infinite penumbral construction,

S is a horosphere, so this geodesic is the vertical Euclidean line from x to S.

Clearly, the longer this line is, the lower x is.

Umbral Cones: Here S is a point, and geodesics through S are vertical Eu-

clidean lines orthogonal to the “x-axis” (using the definition of “x-axis” from

the main text). As with the penumbral case, since the geodesic from a point x to

S is vertical Euclidean line, the longer this line is the lower x is. □

Theorem A.3.2. In the infinite shadow cone construction, the root of the minimum

height cone that contains u and v lies on the plane containing u, v, and S (or the ideal

point of S).

Proof. We prove the umbral and penumbral cases separately.

Penumbral Cones: Consider the region of points x s.t. x ≺ u. This is the

region of geodesics through u that intersect S and is axially symmetric around

the vertical Euclidean line Au through u [203]. Denote this region Cu and its

boundaryBu. Note that the ideal point of S, xd = ∞, is the intersection of vertical

line geodesics, so all planes through u and xd = ∞ contain Au. Since Cu is axially

symmetric w/r.t. Au, it follows that it is reflection-symmetric across such planes.
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Now, consider the intersection of Cu and Cv, which has boundaryBu∩v. Cu∩Cv

is clearly reflection-symmetric along the plane P containing u, v, and xd = ∞. As

such, for any plane P′ orthogonal to P, all points on Bu∩d ∩ P′ are either on Bu or

Bv but not both. Since the geodesics that form Bu are monotonically increasing in

height in the direction away from Au (and likewise for v), the minimum height

cone that contains u and v must have root in Bu∩v. Furthermore, the root of

minimum height cone on Bu∩v ∩ P′ is the closest point on Bu∩v ∩ P′ to Au. Since

the set of closest points on a plane to a parallel line is the intersection of the

orthogonal plane through the line, the minimum height cone on Bu∩v ∩ P′ is on

P. Thus, the minimum height cone that contains u and v, which is the minimum

over P′ of minimum height cones on Bu∩d ∩ P′, is on P.

Umbral Cones: The proof for the umbral construction is identical to the

penumbral construction, except that S is a point at xd = ∞. □

A.3.3 Implementation and Experiment Details

All experiments were run on a shared GPU cluster with various machine con-

figurations. All GPUs in the cluster were NVIDIA Volta or newer cards, and

all machines had Intel Skylake or newer CPUs or AMD Milan or newer CPUs.

Most experiments used PyTorch 2.0 with torch.compile and TF32 turned on

for matrix multiplications. We provide PyTorch implementations of the infinite-

setting penumbral and umbral attention operators at https://github.com/

tsengalb99/coneheads. Below, we give implementation details for each

tested model. For penumbral attention, we set the height of S to h = 1. For

umbral attention, we set the radius of the ball around each point to r = 0.1
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Graph Attention Networks. We use the Pytorch-GAT repository (https:

//github.com/gordicaleksa/pytorch-GAT) for our experiments. In this

repository, we modified the //models/definitions/GAT.py file to imple-

ment various attention mechanisms. We use the provided training commands

and hyperparameters to train models. We experimented with different hyper-

parameters, which did not have a significant effect on the final results. We report

the default attention results from the original GAT paper.

Neural Machine Translation (NMT) Transformers. For NMT experi-

ments, we used the fairseq repository available at https://github.com/

facebookresearch/fairseq. We primarily modified //fairseq/modules/multihead attention.py.

We used the commands provided at https://github.com/facebookresearch/

fairseq/blob/main/examples/translation/README.md to download

and preprocess the IWSLT’14 De-En dataset and to train models.

Vision Transformers. For DeiT-Ti experiments, we use the Facebook DeiT

repository available at https://github.com/facebookresearch/deit/

blob/main/README_deit.md. We observed that all methods performed bet-

ter at 500 epochs than at 300 epochs, and we report our experimental results

for 300 and 500 epochs. The DeiT repository relies on the Hugging Face timm

repository, which is available at https://huggingface.co/timm. We pri-

marily modify //models/vision transformer.py in the timm.

Adaptive Input Representations for Transformers. For adaptive inputs ex-

periments, we use the same fairseq repository as the NMT experiments. The

transformer lm wiki103 architecture in the fairseq repository uses 8 atten-

tion heads per module, which does not match 16 attention heads per module in

in [12]. Thus, our results and those from other papers that use this repository,
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such as [212], are not directly comparable to the results presented in [12].

Diffusion Transformers. For DiT-B/4 experiments, we use the code and

training instructions available at https://github.com/facebookresearch/

DiT. We use the Pytorch version of the codebase, and train with seed 42 to

match the experiments presented in [131] and the repository. The DiT codebase

also uses timm, so we make the same modifications as in DeiT. We report the

DiT-B/4 seed 42 PyTorch result for dot product attention from the DiT Github

repository.

Runtime Comparison

Table A.7 shows the training speed of the 4 tested transformers in iterations per

second. Like dot product attention, cone attention requres O(n2d) operations.

However, cone attention requires more operations, since dot product attention

can be computed with a batch matrix multiply. Inside a transformer, cone at-

tention generally results in a 10-20% performance decrease when implemented

with torch.compile. However, torch.compile is not perfect, and an opti-

mized raw CUDA implementation would likely narrow the speed gap between

dot product and cone attention. torch.compile was not used for the NMT

transformer since the training speed was sufficiently fast and, as of writing,

torch.cdist has issues with dynamic-shaped tensors. We expect this to be

fixed in future PyTorch releases and performance to be similar to the Adaptive

Inputs transformer.
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Table A.7: Training speed in iterations per second of various attention mod-
els across the 4 tested transformers. When used in transformers, cone at-
tention is slightly slower than dot product attention. As mentioned in the
main text, torch.compile is not optimal at fusing operations, and the per-
formance gap can likely be narrowed with a custom CUDA implementation.
torch.compile was not used for the NMT transformer since the training
speed was sufficiently fast and, as of writing, torch.cdist has issues with
dynamic-shaped tensors. We expect this to be fixed in future PyTorch releases
and the performance to be similar to the Adaptive Inputs transformer. All num-
bers were obtained on a single NVIDIA Tesla V100 SXM2 GPU.

Method
NMT

(4096 tokens/it)
Adaptive Inputs
(4096 tokens/it)

DeiT-Ti
(bs=256)

DiT-B/4
(bs=64)

Dot Product 9.09 0.526 62.9 1.09
Penumbral 7.10 (-21.9%) 0.490 (-6.86%) 51.3 (-18.6%) 1.08 (-0.92%)
Umbral 7.48 (-17.7%) 0.488 (-7.32%) 56.0 (-11.0%) 1.07 (-1.83%)
torch.compile? No Yes Yes Yes

A.3.4 α-approximate rank

Here, we discuss an interesting and potentially useful connection between the

problem of encoding hierarchies in dot product attention and the α-approximate

rank problem. This connection gives us some intuition as why larger models

with large token embedding dimensions perform well, even with hierarchical

data. We note that we have not extensively studied this connection and how it

relates to training dynamics, such as in the context of learning attention with

gradient based optimizers, and leave that for future work.

Consider the following formulation of encoding a partial ordering in atten-

tion:

K(x, y) = exp(γP(x, y)) P(x, y) ∈


[1, α] if x ⪯ y

[−α,−1] if x ⪯̸ y
(A.11)

where 1 ≤ α ≤ ∞. Essentially, for a set of keys and a single query, the attention

matrix should give higher “weight” to keys who are descendants of the query,
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which is similar to cone attention. If α is close to 1, then this gives a tighter

margin on the attention matrix, which gives a “higher quality” attention after

softmax normalization. We wish to characterize the number of dimensions d

needed in dot product attention to encode a partial ordering with equation A.11.

Now, consider the α-approximate rank of a sign matrix A:

Definition A.3.1. α-approximate rank: For a sign matrix A ∈ {−1,+1}n×n, the α-

approximate rank is defined as the minimum rank of a matrix A′ ∈ Rn×n such that

J ≤ A ◦ A′ ≤ αJ, where J is the all one’s matrix, α ≥ 1, and ◦ is the elementwise

product.

In dot product attention, P = qk⊤, where q, k ∈ Rn×d. Note that P has rank d.

Furthermore, if the partial ordering is encoded in a sign matrix S s.t. S i j = +1

if i ⪯ j and −1 otherwise, finding the minimum d s.t. ∃P that satisfies equation

A.11 reduces to finding the α-approximate rank of S . A number of works have

focused on characterizing the α-approximate rank of arbitrary sign matrices.

Below, we summarize some results from [4] and [103]. [103] give the following

bounds on the α-approximate rank of a n × m sign matrix A, denoted rkα(A).

1
α2γ

α
2 (A)2 ≤ rkα(A) ≤

8192α6

(α − 1)6 ln3(4mn)γα2 (A)6 (A.12)

where γα2 (A) is defined as

γα2 (A) = min
A′:J≤A◦A′≤αJ

γ2(A′)

and γ2(A) is defined as

γ2(A) = max
u,v:∥u∥=∥v∥=1

∥A ◦ vu⊤∥tr,

and

rk α+t
1−t

(A) ≤
4γα2 (A)2 ln(4mn)

t2 (A.13)
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for 0 < t < 1. These bounds depend on γα2 , which, to the best of our knowledge,

has not been well characterized for partial ordering matrices. However, γα2 can

be computed in polynomial time with a semidefinite program, which may be

useful [103]. Equation A.12 gives some indication of how α changes with d =

rkα. From equation A.12

α ≤
1

1 −
6
√

8192 ln3(4n2)γα2 (S )6

d

For fixed S , as d increases, this upper bound on the achievable α margin de-

creases with O(1/(1 − 6√1/d)). Finally, if we go in the other direction and set

α = ∞, finding d reduces to finding the sign-rank of S . From [5], the sign-rank

of S is bounded by S C(S )+1, where S C is the minimum over all column permu-

tations of S of the maximum number of sign changes in a row of S . If S encodes

a hierarchy, and the nodes of that hierarchy are numbered depth first in S , then

S C(S ) ≤ 2, and so the sign-rank is at most 3.
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APPENDIX B

ROBUST AND EFFICIENT NUMERICAL COMPUTATIONS

B.1 Numerically Accurate Hyperbolic Embeddings Using

Tiling-Based Models

B.1.1 Learning and Experiment Details

Learning Details

Efficient Computation in L-tiling Model. For two points (U, u), (V, v) in L-

tiling model, the formula to compute distance is

d((U, u), (V, v)) = arcosh (h(u)T L−T QL−1h(v))

= arcosh(Q11 · dc)

= log(Q11) + log
(
dc +

√
d2

c − Q−2
11

)
where Q = −UT LT gltLV, Q̂ = Q

Q11
, dc = h(u)T L−T Q̂L−1h(v). Since Q11 can be super

large, then we extract Q11 out here to avoid potential overflow, also there is

no underflow problem since Q11 is a positive integer. Then the corresponding

formula for the gradient of this distance is
∇ud((U, u), (V, v)) = ∇h(u)T L−T Q̂L−1h(v)√

(h(u)T L−T Q̂L−1h(v))2−Q−2
11

=
∇h(u)T L−T Q̂L−1h(v)√

d2
c−Q−2

11

∇vd((U, u), (V, v)) = ∇h(v)T L−T Q̂T L−1h(u)√
(h(u)T L−T Q̂L−1h(v))2−Q−2

11

=
∇h(v)T L−T Q̂T L−1h(u)√

d2
c−Q−2

11

where

∇h(u) =

 u√
1 + ||u||2

, I

 ,∇h(v) =

 v√
1 + ||v||2

, I


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We provide the error bound for distance and gradient computation in L-tiling

model using float arithmetic in Theorem B.1.3, B.1.4, where errors are indepen-

dent of how far points are from the origin and solves the “NaN” problem.

SGD in the L-tiling model. We offer SGD algorithm below, with the addition

of a normalization when the parameter goes out of the L-tiling model, which is

performed using Algorithm 2, whose convergence and complexity were shown

in Theorem 3.2.3.

Algorithm 10 SGD using group representation

Require: Objective function f , fuchsian group G with fundamental domain F ⊂
R2

Require: Tuple (θt,Ut) ∈ F ×G
Require: Number of epochs T , and learning rate α

for t = to T − 1 do
lt ⇐ ∇θt f (LUtL−1h(θt)) ▷ Euclidean gradient w.r.t. θt

θt+1 ⇐ θt − αlt ▷ Update θt ∈ F
if θt+1 < F then

W ⇐ arg minW∈G d(LW−1L−1h(θt+1), 0)
Ut+1 ⇐ Ut ·W ▷ Normalize if θt+1 < F
θt+1 ⇐ LW−1L−1h(θt+1)

else
Ut+1 ⇐ Ut

end if
end for
Output (θt+1,Ut+1)

RSGD in the L-tiling model. We show RSGD in the L-tiling model here,

which is in correspondence to Algorithm 2. Equivalence of this algorithm to

that in Lorentz model is shown in Proof B.1.3 For (Ut, ut) in the L-tiling model,

let f be the objective function, denote ∇ut f to be the Euclidean gradient of f w.r.t.

ut. To do RSGD in the L-tiling model, firstly transform the Euclidean gradient to
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Riemannian gradient using the pull-back hyperbolic metric:

ht = g−1
ut
∇ut f ,

then project it into the tangent space at ut,

gradut
f = ht + ⟨ut, ht⟩Lut.

then the RSGD algorithm in the L-tiling model updates ut as follows:

ut+1 = exput
(v) = cosh (||v||L)ut + sinh (||v||L)

v
||v||L

,

where v = −η · gradut
f and ∥v∥L =

√
⟨v, v⟩L.

Efficient Computation in H-tiling Model. For points ( j1, k1, z1) and ( j2, k2, z2)

in H-tiling model, directly computing distance as follows works in most cases,

dh(( j1, k1, z1), ( j2, k2, z2)) = arcosh(1 +
||2 j1(z1 + k1) − 2 j2(z2 + k2)||2

2 j1+ j2+1z1nz2n
)

However, we do consider situations where overflows may happen and provide

an alternative way to compute distance. Suppose without loss of generality that

j2 ≥ j2, then we can write distance as

dh(( j1, k1, z1), ( j2, k2, z2)) = arcosh(1 + 2 j1− j2 ||z1 − 2 j2− j1z2 + k1 − 2 j2− j1k2)||2

2z1nz2n
)

let k1−2 j2− j1k2 = 2sI where s is some natural number scale factor such that ∥I∥ < 1.

This is easy to compute exactly using integer arithmetic. (Note that k1 − 2 j2− j1k2

is an integer vector, choose s = ⌈log2(∥k1 − 2 j2− j1k2∥
2)/2⌉, where the values inside
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the log2 are all integers). Then we get

dh(( j1, k1, z1), ( j2, k2, z2)) = arcosh(1 + 2 j1− j2 ||2
sI + z1 − 2 j2− j1z2||

2

2z1nz2n
)

= arcosh(1 + 22s+ j1− j2 ||I + 2−sz1 − 2 j2− j1−sz2||
2

2z1nz2n
)

= arcosh(1 + 22s+ j1− j2 X)

= log(1 + 22s+ j1− j2 X +
√

(1 + 22s+ j1− j2 X)2 − 1)

=(2s+ j1− j2)log(2)+log(2−2s− j1+ j2+ X+
√

X2 + 21−2s− j1+ j2 X)

where

X =
||I + 2−sz1 − 2 j2− j1−sz2||

2

2z1nz2n

then we can get following gradients,

∂d
∂X
=

1 + X+2−2s− j1+ j2
√

X2+21−2s− j1+ j2 X

2−2s− j1+ j2 + X +
√

X2 + 21−2s− j1+ j2 X

∇z1i X =
Ii + 2−sz1i − 2 j2− j1−sz2i

2sz1nz2n

∇z2i X = −
Ii + 2−sz1i − 2 j2− j1−sz2i

2s+ j1− j2z1nz2n

∇z1n X =
In + 2−sz1n − 2 j2− j1−sz2n

2sz1nz2n
−
||I + 2−sz1 − 2 j2− j1−sz2||

2

2z2
1nz2n

∇z2n X = −
In + 2−sz1n − 2 j2− j1−sz2n

2s+ j1− j2z1nz2n
−
||I + 2−sz1 − 2 j2− j1−sz2||

2

2z1nz2
2n

Using chain rule, Euclidean gradients of dh w.r.t. z1, z2 can be derived. We pro-

vide the error bound for this distance computation in H-tiling model using float

arithmetic in Theorem B.1.5. we neglect the error bound for gradient computa-

tion here which can also be derived similarly. In H-tiling model, these compu-

tation errors are independent of how far points are from the origin and solves

the “NaN” problem.

RSGD in the H-tiling model. For ( jt, kt, zt) in the H-tiling model, let f be the

objective function, denote ∇zt f to be the Euclidean gradient of f w.r.t. zt. To do
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RSGD in the H-tiling model, firstly transform the Euclidean gradient to Rieman-

nian gradient using the pull-back metric:

gradzt f = zt
n∇zt f

take the learning rate η into consideration, denote v = −η · gradzt f , firstly com-

pute its norm as s =
√

vT v, then the RSGD algorithm in the H-tiling model up-

dates zt as follows: 
zt+1

i =zt
i +

zt
n

s
tanh s − vn

· vi

zt+1
n =

zt
n

cosh s − sinh s
s vn

RSGD for the multi-components halfspace model. For two points xi, yi stored

in the multi-components halfspace model, which represent u =
∑n

i=0 2ikxi, v =∑n
i=1 2ikyi respectively, where k is a constant (k = 20). Here |xi| < 2k and xi are

integers for i ≥ 1. To calculate the distance between u, v, we use

du(u, v) = arcosh
(
1 +
∥u − v∥2

2unvn

)
= arcosh

(
1 +
∥
∑n

i=0 2ik(xi − yi)∥2

2unvn

)
programmingly, we calculate w =

∑n
i=0 2ik(xi − yi), un =

∑n
i=0 2ikxin, vn =

∑n
i=0 2ikyin,

and compute the distance as

du(u, v) = arcosh
(
1 +
∥w∥2

2unvn

)
for simplicity, denote t = 1 + ∥w∥2

2unvn
, then

du(x, y) = arcosh (t) = log
(
t +
√

t2 − 1
)

With these formulas, we can get the derivatives of the distance to u:
∇u0:n−1d =

1
√

t2 − 1

w0:n−1

unvn

∂d
∂un
=

1
√

t2 − 1

(
wn

unvn
−
∥w∥2

2u2
nvn

)
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with ∇utd as this Euclidean gradient of d w.r.t. ut. We perform RSGD in the

multi-components halfspace model as follows, firstly transform the Euclidean

gradient to Riemannian gradient using the pull-back metric:

gradut d = ut
n∇utd

take the learning rate η into consideration, denote g = −η · gradutd, firstly com-

pute its norm as s =
√

gT g, to update the ut using RSGD algorithm, we update

the stored parameters xt
i as follows, rather than directly update all xt

i, we firstly

only update xt
0 as follows: 

xt+1
0i =xt

0i +
ut

n
s

tanh s − gn
· gi

xt+1
0n =

ut
n

cosh s − sinh s
s gn

then we normalize and update all xi such that |xi| < 2k and xi are integers for

i ≥ 1.

Experiment Details

Compression. Compression experiments were implemented in Julia. We com-

press L-tiling model using storage methods mentioned in Section 3.2.4, round

Poincaré ball model towards zero since it is bounded in the Euclidean unit ball,

round Lorentz model to the nearest to compress baseline models.

Learning. We implemented learning experiments in PyTorch using float64.

Notably, for tiling-based models, we also use float64 to store the integers, in

order to avoid potential numerical imprecision when the integers overflow and

are out of the expressible range of float64, we developed a secure method to
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express a integer matrix U and do accurate integer arithmetic using two float64

type matrices. Specifically, we express it as U = U1 + U2, where 2t|U1, |U2| < 2t,

and U1,U2 are float64 type. Alternatively, we can similarly use n float64 type

matrices to express the integer matrix and pick suitable t to prevent overflow.

In our experiments, we found that two float matrices and t = 20 are sufficient to

prevent overflow and get exact computation of integer arithmetic using float64.

We initialize embeddings randomly from the uniform distribution

U(−0.0001, 0.0001), except from embeddings in the H-tiling model, whose last

elements zn were initialized from the uniform distribution U(1, 1.0001) in order

to make the division to zn stable. Matrices g ∈ G in L-tiling model were ini-

tialized to be identity matrices, integer vectors and the exponential integer in

H-tiling model were initialized to be zeros. Then we project those embedding

to the manifold accordingly before training.

Second, similar as [122], to get a good initial angular layout which is helpful

to find good embeddings, we train during an initial ”burn-in” phase (20 epochs)

with a reduced learning rate η/100. We train the embedding using multi-threads

N to speed up convergence. Those hyperparameters together with batch size b

for different datasets were summarized in Table B.1.

Hyperparameters η b N

Gr-QC 0.3 10 2
WordNet Mammals 0.3 10 2
WordNet Verbs 0.5 10 5
WordNet Nouns 0.5 50 5

Table B.1: Hyperparameters for Tiling embedding Learning
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B.1.2 More Experiments

Embedding in hyperbolic space reaches better performance compared to Eu-

clidean space, as a simple experiment, consider embedding of a simple tree in

Figure B.1, where the lengths of edges are in different scale. When embedded

into Euclidean space, the global distortion is 0.1395, the worst-case distortion is

2.15. However, when embedded into Poincaré ball model of hyperbolic space,

the global distortion is just 0.0007 and the worst-case distortion is 1.025, which

is far better than that in Euclidean space.

Figure B.1: A simple tree.
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Figure B.2: hyperbolic error for bio-
yeast dataset.

Compression Experiments For compression of Bio-yeast dataset mentioned

in section 3.2.4, we plot the scatter of the relationship between log(MSHE) and

bits to store per node in Figure B.2, under the same MSHE, L-tiling model store

per node with approximately 3/4 less bits compared to that of Poincaré model.

We also consider compressing embeddings that were trained using opti-

mization algorithms like SGD and RSGD, to learn 2-dimensional Poincaré disk

embedding with great performance, but this method fails to learn a great em-

bedding for larger dataset like WordNet Nouns using 2 dimension model, so we
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use this method to derive 2-dimensional embeddings for Mammals (Tree-like)

and Gr-QC (Dense) dataset. We show the MSHE of different compressions in

Table B.2, and it leads to the same conclusion that those compression will not

hurt the performance of the embedding such as MAP and MR while largely

shrinking the size of embeddings.

Table B.2: Compression performance on Mammals and Gr-QC

Models Mammals Gr-QC

MSHE MAP MR MSHE MAP MR

Poincaré(128b) 0 0.7936 2.36 0 0.5382 73.88

Poincaré(64b) 1.59e-2 0.7935 2.36 1.65e-1 0.5382 73.88
Lorentz(128b) 1.51e-11 0.7935 2.36 1.39e-10 0.5382 73.88
Lorentz(64b) 9.44e-3 0.7935 2.36 1.77e-1 0.5382 73.88
L-tiling-f32 5.17e-08 0.7935 2.36 5.29e-8 0.5382 73.88
L-tiling-f16 4.16e-04 0.7935 2.36 4.19e-4 0.5382 73.88

Learning Experiments. We further include the embedding learning results

where all models were trained using float32 in PyTorch as shown in Table B.3.

B.1.3 Mathematical Background and Proofs for Theorems in

Section 3.2

Definition 3.2.1. [Representation error] We are concerned with representing points

in hyperbolic space Hn using floating-points fl. Define the representation error of a

particular point x ∈ Hn as δfl(x) = dHn(x,fl(x)), and the worst case representation

error of floating-points representation as a function of the distance-to-origin d, which
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Table B.3: Embedding experiments with float32

DIMENSION MODELS
WORDNET NOUNS WORDNET VERBS GR-QC

MAP MR MAP MR MAP MR

2

POINCARÉ 0.092 95.01 0.478 6.24 0.566 69.11
LORENTZ 0.371 19.07 0.701 2.35 0.556 63.6263.6263.62
L-TILING-RSGD 0.3900.3900.390 17.5217.5217.52 0.721 2.36 0.564 71.36
L-TILING-SGD 0.341 21.53 0.726 2.102.102.10 0.5820.5820.582 65.19
H-TILING 0.385 17.70 0.7410.7410.741 2.28 0.568 65.84

4 2*L-TILING-RSGD / / 0.858 1.37 0.717 12.32

5
POINCARÉ 0.850 4.76 0.9530.9530.953 1.23 0.712 34.77
LORENTZ 0.851 3.78 0.935 1.19 0.712 33.95
H-TILING 0.8690.8690.869 3.623.623.62 0.9530.9530.953 1.171.171.17 0.7160.7160.716 32.5732.5732.57

6 3*L-TILING-RSGD / / 0.935 1.13 0.8520.8520.852 4.454.454.45

10
POINCARÉ 0.875 3.88 0.9540.9540.954 1.23 0.7300.7300.730 29.86
LORENTZ 0.872 3.45 0.951 1.141.141.14 0.724 29.50
H-TILING 0.8940.8940.894 3.253.253.25 0.9540.9540.954 1.15 0.726 29.4529.4529.45

is the maximum representation error of any point with a distance-to-origin at most d,

δd
fl = max

x∈Hn, dHn (x,O)≤d
δfl(x).

Definition B.1.1 ([38, 45, 158, 137]). A tiling of the plane is a collection of sets

(“tiles”) whose union is the entire plane, but the interiors of different tiles are disjoint.

A uniform tiling is an edge-to-edge filling of the hyperbolic plane, which has regular

congruent polygons as faces and is vertex-transitive (there is an isometry mapping any

vertex onto any other).

Definition B.1.2 ([90, 15, 176]). A Fuchsian group G is a discrete subgroup of the 2×2

projective special linear group over R, PSL(2,R).

Definition B.1.3 ([176]). The Dirichlet domain for G centered at z0 ∈ H
2 is

□(G; z0) = {z ∈ H2 : d(z, z0) ≤ d(gz, z0),∀g ∈ G}

Definition B.1.4 ([176, 175]). A fundamental domain for G is a closed set F ⊂ H2

such that
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• {gx|∀g ∈ G, x ∈ F} = H2

• {gx|∀x ∈ Fo} ∩ Fo = ∅,∀g ∈ G \ {1}, where o denotes the interior.

Theorem 3.2.1. The worst-case representation error (Definition 3.2.1) in the Lorentz

model using floating-point arithmetic (with machine epsilon ϵm) is δd
l = arcosh(1 +

ϵm(2 cosh2(d) − 1)), where d is the hyperbolic distance to origin. This becomes δd
l =

2d + log(ϵm) + o(ϵ−1
m exp(−2d)) if d = O(− log ϵm).

Theorem 3.2.4. The representation error (Definition 3.2.1) in L-tiling model is

bounded as δd
lt ≤
√

5ϵm + 15ϵm/4 + o(ϵm), where ϵm is the machine error.

Proof of Theorem 3.2.1 and Theorem 3.2.4. For a real point (g, x) in L-tiling model,

where g ∈ G, x ∈ F, we represent it as (g,fl(x)), then we get the representation

error as follows:

δd
lt = dlt((g, x), (g,fl(x))) = arcosh(−xT gT gltgfl(x)) = arcosh(−xT gltfl(x))

Note that |xi − fl(xi)| ≤ ϵmxi, so we have

δd
lt = arcosh

− (x1, x2, x3) glt


(1 + ϵ1)x1

(1 + ϵ2)x2

(1 + ϵ3)x3




= arcosh((1 + ϵ1)x2

1 − (1 + ϵ2)x2
2 − (1 + ϵ3)x2

3)

= arcosh(1 + ϵ1x2
1 − ϵ2x2

2 − ϵ3x2
3)

since x2
1+x2

2+x2
3 ≤ B f , then we derive that δd

lt ≤ arcosh(1+ϵmB f ) =
√
ϵmB f+3ϵmB f /4+

o(ϵm), simple calculation will lead to B f = 5, then δd
lt ≤
√

5ϵm+15ϵm/4+o(ϵm). If we

consider the representation error in Lorentz model, the only difference is that x

is not bounded in the fundamental domain any more. Then we can get that

δd
l = arcosh(1+ ϵm||x||2), noticed that cosh d = −xT gltO = x1, where d is the distance
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to origin, then

δd
l = arcosh(1+ϵm(x2

1+x2
2+x2

3)) = arcosh(1+ϵm(2x2
1−1)) = arcosh(1+ϵm(2 cosh2(d)−1)),

which becomes δd
l = 2d+ log(ϵm)+o(ϵ−1

m exp(−2d)) if d = O(− log ϵm), this error also

generalize similarly to high dimensional Lorentz model. □

Theorem 3.2.2. F = {(x1, x2, x3) ∈ L2|max(2x2
2 − x2

3, 2x2
3 − x2

2) < 1} is a fundamental

domain of G. Any point in L2 can be mapped by G to one unique point in F or to a

point on its boundary.

Proof. To begin with, we prove that F is the Dirichlet domain for G centered at

O ∈ L2 denoted as □(G). Firstly, we show that F ⊂ □(G), that is, for any z ∈ F,

we have d(z,O) ≤ d(Uz,O) for all U ∈ G. It suffices to show

z1 ≤ z1u11 + z2u12 + z3u13,

where z2
1 = 1+ z2

2 + z2
3. Also note that U ∈ G, then UT glU = gl, from which we can

derive that u2
11 = 1 + u2

12 + u2
13. Further, from the construction of G, we can write

u11 = t11, u12 =
√

3t12, u13 =
√

3t13, where t1i is an integer, then t2
11 = 1 + 3t2

12 + 3t2
13.
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Consider following:

z1 ≤ z1u11 + z2u12 + z3u13

⇐⇒ z1 ≤ z1t11 +
√

3z2t12 +
√

3z3t13

⇐⇒ −
√

3(z2t12 + z3t13) ≤ z1(t11 − 1)

⇐= 3(z2t12 + z3t13)2 ≤ z2
1(t11 − 1)2 ▷ z1, t11 ≥ 1

⇐⇒ 3(z2
2t2

12 + z2
3t2

13 + 2t12t13z2z3) ≤ (1 + z2
2 + z2

3)(1 + 3t2
12 + 3t2

13 − 2t11 + 1)

⇐⇒ 6t12t13z2z3 ≤ (3t2
12 + 3t2

13 − 2t11 + 2) + z2
2(3t2

13 − 2t11 + 2) + z2
3(3t2

12 − 2t11 + 2)

⇐= 2t11z2
1 ≤ (3t2

12 + 3t2
13) + 2z2

1 ▷ z2
2t2

13 + z2
3t2

12 ≥ 2z2z3t13t12

⇐⇒ 2t11z2
1 ≤ (t2

11 − 1) + 2z2
1

⇐⇒ 2z2
1(t11 − 1) ≤ t2

11 − 1

⇐⇒ 2z2
1 ≤ t11 + 1 ▷ t11 − 1 ≥ 0

⇐= 5 ≤ t11 ▷ z1 ≤
√

3⇐ z ∈ F

Hence, if t11 ≥ 5, then the inequality is proven. If t11 < 5, since t11 is an integer,

then t11 = 1, 2, 3, 4.

• If t11 = 1, then U is identity matrix, the inequality is satisfied.

• If t11 = 2, then the integer solutions to t2
11 = 1 + 3t2

12 + 3t2
13 is {ga, gb, g−1

a , g
−1
b },

the inequality is satisfied by simply checking one by one.

• If t11 = 3, then there is no integer solutions to t2
11 = 1 + 3t2

12 + 3t2
13.

• If t11 = 4, then the solutions to t2
11 = 1 + 3t2

12 + 3t2
13 is (t11, t13, t13) =

(4, 2, 1), (4, 1, 2). Manually check will find that the inequality is satisfied

in both cases.

Then F ⊂ □(G), also note that with Algorithm 1, for any z ∈ □(G), it will be

mapped by some V ∈ G such that Vz ∈ F and d(Vz,O) ≤ d(z,O). From the
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definition of □(G), d(Vz,O) ≥ d(z,O), then (Vz)T glO = d(Vz,O) = d(z,O) = zT glO,

which leads to V11 = 1, then V = I considering VT glV = gl, thus, z = Vz ∈ F and

□(G) ⊂ F, which shows that F = □(G).

For the second part of the proof, we show that F is a fundamental domain for

G. According to Theorem 37.1.10 in [176], it suffices to show that S tabG(O) = {1}.

Consider TOH = OH, where T ∈ G. From (T − I)OH = 0, we can get that

T =

1 0

0 B

 .
where BT = B. Also note T ∈ G, then B2 = I, these two conditions lead to that

B = I. Hence, S tabG(O) = {1}, then F is a fundamental domain for G. Since

fundamental domain F only contains one element in the orbit, then for any

point in the space, it can only be mapped to one unique point in F. □

Theorem 3.2.3. For any point in the Lorentz model, Algorithm 2 converges and stops

within 1 + 7d steps, where d = d(x,O) denotes the distance from x to the origin.

Proof. We just consider x2 ≤ −|x3| case in the Algorithm (other cases can be

proved in the same way). Here we have

cosh d(L · ga · L−1 · x,O)
cosh d(x,O)

= 2 +

√
3x2√

1 + x2
2 + x2

3

< 1

then the distance to the origin in the space is monotonically decreasing as Algo-

rithm 1 goes, note that this distance is bounded by 0, then it will converge.

To see the steps required for the algorithm to finish, we may assume that

max{|x2|, |x3|} ≥ C0 > 1, due to the symmetry of this algorithm, also consider the

case x2 ≤ −|x3|, then |x2| ≥ C0, we have

cosh d(L · ga · L−1 · x,O)
cosh d(x,O)

≤ 2 −

√
3C0

2C0 + 1
≤ 1
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Hence,

d(x,O) − d(L · ga · L−1 · x,O)

≥ arcosh(
√

1 + x2
2 + x2

3) − arcosh
(2 − √

3C0

2C0 + 1
)
√

1 + x2
2 + x2

3


≥ − log(2 −

√
3C0

2C0 + 1
)

so d(x,O) will decrease monotonically for at most s0(C0) steps, where

s0(C0) =
d(x,O)

− log(2 −
√

3C0
2C0+1 )

Consider max{|x2|, |x3|} at the boundary between F and its neighborhood tiles:

min
x∈L{ga,gb,g−1

a ,g−1
b }L

−1F
max{|x2|, |x3|} =

5
2

√
2

Hence, we can choose C0 =
5
2

√
2, then d(x,O) will decrease monotonically until

max{|x2|, |x3|} < C0 within s0(5
√

2/2) steps, which means x lies either in F or its 4

neighborhood tiles, so totally it will cost at most s0(5
√

2/2)+1 ≤ 1+7d steps. □

Lemma B.1.1. If the integer matrix U is given, then corresponding VBW encoding

can be derived using Algorithm 2. Further, if only U21,U31 are given, then U can be

reconstructed using Algorithm 2.

Proof. If U is given, consider the point (U,O) in the L-tiling model, which is

in correspondence to x = LUL−1O in the Lorentz model, then we can map x

to (U′, u′) with Algorithm 2, where we choose a generator at each step to get a

generator order string, with which we can reconstruct U′. Since each point in the

Lorentz model will be mapped to a unique point in F as Theorem 3.2.2 states,

also x can be mapped to (U,O) and (U′, u′), then u′ = O. The question is whether

U = U′, consider LUL−1O = LU′L−1O, which leads to (LU′−1UL−1 − I)O = 0, since

S tabG(O) = {1} as the second part in the proof of Theorem 3.2.2 proved, then
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LU′−1UL−1 = I to get U = U′. Hence, given U, we can get its generator order

string, which can be then used to get the VBW encoding accordingly. Further,

note that UT M3U = M3, then we have

U2
11 = 1 +

U2
21 + U2

31

3
.

Therefore, we can compute U11 if only U21,U31 were given to get the first column

of U. Since x = LUL−1O and O = (1, 0, 0), then the first column of U suffices to

get x, then we can reconstruct U out using Algorithm 2. □

Lemma B.1.2. Q11 has the largest absolute value in Q = UT M3V , where M3 = −LT gltL.

Proof. Note that Q = UT M3V = M3U−1V = M3T , where T is an integer matrix

generated by ga and gb, so we have T T M3T = M3, using this relation, we can get

following equations:

t2
11 =1 +

t2
21 + t2

31

3

t2
11 =1 + 3(t2

12 + t2
13)

3t2
12 =(t2

22 + t2
32) − 1

3t2
13 =(t2

23 + t2
33) − 1

since Q11 = 3t11, from first formula, we get that Q2
11 = 9t2

11 ≥ 3t2
11 > t2

21 + t2
31 =

Q2
21+Q2

31, so Q11 has the largest absolute value in the first column of Q. From the

second formula, we get that Q2
11 ≥ t2

11 > t2
12 + t2

13, so Q11 has the largest absolute

value in the first row of Q. Then combine formulas 2,3,4 and we get that

1 + t2
11 = t2

22 + t2
32 + t2

23 + t2
33

From first formula, we know that t11 ≥ 1, then we have Q2
11 ≥ 2t2

11 ≥ 1 + t2
11 =

t2
22 + t2

32 + t2
23 + t2

33 Combine above results, clearly that Q11 has the largest absolute

value in Q, which finishes our proof □
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Theorem 3.2.5. The representation error (Definition 3.2.1) in H-tiling model is

bounded as δd
ht =

√
(n + 3)ϵm/2 + (n + 3)ϵm/4 + o(ϵm), where ϵm is the machine error.

Proof. For a real point ( j, k, x) ∈ Z×(Zn−1×{0})×S in H-tiling model, we represent

it as ( j, k,fl(x)), then we get the representation error as follows:

δd
ht = dht(( j, k, x), ( j, k,fl(x))) = arcosh(1 +

||x − fl(x))||2

2xnfl(xn)
)

Note that |xi − fl(xi)| ≤ ϵmxi, so we have

δd
ht = arcosh(1 +

n∑
i=1
ϵix2

i

2(1 + ϵn)x2
n
)

since 0 ≤ x1, · · · , xn−1 < 1 ≤ xn < 2, then we derive that δd
ht ≤ arcosh(1 + (n+3)ϵm

2(1−ϵm) ) =
√

(n + 3)ϵm/2 + (n + 3)ϵm/4 + o(ϵm). □

Proof of RSGD algorithm. Here we show the equivalence between the RSGD al-

gorithm of L-tiling model described in appendix B.1.1 and that in Lorentz

model. To begin with, consider the RSGD algorithm in Lorentz model. Let

xt, yt ∈ H
2, then we have d(xt, yt) = arcosh(−xT

t glyt), the Euclidean gradient of xt

can be computed as

∇xtd(xt, yt) =
−glyt√

(xT
t glyt)2 − 1

,

to get the Riemannian gradient in the model, we make use of the pull-back

metric as follows,

ht = g−1
l,xt
∇xtd(xt, yt) =

−yt√
(xT

t glyt)2 − 1
,

further we project this Riemannian gradient into the tangent space at xt,

gradxt
d = ht + ⟨xt, ht⟩Lxt = −

yt + (xT
t glyt)xt√

(xT
t glyt)2 − 1

,

then we make use of the exponential map in Lorentz model to update,

xt+1 = expxt
(v) = cosh (||v||L)xt + sinh (||v||L)

v
||v||L

,
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where

v = −η · gradxt
d = η

yt + (xT
t glyt)xt√

(xT
t glyt)2 − 1

.

Now consider the norm of v under hyperbolic metric,

||v||2L =vT glv

=
η2

(xT
t glyt)2 − 1

(yT
t glyt + (xT

t glyt)2 + (xT
t glyt)2 + (xT

t glyt)2xT
t glxt)

=
η2

(xT
t glyt)2 − 1

(−1 + (xT
t glyt)2 + (xT

t glyt)2 − (xT
t glyt)2)

=η2

hence we derived the RSGD algorithm in the Lorentz model as

xt+1 = expxt
(v) = cosh (η)xt + sinh (η)

yt + (xT
t glyt)xt√

(xT
t glyt)2 − 1

(B.1)

For the second part, we turn to L-tiling model, let xt = LUL−1ut, yt = LVL−1vt, the

distance is

d(xt, yt) = arcosh(uT
t L−T QL−1vt),

then the Euclidean gradient of ut can be computed as

∇utd(x, y) =
L−T QL−1vt√

(uT
t L−T QL−1vt)2 − 1

.

In the same way, make use of the pull-back by the metric matrix, we derived the

Riemannian gradient

ht = g−1
lt,ut
∇utd(xt, yt) =

gltL−T QL−1vt√
(uT

t L−T QL−1vt)2 − 1
,

also project it into the tangent space at ut,

gradut
d = ht + ⟨ut, ht⟩Lut =

gltL−T QL−1vt + (vT
t L−T QT L−1ut)ut√

(uT
t L−T QL−1vt)2 − 1

.

then the update rule in the tiling-based model is

ut+1 = exput
(v),
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where

v = −η · gradut
d = −η

gltL−T QL−1vt + (vT
t L−T QT L−1ut)ut√

(uT
t L−T QL−1vt)2 − 1

,

then consider the norm of v under hyperbolic metric,

||v||2L =vT gltv

=
η2

(uT
t L−T QL−1vt)2 − 1

[gltL−T QL−1vt + (vT
t L−T QT L−1ut)ut]T ·

glt[gltL−T QL−1vt + (vT
t L−T QT L−1ut)ut]

=
η2

(uT
t L−T QL−1vt)2 − 1

[vT
t L−T QT L−1gltL−T QL−1vt

+ 2(vT
t L−T QT L−1ut)2 + (vT

t L−T QT L−1ut)uT
t gltut]

=
η2

(uT
t L−T QL−1vt)2 − 1

[vT
t L−T QT L−1gltL−T QL−1vt

+ 2(vT
t L−T QT L−1ut)2 − (vT

t L−T QT L−1ut)]

=
η2

(uT
t L−T QL−1vt)2 − 1

[(L−T QL−1vt)T glt(L−T QL−1vt) + (vT
t L−T QT L−1ut)2]

Since U ∈ G0, then it follows

Q = UT M3V = M3U−1V = M3W, W ∈ G.

So we get

L−T QL−1vt = L−T M3WL−1vt,

hence

(L−T QL−1vt)T glt(L−T QL−1vt) =vT
t L−T WT MT

3 L−1gltL−T M3WL−1vt

= − vT
t L−T WT M3WL−1vt

= − vT
t L−T M3L−1vt

=vT
t gltvt

= − 1
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so ∥v∥2L = η
2, then the RSGD algorithm in L-tiling model is

ut+1 = exput
(v) = cosh (η)ut − sinh (η)

gltL−T QL−1vt + (vT
t L−T QT L−1ut)ut√

(uT
t L−T QL−1vt)2 − 1

(B.2)

For the third part, again consider the RSGD algorithm in Lorentz model, from

B.1, we have that

LUL−1ut+1 = cosh (η)LUL−1ut + sinh (η)
LVL−1vt − (vT

t L−T QT L−1ut)LUL−1ut√
(vT

t L−T QT L−1ut)2 − 1
,

so RSGD algorithm in Lorentz model is equivalent to:

ut+1 = cosh (η)ut + sinh (η)
LU−1VL−1vt − (vT

t L−T QT L−1ut)ut√
(vT

t L−T QT L−1ut)2 − 1
, (B.3)

note that UT M3U = M3, then U−1 = M−1
3 UT M3, with simple computation, we get

that

LU−1VL−1 = LM−1
3 UT M3VL−1 = LM−1

3 QL−1 = −gL−T QL−1,

hence, RSGD algorithm in L-tiling model (Equation B.2) becomes the same as

RSGD algorithm in Lorentz model (Equation B.3), which finishes our proof. □

Error for Computing in L-tiling Model. We approximate (U, u), (V, v) with

(U,fl(u)) and (V,fl(v)), here we provide the error of computing in L-tiling model

together with that in Lorentz model.

Theorem B.1.3. The worst case error of computing distance in Lorentz model using

float is

|dfl
l (fl(x), fl(y)) − dl(x, y)| =

2 cosh (d(x,O)) cosh (d(y,O))
sinh (d(x, y))

ϵm + ϵmd(x, y) + o(ϵm),

the error of computing distance in L-tiling model using float is

|dfl
lt((U, fl(u)), (V, fl(v)))−dlt((U, u), (V, v))|=


dϵm+A1(C0)ϵm + o(C−2

0 + ϵm), d ≥ C0

dϵm+[A2(C0) +
A3(C0)
tanh(d)

]ϵm + o(ϵm), d < C0
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where d is the real distance between two points, Ai(C0) are constants only depends on

C0, dfl means that inside computation like multiplication are performed with machine

error ϵm.

Remark: The worst case error of distance computation in Lorentz model

using float is dominated by d(x,O), d(y,O), this will cause the ”NaN” problem

when two points are far away from the origin. However, in L-tiling model, the

error only depends on d, i.e., how far two points are to each other, also tanh term

is bounded, which controls the distance error and solves the ”NaN” problem.

Proof. We consider the Lorentz model at first, let z = xT My, ẑ = fl(x)T Mfl(y), then

|ẑ − z| ≤ |(1 + ϵm)6z − z| = 6ϵm|x|T |y| + o(ϵm) ≤ 2ϵmx0y0 + o(ϵm)

= 2ϵm cosh (dx) cosh (dy) + o(ϵm) = δz

thus,

|dfl
l (fl(x),fl(y)) − dl(x, y)| = |(1 + ϵ) arcosh (xT My + δz) − arcosh (xT My)|

=
δz√

(xT My)2 − 1
+ ϵdl + o(δz) =

2 cosh (dx) cosh (dy)
sinh (dl)

ϵm + ϵmdl + o(ϵm)

As for the distance error in L-tiling model, here in the same way denote

z = h(u)T L−T Q̂L−1h(v), since h(u), h(v) are in the fundamental domain, which is

bounded by B f , so ∥h(u)∥, ∥h(v)∥ ≤
√

B f =
√

5, also Q̂ is bounded, then using

Cauchy inequality, we have

|z| ≤ ∥h(u)∥(

√
7

3
|h(v)1| +

√
7
3
|h(v)2| +

√
7
3
|h(v)3|) ≤

7
3
∥h(u)∥∥h(v)∥ ≤

7
3

B2
f = 35/3

so the distance is

dlt((U, u), (V, v)) = log(Q11) + log
(
z +

√
z2 − Q−2

11

)
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then log(Q11) ≤ d, further note that

arcosh(Q11/3) =d(L−T UL−1O, L−T VL−1O)

≤d(L−T UL−1O, L−T UL−1h(u)) + d(L−T UL−1h(u), L−T VL−1h(v))

+ d(L−T VL−1O, L−T VL−1h(v))

=d(O, h(u)) + d(L−T UL−1h(u), L−T VL−1h(v)) + d(O, h(v))

≤d + 2 arcosh(
√

3) = d + 2 log(
√

3 +
√

2)

in this way, we get

z2 = z2 − Q−2
11 + Q−2

11 =Q−2
11 (cosh2(d) − 1) + Q−2

11 ≥ Q−2
11 +

sinh2(d)
9 cosh2(d + 2B f )

z =Q−1
11 cosh(d) ≥

cosh(d)

3 cosh(d + 2 log(
√

3 +
√

2))

Now, we consider the first term of calculating distance log(Q11), in order to avoid

overflow, we computed with following formula.

log(Q11) =
log(3)

2
+ log(U11) + log(V11) + log(1 +

U12

U11

V12

V11
+

U13

U11

V13

V11
)
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then

flc(log(Q11)) =
(
log(3)

2
+ log(U11) + log(V11)

)
(1 + ϵ)

+ fl
(
log(1 +

U12

U11

V12

V11
(1 + ϵ)2 +

U13

U11

V13

V11
(1 + ϵ)2)

)
=

(
log(3)

2
+ log(U11) + log(V11)

)
(1 + ϵ)

+

(
log(1 +

U12

U11

V12

V11
(1 + ϵ)2 +

U13

U11

V13

V11
(1 + ϵ)2)

)
(1 + ϵ)

=

(
log(3)

2
+ log(U11) + log(V11)

)
(1 + ϵ)

+ (1 + ϵ) log(1 +
U12

U11

V12

V11
(1 + 2ϵ) +

U13

U11

V13

V11
(1 + 2ϵ) + o(ϵ))

=

(
log(3)

2
+log(U11)+log(V11)

)
(1+ϵ)+(1+ϵ) log(1+

U12

U11

V12

V11
+

U13

U11

V13

V11
)

+ (1 + ϵ)
2ϵ(U12

U11
V12
V11
+ U13

U11
V13
V11

) + o(ϵ)

1 + U12

U11
V12
V11
+ U13

U11
V13
V11

= log(Q11)(1 + ϵ) + (1 + ϵ)

2ϵ(U12

U11
V12
V11
+ U13

U11
V13
V11

) + o(ϵ)

1 + U12

U11
V12
V11
+ U13

U11
V13
V11


= log(Q11)(1 + ϵ) + 2ϵ

U12V12 + U13V13

U11V11 + U12V12 + U13V13
+ o(ϵ)

Here flc means calculating with float arithmetic, hence, the error of computing

the first term is

δQ = |flc(log(Q11)) − log(Q11)| ≤ log(Q11)ϵm +
1
2
ϵm + o(ϵm)

Then we consider the error of computing z = h(u)T L−T Q̂L−1h(v), given by follow-

ing formula:

|flc(z) − z| ≤ |(1 + ϵ)7h(u)T L−T Q̂L−1h(v) − z| ≤ 7ϵm|h(u)|T L−T |Q̂|L−1|h(v)| + o(ϵm)

≤
245

3
ϵm + o(ϵm) = δz
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based on this error, we consider the error for the second term of distance

δ2 =flc
(
log(z +

√
z2 − Q−2

11 )
)
− log(z +

√
z2 − Q−2

11 )

=(1 + ϵ1)(log((1 + ϵ2)(z + δz + (1 + ϵ3)
√

(1 + ϵ4)((1 + ϵ5)(z + δz)2 − (1 + ϵ6)Q−2
11 ))))

− log(z +
√

z2 − Q−2
11 )

=(1 + ϵ1)(log(z + δz + (1 + ϵ3)
√

(1 + ϵ4)((1 + ϵ5)(z + δz)2 − (1 + ϵ6)Q−2
11 )))

− log(z +
√

z2 − Q−2
11 ) + ϵ2 + o(ϵm)

=(1 + ϵ1)(log(z + δz + (1 + ϵ3)
√

(1 + ϵ4) ·
√

(z + δz)2 − Q−2
11 + ϵ7((z + δz)2 + Q−2

11 )))

− log(z +
√

z2 − Q−2
11 ) + ϵ2 + o(ϵm)

=(1 + ϵ1)(log(z +
245
3
ϵm + (1 +

2
3
ϵ8)

√
(z +

245
3
ϵm)2 − Q−2

11 + ϵ7((z + δz)2 + Q−2
11 )))

− log(z +
√

z2 − Q−2
11 ) + ϵ2 + o(ϵm)

We divide it into two cases, firstly, consider Taylor expansion here when Q11z ≥
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C0, where C0 ≥ 1 is a large constant, then

log(z +
245
3
ϵm + (1 +

2
3
ϵ8)

√
(z +

245
3
ϵm)2 − Q−2

11 + ϵ7((z +
245
3
ϵm)2 + Q−2

11 ))

= log(z + (1 +
2
3
ϵ8)

√
z2 − Q−2

11 + ϵ7(z2 + Q−2
11 )) +

245ϵm

3
√

z2 − Q−2
11 + ϵ7(z2 + Q−2

11 )
+ o(ϵm)

= log(z +
√

z2 − Q−2
11 + ϵ7(z2 + Q−2

11 )) +
2
3
ϵ8 −

2ϵ8z

3[z +
√

z2 − Q−2
11 + ϵ7(z2 + Q−2

11 )]

+
245ϵm

3
√

z2 − Q−2
11 + ϵ7(z2 + Q−2

11 )
+ o(ϵm)

= log(z +
√

z2 − Q−2
11 ) +

(z2 + Q−2
11 )ϵ7

2
√

z2 − Q−2
11 (z +

√
z2 − Q−2

11 )
+

2
3
ϵ8 −

2ϵ8z

3[z +
√

z2 − Q−2
11 ]

+
245ϵm

3
√

z2 − Q−2
11

+ o(ϵm)

= log(z +
√

z2 − Q−2
11 ) +

ϵ7

4
+

7ϵ7

16(Q11z)2 +
2
3
ϵ8 −

ϵ8

3
−

ϵ8

12(Q11z)2 +
245ϵm

3z

+ O(ϵmQ−2
11 z−3) + o((Q11z)−3) + o(ϵm)

= log(z +
√

z2 − Q−2
11 ) +

ϵ7

4
+

7ϵ7

16(Q11z)2 +
1
3
ϵ8 −

ϵ8

12(Q11z)2 +
245ϵm

3z

+ O(ϵmQ−2
11 z−3) + o((Q11z)−3) + o(ϵm)

= log(z +
√

z2 − Q−2
11 ) +

ϵ7

4
+

7ϵ7

16(Q11z)2 +
1
3
ϵ8 −

ϵ8

12(Q11z)2 +
245ϵm

3z
+ o(C−2

0 ) + o(ϵm)

= log(z +
√

z2 − Q−2
11 ) + (

7
12
+

25
48(Q11z)2 )ϵ9 +

245ϵm

3z
+ o(C−2

0 ) + o(ϵm)
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where |ϵi| ≤ ϵm, the machine error, then the error is

|(1 + ϵ1)(log(z +
√

z2 − Q−2
11 ) + (

7
12
+

25
48(Q11z)2 )ϵ9 +

245ϵm

3z
+ o(C−2

0 ) + o(ϵm))

− log(z +
√

z2 − Q−2
11 ) + ϵ2 + o(ϵm)|

=|(1+ϵ1)
(
(

7
12
+

25
48(Q11z)2 )ϵ9+

245ϵm

3z
+o(C−2

0 )
)
+ϵ1 log(z+

√
z2−Q−2

11 )+ϵ2+o(ϵm)|

=|(
7
12
+

25
48(Q11z)2 )ϵ9+

245ϵm

3z
+ϵ1 log(z+

√
z2−Q−2

11 )+ϵ2+o(C−2
0 )+o(ϵm)+

7
12
ϵ1|

≤
277
432

ϵm + 63ϵmC0Q−1
11 + ϵm log 70/3 +

19
12
ϵm + o(C−2

0 ) + o(ϵm)

≤(
961
432
+

245C0

3
+ log 70/3)ϵm + o(C−2

0 ) + o(ϵm) = δ2

On the other hand, if Q11z ≤ C0, then notice that

arcosh(Q11/3) =d(L−T UL−1O, L−T VL−1O)

≤d(L−T UL−1O, L−T UL−1h(u)) + d(L−T UL−1h(u), L−T VL−1h(v))

+ d(L−T VL−1O, L−T VL−1h(v))

=d(O, h(u)) + d(L−T UL−1h(u), L−T VL−1h(v)) + d(O, h(v))

≤ arcosh(Q11z) + 2 log(
√

3 +
√

2)

≤ arcosh(C0) + 2 log(
√

3 +
√

2)

so we can get Q11 ≤ E(C0), where E(C0) is a constant depending on C0, then we
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further have

log(z +
245

3
ϵm + (1 +

2
3
ϵ8) ·

√
(z +

245
3
ϵm)2 − Q−2

11 + ϵ7((z +
245

3
ϵm)2 + Q−2

11 ))

= log(Q11z +
245
3
ϵmQ11 − log(Q11)

+ (1 +
2
3
ϵ8) ·

√
(Q11z +

245
3
ϵmQ11)2 − 1 + ϵ7((Q11z +

245
3
ϵmQ11)2 + 1))

= log(Q11z + (1 +
2
3
ϵ8)

√
(Q11z)2 − 1 + ϵ7((Q11z)2 + 1)) − log(Q11) + o(ϵm)

+
245
3
ϵmQ11[1 +

Q11z√
(Q11z)2 − 1

]
1

Q11z +
√

(Q11z)2 − 1

= log(Q11z +
√

(Q11z)2 − 1 + ϵ7((Q11z)2 + 1)) − log(Q11) + o(ϵm)

+ (
245
3
ϵmQ11 +

2
3
ϵ8)[1 +

Q11z√
(Q11z)2 − 1

]
1

Q11z +
√

(Q11z)2 − 1

= log(Q11z +
√

(Q11z)2 − 1) − log(Q11) + o(ϵm)

+ (
245
3
ϵmQ11 +

2
3
ϵ8 + ϵ7) · [1 +

Q11z√
(Q11z)2 − 1

]
1

Q11z +
√

(Q11z)2 − 1

= log(z +
√

z2 − Q−2
11 ) + o(ϵm)

+ (
245
3
ϵmQ11 +

2
3
ϵ8 + ϵ7) · [1 +

Q11z√
(Q11z)2 − 1

]
1

Q11z +
√

(Q11z)2 − 1

=(
245
3

C0E(C0) +
5
3

)ϵm · [1 +
Q11z√

(Q11z)2 − 1
]

1

Q11z +
√

(Q11z)2 − 1
+ o(ϵm)

+ log(z +
√

z2 − Q−2
11 )
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Hence, we get the error to be

δ2 =|ϵ1 log(z +
√

z2 − Q−2
11 ) + ϵ2 + o(ϵm)

+ (
245

3
C0E(C0) +

5
3

)ϵm · [1 +
Q11z√

(Q11z)2 − 1
]

1

Q11z +
√

(Q11z)2 − 1
|

≤(
245
3

C0E(C0) +
5
3

) · [1 +
Q11z√

(Q11z)2 − 1
] + 1)ϵm + (log(C0 +

√
C2

0 − 1)

− log(Q11) + o(ϵm)

≤[log(C0 +

√
C2

0 − 1) − log(Q11) + (
245
3

C0E(C0) +
8
3

) · (1 +
45

8 tanh(d)
)]ϵm

+ o(ϵm)

≤[log(2C0) + (
245

3
C0E(C0) +

8
3

) · (1 +
45

8 tanh(d)
)]ϵm + o(ϵm)

All in all, we can get the total error of computing distance

δ = δQ + δ2 = log(Q11)ϵm +
1
2
ϵm + o(ϵm) + δ2

Because log(Q11) ≤ d, then we get that if Q11z ≥ C0,

δ ≤ dϵm + (
1825
432

+
245C0

3
+ log 70/3)ϵm + o(C−2

0 ) + o(ϵm)

if Q11z ≤ C0,

δ ≤ dϵm + [
1
2
+ log(2C0) + (

245
3

C0E(C0) +
8
3

) · (1 +
45

8 tanh(d)
)]ϵm + o(ϵm)

□

Also, in the same way, we give the error for computing gradient:

Theorem B.1.4. The worst case error for computing gradient of distance in Lorentz

model using float is

|∇xd
fl
l (fl(x), fl(y)) − ∇xdl(x, y)| =

2 cosh (d(x,O)) cosh (d(y,O))
sinh (d(x, y)) tanh (d(x, y))

ϵm∇xd

+
3

4 tanh2 (d(x, y))
ϵm∇xd +

1
2
ϵm∇xd + o(ϵm)
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the error of computing gradient of distance in L-tiling model using float is

|∇udfl
lt − ∇udlt|1 =



[(B1(C0) + B2(C0) exp(d))|∇xd|1 + B3(C0) exp(d)]ϵm + o(ϵmC−1
0 ),

d ≥ C0

[
B4(C0)
tanh(d)

+ (
B5(C0)

tanh2(d)
+

B6(C0)
tanh(d)

+ B7(C0))|∇xd|1]ϵm + o(ϵm),

d ≤ C0

where d is the real distance between two points, Bi(C0) are constants only depends on

C0, B f is a fixed constant, dfl means that inside computation like multiplication are

performed with machine error ϵm.

Remark: Similar to the worst case error of computing distance, the worst

case error of computing gradient in Lorentz model using float is dominated by

d(x,O), d(y,O), this will also cause the ”NaN” problem when two points are far

away from the origin. In L-tiling model, the gradient error only depends on

the gradient itself, i.e., also tanh term is bounded, which controls the error and

solves the ”NaN” problem.

Proof. We consider the Lorentz model at first, the gradient is

∇xd =
My√

(xT My)2 − 1
,

then we have the error to be

|flc(∇xd) − ∇xd|

=|(1 + ϵ1)
(1 + ϵ2)My

(1 + ϵ3)
√

(1 + ϵ4)[(1 + ϵ5)(xT My + δz)2 − 1]
−

My√
(xT My)2 − 1

|

=
ϵmMy

2
√

(xT My)2 − 1
+

δz(xT My)My
((xT My)2 − 1)3/2 +

3ϵm(xT My)2My
4((xT My)2 − 1)3/2

=
1
2
ϵm∇xd+

3
4 tanh2 (d(x, y))

ϵm∇xd+
2 cosh (d(x,O)) cosh (d(y,O))

sinh (d(x, y)) tanh (d(x, y))
ϵm∇xd+o(ϵm)
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Here flc means calculating with float arithmetic. As for the gradient error in

L-tiling model, note that the gradient is

∇udlt((U, u), (V, v)) =
∇h(u)T L−T Q̂L−1h(v)√

z2 − Q−2
11

where ∇h(u) =
[

u√
1+||u||2

, I
]
. First, consider

flc(
√

(z + δ1)2 − Q−2
11 )

=(1 + ϵ1)

√
(1 + ϵ2)((1 + ϵ3)(z +

245
3
ϵm)2 − (1 + ϵ4)Q−2

11 )

=(1 + ϵ1)(1 + ϵ2/2)

√
((1 + ϵ3)(z +

245
3
ϵm)2 − (1 + ϵ4)Q−2

11 ) + o(ϵm)

=(1 +
2
3
ϵ5)

√
(z +

245
3
ϵm)2 − Q−2

11 + ϵ6((z +
245
3
ϵm)2 + Q−2

11 )) + o(ϵm)

=(1 +
2
3
ϵ5)[

√
z2 − Q−2

11 + ϵ6(z2 + Q−2
11 ) +

245ϵmz

3
√

z2 − Q−2
11 + ϵ6(z2 + Q−2

11 )
] + o(ϵm)

=

√
z2 − Q−2

11 + ϵ6(z2 + Q−2
11 ) +

245ϵmz

3
√

z2 − Q−2
11 + ϵ6(z2 + Q−2

11 )

+
2
3
ϵ5

√
z2 − Q−2

11 + ϵ6(z2 + Q−2
11 ) + o(ϵm)

=

√
z2 − Q−2

11 + ϵ6(z2 + Q−2
11 ) +

245ϵmz

3
√

z2 − Q−2
11

+
2
3
ϵ5

√
z2 − Q−2

11 + o(ϵm)

=

√
z2 − Q−2

11 +
ϵ6(z2 + Q−2

11 )

2
√

z2 − Q−2
11

+
245ϵmz

3
√

z2 − Q−2
11

+
2
3
ϵ5

√
z2 − Q−2

11 + o(ϵm)

In the same way, we divide this into two cases, if Q11z ≥ C0, then the error of this

term is

δ4 =|fl(
√

(z + δz)2 − Q−2
11 ) −

√
z2 − Q−2

11 |

=|
ϵ6(z2 + Q−2

11 )

2
√

z2 − Q−2
11

+
245ϵmz

3
√

z2 − Q−2
11

+
2
3
ϵ5

√
z2 − Q−2

11 + o(ϵm)|

=|
ϵ6z
2

(1 +
3

2(Q11z)2 ) +
245
3
ϵm(1 +

1
2(Q11z)2 ) +

2
3
ϵ5

√
z2 − Q−2

11

+ O(ϵm(Q11z)−4) + o(ϵm)| ≤ E1ϵm + O(ϵmC−2
0 ) + o(ϵm)
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Also, if Q11z ≤ C0, then the error of this term is

δ4 =|fl(
√

(z + δ1)2 − Q−2
11 ) −

√
z2 − Q−2

11 |

=|
ϵ6(z2 + Q−2

11 )

2
√

z2 − Q−2
11

+
245ϵmz

3
√

z2 − Q−2
11

+
2
3
ϵ5

√
z2 − Q−2

11 + o(ϵm)|

≤
E2

tanh(d)
ϵm + E3ϵm + o(ϵm)

For the numerator term zp = ∇h(u)T L−T Q̂L−1h(v), where ∇h(u) =
[

u√
1+||u||2

, I
]
, also

because |zp| is bounded, then we can easily get that ∥fl(zpi) − zpi∥ ≤ E4ϵm + o(ϵm).

Hence, we have

∇udlt((U, u), (V, v))i = (1 + ϵ1)
zpi + E4ϵm√
z2 − Q−2

11 + δ4

= (1 + ϵ1)[
zpi + E4ϵm√

z2 − Q−2
11

−
zpiδ4

z2 − Q−2
11

]

=
zpi + E4ϵm√

z2 − Q−2
11

+
zpiδ4

z2 − Q−2
11

+
zpiϵ1√

z2 − Q−2
11

Then, the error of gradient is

δgi =
E4ϵm√

z2 − Q−2
11

+
zpiδ4

z2 − Q−2
11

+
zpiϵ1√

z2 − Q−2
11

=
E4ϵm√

z2 − Q−2
11

+
δ4∇udlti√
z2 − Q−2

11

+ ϵ1∇udlti

So using this formula, we can get that if Q11z ≥ C0, then the error of this term is

δgi ≤E4Q11ϵmC−1
0 + [δ4Q11C−1

0 + ϵm]∇udlti + o(ϵmC−1
0 )

≤E4Q11ϵmC−1
0 + [E1Q11C−1

0 + 1]ϵm∇udlti + o(ϵmC−1
0 )

≤E4ϵmC−1
0 exp(d) + [E1C−1

0 exp(d) + 1]ϵm∇udlti + o(ϵmC−1
0 )

If Q11z ≤ C0, then the error of this term is

δgi ≤
E4

tanh(d)
ϵm + [

δ4

tanh(d)
+ ϵm]∇udlti

≤
E4

tanh(d)
ϵm + [

E2

tanh2(d)
+

E3

tanh(d)
+ 1]ϵm∇udlti + o(ϵm)
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All in all, if Q11z ≥ C0, then the error of gradient is

|δg|1 ≤3E4ϵmC−1
0 exp(d) + [E1C−1

0 exp(d) + 1]ϵm|∇udlt|1 + o(ϵmC−1
0 )

if Q11z ≤ C0, then

|δg|1 ≤
3E4

tanh(d)
ϵm + [

E2

tanh2(d)
+

E3

tanh(d)
+ 1]ϵm|∇udlt|1 + o(ϵm)

□

Error for Computing in H-tiling Model. Here we provide the error of com-

puting in H-tiling model.

Theorem B.1.5. The error of computing distance in H-tiling model using float is

|dfl
h(( j1, k1, fl(z1)), ( j2, k2, fl(z2))) − dh(( j1, k1, z1), ( j2, k2, z2))|

=[C3(n)( j2 − j1) +C4(n)d]ϵm + (3e−d +
1

ed sinh d
)[C1(n)22 j2−2 j1(1 + ed/2)2 +C2(n)]ϵm

where d is the real distance between two points, Ci(n) are constants only depends on n,

dfl means that inside computation like multiplication are performed with machine error

ϵm.

Remark: Similar to the worst case error of distance computation in L-tiling

model, the worst case error in H-tiling model using float only depends on the

distance itself, rather than how far points are from the origin, and hence controls

the error and solves the ”NaN” problem.

Proof. Firstly, note the distance is

d = (2s + j1 − j2) log(2) + log(2−2s− j1+ j2 + X +
√

X2 + 21−2s− j1+ j2 X),
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where

X =
∥I + 2−sz1 − 2 j2− j1−sz2∥

2

2z1nz2n
, I = 2−s(k1 − 2 j2− j1k2)

Note that ∥I∥ ≤ 1, ∥z1∥, ∥z2∥ ≤
√

n + 3, then we can be bound X in following way:

X =
∥I + 2−sz1 − 2 j2− j1−sz2∥

2

2z1nz2n

≤
∥I∥2 + 2−2s∥z1∥

2 + 22 j2−2 j1−2s∥z2∥
2

2z1nz2n

+
21−2s∥z1∥∥I∥ + 21+2 j2−2 j1−2s∥z2∥∥I∥ + 21−2s+ j2− j1∥z1∥∥z2∥

2z1nz2n

≤
1 + 2−2s(n + 3) + 22 j2−2 j1−2s(n + 3)

2z1nz2n

+
21−2s

√
n + 3 + 21+2 j2−2 j1−2s

√
n + 3 + 21−2s+ j2− j1(n + 3)

2

≤
1
2
+ 2−2s−1(n + 3)(1 + 22 j2−2 j1 + 21+ j2− j1) + 2−2s(1 + 22 j2−2 j1)

√
n + 3

≤
1
2
+ 2−2s+1((n + 3) +

√
n + 3) ≤ 1 + 2−2s+2(n + 2)

now consider the error for computing I

|Îi − Ii| =|(1 + ϵ1)2−s(k1i − 2 j2− j1k2i) − Ii| ≤ ϵm|Ii| = δi,1

here denote Xu = I + 2−sz1 − 2 j2− j1−sz2, then

|X̂ui − Xui| =|[(Ii + δi,1 + (1 + ϵ1)2−sz1i)(1 + ϵ) − (1 + ϵ2)2 j2− j1−sz2i](1 + ϵ) − Xui|

=|[Ii+2−sz1i+δi,1+ϵ12−sz1i+ϵ(Ii+2−sz1i)−(1+ϵ2)2 j2−j1−sz2i](1+ϵ)−Xui|

≤|[Ii+2−sz1i−2 j2−j1−sz2i+δi,1+ϵm(Ii+21−sz1i+2 j2−j1−sz2i)](1+ϵ)−Xui|

≤|ϵmXui + δi,1 + ϵm(Ii + 21−sz1i + 2 j2− j1−sz2i)|

≤ϵm(|Xui| + 2|Ii| + 21−s|z1i| + 2 j2− j1−s|z2i)|) = δi,2
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next, make use of float arithmetic to get the norm of Xu, the error becomes

|∥X̂u∥
2 − ∥Xu∥

2|

≤|(1 + nϵm)∥Xu + δ2∥
2 − ∥Xu∥

2| = |nϵm∥Xu∥
2 +

n∑
i=1

(δ2
i,2 + 2Xuiδi,2)|

≤|nϵm∥Xu||
2 +

n∑
i=1

2Xuiδi,2 + o(ϵm)|

=

n∑
i=1

(4|Ii| + 22−s|z1i| + 21+ j2− j1−s|z2i)|)ϵm|Xui| + (n + 2)ϵm||Xu||
2 + o(ϵm)

≤(4∥z1∥+21+ j2− j1∥z2∥)ϵm2−s∥Xu∥ + 4ϵm∥I∥∥Xu∥ + (n + 2)ϵm||Xu||
2 + o(ϵm) = δ3

Note that X = X2
u

2z1nz2n
, then we bound the error of computing X here:

|X̂ − X| =|
∥X̂u∥

2

2z1nz2n(1 + 2ϵ)
− X| = |

∥Xu∥
2 + δ3

2z1nz2n
(1 − 2ϵ) − X| ≤ |

δ3

2z1nz2n
− 2ϵX|

≤2|ϵmX| + |
δ3

2z1nz2n
| ≤ 2|ϵmX| + |

δ3

2
|

≤2|ϵmX| + (2∥z1∥+2 j2− j1∥z2∥)ϵm2−s∥Xu∥ + 2ϵm∥I∥∥Xu∥

+(n/2 + 1)ϵm||Xu||
2 + o(ϵm)

≤2ϵmX + (2 + 2 j2− j1)
√

n + 3ϵm21−s
√

2X + 4ϵm

√
2X + 4(n + 2)ϵmX + o(ϵm)

≤2ϵmX + 22+ j2− j1−sϵm

√
2(n + 3)X + 4ϵm

√
2X + 4(n + 2)ϵmX + o(ϵm)

≤2ϵm(1 + 2−2s+2(n + 2)) + 23+ j2− j1−sϵm

√
(n + 3)(1 + 2−2s+2(n + 2))

+ 6ϵm

√
1 + 2−2s+2(n + 2) + 4(n + 2)(1 + 2−2s+2(n + 2))ϵm = δ4

After having these errors, consider the computation error for the second log in

208



distance:

log(2−2s− j1+ j2 + (1 + ϵ)(X̂ +
√

1 + ϵ
√

(1 + ϵ)X̂2 + 21−2s− j1+ j2 X̂)) + log(1 + ϵ)

= log(2−2s− j1+ j2 + (1 + ϵ)(X̂ +
√

X2 + 21−2s− j1+ j2 X +
1
2
ϵ
√

X2 + 21−2s− j1+ j2 X

+
δ4(2−1−2s− j1+ j2 + X/2)
√

X2 + 21−2s− j1+ j2 X
)) + ϵ

= log(2−2s− j1+ j2 + X + δ4 +
√

X2 + 21−2s− j1+ j2 X +
1
2
ϵ
√

X2 + 21−2s− j1+ j2 X

+
δ4(2−1−2s− j1+ j2 + X/2)
√

X2 + 21−2s− j1+ j2 X
)) + ϵ(X +

√
X2 + 21−2s− j1+ j2 X)) + ϵ

= log(2−2s− j1+ j2 + X +
√

X2 + 21−2s− j1+ j2 X) + ϵ

+
δ4 +

1
2ϵ
√

X2 + 21−2s− j1+ j2 X + δ4(2−1−2s− j1+ j2+X/2)
√

X2+21−2s− j1+ j2 X
)) + ϵ(X +

√
X2 + 21−2s− j1+ j2 X)

2−2s− j1+ j2 + X +
√

X2 + 21−2s− j1+ j2 X

All in all, we combine all errors to derive the error for distance computation:

δ0 =(2s + j1 − j2) log(2)ϵ + log(1 + ϵ)

+
δ5+

1
2ϵ
√

X2+21−2s−j1+j2 X+ δ5(2−1−2s−j1+j2+X/2)
√

X2+21−2s−j1+j2 X
))+ϵ(X+

√
X2+21−2s−j1+j2 X)

2−2s−j1+j2+X+
√

X2+21−2s−j1+j2 X

=(2s + j1 − j2) log(2)ϵ + ϵ

+
δ5 +

1
2ϵ
√

X2 + 21−2s− j1+ j2 X + δ5(2−1−2s− j1+ j2+X/2)
√

X2+21−2s− j1+ j2 X
)) + ϵ(X +

√
X2 + 21−2s− j1+ j2 X)

2−2s− j1+ j2 + X +
√

X2 + 21−2s− j1+ j2 X

=(2s + j1 − j2) log(2)ϵ + ϵ +
δ5( 3

2 +
2−1−2s− j1+ j2

√
X2+21−2s− j1+ j2 X

) + 3
2ϵ
√

X2 + 21−2s− j1+ j2 X + ϵX

2−2s− j1+ j2 + X +
√

X2 + 21−2s− j1+ j2 X

=(2s + j1 − j2) log(2)ϵ + ϵ +
3
2
ϵ + 22s+ j1− j2

( 3
2 +

1
2 sinh d )

cosh d + sinh d
δ5

=(2s + j1 − j2) log(2)ϵ +
5
2
ϵ + 22s+ j1− j2−1 (3 + 1

sinh d )
cosh d + sinh d

[2(1 + 2−2s+2(n + 2))

+ 23+ j2− j1−s
√

(n + 3)(1 + 2−2s+2(n + 2)) + 6
√

1 + 2−2s+2(n + 2)

+ 4(n + 2)(1 + 2−2s+2(n + 2))]ϵm

We simplify the constants with Ci(n), also note that k1 − 2 j2− j1k2 is an integer

vector, then s = ⌈log2(∥k1 − 2 j2− j1k2∥
2)/2⌉ ≥ 0, also we have j2 ≥ j1, then the error
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for distance computation is

δ0 ≤(3+2s+ j1− j2)ϵ+22s+j1−j2−1
(3+ 1

sinh d )
cosh d+sinh d

[C1(n)+2−2sC2(n)+2 j2−j1−2sC3(n)]ϵm

≤(3 + 2s + j1 − j2)ϵ +
(3 + 1

sinh d )
cosh d + sinh d

[22s+ j1− j2C1(n) + 2 j1− j2C2(n) +C3(n)]ϵm

≤(3 + 2s)ϵ +
(3 + 1

sinh d )
cosh d + sinh d

[22sC1(n) +C2(n)]ϵm

=⌈log2(∥k1 − 2 j2− j1k2∥
2)⌉ϵm +

(3 + 1
sinh d )

cosh d + sinh d
[C1(n)∥k1 − 2 j2− j1k2∥

2 +C2(n)]ϵm

To bound the norm in the distance error, consider

∥2 j1k1 − 2 j2k2∥ =∥2 j1z1 − 2 j2z2 + 2 j1k1 − 2 j2k2 + 2 j2z2 − 2 j1z1∥

≤∥2 j1z1 − 2 j2z2 + 2 j1k1 − 2 j2k2∥ + ∥2 j2z2 − 2 j1z1∥

≤2
j1+ j2+1

2
√

(cosh d − 1)z1nz2n| + 2 j2∥z2∥ + 2 j1∥z1∥

≤2
j1+ j2

2 +2 sinh (d/2) + (2 j2 + 2 j1)
√

n + 3

then scale it by 2− j1 , we have

∥k1 − 2 j2− j1k2∥ ≤2
j2− j1

2 +2 sinh (d/2) + (2 j2− j1 + 1)
√

n + 3

Therefore, we bound the distance computation error as follows:

δ0 ≤[C3(n)( j2 − j1) +C4(n)d]ϵm + (3e−d +
1

ed sinh d
)[C1(n)22 j2−2 j1(1 + ed/2)2 +C2(n)]ϵm

□
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B.2 Representing Hyperbolic Space Accurately using Multi-

Component Floats (MCF)

B.2.1 Proofs for Theorems in Section 3.3

Here we first provide the proof of the worst case representation error in the

Poincaré upper-half space model.

Theorem B.2.1. The representation error of storing a particular point x ∈ Un using

floating-points fl is δfl(x) = du(x,fl(x)), and the worst case representation error

defined as a function of the distance-to-origin d in the Poincaré upper-half space model

is

δd := max
x∈Un,du(x,O)≤d

δfl(x) = arcosh(1 + ϵ2
machine cosh2(d)).

where ϵmachine is the machine epsilon of the underlying floating-point arithmetic. This

becomes δd = 2ϵmachine + o(ϵmachine) if d < log(1/ϵmachine) and δd = 2d + 2 log(ϵmachine) +

o(ϵ−1
machine exp(−2d)) if d ≥ log(1/ϵmachine).

Proof. Consider the error δfl(x) first as

δfl(x) = arcosh(1 +
∑n

i=1 ϵ
2
i x2

i

2xnfl(xn)
)

= arcosh(1 +
∑n

i=1 ϵ
2
i x2

i

2(1 + ϵn)x2
n
)

≤ arcosh(1 +
ϵ2

machine∥x∥
2

2(1 + ϵn)x2
n
)

= arcosh(1 + ϵ2
machine ·

∥x∥2

2x2
n
+ o(ϵ3

machine)).
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On the other hand, note that

cosh d(x,O) = 1 +
∑n−1

i=1 x2
i + (xn − 1)2

2xn

= 1 +
∥x∥2 + 1 − 2xn

2xn

=
∥x∥2 + 1

2xn
.

Hence, 2xn cosh d = ∥x∥2 + 1, where d = d(x,O), then we have

δfl(x) = arcosh(1 + ϵ2
machine ·

∥x∥2

2x2
n
+ o(ϵ3

machine)).

≤ arcosh(1 + ϵ2
machine ·

2xn cosh d − 1
2x2

n
+ o(ϵ3

machine))

≤ arcosh(1 + ϵ2
machine · (

cosh d
xn

−
1

2x2
n
) + o(ϵ3

machine))

= arcosh(1 + ϵ2
machine · (t cosh d −

1
2

t2) + o(ϵ3
machine))

where t = 1
xn

, note that t cosh d − 1
2 t2 attains maximum 1

2 cosh2 d at t = cosh d,

therefore, δfl(x) ≤ arcosh(1 + ϵ2
machine cosh2 d

2 + o(ϵ3
machine)), then we can derive

δd := max
x∈Un,du(x,O)≤d

δfl(x) = arcosh(1 + ϵ2
machine cosh2 d).

With taylor expansion when d < log(1/ϵmachine) and d ≥ log(1/ϵmachine), the conclu-

sion follows. □

Here we provide the proof of the worst case representation error in the m-

xMC-Halfspace model, where MCF is only adopted for the first n − 1 axes.

Theorem B.2.2. The worst case representation error of storing an exact point x ∈

Un with m-multi-component floating-point expansion (x(m), · · · , x(2), x(1)) (increasing

order) defined as a function of the distance-to-origin d is

δd = arcosh
(
1 + ϵ2

machine +
ϵ2m

machine(1 + ϵmachine)
22m cosh2(d)

)
,
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where ϵmachine is the machine epsilon. This becomes δd = 2ϵmachine+o(ϵmachine) if

d <m log(1/ϵmachine) and δd = 2d+2m log(ϵmachine/2) + o(ϵ−2m
machine exp(−2d)) if d ≥

m log(1/ϵmachine).

Proof. Firstly, note due to the construction of multi-component floats, the er-

ror caused by the floating point only exists at the smallest component, since

MCF accounts for the errors in previous components afterwards by adding

more components. Due to the non-overlapping property of the MCF, we

have x(m+1) ≤ 1
2ulp(x(m)) = 1

2ϵmachinex(m), hence, we can sequentially derive that

x(m) ≤ 2−(m−1)ϵm−1
machinex(1), then similarly, consider the error δfl(x) as

δfl(x) = arcosh(1 +
∑n−1

i=1 ϵ
2
i (x(m)

i )2 + ϵ2
n x2

n

2xnfl(xn)
)

≤ arcosh(1 +
∑n−1

i=1 ϵ
2
i (2−(m−1)ϵm−1

machinex(1)
i )2 + ϵ2

n x2
n

2(1 + ϵn)x2
n

)

≤ arcosh(1 +
2−2(m−1)ϵ2m

machine∥x∥
2 + (1 − 2−2(m−1))ϵ2

machinex2
n

2(1 + ϵn)x2
n

)

≤ arcosh(1 + 2−2(m−1)ϵ2m
machine(1 + ϵmachine) ·

∥x∥2

2x2
n
+ ϵ2

machine(1 + ϵmachine)/2).

also we have 2xn cosh d = ∥x∥2 + 1, where d = d(x,O), then we have

∥x∥2

2x2
n
=

2xn cosh d − 1
2x2

n

=
cosh d

xn
−

1
2x2

n

= t cosh d −
1
2

t2

where t = 1
xn

, note that this attains maximum 1
2 cosh2 d at t = cosh d, therefore,

δfl(x) ≤ arcosh(1 + 2−2(m−1)ϵ2m
machine(1 + ϵmachine) · cosh2 d + ϵ2

machine(1 + ϵmachine)/2), then

we can derive

δd := max
x∈Un,du(x,O)≤d

δfl(x) = arcosh(1 + ϵ2
machine +

ϵ2m
machine(1 + ϵmachine) · cosh2 d

22m ).

With taylor expansion when d < m log(1/ϵmachine) and d ≥ m log(1/ϵmachine), the

conclusion follows. □
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B.2.2 Gradient Computations & Numerical Stable Form of Exp

Here we show how to compute gradients in the halfspace model: assume two

points u, v ∈ Rd, we will compute the gradient gu ∈ R
d of the hyperbolic distance

w.r.t. u as follows:

x =
∥u − v∥2

2udvd
, z =

√
x(x + 2), y =

u − v
udvd

,

(gu)1:d−1 =
1
z

y1:d−1,

(gu)d =
1
z

(yd −
x
ud

).

We can either choose to compute this gradients in ordinary floating-point arith-

metic, or compute them with the adapted MCF arithmetic using the provided

MCF algorithms in the m-xMC-Halfspace model. In our implementaions, we

compute this gradients with the adapted MCF arithmetic.

Here we offer a numerical stable form of the aforementioned exponential

map Exp. Firstly, for the first equation regarding the x-axes, i.e.,

z′i = zi +
zn

s
tanh s − vn

· vi.

Note that if vn ≥ 0, then the subtraction in the denominator of s
tanh s (close to 1)

to vn (close to 0) is the major part to the numerical error, therefore, we’d like to

avoid this subtraction with a different computation but in the same arithmetic

as follows:

z′i =zi +
zn

s
tanh s − vn

· vi

=zi +
zn

s coth s − vn
· vi

=zi +
s coth s + vn

s2 coth2 s − v2
n

· zn · vi

=zi +
s coth s + vn

s2 csc2 s + s2 − v2
n
· zn · vi

=zi +
s coth s + vn

s2 csc2 s + r2 · zn · vi,
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where s =
√

vT v, and r2 =
n−1∑
i=1

v2
i . In this way, we can avoid the numerical error

caused by the subtraction when vn ≥ 0, note that if vn < 0, then the ‘subtraction’

is actually an addition, hence we will keep the original formula.

For the second equation regarding the y-axis, i.e.,

z′n =
zn

cosh s − sinh s
s vn

.

Again note that if vn ≥ 0, the subtraction in the denominator of cosh s (close to 1)

to sinh s
s vn (close to 0) is the major part to the numerical error, here we also provide

a different computation but with the same arithmetic to avoid the subtraction

when vn ≥ 0 as follows:

z′n =
zn

cosh s − sinh s
s vn

=
s · zn

s cosh s − vn sinh s

=
s cosh s + vn sinh s

s2 cosh2 s − v2
n sinh2 s

· s · zn

=
s cosh s + vn sinh s

r2 cosh2 s + v2
n cosh2 s − v2

n sinh2 s
· s · zn

=
s cosh s + vn sinh s

r2 cosh2 s + v2
n

· s · zn.

Similarly, we avoid the numerical error caused by the subtraction when vn ≥ 0,

and if vn < 0, then the ‘subtraction’ is actually an addition, hence we will keep

the original formula.

B.2.3 More Algorithms Operating MCF

We intend to provide more algorithms to compute MCF expansions in this sec-

tion, to begin with, the sum of two expansions in Alg. 11 Add-Expansion, differ-
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Algorithm 11 Add-Expansion, modified from [152]

Input: m-components expansions (a1, · · · , am) and (b1, · · · , bm), both in de-
creasing order.
initialize e← 0
for i = 1 to m do

(hp, e1)← Two-Sum(ai, bi)
(hi, e2)← Two-Sum(hp, e)
e← fl(e1 + e2)

end for
hm+1 ← e
Return: (h1, · · · , hm, hm+1)

ent from its version firstly proposed in [152], we modify the algorithm to output

an expansion with m + 1.

Next, we aim to offer algorithms for multiplication of an expansion to a sin-

gle p-bit floating-point number here. To begin with, we need an algorithm

for multiplications between two p-bit floating-point numbers to form a non-

overlapping expansion, termed as Two-Prod. We firstly show the following

Lemma B.2.3 for the purpose, particularly designed for 53-bit IEEE double pre-

cision floating point numbers.

Algorithm 12 Split

Input: 53-bit double precision floats a
t ← fl((227 + 1) · a)
ahi ← fl(t − fl(t − a))
alo ← fl(a − ahi)

Return: (ahi, alo)

Lemma B.2.3. [77] Alg. 12 Split splits a 53-bit IEEE double precision floating point

number into ahi and alo, each with 26 bits of significand, such that a = ahi + alo. ahi

contains the first 26 bits, while alo contains the lower 26 bits. Note that this algorithm

can be easily generated to any p-bit floating-point number [152].

With this, we show how to multiply two p-bit floating-point numbers to get
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an non-overlapping expansion in Alg. 13 Two-Prod.

Algorithm 13 Two-Prod

Input: double precision floats a, b
p← fl(a · b)
(ahi, alo)← Split(a)
(bhi, blo)← Split(b)
err1 ← fl(x − fl(ahi · bhi))
err2 ← fl(err1 − fl(alo · bhi))
err3 ← fl(err2 − fl(ahi · blo))
y← fl(fl(alo · blo) − err3)

Return: (x, y)

Theorem B.2.4. [77, 152] Alg. 13 computes p = fl(a · b) and corresponding roundoff

error e = err(a · b).

Herein, we provide the multiplication algorithm of an expansion to a single

p-bit floating-point number in Alg. 14 Scale-Expansion. Note that both Alg. 14

Scale-Expansion and Alg. 11 Add-Expansion grows the expansion only one

more to be m + 1 components, hence, we will need to apply the Renormalize

algorithm to reduce the number of components.

Algorithm 14 Scale-Expansion, modified from [152]

Input: m-components expansion (a1, · · · , am) in decreasing order, p-bit float b.

initialize e← 0
for i = 1 to m do

(hp, e1)← Two-Prod(ai, b)
(hi, e2)← Two-Sum(hp, e)
e← fl(e1 + e2)

end for
hm+1 ← e
Return: (h1, · · · , hm, hm+1)

We also extends to develop Alg. 15 for the multiplication of expansions,

where the for loop in actually a tree-like operation.
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Algorithm 15 Mul-Expansion, modified from [152]

Input: m1-components expansion a = (a1, · · · , am1) and m2-components expan-
sion b = (b1, · · · , bm2) in decreasing order, assume m1 ≤ m2 w.l.g.
Denote aib as Scale-Expansion(b, ai) for simplicity.
Compute h(0)

i = aib for i = 1 to m1 in parallel
for i = 1 to

⌊
log2 m1

⌋
do

Compute h(i)
j ← Add-Expansion(h(i−1)

2 j−1, h
(i−1)
2 j ) for j = 1 to m1

2i in parallel
end for
Return: h

(⌊log2 m1⌋)
1

B.2.4 RSGD & MCs-Halfspace Model

We provide the RSGD algorithm adapted in the m-xMCs-Halfspace model us-

ing the provided MCF algorithms in Alg. 16:

Algorithm 16 RSGD in the m-xMCs-Halfspace model

Require: Objective function f
Require: z ∈ Un, Epochs T , and learning rate η

for t = 0 to T − 1 do
gradz f ⇐ zn∇z f , ▷ Riemannian gradient
v = −η · gradz f , ▷ learning rate
s⇐

√
vT v

gradz1:n−1
⇐

zn
s

tanh s−vn
· vi, ▷ gradient of x-axis values

w⇐ Grow-Expansion(z1:n−1,gradz1:n−1
)

z′1:n−1 ⇐ Renormalize(w), ▷ Update x-axis values
z′n =

zn

cosh s− sinh s
s vn

, ▷ Update y-axis values
end for
Output z′

As mentioned in the main body of the paper, we can appy MCF on all coordi-

nates to get the m-MC-Halfspace model. The distance computations within this

model are consistent to the m-xMC-Halfspace model, while the key difference is

the usage of the Alg. 14 Scale-Expansion in the m-MC-Halfspace model, since

the last coordinate of the model is involved mostly in multiplications. More im-

portantly, we show in Alg. 17 how to do RSGD in the m-MCs-Halfspace model.
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Algorithm 17 RSGD in the m-MCs-Halfspace model

Require: Objective function f
Require: z ∈ Un, Epochs T , and learning rate η

for t = 0 to T − 1 do
gradz f ⇐ zn∇z f , ▷ Riemannian gradient
v = −η · gradz f , ▷ learning rate
s⇐

√
vT v

gradz1:n−1
⇐

zn
s

tanh s−vn
· vi, ▷ gradient of x-axis values

wx ⇐ Grow-Expansion(z1:n−1,gradz1:n−1
)

z′1:n−1 ⇐ Renormalize(wx), ▷ Update x-axis values
wy ⇐ Scale-Expansion(zn,

1
cosh s− sinh s

s vn
)

z′n ⇐ Renormalize(wy), ▷ Update y-axis values
end for
Output z′

In this way, for the addition & subtraction occurring in the exponential map,

between a potentially large floating-point coordinate number to a small floating-

point gradient is done in MCF arithmetic. Notice that we only adopt MCF arith-

metic in part of the distance, gradient and exponential map computations, and

leave the rest of computations computed in ordinary floating-point arithmetic.

B.2.5 Experiment Details

We conducted our experiments based on the implementation of [199], with all

learning experiments in PyTorch based on ordinary float64. For the initialization

of all models, we drawn randomly from the uniform distribution U(−1e−5, 1e−

5). Particularly, for the initialized embedding of the upper-half space model and

MCF-based models, the last axis is initialized with 1 + U(−1e − 5, 1e − 5), since

the corresponding origin in halfspace model is (0, · · · , 0, 1).
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We train embeddings of different dataset for 1000 epochs except for the

largest WordNet-Nouns dataset with 500 epochs. At the start of the training,

we train models with an initial “burn-in” phase firstly proposed in [122], which

helps find a good initial angular layout and a good resulting embedding, simply

by using a reduced learning rate η/100.

For most of the hyper-parameters in our experiment, we adopt the recom-

mended values from the implementations of [199, 122, 123], the negative sam-

pling size is 50 in the experiments. We vary batchsize within {32, 64, 128} and

use grid search to find the optimal learning rate in each case.

BATCHSIZE LR MAP (%) MR

32

0.3 72.96 2.53
1.0 87.65 1.99
2.0 93.65 1.43
3.0 90.95 1.81

64

0.3 29.34 18.45
1.0 84.97 1.78
2.0 89.90 1.76
3.0 92.29 1.57
4.0 92.36 1.66

128

1.0 61.79 3.98
2.0 81.12 2.28
3.0 87.45 1.89
4.0 91.27 1.55
5.0 92.07 1.50
6.0 92.32 1.56
20.0 87.80 2.79

Table B.4: Embedding performances of the half-space model on wordnet Mam-
mal with different hyperparameters.

We mention an interesting tuning result here, take the training of the half-

space model over the WordNet Mammal for example, we varies the learning

rates for different batchsize as shown in Table. B.4. We found that, if trained
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with a larger batchsize, when the learning rate is adjusted (increased) prop-

erly, the embedding performance of the converged model with a large batchsize

can nearly match the best performance of the converged model with a smaller

batchsize. Similar phenomenon was observed for the rest dataset in different

dimensions for different models. Hence, we can safely choose batchsize=128 in

our main experiments for its running time advantage, with a learning rate 5.0.

We provide the code together with the parameters of our implementation in the

supplementary material.

B.3 Collage: Light-Weight Low-Precision Strategy for LLM

Training

B.3.1 Background on Floating Point Units and Related Work

Floating point units

Floating-point representation uses a sign bit to indicate positive or negative

numbers, an exponent to determine scale, and a mantissa for significant dig-

its, enabling efficient handling of a wide range of numbers with potential for

precision errors. Different floating-point formats offer varying benefits and

trade-offs. Single Precision (FP32) provides wide range and reasonable preci-

sion, while consuming more resources. Half Precision (FP16) reduces memory

usage and improves efficiency, but sacrifices precision and range. Brain floating

point (BF16) as another 16-bit format has a much bigger dynamic range (same

as FP32), while having a worse precision than FP16. FP8 (two versions) could
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further reduce resources, suitable for constrained environments, but with even

more limited precision and range.

We present different formats referenced in the paper along with their expo-

nent and mantissa bits.

Table B.5: Floating-Point precisions and ULPs

Precision #Exponent bits
#Mantissa

(significand) bits ulp(1)

Single (FP32) 8 23 2−23

Half (FP16) 5 10 2−10

BF16 8 7 2−7

FP8 E4M3 4 3 2−3

FP8 E5M2 5 2 2−2

Related Work

Low Precision and Quantization-aware Training. Fully quantized training

attempts to downscale numerical precisions but not to compromise accuracy,

mainly for large-scale training, using FP16 [114], BF16 [89], FP8 [179, 159], and

other combination of integer types [14, 29]. [115] developed a mixed precision

strategy that maintains master weight in FP32 only whereas others are in lower

precision of FP16. [186] recently proposed a training method using INT4 but

without customized data types, compatitable with contemporary hardwares. In

parallel, [133] proposed a new mixed-precision strategy, gradually incorporat-

ing 8-bit gradients, optimizer states in an incremental manner, under distributed

settings. When it comes to fine-tuning setings, LoRA [81] leverage structure of

matrix to update in low-rank. [51, 191, 68] proposed various variants of LoRA

more in memory and computationally efficient manners. Overall, these works
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develop training strategies based on numerical structures like low-rank over at-

tention matrices and/or sparsity over parameters in each layer, numerical scale

of each variables used for gradient updates. However, they lack of thorough

diagnosis on imprecision errors, which has been depriving potential algorith-

mic developments in numeric precision levels. [205] proposed to adopt Kahan

summation [88] and stochastic rounding (SR) [42] to alleviate the influence of

imprecision and lost arithmetic at the model parameter update step.

Pruning and Distillation. Pruning [73, 98] removes redundant parameters

from the network. The goal is to maintain prediction quality of the model

while shrinking its size, and therewith increasing its efficiency. distillation

[80, 78, 80] transfers knowledge from a large model to a smaller one. Pruning

can be combined with distillation approach to further reduce model parameters

[149, 100, 188]. Structured pruning removes whole components of the network

such as neurons, heads, and layers [195, 100, 213]. Unstructured pruning re-

moves individual weights of the network with smaller magnitudes [58, 187].

Albeit these are useful in reducing computational overhead, distillation and

pruning requires either the model already trained as post-hoc method, architec-

ture change than original models or iterative procedures that potentially take

longer in an end-to-end manner.

Post-training Quantization. Quantization compresses the representation of

the parameters into low-precision data types, reducing the storage when load-

ing the model in devices. Post-training quantization methods quantize the pa-

rameters of the pre-trained model [194, 189, 59] often with fine-tuning steps

[99]. [84] emulates inference-time quantization, creating a model that can be
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quantized later post-training . However, these works mostly focus on faster

inference, rather than reducing end-to-end training time.

Kahan Summation. The Kahan summation is a standard algorithm in numer-

ical analysis for accurate summation of floating-point numbers, just like the case

of adding updates to the parameter. When incorporated with optimization algo-

rithms such as SGD and AdamW, the Kahan algorithm introduces an auxiliary

Kahan variable c (in the same precision) to track numerical errors at the pa-

rameter update step (i.e., θt ← F
P(θt−1 ⊕ ∆θt)) with c ← F P

(
∆θt ⊖ F

P(θt ⊖ θt−1)
)
,

and to compensate the addition results by adding c to the next iteration update:

∆θt+1 ← F
P(∆θt+1⊕c). The Kahan variable c accumulates lost small updates until

it grows large enough to be added with the model parameters. As pointed in

[205], “16-bit-FPU training with Kahan summation for model weight updates

have advantages in terms of throughput and memory consumption compared

to 32-bit and mixed precision training”, despite of the additional auxiliary value.

Stochastic Rounding. Different from the deterministic rounding-to-the-

nearest behavior, stochastic rounding rounds the number up and down in a

probabilistic way. For any x ∈ R, assume au, al ∈ R be the closest upper and

lower neighboring floating-point values of x, i.e., al ≤ x < au = al + ulp(al), then

SR(x) = al with probability (au − x)/(au − al) = 1 − (x − al)/ ulp(al) and other-

wise rounds up to au. Stochastic rounding provides an unbiased estimate of the

precise value: E [SR(x)] = x and alleviates the influence of imprecision by mak-

ing the addition valid in expectation. Stochastic rounding for model weight

updates adds minimal overhead for training and is supported in modern hard-

wares, such as AWS Trainium instances.
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Algorithm 18 TwoSum

1: Input: P-bit floats a
and b

2: x← F P(a ⊕ b)
3: bvirtual ← F

P(x ⊖ a)
4: avirtual ← F P(x ⊖

bvirtual)
5: broundoff ← F P(b ⊖

bvirtual)
6: aroundoff ← F P(a ⊖

avirtual)
7: y ← F P(aroundoff ⊕

broundoff)
8: Return: (x, y)

Algorithm 19 Split

1: Input: P-bit float
a (with p-bit man-
tissa)

2: c← ⌊ p
2 ⌋

3: t ← F P(2c ⊕ 1) · a
4: ahi ← F

P(t ⊖ F P(t ⊖
a))

5: alo ← F
P(a ⊖ ahi)

6: Return: (ahi, alo)

Algorithm 20 TwoProd

1: Input: P-bit floats a
and b

2: x← F P(a ⊙ b)
3: (ahi, alo)← Split(a)
4: (bhi, blo)← Split(b)
5: err1 ← F

P(p ⊖ F P(ahi ⊙

bhi))
6: err2 ← F P(err1 ⊖

F P(alo ⊙ bhi))
7: err3 ← F P(err2 ⊖

F P(ahi ⊙ blo))
8: e ← F P(F P(alo ⊙ blo) ⊖

err3)
9: Return: (x, e)

Algorithm 21
TwoProdFMA

1: Input: P-bit floats a
and b

2: Requires: Machine
supports FMA

3: x← F P(a ⊙ b)
4: e ← F P(a ⊙ b ⊖ x)

in FMA
5: Return: (x, e)

Algorithm 22 Scaling

1: Input: a float v and
a length-2 expan-
sion (a1, a2)

2: (x, e) ←

TwoProdFMA(a1, v)

3: e← F P(a2 ⊙ v ⊕ e)
4: (x, e) ←

Fast2Sum(x, e)

5: Return: (x, e)

Algorithm 23 Mul

1: Input: length-2 expan-
sions (a1, a2) and (b1, b2)

2: (x, e) ←

TwoProdFMA(a1, b1)

3: e ←

F P (e ⊕ ((a1 ⊙ b2) ⊕ (a2 ⊙ b1)))

4: (x, e)← Fast2Sum(x, e)
5: Return: (x, e)

B.3.2 MCF Algorithms and Further Discussions

MCF algorithms

As noted in Theorem 3.4.1, Fast2Sum requires |a| > |b| so as to perform the arith-

metic correctly. One can also derive the same length-2 expansion using Two-

Sum in Algorithm 18 for any floats a, b without sorting.
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Another category of basic MCF algorithms is the multiplication, between

i) a float and a float (with TwoProd Algorithm 20); ii) a float and a length-2

expansion (with Scaling Algorithm 22); iii) an expansion and an expansion (with

Mul Algorithm 23), to produce length-2 expansions.

Case i). TwoProd computes the expansion using another basic algorithm Split

(Algorithm 19), which takes a single P-bit floating point value and splits it

into its high and low parts, both with P
2 bits. On a machine which supports

the fused-multiply-add (FMA) instruction set, a much more efficient version

TwoProdFMA Algorithm 21 can be adopted to give the same results. We uti-

lized this efficient TwoProdFMA in our implementations as (Bfloat16) FMA is

supported on CUDA, e.g., using torch.addcmul(−x, a, b).

Case ii) and iii). Algorithm 22 Scaling describes the multiplication of a sin-

gle float with a length-2 expansion and Algorithm 23 Mul the multiplication

between 2 length-2 expansions. With FMA enabled, both algorithms run effi-

ciently.

We refer the readers to [201] for a full list of MCF algorithms.

Further Discussions on Algorithms

Equivalence. The equivalence of using ‘Kahan-sum in the optimizer’ at the

model-update step and COLLAGE-light is straightforward, realizing i) the Ka-

han variable c calculation is essentially Fast2Sum given |θt| ≥ |∆θt−1|; and ii) next

iteration update ∆θt+1 has similar magnitude as c so that lost arithmetic doesn’t

happen. In contrast, COLLAGE-light doesn’t have such concerns using Grow.
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Weight Decay. [108] propose AdamW with the decoupled weight decay

placed at line 12 in Algorithm 9 for a summed update ∆θt, standard libraries in-

cluding PyTorch and HuggingFace however implement the decoupled weight

decay directly to the parameter:

θt ← θt−1 − αλθt−1, or θt ← (1 − αλ)θt−1 (B.4)

which works as expected using Float32, but is usually ineffective in Bfloat16

arithmetic due to imprecision and lost arithmetic. For example, a standard

choice of the learning rate and weight decay hyper-parameter in GPT-6.7B pre-

training is α = 1.2e − 4 and λ = 0.1, yielding αλ = 1.2e − 5 and causing lost

arithmetic in Equation B.4 when Bfloat16 is used. In fact, the least αλ value to

avoid invalid arithmetic is half ulp(1.0), i.e., 2−7/2 ≈ 0.0039. Either decaying the

parameter (expansion) with Grow or placing the decoupled weight decay term

at line 13 following the original AdamW algorithm statement solves the issue,

where we chose the latter option in our experiments.

Scalar and Bias Correction. A rule of thumb to avoid imprecision and lost

arithmetic during low precision training is to do as many scalar computations

in high precision as possible before casting them to low precision (e.g., PyTorch

BFloat16 Tensor). For example, in BFloat16 AdamW, it’s recommended to com-

pute the bias correction scalar terms 1 − βt
1 and 1 − βt

2 in high precision before

dividing the low precision momentums.
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B.3.3 Additional Experiment Results

Experiment Details

BERT and RoBERTa. We pretrain the BERT-base-uncased, BERT-large-

uncased and RoBERTa-base model from HuggingFace [182] on the Wikipedia-

en corpus [11], preprocessed with BERT tokenizer. We follow the standard

pipeline to pretrain BERT and RoBERTa with the same configs and hyper-

parameters for all precision strategies. Note that we took these configs and

hyper-parameters from open-sourced models in HuggingFace. We finetuned

the pretrained BERT and RoBERTa models following [177] with BF16 mixed

precision through HuggingFace and evaluated the final model on GLUE bench-

marks. Particularly, we used 2e−5 learning rate and a batch size of 32 evaluated

on single Nvidia A100. All tasks were finetuned for 3 epochs, apart from MRPC

which we ran for 5 epochs.

Multi-size GPTs & OpenLLaMA-7B. We conduct pretraining experiments

of 1) GPT at different sizes ranging from 125M, 1.3B, 2.7B to 6.7B, and 2)

OpenLLaMA-7B using NeMo Megatron [97] with provided standard configs,

both on the Wikipedia corpus with HuggingFace GPT2 and LLaMA tokenizer,

respectively. We split the dataset into train/val/test with the split ratio 980 :

10 : 10. We trained all models consistently with disabled sequence parallelism,

enabled flash attention, rotary positional embedding (of percentage 1.0) [157],

disabled transformer engine, untied embeddings & output weights, sequence

length of 2, 048, weight decay 0.1 and pipeline parallelism 1, for all GPT models

and OpenLLaMA-7B in our experiments unless otherwise specified. All mod-

els were trained with the CosineAnnealing learning rate scheduler with 200
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Table B.6: Pre-training hyperparameters used for BERT and RoBERTa.

Model Phase hyperparameters Values

BERT-base

Phase-1

iterations 28, 125
warmup steps 2, 000
sequence length 128
global batch size 16, 384
learning rate 4e − 4
(β1, β2) (0.9, 0.999)

Phase-2

iterations 28, 125
warmup steps 2, 000
sequence length 512
global batch size 32, 768
learning rate 2.8e − 4
(β1, β2) (0.9, 0.999)

RoBERTa-base Phase-1

iterations 28, 125
warmup steps 2, 000
sequence length 512
global batch size 8, 192
learning rate lr = 6e − 4
(β1, β2) (0.9, 0.98)

warmup iterations. We trained all GPT models for 20k iterations and Open-

LLaMA for 9k iterations due to timing constraints. The dafault value of βs are

β1 = 0.9 and β2 = 0.95 unless otherwise specified, e.g., in ablation experiments.

Note that we took these configs from EleutherAI/gpt-neox [10].

Table B.7: Some configs and hyper-parameters of GPT models and OpenLLaMA-7B.

Model #Layers HiddenSize #AttentionHeads Global BatchSize TensorParallelism lr

GPT-125M 12 768 12 1, 024 1 6e − 4
GPT-1.3B 24 2048 16 1, 024 8 2e − 4
GPT-2.7B 32 2560 32 512 8 1.6e − 4
GPT-6.7B 32 4096 32 256 8 1.2e − 4
OpenLLaMA-7B 32 4096 32 256 8 3e − 4

GPT-30B. For the GPT-30B model used in Section 3.4.4, it has 56 layers, hidden

size 7168 and 56 attention heads. We trained it with a global batchsize 256,

tensor parallelism 8 and pipeline parallelism 2, then varied the micro batchsize
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and sequence length to explore their maxium values without causing OOM on

a NVIDIA A100 cluster with 2 nodes, 8 GPUs each.

Memory Statistics

Table B.8 summarizes the peak (total) memory of all training precision strategies

during practical runs with the same hyper-parameters for a fair comparison: Se-

quence Length 2048, Global BatchSize 128 and Micro (per-device) BatchSize 1.

We trained GPTs and OpenLLaMA with TensorParallelism 8 over 8×A100 40GB,

except from GPT-125M with TensorParallelism 1 on 1×A100 40GB. In Table B.8,

we report the saved memory compared to the mixed-precision option D with

the percentage calculated. During real runs, on average, COLLAGE formations

(light/plus) use 23.8%/15.6% less peak memory compared to option D. The best

savings are for largest model OpenLLaMA-7B, with savings 27.8%/18.5%, re-

spectively. The memory savings match the theoretical calculation in Table 3.12.

Table B.8: Peak (saved) pretraining memory (GB) of precision strategies com-
pared to option D on GPTs and OpenLLaMA-7B.

Precision GPT OpenLLaMA
7BOption 125M 1.3B 2.7B 6.7B

A −1.1(−26.6%) −10.3(−28.9%) −20.8(−31.2%) −51.2(−35.6%) −65.7(−37.2%)
B (ours) −0.8(−19.3%) −7.6(−21.5%) −15.6(−23.8%) −38.2(−26.6%) −49.2(−27.8%)
C (ours) −0.5(−12.1%) −5.0(−14.1%) −10.1(−15.4%) −25.7(−17.9%) −32.7(−18.5%)
D 4.4 35.5 65.3 143.7 176.7

OpenLLama 7B pretraining

We provide the pretraining iterations progress for OpenLLama-7B (described

in Section 3.4.4) in the Figure B.3, B.4 for β2 = 0.95, 0.99, respectively. We ob-

serve a stable training using COLLAGE-plus when using β2 = 0.99, where
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other precision strategies show slow convergence. The gradient norm in Fig-

ure B.4 left show that COLLAGE-plus has stability while other precision strate-

gies encounter transient errors causing blow-ups in gradients.
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Figure B.3: Openllama 7B pretraining (see settings in Section 3.4.4) with β2 =

0.95. Left: Training perplexity for different precision strategies listed in Ta-
ble 3.12. Right: Model gradient L2 norm across iterations for different strategies.
The COLLAGE formations overlap with heavy-weighted FP32 master weights
strategy.

GPT pretraining

The pretraining progress of GPT 125M for various settings of β2 and global batch

sizes is provided in Figure B.5 B.6 B.7 B.8 B.9 B.10. For pretraining of GPT 1.3B,

see Figure B.11. For pretraining of 2.7B, see Figure B.12. For pretraining of 6.7B,

see Figure B.13.
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Figure B.4: Openllama 7B pretraining (see settings in Section 3.4.4) with β2 =

0.99. Left: Training perplexity for different precision strategies listed in Ta-
ble 3.12. Right: Model gradient L2 norm across iterations for different strate-
gies. The COLLAGE-plus results in the best train perplexity over iterations while
other approaches struggle. The gradient norm blows-up frequently but stays
stable for COLLAGE-plus which suggest importance of using multi-components
at critical locations.
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Figure B.5: Pretrainnig progress for GPT 125M with settings described in Sec-
tion 3.4.4 and global batch-size=1024, β2 = 0.95. Top-left: EDQ metric vs iter-
ations, top-right: training perplexity vs iterations, and bottom: validation per-
plexity vs iterations for different precision strategy listed in Table 3.12. The pro-
posed COLLAGE formations consistently match the FP32 master weights with
much less memory footprint and faster training.
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Figure B.6: Pretrainnig progress for GPT 125M with settings described in Sec-
tion 3.4.4 and global batch-size=2048, β2 = 0.95. Top-left: EDQ metric vs iter-
ations, top-right: training perplexity vs iterations, and bottom: validation per-
plexity vs iterations for different precision strategy listed in Table 3.12. The pro-
posed COLLAGE formations consistently match the FP32 master weights with
much less memory footprint and faster training.
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Figure B.7: Pretrainnig progress for GPT 125M with settings described in Sec-
tion 3.4.4 and global batch-size=1024, β2 = 0.99. Top-left: EDQ metric vs iter-
ations, top-right: training perplexity vs iterations, and bottom: validation per-
plexity vs iterations for different precision strategy listed in Table 3.12. The pro-
posed COLLAGE formations consistently match the FP32 master weights with
much less memory footprint and faster training.
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Figure B.8: Pretrainnig progress for GPT 125M with settings described in Sec-
tion 3.4.4 and global batch-size=2048, β2 = 0.99. Top-left: EDQ metric vs iter-
ations, top-right: training perplexity vs iterations, and bottom: validation per-
plexity vs iterations for different precision strategy listed in Table 3.12. The pro-
posed COLLAGE formations consistently match the FP32 master weights with
much less memory footprint and faster training.
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Figure B.9: Pretrainnig progress for GPT 125M with settings described in Sec-
tion 3.4.4 and global batch-size=1024, β2 = 0.999. Top-left: EDQ metric vs iter-
ations, top-right: training perplexity vs iterations, and bottom: validation per-
plexity vs iterations for different precision strategy listed in Table 3.12. The pro-
posed COLLAGE formations consistently match the FP32 master weights with
much less memory footprint and faster training.
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Figure B.10: Pretrainnig progress for GPT 125M with settings described in Sec-
tion 3.4.4 and global batch-size=2048, β2 = 0.999. Top-left: EDQ metric vs iter-
ations, top-right: training perplexity vs iterations, and bottom: validation per-
plexity vs iterations for different precision strategy listed in Table 3.12. The pro-
posed COLLAGE formations consistently match the FP32 master weights with
much less memory footprint and faster training.
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Figure B.11: Pretrainnig progress for GPT 1.3B with settings described in Sec-
tion 3.4.4 and global batch-size=512, β2 = 0.95. Left: training perplexity vs itera-
tions, and right: validation perplexity vs iterations for different precision strat-
egy listed in Table 3.12. The proposed COLLAGE formations consistently match
the FP32 master weights with much less memory footprint and faster training.
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Figure B.12: Pretrainnig progress for GPT 2.7B with settings described in Sec-
tion 3.4.4 and global batch-size=512, β2 = 0.95. Left: training perplexity vs itera-
tions, and right: validation perplexity vs iterations for different precision strat-
egy listed in Table 3.12. The proposed COLLAGE formations consistently match
the FP32 master weights with much less memory footprint and faster training.
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Figure B.13: Pretrainnig progress for GPT 6.7B with settings described in Sec-
tion 3.4.4 and global batch-size=256, β2 = 0.95. Left: training perplexity vs itera-
tions, and right: validation perplexity vs iterations for different precision strat-
egy listed in Table 3.12. The proposed COLLAGE formations consistently match
the FP32 master weights with much less memory footprint and faster training.

B.4 MCTensor: A High-Precision Deep Learning Library

B.4.1 Numerical Error

We further conduct experiments to evaluate the numerical errors of basic

MCTensor arithmetic. Specifically, we first compute Add−MCN(x,y) of two random

MCTensor x,y of roughly the same magnitude m. x,y are sampled by first sam-

pling two random Julia BigFloat numbers with high precision (e.g. 3000 preci-

sion) using the equation (10 − N(0, 1))m, then converted to their corresponding

MCTensors in Float32. In order to get the exact numerical error, we transform

the MCTensor result to a Julia BigFloat number, then compute the relative er-

ror of it to the high precision addition of x,y (and not the addition of the two

BigFloat numbers initially sampled) in Julia. In the same way, we compute the

numerical errors of Mult−MCN(x,y) and ScalingN(x,y) with y being MCTensor in the

former case and standard (PyTorch) tensor in the later case. x,y are sampled in

the same way throughout the three cases. The relative error is shown in the top

row of Figure B.14.
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Figure B.14: Relative Error of MCTensor arithmetic with different number of
components, compared with high precision Julia BigFloat results (i.e. 3000 pre-
cision). Left: Add−MCN(x,y), middle: ScalingN(x,y) and right: Mult−MCN(x,y). In the top
row, order of magnitudes for x and y are kept the same. In the bottom row, order
of magnitudes for x varies and order of magnitudes for y is kept at 2.

For a thorough comparison, we also derive the same numerical errors when

the order of magnitudes for x varies and order of magnitudes for y is kept at 2,

as shown in the bottom row of Figure B.14.

B.4.2 Detailed Results on Linear, Logistic Regression & MLP

Linear Regression. Table B.9 describes the final training loss of the linear re-

gression task in Section 3.3.4.

Logistic Regression. We apply logistic regression on a synthetic dataset and a

breast cancer dataset. The synthetic dataset consists of 1,000 data points, where

each data point contains two features, while the breast cancer dataset consists
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Model Train Loss

PyTorch float16 1.99e-4
PyTorch float32 2.64e-12
PyTorch float64 8.02e-18
MCTensor float16, nc = 1 1.80e-4
MCTensor float32, nc = 2 1.95e-7
MCTensor float64, nc = 3 1.95e-7

Table B.9: Final Training Loss Results of Linear Regression Task

of 569 data points and each data point contains 30 numeric features. A single

MCLinear layer with float16 and nc between 1, 2 and 3 are used for logistic regres-

sion with Binary Cross Entropy loss

L(W) = BCELoss(y, sigmoid(XWT ))

For both datasets, we randomly split 80% of the data for training and 20% of the

data for testing. As both datasets are small in scale, we run them in full batch

with MC-SGD and SGD. For the synthetic dataset, we set learning rate to be 3e-3

and run for 4000 epochs. For the breast cancer dataset, we set learning rate to

be 1e-4 and momentum as 0.9, and run for 3000 epochs. Below is the results for

both dataset and figures for MCLinear results on breast cancer dataset with MC-

SGD optimizer. As can be seen, even with as few as 2 components, MCTensor

in float16 can match with the training loss of float32 Tensor.

Model Training Loss Testing Accuracy (%)

Tensor float16 0.1940 100
Tensor float32 0.1042 100
Tensor float64 0.1042 100
1-MCTensor float16 0.1941 100
2-MCTensor float16 0.1041 100
3-MCTensor float16 0.1041 100

Table B.10: Final training and testing results for logistic regression on synthetic
dataset.
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Figure B.15: Test accuracy of MCTensor and PyTorch Tensor for logistic regres-
sion on the Breast Cancer dataset.

Model Training Loss Testing Accuracy (%)

Tensor float16 0.1944 92.11
Tensor float32 0.1528 92.98
Tensor float64 0.1528 92.98
1-MCTensor float16 0.1944 92.11
2-MCTensor float16 0.1527 92.98
3-MCTensor float16 0.1527 92.98

Table B.11: Final training and testing results for logistic regression on Breast
Cancer dataset.

MLP. Using MC-MLP, we perform multi-class classification task on the Re-

duced MNIST dataset and binary classification task on the Breast Cancer

dataset. The training details for both tasks are shown in Table B.12 and Table

B.13.

Figure B.16 shows the training loss curves for MC-MLP on the breast cancer

and reduced MNIST dataset with MC-SGD optimizer. The hyperparameters

used in training are shown in Table B.13, and the final results for testing accu-

racy is shown in Table B.14.
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Parameter Value

MLP first hidden layer dim 150
MLP second hidden layer dim 150
Batch size full batch (569)
Optimizer MC-GD
Learning rate 6e-3
Epoch 1000

Table B.12: Training details for the
Breast Cancer dataset.

Parameter Value

MLP first hidden layer dim 50
MLP second hidden layer dim 50
Batch size 128
Optimizer MC-SGD
Learning rate 2e-3
Momentum 0.8
Epoch 100

Table B.13: Training details for the re-
duced MNIST dataset.

Figure B.16: Training loss curves for MLP on Breast Cancer (left) and reduced
MNIST (right).

B.4.3 MCTensor Operators and Modules

Basic Operators

The input of Two−Sum is two PyTorch Tensors with same precision, a and b. Algo-

rithm 4 returns the sum s = fl(a+b) and the error, err(a+b). Here in Algorithm 24

we provide a general version of the Split algorithm presented in Algorithm 12,

which takes a standard PyTorch floating point value with p-bit significand and

splits it into its high and low parts, both with p
2 -bit of significand.
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Model Training Loss Testing accuracy

MCMLP (f16 nc=1) 0.424 91.40
MCMLP (f16 nc=2) 0.349 92.03
MCMLP (f16 nc=3) 0.349 91.98
PyTorch MLP (f16) 0.412 91.40
PyTorch MLP (f32) 0.343 92.00
PyTorch MLP (f64) 0.343 92.00

Table B.14: MC-MLP models on reduced MNIST dataset with MCSGD

Algorithm 24 Split

Input: PyTorch Tensor a
if a.dtype is HalfTensor (float16) then

constant ← 6
else if a.dtype is FloatTensor (float32) then

constant ← 12
else if a.dtype is DoubleTensor (float64) then

constant ← 26
end if
t ← fl(2constant + 1) · a
ahi ← fl(t − fl(t − a))
alo ← fl(a − ahi)
Return: (ahi, alo)

Based on the Split algorithm, the TwoProd Algorithm 13 computes and returns

p = fl(a × b) and e = err(a × b). Fuse multiply-add, or FMA, is a floating-point

operation that performs multiplication and addition in one step. With proper

hardware, this Algorithm 25 can speed up TwoProd.

Algorithm 25 Two-Prod-fma

Input: PyTorch Tensors a, b
Requires: Machine supports FMA instructions set
p← fl(a · b)
e← torch.addcmul(−p, a, b)
Return: (p, e)

The constraint of decreasing magnitude and non-overlapping across nc

might be temporarily violated in computation, so MCTensor must be renor-
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malized during computation. Users can specify the target nc after renormal-

ization, rnc, but by default we keep them the same. The Renormalize Algorithm 6

is a variant of the Priest’s algorithm [138]. We provide a simple and fast im-

plementation here as Simple−Renorm, which extracts all non-zero values from a

non-renormalized MCTensor and puts together a new MCTensor. Note that this

Simple−Renorm does not have the same guarantee as Renormalize. Therefore in our

Mult−MCN, we still use the original version of Renormalize. But for most other oper-

ations, we still utilize Simple−Renorm for fast computation.

Algorithm 26 Simple-Renorm
Input: nc-MCTensor x, rnc

Requires: rnc < nc
k ← 0; (b0, b1, · · · , brnc−1)← (0, 0, · · · , 0)
for i = 0 to rnc − 1 do

if xi , 0 then
bk ← xi

k ← k + 1
end if

end for
Return: (b0, b1, · · · , brnc−1)

Algorithm 14 describes the multiplication of a MCTensor with a PyTorch

Tensor. In our implementation, the user can specify whether the algorithm can

return an expanded results with nc + 1, or a MCTensor with same nc.

Add−MCN (outlined in Algorithm 11), Div−MCN, Mult−MCN are operators for addi-

tion, division, and multiplication of two nc-MCTensors. Here we have two ver-

sions of multiplication, Mult−MCN and Mult−MCN−Slow. Algorithm 28 is implemented

by taking the inverse of the second MCTensor first, and then the first MCTensor

is divided by the second MCTensor’s inverse. This division would give the re-

sult of multiplication. Algorithm 29 follows the same pattern of our definition
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of Div−MCN and provides better error bounds, but it is rarely used as the compu-

tational cost is too high.

Algorithm 27 Div-MCN, modified from [152]

Input: nc-MCTensor x, y
initialize: q← fl(x0/y0), h0 ← q
for i = 1 to nc do

r ← Add-MCN(x,−ScalingN(y, q,False))
x← r
q← fl(x0/y0)
hi ← q

end for
h← (h0, h1, · · · , hnc)
Return: Simple-Renorm(h, nc)

Algorithm 28 Mult-MCN
Input: nc-MCTensor x, y
initialize: z0 ← 1, z1 = · · · = znc−1 ← 0
z← (z0, z1, · · · , znc−1)
y−1 ← Renormalize(Div-MCN(z, y))
h← Renormalize(Div-MCN(x, y−1))
Return: h

Algorithm 29 Mult-MCN-Slow
Input: nc-MCTensor x, y
initialize: p← fl(x0 · y0), h0 ← p
for i = 1 to nc do

e← Add-MCN(x,−DivN(p, y))
x← e
p← fl(x0 · y0)
hi ← p

end for
h← (h0, h1, · · · , hnc)
Return: Simple-Renorm(h, nc)

Algorithm 30, DivN takes input of a PyTorch Tensor and a MCTensor and com-

putes the Div−MCN results by appending zero-value components to a PyTorch Ten-

sor and making it MCTensor.
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Algorithm 30 DivN

Input: PyTorch Tensor x0, nc-MCTensor y,
initialize: x1 = · · · = xnc−1 ← 0
x← (x0, x1, · · · , xnc−1)
Return: Div-MCN(x, y)

The following Algorithm 31 describes the exponential function for a MCTen-

sor.

Algorithm 31 Exp-MCN
Input: nc-MCTensor x
initialize h← exp(x0)
for i = 1 to nc − 1 do

h← ScalingN(h, exp(hi),True)
end for
Return: h

The following Algorithm 32 describes the square of a MCTensor.

Algorithm 32 Square-MCN
Input: nc-MCTensor x
initialize h0 ← fl(2x0), h1 = · · · = hnc−1 ← 0
h← (h0, h1, · · · , hnc−1)
h← Grow-ExpN(h,fl(2 · x0 · x1))
Return: h

Matrix Operators

Based on the dimensions of input MCTensor and PyTorch Tensor, Dot−MCN, MV−MCN,

MM−MCN, BMM−MCN and 4DMM−MCN are implemented for calculating the matrix-level

multiplication results. All operations are identical with the PyTorch implemen-

tations.
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Algorithm 33 Dot-MCN

Input: nc-MCTensor x, PyTorch Tensor v
Requires: x and v both 1D array
h← ScalingN(x, v,False)
htensor = h0 + h1 + · · · + hnc−1

Return: htensor

Algorithm 34 MV-MCN

Input: nc-MCTensor x, PyTorch Tensor v
Requires: x is 2D matrix of size (n × m) and v is 1D array of size m
scaled ← ScalingN(x, v,False)
h← scaled[..., 0]
for i = 1 to m − 1 do

h← Add-MCN(h, scaled[..., i])
end for
Return: h

Algorithm 35 MM-MCN

Input: nc-MCTensor x, PyTorch Tensor v
Requires: x is 2D matrix of size (n × m) and v is 2D Matrix of size (m × p)
x← x.unsqueeze(−1)
v← v.transpose(−1,−2)
scaled ← ScalingN(x, v,False)
h← scaled[..., 0]
for i = 1 to m − 1 do

h← Add-MCN(h, scaled[..., i])
end for
Return: h

244



Algorithm 36 BMM-MCN

Input: nc-MCTensor x, PyTorch Tensor v
Requires: x is 3D matrix of size (b×n×m) and v is 3D Matrix of size (b×m× p)

x← x.unsqueeze(−1)
v← v.unsqueeze(1).transpose(−1,−2)
scaled ← ScalingN(x, v,False)
h← scaled[..., 0]
for i = 1 to m − 1 do

h← Add-MCN(h, scaled[..., i])
end for
Return: h

Algorithm 37 4DMM-MCN

Input: nc-MCTensor x, PyTorch Tensor v
Requires: x is 4D matrix of size (a × b × n × m) and v is 4D Matrix of size
(c × d × m × p); two sizes can be broadcasted in torch.matmul
x← x.unsqueeze(−1)
v← v.unsqueeze(2).transpose(−1,−2)
scaled ← ScalingN(x, v,False)
h← scaled[..., 0]
for i = 1 to m − 1 do

h← Add-MCN(h, scaled[..., i])
end for
Return: h

The following Algorithm 38 computes the matrix multiplication of a nc-

MCTensor with a PyTorch Tensor first, then times a constant α. Then the product

of another nc-MCTensor times a constant β is added to the former multiplication

result.

Algorithm 38 AddMM-MCN

Input: nc-MCTensor x, nc-MCTensor y, PyTorch Tensor v, β, α
Requires: x is 2D matrix of size (n ×m), and v is 2D Matrix of size (m × p); y is
2D matrix of size (n × m) or y is 1D array of size m
h← ScalingN(MM-MCN(x, v), α)
bias← ScalingN(y, β)
h← Add-MCN(h, bias)
Return: h
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This Algorithm 39, Matmul−MCN is the central function for handling all matrix

level multiplications of one nc-MCTensor and one PyTorch Tensor.

Algorithm 39 Matmul-MCN

Input: nc-MCTensor x, PyTorch Tensor y
xd, yd ← x.dim(), y.dim()
if xd = 1 and yd = 1 then

Return: Dot-MCN(x, y)
else if xd = 2 and yd = 2 then

Return: MM-MCN(x, y)
else if xd = 2 and yd = 1 then

Return: MV-MCN(x, y)
else if xd > 2 and yd = 1 then

Return: ScalingN(x, y)
else if xd = yd and xd = 3 then

Return: BMM-MCN(x, y)
else if xd = yd and xd = 4 then

Return: 4DMM-MCN(x, y)
end if

MCTensor Deep Learning models

As a demonstration for the ease of using MCTensor to build a MCTensor deep

learning model, we provide an example code for MCTensor MLP (MC-MLP)

model for the multi-class classification tasks. Essentially, the only differences

visible to the users are the need to set the number of components, and the need

to convert MCTensor output to Tensor approximation between different layers.

The need for Tensor approximation is explained below.

In MCModule, all network layers take Tensor as inputs, keep MCTensor as

their weights, and through MCTensor matrix operations, produces MCTensor as

output. If the MCTensor outputs need to be taken as input for the next MCMod-

ule layer, there need to be new layers that will perform multiplication on two
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class MC −MLP(MCModule):
def init (self, input dim , hidden1, hidden2, num classes=10, nc=2):

super(MCMLP, self). init ()
self.fc1 = MCLinear(input dim , hidden1, nc=nc)
self.fc2 = MCLinear(hidden1, hidden2, nc=nc)
self.fc3 = MCLinear(hidden2, num classes , nc=nc)
self.dropout = nn.Dropout(0.2)

def forward(self, x):
x = F.relu(self.fc1(x))
x = self.dropout(x.tensor.sum( −1))
x = F.relu(self.fc2(x))
x = self.dropout(x.tensor.sum( −1))
x = self.fc3(x)
return F.log softmax(x.tensor.sum( −1), dim=1)

Figure B.17: MC-MLP code example.

MCTensor matrices. As can be seen from Table B.15, ScalingN, the multiplica-

tion between a MCTensor and a PyTorch Tensor, is more than a hundred times

faster than Mult-MCN, the multiplication between two MCTensor. To avoid

this forbidden cost of computation, we convert the unevaluated sums into an

evaluated sum as shown above (x.tensor.sum(−1)). Although there might some

losses of precision due to summation, the loss is marginal and we trade it for an

orders of magnitude smaller execution time.

B.4.4 Running Time of MCTensor Operators

We run on a AMD Ryzen 7 5800X CPU with 64 GB memory. For all the basic

operators, we repeat PyTorch addition for 7e3 runs and 1-, 2-, 3-MCTensor for 7

runs.

For vector-vector (torch.dot/Dot-MCN) product, we repeat PyTorch addi-

tion for 7e6 runs and 1-, 2-, 3-MCTensor for 7e3 runs. For matrix-vector

(torch.mv/MV-MCN) product and batched matrix-matrix (torch.bmm/BMM-

MCN) product, we repeat PyTorch addition for 7e3 runs and 1-, 2-, 3-MCTensor
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for 7 runs. For matrix-matrix (torch.matmul/Matmul-MCN) product and bias-

matrix-matrix (torch.addmm/AddMM-MCN) addition-product, we repeat Py-

Torch addition for 7e4 runs and 1-, 2-, 3-MCTensor for 7 runs.

The timing for both matrix and basic operators are given in Table B.15 and

Table B.16.

Operators Inputs sizes FloatTensor 1-MCTensor 2-MCTensor 3-MCTensor

Add-MCN (1000 × 1000) 497 µs ± 6.77 µs 26.7 ms ± 486 µs 44.7 ms ± 379 µs 64.4 ms ± 385 µs
ScalingN (1000 × 1000) 490 µs ± 9.69 µs 33.7 ms ± 402 µs 57.5 ms ± 842 µs 84.7 ms ± 1.78 ms
Mult-MCN (1000 × 1000) 514 µs ± 15.2 µs 218 ms ± 4.03 ms 667 ms ± 11.6 ms 1.4 s ± 21.6 ms
Div-MCN (1000 × 1000) 510 µs ± 10.6 µs 80.3 ms ± 770 µs 243 ms ± 3.24 ms 498 ms ± 8.26 ms

Table B.15: MCTensor basic operators running Time (mean ± sd)

Operators Inputs sizes FloatTensor 1-MCTensor 2-MCTensor 3-MCTensor

Dot-MCN 5000, 5000 1.61 µs ± 3.29 ns 442 µs ± 5.61 µs 656 µs ± 1.16 µs 858 µs ± 12.2 µs
MV-MCN (5000 × 500), 500 157 µs ± 4.32µs 320 ms ± 5.78ms 460 ms ± 10.7ms 580 ms ± 12.1ms
Matmul-MCN ( 500× 200), ( 200× 50) 97.3 µs ± 1.1 µs 495 ms ± 10.8 ms 735 ms ± 21.7 ms 934 ms ± 28 ms
AddMM-MCN 100, ( 500× 200), ( 200× 100), 153 µs ± 869 ns 750 ms ± 21.9 ms 1.12 s ± 28.4 ms 1.44 s ± 49.1 ms
BMM-MCN (16 × 500× 200), (16 ×200× 50) 1.5 ms ± 9.32 µs 4.84 s ± 43.1 ms 8.03 s ± 68.4 ms 11.2 s ± 74.1 ms

Table B.16: MCTensor matrix operators running time (mean ± sd)
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[47] Michaël Defferrard, Xavier Bresson, and Pierre Vandergheynst. Convo-

lutional neural networks on graphs with fast localized spectral filtering.

Advances in neural information processing systems, 29:3844–3852, 2016.

[48] T. J. Dekker. A floating-point technique for extending the available preci-

sion. Numer. Math., 18(3):224–242, jun 1971.

254



[49] Jia Deng, Wei Dong, Richard Socher, Li-Jia Li, Kai Li, and Li Fei-Fei. Ima-

genet: A large-scale hierarchical image database. In 2009 IEEE Conference

on Computer Vision and Pattern Recognition, pages 248–255, 2009.

[50] Li Deng. The mnist database of handwritten digit images for machine

learning research [best of the web]. IEEE signal processing magazine,

29(6):141–142, 2012.

[51] Tim Dettmers, Artidoro Pagnoni, Ari Holtzman, and Luke Zettlemoyer.

Qlora: Efficient finetuning of quantized llms, 2023.

[52] Jacob Devlin, Ming-Wei Chang, Kenton Lee, and Kristina Toutanova. Bert:

Pre-training of deep bidirectional transformers for language understand-

ing, 2019.

[53] Prafulla Dhariwal, Heewoo Jun, Christine Payne, Jong Wook Kim, Alec

Radford, and Ilya Sutskever. Jukebox: A generative model for music.

arXiv preprint arXiv:2005.00341, 2020.

[54] Alexey Dosovitskiy, Lucas Beyer, Alexander Kolesnikov, Dirk Weis-

senborn, Xiaohua Zhai, Thomas Unterthiner, Mostafa Dehghani, Matthias

Minderer, Georg Heigold, Sylvain Gelly, et al. An image is worth

16x16 words: Transformers for image recognition at scale. arXiv preprint

arXiv:2010.11929, 2020.

[55] Pengfei Fang, Mehrtash Harandi, and Lars Petersson. Kernel methods in

hyperbolic spaces. In Proceedings of the IEEE/CVF International Conference

on Computer Vision, pages 10665–10674, 2021.

[56] Marcello Federico, Sebastian Stüker, and François Yvon, editors. Proceed-

255



ings of the 11th International Workshop on Spoken Language Translation: Eval-

uation Campaign, Lake Tahoe, California, December 4-5 2014.

[57] Christiane Fellbaum. WordNet: An Electronic Lexical Database. Bradford

Books, 1998.

[58] Elias Frantar and Dan Alistarh. Sparsegpt: Massive language models can

be accurately pruned in one-shot, 2023.

[59] Elias Frantar, Saleh Ashkboos, Torsten Hoefler, and Dan Alistarh. Gptq:

Accurate post-training quantization for generative pre-trained transform-

ers. arXiv preprint arXiv:2210.17323, 2022.

[60] Octavian-Eugen Ganea, Gary Bécigneul, and Thomas Hofmann. Hyper-

bolic neural networks. arXiv preprint arXiv:1805.09112, 2018.

[61] David Gans. A new model of the hyperbolic plane. The American Mathe-

matical Monthly, 73(3):291–295, 1966.

[62] David Gilbarg and Neil S Trudinger. Elliptic partial differential equations of

second order, volume 224. springer, 2015.

[63] David Goldberg. What every computer scientist should know about

floating-point arithmetic. ACM Comput. Surv., 23(1):5–48, mar 1991.

[64] Alexander Grigor’yan and Masakazu Noguchi. The heat kernel on hy-

perbolic space. Bulletin of the London Mathematical Society, 30(6):643–650,

1998.

[65] Mikhael Gromov. Hyperbolic groups. Essays in group theory, page 75–263,

1987.

256



[66] Albert Gu, Frederic Sala, Beliz Gunel, and Christopher Ré. Learning
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