
CHAPTER IV. 

SLIDER-CRANK CHAINS. 

34. Slider-crank Chain.-A very important chain is 
obtained from the quadric crank-chain by substituting a 
sliding pair for one of the turning pairs. It is obvious that 
the links will undergo the same relative change of position 
in Fig. 60 (b) as in Fig. 60 (a), although the lever c has been 
replaced by a block sliding in a circularly curved slot of 
the same radius as the original lever. The chain as thus 
transformed may be called a cylindric slider-crank chain, 
although this name is generally applied to the particular 
case in which O cd is at an infinite distance and the block 
slides in a straight slot. It is plain that the mechanism 
of Fig.60 (c) maysbe obtained from that of Fig. 60 (b) by con­
tinually increasing the radius of the pair cd until it becomes 
infinite. The pair cd may have prismatic surfaces of any 
form so long as the sliding motion is properly constrained ; 
thus, for example, c may be a hollow block sliding on a 
prismatic rod d, Fig. 60 (c). The slider-crank chain in its 
cylindric form has of course plane motion, and is of special 
importance, since its different inversions form amongst 
others the mechanisms of various types of reciprocating 
steam-engines. 

The six virtual centres of the slider-crank chain are 
easily found, exactly as in the case of the quadric crank­
chain, but O ,d is always inaccessible. Fig. 6 r shows the 
centrodes of the links b (representing the connecting-rod 
of a direct-acting engine) and d (representing the frame or 
bedplate). The centrode of b with respect to d (i.e., if d 
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is considered as the fixed link) is shown by the full line; the 
dotted curve represents the centrode described by Oba if b 
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FIG. 60. 

is taken as the fixed link. The construction for one point
is shown in each case. 

\\Then dis fixed the link c represents the piston, piston­
rod, and cross-head of the same machine. The link a repre­
sents the crank, and b the connecting-rod. A point on the 
link b between A and B describes an oval curve with refer-
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ence to d, the shape depending on the position of the point 

selected, and on the ratio of the lengths of crank and con-
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FIG. 61. 

necting-rod. This fact is utilized in the design of certain 
valve-gears. 

35. Displacement, Velocity, and Acceleration of Cross-head 

in Direct-acting Engine. (First Inversion of Slider-crank 

Chain.)-One of the most important problems in con­
nection with the slider-crank chain is the determination of 
the velocity and acceleration of the link c, Fig. 60, suppos­

ing d to be fixed, and a to rotate with uniform angular veloc­
ity. This is approximately the case in a direct-acting steam­
engine, where c would represent the cross-head and b the 

connecting-rod. 
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It is in general most convenient to deal with these prob­
lems graphically, but we shall first give an analytical inves­
tigation. 

!.-+r ; -r--i 
I ! I 
J 8Tf¥)KE

=2r 

FIG. 62. 

In Fig. 62, suppose the line of stroke AO to pass
through C, the centre of the crank-shaft. Let BC (the

ABthrow of the crank) =r, and let BC =n, so that the length 

of connecting-rod = nr =AB. ¥.Then the crank makes any 
angle {) with the centre line AC, let x be the distance of 
the cross-head A from 0, the middle of its stroke. Draw 
BD perpendicular to AC, and mark off AE=AB. If cp is 
the angle of obliquity of the connecting-rod, 

' 
. sin()sm cp = --, and 

n 

cos cp = :.✓n2 
- sin2 (}. 

n 
Now x=AC-OC=AC-AB 

=CD+DA-AB 
=r cos 8+nr cos cp-nr 
=r ( cos () -n + vn2 

- sin2 8). • • 

This gives x in terms of the crank angle 8. It is to be 

noticed that when()= 1r the cross-head is not at the middle 
2 

of its stroke, but at a distance 
2 =--I - n)X0 =r(Vn- -

r= - ----;-:==-
Vn2

- 1 +n' 
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the negative sign indicating that A is now to the right of 
0, Fig. 62. 

In the case of a cross-head having simple harmonic mo­
tion we should have simply 

X =r COS 0. 

The term r(vn2 -sine2 0-n) in equation (r) thus gives 
what is called the "error due to obliquity " of the connect-

ing-rod. Its values for 0 = 1r: are shown below for some usual 

values of n. 
n= 4 65 

./ 2 · 20vn -sin -n= -o.r3 -0.11 -0.09 

The error due to obliquity is thus seen to diminish rap­
idly as 11- increases.* 

Next, to determine the velocity of the piston at any 
instant we differentiate x with regard to time and obtain 

� =r[-sin (}�� + :(n 2-sine2 0)-j !t(n2-sine2 o)J 
d0 [ . 2 sin 8 cos (} ] ·= -r- sm 0+ .dt 2'Vn 2 

- sine2 0 

This is not ,Tery convenient for use in practice, but for 
ordinary values of n we may write without large error n 

2instead of vn -sin 2 0. For example, if O = 11:, and sin Ohas 
2 

its greatest value, 

'Vn2 - sin 2 0 = 3. 8 7 5.9r 
= 6when n 4 

Further, we may write V c' the linear velocity of the crank-

* For a discussion of the problem of the connecting-rod see Hill, Min. Proc. 
Inst. C. E., Vol. CXXIV, p. 390. Also consult Unwin, Min. Proc. Inst. C. E., 
CXXV, p. 363, and a paper by G. A. Burls, Min. Proc. Inst. C. E., Vol. CXXXI, 

P· 338. 
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. . .· d of dO d the ··nega 1ve t sign, hw 
.1cpin, 1nstea r

di
, an , om1tt1ng h 

simply sho,;vs that x diminishes at first while() increases, we 
have very approximately for the velocity of the piston or 
cross-head 

. {) sin 2 0)V _ V (sin + -- .t - e • • 

2n 

As an example, suppose an engine 1 2 inches stroke running
at 2 50 revolutions per minute, the length of connecting-rod 

2 soX3.i4 =being 3 feet. The crank-pin velocity ,vill be 
60 

13.08 feet per second. \Vhen O = 45°, the value of n being 
6, we have, from equation (2), 

VP
= 13.08(0.707 I I+ 0.08333) 
= 13.08 X o. 79044 
= 10.340 feet per second. 

If the velocity were calculated from the accurate expression
previously obtained, we should get 

V;s= I3.08(0.70711 + I V )2 36-0.4998 
= 13.08 X o.79103 
= 10.348 feet per second. 

The approximation, therefore, has led to an error of only 
-0.008 foot per second in this case. 

Proceeding to determine the acceleration of the piston or 
cross-head for any crank angle, we find very approximately 
from equation (2), remembering that Ve is constant, 

:t(V�) = Ve(cos {) i�+ 2� [2 cos 2{) �� J) 
Now�{) 

= Ve · thus 
dt r ' 

cos 20· V'( +· f t h d =-; cos O n ) . (3) acceleration o pis on or cross- ea 
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The following table gives the value of cos O + cos 2
(} for 

11-

-different values of() and n. 

Value of n. 

le. I 

4 I' -
l' 6 005 

\ I 

0° or 360° ....... 1.250 1.222
30° or 330° ....... 0.991 0.977 

° °60 or 300 ....... 0.375 0.389
90° or 270° ....... -0.250 -0.222

120° or 2-10° ....... -0.625 -0.611 
°°150 or 210 ....... -0.741 -0. 755 

180° ....... -0. i50 -0. 778 

1.200
0.9G6
0.400

-0.200
-0.600
-0. 766 
-0.800 

1.0001.182 1.167 
0.8660.957 0.9--19 
0.5000.409 0.417 
0.000-0. 182 -0. 167 

-0.500-0.591 -0.583 
-0.866-0.775 -0. 783 
-1.000-0.818 -0.833

cos 28)'-- Values of (cos a+ n - ___, 

36. Graphic Methods for Cross-head Velocity and Accel­

eration.-We proceed to consider graphic means of deter­
min1ng velocity and acceleration for the cross-head or piston

· of a direct-acting engine. It is of course possible to draw 
first a curve of displacement on a time base, and then use 
the methods described in Chapter II, but simpler means 
can be employed in this case. In Fig. 63 let AB, BC repre-
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FIG. 63. 

sent the connecting-rod and crank in any given position.
The point A is moving along the straight line AC, while B 

is moving for the instant in a direction perpendicular to BC. 
Hence D, the virtual centre of AB with regard to the fixed 
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link, is easily found at the intersection of the virtual radii 
of the points A and B. Through C dra\v a line perpendicu­
lar to AC, and therefore parallel to .A.D, and produce AB 
to meet it in E. Then the triangles ADE, ECB are similar. 

Now the angular velocity of AB about D is measured 

either by the ratio {JS or by Jn, so that 
.. 

V1 _AD_ CE 
V., -ED - c·11· 

In many positions of the mechanism D is inaccessible, 
but E can always be found, and the relation just obtained 
tells us that CE represents the velocity of the piston at the 
instant for which the diagram is drawn, to the same scale 
as that to which CB represents the velocity of the crank-pin.

It is generally most convenient to make a polar diagram
of piston velocity by marking off a series of points such as. 
E' (where CE'= CE) for a number of different crank posi­
tions, or, if required, a velocity diagram on a distance base 
may be constructed by marking off the distance CE along
AD, so that a series of points such as E" are obtained, and 
a curve drawn whose ordinate at any point is proportional 
to the velocity of the piston when in that position. Such 
diagrams have been drawn in Fig. 64, together with a linear 
velocity diagram on a time base, so as to show the difference 
between a simple harmonic motion and that which the piston 
actually possesses. The e:x.:ample taken is that for which the 
velocity and acceleration have been calculated in the last 
section. In order to determine the scale to which tbe ordi­
nates of the curves represent the velocity, it is only neces­
sary ·to remember that if the length BC were 1 inch, the 
velocity scale \vould be 1 inch= 13.08 feet per second, since 
the crank-pin velocity is 13.08 feet per second. In the 
figure the construction lines are shown for one position of 
the mechanism only; in drawing such diagrams care should 
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be taken only to draw those portions of the construction 
lines ,vhich are absolutely necessary, so as to avoid useless 
complication. Of course accuracy in drawing is indispen­
sable if the numerical results obtained are to be reliable. .l\ 
line whose length is proportional to the piston acceleration 

VELOCITY I MOTIO"'rNcRE 
SIMPLE HARMONIC

10 ',' ' 5 

5 

10 

15 

A 
PISTON VELOCITY ON 

DISTANCE BASE 

STROKE OF ENGINE 12 INCHES 
CONNECTING ROD CENTRES J FEET PISTON VELOCITY, POLAR DIAGRA!I 
REVOLUTIONS PER MIN. 250 

1 2 FEET 
9 'L. 

'

0 J() 20 30 .t0 FEET PER SECOND - -�---�--� 

may be obta?ned as follows (see Fig. 65) : Take any given
position of the cross-head A ,  and produce AB to cut CE in 
E. Then, as before, 

Notice that this is true whether the path of the point A 
passes through C or not, when produced. 

The desired acceleration is the rate of change of V;, 
which is of course proportional to the rate at which the 
distance CE is increasing or diminishing at the instant con­
sidered. In fact the piston acceleration may be considered 
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as being proportional to the velocity of the point E along 
CE at any instant while the engine is in motion, supposing 
BE always to be in a straight line with AB. 

Let this velocity along CE be u0• The real velocity of 
the point E, regarded as a point on the connecting-rod, is 
in a direction perpendicular to DE, its virtual radius. Call­
ing this velocity u

l ' we see that u
1 
may be resolved into two 

FIG. 65. 

components, namely, u0 in a direction along CE, and u2 
in a direction along BE. 

From C draw CF parallel to DE, and dra..w FG perpen­
dicular to AB. Then the sides FC, CG, GF, of the triangle 
FCG are respectively perpendicular to the directions of u

i
, u0, 

CG u
2

• Thus FCG is a triangle of velocities and uo 
= 

FC
, or u1 

_ CG u1 DE FC FC 
. But -·- = - = - therefore u = V -- andu0 -u1 F lC V DB CB' cc B' C 

CG 
=

Uo Ve-CB =rate of change of length CE. 

Now it has been shown that 

piston velocitys= V
.1> 

=CE. �B , 
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and Ve and CB are constantt; hence it follows that the rate 
of change of the piston velocity must be equaL to 

(rate of change of CE) X%t , that is, 
13

. .piston acce 1erat1on = u V v= C13 
z 

CG 

Thus to obtain the numerical value of the piston accelera­
tion we must multiply the length of CG (measured to scale 

in feet) by(�c) 2

, ,vhere Ve is the crank- pin velocity in feet 

per second and r is the crank throw, or radius of the crank­
pin circle, in feet. 

Hence it follows that 
CG - acceleration of piston ' CB Vc 

2/r 

or, in other words, CG represents the piston acceleration to 
2the same scale as that on ,v hich CB represents Vc /r, the 

radial acceleration of the crank-pin. 
When drawing such a diagram as Fig. 65 it happens that 

for many positions of the crank the point D becomes inac­
cessible. Accordingly some other construction must be 
found to obtain the position of the point F, so that CG may
be determined for any crank angle. 

Consider the triangles BEG and BAD. 
Evidently 

BE BC 
BA 

= 
BD' 

But !� =!�, because the triangles EDE, BCF are similar. 

Therefore 
BE BF 
BA -BE' 

or BA .BF =BE2 
• 

Hence any construction which will make BE a mean propor­
tional between BA and BF will determine the point F. 
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A number of such constructions have been given ; o[
these perhaps the rnost convenient in practice is that of 
Kisch.* 
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On AB describe a semicircle AHB. v\Tith centre B and 
radius BE cut the semicircle in H. Draw HFG perpendicu­
lar to AB, cutting AB in F and CG in G. Join EH, HA. 
Then 

But BE = BH. Hence BA . BF = BE2, and CG represents
the acceleration. 

The method of determining the acceleration scale of such 
a diagram may be shown by a numerical example. Fig. 67 
has been drawn for the engine for which the velocity of the 
piston has been previously calculated, taking a crank angle 
of 45° . The crank-pin velocity being 13.08 feet per second, 
and the connecting-rod being 6 cranks in length, we have for 
the acceleration of the piston at that particular crank angle 

13 08 2 ( cos 90° 
acceleration = cos 45° 

+ )�-5  6 
13 .08 X 13 .08 X o.707 1 1  -

0.5 
= 2 42. 1 feet per second per second. 

* See Zeitscbrift des Vereines Deutscher Ingenieure, Dec. 13, 18go. Given 

also by Klein, Journal of Franklin Inst., Vol. CXXXII, Sept. 1891. 
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In Fig. 67 the actual length of the line CG, if the figure
were dra\vn the full size of the engine, ,vould be 0.3 5 1  foot. 
The radius of the crank-pin circle CB is 0.5 foot and repre-

"; l I' ' .oG .oa . o.l2 o.u 0.10 0.18 Q.•0 0. >-J 0.�4 SECONDS (TIME) 
.()'2 jr, CRANK ANGLE 1 j 

HI 
) 

0 

HJ.') A STROKE OF ENGINE 12 INCHES 
CO,.NECTl"G ROD CENTRES 3 FEET 200 
REVOLUTIONS PER MIN, 250

300 
ACCELERATION ON DISTANCE BASE 

0 0.5 1 2 FEET ........_....._._._._._....._......___.._____ _  ___,
0 500 ]()()() FT, PER SEC. PER SEC. 

FIG. 67. 

sents a velocity of 1 3.08 feet per second. Hence the velocity 
1:scale is 1 foot = 26.16 feet per second, or C

c_ = 1 3 -�8 = 26.16. B 0. :,
It has been sho\vn that the rate at \Vhich the distance CE 

is changing is 
cc 

=u
0 V --· 

C . C'B 

= 0.3 5 1  X 26.  16 = 9.18 feet per second. 
This, however, is not the numerical value of the acceleration 
required, for it represents the rate of chang� of a length CE, 
each foot of which stands for a velocity of 26. 16 feet per
second. Therefore, expressing u0 in feet per second per 
second, ,ve have 
u0 = 0.351 X 26.16 X 26 . 16 = 240 feet per second per second, 
a result agreeing (within the limits of accuracy for a small 
scale drawing) with that just calculated. 

It is thus seen that to determine the scale to which CG 

http:foot=26.16
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represents the piston acceleration, ,ve find, first, the piston 
velocity represented by unit length of CE (in this case 26. 1 6  

feet per second) ; then it follo,vs that a change of length of 
CE at the rate of one unit per second represents a change 
of piston velocity at the rate of 2 6 . 1 6  units per second, or 
a piston acceleration of 26. 1 6  units. But each unit of length 
of CG has been shown to represent a change of length of CE 
at the rate of 26 .  1 6  units per second, so that, finally, unit 
length of CG represents a piston acceleration of 26. 1 6  X 26. 16 
units. 

This relation may be expressed by saying that if the 
engine were drawn out full size and the linear velocity scale 
were I foot = n  feet per second, then the acceleration scale 
would be 1 footh= n 2 feet per second per second. In this 
case, as in the case of all graphic methods of determining 
velocities and accelerations, the manner of finding the 
velocity and acceleration scales must be thoroughly under­
stood ; if this is not <lone, the diagram becomes almost use­
less, since no numerical values can be obtained from it. 

A number of other constructions for the piston acceler­
ation in the direct-acting engine have been devised.* 

37. Angular Velocity and Acceleration of Connecting­

rod.-- To study the movement of the connecting-rod, adopt­
ing the same notation as in § 35, we have, as before, 

. sin fJ 
Sln <p = --

n 
vn2 - sin 2 {Jcos <p = - -- - ­n 

The angular velocity of the connecting-rod is the rate of 
change of cp with regard to time, and we obtain at once 

- sin 2 o dt . 
d<p

dt = vn2 

• See a paper by Prof. Elliott, Engineering, Vol. LIX, pp. 587 and 711, and 
Zeitschrift des V. Deutscher Ingenieure, Oct. 13, 1894. 
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Sinceh� is the angular velocity of the crank, we have· 

. . V cos 01 1 f d = -� -· . · · · ··- .angu ar ve oc1ty o connect1ng-roh. . .
r ,v'n2 - sin2 {} 

Differentiating again to find the angular acceleration, we 
obtain 

d2 Ve d COS (} d(}<p =h-r • jo v'n2 - sin2 0 ·  dtdt2 

= �;h
2 l cos (}!(n2 - sin2 0)-1 - sin 0(n2 - sin2 0)4 

f 
Vc 

2 sin (} n2 
- 1= -

r2 (2)· vii· 2 - sin 2 0 ·n 2 - sin2 o · 

For ordinary values of n it is sufficiently accurate to write 
approximately 

. V 2 sin 0angular accelerationh=h- -+ .  .. . (2a)r Vn2 
- sin2 (} 

Taking the same example as before, at a crank angle of 45° 

we have 
sin 0h= o.70711, n = 6, i1c = 13 .08, r = o.5. 

'fhus Vn2 
- sin2 

(} = 5.96 and cos (}h= o.707 r r. Therefore 
. 13 .08 X o.7071 1  angu ar ve oc1ty = ------ d"1 1 = 3. 1 1  ra 1ans per second,0.5 X 5.96 

and, from equation (2), 

1 1 . 13.082 0.70711  .angu ar acce erat1on = - - -- . 0.9870.25 5 .96 
= -80. 2 radians per second per second. 

Using equation (2a) , we should obtain - 81.2 as a result. 
The simple construction of Figs. 65, 66, and 67 gives us 

the angular velocity of the connecting-rod. For 

angular velocity of crankh= re' 
. and angular velocity of connecting-rodh= { · _v 

http:i1c=13.08
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BC BEBut BD 
; hence= B,4 

. V BEangu1 .ar ve oc1ty 1 of connect1ng-rod = r c . BA . . 
If BE is taken at the length it ,vould have ,vere the engine 
dravvn out full size, Bil =hnr, and 

Vcangular velocityh= BE . _2 • 
nr 

(Note that the real lengths of 13E and r must be used,
measured in feet, Vc being in feet per second.) 

In Fig. 67,  for example, BE scales 0.3 5 5  foot, hence the 
angular velocity ,vill be 

I 3 .08o.355 Xh6h' = 3.1ohra d'1anshperhseconhd,X o. 2 5  
a result agreeing with the calculated value. 

As regards the angular acceleration vve have seen that 
FC: CG: G F : : 'lt1 : 1l0 

: 1t2• 

The velocity u
2 

is the rate at vvhich the length BE is chang­
ing, and is therefore proportional to the rate of change of 
the angular velocity of the connecting-rod. Hence it may
be shown (just as in the case of the velocity u0) that

\l 2

angular acceleration = FG. - �5 • nr  
In our example (Fig. 67) FG is 0.350 feet ; hence 

. 1 3 .08 X 13.08 angu ar acce erat1on = 0.350 X '1 1 6 X o . 1 2 5  
79.9 radians per second per second, = 

a result agreeing closely with that previously obtained. 
Notice that when the crank angle is 90° FG becomes 

"!!_ _ _  and therefore, if O = 1r, 

Vn2 - 1 2 

. 
nr 

17 2 V 2 

r -vfn2 - I  

. nr 

n2 - I  

38. Angular Velocity of Cylinder in Oscillating Engine. 

Second Inversion of Slider-crank Chain.-The second inver­
sion of the slider-crank chain is that in ,vhich the link b 
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(represented by the connecting-rod in a direct-acting steam­
engine) is the fixed link. This mechanism is knovvn as the 
s,vinging-block slider-crank and is employed as an oscillating 
steam-engine, of ,vhich the link d becomes the piston and 
rod, vYhile b is the framework. The link c is the cylinder 
and a is the crank, the cylinder swinging to and fro on trun­
nions as the crank-shaft revolves. \Ve proceed to compare 
the angular velocity of the cylinder ,vith that of the crank, 
the latter being supposed to rotate uniformly.

Let Fig. 68 represent this mechanism. The distance 
AB is the length of the fixed link, 
measured from the centre of the 
cylinder-trunnions to the centre 
of the crank-shaft, while BC is 
the half-stroke of the piston. -

Let A B  

BC = 1i. Let the angle the 

crank has turned through from 
its lo,vest position be 0, <p being 

-.. 
<l::>the angle at ,vhich the centre 
- � !,.

line of the cylinder is inclinecl to 
AB. Then .._, 

!,.CD sin 0
tan 'P = D.-1 -

1 i--· ··· co_s_8 .  

The angular velocity of the 
-- _ __y__

cylinder is �/ ,  so that on differ­

entiating
dcp d sin (} dB 
- =  COS 

2 <p - -- - - -
dt . d0 n, - cos 0 . dt • 

n cos 0 - I de
2 FIG. 68.= cos <p ( . n - cos O) 2 • �dt 

2 
r1D 2 AD2 (n- cos 8)2 

_But cos ) 2 . z o·cp - Ac2 = 11v2.,1 +nc2 = (n - cos O + sm 

d<p n cos (} - 1 d()Thus dt = n2 
- 2n cos 0 + I · dt · 
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From this we find by again differentiating 
2d2 cp n sin O(n2 

- 1) d8)(dt2 = - (n2- 2n cos&+ 1)2 · dt ' 
which is the value of the angular acceleration of the cylinder 
for any crank angle 0. 

Notice that since the angular velocity of the crank is 
uniform, the cylinder executes its forward and back,:vard
swings in unequal times. By assigning suitable propor­
tions this particular inversion of the slider-crank chain 
may be utilized as a quick-return motion (see Fig. 72), by 

Ve ; 

,
/ 

,/ 

/ G ,
,I

/ Oc4 
AT INF. � I

/ 

/ 
/,, 

D / 
/ 

,_ 

d
b 

FIG. 69. 

causing the swinging link c to actuate the tool-box, say, of 
a shaping-machine, which can thus be made to perform its 
return or non-cutting stroke at a quicker rate, and in less 
time, than its forward or cutting stroke. 

The velocity ratio of cylinder and frame may readily be 
obtained graphically. The positions of the six virtual 
centres of the mechanism are shown in Fig. 69. Let w,,b 

represent the angular velocity of the crank with respect to• 
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the frame b ; we wish to find wcb· E ( the virtual centre 
of c with regard to a) is a point common to the two bodies 
a and c for the instant considered. Its linear velocity may
be expressed either as wcb xAE or as w XEB. Hence 0b 

web  _ EB 
W0b -AE · 

Draw BF parallel to CE, and FG parallel to CB. Then 

w,b EB CF BG . 
(J)ab = AE  

= 
Ac  

= 
BA , 

.s ::=  --.., -
., g 

sa � �
c2S Q. >

• ,o llz ::, 
� ll o -
i :ll 

CRANK VELOCITY -eo R. P. M, 
-e.28 RADIANS PER SEC. 

::'!,_-J-., 

A 

0 1 2 3 4 5 FEET 

0 1 2 8 4 5 RADIANS PER SEO. 

FIG. 70. 

and since BA is constant, the length BG is proportional to 
the angular velocity of the cylinder. A polar diagram may 



� 

I 16 KINEMATICS OF MACHINES. 

be drawn by marking a distance BG' along BC equal to BG 
and repeating the construction. This has been done in Fig. 
70 for an oscillating engine in \vhich the stroke is 3 feet and 
the distance A B  is 5 feet. At 60 revolutions per minute the 
maximum angular velocity of the cylinder is represented on 
the diagram by a distance measuring 2 .  1 4 feet to scale, hence 
its numerical value (the angular velocity of the crank being 
21r radians per second) \Vill be 

2
6.28 X · 1 4 = 2.689 radians per second. 

s 

The angular acceleration may easily be obtained by con­
struction from the velocity diagran1, as is sho,vn in Fig. i I .  

The value of the velocitv and acceleration should be cal-
culated for one or two positions of the crank, as an exercise,
and compared vvith the diagrams. 

Notice that the value of the angular-velocity ratio when 
0 = o0 or 180° is 

web VC r I 
= = 

w-a- r(n ± 1 )  · Veb n ± I  · 

Notice also that the angular velocity and angular acceler­
ation will be the same for the piston and rod as for the cylin-

der. It is easy to sh�)'N that :db =�� = !� (Fig. 69).
ab 

Fig. 7 1  shows the angular velocity and acceleration 
(in the same example) as plotted on a polar diagram (the
acceleration curve being found from the velocity curve as 
in § 2 2), and also shows the corresponding linear diagrams 
on a time base, the scales being marked. The linear dia­
gram of acceleration could be obtained from the velocity­
time curve by the method ofh§ 19, but the acceleration scale 
would not then be the same as that shown on the figure.

A number of problems dealing with velocity ratios and 
accelerations in the oscillating engine have been worked 
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out by Professor Elliott in a communication to Engineering, 

VoL LXIII, page 665, to which the reader is referred. 
CRANK VELOCITY 8. 28 RADIANS PER SEC. 
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FIG. 71. 

A general method will be given later (Chapter V) by 
which the linear or angular velocity or acceleration may be 
found graphically for any point on a link of a mechanism 
of the kind discussed in this chapter. 

A good example of the kinematic identity of mechanisms 
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which at first sight appear to be very different is afforded in 
Fig. 72. The links \vhich correspond in the two cases have 
the same letters attached. The sketch (a) represents the 
oscillating engine, while (b) gives a diagramn1atic vie\v of 
the corresponding quick-return motion. Both are derived 

(a) 

b 

(b) 

FIG. 72. 

from the same inversion of the s1ider-crank chain. The 
swinging link c has the same relative motions in regard to 
the links b and d (vvith which it pairs) in the quick-return 
motion as in the engine. The framing of the engine cor­
resportds to the fixed frame\vork of the machine-tool. The 
rod R, which of course does not appear in the engine, com­
n1unicates the variable motion of the S\vinging link c to the 
tool-carriage. The crank-shaft of the engine is represented
by the disc a, to which rotary motion is imparted by the 
driving mechanism of the tool (not shown). 

39. Whitworth Quick-return Motion. Third Inversion of 
Slider-crank Chain.-Passing to the next inversion, we 
now have a as the fixed link, and the resulting mechanism 
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is one which was applied by vVhitworth* as a quick-return 
motion for the same purposes as have already been men­
tioned. It has been called by Reuleaux the turning-block 
slider-crank chain. 

The velocity ratio of the links b and d may be obtained 

FIG. 73,z. 

cy 
. > 

-----------------i------------ROD' 

FIG. 73b. 

-exactly as in the case of the oscillating engine. In fact an 
alteration in the relative lengths of the links a and b, Fig. 70, 
converts the mechanism there shown into one not differing 
in any essential particular from the quick-return motion 
of Fig. 73b. 

* See Cotterill, Applied Mechanics, p. 1o8, § 50. 
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Figs. 73a and 7 3b show this quick-return motion with 
different proportions of the lengths of the links a and b. It 
will be seen that vvhile d executes complete rotations in the 
first case, it only swings in the second case. 

'fhe relative angular velocities of b and dare easily found 
by the construction shown in Fig. 69. Evidently if a is the 
fixed link 

wd ED B.-l GA 
wb: = C'JJ = EA = B.-l · 

'Fhus if AB represents the angular velocity of the link b,
AG represents that of d to the same scale. 

Supposing the link b to have a uniform angular velocity,
the positions I and 2 are those in \.vhich the tool-box is at 
one or the other end of its travel. Accordingly it is easily
seen that the times of the cutting and return strokes will 

- a_be in the ratio 180 Hence in designing such a motion 

vve have only to proportion a and b so that � = cos a in the 

Whitworth motion, or � = cos a in the other form, where 
a 

a has such a value as to make 1 800 

- a the desired ratio. 
(.I' 

The times of the cutting and return strokes are often in the 
ratio 2 : 1 or 3 : 1 .  

The centrodes for the links c and a are found by similar 
constructions to those already shown in Fig. 6 1  for the links 
b and d, and are drawn in Fig. 7 4. The reader should con­
struct them for himself for the case shown (in which the 
length of the link a is less than that of b), and also for the case 
in which the link a is longer than b, when the centrodes take 
quite different forms. 

40. Pendulum Pump. Fourth Inversion of Slider-crank 
Chain.-The last of the four possible inversions of the chain, 
the swinging slider-crank, in which c is the fixed link, hash. 
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only a very limited application in practice, but has been 
employed as a small steam donkey-pump. It is sho\vn 
diagrammatically in Figs. 7 5a and 7 5b, and is shown also 
in outline in the second sketch in Fig. 74. 

a FIXED C FIXED 

FIG. 74. 

It is known as the " pendulum pump," from the motion 
of the link b. The link c now represents the cylinders
(steam and water) and their connecting framework, while 
d is the piston, rod, and plunger. The crank a takes the 
form of a small fly-wheel, which rotates about Oab' while that 
point swings along the dotted arc. The relative angular 
velocity of b and d is easily found graphically, the virtual 
centres being known. Let V = linear velocity of d ;  then,
since the link a is turning for the instant about E, we have 

linear velocity of point B _ V1 1 fangu ·ar ve oc1 ty o  a-_ 
BE - CE ' 

and 

linear velocity of point B = V . BE . 
CE 
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Therefore 

angular velocity of b 
= V. B:: CE 

BA V 
= V . BA XAD 

= 
AD . 

------------------;OD (-Obd) 

,,/ 

I ,,I, 
I ,, 

,, 

,, 
\ , 

,,
,I d 

,✓
>'. 

b \ 
\' ,," 

,, 
.--

....._· ' ...___ _ 

V- C 

FIG. 75a. FIG. 756. 

The various inversions; of the slider-crank chain may be 
summarized thus : 
Link Fixed. Name of Chain. Resulting Mechanism. 

d Turning slider-crank Direct-acting engine 
b Swinging-block slider- Oscillating engine. Quick-

crank return motion 
a Turning-block slider- Whitworth quick-return mo-

crank tion 
c Swinging slider-crank Pendulum pump
41. Crossed Slider-crank Chains.-The slider-crank chains 

hitherto discussed have been arranged so that the straight 
line in which Obc moves relatively to d passes through 

If this is not the case, we obtain a further series of0ad·
mechanisms known as crossed slider-crank chains, shown 
in Fig. 76. 
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The crossed turning slider-crank has been used in certain 
s ingle-acting high-speed steam-engines, with a view of lessen­
ing the effect of the obliquity of a short connecting-rod 
during the working stroke ; the obliquity during the return 
stroke is of course correspondingly increased. In such a case 
the determination of the acceleratjon or velocity of the 

CROSSED TURNING S.C. CROSSED SW.INGINO BLOCK S,C. 

CROSSED TURNING BLOCK S.C. 
'f 

CROSSED SWING N S.C. 

FIG, 76. 

piston does not present any difficulty, as it can be carried 
out by the constructions already given. 

42. Double Slider-crank Chain.-"\Ve consider next the 
simple chain formed by two turning and two sliding pairs. It 
has been already shown that from the quadric crank-chain the 
slider-crank chain may }Je derived by substituting a sliding 
pair for one of the turning pairs, such sliding pair being 
equi,ralent to a turning pair of infinitely great radiuse. This 
substitution may be repeated, and Fig. 77  shows the result 
in the case where the directions of motion of t he two sliding
pairs are at right angles, and where one link carries an ele­
ment of each of t he two sliding pairs. Such a chain is called 
a double slider-crank chai'n. The link b has now become 
compressed into a block sliding in a slot farmed in c. 
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Since the relative motion of b and c is the same as if the 
pair be were a turning pair of infinite radius, the velocity
ratios and accelerations in this chain will all be found exactly 
as in the case of a slider-crank chain in which the link b is of 

FIG. 77. 

0cd 
rAT� 

'1 

t
I 

I
I 

I
I 

obc ----------- ---

• 

' ' 

Oab 

I 
------------

FIG. 78. 

infinite length, i.e. when n = oo • Accordingly we may
write at once (supposing the link d to be fixed), with the 
same notation as before, 

X = r COS 0,
and 

linear velocity of c = VP = V sin 0, 
e 
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while 
v 2acceleration of c = -L cos (}.

r 
Notice that if the crank rotates uniformly the motion of 

c with regard to d is simple harmonic, and that the link l> 
has no angular velocity with regard to d. 

Fig. 7 8 shows the six virtual centres of the chain. It is 
plain that the centrodes of b and d are now altogether in­
accessible. 

The distance CE is seen to be proportional to the linear 
velocity of the link c, while CF is proportional to its linear 
acceleration as given above ; the scales are readily deter­
mined. 

This inversion of the double slider-crank chain is fre­
quently employed in the construction of steam-pumps. The 
link c represents the steam-piston 
and pump-plunger, d the cylinder,
framing, and pump-barrel, and a 
the crank-shaft. The total height 
of the pump may be made srnall, on 
account of the absence of a con­
necting-rod, thus making the ar­
rangement a very convenient and 
compact one for certain purposes. 

The linear and polar diagrams 
of piston displacerr1ent, velocity, 
and acceleration, supposing that 
the angular velocity of the crank­
shaft is uniform, are precisely those 
already given for simple harmonic 
motion. 

If the link b be supposed fixed 
instead of d, the resulting mechan­
ism is the same as before, for the 
reason that the relative motion of 
b and a is exactly the same as 

•d

I 

b 

FIG. 79. 

that of d and a. Thus on fixing b we still have the link c 
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executing simple harmonic vibrations as thf' crank rotates 
uniformly, but the direction of motion is now along the line 
FB instead of FC (Fig. 78). 

43. Elliptic Trammels.-If c, the link containing one 
element of each of the t\¥0 sliding pairs, is the fixed link, 
·�,� obtain a mechanism used for the purpose of dra,ving 
ellipses, and shown in Fig. 80. 1'he bar a, carrying an ele­
ment of each of the two turning pairs, no\v carries a mov­
able tracing-point ; the blocks b and d slide in a pair of grooves 
intersecting at right angles and formed in the link c. 

,,' n,,,,. 
, 

C 

FIG. 80. 

The path of the tracing-point is easily seen to be an 
ellipse, for, with the notation of Fig. 80, we have 

sinh() =y/n, 

cos () =x/m. 

Hence Xz y2 

m2 n2 

This equation is seen to represent an ellipse having O as 
its centre and m and n as its major and minor semi-axes. 

From the position of the point O ac (Fig. 81)  it is evident 
that the centrodes of a relatively to c, and c relatively to a, 
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form a pair of circles of which the length of the link a is 
respectively the radius and the diameter. Hence it follows 
that the relative motion of a and c may be represented by
the rolling together of circular curves of the same sizes as 
the centrodes in question- a  point to which attention is 
again drawn (see § 57). 

I 

I I
I

I 

I 

\ I 
\ 

\ ' ' ,/ 
' 

I 

' ,', ,,' ,..... ,,',,_-- t -___,, 

FIG. 81. 

Notice that if Vd' Vb be the linear velocities of d and b 
. l/cl '  Vbrespective y with regard to c, then, smce w = OB = OD"ac 

we have 
vd OB- = -
vb OD' 

44. Oldham's Coupling.-The fourth inversion of the 
double slider-crank chain, when a is the fixed link, gives
rise to a mechanism \Vhich has been used as a coupling 
for connecting shafts whose axes are parallel, and as an 
elliptic chuck, by means of which objects of elliptical cross­
sections may be turned in an ordinary lathe. 

Let Fig. 82 represent the chain when a is fixed. Evi­
dently the locus of O is a circle of diameter BD. 

Let 0
1

, 0
3 

be two positions of O ;  then, since 0
1
D0

2 
and. 
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FIG. 83. 
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0 B0 are angles in the same segment of a circle, they are 
1 2

equal ; hence if b turns through any angle 01B0
2

, d turns 
through an equal angle 0 D0 • By attaching a shaft to

1 2

eacl1 of the links b and d we are thus enabled to communi­
cate rotation from one to the other with uniform angular
velocity ratio. Fig. 83 shows the form actually taken by 

I
I

C I
I
I 

b 

C 

d I 

I 

b 

I 

I 
I 
I 

this mechanism when used as Oldham's coupling. The link 
c becomes a disc having projecting feathers or keys on its 
faces, these keys being at right angles to one another and 
fitting into corresponding grooves on the enlarged ends of 
the two shafts b and d. The link a becomes a frame carrying 
the bearings of the two shafts. 
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Precisely the same kinematic chain is used in the case of 
the elliptic chuck, which was probably invented by Leonardo 
da Vinci. 

Figs. 84a and 84b represent this contrivance, seen from 
the back, the face of the plate c to which the work is  
attached being turned away from view. 

The plate c has behind it t\vo straight pairs of guides 
at right angles to one another; the block b slides be-

tween one of these pairs of guides, while the block d moves 
bet,veen the other pair, which pass through slots cut for the 
purpose in b. The block b is secured rigidly by being screwed 
on to the nose of the lathe mandrel, with which it rotates. 
The mandrel passes through an oval hole in the eccentric a, 
which is clamped firmly (by screws which are not shown) to 
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the lathe neadstock, in such a ,vay that the distance BD be­
tween the axis of a and that of b can be varied as required.
That distance is the effective length of the fixed link in the 
mechanism, and upon it depends the eccentricity of the 
ellipse to be described. 

It \Vill be seen that this const_ruction corresponds ex­
actly to the arrangement of Fig. 8 2 .  Accordingly it is 
evident that a point at rest with regard to the link a (as the 
point of a cutting-tool \vould be) will describe an ellipse on 
a piece of work attached to, and rotating ,vith, the link c, 
just as a tracing-point attached to a (Fig. 80) ,vas shown 
to describe an ellipse with respect to c in that case. It 
will be seen that the distance from the tracing-point P to 
D (Fig. 84b) is the semi-minor axis, while the length BD 
is the difference between the semi-axes. 

It is obvious that a number of fresh mechanisms may 
be derived by changing the angle between the directions of 
motion of the two sliding pairs ; in this case the chain ,vould 
be kno,vn as a skew double slider-crank chain. Fig. 85 
shows an example of such a chain, hut space does not per­
mit of the discussion of such mechanisrns. 

FrG. 85. 

45. Crossed-slide Chains.-We proceed to consider the 
chain derived from the slider- crank chain by introducing 
a second sliding pair in such a way that each link contains 
one element of a sliding and one of a turning pair. As 
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distinguished from the chain just discussed (the double 
slider-crank chain), in which one link contains elements of 
each of t\vo turning pairs, and another contains elements of 
each of two sliding pairs, we may call this the crossed-slide 
chain. It is essentially a crossed chain, just as the crossed 
slider-crank was, because the straight line in which the centre 
of one turning pair moves does not pass through the centre 
of the second turning pair. One of its fonns is shown dia­
grammatically in Fig. 86, and is occasionally employed for 

d 

FIG. 86. 

working the rudder of large ships, under the name of 
Rapson's slide. For this purpose it has the great advantage
that the leverage increases as the helm is put over. In the 
figure the fixed link drepresents the frame\vork of the ship, 
a the tiller and rudder-head, and b is a block sliding on a 
and turning on c. The steerin g -gear moves the block c 
between guides secured to d, and thus actuates the rudder. 

The same mechanism is employed for working the valves 
of duplex steam-pumps, in which each of the t\vo steam­
pistons works the valve of the neighboring cylinder, and it 
occurs again in a slightly different form in the arrangement 
of the compensating cylinders used in the Worthington high­
duty pump for storing up the excess of energy exerted by 
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the steam during the first portion of the stroke of the piston,
and restoring that energy during the later part (Fig. 87). 
Here d is the pump framework, a a are the compensating 
cylinders, rocking on trunnions attached to d ;  b b are the 
plungers which enter the cylinders against pressure during
the first half of the stroke, and return during the later halft; 
c is the pump-piston, rod, and plunger. 

The virtual centres of the chain are shown in Fig. 88, and 

FIG. 87. 

the pair of centrodes corresponding to the relative motion 
of b and d are shown in Fig. 89, construction lines being
given for one point on each centrode. 

Certain velocity ratios in this chain are of importancet;
for example, the ratio of the angular velocity of the tiller a 
to the linear velocity (V,) of the block c relatively to its 
guides. 

., 

' 
I
I
I
I 

'A(=Oad) 

Oca 
AT INF', 

Frc. 88. 

In Fig. 88 let the angle BA C = 0 ;  then, since Oar is a point 
common for the instant to a and c, as a point in c it is moving 
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in a direction perpendicular to AC with velocity V,. Its 
angular velocity (and therefore the angular velocity of a 

in which it is a point) about A is therefore ;C' which is 

easily seen to be equal to 

Ve

_4£ cos 2 8 

I-Ience if the block c has a uniform linear velocity, the angular 
velocity of the tiller varies as the square of the cosine of the 

-.........6;:________________ -- -- ---- �-­
... .._--... .........._.... ', 

' .............. -... --...... ' '' ' ','' 

d 

b "XEDd PIXID 

a 

angle of helm. It is this property which gives the apparatus
its value as a steering-gear; for it may readily be shown that 
if a constant force be applied to c, the turning moment on 
the rudder-head increases as the helm is put over; in 

fact the turning moment varies as 1 
2 ftcos 
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It is easy to draw a curve of angular velocity for the 
link a. In Fig. 90 make AE' = AE and dravv BC perpen-

AF AE'' dicular to AB. Draw EF parallel to CE , then AE = ACt; 
AF Itherefore AE2 =AC' and 

. Vangular velocity of tiller = ,4.F. AE;. 
Thus a series of points such as F will give us a polar 

diagram of the angular velocity of the tiller. 

' ' ' ' ', 

I 
I

I 
I

I 

' 
' 

I � I,,,
' 

I o °' 
I 

-4"Cj ,s,/1'(9 ' /,,' 

E B' , Y9 

FIG, 90· 

Notice that in any position we may look upon Ve, the 
linear velocity of the point B' along EB', as being the result­
ant of two velocities, t' c sin fJ along r1B', and V c cos O at 
right angles to AB'. The former gives the speed with which 
the block b is sliding along a ;  the latter shows that the angu­
lar velocity of a is 

VC cos (} V cos2 0 

AB' -
C 

AE ' 
the same result as that obta.1ned previously. 
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Rapson's slide is only a particular case of the crossed­
slide chain. It may be noticed, however, that \Ve obtain 
the same mechanism whichever link is the fixed one, since 
each link has on it an element of a turning pair and also an 
elen1ent of a sliding pair. 

46. Straight-line Motions Derived form Slider-crank 

Chain.- A  number of straight-line motions have been de­
vised \Vhich are really slider-crank chains. In such mech­
anisms the line described by the tracing-point is often only
approximately straight, and when it is exactly so, its straight­
ness depends upon the accuracy with which the flat surfaces 
of the sliding pair have been fe>rmed. 

To this class belongs Scott Russell's straight-line motion,
represented in Fig. 91 .  The link b in an ordinary slider-

Frc. 91. 

crank chain is extended to E, and A B =  BE = BC. It is then 
evident that the angle ACE is the angle in a semicircle, and 
that the point E describes a straight line CE so long as A 
describes a straight line AC. 

,vith other proportions of the lengths AB, BC, BE, 
approximate straight-line motions n1ay be obtained. In 
Fig. 92, for example, suppose A and E to lie on the straight 
lines AC, EC, respectivelyt; it has been seen that a point B 
will describe an ellipse (shown by the dotted curve), of 
which C is the centre, and AB and BE the lengths of the 
semi-axes. A circle may be drawn so as to cut this ellipse 
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in four points, as at P, Q, R, 5, and if we connect B and F, the 
centre of the circle, b y  a rigid link, the path of the point E 
will cut the straight line CD in four places, supposing 
A traverses the straight line AC. By a suitable choice of 
the point F, the circular path of B may be n1ade to differ 

D 

FIG. 92. 

very little from the ellipse during a considerable range of 
n1ovement, and the actual path of the tracing-point E will 
nearly coincide with the straight line CE. 

In the second inversion of the slider-crank chain, in which 
b is the fixed link, a point on the link d may be chosen such 
that its path is approximately straight. 

Thus in :fig. 93a suppose that a straight line AB, of fixed 
length, passes through a fixed point 0, while a point C on it is 
compelled to traverse a straight line DE. The curves de­
scribed by A and B are kno"vn as conchoids, and are sho,vn 
by the dotted lines. It is possible in a swinging-block slider­
crank chain to find a point P on the link d in such a position
that while the circular path of O aa coincides nearly ,vith the 
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part BB' of the conchoid, and the centre of the pair be cor-

________; 

_o-- __  

·-­-------- - _ _ I ------------� 

FIG. 93a.
• 

responds with the point 0, the path of the tracing-point
P will nearly coincide with DE. Fig. 93b represents a 
model of such a mechanism, in which the point P is guided 
in an approximately straight line.* 

47. Chain Containing Sliding Pairs only.-It is possible 
to construct a closed kinematic chain containing only slid­
ing pairs. Such a chain consists of three links, a, b, and c. 
Of these b and c are blocks sliding on a common link a. 
A projection on b slides in a slot cut in c, thus completing the 
chain. If c is the fixed link, the chain wi11 evidently be 

* For discussion of a number of straight-line motions see Kennedy, 1'1echanics 
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capable of being moved into such a position as that shown 
by the dotted lines in Fig. 94. 

Such a chain exists, for instance, in most arrangements 
for adjusting bearings by means of wedges or cotters, as in 
the double-adjustment plummer-block (sketched diagram-
matically in Fig. 9 5)  ,' in which the 
brass c has to be capable of slight
movement in the direction of the 
arrow, to allow for wear, and is 
pushed forward by drawing down 
the wedge b. The pedestal itself 
and its cap form the link a, and the 
upward movement of the block or 
wedge b is prevented by some form FIG, 95.
of force- or chain-closure (see Chapter VI). 

A chain containing four links and having four sliding 
pairs can also be devised, but, like the chain containing five 
turning pairs, it is not constrainedly closed. 
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	35. Displacement, Velocity, and Acceleration of Cross-head in Direct-acting Engine. (First Inversion of Slider-crank Chain.)-One of the most important problems in con­nection with the slider-crank chain is the determination of the velocity and acceleration of the link c, Fig. 60, suppos­ing d to be fixed, and a to rotate with uniform angular veloc­ity. This is approximately the case in a direct-acting steam­engine, where c would represent the cross-head and b the connecting-rod. 
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	In Fig. 62, suppose the line of stroke AO to passthrough C, the centre of the crank-shaft. Let BC (the
	AB
	throw of the crank) =r, and let =n, so that the length 
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	of connecting-rod = nr =AB. ¥.Then the crank makes any angle {) with the centre line AC, let x be the distance of the cross-head A from 0, the middle of its stroke. Draw BD perpendicular to AC, and mark off AE=AB. If cp is the angle of obliquity of the connecting-rod, 
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	the negative sign indicating that A is now to the right of 0, Fig. 62. 
	In the case of a cross-head having simple harmonic mo­tion we should have simply 
	X =r COS 0. 
	The term r(vn-sine0-n) in equation (r) thus gives what is called the "error due to obliquity " of the connect-ing-rod. Its values for 0= 1r: are shown below for some usual values of n. 
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	The error due to obliquity is thus seen to diminish rap­idly as 11-increases.* 
	Next, to determine the velocity of the piston at any instant we differentiate x with regard to time and obtain 
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	This is not ,ery convenient for use in practice, but for ordinary values of n we may write without large error n 
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	c' the linear velocity of the crank
	Further, we may write V 
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	* For a discussion of the problem of the connecting-rod see Hill, Min. Proc. 
	Inst. C. E., Vol. CXXIV, p. 390. Also consult Unwin, Min. Proc. Inst. C. E., CXXV, p. 363, and a paper by G. A. Burls, Min. Proc. Inst. C. E., Vol. CXXXI, P· 38. 
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	simply sho,;vs that x diminishes at first while() increases, we have very approximately for the velocity of the piston or cross-head 
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	2n 
	As an example, suppose an engine 1 2 inches stroke runningat 2 50 revolutions per minute, the length of connecting-rod 2 soX3.i
	4 
	=

	being 3 feet. The crank-pin velocity ,vill be 
	60 
	13.08 feet per second. \Vhen O = 45, the value of n being 6, we have, from equation (2), 
	°
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	10.340 feet per second. 
	= 

	If the velocity were calculated from the accurate expressionpreviously obtained, we should get 
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	2 6-0.4998 
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	= 13.08 X o.79103 
	= 10.348 feet per second
	. 

	The approximation, therefore, has led to an error of only -0.008 foot per second in this case. 
	Proceeding to determine the acceleration of the piston or cross-head for any crank angle, we find very approximately from equation (2), remembering that e is constant, 
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	The following table gives the value of cos O + cos (} for 
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	36. Graphic Methods for Cross-head Velocity and Accel­eration.-We proceed to consider graphic means of deter­min1ng velocity and acceleration for the cross-head or piston· of a direct-acting engine. It is of course possible to draw first a curve of displacement on a time base, and then use the methods described in Chapter II, but simpler means can be employed in this case. In Fig. 63 let AB, BC repre-
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	sent the connecting-rod and crank in any given position.The point A is moving along the straight line AC, while B is moving for the instant in a direction perpendicular to BC. Hence D, the virtual centre of AB with regard to the fixed 
	link, is easily found at the intersection of the virtual radii of the points A and BThrough C dra\v a line perpendicu­lar to AC, and therefore parallel to .A.D, and produce AB to meet it in E. Then the triangles ADE, ECB are similar. 
	. 

	Now the angular velocity of AB about D is measured 
	either by the ratio {JS or by Jn, so that 
	.
	.
	. 

	1 _
	V
	AD_ 
	CE 

	V., -ED -c·11· 
	In many positions of the mechanism D is inaccessible, but E can always be found, and the relation just obtained tells us that CE represents the velocity of the piston at the instant for which the diagram is drawn, to the same scale as that to which CB represents the velocity of the crank-pin.
	It is generally most convenient to make a polar diagramof piston velocity by marking off a series of points such as. E' (where CE'= CE) for a number of different crank posi­tions, or, if required, a velocity diagram on a distance base may be constructed by marking off the distance CE alongAD, so that a series of points such as E" are obtained, and a curve drawn whose ordinate at any point is proportional to the velocity of the piston when in that position. Such diagrams have been drawn in Fig. 64, together 
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	be taken only to draw those portions of the construction lines ,vhich are absolutely necessary, so as to avoid useless complication. Of course accuracy in drawing is indispen­sable if the numerical results obtained are to be reliable. .l\ line whose length is proportional to the piston acceleration 
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	Figure
	may be obta?ned as follows (see Fig. 65): Take any givenposition of the cross-head A, and produce AB to cut CE in 
	E. Then, as before, 
	Figure
	Notice that this is true whether the path of the point A passes through C or not, when produced. 
	The desired acceleration is the rate of change of V;, which is of course proportional to the rate at which the distance CE is increasing or diminishing at the instant con­sidered. In fact the piston acceleration may be considered 
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	as being proportional to the velocity of the point E along CE at any instant while the engine is in motion, supposing BE always to be in a straight line with AB. 
	Let this velocity along CE be u• The real velocity of the point E, regarded as a point on the connecting-rod, is in a direction perpendicular to DE, its virtual radius. Call­ing this velocity u' we see that umay be resolved into two 
	0
	l 
	1 

	Figure
	FIG. 65. 
	components, namely, uin a direction along CE, and u2 in a direction along BE. 
	0 

	From C draw CF parallel to DE, and dra..w FG perpen­dicular to AB. Then the sides FC, CG, GF, of the triangle FCG are respectively perpendicular to the directions of u, u, 
	i
	0

	CG 
	u• Thus FCG is a triangle of velocities and = , or 1 
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	CG 
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	=rate of change of length CE. 
	Uo Ve-CB 

	Now it has been shown that 
	piston velocitys= V=CE. ŁB , 
	.1> 
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	and Ve and CB are constantt; hence it follows that the rate of change of the piston velocity must be equaL to 
	(rate of change of CE) X%t, that is, 
	13
	. .
	piston acce 1erat1on =u
	V 
	v
	1r the cross-head is not at the middle 
	noticed that when()= 

	C13 
	C13 
	C13 
	=
	z 

	CG 

	Thus to obtain the numerical value of the piston accelera­tion we must multiply the length of CG (measured to scale 
	in feet) by(Łc), ,vhere Vis the crank-pin velocity in feet 
	2
	e 

	per second and r is the crank throw, or radius of the crank­pin circle, in feet. Hence it follows that CG acceleration of piston 
	-

	' 
	' 
	CB V/r 
	c 
	2


	or, in other words, CG represents the piston acceleration to 
	2
	the same scale as that on ,v hich CB represents Vc /r, the radial acceleration of the crank-pin. 
	When drawing such a diagram as Fig. 65 it happens that for many positions of the crank the point D becomes inac­cessible. Accordingly some other construction must be found to obtain the position of the point F, so that CG maybe determined for any crank angle. 
	Consider the triangles BEG and BAD. 
	Evidently 
	BE BC BA BD' 
	BE BC BA BD' 
	= 


	But !Ł=!Ł,because the triangles EDE, BCF are similar. 
	Therefore 
	BE BF 
	BE BF 

	BA -BE' or BA .BF=BE• 
	2 

	Hence any construction which will make BE a mean propor­tional between BA and BF will determine the point F. 
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	A number of such constructions have been given ; o[these perhaps the rnost convenient in practice is that of Kisch.* 
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	On AB describe a semicircle AHB. v\Tith centre B and radius BE cut the semicircle in H. Draw HFG perpendicu­lar to AB, cutting AB in F and CG in G. Join EH, HA. Then 
	Sect
	Figure

	But BE = BH. Hence BA . BF = BE, and CG representsthe acceleration. 
	2

	The method of determining the acceleration scale of such a diagram may be shown by a numerical example. Fig. 67 has been drawn for the engine for which the velocity of the piston has been previously calculated, taking a crank angle of 45. The crank-pin velocity being 13.08 feet per second, and the connecting-rod being 6 cranks in length, we have for the acceleration of the piston at that particular crank angle 
	° 

	13 08 ( cos 90
	13 08 ( cos 90
	2 
	° 


	acceleration= cos 45+ )
	° 

	-5 6 
	-5 6 
	Ł

	13.08X 13.08Xo.70711 
	-
	0.5 

	2 42. 1 feet per second per second. 
	= 

	* See Zeitscbrift des Vereines Deutscher Ingenieure, Dec. 13, 18go. Given also by Klein, Journal of Franklin Inst., Vol. CXXXII, Sept. 1891. 
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	In Fig. 67 the actual length of the line CG, if the figurewere dra\vn the full size of the engine, ,vould be 0.351 foot. The radius of the crank-pin circle CB is 0.5 foot and repre-
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	sents a velocity of 13.08 feet per second. Hence the velocity 
	1:
	1:

	scale is 1 or Ł=26.16. 
	foot=26.16 feet per second, 
	C
	c_ = 
	13
	-
	8 

	:,
	:,
	B
	0
	. 


	It has been sho\vn that the rate at \Vhich the distance CE is changing is 
	cc 
	cc 

	=
	uV --· 
	0 

	C.C'B 
	C.C'B 
	= 0.351 X 26. 16 = 9.18 feet per second. 

	This, however, is not the numerical value of the acceleration required, for it represents the rate of changŁ of a length CE, each foot of which stands for a velocity of 26. 16 feet persecond. Therefore, expressing u0 in feet per second per second, ,ve have 
	u=0.351X26.16X26.16=240 feet per second per second, a result agreeing (within the limits of accuracy for a small scale drawing) with that just calculated. 
	0 

	It is thus seen that to determine the scale to which CG 
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	represents the piston acceleration, ,ve find, first, the piston velocity represented by unit length of CE (in this case 26. 16 feet per second); then it follo,vs that a change of length of CE at the rate of one unit per second represents a change of piston velocity at the rate of 26.16 units per second, or a piston acceleration of 26. 16 units. But each unit of length of CG has been shown to represent a change of length of CE at the rate of 26. 16 units per second, so that, finally, unit length of CG repres
	This relation may be expressed by saying that if the engine were drawn out full size and the linear velocity scale I foot =n feet per second, then the acceleration scale 1 footh= n feet per second per second. In this case, as in the case of all graphic methods of determining velocities and accelerations, the manner of finding the velocity and acceleration scales must be thoroughly under­stood ; if this is not <lone, the diagram becomes almost use­less, since no numerical values can be obtained from it. 
	were 
	would be 
	2 

	A number of other constructions for the piston acceler­ation in the direct-acting engine have been devised.* 
	37. Angular Velocity and Acceleration of Connecting­rod.--To study the movement of the connecting-rod, adopt­ing the same notation as in§ 35, we have, as before, 
	sin fJ 
	sin fJ 
	. 

	Sln <p -
	=
	-

	n 
	v
	n
	2 
	-sin 
	2 
	{J

	cos <p = ----­
	n 

	The angular velocity of the connecting-rod is the rate of change of cp with regard to time, and we obtain at once 
	-sin o 
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	2 
	dt 
	. 

	<p
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	dt 
	= 
	v
	n
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	• See a paper by Prof. Elliott, Engineering, Vol. LIX, pp. 587 and 711, and Zeitschrift des V. Deutscher Ingenieure, Oct. 13, 1894. 
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	Sincehis the angular velocity of the crank, we have· 
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	Differentiating again to find the angular acceleration, we obtain 
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	For ordinary values of n it is sufficiently accurate to write approximately 
	. V sin 0
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	r 
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	Taking the same example as before, at a crank angle of 45we have 
	° 

	sin0ho.70711, n6, i, r=o.5. 
	=
	=
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	'fhus Vn-sin(} = 5.96 and cos(}ho.707 r r. Therefore 
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	0.5 X5.96 and, from equation (2), 1 1 13.080.70711 
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	0.25 .96 
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	= -80. 2 radians per second per second. 
	Using equation (2a), we should obtain -81.2 as a result
	. 

	The simple construction of Figs. 65, 66, and 67 gives us the angular velocity of the connecting-rod. For 
	angular velocity of crankh= 
	re' 

	. and angular velocity of connecting-rodh= {· 
	_v 
	_v 
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	BC BE
	But ; hence
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	. V BE
	. V BE

	angu1 .ar ve oc1ty 1 of connect1ng-rod c.. 
	= 
	r
	BA 

	. 
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	If BE is taken at the length it ,vould have ,vere the engine dravvn out full size, Bil nr, and 
	=h

	V
	V
	c
	angular velocityhBE . _• 
	= 
	2

	nr 

	(Note that the real lengths of 13E and r must be used,measured in feet, Vc being in feet per second.) 
	In Fig. 67, for example, BE scales 0.355 foot, hence the angular velocity ,vill be 
	I 3.08
	I 3.08

	o.355Xh' =3.1ohra d'1anshperhseconhd,
	6h

	Xo.25 a result agreeing with the calculated value. As regards the angular acceleration vve have seen that 
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	The velocity uis the rate at vvhich the length BE is chang­ing, and is therefore proportional to the rate of change of the angular velocity of the connecting-rod. Hence it maybe shown (just as in the case of the velocity u) that
	2 
	0

	2angular acceleration = FG. -Ł• 
	2angular acceleration = FG. -Ł• 
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	In our example (Fig. 67) FG is 0.350 feet; hence 
	. 13.08 X13.08 
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	79.9 radians per second per second, 
	= a result agreeing closely with that previously obtained. 
	Notice that when the crank angle is 90FG becomes 
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	38. Angular Velocity of Cylinder in Oscillating Engine. 
	Second Inversion of Slider-crank Chain.-The second inver­sion of the slider-crank chain is that in ,vhich the link b 
	Figure
	113
	(represented by the connecting-rod in a direct-acting steam­engine) is the fixed linkThis mechanism is knovvn as the s,vinging-block slider-crank and is employed as an oscillating steam-engine, of ,vhich the link d becomes the piston and rod, vYhile b is the framework. The link c is the cylinder and a is the crank, the cylinder swinging to and fro on trun­nions as the crank-shaft revolves. \Ve proceed to compare the angular velocity of the cylinder ,vith that of the crank, the latter being supposed to rotat
	. 

	Let Fig. 68 represent this mechanism. The distance AB is the length of the fixed link, measured from the centre of the 
	cylinder-trunnions to the centre 
	of the crank-shaft, while BC is the half-stroke of the piston. 
	-

	Let =1i. Let the angle the 
	AB 
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	crank has turned through from its lo,vest position be 0, <p being 
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	the angle at ,vhich the centre 
	-Ł 
	!,.
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	!,.
	CD sin 0
	CD sin 0

	'P = .-1 -i--····co_s_8. 
	tan 
	D
	1 

	The angular velocity of the 
	--___y__
	cylinder is �/, so that on differ­
	entiating
	entiating

	dcp d sin (} dB 
	-= COS <p -----
	2 
	-

	dt d0 n, -cos 0dt 
	. 
	. 

	• 
	r1DAD(n-cos8)
	2 
	2 
	2 
	2 

	_
	_

	But cos . 
	)
	2 
	z o·

	cp-Ac2 = 11v2.,1 +nc2= (n-cos O +sm d<p n cos (}-1 d()
	2 
	n cos 0-I de
	2 FIG. 68.
	cos <p 
	cos <p 
	= 
	( 

	. 

	n-cos O)• Łdt 
	2 

	Thus 
	Thus 
	dt n-2n cos 0 + I · · 
	= 
	2 
	dt 

	Figure


	I 14 KINEMATICS OF MACHINES. 
	I 14 KINEMATICS OF MACHINES. 
	From this we find by again differentiating 
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	dcp n sin O(n-1) d8
	2 
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	dt-(n-2ncos&+1)2· dt ' 
	2 
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	which is the value of the angular acceleration of the cylinder for any crank angle 0. 
	Notice that since the angular velocity of the crank is uniform, the cylinder executes its forward and back,:vardswings in unequal times. By assigning suitable propor­tions this particular inversion of the slider-crank chain may be utilized as a quick-return motion (see Fig. 72), by 
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	causing the swinging link c to actuate the tool-box, say, of a shaping-machine, which can thus be made to perform its return or non-cutting stroke at a quicker rate, and in less time, than its forward or cutting stroke
	. 

	The velocity ratio of cylinder and frame may readily be obtained graphically. The positions of the six virtual centres of the mechanism are shown in Fig. 69. Let w,,b represent the angular velocity of the crank with respect to• 
	115
	the frame b ; we wish to find wcb· E ( the virtual centre of c with regard to a) is a point common to the two bodies a and c for the instant considered. Its linear velocity maybe expressed either as wcbxAE or as wXEB. Hence 
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	FIG. 70. 
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	and since BA is constant, the length BG is proportional to the angular velocity of the cylinder. A polar diagram may 
	I 16 KINEMATICS OF MACHINES. 
	be drawn by marking a distance BG' along BC equal to BG and repeating the construction. This has been done in Fig. 70 for an oscillating engine in \vhich the stroke is 3 feet and the distance AB is 5 feet. At 60 revolutions per minute the maximum angular velocity of the cylinder is represented on the diagram by a distance measuring 2. 1 4 feet to scale, hence its numerical value (the angular velocity of the crank being 21r radians per second) \Vill be 
	2
	2

	6.28 X · = 2.689 radians per second. s 
	1
	4 

	The angular acceleration may easily be obtained by con­I. The value of the velocitv and acceleration should be cal
	struction from the velocity diagran1, as is sho,vn in Fig. i 
	-

	culated for one or two positions of the crank, as an exercise,
	and compared vvith the diagrams. 
	Notice that the value of the angular-velocity ratio when 0 =oor 180is 
	0 
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	Notice also that the angular velocity and angular acceler­ation will be the same for the piston and rod as for the cylin
	-

	:db =ŁŁ =!Ł(Fig69)
	der. It is easy to shŁ)'N that 
	. 
	.

	ab 
	ab 

	Fig. 71 shows the angular velocity and acceleration 
	(in the same example) as plotted on a polar diagram (theacceleration curve being found from the velocity curve as in § 2 2), and also shows the corresponding linear diagrams on a time base, the scales being marked. The linear dia­gram of acceleration could be obtained from the velocity­time curve by the method ofh§ 19, but the acceleration scale would not then be the same as that shown on the figure.
	A number of problems dealing with velocity ratios and accelerations in the oscillating engine have been worked 
	out by Professor Elliott in a communication to Engineering, VoL LXIII, page 665, to which the reader is referred. 
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	A general method will be given later (Chapter V) by which the linear or angular velocity or acceleration may be found graphically for any point on a link of a mechanism of the kind discussed in this chapter. 
	A good example of the kinematic identity of mechanisms 
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	which at first sight appear to be very different is afforded in Fig. 72. The links \vhich correspond in the two cases have the same letters attached. The sketch (a) represents the oscillating engine, while (b) gives a diagramn1atic vie\v of the corresponding quick-return motion. Both are derived 
	(a) 
	b 
	b 
	(b) 
	FIG. 72. 

	from the same inversion of the s1ider-crank chain. The swinging link c has the same relative motions in regard to the links b and d (vvith which it pairs) in the quick-return motion as in the engine. The framing of the engine cor­resportds to the fixed frame\vork of the machine-tool. The rod R, which of course does not appear in the engine, com­n1unicates the variable motion of the S\vinging link c to the tool-carriage. The crank-shaft of the engine is representedby the disc a, to which rotary motion is imp
	39. Whitworth Quick-return Motion. Third Inversion of Slider-crank Chain-Passing to the next inversion, we now have a as the fixed link, and the resulting mechanism 
	.

	--------------
	SLIDER-CRANK CHAINS. I 19 
	is one which was applied by vVhitworth* as a quick-return motion for the same purposes as have already been men­tioned. It has been called by Reuleaux the turning-block slider-crank chain. 
	The velocity ratio of the links band d may be obtained 
	FIG. 73,z. 
	FIG. 73,z. 
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	-exactly as in the case of the oscillating engine. In fact an alteration in the relative lengths of the links a and b, Fig. 70, converts the mechanism there shown into one not differing in any essential particular from the quick-return motion of Fig. 73b. 
	*See Cotterill, Applied Mechanics, p. 1o8, § 50. 
	*See Cotterill, Applied Mechanics, p. 1o8, § 50. 
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	Figs. 73a and 7 3b show this quick-return motion with different proportions of the lengths of the links a and b. It will be seen that vvhile d executes complete rotations in the first case, it only swings in the second case. 
	'fhe relative angular velocities of band dare easily found by the construction shown in Fig. 69. Evidently if a is the fixed link 
	wd ED B.-l GA 
	wd ED B.-l GA 
	wb: = C'JJ = · 
	EA = B.-l


	'Fhus if AB represents the angular velocity of the link b,AG represents that of d to the same scale. 
	Supposing the link b to have a uniform angular velocity,I and 2 are those in \.vhich the tool-box is at one or the other end of its travel. Accordingly it is easilyseen that the times of the cutting and return strokes will 
	the positions 

	-a_
	-a_

	be in the ratio Hence in designing such a motion 
	180 

	vve have only to proportion a and b so that Ł = cos a in the 
	Whitworth motion, or Ł = cos a in the other form, where 
	a 
	a 

	a has such a value as to make a the desired ratio. 
	180
	0 
	-
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	(.I' 

	The times of the cutting and return strokes are often in the ratio 2 : 1 or 3 : 1. 
	The centrodes for the links c and a are found by similar constructions to those already shown in Fig. 61 for the links b and d, and are drawn in Fig. 7 4. The reader should con­struct them for himself for the case shown (in which the length of the link a is less than that of b), and also for the case in which the link a is longer than b, when the centrodes take quite different forms. 
	40. Pendulum Pump. Fourth Inversion of Slider-crank 
	Chain.-The last of the four possible inversions of the chain, the swinging slider-crank, in which c is the fixed link, hash. 
	onla very limited application in practice, but has been employed as a small steam donkey-pump. It is sho\vn diagrammatically in Figs. 7 5a and 7 5b, and is shown also in outline in the second sketch in Fig. 
	y 
	7
	4. 

	Figure
	FIXED 
	FIXED 
	FIXED 
	a 

	C FIXED 

	FIG. 74. 

	It is known as the "pendulum pump," from the motion othe link b. The link c now represents the cylinders(steam and water) and their connecting framework, while d is the piston, rod, and plunger. The crank a takes the ab' while that point swings along the dotted arc. The relative angular velocity of b and d is easily found graphically, the virtual centres being known. Let V= linear velocity of d; then,since the link a is turning for the instant about E, we have 
	f 
	form of a small fly-wheel, which rotates about O
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	Therefore 
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	FIG. 75a. FIG. 756. 
	The various inversions; of the slider-crank chain may be summarized thus : Link Fixed. Name of Chain. Resulting Mechanism. 
	d Turning slider-crank Direct-acting engine 
	b Swinging-block slider-Oscillating engine. Quick-
	crank return motion 
	a Turning-block slider-Whitworth quick-return mo-
	crank tion 
	c Swinging slider-crank Pendulum pump
	41. Crossed Slider-crank Chains.-The slider-crank chains hitherto discussed have been arranged so that the straight line in which Obc moves relatively to d passes through 
	If this is not the case, we obtain a further series of
	ad·
	0

	mechanisms known as crossed slider-crank chains, shown in Fig. 76
	. 

	The crossed turning slider-crank has been used in certain single-acting high-speed steam-engines, with a view of lessen­ing the effect of the obliquity of a short connecting-rod during the working stroke; the obliquity during the return stroke is of course correspondingly increased. In such a case the determination of the acceleratjon or velocity of the 
	Figure
	CROSSED TURNING S.C. CROSSED SW.INGINO BLOCK S,C. 
	CROSSED TURNING BLOCK S.C. 'f CROSSED SWING N S.C. 
	FIG, 76. 
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	piston does not present any difficulty, as it can be carried out by the constructions already given. 
	42. Double Slider-crank Chain.-"\Ve consider next the simple chain formed by two turning and two sliding pairs. It has been already shown that from the quadric crank-chain the slider-crank chain may }Je derived by substituting a sliding pair for one of the turning pairs, such sliding pair being equi,alent to a turning pair of infinitely great radiuse. This substitution may be repeated, and Fig. 77 shows the result in the case where the directions of motion of the two slidingpairs are at right angles, and wh
	r
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	Since the relative motion of b and c is the same as if the pair be were a turning pair of infinite radius, the velocityratios and accelerations in this chain will all be found exactly as in the case of a slider-crank chain in which the link bis of 
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	infinite length, i.e. when n oo • Accordingly we maywrite at once (supposing the link d to be fixed), with the same notation as before, 
	= 

	X=rCOS 0,and 
	linear velocity of c =VV sin 0, 
	linear velocity of c =VV sin 0, 
	P
	= 

	e 

	while 
	v2
	v2
	acceleration of c = -L cos (}.
	r 

	Notice that if the crank rotates uniformly the motion of c with regard to dis simple harmonic, and that the link l> has no angular velocity with regard to d. 
	Fig. 7 8 shows the six virtual centres of the chain. It is plain that the centrodes of b and d are now altogether in­accessible. 
	The distance CE is seen to be proportional to the linear velocity of the link c, while CF is proportional to its linear acceleration as given above; the scales are readily deter­mined. 
	This inversion of the double slider-crank chain is fre­quently employed in the construction of steam-pumps. The link c represents the steam-piston 
	and pump-plunger, d the cylinder,framing, and pump-barrel, and a 
	the crank-shaft. The total height of the pump may be made srnall, on account of the absence of a con­necting-rod, thus making the ar­rangement a very convenient and compact one for certain purposes. 
	The linear and polar diagrams of piston displacerr1ent, velocity, and acceleration, supposing that the angular velocity of the crank­shaft is uniform, are precisely those already given for simple harmonic motion. 
	If the link b be supposed fixed instead of d, the resulting mechan­ism is the same as before, for the reason that the relative motion of b and a is exactly the same as 
	•d
	•d
	I 

	Figure
	b 
	Figure
	FIG. 79. 
	FIG. 79. 

	that of d and a. Thus on fixing b we still have the link c 
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	executing simple harmonic vibrations as thf' crank rotates uniformly, but the direction of motion is now along the line FB instead of FC (Fig. 78). 
	43. Elliptic Trammels.-If c, the link containing one element of each of the t\¥0 sliding pairs, is the fixed link, ·�,� obtain a mechanism used for the purpose of dra,ving ellipses, and shown in Fig. 80. 1'he bar a, carrying an ele­ment of each of the two turning pairs, no\v carries a mov­able tracing-point; the blocks band d slide in a pair of grooves intersecting at right angles and formed in the link c. 
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	The path of the tracing-point is easily seen to be an ellipse, for, with the notation of Fig. 80, we have 
	sinh() =y/n, 
	sinh() =y/n, 
	cos () =x/m. 

	Hence 
	z y2 
	z y2 
	X

	m2 n2 

	This equation is seen to represent an ellipse having Oas its centre and m and n as its major and minor semi-axes. ac (Fig. 81) it is evident that the centrodes of a relatively to c, and c relatively to a, 
	From the position of the point O 

	Sect
	Figure

	form a pair of circles of which the length of the link a is respectively the radius and the diameter. Hence it follows that the relative motion of a and c may be represented bythe rolling together of circular curves of the same sizes as the centrodes in question-a point to which attention is again drawn (see§ 57)
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	be the linear velocities of d and b 
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	44. Oldham's Coupling.-The fourth inversion of the double slider-crank chain, when a is the fixed link, givesrise to a mechanism \Vhich has been used as a coupling for connecting shafts whose axes are parallel, and as an elliptic chuck, by means of which objects of elliptical cross­sections may be turned in an ordinary lathe. 
	Let Fig. 82 represent the chain when a is fixed. dently the locus of O is a circle of diameter BD. 
	Evi­

	Let 0, 0be two positions of O; then, since 0D0and. 
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	FIG. 
	FIG. 
	FIG. 83. 

	0B0are angles in the same segment of a circle, they are 
	12
	1B0, d turns • By attaching a shaft to
	equal; hence if b turns through any angle 0
	2
	through an equal angle 0D0

	12
	12

	eacl1 of the links band d we are thus enabled to communi­cate rotation from one to the other with uniform angularvelocity ratio. Fig. 83 shows the form actually taken by 
	IIC III 
	IIC III 
	b 
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	b 
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	Figure

	this mechanism when used as Oldham's coupling. The link c becomes a disc having projecting feathers or keys on its faces, these keys being at right angles to one another and fitting into corresponding grooves on the enlarged ends of the two shafts b and d. The link a becomes a frame carrying the bearings of the two shafts. 
	KINEMATICS OF MACHINES. 
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	Precisely the same kinematic chain is used in the case of the elliptic chuck, which was probably invented by Leonardo da Vinci. 
	Figs. 84a and 84b represent this contrivance, seen from the back, the face of the plate c to which the work is attached being turned away from view. 
	The plate c has behind it t\vo straight pairs of guides at right angles to one another; the block b slides be
	-

	Sect
	Figure

	tween one of these pairs of guides, while the block moves bet,veen the other pair, which pass through slots cut for the purpose in b. The block bis secured rigidly by being screwed on to the nose of the lathe mandrel, with which it rotates. The mandrel passes through an oval hole in the eccentric a, which is clamped firmly (by screws which are not shown) to 
	d 

	the lathe neadstock, in such a ,vay that the distance BD be­tween the axis of a and that of b can be varied as required.That distance is the effective length of the fixed link in the mechanism, and upon it depends the eccentricity of the ellipse to be described. 
	It \Vill be seen that this const_ruction corresponds ex­actly to the arrangement of Fig. 82. Accordingly it is evident that a point at rest with regard to the link a (as the point of a cutting-tool \vould be) will describe an ellipse on a piece of work attached to, and rotating ,vith, the link c, just as a tracing-point attached to a (Fig. 80) ,vas shown to describe an ellipse with respect to c in that case. It will be seen that the distance from the tracing-point P to D (Fig. 84b) is the semi-minor axis, w
	It is obvious that a number of fresh mechanisms may be derived by changing the angle between the directions of motion of the two sliding pairs; in this case the chain ,vould be kno,vn as a skew double slider-crank chain. Fig. 85 shows an example of such a chain, hut space does not per­mit of the discussion of such mechanisrns. 
	Figure
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	45. Crossed-slide Chains.-We proceed to consider the chain derived from the slider-crank chain by introducing a second sliding pair in such a way that each link contains one element of a sliding and one of a turning pair. As 
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	distinguished from the chain just discussed (the double slider-crank chain), in which one link contains elements of each of t\vo turning pairs, and another contains elements of each of two sliding pairs, we may call this the crossed-slide chain. It is essentially a crossed chain, just as the crossed slider-crank was, because the straight line in which the centre of one turning pair moves does not pass through the centre of the second turning pair. One of its fonns is shown dia­grammatically in Fig. 86, and 
	d 
	d 
	Figure
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	working the rudder of large ships, under the name of Rapson's slide. For this purpose it has the great advantagethat the leverage increases as the helm is put over. In the figure the fixed link drepresents the frame\vork of the ship, a the tiller and rudder-head, and b is a block sliding on a and turning on c. The steering-gear moves the block c between guides secured to d, and thus actuates the rudder. 
	The same mechanism is employed for working the valves of duplex steam-pumps, in which each of the t\vo steam­pistons works the valve of the neighboring cylinder, and it occurs again in a slightly different form in the arrangement of the compensating cylinders used in the Worthington high­duty pump for storing up the excess of energy exerted by 
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	the steam during the first portion of the stroke of the piston,and restoring that energy during the later part (Fig. 87). Here d is the pump framework, a a are the compensating cylinders, rocking on trunnions attached to d; b b are the plungers which enter the cylinders against pressure duringthe first half of the stroke, and return during the later halft; c is the pump-piston, rod, and plunger. 
	The virtual centres of the chain are shown in Fig. 88, and 
	Sect
	Figure
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	the pair of centrodes corresponding to the relative motion of b and d are shown in Fig. 89, construction lines beinggiven for one point on each centrode. 
	Certain velocity ratios in this chain are of importancetfor example, the ratio of the angular velocity of the tiller a to the linear velocity (V,) of the block c relatively to its guides. 
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	In Fig. 88 let the angle BA C = 0; then, since Ois a point common for the instant to a and c, as a point inc it is moving 
	ar 
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	in a direction perpendicular to AC with velocity V,. Its angular velocity (and therefore the angular velocity of a in which it is a point) about A is therefore ;C' which is easily seen to be equal to 
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	I-Ience if the block c has a uniform linear velocity, the angular velocity of the tiller varies as the square of the cosine of the 
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	angle of helm. It is this property which gives the apparatusits value as a steering-gear; for it may readily be shown that if a constant force be applied to c, the turning moment on the rudder-head increases as the helm is put over; in 
	fact the turning moment varies as 2 t
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	It is easy to draw a curve of angular velocity for the link a. In Fig. 90 make AE' = AE and dravv BC perpen-
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	dicular to AB. Draw EF parallel to CE , then I
	AE = ACt
	; 
	AF 

	=and 
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	AE
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	angular velocity of tiller F
	=,4.
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	Thus a series of points such as F will give us a polar diagram of the angular velocity of the tiller. 
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	Notice that in any position we may look upon Ve, the linear velocity of the point B' along EB', as being the result­c sin fJ along r1B', and V c cos O at right angles to AB'. The former gives the speed with which the block bis sliding along a; the latter shows that the angu­lar velocity of a is 
	ant of two velocities, t' 

	VC cos (} V cos0 AB' -AE ' the same result as that obta.1ned previously. 
	2 
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	Rapson's slide is only a particular case of the crossed­slide chain. It may be noticed, however, that \Ve obtain the same mechanism whichever link is the fixed one, since each link has on it an element of a turning pair and also an elen1ent of a sliding pair. 
	46. Straight-line Motions Derived form Slider-crank 
	Chain.-A number of straight-line motions have been de­vised \Vhich are really slider-crank chains. In such mech­anisms the line described by the tracing-point is often onlyapproximately straight, and when it is exactly so, its straight­ness depends upon the accuracy with which the flat surfaces of the sliding pair have been fe>rmed. 
	To this class belongs Scott Russell's straight-line motion,represented in Fig. 91. The link b in an ordinary slider-
	Sect
	Figure
	Frc. 91. 

	crank chain is extended to E, and AB= BE = BC. It is then evident that the angle ACE is the angle in a semicircle, and that the point E describes a straight line CE so long as A describes a straight line AC. 
	,vith other proportions of the lengths AB, BC, BE, approximate straight-line motions n1ay be obtained. In Fig. 92, for example, suppose A and E to lie on the straight lines AC, EC, respectivelytit has been seen that a point B will describe an ellipse (shown by the dotted curve), of which C is the centre, and AB and BE the lengths of the semi-axes. A circle may be drawn so as to cut this ellipse 
	; 
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	in four points, as at P, Q, R, 5, and if we connect Band F, the centre of the circle, by a rigid link, the path of the point E will cut the straight line CD in four places, supposing A traverses the straight line AC. By a suitable choice of the point F, the circular path of B may be n1ade to differ 
	D 
	D 
	Figure
	FIG. 92. 

	very little from the ellipse during a considerable range of n1ovement, and the actual path of the tracing-point E will nearly coincide with the straight line CE. 
	In the second inversion of the slider-crank chain, in which bis the fixed link, a point on the link d may be chosen such that its path is approximately straight. 
	Thus in :fig. 93a suppose that a straight line AB, of fixed length, passes through a fixed point 0, while a point Con it is compelled to traverse a straight line DE. The curves de­scribed by A and B are kno"vn as conchoids, and are sho,vn by the dotted lines. It is possible in a swinging-block slider­crank chain to find a point Pon the link din such a positionthat while the circular path of O aa coincides nearly ,vith the 
	-----.,,Ł--Ł --III -----------..... ________,_P___l___ ' 
	part BB' of the conchoid, and the centre of the pair be cor-
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	responds with the point 0, the path of the tracing-pointP will nearly coincide with DE. Fig. 93b represents a model of such a mechanism, in which the point P is guided in an approximately straight line.* 
	47. Chain Containing Sliding Pairs only.-It is possible to construct a closed kinematic chain containing only slid­ing pairs. Such a chain consists of three links, a, b, and c. Of these b and c are blocks sliding on a common link a. A projection on b slides in a slot cut inc, thus completing the chain. If c is the fixed link, the chain wi11 evidently be 
	* For discussion of a number of straight-line motions see Kennedy, 1'1echanics 
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	capable of being moved into such a position as that shown by the dotted lines in Fig. 94. 
	Such a chain exists, for instance, in most arrangements for adjusting bearings by means of wedges or cotters, as in the double-adjustment plummer-block (sketched diagrammatically in Fig. 9 5) ,' in which the brass c has to be capable of slightmovement in the direction of the arrow, to allow for wear, and is pushed forward by drawing down the wedge b. The pedestal itself and its cap form the link a, and the upward movement of the block or 
	-

	Figure
	wedge b is prevented by some form 
	FIG, 95.
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	of force-or chain-closure (see Chapter VI). 
	A chain containing four links and having four sliding pairs can also be devised, but, like the chain containing five turning pairs, it is not constrainedly closed. 







