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This study aims to understand the effect of polymer chain breaking and heal-

ing on the strain field ahead of the crack tip. Polyampholyte (PA) hydrogels

are used as the system to learn about chain breaking and healing for transient

bonds. Polydimethylsiloxane (PDMS) is used as the system to learn about the

time-dependent damage of permanent bonds.

Firstly, for rate-dependent material, the constitutive model plays an impor-

tant role in the analysis of mechanical properties, and model parameter fitting

is the key to good development of the constitutive model. To get optimal model

parameters fast and automatically, we propose an efficient method to determine

the model parameters using machine learning (ML) algorithms together with

singular value decomposition (SVD). SVD compresses training data and pro-

vides outputs for the ML algorithm. The trained ML algorithm rapidly com-

putes the material responses for a large set of material parameters. We test

our method by performing model fitting for PVA model (4 parameters), PA

model with chemical crosslinks (9 parameters) and PA model without chemi-

cal crosslinks (13 parameters). While directly evaluating the constitutive model

millions of times takes hundreds of hours, the ML prediction takes less than one

hour for the same fitting effect.

Secondly, we study the strain-dependent chain breaking and healing for

transient bonds in PA gels. PA gels are nonlinear viscoelastic, with time-



dependent behavior controlled by the breaking and reforming of ionic bonds

in the dynamic network. Relaxation experiments are performed on single edge

notch tension (SENT) and T shape specimens consisting of different variations

of polyampholyte (PA) hydrogels. In contrast to the linear viscoelastic theory,

faster relaxation speed in the higher strain region is observed in both SENT and

T-shape samples, which demonstrates the strain-dependent chain dynamics in

PA gels. We further find the load transfer between permanent and dynamic

networks of different strengths. This load transfer mechanism is connected to

viscoelastic behavior. All these experimental results are explained by a nonlin-

ear viscoelastic model.

Thirdly, we study the time-dependent chain breaking of permanent net-

works by studying the delayed fracture of PDMS. Here we study the interac-

tion between polymer chain damage and the elastic field experimentally us-

ing different specimens and crack geometries with blunt and sharp cracks. We

find that stable slow crack growth can occur in sharp crack samples within a

wide range of applied load, while catastrophic fracture can happen in blunt

crack samples after hours of holding. Our experiments demonstrate a univer-

sal relation between crack growth rate and applied energy release rate in sharp

crack samples. A model coupling nonlinear elastic fracture mechanics and rate-

dependent bond scission is proposed to explain and describe this relationship.
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CHAPTER 1

INTRODUCTION

Soft polymeric materials such as elastomers and gels are essentially net-

works of polymer chains, with or without solvent trapped within the networks

[1, 2]. Due to the innate flexibility of long polymer chains, soft materials usu-

ally exhibit high compliance, low friction and good compatibility with biolog-

ical tissues. With these desirable properties, soft materials have been exten-

sively studied in soft robotics [3], wearable and stretchable electronics [4, 5],

bio-transducers and separation membranes [6], tissue engineering [7], drug de-

livery [8], etc. Some of the widely studied soft materials include hydrogels [9],

room-temperature-vulcanizing silicone (RTV silicone) [10], soft composite ma-

terials or structures [11], and other applications.

For most of those applications, good mechanical properties such as high

stretchability and high toughness, are required, which are not satisfied by tradi-

tional soft materials [9]. Many toughening mechanisms have been proposed to

make tougher and stronger soft materials[9, 12], such as interpenetrating poly-

mer networks [13, 14], coupled covalent and ionic bonds [15], combining perma-

nent and transient networks [16, 17], and soft composite materials [11]. Among

all these mechanisms, one of the most widely used is combining permanent and

transient bonds to make double network materials [18]. The permanent bonds

can keep the solid state of the materials, whereas the transient bonds can break

and reform; thus, a great deal of energy can be dissipated to prevent the mate-

rials from fracturing. For example, Sun et al. [15] synthesized tough hydrogels

by mixing ionically crosslinked alginate as transient network and covalently

crosslinked polyacrylamide as permanent network. With the internal hysteresis
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introduced by the ionic bonds, this gel can be stretched 20 times its initial length

and has a toughness of 9000 J/m2, despite its high water content of 90%. And

its mechanical properties can recover 80% after 24 hours at a temperature of

80◦C. Mayumi et al. [16] developed a specific type of poly(vinyl alcohol) (PVA)

dual-crosslink hydrogel. This gel contains one network with covalent (perma-

nent) and physical (transient) bonds. During loading, the covalent bonds re-

main attached while the physical bonds can break and reattach, so it has strong

rate-dependent behavior and can recover to its full mechanical properties af-

ter several hours at room temperature. Sun et al. [17] reported the synthesis

of a tough polyampholyte (PA) hydrogel with ionic bonds and chemical bonds

(optional). The strong bonds or chemical bonds serve as permanent crosslinks,

whereas the weak bonds can break and reform to dissipate energy. This PA gel

has a toughness of 4000 J/m2, and can fully recover just by soaking the gel in

deionized water. This gel also has excellent fatigue resistance [17] and is stable

in deionized water for an extended period.

With these highly extensible and tough soft materials, many studies have

been done to understand the mechanical properties of such materials. For exam-

ple, Lu et al. [19] developed a coupled viscoelasticity and Mullins effect model

to describe the stress-strain relation of Alginate-Polyacrylamide hydrogel. Guo

et al. [20] built a constitutive model that captures the kinetics of transient bonds

in PVA hydrogel. Venkata et al. [21, 22] reported models to characterize the

strain-dependent chain kinetics in PA hydrogels with and without chemical

bonds. Despite the accuracy of these models, how chain healing and break-

ing affect the failure of soft materials, especially at large deformation, remains

unclear. When a crack is present in the material, the strain/stress field and the

strain/stress gradient near the crack tip can be very high. Suppose the dynam-
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ics of bond breaking and healing are sensitive to stress/strain, especially when

deformation is large. In that case, it is reasonable to expect that the material

behavior near the crack tip cannot be adequately described by linear viscoelas-

ticity [23]. Under these circumstances, nonlinear viscoelasticity will dominate

near the crack tip, which implies that load transfer can happen between perma-

nent and transient bonds near the crack tips. Also, since the bond breaking and

healing are time-dependent, such materials can have time-dependent strength,

which means that traditional ways of measuring toughness may be inaccurate.

This study aims to understand the time-dependent, large deformation me-

chanical responses of soft polymeric materials with bond breaking and healing

through experimental and theoretical analysis. This study focuses on the ef-

fect of polymer chain breaking and healing, with three types of materials as

examples, PDMS, PVA hydrogel and PA hydrogel. PDMS is a commonly used

RTV silicone rubber with only covalent bonds, so it is an ideal material for us

to study the dynamics of permanent networks. PVA hydrogel is a kind of lin-

ear viscoelastic material [20], whose chain breaking and healing rate is indepen-

dent of strain level. PA gel is considered a highly nonlinear viscoelastic material

[17, 21]. However, strain-dependent chain kinematics have not been observed

directly. In this study, we will use the proposed constitutive models and spe-

cially designed experiments to further the study of these materials.

This thesis is organized as follows. In Chapter 2, the details of the experi-

mental setups are provided, including materials preparation, sample measure-

ment, tensile tester build up and digital image correlation (DIC) implementa-

tion. In Chapter 3, some constitutive models for these materials are introduced.

Those models are proposed by previous Ph.D. students at Cornell. We will show

3



all the equations in detail, but omit some physical or mathematical assumptions.

More details can be found in the original papers [20, 21, 22].

To get good parameters for these constitutive models, a machine learning

framework for constitutive model fitting is studied in Chapter 4. Parameter

fitting for complex time-dependent constitutive models is important but often

tedious work. In this part, we propose a machine learning framework, which

can perform model fitting automatically. This method is applied to PVA and

PA constitutive models. It is shown that this method can accelerate the fitting

process by 100 times faster than random search or grid search. The work in this

chapter is published in Journal of the Mechanics and Physics of Solids [24].

In Chapter 5, the nonlinear viscoelasticity of PA hydrogels due to strain-

dependent polymer chain breaking and healing is explored. We utilize the dig-

ital image correlation (DIC) method to reveal the nonlinear viscoelastic effects

near the crack tip experimentally, and use PA constitutive models to show the

physical mechanisms for these phenomena. Nonlinear viscoelasticity leads to

the strain increase near the crack tip during the relaxation test, while the load

transfer between physical (or transient) and chemical (or permanent) networks

can decrease the strain during relaxation. These effects play critical roles in the

fracture of such kinds of materials. This work is published in Extreme Mechan-

ics Letters [25].

The time-dependent damage of PDMS is studied in Chapter 6. Although

there have been many studies on the fracture and delayed fracture of soft ma-

terials [26, 27, 28], there has not been even a clear definition of delayed fracture

for these materials. The main reason is that delayed fracture behavior in soft

materials is sensitive to many factors, so it is hard to draw a clear conclusion
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without comprehensive studies. In this work, PDMS is used as an example for

a comprehensive study of delayed fracture. Different types of delayed fracture

behaviors are clearly defined. Experiments for sharp crack delayed and blunt

crack delayed fracture. With these results, the delayed fracture of PDMS can be

explained by the time-dependent damage of permanent chains. All the results

are considered together to build a time-dependent damage model for PDMS.

This model can predict the relationship between crack propagation rate and en-

ergy release rate quantitatively, and the crack evolution for short initial crack

quantitatively. This work is planned to be submitted recently.
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CHAPTER 2

EXPERIMENTAL SETUPS

2.1 Introduction

In this study, experimental methods were used to study the mechanical proper-

ties of soft materials with nonlinear effects. The basic experimental setups are

introduced in this chapter, including materials preparation, custom-built tensile

tester design, and digital image correlation (DIC) measurement system imple-

mentation.

2.2 Materials preparation

In this study, all material precursors are made in liquid state and then cured

into thin sheets. The mold we used to accommodate the precursors is shown in

Fig. 2.1.

Figure 2.1: Mold used for making thin sheets of materials
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2.2.1 PVA gel preparation

To make PVA hydrogels, we first added 30g PVA 16 wt% solution to the beaker

under active stirring. Then 0.82g GA 2.5 wt% solution was added. The GA

2.5 wt% solution was always freshly diluted from GA 25wt% solution (Sigma-

Aldrich, Grade II, G6257-10ml) with deionized water. After stirring for about

10 minutes, 0.8ml hydrochloric acid (HCL, 1 mol/L) was added to the solution

and stirred for another 10 minutes. After the solution was mixed evenly, the

solution was injected into a mold using a syringe.

Figure 2.2: Sample of PVA hydrogel

The mold was made of acrylic plates spaced by silicone rubber (2mm in

thickness) with acetate sheets attached to the acrylic. The solution polymerizes

in 36 hours. Then we removed the gel from the mold and soaked the gel with

distilled water to neutral pH. The water was changed several times. After 24

hours of washing, the chemically crosslinked gel was swollen and very brittle.

After washing the chemically crosslinked gel, we soaked the gel in a fresh

Borax/NaCl solution to form the physical bonds. The Borax and NaCl were
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from Sigma-Aldrich (Borax: Sodium tetraborate decahydrate, ACS reagent, ≥

99.5%, S9640-500 g; NaCl: Sodium chloride, puriss. pa., ≥ 99.5%, 71380-1

kg). The concentration of borax and NaCl in the solution was 1 mM/L and

90 mM/L, respectively. For the chemical gel of weight m, we soaked it in the

Borax/NaCl solution of weight 20m. The gel was soaked in the solution for at

least 3 days to reach equilibrium.

2.2.2 PA gel preparation

c − PAweak and p − PAweak gels are made from p-styrenesulphonate (NaSS) and

N-dimethylaminoethylacrylate (DMAEA-Q), with and without MBAA (Wako

Pure Chemical Industries Ltd., Japan) as crosslinker. c − PAstrong and p − PAstrong

are made from NaSS and 3-(methacryloylamino) propyl-trimethylammonium

chloride (MPTC) with and without MBAA.

Figure 2.3: Sample of PA hydrogels. (a) c-PA gel. (b) p-PA gel

For the gels with weak stickers, P(Nass-co-DMAEA-Q) gels, the concentra-
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tion of monomers (NaSS and DMAEA-Q) is 2.5 M, and the molar ratio is NaSS:

DMAEA-Q = 0.516 : 0.484. The concentration of initiator α-keto is 0.1 mol%

with respect to monomer concentration. The concentrations of MBAA are 0, 0.3

and 0.5 mol%, respectively. For the gels with strong stickers, the concentration

of monomers (NaSS and MPTC) is 2.1 M and the molar ratio is NaSS : MPTC

= 0.517 : 0.483. The concentration of α-keto is 0.25 mol%. The concentrations

of MBAA are 0 and 0.3 mol%, respectively. In both gels, the precursor solution

was deoxidized in an Argon glove box and then injected and sealed into a mold

made by glass plates and silicone rubber spacer (120 mm × 12 mm × 2.2 mm.

The solution was polymerized under UV irradiation for 11 hours. After poly-

merization, the as-prepared gel was soaked in deionized water for one week to

remove counter-ions and reach equilibrium. The deionized water was changed

every day.

2.2.3 PDMS preparation

PDMS precursor was bought from Dow Inc. and used without preprocessing.

The PDMS elastomers were prepared by mixing PDMS Sylgard 184 prepolymer

and cross-linking agent at a 10:1 ratio. After stirring evenly for 10 minutes,

air bubbles inside the mixture were removed in a vacuum chamber. Then the

PDMS was poured into a mold made of glass plates and silicone rubber spacer

(120 mm × 120 mm × 0.5mm). The thickness here is smaller than the thickness of

PVA and PA gels because the modulus and strain hardening of PDMS is much

higher, which makes it much harder to grip thick PDMS samples. The mold was

put into an oven and heated for 4 hours at 65 ◦C.
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2.2.4 Thickness measurement

Since the silicone rubber spacer was hyperelastic and the materials we synthe-

sized in this study were all soft materials, the thickness of the specimen was

not exactly the same as the spacer and was hard to measure with calipers. So

we used a Newport translation stage and a GAERTNER modular microscope to

measure the thickness. The setup is shown in Fig. 2.4. We first aligned the center

of the microscope cross-hair with one edge of the specimen. Then we moved the

microscope with the translational stage until the crosshair center was aligned

with the other edge of the specimen. The displacement was the thickness of the

specimen.

Figure 2.4: Thickness measurement tool for soft materials
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2.3 Tensile tester setup

In this study, the modulus of materials ranges from 1kPa to 10MPa, and the

deformation ranges from 1% to 1000%. To satisfy these requirements, the maxi-

mum force of the tester should be 100N with a precision of 0.01N, and the max-

imum displacement of the tester should be 300mm with a precision of 10µm.

Based on these criteria, we built a custom-built tensile tester for all the uniaxial

tensile tests in this study. Fig. 2.5 shows the custom-built tensile tester used in

this study. It was designed and built in Zehnder’s laboratory by Jikun. It is

combined by three main modules: displacement controlling, sensing, gripping,

and data collection.

2.3.1 Displacement sensing and control

For uniaxial tensile tests, the displacement is applied to materials along one di-

rection, which is achieved using a straight guide rail driven by a NEMA 23 mo-

tor. The motor is connected to a motor driver DM542T, which can be controlled

precisely through electric pulses from a single chip like Arduino or Raspberry

Pi. As for displacement data, this tester has two outputs. One is the input dis-

placement data given to the guide rail; another is the output of the displacement

sensor (CALT 500mm Draw Wire Encoder, CWP-S500 0-5Kohm). The displace-

ment data from these two methods are quite consistent, so we mainly use the

input data as the displacement data for its low noise.
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Figure 2.5: Custom-built tensile tester for soft materials. Controlling, signal
conditioning and data collection modules are not included in this figure.

2.3.2 Force sensing

We use a 100N load cell from Interface Inc. to measure the force applied to the

samples. The main part of the load cell is a strain gauge. The force applied to

the two ends of the load cell will change its deformation and finally leads to a
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Figure 2.6: Displacement controlling module. (a) Nema 23 step motor. (b)
DM542T digital stepping driver.

change in the resistance of the strain gauge. So, to get the force value during

tensile tests, one end of the load cell is fixed to the guide rail slider, and the

other is connected to the gripper through a long connecting rod. The resistance

change is minimal, so a bridge circuit is used inside this load cell to measure

such change. However, even with the bridge circuit, the output voltage is still

too small to be measured with an Analog-to-Digital Converter (ADC, ADS 1115)

directly. We further use a voltage amplifier CALEX 163MK signal conditioner

to amplify and filter the voltage signal from the load cell.

One important thing for the load cell is calibration to ensure the force cap-

tured by the controlling system is correct. The measuring range of this load cell

is −100N to +100N, and the measuring range of the ADC is −5V to 5V . So we

want to change the voltage output of the load cell so that 1V difference in volt-

age means 20N difference in force. This calibration is done through the amplifier

CALEX 163MK. We first tune the output offset of the amplifier so the voltage is

0V when there is no force applied to the load cell. Then we add the gripper

to the load cell. After that, we tune the gain of the amplifier until the voltage
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Figure 2.7: Force sensing module. (a) 100 N load cell. (b) Signal conditioner.

difference is 0.245V with and without a 500g, (4.9N) weight attached to the grip-

per. After this calibration, the voltage read by ADC is correlated with the force

correctly.

2.3.3 Gripper and water/oil box

Hydrogels can contain more than 90 wt% of water, and their mechanical proper-

ties can vary a lot even with a small change of water content. To prevent the gels

from drying or swelling during tests, we made an acrylic box where the sam-

ples can be immersed in mineral oil or water. As shown in the figure, we use

an aluminum rod to connect the upper gripper and the load cell, and the lower

gripper is fixed to the bottom of the box. The side view of this box is shown in
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Fig. 2.8. The front surface of this box is detachable. Once the sample is gripped,

the front surface is tightened to the box with screws, and oil/water proof foam

is placed between the box and the front surface to prevent the oil/water from

leaking.

Figure 2.8: Side wide of the water/oil tank
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2.3.4 Control system and data collection

The central part of the control system is a Raspberry Pi 4B, and the controlling

program is written in Python. Using specific Python codes, Raspberry Pi 4B

can output electric pulses to control the guide rail movement, and at the same

time, it can read the voltage from the force sensor and the displacement sen-

sor through an analog-to-digital converter (ADC) with given frequencies. The

voltage data is then transferred to force (N) and displacement (mm) data using

calibrated parameters.

Figure 2.9: Data flow in the tensile tester control system

2.4 Digital image correlation measurement

While the tensile tester can measure the force/displacement responses of sam-

ples, it cannot probe the spatial strain field of samples undergoing non-uniform

deformation, especially when strain concentration is high at some points. As a

non-contact, full-field deformation measurement method, digital image correla-

tion (DIC) is an ideal candidate for measuring non-uniform deformation. There

are different types of DIC for different measuring purposes. In this study, most
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of the tests are done under plane stress condition, so we only care about the

strain in x-y plane. Based on this requirement, we chose 2D DIC to measure

the planar motion of material points during our tests and only one camera is

needed. The details of 2D DIC theories, equipments, algorithms, applications,

etc, can be found in the comprehensive review papers published by Pan et al.

[29].

2.4.1 Speckle pattern generation for DIC tests

Generating a high-quality speckle pattern is one of the most important parts of

DIC measurement, especially for hydrogels, due to their very high water con-

tent. Considering the difficulties of different methods and the precision needed

for this study, we chose to generate speckle patterns by spraying black ink using

an airbrush.

Ink used

As we mentioned in section 2.3, most tests need to be done in water or min-

eral oil, so the ink we use for our samples should be waterproof and oilproof (at

least for mineral oil). Under this constraint, the ideal ink should dry fast and

attach to the surface of the sample tightly. After trying several different types of

ink, we finally chose Mark II 1250 brand ink.

Pattern generation using airbrush

The speckle pattern on the surface of the sample should have moderate size

and density. Large speckles will lead to poor DIC precision, and very small

speckles cannot be captured by the camera we use. To obtain a good pattern, air
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pressure of 80 psi and a low flow of ink are used. Samples of speckle patterns

with different qualities are shown in Fig. 2.10.

Figure 2.10: Samples of speckle patterns with different qualities. (a) Speckles
are too large. (b) Speckles are good. (c) Speckles are too small.

2.5 FLIR camera system

In this study, we use a FLIR camera with telecentric lenses to capture the picture

of speckles during tensile tests. For 2D DIC, there is no specific limitation for

the choice of photo capturing system, so long as the photos are not distorted,

and all the speckles are clear.

The images of speckles for DIC measurements were captured using a CCD

camera (FLIR Grasshopper3 4.1 MP Mono) with two telecentric lenses (Edmund

Optics, SilverTL 0.16×, 0.5×). The first lens has larger field of scope but smaller

precision, whereas the second one has smaller field of scope but higher preci-

sion. The first one is mainly used for measuring the strain field for the whole

sample and the second one is mainly used for monitoring what happens near

the crack tip.

To make the speckles clearer and decrease the image noises, two LED
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Figure 2.11: FLIR camera system for DIC measurement

lights were used to provide additional illumination. The whole system is

fixed on an optical breadboard, and the camera is connected to the com-

puter using a USB cable. The camera is activated through the signals

from the cable. In this study, we use Python codes to control its working

states. More details about this camera can be found on its official website

”https://www.flir.com/products/grasshopper3-usb3”.
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2.5.1 DIC calculation using Ncorr

Ncorr is a free 2D DIC measurement package in MATLAB, which utilizes the

reliability-guided DIC algorithm developed by Pan et al [29]. The most impor-

tant feature for us is that Ncorr can capture large deformation very well, using

the algorithm developed by Pan et al. [29]. The parameters used for our tests

will be provided. More details about Ncorr can be found on its official website.

Code calibration

Here we validate the precision of Ncorr using virtual speckle patterns. We

first generate random speckles and then deform the whole image with the given

strain fields. Fig. 2.12 shows the calibration results for normal strains, and Fig-

ure Fig. 2.13 shows the calibration results for shear strain. The strain shown

in Figure 2.13 is Green-Lagrangian strain in x − y direction, so the given value

is exactly 0.4/2 = 0.2. Both tests show that the calculation from Ncorr is quite

accurate even for large deformation.

Parameter choice and data processing

Large strain analysis is activated in Ncorr to update the reference image. The

important input parameters are the subset radius, the radius of a circular sub-

set used to correlate sub-images, is set to 10-20 pixels; the subset spacing, the

spacing between neighboring subsets, is set to 0-2 pixels; and the strain radius,

the size of the region over which displacement data are fit to a plane to calculate

the displacement gradient, is set to 3-5. The choice of these parameters is de-

termined by the quality of speckle patterns and the strain distribution and may

vary from test to test. Generally speaking, smaller values of those parameters

can give us higher DIC precision. However, due to various limitations such as
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Figure 2.12: Normal strain calibration for Ncorr. This figure shows a virtual
speckle pattern (a) before deformation and (b) after deformation, and the stretch
calculated by Ncorr in (c) x direction and y direction.

speckle pattern quality, camera precision, photo quality, etc, sometimes we may

lose track of the movement of speckles with very small value or get results with

large noise. In this study, we usually start from a small value of subset radius, 10

pixels, and increase this value if Ncorr fails to finish the correlation calculation.
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Figure 2.13: Shear strain calibration for Ncorr. This figure shows a virtual
speckle pattern (a) before deformation and (b) after deformation, and the shear
strain calculated by Ncorr in (c) x − y direction.
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CHAPTER 3

CONSTITUTIVE MODELS INTRODUCTION

A fundamental problem in the mechanics of solids is to develop constitutive

models which accurately predict the mechanical response of materials subjected

to applied loads. The simplest constitutive model is an ideal elastic solid, which

is a reasonable approximation for traditional engineering materials. The elastic

solid represents an extreme case of material behavior where there is a unique

relation between stress and strain. Many materials, for example, soft solids

such as rubber and gels, are viscoelastic or viscoplastic. These materials, be-

sides being rate-sensitive, may sustain very large deformation before failure.

The mechanical behavior of rate dependent solids remains a major challenge

to material physicists and mechanicians. Experiments on material behavior are

time-consuming and are often limited by the amount of material available. Fur-

ther, it is impossible to cover the entire spectrum of loading configurations and

histories by experiments. Thus, the development of constitutive models must be

complemented by theoretical modeling. Fortunately, in this work, we already

have very good constitutive models for the materials we analyzed. Those mod-

els were established by professors and students in our research group. Here

I introduce these models briefly and explain the meaning of some important

equations and parameters. More details about how these models are built can

be found in our previous papers [20, 21, 22].
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3.1 PA gels

In the following, we summarize the constitutive model governing a uniaxial

tension test where the stretch ratio λ(t) in the loading direction is prescribed

for two kinds of PA gels used in this work. The multi-axial versions of these

constitutive models were developed and fully explained in our previous works

[21, 22]. Photographs of the c-PA and p-PA gels are shown in Fig. 2.3. It is obvi-

ous that the c-PA gel is transparent and the p-PA gel is opaque. The appearance

of these two types of gels means there is phase separation within the p-PA gel,

whereas there isn’t in the c-PA gel [30]. Our constitutive models for c-PA and

p-PA gels are based on this physical fact.

We start with the c-PA gel (intermediate complexity with q = 9, where q

means the number of independent parameters in the model), followed by the

p-PA gel (q = 13). In the following, stretching commences at t = 0. Before this

time the sample is in its pristine unstressed state.

The nominal stress for the c-PA gel is [22]

σ(t) =
(
ωchem + 2ρϕB(τ = 0, t,H0→t)

)
× 2

dW0

dI1

∣∣∣∣∣
I1(t)

(
λ(t) − λ(t)−2

)
(3.1)

+

∫ t

0

[
χ(τ)ϕB(τ, t,Hτ→t)2

dW0

dI1

∣∣∣∣∣
I1(t)=Hτ→t

[
λ(t)
λ2(τ)

−
λ(τ)
λ2(t)

]]
dτ

where ωchem is the molar fraction of chemical bonds, W0 is the strain energy den-

sity function for the network, I1 is the trace of the deformation gradient tensor

evaluated at t, ρ is the molar fraction of connected physical cross-links at t = 0

and

ϕB(τ, t,Hτ→t) =
[
1 +

αB − 1
tB

∫ t

τ

f (Hτ→s)ds
] 1

1−αB

(3.2)

is the survivability function, it is the fraction of physical crosslinks that survive
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from the time of their formation τ to the current time t. In Eq. (3.2), tB is the

characteristic breaking time of physical crosslinks, αB is a material parameter

that controls the rate of decay of the survivability function and f is a function

which measures the dependence of breaking rate on the stretch experienced by

a physical bond from its formation at time τ to the current time t > τ. Hτ→t is the

trace of the deformation tensor at t using the configuration at τ as the reference

state. In uniaxial tension, it is

Hτ→t =
λ2(t)
λ2(τ)

+
2λ(τ)
λ(t)

(3.3)

Finally, χ(τ) in Eq. (3.1) is the fraction of broken physical bonds divided by

the characteristic healing time tH. This healing rate χ(τ) is history-dependent

and is given by the solution of the nonlinear Volterra integral equation

1 − ωchem = χ(t)tH +

∫ t

−∞

ϕB(τ, t,Hτ→t)χ(τ)dτ (3.4)

Here we note that ρ is related to the other parameters by ρ = (1−ωchem)tB
(2−αB)tH+tB

. W0 is

the free energy function for polymer chains, and it is given by a 3-term Yeoh’s

model, i.e.,

W0(I1) =
3∑

i=1

ci(I1 − 3)i (3.5)

where ci are material constants and the breaking function f is

f (I1) =
(
1 +

I1 − 3
Ic − 3

)m

(3.6)

where Ic > 3 and m > 0 are material constants. Ic represents an effective stretch

ratio where breaking accelerates, and m measures the severity of accelerated

bond breaking. Eq. (3.1) to Eq. (3.6) implies that this model has 9 unknown

material parameters.

{c1.c2, c3, ωchem, Ic, αB, tB,m, tH}.
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The physical meaning of Eq. (3.1) is as follows: the first term is the stress carried

by the chemically crosslinked network, the second term is the stress carried by

the physical crosslinks that remain connected from t = 0 to the current time t, the

third integral is the stress carried by the healed chains in the physical network

which survives to the current time.

The constitutive model for the p-PA gel is similar, except it has no chemical

network. However, due to phase separation, there are two physical networks,

each with their survivability and breaking functions. The material parameters

associated with these networks have the same physical meaning as the physical

network in c-PA gel and are labeled by the subscript i (i = 1, 2). For example,

characteristic breaking times and healing times are denoted by tBi, tHi respec-

tively. The nominal stress σ(t) is related to the stretch history λ(t) by [21]:

σ(t) =

 2∑
i=1

ρi

[
1 +

αBi − 1
tBi

fi(I1(t))t
] 2−αBi

1−αBi

 × 2
dW0

dI1

∣∣∣∣∣
I1(t)

(
λ(t) − λ−2(t)

)
(3.7)

+

2∑
i=1

∫ t

0
χi(τ)ϕBi(τ, t,H(τ, t))2

dW0

dI1

∣∣∣∣∣
H(τ,t)

[
λ(t)
λ2(τ)

−
λ(τ)
λ2(t)

]
dτ

where ρ = ωitBi
(2−αBi)tHi+tBi

. Similar to Eq. (3.4), the healing rate χi(t) for each network

is obtained by solving the integral equation

ωi − ρi
[
ϕBi(0, t)

]2−αBi = χi(t)tHi +

∫ t

0
ϕBi(τ, t)χi(τ)dτ (3.8)

The survivablity functions have the same form as Eq. (3.2) except that the break-

ing function Eq. (3.6) is replaced by

fi(I1) = exp
{(

1 +
I1 − 3
Ic − 3

)mi

− 1
}

(3.9)

There are a total of 13 independent material parameters in this model, i.e., a
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parameter vector x⃗ with components:

{c1, c2, c3, Ic, ω1, αB1, tB1,m1, tH1, ω2, αB2, tB2,m2, tH2},

where ω1 + ω2 = 1.

3.2 PVA gel

Here, we summarize the model for the PVA hydrogel. We discuss this model

later because it is a simplified version of c-PA gel where the chain breaking

kinetics is independent of stretching [20], that is, linear viscoelasticity. This gel

contains chemical network, and there is no phase separation within it.

With linear viscoelasticity, we set f = 1 and then Eq. (3.2) reduces to

ϕB

(
t
tB

)
=

(
1 + (αB − 1)

t
tB

) 1
1−αB

(3.10)

Since the chain breaking kinetics is independent of stretch, the chains within

this gel are constantly breaking and healing until reaching an equilibrium state,

that is,the chain breaking rate equals chain healing rate. At this point, there is a

steady state solution

χ(t) = χss =
ρ(2 − αB)

tB
(3.11)

Now the integral equation is no longer needed, and χ(t) in Eq. (3.4) is replaced

by χss. Finally, the free energy function W0 used in this model, strain harden-

ing can be ignored because the fracture stretch for this gel fractures before the

hardening happens, which leads to c2 = c3 = 0 in Eq. (3.5). In previous work,

we use c1 = µ/2 where µ is the small strain shear modulus of the network. Thus,

Eq. (3.1) reduces to

σ(t) = µ
[
ωchem + ρϕB(t)

] (
λ(t) − λ−2(t)

)
(3.12)
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+µχss

∫ t

0

[
ϕB(t − τ)

[
λ(t)
λ2(τ)

−
λ(τ)
λ2(t

]]
dτ

Since χss = (2 − αB)ρt−1
B , in our previous paper, the model is expressed as:

σ(x⃗, t) =

µρ + µγ∞ tB

2 − αB

(
1 + (αB − 1)

t
tB

) 2−αB
1−αB


[
λ(t) −

1
λ2(t)

]
(3.13)

+µ jγ∞

∫ t

0
ϕB

(
t − τ

tB

) [
λ(t)
λ2(τ)

−
λ(τ)
λ2(t)

]
dτ

These two equations are identical to each other and in this study, we will

use Eq. (3.13) for PVA gel. In Eq. (3.13), the gel constitutive model is completely

determined by 4 material parameters µρ, αB, tB, and µγ∞.

3.3 Notations for stress histories

Since we have multiple parameters in these constitutive models, for simplicity,

we express a set of parameters as a vector. For example, for PVA model, there

are 4 material parameters µρ, αB, tB, and µγ∞. Hence a parameter set is specified

by a 4 dimensional vector x⃗ = (µρ, αB, tB, µγ∞)⊤ ∈ Ω ⊂ R4. Here Ω means the

parameter space for the constitutive model.

According to our theory [20], in an uniaxial tension test where the stretch

ratio λ(t) is prescribed, the nominal stress σ j(t) corresponding to the material

parameter set x⃗ j = (µ jρ j, αB j, tB j, µ jγ∞ j)⊤ is

σ j(t) ≡ σ(x⃗ j, t) (3.14)

And the stress history from 0 to m∆t as

σ⃗(x⃗ j) ≡ (σ(x⃗ j,∆t), σ(x⃗ j, 2∆t), · · · , σ(x⃗ j,m∆t))⊤ (3.15)
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CHAPTER 4

MACHINE LEARNING BASED PARAMETER FITTING FOR

CONSTITUTIVE MODELS

4.1 Introduction

Theory plays an important role in the development of constitutive models. In

the past two decades, many rate-dependent constitutive models have been de-

veloped to study the time-dependent behavior of soft materials made of dy-

namic networks as well as the flow of solvent in polymer gels [21, 31]. The

complex micromechanics governing mechanical behavior requires many mate-

rial parameters to construct a constitutive model with good predictive capabil-

ity. For example, Mao et al. [32]. has developed a constitutive model for a

hydrothermally activated malleable covalent network polymer. This model has

24 material parameters. Lu et al. [19] developed a 12 parameter constitutive

model which incorporates viscoelasticity and Mullins effect to study the time

dependent mechanical responses of four soft materials. Mao et al. [33] devel-

oped a large deformation viscoelasticity model to study the behavior of a double

network hydrogel consisting of a covalently crosslinked polyacrylamide and an

ionically crosslinked alginate network. This model has 18 material parameters.

Chester [31] has developed a 10 parameters constitutive model to study the cou-

pling of poroelasticity and viscoelasticity in polymer gels. Tang et al. [34] have

developed a micro-stress based viscoelastic model to describe the viscoelasticity

of polymers. This model has 9 material parameters.

In physically based constitutive models, some material parameters can be

determined based on their physical significance, while others are typically cal-

29



ibrated manually or through an optimization process. For example, Crespo-

Cuevas et al. [35] use transient network theory to develop a physical based

model to quantify the poro-viscoelasto-plasticity of an Agarose gel. To estimate

the material parameters in their model, they compare experimental creep and

stress relaxation data with finite element simulations. They start the finite ele-

ment simulation with some initial guesses of the material parameters and then

update the input values iteratively using a minimization algorithm in MATLAB.

For complex constitutive models with a large number of parameters, fitting

can be extremely challenging since computation can be time consuming even

with an efficient optimization scheme. In this work, we highlight an alterna-

tive method that combines singular value decomposition (SVD) and neural net-

works (NN) to address this challenge. In the past few years, there has been

intense interest in using machine learning techniques to solve solid mechanics

problems [36, 37]. One approach is to train regression trees or neural networks

to quickly solve a specific type of boundary value problem in solid mechan-

ics. For example, Liu et al. [38] have shown that machine learning can rapidly

determine the fracture toughness of a pre-notched pentagonal cross-section mi-

crocantilever loaded at its end. The machine learning solutions for different

cantilever geometries agreed well with finite element results.

A different approach is to use machine learning to construct constitutive

models, that is, to provide mechanical responses without using analytic consti-

tutive equations. For example, Wang et al. [39] used a temporal convolutional

network to simulate the ultra-long-history-dependent stress-strain relationship

of reinforced concrete. Saharuddin et al. [40] used artificial neural network and

extreme learning machine to simulate the mechanical behavior of a magnetorhe-
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ological elastomer. Masi et al. [41] proposed a thermodynamics-based artificial

neural network and applied their model to study the behavior of elasto-plastic

solids.

Although there are a few papers that discuss parameter determination using

machine learning [42, 43, 44], we have not found any published work using ma-

chine learning to determine material parameters in complex constitutive mod-

els. As we will demonstrate later, machine learning provides an efficient means

to determine these material parameters. Our method has certain advantages

over traditional nonlinear fitting methods such as the Levenberg-Marquardt al-

gorithm [45, 46, 47]. This method also preserves the physical meaning of ana-

lytic constitutive models.

The basic idea is to train a ML method to determine the optimal material

parameters given the constitutive model and experimental data from several

different types of tests. For each type of experiment, e.g., a relaxation test, our

training set consists of many stress histories associated with the experiment.

Each stress history corresponds to a parameter set. These stress histories are

stored as rows in a stress history matrix. We apply SVD to this stress matrix

and use the dominant principal components as outputs of the neural network

(input to ML method is the material parameters). Here we note that SVD has

been employed for many years to analyze and reduce the size of training or ex-

perimental data [48]. It has been successfully utilized by researchers in many

fields, such as the analysis of spectroscopic data [49], of dynamics simulations

[50], and the genome-wide expression data processing [51]. SVD can also serve

as a noise filter and a small subset of singular values and vectors can effectively

represent the experimental data [52]. We then use the trained network to gener-
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ate a very large number of stress histories. We determine the optimal parameter

set by finding the stress history that best fits the experimental data.

We test our ML framework on three different soft hydrogels with very differ-

ent time dependent behavior. Specifically, the constitutive model of these gels

has 4, 9 and 13 material parameters respectively. For each gel, we perform four

types of uniaxial tension experiments. These experiments provide data to train

the ML method.

4.2 Singular value decomposition for constitutive models

For a n × m matrix A with rank r, it can be factorized into

A = UΣV⊤ (4.1)

where

U = [u⃗1, u⃗2, · · · , u⃗r], V = [⃗v1, v⃗2, · · · , v⃗r] and U⊤U = V⊤V = Ir×r (4.2)

Σ = diag(s2
1, s

2
2, · · · , s

2
r ) f or singular values s2

1 ≥ s2
2 ≥, · · · ,≥ s2

r > 0.

The columns of V , a m × r matrix, denoted by v⃗k ∈ R
m, 1 ≤ k ≤ r, form an

orthonormal basis of the row space of A. The matrix U, a n × r matrix, also has

rank r; the non-zero columns of U, denoted by u⃗k, 1 ≤ k ≤ r are orthonormal

vectors in Rn and form a basis for the column space of A.

For many matrices of real-world data, the diagonal entries in Σ decay rapidly

[53]. That is, there exists a positive integer r∗ such that

r∗∑
k=1

s2
k ≫

r∑
k=r∗+1

s2
k , r∗ ≪ r (4.3)
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Thus, the matrix A can be approximated by a smaller rank-r∗ matrix, Ar∗ , i.e.,

A ≈ Ar∗ = Ur∗Σr∗V⊤r∗ = s2
1u⃗1v⃗⊤1 + s2

2u⃗2v⃗⊤2 + · · · + s2
r∗ u⃗r∗ v⃗⊤r∗ (4.4)

4.2.1 Stored histories stored in computer

As part of the effort to construct the training data set, we construct the stress

matrix first. We sample |ΩT | different parameter vectors x⃗1, x⃗2, · · · , x⃗|ΩT | from the

parameter space Ω, where |ΩT | depends on the number of parameters in the

constitutive model. Larger values of |ΩT |may be chosen for constitutive models

with larger number of parameters. The value of |ΩT | of different models in this

paper will be specified later. By putting all those parameter vectors together, we

can get a |ΩT | × p parameter matrix, i.e.,

X = [x⃗1, x⃗2, · · · , x⃗|ΩT |]
⊤, (4.5)

which is also called the matrix of the training input. The superscript ⊤ denotes

matrix transpose.

For each x⃗ j, 1 ≤ j ≤ |ΩT |, we compute the stress history σ⃗⊤(x⃗ j) as a function of

time t for the same stretch history using the constitutive model. This stress history

is stored as the jth row vector

σ⃗⊤(x⃗ j) =
(
σ(x⃗ j,∆t), σ(x⃗ j, 2∆t), · · · , σ(x⃗ j, ζ∆t)

)
(4.6)

The schematic for generating the stress matrix A is illustrated in Fig. 4.1. The

numerical calculations begin at t = ∆t, where ∆t is a small time increment.

In general, A is a fairly large matrix, e.g. |ΩT | ∼ 103, and ζ∆t ∼ 101 to 103

with ∆t = 0.1s, then ζ ∼ 102 to 104 and the matrix has up to 10 million elements.
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Figure 4.1: Stress matrix for |ΩT | sets of parameters. The loading history is the
same for all different parameters in this matrix.

The information stored in the stress matrix A reflects how material parameters

control stress histories. However, since the stress histories in this matrix are con-

structed according to the constitutive model, they should be correlated. Hence

one anticipates that the data in this matrix can be compressed and the informa-

tion in this matrix can be extracted using SVD, which is described below.

4.2.2 SVD for stress matrix

Suppose the rank of the stress matrix A is r. The compact SVD of the rank-r

|ΩT | × ζ matrix A can be factorized into

A = UΣVT (4.7)

From section 4.2.1, we known that this matrix A can be approximated by a

matrix Ar∗

A ≈ Ar∗ = Ur∗Σr∗V⊤r∗ = s2
1u⃗1v⃗⊤1 + s2

2u⃗2v⃗⊤2 + · · · + s2
r∗ u⃗r∗ v⃗⊤r∗ (4.8)
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With this definition, we can get that the jth row of A can be approximated as

σ⃗⊤(x⃗ j) ≈ s2
1u1 jv⃗⊤1 + s2

2u2 jv⃗⊤2 + · · · + s2
r∗ur∗ jv⃗⊤r∗ = ψ⃗

⊤(x⃗ j)V⊤r∗ , 1 ≤ j ≤ |ΩT | (4.9)

where uk j denotes the jth component of the vector u⃗k and ψ⃗(x⃗ j) is a row vector of

length r∗ defined by

p⃗(x⃗ j) =
(
s2

1u1 j, s2
2u2 j, · · · , s2

r∗ur∗ j

)⊤
(4.10)

Since the rows of V⊤r∗ or B =
{⃗
v⊤k , 1 ≤ k ≤ r∗

}
is an approximate orthonormal

basis for the row space of A, the entries of ψ⃗(x⃗ j) represent the coordinates of

stress history σ⃗⊤(x⃗ j) with respect to B. Here we state a key assumption:

Assumption 1: If one keeps sampling from a fixed probability distribution on Ω,

and calculate and store the stress histories as rows in A (i.e. the number of rows of A,

|ΩT |, increases accordingly), V⊤r∗ or B =
{⃗
v⊤k , 1 ≤ k ≤ r∗

}
will converge.

Assumption 1 states that, for a given loading history, all stress histories gener-

ated by the constitutive model are linear combinations of the same basis. This is

a reasonable assumption because there must exist some relation between stress

histories since they are generated by the same constitutive model. We can there-

fore use the same orthonormal basis B in the row space to compute σ⃗⊤(x⃗ j) where

x⃗ j can be any parameters in Ω. This means we can find a good approximation of

σ⃗⊤(x⃗ j) inΩwithout using the constitutive model if we can find ψ⃗(x⃗ j), the projection of

σ⃗⊤(x⃗ j) on B. This allows us to dramatically increase the data set without doing

additional computations.

Now the problem is how to determine ψ⃗(x⃗∗j) if the parameters vector x⃗∗j is not

in the training set. In other words, x⃗∗j ∈ ΩP, ΩP ∩ΩT = ∅.
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4.3 Machine learning framework for model fitting

In this part, we introduce the use of machine learning methods to predict the

value of ψ⃗(x⃗∗j) for x⃗∗j ∈ ΩP, ΩP ∩ΩT = ∅.

It is well known that there are many types of machine learning methods and

they usually have their unique features for specific problems [54, 55]. To make

our methods more general, in this section, we will first introduce a machine

learning framework for constitutive model fitting without considering specific

machine learning methods. In the next two sections, we will implement this

framework with two different machine learning methods and discuss their ef-

fectiveness in the model fitting problem.

4.3.1 Preprocessing

Preprocessing means preparing the training set for machine learning methods.

What is the input and the output, and how can we generate some input and

output data for following training process? This workflow is shown in Fig. 4.2.

The first thing we need to do is to choose |ΩT | sets of parameters and calculate

their stress histories, using the constitutive model. Then, as we mentioned be-

fore, we can put all those stress histories together to be a stress matrix, as shown

in Fig. 4.2 (a) and (b). After that, singular value decomposition is applied to the

stress matrix and we can get its U, Σ and V⊤. From Σ, we can plot the curve

of singular values versus the number of terms to determine the value of r∗, as

shown in Fig. 4.2 (c). With the value of r∗, we can then determine the basis B

from V⊤, as shown in Fig. 4.2 (d).
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Now it is clear that for this machine learning framework, the input is the

model parameters and the output is the principal components. Note again that

our purpose for this machine learning framework is to find the relationship

between model parameters and principal components of stress histories, for a

given loading history, so this framework knows nothing about the basis.

Figure 4.2: Preprocessing of the machine learning framework.

4.3.2 Training and validation

With the training set, the next step is to implement the training and validation

of this machine learning framework, which is the most important process in
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determining the final prediction quality. The workflow is shown in Fig. 4.3.

First, the training set with |ΩT | sets of parameters and principal values are fed

to the specific ML method for training, as shown in Fig. 4.3 (a). After training,

we randomly choose |ΩV | sets of parameters from the parameter space Ω such

that ΩT ∩ ΩV = ∅. Then we use the trained ML method to get the predicted

principal components ψ⃗ML(x⃗ j), x⃗ j ∈ ΩV , while we also calculate the real principal

components ψ⃗(x⃗ j), x⃗ j ∈ ΩV using the constitutive model and basis in Fig. 4.2 (d).

ψ⃗ML(x⃗ j) will be compared with ψ⃗x⃗ j) for all x⃗ j ∈ ΩV , as shown in Fig. 4.3 (b). If

the error between them is small, we adopt the training results and go to the next

step, otherwise we will retrain the machine learning method, or setΩT = ΩT∪ΩV

and then retrain the machine learning method.

Figure 4.3: Training and validation of ML method

4.3.3 Prediction and fitting

After training and validation, the ML method should be able to predict the prin-

cipal components of any parameters in the parameter spaceΩ fast and precisely;

we can use this fast prediction for fast parameter fitting.
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Let us suppose we carried out a uniaxial experiment with some loading his-

tory. We first take the stress history from this experiment to form a vector and

then calculate its projection on the basis of B to determine its principal values.

Then, we uniformly randomly select a large number of new parameter vectors

in a subsetΩP of the parameter spaceΩ and predict their principal vectors using

the trained neural network. If ΩP is large enough, there should exist some pa-

rameter vectors which fit the experimental data well. To ensure good fitting, we

choose |ΩP| == 1000|ΩT |, so the size of prediction set is larger than 1 million. It

is very time-consuming to calculate the constitutive model 1 million times (time

is roughly 1s per calculation). However, as we shall see below, it is very fast for

the ML method to predict principal components for 1 million parameter vectors.

The optimal set of parameters should have principal components closest to the

experimental principal components, as defined by Eq. (4.11) below.

x⃗opt = argminx⃗ j∈ΩP

||ψ⃗ML(x⃗ j) − ψ⃗exp||

||ψ⃗exp||
(4.11)

Figure 4.4: Prediction and fitting

Often, one can obtain a set of parameters that fits one experiment extremely

well. A more stringent test of a constitutive model is to find a set of parameters
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which works for a wide variety of loading histories. This situation is more com-

plicated since the basis B and principal components are different for different

loading histories. Here we adopt one of the most straightforward methods, that

is, we train different neural networks independently for different loading histo-

ries, and then make predictions for different loading histories, using the same

prediction set. The optimal parameter vector x⃗opt is the one with the smallest

average error among all experiments, i.e.,

x⃗opt = argminx⃗ j∈ΩP

1
N

N∑
i=1

||ψ⃗(i)
ML(x⃗ j) − ψ⃗

(i)
exp||

||ψ⃗(i)
exp||

(4.12)

where N means there are N experiments in total, and i means the ith loading

history.

4.4 Gaussian process method

4.4.1 Gaussian Process regression introduction

From Eq. (4.5) we already know X is the matrix of parameters in the training set,

now let’s define another parameter matrix as

X∗ = [x⃗∗1, x⃗
∗
2, · · · , x⃗

∗
|ΩP |

]⊤, x⃗∗j ∈ ΩP, 1 ≤ j ≤ |ΩP| (4.13)

which is called the matrix of the prediction inputs. The theory of Gaussian

process states that if the function y(x⃗ j) conforms to a Gaussian Process on Ω, the

distribution over any set of inputs belonging toΩmust have a joint multivariate

Gaussian distribution, i.e., y⃗

y⃗∗

 ∼ N
0,

 [KXX] + δ2[I] [KXX∗]

[KX∗X] [KX∗X∗]


 (4.14)
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In Eqn. 4.14, δ2 represents the noise level and can be treated mathematically

as a regularizer (e.g. from experiments or numerical calculation), and [I] is the

identity matrix. Here [KXX], [KXX∗], [KX∗X] and [KX∗X∗] are |ΩT | × |ΩT |, |ΩT | × |ΩP|,

|ΩP| × |ΩT | and |ΩP| × |ΩP| matrices, respectively, and they are called covariance

matrix [56]. How to get those matrices according to the training data will be

introduced later. Now, if we already know the value of all those matrices, given

y⃗, the Gaussian process regression predicts that

y⃗∗ = [KX∗X]
[
[KXX] + δ2[I]

]−1
y⃗ (4.15)

where y⃗∗ is the mean value of the random variable, y⃗∗; it represents the best

estimation of the output value for inputs x⃗∗j ∈ Ω, 1 ≤ j ≤ |ΩP| when we already

know the values of the training set
{

y(x⃗ j) | x⃗ j ∈ Ω, 1 ≤ j ≤ |ΩT |
}
. The variance of

y⃗∗ is given by:

var(⃗y∗) = diag
(
[KX∗X∗] − [KX∗X]

[
[KXX] + δ2[I]

]−1
[KXX∗]

)
(4.16)

Eq. (4.16) measures the variablity of y⃗∗ and provides useful information on

the reliability of the estimate given by Eq. (4.15). The next step is to identify

the random variables y(x⃗ j) and y(x⃗∗j) in the Gaussian process, GP, with physical

quantities in our problem.

4.4.2 Gaussian process metamodeling for constitutive models

Since we already know the definition of X and X∗, now the most important thing

would be, what should y⃗ and y⃗∗ be, in order to predict the principal values of

parameter vectors that are not in the training inputs without using this consti-

tutive model?
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Assumption 2: Each component in ψ⃗(x⃗ j) and ψ⃗(x⃗∗j) conforms to an independent

Gaussian process on Ω.

Recall that after SVD compression, ψ⃗(x⃗ j) and ψ⃗(x⃗∗j) both contain r∗ compo-

nents, where r∗ is the number of dominant singular values of A. Each compo-

nent of these coordinate vectors ψ⃗(x⃗ j) and ψ⃗(x⃗∗j) will now be identified as the

random variable y(x⃗ j) or y(x⃗∗j) in a GP. We further assume these GPs are inde-

pendent. We have r∗ independent GPs. Specifically, we define

ψk(x⃗ j) = kth component o f ψ⃗(x⃗ j), x⃗ j ∈ Ω (4.17)

For the rest of this paper, ψk(x⃗ j) or ψk(x⃗∗j) denote the kth component of ψ⃗(x⃗ j) or

ψ⃗(x⃗∗j). The vectors y⃗k, k = 1, 2, · · · , r∗, which are the vectors of the training outputs

in the kth Gaussian process model GPk, correspond to y⃗ in Eq. (4.14):

y⃗k ≡


ψk(x⃗1)
...

ψk(x⃗|ΩT |)

 , k = 1, 2, · · · , r∗ (4.18)

To predict y⃗∗k(x⃗∗j), we train a total of ξ independent GPs, namely GPk, k =

1, 2 · · · , ξ, using the training set that comprises the matrix of the training inputs

X and the vector of the training outputs y⃗k for k = 1, 2 · · · , ξ. The training process

will be discussed later. Using Eq. (4.15) we obtain

y⃗∗k =


ψk(x⃗∗1)
...

ψk(x⃗∗
|ΩP |

)

 = [KX∗X]k

[
[KXX]k + δ

2[I]
]−1

y⃗k, k = 1, 2, · · · , r∗ (4.19)

where ψk(x⃗∗j) is the predicted mean value of kth component of ψ⃗(x⃗∗j). The subscript k in

[KXX]k and [KX∗X]k indicates that the elements of these matrices are dependent on
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y⃗k. From Eq. (4.17) and Eq. (4.19) we obtain ψ⃗GP(x⃗∗j) which is an approximation

of ψ⃗(x⃗∗j), i.e.,

ψ⃗GP(x⃗∗j) =
(
ψ1(x⃗∗j), ψ2(x⃗∗j), · · · , ψr∗(x⃗∗j)

)⊤
≈ ψ⃗(x⃗∗j) (4.20)

With the estimated value of ψ(x⃗∗j), the stress history corresponding to x⃗∗j is

σ⃗⊤(x⃗∗j) ≈ ψ⃗
⊤(x⃗∗j)V

⊤
r∗ ≈ ψ⃗

⊤
GP(x⃗∗j)V

⊤
r∗ (4.21)

Now, the stress history can be predicted from matrix-vector multiplications

without solving for the stress using the constitutive model, as shown in Fig. 4.5.

We now have a better understanding of why SVD is first applied to the stress

matrix. After SVD, each stress history can be represented by r∗ quantities. To

build metamodels for all those quantities, a total of r∗ independentGP should be

trained, namely GPk, k = 1, 2 · · · , r∗. Note, in the original stress history matrix,

each stress history is defined by ζ quantities, i.e., the number of columns of

matrix A. As a result, to build metamodels for the constitutive model, a total

of ζ independent GP are needed. Unfortunately, ζ is usually 10 to 1000 times

larger than r∗, so applying Gaussian process directly to the matrix is extremely

uneconomical.

4.4.3 Anisotropic RBF kernel and training

To determine ψGP(x⃗∗j), we need to specify and evaluate the covariance matrices

in Eq. (4.15) and Eq. (4.19). There are many forms of covariance functions [56].

In this work we use the anisotropic RBF kernel which defines the elements of

the covariance matrix [KXX] in Eq. (4.15) as

kx j x j′ ≡ k(x⃗ j, x⃗ j′) = σ2
f exp

−1
2

q∑
d=1

(x jd − x j′d)2/ℓ2
d

 , 1 ≤ d ≤ q (4.22)
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where the subscript d in x jd denotes the dth component of the parameter vec-

tor x⃗ j ∈ R
q. ℓd is the characteristic length specific to x jd while σ f is the signal vari-

ance. This class of covariance functions naturally takes care of the coordinate-

dependent scaling of the parameter vector by specifying a unique ℓd for the dth

coordinate of the parameter vector for 1 ≤ d ≤ q. This property is especially

suitable in our case where the parameters in a constitutive model usually have

different units and scales. In the literature, the anisotropic RBF kernel has been

successfully applied to material modeling [57, 58].

Let the set θ⃗ = {ℓ2
1, ℓ

2
2, · · · , ℓ

2
q, σ

2
f } denote the parameters in the covariance func-

tion. These components are called the hyperparameters of the machine learning

model GP. The characteristic lengths ℓd measure the distances in the parameter

space when y(x⃗ j) become uncorrelated [56]. ℓd characterizes the dependence of

y(x⃗ j) on the dth component of x⃗ j, i.e., x jd. A larger ℓd means that y(x⃗ j) is smoother

in x jd. If ℓd is very large compared with the scale of x jd, then y(x⃗ j) is approxi-

mately linear in x jd. If ℓd is very small compared to the scale of x jd, then a small

change of x jd can lead to a dramatic change of y(x⃗ j). The signal variance con-

trols the range of the functions drawn from a GP. Roughly, σ f represents the

absolute scale of the training outputs.

To find the optimal hyperparameters, we use Assumption 2 which states

that
{
yk(x⃗ j), · · · , yk(x⃗ω)

}
have a joint multivariate Gaussian distribution whose co-

variance matrix [KXX] depends on the training inputs collected in X and θ⃗, as

indicated by Eq. (4.22). Thus, the probability density function of y⃗k given X and

θ⃗ is [56]

44



p( y⃗k | X, θ⃗ ) =
exp

(
−1

2 y⃗⊤k
[
[KXX] + δ2[I]

]−1
y⃗k

)
√

(2π)|ΩT ||[KXX] + δ2[I]|
(4.23)

We remark that during training, the hyperparameters in θ⃗ are variables and

each element in [KXX] is a function of θ⃗ (dark green box in Fig. 4.5) (b). In a

nutshell, the training process is as follows: k = 1, · · · , r∗, choose θ⃗ = θ⃗k which

made the observation of y⃗k most probable (dark boxes in Figure Fig. 4.5 (b)), i.e.,

θ⃗k = argmaxθ⃗p( y⃗k | X, θ⃗ ) = argmaxθ⃗ log p( y⃗k | X, θ⃗ ) ≡ argmaxθ⃗Lk(θ⃗), k = 1, 2, · · · r∗

(4.24)

where argmaxθ⃗p( y⃗k | X, θ⃗ ) denotes the θ⃗ that maximizes p( y⃗k | X, θ⃗ ). The sec-

ond equality in Eq. (4.24) is because the logarithmic function monotonically in-

creases. Lk(θ⃗) denotes the log marginal likelihood of the observation of y⃗k, which

is

Lk(θ⃗) ≡ log p( y⃗k | X, θ⃗ ) = −
1
2

y⃗⊤k
[
[KXX] + δ2[I]

]−1
y⃗k−

1
2

log |[KXX] + δ2[I]|−
|ΩT |

2
log 2π

(4.25)

Numerical methods such as gradient based techniques are used to

solve Eq. (4.24) for the optimal hyperparameters. In this work the

sklearn.gaussian process.GaussianProcessRegressor module im-

plemented in Python is used to determine y⃗∗ while the L-BFGS-B algorithm

is used to maximize the log marginal likelihood function.

We use the set θ⃗k = {ℓ
2
k1, ℓ

2
k2, · · · , ℓ

2
kβ, σ

2
f k} to specify the optimized hyperpa-

rameters in the covariance function of the kth Gaussian process machine learn-

ing model GPk (light green boxes in Fig. 4.5 (b)). They uniquely define GPk by

Eq. (4.22). Thus, the covariance matrices [KXX]k and [KX∗X]k in Eq. (4.19) are [KXX]

and [KX∗X] evaluated at θ⃗k. That is,
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[KXX]k = [KXX]|θ⃗k
[KX∗X]k = [KX∗X]|θ⃗k

(4.26)

All the processes above are summarized in Figure 4.5.

Figure 4.5: The overall flowchart for (a) generating the data set, (b) metamodel-
ing of the constitutive behavior, and (c) predicting the stress history σ⃗⊤(x⃗∗j). The
structure of the stress matrix A in (a) is shown in Fig. 4.1. Matrix V⊤r∗ in (a) and (c)
is the transpose of the V matrix in SVD but only with the first ξ columns. Each
of the dark boxes in (b) represents an individual training process that is based
on hyperparameter optimization by maximizing the log marginal likelihood.
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4.4.4 Implementation of Gaussian process method on PVA gel

(This part is done with the help of Tianjiao Li at Cornell University, and more

details can be found in A.1)

In this section, we are going to try fitting PVA constitutive model using

Gaussian Process method. Here we first start |ΩT | = 1000.

We first conduct SVD on the stress matrix A(i), 1 ≤ i ≤ 4, where each matrix

has |ΩT | rows generated by solving our constitutive model. Fig. 4.6 shows the

SVD of A(i). Note that the singular values of A(i) decay rapidly to zero for k > 3

in all four strain histories. This shows that r∗ = 3 is sufficient for accurately

estimating the stresses for all four strain histories.

Figure 4.6: Singular values of four strain histories. The singular values for each
strain history are presented by different color lines. s2

k values for k > 10 are not
shown because they are too small compared with the first 4 singular values

As described earlier, the hyperparameters can provide useful information

about our constitutive model. The optimized hyperparameters are listed in Ta-

ble 4.1. Table 4.1 shows that the stress history is most sensitive to αB, less sensi-

tive to tB and least sensitive to µρ and µγ∞. Specifically, in all experiments, the

characteristic length ℓ1 is very large compared to the scale of µρ (0 ≤ µρ ≤ 15),
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this is consistent with Eq. (3.13) which indicates that the stress history depends

almost linearly on µρ. On the other hand, ℓ2 is very small compared to the scale

of αB (1.3 ≤ αB ≤ 1.9), consistent with the fact that the stress history is very sen-

sitive to αB. Finally, ℓ3 is very close to the scale of tB (0 ≤ tB ≤ 1.5) and ℓ4 is 2 to 6

times larger than the scale of µγ∞ (0 ≤ µγ∞ ≤ 100). This is again consistent with

Eq. (3.13) which shows that stress changes smoothly (but not linearly) with tB

and µγ∞.

As we discussed in section 4.3.2, we randomly choose 1000 random param-

eter vectors from all of x⃗∗j for validation. We then compute the ψ⃗(x⃗∗j) using

Eq. (3.13) for both the cyclic and relaxation tests and compare them to the pre-

dicted ψ⃗GP(x⃗∗j) using the Gaussian process models. For each test and each com-

ponent of ψ⃗(x⃗∗j), the prediction of our constitutive model vs the prediction of the

Guassian process models is shown in Figure 4.7. In all cases, the predicted value

is practically the same as the computed value. This means the predicted ψ⃗GP(x⃗∗j)

by the models is highly accurate and we can determine stress histories outside

the training set without integrating the constitutive model.

We then assess whether the material parameters determined by our method

can accurately fit experimental data. Fig. 4.8 compares the experimental stress-

strain curves predicted with the curves calculated with the rank 1st set of param-

eters given by Eq. (4.12) for the 4 different experiments. The agreement between

experiments and theory is excellent.

Here we can see that we are very lucky to get low validation error and good

fitting results with one time training for each experiment. This is because PVA

model only contains 4 parameters so training size of 1000 is big enough to rep-

resent the relationship between parameters and principal components of this
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Table 4.1: Summary of optimized hyperparameters. Since r∗ = 3 and N = 4,
we have a total 12 different sets of optimized hyperparameters. To simplify
notation, we omit the subscript k for each component. ℓ1, ℓ2, ℓ3 and ℓ4 are the
characteristic lengths of µρ, αB, tB and µγ∞ respectively, as defined in Eq. (4.22)

Train σ f ℓ1 † ℓ2 ℓ3 ℓ4

EXP 1

y⃗(1)
1 196 1.00 × 104 0.185 2.94 393

y⃗(1)
2 197 1.00 × 104 0.178 2.75 416

y⃗(1)
3 188 9.92 × 103 0.170 2.66 477

EXP 2

y⃗(2)
1 164 1.00 × 104 0.199 2.66 381

y⃗(2)
2 148 1.00 × 104 0.189 2.54 408

y⃗(2)
3 144 9.98 × 103 0.194 1.85 491

EXP 3

y⃗(3)
1 133 1.00 × 104 0.213 2.39 367

y⃗(3)
2 123 1.00 × 104 0.199 2.23 428

y⃗(3)
3 74 7.52 × 103 0.224 1.07 461

EXP 4

y⃗(4)
1 145 1.00 × 104 0.213 2.36 377

y⃗(4)
2 266 1.00 × 104 0.174 2.91 437

y⃗(4)
3 238 9.66 × 103 0.170 2.21 468

† the upper limit of ℓ1 in the optimization is set to be 1.00 × 104.

model. Another thing one may discover is that the variance is not used in

this fitting process, which should be useful because it provides information on

the reliability of the Gaussian process estimation. So we did an active learning

study for Gaussian Process in Appendix 2, which demonstrates how the vari-

ance could help us update the training set efficiently.
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Figure 4.7: Predicted projection ψk(x⃗∗j) using GP versus projections ψk(x⃗∗j) ob-
tained using constitutive model for four different types of experiments.

blank
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Figure 4.8: Comparison of model prediction with experiments. the model pa-
rameters are

(
µρ, αB, tB, µγ∞

)
= (4.744kPa, 1.579, 0.841s, 13.48kPa)

blank
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4.4.5 Gaussian process for more complex models

One limitation of our method is that the basic computational complexity of

Gaussian process is the size of the training set ω to the third power, i.e., O(ω3).

When the size of the parameter space becomes larger, larger training set is re-

quired to effectively represent the parameter space, which will potentially lead

to low computational efficiency.

As we mentioned before, the Gaussian process is implemented using the

GaussianProcessRegressor module in sklearn package, which is run-

ning on CPU. When we apply the same code to c-PA and p-PA models, the

fitting results for 1000 training size are very bad so we iterate to increase the

training size. However, when the training size increases to 3000 for c-PA model

(with 9 parameters), it takes us more than 5 hours to train even one Gaussian

process, which is comparable to the direct calculation of the constitutive models.

One possible way to solve this problem is to train the Gaussian process on

GPU, which can accelerate the training process hundreds of times faster with

the help of parallel computation. One good package for Gaussian Process on

GPU is GPytorch [59]. However, in this study, the implementation of Gaussian

Process through GPytorch encounters some numerical issues (may relate to the

noise term and its optimization in GPytorch), and we are not able to solve them

at the time of this study. But there should be no theoretical obstacle for solving

this problem and we will be happy if one could implement our methods using

parallel computation.
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4.5 Adaptive neural network method

4.5.1 NN for consitutive models

There are various types of NN [54, 55]. Here we choose the deep neural net-

work (DNN) for its simplicity. A DNN always contains three types of layers:

input layer, hidden layer, and output layer. For our parameter fitting problem,

the input layer is the parameters of the constitutive model so the number of in-

put nodes equals q; the output layer is the first r∗ principal components, so the

number of output nodes is r∗.

Figure 4.9: Schematics of DNN. The number of nodes in the input layer equals
the number of modal parameters, q, and the number of nodes in the output
layer is the number of singular values needed to approximate the stress history,
r∗. The outputs are the principal components associated with a particular stress
history. Only two hidden layers are shown but more can be used.

There can be many hidden layers. More layers or more nodes in each hidden

layer means greater ability to simulate complex models but usually requires

larger training sets to reach the best prediction result. In Fig. 4.9, we show an
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example of two hidden layers. Each node in the first hidden layer (say node

k) takes as input the q input values of a parameter vector x⃗ j and computes its

output o1k(x⃗ j) as:

o1k(x⃗ j) = ln
(
1 + exp(w⃗1k · x⃗ j + b1k)

)
(4.27)

where ln(1 + exp()) is the Softplus activation function. Here the components of

w⃗1k are the weights of the kth node in the first hidden layer, · is the dot product

of two vectors and b1k is the bias.

Similarly, the nodes of the 2nd hidden layer will take as input the outputs

of the first hidden layer o⃗1 = (o11, o12, · · · , o1h1)
⊤ (h1 denotes the total number of

nodes in the first hidden layer), and so on (using different weights and biases).

For example, for the second hidden layer,

o2k(o⃗1) = ln(1 + exp(w⃗2k · o⃗1 + b2k)) (4.28)

Finally, the output is given by

ψk(x⃗ j) = w⃗3k · o⃗2 + b3k, k = 1, 2, · · · , r∗ (4.29)

where w⃗3k and b3k are the weights (in our case the principal components) and

bias of the last hidden layer. Here o⃗2 is the output vector of hidden layer 2.

We define the training error by

errtrain =
1
|ΩT |

∑
x⃗ j∈ΩT

||ψ⃗NN(x⃗ j) − ψ⃗(x⃗ j)||

||ψ⃗NN(x⃗ j)||
(4.30)

where ψ⃗NN(x⃗ j) is the output principal vector of the NN associated with x⃗ j in the

training set and ψ⃗(x⃗ j) is the computed principal vector obtain using SVD. ΩT is

the training set, so |ΩT | is the number of elements in the training set. Training

means we tune all the weights and biases in the neural network so errtrain is less

than an assigned small number. The tuning process is done using the gradient

descent method. Details are given in A.3.
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4.5.2 Verification and adaptive neural network

In the discussion above, we show an example of two hidden layers. How-

ever, different constitutive models require different numbers of hidden layers

and training set sizes to achieve the best prediction. For example, a constitu-

tive model with fewer material parameters usually requires fewer hidden lay-

ers and a smaller training set, whereas a model with more parameters requires

more hidden layers and a larger training set. Our goal is to design an accurate

and efficient algorithm to determine material parameters for any constitutive

model. In the following, we design an adaptive network to update the neural

network and training set automatically. The flow chart of our algorithm is given

in Fig. 4.10.

In our NN, the input and output layers are fixed. For the hidden layers,

we always start with two hidden layers with 32 nodes, denoted by {32, 32} (It

means there are two hidden layers, with 32 nodes in the first hidden layer and

32 nodes in the second hidden layer. If we have {32, 64}, it means there are two

hidden layers, with 32 nodes in the first hidden layer and 64 nodes in the second

hidden layer), and 1000 sets of parameters in the training set. We then train

this neural network until the training error errtrain approaches an approximate

constant minimum value. Our strategy is as follows: if errtrain is smaller than the

designated value (e. g., 3%), the program goes to the validation part; if errtrain is

larger than the designated value, the number of hidden layers will be increased

by one and the new NN is re-trained with the same training set. The number

of nodes in the new hidden layer is 64. We continue this process of adding

new hidden layers if the training error is larger than the designated value. The
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Figure 4.10: Workflow of adaptive neural network. This framework automati-
cally increases the number of layers and training size according to training error
and validation error.

number of nodes in these hidden layers are given in equation Eq. (4.31) below:

{32, 32}
two layers

→
{32, 64, 32}
three layers

→
{32, 64, 64, 32}

f our layers
→
{32, 64, 128, 64, 32}

f ive layers
→ · · · · · ·

(4.31)
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We continue this procedure until the validation error is less than the designated

value. The strategy is summarized by the flow chart in Fig. 4.10.

A small training error means the neural network can predict parameter vec-

tors it has already seen before, not necessarily new vectors. So, the next step

is to validate that the trained neural network can still give a small error for pa-

rameters that lie outside the training set. This step is called validation. For this

part, we uniformly randomly choose 1000 sets of new parameters, ΩV , from the

parameter space Ω and determine their principal vectors using our constitutive

model and SVD (ψ⃗(x⃗ j)) and neural networks (ψ⃗NN(x⃗ j)) respectively. The valida-

tion error is defined in the same way as the training error, i.e.,

errvalidation =
1
|ΩV |

∑
x⃗ j∈ΩV

||ψ⃗NN(x⃗ j) − ψ⃗(x⃗ j)||

||ψ⃗NN(x⃗ j)||
(4.32)

If the validation error is smaller than a pre-assigned value, we stop training

and validation and go to the prediction phase; if the validation error is large,

which means the NN makes bad predictions, we will add these new parameter

vectors and their principal components (computed using constitutive model) to

our training set and return to training.

When training and validation finally ends, the trained NN makes very good

prediction of principal components for any parameter vector in the parameter

space. An example is shown in Fig. 4.11 for a c-PA gel subjected to cyclic load-

ing (strain rate is 0.01/s for loading and unloading, and maximum stretch is

2). After training, we randomly select 1000 parameters from Ω and then deter-

mine their principal components by calculating the c-PA model. We compare

these principal components with the predicted principal components using the

trained NN. From Fig. 4.11, the predicted components are practically identical

to the components obtained by integrating the constitutive model.
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Figure 4.11: Calculated principal components using constitutive model for c-PA
gel versus predicted principal components using NN for cyclic loading. The
straight line with slope 1 is used to guide the eye.

Here we briefly explain the mathematical strategy of our update logic. When

the training error is large, it means the neural network underfits the data due to

simplicity, so we need to increase the complexity of the neural network. When

the validation error is large, the neural network does not sample enough points

in the parameter space to make a good prediction, so it is necessary to increase

the size of the training set.

4.5.3 Results for NN fitting

For each material, we first choose 1000 sets of parameters from their parameter

space, calculate the stress matrix and then get the singular values to determine
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how many singular values we need to approximate an experimental curve. All

the results are summarized in Fig. 4.12. For all the models and loading histories,

the singular value becomes negligible after the 4th term, which means r∗ = 4 is

enough in this work.

Figure 4.12: Singular values for different models and loading histories. These
results show that 4 singular values are sufficient to approximate all our experi-
ments well.

PVA model fitting

For PVA gel, the training results are shown in Table 4.2. The PVA constitutive

model has 4 parameters, so it is relatively simple to fit. A neural network with

two hidden layers and 1000 training size is good enough to predict the principal

values extremely well. In our algorithm, |ωP| = 1000|ΩT | = 1 × 106. This is a

large number of parameters, and the last row in Table 1 shows that a brute force

calculation will cost 23.4 hours in total to calculate the PVA constitutive model 2
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million times for all four experiments. However, the neural network needs less

than 2 seconds to predict the principal values for all parameters in ΩP. Even if

we include the training time, less than 5 minutes is needed to perfectly fit all the

experimental curves. The best parameters are

(µρ, αB, tB.µγ∞) = (4.319kPa, 1.648, 0.2206s, 63.85kPa) (4.33)

The comparison between the prediction of PVA model using the parameters

obtained by NN and experiments is shown in Fig. 4.13.

Figure 4.13: Comparison of prediction using best fitted parameters (Eq. (4.33))
from NN (orange) and experiment data (blue) for a PVA gel sample subjected
to four loading histories.

Note here the parameters are different from the parameters obtained from

Gaussian Process. This is because there are many sets of parameters which can

fit all four experimental curves very well. This is one advantage of our machine
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Table 4.2: Training results for PVA constitutive model

EXP A EXP B EXP C EXP D

Hidden layers {32, 32} {32, 32} {32, 32} {32, 32}

Training size 1000 1000 1000 1000

Training error 0.3% 0.4% 0.2% 0.3%

Validation error 3.4% 4.5% 2.8% 2.8%

Training Time 72s 72s 45s 110s

Prediction time 0.34s 0.34s 0.32s 0.34s

Compared to model 4.6h 4.6h 4.6h 9.6h

learning framework. Almost all good parameters for experimental curves can

be found instead of single one. We will discuss this in detail in Section 4.6.

c-PA model fitting

For c-PA gel, the training results are shown in Table 4.3. The c-PA model

is more complex than the PVA model since it has 9 parameters. The adaptive

neural network captures this complexity, and a good prediction can be achieved

with three hidden layers and about 3000 training size. The c-PA model is much

more complex as it involves solving an integral equation for each parameter

vector input. For |ΩP| = 1000|ΩT | = 3 × 106, roughly 210 hours in total would

be needed to determine the principal values for all the four loading histories

without the use of neural network (last row of Table 4.3). It took less than 1

hour of training and 4 seconds of prediction time using our adaptive neural

network approach.
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The best parameters for c-PA model are

c1 = 2.298MPa c2/c1 = 0.2827 c3/c1 = 0.0011 λc = 1.2302

ωchem = 0.0023 αB = 1.7030 tB = 0.0984s m = 1.2823 tH = 0.5638s
(4.34)

The comparison between the prediction of c-PA model using the parameters

obtained by NN and experiments is shown in Fig. 4.14

Figure 4.14: Comparison of prediction using best fitted parameters from NN
(orange) and experiment data (blue) for a c-PA gel sample subjected to four
loading histories.

62



Table 4.3: Training results for c-PA constitutive model

EXP 1 EXP 2 EXP 3 EXP 4

Hidden layers {32, 64, 32} {32, 64, 32} {32, 64, 32} {32, 64, 32}

Training size 3000 3000 3000 3000

Training error 1.3% 1.5% 1.3% 1.2%

Validation error 4.2% 4.4% 3.2% 4.1%

Training Time 477s 487s 452s 592s

Prediction time 1.03s 0.98s 1.02s 0.99s

Compared to model 42h 42h 42h 84h

p-PA model fitting

For p-PA gel, the training results are shown in Table 4.4. The p-PA model

has 13 parameters, so it is very complicated and difficult to fit. To get good pre-

diction results, the adaptive neural network chooses five hidden layers and a

training set size of 6000. The p-PA model requires solving two integral equa-

tions so it takes even more time to integrate the model than the c-PA model. For

|ΩP| = 1000|ΩT | = 6 × 106, about 600 hours in total would be needed without the

help of neural network (last row of table 3), but only less than 2 hours of train-

ing and 20 seconds of prediction are needed using our adaptive neural network

approach.

The best parameters for p-PA model are

c1 = 3.459MPa c2/c1 = 0.4223 c3/c1 = 0.0506 λc = 1.1166

ω1 = 0.5611 αB1 = 1.7868 tB1 = 0.0032s m1 = 0.3940 tH1 = 0.3850s

ω2 = 0.4389 αB2 = 1.7268 tB2 = 0.0566s m2 = 0.4722 tH2 = 0.3542s
(4.35)

The comparison between the prediction of p-PA model using the parameters

(Eq. (4.35)) obtained by NN and experiments is shown in Fig. 4.15.
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Figure 4.15: Comparison of prediction using best fitted parameters from NN
(orange) and experiment data (blue) for a p-PA gel sample subjected to four
loading histories.

4.6 Model analysis with machine learning method

When using this machine learning framework for model fitting, we find that

there are always many sets of parameters which may fit the experimental data

very well, despite considerable variations among them. For example, for PVA

gel, we find that the top-ranked 500 parameters (ranked using Eq. (4.36)) vectors

can fit all four experiments very well. This suggests there must be some relation

between parameters. Here we make 2D projections of x⃗∗j onto two-dimensional

subspaces of Ω and plot them in Fig. 4.16.

err(x⃗∗j) =
1
N

N∑
i=1

∥∥∥ψ⃗(i)
GP(x⃗∗j) − ψ⃗

(i)
exp

∥∥∥∥∥∥ψ⃗(i)
exp

∥∥∥ , 1 ≤ j ≤ η (4.36)
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Table 4.4: Training results for p-PA constitutive model

EXP 1 EXP 2 EXP 3 EXP 4

Hidden layers {32, 64, 128, {32, 64, 128, {32, 64, {32, 64,

64, 32} 64, 32} 64, 32} 64, 32}

Training size 7000 7000 6000 5000

Training error 2.8% 2.3% 2.7% 2.4%

Validation error 3.9% 3.3% 3.8% 4.9%

Training Time 1851s 1551s 1226s 1208s

Prediction time 5.62s 3.96s 3.03s 4.12s

Compared to model 128h 128h 110h 240h

Fig. 4.16 shows that these 500 parameter vectors vary a great deal despite the

fact that err(x⃗∗j) are less than 0.065, with most below 0.05. We let X denote the

set of these 500 parameter vectors. The inescapable conclusion is that there are

many sets of material parameters that fit these experiments. More importantly,

these plots show that there are strong relationships between µρ and αB, as well

as tB and µγ∞.

To understand this dependence, we use a result from our previous work [20]

which shows that when strains are small, that is, when λ(t) = 1 + ϵ(t) ∼ 1, our

nonlinear viscoelastic model becomes linear, resulting in

σ(x⃗, t) =
∫ t

−∞

Y
(
t − τ

tB

)
dϵ(τ)

dτ
dτ (4.37)

where Y is the relaxation function in tension and is given by

Y(t) ≡
3µγ∞tB

2 − αB

(
1 + (αB − 1)

t
tB

) 2−αB
1−αB

+ 3µρ (4.38)

Eqs. (4.37) and (4.38) states that σ(x⃗, t) depends linearly on µγ∞tB. If the con-

stitutive law is correct, then µγ∞tB must be a material constant C for a specific
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experiment, therefore µγ∞ = C/tB. Also, Eqs. (4.37) and (4.38) shows that σ(t) in-

creases with µρ and αB. Therefore, to produce the same stress history, a smaller

αB must be chosen if a larger value of µρ is chosen. Fig. 4.16 shows that these

relationships are consistent with machine learning prediction.

Figure 4.16: Distribution of the top 500 parameter vectors in parameter space.
(a) shows that µρ and αB are strongly correlated. (f) shows that tB and µγ∞ are
strongly correlated. The points are colored according to their corresponding
errors defined in Eq. (4.36).

For c-PA and p-PA models, we also find that there are many good parameters

that can fit all the experiments very well. Considering these two models contain

more parameters (9 and 13, respectively), there is great possibility that there are

some relationships between all these parameters. This part is not the focus of
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this study so we haven’t got the chance to dive deeper into it. However, from

the analyzing results of PVA model, we have already shown that our proposed

machine learning framework not only has the ability to fit model parameters,

but also has great potential in model analysis and optimization.

4.7 Discussion

A machine learning framework based on singular value decomposition and ma-

chine learning training is used to build metamodels for constitutive models.

Principal components of stress histories in the training set are extracted using

SVD. Two different machine learning methods are trained to simulate the re-

lationship between model parameters and principal components of stress his-

tories. After training, the machine learning framework can predict the stress

histories not in the training set very well. This allows us to generate a large

number of stress histories based on different parameter sets to fit experiments

precisely and quickly.

For Gaussian Process method, it makes predictions based on the kernel func-

tion with model parameters as variables, so it has a complete mathematical the-

ory to guarantee its prediction effect. It can not only give us the prediction

or fitting results, but also give us the variance of the prediction, which is very

helpful information for active learning and training set update. Although we

haven’t implemented it efficiently on very complex models like c-PA and p-PA

models, there is no theoretical obstacle to its implementation with good parallel

computation setups.
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For the neural network method, it is able to adapt to a wide variety of con-

stitutive models. Our adaptive neural network method updates the size of the

neural network and training size automatically. Three different time dependent

constitutive models, from simple to complex, are used as examples to validate

this adaptive neural network framework. Both the training results and the fit-

ting results show that our method can automatically capture the complexity of

the constitutive model and find a precise and efficient neural network. No ex-

tra operation is needed for neural network building, training, validation, and

prediction to accommodate this method for different constitutive models.

With the number of parameters in the examples ranging from 4 to 13, our ap-

proach in this work shows universality and scalability, and thus can be applied

to almost any parametric model. In other words, it is not necessary to restrict

it to rate dependent material models. The one limitation of our method is that

we need different neural networks for different loading histories since the basis

is not included in the neural network. Future work may consider possible so-

lutions like including loading conditions in the training set or using recurrent

neural networks to study the time series.

Besides model parameter fitting, our approach allows exploration of the cor-

relations between different material parameters in the constitutive model. Such

information can provide useful guidance to the underlying micro-mechanics

that govern the mechanical behavior of materials. This is also important for

generative design of materials when the constitutive model accurately captures

the physics.
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CHAPTER 5

NONLINEAR VISCOELASTICITY AND LOAD TRANSFER OF PA

HYDROGELS

5.1 Introduction

The area of hydrogels has undergone great advances since the development of

double network (DN) gels [13, 15], which provides a path to toughen an oth-

erwise brittle solid. However, because the networks in DN gels are chemically

crosslinked, the damage to the sacrificial network due to overload cannot be re-

covered. This shortcoming motivated material chemists to fabricate gels with

networks crosslinked by dynamic bonds [60, 61, 62]. These include dynamic co-

valent bond, hydrogen bond, ionic bond, metal-ligand coordination, host-guest

interactions, hydrophobic interactions, and π − π stacking [17, 63, 64, 65, 66, 67].

Often, dynamic bonds serve as sacrificial bonds to dissipate energy, which is a

key toughening mechanism. However, unlike DN gels, physical bonds in the

dynamic networks can reform, which leads to useful mechanical behavior such

as self-healing and improved fatigue resistance [68, 69, 70, 71].

Tough and self-healing hydrogels usually have two distinct dynamic modes

of polymer networks, one is crosslinked by the dynamic bonds, and another

is crosslinked by the covalent bonds and/or entanglements. Load transfer be-

tween two networks is important to predict the failure near stress concentrators,

such as the tip of a preexisting crack. For example, in a gel consisting of both

permanent and dynamic networks, crack growth cannot occur until both net-

works fail. This failure depends on the load transfer mechanics between the

permanent and the dynamic networks. In many systems, the dynamic network
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consists of sacrificial bonds which break to dissipate energy and protect chains

in the permanent network [72, 73]. This load transfer problem is of great impor-

tance to the development of tough gels, yet it is poorly understood. Depending

on the time observation window, soft materials with dynamic networks can ex-

hibit strong or weak viscoelastic behavior. At present, our understanding of

viscoelasticity is still rather incomplete. Many analyses and physical interpre-

tations rely on linear viscoelastic theory, which is well developed but limited

to small strains. For example, the storage and loss moduli of soft materials are

typically determined by rheology testing at strains on the order of 1%. In ap-

plications, strains in soft materials can easily exceed several hundred percent.

More importantly, linear viscoelasticity assumes that relaxation times) are ma-

terial properties, independent of stress and strain history. However, as noted

by [23, 63, 74, 75], the bond breaking and healing kinetics in most dynamic net-

works are sensitive to the force or stretch acting on the chains. This means that

relaxation times are not material properties but depend on the history of stress

or strain. This nonlinear effect is expected to play a key role in the load transfer

between the two networks in tough, soft materials.

In recent years, there has been a surge of interest using discrete and quasi-

continuum approaches to learn the effect of bond breakage and formation

on the mechanical response and viscoelastic behavior of polymer networks

[76, 77, 78, 79]. In this work, we shed light on this load transfer problem

and how it depends on dynamic bond (sticker) strength using polyampholyte

(PA) gels with two types of stickers developed by Sun et al. [17]. We study

four PA gels. Specifically, for each type of sticker, we prepare gels with or

without a chemical cross-linker N,N′-methylenebisacrylamide (MBAA). We call

these c-PA and p-PA gels, respectively. The dynamic bond of the 1st type
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is formed by p-styrenesulphonate (NaSS) and N-dimethylaminoethylacrylate

(DMAEA-Q). The softening temperature of this gel is 17.3 °C which is below

room temperature. The 2nd type of dynamic bond is formed by NaSS and 3-

(methacryloylamino) propyl-trimethylammonium chloride (MPTC), with soft-

ening temperature at 48.2 °C. In our experimental observation window, the stor-

age modulus and loss modulus of the 2nd is much greater than the first, so

we call the first dynamic bonds weak stickers and the second are called strong

stickers. In the following, gels with strong/weak stickers will be labeled by

c − PAstrong/weak and p − PAstrong/weak, respectively.

5.2 Experimental design

As we mentioned in section 4.1, the main difference between linear and non-

linear viscoelasticity is whether the relaxation time depends on strain histories

or not. Theoretically, we can perform uniaxial tension tests with different strain

histories and compare their relaxation times or relaxation functions. However,

nonlinear viscoelasticity is usually small in uniaxial tension tests, and it is easy

to be affected by random factors, like variance between samples, testing noise,

temperature, etc. To get rid of all the interference, one approach is to gener-

ate high strain gradient within a single sample. Here we propose two tests to

monitor the nonlinear viscoelastic effect.
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5.2.1 Single edge notched tension (SENT) test

In a linear viscoelastic solid, the relaxation function is independent of the

stress/strain history, hence the speed of stress relaxation in a relaxation test is

spatially uniform in the cracked specimen, despite the high stress/strain con-

centration near the crack tip [80]. However, for nonlinear viscoelastic solids,

the relaxation function depends on the strain or stress level. If the strain field

is non-uniform, the speed of stress relaxation can vary greatly in different parts

of the specimen. This phenomenon is expected to be most significant near the

crack tip, where the strain gradient is very large. To observe this behavior, we

perform a relaxation test using the SENT specimen (Fig. 5.1). Thicknesses of

specimens range from 1.9 mm to 2.1 mm. In-plane dimension is 20 mm × 10

mm with a 2 mm crack at the middle of one edge. We stretch the specimen

(with initial length L0) to a nominal stretch ratio of λ = L/L0 = 1.5 with a fast

stretch rate of 0.1/s and then hold it at the deformed length L = 1.5L0 for half

an hour. The strain distribution is measured using Digital Image Correlation

(DIC).

5.2.2 T-shape test

The SENT test can make it much easier for us to observe nonlinear viscoelastic

behaviors due to the high strain gradient near the crack tip. However, the crack

geometry makes this problem very difficult to analyze. Fortunately, the key fea-

tures of this phenomenon can be explained by the hypothesis that the breaking

kinetics of dynamic bonds are strain dependent: the relaxation time is not a ma-

terial property but is sensitive to the strain history acting on the network. If this
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Figure 5.1: Sample of SENT test. According to our hypothesis, the crack opening
displacement and strain near crack tip should increase during relaxation for
nonlinear viscoelastic materials

hypothesis is correct, then we should be able to see the same phenomenon in the

T-shape specimen in Fig. 5.2. The T-shape specimen has the same thickness and

length as the SENT specimen, the width of the wide section (WS) is 10 mm, two

times wider than the narrow section (NS). The edge of the intersection between

the sections is slightly rounded to reduce stress concentration. In this specimen,

each section of the specimen has approximately uniform but different strains,

with the NS bearing higher strain. This means that the NS should relax faster

and hence be more compliant. Since the same tension force is acting on both

sections, the strain in the NS must increase. This increase in strain in the NS

must be compensated by an equal decrease in strain in the WS since the total

displacement is fixed during relaxation.

The common feature between the T test and the crack test is the presence of

stress/strain gradient. In SENT specimen, the strain near the crack tip is higher

than the strain away from the crack tip; in the T test, the strain in the NS is

higher than the strain in the WS.
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Figure 5.2: Sample of T-shape test. According to our hypothesis, the strain in
the narrow region should increase during relaxation for nonlinear viscoelastic
materials. The strain in the wide region should decrease because the whole
displacement is fixed.

Based on this similarity, we use the T-shape test to help us understand what

happens to the strain and stress fields near the crack tip during relaxation. Note

that it is much easier to perform theoretical and numerical analysis for the T

tests. By analyzing the stress field of T-shape specimen during relaxation, we

gain insight into how the stress/strain field changes near the crack tip during

relaxation and how this nonlinear viscoelastic effect would affect fracture.

With this motivation, we perform relaxation tests on the T-shaped specimen.

Specifically, the specimen is stretched to a nominal stretch λN = 1.5 at a con-

stant stretch rate of 0.1/s; then held for a half hour. During this half hour, the

strain history is measured using DIC. Near the boundary of the two sections,

the strains are non-uniform. Our DIC measurements indicate that this non-

uniformity decays rather rapidly so that the strain in each section, away from

the boundary, is approximately uniform.

74



5.3 Experimental results for different PA gels

Here we show the experimental results of SENT and T-shape tests for all four

types of PA gels. We also provide qualitative analysis of those experimental re-

sults in this section to depict the physical mechanisms of some nonlinear effects.

Quantitative analysis will be given in the next section.

5.3.1 Results for p-PA gel

p − PAweak gel

The experimental results for the p-PA gel are shown in Fig. 5.3. In Fig. 5.3 (b),

the crack opening displacement (COD) during relaxation increases with time

despite the displacement being fixed at the grips. Specifically, the crack opens

rapidly in the first 10 seconds and then opens slowly in the following half an

hour. To quantify the change of the strain field near the crack tip, we output the

evolution of stretch at point A in Fig. 5.3 (a), which is 1mm directly ahead of

the crack tip. Specifically, let τ denote the time where the holding or relaxation

starts. Let λy(t) and λ0 ≡ λy(t = t0) denote the stretch ratio in the y direction at

point A for t and for t = t0 respectively. Fig. 5.3 (b) also plots λy(t)/λ0 versus time.

Consistent with the crack opening profile, λy(t) increases rapidly in the first 10

seconds, and then keeps increasing slowly in the span of half an hour.

As a supplement to the SENT test, we also performed the T-shape test, as

shown in Fig. 5.3 (c) and (d). Similarly, the strain in the NS in the T test contin-

ued to increase with time, eventually reaching a plateau when the stress relaxes

to zero, whereas the WS behaves oppositely.

75



Figure 5.3: Nonlinear effect of p − PAweak gel. (a) SENT sample. (b) Time evo-
lution of stretch at point A and COD (insert) in SENT specimen. λy is the local
stretch in y direction. (c) T-shape sample. (d) Time evolution during relaxation
in T-shape specimen. λ is the local stretch in y direction. λ0 is the local stretch in
y direction at measured points at t = t0.

Such behavior is at odds with linear viscoelasticity, which predicts that the

displacement field during relaxation should not change with time. However,

this is exactly what we expect for nonlinear viscoelasticity. The common feature

between the T test and the crack test is the presence of stress/strain gradient.

In the SENT specimen, the strain near the crack tip is higher than the strain

away from the crack tip; in the T test, the strain in the NS is higher than the

strain in the WS. According to our hypothesis for nonlinear viscoelasticity, the

material with higher strain should relax faster, so the stress at point A always
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drops faster than the stress drop at point B. In order to keep the force balance

within the sample, the strain at point A increases whereas the strain at point B

decreases.

p − PAstrong gel

We next explore the role of sticker strength by performing the same relax-

ation test on the gels with strong stickers.

We performed the same measurements on the SENT and T-shape specimens

of p − PAstronggel having an entangled network and a dynamic network. Strik-

ingly, this gel shows a different behavior than single nonlinear viscoelasticity.

That is, during relaxation, the COD first opens rapidly for one minute, and af-

ter that, the crack closes slowly in the following half hour. Similarly, in the T

specimens, the strain in the NS first increases rapidly, reaches a maximum, then

decreases slowly while the WS behaves oppositely.

Now the question is why does the p − PAstrong gel behave in the same way as

the p−PAweak gel in the first 10s but then behave oppositely? One possible expla-

nation is that p−PAstrong gel has a very long relaxation time of topological entan-

glements between the chains. This relaxation time, called the sticky-reptation

time, is controlled by the sticker lifetime and sticker density [81]. The strong

sticker results in a very long sticky-reptation time so the topological entangle-

ments of p − PAstrong gel behave like permanent crosslinks. This suggests that

the observed nonlinear behavior is general in soft materials with dual dynamic

networks, provided that one network is dynamic and the other is “permanent”

in the experimental observation window. And the decrease of strain at point A

is because of the load transfer between transient and ”permanent” networks.
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Figure 5.4: Nonlinear effect of p − PAstrong gel. (a) SENT sample. (b) Time evo-
lution of stretch at point A and COD (insert) in SENT specimen. λy is the local
stretch in y direction. (c) T-shape sample. (d) Time evolution during relaxation
in T-shape specimen. λ is the local stretch in y direction. λ0 is the local stretch in
y direction at measured points at t = t0.

5.3.2 Experimental results for c-PA gels

From the results of p − PAweak gel, we see the nonlinear viscoelastic effect, just

like our expectation. From the results of p−PAstrong gel, we see another nonlinear

effect, which may originate from “permanent” network caused by high topolog-

ical entanglements. To validate our hypothesis, we add a chemical crosslinker

into the p-PA gels and study its effect on these nonlinear effects.

Adding chemical crosslinker to hydrogels is quite a common way to increase
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the mechanical properties of physical hydrogels [15, 17]. While the physical

PA gels already have very good mechanical properties (higher strain, higher

toughness and so on), the long time moduli of those gels are zero, which limits

their application. With chemical crosslinker, a permanent network is formed

by covalent bonds, which would not break or heal before the stretch limit. The

presence of chemical network makes the gel more stable and more useful, but it

may also make the mechanical properties of the gel more complex.

c − PAweak gel

First, we performed the same experiments for c − PAweak gel. The results are

shown in Fig. 5.5. Fig. 5.5 (b) contrasts the evolution of the COD in the c−PAweak

gel. Again, the result contradicts linear viscoelasticity. During relaxation, the

crack first opens rapidly in one minute, after that, the crack closes slowly in the

following half an hour, just like the p − PAstrong gel! The stretch ratio λy(t) in the

y direction at point A shows the same behavior. It first increases rapidly in one

minute, and then decreases slowly in the following half an hour. In T-shape

sample, the behavior is also similar. The strain in the NS first increases rapidly,

reaches a maximum, then decreases slowly while the WS behaves oppositely.

These results are very exciting for us, because they validate our hypothesis

for the strain decrease after 10s in p − PAstrong gel. The decrease of strain after

10s at point A is indeed because of the presence of permanent network, or al-

most “permanent” network caused by high topological entanglements within

the observation window.
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Figure 5.5: Nonlinear effect of c−PAweak gel. (a) SENT sample. (b) Time evolution
of stretch at point A and COD (insert) in SENT specimen. λy is the local stretch in
y direction. (c) T-shape sample. (d) Time evolution during relaxation in T-shape
specimen. λ is the local stretch in y direction. λ0 is the local stretch in y direction
at measured points at t = t0

c − PAstrong gel

For c − PAstrong gel, the high topological entanglements already behave like a

permanent network, and adding chemical crosslinker should just increase ratio

of permanent network, thus amplifying the nonlinear effect after 10s. Just like

our expectations, in Fig. 5.6 (b), c− PAstrong gel behaves very similar to c− PAweak

and p − PAstrong gel, but the strain decrease at point A is larger after 10s during

relaxation.

80



Figure 5.6: Nonlinear effect of c − PAstrong gel. (a) SENT sample. (b) Time evo-
lution of stretch at point A and COD (insert) in SENT specimen. λy is the local
stretch in y direction. (c) T-shape sample. (d) Time evolution during relaxation
in T-shape specimen. λ is the local stretch in y direction. λ0 is the local stretch in
y direction at measured points at t = t0

5.4 Constitutive model analysis of nonlinear viscoelasticity

and load transfer

In this section, a quantitative analysis of nonlinear viscoelasticity and load trans-

fer using our PA constitutive models is performed. From our previous work

[21, 22], the PA models are based on physical mechanisms of these gels, which

have already been validated by elaborated experiments [17, 30]. So we are ex-

cited to see whether our model can describe these nonlinear effects and help us
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reveal the underlying relationship between viscoelasticity and load transfer.

As we mentioned in 5.2.2, in the T-shape test, by taking NS and WS as two

uniaxial tension parts, we are able to do theoretical analysis using our constitu-

tive models. To simulate the relaxation process, we use Eq. (3.1) and Eq. (3.7).

In our relaxation experiments, the stretch history at the grip is known, i.e.,

λN(t) =


1 + 0.1t 0 ≤ t ≤ 5s

1.5 t > 5s
(5.1)

We assume that the 1st Piola or nominal stress and stretch in each section

are uniform and denote them by Pns, Pws, λns, λws respectively. Our assumption

implies that

λN =
λns + λws

2
(5.2)

Force balance implies that

PnsAns = PwsAws = F (5.3)

where Ans, Aws denote the cross-section area of the specimen in the undeformed

state and F is the force acting on the specimen. Eq. (5.1) to Eq. (5.3) allow us to

numerically determine the time evolution of stretch ratios λns, λws for the c-PA

and p-PA gels. The numerical algorithm to determine the stress history is based

on the fact that the force acting on the two sections is the same. In each timestep,

we first guess the length of two sections with the constraint that the sum of their

length is equal to the overall length which at each time step is a constant. Then

we use our constitutive model to calculate the nominal stress on each section at

this timestep. The force acting on each section is obtained using these nominal

stresses. If the difference between the stress is less than 1Pa, we adopt these

lengths and go to next timestep. If not, we re-estimate the length of two parts
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Figure 5.7: Flow chart for calculating stretches of T-shape sample in each time
step. The subscripts ns and ws denote narrow and wide sections, respectively.
λN is the nominal stretch imposed on the specimen. λh, λl, λm are intermediate
variables in this algorithm to store relevant stretches.

according to the difference between the force of two parts. The flow chart of our

numerical scheme is shown in Figure 5.7.

5.4.1 Model fitting for four types of PA gels

In chapter 4, we know that a good set of parameters is of vital importance for

the prediction effects of constitutive models. So here our first step is to use our

machine learning methods to find the optimal parameters for these PA gels.
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Table 5.1: Model parameters for p − PAweak gel

C1 = 0.1000MPa C2/C1 = 0.05 C3/C1 = 0.00 λc = 1.260

w1 = 0.5726 αB1 = 1.7448 tB1 = 0.0058 m1 = 0.3635 tH1 = 0.5301

w2 = 0.4271 αB2 = 1.8404 tB2 = 0.1529 m2 = 0.5277 tH2 = 0.7351

p − PAweak gel

Figure Fig. 5.8 and Table 5.1 shows the fitting results for p − PAweak gel. The

fitting parameters are obtained using the ML framework in Chapter 4 with the

adaptive neural network method.

Figure 5.8: Fitting results of p − PAweak gel.
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Table 5.2: Model parameters for p − PAstrong gel

C1 = 3.990MPa C2/C1 = 0.5060 C3/C1 = 0.0352 λc = 1.156

w1 = 0.7500 αB1 = 1.7957 tB1 = 0.0051 m1 = 0.4375 tH1 = 0.4289

w2 = 0.2500 αB2 = 1.6938 tB2 = 0.0183 m2 = 0.4831 tH2 = 0.0940

p − PAstrong gel

Fig. 5.9 and Table 5.2 shows the fitting results for p − PAstrong gel.

Figure 5.9: Fitting results of p − PAstrong gel.
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Table 5.3: Model parameters for c − PAweak gel

C1 = 0.05682MPa C2/C1 = 0.0011 C3/C1 = 0.00 λc = 2.565

wchem = 0.0898 αB = 1.8717 tB = 0.0061 m = 1.8017 tH = 0.8021

c − PAweak gel

Fig. 5.10 and Table 5.3 shows the fitting results for p − PAweak gel.

Figure 5.10: Fitting results of c − PAweak gel.
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Table 5.4: Model parameters for c − PAstrong gel

C1 = 2.3416MPa C2/C1 = 0.1147 C3/C1 = 0.0535 λc = 1.055

wchem = 0.0026 αB = 1.7190 tB = 0.0061 m = 0.3079 tH = 0.3120

c − PAstrong gel

Fig. 5.11 and Table 5.4 shows the fitting results for c − PAstrong gel.

Figure 5.11: Fitting results of c − PAstrong gel.

T-shape tests fitting results

As shown in the results of Fig. 5.12, our model can capture two nonlinear

effects very well for all four types of PA gels, even though we didn’t expect it

when we built our model! In each case the qualitative results of the theory and

experiment match. The quantitative values are all also quite close. This fact

means our constitutive model captures some important physical mechanisms
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of PA gels and we should go deeper into the model to find the physical cause of

all those nonlinear effects.

Figure 5.12: Model prediction for T-shape tests. (a) p− PAweak gel. (b) p− PAstrong

gel. (c) c − PAweak gel. and (d) p − PAweak gel. The model parameters used for
prediction are obtained by fitting uniaxial tension tests for those gels.

5.4.2 Physical mechanisms revealed by PA models

Now we know that our constitutive models can describe the nonlinear effects

of PA gels very well, which means those models indeed capture the underlying

physical mechanisms of these gels. We already know that the nonlinear vis-

coelasticity is due to the higher chain breaking rate at higher strain. Now let’s

look at the reason of strain decrease at Point A from our constitutive models.
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Figure 5.13: Load transfer between permanent and dynamic networks. (a) Mea-
sured force versus time curve for the T-shape specimen (b) Measured strain his-
tory (using DIC, symbols) versus simulated strain history (solid lines) during
relaxation for c−PAstrong gel. Nominal stress history of the T-shape c−PAstrong
gel during relaxation (t > 5s) for (c) permanent network, (d) dynamic network.

As shown in Fig. 5.13, let us denote the nominal stress in each section by P.

In our constitutive model, we can separately calculate the nominal stress acting

on the permanent network (Pp) and the dynamic network (Pd = P − Pp) in the

c − PAstrong gel. These stresses are plotted in Fig. 5.13 (c) and (d) for t > T = 5s

(when relaxation starts). Fig. 5.13 (c) shows the time evolution of the nominal

stress in the permanent network in the narrow and wide section, and Fig. 5.13

(d) shows the stress evolution in the dynamic network.

These curves are consistent with the chemical structure and tension test data

of c−PAstrong gel. In this gel, the permanent crosslink density is 0.3 mol% with re-
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spect to the monomer density, which is determined by the chemical crosslinker

density, and the dynamic crosslink density is in the scale of 50 mol% with re-

spect to monomer density, because one cationic and one anionic monomer can

form one dynamic crosslink. As a result, in the T-shape sample test (Fig. 5.13

(a)), the stress after 1500 s is less than 10% of the stress at the beginning, which

is caused by the relaxation of stress in dynamic network. In our chemical PA

model, this stress distribution is captured. As shown in Fig. 5.13 (c) and (d). at

the beginning of relaxation, the stress in the dynamic network is 20 times higher

than the stress in the permanent network; the stress in the two networks reaches

the same level after 1500 s relaxation. For different gel systems, the stress lev-

els in the permanent and dynamic network may be different, according to their

chemical components and concentration. In this work, we study only hydrogels

with a high density of dynamic bonds. Note that most tough and self-healing

hydrogels have a high density of dynamic bonds [15, 82, 83].

Note that, despite P decreasing with time in the relaxation test, the stress

acting on the permanent network (NS) increases during the first 10 seconds,

reaches a peak, then decreases to a steady value governed by the elasticity of

the permanent network. The opposite is true in the wide section, as demanded

by force balance. Fig. 5.13 shows that the stress in the dynamic network in

the NS decays faster than the WS. At long times, the stress in both sections

decays to zero, indicating that the healed physical bonds no longer carry load,

as predicted by our constitutive model.

The results in Fig. 5.13 validate our hypothesis; in addition, they indicate that

our constitutive model captures the relaxation behavior of this gel system. To

put these results in the context of our model, we note that the relaxation function
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in our theory (see Eq. (3.6)) is dependent on the strain level. Since Pns = 2Pws

in our T-shape specimens, the strain in the narrow section is higher, resulting

in faster stress relaxation. However, the total force acting on each section is

identical. To maintain force balance, the narrow section needs to be elongated

to compensate for the faster decrease of the nominal stress, as shown in Fig. 5.13

(b). This explains the increase in strain acting on NS of the c−PAstrong gel during

the first 10 s (despite the decrease in total stress during this time).

At the beginning of relaxation, the force on the permanent network in the

specimen is much smaller than the force on the dynamic network, so stress re-

laxation is dominated by the physical network (see Fig. 5.13 (d)). Recall that

the strain in the narrow section must elongate to maintain force balance, this

elongation stretches the permanent network in the narrow section and increases

Pp. After the first 10 seconds, the force on the dynamic network is roughly the

same as the force on the permanent network, and it relaxes much slower. This

is the reason the strain in the narrow region keeps decreasing for such a long

time after the first 10 seconds. In this period, the interaction between the per-

manent network and the dynamic network dominates the relaxation process.

In our model, the force on the dynamic network will eventually vanish at suf-

ficiently long times and the force on the permanent network is governed by

hyper-elasticity.
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5.5 Rheology analysis of nonlinear viscoelasticity and load

transfer

The network of c − PAstrong consists of a dynamic network crosslinked by ionic

bonds and a permanent network crosslinked by chemical crosslinker and rein-

forced by trapped physical entanglement. Fig. 5.14 shows the dynamic spectra

of this gel, which exhibits strong frequency-dependent moduli in an extremely

wide frequency range from 10−5 to 104Hz. This wide frequency viscoelasticity is

attributed to high density of ionic bonds. For frequencies smaller than 10−5Hz,

the gel shows a plateau modulus, due to the permanent confinement by the

chemical crosslinkers and physical entanglements.

The p−PAstrong gel consists of two dynamic networks crosslinked by dynamic

bond and physical entanglement, respectively. This gel shows similar dynamic

behavior as c − PAstrong gel, except that the plateau modulus is from physical

entanglement and in theory has no longtime modulus. However, the motion of

the whole chain is significantly delayed by the stickers. We do not see the flow

of this gel even for a timescale up to 107s (The flow time is approximately the

inverse of frequency inFig. 5.14 (b)). This is due to the slowing down of Rouse

modes (sticky Rouse) caused by the strong stickers [30]. Also, the distribution

in the strength of ionic bonds, owing to the 100 nm-scale phase separation struc-

ture [31], could be another reason for the wide frequency viscoelasticity.

For c − PAweak and p − PAweak gels, these two gels have a weaker sticker and

thus the sticky Rouse region shifts to high frequency region compared to the

gels with strong stickers. We also do not see flow of p−PAweak gel for a timescale

up to 104s (Fig. 5.14 (d)).
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Figure 5.14: Dynamic mechanical spectra of four gels used in this work: (a)
c−PAstrong, (b) p−PAstrong, (c) c−PAweak, and (d) p−PAweak. Reference temperature:
25◦C. c − PAstrong and c − PAweak gels consist of a dynamic network crosslinked
by ionic bonds and a permanent network crosslinked by chemical crosslinker
and physical entanglement. p − PAstrong and p − PAweak consist of two dynamic
networks crosslinked by ionic bonds and physical entanglement, respectively.
Red lines correspond to the strain rate of 0.1/s used in the following tensile tests,
where c − PAstrong and p − PAstrong gels are strongly viscoelastic, while c − PAweak

and p − PAweak gels are weakly viscoelastic, owing to the different strengths of
stickers. This rheology data is provided by Kunpeng Cui and Jianping Gong at
Hokkaido University.

In addition, we can see that for c − PAstrong and p − PAstrong, both G′ and G′′

are bending towards asymptotic values in the limit of high strains, while for

c−PAweak and p−PAweak, both moduli are approximately linear in strain rate. This

is because the physical PA gels with strong bonds have a long sticker lifetime. In

the limit of high strain rates (or frequencies) in our rheological experiments, the

dynamic bonds do not have time to break. Therefore, the moduli tend towards
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a constant value at high frequencies. The PA gels with weak bonds have a short

lifetime. Even in the high frequency regime in our experiments, they can still

dissociate. Therefore, the moduli increase with frequency.

5.6 Discussion

We synthesized four PA gels with and without chemical crosslinks and with

different sticker strengths. We carried out relaxation tests on SENT and T-shape

specimens to study the effect of nonlinear viscoelasticity on the deformation

fields. For p − PAweak gel with weak stickers, the stress near the crack tip drops

faster than elsewhere due to the rapid breaking of the dynamic network; this

causes the COD and strains near the crack tip to increase with time, while the

strain away from the crack tip decreases with time. This further accelerates the

breaking of the dynamic network near the crack tip. Since the grips are fixed,

the COD for very long time will eventually reaches a steady state while the

stress everywhere vanishes. We observe similar results for the T-shape p−PAweak

specimen. This is not the case for physical gels with strong stickers. Within the

time windows of our experiments, these gels behave as if they are permanently

crosslinked.

For chemical gels with strong stickers, the strain, and the COD near the

crack tip during relaxation first increase, reach a maximum, then decrease to

a steady value. During this period of rapid relaxation, the dynamic network

unloads rapidly and the additional strain is transferred to the permanent net-

work. At some point in time, the strain in the permanent network near the

crack tip reaches its maximum. If the imposed nominal stretch on the speci-
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men is large enough, it is possible to fail the permanent network during this

stage even while the stress is relaxing. This load transfer mechanism suggests

the possibility of delayed fracture under stress relaxation. After this period, if

the crack does not propagate, then the chemical network near the crack tip will

stretch less (the COD will decrease) and the crack may never propagate. Even-

tually, the dynamic network is fully relaxed everywhere, and all the load is born

by the permanent network.

Simulations are carried out using a nonlinear viscoelastic constitutive model

to compute the deformation and stress in the T-shaped specimens. We found

reasonable agreement between experiments and theory for all four gel speci-

mens.

Our experiments can also be understood by appealing to rheology mod-

els for associated polymers [81]. Let us return to the longtime behavior of the

p − PAweak gel, where the entangled network relaxes to its fluid-like state within

observation time. According to Zhang et al. [81], this relaxation is governed by

the sticky-reptation time τrep = τsM3M−1
e M−2

s ,where M and Me are the molec-

ular mass of a whole chain and an entangled strand, respectively and Ms is

the average molecular mass between stickers. This equation for τrep shows that

the entanglement effect is controlled by the sticker lifetime τs and sticker den-

sity M/Ms. Therefore, it is reasonable to conclude that physical PA gels such as

p−PAweak gel with weak ionic interaction will act like a fluid at long times while

the p − PAstrong gel will behave like a solid when τrep is larger than the observa-

tion time. This is supported by our results in Fig. 5.4. Likewise, the strength of

stickers can also affect the behavior of chemical crosslinked gels. For example,

if the stickers are weak, e.g., c − PAweak gel, the effect shown in Fig. 5.6 is much
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weaker, as shown in Fig. 5.5. Specifically, the peak and decrease in Fig. 5.5 due

to change of strains are barely perceptible since most of the stress is borne by

the permanent network. Finally, we emphasize that occurrence of load transfer

between the permanent/entangled and dynamic networks cannot take place

without nonlinear viscoelasticity, that is, the sticker lifetime decreases with in-

creasing strain. Specifically, the storage modulus versus frequency curve will

shift to the right (higher frequency) as the strain increases. The net effect of this

shift is changing the relaxation behavior within the observation window.

Finally, we address whether poroelastic flow can be partially responsible for

our observations. First, we note that the behavior for both the crack and T shape

samples are very similar: rapid changes of the stretch ratio occurring in roughly

10 seconds – this is much faster than the diffusion time scale. Therefore, the ef-

fect of water flow will be much more prominent in the crack sample which is not

consistent with our observation. Recall that all the experiments are performed

in deionized water, so water diffusion should be suppressed except perhaps at

the crack tip [17, 30]. Most importantly, we have carried out some experiments

with the specimen immersed in mineral oil and observed the same behavior (see

A.3). The results suggested the role of water diffusion has no practical effect on

the behavior.
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CHAPTER 6

TIME-DEPENDENT DAMAGE OF PDMS

6.1 Introduction

In Chapter 5, we discussed the transient chain breaking and healing in PA gels,

and nonlinear viscoelasticity caused by strain-dependent chain breaking kine-

matics. For this study, the crack in PA gels does not propagate, so we consider

the permanent network as time-independent with no chain breakage during ex-

periments. However, when the applied load is higher than some critical value,

the crack has to propagate, which means breaking of both the permanent and

transient network. From elastic fracture mechanics, the breaking of covalent

permanent network is rate-independent and the polymer chain will break im-

mediately when the load applied to it reaches some value. In other words, the

permanent network will not fail when the external load is smaller than this crit-

ical value.

The simplest mechanical test for materials is to stretch a bar under uniax-

ial tension. The stress or strain when the material breaks is known as fracture

strength or elongation at failure. Although fracture strength or elongation is

easy to measure, it can vary greatly from specimen to specimen and is sensitive

to size and loading rate [84, 85]. The fracture mechanics approach mediates the

first of these difficulties by testing a pre-cracked specimen and using the criti-

cal energy release rate, Gc, at crack initiation as a criterion for failure. For time

dependent elastic solids, Gc is a well-defined material property. A key advan-

tage of the fracture mechanics approach is that while the fracture strength is

geometry dependent, Gc is not [9, 86].
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However, for many soft materials, Gc [26, 87, 88, 89] is not well defined (a

detailed discussion of the meaning of toughness will be given here). For exam-

ple, loading materials below their fracture strength or Gc [26, 28, 90] does not

necessarily mean they are safe. When the external loading is below the crit-

ical criteria, instead of instantaneously breaking, catastrophic fracture due to

the initiation and rapid propagation of a macroscopic crack (in samples with

no pre-crack) or slow crack growth may occur after some time. This time de-

pendent phenomenon is called delayed fracture (DF) and has been observed in

ceramics [91], metals [92], plastics [93] and soft materials such as hydrogels and

elastomers [27, 94, 95, 96, 97].

Although DF has been studied for different materials, we are not aware of

any comprehensive study on DF, even for a single type of material. Such stud-

ies are difficult to carry out since: (1) DF, being a time dependent phenomenon,

is sensitive to history of loading. For example, the behavior of a sample in a

relaxation test [98] can be markedly different than the same sample in a creep

or constant strain rate test [96]. (2) DF is extremely sensitive to stress concen-

tration, and hence the geometry of the sample can significantly affect behavior.

A small decrease in applied stress/strain may increase the delay time by orders

of magnitude, from seconds to hours [26, 28]. Here we note that in the liter-

ature, delay fracture has been studied using different specimens with varying

degree of stress concentration. For example, some studies use samples with

sharp crack tips [26, 27, 90], while others used blunted cracks or notches with

finite radius (usually in the scale of 0.1mm) [28, 97, 99]. In some studies, tension

samples with no crack are used [94, 96]. (3) There can be many time dependent

mechanisms underlying DF, e.g., poroelasticity [26, 90], viscoelasticity [96, 100]

or damage due to rate dependent bond breaking [101]. More specifically, in hy-
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drogels, movement of solvent can change the energy release rate near the crack

tip and can lead to catastrophic fracture when the energy release rate exceeds

the toughness [26, 97]. In highly viscoelastic hydrogels such as Polyampholyte

gels [17], creep rupture (DF in some literature) is intimately associated with

viscoelasticity, which is controlled by the breaking and healing kinetics of ionic

bonds as well as the degree of chemical crosslinking [96]. Whether these mecha-

nisms are strongly coupled depends on the material system, loading history and

geometry. Due to these difficulties, there are considerable variations in obser-

vation: in some work, slow crack growth is observed before catastrophic failure

[27, 97, 100], while in others only catastrophic failure is observed [26, 28, 90, 94].

The choice of experiments in this work is directed by these considerations.

To study the effect of loading histories on DF, we used both relaxation and con-

stant strain rate tests. The relaxation test is particularly relevant since in contrast

to the constant strain rate test, there is no energy input to the specimen. To ad-

dress the effect of specimen geometry on DF, we use two geometries: a pure

shear (PS) and a double-edge crack (DEC) sample. From these two geometries,

we can generate different specimens by varying the crack length and the sharp-

ness of the crack tip. Finally, since our main interest is DF in soft materials,

we choose polydimethlsiloxane (PDMS), a widely used silicon-based polymer

as our model system. When cross-linked at a ratio of 10 to 1, PDMS is an elas-

tomer, with a small amount of viscoelasticity and is used in many applications,

such as substrates in microfluidic and microelectromechanical devices.

We mention two closely related studies on the delay fracture behavior of

PDMS. The first used a laser speckle strain imaging technique to study the de-

layed fracture of a single edge notch sample [28]. The second, more recent,
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combines multi-speckle diffusing wave spectroscopy technique, mechanophore

mapping of chain scission and digital image correlation (DIC) to probe the

mechanism of delayed fracture of single edge crack sample [89]. Both works

presented strong evidence that the microscopic origin of delay fracture is local-

ized molecular damage due to chain scission. In addition, both experiments

showed that a fracture precursor in the form of a region of enhanced dynamics

localized near the notch or crack tip. As noted by [89], this region of enhanced

dynamics can be very large, on the order of 0.01mm2. An interesting result is

that both studies observed very rapid crack growth once fracture initiates.

The primary focus of this work is to experimentally study the interaction

between localized damage and the elastic field, by controlling the elastic fields

using two different crack samples with different crack geometries (short or long

crack, crack with blunt tips to reduce stress concentration) as well as loading

histories (relaxation and constant stretch rate test). This coupling of elastic fields

and local damage reveals a wide range of delay fracture behavior. For example,

delay fracture can occur in the form of slow and stable crack growth (the slowest

crack growth rate is on the order of 1nm/s) over a wide range of energy release

rates, from 35J/m2 to 190J/m2 . On the other hand, a simple change of crack or

sample geometry can lead to rapid catastrophic failure once fracture initiates.

The plan of this chapter is as follows. The experimental setup for delay frac-

ture testing and material synthesis is given in section 6.2. Section 6.3 presents

experimental results for blunted and sharp crack samples. Here we introduce

the concept of small scale damage and G (energy release rate) controlled crack

growth and demonstrate experimentally that there is a universal relation be-

tween crack growth rate v and energy release rate G. In section 6.4 we present
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an analytic model based on chain breaking kinetics to determine the relation

between v and G and compare the prediction of this model with experiments.

Section 6.5 is summary and discussion. The concept of toughness is revisited in

the discussion.

6.2 Samples and experimental design

Our experiments use two types of crack specimens (pure shear (PS) (Fig. 6.1 (a))

and double edge crack (DEC) (Fig. 6.1 (b))) with different crack geometries. The

thickness of all specimens is 0.55mm where plane stress condition prevails. The

crack tip in PS specimens are sharp whereas those in DEC specimens are blunted

with a finite crack tip radius of 0.25mm (the circular hole is drilled by a CNC

router with 0.25mm cutter, the spinning rate is 10000 rpm). Our choice of spec-

imens is based on the observation that sharp cracks tend to initiate and grow

slowly under quasi-static conditions. PS specimens allow us to study steady

state crack growth in a relaxation test where the displacement is fixed on the PS

sample (see Fig. 6.1 (a)). For blunt crack samples, the DEC specimen in Fig. 6.1

(b), with two symmetric blunted cracks is chosen to lower the strain concentra-

tion at the corners of sample, more details about this sample are shown in S4. A

bonus of using this sample is that, with two cracks, we get two data points in a

single test.

For sharp crack samples, the crack is cut using a razor blade, with the cutting

edge towards the crack tip. To ensure sharpness, we first stretch the PS sample

slowly (10−4/s) until the crack propagates a very small amount, and then unload

the sample to zero stretch. After this cycle the crack is very sharp because a
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Figure 6.1: Samples for delayed fracture. (a) Pure shear (PS) sample with sharp
crack tip. (b) Double edge crack (DEC) sample with blunt crack tip.

new crack tip was generated during crack propagation. In Fig. 6.1, the crack

length is not specified, because samples with different initial crack lengths will

be used in this study. We will specify the length of the crack when we discuss

our experimental results.

Fracture testing, Relaxation test: For DF tests, we stretched the samples

with a stretch rate of 0.1/s until they reached the designated displacement. Then

the displacements were fixed at the grips, during which the force was recorded

using a load cell (Interface, SMT1-100N) and images were acquired using a cam-

era (FLIR Grasshopper3 4.1 MP Mono).

DIC implementation: DIC was used to monitor the change of strain field

for tension and relaxation tests. Details of the DIC measurements are given in

Chapter 2.4-2.5.
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6.3 Experimental results

6.3.1 Delayed fracture for blunt crack DEC sample

To determine the stretch levels to use in the DF experiments, we first stretched

the sample with stretch rate 0.0001/s until it broke. The fracture stretch for this

sample was between 1.65 to 1.7. Based on this value, in the relaxation experi-

ments, we stretched the sample with a stretch rate of 0.1/s to a stretch of 1.6 and

then held the displacement. During the holding period, images were acquired

for DIC analysis. An example is shown in Fig. 6.2.

Figure 6.2: A blunt crack in a DEC specimen, only a small part of crack is shown
due to limited field of view of camera. (a) Sample before stretch, (b) sample after
stretch to a stretch ratio of 1.6.

We observe two interesting phenomena. The first is shown in Fig. 6.3 (a)

where the change of stretch ratio at a fixed point (100µm ahead of the crack tip,

measured over a 20µm×20µm square) is plotted against time. During relaxation,

the crack gradually opens and the normal stretch near the crack tip increases

with time as well.
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Fig. 6.3 (a) shows that the stretch ratio increases very rapidly in the first few

minutes, then increases very slowly over a period of 7 hours. This result is un-

expected for PDMS. In our previous work, we saw similar results in a PA gel,

and we concluded that this phenomenon was caused by nonlinear viscoelastic-

ity, where relaxation time increases with strain [25]. However, the viscoelasticity

of our PDMS should be small (see A.5.1), and one would expect the relaxation

time to be independent of strain. From our rheology test in SI and the rheol-

ogy data from Placet et. al.[102], the loss modulus of PDMS does not reach its

peak even when the frequency is 105 Hz, which means that the characteristic

relaxation time of PDMS is smaller than 10−5s; therefore, the duration of the

viscoelastic change in strain should also be very small, roughly on the order of

milliseconds; after this period, the strain should not change with time. This is

clearly not the case in Fig. 6.3 (a) where the strain keeps increasing for hours.

Figure 6.3: Time history of stretch near the blunt crack tip (a) Stretch increases
near the blunt crack tip during hold. (b) Permanent stretch near the blunt crack
tip upon unloading, resting for one hour, then reloading. In both plots, t = 0
corresponds to the start of holding which in our experiments is 6s, after the
start of stretching.

To further rule out the influence of viscoelasticity, we modify the loading

history in our experiment. One important feature of viscoelasticity is that strain

is recoverable. If the increase in strain is due to viscoelasticity, then the entire
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sample should recover to its original unstrained state if we unload the sample

to zero strain and let it relax for a time much longer than its characteristic re-

laxation time. This means that if we repeat the relaxation test after sufficient

recovery time, the increase of strain should follow the same curve in Fig. 6.3

(a). However, this is not what we observed in this experiment. After unloading

and 1 hour of relaxation, we stretched the sample to 1.6 again and monitored its

strain change during holding. We found that the strain at the beginning of this

second holding is not the same as the initial strain of the first holding. Instead,

it is almost the same as the strain at the end of the first holding - there is no

recovery (Fig. 6.3 (b)). This means that the strain increase near the crack tip is

cumulative and not recoverable, thus cannot be due to viscoelasticity. Our hy-

pothesis is that this increase in strain during relaxation is due to non-recoverable

damage due to breaking of polymer chains near the crack tip. This hypothesis

is consistent with the observation of Kooij et al. [28] and Jianzhu et al. [89]. In

the discussion, we will provide insight on how damage couples with the elastic

field to yield the result in Fig. 6.3 (a).

The second interesting phenomenon is that the sample eventually breaks af-

ter a period of holding (about 7 hours). Unstable crack growth occurs in less

than the 0.1s image acquisition period, thus we are unable to determine the

crack growth history. However, before the sample broke, we managed to cap-

ture some interesting photos. Fig. 6.4 shows a picture of this sample 1.8s− 0.05s

before rapid fracture. We observe a small sharp wedge on the surface of the

original blunt crack tip which grows during relaxation. When the length of this

small wedge (or small crack) grows to about 100µm, its rate of growth increases

rapidly and a crack initiates and cuts across the sample in less than 0.1s. This

observation is consistent with the observation of Kojji et al. [28]. These authors
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used laser speckle imaging to show the existence of an intense damage wedge

region directly ahead of a blunt crack tip in PDMS seconds before catastrophic

failure. At the end of section 6.4.3, we will provide a physical explanation for

this observation.

Figure 6.4: Small sharp crack nucleation before static delayed fracture. Time
shown are time before the start of unstable crack growth. (To see the small crack
clearly, there is no speckle pattern in this test)

6.3.2 Delayed fracture in sharp crack PS samples

The situation is very different for sharp crack tips. We first performed relaxation

tests for a PS sample with a 10mm long sharp initial crack. We stretched the

sample to λ = 1.12 and then held the displacement. During holding, the load

relaxes, nevertheless, the crack initiates and then propagates with a constant

speed at the beginning of relaxation (see Fig. 6.5). To study the dependence of

crack growth rate, v, on the applied stretch ratio λ, additional relaxation tests

are performed with the same specimen geometry but with different holding

stretches. Fig. 6.5 shows that the crack growth rate, v, is nearly constant, for all
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tests, the higher the applied stretch ratio λ, the faster the v. Typical crack speed

in Fig. 6.5 ranges from v = 1nm/s (λ = 1.08) to v = 0.1mm/s (λ = 1.16).

Figure 6.5: Crack length versus time in identical PS crack specimens subjected
to different stretches. Zero time in these figures corresponds to the initiation of
relaxation. (a) 1.08, (b) 1.12, (b) 1.13, (c) 1.16

6.3.3 Constant strain rate test

The relationship between v and λ can be an extremely useful tool to character-

ize DF of sharp cracks in PS samples. For such a relationship to be useful, it

should be applicable to quasi-static crack growth (not only steady state) under

different loading histories. To test our theory, we perform a test for the same

PS crack sample with a constant stretch rate of 10−4/s until failure. During this
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test, we recorded the crack length from the acquired images and then calculated

the crack growth rate by taking the derivative of the crack length versus time

curve. Fig. 6.6 plots v against λ using this procedure. Also, the data for the four

relaxation tests are plotted in Fig. 6.6 for comparison. The important result is

that all data fall closely on the curve based on constant stretch rate test (In ad-

dition, we found that this curve is independent of the stretch rate in our tests).

This shows that there is a universal relation governing crack growth rate and

applied stretch in a pure shear test, irrespective of the manner of loading, as

long as the crack is growing in a quasi-static manner.

Figure 6.6: Steady crack propagation speed under difference stretch ratio λ

Our next step is to develop a model for crack propagation which is indepen-

dent of specimen geometry. In this model, the applied stretch ratio λ in the PS

tests is replaced by the energy release rate.

6.3.4 Fracture mechanics: G controlled crack growth

We propose a model which relates the crack growth rate to energy release rate

of a specimen with a sharp crack. The key assumption is small scale damage
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(SSD): that is, the region of damage is confined near the crack tip and is small in

comparison with specimen geometry, specifically, c and H, where c is the crack

length and H is the height of the strip. In a purely hyper-elastic solid, the true

stress tensor near the crack tip is dominated by σ22 [103], the nominal stress in

the loading direction, i.e.,

σ22 ∼
αJ
r

(6.1)

where J is the path independent J integral [104], r is the radial coordinate of

a material point in the undeformed configuration, and α is a numerical factor

that depends on the angular coordinate and strain hardening characteristics.

J is equal to energy release rate G in elastic solids. SSD implies that J is the

unique parameter that controls damage. This means that, for SSD, there is a

unique relationship between the crack speed to the applied energy release rate

G. For an ideal PS specimen, the strip is infinitely long, and c >> H (semi-infinite

crack), G is given by [105]

GPS = W(λ)H (6.2)

where W is the strain energy density function for material points at large dis-

tances ahead of the crack tip. As shown below, in real PS samples, as long as

the crack length is longer than H, the energy release rate is approximately inde-

pendent of crack length and is given by Eq. (6.2). To determine W, we perform

a uniaxial tension test of our PDMS using a dog-bone sample. The sample was

stretched at a rate of 0.1/s until failure (See A.5.2). We observe considerable

strain hardening for strain over 30% and found that the tension behavior can be

well fitted by a 3-term Yeoh’s hyper-elastic model (see A.5.2). In this model, the

strain energy density function in Eq. (6.2) is:

W(λ) =
3∑

k=1

ck(I1 − 3)k, I1 = λ
2 + λ−2 + 1 (6.3)
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The constants ck in Eq. (6.3) have units of stress and is c1 = 0.2216MPa, c2 =

4.4873 × 10−2MPa and c3 = 6.9596 × 10−3MPa. The constant c0 is one-half of

the small strain shear modulus of the solid whereas c2 and c3 control strain

hardening. Note that since the c3 term is proportional to λ6, the strain energy

density can be strongly affected by strain hardening. The special case where

c2 = c3 = 0 corresponds to a neo-Hookean solid.

6.3.5 FEM results for G in a PS specimen with different crack

lengths

(The FEM simulations are done by Bangguo Zhu at Cornell University.)

Eq. (6.2) is an exact result for an ideal PS specimen. Of course, specimens

that are infinitely long with a semi-infinite crack cannot be made. Therefore, it

is important to determine the true energy release rate in a real specimen. More

importantly, to validate our model (see below), we need the relation of v ver-

sus G using different crack lengths, some of these are small in comparison with

H. Specifically, to avoid making more specimens, we use the same specimen

geometry except we use cracks of different lengths c. Fig. 6.7 plots the normal-

ized energy release rate G ≡ G/GPS versus the normalized initial crack length

c ≡ c/H. The result in Fig. 6.7 is obtained using a finite element method (FEM)

(see A.6.1 for details).

Recall that the length of our PS specimen is 35mm and the height H is 10mm.

When the crack length c is between 10− 20mm, the energy release rate G is inde-

pendent of crack length and is give by Eq. (6.2) and Eq. (6.3). However, when
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Figure 6.7: Energy release rate versus crack lengths for a stretch ratio 1.12 in a
PS sample

c is less than 10mm, G decreases with decreasing crack length even though the

sample is still under stretch 1.12. Fig. 6.7 shows that when c/H < 0.3, G/GPS

increases linearly with c, i.e.,

G/GPS = ωc/H ⇒ G = ωW(λ)c c/H < 0.3 (6.4)

where ω ≈ π. It is important to note that G ∝ W(λ) for short cracks is a universal

relation and can be obtained using a scaling or dimensional argument, as noted

by Rivlin [105]. The proportional constant ω is independent of crack length but

can depend on the hyper-elasticity model. The result in Fig. 6.7 is for λ = 1.12.

However, we found that the relation between normalized energy release rate

and normalized crack length is practically independent of the stretch ratio.

This result shows that when the crack length is short, the specimen can no

longer be considered a pure shear crack specimen. Indeed, when c << H,

the crack geometry approaches an edge crack in an infinite plate Fig. 6.7 or

Eq. (6.4) shows that a larger applied stretch is needed to provide the same en-

ergy release rate for short cracks (as compared to crack longer than H). This

information is provided in Fig. 6.8 where the orange curve is our FEM result

111



which plots the stretches needed for different crack lengths to maintain the en-

ergy release rate of 114.7J/m2. If our assumption that the relation between v

and G is unique is true, then cracks with different initial lengths but with the

same G (114.7J/m2) should have the same v = 0.25µm/s, which is measured in

our experiment. To validate this, we performed experiments with different ini-

tial crack lengths and stretched them slowly until the crack propagation speed

reaches about 0.25µm/s. We recorded the stretch ratios at this time and plotted

them as dots in Fig. 6.8. We then use FEM to compute the stretch needed to get

G = 114.7J/m2, that is, a constant energy release rate curve. The experimental

data is very close to this constant energy release rate curve, which validates the

unique relation between v and G.

Figure 6.8: Stretch ratios for different crack lengths at a constant crack speed
of 0.25µm/s. These stretch ratios correspond to the same energy release rate of
114.7J/m2

Having established that the crack speed v is a unique function of G, we plot

v versus G and find that it fits well to a simple exponential function. The fitting

result is plotted in Fig. 6.9 and the relation between v and G is

v = v∗eG/G∗ (6.5)

with v∗ = 1.2 × 10−8mm/s and G∗ = 12.4J/m2.
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Figure 6.9: Crack speed versus energy release rate

An important feature not shown in Fig. 6.9 is that there can be a threshold

energy release rate below which the crack cannot grow. In our experiments,

when the energy release rate is lower than 35J/m2, no crack propagation is ob-

served even after 48 hours of holding. However, this could be due to the spatial

resolution (6µm minimum) of our measurement technique.

6.4 Modeling v versus G

6.4.1 Time-dependent damage model

Our experimental observations show that there exists a unique relation between

v and G given by Eq. (6.5). Although the exponential function fits the experi-

mental data very well, it is still a phenomenological result. Here we propose a

physical model to explain the origin of this exponential relationship. Our exper-

imental results suggest that the delayed fracture behaviors of PDMS are due to

the time-dependent permanent damage of polymer chains in a region near the
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crack tip. The basic theory of rate dependent chain scission was established by

Eyring [106] and his model has been incorporated into cohesive zone model to

study rate dependent fracture in polymers [23]. Here we adopt the formulation

of Lavoie et al [107]. In their formulation, the polymer elasticity is represented

by many networks, and the chains in each network have equal lengths. To avoid

having a large number of undetermined parameters in our model, we consider

a simple network where chains have equal length, hence the length of chains

is an average length in the real network. In this model, the surviving volume

fraction of polymer chains is denoted by b, and the rate of change of b is given

by
db
dt
= −

nm

τ
b exp(

La f
kBT

) (6.6)

where La is the activation length which is assumed to be constant [107], nm is the

number of monomers in a chain, f is the force acting on a polymer chain, kB is

the Boltzmann’s constant and T is the absolute temperature in Kelvin.

In [107], the relation between the chain force f and the extension of a chain

is determined using the freely jointed chain model. The extension of a chain

is computed based on the affine assumption where the extension of each chain

in the network is obtained from the local deformation gradient F. Using the

Arruda-Boyce constitutive model, f is related to I1 = tr(B) by [107]:

f =
kBT
lk
β
( √

I1(B)/3n
)

(6.7)

where lk is the Kuhn length of the polymer chain, n is the number of Kuhn

segments per chain and β
(√

I1(B)/3n
)

denotes the inverse Langevin function

defined by

coth −
1
β
=

√
I1(B)/3n (6.8)

However, the use of the Arruda-Boyce model in [107] is inconvenient in that the
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inverse Langevin function cannot be written in closed form. Here we introduce

a simplification by using an approximation of the Langevin function [108] (less

than 5% relative error everywhere) where

β
( √

I1(B)/3n
)
≈

( √
I1(B)/3n

) [3 − I1(B)/3n
1 − I1(B)/3n

]
(6.9)

Substituting Eq. (6.9) into Eq. (6.7) shows that the chain force is related to the

deformation by

f =
kBT
lk

√
I1(B)/3n

[
3 − I1(B)/3n
1 − I1(B)/3n

]
(6.10)

The chain breaking kinetics Eq. (6.6) can be expressed in terms of continuum

quantities by substituting Eq. (6.10) into Eq. (6.6), resulting in

db
dt
= −

nm

τ
b exp

La

lk

√
I1(B)

3n

[
3 − I1(B)/3n
1 − I1(B)/3n

] (6.11)

In this model, damage takes time to develop. However, due to the exponential

function in Eq. (6.11), the rate of damage increases exponentially fast as a chain

reaches the limit of its extensibility. In the continuum model, this occurs when

I1(B)→ 3n , and db/dt becomes unbounded.

6.4.2 Calculating crack propagation speed using chain damage

model

In the following, we determine the relation between crack growth rate v and the

applied energy release G rate in a PS specimen using a simple analytic model.

We assume steady state crack growth. Under this assumption, the continuum

field is independent of time with respect a coordinate system (x, y) fixed to the

moving crack tip in the reference configuration. The steady state assumption
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implies that the material derivative of b, Db/Dt is given by

Db
Dt
= −v

∂b
∂x

(6.12)

where v is the speed of the crack, b = b(x, y) in the moving coordinate system.

Substituting Eq. (6.12) into Eq. (6.11), we have

v
∂b
∂x
= −

nm

τ
b exp

La

lk

√
I1(B)

3n

[
3 − I1(B)/3n
1 − I1(B)/3n

] (6.13)

A difficulty with the damage model of Eq. (6.13) is that healing is neglected,

hence damage occurs irrespective of the stress/strain level. While this assump-

tion is reasonable near the crack tip, it is incompatible with the steady state

assumption since the material as x → ∞ is undamaged. To bypass this diffi-

culty, we introduce a cut-off effective strain, represented by Ic, such that the

damage rate is zero for I1 ≤ Ic. We also impose the fracture condition that crack

growth occurs when the damage reaches a critical fraction bc at a microscopic

distance xc directly ahead of the crack tip. These assumptions allow us to inte-

grate Eq. (6.13) directly ahead of the crack tip (y = 0) to yield

v =
nm

τln(1/bc)

∫ L

xc

exp

La

lk

√
I1(B)

3n

[
3 − I1(B)/3n
1 − I1(B)/3n

] (6.14)

To complete the analysis, we need to know how I1(B) varies with x. In gen-

eral, this strain field is coupled to the damage. To simplify the analysis, we

assume the damage zone is sufficiently small so that the strain field is the same

as a semi-infinite crack in a hyper-elastic solid obeying the 3 term Yeoh’s model

(Eq. (6.3)). The simulation is performed using Abaqus (see A.6.2). This assump-

tion is justified since the damage zone is found to be roughly 20µm and is indeed

very small in comparison with specimen dimension. In addition, since the PS is

under displacement control, the effect of damage is reflected in the stress field

instead of the strain field, so the hyper-elastic model field should provide a good

approximation of the strain field.
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There are 5 independent parameters in our model, {nm/[τln(bc)], xc, Ic, nLa/lk}

and we choose these parameters to fit the experimental data. The fitting results

are shown in Fig. 6.10. The figure shows that the model can predict the crack

speed observed in experiments quantitatively. The parameters are

{nm/[τln(bc)], xc, Ic, nLa/lk} = {−59.58, 6.1µm, 4.439, 2.210, 0.9883} (6.15)

Figure 6.10: Fitting result of polymer chain damage model. (a) Crack growth
speed versus stretch. (b) Crack growth speed versus energy release rate.

6.4.3 Delayed fracture in PS samples with different crack

lengths

We are now ready to analyze how crack geometry controls DF. To recap, sharp

cracks in PS samples fail at lower stretch ratios than in DEC samples. The mode

of failure is slow, steady crack growth. We emphasize that these experiments

are conducted with cracks longer than sample height H. In contrast, blunt crack

samples fail at higher stretch ratios and the failure mode is sudden rapid crack

growth. Superficially, it seems that these two phenomena are unconnected. In
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the following, we show that the underlying failure mechanism is the same and

they can be understood using the same model.

We first present data on DF tests with very short sharp cracks (c =

0.8–0.34mm) in PS samples. The samples are stretched to λ = 1.23–1.30 with

a stretch rate 0.1/s and then held fixed. Note these stretch ratios are much larger

than those needed to grow a long starter crack. Photos are taken during holding

and the time evolution of crack length is recorded. As shown in Fig. 6.11(a)-(d),

the crack propagates very slowly at first, but the crack speed keeps increasing.

In Fig. 6.11 (a), after 400 seconds, the crack speed suddenly increases rapidly

and breaks the sample in less than 3 seconds.

The crack length evolution can be understood using a simple physical ar-

gument. At the beginning, the crack length is very short and since the energy

release rate is directly proportional to the crack length (see Fig. 6.7), it is also

very small. Small energy release rate means slow crack growth rate, as pre-

dicted by our model, Eq. (6.1) (see also Fig. 6.9 and Fig. 6.10). Once the crack

grows, the crack length increases, which leads to the increase of energy release

rate. Higher energy release rate leads to higher crack speed. This positive feed-

back and the fact that crack speed depends exponentially on G make the crack

grow faster and faster, and finally cause the catastrophic failure of the sample.

This argument will be justified rigorously below.

In Fig. 6.11(a), the crack speed seems to approach infinity when the crack

length is slightly below 1.5mm (short crack). This is the case for all the initial

crack lengths in Fig. 6.11. Hence the energy release rate in these experiments is

given by Eq. (6.4). Using Eq. (6.1) and Eq. (6.4) and v = dc/dt. The rate of change
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Figure 6.11: Delayed fracture tests on sharp crack samples for 4 initial crack
lengths. (a) 0.80mm crack with stretch 1.23, (a) 0.75 mm crack with stretch 1.25,
(b) 0.49mm crack with stretch 1.26, (c) 0.34 mm crack with stretch 1.30. Energy
release rate values noted on the figures refer to G for the starter crack at the
indicated stretch and G at the point that the crack grows unstably.

of crack length obeys the differential equation

dc
dt
= v∗eW(λ)αc/G∗ (6.16)

The solution of Eq. (6.16) subjected to the initial condition c(t = 0) = c0 where c0

is the initial crack length. Then c(t) is

c(t) = c0 −
G∗

W(λ)α
ln

[
1 −

t
tmax

]
(6.17)

where

tmax =
G∗e−G0/G∗

G0

c0

v∗
(6.18)

and

G0 = αW(λ)c0 (6.19)
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is the energy release rate of the initial crack. The dependence of crack growth

rate on time is obtained by differentiating Eq. (6.17), i.e.,

v =
dc
dt
=

G∗

G0

1
1 − t/tmax

c0

tmax
(6.20)

Note that the crack growth rate approaches infinity as t approaches tmax.

Eq. (6.20) captures the rapid increase of crack velocity in Fig. 6.11. The predicted

crack length using Eq. (6.17), Eq. (6.18) and Eq. (6.19) fits the experimental crack

length well.

One interesting feature in all four tests is the rapid increase in crack speed

happens at roughly the same energy release rate (∼ 190J/m2). From Fig. 6.9

and Fig. 6.10, we can see that at this energy release rate, the crack speed reaches

0.1mm/s. In all these short crack tests, the cracks grow roughly 0.1−0.3mm before

catastrophic failure occurs.

These results suggest a simple explanation of why rapid crack growth is

associated with delayed fracture in blunt crack specimens. Our results above

suggest that when very small cracks are present directly ahead of the notch tip

in blunted crack specimens, these short cracks propagate slowly, and are not

easily observable, (see Fig. 6.4), but once they reach a certain size (roughly on

the order of the size of the circular hole or notch size), they can accelerate rapidly

since the energy release rate is very high and the shielding effect of the hole is

lost. Note that the energy release rate is high because the applied stretch ratio is

much higher than the applied stretch ratio for cracks of the same length in the

PS samples.
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6.5 Summary and discussion

A comprehensive study for the delayed fracture of PDMS is carried out to study

DF in different crack specimens containing sharp and blunted cracks. Our ex-

periments showed that DF is caused by localized damage due to rate dependent

bond breaking. In blunted crack samples, DF occurs at a higher energy release

rate and crack growth is catastrophic. In contrast, in sharp crack samples, DF

occurs at much lower energy release and crack growth is slow and steady. Ex-

perimentally, we found that the velocity of crack growth is uniquely related to

the energy release rate. In particular, the crack velocity is an exponential func-

tion of the energy release rate. We also derive this v versus G relation using a

fracture model based on rate dependent chain breaking kinetics and found good

agreement between theory and experiments.

Our experiments and theory strongly suggested that DF in samples with

blunted and sharp cracks are governed by the same micromechanics of chain

breaking. Once a small crack is formed in blunted samples, the crack growth

rate can be explained by the universal relation between crack growth rate and

energy release rate given by Eq. (6.5). In other words, DF can be explained by

combining chain breaking kinetics with concepts from nonlinear fracture me-

chanics.

The result in Fig. 6.3 (a) can be explained by the interaction between chain

breaking and elastic field. Fig. 6.3 (a) shows that the stretch at a fixed point di-

rectly ahead of the blunted tip increases very rapidly for the first few minutes

after holding and then continues to increase at a much slower rate. In an elastic

solid, this increase is impossible since the strain distribution is fixed and cannot
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change with time during relaxation. The cause of this increase is due to time

dependent damage caused by chain breaking. . Indeed, our damage model

implies that damage softens the material by decreasing the effective shear mod-

ulus 2c1 to b × 2c1 (recall 2c1 is the shear modulus in Yeoh’s model). This means

that there is a region of softened material near the notch tip, surrounding this

softened region is undamaged material which is substantially stiffer. Since the

average spatial strain during relaxation must be constant, strain is transferred to

the softer material near the notch tip, as a result, the strain of the material near

the notch tip increases, this increase in strain is compensated by equal decrease

of average strain in the surrounding stiffer solid. To understand the rapid in-

crease in strain, we appeal to the fact that the network strands in PDMS have a

wide molecular weight distribution. As a consequence, the short strands break

rapidly due to the strain concentration near the notch tip. After this initial pe-

riod of rapid breaking, all the short strands are broken. The remaining long

strands require much higher strain to break rapidly, but can gradually break as

they are aided by thermal fluctuation. This explains the slow increase in strain

over hours.

An interesting issue raised by this work is the meaning of fracture toughness

for materials with time-dependent damage, like PDMS. In fracture mechanics,

the toughness is the minimum energy release rate required to initiate crack

growth so it should correspond to the energy release rate below which crack

growth rate is zero. However, in most experiments measuring toughness, this

value is usually obtained by stretching a PS sample with constant loading rate

until the crack length has noticeable increase. This toughness is much higher

than the critical energy release rate for crack growth we observed, which is be-

tween 35J/m2 to 50J/m2. As noted earlier, there may exist a threshold energy
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release rate below which delayed fracture does not occur. Here we note that, in

theory, there exists an energy release rate for PDMS below which crack growth

cannot occur - which is the surface energy. For PDMS, the surface energy has

been measured [109] and is found to be 21.6mJ/m2. Thus, this ”critical” energy

release rate must be greater than 43.2mJ/m2, which is unrealistically small. As

noted by Lake and Thomas [110], the toughness of elastomers is much greater

than its surface energy since when a chain breaks, it losses all its strain energy.

In LT theory [110], toughness is given by the product of the number of effec-

tive load bearing chain crossings per unit reference area, of the average num-

ber of monomers per chain and of the energy needed to break the chemical

bond between monomers. LT [110] shows that this fracture energy is given by

ΓLT =
√

3/8γlUξ, where l is the monomer length, γ is a factor determined by the

freedom of rotation about bonds in the chain which influences the flexibility,

which we taken to be one, U is the energy needed to break a polymer bond and

ξ = Nn3/2, where n is the number of monomer unit in a chain, and N is the num-

ber of effective load bearing chains per unit volume, N can be obtained using

polymer physics [111]. For PDMS, our estimation for N is

N =
µ

kT
=

0.44 × 106Pa
4.11 × 10−21J

≈ 1026/m3 (6.21)

The average number of monomer units per chain is

n ≈
ρ

mN
(6.22)

where m is the mass of a single monomer unit and ρ the mass density. The

repeated unit of PDMS is S i(CH3)2O and the mass density is 965kg/m3. So the

mass per monomer is about 1.27 × 10−25kg. This gives

n =
ρ

mN
=

965kg/m3

1.27 × 10−25kg × 1026/m3 ≈ 80 (6.23)
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For this we can find

ξ = Nn3/2
≈ (80)3/2 × 1026/m3 (6.24)

Taking the monomer length of PDMS to be 10 Angstroms, the toughness pre-

dicted by LT is

ΓLT =
√

3/8γlUξ ≈
√

3/8 × 10 × 10−10m × 3 × 10−19J × 1026/m3 × (80)3/2 = 13.1J/m2

(6.25)

This is the lower bound for “fracture toughness”, since it assumes all the dam-

age is confined to a single plane directly ahead of the crack tip. Thus, if the

threshold energy for crack growth exists, it should be higher or equal to LT

energy. In our experimental observations, the threshold energy for crack prop-

agation is about 35J/m2, which is two times higher than the LT energy.

It should be noted in this study, the crack length is always much greater than

the damage zone size or the radius of the blunted crack, this is the reason why

fracture mechanics is applicable. If the size of the damage zone is comparable

to the crack length, DF can no longer be governed by a single parameter, G. In

the literature, this corresponds to samples that are notch insensitive [84, 112].

A key length scale proposed to quantify notch sensitivity is the fracto-cohesive

length l f = Γ/W f [112], where Γ is the fracture toughness of the material and W f

is its work of extension which is the energy per unit volume to fail an uncracked

tension sample. If the crack length is smaller than Γ/W f , the sample is notch in-

sensitive and fracture mechanics approach is not valid. For PDMS in this study,

l f is estimated to be 13µm (with Γ = 35J/m2 and W f = 2.69MPa, see A.5.2), which

is consistent with our experimental results and damage model. For example,

in blunt crack samples, before catastrophic failure, the size of the small crack

is roughly 80µm. For sharp crack samples, using our damage model, when we

have a 50µm initial crack, a nominal stretch ratio of 2.5 is needed to reach a crack
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speed 0.1mm/s, which is very close to the fracture stretch ratio of 2.6 in uniaxial

tension. Here we note another length scale in soft material fracture is the elasto-

adhesive length le = Γ/E [1, 113], where E is the small strain Young’s modulus.

This length represents the typical distance from a crack tip below which the

deformation is dominated by elastic nonlinearity at the onset of crack initia-

tion [1]. Thus, fracture mechanics cannot be applied if the damage zone size

is on the same order as Γ/E. Interestingly, for our PDMS system, E = 1.3MPa,

le = Γ/E ≈ 26µm which is roughly the same order as the fracto-cohesive length.
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APPENDIX A

APPENDIX

A.1 Implementation of GP

This part is done with the help of Tianjiao Li at Cornell University.

The singular value decomposition (SVD) and Gaussian Process (GP) were

performed using Python 3.7 in Jupter 6.0.1.

The GaussianProcessRegressor module in sklearn package requires

an optimizer function as input. By default, ’fmin l bfgs b’ algorithm imple-

mented in scipy.optimize.minimize is used:

1 class sklearn.gaussian_process.GaussianProcessRegressor(kernel=None,

*, alpha=1e-10, optimizer=’fmin_l_bfgs_b’, n_restarts_optimizer=0,

normalize_y=False, copy_X_train=True, random_state=None)

However, the default maximum number of iteration maxiter in

scipy.optimize.minimize does not seem to be sufficient for the pre-

sented example of PVA constitutive model and the default setting gives rise

to errors. To solve this issue, we define our optimizer by keeping the

’fmin l bfgs b’ algorithm and modifying the optimizer by setting options

= {’maxiter’:30000}:

1 def my_optimizer(obj_func, initial_theta, bounds):

2 opt_res = scipy.optimize.minimize(

3 obj_func, initial_theta, method="L-BFGS-B", jac=True,

4 bounds=bounds, options = {’maxiter’:30000})

5 theta_opt, func_min = opt_res.x, opt_res.fun

6 return theta_opt, func_min
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And we create our GP instances as:

1 kernel = C(1.0, (1e-4, 1e10)) * RBF([5, 5, 5, 5], (1e-3, 1e4)) #

anisotropic kernel

2 gp = GaussianProcessRegressor(kernel=kernel,

3 alpha=0.1ˆ2, # value added to the

diagonal of the kernel

4 optimizer=my_optimizer,

5 n_restarts_optimizer=10,

6 normalize_y = True)

A.2 Active learning for Gaussian process

The active learning for GP is done by Tianjiao Li at Cornell University.

To make this study more comprehensive, here we did some active learning

studies for Gaussian process, with PVA constitutive model. Instead of starting

from 1000 parameters, this time we choose smaller training set at the beginning.

We are aware that there are other methods to construct the training set. Ac-

tive learning scheme is one of the most popular to construct the training set

on demand. In Gaussian process machine learning, it is a common practice to

leverage the predictive variance and use a highest-variance search algorithm to

populate the training set on the fly during training. The algorithm is described

below:
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Algorithm 1 Active learning of Gaussian process model using highest variance
search

1: Input
2: T total number of iterations
3: S T,1 initial training set (label known)
4: A1 stress matrix associated with S T,0

5: S R,1 initial reference set (label unknown)
6: |S C,i| size of the set of chosen points in each iteration
7: Output
8: GP trained Gaussian process model

9: Initialize the Gaussian process model GP
10: for t in [T ] do
11: Update GPwith S T,t and their labels
12: Use GP to make predictions on S R,t and get the predictive mean and

variance
13: Pick |S C,i| points in S R,t with the highest predictive variance and put them

into S C,t

14: S T,t+1 ← S T,t
⋃

S C,t

15: S R,t+1 ← S R,t \ S C,t

16: Calculate the stress histories of these |S C,t| points and add them to At to
get At+1

17: Apply SVD to At+1 to get the labels for S T,t+1

18: end for

To characterize the performance of highest-variance-search active learning,

we apply Algorithm 1 to the learning tasks in the presented work. We argue that

this algorithm is effective for reducing the size of the training set, but particu-

larly in the presented research, it is not necessary. We show this by analyzing

the example of learning the first GP in the first experiment (EXP 1. k = 1).

When running Algorithm 1, we tested different sizes of the set of the chosen

points, namely |S C,i| ∈ {5, 10, 15, 20}. Besides, to characterize the quality of the

models across the training history, we constructed an independent validation

set of randomly distributed 1000 points in Ω, on which we compute the root

mean square error (RMSE) of the model predictions across the training history.
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We also keep track of the cumulative time used Algorithm 1 as a function of the

size of the training set. The results are shown in Fig. A.1, where the performance

of the model trained on 1000 LHS points in our presented work is the baseline.

From Fig. A.1, we can see that to get equivalent or better accuracy as

the baseline model, the minimum number of the training points is roughly

275, 320, 490, 440 for |S C,i| = 5, 10, 15, 20, respectively. This demonstrates the

power of highest-variance search in reducing the size of the training set. How-

ever, to update the GP, in each iteration, an individual training process needs

to be carried out. This creates significant overhead. Smaller size of |S C,i| means

more frequent updates (training), resulting in a rapidly increasing cumulative

time. For example, for |S C,i| = 5, to reach the point where the number of the

training points is 275, the cumulative time is effectively identical to the base-

line. Also, larger size of |S C,i| results in slower convergence of the validation er-

ror, probably because when |S C,i| is large, many points in S C,i don’t carry much

useful information to effectively update the GP. Moreover, notice that we only

observe the minimum needed number of training points in hindsight. In ac-

tual active learning, it won’t be easy to immediately tell if the training has con-

verged. As a result, in practice, it may take more time to conduct active learning.

This result implies that in the presented work, although the evaluation of

the constitutive model is slow enough to make manual model fitting infeasi-

ble, it is not sufficiently slow to make the active learning scheme effective. In

cases where evaluating the constitutive model takes extremely long time, active

learning will be significantly more efficient.
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Figure A.1: Validation error and cumulative time for |S C,i| ∈ {5, 10, 15, 20} in
active learning.

A.3 Implementation of Neural network training

The Neural network is built using torch.nn.Module in Pytorch. The linear func-

tion is torch.nn.linear(input size, output size) and the activation

function is torch.nn.Softplus(). For example, for PVA gel, the final neural

network with two hidden layers is represented by:

1 class Net(nn.Module):

2 def __init__(self):

3 super(Net, self).__init__()

4 self.layer = []

5

6 # Linear part for first hidden layer

7 self.layer.append(torch.nn.Linear(4, 32))

8 # Activation for first hidden layer

9 self.layer.append(torch.nn.Softplus())

10 # Linear part for second hidden layer

11 self.layer.append(torch.nn.Linear(32, 32))

12 # Activation for second hidden layer
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13 self.layer.append(torch.nn.Softplus())

14 # Output layer, 4 principal values

15 self.layer.append(torch.nn.Linear(32, 4))

16 # Combine all layers together

17 self.nn_layer = torch.nn.Sequential(*self.layer)

18

19 def forward(self, x):

20 x = self.nn_layer(x) # x is the input and y is the output

21 return x

For the implementation of adaptive neural network, Net() with different

layers and nodes are generated automatically using a for loop, following the

rule below.

{32, 32}
two layers

→
{32, 64, 32}
three layers

→
{32, 64, 64, 32}

f our layers
→
{32, 64, 128, 64, 32}

f ive layers
→ · · · · · ·

(A.1)

The the loss function for training and prediction is

errtrain =
1
|ΩT |

∑
x⃗ j∈ΩT

||ψ⃗NN(x⃗ j) − ψ⃗(x⃗ j)||

||ψ⃗NN(x⃗ j)||
(A.2)

which is implemented using

1 class Relative_Loss(nn.Module):

2 def __init__(self):

3 super(RMSELoss,self).__init__()

4 def forward(self,x,y):

5 loss = torch.sum(torch.square(x - y) , axis= 1) / torch.sum(

torch.square(y), axis = 1)

6 loss = torch.sqrt(loss)

7 loss = torch.sum(loss)/loss.shape[0]

8 return loss
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The training of the neural network is based on Adam gradient descent method.

All data in the training set are fed to the neural network at the same time to

get the training error. Simple speaking, gradient descent method is applied to

optimize the weights of all nodes so they can give us the training error as low

as possible. Specifically, we use Adam optimizer to help us optimize all the

weights, and the command for Adam optimizer in Pytorch is

1 optimizer = torch.optim.Adam(net.parameters(), lr = 0.002,

2 betas = (0.99, 0.999), eps=1e-08,

3 weight_decay=1e-5)

where “lr” means the learning rate, “betas” means the coefficients used

for computing running averages of gradient and its square, “eps” is the

term added to improve numerical stability, and “weight decay” means the

weight decay (or L2 penalty). More details about it can be found in

”https://pytorch.org/docs/stable/generated/torch.optim.Adam.html”. The

optimizer does one step of gradient descent and updates all the weights, which

is called one step, or one epoch. Many epochs are conducted to train a neu-

ral network until the error cannot be smaller. To be specific, when the relative

change of error is smaller than 10% between 10000 epochs, we stop training and

determine whether to increase the number of layers or to go to the validation

part.
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A.4 Relaxation test for T-shape sample in oil

Figure A.2: T-shape test for c − PAstrong immersed in mineral oil

The sample is made of two separate parts so there is no water flow within

this sample. The sample is stretched to λN = L/L0 = 1.3 with a fast stretch rate

of 0.1/s and then held at the deformed length L = 1.3L0 for half an hour. The

curves show the time evolution of stretch at narrow and wide sections, which

have the same trend as the curve of T-shape test in water.
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A.5 Characterization of PDMS

A.5.1 Pheology test for PDMS

The rheology test for PDMS was done with a torsion rheometer (Discovery Hy-

brid Rheometer HR-3, TA instruments). A cylindrical sample of radius 10 mm

and height 2mm was cut using a circular cutter. A small precompression (1-2

N force) is imposed on the sample to prevent slip and then cyclic torsion was

applied with different frequencies, from 0.01Hz to 50Hz. The frequency scan

was done using different strain amplitudes, 0.5%, 1% and 2%, and all results are

almost the same to each other. Our results are in good agreement with literature

[102].

Figure A.3: Rheology test for PDMS
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A.5.2 Uniaxial tension test for PDMS

The data fitting for PDMS uniaxial tension is done with the help of Bangguo

Zhu at Cornell University.

As we mentioned in section 6, the uniaxial tension date of PDMS is fitted

using a 3-term Yeoh’s hyper-elastic model. The strain energy density function

is

W(λ) =
3∑

k=1

ck(I1 − 3)k, I1 = λ
2 + 2λ−1 (A.3)

Fig. A.4 shows the fitting result, and the parameters are

c1 = 0.2215MPa c2 = 4.4873 × 10−2MPa c3 = 6.9596 × 10−3MPa (A.4)

Then, by calculating the area under the blue curve, we can get the work to rup-

ture W f

W f =

∫ λ f

1
sdλ = 2.69MPa (A.5)

Figure A.4: Fitting of PDMS uniaxial tension test using 3-term Yeoh’s
model. From the comparison with neo-Hookean model, there is strong strain-
hardening effect in PDMS.
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A.5.3 Strain concentrating in single edge blunt crack sample

For single edge blunt crack samples. When the radius of the notch is not small

enough, the stress concentration is not high enough so defects from the clamped

edges of PS samples often nucleate and grow before the blunted crack grows.

As shown in Fig. A.5.

Figure A.5: Strain concentration in single edge blunt crack sample. (a) Illus-
tration of strain concentration at the edge. (b) Experimental picture for crack
growing from the edge. The radius of the notch tip is 0.25mm.
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A.6 Numerical simulations of PDMS PS samples with sharp

crack

The numerical simulations of PDMS is done by Bangguo Zhu at Cornell Uni-

versity.

A.6.1 Calculating energy release rate for sharp cracks with dif-

ferent lengths

The J-integral is utilized to compute the energy release rate numerically. In com-

mercial FEM software Abaqus, the numerical evaluations of the J-integral are

provided based on the virtual crack extension/domain integral methods. Fol-

lowing the procedure stated in the Abaqus documentation, we can determine

the energy release rate for a 2D pure shear sample with varying crack lengths.

The numerical results are verified through several ways. Firstly, the J-integral

values for different integral “contours” (Fig. A.6) are found to be reasonably

close. Secondly, even with significant mesh refinement, the J-integral value re-

mains close to the original value. Thirdly, in theory, the energy release rate

GPS can be calculated for an ideal pure shear sample with a much longer crack

length than the height and thickness of the specimen. The amount of strain en-

ergy released per unit crack area is equivalent to the strain energy stored in the

stripe under pure shear state of height H. As illustrated in Fig. 6.7, when crack

length is greater than H, the FEM-derived energy release rate remains relatively

constant and is close to GPS .
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Figure A.6: Different “contours” (domains, marked in red) used to evaluate the
J-integral in Abaqus. In Abaqus, the closed path integral is converted into the
domain integral.

A.6.2 Evaluate Eq. (6.14) for long sharp crack

To complete the evaluation of Eq. (6.14). We use FEM simulation to get I1(B) as

a function of x, the distance ahead of the crack tip. The equation is

v =
nm

τln(1/bc)

∫ L

xc

exp

La

lk

√
I1(B)

3n

[
3 − I1(B)/3n
1 − I1(B)/3n

] (A.6)

The simulation is implemented with the 3-term Yeoh’s model, under the as-

sumption that the damage zone near the crack tip is sufficiently small so the

strain field in PDMS is almost the same as a semi-infinite crack in a hyperelas-

tic solid. The simulation results are shown in Fig. A.7. Fig. A.7 (a) shows the

meshes in deformed state and Fig. A.7 (b) shows the strain field in deformed

state. Same simulations are implemented for different stretch ratios. The strain

along the integrating path is used to evaluate Eq. (6.14) or Eq. (A.6).
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Figure A.7: FEM simulation for PS samples with a long sharp crack. (a) Meshes
in deformed state. (b) Strain field and integrating path in deformed state.
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