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The growing use of cardiovascular simulations for diagnosis and surgical planning is

facilitated by constant advancements in numerical methods and modeling. This disserta-

tion is a collection of three studies, two of which introduced improvements to the current

CFD solver that improves the solution accuracy and speed, while the last study uses CFD

simulations to perform a parametric optimization study, all in relation to cardiovascular

flow. The first study introduced a method to perform cardiovascular CFD simulations

in the Fourier domain. The growing use of cardiovascular simulations for diagnosis and

surgical planning requires faster computational methods than those currently available.

To address this need, we leverage the periodic nature of these flows by discretizing equa-

tions in terms of Fourier modes instead of time steps. This approach, known as the har-

monic balance method, significantly reduces the size of the discrete problem and hence

the simulation cost. In our study, we introduce a harmonic balance finite element solver

for simulating physically stable time-periodic flows. The proposed solver is formulated

using the baseline Galerkin’s method with a least-squares stabilization term. The solver is

tested on three physiological cases: a Glenn operation pulmonary arteries flow, a cerebral

arteries flow, and a left main coronary arteries flow, against a conventional time-stepping

solver. We demonstrate that simulations using the harmonic balance solver all converged

around 30 minute, while cases run with the conventional time solver takes more than ten

hours, resulting in 10 to 100 times simulation speedup. We compared the solutions be-

tween the proposed and conventional solvers and found that the results are very similar,

with a margin of around 5%.



The second study proposed a new stabilization formulation for the streamline up-

wind Petrov-Galerkin finite element method. Several finite element methods for sim-

ulating incompressible flows rely on the streamline upwind Petrov-Galerkin stabiliza-

tion (SUPG) term, which is weighted by τSUPG. The conventional formulation of τSUPG

includes a constant that depends on the time step size, producing an overall method that

becomes exceedingly less accurate as the time step size approaches zero. In practice, such

method inconsistency introduces significant error in the solution, especially in cardiovas-

cular simulations, where small time step sizes may be required to resolve multiple scales

of the blood flow. To overcome this issue, we propose a consistent method that is based

on a new definition of τSUPG. This method, which can be easily implemented on top of

an existing streamline upwind Petrov-Galerkin and pressure stabilizing Petrov-Galerkin

method, involves the replacement of the time step size in τSUPG with a physical time scale.

This time scale is calculated in a simple operation once every time step for the entire com-

putational domain from the ratio of the L2-norm of the acceleration and the velocity. The

proposed method is compared against the conventional method using four cases: a steady

pipe flow, a blood flow through vascular anatomy, an external flow over a square obsta-

cle, and a fluid-structure interaction case involving an oscillatory flexible beam. These

numerical experiments, which are performed using linear interpolation functions, show

that the proposed formulation eliminates the inconsistency issue associated with the con-

ventional formulation in all cases. While the proposed method is slightly more costly than

the conventional method, it significantly reduces the error, particularly at small time step

sizes. For the pipe flow where an exact solution is available, we show the conventional

method can over-predict the pressure drop by a factor of three. This large error is almost

completely eliminated by the proposed formulation, dropping to approximately 1% for

all time step sizes and Reynolds numbers considered.

The third study introduces an algebraic model informed by computational fluid dy-

namics (CFD) simulations to investigate the performance of the assisted bidirectional



Glenn (ABG) operation on a broad range of conditions. The performance of this oper-

ation, as measured by the superior vena cava (SVC) pressure, depends on the nozzle area

in its ejector pump and the patient’s pulmonary vascular resistance (PVR). Using the de-

veloped algebraic model to explore this two-dimensional parameter space shows that the

ejector pump can create a pressure difference between the pulmonary artery and the SVC

as high as 5 mmHg. The lowest SVC pressure is produced at a nozzle area that decreases

linearly with the PVR such that, at PVR = 4.2 (Wood units-m2), there is no added bene-

fit in utilizing the ejector pump effect (optimal nozzle area is zero, corresponding to the

bidirectional Glenn circulation). At PVR = 2 (Wood units-m2), the SVC pressure can be

lowered to less than 4 mmHg by using an optimal nozzle area of ≈ 2.5 mm2. Regardless

of the PVR, adding a 2 mm2 nozzle to the baseline bidirectional Glenn boosts the oxygen

saturation and delivery by at least 15%. The SVC pressure for that 2 mm2 nozzle re-

mains below 14 mmHg for all PVRs less than 7 Wood units-m2. The mechanical efficiency

of the optimal designs consistently remains below 30%, indicating the potential for im-

provement in the future. A good agreement is observed between the algebraic model and

high-fidelity CFD simulations.
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CHAPTER 1

INTRODUCTION

Heart disease is the leading cause of death in the United States, accounting for approx-

imately 1 in 5 deaths [188]. The annual cost of heart disease in the United States ex-

ceeds 250 billion dollars, including expenses related to healthcare, medications, and lost

productivity [182]. Significant resources have been invested in the diagnosis, analysis,

and treatment of heart disease. Investigating and understanding the hemodynamics of

the cardiovascular system—such as pressure distribution, flow patterns, turbulence, and

stagnation—has been an essential component in understanding heart functionality and

disease [152, 115]. Unfortunately, clinical methods alone have been inefficient in obtain-

ing this information, especially when limited to non-invasive measurements. Historically,

the only non-invasive measurements of blood hemodynamics have been blood pressure

and cardiac output [3, 35]. In conjunction with blood biomarker measurements, diagnoses

are typically inferred using clinical experience and predictive models [136, 195]. Recent

advancements in 4D flow magnetic resonance imaging (MRI) have enabled additional

non-invasive clinical measurements of blood hemodynamics, most notably flow veloc-

ity [109, 163]. However, the equipment required for 4D MRI measurements is expensive

to purchase and maintain, making it inaccessible for many hospitals and patients. Even

with 4D MRI, many parameters—such as pressure distribution, wall shear stress, and

shear rate—remain inaccessible through non-invasive clinical measurements. Further-

more, predicting surgical hemodynanics outcomes, which requires performing virtual

surgery and simulations, is not feasible using current clinical methods.

Since the late 20th century, flow simulations using computational fluid dynamics

(CFD) have seen exponential growth owing to the advances in hardware capabilities and

numerical methods [55, 102, 77, 18]. CFD was utilized for performing cardiovascular

simulations since as early as the 1990s [173, 174, 171]. Blood flow simulations provide
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Figure 1.1: Heart Disease Death Rates, 2018–2020 for Adults, Ages 35+, by County. Re-
trieved from CDC website. [63]

hemodynamic information that is otherwise clinically unobtainable, enhancing our un-

derstanding of various cardiovascular systems and diseases. Early cardiovascular simu-

lations used idealized geometries of the cardiovascular system due to limited computa-

tional power and difficulties in acquiring realistic geometries [170]. These early idealized

simulations offered valuable insights into circulation patterns, but often ignored patient-

specific variations. More recently, advances in medical imaging, image processing, and

computational hardware and software have made cardiovascular simulation a viable tool

for patient-specific diagnosis and surgical planning [89, 196]. These simulations can pro-

vide detailed, realistic spatiotemporal flow information of a patient’s circulatory system

for both diagnosis and potential surgical outcomes, with the help of virtual surgeries us-

ing computer-aided design (CAD) software [128, 160].
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Performing a cardiovascular simulation for a patient involves several steps: obtaining

a patient-specific model, conducting the CFD simulation, and post-processing to analyze

the results and correlate them with clinical diagnoses or predictions. Currently, the bulk

of the time is consumed by the first two steps, each of which can take hours or even days.

Obtaining a patient-specific three-dimensional model is crucial for accurate personalized

diagnosis and treatment, as variations in cardiovascular geometry between patients can

significantly impact simulation outcomes and flow dynamics. Advancements in imaging

tools and software have contributed to rapid progress in this area [108, 41, 153, 109]. Over

the past three decades, the rapid advancement of non-invasive imaging techniques such

as computed tomography (CT), positron emission tomography (PET), and magnetic res-

onance imaging (MRI) has provided clinicians and researchers with unprecedented high-

resolution spatial images of the heart and vasculature [37, 159]. Segmenting these images

to generate three-dimensional models is challenging due to image noise and the inher-

ent variability of cardiovascular geometries among patients, which sometimes requires

significant manual hours. Specialized algorithms have been instrumental in performing

auto-segmentation on various parts of the cardiovascular system [137, 140]. However,

these algorithms are often limited to specific regions or applications and typically take

around 2 to 3 hours to complete [26]. More recently, rapid advancements in artificial in-

telligence over the past several years have paved the way for developing deep learning-

based segmentation methods [134, 29]. For these methods, most of the computational

cost is incurred during model training, which can be conducted as a preliminary step

in research settings. Once trained, applying these models for segmentation in clinical

settings typically takes less than one second [8, 27, 72]. With ongoing research in auto-

segmentation, these costs will continue to decrease.

Currently, the majority of the cost associated with performing cardiovascular simula-

tions is attributed to the computational expense of the CFD solver. Early adopters of CFD

utilized finite volume and finite difference methods [55, 102]. Recently, the finite element
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method has become more commonly used for cardiovascular simulations [169]. The finite

element method offers the advantage of better handling unstructured meshes, making it

more suitable for patient-specific geometries [184, 14]. Additionally, implementing fluid-

structure interaction (FSI) to model heart muscle or blood vessel movements is relatively

straightforward using the finite element method [15, 145]. The finite element method for

fluid flow solves the weak form of the Navier-Stokes equations, and when spatially dis-

cretized, it results in the Galerkin form of the Navier-Stokes equations. The numerical so-

lution using the Galerkin form is inherently unstable in advection-dominant flows, neces-

sitating a stabilization scheme to counteract these numerical instabilities [23, 79, 156, 64].

The stabilization scheme is crucial for ensuring numerical stability and solution accuracy

in finite element methods. A commonly used early stabilization method is the streamline

upwind Petrov–Galerkin and pressure-stabilizing Petrov–Galerkin (SUPG/PSPG) formu-

lation [23]. This stabilization is inspired by the upwind scheme used in finite difference

methods. Streamline-upwind stabilization is formulated as an artificial diffusion, where

the diffusivity is determined based on the streamline velocity and a stabilization param-

eter, τ. The value of τ is analytically derived from the solution of the steady advection-

diffusion equation, ensuring that the nodal solution of the finite element method matches

the analytical solution [79, 156]. Pressure stabilization is incorporated into the continuity

equation, allowing for equal-order shape functions to be used for both the velocity and

pressure fields. Over the decades, more advanced stabilization methods have evolved

from the SUPG/PSPG stabilization. In this dissertation, in addition to the SUPG/PSPG

method, we also employ the Galerkin least-square stabilization, which utilizes the differ-

ential operator of the governing equations to construct the stabilization term [56], and the

residual-based variational multiscale method, which uses stabilization terms to model

sub-grid scale turbulence [2, 10].

One challenge with the stabilized method is designing the stabilization parameter τ

for unsteady equations. Conventional stabilization methods typically use a form of τ that
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includes an acceleration contribution proportional to the time step size, ∆t [79, 156]. This

term makes the solution of the stabilized finite element solver dependent on the chosen

time step size. This time-step dependency is not significant when the simulation’s CFL

number is around 1. However, when a very small time step is used, resulting in a low

CFL number, the solution tends to diverge as the time step approaches zero. This issue

is common in cardiovascular simulations, as the complexity of the geometry and flow

conditions often necessitates using small time step sizes. Our numerical experiments

demonstrated that the solver built with the conventional stabilization formulation can

over-predict results by threefold in certain extreme cases. Chapter 3 of this dissertation,

published in Scientific Reports [88], aims to address this time step size inconsistency is-

sue. We proposed a new design for the stabilization parameter τ, which calculates the

acceleration term contribution based on the physical properties of the fluid field. This

formulation ensured that the stabilization parameter is independent of the time step size.

We showed that the new formulation reduced solution variation to within 1% when the

time step size changed by two orders of magnitude.

Other than the challenges related to the numerical accuracy of CFD results, one of

the biggest challenges in using cardiovascular simulations in clinical settings remains the

high computational cost. Currently, state-of-the-art high-accuracy cardiovascular CFD

simulations typically require more than 5,000 CPU hours [52, 90, 111]. Existing efforts

have focused on reducing the complexity of simulations to lower costs. One approach

to achieve this is by reducing the size of the discretized mesh while preserving solution

accuracy. This can be accomplished by using a physics-based mesh generation strategy

that minimizes the total number of elements used without compromising overall accu-

racy [100, 90]. The cardiovascular system exhibits drastically different hemodynamics at

various locations within the fluid domain. To capture the full complexity of the flow, a

uniform mesh typically requires very small element sizes. However, this fine resolution

may not be necessary in regions with non-complex flow, such as in the pulmonary arter-
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Figure 1.2: Example of mesh generated from the physics-based mesh generation method.
The physical flow field is shown in Figure 1.3

ies. The physics-based mesh generation approach allows the fluid domain to be meshed

according to the physical complexity of the flow (Figure 1.2 and 1.3). Given that cardio-

vascular CFD simulations use the finite element method with linear shape functions, the

leading source of error in the fluid field is associated with the second derivative of the

velocity field. The second derivative at each node can be estimated using values from

adjacent nodes. With this information, the mesh is iteratively reconstructed, where the

remeshed edge length is prescribed as inversely proportional to the error estimation. This

method ensures mesh-independent solutions by limiting maximum local error while re-

quiring significantly fewer elements than a uniform mesh. Consequently, this approach

reduces overall simulation costs, especially when the mesh is used for multiple simula-

tions.

Another approach to reduce simulation costs is through reduced-order modeling of

the cardiovascular system. One of the earliest reduced-order model of the cardiovas-

cular system is the lumped parameter network (LPN), where blood vessels are repre-

sented as resistors, capacitors, and inductors to simulate physical pressure head loss, ves-

sel dilation, and external forces, respectively [104]. This modeling approach has been

used in conjunction with CFD to reduce system complexity or even as a replacement for

6



Figure 1.3: Velocity field which the physics-based mesh generation was based on. The
mesh generated is shown in Figure 1.2

CFD [127, 111]. When used in conjunction with CFD, the lumped parameter network

serves as a closed-loop system to model whole-body blood flow and provides realistic

boundary conditions for the CFD domain (Figure 1.4). The high accuracy multi-domain

CFD-LPN results can be used to further construct reduced order models for specific car-

diovascular cases and inform surgical parameterization and optimization. In Chapter 4 of

this dissertation, we developed a CFD-based reduced-order model that was built on con-

servation laws. This work was published in MDPI Fluids[87] and was a continuation of

my master’s research[90], which proposed a new surgical procedure and demonstrated

its effectiveness using multi-domain CFD simulations. The scope of the reduced-order

model was limited to a specific proposed surgical procedure under varying patient phys-

iological conditions. The constructed reduced-order model can be used to support clinical

decision-making. The primary drawback of the reduced-order model is the high cost as-

sociated with training. In this study, we used a total 15 CFD simulations to inform the

model, which simultions took 30 days to run in parallel on 288 processors. More recently,

data-driven machine learning has been considered as a potential replacement for CFD

simulations [175, 103, 154]. However, such models require even more training data to

develop, typically on the order of 100 CFD simulations or extensive clinical data [122, 57].

Overall, current reduced-order models suffer from three major drawbacks compared to
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Figure 1.4: Example of lumped parameter network modeling the whole body blood flow
coupled with CFD domain for a realistic multi-domain simulation. This simulation is
performed in Chapter 4.

CFD simulations: limited personalization and flexibility, extensive data requirements for

training, and lack of adherence to fundamental conservation laws, making them prone to

significant errors.

For real-time patient-specific diagnosis or surgical outcome prediction, the simulation

turnaround time must be within a few hours and run on a clinically accessible hardware,

typically a desktop computer with around 10 CPU cores. This indicates that there is still

a two- to three-order-of-magnitude gap in computational time between current CFD ca-

pabilities and the desired cost for clinical adoption. In a series of our recent studies, we

proposed simulating cardiovascular flows in the time-spectral (frequency) domain rather

than the time domain to address the cost constraints of cardiovascular simulations while

preserving the benefits of CFD. Physically stable cardiovascular flows exhibit periodic

and smooth temporal behavior, allowing their behavior to be approximated using fewer

than ten frequency modes. By solving for selective frequency modes, we can significantly
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reduce simulation costs compared to conventional time-stepping CFD, which often re-

quires tens of thousands of time steps to achieve cycle-to-cycle convergence. Construct-

ing the frequency finite element Navier-Stokes solver involved several studies, begin-

ning with a specialized code structure to separate complex values and incorporate a pres-

sure stabilization scheme [117, 45]. We also introduced a new finite element stabilization

method to improve solution accuracy and tested it against existing approaches [44, 46].

Chapter 2 represents the most recent work in this series and marks the first comprehen-

sive effort to construct a frequency solver with favorable linear cost scaling in relation

to frequency modes. We achieved this by combining the harmonic balance method with

the stabilized finite element method to solve the Navier-Stokes equations. The efficacy

of our proposed harmonic balance solver is demonstrated through three different car-

diovascular cases with patient-specific anatomy, and the results were compared to those

obtained using a conventional time-stepping CFD solver. The goal is to demonstrate that

the proposed frequency solver is ready for application in various physiological flow cases,

paving the way for its potential future use. This work is planned to be submitted to the

Journal of Biomechanical Engineering considering the proposed solver’s physiological

relevance and application potential.

The three studies included in this thesis are ordered as followed: Chapter 2 presents

the details on the study on constructing a harmonic balance finite element solver and the

related numerical experiments, Chapter 3 presents the improved stabilization parameter

formulation for the stablized finite element method which fixed the solution consistencey

issue related to change in time step size, Chapter 4 is the CFD-based reduced order model

parametric study on a surgical procedure. We will conclude this dissertation in Chapter

5 and discuss the relation between these works, the remaining challenges, and possible

future directions.
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CHAPTER 2

ACCELERATING CARDIOVASCULAR CFD SIMULATIONS WITH A HARMONIC

BALANCE FINITE ELEMENT SOLVER FOR THE NAVIER-STOKES EQUATIONS

2.1 Introduction

Computational Fluid Dynamics (CFD) has been foundational to cardiovascular studies

in the recent decades [173, 59, 127, 130]. Cardiovascular flow simulations using CFD

provide a non-invasive way of accessing information that is difficult or impossible to

obtain using conventional clinical methods. Simulation results such as flow paths, pres-

sure distribution, and wall shear stress can provide critical information for non-invasive

diagnosis [4, 96, 30, 123], predictive surgical planning [139, 53, 89], and surgical optimisa-

tion [52, 110, 87]. Unfortunately, the applications are mainly limited to research settings

due to the cost of performing high-accuracy simulations, which can take hours or days to

run on a dedicated computing cluster [181, 90]. In real-life clinical settings where patient-

specific simulations are considered, the cost becomes prohibitive because the computa-

tional resources are limited and the decision-making time is short.

At the current state, performing CFD simulations in clinical settings requires simpli-

fying the flow condition, most commonly by assuming steady-state flow, for example,

in most simulation-driven fractional flow reserve (FFRCFD, FFRCT) [172, 39, 124]. This

assumption reduces the CFD simulation’s convergence cost but significantly impacts the

result accuracy since cardiovascular flows are inherently unsteady and cyclic. The steady-

state assumption does not capture the dynamical behavior during a cardiac cycle, result-

ing in large errors in estimating parameters such as pressure, flow rate, and wall shear

stress. Other speedup methods circumvent performing CFD in clinical settings altogether,

such as reduced order modeling [104, 131, 142], and more recently, data-driven machine
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learning [175, 103, 154]. In these methods, CFD simulations are performed beforehand,

and the results are used to build CFD-informed models [122, 57]. The models constructed

are cost-efficient for use in clinical settings. However, they often struggle to accommodate

patient-specific variations in conditions or geometries. More importantly, these models

do not yield the same full temporal-spacial results as CFD, nor are they inherently de-

signed to satisfy conservation laws essential for ensuring physical validity.

To address the cost constraint of cardiovascular simulations while preserving the full

advantages of CFD, we proposed simulating these flows in a time-spectral (or frequency)

domain in a series of our recent work [117, 45, 44, 46]. Physically stable cardiovascular

flows are periodic and vary smoothly in time; thus, their temporal behavior can be well-

approximated using a few frequency modes. Solving those selective frequency modes can

reduce the simulation cost significantly compared to conventional time-stepping CFD,

which requires hundreds of time steps to represent one cardiac cycle and tens of thou-

sands of time steps to reach cyclic solution convergence. The implementation of the

frequency finite element solver requires several innovative approaches, starting with a

specialized code structure to separate the complex values to strictly use real arithmetics

in the solver, and a pressure stabilization scheme to allow equal shape functions for pres-

sure and velocity [117, 45]. In addition, a new finite element stabilization method was

proposed to improve solution accuracy and was tested against other existing stabiliza-

tion methods in solving the frequency convection-diffusion equation [44].

The stabilized finite element method is widely used for cardiovascular simulations,

owing to its convenience in dealing with complex geometries, unstructured grid, and

modeling fluid-structure interaction [184, 15, 145, 94]. In our most recent work, we in-

troduced a CFD solver that uses a specialized stabilized finite element method to solve

the Navier-Stokes equation in frequency [46]. The requirements for performing a sim-

ulation using the frequency stabilized finite element solver are the same as those for a
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conventional CFD solver: given boundary conditions and a volumetric mesh. The outlet

flow rate and pressure results were accurate to less than 5% of that of a conventional CFD

while achieving significant speedup in simulation time. Despite these favorable results,

the previous study’s most significant drawback is that the simulation cost scales quadrat-

ically with the number of simulated frequency modes. This cost scaling diminishes the

cost-saving advantages of the frequency solver when a large number of frequency modes

is required for a simulation.

Previously, the idea of solving unsteady non-linear equations in the frequency do-

main has been extensively studied in the field of harmonic balance methods. The har-

monic balance method is a frequency domain method to used to calculate the frequency

response without the need for time integration. [147] It is particularly widely used for

simulating strong nonlinear behaviors such as mechanical vibration and nonlinear elec-

trical circuits [190, 166]. Harmonic balance CFD simulations have been used in aerospace

and turbomachinery applications using the finite volume and the finite difference meth-

ods [114, 83, 68, 161, 70, 5, 82]. However, using the harmonic balance method for sim-

ulating cardiovascular flow was only mentioned in one conference proceeding and has

not been comprehensively considered [97]. In this paper, we will take advantage of the

harmonic balance form of the Navier-Stokes equations proposed in a harmonic balance

CFD paper [71]. The harmonic balance Navier-Stokes equations is a direct transform of

the frequency Navier-stokes equations used in our previous study [46]. The harmonic

balance form of the equations has the advantage of containing only real-valued variables

and allowing approximately linear cost-scaling with the number of frequency modes.

To the best of our knowledge, this is the first paper that combines the harmonic bal-

ance method with the stabilized finite element method to solve the Navier-Stokes equa-

tions. We will simulate three different cardiovascular cases with patient-specific anatomy:

a Glenn procedure pulmonary flow, a cerebral flow, and a coronary artery flow with the
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proposed harmonic balance solver and compare the results to that of a conventional time-

stepping CFD solver. These cases, each with its unique clinical significance and hemody-

namic flow patterns, will serve as compelling examples to demonstrate the efficacy of the

proposed harmonic balance solver. We aim to demonstrate that our proposed solver is

ready for application in various physiological cases, paving the way for its potential use

in future studies. This paper is organized as follows: We will first introduce the derivation

of the harmonics-balance Navier-Stokes equation and present the stabilized finite element

method used. We will then give comprehensive details about the solution procedure to

solve the system of equations. We will use the results obtained from the three cardiovas-

cular cases to demonstrate the harmonic balance solver’s cost and accuracy relative to the

conventional solver. Lastly, we will discuss the implications of the results, the existing

limitations, and future works.

2.2 Methods

This section details the numerical methods used to construct the proposed harmonic bal-

ance CFD solver, beginning with deriving the governing equations: the harmonic balance

Navier-Stokes equations. We will then formulate the stabilized finite element weak form

used in this study and briefly discuss other common stabilization methods. Lastly, we

will provide the solution procedure to solve the resulting system of equations to achieve

optimal speed and cost scaling. This section provides sufficient details for readers to mod-

ify an existing conventional finite element solver to solve the harmonic balance Naiver-

Stokes equations.
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2.2.1 Harmonic balance Navier-Stokes equations

In this study, the fluid (blood) is incompressible. The blood is considered Newtonian

since the length scale of the major blood vessels is significantly larger than the length

scale of a red blood cell. In addition, we are only considering non-moving walls. Future

studies are required to extend our method to include fluid-structure interactions.

With these assumptions, the three-dimensional incompressible Navier-Stokes equa-

tion in the Cartesian coordinate system and the time domain is formulated as

ρ
∂ûi

∂t
+ ρû j

∂ûi

∂x j
= −
∂ p̂
∂xi
+
∂

∂x j

(
µ
∂ûi

∂x j

)
, in Ω × (0,NcT ]

∂ûi

∂xi
= 0, in Ω × (0,NcT ]

ûi = ĝi, on Γg × (0,NcT ]

−p̂ni + µ
∂ûi

∂x j
n j = ĥni, on Γh × (0,NcT ]

(2.1)

where subscripts i and j denotes the spatial orientation where i, j = 1, 2, 3. ρ ∈ R+ and

µ ∈ R+ are the fluid density and dynamic viscosity, respectively, and ûi(x, t) ∈ R and

p̂(x, t) ∈ R are the unknown fluid velocity and pressure, respectively, at position x and

time t. Ω denotes the entire computational domain, and Γh and Γg are the portion of the

boundary where a Neumann and Dirichlet boundary condition is imposed, respectively.

ĝi(x, t) ∈ R and ĥ(x, t) ∈ R are the imposed Dirichlet and Neumann boundary conditions,

respectively, and Nc and T are the number and duration of cardiac cycles. n j denotes

the normal direction at the Neumann boundaries. Note that the Neumann boundary

condition is simplified by decoupling the velocity components, which is common for car-

diovascular applications [186, 12, 46].

To write (2.1) in the frequency domain, we take advantage of the underlying frequency

of the flow field, ω = 2π/T , calculated from the duration of the cardiac cycle. With this

knowledge, we can write the solution and boundary conditions in a discretized and trun-
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cated frequency form up to the M-th frequency mode as

ûi(x, t) =
∑
|m|<M

u∗mi(x)eîmωt,

p̂(x, t) =
∑
|m|<M

p∗m(x)eîmωt,

ĝi(x, t) =
∑
|m|<M

g∗mi(x)eîmωt,

ĥ(x, t) =
∑
|m|<M

h∗m(x)eîmωt,

(2.2)

where

g∗mi(x) B
1
T

ˆ T

0
ĝi(x, t)e−îmωtdt,

h∗m(x) B
1
T

ˆ T

0
ĥ(x, t)e−îmωtdt,

are the Fourier coefficients computed such that the spectral content of the boundary con-

ditions is exact up to the M-th mode. This way, the error associated with discretizing the

boundary conditions in (2.2) scales with the frequency content of the truncated terms and

is minimized. The asterisk (∗) denotes the variables in frequency and î =
√
−1.

To write the frequency Navier-Stokes equation in a compact matrix form, we organize

unknowns and boundary conditions in vectors as

u∗i (x) B



u∗(−M+1)i
...

u∗0i
...

u∗(M−1)i


, p∗(x) B



p∗
−M+1
...

p∗0
...

p∗M−1


, g∗i (x) B



g∗(−M+1)i
...

g∗0i
...

g∗(M−1)i


, h∗(x) B



h∗
−M+1
...

h∗0
...

h∗M−1


. (2.3)
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With these definitions, (2.1) is expressed in the frequency domain as

ρΩu∗i + ρA j
∂u∗i
∂x j
= −
∂p∗

∂xi
+
∂

∂x j

(
µ
∂u∗i
∂x j

)
, in Ω

∂u∗i
∂xi
= 0, in Ω

u∗i = g∗i , on Γg

−p∗ni + µ
∂u∗i
∂x j

n j = h∗ni, on Γh

(2.4)

where the frequency-source matrix, Ω, is a diagonal matrix with imaginary entries,

Ω( j, j) B î( j−M)ω, and Ai is a convolution matrix given as Ai( j, k) B u∗( j−k)i, | j− k|< M. The

constraint | j − k|< M results in zero entries on the top right and bottom left of Ai, which

eliminates the aliasing effect by preventing the generation of frequency that is equal or

higher than M from the nonlinear convective acceleration term.

In our previous paper, we solved equations (2.4) using the finite element method with

a specialized stabilization scheme [46]. One of the challenges was the complex form of

the frequency equation, which requires a particular code structure to handle the complex

arithmetic. But more importantly, the solver yielded quadratic cost scaling due to the full

convective mode-coupling matrix A and its resulting stabilization formulation. In other

words, the overall computational cost scales with the square of the number of frequency

modes, O(M2). This second-order scaling diminished the frequency formulation’s cost

advantage as the number of frequencies captured in a simulation increased.

This study uses a transformation proposed in a previous harmonic balance method

paper to achieve first-order cost scaling [71]. We write the vectors containing the variables

in frequency as discrete Fourier operations

u∗i (x) B Eui(x), p∗(x) B Ep(x), g∗i (x) B Egi(x), h∗(x) B Eh(x), (2.5)

where E is the discrete Fourier transform matrix defined as E( j, k) B (1/N)e−2πî jk/N , where

j, k = 0, . . . ,N − 1 and N = 2M − 1. The unknowns and boundary conditions are now

vectors that contain variables at N equally spaced time points in a cycle, given as
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ui(x) B



u0i

u1i

...

u(N−1)i


, p(x) B



p0

p1

...

p(N−1)


, gi(x) B



g0i

g1i

...

g(N−1)i


, h(x) B



h0

h1

...

h(N−1)


. (2.6)

Plugging equations (2.5) in (2.4) and multiplying all equations by the discrete inverse

Fourier transform matrix, E−1, gives us the final form of the harmonic balance Navier-

Stokes equation as

ρHui + ρU j
∂ui

∂x j
= −
∂p
∂xi
+
∂

∂x j

(
µ
∂ui

∂x j

)
, in Ω

∂ui

∂xi
= 0, in Ω

ui = gi, on Γg

−pni + µ
∂ui

∂x j
n j = hni, on Γh

(2.7)

where H is a zero diagonal time point-coupling matrix where H = E−1ΩE, and Ui is a

diagonal convective acceleration matrix where Ui = diag (ui).

Remarks:

1. The harmonic balance equations in (2.7) is a direct transform of the frequency equa-

tions in (2.4) by a discrete inverse Fourier transform operator. Therefore, the solu-

tions from the harmonic balance equations still maintain the numerical characteris-

tics of the frequency equations, including spectral accuracy in terms of the truncated

frequency series used to represent the unknown variables.

2. The discretization of the acceleration term comes from writing the solution and

boundary conditions in a truncated frequency form, which then are transformed
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back to unknowns at equally spaced time points for the harmonic balance equa-

tions. This form assumes that the solution only contains integer multiplication fre-

quencies of ω. This assumption is reasonable for cardiovascular flows because the

energy in each mode is either directly injected by the boundary condition or pro-

duced by mode-mode interaction. However, for some instances, another distinct

frequency might be triggered by geometric shape-induced instabilities or turbu-

lence, ωg, which is not integer multiples of ω. This situation typically arrises when

the Reynolds number in the fluid domain reaches or exceeds the transient flow limit

at 2, 000 to 3, 000. For these cases, the solutions will not converge to steady values.

3. Other than the time-coupling term, ρHui, in equations (2.7), all other terms can be

calculated at each time point independent of other time points. This calculation

means that the code structure for solving conventional time-domain Navier-Stokes

equations can remain mostly unchanged. Furthermore, the fact that H is calculated

from two discrete Fourier transform matrices means that a fast Fourier transform

routine can be used to make the cost scaling O(N log (N)). The implementation will

be explained in the following sections.

2.2.2 Stabilized finite element method

The discrete finite element form of the Naiver Stokes equation, namely the Galerkin form,

needs to be stabilized to mitigate nonphysical solution oscillation resulting from discretiz-

ing the convective-acceleration and dissipative terms [78, 33, 81], and also a pressure sta-

bilization term to allow the use of equal order shape functions [76, 23]. There have been

decades of work that proposed various stabilization methods and formulations for the

finite element method [178, 75, 168, 191]. In this study, we chose Galerkin’s least square

stabilization (GLS), which produces both of these terms and is consistent with the con-
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ventional time formulation used for comparison.

The GLS method for the harmonic balance Navier-Stokes equations is stated as finding

uh
i and ph such that for any test functions wh

i and qh, we have

(
wh

i , ρHuh
i + ρU j

∂uh
i

∂x j

)
Ω
+

(∂wh
i

∂x j
,−phδi j + µ

∂uh
i

∂x j

)
Ω
+

(
qh,
∂uh

i

∂xi

)
Ω

+
(
LLL i(wh

i , q
h),
τ

ρ
LLL i(uh

i , p
h)
)
Ω̃
=

(
wh

i , hni

)
Γh
,

(2.8)

where

LLL i(uh
i , p

h) B ρHuh
i + ρU j

∂uh
i

∂x j
+
∂ph

∂xi
−
∂

∂x j

(
µ
∂uh

i

∂x j

)
,

is the momentum equation differential operator. The inner product notation for two vec-

tor functions f (x) and g(x) over S is defined as

(
f , g

)
S
B

ˆ
S

f ⊺gdS . (2.9)

Ω̃ on the stabilization terms indicates elemental integration. Note that the terms corre-

sponding to the Dirichlet boundary conditions are not included in (2.8) as uh
i = gi and

wh
i = 0 on Γg are directly built into the solution and trial functions spaces, respectively.

The stabilization parameter τ in (2.8), which plays a vital role in the performance of the

stabilization method, is defined such that in the steady limit when ω = 0, the equations

recover the traditional GLS stabilization parameter as in the conventional finite element

formulations [80, 156]. Since the convective matrix, U j, is diagonal, τ becomes a diagonal

matrix, τ = diag
(
ø0, ø1, . . . , ø(N−1)

)
, which entries can be calculated pointwise for each time

point as

τn =
(
uh

ni · ξu
h
ni +CIν

2ξ : ξ
)− 1

2
, n ∈ [0,N) (2.10)

where ν is the kinematic viscosity, ξ is the covariant tensor obtained from the mapping of

the physical-parent elements, and CI is a shape-function-dependent constant, which is 3

in our study.
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Remarks:

1. The least-square stabilization terms encapsulate two traditional stabilization terms,

the streamline upwind Petrov/Galerkin (SUPG) term ρU j
∂wh

i
∂x j
τUk

∂uh
i

∂xk
, and the pres-

sure stabilized Petrov/Galerkin (PSPG) term 1
ρ

∂qh

∂xi
τ
∂ph

∂xi
. However, only including the

SUPG/PSPG stabilization will result in solution instabilities. The inclusion of the

full differential operator LLL , which includes the H terms, is crucial to the stability of

this method. This is in contrast to the stabilization for the traditional time-stepping

solvers, where the acceleration contribution in LLL is commonly ignored.

2. Expanding out the least-square stabilization terms will show that this stabilization

method resembles the residual-based variational multiscale method (RBVMS) [11,

2, 15], if the subscale velocity u′i is included only on the time-coupling term and the

velocity gradient in the convection term, i.e.

(
wh

i , ρH
(
uh

i + u′i
)
+ ρU j

∂
(
uh

i + u′i
)

∂x j

)
Ω
.

Note that the diffusive term is dropped from LLL because we use linear interpolation

functions. We tested including the full RBVMS terms, identical to the stabilization

method in [11]. We observed that the RBVMS formulation is less stable than GLS,

especially near the regime of transition flows, but the solution convergence rate

using RBVMS is slightly faster than that of GLS.

3. The GLS method yields accurate results when the flow Wombersly number is small,

which is valid for cardiovascular applications where the cardiac cycle oscillation

frequency is small and mesh resolution is high. We have previously proposed a

specialized stabilization method that yields superior accuracy [44].

4. The conventional design of the stabilization parameter τ for unsteady problems also

includes a time-discretization or frequency term proportional to ∆t or 1/ω, respec-

tively [88], which account for the acceleration term in the momentum equation. We
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do not observe a difference in convergence or final solution in our cases with the

inclusion of such a term. This is due to the low element Womersley numbers for

cardiovascular simulations, defined as β B h
√

(N−1)ω
2ν . For β < 1, the frequency

term’s contribution to τ becomes negligible. In all the cases presented in this study,

β < 0.2. Therefore, we do not include a frequency term in τ.

2.2.3 Solution Procedure

This section provide an overview of the solution procedure used for solving (2.8). We

assume all interpolation functions are linear in the following derivations, which align

with what is commonly used in finite element solvers specialized for cardiovascular flow.

Therefore, we drop the terms that include second derivatives that cannot be transformed

to only first derivatives through integration by parts. The unknowns at all time points

are solves simultaneously resulting in 4N unknowns on each interior node. The Newton-

Raphson method is used to account for iterative root-finding. Matrix splitting is used on

the tangent matrix to enable the use of fast Fourier transforms when performing matrix-

vector multiplications. A pseudo time-stepping scheme was developed in our previous

study and used here to improve the convergence of the solver [46].

The test functions wh
i and qh in (2.8) are discretized in space using

wh
i (x) =

∑
A

cw
AiNA(x),

qh(x) =
∑

A

cq
ANA(x),

where NA(x) is the interpolation function associated with node A. Since wh
i and qh are

arbitrary functions, (2.8) must hold for any cw
Ai and cq

A arbitrary vectors. That permits us
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to obtain a system of equations from (2.8), which are

rm
Ai =

ˆ
Ω

(
ρNAHuh

i + ρNAU j
∂uh

i

∂x j
−
∂NA

∂xi
ph + µ

∂NA

∂x j

∂uh
i

∂x j

)
dΩ −

ˆ
Γh

NAhnidΓ

+

ˆ
Ω̃

(
−HNA + U j

∂NA

∂x j

)
τLLL i(uh

i , p
h)dΩ = 0, A ∈ η − ηg, i = 1, 2, and 3,

rc
A =

ˆ
Ω

NA
∂uh

i

∂xi
dΩ +

ˆ
Ω̃

1
ρ

∂NA

∂xi
τLLL i(uh

i , p
h)dΩ = 0, A ∈ η.

(2.11)

In (2.11), η and ηg denote the set of nodes in the entire domain Ω and those located on the

Dirichlet boundaries Γg, respectively. Note that the negative sign in front of the HNA in the

least-square term results from performing transpose on the first momentum differential

operator where H⊺ = −H and U⊺
j = U j because H is a skew-symmetric matrix and U j is a

diagonal matrix.

The velocity and pressure are discretized using the same interpolation functions as

those of the test functions. Namely

uh
i (x) =

∑
A

ud
AiNA(x),

ph(x) =
∑

A

pd
ANA(x),

where ud
Ai and pd

A contain velocity and pressure, respectively, at all time points at node

A. In our implementation, we build the Dirichlet boundary condition into the unknown

vector so that ud
Ai = gi(xA), where xA is the position of node A.

At the discrete level, our goal is to find ud
Ai and pd

A such that all equations in (2.11) are

satisfied. Given that these equations are nonlinear, this feat is accomplished in an iterative

process using the Newton-Raphson iterations, given as solving

y(n+1) = y(n) −
(
L(n)

)−1
r(n) (2.12)

at each Newton-Raphson iteration n to update the solution from the last iteration y(n) and

compute it at the next iteration y(n+1). r(n) is the residual vector calculated based on the

unknowns at the last iteration n using (2.11) and L(n) is the tangent matrix calculated from
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y(n) due to the problem nonlinearity. The unknowns and equations are written in vectors

as

y B



ud
1

ud
2

ud
3

pd


, r B



rm
1

rm
2

rm
3

rc


,

Before providing the form of the tangent matrix, it is evident that all terms that do not

contain H in (2.11) can be calculated pointwise. In another word, the residual at each time

point can be calculated using strictly the unknowns associated with such time point if the

terms involving the time-coupling acceleration matrix H can be calculated separately.

Using this knowledge, we perform matrix splitting on the tangent matrix L(n) to separate

time-coupling terms from the non-coupled terms as

L =
∂r
∂y
= C + P, (2.13)

where the superscript (n) is dropped to simplify the notation. The non-coupled point-

wise tangent matrix P is identical to that of the form in a conventional steady-state finite

element Navier-Stokes solver as,

P =



K 0 0 G1

0 K 0 G2

0 0 K G3

D1 D2 D3 L


, (2.14)

where

KAB =

ˆ
Ω

(
ρNAUk

∂NB

∂xk
+ µ
∂NA

∂xk

∂NB

∂xk
I
)

dΩ +
ˆ
Ω̃

Uk
∂NA

∂xk
ρτUk

∂NB

∂xk
dΩ,

(GAB)i = −

ˆ
Ω

∂NA

∂xi
NBIdΩ +

ˆ
Ω̃

Uk
∂NA

∂xk
τ
∂NB

∂xi
dΩ,

(DAB) j =

ˆ
Ω

NA
∂NB

∂x j
IdΩ +

ˆ
Ω̃

∂NA

∂x j
τUk
∂NB

∂xk
dΩ,

LAB =

ˆ
Ω̃

1
ρ

∂NA

∂xk
τ
∂NB

∂xk
dΩ.

(2.15)
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Note that all matrix blocks in P are diagonal matrices. Therefore, the computational cost

associated with matrix multiplications of P is O(N) with a correct sparse matrix imple-

mentation.

The time point-coupling tangent matrix C, which handles all terms that include the H

matrix, takes one contribution from the Galerkin’s terms and four contributions from the

least-square stabilization terms in (2.7). Our numerical experiments showed that keeping

only the Galerkin’s term’s contribution in C has a negligible effect on the solution con-

vergence. Therefore, the tangent contributions from the stabilization terms are neglected,

simplifying the number of operations required to perform operations using C. Note that

this simplification happens only to the calculation of the tangent matrix but not to the

residual vector, so it does not have an effect on the final solution. The simplified time-

coupling tangent matrix has the form

C =



F 0 0 0

0 F 0 0

0 0 F 0

0 0 0 0


, (2.16)

where

FAB = H
ˆ
Ω

ρNAINBdΩ, (2.17)

Since H is defined as H = E−1ΩE. Matrix multiplications involving E and E−1 can be

replaced by a fast Fourier transform and a inverse fast Fourier transform scheme, respec-

tively. This way, the cost scaling for performing the matrix-vector multiplication involv-

ing H is reduced from O(N2) to O(Nlog(N)), which can be approximated as O(N) if the

range of N is small. This study used the open-source library FFTW [65] to perform the

fast Fourier transforms.

Before solving the final linear system, a pseudo time stepping scheme is added to

improve linear solver convergence and reduce the cost. Pseudo time-stepping schemes
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have been used previously in solving harmonic balance equations [71] and the specific

method used here was proposed in our previous study [46]. The implementation of the

pseudo time-stepping involves adding

(
wh

i , ρ
∂uh

i

∂t̃

)
Ω
, (2.18)

to (2.8), and integrating uh
i in pseudo-time t̃ similar to the conventional time formula-

tion of the Navier-Stokes equation. Choosing to use the generalized-α method [84], the

tangent matrix is supplemented by adding(
NA,

c1ρ

∆t̃
NBI

)
Ω
,

to KAB in (2.15), where we used ρ∞ = 0 resulting in c1 = 1.5. Note that the added pseudo

time step term will go to zero as the solution converges to a steady result. Therefore, it

improves the convergence behavior without affecting the final solution. The choice of the

pseudo time step size ∆t̃ is essential for achieving convergence and optimizing conver-

gence speed. Our numerical experiments show that the system of equations will gener-

ally converge when the convective Courant–Friedrichs–Lewy (CFL) number calculated

from the pseudo time step size is O(1) or less, defined as

CCFL =
uc∆t̃
hc
,

where the characteristic length, hc, is taken as the mean element edge length of the domain

and the characteristic convective velocity, uc, is taken as the mean velocity at the inlet

boundary for the maximum flow rate in the inlet flow profile. Therefore, the optimal

choice of pseudo time step size can be approximated as

∆t̃ ∼
hc

uc
.

To illustrate the impact of the CFL number on convergence, we conducted four identi-

cal simulations, varying only the pseudo time step size. The simulation case is the same as
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Figure 2.1: Simulation convergence speed for four pseudo time step sizes, ∆t̃. The y-axis
is the relative residual compared to the residual at the initialization step, ∥r∥/∥r(0)∥.

the N = 13 case in Section 3.2. As depicted in Figure 2.1, the simulation with a large CFL

number converges extremely slowly. On the other hand, excessively small CFL number

also leads to increased simulation costs due to the cost for constructing the linear system

at each pseudo time step. It’s important to note that the specific CFL number and the

optimal pseudo time step size for achieving the fastest convergence can vary based on

other factors such as the geometry of the case, mesh uniformity, and flow dynamics. In

general, optimal convergence is attained when the CFL number is around 1.

A backflow stabilization scheme is used to prevent instabilities in the presence of re-

versal flow through Γh where a Neumann boundary condition is imposed. The method

is identical to the backflow stabilization scheme used for a conventional time-stepping

Navier-Stokes finite element solver [43] by adding

(
wh

i ,
ρ

2
β|Uini|−uh

i

)
Γh
,

to the right-hand side of (2.8), where

|Uini|−=
Uini − |Uini|

2
,
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and β ∈ [0, 1] is a user-defined coefficient, which we used β = 0.2 in all cases.

Lastly, we used a standard Jacobi preconditioner on the tangent matrix L to improve

the conditioning of the linear system [49]. Since C is a zero diagonal matrix, the precon-

ditioner is taken as the diagonal entries of matrix P. We used the generalized minimal

residual method (GMRES) to iteratively solve the linear system in (2.12) [149]. Simu-

lations are considered converged after the second norm of the residual drops by three

orders of magnitudes, which was established in our precious study [46].

2.3 Results

The proposed harmonic balance solver is constructed from our in-house finite-element

solver named Multi-physics finite-element solver (MUPFES) [127, 50]. The solver

has been verified [165] and extensively employed for cardiovascular modeling in the

past [52, 51, 90]. This solver is parallelized using a message passing interface (MPI) and

a specialized parallelization strategy [48, 47]. The workload is parallelized using spatial

partitioning by employing ParMETIS library [95]. All computations are performed on a

cluster of AMD OpteronTM 6378 processors that are interconnected via a QDR Infiniband.

In the results section, our primary focus is to compare the accuracy and cost of the

proposed harmonic balance CFD solver with the conventional time-stepping CFD solver.

For consistency with the harmonic balance solver, the time-stepping CFD solver also uses

the GLS stabilization method. Unlike the proposed solver, The stabilization parameter

for the time solver, τ̂, includes contribution from the acceleration term since the time step

sizes used are significantly small. The exact form was introduced in a prior paper as [88]

τ̂ =
(
ω̂2 + ûh

i · ξû
h
i +CIν

2ξ : ξ
)− 1

2
, (2.19)

where ω̂ = ∥∂û
h
i
∂t ∥Ω/∥û

h
i ∥Ω. To keep the time and harmonic balance solver comparison as
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close as possible, the linear solver tolerance is set at 0.03 for both solvers. The time solver

Newton-Ralphson iteration tolerance is set at three order of magnitudes, consistent with

the convergence criteria of the harmonic balance solver.

We conducted simulations on three cardiovascular cases using both solvers: a Glenn

procedure pulmonary arteries case, a cerebral arteries case, and a left main coronary arter-

ies case. These cases were selected to encompass a wide range of scenarios, distinguished

both numerically and fluid-dynamically. The geometries and inlet flow rate boundary

conditions of these cases were obtained from an online repository [194]. The Reynolds

number for the Glenn case is higher than the other two cases, featuring a smooth inflow

profile, accurately captured with a few time points. The cerebral arteries case involves

a more complex smooth inflow profile with higher geometric complexity, while the left

main coronary artery case has distinct kinks in the flow profile, which will require signif-

icantly more Fourier modes to fully represent the curve.

The outlets are all proscribed as Neumann boundaries with steady physiological pres-

sure values. Previous cardiovascular simulations have proscribed the outlet as resis-

tance condition using a resistor, an indicator, and a capacitor for more realistic outlet

responses [52, 180]. However, the implementation of the resistance boundary in the pro-

posed harmonic balance solver is not within the scope of this study. All walls were as-

sumed to be non-moving and non-slip. The whole blood density (ρ = 1.06 g/cm3) and

dynamic viscosity (µ = 4 mPa · s) were consistent across all cases. The primary aim of

these results is to establish the solution validity and cost efficiency of the harmonic bal-

ance solver as an alternative to the conventional time solver. Since the geometries and

boundary conditions for all cases are physiological, we will also briefly discuss the clini-

cal relevance of each case.
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2.3.1 Glenn pulmonary flow

LPA
SVC (inlet)

Mesh

RPA

Figure 2.2: Clinically obtained Glenn pulmonary geometry with a sectional view of the
mesh resolution. SVC, superior vena cava; LPA, left pulmonary artery; RPA, right pul-
monary artery.

The Glenn procedure is used as an early-stage surgical intervention for patients with

single ventricle birth defects [107, 143]. The operation surgically establishes the pul-

monary circulation by directly connecting the superior vena cava (SVC) to the pulmonary

arteries (PA), as shown in the geometry in Figure 2.2. Prior studies have used this geom-

etry to perform conventional CFD simulations [180]. The inflow boundary condition is

taken from the prior study, which gives the SVC flow rate as a function of time in a cardiac

cycle. The outlet boundaries are set at a steady of 7.5 mmHg. The cardiac cycle period is

0.6979 seconds, and the peak Reynolds number is around 1, 000.

In this study, four simulations are performed: one using the conventional time-

stepping CFD solver and run for 4 cardiac cycles or 4, 000 time steps, and three using

the harmonics balance solver with different numbers of time points, N = 7, 13, and 19.

The geometry used is discretized with 1, 946, 676 tetrahedral elements. For the harmonic

29



0 0.2 0.4 0.6

-30

-25

-20

-15

-10

-5

Figure 2.3: Discretized harmonics balance boundary conditions at each time point (black
circle) on the SVC inlet. The dotted line represents the reconstructed profile from the time
points. For reference, the solid line is the original flow profile in time. N = 7.

balance simulations, the pseudo time step size is ∆t̃ = 5 × 10−3 resulting in CCFL = 2.5.

The inlet boundary conditions for the harmonic balance simulations are generated by

performing a Fourier transform on the inflow profile and then performing a discrete in-

verse Fourier transform on the truncated frequency series, as defined in Equations (2.2)

and (2.5). The resulting inlet boundary conditions are given in Figure 2.3 to 2.5. As shown

by the boundary condition plots, this inlet profile for this case is smooth and can be cap-

tured with a few time points. In fact, the truncation error for the inflow profile is already

less than 1% for N = 13.

All simulations are performed on our in-house cluster using 288 cores at 2.4 GHz clock

speed. The cost of performing the harmonic balance simulations is shown in Figure 2.6,

with the left axis showing the wall-clock time of the simulations and the right axis show-

ing the speedup compared to the conventional time-stepping solver, which simulation

took 50 wall-clock hours to run. The figure is drawn on a log-log scale to demonstrate the

cost scaling of our solver as the number of time points increases. The harmonics balance

simulation using N = 3 was only performed to help demonstrate the cost scaling. Even

for the harmonics balance case with N = 19, the solution speed is still 40 times faster than
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Figure 2.4: Discretized harmonics balance boundary conditions at each time point (black
circle) on the SVC inlet. The dotted line represents the reconstructed profile from the time
points. For reference, the solid line is the original flow profile in time. N = 13.
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Figure 2.5: Discretized harmonics balance boundary conditions at each time point (black
circle) on the SVC inlet. The dotted line represents the reconstructed profile from the time
points. For reference, the solid line is the original flow profile in time. N = 19.

the conventional solver.

Using the solution obtained at the time points of the harmonics balance solver, we can

reconstruct the flow field at any time by performing a Fourier transform on the time point

results to obtain the spectral results and reconstruct the solution at any time in the cycle.

Figure 2.7 and 2.8 shows the velocity and pressure field results at t = 0.2 of the cardiac

cycle, where the inlet flow rate is at its peak. Qualitative differences are only noticeable

for the N = 7 case at specific locations in the domain, such as the SVC-PA junction.
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Figure 2.6: The cost performance of the harmonic balance solver for the pulmonary flow
case. The left axis shows the wall-clock time of the harmonic balance simulations. The
right axis shows the speedup of the harmonic balance simulations compared to the con-
ventional time-stepping simulation.

Besides qualitatively examining the velocity and pressure field, we want to establish

a quantitative way to measure the accuracy of the harmonics balance solver’s results.

We introduce a notation for the integrated relative root mean squared error, E f (x)
X , to un-

derstand the difference between the conventional time solver results and the proposed

harmonic balance solver results. The error is defined as

E f (x)
X =

´
X∥ fharmonic(x) − ftime(x)∥dx´

X∥ ftime(x)∥dx
, (2.20)

where the dependent variable f (x) can be the velocity vector, u, or the pressure, p, with

subscripts denoting whether the results are taken from the harmonics balance solver or

the conventional time solver. The integral can be performed over the geometry, Ω, the

temporal cycle, T , or both.

Using this definition, we can calculate the spacial integral relative error for both the

velocity and pressure and plot it over one solution cycle, shown in Figure 2.9 and 2.10.

Note that the curve does not appear smooth since we stored the results from the conven-

tional time solver every 50 time steps for processing, resulting in 20 data points for the

error calculation.

We can further integrate the error in time over one cycle and show the error trend as
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Figure 2.7: Harmonics balance results using N = 7, 13, and 19 compared to the conven-
tional time results for the pulmonary flow case. The pressure contours are taken at t = 0.2
seconds of the cardiac cycle.

the harmonics resolution N increases. As shown in Figure 2.11, the error of the variables

is integrated both over the fluid domain, Ω, and over one cardiac cycle, T . The pressure

relative error is much smaller than the velocity error because the Neumann outlets of

both the time and harmonic balance simulations are set at a fixed pressure value, which

is much larger than the range of pressure in the solution field. We will discuss how this

error might change if the outlet boundary type is different in the discussion section. The

velocity error drops significantly as the number of time points increases, down to less

than 5% when N = 19. Note that although the inlet flow profile can already be well

represented with N = 7, due to the intermediate Reynolds number of this case (Re = 1000),
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Figure 2.8: Harmonics balance results using N = 7, 13, and 19 compared to the conven-
tional time results for the pulmonary flow case. The velocity magnitude contours are
taken at t = 0.2 seconds of the cardiac cycle.

the solution requires higher than 7 harmonics resolution to fully capture the dynamics of

the fluid field.

We want to emphasize that this relative error, EΩ,T , is calculated as the relative error at

each node in the computational domain, then integrated over the solution space and the

cardiac cycle. The error calculation’s aggregate nature makes it an estimate of the upper

limit of the relative numerical error of the entire solution field. In reality, the parame-

ters of significance in a physiological sense are not individual nodal (or local) values but

summarized values at specific locations, such as flow rates at the outlets. For example,
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Figure 2.9: The volumetric integral relative root mean square error over the fluid domain
for the velocity vector as functions of time in the cardiac cycle of the pulmonary flow.
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Figure 2.10: The volumetric integral relative root mean square error over the fluid domain
for the pressure as functions of time in the cardiac cycle of the pulmonary flow.

the flow rate to each side of the pulmonary artery in the Glenn operation is essential for

indicating potential asymmetry in future lung development [31, 116]. Figure 2.13 to 2.15

shows the flow rate over one cardiac cycle of the (LPA), QLPA, obtained by integrating the

norm of the velocity at the LPA outlet surface. The flow profiles between the harmonics

balance results and the conventional time results are similar, even for the simulation with

only seven time points. We can calculate the relative error of the LPA flow rate results and

overlay it with the inlet SVC flow rate truncation error in Figure 2.12. As demonstrated
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Figure 2.11: Pulmonary flow relative root mean square error for the velocity and pressure
integrated over the fluid domain and one cardiac cycle.
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Figure 2.12: Pulmonary flow relative root mean square error for the inlet SVC flow rate
(truncation) and the LPA outlet flow rate (prediction).

in this figure, the inlet discretization error is an excellent estimate of the solution error of

the LPA flow rate, which is below 5% for N = 7 and well below 1% if the number of time

points goes beyond N = 13.
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Figure 2.13: Left pulmonary artery (LPA) flow rate results obtained with the harmonics
balance solver (solid circles) and the with the conventional time solver (solid line). The
dotted line represents the reconstructed profile from the harmonics balance time points.
N = 7.
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Figure 2.14: Left pulmonary artery (LPA) flow rate results obtained with the harmonics
balance solver (solid circles) and the with the conventional time solver (solid line). The
dotted line represents the reconstructed profile from the harmonics balance time points.
N = 13.
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Figure 2.15: Left pulmonary artery (LPA) flow rate results obtained with the harmonics
balance solver (solid circles) and the with the conventional time solver (solid line). The
dotted line represents the reconstructed profile from the harmonics balance time points.
N = 19.

2.3.2 Cerebral flow

The second case presented in the study involves the flow of cerebral arteries. The cerebral

arteries provide about 20% of the blood to the brain. The geometry contains two vertebral

arteries (VA) inlets that merge into the basilar artery, as shown in Figure 2.16. The spe-

cific geometry used in this study was used for performing conventional CFD simulations

previously [20] to understand the mixing of flows from each side of the vertebral arteries.

The inlet flow rate profile in time is taken identically to the prior study with a period of

1 second. The outlet pressure is set at 115 mmHg. The peak Reynolds number in this

flow is around 120. The inflow function for cerebral flow is more complex than that of the

pulmonary flow, requiring more time points to represent accurately.
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Figure 2.16: Clinically obtained cerebral arteries geometry used in this study with a sec-
tional view of the mesh resolution. LVA, left vertebral artery; RVA, left vertebral artery.

Four simulations are performed, one using the conventional time solver and three

using the harmonic balance solver, with different numbers of time points used: N = 7,

13, and 19. The harmonic balance boundary conditions are calculated and represented

in Figure 2.17 to 2.19, prescribed identically at the LVA and the RVA inlet faces. The

geometry is discretized using 734, 863 tetrahedral elements. The pseudo time step size is

2 × 10−2 resulting a CFL number of CCFL = 2.

Each simulation was run on 288 CPU cores at a 2.4 GHz clock rate. The simulation cost

of the harmonics balance solver is shown in Figure 2.20. The conventional time simulation

took 12 hours to run four cardiac cycles using 1000 time steps per cycle. The cases ran with

N = 3 and 21 are only used for demonstrating the cost scaling. One thing to note is that

the cost scaling becomes O(N log (N)) as the number of time points, N, gets larger, which

is as expected from using fast Fourier transforms in our solver.

The pressure and velocity contours for the highest number of time points simulated

39



0 0.2 0.4 0.6 0.8

-0.6

-0.5

-0.4

-0.3

-0.2

Figure 2.17: Discretized harmonics balance boundary conditions at each time point (black
circle) on the LVA and RVA inlets. The dotted line represents the reconstructed profile
from the time points. For reference, the solid line is the original flow profile in time.
N = 7.
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Figure 2.18: Discretized harmonics balance boundary conditions at each time point (black
circle) on the LVA and RVA inlets. The dotted line represents the reconstructed profile
from the time points. For reference, the solid line is the original flow profile in time.
N = 13.
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Figure 2.19: Discretized harmonics balance boundary conditions at each time point (black
circle) on the LVA and RVA inlets. The dotted line represents the reconstructed profile
from the time points. For reference, the solid line is the original flow profile in time.
N = 19.
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Figure 2.20: The cost performance of the harmonic balance solver for the cerebral flow
case. The left axis shows the wall-clock time of the harmonic balance simulations. The
right axis shows the speedup of the harmonic balance simulations compared to the con-
ventional time-stepping simulation.

(N = 19) at t = 0.2 in the cardiac cycle are shown in Figure 2.21. As shown in the figure,

the results show no noticeable qualitative differences.
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Figure 2.21: Harmonics balance results using N = 19 compared to the conventional time
results for the pulmonary flow case. The pressure and velocity magnitude contours are
taken at t = 0.2 seconds of the cardiac cycle.

Similar to the pulmonary flow case, the integral relative errors can be calculated. Fig-

ure 2.22 and 2.23 shows the spacial integrated relative error, where the solution error ob-

tained using 19 time points is well under 10% at any point of the cardiac cycle. Figure 2.24

shows the spacial and time-integrated error of the solution along with the truncation error

for the inlet boundary condition. The inlet flow rate truncation error is a good indication

for the velocity field solution error for this case. The pressure error is significantly small

due to the large steady pressure boundary conditions at the outlets.

Figure 2.24 includes one additional set of result points at N = 25. We can see that as the

number of time points increases further past N = 19, the errors remain the same, indicat-

ing that the source of this difference between the results of the harmonic balance solver

and the conventional time solver lies within the mathematical formulation itself rather

than the temporal discretization of the harmonic balance solver. It is difficult to deter-

mine which formulation is closer to the physiological results without extensive clinical-

to-simulation comparison studies, which are outside the scope of this study.
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Figure 2.22: The volumetric integral relative root mean square error over the fluid domain
for the velocity vector as functions of time in the cardiac cycle of the cerebral flow.
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Figure 2.23: The volumetric integral relative root mean square error over the fluid domain
for the pressure as functions of time in the cardiac cycle of the cerebral flow.

2.3.3 Left main coronary arteries flow

Coronary artery disease is the leading cause of death in the United States [158, 105]. This

disease is most commonly caused by atherosclerosis of coronary arteries, which causes

narrowing or blockage of the blood supply to the heart. In the final case of this study, we
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Figure 2.24: The volumetric and temporal integral relative root mean square error over
the fluid domain and one cardiac cycle of the cerebral flow results.

will test our solver on the flow of the left main coronary arteries. The left main coronary

arteries (LMCA) stem from the root of the ascending aorta and supply blood to the left

side of the heart muscles, including the left ventricle. CFD simulations have been used

as a noninvasive tool to gather the flow rate and pressure in patient-specific coronary ge-

ometries, which can inform the severity of coronary artery disease and help with surgical

decision-making. The LMCA geometry used in this case was segmented from a clinically

obtained image. The aorta and right coronary arteries are discarded from the original im-

age, so only the LMCA remains, as shown in Figure 2.25. This decision results from the

flow instabilities and backflow introduced by the aorta, which makes simulation conver-

gence difficult for both the conventional CFD solver and the proposed harmonic balance

solver. The clinically realistic inlet flow profile is taken from literature [17] and was used

as the boundary condition for prior conventional CFD studies [135]. This inlet boundary

condition is challenging numerically because the time flow profile has distinctive kinks

which means requires significant number of time points to accurately represent the func-

tion in the harmonic balance solver. Nonetheless, we will show that the harmonic balance

solver produces reasonable solutions using finite numbers of time points. The outlets are

set at a steady pressure of 70 mmHg. The resulting peak Reynolds number of the domain
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is around 100.

Figure 2.25: Clinically obtained left main coronary arteries (LMCA) geometry used in this
study. The left anterior descending artery (LAD) is marked as the location for reporting
results.

Six simulations are performed, one using the conventional time solver and three using

the harmonics balance solver with N = 1, 7, 13, 19, and 25. In this case, we simulated a

case with steady state boundaries (N = 1) to demonstrate that steady state flow assump-

tion, which is commonly used for saving computational cost in clinical settings, is not

appropriate to capture the full thermodynamics of the flow. The inlet boundary condi-

tions N = 13, 19, and 25 are shown in Figure 2.26 to 2.28, with T = 0.8 seconds. Obviously,

using 13 time points or lower, the sharp changes in the actual flow rate profile cannot be

fully captured. As the number of time points increases, the general shapes of the profile

get better captured. The computational domain is discretized using 1, 336, 207 tetrahedral

elements. The pseudo time step size is 5 × 10−3 resulting a CFL number of CCFL = 1.3.

Each simulations is performed on using 288 cores at 2.4 GHz clock speed. The sim-

ulation wall clock time and speedup of the harmonics balance solver are summarized in

Figure 2.29. The conventional time-stepping simulation took 30.3 hours to run for 4 car-
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Figure 2.26: Discretized harmonics balance boundary conditions at each time point (black
circle) on LMCA inlet. The dotted line represents the reconstructed profile from the time
points. For reference, the solid line is the original flow profile in time. N = 13.
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Figure 2.27: Discretized harmonics balance boundary conditions at each time point (black
circle) on LMCA inlet. The dotted line represents the reconstructed profile from the time
points. For reference, the solid line is the original flow profile in time. N = 19.

diac cycles, using 800 time steps per cycle. The cost scaling trend is similar to that of the

cerebral flow cases, going from O(N) to O(N log (N)) as N increases. For the most number

of time points used (N = 25), the harmonics balance solver is still more than 30 times

faster than the conventional time solver.

The pressure and velocity magnitude contours for the harmonic balance solver solu-

tion using N = 25 and the conventional time solver solution are shown in Figure 2.30. The

snapshots are taken at t = 0.5 seconds in the cycle.

46



0 0.2 0.4 0.6

-2

-1.5

-1

-0.5

0

Figure 2.28: Discretized harmonics balance boundary conditions at each time point (black
circle) on LMCA inlet. The dotted line represents the reconstructed profile from the time
points. For reference, the solid line is the original flow profile in time. N = 25.
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Figure 2.29: The cost performance of the harmonic balance solver for the coronary flow
case. The left axis shows the wall-clock time of the harmonic balance simulations. The
right axis shows the speedup of the harmonic balance simulations compared to the con-
ventional time-stepping simulation.

The spacial integral relative errors, EΩ, are presented in Figure 2.31 and2.32 as func-

tions of time in the cardiac cycle. Note that only N = 13 and 25 results are shown for

graph clarity purposes. The errors lower as the number of time points used increases.

The times in the cycle where the errors peak coincide with the times when the inlet flow

profile exhibits sharp changes. Although the maxima of the error curves can be fairly

large, the duration of these error spikes is short, which means that their effects are not

significant to the overall solution accuracy.
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Figure 2.30: Harmonics balance results using N = 25 compared to the conventional time
results for the coronary flow case. The pressure and velocity magnitude contours are
taken at t = 0.5 seconds of the cardiac cycle.
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Figure 2.31: The volumetric integral relative root mean square error over the fluid domain
for the velocity vector as functions of time in the cardiac cycle of the coronary flow.

Taking both the spacial and time integral of the relative error in Figure 2.33 shows

that the harmonics balance velocity result is within 5% of that of the conventional time

solver results when N > 19. This result also show the significant error produced by the

steady state flow assumption (N = 1). Similar to the cerebral flow case, the inlet boundary
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Figure 2.32: The volumetric integral relative root mean square error over the fluid domain
for the pressure as functions of time in the cardiac cycle of the coronary flow.
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Figure 2.33: Left main coronary arteries flow relative root mean square error for the ve-
locity and pressure integrated over the fluid domain and one cardiac cycle.

condition truncation error is a good estimate of the overall error in the solution domain

due to the flow’s low Reynolds number.

For certain parameters of interest, the results error will be even smaller than the inlet

truncation error due to the fluid viscous effect, which smooths out the sharp changes of

the inflow over the length of the fluid domain. For example, the flow rate out of the left

anterior descending artery (LAD), marked in Figure 2.25, can be already well captured by

using 13 time points (N = 13), as shown in Figure 2.34. As shown in Figure 2.35, the errors
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Figure 2.34: Left anterior descending artery (LAD) flow rate results obtained with the
harmonics balance solver (solid circles) and the with the conventional time solver (solid
line). The dotted line represents the reconstructed profile from the harmonics balance
time points. N = 13.
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Figure 2.35: Left main coronary arteries flow relative root mean square error for the inlet
LMCA flow rate (truncation) and the outlet LAD flow rate (prediction).

for the LAD flow rates are all under 3% for the cases simulated. The flow rate errors for

the LAD outlet are also well below the inlet truncation error at the LMCA.
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2.4 Discussion

The above results demonstrated that the proposed harmonic balance CFD solver is a vi-

able option for performing various cardiovascular simulations and provides a significant

speedup. The requirements for performing harmonics balance CFD simulations are al-

most identical to those for conventional CFD simulations: a discretized computational

domain (mesh) and boundary conditions. In addition to two requirements on the flow

field: 1. the flow needs to exhibit a periodic behavior, which is fundamentally satisfied by

cardiovascular flows, and 2. there are no geometry-triggered instabilities or turbulence

in the fluid field, which means that the Reynolds number has to be below the transitional

flow Reynolds number, typically between 2, 500 and 3, 000. For cardiovascular flows, the

Reynolds number can only exceed this limit in the aorta, where the peak Reynolds num-

ber can be around 4, 000, which is why we did not include the aorta in the coronary flow

case. Nonetheless, a significant part of the human circulatory system falls within the limit,

and the proposed harmonic balance solver can benefit hemodynamics simulations. Since

the proposed harmonic balance solver is based on the fundamental conservation laws,

the simplicity of the requirements to run the harmonic balance CFD simulations helps

distinguish it from other cost-reducing methods, such as lumped parameter networks or

data-driven models, which all require extensive training and model building prior to the

simulations.

For all cases simulated in this study, even those requiring a large number of time

points, the harmonic balance solver is 10 to more than 100 times faster than the conven-

tional time solver. This impressive speedup is made possible by using the fast Fourier

transform scheme in the implementation of the solver to achieve O(N log (N) scaling,

which is a clear distinction from our previous paper where the second-order cost scal-

ing (O(N2)) decimates the speedup advantage when the number of captured frequency

gets large. The harmonics balance solver has the same parallel scalability advantage that
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Figure 2.36: [NOTE: this result is incomplete, will update in final version] Strong scaling
of the harmonic balance and the conventional time-stepping solvers using the N = 25 case
in Section 3.3.

came for ”free” without changing the parallelization scheme from the conventional solver

as detailed in the previous study [46]. As shown in Figure 2.36, the harmonics balance

simulations can be run on more parallel cores than the conventional time CFD solver

while maintaining strong scaling.

The results from all three cases show that the truncation error from the boundary con-

dition is a good indicator of the solution error. The choice of N for running using the

harmonic balance simulations can be decided by how much solution error the user is

willing to accept, indicated by the boundary condition truncation error. For simulations

with intermediate Reynolds numbers on the order of 1, 000, simulating a few additional

time points is beneficial for accessing the higher frequency flow information created by

the convective term. It is important to note that the study does not determine the har-

monics balance solver’s true error compared to real-life physical measurements since all

errors are reported relative to the conventional time solvers. Our previous paper has pro-

vided an extensive error analysis and provided the bounds of the numerical errors on the

frequency form solver [46].

One potential improvement to the proposed solver is the implementation of resistance
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outlet boundary conditions. This boundary type is considered more physiological accu-

rate [180]. For resistance boundaries, the pressure at the boundary becomes proportional

to the instantaneous flow rate that that surface. As a result, the the pressure error result-

ing from resistance boundaries will be proportional to the outlet flow rate error.

Future applications of the harmonic balance solver include respiratory flow simula-

tions, which are also periodic in time, and the peak Reynolds number is typically less

than 2, 000. Broadly speaking, the harmonic balance CFD solver is an excellent tool for

any other application with a time-periodic flow field and low to intermediate Reynolds

number flow. Using the harmonics balance CFD solver solutions to build lumped pa-

rameter networks or generate machine learning datasets can also be studied. It has the

potential to significantly speed up the process of constructing and training these models.

Future addition to the solver can include the use of resistance outlet boundary condi-

tions, where the pressure is calculated based on the flow rate through the boundary. This

boundary condition is more physiologically accurate than the current Neumann condi-

tion. The proposed solver can be coupled with fluid-structure interaction codes, in which

governing equations must be formulated in the harmonics balance form.
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CHAPTER 3

A TIME-CONSISTENT STABILIZED FINITE ELEMENT METHOD FOR FLUIDS

WITH APPLICATIONS TO HEMODYNAMICS

3.1 Introduction

Studies of the human cardiovascular system have greatly benefited from the advances

in computational fluid dynamics (CFD) since the end of the 20th century[173, 174, 171].

Among the numerical methods for solving the Navier-Stokes equations[55, 102, 77], the

finite element method has found popularity for cardiovascular CFD simulations because

it is a convenient framework for dealing with complex geometries and modeling fluid-

structure interaction[184, 14, 15, 145]. Together with advancements in clinical imaging

techniques[108, 41, 153, 109], CFD simulations using the finite element method have taken

a significant part in in-vitro studies, clinical diagnosis, and surgical planning for cardio-

vascular diseases[4, 169, 96, 150, 172, 123].

The finite element method for solving the unsteady Navier-Stokes equations relies

on an upwind term that adds an artificial diffusion along the stream-wise directions,

weighted by a stabilization parameter τ, to prevent nonphysical oscillations inherent to

the Galerkin method in strongly convective regimes[23, 79, 156, 64]. One of the most

commonly used formulations of τ has been the one proposed in the streamline upwind

Petrov-Galerkin formulations (SUPG)[23], τSUPG, which is also adopted in others such as

the residual-based variational multiscale (RBVMS) formulation[2, 10].

Traditionally, the steady form of τSUPG is derived from a 1D steady advection-diffusion

model problem, such that the added diffusion to the Galerkin’s formulation is just enough

to recover the exact solution, thereby eliminating numerical oscillations at higher ele-

ment Peclet numbers[23, 79, 177, 155]. While this steady form of τSUPG works well for
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strongly advective steady-state flows, it is not readily applicable to time-varying flows,

as it exhibits poor convergence behavior, particularly at smaller time step sizes (∆t). The

traditional strategy to overcome this issue has been adding a ∆t-dependent term to the

definition of τSUPG[79, 155, 32]. The added ∆t-dependent term, which is based on the

discrete approximation of the inverse of the strong differential operator, dominates the

contributions associated with the advection and diffusion terms at small time step sizes.

This design, which has found widespread use for its excellent convergence characteris-

tics, produces a strong solution dependency on the time step size, such that the solution

becomes less accurate as the time step size is reduced toward zero[19, 34, 75] (also see

the results section). As a consequence, this time step size-dependent design of τSUPG pro-

duces an inconsistent method with regard to the time step size. This inconsistency issue

is particularly exacerbated in a subset of cardiovascular simulations that demand a small

time step size for their multiscale behaviors, such as those involving lumped parameter

network modeling[144, 187, 127, 6]. In fact, some of the most popular packages for car-

diovascular simulation[183, 7] are based on a stabilized finite element formulation that

also suffers from the described issue, thereby motivating the present study.

There has been some effort in the past to overcome the inconsistency issue associated

with this design of τSUPG[19, 91, 25]. T.E. Tezduyar and others introduced an element-

vector-based τSUPG that uses the relative elemental magnitude of terms in the weak form of

the Navier-Stokes equations[178, 75]. Although time step size dependency is not entirely

eliminated with the proposed formulation, a notable reduction in the solution variation

with the time step size was reported in turbulent channel flow simulations. Furthermore,

this method relies on sets of integrals on each element that must be performed before the

evaluation of the discrete form at the Gauss quadrature. Thus, it may not be simple to im-

plement this technique in an existing finite element program that is not already designed

based on the element-vector-based method. In another study, R. Codina and others pro-

posed a subscale-tracking approach that solves a time-dependent ordinary differential
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equation at each Gauss integration point to evolve its stabilization parameter in time[34].

This method eliminates the time step size dependency for steady-state solutions. The

additional computational cost to solve an ordinary differential equation at each Gauss

point, however, is non-negligible for this method. Despite the relatively better time step

size consistency shown by these methods in the numerical experiments, they have not

found widespread implementation in cardiovascular simulations [93, 183].

In this study, we propose a formulation for τSUPG that eliminates the solution’s depen-

dency on the time step size. This method is simple to implement in existing CFD solvers

that are based on the streamline upwind Petrov-Galerkin and pressure stabilizing Petrov-

Galerkin (SUPG/PSPG) method. More specifically, we replace the inverse of the time step

size in the definition of the τSUPG with a measure of the flow frequency. The motivation

behind such formulation lies in the spectral formulation of the unsteady Stokes equations

where the time step size dependent parameter in the τSUPG is replaced by the spectral

mode number[45]. The same parameter, when expressed in a spatio-temporal setting, in-

spires the use of a flow-dependent time scale in the τSUPG definition, hence motivating the

present design.

The idea of replacing the time step size in τSUPG with an acceleration-to-velocity ratio

has been proposed independently earlier by J. Evans and others[54] to simulate turbulent

flows. Our present study nonetheless distinguishes from the previous study both in the

formulation and the application. First, the previous study adopts an elemental measure

of velocity and acceleration, while we use the global-averaged values in defining τSUPG.

As we discuss later in the formulation section, this choice was made for stability reasons.

While a local measure produces stable results when used in conjunction with an explicit

time integration, it creates instabilities in implicit solvers, which is the concern of the

present study. Second, the present study investigates the behavior of the new τSUPG using

a range of canonical and realistic anatomical cases, thereby evaluating its potential for
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cardiovascular simulations.

The article is organized as follows: We first present the formulation of the stabilized

finite element method for the Navier-Stokes equations, the motivation behind the pro-

posed τSUPG, and its formulation. We present four cases to compare the present formula-

tion against the conventional one: a pipe flow with steady boundary conditions, a time-

periodic blood flow in a complex cardiovascular geometry (modified Blalock-Taussig

shunt), a two-dimensional external flow over a square, and a two-dimensional flow over

a square with an attached flexing beam. We will also discuss the convergence and com-

putational cost of the present formulation. Lastly, we conclude our study and discuss

the future outlook in the broader fields of cardiovascular simulations and stabilized finite

element methods.

3.2 Formulation

The Navier-Stokes equations for incompressible flows are stated as

RM = ρ

(
∂u
∂t
+ u · ∇u − f

)
− ∇ · σ = 0 in Ω × (0,T ],

RC = ∇ · u = 0 in Ω × (0,T ],

(3.1)

where ρ is the density, u(x, t) is the velocity, f(x, t) is the external forcing, Ω × [0,T ] is the

fluid computational spatio-temporal domain, and the stress tensor

σ(p,u) = −pI + 2µϵ(u),

ϵ(u) =
1
2

((∇u) + (∇u)⊺) ,
(3.2)

where p(x, t) is pressure and µ is the dynamic viscosity. The Dirichlet and Neumann

boundary conditions are defined as

u = g on Γg,

œn = h on Γh,

(3.3)
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respectively, where Γg and Γh are subsets of the boundary Γwhere the Dirichlet and Neu-

mann boundaries are prescribed, n is the outward unit normal vector, and g and h are the

given Dirichlet and Neumann boundary conditions, respectively.

The discrete form of the Navier-Stokes equations we used in this study is stated as

finding uh ∈ S h
u and ph ∈ S h

p such that for all wh ∈ Vh
u and qh ∈ Vh

p,

ˆ
Ω

wh · ρ

(
∂uh

∂t
+ uh · ∇uh − f

)
dΩ +

ˆ
Ω

ϵ
(
wh

)
: σ

(
ph,uh

)
dΩ −

ˆ
Γh

wh · hhdΓ +
ˆ
Ω

qh
∇ · uhdΩ

+

nel∑
e=1

ˆ
Ωe

[
τSUPG

(
uh · ∇wh +

1
ρ
∇qh

)
· RM

h + ρνC∇ · whRh
C

]
dΩ = 0. (3.4)

In the above problem statement, S h
u and S h

p are the discrete solution spaces for the velocity

and pressure, respectively, and Vh
u and Vh

p are the finite-dimensional test function spaces

for the velocity and pressure, respectively.

In Equation (3.4), the terms directly obtained from Equation (3.1) are supplemented

with three elemental stabilization terms. The two terms multiplied by τSUPG are the

conventional SUPG and PSPG stabilizations to ensure stability in strongly convec-

tive flows and allow for equal order interpolation functions for velocity and pressure,

respectively[23, 79]. The term involving νC comes from the residual-based variational

multiscale methods (VMS)[11, 13, 1]. While there are some variations in defining these

terms, we consider

τSUPG =

( 2
∆t

)2

+ uh · ξuh +CIν
2ξ : ξ

− 1
2

, (3.5)

and

νC = (tr (ξ) τSUPG)−1 , (3.6)

as the common conventional definition of these stabilization parameters for later

comparisons[155, 11, 176]. In Equation (3.5), ν = µ/ρ is the kinematic viscosity, ∆t is the

time step size, ξ is the covariant tensor obtained from the mapping of the physical-parent

elements, and CI is a shape-function-dependent constant, which is 3 in our study.
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The inconsistency of the above-mentioned stabilized formulation is caused by ∆t in

τSUPG. In a steady flow, in which the solution should be independent of ∆t, τSUPG and

thus the overall added diffusion will change with ∆t, creating a time step size dependent

solution. In the later sections, we will demonstrate that this inconsistency issue is not

unique to steady-state flows and also occurs for unsteady flows.

In an earlier study, we introduced a pressure-stabilized technique for solving the

unsteady Stokes equations expressed in the frequency domain rather than the time

domain[45]. The resulting complex-valued stabilization parameter was derived system-

atically by taking the divergence of the momentum equation and estimating the Laplacian

in the diffusion term using a characteristic element size. The modulus of that PSPG-type

stabilization parameter is

|τ| ∝
(
ω2 + ν2ξ : ξ

)−1/2
, (3.7)

where ω is the spectral mode appearing as a source term in the frequency formulation

of the unsteady Stokes equations. This spectral formulation of τ closely resembles the

conventional definition of τSUPG in Equation (3.5) if 2/∆t is replaced by ω. The uh ·ξuh term

does not appear in Equation (3.7) as the convective acceleration term is not present in the

unsteady Stokes equations. Adding this term into Equation (3.7) and incorporating the

O(1) constant CI results in

τSUPG =
(
ω2 + uh · ξuh +CIν

2ξ : ξ
)−1/2
, (3.8)

which is adopted in this study to replace the conventional definition of τSUPG from Equa-

tion (3.5) when solving Equation (3.4).

The new definition of τSUPG in Equation (3.8) becomes identical to the traditional for-

mulation (Equation (3.5)) if ω = 2/∆t. This value is close to the largest frequency asso-

ciated with the time discretization, namely π/∆t that occurs when the solution oscillates

between consecutive time steps. In practice, especially in cardiovascular simulations, the
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solution is a much smoother function of time and has a frequency content that peaks at a

much smaller ω than π/∆t. The distinction of these two frequencies inspires the proposed

definition of τSUPG.

It is straightforward to evaluate Equation (3.8) in a spectral formulation as ω is the

computed frequency and readily available as an independent parameter. However, its

adoption is not straightforward in a traditional time formulation, where ω does not ap-

pear as an independent parameter. Ideally, ω must satisfy several properties. First, it

must produce a scheme that remains stable under a variety of conditions. Second, it must

be extracted from physical variables, such as the velocity and acceleration, rather than the

time step size, so that τSUPG converges to a unique quantity as the time step size goes to

zero. Third, it should be simple to implement and cost-efficient to calculate. Given these

criteria, we propose

ω =
∥∂u

h

∂t ∥L2

∥uh∥L2
, (3.9)

where ∥f∥2L2 =
´
Ω
∥f∥2dΩ. This formulation of ω is designed to go to zero as the flow reaches

a steady state, where ∂u
h

∂t goes to zero. We will show in the results section that this formu-

lation is consistent in both steady and unsteady flows as ∆t → 0. We will also show that

the present formulation is relatively robust even though it increases the computational

cost compared to the conventional method.

For moving domain simulations that express Equation (3.4) in an arbitrary Eulerian-

Lagrangian framework, uh in the convective acceleration term is replaced by the fluid

velocity relative to moving mesh uh− ûh, where ûh denotes mesh velocity. It is this velocity

that is employed in the definition of τSUPG and also ω in Equation (3.9), changing it to

ω =
∥∂u

h

∂t |x̂∥L2
Ω f

∥uh − ûh∥L2
Ω f

, (3.10)

where the acceleration term is measured at the mesh node location x̂ and integrals per-

formed over the fluid domainΩ f . By subtracting the mesh velocity from the fluid velocity
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in Equation (3.10), the resulting definition of ω will be Galilean invariant. This results in

a scheme that produces a unique solution if all velocities were to be measured from a

moving inertial reference frame. Later in the result section, we demonstrate the consis-

tency of this method in a moving domain configuration using a fluid structure interaction

simulation test case.

Ideally, one would compute velocity and acceleration locally at the Gauss quadrature

point when evaluating ω so that the solution becomes a function of the local dynamics

of the problem. Unfortunately, this choice, which has been successfully employed with

explicit time integration in the past[54], fails to converge in our implicit formulation. This

lack of convergence can be attributed to the velocity appearing in the denominator of

Equation (3.9), thereby creating widely varying ω in regions where flow is temporarily

stagnant. This convergence issue is avoided for all cases tested here by using a global

measure of velocity and acceleration through integrating their norms over the entire do-

main as in Equation (3.9).

In theory, using a global measure of velocity and acceleration could produce a solution

that depends on the domain size. Consider an external flow over an obstacle in which the

∥∂u
h

∂t ∥L2 term receives non-zero contribution only from regions near the obstacle whereas

∥uh∥L2 receives a contribution from the entire domain. In this setting, ω goes to zero as the

size of the computational domain grows, resulting in a domain size-dependent value.

As we will show later in the results section, this domain-size dependency issue does

not translate to inconsistency of the formulation in practice. That is because the ω2 term

in Equation (3.8) is much smaller relative to the sum of the other two terms. In fact, we

show that the solution obtained from the proposed formulation is very similar to that

of the conventional formulation with a very large ∆t. Therefore, increasing the domain

size will decrease a parameter in the definition of τSUPG that is already small, thus hardly

changing the solution.
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Even though the ω2 value in τSUPG is very small, dropping it from its definition will

create convergence issues, as it has been established in the past[177, 155]. The reason

that the inclusion of the ω2 term in τSUPG prevents such scenarios is that a widely varying

solution in time will lead to a relatively large ω. As a result, the contribution of ω grows

as the solution becomes more unstable, thereby creating a recovery effect that stabilizes

the simulation.

In CFD applications, the velocity field may be initialized from zero, thus creating a

divide-by-zero operation in the code when evaluating Equation (3.9). To avoid such pos-

sibilities, we set ω = 2/∆t at the first time step, recovering the conventional definition of

τSUPG.

As detailed in a previous publication[50], we use the implicit generalized-α time in-

tegration scheme[85] in our solver. The use of this time integration scheme significantly

simplifies the implementation of the proposed formulation since velocity and accelera-

tion are readily available as discrete state variables. Thus, in our implementation, ∂u
h

∂t and

uh in Equation (3.9) are explicitly computed from those variables in a single operation. As

we will demonstrate in the results, ω is a slowly varying parameter, thus we perform this

operation only once in each time step using the solution at the previous time step. Given

that the generalized-α method also provides access to variables at the intermediate time

points (i.e., n+αm and n+α f for the acceleration and velocity, respectively), one may elect

to use those intermediate variables to update ω within each Newton-Raphson iterations.

This choice, however, is not adopted in this study as it entails extra computations and has

little effect on the overall stability of the solver. The rest of the implementation, includ-

ing the computation of τSUPG at the Gauss quadrature points based on the intermediate

variables are left unchanged and are identical to the conventional formulation.
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3.3 Simulations and Results

The above formulation is implemented in our in-house finite-element solver, multi-

physics finite-element solver (MUPFES)[127, 50, 49]. A specialized iterative algorithm,

preconditioner, and parallelization strategy are employed for an efficient and scalable so-

lution of the linear system of equations[49, 50, 47, 111]. The solver has been verified[165]

and extensively employed for cardiovascular modeling in the past[52, 51, 90]. This solver

is parallelized using a message passing interface (MPI). The workload is parallelized us-

ing spatial partitioning by employing ParMETIS library[95]. All computations are per-

formed on a cluster of AMD OpteronTM 6378 processors that are interconnected via a

QDR Infiniband.

At each time step, several Newton-Raphson iterations are performed to ensure the

residual falls by over three orders of magnitude. At each Newton-Raphson iteration, a

linear system is solved using the generalized minimal residual (GMRES) method[149]

with a tolerance of 10−2.

Four cases are simulated using both the conventional formulation (Equation (3.5)) and

the present formulation (Equation (3.8)) for τSUPG: a pipe flow, flow in a modified Blalock-

Taussig shunt geometry[52], a two-dimensional external flow over a square, and a flow

over a square with an attached flexible beam. These numerical experiments are designed

to stress-test various aspects of the two formulations in canonical and physiologic set-

tings. More specifically, these cases represent three classes of flow simulations where 1)

the boundary conditions and the solution are both steady, 2) the boundary condition and

the solution are both unsteady, 3) the boundary conditions are steady but the solution is

unsteady (in this case due to vortex shedding), and 4) the fluid domain is not fix with un-

steady solution. All of the simulations are initialized using u0 = 0 and continued in time

to reach cycle-to-cycle convergence or steady-state solutions. For apple-to-apple compar-
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ison, all parameters, except for the τSUPG definition, are kept the same when comparing

the present formulation against its conventional counterpart.

3.3.1 Steady pipe flow

We first consider the case of flow in a straight pipe with steady boundary conditions,

which can be considered the most simple and fundamental flow in the cardiovascular

system with an existing analytical solution for comparison. In our simulations, a steady

flow rate is imposed at the inlet and the pressure drop across the pipe is predicted using

the present and conventional methods. The pipe has a length of 15 cm and a radius of 1

cm. A parabolic velocity profile is imposed at the inlet with an amplitude that results in

a 10 mL/s flow rate. A zero Neumann boundary condition is imposed at the outlet. The

dynamic viscosity is fixed at 1 g/cm-s. Three different densities, 1.571, 15.71, and 157.1

g/mL are selected to produce three Reynolds numbers (Re), 10, 100, and 1000, respec-

tively. This way, we capture a wide range of Reynolds numbers that occur in cardiovas-

cular flows[121]. For all cases, the pressure drop must remain the same according to the

Hagen–Poiseuille analytical solution[167], thereby allowing us to measure the accuracy

of each method.

The mesh generated for this case contains 207, 063 tetrahedral elements, which are

used for the velocity and pressure interpolation as well as their test functions. Each

Reynolds number is simulated using four different time step sizes of ∆t = 10−1, 10−2,

10−3, and 10−4 seconds. This range of time step sizes, which is typical in cardiovascular

simulations, results in Courant–Friedrichs–Lewy numbers (CFL = u∆t/∆x) ranging from

5.2 to 5.2 × 10−3, based on the mean element size of the mesh, ∆x, and the mean flow

velocity, u. This range of CFL numbers, which captures under-resolved to over-resolved

time discretizations, can be encountered in a typical simulation due to the differences in
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velocity and mesh resolution in different cardiovascular branches. Furthermore, multi-

domain simulations can require the use of a smaller time step size (hence CFL) to ensure

stability[127].

All simulation cases were run in parallel with 32 cores. Equations are integrated for

five seconds (approximately three flow-through times) to ensure steady conditions are

reached. The l2-norm of the residual is dropped by 3.5 orders of magnitude at each time

step using Newton-Raphson iterations. Considering three Reynolds numbers, four time

step sizes, and two formulations, we ran a total of 24 simulations for this case.
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Figure 3.1: The predicted pressure drop normalized by the analytical solution (∆P/∆Pref)
for the steady pipe flow case as a function of the time step size (∆t) for (a) the conventional
formulation and (b) the present formulation. The three Reynolds numbers are 10 (red
circle), 100 (blue square), and 1,000 (black triangle).

The results for this case are condensed in Figure 3.1, which shows the predicted pres-

sure drop, normalized by that of the Poiseuille solution[167], as a function of the time

step size for three different Reynolds numbers. The solutions calculated using the con-

ventional τSUPG formulation becomes exceedingly less accurate as the Reynolds number

is increased and the time step size is reduced (Figure 3.1(a)). That produces a very large

error at Re =1,000 and ∆t = 10−4 where the predicted pressure drop is three times that
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of the analytical prediction. This large deviation from the reference solution confirms the

inconsistency of the conventional formulation that we discussed earlier. This effect is am-

plified at higher Reynolds numbers when the artificial viscosity introduced through τSUPG

is larger in comparison to the physical viscosity, thus creating a larger variation in the

solution as τSUPG is varied with ∆t.

The present formulation, on the other hand, produces predictions that are indepen-

dent of the time step size, confirming that it is a consistent formulation for steady-state

flows (Figure 3.1(b)). The overall error, which is primarily associated with spatial dis-

cretization, is negligible in comparison to the conventional formulation. The error for the

case discussed above (Re = 1, 000 and ∆t = 10−4) drops from 300% to 0.7% when one uses

the present rather than the conventional formulation.

Such a large difference in the solutions can be attributed to the large difference be-

tween ω and 2/∆t term in τSUPG definition. The large difference between the two is de-

picted in Figure 3.2 which shows the history of ω over the course of the simulation. Given

that ω = 2/∆t at t = 0, the two methods are equivalent at the beginning of the simulation.

However, as time progresses, the conventional formulation will significantly deviate from

the present formulation by producing an ω that differs by around fifteen orders of mag-

nitude.
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Figure 3.2: The time evolution of ω (Equation (3.9)) over the course of the simulation for
the pipe flow case at Re = 10 and at four different time step sizes of ∆t = 10−1 (dotted),
10−2 (solid), 10−3 (dashed), and 10−4 (dot-dashed) seconds.

Given these attractive results and the fact that ω → 0 in the present formulation, one

may be tempted to entirely drop 2/∆t term from the definition of τSUPG. As we argued

earlier, such a modification results in a method that fails to converge particularly at a

relatively small time step size and in cases where the flow is highly unsteady. Such regime

corresponds to the initial stage of the pipe flow simulation, where the flow is rapidly

evolving and ω ̸= 0 (Figure 3.2). Therefore, incorporating ω into the definition of τSUPG

plays a crucial role in improving the stability of the overall scheme.

Lastly, we must note that although the present method converges for all cases consid-

ered, it produces a linear system that is stiffer than that of the conventional formulation.

As a consequence, the solution of the linear system through an iterative solver will require

more iterations, which can be over an order magnitude per time step when compared

against the conventional method (Figure 3.3). This larger number of iterations translates

to a higher overall cost of these calculations, which is on average twice higher than that

of the conventional formulation.
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Figure 3.3: The average number of the linear solver (GMRES) iterations per time step
(N̄lsitr) as a function of the time step size (∆t) for the steady pipe flow case. The results
correspond to the three simulated Reynolds numbers: 10 (red circle), 100 (blue square),
and 1,000 (black triangle) using the conventional (solid line) and the present formulation
(dot-dashed line) of τSUPG.

3.3.2 Blood flow in vascular anatomy

In this case, we compare the performance of the conventional formulation and our present

formulation in a realistic cardiovascular geometry with a wide range of Reynolds and

CFL numbers. The adopted anatomy represents that of an infant who has undergone the

modified Blalock-Taussig shunt procedure[52, 51] (Figure 3.4). The geometry contains

multiple branches, among which an unsteady flow with a parabolic profile is imposed at

the ascending aorta, which is interpolated from earlier multi-domain simulations[90, 87].

Zero Neumann boundary conditions are imposed on all other branches, which are non-

physiological, but nevertheless selected to highlight the difference between the two for-

mulations. Since the flow rate through the pulmonary arteries is critical in understanding

the performance of the shunt for this procedure, it is used here for simulation results com-

parison. The blood is assumed Newtonian with a density of 1.06 g/mL and a dynamic

viscosity of 0.04 g/cm-s. The Reynolds number ranges from 50 to 1300 depending on

the branch and the time within the cardiac cycle. Although the primary source of flow

unsteadiness can be traced to the unsteady boundary condition, the complex geometry
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may also induce more local variations in the solution as a function of time, in this case

(namely, generating frequency content in the solution that is not present in the boundary

condition).

Flow profile imposed at the ascending aorta

Pulmonary arteries
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Figure 3.4: The meshed geometry and the inlet condition (the ascending aorta flow rate,
QAoA) for the modified Blalock-Taussig shunt simulation.

We performed simulations using time step sizes of ∆t = 2.5 × 10−2, 2.5 × 10−3, and

2.5×10−4 seconds, which are within the range of actual time step sizes used for these types

of studies[52, 51, 90]. The geometry is discretized using 400, 936 tetrahedral elements

(Figure 3.4). All simulations are run in parallel with 288 processors. Simulations are

continued for at least six cardiac cycles (3 seconds) to ensure cycle-to-cycle convergence.

The predicted flow rate through the pulmonary arteries is extracted as a parameter of

interest and plotted over one cardiac cycle in Figure 3.5. For the conventional formulation,

we can see a similar trend of solution deterioration as the time step size gets smaller. There
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Figure 3.5: The predicted flow rate through the pulmonary arteries (QPA) using ∆t =
2.5 × 10−2 (dotted), 2.5 × 10−3 (red circle), and 2.5 × 10−4 (blue square) seconds, when the
computations are performed using (a) the conventional formulation and (b) the present
formulation of τSUPG.

is a 10% change in flow rate as the time step size is reduced from 2.5 × 10−2 to 2.5 × 10−3

seconds. There is another 15% deviation in the prediction of the conventional formulation

when the time step size is further reduced by another order of magnitude, from 2.5× 10−3

to 2.5 × 10−4 seconds. Such large variations in the results are rather alarming because

500 times steps per cardiac cycle or more (corresponding to ∆t ≤ 10−3) is a very modest

number and has been commonly used in the past cardiovascular CFD studies[52, 51, 185,

90, 157, 150]. According to our numerical experiment with the conventional method, such

a commonly used time step size is already too small that it produces substantial error in

the results.

In contrast to the conventional formulation, the method proposed is consistent with

results that are almost independent of the time step size (the observed changes were less

than 0.1%). ω values using the present formulation is shown in Figure 3.6 for three dif-

ferent time step sizes. At the beginning of the simulations, ω quickly drops from that of

the conventional formulation values to physics-based periodic values. As expected, the

converged periodic ω values are almost independent of the time step size, thus resulting
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in predictions that do not change as ∆t → 0.
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Figure 3.6: ω value used in the present formulation as the simulations progress in time for
three different time step sizes, ∆t = 2.5× 10−2 (dotted), 2.5× 10−3 (red circle), and 2.5× 10−4

(blue square) seconds.

The total CPU time of the computations performed with the present formulation is

around 1.5 times that of the conventional formulation, which is acceptable but warrants

future improvements. Simulation results generated with the present formulation will

enable researchers and clinicians to have high resolution in terms of time discretization

without concerns about solution accuracy.

3.3.3 Flow over a square

In this case, we will present a more textbook unsteady CFD numerical experiment to

demonstrate that the consistency issue is not unique to cardiovascular applications. We

will demonstrate that the present formulation solves the inconsistency issue for this case

but also demonstrate where the limitation of our formulation currently lies. We will also

use this case to discuss the domain size dependency of (or lack thereof) the present for-

mulation for external flows.

We consider a two-dimensional unsteady flow over a square object with a steady in-
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flow boundary condition. The geometry and mesh used for this case are shown in Fig-

ure 3.7. The square has a side length of 1 m in a 12 m by 29.2 m fluid domain. The square

obstacle is centered vertically and placed at a distance of 5 m from the inlet on the left

side of the domain. Uniform horizontal flow with a velocity magnitude of 51.3 m/s is

prescribed at the inlet and the outlet is a zero Neumann boundary. The top and bottom of

the domain are both no-penetration boundaries (uy = 0) with zero traction in the horizon-

tal direction (hx = 0). The fluid has a density of 1.18×10−3 kg/m3 and a dynamic viscosity

of 1.82 × 10−4 kg/m-s. The Reynolds number of this case is 332, which results in vertex

shedding downstream of the obstacle.
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Figure 3.7: The mesh constructed for the flow over a square obstacle simulation.

The mesh generated for this case contains 28, 502 triangular elements. Three differ-

ent time step sizes are considered, ∆t = 10−3, 4 × 10−4, and 10−4 seconds. At each time

step, the time integration residual is dropped by more than three orders of magnitude

through Newton-Raphson iterations. The simulations are continued for 5 seconds to en-

sure statistically stationary conditions are established. We used 16 cores to perform these

calculations.
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Figure 3.8: Predicted lift on the obstacle (FL using ∆t = 10−3 (red circle), 4 × 10−4 (blue
square), and 10−4 (black triangle) seconds, where τSUPG is computed using (a) the conven-
tional formulation and (b) the present formulation of τSUPG. Re = 332.
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Figure 3.9: Predicted amplitude (black dash-dotted line) and period (blue solid line) of the
lift profile as a function of the time step size (∆t) using (a) the conventional formulation
and (b) the present formulation.

The lift exerted on the square obstacle during the last 0.5 seconds of the simulation

is shown in Figure 3.8. Consistent with what we observed in the previous cases, this

case also shows significant improvement in the results when the present design of τSUPG

is adopted. The conventional formulation prediction of the oscillation amplitude and

period strongly depends on the time step size, with both values decreasing as ∆t → 0

(Figure 3.9a). In contrast, little change in these predictions is observed when the presented
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formulation is adopted (Figure 3.9b). The contrast between the two methods can also be

observed when comparing the pressure contours in Figure 3.10. The snapshots shown in

this figure are taken when the obstacle experiences a maximum lift. The dependency and

lack of dependency of the conventional and present formulation on the time step size are

evident in this figure.
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Figure 3.10: Pressure contour for the flow over a square obstacle (Figure 3.7) captured at
the maximum lift. Re = 332. (a) and (c) are the results obtained from the conventional
formulation while (b) and (d) are the results obtained from the present formulation. (a)
and (b) are obtained using ∆t = 10−3 and (c) and (d) using ∆t = 10−4.

The results from the two formulations are compared in terms of mean drag coefficient

Cd, root mean square of drag coefficient fluctuation C′d, mean lift coefficient Cl, root mean

square of lift coefficient fluctuation C′l , and Strouhal number St in Table 3.1. This compar-

ison confirms our earlier observation that the present formulation nearly eliminates the

dependence of the bulk flow parameters on the time step size.
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Cd C′d Cl C′l St
Conventional
∆t = 1 × 10−3 1.74 0.04 0.00 0.74 0.15
∆t = 4 × 10−4 1.81 0.03 −0.01 0.61 0.16
∆t = 1 × 10−4 2.07 0.01 −0.03 0.29 0.16

Present
∆t = 1 × 10−3 1.72 0.04 −0.01 0.83 0.15
∆t = 4 × 10−4 1.72 0.04 −0.01 0.83 0.15
∆t = 1 × 10−4 1.72 0.04 −0.01 0.83 0.15

Table 3.1: Comparison of the bulk flow parameters for the flow over a square object case
between the conventional and present formulations using three different time step sizes.
Re = 332.

Similar to the steady pipe flow, the convergence of the solutions as the time step size

decreases is tied to the convergence of ω. With the present formulation, the value of ω,

although not steady, converges to periodic values around 3 regardless of ∆t. The value of

ω2, which is approximately 9 s−2, can be contrasted against (2/∆t)2 that ranges from 4×106

to 4 × 108 s−2 for the simulated cases. That large change generates a significant variation

in the solution as ∆t is reduced in the conventional formulation.

To better see the effect of 2/∆t term on τSUPG, we have produced a snapshot of τSUPG

over the entire computational domain for the two formulations in Figure 3.11 at two dif-

ferent time step sizes. For the conventional formulation and in particular at ∆t = 10−4,

τSUPG is very small and approximately equal to ∆t/2 over the entire domain. In the vicin-

ity of the obstacle, where flow is the fastest, we observe some deviation from that baseline

due to the contribution of the convective term in τSUPG. Nevertheless, that variation is not

as significant as that of the present formulation where we see large changes in τSUPG de-

pending on the flow velocity, mesh resolution, and flow orientation relative to the element

edges.

We also simulated the present flow over a square object case at a higher Reynolds

number of 22, 000 to benchmark the two formulations against previously published
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Figure 3.11: The snapshot of τSUPG obtained at peak lift for the conventional formulation
(a,c) and the present formulation (b,d) with ∆t = 10−3 (a,b) and 10−4 (c,d) seconds. Re =
332. Note the range used for the color bars.

results[16, 106, 98, 146]. All simulation parameters are kept the same as in the case dis-

cussed above except for the dynamic viscosity which is reduced to 2.75 × 10−6 kg/m-s.

Simulations are repeated using both formulations at ∆t = 5 × 10−3 seconds. The obtained

results as well as those from the literature are summarized in Table 3.2. Note that the re-

sults from the literature were obtained from three-dimensional simulations whereas our

computations are performed in two dimensions. Despite such differences, we observe a

relatively good agreement with the published results. That is particularly the case for the

present formulation that produces predictions closer to the reported range in comparison

to the conventional formulation.
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Cd C′d Cl C′l St
Conventional 1.62 0.40 −0.15 1.49 0.17
Present 1.67 0.42 −0.03 1.50 0.17
Reference[146, 16] [1.66,2.77] [0.10, 0.27] [-0.09 0.03] [0.34 1.79] [0.07 0.15]

Table 3.2: Results for the flow over a square object at Re = 22, 000 using the conventional
and present formulations, and their comparison against the literature.

In order to investigate the effect of domain size for the present formulation, we ex-

tended the domain so that the overall domain size is four times that of the original do-

main. In doing so, we made sure that the mesh for the subset of the domain correspond-

ing to the original mesh in Figure 3.7 remains unchanged so that the reported results are

minimally affected by this change in the domain size. We repeated the original Re = 332

simulations for both formulations using ∆t = 10−3 with the extended domain. The results

are summarized in Table 3.3. The variation in results is almost identical for the two for-

mulations indicating that the change is more likely a result of moving the locations of the

boundaries rather than the change in the value of ω. Following what we argued earlier,

extending the domain reduced ω to approximately half its original value. This change,

nevertheless, has a negligible effect on the overall results given that the ω term is much

smaller than the sum of the other terms appearing in τSUPG.

Cd C′d Cl C′l St
Conventional

Original 1.74 0.04 −0.00 0.74 0.15
Extended 1.79 0.02 −0.00 0.73 0.15

Present
Original 1.72 0.04 −0.00 0.83 0.15

Extended 1.79 0.03 −0.01 0.82 0.15

Table 3.3: Result comparison between the conventional formulation and present for-
mulation using the original and the extended domains for the flow over a square case.
∆t = 10−3. Re = 332.

The relatively small value of ω, in comparison to the sum of the two other terms ap-
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pearing in τSUPG in Equation (3.8), is a general feature of the present formulation rather

than being unique to the case above. Evidently, it was also relatively small for the vascu-

lar model discussed earlier as the results obtained from the proposed formulation closely

resembled that of the conventional formulation at large ∆t (Figure 3.5), where the sum of

the other two terms in τSUPG is dominant.

In general, if we only consider uh · ξuh relative to ω2, we can show the ratio of the two

scales as the square of u/(ω∆x). For the present method to be domain-size-dependent, that

ratio must be smaller than one, implying that the flow at a node must do a full oscillation

before it has the time to advect the fluid across a single element. That is an extremely

fast oscillating flow, which even if occurs in reality, requires a much smaller time step to

resolve, thereby indicating that the present method will do much better than the conven-

tional method.

We should note that the linear solver convergence, which was not an issue for the

previous two cases, posed a problem in this case. In general, the linear solver takes longer

to converge as the time step sizes are reduced. In extreme cases, the linear solver may not

converge at all. One such scenario occurs when the time step size is very small and there

is a significant change in the solution between time steps, e.g., the present simulation

starting from a zero velocity field. To overcome such issues, one may start a simulation

with a larger time step size and then reduce it to the target value after a few time steps.

Nevertheless, this convergence issue is a shortcoming of the present formulation that

warrants future research.

3.3.4 Fluid-structure interaction

In this section, we will demonstrate the generalization of the present formulation to mov-

ing domain configurations using a fluid-structure interaction (FSI) test case. The chosen
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case is a 2D flow over a fixed square with an attached flexible beam, which has been used

in the past for verification of the FSI codes[13, 50].
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Figure 3.12: The schematic of the FSI case involving a flexible beam attached to a solid
square in a cross-flow.

The specifications of the test case are shown schematically in Figure 3.12. The compu-

tation domain is 12 × 19.5 m. The square is 1 × 1 m with the center of the square placed

5 m from the inlet. The beam is 4 × 0.06 m centered behind the square. The fluid domain

setup is identical to the previous section’s flow over a square case, where the fluid den-

sity is 1.18 × 10−3 kg/m3 and the dynamic viscosity is 1.82 × 10−4 kg/m-s with uniform

inlet horizontal velocity at 51.3 m/s, resulting in Re= 332. The ω in the stabilization con-

stant, τSUPG, is calculated in an arbitrary Eulerian-Lagrangian framework, as specified in

Equation 3.10.

The solid domain is modeled as a St. Venant–Kirchhoff elastic solid[74]. The dis-

cretized weak form of the solid problem is given as

Rh
m(u̇,d) =

ˆ
Ω0

s

(
ρ0

sw
h · u̇h + ∇wh : (FS̃)h

)
dΩ = 0, (3.11)

where

S̃ = λtr(E)I + 2µE, (3.12)
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is the second Piola-Kirchhoff stress, in which

E =
1
2

(C − I) (3.13)

is the Green-Lagrange strain tensor, with

C = FTF (3.14)

as the Cauchy-Green deformation tensor, where

F = ∇d + I (3.15)

is the deformation matrix and d is the displacement vector. The density of the beam at

t = 0 is ρ0
s = 0.1kg/m3. The Young’s modulus, E = 2.5 × 106 kg/(s2m), and Poisson’s ratio,

ν = 0.35 are used to calculate Lamé parameters λ and µ in Equation 3.12 as

µ =
E

2(1 + ν)
, (3.16)

λ =
Eν

(1 + ν)(1 − 2ν)
. (3.17)

The details of the FSI formulation are presented in a previous paper and not repeated

here for brevity [50]. In summary, an arbitrary Lagrangian-Eulerian (ALE) approach and

a quasi-direct FSI solution strategy are employed[189, 13, 179, 15]. The increments of the

fluid and structure solution are monolithically computed. Jacobian-based stiffening is

used for the elastic mesh motion without re-meshing[15, 92, 164]. A back-flow stabiliza-

tion scheme is employed at the Neumann boundaries to prevent simulation divergence

caused by partial flow reversal at the outlet[125].

The mesh used for all cases contains roughly 20 thousand triangular elements for the

combined fluid and solid domains (Figure 3.12). The simulations were run for 10 seconds

with two different time step sizes ∆t = 1×10−3 and 5×10−4 seconds using the conventional

and present formulations of τSUPG, resulting in four simulations in total.
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Figure 3.13: The beam tip vertical displacement, dy, for the case shown in Figure 3.12
computed using the conventional (a; left) and present formulation (b; right). The two
curves shown as a function of time for each case correspond to the simulations run with
∆t = 1 × 10−3 (dashed line) and 5 × 10−4 (solid line).

Figure 3.13 shows the vertical displacement of the beam tip (marked in Figure 3.12).

The conventional formulation produces an oscillation period that slightly varies as the

time step size is changes by a factor of two. The change in period is approximately 0.5%,

increasing from 0.305 s at ∆t = 5 × 10−4 s to 0.307 s at ∆t = 10−3 s. On the contrary, the

present formulation produced significantly closer results for both time step sizes. The

predicted period, in this case, is approximately 0.299 s, which agrees well with the litera-

ture [189, 13, 50].

In terms of stability and computational cost, we observe a behavior similar to the flow

over the square case from the previous section. For cases reported above, the total simula-

tion cost of the present formulation is around 4 times that of the conventional formulation

(1.3 versus 5.1 hours using 16 cores). Using a time step size smaller than ∆t = 5 × 10−4 s

causes linear solver convergence issues in the case of the present formulation.
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3.4 Conclusion

In this study, we propose a new formulation for the stabilization parameter (τSUPG)

that appears in the streamline upwind Petrov-Galerkin and pressure stabilizing Petrov-

Galerkin method (SUPG/PSPG) to overcome the historical limitation of the conventional

formulation that produces a large error at the small time step size. The proposed formu-

lation uses a flow time scale instead of the time step size to account for the contribution of

the acceleration term to τSUPG. Using the new formulation of τSUPG, we successfully pro-

duce an overall stable technique that is consistent with regard to the time step size. The

new definition of τSUPG (Equation (3.8)) is simple to implement in existing SUPG/PSPG

formulated fluid solvers. Although the present formulation comes at the cost of increas-

ing the number of linear solver iterations, it significantly improves the overall accuracy

of the stabilized finite element methods for computational fluid dynamics, making it an

attractive choice for cardiovascular simulations.
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CHAPTER 4

CHARACTERIZATION OF THE EJECTOR PUMP PERFORMANCE FOR THE

ASSISTED BIDIRECTIONAL GLENN PROCEDURE

4.1 Introduction

Infants born with a single ventricle undergo three stages of palliation to survive, start-

ing with the first stage performed within a few days after birth. This procedure es-

tablishes a systemic-to-pulmonary shunt, such as the modified Blalock-Taussig shunt

(mBTS) [132, 133], to create a parallel circulation between the systemic and pulmonary

beds. The second stage procedure, the bidirectional Glenn (BDG), is performed at around

two months of age, during which the systemic-to-pulmonary shunt is removed, and the

superior vena cava (SVC) is connected directly to the pulmonary arteries (PA). [66, 67]

The upper body venous return through the SVC thus becomes the sole source of the pul-

monary blood flow. The third stage operation, the Fontan procedure, further connects

the inferior vena cava to the pulmonary arteries, after which the pulmonary and systemic

circulations are then placed in series. [61, 62]

The long-term mortality rate among single-ventricle patients remains high, owing

to single ventricle failure, SVC syndrome, underdeveloped or unevenly developed pul-

monary arteries, and other complications resulting from the first and second stage opera-

tions. [40, 9] Despite many efforts in improving the mBTS physiology, [118, 162, 119, 192,

21, 53, 126, 120] it remains as a fundamentally flawed operation due to the unavoidable

high ventricle load and the high chance of shunt occlusion due to thrombosis.

Some of the drawbacks of the mBTS are addressed at the next stage by the BDG pro-

cedure. That may motivate the total replacement of the mBTS by the BDG or an earlier

transition to the BDG physiology. Historically, however, the BDG procedure can not be
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used for stage-one palliation due to complications related to elevated pulmonary vascular

resistance (PVR) after birth, including SVC syndrome, insufficient pulmonary flow, and

low oxygen saturation. [38, 99, 193] More recent studies have explored the feasibility of

performing the BDG operation at an earlier age. [86, 141] However, other studies have

reported underdeveloped pulmonary arteries due to insufficient pulmonary arterial flow

for patients with early BDG adaptation. [28, 69]

In order to overcome the shortcomings associated with the mBTS and the BDG, an al-

ternative operation called the assisted bidirectional Glenn (ABG) was recently proposed

that is a hybrid between those two standard operations. [51, 157, 185, 197, 60] The assisted

bidirectional Glenn is based on the BDG circulation with the addition of a systemic-to-

pulmonary shunt between the brachiocephalic artery (BA) and the SVC to assist the pul-

monary flow. The effectiveness of the ABG circulation depends on the successful adap-

tation of the ejector pump effect. As it operates in industrial devices, the ejector pump

uses a high energy flow as the energy source, which is jetted into a low energy flow and

assists the low energy flow downstream. In the ABG circulation, the high-energy blood

through the shunt would mix with the upper body return flow in the SVC, and provide

the energy necessary for pulmonary circulation. Our latest study introduced a modified

ABG by connecting the shunt to the SVC at the brachiocephalic veins (BV) and SVC junc-

ture, creating a slit-shaped nozzle at that anastomosis. [90] Our multiscale simulation

showed that at a pulmonary vascular resistance (PVR) of 2.3 Wood units-m2, the modi-

fied ABG procedure increased the pulmonary flow by 76% and reduced the SVC pressure

by 26% compared to the BDG while reducing the heart workload by 43% comparing to

the mBTS. Other improvements were observed, including higher oxygen delivery, higher

aortic oxygen saturation, and more even left and right pulmonary flow distribution.

Despite the encouraging results for the modified ABG at normal PVR, this improved

circulation still poses excessively high SVC pressure when the PVR is elevated. In fact,
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at a PVR of 7 Wood units-m2, the SVC pressure was around 15 mmHg, which is 28%

higher than that of the BDG. Since newborns experience episodes of high PVR, such high

SVC pressure could potentially cause other complications, including cerebral ventricu-

lomegaly, recanalization, and obliterated vessels. [36, 129, 73] The elevated SVC pressure

at high PVR can be understood by two competing effects: the first is the ejector pump ef-

fect that reduces the upstream (SVC) pressure relative to the downstream (PA) pressure.

The second effect results from the additional blood flow introduced by the shunt that goes

through the pulmonary bed, thereby elevating the PA pressure. While the ejector pump

effect at low PVR is dominant, it is overcome at higher PVR by the competing effect,

leading to a higher overall SVC pressure. Therefore, at certain PVRs, the SVC pressure

produced by the ABG will be higher than that of the BDG, which does not have additional

flow coming from a systemic-to-pulmonary shunt.

This study aims to gain a deeper understanding of the above-mentioned competing

effects and quantitatively establish the regime at which the ABG presents an advantage

over the conventional procedures. Achieving this goal requires surveying at minimum

a two-dimensional parameter space (i.e., different PVR and nozzle areas). Using high-

fidelity computational fluid dynamic (CFD) simulations, which is the approach taken by

most cardiovascular simulation studies [138, 151], for this purpose will be prohibitively

expensive. To overcome this issue, a multi-fidelity approach is developed in this study,

where the CFD simulations are coupled to a newly introduced algebraic model. The

algebraic model is then utilized to evaluate the performance of the ABG at different PVR

values while identifying the optimal design for each regime. This article is organized as

the following. In Section 4.2.1 we will review the improved version of the ABG that is to

be used as the baseline in this study. Then in Section 4.2.2 and 4.2.3, we will discuss our

CFD framework and present the construction of the newly introduced algebraic model,

respectively. We will compare the predictions of the algebraic model against the CFD

results in Section 4.3.1. Our full parametric study using the algebraic model is presented
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in Section 4.3.2 The physicality of the algebraic model and the clinical implication of our

findings are discussed in Section 4.4.

4.2 Materials and Method

4.2.1 Modified assisted bidirectional Glenn

The most recent modifications to the ABG circulation are constructed on top of the BDG

circulation where the SVC is connected to the PAs (Figure 4.1). The shunt is connected to

the brachiocephalic artery on the systemic side. The pulmonary side of the shunt is con-

nected to the BV-SVC juncture via a nozzle-shaped outlet. The nozzle profile is designed

to maximize the contact area between the high-energy jet and the upper body return.

This profile facilitates the mixing and momentum transfer between the two streams, thus

creating the ejector pump effect successfully (Figure 4.3). In addition to improving the

ejector pump effect, this nozzle design also minimizes energy loss. In this study, both the

shunt diameter and the nozzle width are fixed at 3.5 mm to minimize energy loss due to

the wall shear effect that can be created by the high-velocity jet impinging the SVC walls,

which is 5 mm in diameter. Also, the jet from the nozzle is parallel to the SVC direction

to prevent asymmetric wall impingement that also causes energy loss.

With the above parameters fixed, the only remaining parameter that determines the

efficiency of the ejector pump is the nozzle thickness which directly affects the nozzle

area. Therefore in this study, we will investigate the effect of nozzle areas by varying the

thickness of the nozzle. The second varying parameter in this study is the PVR, which is

changed in the lumped parameter network model discussed in the next section.
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Figure 4.1: Closeup of the insertion location of the shunt in the modified ABG. BA, bra-
chiocephalic artery; SVC, superior vena cava; LBV, left brachiocephalic vein; RBV, right
brachiocephalic vein.
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Figure 4.2: Front and side view of potential clinical implementation of the slit-shaped
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Figure 4.3: nozzle view from the SVC and mixing visualization.
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4.2.2 Geometry Construction and CFD Simulation

Five 3D geometries are constructed: four variations of the modified ABG with different

nozzle areas and one BDG. All five geometries are idealized representative geometries

based on the modified ABG geometry from our previous study [90]. Briefly, the SVC and

PA diameters are 5 mm [58] and 5.5 mm [148], respectively, and the left and right BV di-

ameters are set to 4 mm based on Murray’s law [22]. For the modified ABG geometries,

the shunt is 3.5 mm in diameter, which converges to a slit-shaped nozzle at the shunt-SVC

connection (Figure 4.2 and 4.3), with four different nozzle cross-sectional areas of 2.0, 2.5,

3.0, and 3.5 mm2. For the BDG geometry, the shunt is not present, while all other dimen-

sions are identical to the modified ABG geometries. This BDG geometry is considered a

particular case of the modified ABG with zero nozzle area in our algebraic model.

A multiscale CFD framework, which is similar to the previous studies [51, 157, 185]

and identical to our previous study [90], is adapted to simulate the various cases. In these

simulations, the flow in major vessels (e.g., aorta, PA, SVC, etc.) is fully resolved both

spatially and temporally while it is modeled for the rest of the circulatory system (e.g.,

the heart, lower and upper body microvasculature, etc.) using a 0D lumped parameter

network (LPN), where the variables are only functions of time [127, 111].

The CFD simulations are performed using a validated in-house finite-element solver

named Multi-physics finite-element solver (MUPFES) [127, 50, 49]. For the 3D simula-

tion, incompressible Newtonian fluid and rigid walls are assumed. The underlying for-

mulation of this solver is based on the weak form of the Navier-Stokes equation, which

attempts to find u ∈
{
u|u(x, t) ∈ (H1)d × [0,T ], u = g on Γg

}
and p ∈

{
p|p(x, t) ∈ L2 × [0,T ]

}
such that for all w ∈

{
w|w(x, t) ∈ (H1)d × [0,T ], w = 0 on Γg

}
and q ∈

{
q|q(x, t) ∈ L2 × [0,T ]

}
,

B(w, q; u, p) =
ˆ
Ω

ρw · (u̇ + u · ∇u)dΩ +
ˆ
Ω

∇w : (−pI + T)dΩ −
ˆ
Ω

∇q · udΩ
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+

ˆ
Γ

qu · ndΓ −
ˆ
Γh

w · hdΓ − β
ˆ
Γh

ρw · u(u · n)−dΓ = 0, (4.1)

is satisfied. In Equation 4.1, ρ, u̇, u, p, T, h, n, w, and q are the density, acceleration,

velocity vector, pressure, viscous stress tensor, Neumann boundary traction, boundary

outward normal vector, velocity and pressure test functions, respectively. The Neumann

and Dirichlet boundaries are denoted by Γh and Γg, respectively, and the 3D fluid domain

is denoted by Ω. β is a positive coefficient between 0.0 and 0.5 and set to 0.2 in our

computations, and (u · n)− is defined as,

(u · n)− ≡
u · n− |u · n|

2
(4.2)

[126]. The last term in Equation 4.1 is a minimally intrusive backflow stabilization term

used to avoid simulation divergence due to partial or bulk backflow on the Neumann

boundaries [125]. Provided that the Galerkin’s form in Equation 4.1 does not meet LBB

condition for identical shape functions for velocity and pressure, the actual formulation

implemented in our solver is based on the RBVMS (residual-based variational multiscale)

formulation and includes additional terms to ensure the stability of the solution even

at highly convective regimes [23, 11]. A specialized iterative algorithm, preconditioner,

and parallelization strategy are employed for an efficient and scalable solution of the

linear system of equations that arises from the discretization of the RBVMS formulation

[49, 50, 47]. The numerical method used in this study can capture the chaotic nature of

the flow, which includes the turbulent jet created downstream of the nozzle (Figure 4.7).

The Reynolds number in the other vessels, including ascending aorta is less than 1000

and thus the flow remains transitional.

The 0D LPN model, which consists of five blocks to model upper body, lower body,

pulmonary bed, coronary circulation, and heart, is also identical to our previous study

[90], where the component values are taken from a modeling study of 28 Norwood-

procedure patients [120]. The schematic for the LPN system of the ABG is presented

in Figure 4.4. The numerical implementation of the LPN is described in our previous
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study. [127]. The LPN values and calculations related to the heart model are included

in Appendix A. PVR of 2.3, 4.7, and 7 Wood units-m2 are simulated for all five models,

representing normal, slightly elevated, and high PVR values in an infant. [51]. The two

higher PVR values are simulated to account for patient-to-patient variability, PVR change

with age, and uncertainties in the clinical measurements. To mimic the long-term effect of

the auto-regulatory system, we used the blood volume control system that regulates the

average aortic pressure at an average of 67 mmHg. [90]

The boundary conditions at the 3D-0D interface are not prescribed but obtained by

solving the lumped parameter network. [49] For the coupled Neumann boundary condi-

tions, the CFD solver will send the flow rate and receive the pressure in exchange from

the LPN. The process is similar for coupled Dirichlet boundary condition with the dif-

ference that the pressure is sent and flow is received from the LPN. The ascending aorta,

LBV, and RBV are coupled Dirichlet boundaries, where we impose a parabolic profile.

The remaining boundaries are coupled Neumann boundaries. The initial conditions for

the LPN are taken from prior studies. The final results do not depend on those initial

conditions.

Blood density is 1060 kg/m3 and viscosity is 0.004 Pa-s. We treated the blood as a

Newtonian fluid because the shear rates in our simulation are outside of the range that

produces non-Newtonian effects. [42] All geometries are meshed using tetrahedral ele-

ments and an adaptive mesh refinement algorithm to improve accuracy (Figure 4.5). Our

mesh refinement algorithm is detailed in our previous study [90]. A rigorous convergence

study was performed to ensure results are independent of the mesh size, the linear solver

tolerance, and the number of Newton-Raphson iterations. On average, the mesh geome-

tries contain 2 million elements after 6 iterations of adaptive mesh refinement, resulting

in an accuracy that is comparable to that of a 10 million elements uniform mesh. We used

a time step size of 10-4 second for the simulations. Each simulation is continued for 10
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Figure 4.4: Lumped parameter network coupled with physical domain geometry for the
ABG procedure. See Appendix A for details.

seconds corresponding to 20 cardiac cycles. This number of cycles is selected to ensure

both mean value and cycle-to-cycle convergence. This convergence is clearly shown in

Figure 4.8 for the case with 2.0 mm2 nozzle area and PVR value of 7.0 Wood units-m2.

The SVC pressure is observed to be the last parameter to converge in our simulations.

Therefore, as long as the SVC converges, the simulation is considered converged in our

study. The simulation results are calculated from the last cardiac cycle in every case. A

typical simulation takes around 40 physical hours with 224 processors, or around 9000

computational hours, at a 2.4 GHz clock rate. In total, fifteen simulations were performed

for five geometries at three different PVR values.
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Figure 4.5: Tetrahedral mesh cross section at the shunt-SVC junction for the ABG simula-
tion with a nozzle size of 3 mm2 and PVR of 4.7 Wood units-m2 at end systole.

Figure 4.6: Velocity field at the shunt-SVC junction for the ABG simulation with a nozzle
size of 3 mm2 and PVR of 4.7 Wood units-m2 at end systole.

Figure 4.7: Q-criterion contour at the shunt-SVC junction for the ABG simulation with a
nozzle size of 3 mm2 and PVR of 4.7 Wood units-m2 at end systole.
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Figure 4.8: Mean SVC pressure over one cardiac cycle as the simulation progresses for 2.0
mm2 nozzle area and 7.0 Wood units-m2 PVR.

4.2.3 Algebraic Model

Each of the simulations described in the previous section takes ≈7 days to run on a cluster

when utilizing 192 processors at a 2.4 GHz clock rate. Due to this high cost, it is infeasible

to evaluate the full range of nozzle areas and PVRs using multiscale CFD simulations. To

overcome this issue, we developed a multi-fidelity approach that utilizes the CFD simu-

lations to tune an algebraic model, which in turn is used to predict the performance of

the ABG circulation over a wide range of nozzle areas, Anozzle, and PVR values, RPVR. The

construction and parameter tuning of the algebraic model is discussed in the following

sections.

Model Construction

The assumptions of this algebraic model (schematically shown in Figure 4.9), which re-

places the 3D model, are incompressible, inviscid, steady, and unidirectional flow. The

viscous effect is incorporated in this model using loss terms tuned based on the CFD

results. The model only includes the shunt, the BV-SVC juncture, the SVC, and the pul-

monary branches. The reason for such choice is that the aortic flow and lower body circu-
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Figure 4.9: Schematic of the algebraic model for modeling the ABG circulation. Variables
shown in black, red, and blue are known, unknown, and independent parameters, re-
spectively. Note that the 2D representation of this schematic is only for demonstrating
the control volumes. The algebraic model is a 0D model that does not capture variation
in time or space.

lation are minimally affected by the nozzle geometry or the PVR values, as confirmed by

the CFD simulation results in Section 4.3.1. The dimensional constants of cross-sectional

areas are consistent with the dimensions of the CFD geometries. The aortic pressure, Pao,

and the left atrial pressure, PLA, are held fixed at 67.0 and 2.1 mmHg, respectively, which

are identical to the CFD simulation and based on the clinical measurements [120].

The upper body section is modeled using two equations: one for the upper body

circulation and the other for the flow in the BV-SVC juncture. The upper body circulation

is modeled using

Pao − P1 = RubQub, (4.3)

where the total upper body flow rate, Qub, and the bottom BV pressure, P1, are the un-

known variables. The upper body resistance, Rub = 140.9 mmHg-min/L, is a constant

obtained from the LPN used for the CFD simulations. The flow through the BV-SVC

juncture is modeled while neglecting losses using the Bernoulli’s equation

P1 +
1
2
ρV1

2 = P2 +
1
2
ρV2

2, (4.4)
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where P2 is the upper SVC pressure. The upper body return velocity, V1, and the upper

SVC velocity, V2, are defined using mass conservation as

Qub = A1V1 = A2V2. (4.5)

Based on the 3D geometry, the total cross-sectional area of both BVs, A1, is 0.248 cm2, the

SVC corss-sectional area, A3, is 0.196 cm2, and the nozzle area, Anozzle, is an independent

variable. The effective area of the upper SVC, A2, is calculated as

A2 = A3 − Anozzle. (4.6)

Accounting for losses in the shunt, the shunt upstream and downstream conditions

can be related via

Pao = P2 +
1
2
ρVnozzle

2 +CsρVnozzle
2, (4.7)

where the pressure, P2, and nozzle velocity, Vnozzle, are unknown. Due to the high ve-

locity in the shunt, especially at the nozzle, a head loss constant, Cs, is added to the

equation to account for the viscous dissipation in the shunt that is similar in form to

the Darcy–Weisbach equation. The value of Cs is to be calculated through a tuning pro-

cess from the CFD simulation results as discussed in Section 4.2.3. The modeling of these

two streams inherently assumes that the mixing does not happen in the BV-SVC junction,

which is the case demonstrated by CFD results.

The flow in the SVC is modeled by the mass conservation equation between the inlets

and outlet

Qub + AnozzleVnozzle = A3V3, (4.8)

where V3 is the fluid velocity at the bottom of the SVC, and the conservation of momen-

tum equation

ρA2V2
2 + ρAnozzleVnozzle

2 + (A2 + Anozzle)P2 = ρA3V3
2 + A3P3, (4.9)
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where the bottom SVC pressure, P3, is unknown.

Three equations model the PA section: a Bernoulli’s equation with a head loss con-

stant, Cp, which will be calculated from the CFD results (Equation 4.10), a conservation of

mass equation (Equation 4.11), and a pressure-flow rate relation for the pulmonary bed

(Equation 4.12).

P3 +
1
2
ρV3

2 = P4 +
1
2
ρV4

2 +CpρV4
2, (4.10)

Qp = A3V3 = A4V4 (4.11)

P4 − PLA = RPVRQp, (4.12)

From the 3D geometries, the total cross-sectional area of the PAs, A4, is 0.475 cm2. The PA

pressure, P4, and PA velocity, V4 are two unknowns, and Qp is the pulmonary flow rate.

The PVR value, RPVR, is the other independent variable in this model.

In total, there are ten equations with ten unknowns (marked in red in Figure 4.9) and

two independent variables. The calculation for the head loss constants Cs and Cp is de-

tailed in the next section. Other parameters can be calculated from the unknowns solved

from this system of equations. The total cardiac output, CO, is calculated as

CO = Qp + Qlb, (4.13)

where the lower body flow, Qlb, rate is held constant at 0.56 L/min, taken from the simu-

lation results. The systemic flow rate, Qs is calculated as

Qs = Qub + Qlb. (4.14)

The oxygen delivery, OD, and aortic oxygen saturation S atao can be further calculated by

OD = QsCop − r
Qs

Qp
VO2 , (4.15)

and

S atao =
OD/Qs

0.98Cop
, (4.16)
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PVRs of 2.3 (red circle), 4.7 (black square), and 7.0 (blue triangle) Wood units-m2. Some
data points are not clearly visible since they are overlapping. The dotted line is the con-
stant lower body flow rate assumed in the algebraic model.

where Cop is the the oxygen concentration in the pulmonary vein, VO2 is the total body

oxygen consumption, and assuming half of the total oxygen is consumed by the upper

body, i.e., r = 0.5. [51]

Parameter Identification

Using the CFD results, we can first verify our earlier assumption that changing the noz-

zle area or PVR has a negligible effect on the hemodynamics outside the algebraic model.

Comparing lower body flow rate of all 15 CFD simulations for this purpose shows its min-

imal change from 0.56 L/min, thereby confirming our earlier assumption (Figure 4.10).

Cs and Cp are computed through an optimization procedure. Three parameters from

the CFD simulation results are used as target values in the calculations: the mean SVC

pressure, Ps
SVC, the mean PA pressure, Ps

PA, and the mean pulmonary flow rate, Qs
p. The

optimization problem is stated as minimizing the error function

e(C) =
∑

Anozzle

∑
RPVR

[(
P1(C) − Ps

SVC

Ps
SVC

)2 + (
P4(C) − Ps

PA

Ps
PA

)2 + (
Qp(C) − Qs

p

Qs
p

)2], (4.17)
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with respect to C = {Cs,Cp}.

To find the minimum of the error function, we used a gradient-based iterative ap-

proach that is implemented as f mincon in MATLAB [112]. The minimum of the function,

e(C), is computed such that Cl < C < Cu, where the lower bound is Cl = {0, 0} and the

upper bound is Cu = {100, 100}. The initial value is C0 = {0, 0}. The function took 11

iterations to converge to Cs = 0.313 and Cp = 0.830, producing e = 0.093.

4.3 Results

4.3.1 CFD and algebraic model comparison

With the constant values calculated, remaining unknowns in the algebraic model can

be calculated and compared against the CFD results. Figures 4.11, 4.12, and 4.13 shows

the behavior of three parameters that are most critical to the effectiveness of the ABG

circulation, namely the mean pulmonary flow rate, Qp, the mean SVC pressure, PSVC, and

the mean PA pressure, PPA, which are the same parameters used to calculate the constants

in the algebraic model. In the figures of this section, the lines are the results from the

algebraic model, and the data points are the CFD results. The BDG is represented by the

zero nozzle area in these plots.

There is a good overall agreement between the algebraic model and the CFD results.

Figure 4.11 shows that the pulmonary arterial pressure at a given PVR increases almost

linearly with the nozzle area. This correlation is caused by the pulmonary flow increas-

ing monotonically as the nozzle area increase (Figure 4.13), as the mean velocity at the

nozzle is almost constant. Since the PVR is held constant as an independent variable in

our models, the pulmonary arterial pressure is linearly proportional to the pulmonary
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Figure 4.11: The mean pulmonary artery pressure, PPA, as a function of the nozzle area,
Anozzle, at different PVR values. Lines correspond to the algebraic model (AM) and sym-
bols to the CFD.
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Figure 4.12: The mean SVC pressure, PSVC, as a function of the nozzle area, Anozzle, at
different PVR values. Lines correspond to the algebraic model (AM) and symbols to the
CFD.

flow rate, thus creating a linear relationship between the nozzle area and the pulmonary

arterial pressure. In practice, the pulmonary arterial pressure might plateau when the

nozzle area increases beyond a certain value since studies show that the PVR drops as the

pulmonary arterial pressure increases. [101, 113] Also, as expected, the rate at which the

pulmonary arterial pressure increases with the nozzle area, as well as its absolute value,

increases with the PVR.

The SVC pressure, PSVC, initially decreases as the nozzle area increases owing to the
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at different PVR values. Lines correspond to the algebraic model (AM) and symbols to
the CFD.

ejector pump effect. However, at sufficiently large nozzle areas or PVRs, it increases as

the increase in PPA beyond that of the BDG (corresponding to a zero nozzle area) as the

increase in the pulmonary arterial pressure cannot be compensated by the ejector pump

effect. For higher PVRs, any additional flow from the shunt is non-beneficial to the lower-

ing SVC pressure. The exact cut-off value of the PVR for such adverse effect is presented

in Section 4.3.2.

Other parameters calculated from the algebraic model also show good agreement

with the CFD results (Figure 4.13, 4.14, 4.15, and 4.16). The systemic flow rate, Qs, re-

mains relatively constant as it is a function of aortic and venous pressures and systemic

vascular resistance, which do not depend on the nozzle area. The cardiac output, CO,

and pulmonary-to-systemic flow ratio, Qp/Qs, both linearly increase with the nozzle area,

which is the direct consequences of the systemic flow rate being constant and the pul-

monary flow rate linearly increasing with the nozzle area. These three parameters are

relatively insensitive to the PVR, especially at smaller nozzle areas.

Figure 4.17 and 4.18 shows the oxygen delivery, OD, and systemic oxygen saturation

obtained from the CFD simulation and the algebraic model. These parameters show rapid
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Figure 4.15: The pulmonary-to-systemic flow ratio, Qp/Qs, as a function of the nozzle
area, Anozzle, at different PVR values. Lines correspond to the algebraic model (AM) and
symbols to the CFD.

growths at small nozzle areas up to approximately 2 mm2. Increasing the nozzle area

beyond 2 mm2 has a smaller effect on oxygen delivery and saturation as the increase in

the pulmonary flow is countered by a drop in systemic flow rate owing to the shunt flow.

The effectiveness of the ejector pump effect can be further demonstrated with two ad-

ditional parameters: the pressure recovery, ∆PEP, and the ejector pump efficiency, ηEP. The

pressure recovery is calculated as the difference in pressure between the downstream and

upstream of the ejector pump, which are the PA pressure and the SVC pressure, respec-
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Figure 4.17: The oxygen delivery, OD, as a function of the nozzle area, Anozzle, at different
PVR values. Lines correspond to the algebraic model (AM) and symbols to the CFD.

tively. As shown in Figure 4.19, the pressure recovery is almost independent of the PVR

according to both the CFD and algebraic model. It increases linearly with the nozzle area

up to a certain value, around 3 mm2 for the CFD result and 2 mm2 for the algebraic model.

The pressure recovery then plateaus before trending slightly downwards at large nozzle

areas. The ejector pump efficiency is calculated as the ratio between the actual pressure

recovery and the pressure recovery when the losses associated with Cs and Cp terms are

removed from the model. Figure 4.20 shows that there is an optimal nozzle area for the

ejector pump efficiently. For very small nozzle areas, the nozzle flow dissipates its energy
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Figure 4.18: The aortic oxygen saturation, S atao, as a function of the nozzle area, Anozzle, at
different PVR values. Lines correspond to the algebraic model (AM) and symbols to the
CFD.

before transferring it to the SVC flow. On the other hand, for very large nozzles, the SVC

length is too short for the two streams to mix sufficiently. As a result, the jet created by the

nozzle impinges the PA, losing its energy and lowering the ejector pump efficiency. The

efficiency metric is very sensitive to the dynamics of the flow in the ejector pump and the

approach in modeling the losses. The algebraic model only accounts for the losses that

are proportional to the velocity square. Linear losses are excluded in the algebraic model

to prevent over-fitting. In reality, some losses may scale linearly rather than quadratically

with the flow, such as Poiseuille’s law at low Reynolds number. These simplifications

likely cause those disagreements between the CFD and the algebraic model predictions.

The overall agreement between the CFD and the algebraic model indicates the relative

accuracy of the algebraic model in characterizing the ABG circulation and predicting its

hydrodynamic response for different nozzle areas and PVRs.
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Figure 4.20: The ejector pump efficiency, ηEP, as a function of nozzle area, Anozzle, at differ-
ent PVR values. Lines correspond to the algebraic model (AM) and symbols to the CFD.

4.3.2 Algebraic model predictions

With the algebraic model, we can further analyze where the losses are occurring in the

ejector pump. The shunt and PA losses are calculated using the loss terms in Equation 4.7

and 4.10 whereas the SVC loss is inherent due to the momentum balance formulation of

the SVC mixing in the algebraic model. The loss in the SVC is calculated from the energy

difference between the inlets and the outlet of the SVC. Thus, while other losses can be

avoided by improving the design of the ejector pump, the SVC mixing loss is unavoid-

able as it is inherent to the ejector pump function. As shown in Figure 4.21 and 4.24,
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Figure 4.21: The locations where energy losses occur in the ABG circulation at normal
PVR. These results are obtained from the algebraic model.
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Figure 4.22: The locations where energy losses occur in the ABG circulation at elevated
PVR. These results are obtained from the algebraic model.

the energy loss mostly occurs in the shunt and through the mixing inside the SVC at a

smaller nozzle area. As the nozzle area increases, the loss inside the PA becomes more

dominant. Although the energy loss due to the mixing inside the SVC is required for the

proper functioning of the ejector pump, the significant energy loss in the shunt and the

PA indicates there is still room for improvement by identifying a more optimal design.
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Figure 4.23: The locations where energy losses occur in the ABG circulation at high PVR.
These results are obtained from the algebraic model.
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Figure 4.24: Same results as Figure 4.21, namely, losses in the ABG circulation, but on a
relative scale.

Figure 4.27 to 4.30 present the 2D survey of the ABG circulation performance for any

given nozzle area and PVR. The pulmonary arterial pressure (Figure 4.27) monotonically

increases with the PVR and nozzle area since a higher PVR imposes higher resistance

against pulmonary perfusion and a larger nozzle area increases the pulmonary perfu-

sion, as described mathematically in Equation 4.12. The ejector pump pressure recovery

(Figure 4.28) is almost independent of PVR while monotonically increasing with the noz-
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Figure 4.25: Same results as Figure 4.22, namely, losses in the ABG circulation, but on a
relative scale.
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Figure 4.26: Same results as Figure 4.23, namely, losses in the ABG circulation, but on a
relative scale.

zle area. A larger nozzle provides more energy for pumping the flow, thereby increasing

the overall pumping pressure of the ejector pump. This correlation nonetheless breaks

down at a large nozzle area owing to the finite SVC flow and the increase in losses at

higher shunt flow (Figure 4.29).

The change in the SVC pressure, which is a result of a competition between the change

in the PA pressure and the ejector pump pressure recovery, has a more complex behavior

(Figure 4.29). For normal to slightly elevated PVR, that competition leads to an SVC pres-
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Figure 4.27: The PA pressure as functions of the nozzle area and the PVR. These results
are obtained from the algebraic model.

sure that first decreases then increases as the nozzle area increases. This non-monotonic

variation creates an optimal nozzle area (shown with a dashed line in Figure 4.29) that

yields the lowest SVC pressure. For PVR greater than 4.4 Wood units-m2, however, the

inclusion of the systemic-to-pulmonary shunt will only have an adverse effect on the SVC

pressure. This monotonic variation can be explained by the fact that the rate at which the

pulmonary arterial pressure increases with the nozzle area is faster than that of the ejector

pump pressure recovery.

The ejector pump efficiency (Figure 4.30) depends on the amount of energy extracted

from the shunt flow to elevate the ejector pump pressure recovery. The efficiency shows

a strong dependence on the nozzle area while weakly varying with the PVR. Its variation

with the nozzle area is non-monotonic, reaching a peak at an intermediate nozzle size,

around 1.6 mm2. As explained earlier, lower efficiency at small and large nozzle areas can

be attributed to the significant losses in the PA through different mechanisms. One must

note that the maximum efficiency of the ejector pump does not necessarily coincide with

the maximum pressure recovery or minimum SVC pressure, as each of these parameters

depends on a range of other parameters, including the pulmonary arterial pressure.
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Figure 4.28: The ejector pump pressure recovery as functions of the nozzle area and the
PVR. These results are obtained from the algebraic model.
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Figure 4.29: The SVC pressure as functions of the nozzle area and the PVR. The dashed
line represent the optimal nozzle area that produces the lowest SVC pressure at a given
PVR. These results are obtained from the algebraic model.

The cardiac output primarily depends on the nozzle area since a larger nozzle area di-

rects more flow to the pulmonary circulation (Figure 4.31). Similar to the cardiac output,

the pulmonary-to-systemic flow ratio is also primarily a function of the nozzle area (Fig-

ure 4.32). This is due to the fact that the pulmonary flow rare linearly increases with noz-

zle area while the systemic flow rate is almost independent of the nozzle size, as shown
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Figure 4.30: The ejector pump efficiency as functions of the nozzle area and the PVR.
These results are obtained from the algebraic model.

in Figure 4.14. The aortic oxygen saturation also monotonically increases with the noz-

zle area (Figure 4.33). This dependence results from the pulmonary flow rate increasing

linearly with the nozzle area, which in turn changes the balance between the oxygenated

and deoxygenated blood in the atrium. The oxygen delivery shows a rather complex be-

havior (Figure 4.34). For small nozzle areas, the oxygen delivery increases linearly with

the nozzle area and is independent of the PVR. On the other hand, it decreases monoton-

ically with the PVR for large nozzle areas while remaining relatively independent from

the nozzle area. This behavior at large nozzle areas can be explained by the gradual drop

in cardiac output and systemic saturation as PVR increases (Figure 4.31 and 4.33).

These plots showcase the advantage of the algebraic model over CFD to fully survey

all nozzle area and PVR with a fraction of the computational cost. Furthermore, the con-

tour plots can be a powerful tool in clinical decision-making for the ABG procedure. It

permits for the fast prediction of the SVC pressure, among others, for different patients.

It also provides a means to predict how selecting a larger or smaller nozzle influences the

outcome of an operation.
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Figure 4.31: The cardiac output as functions of the nozzle area and the PVR. These results
are produced by the algebraic model.
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Figure 4.32: The pulmonary-to-systemic flow ratio as functions of the nozzle area and the
PVR. These results are produced by the algebraic model.

4.4 Discussion

We introduced an algebraic model as a fast and accurate way to characterize the ABG

circulation performance. One key component that dictates the accuracy of the algebraic

model is the loss constants, Cs and Cp. Despite the fact that these constants are calculated

by minimizing the difference between the model prediction and the CFD results, the com-

puted values are physically reasonable. We introduced two non-dimensional head loss

terms as functions of the flow rate-squared because the losses primarily occur due to the
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Figure 4.33: The aortic oxygen saturation as functions of the nozzle area and the PVR.
These results are produced by the algebraic model.
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Figure 4.34: The oxygen delivery as functions of the nozzle area and the PVR. These
results are produced by the algebraic model.

sharp change in flow directions in the shunt and SVC-PA regions. These loss terms can

be compared to the Darcy–Weisbach equation (Equation 4.17) for head loss, ∆p, in a pipe

flow,

∆p = fD
ρL
2D
⟨v⟩2, (4.18)

where L is the pipe length, D is the pipe diameter, ⟨v⟩ is the mean velocity in pipe, and fD

is the friction factor. [24] In our study, the head loss constants, Cs and Cp, are related to
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friction factors via

C =
fDL
2D
. (4.19)

The lengths, L, of the shunt and pulmonary arteries are 1.7 and 3.5 cm, respectively, and

the diameters, D, of the shunt and pulmonary arteries are 0.3 and 0.55 cm, respectively.

Knowing the constants in our case, the friction factors for the shunt and the pulmonary

arteries f s
D and f p

D, are calculated to be 0.11 and 0.26, respectively. Both of the friction

factors are comparable to the friction factors in pipe flow for the Reynolds numbers (≈

1000) of our simulation.

Three interesting observations can be made from the algebraic model results. First,

parameters such as the pulmonary flow rate and the cardiac output are less sensitive

to the PVR for smaller nozzle areas (Anozzle ≤ 2.0mm2). This lack of sensitivity can be

beneficial for infants who experience episodes of increased PVR after birth, during which

sufficient blood circulation can be maintained. Second, even a small nozzle of 2.0 mm2

is better than no nozzle when the oxygen delivery and systemic oxygen saturation are

concerned. Regardless of PVR, these two parameters are elevated by 15% to 20% when

a 2 mm2 nozzle is added to the BDG. Such improvement in these metrics is significant

considering that the early BDG complications are partly related to low oxygen saturation.

[86, 141] Lastly, the version of the ejector pump utilized in this study can reduce the upper

body (SVC) pressure for normal PVR and limit the pressure rise to a minimum when

episodes of high PVR occur, thereby mitigating the risk of SVC syndrome reported in

older studies. [38, 99] A more recent study on successful BDG operation further shows

that the infant can endure an SVC pressure as high as 13.2 mmHg. [141] If we consider

that pressure to be the maximum allowable SVC pressure, then a patient receiving a 2

mm2 nozzle should remain in the safe zone as long as the PVR remains below 7 Wood

units-m2. Moreover, studies showed that the PVR value generally decreases as the oxygen

saturation and the pulmonary arterial pressure are increased. [101, 113] For its higher
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saturation and PA pressure, the ABG operation patients are expected to have a lower

PVR than those undergoing the mBTS or BDG. Thus, the higher SVC pressure observed

in the case of ABG may not materialize in practice.

Overall, the optimal nozzle size is in the range of 2 mm2 and 3 mm2. Smaller noz-

zle areas (≈ 2 mm2) are more suited for patients with wider ranges of PVR as the SVC

pressure remains reasonably low even at high PVR values. Also, as discussed above,

the flow rate parameters such as the pulmonary flow rate and cardiac output are more

stable for smaller nozzle areas as PVR changes. Furthermore, since the cardiac output

will be lower for smaller nozzle areas, the overall workload on the heart will be less. On

the other hand, if the patient has relatively stable PVR, and can handle a larger ventricle

load, a larger nozzle area (≈ 3 mm2) has more physiological benefits. The SVC pressure

will be even lower than that of the case of smaller nozzle areas for normal PVR, as seen

in Figure 4.12, which will further alleviate complications related to high SVC pressure.

The aortic oxygen saturation and oxygen delivery will also be slightly higher. Finally,

the pulmonary-to-systemic flow ratio will be exactly 1, which is considered the ideal sit-

uation. Outside of our optimal range, if the nozzle area is even smaller, the benefits of

the ABG circulation are diminished since most of the energy through the shunt is lost

through dissipation. For a nozzle larger than 3 mm2, the excessive flow through the shunt

overloads the pulmonary circulation, impeding the upper body circulation while creating

unnecessarily high ventricle load.

An essential advantage of the algebraic model is its negligible cost that enables real-

time predictions of post-operating conditions. That can be in the form of using this alge-

braic model in clinical settings to select the appropriate nozzle size that is patient-specific.

One limitation of our algebraic model is the assumption of a constant PVR. As we dis-

cussed in this paper, the PVR changes as a function of the pulmonary arterial pressure

and the pulmonary oxygen saturation. [101, 113] Such dynamic response is therefore

114



missing in the algebraic model. Accounting for this dependence in the future models will

allow us to determine whether the improved pulmonary arterial pressure and oxygen

saturation in the ABG are sufficient to prevent an elevated SVC pressure. Improvements

on the shunt and nozzle design can help further reduce losses and improve the efficiency

of the ABG to obtain an even lower SVC pressure. For example, a more smooth shunt

transition can help reduce energy loss in the shunt. The SVC downstream loss due to

the flow impingement can also be reduced if the SVC-PA junction is Y-shaped instead

of T-shaped. However, any of these changes must be made while considering surgical

feasibility, patient growth, and vascular remodeling.

4.5 Conclusion

An accurate algebraic model that was informed by the CFD was constructed to charac-

terize the performance of the ABG procedure. With this algebraic model, we can explore

and characterize the full relationship between design parameters and patient conditions,

a feat that would not have been possible using CFD simulations alone. Optimization

study shows that the mABG shunt is only successful in reducing the SVC pressure when

the PVR is lower than 4.4 Woods unit-m2. The model shows that there is little benefit in

increasing the nozzle area beyond 2 mm2 in terms of oxygen delivery and saturation. Our

study introduces, for the first time, a procedure for real-time simulation of the ABG at an

accuracy comparable to CFD.
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CHAPTER 5

CONCLUSION AND FUTURE WORKS

This dissertation presented three numerical studies utilizing CFD and modeling tech-

niques, focusing on enhancing the accuracy and speed of cardiovascular simulations.

The harmonic balance frequency CFD solver proposed in Chapter 2 demonstrated its

effectiveness for a range of cardiovascular simulations, providing a speedup of 10 to 100

times compared to conventional time-domain solvers. The harmonic balance solver’s re-

quirements are similar to those of conventional CFD simulations, making it a practical

and efficient option for hemodynamics studies within the human circulatory system. The

solver also demonstrated strong scaling advantages, making it more suitable for parallel

processing on high-performance computing (HPC) systems. The truncation error from

the boundary conditions used in the harmonic balance solver is a reliable indicator of

overall solution error. The harmonic balance CFD solver is a valuable and promising tool

for various cardiovascular and fluid dynamics applications, with the potential for further

advancements and innovations.

The proposed solver’s significant improvement in CFD speed brings us one step closer

to performing patient-specific cardiovascular simulations in clinical settings. However,

further research is still required in clinical imaging model construction, boundary condi-

tion acquisition, and understanding the physiological and pathological associations be-

tween fluid dynamics parameters and cardiovascular performance and diseases. More-

over, integrating different computational tools and designing user interfaces remains

challenging for clinical adaptation since most clinicians are unfamiliar with Unix systems.

The harmonic balance solver also holds potential for other applications. Based on the

physics of the flow, there are two fundamental requirements for the solver: (1) the flow

must be laminar or close to laminar, and (2) the flow must exhibit steady periodic behav-

116



ior with a known frequency. Other flow situations that satisfy these requirements include

respiratory flows, cerebrospinal fluid flows, microchannel flows, and similar cases. All

these possible applications involve Reynolds numbers below 1000 and exhibit oscillatory

behavior. Further studies can explore the accuracy and cost-efficiency of the harmonic

balance solver when applied to these cases.

Additional functionalities can be developed for the harmonic balance solver, such

as handling more complex boundary conditions, coupling the inlets and outlets with

reduced-order models, or calculating the mesh motion with fluid-structure interactions.

An interesting research direction specific to the harmonic balance solver is addressing

the closure problem for periodic flows with unknown oscillation periods. For example,

the solution is inherently periodic in flows over a cylinder that exhibit vortex shedding.

However, the vortex shedding frequency is unknown prior to performing the simulation.

The closure problem associated with unknown flow frequencies currently lacks a satis-

factory solution. This issue can also be extended to turbulent flows, where the turbulence

frequency forms a continuous spectrum. Further research should investigate how the

turbulence closure problem can be addressed for the harmonic balance solver.

Solving the linear system resulting from the finite element method was a common

challenge in this dissertation’s first and second studies. A pseudo time-stepping scheme

was used to improve the conditioning of the left-hand-side matrix to resolve the lin-

ear system convergence issue in the harmonic balance solver. In the second study,

a new formulation was introduced for the stabilization parameter (τSUPG) used in the

Streamline Upwind Petrov-Galerkin and Pressure Stabilizing Petrov-Galerkin method

(SUPG/PSPG). The proposed formulation successfully provided a consistent solution

across varying time step sizes, resolving the historical inconsistency observed with small

time step sizes using the conventional τSUPG formulation. However, as discussed in Chap-

ter 3, this formulation increased the number of linear solver iterations required. Both
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studies employed the Generalized Minimal Residual Method (GMRES) to solve the linear

system, using a standard Jacobi preconditioner for the tangent matrix. The results indi-

cated that the current standard linear solver may not perform optimistically for solving

these systems. Similar to the linear solver specialized for the conventional finite element

solver for Navier-Stokes equations [50], future research can focus on developing special-

ized linear solvers or preconditioners for the harmonic balance solver and/or the con-

sistent stabilization formulation. Such specialized linear solvers could further enhance

simulation speed.

The final study presented in this dissertation developed a CFD-based 0D mathemati-

cal model to analyze the performance of a specific surgical procedure for single-ventricle

patients. This model enabled a thorough investigation of the relationship between de-

sign parameters and patient conditions, which would have been cost-prohibitive using

CFD simulations alone. The study introduced a novel method for real-time simulation

of the procedure using the reduced order mathematical model with accuracy compara-

ble to CFD simulations. As this study demonstrated, reduced-order modeling is a valu-

able tool for design optimization, parametric studies, and real-time simulations of spe-

cific procedures. The primary challenge for this study was the computational time re-

quired to generate fifteen CFD solutions as the training data, which took approximately

three weeks using 288 CPU cores. Recently developed data-driven deep learning models

have required even more CFD solution sets for training, often in the hundreds. This high

demand for CFD data underscores the value of the harmonic balance frequency solver,

which can generate tens to hundreds of high-accuracy simulation results using the same

computational resources as a single conventional CFD simulation. Future research can

explore the integration between the harmonic balance solver and reduced-order models,

such as lumped parameter networks and neural network-based models.

In conclusion, this paper represents significant progress in performing fast and highly
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accurate cardiovascular simulations. The numerical methods developed in this disserta-

tion can also benefit other fields that utilize CFD simulations as a research tool. There

are still unanswered problems and potential improvements that could lead to impactful

research in the future.
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APPENDIX A

APPENDIX FOR CHAPTER 4

The values of the LPN (Figure 4.4) elements are shown in Table A.1. Outside the heart

model, all the resistors, capacitors, and inductors have linear behavior. To model turbu-

lence associated with the heart valves, two resistances are included in the LPN, which

pressure drop through them is proportional to the square of their flow rate. Heart cham-

bers pressure is considered to be composed of active and passive parts. The atrial pressure

is model using,

Pa = AaEa(Va − Vau) + Pa0(e
Ka(Va−Vau ) − 1). (A.1)

Aa is modeled with sinusoidal function which is non-zero during atrium contraction and

Ea, Pa0 , Ka, and Vau are the constants of this model. The same model is used for ventricle,

except the active pressure, that is, first term in Equation (A.1), is replaced with a parabolic

function,

Pv = Av[Ev1(Vv − Vvu) + Ev2(Vv − Vvu)
2] + Pv0(e

Kv(Vv−Vvu ) − 1). (A.2)

All the constants of the heart model along with the rest of LPN are shown in Table A.1.

Table A.1: Figure 4.4 parameters values. R, resistance; C, capacitance; L, inductance.
The locations of UBA, UBB, UBV, etc.) are marked in Figure 4.4. E, elastance; P, pressure;
K, constant; V , volume; v, single ventricle; u, unstressed; a, atrium; tric, tricuspid; ao,
aorta; asd, atrial septal defect. Data from [120, 51].

Parameter Value Unit

RUBA 28.0899 mmHg s/mL
CUBA 0.04430 mL/mmHg
LUBA 0.02138 mmHg s2/mL
RUBB 0.64510 mmHg s/mL
CUBB 0.15515 mL/mmHg
RUBV 0.16529 mmHg s/mL
CUBV 2.03945 mL/mmHg
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Table A.1: Cont.

Parameter Value Unit

RPAB 0.83376 mmHg s/mL
CPAB 0.02039 mL/mmHg
RPVB 0.02194 mmHg s/mL
CPVB 0.44375 mL/mmHg
RLBA 7.02239 mmHg s/mL
CLBA 0.07758 mL/mmHg
LLBA 0.01069 mmHg s2/mL
RLBB 0.64510 mmHg s/mL
CLBB 0.07758 mL/mmHg
RLBV 0.16529 mmHg s/mL
CLBV 2.03945 mL/mmHg
RCA1 10.6739 mmHg s/mL
CCA1 1.9435 × 10−3 mL/mmHg
RCA2 10.6739 mmHg s/mL
CCA2 5.1827 × 10−3 mL/mmHg
RCB 21.3477 mmHg s/mL
CCB 7.7741 × 10−3 mL/mmHg
RCV 10.6739 mmHg s/mL
CCV 0.05 × 10−3 mL/mmHg

Ev1 18.5 mmHg/mL
Ev2 −0.042 mmHg/mL2

Vvu 4.0 mL
Pv0 0.9 mmHg
Kv 0.062 1/mL
Ea 7.35 mmHg/mL
Vau 1.0 mL
Pa0 0.17 mmHg
Ka 0.484 1/mL

R̂tric 4 × 10−5 mmHg s2/mL2

R̂ao 4 × 10−4 mmHg s2/mL2

Rv 0.09 mmHg s/mL
Rasd 0.001 mmHg s/mL
Cao 0.041555 mL/mmHg
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