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Our current model for the description of spacetime, Einstein’s general relativity, is
now over a century old. Experimental and computational capabilities have advanced
greatly since then, and now we are able to both compute as well as observe gravita-
tional waves in the strong-field regime: gravitational waves that result from events as
energetic as the merger of two black holes.

The computer calculations that are used to study general relativity have increased
in sophistication over the last several years, and will be continued to be improved
upon, as the field of gravitational wave experiment matures. In the first two chapters of
this thesis we discuss the development and testing of a new relativity code intended to
improve upon the accuracy of previous numerical calculations, a numerical relativity
code that could perhaps be used in the calculation of spacetimes in theories of gravity
beyond general relativity.

In the third chapter of this thesis we discuss the currently existing gravitational
wave models and the efforts that have been invested toward preparing these models
to be compatible with future numerical and analytical results of beyond-GR calcula-
tions. We talk about the various effects that might be observable depending on the
beyond-GR theory, and how each of these effects might be incorporated in a generic

gravitational wave template.
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CHAPTER 1
INTRODUCTION

General relativity is a description of spacetime that has enjoyed much experimental
success over the last hundred years. Most recently, its predictions have been confirmed
by gravitional wave observatories such as LIGO. These observatories use calculations
in general relativity to make detections and to measure source parameters. General
relativity, in the strong-field regime probed by LIGO, is highly nonlinear, and requires
sophisticated computational methods to resolve the dynamical spacetime where ana-
lytic methods begin to fail. The field of computational physics that solves Einstein’s

equations numerically is called numerical relativity.

When gravitational wave data is compared with the predictions of general relativ-
ity, a natural question is whether any deviations from the theory might become mea-
surable. How can we search for such deviations and be sure they are real and not
artifacts of the noise in the measurement process? And if deviations are found, we can
imagine one day making numerical simulations with an alternative theory of gravity

to make detections by LIGO or future gravitational wave observatories.

This thesis concerns itself with the development of two necessary components
of this broader project: (i) the development of a numerical relativity code powerful
enough to take advantage of upcoming exascale machines; and (ii) the development of

a waveform model that will enable searches for deviations from general relativity now



and will also be able to make use of future beyond-GR numerical relativity codes.

1.1 Numerical Relativity

General relativity is a theory of gravity which was first published by Albert Einstein in
1915. The Einstein field equations relate the geometry of spacetime to the behavior of

the matter within the spacetime:

G,uu = 87TT/,W7 (11)

where G, is the Einstein tensor, constructed from the metric tensor g,, and its first
and second derivatives, and 7),, is the stress-energy tensor. While this covariant form
of the equation may be useful in analytical calculations, it does not lend itself to nu-
merical simulation. In a simulation, we need to set up some initial condition on the
the computer. Then we use Einstein’s equations to tell us how to advance the initial
tield values for a small time increment, At. We then keep repeating this process. Such
a procedure requires us to choose a set of time slices t = const in the spacetime. This
spacetime slicing, or foliation, decomposes the four-dimensional spacetime into a set of

three-dimensional spacelike slices, indexed by a one-dimensional time coordinate.

The Einstein field equations, when decomposed in this 3+1 fashion, yield Maxwell-
like equations that determine the metric quantities on the spacelike hypersurfaces, as
well as their evolution through time. Four of the equations are elliptic constraint equa-
tions, which restrict the solution on the initial hypersurface. They are analogous to the
the V- B and V - E Maxwell equations. The remaining six equations are hyperbolic
evolution equations, analogous to the the OE/0t and 0B/0t equations. In this thesis

we will concern ourselves with the evolution equations.



The six hyperbolic equations involve second-order derivatives of the metric, but
can be cast into first-order form via the introduction of auxiliary variables that are the

tirst derivatives of the metric. The equations then take the general conservation form

o+ O F" = S, (1.2)

where u are the conserved variables, F* are the fluxes of these variables, and S are the
source terms. Since F* and S are complicated nonlinear functions of the variables, the

equations are challenging to solve.

A major advance in numerical relativity for black hole simulations was the real-
ization that spectral-type methods are extremely efficient in the case of smooth solu-
tions when compared to finite-difference methods. While finite-difference methods
approximate the spatial derivatives that appear in the evolution equations, in a spec-
tral method, it is the solution that is approximated by an expansion in a set of V + 1

basis functions:
N
u(z) ~ Zui¢i(x)v (1.3)
i=0

where ¢;(z) are the basis functions, and u; are their corresponding coefficients in the

expansion.

Thousands of binary black hole waveforms have been computed and catalogued[1]
since Frans Pretorius performed the first successful simulation of a black hole binary
inspiral and merger in 2005[2]. Such calculations made possible the first detection of
black hole mergers by LIGO[7]. However, when the next generation of ground-based
gravitational wave detectors such as the Einstein telescope come online, calculations of

binary black hole waveforms will need to be about ten times more accurate[3]. Such a



task requires the development of a faster, as well as more accurate, numerical relativity

code.

1.2 SpECTRE

The goal of the SpECTRE project is to develop a simulation code that can take advan-
tage of the upcoming generation of supercomputers[4]. Current numerical relativity
codes do not run efficiently on more than about a hundred or a few thousand pro-
cessors, depending on the algorithms used. Exascale machines will make 105 — 10°
processors available to a typical user. SpECTRE will take advantage of this large pro-
cessor count by using novel techniques to discretize the equations and to distribute the

computations across all the processors.

In Chapter 2 of the thesis, I describe my contributions to SpECTRE. I have been re-
sponsible for the design of suitable computational domains for the simulation of astro-
physical phenomena, including the mergers of black holes and neutron stars. In SpEC-
TRE, the computational domain is divided into adjacent hexahedral subdomains that
can be distributed across the processors to enable parallel processing. The partition-
ing of the domain into hexahedral elements creates inter-element boundaries across
which data must be communicated. It turns out that even a simple partitioning can
produce a nontrivial topology of the domain and the nontrivial orientation of element
boundaries with respect to one another. This information must be explicitly supplied
to the algorithm and determined for each domain configuration. I discuss the meth-
ods used to deduce the topological connectivity, even in domains with hundreds of
elements distributed over dozens of distinct coordinate maps, such as those used for

binary black hole simulations. Chapter 2 also discusses work on generic methods for



grid point redistribution within the computational domain in order to better resolve

physical phenomena at shorter length scales.

The flexibility of these domain creation methods means that they can be used for
problems other than binary mergers. For example, we can construct a domain suitable
to simulate a spacetime having an Einstein static universe topology or a wormhole
topology with minimal changes to the code. Another application is to construct a do-
main suitable for modelling the thermal noise in the LIGO mirrors. This application is

being pursued by researchers at the Albert Einstein Institute in Potsdam.

1.3 Parameter Estimation

Parameter estimation is the means by which the properties of observed phenomena,
such as black holes, are determined and quantified from the measured data. The most
important parameters for binary black hole mergers are: the component masses, their
spins, the distance from the system to Earth, the orientation of the system on the sky,
and the merger time. Each of these are parameters that can be estimated and con-
strained from the gravitational waveform (GW) data collected by observatories such

as LIGO.

1.3.1 Bayesian Inference

Bayesian inference is the method of using Bayes’ theorem to construct estimates on
the possible values of an observable. In the context of binary mergers, the observ-
ables are the parameters of the binary system. Bayesian inference allows us to include

reasonable constraints on the parameters based on our previous knowledge—in fact,



it requires us to do so. For example, in the case of neutron stars we might want to
include mass constraints based on previous pulsar and X-ray binary observations. In
Bayesian inference, this allowed region of parameter space is the space upon which the
prior is defined. The prior corresponds to the probability distribution of an observed
parameter taking on a particular value, based on our previous knowledge. This prior
is then updated using observed data, such as the GW data from LIGO, to construct
the posterior, the new probability distribution of an observed parameter taking on a

particular value, once the observed data has been taken into account.

Bayes’ theorem is really just a rewriting of the formula for conditional probability:

0| M)p(X|0, M)

~
p(0|X, M) = DX

(1.4)

where 6 is the set of parameters whose values are being estimated. Here X is the ob-
served data, p(6|X, M) is the posterior probability distribution of ¢ given the data X
and model M, p(f|M) is the prior probability distribution of # given M, p(X|M) is the
probability distribution of the data X given M, and p(X|#, M) is the probability distri-
bution of the data X, given M and a particular value of the parameter ¢. Viewed as a
function of the parameter 0, p(X|0, M) is referred to as the likelihood. Each of these prob-
ability distributions is conditional on the choice of model, M, which is often left out of
the formulas for brevity. Bayes’ theorem tells us how priors and likelihoods are to be
put together in order to construct the posterior, the estimate of the parameter given the

observed data.



1.3.2 Matched Filtering

Matched filtering involves comparing observed GW waveforms against candidate
template waveforms from a model to determine whether the candidate waveforms
are a good match for the data. Candidate waveforms, each with various parameters,
are constructed and compared against the observed GW waveform to compute a match

statistic.

The match statistic is typically computed in the frequency domain:

o [ 50

where /(f) is the Fourier-domain waveform template, 5 the Fourier transform of the

observed data, and S, (f) the noise curve corresponding to the detector.

Note that the signal-to-noise ratio(SNR) p is defined using the match statistic as well:

p o _match(h,s) (1.6)

v/match(h, b))’

p is merely the normalized match statistic. For reference, GW150914 was detected with

an single-detector SNR of 13 to 20 [5].

It is the match statistic that enters the likelihood calculation that was discussed in
the previous section. If one assumes that each detector produces stationary, uncorre-

lated Gaussian noise, the likelihood is then given by[6]:

N
p(X]0, M) o exp [—% Zmatch(ni,ni)] , (1.7)

i=1

where N is the number of detectors, and n; is the residual s; — h;, the strain data s;

minus the gravitational waveform h; corresponding to the i-th detector. The likelihood



is maximized when the residual is closest to Gaussian noise; if the waveform h; does
not match the strain data s;, the residual will contain non-noise elements, yielding a

smaller likelihood.

1.3.3 Markov Chain Monte Carlo

Markov Chain Monte Carlo (MCMC) is one of the methods by which the posterior
probability distribution is obtained from Bayes’ theorem. As the posterior can only
be computed analytically in a few idealized cases, the posterior is computed numeri-
cally via sampling the parameter space on which the distribution is defined, which is
made possible by MCMC. The distribution is sampled in chains, where each chain is a
Markov chain, a series of sampled points in parameter space where each subsequent
point in the chain is chosen in a probabilistic manner based only on the previous point.
In practice, the subsequent points are constructed from a proposal probability distibution
Q(0,0"), from which the next sample is proposed, and an acceptance probability A(6,6"),
which determines whether to accept or reject the proposed point. The acceptance prob-
ability is informed by the likelihood p(X|¢, M ); the distribution of the resulting chain

approximates the posterior distribution p(6|X, M) that was desired.

1.3.4 Waveform Models

The waveform models from which candidate waveforms are compared against the
strain data are varied in their versatility and practicality. Some are accurate but slow,
whereas others sacrifice accuracy for speed. Some may be more accurate than others

in certain regions of parameter space.



Simple waveforms can be computed from linearized gravity approximations,
which can be used to model the early inspiral. These waveforms can be computed
analytically, meaning the parameter space can be explored quickly. On the other hand,
the merger portion of the waveform must be omitted as the linearized gravity approx-
imation only holds in the weak-field regime, where the velocities of the black holes are

small.

In order to obtain waveforms that are computed directly from the full Einstein’s
equations, numerical relativity must be used. While these calculations are computa-
tionally expensive, the parameter space one can probe is only limited to that which

can be stably evolved by current numerical relativity codes.

1.4 Modelling Post-Inspiral Effects in Beyond-GR Waveforms

General relativity describes how two compact objects orbiting each other merge as the
result of energy and angular momentum loss via the emission of GWs. As the once-
circular orbits shrink, the orbiting frequencies of the compact objects increase rapidly.
GR predicts that the rate of energy emission at the point of merger approaches the
Planck power scaleﬂ It is not currently known whether or not astrophysical phenom-
ena conform to the predictions of GR at this scale. Other fields, predicted by beyond-
GR theories, may “turn on” at some point as the rate of energy emission approaches
the Planck scale. If additional energy is lost via these new fields, the orbits will close

faster, and the merger will occur at an earlier time compared to that predicted by GR.

The Laser Interferometer Gravitational Wave Observatory (LIGO), as seen in

Planck quantities are built by dimensional analysis from ¢, G, and &, and are thought to set the scale
of quantum gravity. The Planck power is ¢® /G ~ 105 erg sec™!, and happens to be independent of /.



Figure 1.1: One of the LIGO detectors. The one pictured is in Livingston, LA; the other
detector is in Hanford, WA. [Image: LIGO]

Fig. detected the first gravitational wave signal on September 14, 2015[7]. The
event, denoted GW150914, consisted of the merger of two ~ 30 solar mass black holes
and marked the beginning of the era of gravitational wave astronomy. GW150914 was

found to be consistent with general relativity[5].

Dynamical Chern-Simons theory (dCS), in contrast to general relativity, is an exam-
ple of a beyond-GR theory that predicts the presence of a new scalar field, while other
theories predict the presence of vector or even tensor fields. With the variety of beyond-
GR theories that exist, it is necessary to systematically test all of them so that the ones
that most agree with the current GW data can be identified. Conversely, one would
like to rule out theories that disagree. While this is ordinarily done using parameter

estimation methods on the GW data using matched filtering against template wave-
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forms, this requires the existence of template waveforms for the particular beyond-GR
theory being tested. Producing these waveforms requires full numerical simulation
of the theory and is only in its early stages. In the meantime, analytical models for

deforming the GR waveform into beyond-GR waveforms are being created.

Yunes and Pretorius developed a model that deforms the GR waveform in the in-
spiral regime. The extension is carried out by adding a new parameter 3 that deter-
mines the leading post-Newtonian order at which a difference from GR shows up. In
Chapter 3 of the thesis, I develop an extension of this model into the merger regime.
This extension introduces a second parameter ¢, whose main effect is to change the
merger time, mimicking the effect of a theory with additional fields that can dissipate
energy. I have used this model, along with the parameter estimation software PyCBC,
to perform injection tests demonstrating the recoverability of these parameters from

LIGO-like data.

1.5 Future Work: Numerical Relativity beyond General Relativity

Both analytical and numerical models are needed to understand the observations made
by LIGO and Virgo. Models are also required for determining the parameters of the
sources, such as the mass and spin of the binary companions and the distance to the
binary. While the early inspiral regime is well modeled by using the post-Newtonian
approximation, where relativistic corrections are added to the Newtonian dynamics of
a binary system, this approximation breaks down as gravitational waves carry away
energy and decrease the separation between the black holes. In order to compute the
trajectory of the last ten to twenty orbits, as well as the merger, numerical methods

such as those used in SpECTRE are needed.
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With the injection tests completed, and the plausibility of the extended model
demonstrated, I plan to use the extended model with the current LIGO data to place
constraints on the new parameters introduced in the model. Not only will this research
serve as an additional test of GR with the LIGO data, but it will also serve to constrain
the behavior of possible beyond-GR theories beyond the inspiral regime. In addition,
the infrastructure is in place to test multiple beyond-GR theories that each predict de-
viations from GR at different leading PN orders. This will be a component of future
work as appropriate priors for 8 and ¢ must be determined for each theory. Param-
eters corresponding to merger and ringdown effects can also be added to the model,
and current numerical work being done by others will be used to guide what these pa-
rameters should be. Further along, the spins of these new fields imply different effects
on the different modes of the resultant GW. I will look to incorporate the effects of the
presence of these fields beyond the effect on the hy; mode. Finally, I will continue my

work on SpECTRE to extend its capabilities beyond general relativity calculations.
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CHAPTER 2
DOMAIN CONSTRUCTION IN SPECTRE]

The construction of the computational and physical domains, as well as the map-
pings that relate the two, are crucial ingredients in any numerical relativity calculation.
We discuss the domains and maps that are used in the SpECTRE code, as well as the
techniques that were used to construct them, along with the advantages that are gained
in using them. We also discuss how these domains may be used in simulations of ex-
otic or otherwise topologically nontrivial spacetimes. We conclude with a discussion

of an early binary compact object domain used in SpECTRE.

2.1 Introduction

SpECTRE makes use of the Discontinuous Galerkin (DG) method in its numerical so-
lution of partial differential equations (PDEs). In the DG method, the physical domain
is partitioned into smaller elements. In each element, the solution is represented as an
expansion in some set of basis functions. If the boundaries of the domain are not very
complicated, we can choose the elements to be hexahedral and fit then to the bound-
aries, possibly with the aid of coordinate maps. In many engineering applications,
however, domain boundaries are complicated and require tetrahedral elements to get

a good fit. We will not discuss that case here.

The advantage of hexaderal elements is that the basis functions can be chosen to be
a tensor product of 1-dimensional basis functions, one along each coordinate direction.
This greatly simplifies the computations. Quantities associated with the interior of

each element, along with information on the boundaries of the element from neighbor-

This chapter will appear as a technical note in the public repository for the SpECTRE code[1]. Por-
tions of it will appear in an upcoming paper describing the code.
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ing elements, then enter and are combined in the DG method to compute the numerical

solution.

Hexahedral elements allow us to use Cartesian rectilinear coordinates, the logical
coordinates, the computational domain in which all DG computations are ultimately
performed. While the coordinates in the computational domain are Cartesian, they
need not be so in the physical domain if the appropriate coordinate map between the

domains is provided.

Depending on the geometry of the physical domain, the geometry of the elements
that result after partitioning may be nontrivial. For example, in the case of a single
black hole domain, the physical domain is spherically symmetric with an excised re-
gion inside the black hole; the coordinates used in each element of this domain must
map to the Cartesian-like coordinate system in the logical cube, the logical coordinates.
In this particular case, the map that brings points in the logical cube to the elements of

the single black hole domain in SpECTRE is called the Wedge map.

In this chapter we discuss the various coordinate maps that are used by SpECTRE.
We also discuss the domains that they are used by, and the algorithms that are used to
ensure that the coordinate systems that are used by each element do not interfere with
the calculation of the boundary quantities in the DG method. We close the chapter with
a discussion of how these techniques can be used to construct computational domains

for physical domains of nontrivial topology.
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2.2 Coordinates

2.21 Logical Coordinates

The logical coordinates are the coordinates of the computational domain, the space on
which the basis functions of the DG method are defined. This space makes up the log-
ical hypercube, the D-dimensional interval [—1, 1]P. The coordinates that parameterize
the logical hypercube are given Greek letters. In three dimensions, the coordinates are
¢, n, and (. The choice of this interval is made to correspond with the choice of basis

functions which also live on the interval [—1, 1].

The logical coordinates do not determine the gridpoints of the DG calculation. The
locations of the gridpoints are given by the choice of quadrature points in the DG
method used. The gridpoints are very rarely equally spaced. For example, using the
Legendre-Gauss-Lobatto points, the gridpoints are more closely spaced near the logical

element boundaries.

In the case where the physical domain is itself rectilinear and/or has symmetries
compatible with a Cartesian coordinate system, the partitioning of the domain into
hexahedral elements can be relatively trivial. In the simplest case the identity map
is sufficient. In more complicated domains, such as those resembling the spherical
domain in Fig. multiple maps will be needed, each mapping a logical cube to the

corresponding region of the physical domain.
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2.2.2 Equiangular Coordinates

Equiangular coordinates are very nearly logical coordinates, in that they also live in
the domain of [—1, 1], as logical coordinates do. That is, the domain equiangular co-
ordinates live in is not the physical domain, but some intermediate frame that fol-
lows the computatational domain. Equiangular coordinates are used when one wishes
to use domains with spherical surfaces, as opposed to flat surfaces, where an affine
map would suffice. Points that are equally spaced in equiangular coordinates are also

equally spaced in angle, measured by the sphere on whose surface the points lie.

The equiangular map is as follows:

= = tan(w/4), (2.1)
and has Jacobian:

d= 7 —2

€ 4(1+u). (2.2)

From the Jacobian it is clear that the equiangular map brings the points near the end-

points of the [—1, 1] domain towards the origin.

Comparing Fig. 2.1 and Fig. we can see how the gridpoints in the equidistant
coordinates example are more concentrated near the boundaries of the patch. The
equiangular map brings these points towards the origin, leading to points that are

more uniformly spaced.
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Figure 2.1: A spherical surface patch that where the vertical and horizontal gridlines
are equally spaced in equiangular coordinates.

2.2.3 Projective Coordinates

The mapping for any convex quadrilateral defined by the locations of four vertices

Z1, T2, T3, ¥4 can be obtained by bilinearly interpolating between each one:

f(é?ﬁ): (1_51(1_77)51_’_ (1—51(1‘1‘77)@
N (1+£)4(1 —n)fg+ (1+§Z(1+n)f4' 23)

In the case of a trapezoid where two of the sides are parallel, it is appropriate to
linearly interpolate along the parallel sides. However, linearly interpolating between

the two bases results in a less than ideal gridpoint distribution.

As seen in Fig. from Veltman’s Warp-Off[§], linear interpolation between the

two bases results in a uniformly spaced grid between the bases of the frustum. This
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Figure 2.2: A spherical surface patch that where the vertical and horizontal gridlines
are equally spaced in equidistant coordinates.

BILINEAR PROJECTIVE

Figure 2.3: The resulting gridpoint locations when they are placed according to either
bilinear interpolation between the bounding curves, or according to a projective map
which concentrates the gridpoints at one end.
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(wsTa, W)

Plane of Projection

Rays of Projection

Figure 2.4: The above diagram demonstrates how to obtain a nonlinearly parameter-
ized object (seen in red) from a linearly parameterized one (seen in purple).

causes elements near the smaller base to be longer in the direction normal to the base,
and elements near the larger base to be shorter in that direction. We desire elements

that have roughly equal sizes along each of their dimensions.

We can redistribute the gridpoints along a chosen direction using a projective map,
moving more gridpoints toward the smaller base. We can also see in Fig. 2.3/ that too
much of a projective map can be applied, leaving elements distorted at the opposite

end. From this we can see that it is important to control the degree of projection.

We adapt a technique from projective geometry to obtain the desired grid
spacing[9]. The heart of the method is that objects arranged in a line at equal distances

from one another will appear to converge as they approach the horizon.

The procedure consists in lifting the linearly parameterized object into a higher spa-
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tial dimension beyond the canonical Cartesian dimensions of z, y, and z, referred to as
w, such that its projection back onto the plane remains unchanged. As seen in Fig.
the linearly parameterized object exists has zero extent in the w dimension, while the
nonlinearly parameterized object (the lifted object) does. The size of the lifted object
in the w dimension is controlled by the parameter w;, which controls the degree of
projection of one end of the object (purple) into the higher spatial dimension w. In
projective geometry, these points that exist in the higher dimension are labeled with
homogeneous coordinates {7, §, Z, w}, to distinguish them from the Cartesian coordi-
nates that label points that exist on the w = 1 hyperplane, {z,y, z}. The resulting grid
(seen in red) is obtained by projecting back into the w = 1 hyperplane. The Cartesian
coordinates are obtained by dividing each homogeneous coordinate of the linearly pa-

rameterized object by its respective w coordinate value.

The parametric equation for the purple object seen above in homogeneous coordi-

nates is:

X
8
=

ToWs

y| 1-¢ |»n +1+§ YoWs
2 2

z 21 ZoWs

(2.4)

w 1 Ws

The equation for the red object in Cartesian coordinates is obtained by dividing by w:

1
7O = g |90 (25)

We can recast this equation into a form similar to that of linear interpolation, where the

interpolation is done in the auxilliary variable Z:

(ws — 1) + ((ws + 1)
(ws + 1) + C(ws — 1)

Z(¢) = (2.6)
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With this choice of Z, the mapping to projective coordinates then becomes:

Z(¢) = 71 + T3, (2.7)

2.2.4 Choice of Coordinates

In a typical SpECTRE computation, the fields that are being computed (metric quan-
tities, thermodynamic quantities, etc.) have features at many scales that must be re-
solved. In these kinds of computations a uniform distribution of gridpoints leaves
some regions under-resolved, and other regions with excess computational resources
being expended on already-resolved features. For these types of problems, we allow
different regions of the domain to take on different refinement levels, corresponding to

the level of resolution that is needed to accurately compute the fields in question.

The mapping of the logical coordinates from the computational domain to the phys-
ical domain, along with the locations of the quadrature points in these coordinates, de-
termine the location of the gridpoints in the physical domain. In finite element analysis
this is referred to as r-refinement. r-refinement is used to redistribute gridpoints in the
physical domain towards regions where higher resolution is needed. Other methods
of increasing resolution, including h-refinement, where the elements are subdivided
into multiple elements, and p-refinement, where the number of quadrature points is
increased, are more commonly deployed in SpECTRE, but r-refinement is convenient

in situations where the nature of the refinement desired can be expressed analytically.

Examples of where r-refinement is appropriate are in the Wedge map and in the

Frustum map. Under the equiangular choice of coordinates, equal coordinate distances
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correspond to equal angular distances, leading to a more uniform grid spacing than
was possible with the equidistant choice of coordinates alone. In the Frustum map,
the projective coordinates are used to correct for the distortion incurred by using a
bilinear mapping with two bases of disparate lengths. The projection map allows the

gridpoints to be redistributed more uniformly despite this effect.

2.3 Coordinate Maps

2.3.1 Wedge Map

The Wedge map is the primary map used in the two-dimensional Disk and three-
dimensional Sphere and Shell domains.[10] The main purpose of the Wedge map is
to serve as a transition between a Cartesian-like space, such as the logical coordinates,
and a coordinate system that more readily respects the symmetries of the sphere and

has its boundaries conform to it.

The Wedge map makes use of the equiangular coordinates in its mapping as they
readily conform to the spherical surface shape [11]. Before discussing the fully gener-
alized Wedge3D, let us recall the map in its simplest form, obtained by interpolating
between two parameterized surfaces. The first of these is the upper +=z surface of a

cube of side length 2L centered at the origin:

3
Ecubical(&n) =L nl- (28)

1

The second of these is the above surface projected onto a sphere of radius R, also cen-
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tered at the origin:

3

S R

Gspherical (§, 1) = \/ﬁ n (2.9)
1

In general, a map parameterizing the volume between two surfaces can be obtained

by interpolating in a third logical coordinate (:

1+¢, 1-¢

f(ga m, C) = Tacubical (57 77) + Tgspherical (57 77) (210)

To obtain a vanilla Wedge3D one interpolates between the surface of a cube of side

length 2L and a sphere of radius F:

§
B 1+¢ 1-¢ R

(2.11)

1

2.3.2 Bulged Cube Map

The volume map from the cube to a bulged cube is obtained by interpolating between
six surface maps, twelve bounding curves, and eight corners[12]. The surface map for
the upper +z axis is obtained by interpolating between a cubical surface and a spherical
surface. The two surfaces are chosen such that the sphere circumscribes the cube. We
make a choice here as to whether we wish to use the logical coordinates parameterizing
these surfaces as they are, in which case we have the equidistant choice of coordinates,
or whether to apply a tangent map to them which leads us to the equiangular choice

of coordinates. In terms of the logical coordinates, the equiangular coordinates are:
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Figure 2.5: A cut-away of the Shell domain, made up of six Wedges, with one of the
Wedges shown in wireframe. The inner face of each Wedge is spherical; the excised
region removes the black hole singularity from the domain of the computation.

equiangular xi : =(§) = tan({n/4), (2.12)
equiangular eta : H(n) = tan(nn/4). (2.13)
The derivatives are
=€) = F(1+22), (2.14)
(2.15)

H () = %(1 ).

The equidistant = and H coordinates are simply the logical coordinates £ and 7.
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We also define the variable p, given by:

p=V1+22+H2 (2.16)

The Spherical Face Map

The surface map for the spherical face of radius R lying in the 4z direction in either

choice of coordinates is then given by:

(&) . =
5spherical<£; 77) = y(g, 7’]) = ; H| - (217)
2(&m) 1

The Cubical Face Map

The surface map for the cubical face of side length 2L lying in the +z direction is given

by:
(&, m) =
O_:cubical(gy 7]) = y(f,n) =L |H]| . (218)
L 1
The Bulged Face Map

To construct the bulged map we interpolate between a cubical face map of side length
2L and a spherical face map of radius R, with the interpolation parameter being s, the

‘sphericity’. The surface map for the bulged face lying in the +z direction is then given
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(1]

S sR

suten = -9+ = L 2.19)
1

This equation defines the upper-z map ', ¢, and we similarly define the other five sur-

face maps &'y, 7.¢, and so on by appropriate rotations. We constrain L by demanding

that the spherical face circumscribe the cube. With this condition, we have L = R/+/3.
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Figure 2.6: An element after the Bulged Cube map has been applied. The Bulged Cube
is constructed by interpolating between six Wedge surfaces, and is used for neutron
star domains.
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The General Formula for 3D Isoparametric Maps

The general formula is given by Eq. 1 in section 2.1 of a paper by Hesthaven [13]].

Hesthaven’s formula is general in the degree of the shape functions used, so for
our purposes we take the special case where the shape functions are linear in the inter-
polation variable, and define new variables accordingly. However, our interpolation
variables do not necessarily have to be the logical coordinates themselves, though they
often are. To make this distinction clear, we will define the new interpolation variables
{€, 7, (}, which may either be the logical coordinates themselves or an invertible trans-
formation of them. For the purposes of the bulged cube map, this transformation will
be the same transformation that takes the logical coordinates into the equiangular co-
ordinates. We will later see how this choice can lead to simplifications in the final map.

We define the following variables for a, 8,7 € {é 7, C }:

f* :%(1 + a), (2.20)
=5 Zi(l +a)(1+8), (2.21)
S h e :%(1ia)(1i5)(1i7). (2.22)

The formula involves six surfaces, which we will denote by &, twelve curves, denoted

by T, and eight vertices, denoted by 7, with the subscripts denoting which face(s) these
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objects belong to. The full volume map is given by:

E(&n, Q) =fF5+(&m) + f7 5 (&)
+ [T n(E Q)+ J7 F(€Q) + [F 4. Q) + [75-¢(1.€)
— JE e (Q) = ST ean(©) = £ Tren(C) = f7
— [T herc(n) = fi 3T icn) = fiTaec(n) = f77Tec(n) (2.23)
— [T c©) = £ 3T opic(€) = [ Tanc©) = fr7 Topc(©)
e R e g TrL e

+ fg;EﬁJrern—C + fg_;gﬁ—&rn—( + fgﬁ_gﬁrf—n—é“ + fgﬁ_gﬁ—ﬁ—n—@
The Special Case for Octahedral Symmetry

The general formula is for the case in which there are six independently specified
bounding surfaces. In octahedral symmetry, the surfaces are obtained by rotations

and reflections of the upper-( face.

We define the matrices corresponding to these transformations to be:

010 001 100
Sey=11 0 0|:8:=10 1 0|,S:=10 0 1|, (2.24)
001 100 010
001 01 0
Cay=11 0 0[:Cpz= 10 0 1|, (2.25)
010 100
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~1 0 0 1 0 0 10 0
N.=10 1 0[.Ny=1]0 =1 0|, N.=101 0] (2.26)

0 01 0 0 1 00 -1

The surface maps can now all be written in terms of 7, and these matrices:

7¢(§m) =N.0c(&m)

F1n(€,0) =8y.54¢(€,¢)

F0(€,0) =N, 5,74 (£,C) (2.27)
F1e(n,¢) =Cluydc(n, )

5_5 (77, C) :Nxczy:eg-i{ (777 C)

The four bounding curves T on the +( face are given by:

Tieic(n) = Fre(+1,m) (2.28)
T ¢ rc(n) = Gre(—1,1m) = NoGye(+1,m) (2.29)
T 4c(6) = Gy (6,41) = Sy e (+1,6) (2.30)
Tyac(€) = Focl€,=1) = NySuyrc(+1,€) (2.31)

The bounding curves on the other surfaces can be obtained by transformations on the

+( face:
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Tie—c(n) = NoGie(+1,n) (2.32)
Tec(n) = NaGoc(=1,1m) = NoNoG i (+1,m) (2.33)
Thc(€) = NoFoc(§,+1) = NoSuyrc(+1,€) (2.34)
Ty c(6) = Nutie(€,=1) = NoNy Sy rc(+1,6) (2.35)
Tiean(Q) = CanyFrc(+1,¢) (2.36)
T in(C) = NoClyGac(+1,€) (2.37)
Tie () = Caayfic(—1,¢) = Copy NuFrc(+1,0) (2.38)
T (Q) = NoClayGrc(—1,¢) = NpClpy NG (+1,C) (2.39)

Now we can write the volume map in terms of & only:

F(E.0.0) = ([ + 7 N.)Fwc(€,m)
(i + i NSy 4c(€0)
= (fF + SN LU+ £ NG (FL ) + (S + fy Ny)SuFac(+1,6)}
+ g
V3

Note that we can now absorb all of the fs into the matrix prefactors in the above

equation and obtain a final set of matrices. We define the following “blending matri-

7

ces

00 ¢ 100 100
Be=|10 0|.B;=10 0 5|.Be=10 1 0 (2.40)
010 010 00 ¢
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00 ¢ €0 0 010
Be= i 0 0|,Bg=10 1 0|.B;¢=17 0 0 (2.41)
0 10 00 ¢ 00 ¢
€00
Begze=10 7 0 (2.42)
00 ¢

Now we can write the volume map in these terms:

5(57 7, () - BEE+C(€7 7])
+ Bﬁ5+C(§a g) + BEO_:—FC(T}v C)
- Béﬁ6+C(+17 C) - Bg§5+<(+1, ’I’}) + Bﬁ§6+C<+1’ f)

The Bulged Cube Map

We now use the result above to provide the mapping for the bulged cube. First we
will define the variables p4 and pag, for A, B € {E,H,Z}, where Z is tan({7n/4) in the

equiangular case and ¢ in the equidistant case:

pa=V2+ A2 pap=V1+ A+ B (2.43)
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The final mapping is then:

= 3
1—3s)R R
f(éln,é)z% n|+ 22
Z ¢
£ EE| oz
+sR|H 7 H 1/p=z (2.44)
Z 7 (| |1/p=
= & €| [1p=
—sR\q H 7| |1/pn
_5 5 Z 1/Pz

Recall that the lower case Greek letters with tildes are the variables used for the linear
interpolation between the six bounding surfaces, and that the upper case Greek letters
are the coordinates along these surfaces, both of which can be specified to be either
equidistant or equiangular. In the case where the interpolation variable is chosen to
match that of the coordinates along the surface, we have f = =, etc. In this case, the
formula reduces further. The reduced formula below is the one used for this Coordi-

nateMap. It is given by:

(11

f(fanao_{%"‘SR(l/PHz—i—l/PEz-i-l/PEH_1/PE_1/PH_1/PZ)} H|. (245)
7

The inverse mapping is analytic in the angular directions. However, a root
find must be performed for the inverse mapping in the radial direction. This one-

dimensional formula is obtained by taking the magnitude of both sides of the mapping,

changing variables from &, 7,  to z,y, 2, and introducing p? := /&2 + n? + (2.
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2.3.3 The Special Mobius Map

A general Mobius transformation is a function on the complex plane, and takes the

form
az+b

flz) = —— wl (2.46)

where 2, a,b,c,d € C,and ad — bc # 0. The special case used in this map is the function

fz) = 12__2’2 : (2.47)

where 4 is real. This map has the properties that the unit disk in the complex plane is
mapped to itself, that the z-axis is mapped to itself, and that f(x:) = 0[14]. We will use

it to map the unit ball to itself.

This map depends on a single parameter p, which is the z-coordinate of the preim-
age of the origin under the map. This map has the fixed points + = 1 and x = —1. The
map is singular for ;1 = 1 but we have found that the map is accurate up to 12 decimal

places for values of ;. up to 0.96.

We define the auxiliary variables

ri=\/x24+y>+ 22 (2.48)

and
1

A= :
1 —2zxp + p?r?

(2.49)

The map corresponding to this transformation in cartesian coordinates is then given

by:
o(l+p2) — p(l+1?)
7(r,y,2) =\ y(1— p?) . (2.50)
2(1—p?)

33



Figure 2.7: A Shell domain where an additional Special Mobius map has been applied.
This map preserves the spherical shape of the domain while redistributing gridpoints
away from one pole and towards the opposite pole.

The inverse map is the same as the forward map with ;. replaced by —p.

This map is intended to be used only inside the unit sphere. A point inside the unit
sphere maps to another point inside the unit sphere. The map can have undesirable
behavior at certain points outside the unit sphere: The map is singular at (z,y,2) =
(1/p,0,0) (which is outside the unit sphere since |u| < 1). Moreover, a point on the z-
axis arbitrarily close to the singularity maps to an arbitrarily large value on the +-z-axis,

where the sign depends on which side of the singularity the point is on.

The three-dimensional version of this map is obtained by rotating the disk in the

plane about the z-axis.
This map is useful for performing transformations along the z-axis that preserve
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the unit disk. A concrete example of this is in the BBH domain, where two BBHs with
a center-of-mass at x = u can be shifted such that the new center of mass is now located
at z = 0. Additionally, the spherical shape of the outer wave-zone is preserved and, as

a Mobius map, the spherical coordinate shapes of the black holes are also preserved.

2.3.4 The Frustum Map

A Frustum map is a map from the logical cube to the volume determined by interpo-
lating between two parallel rectangles each perpendicular to the z-axis[15]. A Frus-
tum map (&, n, () is determined by specifying two heights z; = lower_bound and
2y = upper_bound for the positions of the rectangular bases of the frustum along the
z—axis, while the sizes of the rectangles are determined by the eight values passed to

face_vertices:

lower x upper base : a:fg_n =xz(—1,—-1,1)
lower x lower base : xig’_n =z(—-1,-1,-1)
upper x upper base : xig#n =xz(1,1,1)
upper x lower base : x;g#n =xz(1,1,-1)

lower y upper base : yfé_n =y(—-1,-1,1)
lower y lower base : y:é_n =y(—1,-1,-1)
upper y upper base : yigﬂrn =y(1,1,1)

upper y lower base : y;gﬂ =y(1,1,-1).

As an example, consider a frustum along the z-axis, with the lower base starting

at (z,y) = (—2.0,3.0) and extending to (2.0,5.0), and with the upper base extend-
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ing from (0.0,1.0) to (1.0,3.0). The corresponding values for face vertices are

{{{{-2.0,3.0}}, {{2.0,5.0}}, {{0.0,1.0}}, {{1.0,3.0}}}}.
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Figure 2.8: A frustum with rectangular bases.

In the case where the two rectangles are geometrically similar, the volume formed
is a geometric frustum. However, this coordinate map generalizes to rectangles
that need not be similar. The user may reorient the frustum by passing an Ori-
entationMap to the constructor. If with equiangular map is true, then this co-
ordinate map applies a tangent function mapping to the logical £ and 7 coor-
dinates. We then refer to the generalized logical coordinates as = and H. If
projective_scale_factor is set to a quantity other than unity, then this coordi-

nate map applies a rational function mapping to the logical ¢ coordinate. This gen-
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eralized logical coordinate is referred to as Z. If auto_projective_scale_factor
is true, the user-specified projective_scale_factor is ignored and an appropri-
ate value for projective_scale_factor is computed based on the values passed
to face_vertices. See the page on redistributing gridpoints to see more detailed

information on equiangular variables and projective scaling.

Coordinate Map and Jacobian

In terms of the face_vertices variables, we define the following auxiliary variables:

[, ~ ~
xt = _(If& n T x+£ T g T x+£,+n)

4
Al = }l(xfg T x+£ +1) ‘x:g’—n +g )
A:SC - i(mingn - l‘tg Tt "L‘J_rgﬂrn -7 2 )
A?C - 1( igﬂz —a:J_rg -1 _x+€+n+$—§ 77)

4

Lo ¢ ~ ~
XY= (YTt Yl eyt Ve )

1 i< ~ ~
Al = Zl<y—§, 0 F Uy~ Y e~ Vi)

(2.51)

L ¢ 1< ~ ~
Ag] = Z(y+£v+n - yfgvfn + y+£:+7l - yi&vfn)
1

y +¢ +¢ —¢ —¢
AnC - Zl(y+§,+n Yt T Yitm + y—&—n)
vz 21 + Z9
2
AP =2 E
2

The full map is then given by

57+ AZE + (A7 + ALE)Z
F(&m,C) = |2V + AVH + (AL + AV H)Z |
S+ A
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with Jacobian

(A7 + ALZ)Z 0 (A2 + AL E)Z
J = 0 (AY+ AY Z)H' (AL + AV H)Z/
0 0 A7/

Suggested values for the projective scale factor

This section assumes familiarity with projective scaling as discussed on the page on

redistributing gridpoints.

When constructing a Frustum map, it is not immediately obvious what value of w;
to use in the projective map; here we present a choice of w; that will produce minimal
grid distortion. We consider two cases: the first is the special case in which the two
rectangular Frustum bases are related by a simple scale factor; the second is the general

case.

As seen in Cervone’s Cubes and Hypercubes Rotating [16], there is a special case
in which the inverse projection of a trapezoid is not another trapezoid, but a rectangle
where the bases are congruent. Most often one will want to use the special value of
ws where this occurs. This value of w;s corresponds to the projective transformation
mapping a rectangular prism in an ambient 4D space with congruent faces at w = 1

and w = ws to the frustum in the plane w = 1:

Ly

= (2.52)

Ws

where L, /L, is the ratio between any pair of corresponding side lengths of the z;- and

z9-bases of the frustum.
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Figure 2.9: A frustum with rectangular bases.

For the general case one will want to use the value:

—¢ —¢ —¢ —¢
\/ (@ ey = T 1) Wie vy = Vi)
+C +C +C TN
\/ (@ = 2 1) (Wi vy = Vi)

This is the value for w;s used by this CoordinateMap when auto_projective_scale_factor

Wy =

(2.53)

is true.

2.3.5 Equatorial Compression Map

This is a mapping from the sphere to itself that depends on a single parameter, the
aspect_ratio «a, which is the ratio of the horizontal length to the vertical height for

a given point. This parameter name was chosen because points with tanf = 1 get
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mapped to points with tan ¢ = «[17]. In general, gridpoints located at an angle 6 from

the pole are mapped to a new angle ¢’ satisfying tan 6’ = o tan 6.

Figure 2.10: A Shell domain where the Equatorial Compression map has been applied.
This map redistributes gridpoints from the north and south pols and moves them to-
wards the equator. This is useful in accretion disk simulations where more resolution
is desired at the equator.

For an aspect_ratio greater than one, the gridpoints are mapped towards the
equator, leading to an equatorially compressed grid. For an aspect_ratio less than
one, the gridpoints are mapped towards the poles. Note that the aspect ratio must be

positive.

We define the auxiliary variables r := /22 +y2 + 22 and p := /22 + y2 + a~222.

Then the map corresponding to this transformation in cartesian coordinates is given
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7 (r,y,2) = g y |- (2.54)

2.3.6 Focally Lifted Maps

Consider the problem of creating invertible parameterized coordinate maps. These
maps are to be used in the specification of a computational domain on which a PDE is

solved.

Consider a parameterized surface ¢ whose points lie on the level set of some scalar
function ¢, = 0. We define focal lifting as the projection of this surface with respect to
some focus 7y and lifting scale factor A. The resulting map is then said to be a focally lifted

map. These maps can be cast into the following form:

7 =T+ A& — Tp). (2.55)

Suppose that ¢ is parameterized by the logical coordinates £ and 7. Given that the
surface map is invertible, the focally lifted map can be inverted by obtaining the value

of A(z,y, z) that satisfies the level set equation

T — o Y—"%Y Z—Z2p
¢0'( A ‘I‘-CEO, A +?/0, A

+ 2) = 0. (2.56)

¢ and 7 are then given by the surface inverse map to (¢, 7). Geometrically, the map can
be inverted by following the ray from 7, to Z in the desired volume and finding where
this ray also intersects the surface &. While this motivates a procedure for numerically
inverting the map, here we will only consider the case in which the inversion can be

done analytically.
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Focally Lifting the Cube

As an instructive example, we show how to obtain an analytically invertible map for
any “ray body” (Minkowski’s Strahlkdrper). Any Strahlkérper may be constructed by

focally lifting the six surface maps of the cube.

Suppose we have specified a Strahlkorper with surface R(6, ¢) centered at the focus
%o, where the angles ¢ and ¢ are defined with respect to this focus. The upper +z map

of the logical cube has the following form:

e

a(&n) = (2.57)

— 33

We can lift this surface onto the desired Strahlkdérper by multiplying by the factor
A(&,m) = RO n), 0 n)// 1+ +n% The focally lifted map then takes the fol-

lowing form:

3
ey~ B(O(E ), 6, n))
1

where 6(&,n) = cos ! (1/4/1+ & +n?) and ¢(&,n) = tan'(n/€). The other five surface

maps are constructed similarly.

What remains is to find an analytic inverse. For surfaces 7 (¢, n) with constant nor-

mal vector n, A(z,y, z) is given by:

(@ —2p) - n
ANz,y,2z) = ——7—. 2.59
(z,y,2) G —70) 7 (2.59)
7 is then given by:
L @=z)-n,
G = o+ o ), (2.60)
(¥ —Zp)-n



from which the logical coordinates ¢ and 7 follow immediately.

With two Strahlkorper surfaces R, (6, ¢) and R_(0,¢), one can create a family of
such surfaces R(0, ¢, () parameterized by the logical coordinate ¢, where the ( co-
ordinate lines emanate radially outward from the focus #;. As long as R, (6,¢)
is strictly larger than R_(6,¢), the volume map #({,7,() can be inverted. In this

case where upper +z surface of the cube is lifted, the lifting factor is A({,7,() =

R(O(&,n), (&§,m), )/ 1+ + 02

Jacobian

We provide the Jacobian in the case of a focally lifted volume, where the lifting factor

varies with respect to all three logical coordinates. The Jacobian equations are:

or OA, , oG

% = 8_£<U — o) + A8_§ (2.61)
- g- )+ AT 262)
g_f - %(a i) (2.63)
The determinant is then:
det J = A?det Jg%w — Zp) - n, (2.64)

where det J, is the determinant of the Jacobian of the surface (¢, 7).

If we define the auxiliary variables:

I Ve
O == 8_(7; x (& — ) (2.65)
, 85

(2.66)
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we can write the inverse Jacobian equations as:

o OA -
an oA -
A 2.
det J = %@ (2.68)
aC OA~  OA -
—= =A? n—AN—0; — A—=0,. .
det J B det J,n o€ O an 0, (2.69)

Metric

Let us define the variables:

e = 0e5 - (F — o) (2.70)
by 1= O - (& — o) 2.71)

The metric g;; for the volume then is given by:

2.4 Orientation Methods

Each element in a SpECTRE domain is a hexahedral element mapped from the logical
cube, whose coordinates are Cartesian in nature. In a domain with multiple elements,
the logical directions are not necessarily aligned on the interfaces between two ele-
ments, as shown in Fig. As certain operations (e.g. fluxes, limiting) communicate
information across the boundaries of adjacent elements, there must be additional cal-
culations that take into account the relative orientations of elements that neighbor each
other. The collection of methods that are used to compute this connectivity information

are referred to as Orientation methods in SpECTRE[18].
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Figure 2.11: A domain in which it is not possible for the logical axes in each element to
align with all of its neighbors” axes.

241 Local Corner Numbering

The orientation of the dim logical directions within each element determines an or-
dering of the 2¢™ vertices of that element. This is called the local corner numbering
scheme (Local CNS) with respect to that element. We give the ordering of the local
corners for the case of a three-dimensional element in Fig. All logical cubes in
three dimensions share this numbering of their corners with respect to their logical

coordinate axes.

2.4.2 Global Corner Numbering

To encode the relative orientations between elements in a domain, SpECTRE uses a
global corner numbering scheme (global CNS), which is constructed by assigning a
unique number to each of the vertices in a domain. Vertices that are shared between
elements are assigned the same number; they are considered to be the same vertex.

Fig. gives an example of a global corner numbering.
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Figure 2.12: The standard local corner numbering of the logical cube in the case of three
dimensions.

Figure 2.13: Each vertex of the two-block domain has been assigned a number. Al-
though each block has eight corners, four are shared among them, so there are only
twelve unique corners in this domain. Any numbering may be used in the global cor-
ner numbering, so long as the each distinct corner is given a single distinct corner
number.
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The local CNS is then used to encode the resulting relative orientations in a global
corner numbering scheme (global CNS). The global CNS is an unordered list of ordered
lists of numbered corners. Each entry of the outermost list corresponds to an element
in the domain, and each of these entries is a list of the corners of that element. The
ordering of the corners in each list is inherited from the local CNS; the orientation
of the logical axes within each element determines the ordering of the global corner

numbers in the list.

2.4.3 Deducing Orientations

In this subsection we will outline the algorithm used to deduce the relative orientations
of the domain elements from the global CNS. Referring again to Fig. here is one

possible numbering that can be used:

Blockl: {0, 1, 3, 4, 6, 7, 9, 10}

Block2: {1, 4, 7, 10, 2, 5, 8, 11}.

Each element has eight corners, and so each list has eight entries. While there are
16 total vertices among two cubes, in this domain they share a face. Four vertices are
shared between them and only 12 numbers are needed to assign a unique global corner
number to each vertex in the domain. The ordering of each list is determined by the
local CNS. The first entries in each list correspond to the corners that are in the lowest
{—¢,—n, —(} octant of the cube, followed by those in the {+¢, —n, —(} octant, and so

on.

The global corner numbers that are shared between these two cubes are:
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{1, 4, 7, 10} .

What then follows is determining the local corner number that corresponds to each of
these shared global corner numbers with respect to each element’s logical axes orien-

tation. They are:

Blockl result: {1, 3, 5, 7}

Block2 result: {0, 1, 2, 3}

An intermediate step that is taken is to convert each corner number into its binary
representation. Local corner numbers range from 0 to 2%™ — 1. In the case of three
dimensions they range from 0 to 111. Leading zeros are added such that each number

has the same number of digits in the binary representation:

Corner 0: 000
Corner 1: 001
Corner 2: 010
Corner 3: 011
Corner 4: 100
Corner 5: 101
Corner 6: 110

Corner 7: 111

From here we can use the binary representation to read off the location of the corner:

0 and 1 indicate lower and upper in the corresponding axis (¢, n, ). Note that the
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ordering has been reversed so that the rightmost column corresponds to the £ position

and the leftmost column to the ¢ position. Returning to the example at hand, we have:

Blockl result: {001,011,101,111}

Block2 result: {000,001,010,011}

As these corners are the corners of the shared face, all corners must lie on the same side
of one axis, the axis that is perpendicular to the shared face. The direction in which the

shared face lies can then be easily read off:

Blockl: Upper xi (All Blockl corners have a 1 in the third position)

Block2: Lower zeta (All Block2 corners have a 0 in the first position)

In this manner the logical axes that correspond to the shared face are deduced be-
tween all pairs of neighboring elements in a domain, saving the user the work of hav-
ing to manually specify the relative orientations between each element. This is most
convenient in our larger domains in which we have dozens of elements, such as the
binary compact object domain. In addition to encoding the relative orientations be-
tween shared blocks, we can also manually assign additional faces to be shared, which
enables us to construct and use domains with more complicated topologies in our cal-

culations.
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2.4.4 Periodic Boundary Conditions

The corner numbering scheme that is used to determine the relative orientations be-
tween adjacent elements in a domain can also be used to manually identify the bound-
aries of non-adjacent elements. It is in this way that periodic boundary conditions are
established in a domain. The vertices of the faces that are to be identified have different
corner numbers in the global CNS. These corners, which encode the orientation of the
logical axes, are then provided to an algorithm that determines the proper neighbor

relationship the two faces should have.

2.4.5 Nontrivial Topologies

While SpECTRE is a code that is written with the primary purpose of doing binary
black hole simulations in an asymptotically flat space time in mind, the algorithms
outlined above allow the user to be more flexible in their choice of topology. As a
simple example, the corner algorithm that is used to identify different faces of different
elements with one another is sensitive to the orientation of the face: the ordering of
the corners encodes the face’s orientation. This allows the user to identify faces such
that physical quantities that enter one of the faces leave the other face with a different
orientation. In Fig. we see how a particular identification of two of the faces of
a two-dimensional rectangular domain results in a domain that has a Mobius strip
topology. More exotic topologies can be constructed by identifying different sides of
the rectangle with different orientations. For example, Fig. shows that along with
the standard choice of periodic boundary conditions, which results in a cylinder or
torus topology, other identifications allow us to perform simulations on Klein bottle-

like or projective plane-like surfaces.
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Figure 2.14: A square with two of the sides identified with opposite orientations has
the topology of a Mobius strip; vector quantities that leave the domain from one face
enter the domain from opposite face with the opposite orientation.
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Figure 2.15: Different choices for which faces to identify, and with which orientation,
result in multiple different topologies: the sphere S?, the torus 72, the Klein bottle
K?, and the projective plane P?. The closed curves a, b, and ¢ serve to illustrate the
topology of the domain. Points A and A’, and B and B’, are identified.

The techniques that allow us to construct domains with these topologies for our
two-dimensional simulations easily generalize to higher spatial dimensions [19]. In
practice, we use multiple elements to construct a domain with a non-trivial topology
and geometry, as the target geometry is still partitioned into hexahedra by these ele-
ments. In the case of a domain which has an S? x I topology, as seen in Fig. we
use the fact that the surface of an S? is partitioned into six equivalent regions when
the edges of a cube that is concentric with the sphere are projected onto the spherical

surface. This cube is then unfolded into a net, which determines the boundaries that
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Figure 2.16: A net for the cube (which has an S? topology) that has been extruded to
produce a domain that has a 52 x I topology, once the corresponding faces of the cubes
in the net have been identified.

are to be identified with one another. This net is then extruded into a third dimension.
The faces to be identified stay the same, but the resulting domain now partions the

S? x I domain into six equivalent regions.

With these methods it is possible to investigate spacetimes such as the Einstein

closed universe [20].

2.4.6 Domains

The physical domain, the region of space in which the fields of the simulation are
evolved, is decomposed into multiple hexahedral elements, each of which is equipped

with a coordinate map that maps the element to the logical cube. The relative orienta-
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Figure 2.17: A net for the tesseract, which has an S? topology, once the corresponding
faces of the cubes in the net have been identified.

tions of the logical axes relative to one another in these elements are computed, which
allows for the proper communication of fluxes across element boundaries. SpECTRE
uses these coordinate maps and corner algorithms to construct its domains. In this sec-
tion we discuss three often-used domains, the Shell domain, used for single black hole
and accretion disk simulations, the Sphere domain, used for neutron star simulations,

as well as the Binary Compact Object Domain, used for binary black hole simulations.
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Figure 2.18: Different choices for which faces to identify, and with which orientation,
result in multiple different topologies: the sphere S?, the torus 72, the Klein bottle
K?, and the projective plane P?. The closed curves a, b, and ¢ serve to illustrate the
topology of the domain. Points A and A’, and B and B’, are identified.

Sphere and Shell Domains

The Shell domain (as seen in Fig. is the primary domain used for single black hole
simulations. Its defining feature is the excised region in the center, which is needed to
remove the singularity from the spacetime that is being evolved. The spacetime that
lies outside the singularity, but within the apparent horizon of the black hole, does not
need to be evolved since all fields in this region will have their content fall into the
black hole. The associated fluxes of these fields are only ingoing, and so there is no

need to provide a boundary condition for the excised region.
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Figure 2.19: An exploded view of the Sphere domain, where the orientation of the
logical axes within each element can be seen. The axes &, 7, and ¢ are colored in red,
green, and blue.

Binary Compact Object Domain

The Binary Compact Object domain (as seen in Fig.[2.20) is the domain used when the
interaction between two compact objects is being studied in SpECTRE[21]. Because of
the hexahedral constraint on the element shapes, this domain is different from the one

originally used in SpEC[22]. The domain consists of five layers of elements, referred to

as blocks in SpECTRE:

e 0: (optionally) The block at the center of each compact object, if not excised. If

present (as for a neutron star), this block is a cube. If excised, the hole left by its
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Figure 2.20: A slice of the Binary Compact Object domain, set up for a neutron star and
black hole binary.

absence is spherical.

1: The blocks that resolve each individual compact object. This layer has a spher-
ical outer boundary. If the corresponding layer-0 block exists, then the layer is a
cube-to-sphere transition. If the layer-0 block is excised, then the layer is a spher-

ical shell.

2: The blocks that surround each object with a cube. Around each compact object,

this layer transitions from a sphere to a cube.

3: The blocks that surround each cube with a half-cube. At this layer, the two

compact objects are enclosed in a single cube-shaped grid.

4: The 10 blocks that form the first outer shell. This layer transitions back to
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spherical. The gridpoints are distributed linearly with respect to radius.

e 5: The 10 blocks that form a second outer shell. This layer is spherical, so a
logarithmic map can optionally be used in this layer. This allows the domain
to extend to large radial distances from the compact objects. This layer can be

h-refined radially, creating a layer of multiple concentric spherical shells.

2.5 Conclusion

SpECTRE is primarily a code that employs the discontinuous Galerkin method to solve
for the evolution of fields described by PDEs. The DG method is applied using a
domain that has been partitioned into hexahedral elements, each equipped with co-
ordinate maps and information on the relative orientation of neighboring elements,
including periodic boundary information. The methods for establishing the mapping

and connectivity for many possible domains used in SpECTRE have been described.
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CHAPTER 3
MODELING THE MERGER IN BEYOND-GR WAVEFORMS

The parameterized post-Einsteinian framework incorporates beyond-GR effects into
inspiral waveform models. We extend the existing model into the merger-ringdown
regime. The modification introduced here adds a single degree of freedom that corre-
sponds to a change in the binary coalescence time. Other merger properties remain as
predicted by GR. We discuss parameter estimation with this model, and how it can be

used to extract information from beyond-GR waveforms.

3.1 Introduction

For over two hundred years Newton’s theory of gravity stood without equal as an
accurate description of gravity. For the last hundred years, general relativity has su-
perseded Newtonian gravity in predictive power. However, there is good reason to
believe that general relativity (GR) is not the ultimate theory of gravity. In particular,
many theorists believe that in the low-energy limit of some future quantum theory of
gravity, there will be modifications that may be detectable on classical length scales

[23] 24, 5].

GR reduces to Newtonian gravity in the appropriate limit, but it is not merely a
correction term that is added on top of Newtonian predictions. Full GR is only ob-
tained by demanding one’s model of gravity adhere to new principles not present in
Newtonian gravity, often referred to as the pillars of GR[23]. As a result, GR predicts
additional phenomena that are entirely absent in the Newtonian theory, such as black

holes and gravitational waves(GWs). Likewise, we expect that the theory of gravity to
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replace GR will be founded on new principles and similarly reveal new phenomena
not present in GR. It is possible that evidence of beyond-GR phenomena will make

their first observable appearance as small deviations from GR in these GWs[24].

The detection of GW events such as GW150914 [5] has provided direct evidence
that these new phenomena predicted by GR are present in our universe and that GR is
an accurate description of gravity, even in the strong-field regime. These detections are
made possible by searching for signals in the data of GW detectors such as LIGO using
our knowledge of what we already expect these waveforms to look like in GR. The
accurate construction of these model waveforms, used as matched-filter templates, is

being improved upon as the sensitivity of the GW detectors improves.

For the process of matched-filtering to work however, the signals in GW data must
be sufficiently similar to the constructed templates. By limiting oneself to only using
GR to generate templates then, it can become impossible to recover a waveform that
deviates from GR. Of course, it is in principle possible that a binary coalescence with
certain parameters in a beyond-GR theory may be closely mimicked by a coalescence

in GR with slightly different parameters [25].

The choice of using GR in the construction of waveform templates thus limits our
ability to detect deviations from GR. Assuming GR in binaries where GR may be vio-
lated may cause us to ascribe incorrect properties to these binaries, and this will lead us
to draw incorrect conclusions about the astrophysical population these binaries come

from.[23]

There exist alternative theories of gravity beyond GR such as dynamical Chern-
Simons gravity and Einstein dilaton Gauss Bonnet where there has been partial

progress in producing GW waveforms[26]. Even if it were possible to produce wave-
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forms from these beyond-GR theories with the full technology that we have for GR
waveforms, it would still be computationally prohibitive to test GW data against each
beyond-GR theory individually. It might also be the case that some yet-unknown
beyond-GR theory fits the data even better than any of the ones being used in the

parameter estimation.

Yunes and Pretorius have introduced a framework they refer to as the parameterized
post-Einsteinian(ppE) formalism[27] for modifying waveforms such that neither GR nor
any other particular beyond-GR theory is assumed, so long as the beyond-GR theory
is smoothly connected to GR. Although it is not yet possible to perform full numerical
simulations of mergers in all beyond-GR theories, it is possible in many to calculate the
leading post-Newtonian(PN) order corrections to the waveform.[28] This correction
is then incorporated via a modification of the corresponding waveform in GR. This
allows for the searching of evidence for beyond-GR theories using GW data in a model-

independent manner.

A limitation of Yunes and Pretorius’ model that is addressed in this paper is that
their model is derived under the quasicircular approximation. An alternative to the
Yunes and Pretorius model that is explored in this paper is one where corrections in
the inspiral regime are extended into the intermediate and merger-ringdown regimes,
where an additional parameter shifts the merger time. The Yunes and Pretorius model
only parametrizes deviations that occur in the inspiral regime, which are obtained by
assuming a quasicircular inspiral. While this leads to leading PN-order corrections
to the GR waveform in the inspiral regime, the approximation breaks down before
the merger is reached. This is relevant to current efforts in GW detection in the LIGO
band, since a significant portion of the signal-to-noise-ratio(SNR) is in the post-inspiral

waveform. Yunes and Pretorius’ model does not extend into this regime and so cannot
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capture deviations from GR that occur there. In this paper, we present a new extension
to the ppE framework that allows for corrections to the GR waveform past the inspiral
regime. The new extension decouples the merger portion of the waveform from the
initial spiral assuming a minimal number of new parameters. The new extension is
able to model changes to the gravitational wave where the change in the merger time

is independent of the changes that occur in the inspiral regime.

This paper is organized as follows. In Sec. II, we discuss the existing gravitational
waveform models used, in particular the IMRPhenomD approximant[29], which is the
model that is extended in this paper. In Sec. III, we discuss the waveform models in
the context of modelling beyond-GR behavior, and the various ways in which inspiral
models can be extended up to merger. In Sec. IV, we discuss how the model is used
and its usefulness for parameter estimation is explored. In Sec. V, we summarize the

results and lay out possible directions in which this work can be extended.

3.2 GR Approximants

Deducing the properties of a detected GW from a compact binary coalescence requires
the production of a candidate waveform, called a template, against which the strain
data can be compared. In practice, parameter estimation requires the generation of
millions of templates of differing parameters[30]. It is prohibitively expensive to run
full numerical relativity(NR) calculations for each choice of candidate parameters. De-
pending on the degree of accuracy required, there are various alternatives. GR-based
phenomenological waveform models are a computationally cheaper method used to
more rapidly produce many candidate waveforms. The trade-off is that these GR ap-

proximants are calibrated such that they are only consistent with NR simulations in a
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limited region of parameter space. Moreover, NR itself encounters limits to its accuracy
that are comparable to LIGO’s accuracy needs[26]. To that extent, such waveforms can
only be said to be GR waveforms up to a certain degree of accuracy; they are only GR

approximants.

Analytically, there also exists the post-Newtonian (PN) method, which gives an
accurate approximation to the inspiral GW for large separations and slow velocities.
As the loudest component of a GW is the hy; mode, it is currently sufficient to only
use an approximant for the hy; mode; the other modes contribute a non-neligible but
small amount of power[31]. While there are other approximants available and in the
process of being developed that include higher-order modes, in this paper we will

restrict ourselves to the hy, mode.

3.21 TaylorF2

For completeness, we reproduce here the TaylorF2 approximant to the hg, mode of the
GW. This approximant is written in the frequency domain as BGR( f), where the tilde
denotes that the quantity has been Fourier transformed into the frequency domain. The
TaylorF2 approximant is obtained from a PN treatment that assumes large separations
and nonrelativistic speeds. It is analytic with no free model parameters, meaning it
exists independent of calibration to any NR waveforms. In the TaylorF2 approximant

[32], the leading order amplitude and phase of hpp(f) are given by the following:
hrea(f) = | 5 g f 7o @)
TF2 - 37T1/3 ) .

Grre = 27 fte — ¢ — /4

3 sy i/
+%(wa) 5 3;@(wa) 3, (3.2)
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The above equations give the frequency-domain waveform for a binary with compo-
nent masses m; and my, with total mass M = m; + m, and symmetric mass ratio
n = myms/M?, that coalesces at a time ¢. with a coalescence phase of ¢.. Here ¢; are
the coefficients corresponding to the PN expansion, where each coefficient depends
on intrinsic binary parameters. We refer the reader to Eq.(318) in [32] for the spin-
independent ¢,. The TaylorF2 portion of IMRPhenomD is supplemented with addi-

tional spin-dependent corrections, which are given in [29].

3.2.2 IMRPhenomD

The waveform approximant to which we apply the ppE correction is the IMRPhenomD
approximant described in [29]. This is a frequency-domain approximant to the h(f)
GW mode. The approximant is split into three frequency regimes, denoted the inspiral,
intermediate, and merger-ringdown regimes. The inspiral regime extends from the
low-frequency limit of the waveform up to M f = 0.018, while the intermediate region
extends from this point up to f = 0.5 fgp, where fgrp is the ringdown frequency of the

tinal Kerr black hole resulting from the coalescence.

In frequency-domain approximants, it is common to factor the strain hgg(f) into

separate amplitude and phase components:
h(f) = A(f)e . (3.3)

In the IMRPhenomD approximant, both A(f) and ¢(f) are given as piecewise func-

tions, with each piece corresponding to a different frequency regime.

In the inspiral regime, the IMRPhenomD waveform is the same as that of the Tay-

lorF2 approximant, including the terms corresponding to higher-order PN corrections
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in both the phase and amplitude. The full TaylorF2 phase used by IMRPhenomD is
given by (3.2).

In the intermediate regime, the IMRPhenomD phase is given by

s

2 (34)

Néme = Bo + Bif + B2 log(f)

where 3, and (3, serve to ensure continuity and differentiability, and /3, serves as a

titting coefficient used to reproduce NR waveforms to a desired tolerance.
In the merger-ringdown regime, the IMRPhenomD phase is given by
noMr = o +oa f — asf ' + §Q3f3/4 + aytan™! <f_fdaﬂ) : (3.5)
amp
where ag, and «; ensure continuity and differentiability of the phase across the two

regimes. The remaining parameters oy, s, ay, s, frp, and fiamp are determined via

tits to NR simulations of GR mergers.

3.3 PPE Approximants

Introduced by Yunes and Pretorius, the parameterized post-Einsteinian (ppE) formal-
ism provides a way to modify frequency-domain GR waveforms according to the lead-
ing PN order deviation predicted by a beyond-GR theory[27]. The ppE framework
consists of four parameters, o, 3, a, and b. The modification to the GR waveform is
given by:

hopi(f) = her(£)(1+ au®)e™. (3.6)

The parameters o and 3 quantify the amplitude and phase deviation from hgg,

while the parameters a and b are selected by the beyond-GR theory that is being con-
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sidered. The quantity u(f) = (tM f)'/3 is proportional to the Keplerian velocity of the

orbit, where M = (mymy)3/®/(my + my)/? is the chirp mass of the binary.

The additional terms that appear in hy,g(f) corresponding to a and b can be seen
as corrections of a PN order relative to those that appear in hgr(f). The relative PN
orders of the correction terms that appear for a choice of a and b are a/2 and (b + 5)/2,
respectively. If we look at Eq. (3.6), we can see that the exponent a appears in the term
with coefficient o, which controls the deviation in the amplitude, while the exponent
b appears in the term with coefficient 3, which controls the deviation in the phase. As
the matched filtering process is much more sensitive to changes in the phase than in
the amplitude, in this paper we will ignore the effects of the amplitude term, setting o

to zero.

In Table[3.1] we list a few examples of beyond-GR theories with their corresponding

values of a and b.

3.3.1 Inspiral Correction

The ppE parameters a and /3 correspond to the leading-order PN corrections to GR pre-
dicted by the beyond-GR theory under consideration. The ppE corrections to higher
order are unknown, so the ppE-corrected waveform can be expected to deviate from

Table 3.1: The values of a and b corresponding to each beyond-GR theory, along with
the PN order of the phase correction.

a b PN
dCs 4 -1 2
Einstein-Ather 0 -5 0
EJdGB -2 -7 -1
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the true beyond-GR waveform at higher frequencies. Recently, numerical simula-
tions have been successful in evolving binaries in some beyond-GR theories through
merger.[26] These numerical waveforms can be used to extend the ppE model to higher
frequencies. The S-ppE correction is applied in the inspiral regime, which extends up

to M f = 0.018 in the IMRPhenomD model.

3.3.2 Post-inspiral-3 Corrections

Besides changes to the phasing that might occur in the inspiral because of beyond-
GR effects, an additional modification that might occur is a change in the merger time
caused by a change in the inspiral rate. This raises the question of how we might ex-
tend the simple ppE model beyond the inspiral regime while still preserving the phys-
ical plausibility of the model. We examine a progression of increasingly sophisticated
models to see how this merger-time modification naturally arises out of extending the
inspiral correction in a manner that preserves continuity and differentiability. The dif-
ference between each of these models is determined by the choice of the ppE phase
correction, denoted as A¢,,r. The amplitude iLGR( f) is left unchanged in each case.

The generic form of the ppE correction where the phase is modified is then given by:

hopis(f) = har(f)e e, (3.7)

We now consider various methods for handling the ppE phase correction beyond

the inspiral regime.
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Zero Correction

For completeness, we include the case here where we do not include a post-inspiral

correction at all, and instead truncate the ppE waveform at a particular frequency fiu.

;L iﬂub7 ’
ETrunC(f) _ ar(f)e [ < Jm (3.8)

ppE
07 fIM S f

C° Correction

Although the IMRPhenomD model is constructed to be C! in its phase, we include
the C” correction here to be able to make comparisons against a naive post-inspiral

correction that is not physically motivated.

co ﬁuba f < fIM7

Buby,  fm < f.
As seen in Fig. such a correction may not necessarily result in an obviously patho-

logical waveform.

C' Correction

The C' correction is the first post-inspiral correction that is physically motivated.

A¢§$E(f) =
5ub7 f < fIMa

Bugyy + 5%((U/UIM)3 -1), fim<f

As seen in Fig. the additional post-inspiral term induces a shift in the merger time

(3.10)

and phase that leaves the two waveforms identical in the merger after this shift, which
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Figure 3.1: A GR waveform with its ppE-C? counterpart. Despite being less physically
motivated than other ppE schemes, the correction still results in a waveform that is not
obviously unphysical. The mergers have been aligned in time and in phase.

is linear in frequency, has been subtracted off. As the ppE-§3 correction is only applied
in the inspiral regime, this scheme is a good candidate for extending the correction into

the merger/ringdown regime with minimal assumptions.

C*° Correction

We also include the C'*° correction for the sake of completeness:

hC%(f) = har(f)e™™. (3.11)

For some values of b and 3 the extension of the inspiral correction into the merger

regime leads to significant distortion of the waveform. We compute an upper bound
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Figure 3.2: A GW in GR plotted against its ppE-/3 counterpart in the time domain.
The ppE waveform has been shifted in phase and time such that both waveforms have
the same t. and ¢.. Aligning the waveforms in time renders the frequency domain
waveforms identical after M fi = 0.018, which is reached 0.07s before merger. In the
time domain, dephasing becomes apparent a few cycles before merger, but there is
minimal amplitude disagreement between the two GWs.

on the value of 3 that is compatible with this type of correction. This motivates the need

for a novel extension of the ppE correction into the intermediate and merger regimes.

3.3.3 Post-inspiral-5e Correction

The -ppE correction is extended into the intermediate and merger-ringdown regimes
by demanding continuity and differentiability of the phase across frequency regimes.
This is equivalent to changing the parameters 3,, (51, o, and o; in the IMRPhe-
nomD approximant (See equations and (3.5)). Consequently, the intermediate

and merger-ringdown portion of the 3-ppE corrected waveform is unchanged with re-
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spect to that of the original GR wavefrom from which it was constructed, albeit with a

phase and time shift.

Merger Time Correction

These shifts are given by:

b
b5 = (1 - 5) B (3.12)
. —b 5“11)M

This corresponds to the displacement of the peak GW amplitude in time and can be

arranged such that at ¢ = t., the GW reaches its peak amplitude in both the GR case as

C1

well as the ppE corrected case. The §-ppE correction used is the C'' correction A¢S

(see Eq.[3.10).

In Fig. we show the effects of promoting the 3 in Eq. which multiplies the

u® term into an additional free parameter e that controls the merger time.

IMRPhenomD Compatibility

The IMRPhenomD model uses a GR phase approximant that is C1 in frequency, so
both the A¢S%; and A¢S post-inspiral phase corrections can be absorbed into a re-
definition of the IMRPhenomD coefficients. This leaves the phase evolution A¢; (f)
entirely expressible in terms of the IMRPhenomD parameters. This means that an IM-
RPhenomD waveform corresponding to a GR signal can be found such that the two
frequency waveforms match exactly in the inspiral. In the CO case, this corresponds to

a change in the coalescence phase of the original GR waveform. In the C1 case, this cor-

responds to a change in both the coalescence phase and coalescence time of the original
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Figure 3.3: A GW in GR plotted against its ppE-/3 and ppE-¢ counterpart in the time
domain. The ppE waveforms have been shifted in phase and time such that all wave-
forms have the same ¢, and ¢.. In the frequency domain, all waveforms are identical
after f = 0.5 frp. In the time domain, dephasing becomes apparent a few cycles before
merger, and the dephasing is more significant for the the ppE-¢ waveform. There is
minimal amplitude disagreement between all GWs.

GR waveform. In Fig. 3.4 we show how this C' agreement between the IMRPhenomD
model and the ppE correction scheme is reflected in the fact that the derivatives of the
Fourier phases are identical in the merger/ringdown regime, barring a constant offset

corresponding to the time shift incurred by the ppE modification.

Time-Shifting Property

Note that the time shift in the coalescence time incurred by extending the ppE-/ correc-
tion into the merger regime in a C1 fashion is not a prediction of the original beyond-

GR theory in the ppE-3 framework. The ppE-f correction is calculated using an as-
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Figure 3.4: The derivative of the Fourier phase for both a GR waveform (blue), its ppE-
§ counterpart (orange), and its ppE-e counterpart (green). The ppE-corrected wave-
forms are identical in the inspiral regime. The ppE-¢ parameter controls the further
deformation of the waveform beyond M f = 0.018.

sumption of a quasicircular inspiral. One should not expect that the dynamics of a
merger in which this assumption breaks down can be approximated in this way. This
motivates us to extend the ppE-/ correction by generalizing the time shift such that it

is controlled by a new parameter ¢ (cf. Eq.(3.13)):

b
—b eupy

te = ————. .14
3 27 fiu 319

This new parameter ¢ then parameterizes the change in the merger time with re-
spect to a GR merger with the same intrinsic parameters. Note that the time shift ¢4
in the ppE-f framework is determined by the C1 requirement imposed on the wave-
form across the frequency regimes. In the ppE-¢ framework, the C1 requirement is still

imposed; the requirment is satisfied by modifying the waveform in the intermediate
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Figure 3.5: A ppE-/3 corrected waveform plotted against its ppE-3e corrected counter-
part in the time domain. The ppE waveforms have not been shifted in phase and time
such that all waveforms have the same ¢, and ¢.. The localized shifting of the merger

portion of the ppE-fe corrected
can be clearly seen.

waveform relative to the ppE-g corrected waveform

regime through changes in the parameters 3, 31, 82, and 5, which are now functions

of e. The phase change in the inspiral-merger regime is then given by:

A¢

ppE

(f) =

(

\

pul,
A¢Int(f7 57 6)7

f < fIM7
Jou < f < 5frp, (3.15)

Bupy + Seudy((u/um)® = 1), 5frp < f.

The form of A¢n(f, 5, €) is determined by the coefficients (3, 81, B2, and 5 that
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Figure 3.6: The GW strain amplitudes after applying various ppE corrections, with
the mergers aligned in time in the bottom panel. While the ppE-¢ is a pure phase
correction in the frequency domain, this is not the case after transforming to the time
domain. While the ppE-/3 corrected GW suffers from less distortion, neither produce a
GW amplitude that is non-monotonic before ..

solve the following matrix equation:

i Adpor(fiv)

A¢pe (/)
A¢pe(frp/2)
| Adpe(frp/2)
1 fm los(fn) i | |8
0 1 1/ fin st 5
1 fro/2 log(fwn/2) —3(fan/2)7°| | B2
0 1 Y w2 | |5

(3.16)
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While Eq. gives the modification of the waveform, this is not the modification
that is applied when performing parameter estimation. The presence of the factor that
is linear in frequency in the ringdown regime causes the coalescence time to incur a
shift after Fourier transforming to the time domain; this linear factor is subtracted off
in order for the coalescence time ¢. to remain unchanged for different choices of 5 and
e. Note that when a correction of non-zero 3 is applied to the inspiral regime in the
Be correction scheme, a corresponding correction of ¢ = 3 must also be applied to
the rest of the waveform such that the resultant waveform is equivalent to a ppE-3
corrected waveform satisfying the C1 continuity condition. For example, in Fig.
a choice of ¢ = § = —2 would lead to the dotted orange curve lying on top of of
the blue curve. A choice of € # (3 leads to the merger portion of the waveform being
displaced. As this leaves the rest of the waveform intact, it demonstrates how ¢ is a
nearly independent parameter from 3, which only affects the inspiral portion of the
waveform, and thus can be measured separately. In Fig.3.6/the GW strain amplitudes
are plotted demonstrating that the monotonicity of the amplitude is preserved after
the € modification of the merger-ringdown portion of the waveform, indicating that

the time-shifting property of the ¢ modification is a physical plausible one.

3.4 Parameter Estimation

In order to determine the characteristics of the two compact objects that generate a
detected GW, one finds the model parameters for a template waveform that best cor-
responds to the data. For GR approximants there may be up to fifteen such param-
eters, which includes extrinsic parameters determining the sky location of the binary
as well as intrinsic parameters corresponding to binaries that are physically distinct in

their source frame. The ppE-fe corrected waveforms have two additional parameters,
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corresponding to beyond GR modifications in the inspiral and intermediate regimes.
Constraints on these parameters can also be obtained using matched-filter parameter
estimation, which allows us to begin examining the degree to which the current GW

data deviates from GR, if at all.

3.4.1 Match

It may be the case that the GWs that observatories are detecting are beyond-GR in
nature. That these observatories are still able to identify GW events in the data using
GR templates tells us that the theory of gravity describing these GWs must not be too
dissimilar from GR at these scales. To quantify the amount of mismatch between a GR
waveform and a ppE-corrected waveform with non-zero 3, we use the match, defined

as follows:

match(h, hppr) =
max R fAdfil*(f)ilppE(f)eA_szthri% |

(3.17)

where h(f) is the noise-weighted Fourier-domain waveform A(f)/S,(f), and S, (f) is

the corresponding noise curve.

Using the ppE framework, we can produce waveforms that are distinguishable
from GR. We then compare the similarity between the ppE modified waveform and
the unmodified GR waveform using the match statistic between the two waveforms.
This gives us a quantitative handle on how large a ppE correction we can make to the

GR waveform.
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3.4.2 Injection Recovery

To quantify the degree to which the beyond-GR parameters can be recovered from GW
data, we carry out parameter estimation (PE) on simulated data consisting of wave-
forms embedded in noise. In general, this is done by choosing a waveform model to
generate the data to be injected in the PE pipeline. We then choose a second waveform
model (which can be the same as the first) to generate the templates with which the

matched-filtering is performed.

To establish a baseline for how well parameters can currently be determined from
GW data, we show the results of a parameter estimation run using IMRPhenomD tem-
plates on IMRPhenomD injections. This stands in for the case where we assume GR is
a sufficiently accurate model of gravity for the purposes of our current GW data. Next,
we want to explore what happens if we use GR-approximants for templates when the
underlying signal is beyond-GR in nature. We represent this possibility by showing
the results of a PE run using IMRPhenomD templates on ppE-corrected IMRPhenomD
injections. The posteriors can then be compared against the GR-to-GR case where the
templates match the underlying theory. We expect a slight broadening of the posteri-
ors as the GR model becomes a poorer approximation to the beyond-GR injections. We
then show the case of a PE run where a ppE-corrected template is used against a ppE-
corrected injection. In this case we expect to recover the underlying parameters of the
binary to a similar accuracy as in the GR-to-GR case. Finally we show the case of PE
with a ppE template against a GR injection, to represent the case where the new ppE
model is used before GW detectors have the sensitivity to capture beyond-GR effects

in GW data.

To simulate the effects of accumulating a large amount of GW signals that are

beyond-GR in origin, we conduct the PE runs in the zero-noise limit. While an in-
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dividual event may have a small SNR, having multiple detectors in place allows us
to combine the detector data to allow the signals to add constructively, increasing the
overall SNR. The zero-noise limit occurs in the limit of having infinitely many detectors
for a single event[33]. Although one may also consider combining signals from multi-
ple events, this must be done carefully as beyond-GR effects may manifest differently

in binaries that have different parameters from each other.

Choice of MCMC Parameters

The parameter estimation is done via a Markov Chain Monte Carlo (MCMC) algorithm
within PyCBC Inference[6], in which trial waveforms are sampled from a parameter
space and then compared against the simulated data. Using the likelihood, subsequent
waveforms are sampled in a probabilistic fashion, resulting in a chain of samples. If
done correctly, the resulting distribution of samples approximates the posterior distri-
bution. One detail of MCMC is that the sampling process resembles a random walk,
and the samples that make up the initial steps of the random walk may not be repre-
sentative of the posterior distribution, because of being initialized in, or stepping into,
a region that should be exponentially less populated. These samples are identified and
eliminated in a procedure known as burn-in. There are multiple procedures for esti-

mating when the chain has burned in; we use the nacl and max_posterior methods

defined in PyCBC.

In our parameter estimation runs we use an extension of MCMC that makes use
of what is known as parallel tempering. Parallel tempering initializes multiple chains
that explore the parameter space according to the “temperature,” which modifies the
effect the likelihood has on the next iteration of the chain. This allows the chains to

more efficiently explore the parameter space than could be done using only a single
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temperature.

The particular MCMC settings that have been used are given in table

Choice of Prior Parameters

In this section we discuss the effect the choice of prior has on the recovery of the pa-
rameters of a GR injection. At present, no measurable non-zero 3-deviation from GR
has been detected in GW data [34]. However, we can do better than to start with an
arbitrarily wide uniform prior on 3. From our match approximant, we can identify
values of 5 for which the match would drop as low as 95%; we do not need to consider
values of  that would cause a higher mismatch as such deviations from GR would
have been identified already [35]. For a fixed mismatch, we can also examine what
effect the mass has on the value of 3 needed to produce such a mismatch. At higher
total masses, the lower frequency portions of the waveform, which are identically GR
in the ppE-3 framework, dominate the SNR and a higher value for /3 is needed for mis-
matches arising from the modified inspiral to be significant. This effect become more
pronounced as one changes the value of the ppE parameter b in the exponent of the
phase change term. In this paper we are examining posteriors in 3 and ¢ for only a
single value of b, so even though the masses are not held fixed, a fixed prior over § and
e is sufficient for our purposes.

Table 3.2: The MCMC parameters used to perform the parameter estimation examined
in this paper.

Nyalkers Vi temps NEE N Max Burn-in Test

samples perChain

3000 4 3000 3000 nacl | max_posterior
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The particular prior choices that have been used are given in table

Choice of Injection Parameters

In Table we list the different injections over which we have done parameter es-
timation runs. These values are the same as those used in the parameter estimation
example in the PyCBC documentation. The masses probed are those most most likely
to be found by detectors with noise curves similar to LIGO[36]]. In this paper we only

consider equal-mass injections, but the parameter estimation does not assume this.

GR Injection, GR Approximant

In order to have a baseline for how well we can expect the beyond-GR parameters to be
recovered, we must first examine the degree to which the ordinary GR parameters can
be recovered using the unmodified IMRPhenomD approximant. In Fig. 3.7 we show
the posterior recovered for two chosen parameters, the coalescence time ¢, and the
chirp mass M. In Fig. we show the posterior distribution recovered for the chirp
mass for each GR injection. Using the widths of the initial posteriors as a baseline, we
repeat the parameter estimation on the GR injection using the ppE-/3 approximant. If
using the S-modified ppE approximant causes the spreads to widen too broadly, then

Table 3.3: The parameters of the priors used to perform the parameter estimation ex-
amined in this paper.

param. t. M, M, 0 15} €
Dist. Unif. Unif. Unif. Unif. Angle Unif. Unif.
Min | 1126259462.32 10 10 n/a -20 -20
Max | 1126259462.52 80 80 n/a 20 20
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parameter estimation may not be too useful anymore.

GR Injection, ppE Approximant

We now examine the results of parameter estimation runs where the injection is a GR
waveform, but the template used to recover parameters is of a ppE nature. In this case,
the parameter estimation will attempt to recover values of 5 and ¢ in addition to the
standard GR parameters. Since the underlying signal is GR in nature, we expect the
recovered values of 3 and € to be consistent with zero. As we only vary the injections
over the mass of the system, there are only five injections created. In Fig. we show
the posteriors recovered for four chosen parameters, the coalescence time ¢. and the
chirp mass M as before, and now the ppE parameters 5 and e. We note that the peaks of
the posteriors for ¢, and M are offset slightly from the posteriors recovered in Fig.
This offset reflects the change in the parameters recovered by the introduction of the
additional parameters $ and e. Despite this offset, the injected value still lies within
the 90% contour lines. In Fig. we show the corresponding plot to Fig. which
demonstrates how the posteriors for the chirp mass change after the introduction of 3

and € to the approximant. The injected value is still contained within each posterior

after its first reference in text

Table 3.4: The parameters used to generate the injections examined in this paper. Each
of these entries corresponds to a set of 25 injections with 5 and e in the range of [—5, 5] x
[—5,5].

param. | ra dec ¢ ¢. ¢ dr(Mpc) Mass1l Mass?2
setl |22 -125 25 15 175 100 30 30
set2 |22 -125 25 15 175 100 35 35
set3 |22 -125 25 15 175 100 40 40
set4 |22 -125 25 15 175 100 45 45
set5 |22 -125 25 15 1.75 100 50 50
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Figure 3.7: A corner plot showing the result of using a GR approximant as the un-
derlying template when the underlying signal is GR in nature. The red lines mark the
values of the parameters of the injection that are to be recovered. In this case the the
injection is an equal-mass binary with a total mass of 80 solar masses.

across the masses probed, but the posteriors have also widened by a factor of roughly

four compared to the GR approximant case.
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GR Injection, GR Approximant
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Figure 3.8: Posterior distribution results of the chirp mass M from five separate pa-
rameter estimation runs, each of a system with a different total mass, plotted on top
of one another. Each run uses an unmodified IMRPhenomD approximant waveform.
The black vertical line indicates the point around which the posterior should ideally be
centered, in the case where the chirp mass is recovered perfectly.

pPE Injection, GR Approximant

In this section, we examine the results of parameter estimation where the injection is
a ppE waveform, while the template is of a GR nature. In this case, there are no 5 or
€ parameters in the template, and therefore there are no 3 nor € posteriors recovered.
However, because the injections are of a ppE nature, they are created with varying
$ and e values. In this way, we can simulate how the presence of beyond-GR effects
might instead be determined to be a GR signal, albeit one with slightly different param-
eters. In Fig. we can see an example of this; the posteriors recovered correspond

to that of a more massive system.
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Figure 3.9: A corner plot showing the result of using a ppE-fS¢ approximant as the
underlying template when the underlying signal is GR in nature. The red lines mark
the values of the parameters of the injection that are to be recovered. Note that even in
the case of a GR signal, which has 3 = 0 and € = 0, non-zero values are recovered. The
injection is an equal-mass binary with a total mass of 80 solar masses.

pPE Injection, ppE Approximant

Finally, we examine the results of parameter estimation where both the injections as
well as the templates are of a ppE nature. In this case, each injection is created with

differing values of J and ¢, and the templates will attempt to recover the standard GR
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GR Injection, ppE-B¢ Approximant (b= —1)
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Figure 3.10: Posterior distribution results of the chirp mass M from five separate pa-
rameter estimation runs, each of a system with a different total mass, plotted on top of
one another. Each run uses a ppE-fe modified IMRPhenomD approximant waveform,
where the ppE exponent b is set to -1. The black vertical line indicates the point around
which the posterior should ideally be centered, in the case where the chirp mass is

recovered perfectly.

parameters as well as 5 and ¢ for each of these cases. In Fig. we see how both the 3
and e posteriors contain the injected value, indicating that both are simultaneously re-
coverable. The joint posterior distribution indicates that the correlation between 5 and

e is less than or comparable to the correlation between either of these to the remaining

parameters.

ppE-Se correction

In the previous sections, we have examined whether the introduction of the 5 and e
parameters spoils the recovery of GR parameters. To do this, we compared the poste-

riors for coalescence time ¢, and chirp mass M before and after this introduction, and
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Figure 3.11: A corner plot showing the result of using a GR approximant to model
parameter estimation templates when the underlying signal is ppE-3¢ in nature. The
red lines mark the values of the parameters of the injection that are to be recovered. In
this case the the injection is an equal-mass binary with a total mass of 80 solar masses,
with 8 = —3 and € = -1. There are no density or contour lines in this plot because of the
poor recovery of the parameters.

found that the recovery is not spoiled.

In Figs. 3.8 and we show this result is robust for the mass range probed by
LIGO. where the injection is generated using IMRPhenomD and the template is the

[Be-corrected IMRPhenomD, in the limit of zero noise.
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Figure 3.12: A corner plot showing the result of using a ppE-f¢ approximant as the un-
derlying template when the underlying signal is also of a ppE-3e nature. The red lines
mark the values of the parameters of the injection that are to be recovered. We note that
the posteriors recovered are not significanly different from the posteriors recovered in
the GR injection, GR approximant case, and in the GR injection, ppE approximant case.
As in the previous cases, the injection is an equal mass binary with a total mass of 80
solar masses, with § = —3 and ¢ = -1.

Assuming the SNR is high enough to recover an accurate estimate of 3, we can
ask whether it is possible to recover the value of € as well. One advantage of the
extension to the ppE framework is that it is not necessary for /3 to be recoverable for

e to be recovered as well. Depending on the total mass of the binary, a different part

87



of the GW is in the LIGO band. Smaller mass binaries inspiral at higher frequencies,
leaving more cycles in GW data. The longer inspirals aid in the recovery of 5. On
the other hand, if the GW is from a larger mass system, the power that is in the LIGO
band is concentrated in the intermediate /merger-ringdown regime. As the e parameter
controls the deviation from GR in this region, it may still be recoverable in cases where
f is not. With multiple runs one can quantify how the width of the posterior behaves
in the e parameter space. When we plot the posterior distributions from different
injections on top of one another, we see how sensitive the shape and location of the
posteriors are on the beyond-GR parameters. To make clear how the parameters
and e control the waveform in different frequency regimes, we repeat the parameter
estimation runs on injections of different total masses. As expected, when the total
mass is smaller, is it the higher-frequency inspiral portion that lies within the LIGO
band, and so the distinguishability of different values of 3 is higher for lower system
masses. Likewise, for higher mass systems, the lower-frequency merger falls within
the LIGO band, and so the distinguishability of the different values of ¢ are higher

here.

That 3 and € are independently recoverable is demonstrated best by posterior distri-
butions like those shown in Fig. Even as the late-inspiral parameter ¢ is changed,
the resulting posterior distribution for j still contains the injected value. While this re-
lationship changes as the total mass of the system changes, depending on which parts
of the inspiral fall into LIGO’s sensitivity curve, it can be seen that both parameters
are sufficiently distinguishable when both the inspiral and merger fall within LIGO’s

sensitivity curve.
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3.5 Conclusion

We have presented a model suitable for exploring how the ppE model can be extended
beyond the inspiral regime into the intermediate and merger-ringdown regimes. This
extension is implemented as a generalization of the IMRPhenomD approximant in the
form of an additional parameter that corresponds to the final merger time. We demon-
strate that the recovery of this additional parameter does not significantly alter the
precision with which we can recover the posteriors for the other parameters in the
model. This allows us to perform parameter estimation using ppE-corrected wave-
forms where only the inspiral correction is known. The auxiliary parameter € serves
to signal the degree to which the inspiral correction can be extended into the interme-
diate and merger regimes. The analytic prior allows for the efficient sampling of the
3 — e parameter space as the total mass varies, which approximates the current con-
straints on 3. For high values of the signal-to-noise ratio, the value of 3 or € needed for
a particular match decreases. At a certain SNR, a value of zero for 3 or ¢ falls outside
the 95% credible interval if GR is not valid. The value of b for which this occurs will
determine the class of beyond-GR theories that are most supported by GW data. We
defer a systematic study of this to future work. In the future we will show the bounds

on f and € using this extended model on the O3 LIGO data.
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