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Stochastic optimal control theory encompasses various types of stochasticity and notions
of optimality. The standard risk-neutral approach minimizes or maximizes an expected
total cost, but this approach often yields non-robust results. In this thesis, we introduce a
particular type of robust control framework of indefinite-horizon processes, maximizing the
probability of desired outcomes while keeping the cumulative cost within a threshold.

For diffusive processes, our framework results in second-order parabolic Hamilton-Jacobi-
Bellman (HJB) Partial Differential Equations (PDEs). We develop an efficient algorithm to
solve these equations by leveraging the inherent causality of the framework. This allows us to
recover the optimal “threshold (risk)-aware” feedback policies for all initial configurations and
a range of threshold values simultaneously in a single sweep. We first apply this methodology
to adaptive cancer therapy under stochastic cancer dynamics. In particular, we aim to
maximize the probability of achieving treatment goals while keeping the total treatment
cost within a specific cost threshold /budget.

We then extend this threshold-aware approach to hybrid control problems, specifically
through sailboat routing under stochastically evolving wind conditions. This application
involves solving a pair of quasi-variational inequalities in a Hamilton-Jacobi framework.
Monte Carlo simulations are used to generate cumulative distribution functions (CDFs),
demonstrating the advantages of threshold-aware policies over risk-neutral ones.

In the final section, we investigate bacterial competition influenced by environmental ex-

treme events (dilutions). We propose an explanation for why toxin-sensitive bacteria, usually



outcompeted by toxin-producers in vitro, can thrive under frequent dilutions. We consider
both deterministic periodic dilutions and randomly timed dilutions modeled by a Poisson
process. Through a series of optimized toxin-regulation behaviors for toxin-producers, we
demonstrate that toxin-sensitive strains still have a reasonable chance of winning. The nu-
merical approach involves solving Hamilton-Jacobi-type equations (including a specific type
of non-local coupling emerging from the jump-discontinuities induced by the Poisson process)

using semi-Lagrangian schemes.
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R1

Deterministic-optimal policy in the EGT-model. The (GLY-VOP-

DEF) triangle represents all possible relative abundances of respective sub-

populations. Since the optimal policy is bang-bang, we show it by using the

vellow background where drugs should be used at the MTD rate and the

blue background where no drugs should be used at all. Starting from an

initial state (go,po) = (0.26,0.665) (magenta dot), the subfigures show (a)

the optimal trajectory found from the truly deterministically driven system

(2.14) with cost 5.13; (b) two representative sample paths generated under

the deterministic-optimal policy but subject to stochastic fitness perturba-

tions (the brighter one incurs a total cost of 3.33, whereas the duller-colored

path incurs a much higher 6.23); (¢) CDFs of the cumulative cost J approx-

imated using 10° random simulations. In both (a) & (b), the green parts of

trajectories correspond to not prescribing drugs and the red parts of trajecto-

ries correspond to prescribing drugs at the MTD rate. In (a), the level sets of

the value function in the deterministic case are shown in light blue. In (c), the

blue curve is the CDF generated with the deterministic-optimal policy d,. Its

observed median and mean conditioning on success are 4.95 and 4.91 respec-

tively. The brown curve is the CDF generated with the M T'D-based therapy,

which in this example also maximizes the chances of “budget-unconstrained”

tumor stabilization. Its observed median and mean conditioning on success

are 5.95 and 5.96 respectively. Orange and pink curves show the CDEs for

two different threshold-aware policies (with s = 4.5 and s = 5 respectively).

The large dot on each of them represents the maximized probability of not

exceeding the corresponding threshold. The term “threshold-specific advan-

tage” refers to the fact that, at s, the CDF of d? is above the CDFs of all

other policies. | . . . . . . . . .

23

R.2

Deterministic-optimal policy in the Sensitive-Resistant model.

Starting from an initial state (qo,po) = (0.1,0.5) (magenta dot), the sub-

figures show (a) the deterministic trajectory without therapy that ends in

the Agy; (b) the optimal trajectory found from the deterministically driven

system (2.1}2.19) with cost 49.30; (c) two representative sample paths gen-

erated under the deterministic-optimal policy but subject to stochastic per-

turbations in (g, g;,) (the brighter one incurs a total cost of 49.43, versus a

much higher 70.45 for the duller-colored path); In (a), the white dashed-line

is part of the nullcline where p = 0; In both (b)&(c), the green parts of tra-

jectories correspond to not prescribing drugs and the red parts of trajectories

correspond to prescribing drugs at the M'T'D rate. The level sets of the value

function u in the deterministic case are shown in ltght blue| . . . . . . . ..




3

Representative slices of the threshold-aware optimal policy (top

row) and the corresponding probability of success (bottom row)

for the EGT-based model. Each triangle represents all possible tumor

compositions (proportions of GLY/VOP/DEF cells in the population). Top

row shows the policy, which prescribes the optimal instantaneous decisions on

drug usage given the indicated remaining budget (s) and the current tumor

state. Bottom row shows the probability of “stabilization within the budget”

if the optimal policy is tollowed from this time point and onward. KEach

column corresponds to a specific budget level s, which is shown below each

triangle. The arrows indicate the natural decrease of the remaining budget

while implementing the policy.| . . . . . . . . . ... ...

Representative sample paths starting from the same initial state

(g0, po) = (0.26,0.665) (magenta dot) and the same initial budget 5 = 5.

Top row: sample paths on a GLY-DEF-VOP triangle. (a) eventual stabi-

lization with a cost of 4.70 (within the budget); (b) eventual death; (c) failure

by running out of budget (eventual stabilization with a total cost of 7.80 by

switching to the deterministic-optimal policy after s = 0). Some representa-

tive tumor states along these paths (with indications of how much budget is

left) are marked by black squares. In (c), the part where J > 5 is specified

in orange (no drugs) and brown (at M'TD level). Bottom row: evolution of

sub-populations with respect to time based on the sample paths from the top

row. Here we use light green and light pink backgrounds to indicate the time

interval(s) of prescribing no drugs and of prescribing drugs at the MTD-rate,

respectively. We use black pentagrams and black crosses to indicate eventual

stabilization and death, respectively. In (c), we use a dashed black line to

indicate the budget depletion time ¢4.| . . . . .. .. ... ... ... ..

Comparison between threshold-aware policies and the deterministic-

optimal policy. Starting from an initial state (qo, po) = (0.27,0.4) (magenta

dot): (a) a sample path with cost 4.75 under the deterministic-optimal pol-

icy; (b) a sample path starting at s = 4.35 with a realized total cost of

4.02 under the (orange) threshold-aware policy; (¢) CDFs of the cumulative

cost J approximated using 10° random simulations. In (c), the solid blue

curve is the CDF generated with the deterministic-optimal policy. Its me-

dian (dashed blue line) is 4.71 while its mean conditioning on success is 4.72.

The solid orange curve is the CDF generated with the threshold-aware pol-

icy with s = 4.35; and the solid pink curve is the CDF generated with the

threshold-aware policy with s =4.71. | . . . . ... .. ... ... ... ...
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P.6

Representative slices of the threshold-aware optimal policy (top

row) and the corresponding probability of success (bottom row)

for the Carrere example. Each square represents all possible tumor states |

(sizes and compositions). The horizontal axis is the fraction of the Sensitive

(Q) and the vertical axis is the total population (P ). Top row shows the policy,

which prescribes the optimal instantaneous decisions on drug usage given the

indicated remaining budget (s) and the current tumor state. Bottom row

is followed from this time point and onward. Each column corresponds to a

|
|
shows the probability of “eradication within the budget” it the optimal policy |
|
|

specific budget level s, which is shown below each square. The arrows indicate

the natural decrease of the remaining budget while implementing the policy. | 36

2.7

Comparison between threshold-aware policies and the deterministic- |

optimal policy. Starting from an initial state (qo, po) = (0.45,0.9) (magenta

dot): (a) a sample path with cost 57.3 under the deterministic-optimal pol-

icy; (b) a sample path starting at s = 60 with a total cost of 53.63 under

the (orange) threshold-aware policy; (¢) CDEFs of the cumulative cost J with

10° samples. In (c¢), the solid blue curve is the CDF generated with the

deterministic-optimal policy. Its median (dashed blue line) is 69.45 while its

mean conditioning on success is 70.5. The solid orange curve is the CDF

generated with the threshold-aware policy with s = 60; and the solid pink

curve 1s the CDF generated with the threshold-aware policy with s = 69.45.

See Chapter [3] §3.5.3] for time-evolution plots associated with sample paths

in (a)and (b).] . . ... 37

B1

Geometric transformation from the gp squre to the GLY-DEF-VOP |

triangle in Cartesian coordinates. The subfigures show (a) grid on ¢p

square; (b) grid on GLY-DEF-VOP triangle. See how the shape and the

colors of boundary of the region enclosed by green-red lines change.| . . . . . 69

B2

Comparison between threshold-aware policies and the deterministic- |

optimal policy (EGT model; Case II). Starting from an initial state

(qo,po) = (0.8,0.4) (magenta dot): (a) a sample path with cost 3.94 under

the deterministic-optimal policy; (b) a sample path starting at § = 3.45 with

a total cost of 3.41 under the (orange) threshold-aware policy; (¢) CDFs of the

cumulative cost J approximated using 10° random simulations. In (c), the

solid blue curve is the CDF generated with the deterministic-optimal policy.

also 3.77. The solid orange curve is the CDF generated with the threshold-

|
Its median (dashed blue line) is 3.77 and its mean conditioning on success is |
|
|

aware policy with s = 3.45; and the solid pink curve is the CDF generated

with the threshold-aware policy with s =3.77.f. . . . . ... .. ... ... . 7

xii



[3.3

Comparison between threshold-aware policies and the deterministic-

optimal policy (SR model; Case II). Starting from an initial state

(qo, po) = (0.55,0.9) (magenta dot): (a) a sample path with cost 56.4 under

the deterministic-optimal policy; (b) a sample path starting at s = 60 with a

total cost of 54.26 under the (orange) threshold-aware policy; (¢) CDFs of the

cumulative cost J with 10° samples. In (c), the solid blue curve is the CDF

generated with the deterministic-optimal policy. Its median (dashed blue line)

18 72.75 while its mean conditioning on success is 73.8. The solid orange curve

is the CDF generated with the threshold-aware policy with s = 60; and the

solid pink curve is the CDFE generated with the threshold-aware policy with

S=(2.00]. . . .

B4

Time-evolution plots correspond to the sample path in Fig [2.7|a).

Starting from an initial state (qo,po) = (0.45,0.9), the subfigures show (a)

time traces of fractions of effective tumor size ¢(t) and 1 — ¢(t), taken by the

sensitive and the resistant, respectively; (b) time traces of the actual effective

tumor sizes Zg and mZg; (c) time traces of their respective number of cells.

Here we use light green and light pink backgrounds to indicate the time

interval(s) of prescribing no drugs and of prescribing drugs at the MTD-rate,

respectively. In (c), the left vertical axis, representing the number of sensitive

(S) cells, and the right vertical axis, denoting the number of resistant (R)

cells, are color-matched to their respective line plots.| . . . . . . . . . . . ..

80

B5

Time-evolution plots correspond to the sample path in Fig[2.7|(b).

Starting from an initial state (qo,po) = (0.45,0.9), the subfigures show (a)

time traces of fractions of effective tumor size ¢(t) and 1 — ¢(t), taken by the

sensitive and the resistant, respectively: (b) time traces of the actual effective

tumor sizes Zg and mZg; (c) time traces of their respective number of cells.

Here we use light green and light pink backgrounds to indicate the time

interval(s) of prescribing no drugs and of prescribing drugs at the MTD-rate,

respectively. In (c), the left vertical axis, representing the number of sensitive

(S) cells, and the right vertical axis, denoting the number of resistant (R)

cells, are color-matched to their respective line plots.| . . . . . . . . . . . ..

81

B6

Representative slices of the threshold-aware optimal policy (top

row) and the corresponding probability of success (bottom row)

for the EGT-based model with oy = 02 = o3 = 0.5. Each triangle

represents all possible tumor compositions (proportions of GLY/VOP/DEF

cells in the population). Top row shows the policy, which prescribes the

optimal instantaneous decisions on drug usage given the indicated remaining

budget (s) and the current tumor state. Bottom row shows the probability

of “stabilization within the budget” it the optimal policy is tollowed from

this time point and onward. Each column corresponds to a specific budget

level s, which i1s shown below each triangle. The arrows indicate the natural

decrease of the remaining budget while implementing the policy|. . . . . . .
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[3.7

Comparison between threshold-aware policies and the deterministic-

optimal policy (EGT-based model with o7 = 03 = o3 = 0.5). Start-

ing from an initial state (go, po) = (0.27,0.4) (magenta dot): (a) a sample

path with cost 5.33 under the deterministic-optimal policy; (b) a sample

path that leads to failure under the deterministic-optimal policy; (c¢) & (d)

two sample paths starting at 5 = 4.46 under the (pink) threshold-aware pol-

icy with respective total costs 3.47 and 3.21; (e) CDFs of the cumulative

cost J approximated using 10° random simulations. In (e), the solid blue

curve is the CDF generated with the deterministic-optimal policy. [ts me-

dian (dashed blue line) is 4.46 while its mean conditioning on success is 4.48.

'T'he solid orange curve is the CDF generated with the threshold-aware pol-

icy with s = 3.65; and the solid pink curve is the CDF generated with the

threshold-aware policy with s =4.46.. . . . . . . ... ... .. ... ....
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A1

System dynamics relative to the wind and relative to the target D.

The subfigures show (a) the polar speed plot f(u) used in this work (the same

as Fig 1(a) in [117]) and (b) system setups in the polar coordinate centered

at D for different tacks. In (a), f=0atu=0°|. . .. ... ... ... ...

88

2

Representative s-slices of risk-aware policy, their corresponding op-

timal probability of reaching the target D, and the risk-neutral

policy with a = 0 and o = 0.05: (a) risk-aware optimal policy a; (b)

risk-neutral optimal policy p.; (c¢) optimal probability of reaching D associ-

ated with (a). All shown for the starboard tack ¢ = 1 only and in relative

(r,0) coordinates. In all figures, the target D is shown as a magenta disk in

the center. In (a) and (b), it is optimal to switch to ¢ = 2 from wherever

the space is left blank. Otherwise, it is optimal to stay with ¢ = 1 and the

best steering angle is shown in color (with the same colorbar used in both

subfigures). | . . ...

4.3

Sailing against the wind: a comparison between the risk-aware

and risk-neutral approaches with (¢« = 0, 0 = 0.05) starting from

(7,0,4) = (1.93,0.56,1) Subfigures: (a) ECDF (empirical cumulative distri-

bution function) generated with the optimal risk-neutral policy pu. (solid blue)

vs. the s-dependent risk-aware optimal probability of success w(7,0, 4, s)

(dash-dotted orange); (b) ECDFs of the random total time to target gener-

ated with different policies; (¢) Sample sailboat trajectories in the absolute

xy-coordinates generated with ditferent policies under the same random wind

path. The target set is plotted as a magenta disk at the top, and top-lett

dark green arrow encodes the initial wind direction ¢(0) = 0. Trajectory col-

ors correspond to the policies used to generate ECDFs in (b). The colored

dots indicate the tack-switching points for respective trajectories. Observed

sample means for the arrival time 7" are 54.46, 55.57, and 55.95 for the poli-

cies ., a2°, and a2® respectively. Arrival times for the specific trajectories

* )

in (c) are 56.55 (blue), 53.54 (green), and 54.07 (red). | . . . . . . . ... ..
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iz

Exploiting the wind-drift: (a) (e = 0.05, 0 = 0.05); (b) (a = 0.15, 0 =

0.05). Top Row: ECDF for u, (solid blue), the s-dependent risk-aware

optimal probability of success w(7, 0, §) (dash-dotted orange), and ECDF for

ol (solid green). In (a), (7,0,4) = (1.80,2.67,1) and 8§ = 42. The sample

*

means for 41, and of are 43.83 and 44.30. In (b), (7,6, ) = (1.80,2.01,1) and

5 = 43.5. The sample means for u, and o are 43.93 and 43.97. Bottom

Row: 'Two representative paths generated with the same wind evolution

(with colors corresponding to respective policies in the top row). The dark

green arrow encodes the initial wind direction. Time-to-target: (a) blue:

42.23, green: 41.44 ; (b) blue: 43.12, green: 42.98. In (a) u. led to 2 tack-

switches in 99.9% of simulations, while o, required none in 99.1% of cases

with 2 switches needed in all others. In (b) u, led to 3 tack-switches in 99.9%

of simulations (with others requiring 4), while a, required 1 switch in 99.9%

| of cases with 2 switches neededintherest. I . . . . .. ... ... ... ...

4.5

Representative s-slices of risk-aware policy, their corresponding op-

timal probability of reaching the target ‘D, and the risk-neutral pol-

icy with a = 0.05 and o = 0.05: (a) risk-aware optimal policy a,; (b)

risk-neutral optimal policy p.,; (c¢) optimal probability of reaching D associ-

ated with (a). All shown for the starboard tack ¢ = 1 only and in relative

(r,0) coordinates. In all figures, the target D is shown as a magenta disk in

the center. In (a) and (b), it is optimal to switch to ¢ = 2 from wherever

the space is lett blank. Otherwise, it is optimal to stay with ¢ = 1 and the

best steering angle is shown in color (with the same colorbar used in both

subfigures). | . ...

(4.6

Representative s-slices of risk-aware policy, their corresponding op-

timal probability of reaching the target ‘D, and the risk-neutral pol-

icy with a = 0.15 and o = 0.05: (a) risk-aware optimal policy a.; (b)

risk-neutral optimal policy p.; (c¢) optimal probability of reaching D associ-

ated with (a). All shown for the starboard tack ¢ = 1 only and in relative

(r,0) coordinates. In all figures, the target D is shown as a magenta disk in

the center. In (a) and (b), it is optimal to switch to ¢ = 2 from wherever

the space is lett blank. Otherwise, it is optimal to stay with ¢ = 1 and the

best steering angle is shown in color (with the same colorbar used in both

subfigures). | . . ...

XV




.7

Representative s-slices of risk-aware policy, their corresponding op-

timal probability of reaching the target D, and the risk-neutral

policy with a = 0.05 and o = 0.1: (a) risk-aware optimal policy a,; (b)

risk-neutral optimal policy u.,; (¢) optimal probability of reaching D associ-

ated with (a). All shown for the starboard tack ¢ = 1 only and in relative

(r,0) coordinates. In all figures, the target D is shown as a magenta disk in

the center. In (a) and (b), it is optimal to switch to ¢ = 2 from wherever

the space is left blank. Otherwise, it is optimal to stay with ¢ = 1 and the

best steering angle is shown in color (with the same colorbar used in both

subfigures). | . . . . ...

4.8

Forced to switch initially with wind characterization a = 0 and

o = 0.05 at § = 53: (a) the switchgrid difference D,; (b) success reduction

in probability w—w. All shown for tack ¢ = 1 only. In (a), the magenta region

means the risk-aware (RA) policy does not prescribe a tack-switch while the

risk-neutral (RN) policy does. The cyan region means the opposite. The

boundary of the RN switchgrid is plotted with a black-dashed line. |. . . . .

4.9

Forced to switch initially with wind characterization a = 0.05 and

o = 0.05 at § = 42: (a) the switchgrid difference D,; (b) success reduction

in probability w—w. All shown for tack ¢ = 1 only. In (a), the magenta region

means the risk-aware (RA) policy does not prescribe a tack-switch while the

risk-neutral (RN) policy does. The cyan region means the opposite. The

boundary of the RN switchgrid is plotted with a black-dashed line. |. . . . .

531

Mathematical model-based population trajectories for a strain of

constitutive toxin-producers (a =1 in (5.1)) and a strain of toxin-

sensitive bacteria. Starting with 50% sensitive bacteria and a total pop-

ulation at 1% of the carrying capacity, sensitives initially grow much faster

due to their higher intrinsic growth rate. However, as the overall population

approaches the carrying capacity, the sensitives’ intrinsic advantage shrinks,

and the produced toxin leads to an eventual domination by the constitutive

killers. But could the sensitives escape this tate if dilutions happen at an

5.2

early stage, when the toxin-producers are still in the minority? | . . . . . . .

Experimental competitions between a toxin-producing (killer) and

a sensitive strain of S. cerevisiae in environments diluted period-

ically with periods of T' = 1 day (blue) and T' = 2 days (orange).

Different subfigures show different initial iractions ot the killer strain. Both

the 1nitial killer fraction and the period of the dilution cycles determine the

outcome of the competition and the rate ot extinction of the losing strain.| .

xvi
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[5.3

Trajectories of competitions between constitutive killers and sensi-

tives in undisturbed and periodically-diluted populations. (a) Killers

always win without dilutions. (b,c) With periodic dilutions, their fate de-

pends on the initial condition. With a high enough initial population size,

e.g., (f(0) = x,N() =y) = (0.5,0.7) (b), a sequence of dilutions carries

killers to an eventual victory (i.e., f — 1). Starting at a lower population

size, e.g., (z,y) = (0.5,0.1) (c), the dilutions lead to their demise (i.e., f — 0).

In both cases, the period of dilutions is 7" = 1, and the pre- and post-dilution

states are shown with black squares and cyan dots respectively. Once either

strain dominates, the population oscillates between the terminal cyan dot

and black square at f = 0 or f = 1. Temporal trajectories associated with

subfigure (b) are shown in Fig|b.4(b). | . . . ... .. ... ... ... ..

B4

Constitutive killers: pre-dilution fraction and limiting behavior. (a)

Pre-dilution fraction of the killer at the end of the first cycle, f(T~), for T = 1

and any initial condition (f(0) = z, N(0) = y). Initial conditions below

the black, dashed curve lead to f(T~) < f(0). (b) Temporal trajectories

of killer (blue) and sensitive (red) population sizes (left axes), and killer

fraction (right axes), with two different initial conditions (corresponding to

the magenta and cyan dots in subfigure (c)) and dilution period 7' = 1. Black

dashed line as in subfigure (c). (c) Time until competitive exclusion (red/blue

shades) and limiting killer fraction (red and blue indicate f =1 and f =0,

respectively) vary with the initial condition. Within the red and blue regions,

the absolute killer and sensitive population sizes reach ng ~ 0.45 and nix ~

0.69, respectively (see also subfigure (b)). (d) Doubling the dilution period

to 1" = 2 extends the range of initial conditions leading to domination by

the killer and reduces/increases the timescale over which the killer /sensitive

reach domination, respectively. Note that both initial conditions marked by

dots now lead to killer domination. Parameter values: ¢ = 0.2, rigg = 0.85,

y=1,and p=10.65.|. . . . . . ...

118

[>.0

Myopic killers: pre-dilution and limiting behaviors with regular

dilutions and T' = 1. (a) Myopic population sensing provides a minor

improvement to the killer frequency f(7~) at the end of the first cycle, mostly

for initial conditions with low population size. Shown here is the maximized

f(I'~) for myopic killers, minus the corresponding f(7~) for constitutive

killers. (b) In the infinite-dilution limit, myopic population sensing expands

the set of initial conditions leading to the Killer dominance, compared to

constitutive killers (black dashed curve reports the blue/red boundary of

Fig [5.4(c)). (c) The initial optimal toxin production strategy a.(x,y,0) at

t = 0 1s bang-bang, equal to 1 in the orange region, and to 0 in the black

region. Grey arrows denote the vector field corresponding to (5.2]) with a =

a,(z,y,0). | . .
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progressively increase or decrease their fraction in a “lucky” or “unlucky”

scenario depicted in subfigures (a, b), respectively. However, in most cases,

their fraction will fluctuate instead (subfigure (b)). In all cases, the initial

configuration (,y) = (0.5,0.1) is plotted with a purple diamond and followed

by 4 dilution events. The pre-dilution / post-dilution states are again shown

B.7

with black squares and cyan dots, respectively. | . . . . . ... ...

122

Performance of (a) constitutive and (b) “stochastic myopic” killers

under random dilutions (A = 1). The probability of attaining com-

petitive exclusion is noticeably higher for the population-sensing (“stochastic

myopic”) toxin-producers starting from most initial conditions. Dashed black

lines show the boundary of the set trom which they could deterministically

win under periodic dilutions with 7" = 1. In the current random dilutions set-

ting, starting near that boundary gives the stochastic-myopic killers a ~ 72%

chance of winning, while the same number for constitutives is only ~ 46%.

'T'his is mainly because the “stochastic-myopic” killers opt not to produce the

toxin when their fraction or the overall population size is low (subfigure (c)).

In both (a) & (b), the victory and defeat barriers (v, and ~,, respectively)

are indicated by vertical magenta dotted lines. All parameter values are the

same as in Fig|b.4c). [ . . . .. ...

125

[0.8

The impact of dilution-time randommness on the performance of

constitutive and myopic killers across a range of (p, A) values. The

performance metric () (defined in the text) is shown in red wherever the

toxin-producers have better chances of winning with regular/periodic dilu-

tions and in blue wherever their chances are better with randomly-timed di-

lutions (assuming the same average frequency: A\ = 1/7"). For constitutives,

the randomness is beneficial when dilutions are more severe and frequent,

but it is sightly detrimental when dilutions happen more rarely and are less

drastic. For myopic killers (with policies optimized for each A and T' = 1/)),

the randomness seems beneficial across all tested parameters. |. . . . . . ..
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.9

“Ultimately smart” killers: performance, policy, and comparison

with constitutive and myopic killers. The optimal toxin-on region tor

the “ultimately smart” killers (orange in subfigure (b)) slightly shrinks com-

pared to that of the “stochastic-myopic” killers (the boundary of which is

shown by a white-dashed line). As a result, the maximized probability of

winning (w*> in subfigure (a)) is only marginally better than @w*', with the

maximum difference of just 0.025 (see the absolute difference map in subfigure

(d)). However, compared to constitutive killers , the advantage is significant:

on a large part of the domain, the improvement in chances of winning is

above 20% (subfigure (c)). For really small N and relatively large f, this

advantage is even above 60% — this is the set of initial conditions where con-

stitutives grow much slower and are thus more affected by occasional short

inter-dilutions intervals. In all subfigures, the victory and defeat barriers (7,

and 7,, respectively) are plotted with a magenta dotted line In both (c) &

(d), the contour lines are labeled with their respective probability values. | .

127

[>.10

Comparison of probabilistic performance for different types of

killers starting from (f(0),/N(0)) = (0.5,0.1) for a range of dilu-

tion strengths and frequencies. Policy o, is recomputed for each A, while

policy «., is recomputed for each (p, \) combination. In general, a stronger

survival rate (larger p) combined with a slower arrival rate (smaller ) in-

creases the chances of toxin-producers to win for all three policies. It is clear

that the ultimately smart (subfigure (a)) and stochastic-myopic killers sig-

nificantly outperform the constitutives (subfigure (b)). The differences in

w(0.5,0.1) between o, and « are still small, with the discrepancy increasing

toward the upper right corner (subfigure (¢)). | . . . ... ... ... .. ..
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B11

Phase portraits of the Durrett-Levin model (Eq. [5.17) with de-

creasing death rates. The “bi-stability” is noticeable when the death rates

(0k, 0s) are comparable in magnitude to the growth rates (subfigures (a,b)).

Using laboratory-estimated death rates values [146], the hyperbolic saddle

moves toward the “all sensitives” stable node, with both converging toward

(nk,ns) = (1,0) (subfigure (c)). When (0x,0s) = (0,0), the Durrett-Levin

model reduces to our model ([5.16)), and “bi-stability” disappears (subfigure

(d)). In (a-c), the hyperbolic saddle is plotted with a red dot while other

equilibria are plotted with a blue dot. The stable manitold is plotted with

a magenta dotted-dashed line while the unstable manitold is plotted with a

cyan dotted-dashed line. In (d), all equilibria are plotted with a blue dot.

Parameter values: g =0.85, e =0.2, andy=1.| . . .. ... ... ....

5.12

Pre-dilution single population limits under regular dilutions in the

(p, T') phase plane. (a) sensitives only (r = 1); (b) constitutive killers only

(r = rxs(1 — &) = 0.68); (c¢) population-sensing killers only (r = rxs = 0.85).

In all of them, the magenta-dashed line corresponds to p = exp(—r7’) with

their respective intrinsic growth rate r. limiting pre-dilution population is

zero below this line. | . . . . . . . . .

xix



5.13

Randomly timed dilutions: mean empirical population just before

the 201 dilution shown in the (p,1/)\) phase plane. (a) sensitives only

(r = 1); (b) constitutive killers only (r = ris(1 — €) = 0.68); (c) population-

sensing killers only (r = rxs = 0.85). In all of them, the magenta-dashed

line corresponds to p = exp(—r/\) with their respective intrinsic growth rate

r. The population below this line will most likely go extinct. All panels are

produced by Monte Carlo simulations, conducted with 10° samples and a

fixed initial population size 0.5. | . . . . . . .. ... oL

514

Representative empirical probability distributions of population

abundance at the end of the growth period after 200 dilutions (nor-

malized histograms) for A = 0.7 (left), A =1 (middle), and A = 1.2

(right). The two vertical lines mark p* and p. The red dashed curve is

(5.32), and the black dashed curve is (5.38). All panels are produced with

10° samples, 7 = 1, and a fixed initial population 0.5. The value for p,(p)

was taken from the empirical distribution. | . . . . . . . . . ... ... ...

B.5

“Ultimately smart” killer with hyperbolic win/defeat boundaries.

The optimal toxin-on region (orange in subfigure (b)) is almost the same as

the one computed with vertical boundaries in Fig[5.9(b). (The toxin-on/off

switch curve from the latter is shown here as a white-dashed line). As a result,

the maximized probability of winning (subfigure (a)) is also very similar to

the one computed with vertical boundaries in Fig|5.9(a). Subfigure (c) shows

the z-averaged mean absolute difference between subfigure (a) and Fig[5.9(a)

across all initial populations y € [0,1|. This difference is only noticeable

when y < 0.05. In all subfigures, the victory and defeat barriers (v, and 7,,

respectively) are plotted with a magenta dotted line. All parameter values

are the same asin Figh 9L | . . .. ... .. ... ... 000000

5.16

Hyperbolic boundaries: comparison of probabilistic perfor-

mance for different types toxin-production policies starting from

(f(0),N(0)) = (0.5,0.1) for a range of dilution strengths and fre-

quencies. Policy o, is recomputed for each )\, while policy a.. is recomputed

for each (p, A) combination. The results remain both qualitatively and quan-

titatively similar to Fig|5.10/in the main text. A stronger survival rate (larger

p) combined with less frequent dilutions (smaller )\) increases the chances of

toxin-producers winning for all three policies. It is clear that the ultimately

smart (subfigure (a)) and stochastic-myopic killers significantly outperform

the constitutives (subfigure (b)). The differences in w(0.5,0.1) between o,

and «, are still small, with the discrepancy increasing toward the upper right

corner (subfigure (c)). |. . . ...




[>.17 Hyperbolic boundaries: absolute difference in w(0.5,0.1) resulting |

from two types of boundaries computed for a range of p and A

values. The differences under o (subfigure (a)) and «, (subfigure (b)) are

again similar, with a maximum difference ot around 0.017 when p = 0.5. For |

o, in subfigure (c), the region of noticeable differences is slightly larger (p <

0.6) although the maximum difference remains relatively small (~= 0.014). All

three subfigures share the same colorbar. | . . . . . .. ... ... ... ... 163
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cell grid. (a) The mean of the empirical distribution, sampled with “Bi-

nomial dilutions” starting from the center of each cell in (x,y) space. The

resulting distribution is almost always unimodal (dark blue - all sensitives;

dark red — all killers). The exceptions are seen in only two cells among those

intersected by the boundary (shown by a black dashed line) that separates

the initial conditions leading to a deterministic victory of the killers under

proportional dilutions (cf. Fig [5.4{c) in the main text). (b) Most means

of the empirical distribution, sampled with both “Binomial dilutions” and

“uniformly random in a cell” initial conditions, are also close to 0 or close

to 1 1 most cells. However, most cells that intersect or are close to that

dashed line boundary now have more diverse intermediate mean values. In

both cases, such cells exhibit a bimodal distribution with peaks at 0 and

1; see Figs [5.19845.20] for the actual distributions. Subfigure (c) shows two

sample trajectories starting from (x,y) = (0.5, 0.4) resulting in different com-

petitive exclusion outcomes due to the randomness in Binomial dilutions. All

Monte Carlo simulations were conducted with 10° samples and 200 dilutions

using parameter values 1" = 1, ¢ = 0.2, rxs = 0.85, v = 1, and p = 0.65. |

In (a), all samples for each grid cell start from the same initial condition

(i, y;) = (¢/10,5/10) with i,7 = 1,...,9. In (b), for each grid cell centered

at (z;,y;), the initial condition for each sample was chosen uniformly at ran-

dom from the square (z,y) € |[x; — 0.05,z; + 0.05] X |y; — 0.05,y; + 0.05].

[>.19 Empirical distributions of the fraction of killers with *“Binomial |

dilutions” on a uniform grid. Most of the distributions are unimodal |

(either almost entirely 0 or almost entirely 1), except for two that are bimodal.

The horizontal axis (of the entire figure) represents the initial fraction of

the killer while the vertical axis encodes the initial total population for the |

simulations. For each subfigure, an empirical distribution of f (starting from

the same (z;,y;) = (i/10,7/10) with 7,5 = 1,...,9) after 200 dilutions is

shown by a histogram. All subfigures share the same horizontal and vertical

axes. The parameter values are the same as in Fig|5.18(a). [ . . . . . . . .. 167
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[5.20 Empirical distributions of the fraction of killers with *“Binomial |

dilutions” and “uniformly random in a cell” initial conditions on

a cell grid. Most of the distributions are unimodal (either almost en-

tirely 0 or almost entirely 1). However, the ones near the boundary of the

“deterministically-winning” region (depicted as a black-dashed line) are bi-

modal. The horizontal axis (of the entire figure) represents the initial fraction

of the killer while the vertical axis encodes the initial total population tor the

simulations. For each subfigure, an empirical distribution of f(¢) after 200

dilutions, with the initial condition chosen uniformly at random within the |

grid cell centered at (x;,y;) = (:/10,5/10) with 4,5 =1,...,9, is shown by a

histogram. AIl subfigures share the same horizontal and vertical axes. The

parameter values are the same as in Fig5.18(b).| . . . . . ... ... .. .. 168
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CHAPTER 1
INTRODUCTION

We start by considering traditional formulations of deterministic optimal control to achieve
desired outcomes. A classical finite-horizon problem aims to attain specific goals, such as
minimizing cumulative costs, by the predetermined end time, 7'. In a continuous-time setting,

we often assume the process dynamics are modeled by an Ordinary Differential Equation

(ODE) system
©(r) = fx(r), a(r)), 7€t T];
x(t) =€ €R",

where a : R, — A defines the measurable control function over a compact set A of all

(1.1)

possible control values. We here assume the rate function f takes as inputs only the current
state «(7) and the current control a(7). (It can certainly depend on the time 7 as well but
we omit here for a later comparison.) Suppose the controller seeks to minimize the cost
functional
T
I(&t.a0) = [ K(@(r), a(r) dr + g(a(T)), (1.2)
where K is some running cost and g is some terminal cost depending on the final state of

the system. We can define a value function
u(é,t) =it J (&t a()) (1.3)
as the minimal cost till termination. Via tools of dynamic programming [8, [61], one can

show that w is the unique viscosity solution [39] to the following time-dependent Hamilton-

Jacobi-Bellman (HJB) type Partial Differential Equation (PDE)

ou )
— g (&) = min {K(2.a) + Vu(€.1) - (€. a)} (14)
with the terminal condition u(&,T) = ¢g(§). It is important to note that by solving (1.4]) for
all t € [0, 7], we effectively obtain solutions to a range of horizons simultaneously. That is,

each u(&,t) serves as the initial time slice for a reduced horizon T' — ¢.



However, the finite-horizon framework does not suit all problems. There exists a broad
class of indefinite-horizon problems, named ezit-time problems, where the process concludes
once its state reaches a specific terminal or target set A. Under this framework, the terminal

time (or exit time) now depends on the chosen policy af(-)
T(&,a(-)) = inf {t >0|x(t) € A, 2(0) =&, following a(-)}. (1.5)

Different from , the controller now assesses the overall cost J by integrating the running
cost K along the path from £ to A and adding the terminal cost g depending on its final
state. l.e,
7(&.a()) = /OT“’“('”K@,-(T), a(r)) dr + g(x(T)). (1.6)
The value function
u(€) = inf 7 (¢, a()) (L.7)
is now a minimal cost-to-target and standard methods [8, 61] show that w is the unique

viscosity solution [39] to the time-independent HIB PDE

0 = min {K(z,a) + Vu(g) - f(£ a)} (1.8)

acA

with the boundary condition u = g on A.

Now consider a stochastic extension of the system (1.1)) to a drift-diffusion process:

dX =b(X, a) dr + X(X,a) AW, o
1.9
X(0) =€ eR",

where 3 is a diffusion coefficient function and W is a standard m-dimensional Brownian
motion. Note that the system state X (7) now follows a Stochastic Differential Equation
(SDE). As a result, the terminal time T(E,a(-)) and the total cost j(f,a(-)) become

random wvariables even if their definitions remain the same. The standard (risk-neutral)



stochastic optimal control framework aims to minimize the expected total cost E[7]|. The

value function
w(€) = i B|7 (& a()] (1.10)

defines the unique viscosity solution [62] to a second-order elliptic HIB PDE

iy { K(6.0) + V(@) - bieca) + 5 3

ag og, V(&) B(&: a)m} =0, (1L11)
z] 1 )

where B = 33T and w = g on A.

However, this approach becomes problematic when we require g = +o0 on some subset
of A (e.g., when entering a certain region of the domain is strictly prohibited or should be
avoided as much as possible). Namely, it would result in E[J] = +oo due to a positive
probability of entering that subset. Furthermore, even if the terminal cost always stay
finite, the risk-neutral approach is indifferent to the level of variability in the distribution
of J. Consequently, this non-robustness may result in an impractical feedback policy if J
has a right-heavy-tailed distribution. To address the above drawbacks, in this thesis we
develop new tools for robust stochastic control of indefinite-horizon processes. In particular,

we maximize the probability of desired outcomes while keeping J under any specific cost
threshold (or “budget”) s

v(€,5) = SupP(j(ﬁ al- )) < .§>. (1.12)

a(-)

We show this novel stochastic optimal control formulation leads to a second-order parabolic
PDE and use tools of dynamic programming to find “threshold-aware” (or risk-aware) op-
timal feedback policies. Our approach further enables an efficient algorithm to compute
these policies for a range of threshold values simultaneously. The mathematical derivation
of the HJB PDE that v has to satisfy if sufficiently smooth and the numerics are provided
in Chapter



In Chapter [2, we demonstrate the application of our threshold-aware approach to adap-
tive cancer therapies. In cancer applications, where stochastic cancer models are used, the
standard approach is often ineffective because the cost of therapy failure is typically consid-
ered infinite. Thus, our goal is to select a strategy that maximize the probability of achieving
therapy goals without exceeding a pre-established treatment cost threshold. We illustrate
the broad applicability of our method using two distinct stochastic cancer models. The first
model is based on Evolutionary Game Theory (EGT) [96], while the second model involves
a drug-Sensitive/Resistant cells competition [30]. They are further tested against two dif-
ferent therapeutic goals: stabilizing the tumor and eradicating it. We show threshold-aware
policies adjust the treatment plan based on the responsiveness of tumor to the drug dosage
accumulated and the treatment duration already elapsed. Furthermore, we demonstrate the
advantage of threshold-aware policies over deterministic-optimal policies by comparing their
empirical cumulative distribution functions (ECDFs) through Monte Carlo simulations. The
numerical implementation details specific to these two examples and additional numerical

results are also provided in Chapter [3]

In Chapter [d we extend the threshold-aware approach to hybrid control problems, il-
lustrated by sailboat path-planning. This is a natural hybrid control scenario due to the
combination of continuous steering and discrete tack-switching maneuvers, significantly in-
fluenced by stochastically evolving wind conditions. Previous studies primarily developed
risk-neutral policies that aim to minimize the expected time of arrival [59] 29, 117]. How-
ever, such path-planing strategies can become impractical when there is a substantial risk of
exceeding the expected time beyond an affordable level. Our method, therefore, focuses on
maximizing the probability of reaching the target before a specified time deadline or thresh-
old. While both Chapter [2] and Chapter ] aim to maximize the probability of achieving
desired outcomes, they differ significantly in their methodologies. In Chapter [, we address

the hybrid control problem by solving two quasi-variational inequalities based on second-



order HJB PDEs with degenerate parabolicity. We show that risk-awareness in sailing is
particularly useful when a carefully calculated bet on the evolving wind direction might

yield a reduction in the number of tack-switches.

We would also like to emphasize that the scope of stochastic optimal control problems
extends beyond drift-diffusion processes. For instance, consider a framework for randomly-
terminated events as another stochastic extension to the system . Suppose the process
begins at x(0) = &€ and follows the dynamics governed by . This process is subject to a
random termination at time T, where T follows an exponential distribution with rate A > 0.

Under these conditions, the expected cost-to-termination is defined as:

7(& a() :/Om e UOtK(a:(T), a(7)) dr + g(x(t))} dt. (1.13)

Thus, the standard expectation minimizing value function can be defined as

v(€) = inf T (& a()), (1.14)

which can be shown to satisfy another first-order HJIB PDE

0=A(9(&) —v(&)) + min {K (x, @) + Vu(§) - (¢, a)}. (1.15)

This idea is first introduced in [4] and further classified under “initial uncertainty” problems
in [I36]. However, one limitation of this approach is that it only seeks to optimize the
problem up to the occurrence of the first random extreme event. In this thesis, we explore
extensions of this idea by considering objectives involving potentially infinitely many random

extreme events.

In Chapter 5] we explore a puzzle of bacterial competition observed in natural ecosystems
such as animal guts, soil, and lakes. While toxin-producing bacteria typically outcompete
toxin-sensitive bacteria in in vitro environments, the latter often coexist with or even out-

number the former in nature. We hypothesize that this discrepancy may be explained by the



frequent (re)occurrence of extreme events, such as flushing or dilution in the gut, which dis-
rupt the anticipated outcomes of bacterial competition. To test this hypothesis, we consider
a specific competition model and investigate the impact of both regular and randomly-timed
dilutions, modeled by a Poisson process with rate A\. Using several control-theoretic mod-
els, we show that the toxin-producers cannot always win even if they develop population
sensing and have evolved to take advantage of the known frequency of such extreme events.
Mathematically, this involves solving a range of Hamilton-Jacobi-type equations with one
of them leading to a non-local coupling due to Poisson distributed dilutions. To address
this, we propose using an efficient Value-Policy Iterations (VPI) method [78] to compute the

numerical solutions.

We acknowledge that there are various methods for incorporating random perturbations
into deterministic systems. By employing stochastic optimal control theory, we can leverage
our understanding of the specific types of stochasticity involved to develop diverse frame-
works for a wide spectrum of applications. Throughout this thesis, we will explore the afore-
mentioned intriguing applications with innovative stochastic optimal control formulations.
We aim to propose efficient numerical schemes to solve a variety of Hamilton-Jacobi-type
equations, thereby addressing both the mathematical and computational challenges inherent

in these systems.

Chapter [2]is based on a paper co-authored with Jacob Scott and Alexander Vladimirsky,
published in PLoS Computational Biology [169]. Additionally, Chapter [3| has been submit-
ted as its Supplementary Materials accompanying this publication. Chapter [4] is based on
a paper collaborated with Natasha Patnaik, Anne Somalwar, Jingyi Wu, and Alexander
Vladimirsky [168] that has been accepted by American Control Conference (ACC) 2024.
Finally, Chapter [5] is based on an ongoing project collaborated with Andrea Giometto and

Alexander Vladimirsky. A preprint will soon to be submitted to PNAS.



CHAPTER 2
THRESHOLD-AWARENESS IN ADAPTIVE CANCER THERAPY

2.1 Introduction

Optimizing the schedule and composition of drug therapies for cancer patients is an im-
portant and active research area, with mathematical tools often employed to improve the
outcomes and reduce the negative side effects. Tumor heterogeneity is increasingly viewed
as a key aspect that can be leveraged to improve therapies through the use of optimal con-
trol theory [145]. Most researchers using this perspective focus on deterministic models of
tumor evolution, with typical optimization objectives of maximizing the survival time [113],
minimizing the tumor size [30], or minimizing the time until the tumor size is stabilized
[31]. In models that address the stochasticity in tumor evolution, a typical optimization goal
is to find treatment policies that maximize the likelihood of patient’s eventual cure (e.g.,
[45], 36, 94]) or minimize the likelihood of negative events (e.g., metastasis) after specified
time [60]. However, this ignores the need for more nuanced treatment policies that maxi-
mize the likelihood of different levels of success — e.g., the probability of reaching remission
or tumor stabilization without exceeding the specified amount of drugs and/or the specified
treatment duration. The primary goal of this chapter is to introduce a rigorous and compu-
tationally efficient approach that addresses such challenging objectives in stochastic cancer

models.

The advent of personalized medicine in cancer has changed the way we think about
therapy for patients whose tumors have actionable mutations. This has been a game changer
for some patients, drastically increasing life spans, reducing toxicity and improving quality of

life. Frustratingly, however, this population of patients is still small; it was estimated in 2020



that only ~ 5% of patients benefit from these targeted therapies [82]. Further, despite the
many advantages of personalized therapies, they rarely, if ever, lead to a complete cure since
tumors develop resistance through the process of Darwinian evolution [7I]. In response to
this realization, a new approach called “evolutionary therapy” seeks to use the evolutionary
dynamics of diseases to alter therapeutic schedules and drug choices. Through a combination
of mathematical and experimental modeling, investigators have worked to understand a
range of theoretical questions of practical importance. E.g., how does the emergence of
resistance to one drug affect the sensitivity to another? Do heterogeneous (phenotypically
or genotypically mixed) populations within tumors respond to drugs differently depending on
their current state? The insights gained in these investigations have already led to progress
in rational drug ordering/cycling for bacterial infections [89] 122], 123, 111] as well as for
a number of cancers [I79, 46]. In the study of therapeutic scheduling, adaptive therapy,
which uses mathematical tools from Evolutionary Game Theory (EGT), has shown promise
not only in theory [68], but also in a phase 2 trial for men with metastatic prostate cancer
[177]. Experimentally, there have been confirmations of EGT principles in vivo[51] as well
as more quantitatively focused assay development in vitro [95], and observations of game
interactions using these methods [55]. There are also many other models capturing the
competition within heterogeneous tumors without using game-theoretic derivations; e.g.,
[30}, B8], 103, [76]. The majority of theoretical work in this space has focused on optimization
of different drug regimens for deterministic models of cancer evolution [41], 174 173, 40, [73].
In contrast, our goal here is to provide efficient computational tools for nuanced therapeutic

scheduling in cancer models that directly account for stochastic perturbations.

Cancers (and other populations of living things) are comprised of individual cells (or
organisms) with their own behaviours and evolutionary histories. Stochastic phenomena are
ubiquitous in their interactions and life histories. These include individual genetic differ-

ences, fate transitions [79], varying reactions to drugs [102], differences in signalling, and



small-scale variations in the tumor environment. Many of these are instances of demographic
stochasticity [106], which often can be “averaged-out” when dealing with a sufficiently large
population. Indeed, this notion is crucial for any description of tumor heterogeneity through
splitting the cells into sub-populations. Such splitting is natural if the mutation-selection bal-
ance is tuned so that only closely related genotypes, encoding the same phenotype, will stably
exist. These groups are also referred to as quasispecies [I75], [107] and exist as distributions
around a central genotype, with all cells in the group behaving in a similar manner despite
random birth/death events [50, [106] and small within-the-group genetic heterogeneities [90].
In contrast, our focus here is on environmental stochasticity, which cannot be ignored even
in large populations since it describes random events that simultaneously affect the entire
groups. Such perturbations are typically external [50, 106]; e.g., for cancer they might re-
sult from therapy-unrelated drugs or from frequent small changes in the host’s physiology.
Of course, any such event will also cause varying responses of individual cells within each
subpopulation; so, our use of the term “environmental stochasticity” should be interpreted

as direct modeling of subpopulation-averaged responses to such system-wide perturbations.

Modeling such perturbations in continuous-time usually results in Stochastic Differen-
tial Equations (SDEs) [25] 2], whose behavior can be optimized using Stochastic Optimal
Control Theory [61]. The latter provides a mathematical framework for handling sequential
decision making (e.g., how much drug to administer at each point in time) under random
perturbations (e.g., stochastic changes in respective fitness of competing subpopulations of
cancer cells). Any fixed treatment strategy will result in a random tumor-evolutionary tra-
jectory and a random cumulative “cost” (e.g., cumulative amount of drugs used, or time to
recovery, or a combination of these two metrics). The key idea of Dynamic Programming
(DP) is to pose equations for the cumulative cost of the optimal strategy and to recover
that strategy in feedback form: i.e., decisions about the dose and duration of therapy are

frequently re-evaluated based on the current state of the tumor instead of selecting a fixed



time-dependent treatment schedule in advance. This idea is applicable across a wide range of
cancer models and therapy types, including those intended to stabilize the tumor and those
aiming to eradicate it. We follow this approach here, but with an important caveat: instead
of selecting an on-average optimal strategy (e.g., the one which minimizes the expected cost
of treatment) as would be usual in stochastic DP, we select a strategy maximizing the prob-
ability of some desirable outcome (e.g., reaching the goals of the therapy without exceeding
a specific cost threshold). The resulting risk-aware (or, more precisely, “threshold-aware”)
policies are designed to be adaptive, adjusting the treatment plan along the way based on
the responsiveness of tumor to drugs already used (and the cost already incurred) so far. In
contrast to standard methods of constrained stochastic optimal control, our approach makes

it easy to compute such threshold-aware policies for a range of thresholds simultaneously.

As is often the case, there remains a significant gap between simplified mathematical
models and clinical applications. Much work remains in refining and calibrating EGT mod-
els, and also in measuring different aspects of biological stochasticity. But once high-fidelity
personalized models become available, our general approach could potentially be used by
clinicians to choose the most suitable threshold after a detailed discussion of a specific pa-

tient’s goals (to include the trade-offs between toxicity and quality of life, for example).

2.2 Methods and Models

To emphasize the broad applicability of our “risk-aware” adaptive therapy optimization

approach, we first describe it for a fairly generic cancer model. Two specific examples are

then studied in detail in §2.2.2] and §2.2.3]
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2.2.1 Traditional and risk-aware control in drug therapy optimiza-

tion

We note that most of the literature on dynamic programming in cancer models starts with
positing a specific known/fixed treatment horizon T, with the success or failure of therapy
assessed after that time (or earlier, in case of the modeled patient’s death). This makes
it easier to use the standard equations and algorithms of “finite-horizon” optimal control
theory. But such a pre-determined 7' is not well-aligned with the notion of adaptive therapies.
Instead, we adopt the indefinite-horizon framework, in which the process terminates as soon
as the tumor’s state satisfies some predefined conditions, with the terminal time T thus
dependent on the chosen treatment policy. We use this framework in all of the control
approaches described below, even though many of them have direct finite-horizon analogs as

well.

We begin by describing several “traditional” optimal control formulations, followed by the
threshold-aware version, which addresses some of their shortcomings in cancer applications.
Starting with the deterministic setting summarized in Box [I}, we use x(t) € R" to encode
the time-dependent state of a tumor (e.g., this could be the size or the relative abundance
of n different sub-types of cancer cells). Tumor dynamics are modeled by an ODE system
& = f(x,d), where the rate function f takes as inputs both the current state x(t) and the
current control, the “therapy intensity” d(¢). In models with a single drug, this is just a
scalar d(t) € [0,d,,,,] indicating the current rate of that drug’s delivery, where d, .. encodes
the Maximum Tolerated Dose (MTD), which can in principle be patient-specific. But the
same framework can also be used for multiple drugs, with a separate upper bound specified

for each element of d(t). Given an initial tumor configuration x(0) = &, a successful therapy

aims to drive the tumor state to a set Aguee While ensuring that the set Ag,; is avoided. E.g.,

11



Box 1: Problem setup of a typical deterministic optimal cancer-control problem

Evolutionary dynamics with control on therapy in- == f(x,d),
. (2.1)
tensity: z(0) = €.
z(t) € Asuce, if therapy succeeds;
Process terminates as soon as either
(t) € Aga, if therapy fails.
Definitions and Parameters:
e x € R" n-dimensional cancer state;
e d:Ry — D (D compact), time-dependent intensity of the therapy (control);
e Aguce € R™, success region;
o Ag) C R”, failure region;
o A = Agyce U Apajl, terminal set.
Total treatment time: 7(£,d(-)) = inf {t eRy | z(t) € A, z(0) = {} (2.2)
T
Treatment cost function: J(&,d())) = /K(m(T), d(r)) dr + g(m (T)), (2.3)
0
where T := T'(€,d(+)) is the terminal time, K («, d) is the running cost, and the terminal cost is
+oo, if :I}(T) € Atail,
g(x) =
0, if 2(T) € Aguce.
Value function: u(§) = (liI(lf; J(&,d(-))
is found by numerically solving a first-order HJB PDE gli% {K(S, d) +Vu(€) - f(g, d)} =0, (2.4)
€
with the boundary condition u = g on A. See for the derivation and §3.4.2] for the numerics.

in eradication therapy models, Ay might correspond to tumors below the detection level,
while Agy might specify a much larger size that effectively kills a patient; see §2.2.3] On
the other hand, for models that only track the relative abundance of cancer subpopulations,
Aguee might be defined in terms of the desired low abundance of specific subpopulations
affected by d(t), with the idea that the tumor size stabilizes or an entirely different therapy

strategy is adopted after a(t) enters Agycc; see

12



If the therapy manages to reach Ag,.. while avoiding A, its overall “cost” J is assessed
by integrating some running cost K = K(x,d) along the “trajectory” from & to A =
Aguee U Agay and adding the “terminal cost” g depending on its final state. E.g., ¢ might be
defined as +o0 on Ag; to make such outcomes unacceptable. The running cost K depends
on the current state of the tumor and the current drug usage levels and can be used to
model the direct impact on the patient of the tumor size and composition as well as the
side effects of the therapy. The key idea of dynamic programming [8] is to define a value
function u(€) encoding the minimal overall cost for each specific initial tumor state and to
show that this u must satisfy a stationary Hamilton-Jacobi-Bellman (HJB) equation ({2.4).
Once that partial differential equation (PDE) is solved numerically, the globally optimal rate
of treatment can be obtained in feedback form for all cancer states (i.e., d = d4(£)), which
makes it suitable for the adaptive therapy framework. Throughout this chapter, we will
use dy (&) to denote an optimal feedback policy for the deterministic version of each control
problem. If K is chosen so that the overall cost of a successful therapy J reflects a weighted
sum of the total therapy duration and the cumulative use of each drug, the weights can be
adjusted to reflect the relative importance of these optimization criteria. In this case, if f
is also a linear function of d, it is easy to show that the optimal treatment policy dy (&) is
generally bang-bang; i.e., for each drug, it prescribes either no usage or the maximal (MTD)

usage in every cancer state &.

In a generic continuous-time stochastic cancer model (summarized in Box [2)), the tumor
state X (t) becomes a random variable, with the dynamics specified by a Stochastic Differen-
tial Equation (SDE) (2.5)), which replaces the deterministic Ordinary Differential Equation
(ODE) (2.1). The definitions of the total treatment time T'(€,d(-)) and the overall treatment
cost J(€,d(+)) remain the same, but both of them become random variables. The standard
(risk-neutral) approach of stochastic optimal control is to find a feedback-form treatment pol-

icy that minimizes the expected treatment cost E[] } As explained in Box , the resulting
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Box 2: Problem setup of the stochastic optimal control problem

Stochastic evolution dynamics
dX =a(X,d) dt + X(X,d) dW,
with control on therapy intensity (2.5)

(a drift-diffusion process): X(0)=¢.

X (t) € Asyce, if therapy succeeds;
Process terminates as soon as either

X(t) € Atai, if therapy fails.
Definitions and Parameters:
e X € R", n-dimensional cancer state;
e W standard m-dimensional Brownian motion;
e a(X,d) € R", the drift function;
e X(X,d) € R, the diffusion function.

Note: Definitions of the total treatment time T := T(&,d(-)) and the treatment cost function J(&,d(-))

stay the same as in Box 1. But they are now random variables as we will replace x(t) by X (¢).

Box 3: Standard stochastic dynamic programming approaches

A risk-neutral (expectation-minimizing) approach [62] :

Value function: w(¢) = 1r(1f ]E[ (5 d(- ))} (2.6)

can be found by solving a second-order Hamilton-Jacobi-Bellman (HJB) equation:

min {K(&d) +Vuw(€) - a(€,d)+ Z w(€)B(¢, d); ,J} (2.7)

3&3&}
where B=X3" and w = gon A = Aguce U Agail-

Note: If one uses g(X (T')) = 400 when therapy fails (i.e., when X (T) € Agaq),

the diffusion will generally result in w = 400 for most if not all initial tumor configurations outside of

AS'IJCC .

An alternative is to maximize the probability of eventual goal attainment:
Value function: @(¢€) = sup]P(X (T) e ASUCC) (2.8)
d()

can be found by solving a second-order Hamilton-Jacobi-Bellman (HJB) equation:

o { Va(e) - ale.0) + Z e MOB(E ) sf=0 (29)

with the boundary condition @ = 1 on Agyce and w =0 on Agj-
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value function satisfies another stationary HJB PDE . The choice of suitable boundary
conditions is more subtle here: setting ¢ = +00 on Agy is no longer an option since the
probability of entering A before Ague. is usually positive under every treatment policy,
which would result in J = 400 for every occasional failure and the overall E{j } = +00.
This makes it necessary to either choose a specific finite “cost” of failure (which can be prob-
lematic both for practical and ethical reasons) or switch to an entirely different optimization
objective. For example, one can try to simply maximize the probability of fulfilling the
therapy goals (i.e., eventually reaching Agu.. while avoiding Agy) by solving the equation
(2.9). But this latter formulation ignores many important practical considerations: e.g., it
can easily result in an unreasonably long treatment time or in significant side effects from a

prolonged MTD-level drug administration.

In contrast, the approach we are pursuing here allows for a more nuanced definition of
success (e.g., taking into account the total drug usage, the treatment duration, and/or the
cumulative burden from the tumor). Choosing a running cost K to reflect the above factors,
we define the overall cost as J(&,d(-)) = OfTK(X(T),d(T))dT + ¢ (X(T)), which might
be infinite if X (7') € Apy. We then maximize the probability of reaching the policy goals,
but constraining the overall cost by some pre-specified threshold s. I.e., we need to find an
adaptive therapy that maximizes P(J < §). Our goal is to compute such threshold-aware
policies efficiently for all starting tumor configurations &£ and a broad range of threshold levels
simultaneously. It is easy to see that here good treatment policies will have to also take into
account the cost accumulated so far. This makes it natural to treat our chosen threshold s
as an initial cost budget, tracking the remaining budget s(¢) by solving equation in
Box . The value function can be found by solving the parabolic PDE (2.11]) numerically,

and the optimal feedback policy d3(&, s) is recovered in the process for all 5 € (0, S].

We note that, in classical stochastic optimal control, parabolic HJB equations are usually
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encountered when dealing with finite horizon problems, where the terminal time 7' is specified
in advance. See [60], 27, for typical examples in cancer-related literature. In contrast,
the parabolicity in PDE arises because of the monotone decrease in the remaining
budget s(t).

The details of our numerical method based on Box [4] are included in Chapter In
the interest of computational reproducibility, we provide the source code for approximating
value functions and computing threshold-aware policies for all the examples from §2.3] at

https://github.com/eikonal-equation/Stochastic-Cancer

Box 4: Our threshold-aware approach

Value function: v(&,s) = supP(j(ﬁ,d(-)) < §> (2.10)
da()
can be found by solving a different second-order HJB equation'
a n
glgg{ — 5;0(& 9K (& d) + Vu(€,5) Z a& % B(¢,d); ]} 0, (2.11)

where s € [0,S]. See the detailed derivation in §3.3.2| of Chapter

v(€,s) =1, if § € Asuce, 8 € [Oag];
The boundary conditions of HJB equation: { 4(¢, s) = 0, if € € Agapl, s € 0,8]; (2.12)
v(&,0) =0, if € ¢ Asuce-

The (random) ODE describing the reduction of budget:
5= —K(X(t),d(t)), 5(0) =5€(0,8). (2.13)

While this threshold-aware framework has important advantages illustrated below, it also
brings to the forefront several subtleties avoided in the more traditional stochastic optimal
control approaches. First, an adaptive treatment policy optimal for one specific threshold
is usually not optimal for another. (The starting budget in (2.13)) is important for deciding
when to administer drugs.) This would make it necessary for a practitioner to have a detailed
discussion with their patient to choose a suitable threshold value before the treatment is

started. Second, stochastic perturbations make the outcome random, and the budget might
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run out under any treatment policy; i.e., we might see s(t;) = 0 at some random time .
But this scenario is only a failure in the sense that the overall cost J will now definitely
exceed the threshold value 5. If the patient is still alive (X (7) ¢ Agy, V7 € [0,%]) and
interested in continuing treatment, one has to make a decision on the new strategy. This
can be done either by posing a new threshold for future treatment costs or by switching to
an entirely different policy — e.g., either by employing some traditional stochastic optimal
control approach (based on equations or ) or by using a deterministic-optimal
policy based on equation . The latter version is used in all stochastic simulations in the

following sections.

Informally, threshold-aware policies reflect a tension between two objectives which are
often (but not always) in conflict. Maximizing the probability of treatment attaining its
primary goals (e.g., tumor stabilization or eradication) is balanced against reducing the cost
(a combination of tumor and treatment burdens) suffered along the way. The former is
optimized but only over the scenarios where the latter stays below the prescribed threshold.
We close this subsection by highlighting connections of our approach to general multiobjective

optimal control and optimal control with integral constraints.

In deterministic optimal control theory, the idea of treating some version of cumulative
cost as an additional state variable is well-known. But the resulting ODE systems are
typically treated within the framework of Pontryagin’s Maximum Principle (PMP) [135],
which has an important advantage (its suitability for high-dimensional problems) but also
a number of serious drawbacks: the fact that policies are not recovered in feedback form,
the fact that these policies are generally not guaranteed to be globally optimal, occasional
difficulties in ensuring the convergence of numerical methods needed to find such policies,
and challenges in handling non-trivial state constraints. In cancer literature, this PMP-based

approach has been used to impose “isoperimetric constraints” on the amount of administered
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chemotherapy [I82] or immunotherapy [81]. In addition to the issues listed above, we note
that the suitability of equality (isoperimetric) constraints is not obvious in many cancer
applications. Indeed, the fact that a less aggressive treatment may in some cases improve the
outcomes is one of the main reasons for the interest in adaptive therapies. Thus, insisting
that all available drugs must be used is hard to justify, and inequality constraints (e.g.,

imposing an upper bound on the cumulative drug use) seem much more reasonable.

The first dynamic programming (HJB-based) formulation for handling such constraints
in general deterministic control problems was developed in [I0I]. It circumvents all these
PMP-associated difficulties with an added benefit of finding globally optimal policies for a
range of inequality constraint levels simultaneously. The threshold-aware method presented

here extends many of the same ideas to a stochastic setting.

2.2.2 Example 1: an EGT-based competition model.

To develop our first example, we adopt the base model of cancer evolution proposed by
Kaznatcheev et al. in [96], which describes a competition of 3 types of cancer cells. Gly-
colytic cells (GLY) are anaerobic and produce lactic acid, which damages the surrounding
non-cancerous tissue. The other two types are aerobic and benefit from better vasculature,
development of which is promoted by production of the VEGF signaling protein. Thus, the
VEGF (over)-producing cells (VOP) devote some of their resources to vasculature devel-
opment, while the remaining aerobic cells are essentially free-riders or defectors (DEF) in
game-theoretic terminology. If (24(t), zp(t), zv(t)) encode the time-dependent subpopulation
sizes of these three cancer types, their dynamics are given by Z; = ;2;, where ¢ € {G, D,V'}
and (1¢, ¥, 1y) are the respective type fitnesses. The actual expressions for these v; are

derived from the inter-population competition in the usual EGT framework; see Chapter
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§3.1.1} This competition of cells in the tumor is modeled as a “public goods” / “club goods”
game: VEGF is a “club good” since it benefits only VOP and DEF cells, while the acid
generated by GLY is a “public good” since the damage to healthy tissue is assumed to
benefit all cancer cells. The base model in [96] assumes that each cell interacts with n
others nearby. How much it benefits from these interactions depends on its own type and
the proportions of different cell types among those nearby cells. Assuming that all partic-
ipants are drawn uniformly at random from a large well-mixed population, one can derive
all fitnesses 1; as expected payoffs in this game of (n + 1) players. Those expected pay-
offs will naturally depend on the current subpopulation fractions (or relative abundances)

Za Zp

ro=——"™"—¥—,0p=———and xy = ———
2o+ 2p + 2y 2+ 2p + 2y Za T+ 2p + 2y

ferential Equation (ODE) [156] 86] is a standard EGT model for predicting the changes in

v . A Replicator Ordinary Dif-

these subpopulation-fractions as a function of time.

In both the original deterministic case and its stochastic extension, it is easier to view
the replicator equation as a 2-dimensional system (e.g., by noting that x, = 1 — zg — xy).
Following [96], we use a slightly different reduction, rewriting everything in terms of the

proportion of glycolytic cells in the tumor p(t) = x(t) and the proportion of VOP among
fEV(t)

xy(t) + xp(t)

GLY cells only) is similarly easy to encode by modifying the Replicator ODE; see equation

aerobic cells ¢(t) = . A drug therapy (in this example, affecting the fitness of

in Box [5| and the Supplementary Materials in [96] for the derivation. The goal of
the drug therapy here is to drive the GLY fraction p(t) = x(t) down below a specified
“stabilization barrier” ~,. (In [96], this goal is justified by noting that, with GLY gone,
the DEF cells will then quickly overcome VOP, leading to “an aerobic tumor with no -
or significantly diminished - ability to recruit blood vessels," which stabilizes (or at least
significantly slows down the growth of) the tumor.) For a range of parameter values, this
model yields periodic behavior of cancer subpopulations: without drugs, z(t), zp(t), and

xy(t) alternate in being dominant in the tumor, with the amplitude of oscillations determined
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by the initial conditions [96]. This highlights the importance of proper timing in therapies:
starting from the same initial tumor composition (qg, po), the same MTD therapy of a fixed
duration could lead to either a stabilization (p(t) falling below ~v,) or a death (p(t) rising
above the specified “failure barrier” +,) depending on how long we wait until this therapy

starts; see Fig 2 in Kaznatcheev et al. [96].
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Box 5: Example 1 (an EGT-based competition model adopted from [96, 73])

The deterministic base model (components for the approach in Box :

2y by &
T = 1 = |2v+2Zp | and &= f(x,d) = i« <1 - q(t)) gn +1 kgo (p(t))k - C) (2.14)
p 7 p() (1 =) (25 = G = Ja(t) - d))

The above reflects the formulas for subpopulation fitnesses (g, ¥p, ¥y ); see details in Chapter§

The stochastic model (components for the approaches in Boxes :

B XV WG
X = Q = XV + XD 9 W = WD 9

P X,

L G WV

i Q(lQ){<nb;:1 [éopk] c) + [(1Q)U%Qa§”

a(X,d) =
P(1-P) { <nbj_‘ = (- 9Q - d> - [U%P—ag(l —P)(1-Q)? - o2(1- P)QQ]}

S(X.d) - 0 —opQ(1-Q) ovQ(1-Q) . (2.15)

0cP(1-P) opP(1-P)1-Q) ovP(l-P)Q

Definitions and Parameters:

o d:Ry — [0,d ), time-dependent intensity of GLY-targeting therapy;

e Asuce = {(g,p) €10,1]% | p < 7,1}, success region where =, is the stabilization barrier;
o Api = {(q,p) € [0,1]? | p > v,}, failure region where v, is the failure barrier;

e K(X,d) =d+ ¢, running cost function where ¢ is the treatment time penalty;

400, if :E(T) € Agail,
e g= terminal cost;

0, if 2(T) € Asuce,
o W = (Wg, Wp, Wy), standard 3D Brownian motion for (GLY, DEF, VOP) cells;
e (0, 0p,0v), volatilities for (GLY, DEF, VOP) cells;
e b, the benefit per unit of acidification;
e b,, the benefit from the oxygen per unit of vascularization;

e ¢, the cost of production of VEGF;

(n 4 1), the number of cells in the interaction group.

Conditions for the heterogeneous regime b,
) ‘ ] <b,—c<cn. (2.16)
(coexistence of all cell types):
ov ov
. . dos if (— 1- —) <0,
The optimal threshold-aware policy du(g,p, ) = maxs 1 Bpp( p) + 95 2.17)
in feedback form: 0, otherwise.
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This strongly suggests the advantage of adaptive therapies, which prescribe the amount
of drugs based on continuous or occasional monitoring of (¢(¢),p(t)) or some proxy (non-
invasively measured) variables. A natural question is how to optimize such policies to reduce
the total amount of drugs used and the total duration of treatment until p(¢) < 7,. Gluzman
et al. have addressed this in [73] using the framework of deterministic optimal control theory
[61]. A time-dependent intensity of the therapy d(t) (ranging from 0 to the MTD level d,, )
was chosen to minimize the overall cost of treatment J (qo, po,d(:)) = ;fd(t) dt + 0T +
g (q(T),p(T)), where T is the time till stabilization (or failure, if (¢(7),p(T)) € Agy and
g = +oo) while the value of § > 0 reflects the relative importance of two optimization
goals (total drugs vs total time). In the framework of deterministic dynamic programming
[8] summarized in Box , this corresponds to minimizing the integral of the running cost
K = d(t) + 6. In [73], the deterministic-optimal policy is obtained in feedback form (i.e.,
d = du(q,p)) by numerically solving the Hamilton-Jacobi-Bellman (HJB) PDE (2.4). As
explained in §2.2.1] this policy is bang-bang. Fig [2.1fa) summarizes it (showing in yellow

the MTD region where dy(q,p) = d and illustrates the corresponding trajectory for one

max)

specific initial (qo, po)-

A natural way to introduce stochastic perturbations into this base model is to assume that
the rates of subpopulation growth/decay are actually random and normally distributed at
any instant, with the fitness functions (¢, ¥, 1y ) encoding the expected values of those rates
and the scale of random perturbations specified by (o, op, 0v). This approach, originating
from Fudenberg and Harris paper [65], is suitable for modeling heterogeneous tumors, in
which subpopulations not only interact [114] but can also vary in their growth rates over time
[163]. Adopting the usual probabilistic notation of using capital letters for random variables,
we can again start with the subpopulation sizes (Z, Zp,, Zy) evolving based on the Stochastic
Differential Equations (SDEs) dZ; = (;dt + 0,dW;)Z;, where i € {G,D,V} and each W;

is a standard one-dimensional Brownian motion, modeling independent perturbations to
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probability of success

DEF DEF

overall cost (s)

(b) (c)

Figure 2.1. Deterministic-optimal policy in the EGT-model. The (GLY-VOP-DEF)
triangle represents all possible relative abundances of respective subpopulations. Since the
optimal policy is bang-bang, we show it by using the yellow background where drugs should be
used at the MTD rate and the blue background where no drugs should be used at all. Starting
from an initial state (go,po) = (0.26,0.665) (magenta dot), the subfigures show (a) the optimal
trajectory found from the truly deterministically driven system with cost 5.13; (b) two
representative sample paths generated under the deterministic-optimal policy but subject to
stochastic fitness perturbations (the brighter one incurs a total cost of 3.33, whereas the
duller-colored path incurs a much higher 6.23); (¢) CDFs of the cumulative cost J approximated
using 10° random simulations. In both (a) & (b), the green parts of trajectories correspond to not
prescribing drugs and the red parts of trajectories correspond to prescribing drugs at the MTD
rate. In (a), the level sets of the value function in the deterministic case are shown in light blue.
In (c), the blue curve is the CDF generated with the deterministic-optimal policy dy. Its observed
median and mean conditioning on success are 4.95 and 4.91 respectively. The brown curve is the
CDF generated with the MTD-based therapy, which in this example also maximizes the chances
of “budget-unconstrained” tumor stabilization. Its observed median and mean conditioning on
success are 5.95 and 5.96 respectively. Orange and pink curves show the CDFs for two different
threshold-aware policies (with § = 4.5 and § = 5 respectively). The large dot on each of them
represents the maximized probability of not exceeding the corresponding threshold. The term
“threshold-specific advantage” refers to the fact that, at 5, the CDF of d$ is above the CDFs of all
other policies.

the fitness of the respective subpopulation. This can be used to derive the SDEs for the
corresponding fractions (X, Xy, Xy). We note that similar Stochastic Replicator Equations
arise naturally in ecology, where they have been studied in depth to address a possible

coexistence of species in randomly perturbed environments [149] 84].

The summary of Replicator SDEs for the reduced (@, P) coordinates is provided in Box ;

the derivation can be found in Chapter [3]| §3.2.2l The terminal set A is still the same: the

process terminates as soon as P(t) crosses a stabilization barrier (GLY’s are low, leaving
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mostly aerobic cells in the tumor) or the failure barrier (GLY’s are high, the patient dies).
But the terminal time 7" and the incurred cumulative cost J will also be random even if we fix
the initial tumor configuration (qg, pp) and choose a specific treatment policy d(-). Fig[2.1|(b)
shows one example of using the deterministic-optimal policy d(t) = dy (Q(t), P(t)) in this
stochastic setting. Gathering statistics from many random simulations that start from the
same (qo,po), we can approximate the Cumulative Distribution Function (CDF), measuring
the probability of keeping 7 below any given threshold s if the deterministic-optimal policy
is employed:

Fd*(s) = P(jgs)v

whose graph is shown in blue in Fig[2.1{c). If one instead opts to solve the PDE to
maximize the probability of reaching Ay while avoiding Ag,;, this yields a simple MTD-
policy d = d,,,., whose CDF (shown in brown in Fig [2.1]c)) is strictly worse than that of
dy. This is not surprising since the more selective dy is quite safe for this particular (qo, po),
with Agy avoided in all of our 10° simulations. However, its resulting “cost” can be still

high in many scenarios. E.g., in 47.4% of the d,-based simulations, J exceeded 5; in 72.6%

of all cases it exceeded 4.5.

This motivates our optimization approach: deriving a threshold-aware optimal policy d®
to maximize the probability of stabilization without exceeding a specific cost threshold s. As
explained in and summarized in Box [, this is accomplished for a range of threshold
values and all initial cancer configurations simultaneously. Fig[2.1{c) already shows that such
policies can provide significant threshold-specific advantages over the deterministic-optimal

therapy. Additional simulation results and the actual policies are illustrated in §2.3.1]
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2.2.3 Example 2: a Sensitive-Resistant competition model.

We also illustrate our approach by extending a model proposed by Carrére [30], which
focuses on the actual size of lung cancer cell populations studied in vitro. They consider
a heterogeneous tumor that consists of two types of lung cancer cells: the sensitive ()
“Ab49” (sensitive to the drug “Epothilene”) and the resistant (R) “A549 Epo40”. This was
based on the data from a series of experiments conducted by Manon Carre at the Center
for Research in Oncobiology and Oncopharmacology, Aix-Marseille Université. Mutation
events were neglected due to their rarity at the considered dosages of Epothilene and due to
relatively short treatment durations. The competition model presented below was derived
based on phenotypical observations, with fluorescent marking used to trace and differentiate

the cells.

Considered separately, both of these types obey a logistic growth model with respective
intrinsic growth rates g, and g,. The carrying capacity of the Petri dish (C) is assumed

to be shared, with the resistant cells assumed to be m times bigger than the sensitive; so,
25(t) + mzy(t)

the fraction of space used at the time t is . When cultivated together, it was
observed that the sensitive cells quickly outgrow the resistant ones despite the fact that their
intrinsic growth rates are similar [30]. To model this competitive advantage, they have used
an additional competition term —fz.z, to describe the rate of change of z,(t), with the
coefficient (8 calibrated based on experimental data. It was further assumed that R cells are
completely resistant to a specific drug, which reduces the population of S cells at the rate of

azg(t)d(t), with d(t) reflecting the current rate of drug delivery and the constant coefficient «

reflecting that drug’s effectiveness. With a normalization z(t) — z(t)/C, 2z, (t) — z.(t)/C,
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the resulting dynamics are summarized by

Z(1) = g5 (1 = 24(t) = mz (1)) 2(1) — @z (B)d(2),

Za(t) = g5 (1= 25(t) — may (1)) 2 () — BC (1) 2, (1) (2.18)

In both the original deterministic case and its stochastic extension, it is more convenient
to restate the dynamics in terms of the effective tumor size p(t) = z,(t) + mz,(t) and the

fraction of effective tumor size comprised of the sensitive cells ¢(t) = z,(t)/p(t). Note that
mq(t)

1+ (m—1)q(t)

q(t) due to the size ratio m between S and R cells. This change of coordinates yields an ODE

model (2.19) summarized in Box [6} see Chapter [3] §3.1.2) for the derivation. In this case,

the proportion of sensitive cells in the tumor, by number, is

instead of just

the goal of our adaptive therapy is eradication: i.e., driving the total tumor size p(t) below
some remission barrier v, (e.g., a physical detection level) while ensuring that throughout

the treatment this p(t) stays below a significantly higher failure barrier 7, < 1.
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Box 6: Example 2 (a Sensitive-Resistant competition model adopted from [30])

The deterministic base model (components for the approach in Box :

_ %

q Zq + Mz

a8 = o= S R
p zg +mzy

and &= flz.d) = (1—-p)g(1 — q)(gs — gr) + BCP*¢*(1 — @) — aq(1 — q)d(t) (2.19)

p(1 —p)lgsa + gr (1 — q)] — BCP?q(1 — q) — aqpd(t)

The stochastic model (components for the approaches in Boxes [2H4]):

- ZS
X = Q = ZS + mZR 5 W = [Btjl 5
_P ZS + mZR

a(X.d) = Q- Q){(l — P)(gs — gr) — ad + BCQP + (1 — P)?[03(1 - Q) — 03Q +USJR}} |

i P(1-P)(9sQ + gr(1 = Q) — aQPd — BCP?Q(1 - Q)

S(X.d) = (1-P)Q(1-Q)(os —or) . (2.20)

P(1 - P)[osQ + or(1 — Q)]

Definitions and Parameters:

d:Ry — [0,da], time-dependent intensity of S-targeting therapy;
e Asuce = {(g,p) € 0,12 | p < ,}, success region where =, is the remission barrier;
o Api = {(q,p) € [0,1]? | p > v,}, failure region where v, is the failure barrier;

e K(X,d) =d+ ¢, running cost function where ¢ is the treatment time penalty;

400, if :E(T) € Agail,
e g= terminal cost;

0, if 2(T) € Asuce,
e (g5,9r), growth rate for the sensitive and resistant cells, respectively;
e By, standard 1D Brownian motion;
e (0s,0R), volatilities for the sensitive and resistant cells, respectively;
e m, size ratio between S and R cells;
e (', Petri dish carrying capacity;
e «, drug efficiency;
e [3, action of sensitive on resistant.

Parameter values are specified in Chapter (3] §3.5.2]

d if (@ 1 ov @) <0
The optimal threshold-aware policy (e = max: 1 34 aq(l—q) + apa‘]? + o5 )
in feedback form: 0, otherwise.

(2.21)
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Fig (a) illustrates the natural dynamics of this model with no drug use. In this case,
the competitive pressure reduces the population R, which at first decreases the tumor size
for many initial conditions. But a rapid growth in S eventually increases the overall tumor,
leading to an inevitable failure (p(t) > 7,). The deterministic-optimal drug therapy is again
sought to minimize a weighted sum of total drugs used and the time of treatment (with the
running cost K = d(t) 4 ¢) until the eradication. It is obtained in feedback form d = dx(q, p)
after solving the PDE (2.4). Fig[2.2(b) shows that, for smaller tumor sizes, this d, prescribes
MTD-level treatment only after this initial tumor reduction is over, once S gets rid of most
R cells which are not sensitive to Epothilene. However, for larger initial p, this deterministic-
optimal policy starts using the drugs much earlier, planning to keep S cells in check as soon

as they are numerous enough to control R.

Total size (P)
Total size (P)
o
w

- .._._____._________.—-J

. . o -
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Fraction of the Sensitive (Q) Fraction of the Sensitive (Q) Fraction of the Sensitive (Q)

(a) (b) (c)

Figure 2.2. Deterministic-optimal policy in the Sensitive-Resistant model. Starting
from an initial state (qo,po) = (0.1,0.5) (magenta dot), the subfigures show (a) the deterministic
trajectory without therapy that ends in the Ag,y; (b) the optimal trajectory found from the
deterministically driven system with cost 49.30; (c) two representative sample paths
generated under the deterministic-optimal policy but subject to stochastic perturbations in

(95, gr) (the brighter one incurs a total cost of 49.43, versus a much higher 70.45 for the
duller-colored path); In (a), the white dashed-line is part of the nullcline where p = 0; In both
(b)&(c), the green parts of trajectories correspond to not prescribing drugs and the red parts of
trajectories correspond to prescribing drugs at the MTD rate. The level sets of the value function
u in the deterministic case are shown in light blue.

Stochastic perturbations can be similarly introduced here by assuming that the intrinsic
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growth rates are actually random and normally distributed at any instant. (This approach
was also used in modeling persistence strategies among bacteria in [27].) In Example 1, we
assumed that the fitness function of each subpopulation was affected by its own random
perturbations. The Brownian motion in Box [5| was three-dimensional, corresponding to sub-
populations impacted by three separate and uncorrelated aspects of the fluctuating environ-
ment. Depending on the nature of perturbations, a similar assumption might be reasonable
in the current example as well. But this is not a necessary feature for the threshold-aware
optimization approach to be applicable. To demonstrate this, we will instead assume here
that the same aspect of fluctuating environment impacts both subpopulations, and thus a
single (1D) Brownian motion perturbs the intrinsic growth rates of both S and R. We will
use (¢gs, gz) to represent their expected growth rates and (og, o) to denote their respective
volatilities. This yields SDEs for the stochastic evolution of (@), P), which are derived in
of Chapter [3 and summarized in Box[6] As shown in Fig[2.2{c), if the deterministic-
optimal policy d4 is used in this stochastic setting, the initiation time of the MTD-based
therapy (and the resulting overall cost J) can vary significantly. This motivates us again to

use the threshold-aware approach based on the PDE ({2.11)), with the policies illustrated and

advantages quantified in §2.3.2)

2.3 Results

2.3.1 Policies, trajectories, and CDFs for the EGT-based model

We explore the structure and performance of threshold-aware policies computed for the
system described in §2.2.2 The parameter values d,, = 3,0, = 2.5,b, =2,c =1,n =14

are the same ones provided in Kaznatcheev et al. [96] and Gluzman et al. [73]. However,
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we use 7, = 1 — v, = 1072 and § = 0.05 as opposed to 7, = 1 —4, = 107" and § = 0.01
in [73]. Additionally, we consider small uniform constant volatilities o = op = oy =
0.15, characterizing the scale of random perturbations in fitness function for all 3 cancer
subpopulations. The details of our Monte-Carlo simulations used to build all CDFs can be
found in Chapter 3] §3.4.3f Additional examples, including those with higher volatilities,

in which the threshold-performance advantages are even more significant, can be found in

Chapter [3] §3.5]

In Fig|2.3] we present some representative s-slices of threshold-aware optimal policies and
their corresponding optimal probability of success for respective threshold values. Since these
policies are also bang-bang, the drugs-on region (at the MTD level) is shown in yellow and
the drugs-off region is shown in blue in all of our figures, following the convention from [73].
We observe that this drugs-on region is strongly s-dependent and completely different from
the one in the deterministic-optimal case shown in Fig [2.1{a). Since the cancer evolution
considered here has stochastic dynamics given in , different realizations of random
perturbations will result in entirely different sample paths even if the starting configuration
and the feedback policy remain the same. Three such representative sample paths are shown
in Fig[2.4] starting from the same initial tumor configuration (qq, po) = (0.26, 0.665) already
used in Fig and focusing on a threshold s = 5. We use the example from Fig [2.4{a), in
which the stabilization is achieved while incurring the total cost of 7 = 4.70 < s, to illustrate
the general use of threshold-aware policies. Starting from the initial budget s = s, the optimal
decision on whether to use drugs right away is based on the first diagram in Fig[2.3(a). For
our initial tumor state, this indicates that d.(qo, po,5) = 0 (not prescribing drugs initially)
would maximize the probability of stabilizing the tumor without exceeding the threshold
s = 5.0. As time passes, we accumulate the cost, thus decreasing the budget, even if the
drugs are not used. If we stay in the blue region for the time 8 = 1/4, the second diagram (the

“s = 4.0” case) in Fig [2.3(a) becomes relevant, with subsequent budget decreases shifting
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us to lower and lower s slices. Of course, in reality we constantly reevaluate the decision
on d, (as s changes continuously while Fig a) presents just a few representative slices)
taking into account the changing tumor configuration (Q(t), P(t)). (Movies with additional
information for Figs 2.3 and [2.4] are available at https://eikonal-equation.github.io/

Stochastic-Cancer/examples.html.)

A%A%

VOP DEF VOP DEF VOP DEF VOP
s=5.0
(a)
GLY
VOP DEF VOP DEF VOP DEF VvOP
s=5.0 s =4.0
| | 1 1 |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
(b)

Figure 2.3. Representative slices of the threshold-aware optimal policy (top row) and
the corresponding probability of success (bottom row) for the EGT-based model.
Each triangle represents all possible tumor compositions (proportions of GLY/VOP /DEF cells in
the population). Top row shows the policy, which prescribes the optimal instantaneous decisions
on drug usage given the indicated remaining budget (s) and the current tumor state. Bottom row
shows the probability of “stabilization within the budget” if the optimal policy is followed from
this time point and onward. Each column corresponds to a specific budget level s, which is shown
below each triangle. The arrows indicate the natural decrease of the remaining budget while
implementing the policy.

In contrast to the success story in Fig|2.4|a), we note that there are two very different ways
of “failing”. First, the process can stop if the proportion of GLY cells becomes too high, as in
Fig (b) When VOP is relatively low, the deterministic portion of the dynamics can bring

us close to the failure barrier, with random perturbations resulting in a noticeable probability

31


https://eikonal-equation.github.io/Stochastic-Cancer/examples.html
https://eikonal-equation.github.io/Stochastic-Cancer/examples.html

fraction

15 20 25
time time

(a) (b)

Figure 2.4. Representative sample paths starting from the same initial state

(go,po) = (0.26,0.665) (magenta dot) and the same initial budget s = 5. Top row: sample paths
on a GLY-DEF-VOP triangle. (a) eventual stabilization with a cost of 4.70 (within the budget);
(b) eventual death; (c) failure by running out of budget (eventual stabilization with a total cost of
7.80 by switching to the deterministic-optimal policy after s = 0). Some representative tumor
states along these paths (with indications of how much budget is left) are marked by black
squares. In (c), the part where J > 5 is specified in orange (no drugs) and brown (at MTD level).
Bottom row: evolution of sub-populations with respect to time based on the sample paths from
the top row. Here we use light green and light pink backgrounds to indicate the time interval(s) of
prescribing no drugs and of prescribing drugs at the MTD-rate, respectively. We use black
pentagrams and black crosses to indicate eventual stabilization and death, respectively. In (c), we
use a dashed black line to indicate the budget depletion time #;.

of crossing into A, . Second, even if we stay away from Ag,;, the budget might be exhausted
before reaching Ag,cc, as in Fig [2.4(c). Threshold-aware policies provide no guidance once
s = 0, but it is reasonable to continue (using some different treatment policy) since the
patient is still alive. In our numerical simulations, we switch in this case to a deterministic-
optimal policy dy illustrated in Fig [2.1. This decision is somewhat arbitrary; e.g., one
could choose instead to switch to an MTD-based policy, which in this example maximizes
the probability of reaching Ag,.. while avoiding Ag,; without any regard to additional cost
incurred thereafter. For this initial tumor configuration and parameter values, continuing

with dy typically yields smaller costs while only slightly increasing the chances of eventual
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failure (e.g., &~ 0.36% of crossings into Ag,; using dy versus ~ 0.07% using the full MTD
once the original budget of s = 5.0 is exhausted). But whatever new policy is chosen for such
“unlucky” cases, this choice will only affect the right tail of J’s distribution; i.e., P(J > §)

will be affected only for 5 > s.

Returning to the optimal probability of success v(q, p, s) shown in Fig[2.3{(b), we observe
that v has particularly large gradient near the level curves of the deterministic-optimal value
function u shown in Fig [2.1(a). (The particular level curve of u near which v changes the
most is again s-dependent as the budget decreases.) If the remaining budget is relatively
low (e.g., s = 1.5), one can see from Fig[2.3(b) that there is no chance to stabilize the tumor
within this budget unless the GLY is already low (and a short burst of drug therapy would
likely be enough) or VOP is high (and the no-drugs dynamics will bring us to a low GLY
concentration later on). Consequently, the optimal policy for s = 1.5 is to not use drugs for

the majority of tumor states.

The contrast in threshold-specific performance is easy to explain when the deterministic-
optimal and threshold-aware policies prescribe different actions from the very beginning. To
illustrate this, we consider (qg, po) = (0.27,0.4), for which dy = d,,,, while d¢ = 0 for a range
of § values; see Fig [2.5(a) and [2.5(b) for representative paths and [2.5c) for the respective
CDFs. Under the deterministic-optimal policy (whose CDF is shown in blue), only 50%
of simulations yield the cost not exceeding 4.71. A threshold-aware policy (implemented
for § = 4.71, with CDF shown in pink) maximizes this P(J < 5) and succeeds in 63.7%
of all cases. The potential for improvement is even more significant with lower threshold
values. For instance, we see that P(J (dy) < 4.35) < 10%, while our threshold-aware policy
(implemented for § = 4.35, with CDF shown in orange) ensures that P (J(d?) < 4.35) =
v(qo, po, 8) ~ 45.6%. This improvement can also be translated to simple medical terms:

starting from this initial tumor configuration, the deterministic-optimal policy will likely
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keep using the drugs at the maximum rate d_,, all the way to stabilization; see Fig [2.5|a).
In contrast, our threshold-aware policies tend not to prescribe drugs until GLY is relatively
low and VOP is relatively high; see Fig 2.5(b). As a result, the patient would suffer less

toxicity from drugs in most scenarios.

0.75

0.637 - —————gr———T———4

,,,,,,,,,,,,,
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—_—,

--------- median cost
d3;5=4.35

—d3; 5 =471

probability of success

35 4 4.35 4.71 5 5.5 6
overall cost (s)

(b) (c)

Figure 2.5. Comparison between threshold-aware policies and the
deterministic-optimal policy. Starting from an initial state (qo,po) = (0.27,0.4) (magenta
dot): (a) a sample path with cost 4.75 under the deterministic-optimal policy; (b) a sample path
starting at § = 4.35 with a realized total cost of 4.02 under the (orange) threshold-aware policy;
(c) CDFs of the cumulative cost J approximated using 10° random simulations. In (c), the solid
blue curve is the CDF generated with the deterministic-optimal policy. Its median (dashed blue
line) is 4.71 while its mean conditioning on success is 4.72. The solid orange curve is the CDF
generated with the threshold-aware policy with s = 4.35; and the solid pink curve is the CDF
generated with the threshold-aware policy with s = 4.71.

DEF VOP

It is worth noting that each threshold-aware policy maximizes the probability of success
for a single/specific threshold value only. E.g., for all the pink/orange CDFs we have pro-
vided, the probability of success is only maximized at those pink/orange dots. Moreover,
we clearly see from Fig[2.5(c) that the probability of J not exceeding any § < 4.35 is lower
on the pink CDF than on the orange CDF (computed for s = 4.35). Intuitively, this is not
too surprising. In the early stages of treatment, a (pink) policy computed to maximize the
chances of not exceeding s = 4.71 is more aggressive in using the drugs and thus spends the
“budget” quicker than the (orange) policy, which starts from a lower initial budget s = 4.35.

This is also consistent with the budget-dependent sizes of drugs-on regions in Fig [2.3{a).

34



2.3.2 Policies, trajectories, and CDFs for the SR-model

We now turn to the SR model system described in §2.2.3] Our numerical experiments use

dpoe =3, 7. = 1 — 7, = 1072, § = 0.05, and volatilities o = o5 = 0.15. For other parameter
values, see §3.5.2] of Chapter [3]

We show the representative s-slices of threshold aware policies and the corresponding
success probabilities in Fig [2.6] Similarly to the EGT-model, we observe that the drug-on
regions (shown in yellow) are strongly budget-dependent and quite different from the ones
specified by dy in Fig [2.2(b). We note that the drugs-on region generally shrinks in size
(toward the @ = 1 line, where only S cells are present) as the budget s decreases. For even
tighter budgets, this yellow region becomes disconnected, prescribing the drugs for large P
values (to substantially decrease the tumor size) and in a thin layer near Ag,.. (where a short

burst of drugs is likely sufficient).

In Fig we provide sample random trajectories and compare the performance of three
different policies: the deterministically optimal d, and the threshold-aware d implemented
for two different thresholds s = 69.45 and s = 60. A suitable choice of the initial tumor
configuration is less obvious for this example and deserves a separate comment. For many
multi-population models, it is reasonable to assume that the system had approached some
drug-free coexistence equilibrium before the tumor was detected and the therapy started. But
since the model described in [30] does not include mutations, it also does not have a drug-free
coexistence equilibrium. In our testing of various drug policies, we choose the initial tumor
with 96% of sensitive cells and the tumor size at 90% of the carrying capacity. Since the

resistant cells are much larger [30], this corresponds to initial conditions (go, po) = (0.45,0.9).

Despite the fact that all three tested policies use no drugs at the very beginning, the

deterministic-optimal policy typically starts prescribing drugs much earlier. See the com-
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Figure 2.6. Representative slices of the threshold-aware optimal policy (top row) and
the corresponding probability of success (bottom row) for the Carrére example. Each
square represents all possible tumor states (sizes and compositions). The horizontal axis is the
fraction of the Sensitive (@Q) and the vertical axis is the total population (P). Top row shows the
policy, which prescribes the optimal instantaneous decisions on drug usage given the indicated
remaining budget (s) and the current tumor state. Bottom row shows the probability of
“eradication within the budget” if the optimal policy is followed from this time point and onward.
Each column corresponds to a specific budget level s, which is shown below each square. The
arrows indicate the natural decrease of the remaining budget while implementing the policy.

parison of sample trajectories under dy and d§ in Fig[2.7(a) and R.7(b). As a result, our
threshold-aware policy (implemented for § = 69.45, with CDF shown in pink) improves
P(J < §) to 67.4% from 50% produced by dy. This advantage is even more significant
with lower thresholds. E.g., P(J(dy) < 60) is only 19.6%, while our threshold-aware policy
(implemented for s = 60, with CDF shown in orange) more than doubles this probability of

under-threshold remission to 39.8%.
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Figure 2.7. Comparison between threshold-aware policies and the
deterministic-optimal policy. Starting from an initial state (qo,po) = (0.45,0.9) (magenta
dot): (a) a sample path with cost 57.3 under the deterministic-optimal policy; (b) a sample path
starting at § = 60 with a total cost of 53.63 under the (orange) threshold-aware policy; (¢) CDFs
of the cumulative cost J with 10% samples. In (c), the solid blue curve is the CDF generated with
the deterministic-optimal policy. Its median (dashed blue line) is 69.45 while its mean
conditioning on success is 70.5. The solid orange curve is the CDF generated with the
threshold-aware policy with s = 60; and the solid pink curve is the CDF generated with the
threshold-aware policy with § = 69.45. See Chapter [3] for time-evolution plots associated
with sample paths in (a) and (b).

2.4 Discussion

That cancers evolve during therapy is now an accepted fact, and is slowly being incorporated
into therapeutic decision making. In some cases, this can be implemented simply by changing
from one targeted therapy to another, but in most, where tumors are a heterogeneous mixture
of interacting phenotypes, this is not feasible. In these cases, ecological thinking is rising
to the fore in the form of adaptive therapy. Until recently, clinical trials, and theoretical
investigations, of adaptive therapy have relied on a priori assumptions of the underlying
interactions, and their effects on tumor composition over time. Several studies, both in
vitro[95] and in wvivo[114, [B1], however, have begun to provide methods for more rigorous
quantification of these interactions. As these tools mature, the next challenges will be to

understand these interactions in patients and to exploit them in improving personalized
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treatment.

The presented approach is a step in this direction, aiming to limit the probability of
high-cost outcomes in the presence of stochastic perturbations. It is applicable to a broad
class of stochastic cancer models and therapy goals (e.g., tumor eradication or stabilization).
While it is standard to tune the treatment plan to maximize the probability of reaching
its goal, we go farther and maximize the probability of goal attainment without exceeding
a prescribed threshold on cumulative cost (interpreted as a combination of the total drugs
used, cumulative disease burden, and the time to remission/stabilization). We show that
these optimal treatment policies become threshold-aware, with the drugs-on/drugs-off regions
changing as the treatment progresses and the initial “cost budget” (for meeting the chosen
threshold) gradually decreases. The comparison of CDFs generated for the deterministic-
optimal policy and threshold-aware policies demonstrates clear advantages of the latter, often

resulting in a significant reduction of drugs used to treat the patient.

More generally, dynamic programming provides an excellent framework for finding op-
timal treatment policies by solving Hamilton-Jacobi-Bellman (HJB) equations. The fact
that these policies are recovered in feedback form makes this approach particularly suitable
for optimization of adaptive therapies. But even though the use of general optimal con-
trol in cancer treatment is by now common [I45], the same is not true for the more robust
HJB-based methods, which so far have been used in only a handful of cancer-related appli-
cations [126], 1, 60} 73], B1], 103, OI]. This is partly due to the HJBs’ well-known curse of
dimensionality: the rapid increase in computational costs when the system state becomes
higher-dimensional. This is a relevant limitation since our threshold-aware approach intro-
duces the “budget” as an additional component of the state. Similarly to the presented
examples, our current implementation would be easy to adopt to any cancer model based

on a two-dimensional (g, p) state space, with the budget s adding the third dimension. For
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cancer models with a larger number of subpopulations, the general approach would remain
the same, but the approximate HJB-solver would likely need to rely on sparse grids [116],

tensor decompositions [47], or deep neural networks [I78].

The presented examples did not model any mutations, but we note that this is not really
a limitation of the method itself. E.g., drug-usage-dependent mutations would be easy to
incorporate into our EGT-based example by switching to a Replicator-Mutator ODE/SDE
eco-evolutionary model [80, 85]. We did not pursue such examples here primarily to make

for an easier comparison with prior work [73] and to limit the number of model parameters.

Our SDE models of global (or environmental) stochastic perturbations to subpopulation
fitnesses and intrinsic growth rates are based on perspectives well-established in biologi-
cal applications [65, 27]. While our focus on environmental stochasticity is motivated by
“averaging-out” the variability within each subpopulation, it is worth noting that this as-
sumption is not always justifiable. Whenever the subpopulation size is sufficiently small,
the demographic stochasticity becomes crucially important. (This is also the regime in
which the validity of ODE/SDE models is far less obvious.) Even though we do not deal
with this important limitation here, we note that our threshold-aware approach can be
used with a variety of perturbation types, including jump-diffusion processes, which could
be used to build future models that account for demographic stochasticity in these special
small-subpopulation regimes. Such discontinuous jump-transitions (e.g., reflecting possible
subpopulation extinctions) can be naturally handled in our framework. For instance, a sim-
ilar method has been developed in [32] for controlling “piecewise-deterministic” processes,
where perturbations happen at discrete points in time and amount to abrupt switches in
system dynamics. More recently, our framework was also used to control the hybrid dynam-
ics of a sailboat navigating in stochastically changing wind conditions and trying to reach

the destination prior to a specified deadline s [I68]. We note that dynamic programming is
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also used in discrete population models focused on demographic stochasticity [119]. Tt will

be also interesting to investigate the usability of our approach in that discrete setting.

Sensitivity with respect to threshold variation can be tested by comparing CDFs of d?
for different s values. While it is also possible to perform a similar comparison under per-
turbation of model parameters, we believe that another approach is more promising: any
bounded uncertainty in parameter values can be treated as a “game against nature,” leading
to a Hamilton-Jacobi-Isaacs PDE, whose solution will yield policies optimizing the threshold-

performance in the “worst parameter variation” scenarios [32].

Another important extension will be to move to “partial observability” since the state of
the tumor is only occasionally assessed directly through biopsies and some proxy measure-
ments have to be used at all other times [60]. Finally, it will be also interesting to study
the multiobjective control problem of optimizing threshold-aware policies for two different

threshold values simultaneously.

In summary, we have presented a theoretical and computational advance for the toolbox of
evolutionary therapy, a new subfield of medicine focused on using knowledge of evolutionary
responses to inform therapeutic scheduling. While there are a number of cancer trials using
this type of evolutionary-informed thinking, most are based on heuristic designs and are not
formulated to consider the underlying stochasticities. Developing a theoretical foundation
for future clinical studies requires EGT models directly grounded in objectively measurable
biology [95]. Therapy optimization based on such models requires efficient computational
methods, particularly in the presence of stochastic perturbations. We hope that the general
approach presented here will be useful for a broad range of increasingly accurate stochastic

cancer models.
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CHAPTER 3
MATHEMATICAL AND NUMERICAL DETAILS FOR
THRESHOLD-AWARE CANCER THERAPY

This chapter provides mathematical derivations, numerical schemes and their implemen-
tation details, and additional examples for Chapter [2| “Threshold-awareness in adaptive
cancer therapy.” We provide the full source code of our numerical schemes presented in
and movies for both small (§2.3.1]) and large (§3.5.4) volatilities at

https://eikonal-equation.github.io/Stochastic-Cancer/.

3.1 Derivations of controlled unperturbed/deterministic systems

3.1.1 The EGT-based competition model

We start by producing the main derivations of the controlled unperturbed system of equations
(labeled in Chapter [2)) adopted from Gluzman et al. [73]. The original model from
Kaznatcheev et al. [96] describes a competition of 3 types of cancer cells: Glycolytic cells
(GLY) are anaerobic and produce lactic acid. The other two types are aerobic and benefit
from the oxygen from vascularization. The VEGF (over)-producing cells (VOP) improve
the vasculature development, while the remaining aerobic cells are defectors (DEF). As
mentioned in Chapter [2 the competition of cells in the tumor is thus modeled as a “public
goods” / “club goods” game: VEGF is a “club good” since it benefits only VOP and DEF

cells, while the acid generated by GLY is a “public good” as it benefits all cancer cells.

The original model in [96] is based on a game of (n + 1) locally interacting cancer cells.

The fitness of each of them depends on the proportion of all three types among these game
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bok
participants. Define A, (k) =
n

1 to be the benefit to each cell due to acidity if k of

(n + 1) participants are producing acid. Suppose (m + 1) of these (n + 1) cells are aerobic.

byk
Then V,,(k) = :_ 1 is defined to be the benefit (to each aerobic cell) due to increased
m

vascularization if k of these (m + 1) cells are (over) producing VEGF at a personal cost c.

Focusing on one specific participant, suppose ng, np, ny are the numbers of GLY, DEF,
and VOP cells among all others, with ng + np + ny = n. Thus, if that “focus participant”
is a GLY cell, the benefit due to acidity is A, (ne + 1) (it is actually its payoff since GLY is
the only anaerobic type). Similarly, if the focus participant is an aerobic type, the benefit
due to acidity becomes A, (ns). When the focus participant is a VOP cell, the benefit it
receives due to vascularization is V,,_,(ny + 1) while paying a constant cost ¢ to produce
VEGF. Note that the group size of aerobic cells among n total nearby cells is n —ng. On the
other hand, if the focus participant is a DEF cell, it receives a benefit of V,,_,,(ny) due to
vascularization while paying no cost. We note that the benefit received by a focus participant
depends heavily on that participant’s type and on the types of others. To determine the
fitness functions v, Kaznatcheev et al. further assumed that all participants are drawn
uniformly at random from a large well-mixed population. They then computed the expected
benefit for each type of focus participants, by averaging over all possible compositions of

their local interaction group [96].

To simplify the notation for the EGT-based model, we will use subscripts
1, 2, and 3 to indicate GLY, DEF and VOP cells respectively. Summarizing the
above in this new notation, we list the fitness function for each of the three types of cancer

cells:

Y1 = (An(ng + 1)>n1~Bn(x1)v

Py = <An<n1>>n1~3n($1) + <Vn*n1(n3)>(m,n3)~Mn(I1,$3)7 (31)

3 = <An(n1)>n1~Bn(x1) + (Vaen, (n3 + 1)>(n1,n3)~Mn(z1,xs) )
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where B, (z) is the binomial distribution with n samples and z is the probability of suc-
cess, M, (z,y) is the multinomial distribution with n samples, three possible outcomes with
respective probabilities (z, 1 — 2z — v, y); and (f(())c~q is the expected value of f(¢) over
a random variable ¢ with distribution 2. The expectations in can be also computed
explicitly; we refer to Section 1S of Supplementary Materials in [73] and Appendix A in [96]

for details.

Let z1, 29, 23 denote the absolute sizes of subpopulations of GLY, DEF, VOP cells. We
assume each sub-population grows with rate equal to its respective fitness, and the GLY-

targeting therapy (control) kills GLY cells only with time-dependent rate d : Ry — [0,d .. ]-

? 'max

Then the controlled dynamics of sub-populations is

Z(t) = i(t)z(t) — d(t)=(t),
Z(t) = Ya(t)22(1),
Z3(t) = ¥3(t)23(1).

By definition, the proportion of GLY cells in the entire tumor is 7 = 21/(21 + 22 + 23).

Differentiating both sides with respect to ¢, we obtain the dynamics for xy:

P 2 (Gt At i)n
! 21+ 29 + 23 21+ 29 + 23
21 21 Z2 z3
= (i —d)) - | — (W —d(t))+ — 2+ — 2 sl
zl+22+z3(¢1 ()) z1~|—22—|—23(¢1 ()) 21+ZQ+Z3¢2 zl+z2+z3¢3 !

= (Y1 — dd(t))z1 — [21(1 — d(t)) + 2292 + 2313] 71
= (Y1 — dd(t))z + dd(t) 22 — (),

= (Y1 — (V))z1 — 21(1 — 21)d(2),
where (1) = x990 + 22109 + 23103 is the average fitness.

The ODEs for &5 and @3 follow a similar argument, and hence the controlled unperturbed
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system (a replicator equation) is:

i1 = (Y1 — ())wr — 21 (1 — 21)d(?),
Ty = (Y2 — (V)T + 2221d(2),
1'3 = (@Z)g — <¢>)$3 + $3$1d(t).

Since z1 + x2 + x3 = 1, one can transform the above 3-dimensional system into 2-
dimensional. Let the proportion of glycolytic cells in the tumor to be p(t) = x;(t) and the

proportion of VOP among aerobic cells to be ¢(t) = x3(t)/(x2(t) + x3(t)).

Hence

p=p(hr = (¢)) — p(1 —p)d(t)
= p(1 — 2191 — T2ty — w31h3) — p(1 — p)d(t)
= p(r — p¥1 — z2t2 — a313) — p(1 — p)d(t)
=p(1=p)(¥1 = (¥)23 — d(1)),

where ()3 = 12 + q(¢3 — 19).

Similarly,

. T3Ty — Ta3 T3T9
1= T ae? ~ (matagp s V) =m0~ )

By definitions of 1, 5, 13 from above, one can find

b, n
PR P I
ba
V1 — (V)23 = e q(b, — c).

See Section 1S of Supplementary Materials of [73] for detailed derivations of the above

expressions. Substituting them into equations for p and ¢, one obtains the controlled reduced
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unperturbed system (labeled (2.14) in Box [f] in Chapter [2)):

¢=q(1—q) (ni 0 [éop’“} - c) ,
ba

Pzp(l—p)< —(bv—C)q—d(t)>-

(3.2)

n+1

3.1.2 The SR competition model

We now provide derivations of the controlled unperturbed system of equations (labeled
in Chapter [2) based on a model proposed by Carrere [30]. As explained in the Chapter ,
their original model describes competition between two types of lung cancer cells in witro:
the sensitive (S) “A549” (sensitive to the drug “Epothilene”) and the resistant (R) “A549
Epo40”. The model was derived based on phenotypical observations and neglected mutation

events.

We denote the absolute size of their respective population as z, and z,. The concentration
of the drug (control) has a time-dependent rate d : Ry — [0,d,,.]. With a normalization
z(t) = 2,(t)/C, 2z, (t) = 2,(t)/C, we have shown in Chapter [2| that the controlled dynamics
follow

(1) = g5(1 = 2(t) = mz (1)) 2 (1) — ez, (B)d(1),

ZR(t) = gn(l - Zs(t) - mzr{(t»zr{(t) - Bczs(t)zr{@)'

Focusing on the total size of the tumor p(t) = z,(t) + mz,(t) and the fraction of tumor size

(3.3)

taken by sensitive cells ¢(t) = z,(t)/p(t), we now derive the ODEs in this new coordinates
(q(t), p(2))-
P = +mz,
= gs(l — 2z — mzR)zS — azd(t) + gR<1 — 24 — mZR)zR — BCzz,
= gsqp(1 —p) — aqp d(t) + g, (1 — ¢)p(1 — p) — BCp*q(1 — q)

= p(1 = p)[gsq + 9. (1 — )] — BCP*q(1 — q) — agp d(t)
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. Zg p
G="—q-=
P p
9:(1 = p)ap — agp d(t) 4. PL=P)lgsa + ga(1 = 9)] = BOp’q(1 — g) — agp d(1)
P P

= g5q(1 — p) — ag d(t) — (1 — p)[gsq + 9. (1 — q@)] + ag’d(t) + BCpg*(1 — q)
=951 —p)(1 —q) — ga(1 — @)(1 — p) + BCP¢*(1 — q) — ag(l — q)d(t)

= (1 —p)a(1 — q)(9s — 9) + BCPE*(1 — q) — aq(1 — q)d(t)

We thus obtains the controlled unperturbed system (labeled (2.19)) in Box @ in Chapter

in (g, p) coordinates:

¢=(1—=p)g(L —q)(gs — ga) + BCP¢*(1 — q) — aq(1 — q)d(t),
(3.4)

p=p(1=p)gsq + gu(1 — q)] — BCP*q(1 — q) — aqp d(1).

3.2 Problem setup and derivations for stochastic models

3.2.1 Problem setup under a general stochastic optimal control

framework

Let (2, F,{F:}i>0,P) denote a complete filtered probability space. The canonical reference
probability space for a standard m-dimensional Brownian motion is defined by the following
5-tuple [62] (3]

V= (Q,]:, P, {Ft}t207w>7

where

e :=(C([0,00),R") is the space of all continuous functions from [0, c0) to R™ equipped

with the metric of uniform convergence on compact sets;
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o F :=B(Q) is the Borel o-algebra on ;
o P is the Wiener measure;

o {Fi}i>0is the completion of the natural filtration of an m-dimensional Brownian motion

defined on (92, F,P);

o W = (W, Wy, ...W,,) :]0,00) x Q = R™ in R™ is an F;-Brownian motion.

Let d(-) : [0,00) x © — D (D compact) be a F;-progressively measurable control process.
By “Fi-progressively measurable”, we mean for each t € [0,00), the map (¢,w) — d(t,w)

from [0,t] x Q into [0,d,,.] is B([0,t]) ® Fi-measurable [62, 53]. For the sake of notational

7 'max

simplicity, we will suppress the w-dependence in the rest of this chapter.

We focus on stochastic dynamics of the following form:
dX =a(X,d)dt + X(X,d) dW, (3.5)

where X € R"™ encodes the state variables, a(X,d) € R" denotes the drift coefficient
function, and 3(X,d) € R™™ encodes the diffusion coefficient function. If a(Y,d) and
3(Y,d) are Lipschitz in Y and wuniformly continuous in d, then Eq. (3.5) has a strong

solution for a fixed initial condition [23], 52].

Consider an exit-time problem where A C [0, 1]™ is the terminal set (for simplicity, we
have normalized X € [0,1]"). Furthermore, A = Agycc U Agy is the union of the success

region Aguee and the failure region Ag,;. We define the terminal time as
T = T(€,d(-)) = inf {t ER, | X() e, X(0)= g},

where & is any starting configuration.

We further define the total cost of using a policy d(-) as

J(€.d()) = / K(X(r).d(r)dr + o(X (1))
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for some strictly positive running cost function K and a some non-negative terminal cost

function g.

3.2.2 Derivation of controlled perturbed system for the EGT

model

In this section, we provide detailed derivations of the controlled stochastic cancer dynamics

based on the EGT model (labeled (2.15) in Chapter [2)).

Derivation of controlled perturbed system for the fractions (X, X, X3)

We start by providing detailed derivations of the controlled stochastic cancer dynamics for
the fractions (X7, Xo, X3). As mentioned in Chapter , we choose the stochastic replicator

equation originated from Fudenberg and Harris [65] to describe the driven dynamics.

In the ordinary replicator equation shown in §3.1.1 we assume the actual sub-population
size of each type of cancer cells z; grows with rate v;. For the stochastic replicator equation,
standard Brownian motion is added to the fitness function 1; as the source of perturbation.
As a result, the driven differential equation for Z; (we adopt the convention to use capital
letters to denote random variables in this chapter as well) is modeled by geometric Brownian
motion. The growth rate for Z; will be further affected by our control - the rate of drug

administration d(-).
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The controlled stochastic dynamics for sub-populations Z;, Z,, Z3 is then:

le = [(¢1 — d(t)) dt + 01 dWl] Zl;

dZQ = [¢2 dt + 02 dWQ] ZQ,

ng = [wg dt + 03 de] Zg,

where (W7, Wy, W3) is a standard 3-dimensional Brownian motion for (Z;, Zs3, Z3), and
(01,09,03) > 0 are the constant volatilities. In such a way, the expected fitness of each

type is still ¢; since standard Brownian motion has zero mean.

We first derive the Stochastic Differential Equation (SDE) for X, = Z,/(Z1 + Z2 + Z3).

By It6’s lemma, for multivariate function f(X,Y,Z),

Af = o AX 4 fy Y 4 o AZ 4 3w (AX)P 4 3oy (V) 4 e (d2)°

+ foy (dX)(AY) + fo. (dX)(dZ) + f,. (dY)(d2).

For Xy, we have f(z,y,2) = :L'—i-f/—i—Z’ then
. y+z B x B T
L R e EARARN FETEe
2y +2) B 2x B 2x
fa::c = —ma fyy_ m7 fzz— m
L r—y—z L r—y—z B 2x
N e o ER A s

By convention, for independent Brownian motions,

(dt)*> =0, dt dW; = 0 Vi, dW; dW; = 0 Vi # j, (dW;)* = dt Vi.
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Thus,

Z
dX'zd()
! 71+ Zo+ Zs

1 1 1
= fe. dZy + fy, dZy + f. dZs + §f” (dZ,)? + ifyy (dZ,)* + ifzz (dZ3)?

+ foy (AZ1)(dZ2) + foo (dZ1)(dZ5) + fy. (dZ3)(dZ5)

Zy+ 7
-z +222 +323)2 (11 — d(t)) dt + oy dW4] Z4
Z [ty At + o9 AW, Z Z [ At + o3 dW3] Z
— g — g
(Zl+Z2+Zg)2 2 2 2| 42 (Z1+ZQ+Z3)2 3 3 3] 43
1 2Zy+Z 1 27 1 27
R = LR e e A P

2 (Zl + ZQ + Z3)3 2 (Zl + ZQ + Z3)3
= (X2 + X3)t — (Xo + X3)d(t) — Xothy — Xaths] Xy dt
+ [(Xg + X3)0'1 dW1 - X202 dW2 - X303 de] Xl

— [X1(X2 + X3)of — X303 — X303| X, dt

j=1

= [Xl(wl — <’¢)>) — X1(1 — Xl)d<t>] dt + (0'1 dW1 — inO’j dVVJ> X1
- (afxl — ixj?a;) X, dt.

Y

For Xo = 25/(Z A A h =—2  Th
or X, 2/(Z1 + Zy + Zs), we have f(z,y,2) ztute en
Yy T+ z Yy
o= = e
(z+y+2) (z+y+2) (z+y+2)
2y 2(z + 2) 2y
Joo=r—————3 = S
(x+y+2) (x+y+2) (x+y+2)
f _Yy-—r—= f _ f _Yy-—rx—=
Yo ry+2)3 T (wty+2)3 Y (rty+2)3

20

Zios dt



Thus,

Ly
omd( 2 )
2 71+ T+ Zs

Z
- _ 7 Z22+ AL (¢ —d(t)) dt + oy dWL]| Zy
i 1+ Zs
(Z1+ Zy + Z3)
275

1
2(Zy + Zo + Z3)3

Zo
(Z1+ Zy+ Z3)
1 2(21 -+ Zg) 1 222
Z2c2 dt — = Z202 dt + - Z202 dt
10_1 2(21 +Z2 +Z3)3 202 + 2(Zl +Z2 +Z3)3 303

5 [¢2 dt + o9 dWQ] Zg - D) [77[)3 dt -+ 03 de] Z3

+

= [~ X101 + X1d(t) + (X + Xs)thy — Xaahs] X, dt
+ [—X101 dW1 + (Xl + X3)0'2 dW2 - X30'3 de] X2

— [~ X0} + (X1 + X3) X203 — Xjo3] X, dt

= [Xa(vo — (¥)) + Xo Xad(t)] dt + (az AW, — ixjaj dwj> X,

J=1

3
— (O—SXQ - ZXJZO'?) X, dt.
j=1

Similarly,

J=1

3
dX3 = [Xg(wg - <1/1>) + X3X1d(t)] dt + (0'3 dW3 - ZXJ'O']' dWJ) X3

3
— (U§X3 — ZXJZUJQ-) X3 dt.

j=1

Hence the controlled stochastic replicator dynamics is:
3
Xm = [X1<'¢1 — <Q/J>) — Xl(l — Xl)d(t)] dt + <0'1 dW1 — Zl XjO’j dI/[/j) X1
J:

3

=1
3

dX, = [X2(¢2 —(¥)) + X2X1d(t)] dt + (‘72 AW, — 32 Xjo; de) X

3 =1 (3.6)

J=1

dX; = [X3<w3 — () +X3X1d(t>] dt + (03 dWs — il Xj; de) X3
p=

3
. <U§X3 -5 X;a;) X; dt
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Derivation of SDEs in reduced coordinates

We now derive the SDEs in the reduced coordinates (@, P). Since X; + Xs + X3 = 1 in the

stochastic case as well, we can again take advantage of this and transform the 3-dimensional
XS(t)

system into a 2-dimensional one. Let P(t) = X;(t) and Q(t) = as in §3.1.1}

Then with X, = (1 — P)(1 — Q) and X = (1 — P)Q, we have
4P = [P(w ~P(1 - P)d(t)] dt
+ <01 dw, — {Po1 AW, + (1 — P)(1 — Q)os AW + (1 — P)Qos dW3}>P
- [o—fp (2P 4 02(1— PY(1— Q) +o2(1 - P) Q?)]P dt.
Lot

o(Q, P;dWy,dW,, dW3) = Poy AWy 4+ (1 — P)(1 — Q)og AWy + (1 — P)Qos dWs,
ANQ, P) =0?P? +03(1 — P)*(1 — Q)* + 03(1 — P)*Q.

Then ¢? = \(Q, P) dt. Therefore, the SDE for P(t) can be rewritten as

P =[Py — () = P(1 = P)d(t)] dt + |oy AWy — ¢|P — [0 P = A| P dt. (3.7)

By It6’s lemma, for multivariate function f(X,Y),
1 1
df = fo dX + fy AV + 5 foa (dX)* + 3w (AY)? + foy (dX)(dY)

For Q = X3/(Xs + X3), we have f(x,y) = L, then

Tty
B Y L T L 2y B 2x x—y
e e T T T T e T e T

o2



Hence,

d@=d (Xg)fxg)
“ e Y e i e 9 5 s (O
71 ?j; ;22)3 (dX5)(dX3)
_a —(11’3_)(]13)—2 Q) 4X,s — ((11—_1;);2 4X, — (1 —(113_)(]13)—3 Q) (dXs)? + ((11—_1;))? (dX,)2
e P)Q(I (_1;)5)(1 - Q) () (dX)
= 1:% dXs — 1?}3 dX, — (11__163)2 (dX35)* + (152]3)2 (dX5)* + (iQ__P; (dX5)(dXs).
Now substituting and into the above equation, we have

1@ =12 (1~ PYQ(s — () dt + d()PQ(L - P) a
+ (1= P)Qlos AWy = 6) — (1= P)QUoA(1 — P)Q — ) dt
- = P — Qs — (9) de+ d@P(1 - P)(1- Q)

+(1=P)(1=Q)(o2dWz = ¢) — (1= P)(1 = Q)(o3(1 = P)(1 = Q) — A)dt
1-Q

o P [ PPQe} i ¢ — 201~ P)Qof an)]
+ <1!Qp>2 (1= PP(1 = Q)(03 dt +¢” —2(1 = P)(1 - Q)o} di)]
+£?;;KL%VQ@—@mf—u—mu—Qw&ﬂ—ﬂ—PW@dﬂ

= Q(1 - Q)(¥3 — ) dt + d() PQEH—=QT dt — d(t) PQEIF—Q) dt
+ Q(l - Q)(O’g dW3 — 02 dWQ) - Q2(1 - Q)O'§ dt + Q(]_ - Q)20'§ dt

= Q1 — Q)3 —2) dt + Q(1 — Q) (o3 dW3 — 09 dW5) + Q(1 — Q) {(1 —Q)os — Qag] dt.

Recall from §3.1.1 that
ba
Pl = (0) = P P) (1 = - 0@
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Thus, the controlled reduced stochastic system provided in Chapter [2] Box [9 is

dQ = Q(1 - Q) <nb+ : [éo P’“} - c> dt +Q(1 — Q)(Ug dWs — o dWQ)

+[(1- Q)3 - Qo3| QU - @) ar,

ba (by — 0)Q — d(t)) dt (3.8)

dP:P(1—P)<n+1—

+01P(1 — P) AW, + 05 P(1 — P)(1 — Q) dWs + 03 P(1 — P)Q dWs

- [ofp — 21— P)(1 - Q) —o2(1 - P)Q2]P(1 _P)dt.

Since @, P € [0,1] and d € [0,d,,,], the drift coefficient function of the above system is

? 'max

Lipschitz with respect to @), P, and d, and the diffusion coefficient function of the above
system is Lipschitz with respect to () and P. Consequently, with any fixed initial data
(qo, po), the above system has a unique strong solution on our reference probability space v

52, 23].

3.2.3 Derivation of controlled perturbed system for the SR model

Next, we provide detailed derivations for the controlled stochastic cancer dynamics based on

the Sensitive-Resistant competition model (labeled (2.20)) in Chapter [2)).

As mentioned in Chapter , for this example we assume a single (1D) Brownian motion
B, affecting the intrinsic growth rates of both S and R simultaneously, with expectation

(9s, 9) and volatilities (os, o). This results in the following SDEs for (Zs, Zx):
dZs = (94dt + 05 dB)(1 — Zs — mZy) Zs — ad(t) Zsdt
= l9s(1 = Zs —mZy) — ad(t)| Zsdt + 05 Zs(1 — Zs — mZy)d Bs.
AZn = (g,dt + 0w AB)(1 — Zs — mZy) Zn — BC Zs Zndlt

= [9.(1 = Zs — mZy) — BCZ] Zndt + 01 Ze(1 — Zs — mZy)dB,.
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Zs(t
Let P(t) = Zs(t) + mZg(t) and Q(t) = PS((t)) as in §3.1.2l It follows that Zy = QP,
mZy = (1 — Q)P, and hence

dP =dZs + mdZy
= (g dt + 05 dB,) (1 — Zs — mZy) Zs — ad(t) Zsdt
= [9;(1 = Zs — mZy) — ad(t)| Zsdt + 05 Z5(1 — Zs — mZy)dB,
+ [9u(1 = Zs — mZy) — BCZ| Zedt + 04 Zn(1 — Zs — mZy)dB,
= |9:QP(1 = P) — aQPd(t) + g,(1 - Q)P(1 = P) = BCP*Q(1 — Q)| dt
+[0sQP(1 = P) + ow(1 = Q)P(1 — P)|dB,
= |P(1= P)(0.Q + 9,(1 - Q) — aQPd(r) ~ BCP*Q(1L - Q)]

+P(1=P)[0.Q + 0ul1 ~ Q)|dB,
By It6’s lemma, for multivariate function f(X,Y),
df = fo dX + f, dY + ; fow (dX)? + ; Foy (AY)? + fo (dX)(dY)
For Q) = Zs/ P, we have f(z,y) = :;, then

1 T 2z 1
fﬂc = ;7 fy = _?7 fmc = 07 fyy = Ea fxy = _?~
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Hence,

w0-9(%)
1 ZS Zs 1
= FdZs — ﬁdP + ﬁ(dP)2 — ﬁ(dzs)(dp>
::;{b&ﬁ%l—P)—aQPﬂﬂkﬁ+a&ﬂ%L_pﬂB%

— g{ [P(l — P)(9:Q + g,(1 — Q)) — aQPd — BCP*Q(1 — Q)}dt

+ P(1-P) {USQ on(l— Q)}dBt}
+Pﬂﬂu—Pﬂ%Q+%u—@fﬁt
- ;Q{USQPQ — P)- P(1 = P)[0sQ + ou(1 - Q)] }dt
— (1= Q)Q(1 = P)(g. — ) + BOPQA(1 - Q) — aQ(1 — Q)d(t) |

+ Q(l - Q)(l - P)(Us - UR)dBt

+QU = Q1 - PI|o(1~ Q) - 72Q + ovon e
Thus, the controlled reduced stochastic system provided in Chapter [2] Box [f] is
dQ - Q(l - Q){(l - P)(.gs - gR.) - Oéd(t) + BCQP + (1 - P)2[01i<1 - Q) - O'?Q + USUR] }dt

+Q(1 —Q)(1 — P)(os — og) dBy,

aP =[P = P)(0.Q + 9,(1 - @)) — aQPd(t) ~ SCP*Q(1 - Q)]s

"’P(l - P) [USQ + UR(l - Q)} dB;.
(3.9)
By the same argument as in §3.2.2) with any fixed initial data (qo, po), the above system has

a unique strong solution on our reference probability space v [52] 23].
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3.3 Derivation of Hamilton-Jacobi-Bellman equations

We derive the threshold-awareness HJB equation (labeled in Chapter [2| Box [4)) via
tools of dynamic programming in §3.3.2l We also summarize the objective and the first-order
HJB equation in the deterministic case since we extensively compare our threshold-aware
optimal policy to the deterministic-optimal policy in Chapter . (The derivation of PDEs in

Box [3|is omitted; it follows the standard methods in [62].)

3.3.1 The first-order HJB equation in the deterministic case

In this section, we derive the first-order HJB PDE (2.4) provided in Chapter [2] Box [1} As
mentioned there, we consider a general ODE describing the deterministic cancer dynamics:
z = f(x,d), xz(0) = &. (3.10)

We follow the same definitions (but now in the deterministic setting) of the terminal time,
terminal cost function g, running cost function K and the total cost function J as presented
in §3.2.1] The objective (value function) minimizing the (deterministic) total cost J over
all available (deterministic) policies is now defined as

u(§) = Lr(;gj(é, d()), (3.11)
and a policy dy(-) is optimal if u(§) = J (5, d*(-)). To simplify the derivation, we assume
that such d exists. (Otherwise, a similar argument can be built using e-suboptimal policies.)

For a sufficiently small 8 > 0, by Bellman’s Optimality Principle we have
0
u(€) = [ K(@(r), du(r)) dr + u(a(0))
= 0K (&, dy(0)) + |u(§) + 0Vu(§) - f(£,dx(0)) + | + o(0);

0= 0K (€ du(0)) +0Vu(g) - £(§,dx(0)) +0(0).
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Now dividing both sides by 6 and sending 6 to 0, we obtain

0= K(€,du(0) + Vul€) - F(£, da(0)).

Notice that the above equation involves d4(0) only. It is then natural to switch to a state-
dependent optimal control in feedback form. The HJB equation for (3.11)) is then obtained
by maximizing over d = d,(0) € D. By demanding the above equation holds for all & €

[0,1]" \ A, the PDE can be written as:

0 = min {K(g, d) + Vu(£) - f(£, d)}. (3.12)

deD

Recall from (3.2)) that Eq. (3.10) for our Example 1 in component-wise form is

¢=q(l—q) (ni . [éop’“} - c) :

pzp(l—p)< b —(bU—C)q—d>.

n+1

It follows that Eq. (3.12) in component-wise form for Example 1 is

min } { (1 —u,p(1 —p))d} + u,q(1 — q)( by zn:pk — c) (3.13)

de[0,dmax n+1:=
b
1—p) (2o (b, — 5 = 0.
+ u,p( p)(n+1 q(b, C)) + 0

The linear dependence on d of the minimized expression yields the bang-bang property:

A ascs if (1 — upp(l — p)) < 0;
du(q,p) = (3.14)

0, otherwise.

Similarly, Eq. (3.10) for our Example 2 from (3.4)) in component-wise form is

¢=(1-p)a(1 —q)(gs — gs) + BCpg*(1 — q) — ag(1 — q)d,

p =1 —p)gsq+ (1 — q)] — BCP*q(1 — q) — agp d.
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Therefore, Eq. (3.12) in component-wise form for Example 2 is

s [ (1 —ugaq(l —q) — qup) d} + u,q(1 —q) [(1 —p)(gs — gp) + Bqu] +

u, [p(l — 1) (90 + 9:(1—9)) — BCP*q(1 — Q)} = 0. (3.15)

Again, the linear dependence on d yields the bang-bang property:

Ao if (1 —ugaq(l —q) — upaqp> < 0;
d(q,p) = (3.16)

0, otherwise.

3.3.2 Derivation of the threshold-awareness HJB equation

Given the fixed reference probability space v defined in §3.2.1 we define the set of all

admissible controls as
A, = {d() :[0,00) x Q@ — D | d(-)is F; — progressively measurable}.

Ideally, we would want to consider controls in feedback form; i.e., d would be determined
based on the current tumor configuration and perhaps the amount of drugs administered so
far. But for technical reasons, we will first use progressively measurable open-loop controls,
which we define below, to derive dynamic programming equations, and only then show that

an optimal control can be found in feedback form.

To work under the framework of dynamic programming, we define a value function v(§, s)
encoding the maximal probability of reaching Ay, while keeping J from exceeding the

threshold /budget value s:

v(€,8) = sup P(](ﬁ,d(~)) < s). (3.17)

d(-)eA,
Any policy d.(-) is called optimal if v(€, 5) = P(J (£, d.(-)) < 5). Notice that P(J (£, d(-)) <
§) can be treated as E{l{j(&d(.))gg}}, where 1yy<,; is the indicator function such that it has

value 1 if Y <y and 0 otherwise.

29



As explained in Chapter [2, we introduce a new component of the state, the budget

variable s. The (random) ODE describing its rate of change is
= —K(X(0),d1),  s(0) =5

Notice that s(t) is strictly decreasing as time progresses. Thus, to ensure a nonnegative

budget, we define a new terminal set

~

A— {(:c,s) e0,1"x[0,8] | z€A or s:o}
and correspondingly a new terminal time
T = 7(¢,5,d(-) = inf {t eR. | (X(1), s() €A, X(0)=¢ s(0)= 5}.

We define

R 1, if X(T) € Aguce,
\IJ(X(T)) —

0, otherwise.

as the last step of transforming our problem into a Mayer form [61].

Notice that regardless of random realizations, the largest possible Tis s /9. In principle,

we can recast it as a finite-horizon problem with [0, 5/6] representing the horizon.
Now the original problem is equivalent to

(€. ) = max E° {\IJ(X(T”))}, (3.18)

where
EO{ . } = E[ - | Initial Conditions}.

This is now an exit-time problem in Mayer form over the domain (£, 5) € [0, 1]" x [0, S]. We
can therefore apply the stochastic dynamic programming principle [62] to derive the HIB
PDE.
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Assume the optimal d, (-) exists, and let T, = T(£,5,d,). The stochastic dynamic pro-

gramming principle (Chapter V.2 in [62]) states for any (nonrandom) 6 € (0, 5/0),
v((€,5) =B [u(X(T. A 0),s(T2 A 0))] (3.19)

where a A b = min(a, b).

We now provide a formal derivation of the PDE that v has to satisfy if it is sufficiently

smooth. Notice that Eq. (3.19) can be rewritten as

0((€,5) = B° [L 7y 0o(X (1), s(T) + L7 0(X (), 5(0))]

Seeking stochastic Taylor expansion of v(X (), s(f)) around 6 = 0, we have

o(X(0). 5(6)) — v((&,5) /w )) dX (7 +/ o(X (7), 5(7)) ds(7)
+3 Zzl / a&% T),S(T))(dxi(f)dxj(f)>+o(9).

Let B =XX7. It follows that
X(0),s(0)) —v(&,5)
—/ V(X (7)) - [a(X(7),d.(7)) d7 + E(X (1), d.(7)) AW (7)]
_/ K(X(r),d. T))SSU(X(T),S(T)) dr
- Z / a&% (7),5(7)) B(X (1), d.(7))i; d + o(0).

Since It6 integrals with bounded functions have zero mean, we have
E' (17 .0 0(X(6), 5(6))]
0
+E° [1@9} { [ voX(0),5() - a(X (7). du(7)) dr

- / (7) (f o(X (), 5(7)) dr

- Z / 0&65] (7),s(1))B(X(7),d.(T)):; d7—+0(9)}] '

’le
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Therefore,
v(€,8) =B [17 o u(X(T),s(1)] +v(&, 5)B(T. > 0)

+E [1@29} { [ Vu(X (). 5(r) - a(X (), d.(r)) dr

KX (7). du(r) 2

; %U(X(T), s(1)) dr

= i [ 52 (X (), s NBX (7). (), df} +0(6).

§i0g;

Now dividing both sides by 6 and sending # — 0, we have

— limE° [WU(X(Y/;Q,S(T’*))}

1 ~
- limE [ (7.20) { [ Vu(X(0),5(7)) - a(X (7). dulr)) dr

lim =<0
6—0 0
and hence
. 1-P(T.>06) (T, <0)
v<€7 S) él_r}/(l) H - ’U(S ) él_{% 9 - 07
P(T, < 6)

=0.

6—0

1= ~ ~
lim B lMU(X(T) s(Ty))| < lim

Since K and all components of a and B are bounded, v is assumed to be sufficiently smooth,

and 1,~_,, — 1 as § — 0, by the dominated convergence theorem we have

(T>0}

0=E[Vo(€,) ale, d.(0.0)) -~ 5 v(€, K (E du(0.)

1 & o DNBE. d.(0.0)). -
2@';1 8€ia€jv(€’8) (€, d.(0,w))i,
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Notice that the above equation only involves d,(0) for every w € 2. Namely, the starting
optimal control value depends only on the initial state (£, s) rather than a specific w. We
then switch to a budget-dependent optimal control d.(0)(&, s) in feedback form. The HJB
equation for is then obtained by maximizing over d € [0,d, .. ]. By demanding the

? 'max

above equation holds for all (§,5) € ([0,1]" \ A) x [0, +00), the PDE can be written as:

Ozmax{ —QU(E,S)K(g,d)'FVU(E, s)-a(gd)+ = Z )B(S,d)m}. (3.20)

deD ds 2,55 8&85]

In both examples considered in Chapter

K(X,d) =d+ 6, where d € [0,d,,..],

? 'max

T = T(qg, py, d(+)) := inf {t €ERy | (Q(t),P(t)) €A, Q0)=qy P(0) :p0}7

where A = {(q,p) €0,1> | p<~, or p> fyf}. The terminal function is defined as

+o0, it P(T) > ~,,
o(X(1)) = |
0, if P(T) < ,.

With the same extension to A and T , we have
L, if P(T) <7,

w(g(ﬂ, P<T>) _

0, otherwise.
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Specific formulations for the EGT-based model

Recall from Chapter [2| Box [5| and derivations for Eq. (3.8) in §3.2.2|that the components for
Eq. (3.5) are

x - |“ ,
_P
a(X.d) = Ci(l - Q) {(niﬁ . Lio Pk} - C> + {(1 —Q)o5 — Qag]}
P P>{(n£1 = (.~ Q- d) - |otp - 31— Py - @2 - a1 P)QQ}}
(X, d) = 0 —2Q(1-Q)  %Q(1-Q) |
1 P(1=P) 0P(1-P)1-Q) o3P(1—P)Q

Thus, Eq. (3.20]) in component-wise form is

0= sohax | { — [g;p(l —p)+ gﬂ d} — 5(;2 (3.21)
ov by = & 9 9
% l<n+1,§)p —c) —C]03+(1—CI)<72] q(1—q)
dv ba 2 2 2 2 2
o (e - a0, 9) ~ ot = o300 - 0 = 030~ e 1
2 2
+ ;‘3;; (1= q)*(03 +03)] + ;gpz [0} + (1 = 9)%03 + 03| (1 — p)?
0%

. 403 — (1= q)o3| pa(1 = p)(1 - q).

With degenerate parabolicity present in the problem, the value function v does not have
to be smooth, and there may not be a classical solution to the above PDE. Thus, v has to
be interpreted as a (possibly discontinuous) viscosity solution of this equation [8, Chapter

5).
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The linear dependence on d yields the bang-bang property:

ov

d* (qv b, S) -
0, otherwise.

Specific formulations for the SR competition model

Recall from Chapter [2] Box [f| and derivations for Eq. (3.9) in §3.2.3|that the components for

Eq. (3.5) are
_Q 7.
X = = | st mln| W= [Bt} (where B; is a standard 1D Brownian motion),
P Zs +mZy

a(X,d) =

(1-P)Q(1 - Q)(os — or)
P(1— P)l0.Q + 0u(1- Q)
Thus, Eq. in component-wise form is

ov ov ov ov

— — R 1 — _ —_— f— FR—

0 del[gl,gfax] { [8(]&(]( a)+ apaqp—i— 83] d} 585
ov

S(X,d) =

dmax? if (app(]' - p) + %

(3.22)

Q1 - Q{1 = P)gs — g) — ad+ BCQP + (1= PRI2(1 - Q) ~ 2Q + 7scn }
P(1 = P)(g,Q + g:(1— Q) — aQPd — BCP*Q(1 — Q)

(3.23)

+ - [(1 = p)(gs — g) + BCpa + (1 = p)*{on(1 — @) — 03q + 050 }| a(1 — q)

dq

+ 2211 = p)lgaq + gul1 — @) - BCpa(1 - )] p

dp

1 0% 5 9 N ,  10% ,
+567q2(1—p) ¢ (1 —q)(os — ow) Y
+82U(0 —ow)(1 = p)°pa(1 — g)losg + 0w (1 — q)]

8qp s R p)Pq q)|9sq R q)|-

Again, the linear dependence on d yields the bang-bang property:

v

d*(Q:pa 3) = 6(]

0, otherwise.
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dmax? if (OéQ(l - Q) + g;aqp + 78

(1= p)*[osq + on(l — q))?

(3.24)
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3.4 Numerical methods and implementation details

We provide the numerical schemes and implementation details of: (i) solving for v(&, s); (ii)

solving for u(q,p); and (iii) generating CDFs in §3.4.1] §3.4.2| and §3.4.3| respectively. In

both (i) and (ii), the optimal policy is found by numerically solving the corresponding HJB

equation.

3.4.1 Threshold-aware optimal case

We approximate the solution to by a first-order accurate semi-Lagrangian discretiza-
tion [54] over the (&, s) space in standard (n-+1)-dimensional Cartesian coordinates. Since we
are really only interested in the expected value, it suffices to consider weak approximations
58, 99] of (3.5). For any small 7 > 0, a first order weak approximation of X™* ~ X (7;d)

starting from X (0) = & with any control value d € D is
X" =¢+7a(g,d)+2(&dAWT,

where AWT™ = (AWY,...,AW) with AW representing a two-point distributed variable
with the distribution

p(Avv; - iﬁ) -
Recall W is a standard m-dimensional Brownian motion. It follows from above that X ™%
will have 2 possible locations to “land” with equal probability. Let X d0e{l,2,...,2m},
denote the 2™ possible locations of X™¢. Assuming that p;, is the j-th bit in a binary
representation of (¢ — 1) and AW] = (AWT,, ..., AW} ,) with AWT, := (=1)"¢ /T, we

can now express these possible locations explicitly as

X7 = ¢+ 7a(¢ d) + (¢ d) AW,
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Assume the running cost is constant over 7 units of time. The dynamic programming

equation obtained by weak approximations is then

v(€,5) = max {1 3 U<Xg, 5 TK(E, d)) } + (7). (3.25)

m
deD | 2 —1

To solve Eq. (3.25) numerically, we discretize [0, S] into (M + 1) equidistant slices, with
sy = kAs for k = 0,1,2,..., M. Each s-slice consists of a uniform rectangular grid on
0,1]", with «; = iAx for a multi-index i = (41, 2,...,1,) where i; = 0,1,2,..., N, for all

je{l,2,...,n}.

Suppose starting from a gridpoint @; on an s,-slice, We have

gm
v(x;, sg) = max {21m Z;v(ﬁzgé, sk — 7K (x, d)} + o(7),
where Z¢, := x; + 7 a(z;, d) + X(x;, d) AW, . We choose an explicit “s-marching” scheme,
in which the causality is maintained in threshold variable s since it is strictly decreasing
along a path. By “causality”, we mean the scheme uses the values from the previous s-slice

(known) to approximate the values for the current s-slice (unknown). Namely, the above

equation is exactly

1 2
v(x;, s) = max {2m 52211)(:%?’47 sk_1> } + o(7). (3.26)
As a result, 7 must be chosen so that 7K (x;,d) = As, which makes it necessary to use a
control-dependent 74, yielding &¢, := @; + 74 a(x;, d) + X(x;, d) AW, Let V¥ = v(x;, s,

denote the discretized approximate solution at (x;, s;) and \Z{}_l’d ~ v(&¢,, si-1). The fully

discretized equation is then

(=1

1 27” N
ko L k—1.d
Vi = max { om > Vie } (3.27)
Let Df ~ d,(x;, s;) denote the discretized approximate optimal feedback policy at (;, sy).

We note that it is constructed as a by-product of solving (3.27) while determining the

maximizing d at each gridpoint.
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It is worth noting that, regardless of d value, ige, ¢ e {1,2,...,2™} is generally not a
gridpoint on the s;_;-slice. Thus, each ‘Z-f“[l’d is computed by interpolating the values from
the neighboring gridpoints of j;fg, which is the essence of semi-Lagrangian schemes. In our
implementation, we have chosen the fourth-order accurate ENO cubic interpolation [152), [58]
to reduce the numerical diffusion. Our full method is summarized in Algorithm [I] where

== {iAz | i=(i1,i2,...,4,) where i; =0,1,2,..., N, Vj € {1,2,...,n}}.

Algorithm 1: Threshold(risk)-aware value function/policy computation

Initialize V', D at s = 0 using the initial & boundary conditions;
for s, = kAs, k=1,...M do
for every x; € = do
if ; € Aguee then
VF 1
else if x; € Ay then
| V<0
else
for every d € D do
for (=1,2,...,2™ do
&l — x4+ 75 a(x;, d) + X(x;, d) AW ;
Compute ‘ng[l’d by interpolation;
—k.d I 2%~y 14
Vz‘ A om ZZ::I Vz‘,@ )
VF + max {\zk’d};
d

Df < arg max {f/ik’d};
d

In accordance with [58], Az = o(As'/") is needed to guarantee the convergence of this
numerical scheme to the viscosity solution. Here, Az = Az; for all j € {1,2,...,n} is
the space discretization step and r = m + 1 with m being the order of the interpolating

polynomial. Since we use cubic ENO interpolants, this requires Az = o(As'/4).

To obtain accurate optimal threshold-aware policies and optimal probability of success
shown in Figs[2.3842.6in Chapter [2] we have used N = 1600 on each side of the gp square and

M = 6000 slices along the positive s-axis in Example 1. We use N = 3200 and M = 48000
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in Example 2. With these choices of N, the success and failure barriers are just grid lines

(recall that we choose 7, =1 —~, = 1072), and it is easy to apply the boundary conditions.

Additionally, since we have causality in s variable, we have further taken advantage of
loop parallelism on the inner loops (iterating over spatial variables ¢ and p) with the aid of

OpenMP in C++.

For visualization purposes, for all figures related to Example 1, we transform the approx-
imate solution V' on each s-slice from the ¢p square into the GLY-DEF-VOP triangle. See

Fig for the specific geometric transformation.

l VOP

q
(a) (b)

Figure 3.1. Geometric transformation from the ¢p squre to the GLY-DEF-VOP
triangle in Cartesian coordinates. The subfigures show (a) grid on gp square; (b) grid on
GLY-DEF-VOP triangle. See how the shape and the colors of boundary of the region enclosed by
green-red lines change.

Remark 3.1: For both of our examples in Chapter 2| D = {0,d,,,,} and K(x,d) = d + 6.

Thus, the d-dependent 7 has only two possible values

As
Tla=oy = "5
N (3.28)
- _

{d=dpax}t dmax +57

and we can significantly improve the computational efficiency by pre-computing all @g{l.
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We note that the disparity in d-dependent 7 values described in leads to much
larger spatial steps with d = 0. This does not prevent the convergence under the grid
refinement, but does contribute to larger local truncation errors on a fixed grid. In the
future we hope to investigate alternative s-implicit semi-Lagrangian discretizations, which
avoid such 7-disparities, but make equations coupled in each s-slice. A similar approach has
already proven to be advantageous in solving first-order HJB equations with rapid transition
layers [167].

Remark 3.2: Recall the random ODE satisfied by the budget variable s :

d
5 = K@n.dm). s =5
dt
If we rescale the time as 7 = ¢/L (for some fixed L > 0) and denote 5(7) = s(t) = s(7L), we

obtain the following relation

ds
— =—-LK
T = —LK()
s

() =5 — /0 LK(6)d0 = L <L _ /0 K(@)d@) |
Consequently, the solution v(&,s) on s € [0,S] is equivalent to v(£,5) on § € [0,S/L]
with v(&,s) = v(€,3L) for all s and 8. This enables us to reduce the size of S if it is too
large when implementing Algorithm [1| and makes it easier to fine-tune the value of As. In
our implementations in Chapter [2, we have chosen L = 1 for Example 1 and L = 15 for

Example 2.

3.4.2 Deterministic-optimal case

In this section, we describe a numerical scheme for approximating a two-dimensional value

function u(q, p) in deterministic optimal control problems. This scheme has been applied to

both Example 1 and Example 2 to solve (3.13) and (3.15)).
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We use a first-order accurate semi-Lagrangian discretization [54] over the (g, p) plane in
standard two-dimensional Cartesian coordinates. We again discretize (g, p) € [0, 1]? using a

uniform (N + 1) x (N + 1) rectangular grid, on which the value function is approximated by

Uij =~ u(gi,pj)-

Note that the semi-Lagrangian discretization presented here is similar to (but not quite
the same as) the one used in [73]. In particular, Gluzman et al. used a linear interpolation
on a triangular mesh with adaptive time step 7, while our current version uses a bi-linear
interpolation on a rectangular grid with a fized time step 7. While different, these two choices
have the same formal order of accuracy and converge to the same result as the discretization

parameters approach zero.

To be more compact, we further denote the deterministic dynamics (for both Example 1

and Example 2) as

q _ fq(q7pa d) (3.29)

P fo(q,p,d)

Assuming the rate of change is constant for a small amount of time 7 > 0, the foot of the

characteristics starting from a gridpoint (g;, p;) lands at a new state
Cj;i =q; + qu(Qthu d>7

From Bellman’s Optimality Principle [16], we have

) — ; 4 74
u(qi, p;) ddeg}}iax} {T(d+ d) +u (qZ ,p]) } + o(7), (3.30)

yielding the discretized version

= i 7.
Ui ; sefiin {T(d + ) + Um}’ (3.31)
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rrd ~ ~d ~d\ : .. . .
where U, ~ u(g;, p§) is computed through a bi-linear interpolation of the U values from the
four neighboring gridpoints surrounding (g, p¢). The optimal feedback policy is recovered

as an argmin in ((3.31)).

Since the discretization is not explicitly causal, an iterative method is needed
to solve the resulting system. This is often done through standard Value Iterations (VI)
[19, 18, 20], but in our case this approach results in a very slow convergence on a fixed grid.
To address this, we have implemented a version of the “hybrid Value-Policy” Iteration (VPI)

algorithm [7§].

That is, we start with value iterations where we solve the nonlinear Eq. by Gauss-
Seidel iterations with “Fast Sweeping” orderings [24] (180, [137]. We initialize err to be the
Loo-norm of U-change in the very first value iteration, and use € to denote the L.,-norm of
U-change in the last value iteration performed so far. Whenever ¢ falls below p * err, where
p € (0,1) is a preset hyperparameter, we store this € as the new err and proceed to the

“policy-evaluation” (PE) step.

In the PE step, we compute the value function by solving a system of linear equations
with a fixed policy d (recovered from the most recent value iteration). We thus solve a linear
system of equations

Ui,j = T(Bi,j ‘f‘ 5) + Uﬁi’j, (332)

where /5” = d(g;, p;) and UDii ~ u (q}, ﬁfi’j> is again computed through a bi-linear inter-

polation.

After obtaining the solution to Eq. (3.32)), we return to the value iteration part and
repeat the process until € < tol, where tol is a preset tolerance of convergence. In both
Example 1 and Example 2, to obtain an accurate deterministic-optimal policy, we have used

N = 3200 on each side of the unit gp-square, tol = 1075 and p = 0.7.
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3.4.3 Generating CDFs

To generate the CDFs we provide in both Chapter 2] and §3.5.4] we have used a Monte
Carlo (MC) method with 10° samples. That is, for each sample, we start with a fixed initial
tumor configuration (qo, po), and then apply a strong approximation [99] of (Q(t), P(t)) to
simulate a sample path till either stabilization/remission or death. We store the random
cost J incurred along each sample path as a data point, and then generate the (empirical)
CDF based on 10° data points. In particular, we compute the Kaplan-Meier estimate [93]

(empirical) CDF by Matlab’s built-in function ecdf ().

Let At denote the uniform time step. The cost incurred for each time step along the

sample path is

(dmax + 5) At, if d, =d,,, at this step,
AJ =

0 At, otherwise.

Thus, the cost accumulated at the n-th time step can be defined recursively as
Jr=J" A, Jo = 0.

Suppose we start with an initial budget value s at t = 0. Then the remaining budget at the
n-th time step is

Sn = 85"t - AJ, Sp = 5.
As mentioned in §3.4.1, we discretize [0, 5] into equidistant slices, and (q,p) € [0,1]? into a
uniform rectangular grid. Among many choices of strong approximations of SDEs, we choose

the Euler-Maruyama scheme [99].

Let us denote the approximate solution to (3.8)) (or (3.9)) at the n-th time step (¢, = nAt)

as (Q", P") ~ (Q(t,), P(t,)), and the optimal feedback policy at (Q", P",S™) as D™. Then
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the Euler-Maruyama scheme defines (Q", P™) recursively by

Qn anl
- +a(Q"Y, PP DAL £ QT P AW, (3.33)
)2 Pn—l
where (Qo, Py) = (qo, po). Unlike in the weak approximation mentioned in §3.4.1} this time

the AW"’s are independent and identically distributed (i.i.d.) normal random variables with

mean zero and variance At for all j € {1,2,...,m}.

Due to memory limitations, we only store the policy for a subsample of s-slices represented
in the PDE discretization grid. The policy is stored for s = 0, A§, 2A8, 3AS, ... (We use
AS§ = 0.005 for Example 1 and A§ = 0.00125 for Example 2). To obtain an accurate sample
path approximation, we need a sufficiently small At, which often means that (Q", P™, S™)
is not on any stored s-slice. As a consequence, we have to determine whether to use drugs
or not based on the data cube surrounding (Q", P",S™) (the cube is formed by the 4 data

points on the s-slice above (Q", P™, S™) and another 4 data points on the s-slice below it).

For all the figures related to Example 1 we provide here and in Chapter [2| we choose a
“conservative” drugs-on/off determination strategy for Example 1. That is, we decide to use
drugs at (Q™, P", S™) if all of the 8 data points of the cube have the value d, = d,,,,. On the
other hand, we used a “Majority” strategy for Example 2.E| That is, we decide to use drugs
at (Qm, P",S™) if 5 of the 8 data points of the cube have the value d, = d_,.. When the
budget runs out, i.e., S, = 0, we switch to the deterministic-optimal policy as mentioned in
Chapter [2 §2.3.1} Notice that the cost will not stop accumulating until we cross either v, or
7. In the deterministic-optimal case, we only need to consider the data square surrounding

(Q™, P™) since it is now s-independent.

L Alternatively, one can also try define an “aggressive” strategy in either example; i.e., to use drugs as
long as one of the 8 data points has d. = d,,,,. We have considered this and other determination strategies
and they all yield results within the 95% confidence interval of each other.
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In our implementations, we have used the following adaptive choice of At:

2.5 % 1073, ifd, =0,
Example 1: At =

1.64x 1074, ifd, =d,_,..

2.5 x 1073, if d, =0,
Example 2: At =

410 x 1074, ifd, =d,,..

A parallel for loop was used in Matlab to reduce the computational time of Monte Carlo

simulations.

Here, we provide a table of details of all CDF figures in this chapter and Chapter [2 The

“95% Confidence bounds of ecdf()” is computed via Greenwood’s formula [77].

For Example 1, the discrepancy between the approximated value function and the MC
simulation at a given (g, po, ) is around 1073 except for two examples where the discrepancy
is around 0.01. For Example 2, the discrepancy between the approximated value function
and the MC simulation at a given (qo, po, 3) is around 10™* except for one example where
the discrepancy is around 1072. These discrepancies are due to (a) the discretization errors
in solving the Hamilton-Jacobi PDE, (b) subsampling of the optimal policy, and (c) the
variability of outcomes and a time discretization in MC simulations. All of these can be
reduced with a higher computational cost (e.g., using finer discretizations and more MC

simulations).
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Example 1 Initial configuration Volatilities Value function | Empirical CDF | 95% Confidence boundsl
(go,Po, 5) (61 =02 =03) v(qo, Po, 5) at § of ecdf() at 5
Fig|2.1[c) (0.26,0.665, 5.0) 0.15 0.6763 0.6737 [0.6708,0.6766]
Fig|2.1[c) (0.26,0.665, 1.5) 0.15 0.4117 0.4041 [0.4011,0.4072]
Fig [2.5(c) (0.27,0.4,4.71) 0.15 0.6421 0.6371 [0.6341,0.6401]
Fig|2.5(c) (0.27,0.4, ) 0.15 0.4684 0.4562 [0.4532,0.4593]
Fig|3.2(c) (0.8,0.4,3.77) 0.15 0.6481 0.6503 [0.6474,0.6533]
Fig|3.2(c) (0.8,0.4, ) 0.15 0.3238 0.3145 [0.3116,0.3173]
Fig|3.7(e) (0.27,0.4,4.46) 0.5 0.8906 0.8936 [0.8917,0.8956]
Fig|3.7(e) (0.27,0.4, ) 0.5 0.7742 0.7761 [0.7735,0.7787]
Example 2 Initial configuration | Volatilities | Value function | Empirical CDF | 95% Confidence boundsl
(go,po,3) (o0s = or) v(qo,Po, 5) at § of ecdf() at 5
Fig|2.7(c) (0.45,0.9,69.45) 0.15 0.6746 0.6739 [0.6710,0.6768]
Fig|2.7(c) (0.45,0.9,60) 0.15 0.4013 0.3984 [0.3954, 0.4015]
Fig|3.3(c) (0.55,0.9,72.75) 0.15 0.6697 0.6693 [0.6664, 0.6722]
Fig|3.3(c) (0.55,0.9,60) 0.15 0.3040 0.3039 [0.3010, 0.3067]

3.5 More numerical results

3.5.1 More policies, trajectories, and CDFs for the EGT Example

Using the same model and parameter values as in Chapter [2/§2.3.1] we now consider another

initial tumor configuration at (qo, po) = (0.8,0.4) located in the blue (drugs-off) region of d.

Our threshold-aware policy (pink) still improves the P(J < Speqa) from 50% to 65%,
where S,0q = 3.77 is the median cost of J associated with dy. When starting from a lower
initial budget 5 = 3.45, the deterministic-optimal policy provides only a 15.6% chance of

stabilization, while our threshold-aware policy (orange) doubles this P(J < 3.45) to 31.5%.
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Figure 3.2. Comparison between threshold-aware policies and the
deterministic-optimal policy (EGT model; Case II). Starting from an initial state

(go,po) = (0.8,0.4) (magenta dot): (a) a sample path with cost 3.94 under the
deterministic-optimal policy; (b) a sample path starting at s = 3.45 with a total cost of 3.41
under the (orange) threshold-aware policy; (c¢) CDFs of the cumulative cost J approximated
using 10° random simulations. In (c), the solid blue curve is the CDF generated with the
deterministic-optimal policy. Its median (dashed blue line) is 3.77 and its mean conditioning on
success is also 3.77. The solid orange curve is the CDF generated with the threshold-aware policy
with 5 = 3.45; and the solid pink curve is the CDF generated with the threshold-aware policy
with s = 3.77.

DEF  VOP

We can see from Fig [3.2(a) that the deterministic-optimal policy basically prescribes
drugs till stabilization once the (random) tumor state enters the yellow region. In contrast,
Fig |3.2[b) shows that under d? there is more than one period of MTD drug use for many

sample paths.

3.5.2 More policies, trajectories, and CDFs for the SR model

Except for d most of the parameter listed below correspond to those from Table 1 in

max’

[30]. We have used these for all numerical experiments in this chapter and Chapter
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Symbol Meaning Value Unit
C Carrying capacity of the Petri dish | 4.8 x 106 cells
m Size ratio between S and R cells 30 adimensional
Js intrinsic growth rate of the sensitive 0.031 hour™*
Jn intrinsic growth rate of the resistant 0.026 hour™*
d drug concentration Maximum: 3 nM
o drug efficiency 0.06 (nM - hour) ™!
6] action of sensitive on resistant 6.25 x 1077 | (cells - hour) ™"

0 0.2 0.4

0.6

al size (P)

To

-

o
©

°
®

0.669

o ¢
IS

0.304

probability of success

o
N

0.117

06
Fraction of the Sensitive (Q)

(a)

0.8 1 0 0.2 0.4 0.6 0.8
Fraction of the Sensitive (Q)

(b)

—d,

di; 5 = 60

---------- median cost | |

——d%; 5 =T72.75| ]

1 40 50

60 72.75 80 90
overall cost (s)

(c)

100

Figure 3.3. Comparison between threshold-aware policies and the
deterministic-optimal policy (SR model; Case II). Starting from an initial state
(go,po) = (0.55,0.9) (magenta dot): (a) a sample path with cost 56.4 under the

deterministic-optimal policy; (b) a sample path starting at s = 60 with a total cost of 54.26 under

110

the (orange) threshold-aware policy; (¢) CDFs of the cumulative cost J with 10° samples. In (c),
the solid blue curve is the CDF generated with the deterministic-optimal policy. Its median
(dashed blue line) is 72.75 while its mean conditioning on success is 73.8. The solid orange curve

is the CDF generated with the threshold-aware policy with 5 = 60; and the solid pink curve is the

CDF generated with the threshold-aware policy with § = 72.75.

Similar to Fig 2.5, we here consider an initial tumor configuration (g, po) = (0.55,0.9)

inside the yellow (drugs-on) region of d.

In Fig|3.3] we see our threshold-aware policy (pink) improves the P(J < 72.75) to 67%
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from 50%. In addition, when the budget is tight, the P(J < 60) under the deterministic-
optimal policy is only around 12%, while our threshold-aware policy (orange) almost triples
this probability to 30%. This is mainly because our threshold-aware policies leverage the
inherent competitiveness of the sensitive for a brief period, prescribing drugs once the tumor
size slightly diminishes. In contrast, the deterministic-optimal policy will prescribe d,,., all

the way till remission, yielding a significantly higher cumulative cost.
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3.5.3 Time-evolution plots for Fig in Chapter

106
1 2.5 10
Sensitive
08¢ 2
[}
N
C wn
S067] o 15
© 2
] =]
=04} E 1
w
02 Resistant 0.5
0 0 " 1
0 5 10 15 0 5 10 15
Time (h) Time (h)
(a) (b)
<10° <10*
w 2 »
S 16 8
~ 15
L2 “
5 3 4%
[ ]
2 =
50.5 25
= =
0 0
0 5 10 15
Time (h)
(c)

Figure 3.4. Time-evolution plots correspond to the sample path in Fig (a).
Starting from an initial state (qo, po) = (0.45,0.9), the subfigures show (a) time traces of fractions
of effective tumor size ¢(t) and 1 — ¢(¢), taken by the sensitive and the resistant, respectively; (b)
time traces of the actual effective tumor sizes Zs and mZg; (c) time traces of their respective
number of cells. Here we use light green and light pink backgrounds to indicate the time
interval(s) of prescribing no drugs and of prescribing drugs at the MTD-rate, respectively. In (c),
the left vertical axis, representing the number of sensitive (S) cells, and the right vertical axis,
denoting the number of resistant (R) cells, are color-matched to their respective line plots.
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Figure 3.5. Time-evolution plots correspond to the sample path in Fig (b)
Starting from an initial state (qo, po) = (0.45,0.9), the subfigures show (a) time traces of fractions
of effective tumor size ¢(t) and 1 — ¢(¢), taken by the sensitive and the resistant, respectively; (b)
time traces of the actual effective tumor sizes Zs and mZg; (c) time traces of their respective
number of cells. Here we use light green and light pink backgrounds to indicate the time
interval(s) of prescribing no drugs and of prescribing drugs at the MTD-rate, respectively. In (c),
the left vertical axis, representing the number of sensitive (.S) cells, and the right vertical axis,
denoting the number of resistant (R) cells, are color-matched to their respective line plots.

The time-evolution plots for Fig |3.3| are similar to those shown above, and are therefore

omitted here for brevity.
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3.5.4 The EGT Example with higher volatilities

GLY
%A%A%

vOoP DEF VOP DEF VOP DEF VOP*
(a)
GLY __GLY GLY
voP DEF VOP DEF VOP DEF VOP DEF
s=5.0 s =4.0 . =15
| 1 | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
(b)

Figure 3.6. Representative slices of the threshold-aware optimal policy (top row) and
the corresponding probability of success (bottom row) for the EGT-based model
with o1 = 02 = 03 = 0.5. Each triangle represents all possible tumor compositions
(proportions of GLY/VOP/DEF cells in the population). Top row shows the policy, which
prescribes the optimal instantaneous decisions on drug usage given the indicated remaining
budget (s) and the current tumor state. Bottom row shows the probability of “stabilization
within the budget” if the optimal policy is followed from this time point and onward. Each
column corresponds to a specific budget level s, which is shown below each triangle. The arrows
indicate the natural decrease of the remaining budget while implementing the policy.

The results in this section are obtained by solving (3.21)) with 0y = 09 = 03 = 0.5. (Other
parameter values d .. = 3,b, = 2.5,b, = 2,¢ = 1,n = 4 are the same ones as in §2.3.1)

Fig 3.0 presents some representative s-slices of the optimal policy and their correspond-
ing optimal probability of success. One observes that both Fig|3.6(a) and Fig [3.6(b) are

significantly different from those computed with oy = 05 = 03 = 0.15; see Fig[2.3]in Chapter

2§2.3.1]
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Since in this case, the random perturbations significantly affect the cancer evolution
dynamics, the deterministic portion of Eq. (the drift terms) is no longer the dominant
force that leads to stabilization. As a consequence, one can see from Fig [3.6(b) that the
closer to the right half of the GLY-DEF-VOP triangle, the higher the optimal probability
of stabilization is. Furthermore, unlike with oy = 09 = 03 = 0.15, the drugs-on (yellow)
region in Fig |3.6{a) has just one connected component away from the GLY vertex of the
triangle and the drug use is prescribed along the entire stabilization barrier. Consequently,
vast majority of samples from simulations shows that once MTD-based therapy is turned

on, it stays on until stabilization.

We again compare results from both the deterministic-optimal policy and threshold-
aware optimal policies subject to this new stochastic dynamics. We use (qo, po) = (0.27,0.4)
(labeled as a magenta dot in Fig as the initial tumor state, which is inside the drugs-on
(yellow) region of the deterministic-optimal policy. Although the resulting sample paths
would stay inside the yellow region with high probability (shown in Fig [3.7|(a)), once the
random perturbations bring it outside the yellow region, it has 5.3% chance of crossing the
failure barrier as shown in Fig [3.7(b). The corresponding CDF (solid blue in Fig [3.7(e))

shows that the probability of stabilization under s = 3.65 is only 0.18.

However, if our threshold-aware policy is used instead, the CDF (solid orange in
Fig [3.7|(e)) shows the maximized probability of stabilization under § = 3.65 is 0.78, which
significantly improves the chance of stabilization by 0.596. The median cost of J associated
with the deterministic-optimal policy is 4.46 (dashed blue line in Fig|3.7|(e)). Our threshold-
aware policy (solid pink in Fig [3.7|(e)) would increase the probability of stabilization under
this budget from 0.5 to 0.89. Interestingly, it does not result in a markedly lower probability
of success for s values above s: the pink and blue CDF curves are quite close for large s

values. Two representative sample paths under the threshold-aware policy with s = 4.46 are
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given in Fig|3.7|(c)&(d). As we see, with higher o; values the stabilization might be attained

without an overall counterclockwise direction of the random trajectory.
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Figure 3.7. Comparison between threshold-aware policies and the
deterministic-optimal policy (EGT-based model with o7 = 02 = o3 = 0.5). Starting
from an initial state (go,po) = (0.27,0.4) (magenta dot): (a) a sample path with cost 5.33 under
the deterministic-optimal policy; (b) a sample path that leads to failure under the
deterministic-optimal policy; (c) & (d) two sample paths starting at § = 4.46 under the (pink)
threshold-aware policy with respective total costs 3.47 and 3.21; (e) CDFs of the cumulative cost
J approximated using 10° random simulations. In (e), the solid blue curve is the CDF generated
with the deterministic-optimal policy. Its median (dashed blue line) is 4.46 while its mean
conditioning on success is 4.48. The solid orange curve is the CDF generated with the
threshold-aware policy with § = 3.65; and the solid pink curve is the CDF generated with the
threshold-aware policy with s = 4.46.
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CHAPTER 4
RISK-AWARE STOCHASTIC CONTROL OF A SAILBOAT

4.1 Introduction

Sailboat racing is one of the many areas where game-theoretic and control-theoretic tools
are valuable in improving the competitive performance. The uncertainty in weather patterns
gives rise to hybrid stochastic control models with many reasonable choices of performance
measures to optimize. The previously developed methods have focused on risk-neutral op-
timization (e.g., minimizing the expected time to destination) [59, 29, I17]. In contrast,
here we focus on maximizing the probability of desirable outcomes (e.g., arriving prior to a
specified deadline). Our risk-aware approach addresses a notion of robustness very different
from the traditional H> control [I3] and has important advantages for many applications.
Indeed, it has been already successfully used in piecewise-deterministic Markov processes
[32] and in bang-bang stochastic control models of adaptive drug therapies [169]. Unlike the
typical risk-averse approaches [I70], the method that we develop here for the hybrid control
setting allows finding the optimal control policies for a large set of starting sailboat positions
and a range of deadlines simultaneously. This is accomplished in the general framework of
dynamic programming and requires solving a pair of quasi-variational inequalities on a 3D

computational domain.

The hybrid nature of this problem is due to “tacking”: to travel upwind, sailors must
use a zigzag pattern, periodically swinging the bow to the other side of the wind. Each such
“tack-switch” incurs a significant slow down while the wind pushes against the boat. We
adopt a commonly used simplified model which assumes that the boat’s velocity vector can

be changed instantaneously (choosing among all directions available in its current tack) but
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a switch to the opposite tack incurs a fixed time-penalty.

Optimization of sailboat routing is a topic of increasing mathematical interest. In [I32]
the task of minimizing the expected time to target was considered in a discrete setting,
with a discrete-time Markov chain modeling occasional changes in weather conditions. The
idea was extended to continuous-time Markov chains in [166], with a tack-switching curve
defined in the state space to encode the optimal policy. In [59], this switching curve was
found using dynamic programming for indefinite-horizon hybrid control problems, but under
the assumption that the wind direction stays constant for the duration of each tack switch.
In [I17], it was shown how this assumption can be avoided, yielding an improvement in

control policies.

We start by introducing the hybrid dynamics in Section [£.2], and describe both the risk-
neutral and risk-aware optimal control problems in Section Our numerical approach to
the latter is presented in Section [4.4] followed by the summary of computational experiments

in Section We conclude by listing directions for future work in Section [4.6]

4.2 System Dynamics

Following [59, [117], we assume the strength of the wind is fixed but its direction (measured

counterclockwise from the y-axis) undergoes a Brownian drift/diffusion process:
d¢ = adt + 0dB, (4.1)

where ¢(t) denotes the current upwind direction, a is a constant drift, o is the diffusion
coefficient, and B is a standard Brownian motion. The state of the system can be represented
as (2,9, q, ), where x and y encode the boat’s current position, while ¢ € {1, 2} is its current

“tack”, which determines the range of available steering directions. Our continuous control
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is the steering angle, u € [0, 7], measured relative to the wind. In the starboard tack (¢ = 1),
u is measured counterclockwise from the upwind direction, while in the port tack (¢ = 2) it
is measured clockwise; so, the boat’s direction of motion relative to upwind is (—1)%u. The
boat’s angle-dependent speed f(u) is encoded in the speed profile (often called the “polar”),
which is determined by the geometry of each specific boat. Fig4.1j(a) shows a typical polar
used in all numerical tests here and in [I17]. With these assumptions, the boat’s dynamics

is described by

dr = — f(u)sin(¢ — (—1)%u)dt, (4.2)

dy = f(u)cos(¢ — (—1)%u)dt. (4.3)

For the sake of computational efficiency, we adopt a dimensional reduction of —
suitable when aiming for a circular target D in a domain with no obstacles [I17]. Assuming
a target at the origin, r = /22 + y? represents the boat’s distance to the center of D,
while § = ¢ + atan2(—x, —y) encodes the upwind direction measured counterclockwise from
the line connecting the boat to the center of D; see Fig |4.1(b). This results in the system

dynamics:

dr =rq(0,q,u) dt,
(4.4)
df = 04(r,0,q,u;a) dt + odB,

where r4(0, q,u) = — f(u) cos (9 - (—1)qu) and 04(r,0,q,u;a) = fEfL) sin ((9 — (—1)qu) +a

define the deterministic portion of the system dynamics.

4.3 Stochastic Optimal Control

Let &(t) = (r(t),0(t)) denote the continuous component of the system state at the time ¢.

We define Q := [0, Rinax] X [0,27) x {1,2} as the full state space (with the last component
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Figure 4.1. System dynamics relative to the wind and relative to the target D. The
subfigures show (a) the polar speed plot f(u) used in this work (the same as Fig 1(a) in [I17]) and
(b) system setups in the polar coordinate centered at D for different tacks. In (a), f = 0 at u = 0°.
encoding the tack ¢). We will further use § = 3 — ¢ to refer to “the opposite tack” and
T :=[0,7] U {a} to define the policy domain (the prescribed steering angle or the special

tack-switch action a).

Given a starting configuration of the boat (£(0) = é,q(O) = §) and a feedback con-
trol policy p : € — 7T, the main quantity of interest is the random time to target
T,(€,4) = inf{t > 0| £&(t) € D, £€(0) = €, ¢(0) = ¢} based on that u. Due to the
hybrid nature mentioned in section m, Tu(é ,q4) is the sum of the time spent in both steer-
ing and tack-switching. A typical risk-neutral approach is to define the value function as
v(é ,¢) = inf, B[T u(é ,4)], which can be then recovered by solving a system of quasi-variational
HJB-type inequalities. Assuming each tack-switch takes a fixed time C' and the boat stays

in place (f(u) = 0) while switching, as shown in [I17] this leads to

H(r,0,q,Vv) G Ve 1 G, (4.5)

max T ~ = A - - = :

a, Y Y Q’ v 2 892 ) v v )

where the switching operator A is defined below, Vv = (%, %), and the Hamiltonian is
H(T, 97 q, p) = mﬁlX (_Td(ev q, u)pl - Hd(rv 07 q,u; a)pQ) - L (46)

88



In (4.5), we take the maximum over two alternative courses of action. The first clause
corresponds to the system states, from which it is optimal to continue in the current tack
and the maximization in selects the optimal steering angle. On the other hand, in the
second clause AM'v encodes the expected remaining time-to-target if we switch to the opposite
tack; i.e., Nu(?,0,q) = E[v(#,0(C),q) | 0(0) = 6, f = 0]. If we define Y, ,(2) = v(r,2,q) and

B (z—0—aC)?

Go [¥] 2007 4(2) dz, (4.7)

1 o0
- —— /_ e
then this switching operator can be conveniently evaluated as Nv(r, 6, q) = Gy WW} . Since
the part of €2 on which it is better to switch tacks is a priori unknown, this is a problem with
a free boundary. The optimal feedback policy . (found by solving with the boundary
condition v = 0 on D x {1,2}) captures both the optimal switching states and the optimal

steering angles [117].

Despite its frequent use, the risk-neutral planning has a significant drawback: it is indif-
ferent to the level of variability in the distribution of times to target. The resulting p, might
be impractical if the risk of significantly exceeding E [T),,] is high (e.g., in right-heavy-tailed
distributions). To address this, we change the perspective and search for a policy « that
maximizes the probability of reaching the target before a specified deadline 5. We refer to

such « as a risk-aware (or, more precisely, as an §-threshold-aware) policy.
Letting Q5 = Q x [0, 5], we define our new value function
w(€,§,8) = supP (Tu(€,4) < 5), 0<3<5 (4.8)

The supremum is taken over all measurable threshold-aware feedback policies o : Q5 —
T, (r,0,q,5) — a(r,0,q,s). If we treat s(0) = § as an initial budget, then the remaining
time budget s(t) is strictly decreasing along the path-to-target as t increases ($(t) = —1

while continuously steering and a negative jump of C' units of time when switching tack).
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Consequently, the Stochastic Dynamic Programming Principle [62] yields an s-dependent

quasi-variational inequality

w(€, §,5) = max { sup Eur (€, 4,5), E,w(Ed, §>} o(r), (1.9)

where
gu,T w(év (ja §) = Eu,T[w<£(T>7 Ci, § - T) | é? §]7 (410)
£, w(€,q,8) =B [w(&(C),q,5—C) €35 f=0)]. (4.11)

Similarly to the structure of (4.5)), £, rw refers to the best probability of reaching the target
before the deadline if we stay on the current tack for a small time 7 while £, w is the best

probability if we immediately switch tacks.

From the stochastic Taylor expansion of Eq. (4.9)), one can show that, if w(r,0,q,s) is

sufficiently smooth, it must satisfy

2 52
Te, L 0w Ow el
max {urg[%?;] <Vw &€q+ 5 502 83) ,Eqw w} =0, (4.12)

where Vw = (Ow/0r, Ow/00) and &4(r, 0, q,u) = (rd(H,q,u), Qd(T,H,q,u;a)).

As in the risk-neutral case, if we define ¢, ,4(2) = w(r, z,¢, s — C), then E w(r,0,q,s) =
Go[trq.5] following the definition of operator . Note that, in general, the value function
does not have to be smooth or or even continuous. Nonetheless, even a discontinuous value
function can be often interpreted as a unique discontinuous viscosity solution of a HJB PDE
[8, Chapter 5], which allows recovering the optimal feedback policy a.(r, 8, g, s) as an argmax

of [ 12).
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4.4 Numerical Implementation

4.4.1 Semi-Lagrangian Discretization

We approximate the solution to for both tacks simultaneously using a semi-Lagrangian
discretization [54] on a uniform rectangular grid over the (r,0,s) space. lLe., (r;,0;,s) =
(1Ar, jAO, kAs), where Ar = Ryu40 /Ny, Ar = 21 /Ny, As = §/N,, while : = 0,...,N,, j =
1,..., Ny (due to periodic boundary conditions), and & = 0,..., N;. We will use Wf}q ~
w(r;, 05,4, si) to denote the discretized approximate solution at (r;,0;,¢,sx). Recall from
section that s(t) is strictly decreasing along the path-to-target. We can thus causally
march from smaller s to larger s and compute the value function from s = 0 to s = 5 in
a single sweep. In particular, we choose 7 = As when solving Eq. so that we can
march from the s;_;-slice to the sg-slice. The expectations in both and can

be approximated using Gauss-Hermite quadratures (GHQ), but the details are somewhat

different due to the contrast in elapsed times.

To approximate &, ,, we use a first-order weak approximation [58, [99] of the distribution
of the Brownian increment AB; for 7 time units. Starting from any gridpoint (7, 6;, s5) and
using any admissible steering angle u, we consider two possible locations of &(7,u) in the
S_1-slice:

fm = (r; +71ra(u), 0; + 704(u) £ 0 /7).
Averaging the value function at these points is equivalent to a two-node GHQ approximation
of (4.10); i.e.,
M, Wi = ;(W’qu (&) +WE (&) ) (4.13)

i,j,u 1,J,U
Since these Efj’u are usually not gridpoints, we implement (4.13)) by using a bi-cubic ENO

interpolation [I52] with a 27-periodicity in §. We adopt a two stage process for finding the
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optimal u, that maximizes M, ; : first, we perform a direct comparison over a grid of angle
values U and identify an interval containing the best u, € U; we then perform a Golden

Section Search (GSS) over that interval to obtain a more accurate approximation of ..

The accuracy of (4.13)) improves under grid reﬁnementl] since the diffusion time 7 = As —
0. Finding a good approximation for & is a bit harder since the diffusion time C' is constant.
To address this, one can use a higher order accurate GHQ); e.g., our implementation uses a

version with 3 GH nodes
Njm = 6; +aC +oVv2Cx,, me{l,2,3}, (4.14)
where z,, are the roots to the 3rd Hermite polynomial. Assuming that s, > C, we use
k I
MCWZ.Ju,‘I - ﬁ mzz:l Y W (i3 Mjom> @, 51 — C) (4.15)

where 7,,’s are the weights of the third GHQ. We choose As to be a fraction of C', ensuring
that s, — C' = s; for some [ < k. But n,,, are usually not multiples of Af and we use a 1D
periodic cubic ENO interpolation to evaluate (4.15)).
The grid value is then computed as
4,j

ka _ k.q k.q
Wi = max (M, W[5, M W)

and we recover the optimal steering/switching policy a.(r;,0;, ¢, sx) as a by-product. Our
full method is summarized in Algorithm [2] using the target radius Rp, the maximum sailboat

speed fuax, and = = {(iAr, jA0) |i=0,...,N,, 7=0,..., Ng}.

!'Under mild technical conditions, semi-Lagrangian schemes have been proven to converge to the discon-
tinuous viscosity solution of first-order HJB PDEs on every compact set away from discontinuity [10, 9]. For
the second-order HIBs, the method closest to ours has been studied (with rigorous error estimates) in [6] but
without hybrid dynamics or degenerate parabolicity. While our setting is more general, the numerical results
in Section [£.5] and online repository provide strong evidence of convergence. A rigorous proof of numerical
convergence to the discontinuous viscosity solution of PDE (4.12) remains an open problem to be addressed
in the future.
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Algorithm 2: Risk-aware value function computation
for s, = kAs, k=0,1,... Ny do
for every &, ; € E and q € {1,2} do
if (7‘7; — RD)/fmax > Sk then
Wi]f]’-q + 0;
else
ij’-q + max,, MuyTij’-q;
if s > C then
‘ VVZk]q < max (W.k’q MCWZZ’-Q);

%,7 )

4.4.2 Trajectory synthesis and ECDF generation

The above PDE solution process yields the optimal threshold-aware policy in feedback form,
with the optimal action o (r;, 8;, g, si) stored at each gridpoint in = and for a range of dead-
lines (k =0, ..., Ng). To recover a sample path-to-target from any specific initial configuration
(7,0,q) and the intended deadline 8, we use Euler-Maruyama scheme [99] with a fixed time
step At on Egs. . At each time step, we normally use the optimal steering/switching
action from the policy recorded for the nearest gridpoint. But the threshold-aware control
formulation leaves two ambiguities that have to be resolved in the implementation. First, if
w(7, é, 4,8) = 1, the current § may be more than sufficient to reach the target with probabil-
ity one and the actions taken until the remaining time budget s becomes “barely sufficient”
are not important. To address this, we use a “Deadline-Upgrade” approach, decreasing the
initial time-budget to § = min {sk | w(f,é, qd,sx) = 1}. Second, if during a simulation the
sailor is unlucky and later finds herself with w(7, é, 4,8) = 0, the PDE provides no guid-
ance on what to do after that (since she will now definitely miss the original deadline).

Rather than dismiss such simulations as complete failure, from there on we simply apply the

risk-neutral policy p. recovered from Eq. (4.5)).

Empirical cumulative distribution function (ECDF) for both «, and u, are obtained

through Monte Carlo simulations, with sample paths generated starting from a specific
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(7, 0,4, §) under different realizations of wind evolution. The ECDFs for the total time-to-
target are obtained through the the Kaplan-Meier estimate [93] using the MATLAB’s built-in

function ecdf ().

4.5 Numerical Experiments

90 90 90 90 90

Figure 4.2. Representative s-slices of risk-aware policy, their corresponding optimal
probability of reaching the target D, and the risk-neutral policy with a = 0 and

o = 0.05: (a) risk-aware optimal policy ay; (b) risk-neutral optimal policy p.; (¢) optimal
probability of reaching D associated with (a). All shown for the starboard tack ¢ = 1 only and in
relative (r, 6) coordinates. In all figures, the target D is shown as a magenta disk in the center. In
(a) and (b), it is optimal to switch to ¢ = 2 from wherever the space is left blank. Otherwise, it is
optimal to stay with ¢ = 1 and the best steering angle is shown in color (with the same colorbar
used in both subfigures).

We use several examples to compare the performance of risk-aware and risk-neutral
policies. In all cases, the value functions are computed on a 1601 x 1601 x 2 grid for
(r,0,q) € 10,2] x [0,27] x {1,2}. When solving (4.12)), we use As = 0.025 for any preset

maximum deadline s. The other parameter values are Rp = 0.1, C = 2, and f.x = 0.05.

94



0.5

Probability of success

=3
N

o

—
Sample mean (yz.)
----- w(1.93,0.56, 1, s)

S
=)

45

50 55 60 65 70 75

Threshold (s)

(a)

55 60 65 70 75

Threshold (s)

(b)

Y-Position

o o
E

-
o

-
o

-
=

-
~

-

— 5

—oa;; § = 56

«f; 5 =53

1 05 0
X-Position

(c)

Figure 4.3. Sailing against the wind: a comparison between the risk-aware and
risk-neutral approaches with (a =0, o = 0.05) starting from (7,6, ) = (1.93,0.56,1)
Subfigures: (a) ECDF (empirical cumulative distribution function) generated with the optimal
risk-neutral policy g (solid blue) vs. the s-dependent risk-aware optimal probability of success
w(?,0,4,s) (dash-dotted orange); (b) ECDFs of the random total time to target generated with
different policies; (c¢) Sample sailboat trajectories in the absolute xy-coordinates generated with
different policies under the same random wind path. The target set is plotted as a magenta disk
at the top, and top-left dark green arrow encodes the initial wind direction ¢(0) = 0. Trajectory
colors correspond to the policies used to generate ECDFs in (b). The colored dots indicate the
tack-switching points for respective trajectories. Observed sample means for the arrival time T’
are 54.46, 55.57, and 55.95 for the policies juy, a2, and a2% respectively. Arrival times for the
specific trajectories in (c) are 56.55 (blue), 53.54 (green), and 54.07 (red).

All ECDFs are built through Monte Carlo simulations (see section 4.4.2)) with 10° samples
and At = 0.005.

We illustrate our s-dependent risk-aware policies for a wind with zero drift (¢ = 0) and
small diffusivity (o = 0.05P] In Fig [£.2(a,c), we show some representative s-slices of the
risk-aware optimal policies a, and the corresponding value function w for the starboard
tackﬂ (i.e., the optimal probability of reaching D in less than s units of time if we start
with ¢ = 1 and use «.). In Fig |4.2(a), colors indicate the optimal steering angle u, in
the current tack, while the complement (left blank) shows all the (r,6) configurations at

which the immediate tack-switch A is optimal. We observe that a is strongly s-dependent

*Examples with different a and o values are provide in §4.7.1]
3In the interest of reproducibility, our full source code, additional examples, and movies (for both tacks)
are available from https://eikonal-equation.github.io/Threshold- Aware-Sailing-Public.
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and significantly differs from the risk-neutral optimal policy p. shown in Fig [4.2(b). The
arrows in Figl4.2(a,c) indicate the natural progression when threshold-aware policies are used
in practice: once we start with a particular deadline §, our initial time—budgetﬁ s(0) = § is
progressively decreasing, making it necessary to use «, from the lower s-slices. This decrease
is gradual (s(t) = —1) while we are steering, but becomes abrupt whenever we decide to

tack-switch at some time t*; ie., s(t) = s(t*) — C, Vt e (t*,t* + C].

Since a, is somewhat more complicated to implement in practice, it is reasonable to ask
whether it is significantly better (in meeting the desired deadlines) than the risk-neutral j,.
For any specific starting configuration, the answer can be found by comparing the ECDF of
1+ with the risk-aware value function w plotted across the range of s values. The graph of w
will be always above, though often this difference is minimal, making the use of u, a preferred
option. However, in many cases the gap between the two graphs will be more significant for
a specific range of s values. This is illustrated in Fig M(a) for (7, g, 4) = (1.93,0.56, 1). If
we are interested in some deadline between § = 52 and § = 57, the threshold-aware policies
provide a noticeable advantage. For example, our a2% (red in Fig4.3{(b)) increases P(T < 56)
from 52.5% to 58.9%, while our a2® (green in Fig [4.3(b)) yields a 10.6% improvement in
P(T < 53) while increasing E[T] by less than 2.8%.

It is also revealing to examine sample trajectories resulting from each of these policies
(shown in Fig|4.3(c) for a particular random realization of wind evolution). According to p.,
the boat starts in the “wrong” tack, and thus needs to switch immediately, with another tack-
switch (back to ¢ = 1) almost always needed later to reach D. This strategy produces the
best E[T], but makes it hard to reach the target much earlier and does not hedge against the
bad outcomes (e.g., T, > 58 in more that 33% of simulations). In contrast, the threshold-

aware policies make a calculated bet (that the wind direction will soon change to help us),

4In the following discussion, we use the superscript () to refer to a version of policy . implemented
with a specific initial time-budget §.
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stay with the original ¢ = 1 at first, and reach D with only one tack-switch.

Larger improvements can be similarly realized with a non-zero wind-drift, particularly
when the chosen deadlines are fairly aggressive (in the left tail of 7,,, PDF). In Fig[£.4[a) we
show such an example with (e = 0.05, o = 0.05). Unlike in Fig 4.3 here the initial direction
of the wind is largely toward the target, but we are in the wrong initial tack to fully take
advantage of this. The risk-neutral u, prescribes an immediate tack-switch followed by
another one a bit later and yields a low P(T < 42) ~ 5.8%. In contrast, the threshold-aware
a¥? recognizes, based on the sign of a, that the wind is likely to change in the right direction
soon and (in the specific wind-evolution example presented in the bottom row of Fig|4.4{(a))
manages to reach D without any tack-switches at all. The result of this calculated bet is
to almost triple P(T" < 42) to 17.2% and make the tack-switches far less common. Even
more dramatic improvements can be obtained when the drift is stronger. In Fig [4.4b] with
(a = 0.15, 0 = 0.05), the threshold-aware policy boosts P(T" < 43.5) from 8.8% to 26.6%,
largely by reducing the number of tack-switches (in most cases, from 3 switches under p, to

only 1 under a3?).

We end this section with two caveats. First, it is usually impossible to optimize the entire
CDF of the arrival time. As should be clear from Fig|4.3(b), a policy increasing P(T" < §;)
might be decreasing P(T" < 3) even compared to a risk-neutral j,. Typically, each of is
only optimal for its particular threshold/deadline §. This is why we do not use the usual
nomenclature of risk-aversion [170] and instead describe or methods as risk (or threshold)
aware. Second, our decision to revert to yu, in the “unlucky” a,-based simulations (once the
time-budget is reduced to zero) is fairly arbitrary and one can certainly use other approaches
instead. However, this choice does not affect P (Taf < 5) for any s < §; thus, the primary

goal of threshold-aware policies is still achieved.
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4.6 Discussion

We have introduced a robust (risk/deadline-aware) approach to controlling a sailboat in
stochastically evolving wind conditions. The efficiency of our approach hinges on the numer-
ical method for a pair of quasi-variational HJB-type inequalities, which yield deadline-aware
policies for all initial configurations and a broad range of deadlines simultaneously. Numeri-
cal experiments demonstrate the advantages of these policies over the traditional risk-neutral

approach [117], particularly when it is possible to reduce the number of likely tack-switches.

Several extensions will obviously increase the impact of this approach in the future.
Solving the problem in absolute coordinates will allow for a better modeling of the domain
geometry (e.g., accounting for obstacles and other target shapes). Incorporating more realis-
tic wind models and more detailed boat dynamics will be clearly of interest to practitioners.
Similarly, stochastic differential games might be used to reflect the competitive aspect of sail-
ing races [29]. [E.g., if T} is a (random) arrival time of the i-th competitor, one could try to
maximize P (7 < min; T;) .| In addition, it will be important to explore multi-objective ver-
sions (e.g., Pareto-optimal tradeoffs between E[T] and P (T < §8)) and compare our approach

with risk-averse methods that minimize the “Conditional Value at Risk” [170].

Finally, we hope that a similar threshold-aware approach will prove to be useful in many

indefinite-horizon hybrid control applications unrelated to sailing.
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4.7 Supplementary Materials

4.7.1 Optimal policies with non-zero drift

In this subsection, we provide additional s-dependent risk-aware policies «, and the corre-

sponding value functions w for the starboard tack’| using the same format as Fig [4.2] with

o Fig[d.5} a =0.05and o = 0.05;
o Fig[d.6f a =0.15 and o = 0.05;

o Fig[l7 a=0.05and o =0.1.

On the top row of all three figures, colors indicate the optimal steering angle u, in the
current tack, while the complement (left blank) shows all the (r,8) configurations at which
the immediate tack-switch A is optimal. We again observe that «, is strongly s-dependent

and significantly differs from the risk-neutral optimal policy p, shown in sub-panels (b).

When a > 0, the probability of success appears highly concentrated across all three
scenarios, indicating a high gradient in w. Increasing o only slightly accelerates the disper-

sion /smoothing rate; see the comparison between Fig[1.5(b) and Fig [1.7(b).

As the drift increases, we observe that the switchgrid and the contours of w increasingly
skew towards negative #. This indicates that it is optimal to navigate the sailboat ahead of
the wind’s current direction, anticipating its future shifts. By doing so, the sailboat positions
itself advantageously within the state space, maintaining the ability to navigate at angles

that enable maximum speed as the wind conditions evolve.

®Movies of all additional examples (for both tacks) are available from
https://eikonal-equation.github.io/Threshold-Aware-Sailing-Public.
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Figure 4.4. Exploiting the wind-drift: (a) (a = 0.05, ¢ = 0.05); (b) (¢ = 0.15, ¢ = 0.05).
Top Row: ECDF for p, (solid blue), the s-dependent risk-aware optimal probability of success
w(?,0,4) (dash-dotted orange), and ECDF for of (solid green). In (a), (7,0, 4) = (1.80,2.67,1)
and § = 42. The sample means for ;, and o are 43.83 and 44.30. In (b), (7, g, 4) = (1.80,2.01,1)
and § = 43.5. The sample means for y, and a® are 43.93 and 43.97. Bottom Row: Two
representative paths generated with the same wind evolution (with colors corresponding to
respective policies in the top row). The dark green arrow encodes the initial wind direction.
Time-to-target: (a) blue: 42.23, green: 41.44 ; (b) blue: 43.12, green: 42.98. In (a) p. led to 2
tack-switches in 99.9% of simulations, while o, required none in 99.1% of cases with 2 switches
needed in all others. In (b) u. led to 3 tack-switches in 99.9% of simulations (with others
requiring 4), while «, required 1 switch in 99.9% of cases with 2 switches needed in the rest.
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Figure 4.5. Representative s-slices of risk-aware policy, their corresponding optimal
probability of reaching the target D, and the risk-neutral policy with a = 0.05 and

o = 0.05: (a) risk-aware optimal policy ay; (b) risk-neutral optimal policy p.; (c) optimal
probability of reaching D associated with (a). All shown for the starboard tack ¢ = 1 only and in
relative (r,6) coordinates. In all figures, the target D is shown as a magenta disk in the center. In
(a) and (b), it is optimal to switch to ¢ = 2 from wherever the space is left blank. Otherwise, it is
optimal to stay with ¢ = 1 and the best steering angle is shown in color (with the same colorbar
used in both subfigures).
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Figure 4.6. Representative s-slices of risk-aware policy, their corresponding optimal
probability of reaching the target D, and the risk-neutral policy with a = 0.15 and

o = 0.05: (a) risk-aware optimal policy ay; (b) risk-neutral optimal policy p.; (c) optimal
probability of reaching D associated with (a). All shown for the starboard tack ¢ = 1 only and in
relative (r,6) coordinates. In all figures, the target D is shown as a magenta disk in the center. In
(a) and (b), it is optimal to switch to ¢ = 2 from wherever the space is left blank. Otherwise, it is
optimal to stay with ¢ = 1 and the best steering angle is shown in color (with the same colorbar
used in both subfigures).
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Figure 4.7. Representative s-slices of risk-aware policy, their corresponding optimal
probability of reaching the target D, and the risk-neutral policy with a = 0.05 and

o = 0.1: (a) risk-aware optimal policy a.; (b) risk-neutral optimal policy pu.; (c) optimal
probability of reaching D associated with (a). All shown for the starboard tack ¢ =1 only and in
relative (r,6) coordinates. In all figures, the target D is shown as a magenta disk in the center. In
(a) and (b), it is optimal to switch to ¢ = 2 from wherever the space is left blank. Otherwise, it is
optimal to stay with ¢ = 1 and the best steering angle is shown in color (with the same colorbar
used in both subfigures).
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4.7.2 An initial “forced-to-switch”

In this subsection, we present a method to identify location(s) in the state space where the
differences in the probability of success between implementing policies o, and pu, are most

pronounced.

The idea is based on the observation that the probability of success is notably reduced
(at a specific threshold §) when p, prescribes additional tack-switches. This is particularly
evident when an immediate tack-switch is recommended at the outset, as demonstrated
in Figs &[4 We thus propose computing an alternative value function, @, which
represents the optimal probability of reaching the target within the deadline §, subject to
a new constraint: forcing an initial tack-switch for all state configurations (r,6,s) where
s > (), followed by optimal behavior thereafter. It is worth noting that @ can be easily
computed as a byproduct of solving for w. Adopting the same notations as in the main
text, our full method is summarized in Algorithm [3| (with only a one-line modification to

Algorithm |2) with Wzqu ~ w(r;, 05,49, Sk)-

Algorithm 3: Risk-aware value function + “Forced-to-switch” initially
for s, = kAs, k=0,1,... N, do
for every & ; € E and q € {1,2} do
if (r; — Rp)/ fmax > Sk then
‘ Wf}q +— 0;
else
Wff + max, MuvTWi’fj’»q;
if s > C then
Wi! = MW",

W max (W50, W)

7 7] ) 7 7]

We calculate the difference in the switchgrid between policy a, and pu,, denoted as D,
for all s. (Note that this results in D, being s-dependent as well.) By “difference”, we

refer to instances where the risk-aware (RA) policy prescribes a “tack-switch”, whereas the
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risk-neutral (RN) policy does not, and vice versa. Following this, we compute the differences
in the value functions w — w over all states for 0 < s < S. We then identify locations where

the difference w —  is significant within the regions defined by D..

In Fig [4.8(a), we present the switchgrid difference D, at § = 53, under the wind char-
acterization ¢ = 0 and o = 0.05. Fig [4.8(b) illustrates the corresponding reduction in the
probability of success, w — w, observed on D,. It is clear that a significant discrepancy is
near r ~ 1.9 and 0 ~ 40° in the magenta region (where RN prescribe a tack-switch while
RA does not). This observation aligns with the example depicted in Fig from the main

text, confirming our intuition is correct.

In Fig 4.9, we show the results of wind characterization with a non-zero drift (a = 0.05)
while keeping o = 0.05, at § = 42 H Fig (b) highlights the greatest reduction in the
chance of success occurring near r ~ 1.8 and 6 ~ 150°, which is again within the magenta
region. This is consistent with the scenario described in the main text. Under conditions of
a smaller budget and wind from behind, a strategically calculated bet based on a allows us
to avoid unnecessary tack-switches. However, the presence of the magenta region does not
always indicate a large discrepancy, particularly when the probability of success is already

near 1, despite an earlier additional tack-switch.

6Movies of how D, and w — @ change with s are available from
https://eikonal-equation.github.io/Threshold-Aware-Sailing-Publicl
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Figure 4.8. Forced to switch initially with wind characterization a = 0 and o = 0.05
at § = 53: (a) the switchgrid difference D,; (b) success reduction in probability w — w. All
shown for tack ¢ = 1 only. In (a), the magenta region means the risk-aware (RA) policy does not
prescribe a tack-switch while the risk-neutral (RN) policy does. The cyan region means the
opposite. The boundary of the RN switchgrid is plotted with a black-dashed line.
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Figure 4.9. Forced to switch initially with wind characterization a = 0.05 and

o = 0.05 at § = 42: (a) the switchgrid difference D,; (b) success reduction in probability w — .
All shown for tack ¢ = 1 only. In (a), the magenta region means the risk-aware (RA) policy does
not prescribe a tack-switch while the risk-neutral (RN) policy does. The cyan region means the
opposite. The boundary of the RN switchgrid is plotted with a black-dashed line.
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CHAPTER 5
OVERCOMING TOXICITY: WHY BOOM-AND-BUST CYCLES ARE
GOOD FOR TOXIN-SENSITIVE BACTERIA

5.1 Introduction

Antagonistic interactions are found throughout the microbial tree of life [130, [7) 139, [75, [159],
in almost any environment [110, 148, 128, [142, 5] and host-associated microbiomes
[144, 181, 66, B3]. Microbes have evolved a large variety of mechanisms to interact an-
tagonistically with each other [I30)], 22], from contact dependent antagonism (e.g., via type
IV, V and VI secretion systems), to short-distance interaction mediated by diffusible an-
timicrobial metabolites (e.g., bacteriocins), to long-range interaction via secretion of volatile
antimicrobials [I147]. These antagonistic interactions are thought to be a strong determinant
of microbial community structure [130, [14], to provide benefits to hosts, such as protection
against pathogen invasion [66], and to be a promising avenue for antimicrobial control in both
natural ecosystems and animal hosts [56, [66] [155]. Recent experimental investigations have
explored the ecological [115], [72] [38] and evolutionary dynamics of microbial antagonism [2§]
in the laboratory, where toxin-producing strains are found to dominate over toxin-sensitive
ones. In many microbiomes, however, one finds both antagonistic and non-antagonistic
microbes [74], raising the question of whether the dominance of toxin-producing strains ob-
served in the laboratory might be caused by idealized growth conditions in those settings.
Here, we explore how the interplay of environmental fluctuations, costs associated with toxin
production, and regulation of toxin production, play different roles in determining the out-
come of the competition. Although spatial heterogeneity of populations is one of the popular
explanations of why toxin-sensitive strains might be doing well in practice [48] 07, 120, [75],

we show that environmental fluctuations (e.g., dilutions) can favor toxin-sensitive strains
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even in spatially homogeneous populations.

Ecological theory has long recognized the significant impact of environmental fluctua-
tions on community composition [37, 88, 108, 34]. Changes in temperature, nutrient levels,
and other abiotic factors critically shape the structure and dynamics of these communities.
Such disturbances not only disrupt resident populations, possibly allowing new colonizers to
invade, but also affect both immediate and long-term ecological outcomes [3], [112]. Microbial
communities in a diverse array of habitats are subject to “boom-and-bust” dynamics, where
periods of rapid population growth are often followed by sharp declines. Such dynamics have
been observed across various environments, including phytoplankton and particle-attached
microbial communities in marine ecosystems [I5, 165, 42], soil [154], 153] 160, 12], host-
associated microbiomes [138| 140, 164, 157], and the built environment [63, 69]. These
boom-and-bust cycles are not only influenced by abiotic factors such as nutrient availability
and environmental disturbances, but also by biotic interactions including competition, preda-
tion, and parasitism. Particularly, the interactions with phages and predators can drastically
alter microbial community structure, trigger population crashes, and thereby influence the

overall dynamics of microbial ecosystems [158], 150, 161, 26].

Despite the interest in the effect of microbial antagonism and environmental fluctuations
on microbial community composition [70, 112, 121], the interplay between environmental
fluctuations and antagonistic microbial interactions is surprisingly underexplored. Although
data relating the relative abundance of toxin-producing strains to environmental fluctuations
is very scarce, there is evidence that environments with higher turnover rates harbor a
reduced number of toxin-producing strains [I1}, [105]. Mathematical modeling and laboratory
experiments in stationary environments suggest that the efficacy of toxin-mediated killing
is dependent on high population densities [72] and consequently frequent population busts

could favor sensitive strains that avoid the metabolic costs associated with toxin production.
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Certain microbial species have evolved regulatory mechanisms for toxin production that
are triggered by quorum sensing signals [49] or environmental indicators suggestive of a
stationary phase [124]. This regulation ensures that resources are not expended on toxin
production at times when it would be least effective, possibly allowing microbes to optimize
the cost-benefit ratio of toxin production. Activation of toxin production genes in response
to quorum sensing signals produced by other strains, a phenomenon known as eavesdropping
or cross-talk, has also been reported [I18]. Regulation of toxin production in response to
self and non-self abundances is thus theoretically possible and may be exploited to design
synthetic genetic systems of pathogen eradication via targeted secretion of antimicrobials

[143).

Our goal is to investigate how the regulation of toxin production, combined with antago-
nistic dynamics and environmental fluctuations, affects competition between toxin-producing
and non-producing strains in environments characterized by frequent boom-and-bust cycles.
This approach aims to elucidate the survival strategies of microbial populations and pro-
vide a deeper understanding of the ecological and evolutionary consequences of microbial

interactions under variable environmental conditions.

5.1.1 Why are disruptions disruptive?

A simple mathematical model of a competition between toxin-producers and toxin-sensitives
(to be described in detail in the next sections), shows that the former will eventually defeat
the latter even if at first both strains are equally represented. This is because, near the car-
rying capacity, both strains have similarly low division rates, and the toxin will significantly
affect the sensitive cells; see Fig However, since the toxin-producers typically have a

lower intrinsic division rate, there is an intermediate time period when the toxin-sensitives
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are in the majority thanks to their higher growth rate at low densities. So, it is plausible that
a significant disruption (e.g., a dilution) happening during that time will help the sensitives
at least temporarily. To check whether this is the case, we turn to a biological experiment,

in which the dilutions are performed regularly and affect both strains equally.

1 T r 7
— Constitutive killer
0.8 f|l———Sensitive

0 5 10 15 20 25 30
Rescaled time (t)

Normalized population

Figure 5.1. Mathematical model-based population trajectories for a strain of
constitutive toxin-producers (a =1 in ) and a strain of toxin-sensitive bacteria.
Starting with 50% sensitive bacteria and a total population at 1% of the carrying capacity,
sensitives initially grow much faster due to their higher intrinsic growth rate. However, as the
overall population approaches the carrying capacity, the sensitives’ intrinsic advantage shrinks,
and the produced toxin leads to an eventual domination by the constitutive killers. But could the
sensitives escape this fate if dilutions happen at an early stage, when the toxin-producers are still
in the minority?

5.1.2 Experimental antagonism with periodic dilutions

To gain intuition for the impact of environmental disturbances on the dynamics of microbial
antagonism, we conducted competition experiments between a sensitive (S) and a killer (K)
strain of Saccharomyces cerevisiae, with the latter engineered to secrete the killer toxin K1

at experimentally adjustable rates [72].
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Figure 5.2. Experimental competitions between a toxin-producing (killer) and a
sensitive strain of S. cerevisiae in environments diluted periodically with periods of
T =1 day (blue) and T = 2 days (orange). Different subfigures show different initial
fractions of the killer strain. Both the initial killer fraction and the period of the dilution cycles
determine the outcome of the competition and the rate of extinction of the losing strain.

In isolation and at low densities, the growth rates of strains S and K were 0.28 + 0.01
h™! and 0.26 + 0.03 h™! (mean+SD), respectively. At low cell densities, when the toxin is
too dilute to significantly impact the growth of sensitive cells, one would thus expect the
relative abundance of S to increase over time compared to K. At higher (killer) cell densities,
however, one would expect the toxin to reduce the growth rate of the S strain due to increased
cell death. This led us to hypothesize that frequent disturbance events, such as dilutions,

could favor the sensitive strain allowing it to increase its relative abundance over time,

despite the presence of the toxin-producing killer strain. Indeed, we found experimentally
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that both the initial fraction and the interval between successive dilutions influenced the
competition outcome between S and K, favoring S when dilutions occurred more frequently
(Fig p.2). Notably, the killer strain K tended towards extinction when dilutions occurred
every 24 hours, starting from an initial killer fraction equal to 35% K versus S (Fig[5.2(b)).
However, at 48-hour dilution intervals with 35% initial fraction of K versus S, three out of five
replicates tended towards domination of the killer, while others tended towards domination
of the sensitive strain. At other initial fractions, the outcome of competition (dominance vs
extinction) was consistent between the 24 h and 48 h dilution cycles, with frequent dilutions
either increasing the rate at which the killer went extinct, or slowing down the rate at which
it became dominant. Overall, these experiments suggest that frequent dilutions can favor
sensitive cells when their growth rates in isolation are larger than those of the killers. To more
comprehensively characterize how growth rates, toxin production rates and their regulation,
and environmental fluctuations jointly affect the dynamics of microbial antagonism, we now

turn to mathematical modeling inspired by these experimental results.

5.1.3 Population dynamics

We start by describing a basic competition model between the toxin-producing “killer” strain
(K) and the toxin-sensitive strain (S). The goal is to keep the modeled mechanisms general,
although our main ideas can be similarly applied to more complex models tied to specific

microorganisms or microbial communities.

We assume that the growth of both strains is logistic, with respective intrinsic growth
rates (rg,rs) and a shared carrying capacity C. We assume that the killer’s ability to
produce toxin confers to it a growth rate deficit (i.e., rx < rg) independent of the actual

toxin production. We also assume an additional growth rate deficit that scales linearly with
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the normalized toxin production rate a € [0, 1], yielding the realized growth rate ri(1 — ea),
where ¢ > 0 is the cost associated with producing toxin at maximal rate. The rate of
toxin-induced death of the sensitive strain is assumed to be proportional to the product of
the strain densities (ng and ng, respectively, assuming mass-action kinetics) with the killing
rate . After non-dimensionalizing, ng(t) — nk(t)/C, ns(t) — ns(t)/C, and t — rgt, the
resulting dynamics are

dTLK
71': = TKs ]_— a 1_nK_nS nK?
a (1= za){ ) (5.1)

dns

o (t) = (1 — ng — ng) ns — ayngns,

where rgg = ri/rs is the intrinsic growth rates ratio and v = p/(Crg) is the rescaled killing
rate. For the sake of consistency, all rates in the rest of this paper are dimensionless (i.e.,
scaled by rg). Distinguishing between the relative values of ris and € in published datasets
is challenging, as both parameters influence the realized growth rate of the killer strain. A
review of various studies [172) [134) B3] that compared the growth rates of killer and sensitive
strains suggests that the ratio of realized growth rates ris(1 — ) typically falls between
0.68 and 0.98 for strains that produce the toxin at a constant, maximal rate (referred to as
constitutive killers). Since proteinaceous toxins are often expressed from plasmids, one can
estimate characteristic rgg values by comparing the growth rates of Escherichia coli strains
harboring such plasmids, with the toxin-producing genes deleted, to strains lacking these
plasmids. From [I71], we derive that ris ~ 0.85 is a plausible value, based on comparisons
of growth rates between cells with and without ColE1-type plasmids. In our experiments, the
cost of constitutive toxin production is minor [72], but the titratable inducible system used
to modulate the toxin production rate carries a metabolic cost that reduces rx compared to
s, resulting in the ratio of realized growth rates rx(1 —¢)/rs = 0.92 £ 0.03 (mean+SE). In
general, in addition to describing the cost associated with the ability to produce the toxin,
rks may also reflect other differences in metabolism or genotype between killer and sensitive

strains that may be unrelated to toxin production. Unless otherwise noted, we will adopt
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rgs = 0.85 and ¢ = 0.2 in our computations, aligning with the lower bound rxs(1 —¢) = 0.68

of the range reported in the literature.

It is also more convenient to restate the dynamics in terms of the normalized total
population N(t) = nk(t) + ns(t) and the fraction of killers f(t) = nik(t)/N(t). This change
of coordinates yields the ODE model on a unit square, summarized in Box |7 Under
this transformation, the entire horizontal line N = 0 maps to the origin (ng,ns) = (0,0)
in the original coordinates. Similarly, the entire horizontal line N = 1 corresponds
to ng + ng = 1, indicating that the system is at carrying capacity. Fig [5.3(a) shows the
phase portrait for constitutive killers, with all trajectories approaching f = 1 and N = 1
(or, alternatively, (ng,ns) = (1,0) — the competitive exclusion of sensitives by killers), which
is the only attracting fixed point of for any fixed a > 0. It is worth noting that when
starting from a small initial population N, the trajectories bend left (i.e., decreasing the
fraction of killers) for a significant amount of time, which likely explains the strong initial
reduction in the fraction of killers during the first growth cycle in many of our experiments.
This reduction is due to killers’ initial disadvantage (rxs(1 —¢) < 1), which does not prevent

their eventual domination once the population size gets closer to the carrying capacity.

Box 7: Population growth model

F(f,N,a)
% = 7= 1) (1= M) [ris(1 = 2a) = 1] +ay/N),
N (5.2)
% =NQ1 —N)<1+ [T'Ks(l —ea) — 1]f> —a'7N2f(1 - f).

Definitions and Parameters:
e f(t),N(t) € [0,1]: fraction of killers, normalized total population;
e« 2= f(0), y = N(0): initial killer fraction, initial total population;
o Txs = Tx/rs: ratio between intrinsic growth rates;
e a(t) €[0,1]: toxin-production rate;
e &> 0: cost of producing the toxin;

o v =pu/(Crs): rescaled killing rate.
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5.2 Results

5.2.1 Do regular dilutions protect the sensitive?

Box 8: Periodic dilution events

Periodic dilution events: A deterministic process with a fundamental period of T'.
e (T,2T,3T,...), an infinite sequence of dilution times;

e p € (0,1), a surviving proportion of the population.

After the n-th dilution occurring at n7T":

o f((nT)*) = f((nT)7), relative abundances are preserved;

o N((nT)") = pN((nT)~), total population decreases;

e population grows until ¢ = (n + 1)T" according to (5.2)).

See Fig bc) for examples of multi-dilution trajectories.

We begin by assuming that dilutions occur regularly every 7' time units and that at
each dilution the relative strain abundances are preserved, but only a fixed fraction p of
the total population Surviveﬂ As in our experiments, we observe that with a relatively
short waiting time (7" = 1, i.e. dilution inter-arrival time equal to the inverse growth rate
of sensitive cells), the killers may either progressively increase their relative abundance (see
Fig[5.3(b)) or decrease it (see Fig|5.3|(c)), depending on the initial condition. This suggests
that while dilution events can disrupt the killers’ dominance, a further investigation is needed

to determine under which circumstances these interventions help the sensitives if 7" is small.

Numerical methods make it easy to analyze the performance of constitutive killers for all
possible initial states over one cycle; i.e., we use linear partial differential equations (PDESs) to

compute the pre-dilution f(77) = f(T") and N(T~) = N(T")/p corresponding to all initial

"'We focus here on such “strictly proportional” dilutions for the sake of simplicity and computational
efficiency. The results in SI Appendix §5.4.6] show that for most initial conditions the conclusions remain
largely the same even with a probabilistic dilution model, where each cell has probability p of surviving each
dilution.
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Figure 5.3. Trajectories of competitions between constitutive killers and sensitives in
undisturbed and periodically-diluted populations. (a) Killers always win without
dilutions. (b,c) With periodic dilutions, their fate depends on the initial condition. With a high
enough initial population size, e.g., (f(0) =z, N(0) = y) = (0.5,0.7) (b), a sequence of dilutions
carries killers to an eventual victory (i.e., f — 1). Starting at a lower population size, e.g.,

(z,y) = (0.5,0.1) (c), the dilutions lead to their demise (i.e., f — 0). In both cases, the period of
dilutions is T' = 1, and the pre- and post-dilution states are shown with black squares and cyan
dots respectively. Once either strain dominates, the population oscillates between the terminal
cyan dot and black square at f =0 or f = 1. Temporal trajectories associated with subfigure (b)

are shown in Fig (b)

(f(0) = z,N(0) = y); see Fig[5.4{(a) and ST Appendix §5.4.4] Once this mapping is computed,
we iterate it to determine the asymptotic outcomes as the number of dilutions approaches
infinity. Fig [5.4(a) shows a general trend: larger initial killer fractions = and population
sizes y allow constitutive killers to moderately increase their relative abundance by the end
of the first cycle. The region below the black-dashed curve in Fig (a) indicates initial
conditions for which killers decrease their fraction in the first cycle; i.e. f(7T7) < z = f(0).
Thus, one may expect that populations that start below the black-dashed curve are exactly
the ones that become dominated by the sensitive strain with successive dilutions. However,
our calculation of the limiting pre-dilution fraction of killer strains, f(z,y) = nh—{{olo f((nT)),
shows that this is not the case. Fig[5.4|c) shows that, in the limit of infinite dilutions, the

state space is divided into two regions corresponding to the competitive exclusion of the
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killer by the sensitive strain (blue) and vice versa (red). The actual shades of blue and red
in Figs[5.4(c,d) represent the time it takes from the initial (z,y) to come within the machine
accuracy of the limit f (which in real systems would be correlated with the time until the
competitive exclusion). We highlight three features generic in these computations, which

mirror the observations from the experiments:

1. In Fig[5.4(c), the boundary of the blue-hued region is significantly different from the
black-dashed curve (reproduced from subfigure (a)), showing that changes in relative
abundance in the first cycle are not predictive of the asymptotic limit. Accordingly, in
our experiments, the killer’s fraction almost always decreased in the first cycle due to
the low initial population size.

2. With dilutions occurring at timescales comparable to the inverse growth rate of the
sensitive strain 75! (T = 1 in nondimensional time), the sensitives can eventually
prevail if they start in the majority (e.g., see the magenta marker in Fig H(c)), or if
the initial population size is sufficiently small.

3. When the dilution period grows, this might change the asymptotic limit and the time
necessary to approach it. For example, the same magenta-marked initial condition
leads to the victory of killers when 7' = 2 in Fig[5.4(d). While the cyan-marked initial
condition was already leading to killers’ victory even with 7" = 1, with 7" = 2 this
exclusion happens much faster. This is consistent with the comparison of 24-hour and

48-hour dilution trajectories in the experiments (Fig5.2]).

In addition, with 7" = 1, neither strain can reach the carrying capacity within one cycle even
after the other strain is excluded in the limit. The range of such single-strain oscillations

can be found analytically (§5.4.2/in SI Appendix), is observed in Fig[5.4(b).
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(a) Pre-dilution fraction of killers f(7) (b) Two scenarios of competitive exclusion
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Figure 5.4. Constitutive killers: pre-dilution fraction and limiting behavior. (a)
Pre-dilution fraction of the killer at the end of the first cycle, f(77), for T'=1 and any initial
condition (f(0) = z, N(0) = y). Initial conditions below the black, dashed curve lead to

f(T'™) < f(0). (b) Temporal trajectories of killer (blue) and sensitive (red) population sizes (left
axes), and killer fraction (right axes), with two different initial conditions (corresponding to the
magenta and cyan dots in subfigure (c)) and dilution period T'= 1. Black dashed line as in
subfigure (c¢). (c) Time until competitive exclusion (red/blue shades) and limiting killer fraction
(red and blue indicate f =1 and f = 0, respectively) vary with the initial condition. Within the
red and blue regions, the absolute killer and sensitive population sizes reach nx =~ 0.45 and

ng =~ 0.69, respectively (see also subfigure (b)). (d) Doubling the dilution period to T' = 2 extends
the range of initial conditions leading to domination by the killer and reduces/increases the
timescale over which the killer/sensitive reach domination, respectively. Note that both initial
conditions marked by dots now lead to killer domination. Parameter values: € = 0.2, rxs = 0.85,
v =1, and p = 0.65.
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5.2.2 Do toxin-producers benefit from population-sensing?

The results for constitutive killers are revealing and align well with our experiments. How-
ever, antagonistic strains often use quorum sensing or environmental signals to regulate
toxin production, and thus may not engage in antagonistic behavior at all times. Here,
rather than modeling specific types of quorum sensing mechanisms, we use a phenomeno-
logical approach and explore different notions of optimality for toxin production policies of
“omniscient killers.” The results will serve as an upper bound on how well more realistic

killers could do given the limits to their sensing abilities.

Supposing that the killers can sense the current size and composition of the population,
they might use this to regulate their rate of toxin-production, also taking into account the
remaining time until the next dilution. More precisely, we will consider a theoretical possi-
bility of their evolving the optimal toxin production rate in feedback form: a, = a.(f, N,t) to
optimize the resulting pre-dilution fraction f(7~). We will refer to such killers as “myopically-
optimal” or simply “myopic” since they optimize the results over a single cycle only, without
any regard to the sequence of future dilutions. We use the methods of control theory [61]
to find this optimal policy. Using u(z,y,t) to denote the best f(7~) still achievable when
(f(t) = =, N(t) = y), we can derive a time-dependent Hamilton-Jacobi-Bellman (HJB)
PDE satisfied by u and solve it numerically, recovering the optimal control policy a.(+)
as a byproduct (SI Appendix . The properties of that PDE guarantee that the optimal
policy will generally be bang-bang; i.e., for generic (x,y,t), it will be optimal to either not
produce the toxin at all (a, = 0) or produce it at the maximum rate (a. = 1). As Fig[5.5c)
shows, these myopic Kkillers try to maximize the early exponential growth by opting not
to produce the toxin at first if the initial population and/or their initial fraction are low.
Fig[5.F|a) demonstrates that they do better than the constitutive killers over the first cycle,

but at least for these parameter values, this sensing-based advantage is minor and mostly
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pronounced when the initial populations are low. Once the optimal policy is identified, we
can also find the corresponding pre-dilution population size ¢(x,y,t) = N(T~) from a sim-
ilar linear PDE and then iterate (u,¢) to obtain the limiting pre-dilution fraction of
killers @ (z, y) under an infinite sequence of dilutions (SI Appendix §5.4.4). Compared to
constitutive killers, the region starting from which the killers eventually dominate expands
only slightly, for large x and small y (Fig [5.5(b)). Consequently, the sensitive strain is still
protected by periodic dilutions, which allow them to achieve competitive exclusion starting

from a large fraction of initial configurations.

The periodic setting investigated up till now provides useful insights but may be overly
simplistic for capturing behaviors across various ecosystems. For example, boom-and-bust
dynamics are often driven by abiotic fluctuations that occur randomly in time, rather than
periodically. In the next section we extend our analysis to randomly distributed dilution

events.

(b) Limiting fraction (4°°) and (c) Optimal toxin-on/off
(a) Improvement in f(7) convergence time policy: a.(x,y,0)
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Figure 5.5. Myopic killers: pre-dilution and limiting behaviors with regular dilutions
and T = 1. (a) Myopic population sensing provides a minor improvement to the killer frequency
f(T7) at the end of the first cycle, mostly for initial conditions with low population size. Shown
here is the maximized f(7'~) for myopic killers, minus the corresponding f(7~) for constitutive
killers. (b) In the infinite-dilution limit, myopic population sensing expands the set of initial
conditions leading to the killer dominance, compared to constitutive killers (black dashed curve
reports the blue/red boundary of Fig[5.4|c)). (c) The initial optimal toxin production strategy
a.(z,y,0) at t = 0 is bang-bang, equal to 1 in the orange region, and to 0 in the black region.
Grey arrows denote the vector field corresponding to with a = ax(z,y,0).
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Box 9: Myopic optimal policy for population-sensing killers

under regular dilutions

The wvalue function u(z,y,t) =sup f(T7)
a(-)

is the best pre-dilution killer fraction achievable from f(t) = =, N(t) = y.

F@y.a) (5.3)
G(z,y,a)

Terminal condition: w(z,y,T) =z if y > 0 and u(x,y,T) = 0 otherwise.

It satisfies a HJIB PDE

ou
_E(xay,t) - aren[%ﬁ] {VU(.’L‘,y, t) .

e F and G are defined in ([5.2));

e optimal toxin-production policy a.(x,y,t) is an argmax in (5.3)).

The corresponding pre-dilution population size ¢(x,y,t) = N(T ™) starting from f(¢t) =z, N(t) =y, and

using policy a4 (-) satisfies

F T,Y,ax\T,Y,
_%(x7y7t) = V(]ﬁ(x’y’t) . ( Yy ( Y t))
G(,y, ax(z,y,t))

with the terminal condition ¢(z,y,T) = y.

5.2.3 Who benefits from randomness in dilution times?

We now turn to model dilutions as random events governed by a Poisson process; so, the
duration of inter-dilution time intervals T are independent exponentially distributed ran-
dom variables with a fixed rate A > 0. As before, we will consider proportional dilutions,
preserving f but instantaneously switching from N to pN. Mathematically, this continuous
evolution of f(t) and N(t) punctuated by randomly timed jumps in N can be described as
a Piecewise-Deterministic Markov Process (PDMP) [43] and we take advantage of a well-
developed theory for optimal control of PDMPs throughout the rest of this paper. We first
note that any toxin-production policies will now be independent of time since the last di-
lution; we will use @ = a(f, N) to denote such feedback policies, to distinguish them from

a(f, N,t) used in the periodic case above.
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(a) “Lucky” timing (b) “Unlucky” timing (c) Typical “fluctuations”
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Figure 5.6. Constitutive killer with random dilution times. Killers can either
progressively increase or decrease their fraction in a “lucky” or “unlucky” scenario depicted in
subfigures (a, b), respectively. However, in most cases, their fraction will fluctuate instead
(subfigure (b)). In all cases, the initial configuration (z,y) = (0.5,0.1) is plotted with a purple
diamond and followed by 4 dilution events. The pre-dilution / post-dilution states are again
shown with black squares and cyan dots, respectively.

Second, we note that our criteria for evaluating initial conditions and the quality of
policies become more subtle. Starting from the same initial (f(0) = z, N(0) = y) and
using any reasonable fixed policy «, a sequence of randomly timed dilutions might lead to
a competitive exclusion of either strain. Fig illustrates this for the simplest case of
constitutive killers; we will now use o, = 1 to denote their policy. Since a trajectory reaches
neither f = 0 nor f =1 in finite time, we will select small threshold values v, and (1 —~,),
declaring killers’ Victoryﬂ as soon as f(t) > v, or sensitives’ victory as soon as f(t) < ,. We
then define a new probabilistic metric for policy performance: w®(x,y) is now the probability
of the killers attaining their victory (before the toxin-sensitives do) after an arbitrary number
of dilutions starting from (f(0) = =, N(0) = y) and using policy «. The rigorous definition
and the PDE that ©* must satisfy are covered in Box [I0] We will use this metric to compare

the performance of all toxin-production policies in stochastic environments.

2It is similarly possible to declare the victory/defeat criteria in terms of strain populations rather than
fractions. For most initial conditions, this does not affect the qualitative policy and victory probabilities;

see SI Appendix
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Since the inter-dilution intervals are random, this also affects the notion of optimal myopic
policy. We will call the killers “stochastic-myopic” if they follow a policy «, chosen to
maximize the ezpected killers’ fraction just before the next dilution; i.e., E[f(T7)]. This
bang-bang policy can be found by solving the so-called “randomly-terminated” problem [4].
See the HJB PDE (5.11]) in Box |11 and also SI Appendix for the derivation.

Box 10: Probabilistic performance metric for policies

Definitions and Parameters:

e Ayic = {(z,y) €[0,1)2 | z >, }, victory zone (v, ~victory threshold);
o Agp = {(z,y) € [0,1]? | z < 7, }, defeat zone (v,—defeat threshold);
o A = Ayic UAgg, terminal set.

(Random) victory time for the killer:

Ty(z,y,a(-)) = inf {t >0 f(t) € Avic; f(0) ==z, N(0) =y, with many dilutions}. (5.5)
(Random) defeat time for the killer:

Ty(x,y, () = inf {t > 0| f(t) € Agg; f(0) =2, N(0) =y, with many dilutions}. (5.6)
(Random) termination time:

T:=T(z,y,a(-)) = min {Tv (z,y,a("), Ta(z,y,a()) } (5.7)

17 if (x7y) € AVica
Terminal cost: ¢ =

0, if (a:,y) € Agg-
Performance metric (probability of killers’ victory with «):

°(2,9) = B(T, (2,9 @) < Tu(w,y.0)) (5.8)
can be found by numerically solving a first-order linear equation:
F(x,y,a(x,
Ao @) — ()] + | Voo [T PN g 5:9)
G (z,y,a(2,y))

with the boundary condition W® = g on A.
See Remark 5.7 in SI Appendix for the numerics.

We first focus on the case A = 1, to ensure that E[T] = 1/A = 1 matches the period
of regular dilutions 7" = 1 considered in the previous section. Fig compares the perfor-

mance of constitutive and stochastic-myopic killers. Unlike in the deterministic/periodic case
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(Fig [5.5(a)), here the advantage of population-sensing (myopic) killers is significant: they
have noticeably better chances of winning than constitutives starting from most initial con-
ditions. Another simple comparison is to focus on the previous boundaries between the blue
(deterministic defeat) and red (deterministic winning) in Figs [5.4fc) and [5.5(b). Plotting
these boundaries as black dashed lines in Figs E ) and [5.7 - respectively, we provide a
different quantitative measure of stochastic myopic killers” advantage: their average chances
for success starting near this deterministic “no microbe’s land” are = 72%, while for the
constitutives the same number is only ~ 46%. Interestingly, the stochastic myopic optimal
policy o (z,y) shown in Fig[5.7|(c) is quite close to the zeroth time-slice of the deterministic
myopic optimal policy a.(z,y,0) from Fig[5.5(c). The difference in performance comes pri-
marily from the fact that a,(z,y) is stationary and that occasional long intervals (T > 1/))
really help the myopic killers. Nevertheless, the toxin-sensitives still have a significant prob-
ability of winning on a large set of initial conditions, particularly when the toxin-producers

are not starting in the majority.

To check whether the randomness in dilution times has a similar impact in other stochas-
tic environments, we introduce a slightly different metric of competitive advantage and use
it across a range of (p,A) values. Assuming that the initial population size N(0) = y is
fixed while f(0) € [0,1] is selected uniformly at random, we examine the probability of
killers” winning. For regular/deterministic dilutions with period 7" = 1/A, this probability
is simply the width of the killer’s “deterministically-winning” (red) region at y, denoted by
L(y). With random dilution times, this probability is P(y) = [y @&® (x, y) dz. To quantify
the impact of randomness, we define Q(y) = L(y) — P(y). Focusing on y = 0.5, Fig
presents a heat map of Q(0.5) for (p,\) € [0.52,0.6] x [0.75,1.0]. Subfigure (a) shows that,
for constitutive killers, the randomness is beneficial in the upper left half of the parameter
space (where the dilutions are more severe and frequent) but actually slightly detrimental

in the bottom right half (where the dilutions are more moderate and rare). In contrast, for
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the population-sensing (myopic, optimized for a specific T or \) killers, the randomness in

dilution times appears to be beneficial across all (p, A).

(a) @ under o (b) @ under o (c) Optimal myopic policy

Total population (N)

Initial total population (y)
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Initial fraction of the killer (x) Initial fraction of the killer (x) Fraction of the killer (f)

Figure 5.7. Performance of (a) constitutive and (b) “stochastic myopic” killers under
random dilutions (A = 1). The probability of attaining competitive exclusion is noticeably
higher for the population-sensing (“stochastic myopic”) toxin-producers starting from most initial
conditions. Dashed black lines show the boundary of the set from which they could
deterministically win under periodic dilutions with 7" = 1. In the current random dilutions setting,
starting near that boundary gives the stochastic-myopic killers a ~ 72% chance of winning, while
the same number for constitutives is only &~ 46%. This is mainly because the “stochastic-myopic”
killers opt not to produce the toxin when their fraction or the overall population size is low
(subfigure (c)). In both (a) & (b), the victory and defeat barriers (v, and 7, respectively) are
indicated by vertical magenta dotted lines. All parameter values are the same as in Fig c).

(a) Q for constitutive killers (b) Q for “stochastic-myopic” killers
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Figure 5.8. The impact of dilution-time randomness on the performance of
constitutive and myopic killers across a range of (p,A) values. The performance metric
@ (defined in the text) is shown in red wherever the toxin-producers have better chances of
winning with regular/periodic dilutions and in blue wherever their chances are better with
randomly-timed dilutions (assuming the same average frequency: A = 1/T). For constitutives, the
randomness is beneficial when dilutions are more severe and frequent, but it is sightly detrimental
when dilutions happen more rarely and are less drastic. For myopic killers (with policies

optimized for each A and T' = 1/)), the randomness seems beneficial across all tested parameters.
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5.2.4 Can toxin-producers do better if they are non-myopic?

The optimality of toxin-production policy a; is myopic because it is selected with only one
(upcoming) dilution in mind, ignoring the ultimate goal of killers winning after arbitrarily
many dilutions. It is natural to ask whether they would gain a substantial advantage by
selecting a policy which maximizes the probability of attaining their victory before the
sensitives, w®. For fixed values of dilution frequency A and survival factor p, such “ultimately

smart” policy o (x,y) can be found numerically by solving an HJB-type equation with non-

local coupling; see ([5.14]) (Box [L1)).

Fig shows that this a. prescribes producing toxin slightly more conservatively than
the myopic «,, but in the end its performance is only marginally better for our chosen
parameter values. However, both of these population-sensing-enabled policies have a very

significant advantage over the constitutive o, = 1; see Fig (c)

These observations appear to be robust, holding true for a variety of stochastic envi-
ronments. In Fig [5.10, we focus on a single initial condition (f(0), N(0)) = (0.5,0.1) and
compare the performance of these toxin-production policies for a range of (p, \) values. Pre-
dictably, all three of them yield higher chances of winning against toxin-sensitives when the
dilutions are rare and weak (small A, large p) — in these regimes, the population gets closer
to the carrying capacity in between dilutions, the growth of both strains slows down, and the
toxin’s effect becomes more noticeable. As expected, the constitutives are far less effective
on most of this map. The biggest surprise is how well the myopic killers do — their chances
of winning are in the worst case only 2.5% below those of “ultimately smart” killers. This
is impressive since the myopic «, is formulated without any reference to p, but works well
across a fairly broad range of dilution strengths. Even against the ultimately optimized «.,

the toxin-sensitives still have a chance of winning above 50% on at least half of this (p, \)

126



(e

(a) W = max,(.)w (b) “Ultimately smart” policy a..

1 1.0 1
0.9 09 0.9
=
208 08 0.8
= —
S 0.7 =
o 0.7 = 0.7
© - 1)
= 0.6 9O 5. HREEAY
o 06 = 0
Q05 o A
Q. 04 3 0.5 LR Y
T o4 o + 44
B o 0.4 L B I %
s 03 — LE S Y
e ] 0.3 L N Y
B © LY
g2 o2 = 0.2 s
0.1 01 ) ook
o1 Aoan
0 0.0 SR
0 0.2 0.4 0.6 0.8 1 0
Initial fraction of the killer (x) 0 0.2 0.4 0.6 0.8 1
Fraction of the killer (f)
(€) W — > (d) W — ™

0.0325

o

~
I
~

o

o™
o
=

0.015

=}

B
o
.

o
w

o
Initial total population (y)
(=]

Initial total population (y)
&
o

0.005

[=1
L8]

2
-

0.1

[=1

0 0.2 0.4 05 = 0 0.2 0.4 0.6 08 1
Initial fraction of the killer (x) Initial fraction of the killer (x)

Figure 5.9. “Ultimately smart” killers: performance, policy, and comparison with
constitutive and myopic killers. The optimal toxin-on region for the “ultimately smart”
killers (orange in subfigure (b)) slightly shrinks compared to that of the “stochastic-myopic”
killers (the boundary of which is shown by a white-dashed line). As a result, the maximized
probability of winning (&> in subfigure (a)) is only marginally better than @', with the
maximum difference of just 0.025 (see the absolute difference map in subfigure (d)). However,
compared to constitutive killers , the advantage is significant: on a large part of the domain, the
improvement in chances of winning is above 20% (subfigure (c)). For really small N and relatively
large f, this advantage is even above 60% — this is the set of initial conditions where constitutives
grow much slower and are thus more affected by occasional short inter-dilutions intervals. In all
subfigures, the victory and defeat barriers (v, and ,, respectively) are plotted with a magenta
dotted line In both (c¢) & (d), the contour lines are labeled with their respective probability values.
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map.

Therefore, whether dilutions are randomly timed or periodic and despite the benefits

brought by toxin-production regulation to killers, the sensitive strain can prevail by taking

advantage of disruptions caused by dilutions.
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Figure 5.10. Comparison of probabilistic performance for different types of killers
starting from (f(0), N(0)) = (0.5,0.1) for a range of dilution strengths and
frequencies. Policy «, is recomputed for each A, while policy «, is recomputed for each (p, A)
combination. In general, a stronger survival rate (larger p) combined with a slower arrival rate
(smaller \) increases the chances of toxin-producers to win for all three policies. It is clear that
the ultimately smart (subfigure (a)) and stochastic-myopic killers significantly outperform the
constitutives (subfigure (b)). The differences in w(0.5,0.1) between «., and «, are still small, with
the discrepancy increasing toward the upper right corner (subfigure (c)).
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Box 11: Different types of toxin-production policies

1. Constitutive killers: always producing the toxin (i.e., a, = 1).

2. Stochastic-myopic killers: The value function

v(z,y) = S?I;E[f(ff‘; a()) | £(0) ==z, N(0) =y]. (5.10)
e
The myopic-optimal policy «, can be found by solving

F(z,y,a
)\[;c —v(x, y)] + max < Vou(z,y) - (@9,a) =0, (5.11)

a€{0,1} G(x,y,a)

with the boundary condition

1, fz=1landy#0
v(z,y) = (5.12)

0, ify=00rz=0.

See SI Appendix §5.4.3] for the derivation.

3. Ultimately smart killers: The value function

w(z,y) = SI?I;P<TU (z,y,a()) < Td(w,y,a(-))) (5.13)
ofle
The “ultimately smart” policy a. can be found by solving a first-order non-local HJB equation satisfied
by w:
F(I7 y? a)
0= )\[w(w,py) — w(x,y)] + max ( Vw(z,y)- , (5.14)
ac{0,1} G(z,y,a)

with the boundary condition
1, ifx>~, and y # 0,

w(z,y) = (5.15)
0, ifx <7, ory=0.

See SI Appendix for the derivation and for the numerics.

5.3 Discussion

In this chapter, we have shown both theoretically and experimentally that dilution events
can benefit toxin-sensitive strains, when their rate of growth in the exponential phase is
larger than that of toxin-producing ones. Using high-throughput experiments with strains

of §. cerevisiae, one engineered to constitutively produce the killer toxin K1, and another
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one sensitive to it, we found that the outcome and dynamics of competition between the
two varied with the frequency of periodic dilution events. Because toxin production is
often regulated in response to quorum sensing, we used tools of (stochastic) optimal control
theory to explore how regulating toxin production in response to population-sensing can
benefit toxin-producing strains, introducing several types of toxin-regulating strategies that
are designed to receive information from various sources. Along this approach, we developed
two effective algorithms that (i) calculate the deterministic limit of the relative abundances
of these strains as the number of periodic dilutions approaches infinity; and (ii) address
the non-local Hamilton-Jacobi type equation that includes the discontinuities introduced by
dilution events in a stochastic environment. Our numerical experiments consistently support
the conclusion that, regardless of toxin production regulation, dilution events disrupt the

dominance of the killer, thereby protecting the sensitive strains from extinction.

Rather than focusing on specific mechanistic models of toxin production regulated by
quorum sensing, which would vary across species and would require a large number of pa-
rameters and modeling assumptions, we adopted a phenomenological approach to identify
theoretical performance bounds for “omniscient killers” capable of measuring population
density and fractions. The optimal policies derived here should thus be regarded as upper
bounds on the ability of toxin-producing strains to out-compete sensitive ones in fluctuating
environments. Future work will explore how more realistic, mechanistic models of toxin pro-
duction regulated by quorum sensing compare to the optimal policies investigated here. It
is also of interest to ask what the optimal policy would be, in different environments, if the
killer strain could only sense its own population density or the concentration of a quorum
sensing molecule, which would increase the dimensionality of the problem and necessitate
modeling metabolite concentration dynamics. These extensions will also require handling a
partially observed system [I7], for which substantial mathematical and numerical challenges

are inevitable [92, [176].
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In a seminal paper on allelopathy in spatially distributed populations [48], Durrett and
Levin showed that the competition of toxin-producing and toxin-sensitive strains displays
bi-stability in well-mixed, undisturbed competitions, with either the killer or sensitive strain
dominating in the long-term limit depending on the initial condition. In their model, such
bi-stability depends critically on the magnitude of a death rate term in their governing equa-
tions. In the SI Appendix, we show that using typical values for bacterial (maximal) growth
and death rates (the former being typically much larger than the latter), the range of initial
conditions for which the sensitive strain competitively exclude the killer is extremely small,
and is thus unlikely to explain why sensitive strains are found in many natural populations.
It is of interest to ask how the perturbations investigated here would affect the spatial com-
petition between killer and sensitive cells explored theoretically in [48], where the two strain
types were shown to coexist by forming dynamic, single-strain clusters. Similarly, it would
be useful to explore the impact of dilutions on the nucleation criteria that control the killers’

invasion success of a spatially-distributed, resident sensitive population [72].

Given the many simplifications we have made in our analysis, several extensions will obvi-
ously enrich this approach in the future. One significant improvement would involve consid-
ering random outcomes of dilution events rather than assuming that the relative abundances
are preserved and a fixed fraction p of the population consistently survives. For example,
modeling the outcomes with a Binomial distribution with a surviving rate p could provide
a more nuanced understanding. While preliminary Monte Carlo simulations in SI Appendix
§5.4.6| suggest that the results remain qualitatively the same, randomness of the dilution
factor in the experiment is likely responsible for the spread in the outcome of competition
of our experiments at the initial fraction of 45%, where we observed some replicates being
dominated by the toxin-producing strain and others by the toxin-sensitive one (Fig|5.2B).
Incorporating randomness of dilution factors in our mathematical models will likely lead to

more sophisticated equations and the challenge of devising an efficient algorithm to solve

131



them.

Another limitation of our approach is our reliance on a deterministic model of population
growth, which may be subject to the “atto-fox” problem [64] by which either strain may
recover from extremely small population sizes. This issue can be alleviated by introducing a
demographic noise term in the governing equations, which may lead either strain or even the
entire population to extinction, depending on their absolute size. Moreover, a more realistic
model would consider random parameter values, particularly for the growth and killing
rates (7, rs) and v, as well as the dilution strength and frequency p and A. In real-world
scenarios, these parameters are often subject to variability due to environmental fluctuations,
biological heterogeneity, and other stochastic factors. Such fluctuations in biological systems
would more accurately capture the behavior and outcomes of population dynamics. These
extensions lead to a hybrid model combining discrete and continuous random perturbations
in the framework of general jump-diffusion processes [127, [I51] and leading to additional

computational challenges.

Incorporating evolutionary adaptation such as mutational dynamics, would greatly en-
hance our understanding of the competition between toxin-producing and toxin-sensitive
strains in natural environments over longer timescales. Experiments indicate that killer
strains can lose or alter their toxin-producing ability, and sensitive strains may develop re-
sistance to the toxin [133] 28] [72]. The ultimate success of the killer strain in our model is
negatively impacted by the costs associated with toxin production, suggesting that evolution-
ary adaptation may aim to minimize these costs [I33]. Additionally, evolutionary adaptation
may enable toxin-producing strains to regulate toxin production in response to their envi-
ronment, population abundance, or the presence of competitors [124], possibly approaching
the performance of the optimal policies described here. Toxin resistance can arise through

various mechanisms, such as alterations in toxin receptors or translocation pathways, which
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may have antagonistic pleiotropic effects where resistance incurs a cost in terms of growth
rate [57]. This growth rate penalty will, in turn, influence the competitive dynamics with
the killer strain. Finally, in environments experiencing disturbances, evolutionary adapta-
tion may promote increased retention (p) [87] or even alter the rate of disturbances (). For
example, production of surface-attachment molecules, pili or fimbriae by microbes such as
Pseudomonas aeruginosa, Vibrio cholerae, Clostridium difficile and Streptococcus salivarius
can help them adhere to surfaces in their environment and prevent them from being washed
away in fluid environments such as the gastrointestinal tract, the oral cavity, or natural water
bodies [I31], 144, [162]. C. difficile and V. cholerae, in addition to adhering to surfaces such as
the intestinal mucosa, can also cause diarrhea and thus potentially control the environment

dilution rate and intensity, at least transiently.

In conclusion, we propose that the fitness cost incurred by toxin-producing strains to en-
gage in antagonistic behavior may be detrimental in boom-and-bust environments in which
populations undergo regular or stochastic dilutions, possibly explaining why both antagonis-
tic and non-antagonistic microbes are found in nature, and why environments with higher

turnover rates may favor the latter [I1) 105].
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5.4 Supporting Information (SI) Appendix

5.4.1 Comparison with the Durrett-Levin model

In the main text, all of our results are based on a basic competition model between the toxin-
producing “killer” strain (K) and the toxin-sensitive strain (S) ((5.1]) of the main text). This
model assumes the growth of both strains is logistic with respective intrinsic growth rates
(rk,7s) and a shared carrying capacity C'. The toxin-induced death rate of the sensitive cells
is proportional to the product of the strain densities, ngng. Focusing on constitutive killers
who produce the toxin at the maximal rate a = 1, the original reads

dn
T:(t) = TKs(l — 5) (1 — Nk — ns) ng,

(5.16)
dns
T(t) = (1 — Nk — ns) Ng — YNKNg,

t
where s = 7 /rs < 1 is the intrinsic growth rates ratio, 7 is the killing rate rescaled by

s, and ¢ is the cost associated with producing toxin at the maximal rate (a = 1). We note

three fixed points of ([5.16]):

1. (nk,ns) = (0,0) — a nodal source
2. (ng,ns) = (1,0) — a nodal sink

3. (ng,ns) = (0,1) — a degenerate node

It follows that starting from any point except for the fixed ones, a competitive exclusion of

the sensitive by the killer will be observed.

Durrett and Levin [48] in 1997 proposed a similar competition model between a colicin-

producing “killer” strain and a colicin-sensitive strain. Their model is a direct extension of

134



ours, incorporating natural death rates for both strains. By including these natural death

terms (Jx, ds) (rescaled by r5') in our (5.16]), our model can be extended as follows:

dn
T;(t) = TKS(l - 8) (]. — Nk — ns> nkg — 5KTLK,
(5.17)
dns
E(t) = (1 — ng — ng) ng — yngng — dgNs.
By setting both equations to zero, we find four fixed points of this system:

1. (nx,ns) = (0,0)
Ok
2. (ng,ns) = (1 T =2 0)
3. (nk,ns) = (0, 1 —Js)
PRI S L

yrs(l—¢e) v« yris(l —¢€)

Stability analysis shows that the origin is a nodal source, the two boundary equilibria are

both nodal sinks, and the interior fixed point is hyperbolic saddle if

ox ds + v

ox <ris(l—¢), dg<1, dg< < )
K KS( ) s S TKS<1_‘€) 1+7

(5.18)

The system thus exhibits a “bi-stability”: starting above the stable manifold (e.g., magenta
dotted-dashed line in Fig [5.11)(a)) of the hyperbolic saddle leads to competitive exclusion
of the Kkiller by the sensitive, while starting below it results in competitive exclusion of the

sensitive by the killer. See Fig|5.11|(a) for a detailed phase portrait.

It is worth noting that when the natural death rates approach zero (i.e., as ds, dx — 0),

(5.17) reduces to (5.16]). In the meantime,

0% %
Yrrs(l —e€) Y

v+ds k(v +1) Ny

v yris(l —¢)
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Consequently, the last two equilibria collapse to (ng,ns) = (0,1) while the second fixed
point moves to (ng,ns) = (1,0). This means the system loses its “bi-stability” structure as
the “sensitive-winning” region shrinks when the natural death rates approach zero (see the
transitions in Fig [5.11). Schink et al. [I46] estimated the death rate of an E. coli strain
K-12 at 0.018 h~! in laboratory experiments, whereas the max growth rate was 0.7 h™!.
In our time scale, it results in dx = ds ~ 0.0257. We see from Fig [5.11c) that in this
scenario, the hyperbolic saddle is extremely close to the “all sensitives” equilibrium and
both of them are close to (ng,ns) = (0,1). This extremely small basin of attraction for the
“all sensitives” equilibrium makes it harder to explain why sensitive strains are often found
in the natural environment. This issue is one of the motivations for the current paper, and
for our conjecture that, with dilutions, the sensitives can win even in the dx = dg = 0 limit,
where the bi-stability disappears; Fig[5.11](d).

(a) 6}( = 55 =0.35 (b) 6}( = 65 =0.2 (C) (SK = (55 = 0.0257 (Our model)

ng

Figure 5.11. Phase portraits of the Durrett-Levin model (Eq. with decreasing
death rates. The “bi-stability” is noticeable when the death rates (Jx,ds) are comparable in
magnitude to the growth rates (subfigures (a,b)). Using laboratory-estimated death rates values
[146], the hyperbolic saddle moves toward the “all sensitives” stable node, with both converging
toward (nx,ns) = (1,0) (subfigure (c)). When (Jk, ds) = (0,0), the Durrett-Levin model reduces
to our model (5.16)), and “bi-stability” disappears (subfigure (d)). In (a-c), the hyperbolic saddle
is plotted with a red dot while other equilibria are plotted with a blue dot. The stable manifold is
plotted with a magenta dotted-dashed line while the unstable manifold is plotted with a cyan
dotted-dashed line. In (d), all equilibria are plotted with a blue dot. Parameter values:

rxs = 0.85, e = 0.2, and v = 1.
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5.4.2 Effect of dilutions on a single-strain logistic growth model

This section presents theoretical and numerical results relevant for a single strain subjected to
either regular or randomly timed dilutions. These findings provide background information

for the main text and are relevant after one of the strains becomes strongly dominant.

Effect of regular dilutions
In this subsection, we prove the theoretical pre-dilution population limit for a population
growing according to the logistic model and undergoing regular dilutions.
Theorem 5.4.1. Consider the following rescaled logistic growth model
g=rq(l—q),  q(0)=2z¢€(0,1]. (5.19)

If the system undergoes reqular dilutions with a fundamental period of T, and after each

dilution, a deterministic fraction p of the population survives, i.e.,

q((mT)+) = pq((mT)_), form=1,2,3,..., (5.20)
Then
1 .
=, , if vT +1np >0,
. _ p+
im q((mT) ) = 1 —exp ( — (rT +1n p)) (5.21)
0, otherwise.
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Proof. We begin the proof of Theorem by proving the following lemma.

Lemma 5.4.2. Given the rescaled logistic model (5.19)), the pre-dilution population size up
to the m-th cycle is
1

1 1—=x ’

exp ( — (rT + lnp)k:) + exp ( —(rT+Inp)(m—1)— T’T)

g((mT)7) = ™

p+(1—p) go

q(0) =z € (0,1].
(5.22)

Proof. We prove the above lemma by mathematical induction. Starting with the first dilution

m = 1, from ([5.22) we have

Q(T_) = ! = ! . q(0)==z€(0,1].

—exp(—rT) 1+ — ’ exp(—rT)

(5.23)
We show it is true by solving (5.19) analytically. By separation of variables, one can show

that the general solution to (5.19)) is

1
t) = ——. 5.24
o) = g (5.24)
With ¢(0) = z, we have C' = 1_7”5 Consequently,
_ 1
1+ exp(—rT)

Now assume Eq. (5.22)) holds true for some integer j > 1. Le.,

1

a(GT)7) =

)

xexp(— (rT'+1Inp)(j —1) —rT)

j—1
pt(1=p) S exp (= (T +Inp)k) +

with ¢(0) = x. We now show it holds for j + 1. Notice that q([(j + 1)T]*> with ¢(0) = x

is equivalent to q(T‘) with ¢(0) = q(( jT)+) = pq((jT)_) under the assumption of propor-

tional dilutions. Given the general solution to ((5.19) in (5.24), we compute the arbitrary
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constant C' by imposing the new initial condition ¢(0) = pq((jT)*). It follows that

1 p
T, Q(O) = j—1
p+(1=p) & exp (= (T +Inp)k) +

xexp(— (rT'+1np)(j —1) —rT)
1
j-1 exp(—(rT+lnp)kz) N 1_xexp(—(rT+lnp)(j—1)—rT>

I1+(1—-p) >
k=0 P z P
- 1
L j-1 exp(—(rT—i—lnp)k) 1_a;exp(—(rT—i—lnp)(j—l)—rT)
=) kz::o exp(In p) * x exp(In p)
c= )Jz—:l exp(— (rT—an)k) N 1 _a;exp<— (rT+1np)(j —1) —rT)
B P = exp(In p) x exp(In p)

Substituting it back into (5.24)), we have

1

T) =
1) j-1 exp(—(rT+lnp)k> 1_xexp<—(rT+lnp)(j—1)—rT)
1+|1-p% erT
k=0 exp(ln p) x exp(ln p)
B 1
B ta _p)jil exp(— (rT+lnp)k5> N 1 _;,;exp(— (rT'+1np)(j —1) —rT)
k=0  exp(rT +1np) x exp(rT + In p)
1
1+(1—p)2§::;exp<— (TT—i—lnp)(k—l—l)) + _xexp(— (rT—an)j—rT)
B 1
= - — -
p+1—=p)]+(1—-p) 2 exp ( — (rT +Inp)(k + 1)) + exp ( —(rT +1np)j — rT)
B 1
- — —
p+(1—p) [1+k20exp(— (rT+lnp)(k+1))] + exp(— (rT' +1np)j —rT)
B 1
p+(1—p) kioexp ( — (TT—I—lnp)k:) IR exp ( —(rT+1np)j — rT)
—(IG+1T)), a(0) ==,
Consequently, holds for all j € N. Q.E.D.
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Now, we take the limit of (5.4.2)) as m approaches infinity. Notice that the second term
in the denominator is a geometric series. It follows that

1—
i if p>e7,

lim (1—p) ’"231 exp ( —(rT+1n p)k) _l-ew ( —(T+In p)) | (5.25)
k=0

m—0o0

400, otherwise.

With the third term in the denominator of ([5.22)) approaching 0 as m — oo, we thus conclude

that

1
= , if p>e 7,
. _ p+
Jim q((mT) ) = 1 —exp ( —(rT + lnp)>
0, otherwise.
Q.E.D.
Therefore, for a population consisting of sensitives only, i.e.,
ns = ns<1 — ns>,
the limiting pre-dilution population size is
1
T—5 , if p>e T,
. _ p+
Tim ng((mT)”) = 1—exp (= (T +1np)) (5.26)
0, otherwise.
For a population consisting of constitutive killers only, i.e.,
TiK = T'Ks(l — 5)”}((1 — nK),
the limiting pre-dilution population size is
) _ p+
lim nK((mT) ) = 1 —exp ( — (rgs(1 —e)T + In p)) (5.27)
0, otherwise.
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For a population consisting of bacteria capable of producing toxin but “choosing” not to
produce it, i.e.,

TI:K = TKSnK(l — nK),

the limiting pre-dilution population size is

1

1—p ’
1 —exp ( — (rgsT + In p)) (5.28)

—’I“KsT’

it p>e

lim nK((mT)_> T

m—ro0

0, otherwise.

This formula might be relevant for the limiting population size in the “sensitives vs
population-sensing killers” competition if the killers win in the limit and approach that limit
through a toxin-off part of the (f, N) space. If that victory is approached through the toxin-
on part of the (f, N) space, the relevant population limit is provided by Eq. . In the

following figures, whenever we refer to population-sensing killers, we always use Eq. (5.28]).

Fig show the numerical values derived in (5.26)), (5.27)), and ([5.28)) in the (p,T") phase

plane. It is evident that the larger the proportion of the population surviving after dilution
(higher p) and the longer the period, the higher is the population size as the number of
dilutions approaches infinity. For non-zero limits, sensitives can maintain a higher limiting
population than any killers, due to their faster reproduction rate. Additionally, population-
sensing killers outperform constitutive killers as they do not produce the toxin when sensitives

are not nearby.
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(a) Sensitives only (b) Constitutive killers only (c) Population-sensing killers only
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Figure 5.12. Pre-dilution single population limits under regular dilutions in the
(p,T) phase plane. (a) sensitives only (r = 1); (b) constitutive killers only

(r =rxs(1 —¢e) = 0.68); (c) population-sensing killers only (r = rxs = 0.85). In all of them, the
magenta-dashed line corresponds to p = exp(—rT') with their respective intrinsic growth rate r.
limiting pre-dilution population is zero below this line.

Effect of randomly-timed dilutions

Next, we consider randomly timed dilutions, following a Poisson process with rate A. In
this case, any inter-dilution time 7T is exponentially distributed with the expected value
E[T] = 1/A. To compare with the previous results, we focus on the expected pre-dilution
population size as the number of dilutions approaches infinity, with the population growing
according to . We still assume that a fixed fraction p of the population survives after
each dilution. As an analytical limit is unlikely to be obtained, we conducted Monte Carlo
simulations with 200 dilutions starting from the initial population ¢(0) = 0.5. Fig [5.13
shows that the general trend remains unchanged: weaker dilution strength (higher p) and
slower arrival rate (lower \) result in higher expected pre-dilution population size in the
limit. However, with randomly timed dilutions, the region where the averaged population
is nearly 1 in the limit is significantly reduced in all three cases. Surprisingly, the previous
“deterministic boundary” p = exp(—r/)\) (the magenta dashed line in Fig still appears

to accurately predict where the population goes extinct in the limit in the (p,1/A) phase
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plane.

(a) Sensitives only (b) Constitutive killers only (c) Population-sensing killers only

0 0.2 0.4 0.6 0.8 1 0 02 04 06 08 1
P p

Figure 5.13. Randomly timed dilutions: mean empirical population just before the
201 dilution shown in the (p,1/)\) phase plane. (a) sensitives only (r = 1); (b) constitutive
killers only (r = rxs(1 —€) = 0.68); (c) population-sensing killers only (r = rgs = 0.85). In all of
them, the magenta-dashed line corresponds to p = exp(—r/\) with their respective intrinsic
growth rate r. The population below this line will most likely go extinct. All panels are produced
by Monte Carlo simulations, conducted with 10° samples and a fixed initial population size 0.5.

The rest of this section follows closely the original derivation by my collaborator, Andrea
Giometto. We further investigate properties of the distribution of the logistic growth model
under our Poisson-distributed dilutions setting, specifically its behavior for population size
g = 1 and ¢ = p. The master equation [67] for a logistic growth model with instantaneous,
Poisson-distributed dilutions at a rate A, where the population ¢(t) is reduced to a fraction

p, is given by:

Or(ant) = = Tt = a0 = wlant) + 50 (4.1). (5.29)

where —a% [q(1 — q)p(q,t)] captures the deterministic logistic growth, —Ap(q,t) represents
the probability density leaving q to pg due to dilutions occurring at rate A, and +’;\p (q/p,t)
reflects the probability density entering ¢ from diluting ¢/p. The factor 1/p accounts for

normalization. The stationary distribution of (5.29)) is the solution of

d

~ g 10— aps(@] = Aps(a) + %ps (%) =0. (5.30)
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Note that for ¢ > p, the term ps(q/p) is identically zero if the population is initialized in

(0,1]. Thus, in this situation we have

d

“da [q(1 = q)ps(q)] — Aps(q) =0 for ¢ > p. (5.31)

Integrating in (p, 1), we find

p LA g . A—1
bs\q) = DPs\P) | — PE— for q > p. 5.32
@=n0(2) (1=2) (5.32)
It follows that
0, for A > 1,
. ) B

Jim. ps(a@) =4 p’ps(p), for A =1, (5.33)

—+00, for A < 1.

Moreover, taking ¢ — p™ in the derivative of (5.32)), we obtain

1+A—2p
p(1—p)

lim 2(g) = —p.(p) (5.34)

which is negative if 2p < 1+ A.

The first derivative of p, is zero at ¢* = %, which is in (p,1) if 2p — 1 < A < 1. The

second derivative there is always positive, leading to a local minimum.

It follows from ([5.32)) that in (p?, p), the stationary distribution satisfies:

9\ 1+ B A1
— a1 = )] = 20 + Sp.(0) (2) (11_qu> =0 (5.35)

The solution to the homogeneous ODE corresponding to (5.35)) is given by ([5.32)). Search-
ing for a solution of the form p.(¢) = pu(q)pin(q) (for p* < ¢ < p) we find that the inhomo-

geneous factor p;,(q) satisfies

A—1
q(1 - q) dg;h (q) = 0" (11__qép> : (5.36)
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whose solution is

pin(q) = 1+ /pq Mo 1_ 3 (’1) — z)“ ds, (5.37)

where pi,(p) = 1 to ensure that py(p)pin(p) = ps(p). We thus obtain p,(q) in p? < ¢ < p:

ps(q) = p(p) (Z) - G:Z)H [1 4 /pq Vg L g <‘1’ - 2)“ ds] | (5.38)

Taking ¢ — p~ in its derivative, we find

1+A—2p
—ps(p)———=~

dp, )
lim ; (q) = pL=p)  apt du (5.39)
q—p q

~+00, for A < 1,

thus ¢ = p is a local maximum provided A < 1 and 2p < 1+ .
Remark 5.1: For A = 1, expressions simplify significantly:

pe(a) = pa(p) (’q)) for ¢ > p (5.40)

2
ps(p) (Z) : for ¢ > p,

) : (5.41)
ps(p) <p> [len (q_pﬂ, for p* < q < p.
q pl—q

ps(q) =

Fig shows three empirical stationary distributions p, computed by Monte Carlo
simulations with » = 1 (the sensitives) and estimated as the empirical population size dis-
tribution at the end of the growth period following 200 dilutions. The value p4(p), which
is needed to plot the analytical solutions, was taken from the empirical distribution. The
histogram aligns well with our theoretical results. For p? < ¢ < p, as \ increases, the PDF
for ps changes from increasing to decreasing. The PDF becomes unbounded as ¢ — 1~ when

A < 1; in contrast, it is strictly decreasing on (p, 1) when A > 1.
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(a) A =0.7 (b) A= 1.0 (c) A=12
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Figure 5.14. Representative empirical probability distributions of population
abundance at the end of the growth period after 200 dilutions (normalized
histograms) for A = 0.7 (left), A = 1 (middle), and A = 1.2 (right). The two vertical lines
mark p? and p. The red dashed curve is , and the black dashed curve is . All panels
are produced with 10° samples, r = 1, and a fixed initial population 0.5. The value for ps(p) was
taken from the empirical distribution.

5.4.3 Derivation of Hamilton-Jacobi-Bellman equations

Next, we derive the HJB equations for the “stochastic-myopic” killers ((5.11]) in Box and
the “ultimately smart” killers ( in Box via tools of dynamic programming. For the
former, see also [4], [136] for more details. The derivation of the time-dependent HJB PDE
for the finite-horizon problem ((5.3) in the main text) is omitted here, as it can be easily

found in classical literature, such as [61].

Recall that we model the random dilution events as a Poisson process with a fixed rate A >
0. Thus, any inter-arrival time 7 is exponentially distributed with rate \. We assume that
after each dilution, the fractions (relative abundances) are preserved while only p fraction of

the total population survives.
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For the “stochastic-myopic” killer

Recall the value function for the “stochastic-myopic” killer in Box [11]in the main text:

v(x,y) = supE[f(‘T‘) | f(0) ==z, N(0) =y, following policy a(-)}.

a(-)

Assume the optimal policy a, exists, and let
E° =E[-| f(0) =z, N(0) =y, following a.].
Since T ~ Exp(A), the expectation is defined as

v(x,y) = /OOO e M f(t;a,(t)) dt.

Rewriting it as
vay) = [ e @) a

we can now re-interpreted it as an infinite horizon problem with running cost [)\ f(t; a. (t))]

and a discounting factor \.

For a sufficiently small h > 0, by Bellman’s Optimality Principle, we have

v(z,y) = /0 feou Nt an(®)] dt + e v f(B; au(h)), N(h;a.(h)) + o(h)
= h[Az| + (1= M) [v(@,y) + how(2,y) - F(2,9,0.(0) + hvy(2,9) - G(z,y, a.(0))] + o(h)

0 = hdz — hAv(z,y) + hvg(x,y) - F(z,y,a.(0)) + hvy(z,y) - G(x,y,a.(0)) + o(h)
Now dividing both sides by h and sending h to 0, we obtain

0=z —v(w,9)) +va(w,9) - F(2,9,0.(0)) + vy(2,y) - G(w,y,a.(0)).

Notice that the above equation involves a.(0) only. It is then natural to switch to a state-

dependent optimal control in feedback form. The HJB equation that v satisfies is then
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obtained by maximizing over a = a(0) € [0, 1]. By demanding the above equation holds for

all (z,y) € [0,1]?, the PDE can be written as:
0= )\(x —u(z, y)) +vg(x,y) - F(z,y,a) +v,(z,y) - G(z,y,a), (5.42)
with the boundary condition
1, ifxr=1andy#0,

v(z,y) = (5.43)
0, ify=0o0rz=0.

Substituting the actual definitions of F' and G, we obtain ([5.42)) in the specific form:

0=\[z —v(z,y)] + max S [ Vo(z,y) - =l =~ o)ley = ens(l =) a (5.44)

aclon —xylyy(1 — ) + ergs(1 — y)]

(1 =2)(1 —y)(rgs — 1)

y(I =)L+ (ris — )]

+ Vo(z,y) -

The linear dependence on a yields the bang-bang property:

(1l —x)|vxry — erxs(1 —
L Ve(ey) - ( vy — eris(1 —y)] .0,

(2, y) = a(x,y) = —zy[yy(l — x) + ergs(1 — y)] (5.45)

0, otherwise.

For the “ultimately smart” killer

Recall its value function (5.13) from the main text:

w(z,y) = P(Tv (x,y,a*(-)) < Td(x7y,a*(-)>>. (5.46)

Let {7;}22, be an infinite sequence of random dilution times and ¢, = mAt, m =0,1,2,3, ...

be a uniform time discretization. We again assume the optimal policy a. exists, and let

E° =E[-| f(0) =2, N(0) =y, following a].
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Thus, by law of total expectation, we have

w(x,y) = EO [W(f(tl),N(tl)) | T = t1] P(Tl = tl) +E0 [w(f(tl), N(tl)) | T > 1 P(Tl > tl)

= <1 — e_Mt>w (f(At), pN(At)) + e My (f(At), N(At)) + o(At)
A first-order approximation around ¢y = 0 gives

w(f(At), N(At)) = w(z,y) + we(z,y) - F(2,9,a.(0)At + w,(z,y) - G(x,y,a.(0)) At + O(A?)

w(f(At), pN(At)) = w(z, py) + O(At)
And hence
wlag) = (1 — e_’\At>w (f(At), pN(At)> +e My (f(At), N(At)) + o(At)
= (AAt) [w(w, py) + O(At)}
(1= MA®) {w(w,y) + wal, ) - Fla,y, 0, (0) At +wy(w,y) - Gz, y, a.(0) At} + O(AL)
= MAtw(z, py) + wleg) — Mtw(z, y)
+w,(z,y) - F(2,y,a.(0))At +w,(x,y) - G(z,y, a.(0)) At + O(At?)
Dividing it by At and take At | 0, we have
0 = Au(a, py) — w(z,y)] + w,(@,y) - Fl,y,a,(0)) + wy(x,y) - Gz, y, a.(0).
Notice that the above equation involves a.(0) only. It is then natural to switch to a state-
dependent optimal control in feedback form. The HJB equation for is then obtained

by maximizing over a = a(0) € [0,1]. By demanding the above equation holds for all

(z,y) € [0,1]> \ A, the PDE can be written as:

0= Muw(e,py) = way) + max {une.y) - Fle,y,0) + (o) - Gloya) . (547)

with the boundary condition
1, if (x,y) € Ayic and y # 0,
0, if (z,y) € Agg or y = 0.
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Substituting the actual definitions of F' and G, we obtain (5.47)) in the specific form:

(1l —x)|yzy — ergs(1 —
0 =\[w(z, py) —w(z,y)] + max { | Vw(z,y) - ( Sy = ers(l =) a

aclo.1] —zylyy(l — z) + ergs(1 — y)]

(5.49)
z(l—x)(1 —y)(rgs — 1
a1 PO E0 =Y
y(1—y)[L+ (res — 1)z

The linear dependence on a yields the bang-bang property:
(1l —x)|yry —ergs(l —
L Ve y) (1 —2)lyzy — ers(1 — y)] >0,
(2, y) = a.(z,y) = —wy[yy(1 — ) + ers(l — y)] (5.50)

0, otherwise.

As mentioned in the main text, our system dynamics with randomly-timed dilutions can
be interpreted as a Piecewise-Deterministic Markov Process (PDMP). In general, the value
function associated with a PDMP might not be smooth or even continuous. However, it can
still often be interpreted as a unique (discontinuous) viscosity solution of the HJB equation
[44].

Remark 5.2: The linear non-local equation (5.9) in Box [10|can be derived in the same way
but using a fixed policy a instead of a,.

Remark 5.3: Let

f(;z:, ) = (1 —x)[yry — erxs(1 — y)]
—zy[yvy(l — z) + ergs(1 — y)]

For both the “stochastic-myopic” killer and the “ultimately smart” killer, the respective
HJB equation is linear in a, which yields a generally bang-bang optimal policy. However,
we note that singular controls may arise when either Vo(z,y) - T(z,y) or Vw(z,y) - T(z,y)
is equal to 0. But by computing the vector field associated with both «, and «., we find

no vector tangential to the boundary of a.(x,y) = 1, thereby excluding the possibility of
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singular arcs in our models. The same situation applies to the optimal policy a.(z,y,t) for

the regular/period dilutions as well.

5.4.4 Numerical methods and implementation details

In this section, we provide the numerical schemes and implementation details of solving: (i)
the finite horizon HJB PDE for u(x,y,t) with regular/periodic dilutions; (ii) the limiting
fractions 4> and total population $°° with regular dilutions; and (iii) the non-local HJB
equation for w(zx,y) for the “ultimately smart” killers. For (i) and (iii), the optimal feedback

policy is found by numerically solving the corresponding HJB equation.

For the finite-horizon HJB

Recall from the main text that we define the fraction-maximizing value function as

u(z,y,t) =sup f(T7), with f(0) =z, N(0) =y, (5.51)

a(-)

where u satisfies a time-dependent HJB PDE

F(z,y,a
—a—u(x,y,t):max Vu(z,y,t) - (.9.9) (5.52)

at aE[O,l] G(.’L' y a)

with the terminal condition

x, if y >0,
u(z,y, T™) =

0, ify =0.
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Substituting the actual definitions of F' and G, we obtain (5.52)) in the specific form:

—@(I, y,t) = max ¢ | Vu(z,y,t) - =l —o)lay —ems(l =) a (5.53)

ot aclo —ryly(1 — 2) + ergs(1 — y)]

(1 —2)(1—y)(rgs — 1)
y(1—y)[1+ (rgs — 1)]

The linear dependence on a yields the bang-bang property:

+ Vu(z,y,t) -

1, if Vu(z,y,t)- (1 = o)byzy = ers(l =) >0,
a(z,y,t) = a.(z,y,t) = —zy[vy(l — x) + ergs(1 — y)] (5.54)

0, otherwise.

The time-dependent total population, denoted by ¢(x,y,t), satisfies a linear PDE

F(w,y,a(z,y,t))
G(x,y,oc(x,y,t))

_%(xayat) = v¢($7y7t) ’

o (5.55)

with the terminal condition ¢(z,y, T~ ) = y.

We approximate the solution to by a first-order semi-Lagrangian discretization
[54] on a uniform rectangular grid over the (z,y,t) space. Le., (z;,y;, tx) = (iAx, jAy, kAt),
where Az = 1/M,, Ay = 1/M,, At = T/M,, while i = 0,...,M,, 7 = 0,...,M,, and
k =0,..,M;. We further simplify the notation for the spatial part as = = {(iAz, jAy) |
i=0,...,M,, 7=0,....,M,}. We will use Ui’fj ~ u(x;,y;,tx) to denote the discretized

approximation at (z;,y;,t), and similarly, ®F; & ¢(x;, y;, te), AF; = alxi, y;, te).-

For a sufficiently small At > 0, a first-order approximation of ( f(At;a), N(At; a))
starting from (f(0), N(0)) = (z;,y;) with a control value a € {0, 1} is
(ﬁ-,a, ]\me) = (acz + AtF(x;,y5,a), y; + AtG(xi,yj,a)>. Let Uf;ral Y u(ﬁ,a,Nj,a,tkH). Since

(5.51)) is in a Mayer form [61], the discretized dynamic programming equation is

UF = max UM 4 o(At), (5.56)

sJ G,E{O,l} 1,,a
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where Uf;“ Lis evaluated by a bi-linear interpolation using the U values from the 4 neighboring
gridpoints surrounding (fi ., Nj.). Note that Af ; is found as the argmax of at each
gridpoint. This straightforward time-marching scheme is summarized in Algorithm [d In
all of our numerical experiments, we have used M, = M, = 1600 on each side of the unit
fN-square, and At = 6.25 x 1073. To obtain the numerical solution for constitutive killers,
one can simply apply Algorithm [4] with a = 1 without the maximization.

Remark 5.4: Despite the time-dependent nature of the problem, one is typically interested
in the 0-th time slice of the value function (i.e., u(z,y,0)), which predicts the value at t =T
starting from ¢ = 0 for all initial states. We note that by setting a sufficiently large 7" in
Algorithm [4] any k-th time slice serves as the 0-th slice for a reduced horizon of T'— t;. This

allows us to obtain the prediction for a range of horizons simultaneously in a single sweep.

Algorithm 4: Finite-horizon value function computation

Initialize U, ®, A at t =T (k = M,) using the terminal condition;
for t, = kAt, k=M, —1,...0do

for every (z;,y;) € Z do

for a € {0,1} do

fi,a =xz; + At x F (2,9, a);

Njo = y; + At % G(zi, 5, a);

Ui’fm — u(ﬁ-,a, ]\N/jﬂ, ti+1) by interpolation;

k k .
Uiy < Jnax {Uz‘,j,a}v

k koL,
A7, < argmax {Um.’a},
ac{0,1}

for every (z;,y;) € = do
fi = @i+ At x Pz, y;, AF));

Ny = yj + At G(xi, g5, AL );

@ﬁj — &(f;, Nj, tr+1) by interpolation;
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Approximating population limits under competitions

When sensitives and killers compete under regular dilutions, we are interested in whether
they can coexist or if one population will dominate the other. As mentioned in the main
text, this can be numerically found by a repetitive mapping using u(z,y,0) and ¢(z,y,0)

computed by Algorithm [4]

Let a(z,y) = u(z,y,0) and ¢(x,y) = ¢(z,y,0). We will use @" and ¢" to denote the
relative abundance of the killer, and the normalized total population, respectively, by the

end of n-th cycle. Thus, by definition, @' and gbl = qb. Based on our assumption, after
the n-th dilution, f((nT)*) = f((nT ) ( )*) = pN((nT)"). Tt follows that

@ (w,y) = o (@ 9), p8"(@.9)),

A

@) = (@ (@), 08 () ).

with f(0) = x and N(0) = y and following policy «. We repeat the process until ||a" ™! — a"||

is small, and output 4*° ~ 4"*! and gboo ~ qb"“ as the limits. Given our focus on this limit,
we describe a as a “myopic” policy. This designation highlights that « is only optimal for
a single period. The truly optimal policy for an infinite number of periods would typically
adapt from one period to the next. Our full method of approximating 4> with this “myopic”

policy is summarized in Algorithm [5| with the usual notations of solution on the discretized

grid: Uy =~ (zi,y5), iy = dai,y;), U ~ @ (x4, y;), and OF; ~ ¢" (x4, ;).
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Algorithm 5: Limiting performance of the myopic policy

Initialize U, ®, U, ®! using the outputs from Algorithm ;
n=1;

err = le6 ;

while err > tol do

for every (z;,y;) € 2 do

Jtemp = Uﬁj;
Niemp = p * P

(A]Z??;rl — ﬁ( fremp» Ntemp> by interpolation;

(ﬁfj’l o QA5<ftemp, Ntemp) by interpolation;

I

err = HU”Jrl — U"’

n<4n+1;
F Frn41.
U = Ut
F00 _ Hn+l.
P = Ppntl

Remark 5.5: Given our interest in the limit as the number of dilutions approaches infinity,
we can significantly accelerate Algorithm Rather than updating just one cycle with @
and @ per iteration, we can exponentially increase the number of cycles updated at each
iteration. Specifically, at the n-th iteration, we can update 2" cycles by using the results
from the previous iteration. Let @ and ¢" represent the values at the n-th iteration of this

accelerated algorithm, starting with @' = @ and ¢! = ¢, we now have

@y = (" (x,), p8"(@0)),
5 (@y) = 0" (@), p6"(@.w)),

with @" = 22" and ¢" = ¢*". This accelerated algorithm is summarized in Algorithm @
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Algorithm 6: Accelerated computation of 4

Initialize U, ®! using the outputs from Algorithm ;
m=1;

err = leb6 ;

while err > tol do

for every (z;,y;) € Z do

[ temp — Uf;;
Niemp = p * OT;

UZ’;H —a™ (f temp Ntemp) by interpolation;

ci);,nfrl — o (f temp> Ntemp) by interpolation;

I

err = HU””rl —yum

m <+ m+ 1;
Uoo:Um—f—l;

Foo _ Fm+1.
$oo = pmH,

Remark 5.6: Either Algorithm 5| or Algorithm [6] can be applied to each time-slice in Algo-
rithm (4| to compute the 4> and (ﬁ"o for a range of horizons simultaneously in a single sweep.
This can be achieved by defining 4@ = u(x,y,t;) and ngS = ¢(x,y,t;) at each k-th slice, and

thus obtaining the limits for each reduced horizon T' — t;.

For the “ultimately smart” killers

The HIB PDE (5.42)) associated with “stochastic-myopic” killers can be numerically com-
puted via standard Value [19, 18, 20] (or Value-Policy [78]) Iterations with a semi-Lagrangian
discretization [54) 4] [136]. Here, we propose a similar Value-Policy Iterations (VPI) scheme

to compute (5.47)) for the “ultimately smart” killers.
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Assuming the same spatial discretization = as in §5.4.4] we denote the approximate
solution to the value function as W; ; ~ w(x;,y;). For a sufficiently small amount of time
At > 0, We have shown in §5.4.4)that the foot of the characteristics starting from a gridpoint

(24,y;) with a control value a € {0,1} lands at a new state (f;q, Nja)

Therefore, from the Dynamic Programming Principle (DPP), we have

ac{0,1} ~——
prob of not arrival

w(z;,y;) = max { (1 — e_AAt) w(fi,a, pNj,a) + e A w(ﬁa, ]\me)} + o(At)
-—

prob of arrival

(5.57)
yielding the discretized version
Wi = max {(1 — e M)W + e—m'fv”ffm}, (5.58)

where Wi .o ~ w(fia, pN;a) and w(fi 4, Nj4) are computed through a bi-linear interpolation
of the W values from the four neighboring gridpoints surrounding (f;, pNj) and ( ﬁ-,Nj),
respectively. The optimal feedback policy II;; ~ 7(z;,y;) is recovered as an argmax in

(5.58).

We start with value iterations where we solve the nonlinear (5.47) by a Gauss-Seidel

1o~ w (g, y5) and 117 ~ 7" (74, y;) be the discretized solution/policy at

relaxation. Let
the n-th iteration at gridpoint (z;,7y,). We use err to denote the Lo,-norm of W-change in
the current value iteration. Whenever err stagnates, we proceed to the “policy-evaluation”

(PE) step.

In the PE step, we compute the value function by solving a system of linear equations with
a fixed policy 7 (recovered from the most recent value iteration). A first-order approximation
of the system (5.2]) starting from (z;,y;) with policy f[” ~ 7(z;,y;) is (j;ﬁ, Nj’ﬂ) =

(acz- + At F(zy,y;, ﬁi,j), y;j + At xG(z4, y;, fI”)) We thus solve a linear system of equations

AT _ v ﬁ _ ~
Wi = (1= e M)W 4 e 20

2,7

(5.59)
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where W* ~ ¢t (fi’ﬁ,pNj ﬁ) and WE ~ WF (ﬁ,ﬁ,Nm) are again computed through a

Z?j

bi-linear interpolation.

After obtaining the solution to (5.59)), we return to the value iteration part and repeat
the process until err < tol, where tol is a preset tolerance of convergence. In all of our
numerical experiments, we have used M, = M, = 1600 on each side of the unit fN-square,

At = 0.025, and tol = 107%. our full method is summarized in Algorithm @

Under mild technical assumptions, Kushner and Dupuis [104, Chapters 10&16] showed
that the discretized solution derived from a general jump-diffusion process converges to the
value function using standard iterative methods. Our model forms a PDMP, which is just a

specific case of jump-diffusion processes.
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Algorithm 7: Value-Policy Iterations for the non-local HJB equation ({5.47))

Initialize W' and II' based on the boundary condition (5.15));

Prob_not_ arrival = exp(—A\At);

Prob arrival = 1 — Prob_not_ arrival;

n=1;

err = leb6 ;

while err > tol do

for every (z;,y;) € = do
for a € {0,1} do

fia =i + At F(xi,yj,a);

Njo =y; + At = G(x,y;, a);
Wtemp — w”(ﬂ,a, vaa) by interpolation;

I/T/vtemp < wn(ﬁﬂ’ pNjﬂ) by interpolation;

/L?]?a

1t 1t
WPHmP o max {7

ac{0,1} L "4

n+1,temp
HZ ] Z7;]7(1

<— arg max {
ac{0,1}

if WSTHemP > 1 then
Wit e Wi,
sz—l — H;Lj—l,temp;
else

Wi — Wi

/L’] ’

n+1 n .
IG5 < 103y

erx = W1 — W

if err stagnates then
| “Policy-Evaluation” with II"*!

n<+<n+1;
W = Wwnti;
II = I+

Wpfi-l,temp

1t ; i i i
WP« Prob_arrival * Wiemp 4+ Prob_not_arrival # Wiemp;

I
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Remark 5.7: This is a semi-Lagrangian-based method for solving the linear non-local prob-
abilistic performance metric ((5.9)) in the main text, we will apply it to assess the probability

performance of «, and «;.

5.4.5 Population-dependent (hyperbolic) win/defeat boundaries

In the main text, we have focused on fraction-dependent (vertical) boundary arising from

the definitions of killers” victory and defeat:
T,(z,y,a(-)) = inf {t >0 f(t) >~,; f(0) ==z, N(0)=y, with many dilutions}, (5.60)
Ta(z,y,a(-)) = inf {t >0 f(t) <7y f(0) =2, N(0) =y, with many dilutions},

where both stopping criteria depended on the fraction of the killer strain, f(¢), only. In the

main text, we have used 7, = 0.99 and ~, = 0.01.

However, there are many other suitable ways of defining killers’ victory/defeat. In this
section, we explore population-dependent (hyperbolic) win and defeat boundaries and demon-

strate that the results remain qualitatively similar to those obtained in the main text.

Mathematically, we now define the (random) victory/defeat time as
Ty(x,y,a()) = inf {t > 0| f(O)N(t) > " f(0) ==z, N(0) =y, with many dilutions},
(5.61)
Tu(z,y,a(-)) = inf {t >0 f(O)N(t) <~" f(0) ==z, N(0) =y, with many dilutions},
so that the stopping criteria depend on the population size of the killer strain, ng(t) =

FN(E).

As a result, while the equations for the “ultimately smart” killer (w(z,y)) and the prob-

abilistic performance metric (0®(z,y)) remain unchanged, their respective boundary condi-
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tions are now specified on two hyperbolas:

1, if xy > Vf,

0, if zy < A"

1, if zy > ",
W (z,y) = (5.63)

0, if xy < 7?.

Let w, denote the value function with vertical boundaries and w;, the one with hyper-
bolic boundaries. Using the same parameter values as in Fig in the main text but
with ’yg‘ = 0.005 and 'yf = 0.95, we find that a, computed with hyperbolic boundaries
(Fig [5.15|(b)) is mostly the same as in Fig[5.9(b), except for the bottom right corner of the
orange region. Consequently, the value function remains qualitatively the same too. To
quantify the difference between w, (Fig[5.9(a)) and wy, (Fig[5.15|(a)), we calculate the mean

absolute difference

D) = [ lwnlwy) — wne,p)] de. (569
and plot it for all initial populations y € [0, 1]. Fig|5.15|c) shows that D is only large when
y < 0.05 due to a more abrupt transition from zero to a positive winning probability in w,
compared to w, when z is close to 1 and y is small. This is not surprising since these initial
conditions are much closer to the hyperbolic defeat boundary xy = 7(’;” than they are to the
vertical defeat boundary =z = ~,. For y > 0.05, this z-averaged difference is very close to
zero, suggesting that for most initial conditions the probability of killers” winning is largely

insensitive to the type of boundary used.

This conclusion also generally holds true when using the above hyperbolic boundaries
to compute W with a, and «,. Analogously to Fig[5.10|in the main text, we again focus on
the initial condition (f(0), N(0)) = (0.5,0.1) and compare the performance of these toxin-

production policies for a range of (p, A) values. Figm shows that these heat maps are both

161



(a) Maximized probability of (b) Optimal toxin-on/off ~ (c) Mean absolute difference for every
winning w(z, y) policy initial population

0.2

0.15

0.1

Mean absolute difference

0 0.2 0.4 0.6 08 1 0 0z 04 06 08 : 0 0.2 0.4 0.6 08 1
Initial fraction of the killer (x) Fraction of the killer (f) Initial total population (y)

Figure 5.15. “Ultimately smart” killer with hyperbolic win/defeat boundaries. The
optimal toxin-on region (orange in subfigure (b)) is almost the same as the one computed with
vertical boundaries in Fig[5.9(b). (The toxin-on/off switch curve from the latter is shown here as
a white-dashed line). As a result, the maximized probability of winning (subfigure (a)) is also
very similar to the one computed with vertical boundaries in Fig a). Subfigure (c) shows the
x-averaged mean absolute difference between subfigure (a) and Fig|5.9(a) across all initial
populations y € [0, 1]. This difference is only noticeable when y < 0.05. In all subfigures, the
victory and defeat barriers (v, and 7,, respectively) are plotted with a magenta dotted line. All
parameter values are the same as in Fig|5.9

qualitatively and quantitatively similar to those in Fig[5.10]

We similarly quantify the boundary-related difference in the probabilistic performance of
constitutive and stochastic-myopic killers in Fig[5.17 Let @, and @y, denote the probabilistic
performance with vertical and hyperbolic victory/defeat boundaries, respectively. Focusing
on the same initial condition (f(0), N(0)) = (0.5,0.1), we observe that |, — 0] is negligible
across half of the heat map (p > 0.6) for both a,, and «,. In these two cases, a noticeable
difference (with a maximum of approximately 0.017) is observed when the dilutions are
strong (p < 0.55). For «, the maximum difference is slightly lower, around 0.014, while
the region with noticeable differences is larger (p < 0.6). This is expected, as a stronger
dilution more likely leads to a defeat under hyperbolic boundaries (due to a significantly
larger Agg) compared to vertical boundaries. These results indicate that our observations

and conclusions in the main text remain largely unaffected by whether the victory or defeat
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of the killer is defined by its fraction or population.

(a) w(0,5,0.1) under a,, (b) w(0,5,0.1) under «, (c) = —

1 0.025
1
0.9
08
0.95 002
0.7
X 0.6 0.9 0.015
05 "~
0.85
X 04 0.01
0.3 0.8
02 0.005
0.75
X 0.1
55 X

05 0.55 0.6 0.65 0.7 55 Q.

P

Figure 5.16. Hyperbolic boundaries: comparison of probabilistic performance for
different types toxin-production policies starting from (f(0),N(0)) = (0.5,0.1) for a
range of dilution strengths and frequencies. Policy «; is recomputed for each A, while
policy a, is recomputed for each (p, A) combination. The results remain both qualitatively and
quantitatively similar to Fig in the main text. A stronger survival rate (larger p) combined
with less frequent dilutions (smaller ) increases the chances of toxin-producers winning for all
three policies. It is clear that the ultimately smart (subfigure (a)) and stochastic-myopic killers
significantly outperform the constitutives (subfigure (b)). The differences in @(0.5,0.1) between
a,, and «, are still small, with the discrepancy increasing toward the upper right corner (subfigure

(c))-

(a) |, — wp|(0.5,0.1) under oo,  (b) |, — @x|(0.5,0.1) under oy,  (c) |, — @x|(0.5,0.1) under «,

0.018 0.018 0.018
1
0.016 N 0.016 * 0.016
0.014 0.014 0.014
X . 0.95
0.012 0.012 0.012
. 0.01 . 0.01 . 0.01
~< ~
. 0.008 ! 0.008 085 0.008
0.006 0.006 0.006
) 0.004 : 0.004 ) 0.004
. 0.002 ) 0.002 0.75 0.002
0 [ o
55 X 55 0. 55 0.

Figure 5.17. Hyperbolic boundaries: absolute difference in @(0.5,0.1) resulting from
two types of boundaries computed for a range of p and A values. The differences under
o, (subfigure (a)) and «, (subfigure (b)) are again similar, with a maximum difference of around
0.017 when p = 0.5. For q, in subfigure (c), the region of noticeable differences is slightly larger
(p <0.6) although the maximum difference remains relatively small (= 0.014). All three
subfigures share the same colorbar.
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5.4.6 Monte Carlo simulations with “Binomial dilutions”

The results in the main text are all produced under “deterministic” dilution outcomes. That
is, after each dilution, the relative abundances are preserved while only a p proportion of
the total population survives. In this section, we present results under a specific form of
random dilution outcomes and demonstrate, using Monte Carlo (MC) simulations, that they

are qualitatively similar to the previous results.

In particular, we adopt a “Binomial Sampling” strategy to produce random dilution
outcomes, which we refer to as “Binomial dilutions.” Let f~ be the pre-dilution fraction
of the killers, and N~ be the pre-dilution total population. Accordingly, the actual pre-
dilution number of killer cells is ni;, = f~N~C, and the pre-dilution number of sensitive cells
isng = (1 — f7)N~C. We assume each cell has an independent survival probability p after

each dilution. As a result, the post-dilution number of cells is a Binomial random variable:

o Post-dilution number of killer cells: n;f = Bi(ng, p);

o Post-dilution number of sensitive cells: nd = Bi(ng, p).

+ +
s . . . ng +n
Consequently, the random post-dilution (normalized) total population is Nt = KTS,
_l’_
n
and the random post-dilution fraction of killers is f* = %, which will serve as the
Ny T Ng

initial condition for the next cycle.

We first conduct Monte Carlo simulations on a uniform grid. Starting from each
(wi,y;) = (i/10,5/10) with 4, j = 1,2,...9, each sample was simulated with n = 200
dilutions. Fig shows the empirical distributions of f((n7)~) with 7' = 1 and Fig[5.18(a)
shows their respective means. We observe that most distributions are unimodal, being ei-
ther nearly 0 (all sensitives) or nearly 1 (all killers). The two exceptions with a bimodal

distribution, peaking at 0 or 1, intersect precisely with the boundary (black-dashed line in
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Fig |5.18(a)) that separates the initial conditions leading to a deterministic victory of the
killers under proportional dilutions. Additionally, the killer-winning region (dark-red back-
ground in Fig[5.1§(a)) under “Binomial dilutions” aligns well with this “deterministically-
killer-winning” region shown in Fig [5.4(c) in the main text. This is not surprising since
the stochastic fluctuations introduced by “Binomial dilutions” can be sufficiently large to
cause samples starting near the boundary to drift towards either competitive exclusion over
successive dilutions. See Fig [5.18(c) for such an example starting from (z,y) = (0.5,0.4).
However, these fluctuations are typically insufficient to alter the fate of samples starting

further from the boundary, where initial conditions strongly favor one strain.

Considering that focusing on a single initial condition for all samples might not capture
enough information, we conducted additional Monte Carlo simulations using “Binomial di-
lutions” with uniformly random in a cell initial conditions. Specifically, for each grid cell
centered at (z;,y;), the initial condition for each sample was chosen uniformly at random
from the square (z,y) € [z; — 0.05,z; + 0.05] x [y; — 0.05,y; + 0.05]. This strategy diver-
sifies the range of initial conditions, increasing the likelihood of intersecting the boundary
of the “deterministically-killer-winning” region. As a result, we see from Fig [5.18(b) that
almost all cells intersecting or near the dashed-line boundary now exhibit intermediate mean
values. Moreover, Fig [5.20] shows that these cells again have a bimodal distribution, with
random dilution outcomes pushing the dynamics towards one of the two competitive exclu-
sions. Comparing Fig with Fig [5.19] we further observe that the median at each grid
cell remains unchanged. This consistency underscores the robustness of our simulation re-
sults, indicating that the conclusions in the main text would largely remain valid even under

“Binomial dilutions.”
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(b) Mean of the empirical

(a) Mean of the empirical distribution
distributions (“Binomial dilutions” + (c) Sample paths starting from
(“Binomial dilutions” only) “random initial conditions”) (z,y) = (0.5, 0.4)
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Figure 5.18. Monte Carlo simulations with “Binomial dilutions” on a uniform cell
grid. (a) The mean of the empirical distribution, sampled with “Binomial dilutions” starting
from the center of each cell in (x,y) space. The resulting distribution is almost always unimodal
(dark blue - all sensitives; dark red — all killers). The exceptions are seen in only two cells among
those intersected by the boundary (shown by a black dashed line) that separates the initial
conditions leading to a deterministic victory of the killers under proportional dilutions (cf.
Fig[6.4{c) in the main text). (b) Most means of the empirical distribution, sampled with both
“Binomial dilutions” and “uniformly random in a cell” initial conditions, are also close to 0 or
close to 1 in most cells. However, most cells that intersect or are close to that dashed line
boundary now have more diverse intermediate mean values. In both cases, such cells exhibit a
bimodal distribution with peaks at 0 and 1; see Figs for the actual distributions.
Subfigure (c) shows two sample trajectories starting from (z,y) = (0.5,0.4) resulting in different
competitive exclusion outcomes due to the randomness in Binomial dilutions. All Monte Carlo
simulations were conducted with 10° samples and 200 dilutions using parameter values 7' = 1,
e=0.2, rgs = 0.85, v =1, and p = 0.65. In (a), all samples for each grid cell start from the same
initial condition (z;,y;) = (i/10,5/10) with 4,5 = 1,...,9. In (b), for each grid cell centered at
(xi,yj), the initial condition for each sample was chosen uniformly at random from the square
(x,y) € [z; — 0.05,z; + 0.05] x [y; — 0.05,y; + 0.05].
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Figure 5.19. Empirical distributions of the fraction of killers with “Binomial
dilutions” on a uniform grid. Most of the distributions are unimodal (either almost entirely 0
or almost entirely 1), except for two that are bimodal. The horizontal axis (of the entire figure)
represents the initial fraction of the killer while the vertical axis encodes the initial total
population for the simulations. For each subfigure, an empirical distribution of f (starting from
the same (x;,y;) = (¢/10,5/10) with 4, j = 1,...,9) after 200 dilutions is shown by a histogram.
All subfigures share the same horizontal and vertical axes. The parameter values are the same as

in Fig a).
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Figure 5.20. Empirical distributions of the fraction of killers with “Binomial
dilutions” and “uniformly random in a cell” initial conditions on a cell grid. Most of
the distributions are unimodal (either almost entirely 0 or almost entirely 1). However, the ones
near the boundary of the “deterministically-winning” region (depicted as a black-dashed line) are
bimodal. The horizontal axis (of the entire figure) represents the initial fraction of the killer while
the vertical axis encodes the initial total population for the simulations. For each subfigure, an
empirical distribution of f(t) after 200 dilutions, with the initial condition chosen uniformly at
random within the grid cell centered at (z;,y;) = (i/10,5/10) with 4,5 = 1,...,9, is shown by a
histogram. All subfigures share the same horizontal and vertical axes. The parameter values are

the same as in Fig b).
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5.4.7 Strains, oligos, and plasmids

Tables 5.1} 5.2, and report oligos, plasmids and strains used for the experiments. We

substituted ymCherry in pAG11 with CyOFPlopt from pRPO008 using Gibson assembly,

producing pAG134, whose sequence was verified via long-read sequencing. Strain yAG171

was obtained by digesting pAG134 with PpuMI and transforming it into yAG75 [72] for

integration of pAG134 in Teycp. Strain yAG177 was obtained by digesting pAG5 [72] with

PpuMI and transforming it into yAG74 [72] for integration of pAG5 in Pacr.

Oligo name

Oligo sequence

0AG187 cgetgaggac T TGACCACACCTCTACCGG

0AG188 | getgaggcat TCGACCTGCAGCGTACGAAG
0AG189 tgcaggtcgaATGCCTCAGCACTAGTCCTG
0AG190 tgcaggtcgaATGCCTCAGCACTAGTCCTG

Table 5.1. DNA oligos used to assemble pAG134 via Gibson assembly. Bases in capital letters
represent homology to the PCR template (pAG11 for yAG187/188 and pRP008 for yAG189/190)

Lowercase bases represent homology to the backbone or fragment for Gibson assembly.

Plasmid name Relevant transcriptional units Sourced from
pAG5 PACTl-ymCitrine—TADHl PTEF—KanMX6-TTEF [72]
pAGll PACTl—ymCherry—TADHl PTEF—KanMXG-TTEF PGALl‘Kl'TCY01 [72]
pRPOO8 PTEFl—CYOFP 1Opt‘TADH1 [129]
pAG134 PACTl—CyOFPlopt—TADHl PTEF—KanMXG—TTEF PGALl—Kl—Tcy01 This StU_dy

Table 5.2. Plasmids used for strain construction.

Strain name Genotype
yAG171 canl-100, his3-11,15, ura3A0, BUD4-5288C, gall/10A::LEU2,
prGAL3A::His3MX6-Pacr1-GAL3, hxk2A::HphMX4,
PTEFl—CyOFPlOpt—TADHl, PTEFl—KanMXGS—TTEF, pI‘GALl-Kl—TCYCl
vAGLT77 can1-100, his3-11,15, ura3A0, BUD4-S288C, gall/10A::LEU2,
PGALgAiZHiS3MX6-PACT1—GAL3, PACTl—ymCitrine—TADHl, PTEFl—KanMX6—TTEF

Table 5.3. Strains used for the experiments.
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CHAPTER 6
CONCLUSION

This thesis explores various topics within stochastic optimal control. In Chapter [2| we
introduced a novel threshold (risk)-aware robust control framework, tailored for adaptive
cancer therapy under a drift-diffusion process modeling the cancer dynamics. We devised
an efficient semi-Lagrangian-based scheme to solve the Hamilton-Jacobi-Bellman PDE that
arises from this framework. We provided detailed mathematical derivations and implemen-
tation of such algorithm (including control synthesis) in Chapter . Chapter 4| extended this
approach to hybrid control problems, illustrated by sailboat routing under wind direction
uncertainty. We again exploited the causality inherent in this problem to develop another
efficient numerical scheme to solve a pair of quasi-variational inequalities. In Chapter [f, we
shifted to the impact of environmental extreme events (dilutions) on bacterial competition.
We analyzed both deterministic periodic events and randomly-timed events modeled by a
Poisson process. For each scenario, we presented an effective algorithm to efficiently solve

the corresponding equations, including a non-local Hamilton-Jacobi-type equation.

Although we have discussed specific extensions for each problem in the corresponding
chapters, there are several common extensions we would like to highlight. First, the drift-
diffusion processes discussed in Chapters [2] and [] are extensively used in the literature but
are relatively limited. Expanding our analysis to include a broader range of stochastic pro-
cesses, such as a general jump-diffusion process [127, [I51] 67], would be crucial to ensure our
framework’s broader applicability. On the numerical side, our algorithm benefits significantly
from the inherent causality of the problem. It would be interesting to develop algorithms
that can handle scenarios where the budget is not strictly decreasing; e.g., a non-negative
running cost K > 0 (instead of K > 0) along the path to the target. This development

would involve creating a numerical method that integrates the “s-marching” technique from
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Chapter [3] with Value Iterations or Value-Policy Iterations. Although we have obtained
preliminary results under a bang-bang control framework, we chose not to include them in
this thesis as they are still in the early stages of research. Additionally, exploring situations
where budget consumption is random or where the budget can be “re-filled” is definitely
of interest. However, it would significantly complicate the mathematical formulations and

increase computational time and complexities.

In our analysis across various chapters, we have assumed perfect information availability
at any given moment, which is unrealistic in many situations. For example, in Chapter [2]
biopsies for cancer patients are only conducted every few weeks or months, and tumors may
even be undetectable due to physical constraints. In Chapter 4] wind conditions might be
assessed intermittently, rendering the precise upwind direction imperfect at a given moment.
Similarly, in Chapter [5] toxin-producing bacteria can only sense partial information about
their environment. These scenarios involve dealing with partially-observable states or imper-
fect and intermittent state information, making them mathematically and computationally
more complex. The former requires managing a “belief state” [I7], where the probabilistic
estimation process is challenging [92] [I76]. The latter encompasses a broader range of topics

including robust control [98] [109], adaptive control [21], and model predictive control [100].

Finally, although we have extensively utilized the Value-Policy Iterations (VPI) method
[78] in this thesis, it has certain limitations. Primarily, as the dimensionality of the state
space increases, the corresponding sparse linear systems become excessively large to be phys-
ically handled. While the algebraic multigrid (AMG) method [141] provides some relief, its
effectiveness is still limited. Moreover, although VPI guarantees convergence, determining
the actual rate of convergence remains an open question. It is also desirable to develop a
more sophisticated criterion for transitioning to the “Policy-Evaluation” step once the change

per iteration stagnates. Many of these challenges mentioned here are primarily due to the
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curse of dimensionality inherent in dynamic programming. Moving forward, we are eager to
explore approximate dynamic programming and reinforcement learning as potential avenues

to address these limitations.
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