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Quantum algorithms hold the promise of fundamentally changing the way we approach

problems in physics, chemistry, computer science, and engineering. This thesis explores

new provably efficient quantum algorithms for three fundamental directions in quan-

tum computing: simulation, optimization, and estimation. Together, our results in each

of these directions contribute to the broader effort of making quantum computation a

practical tool for science and engineering. First, in the area of quantum simulation, we

propose Wave Matrix Lindbladization, a set of algorithms that extend the philosophy of

density matrix exponentiation to Lindbladian dynamics by working with program-state

encodings of Lindblad operators. Specifically, when these operators are local, we show

that these algorithms are provably efficient by analyzing their sample and gate complex-

ities. Second, for optimization, we study quantum Boltzmann machines as a variational

ansatz for ground-state energy estimation, proving efficient gradient estimation and con-

vergence to approximate stationary points. We also propose hybrid quantum-classical al-

gorithms for semidefinite programming, establish rigorous convergence guarantees, and

validate their robustness to noise through numerical simulations for applications such

as MaxCut. Finally, for estimation, we develop the tapered quantum phase estimation

algorithm, a coherent phase estimation method that leverages taper/window functions

from signal processing to reach optimal query complexity without relying on expensive

coherent median techniques, and we provide error guarantees in both asymptotic and

non-asymptotic regimes along with efficient taper state preparation.
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CHAPTER 1

WAVE MATRIX LINDBLADIZATION I: QUANTUM PROGRAMS FOR

SIMULATING MARKOVIAN DYNAMICS1

1.1 Abstract

Density Matrix Exponentiation is a technique for simulating Hamiltonian dynamics when

the Hamiltonian to be simulated is available as a quantum state. In this chapter, we

present a natural analogue to this technique, for simulating Markovian dynamics gov-

erned by the well known Lindblad master equation. For this purpose, we first propose

an input model in which a Lindblad operator L is encoded into a quantum state ψ. Then,

given access to n copies of the state ψ, the task is to simulate the corresponding Marko-

vian dynamics for time t. We propose a quantum algorithm for this task, called Wave

Matrix Lindbladization, and we also investigate its sample complexity. In particular, we

show that when L is local, our algorithm approximates the target dynamics to within O(ε)

approximation error using only n = O(t2/ε) copies of ψ.

1.2 Introduction

1.2.1 Background

By the early 1980s, it was evident that simulating the behavior of complex quantum sys-

tems using a classical computer is computationally expensive, since it involves keeping

1This chapter is based verbatim on the work [PW23], with modifications to incorporate local Lindblad
operators. An updated version will be posted to arXiv soon.
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track of an exponentially large number of quantum state amplitudes. In order to over-

come this difficulty, Feynman proposed the idea of simulating quantum systems using a

computational device that is itself quantum mechanical [Fey82]. Originally, it was merely

a conjecture; however, it gave birth to the field of quantum simulation [Llo96, GAN14],

which is currently one of the most anticipated applications of a quantum computer. The

essential idea behind quantum simulation involves using a quantum computer to per-

form the simulation, which can then allow for a detailed investigation of the quantum

system being simulated.

Hamiltonian simulation is a particular kind of quantum simulation that involves sim-

ulating the behavior of a closed quantum system. This is an extensively investigated area,

and many quantum algorithms have been developed to date to solve this specific problem

[Llo96, BCC+13, BCG14, LMR14, BCC+14, BCK15, LC17, KLL+17].

While Hamiltonian simulation is a well studied problem, it is limited to only closed

quantum systems. In many real-world scenarios, quantum systems are subject to the in-

fluence of an environment, leading to more complex dynamics that are better described

by open system models. Moreover, if the dynamics of an open system are Markovian in

nature (i.e., its quantum state at time t+∆ only depends on the quantum state at time t and

is independent of states before time t), then such dynamics are well captured by the Lind-

blad master equation. The general form of this equation was delineated independently

by Göran Lindblad [Lin76] and by Gorini, Kossakowski, and Sudarshan [GKS08], and so,

this equation is also known as the Gorini–Kossakowski–Sudarshan–Lindblad equation.

The significance of this master equation cannot be overstated. It is crucial in understand-

ing the behavior of a wide range of quantum systems and scenarios [BP02, Wei21], in-

cluding condensed matter [Pro11, MTAB12, OLG12], quantum chemistry [Nit06, MK08],

quantum optics [PK98, GZ04], entanglement preparation [KBD+08, KRS11, RRS16], ther-
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mal state preparation [KB14], quantum state engineering [VWC09], and the effects of

noise on quantum computers [MPGC13].

In this chapter, we consider the problem of simulating the Lindbladian evolution of

a finite-dimensional quantum system in an initial state ρ for time t. This evolution is

governed by the following Lindblad master equation:

∂ρ

∂t
= L(ρ) B −i[H, ρ] +

K∑
k=1

LkρL†k −
1
2

{
L†k Lk, ρ

}
, (1.1)

where H is a Hermitian operator representing the system’s Hamiltonian, and the opera-

tors {Lk}
K
k=1 are called Lindblad operators, which are not necessarily Hermitian and in fact

have no constraints on them. In addition, the superoperator L is known as a Lindbla-

dian. The notation {A, B} above refers to the anti-commutator of operators A and B, i.e.,

{A, B} = AB + BA. By simulating the aforementioned evolution for time t, we mean imple-

menting its corresponding quantum channel eLt, which is the solution of (1.1), where

eLt(ρ) =
∞∑

k=0

Lk(ρ)tk

k!
, (1.2)

and Lk denotes k sequential applications of the Lindbladian L. For small t, note that

eLt(ρ) = ρ +L(ρ)t + O(t2), and we make use of this expansion in what follows.

Throughout this chapter, we focus on a simple case in which the Lindblad master

equation consists of only a single Lindblad operator L. For clarity, we rewrite the Lind-

bladian corresponding to this simple case:

L(ρ) = LρL† −
1
2

{
L†L, ρ

}
. (1.3)

We use this basic scenario as a starting point, as it is easier to grasp the intuition behind

the techniques we introduce here. Furthermore, one can easily extend this case to sim-

ulate more complex Lindbladian evolutions with multiple Lindblad operators, by using
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Proposition 2 of [CL16]. Specifically, this proposition states that, given efficient imple-

mentations of polynomially many Lindbladians L1,L2, . . . ,Lm, one can efficiently imple-

ment their linear combination
∑m

i=1Li.

More recently, there has been growing interest in developing efficient quantum al-

gorithms for simulating the dynamics of open quantum systems, as given by (1.1)

[CL16, CW17, KSMM22, SHMS+22, SBH+23] (see [MOTT22] for a review). These works

are primarily based on the assumption that some succinct representation of the Lindblad

operators or black-box access to them are provided beforehand. For example, a list of

non-zero coefficients when writing these operators as a linear combination of Paulis is

one such succinct representation [CW17].

In this chapter, we approach the above problem from a different angle. We assume that

the Lindblad operator L is encoded in a pure quantum state |ψ⟩, and we have access to

multiple copies of this state. That is, we suppose that L is encoded in |ψ⟩ in the following

manner:

|ψ⟩ B (L ⊗ I)|Γ⟩, (1.4)

where |Γ⟩ B
∑

j | j⟩| j⟩ is a maximally entangled vector. This way of encoding lies at the

heart of our quantum algorithm, and as far as we are aware, it is the first time that such

an encoding scheme has been proposed. We refer to such a state as a program state, as

it can be programmed to encode any square linear operator according to the problem at

hand. The only constraint on the operator L, encoded as above, is that ∥L∥2 = 1, where

∥A∥2 B
√

Tr[A†A] is the Schatten-2 norm of a matrix A (also known as the Hilbert–Schmidt

norm). This constraint on L arises from the fact that |ψ⟩ is a quantum state. That be-

ing said, for encoding a Lindblad operator L′ with an arbitrary norm and corresponding

Lindbladian L′, we can suppose that its normalized version, i.e., L′/ ∥L′∥2, is encoded in
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a quantum state. Then, for simulating its corresponding quantum channel eL
′t, we sim-

ulate the channel eL
′t′/∥L′∥22 for time t′ = ∥L′∥22 t, so that eL

′t = eL
′t′/∥L′∥22 . This is evident from

(1.3). Thus, without loss of generality, we can assume that the Lindblad operator L is

normalized, i.e., ∥L∥2 = 1, and we do so throughout this chapter.

We refer to this newly introduced method of Lindbladian simulation as Wave Matrix

Lindbladization. The reasoning behind this terminology is that L is known as a wave matrix

[MZB23], and we are “lindbladizing” it, i.e., transforming it from a wave matrix into a

Lindblad operator. Essentially, we ask: given one copy of an unknown quantum state

ρ and n copies of the program state ψ B |ψ⟩⟨ψ|, can we approximately implement the

quantum channel eLt up to an approximation error ε? That is, can we realize the following

transformation?

ρ ⊗ ψ ⊗ · · · ⊗ ψ︸       ︷︷       ︸
n times

ε
≈
−→ eLt(ρ). (1.5)

It is worth noting that Wave Matrix Lindbladization can be seen as a natural analogue

to Density Matrix Exponentiation [LMR14]. Density Matrix Exponentiation is a well known

protocol for Hamiltonian simulation, and it is also used in the context of quantum ma-

chine learning [BWP+16]. The task here is to implement a unitary e−iρt given multiple

copies of an unknown quantum state ρ, so that the quantum state ρ serves as a Hamil-

tonian in this case. Similarly, in Wave Matrix Lindbladization, given multiple copies of

an unknown quantum state ψ encoding an operator L, the task is to “lindbladize” this

operator, i.e., implement the transformation given by (1.5).
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1.2.2 Summary of Main Results

In this chapter, we propose a quantum algorithm that implements the quantum channel

eLt with some desired accuracy ε, where 0 < ε < 1. We then investigate the sample com-

plexity used by our algorithm (see Section 1.3.1). By sample complexity, we mean the

number of copies of the program state ψ used to achieve the above task. Furthermore, we

extend the single Lindblad operator case to the case in which the Lindblad master equa-

tion also consists of a Hamiltonian term (see Section 1.3.2), and we propose a quantum

algorithm for this case as well.

Key Idea — Our quantum algorithm primarily involves two steps, which we repeat

for each copy of the program state ψ. Suppose that ρ is in register 1 and the program state

ψ is in registers 2 and 3. In the first step, we evolve ρ and ψ according to the following

LindbladianM for a short duration of time ∆ B t/n:

M (ρ ⊗ ψ) B M(ρ ⊗ ψ)M† −
1
2

{
M†M, ρ ⊗ ψ

}
, (1.6)

where M is a Lindblad operator defined as

M B
1
√

d
(I1 ⊗ |Γ⟩⟨Γ|23) (SWAP12 ⊗I3) . (1.7)

Here, SWAP12 is the swap operation that swaps the states in registers 1 and 2, and |Γ⟩

is the maximally entangled vector. We explicitly define them both later in (1.15) and

(1.16), respectively. Note that by evolving according to (1.6) for time ∆, this leads to the

application of the quantum channel eM∆. Furthermore, the second step of our algorithm

involves tracing out the program state ψ. To see this algorithm pictorially, please refer to

Figure 1.1.

Formally, we can write the above two steps as

Tr23

[
eM∆(ρ ⊗ ψ)

]
= ρ + Tr23

[
M(ρ ⊗ ψ)

]
∆ + O(∥M∥2⋄ ∆

2), (1.8)
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Figure 1.1: Our quantum algorithm, repeated n = O(d2t2/ε) times, for ap-
proximating the target quantum channel, i.e., eLt, with an ap-
proximation error of ε. Each small, hatched square represents
the trace-out operation. At the very left, the state ρ is in regis-
ter 1, and the program state ψ is in registers 2 and 3, represented
as a single line at this instance and thereafter for simplicity. If
the Lindblad operator L is local, acting nontrivially on only a
constant number of qubits, the same algorithm requires only
n = O(t2/ε) repetitions, independent of the global system size d.

where the notation Tr23[·] is used to denote the action of tracing out registers 2 and 3,

and ∥ · ∥⋄ denotes the diamond norm. The above equality follows from a Taylor series

expansion, as discussed just after (1.2). Now, the critical step here is to prove that

Tr23
[
M(ρ ⊗ ψ)

]
= L(ρ). (1.9)

We prove this equality in detail in Section 1.3.1 and Appendix 1.A. The equality in (1.9) is

important because it implies the following:

Tr23

[
eM∆(ρ ⊗ ψ)

]
= ρ + Tr23

[
M(ρ ⊗ ψ)

]
∆ + O(∥M∥2⋄ ∆

2) (1.10)

= ρ +L(ρ)∆ + O(∥M∥2⋄ ∆
2) (1.11)

= eL∆(ρ) + O(∥M∥2⋄ ∆
2). (1.12)

It is clear that ∥M∥⋄ ≤ 2d from the definition ofM in (1.6) (we show this explicitly in

the error analysis in Appendix 1.B). Now, if we repeat the two steps n = O(d2t2/ε) times,

then we can approximate the target channel, i.e., eLt, with an approximation error of O(ε).

We prove this statement in Theorem 1. This theorem in turn is a consequence of the key
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lemma of this chapter (Lemma 7 in Appendix 1.A), which establishes the equality in (1.9),

as well as the error analysis in Appendix 1.B.

When the Lindblad operator L is local. It is important to note that in most practical

settings, the Lindblad operator L acts only on a constant number of qubits. Under this

locality assumption, the effective dimension parameter d in (1.7) and in the error term

above is replaced by the local subsystem dimension dA = O(1), where A is the subsystem

on which L acts nontrivially. Consequently, the d2 factor in the sample complexity disap-

pears, and the algorithm requires only n = O(t2/ε) repetitions. Throughout this chapter,

we first present results in the general form and highlight the local case explicitly where

relevant.

1.2.3 Notation

We use the notation HS to denote a d-dimensional Hilbert space associated with a quan-

tum system S . We denote the set of quantum states acting on HS by D(HS ). Let Tr[X]

denote the trace of a matrix X, i.e., the sum of its diagonal elements. Also, let X† denote

the Hermitian conjugate (or adjoint) of the matrix X. The Schatten p-norm of a matrix X

is defined for p ∈ [1,∞) as follows:

∥X∥p B
(
Tr

[(
X†X

) p
2
]) 1

p

. (1.13)

For the purpose of this chapter, we use Schatten norms with p = 1 (also called trace

norm), p = 2 (Hilbert–Schmidt norm), and p = ∞ (operator norm). Furthermore, let

[X, Y] B XY − YX and {X, Y} B XY + YX denote the commutator and anti-commutator of

the operators X and Y , respectively.
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Figure 1.2: Tensor-network diagrams of operators SWAP, |Γ⟩⟨Γ|, and L.

The diamond distance between two quantum channels N and M is defined as fol-

lows [Kit97]:

∥N −M∥⋄ B sup
ρ∈D(HR⊗HS )

∥(IR ⊗ N)(ρ) − (IR ⊗M)(ρ)∥1 , (1.14)

where R is a reference system and IR is the identity channel acting on the system R. An

important point to note here is that, in the above definition, the dimension of R is arbi-

trarily large. However, it is known that it suffices to perform the optimization over pure

bipartite states with the dimension of R equal to the dimension of S . Furthermore, the

quantity in the objective function of the above optimization is the trace distance, defined

as ∥ρ − σ∥1 for two quantum states ρ, σ ∈ D(HS). In what follows, we employ the normal-

ized diamond distance 1
2 ∥N −M∥⋄ to measure approximation error—the normalization

factor of 1
2 guarantees that 1

2 ∥N −M∥⋄ ∈ [0, 1] for quantum channels N andM.

For ρ a quantum state in D(HR ⊗ HS ), we denote the partial trace over the Hilbert

spaceHR by TrR[ρ]. We also sometimes use a different notation for partial trace; i.e., given

a multi-partite state ρ, we use the notation Trk[ρ] to denote the action of tracing out the kth

party. Furthermore, we define the maximally entangled vector inHR ⊗HS as

|Γ⟩RS B
∑

i

|i⟩R|i⟩S . (1.15)
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We also define the unitary swap operation in the following way:

SWAP B
∑

i, j

|i⟩⟨ j| ⊗ | j⟩⟨i|. (1.16)

In this chapter, we make extensive use of tensor-network diagrams. Figure 1.2 de-

picts tensor-network diagrams for some basic operators defined above, such as SWAP and

|Γ⟩⟨Γ|. For more background on tensor-network diagrams, please refer to [BB17]. Through-

out this chapter, we sometimes suppress system labels for ease of notation; however, they

will be clear from the context.

1.3 Quantum Algorithms for Simulating Markovian Dynamics

1.3.1 Single-Operator Case With No Hamiltonian Term

In this section, we provide a detailed analysis of our quantum algorithm for simulating

the quantum channel eLt, in the case that the Lindbladian has only one Lindblad operator

L, as in (1.3). The algorithm simulates the channel eLt up to error ε in normalized diamond

distance, using n copies of the program state ψ that encodes L (recall (1.4) here). Since we

are interested in implementing the aforementioned channel with some desired accuracy

in diamond distance, we assume that the channel input state is a joint quantum state of

two systems rather than just one. Therefore, let ρ ∈ D(HR ⊗HS ) be an unknown quantum

state given as input over the joint system RS , where the system R is a reference system.

Furthermore, let the kth copy of the program state ψ be a quantum state of the joint system

PkQk.

Algorithm 1 — Set n ∈ N, with the particular choice specified later. Set k = 1. Given

10



the kth copy of ψ, i.e., ψPkQk , perform the following two steps:

1. Evolve the joint quantum state ρRS ⊗ψPkQk according to the dynamics realized by the

following LindbladianM, for some small duration of time ∆ = t/n:

M
(
ρRS ⊗ ψPkQk

)
B M(ρRS ⊗ ψPkQk)M† −

1
2

{
M†M, ρRS ⊗ ψPkQk

}
. (1.17)

In the above, the Lindblad operator M acts on the joint system RS PkQk, and we

define it as

M B
1
√

d

(
IRS ⊗ |Γ⟩⟨Γ|PkQk

) (
IR ⊗ SWAPS Pk ⊗IQk

)
. (1.18)

(Note that we have redefined M as compared to (1.7), in order to include the trivial

action on the reference system R.)

2. Trace out the systems PkQk.

We repeat the above procedure using each copy of ψ, i.e., for all k ranging from 1 to n.

The following theorem states that the above algorithm uses n = O(d2t2/ε) copies of ψ

to simulate the Lindbladian evolution of ρRS , given by (1.2)–(1.3), for time t, such that the

final state is ε-close in normalized trace distance to the ideal target state
(
IR ⊗ eLt

)
(ρRS ),

for an arbitrary input state ρRS .

Theorem 1 Given access to n copies of the program state ψ ∈ D(HP ⊗ HQ), which encodes the

Lindblad operator L as in (1.4), there exists a quantum algorithmA such that the following error

bound holds:
1
2

∥∥∥eLt −A
∥∥∥
⋄
≤ ε, (1.19)

with only n = O(d2t2/ε) copies of ψ, where d is the dimension of the system of interest, which is

the system S in our case. In other words, A uses only n = O(d2t2/ε) copies of ψ to approximate

the channel eLt up to ε error in normalized diamond distance.
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Proof. In what follows, we provide a brief sketch of the proof. For a more detailed version

of the proof, please refer to Appendix 1.B. For ease of notation and simplicity, we refrain

from writing the system labels, and we also assume that the input state ρ does not have

the reference system R for the purpose of this proof sketch.

Let us begin by expanding the target state eLt(ρ) using the following Taylor series

expansion, as in (1.2), at the initial time of t = 0:

eLt(ρ) = ρ +L(ρ)t +
1
2

(L ◦ L)(ρ)t2 + . . . . (1.20)

In the first step of Algorithm 1, we simulate the Lindbladian evolution of ρ ⊗ ψ, using

the LindbladianM in (1.17) for some small duration of time ∆, and then trace out ψ. The

output state obtained after this step is

Tr23

[
eM∆(ρ ⊗ ψ)

]
= ρ + Tr23

[
M(ρ ⊗ ψ)

]
∆ + O(∥M∥2⋄ ∆

2), (1.21)

where ρ is in register 1 and ψ in registers 2 and 3, and we have again used the expansion

in (1.2). Then writing out the second term on the right-hand side of the above equation

and using the definition in (1.17), we find that

Tr23
[
M(ρ ⊗ ψ)

]
= Tr23

[
M(ρ ⊗ ψ)M†

]
−

1
2

Tr23

[
M†M (ρ ⊗ ψ)

]
−

1
2

Tr23

[
(ρ ⊗ ψ) M†M

]
. (1.22)

We then invoke Lemma 7 in Appendix 1.A to simplify each term on the right-hand side

of the above equation. As a result of this, we obtain the following equalities:

Tr23

[
M(ρ ⊗ ψ)M†

]
= LρL†, (1.23)

Tr23

[
M†M (ρ ⊗ ψ)

]
= L†Lρ, (1.24)

Tr23

[
(ρ ⊗ ψ) M†M

]
= ρL†L. (1.25)

For a graphical representation of the above simplifications, please refer to the tensor-

network diagrams provided in Figures 1.3, 1.5, and 1.6.
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Using the above equations along with (1.3), we rewrite (1.21) as

Tr23

[
eM∆(ρ ⊗ ψ)

]
= ρ +L(ρ)∆ + O(∥M∥2⋄ ∆

2) (1.26)

= eL∆(ρ) + O(∥M∥2⋄ ∆
2). (1.27)

Substituting ∆ = t/n, ∥M∥⋄ ≤ 2d, and repeating Algorithm 1 for n = O(d2t2/ε) times

produces a quantum state that is O(ε)-close to the ideal target state eLt(ρ) in normalized

trace distance. For a detailed error analysis of this claim, in terms of the normalized

diamond distance, please refer to Appendix 1.B.

Remark 2 We note here that the simulation is unchanged if we employ the following definition of

M, instead of that given in (1.18):

M B
(
IRS ⊗ |φ⟩⟨Γ|PkQk

) (
IR ⊗ SWAPS Pk ⊗IQk

)
. (1.28)

where |φ⟩ is an arbitrary bipartite state vector. As such, the choice of |φ⟩ in (1.18) amounts to the

maximally entangled state 1
√

d
|Γ⟩. The claim here can be checked by examining Figures 1.3, 1.4,

1.5, and 1.6, as well as the proof in Appendix 1.A.

When Lindblad Operator is Local

As mentioned before in the Introduction section, in most practical settings, the Lindblad

operator L acts only on a constant number of qubits. Let the system S decompose as

S = AĀ, where A is the constant-size subsystem on which L acts nontrivially and Ā is the

subsystem of the remaining qubits. We write

L ≡ LA ⊗ IĀ, dA B dim(HA). (1.29)
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Now, because the Lindblad operator is local, we perform the fixed Lindbladian evolution

(i.e., Step 1 of Algorithm 1) using a localized Lindblad operator that acts only on the

subsystem A and the program registers. Let us denote the program registers for the kth

iteration of Algorithm 1 by P(A)
k and Q(A)

k , and define the maximally entangled vector by

|ΓA⟩ B

dA∑
j=1

| j⟩ ⊗ | j⟩. (1.30)

The localized Lindblad operator is

MA B
1
√

dA

(
IRS ⊗ |ΓA⟩⟨ΓA|P(A)

k Q(A)
k

)(
IRĀ ⊗ SWAPAP(A)

k
⊗IQ(A)

k

)
, (1.31)

and the corresponding fixed Lindbladian is

MA(X) B MAXM†

A −
1
2

{
M†

AMA, X
}
. (1.32)

As in the global L case, one step of duration ∆ = t/n evolves ρ ⊗ ψ by eMA∆ and then we

trace out the program registers P(A)
k Q(A)

k .

Theorem 3 (Local Lindblad operator, no Hamiltonian) Suppose L acts on a constant-size

subsystem A so that L = LA ⊗ IĀ with dA = dim(HA) = O(1) and Ā is the subsystem of the

remaining qubits. Given access to n copies of a program state ψ ∈ D(HP(A) ⊗ HQ(A)) that encodes

LA as in (1.4) (with d replaced by dA), there exists a quantum algorithmAloc such that

1
2

∥∥∥eLt −Aloc

∥∥∥
⋄
≤ ε, (1.33)

using only

n = O
(
d 2

A
t2

ε

)
= O

(
t2

ε

)
(1.34)

copies of ψ, where the hidden constant depends only on dA (and thus is independent of the global

system size).

14



Proof. The proof is identical in structure to Theorem 1, with all occurrences of the system

S restricted to the subsystem A and with d replaced by dA. Concretely, one can just repeat

the analysis using MA from (1.31) in place of M; the key contractions (established via

Lemma 7) now yield

TrP(A)
k Q(A)

k

[
MA(ρ ⊗ ψ)M†

A

]
= (LA ⊗ IĀ) ρ (L†A ⊗ IĀ), (1.35)

TrP(A)
k Q(A)

k

[
M†

AMA(ρ ⊗ ψ)
]
= (L†ALA ⊗ IĀ) ρ, (1.36)

TrP(A)
k Q(A)

k

[
(ρ ⊗ ψ)M†

AMA

]
= ρ (L†ALA ⊗ IĀ), (1.37)

so that TrP(A)
k Q(A)

k
[MA(ρ ⊗ ψ)] = L(ρ) with the same L as in (1.3). The per-step truncation

error is O(∥MA∥
2
⋄ ∆

2); with ∥MA∥⋄ ≤ 2dA, this is O
(
d 2

A∆
2
)
. Choosing n = O(d 2

A t2/ε) makes the

total error O(ε). Since dA = O(1), this simplifies to n = O(t2/ε).

Remark 4 All tensor-network diagrams in Figures 1.3–1.6 continue to apply verbatim after rela-

beling the system wire as A; wires corresponding to Ā and R simply pass through as identities.

1.3.2 Single Lindblad Operator Case with Hamiltonian Term

In this section, we consider the case of simulating a Lindbladian evolution, where the

Lindbladian consists of a single Lindblad operator L and a Hamiltonian H. To be more

precise, in this section, we are interested in simulating the Lindbladian dynamics of a

quantum state ρ for time t according to the following Lindbladian:

L(ρ) B −i[H, ρ] + LρL† −
1
2

{
L†L, ρ

}
. (1.38)

To begin with, we will look at how to encode the operators L and H into quantum

states. We suppose that L is encoded into a pure quantum state ψ in the same way that was

15



contracts to

Figure 1.3: Tensor-network diagram of Tr23

[
M(ρ ⊗ ψ)M†

]
. The whole net-

work on the top contracts to the network on the bottom due to
the partial trace operation over the 2nd and 3rd systems. Simply
follow the pink line from the left of the first system to its right
to observe this.

represented
 as

Figure 1.4: Tensor-network diagram of the operator M†M. This network
will be used as a subroutine in the following figures. As a re-
sult, for the sake of brevity, we use the figure on the right to
represent the figure on the left.
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contracts to

Figure 1.5: Tensor-network diagram of Tr23

[
M†M (ρ ⊗ ψ)

]
. Please refer to

Figure 1.4 to understand the tensor-network diagram of M†M.
The whole network on the top contracts to the network on the
bottom due to the partial trace operation over the 2nd and 3rd

systems. Simply follow the pink line from left of the first sys-
tem to its right to observe this.

considered previously (see (1.4)). On the other hand, we suppose that the Hamiltonian

H is encoded into the density matrix of a quantum state σ. This type of encoding was

first considered in [LMR14] for density matrix exponentiation, and further discussions of

it are given in [KLL+17, Eqs. (1)–(2)]. Overall, the program state that encodes H and L is

the following tensor-product state:

ω B σ ⊗ ψ, (1.39)

and the Lindbladian to be simulated, given by (1.38), can now be rewritten as follows:

L(ρ) B −i[σ, ρ] + LρL† −
1
2

{
L†L, ρ

}
. (1.40)

17



contracts to

Figure 1.6: Tensor-network diagram of Tr23

[
(ρ ⊗ ψ) M†M

]
. Please refer to

Figure 1.4 to understand the tensor network diagram of M†M.
The whole network on the top contracts to the network on the
bottom due to the partial trace operation over the 2nd and 3rd

systems. Simply follow the pink line from the left of the first
system to its right to observe this.

We are now in a position to propose a quantum algorithm for simulating the quantum

channel eLt, corresponding to the Lindbladian in (1.40), up to error ε in diamond distance,

using n copies of the program state ω. As before, for providing an analysis related to the

diamond distance, let ρ ∈ D(HR ⊗ HS ) be an unknown quantum state given as input

over the joint system RS , where the system R acts as a reference system. Furthermore, let

the kth copy of the program state ω be a quantum state of a joint system HkPkQk, where

σ ∈ D(HHk) and ψ ∈ D(HPk⊗HQk). For brevity, let us use (HPQ)k as a shorthand for HkPkQk.

Algorithm 2 — Set n ∈ N, with a particular choice specified later. Set k = 1. Given the

kth copy of ω, i.e., ω(HPQ)k , perform the following two steps:

18



1. Evolve the joint quantum state ρRS ⊗ ω(HPQ)k according to the dynamics realized by

the following LindbladianM, for some small duration of time ∆ = t/n:

M
(
ρRS ⊗ ω(HPQ)k

)
B −i[Ĥ, ρRS ⊗ ω(HPQ)k]

+ M(ρRS ⊗ ω(HPQ)k)M† −
1
2

{
M†M, ρRS ⊗ ω(HPQ)k

}
. (1.41)

The Hamiltonian Ĥ and Lindblad operator M act on the joint system RS (HPQ)k, and

we define them as

Ĥ B (SWAPS Hk ⊗I), (1.42)

M B
1
√

d

(
I ⊗ |Γ⟩⟨Γ|PkQk

) (
SWAPS Pk ⊗I

)
. (1.43)

Here, we apply the identity operator I on all those systems that are not explicitly

mentioned.

2. Trace out the program states, i.e., the systems (HPQ)k.

We repeat the above procedure for each copy of ω, i.e., for all k ranging from 1 to n. As

before, we have some flexibility in choosing M, as mentioned in Remark 2.

The following theorem states that the above algorithm uses n = O(d2t2/ε) copies of ω

to simulate the Lindbladian evolution of ρRS , according to the Lindbladian in (1.40), for

time t, and the resulting state is ε-close in normalized trace distance to the target state

(IR ⊗ eLt)(ρRS ), for every input state ρRS .

Theorem 5 Given access to n copies of the program stateω ∈ D
(
HHPQ

)
, which is defined in (1.39)

and encodes the Lindblad operator L and the Hamiltonian H, there exists a quantum algorithmA

such that the following holds:
1
2

∥∥∥eLt −A
∥∥∥
⋄
≤ ε, (1.44)

19



contracts to

contracts to

Figure 1.7: Tensor-network diagrams of Tr2
[
SWAP(ρ ⊗ σ)

]
and

Tr2
[
(ρ ⊗ σ) SWAP

]
. The networks on the left contract to

the networks on the right due to the partial trace operation
over the 2nd systems. Simply follow the pink line from the left
of the first system to its right to observe this.

with only n = O(d2t2/ε) copies of ω, where d is the dimension of the system of interest, which is

the system S in our case. In other words, A uses only n = O(d2t2/ε) copies of ω to approximate

the channel eLt, defined from (1.40) and (1.2), up to ε error in diamond distance.

Proof. The proof style is very similar to that of Theorem 1. For clarity, we remove the

system labels here as well.

In the first step of Algorithm 2, we simulate the Lindbladian evolution of ρ ⊗ ω, given

by (1.40), with the Lindbladian M in (1.41) for some small duration of time ∆, and then

trace out ω. The output state obtained after this step is

Tr234

[
eM∆(ρ ⊗ ω)

]
= ρ + Tr234

[
M(ρ ⊗ ω)

]
∆ + O(∥M∥2⋄ ∆

2), (1.45)

where we have used the expansion in (1.2). Next we rewrite the second term in the fol-
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lowing way:

Tr234
[
M (ρ ⊗ ω)

]
= −i Tr234

[
[Ĥ, ρ ⊗ ω]

]
+ Tr234

[
M(ρ ⊗ ω)M†

]
−

1
2

Tr234

[
M†M (ρ ⊗ ω)

]
−

1
2

Tr234

[
(ρ ⊗ ω) M†M

]
. (1.46)

Observe that the operator M can be written as M = M′ ⊗ I2, where I2 is the identity acting

on the second register. From (1.42) and (1.43) and the fact that ω = σ ⊗ ψ, we simplify the

right-hand side of the above equation:

Tr234
[
M (ρ ⊗ ϕ)

]
= −i Tr2

[
[SWAP, ρ ⊗ σ]

]
+ Tr34

[
M′(ρ ⊗ ψ)M′†

]
−

1
2

Tr34

[
M′†M′ (ρ ⊗ ψ)

]
−

1
2

Tr34

[
(ρ ⊗ ψ) M′†M′

]
. (1.47)

We simplify the first term even more by employing its related tensor-network diagrams,

as illustrated in Figure 1.7. As before, please refer to Figures 1.3, 1.5, and 1.6 to simplify

the remaining terms (please keep in mind that M is simply M′ when referring to these

figures). We finally obtain the following equalities:

−i Tr2
[
[SWAP, ρ ⊗ σ)]

]
= −i[σ, ρ], (1.48)

Tr34

[
M′(ρ ⊗ ψ)M′†

]
= LρL†, (1.49)

Tr34

[
M′†M′ (ρ ⊗ ψ)

]
= L†Lρ, (1.50)

Tr34

[
(ρ ⊗ ψ) M′†M′

]
= ρL†L. (1.51)

From the above equations and (1.40), we rewrite (1.45) as

Tr234

[
eM∆(ρ ⊗ ω)

]
= ρ + Tr234

[
M(ρ ⊗ ω)

]
∆ + O(∥M∥2⋄ ∆

2) (1.52)

= ρ +L(ρ)∆ + O(∥M∥2⋄ ∆
2) (1.53)

= eL∆(ρ) + O(∥M∥2⋄ ∆
2). (1.54)

Substituting ∆ = t/n, ∥M∥⋄ ≤ 2 + 2d, and repeating Algorithm 2 for n = O(d2t2/ε) times
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produces a quantum state that is O(ε)-close to the target state eLt(ρ). A detailed error

analysis of this claim goes along the lines of that provided in Appendix 1.B.

When the Lindblad Operator is Local

As in Section 1.3.1, decompose S = AĀ and assume the single Lindblad operator is local:

L = LA ⊗ IĀ, dA B dim(HA). (1.55)

We localize only the dissipative part by replacing M in (1.41) with the localized Lindblad

operator MA from (1.31), which acts nontrivially on AP(A)
k Q(A)

k and trivially elsewhere. The

Hamiltonian swap Ĥ = SWAPS Hk ⊗I in (1.42) is left unchanged, and the program state

remains ω = σ ⊗ ψ, with ψ encoding LA as in (1.4) (interpreting d as dA).

Theorem 6 (Local Lindblad operator, arbitrary Hamiltonian) Suppose the Lindblad opera-

tor L acts on a constant-size subsystem A so that L = LA ⊗ IĀ with dA = dim(HA) = O(1) and Ā is

the subsystem of the remaining qubits and let H be arbitrary (encoded via σ as in (1.39)). Given n

copies of ω = σ ⊗ ψ, there exists a quantum algorithmAloc such that

1
2

∥∥∥eLt −Aloc

∥∥∥
⋄
≤ ε, (1.56)

using

n = O
(
t2

ε

)
, (1.57)

where the hidden constant depends on dA (and not on system size d).

Proof. The argument is the same as in Theorem 5, with M replaced by MA from (1.31).

The Hamiltonian term proceeds identically because Ĥ is unchanged; the three dissipative

contractions reduce exactly as before but on the subsystem A, yielding −i[σ, ρ] and the
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L-terms with LA ⊗ IĀ. The per-step truncation remains O(∆2) (constants depending on dA),

so choosing n = O(t2/ε) achieves total error O(ε).

1.4 Conclusion and Open Problems

In this chapter, we proposed a quantum algorithm for approximately simulating Lindblad

evolution to arbitrary accuracy. For the purpose of this chapter, we considered a simple

case in which the Lindbladian consists of only one Lindblad operator, as this case can

easily be extended to the more general case with multiple Lindblad operators. We further

investigated the sample complexity of our algorithm for this case, i.e., the number of

samples of the program state needed by our algorithm to achieve the desired accuracy. We

then extended the single-operator case to include a Hamiltonian term in the Lindbladian,

and we proposed a quantum algorithm for this case as well.

Here we list some directions for future work:

• Is there is an efficient implementation of Step 1 of Algorithm 1? Solving this problem

will undoubtedly resolve the time or gate complexities of our algorithms.

• Another direction is to provide an extension to more complex cases, in which a

Lindblad operator can be expressed as a linear combination or a polynomial of the

operators encoded in the program states. This direction was considered in [KLL+17,

Section 5] in the case of density matrix exponentiation / sample-based Hamiltonian

simulation.

• In [KLL+17], the authors investigated a modified version of the Hamiltonian sim-

ulation problem, which they called sample-based Hamiltonian simulation. In this
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problem, given an unknown quantum state ρ and n copies of the program state σ,

the task is to implement the following transformation:

ρ ⊗ σ ⊗ · · · ⊗ σ︸        ︷︷        ︸
n times

ε
≈
−→ e−iσtρeiσt. (1.58)

The authors reported in [KLL+17, Theorem 5] that a quantum algorithm for this task

needs at least Ω(t2/ε) copies of σ to simulate the above channel within ε accuracy.

It is an important open question to determine the sample complexity of the gen-

eral task of sample-based Lindbladian simulation, which could help determine if

Algorithm 1 has optimal sample complexity.

• Furthermore, one can investigate the number of samples needed to perform state

tomography of the program state and approximately recover the entire Lindblad

operator encoded in this state. Then, we can simply use this operator to approx-

imately simulate the corresponding Lindbladian evolution. One crucial question

here is to ask if the sample complexity needed for state tomography is larger than

the sample complexity of wave matrix Lindbladization. If this turns out to be the

case, then it implies that a party can send sufficiently many copies of the program

state to another party to simulate the respective Lindbladian evolution without re-

vealing anything about the encoded Lindblad operator. One can think of this as

some instance of quantum copy-protection, as introduced in [Aar09], in which the

quantum operation is the Lindbladian evolution of a quantum state. This may also

address the question raised in [KLL+17], which asks whether there is a quantum op-

eration other than Hamiltonian simulation that can be encoded in quantum states

and executed without revealing much about the quantum operation itself.
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[KBD+08] B. Kraus, H. P. Büchler, S. Diehl, A. Kantian, A. Micheli, and P. Zoller. Prepa-
ration of entangled states by quantum Markov processes. Physical Review A,
78(4):042307, October 2008. doi:10.1103/PhysRevA.78.042307.

[Kit97] A. Yu Kitaev. Quantum computations: algorithms and error correction. Rus-
sian Mathematical Surveys, 52(6):1191–1249, December 1997. doi:10.1070/
RM1997v052n06ABEH002155.

[KLL+17] Shelby Kimmel, Cedric Yen Yu Lin, Guang Hao Low, Maris Ozols, and

26

https://doi.org/10.4230/LIPIcs.ICALP.2017.17
https://doi.org/10.4230/LIPIcs.ICALP.2017.17
https://doi.org/10.1007/BF02650179/METRICS
https://doi.org/10.1007/BF02650179/METRICS
https://doi.org/10.1103/RevModPhys.86.153
https://doi.org/10.1103/RevModPhys.86.153
https://arxiv.org/abs/2412.02134
https://doi.org/10.1063/1.522979
https://doi.org/10.1007/s00220-016-2641-8
https://doi.org/10.1103/PhysRevA.78.042307
https://doi.org/10.1070/RM1997v052n06ABEH002155
https://doi.org/10.1070/RM1997v052n06ABEH002155


Theodore J. Yoder. Hamiltonian simulation with optimal sample com-
plexity. npj Quantum Information, 3(1):1–7, March 2017. doi:10.1038/
s41534-017-0013-7.

[KRS11] M. J. Kastoryano, F. Reiter, and A. S. Sørensen. Dissipative preparation of en-
tanglement in optical cavities. Physical Review Letters, 106(9):090502, February
2011. doi:10.1103/PhysRevLett.106.090502.

[KSMM22] Hirsh Kamakari, Shi-Ning Sun, Mario Motta, and Austin J. Minnich. Digital
quantum simulation of open quantum systems using quantum imaginary–
time evolution. PRX Quantum, 3(1):010320, February 2022. doi:10.1103/
PRXQuantum.3.010320.

[LC17] Guang Hao Low and Isaac L. Chuang. Optimal Hamiltonian simulation by
quantum signal processing. Physical Review Letters, 118(1):010501, January
2017. doi:10.1103/PhysRevLett.118.010501.
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APPENDIX

1.A Proof of the Key Lemma

Lemma 7 LetH1,H2, andH3 be d-dimensional Hilbert spaces. Let M be a linear operator acting

onH1 ⊗H2 ⊗H3 and defined as

M123 B
1
√

d
(I1 ⊗ |Γ⟩⟨Γ|23) (SWAP12 ⊗I3) . (1.A.1)

Also, let ρ be a quantum state inD(H1), and let |ψL⟩ be a pure quantum state inH2 ⊗H3 defined

as |ψL⟩23 B (L2 ⊗ I3) |Γ⟩23, where L is a d×d-dimensional linear operator such that ∥L∥2 = 1. Then

the following identities hold:

Tr23[M123

(
ρ1 ⊗ ψ

L
23

)
M†

123] =
[
LρL†

]
1
, (1.A.2)

Tr23[M†

123M123

(
ρ1 ⊗ ψ

L
23

)
] =

[
L†Lρ

]
1
, (1.A.3)

Tr23[
(
ρ1 ⊗ ψ

L
23

)
M†

123M123] =
[
ρL†L

]
1
, (1.A.4)

where we have used the shorthand ψL
23 ≡ |ψ

L⟩⟨ψL|23.

Proof. Recall that

|Γ⟩⟨Γ|23 =
∑

i, j

|i⟩⟨ j|2 ⊗ |i⟩⟨ j|3, (1.A.5)

SWAP12 =
∑
k,ℓ

|k⟩⟨ℓ|1 ⊗ |ℓ⟩⟨k|2. (1.A.6)

Using the above equalities, observe that

M123 =
1
√

d
(I1 ⊗ |Γ⟩⟨Γ|23) (SWAP12 ⊗I3) (1.A.7)

=
1
√

d

I1 ⊗
∑

i, j

|i⟩⟨ j|2 ⊗ |i⟩⟨ j|3


∑

k,ℓ

|k⟩⟨ℓ|1 ⊗ |ℓ⟩⟨k|2 ⊗ I3

 (1.A.8)
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=
1
√

d

∑
i, j,k,ℓ

(I1 ⊗ |i⟩⟨ j|2 ⊗ |i⟩⟨ j|3) (|k⟩⟨ℓ|1 ⊗ |ℓ⟩⟨k|2 ⊗ I3) (1.A.9)

=
1
√

d

∑
i, j,k,ℓ

|k⟩⟨ℓ|1 ⊗ |i⟩⟨ j|ℓ⟩⟨k|2 ⊗ |i⟩⟨ j|3 (1.A.10)

=
1
√

d

∑
i, j,k

|k⟩⟨ j|1 ⊗ |i⟩⟨k|2 ⊗ |i⟩⟨ j|3. (1.A.11)

Let us prove the first identity, i.e., that in (1.A.2), as follows:

Tr23

[
M123

(
ρ1 ⊗ ψ

L
23

)
M†

123

]
= Tr23

[ 1
√

d

∑
i, j,k

|k⟩⟨ j|1 ⊗ |i⟩⟨k|2 ⊗ |i⟩⟨ j|3

 (ρ1 ⊗ ψ
L
23

)
× 1

√
d

∑
i′, j′,k′
| j′⟩⟨k′|1 ⊗ |k′⟩⟨i′|2 ⊗ | j′⟩⟨i′|3

] (1.A.12)

=
1
d

∑
i, j,k,i′, j′,k′

Tr23
[
(|k⟩⟨ j|1 ⊗ |i⟩⟨k|2 ⊗ |i⟩⟨ j|3)

(
ρ1 ⊗ ψ

L
23

)
×

(
| j′⟩⟨k′|1 ⊗ |k′⟩⟨i′|2 ⊗ | j′⟩⟨i′|3

) ]
(1.A.13)

=
1
d

∑
i, j,k,i′, j′,k′

|k⟩⟨ j|1ρ1| j′⟩⟨k′|1 Tr23

[
(|i⟩⟨k|2 ⊗ |i⟩⟨ j|3)ψL

23
(
|k′⟩⟨i′|2 ⊗ | j′⟩⟨i′|3

)]
(1.A.14)

=
1
d

∑
i, j,k,i′, j′,k′

|k⟩⟨ j|1ρ1| j′⟩⟨k′|1 (⟨k|2 ⊗ ⟨ j|3)ψL
23

(
|k′⟩2 ⊗ | j′⟩3

)
⟨i′|i⟩2⟨i′|i⟩3 (1.A.15)

=
∑

j,k, j′,k′
|k⟩⟨ j|1ρ1| j′⟩⟨k′|1 (⟨k|2 ⊗ ⟨ j|3)ψL

23
(
|k′⟩2 ⊗ | j′⟩3

)
(1.A.16)

=
∑

j,k, j′,k′
|k⟩⟨ j|1ρ1| j′⟩⟨k′|1 (⟨k|2 ⊗ ⟨ j|3) (L2 ⊗ I3) |Γ⟩⟨Γ|23

(
L†2 ⊗ I3

)
×

(
|k′⟩2 ⊗ | j′⟩3

)
(1.A.17)

=
∑

j,k, j′,k′,i,i′
|k⟩⟨ j|1ρ1| j′⟩⟨k′|1 (⟨k|2 ⊗ ⟨ j|3)

(
L2|i⟩⟨i′|2L†2 ⊗ |i⟩⟨i

′|3

)
×

(
|k′⟩2 ⊗ | j′⟩3

)
(1.A.18)

=
∑

j,k, j′,k′,i,i′
|k⟩⟨ j|ρ| j′⟩⟨k′|1 ⟨k|L|i⟩⟨i′|L†|k′⟩⟨ j|i⟩⟨i′| j′⟩ (1.A.19)

=
∑

j,k, j′,k′
|k⟩⟨ j|ρ| j′⟩⟨k′|1 ⟨k|L| j⟩⟨ j′|L†|k′⟩ (1.A.20)
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=
∑

j,k, j′,k′
|k⟩⟨k|L| j⟩⟨ j|ρ| j′⟩⟨ j′|L†|k′⟩⟨k′|1 (1.A.21)

=
[
LρL†

]
1
. (1.A.22)

Now consider that

M†

123M123 =

 1
√

d

∑
i′, j′,k′
| j′⟩⟨k′|1 ⊗ |k′⟩⟨i′|2 ⊗ | j′⟩⟨i′|3

× 1
√

d

∑
i, j,k

|k⟩⟨ j|1 ⊗ |i⟩⟨k|2 ⊗ |i⟩⟨ j|3

 (1.A.23)

=
1
d

∑
i′, j′,k′,i, j,k

| j′⟩⟨k′|k⟩⟨ j|1 ⊗ |k′⟩⟨i′|i⟩⟨k|2 ⊗ | j′⟩⟨i′|i⟩⟨ j|3 (1.A.24)

=
∑
j′, j,k

| j′⟩⟨ j|1 ⊗ |k⟩⟨k|2 ⊗ | j′⟩⟨ j|3 (1.A.25)

=
∑
j′, j

| j′⟩⟨ j|1 ⊗ I2 ⊗ | j′⟩⟨ j|3 (1.A.26)

=
∑

i, j

|i⟩⟨ j|1 ⊗ I2 ⊗ |i⟩⟨ j|3. (1.A.27)

Then, for checking the second identity, i.e., that in (1.A.3), we find that

Tr23

[
M†

123M123

(
ρ1 ⊗ ψ

L
23

)]
= Tr23


∑

i, j

|i⟩⟨ j|1 ⊗ I2 ⊗ |i⟩⟨ j|3

 (ρ1 ⊗ ψ
L
23

) (1.A.28)

=
∑

i, j

Tr23

[
(|i⟩⟨ j|1 ⊗ I2 ⊗ |i⟩⟨ j|3)

(
ρ1 ⊗ ψ

L
23

)]
(1.A.29)

=
∑

i, j

|i⟩⟨ j|1ρ1 Tr23

[
(I2 ⊗ |i⟩⟨ j|3)

(
ψL

23

)]
(1.A.30)

=
∑

i, j

|i⟩⟨ j|1ρ1 Tr23

[
(I2 ⊗ |i⟩⟨ j|3) (L2 ⊗ I3) |Γ⟩⟨Γ|23

(
L†2 ⊗ I3

)]
(1.A.31)

=
∑
i, j,k,ℓ

|i⟩⟨ j|1ρ1 Tr23

[
(I2 ⊗ |i⟩⟨ j|3) (L2 ⊗ I3) (|k⟩⟨ℓ|2 ⊗ |k⟩⟨ℓ|3)

(
L†2 ⊗ I3

)]
(1.A.32)

=
∑
i, j,k,ℓ

|i⟩⟨ j|1ρ1 Tr23

[
L2|k⟩⟨ℓ|2L†2 ⊗ |i⟩⟨ j|k⟩⟨ℓ|3

]
(1.A.33)
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=
∑
i, j,k,ℓ

|i⟩⟨ j|1ρ1 Tr[L2|k⟩⟨ℓ|2L†2] Tr[|i⟩⟨ j|k⟩⟨ℓ|3] (1.A.34)

=
∑
i, j,k,ℓ

|i⟩⟨ j|1ρ1 ⟨ℓ|L†L|k⟩⟨ℓ|i⟩⟨ j|k⟩ (1.A.35)

=
∑

i, j

|i⟩⟨ j|1ρ1 ⟨i|L†L| j⟩ (1.A.36)

=
∑

i, j

|i⟩⟨i|L†L| j⟩⟨ j|ρ (1.A.37)

=
[
L†Lρ

]
1
. (1.A.38)

Then the third identity in (1.A.4) is the Hermitian conjugate of the above identity, and so

we find that

Tr23

[(
ρ1 ⊗ ψ

L
23

)
M†

123M123

]
=

[
ρL†L

]
1
. (1.A.39)

This concludes the proof.

1.B Proof of Theorem 1

Consider the following appending quantum channel:

P(ρ) B ρ ⊗ ψ. (1.B.1)

Using this definition, the WML algorithm (i.e., the algorithm presented in Section 1.3.1)

can be expressed in the form of a quantum channel:

(
TrPQ ◦ eM∆ ◦ P

)◦n
(1.B.2)

Now consider that

1
2

∥∥∥∥eLt −
(
TrPQ ◦ eM∆ ◦ P

)◦n∥∥∥∥
⋄
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=
1
2

∥∥∥∥(eL∆)◦n − (
TrPQ ◦ eM∆ ◦ P

)◦n∥∥∥∥
⋄

(1.B.3)

≤
n
2

∥∥∥eL∆ − TrPQ ◦ eM∆ ◦ P
∥∥∥
⋄

(1.B.4)

=
n
2

∥∥∥∥∥∥I + ∆L + ∞∑
r=2

∆r

r!
Lr −

TrPQ ◦

I + ∆M + ∞∑
r=2

∆r

r!
Mr

 ◦ P◦n ∥∥∥∥∥∥
⋄

(1.B.5)

=
n
2

∥∥∥∥∥∥I + ∆L + ∞∑
r=2

∆r

r!
Lr −

I + ∆TrPQ ◦ M ◦ P +

∞∑
r=2

∆r

r!
TrPQ ◦ M

r ◦ P

 ∥∥∥∥∥∥
⋄

(1.B.6)

=
n
2

∥∥∥∥∥∥I + ∆L + ∞∑
r=2

∆r

r!
Lr −

I + ∆L + ∞∑
r=2

∆r

r!
TrPQ ◦ M

r ◦ P

 ∥∥∥∥∥∥
⋄

(1.B.7)

≤
n
2

∞∑
r=2

∆r

r!

(
∥Lr∥⋄ +

∥∥∥TrPQ ◦ M
r ◦ P

∥∥∥
⋄

)
(1.B.8)

≤
n
2

∞∑
r=2

∆r

r!

(
∥L∥

r
⋄ +

∥∥∥TrPQ

∥∥∥
⋄
∥M∥

r
⋄ ∥P∥⋄

)
(1.B.9)

≤
n
2

∞∑
r=2

∆r

r!
(2r + 1 · (2d)r · 1) (1.B.10)

≤ n
∞∑

r=2

∆r(2d)r

r!
(1.B.11)

≤
3n
4
∆2(2d)2 (1.B.12)

=
3t2(2d)2

4n
. (1.B.13)

The first inequality follows from the submultiplicativity property of the diamond norm

under composition. The fourth inequality follows directly from the following identities,

which hold due to Lemma 7:

TrPQ

[
M(ρ ⊗ ψ)M†

]
= LρL†, (1.B.14)

TrPQ

[
M†M (ρ ⊗ ψ)

]
= L†Lρ, (1.B.15)

TrPQ

[
(ρ ⊗ ψ) M†M

]
= ρL†L. (1.B.16)

Then the second inequality follows directly from the triangle inequality, and the third in-

equality follows from the submultiplicativity property of the diamond norm under com-

position. We will later justify the fourth inequality. The sixth inequality holds due to the
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following exponential tail bound: for all x ∈ [0, 1], we have
∑∞

r=2
xr

r! ≤
3
4 x2, and for our case,

this holds when 2d∆ ≤ 1 or n ≥ 2dt. We will see that this condition is true for our case.

Now, the justification for the fourth inequality is provided in Appendix 4 of [GKP+25];

we reproduce it here for completeness. Let τ be an arbitrary bipartite quantum state of a

reference system R and an input system S . Then, let τ be an arbitrary bipartite quantum

state of a reference system R and an input system S . Then,

∥(id⊗L)(τ)∥1

=

∥∥∥∥∥(I ⊗ L)τ(I ⊗ L†) −
1
2

{
I ⊗ L†L, τ

}∥∥∥∥∥
1

(1.B.17)

≤
∥∥∥(I ⊗ L)τ(I ⊗ L†)

∥∥∥
1
+

1
2

∥∥∥(I ⊗ L†L)τ
∥∥∥

1
+

1
2

∥∥∥τ(I ⊗ L†L)
∥∥∥

1
(1.B.18)

=
∥∥∥τ1/2(I ⊗ L†L)τ1/2

∥∥∥
1
+

∥∥∥(I ⊗ L†L)τ
∥∥∥

1
(1.B.19)

≤
∥∥∥(I ⊗ L†L)

∥∥∥
∞

∥∥∥τ1/2τ1/2
∥∥∥

1
+

∥∥∥(I ⊗ L†L)
∥∥∥
∞
∥τ∥1 (1.B.20)

= 2
∥∥∥L†L

∥∥∥
∞

(1.B.21)

≤ 2
∥∥∥L†L

∥∥∥
1

(1.B.22)

= 2, (1.B.23)

where the last equality follows from the assumption that the Lindblad operator has a unit

Hilbert–Schmidt norm. Therefore we conclude that

∥L∥⋄ = sup
τ

∥(id⊗L)(τ)∥1 ≤ 2. (1.B.24)

Similarly,

∥(id⊗M)(τ)∥1

=

∥∥∥∥∥(I ⊗ M)τ(I ⊗ M†) −
1
2

{
I ⊗ M†M, τ

}∥∥∥∥∥
1

(1.B.25)

≤
∥∥∥(I ⊗ M)τ(I ⊗ M†)

∥∥∥
1
+

1
2

∥∥∥(I ⊗ M†M)τ
∥∥∥

1
+

1
2

∥∥∥τ(I ⊗ M†M)
∥∥∥

1
(1.B.26)
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=
∥∥∥τ1/2(I ⊗ M†M)τ1/2

∥∥∥
1
+

∥∥∥(I ⊗ M†M)τ
∥∥∥

1
(1.B.27)

≤
∥∥∥I ⊗ M†M

∥∥∥
∞

∥∥∥τ1/2τ1/2
∥∥∥

1
+

∥∥∥I ⊗ M†M
∥∥∥
∞
∥τ∥1 (1.B.28)

= 2
∥∥∥M†M

∥∥∥
∞

(1.B.29)

= 2d. (1.B.30)

The last equality follows from the fact that

M†M = |Γ⟩⟨Γ|13 ⊗ I2 = d|Φ⟩⟨Φ|13 ⊗ I2, (1.B.31)

so that ∥∥∥M†M
∥∥∥
∞
= d. (1.B.32)

Therefore we conclude that

∥M∥⋄ = sup
τ

∥ id⊗M∥1 ≤ 2d. (1.B.33)

This concludes the justification of the fourth inequality.

That being said, if we want the final error to be less than or equal to ε, then

from (1.B.13), it suffices to take

n ≥
3t2(2d)2

4ε
= O

(
d2t2

ε

)
. (1.B.34)

samples of the program state. This concludes the proof.

36



CHAPTER 2

WAVE MATRIX LINDBLADIZATION II: GENERAL LINDBLADIANS, LINEAR

COMBINATIONS, AND POLYNOMIALS1

2.1 Abstract

In this chapter, we investigate the problem of simulating open system dynamics governed

by the well-known Lindblad master equation. In the previous chapter, we introduced an

input model in which Lindblad operators are encoded into pure quantum states, called

program states, and we also introduced a method, called wave matrix Lindbladization,

for simulating Lindbladian evolution by means of interacting the system of interest with

these program states. Therein, we focused on a simple case in which the Lindbladian con-

sists of only one Lindblad operator and a Hamiltonian. Here, we extend the method to

simulating general Lindbladians with local Lindblad operators and other cases in which

a Lindblad operator is expressed as a linear combination or a polynomial of the opera-

tors encoded into the program states. We propose quantum algorithms for all these cases

and also investigate their sample complexity, i.e., the number of program states needed

to simulate a given Lindbladian evolution approximately. We also investigate the gate

complexity of one of our algorithms for simulating general Lindbladians, quantifying

the number of elementary gates required. Finally, we show that our algorithms achieve a

quadratic improvement in sample complexity with respect to the approximation error, of-

fering a more efficient route to simulating Lindbladian evolution than approaches based

on tomography. This suggests a form of quantum copy-protection: a party can send pro-

1This chapter combines material from two papers. The majority is taken verbatim from [PW23b], with
modifications to incorporate local Lindblad operators and an updated analysis of the Trotter-based algo-
rithm. The gate complexity analysis of the sampling-based algorithm is adapted from [SPP+25], which is
currently under review at Physical Review Research.
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gram states that enable Lindbladian simulation without disclosing details of the encoded

operator, thereby addressing an open question of [KLL+17] on privately executable oper-

ations beyond Hamiltonian simulation.

2.2 Introduction

Quantum simulation involves simulating or modeling the behavior of a complex quan-

tum system using a quantum computer, allowing researchers to further investigate its

properties in detail. The problem of simulating a closed quantum system, also known as

Hamiltonian simulation, is well-studied, and hitherto, many quantum algorithms have

been proposed to solve it [Llo96, BCC+14a, BCG14, LMR14, BCC+14b, BCK15, LC17,

KLL+17]. However, many practical systems are not closed; rather, they interact with

their environment, resulting in more complex dynamics that are well captured by the

Lindblad master equation if the system under consideration is Markovian in nature

[Lin76, GKS76]. This equation is critical to understanding the behavior of many open

quantum systems [BP02, Wei21], in condensed matter [Pro11, MTAB12, OLG12], quan-

tum chemistry [Nit06, MK08], quantum optics [PK98, GZ04], entanglement prepara-

tion [KBD+08, KRS11, RRS16], thermal state preparation [KB14], quantum state engineer-

ing [VWC09], and the effects of noise on quantum computers [MPGC13].

In this chapter, we address the problem of simulating Lindbladian evolution of a finite-

dimensional quantum system. Starting from an initial state ρ, we aim to simulate its

dynamics over a period of time t ≥ 0, as governed by the Lindblad master equation:

∂ρ

∂t
= L(ρ) B −i[H, ρ] +

K∑
k=1

LkρL†k −
1
2

{
L†k Lk, ρ

}
. (2.2.1)

Here, the first term −i[H, ρ] accounts for the unitary evolution of the system under the
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system Hamiltonian H. The second term
∑K

k=1 LkρL†k −
1
2 {L

†

k Lk, ρ} captures non-unitary dy-

namics from interactions with the environment, described by local Lindblad operators

{Lk}
K
k=1. By local, we mean that these operators act nontrivially only on a constant number

of qubits. Furthermore, these operators are not necessarily Hermitian and in fact have no

constraints on them.

By simulating the evolution mentioned above for time t, we are referring to imple-

menting its corresponding quantum channel eLt, which is the solution of (2.2.1), where

eLt(ρ) =
∞∑

s=0

Ls(ρ)ts

s!
, (2.2.2)

and Ls denotes s sequential applications of the Lindbladian L. The equality above sim-

ply comes from the Taylor series expansion of the exponential. For small t, we have the

expansion eLt(ρ) = ρ +L(ρ)t + O(t2), and we make use of it in what follows.

There has been an increasing interest in developing efficient quantum algorithms

for simulating the dynamics of open quantum systems in recent years [CL17, CW17,

KSMM22, SHMS+22, SBH+23] (see [MOTT22] for a review). These works are based on

an assumption that a succinct representation of or black-box access to a set of Lindblad

operators is provided beforehand. One such succinct representation is a list of non-zero

coefficients when writing these operators as a linear combination of Pauli strings [CW17].

As introduced in the previous chapter, we take a different approach to the above

problem. Specifically, our approach differs from the methods mentioned above in how

the Lindblad operators are provided as input. Since each operator Lk is local, for each

k ∈ {1, . . . ,K} there exists a constant-size subsystem Ak such that

Lk = LAk ⊗ IAk
, dAk B dim(HAk) = O(1), (2.2.3)

where Ak denotes the complement of Ak, so that the total system S = AkAk. Now suppose
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that each Lindblad operator Lk is encoded into a pure state |ψk⟩ in the following way:

|ψk⟩ B (LAk ⊗ I)|Γ⟩, (2.2.4)

where

|Γ⟩ B

dAk∑
j=1

| j⟩| j⟩ (2.2.5)

is a maximally entangled vector. Suppose further that we have access to multiple copies

of this state. We refer to such a state as a program state because it can encode any unit-

norm linear operator. By unit-norm, we mean
∥∥∥LAk

∥∥∥
2
= 1, where ∥A∥2 B

√
Tr[A†A] is the

Schatten-2 norm of a matrix A (also known as the Hilbert–Schmidt norm). This constraint

on LAk is due to the requirement that |ψk⟩ should be a quantum state (i.e., normalized).

Furthermore, for the Hamiltonian term in (2.2.1), we follow the input model of [KLL+17]

and suppose that the Hamiltonian H is given as a linear combination of program states

{σ j}
J
j=1, i.e.,

H B
J∑

j=1

c jσ j, (2.2.6)

where c j ∈ R, and that we have access to multiple copies of σ j for all j ∈ {1, . . . , J}.

In essence, we are interested in answering the following question: given one copy of

an unknown quantum state ρ, some number n j of copies of the program state σ j for all

j ∈ {1, . . . , J}, and mk copies of the program state ψk B |ψk⟩⟨ψk| for all k ∈ {1, . . . ,K}, can we

approximately simulate the quantum channel eLt up to an error ε? In other words, can

we realize the following transformation?

ρ ⊗ σ⊗n1
1 ⊗ · · · ⊗ σ⊗nJ

J ⊗ ψ⊗m1
1 ⊗ · · · ⊗ ψ⊗mK

K

ε
≈
−→ eLt(ρ). (2.2.7)

As done in the previous chapter, we call this modified problem sample-based Lindbladian

simulation, and it can be seen as a natural analogue to sample-based Hamiltonian simu-

lation [LMR14, KLL+17]. In the previous chapter, we introduced an approach for solving
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a simpler version of this problem, called Wave Matrix Lindbladization (WML), which is an

analogue to Density Matrix Exponentiation [LMR14]. That is, in [PW23a], we focused on

a relatively simple case in which the Lindbladian consists of only one Lindblad operator

and a Hamiltonian term. We did this so that the reader could grasp the intuition be-

hind the techniques introduced. That being said, in this chapter, we extend wave matrix

Lindbladization to general Lindbladians and beyond.

2.2.1 Summary of Main Results

In this chapter, we present two quantum algorithms that implement the quantum channel

eLt with some desired accuracy ε ∈ (0, 1). We call these the sampling-based approach and

the Trotter-like approach. We then investigate the sample complexity of these algorithms

(see Section 2.3.1). By sample complexity, we mean the number of copies of the pro-

gram states {σ j}
J
j=1 and {ψk}

K
k=1 needed to achieve the above task; i.e., this number is equal

to
∑J

j=1 n j +
∑K

k=1 mk. Additionally, we investigate the gate complexity of the sampling-

based approach, quantifying the number of elementary gates required (see Section 2.3.1).

Furthermore, we provide another, different extension of the method introduced in

[PW23a]. Previously, we considered a Lindbladian with only one Lindblad operator and

a Hamiltonian, and this entire Lindblad operator was given encoded in a single program

state. We extend this simple case to that in which this Lindblad operator is provided as

a linear combination or a polynomial of the operators encoded in the program states. We

propose quantum algorithms for these cases as well under the assumption that we have

access to unitaries that prepare these program states (see Sections 2.3.2 and 2.3.3). We

then investigate the query complexity of these algorithms, i.e., the number of times these

state-preparation unitaries are queried to approximate a given evolution.
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Finally, we show in Section 2.3.4 that our algorithms achieve a quadratic improvement

in sample complexity with respect to the approximation error, offering a more efficient

route to simulating Lindbladian evolution than approaches based on tomography. This

suggests a form of quantum copy-protection: a party can send program states that enable

Lindbladian simulation without disclosing details of the encoded operator, thereby ad-

dressing an open question of [KLL+17] on privately executable operations beyond Hamil-

tonian simulation.

2.2.2 Notation

We employ the same notation used in the previous chapter, but recall it here for conve-

nience. Let HS denote a d-dimensional Hilbert space associated with a quantum system

S . We denote the set of quantum states acting onHS byD(HS ). Let Tr[X] denote the trace

of a matrix X, i.e., the sum of its diagonal elements. Also, let X† denote the Hermitian

conjugate (or adjoint) of the matrix X. The Schatten p-norm of a matrix X is defined for

p ∈ [1,∞) as follows:

∥X∥p B
(
Tr

[(
X†X

) p
2
]) 1

p

. (2.2.8)

For the purposes of this chapter, we use Schatten norms with p = 1 (also called trace norm)

and p = 2 (Hilbert–Schmidt norm). Furthermore, let [X, Y] B XY−YX and {X,Y} B XY+YX

denote the commutator and anti-commutator of the operators X and Y , respectively.

The diamond distance between two quantum channelsN andM is defined as follows

[Kit97]:

∥N −M∥⋄ B sup
ρ∈D(HR⊗HS )

∥(IR ⊗ N)(ρ) − (IR ⊗M)(ρ)∥1 , (2.2.9)

where R is a reference system and IR is the identity channel acting on the system R. An
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Figure 2.1: Tensor-network diagrams of operators SWAP, |Γ⟩⟨Γ|, and L.

important point to note here is that, in the above definition, the dimension of R is arbi-

trarily large. However, it is known that it suffices to perform the optimization over pure

bipartite states with the dimension of R equal to the dimension of S . Furthermore, the

quantity in the objective function of the above optimization is the trace distance, defined

as ∥ρ − σ∥1 for two quantum states ρ, σ ∈ D(HS). In what follows, we employ the normal-

ized diamond distance 1
2 ∥N −M∥⋄ to measure approximation error—the normalization

factor of 1
2 guarantees that 1

2 ∥N −M∥⋄ ∈ [0, 1] for quantum channels N andM.

For ρ a state in D(HR ⊗ HS ), we denote the partial trace over the Hilbert space HR by

TrR[ρ]. We also sometimes use a different notation for partial trace; i.e., given a multi-

partite state ρ, we use the notation Trk[ρ] to denote the action of tracing out the kth party.

Furthermore, we define the maximally entangled vector inHR ⊗HS as

|Γ⟩RS B
∑

i

|i⟩R|i⟩S , (2.2.10)

and we denote its normalized version, i.e., the maximally entangled state, by |Φ⟩. We also

define the unitary swap operation and unitary cyclic permutation operation (cyclic swap)

in the following way:

SWAP B
∑

i, j

|i⟩⟨ j| ⊗ | j⟩⟨i|, (2.2.11)

CYCSWAP B
∑

i1,i2,...,in

|in⟩⟨i1| ⊗ |i1⟩⟨i2| ⊗ · · · ⊗ |in−1⟩⟨in|, (2.2.12)
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where n is the number of systems on which the cyclic swap is performed.

In this chapter, we make extensive use of tensor-network diagrams. Figure 2.1 de-

picts tensor-network diagrams for some basic operators defined above, such as SWAP and

|Γ⟩⟨Γ|. For more background on tensor-network diagrams, please refer to [BB17]. Through-

out this chapter, we sometimes suppress system labels for ease of notation; however, they

should be clear from the context.

2.3 Quantum Algorithms for Simulating Markovian Dynamics

2.3.1 Simulating General Lindbladians

In what follows, we consider the case in which the Lindbladian consists of multiple Lind-

blad operators, as well as a Hamiltonian. To be more precise, we are interested in simu-

lating the action of the dynamics specified by (2.2.1) and the following Lindbladian:

L(ρ) B −i[H, ρ] +
K∑

k=1

LkρL†k −
1
2

{
L†k Lk, ρ

}
, (2.3.1)

on a quantum state ρ ∈ D(S ) for time t.

Here, for the Hamiltonian term, we follow the input model of [KLL+17], assuming

that H is provided as a linear combination of program states {σ j}
J
j=1, i.e.,

H B
J∑

j=1

c jσ j, (2.3.2)

where c j ∈ R.

Throughout this section, we assume that every Lindblad operator Lk is local, that is, it

acts non-trivially on a constant number of qubits. In other words, for each k ∈ {1, . . . ,K},
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there is a constant-size subsystem Ak such that

Lk = LAk ⊗ IAk
, dAk B dim(HAk) = O(1), (2.3.3)

where Ak denotes the complement of Ak, so that S = AkAk. We impose no locality re-

striction on H. In addition, let us suppose that each LAk is encoded in a pure state ψk as

described in (2.2.4). While LAk can have an arbitrary Hilbert–Schmidt norm in general, we

encode its normalized version LAk/
∥∥∥LAk

∥∥∥
2

using the maximally entangled vector:

|ψk⟩ B
(LAk ⊗ I) |Γk⟩∥∥∥LAk

∥∥∥
2

, |Γk⟩ B

dAk∑
j=1

| j⟩ ⊗ | j⟩. (2.3.4)

Consequently, ∥∥∥LAk

∥∥∥ 2

2
ψk = (LAk ⊗ I) |Γk⟩⟨Γk| (LAk ⊗ I)†. (2.3.5)

Sampling-based Approach

We assume that we are given access to {(c j, σ j)}Jj=1 and {(∥LAk∥
2
2, ψk)}Kk=1, and we define

c B
J∑

j=1

∣∣∣c j

∣∣∣ + K∑
k=1

∥∥∥LAk

∥∥∥2

2
. (2.3.6)

The pseudocode for the sampling-based WML algorithm for simulating the channel

eLt corresponding to the Lindbladian in (2.3.1), up to error ε in diamond distance is as

follows:

Algorithm 1 – Set n = O( c2t2
ε

) and ∆ = ct
n . Repeat the following steps n times:

1. Randomly sample a Hamiltonian program state σ j or a Lindbladian program state

ψk, where σ j has probability |c j |

c of being sampled and ψk has probability ∥Lk∥
2
2

c of being

sampled.
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2. Initialize the program register(s) according to the state sampled in Step 1:

• If σ j is sampled, allocate a single program register P isomorphic to the system

register S and load σ j on P.

• If ψk is sampled, allocate two program registers Pk and Qk with dim Pk =

dim Qk = dAk and load ψk on PkQk.

3. If a Hamiltonian program state σ j is sampled in Step 1, apply the quantum channel

eN j∆ on the joint system S P. Here, N j is a Lindbladian:

N j(·) B − i
[
sgn(c j) SWAPS P, (·)

]
, (2.3.7)

where sgn(x) evaluates to 1 if x is non-negative and −1 otherwise.

4. If a Lindbladian program state ψk is sampled in Step 1 instead, apply the quantum

channel eMk∆ on the joint system S PkQk. Here,Mk is a single-operator Lindbladian:

Mk(·) B Mk(·)M†

k −
1
2

{
M†

k Mk, ·
}
, (2.3.8)

with Lindblad operator

Mk B
1√
dAk

(
IS ⊗ |Γk⟩⟨Γk|PkQk

) (
IAk
⊗ SWAPAkPk ⊗IQk

)
. (2.3.9)

It is important to note that since Lk is local and acts non-trivially only on Ak, the

operator Mk is also local: it acts non-trivially only on AkPkQk and trivially on Ak.

5. Trace out the program register(s) that are used in this round.

The step-by-step flow of this algorithm is illustrated in Figure 2.2. It is clear that since

the sampling probabilities are |c j|/c for σ j and ∥LAk∥
2
2/c for ψk, the algorithm above on

average over n iterations uses

n j = |c j|/c · O(c2t2/ε) = O(|c j|ct2/ε) (2.3.10)
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Figure 2.2: Our quantum algorithm, repeated n = O(c2t2/ε) times, for ap-
proximating the target quantum channel, i.e., eLt, with an ap-
proximation error of ε. At the kth iteration, the state ωk denotes
the sampled program state. The channel E applied in that step
is either the unitary channel eN j∆ or the Lindbladian channel
eMk∆, depending on whether the sampled program state en-
codes a Hamiltonian or a Lindbladian operator. Here, the Lind-
bladians Mk and N j are defined in (2.3.8) and (2.3.7), respec-
tively. Each hatched rectangle represents the trace-out opera-
tion.

copies of the program state σ j and

mk =
∥∥∥LAk

∥∥∥2

2
/c · O(c2t2/ε) = O

(∥∥∥LAk

∥∥∥2

2
ct2/ε

)
(2.3.11)

copies of the program state ψk.

Note that in Step 3 of the above algorithm, we apply the quantum channel eN j∆ on the

joint system S P. Since this is a unitary channel, it can be implemented in principle on

a quantum computer. To be more precise, when the Hamiltonian program register P is

isomorphic to the full system register S (of dimension d), implementing this unitary chan-

nel uses O(log d) elementary one- and two-qubit gates [KLL+17]. If, instead, one makes

the realistic assumption that H is local so that each of the Hamiltonian program states σ j

consists of only a constant number of qubits, then this implies that the required program

register P has constant size and the same unitary can be implemented with O(1) elemen-

tary gates. On the other hand, we employ the algorithm of [CW17] to implement the

quantum channel eMk∆ used in Step 4. This algorithm is based on the linear combination

of unitaries (LCU) framework.
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We are now ready to state the main result on the gate complexity of the sampling-

based WML algorithm, where by gate complexity we mean the total number of one- and

two-qubit gates required to execute the algorithm.

Theorem 8 (Gate Complexity) Let L be a Lindbladian as defined in (2.3.1). The sampling-

based WML algorithm can simulate the channel eLt up to error ε in the normalized diamond

distance using

O
(
c2t2

ε
·max

{
log d,

log2(ct/ε)
log log(ct/ε)

})
(2.3.12)

one- and two-qubit gates, where c is defined in (2.3.6) and d is the dimension of the system S . In

the special case, where the Hamiltonian part of L is local, the gate complexity reduces to

O
(

c2t2 log2(ct/ε)
ε log log(ct/ε)

)
. (2.3.13)

Proof. The proof is given in Appendix 2.A.

Trotter-like Approach

Here, we present another quantum algorithm for simulating the quantum channel eLt

with the Lindbladian L given by (2.3.1). Before delving into the specifics of this algo-

rithm, we first provide a brief overview of it in order to gain an intuition behind its inner

workings. Conceptually, one can think of the Lindbladian L as a linear combination of

single-operator Lindbladians L1, . . . ,Lr, i.e.,
∑r

i=1Li. By “single-operator,” we mean that

each Li consists of only one term, and this term can be either a Hamiltonian term or a

non-Hamiltonian term with a single Lindblad operator. Now, if the quantum channels

eL1t, . . . , eLrt associated with the single-operator Lindbladians can be simulated efficiently,

then the intuition behind this approach is to approximate eLt by sequentially applying
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these simple channels for short time steps and repeating this composite sequence multi-

ple times. Due to its similarity with Trotter-based approaches in Hamiltonian [Llo96] and

Lindbladian [CL17] simulation, we call it the Trotter-like approach.

With this high-level intuition established, we now present the full algorithm.

Algorithm 2 – Set

n = O
(
(J + K)3/2 ∥L∥

2
max t2

ε

)
, (2.3.14)

where

∥L∥max B max
{
|c1|, . . . , |cJ |,

∥∥∥LA1

∥∥∥2

2
, . . . ,

∥∥∥LAK

∥∥∥2

2

}
. (2.3.15)

Repeat the following steps n times:

1. To begin with, repeat the following three steps for all k ranging from K to 1:

(a) Allocate two program registers Pk and Qk with dim Pk = dim Qk = dAk and load

ψk (defined in (2.3.4)) on PkQk.

(b) Apply the quantum channel eMk∆k on the joint system S PkQk, where ∆k B
∥LAk∥

2
2t

2n

and the LindbladianMk is defined in (2.3.8).

(c) Trace out the program registers Pk and Qk.

(d) Set ρ to be the state obtained after performing the above two steps.

2. Then, repeat the following three steps for all j ranging from J to 1:

(a) Allocate a single program register P isomorphic to the system register S and

load σ j on P.

(b) Apply the quantum channel eN j∆
′
j on the joint system S P, where ∆′j B

|c j|t
2n and

the Lindbladian N j is defined in (2.3.7).
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(c) Trace out the program register P.

(d) Set ρ to be the state obtained after performing the above two steps.

3. Repeat Steps 2(a)–2(c) for all j ranging from 1 to J.

4. Repeat Steps 1(a)–1(c) for all k ranging from 1 to K.

The step-by-step flow of this algorithm is illustrated in Figure 2.3. Let us note that

the particular ordering of steps used in Algorithm 2 is inspired by that used in [CL17,

Proposition 2], and it has the effect of reducing the dependence of the algorithm’s sample

complexity on J + K.

Theorem 9 below states that the algorithm presented above approximates the channel

eLt up to ε error in diamond distance using n = O((J + K)3/2 ∥L∥
2
max t2/ε) copies of each of

the program states σ1, . . . , σJ, ψ1, . . . , ψK , so that the total number of program states used

is O((J + K)5/2 ∥L∥
2
max t2/ε).

Theorem 9 Given access to n copies of the program states σ1, . . . , σJ ∈ D(HS ) and ψ1, . . . , ψK ∈

D(HP ⊗HQ), there exists an algorithmA satisfying:

1
2

∥∥∥eLt −A
∥∥∥
⋄
≤ ε. (2.3.16)

This approximation to within ε in diamond distance is achieved using only n = O((J +

K)3/2 ∥L∥
2
max t2/ε) copies of each provided program state, where ∥L∥max is defined in (2.3.15). The

total number of program states used is then

O
(
(J + K)5/2 ∥L∥

2
max t2/ε

)
. (2.3.17)

Proof. The proof is given in Appendix 2.C.
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Figure 2.3: The gray strip at the very top represents the flow of Algo-
rithm 2 and is repeated n = O((J + K)3/2 ∥L∥

2
max t2/ε) times. The

blue boxes represent the flow of Steps 1 and 2 of Algorithm 2,
while the pink boxes represent that of Steps 3 and 4 (reverse of
Steps 1 and 2). The algorithm approximates the target quantum
channel eLt with an approximation error of ε. Each hatched
rectangle represents the trace-out operation. Initially, the state
ρ is in register 1. The program states ψ1, . . . , ψK are in registers 2
and 3, while the program states σ1, . . . , σJ are in register 2. The
channels eMk∆k and eN j∆

′
j correspond to Lindbladian evolutions

with LindbladiansMk and N j defined in (2.3.8) and (2.3.7), re-
spectively.
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Remark 10 To compare the sample complexity of Algorithms 1 and 2, consider that the following

inequality holds:

c ≤ (J + K) ∥L∥max , (2.3.18)

where c is defined in (2.3.6). As a consequence, it follows that the sample complexity of Algorithm 1

never exceeds that of Algorithm 2. Regardless, for completeness and comparison purposes, we have

provided a full analysis of the Trotter-like approach in Appendix 2.C.

2.3.2 Simulating Linear Combinations

In this section, we consider the case of simulating a Lindbladian evolution with a sin-

gle Lindblad operator L and no Hamiltonian. To be more specific, we want to simulate

the action of the dynamics on a quantum state ρ for time t according to the following

Lindbladian:

L(ρ) = LρL† −
1
2

{
L†L, ρ

}
. (2.3.19)

Furthermore, in this case, let us suppose that the Lindblad operator L is provided before-

hand as a linear combination of operators L1, . . . , LK :

L B
K∑

k=1

ckLk, (2.3.20)

where ck > 0 and ∥Lk∥2 = 1, for all k ranging from 1 to K. For now, we do not assume that

the operators L1, . . . , LK are local for maintaining generality. We discuss this special case

in the next section, that is, in Section 2.3.2.

That being said, we assume that the operator Lk is encoded in the program state ψk

in the same way that was considered previously in (2.2.4) (i.e., |ψk⟩ B (Lk ⊗ I)|Γ⟩). Let us
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further suppose that we have access to unitaries U1, . . . ,UK that prepare these program

states:

Uk|0⟩ = |ψk⟩ ∀k ∈ {1, . . . ,K}. (2.3.21)

Given efficient implementations of the above unitaries, we can efficiently implement

a unitary select-U defined in the following way:

select-U B
K∑

k=1

|k⟩⟨k| ⊗ Uk. (2.3.22)

Let us additionally suppose that we have access to a unitary UA that can efficiently prepare

the following state:

UA|0⟩ = |A⟩ B
1√∑K
k=1 ck

K∑
k=1

√
ck|k⟩. (2.3.23)

Given access to the unitaries {Uk}
K
k=1 and their Hermitian conjugates {U†k }

K
k=1 (for realiz-

ing the unitaries select-U and select-U†), as well as unitaries UA and U†A, we can use the

standard linear combination of unitaries (LCU) technique [CW12] to prepare the follow-

ing state:

|ϕ⟩ B
1
√

c

K∑
k=1

ck|ψk⟩ =
1
√

c
(L ⊗ I)|Γ⟩, (2.3.24)

where c B ∥L∥22. Due to the fact that the LCU technique is inherently probabilistic, we use

the amplitude amplification (AA) method [BHMT02] to boost the probability of success

to one. We do not go into specifics here because LCU and AA are both fairly common

quantum algorithmic primitives. However, for completeness, we show in Figure 2.4 the

exact quantum circuit that implements this method for preparing our desired state given

by (2.3.24). Please refer to [Kot14, Section 2.2] and [Cha23, Section II-B] for more precise

information on the LCU method and using AA to boost the success probability. Overall,

we prepare n copies of this state for our purposes.
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Now, we propose a quantum algorithm for simulating the quantum channel eLt, which

corresponds to the Lindbladian in (2.3.19), using n copies of the program state ϕ B |ϕ⟩⟨ϕ|

up to error ε in diamond distance. As before, for providing an analysis related to the

diamond distance, the input is an unknown quantum state ρ ∈ D(HR⊗HS ) on joint system

RS , with R as a reference system. Furthermore, let the ith copy of the program state ϕ be a

quantum state of the joint system PiQi.

Algorithm 3 — Set n ∈ N, with the particular choice specified later. Set i = 1. Given

the ith copy of ϕ, i.e., ϕPiQi , perform the following two steps:

1. Evolve the joint quantum state ρRS ⊗ϕPiQi according to the following LindbladianM

acting on S PiQi, for some small duration of time ∆ = ct/n:

M (·) B M(·)M† −
1
2

{
M†M, (·)

}
. (2.3.25)

In the above, the Lindblad operator M acts on the joint system S PiQi, and we define

it as

M B
1
√

d

(
IS ⊗ |Γ⟩⟨Γ|PiQi

) (
SWAPS Pi ⊗IQi

)
. (2.3.26)

2. Trace out systems PiQi.

We repeat the above procedure using each copy of ϕ, i.e., for all i ranging from 1 to n.

The following theorem states that the above algorithm uses n = O(d2c2t2/ε) copies of ϕ

to simulate the Lindbladian evolution of ρRS , according to the Lindbladian in (2.3.19), for

time t, such that the final state is ε-close in normalized trace distance to the ideal target

state
(
IR ⊗ eLt

)
(ρRS ), for an arbitrary input state ρRS . For preparing one copy of ϕ, we need

to make

O

 1
√

c

K∑
k=1

ck

 (2.3.27)
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AA

Figure 2.4: A quantum circuit for preparing |ϕ⟩ using the technique of lin-
ear combination of unitaries. The rectangle labelled “AA” rep-
resents multiple rounds of amplitude amplification.

queries to the unitaries {Uk}
K
k=1, {U†k }

K
k=1, UA, and U†A [Cha23, Section II-B]. Therefore, for

preparing O(d2c2t2/ε) copies of ϕ, we need to make

O

d2

ε

 K∑
k=1

ck

 c3/2t2

 (2.3.28)

queries to these unitaries.

Theorem 11 Given access to n copies of the program state ϕ ∈ D
(
HP ⊗HQ

)
, defined in (2.3.24),

each of which can be prepared using unitaries {Uk}
K
k=1, {U†k }

K
k=1, UA, and U†A, there exists a quantum

algorithmA such that the following error bound holds:

1
2

∥∥∥eLt −A
∥∥∥
⋄
≤ ε, (2.3.29)

with only n = O(d2c2t2/ε) copies of ϕ, where c = ∥L∥22 and d is the dimension of the system S . In

other words,A uses only n = O(d2c2t2/ε) copies of ϕ to approximate the channel eLt up to ε error

in normalized diamond distance.

Proof. In what follows, we give a brief sketch of the proof. We will not go into detail

because the proof follows a similar line of reasoning as the proof of Theorem 1 of [PW23a].
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We leave out system labels for clarity and simplicity, and let us also suppose that the input

state ρ does not have a reference system R for the purposes of this proof sketch.

Let us begin by expanding the target state eLt(ρ) at t = 0 using its Taylor series:

eLt(ρ) = ρ +L(ρ)t +
1
2

(L ◦ L)(ρ)t2 + . . . . (2.3.30)

In the first step of Algorithm 3, we simulate the Lindbladian evolution of ρ ⊗ ϕ, given by

(2.3.25), with the LindbladianM for some small duration of time ∆, and we then trace out

ϕ. The output state obtained after this step is

Tr23

[
eM∆(ρ ⊗ ϕ)

]
= ρ + Tr23

[
M(ρ ⊗ ϕ)

]
∆ + O

(
∥M∥

2
⋄ ∆

2
)
. (2.3.31)

We first expand the second term and rewrite it in the following way:

Tr23
[
M (ρ ⊗ ϕ)

]
= Tr23

[
M(ρ ⊗ ϕ)M†

]
−

1
2

Tr23

[
M†M (ρ ⊗ ϕ)

]
−

1
2

Tr23

[
(ρ ⊗ ϕ) M†M

]
. (2.3.32)

Substituting ϕ = 1
c (L ⊗ I)|Γ⟩⟨Γ|(L† ⊗ I) into the above equation, we get

Tr23
[
M (ρ ⊗ ϕ)

]
=

1
c

(
Tr23

[
M

(
ρ ⊗ (L ⊗ I)|Γ⟩⟨Γ|(L† ⊗ I)

)
M†

]
−

1
2

Tr23

[
M†M

(
ρ ⊗ (L ⊗ I)|Γ⟩⟨Γ|(L† ⊗ I)

)]
−

1
2

Tr23

[(
ρ ⊗ (L ⊗ I)|Γ⟩⟨Γ|(L† ⊗ I)

)
M†M

] )
(2.3.33)

=
1
c

(
LρL† −

1
2

L†Lρ −
1
2
ρL†L

)
(2.3.34)

=
1
c
L(ρ). (2.3.35)

We use tensor-network diagrams, as shown in Figures 1.3, 1.4, 1.5, and 1.6 of the previous

chapter, to obtain (2.3.34) from (2.3.33) (alternatively, see Appendix 1.A).

Using (2.3.35), we rewrite (2.3.31) as

Tr23

[
eM∆(ρ ⊗ ϕ)

]
= ρ +

1
c
L(ρ)∆ + O

(
∥M∥

2
⋄ ∆

2
)

(2.3.36)
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= e(L/c)∆(ρ) + O
(
∥M∥

2
⋄ ∆

2
)
. (2.3.37)

Substituting ∆ = ct/n, ∥M∥⋄ ≤ 2d (see Appendix 1.B of Chapter 1 for more details on this

inequality), and repeating Algorithm 3 for n = O(d2c2t2/ε) times produces a quantum state

that is ε-close to the ideal target state eLt(ρ) in normalized trace distance.

When Lindblad Operator is Local

In many practical settings, the Lindblad operator is local, that is, it acts only on a constant

number of qubits. Let the system decompose as S = AĀ, where A is the constant-size

subsystem on which L acts nontrivially and Ā is the subsystem of the remaining qubits.

In this case, we can write

L = LA ⊗ IĀ, dA B dim(HA) = O(1). (2.3.38)

Recall from (2.3.20) that L is given as a linear combination

L B
K∑

k=1

ck (Lk,A ⊗ IĀ), (2.3.39)

where ck > 0 and
∥∥∥Lk,A

∥∥∥
2
= 1 for all k ∈ {1, . . . ,K}. Because the operator L is local, we per-

form the fixed Lindbladian evolution (Step 1 of Algorithm 3) using a localized operator

that acts only on A and the program registers. Let the program registers be denoted P(A)

and Q(A), and define the maximally entangled vector as

|ΓA⟩ B

dA∑
j=1

| j⟩ ⊗ | j⟩. (2.3.40)

The localized Lindblad operator is then

MA B
1
√

dA

(
IRS ⊗ |ΓA⟩⟨ΓA|P(A)Q(A)

)(
IRĀ ⊗ SWAPAP(A) ⊗ IQ(A)

)
, (2.3.41)
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with the corresponding fixed Lindbladian

MA(X) B MAXM†

A −
1
2 {M

†

AMA, X}. (2.3.42)

As in the global case, one step of duration ∆ = ct/n evolves ρ ⊗ ϕ by eMA∆ and then we

trace out the program registers P(A)Q(A).

Theorem 12 (Local linear combination) Suppose L is given as a linear combination L =∑K
k=1 ckLk,A ⊗ IĀ with ck > 0, ∥Lk,A∥2 = 1, and dA = dim(HA) = O(1). Given access to n copies

of the program state ϕ ∈ D(HP(A) ⊗ HQ(A)) that encodes LA as in (2.3.24), there exists a quantum

algorithmAloc such that
1
2

∥∥∥eLt −Aloc

∥∥∥
⋄
≤ ε, (2.3.43)

using only

n = O
(
d 2

A
c2t2

ε

)
= O

(
c2t2

ε

)
, (2.3.44)

copies of ϕ, where the hidden constant depends on dA (and thus is independent of the global system

size d).

Proof. The proof is structurally identical to that of Theorem 11, but restricted to the sub-

system A. In particular, replacing M with the localized operator MA from (2.3.41), the same

tensor-network contractions yield

TrP(A)Q(A)[MA(ρ ⊗ ϕ)] = 1
c L(ρ),

where L is defined in (2.3.19). The per-step truncation error is O(∥MA∥
2
⋄ ∆

2); since ∥M∥⋄ ≤

2dA = O(1), this is O(∆2). Choosing n = O(c2t2/ε) ensures total error O(ε), as claimed.

Remark 13 In this local Lindblad case, the number of queries to the ϕ-preparing unitaries {Uk}
K
k=1,

{U†k }
K
k=1, UA, and U†A is now independent of the system dimension, and is given by

O

1
ε

 K∑
k=1

ck

 c3/2t2

 . (2.3.45)
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2.3.3 Simulating Lindbladian Polynomials

In this section, we consider the case of simulating a Lindbladian evolution with a single

Lindblad operator L and no Hamiltonian term, as in the previous section (see (2.3.19)).

Here, we suppose that the Lindblad operator L is represented as a polynomial of linear

operators encoded in program states.

To be more specific, let us suppose that L can be decomposed as follows:

L B
∑
s∈S

csTs, (2.3.46)

where cs > 0 and each term Ts, defined as follows, is of degree |s|:

Ts = Ls[1]Ls[2] · · · Ls[|s|]. (2.3.47)

Here, we define S as a set of strings over an alphabet {1, 2, . . . ,K}. Let the notation s[i]

denote the ith character of the string s. Furthermore, we use the notation |s| to denote the

length of the string s, and we use the notation D to denote the degree of the polynomial

given by (2.3.46), i.e., D B maxs∈S{|s|}. In what follows, we assume that D = O(1). The

operators L1, . . . , LK are encoded in the program states ψ1, . . . , ψK , respectively, in the same

way that was considered previously in (2.2.4), so that ∥L1∥2 = · · · = ∥LK∥2 = 1. For this

case as well, let us suppose that we have access to unitaries U1, . . . ,UK that prepare these

program states by acting on the maximally entangled state |Φ⟩ as follows:

Uk|Φ⟩ = |ψk⟩. (2.3.48)

Given efficient implementations of the above unitaries, we can efficiently implement

a unitary select-W defined as:

select-W B
|S|−1∑
i=0

|i⟩⟨i| ⊗Wsi , (2.3.49)
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where |S| denotes the cardinality of the set S and si is the ith string of the set S (the order

is irrelevant for indexing purposes) and

Wsi B Usi[1] ⊗ Usi[2] ⊗ · · · ⊗ Usi[|s|] ⊗ I⊗D−|s|. (2.3.50)

Moreover, let us suppose that we have access to a unitary UA that can efficiently prepare

a pure quantum state defined as follows:

|A⟩ B
1√∑|S|−1

i=0 csi

|S|−1∑
i=0

√
csi |i⟩. (2.3.51)

Given access to the set {Uk}
K
k=1 of unitaries and their Hermitian conjugates {U†k }

K
k=1 (for

realizing unitaries select-W and select-W†), as well as unitaries UA and U†A, we can prepare

the following state using the LCU technique:

|ϕ⟩ B
1
√

c

∑
s∈S

cs|ϕs⟩, (2.3.52)

where

|ϕs⟩ B |ψs[1]⟩|ψs[2]⟩ · · · |ψs[|s|]⟩ |Φ⟩ · · · |Φ⟩︸      ︷︷      ︸
D − |s| times

, (2.3.53)

c B

∥∥∥∥∥∥∥∑s∈S cs|ϕs⟩

∥∥∥∥∥∥∥
2

2

. (2.3.54)

As stated before in the previous section, the LCU technique is inherently probabilistic. As

a result, we employ the amplitude amplification method to boost its probability of success

to nearly one. Figure 2.5 depicts the quantum circuit that implements this technique for

preparing our desired state given by (2.3.52). Overall, we prepare n copies of this state for

our purposes.

We are now in a position to propose a quantum algorithm for simulating the quantum

channel eLt, which corresponds to the Lindbladian with a single Lindblad operator given
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AA
D qudits

Figure 2.5: A quantum circuit for preparing |ϕ⟩ using the technique of lin-
ear combination of unitaries. The rectangle labelled “AA” rep-
resents multiple rounds of amplitude amplification.

by (2.3.46), using n copies of the program state ϕ B |ϕ⟩⟨ϕ| up to error ε in diamond distance.

As previously stated, in order to provide an analysis of the diamond distance, let ρ ∈

D(HR⊗HS ) be an unknown quantum state given as input over the joint system RS , where

the system R acts as a reference system. Also, let the ith copy of the program state ϕ be a

quantum state over a joint system P1
i Q1

i · · · P
D
i QD

i , i.e., ϕ ∈ D(HP1
i
⊗HQ1

i
⊗ · · · ⊗ HPD

i
⊗HQD

i
).

For brevity, we use (PQ)D
i as a shorthand for P1

i Q1
i · · · P

D
i QD

i .

Algorithm 4 — Set n ∈ N, with a particular choice specified later. Set i = 1. Given the

ith copy of ϕ, denoted by ϕ(PQ)D
i
, perform the following two steps:

1. Evolve the joint quantum state ρRS ⊗ ϕ(PQ)D
i

according to the following Lindbladian
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M acting on systems S (PQ)D
i , for some small duration of time ∆ = ct/n:

M(·) B M(·)M† −
1
2

{
M†M, (·)

}
, (2.3.55)

where the Lindblad operator M acts on the joint system S (PQ)D
i , and we define it as

M B
1

dD/2

(
IS ⊗

(
|Γ⟩⟨Γ|⊗D

)
(PQ)D

i

) (
CYCSWAPS P1

i ···P
D
i
⊗IQ1

i ···Q
D
i

)
. (2.3.56)

2. Trace out the systems (PQ)D
i .

We repeat the above procedure with each copy of ϕ, for i ranging from 1 to n.

According to the following theorem, the algorithm above uses n = O(dO(1)c2t2/ε) copies

of ϕ to simulate the Lindbladian evolution of ρRS , given by (2.3.19), for time t, such that

the final state is ε-close to the target state
(
IR ⊗ eLt

)
(ρRS ) in normalized trace distance, for

an arbitrary input state ρRS . For preparing one copy of ϕ, we need to make

O

 1
√

c

|S|−1∑
i=0

csi

 (2.3.57)

queries to the unitaries {Uk}
K
k=1, {U†k }

K
k=1, UA, and U†A [Cha23, Section II-B]. Therefore, for

preparing O(dO(1)c2t2/ε) copies of ϕ, we need to make

O

dO(1)

ε

|S|−1∑
i=0

csi

 c3/2t2

 (2.3.58)

queries to these unitaries.

Theorem 14 Given access to n copies of the program state ϕ ∈ D(HP1
i
⊗HQ1

i
⊗ · · · ⊗HPD

i
⊗HQD

i
),

each of which can be prepared using unitaries {Uk}
K
k=1, {U†k }

K
k=1, UA, and U†A, there exists a quantum

algorithmA such that the following error bound holds:

1
2

∥∥∥eLt −A
∥∥∥
⋄
≤ ε, (2.3.59)
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contracts to

Figure 2.6: Tensor-network diagram of Tr2,...,7

[
M

(
ρ ⊗ |ϕs⟩⟨ϕs′ |

)
M†

]
,

where s = 123 and s′ = 13. The whole network on the
top contracts to the network on the bottom as a result of
tracing out registers 2, . . . , 7. The pink line flowing from the
left end of the first system to the right end illustrates how the
networks are connected after the partial trace operation.
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contracts to

Figure 2.7: Tensor-network diagram of Tr2,...,7

[
M†M

(
ρ ⊗ |ϕs⟩⟨ϕs′ |

)]
, where

s = 123 and s′ = 13. The whole network on the top con-
tracts to the network on the bottom as a result of tracing out
registers 2, . . . , 7. The tensor-network diagram enclosed in the
light-purple box depicts M†M

(
ρ ⊗ |ϕs⟩⟨ϕs′ |

)
. The lines flowing

out and back in represent the trace-out operation being per-
formed on this network. Finally, in order to visualize how the
network on the top contracts to that on the bottom after the
trace-out operation, simply follow the pink line flowing from
the left end of the first system to its right end.
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contracts to

Figure 2.8: Tensor-network diagram of Tr2,...,7

[(
ρ ⊗ |ϕs⟩⟨ϕs′ |

)
M†M

]
, where

s = 123 and s′ = 13. The whole network on the top con-
tracts to the network on the bottom as a result of tracing out
registers 2, . . . , 7. The tensor-network diagram enclosed in the
light-purple box depicts

(
ρ ⊗ |ϕs⟩⟨ϕs′ |

)
M†M. The lines flowing

out and back in represent the trace-out operation being per-
formed on this network. Finally, in order to visualize how the
network on the top contracts to that on the bottom after the
trace-out operation, simply follow the pink line flowing from
the left end of the first system to its right end.
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with only n = O(dO(1)c2t2/ε) copies of ϕ, where c is defined in (2.3.54). In other words, A uses

only n = O(dO(1)c2t2/ε) copies of ϕ to approximate the channel eLt up to ε error in normalized

diamond distance.

Proof. For ease of notation, we do not explicitly write system labels, and let us suppose

that the input state ρ does not have a reference system R.

The key point here is to demonstrate that the following three equalities hold for all

s, s′ ∈ S:

Tr2,3,...,2D+1

[
M

(
ρ ⊗ |ϕs⟩⟨ϕs′ |

)
M†

]
= TsρT †s′ , (2.3.60)

Tr2,3,...,2D+1

[
M†M

(
ρ ⊗ |ϕs⟩⟨ϕs′ |

)]
= T †s Ts′ρ, (2.3.61)

Tr2,3,...,2D+1

[(
ρ ⊗ |ϕs⟩⟨ϕs′ |

)
M†M

]
= ρT †s Ts′ , (2.3.62)

for M as defined in (2.3.56). Lemma 19 in Appendix 2.D provides a full statement and

proof. One can alternatively employ tensor-network diagrams to establish these equali-

ties. For visualizing these diagrams for a simple case with s = 123 and s′ = 13, please

refer to Figures 2.6, 2.7, and 2.8.

With the above equalities holding for all s, s′ ∈ S, then we can essentially use the same

type of reasoning as in the proof of Theorem 11 to conclude that

Tr2,3,...,2D+1
[
M (ρ ⊗ ϕ)

]
=

1
c
L(ρ). (2.3.63)

This further implies that

Tr2,3,...,2D+1

[
eM∆(ρ ⊗ ϕ)

]
= ρ + Tr2,3,...,2D+1

[
M (ρ ⊗ ϕ)

]
∆ + O(∥M∥2⋄ ∆

2) (2.3.64)

= ρ +
1
c
L(ρ)∆ + O(∥M∥2⋄ ∆

2) (2.3.65)

= e(L/c)∆(ρ) + O(∥M∥2⋄ ∆
2). (2.3.66)
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Substituting ∆ = ct/n, ∥M∥⋄ ≤ dD = dO(1) and repeating Algorithm 4 for n =

O(dO(1)c2t2/ε) times produces a quantum state that is O(ε)-close to the ideal target

state eLt(ρ) in normalized trace distance.

When Lindblad Operator is Local

As motivated earlier, in many practical scenarios the Lindblad operator acts only on a

constant-size subsystem. Let the system decompose as S = AĀ, and assume that every

base operator in the polynomial is local on A:

Lk ≡ Lk,A ⊗ IĀ, dA B dim(HA). (2.3.67)

Accordingly, each monomial Ts in (2.3.47) factors as

Ts =
(
Ls[1],ALs[2],A · · · Ls[|s|],A

)
⊗ IĀ C Ts,A ⊗ IĀ, (2.3.68)

and the polynomial Lindblad operator is L =
(∑

s∈S csTs,A
)
⊗ IĀ.

We encode each Lk,A in a local program state ψk,A, and prepare the polynomial program

state exactly as in (2.3.52) but using local encodings:

|ϕA⟩ B
1
√

c

∑
s∈S

cs |ϕs,A⟩, (2.3.69)

where

|ϕs,A⟩ B |ψs[1],A⟩ |ψs[2],A⟩ · · · |ψs[|s|],A⟩ |ΦA⟩ · · · |ΦA⟩︸         ︷︷         ︸
D−|s| times

, (2.3.70)

c B

∥∥∥∥∥∥∥∑s∈S cs|ϕs,A⟩

∥∥∥∥∥∥∥
2

2

, (2.3.71)

and |ΦA⟩ is the maximally entangled state on two dA-dimensional registers. Let the ith copy

of ϕA live on the program registers (PQ)D,(A)
i ≡ P1,(A)

i Q1,(A)
i · · · PD,(A)

i QD,(A)
i .
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To perform the fixed evolution step, we act only on A and the program registers, using

the localized version of (2.3.56):

MA B
1

dD/2
A

(
IRS ⊗

(
|ΓA⟩⟨ΓA|

⊗D)
(PQ)D,(A)

i

)
×

(
IRĀ ⊗ CYCSWAPA P1,(A)

i ···PD,(A)
i
⊗IQ1,(A)

i ···QD,(A)
i

)
, (2.3.72)

and defineMA(·) B MA(·)M†

A −
1
2 {M

†

AMA, (·)}. One Trotter step of duration ∆ = ct/n applies

eMA∆ to ρ ⊗ ϕA and then traces out the program registers (PQ)D,(A)
i .

Theorem 15 (Local polynomial Lindblad operator) Assume D = O(1) and that every base

operator is local on a constant-size block A, i.e., Lk = Lk,A ⊗ IĀ with dA = dim(HA) = O(1). Given

access to n copies of the program state ϕA defined above (prepared via the same LCU-and-amplitude-

amplification construction as in (2.3.52), but locally on A), there exists a quantum algorithmAloc

such that
1
2

∥∥∥eLt −Aloc

∥∥∥
⋄
≤ ε, (2.3.73)

using only

n = O
(
d O(1)

A
c2t2

ε

)
= O

(
c2t2

ε

)
(2.3.74)

copies of ϕA, where c is given in (2.3.54).

Proof. The argument mirrors the global proof with all actions restricted to the subsystem

A. The key contractions (provable via the localized analog of Lemma 19 or tensor-network

diagrams) give, for all s, s′ ∈ S,

Tr(PQ)D,(A)
[
MA(ρ ⊗ |ϕs,A⟩⟨ϕs′,A|)M†

A
]
= (Ts,A ⊗ IĀ) ρ (T †s′,A ⊗ IĀ),

and similarly for the two anticommutator terms, which yields Tr(PQ)D,(A)[MA(ρ ⊗ ϕA)] =

1
cL(ρ). The per-step truncation error is O(∥MA∥

2
⋄ ∆

2) with ∥MA∥⋄ ≤ dD
A = dO(1)

A . Choosing

n = O(dO(1)
A c2t2/ε) makes the total error O(ε).
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Remark 16 All tensor-network diagrams in Figures 2.6–2.8 remain valid after relabeling the

system wire as A; wires corresponding to Ā and R simply pass through as identities.

2.3.4 Wave Matrix Lindbladization Improves upon Tomography

In this section, we provide a comparison between two different methods of simulating

the channel eLt, either by WML or by performing tomography to determine a classical

description of the LindbladianL, followed by simulation from this description. The main

finding, summarized in Figure 2.9, is that WML achieves a quadratic improvement in

sample complexity with respect to the approximation error, thereby offering a more ef-

ficient route to simulating eLt than approaches based on tomography. Let us note that a

similar comparison was made between density matrix exponentiation and state tomogra-

phy in [KLL+17, Section 2], demonstrating the advantage of the former over the latter in

terms of the sample complexity required for sample-based Hamiltonian simulation.

Beyond efficiency, this quadratic improvement suggests a form of quantum copy-

protection, as introduced in [Aar09]: a party could send sufficiently many program states

to another party, enabling them to simulate Lindblad dynamics without revealing details

of the encoded operator. In this way, our results also contribute to addressing the open

question posed in [KLL+17] concerning what other quantum operations, besides Hamil-

tonian simulation, can be encoded in quantum states and executed privately.

To set up the comparison, let us consider a Lindbladian L with a single Lindblad

operator L, as in (2.3.19), and aim to simulate the corresponding channel eLt for time t. We

assume that L is provided upfront in the form of a program state |ψ⟩, as in (2.2.4), and that

n copies of this state are available. For the analysis in this section, we make no locality
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assumptions and instead treat the worst-case scenario where L acts on the full Hilbert

space of dimension d. Nevertheless, the results easily extend to the more practical local

setting: in that case, d is replaced by the dimension dA of the subsystem A on which L acts,

and since dA = O(1), the bounds simplify accordingly.

As mentioned above, one naive way to implement the channel eLt is to first obtain

the full classical description of the encoded Lindblad operator L by using multiple copies

of the state |ψ⟩. By classical description, we mean the complete matrix representation

of L. Once we have such a description of L, we can then use known algorithms [CL17,

CW17, MOTT22, SHMS+22, SBH+23] to actually implement the channel eLt on a quantum

computer. However, an important point to note here is that obtaining an exact classical

description of an arbitrary operator encoded in a pure state may not be computationally

efficient in general. Furthermore, obtaining an operator that is “close” to the encoded

operator is sufficient for many practical purposes. As a result, we look into a slightly

relaxed version of the above problem, in which the task is to output the full classical

description of an operator L̃ that is δ-close to L in the Hilbert–Schmidt distance measure,

given n copies of |ψ⟩. We further require that the operator L̃ satisfies the constraint
∥∥∥L̃

∥∥∥
2
=

1. We refer to this modified relaxed problem as wave-matrix tomography. More formally,

the task is to output the full classical description of an operator L̃ such that
∥∥∥L̃

∥∥∥
2
= 1 and

∥∥∥L̃ − L
∥∥∥

2
≤ δ, (2.3.75)

by using multiple copies of the state |ψ⟩.

Having said that, a natural question in the context of Lindbladian simulation is how

well the quantum channel eL̃t approximates the channel eLt, where L̃ is the Lindbladian

with a single Lindblad operator L̃. The following theorem states that if the two Lindblad

operators L̃ and L are δ = O(ε/t)-close in Hilbert–Schmidt distance, then the quantum
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channel eL̃t approximates the target channel eLt up to O(ε) error in diamond distance.

Theorem 17 Let L and L̃ be two d × d-dimensional linear operators such that ∥L∥2 =
∥∥∥L̃

∥∥∥
2
= 1

and ∥∥∥L̃ − L
∥∥∥

2
= O(ε/t). (2.3.76)

Then, the following holds:
1
2

∥∥∥∥eL̃t − eLt
∥∥∥∥
⋄
= O(ε), (2.3.77)

where L̃ and L are Lindbladians with Lindblad operators L̃ and L, respectively.

Proof. The proof is provided in Appendix 2.E.

We now turn to examining the sample complexity of wave-matrix tomography in or-

der to compare it with our WML approach. The key question here is: how many copies

of the state |ψ⟩ are needed to solve the wave-matrix tomography problem?

To begin with, let us first look at the sample complexity of a related problem: pure-

state tomography. In pure-state tomography, we are given n copies of a state |ψ⟩, and we

want to output a state |ψ̃⟩ such that

1
2

∥∥∥|ψ̃⟩⟨ψ̃| − |ψ⟩⟨ψ|∥∥∥
1
≤ δ, (2.3.78)

where δ ∈ (0, 1]. In order to solve the above problem, [HHJ+17, Theorem 3] establishes

that it is necessary to use n copies of |ψ⟩, where

n = Ω
(

d2(1 − δ)2

δ2 log(d2/δ)

)
(2.3.79)

In the above expression, d2 is the dimension of the underlying Hilbert space of |ψ⟩, and

so we see that the sample complexity is dimension-dependent. In addition, the Helstrom
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bound [Hel69] implies a separate lower bound of n = Ω(1/δ2). Combining these two

results gives

n = Ω
(

d2(1 − δ)2

δ2 log(d2/δ)
+

1
δ2

)
. (2.3.80)

Let us now connect pure-state tomography to wave-matrix tomography by reducing

the former to the latter. In other words, we need to show that we can solve the pure-state

tomography problem if we can solve the wave-matrix tomography problem. The primary

reason for showing this reduction is to obtain a lower bound on the sample complexity of

the wave-matrix tomography problem. Note that the input for both problems is the same,

i.e., some number of copies of |ψ⟩. On the contrary, their outputs are different. The output

of the wave-matrix tomography problem is an operator L̃ that is δ-close to L in Hilbert–

Schmidt distance (see (2.3.75)), while the output of pure-state tomography is a pure state

|ψ̃⟩ that is δ-close to |ψ⟩ in normalized trace distance (see (2.3.78)). We now relate these

outputs as follows. Let |ψ̃⟩ be the following state:

|ψ̃⟩ = (L̃ ⊗ I)|Γ⟩. (2.3.81)

Then Lemma 18 below states that |ψ̃⟩ is δ-close to |ψ⟩ if L is δ-close to L̃ in Hilbert–Schmidt

distance. As such, |ψ̃⟩ is a solution to the pure-state tomography problem when the input

is |ψ⟩. This concludes the reduction of pure-state tomography to wave-matrix tomogra-

phy. This further implies that the lower bound on the sample complexity of the pure-state

tomography problem, given by (2.3.80), is also a lower bound on the sample complexity

of the wave-matrix tomography problem.

Lemma 18 Let L and L̃ be two d × d-dimensional linear operators such that ∥L∥2 =
∥∥∥L̃

∥∥∥
2
= 1 and

∥∥∥L̃ − L
∥∥∥

2
≤ δ. (2.3.82)
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Figure 2.9: Comparing sample complexities of two different approaches
for approximately simulating the channel eLt: (pink box) per-
forming wave-matrix tomography to first obtain the classical
description of the Lindblad operator L, followed by simulation
from this description and (blue box) wave matrix Lindbladiza-
tion.

Then,
1
2

∥∥∥|ψ̃⟩⟨ψ̃| − |ψ⟩⟨ψ|∥∥∥
1
≤ δ, (2.3.83)

where |ψ̃⟩ = (L̃ ⊗ I)|Γ⟩ and |ψ⟩ = (L ⊗ I)|Γ⟩ are pure states that encode L̃ and L, respectively.

Proof. See Appendix 2.F.

According to Theorem 17, the quantum channel eL̃t approximates the target channel

eLt up to O(ε) error in diamond distance if δ = O(ε/t). Substituting this into (2.3.80), we

get

n = Ω
(

d2(t − ε)2

ε2 log (d2t/ε)
+

t2

ε2

)
. (2.3.84)
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It is evident from above that wave-matrix tomography requires more copies of |ψ⟩ to im-

plement the channel eLt than wave matrix Lindbladization. As shown in [PW23a, The-

orem 1], our approach needs O(d2t2/ε) copies of |ψ⟩. Therefore, it is clear that there is a

quadratic improvement in sample complexity with respect to the approximation error ε.

Therefore, WML thus provides an efficient route for implementing eLt without needing

full tomography of L. Please refer to Figure 2.9 for a visual representation of the compar-

ison between these two approaches.

2.4 Conclusion and Open Problems

In this chapter, we focused on the problem of simulating open system dynamics governed

by the Lindblad master equation when the Lindblad operators are provided beforehand

through encoding in program states. In the previous chapter, we investigated a relatively

simple case in which the Lindbladian consists of a single Lindblad operator and a Hamil-

tonian. In this chapter, we extended this case to simulating general Lindbladians and

other situations in which the Lindblad operator can be expressed as a linear combination

or polynomial of the operators encoded across multiple program states. We proposed

quantum algorithms for all these cases and investigated their sample complexities – the

number of copies of program states needed. Finally, we showed that our quantum al-

gorithms provide a more efficient route to simulating Lindbladian evolution when com-

pared to full tomography of the encoded operators. We demonstrated this by proving

that the sample complexity for tomography is dependent on the system dimension, while

that for wave matrix Lindbladization is not.

In the previous chapter, we listed some open questions that we then managed to an-
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swer in this chapter. However, one of the open problems about the optimality still remains

unaddressed.
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[MK08] Volkhard May and Oliver Kühn. Charge and Energy Transfer Dynamics in
Molecular Systems. John Wiley & Sons, 2008.

[MOTT22] Alexander Miessen, Pauline J. Ollitrault, Francesco Tacchino, and Ivano
Tavernelli. Quantum algorithms for quantum dynamics. Nature
Computational Science, 3(1):25–37, December 2022. doi:10.1038/
s43588-022-00374-2.

[MPGC13] Easwar Magesan, Daniel Puzzuoli, Christopher E. Granade, and David G.
Cory. Modeling quantum noise for efficient testing of fault-tolerant circuits.
Physical Review A, 87(1):012324, January 2013. doi:10.1103/PhysRevA.
87.012324.

[MTAB12] Daniel Manzano, Markus Tiersch, Ali Asadian, and Hans J. Briegel. Quan-
tum transport efficiency and Fourier’s law. Physical Review E, 86(6):061118,
December 2012. doi:10.1103/PhysRevE.86.061118.

[NC10] Michael A. Nielsen and Isaac L. Chuang. Quantum Computation and Quantum
Information. Cambridge University Press, 2010. 10th Anniversary Edition.

[Nit06] Abraham Nitzan. Chemical Dynamics in Condensed Phases: Relaxation, Transfer
and Reactions in Condensed Molecular Systems. Oxford University Press, 2006.

[OLG12] Beatriz Olmos, Igor Lesanovsky, and Juan P. Garrahan. Facilitated spin mod-
els of dissipative quantum glasses. Physical Review Letters, 109(2):020403, July
2012. doi:10.1103/PHYSREVLETT.109.020403/FIGURES/5/MEDIUM.

[PK98] Martin B. Plenio and Peter L. Knight. The quantum-jump approach to dissi-
pative dynamics in quantum optics. Reviews of Modern Physics, 70(1):101–144,
January 1998. doi:10.1103/RevModPhys.70.101.

[Pro11] Tomaz Prosen. Open XXZ spin chain: Nonequilibrium steady state and a
strict bound on ballistic transport. Physical Review Letters, 106(21):217206,
May 2011. doi:10.1103/PhysRevLett.106.217206.

[PW23a] Dhrumil Patel and Mark M. Wilde. Wave matrix Lindbladization I:
Quantum programs for simulating Markovian dynamics. Open Systems
and Information Dynamics, 30(02):2350010, June 2023. doi:10.1142/
s1230161223500105.

79

https://doi.org/10.1038/s43588-022-00374-2
https://doi.org/10.1038/s43588-022-00374-2
https://doi.org/10.1103/PhysRevA.87.012324
https://doi.org/10.1103/PhysRevA.87.012324
https://doi.org/10.1103/PhysRevE.86.061118
https://doi.org/10.1103/PHYSREVLETT.109.020403/FIGURES/5/MEDIUM
https://doi.org/10.1103/RevModPhys.70.101
https://doi.org/10.1103/PhysRevLett.106.217206
https://doi.org/10.1142/s1230161223500105
https://doi.org/10.1142/s1230161223500105


[PW23b] Dhrumil Patel and Mark M. Wilde. Wave matrix lindbladization ii: Gen-
eral lindbladians, linear combinations, and polynomials. Open Systems
and Information Dynamics, 30(03):2350014, September 2023. doi:10.1142/
s1230161223500142.

[RRS16] Florentin Reiter, David Reeb, and Anders S. Sørensen. Scalable dissi-
pative preparation of many-body entanglement. Physical Review Letters,
117(4):040501, July 2016. doi:10.1103/PhysRevLett.117.040501.

[SBH+23] Nishchay Suri, Joseph Barreto, Stuart Hadfield, Nathan Wiebe, Filip Wu-
darski, and Jeffrey Marshall. Two-unitary decomposition algorithm and open
quantum system simulation. Quantum, 7:1002, May 2023. doi:10.22331/
q-2023-05-15-1002.

[SHMS+22] Anthony W. Schlimgen, Kade Head-Marsden, LeeAnn M. Sager, Prineha
Narang, and David A. Mazziotti. Quantum simulation of the Lindblad equa-
tion using a unitary decomposition of operators. Physical Review Research,
4(2):023216, June 2022. doi:10.1103/PhysRevResearch.4.023216.

[SPP+25] Aidan N. Sims, Dhrumil Patel, Aby Philip, Alex H. Rubin, Rahul Bandy-
opadhyay, Marina Radulaski, and Mark M. Wilde. Digital quantum
simulations of the non-resonant open tavis-cummings model, January
2025. arXiv:https://doi.org/10.48550/arXiv.2501.18522, doi:
10.48550/ARXIV.2501.18522.

[VWC09] Frank Verstraete, Michael M. Wolf, and J. Ignacio Cirac. Quantum compu-
tation and quantum-state engineering driven by dissipation. Nature Physics,
5(9):633–636, 2009.

[Wei21] Ulrich Weiss. Quantum Dissipative Systems. World Scientific, 5th edi-
tion, 2021. arXiv:https://www.worldscientific.com/doi/pdf/
10.1142/8334, doi:10.1142/8334.

[Wil17] Mark M. Wilde. Quantum Information Theory. Cambridge University Press,
Cambridge, UK, second edition, 2017. doi:10.1017/9781316809976.

80

https://doi.org/10.1142/s1230161223500142
https://doi.org/10.1142/s1230161223500142
https://doi.org/10.1103/PhysRevLett.117.040501
https://doi.org/10.22331/q-2023-05-15-1002
https://doi.org/10.22331/q-2023-05-15-1002
https://doi.org/10.1103/PhysRevResearch.4.023216
https://arxiv.org/abs/https://doi.org/10.48550/arXiv.2501.18522
https://doi.org/10.48550/ARXIV.2501.18522
https://doi.org/10.48550/ARXIV.2501.18522
https://arxiv.org/abs/https://www.worldscientific.com/doi/pdf/10.1142/8334
https://arxiv.org/abs/https://www.worldscientific.com/doi/pdf/10.1142/8334
https://doi.org/10.1142/8334
https://doi.org/10.1017/9781316809976


APPENDIX

2.A Gate Complexity Analysis for Sampling-based Approach

In this section, we present a detailed analysis of the gate complexity of the sampling-

based WML algorithm (see Section 2.3.1). We write this section as thoroughly and self-

contained as possible, so that one can read this section independently of the main text.

The Lindbladian L, as defined in (2.3.1), can be expressed as

L =

J∑
j=1

c jH j +

K∑
k=1

∥∥∥LAk

∥∥∥2

2
L̂k, (2.A.1)

where

H j(·) B −i [σ j, (·)], L̂k(·) B L̂k(·)L̂
†

k −
1
2
{
L̂†k L̂k, (·)

}
. (2.A.2)

Here

L̂k B L̂Ak ⊗ IAk
, (2.A.3)

where L̂Ak is a normalized operator, that is,
∥∥∥∥L̂Ak

∥∥∥∥
2
= 1. For the purpose of this section

assume that each Lindblad operator Lk acts non-trivially on at most q qubits, with the

identity acting on the remainder of the system. From the definition of Lk in (2.3.3), it

follows that dAk = 2q C Q. We keep q as a parameter in the analysis to maintain generality.

At the end, we substitute q = O(1), since in our setting the Lindblad operators act on only

a constant number of qubits.

Step 1 of the sampling-based WML algorithm is the sampling step where the state

σ j is sampled with probability c j

c (Case 1), the state σ j is sampled with probability (−c j)
c

(Case 2), and the state ψk is sampled with probability ∥
LAk∥

2
2

c (Case 3), where c is defined

in (2.3.6). Step 2 is simply initializing the program register with the sampled state. Note
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that the system register is in the state ρ. Depending on the case, Step 2 can be represented

as the following appending channels, defined for all j ∈ [J] and k ∈ [K]:

(Case 1 and Case 2): P1, j(ρ) B ρ ⊗ σ j (2.A.4)

(Case 3): P2,k(ρ) B ρ ⊗ ψk. (2.A.5)

Step 3 of the algorithm involves applying one of the following three quantum channels

jointly to the system and program registers, also depending on the case:

(Case 1): eN1cτ(ρ ⊗ σ j) (2.A.6)

(Case 2): eN2cτ(ρ ⊗ σ j) (2.A.7)

(Case 3): eMkcτ(ρ ⊗ ψk), (2.A.8)

where τ B t/n,

N1(·) B −i[SWAP, ·] (2.A.9)

N2(·) B i[SWAP, ·] (2.A.10)

Mk(·) B Mk(·)M†

k −
1
2

{
M†

k Mk, ·
}
, (2.A.11)

with the Lindblad operator Mk defined as in (2.3.9). Finally, Step 4 of the algorithm is to

trace out the program register(s), and we repeat all the above-mentioned steps n times.

We represent each iteration of the above algorithm, i.e., Steps 1 to 4, as a quantum

channelA(ideal)
WML,τ, where τ B t/n. This channel is defined as follows:

A
(ideal)
WML,τ B

∑
j:c j>0

c j

c
Trps ◦ eN1cτ ◦ P1, j

+
∑
j:c j<0

(−c j)
c

Trps ◦ eN2cτ ◦ P1, j

+
∑

k

∥∥∥LAk

∥∥∥2

2

c
Trps ◦ eMkcτ ◦ P2,k. (2.A.12)
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Here, the subscript “ps” indicates the program state, and the channel Trps denotes the

partial trace over the program state registers. The above channel form of a single step

of the algorithm implies that the entire algorithm can be expressed as the composition of

this channel n times: (
A

(ideal)
WML,τ

)◦n
. (2.A.13)

Note that we use a superscript “ideal” because we assume that the channels eN1cτ, eN2cτ,

and eMkcτ can be implemented exactly without any errors. However, this assumption is

not practical.

As briefly mentioned before in Section 2.3.1, we aim to implement the Lindbladian

channel eMkcτ using an LCU-based algorithm introduced in [CW17]. Let us represent this

algorithm as a quantum channel Rkcτ. Additionally, we represent this version of the WML

algorithm that employs algorithm Rkcτ as a subroutine for implementing eMkcτ as

(
A

(LCU)
WML,τ

)◦n
, (2.A.14)

where

A
(LCU)
WML,τ B

∑
j:c j>0

c j

c
Trps ◦ eN1cτ ◦ P1, j

+
∑
j:c j<0

(−c j)
c

Trps ◦ eN2cτ ◦ P1, j

+
∑

k

∥∥∥LAk

∥∥∥2

2

c
Trps ◦ Rkcτ ◦ P2,k (2.A.15)

In what follows, we prove Theorem 8 by breaking the analysis into two parts. To make

sense of these two parts, consider the following:

1
2

∥∥∥∥eLt −
(
A

(LCU)
WML

)◦n∥∥∥∥
⋄
=

1
2

∥∥∥∥eLt −
(
A

(ideal)
WML

)◦n
+

(
A

(ideal)
WML

)◦n
−

(
A

(LCU)
WML

)◦n∥∥∥∥
⋄

(2.A.16)

≤
1
2

∥∥∥∥eLt −
(
A

(ideal)
WML

)◦n∥∥∥∥
⋄
+

1
2

∥∥∥∥(A(ideal)
WML

)◦n
−

(
A

(LCU)
WML

)◦n∥∥∥∥
⋄

(2.A.17)
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=
1
2

∥∥∥∥(eLτ)◦n − (
A

(ideal)
WML

)◦n∥∥∥∥
⋄
+

1
2

∥∥∥∥(A(ideal)
WML

)◦n
−

(
A

(LCU)
WML

)◦n∥∥∥∥
⋄

(2.A.18)

≤
n
2

∥∥∥eLτ −A(ideal)
WML

∥∥∥
⋄
+

n
2

∥∥∥A(ideal)
WML −A

(LCU)
WML

∥∥∥
⋄
. (2.A.19)

To achieve a final error of at most ε, we can ensure that each of the two terms on the

right-hand side of the inequality is bounded from above by ε
2 :

n
2

∥∥∥eLτ −A(ideal)
WML

∥∥∥
⋄
≤
ε

2
, (2.A.20)

n
2

∥∥∥A(ideal)
WML −A

(LCU)
WML

∥∥∥
⋄
≤
ε

2
. (2.A.21)

To simplify the subsequent analysis, we divide it into two parts. In the first part, we an-

alyze the initial inequality, which resolves the sample complexity of the algorithm, i.e., n.

In the second part, we analyze the second inequality, which resolves the gate complexity

of the algorithm.

2.A.1 Sample Complexity

Consider the following:

∥∥∥eLτ −A(ideal)
WML

∥∥∥
⋄
=

∥∥∥∥∥∥∥∥∥eLτ −


∑

j:c j>0
c j

c Trps ◦ eN1cτ ◦ P1, j +
∑

j:c j<0
(−c j)

c Trps ◦ eN2cτ ◦ P1, j

+
∑

k
∥LAk∥

2
2

c Trps ◦ eMkcτ ◦ P2,k


∥∥∥∥∥∥∥∥∥
⋄

(2.A.22)

Expanding the second term on the right-hand side of the above equation, we obtain:

∑
j:c j>0

c j

c
Trps ◦ eN1cτ ◦ P1, j

=
∑
j:c j>0

c j

c
Trps ◦

I + cτN1 +

∞∑
r=2

crτr

r!
N r

1

 ◦ P1, j (2.A.23)

=
∑
j:c j>0

c j

c
I +

∑
j:c j>0

c jτTrps ◦ N1 ◦ P1, j +
∑
j:c j>0

∞∑
r=2

c jcr−1τr

r!
Trps ◦ N

r
1 ◦ P1, j (2.A.24)
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=
∑
j:c j>0

c j

c
I +

∑
j:c j>0

c jτH j +
∑
j:c j>0

∞∑
r=2

c jcr−1τr

r!
Trps ◦ N

r
1 ◦ P1, j. (2.A.25)

The second equality there follows from the fact that, for all j ∈ [J], we have Trps ◦ N1 ◦

P1, j = H j. For a visual proof of this identity, see the tensor-network diagrams in Figure 7

of [PW23a].

Similarly, we obtain the following expression for the third term:

∑
j:c j<0

(−c j)
c

Trps ◦ eN2cτ ◦P1, j =
∑
j:c j<0

(−c j)
c
I+

∑
j:c j<0

(−c j)τH j+
∑
j:c j<0

∞∑
r=2

(−c j)cr−1τr

r!
Trps ◦ N

r
2 ◦P1, j,

(2.A.26)

and the following expression for the fourth term:

∑
k

∥∥∥LAk

∥∥∥2

2

c
Trps ◦ eMkcτ◦P2,k =

∑
k

∥∥∥LAk

∥∥∥2

2

c
I+

∑
k

∥∥∥LAk

∥∥∥2

2
τLk+

∑
k

∞∑
r=2

∥∥∥LAk

∥∥∥2

2
cr−1τr

r!
Trps ◦M

r
k◦P2,k.

(2.A.27)

To obtain the expression for the third term, we use the fact that for all j ∈ [J], Trps ◦ N2 ◦

P1, j = H j. A visual proof of this equality can be found in the tensor-network diagrams in

Figure 7 of [PW23a]. Similarly, to obtain the expression for the fourth term, we use that

for every k ∈ [K], Trps ◦ Mk ◦ P2,k = L̂k, with the corresponding tensor-network diagrams

provided in Figures 3, 5, and 6 of [PW23a].

Combining (2.A.25), (2.A.26), and (2.A.27) and rearranging, we get
∑
j:c j>0

c j

c
+

∑
j:c j<0

(−c j)
c
+

∑
k

∥∥∥LAk

∥∥∥2

2

c︸                                       ︷︷                                       ︸
=1

I + τ

∑
j:c j>0

c jH j +
∑
j:c j<0

(−c j)H j +
∑

k

∥∥∥LAk

∥∥∥2

2
L̂k︸                                                 ︷︷                                                 ︸

=L


+

∑
j:c j>0

∞∑
r=2

c jcr−1τr

r!
Trps ◦ N

r
1 ◦ P1, j +

∑
j:c j<0

∞∑
r=2

(−c j)cr−1τr

r!
Trps ◦ N

r
2 ◦ P1, j

+
∑

k

∞∑
r=2

∥∥∥LAk

∥∥∥2

2
cr−1τr

r!
Trps ◦ M

r
k ◦ P2,k (2.A.28)
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= I + τL +
∑
j:c j>0

∞∑
r=2

c jcr−1τr

r!
Trps ◦ N

r
1 ◦ P1, j +

∑
j:c j<0

∞∑
r=2

(−c j)cr−1τr

r!
Trps ◦ N

r
2 ◦ P1, j

+
∑

k

∞∑
r=2

∥∥∥LAk

∥∥∥2

2
cr−1τr

r!
Trps ◦ M

r
k ◦ P2,k. (2.A.29)

By substituting the right-hand side of the above equation into (2.A.22) and expanding the

term eLτ using its Taylor series, the first two terms of the Taylor series get canceled. As a

result, we get the following:

∥∥∥eLτ −A(ideal)
WML

∥∥∥
⋄

=

∥∥∥∥∥∥∥∥∥
∞∑

r=2

τr

r!
Lr −


∑

j:c j>0
∑∞

r=2
c jcr−1τr

r! Trps ◦ N
r
1 ◦ P1, j +

∑
j:c j<0

∑∞
r=2

(−c j)cr−1τr

r! Trps ◦ N
r
2 ◦ P1, j

+
∑

k
∑∞

r=2
∥LAk∥

2
2cr−1τr

r! Trps ◦ M
r
k ◦ P2,k


∥∥∥∥∥∥∥∥∥
⋄

(2.A.30)

≤

∞∑
r=2

τr

r!
∥Lr∥⋄ +

∑
j:c j>0

∞∑
r=2

c jcr−1τr

r!

∥∥∥Trps ◦ N
r
1 ◦ P1, j

∥∥∥
⋄
+

∑
j:c j<0

∞∑
r=2

(−c j)cr−1τr

r!

∥∥∥Trps ◦ N
r
2 ◦ P1, j

∥∥∥
⋄

+
∑

k

∞∑
r=2

∥∥∥LAk

∥∥∥2

2
cr−1τr

r!

∥∥∥Trps ◦ M
r
k ◦ P2,k

∥∥∥
⋄

(2.A.31)

≤

∞∑
r=2

τr

r!
∥Lr∥⋄ +

∑
j:c j>0

∞∑
r=2

c jcr−1τr

r!

∥∥∥N r
1

∥∥∥
⋄
+

∑
j:c j<0

∞∑
r=2

(−c j)cr−1τr

r!

∥∥∥N r
2

∥∥∥
⋄

+
∑

k

∞∑
r=2

∥∥∥LAk

∥∥∥2

2
cr−1τr

r!

∥∥∥Mr
k

∥∥∥
⋄

(2.A.32)

≤

∞∑
r=2

τr

r!
∥L∥

r
⋄ +

∑
j:c j>0

∞∑
r=2

c jcr−1τr

r!
∥N1∥

r
⋄ +

∑
j:c j<0

∞∑
r=2

(−c j)cr−1τr

r!
∥N2∥

r
⋄

+
∑

k

∞∑
r=2

∥∥∥LAk

∥∥∥2

2
cr−1τr

r!
∥Mk∥

r
⋄ . (2.A.33)

The first inequality follows from the triangle inequality. The second inequality follows

from the following two facts: The diamond norm is submultiplicative under composition

of maps, i.e., for maps Q and R, it holds that ∥Q ◦ R∥⋄ ≤ ∥Q∥⋄ ∥R∥⋄, and 2) the diamond

norm for a quantum channel is equal to one, i.e., for a quantum channel Q, it holds that
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∥Q∥⋄ = 1. Finally, the third inequality also follows from the submultiplicativity of the

diamond norm under composition of maps.

Now, consider the following:

∥L∥⋄ =

∥∥∥∥∥∥∥∥
∑
j:c j>0

c jH j +
∑
j:c j<0

(−c j)H j +
∑

k

∥∥∥LAk

∥∥∥2

2
L̂k

∥∥∥∥∥∥∥∥
⋄

(2.A.34)

≤
∑
j:c j>0

c j

∥∥∥H j

∥∥∥
⋄
+

∑
j:c j<0

(−c j)
∥∥∥H j

∥∥∥
⋄
+

∑
k

∥∥∥LAk

∥∥∥2

2

∥∥∥∥L̂k

∥∥∥∥
⋄

(2.A.35)

≤
∑
j:c j>0

c j(2) +
∑
j:c j<0

(−c j)(2) +
∑

k

∥∥∥LAk

∥∥∥2

2
(2) (2.A.36)

= 2

 ∑
j:c j>0

c j +
∑
j:c j<0

(−c j) +
∑

k

∥∥∥LAk

∥∥∥2

2

 (2.A.37)

= 2c. (2.A.38)

The first inequality follows from the triangle inequality. The second inequality holds due

to the following:

∥∥∥H j

∥∥∥
⋄
= sup

ω

∥∥∥H j(ω)
∥∥∥

1
= sup

ω

∥∥∥(−i)[σ j, ω]
∥∥∥

1
≤ 2, (2.A.39)∥∥∥∥L̂k(·)

∥∥∥∥
⋄
= sup

ω

∥∥∥∥L̂k(ω)
∥∥∥∥

1
= sup

ω

∥∥∥∥∥L̂kωL̂†k −
1
2

{
L̂†k L̂k, ω

}∥∥∥∥∥
1
≤ 2, (2.A.40)

where recall that L̂k = Lk/
∥∥∥LAk

∥∥∥2

2
.

Now, similar to bounding ∥L∥⋄, we bound ∥N1∥⋄, ∥N2∥⋄, and ∥Mk∥⋄ from above:

∥N1∥⋄ = sup
ω

∥N1(ω)∥1 = sup
ω

∥(−i)[SWAP, ω]∥1 (2.A.41)

= sup
ω

∥(SWAPω − ω SWAP)∥1 ≤ 2 ∥SWAP∥ ≤ 2, (2.A.42)

∥N2∥⋄ = sup
ω

∥N1(ω)∥1 = sup
ω

∥(−i)[-SWAP, ω]∥1 (2.A.43)

= sup
ω

∥(SWAPω − ω SWAP)∥1 ≤ 2 ∥SWAP∥ ≤ 2, (2.A.44)
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∥Mk∥⋄ = sup
ω

∥Mk(ω)∥1 = sup
ω

∥∥∥∥∥MkωM†

k −
1
2
{M†

k Mk, ω}

∥∥∥∥∥
1

(2.A.45)

≤ 2 ∥Mk∥
2
≤ 2Q. (2.A.46)

Here, the last inequality follows directly from the definition of Mk in (2.3.9) and the fact

that dAk = Q for all k ∈ [K], as noted at the beginning of this appendix.

Using the bounds (2.A.38), (2.A.42), (2.A.44), and (2.A.46) in (2.A.33), we get

∥∥∥eLτ −A(ideal)
WML

∥∥∥
⋄

≤

∞∑
r=2

τr

r!
(2c)r +

∑
j:c j>0

∞∑
r=2

c jcr−1τr

r!
2r +

∑
j:c j<0

∞∑
r=2

(−c j)cr−1τr

r!
2r +

∑
k

∞∑
r=2

∥∥∥LAk

∥∥∥2

2
cr−1τr

r!
(2Q)r

(2.A.47)

≤

∞∑
r=2

(2cτ)r

r!
+

∑
j:c j>0

∞∑
r=2

c jcr−1(2τ)r

r!
+

∑
j:c j<0

∞∑
r=2

(−c j)cr−1(2τ)r

r!
+

∑
k

∞∑
r=2

∥∥∥LAk

∥∥∥2

2
cr−1(2τ)r

r!
(1 + Qr − 1)

(2.A.48)

=

∞∑
r=2

(2cτ)r

r!
+

∞∑
r=2

cr−1(2τ)r

r!


∑
j:c j>0

c j +
∑
j:c j<0

(−c j) +
∑

k

∥∥∥LAk

∥∥∥2

2︸                                    ︷︷                                    ︸
=c

 +
∑

k

∞∑
r=2

∥∥∥LAk

∥∥∥2

2
cr−1(2τ)r

r!
(Qr − 1)

(2.A.49)

=

∞∑
r=2

(2cτ)r

r!
+

∞∑
r=2

(2cτ)r

r!
+

∑
k

∞∑
r=2

∥∥∥LAk

∥∥∥2

2
cr−1(2τ)r

r!
(Qr − 1) (2.A.50)

= 2
∞∑

r=2

(2cτ)r

r!
+

∑
k

∞∑
r=2

∥∥∥LAk

∥∥∥2

2
cr−1(2τ)r

r!
(Qr − 1) (2.A.51)

≤ 2
∞∑

r=2

(2cτ)r

r!
+

∞∑
r=2

c · cr−1(2τ)r

r!
Qr (2.A.52)

≤ 2
∞∑

r=2

(2cτ)r

r!
+

∞∑
r=2

(2cQτ)r

r!
. (2.A.53)

The third inequality follows from the fact that
∑

k

∥∥∥LAk

∥∥∥2

2
≤ c and Qr − 1 ≤ Qr. Now, sub-
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stituting τ = t
n in the above inequality and dividing by two on both sides for normalizing

the diamond distance, we get

1
2

∥∥∥eLτ −A(ideal)
WML

∥∥∥
⋄
≤

∞∑
r=2

1
r!

(
2ct
n

)r

+
1
2

∞∑
r=2

1
r!

(
2cQt

n

)r

. (2.A.54)

To bound the right-hand side of the inequality from above for n ≥ 2cQt, we utilize the fact

that for all 0 ≤ x ≤ 1,
∑∞

r=2
xr

r! ≤ x2:

1
2

∥∥∥eLτ −A(ideal)
WML

∥∥∥
⋄
≤

(2ct)2

n2 +
1
2

(2cQt)2

n2 (2.A.55)

≤
4(cQt)2

n2 , (2.A.56)

where the last inequality follows due to the fact that Q ≥ 2.

Now, we use the above inequality to further bound the first term of (2.A.19) from

above:

n ·
1
2

∥∥∥eLτ −A(ideal)
WML

∥∥∥
⋄
≤ n ·

4(cQt)2

n2 =
4(cQt)2

n
. (2.A.57)

If we want the final error to be less than ε
2 , then we need

n ≥
8(cQt)2

ε
= O

(
c2t2

ε

)
, (2.A.58)

where we use that fact that Q = 2q = 2O(1) = O(1). This resolves the sample complexity of

the WML algorithm.

2.A.2 Gate Complexity

Substituting (2.A.15) and (2.A.12) into (2.A.19), the first two terms of (2.A.15) and (2.A.12)

cancel out, leaving us with the following expression:

n
2

∥∥∥A(ideal)
WML −A

(LCU)
WML

∥∥∥
⋄
=

n
2

∥∥∥∥∥∥∥∥
∑

k

∥∥∥LAk

∥∥∥2

2

c
Tr23 ◦ eMkcτ ◦ P2,k −

∑
k

∥∥∥LAk

∥∥∥2

2

c
Tr23 ◦ Rkcτ ◦ P2,k

∥∥∥∥∥∥∥∥
⋄

(2.A.59)
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≤
n
2

∑
k

∥∥∥LAk

∥∥∥2

2

c

∥∥∥Tr23 ◦ eMkcτ ◦ P2,k − Tr23 ◦ Rkcτ ◦ P2,k

∥∥∥
⋄

(2.A.60)

≤
n
2

max
k

∥∥∥Tr23 ◦ eMkcτ ◦ P2,k − Tr23 ◦ Rkcτ ◦ P2,k

∥∥∥
⋄

(2.A.61)

≤
n
2

max
k

∥∥∥∥Tr23 ◦
(
eMkcτ − Rkcτ

)
◦ P2,k

∥∥∥∥
⋄

(2.A.62)

≤
n
2

max
k

∥∥∥eMkcτ − Rkcτ

∥∥∥
⋄
, (2.A.63)

where the first inequality follows from the triangle inequality, the second inequality fol-

lows due to the following fact: ∑
k

∥∥∥LAk

∥∥∥2

2

c
≤ 1, (2.A.64)

and the last inequality follows from the following two facts: The diamond norm is

submultiplicative under composition of maps, i.e., for all maps Q and R, it holds that

∥Q ◦ R∥⋄ ≤ ∥Q∥⋄ ∥R∥⋄, and 2) the diamond norm for a quantum channel is equal to one,

i.e., for all quantum channels Q, it holds that ∥Q∥⋄ = 1. Now, if we want the final error

in (2.A.63) to be at most ε
2 , then it suffices to have the following:

max
k

1
2

∥∥∥eMkcτ − Rkcτ

∥∥∥
⋄
≤

ε

2n
. (2.A.65)

Recall that Rkcτ is an LCU-based quantum algorithm proposed in [CW17] for simulat-

ing Lindbladian channels. In our case, the channel of interest is eMkcτ. The algorithm Rkcτ

assumes an input model where the Lindblad operators are expressed as linear combina-

tions of Pauli strings. Therefore, before applying the algorithm, we need to first express

the Lindblad operators of the LindbladianMk into this required form, which we have in

Appendix 2.B.

Observe that there are 16 terms in (2.B.8). This implies that there are 16q or 24q terms in

the linear-combination expression for Mk. This resolves the number of terms in the linear

combination expression of Mk.
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Additionally, note that a coefficient αi,k in the linear-combination expression for Mk is

either +1/2q/2 or −1/2q/2, which is clear to see from (2.B.5) and (2.B.8). Using this fact, we

resolve the quantity ∥Mk∥Pauli in the following way:

∥Mk∥Pauli B

24q−1∑
i=0

αi,k


2

≤

24q−1∑
i=0

1
2q/2


2

(2.A.66)

=

(
1

2q/2 24q

)2

= 27q. (2.A.67)

Using the development above together with Theorem 1 of [CW17], the gate complexity

G of the subroutine Rkcτ, which implements the channel eMkcτ within error ε/n in diamond

distance, is

G = O
(
215qcτ

(
log(215qncτ/ε) + q

)
log(ncτ/ε)

log log(ncτ/ε)

)
. (2.A.68)

Since q = O(1) and cτ ≤ 1, this expression simplifies to

G = O
(

log2(n/ε)
log log(n/ε)

)
= O

(
log2(ct/ε)

log log(ct/ε)

)
. (2.A.69)

On the other hand, from [KLL+17] it follows that the unitary channel eN jcτ can be im-

plemented with O(log d) one- and two-qubit gates. Combining these two bounds, the total

gate complexity of the full algorithm is

n ·max
{

log d,
log2(ct/ε)

log log(ct/ε)

}
= O

(
c2t2

ε
·max

{
log d,

log2(ct/ε)
log log(ct/ε)

})
. (2.A.70)

This establishes the gate complexity of the sampling-based WML algorithm as stated in

Theorem 8, thereby completing the proof.

2.B Decomposition of the Lindblad Operator Mk

In this appendix, we present a decomposition of the Lindblad operator Mk, defined

in (2.3.9), as a linear combination of unitaries. The construction holds for every k ∈ [K],
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and to simplify notation we suppress the index and write M, A, P,Q; the dependence on k

is implicit throughout.

We now introduce the notation used below. Let A denote the register of the subsystem

consisting of q qubits and Ā denote the complement of A, that is, the register consisting

of the rest of the (log d − q) qubits. Let P and Q jointly denote the program registers, each

consisting of q qubits. As stated previously in (2.3.8), the LindbladianM acts jointly on

the system and program registers and consists of a single Lindblad operator M, given by

M =
1

2q/2

(
IA ⊗ |Γ⟩⟨Γ|PQ

)(
SWAPAP ⊗IQ

)
. (2.B.1)

Note that here the action of the identity on Ā is implicit. Now observe that the multi-qubit

operators IA, |Γ⟩⟨Γ|PQ, and SWAPAP decompose as tensor products over single- or two-qubit

factors:

IA = IA1 ⊗ IA2 ⊗ · · · ⊗ IAq , (2.B.2)

|Γ⟩⟨Γ|PQ = |Γ⟩⟨Γ|P1Q1 ⊗ |Γ⟩⟨Γ|P2Q2 ⊗ · · · ⊗ |Γ⟩⟨Γ|PqQq , (2.B.3)

SWAPAP = SWAPA1P1 ⊗ SWAPA2P2 ⊗ · · · ⊗ SWAPAqPq , (2.B.4)

where {Ai}i∈[q], {Pi}i∈[q], and {Qi}i∈[q] are single-qubit registers and A B A1 ⊗ · · · ⊗ Aq, P B

P1 ⊗ · · · ⊗ Pq, and Q B Q1 ⊗ · · · ⊗ Qq. Using these equalities, we decompose M as

M =
1

21/2

(
IA1 ⊗ |Γ⟩⟨Γ|P1Q1

)(
SWAPA1P1 ⊗IQ1

)︸                                            ︷︷                                            ︸
CM1

⊗
1

21/2

(
IA2 ⊗ |Γ⟩⟨Γ|P2Q2

)(
SWAPA2P2 ⊗IQ2

)︸                                            ︷︷                                            ︸
CM2

⊗ · · ·

⊗
1

21/2

(
IAq ⊗ |Γ⟩⟨Γ|PqQq

)(
SWAPAqPq ⊗IQq

)
︸                                            ︷︷                                            ︸

CMq

= M1 ⊗ M2 ⊗ · · · ⊗ Mq. (2.B.5)

It is straightforward to see that a linear-combination-of-unitaries (LCU) expression for

M follows once we obtain such an expression for each Mi. For all i ∈ [q], the two-qubit
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operators SWAPAiPi and |Γ⟩⟨Γ|PiQi admit Pauli expansions:

SWAPAiPi =
1
2

(
IAi⊗ IPi + XAi⊗ XPi + YAi⊗ YPi + ZAi⊗ ZPi

)
, (2.B.6)

|Γ⟩⟨Γ|PiQi =
1
2

(
IPi⊗ IQi + XPi⊗ XQi − YPi⊗ YQi + ZPi⊗ ZQi

)
. (2.B.7)

Suppressing system labels for readability, each Mi can then be written as

Mi =
1

4 · 21/2

(
I ⊗ I ⊗ I + X ⊗ X ⊗ I + Y ⊗ Y ⊗ I + Z ⊗ Z ⊗ I

+ I ⊗ X ⊗ X + X ⊗ I ⊗ X + Y ⊗ iZ ⊗ X − Z ⊗ iY ⊗ X

− I ⊗ Y ⊗ Y + X ⊗ iZ ⊗ Y − Y ⊗ I ⊗ Y − Z ⊗ iX ⊗ Y

+ I ⊗ Z ⊗ Z + X ⊗ iY ⊗ Z − Y ⊗ iX ⊗ Z + Z ⊗ I ⊗ Z
)
. (2.B.8)

There are 16 terms in the above linear combination for each Mi, and hence M =

M1 ⊗ · · · ⊗ Mq expands into 16 q = 24q terms.

2.C Error Analysis for Trotter-like Approach

In this section, we analyze the error of the Trotter-like WML approach introduced in

Section 2.3.1, thereby establishing Theorem 9. We begin by introducing the definitions

and notations that will be used throughout the analysis. We present the analysis in a

self-contained manner and thus can be read independently of the error analysis of the

sampling-based WML algorithm presented in Appendix 2.A.

The Lindbladian L, as defined in (2.3.1), can be expressed as

L =

J∑
j=1

H j +

K∑
k=1

Lk, (2.C.1)
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where

H j(·) B −i [c jσ j, (·)], Lk(·) B Lk(·)L
†

k −
1
2
{
L†k Lk, (·)

}
. (2.C.2)

Each Lindblad operator Lk acts non-trivially on at most q qubits, with the identity acting

on the remainder of the system. From the definition of Lk in (2.3.3), it follows that dAk =

2q C Q. We keep q as a parameter in the analysis to maintain generality. At the end,

we substitute q = O(1), since in our setting the Lindblad operators act on only a constant

number of qubits. Our goal is to evaluate how accurately the Trotter-like WML algorithm

approximates the target quantum channel eLt.

Consider the following appending quantum channels:

P1, j(ρ) B ρ ⊗ σ j, P2,k(ρ) B ρ ⊗ ψk. (2.C.3)

Note that in each iteration of the Trotter-like WML algorithm, we either apply eN j∆
′
j or

eMk∆k channel to the joint system and program registers, where

N j(·) B −i
[
sgn(c j) SWAP, (·)

]
(2.C.4)

Mk(·) B Mk(·)M†

k −
1
2

{
M†

k Mk, ·
}
, (2.C.5)

where the Lindblad operator Mk is defined in (2.3.9).

With the above notions in place, we can now express the Trotter-like WML algorithm

in its quantum channel form, denoted by TWML:

TWML B

[  K∏
k=1

Trps ◦ eMk∆k ◦ P2,k

 ◦
 J∏

j=1

Trps ◦ eN j∆
′
j ◦ P1, j


◦

 1∏
j=J

Trps ◦ eN j∆
′
j ◦ P1, j

 ◦
 1∏

k=K

Trps ◦ eMk∆k ◦ P2,k

 ]◦n. (2.C.6)

That being said, we now proceed to the error analysis. We begin by considering

1
2

∥∥∥eLt − TWML

∥∥∥
⋄
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=
1
2

∥∥∥∥∥∥eLt −

[  K∏
k=1

eLkt/2n

 ◦
 J∏

j=1

eH jt/2n

 ◦
 1∏

j=J

eH jt/2n

 ◦
 1∏

k=K

eLkt/2n

 ]◦n

+

[  K∏
k=1

eLkt/2n

 ◦
 J∏

j=1

eH jt/2n

 ◦
 1∏

j=J

eH jt/2n

 ◦
 1∏

k=K

eLkt/2n

 ]◦n − TWML

∥∥∥∥∥∥
⋄

≤
1
2

∥∥∥∥∥∥∥eLt −

[  K∏
k=1

eLkt/2n

 ◦
 J∏

j=1

eH jt/2n

 ◦
 1∏

j=J

eH jt/2n

 ◦
 1∏

k=K

eLkt/2n

 ]◦n
∥∥∥∥∥∥∥
⋄

+
1
2

∥∥∥∥∥∥
[  K∏

k=1

eLkt/2n

 ◦
 J∏

j=1

eH jt/2n

 ◦
 1∏

j=J

eH jt/2n

 ◦
 1∏

k=K

eLkt/2n

 ]◦n − TWML

∥∥∥∥∥∥
⋄

, (2.C.7)

where the inequality follows directly from the triangle inequality.

To bound the first term on the right-hand side of (2.C.7), we invoke Proposition 2

of [CL17], specifically Eq. (36) in its proof. This yields

1
2

∥∥∥∥∥∥∥eLt −

[  K∏
k=1

eLkt/2n

 ◦
 J∏

j=1

eH jt/2n

 ◦
 1∏

j=J

eH jt/2n

 ◦
 1∏

k=K

eLkt/2n

 ]◦n
∥∥∥∥∥∥∥
⋄

≤
1
2
·

16(J + K)3L3t3

n2 , (2.C.8)

where

L B max
j,k

{∥∥∥H j

∥∥∥
⋄
,
∥∥∥Lk

∥∥∥
⋄

}
. (2.C.9)

If we instead want to express this bound in terms of ∥L∥max (see definition in (2.3.15)), we

can use the inequality L ≤ 2 ∥L∥max. Substituting this inequality gives

1
2

∥∥∥∥∥∥∥eLt −

[  K∏
k=1

eLkt/2n

 ◦
 J∏

j=1

eH jt/2n

 ◦
 1∏

j=J

eH jt/2n

 ◦
 1∏

k=K

eLkt/2n

 ]◦n
∥∥∥∥∥∥∥
⋄

≤
64(J + K)3 ∥L∥

3
max t3

n2 . (2.C.10)

We now turn to the second term on the right-hand side of (2.C.7). By substituting the

definition of TWML from (2.C.6) into this term, and then applying the subadditivity of the
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diamond distance under composition of channels, we obtain

1
2

∥∥∥∥∥∥
[  K∏

k=1

eLkt/2n

 ◦
 J∏

j=1

eH jt/2n

 ◦
 1∏

j=J

eH jt/2n

 ◦
 1∏

k=K

eLkt/2n

 ]◦n − TWML

∥∥∥∥∥∥
⋄

≤ n
( J∑

j=1

∥∥∥∥eH jt/2n − Trps ◦e
N j∆

′
j ◦ P1, j

∥∥∥∥
⋄
+

K∑
k=1

∥∥∥∥eLkt/2n − Trps ◦eMk∆k ◦ P2,k

∥∥∥∥
⋄

)
. (2.C.11)

We now bound both the terms from above one by one:

∥∥∥eH jt/2n − Trps ◦ eN j∆
′
j ◦ P1, j

∥∥∥
⋄

=

∥∥∥∥∥∥∥I + t
2n
H j +

∞∑
r=2

tr

r!(2n)rH
r
j − Trps ◦

I + ∆′jN j +

∞∑
r=2

(∆′j)
r

r!
N r

j

 ◦ P1, j

∥∥∥∥∥∥∥
⋄

(2.C.12)

=

∥∥∥∥∥∥∥I + t
2n
H j +

∞∑
r=2

tr

r!(2n)rH
r
j −

I + ∆′j Trps ◦ N j ◦ P1, j +

∞∑
r=2

(∆′j)
r

r!
Trps ◦ N

r
j ◦ P1, j


∥∥∥∥∥∥∥
⋄

(2.C.13)

=

∥∥∥∥∥∥∥I + t
2n
H j +

∞∑
r=2

tr

r!(2n)rH
r
j −

I +
∣∣∣c j

∣∣∣ t
2n
·
H j∣∣∣c j

∣∣∣ +
∞∑

r=2

∣∣∣c j

∣∣∣r tr

r!(2n)r Trps ◦ N
r
j ◦ P1, j


∥∥∥∥∥∥∥
⋄

(2.C.14)

=

∥∥∥∥∥∥∥
∞∑

r=2

tr

r!(2n)rH
r
j −

∞∑
r=2

∣∣∣c j

∣∣∣r tr

r!(2n)r Trps ◦ N
r
j ◦ P1, j

∥∥∥∥∥∥∥
⋄

(2.C.15)

≤

∞∑
r=2

tr

r!(2n)r

(∥∥∥H j

∥∥∥r

⋄
+

∣∣∣c j

∣∣∣r ∥∥∥Trps

∥∥∥
⋄

∥∥∥N j

∥∥∥r

⋄

∥∥∥P1, j

∥∥∥
⋄

)
(2.C.16)

≤

∞∑
r=2

tr

r!(2n)r

(
2r

∣∣∣c j

∣∣∣r + ∣∣∣c j

∣∣∣r · 1 · 2r · 1
)

(2.C.17)

= 2
∞∑

r=2

tr
∣∣∣c j

∣∣∣r
r!nr (2.C.18)

≤ 2
∞∑

r=2

tr ∥L∥
r
max

r!nr (2.C.19)

≤
3 ∥L∥2max t2

2n2 . (2.C.20)

The third equality follows directly from the fact that for all j ∈ [J], we have Trps ◦N j◦P1, j =

H j

|c j|
(see the tensor-network diagrams in Figure 7 of [PW23a] for a visual representation of
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this equality) and also using the fact that ∆′j =
|c j|t
2n . Then the first inequality follows by

first using the triangle inequality and then using the submultiplicativity property of the

diamond norm under composition. The second inequality follows due to the following:

∥∥∥H j

∥∥∥
⋄
= sup

ω

∥∥∥H j(ω)
∥∥∥

1
= sup

ω

∥∥∥(−i)c j[σ j, ω]
∥∥∥

1
≤ 2

∣∣∣c j

∣∣∣ (2.C.21)

∥N1∥⋄ = sup
ω

∥N1(ω)∥1 = sup
ω

∥(−i)[SWAP, ω]∥1 (2.C.22)

= sup
ω

∥(SWAPω − ω SWAP)∥1 ≤ 2 ∥SWAP∥ ≤ 2, (2.C.23)

where the optimization is over the set of density operators of appropriate dimension.

Then the third inequality follows from the definition of ∥L∥max (see (2.3.15)). The fourth

inequality follows from the exponential tail bound, which is that for all x ∈ [0, 1], we have∑∞
r=2

xr

r! ≤
3
4 x2. For our case, we can use this tail bound for n ≥ t ∥L∥max, which as we will

see later is automatically true for our case.

Next, consider that

∥∥∥eLkt/2n − Trps ◦ eMk∆k ◦ P2,k

∥∥∥
⋄

=

∥∥∥∥∥∥∥I + t
2n
Lk +

∞∑
r=2

tr

r!(2n)rL
r
k − Trps ◦

I + ∆kMk +

∞∑
r=2

∆r
k

r!
Mr

k

 ◦ P2,k

∥∥∥∥∥∥∥
⋄

(2.C.24)

=

∥∥∥∥∥∥∥I + t
2n
Lk +

∞∑
r=2

tr

r!(2n)rL
r
k −

I + ∆k Trps ◦ Mk ◦ P2,k +

∞∑
r=2

∆r
k

r!
Trps ◦ M

r
k ◦ P2,k


∥∥∥∥∥∥∥
⋄

(2.C.25)

=

∥∥∥∥∥∥∥∥I + t
2n
Lk +

∞∑
r=2

tr

r!(2n)rL
r
k −

I +
∥∥∥LAk

∥∥∥2

2
t

2n
·
Lk∥∥∥LAk

∥∥∥2

2

+

∞∑
r=2

∥∥∥LAk

∥∥∥2r

2
tr

r!(2n)r Trps ◦ M
r
k ◦ P2,k


∥∥∥∥∥∥∥∥
⋄

(2.C.26)

=

∥∥∥∥∥∥∥∥
∞∑

r=2

tr

r!(2n)rL
r
k −

∞∑
r=2

∥∥∥LAk

∥∥∥2r

2
tr

r!(2n)r Trps ◦ M
r
k ◦ P2,k

∥∥∥∥∥∥∥∥
⋄

(2.C.27)

≤

∞∑
r=2

tr

r!(2n)r

(
∥Lk∥

r
⋄ +

∥∥∥LAk

∥∥∥2r

2

∥∥∥Trps

∥∥∥
⋄
∥Mk∥

r
⋄

∥∥∥P2,k

∥∥∥
⋄

)
(2.C.28)
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≤

∞∑
r=2

tr

r!(2n)r

(
2r

∥∥∥LAk

∥∥∥2r

2
+

∥∥∥LAk

∥∥∥2r

2
· 1 · 2(q+1)r · 1

)
(2.C.29)

≤ 2
∞∑

r=2

tr
∥∥∥LAk

∥∥∥2r

2
2qr

r!nr (2.C.30)

≤ 2
∞∑

r=2

tr ∥L∥
r
max 2qr

r!nr (2.C.31)

≤
3
2
·

22q ∥L∥
2
max t2

n2 . (2.C.32)

The third equality follows directly from the fact that for all k ∈ [K], we have Trps ◦ Mk ◦

P2,k = Lk/
∥∥∥LAk

∥∥∥2
2 (see the tensor-network diagrams in Figures 3, 5, and 6 of [PW23a] for a

visual representation of this equality) and also using the fact that ∆k =
∥∥∥LAk

∥∥∥2
2 t/2n. The second

inequality follows due to the following:

∥Lk∥⋄ = sup
ω

∥Lk(ω)∥1 = sup
ω

∥∥∥∥∥LkωL†k −
1
2

{
L†k Lk, ω

}∥∥∥∥∥
1
≤ 2 ∥Lk∥

2
≤ 2

∥∥∥LAk

∥∥∥2

2
(2.C.33)

∥Mk∥⋄ = sup
ω

∥Mk(ω)∥1 = sup
ω

∥∥∥∥∥MωM† −
1
2
{M†M, ω}

∥∥∥∥∥
1

(2.C.34)

≤ 2 ∥M∥2 ≤ 2q+1. (2.C.35)

Then the third inequality follows from the definition of ∥L∥max (see (2.3.15)). The fourth

inequality follows from the exponential tail bound, which is that for all x ∈ [0, 1], we have∑∞
r=2

xr

r! ≤
3
4 x2. For our case, we can use this tail bound for n ≥ 2qt ∥L∥max, which as we will

see later is automatically true for our case.

Now using the bounds in (2.C.20) and (2.C.32), in (2.C.11), we obtain

1
2

∥∥∥∥∥∥∥

 K∏

k=1

eLkt/2n

 ◦
 J∏

j=1

eH jt/2n

 ◦
 1∏

j=J

eH jt/2n

 ◦
 1∏

k=K

eLkt/2n



◦n

− TWML

∥∥∥∥∥∥∥
⋄

≤ n

 J∑
j=1

3 ∥L∥2max t2

2n2 +

K∑
k=1

3
2
·

22q ∥L∥
2
max t2

n2

 (2.C.36)

≤
3(J + K)22q−1 ∥L∥

2
max t2

n
. (2.C.37)
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This concludes the bound on the second term of (2.C.7). With this along with the

bound on the first term, as given in (2.C.10), we can finally bound (2.C.7) from above:

1
2

∥∥∥eLt − TWML

∥∥∥
⋄
≤

64(J + K)3 ∥L∥
3
max t3

n2 +
3(J + K)22q−1 ∥L∥

2
max t2

n
. (2.C.38)

If the desired final error is ε, then if we take

n ≥ 8
√

2 ·
22q(J + K)3/2 ∥L∥

2
max t2

ε
, (2.C.39)

we attain the desired error. Asymptotically, since q = O(1), we have

n = O
(
(J + K)3/2 ∥L∥

2
max t2

ε

)
(2.C.40)

This concludes the proof of Theorem 9.

2.D Lemma 19 Statement and Proof

For the purposes of our development in this appendix, we suppose that the system of

interest is labeled by 0, and the program systems are labeled by 1, . . . , 2D, with system

1 entangled with D, system 2 entangled with D + 1, . . . , and system D entangled with

2D. We also employ the shorthand Γm,n ≡ |Γ⟩⟨Γ|m,n throughout to denote the maximally

entangled vector for systems m and n.

Lemma 19 For

M B
1

dD/2

I0 ⊗

D⊗
ℓ=1

|Γ⟩⟨Γ|ℓ,D+ℓ

 (CYCSWAP0,1,...,D ⊗ID+1,...,2D
)
, (2.D.1)

the following equalities hold:
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Tr1,...,2D

[
M†M

(
ρ0 ⊗ L1Γ1,D+1L′1 ⊗ L2Γ2,D+2L′2 ⊗ · · · ⊗ LDΓD,2DL′D

)]
=

(
L′DL′D−1 · · · L

′
3L′2L′1L1L2L3 · · · LD−1LDρ

)
0 , (2.D.2)

Tr1,...,2D

[(
ρ0 ⊗ L1Γ1,D+1L′1 ⊗ L2Γ2,D+2L′2 ⊗ · · · ⊗ LDΓD,2DL′D

)
M†M

]
=

(
ρL′DL′D−1 · · · L

′
3L′2L′1L1L2L3 · · · LD−1LD

)
0 , (2.D.3)

Tr1,...,2D

[
M

(
ρ0 ⊗ L1Γ1,D+1L′1 ⊗ L2Γ2,D+2L′2 ⊗ · · · ⊗ LDΓD,2DL′D

)
M†

]
=

(
L1L2 · · · LD−1LDρL′DL′D−1 · · · L

′
2L′1

)
0 , (2.D.4)

where ρ0 is a density operator acting on system 0, the operators L1, . . . , LD, L′1, . . . , L
′
D are arbitrary

square linear operators, and identity operators for systems D+1, . . . , 2D are implicit in each of the

first lines above.

Proof. Let us begin with the following observation:

M =
1

dD/2

I0 ⊗

D⊗
ℓ=1

|Γ⟩⟨Γ|ℓ,D+ℓ

 (CYCSWAP0,1,...,D ⊗ID+1,...,2D
)

(2.D.5)

=
1

dD/2


∑

k |k⟩⟨k|0 ⊗
∑

i1, j1,
i2, j2,
...,iD, jD

|i1⟩⟨ j1|1 ⊗ |i2⟩⟨ j2|2 ⊗ · · · ⊗ |iD⟩⟨ jD|D⊗

|i1⟩⟨ j1|D+1 ⊗ |i2⟩⟨ j2|D+2 ⊗ · · · ⊗ |iD⟩⟨ jD|2D


×

(
CYCSWAP0,1,...,D ⊗ID+1,...,2D

)
(2.D.6)

=
1

dD/2


∑

k,i1, j1,
i2, j2,
...,iD, jD

|k⟩⟨ jD|0 ⊗ |i1⟩⟨k|1 ⊗ |i2⟩⟨ j1|2 ⊗ · · · ⊗ |iD−1⟩⟨ jD−2|D−1

⊗|iD⟩⟨ jD−1|D ⊗ |i1⟩⟨ j1|D+1 ⊗ |i2⟩⟨ j2|D+2 ⊗ · · · ⊗ |iD⟩⟨ jD|2D

 . (2.D.7)

Then we find that

M†M
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=
1

dD/2


∑

k′,i′1, j
′
1,

i′2, j
′
2,

...,i′D, j
′
D

| j′D⟩⟨k
′|0 ⊗ |k′⟩⟨i′1|1 ⊗ | j

′
1⟩⟨i
′
2|2 ⊗ · · · ⊗ | j

′
D−2⟩⟨i

′
D−1|D−1

⊗| j′D−1⟩⟨i
′
D|D ⊗ | j

′
1⟩⟨i
′
1|D+1 ⊗ | j′2⟩⟨i

′
2|D+2 ⊗ · · · ⊗ | j′D⟩⟨i

′
D|2D


×

1
dD/2


∑

k,i1, j1,
i2, j2,
...,iD, jD

|k⟩⟨ jD|0 ⊗ |i1⟩⟨k|1 ⊗ |i2⟩⟨ j1|2 ⊗ · · · ⊗ |iD−1⟩⟨ jD−2|D−1

⊗|iD⟩⟨ jD−1|D ⊗ |i1⟩⟨ j1|D+1 ⊗ |i2⟩⟨ j2|D+2 ⊗ · · · ⊗ |iD⟩⟨ jD|2D

 (2.D.8)

=
1

dD

∑
k′,i′1, j

′
1,

i′2, j
′
2,

...,i′D, j
′
D

∑
k,i1, j1,
i2, j2,
...,iD, jD

| j′D⟩⟨k
′|k⟩⟨ jD|0 ⊗ |k′⟩⟨i′1|i1⟩⟨k|1 ⊗ | j′1⟩⟨i

′
2|i2⟩⟨ j1|2 ⊗ · · ·

⊗ | j′D−2⟩⟨i
′
D−1|iD−1⟩⟨ jD−2|D−1 ⊗ | j′D−1⟩⟨i

′
D|iD⟩⟨ jD−1|D

⊗ | j′1⟩⟨i
′
1|i1⟩⟨ j1|D+1 ⊗ | j′2⟩⟨i

′
2|i2⟩⟨ j2|D+2 ⊗ · · · ⊗ | j′D⟩⟨i

′
D|iD⟩⟨ jD|2D (2.D.9)

=
∑

j′1,i
′
2, j
′
2,

...,i′D, j
′
D

∑
k,i1, j1,i2, j2,
...,iD, jD

| j′D⟩⟨ jD|0 ⊗ |k⟩⟨k|1 ⊗ | j′1⟩⟨ j1|2 ⊗ · · · ⊗ | j′D−2⟩⟨ jD−2|D−1

⊗ | j′D−1⟩⟨ jD−1|D ⊗ | j′1⟩⟨ j1|D+1 ⊗ | j′2⟩⟨ j2|D+2 ⊗ · · · ⊗ | j′D⟩⟨ jD|2D (2.D.10)

= I1 ⊗ Γ0,2D ⊗ Γ2,D+1 ⊗ Γ3,D+2 ⊗ · · · ⊗ ΓD−1,2D−2 ⊗ ΓD,2D−1. (2.D.11)

We first prove (2.D.2). To this end, consider that

M†M
(
ρ0 ⊗ L1Γ1,D+1L′1 ⊗ L2Γ2,D+2L′2 ⊗ · · · ⊗ LDΓD,2DL′D

)
=


(
I1 ⊗ Γ0,2D ⊗ Γ2,D+1 ⊗ Γ3,D+2 ⊗ · · · ⊗ ΓD−1,2D−2 ⊗ ΓD,2D−1

)(
ρ0 ⊗ L1Γ1,D+1L′1 ⊗ L2Γ2,D+2L′2 ⊗ · · · ⊗ LDΓD,2DL′D

)
 (2.D.12)

=
∑

i1, j1,i2, j2,
i3, j3,iD−1, jD−1,

iD, jD,k1,ℓ1,
k2,ℓ2,...,kD,ℓD




I1 ⊗ |i1⟩⟨ j1|0 ⊗ |i1⟩⟨ j1|2D ⊗ |i2⟩⟨ j2|2 ⊗ |i2⟩⟨ j2|D+1

⊗|i3⟩⟨ j3|3 ⊗ |i3⟩⟨ j3|D+2 ⊗ · · · ⊗ |iD−1⟩⟨ jD−1|D−1

⊗|iD−1⟩⟨ jD−1|2D−2 ⊗ |iD⟩⟨ jD|D ⊗ |iD⟩⟨ jD|2D−1

 ρ0 ⊗ L1|k1⟩⟨ℓ1|1L′1 ⊗ |k1⟩⟨ℓ1|D+1 ⊗ L2|k2⟩⟨ℓ2|2L′2

⊗|k2⟩⟨ℓ2|D+2 ⊗ · · · ⊗ LD|kD⟩⟨ℓD|DL′D ⊗ |kD⟩⟨ℓD|2D




(2.D.13)
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=
∑

i1, j1,i2, j2,
i3, j3,iD−1, jD−1,

iD, jD,k1,ℓ1,
k2,ℓ2,k3,ℓ3,...,

kD−2,ℓD−2,kD−1,
ℓD−1,kD,ℓD



L1|k1⟩⟨ℓ1|1L′1 ⊗ |i1⟩⟨ j1|0ρ0 ⊗ |i1⟩⟨ j1|2D|kD⟩⟨ℓD|2D

⊗|i2⟩⟨ j2|2L2|k2⟩⟨ℓ2|2L′2 ⊗ |i2⟩⟨ j2|D+1|k1⟩⟨ℓ1|D+1

⊗|i3⟩⟨ j3|3L3|k3⟩⟨ℓ3|3L′3 ⊗ |i3⟩⟨ j3|D+2|k2⟩⟨ℓ2|D+2 ⊗ · · ·

⊗|iD−1⟩⟨ jD−1|D−1LD−1|kD−1⟩⟨ℓD−1|DL′D−1

⊗|iD−1⟩⟨ jD−1|2D−2|kD−2⟩⟨ℓD−2|2D−2

⊗|iD⟩⟨ jD|DLD|kD⟩⟨ℓD|DL′D

⊗|iD⟩⟨ jD|2D−1|kD−1⟩⟨ℓD−1|2D−1



. (2.D.14)

Taking the partial trace over systems 1, . . . , 2D of the last line above gives

∑
i1, j1,i2, j2,

i3, j3,iD−1, jD−1,
iD, jD,k1,ℓ1,

k2,ℓ2,k3,ℓ3,...,
kD−2,ℓD−2,kD−1,
ℓD−1,kD,ℓD



|i1⟩⟨ j1|0ρ0 ⟨ℓ1|1L′1L1|k1⟩ ⟨ j1|kD⟩⟨ℓD|i1⟩

⟨ j2|2L2|k2⟩⟨ℓ2|L′2|i2⟩ ⟨ j2|k1⟩⟨ℓ1|i2⟩

⟨ j3|3L3|k3⟩⟨ℓ3|3L′3|i3⟩ ⟨ j3|k2⟩⟨ℓ2|i3⟩ · · ·

⟨ jD−1|D−1LD−1|kD−1⟩⟨ℓD−1|DL′D−1|iD−1⟩

⟨ jD−1|kD−2⟩⟨ℓD−2|iD−1⟩

⟨ jD|DLD|kD⟩⟨ℓD|DL′D|iD⟩ ⟨ jD|kD−1⟩⟨ℓD−1|iD⟩



=
∑

i1, j1,i2, j2,
i3, j3,iD−1, jD−1,

iD, jD



|i1⟩⟨ j1|0ρ0 ⟨i2|1L′1L1| j2⟩

⟨ j2|2L2| j3⟩⟨i3|L′2|i2⟩

⟨ j3|3L3| j4⟩⟨i4|3L′3|i3⟩ · · ·

⟨ jD−1|D−1LD−1| jD⟩⟨iD|DL′D−1|iD−1⟩

⟨ jD|DLD| j1⟩⟨i1|DL′D|iD⟩


(2.D.15)

=
∑

i1, j1,i2, j2,
i3, j3,iD−1, jD−1,

iD, jD


|i1⟩⟨ j1|0ρ0 ⟨i2|1L′1L1| j2⟩ ⟨ j2|2L2| j3⟩⟨i3|L′2|i2⟩

⟨ j3|3L3| j4⟩⟨i4|3L′3|i3⟩ · · · ⟨ jD−1|D−1LD−1| jD⟩

⟨iD|DL′D−1|iD−1⟩ ⟨ jD|DLD| j1⟩⟨i1|DL′D|iD⟩

 (2.D.16)
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=
∑

i1, j1,i2, j2,
i3, j3,iD−1, jD−1,

iD, jD



|i1⟩⟨i1|DL′D|iD⟩⟨iD|DL′D−1|iD−1⟩ · · · ⟨i4|3L′3|i3⟩

⟨i3|L′2|i2⟩⟨i2|1L′1L1| j2⟩⟨ j2|2L2| j3⟩

⟨ j3|3L3| j4⟩ · · · ⟨ jD−1|D−1LD−1| jD⟩

⟨ jD|DLD| j1⟩ ⟨ j1|0ρ0


(2.D.17)

=
(
L′DL′D−1 · · · L

′
3L′2L′1L1L2L3 · · · LD−1LDρ

)
0 . (2.D.18)

This completes the proof of (2.D.2).

Using the Hermitian conjugate of (2.D.2) along with some substitutions then gives

(2.D.3).

Now we finally prove (2.D.4). To this end, consider that

M
(
ρ0 ⊗ L1Γ1,D+1L′1 ⊗ L2Γ2,D+2L′2 ⊗ · · · ⊗ LDΓD,2DL′D

)
M†

=
1

dD


∑

k,i1, j1,
i2, j2,
...,iD, jD

|k⟩⟨ jD|0 ⊗ |i1⟩⟨k|1 ⊗ |i2⟩⟨ j1|2 ⊗ · · · ⊗ |iD−1⟩⟨ jD−2|D−1

⊗|iD⟩⟨ jD−1|D ⊗ |i1⟩⟨ j1|D+1 ⊗ |i2⟩⟨ j2|D+2 ⊗ · · · ⊗ |iD⟩⟨ jD|2D


×

(
ρ0 ⊗ L1Γ1,D+1L′1 ⊗ L2Γ2,D+2L′2 ⊗ · · · ⊗ LDΓD,2DL′D

)
×


∑

k′,i′1, j
′
1,

i′2, j
′
2,

...,i′D, j
′
D

| j′D⟩⟨k
′|0 ⊗ |k′⟩⟨i′1|1 ⊗ | j

′
1⟩⟨i
′
2|2 ⊗ · · · ⊗ | j

′
D−2⟩⟨i

′
D−1|D−1

⊗| j′D−1⟩⟨i
′
D|D ⊗ | j

′
1⟩⟨i
′
1|D+1 ⊗ | j′2⟩⟨i

′
2|D+2 ⊗ · · · ⊗ | j′D⟩⟨i

′
D|2D

 (2.D.19)

=
1

dD

∑
k,i1, j1,
i2, j2,
...,iD, jD

∑
k′,i′1, j

′
1,

i′2, j
′
2,

...,i′D, j
′
D

|k⟩⟨ jD|0ρ0| j′D⟩⟨k
′|0

⊗ (|i1⟩⟨k|1 ⊗ |i1⟩⟨ j1|D+1) L1Γ1,D+1L′1
(
|k′⟩⟨i′1|1 ⊗ | j

′
1⟩⟨i
′
1|D+1

)
⊗ (|i2⟩⟨ j1|2 ⊗ |i2⟩⟨ j2|D+2) L2Γ2,D+2L′2

(
| j′1⟩⟨i

′
2|2 ⊗ | j

′
2⟩⟨i
′
2|D+2

)
⊗ · · · ⊗

(|iD−1⟩⟨ jD−2|D−1 ⊗ |iD−1⟩⟨ jD−1|2D−1) LD−1ΓD−1,2D−1×
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L′D−1
(
| j′D−2⟩⟨i

′
D−1|D−1 ⊗ | j′D−1⟩⟨i

′
D−1|2D−1

)
⊗ (|iD⟩⟨ jD−1|D ⊗ |iD⟩⟨ jD|2D) LDΓD,2DL′D

(
| j′D−1⟩⟨i

′
D|D ⊗ | j

′
D⟩⟨i

′
D|2D

)
. (2.D.20)

Now taking a partial trace over systems 1, . . . , 2D in the last line gives the following:

1
dD

∑
k,i1, j1,
i2, j2,
...,iD, jD

∑
k′,i′1, j

′
1,

i′2, j
′
2,

...,i′D, j
′
D

|k⟩⟨ jD|0ρ0| j′D⟩⟨k
′|0

× (⟨k|1 ⊗ ⟨ j1|D+1) L1Γ1,D+1L′1
(
|k′⟩1⟨i′1|i1⟩ ⊗ | j′1⟩D+1⟨i′1|i1⟩

)
× (⟨ j1|2 ⊗ ⟨ j2|D+2) L2Γ2,D+2L′2

(
| j′1⟩2⟨i

′
2|i2⟩ ⊗ | j′2⟩D+2⟨i′2|i2⟩

)
· · ·

× (⟨ jD−2|D−1 ⊗ ⟨ jD−1|2D−1) LD−1ΓD−1,2D−1

× L′D−1
(
| j′D−2⟩D−1⟨i′D−1|iD−1⟩ ⊗ | j′D−1⟩2D−1⟨i′D−1|iD−1⟩

)
× (⟨ jD−1|D ⊗ ⟨ jD|2D) LDΓD,2DL′D

(
| j′D−1⟩D⟨i

′
D|iD⟩ ⊗ | j′D⟩2D⟨i′D|iD⟩

)
=

∑
k, j1, j2,
..., jD

∑
k′, j′1, j

′
2,

..., j′D

|k⟩⟨ jD|0ρ0| j′D⟩⟨k
′|0

× (⟨k|1 ⊗ ⟨ j1|D+1) L1Γ1,D+1L′1
(
|k′⟩1 ⊗ | j′1⟩D+1

)
× (⟨ j1|2 ⊗ ⟨ j2|D+2) L2Γ2,D+2L′2

(
| j′1⟩2 ⊗ | j

′
2⟩D+2

)
· · ·

× (⟨ jD−2|D−1 ⊗ ⟨ jD−1|2D−1) LD−1ΓD−1,2D−1L′D−1
(
| j′D−2⟩D−1 ⊗ | j′D−1⟩2D−1

)
× (⟨ jD−1|D ⊗ ⟨ jD|2D) LDΓD,2DL′D

(
| j′D−1⟩D ⊗ | j

′
D⟩2D

)
(2.D.21)

=
∑

k, j1, j2,
..., jD

∑
k′, j′1, j

′
2,

..., j′D

|k⟩⟨ jD|ρ0| j′D⟩⟨k
′|0

× ⟨k|L1| j1⟩ ⟨ j′1|L
′
1|k
′⟩

× ⟨ j1|L2| j2⟩ ⟨ j′2|L
′
2| j
′
1⟩ · · ·

× ⟨ jD−2|LD−1| jD−1⟩ ⟨ j′D−1|L
′
D−1| j

′
D−2⟩

× ⟨ jD−1|LD| jD⟩ ⟨ j′D|L
′
D| j
′
D−1⟩ (2.D.22)
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=
∑

k, j1, j2,
..., jD

∑
k′, j′1, j

′
2,

..., j′D

|k⟩⟨k|L1| j1⟩⟨ j1|L2| j2⟩ · · ·

× ⟨ jD−2|LD−1| jD−1⟩⟨ jD−1|LD| jD⟩⟨ jD|ρ0| j′D⟩

× ⟨ j′D|L
′
D| j
′
D−1⟩⟨ j

′
D−1|L

′
D−1| j

′
D−2⟩ · · · ⟨ j

′
2|L
′
2| j
′
1⟩⟨ j

′
1|L
′
1|k
′⟩⟨k′| (2.D.23)

=
(
L1L2 · · · LD−1LDρL′DL′D−1 · · · L

′
2L′1

)
0 . (2.D.24)

This completes the proof of (2.D.4).

2.E Proof of Theorem 17

To begin with, we have∥∥∥∥eL̃t − eLt
∥∥∥∥
⋄

= lim
r→∞

∥∥∥∥(eL̃t/r)r − (eLt/r)r
∥∥∥∥
⋄

(2.E.1)

≤ lim
r→∞

r
∥∥∥∥eL̃t/r − eLt/r

∥∥∥∥
⋄

(2.E.2)

= lim
r→∞

r sup
ω∈D(HRS )

∥∥∥∥eL̃t/r(ω) − eLt/r(ω)
∥∥∥∥

1
(2.E.3)

≤ lim
r→∞

r
(

sup
ω∈D(HRS )

∥∥∥ω +L(ω)t/r − ω − L̃(ω)t/r
∥∥∥

1
+ O(t2/r2)

)
(2.E.4)

= lim
r→∞

r
(

sup
ω∈D(HRS )

∥∥∥L(ω) − L̃(ω)
∥∥∥

1
t/r + O(t2/r2)

)
(2.E.5)

= lim
r→∞

sup
ω∈D(HRS )

∥∥∥L(ω) − L̃(ω)
∥∥∥

1
t + O(t2/r) (2.E.6)

= sup
ω∈D(HRS )

∥∥∥L(ω) − L̃(ω)
∥∥∥

1
t (2.E.7)

=
∥∥∥L − L̃∥∥∥

⋄
t. (2.E.8)

The first inequality employs the subadditivity of diamond distance under channel com-

position (the proof of this latter statement employs the triangle inequality, in a way similar
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to the proof of [NC10, Eq. (4.63)]). For clarity, the identity channel’s action is implicit in

the second equality and thereafter. The second inequality applies a Taylor expansion and

the triangle inequality.

Now, for bounding
∥∥∥L − L̃∥∥∥

⋄
, let ω ∈ D(HRS ) and, again with implicit identities acting

on R, consider that

∥∥∥L(ω) − L̃(ω)
∥∥∥

1

=

∥∥∥∥∥LωL† −
1
2

{
L†L, ω

}
− L̃ωL̃† +

1
2

{
L̃†L̃, ω

}∥∥∥∥∥
1

(2.E.9)

=

∥∥∥∥∥LωL† −
1
2

(
L†Lω + ωL†L

)
− L̃ωL̃† +

1
2

(
L̃†L̃ω + ωL̃†L̃

)∥∥∥∥∥
1

(2.E.10)

=

∥∥∥∥∥LωL† − L̃ωL̃† −
1
2

(
L†Lω − L̃†L̃ω

)
−

1
2

(
ωL†L − ωL̃†L̃

)∥∥∥∥∥
1

(2.E.11)

≤
∥∥∥LωL† − L̃ωL̃†

∥∥∥
1
+

1
2

∥∥∥L†Lω − L̃†L̃ω
∥∥∥

1
+

1
2

∥∥∥ωL†L − ωL̃†L̃
∥∥∥

1
(2.E.12)

=
∥∥∥LωL† − L̃ωL† + L̃ωL† − L̃ωL̃†

∥∥∥
1

+
1
2

∥∥∥L†Lω − L̃†Lω + L̃†Lω − L̃†L̃ω
∥∥∥

1

+
1
2

∥∥∥ωL†L − ωL̃†L + ωL̃†L − ωL̃†L̃
∥∥∥

1
(2.E.13)

≤
∥∥∥LωL† − L̃ωL†

∥∥∥
1
+

∥∥∥L̃ωL† − L̃ωL̃†
∥∥∥

1

+
1
2

∥∥∥L†Lω − L̃†Lω
∥∥∥

1
+

1
2

∥∥∥L̃†Lω − L̃†L̃ω
∥∥∥

1

+
1
2

∥∥∥ωL†L − ωL̃†L
∥∥∥

1
+

1
2

∥∥∥ωL̃†L − ωL̃†L̃
∥∥∥

1
(2.E.14)

≤
∥∥∥L − L̃

∥∥∥
2 ∥ω∥

∥∥∥L†
∥∥∥

2
+

∥∥∥L̃
∥∥∥

2 ∥ω∥
∥∥∥L† − L̃†

∥∥∥
2

+ ∥ω∥ ∥L∥2
∥∥∥L† − L̃†

∥∥∥
2
+ ∥ω∥

∥∥∥L̃†
∥∥∥

2

∥∥∥L − L̃
∥∥∥

2
(2.E.15)

= O(ε/t). (2.E.16)

The first and second inequalities follow from the triangle inequality. The last inequality

follows from the generalized Hölder’s inequality (see, e.g., [Bei13, Eq. (8)]). The final
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equality follows from the assumption in the theorem statement. We thus conclude that∥∥∥L − L̃∥∥∥
⋄
= O(ε/t), (2.E.17)

and finally, by combining with (2.E.1)–(2.E.8) that

1
2

∥∥∥∥eL̃t − eLt
∥∥∥∥
⋄
≤

∥∥∥L − L̃∥∥∥
⋄

t = O(ε/t)t = O(ε). (2.E.18)

2.F Proof of Lemma 18

The steps are essentially the same as in the proof of [Dup10, Lemma I.4], but here we

are considering bipartite vectors and their associated operators. We give the proof for

convenience. Consider the following:

1
2

∥∥∥|ψ̃⟩⟨ψ̃| − |ψ⟩⟨ψ|∥∥∥
1

=
1
2

∥∥∥(L̃ ⊗ I)|Γ⟩⟨Γ|(L̃† ⊗ I) − (L ⊗ I)|Γ⟩⟨Γ|(L† ⊗ I)
∥∥∥

1
(2.F.1)

=

√
1 −

∣∣∣∣⟨Γ| (L̃†L ⊗ I
)
|Γ⟩

∣∣∣∣2 (2.F.2)

=

√√√√
1 −

∣∣∣∣∣∣∣∑i, j

⟨i|⟨i|
(
L̃†L ⊗ I

)
| j⟩| j⟩

∣∣∣∣∣∣∣
2

(2.F.3)

=

√√√√
1 −

∣∣∣∣∣∣∣∑i, j

⟨i|
(
L̃†L

)
| j⟩ ⊗ ⟨i| j⟩

∣∣∣∣∣∣∣
2

(2.F.4)

=

√√√
1 −

∣∣∣∣∣∣∣∑i

⟨i|
(
L̃†L

)
|i⟩

∣∣∣∣∣∣∣
2

(2.F.5)

=

√
1 −

∣∣∣∣Tr
[
L̃†L

]∣∣∣∣2 (2.F.6)

=

√
1 +

∣∣∣∣Tr
[
L̃†L

]∣∣∣∣√1 −
∣∣∣∣Tr

[
L̃†L

]∣∣∣∣ (2.F.7)

≤

√
2
(
1 −

∣∣∣∣Tr
[
L̃†L

]∣∣∣∣) (2.F.8)
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≤

√
2
(
1 − Re

[
Tr

[
L̃†L

]])
(2.F.9)

=
∥∥∥L̃ − L

∥∥∥
2

(2.F.10)

≤ δ. (2.F.11)

The second equality follows from the fact that the trace distance between two pure quan-

tum states can be expressed in terms of their inner product (see proof of [Wil17, Theo-

rem 9.3.1]); i.e., for quantum states |ψ⟩ and |ϕ⟩, we have

1
2
∥|ϕ⟩⟨ϕ| − |ψ⟩⟨ψ|∥1 =

√
1 − |⟨ψ|ϕ⟩|2. (2.F.12)

The third-to-last inequality follows because
∣∣∣∣Tr

[
L̃†L

]∣∣∣∣ ≤ 1, which is a consequence of the

Cauchy–Schwarz inequality for the Hilbert–Schmidt inner product and the assumption

that ∥L∥2 =
∥∥∥L̃

∥∥∥
2
= 1. The last equality comes from the following chain of equalities:

∥∥∥L̃ − L
∥∥∥

2
=

√
Tr

[(
L̃† − L†

) (
L̃ − L

)]
(2.F.13)

=

√
Tr

[
L̃†L̃ − L̃†L − L†L̃ + L†L

]
(2.F.14)

=

√
Tr

[
L̃†L̃

]
− Tr

[
L̃†L

]
− Tr

[
L†L̃

]
+ Tr

[
L†L

]
(2.F.15)

=

√∥∥∥L̃
∥∥∥2

2
− 2 Re

[
Tr

[
L̃†L

]]
+ ∥L∥22 (2.F.16)

=

√
2
(
1 − Re

[
Tr

[
L̃†L

]])
, (2.F.17)

where the first equality follows from the definition of Hilbert–Schmidt norm (see (2.2.8)).
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CHAPTER 3

QUANTUM BOLTZMANN MACHINE LEARNING OF GROUND-STATE

ENERGIES1

3.1 Abstract

Estimating the ground-state energy of Hamiltonians is a fundamental task for which it

is believed that quantum computers can be helpful. Several approaches have been pro-

posed toward this goal, including algorithms based on quantum phase estimation and

hybrid quantum-classical optimizers involving parameterized quantum circuits, the lat-

ter falling under the umbrella of the variational quantum eigensolver. Here, we analyze

the performance of quantum Boltzmann machines for this task, which is a less explored

ansatz based on parameterized thermal states and which is not known to suffer from the

barren-plateau problem. We delineate a hybrid quantum-classical algorithm for this task

and rigorously prove that it converges to an ε-approximate stationary point of the en-

ergy function optimized over parameter space, while using a number of parameterized-

thermal-state samples that is polynomial in ε−1, the number of parameters, and the norm

of the Hamiltonian being optimized. Our algorithm estimates the gradient of the energy

function efficiently by means of a quantum circuit construction that combines classical

random sampling, Hamiltonian simulation, and the Hadamard test. Additionally, sup-

porting our main claims are calculations of the gradient and Hessian of the energy func-

tion, as well as an upper bound on the matrix elements of the latter that is used in the

convergence analysis.

1This chapter is based verbatim on the work [PKPW24], with typos corrected and some modifications,
including the addition of an appendix section that directly addresses the open problem of QBM learning.
The arXiv version will be updated soon.

109



3.2 Introduction

Calculating the ground-state energies of Hamiltonians is one of the chief goals of quan-

tum physics [Lie05]. This is typically the first step employed in computing energetic prop-

erties of molecules and materials, and it thus has wide-ranging applications in materials

science [SH09], condensed-matter physics [Con21], and quantum chemistry [DSL15].

Stemming from the exponential growth of the state space as the number of particles

increases, calculating ground-state energies is generally a difficult problem, and in fact

it has been rigorously proven that the worst-case complexity of doing so for physically

relevant Hamiltonians is computationally difficult in principle, even for a quantum com-

puter [SV09, CGW14, Hua21]. In spite of this complexity-theoretic barrier and due to

the aforementioned applications, many approaches have emerged for calculating ground-

state energies on classical computers. One of the oldest and most widely used approaches

is based on the variational principle [GRS83], in which one reduces the search space by

parameterizing a family of trial ground states and then searches over this reduced space

by means of gradient-descent like algorithms. This has culminated in powerful methods

like matrix product states [FNW92, VC06, PGVWC07], which perform well in practice.

In another direction, Ref. [AL99] has argued that quantum computers could be ef-

fective at calculating ground-state energies, due to their ability to simulate quantum

mechanical processes faithfully and with reduced overhead, in principle, when com-

pared to classical algorithms. Building upon [AL99], one of the first approaches pro-

posed for doing so involves employing the quantum phase estimation algorithm for small

molecules [AGDLHG05]. More recently, other phase-estimation-based algorithms for

ground-state energy estimation have been proposed and analyzed [LT22, DLT22, WBC22,

DL23, WFZ+23, WFRJ23], with the goal being to reduce the resources required, in a way
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that is more amenable to “early fault-tolerant” quantum processors. All of these ap-

proaches assume the availability of an initial trial state that has non-trivial overlap with

the true ground state.

Due to the approach of [AGDLHG05] requiring quantum circuits of large depth (i.e.,

a long sequence of consecutive quantum logic gates), researchers subsequently proposed

the variational quantum eigensolver (VQE) as another approach for the ground-state en-

ergy estimation problem [PMS+14]. The VQE approach employs parameterized quan-

tum circuits (PQCs) of shorter depth and involves a hybrid interaction between such

shorter-depth quantum circuits and a classical optimizer. Interestingly, the VQE approach

provides a quantum computational implementation of the aforementioned variational

method. While the VQE approach at first seemed promising, later research pointed out a

number of bottlenecks associated with it [TCC+22], which will likely preclude VQE from

achieving practical quantum advantage in the near term. One of the primary bottlenecks

is the barren-plateau problem [MBS+18, MKW21, AHCC22, HSCC22, FHC+24, RBS+24],

in which the landscape of the objective function becomes extremely flat, so that a costly

(exponential) number of measurements is required to determine which direction the op-

timizer should proceed to next, at any given iteration of the algorithm.

While the VQE approach is based on employing parameterized quantum circuits (a

particular ansatz for generating trial states), an alternate ansatz involves using quantum

Boltzmann machines (QBMs) [AAR+18, BRGBPO17, KW17], and this is the approach that

we pursue and analyze here for ground-state energy estimation. Indeed, in the QBM

approach to ground-state energy estimation, one substitutes parameterized quantum cir-

cuits with parameterized thermal states of a given Hamiltonian and performs the search

over parameterized thermal states. Furthermore, the QBM approach appears to be viable,

due to significant recent progress on the problem of preparing thermal states on quan-
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tum computers [CKBG23, CKG23, BCL24, CLLY24, RW24, RFA24, BLMT24, DLLZ24],

in spite of known worst-case complexity-theoretic barriers [BCGW22]. Hitherto, QBMs

have been analyzed in the context of Hamiltonian learning [AAKS21, GPBB+24] and gen-

erative modeling [CB24], but, to the best of our knowledge, they have not been consid-

ered yet for ground-state energy estimation. Another significant and promising aspect of

QBMs is that there is evidence that they do not suffer from the barren-plateau problem

in certain contexts [CB24]. In this context, we should also note that [OMKW21] proved

that QBMs with hidden units can suffer from the barren plateau problem, assuming a

particular approach to generating parameterized thermal states randomly; however, this

statement is not applicable to QBMs with visible units only, i.e., the model that we em-

ploy here (see [OMKW21] for definitions of hidden and visible units in QBMs). Indeed it

was proven in [CB24] that QBMs with visible units do not suffer from the barren plateau

problem when used in the context of generative modeling, and much more so, they prov-

ably converge in this setting, using a number of thermal state samples polynomial in the

number of qubits.

3.3 Summary of Main Results

The main finding of this chapter is a rigorous mathematical proof that the QBM learn-

ing approach to approximating ground-state energies is sample efficient, in the sense that

the number of samples of parameterized thermal states used by our algorithm is polyno-

mial in several quantities of interest, the latter to be clarified later. In doing so, we also

overcome a key obstacle to efficient training of QBMs, discussed in further detail in what

follows.
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In more detail, we adopt a hybrid quantum-classical approach, similar to what is used

in VQE, but we instead replace PQCs with QBMs, as mentioned above. Let H denote

the Hamiltonian of interest, which we assume can be efficiently measured on a quantum

computer. We suppose that this Hamiltonian acts on n qubits, but let us note that all of the

analysis and algorithms that follow apply also to qudit systems (d-dimensional systems).

The Hamiltonian H can be efficiently measured when

H =
K∑

k=1

αkHk, (3.3.1)

where, for all k ∈ [K], the coefficient αk ∈ R and Hk is a local Hamiltonian acting on a

constant number of particles. Without loss of generality, we assume that ∥Hk∥ ≤ 1 by

absorbing the norm of Hk into αk, so that

∥H∥ ≤
K∑

k=1

|αk| ∥Hk∥ ≤

K∑
k=1

|αk| C ∥α∥1 , (3.3.2)

and we also assume that αk > 0 for all k ∈ [K], because any negative sign for αk can be

absorbed into Hk. Let

G(θ) B
J∑

j=1

θ jG j (3.3.3)

be a trial Hamiltonian, with J ∈ N, each θ j ∈ R a parameter,

θ B (θ1, . . . , θJ), (3.3.4)

and each G j a Hamiltonian that acts locally on a constant-sized set of qubits. We assume

that we have some knowledge of the problem at hand and that therefore we can appro-

priately choose a subspace of parameters such that J = poly(n). Furthermore, similar

to [AAKS21, CB24], we assume that samples of the thermal state

ρ(θ) B
1

Z(θ)
e−G(θ), (3.3.5)

where

Z(θ) B Tr[e−G(θ)], (3.3.6)
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are available, for every possible choice of θ ∈ RJ. As such, the QBM model that

we employ here has only visible units and no hidden units, using the terminology of

[AAR+18, KW17].

The following inequality is a basic consequence of the variational principle:

inf
ρ∈D

Tr[Hρ] ≤ inf
θ∈RJ

f (θ), (3.3.7)

where f (θ) B Tr[Hρ(θ)], (3.3.8)

and D represents the set of all possible quantum states acting on the same Hilbert space

on which H acts (i.e., D is the set of all such density operators, which are unit trace,

positive semi-definite operators). The inequality in (3.3.7) indicates that the true ground-

state energy is bounded from above by the minimal energy of the Hamiltonian H over

every possible trial state ρ(θ).

With these notions in place, we can state our main claim: finding an ε-approximate

stationary point of f (θ) is sample efficient, in the sense that our algorithm uses a number

of parameterized-thermal-state samples that is polynomial in ε−1, J, and ∥α∥1. Since the

function θ 7→ f (θ) is generally non-convex, finding an ε-stationary point (local minimum),

rather than a global minimum, is essentially the best that one can hope for when using

this approach. Indeed, we argue in Appendix 3.B.2 that even the following basic instance

of f (θ) is non-convex:

(θ1, θ2) 7→ Tr
[
σY

e−G(θ1,θ2)

Tr[e−G(θ1,θ2)]

]
(3.3.9)

with G(θ1, θ2) = θ1σX + θ2σY .

One of the essential steps in optimizing f (θ) in (3.3.8) is to determine its gradient. This

is needed in any gradient-descent like algorithm, in order to determine which step to

take next in an iterative search. An analytical form for the gradient ∇θ f (θ) is based on an
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analytical form for ∇θρ(θ), the latter of which follows from the developments in [Has07],

[AAKS21, Appendix B], and [CB24, Lemma 5] (see also [Kim12, Section III-C] and [KB19,

Section IV-A]). In more detail, it follows from these works that

∂ j f (θ) = −
1
2

〈{
H,Φθ(G j)

}〉
+ ⟨H⟩

〈
G j

〉
(3.3.10)

= −
1
2

〈{
H − ⟨H⟩ , G̃ j −

〈
G̃ j

〉}〉
, (3.3.11)

where ∂ j ≡
∂
∂θ j

,

{A, B} B AB + BA (3.3.12)

denotes the anticommutator of operators A and B,

G̃ j ≡ Φθ(G j), (3.3.13)

⟨C⟩ B Tr[Cρ(θ)], (3.3.14)

for a Hermitian operator C, and Φθ is the following quantum channel:

Φθ(X) B
∫
R

dt p(t) e−iG(θ)tXeiG(θ)t , (3.3.15)

with p(t) B
2
π

ln |coth(πt/2)| (3.3.16)

a probability density function on t ∈ R (we refer to p(t) as the “high-peak-tent” probability

density function, due to the form of its graph when plotted). We also used that
〈
Φθ(G j)

〉
=〈

G j

〉
, which follows because Φθ(ρ(θ)) = ρ(θ). Prior work [Has07, AAKS21, CB24] refers

to the map Φθ as the quantum belief propagation superoperator. Here we observe that it

is in fact a quantum channel (completely positive, trace-preserving map), due to the fact

that p(t) is a probability density function. Note that this is remarked upon (without proof)

in [Kim12, Footnote 32].

Supporting our main finding are various contributions of our work, which we list

now. Here we prove that the gradient ∇θ f (θ) is Lipschitz continuous, which is needed
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to make rigorous claims about the convergence of the stochastic gradient descent (SGD)

algorithm. Moreover (and essential to our overall algorithm), we demonstrate how the

gradient ∇θ f (θ) can be efficiently estimated on a quantum computer, which is a conse-

quence of the formula in (3.3.10) and the observation that p(t) is a probability density

function. That is, we provide an efficient quantum algorithm, called the quantum Boltz-

mann gradient estimator, that computes an unbiased estimate of ∇θ f (θ). By doing so, we

have thus overcome a key obstacle in QBM learning going back to [AAR+18, Section II],

in which it was previously thought that estimating the gradient could not be done effi-

ciently (see also [KW17, WW19, AC19, Kap20, ZLW21] for similar previous discussions

on the perceived difficulty of training QBMs by directly estimating the gradient). We dis-

cuss this in more detail in Appendix 3.C. Having an unbiased estimator is also helpful in

analyzing the convergence of SGD. With these analytical results in place, we then invoke

known results [KR20, Corollary 1] on the convergence of SGD to conclude that the sample

complexity of our algorithm for finding an ε-stationary point of θ 7→ f (θ) is polynomial

in ε−1, J, and ∥α∥1 (recall that sample complexity here is the number of parameterized

thermal states needed). This summarizes the main contributions of this chapter.

Our results reported here can be contrasted with an analytical study of VQE and

PQCs [HN21]. Indeed, therein, the authors studied the convergence of VQE and PQCs

when performing analytic measurements of the gradient of the cost function (a first-order

method), as compared to a gradient-free method of measuring the cost function directly

(a zeroth-order method). They found that, for certain Hamiltonians, VQE algorithms em-

ploying an analytic gradient measurement (first-order methods) are faster than zeroth-

order methods. However, their analysis was restricted to non-interacting Hamiltonians,

for which one can actually calculate the ground-state energy by hand; regardless, the au-

thors suggested that their analytical finding should be indicative of what one might find
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for more complex Hamiltonians. In contrast, our analysis applies to all Hamiltonians

that are efficiently measurable on quantum computers, thus encompassing a significantly

wider class of Hamiltonians.

In what follows, we provide further details of our results, while the appendices give

complete proofs of all of our claims.

3.4 Calculation of Gradient and Hessian

Let us first briefly review the proof of the equality in (3.3.11), which begins with the fol-

lowing equality:

∂ jρ(θ) = −
1
2

{
Φθ(G j), ρ(θ)

}
+ ρ(θ)

〈
G j

〉
, (3.4.1)

along with some further algebraic manipulations. To see (3.4.1), consider that

∂ jρ(θ) = ∂ j

[
1

Z(θ)
e−G(θ)

]
(3.4.2)

= −
1

Z(θ)2

[
∂ jZ(θ)

]
e−G(θ) +

1
Z(θ)

∂ je−G(θ) (3.4.3)

= −
ρ(θ)
Z(θ)

[
∂ j Tr[e−G(θ)]

]
+

1
Z(θ)

∂ je−G(θ). (3.4.4)

Now recall [Has07, Eq. (9)] (however, for the precise statement that we use, see [AAKS21,

Proposition 20] and [CB24, Lemma 5]):

∂ je−G(θ) = −
1
2

{
Φθ(G j), e−G(θ)

}
. (3.4.5)

It was proven in [AAKS21, Appendix B] that tanh(ω/2)
ω/2 is the Fourier transform of p(t)

in (3.3.16), i.e.,
tanh(ω/2)
ω/2

=

∫ ∞

−∞

dt p(t)e−iωt, (3.4.6)
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and that it has the explicit form given in (3.3.16). The latter implies that p(t) is a proba-

bility density function and thus that Φθ is a quantum channel. As mentioned above, this

observation is paramount later on for our quantum circuit construction that provides an

unbiased estimate of ∂ j f (θ). Now plugging (3.4.5) into (3.4.4) and simplifying, we con-

clude (3.4.1). Plugging (3.4.1) into ∂ j f (θ) and simplifying, we arrive at (3.3.10). Further

algebraic manipulations lead to (3.3.11). See Appendix 3.B.3.

We also compute the Hessian of f (θ). Due to the length of the expression, we only

include it in Appendix 3.B.4, along with its derivation. While this quantity can also be

efficiently estimated on a quantum computer (as argued in the supplementary material)

and incorporated into a Newton method search (i.e., an extension of gradient descent

that incorporates second-derivative information), we mainly use it to determine a Lips-

chitz constant for the gradient ∇θ f (θ), which in turn implies rigorous statements about

the convergence of SGD, as previously mentioned.

3.5 Lipschitz Constant for Gradient

By bounding the matrix elements of the Hessian of the objective function f (θ), we can use

it to establish a Lipschitz constant for its gradient ∇θ f (θ). Indeed, recalling that

∥A∥ B sup
|ψ⟩:∥ψ⟩∥=1

∥A|ψ⟩∥ , (3.5.1)

we find that ∣∣∣∂ j∂k f (θ)
∣∣∣ ≤ 8 ∥H∥

∥∥∥G j

∥∥∥ ∥Gk∥ , (3.5.2)
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which we can substitute into [PCW24, Lemma 8], in order to conclude the following Lip-

schitz constant for the gradient ∇θ f (θ):

8J ∥H∥max
{∥∥∥G j

∥∥∥2
}J

j=1
. (3.5.3)

If the Hamiltonian H is of the form in (3.3.1), then a Lipschitz constant ℓ for the gradient

∇θ Tr[Hρ(θ)] is as follows:

ℓ B 8J ∥α∥1 max
{∥∥∥G j

∥∥∥2
}J

j=1
. (3.5.4)

As we will see, this Lipschitz constant for the gradient ∇θ f (θ) implies that the sample

complexity of SGD is polynomial in J and ∥α∥1. Let us finally note that ℓ is also called a

smoothness parameter for f (θ).

3.6 Quantum Algorithm for Gradient Estimation

In the mth step of the SGD algorithm (reviewed in Appendix 3.A.3), one updates the

parameter vector θ according to the following rule:

θm+1 = θm − ηg(θm), (3.6.1)

where η > 0 is the learning rate and g(θm) is a stochastic gradient evaluated at θm. The

stochastic gradient g(θ) should be unbiased, in the sense that E[g(θ)] = ∇θ f (θ) for all θ ∈ RJ,

where the expectation is over all the randomness associated with the generation of g(θ).

As such, it is necessary to have a method for generating the stochastic gradient g(θ), and

for this purpose, we prescribe a quantum algorithm based on (3.3.10), which we call the

quantum Boltzmann gradient estimator.

Consider that (3.3.10) is a linear combination of two terms. As such, we delineate one

procedure that estimates 1
2

〈{
H,Φθ(G j)

}〉
and another that estimates ⟨H⟩

〈
G j

〉
. The second
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term ⟨H⟩
〈
G j

〉
is simpler: since it can be written as

⟨H⟩
〈
G j

〉
= Tr[

(
H ⊗G j

)
(ρ(θ) ⊗ ρ(θ))], (3.6.2)

a procedure for estimating it is to generate the state ρ(θ) ⊗ ρ(θ) and then measure the

observable H ⊗ G j on these two copies. Through repetition, the estimate of ⟨H⟩
〈
G j

〉
can

be made as precise as desired. This procedure is described in detail in Appendix 3.B.6

as Algorithm 2, the result of which is that O(∥α∥21 ε
−2 ln δ−1) samples of ρ(θ) are required to

have an accuracy of ε > 0 with a failure probability of δ ∈ (0, 1), when H is of the form

in (3.3.1).

Our quantum algorithm for estimating the first term in (3.3.10) is more intricate. Un-

der the assumption that H has the form in (3.3.1), it follows by direct substitution of (3.3.1)

and (3.3.15), as well as the fact that p(t) is an even function, that

1
2

〈{
H,Φθ(G j)

}〉
=

1
2

Tr[
{
H,Φθ(G j)

}
ρ(θ)] =

∑
k

αk

∫ ∞

−∞

dt p(t) Re[Tr[U j,k(θ, t)ρ(θ)]], (3.6.3)

where

U j,k(θ, t) B Hke−iG(θ)tG jeiG(θ)t. (3.6.4)

If Hk and G j are also unitaries (which occurs in a rather standard case that they are

Pauli strings, i.e., tensor products of Pauli matrices), then we can estimate the first

term in (3.3.10) by a combination of classical sampling, Hamiltonian simulation [Llo96,

CMN+18], and the Hadamard test [CEMM98]. This is the key insight behind the quan-

tum Boltzmann gradient estimator. Indeed, the basic idea is to sample k with probability

αk/ ∥α∥1 and t with probability density p(t). Based on these choices, we then execute the

quantum circuit in Figure 3.1, which outputs a Rademacher random variable Y , that has

a realization y = +1 occurring with probability

1
2

(
1 + Re[Tr[U j,k(θ, t)ρ(θ)]]

)
(3.6.5)
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and y = −1 occurring with probability

1
2

(
1 − Re[Tr[U j,k(θ, t)ρ(θ)]]

)
. (3.6.6)

Thus, the expectation of a random variable Z = (−1)Y+1, conditioned on k and t, is equal to

−Re[Tr[U j,k(θ, t)ρ(θ)]] and including the further averaging over k and t, the expectation is

equal to

−
1

2 ∥α∥1
Tr[

{
H,Φθ(G j)

}
ρ(θ)]. (3.6.7)

As such, we can sample k, t, and Z in this way, and averaging the outcomes and scaling by

∥α∥1 gives an unbiased estimate of the first term in (3.3.10). This procedure is described

in detail in Appendix 3.B.6 as Algorithm 1, the result of which is that O(∥α∥21 ε
−2 ln δ−1)

samples of ρ(θ) are required to have an accuracy of ε > 0 with a failure probability of

δ ∈ (0, 1), when H is of the form in (3.3.1). We finally note that this construction can

straightforwardly be generalized beyond the case of Hk and G j being Pauli strings, if they

instead are block encoded into unitary circuits [LC19, GSLW19].

Thus, through this combination of classical random sampling and quantum circuitry,

we can produce an unbiased estimate of the first term in (3.3.10). Adding this estimate

and the one from the paragraph surrounding (3.6.2) then leads to the quantum Boltzmann

gradient estimator, which realizes an unbiased estimate of (3.3.10).

3.7 Ground-State Energy Estimation Algorithm and its Performance

Finally, we assemble everything presented so far and describe our algorithm for ground-

state energy estimation, along with guarantees on its performance.

Algorithm 1 (QBM-GSE) Fix ε ∈ (0, 1). The algorithm for converging to an ε-stationary point
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|0⟩ Had Had b

ρ(θ) Gj e−iG(θ)t Hk

Figure 3.1: Quantum circuit that plays a role in realizing an unbiased es-
timate of −1

2

〈{
H,Φθ(G j)

}〉
. The Boltzmann gradient estimator

combines this estimate with an unbiased estimate of ⟨H⟩
〈
G j

〉
,

to realize an unbiased estimate of the gradient∇θ f (θ) in (3.3.10).

of f (θ) in (3.3.8) consists of the following steps:

1. Initialize θ0 ∈ R
J. Set the learning rate η and the number M of iterations as follows:

η =
1
ℓ
, M ≥

⌈
12∆ℓ
ε2

⌉
, (3.7.1)

where the smoothness parameter ℓ is defined in (3.5.4) and ∆ B f (θ0) − infθ∈RJ f (θ). Set

m = 0.

2. Execute Algorithms 2 and 1 (detailed in Appendix 3.B.6) to calculate g(θm), which is a

stochastic gradient satisfying E[g(θ)] = ∇θ f (θ).

3. Apply the update: θm+1 = θm − ηg(θm). Set m = m + 1.

4. Repeat steps 2-3 M−1 more times and output an estimate of Tr[Hρ(θM)] (the latter obtained

by measuring H with respect to the state ρ(θM), i.e., through sampling and averaging).

By invoking [KR20, Corollary 1] and further analysis from Appendix 3.B.8, we con-

clude the following convergence guarantee for the QBM-GSE algorithm:
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Theorem 20 The QBM-GSE algorithm converges to an ε-stationary point of f (θ) in (3.3.8), i.e.,

such that

min
m∈{1,...,M}

E ∥∇θ f (θm)∥ ≤ ε. (3.7.2)

Note that θm in Theorem 20 is a random variable, as given in the QBM-GSE algorithm,

and the expectation in (3.7.2) is with respect to the randomness associated with generat-

ing θm.

The above statement in Theorem 20 implies that the number M of steps that the QBM-

GSE algorithm requires to converge to an ε-stationary point of f (θ) is polynomial in ε−1, J,

and ∥α∥1. The number M of steps is then directly related to the sample complexity of the

algorithm. By combining Theorem 20 and the Hoeffding bound, the QBM-GSE algorithm

uses at least the following number of parameterized-thermal-state samples:

2J
⌈
12ℓ∆
ε2

⌉ ⌈
8J ∥α∥21 ln(16J ∥α∥21/ε2)

ε2

⌉
, (3.7.3)

where ℓ is defined in (3.5.4). As such, the sample complexity of our algorithm is polyno-

mial in ε−1, J, and ∥α∥1, as claimed. Thus, if J and ∥α∥1 are polynomial in n (the number of

qubits), then the sample complexity of the QBM-GSE algorithm is also polynomial in n.

3.8 Discussion

Our algorithm is most pertinent for the situation in which low-temperature thermal states

of H are computationally difficult to generate but thermal states of G(θ) are not. In such

a situation, one can use our algorithm as a means for approximating the ground-state

energy of H. This is similar to the scenario considered in VQE: there the VQE algorithm
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is also most applicable when the ground state of H is computationally difficult to gener-

ate but states realized by PQCs are not, which is indeed the case for short-depth PQCs.

However, as emphasized previously, in contrast to VQE, QBMs are not known to suf-

fer from the barren-plateau problem, and there is evidence that they do not in certain

contexts [CB24]. As such, they appear to offer a more promising route for ground-state

energy estimation.

3.9 Conclusion and Outlook

In this chapter, we have analyzed quantum Boltzmann machine learning of ground-state

energies. Our main result is an algorithm that converges to an ε-approximate stationary

point of f (θ) in (3.3.8), along with a rigorous claim about its convergence. Namely, for

Hamiltonians of the form in (3.3.1), we have proven that the sample complexity of the

algorithm is polynomial in ε−1, J, and ∥α∥1, where ∥α∥1 is defined in (3.3.2). Our algorithm

welds together conventional stochastic gradient descent and a novel quantum circuit for

estimating the gradient ∇θ f (θ), the latter being the core component of the quantum Boltz-

mann gradient estimator. Supporting our main claims are calculations of the gradient,

Hessian, and smoothness parameter of the objective function f (θ), along with various

observations about the gradient that lead to our quantum algorithm for estimating it.

We believe that our results have far-reaching consequences for QBM learning. In-

deed, given that the quantum Boltzmann gradient estimator efficiently estimates (3.3.10),

this approach now opens the door to using QBMs for efficient learning and optimization

in a much wider variety of contexts. For example, one can substitute QBMs for PQCs

in recent works on semi-definite programming and constrained Hamiltonian optimiza-
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tion [PCW24, CWH+23] and entropy estimation [GPSW24] and analyze the sample com-

plexity and convergence when doing so. We suspect that claims similar to those made

here, regarding polynomial sample complexity for convergence to an ε-stationary point,

can be made in these contexts; however, it remains a topic for future investigation.

Going forward from here, it is a pressing open question to determine whether the

landscape of the objective function f (θ) suffers from the barren-plateau problem. In a

different optimization problem involving QBMs [CB24], evidence was given supporting

the conclusion that barren plateaus do not occur there. If the landscape of the objective

function f (θ) does not suffer from the barren-plateau problem, this, along with our algo-

rithm and further progress on thermal state preparation, would imply that QBMs are a

viable path toward ground-state energy estimation and other learning and optimization

problems.
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[KR20] Ahmed Khaled and Peter Richtárik. Better theory for SGD in the noncon-
vex world, July 2020. doi:10.48550/ARXIV.2002.03329.
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thermalization and universal quantum computing with quantum Gibbs
samplers, 2024. arXiv:2403.12691.

[RW24] Joel Rajakumar and James D. Watson. Gibbs sampling gives quantum
advantage at constant temperatures with O(1)-local Hamiltonians, 2024.
arXiv:2408.01516.

[SH09] Martin O. Steinhauser and Stefan Hiermaier. A review of computational
methods in materials science: Examples from shock-wave and polymer
physics. International Journal of Molecular Sciences, 10(12):5135–5216, 2009.
doi:10.3390/ijms10125135.

[SV09] Norbert Schuch and Frank Verstraete. Computational complexity of inter-
acting electrons and fundamental limitations of density functional theory.
Nature Physics, 5(10):732–735, 2009. doi:10.1038/nphys1370.

[TCC+22] Jules Tilly, Hongxiang Chen, Shuxiang Cao, Dario Picozzi, Kanav Setia,

131

https://doi.org/10.22331/q-2024-06-17-1374
https://doi.org/10.26421/QIC7.5-6-1
https://doi.org/10.48550/ARXIV.2410.12935
https://doi.org/10.48550/ARXIV.2410.12935
https://doi.org/10.1038/ncomms5213
https://doi.org/10.1038/s41467-024-49909-3
https://doi.org/10.1038/s41467-024-49909-3
https://arxiv.org/abs/2403.12691
https://arxiv.org/abs/2408.01516
https://doi.org/10.3390/ijms10125135
https://doi.org/10.1038/nphys1370


Ying Li, Edward Grant, Leonard Wossnig, Ivan Rungger, George H. Booth,
and Jonathan Tennyson. The variational quantum eigensolver: A review
of methods and best practices. Physics Reports, 986:1–128, 2022. doi:
10.1016/j.physrep.2022.08.003.

[VC06] F. Verstraete and J. I. Cirac. Matrix product states represent ground states
faithfully. Physical Review B, 73:094423, March 2006. doi:10.1103/
PhysRevB.73.094423.

[WBC22] Kianna Wan, Mario Berta, and Earl T. Campbell. Randomized quantum al-
gorithm for statistical phase estimation. Physical Review Letters, 129:030503,
July 2022. doi:10.1103/PhysRevLett.129.030503.

[WFRJ23] Guoming Wang, Daniel Stilck França, Gumaro Rendon, and Peter D. John-
son. Faster ground state energy estimation on early fault-tolerant quan-
tum computers via rejection sampling, 2023. arXiv:2304.09827.

[WFZ+23] Guoming Wang, Daniel Stilck França, Ruizhe Zhang, Shuchen Zhu, and
Peter D. Johnson. Quantum algorithm for ground state energy esti-
mation using circuit depth with exponentially improved dependence
on precision. Quantum, 7:1167, November 2023. doi:10.22331/
q-2023-11-06-1167.

[Wik24] Wikipedia contributors. Fourier transform — Wikipedia, the
free encyclopedia, 2024. [Online; accessed 5-October-2024]
https://en.wikipedia.org/w/index.php?title=Fourier_
transform&oldid=1249353484.

[WW19] Nathan Wiebe and Leonard Wossnig. Generative training of quantum
Boltzmann machines with hidden units, 2019. arXiv:1905.09902.
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APPENDIX

3.A Preliminaries

In this section, we introduce our notation and present some definitions and standard

results from the optimization literature, which we use later in this document. Specifically,

we revisit one of the known convergence results [KR20, Corollary 1] associated with the

stochastic gradient descent algorithm.

3.A.1 Notation

Let R,R≥0, N, and C denote the set of real, non-negative real, natural, and complex num-

bers, respectively. We use the notation [M] to denote the set {1, 2, . . . ,M}. Let H denote a

2n-dimensional Hilbert space associated with a quantum system of n qubits. We denote

the set of quantum states acting on H by D. Let Tr[X] denote the trace of a matrix X, i.e.,

the sum of its diagonal elements. Also, let X† denote the Hermitian conjugate (or adjoint)

of the matrix X. The Schatten p-norm of a matrix X is defined for p ∈ [1,∞) as follows:

∥X∥p B
(
Tr

[(
X†X

) p
2
]) 1

p

. (3.A.1)

For our purposes, we use Schatten norms with p = 1 (also called trace norm), p = 2

(Hilbert–Schmidt norm), and p = ∞ (operator norm). Note that the operator norm of a

matrix corresponds to its maximum singular value. For notational convenience, we omit

the subscript ‘∞’ when referring to the operator norm. Additionally, ∥x∥ denotes the ℓ2

norm of a vector x. Moreover, let {X, Y} B XY + YX denote the anti-commutator of the

matrices X and Y . For a multivariate function f : Rn → R, we use ∇ f and ∇2 f to denote
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its gradient and Hessian, respectively. Let ∂ f (·)/∂xi denote the partial derivative of f with

respect to the ith component of the vector x. For brevity, we use the notation ∂i f (·) ≡ ∂ f (·)/∂xi

throughout the appendices. The (i, j)-th element of the Hessian is then denoted by ∂i∂ j f (·).

Finally, we use the notation O(·) for hiding constants that do not depend on any problem

parameter.

3.A.2 Definitions and Standard Results

We now review some definitions and known results related to the Lipschitz continuity

and smoothness of a function.

Definition 21 (Lipschitz Continuity) A function f : Rn → Rm is L-Lipschitz continuous if

there exists a non-negative real number L such that, for all x, x′ ∈ Rn, the following holds:

∥ f (x) − f (x′)∥ ≤ L ∥x − x′∥ . (3.A.2)

We say that L is a Lipschitz constant for f .

Definition 22 (Smoothness) A function f : Rn → Rm is ℓ-smooth if its gradient is ℓ-Lipschitz

continuous. In other words, there exists a non-negative real number ℓ such that, for all x, x′ ∈ Rn,

the following holds:

∥∇ f (x) − ∇ f (x′)∥ ≤ ℓ ∥x − x′∥ . (3.A.3)

We now recall some known results related to the Lipschitz continuity of a function.

These results also directly apply to the smoothness of a function because, as per the def-

inition above, if the gradient of the function is Lipschitz continuous, then the function is
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smooth. Having said that, we begin with a simple case in which the function f : R → R

is univariate and differentiable. Now, in order to prove that this function is Lipschitz

continuous, one approach is to show that it satisfies the condition given by (3.A.2) for

some non-negative constant L. This gives the Lipschitz constant L for this function. Al-

ternatively, we can show Lipschitz continuity by bounding the gradient of f from above.

This is a direct consequence of the mean value theorem. More formally, if there exists a

non-negative real number L such that the absolute value of its gradient is bounded from

above by L, that is, the following holds for all x ∈ R∣∣∣∣∣d f (x)
dx

∣∣∣∣∣ ≤ L, (3.A.4)

then L is a Lipschitz constant for f . Using this simple case of a univariate function as a

base case, the following lemmas provide Lipschitz constants for multivariate and multi-

variate vector-valued functions.

Lemma 23 (Lipschitz Constant for a Multivariate Function) Let f : Rn → R be a differen-

tiable multivariate function with bounded partial derivatives. Then the value

L =
√

n max
i∈[n]

{
sup

x

∣∣∣∣∣∂ f (x)
∂xi

∣∣∣∣∣} (3.A.5)

is a Lipschitz constant for f .

Proof. See [PCW24, Appendix A.1].

Lemma 24 (Lipschitz Constant for a Multivariate Vector-Valued Function) Let f : Rn →

Rm be a differentiable multivariate vector-valued function such that each of its components, fi, is

Li-Lipschitz continuous. Then

L =

 m∑
i=1

L2
i


1
2

= n
1
2

 m∑
i=1

max
j∈[n]

sup
x

∣∣∣∣∣∣∂ fi(x)
∂x j

∣∣∣∣∣∣2



1
2

(3.A.6)

is a Lipschitz constant for f .

135



Proof. For the proof of the first equality of the lemma statement, see [PCW24, Ap-

pendix A.2]. The second equality then directly follows from Lemma 23.

The objective function that we deal with in this chapter is non-convex in general. In

optimization theory, it is well known that finding a globally optimal point of a non-convex

function is generally intractable (NP-hard) [DDG+22, Section 2.1]. Therefore, an impor-

tant question arises about the types of solutions that can be guaranteed in such a scenario.

In optimization theory, when dealing with non-convex objective functions, the notion of

ε-stationary points is often considered. Intuitively, a point is ε-stationary if the norm of

the gradient of the function at that point is very small. Formally, we define an ε-stationary

point as follows:

Definition 25 (ε-Stationary Point) Let f : Rn → Rm be a differentiable function, and let ε ≥ 0.

A point x ∈ Rn is an ε-stationary point of f if ∥∇ f (x)∥ ≤ ε.

We conclude by recalling Hoeffding’s inequality, which we employ later to examine

the sample complexity of our algorithm.

Lemma 26 (Hoeffding’s Inequality) Suppose that X1, . . . , Xn are n independent random vari-

ables, and that there exist ai, bi ∈ R such that ai ≤ Xi ≤ bi for all i ∈ [n]. Then, for all ε ≥ 0, we

have that

Pr
(∣∣∣X − E[X]

∣∣∣ ≥ ε) ≤ 2 exp
(
−

2n2ε2∑n
i=1(bi − ai)2

)
, (3.A.7)

where X B 1
n

∑n
i=1 Xi and E[X] is the expected value of X.
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3.A.3 Stochastic Gradient Descent

Consider the following minimization problem:

f ∗ B inf
x∈Rn

f (x), (3.A.8)

where f : Rn → R is an ℓ-smooth function and f ∗ is the global minimum. The stochastic

gradient descent (SGD) algorithm uses the following rule to update the iterate:

xm+1 = xm − ηg(xm), (3.A.9)

where g(x) is a stochastic gradient, evaluated at some point x, and η > 0 is the learning

rate parameter. Furthermore, the SGD algorithm requires the stochastic gradient g(x) to

be unbiased, i.e., E[g(x)] = ∇ f (x), for all x ∈ Rn. Here, the expectation E[·] is with respect

to the randomness inherent in g(x). In addition, for all x ∈ Rn, g(x) should also satisfy the

following condition: there exist constants A, B,C ≥ 0 such that

E
[
∥g(x)∥2

]
≤ 2A( f (x) − f ∗) + B ∥∇ f (x)∥2 +C. (3.A.10)

To this end, the following lemma demonstrates the rate at which the SGD algorithm

converges to an ε-stationary point of f . This lemma is a restatement of [KR20, Corol-

lary 1], and we include it here for completeness.

Lemma 27 (SGD Convergence) Let M be the total number of iterations of the SGD algorithm

with update rule given by (3.A.9). Also, let η B min
{

1
√
ℓAM

, 1
ℓB ,

ε
2ℓC

}
and ∆ B f (x0) − f ∗. Then

provided that

M ≥
12ℓ∆
ε2 max

{
B,

12A∆
ε2 ,

2C
ε2

}
, (3.A.11)
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the SGD algorithm converges in such a way that

min
1≤m≤M

E
[
∥∇ f (xm)∥

]
≤ ε, (3.A.12)

where the expectation E[·] is over the randomness of the SGD algorithm.

3.B Justification for Main Results

3.B.1 Organization

The rest of the appendices are organized as follows. In Section 3.B.2, we begin by formally

defining the quantum Boltzmann machine (QBM) learning problem of ground-state en-

ergies (Definition 28). The goal of this learning problem is to find an ε-stationary point

of a particular optimization problem that we define later in (3.B.9). To accomplish this,

we employ SGD; for more details on SGD, refer to Section 3.A.3. Motivated by the fact

that SGD is a first-order optimization algorithm, in Section 3.B.3, we derive an analytical

expression for the gradient of the objective function and further show that this gradient is

bounded. Then, in Section 3.B.4, we derive analytical expressions for the matrix elements

of the Hessian of our objective function and show that these elements are also bounded.

This property of the Hessian is important for establishing that our objective function is

smooth, which we analyze in Section 3.B.5. Furthermore, this smoothness property then

ensures convergence of SGD to an ε-stationary point. In Section 3.B.6, we present a quan-

tum algorithm that estimates the gradient by returning an unbiased estimator of it. We

refer to this algorithm as the quantum Boltzmann gradient estimator (QBGE) in what fol-

lows. Then, in Algorithm 4, we present the full SGD-based algorithm for QBM learning

of ground-state energies, which employs QBGE for computing the stochastic gradient at
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each iteration. We refer to this algorithm as QBM-GSE. Finally, in Section 3.B.8, we ana-

lyze the sample complexity of the QBM-GSE algorithm.

3.B.2 Problem Setup

Here we formally present the QBM learning problem that we introduced in the main text.

Let H ∈ C2n×2n be the Hamiltonian of interest, acting on the space of n qubits, and suppose

that it is given in the following form:

H B
K∑

k=1

αkHk, (3.B.1)

where, for all k ∈ [K], the coefficient αk ∈ R and Hk is a local Hamiltonian that acts on a

constant number of qubits. Note that, for all k ∈ [K], the parameter αk in general can be

any real number, but we can absorb any negative sign of αk into Hk. Therefore, without

loss of generality, we assume that αk > 0, for all k ∈ [K]. Furthermore, we assume that

∥Hk∥ ≤ 1, for all k ∈ [K]. We do this without loss of generality by absorbing the norm of

Hk into αk, so that

∥H∥ ≤
K∑

k=1

|αk| ∥Hk∥ ≤

K∑
k=1

|αk| C ∥α∥1 . (3.B.2)

For our purposes, we assume that ∥α∥1 is polynomial in n, i.e., ∥α∥1 = O(poly(n))). We

also assume that H can be measured efficiently on a quantum computer. This assumption

is reasonable because physically relevant Hamiltonians consist of only O(poly(n)) sum-

mands in their linear combinations (see (3.B.1)), and thus they can be efficiently mea-

sured on a quantum computer. Having said that, we now state the above assumptions

more formally below.
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Assumption 1 The Hamiltonian H, defined in (3.B.1), can be efficiently measured on a quantum

computer, and ∥α∥1 = O(poly(n)).

We now present the problem of determining the ground-state energy of H. This prob-

lem can be formulated as an optimization problem as follows:

inf
ρ∈D

Tr[Hρ], (3.B.3)

where D represents the set of all possible quantum states acting on the same Hilbert

space on which H acts. As previously mentioned in the main text, the problem above is

generally difficult to solve due to the large search space of size 2n×2n, which is exponential

in the number of qubits. Despite this computational difficulty, various approaches have

been proposed (see main text for references). These approaches typically involve reducing

the search space by making an informed guess and then parameterizing this reduced

search space. Following this reduction, these approaches utilize classical optimization

techniques, such as gradient descent, to find the optimal value within this reduced search

space.

Here, we parameterize this search space in the following way. Consider a parameter-

ized QBM Hamiltonian

G(θ) B
J∑

j=1

θ jG j, (3.B.4)

where, for all j ∈ [J], θ j ∈ R is a tunable parameter and G j is a local Hamiltonian that

acts on a constant number of qubits. Additionally, θ B (θ1, . . . , θJ) is a parameter vec-

tor. This parameterized Hamiltonian G(θ) further defines the following parameterized

thermal state:

ρ(θ) B
e−G(θ)

Z(θ)
, (3.B.5)
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where Z(θ) B Tr[e−G(θ)] is the partition function. Consequently, using this parameteriza-

tion, we can rewrite the original optimization problem, given by (3.B.3), in the following

way:

inf
θ∈RJ

Tr[Hρ(θ)]. (3.B.6)

Notably, the original optimization problem (defined in (3.B.3)) and the above parameter-

ized problem are equivalent because any quantum state can be expressed as a thermal

state with a suitable Hamiltonian. This means that the dimension J of the parameterized

search space is exponential in the number of qubits since the dimension of the original

search space (the set of quantum states, D) is also exponential in the number of qubits.

This is evident from a simple counting argument. To address this computational diffi-

culty, we assume some knowledge about the problem structure, allowing us to reduce

the parameterized search space such that J is O(poly(n)).

Due to this reduction in the search space, the following inequality is a basic conse-

quence of the variational principle:

inf
ρ∈D

Tr[Hρ] ≤ inf
θ∈RJ

Tr[Hρ(θ)], (3.B.7)

The above inequality indicates that the true ground-state energy of H is bounded from

above by the minimal energy of the Hamiltonian H over every possible trial state ρ(θ).

Moreover, due to this reduction, the function f (θ) is now a non-convex function. In-

deed, one can check that even the following basic instance of f (θ) is non-convex (refer to

Figure 3.2):

(θ1, θ2) 7→ Tr
[
σY

e−G(θ1,θ2)

Tr[e−G(θ1,θ2)]

]
(3.B.8)

with G(θ1, θ2) = θ1σX + θ2σY . As mentioned previously in Section 3.A.2, it is well known

in optimization theory that finding a globally optimal point of a non-convex function

is generally NP-hard [DDG+22, Section 2.1]. Consequently, optimizing Tr[Hρ(θ)] to find
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Figure 3.2: The non-convex landscape of the objective function given
by (3.B.8).

its global optimal point is challenging. Therefore, an important question arises about

the types of solutions that can be guaranteed in such a scenario. In optimization theory,

when dealing with non-convex objective functions, the notion of ε-stationary points (Def-

inition 25) is often considered. Given the difficulty of finding the globally optimal point,

in this chapter, we focus instead on finding an ε-stationary point of Tr[Hρ(θ)].

We measure the cost of our algorithm by the number of samples, N, of parameterized

thermal states (as defined in (3.B.4)) required to find an ε-stationary point of Tr[Hρ(θ)].
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We refer to this metric as the sample complexity of our algorithm, which we analyze in

more detail in Section 3.B.8.

With the above notions in place, we now formally define our problem as follows:

Definition 28 (QBM Learning of Ground-State Energy) Let n be the number of qubits.

Given a Hamiltonian H ∈ C2n×2n as defined in (3.B.1) such that it satisfies Assumption 1 and

a positive integer J such that J ∈ O(poly(n)), consider the following optimization problem:

inf
θ∈RJ

Tr[Hρ(θ)], (3.B.9)

where ρ(θ) is a parameterized thermal state as defined in (3.B.4). Then the goal of QBM learning

of ground-state energy is to find an ε-stationary point of the above optimization problem, given

access to multiple copies of ρ(θ), for all θ ∈ RJ.

3.B.3 Gradient

We employ SGD (see Section 3.A.3 for more details on SGD) to find an ε-stationary point

of Tr[Hρ(θ)] (refer to Definition 28 for a more formal definition of the problem). Therefore,

our first step is to derive an analytical expression for the gradient, ∇θ Tr[Hρ(θ)]. Note

that this gradient is a multivariate vector-valued function with partial derivatives as its

components, i.e., {
∂Tr[Hρ(θ)]

∂θ j

}J

j=1

. (3.B.10)

Recall that for brevity, we use the notation ∂ j ≡
∂
∂θ j

. Since ρ(θ) is a thermal state, for all j ∈

[J], its partial derivative, ∂ jρ(θ), involves the partial derivative of the matrix exponential

e−G(θ):

∂ je−G(θ). (3.B.11)
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Therefore, we first focus on deriving an explicit expression for the above quantity, which

we do in the following lemma. Note that this derivation is not original, and it follows

from the developments in [Has07], [AAKS21, Appendix B], and [CB24, Lemma 5] (see

also [Kim12, Section III-C] and [KB19, Section IV-A]). We include it here for completeness.

Lemma 29 (Partial Derivatives of the Matrix Exponential [Has07, Kim12, KB19, AAKS21, CB24])

Let J ∈ N, and let θ ∈ RJ be a parameter vector, and let G(θ) be the corresponding parameterized

QBM Hamiltonian as defined in (3.B.4). Then, the partial derivative of e−G(θ) with respect to θ j is

given as follows:

∂ je−G(θ) = −
1
2

{
Φθ(G j), e−G(θ)

}
, (3.B.12)

where the quantum channel Φθ is defined as

Φθ(X) B
∫
R

dt p(t) e−iG(θ)tXeiG(θ)t, (3.B.13)

and p(t) satisfies ∫
R

dt p(t)e−iωt =
tanh ω/2

ω/2
. (3.B.14)

Proof. According to Duhamel’s formula, the partial derivative of a matrix exponential

eA(x) with respect to some parameter x is given as follows:

∂xeA(x) =

∫ 1

0
e(1−u)A(x) (∂xA(x)) euA(x) du. (3.B.15)

Using this formula for ∂ je−G(θ), we obtain:

∂ je−G(θ) =

∫ 1

0
e(1−u)(−G(θ))

(
∂ j(−G(θ)

)
)eu(−G(θ)) du (3.B.16)

= −

∫ 1

0
e(u−1)G(θ)G je−uG(θ) du. (3.B.17)
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Now, suppose that the spectral decomposition of G(θ) is as follows:

G(θ) =
∑

k

λk|k⟩⟨k|, (3.B.18)

where {λk}k are the eigenvalues and {|k⟩}k are the corresponding eigenvectors. Substituting

the above equation into (3.B.17), we find that

∂ je−G(θ) = −

∫ 1

0

∑
k

e(u−1)λk |k⟩⟨k|

G j

∑
l

e−uλl |l⟩⟨l|

 du (3.B.19)

= −

∫ 1

0

∑
k,l

e(u−1)λk |k⟩⟨k|
(
G j

)
e−uλl |l⟩⟨l| du (3.B.20)

= −
∑
k,l

|k⟩⟨k|G j|l⟩⟨l|
(∫ 1

0
e(u−1)λke−uλl du

)
(3.B.21)

= −
∑
k,l

|k⟩⟨k|G j|l⟩⟨l|
(
e−λk

∫ 1

0
eu(λk−λl) du

)
(3.B.22)

= −
∑
k,l

|k⟩⟨k|G j|l⟩⟨l|
(
e−λk

eλk−λl − 1
λk − λl

)
. (3.B.23)

Now, consider the following:

e−λk
eλk−λl − 1
λk − λl

= e−λk
eλk−λl − 1
eλk−λl + 1

eλk−λl + 1
λk − λl

=
tanh

(
λk−λl

2

)
λk−λl

2

e−λl + e−λk

2
. (3.B.24)

Let p(t) be a function such that its Fourier transform is the following:∫
R

dt p(t)e−iωt =
tanh ω/2

ω/2
. (3.B.25)

Using this equation and (3.B.24), we rewrite (3.B.23) in the following way:

∂ je−G(θ)

= −
∑
k,l

|k⟩⟨k|G j|l⟩⟨l|
((∫

R

dt p(t)e−i(λk−λl)t
)

e−λl + e−λk

2

)
(3.B.26)

= −
1
2

∑
k,l

|k⟩⟨k|G j|l⟩⟨l|
(∫
R

dt p(t)
(
e−iλkt+iλlt−λl + e−iλkt−λk+iλlt

))
(3.B.27)

= −
1
2

∫
R

dt p(t)

∑
k,l

|k⟩⟨k|G j|l⟩⟨l| e−iλkt+iλlt−λl +
∑
k,l

|k⟩⟨k|G j|l⟩⟨l| e−iλkt−λk+iλlt


 (3.B.28)
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= −
1
2

( ∫
R

dt p(t)
(∑

k

e−iλkt|k⟩⟨k|G j

∑
l

eiλlt−λl |l⟩⟨l|

+
∑

k

e−iλkt−λk |k⟩⟨k|G j

∑
l

eiλlt|l⟩⟨l|
))

(3.B.29)

= −
1
2

(∫
R

dt p(t)
(
e−iG(θ)tG jeiG(θ)te−G(θ) + e−G(θ)e−iG(θ)tG jeiG(θ)t

))
(3.B.30)

= −
1
2

((∫
R

dt p(t)e−iG(θ)tG jeiG(θ)t
)

e−G(θ) + e−G(θ)
(∫
R

dt p(t)e−iG(θ)tG jeiG(θ)t
))

(3.B.31)

= −
1
2

(
Φθ(G j)e−G(θ) + e−G(θ)Φθ(G j)

)
(3.B.32)

= −
1
2

{
Φθ(G j), e−G(θ)

}
, (3.B.33)

where, in the second last equality, we use the definition of the quantum channel Φθ intro-

duced in the lemma statement (see (3.B.13)).

Remark 30 The function p(t) that satisfies (3.B.14) is the following “high-peak-tent” probability

density:

p(t) =
2
π

ln
∣∣∣∣∣coth

(
πt
2

)∣∣∣∣∣ . (3.B.34)

See Figure 3.3 for a plot of p(t). For a proof of (3.B.34), refer to [AAKS21, Appendix B] or see

Lemma 31 below. Furthermore, it is important to note that p(t) is indeed a probability density

function because p(t) > 0, for all t ∈ R, and∫
R

p(t) dt = 1. (3.B.35)

The inequality p(t) > 0 follows because | coth(x)| > 1 for all x ∈ R and (3.B.35) by plugging in

ω = 0 in (3.B.14) and noting that limω→0
tanh ω/2

ω/2
= 1.

Lemma 31 (Fourier transform of high-peak-tent probability density) The following equal-

ity holds: ∫
R

dt
2
π

ln
∣∣∣∣∣coth

(
πt
2

)∣∣∣∣∣ e−iωt =
tanh

(
ω
2

)
ω
2

. (3.B.36)
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Figure 3.3: The high-peak-tent probability density function p(t), defined
in (3.B.34).

Proof. We provide two different proofs of this lemma. To begin with, let us define the

Fourier operator F , as applied to a function f (t), as

F { f (t)} B
∫
R

dt f (t)e−iωt C F(ω). (3.B.37)

As such, our aim is to prove that

F {p(t)} =
tanh

(
ω
2

)
ω
2

, (3.B.38)
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where

p(t) =
2
π

ln
∣∣∣∣∣coth

(
πt
2

)∣∣∣∣∣ . (3.B.39)

Consider that the derivative of p(t) is as follows:

d
dt

p(t) =
d
dt

2
π

ln
∣∣∣∣∣coth

(
πt
2

)∣∣∣∣∣ (3.B.40)

=
2
π

1

coth
(
πt
2

) d
dt

[
coth

(
πt
2

)]
(3.B.41)

=
2
π

1

coth
(
πt
2

) [
− csch2

(
πt
2

)]
π

2
(3.B.42)

= −
2

sinh(πt)
. (3.B.43)

Then, by the fundamental theorem of calculus, and the fact that limt→−∞ p(t) = 0, we find

that

p(t) = −2
∫ t

−∞

dτ
1

sinh(πτ)
. (3.B.44)

It is then a well known fact that the following functions are Fourier transform pairs (see

[Wik24]): ∫ t

−∞

dτ f (τ) ↔
F(ω)

iω
+ 2πF(0)δ(ω), (3.B.45)

where F(ω) is the Fourier transform of f (t). Given that the following are also known

Fourier transform pairs
1

sinh(πt)
↔ −i tanh

(
ω

2

)
, (3.B.46)

and given that tanh(0) = 0 and thus that tanh(0) δ(ω) = 0, we conclude from (3.B.44),

(3.B.45), and (3.B.46) that

F {p(t)} = −2F
{∫ t

−∞

dτ
1

sinh(πτ)

}
(3.B.47)

= 2

 i tanh
(
ω
2

)
iω

+ πi tanh(0) δ(ω)

 (3.B.48)

=
tanh

(
ω
2

)
ω
2

, (3.B.49)
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as claimed.

Our alternate proof of Lemma 31 is as follows. Let us define the inverse Fourier oper-

ator F −1, as applied to a function F(ω) (defined in (3.B.37)), as

F −1{F(ω)} B
1

2π

∫
R

dω F(ω)eiωt = f (t). (3.B.50)

Also, let the operator f ∗ g denote the convolution between two functions f and g:

( f ∗ g)(t) B
∫
R

dτ f (τ)g(t − τ) = f (t) ∗ g(t). (3.B.51)

Then from the convolution theorem for inverse Fourier transform, it follows that:

F −1

 tanh
(
ω
2

)
ω
2

 = F −1
(
tanh

(
ω

2

))
∗ F −1

(
2
ω

)
(3.B.52)

=
−i

sinh(πt)
∗
(
−i sgn(t)

)
(3.B.53)

=

∫
R

dτ
−i

sinh(πτ)
· (−i) sgn(t − τ) (3.B.54)

= −

∫
R

dτ
1

sinh(πτ)
· sgn(t − τ) (3.B.55)

= −

(∫ t

−∞

dτ
1

sinh(πτ)
· (1) +

∫ ∞

t
dτ

1
sinh(πτ)

· (−1)
)

(3.B.56)

= −

∫ t

−∞

dτ
1

sinh(πτ)
+

∫ ∞

t
dτ

1
sinh(πτ)

(3.B.57)

= −

∫ t

−∞

dτ
1

sinh(πτ)
+

∫ ∞

−∞

dτ
1

sinh(πτ)︸               ︷︷               ︸
=0

−

∫ t

−∞

dτ
1

sinh(πτ)
(3.B.58)

=

∫ t

−∞

dτ
−2

sinh(πτ)
(3.B.59)

=
2
π

ln
∣∣∣∣∣coth

(
πt
2

)∣∣∣∣∣ , (3.B.60)

where the last equality follows from (3.B.44). This concludes the alternate proof.

Using the development in Lemma 29 and Remark 30, we now direct our focus on

deriving an analytical expression for the partial derivatives, that is, ∂ j Tr[Hρ(θ)], for all

j ∈ [J].
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Proposition 32 (Partial Derivatives) Let H be a Hamiltonian as defined in (3.B.1). Let J ∈ N,

let θ ∈ RJ be a parameter vector, and let ρ(θ) be the corresponding parameterized thermal state

as defined in (3.B.5). Then the partial derivative of the function Tr[Hρ(θ)] with respect to the

parameter θ j can be expressed as follows:

∂ j Tr[Hρ(θ)] = −
1
2

〈{
H,Φθ(G j)

}〉
ρ(θ)
+ ⟨H⟩ρ(θ)

〈
G j

〉
ρ(θ)

(3.B.61)

= −
1
2

Tr
[{

H − ⟨H⟩ρ(θ) ,Φθ(G j) −
〈
G j

〉
ρ(θ)

}
ρ(θ)

]
, (3.B.62)

where the quantum channel Φθ is defined in (3.B.13) and ⟨C⟩σ ≡ Tr[Cσ].

Proof. Consider that

∂ j Tr[Hρ(θ)] = Tr[H
(
∂ jρ(θ)

)
] = Tr

[
H∂ j

(
e−G(θ)

Z(θ)

)]
(3.B.63)

= Tr
[
H

(
−

e−G(θ)

Z(θ)2 ∂ jZ(θ) +
(
∂ je−G(θ)

) 1
Z(θ)

)]
, (3.B.64)

where the last equality follows from the product rule. Now, to evaluate ∂ jZ(θ), consider

the following:

∂ jZ(θ) = ∂ j Tr
[
e−G(θ)

]
= Tr

[
∂ je−G(θ)

]
(3.B.65)

= −
1
2

Tr
[{
Φθ(G j), e−G(θ)

}]
= −Tr

[
Φθ(G j)e−G(θ)

]
(3.B.66)

= −Tr
[(∫

R

dt p(t)e−iG(θ)tG jeiG(θ)t
)

e−G(θ)
]

(3.B.67)

= −

∫
R

dt p(t) Tr
[
e−iG(θ)tG jeiG(θ)te−G(θ)

]
(3.B.68)

= −

∫
R

dt p(t) Tr
[
e−iG(θ)tG je−G(θ)eiG(θ)t

]
(3.B.69)

= −

∫
R

dt p(t) Tr
[
eiG(θ)te−iG(θ)tG je−G(θ)

]
(3.B.70)

= −

∫
R

dt p(t) Tr
[
G je−G(θ)

]
(3.B.71)

= −Tr
[
G je−G(θ)

] ∫
R

dt p(t) (3.B.72)
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= −Tr
[
G je−G(θ)

]
. (3.B.73)

The third equality follows from Lemma 29. The seventh equality follows from the fact that

e−G(θ) commutes with e−iG(θ)t, and the eighth equality follows from the cyclicity property

of trace. Finally, the penultimate equality follows from the fact that p(t) is a probability

density function (see (3.B.35)).

Now, substituting the last equality into (3.B.64) and using Lemma 29 for the second

term of (3.B.64), we obtain:

∂ j Tr[Hρ(θ)] = Tr
[
H

(
−

e−G(θ)

Z(θ)2

(
−Tr[G je−G(θ)]

)
−

1
2

{
Φθ(G j), e−G(θ)

} 1
Z(θ)

)]
(3.B.74)

= Tr
[
H

(
e−G(θ)

Z(θ)2 Tr[G je−G(θ)] −
1
2

{
Φθ(G j), e−G(θ)

} 1
Z(θ)

)]
(3.B.75)

= Tr
[
H

e−G(θ)

Z(θ)

]
Tr

[
G j

e−G(θ)

Z(θ)

]
−

1
2

Tr
[
H

{
Φθ(G j),

e−G(θ)

Z(θ)

}]
(3.B.76)

= −
1
2

Tr[
{
H,Φθ(G j)

}
ρ(θ)] + Tr[Hρ(θ)] Tr[G jρ(θ)] (3.B.77)

= −
1
2

Tr
[{

H,Φθ(G j)
}
ρ(θ)

]
+ ⟨H⟩ρ(θ)

〈
G j

〉
ρ(θ)

(3.B.78)

= −
1
2

〈{
H,Φθ(G j)

}〉
ρ(θ)
+ ⟨H⟩ρ(θ)

〈
G j

〉
ρ(θ)

. (3.B.79)

This concludes the proof of the first equality claimed in the statement of the proposition.

Now, to show that the second equality in (3.B.62) also holds, consider the following

steps:

1
2

Tr
[{

H − ⟨H⟩ρ(θ) ,Φθ(G j) −
〈
G j

〉
ρ(θ)

}
ρ(θ)

]
=

1
2

Tr
[(

H − ⟨H⟩ρ(θ)

) (
Φθ(G j) −

〈
G j

〉
ρ(θ)

)
ρ(θ)

]
+

1
2

Tr
[(
Φθ(G j) −

〈
G j

〉
ρ(θ)

) (
H − ⟨H⟩ρ(θ)

)
ρ(θ)

]
(3.B.80)

=
1
2

Tr
[
HΦθ(G j)ρ(θ)

]
−

1
2

Tr
[
H

〈
G j

〉
ρ(θ)

ρ(θ)
]
−

1
2

Tr
[
⟨H⟩ρ(θ)Φθ(G j)ρ(θ)

]
+

1
2

Tr
[
⟨H⟩ρ(θ)

〈
G j

〉
ρ(θ)

ρ(θ)
]
+

1
2

Tr
[
Φθ(G j)Hρ(θ)

]
−

1
2

Tr
[
Φθ(G j) ⟨H⟩ρ(θ) ρ(θ)

]
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−
1
2

Tr
[〈

G j

〉
ρ(θ)

Hρ(θ)
]
+

1
2

Tr
[〈

G j

〉
ρ(θ)
⟨H⟩ρ(θ) ρ(θ)

]
(3.B.81)

=
1
2

Tr
[
HΦθ(G j)ρ(θ)

]
−

1
2
⟨H⟩ρ(θ)

〈
G j

〉
ρ(θ)
−

1
2
⟨H⟩ρ(θ) Tr

[
Φθ(G j)ρ(θ)

]
+

1
2
⟨H⟩ρ(θ)

〈
G j

〉
ρ(θ)
+

1
2

Tr
[
Φθ(G j)Hρ(θ)

]
−

1
2
⟨H⟩ρ(θ) Tr

[
Φθ(G j)ρ(θ)

]
−

1
2

〈
G j

〉
ρ(θ)
⟨H⟩ρ(θ) +

1
2

〈
G j

〉
ρ(θ)
⟨H⟩ρ(θ) (3.B.82)

=
1
2

Tr
[{

H,Φθ(G j)
}
ρ(θ)

]
− ⟨H⟩ρ(θ)

〈
G j

〉
ρ(θ)

(3.B.83)

=
1
2

〈{
H,Φθ(G j)

}〉
ρ(θ)
− ⟨H⟩ρ(θ)

〈
G j

〉
ρ(θ)

. (3.B.84)

By multiplying both sides of the given equation by −1, we arrive at the second equality

in (3.B.62).

Remark 33 We employ the first equality stated in Proposition 32, i.e., (3.B.61), to propose a

quantum algorithm that computes an unbiased estimator of the gradient. The purpose of stating

the second equality is to illustrate that it resembles an entry in a covariance matrix.

Having said that, we now show that for all j ∈ [J], the absolute value of the partial

derivative, i.e.,
∣∣∣∂ j Tr[Hρ(θ)]

∣∣∣, is bounded from above by a quantity that does not depend

on the parameter vector θ. This demonstrates that the gradient is not arbitrarily large at

any given point.

Proposition 34 (Bounds on Partial Derivatives) Let H be a Hamiltonian as defined

in (3.B.1). Let J ∈ N, let θ ∈ RJ be a parameter vector, and let ρ(θ) be the corresponding pa-

rameterized thermal state as defined in (3.B.5). Then, for all j ∈ [J], the following holds:∣∣∣∂ j Tr[Hρ(θ)]
∣∣∣ ≤ 2 ∥H∥

∥∥∥G j

∥∥∥ . (3.B.85)

Proof. Consider that∣∣∣∂ j Tr[Hρ(θ)]
∣∣∣ = ∣∣∣∣∣−1

2
Tr[

{
H,Φθ(G j)

}
ρ(θ)] + Tr[Hρ(θ)] Tr[G jρ(θ)]

∣∣∣∣∣ (3.B.86)
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≤
1
2

∣∣∣∣Tr[
{
H,Φθ(G j)

}
ρ(θ)]

∣∣∣∣ + |Tr[Hρ(θ)]|
∣∣∣Tr[G jρ(θ)]

∣∣∣ (3.B.87)

≤
1
2

∥∥∥∥{H,Φθ(G j)
}∥∥∥∥ + ∥H∥ ∥∥∥G j

∥∥∥ (3.B.88)

≤ ∥H∥
∥∥∥G j

∥∥∥ + ∥H∥ ∥∥∥G j

∥∥∥ (3.B.89)

= 2 ∥H∥
∥∥∥G j

∥∥∥ . (3.B.90)

The first equality follows from Proposition 32. The first inequality follows from the tri-

angle inequality, and the second inequality follows from Hölder’s inequality. The third

inequality is a result of the anticommutator bound, which states that for any two matrices

A and B, we have ∥{A, B}∥ ≤ 2 ∥A∥ ∥B∥. Moreover, we also employed contractivity under a

mixture-of-unitaries channel:

∥Φθ(X)∥ =
∥∥∥∥∥∫ ∞

−∞

dt p(t)e−iG(θ)tXeiG(θ)t
∥∥∥∥∥ (3.B.91)

≤

∫
R

dt p(t)
∥∥∥e−iG(θ)t

∥∥∥ ∥X∥ ∥∥∥eiG(θ)t
∥∥∥ (3.B.92)

= ∥X∥ . (3.B.93)

This concludes the proof.

3.B.4 Hessian

In this section, we focus on the matrix elements of the Hessian of the objective func-

tion Tr[Hρ(θ)]. We start by obtaining analytical expressions for these elements. Then, we

demonstrate that these elements are bounded from above, ensuring that none of them

can grow arbitrarily large at any given point. This property is crucial for establishing the

smoothness of the objective function, which we will utilize later in our analysis.
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Proposition 35 (Hessian) Let H be a Hamiltonian as defined in (3.B.1). Let J ∈ N, let θ ∈ RJ

be a parameter vector, and let ρ(θ) be the corresponding parameterized thermal state as defined

in (3.B.5). Then the matrix elements of the Hessian of Tr[Hρ(θ)] are given by

∂k∂ j Tr[Hρ(θ)] = −
1
2

Tr[
{
H,

[
∂kΦθ(G j)

]}
ρ(θ)] +

1
4

Tr
[{

H,Φθ(G j)
}
{ρ(θ),Φθ(Gk)}

]
−

1
2

Tr
[{

H,Φθ(G j)
}
ρ(θ)

]
⟨Gk⟩ρ(θ) −

1
2

Tr
[
{H,Φθ(Gk)} ρ(θ)

] 〈
G j

〉
ρ(θ)

−
1
2

Tr
[{

G j,Φθ(Gk)
}
ρ(θ)

]
⟨H⟩ρ(θ) + 2 ⟨H⟩ρ(θ) ⟨Gk⟩ρ(θ)

〈
G j

〉
ρ(θ)

, (3.B.94)

where

∂kΦθ(G j) =
∫
R

dt
∫ 1

0
du it p(t)×(

e(1−u)iG(θ)tGkeuiG(θ)tG jeiG(θ)t − e−iG(θ)tG je−(1−u)iG(θ)tGke−uiG(θ)t
)
, (3.B.95)

with p(t) the probability density function defined in (3.B.35).

Proof. From Proposition 32, we have that

∂k∂ j Tr[Hρ(θ)] = ∂k

(
−

1
2

Tr[
{
H,Φθ(G j)

}
ρ(θ)] + Tr[Hρ(θ)] Tr[G jρ(θ)]

)
, (3.B.96)

Now, for the first term in the above equation, consider the following:

∂k Tr[
{
H,Φθ(G j)

}
ρ(θ)]

= Tr[
{
H,

[
∂kΦθ(G j)

]}
ρ(θ)] + Tr[

{
H,Φθ(G j)

}
∂kρ(θ)] (3.B.97)

= Tr[
{
H,

[
∂kΦθ(G j)

]}
ρ(θ)]

+ Tr
[{

H,Φθ(G j)
} (
−

1
2
{Φθ(Gk), ρ(θ)} + ρ(θ) ⟨Gk⟩ρ(θ)

)]
(3.B.98)

= Tr[
{
H,

[
∂kΦθ(G j)

]}
ρ(θ)] −

1
2

Tr
[{

H,Φθ(G j)
}
{Φθ(Gk), ρ(θ)}

]
+ Tr

[{
H,Φθ(G j)

}
ρ(θ) ⟨Gk⟩ρ(θ)

]
(3.B.99)

= Tr[
{
H,

[
∂kΦθ(G j)

]}
ρ(θ)] −

1
2

Tr
[{

H,Φθ(G j)
}
{ρ(θ),Φθ(Gk)}

]
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+ Tr
[{

H,Φθ(G j)
}
ρ(θ)

]
⟨Gk⟩ρ(θ) , (3.B.100)

where we again used Proposition 32 in the second equality. Now consider that

∂kΦθ(G j) = ∂k

∫
R

dt p(t)e−iG(θ)tG jeiG(θ)t (3.B.101)

=

∫
R

dt p(t)
([
∂ke−iG(θ)t

]
G jeiG(θ)t + e−iG(θ)tG j

[
∂keiG(θ)t

])
(3.B.102)

By applying Duhamel’s formula, given by (3.B.15), we find that

∂keiG(θ)t = it
∫ 1

0
du e(1−u)iG(θ)tGkeuiG(θ)t, (3.B.103)

∂ke−iG(θ)t = −it
∫ 1

0
du e−(1−u)iG(θ)tGke−uiG(θ)t, (3.B.104)

so that

∂kΦθ(G j) =
∫
R

dt p(t)


(
it
∫ 1

0
du e(1−u)iG(θ)tGkeuiG(θ)t

)
G jeiG(θ)t

+e−iG(θ)tG j

(
−it

∫ 1

0
du e−(1−u)iG(θ)tGke−uiG(θ)t

)
 (3.B.105)

=

∫
R

dt
∫ 1

0
du it p(t)

 e(1−u)iG(θ)tGkeuiG(θ)tG jeiG(θ)t

−e−iG(θ)tG je−(1−u)iG(θ)tGke−uiG(θ)t

 . (3.B.106)

Finally, for the second term in (3.B.96), consider that

∂k

(
Tr[Hρ(θ)] Tr[G jρ(θ)]

)
= Tr[H (∂kρ(θ))] Tr[G jρ(θ)] + Tr[Hρ(θ)] Tr[G j (∂kρ(θ))] (3.B.107)

= Tr
[
H

(
−

1
2
{Φθ(Gk), ρ(θ)} + ρ(θ) ⟨Gk⟩ρ(θ)

)]
Tr[G jρ(θ)]

+ Tr[Hρ(θ)] Tr
[
G j

(
−

1
2
{Φθ(Gk), ρ(θ)} + ρ(θ) ⟨Gk⟩ρ(θ)

)]
(3.B.108)

= −
1
2

Tr
[
H {Φθ(Gk), ρ(θ)}

]
Tr[G jρ(θ)] + Tr[Hρ(θ)] ⟨Gk⟩ρ(θ) Tr[G jρ(θ)]

−
1
2

Tr[Hρ(θ)] Tr
[
G j {Φθ(Gk), ρ(θ)}

]
+ Tr[Hρ(θ)] Tr

[
G jρ(θ)

]
⟨Gk⟩ρ(θ) (3.B.109)

= −
1
2

Tr
[
{H,Φθ(Gk)} ρ(θ)

] 〈
G j

〉
ρ(θ)
+ 2 ⟨H⟩ρ(θ) ⟨Gk⟩ρ(θ)

〈
G j

〉
ρ(θ)
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−
1
2
⟨H⟩ρ(θ) Tr

[{
G j,Φθ(Gk)

}
ρ(θ)

]
. (3.B.110)

Then, we finally see that

∂k∂ j Tr[Hρ(θ)] = −
1
2

Tr[
{
H,

[
∂kΦθ(G j)

]}
ρ(θ)] +

1
4

Tr
[{

H,Φθ(G j)
}
{ρ(θ),Φθ(Gk)}

]
−

1
2

Tr
[{

H,Φθ(G j)
}
ρ(θ)

]
⟨Gk⟩ρ(θ) −

1
2

Tr
[
{H,Φθ(Gk)} ρ(θ)

] 〈
G j

〉
ρ(θ)

−
1
2

Tr
[{

G j,Φθ(Gk)
}
ρ(θ)

]
⟨H⟩ρ(θ) + 2 ⟨H⟩ρ(θ) ⟨Gk⟩ρ(θ)

〈
G j

〉
ρ(θ)

, (3.B.111)

thus concluding the proof.

Proposition 36 (Bounds on the Hessian Elements) Let H be a Hamiltonian as defined

in (3.B.1). Let J ∈ N, let θ ∈ RJ be a parameter vector, and let ρ(θ) be the corresponding pa-

rameterized thermal state as defined in (3.B.5). Then, for all j, k ∈ [J], the following holds:

∣∣∣∂k∂ j Tr[Hρ(θ)]
∣∣∣ ≤ 8 ∥H∥

∥∥∥G j

∥∥∥ ∥Gk∥ . (3.B.112)

Proof. Consider that

∣∣∣∂k∂ j Tr[Hρ(θ)]
∣∣∣

≤
1
2

∣∣∣∣Tr[
{
H,

[
∂kΦθ(G j)

]}
ρ(θ)]

∣∣∣∣
+

1
4

∣∣∣∣Tr
[{

H,Φθ(G j)
}
{ρ(θ),Φθ(Gk)}

]∣∣∣∣ + 1
2

∣∣∣∣Tr
[{

H,Φθ(G j)
}
ρ(θ)

]
⟨Gk⟩ρ(θ)

∣∣∣∣
+

1
2

∣∣∣∣Tr
[
{H,Φθ(Gk)} ρ(θ)

] 〈
G j

〉
ρ(θ)

∣∣∣∣ + 1
2

∣∣∣∣Tr
[{

G j,Φθ(Gk)
}
ρ(θ)

]
⟨H⟩ρ(θ)

∣∣∣∣
+ 2

∣∣∣⟨H⟩ρ(θ)

∣∣∣ ∣∣∣⟨Gk⟩ρ(θ)

∣∣∣ ∣∣∣∣〈G j

〉
ρ(θ)

∣∣∣∣ (3.B.113)

≤
1
2

∥∥∥∥{H, [∂kΦθ(G j)
]}∥∥∥∥ + 1

2

∥∥∥∥{H,Φθ(G j)
}
Φθ(Gk)

∥∥∥∥ + 1
2

∥∥∥∥{H,Φθ(G j)
}∥∥∥∥ ∥Gk∥

+
1
2
∥{H,Φθ(Gk)}∥

∥∥∥G j

∥∥∥ + 1
2

∥∥∥∥{G j,Φθ(Gk)
}∥∥∥∥ ∥H∥ + 2 ∥H∥ ∥Gk∥

∥∥∥G j

∥∥∥ (3.B.114)

≤
1
2

∥∥∥∥{H, [∂kΦθ(G j)
]}∥∥∥∥ + ∥H∥ ∥∥∥G j

∥∥∥ ∥Gk∥ + ∥H∥
∥∥∥G j

∥∥∥ ∥Gk∥
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+ ∥H∥ ∥Gk∥
∥∥∥G j

∥∥∥ + ∥∥∥G j

∥∥∥ ∥Gk∥ ∥H∥ + 2 ∥H∥ ∥Gk∥
∥∥∥G j

∥∥∥ (3.B.115)

=
1
2

∥∥∥∥{H, [∂kΦθ(G j)
]}∥∥∥∥ + 6 ∥H∥

∥∥∥G j

∥∥∥ ∥Gk∥

≤ ∥H∥
∥∥∥∂kΦθ(G j)

∥∥∥ + 6 ∥H∥
∥∥∥G j

∥∥∥ ∥Gk∥ . (3.B.116)

For the first inequality, we first obtain the matrix elements of the Hessian from Proposi-

tion 35. Then, this inequality directly follows from the triangle inequality. The second

inequality follows from Hölder’s inequality and submultiplicativity of the spectral norm.

The third inequality follows from the anticommutator bound and contracitivity under a

mixture-of-unitaries channel, both of which we mention now. The anticommutator bound

is the following: given two matrices A and B, we have ∥{A, B}∥ ≤ 2 ∥A∥ ∥B∥. Now consider

that

∥∥∥∂kΦθ(G j)
∥∥∥

≤

∥∥∥∥∥∥∥∥∥
∫
R

dt
∫ 1

0
du it p(t)

 e(1−u)iG(θ)tGkeuiG(θ)tG jeiG(θ)t

−e−iG(θ)tG je−(1−u)iG(θ)tGke−uiG(θ)t


∥∥∥∥∥∥∥∥∥ (3.B.117)

≤

∫
R

dt
∫ 1

0
du |t| p(t)


∥∥∥e(1−u)iG(θ)tGkeuiG(θ)tG jeiG(θ)t

∥∥∥
+

∥∥∥e−iG(θ)tG je−(1−u)iG(θ)tGke−uiG(θ)t
∥∥∥

 (3.B.118)

≤

∫
R

dt
∫ 1

0
du |t| p(t)


∥∥∥e(1−u)iG(θ)t

∥∥∥ ∥Gk∥
∥∥∥euiG(θ)t

∥∥∥ ∥∥∥G j

∥∥∥ ∥∥∥eiG(θ)t
∥∥∥

+
∥∥∥e−iG(θ)t

∥∥∥ ∥∥∥G j

∥∥∥ ∥∥∥e−(1−u)iG(θ)t
∥∥∥ ∥Gk∥

∥∥∥e−uiG(θ)t
∥∥∥

 (3.B.119)

= 2
∫
R

dt
∫ 1

0
du |t| p(t)

∥∥∥G j

∥∥∥ ∥Gk∥ (3.B.120)

= 2
∥∥∥G j

∥∥∥ ∥Gk∥

∫ ∞

−∞

dt |t| p(t) (3.B.121)

≤ 2
∥∥∥G j

∥∥∥ ∥Gk∥ . (3.B.122)

Applying this to (3.B.116), we finally conclude that

∣∣∣∂k∂ j Tr[Hρ(θ)]
∣∣∣ ≤ ∥H∥ ∥∥∥∂kΦθ(G j)

∥∥∥ + 6 ∥H∥
∥∥∥G j

∥∥∥ ∥Gk∥ (3.B.123)
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≤ 8 ∥H∥
∥∥∥G j

∥∥∥ ∥Gk∥ , (3.B.124)

thus completing the proof.

3.B.5 Smoothness

From the development above, we are now in a position to prove that the objective function

Tr[Hρ(θ)] is smooth. We do so in the proof of the following proposition.

Proposition 37 (Smoothness) Let H be a Hamiltonian as defined in (3.B.1). Let J ∈ N, let

θ ∈ RJ be a parameter vector, and let ρ(θ) be the corresponding parameterized thermal state as

defined in (3.B.5). Then, the objective function Tr[Hρ(θ)] is ℓ-smooth, where

ℓ = 8J ∥H∥max
{
∥Gk∥

2
}

k
. (3.B.125)

Proof. To prove that the objective function Tr[Hρ(θ)] is ℓ-smooth, we need to show that

its gradient ∇θ Tr[Hρ(θ)] is ℓ-Lipschitz continuous (see Definition 22). To this end, note

that this gradient is a multivariate vector-valued function. Therefore, it is ℓ-Lipschitz

continuous if all its components, i.e., {∂ j Tr[Hρ(θ)]} j, are Lipschitz continuous. Let ℓ j be a

Lipschitz constant of the function ∂ j Tr[Hρ(θ)]. Then, from Lemma 24, it directly follows

that a choice for ℓ is

ℓ =

 J∑
j=1

ℓ2
j


1
2

. (3.B.126)

Next, we get the Lipschitz constant ℓ j by using Lemma 23 and the bounds that we ob-

tained on the elements of the Hessian in Proposition 36:

ℓ j =
√

J max
k

{
sup
θ

∣∣∣∂k∂ j Tr[Hρ(θ)]
∣∣∣}

k
(3.B.127)
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≤ 8
√

J max
k

{
∥H∥

∥∥∥G j

∥∥∥ ∥Gk∥
}

k
(3.B.128)

≤ 8
√

J ∥H∥
∥∥∥G j

∥∥∥ max
k
{∥Gk∥}k . (3.B.129)

Substituting the above equation into (3.B.126), we find that

ℓ ≤

 J∑
j=1

[
8
√

J ∥H∥
∥∥∥G j

∥∥∥ max
k
{∥Gk∥}k

]2


1
2

(3.B.130)

= 8J
1
2

(
∥H∥2 max

k

{
∥Gk∥

2
}

k

J∑
j=1

∥∥∥G j

∥∥∥2

︸     ︷︷     ︸
≤ J max j

{
∥G j∥

2
}

j

) 1
2

(3.B.131)

≤ 8J ∥H∥max
k

{
∥Gk∥

2
}

k
. (3.B.132)

Finally, we take the right-hand side of the above inequality as the Lipschitz constant ℓ.

3.B.6 Quantum Boltzmann Gradient Estimator

In this section, we present a quantum algorithm for estimating the gradient ∇θ Tr[Hρ(θ)].

As mentioned in the main text and previously in Section 3.B.1, we refer to this algorithm

as the quantum Boltzmann gradient estimator (QBGE). For the sake of simplicity, we

assume in what follows that for all k ∈ [K] and for all j ∈ [J], the Hamiltonians Hk and

G j are local unitaries. However, let us note that our algorithm can straightforwardly be

generalized beyond the case of Hk and G j being local unitaries, if they instead are block

encoded into unitary circuits [LC19, GSLW19].

The gradient is a multivariate vector-valued function with components corresponding

to the partial derivatives {∂ j Tr[Hρ(θ)]} j. Therefore, QBGE estimates the gradient by esti-

mating these partial derivatives individually using Algorithms 1 and 2 as subroutines.
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We begin by presenting these subroutines first and then provide pseudocode for QBGE

at the end of this section, showcasing how QBGE employs these subroutines. To this end,

let us recall the explicit form of ∂ j Tr[Hρ(θ)] from Proposition 32:

∂ jTr
[
Hρ(θ)

]
= −

1
2

〈{
H,Φθ(G j)

}〉
ρ(θ)
+ ⟨H⟩ρ(θ)

〈
G j

〉
ρ(θ)

. (3.B.133)

Observe that the above equation is a linear combination of two terms. Therefore, we

present algorithms (Algorithms 1 and 2) for estimating these terms separately.

Estimating the first term

Expanding the first term of (3.B.133) yields:

−
1
2

Tr
[{

H,Φθ(G j)
}
ρ(θ)

]
= −

1
2

Tr
[(

HΦθ(G j) + Φθ(G j)H
)
ρ(θ)

]
(3.B.134)

= −
1
2

Tr
[( ∑

k

αkHk

 (∫
R

dt p(t)eiG(θ)tG je−iG(θ)t
)

+

(∫
R

dt p(t)eiG(θ)tG je−iG(θ)t
) ∑

k

αkHk

 )ρ(θ)
]

(3.B.135)

= −
∑

k

αk

∫
R

dt p(t)

1
2

Tr


HkeiG(θ)tG je−iG(θ)t︸               ︷︷               ︸

EU jk(θ,t)

+ eiG(θ)tG je−iG(θ)tHk︸               ︷︷               ︸
=U†jk(θ,t)

 ρ(θ)


 (3.B.136)

= −
∑

k

αk

∫
R

dt p(t)
(
1
2

Tr
[(

U jk(θ, t) + U†jk(θ, t)
)
ρ(θ)

])
. (3.B.137)

Note that, in the third equality, HkeiG(θ)tG je−iG(θ)t is a unitary because we are assuming that

{Hk}k and {G j} j are local unitaries.

The key idea here is to estimate the term on the right-hand side of (3.B.137). However,

before presenting a quantum algorithm to accomplish this, let us first recall a fundamental
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|0⟩ Had Had b

ρ Ui

Figure 3.4: Quantum primitive for estimating 1
2 Tr

[(
U†1U0 + U†0U1

)
ρ
]
. Note

that the “Had” gate denotes the Hadamard gate.

primitive on which this algorithm is based. This primitive estimates a quantity of the form

1
2

Tr
[(

U†1U0 + U†0U1

)
ρ
]
, (3.B.138)

where U0 and U1 are unitaries and ρ is a quantum state. Observe that the expression above

is similar to the expression on the right-hand side of (3.B.137), so understanding how this

primitive works is crucial. The quantum circuit for this primitive is depicted in Figure 3.4,

where the controlled gate is given by |0⟩⟨0| ⊗U0 + |1⟩⟨1| ⊗U1. Moreover, this circuit consists

of the following two quantum registers: 1) a control register, initialized in the state |0⟩,

and 2) a system register, which is in the state ρ. After executing this circuit and obtaining

a measurement outcome b in the control register, the final state σ(b)
sub (sub-normalized) of

the system register is as follows, where b ∈ {0, 1}:

σ(b)
sub =

(
U0 + (−1)bU1

2

)
ρ

U†0 + (−1)bU†1
2

 (3.B.139)

=
1
4

(
U0ρU†0 + (−1)bU0ρU†1 + (−1)bU1ρU†0 + U1ρU†1

)
. (3.B.140)

The probability pb of obtaining the measurement outcome b is then

pb = Tr
[
σ(b)

sub

]
=

2 + (−1)b Tr
[
U0ρU†1

]
+ (−1)b Tr

[
U1ρU†0

]
4

(3.B.141)

=
2 + (−1)b Tr

[(
U†1U0 + U†0U1

)
ρ
]

4
. (3.B.142)

In order to estimate the quantity, given by (3.B.138), we use the following approach.

Let b1, . . . , bN represent the measurement results obtained from N independent executions
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|0⟩ Had Had bn

ρ(θ) G j e−iG(θ)t Hk

Figure 3.5: Quantum circuit corresponding to the nth iteration of Algo-
rithm 1.

of the aforementioned quantum circuit. We define a random variable X as X B (−1)b. Then

the sample mean

X B
1
N

N∑
i=1

Xi (3.B.143)

serves as an unbiased estimator for the quantity of interest, because

E
[

X
]
= E

 1
N

N∑
i=1

Xi

 = 1
N

N∑
i=1

E[Xi] =
1
N

N∑
i=1

∑
bi∈{0,1}

pbi(−1)bi (3.B.144)

=
1
N

N∑
i=1

2 + Tr
[(

U†1U0 + U†0U1

)
ρ
]

4
−

2 − Tr
[(

U†1U0 + U†0U1

)
ρ
]

4

 (3.B.145)

=
Tr

[(
U†1U0 + U†0U1

)
ρ
]

2
. (3.B.146)

With the above primitive in mind, we are now in a position to present an algorithm

(Algorithm 1) to estimate the first term of (3.B.133), i.e., −1
2Tr

[{
H,Φθ(G j)

}
ρ(θ)

]
, using its

equivalent form given by (3.B.137). Let α B (α1, . . . , αK)T
∈ RK

≥0. For this algorithm, we

assume that we have access to an oracle that samples an index k ∈ [K] and time t ∈ Rwith

probabilities αk/∥α∥1 and p(t), respectively. Additionally, we assume that we have access to

multiple copies of ρ(θ). At the core of our algorithm lies the aforementioned primitive

with U0 = e−iG(θ)t and U1 = Hke−iG(θ)tG j (see Figure 3.5), so that U†1U0 = G jeiG(θ)tHke−iG(θ)t and

1
2

Tr
[(

U†1U0 + U†0U1

)
ρ(θ)

]
=

1
2

Tr
[(

G jeiG(θ)tHke−iG(θ)t + eiG(θ)tHke−iG(θ)tG j

)
ρ(θ)

]
(3.B.147)

=
1
2

Tr
[(

e−iG(θ)tG jeiG(θ)tHk + Hke−iG(θ)tG jeiG(θ)t
)
ρ(θ)

]
(3.B.148)
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Algorithm 1: estimate first term(α, {Hk}
K
k=1, θ, {Gℓ}

J
ℓ=1, j, ε1, δ1)

1: Input: Hamiltonian coefficients vector α = (α1, . . . , αK)T
∈ RK

≥0, local Hamiltonians

{Hk}
K
k=1, parameter vector θ = (θ1, . . . , θJ)T

∈ RJ, Gibbs local Hamiltonians {Gℓ}
J
ℓ=1, index

j ∈ [J], precision ε1 > 0, error probability δ1 > 0

2: N1 ← ⌈2 ∥α∥
2
1 ln(2/δ1)/ε2

1⌉

3: for n = 0 to N1 − 1 do

4: Initialize the control register to |0⟩

5: Prepare the system register in the state ρ(θ)

6: Sample k and t with probabilities αk/∥α∥1 and p(t), respectively

7: Apply the Hadamard gate to the control register

8: Apply the following unitaries to the control and system registers:

9: • Controlled-G j: G j is a local unitary with the control on the control register

10: • e−iG(θ)t: Hamiltonian simulation for time t on the system register

11: • Controlled-Hk: Hk is a local unitary with the control on the control register

12: Apply the Hadamard gate to the control register

13: Measure the control register in the computational basis and store the measurement

outcome bn

14: Y (1)
n ← ∥α∥1 (−1)bn+1

15: end for

16: return Y
(1)
← 1

N1

∑N1−1
n=0 Y (1)

n
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=
1
2

Tr
[{

Hk, e−iG(θ)tG jeiG(θ)t
}
ρ(θ)

]
, (3.B.149)

where used the fact that [G(θ), ρ(θ)] = 0 and cyclicity of trace to obtain the second equality.

The output of our algorithm is a random variable Y
(1)

, which we show is an unbiased

estimator of −1
2 Tr[{H,Φθ(G j)}ρ(θ)]:

E
[
Y

(1)
]
= E

 1
N1

N1−1∑
n=0

Y (1)
n

 = E 1
N1

N1−1∑
n=0

∥α∥1 (−1)bn+1

 (3.B.150)

= −
∥α∥1
N1

N1−1∑
n=0

E
[
(−1)bn

]
= −
∥α∥1
N1

N1−1∑
n=0

∑
bn∈{0,1}

pbn

[
(−1)bn

]
, (3.B.151)

where

pbn B
∑

k

αk

∥α∥1

∫
R

dt p(t)

2 + (−1)bn Tr
[(

U jk(θ, t) + U†jk(θ, t)
)
ρ(θ)

]
4

 . (3.B.152)

The above expression for pbn follows from the fact that we first sample an index k and

time t with probabilities αk/∥α∥1 and p(t), respectively, and then we apply the primitive in-

troduced before with U0 = e−iG(θ)t and U1 = Hke−iG(θ)tG j, whose probability of outputting

a bit b is given by (3.B.142). Plugging the expression above for pbn into (3.B.151) and

simplifying, we finally get

E
[
Y

(1)
]
= −

∑
k

αk

∫
R

dt p(t)
(
1
2

Tr
[(

U jk(θ, t) + U†jk(θ, t)
)
ρ(θ)

])
(3.B.153)

= −
1
2

Tr
[{

H,Φθ(G j)
}
ρ(θ)

]
, (3.B.154)

where the second equality follows due to (3.B.137).

Estimating the second term

We now expand the second term on the right-hand side of (3.B.133):

⟨H⟩ρ(θ)

〈
G j

〉
ρ(θ)
= Tr[Hρ(θ)] Tr[G jρ(θ)] (3.B.155)
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= Tr

∑
k

αkHk

 ρ(θ)

 Tr
[
G jρ(θ)

]
(3.B.156)

=
∑

k

αk Tr
[
Hkρ(θ)

]
Tr

[
G jρ(θ)

]
. (3.B.157)

The second equality follows directly from the definition of H, given by (3.B.1).

Algorithm 2: estimate second term(α, {Hk}
K
k=1,G j, ε2, δ2)

1: Input: Hamiltonian coefficients vector α = (α1, . . . , αK)T
∈ RK

≥0, local Hamiltonians

{Hk}
K
k=1, parameter vector θ = (θ1, . . . , θJ)T

∈ RJ, Gibbs local Hamiltonian G j, precision

ε2 > 0, error probability δ2 > 0

2: N2 ← 2 ∥α∥21 ln(2/δ2)/ε2
2

3: for n = 0 to N2 − 1 do

4: Sample k with probability αk/∥α∥1

5: Prepare a register in the state ρθ, measure Hk, and store the measurement outcome

hn

6: Prepare a register in the state ρθ, measure G j, and store the measurement outcome

gn

7: Set Y (2)
n ← ∥α∥1 (−1)hn+gn

8: end for

9: return Y
(2)
← 1

N2

∑N2−1
n=0 Y (2)

n

Then Algorithm 2 estimates the above quantity. As we did previously for Algorithm 1,

we assume that we have access to an oracle that samples an index k ∈ [K] with probability

αk/∥α∥1 and that we have access to multiple copies of ρ(θ). The output of this algorithm is

a random variable Y
(2)

, which can be easily shown to be an unbiased estimator of our

quantity of interest, i.e., ⟨H⟩ρ(θ)

〈
G j

〉
ρ(θ)

.
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Estimating the full gradient using QBGE

With the algorithms (Algorithms 1 and 2) for estimating the first and second terms of the

partial derivatives in place, we now provide pseudocode for QBGE in Algorithm 3. As

previously mentioned, this algorithm estimates the full gradient ∇θ Tr[Hρ(θ)] and outputs

an estimator g, the latter of which can be easily verified to be an unbiased estimator of

∇θ Tr[Hρ(θ)].

Algorithm 3: QBGE(α, {Hk}
K
k=1, θ, {Gℓ}

J
ℓ=1, ε1, ε2, δ1, δ2)

1: Input: Hamiltonian coefficients vector α = (α1, . . . , αK)T
∈ RK

≥0, local Hamiltonians

{Hk}
K
k=1, parameter vector θ = (θ1, . . . , θJ)T

∈ RJ, Gibbs local Hamiltonians {Gℓ}
J
ℓ=1, pre-

cisions ε1, ε1 > 0, error probabilities δ1, δ2 > 0

2: for j = 1 to J do

3: Y
(1)
j ← estimate first term(α, {Hk}

K
k=1, θ, {Gℓ}

J
ℓ=1, j, ε1, δ1)

4: Y
(2)
j ← estimate second term(α, {Hk}

K
k=1,G j, ε2, δ2)

5: g j ← Y
(1)
j + Y

(2)
j

6: end for

7: return g←
(
g1, . . . , gJ

)T

Remark 38 Given the form of the Hessian in Proposition 35, along with the fact that the function

|t| p(t) is normalizable as a probability density function (i.e.,
∫
R

dt |t| p(t) ≈ 0.2714), we can devise

a quantum algorithm for estimating the matrix elements of the Hessian. The algorithm employs

ideas similar to those used in this section to derive the algorithm for estimating the elements of the

gradient. This quantum algorithm for estimating the matrix elements of the Hessian can be used

in a second-order stochastic Newton search method, thus extending the SGD algorithm used in

this chapter. We leave the detailed exploration of this approach for future work.
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3.B.7 SGD for QBM Learning of Ground-State Energies

In the previous section, we introduced QBGE (see Algorithm 3), an algorithm for estimat-

ing the gradient ∇θ Tr[Hρ(θ)]. This algorithm outputs an unbiased estimator g(θ) of the

gradient at a given point θ ∈ RJ. Note that from now on, we use the notation g(θ) instead

of simply using g (as in Algorithm 3) to emphasize the explicit dependence on θ. Hav-

ing said that, in this section, we present an algorithm that uses SGD for QBM learning of

ground-state energies (Definition 28).

Algorithm 4: QBM GSE(α, {Hk}
K
k=1{Gℓ}

J
ℓ=1, ε)

1: Input: Hamiltonian coefficients vector α = (α1, . . . , αK)T
∈ RK

≥0, local Hamiltonians

{Hk}
K
k=1, Gibbs local Hamiltonians {Gℓ}

J
ℓ=1, precision ε > 0

2: θ ← Random Initialization

3: M ←
⌈

12ℓ∆
ε2

⌉
4: ε1, ε2 ←

ε

2
√

2J

5: δ1, δ2 ←
ε2

8J∥α∥21

6: for m = 1 to M do

7: g(θm)← QBGE(α, {Hk}
K
k=1, θm, {Gℓ}

J
ℓ=1, ε1, ε2, δ1, δ2)

8: θm+1 ← θm+1 − ηg(θm)

9: end for

10: return minm∈[M] Tr[Hρ(θm)]
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3.B.8 Sample Complexity

In this section, we investigate the sample complexity – the number of samples of the ther-

mal state ρ(θ) – required by the QBM-GSE algorithm (Algorithm 4) to reach an ε-stationary

point of the optimization problem defined in (3.B.9). To simplify the discussion, we divide

the analysis into two parts. First, we investigate the sample complexities of Algorithms 1

and 2 and then investigate the sample complexity of the QBM-GSE algorithm itself. This

is because the QBM-GSE algorithm employs QBGE for gradient estimation, which, in

turn, employs Algorithms 1 and 2 for estimating partial derivatives.

Sample complexities of Algorithms 1 and 2

Recall that Algorithms 1 and 2 output estimates of the first and second terms of the partial

derivative ∂ jTr
[
Hρ(θ)

]
, where

∂ jTr
[
Hρ(θ)

]
= −

1
2

〈{
H,Φθ(G j)

}〉
ρ(θ)
+ ⟨H⟩ρ(θ)

〈
G j

〉
ρ(θ)

. (3.B.158)

We demonstrated in Section 3.B.6 that these estimators are unbiased. The next step is to

investigate how fast these estimators converge to their respective expected values, which

we do formally in the proofs of the following two lemmas.

Lemma 39 (Sample Complexity of Algorithm 1) Let ε1 > 0, J,K ∈ N, δ1 ∈ (0, 1), θ ∈ RJ,

j ∈ [J], and α ∈ RK
≥0. Then, the number of samples, N1, of ρ(θ) used by Algorithm 1 to produce an

ε1-close estimate of −1
2 Tr

[{
H,Φθ(G j)

}
ρ(θ)

]
with a success probability not less than 1 − δ1 is

N1 =

⌈
2 ∥α∥21 ln(2/δ1)

ε2
1

⌉
. (3.B.159)
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Proof. Recall that Algorithm 1 outputs an unbiased estimator Y
(1)

of−1
2 Tr

[{
H,Φθ(G j)

}
ρ(θ)

]
:

Y
(1)
=

1
N1

N1−1∑
n=0

Y (1)
n , (3.B.160)

where Y (1)
n = ∥α∥1 (−1)bn+1 and bn ∈ {0, 1}, for all n ∈ {0, . . . ,N1 − 1}. This implies that Y (1)

n lies

in the range

− ∥α∥1 ≤ Y (1)
n ≤ ∥α∥1 . (3.B.161)

Now, using the Hoeffding inequality (Lemma 26), we can say that for ε1 > 0, we have

Pr
(∣∣∣∣∣Y (1)

− E
[
Y

(1)
]∣∣∣∣∣ ≥ ε1

)
≤ exp

(
−N1ε

2
1

2 ∥α∥21

)
. (3.B.162)

This implies that for

N1 ≥
2 ∥α∥21 ln(2/δ1)

ε2
1

, (3.B.163)

we have

Pr
(∣∣∣∣∣Y (1)

− E
[
Y

(1)
]∣∣∣∣∣ ≤ ε1

)
≥ 1 − δ1, (3.B.164)

thus concluding the proof.

Lemma 40 (Sample Complexity of Algorithm 2) Let ε2 > 0, J,K ∈ N, δ2 ∈ (0, 1), θ ∈ RJ,

j ∈ [J], and α ∈ RK
≥0. Then, the number of samples, N2, of ρ(θ) used by Algorithm 2 to produce an

ε2-close estimate of ⟨H⟩ρ(θ)

〈
G j

〉
ρ(θ)

with a success probability not less than 1 − δ2 is

N2 =

⌈
2 ∥α∥21 ln(2/δ2)

ε2
2

⌉
. (3.B.165)

Proof. The proof follows a similar line of reasoning as that of Lemma 39, and we provide

it here for completeness. Recall that Algorithm 2 outputs an unbiased estimator Y
(2)

of

⟨H⟩ρ(θ)

〈
G j

〉
ρ(θ)

:

Y
(2)
=

1
N2

N2−1∑
n=0

Y (2)
n , (3.B.166)
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where Y (2)
n = ∥α∥1 (−1)hn+gn and hn, gn ∈ {0, 1}, for all n ∈ {0, . . . ,N2 − 1}. This implies that Y (2)

n

lies in the range

− ∥α∥1 ≤ Y (2)
n ≤ ∥α∥1 . (3.B.167)

Now, using the Hoeffding inequality (Lemma 26), we can say that for ε2 > 0, we have

Pr
(∣∣∣∣∣Y (2)

− E
[
Y

(2)
]∣∣∣∣∣ ≥ ε2

)
≤ exp

(
−N2ε

2
2

2 ∥α∥21

)
. (3.B.168)

This implies that for

N2 ≥
2 ∥α∥21 ln(2/δ2)

ε2
2

, (3.B.169)

we have

Pr
(∣∣∣∣∣Y (2)

− E
[
Y

(2)
]∣∣∣∣∣ ≤ ε2

)
≥ 1 − δ2, (3.B.170)

thus concluding the proof.

Sample complexity of QBM-GSE

Using the development above, in the proof of the following theorem, we analyze the

sample complexity of the QBM-GSE algorithm (Algorithm 4).

Theorem 41 (Sample Complexity of QBM-GSE) Let H be a Hamiltonian as defined

in (3.B.1), and let α ∈ RK
≥0 be the coefficients vector of H. Let ε > 0 and J ∈ N. Then the

sample complexity, N, of the QBM-GSE algorithm (Algorithm 4) to reach an ε-stationary point of

the optimization problem (3.B.9) is given by

N = 2J
⌈
12ℓ∆
ε2

⌉ ⌈
8J ∥α∥21 ln(16J ∥α∥21/ε2)

ε2

⌉
, (3.B.171)

where the smoothness parameter ℓ is defined in (3.B.125), ∆ B Tr[Hρ(θ0)]− infθ∈RJ Tr[Hρ(θ)], and

θ0 ∈ R
J is a randomly chosen initial point.
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Proof. Note that QBM-GSE is an SGD algorithm, where the stochastic gradients g(θ), at

any given point θ, are estimated using QBGE (Algorithm 3):

g(θ) =
(
g1(θ), . . . , gJ(θ)

)T , (3.B.172)

where g j(θ) is the stochastic partial derivative given as

g j(θ) = Y
(1)
j (θ) + Y

(2)
j (θ). (3.B.173)

Here, QBGE evaluates Y
(1)
j (θ) and Y

(2)
j (θ) using Algorithms 1 and 2, respectively.

From Section 3.A.3, we know that in order to use SGD for optimization, the stochastic

gradient should be unbiased. This is true for our case; i.e., for all θ ∈ RJ, we have E[g(θ)] =

∇θ Tr[Hρ(θ)], and we showed this previously in Section 3.B.6.

Another requirement for SGD is that the variance of the stochastic gradient should

be bounded from above. Specifically, the stochastic gradient should satisfy the condition

given by (3.A.10) for some constants A, B, and C. Therefore, we now proceed to obtain

these constants for our case. Consider that

E
[
∥g(θ)∥2

]
= E

[
∥g(θ) − ∇θ Tr[Hρ(θ)]∥2

]
+ ∥∇θ Tr[Hρ(θ)]∥2 (3.B.174)

= E

 J∑
j=1

(
g j(θ) − ∂ j Tr[Hρ(θ)]

)2
 + ∥∇θ Tr[Hρ(θ)]∥2 (3.B.175)

=

J∑
j=1

E
[(

g j(θ) − ∂ j Tr[Hρ(θ)]
)2
]
+ ∥∇θ Tr[Hρ(θ)]∥2 (3.B.176)

=

J∑
j=1

E

(Y (1)
j (θ) + Y

(2)
j (θ) −

[
−

1
2

Tr
[{

H,Φθ(G j)
}
ρ(θ)

]
+ ⟨H⟩ρ(θ)

〈
G j

〉
ρ(θ)

])2
+ ∥∇θ Tr[Hρ(θ)]∥2 (3.B.177)

=

J∑
j=1

Var
[
Y

(1)
j (θ) + Y

(2)
j (θ)

]
+ ∥∇θ Tr[Hρ(θ)]∥2 (3.B.178)
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=

J∑
j=1

Var
[
Y

(1)
j (θ)

]
+ Var

[
Y

(2)
j (θ)

]
+ ∥∇θ Tr[Hρ(θ)]∥2 (3.B.179)

≤

J∑
j=1

(ε2
1 + δ1 ∥α∥

2
1) + (ε2

2 + δ2 ∥α∥
2
1) + ∥∇θ Tr[Hρ(θ)]∥2 (3.B.180)

≤ J
(
ε2

1 + ε
2
2 + (δ1 + δ2) ∥α∥21

)
+ ∥∇θ Tr[Hρ(θ)]∥2 . (3.B.181)

The fourth equality follows from (3.B.173) and (3.B.158). The sixth equality follows from

the fact that the variance of the sum of two independent random variables, X and Y , is

equal to the sum of their individual variances, i.e., Var[X + Y] = Var[X] + Var[Y]. The

first inequality follows directly from the variance bounds of the sample means Y
(1)
j (θ) and

Y
(2)
j (θ). Indeed, these are a consequence of the following reasoning. Letting Y ∈ [−C,C]

be a random variable such that Pr(|Y − E[Y]| ≤ ε′) ≥ 1 − δ′, for ε′ > 0 and δ′ ∈ (0, 1), and

defining the set S B {y : |y − E[Y]| ≤ ε′}, we find that

Var[Y] =
∑

y

p(y)|y − E[Y]|2 (3.B.182)

=
∑
y∈S

p(y)|y − E[Y]|2 +
∑
y∈Sc

p(y)|y − E[Y]|2 (3.B.183)

≤
∑
y∈S

p(y)ε′2 +
∑
y∈Sc

p(y)C2 (3.B.184)

≤ ε′2 + δ′C2. (3.B.185)

Applying this inequality and the Hoeffding bounds in (3.B.164) and (3.B.170), we con-

clude the first inequality. Now comparing the second inequality with the condition

given by (3.A.10), we obtain the constants for our case: A = 0, B = 1, and C =

J
(
ε2

1 + ε
2
2 + (δ1 + δ2) ∥α∥21

)
.

Recall from the convergence result of SGD (Lemma 27) that the total number of itera-

tions, M, is bounded from below as follows:

M ≥
12ℓ∆
ε2 max

{
B,

12A∆
ε2 ,

2C
ε2

}
. (3.B.186)
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Now, if we choose the algorithm parameters ε1, ε2, δ1, and δ2 such that the following

holds:

2C = 2J
(
ε2

1 + ε
2
2 + (δ1 + δ2) ∥α∥21

)
≤ ε2, (3.B.187)

then the bound in (3.B.186) can be written as follows:

M ≥
12ℓ∆
ε2 . (3.B.188)

This resolves the minimum number of iterations needed by SGD to reach an ε-stationary

point, given that (3.B.187) holds.

Similarly, we can evaluate the step size η for SGD, which we do in the following way.

Again recall from Lemma 27 that the step size η is given as follows:

η = min
{

1
√
ℓAM

,
1
ℓB
,
ε

2ℓC

}
. (3.B.189)

Now, if we have that 0 < ε < 1, then this condition along with the condition given

by (3.B.187) implies the following:

2C ≤ ε. (3.B.190)

Using this inequality in (3.B.189), we finally obtain:

η =
1
ℓ
. (3.B.191)

That being said, the question is how to choose the algorithm parameters ε1, ε2, δ1,

and δ2 such that the condition given by (3.B.187) holds. One way to do that is to choose

ε1 = ε2 = ε/2
√

2J and δ1 = δ2 = ε2/8J ∥α∥21. This now resolves the sample complexities N1 and N2

of Algorithms 1 and 2, respectively:

N1 = N2 =

⌈
8J ∥α∥21 ln(16J ∥α∥21/ε2)

ε2

⌉
. (3.B.192)
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From this, we get the total sample complexity of the QBM-GSE algorithm:

N = M · J(N1 + N2) = 2J
⌈
12ℓ∆
ε2

⌉ ⌈
8J ∥α∥21 ln(16J ∥α∥21/ε2)

ε2

⌉
. (3.B.193)

This concludes the proof.

3.C Addressing the Open Problem Regarding QBM Learning

We begin by recalling the problem at hand, originally put forward in [AAR+18]. Consider

a probability distribution Pdata
v defined by classical training data over a random variable

v. The goal is to learn this distribution using a parameterized model Pv(θ), where θ repre-

sents a vector of parameters. More concretely, we aim to minimize the average negative

log-likelihood L(θ) between the target distribution Pdata
v and the model distribution Pv(θ):

L(θ) B −
∑

v

Pdata
v log Pv(θ). (3.C.1)

One way to realize the model distribution Pv(θ) is via a QBM with some parameterized

Hamiltonian G(θ) as defined in (3.B.4). More formally, we define:

Pv(θ) B Tr[Λvρ(θ)], (3.C.2)

where (Λv)v is an efficiently implementable measurement and ρ(θ) is the parameterized

thermal state corresponding to G(θ) as defined in (3.B.5). Using the definition above, we

can rewrite L(θ) as follows:

L(θ) B −
∑

v

Pdata
v log Tr[Λvρ(θ)]. (3.C.3)

The partial derivative of L(θ) with respect to the parameter θ j is given by

∂ jL(θ) = −
∑

v

Pdata
v

(
Tr[Λv∂ jρ(θ)]
Tr[Λvρ(θ)]

)
(3.C.4)
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= −
∑

v

Pdata
v

Tr[Λv
(
−1

2

{
Φθ(G j), ρ(θ)

}
+ ρ(θ)

〈
G j

〉)
]

Tr[Λvρ(θ)]

 (3.C.5)

=
∑

v

Pdata
v

1
2 Tr[Λv

{
Φθ(G j), ρ(θ)

}
]

Tr[Λvρ(θ)]
−

〈
G j

〉
(3.C.6)

=
∑

v

Pdata
v

1
2 Tr[

{
Λv,Φθ(G j)

}
ρ(θ)]

Tr[Λvρ(θ)]
−

〈
G j

〉
, (3.C.7)

where the second equality follows from (3.4.1). Previous works suggested that efficient

gradient estimation was infeasible due to the apparent computational difficulty in evalu-

ating the numerator of the first term. However, we demonstrate that this limitation can

be overcome—Algorithm 1 provides an efficient method to estimate this term to arbitrary

precision, thereby enabling efficient gradient computation.

We now analyze how errors in estimating both the numerator and denominator prop-

agate to affect the final precision of their ratio. Let p and q be unbiased estimates of

1
2 Tr[

{
Λv,Φθ(G j)

}
ρ(θ)] and Tr[Λvρ(θ)], respectively, such that the following holds for some

ε1, ε2 ≥ 0: ∣∣∣∣∣p − 1
2

Tr[
{
Λv,Φθ(G j)

}
ρ(θ)]

∣∣∣∣∣ ≤ ε1, (3.C.8)

|q − Tr[Λvρ(θ)]| ≤ ε2. (3.C.9)

We also assume that there exists a scalar r > 0, such that Tr
[
Λvρ(θ)

]
≥ r. This assumption

is justified because the thermal state ρ(θ) is generically full-rank for typical parameter

values. Finally, we assume that each G j is a Pauli string, and that ε2 < r/2. Note that the

assumptions ε2 < r/2 and Tr
[
Λvρ(θ)

]
≥ r imply that Tr

[
Λvρ(θ)

]
− ε2 > 0.

Proposition 42 The following inequality holds:∣∣∣∣∣∣∣∣ pq −
1
2 Tr

[
Φθ(G j){Λv, ρ(θ)}

]
Tr

[
Λvρ(θ)

]
∣∣∣∣∣∣∣∣ ≤ 8ε3

2

r4 +
2ε2

r2 +
ε1

r
. (3.C.10)
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Proof. Consider that∣∣∣∣∣∣∣∣ pq −
1
2 Tr

[
Φθ(G j){Λv, ρ(θ)}

]
Tr

[
Λvρ(θ)

]
∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣ pq − p
Tr

[
Λvρ(θ)

] + p
Tr

[
Λvρ(θ)

] − 1
2 Tr

[
Φθ(G j){Λv, ρ(θ)}

]
Tr

[
Λvρ(θ)

]
∣∣∣∣∣∣∣∣ (3.C.11)

≤

∣∣∣∣∣∣ pq − p
Tr

[
Λvρ(θ)

] ∣∣∣∣∣∣ +
∣∣∣∣∣∣∣∣ p
Tr

[
Λvρ(θ)

] − 1
2 Tr

[
Φθ(G j){Λv, ρ(θ)}

]
Tr

[
Λvρ(θ)

]
∣∣∣∣∣∣∣∣ (3.C.12)

≤ |p|

∣∣∣∣∣∣1q − 1
Tr

[
Λvρ(θ)

] ∣∣∣∣∣∣ + 1∣∣∣Tr
[
Λvρ(θ)

]∣∣∣
∣∣∣∣∣p − 1

2
Tr

[
Φθ(G j){Λv, ρ(θ)}

]∣∣∣∣∣ . (3.C.13)

Using the facts that |Tr
[
Λvρ(θ)

]
| ≥ r, and p ∈ [−1, 1], which holds because∣∣∣∣∣12 Tr[

{
Λv,Φθ(G j)

}
ρ(θ)]

∣∣∣∣∣ ≤ ∥∥∥∥∥1
2

{
Λv,Φθ(G j)

}∥∥∥∥∥ ∥ρ(θ)∥1 (3.C.14)

≤ ∥Λv∥
∥∥∥Φθ(G j)

∥∥∥ (3.C.15)

≤
∥∥∥G j

∥∥∥ (3.C.16)

≤ 1, (3.C.17)

and the circuit estimating p never returns a value outside of the interval [−1, 1], we have

that ∣∣∣∣∣∣∣∣ pq −
1
2 Tr

[
Φθ(G j){Λv, ρ(θ)}

]
Tr

[
Λvρ(θ)

]
∣∣∣∣∣∣∣∣

≤

∣∣∣∣∣∣1q − 1
Tr

[
Λvρ(θ)

] ∣∣∣∣∣∣ + 1
r

∣∣∣∣∣p − 1
2

Tr
[
Φθ(G j){Λv, ρ(θ)}

]∣∣∣∣∣ (3.C.18)

≤

∣∣∣∣∣∣Tr
[
Λvρ(θ)

]
− q

q Tr
[
Λvρ(θ)

] ∣∣∣∣∣∣ + ε1

r
(3.C.19)

≤
1
|q|
ε2

r
+
ε1

r
. (3.C.20)

Now from (3.C.9), we have the following:

1
Tr

[
Λvρ(θ)

]
+ ε2

≤
1
q
≤

1
Tr

[
Λvρ(θ)

]
− ε2

≤
1

r − ε2
. (3.C.21)
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Using the above inequality, it follows that∣∣∣∣∣∣∣∣ pq −
1
2 Tr

[
Φθ(G j){Λv, ρ(θ)}

]
Tr

[
Λvρ(θ)

]
∣∣∣∣∣∣∣∣ ≤ 1

(r − ε2)
ε2

r
+
ε1

r
(3.C.22)

=
1

r
2

(
2 − 2ε2

r

) ε2

r
+
ε1

r
(3.C.23)

=
1(

2 − 2ε2
r

) 2ε2

r2 +
ε1

r
. (3.C.24)

Using the inequality 1
2−x ≤ x2 − x + 1, which holds for all x ∈ (0, 1), and applying the

assumption that 2ε2 < r, we have∣∣∣∣∣∣∣∣ pq −
1
2 Tr

[
Φθ(G j){Λv, ρ(θ)}

]
Tr

[
Λvρ(θ)

]
∣∣∣∣∣∣∣∣ ≤

(2ε2

r

)2

−

(
2ε2

r

)
+ 1

 2ε2

r2 +
ε1

r
(3.C.25)

≤
8ε3

2

r4 +
2ε2

r2 +
ε1

r
. (3.C.26)

This concludes the proof.

177



CHAPTER 4

VARIATIONAL QUANTUM ALGORITHMS FOR SEMIDEFINITE

PROGRAMMING1

4.1 Abstract

A semidefinite program (SDP) is a particular kind of convex optimization problem with

applications in operations research, combinatorial optimization, quantum information

science, and beyond. In this work, we propose variational quantum algorithms for ap-

proximately solving SDPs. For one class of SDPs, we provide a rigorous analysis of their

convergence to approximate locally optimal solutions, under the assumption that they

are weakly constrained (i.e., N ≫ M, where N is the dimension of the input matrices and

M is the number of constraints). We also provide algorithms for a more general class of

SDPs that requires fewer assumptions. Finally, we numerically simulate our quantum

algorithms for applications such as MaxCut, and the results of these simulations provide

evidence that convergence still occurs in noisy settings.

4.2 Introduction

Semidefinite programming (SDP) is one of the most important tools in optimization de-

veloped over the past few decades. One can see SDPs as a natural extension of the better

known linear programs (LPs), in which the vector inequalities of LPs are replaced by

matrix inequalities. One of the reasons underlying the importance of SDPs is their ap-

plicability to a broad range of problems, including approximation algorithms for combi-
1This chapter is based verbatim on the work [PCW24], with some typos corrected.
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natorial optimization [LS06], control theory [MHA20], and sum-of-squares [Par03]. Ad-

ditionally, a variety of quantum information problems can be formulated as SDPs, in-

cluding state discrimination [YKL75, Eld03], upper bounds on quantum channel capac-

ity [WXD18, Wan18], and self-testing [SB20].

The power of SDPs lies with the fact that they can be solved efficiently in polynomial

time using classical algorithms such as the celebrated interior-point method [PW00]. Al-

though SDPs can be solved efficiently using classical techniques, as the size of the input

matrices increases, many first-order and second-order algorithms incur significant com-

putational overhead due to the expensive gradient computation at each iteration. For this

reason, it is imperative to design more efficient algorithms for solving SDPs.

Given the speed-ups of quantum algorithms over classical algorithms for a vari-

ety of problems [Sho94, HHL09, Gro97, DH96, HV03], it is natural to ask if there ex-

ists a quantum algorithm that can solve SDPs efficiently. This question was positively

answered in [BS17], wherein a quantum algorithm was proposed and proven to have

a quadratic speedup over the classical Arora–Kale algorithm [AK16]. Following this

initial result, more efficient quantum algorithms for solving SDPs were later devel-

oped [BKL+19, vAGGdW20].

Although quantum algorithms have been theoretically proven to outperform known

classical algorithms for many applications, a fault-tolerant quantum computer is re-

quired to reap their benefits. Currently, fault-tolerant quantum computers are not avail-

able, and we are instead in the Noisy Intermediate-Scale Quantum (NISQ) era [Pre18].

Google constructed a noisy quantum computer with just 54 qubits [AAB+19], but it re-

mains an open challenge to design a fault-tolerant quantum computer that requires mil-

lions of qubits for successful operation. Some of the quantum information science re-
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search community is focused on determining the power of noisy quantum computers

and is designing quantum algorithms that acknowledge the limitations of such devices

[CAB+21, BCLK+22, CCHL23, Ang23], such as a finite number of gates and qubits, noisy

gate execution, and rapid decoherence of qubits.

Variational quantum algorithms (VQAs) constitute an important class of NISQ-

friendly algorithms [CAB+21, BCLK+22]. VQAs can be seen as hybrid quantum-classical

algorithms that have a classical computer available for optimization, only calling a quan-

tum subroutine for tasks that are not efficiently solvable by it. Hitherto, VQAs have

been proposed for numerous computational tasks, for which there are also known quan-

tum and classical algorithms [CAB+21]. Some well studied VQAs include the Variational

Quantum Eigensolver (VQE) [PMS+14] and the Quantum Approximate Optimization Al-

gorithm (QAOA) [FGG14].

This brings us to the main motivation of our work, where we reformulate three dif-

ferent kinds of SDPs and develop variational quantum algorithms for solving them. In

particular, the contributions of our paper are as follows:

1. We present unconstrained reformulations of the constrained general and standard

forms of an SDP, by employing a series of reductions (Sections 4.4.1, 4.4.2, and 4.4.3).

For the standard form, we consider the case in which the SDP is weakly constrained

(i.e., when N ≫ M, where N is the dimension of the input matrices and M is the

number of constraints). On the contrary, we do not require such assumptions when

considering the general form, making it applicable to a wide range of problems.

2. We propose variational quantum algorithms for obtaining approximate stationary

points of such unconstrained problems, which in turn are approximate stationary

points of their respective constrained problems due to the equivalence between
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them (Sections 4.4.1, 4.4.2, and 4.4.3). Note that stationary points include globally

optimal points.

3. We analyze the convergence rate of an algorithm corresponding to the equality con-

strained standard formulation of an SDP (Section 4.4.2).

4. We provide numerical evidence that showcases how our algorithms work in prac-

tice for applications such as MaxCut (Section 4.5). Specifically, we analyze the con-

vergence of the proposed algorithms by assessing how close the final value is to

the actual optimal value evaluated using exact classical solvers. We perform such

experiments on a noisy quantum simulator from Qiskit [T+23] (i.e., QASM simula-

tor) and then compare these results with those on a noiseless simulator. Note that

the QASM simulator mimics IBM’s quantum computer, which is actually noisy in

nature due to gate errors and decoherence.

Additionally, in Section 4.3, we introduce some notations and definitions, the basics

of SDPs, and a brief overview of VQAs, as well as the associated concept of computing

partial derivatives on a quantum circuit, i.e., the parameter-shift rule.

4.2.1 Main Idea and Setup

In this paper, we consider the following three different kinds of SDPs, and we present

variational quantum algorithms for all three of them:

• General Form (GF): The general form of an SDP can be concisely written as follows:

p∗ B sup
X≽0
{Tr[CX] : Φ(X) ≼ B} , (4.2.1)
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where C ∈ SN , B ∈ SM, and the map Φ is Hermiticity-preserving (Definition 45).

Here, the notation SN denotes the set of N × N Hermitian operators. For this case,

we do not assume that the SDPs are weakly constrained; i.e., we do not assume that

the dimension M of the constraint variable B is much smaller than the dimension

N of the objective variable C. Additionally, to generalize it further, we consider

an inequality-constrained problem. For solving these general SDPs, we propose a

variational quantum algorithm (Algorithm 5).

• Standard Form (SF): Here, we consider the Hermiticity-preserving map Φ and the

Hermitian operator B to have a diagonal form, as given in (4.3.9). Specifically, in

this case, we set

Φ(X) = diag (Tr[A1X], . . . ,Tr[AMX]) ,

B = diag (b1, . . . , bM) ,
(4.2.2)

where A1, . . . , AM ∈ S
N and b1, . . . , bM ∈ R. This form of an SDP is well known in the

convex optimization literature [BV04], and most exact or approximation algorithms

designed for combinatorial optimization problems are based on this form. For this

case, we assume that the SDPs are weakly constrained, i.e., N ≫ M. We further

categorize them based on the nature of the constraints as follows:

– Equality Constrained Standard Form (ECSF): Here, we consider equality con-

straints, i.e., Φ(X) = B. For solving such SDPs, we propose a variational quan-

tum algorithm (Algorithm 6) and establish its convergence rate and total itera-

tion complexity.

– Inequality Constrained Standard Form (ICSF): Here, we consider inequality con-

straints, i.e., Φ(X) ≼ B, and we propose a variational quantum algorithm for

this case (Algorithm 7).

In our methods, we first reduce these constrained optimization problems to their un-
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constrained forms by employing a series of identities. Second, we express the final un-

constrained form as a function of expectation values of the input Hermitian operators,

i.e., C, A1, . . . , AM ∈ S
N .

For solving these final unconstrained formulations using a gradient-based method, we

need access to the full gradient of the objective function at each iteration. However, when

the dimension N of the input Hermitian operators is large, the evaluation of the gradient

of the objective function using a classical computer becomes computationally expensive.

Therefore, we delegate this gradient computation to parameterized quantum circuits, and

we use a technique called the parameter-shift rule [LYPS17, MNKF18, SBG+19] to evaluate

the partial derivatives of the objective function with respect to circuit parameters. Please

refer to Section 4.3.2 for more details on the parameter-shift rule.

We design variational quantum algorithms for solving these unconstrained optimiza-

tion problems. Our methods provide bounds on the optimal values, due to the reduction

in the search space, as well as the non-convex nature of the objective function landscape

in terms of quantum circuit parameters. We do not assume that the final objective func-

tion is convex with respect to these parameters, as generally it is non-convex [HD21].

In general, finding a globally optimal point for a non-convex function is known to be

NP-hard [DDG+22, Section 2.1], and so an important question regards the type of solu-

tions that we can guarantee in such a scenario. In the classical optimization literature, the

notion of approximate stationary points (Definition 52) is considered when the objective

function is non-convex. Therefore, in this paper, we focus on proving the convergence of

our algorithms to approximate stationary points, as proving the same for a global opti-

mal point is quite difficult. We would also like to emphasize that VQAs that have been

proposed prior to our paper have not considered this notion, which is quite natural when

considering non-convex objective functions.
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Intuitively, stationary points are those for which the gradient of the function under

consideration is equal to zero. Therefore, a stationary point can be a local maximum (in-

cluding the global maximum), a local minimum (including the global minimum), or a

saddle point. Consequently, when using a first-order solver such as gradient descent, one

may get stuck at one of these points. However, it is often desirable to escape unwanted

stationary points and move to a more favorable one, depending on the type of optimiza-

tion problem (maximization or minimization). This can be achieved either through the

use of higher-order solvers or by employing a noisy first-order solver [JGN+17]. We focus

on the latter approach in this paper, as computing higher-order derivatives can be com-

putationally expensive compared to calculating the first-order gradient. Moreover, due

to the inherent stochastic nature of variational quantum algorithms (VQAs), a first-order

solver can inherently be noisy. This noise can aid in escaping unwanted stationary points

and converging to a better stationary point.

The primary reason behind proposing different variational quantum algorithms for

three different kinds of SDPs is the nature of the final unconstrained forms of these SDPs.

In the general form of an SDP, as we do not consider any assumptions on the input ma-

trices, the final unconstrained optimization problem turns out to be a non-convex–non-

concave optimization problem (see (4.2.3)). Proving the convergence of the proposed

algorithm to an approximate stationary point of this problem requires sophisticated anal-

ysis, which we leave for future work. In contrast, although the standard form of SDPs

is a special case of the general form, we consider cases where these SDPs are weakly

constrained. Studying the standard form of SDPs with this assumption is important

because many SDPs of interest are actually large and weakly constrained. Due to this

assumption, we observe that the final unconstrained forms turn out to be non-convex–

concave optimization problems (see (4.2.4) and (4.2.6)). Non-convex–concave optimiza-
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tion [DISZ18, HRU+17, MLZ+19, MJS19, RLLY22] has a rich literature when compared to

that of non-convex–non-concave optimization, as the latter is a harder problem than the

former. Therefore, the design and convergence analysis of more sophisticated variational

quantum algorithms for solving non-convex–concave optimization problems is possible.

Reformulation of General Form (GF) of SDPs—For the SDPs written as (4.2.1), we

reduce this form to the following final unconstrained form expressed in terms of quantum

circuit parameters θ1 ∈ [0, 2π]r1 and θ2 ∈ [0, 2π]r2 :

p∗ B sup
θ1∈[0,2π]r1 ,

λ≥0

inf
θ2∈[0,2π]r2 ,

µ≥0

{
λ⟨I ⊗C⊤⟩θ1 + µ⟨I ⊗ B⟩θ2 − λµ⟨I ⊗ I ⊗ ΓΦ⟩θ1,θ2

}
, (4.2.3)

where ΓΦ is the Choi operator (Definition 46) of the linear map Φ. See Section 4.4.1 for

more details. For solving the above optimization problem, we propose a VQA called

inexact Variational Quantum Algorithm for General Form (iVQAGF), in which we have two

parameterized quantum circuits competing against each other to maximize/minimize the

objective function, and then there is a classical optimizer that updates the parameters of

these quantum circuits.

Reformulation of Equality Constrained Standard Form (ECSF) of SDPs—As stated

before, for this type of SDP, we make an assumption on it being weakly-constrained,

i.e., N ≫ M. By exploiting this assumption, we design more sophisticated variational

quantum algorithms, in which we need just one parameterized quantum circuit. For such

SDPs, we arrive at the following final unconstrained form expressed in terms of quantum

circuit parameters θ ∈ [0, 2π]r:

p∗ B sup
θ∈[0,2π]r

inf
y∈RM

{
λ ⟨I ⊗C⟩θ + y⊤ (b − λΦ(θ)) +

c
2
∥b − λΦ(θ)∥2

}
. (4.2.4)

See Section 4.4.2 for more details. Throughout this paper, we use the notation

⟨H⟩θ ≡ ⟨ϕ(θ)|H|ϕ(θ)⟩ (4.2.5)
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to represent the expectation value of a Hermitian operator H with respect to |ϕ(θ)⟩. For

solving the above optimization problem, we propose a VQA called inexact Variational

Quantum Algorithm for Equality Constrained standard form (iVQAEC). We run iVQAEC on

a classical computer, and at any step of the algorithm, the expectation value of a Her-

mitian operator is evaluated using a parameterized quantum circuit. One of our main

results establishes the convergence rate and total iteration complexity of iVQAEC under

the assumption of the SDP being weakly-constrained.

Reformulation of Inequality Constrained Standard Form (ICSF) of SDPs—For this

case also we make the weakly-constrained assumption on SDPs. Here, we solve the dual

problem instead of the primal problem. For this type of SDP, we arrive at the following

final unconstrained form expressed in terms of quantum circuit parameters θ ∈ [0, 2π]r:

d′ B sup
θ∈[0,2π]r

inf
ȳ≥0

M−1∑
i=1

biyi +
bM

γ
ln

(
eγ⟨I⊗H(ȳ)⟩θ + 1

) . (4.2.6)

See Section 4.4.3 for more details. For solving this problem, we propose a VQA called in-

exact Variational Quantum Algorithm for Inequality Constrained standard form (iVQAIC). For

this algorithm, we do not establish its convergence rate, which we leave for future work;

instead, we prove a property of the objective function that is necessary for providing such

a convergence analysis, i.e., smoothness of the objective function for a fixed ȳ.

4.2.2 Related Work

Recently, an approach to semidefinite programming on NISQ devices was proposed

in [BHVK22], which is non-variational and called NISQ SDP solver (NSS) therein. We

should note that this approach does not provide an efficient solution for a general SDP

problem. Like our approach, the NSS approach also optimizes over a subset of the
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positive-semidefinite operator space. The NSS approach assumes the ability to prepare

pure states in a set {|ψi⟩}i. Using these states, the NSS approach then constructs a hybrid

density matrix ansatz: Xβ =
∑

i, j βi j|ψi⟩⟨ψ j|, where the entries {βi j}i j are stored on a classical

computer. The NSS approach then transforms the original SDP into a low-dimensional

SDP, which is solved by optimizing over these classical entries. Note that the NSS ap-

proach does not change the set of pure states for each iteration. As one can see, the NSS

approach does not encompass the entire space of positive semidefinite operators; there-

fore, it is heuristic in nature, similar to ours. This means that there is no guarantee of

convergence to the global optimal point.

Additionally, another technique was proposed in [MA21] where the authors “quan-

tized” the classical randomized cutting plane method for solving semidefinite programs.

They used a quantum eigensolver subroutine in order to speedup the classical method.

Their results indicate that the robustness of their approach against noise may be useful in

implementing their method on NISQ devices.

Our approach here is complementary to both of these approaches because our al-

gorithm is a variational quantum algorithm. Another important point to note here is

that, unlike prior works that focus solely on solving SDPs in the standard form, we

propose algorithms for solving SDPs in both the standard form and a form considered

in [Wat18, KW20]. The latter form is prevalent in quantum information theory, as it is

used to compute various relevant quantities like fidelity and trace distance. While one can

convert this form to the standard form, working in the original form is more convenient,

avoiding unnecessary conversion overhead. Comparing the aforementioned approaches

to ours is an interesting direction for future work.
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4.3 Preliminaries

In this section, we introduce some notations and definitions.

Notations: We denote the set of real and complex numbers by R and C, respectively.

For a positive integer m, the notation [m] denotes the set {1, . . . ,m}. We use upper-case

letters to denote matrices and bold lower-case letters to denote vectors (e.g., A is a matrix,

and x is a vector). Let H denote a finite-dimensional Hilbert space of dimension N. This

Hilbert space represents a system of n qubits, where n = ⌈log2 N⌉. The notation L(H)

denotes the set of linear operators acting onH . The set of N × N Hermitian or self-adjoint

matrices is denoted by SN ⊂ L(H). The notation SN
+ ⊂ S

N denotes the set of N ×N positive

semidefinite (PSD) matrices, and DN ⊂ SN
+ denotes the set of N × N density matrices.

Additionally, we use ∥·∥ to represent the ℓ2 norm of a vector, as well as the spectral or

operator norm of a matrix (its largest singular value), and it should be clear from the

context which is being used. Let Tr[X] denote the trace of a matrix X, i.e., the sum of its

diagonal terms. Let X⊤ and X† denote the transpose and Hermitian conjugate (or adjoint)

of the matrix X, respectively. The notation A ≽ B or A−B ≽ 0 indicates that A−B ∈ SN
+ . For

a multivariate function f : Rn → R, we use ∇ f and ∇2 f to denote its gradient and Hessian,

respectively. Let ∂ f (·)
∂xi

denote the partial derivative of f with respect to ith component of the

vector x. For a multivariate vector-valued function f : Rn → Rm, we denote its Jacobian

by J f (·).

LetH andH ′ be Hilbert spaces of dimensions N and N′, respectively.

Definition 43 (Linear map) A map Φ : L(H) → L(H ′) is a linear map if the following holds

∀X, Y ∈ L(H) and ∀α, β ∈ C,

Φ(αX + βY) = αΦ(X) + βΦ(Y). (4.3.1)
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Definition 44 (Adjoint of a linear map) The adjoint Φ† : L(H ′) → L(H) of a linear map

Φ : L(H)→ L(H ′) is the unique linear map such that

⟨Y,Φ(X)⟩ = ⟨Φ†(Y), X⟩ ∀X ∈ L(H), ∀Y ∈ L(H ′), (4.3.2)

where ⟨C,D⟩ B Tr[C†D] is the Hilbert–Schmidt inner product.

Definition 45 (Hermiticity-preserving linear map) A linear map Φ : L(H) → L(H ′) is a

Hermiticity-preserving map if Φ(X) ∈ SN′ for all X ∈ SN . Equivalently, Φ is Hermiticity preserv-

ing if and only if Φ(X†) = Φ(X)† for all X ∈ L(H).

Definition 46 (Choi representation of a linear map) For every linear map Φ : L(H) →

L(H ′), its Choi representation ΓΦ is defined as

ΓΦ B
N−1∑
i, j=0

|i⟩⟨ j| ⊗ Φ(|i⟩⟨ j|). (4.3.3)

The operator ΓΦ is also known as the Choi operator. Additionally, for every linear map Φ, the

following holds ∀X ∈ L(H), Y ∈ L(H ′):

Tr[YΦ(X)] = Tr[(X⊤ ⊗ Y)ΓΦ], (4.3.4)

which is a direct consequence of the well known fact that

Φ(X) = Tr1[ΓΦ(X⊤ ⊗ I)], (4.3.5)

with the partial trace over the first factor in the tensor-product space (see Ref. [KW20, Proposi-

tion 4.2] for a proof of (4.3.5)).

Lemma 47 Given a linear map Φ : L(H)→ L(H ′), its Choi operator ΓΦ is a Hermitian operator

if and only if Φ is a Hermiticity-preserving map.
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Proof. First, suppose that Φ is Hermiticity preserving. From (4.3.3), we can write

(ΓΦ)† =

N−1∑
i, j=0

|i⟩⟨ j| ⊗ Φ(|i⟩⟨ j|)


†

=

N−1∑
i, j=0

|i⟩⟨ j|† ⊗ (Φ(|i⟩⟨ j|))† (4.3.6)

(a)
=

N−1∑
i, j=0

|i⟩⟨ j|† ⊗ Φ(|i⟩⟨ j|†) =
N−1∑
i, j=0

| j⟩⟨i| ⊗ Φ(| j⟩⟨i|) = ΓΦ, (4.3.7)

where equality (a) follows from Definition 45.

Now suppose that ΓΦ is Hermitian. Then it follows from (4.3.5) that Φ(X) is Hermitian

if X is Hermitian, so that Φ is Hermiticity preserving.

We now recall some definitions related to the Lipschitz continuity and smoothness of

a function.

Definition 48 (Lipschitz continuity) A function f : Rn → Rm is L-Lipschitz continuous if

there exists L > 0, such that ∥ f (x) − f (x′)∥ ≤ L ∥x − x′∥ for all x, x′ ∈ Rn. We say that L is a

Lipschitz constant of f .

For a univariate function f , suppose that the absolute value of its first derivative on

an interval I is bounded from above by a positive real L, i.e., ∀x ∈ I : |d f (x)/dx| ≤ L. Then L is

a Lipschitz constant of f .

Lemma 49 (Lipschitz constant for a multivariate function) For a function f : Rn → Rwith

bounded partial derivatives, the value L =
√

n maxi
{
supx |∂ f (x)/∂xi|

}
is a Lipschitz constant of f .

Proof. See Appendix 4.A.

Lemma 50 (Lipschitz constant for a multivariate vector-valued function) For a multi-

variate vector-valued function f : Rn → Rm, if each of its components, fi, is Li-Lipschitz, then

L =
√∑m

i=1 L2
i is a Lipschitz constant of f .
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Proof. See Appendix 4.B.

Definition 51 (Smoothness) A function f : Rn → Rm is ℓ-smooth if its gradient is ℓ-Lipschitz,

i.e., if there exists ℓ > 0 such that ∥∇ f (x) − ∇ f (x′)∥ ≤ ℓ ∥x − x′∥ for all x, x′ ∈ Rn.

As most of the objective functions that we deal with in this paper are non-convex

in some parameters, it is vital to focus on local optimality rather than global optimality

because finding globally optimal points of a non-convex function is generally intractable.

Therefore, the notion of ϵ-stationary points is important for us. Intuitively, a point is ϵ-

stationary if the norm of the gradient at that point is very small. Formally, we define an

ϵ-stationary point as follows:

Definition 52 (ϵ-stationary point) Let f : Rn → Rm be a differentiable function, and let ϵ ≥ 0.

A point x ∈ Rn is an ϵ-stationary point of f if ∥∇ f (x)∥ ≤ ϵ.

The above definition applies to first-order stationary points. This definition is impor-

tant because we use inexact first-order solvers that converge to approximate first-order

stationary points, and such a definition acts as a stopping criterion.

Definition 53 (Polyak–Łojasiewicz (PL) Inequality) A function f : Rn → R satisfies the PL

inequality if, for some µ > 0, the following holds for all x ∈ Rn:

1
2
∥ f (x)∥2 ≥ µ( f (x) − f ∗), (4.3.8)

where f ∗ is the globally optimal value of f .

In other words, the above inequality implies that every stationary point is a global

minimum.
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4.3.1 Semidefinite Programming

In this section, we recall some basic aspects of semidefinite programming [BV04, Wat18].

A semidefinite program is an optimization problem for which the goal is to optimize

a linear function over the intersection of the positive semidefinite cone with an affine

space. SDPs extend linear programs (LPs), such that the vector inequalities of LPs are

generalized to matrix inequalities.

To begin with, recall the standard or canonical form of an SDP [BV04]:

sup
X≽0

Tr[CX]

subject to Tr[AiX] ≤ bi; ∀i ∈ [M],
(4.3.9)

where C, A1, . . . , AM ∈ S
N and b1, . . . , bM ∈ R. The standard form of an SDP is widely

known for designing approximation algorithms for combinatorial optimization problems.

A more general form of an SDP, as considered in [Wat18], is as follows:

p∗ B sup
X≽0

Tr[CX]

subject to Φ(X) ≼ B,

(4.3.10)

where C ∈ SN , the map Φ is Hermiticity preserving (see Definition 4.3.1), B ∈ SM, and p∗

is the optimal value of the program (4.3.10). The aforementioned form is known as the

primal form of an SDP, and the corresponding dual form is given as

d∗ B inf
Y≽0

Tr[BY]

subject to Φ†(Y) ≽ C,
(4.3.11)

where Y ∈ S M
+ , the map Φ† is the adjoint of Φ (see Definition 44), and d∗ is the optimal

value of the program (4.3.11).

The duality theorem of SDPs states that if both the primal and dual programs have

feasible solutions, then the optimum of the primal program is bounded from above by
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the optimum of the dual program. Under a very mild condition that the primal has a

feasible solution and the dual has a strictly feasible solution (or vice versa), strong duality

holds; i.e., the duality gap (difference between p∗ and d∗) is closed. In the optimization

literature, this condition is well known as Slater’s condition (see Theorem 1.18 of [Wat18]).

Throughout this paper, we assume that strong duality holds.

4.3.2 Variational Quantum Algorithms and Parameter-Shift Rule

Variational quantum algorithms are hybrid quantum-classical algorithms, designed for

solving optimization tasks with an objective function of the following form:

F (ρ) =
∑

k

gk(Tr[Hkρ]), (4.3.12)

where ρ ∈ DN is a density operator, {Hk}k is a set of problem-specific Hermitian operators,

i.e., Hk ∈ S
N for all k, and {gk}k is a problem-specific set of functions [CAB+21, BCLK+22].

Additionally, each gk is a function of the expectation value of Hk with respect to ρ. The

corresponding optimization problem is as follows:

min
ρ∈DN
F (ρ). (4.3.13)

When the dimension N is large, the evaluation of the expectation values of Hermi-

tian operators with respect to ρ is computationally intractable using classical algorithms.

VQAs provide a quantum advantage because these hybrid algorithms attempt to circum-

vent this dimensionality problem by evaluating the expectation values of Hermitian op-

erators using a quantum computer. Specifically, these algorithms utilize a parameterized

quantum circuit to explore a problem-specific subspace of density operators and evaluate

the expectation values with respect to these density operators. We discuss more about
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the quantum advantage of VQAs at the end of this section. First, let us discuss what we

mean by a parameterized quantum circuit and how this circuit prepares a parameterized

quantum state.

Parameterization: Let |0⟩RS denote the all-zeros state of systems R and S , each of which

consists of n qubits. Let ρS ∈ D
2n , and let Uρ

RS be a quantum circuit that prepares a purifi-

cation |ψ⟩RS of ρS when Uρ
RS is applied to the initial state |0⟩RS . Here, the subscripts S and

R are used to denote the system of interest and a reference system, respectively. VQAs

simulate the space of density operators by parameterizing this quantum circuit as URS (θ),

where θ = (θ1, . . . , θr)⊤ ∈ [0, 2π]r. Specifically, a VQA applies a parameterized quantum

circuit URS (θ) to the initial pure state |0⟩RS to generate a parameterized pure state

|ψ(θ)⟩RS B URS (θ)|0⟩RS ∈ (C2)⊗2n. (4.3.14)

Let ρ(θ)S B TrR[|ψ(θ)⟩⟨ψ(θ)|RS ] denote the reduced density operator of |ψ(θ)⟩RS . By us-

ing the fact that Tr[Hkρ(θ)] = ⟨ψ(θ)|RS (IR ⊗ Hk)|ψ(θ)⟩RS and under the assumption that the

parameterized circuit URS (θ) is fully expressive, the objective function in (4.3.12) and its

associated optimization problem (4.3.13) can be written in terms of the parameter θ as

follows:

F (θ) B
∑

k

gk(⟨ψ(θ)|RS (IR ⊗ Hk)|ψ(θ)⟩RS ) (4.3.15)

=
∑

k

gk(⟨IR ⊗ Hk⟩θ), (4.3.16)

θ∗ B arg min
θ∈[0,2π]r

F (θ), (4.3.17)

where it is implicit that Hk acts on system S .

Assumption 2 We assume that the objective function in (4.3.16) is ‘faithful,’ which means that

the minimum of this objective function corresponds to the optimal value of the problem (4.3.13).
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A parameterized quantum circuit U(θ) is also known as a variational ansatz, and

its choice plays an important role in obtaining an approximation of the optimal value.

Throughout this paper, we use the terms “parameterized quantum circuit” and “varia-

tional ansatz” interchangeably. Furthermore, there are problem-specific ansatzes as well

as problem-independent ansatzes. For our case, we use a problem-independent ansatz

having the following form:

U(θ) = Ur(θr)Ur−1(θr−1) · · ·U1(θ1), (4.3.18)

where each unitary U j(θ j) is written as

U j(θ j) = e−iθ jH jW j, (4.3.19)

with W j as an unparameterized unitary.

Assumption 3 We assume that the number of parameters, r, of a parameterized circuit is

O(poly(n)).

The above assumption is natural in the context of variational quantum algorithms, as we

only have access to quantum circuits with short depth.

Each Hermitian operator Hk is arbitrary. In general, we can express a Hermitian oper-

ator as a weighted sum of tensor products of Pauli operators, i.e.,

H =
p∑

i=1

wi σi,1 ⊗ · · · ⊗ σi,n, (4.3.20)

where wi ∈ R, σi, j ∈ {I, σx, σy, σz}, and σx, σy, and σz are the Pauli operators. From (4.3.20)

we see that the expectation value of an arbitrary Hermitian operator is equal to a linear

combination of the expectation values of each tensor product of Pauli operators. How-

ever, in general, this linear combination may contain many terms.

195



Assumption 4 We assume that the number of terms in (4.3.20) is polynomial in n; i.e., p =

O(poly(n)).

The above three assumptions are standard in the literature on variational quantum

algorithms. Overall, VQAs use a quantum circuit with parameter θ to estimate the expec-

tation value of a given Hermitian matrix, and they utilize a classical optimizer to solve the

optimization problem minθ∈[0,2π]r F (θ). In each round, a VQA updates the parameters of

the quantum circuit according to a classical optimization algorithm. We can update these

parameters according to gradient-free approaches that include Nelder–Mead [NM65], Si-

multaneous Perturbation Stochastic Approximation (SPSA) [Spa92], and Particle Swarm

Optimization [KE95]. The main drawbacks of such gradient-free methods include slower

convergence and less robustness against noise. On the contrary, if the evaluation of the

gradient of a given objective function is not computationally expensive, then first-order

methods like gradient descent are more suitable.

VQAs have an advantage as they do not use a classical method to evaluate gradients.

Instead, they evaluate the partial derivatives of F (θ) with respect to each parameter using

the same quantum circuit but with shifted parameters. It is possible to evaluate the partial

derivatives on a quantum computer using the parameter-shift rule [LYPS17, MNKF18,

SBG+19]. Formally, we state the parameter-shift rule for the evaluation of the partial

derivatives of ⟨H⟩θ with respect to its jth component, i.e., θ j, as

∂⟨H⟩θ
∂θ j

=
1
2

(
⟨H⟩θ+(π/2)ê j − ⟨H⟩θ−(π/2)ê j

)
, (4.3.21)

where ê j is a unit vector with 1 as its jth element and 0 otherwise.

From (4.3.21), we note that for the exact evaluation of the partial derivatives of ⟨H⟩θ

at a parameter value θ, we need to compute the expectation values of this operator at the
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shifted parameters exactly. However, the exact evaluation of the expectation value of an

operator requires an infinite number of measurements on a quantum circuit. In reality,

we perform only a limited number of measurements and then take the average of those

values. Therefore, it is important to have an unbiased estimator of the expectation value.

We assume that this is the case for all of our algorithms. Such an assumption is standard

in the literature, as it acts as a good starting point for understanding the nature of the

algorithms under such settings.

Unbiased Estimator: First, we consider a simple objective function consisting of a single

expectation value term, i.e.,

F (θ) = ⟨H⟩θ. (4.3.22)

Now, we define a k-sample mean unbiased estimator of this expectation value as follows:

Definition 54 (k-sample mean unbiased estimator of expectation value) Given a quan-

tum circuit U(θ) with parameter θ ∈ [0, 2π]r, we define uH
k (θ) as an average of k measurements of

the observable H with respect to the pure state U(θ)|0⟩. It is a k-sample mean unbiased estimator

of (4.3.22) if the following holds:

E[uH
k (θ)] = ⟨H⟩θ. (4.3.23)

Next, we define an unbiased estimator of the partial derivatives of ⟨H⟩θ. According

to the parameter-shift rule in (4.3.21), the partial derivative of the expectation values of a

Hermitian operator is a linear combination of its expectation values with shifted parame-

ters. Setting

gH,k
j (θ) B

1
2

(
uH

k (θ + (π/2)ê j) − uH
k (θ − (π/2)ê j)

)
, (4.3.24)
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it follows that gH,k
j (θ) is an unbiased estimator for that partial derivative because

E
[
gH,k

j (θ)
]
= E

[
1
2

(
uH

k (θ + (π/2)ê j) − uH
k (θ − (π/2)ê j)

)]
(4.3.25)

=
1
2

(
E[uH

k (θ + (π/2)ê j)] − E[uH
k (θ − (π/2)ê j)]

)
(4.3.26)

=
1
2

(
⟨H⟩θ+(π/2)ê j − ⟨H⟩θ−(π/2)ê j

)
(4.3.27)

=
∂⟨H⟩θ
∂θ j

. (4.3.28)

We denote an unbiased estimator of the full gradient, i.e., ∇θ⟨H⟩θ, as gH,k(θ). Furthermore,

we evaluate the mean square error of gH,k(θ) as follows,

E
[∥∥∥gH,k(θ) − ∇θ⟨H⟩θ

∥∥∥2
]

= E

 r∑
j=1

(
gH,k

j (θ) −
∂⟨H⟩θ
∂θ j

)2
 (4.3.29)

=

r∑
j=1

E

(gH,k
j (θ) −

∂⟨H⟩θ
∂θ j

)2 (4.3.30)

=

r∑
j=1

Var
(
gH,k

j (θ)
)

(4.3.31)

=

r∑
j=1

1
4

Var
(
uH

k (θ + (π/2)ê j) − uH
k (θ − (π/2)ê j)

)
(4.3.32)

=
1
4

r∑
j=1

Var
(
uH

k (θ + (π/2)ê j)
)
+ Var

(
uH

k (θ − (π/2)ê j)
)

(4.3.33)

=
1
4

r∑
j=1

1
k

Var
(
uH

1 (θ + (π/2)ê j)
)
+

1
k

Var
(
uH

1 (θ − (π/2)ê j)
)
, (4.3.34)

where we denote the variance of a random variable X as Var(X). The fourth equality

follows from the definition of gH,k
j (θ), given by (4.3.24). The fifth equality uses the fact

that Var(X − Y) = Var(X) + Var(Y) if X and Y are independent random variables. For our

case, the sample means uH
k (θ + (π/2)ê j) and uH

k (θ − (π/2)ê j) are independent because they

are computed using two different quantum circuit evaluations. For computing gradients

in our algorithms, we take a sufficient number of samples, k, such that the mean square
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error is very small throughout the paper. This implies that the stochastic gradient (gH,k(θ))

is almost equal to the exact gradient (∇θ⟨H⟩θ).

Potential quantum advantage of a VQA when N is large: According to (4.3.20), we

consider a Hermitian operator H consisting of a sum of p weighted Pauli strings where

p = O(poly(n)) (Assumption 4). We can measure a given Pauli string Pi of arbitrary size

with respect to a given quantum state in constant time. If the desired precision of the

expectation value’s estimate is ϵ, then we need to make O(1/ϵ2) repetitions of the pro-

cedure. Here the procedure consists of preparing the quantum state and then measur-

ing the expectation value. As we have p Pauli strings, overall we need no more than

O(maxi |wi|
2 p/ϵ2) repetitions to estimate the expectation value of H to precision ϵ. In con-

trast, if the evaluation of the expectation value of a Pauli string Pi with respect to a gen-

eral quantum state is conducted using known classical algorithms, it appears that we

need O(2n) time, as well as space. This is because the size of Pi is 2n × 2n, and the same

goes for the size of the matrix needed to represent the quantum state. Therefore, if all

the above mentioned assumptions hold, then we have an exponential advantage over the

best known classical algorithms for estimating the expectation value of a Hermitian op-

erator. A similar argument can be provided for estimating gradients because the partial

derivatives of the expectation value with respect to quantum circuit parameters depend

on the expectation value evaluated on shifted parameters.
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4.4 Variational Quantum Algorithms for SDPs

4.4.1 General Form (GF) of SDPs

In this section, we consider the general form of an SDP, as given in (4.3.10). We write it

concisely as follows:

p∗ = sup
X≽0
{Tr[CX] : Φ(X) ≼ B} . (4.4.1)

Next, we modify the above formulation as follows:

p∗ = sup
X≽0
{Tr[CX] : Φ(X) ≼ B} (4.4.2)

(a)
= sup

X≽0

{
Tr[CX] + inf

Y≽0
{Tr[(B − Φ(X))Y]}

}
(4.4.3)

(b)
= sup

X≽0
inf
Y≽0
{Tr[CX] + Tr[BY] − Tr[YΦ(X)]} (4.4.4)

(c)
= sup

X≽0
inf
Y≽0

{
Tr[CX] + Tr[BY] − Tr[(X⊤ ⊗ Y)ΓΦ]

}
(4.4.5)

= sup
X≽0

inf
Y≽0

{
Tr[C⊤X⊤] + Tr[BY] − Tr[(X⊤ ⊗ Y)ΓΦ]

}
(4.4.6)

= sup
X≽0

inf
Y≽0

{
Tr[C⊤X] + Tr[BY] − Tr[(X ⊗ Y)ΓΦ]

}
(4.4.7)

(d)
= sup

ρ∈DN ,
λ≥0

inf
σ∈DM ,
µ≥0

{
λTr[C⊤ρ] + µTr[Bσ] − λµTr[ΓΦ(ρ ⊗ σ)]

}
. (4.4.8)

Equality (a) follows due to the equivalence between both problems. If we pick a primal

PSD variable X that does not satisfy the constraint, i.e., Φ(X) $ B, then the inner mini-

mization results in the value −∞. This is because, in such a case, there exists at least one

negative eigenvalue of B − Φ(X). If we set Y = s|ei⟩⟨ei|, where |ei⟩ is a unit vector in the

negative eigenspace corresponding to that eigenvalue, then, due to the inner minimiza-

tion, we can take the limit s → ∞. This in turn implies that infY≽0 {Tr[(B − Φ(X))Y]} = −∞.

In other words, the inner minimization forces the outer maximization to pick a feasible X
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and imposes an infinite penalty if chosen otherwise.

Equality (b) follows by taking the infimum outside. This formulation is the Lagrangian

of the original primal problem (4.2.1), where

L(X, Y) B Tr[CX] + Tr[BY] − Tr[YΦ(X)] (4.4.9)

is a Lagrangian and Y is a dual PSD variable.

Equality (c) follows from the definition of the Choi representation of the linear map Φ

(see Definition 46), where ΓΦ is the Choi operator of Φ. According to Lemma 47, the Choi

operator ΓΦ is Hermitian.

Equality (d) follows from the substitution: X = λρ and Y = µσ, where ρ ∈ DN , σ ∈ DM,

λ = Tr[X], and µ = Tr[Y].

Now, we are interested in solving the following unconstrained optimization problem,

i.e., the equality (d):

p∗ = sup
ρ∈DN ,
λ≥0

inf
σ∈DM ,
µ≥0

{
λTr[C⊤ρ] + µTr[Bσ] − λµTr[ΓΦ(ρ ⊗ σ)]

}
. (4.4.10)

This optimization problem is now expressed in terms of the expectation values of the

Hermitian operators C⊤, B, and ΓΦ with respect to the density operators ρ, σ, and ρ ⊗ σ,

respectively.

Variational Quantum Algorithm for SDPs in GF

As stated earlier, when the dimension N of the Hermitian operators is large, solving the

problem (4.4.10) is generally intractable using a gradient-based classical algorithm. There-

fore, we propose a variational quantum algorithm for the optimization problem (4.4.10).
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First, we introduce a parameterization of the density operators, i.e., ρ and σ, by using

parameterized quantum circuits. Second, we optimize the modified objective function of

the problem (4.4.10) over the parameters of those quantum circuits using our variational

quantum algorithm.

Parameterization: Let ρS 1(θ1) be the density operator prepared by first applying the quan-

tum circuit UR1S 1(θ1) to the all-zeros state of the quantum system R1S 1 and then tracing out

the system R1. Similarly, let σS 2(θ2) be the density operator prepared by first applying the

quantum circuit UR2S 2(θ2) to the all-zeros state of the quantum system R2S 2 and then trac-

ing out the system R2. Here, θ1 ∈ [0, 2π]r1 and θ2 ∈ [0, 2π]r2 . Also, we set r1, r2 = O(poly(n)).

Defining

|ψ(θ1)⟩R1S 1 B UR1S 1(θ1)|0⟩R1S 1 , (4.4.11)

|φ(θ2)⟩R2S 2 B UR2S 2(θ2)|0⟩R2S 2 , (4.4.12)

we have that

ρS 1(θ1) = TrR1[|ψ(θ1)⟩⟨ψ(θ1)|R1S 1], (4.4.13)

σS 2(θ2) = TrR2[|φ(θ2)⟩⟨φ(θ2)|R2S 2]. (4.4.14)

Furthermore, the parameterized quantum circuits, i.e., UR1S 1(θ1) and UR2S 2(θ2), are of

the form shown in (4.3.18). As these quantum circuits generate purifications of density

operators, the following equalities hold:

Tr[C⊤ρS 1(θ1)] = ⟨ψ(θ1)|R1S 1

(
IR1 ⊗C⊤S 1

)
|ψ(θ1)⟩R1S 1 (4.4.15)

= ⟨I ⊗C⊤⟩θ1 , (4.4.16)

Tr[BσS 2(θ2)] = ⟨φ(θ2)|R2S 2

(
IR2 ⊗ BS 2

)
|φ(θ2)⟩R2S 2 (4.4.17)
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Figure 4.1: This figure depicts iVQAGF algorithm where we utilize two
parameterized quantum circuits, i.e., UR1S 1(θ1) and UR2S 2(θ2).

= ⟨I ⊗ B⟩θ2 , (4.4.18)

Tr[ΓΦ(ρS 1(θ1) ⊗ σS 2(θ2))] = ⟨ϕ(θ1, θ2)|R1R2S 1S 2

(
IR1 ⊗ IR2 ⊗ Γ

Φ
S 1S 2

)
|ϕ(θ1, θ2)⟩R1R2S 1S 2

= ⟨I ⊗ I ⊗ ΓΦ⟩θ1,θ2 , (4.4.19)

where

|ϕ(θ1, θ2)⟩R1R2S 1S 2 B |ψ(θ1)⟩R1S 1 ⊗ |φ(θ2)⟩R2S 2 . (4.4.20)

Due to the parameterization of the density operators ρS 1(θ1) and σS 2(θ2), the prob-

lem (4.4.10) transforms into the following optimization problem:

p∗ B sup
θ1∈[0,2π]r1 ,

λ≥0

inf
θ2∈[0,2π]r2 ,

µ≥0

G(θ1, λ, θ2, µ), (4.4.21)

where

G(θ1, λ, θ2, µ) B λ⟨I ⊗C⊤⟩θ1 + µ⟨I ⊗ B⟩θ2 − λµ⟨I ⊗ I ⊗ ΓΦ⟩θ1,θ2 (4.4.22)
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and we optimize over the space of quantum circuit parameters θ1 ∈ [0, 2π]r1 and θ2 ∈

[0, 2π]r2 . As mentioned before, we assume that the objective function G(θ1, λ, θ2, µ) is

faithful, which means that the global optimal value of the optimization problem (4.4.21)

is equal to p∗. Additionally, the objective function of (4.4.21) is generally non-convex

as a function of the quantum circuit parameters θ1 and θ2. Hence, the max-min prob-

lem (4.4.21) is a non-convex–non-concave optimization problem. Due to the fact that ob-

taining a globally optimal point of a non-convex–non-concave function is generally NP-

hard [DDG+22, Section 2.1], we focus on finding first order ϵ-stationary points of (4.4.21).

As a global optimal point is also a stationary point, if we use techniques to initialize quan-

tum circuit parameters according to the problem at hand such that these parameters lie

in the vicinity of a global optimal point, then our algorithm will converge to that point.

Definition 55 (First order ϵ-stationary point of (4.4.21)) A point (θ1, λ, θ2, µ) is a first order

ϵ-stationary point of (4.4.21) if and only if ∥∇G(θ1, λ, θ2, µ)∥ ≤ ϵ.

We propose a variational quantum algorithm for obtaining a first order ϵ-stationary

point of (4.4.21). We call this algorithm inexact Variational Quantum Algorithm for General

Form (iVQAGF), and the pseudocode for this algorithm is provided in Algorithm 5. It is

an inexact version because we solve the subproblem involving a maximization (Step 4)

to approximate stationary points instead of solving it until global optimality is reached,

due to the non-convex nature of the objective function in terms of the quantum circuit

parameters. Furthermore, iVQAGF is a hybrid quantum-classical algorithm, as we have

two parameterized quantum circuits for estimating expectation values of Hermitian op-

erators at any given step and a classical optimizer that updates the parameters of these

quantum circuits as per the algorithm (see Figure 4.1).

At any step of the algorithm, the expectation value ⟨H⟩θ of a Hermitian operator H is
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Algorithm 5: iVQAGF(ΓΦ,C, B, η1, η2, ϵ)

1: Input: Hermitian operators ΓΦ, C, and B, learning rates η1, η2 > 0, precision ϵ > 0.

2: Initialization: θ1
2 ∈ [0, 2π]r2 , µ1 = 0.

# For any step, expectation values of observables and their gradients are evaluated using pa-

rameterized quantum circuits.

3: for k = 1, 2, . . . , do

4: Maximize G(·, ·, θk
2, µ

k) using a first order method such as gradient descent, where

θk
2, µ

k are fixed, to obtain (θk+1
1 , λk+1) such that the following holds:

∥∥∥∇G(θk+1
1 , λk+1, θk

2, µ
k)
∥∥∥ ≤ ϵ.

5: µk+1 = µk − η1∇µG(θk+1
1 , λk+1, θk

2, µ
k)

6: θk+1
2 = θk

2 − η2∇θ2G(θk+1
1 , λk+1, θk

2, µ
k)

7: if
∥∥∥∇G(θk+1

1 , λk+1, θk+1
2 , µk+1)

∥∥∥ ≤ ϵ then

8: STOP and return G(θk+1
1 , λk+1, θk+1

2 , µk+1)

9: end if

10: end for

evaluated using a quantum circuit with parameter θ. Moreover, the partial derivatives of

G(θ1, λ, θ2, µ) with respect to the parameters θ1 and θ2 depend on the partial derivatives

of the expectation values of the Hermitian operators I ⊗ C⊤, I ⊗ B, and I ⊗ I ⊗ ΓΦ with

respect to those parameters. We evaluate the partial derivative of the expectation value of

a Hermitian operator with respect to the quantum circuit parameters using the parameter-
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shift rule (see (4.3.21)). We do not explicitly mention these quantum-circuit calls in the

main algorithm.

Unbiased Estimators: Due to the fact that the evaluation of the expectation value of

a Hermitian operator using a quantum circuit is stochastic in nature, we use unbiased

estimators of expectation values and their corresponding partial derivatives (see (4.3.23)

and (4.3.25)). Now, from (4.4.22), we can see that ∇θ1G(θ1, λ, θ2, µ) is a linear combination

of ∇θ1⟨I⊗C⊤⟩θ1 and ∇θ1⟨I⊗ I⊗ΓΦ⟩θ1,θ2 . Therefore, the unbiased estimator of ∇θ1G(θ1, λ, θ2, µ)

is also a linear combination of the unbiased estimators of ∇θ1⟨I ⊗ C⊤⟩θ1 and ∇θ1⟨I ⊗ I ⊗

ΓΦ⟩θ1,θ2 . Similarly, the unbiased estimator of ∇θ2G(θ1, λ, θ2, µ) is a linear combination of the

unbiased estimators of ∇θ2⟨I ⊗ B⟩θ2 and ∇θ2⟨I ⊗ I ⊗ ΓΦ⟩θ1,θ2 . Also, the unbiased estimators

of ∇λG(θ1, λ, θ2, µ) and ∇µG(θ1, λ, θ2, µ) depend on a linear combination of the unbiased

estimators of expectation values of Hermitian operators, i.e., ⟨I ⊗C⊤⟩θ1 , ⟨I ⊗ B⟩θ2 , and ⟨I ⊗

I ⊗ ΓΦ⟩θ1,θ2 . Finally, as we have the unbiased estimators of all these partial derivatives, we

have an unbiased estimator of the full gradient ∇G(θ1, λ, θ2, µ) of the functionG(θ1, λ, θ2, µ).

4.4.2 Equality Constrained Standard Form (ECSF) of SDPs

In this section, we shift our focus to the standard form of SDPs. Due to their specific

problem structure and the aforementioned assumption of it being weakly constrained

(i.e, N ≫ M), the design of more sophisticated variational quantum algorithms for solving

them is possible. Moreover, we establish a convergence rate for one of the algorithms.

We consider the standard form of SDPs as given in (4.3.9). Here, the Hermiticity-

preserving map Φ and the Hermitian operator B have a diagonal form:

Φ(X) = diag (Tr[A1X], . . . ,Tr[AMX]) , (4.4.23)
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B = diag (b1, . . . , bM) , (4.4.24)

where A1, . . . , AM ∈ S
N and b1, . . . , bM ∈ R.

The equality constrained primal SDP is given as follows:

p∗ = sup
X≽0
{Tr[CX] : Φ(X) = b} , (4.4.25)

where b = (b1, . . . , bM)⊤ and Φ is the vector form of the original linear map, i.e., Φ(X) =

(Tr[A1X], . . . ,Tr[AMX])⊤. Taking this formulation into account, we write the optimization

over the Lagrangian L(X, Y) in (4.4.9) as

p∗ = sup
X≽0

inf
y∈RM
L(X, y), (4.4.26)

where

L(X, y) B Tr[CX] + y⊤ (b −Φ(X)) (4.4.27)

and y ∈ RM is the dual vector of the Lagrangian L(X, y). As discussed earlier, the inner

minimization with respect to y results in −∞ if X violates the constraint in (4.4.25). On the

contrary, if there exists a PSD operator X that satisfies the constraints, then (4.4.26) reduces

to supX≽0 Tr[CX]. This is because infy∈RM y⊤ (b −Φ(X)) = 0 in this case. Hence, there is an

equivalence between (4.4.25) and (4.4.26), as indicated previously.

For the equality constrained problem (4.4.25), we consider the Augmented Lagrangian

Lc(X, y) as the objective function, which consists of a quadratic penalty term c
2 ∥b −Φ(X)∥2

in addition to the terms of the original Lagrangian L(X, y). Therefore, the optimization

problem with the modified objective function can be written as follows:

p∗ = sup
X≽0

inf
y∈RM
Lc(X, y), (4.4.28)

where c > 0 is the penalty parameter and

Lc(X, y) B Tr[CX] + y⊤ (b −Φ(X)) −
c
2
∥b −Φ(X)∥2 . (4.4.29)
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The method for optimization associated with the Augmented Lagrangian formula-

tion is known as the Augmented Lagrangian Method (ALM), independently introduced

in [Hes69] and [Pow69]. This classical method involves the following three steps that

iterate until convergence:

1. Xk+1 B arg maxX≽0Lc(X, yk),

2. Update the dual variable y according to yk+1 B yk − c (b −Φ(X)),

3. Update the penalty parameter c according to ck+1 B c0µ
k+1, where µ > 1.

Due to the equivalence between (4.4.25) and (4.4.28), iterating through the above steps

until convergence leads to the primal optimal value. Hence, we can write

p∗ = sup
X≽0

inf
y∈RM
Lc(X, y) (4.4.30)

= sup
X≽0

inf
y∈RM

{
Tr[CX] + y⊤ (b −Φ(X)) −

c
2
∥b −Φ(X)∥2

}
. (4.4.31)

ALM is a well-studied method for solving unconstrained optimization problems with

convex objective functions. It is considered superior to methods that exclusively involve

the original Lagrangian or exclusively involve the penalty term [Ber76]. ALM converges

faster than the original Lagrangian method, as it involves a quadratic penalty term in

addition to a linear penalty term of the original Lagrangian. Furthermore, it solves many

issues associated with both these methods, such as ill-conditioning arising due to large

values of the penalty parameter.

Now, we make a mild assumption that one of the constraints is a trace constraint on

the primal PSD operator X. Specifically, let AM = I and bM = λ. Hence, the constraint is

Tr[X] = λ. Subsequently, substituting X = λρ, where ρ ∈ DN in (4.4.30), we obtain the
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following:

p∗ = sup
ρ∈DN

inf
y∈RM
Lc(λρ, y) (4.4.32)

= sup
ρ∈DN

inf
y∈RM

{
λTr[Cρ] + y⊤ (b − λΦ(ρ)) −

c
2
∥b − λΦ(ρ)∥2

}
. (4.4.33)

This optimization problem is now expressed in terms of the expectation values of the

Hermitian operators C, A1, . . . , AM with respect to the density operator ρ. According to

Assumption 4, the matrices C, A1, . . . , AM consist of poly(n) terms.

Variational Quantum Algorithm for SDPs in ECSF

Solving the unconstrained optimization problem (4.4.32) using ALM is computationally

intractable if the dimension N of the operators is large. Therefore, we propose a varia-

tional quantum algorithm to solve this problem.

As before, we first introduce a parameterization of the density matrix ρ and then op-

timize the modified objective function over the subspace of those parameters using our

variational quantum algorithm.

Parameterization: Let URS (θ) be a parameterized quantum circuit with parameter θ ∈

[0, 2π]r, and suppose that it acts on the all-zeros state of the quantum system RS and pre-

pares a purification of the density operator ρS (θ). The form of URS (θ) is given by (4.3.18).

Moreover, the following equality holds because URS (θ) generates a purification of ρS (θ):

Tr[HρS (θ)] = ⟨0|RS U†RS (θ) (IR ⊗ HS ) URS (θ)|0⟩RS = ⟨I ⊗ H⟩θ, (4.4.34)

where H ∈ {C, A1, . . . , AM}.
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Figure 4.2: This figure depicts the iVQAEC algorithm in which we utilize
one parameterized quantum circuit, i.e., URS (θ).

Due to the parameterization of the density operator ρS (θ), the problem (4.4.32) trans-

forms into the following optimization problem:

p∗ B sup
θ∈[0,2π]r

inf
y∈RM
Lc(θ, y), (4.4.35)

where

Lc(θ, y) B λ ⟨I ⊗C⟩θ + y⊤ (b − λΦ(θ)) −
c
2
∥b − λΦ(θ)∥2 , (4.4.36)

Φ(θ) B (⟨I ⊗ A1⟩θ, . . . , ⟨I ⊗ AM⟩θ)⊤ . (4.4.37)

As mentioned before, we assume that the objective function Lc(θ, y) is faithful, which

means that the global optimal value of the optimization problem (4.2.4) is equal to p∗.

We now focus on solving the optimization problem (4.2.4) using the modified La-

grangian Lc(θ, y). Note that, in general, the objective function provided above has a non-
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convex landscape with respect to the quantum circuit parameter θ. Also, it is linear in

terms of the dual variable y. Therefore, the optimization problem (4.2.4) is a non-convex–

concave optimization problem. For a convex-concave setting, the natural algorithm to

consider is to first perform the maximization until a globally optimal point is reached

and then update the dual variable, and repeat these steps until convergence (similar to

ALM). On the contrary, for a non-convex–concave setting, solving the maximization until

global optimality is reached is generally NP-hard [DDG+22, Section 2.1]. Therefore, we

focus on obtaining approximate stationary points of (4.2.4). As a global optimal point is

also a stationary point, if we use techniques to initialize quantum circuit parameters ac-

cording to the problem at hand, such that these parameters lie in the vicinity of a global

optimal point, then our algorithm will converge to that point.

Definition 56 (First order (ϵ, c)-stationary point of (4.2.4)) For ϵ, c > 0, a point θ ∈ [0, 2π]r

is a first order (ϵ, c)-stationary point of (4.2.4) if there exists y ∈ RM such that the following hold:

∥∇θLc(θ, y)∥ ≤ ϵ, ∥λΦ(θ) − b∥ ≤ ϵ. (4.4.38)

The above condition acts as a measure of closeness to the first order (ϵ, c)-stationary

points of (4.2.4). Such a measure is useful to give a stopping criterion for the algorithm.

We now propose a variational quantum algorithm for obtaining a first order (ϵ, c)-

stationary point of (4.2.4). We call this algorithm inexact Variational Quantum Algorithm

for Equality Constrained standard form (iVQAEC). It is an inexact version because we solve

the subproblem involving the maximization to approximate stationary points instead of

solving it until global optimality is reached, due to the nonconcave nature of the objective

function in terms of quantum circuit parameters. The pseudocode of iVQAEC is given by

Algorithm 6.
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Algorithm 6: iVQAEC(C, {Ai}
M
i=1, b, ϵ′, η, µ)

1: Input: Hermitian operators (C, A1, . . . , AM), vector b, final precision ϵ′ > 0, learning

rate η > 0, and a constant µ > 1.

2: Initialization: y1 = 0, η1 = η, λ = bM

# For any step, expectation values of observables and their gradients are evaluated using a

parameterized quantum circuit.

3: for k = 1, 2, . . . , do

4: ck = −µ
k, ϵk+1 = 1/µk

5: Maximize Lck(·, yk), where yk is kept fixed, to obtain θk+1 such that the following

holds: ∥∥∥∇Lck(θ
k+1, yk)

∥∥∥ ≤ ϵk+1

6: ηk+1 = η1 min
{

∥λΦ(θ1)−b∥ ln2 2

∥λΦ(θk+1)−b∥(k+1) ln2(k+2)
, 1

}
7: yk+1 = yk − ηk+1

(
b − λΦ(θk+1)

)
8: if

∥∥∥∇θLck(θ
k+1, yk+1)

∥∥∥ + ∥∥∥λΦ(θk+1) − b
∥∥∥ ≤ ϵ′ then

9: STOP and return Lck(θ
k+1, yk+1)

10: end if

11: end for

We run iVQAEC on a classical computer, and at any step of the algorithm, the expec-

tation value of a Hermitian operator H ∈ {C, A1, . . . , AM} (i.e., ⟨H⟩θ) is evaluated using a

quantum circuit with parameter θ (see Figure 4.2). Moreover, the partial derivative of

Lc(θ, y) with respect to the parameter θ depends on the partial derivatives of the expec-

tation values of the Hermitian operators I ⊗ C, I ⊗ A1, . . . , I ⊗ AM with respect to θ. For

evaluating the partial derivatives of the latter with respect to θ, we use the parameter-shift
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rule (see (4.3.21)). Moreover, we do not explicitly mention these calls to quantum circuits

in the pseudocode of the algorithm.

Unbiased Estimators: As mentioned earlier in the previous section, due to the fact

that evaluation of the expectation value of a Hermitian operator using a quantum circuit

is stochastic in nature, we use unbiased estimators of expectation values and their cor-

responding partial derivatives (see (4.3.23) and (4.3.25)). Furthermore, it suffices to have

independent unbiased estimators of ∇θ⟨I ⊗ C⟩θ, ∇θ⟨I ⊗ A1⟩θ, . . . , ∇θ⟨I ⊗ AM⟩θ, ⟨I ⊗ A1⟩θ, . . . ,

⟨I ⊗ AM⟩θ in order to construct an unbiased estimator of ∇θLc(θ, y).

Convergence Rate

In this section, we provide the convergence rate and total iteration complexity of iVQAEC

in terms of the number of iterations of the for-loop at Step 3 of Algorithm 6 needed to

arrive at an approximate stationary point of (4.4.35).

Recently, the authors of [SEA+19] studied the following non-convex optimization

problem:

inf
x∈Rd
{ f (x) + g(x) : A(x) = 0} , (4.4.39)

where f : Rd → R is a continuously-differentiable non-convex function, A : Rd → Rm is

a nonlinear operator, and g : Rd → R is a convex function. The constrained optimization

problem (4.4.39) is equivalent to the following unconstrained minimax formulation:

inf
x∈Rd

sup
y∈Rm

{
Lβ(x, y) + g(x)

}
, (4.4.40)

where

Lβ(x, y) B f (x) + y⊤A(x) +
β

2
∥A(x)∥2 , (4.4.41)
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β > 1, and Lβ(x, y) is the augmented Lagrangian. As the classic ALM algorithm is suited

for solving optimization problems involving convex objective functions, the authors pro-

posed an inexact Augmented Lagrangian method, known as the iALM algorithm for

obtaining an approximate first order stationary point of (4.4.40). It is an inexact ver-

sion because the subproblem involving a maximization is over a non-convex function.

They claim that if we use an inexact solver for that subproblem at each iteration, then

their algorithm converges to an approximate first order stationary point (see Theorem 4.1

of [SEA+19]). They also provide the total iteration complexity of iALM in terms of the

number of iterations of the for-loop (see Corollary 4.2 of [SEA+19]).

Our problem (4.4.35) also consists of an augmented Lagrangian term, which is non-

convex in terms of the quantum circuit parameters θ, and g(θ) = 0. Additionally, for

solving our problem, we use an inexact solver for the subproblem (Step 5) of iVQAEC,

and the update rule for modifying the learning rate η at each iteration (Step 6) is similar

to their iALM algorithm.

Now, the following theorem characterizes iVQAEC’s convergence rate and total iter-

ation complexity for finding an approximate stationary point of the problem (4.4.35) in

terms of the number of iterations of the for-loop (Step 3). The proof of this theorem is

provided by the proofs of Theorem 4.1 and Corollary 4.2 of [SEA+19].

Theorem 57 (Convergence rate and total iteration complexity of iVQAEC) For integers

k1 ≥ k0 ≥ 2, consider the interval K B {k0, . . . , k1}, and let {θk}k∈K be the output sequence of

iVQAEC on the interval K, where θk ∈ [0, 2π]r for all k ∈ K. Suppose that f (θ) B ⟨I ⊗ C⟩θ and

A(θ) B λΦ(θ) − b have Lipschitz constants L f and LA. Also suppose that the function Lc(·, y)

is smooth for every y ∈ RM (i.e., its gradient is Lc,y-Lipschitz continuous). Additionally, suppose
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that there exists ν > 0 such that

ν∥A(θk)∥ ≤
∥∥∥−JA(θk)⊤A(θk)

∥∥∥ , (4.4.42)

for every k ∈ K. If an inexact solver is used in Step 5 of the algorithm, then θk is a first order

(ϵk, ck)-stationary point of (4.4.35) with

ϵk =
1

ck−1

(
2(L f + ymaxLA)(1 + ηkLA)

ν
+ 1

)
=:

Q( f , A, η1)
ck−1

, (4.4.43)

for every k ∈ K, where ymax(θ1, y0, η1) is given as

ymax(θ1, y0, η1) = ∥y0∥ + η1∥A(θ1)∥ ln2 2. (4.4.44)

Additionally, if we use the Accelerated Proximal Gradient Method (APGM) from [LL15] as an

inexact solver for the subproblem (Step 5), then the algorithm finds a first-order (ϵT , cT )-stationary

point, after T calls to the solver, where

T = O
(
rQ3

ϵ4
T

logµ

(
Q
ϵT

))
= Õ

(
rQ3

ϵ4
T

)
, (4.4.45)

with Q ≡ Q( f , A, η1), and µ is a constant as mentioned in Algorithm 6.

The inequality given by (4.4.42) is known as the PL inequality for minimizing

∥A(θ)∥2 [KNS16]. This regularity condition is used in the proof of Theorem 4.1 of [SEA+19]

for obtaining a bound on
∥∥∥A(θk)

∥∥∥ for all k ∈ K. For our purposes, we assume that this con-

dition holds for all θ ∈ [0, 2π]r. Then, Theorem 57 is a direct consequence of the following

statements:

(A) Smoothness of Lc(·, y): The function Lc(·, y) is smooth for every y ∈ RM (i.e., its

gradient is Lc,y-Lipschitz continuous).

(B) Lipschitz continuity of f (θ) and A(θ): The functions f (θ) and A(θ) are Lipschitz

continuous with constants L f and LA, respectively.
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We prove the statements (A) and (B) in Lemmas 59 and 60, respectively. Before we prove

these statements, we state the following lemma that concerns Lipschitz continuity of the

function h : [0, 2π]r → R defined as

h(θ) B ⟨I ⊗ O⟩θ = ⟨0|U†(θ)(I ⊗ O)U(θ)|0⟩), (4.4.46)

and its gradient ∇h(θ), where O ∈ SN .

Lemma 58 (Lipschitz continuity of h(θ) and ∇h(θ)) The function h : [0, 2π]r → R and its

gradient, i.e., the vector-valued function ∇h : [0, 2π]r → Rr, are Lh-Lipschitz and L∇h-Lipschitz

continuous, respectively, for some Lh, L∇h > 0.

Proof. The proof is given in Appendix 4.C.

Next, we formally write the statements (A) and (B) as lemmas.

Lemma 59 (Smoothness of Lc(·, y)) For all y ∈ RM, there exists Lc,y > 0 such that the gradient

of the function Lc(·, y) : [0, 2π]r → R is Lc,y-Lipschitz continuous.

Proof. The proof is given in Appendix 4.D.

Lemma 60 (Lipschitz continuity of f (θ) and A(θ)) The function f : [0, 2π]r → R, where

f (θ) = ⟨I ⊗ C⟩θ, and the linear map A(θ) : [0, 2π]r → RM are L f -Lipschitz and LA-Lipschitz

continuous, respectively, for some L f , LA > 0.

Proof. The proof directly follows from the Lipschitz continuity of h(θ) (Lemma 58).
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4.4.3 Inequality Constrained Standard Form (ICSF) of SDPs

In this section, we consider the following inequality constrained primal form of SDPs:

p∗ = sup
X≽0

Tr[CX]

subject to Φ(X) ≤ b.
(4.4.47)

Here we take vector forms of the Hermiticity-preserving linear map Φ and the Hermitian

operator B because both have a diagonal form. Furthermore, we assume that the last

constraint is the trace constraint on the primal PSD variable X. As such, we set AM = I

and Tr[X] ≤ bM. Additionally, for this case also, we make an assumption that the SDPs are

weakly constrained, i.e., N ≫ M. The corresponding dual form is given as follows:

d∗ = inf
y≥0

b⊤y

subject to Φ†(y) ≽ C,
(4.4.48)

where y = (y1, . . . , yM)⊤ is a dual variable. We can determine the dual map Φ† as follows,

using the definition of the adjoint of a linear map (see Definition (4.3.2)):

y⊤Φ(X) =
M−1∑
i=1

yi Tr[AiX] + yM Tr[X] (4.4.49)

= Tr

M−1∑
i=1

yiAi + yMI

 X

 , (4.4.50)

which implies that

Φ†(y) =
M−1∑
i=1

yiAi + yMI. (4.4.51)

We derive unconstrained formulations for the primal and dual forms of inequality

constrained SDPs. First, by taking the primal form of SDPs into account, we introduce

slack variables and convert the inequality constrained problem (4.4.47) to the following
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equality constrained problem:

p∗ = sup
X≽0,z≥0

Tr[CX]

subject to b −Φ(X) = z,
(4.4.52)

where z = (z1, . . . , zM)⊤ is a vector of slack variables and z1, . . . , zM ≥ 0. Now, with the prob-

lem (4.4.52) being an equality constrained problem, we can use iVQAEC (see Algorithm 6)

to solve it.

Next, we focus on the dual form of inequality constrained SDPs as follows:

d∗ = inf
y≥0

{
b⊤y : Φ†(y) ≽ C

}
(4.4.53)

= inf
y1,...,yM≥0

M−1∑
i=1

biyi + yMbM :
M−1∑
i=1

yiAi + yMI ≽ C

 (4.4.54)

= inf
y1,...,yM≥0

M−1∑
i=1

biyi + yMbM : yMI ≽ C −
M−1∑
i=1

yiAi

 . (4.4.55)

Now, consider that

inf
t≥0
{t : tI ≽ H} = max{0, λmax(H)} = max

0, sup
ρ∈DN

Tr[Hρ]

 , (4.4.56)

where H is a Hermitian operator, λmax(H) is the maximum eigenvalue of H, and the supre-

mum is over the set DN of density operators. Using this fact, we convert the constrained

problem (4.4.55) into the following unconstrained problem:

d∗ = inf
y1,...,yM−1≥0

M−1∑
i=1

biyi + bM ·max

0, sup
ρ∈DN

Tr

C − M−1∑
i=1

yiAi

 ρ

 (4.4.57)

= inf
ȳ≥0

M−1∑
i=1

biyi + bM ·max

0, sup
ρ∈DN

Tr
[
H(ȳ)ρ

]
 , (4.4.58)

where we set

ȳ B (y1, . . . , yM−1)⊤, (4.4.59)
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H(ȳ) B C −
M−1∑
i=1

yiAi. (4.4.60)

Furthermore, as the first term is independent of ρ, we have that

d∗ = inf
ȳ≥0

sup
ρ∈DN

 M∑
i=1

biyi + bM ·max
{
0,Tr

[
H(ȳ)ρ

]} . (4.4.61)

We can use Sion’s minimax theorem [Sio58] and interchange the supremum and infimum

because the set DN of density operators is compact and convex, the objective function is

convex with respect to ȳ for all ρ ∈ DN , and it is quasi-concave with respect to ρ ∈ DN for

all ȳ ≥ 0. Hence,

d∗ = sup
ρ∈DN

inf
ȳ≥0

M−1∑
i=1

biyi + bM ·max
{
0,Tr

[
H(ȳ)ρ

]} . (4.4.62)

The above problem is not differentiable at some parameter values due to the max op-

eration in the objective function. In order to smoothen the sharp corners that result from

this operation, we modify the above problem in the following way by introducing γ > 0:

d′ D sup
ρ∈DN

inf
ȳ≥0

M−1∑
i=1

biyi +
bM

γ
ln

(
eγTr[H(ȳ)ρ] + 1

) . (4.4.63)

In the above, we used the scaled version of the log-sum-exp function [BV04, Section 3.1.5]

as an approximation to the original max function in (4.4.62). This approximation can be

controlled by varying the parameter γ because the following holds for all x, y ∈ R:

max{x, y} ≤
ln(eγx + eγy)

γ
≤ max{x, y} +

ln(2)
γ

. (4.4.64)

By using this approximation, the objective function in (4.4.63) does not have any sudden

corners where the partial derivatives can change drastically. In fact, the objective function

of (4.4.63) is infinitely differentiable. It is also equivalent to the previous objective function

in (4.4.62) in the limit γ → ∞. For all finite values of γ, the value d∗ is bounded from above

by d′.
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Variational Quantum Algorithm for SDPs in ICSF

Solving the unconstrained optimization problem (4.4.63) using a gradient based classi-

cal technique is computationally expensive if the dimension N of the operators is large.

Hence, in this section, we propose a variational quantum algorithm to solve this problem.

First, we introduce a parameterization of density operators using parameterized quan-

tum circuits, in order to efficiently estimate the expectation values of the Hermitian op-

erators C, A1, . . . , AM−1. Second, we optimize the resulting objective function using our

variational quantum algorithm.

Parameterization: Let URS (θ) be a parameterized quantum circuit with a parameter

θ ∈ [0, 2π]r, and let it act on the all-zeros state of the quantum system RS and prepare

a purification of the density operator ρS (θ). The structure of URS (θ) is given by (4.3.18).

Furthermore, the following equality holds because URS (θ) generates a purification of ρS (θ):

Tr[HρS (θ)] = ⟨0|RS U†RS (θ) (IR ⊗ HS ) URS (θ)|0⟩RS = ⟨I ⊗ H⟩θ, (4.4.65)

where H ∈ {C, A1, . . . , AM−1}.

Due to the parameterization of the density operator ρS (θ), the problem (4.4.63) trans-

forms into the following optimization problem:

d′ B sup
θ∈[0,2π]r

inf
ȳ≥0
Fγ(θ, ȳ), (4.4.66)

where

Fγ(θ, ȳ) B
M−1∑
i=1

biyi +
bM

γ
ln

(
eγ⟨I⊗H(ȳ)⟩θ + 1

)
(4.4.67)

and we optimize over the space of quantum circuit parameters θ ∈ [0, 2π]r. As mentioned

before, we assume that the objective function Fγ(θ, ȳ) is faithful, which means that the
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global optimal value of the optimization problem (4.4.66) is equal to d′.

Algorithm 7: iVQAIC(C, {Ai}
M
i=1, {bi}

M
i=1, η, ϵ, γ)

1: Input: Hermitian operators (C, {Ai}
M
i=1), scalars {bi}

M
i=1, learning rate η > 0, precision

ϵ > 0, constant γ > 0.

2: Initialization: ȳ1 = 0.

# For any step, expectation values of observables and their gradients are evaluated using a

parameterized quantum circuit.

3: for k = 1, 2, . . . , do

4: Maximize Fγ(θ, ȳk), where ȳk is fixed, to obtain θk+1 such that the following holds:

∥∥∥∇Fγ(θk+1, ȳ)
∥∥∥ ≤ ϵ.

5: ȳk+1 = ȳk − η∇ȳFγ(θk+1, ȳk)

6: if
∥∥∥∇Fγ(θk+1, ȳk+1)

∥∥∥ ≤ ϵ then

7: STOP and return Fγ(θk+1, ȳk+1)

8: end if

9: end for

The objective function of (4.4.66) is in general non-convex with respect to the quan-

tum circuit parameter θ. On the contrary, it is concave in ȳ. Hence, the optimization

problem (4.4.66) is a non-convex–concave optimization problem. For such a setting, find-

ing a globally optimal solution is generally NP-hard [DDG+22, Section 2.1]. Therefore, we

focus on obtaining approximate stationary points of (4.4.66). As a global optimal point

is also a stationary point, if we use techniques to initialize quantum circuit parameters

according to the problem at hand such that these parameters lie in the vicinity of a global
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Figure 4.3: This figure depicts the iVQAIC algorithm in which we utilize
one parameterized quantum circuit, i.e., URS (θ).

optimal point, then our algorithm will converge to that point.

Definition 61 (First order ϵ-stationary points of (4.4.66)) For ϵ > 0, a point (θ, ȳ) ∈

[0, 2π]r × RM−1 is a first order ϵ-stationary point of (4.4.66) if the following holds:

∥∥∥∇Fγ(θ, ȳ)
∥∥∥ ≤ ϵ. (4.4.68)

We use the above condition as a stopping criterion for our variational quantum algo-

rithm.

In order to obtain a first order ϵ-stationary point of (4.4.66), we propose a variational

quantum algorithm (see Algorithm 7). We call this algorithm inexact Variational Quantum

Algorithm for Inequality Constrained standard form (iVQAIC). It is an inexact version because
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we solve the subproblem involving the maximization to an approximate stationary point

instead of solving it until global optimality is reached, due to the non-convex nature of

the objective function in terms of quantum circuit parameters. Its pseudocode is provided

in Algorithm 7, and it is depicted in Figure 4.3.

We run iVQAIC on a classical computer and utilize a parameterized quantum circuit

URS (θ) with a parameter θ ∈ [0, 2π]r for estimating the expectation values of the Hermitian

operators. Moreover, the partial derivative of Fγ(θ, ȳ) with respect to the quantum circuit

parameters θ depends on the partial derivatives of the expectation values of the Hermitian

operators I ⊗ C, I ⊗ A1, . . . , I ⊗ AM−1 with respect to θ. In order to compute the partial

derivatives of the latter with respect to θ, we use the parameter-shift rule (see (4.3.21)).

Note that we do not explicitly mention these quantum-circuit calls in the pseudocode of

the algorithm.

For this case, we do not state a theorem that indicates the convergence rate for find-

ing approximate stationary points of (4.4.66) in terms of the number of iterations in the

for-loop of the algorithm. Rather, we prove a property of the objective function that is

necessary for providing such a convergence analysis, i.e., smoothness of F (·, ȳ) for a fixed

ȳ ≥ 0. We state it formally in the following lemma:

Lemma 62 (Smoothness of Fγ(·, ȳ)) For all ȳ ≥ 0, there exists Lγ,ȳ > 0 such that the gradient

of the function Fγ(·, ȳ) : [0, 2π]r → R is Lγ,ȳ-Lipschitz continuous.

Proof. The proof is given in Appendix 4.E.
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4.5 Numerical Simulations

For validating our reformulations of SDPs and verifying the convergence of their respec-

tive algorithms to approximate stationary points, we randomly generated SDPs such that

they contain a valid feasible region. To verify the convergence of the algorithms proposed

in this paper, we focus on three cases based on the number M of constraints and the di-

mension N of the input Hermitian operators, and whether the problem is an equality or

inequality constrained problem:

1. N ≈ M: Here, we consider a well-known and extensively studied MaxCut problem.

First, we briefly recall what the problem is and its SDP relaxation in the next subsec-

tion. This problem is taken into account because the number of constraints and the

dimension of the matrices are equal (N = M). For this case, we evaluated the per-

formance of iVQAGF (see Algorithm 5), as it does not make the weakly-constrained

assumption on SDPs. Figure 4.4 shows the convergence of iVQAGF for solving

randomly generated SDP instances of the MaxCut problem. Furthermore, we per-

formed these simulations for different dimensions of the input matrices. Specifi-

cally, we considered N ∈ {8, 16, 32}.

2. N ≫ M: We divide this case further according to the type of constraints: (2a) equal-

ity constraints and (2b) inequality constraints. For randomly generated equality-

constrained problems, we report the performance of iVQAEC (see Algorithm 6).

Similarly, we analyse the performace of iVQAIC (see Algorithm 7) for randomly

generated instances of an inequality constrained problem. Here also we consider

N ∈ {8, 16, 32}. Figure 4.5 and Figure 4.6 showcase the convergence of iVQAEC and

iVQAIC, respectively, for randomly generated instances of their respective prob-

lems.
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We take into account Assumption 4 while creating the input Hermitian matrices. We

assume that the Pauli string decomposition of these input matrices are provided before-

hand. Additionally, for the analysis of iVQAGF for solving MaxCut, we assume that we

are provided with the Pauli string decomposition of C⊤ and the Choi operator of the linear

map Φ, i.e., ΓΦ.

We executed our algorithms using Pennylane’s Python libraries where we set QASM

simulator of the Qiskit Python package as a backend.2 Pennylane is an open-source

Python library developed by Xanadu for differential programming of quantum comput-

ers [BIS+22]. Similarly, Qiskit is an open-source package/interface developed by IBM to

interact with the underlying quantum computer [T+23]. Additionally, the QASM simula-

tor simulates a real IBM Quantum Backend, which is actually noisy in nature due to gate

errors and decoherence. We integrated Pennylane and Qiskit’s QASM simulator using

the Pennylane-Qiskit plugin.

We use the Strong Entangling Layers template of Pennylane as our variational ansatz,

where each layer consists of O(poly(n)) single-qubit rotations and entangling gates. We

then repeat this layer O(poly(n)) number of times, where n is the number of qubits. There-

fore, the overall gate complexity is O(poly(n)).

In order to assess the convergence of our methods to a globally optimal point, we ini-

tialize the quantum circuit parameter such that it lies in the convex region of that globally

optimal point. We then report the results and their associated analyses on how well our

algorithms perform on the QASM noisy simulator and compare the results with a noise-

less simulator. We also report the time complexity (number of iterations of the for-loops)

of our algorithms, i.e., how fast our algorithms converge to an actual globally optimal

2The source code is available here.
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Figure 4.4: Convergence of iVQAGF for three randomly generated
MaxCut-SDP instances with different numbers of vertices in
the graph: N ∈ {8, 16, 32}.

point.

First, for the sake of completeness, we recall the definition of a cut and a MaxCut of a

given graph.

Definition 63 (Cut and MaxCut) A cut is a bi-partition W of the vertex set V of a graph G =

(V, E), where |V | = N. An edge (i, j) ∈ E is part of the cut set if its vertices i and j lie in separate
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Figure 4.5: Convergence of iVQAEC for three separate cases of randomly
generated equality constrained semidefinite programs and
nonempty feasible regions: N ∈ {8, 16, 32}.

partitions. A MaxCut is the largest cut possible of a graph G.

The problem of finding a MaxCut of a graph can be formulated as a Quadratic Integer

Program (QIP) [MP90]:

[QIP] : sup
∑

(i, j)∈E

1
4

(xi − x j)2

subject to xi ∈ {−1, 1}; ∀i ∈ V.

(4.5.1)
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Figure 4.6: Convergence of iVQAIC for three separate cases of randomly
generated inequality constrained semidefinite programs with
nonempty feasible regions: N ∈ {8, 16, 32}.

Here, the optimal value of the above optimization is the optimal cut size (i.e., the num-

ber of the edges in the MaxCut). This quadratic integer program is in general computa-

tionally intractable [PY91]. However, there exist LP and SDP relaxations for the above

program [GW95].

[LP] : sup
∑

(i, j)∈E

1
4
∥vi − v j∥

2

subject to ∥vi∥
2 = 1, vi ∈ R

N; ∀i ∈ V.

(4.5.2)
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The above mentioned LP formulation is not good enough as it is a 1/2-approximation to

the original problem. It is well known that this can be extended to an SDP formulation in

which an algorithm proposed in [GW95] gives a 0.879-approximation of the original QIP

in (4.5.1):

[SDP] : sup
∑

(i, j)∈E

1
4

(Xii − 2Xi j + X j j)

subject to X ≽ 0, Xii = 1, ∀i ∈ V.

(4.5.3)

For our case, we numerically simulate iVQAGF for solving the aforementioned SDP

relaxation of a MaxCut problem. Recasting the constraints of the above MaxCut SDP as

constraints of the general form of SDP, we can write them as Φ(X) = B, where

B = I, Φ(X) = diag (Tr[A1X], . . . ,Tr[AMX]) , (4.5.4)

and Ai = |i⟩⟨i|. Therefore, the Choi operator for this linear map is given as

ΓΦ =

N−1∑
i, j=0

|i⟩⟨ j| ⊗ Φ(|i⟩⟨ j|) =
N−1∑
i=0

|i⟩⟨i| ⊗ |i⟩⟨i|. (4.5.5)

Additionally, the objective function can be written as Tr[CX], where C = L/4 and L is the

Laplacian matrix for the graph G.

The Pauli decomposition of the above Choi operator consists of N = 2n Pauli strings.

This gives the impression that we need to compute 2n expectation values in order to com-

pute the expectation value of ΓΦ. However, all these Pauli strings can be constructed from

just I and σz operators, because it is clearly a diagonal matrix. This implies that all the

Pauli strings are mutually commuting, and their expectation values can be estimated si-

multaneously [CvSW+21]. Therefore, we just need to compute a single expectation value

to evaluate the expectation value of ΓΦ.

The shaded regions in Figure 4.4, 4.5, and 4.6 signify the variance in the values for dif-

ferent runs (specifically 20) of the algorithm. The y-axis measures the difference between
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the cost function value at each iteration and the actual optimal value evaluated with the

CVXPY package [DB16]. The x-axis shows the number of outer iterations of algorithms,

i.e., the time needed to converge to the actual optimal value.

The numerical simulations demonstrate that all three algorithms indeed converge to

their respective optimal values approximately. This numerical evidence suggests that all

three proposed algorithms work well in practice. In other words, convergence to the

optimal parameters in the presence of noise showcases noise resilience of our variational

quantum algorithms.

4.6 Conclusion

In this paper, we proposed variational quantum algorithms for solving semidefinite pro-

grams. We considered three constrained formulations of SDPs, which were first converted

to unconstrained forms by employing a series of reductions. When the dimension N of

the input Hermitian operators of SDPs is large and for these unconstrained forms, the

computation of the objective function’s gradient is difficult when using known classical

techniques. To address this problem, we utilized parameterized quantum circuits to es-

timate these gradients. We also established the convergence rate and total iteration com-

plexity of one of our proposed VQAs. Finally, we numerically simulated our variational

quantum algorithms for different instances of SDPs, and the results of these simulations

provide evidence that convergence still occurs in noisy settings.

The estimation of the gradients using parameterized quantum circuits is stochastic in

nature. In this paper, we assumed that we have unbiased estimators of these gradients,

and the variance of these estimators is also small. Therefore, it remains open to study the
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effect of the variance of these estimators on the convergence rate of our algorithms.
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APPENDIX

4.A Proof of Lemma 49

The proof is rather straightforward. First, let us consider a function with two parameters

x and y, so that f : R2 → R. Suppose that the function (·) → f (·, y) is Lipschitz continuous

with Lipschitz constant LX, for all y ∈ R, and suppose that the function (·) → f (x, ·) is

Lipschitz continuous with Lipschitz constant LY , for all x ∈ R. Therefore, the following

holds according to the definition of Lipschitz continuity (recall Definition 48):

| f (x, y) − f (x′, y)| ≤ LX |x − x′| ∀x, x′, y ∈ R, (4.A.1)

| f (x, y) − f (x, y′)| ≤ LY |y − y′| ∀x, y, y′ ∈ R. (4.A.2)

Now consider the following:

| f (x, y) − f (x′, y′)| = | f (x, y) − f (x′, y) + f (x′, y) − f (x′, y′)| (4.A.3)
(a)
≤ | f (x, y) − f (x′, y)| + | f (x′, y) − f (x′, y′)| (4.A.4)
(b)
≤ LX |x − x′| + LY |y − y′| (4.A.5)

≤ max{LX, LY}
(
|x − x′| + |y − y′|

)
(4.A.6)

(c)
≤
√

2 max{LX, LY} ∥(x, y) − (x′, y′)∥ , (4.A.7)

where the inequality (a) follows from the triangle inequality, inequality (b) follows

from (4.A.1)–(4.A.2), and the last inequality (c) follows from the fact that ∥·∥1 ≤
√

2 ∥·∥

for the two-variable case. Therefore, L =
√

2 max{LX, LY} is a Lipschitz constant for f .

The proof given above for two variables can be easily extended to a function f with

an n-variable input, using the fact that ∥·∥1 ≤
√

n ∥·∥, where L =
√

n maxi{Li}i is a Lipschitz
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constant given in terms of

Li = sup
x

∣∣∣∣∣∂ f (x)
∂xi

∣∣∣∣∣ . (4.A.8)

Here, x = (x1, . . . , xn)⊤.

4.B Proof of Lemma 50

By hypothesis, each component fi of the vector-valued function f : Rn → Rm is Li-

Lipschitz continuous. Hence, the following holds for all x, x′ ∈ Rn and i ∈ {1, . . . ,m}:

∣∣∣ fi(x) − fi(x′)
∣∣∣ ≤ Li

∥∥∥x − x′
∥∥∥ . (4.B.1)

Now consider the following:

∥∥∥ f (x) − f (x′)
∥∥∥2
=

m∑
i=1

∣∣∣ fi(x) − fi(x′)
∣∣∣2 (4.B.2)

≤

m∑
i=1

L2
i

∥∥∥x − x′
∥∥∥2

(4.B.3)

=

 m∑
i=1

L2
i

 ∥∥∥x − x′
∥∥∥2
. (4.B.4)

Hence, L =
√∑m

i=1 L2
i is a Lipschitz constant for the vector-valued function f .

4.C Proof of Lemma 58

According to Lemma 49, a Lipschitz constant for the multivariate function h(θ) = ⟨I ⊗ O⟩θ

is as follows:

Lh =
√

r max
i

{
sup
θ

∣∣∣∣∣∂h(θ)
∂θi

∣∣∣∣∣}
i

(4.C.1)
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(a)
=
√

r max
i

{
sup
θ

∣∣∣∣∣∣2 Re
[
⟨0|U†(θ)(I ⊗ O)

∂U(θ)
∂θi
|0⟩

]∣∣∣∣∣∣
}

i

(4.C.2)

(b)
≤ 2
√

r max
i

{
sup
θ

∣∣∣⟨0|U†(θ)(I ⊗ O)U f (θ)e−iθiHi(−iHi)Ub(θ)|0⟩
∣∣∣}

i
(4.C.3)

(c)
≤ 2
√

r max
i

{
sup
θ

∥∥∥U†(θ)(I ⊗ O)U f (θ)e−iθiHi(−iHi)Ub(θ)
∥∥∥}

i
(4.C.4)

(d)
≤ 2
√

r max
i

{
sup
θ

∥∥∥U†(θ)
∥∥∥ ∥O∥ ∥∥∥U f (θ)

∥∥∥ ∥∥∥e−iθiHi
∥∥∥ ∥−iHi∥ ∥Ub(θ)∥

}
i

(4.C.5)

(e)
≤ 2
√

r ∥O∥max
i
{∥Hi∥}i . (4.C.6)

Here, equality (a) is a consequence of the following fact:

∂h(θ)
∂θi

= ⟨0|U†(θ)(I ⊗ O)
∂U(θ)
∂θi
|0⟩ + ⟨0|

∂U†(θ)
∂θi

(I ⊗ O)U(θ)|0⟩, (4.C.7)

where we used the product rule. Inequality (b) follows from the fact that |Re[z]| ≤ |z| for

all z ∈ C . Additionally, we assume U(θ) = U f (θ)e−iθiHiUb(θ), so that

∂U(θ)
∂θi

= U f (θ)e−iθiHi(−iHi)Ub(θ). (4.C.8)

Inequality (c) follows from the fact that ∥A∥ = sup|ψ⟩,|ϕ⟩{|⟨ψ|A|ϕ⟩| : ∥|ψ⟩∥ = ∥|ϕ⟩∥ = 1}. Inequal-

ity (d) follows from two properties of the spectral norm of a matrix: ∥AB∥ ≤ ∥A∥∥B∥ and

∥A ⊗ B∥ ≤ ∥A∥∥B∥. The inequality (e) follows from the fact that ∥V∥ = 1 for every unitary V .

Similarly, we can evaluate L∇h because each component of ∇h, i.e., ∂h(θ)
∂θi

is Lipschitz contin-

uous. This is because according to the parameter-shift rule, we can write ∂h(θ)
∂θi

in terms of

the linear combination of h(θ + (π/4)êi) and h(θ − (π/4)êi).

4.D Proof of Lemma 59

The multivariate vector-valued function ∇θLc(θ, y), where Lc(θ, y) is defined in (4.4.36)–

(4.4.37), is Lc,y-Lipschitz continuous for a fixed y ∈ RM if all its components, i.e.,
{
∂Lc(θ,y)
∂θi

}r

i=1
,
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are Lipschitz continuous for a fixed y ∈ RM. In order to prove that ∂Lc(θ,y)
∂θi

is Li
c,y-Lipschitz

continuous, we need to bound the Lipschitz constant Li
c,y from above. According to

Lemma 49, we state the following:

Li
c,y =

√
r max

j

{
sup
θ

∣∣∣∣∣∣∂2Lc(θ, y)
∂θi∂θ j

∣∣∣∣∣∣
}

j

(4.D.1)

≤
√

r max
j

{
sup
θ

{
λ

∣∣∣∣∣∣∂2⟨I ⊗C⟩θ
∂θi∂θ j

∣∣∣∣∣∣ + λ M∑
m=1

|ym|

∣∣∣∣∣∣∂2⟨I ⊗ Am⟩θ

∂θi∂θ j

∣∣∣∣∣∣
+ λc

M∑
m=1

(
|bm|

∣∣∣∣∣∣∂2⟨I ⊗ Am⟩θ

∂θi∂θ j

∣∣∣∣∣∣ + λ |⟨I ⊗ Am⟩θ|

∣∣∣∣∣∣∂2⟨I ⊗ Am⟩θ

∂θi∂θ j

∣∣∣∣∣∣
+ λ

∣∣∣∣∣∂⟨I ⊗ Am⟩θ

∂θi

∣∣∣∣∣
∣∣∣∣∣∣∂⟨I ⊗ Am⟩θ

∂θ j

∣∣∣∣∣∣
)}}

j

, (4.D.2)

where j ∈ {1, . . . , r}, and the aforementioned inequality follows from the triangle inequal-

ity. Let us first bound supθ
∣∣∣∣∂2⟨I⊗O⟩θ
∂θi∂θ j

∣∣∣∣ from above as follows, where O ∈ {C, A1, . . . , AM}:

sup
θ

∣∣∣∣∣∣∂2⟨I ⊗ O⟩θ
∂θi∂θ j

∣∣∣∣∣∣ (4.D.3)

(a)
= sup

θ

{∣∣∣∣∣∣2 Re
[
⟨0|U†(θ)(I ⊗ O)

∂2U(θ)
∂θi∂θ j

|0⟩
]
+ 2 Re

[
⟨0|
∂U†(θ)
∂θi

(I ⊗ O)
∂U(θ)
∂θ j

|0⟩
]∣∣∣∣∣∣
}

(b)
≤ 2 sup

θ

{∣∣∣∣∣∣Re
[
⟨0|U†(θ)(I ⊗ O)

∂2U(θ)
∂θi∂θ j

|0⟩
]∣∣∣∣∣∣ +

∣∣∣∣∣∣Re
[
⟨0|
∂U†(θ)
∂θi

(I ⊗ O)
∂U(θ)
∂θ j

|0⟩
]∣∣∣∣∣∣
}

(c)
≤ 2 sup

θ

{ ∣∣∣⟨0|U†(θ)(I ⊗ O)U f f (θ)e−iθ jH j(−iH j)U f b(θ)e−iθiHi(−iHi)Ub(θ)|0⟩
∣∣∣

+
∣∣∣∣⟨0|U†b(θ)eiθiHi(iHi)U

†

f (θ)(I ⊗ O)U f f (θ)e−iθ jH j(−iH j)Ub′(θ)|0⟩
∣∣∣∣ }

(d)
≤ 4 ∥O∥

∥∥∥H j

∥∥∥ ∥Hi∥ , (4.D.4)

where equality (a) follows from the chain rule applied twice (see (4.C.7)). Inequality (b)

follows from the triangle inequality. Inequality (c) follows from the fact that |Re[z]| ≤ |z|

for all z ∈ C, as well as from the assumption that U(θ) has the following decomposition:

U(θ) = U f f (θ)e−iθ jH jU f b(θ)e−iθiHiUb(θ). (4.D.5)
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Additionally, let U f f (θ)e−iθ jH jU f b(θ) = U f (θ) and U f b(θ)e−iθiHiUb(θ) = Ub′(θ). Inequality (d)

follows from a set of arguments similar to those in the proof of Lemma 58.

Second, we bound supθ |⟨I ⊗ O⟩θ| from above as follows, where O ∈ {A1, . . . , AM}:

sup
θ
|⟨I ⊗ O⟩θ| = sup

θ

∣∣∣⟨0|U†(θ)(I ⊗ O)U(θ)|0⟩
∣∣∣ (4.D.6)

≤ ∥O∥ . (4.D.7)

Finally, we bound supθ
∣∣∣∣∂⟨I⊗O⟩θ

∂θi

∣∣∣∣ from above as follows, where O ∈ {A1, . . . , AM}:

sup
θ

∣∣∣∣∣∂⟨I ⊗ O⟩θ
∂θi

∣∣∣∣∣ = sup
θ

∣∣∣∣∣∣2 Re
[
⟨0|U†(θ)(I ⊗ O)

∂U(θ)
∂θi
|0⟩

]∣∣∣∣∣∣ (4.D.8)

≤ 2 ∥O∥ ∥Hi∥ . (4.D.9)

The above inequality follows from similar arguments made in the proof of Lemma 58.

Note that the upper bounds in (4.D.4), (4.D.7), and (4.D.9) are independent of θ. Hence,

using these upper bounds, we bound Li
c,y from above as follows:

Li
c,y ≤

√
r max

j

{
4λ ∥C∥

∥∥∥H j

∥∥∥ ∥Hi∥ + λ

M∑
m=1

4 |ym| ∥Am∥
∥∥∥H j

∥∥∥ ∥Hi∥ (4.D.10)

+ λc
M∑

m=1

(
4 |bm| ∥Am∥

∥∥∥H j

∥∥∥ ∥Hi∥ + 4λ ∥Am∥
2
∥∥∥H j

∥∥∥ ∥Hi∥ + 4λ ∥Am∥
2
∥∥∥H j

∥∥∥ ∥Hi∥
) }

j

= 4λ
√

r ∥Hi∥

∥C∥ + M∑
m=1

(
(|ym| + c |bm|) ∥Am∥ + 2cλ ∥Am∥

2
) max

j

{∥∥∥H j

∥∥∥}
j

(4.D.11)

From (4.D.11) we conclude that the Lipschitz constant Li
c,y is bounded from above by

a positive number. Hence, the Lipschitz constant Lc,y of ∇θLc(θ, y) is also bounded from

above by a positive number because Lc,y =

√∑r
i=1

(
Li

c,y

)2
according to Lemma 50. Thus,

the function Lc(θ, y) is Lc,y-smooth for a fixed y ∈ RM.

243



4.E Proof of Lemma 62

The multivariate vector-valued function ∇θFγ(θ, ȳ) for a fixed ȳ ≥ 0, is Lγ,ȳ-Lipschitz con-

tinuous if all its components, i.e.,
{
∂Fγ(θ,ȳ)
∂θi

}r

i=1
, are Lipschitz continuous for a fixed ȳ ≥ 0.

In order to prove that ∂Fγ(θ,ȳ)
∂θi

is Li
γ,ȳ-Lipschitz continuous, we first bound the Lipschitz

constant Li
γ,ȳ from above as follows:

Li
γ,ȳ =

√
r max

j

{
sup
θ

∣∣∣∣∣∣∂2Fγ(θ, ȳ)
∂θi∂θ j

∣∣∣∣∣∣
}

j

(4.E.1)

= bM
√

r max
j

{
sup
θ

∣∣∣∣∣∣ eγ⟨I⊗H(ȳ)⟩θ(
eγ⟨I⊗H(ȳ)⟩θ + 1

) ∂2⟨I ⊗ H(ȳ)⟩θ
∂θi∂θ j

+
eγ⟨I⊗H(ȳ)⟩θ(

eγ⟨I⊗H(ȳ)⟩θ + 1
)2γ

∂⟨I ⊗ H(ȳ)⟩θ
∂θi

∂⟨I ⊗ H(ȳ)⟩θ
∂θ j

∣∣∣∣∣∣
}

j

(4.E.2)

≤ bM
√

r max
j

{
sup
θ

∣∣∣∣∣∣∂2⟨I ⊗ H(ȳ)⟩θ
∂θi∂θ j

+ γ
∂⟨I ⊗ H(ȳ)⟩θ

∂θi

∂⟨I ⊗ H(ȳ)⟩θ
∂θ j

∣∣∣∣∣∣
}

j

(4.E.3)

≤ bM
√

r max
j

{
sup
θ

∣∣∣∣∣∣∂2⟨I ⊗ H(ȳ)⟩θ
∂θi∂θ j

∣∣∣∣∣∣ + γ
∣∣∣∣∣∂⟨I ⊗ H(ȳ)⟩θ

∂θi

∣∣∣∣∣
∣∣∣∣∣∣∂⟨I ⊗ H(ȳ)⟩θ

∂θ j

∣∣∣∣∣∣
}

j

(4.E.4)

≤ 4bM
√

r ∥Hi∥
(
∥H(ȳ)∥ + 4γ ∥H(ȳ)∥2

)
max

j

{∥∥∥H j

∥∥∥}
j
. (4.E.5)

The last inequality follows from (4.D.9) and (4.D.4). We see that Li
γ,ȳ is bounded from

above by a positive number for a fixed ȳ. Therefore, the Lipschitz constant Lγ,ȳ is also

bounded from above by a positve number because according to Lemma 50, we have Lγ,ȳ =√∑r
i=1

(
Li
γ,ȳ

)2
. Thus, the function Fγ(θ, ȳ) is Lγ,ȳ-smooth for a fixed ȳ ≥ 0.
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CHAPTER 5

OPTIMAL COHERENT QUANTUM PHASE ESTIMATION VIA TAPERING1

5.1 Abstract

Quantum phase estimation is one of the fundamental primitives that underpins many

quantum algorithms, including Shor’s algorithm for efficiently factoring large numbers.

Due to its significance as a subroutine, in this work, we consider the coherent version of

the phase estimation problem, where given an arbitrary input state and black-box access

to unitaries U and controlled-U, the goal is to estimate the phases of U in superposition.

Most existing phase estimation algorithms involve intermediary measurements that dis-

rupt coherence. Only a couple of algorithms, including the standard quantum phase esti-

mation algorithm, consider this coherent setting. However, the standard algorithm only

succeeds with a constant probability. To boost this success probability, one can employ

the coherent median technique, resulting in an algorithm with optimal query complexity

(the total number of calls to U and controlled-U). However, this coherent median tech-

nique requires a large number of ancilla qubits and a computationally expensive quantum

sorting network.

To address this, in this work, we propose an improved version of this standard al-

gorithm called the tapered quantum phase estimation algorithm. It leverages taper-

ing/window functions commonly used in signal processing. Our algorithm achieves the

optimal query complexity without requiring the expensive coherent median technique

1This chapter is based verbatim on the work [PTSS24], with minor corrections, an improved presenta-
tion, and an additional section on uncomputing. This work will soon be published in PRX Quantum; for
the most up-to-date version of this chapter, refer to the arXiv preprint, which will be updated following
publication.
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to boost success probability. We also show that the tapering functions that we use are

optimal by formulating optimization problems with different optimization criteria. Be-

yond the asymptotic regime, we also provide non-asymptotic query complexity of our

algorithm, as it is crucial for practical implementation. In the appendices, we provide an

efficient algorithm to prepare the quantum state corresponding to the optimal taper and

an error bound for QPE when the phase estimate is used to control an operation and is

subsequently uncomputed.

5.2 Introduction

Quantum phase estimation (QPE) has been central to the field of quantum comput-

ing since its introduction [Sho94, Kit95]. It has been used in Shor’s algorithm for ef-

ficiently factoring large numbers [Sho94], in the Harrow–Hassidim–Lloyd (HHL) algo-

rithm to solve a system of linear equations [HHL09], for quantum amplitude estima-

tion [BHMT02], for quantum principal component analysis [LMR14], for fast Quantum

Merlin-Arthur (QMA) amplification [NWZ09], and as a subroutine in many other appli-

cations [WBL12, LMR13, CSS18, WBD+21, ESP21, ALL+21, Ral20].

At its core, the goal of QPE is to estimate the phase of an eigenvalue of a given unitary.

Let U be a unitary acting on a d-dimensional Hilbert space, H , and suppose that e2πiθ is

one of the eigenvalues of U, where θ lies in the range [0, 1). Then, the QPE problem is to

output an estimate θ̃ that is δ-close to θ with a probability at least 1 − ε for all δ, ε > 0.

To solve this problem, it is common to assume that we are given black-box access to

U and its controlled version (controlled-U), as well as sample access to an eigenvector

|ψθ⟩ of U corresponding to the eigenvalue e2πiθ. For our purposes, we define the cost of an
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algorithm in terms of its query complexity, which is the number of times U and controlled-

U are applied. An upper bound on the gate complexity can be obtained from the query

complexity for a given circuit implementation of the unitary by simple multiplication.

Probably the simplest approach to the phase estimation problem is the Hadamard

test. It estimates the real and imaginary parts of the overlap ⟨ψθ|U |ψθ⟩, giving e2πiθ. This

can then be used to approximate θ. However, this approach requires O
(
δ−2 log(1/ε)

)
queries

to achieve a desired precision, δ. A quadratic improvement in precision, i.e., O
(
δ−1 log(1/ε)

)
,

can be achieved using the well-known algorithm proposed by Kitaev in 1995 [Kit95]. A

crucial insight for this quadratic speedup was to extract the phase value bit-by-bit us-

ing controlled-U2 j , rather than simply using controlled-U in each iteration like in the

Hadamard test. Interestingly, the authors of Ref. [MdW23] recently showed that any algo-

rithm solving the QPE problem requiresΩ
(
δ−1 log(1/ε)

)
queries, making Kitaev’s algorithm

optimal in that sense.

In many practical applications of QPE, it is not realistic to assume that we have access

to the exact eigenvector, |ψθ⟩. Instead, we have access to an arbitrary quantum state, |ψ⟩,

that can be written as a superposition of eigenvectors
{
|ψθr⟩

}
r of U:

|ψ⟩ =
∑

r

cr|ψθr⟩. (5.2.1)

Suppose that the eigenvalues corresponding to these eigenvectors are
{
e2πiθr

}
r
. A more

practical goal is then to estimate phases coherently in superposition, i.e., to prepare a

state ∑
r

cr

(
|ωδ

r⟩ + |ω
δ⊥
r ⟩

)
|ψθr⟩ (5.2.2)

where

|ωδ
r⟩ =

∑
s:|θr−θ̃s |≤δ

c′r,s|θ̃s⟩ (5.2.3)

247



is the part of the ancilla state that encodes a δ-approximation to θr in the computational

basis. For all r, we want ∥|ωδ
r⟩∥ ≥

√
1 − ε which implies that a δ-approximation can be read

out with probability ≥ 1−ε. This coherent setting is more useful because most algorithms

employ QPE as a subroutine, rather than as a standalone algorithm.

Both the Hadamard test and Kitaev’s algorithm fall under the category of ‘iterative’

QPE algorithms. An iterative algorithm consists of multiple successive computations,

each consisting of simple quantum circuits. Each iteration, however, consists of mea-

surements at the end of the circuit evaluation followed by some classical post-processing.

Applying these algorithms to an arbitrary state aside from an eigenvector of U causes

decoherence due to these inherent measurements in each iteration. Ultimately, this leads

to the preparation of an incoherent state as opposed to the pure state, given by (5.2.2).

To the best of our knowledge, only two algorithms exist in the literature that can per-

form phase estimation coherently [CEMM98, Ral21], with the standard QPE algorithm

(also known as the textbook QPE algorithm) being the most well-known [CEMM98]. This

algorithm incorporates the (inverse) quantum Fourier transform (QFT) as a subroutine

and uses O(δ−1) queries to prepare the desired coherent state with probability at least 4/π2

in a single run. However, this constant success probability may not be sufficient for quan-

tum algorithms that use QPE as a subroutine. Therefore, boosting this success probability

to the desired 1 − ε becomes extremely crucial. To achieve this, the standard QPE algo-

rithm is executed O(log(1/ε)) times in parallel, and the median of the outputs is computed

coherently [NWZ09]. Therefore, the overall algorithm, i.e., the standard QPE combined

with the coherent median computation for boosting success probability, has query com-

plexity of O(δ−1 log(1/ε)). This query complexity is optimal, matching the corresponding

lower bound Ω(δ−1 log(1/ε)). However, the coherent median step involves using a large

number of ancilla qubits and a quantum sorting network [HNS02, Kla03, BBG+13], which
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is computationally expensive.

An alternative approach to boost the success probability, without using a sort-

ing network, involves using m = O(log(1/ε)) additional ancilla qubits all prepared in

the uniform superposition state, but this increases the overall query complexity to

O
(
δ−1ε−1

)
[CEMM98]. This is because the query complexity of the standard QPE algo-

rithm grows exponentially with the number of these additional qubits used, i.e., O
(
δ−12m

)
.

Substituting m = O(log(1/ε)) into this yields the stated complexity. It is worth noting that

this complexity is exponentially worse in ε compared to using the coherent median ap-

proach. Therefore, in this work, we investigate the following question and answer it

positively: can we improve the standard QPE algorithm such that it maintains the opti-

mal query complexity of O(δ−1 log(1/ε)) without employing the median approach and the

associated quantum sorting network?

5.2.1 Contributions

We propose an improved version of the standard QPE algorithm, which we call the tapered

QPE (tQPE) algorithm. The rationale behind this name will become apparent later in the

discussion. We show that the tQPE algorithm uses exponentially fewer additional qubits,

m, to achieve a success probability arbitrarily close to one. This improvement directly

leads to an exponentially smaller query complexity in terms of ε.

To be more precise, we demonstrate that our tQPE algorithm requires only m =

⌈log2 log(1/ε)⌉ additional qubits to achieve a success probability at least 1−ε (see Sec. 5.5.3).

We obtain this improvement by framing the problem as an optimization over the choice

of the ancilla qubit state that maximizes the success probability. This results in a more
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effective choice for the initial state of the ancilla register. In the case of the standard

QPE algorithm, the ancilla register is initialized to the uniform superposition state. How-

ever, we propose to replace this state with the state corresponding to the most-frequency-

concentrated discrete prolate spheroidal sequence (DPSS), which is a widely used win-

dow/tapering function in the field of classical signal processing. This motivates the name

of our algorithm. We will provide a brief note on DPSS and on window/tapering func-

tions in general later in Sec. 5.3.

The key idea behind this substitution is that DPSS maximizes signal concentration

within a given spectral band. This is particularly important for QPE, as it helps in max-

imizing the probability of obtaining phase estimates that are δ-close to the true phase θ.

To this end, the query complexity of our algorithm is then O
(
δ−1 log(1/ε)

)
, which scales

exponentially better in terms of ε than that of the standard QPE algorithm, which, as

mentioned before, is O
(
(δε)−1

)
. Furthermore, the query complexity of our algorithm satu-

rates the lower bound Ω
(
δ−1 log(1/ε)

)
, which means that it is optimal. Having said that,

we would also like to emphasize one of the implications of our result: tQPE can be

used directly for fast QMA amplification instead of running the standard QPE algorithm

O(log(1/ε)) times for computing the median. This suggests an alternative approach for fast

QMA amplification that employs tapering functions.

A natural question following the aforementioned result is whether one can initialize

the ancilla register to this DPSS state efficiently. We answer this question by providing an

explicit algorithm for doing so, which we describe in detail in App. 5.A. We subsequently

show that the gate complexity of this algorithm is comparable to that of the standard QPE

algorithm for initializing the uniform superposition state, up to log log factors.

The tQPE algorithm, like the standard QPE algorithm, involves applying the inverse
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QFT to the ancilla qubits. However, since tQPE uses exponentially fewer additional

qubits, the inverse-QFT circuit is also smaller compared to that used in the standard al-

gorithm. This can be seen as follows. In Ref. [HH00], the authors showed that the gate

complexity of the inverse QFT acting on p qubits is O(p log p). Therefore, the gate com-

plexity of the inverse QFT in the case of the standard algorithm is

O
((

log
1
δ
+ log

1
ε

)
log

(
log

1
δ
+ log

1
ε

))
because the number of ancilla qubits required for this algorithm is p = O

(
log(1/δ) + log(1/ε)

)
.

On the other hand, the gate complexity of this transform in the case of tQPE is

O
((

log
1
δ
+ log log

1
ε

)
log

(
log

1
δ
+ log log

1
ε

))
because the ancilla qubits required for this algorithm is p = O

(
log(1/δ) + log log(1/ε)

)
, a sig-

nificant improvement.

We also study a special scenario where one is not allowed to use any additional qubits,

i.e., m = 0 (see Sec. 5.5.2) and one wishes to maximize the success probability of outputting

one of the two nearest estimates when θ lies exactly in between two phase estimates. The

optimal input states for the ancilla qubits for this scenario define a two dimensional sub-

space which includes a particular kind of sinusoidal sequence, defined in (5.5.9). Addi-

tionally, we perform numerics, plotting the success probability as a function of the dis-

tance between the true value and the closest phase estimate (see Sec. 5.5.5). We carry

out these numerics for three different input states of the ancilla register: 1) the uniform

superposition state, 2) the DPSS state, and 3) the above sinusoidal state. This analysis

demonstrates that DPSS performs well over the entire range as compared to the uniform

superposition state.

In Appendix 5.G we address the issue of coherent uncomputation of the phase esti-

mate. In many applications such as HHL algorithm [HHL09] and Quantum Metropolis
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Sampling [TOV+11], QPE is used to implement a unitary that is controlled by the phase

estimate which is subsequently uncomputed. In Theorem 75 we prove an error bound on

such uses of QPE that applies to any algorithm for coherent QPE. We anticipate that this

bound will be useful for analyzing such algorithms as it accounts for multiple errors that

in previous analyses had to be treated individually.

5.2.2 Overview

Let p be the number of ancilla qubits in the QPE circuit, initialized to the all-zeros state.

For simplicity, we assume that we have sample access to one of the eigenvectors, |ψθ⟩, of

U. In tQPE, as shown in Fig. 5.2, there are three main steps:

1. Initialize the ancilla qubits to a state |ϕ⟩. For now, this state serves as a placeholder

and will be replaced later with a specific state depending on the problem at hand.

2. Apply unitaries controlled-U2 j to the joint state, |ϕ⟩|ψθ⟩.

3. Apply inverse QFT to the ancilla qubits.

Notably, the standard QPE algorithm is a special case of tQPE, where the ancilla qubits

are initialized to the uniform superposition state, i.e.,

|ϕ⟩ =
1

2p/2

∑
i

|i⟩. (5.2.4)

The application of the above three steps leads to the following transformation:

|0⊗p⟩|ψθ⟩
tQPE
−−−−→

2p−1∑
k=0

ϕ̂

(
θ −

k
2p

)
|k⟩|ψθ⟩, (5.2.5)

where ϕ̂(·) is the discrete-time Fourier transform, defined explicitly in (5.4.6), of |ϕ⟩.
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Figure 5.1: For the DPSS taper with p = 5, we plot the absolute value
squared of the taper in the frequency domain (blue curve) and
the discrete values (red dots) at which it is evaluated for the
expression of success probability in (5.2.6).

As we can see from the above transformation, the final state of the ancilla register is

a superposition of all possible values of phase estimates, k/2p. The goal is to prepare this

final state such that the following holds:

∑
k:|θ−k/2p |≤δ

∣∣∣∣∣∣ϕ̂
(
θ −

k
2p

)∣∣∣∣∣∣2 ≥ 1 − ε. (5.2.6)

Intuitively, we want to choose a state, |ϕ⟩, of the ancilla register whose energy in the

frequency domain is concentrated within the frequency band [−δ, δ] and is at least 1 − ε.

Fig. 5.1 shows an example of a taper whose energy is concentrated around zero in its

frequency domain.
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We study error in two different settings: average- and worst-case. In the average-

case error setting, we formulate an optimization problem that aims to find ancilla states,

|ϕ⟩, that minimize the average error of the tQPE algorithm when the phases are sampled

uniformly at random. We show that solving these optimization problems is equivalent

to solving frequency concentration problems arising in classical signal processing and

the most-frequency-concentrated DPSS naturally emerges as the optimal solution in the

average-case setting. Furthermore, we show that this DPSS also exhibits optimal perfor-

mance with only a constant overhead in the worst-case setting.

5.2.3 Related Work

QPE is a well-researched problem and hitherto many quantum algorithms have been pro-

posed to solve it under different settings. However, most of the quantum algorithms in

the literature [Kit95, SHF13, NLY23, LT22, OTT19, WBC22, CBB20, DL23, GSP21, MdW23]

are not suitable for the coherent setting that we are considering in this paper. This point

is strongly emphasized in Ref. [Ral21]. As such, only two algorithms, such as those

presented in Ref. [CEMM98] and Ref. [Ral21], provide coherent phase estimation algo-

rithms and are thus suitable for use as subroutines in larger algorithms. The approach in

Ref. [Ral21] is complementary to ours and achieves similar query complexity. Rall’s algo-

rithm employs block-encoding techniques to obtain the phase estimate bit-by-bit and em-

ploys techniques from the quantum singular value transform (QSVT) [GSLW19, MRTC21]

to enhance the probability of success.

Tapers are not new in the study of quantum algorithms. In 1999, Bužek et al. used a

sinusoidal taper for the construction of optimal quantum clocks [BDM99]. The authors

of [BW00] found that a particular kind of sinusoidal taper is optimal as an N-photon
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two-mode input state for obtaining an estimate of the phase difference between two

arms of an interferometer. The effect of a cosine taper on the quantum phase estima-

tion has been studied in Ref. [RIK22], and the authors showed a cubic improvement of

m in terms of error probability ε, i.e., m = O(log(1/ε1/3)) as opposed to m = O(log(1/ε))

for the standard QPE algorithm. Additionally, the cosine taper has been employed in

QPE-based algorithms, including the HHL algorithm for solving systems of linear equa-

tions [HHL09]. Bump functions have found application in spectral estimates based on

time series analysis [Som19]. Tapers have also been explored within quantum spec-

tral filtering methods aimed at efficient state initialization [FGML17]. Furthermore, ap-

proximate Gaussian tapers have been utilized in quantum algorithms for spectral den-

sity estimation [Rog20] and thermal state preparation [CKBG23, CKG23]. The Kaiser ta-

per [CF+48, Kai66, KRD21, MGB22] has been considered in QPE [BSG+22] and achieves

nearly asymptotically optimal scaling. We will further comment on Kaiser tapers and

their relation to the DPSS taper in Sec. 5.6. Note that none of the tapers discussed above

are optimally frequency-concentrated, resulting in side-lobes that warrant further reduc-

tion.

Note added: During the completion of this manuscript, we became aware of a recent

study conducted by Greenaway et al., concluding that QPE performed with the Kaiser ta-

per significantly outperformed QSVT-QPE [Ral21] (QPE performed with the QSVT frame-

work) [GPS24]. In particular, they observed that QPE with Kaiser tapers achieved success

probabilities that are orders of magnitude higher than QSVT-QPE with better query com-

plexity in the highly relevant regime where the desired success probability is arbitrarily

close to 1. This finding further emphasizes the importance of utilizing tapers for the QPE

problem.
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5.3 A Brief Note on Discrete Prolate Spheroidal Sequences

In the field of classical signal processing and statistics, DPSS, sinusoidal sequences, and

other such sequences are referred to as window functions, tapering functions, or simply

tapers. These functions are widely used to analyze and modify the frequency spectrum

of a given signal. It is important to note that the uniform superposition state used in

the standard QPE algorithm is also a type of window function known as a rectangular

window. This function is also sometimes referred to as the tophat taper, and we will use

this name throughout our paper to refer to this taper.

In a series of seminal papers in the field of signal analysis [SP61, LP61, LP62, Sle64,

Sle78], Slepian, Pollack, and Landau studied the extent to which a time-limited signal

can be band-limited. In other words, they investigated how much the Fourier transform

of a signal can be concentrated in a small interval in the frequency domain (i.e., band-

limited), given that the signal is only non-zero in a finite interval in the time domain

(i.e., time-limited). The discrete-time case was studied in the fifth paper of this series of

papers [Sle78]. In this paper, Slepian introduced DPSSs (also called Slepian sequences)

as eigenvectors of a kernel arising from a particular frequency concentration algorithm

and demonstrated that there exists a DPSS that is both time-limited and maximally band-

limited.

For completeness, we provide a detailed derivation of this in App. 5.E. In brief, Slepian

constructed and optimized a cost function to find a discrete sequence, whose Fourier

transform is maximally concentrated in a given bandwidth. The optimization results in

a linear kernel, whose maximal eigenvector (i.e., the eigenvector with the largest eigen-

value) solves the problem. They additionally showed how to efficiently compute it nu-

merically [PW93].
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Due to the ability of DPSSs to concentrate the energy of the Fourier transformed func-

tion in a small interval in the frequency domain, while also maintaining finite support in

the time domain, it is well-suited for a wide variety of applications in signal processing,

including signal filtering, and high-resolution spectral and harmonic analysis methods.

Classical signal analysis methods based on Slepian et al.’s analysis have resulted in sig-

nificant advances in spectral and harmonic analysis [Sle78, Tho82, PLVI87, MP99, HTR09,

SY12]. Maximizing signal concentration within a given spectral band is not only desirable

for classical signal analysis but is also of special significance for QPE as we will see in this

paper. Intuitively, the band-limiting property of a taper is important especially for QPE

in the sense that it helps in increasing the probability of outputting phase estimates that

are δ-close to the true phase θ.

5.4 Tapered Quantum Phase Estimation

Consider a unitary, U, acting on a d-dimensional Hilbert space, H . Let
{
|ψθr⟩

}d−1
r=0 be a set

of orthogonal eigenvectors of U, and
{
e2πiθr

}d−1

r=0
be the set of corresponding eigenvalues,

where θr ∈ [0, 1) for all r ∈ {0, . . . , d − 1}. It is assumed that we are given query access

to U and controlled-U, as well as sample access to an arbitrary state, |ψ⟩ =
∑

r cr|ψθr⟩, or

alternatively, query access to the unitary that prepares |ψ⟩. Given δ, ε > 0, the goal of

coherent phase estimation is then to prepare the state
∑

r cr|ω
δ
r⟩|ψθr⟩ with probability at

least 1 − ε such that |ωδ
r⟩ =

∑
s c′r,s|θ̃r,s⟩ and θ̃r,s is δ-close to θr.

In what follows, we focus on a particular eigenvector |ψθ⟩ of U with eigenvalue e2πiθ

for simplicity and lay out the details of our tQPE algorithm. This approach can be readily

extended to a superposition of eigenvectors as well. To begin with, as shown in Fig. 5.2,
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UPREP

. . . •

QFT†

. . . •
...

... . . .
...

• . . .

• . . .

|ψ⟩ U20 U21 . . . U2p−2

U2p−1





|0⟩⊗p

Figure 5.2: Tapered QPE quantum circuit. The system is initialized in the
state |0⟩⊗p|ψ⟩, where |ψ⟩ is an arbitrary input state. UPREP is the
unitary that prepares the taper state |ϕ⟩ (see App. 5.A for UPREP

that prepares the DPSS taper approximately). The dashed lines
indicate the intermediate states corresponding to (5.4.1), (5.4.3),
and (5.4.7), in order from left to right.

we prepare an ancilla register in a state |ϕ⟩ defined as

|ϕ⟩ B
N−1∑
n=0

ϕ[n]|n⟩, (5.4.1)

where ϕ[n] ∈ C for all n ∈ {0, . . . ,N−1}. Also, N B 2p, where p is the total number of qubits

in the ancilla register. Throughout this paper, we refer to the state of the ancilla register,

|ϕ⟩, as a taper, and we use the terms “taper register” and “ancilla register” interchange-

ably. For the time being, please note that |ϕ⟩ is an arbitrary state, with a particular choice

specified later. We then apply the controlled unitary

N−1∑
n=0

|n⟩⟨n| ⊗ Un (5.4.2)

to |ϕ⟩|ψθ⟩, resulting in the state
N−1∑
n=0

ϕ[n]e2πiθn|n⟩|ψθ⟩. (5.4.3)

Subsequently, we apply the inverse QFT (QFT−1 = QFT†) on the ancilla register. This
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transforms the basis {|n⟩}N−1
n=0 as

|n⟩ →
1
√

N

N−1∑
k=0

e−2πink/N |k⟩, (5.4.4)

giving us the following final state:

N−1∑
k=0

 1
√

N

N−1∑
n=0

ϕ[n]e2πin(θ−k/N)

 |k⟩|ψθ⟩. (5.4.5)

Note that the expression above inside the parentheses is the discrete-time Fourier

transform, defined as

ϕ̂ ( f ) B
1
√

N

N−1∑
n=0

ϕ[n]e2πin f , (5.4.6)

of the time-limited signal, ϕ[n], evaluated at the frequency, θ − k/N. Using this, the final

state of the algorithm, given by (5.4.5), can be expressed more concisely as:

N−1∑
k=0

ϕ̂ (θ − k/N) |k⟩|ψθ⟩, (5.4.7)

where we can think of
{
ϕ̂ (θ − k/N)

}
k

as the probability amplitudes of the discrete fre-

quencies {k/N}k indexed by k. In other words, if the first register corresponding to the

taper is measured, the tQPE algorithm outputs a phase estimate, k/N, with probability∣∣∣ϕ̂ (θ − k/N)
∣∣∣2.

In App. 5.F, we show that the coefficient in (5.4.7) may be understood as the convolu-

tion

ϕ̂ (θ − f ) =

N−1∑
n=0

ϕ[n]e−2πin f

 ∗ δ(θ − f ) , (5.4.8)

evaluated at f = k/N. That is, the taper is centered about, and independent of, the fre-

quency θ. Conceptually, and important for our discussion below, this distinguishes the

taper as a variable function that can take various forms depending on the particular opti-

mization problem of interest.
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Recall that the goal of tQPE is to prepare the final state, given by (5.4.7), such that the

following holds:

∑
k:|θ−k/N |≤δ

∣∣∣ϕ̂ (θ − k/N)
∣∣∣2 ≥ 1 − ε. (5.4.9)

To simplify the analysis, we choose δ = 2−ℓ−1 for some positive integer ℓ without loss of

generality. If θ can be expressed exactly on ℓ bits, then there exists a k ∈ {0, 1, . . . ,N − 1}

such that θ = k/N. Otherwise, there is always a phase estimate k′/N such that |θ − k′/N| ≤

2−p−1, and a θ that saturates this bound (i.e., it lies exactly between two possible phase

estimates). This constraint naturally arises because the resolution of the ancilla register is

2−p. Therefore, we only consider the case where δ ≥ 2−p−1 which implies that p ≥ ℓ. Thus,

we set p = ℓ + m for some m ≥ 0 where m can be interpreted as the number of additional

qubits used to boost the success probability of estimating phases that are δ-close to θ.

As we can see, the standard QPE algorithm is a special case of the tQPE algorithm,

where the taper being used is the tophat taper (ϕ[n] = 1/
√

N;∀n). For m = 0 (i.e., no

additional qubits used to boost phase estimation success probability), the tQPE algorithm

using the tophat taper outputs a δ-close phase estimate with probability at least 4/π2 ≈

0.405. As previously stated in the Introduction section, in order to increase the success

probability further, a natural approach is to increase m. By doing so, the number of δ-close

phase estimates increases, which in turn increases the total probability of outputting such

estimates. Specifically, the authors of Ref. [CEMM98] showed that it is sufficient to choose

m = ⌈log2 (1/(2ε) + 1/2)⌉ to boost the success probability to at least 1 − ε when considering

the tophat taper.

Although increasing m can reduce the probability of outputting a phase estimate that

differs from the true value by more than δ, it also increases the computational cost of the

algorithm, since the number of queries to U is proportional to 2p = 2l+m (as shown in
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Fig. 5.2). It also increases the size of the inverse-QFT circuit because as mentioned above,

the size of this circuit is of the order O(p log p). Thus, it is of utmost importance to choose

our taper, |ϕ⟩, optimally so as to minimize m for a given ε.

5.5 Optimal Tapers

In what follows, we derive optimal tapers for the case where the relative position of

the true phase with respect to the grid of estimates is known and optimal tapers for the

average-case settings which we define later. We then study the worst-case error of these

tapers.

5.5.1 The Optimization Problem

We now state the optimization problem more formally:

max
|ϕ⟩∈Ht

∑
k: |θ− k

N |≤δ

∣∣∣∣∣∣ϕ̂
(
θ −

k
N

)∣∣∣∣∣∣2

subject to
N−1∑
n=0

|ϕ[n]|2 = 1. (5.5.1)

Here, Ht denotes the N-dimensional Hilbert space corresponding to the taper register.

The objective function above represents the probability of obtaining a phase estimate that

is δ-close to the exact value, θ. The constraint arises from the fact that |ϕ⟩ is a quantum

state, and therefore, it must be normalized.

Due to our choice of δ = 2−ℓ−1 and p = ℓ + m, there are generically 2m estimates that

are δ-close to θ. In the special cases when the phase is on a grid point or exactly between
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two grid points there are 2m + 1 and 2m + δm0 estimates that are δ-close to θ, respectively.

Depending on the exact value of θ, the index, k, in the objective function of (5.5.1) can

range over different values. This significantly complicates the optimization problem. In

order to simplify the above expression further, we define the following:

∆ B θ −
k∗

N
, (5.5.2)

where k∗/N is the phase estimate that is closest to θ on the grid. In other words, ∆ is the

difference between the best possible phase estimate afforded by the p-qubit taper and the

true value, θ. We can now rewrite ϕ̂(θ − k/N) as ϕ̂(∆ − k/N) since the sum is over a dummy

index. We observe that phase estimates corresponding to |k| ≤ K with K = 2m−1 − 1 are

always δ-close for m ≥ 2 and K = 0 for m = 0. This generically leaves out one phase

estimate that is furthest away from the true value. In the special cases when the phase

is on a grid point or exactly between two grid points the miscount is 2 − 2δm0 and 1,

respectively. Finally, all tapers of practical interest we know of have Fourier transforms

that are symmetric, have a peak at 0, and decay rapidly, meaning their value at ∆± (K + 1)

will be extremely small for large K or equivalently small ε. In light of this, we ignore the

contribution of those points to the success probability in the optimization problem.

With these considerations, we restate the optimization problem as:

max
|ϕ⟩∈Ht

K∑
k=−K

∣∣∣∣∣∣ϕ̂
(
∆ −

k
N

)∣∣∣∣∣∣2
subject to

N−1∑
n=0

|ϕ[n]|2 = 1. (5.5.3)

To convert the above constrained optimization problem to an unconstrained one, we use

the Lagrangian formulation:

L (|ϕ⟩, λ) =
K∑

j=−K

∣∣∣∣∣ϕ̂ (
∆ −

j
N

)∣∣∣∣∣2 − λ
N−1∑

n=0

|ϕ[n]|2 − 1

 . (5.5.4)

where L is the Lagrangian and λ ∈ R is a Lagrange multiplier.
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5.5.2 Ideal Case

Finding the optimal taper is equivalent to finding the stationary point ofL that maximizes

the objective function of (5.5.3). The stationary points of L can be found by setting all

the partial derivatives of L to zero. Doing so, we get the following two conditions (see

App. 5.B for a detailed derivation):

1
N

N−1∑
n=0

e2πi∆(n−m)
(
sin (π(m − n)(2K + 1)/N)

sin (π(m − n)/N)

)
ϕ[n] = λϕ[m]; ∀m ∈ {0, . . . ,N − 1}, (5.5.5)

N−1∑
n=0

|ϕ[n]|2 = 1. (5.5.6)

The first equation is an eigenvalue equation, while the second equation is the normaliza-

tion constraint. By substituting all the stationary points (|ϕ⟩, λ) satisfying the above two

conditions into the objective function of (5.5.3), we obtain:

K∑
j=−K

∣∣∣∣∣ϕ̂ (
∆ +

j
N

)∣∣∣∣∣2 = λ. (5.5.7)

This implies that the stationary point, (|ϕ⟩, λ), that maximizes the objective function is the

eigenvector with maximum eigenvalue, λ. Since the objective function is the probability

of outputting one of the 2K+1 phase estimates closest to θ, using the eigenvector with the

maximum eigenvalue (see (5.5.5)) as our taper will maximize this probability.

In App. 5.C, we establish an explicit connection between the eigenvectors of (5.5.5) and

the periodic discrete prolate spheroidal sequences (P-DPSS) [ZKD+17]. We call the former

quantum periodic discrete prolate spheroidal sequences (QP-DPSS), which depend on the

value of ∆. Then, combining results from App. 5.C with known results for the P-DPSS

in [XC84], we observe that the eigenvector of (5.5.5) with the largest eigenvalue has an

eigenvalue of 1, regardless of the value of ∆. In other words, there exists a taper for which

the tQPE algorithm outputs one of the δ-close 2K + 1 phase estimates with probability 1.
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It should not be surprising that the above observation holds true. To understand this

intuitively, we can break it down into two cases. In the first case, we consider ∆ = 0,

that is θ lies exactly on one of the grid points (see (5.5.2)). In this case, the standard QPE

algorithm using the tophat taper always returns θ with probability 1 because now θ itself

is one of the possible phase estimates. Now, let’s consider the case where 0 < ∆ ≤ 1
2N or

− 1
2N ≤ ∆ < 0. This case can be converted into the ∆ = 0 case by shifting the grid of possible

phase estimates by ∆. To accomplish this, we apply a unitary operator parameterized by

∆ to the tophat taper. This operation shifts all 2p grid points by ∆, such that θ now lies

exactly on a grid point. After that, we output θ with probability 1 because it is now a

possible phase estimate.

We find that even for K = 0, unit success probability can be achieved with the optimal

taper given by:

ϕ∆[n] =
e2πi∆n

√
N

. (5.5.8)

As a check, we note that for ∆ = 0, we recover the tophat taper which is known to have

zero error probability when the true phase is on the grid of estimates. In Fig. 5.3 we plot

the success probability of this taper for ∆ = ±1/(2N). The above procedure is described in

greater detail in App. 5.C.

Special Case: ∆ = ±1/2N

In this case, there are pairs of grid points that are equidistant to the exact solution. So,

it makes sense to consider the probability of outputting an even number of estimates as

opposed to an odd number. More specifically, we will focus on the case where we only

consider the nearest two estimates. Eq. (5.5.8) shows tapers that return the closest estimate
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with probability one for arbitrary ∆. In the special case ∆ = ±1/2N, there are actually two

such tapers: one shown in Eq. (5.5.8) and the other obtained by letting ∆ → −∆. One

of these tapers outputs the larger and the other the smaller of the two closest estimates

with unit probability. Any linear combination of these tapers also succeeds with unit

probability. One might be interested in combinations that output each closest estimate

with equal probability. One such pair of tapers is

ϕsin[n] =
sin(πn/N)
√

N/2
, (5.5.9)

ϕcos[n] =
cos(πn/N)
√

N/2
. (5.5.10)

Although these two tapers perform the same on ∆ = ±1/2N, their performance on other

∆ is very different. In Fig. 5.3 we show that the sine taper is superior to the cosine taper

because it performs better at all other values of ∆. Note that ϕ±1/2N has similar properties

to the tophat taper by construction but the sine taper behaves qualitatively differently.

This is because in constructing the sine taper we used the additional degree of freedom

afforded by taking a linear combination of ϕ±1/2N to improve the performance of the taper

over all ∆. In fact, the sine (cosine) taper can be obtained by minimizing (maximizing) the

average-case error defined in the next section among all linear combinations between the

two QP-DPSS tapers above.

5.5.3 Average-Case Optimal Tapers

From the development above, it is important to note that in general the value of ∆ is not

known a priori. Moreover, since ∆ depends on the phase θ, it can differ for distinct phases,

particularly when the input state is a superposition of eigenvectors of U. Since we are

interested in coherent phase estimation, the same taper must work well for all values of ∆
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Figure 5.3: We plot the probability of the ϕ−1/2N (green), ϕ1/2N (red), ϕsin

(blue), and ϕcos (orange) tapers to output the closest phase esti-
mate as a function of ∆, for N = 25. Both cosine and sine tapers
achieve 0.5 at ∆ = ±1/2N. This means with unit probability one
of the two closest estimates will be returned.

in order to be useful. Therefore, in this subsection, we focus on finding the optimal taper

that works best on average. The Lagrangian,Lavg, for this modified optimization problem

is similar to the one given by (5.5.4), except that the first term is now an expectation,

resulting in the average success probability:

Lavg (|ϕ⟩, λ) = E∆∼D

 K∑
j=−K

∣∣∣∣∣ϕ̂ (
∆ +

j
N

)∣∣∣∣∣2
 − λ

N−1∑
n=0

|ϕ[n]|2 − 1

 , (5.5.11)

where D is the uniform distribution defined over the interval
[
− 1

2N ,
1

2N

]
. Then solving

for the above Lagrangian, we get the following eigenvalue equation (see App. 5.D for a

detailed derivation):

1
N

N−1∑
n=0

sin (π(m − n)(2K + 1)/N)
π(m − n)

ϕ[n] = λϕ[m]; ∀m ∈ {0, . . . ,N − 1}. (5.5.12)

We observe that this eigenvalue equation appears commonly in the field of classical
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signal processing and that DPSSs are eigenvectors of this equation. Now, with a similar

reasoning as we used previously for the ideal case, the eigenvector |ϕ⟩ that maximizes

the objective function, Lavg (i.e., average success probability), is the one with maximum

eigenvalue. Thus, the optimal eigenvector is the DPSS with the maximum eigenvalue.

Note that when we mention DPSS from here on, we refer to the DPSS with the maximum

eigenvalue. For completeness, we provide a brief overview of DPSSs from the classical

signal analysis point of view in App. 5.E.

The important issue of how to efficiently prepare the DPSS taper state is addressed in

detail in Appendix 5.A. The DPSS taper has few appreciable components in the frequency

domain, while the rest are extremely small. Thus, truncating the DPSS taper in the fre-

quency domain introduces a very small error. The idea is then to prepare this truncated

state using brute force quantum state synthesis approaches such as [SBM05] and then

apply QFT to recover the approximate taper in the time domain.

Remark 64 An important point to note is that the derivation of DPSSs from the classical signal

processing point of view (provided in App. 5.E) relies heavily on the fact that the spectrum of

frequencies is continuous. In contrast, we have a discrete frequency spectrum in the case of QPE.

However, by taking the average of ∆ over the uniform distribution, we effectively transform the

problem to a continuous one. Thus, the average-case optimization problem has the same form as

the classical continuous-frequency case, and as a result, the DPSS taper turns out to be the optimal

taper.

We now state an important theorem from the classical signal processing literature

[KRD21] that provides (to date) the most stringent non-asymptotic bounds on the eigen-

values of the kernel in (5.5.12). The key idea is to use this theorem to derive a non-
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asymptotic bound on the number of ancilla qubits, i.e., m, needed to achieve the average

success probability of at least 1 − ε, for some ε > 0.

Theorem 65 ([KRD21, Corollary 1]) For all N,K ∈ N such that K ∈ {0, . . . ,N/2 − 1}, the

maximum eigenvalue λmax of the kernel in (5.5.12) satisfies

λmax ≥ 1 −min

8 exp
− 2K − 1

2
π2 log(4N)

 , 10 exp
− 2K − 6

2
π2 log (100K + 75)

 . (5.5.13)

As the maximum eigenvalue of the DPSS kernel in (5.5.12) is equal to the average success

probability, the bound on this eigenvalue from the theorem given above naturally bounds

the average success probability. Therefore, one way to infer the above theorem statement

is as follows: when the maximal DPSS is used as a taper, it will output one of the 2K + 1

phase estimates closest to θ with an average success probability lower-bounded by the

quantity on the right hand side of (5.5.13).

Applying Thm. 65 to the tQPE algorithm that uses the DPSS taper, we obtain the fol-

lowing result that holds for all N,K ∈ Nwhich we term as the non-asymptotic regime.

Theorem 66 (Non-asymptotic) To ensure that the output of the tQPE algorithm is one of the

2m − 1 phase estimates closest to the true phase θ with an average success probability of at least

1 − ε, we only require

m =
⌈
log2

(⌈
175

(
log (10/ε) + 1

)2
⌉
+ 1

)⌉
+ 1 . (5.5.14)

Proof. We use the bound from Thm. 65 to lower-bound the average success probability

for outputting one of the 2K + 1 p-bit phase estimates closest to θ. Subsequently, if this

bound is at least 1− ε, we can say that the average success probability is also at least 1− ε.
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Formally, this is expressed as follows:

ε ≥ min

8 exp
− 2K − 1

2
π2 log(4N)

 , 10 exp
− 2K − 6

2
π2 log(100K + 75)

 . (5.5.15)

Without loss of generality, we choose to work with the second argument of the min func-

tion in the equation above, i.e.,

ε ≥ 10 exp
− 2K − 6

2
π2 log(100K + 75)

 . (5.5.16)

Taking logarithms and flipping the sign of both sides, we find

log(10/ε) ≤
2K − 6

2
π2 log(100K + 75)

. (5.5.17)

By assuming that K ≥ 1, we first provide a lower bound for 2K−6
2/π2 log(100K+75) in the follow-

ing way:

2K − 6
2
π2 log(100K + 75)

≥
2K − 6

2
π2 log(175K)

(5.5.18)

≥
K − 3

log (175K)
(5.5.19)

=
1

175

(
175K

log (175K)

)
−

3
log(175K)

(5.5.20)

≥
1

175

(
175K

log (175K + 1)

)
− 1 (5.5.21)

≥

√
175K
175

− 1 (5.5.22)

=

√
K

175
− 1 , (5.5.23)

where the second-to-last inequality comes from the following logarithmic inequality:

x
log(x + 1)

≥
√

x + 1 for all x ≥ −1. (5.5.24)

Now, by enforcing the following inequality,

log (10/ε) ≤

√
K

175
− 1, (5.5.25)
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we obtain K ≥ 175
(
log (10/ε) + 1

)2. In other words, as long as K is at least⌈
175

(
log (10/ε) + 1

)2
⌉
, we are guaranteed that (5.5.16) holds and the error is bounded by ε.

Recall from above that 2m of the p-bit phase estimates are δ-close. Letting K = 2m−1 − 1,

we only need m =
⌈
log2

(⌈
175

(
log (10/ε) + 1

)2
⌉
+ 1

)⌉
+1 additional qubits to ensure that our

tQPE algorithm has at least 1 − ε success probability.

Remark 67 Although the analytical proof for Thm. 66 implies that K needs to be of order

log2(1/ε) to achieve an average success probability of 1 − ε, for all practical purposes K only

needs to be of order log(1/ε). For example, for all ε ≥ 10−81, we have that K ≤ 192, and as a result,

we can replace K inside the logarithm in (5.5.17) with 192 and find that K =
⌈
log(10/ε)

⌉
+ 3 is

sufficient.

Since Thm. 65 holds for all N ∈ N, our result described in Thm. 66 also holds for all

N including the asymptotic regime where N → ∞ and δ → 0. However, the bound on

the maximum eigenvalue shown in Thm. 65 can be made tighter when we restrict our

analysis to the asymptotic case with large N and small δ. In what follows, we state the

result for this asymptotic case.

Theorem 68 (Asymptotic) In the regime where N is large and δ is small, the tQPE algorithm

with the DPSS taper outputs one of the 2m − 1 phase estimates closest to the true phase θ with an

average success probability of at least 1 − ε when

m =
⌈
log2 log

(
1
ε

)⌉
(5.5.26)

additional qubits are used in the tQPE algorithm.

Proof. Let W = 2δ = 1
2l . Then, NW = 2m because we know that N = 2l+m. In the original

paper on DPSS [Sle78], Slepian provided an asymptotic expression for the eigenvalues
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{λk}k of the DPSSs (i.e., when N is large or δ,W → 0),

1 − λk = π
1/2(k!)−12(14k+9)/4α(2k+1)/4(2 − α)−(k+1/2)Nk+1/2e−γN , (5.5.27)

where α and γ are defined as follows:

α = 1 − cos 2πW (5.5.28)

γ = log
1 + 2

√
α

√
2 −
√
α

 . (5.5.29)

From the definition of α, it is clear that α→ 0 as W → 0. To this end, we Taylor expand

the cosine function, to get the following expression for α:

α =
(2πW)2

2
+ O((2πW)4). (5.5.30)

Substituting this in the definition of γ, we get

γ = log

1 + 2
√

(2πW)2

2 + O((2πW)4)
√

2 −
√

(2πW)2

2 + O((2πW)4)

 (5.5.31)

∼ log (1 + 2πW) (5.5.32)

∼ 2πW. (5.5.33)

Also, α ∼ 2π2W2. Plugging the values of α, γ, and also k = 0 (because we are interested in

the maximum eigenvalue) into the first equation, we get

1 − λ0 ∼ π
1/229/4(2π2W2)1/4 (2 − 2π2W2)−1/2︸              ︷︷              ︸

∼2−1/2

N1/2e−2πWN (5.5.34)

= π1/229/4(2π2W2)1/42−1/2N1/2e−2πWN (5.5.35)

= 4π(NW)1/2e−2πNW . (5.5.36)

We require that 1 − λ0 ≤ ε. This implies

4π(NW)1/2e−2πNW ≤ ε (5.5.37)
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Using the fact that 4πx1/2e−2πx ≤ e−x for x ≥ 1, it suffices to choose

m = ⌈log2 log(1/ε)⌉ (5.5.38)

Please note that this result can be further tightened, but it is sufficient for our purpose.

Remark 69 Now, using the fact that K = 2m−1 − 1, we further obtain:

K = 2⌈log2 log(1/ε)⌉−1 − 1 ≤ log(1/ε) − 1 . (5.5.39)

While we do not gain an improvement in m with respect to ε in the asymptotic regime, we observe

an improvement in the scaling of K with respect to ε in this regime. In particular, we showed how

the upper bound on K decreases from 175(log(10/ε) + 1)2 + 1 to log(1/ε) − 1 when we utilize the

asymptotic bound that Slepian provides in [Sle78] which holds in the regime where N is large and

δ is small. Recall that the tQPE algorithm succeeds in outputting one of the 2K+1 phase estimates

closest to the true phase θ with an average success probability of at least 1 − ε. Thus, a smaller K

value would imply that the DPSS taper has greater frequency concentration around θ and endows

a smaller set of closest phase estimates with the same success probability of 1 − ε.

In the regime where ε is very small and δ is finite, the bound from Thm. 65 can be

sharpened significantly. This leads directly to the main result of our work. Importantly,

the following theorem also applies in the non-asymptotic setting: by choosing a smaller

target error probability ε′ ≪ ε and the corresponding number of additional qubits m, one

can ensure that the algorithm achieves success probability at least 1 − ε.

Theorem 70 (Main result) The tQPE algorithm with the DPSS taper outputs one of the 2m − 1

phase estimates closest to the true phase θ with an average success probability of at least 1−ε when

m = log2 log
1
ε
− log2 2π + O(1) (5.5.40)

additional qubits are used in the tQPE algorithm.
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Proof. This argument applies when W—and hence ℓ—is fixed. We focus on the asymp-

totic regime ε → 0. Our interest is in the largest eigenvalue λ0. Using the asymptotic

result from [Sle78], for fixed W,

1 − λ0 ∼ C(W) N1/2e−γ(W)N , (5.5.41)

where

C(W) = π1/229/4 α(W)1/4 (2 − α(W))−1/2. (5.5.42)

Here α(W) and γ(W) are given by

α = 1 − cos 2πW , (5.5.43)

γ = log
1 + 2

√
α

√
2 −
√
α

 . (5.5.44)

By the definition of ∼, for every δ ∈ (0, 1) there exists N0 such that for all N ≥ N0, we

have

1 − λ0 ≤ (1 + δ)C(W) N1/2e−γ(W)N . (5.5.45)

Now since W = 2−l, N = 2l+m, we have NW = 2m =: x and N = x/W. Plugging N = x/W

into (5.5.45), we get

1 − λ0 ≤ A(W) x1/2e−τ(W)x, (5.5.46)

where, again, for brevity, we introduce the following two quantities:

A(W) B
(1 + δ)C(W)
√

W
, τ(W) B

γ(W)
W

. (5.5.47)

We want that 1 − λ0 ≤ ε. This implies that we want to find such an x such that the

following holds:

A(W) x1/2e−τ(W)x ≤ ε. (5.5.48)
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Let us pick the following x:

x =
1

τ(W)

(
log(A(W)/ε) +

1
2

log log(A(W)/ε)
)
. (5.5.49)

Now let us check if this value of x satisfies the condition (5.5.48). We begin by plugging

in this value in (5.5.48):

A(W) x1/2e−τ(W)x = ε

√
x

log(A(W)/ε)
. (5.5.50)

For sufficiently small ε, we have √
x

log(A(W)/ε)
≤

√
2

τ(W)
. (5.5.51)

This implies

A(W) x1/2e−τ(W)x ≤ ε

√
2

τ(W)
. (5.5.52)

Furthermore, since for all W ∈ (0, 1/2], we have τ(W) ≥ 2π, we can say that

A(W) x1/2e−τ(W)x ≤ ε. (5.5.53)

This completes the check that the value of x that we picked satisfies the condition (5.5.48).

Since x = 2m, any integer

m ≥
⌈

log2

(
1

τ(W)

[
log

(
A(W)
ε

)
+

1
2

loglog
(

A(W)
ε

)] )⌉
(5.5.54)

guarantees 1 − λ0 ≤ ε. Now for all W ∈ (0, 1/4], A(W) is bounded from above as

A(W) ≤
4π(1 + δ)
cos(πW)

. (5.5.55)

With this, we finally get a fully explicit sufficient bound in terms of ε and W:

m ≥
⌈

log2

(
1

τ(W)

[
log

(
4π(1 + δ)
ε cos(πW)

)
+

1
2

loglog
(

4π(1 + δ)
ε cos(πW)

)] )⌉
. (5.5.56)

Since τ(W) is a positive constant for fixed W, asymptotically as ε→ 0, we finally have

m = log2 log
1
ε
− log2 τ(W) + O(1) (5.5.57)

so m = Θ(log log(1/ε)) in the finite-W regime.
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5.5.4 Analysis of Worst-Case Error

Ideally, we would like to find a taper that has the smallest error probability for its worst-

case ∆∗. For most tapers used in classical signal processing (including the tophat and

DPSS tapers), ∆∗ = ±1/(2N) corresponds to the largest error probability. However, in

general, different tapers have different worst-case ∆∗, which makes the corresponding

optimization problem too hard. In this section, we analyze the performance of the DPSS

taper in its worst case, which, as mentioned above, is at ∆∗ = ±1/2N. We find that, al-

though not optimized for the worst-case scenario, the DPSS taper performs well and is

optimal asymptotically.

To perform such a comparison, we first restate the kernel of the DPSS taper which

coincides with the eigenvalue equation shown in (5.5.12):

1
N

N−1∑
n=0

sin (π(m − n)(2K + 1)/N)
π(m − n)

ϕ[n] = λϕ[m]; ∀m ∈ {0, . . . ,N − 1}. (5.5.58)

Recall that the DPSS taper is the eigensequence with the largest eigenvalue that satis-

fies the DPSS kernel. When considering the success probability of the DPSS taper in the

worst case, where ∆ = ±1/2N, we let |ϕ⟩ denote the DPSS taper and adapt the calculations

in App. 5.D to include an additional complex rotation e2πi(n′−n)∆ that translates the phase

estimates in the frequency domain by ∆ = ±1/2N to obtain the following expression:

K∑
j=−K

∣∣∣∣∣ϕ̂ (
∆ +

j
N

)∣∣∣∣∣2 = 1
N

N−1∑
n,m=0

e2πi(m−n)∆
sin

(
π(m − n)

(
2K+1

N

))
sin (π(m − n)/N)

ϕ∗[n]ϕ[m] (5.5.59)

=
1
N

N−1∑
n,m=0

cos (π(m − n)/N)
sin

(
π(m − n)

(
2K+1

N

))
sin (π(m − n)/N)

ϕ∗[n]ϕ[m] (5.5.60)

where the last equality comes from substituting ∆ = 1
2N and observing how the complex

terms from the complex exponential annihilate each other when we run over all sum-

mands indexed by m and n. In other words, the success probability for the DPSS taper in
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the worst-case would then be the quantity shown in (5.5.60).

From Thm. 65, we make the observation that the maximum eigenvalue, or the suc-

cess probability, of the average-case optimal DPSS taper tends to 1 as N → ∞. This is

well-aligned with our intuition because we would expect our DPSS taper to have greater

spectral concentration in the central lobe in the frequency domain. At the same time, we

note that the worst-case success probability of the DPSS taper also converges to 1 when

N → ∞. This is a result of the complex exponential term in (5.5.59) approaching 1 as

N → ∞, resulting in the worst-case DPSS success probability expression approaching the

average-case success probability in the same limit. Therefore, DPSS is optimal asymp-

totically. While the DPSS taper may not achieve the same 1 − ε success probability as

it would in the average case for the non-asymptotic case, i.e., when N is finite, the fact

that the worst-case DPSS success probability converges to the average-case DPSS success

probability for large values of N implies that the worst-case success probability of the

DPSS taper would share a similar dependence on ε. We provide numerical evidence in

Figs. 5.4(a), 5.4(b), and 5.4(c) that shows that the worst-case success probability of the

DPSS taper never falls below 1 − 4ε for several different parameters.

5.5.5 Numerics

In this section, we provide numerics for three of the tapers we have discussed so far: the

DPSS taper, the sine taper, and the tophat taper. In Figs. 5.5(a), 5.5(b), 5.5(c), and 5.5(d),

we plot the success probability of each taper as a function of ∆, i.e., the distance between

the true phase and the grid point closest to it, for various values of m. The DPSS taper is

optimal for the average case. The tophat taper is designed to output the true phase with

unit probability when the true phase coincides with a grid point and the sine taper has
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(a) m = 3,K = 3
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Figure 5.4: Performance of the DPSS taper as a function of ∆ from 0 to
1/2N. (a) The figure is plotted for success probabilities ranging
from 0.999999975 to 1. We have omitted labeling the tick with
0.999999975 to avoid cluttering the figure.

the property that it outputs one of the two nearest estimates with unit probability when

the true phase is exactly between two grid points. Both of these properties are confirmed

by the plots. Although the DPSS kernel does not succeed with unit probability for any ∆ it

does perform well for the entire range, which is consistent with the fact that it is optimal

for the average case.

In Figs. 5.4(a), 5.4(b), and 5.4(c), we again plot the success probability of

the DPSS taper as a function of ∆ for various values of m. In contrast to

Figs. 5.5(a), 5.5(b), 5.5(c), and 5.5(d), we do not plot the other tapers; instead we display a

horizontal line at 1 − 4εave, where εave is the average error associated with the DPSS taper
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(alternatively, 1−εave is the largest eigenvalue of the DPSS kernel). We see that the success

probability is above 1−4εave for all ∆. Thus, our numerics suggest that the DPSS taper has

a worst-case error that is at most four times its average-case error. Since the worst-case

error cannot be smaller than the average-case, the worst-case error of DPSS is at most a

factor of four worse than the best possible worst-case error. This means that although we

have not been able to find the optimal taper for the worst case, the DPSS taper cannot be

too far from it.
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Figure 5.5: Comparison between the DPSS taper, the sine taper, and the
tophat taper.
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5.6 Discussion

Quantum algorithms that require coherent phase estimation, such as HHL algo-

rithm [HHL09] and Quantum Metropolis Sampling [TOV+11], also require that the es-

timate of the phase be uncomputed at some point. If this were not the case, incoherent

phase estimation would be sufficient as discarding the ancilla register after coherent QPE

renders it equivalent to incoherent QPE. Because tQPE outputs multiple estimates for

a particular phase (unlike median boosted QPE that outputs the closest two estimates

with high probability), one might worry that the uncomputation step might fail. In Ap-

pendix 5.G we show that this concern is unfounded: the error of any coherent QPE algo-

rithm due to uncomputation is of the same magnitude as the error due to the approxima-

tion of the phase. For a precise statement of this result, see Theorem 75.

We note that the authors of Ref. [RDD17] studied continuous QPE and formulated a

different optimization problem than ours. Interestingly, their optimal taper for continu-

ous QPE also resulted in DPSS. So, it would be valuable to explore the similarities and

differences between these two optimization problems, which we leave for future work.

We remark that the asymptotic scaling of K for the DPSS taper compares favorably

against the Kaiser taper, which is known to also achieve a similar asymptotic scaling of

m as our DPSS taper [BSG+22]. There are other additional factors inside the logarithm for

the Kaiser taper that the DPSS taper does not have. Furthermore, for the case of the Kaiser

taper, its K value scales as 1/2π log(1/ε) +O
(
log log(1/ε)

)
with respect to ε in the asymptotic

regime as shown in Appendix D of Ref. [BSG+22]. As shown in the proof for Thm. 68, the

DPSS taper scales as ⌈log(1/ε)⌉ in the asymptotic regime, which implies that the DPSS ta-

per has better frequency concentration around θ than the Kaiser taper in the regime where

N is large and δ is small. This corresponds well with existing classical signal processing
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literature, where the DPSS taper is known to have maximal frequency concentration in the

central lobe out of all taper functions, and the Kaiser taper has originally been designed

as an approximation to the optimal DPSS taper.

In addition to the asymptotic analysis, we also provide the explicit expressions for m

in the non-asymptotic regime. This will be important for the practical implementation of

the QPE algorithm in the early fault-tolerant regime. Finally, we would like to mention

that we approach the QPE problem from a different angle, i.e., by framing optimization

problems. Due to the optimality of the DPSS taper, all tapers must use Ω(log log(1/ε))

additional qubits to boost the average success probability to at least 1 − ε. This means

that there cannot be any further improvements when using tapers for QPE. This result

complements Thm. 1.3 of [MdW23], which provides the same lower bound on the ε-

dependence for any algorithm solving QPE in the worst case. However, while Thm. 1.3

of [MdW23] is general and holds for any QPE algorithm, our lower bound only applies

to tQPE with arbitrary tapers.

Due to the flexibility of our formulation, it allows us to find tapers satisfying different

optimization criteria. For instance, we find that a sinusoidal taper minimizes the average

case error under the additional constraint that for m = 0 the error probability is zero

whenever the true phase happens to be exactly in between two estimates. This taper has

been obtained before in the literature as a result of a different optimization problem [LP96,

BDM99]: it is the taper that minimizes a cost function that penalizes estimates that are

further away from the true value as 4 sin2((θ − θest)/2). We have arrived at this taper from

a completely different perspective.

It might be possible to construct tapers with slightly worse average case error but

better worst case error by hybridizing some of the eigenvectors of the DPSS kernel with
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large eigenvalues. This is similar to how we constructed the sine taper by hybridizing two

QP-DPSS tapers. Our numerics suggests that the worst case error of DPSS taper is at most

4εave. It is an open question how close the worst case error can be made by hybridizing

DPSS’s.
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APPENDIX

5.A Preparation of the DPSS Taper

In this section, we focus on preparing the DPSS taper |ϕ⟩. We use a modification of the

method for preparing broadband Gaussian states presented in [CSS18] to prepare the

taper state. The key idea is that the DPSS taper in the frequency domain, i.e., |ϕ̂⟩ = UQFT|ϕ⟩,

is narrow-band. By narrow-band, we mean that it is highly concentrated on just a few grid

points, implying that the state, |ϕ̂⟩, has appreciable amplitudes on very few of its basis

states. Therefore, we can prepare an approximate version of |ϕ̂⟩ (say |ϕ̂∗⟩) using standard

methods presented in [CSS18] with very little overhead. After that, we can perform an

inverse quantum Fourier transform on |ϕ̂∗⟩ to obtain |ϕ∗⟩, which closely approximates the

DPSS taper |ϕ⟩.

Before we provide an explicit description of the taper state preparation protocol, we

show in the lemma below that we can prepare an approximate DPSS taper state that is

ε-close to the DPSS taper state using N′ = O
(
log2(1/ε)

)
≪ N parameters where ε is an

average failure probability of the tQPE algorithm using the DPSS taper. In this case, we

refer to the non-trivial amplitudes of the state |ϕ̂⟩ as the N′ parameters that are needed to

characterize our approximate DPSS taper state.

Lemma 71 The number of parameters, N′, necessary to prepare a state, |ϕ∗⟩, that is O(
√
ε)-close

in Euclidean distance to |ϕ⟩ i.e., ∥|ϕ∗⟩ − |ϕ⟩∥2 ≤ 2
√
ε satisfies N′ = 2

⌈
175

(
log (10/ε) + 1

)2
⌉
+ 1.

Proof. Recall from Thm. 65 and Thm. 66 that

ε ≤ 10 exp
− 2K − 6

2
π2 log(100K + 25)

 , (5.A.1)
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where ε is the average probability outside of the central lobe of the most-concentrated

DPSS taper in the frequency domain. Because the DPSS taper in the frequency domain has

2K + 1 grid points in the central lobe, the number of parameters N′ needed to describe the

frequency amplitudes in the central lobe is then 2K + 1. Note that N′ may be determined

with a standard classical numerical computation on a lattice of size N with central lobe

bandwidth parameter K (see section 8.3 of [PW93] for the classical computation of DPSSs

on a lattice, the N′ parameters are then the frequency coefficients within the bandwidth

2K + 1 of the discrete Fourier transform of this function). From the derivation of the proof

of Thm. 66, we observe that K =
⌈
175

(
log (10/ε) + 1

)2
⌉
. Since N′ = 2K + 1, we obtain

N′ = 2
⌈
175

(
log (10/ε) + 1

)2
⌉
+ 1.

Let PN′ be the projector into the subspace spanned by the computational basis states

corresponding to the central lobe of the DPSS taper in the frequency domain. We define

a truncation of the DPSS taper as

|ϕ̂∗⟩ =
P|ϕ̂⟩
∥P|ϕ̂⟩∥2

. (5.A.2)

By the properties of the DPSS taper we have that
∥∥∥⟨ϕ̂|ϕ̂∗⟩∥∥∥2

2
≥ 1 − ε, which implies

|ϕ̂∗⟩ =
√

1 − ε|ϕ̂⟩ +
√
ε|ϕ̂⊥⟩. (5.A.3)

Since QFT is unitary the same holds for the time domain tapers, i.e., |ϕ∗⟩ =
√

1 − ε|ϕ⟩ +
√
ε|ϕ⊥⟩. We know that when we run the algorithm with the perfect DPSS taper |ϕ⟩, the

success probability is lower bounded by 1 − ε. By linearity, the success probability of

the algorithm ran with truncated DPSS taper |ϕ∗⟩ is lower bounded by (1 − ε)2 ≥ 1 − 2ε.

Hence, by letting ε → ε/2 we can achieve ε error probability even with imperfect taper

preparation.

We note that the lemma stated above is similar to Lemma 1 in [CSS18] which states that

a Gaussian taper with the reciprocal standard deviation, 1/σ, as the width of its central
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lobe, could also be used in place of a DPSS taper to concentrate phase measurements.

However, it would not have the optimal concentration of probability in the central lobe

that we observe for the DPSS taper.

We now provide an explicit description of the taper state preparation method that

closely follows App. B of [CSS18]. We first begin by classically computing the N′ ampli-

tudes that characterize the central lobe of |ϕ̂⟩ using classical numerical methods. Next, we

use these N′ amplitudes to prepare a state on a register of log2 N′ qubits using the prepara-

tion method described in [SBM05]. Subsequently, we append p− log2 N′ qubits initialized

to |0⟩⊗(p−log2 N′) to the ancilla register to form a p-qubit ancilla register. The N′ amplitudes

form an off-center lobe in the frequency domain, so we need to center these amplitudes

on the p-qubit register to form a central lobe. In App. C of [CSS18], the authors provide

an explicit circuit involving CNOT and X gates that performs the desired centering by

permuting and mapping the original N′ basis states {| j⟩ | 0 ≤ j ≤ N′ − 1} to the new N′ ba-

sis states {| j⟩ | (N − N′) /2 ≤ j ≤ (N + N′) /2 − 1} in the p-qubit ancilla register. Lastly, we

perform the centered Fourier transform operator UC-QFT that was proposed in App. B of

[CSS18].

Given ε > 0, where ε is the failure probability of the tQPE algorithm, let us define

UC-QFT as such:

UC-QFT B πUQFTπ, (5.A.4)

where π is a p-qubit cyclic permutation operator that maps | j⟩ to | j − N/2 mod N⟩, and

UQFT is the p-qubit Fourier transform operator. The cyclic permutation operator π can

be implemented with UQFTZU−1
QFT, where Z is a diagonal operator defined as diag(Z) B

[1,−1, 1,−1, . . . , 1,−1] as elaborated in App. B of [CSS18]. Therefore, the overall action of

the centered Fourier transform operator UC-QFT can be understood as a shifted QFT that
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accounts for the new central lobe, and it outputs the approximate DPSS taper state |ϕ∗⟩

that is O(ε)-close to |ϕ⟩ in the ancilla register of the tQPE quantum circuit. Readers can

find more details about the derivation in Sec. IV-D and App. B of [CSS18].

Now, we analyze the complexity of the taper state preparation protocol. Ref. [SBM05]

introduced a technique for preparing a state on a register of log N′ qubits with a gate com-

plexity of O (N′) from N′ amplitudes. Note that their technique requires some classical

computation, which we disregard, along with the classical computation of the N′ ampli-

tudes of the central lobe of |ϕ̂⟩. For the quantum circuit required to center the amplitudes,

it has been shown in App. C of [CSS18] that the number of two-qubit gates required is

log
(

N−N′
2

)
= O

(
log (N − N′)

)
. Lastly, we provide the gate complexity of UC-QFT. We begin

by providing its alternative expression:

UC-QFT = πUQFTπ =
(
UQFTZU−1

QFT

)
UQFT

(
UQFTZU−1

QFT

)
= UQFTZUQFTZU−1

QFT. (5.A.5)

Notice that we require three applications of QFT which has been shown in [Cop94] to

have gate complexity O
(
p2

)
= O

(
log2 N

)
. This gives us an overall gate complexity of

O
(
N′ + log (N − N′) + log2 N

)
= O

(
N′ + log2 N

)
for the state preparation protocol. Using

the fact that N′ = O
(
log2(1/ε)

)
and N = 2p = 2m · 2ℓ = 2O(log log 1/ε) · 2O(log 1/δ), we can state the

gate complexity of the state preparation protocol Cϕ in terms of δ and ε:

Cϕ = O
(
log2(1/ε) +

[
log log(1/ε) + log(1/δ)

]2
)

(5.A.6)

We also note that the state preparation protocol does not require any additional ancilla

qubits other than the p-qubits for the taper state register.

Having discussed how we can prepare an approximate DPSS taper |ϕ∗⟩ that is O(ε)-

close to the DPSS taper |ϕ⟩, we now proceed to provide guarantees for the performance of

|ϕ∗⟩. To do that we first write the approximate DPSS taper in terms of the DPSS taper:

|ϕ∗⟩ =

√
1 − O

(
ε2)|ϕ⟩ + O(ε)

∣∣∣ϕ⊥〉 , (5.A.7)
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where
〈
ϕ |ϕ⊥

〉
= 0.

Now, we consider the success probability of our tQPE algorithm when we use the

approximate taper. We assume that the probability of error of the exact taper |ϕ⟩ is ε, that

is

|ϕ⟩ |ψθ⟩
QPE
−−−→

√
1 − ε

∑
i:|θ̃i−θ|≤δ

|θ̃i⟩|ψθ⟩ +
√
ε

∑
i:|θ̃i−θ|>δ

|θ̃i⟩|ψθ⟩. (5.A.8)

For
∣∣∣ϕ⊥〉 we assume the worst possibility, i.e. that it returns a δ-close phase estimate with

zero probability. Then the approximate taper returns a δ-close estimate with probability

at least

P∗success ≥
(
1 − O

(
ε2

))
(1 − ε) = 1 − ε − O

(
ε2

)
+ O

(
ε3

)
= 1 − O(ε). (5.A.9)

5.B Ideal Case

The optimal taper for tQPE is the one that maximizes the probability of outputting the

value of a phase estimate of the form k/N that is δ-close to θ. To simplify the analysis we

have set δ = 2−(l+1) for some integer ℓ. In this case the 2K + 1 discrete frequencies closest

to θ are indeed δ-close to the true phase for K = 2m−1, where p = ℓ + m is the total number

of ancilla qubits. At most a single discrete frequency that is δ-close is left out, and that

frequency has the smallest probability of being output by the algorithm. Thus without

introducing much error we formulate the optimization problem in terms of maximizing

the probability of outputting the closest 2K + 1 discrete estimates, see (5.5.3). Since this

is a constrained problem, we used the Lagrangian formulation to solve it. For ease of

reference, we restate the corresponding Lagrangian (5.5.4) from the main text below:

L (|ϕ⟩, λ) =
K∑

j=−K

∣∣∣∣∣ϕ̂ (
∆ +

j
N

)∣∣∣∣∣2 + λ
N−1∑

n=0

|ϕ[n]|2 − 1

 . (5.B.1)
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To find the optimal taper for the original optimization problem, given by (5.5.3), we need

to find the stationary point of L that maximizes the objective function of (5.5.3). But

before doing so, we expand the expression on the right-hand side of the above equation

by plugging in the definition of ϕ̂, given by (5.4.6):

L (ϕ, λ) =
1
N

K∑
j=−K

N−1∑
n,n′=0

ϕ[n]ϕ∗[n′]e2πi
(
∆+

j
N

)
(n−n′) + λ

N−1∑
n=0

ϕ[n]ϕ∗[n] − 1

 (5.B.2)

=
1
N

K∑
j=−K

N−1∑
n,n′=0

e2πi∆(n−n′)ϕ[n]ϕ∗[n′]e−2πi( j/N)(n′−n) + λ

N−1∑
n=0

ϕ[n]ϕ∗[n] − 1

 . (5.B.3)

Then, to find the stationary points of L, we set all partial derivatives to zero. First, we

differentiate L with respect to ϕ∗[m] for all m ∈ {0, . . . ,N − 1} then set the expression to

zero:

∂L

∂ϕ∗[m]
=

1
N

K∑
j=−K

N−1∑
n=0

e2πi∆(m−n)ϕ[n]e−2πi( j/N)(m−n) + λϕ[m] = 0 (5.B.4)

=⇒
1
N

K∑
j=−K

N−1∑
n=0

e2πi∆(n−m)ϕ[n]e−2πi( j/N)(m−n) = λϕ[m] (5.B.5)

=⇒
1
N

N−1∑
n=0

e2πi∆(n−m)

 K∑
j=−K

e−2πi( j/N)(m−n)

 ϕ[n] = λϕ[m] (5.B.6)

=⇒
1
N

N−1∑
n=0

e2πi∆(n−m)
(
sin (π(m − n)(2K + 1)/N)

sin (π(m − n)/N)

)
ϕ[n] = λϕ[m] (5.B.7)

As is evident, the last equation is an eigenvalue equation with eigenvalue λ and eigen-

vector |ϕ⟩. We rewrite this equation more concisely as follows:

B∆|ϕ⟩ = λ|ϕ⟩, (5.B.8)

where we define the matrix B∆ as

B∆[m, n] B
1
N

e2πi∆(n−m)
(
sin (π(m − n)(2K + 1)/N)

sin (π(m − n)/N)

)
. (5.B.9)
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Next, we differentiate L with respect to the Lagrange multiplier, λ, and also set it to

zero:

∂L

∂λ
=

N−1∑
n=0

ϕ[n]ϕ∗[n] − 1 = 0 (5.B.10)

=⇒

N−1∑
n=0

ϕ[n]ϕ∗[n] = 1, (5.B.11)

reproducing the normalization constraint.

Now, by plugging all the stationary points (|ϕ⟩, λ) that satisfy the conditions (5.B.7) and

(5.B.11) into the objective function of the original optimization problem (5.5.3), we find:

K∑
j=−K

∣∣∣∣∣ϕ̂ (
∆ +

j
N

)∣∣∣∣∣2 = λ. (5.B.12)

In other words, this means that the stationary point (|ϕ⟩, λ) that maximizes the objective

function is the eigenvector of B∆ with the maximum eigenvalue λ, and this value corre-

sponds to the success probability of the algorithm.

5.C Relationship Between P-DPSS Tapers and Ideal Case Optimal Ta-

pers

We compare the operator B∆ defined in (5.B.9) to the bandlimiting operatorBK : CN → CN

described in [ZKD+17]. Suppose K ∈ N and 2K + 1 < N. The bandlimiting operator, BK , is

defined such that it zeros out the discrete frequencies of a signal ϕ ∈ CN that lie outside of

the range {−K ≡ N − K (mod N), . . . , 0, . . . ,K}. Formally, this operator does the following:

(BK (ϕ)) [m] B
1
√

N

∑
n∈S

ϕ̂[n]e
2πimn

N , (5.C.1)

295



where m ∈ {0, . . . ,N − 1} and S = {0, 1, . . . ,K} ∪ {N − K, . . . ,N − 1}. In the time domain this

can be written as

(BK (ϕ)) [m] =
1
N

N−1∑
n=0

sin (π(m − n)(2K + 1)/N)
sin (π(m − n)/N)

ϕ[n]. (5.C.2)

Note that this expression only differs from the matrix description stated in (5.B.7) by a

factor of e2πi∆(m−n) in each summand. We now introduce the timelimiting operator TN :

CN → C that is defined similarly as the following:

(TN (ϕ)) [n] B


ϕ[n], n ∈ {0, 1, . . . ,N − 1}

0, else.
(5.C.3)

In [ZKD+17], it was shown that the P-DPSSs are the eigensequences of the operator

TNBKTN . In other words, the P-DPSSs are discrete sequences that contain a particular

eigensequence that not only fulfills the time-limiting constraints of having non-zero val-

ues only on the indices 0, 1, . . . ,N−1, but also has maximal frequency concentration within

our window of interest, 2K+1. Notice that the time-limiting property and the property of

having maximal frequency concentration around 2K + 1 lattice points are the same prop-

erties that we want the optimal tapers to possess. These similarities make it interesting

for us to study the eigenvalue spectrum of the P-DPSSs because it may suggest an up-

per bound on what we can do with our ideal tapers. The bounds for the eigenvalues of

the P-DPSS’s with respect to the operator TNBKTN , proven in [ZKD+17], are stated in the

following theorem, which we restate with our notation.

Theorem 72 [ZKD+17, Theorem 1] Suppose K,N ∈ N and W = 2K+1
2N < 1

2 . Also, suppose that λ(i)

is the ith largest eigenvalue of TNBKTN . Then for any ε ∈
(
0, 1

2

)
, we have

λ(2⌊NW⌋−⌈R(N,ε)⌉) ≥ 1 − ε, (5.C.4)
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where

R(N, ε) =
(

4
π2 log(8N) + 6

)
log

(
16
ε

)
+ 2 max


− log

(
π
32

((
N

N−1

)2
− 1

)
ε
)

log
(

N
N−1

) , 0

 . (5.C.5)

Although Thm. 72 is stated for the matrix that corresponds to TNBKTN , the authors of

[ZKD+17] showed that the eigenvalues of TNBKTN and BK are the same. Note that the

matrix representation of the eigenvalue equation given by (5.B.7) differs from the matrix

representation of BK by some complex phase. However, we demonstrate in the following

proposition that they share the same spectrum by showing that we can adapt the eigense-

quences of BK to obtain the eigensequences that satisfy (5.B.7). In other words, we can

use the analytical bounds for the eigenvalues of the P-DPSSs to bound the eigenvalues

for our ideal tapers. Below, we refer to ϕ∆i , the eigenvector of the operator described in

(5.B.7) with eigenvalue λ(i), as the quantum periodic discrete prolate spheroidal sequence

(QP-DPSS), where − 1
2N ≤ ∆ ≤

1
2N .

Proposition 73 Suppose {(λ(i), ψi)}i represents the set of eigenvalues and eigensequences of BK .

Then, for some − 1
2N ≤ ∆ ≤

1
2N , {(λ(i), ϕ∆i )}i is the set of eigenvalues and eigensequences of B∆ given

in (5.B.9), where

ϕ∆i [n] = e2πi∆nψi[n]. (5.C.6)

Proof. We first restate the eigenvalue equation described in (5.B.7) with the proposed

eigensequence, ϕ∆i [n].

1
N

∑
n

e2πi∆(m−n)
(
sin (π(m − n)(2K + 1)/N)

sin (π(m − n)/N)

)
ϕ∆i [n]

=
1
N

∑
n

e2πi∆(m−n)
(
sin (π(m − n)(2K + 1)/N)

sin (π(m − n)/N)

)
e2πi∆nψi[n] (5.C.7)

=
e2πi∆m

N

∑
n

(
sin (π(m − n)(2K + 1)/N)

sin (π(m − n)/N)

)
ψi[n] (5.C.8)
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= e2πi∆mλ(i)ψi[m] (5.C.9)

= λ(i)ϕ∆i [m] (5.C.10)

where the second to last equality follows from the fact that ψi is an eigensequence of BK

with eigenvalue λ(i). This concludes the proof.

Note that the eigensequences {ϕ∆i }i are what we refer to as QP-DPSSs in the main text.

It is clear from the development above that transforming the tophat taper in the way

shown in (5.C.6) would give us a taper that would succeed with probability 1. In fact, it

is known that the P-DPSSs have up to 2K + 1 eigensequences with eigenvalue 1. While

such a transformation would be amazing, we remark that it requires explicit knowledge

of ∆ which is not something that we can reasonably assume to possess (i.e., it would as-

sume knowledge of the phase that we are trying to determine). Nevertheless, we provide

some further discussion below to allow the reader to understand the deeper connections

between P-DPSSs and optimal quantum tapers. In particular, we note that it may be pos-

sible to construct optimal tapers with greater efficiency by taking linear combinations of

optimal tapers due to the possibility of the existence of a much more efficient description

of the tapers. In fact, if one is willing to give up on the goal of achieving a success proba-

bility of 1, there are possibly other tapers with a much more efficient representation. From

the development above in Thm. 72 and Prop. 73, we have the following result.

Corollary 74 Given N = 2l+m, where l is the number of qubits needed to encode the target phase

and m is the number of extra qubits necessary to guarantee that with probability at least 1 − ε, the

desired precision will be met. Using the QP-DPSS taper with the largest eigenvalue, we have

m = O
(
log log 1/δ + log log 1/ε

)
. (5.C.11)

Proof. We are interested in the largest eigenvalue, i.e., λ(0). Therefore, from (5.C.4), we

298



first set 2⌊NW⌋ − ⌈R(N, ε)⌉ = 0 to obtain ⌈R(N, ε)⌉ = 2⌊NW⌋ ≤ 2NW. For all N ≥ 2, the first

term in (5.C.5) dominates and therefore, (5.C.5) reduces to

R(N, ε) = O
(
log

(
1
ε

)
log N

)
. (5.C.12)

This naturally implies that

NW = O
(
log

(
1
ε

)
log N

)
. (5.C.13)

Recall that m, the additional qubits required for a given precision, can be expressed as

log (NW) because W = 2m

2l+m is the fraction of the lattice for which the taper has significant

support. This gives

2m = O
(
log

(
1
ε

)
log N

)
(5.C.14)

= O
(
(m + l) log(1/ε)

)
(5.C.15)

= O
(
m log 1/ε + log 1/δ log 1/ε

)
(5.C.16)

=⇒ m = O
(
log

(
m log 1/ε + log 1/δ log 1/ε

))
(5.C.17)

= O
(
log

(
log 1/δ log 1/ε

)
+

m log 1/ε
log 1/δ log 1/ε

)
(5.C.18)

= O
(
log

(
log 1/δ log 1/ε

)
+

m
log 1/δ

)
(5.C.19)

=⇒ m − O
(

m
log 1/δ

)
= O

(
log

(
log 1/δ log 1/ε

))
(5.C.20)

=⇒ m =
O

(
log

(
log 1/δ log 1/ε

))
1 − O

(
1

log 1/δ

) (5.C.21)

= O
(
log log 1/δ + log log 1/ε

)
. (5.C.22)

The second equality follows by substituting N = 2l+m. The fifth equality follows from the

fact that log(x + y) ≤ log(x) + y/x for all x, y > 0. This concludes the proof.
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5.D Average-Case

For ease of reference, we restate the Lagrangian corresponding to the average case from

the main text below:

Lavg (|ϕ⟩, λ) = E∆∼D

 K∑
j=−K

∣∣∣∣∣ϕ̂ (
∆ +

j
N

)∣∣∣∣∣2
 − λ

N−1∑
n=0

|ϕ[n]|2 − 1

 . (5.D.1)

As mentioned before, we focus on the case where ∆ is uniformly distributed over the

interval [− 1
2N ,

1
2N ], i.e., D is the uniform distribution over this interval. It is reasonable to

make this assumption since it is unlikely that the phase values are influenced in a way

such that they lie away or close to the lattice points in a systematic way. However, it is

possible to generalize the subsequent analysis for other probability distributions, such as

the Gaussian distribution.

Please note that the analysis below follows a similar approach outlined in App. 5.B.

Now, consider the following:

Lavg (|ϕ⟩, λ) (5.D.2)

=

∫ 1
2N

− 1
2N

d∆ N
K∑

j=−K

∣∣∣∣∣ϕ̂ (
∆ +

j
N

)∣∣∣∣∣2 − λ
N−1∑

n=0

|ϕ[n]|2 − 1

 (5.D.3)

=
1
N

∫ 1
2N

− 1
2N

d∆ N
K∑

j=−K

N−1∑
n,n′=0

ϕ[n]ϕ∗[n′]e2πi(∆+ j
N )(n−n′) − λ

N−1∑
n=0

ϕ[n]ϕ∗[n] − 1

 (5.D.4)

=

N−1∑
n,n′=0

ϕ[n]ϕ∗[n′]
∫ 1

2N

− 1
2N

d∆ e2πi∆(n−n′)
∑

j

e−2πi( j/N)(n′−n) − λ

N−1∑
n=0

ϕ[n]ϕ∗[n] − 1

 (5.D.5)

=

N−1∑
n,n′=0

ϕ[n]ϕ∗[n′]
sin (2π (1/2N) (n′ − n))

π(n′ − n)
sin (π(n′ − n)(2K + 1)/N)

sin (π(n′ − n)/N)
− λ

N−1∑
n=0

ϕ[n]ϕ∗[n] − 1


(5.D.6)

=

N−1∑
n,n′=0

ϕ[n]ϕ∗[n′]
sin (π(n′ − n)(2K + 1)/N)

π(n′ − n)︸                            ︷︷                            ︸
CC(n,n′)

−λ

N−1∑
n=0

ϕ[n]ϕ∗[n] − 1

 (5.D.7)
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Then, to find stationary points of Lavg, we set all of its partial derivatives to zero. First,

we differentiate Lavg with respect to ϕ∗[m] for all m ∈ {0, . . . ,N − 1} and set it to zero:

∂Lavg

∂ϕ∗[m]
=

N−1∑
n=0

ϕ[n]C(n,m) − λϕ[m] = 0 (5.D.8)

=⇒

N−1∑
n=0

ϕ[n]C(n,m) = λϕ[m]. (5.D.9)

Note that the above equation is an eigenvalue equation, and its eigenvectors are DPSSs,

previously studied in classical signal processing [Sle78]. Next, differentiating L with re-

spect to the Lagrange multiplier λ and setting it to zero leads to the normalization con-

straint for the taper:

∂Lavg

∂λ
= −

N−1∑
n=0

ϕ[n]ϕ∗[n] + 1 = 0 (5.D.10)

=⇒

N−1∑
n=0

ϕ[n]ϕ∗[n] = 1, (5.D.11)

Next, by plugging all the stationary points (|ϕ⟩, λ) that satisfy the conditions (5.D.9)

and (5.D.11) into the objective function of Lavg, we get the following:

E∆∼D

 K∑
j=−K

∣∣∣∣∣ϕ̂ (
∆ +

j
N

)∣∣∣∣∣2
 = λ. (5.D.12)

In other words, this means that the stationary point (|ϕ⟩, λ) that maximizes the objective

function is the eigenvector of C with the maximum eigenvalue λ. This corresponds to

the DPSS with the maximum eigenvalue, which additionally corresponds to the success

probability of the algorithm.
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5.E Classical Signal Analysis Derivation of DPSS as Optimal Tapers

Following [Sle78, KRD21], the discrete time Fourier transform (DTFT), x̂ ∈ L2([−1
2 ,

1
2 ]), of

a discrete signal, x ∈ l2(Z), is given by

x̂( f ) B
∞∑

n=−∞

x[n]e−2πi f n, f ∈
[
−

1
2
,

1
2

]
, (5.E.1)

with the inverse transform given by

x[n] =
∫ 1

2

− 1
2

x̂( f )e2πi f nd f . (5.E.2)

From these definitions, we can see that x, x′ ∈ l2(Z) satisfy the Parseval-Plancherel equality,

⟨x, x′⟩l2(Z) = ⟨x̂, x̂′⟩L2([−1/2,1/2]). Here, we denote ⟨·, ·⟩A as the inner product defined on the

vector space A. We say that x ∈ l2(Z) is time-limited to n ∈ {0, . . . ,N − 1} if x[n] = 0 for all

n ∈ Z\{0, . . . ,N−1}. Furthermore, we say that x ∈ l2(Z) is band-limited to | f | ≤ W if x̂( f ) = 0

for | f | > W, where W ∈ (0, 1/2).

The aim here is to find discrete functions x[n] that are time-limited to n ∈ {0, . . . ,N − 1}

and are maximally band-limited to the frequency band | f | ≤ W. We can formulate this as

an optimization problem in the following way:

max
x∈l2(Z)

∫ W

−W
|x̂( f )|2d f (5.E.3)

subject to ∥x∥2l2(Z) = 1, (5.E.4)

x[n] = 0 for all n ∈ Z\{0, . . . ,N − 1}. (5.E.5)

We can simplify things conceptually by defining the following two operators: the time-

limiting operator TN as

(TN x)[n] B


x[n] if n ∈ {0, . . . ,N − 1}

0 if n ∈ Z\{0, . . . ,N − 1}
(5.E.6)
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and the band-limiting operator BW as

(BW x)[n] B
∞∑

l=−∞

sin[2W(l − n)]
π(l − n)

x[l] for n ∈ Z . (5.E.7)

Note that the DTFT of the band-limiting operator is B̂W x( f ) = x̂( f ) for | f | ≤ W and

B̂W x( f ) = 0 for | f | > W.

With these definitions, we see that the integral in (5.E.3) can be represented as∫ W

−W
|x̂( f )|2d f = ⟨x̂, B̂W x⟩L2([− 1

2 ,
1
2 ]) . (5.E.8)

From the Parseval-Plancherel theorem, we have

⟨x̂, B̂W x⟩L2([− 1
2 ,

1
2 ]) = ⟨x,BW x⟩l2(Z) . (5.E.9)

This implies that

⟨x,BW x⟩l2(Z) = ⟨TN x,BWTN x⟩l2(Z) (5.E.10)

= ⟨x,TNBWTN x⟩l2(Z) , (5.E.11)

with the last expression, (5.E.11), holding because TN is self-adjoint.

From (5.E.3), (5.E.8), and (5.E.11), we can see that the eigenvector, ϕ0, corresponding

to the maximum eigenvalue, λ0, of the matrix given by

[TNBWTN]l,n =
sin(2πW(l − n))

π(l − n)
; l, n ∈ {0, . . . ,N − 1} (5.E.12)

solves the maximization problem. This classical signal processing result gives the same

optimal tapers that we find above for the quantum average-case optimal taper.
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5.F Relationship Between Tapers and the Fourier Convolution Theo-

rem

Here, we aim to show a conceptually useful way to understand tapering, and hence

tQPE, originating in the classical signal processing community. We begin by deriving

the Fourier convolution theorem in a form useful for our discussion below. Starting with

two functions of time, ψ and x, we have that their pointwise product (denoted by ’·’)

ψ(t) · x(t) =
(∫ ∞

−∞

ψ̂(g)e−2πigtdg
)
·

(∫ ∞

−∞

x̂( f )e−2πi f td f
)

(5.F.1)

=

∫ ∞

−∞

∫ ∞

−∞

ψ̂(g)x̂( f )e−2πi(g+ f )tdgd f (5.F.2)

=

∫ ∞

−∞

(∫ ∞

−∞

ψ̂(g)x̂(h − g)dg
)

︸                      ︷︷                      ︸
(ψ̂∗x̂)

e−2πihtdh , (5.F.3)

where ∗ denotes a convolution.

Switching notation and denoting the continuous Fourier transform as F , we see from

above

ψ(t) · x(t) = F −1{F {ψ} ∗ F {x}} (5.F.4)

→ F {ψ(t) · x(t)} = F {ψ} ∗ F {x} . (5.F.5)

Note that here, to be consistent with the signs of the complex exponentials, we use the

opposite convention for our transform than is usual.

For tQPE, the amplitudes of the state encoded on the ancilla register before the inverse

QFT are ϕ[n]e2πiθn. Here, θ ∈ [0, 2π], but the taper, ϕ is a time-limited sequence with discrete

support at equally spaced times, n∆t. We can represent this sequence as a continuous

distribution, ϕ(t) ·X(t), in the limit as n→ ∞, and ∆t → 0, where X(t) =
∑N−1

n=0 δ(t−n∆t) is a
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Dirac comb. In this limit, ϕ[n]e2πiθn →
(
(ϕ(t) ·X(t)) · e2πiθt

)
=

((
ϕ(t)

∑N−1
n=0 δ(t − n∆t)

)
· e2πiθt

)
=((∑N−1

n=0 ϕ(t)δ(t − n∆t)
)
· e2πiθt

)
. To apply the Fourier convolution theorem, we take x(t) =

e2πiθt giving F {x}( f ) = δ(θ − f ), and the discrete and finite in time distribution, ψ(t) =∑N−1
n=0 ϕ(t)δ(t − n∆t). This then gives us

F {ψ}( f ) =
∫ ∞

−∞

N−1∑
n=0

ϕ(t)δ(t − n∆t)e−2πit f dt (5.F.6)

=

N−1∑
n=0

∫ ∞

−∞

ϕ(t)e−2πit fδ(t − n∆t)dt (5.F.7)

=

N−1∑
n=0

ϕ[n]e−2πin∆t f . (5.F.8)

Rescaling f∆t → f and similarly for θ, this gives us,

F {ψ(t) · x(t)}( f ) = {F {ψ} ∗ F {x}} ( f ) (5.F.9)

=


N−1∑

n=0

ϕ[n]e−2πin f

 ∗ δ(θ − f )

 ( f ) (5.F.10)

=

N−1∑
n=0

ϕ[n]e−2πin(θ− f ) (5.F.11)

= F {ϕ}(θ − f ) (5.F.12)

Switching back to our previous notation, for tQPE, we have

F {ψ(t) · x(t)} = ϕ̂(θ − f ) , (5.F.13)

the coefficient in (5.4.7). tQPE samples this with the QFT at discrete frequencies, k, as

QFT†[ψ(t) · x(t)] = ϕ̂k(θ − k/N).
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5.G Error Analysis for QPE with Uncomputation

In this section, we bound the error in applications of QPE that require uncomputation

of the estimated phase. The analysis below applies to all coherent QPE algorithms. In

applications that require coherent QPE, like HHL and Quantum Metropolis Sampling,

QPE is used in order to approximately implement a unitary of the form:

cTCA B
∑

j

T (θ j)C ⊗ |ψ j⟩⟨ψ j|A, (5.G.1)

where A and C are two registers (see the left-hand side of Figure 5.6) and T (θ) is a uni-

tary operator parametrized by θ ∈ [0, 2π). Furthermore, {|ψ j⟩} j are the eigenvectors of

some unitary U with the corresponding eigenvalues {e2πiθ j} j. We will assume that T is

LT -Lipschitz continuous for some LT > 0:

∥T (θ) − T (θ′)∥ ≤ LT min(|θ − θ′|, 2π − |θ − θ′|). (5.G.2)

We approximately implement the unitary cT using the following algorithm (see the

right-hand side of Figure 5.6):

1. Add an ancillary register B and initialize it in the all-zeros state. That is, |0⟩⊗p for

some p ∈ N.

2. Apply the unitary Q (any QPE algorithm; this includes the tQPE algorithm) on the

registers A and B such that the state of the system is in register A and the phase

estimate is stored in register B. Here, Q is defined as follows:

QBA B
∑
j,x,y

f jxy|x⟩⟨y|B ⊗ |ψ j⟩⟨ψ j|A, (5.G.3)

306



Figure 5.6: The unitary cT (left) is approximated by the quantum channel
(right) inside the dashed box. Note that Q can be any QPE
algorithm. For tQPE, it would include the state preparation
unitary for the taper on the ancilla register.

where f jxy is some probability density that depends on the QPE algorithm one em-

ploys. This probability density satisfies the following property for some δ, ε > 0:

∑
x:|θ j−(x−y)/2p |>δ

| f jxy|
2 ≤ ε. (5.G.4)

3. Apply the following controlled unitary on registers B and C with the control on

register B:

c̃TCB B
∑

x

T (x/2p)C ⊗ |x⟩⟨x|B, (5.G.5)

4. Apply Q† on the registers A and B.

5. Trace out register B.

Note that although cT and c̃T act in a similar way on the C register, the former controls

that action on the A register and the latter on the B register. Since the control on the B

register is with respect to the computational basis, it is straightforward to implement.

Now, before proceeding with the error analysis of the above algorithm (Theorem 75),
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we define the quantum channel versions of the unitaries cT,Q, and c̃T :

T (·) B cT (·)cT † (5.G.6)

Q(·) B Q(·)Q† (5.G.7)

T̃ (·) B c̃T (·)c̃T
†
. (5.G.8)

We also define an appending channel A, which essentially appends the all-zeros state to

the input state, to represent Step 1 of the above algorithm:

A(ρD) B ρD ⊗ |0⟩⟨0|B. (5.G.9)

Note that in the above equation and in what follows, we use a shorthand |0⟩⟨0|B ≡ |0⟩⟨0|
⊗p
B

for simplicity.

With the above notions in place, we now present our main error analysis in the fol-

lowing theorem.

Theorem 75 The following holds:

1
2

∥∥∥∥TCA − TrB ◦Q
†

BA ◦ T̃CB ◦ QBA ◦ ACA

∥∥∥∥
⋄
≤ 2LTδ + 4ε. (5.G.10)

Here, TrB denotes the partial-trace channel, where the register B is traced out.

Proof. Consider that

1
2

∥∥∥∥TAC − TrB ◦Q
†

BA ◦ T̃CB ◦ QBA ◦ ACA

∥∥∥∥
⋄

= sup
ρRCA

1
2

∥∥∥∥(IR ⊗ TAC) (ρRCA) −
(
IR ⊗ TrB ◦Q

†

BA ◦ T̃CB ◦ QBA ◦ ACA

)
(ρRCA)

∥∥∥∥
1
, (5.G.11)

where R is a reference system of arbitrary dimension and IR is the identity channel acting

on R. Expanding the first term of the right-hand side of the above equation, we get

(IR ⊗ TCA) (ρRCA)
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= (IR ⊗ TCA)ρRCA(IR ⊗ T †AC) (5.G.12)

=

IR ⊗
∑

j1

T (θ j1)C ⊗ |ψ j1⟩⟨ψ j1 |A

 ρRCA

IR ⊗
∑

j2

T †(θ j2)C ⊗ |ψ j2⟩⟨ψ j2 |A

 (5.G.13)

=

∑
j1

IR ⊗ T (θ j1)C ⊗ |ψ j1⟩⟨ψ j1 |A

 ρRCA

∑
j2

IR ⊗ T †(θ j2)C ⊗ |ψ j2⟩⟨ψ j2 |A

 . (5.G.14)

This implies that the Kraus operator, which we denote by VRCA, of the above channel is

VRCA =
∑

j1

IR ⊗ T (θ j1)C ⊗ |ψ j1⟩⟨ψ j1 |A. (5.G.15)

Therefore, this channel can be rewritten as

(IR ⊗ TCA) (ρRCA) = VRCAρRCAV†RCA. (5.G.16)

Similarly, we get the Kraus representation of the second channel in (5.G.11). For this,

consider the following:

IR ⊗ TrB ◦Q
†

BA ◦ T̃CB ◦ QBA ◦ ACA(ρRCA)

= IR ⊗ TrB ◦Q
†

BA ◦ T̃CB ◦ QBA ◦ (ρRCA ⊗ |0⟩⟨0|B) (5.G.17)

= IR ⊗ TrB ◦Q
†

BA ◦ T̃CB

(
QBA (ρRCA ⊗ |0⟩⟨0|B) Q†AB

)
(5.G.18)

= IR ⊗ TrB ◦Q
†

BA ◦ T̃CB

( ∑
j1,x1,y1

f j1 x1y1 |x1⟩⟨y1|B ⊗ |ψ j1⟩⟨ψ j1 |A

(ρRCA ⊗ |0⟩⟨0|B)
∑

j2,x2,y2

f ∗j2 x2y2
|y2⟩⟨x2|B ⊗ |ψ j2⟩⟨ψ j2 |A

)
(5.G.19)

= IR ⊗ TrB ◦Q
†

BA ◦ T̃CB

( ∑
j1, j2 x1,x2

f j1 x10 f ∗j2 x20⟨ψ j1 |ρRCA|ψ j2⟩ ⊗ |x1⟩⟨x2|B ⊗ |ψ j1⟩⟨ψ j2 |A

)
(5.G.20)

= IR ⊗ TrB ◦Q
†

BA

( ∑
j1, j2 x1,x2

f j1 x10 f ∗j2 x20T (x1/2p)C⟨ψ j1 |ρRCA|ψ j2⟩T
†(x2/2p)C ⊗ |x1⟩⟨x2|B ⊗ |ψ j1⟩⟨ψ j2 |A

)
(5.G.21)

= IR ⊗ TrB

( ∑
j1, j2 x1,x2,y3,y4

f j1 x10 f ∗j2 x20 f ∗j1 x1y3
f j2 x2y4T (x1/2p)C⟨ψ j1 |ρRCA|ψ j2⟩T

†(x2/2p)C ⊗ |y3⟩⟨y4|B ⊗ |ψ j1⟩⟨ψ j2 |A

)
(5.G.22)
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= IR ⊗

( ∑
j1, j2 x1,x2,y3

f j1 x10 f ∗j2 x20 f ∗j1 x1y3
f j2 x2y3T (x1/2p)C⟨ψ j1 |ρRCA|ψ j2⟩T

†(x2/2p)C ⊗ |ψ j1⟩⟨ψ j2 |A

)
(5.G.23)

=
∑
j1, j2

( ∑
x1,x2,y3

f j1 x10 f ∗j2 x20 f ∗j1 x1y3
f j2 x2y3 (IR ⊗ T (x1/2p)C) ⟨ψ j1 |ρRCA|ψ j2⟩

(
IR ⊗ T †(x2/2p)C

)
⊗ |ψ j1⟩⟨ψ j2 |A

)
(5.G.24)

=
∑

y3

(∑
j1,x1

f j1 x10 f ∗j1 x1y3

(
IR ⊗ T (x1/2p)C ⊗ |ψ j1⟩⟨ψ j1 |A

)
︸                                                  ︷︷                                                  ︸

CKy3

)
ρRCA

(∑
j2,x2

f ∗j2 x20 f j2 x2y3

(
IR ⊗ T †(x2/2p)C ⊗ |ψ j2⟩⟨ψ j2 |A

)
︸                                                    ︷︷                                                    ︸

K†y3

)

(5.G.25)

=
∑

y3

Ky3ρRCAK†y3
. (5.G.26)

Plugging (5.G.16) and (5.G.26) into (5.G.11) and removing the system labels for sim-

plicity, we get

1
2

∥∥∥∥TAC − TrB ◦Q
†

BA ◦ T̃CB ◦ QBA ◦ ACA

∥∥∥∥
⋄
= sup

ρ

1
2

∥∥∥∥∥∥∥VρV† −
∑

y3

Ky3ρK†y3

∥∥∥∥∥∥∥
1

. (5.G.27)

In the perfect QPE case, uncomputation is exact, resulting in register B being perfectly

reset to the all-zeros state after applying Q† (see Figure 5.6). Consequently, in this sce-

nario, there exists only a single Kraus operator (corresponding to y3 = 0), and this Kraus

operator is a unitary operator V . For the imperfect QPE case, we expect this operator to

remain approximately unitary, as we will demonstrate next.

Continuing,

1
2

∥∥∥∥TAC − TrB ◦Q
†

BA ◦ T̃CB ◦ QBA ◦ ACA

∥∥∥∥
⋄

= sup
ρ

1
2

∥∥∥∥∥∥∥VρV† − K0ρK†0 −
∑
y3,0

Ky3ρK†y3

∥∥∥∥∥∥∥
1

(5.G.28)

≤ sup
ρ

1
2

∥∥∥VρV† − K0ρK†0
∥∥∥

1
+

∥∥∥∥∥∥∥∑y3,0

Ky3ρK†y3

∥∥∥∥∥∥∥
1

 (5.G.29)

= sup
ρ

1
2

∥∥∥VρV† − K0ρK†0
∥∥∥

1
+ sup

ρ

1
2

∥∥∥∥∥∥∥∑y3,0

Ky3ρK†y3

∥∥∥∥∥∥∥
1

, (5.G.30)
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where the first inequality follows from the triangle inequality.

Let us begin by bounding the first term of the above equation:

sup
ρ

∥∥∥VρV† − K0ρK†0
∥∥∥

1
= sup

ρ

∥∥∥VρV† − K0ρV† + K0ρV† − K0ρK†0
∥∥∥

1
(5.G.31)

≤ sup
ρ

∥∥∥VρV† − K0ρV†
∥∥∥

1
+ sup

ρ

∥∥∥K0ρV† − K0ρK†0
∥∥∥

1
(5.G.32)

= sup
ρ

∥∥∥(V − K0)ρV†
∥∥∥

1
+ sup

ρ

∥∥∥K0ρ(V† − K†0)
∥∥∥

1
(5.G.33)

≤ sup
ρ

∥V − K0∥ ∥ρ∥1
∥∥∥V†

∥∥∥ + sup
ρ

∥K0∥ ∥ρ∥1
∥∥∥V† − K†0

∥∥∥ (5.G.34)

= ∥V − K0∥ + ∥K0∥ ∥V − K0∥ (5.G.35)

= (1 + ∥K0∥) ∥V − K0∥ , (5.G.36)

where the first inequality follows from the triangle inequality and the second inequality

follows from the Hölder’s inequality. Next, we bound the quantities ∥K0∥ and ∥V − K0∥

from above one by one:

∥K0∥ =

∥∥∥∥∥∥∥∑j1,x1

f j1 x10 f ∗j1 x10

(
IR ⊗ T (x1/2p)C ⊗ |ψ j1⟩⟨ψ j1 |A

)∥∥∥∥∥∥∥ (5.G.37)

= max
j1

∥∥∥∥∥∥∥∑x1

| f j1 x10|
2 (IR ⊗ T (x1/2p)C)

∥∥∥∥∥∥∥ (5.G.38)

≤ max
j1

∑
x1

| f j1 x10|
2 ∥(IR ⊗ T (x1/2p)C)∥ (5.G.39)

≤ 1. (5.G.40)

The second equality follows from Lemma 76, the first inequality follows from the triangle

inequality, and the last inequality follows from the fact that for every x1, we have | f j1 x10|
2 ≤

1. We now bound ∥V − K0∥ from above:

∥V − K0∥

=

∥∥∥∥∥∥∥∑j1

IR ⊗ T (θ j1)C ⊗ |ψ j1⟩⟨ψ j1 |A −
∑
j1,x1

f j1 x10 f ∗j1 x10

(
IR ⊗ T (x1/2p)C ⊗ |ψ j1⟩⟨ψ j1 |A

)∥∥∥∥∥∥∥ (5.G.41)
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≤

∥∥∥∥∥∥∥∑j1

T (θ j1)C ⊗ |ψ j1⟩⟨ψ j1 |A −
∑
j1,x1

| f j1 x10|
2
(
T (x1/2p)C ⊗ |ψ j1⟩⟨ψ j1 |A

)∥∥∥∥∥∥∥ (5.G.42)

= max
j1

∥∥∥∥∥∥∥T (θ j1)C −
∑

x1

| f j1 x10|
2T (x1/2p)C

∥∥∥∥∥∥∥ (5.G.43)

= max
j1

∥∥∥∥∥∥∥∑x1

| f j1 x10|
2T (θ j1)C −

∑
x1

| f j1 x10|
2T (x1/2p)C

∥∥∥∥∥∥∥ (5.G.44)

≤ max
j1

∑
x1

| f j1 x10|
2
∥∥∥T (θ j1)C − T (x1/2p)C

∥∥∥ (5.G.45)

= max
j1

 ∑
x1:|θ j1−x1/2p |≤δ

| f j1 x10|
2
∥∥∥T (θ j1)C − T (x1/2p)C

∥∥∥ + ∑
x1:|θ j1−x1/2p |>δ

| f j1 x10|
2
∥∥∥T (θ j1)C − T (x1/2p)C

∥∥∥
(5.G.46)

≤ max
j1

 ∑
x1:|θ j1−x1/2p |≤δ

| f j1 x10|
2(LTδ) +

∑
x1:|θ j1−x1/2p |>δ

| f j1 x10|
2(2)

 (5.G.47)

≤ max
j1

(LTδ + 2ε) (5.G.48)

= LTδ + 2ε, (5.G.49)

where the first inequality follows from the submultiplicativity of the spectral norm un-

der tensor products, the second equality follows from Lemma 76, the second inequality

follows from the triangle inequality, the third inequality follows from (5.G.2), and the last

inequality follows from the following fact about the error probability of the QPE algo-

rithm used: ∑
x1:|θ j1−x1/2p |>δ

| f j1 x10|
2 ≤ ε. (5.G.50)

To this end, using the bounds given by (5.G.40) and (5.G.49) in (5.G.36), we get

sup
ρ

∥∥∥VρV† − K0ρK†0
∥∥∥

1
≤ 2LTδ + 4ε. (5.G.51)

Now that we have bounded the first term of (5.G.30), we focus on bounding its second
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term. For this, consider the following:∥∥∥∥∥∥∥∑y3,0

K†y3
Ky3

∥∥∥∥∥∥∥ =
∥∥∥∥∥∥∥K†0 K0 −

∑
y3

K†y3
Ky3

∥∥∥∥∥∥∥ (5.G.52)

=
∥∥∥K†0 K0 − I

∥∥∥ (5.G.53)

=
∥∥∥K†0 K0 − V†V

∥∥∥ (5.G.54)

=
∥∥∥K†0 K0 − K†0V + K†0V − V†V

∥∥∥ (5.G.55)

≤
∥∥∥K†0 K0 − K†0V

∥∥∥ + ∥∥∥K†0V − V†V
∥∥∥ (5.G.56)

≤
∥∥∥K†0

∥∥∥ ∥K0 − V∥ +
∥∥∥K†0 − V†

∥∥∥ ∥V∥ (5.G.57)

≤ 2 ∥K0 − V∥ (5.G.58)

≤ 2LTδ + 4ε, (5.G.59)

where the first inequality follows from the triangle inequality, the second inequality fol-

lows from the submultiplicativity property of the spectral norm, the third inequality fol-

lows from (5.G.40), and the last inequality follows from (5.G.49). Next, we have the fol-

lowing equality:

sup
ρ

∥∥∥∥∥∥∥∑y3,0

Ky3ρK†y3

∥∥∥∥∥∥∥
1

=

∥∥∥∥∥∥∥∑y3,0

K†y3
Ky3

∥∥∥∥∥∥∥ . (5.G.60)

This follows due to the following fact, where each Ai is some linear operator:∥∥∥∥∥∥∥∑i

A†i Ai

∥∥∥∥∥∥∥ = sup
ρ

Tr

∑
i

A†i Aiρ

 (5.G.61)

= sup
ρ

∑
i

Tr
[
A†i Aiρ

]
(5.G.62)

= sup
ρ

∑
i

Tr
[
AiρA†i

]
(5.G.63)

= sup
ρ

Tr

∑
i

AiρA†i

 (5.G.64)

= sup
ρ

∥∥∥∥∥∥∥∑i

AiρA†i

∥∥∥∥∥∥∥
1

. (5.G.65)
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Using the identity given by (5.G.60), and the bound given in (5.G.59), we get

sup
ρ

∥∥∥∥∥∥∥∑y3,0

Ky3ρK†y3

∥∥∥∥∥∥∥
1

≤ 2LTδ + 4ε. (5.G.66)

Finally, combining the bounds of (5.G.51) and (5.G.66) to bound (5.G.30) from above,

we get
1
2

∥∥∥∥TAC − TrB ◦Q
†

BA ◦ T̃CB ◦ QBA ◦ ACA

∥∥∥∥
⋄
≤ 2LTδ + 4ε. (5.G.67)

This concludes the proof.

Eq. (5.G.10) quantifies the error resulting from the uncomputation of QPE combined

with the error of approximating the phase in the first place. Let us compare this error

to the error introduced solely due the approximation of the phase. For this purpose, we

consider the unitary

cT B
∑

j

T (θ̄ j)C ⊗ |ψ j⟩⟨ψ j|A, (5.G.68)

where θ̄ j is a single estimate with |θ̄ j − θ j| ≤ δ. Let us denote the associated channel by

T . To implement this unitary one would need access to a QPE algorithm that always

outputs a single estimate, which is known not to exist (Here we are ignoring the failure

probability, ε, which we assume is negligible compared to LTδ). Nevertheless, in such a

case uncomputation would be exact. It is possible to show that

1
2

∥∥∥∥T − T ∥∥∥∥
⋄
≤ LTδ. (5.G.69)

This is due to the following:

1
2

∥∥∥∥T − T ∥∥∥∥
⋄
≤

∥∥∥cT − cT
∥∥∥ (5.G.70)

=

∥∥∥∥∥∥∥∑j

T (θ j)C ⊗ |ψ j⟩⟨ψ j|A −
∑

j

T (θ̄ j)C ⊗ |ψ j⟩⟨ψ j|A

∥∥∥∥∥∥∥ (5.G.71)
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=

∥∥∥∥∥∥∥∑j

(
T (θ j)C − T (θ̄ j)C

)
⊗ |ψ j⟩⟨ψ j|A

∥∥∥∥∥∥∥ (5.G.72)

= max
j

∥∥∥T (θ j)C − T (θ̄ j)C

∥∥∥ (5.G.73)

≤ LTδ. (5.G.74)

The first inequality follows from Lemma 77, the third equality follows from Lemma 76,

and the last inequality follows from the LT -Lipschitz property of the operator T . All in

all, from (5.G.10) and (5.G.69), we can say that the additional error of QPE due to the

uncomputing is the same order as the error due to the approximation of the phase.

5.H Useful Lemmas

Lemma 76 (Norm of direct-sum of operators) Let A = A1
⊕
· · ·

⊕
An, where each Ai is a

linear operator and n is some natural number. Then the following is true:

∥A∥ = max
i
∥Ai∥ . (5.H.1)

Proof. For each i ∈ {1, . . . , n}, consider the following singular value decomposition: Ai =

UiDiV
†

i , where Ui and Vi are unitaries and Di is a diagonal matrix consisting of singular

values. Then the singular value decomposition of A = UDV†, where U = U1
⊕
· · ·

⊕
Un,

D = D1
⊕
· · ·

⊕
Dn, and V = V1

⊕
· · ·

⊕
Vn. Using this and the fact that the spectral norm

of a matrix is equal to its maximum singular value, we get ∥A∥ = maxi ∥Ai∥.

Lemma 77 (Bound on diamond distance between unitary channels) Let U(·) B U(·)U†

and V(·) B V(·)V† be two unitary channels with unitaries U and V , respectively. Then the

following holds:
1
2
∥U −V∥⋄ ≤ ∥U − V∥ . (5.H.2)
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Proof. The following is an alternate simple proof of Lemma 12.6 of [AKN98]. Consider

the following:

1
2
∥U −V∥⋄

= sup
ρ

1
2
∥(I ⊗U)(ρ) − (I ⊗V)(ρ)∥1 (5.H.3)

= sup
ρ

1
2

∥∥∥(I ⊗ U)ρ(I ⊗ U†) − (I ⊗ V)ρ(I ⊗ V†)
∥∥∥

1
(5.H.4)

= sup
ρ

1
2

∥∥∥∥(I ⊗ U)ρ(I ⊗ U†) − (I ⊗ U)ρ(I ⊗ V†) + (I ⊗ U)ρ(I ⊗ V†) − (I ⊗ V)ρ(I ⊗ V†)
∥∥∥∥

1
(5.H.5)

≤ sup
ρ

1
2

∥∥∥(I ⊗ U)ρ(I ⊗ U†) − (I ⊗ U)ρ(I ⊗ V†)
∥∥∥

1
+

1
2

∥∥∥(I ⊗ U)ρ(I ⊗ V†) − (I ⊗ V)ρ(I ⊗ V†)
∥∥∥

1

(5.H.6)

= sup
ρ

1
2

∥∥∥(I ⊗ U)ρ(I ⊗ U† − I ⊗ V†)
∥∥∥

1
+

1
2

∥∥∥(I ⊗ U − I ⊗ V)ρ(I ⊗ V†)
∥∥∥

1
(5.H.7)

≤ sup
ρ

1
2
∥(I ⊗ U)∥ ∥ρ∥1

∥∥∥(I ⊗ U† − I ⊗ V†)
∥∥∥ + 1

2
∥(I ⊗ U − I ⊗ V)∥ ∥ρ∥1

∥∥∥(I ⊗ V†)
∥∥∥ (5.H.8)

=
1
2

∥∥∥(I ⊗ U† − I ⊗ V†)
∥∥∥ + 1

2
∥(I ⊗ U − I ⊗ V)∥ (5.H.9)

=
1
2
∥(I ⊗ U − I ⊗ V)∥ +

1
2
∥(I ⊗ U − I ⊗ V)∥ (5.H.10)

≤
1
2
∥U − V∥ +

1
2
∥U − V∥ (5.H.11)

= ∥U − V∥ . (5.H.12)

The first inequality follows from the triangle inequality, the second inequality follows

from the generalized Hölder’s inequality, and the third inequality holds due to the sub-

multiplicativity property of the trace norm under tensor products.
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CHAPTER 6

LIST OF MY PH.D. RESEARCH PROJECTS

During the course of my doctoral research, I have contributed to a variety of projects in

quantum algorithms. These collaborations have led to several peer-reviewed publications

as well as preprints, spanning both theoretical advances and applications. A complete list

of the papers co-authored during my Ph.D. studies is given below:

• J. Chen, H. Westerheim, Z. Holmes, I. Luo, T. Nuradha, D. Patel, S. Rethinasamy,

K. Wang, M. M. Wilde, “QSlack: A slack-variable approach for variational quantum

semi-definite programming”, in Physical Review A, Aug. 2025, doi:10.1103/lwxq-

4myj. [CWH+25]

We introduce QSlack and CSlack, variational methods for large-scale semi-definite

and linear programming based on slack variables and the penalty approach. By

making use of the SDP and LP duality theory, we prove that these methods pro-

vide a theoretical guarantee that, if one could find global optima of the objective

functions, then the resulting values sandwich the true optimal values from both

above and below. Benchmark results show that both primal and dual formulations

approach ground-truth values with errors typically on the order of 10−2.

• M. Minervini, D. Patel, M. M. Wilde, “Quantum natural gradient with thermal-state

initialization”, in Physical Review A, Aug. 2025, doi:10.1103/49b1-fbc3. [MPW25b]

We derive exact expressions for three quantum-generalized Fisher information ma-

trices (Fisher-Bures, Wigner-Yanase, Kubo-Mori) applicable to variational quantum

circuits initialized in thermal states. These expressions can be estimated by combin-

ing Hadamard tests, classical sampling, and Hamiltonian simulation. The frame-

work enables quantum natural gradient methods in the mixed-state regime and
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yields fundamental limits on parameter estimation under sample access.

• N. Liu, M. Minervini, D. Patel, and M. M. Wilde, “Quantum thermodynamics and

semi-definite optimization”, arXiv:2505.04514, May 2025. [LMPW25]

We show that minimizing free energy (rather than energy) in quantum systems with

non-commuting conserved charges leads to a dual chemical-potential maximization

that is concave and efficiently solvable by gradient ascent. This thermodynamic

insight bridges to SDP solving. We present classical and hybrid quantum-classical

algorithms with runtime and convergence guarantees.

• A. N. Sims, D. Patel, A. Philip, A. H. Rubin, R. Bandyopadhyay, M. Radulaski, M. M.

Wilde, “Digital Quantum Simulations of the Non-Resonant Open Tavis-Cummings

Model”, arXiv:2501.18522, Jan. 2025. [SPP+25]

The open Tavis–Cummings model describes N quantum emitters coupled to a com-

mon cavity mode with losses and decoherence, but becomes classically hard to sim-

ulate as N increases. We implement two quantum algorithms to capture its dynam-

ics in the inhomogeneous, non-resonant regime with up to three excitations. We

show that the implemented algorithms have gate complexities that scale polyno-

mially, as O(N2) and O(N3), while the number of qubits used by these algorithms

(space complexity) scales linearly as O(N). One of these algorithms is the sampling-

based wave matrix Lindbladization algorithm, for which we propose two protocols

to implement its system-independent fixed interaction, resolving key open ques-

tions of [PW23b]. We benchmark our results against a classical differential equation

solver in a variety of scenarios and demonstrate that our algorithms accurately re-

produce the expected dynamics.

• M. Minervini, D. Patel, M. M. Wilde, “Evolved Quantum Boltzmann Machines”,

arXiv:2501.03367, Feb. 2025. [MPW25a]

318



We introduce evolved quantum Boltzmann machines, a variational ansatz built

from preparing a thermal state of one Hamiltonian followed by unitary evolution

under another. Our framework yields analytical gradients for tasks such as ground-

state energy estimation and generative modeling, which can be evaluated with

quantum algorithms involving classical sampling, Hamiltonian simulation, and the

Hadamard test. We also derive Fisher-Bures, Wigner-Yanase, and Kubo-Mori in-

formation matrices for this ansatz and develop natural gradient descent algorithms

based on them. Together, these results establish a powerful approach to quantum

optimization and learning.

• B. Go, H. Kwon, S. Park, D. Patel, M. M. Wilde, “Sample-based Hamiltonian and

Lindbladian simulation: Non-asymptotic analysis of sample complexity”, Quantum

Science and Technology, Sept. 2025, doi:10.1088/2058-9565/ae075b. [GKP+25]

Density matrix exponentiation (DME) and wave matrix Lindbladization (WML)

are sample-based quantum algorithms for simulating Hamiltonian and Lindbla-

dian dynamics. We provide non-asymptotic sample complexity analyses, proving

optimal bounds for both DME and WML up to constant factors. Specifically, we

show O(t2/ϵ) scaling for DME (with t the simulated evolution time and ϵ the error

tolerance) and O(t2d2/ϵ) for WML, along with matching lower bounds in relevant

regimes. These results establish the optimality of both algorithms and clarify gaps

in earlier analyses.

• D. Patel, M. M. Wilde, “Natural gradient and parameter estimation for quantum

Boltzmann machines”, arXiv:2410.24058, Oct. 2024. [PW24]

We derive formulas for the Fisher–Bures and Kubo–Mori information matrices of

parameterized thermal states and develop quantum algorithms to estimate their el-

ements using classical sampling, Hamiltonian simulation, and the Hadamard test.
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These results enable a natural gradient descent algorithm for quantum Boltzmann

machines that accounts for the geometry of thermal states. We also establish limits

on Hamiltonian parameter estimation from thermal samples and sketch an asymp-

totically optimal strategy in the single-parameter case.

• D. Patel, D. Koch, S. Patel, M. M. Wilde, “Quantum Boltzmann machine learning of

ground-state energies”, arXiv:2410.12935, Oct. 2024. [PKPW24]

We study quantum Boltzmann machines as a variational ansatz for estimating

ground-state energies of Hamiltonians. Unlike standard parameterized circuits, this

approach is not known to suffer from the barren-plateau problem. We delineate a

hybrid quantum-classical algorithm for this task and rigorously prove that it con-

verges to an ε-approximate stationary point of the energy function optimized over

parameter space, while using a number of parameterized-thermal-state samples

that is polynomial in ε−1, the number of parameters, and the norm of the Hamil-

tonian being optimized. Our algorithm efficiently estimates gradients via a novel

circuit combining classical sampling, Hamiltonian simulation, and the Hadamard

test, resolving an open problem from [AAR+18]. Supporting results include explicit

gradient and Hessian formulas and bounds used in the convergence proof.

• D. Patel, I. Chakrabarty, A. Roy, N. Ganguly, “Broadcasting of non-locality”, Pra-

mana – Journal of Physics, Apr. 2024, doi:10.1007/s12043-024-02726-1. [PRCG24]

We study whether Bell non-locality and steering can be broadcast using local quan-

tum cloning. Using the universal Buzek–Hillary cloner, we show that non-locality

cannot be broadcasted through local cloning, analyzed via the Bell–CHSH and

CJWR steering inequalities. For more than six measurement settings, some out-

put states remain steerable, but Werner and Bell-diagonal states become unsteerable

under optimal cloning. Extending to three-qubit systems, we also find that genuine
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tripartite non-locality cannot be broadcast under Svetlichny’s inequality.

• D. Patel, S. J. S. Tan, Y. Subasi, A. T. Sornborger, “Optimal Coherent Quantum Phase

Estimation via Tapering”, arXiv:2403.18927, Sept. 2024. [PTSS24]

Chapter 5 is based on this paper.

• Z. Goldfeld, D. Patel, S. Sreekumar, M. M. Wilde, “Quantum neural estimation

of entropies”, in Physical Review A, Mar. 2024, doi:10.1103/PhysRevA.109.032431.

[GPSW24]

Entropy measures quantify the amount of information and correlation present in a

quantum system. In practice, when the quantum state is unknown and only copies

thereof are available, one must resort to the estimation of such entropy measures.

Here we propose a variational quantum algorithm for estimating the von Neumann

and Rényi entropies, as well as the measured relative entropy and measured Rényi

relative entropy. Our approach first parametrizes a variational formula for the mea-

sure of interest by a quantum circuit and a classical neural network and then opti-

mizes the resulting objective over parameter space. Numerical simulations of our

quantum algorithm are provided, using a noiseless quantum simulator. The algo-

rithm provides accurate estimates of the various entropy measures for the examples

tested, which renders it a promising approach for usage in downstream tasks.

• H. Westerheim, J. Chen, Z. Holmes, I. Luo, T. Nuradha, D. Patel, S. Rethinasamy, K.

Wang, M. M. Wilde, “Dual-VQE: A quantum algorithm to lower bound the ground-

state energy”, arXiv:2312.03083, Dec. 2023. [WCH+23]

We introduce the dual variational quantum eigensolver (dual-VQE), a hybrid

quantum-classical algorithm that produces a lower bound on the ground-state en-

ergy of a Hamiltonian, complementing the standard variational quantum eigen-

solver (VQE) upper bound. Together, VQE and dual-VQE sandwich the true
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ground-state energy, providing a built-in quality check. Dual-VQE leverages

semidefinite programming duality and we show that it can be implemented with

resources comparable to VQE when combined with a convex combination ansatz

and generative models. Our simulations on the transverse-field Ising model show

convergence to the true value with error on the order of 10−2.

• D. Patel, M. M. Wilde, “Wave Matrix Lindbladization I: Quantum Programs for

Simulating Markovian Dynamics”, Open Systems & Information Dynamics, Jun. 2023,

doi:10.1142/S1230161223500105. [PW23a]

Chapter 1 is based on this paper.

• D. Patel, M. M. Wilde, “Wave Matrix Lindbladization II: General Lindbladians,

Linear Combinations, and Polynomials”, Open Systems & Information Dynamics,

Sept. 2023, doi:10.1142/S1230161223500142. [PW23b]

Chapter 2 is based on this paper.

• D. Patel, P. J. Coles, M. M. Wilde, “Variational Quantum Algorithms for Semidefi-

nite Programming”, Quantum, Jun. 2024, doi:10.22331/q-2024-06-17-1374. [PCW24]

Chapter 4 is based on this paper.

• A. Challapalli, J. Konlan, D. Patel, G. Li, “Discovery of Cellular Unit Cells

With High Natural Frequency and Energy Absorption Capabilities by an Inverse

Machine Learning Framework”, Frontiers in Mechanical Engineering, Nov. 2021,

doi:10.3389/fmech.2021.779098. [CKPL21]

We develop an inverse machine learning framework combining regression and gen-

erative neural networks to design cellular unit cells with enhanced dynamic prop-

erties. The discovered structures achieve 30–100% higher natural frequency and up

to 300% greater energy absorption compared to biomimetic designs such as honey-
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comb, plant stems, and trabecular bone. Our experimental and simulation results

validate these gains, demonstrating the potential of machine learning for engineer-

ing lightweight structures with improved vibration resistance and impact perfor-

mance.

• A. Challapalli, D. Patel, G. Li, “Inverse machine learning framework for

optimizing lightweight metamaterials”, Materials & Design, Oct. 2021,

doi:10.1016/j.matdes.2021.109937. [CPL21]

Structure scouting and design optimization for superior mechanical performance

through inverse machine learning is an emerging area of interest. Inverse machine

learning can be a substantial approach in structural design to explore complex and

massive numbers of geometrical patterns within short periods of time. Here, an

inverse design framework using generative adversarial networks (GANs) is pro-

posed to explore and optimize structural designs such as lightweight lattice unit

cells. Lightweight lattice structures are widely accepted to have excellent mechan-

ical properties and have found applications in various engineering structures. Us-

ing the proposed framework, different lattice unit cells that are 40–120% better in

load carrying capacity than octet unit cell are discovered. These new lattice unit

cells are analyzed numerically and validated experimentally by testing 3D printed

lattice unit cells and lattice cored sandwiches. The proposed inverse design frame-

work can be applied to the design and optimization of other types of load bearing

structures.

• D. Patel, S. Patro, C. Vanarasa, I. Chakrabarty, A. K. Pati, “Impossibil-

ity of Cloning of Quantum Coherence”, in Physical Review A, Feb. 2021,

doi:10.1103/PhysRevA.103.022422. [PPV+21]

It is well known that it is impossible to clone an arbitrary quantum state. How-
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ever, this inability does not lead directly to no cloning of quantum coherence. Here,

in this article, we show that it is impossible to clone the coherence of an arbitrary

quantum state. In particular, with an ancillary system as machine state, we show

that it is impossible to clone the coherence of states whose coherence is greater than

the coherence of the known states on which the transformations are defined. Also,

we characterize the class of states for which coherence cloning will be possible for a

given choice of machine. Furthermore, we find the maximum range of states whose

coherence can be cloned perfectly. The impossibility proof also holds when we do

not include machine states. Lastly, we generalize the impossibility of cloning of co-

herence in terms of dimension of the quantum state and coherence measure taken

into consideration.

• A. Ganguly, D. Patel, R. Shah, S. V. Thankachan, “LF Successor: Com-

pact Space Indexing for Order-Isomorphic Pattern Matching”, in Interna-

tional Colloquium on Automata, Languages, and Programming (ICALP), Jul. 2021,

doi:10.4230/LIPIcs.ICALP.2021.71. [GPST21]

Two strings are order isomorphic iff the relative ordering of their characters is the

same at all positions. For a given text T [1, n] over an ordered alphabet of size σ, we

can maintain an order-isomorphic suffix tree/array in O(n log n) bits and support

(order-isomorphic) pattern/substring matching queries efficiently. It is interesting

to know if we can encode these structures in space close to the text’s size of n logσ

bits. We answer this question positively by presenting an O(n logσ)-bit index that

allows access to any entry in order-isomorphic suffix array (and its inverse array)

in tSA = O(log2 n/ logσ) time. For any pattern P given as a query, this index can

count the number of substrings of T that are order-isomorphic to P (denoted by occ)

in O((|P| logσ + tSA) log n) time using standard techniques. Also, it can report the
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locations of those substrings in additional O(occ · tSA) time.

• D. Patel, R. Shah, “Inverse Suffix Array Queries for 2-Dimensional Pattern Matching

in Near-Compact Space”, in International Colloquium on Automata, Languages, and

Programming (ICALP), Nov. 2021, doi:10.4230/LIPIcs.ISAAC.2021.60. [PS21]

We study 2D pattern matching, where a square pattern is searched in a text ar-

ranged as a matrix. Classical 2D suffix trees and arrays exist for this task but require

O(N log N) bits of space, which is not optimal. We present the first method to support

inverse suffix array queries for 2D pattern matching in near-compact space, using

two 1D compressed suffix trees. Our index uses O(N log log N + N logσ) bits and

answers queries in polylogarithmic time, providing a step toward a full 2D succinct

index.
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radha, Dhrumil Patel, Soorya Rethinasamy, Kathie Wang, and Mark M. Wilde.
Slack-variable approach for variational quantum semidefinite programming.
Physical Review A, 112(2), August 2025. doi:10.1103/lwxq-4myj.

[GKP+25] Byeongseon Go, Hyukjoon Kwon, Siheon Park, Dhrumil Patel, and Mark M
Wilde. Sample-based hamiltonian and lindbladian simulation: Non-
asymptotic analysis of sample complexity. Quantum Science and Technology,
September 2025. doi:10.1088/2058-9565/ae075b.

[GPST21] Arnab Ganguly, Dhrumil Patel, Rahul Shah, and Sharma V. Thankachan.
Lf successor: Compact space indexing for order-isomorphic pattern match-
ing. Schloss Dagstuhl – Leibniz-Zentrum für Informatik, July 2021. doi:
10.4230/LIPICS.ICALP.2021.71.

[GPSW24] Ziv Goldfeld, Dhrumil Patel, Sreejith Sreekumar, and Mark M. Wilde. Quan-
tum neural estimation of entropies. Physical Review A, 109(3):032431, March
2024. doi:10.1103/physreva.109.032431.

[LMPW25] Nana Liu, Michele Minervini, Dhrumil Patel, and Mark M. Wilde. Quan-
tum thermodynamics and semi-definite optimization, May 2025. doi:10.
48550/ARXIV.2505.04514.

[MPW25a] Michele Minervini, Dhrumil Patel, and Mark M. Wilde. Evolved quantum
boltzmann machines, February 2025. doi:10.48550/ARXIV.2501.03367.

326

https://doi.org/10.1103/PhysRevX.8.021050
https://doi.org/10.3389/fmech.2021.779098
https://doi.org/10.1016/j.matdes.2021.109937
https://doi.org/10.1103/lwxq-4myj
https://doi.org/10.1088/2058-9565/ae075b
https://doi.org/10.4230/LIPICS.ICALP.2021.71
https://doi.org/10.4230/LIPICS.ICALP.2021.71
https://doi.org/10.1103/physreva.109.032431
https://doi.org/10.48550/ARXIV.2505.04514
https://doi.org/10.48550/ARXIV.2505.04514
https://doi.org/10.48550/ARXIV.2501.03367


[MPW25b] Michele Minervini, Dhrumil Patel, and Mark M. Wilde. Quantum natural
gradient with thermal-state initialization. Physical Review A, 112(2), August
2025. doi:10.1103/49b1-fbc3.

[PCW24] Dhrumil Patel, Patrick J. Coles, and Mark M. Wilde. Variational quantum
algorithms for semidefinite programming. Quantum, 8:1374, June 2024. doi:
10.22331/q-2024-06-17-1374.

[PKPW24] Dhrumil Patel, Daniel Koch, Saahil Patel, and Mark M. Wilde. Quantum
boltzmann machine learning of ground-state energies, October 2024. doi:
10.48550/ARXIV.2410.12935.

[PPV+21] Dhrumil Patel, Subhasree Patro, Chiranjeevi Vanarasa, Indranil Chakrabarty,
and Arun Kumar Pati. Impossibility of cloning of quantum coherence. Physi-
cal Review A, 103(2):022422, February 2021. doi:10.1103/physreva.103.
022422.

[PRCG24] Dhrumil Patel, Arup Roy, Indranil Chakrabarty, and Nirman Ganguly.
Broadcasting of non-locality. Pramana, 98(2), April 2024. doi:10.1007/
s12043-024-02726-1.

[PS21] Dhrumil Patel and Rahul Shah. Inverse Suffix Array Queries for 2-
Dimensional Pattern Matching in Near-Compact Space. In Hee-Kap Ahn
and Kunihiko Sadakane, editors, 32nd International Symposium on Algo-
rithms and Computation (ISAAC 2021), volume 212 of Leibniz International
Proceedings in Informatics (LIPIcs), pages 60:1–60:14, Dagstuhl, Germany,
2021. Schloss Dagstuhl – Leibniz-Zentrum für Informatik. doi:10.4230/
LIPIcs.ISAAC.2021.60.

[PTSS24] Dhrumil Patel, Shi Jie Samuel Tan, Yigit Subasi, and Andrew T. Sornborger.
Optimal coherent quantum phase estimation via tapering, 2024. arXiv:
2403.18927.

[PW23a] Dhrumil Patel and Mark M. Wilde. Wave matrix Lindbladization I: Quantum
programs for simulating Markovian dynamics. Open Systems and Information
Dynamics, 30(02):2350010, June 2023. doi:10.1142/s1230161223500105.

[PW23b] Dhrumil Patel and Mark M. Wilde. Wave matrix lindbladization ii: Gen-
eral lindbladians, linear combinations, and polynomials. Open Systems
and Information Dynamics, 30(03):2350014, September 2023. doi:10.1142/
s1230161223500142.

327

https://doi.org/10.1103/49b1-fbc3
https://doi.org/10.22331/q-2024-06-17-1374
https://doi.org/10.22331/q-2024-06-17-1374
https://doi.org/10.48550/ARXIV.2410.12935
https://doi.org/10.48550/ARXIV.2410.12935
https://doi.org/10.1103/physreva.103.022422
https://doi.org/10.1103/physreva.103.022422
https://doi.org/10.1007/s12043-024-02726-1
https://doi.org/10.1007/s12043-024-02726-1
https://doi.org/10.4230/LIPIcs.ISAAC.2021.60
https://doi.org/10.4230/LIPIcs.ISAAC.2021.60
https://arxiv.org/abs/2403.18927
https://arxiv.org/abs/2403.18927
https://doi.org/10.1142/s1230161223500105
https://doi.org/10.1142/s1230161223500142
https://doi.org/10.1142/s1230161223500142


[PW24] Dhrumil Patel and Mark M. Wilde. Natural gradient and parameter esti-
mation for quantum boltzmann machines, October 2024. doi:10.48550/
ARXIV.2410.24058.

[SPP+25] Aidan N. Sims, Dhrumil Patel, Aby Philip, Alex H. Rubin, Rahul Bandy-
opadhyay, Marina Radulaski, and Mark M. Wilde. Digital quantum simu-
lations of the non-resonant open tavis-cummings model, January 2025. doi:
10.48550/ARXIV.2501.18522.

[WCH+23] Hanna Westerheim, Jingxuan Chen, Zoë Holmes, Ivy Luo, Theshani Nu-
radha, Dhrumil Patel, Soorya Rethinasamy, Kathie Wang, and Mark M. Wilde.
Dual-vqe: A quantum algorithm to lower bound the ground-state energy,
2023. doi:10.48550/ARXIV.2312.03083.

328

https://doi.org/10.48550/ARXIV.2410.24058
https://doi.org/10.48550/ARXIV.2410.24058
https://doi.org/10.48550/ARXIV.2501.18522
https://doi.org/10.48550/ARXIV.2501.18522
https://doi.org/10.48550/ARXIV.2312.03083

	Biographical Sketch
	Dedication
	Acknowledgements
	Table of Contents
	List of Figures
	Wave Matrix Lindbladization I: Quantum Programs for Simulating Markovian Dynamics
	Abstract
	Introduction
	Background
	Summary of Main Results
	Notation

	Quantum Algorithms for Simulating Markovian Dynamics
	Single-Operator Case With No Hamiltonian Term
	Single Lindblad Operator Case with Hamiltonian Term

	Conclusion and Open Problems

	Bibliography
	Appendix
	Proof of the Key Lemma
	Proof of Theorem 1

	Wave Matrix Lindbladization II: General Lindbladians, Linear Combinations, and Polynomials
	Abstract
	Introduction
	Summary of Main Results
	Notation

	Quantum Algorithms for Simulating Markovian Dynamics
	Simulating General Lindbladians
	Simulating Linear Combinations
	Simulating Lindbladian Polynomials
	Wave Matrix Lindbladization Improves upon Tomography

	Conclusion and Open Problems
	Acknowledgements

	Bibliography
	Appendix
	Gate Complexity Analysis for Sampling-based Approach
	Sample Complexity
	Gate Complexity

	Decomposition of the Lindblad Operator M
	Error Analysis for Trotter-like Approach
	Lemma 19 Statement and Proof
	Proof of Theorem 17
	Proof of Lemma 18

	Quantum Boltzmann Machine Learning of Ground-State Energies
	Abstract
	Introduction
	Summary of Main Results
	Calculation of Gradient and Hessian
	Lipschitz Constant for Gradient
	Quantum Algorithm for Gradient Estimation
	Ground-State Energy Estimation Algorithm and its Performance
	Discussion
	Conclusion and Outlook
	Acknowledgments

	Bibliography
	Appendix
	Preliminaries
	Notation
	Definitions and Standard Results
	Stochastic Gradient Descent

	Justification for Main Results
	Organization
	Problem Setup
	Gradient
	Hessian
	Smoothness
	Quantum Boltzmann Gradient Estimator
	SGD for QBM Learning of Ground-State Energies
	Sample Complexity

	Addressing the Open Problem Regarding QBM Learning

	Variational Quantum Algorithms for Semidefinite Programming
	Abstract
	Introduction
	Main Idea and Setup
	Related Work

	Preliminaries
	Semidefinite Programming
	Variational Quantum Algorithms and Parameter-Shift Rule

	Variational Quantum Algorithms for SDPs
	General Form (GF) of SDPs
	Equality Constrained Standard Form (ECSF) of SDPs
	Inequality Constrained Standard Form (ICSF) of SDPs

	Numerical Simulations
	Conclusion
	Acknowledgments

	Bibliography
	Appendix
	Proof of Lemma 49
	Proof of Lemma 50
	Proof of Lemma 58
	Proof of Lemma 59
	Proof of Lemma 62

	Optimal Coherent Quantum Phase Estimation via Tapering
	Abstract
	Introduction
	Contributions
	Overview
	Related Work

	A Brief Note on Discrete Prolate Spheroidal Sequences
	Tapered Quantum Phase Estimation
	Optimal Tapers
	The Optimization Problem
	Ideal Case
	Average-Case Optimal Tapers
	Analysis of Worst-Case Error
	Numerics

	Discussion
	Acknowledgements

	Bibliography
	Appendix
	Preparation of the DPSS Taper
	Ideal Case
	Relationship Between P-DPSS Tapers and Ideal Case Optimal Tapers
	Average-Case
	Classical Signal Analysis Derivation of DPSS as Optimal Tapers
	Relationship Between Tapers and the Fourier Convolution Theorem
	Error Analysis for QPE with Uncomputation
	Useful Lemmas

	List of My Ph.D. Research Projects
	Bibliography

