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ABSTRACT 

 

With the advent of advanced testing strategies like laser-induced particle impact test, it 

is possible to study materials mechanics under extremely high deformation rates, i.e., 

above 106 s-1, a relatively less explored regime of strain rates. In this study, we 

accelerate microparticles of commercially pure titanium to ~100 m/s towards a rigid 

substrate and record their deformation upon impact in real time. We also conduct 

finite element modeling of the experimentally recorded impacts using two constitutive 

equations: Johnson-Cook and Zerilli-Armstrong.  We show that titanium 

microparticles experience strain rates in the range of 106-1010 s-1 upon impact. We 

evaluate the capability of the Johnson-Cook and Zerilli-Armstrong equations in 

predicting material response at ultra-high strain rates. With an optimization-based 

constitutive modeling approach, we also propose updated strain rate-related 

constitutive parameters for both equations that can improve the extent to which they 

can successfully describe the deformation of materials at higher strain rates. 
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1. Introduction 

Since plastic deformation of metals and alloys shows significant strain rate 

dependence, it is imperative to establish accurate material models and parameters to 

model and predict material response, especially under dynamic loading conditions. 

Examples of such deformation include ballistic impacts, impulsive loadings, space 

dust particle impacts, as well as manufacturing  processes such as machining, shot 

peening, and cold spray coating [1–6]. Strain rates involved in these examples are 

generally higher than 103 s-1, and in some cases even as high as 109 s-1, i.e., orders of 

magnitudes higher than the strain rate regimes commonly probed in standard 

mechanical testing procedures [7]. 

To study the strain-rate sensitivity of flow stress, various experimental techniques 

have been developed including Taylor Impact Test, Kolsky (Split-Hopkins Pressure) 

Bar, and plate impact test [8–10]. Figure 1 shows how these high strain rate 

experiments measure flow stress in different regions of the characteristic size-velocity 

map compared to the conventional macroscale tensile testing. In this figure, the strain 

rate appears as a series of contours defined by the ratio of velocity and size. This suite 

of high strain rate experiments can be used to inform and calibrate a variety of 

empirical and physical constitutive equations to precisely model the plastic 

deformation under more complex states of stress.   
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Figure 1: Characteristic size-velocity map showing experimental techniques and the 

corresponding strain rates. 

Starting from lower strain rates, for example, Murugesan et al. [11], and Sheikh-

Ahmad et al. [12] performed tension and torsion tests on AISI 1045 medium carbon 

steel, and commercially pure (CP) titanium respectively to calibrate the Johnson-Cook 

plasticity model. They found that the Johnson-Cook plasticity model can successfully 

describe the plastic deformation in the 10-2 s-1 – 102 s-1 strain rate regime. Strain rates 

at 103 s-1 – 104 s-1 are typically induced in the Kolsky  (Split-Hopkins Pressure) Bars 

test, such as the works done by Simon et al., Chichili et al., and  Mishra et al. [13–15]. 

Simon et al. conducted both quasi-static and dynamic loading experiments at various 

strain rates and temperatures to calibrate material parameters for three constitutive 
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relations: Johnson-Cook (JC), Voyiadjis–Abed (VA), and Rusinek–Klepaczko (RK) 

[13].  They observed that the empirical JC model starts to fail at extreme strain rates 

and temperatures and that the two semi-physically based models (VA and RK) 

improve the simulation response in terms of thermal sensitivity. Chichili et al. have 

shown that the -titanium exhibits significant strain rate sensitivity, especially at high 

strain rates [14]. Similar behavior in copper is observed by Mishra et al [15]. 

Gangireddy [16] also used  Kolsky Bar test on CP Ti and proposed a modified 

Johnson-Cook plasticity model to account for the allotropic phase transformation of 

CP Ti at high temperatures (>880 °C). Meyer, Jr. [17] conducted Kolsky Bar 

experiments to investigate the localization behavior of Ti-6Al-4V using a modified 

Zerilli-Armstrong plasticity model to account for the dominant hexagonal close 

packed (HCP) crystal structure in Ti-6Al-4V as well as to successfully address shear 

instability in material response. Taylor Impact test, done by Hernandez et al. [18] can 

reach strain rates as high as 106 s-1 to 107 s-1, where they calibrated material models for 

1018 steel for the Cowper–Symonds material model.  

In the above examples, the material is subjected to one dominant stress component. 

The second suite of experimental techniques to characterize material behavior at high 

strain rates is based on dynamic impressions and indentations where a 3D state of 

stress drives the deformation. For example, Dean et al. [19] and Burley et al. [20] 

developed an approach to obtain material parameters for copper that can reproduce 

high-quality simulation results through iterative finite element (FE) modeling by 

spherical indentation and ballistic impact experiments that can reach strain rates of 104 
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s-1 to 106 s-1. Andrews et al. [21] investigated material response using data from 

impact experiments of a sharp indenter at strain rates of ~105 s-1 and showed that strain 

rate sensitivity increases in several materials starting at 103 s-1. A similar conclusion is 

found in the work by Lu et al. [22], where they verified the strain rate sensitivity of 

oxygen-free high-conductivity (OFHC) copper using dynamic indentation at strain 

rates of 102 s-1 to 103 s-1. Other material properties such as dynamic hardness can also 

be studied using this type experimental method. For instance, Trelewicz et al. [23]  

showed that at strain rate of 103 s-1, the Hall–Petch relationship, one that relates a 

material’s strength to its grain size, breaks down at a grain size below 10 to 20 nm. 

While the above methods have provided invaluable insight into material responses at 

high deformation rates, they remain largely limited to strain rate regimes up to 106 s-1 

leaving constitutive parameters of materials largely quantitatively unexplored at higher 

strain rates.  

Furthermore, while a good number of works used the aforementioned techniques to 

investigate the behavior of pure titanium at high strain rates [12,14,24],  titanium 

constitutive parameters are rarely calibrated for the ultra-high strain rates (106-109 s-1). 

This regime of strain rate is particularly relevant to what is induced in the material 

during cold spray processing [1,3,25]. Cold spray is a coating deposition process in 

which metallic particles are accelerated to 102 to 103 m/s to impact onto metallic 

substrates. The particles undergo extreme plastic deformation and can adhere to the 

surface upon impact, balding up coatings or bulk materials. The applications of cold 

spray have extended from surface engineering to surface repair and to additive 

manufacturing in recent years with an increasing interest in deposition of pure 
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titanium and its alloys. Accurate knowledge of plastic deformation at high strain rates 

is needed in order to predict the behavior of titanium powder particles upon impact 

and to develop optimum deposition windows.  

High strain rates beyond 106 s-1 can be induced in materials by impact velocities on the 

order of ~100 m/s while decreasing the characteristic size of the material to micron-

scales [25,26]. Inspired by the classical Taylor impact test, we employ laser-induced 

projectile impact test (LIPIT) [25,27–30] to accelerate micron-scale spherical particles 

of titanium and study their deformation upon impact to rigid substrates in real-time. 

As indicated in Fig. 1 the combination of impact velocities and length scales are such 

that we can effectively achieve strain rates in the range of 106-109 s-1. We conduct 

finite element simulations of impacts combined with an optimization scheme to 

calibrate the strain rate-related material parameters that can reproduce the 

experimentally observed deformations for two constitutive models, namely, Johnson-

Cook and Zerilli-Armstrong.  

2. Material and Experiment 

The impact experiments were conducted using an all-optical microballistic platform 

[25,27–30], shown schematically in Fig. 2A. The impacting titanium particles are 

dispersed on top of a launch pad consisting of a 30-μm thick polyurea film, under 

which a 60-nm thick intermediate gold layer and a 210-μm thick glass support exist. 

The intermediate gold layer is ablated by a 532-nm wavelength laser pulse with a 10-

ns duration and a 50-μm spot size. The ablation of the gold film drives the top 

polyurea layer forward and in turn accelerates a titanium particle toward an aluminum 
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oxide target acting as a rigid substrate. The impact velocity at which the particle 

travels can be changed by adjusting the laser energy (from 2 to 60 mJ). The distance 

between the launching pad and the substrate is typically 1 mm. We capture the particle 

approach, impact on the substrate, and its rebound in real-time using a μs laser pulse 

(10-μs duration, 640-nm wavelength) for illumination and a high-speed camera (SIMX 

16, Specialised Imaging).  

 

Figure 2: (A) Experimental setup that has a launchpad consisting of three layers on 

which impact particles are dispersed and accelerated towards a substrate, and (B) 

scanning electron microscopy (SEM) image of titanium powder particles. 

An alumina oxide plate (10×10×1 mm) was purchased from Alfa Aesar (Ward Hill, 

USA) and used as a rigid flat substrate in our impact experiment. The surface 

roughness of the alumina oxide plate, measured by atomic force microscopy, is less 

than 0.5 nm. A batch of plasma-atomized spherical Ti powder particles with a nominal 

size of -325 mesh (< 44 µm) was purchased from AP&C (Quebec, Canada). The 



 

7 

 

scanning electron microscopy observation of the powder particles, shown in Fig. 2B, 

demonstrates a spherical morphology and a smooth surface for the particles. The 

diameter of the selected particle from the batch was measured to be 48 µm prior to 

launch using a secondary CCD camera before the launch.  

3. Finite Element Simulations 

A 2D axisymmetric coupled thermomechanical dynamic explicit FE model that 

consists of a deformable impacting particle and a rigid non-deformable substrate was 

created using Abaqus 2018 [31]. Figure 3 shows a general geometry of the model, 

which includes a half-circle representing the impacting particle and a rigid line 

representing the substrate. A range of particle sizes, 22.4-67.2 µm, was considered to 

replicate the experimental conditions. While the substrate is meshed with a 2-node 

linear axisymmetric rigid link element (RAX2), the impacting particle is structurally 

meshed using 4-node thermally coupled axisymmetric quadrilateral (CAX4RT) 

elements with an element size of 1.5µm set after trial mesh sensitivity analysis. While 

in reality, nanoscale asperities could be present on both particle and substrate surfaces, 

we have assumed their effect is negligible[32] on the continuum response of the 

microparticle in view of them being several orders of magnitude smaller than the 

length scale of the problem at hand. 

The substrate was fixed in all degrees of freedom, and symmetry boundary condition 

was applied to the axis of symmetry of the impacting particle. The initial temperature 

of the particle was set to 296K. A range of initial velocities, 144-428 m/s, measured 

experimentally, was applied to the particle in the negative y-direction to replicate the 



 

8 

 

experimental conditions. The gravitational acceleration is ignored due to the high 

impact velocity, on the order of ~102 m/s, and the contact between the particle and the 

substrate is considered frictionless. Plastic work was assumed to be dissipated as heat 

with a conversion factor of 90% while no heat transfer was considered to occur 

between the particle and the substrate. In our simulations, the total energy is 

conserved. The kinetic energy of the incoming particle is partially converted to plastic 

work and the remaining is responsible for the rebound of the particle. A total time of 

100 ns was set for the model within which the particle was allowed enough time to 

impact the substrate and fully rebound.   

 

Figure 3: Schematics of the FEA model for the impact experiment. 

The density, Young’s Modulus, and Poisson’s ratio of the titanium particle were set to 

4510 kg/m3, 116 GPa, and 0.34, respectively. The thermal properties including 
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conductivity and specific heat are assumed to be constant and set to 17 W·m-1·K-1 and 

528 J·kg-1 respectively. We have considered the substrate to be a rigid material to 

reduce the computational cost associated with a large number of simulations for 

optimization that will be discussed later. We have justified our assumption by 

conducting trial finite element simulations of impact with a rigid substrate and 

comparing the results with the case where we changed the substrate to be elastic (with 

370 GPa Young’s modulus and 0.22 Poisson’s ratio). The difference between the 

rebound velocities was found to be ~0.5%. We have also observed a very close match 

between deformed particle geometries in the two cases. We, therefore, proceed 

confident in that the assumption of a rigid substrate does not have a significant effect 

on the results. 

For the plastic regime, we implement constitutive equations that are capable of 

predicting the material response under high deformation rate. Two of the most widely 

used material models are the Johnson-Cook (JC) [33] and the Zerilli-Armstrong (ZA) 

[34] plasticity models. Both models are established to describe plastic deformation of 

materials under high strain rate loading, and to incorporate dependence on the plastic 

strain, temperature, and most importantly in our work, strain rate. However, while the 

JC model is purely empirical, the ZA model is mechanistically based. Despite being 

purely empirical, the JC model has proven successful in predicting material behavior 

at strain rates up to 103-104 s-1 [35,36]. The ZA model, on the other hand, has 

successfully reproduced material deformation at higher strain rates [37,38]. 
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The JC model requires 5 parameters, which is usually determined by curve fittings to 

experimental measurements. Equation 1 shows the dependence of the flow stress on 

the plastic strain, strain rate, and temperature in the JC plasticity model, which utilizes 

J2 plasticity: 

𝜎𝑦(𝜀𝑝, 𝜀𝑝̇, 𝑇) = [𝐴 + 𝐵(𝜀𝑝)
𝑛

] [1 + 𝐶𝑙𝑛(𝜀𝑝̇
∗)] [1 − (𝑇∗)𝑚] , (1) 

where 𝜀𝑝 is the equivalent plastic strain, 𝜀𝑝̇ the plastic strain rate, T is the temperature, 

and A, B, C, n, m are material constants. Also, 𝜀𝑝̇
∗
and 𝑇∗  are two dimensionless 

parameters defined as: 

𝜀𝑝̇
∗ =

𝜀𝑝̇

𝜀𝑝0̇
     𝑎𝑛𝑑     𝑇∗ =

(𝑇 − 𝑇0)

(𝑇𝑚 − 𝑇0)
 , 

(2) 

where  𝜀𝑝0̇  is the reference strain rate at which the quasi-static parameters (A, B and n) 

are determined and is usually set to 1 s-1. T0 is the reference temperature, and Tm is the 

melting temperature of the material.  

The ZA model, on the other hand, is based on the thermally activated dislocation 

motion of material undergoing plastic deformation. Zerilli and Armstrong used the 

notion that the activation volume of face-centered cubic (FCC) metal is dependent on 

strain while that of body-centered cubic (BCC) is independent of strain. As a result, 

the model takes different functional forms for FCC and BCC materials. They first 

proposed constitutive equations for FCC and BCC crystal structures [34], and later 

established that HCP metals exhibit deformation responses that are in between the 

other two types of materials [24,35,39]. Therefore, in the case of titanium with HCP 
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crystal structure, the ZA model is a superposition of the FCC and BCC constitutive 

equations as shown in Eq. 3:  

𝜎𝑦 = 𝐶0 + 𝐵0𝜀𝐶𝑛 exp[−𝛼0𝑇 + 𝑎1𝑇𝑙𝑛(𝜀̇)]

+ 𝐵 exp[−𝛽0𝑇 + 𝛽1𝑇𝑙𝑛(𝜀̇)] (𝑓𝑜𝑟 𝐻𝐶𝑃 𝑚𝑒𝑡𝑎𝑙𝑠) 

(3) 

where 𝜀𝑝 is the equivalent plastic strain, 𝜀𝑝̇ the plastic strain rate, T is the temperature, 

and 𝐶0 , 𝐵0, 𝐶𝑛 , 𝛼0 , 𝛼1 , 𝐵, 𝛽0, 𝛽1  are material constants. A VUHARD Abaqus user 

subroutine [31] was developed to implement the ZA constitutive equation in the FE 

simulations. The material parameters [16,24,40] used for each model are summarized 

in Table 1. 

Table 1: Material parameters for CP Ti. 

JC Parameters ZA Parameters 

A (MPa) 390 C0 (MPa) 390 

B (MPa) 481.61 B0 (MPa) 990 

n 0.319 Cn 0.5 

C 0.0194 B (MPa) 700 

m 0.655 0 (K-1) 1.1 10-4 

Tm (K) 1923 1 (K-1) 7.5 10-5 

  0 (K-1) 2.24 10-3 

  1 (K-1) 9.73 10-5 

By calibrating the parameters that are directly related to strain rate dependency, 

namely C for the JC equation and 𝛼1 and 𝛽1 for the ZA equation, we shall see both the 
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effect of strain rate sensitivity imposes on the material response in the high strain rate 

regime, and the effectiveness of each model to predict such deformation.  

4. Results and Discussion 

4.1. Real-time Observations of Deformation 

The central idea of the optimization in this study is to search strategically in a range 

for a single, or a set of material parameters, that produces a deformed particle 

geometry that best matches the experimentally obtained profile. Figure 4 shows 

snapshots from the impact experiment used to resolve the deformed particle geometry. 

The figure illustrates a time span of 450 ns during which a titanium particle, measured 

48 ± 1 µm in diameter and 190 ± 5 m/s in impact velocity, impacts a rigid alumina 

substrate and rebounds after plastic deformation. Here we can see that the duration of 

contact between the spherical particle and the rigid substrate is very short (less than 

100ns). As a result of the impact, the initially spherical particle transforms into a 

symmetric dome shape, from which we can clearly see that the deformation is largely 

localized at the bottom half of the particle. Therefore, the upper half of the particle 

undergoes very little, if any, deformation, making it relatively easy for the 

measurement and reconstruction of the experimental results; the particle’s geometry 

after it fully rebounds can be reconstructed and set as the reference deformed 

geometry for optimization.  
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Figure 4: Snapshots of an impact experiment showing a titanium particle impacting a 

rigid substrate and rebounding after plastic deformation. 

4.2. Finite Element Results 

Figure 5 illustrates impact-induced deformation from FEA simulations using the ZA 

model with material parameters from the literature. From the simulations, we see that 

the contact time between the two instances is extremely short (less than 100ns). Figure 

5A shows localized plasticity developing in the lower half of the particle which agrees 

with the experimental observations. The heat generated in the particle is mainly 

accumulated in the same region and does not have enough time to be conducted away 

during contact as a result of the adiabaticity of this high strain rate deformation. We 

note that the rise in temperature is not large enough to likely have a significant impact 

on the thermal and elastic properties of the particle which assumed to be constant. By 

extracting the nodal coordinates of the deformed geometry and by comparing particle 

profiles from both the experiment and simulations, we can see how successful the 

material models are in terms of describing the deformation.  
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Figure 5: FEA model of the particle impact experiment using the ZA model with 

material parameters from the literature showing the evolution of (A) equivalent plastic 

strain and (B) temperature within the particle during impact-induced deformation. 

4.3. Calibration of Constitutive Parameters 

Figure 6A shows a comparison between the experimentally measured geometry and 

those obtained by FE modeling using JC and ZA constitutive equations with proposed 

parameters from the literature. Both the experimental and simulated geometries were 

reproduced for the fully rebounded particle. The error bars associated with the 

experimental measurements represent an uncertainty of 4 pixels, in our case resulting 

in an absolute value of ±1.26 µm in both X and Y coordinates. From the comparison 

in Fig. 6A, we note that the ZA model results in a better match with the experiment 

compared to the JC model. The deformed geometry produced by the JC model using 

the parameters from literature starts to deviate from the experimental measurements 
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above 20 μm in the y-axis, which indicates that there is room for optimization for 

model parameters. 

To search for optimized parameters, a python script was written to perform an 

automated Abaqus parametric study. We have conducted 1900 FE simulations where a 

large number of values in a predetermined range for the strain rate-related parameters 

to be calibrated (C for the JC model, α1 and β1 for the ZA model) were implemented. 

The ranges for these parameters were selected based on the originally proposed values 

from literature reported in Table 1 such that they contain the default parameters with 

at least one order of magnitude higher and lower values being swept in the search. For 

the JC model, 500 evenly spaced C values between 0.005 and 0.25 were used, 

resulting in a total of 500 simulations. For the ZA model, 40 evenly spaced α1 values 

between 0 and 3.5×10-4, and 40 evenly spaced β1 values between 2.5×10-5 and 3.5×10-

4 were used, resulting in a total of 1600 simulations. As a result, each simulation 

produces a deformation profile related to parameters to be calibrated, which we can 

compare with the experimental measurements.  

To quantitively establish the level of agreement between each simulation and the 

experimental results, we define the goodness of fit, G [20]:  

𝐺 = 1 − √
∑ 𝛿𝑖

2𝑛
𝑖=1

∑ (𝛿𝑖 − 𝛿𝑎𝑣𝑔)
2𝑛

𝑖=1

 , 
(4) 

where 𝛿𝑖 is the length of the line segment resulting from the intersections of radial line 𝑖  

from (0,0) coordinate with the simulated profile and the experimental profile, as 
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graphically illustrated in Fig. 5B. A total number of 𝑛 radial lines is constructed, and 

𝛿𝑎𝑣𝑔 is the average length of 𝑛 line segments. In our case, 100 evenly spaced radial 

lines were constructed between 2° and 88° to cover the curved part of the deformed 

profiles. Consequently, a perfect agreement, meaning that the deformed particle’s 

shape generated from simulation exactly matches that observed in the experiment, 

would yield a G value equal to 1. Otherwise, a higher G value corresponds to a better 

agreement. Therefore, the goodness of fit is a quantitative measure of the level of 

agreement between the simulated deformation and that observed from experiments. 

We consider the value(s) for the calibrated parameter(s) generating the highest G 

value as the “optimized” value(s). 

 

Figure 6: Particle geometries reconstructed for (A) comparison among experimental 

observations, simulated results from the JC model with material parameters proposed 
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in the literature and simulated results from the ZA model with material parameters 

proposed in the literature. (B) Graphical representation of the line segments used for 

calculation of the “goodness of fit.”  

Figure 7 shows the goodness of fit changes as a function of the strain rates sensitivity 

parameter, C, in the JC constitutive equation. While the literature value, i.e., C = 

0.0194, generates a goodness of fit, G = 0.7794, the highest goodness of fit, G = 

0.9321, was obtained at C = 0.0894, which we consider to be the optimized C for the 

JC model. In this case, we were able to obtain about 20% improvement in the 

goodness of fit with an increase in C by a factor of 4.6. We attribute this significant 

increase in the strain rate sensitivity parameter to the fact that this parameter is usually 

originally calibrated through conducting Kolsky bar experiments at for the different 

strain rate regime, i.e., 102-104 s-1 [13–15]. The strain rate in our impact experiment is 

significantly different (mainly beyond 106 s-1 [25]), where titanium, like many other 

metallic materials, is expected to show an increased strain rate sensitivity compared to 

lower strain rate regimes [14,15,21,22]. At the strain rates of our impact experiment, a 

considerably higher flow stress is needed to deform material than those predicted by a 

simple extrapolation of the experimental measurements at lower strain rates induced in 

the Kolsky bar experiments. This is also apparent in Fig. 7, where we observe less 

deformation in the experimental geometry while simulated geometry from the JC 

model with initial C value produced more flattening in the particle. Our results show 

that calibration of the strain rate sensitivity term at lower strain rates provided by 

Kolsky cannot accurately represent the deformation at higher strain rates and that in 
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the case of titanium a 4X increase in the strain rate sensitivity parameter is needed to 

account for deformation at strain rates beyond 106 s-1.  

 

Figure 7: A total of 500 “G values” plotted as a function of C from the JC model. 

Out of 1600 total simulations performed for the ZA model, 1492 were completely 

converged and 108 resulted in a large distortion of the elements. We attribute the latter 

to extremely out of range values used for α1 and β1 in our optimization search and 

excluded them from subsequent analysis. Figure 8 shows a contour map of the 

goodness of fit as a function of α1 and β1 from the 1492 successful simulations. The 

goodness of fit generated by the original set of α1 and β1 taken from Xue et al. [24] is 

calculated to be G = 0.9128 while the highest value for the goodness of fit, G = 0.9212 

was achieved at α1 = 0 and β1 = 1.25×10-4. The small increase in the goodness of fit 

(~1%) indicates the ability of the ZA model in describing the flow behavior of CP Ti 
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at high strain rates. It is noteworthy that Xue et al. [24] calibrated the ZA model with 

experimental strain rates in the range of 103-104 s-1. Yet, an extrapolation to strain rates 

beyond 106 s-1 proves valid which is rooted in the physical origin of the ZA equation 

unlike the empirical nature of the JC equation.  

Unlike the optimization for the JC model where an increase in C was observed, a 

decrease in α1 to 0, along with an increase in β1, was obtained for the ZA model to 

arrive at the optimized value. Bearing in mind that the functional form of the ZA 

equation for hcp metals is a superposition of those for BCC and FCC metals [24], and 

that the strain rate sensitivity effect contributed by FCC type deformation response is 

effectively 0 in the optimized condition, our results suggest that the deformation 

response of the CP Ti under ultra-high strain rate is solely determined by that of BCC-

type contribution, which agrees with Holt et al. [38]. As BCC metals exhibit higher 

strain rate sensitivity than FCC metals[35], the increase in strain rate sensitivity of 

titanium plastically deforming at this high strain rate leads to a strain rate dependence 

dominated by the BCC contribution. As a result, by setting α1 equal to zero and 

increasing β1, we were able to calibrate the ZA model that yielded better simulation 

results for hcp metals undergoing an ultra-high deformation rate. 
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Figure 8: Map of the goodness of fit as a function of the ZA model strain rate 

sensitivity parameters, α1 and β1. 

To calculate the strain rate regime experienced during our impact experiments, we 

adopt the approach proposed by Burley et al. [20], who present a formulation to 

calculate the plastic work done at a range of strain rates. From the FE simulation, one 

can obtain the stress, incremental strain, and strain rate for each volume element at 

every time interval, from which the incremental plastic work done in the jth volume 

element at kth time increment can be calculated according to: 

∆W𝑗,𝑘 = σ𝑗,𝑘∆ε𝑗,𝑘𝑣𝑗  , (5) 

where σ is the stress, ∆ε is the incremental strain, and 𝑣 is the elemental volume. As a 

result, one can find the total plastic work done by summing over the indices j and k. If 
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∆W𝑗,𝑘 is categorized according to its corresponding strain rate into different strain rate 

range, one can show the strain rate ranges within which a specific amount of plastic 

work is done. 

Figure 9 shows the fractions of plastic work done during the impact at corresponding 

strain rates. It can be seen that the range of strain rates under which plastic 

deformation occurred is between 106 and 1010 s-1. In fact, the majority of plastic 

deformation (almost 70%) occurred with a strain rate between 108 and 109 s-1, and 

about 8.5% deformation experienced a strain rate that exceeds 109 s-1. This indeed 

confirms that our experimental approach is capable of generating deformation rates 

that are well above those produced by traditional test methods, making the 

investigation of material response and calibration of material models at ultra-high 

strain rates feasible. Also, it establishes that, in our experiment, the plastic 

deformation strain rate is beyond 106 s-1 with the majority of the deformation 

occurring beyond 108 s-1.  
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Figure 9: The percentage of plastic work done at different strain rate ranges. 

The deformed particle geometries from simulations using both the JC model and the 

ZA model with the optimized material parameters are plotted in Fig. 10 and compared 

with the experimental measurements. Figure 10 clearly shows that all three profiles 

agree with each other very well. The deformed particles from simulations of different 

material models now are almost identical, with a much better improvement for the JC 

model. The optimized geometries agree with the numerical results in terms of the level 

of improvement we obtained after optimization; while there is observable change in 

particle profile for the JC model to better match the experiment geometry, little change 

in the particle’s shape for the ZA model can be seen as a result of the good agreement 

that already existed with literature values for model parameters. 
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Figure 10: Geometry comparison among experimental observations, simulated results 

from the JC and ZA models with optimized material parameters. 

To further verify the optimization approach adopted in this study, we also performed 

analysis for both the JC and the ZA models on a wider range of impact velocities, 

from 144 to 428 m/s. We measured both impact and rebound velocities (Vi and Vr) 

form real-time observation and plotted the coefficient of restitution, defined as e = 

Vr/Vi, as a function of impact velocity in Fig. 11, in which the data points are scaled to 

the impacting particle’s size of the corresponding experiment, ranging from 22.4 µm 

to 67.2 µm. We have conducted corresponding finite element simulations with the 

exact particle size and impact velocity for each impact experiment. The coefficients of 

restitution from the simulations with the JC and ZA constitutive equations and the 
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original and optimized strain rate parameters are also superimposed to the plots of Fig. 

10. In line with experimental measurements, both models predict that the coefficient 

of restitution decreases as the impact velocity increases. We note that the JC model 

with the original strain rate parameter tends to underestimate the coefficient of 

restitution while the ZA model with the original strain rate parameter tends to slightly 

overestimate the coefficient of restitution. However, the optimized strain rate 

parameters were able to improve the prediction with the modeling data points shifting 

toward the experimental measurements. We observe that the optimization on the JC 

constitutive equation generated more improvement in terms of the agreement with the 

experimental measurements compared to the ZA constitutive equation, while the 

original and the optimized parameters for the ZA model both yielded relatively good 

results. Therefore, the analysis of the coefficient of restitution not only is in line with 

the geometrical comparisons presented previously but also confirms that the optimized 

strain rate parameters can be used to model impact-induced deformation at a wider 

range of impact velocities. 
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Figure 11: Coefficient of restitution as a function of impact velocity plotted for 

experimental data, the original and optimized JC model (left) and the original and 

optimized ZA model (right). 

4.4 Analytical Framework 

In the previous section, we have used finite element simulations for calibration of the 

strain rate sensitivity parameters. In what follows we propose a simpler framework to 

approximate the strain rate sensitivity parameter to the first order if the real-time 

observations of the impact-induced deformation of a spherical object are in hand. Wu 

et al. [41] proposed a functional form that relates the coefficient of restitution, defined 

as the ratio of rebound velocity to impact velocity (𝑉𝑟/𝑉𝑖), to the impact velocity for 

the impacts of elastic-perfectly plastic spherical particle upon rigid targets:  
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e = 0.62 (
𝑉𝑖/𝑉𝑦

𝐸∗/𝑌
)

−
1
2

, 

(6) 

where 𝑉𝑦 is the critical impact velocity at which the impacting particle starts to yield, Y 

is the dynamic yield strength and 𝐸∗ is the combined Young’s Modulus defined as: 

1

𝐸∗
= ∑

1 − 𝜐𝑖
2

𝐸𝑖

2

𝑖=1

,  
(7) 

where 𝜐𝑖 and 𝐸𝑖 are Poisson’s ratio and Young’s Modulus of the particle and the 

substrate, respectively. Also, Johnson [42] has given a relationship between 𝑉𝑦  and 𝑌: 

𝑉𝑦 = 5.099 (
𝑌5

𝐸∗4𝜌
)

1
2

, 

(8) 

where  is the density of the impacting particle. Combining Equations 6 and 8, we 

obtain the following equation: 

Y = (
𝑉𝑖𝐸

∗𝜌
1
2

5.099 (
𝑒

0.62)
−2)

2
3

, 

(9) 

which relates the dynamic yield strength of the impacting particle to the impact 

velocity, the coefficient of restitution, and the properties of the particle and substrate 

materials. We propose to equate the dynamic yield strength obtained from this 

calculation with the constitutive equation of interest. With simplifying assumptions on 

the effective strain rate, effective plastic strain and effective temperature rise and 
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simplifications, we can then estimate a model parameter of choice (strain rate 

sensitivity in the present case) for the considered constitutive equation.  

In what follows we apply this framework to estimate the strain rate sensitivity 

parameter in the JC constitutive equation. Since Eq. 8 is valid only for elastic-perfectly 

plastic materials, we simplify the JC equation by eliminating the strain hardening 

term: 

𝑌( 𝜀𝑝̇, 𝑇) = [𝐴] [1 + 𝐶𝑙𝑛(𝜀𝑝̇
∗)] [1 − (𝑇∗)𝑚] . (10) 

We estimate the effective strain rate for each impact as being the ratio of the impact 

velocity and particle size (Eq. 11). Furthermore, we calculate the plastic work as the 

difference between the energy of impacting and rebounding particles and assume that 

90% of the plastic work is dissipated as heat. Therefore, we use Eq. 12 to estimate the 

effective temperature rise as a result of the impact. 

𝜀𝑝̇
∗ =

𝑉𝑖
𝑑⁄ , (11) 

𝑇 = 𝑇0 +
0.9[

1
2 (𝑉𝑖

2 − 𝑉𝑟
2)]

𝑐
. 

(12) 

Equations 11 and 12 complete the set of equations that allows calculations of strain 

rate sensitivity parameter, C, for each experiment. These calculations for a total of 34 

impact experiments in the present work lead to an average value of C = 0.0618 for the 

strain rate parameter in the JC equation with a standard deviation of 0.0185. The C 

value calibrated using this approximate but handy framework is relatively close to the 
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optimized value (0.0895) and corresponds to a G value that is over 0.9 as shown in 

Fig. 6. Therefore, the framework proposed here is able to estimate a constitutive 

parameter to first-order without simulation effort while producing a reasonable result. 

However, we highlight that the approach is only valid if the constitutive equation can 

be reduced to a form that is independent of plastic strain with relatively little change to 

the model as a whole such as the JC model. 

5. Conclusion 

With a decrease in projectile length scale to the micron scale, we have induced ultra-

high strain rates in the range of 106-1010 s-1 in spherical microparticles of titanium 

impacting a rigid substrate. We have recorded impact-induced deformation of the 

microparticles in real time and simulated the deformation using a finite element 

approach and two constitutive equations of Johnson-Cook and Zerilli-Armstrong.  By 

comparing the deformed geometries from experimental data and simulated results we 

have evaluated the capability of the two constitutive equation—originally calibrated at 

103-104 s-1—to describe deformation at ultrahigh strain rates. The Zerilli-Armstrong 

model was found to have a better performance than the Johnson-Cook model at higher 

strain rates; we found that an extrapolation of the Johnson-Cook strain rate sensitivity 

to higher strain rate leads to a significant deviation from the experimental geometry 

whereas the deviation for the Zerilli-Armstrong was negligible. We developed an 

optimization scheme that searched for the optimum strain-rate parameters that could 

best predict the experimental geometry. With the improved strain rate sensitivities, we 

achieved about 20% improvement in the Johnson-Cook. We have also found the BCC-
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type contribution to the strain rate sensitivity of pure titanium dominates the BCC-type 

contribution in the Zerilli-Armstrong form proposed for HCP metals. The improved 

strain rate parameters for both Johnson-Cook and Zerilli-Armstrong were found to 

successfully predict the coefficient of restitution of titanium microparticles impacting 

rigid substrate in the velocity range of 144-428 m/s. We have finally developed a 

simplified analytical framework that to the first order can calibrate the strain rate 

sensitivity from the experimental coefficients of restitution of FE simulations.  
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