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ABSTRACT

Since their inception in the form of Hoare Logic, program logics have evolved

far beyond simple imperative programs, expanding to handle memory along-

side additional computational effects such as nondeterminism and probabilistic

branching. Orthogonally, more recent research has taken a turn toward incor-

rectness logics, which prove the presence of bugs rather than their absence, of-

fering greater tractability for industrial adoption.

However, correctness and incorrectness reasoning have remained funda-

mentally incompatible, forcing practitioners to use separate frameworks. This

gap was filled by the recently developed Outcome Logic [41]. By decomposing

reasoning on the reachability of separate program outcomes, Outcome Logic

was able to unify both paradigms as well as generalize across different branch-

ing effects.

Our work extends Outcome Logic to address one of its blind spots: namely,

reasoning about program (non)termination. While specialized logics exist for

termination criteria like partial correctness (termination not assured) and total

correctness (guaranteed termination), Outcome Logic can only express partial

correctness and its dual—guaranteed divergence. In particular, the semantics of

Outcome Logic captures only terminating outcomes, precluding reasoning on

nonterminating behavior.

We expand the syntax, semantics, and proof rules of Outcome Logic to ex-

press the full spectrum of termination conditions of programs. As we will see,

the mixture of nontermination and nondeterminism requires a nontrivial re-

working of the program semantics. Our resulting framework is shown to be



sound and relatively complete, as well as expressive enough to subsume re-

cently proposed taxonomies of modern program logics. As a proof of concept,

we provide case studies demonstrating the ability to perform different kinds of

termination analyses in our logic.
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CHAPTER 1

INTRODUCTION

1.1 Hoare Logic

The challenge of program correctness was recognized as early as 1949 by Alan

Turing in his conference paper titled “Checking a Large Routine” [27]. Foresee-

ing that programmers would have to contend with bugs, he proposed a system-

atic way of manually proving a program correct by means of annotating pro-

gram fragments with assertions ”which can be checked individually, and from

which the correctness of the whole program follows”. This approach, merely a

vision when put forth by Turing, was formalized by Floyd and Hoare, who ad-

vanced a semantics for simple imperative languages, the proof obligations for

verifying different commands, and finally a formal deductive framework for

dispatching proofs.

Hoare Logic emerged from this branch of work as the first program logic.

The basic formulae of Hoare Logic are program triples of the form:

{P} C {Q}

P and Q are assertions describing the state of the program before and after ex-

ecuting the program C, respectively. This forms a partial correctness specifica-

tion: the triple is valid iff whenever C is executed from a state satisfying P and

terminates, the resulting state satisfies Q.

As a deductive system, Hoare Logic provides a set of inference rules for

deriving such triples given some triples as premises. For instance, take the SE-
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QUENCE rule, which enables us to compose triples across a sequence of two

programs:

{P} C1 {R} {R} C2 {Q}

{P} C1 # C2 {Q}
SEQUENCE

Other rules include those for reasoning over if-statements, as well as a rule

for verifying loops by way of invariants. Thus, Hoare Logic enabled a prin-

cipled system for proving correctness of programs that was compositional—

building larger proofs from smaller fragments.

1.2 Incorrectness Logic

Program logics gradually phased into larger efforts to automate reasoning on

programs. Unfortunately, proving correctness proved mostly intractable for

large industrial codebases, requiring extensive annotations and complete ver-

ification across all execution paths. Facebook’s Infer tool demonstrated a more

pragmatic approach, using separation logic to detect memory bugs rather than

prove complete correctness. This success inspired the development of Incor-

rectness logic [32], a logic geared specifically for bug-finding. It does so first in

altering the interpretation of its triples. Now,

[P] C [Q]

is valid iff all states in Q are reachable by executing C from some state in P.

Intuitively, Q represents a class of error states whose reachability we want to

establish.

2



This logic is underapproximate; the triple above stipulates that Q be a subset

of states reachable from P by way of C. This is dual to overapproximate triples

such as in Hoare Logic, for which the postcondition Q is instead a superset of

those reachable states.

1.3 Outcome Logic

While correctness and incorrectness are two sides of the same coin, their logics

involve incompatible interpretations of triples (overapproximation vs. under-

approximation) as well as distinct proof rules.

Outcome Logic, from which our present work proceeds, captures both no-

tions in a single theory. Outcome Logic generalizes Hoare Logic to programs

that branch, e.g., by nondeterministic or probabilistic choice, preserving the abil-

ity to reason about correctness. One of its main innovations is in lifting program

reasoning to algebraic representations of choice—for instance, sets of states or

probability distributions—which enables it to express the reachability of out-

comes. As a result, Outcome Logic can also encode underapproximate triples,

as well as broader notions of incorrectness and manifest errors, for which Incor-

rectess Logic is unsuited. Outcome Logic thus generalizes across two dimen-

sions of program properties: (1) correctness vs. incorrectness and (2) branching

effects.

Another fundamental dimension of program analysis concerns termination.

There is a long tradition of reasoning about whether a program halts in pro-

gram analysis. Hoare triples do not guarantee termination, and thus are partial

3



correctness specifications. Shortly after Hoare, [3] added this termination assur-

ance to triples and extended Hoare Logic to total correctness. Automated proofs

of termination have since emerged as a subject of research [22, 25]. Conversely,

principles for reasoning about nontermination have been studied in [23], [28]

and most recently in a logic called UNTER [45].

The semantics of Outcome Logic tracks only the terminating outcomes of a

program, remaining agnostic to any nonterminating executions. Consequently,

it is restricted to partial correctness; Outcome Logic can prove whether a pro-

gram sometimes terminates or always diverges (by witnessing no terminating

outcomes), but it cannot prove whether a program always terminates or some-

times diverges. This limitation motivates our work: we extend Outcome Logic

to handle the full spectrum of termination properties. We propose a program se-

mantics for branching and nontermination, powering a framework that can ex-

press total correctness, possible divergence, and other termination criteria while

preserving Outcome Logic’s unified approach to correctness and incorrectness

reasoning.

Remark. We omitted details of the theory of Outcome Logic in this introduction;

since our project is an extension of Outcome Logic, our framework shares much

of the same technical machinery, which will be presented in later sections. For

further reading on the applications and case studies of Outcome Logic, see [41,

46].
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CHAPTER 2

WEIGHTED COMMAND LANGUAGE

Weighted programming [35], [46] is a paradigm which generalizes branching ef-

fects such as nondeterminism and probabilistic choice by assigning each branch

of execution with a weight u ∈ U. We adopt the weighted programming lan-

guage from Outcome Logic [46] as shown in Figure 2.1.

2.1 Syntax

Our syntax for programs consists of typical imperative commands such as

skip, i.e., the program which does nothing, assertions assume e, and sequen-

tial composition # . Primitive (uninterpreted) program commands are supplied

as actions a ∈ Act. We also include in the language nondeterministic choice

C1 + C2, which nondeterministically chooses to execute one of the branches C1

or C2. It is worth highlighting that the guard e of the assume e command is

not restricted to just Boolean expressions. The guards can be Boolean—the ex-

pressions in BExp are built from a basic set of tests Test using the usual Boolean

operations—but they can also be weights u ∈ U. The intuition behind assume e

Commands ∋ C F skip | assume e | a ∈ Act | C1 # C2 | C1 +C2 | C⟨e1,e2⟩

Guards ∋ e F b | u ∈ U
BExp ∋ b F true | false | b1 ∨ b2 | b1 ∧ b2 | ¬b | t ∈ Test

Figure 2.1: Syntax of a simple weighted imperative language, parametric on a
set of basic program actions Act and a set of weights U.
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is that the computation trace in which this is executed is weighed by u. This is

formalized later in our semantics.

Using choice + and assume with Boolean tests, we can define syntactic

sugar for if statements:

if b then C1 else C2 ≜ (assume b # C1) + (assume ¬b # C2)

The syntax for loops C⟨e1,e2⟩ involves two guards: e1 is the guard for the body of

the loop C to continue executing, whereas e2 is the guard for the exit of the loop.

This generalizes while loops found in typical imperative languages, which have

one Boolean guard b (with the exit guard being the negation ¬b) and which can

be encoded in our language as:

while b do C ≜ C⟨b,¬b⟩

2.2 Nontermination Semantics for Weighted Branching

A few algebraic definitions are needed to define the semantics of our language.

Informally, we can think of each computation trace of a weighted program as

labeled with some weight u ∈ U. Since programs are compositional, we require

additional structure on U to specify precisely how weights combine, both along

a single trace and across different traces. For instance, how do we formalize

the meaning of commands like: assume 3 # a # assume 5 or (assume 3 # a1) +

(assume 3 # a2)? Our approach, drawn from [35] and [46], requires the set of

weights U to have the structure of a semiring, which is an algebraic structure

that combines two monoids.

Definition 2.2.1 (Monoid). A monoid ⟨U,+, 0⟩ consists of a carrier set U, an associa-

6



tive binary operation + : U×U → U, and an identity element 0 (u+0 = 0+u = u).

If + : U ⇀ U is partial, then ⟨U,+, 0⟩ is a partial monoid. If + is commutative

(u + v = v + u), then the monoid is commutative.

Definition 2.2.2 (Semiring). A (partial) semiring ⟨U,+, ·, 0, 1⟩ is an algebraic struc-

ture such that:

1. ⟨U,+, 0⟩ is a (partial) commutative monoid and ⟨U, ·, 1⟩ is a monoid.

2. Distributivity: u · (v + w) = uv + uw and (u + v) · w = uw + vw

3. Annihilation: 0 · x = x · 0 = 0

Example 2.2.1 (Semirings). The following semirings encode different kinds of

computation.

1. The Boolean semiring ⟨B,∨,∧, 0, 1⟩ models nondeterminism by using

Boolean B = {0, 1} weights to indicate whether an outcome is possible (1)

or impossible (0). Addition is disjunction and multiplication is conjunction.

Restricting ∨ to be partial such that 1 ∨ 1 is undefined allows us to model

deterministic computation (intuitively, by allowing only one trace at a time).

2. The probabilistic semiring ⟨[0, 1],+, ·, 0, 1⟩ uses real-valued probabilities as

weights to quantify the likelihoods of outcomes. Addition is standard arith-

metic addition, but it is partial since it is undefined if the sum is above 1.

Multiplication is standard arithmetic multiplication.

3. The natural number semiring ⟨N∞,+, ·, 0, 1⟩ uses natural numbers (plus ∞)

as weights, with addition and multiplication given by standard arithmetic

operations. This also serves as a model of nondeterminism, in which we

count the traces leading to each outcome, i.e., tracking multisets of outcomes.

7



For more examples, refer to [35] and [46].

In order to define the semantics we assume a set of program states Σ and

interpret a program command as a map from program states to weighted, pos-

sibly nonterminating, traces. More precisely, we construct our denotational ob-

ject in two steps. First, to encode information about nontermination, we expose

divergence as a possible outcome of running a program. We represent this with

the element⟳, where for any set S , we write S⟳ ≜ S ∪ {⟳}. Second, we define

weighting functions, which assign a weight to all states σ ∈ Σ, and to nontermi-

nation.

Definition 2.2.3 (Weighting Function). Given a set of program states Σ and a (par-

tial) semiringA = ⟨U,+, ·, 0, 1⟩, the set of weighting functions is

WA(Σ⟳) ≜
{
m : Σ⟳ → U

∣∣∣∣∣ |m| is defined and supp(m) is countable
}

The support supp(m) ≜ {σ | m(σ) , 0} is the set of states to which m assigns

nonzero weight and the mass of m ∈ WA(Σ⟳) written as |m| ≜
∑
σ∈supp(m) m(σ) is

the cumulative weight in m.

Intuitively, a weighting function is a snapshot of a weighted computation

across all its possible traces; it describes how the computation has been dis-

tributed across different possible outcomes (including divergence), with each

outcome assigned a weight reflecting its probability, cost, or other quantitative

measure in the current branching configuration. This allows us to captures two

distinct computational effects in a single object: weighted branching and non-

termination.

We can now assign to each program command C a denotation ⟦C⟧ : Σ →

WA(Σ⟳) as shown in Figure 2.2. We leave several operations underspecified,

8



⟦skip⟧ (σ) ≜ η(σ) ⟦a⟧ (σ) ≜ ⟦a⟧Act (σ)

⟦C1 # C2⟧ (σ) ≜ ⟦C2⟧
†(⟦C1⟧ (σ)) ⟦C1 +C2⟧ (σ) ≜ ⟦C1⟧ (σ) + ⟦C2⟧ (σ)

⟦assume e⟧ (σ) ≜ ⟦e⟧ (σ) · η(σ)
�
C⟨e1,e2⟩

�
(σ) ≜ lfp

(
ΦC⟨e1 ,e2⟩

)
(σ)

where ΦC⟨e1 ,e2⟩( f )(σ) ≜ ⟦e1⟧ (σ) · f †(⟦C⟧ (σ)) + ⟦e2⟧ (σ) · η(σ)

Figure 2.2: Denotational semantics ⟦C⟧ : Σ →WA(Σ⟳) of programs, parametric
on a set of program states Σ; an interpretation ⟦a⟧Act : Σ → WA(Σ⟳) for atomic
actions a ∈ Act; and Test ⊆ 2Σ, the set of primitive tests.

which we now explain in detail, from simpler to more complex: 1. semantics of

guards and branching; 2. monadic structure η and (−)† that provide semantics

of skip and sequential composition; and 3. fixpoint semantics of loops.

Guards and Branching.

Recall that guards e can be Boolean expressions b or weights u ∈ U. We define

the semantics of guard expressions e as ⟦e⟧ : Σ → U, where ⟦b⟧ (σ) ≜ ⟦b⟧Test (σ)

and ⟦u⟧ (σ) ≜ u. The semantics of Boolean guards ⟦b⟧Test : Σ → {0, 1} is a simple

extension of the set-element predicate (where 0, 1 are the semiring identities),
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since primitive tests are sets of program states Test ⊆ 2Σ.

⟦true⟧Test (σ) ≜ 1 ⟦false⟧Test (σ) ≜ 0

⟦b1 ∨ b2⟧Test (σ) ≜


1 if ⟦b1⟧Test (σ) = 1 or ⟦b2⟧Test (σ) = 1

0 otherwise

⟦b1 ∧ b2⟧Test (σ) ≜


1 if ⟦b1⟧Test (σ) = ⟦b2⟧Test (σ) = 1

0 otherwise

⟦¬b⟧Test (σ) ≜


1 if ⟦b⟧Test (σ) = 0

0 if ⟦b⟧Test (σ) = 1

⟦t⟧Test (σ) ≜


1 if σ ∈ t

0 if σ < t

Monadic structure of weighting functions.

Monads [5, 14] provide a mathematical framework for defining the denotational

semantics of computational effects. Our semantics of skip and sequential com-

position relies on adding monadic structure toWA(Σ⟳).

Definition 2.2.4 (Monads). A Kleisli triple ⟨T, η, (−)†⟩ in the category Set consists

of a functor T : Set→ Set, a natural transformation η : Id⇒ T , and, for any sets

X and Y , a map (−)† : (X → T (Y)) → T (X) → T (Y) such that η†X = idX, f † ◦ η = f ,

and f † ◦ g† = ( f † ◦ g)†. If such a triple exists, then the functor T is a monad.

We can viewWA(−⟳) as a functor which augments any supplied set of pro-

gram states Σwith the additional structure of weighting functionsWA(Σ⟳), en-

coding both branching and nontermination. We supply ηΣ : Σ → WA(Σ⟳) and

10



(−)† : (Σ → WA(Σ⟳)) → (WA(Σ⟳) → WA(Σ⟳)) as monadic operations for lift-

ing states to weighting functions and for sequencing effects, respectively. More

generally:

Definition 2.2.5. For any (partial) semiring A, ⟨W⟳
A
, η, (−)†⟩ is a Kleisli triple,

where

ηX(x)(y) ≜


1 if x = y

0 if x , y
f †(m)(y) ≜

∑
x∈supp(m)∩X

m(x) · f (x)(y) + m(⟳) · δ⟳(y)

Note that, in our semantics, we are only concerned with monadic structure with

respect to Σ, and so we write η to mean ηΣ in particular.

We write δ⟳ to mean the weighting function assigning a weight of 1 to ⟳

and 0 to everything else:

δ⟳(σ) =


0 if σ ∈ Σ

1 if σ =⟳

Observe that the Kleisli extension f †(m) discriminates between weight allo-

cated to program states (in Σ) and weight allocated to⟳ by m. This anticipates

how we model sequencing programs C1 and C2 (see Figure 2.2). Intuitively, the

terminal outcomes of C1 are fed as input to C2 whereas nonterminating traces

of C1 never reach C2—they must be “carried through” the second command.

Although we define the monad operations directly here, WA(−⟳) can also be

defined via a distributive law [1] between the weighting function monad of Out-

come Logic [46] and the +1 or error monad, which is known to compose with all

other monads [20].
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Loops.

The semantics of iterated computations C⟨e1,e2⟩ is defined as the least fixpoint

of the functional ΦC⟨e1 ,e2⟩ capturing the recursive structure of the loop. In line

with the Scott-Strachey tradition of denotational semantics, demonstrating the

existence of this fixpoint requires thatWA(Σ⟳) be equipped with a partial order

⊑, and that (WA(Σ⟳),⊑) be directed-complete:

Definition 2.2.6 (Directed Set). Let P be a partially-ordered set (poset). Then a

subset D ⊆ P is directed iff it is nonempty, and every pair of elements x, y ∈ D

have an upper bound in D.

Definition 2.2.7 (Directed-Complete Partial Order). A poset P is a directed-

complete partial order (dcpo) if every directed subset D ⊆ P has a supremum.

We use a fusion order: m1 ⊑ m2 if and only if the weight of each program

state increases and the weight of nontermination decreases. This is similar to

the fixpoint maximal trace semantics of Cousot [19] in which finite traces are

compared covariantly and infinite traces are compared contravariantly.

Definition 2.2.8 (Fusion Order). We define the fusion order ⊑ onWA(Σ⟳) as:

m1 ⊑ m2 iff m1(σ) ≤ m2(σ) for all σ ∈ Σ, and m1(⟳) ≥ m2(⟳)

Above, ≤ is the natural order on A: u ≤ v iff u + w = v for some w. If ⟨U,≤⟩ is

a partial order, then the semiring is naturally-ordered. The semiring is bounded if

there exists a top element ⊤A such that u ≤ ⊤A for all u ∈ U. This top element is

sometimes required to be an infinity, as defined below.

Definition 2.2.9 (Infinity [17]). An element w in semiring ⟨U,+, ·, 0, 1⟩ is an infinity

if it is additively absorbing: u + w = w + u = w for all u ∈ U. In addition, w is a
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strong infinity if it is infinite as well as multiplicatively absorbing: x ·w = w · x = w

for all x , 0.

In domain theory, it is common to view ⊑ as an information ordering [16]—

m1 ⊑ m2 means that m2 contains more information about the program’s behavior

than m1. This induces a notion of approximation that allows us to model loops; at

the beginning of a loop, we initially consider the behavior to be nontermination

(bottom), and the approximation becomes more complete as more terminating

executions are discovered.

Guaranteeing a fixpoint also requires our semantics to be Scott-continuous,

meaning that semantic functions preserve suprema of directed sets. In particu-

lar, it requires we show that:

Lemma. For all iteration commands C⟨e,e
′⟩ and directed D ⊆

(
Σ→WA(Σ⟳)

)
,

sup
f∈D
ΦC⟨e,e′⟩( f )(σ) = ΦC⟨e,e′⟩(sup D)(σ)

Note that the order on functions
(
Σ→WA(Σ⟳)

)
is taken to be pointwise with

respect to the fusion order.

Unfortunately, this does not hold in all semirings of weights, e.g., when

A is the Boolean semiring and models nondeterministic computation. There

are well-known barriers to continuity in a denotational semantics with both

nondeterminism and nontermination, tracing back to an impossibility result

by [12]. The difficulties arise when our semantic domain admits unbounded

nondeterminism—when we can model programs that produce a infinite number

of possible outcomes without ever diverging.

To see why the discontinuity arises, consider the program x := ⋆, which
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nondeterministically assigns x to a natural number. Suppose we compose this

program with a loop:

x := ⋆ # while x > 0 do x := x − 1

Does the above program terminate? For each individual branch, x is set to some

n ∈ N and the loop terminates in n iterations. The problem is that we cannot

make this argument compositionally. Indeed, a nonterminating trace exists in

every finite approximation of the loop. This means that standard techniques

for proving termination such as loop variants and ranking functions will not

suffice.

Curiously, the issues with unbounded choice do not arise when choice is

probabilistic. Termination of probabilistic programs has been studied exten-

sively [21, 31, 30, 39, 48], and there are many examples of probabilistic pro-

grams with infinitely many outcomes, which almost surely terminate—they ter-

minate with probability 1. For example, one can write a probabilistic program

that computes a geometric distribution, where the probability that x = n is 1
2n for

all n ≥ 1. The probability of termination after n iterations is 1 − 1
2n , which clearly

converges to 1 using a simple compositional proof.

For the purposes of ensuring continuity of loops in our semantics, we cat-

egorize these types of choice into two classes. Probabilistic programs are con-

servative—probability mass is treated like a resource, with the total amount of

mass (1) being split between branches of computation and nontermination, so

the weight of infinite traces can converge to 0 in the limit. In a nondeterministic

setting, the weight on nontermination is indicative—there is an infinite amount

of total weight, and spawning new branches does not consume anything. In con-

servative weightings—like probabilistic programs—it is possible to have com-
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positional inference rules for termination with unbounded choice, whereas in

indicative weightings it is not possible.

Restrictions on the Domain. Rather than proving the full continuity of our

semantics—which is impossible due to unbounded nondeterminism—we prove

a conditional continuity result that holds when ⟦C⟧maps into a restricted subset

W□
A

(Σ⟳) withinWA(Σ⟳).

We can formalize the two types of choice reflected in nondeterministic vs.

probabilistic branching. In particular, classify our nontermination semantics as

either:

1. Conservative. For this semantics,A is partial and bounded with (additively)

non-idempotent top element ⊤ such that x + ⊤ = ⊤ + x = ⊤ implies x = 0.

We restrict our semantics to:

W□
A(Σ⟳) ≜ {m ∈ WA(Σ⟳) | m(⟳) = sup

m′∈EquivΣ(m)
m′(⟳)}

For any particular m ∈ WA(Σ⟳), let EquivΣ(m) be the set of weighting func-

tions that assign equal weight to all program states in Σ (i.e., that can only

differ in the weight on nontermination⟳):

EquivΣ(m) ≜ {m′ ∈ WA(Σ⟳) | ∀σ ∈ Σ. m′(σ) = m(σ)}

Programs under a conservative weighting scheme always produce a weighting

function of fixed mass ⊤, which is conserved across sequences of programs.

Examples include probabilistic and deterministic programs, for which the

mass of weighting functions is fixed at 1. In fact, tt can be shown that un-

der our listed properties, ⊤ of a conservative semiring must always be the

additive identity (Lemma A.0.4).
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2. Indicative. Here, A is total and bounded with a strongly infinite top element

⊤. We prove continuity on the restricted domain:

W□
A(Σ) ≜ {m ∈ W⟳

A (Σ) | supp(m) is finite ∨ m(⟳) = ⊤}

Note that this restriction generalizes the notion of bounded nondeterminism.

Operationally, it captures the behavior that programs can only select between

finitely many branches at each step of execution. That is,W□
A

(Σ⟳) comprises

weighting functions that can be generated via such programs. It also echoes

[11]’s definition of bounded nondeterminism for powerdomains, which re-

quires that nondeterministic programs either (i) produce a finite set of results

or (ii) diverge. Note that this implies that infinite sets of outcomes must be

generated by one or more nonterminating trace.

This can also be seen as a generalization of the Plotkin powerdomain, which

includes all finite sets of program states, as well as all infinite state sets that

contain a bottom element representing nontermination [6, 15].

We refer to this type of semantics as indicative since the weight on ⟳ serves

merely as an indicator for nontermination; we assign a weight of 0 if the

computation does not produce a diverging trace, and assign a weight of ⊤

otherwise.

The introduction of these restrictions admittedly makes the framework less

parsimonious, but we argue that they do not significantly limit the generaliz-

ability our approach. By construction, they capture the major types of branching

of concern in program analysis: nondeterminism, probability, and determinism.

The restriction of conservative semantics, when instantiated for probabili-

tistic choice, is simply the requirement that our restricted domain correspond
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to probability distributions (where total mass is 1). In Section B.2, we define

well-formed programs for which this semantics is total.

We also note that any semiring of weights A = ⟨U,+, ·, 0, 1⟩ that does not

belong to either of the above classes can be extended with a strongly infinite

element [17, p. 166]. In particular, we adjoin to A an element ∞ < U to ac-

commodate an indicative weighting scheme. Addition and multiplication can be

defined such that ∞ + u = u + ∞ = ∞ for all u ∈ U; ∞ · u = u · ∞ = ∞ for all

u ∈ U \ {0}; and ∞ · 0 = 0 · ∞ = 0. Doing so limits our (indicative) semantics

to a coarser representation of program behavior, foregoing attempts at tracking

finer weights with which a program can diverge, and instead only maintaining

whether nontermination is possible or not. Nevertheless, this is sufficient for

most purposes, and in the case for some semirings, even necessary to preserve

continuity.

This coarseness frequently arises from the nature of nontermination. Take

the natural number semiring ⟨N ∪ {∞},+, ·, 0, 1⟩, which models nondeterminism

via multisets (by tracking the number of occurrences of possible outcomes). The

number of diverging traces of a program is not always well-defined; a program

can periodically branch and prune its branches, such that this number oscillates

forever. A weight of ∞ on ⟳ thus serves to merely indicate possibility, rather

than encode quantity.

The final condition we need to impose to achieve a continuous semantics is

Scott-continuity of the semiringA itself:

Definition 2.2.10 (Scott-Continuity). A semiring ⟨U,+, ·, 0, 1⟩with order ≤ is Scott-

continuous if it is a dcpo and, for any directed set D ⊆ U (where all pairs of
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elements in D have a supremum):

sup
u∈D

(u + v) = (sup D) + v sup
u∈D

(u · v) = (sup D) · v sup
u∈D

(v · u) = v · (sup D)

The semiring is lower Scott-continuous if it is a dcpo with respect to the dual order

≥ and the same operations preserve infima.

For Scott-continuous semirings, we can define an infinite sum operation over

an index set I as the supremum of sums over all finite subsets of I.

∑
i∈I

ui = sup

∑
i∈J

ui | J ⊆ I finite


This construction yields a complete semiring, meaning that the sum operator

obeys the following desirable laws [24]:

1. For I = {i1, . . . , in} finite,
∑

i∈I ui = ui1 + . . . + uin .

2. If I =
⋃
k∈K

Jk is a disjoint union of nonempty sets, then
∑

k∈K

∑
j∈Jk

u j =
∑
i∈I

ui.

3. If
∑
i∈I

ui is defined, then v ·
∑
i∈I

ui =
∑
i∈I

v · ui and
(∑

i∈I
ui

)
· v =

∑
i∈I

ui · v.

The above definitions are what we need to fully define the denotational seman-

tics for our language, and in particular the semantics of loops. In particular, we

require A = ⟨U,+, ·, 0, 1⟩ to be a naturally ordered, complete, Scott-continuous,

(partial) semiring bounded by top element ⊤A.
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CHAPTER 3

TOTAL OUTCOME LOGIC

Our nontermination semantics now enables us to extend Outcome Logic to

prove termination guarantees, possible nontermination, as well as more fine-

grained results about the specific weight with which a program diverges. In this

section, we present the theory of Total Outcome Logic (TOL ), which extends the

system by [46] to handle such (non)termination criteria—–conditions that form

a major axis of program properties targeted by existing program logics such as

total correctness in Total Hoare Logic [3].

3.1 Outcome Assertions

First, we redefine outcome assertions, which will serve as pre- and postconditions

of the triples in TOL . In Hoare Logic [2], pre- and post-conditions are predicates

on program states Σ, which correspond to subsets of states 2Σ. By contrast, as-

sertions in Outcome Logic are lifted to be predicates on weighting functions. This

renders them much more powerful, as they characterize not just individual pro-

gram states but entire branching configurations of (weighted) nondeterministic

programs; outcome assertions describe which outcomes are (im)possible and

with what distribution of weights they can occur. Mirroring the approach by

[46], we define outcome assertions semantically: assertions φ, ψ ∈ 2WA(Σ⟳) are

subsets of weighting functions. Satisfaction m ⊨ φ (read as ‘m satisfies φ’) is de-

fined as set membership m ∈ φ.

Below, we introduce useful propositional notation for assertions. Truth con-
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stants ⊤,⊥ and the standard logical connectives are defined as:

⊤ ≜WA(Σ⟳) ⊥ ≜ ∅ ¬φ ≜WA(Σ⟳) \ φ

φ ∨ ψ ≜ φ ∪ ψ φ ∧ ψ ≜ φ ∩ ψ φ⇒ ψ ≜ ¬φ ∨ ψ

Given a predicate on program states P ⊆ Σ, we define liftings to indicate that

P over-approximates, under-approximates, or exactly characterizes the support

of a weighting function with weight u. Similarly, ⇑(u) denotes that the nontermi-

nation outcome⟳ occurs with weight u · ⊤A.

⌈P⌉(u) ≜ {m | |m| = u, supp(m) ⊆ P} ⌊P⌋(u) ≜ {m | |m| = u, supp(m) ⊇ P}

⌈⌊P⌉⌋(u) ≜ {m | |m| = u, supp(m) = P} ⇑(u) ≜ {u · δ⟳}

We omit the superscript when the weight is exactly 1, i.e., ⌈P⌉ = ⌈P⌉(1). Oper-

ations u ⊙ φ and φ ⊙ u scale the outcome assertion φ with weight u on the left

or right. Existential quantification with respect to predicate ϕ : T → 2WA(Σ⟳) is

defined as the union of all ϕ(t) for inputs t ∈ T . Then, m ⊨ ∃x : T. ϕ(x) precisely

when m satisfies ϕ(t) for some input t.

u ⊙ φ ≜ {u · m | m ∈ φ} φ ⊙ u ≜ {m · u | m ∈ φ} ∃x : T. ϕ(x) ≜
⋃

t∈T ϕ(t)

We write the outcome conjunction φ ⊕ ψ to consist of weighting functions m that

can be split into components m = m1 +m2, with m1 satisfying φ and m2 satisfying

ψ. We define this more generally over an index set T :

⊕
x∈T

ϕ(x) ≜

∑
t∈T

mt | ∀t ∈ T. mt ∈ ϕ(t)


Finally, we assert identity to m with 1(m), which consists of the singleton {m}.
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3.2 Triples

The formulae of TOL and Outcome Logic are outcome triples of the form

⟨φ⟩ C ⟨ψ⟩, for precondition φ, program command C, and postcondition ψ.

Definition 3.2.1 (Outcome Triple). An outcome triple is valid iff:

⊨ ⟨φ⟩ C ⟨ψ⟩ iff ∀m ∈ WA(Σ⟳). m ⊨ φ =⇒ ⟦C⟧†(m) ⊨ ψ

This resembles the usual overapproximate interpretation of triples in Hoare

Logic [2]: we say that ⟨φ⟩ C ⟨ψ⟩ holds if ψ is a superset of the set of weight-

ing functions that may result from running C starting in a configuration in φ.

However, one of the main insights of Outcome Logic is that a broader class of

reachability conditions can be expressed by lifting assertions to weighting func-

tions and partitioning the distribution of results using ⊕. As such, Outcome

Logic can capture both program correctness and incorrectness [41, 46], and as

can TOL (rather trivially, which we touch on in Chapter 4).

3.3 Deductions

Inference rules for deriving triples in TOL are given in Figures 3.1 and 3.2. Many

of these rules carry over from [46], but some must be adapted to account for

the additional effect of nontermination. We present them in three categories:

structural rules, non-iterative command rules, and a rule for loop commands.
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⟨φ⟩ C ⟨⊤⟩
TRUE

⟨⊥⟩ C ⟨φ⟩
FALSE

⟨ ⇑(u)
⟩ C ⟨ ⇑(u)

⟩
DIV

⟨φ⟩ C ⟨ψ⟩

⟨u ⊙ φ⟩ C ⟨u ⊙ ψ⟩
SCALE

⟨φ1⟩ C ⟨ψ1⟩ ⟨φ2⟩ C ⟨ψ2⟩

⟨φ1 ∨ φ2⟩ C ⟨ψ1 ∨ ψ2⟩
DISJ

⟨φ1⟩ C ⟨ψ1⟩ ⟨φ2⟩ C ⟨ψ2⟩

⟨φ1 ∧ φ2⟩ C ⟨ψ1 ∧ ψ2⟩
CONJ

{
⟨ϕ(t)⟩ C ⟨ϕ′(t)⟩

}
t∈T

⟨
⊕

x∈T ϕ(x)⟩ C ⟨
⊕

x∈T ϕ
′(x)⟩

CHOICE

{
⟨ϕ(t)⟩ C ⟨ϕ′(t)⟩

}
t∈T

⟨∃x : T. ϕ(x)⟩ C ⟨∃x : T. ϕ′(x)⟩
EXISTS

φ′ =⇒ φ ⟨φ⟩ C ⟨ψ⟩ ψ =⇒ ψ′

⟨φ′⟩ C ⟨ψ′⟩
CONSEQUENCE

Figure 3.1: Structural rules.

3.3.1 Structural Rules.

(Figure 3.1). Structural rules hold for arbitrary program commands C and vary

according to the logical structure of pre- and post-conditions. These are un-

changed from Outcome Logic [46] except for DIV.

We briefly introduce the original rules first. Included are the axioms FALSE

and TRUE, which hold for a vacuous precondition ⊥ and universal postcon-

dition ⊤, respectively. A given triple can be left-scaled by any weight u ∈ U

using SCALE. The rules DISJ, CONJ, and CHOICE allow multiple triples to be

conjoined via the connectives ∧, ∨, and ⊕, respectively. Introduction of existen-

tial quantification is accomplished through EXISTS. We also have the standard

CONSEQUENCE rule, which allows for strengthening preconditions and weak-
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⟨φ⟩ skip ⟨φ⟩
SKIP

⟨φ⟩ C1 ⟨ζ⟩ ⟨ζ⟩ C2 ⟨ψ⟩

⟨φ⟩ C1 # C2 ⟨ψ⟩
SEQ

φ ⊨ true ⟨φ⟩ C1 ⟨ψ1⟩ ⟨φ⟩ C2 ⟨ψ2⟩

⟨φ⟩ C1 +C2 ⟨ψ1 ⊕ ψ2⟩
PLUS

φ ⊨ e = u

⟨φ⟩ assume e ⟨φ ⊙ u⟩
ASSUME

Figure 3.2: Inference rules for non-iterative program commands.

ening postconditions.

The axiom DIV handles nontermination captured by the precondition, stat-

ing that assertions ⇑(u) can be pushed through triples. The intuition is that traces

diverging prior to a command C never reach execution of C, and are thus unaf-

fected by it.

3.3.2 Non-iterative Command Rules.

(Figure 3.2). These rules specify how outcome assertions are propagated

through non-iterative program commands. SKIP and SEQ are standard for

Hoare-style logics and are identical in Outcome Logic [46]. The ASSUME rule

is conditioned by the assertion entailment φ ⊨ e = u, defined below:

Definition 3.3.1 (Assertion Entailment). Given an assertion φ, expression e, and

weight u ∈ U, we write φ ⊨ e = u (φ entails e = u) iff for all m ⊨ φ, ⟳ < supp(m)

and ⟦e⟧ (σ) = u for all σ ∈ supp(m).

That is, we take it to mean that for every weighting function m ⊨ φ and any

σ ∈ supp(m), e evaluates to u in stateσ. For tests b ∈ Test, we introduce the short-

hand φ ⊨ b to mean φ ⊨ b = 1. In PLUS, the side condition φ ⊨ true is equivalent
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to a termination guarantee, since ⟦true⟧ (σ) = 1 always holds. Assuming this is

satisfied, the triples proved for both branches can be combined with outcome

conjunction.

Termination must be enforced in these cases since nonterminating traces are

sequenced differently than terminating ones, as apparent in the definition of

(−)†. Similar issues arise in instances of OL with exceptions [41, 47] and proba-

bilistic nondeterminism [50].

3.3.3 Iteration Rule.

(ψn)n∈N⇝ ψ∞ (φn ⊕ ζn)n∈N ⇑ ζ∞ { φn, ψn ⊨ true, ζn ⊨ div, An, Bn }n∈N

⟨φ0 ⊕ ζ0⟩ C⟨e,e
′⟩
⟨ψ∞ ⊕ ζ∞⟩

ITER

where the premises An and Bn are defined for each n ∈ N as follows:

An ≜ ⟨φn ⊕ ζn⟩ assume e # C ⟨φn+1 + ζn+1⟩

Bn ≜ ⟨φn⟩ assume e′ ⟨ψn⟩

Figure 3.3: Inference rule for iteration commands C⟨e,e
′⟩.

Definition 3.3.2 (Divergence Entailment). For outcome assertion φ, we write φ ⊨

div (read as: φ entails divergence) iff for all m ∈ φ, supp(m) ⊆ {⟳}.

Our main addition to the proof theory of Outcome Logic is in the ITER rule,

which enables reasoning over iteration commands C⟨e,e
′⟩ and, here, is expanded

to reason about (non)termination. Its premises correspond to an infinite un-

rolling of the loop, with the assertions (φn, ψn, ζn)n∈N describing different compu-

tation traces at each loop iteration. Informally, we can imagine stepping through
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the execution tree of C⟨e,e
′⟩, advancing one iteration at a time and grouping each

computation trace into one of three states: (1) In-progress, (2) Terminated, or

(3) Diverging. Each family of assertions corresponds to one of these states:

(1) φn describes ongoing traces that reach iteration n and will continue to step

to the next iteration. This excludes traces that escape the loop or diverge

before ever reaching the nth iteration. The side condition φn ⊨ true is, again,

equivalent to a termination guarantee: for all m ⊨ φn, ⟳ < supp(m). We say

that such weighting functions are convergent.

(2) ψn describes traces that terminate immediately following the nth iteration of

the loop, i.e., that escape the loop through the exit guard e′.

(3) ζn describes traces that diverge prior to reaching iteration n. This is reflected

in the condition ζn ⊨ div, which means that for all m ⊨ ζn, supp(m) ⊆ {⟳}, i.e.,

all mass is constrained to nontermination.

These assertions are related according to the premises:

An ≜ ⟨φn ⊕ ζn⟩ assume e # C ⟨φn+1 ⊕ ζn+1⟩ Bn ≜ ⟨φn⟩ assume e′ ⟨ψn⟩

That is, An and Bn characterize the two branches at the nth iteration of the loop:

a trace may either (A) pass through the loop guard e and execute the loop body,

or (B) pass through the exit guard e′ and terminate.

Note that ζn+1 accounts for both nonterminating traces captured by ζn, as well

as any traces that diverge while executing the loop body C during iteration n.

In our language, it follows that ζn can only grow across iterations due to nested

loops in C.
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The postcondition of the conclusion consists of two assertions ψ∞ and ζ∞

which encode the limiting behavior of the loop. The former aggregates all the

terminating traces caught by each ψn, and thus captures the loop’s terminating

outcomes. More formally, we write (ψn)n∈N⇝ ψ∞, defined to mean:

Definition 3.3.3 (Converging Assertions). A family (ψn)n∈N of assertions con-

verges to ψ∞ (written (ψn)n∈N ⇝ ψ∞) iff for any (mn)n∈N, if mn ⊨ ψn for each n ∈ N,

then
∑

n∈Nmn ⊨ ψ∞.

On the other hand, ζ∞ captures the nonterminating traces of the loop, which

consist of:

(i) traces that diverge at some specific iteration n (the limit of accumulated

nontermination captured by each ζn);

(ii) traces that continue indefinitely through all iterations without exiting the

loop (the limit of continuing traces from each φn).

This notion is formalized by the condition (φn ⊕ ζn)n∈N ⇑ ζ∞, which we define as

follows:

Definition 3.3.4 (Diverging Assertions). A family (ψn)n∈N of outcome assertions

diverges to ψ∞ (written (ψn)n∈N ⇑ ψ∞) iff for all (mn)n∈N, if mn ⊨ ψn for all n ∈ N,

then (infn∈N |mn| · ⊤A) · δ⟳ ⊨ ψ∞.

Remark 3.3.1 (Accommodating Nontermination). In general, applying rules with

some assertion entailment φ ⊨ e = u as a premise involves decomposing the pre-

condition into components that describe terminating vs. nonterminating out-

comes – the latter of which are handled by DIV or some derivative of it. As an

example, take φ = φt ⊕ φ⟳ where φt ⊨ true and φ⟳ ⊨ div. We show a deriva-

tion involving PLUS across program C1 + C2, in which we are given premises
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⟨φt⟩ C1 ⟨ψt1⟩ and ⟨φt⟩ C2 ⟨ψt2⟩:

φt ⊨ true ⟨φt⟩ C1 ⟨ψt1⟩ ⟨φt⟩ C2 ⟨ψt2⟩

⟨φt⟩ C1 +C2 ⟨ψt1 ⊕ ψt2⟩

PLUS
φ⟳ ⊨ div

⟨φ⟳⟩ C1 +C2 ⟨φ⟳⟩

DIV* 1

⟨φt ⊕ φ⟳⟩ C1 +C2 ⟨ψt1 ⊕ ψt2 ⊕ φ⟳⟩

CHOICE

We write Γ ⊢ ⟨φ⟩C ⟨ψ⟩ to mean that the triple ⟨φ⟩C ⟨ψ⟩ is derivable using these

inference rules (Figures 3.1 to 3.3) given a collection of axioms about atomic

actions Γ = {. . . , ⟨φ′⟩ a ⟨ψ′⟩, . . .}.

3.3.4 Soundness and Relative Completeness

We now establish the soundness and (relative) completeness of TOL .

Soundness concerns the correctness of our proof system. It guarantees that if

a TOL triple is derivable, then it is also semantically valid (according to Defini-

tion 3.2.1). Let Ω consist of all triples ⟨φ⟩ a ⟨ψ⟩ such that a ∈ Act, and ⊨ ⟨φ⟩ a ⟨ψ⟩

(all true triples about atomic actions). Then, soundness of TOL can be stated

formally as:

Theorem 3.3.1 (Soundness).

Ω ⊢ ⟨φ⟩ C ⟨ψ⟩ =⇒ ⊨ ⟨φ⟩ C ⟨ψ⟩.

The proof of soundness is given in Chapter C and proceeds by induction on

the structure of the derivation Ω ⊢ ⟨φ⟩ C ⟨ψ⟩.

On the other hand, completeness deals with our system’s scope of appli-

cability. Formally, it is the converse of soundness—stating that any semanti-
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cally valid triple can be derived using our rules. Unfortunately, no sufficiently

expressive program logic is absolutely complete. In particular, systems over

Turing-complete program languages can encode the halting problem: e.g., take

the Hoare triple {true} C {false}, which states that the program C never termi-

nates [10]. In general, valid triples of this form cannot be derived due to the

undecidability of halting.

As per the tradition for Hoare-style logics, we weaken the property to [8]’s

notion of relative completeness, which states that TOL is complete provided an

oracle to decide semantic properties such as the implications used in the rule of

CONSEQUENCE and the assertion entailments used in the ASSUME rule.

The standard approach to proving relative completeness is to first show that

triples of the form ⟨φ⟩ C ⟨post(C, φ)⟩ can be derived, where post(C, φ) is the

strongest postcondition that makes ⟨φ⟩ C ⟨ψ⟩ true:

Definition 3.3.5 (Strongest Postcondition). post(C, φ) consists of all weighting

functions reachable from φ by executing command C:

post(C, φ) ≜ {⟦C⟧†(m) | m ∈ φ}

Lemma 3.3.1. Ω ⊢ ⟨φ⟩ C ⟨post(C, φ)⟩

The proof of this intermediate lemma is also provided in Chapter C, and

proceeds by induction of the structure of the program. Given this result, we can

conclude relative completeness:

Theorem 3.3.2 (Relative Completeness).

⊨ ⟨φ⟩ C ⟨ψ⟩ =⇒ Ω ⊢ ⟨φ⟩ C ⟨ψ⟩
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Proof. We show that post(C, φ) =⇒ ψ. Suppose that m ⊨ post(C, φ). Then by

definition, there must exist some m′ such that m = ⟦C⟧†(m′). Since ⊨ ⟨φ⟩ C ⟨ψ⟩,

we know that m ⊨ ψ as well. Then, we can apply CONSEQUENCE to derive the

desired triple:

Ω

⟨φ⟩ C ⟨post(C, φ)⟩
LEMMA 3.3.1

post(C, φ) =⇒ ψ

⟨φ⟩ C ⟨ψ⟩
CONSEQUENCE

□
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CHAPTER 4

UNIFICATION OF A LANDSCAPE OF TRIPLES

Outcome Logic unified reasoning about correctness and incorrectness, but

without a semantics to explicitly handle nontermination, it could not express to-

tal correctness or the possibility of diverging traces. In this chapter, we demon-

strate how such program properties can be encoded in TOL , filling the gap left

by its predecessor.

To position TOL as a foundational theory for modern program logics, we

also situate our contributions within the current ecosystem of such logics. Re-

cent work has produced taxonomies of program logics that classify different

interpretations of triples {P} C {Q} across frameworks. These varying seman-

tics correspond directly to different classes of program properties: e.g., Total

Hoare Logic extends standard triples to express total correctness, while Incor-

rectness Logic modifies triples to be underapproximate, enabling bug detection.

Building on Outcome Logic’s generality, we show how TOL subsumes the log-

ics identified in these taxonomies, spanning the corresponding spectrum of pro-

gram properties.

4.1 The Verscht and Kaminski [49] Taxonomy

We turn our focus to the taxonomy of program logics developed by Verscht and

Kaminski [49], which systematically classifies 16 different logics for nondeter-

ministic, looping programs. This taxonomy organizes logics along three main

axes: (1) correctness vs. incorrectness, (2) partiality vs. totality, and (3) angelic

vs. demonic nondeterminism. The logics are related through weakening, con-

30



⟨⌈¬P⌉⟩ C ⟨♢¬Q⟩
P ⊇ dwlp(C,Q)

⟨⌈¬P⌉⟩ C ⟨♦¬Q⟩
P ⊇ dwp(C,Q)

⟨⌈P⌉⟩ C ⟨♢Q⟩
P ⊆ awp(C,Q)

Lisbon Logic

⟨⌈P⌉⟩ C ⟨♦Q⟩
P ⊆ awlp(C,Q)

Angelic Partial Correctness

⟨⌈¬P⌉⟩ C ⟨■¬Q⟩
P ⊇ awlp(C,Q)

Total NC

⟨⌈¬P⌉⟩ C ⟨□¬Q⟩
P ⊇ awp(C,Q)⇔ dslp(C, P) ⊇ Q

Necessary Conditions

(1)
dsp(C, P) ⊇ Q

Demonic Incorrectness

⟨⌈P⌉⟩ C ⟨■Q⟩
P ⊆ dwp(P,Q)

Total Hoare Logic

⟨⌈P⌉⟩ C ⟨□Q⟩
P ⊆ dwlp(C,Q)⇔ asp(C, P) ⊆ Q

Partial Hoare Logic

(3)
aslp(C, P) ⊆ Q

(2)
aslp(C, P) ⊇ Q

Angelic Partial Incorrectness

⟨⌊P⌋⟩ C ⟨⌊Q⌋⟩
asp(C, P) ⊇ Q

Incorrectness Logic

(4)
dsp(C, P) ⊆ Q

⟨⌊¬P⌋⟩ C ⟨⌊¬Q⌋⟩
dslp(C, P) ⊆ Q

Necessary Incorrectness

Figure 4.1: Adaptation of the Verscht and Kaminski [49] Taxonomy. Standard
arrows represent implications and green dotted arrows represent contraposi-
tives. The numbered logics are represented as: (1) ⟨⌈¬P⌉⟩C ⟨□¬Q⟩∧⟨⌊P⌋⟩C ⟨⌊Q⌋⟩,
(2) ⟨⌈¬P⌉⟩ C ⟨□¬Q⟩ ∨ ⟨⌊P⌋⟩ C ⟨⌊Q⌋⟩, (3) ⟨⌈P⌉⟩ C ⟨□Q⟩ ∧ ⟨⌊¬P⌋⟩ C ⟨⌊¬Q⌋⟩, and
(4) ⟨⌈P⌉⟩ C ⟨□Q⟩ ∨ ⟨⌊¬P⌋⟩ C ⟨⌊¬Q⌋⟩. 2

traposition, and Galois connections, with some of these connections giving rise

to entirely novel triple semantics. We display the full taxonomy in Figure 4.1,

reformatted as a double cube.

In particular, the different semantics of triples are formulated in terms of

predicate transformers–—variants of weakest preconditions and strongest post-

conditions. We demonstrate how TOL subsumes all of these logics, focusing

primarily on the major existing frameworks with the most practical interest.

4.1.1 Weakest Precondition Logics

The upper cube in Figure 4.1 is comprised of logics defined by different flavors

of weakest precondition transformers. Originally due to [4], these transformers

initially had two variants: the weakest precondition of a program C relative to
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postcondition Q is the set of states that always terminate in Q after C is run,

whereas the weakest liberal precondition is the set of start states that end in Q

if the program terminates. Both of these transformers treat nondeterminism

demonically, so [49] refer to them as the demonic weakest precondition (dwp)

and demonic weakest liberal precondition (dwlp), respectively.

dwp(C,Q) ≜ {σ | supp(⟦C⟧ (σ)) ⊆ Q}

dwlp(C,Q) ≜ {σ | supp(⟦C⟧ (σ)) ⊆ Q⟳}

It is well known that total and partial correctness Hoare Logic [2, 3] can be

framed in terms of these transformers. That is, the total correctness Hoare

Triple {P} C {Q} is equivalent to P ⊆ dwp(C,Q) and the partial correctness triple

{P} C {Q} is equivalent to P ⊆ dwlp(C,Q). Corresponding angelic versions of

these transformers can be defined as so:

awp(C,Q) ≜ {σ | supp(⟦C⟧ (σ)) ∩ Q , ∅}

awlp(C,Q) ≜ {σ | supp(⟦C⟧ (σ)) ∩ Q⟳ , ∅}

The angelic weakest precondition (awp), originally due to [9] under the name

weakest possible precondition, is the set of states that reach Q via some trace in

C. The resulting logic P ⊆ awp(C,Q)—known as Lisbon Logic [41], Backwards

Under-Approximation [33], and Sufficient Incorrectness Logic [38]—is useful

for proving incorrectness, i.e., that certain bugs are reachable. The angelic weak-

est liberal precondition is less well studied. It is the set of states from which the

program either reaches the postcondition or diverges, and was introduced by

[49] in order to complete the front face of the upper cube in Figure 4.1. A special

instance of awlp is featured in UNTer, a logic for proving possible nontermi-

nation [45]. In particular, the condition P ⊆ awlp(C, false) is equivalent to the

existence of a diverging trace of program C initially satisfying P. We encode
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these logics in TOL using the following modalities; recall that here we assume

that supp(m) , ∅.

□P ≜ ∃(u, v) : U2 \ {(0, 0)}. ⌈P⌉(u)⊕ ⇑(v) = {m | supp(m) ⊆ P⟳}

♢P ≜ ∃u : U \ {0}. ⌈P⌉(u) ⊕ ⊤ = {m | supp(m) ∩ P , ∅}

■P ≜ ∃u : U \ {0}. ⌈P⌉(u) = {m | supp(m) ⊆ P}

♦P ≜ ∃(u, v) : U2 \ {(0, 0)}. ⌈P⌉(u)⊕ ⇑(v) ⊕⊤ = {m | supp(m) ∩ P⟳ , ∅}

The □ and ♢modalities are inspired by Dynamic Logic [7, 18] and correspond to

dwlp and awp, respectively. That is, □Q states that Q covers all the terminating

states in some weighting function m, and ♢Q states that m contains some state

in Q. As was shown by [46], □ and ♢ can be used to encode partial correctness

Hoare Logic and Lisbon Logic:

Theorem 4.1.1 (Subsumption of Hoare and Lisbon Logic).

(i) P ⊆ dwlp(C,Q) ⇐⇒ ⊨ ⟨⌈P⌉⟩ C ⟨□Q⟩

(ii) P ⊆ awp(C,Q) ⇐⇒ ⊨ ⟨⌈P⌉⟩ C ⟨♢Q⟩

The ■ and ♦modalities must directly witness a particular (zero and nonzero)

amount of nontermination mass, and were therefore not expressible in standard

Outcome Logic [41, 46, 47]. More precisely ■Q states not only that Q covers

all the reachable states, but also that ⟳ has weight zero. Finally, ♦Q states that

either Q or⟳ occur with nonzero weight. These new modalities can be used to

express the final logics:

Theorem 4.1.2 (Subsumption of Total Hoare Logic and Angelic Partial Correct-

ness).

(i) P ⊆ dwp(C,Q) ⇐⇒ ⊨ ⟨⌈P⌉⟩ C ⟨■Q⟩

(ii) P ⊆ awlp(C,Q) ⇐⇒ ⟨⌈P⌉⟩ C ⟨♦Q⟩
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The front face of the upper cube in Figure 4.1 is now fully accounted for.

Logics in this quadrant are related by arrows, indicating that one triple can be

logically weakened to another. A corresponding commuting square holds for

modalities:

P ⊆ awp(C,Q)

Lisbon Logic

P ⊆ awlp(C,Q)

Angelic Partial Correctness

P ⊆ dwp(C,Q)

Total Hoare Logic

P ⊆ dwlp(C,Q)

Partial Hoare Logic

♢Q ♦Q

■Q □Q

Contrapositive Logics.

The back face of the upper cube is obtained by taking contrapositives of the four

aforementioned logics, i.e., by negating the pre- and postconditions. Because of

the de Morgan style dualities between the modalities and predicate transform-

ers (e.g., □P iff ¬♢¬P and ■P iff ¬♦¬P), these logics can also be expressed by

flipping the ⊆ to be a ⊇.

For instance, the contrapositive of Hoare Logic is given by ¬P ⊆ dwlp(C,¬Q),

which is equivalent to P ⊇ dwlp(C,Q). This interpretation of triples was named

Necessary Conditions (NC) by Cousot et al. [26]. Indeed, in an NC triple {P}C {Q},

P is a necessary condition to reach Q, which means that all states outside of P

must not reach Q. The remaining contrapositive logics of the upper cube have

not been studied. Note that in subsuming the triples of one logic, TOL also

trivially subsumes its contrapositive.

34



4.1.2 Strongest Postcondition Logics

The lower cube in Figure 4.1 is framed in terms of strongest postconditions [13],

which give the set of states reachable from the precondition. Verscht and Kamin-

ski refer to the classical strongest postcondition as the angelic strongest postcon-

dition (awp), as the states must only be reachable from some start state, not all

start states. We restate Definition 3.3.5 here:

asp(C, P) ≜ {τ | ∃σ ∈ P. τ ∈ supp(⟦C⟧ (σ))}

There is a well known Galois connection between dwlp and asp, meaning that

partial Hoare Logic can be framed in terms of both:

P ⊆ dwlp(C,Q) ⇐⇒ asp(C, P) ⊆ Q

Then, there is the demonic strongest liberal postcondition (dslp), which is dual

to asp in the sense that asp(C, P) = dslp(C,¬P). Here, liberality corresponds to

unreachability of the postcondition rather than nontermination from the pre-

condition, so dslp(C, P) contains states that are unreachable from outside of P:

dslp(C, P) ≜ {τ | ∀σ < P. τ < supp(⟦C⟧ (σ))}

Cousot and [37] observed another Galois connection between awp and dslp,

meaning that NC also has two characterizations:

P ⊇ awp(C,Q) ⇐⇒ dslp(C, P) ⊇ Q

For completeness, we include the remaining two transformers, although they

do not have obvious intuitions or use cases, and as [49, §3.2.4] point out, they

cannot be defined inductively. As such, we do not define them directly, but

rather represent them equivalently as combinations of other transformers that
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we have seen.

aslp(C, P) = asp(C, P) ∪ dslp(C, P)

dsp(C, P) = asp(C, P) ∩ dslp(C, P)

We can now describe the logics in the lower cube of Figure 4.1. Due to the

aforementioned Galois connections, the top left edge overlaps with the upper

cube, and describes partial Hoare Logic and NC. The only other logic in the

cube that has been studied is Incorrectness Logic (IL), in the back right, which

is obtained by swapping the ⊆ for a ⊇ in the asp definition of Hoare Logic, i.e.,

an IL postcondition under-approximates the reachable states whereas a Hoare

Logic postcondition over-approximates [32]. As was shown by [43, Proposition

6], IL can be encoded using under-approximate assertions ⌊P⌋, i.e., m ⊨ ⌊P⌋ iff

supp(m) ⊇ P.

The remaining logics in the lower cube are not particularly well-understood.

Indeed, [49] showed that these logics have no inductive calculi, and accordingly

we encode them in TOL using two triples. For example, Demonic Incorrectness

states both that P is a necessary condition to reach Q (⟨⌈¬P⌉⟩ C ⟨□¬Q⟩), and

also that every state in Q is reachable from P (⟨⌊P⌋⟩ C ⟨⌊Q⌋⟩), i.e., it is similar to

standard incorrectness logic, but with the additional stipulation that P covers all

the states that could reach the bug. No concrete applications have been found

for these logics; as of now, they exist only to neatly complete the cube.

4.1.3 In-Between Logics

Although Figure 4.1 appears comprehensive, more logics can be formed by tak-

ing unions and intersections of the aforementioned predicate transformers. Fo-
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cusing on the front face of the upper cube, [49] form new logics by taking the

conjunction and disjunction of Lisbon and Partial Hoare Logic. These in-between

logics can be encoded in TOL as follows:

⟨⌈P⌉⟩ C ⟨♢Q⟩

Lisbon Logic

⟨⌈P⌉⟩ C ⟨♦Q⟩

Angelic Partial Correctness

⟨⌈P⌉⟩ C ⟨♢Q ∨ □false⟩

⟨⌈P⌉⟩ C ⟨⌈Q⌉ ⊕ □false⟩

⟨⌈P⌉⟩ C ⟨■Q⟩

Total Hoare Logic

⟨⌈P⌉⟩ C ⟨□Q⟩

Partial Hoare Logic

The first new logic offers triples of the form ⟨⌈P⌉⟩C ⟨⌈Q⌉⊕□false⟩—Q is reachable

and is the only terminating outcome, but nontermination is possible too. This

is the precise meaning of ⟨⌈P⌉⟩ C ⟨⌈Q⌉⟩ in standard Outcome Logic [46], as its

semantic model could not identify the existence of nonterminating traces. This

logic has a clear application in that it unifies partial correctness and incorrect-

ness reasoning within a single logic [41].

The second new logic has the form ⟨⌈P⌉⟩ C ⟨♢Q ∨ □false⟩, meaning that ei-

ther Q is reachable or C never terminates. The applications for this second logic

are less clear, being weaker than both Hoare Logic and Lisbon Logic. Still, ex-

pressing it in TOL at least gives us compositional rules to derive specifications,

whereas Verscht and Kaminski must derive it using two separate calculi. More

broadly, the existence of these in-between logics show that Figure 4.1 does not

tell the complete story; how many other logics are in-between? In Section 4.2, we

explore this question further and see how TOL is more expressive than any one

of the predicate transformers that we have seen thus far.
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4.2 A New Taxonomy for Correctness and Incorrectness

Practical Program Logics

First, we ought to ground our discussions of the previous taxonomies in practi-

cal applications. We have shown that TOL has the expressive power to subsume

all the logics in both the Verscht and Kaminski [49] taxonomy of Hoare-like log-

ics and the Cousot [42] cube. However, although the prior two sections have

explored more than 16 different program logics, only a few of them have found

practical use. The front face of the upper cube in Figure 4.1—containing (par-

tial and total) Hoare Logic and Lisbon Logic—is well understood, and serves

as the foundation of decades of program analysis research. Incorrectness Logic

has served as a semantic justification for real-world static analysis systems [isl,

36], although it was more recently shown that Lisbon Logic also models those

systems [47, 45] and has some advantages in its ability to identify the cause of a

bug [41, 38].

The remaining logics are not readily applicable to real static analysis prob-

lems. Their underlying concepts—demonic strongest postconditions (being

reachable from all start states) and liberal postconditions (being unreachable

from any start state)—neatly form Galois connections and complete the cubes,

but defy intuitions and do not map to any of the properties about programs that

have arisen in the past several decades of static analysis research. Even worse,

some of these properties cannot be described using inductive rules [49].

These taxonomies are obtained by taking strict binaries on what is actually

a spectrum of program properties. This is captured by the metatheory of TOL ,
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which lifts reasoning to the level of (weighted) sets of outcomes. As a result, we

can encode finer reachability and termination requirements as outcome asser-

tions rather than building them into the interpretation of our triples. This lends

TOL far greater versatility than simply instantiating the 16+ different logics, as

we are no longer confined to the corners of the cube, but can navigate freely in

the volume within.

Importantly, this enables shared program analyses in TOL for different prop-

erties. While Figure 4.1 suggests that Total Hoare Logic is the strongest logic in

that upper front square, this gives only a limited, and perhaps misleading, pic-

ture as to the compatibility of the logics in that square.

Total Hoare triples give over-approximate correctness specifications, while

Lisbon triples target the existence of a more select set of outcomes—potential

bugs, for instance. More precisely, suppose that Qok represents some collec-

tion of good states and Qer represents bugs states. It may be the case that the

bug described by Qer sometimes occurs and so the Lisbon triple ⟨⌈P⌉⟩ C ⟨♢Qer⟩ is

valid. But since the bug does not always occur, total Hoare Logic can only use

a weaker postcondition ⟨⌈P⌉⟩ C ⟨■(Qok ∨ Qer)⟩. These two specification are in-

compatible; there is no weakening relation between them. Similar issues arise

between the other logics when postconditions differ. Some logics are wholly

incompatible—i.e., one type of triple cannot be used in a subderivation of the

other whatsoever, such as between partial correctness ⟨⌈P⌉⟩ C ⟨□Q⟩ and Lisbon

Logic ⟨⌈P⌉⟩ C ⟨♢Q⟩—rendering them isolated and disconnected for the purpose

of analysis.

In TOL , we can instead perform the bulk of our program analysis on finer-

grained intermediate specifications, where we track reachable outcomes of inter-
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est with ⊕ in the form of assertions: ⌈Q1⌉⊕· · ·⊕⌈Qn⌉. Then, letting Q = Q1∨· · ·∨Qn

and 1 ≤ k ≤ n, we can weaken these to our desired property with an application

of CONSEQUENCE, as shown below.

⟨⌈P⌉⟩ C ⟨♢Qk⟩

Lisbon Logic

⟨⌈P⌉⟩ C ⟨♦Qk⟩

Angelic Partial Correctness

⟨⌈P⌉⟩ C ⟨⌈Q1⌉ ⊕ · · · ⊕ ⌈Qn⌉⟩
⟨⌈P⌉⟩ C ⟨♢Q⟩

Lisbon Logic

⟨⌈P⌉⟩ C ⟨♦Q⟩

Angelic Partial Correctness

⟨⌈P⌉⟩ C ⟨■Q⟩

Total Hoare Logic

⟨⌈P⌉⟩ C ⟨□Q⟩

Partial Hoare Logic

(4.1)

The commuting square from the front of the upper cube in Figure 4.1 still ap-

pears, but above it there is also a Lisbon triple with a stronger postcondition

Qk ⇒ Q, which is incomparable to the total Hoare triple below it. Yet, both

specifications stem from a common TOL triple, shown on the left of the figure.

This is significant because helper functions in a codebase can be given specifi-

cations in TOL and then be repurposed for total correctness, partial correctness,

and/or incorrectness.

With this in mind, we present our full taxonomy in Figure 4.2, which is a su-

perset of the one above. The full taxonomy includes more of the recently intro-

duced logics for (in)correctness, and (non)termination, including Incorrectness

Logic [il]. All of these logics are arranged on the front face of the diagram, and

common TOL specifications are placed behind.

Recall that neither Figure 4.1 nor ?? provide ways to compare Hoare Logic

and Incorrectness Logic. The key to doing so is Exact Logic, which expresses

both kinds of triples together [40]. Exact Logic is encoded in TOL using exact

predicates ⌈⌊P⌉⌋, stating that the reachable states are exactly P. Whereas, the orig-

inal Exact Logic was based on partial correctness, we also include a new Total
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⟨⌊P⌋⟩ C ⟨♢Qk⟩
Hoare Incorrectness Logic

⟨⌈⌊P⌉⌋⟩ C ⟨⌈⌊Q⌉⌋⟩ ⟨⌈P⌉⟩ C ⟨⌈Q1⌉⊕···⊕⌈Qn⌉⟩

⟨⌊P⌋⟩ C ⟨⌊Qk⌋⟩
Incorrectness Logic

⟨⌈⌊P⌉⌋⟩ C ⟨⌈⌊Q⌉⌋⟩
Total Exact Logic

⟨⌈P⌉⟩ C ⟨■Q⟩
Total Hoare Logic

⟨⌈P⌉⟩ C ⟨♢Q⟩
Lisbon Logic

⟨⌈P⌉⟩ C ⟨♢Qk⟩
Lisbon Logic

⟨⌈⌊P⌉⌋⟩ C ⟨⌈⌊Q⌉⌋ ⊕ ⇑⟩ ⟨⌈P⌉⟩ C ⟨⌈Q1⌉⊕···⊕⌈Qn⌉ ⊕ ⇑⟩

⟨⌊P⌋⟩ C ⟨⌊Q⌋⟩
Incorrectness Logic

⟨⌈⌊P⌉⌋⟩ C ⟨⌈⌊Q⌉⌋ ⊕ □false⟩
(Partial) Exact Logic

⟨⌈P⌉⟩ C ⟨□Q⟩
Partial Hoare Logic

⟨⌈P⌉⟩ C ⟨♦Q⟩
Angelic Part. Cor.

⟨⌈P⌉⟩ C ⟨♦Qk⟩
Angelic Part. Cor.

⟨⌈⌊P⌉⌋⟩ C ⟨ ⇑ ⟩ ⟨⌈P⌉⟩ C ⟨ ⇑ ⟩

⟨⌊P⌋⟩ C ⟨♦false⟩
UNTer (FUA)

⟨⌈⌊P⌉⌋⟩ C ⟨□false⟩
Exact Logic

⟨⌈P⌉⟩ C ⟨□false⟩
Partial Hoare Logic

⟨⌈P⌉⟩ C ⟨♦false⟩
UNTer (BUA)

Figure 4.2: A new taxonomy of correctness and incorrectness logics, where Q =
Q1 ∨ · · · ∨ Qn and 1 ≤ k ≤ n.

Exact Logic, which additionally guarantees termination.

But despite our ability to encode Incorrectness and Exact Logics in TOL ,

there are advantages to forgoing them and instead using variations of Lisbon

Logic for bug-finding [41, 38, 45]. Whereas Incorrectness Logic witnesses some

erroneous trace starting from the precondition, Lisbon Logic ensures that the

bug can be witnessed from all start states. This is an important property in

program analysis, making it easier to find manifest errors—bugs that can occur

regardless of context [36]. Exact Logic was developed for symbolic execution

[44], but is not an ideal foundation for other kinds static analysis as it has no

weakening rule, and therefore cannot perform reasoning in abstract domains to

make use of, e.g., loop invariants [47, 34]. Case in point: there is no weakening

of the exact triple ⟨⌈⌊P⌉⌋⟩ C ⟨⌈⌊Q⌉⌋⟩ to use the more precise postcondition ⌈⌊Qk⌉⌋.

By contrast, TOL offers more versatility to navigate between correctness and

incorrectness specifications. With this in mind, we turn our attention to the por-
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tion of the taxonomy containing Partial and Total Hoare Logic, along with ev-

erything to the right. This is an expanded version of (4.1) above, where the uni-

fying power of TOL shines. In the back there are three forms of TOL triples. Pro-

grams in the first row always terminate, programs in the second row sometimes

terminate, and programs in the third row never terminate. A single TOL triple

can subsume partial correctness, total correctness, Lisbon Logic, and nontermi-

nation, all of which have been successfully deployed in industrial static analysis

tools. TOL unifies all these kinds of correctness and incorrectness, making it an

ideal logical foundation. In next sections, we will develop reasoning principles

for TOL and illustrate their versatility through a few simple case studies.
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CHAPTER 5

DERIVED RULES

The vision behind Outcome Logic and TOL is that of a unified theoretical

foundation for program analysis—one which captures the different forms of

reasoning scattered across various program logics. In the previous chapter, we

show how TOL is able to express the specifications of many types of logics. It

remains to show that TOL can also subsume their proof theories to derive sim-

ilar or equivalent results. The focus and generality of TOL also drive some of

its base rules to be rather fine-grained, abstract, and impractical. The ITER rule,

in particular, is infinitary (like in Outcome Logic [46]) and requires establishing

complicated semantic properties of assertions. In this chapter, we derive new

rules for common patterns and convenient reasoning principles arising from

logics we have previously seen.

5.0.1 If Statements, While Loops, and Divergence.

Recall from Section 2.1 that we gave syntactic sugar to define if statements and

while loops in terms of the branching, iteration, and assume b constructs of

our language. Whereas we previously only gave rules for standard branching

and iteration, we now give rules for if and while. The if rule is the same as the

one from standard Outcome Logic, and requires the precondition to be split into

two parts to satisfy the guard and its negation. The two branches can then be

analyzed compositionally.

φ1 ⊨ b ⟨φ1⟩ C1 ⟨ψ1⟩ φ2 ⊨ ¬b ⟨φ2⟩ C2 ⟨ψ2⟩

⟨φ1 ⊕ φ2⟩ if b then C1 else C2 ⟨ψ1 ⊕ ψ2⟩

IF
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The rule for while loops differs from standard Outcome Logic, as it includes

nontermination information. We use three families of assertions: φn represents

the outcomes where b remains true, ψn represents the outcomes where b is false,

and ζn represents nontermination in nested loops. Compared to the ITER rule

that we saw previously, the WHILE rule only has a single premise, as the en-

tailments for φn and ψn remove the need to derive the behaviors of the ASSUME

commands.

(ψn)n∈N⇝ ψ∞ (φn ⊕ ψn ⊕ ζn)n∈N ⇑ ζ∞

∀n ∈ N. φn ⊨ b ψn ⊨ ¬b ζn ⊨ div ⟨φn ⊕ ζn⟩ C ⟨φn+1 ⊕ ψn+1 ⊕ ζn+1⟩

⟨φ0 ⊕ ψ0 ⊕ ζ0⟩ while b do C ⟨ψ∞ ⊕ ζ∞⟩
WHILE

Outcome Logic can only reason about terminating outcomes, and is thus only

able to detect nontermination when no terminating executions are witnessed,

i.e., via triples of the form ⟨φ⟩OL C ⟨0 ⊙ ⊤⟩OL. Whereas this restricts proofs to

possible termination and guaranteed nontermination, TOL now allows us to demon-

strate sure-termination or possible nontermination.

In Total Hoare triples [3], the former is bundled with a safety property as

a total correctness specification. We can verify total correctness using vari-

ants, which track the number of iterations a loop makes until reaching a zero-

variant—a point of guaranteed termination at which the loop guard fails.

∀n < N. φn+1 ⊨ b φ0 ⊨ ¬b ⟨φn+1⟩ C ⟨φn⟩

⟨∃N : N. φN⟩ while b do C ⟨φ0⟩

VARIANT

In addition, a program cannot interfere with the existing weight on nontermi-

nation⟳. This means that any outcome assertion that only describes nontermi-

nation should be preserved across triples. It is useful to expand the DIV rule to
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reflect this.

ζ ⊨ div

⟨ζ⟩ C ⟨ζ⟩
DIV*

Hoare Logic and Lisbon Logic.

We will now derive the rules of Lisbon Logic and partial and total correctness

Hoare Logic. We will present most of the rules as total correctness triples (of the

form ⟨⌈P⌉⟩ C ⟨■Q⟩), since ■Q ⇒ □Q, and therefore a total correctness triple can

be weakened to be a partial correctness one. We first give rules for sequencing

total specifications, since the modalities used in pre- and postconditions do not

exactly match.

⟨⌈P⌉⟩ C1 ⟨■Q⟩ ⟨⌈Q⌉⟩ C2 ⟨■R⟩

⟨⌈P⌉⟩ C1 # C2 ⟨■R⟩
SEQ-TOTAL-HOARE

⟨⌈P⌉⟩ C1 ⟨♢Q⟩ ⟨⌈Q⌉⟩ C2 ⟨♢R⟩

⟨⌈P⌉⟩ C1 # C2 ⟨♢R⟩
SEQ-LISBON

Similarly, we give a rule for if statements in Hoare and Lisbon Logic, which do

not require entailments since the premises of the rules directly specify whether

the guard is true or not.

⟨⌈P ∧ b⌉⟩ C1 ⟨■Q⟩ ⟨⌈P ∧ ¬b⌉⟩ C2 ⟨■Q⟩

⟨⌈P⌉⟩ if b then C1 else C2 ⟨■Q⟩
IF-HOARE

⟨⌈P ∧ b⌉⟩ C1 ⟨♢Q⟩ ⟨⌈P ∧ ¬b⌉⟩ C2 ⟨♢Q⟩

⟨⌈P⌉⟩ if b then C1 else C2 ⟨♢Q⟩
IF-LISBON
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The inference rules for different variants of these logics differs the most when it

comes to loops. It is well known that the invariant rule is complete for reasoning

about loops in partial correctness Hoare Logic [8]. We derive the invariant rule

in our embedded logic.

⟨⌈P ∧ b⌉⟩ C ⟨□P⟩

⟨⌈P⌉⟩ while b do C ⟨□(P ∧ ¬b)⟩
INVARIANT

We can also derive the standard variant rule employed in total Hoare Logic. The

rule uses an integer-valued ranking expression R, which represents how close the

program is to termination. In the premise, we are given that each iteration of the

loop strictly decreases R, and the loop guard fails once R reaches 0. This allows

us to conclude that the loop surely terminates:

P ∧ b =⇒ R > 0 ∀n ∈ N. ⟨⌈P ∧ b ∧ R = n⌉⟩ C ⟨■(P ∧ R < n)⟩

⟨⌈P ∧ R ≤ N⌉⟩ while b do C ⟨■(P ∧ ¬b)⟩
HOARE-VARIANT

Nontermination.

Bug-finding is often a more practical goal than correctness verification [32]. We

can thus shift our sight from proving total correctness to proving the presence

of nontermination by establishing a quasi-invariant [28]. This is a property pre-

served by the loop body which ensures that the loop guard holds; the quasi-

invariant forces indefinite reiteration, and any computation that satisfies the

quasi-invariant once is trapped within the loop. Taken semantically, this aligns

closely with the notion of a recurrent set [23] of program states, visited infinitely

often by the loop. In a nondeterministic setting, we can define this either an-

gelically or demonically to show that the program sometimes or always diverges,

46



respectively. Using the modalities from Chapter 4, we get:

♦false = ∃u : U \ {0}. ⇑(u) ⊕⊤ □false = ∃u : U. ⇑(u)

Then, the following two rules can be derived to prove nontermination.

⌈P⌉ ⊨ b ⟨⌈P⌉⟩ C ⟨♢P⟩

⟨⌈P⌉⟩ while b do C ⟨♦false⟩
QINV-ANGEL

⌈P⌉ ⊨ b ⟨⌈P⌉⟩ C ⟨□P⟩

⟨⌈P⌉⟩ while b do C ⟨□false⟩
QINV-DEMON

5.1 Case Studies

We want to emphasize that the power afforded by Total Outcome Logic lies in

its subsumption of different types of reasoning, especially pertaining to termi-

nation and nontermination. To demonstrate the breadth of program properties

that can be proven in TOL , we deploy it on a few examples. In these examples,

we use variable assignments x B E as basic actions. These actions are defined

in the usual way, as in [46].

5.1.1 Total Correctness: Quicksort Partition

In the classical formulation of Hoare logic for total correctness, [3] derive the

correctness of the Quicksort partition algorithm, where A is an integer array of
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size n + 1 and p is the pre-computed pivot value:

PARTITION ≜



i := 0 # j := n#

while i ≤ j do

if A[i] ≤ p then i := i + 1#

else if A[ j] ≥ p then j := j − 1#

else swap(A, i, j) # i := i + 1 # j := j − 1

Total correctness of PARTITION can similarly be established in TOL . Again, we

can encode a total correctness triple [P] C [Q] as outcome triple ⟨⌈P⌉⟩C ⟨■Q⟩. As

the same inference rules available in total Hoare logic can be derived in TOL ,

our desired proof follows essentially the same steps. First, for a given pivot

value p, define predicates α and β over integers:

α(i) ≜
∧

0≤k<i

A[k] ≤ p β( j) ≜
∧
j<k≤n

A[k] ≥ p

We want to derive ⟨⌈true⌉⟩ PARTITION ⟨■(α(i)∧β( j)∧i > j)⟩, which states that any

run of the program must terminate having divided the array into two sections:

elements ≤ p and those ≥ p. We decorate PARTITION in Figure 5.2 in Section 5.2.2

to sketch the full proof.

The last step of the proof uses HOARE-VARIANT. Our invariant α(i) ∧ β( j)

enforces two boundaries in the array; every element behind index i must be

≤ p, while every element after j must be ≥ p. A natural choice for the variant is

then the distance between the boundaries j − i, which we show must approach

one another after each iteration. That is, we need to derive the following across

the loop body C:

⟨⌈α(i) ∧ β(i) ∧ i ≤ j ∧ j − i = m⌉⟩ C ⟨■(α(i) ∧ β(i) ∧ j − i < m)⟩
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NT ≜


x := 1 # y := 2#
while x + y > 1 do

x := 3 − x#
y := 3 − y#

MALLOCDIV ≜


byte ∗ p#
p := (byte∗) malloc(size + 16)#
while p = NULL do

p := (byte∗) malloc(size + 16)#

Figure 5.1: Two non-terminating programs.

Clearly, the loop condition i ≤ j implies j − i > 0. This provides us with all the

premises needed to conclude ⟨⌈α(i) ∧ β( j)⌉⟩ PARTITION ⟨■(α(i) ∧ β( j) ∧ i > j)⟩.

5.2 Additional Case Studies

5.2.1 Proving Nontermination

[45] advocated the need for formal methods to prove nontermination, as many

industrial codebases have bugs that cause programs to diverge and are difficult

to discover with testing. Here, we use some of their examples to demonstrate

how TOL can be used for nontermination proving. Consider the NT program in

Figure 5.1. To show that this program indeed always diverges, we make use of
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the QINV-DEMON rule to derive the triple ⟨⌈true⌉⟩NT⟨□false⟩.

⟨⌈true⌉⟩

x := 1 # y := 2#

⟨⌈x = 1 ∧ y = 2⌉⟩

=⇒ ⟨⌈x + y = 3⌉⟩

x := 3 − x#

⟨⌈3 − x + y = 3⌉⟩ //ASSIGN

y := 3 − y#

⟨⌈(3 − x) + (3 − y) = 3⌉⟩ //ASSIGN

=⇒ ⟨⌈x + y = 3⌉⟩

=⇒ ⟨□(x + y = 3)⟩

⟨□false⟩

As a second example, we will use the rule QINV-ANGEL to establish the possi-

bility of nontermination in the presence of branching. Consider a loop involving

the malloc function in C as in the program MALLOCDIV in Figure 5.1.

MALLOCDIV allocates memory in a loop, iterating until a successful call to

malloc and p is set to a non-null value. Crucially, malloc may fail each time,

giving rise to a divergent execution. We can thus see that the assertion p = NULL

is a (angelic) quasi-invariant for this loop; we have

⟨⌈p = NULL⌉⟩ p := (byte∗) malloc(size + 16) ⟨♢(p = NULL)⟩

⟨⌈p = NULL⌉⟩ while p = NULL do . . . ⟨♦false⟩
QINV-ANGEL

And thus MALLOCDIV may diverge. Similar proofs of guaranteed nontermination

can be derived using QINV-DEMON.
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⟨⌈true⌉⟩
i := 0 # j := n#
⟨⌈i = 0 ∧ j = n⌉⟩ =⇒ ⟨⌈α(i) ∧ β( j) ∧ j − i ≥ 0⌉⟩
while i ≤ j do

⟨⌈α(i) ∧ β( j) ∧ i ≤ j ∧ j − i = m⌉⟩ =⇒ ⟨⌈α(i) ∧ β( j) ∧ j − i = m⌉⟩
if A[i] ≤ p then

⟨⌈α(i) ∧ β( j) ∧ A[i] ≤ p ∧ j − i = m⌉⟩ =⇒ ⟨⌈α(i + 1) ∧ β( j) ∧ j − i = m⌉⟩
i := i + 1#
⟨⌈α(i) ∧ β( j) ∧ j − i = m − 1⌉⟩ // ASSIGN

else if A[ j] ≥ p then

⟨⌈α(i) ∧ β( j) ∧ A[ j] ≥ p ∧ j − i = m⌉⟩ =⇒ ⟨⌈α(i) ∧ β( j − 1) ∧ j − i = m⌉⟩
j := j − 1#
⟨⌈α(i) ∧ β( j) ∧ j − i = m − 1⌉⟩ // ASSIGN

else

⟨⌈α(i) ∧ β( j) ∧ A[i] > p ∧ A[ j] < p ∧ j − i = m⌉⟩
swap(A, i, j)#
⟨⌈α(i) ∧ β( j) ∧ A[ j] > p ∧ A[i] < p ∧ j − i = m⌉⟩
=⇒ ⟨⌈α(i + 1) ∧ β( j − 1) ∧ j − i = m⌉⟩

i := i + 1 # j := j − 1
⟨⌈α(i) ∧ β( j) ∧ j − i = m − 2⌉⟩ // ASSIGN

⟨⌈α(i) ∧ β( j) ∧ j − i < m⌉⟩ // IF

=⇒ ⟨■(α(i) ∧ β( j) ∧ j − i < m)⟩
⟨■(α(i) ∧ β( j) ∧ i > j)⟩ // HOARE-VARIANT

Figure 5.2: Decorated proof of the PARTITION program.

5.2.2 Full Proof of Quicksort Partition

5.2.3 Probabilistic Nontermination

Whereas much of the work on probabilistic verification focuses on almost sure

termination [31, 21, 30]—programs that terminate with probability 1—there are
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many programs simulating physical phenomena, which do not almost surely

terminate, but are still important to reason about [29]. An example of such pro-

grams is a scenario where a tortoise marches forward at a constant speed, and

an erratic hare attempts to catch up. 1

The program below models such a scenario, where t represents the position

of the tortoise, h represents the position of the hare, and k is the number of steps

that have been taken. The tortoise starts one step ahead of the hare. Each step,

the hare either takes a step forward, or leaps forward. However, the hare gets

tired over time, so it can only leap a distance of 1 + 1
2k . The program terminates

if the hare catches up to the tortoise. Note that C1 +p C2 is syntactic sugar for

(assume p # C1) + (assume 1 − p # C2).

t B 1 # h B 0 # k B 0 #

while h < t do

Cbody ≜


t B t + 1 #

(h B h + 1) + 1
2

(h B h + 1 + 1
2k ) #

k B k + 1

The hare catches the tortoise with probability 1
2 , when its initial move is a leap

forward. If the hare’s first move is not a leap, then it catches the tortoise with

probability 0. We can see this informally, since in the best case, the hare catches

up each round by 1
2 +

1
4 +

1
8 + · · · , which converges to 1, but that occurs only if

the hare always leaps forward, an event with probability 1
2 ·

1
2 ·

1
2 · · · · = 0. We

will make this formal using the WHILE rule. For this, we need to define the

three families of assertions φn, ψn and ζn. We start with φn, which describes the

outcomes where execution continues. If n = 0, then φ0 simply describes the

start state of the program. If n = 1, then φn describes the outcome where the

1Example and analysis is due to Noam Zilberstein.
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⟨φn⟩⇔ ⟨⌈t − h = 1
2n−1 ∧ k = n⌉(

1
2n ) ⊕ ⌈t − h > 1

2n−1 ∧ k = n⌉
(

2n−1−1
2n

)
⟩

t B t + 1 #〈
⌈t − h = 1 + 1

2n−1 ∧ k = n⌉(
1

2n ) ⊕ ⌈t − h > 1 + 1
2n−1 ∧ k = n⌉

(
2n−1−1

2n

)〉
(h B h + 1) + 1

2
(h B h + 1 + 1

2k ) #〈
⌈t − h = 1

2n−1 ∧ k = n⌉
(

1
2n+1

)
⊕ ⌈t − h = 1

2n−1 −
1
2n ∧ k = n⌉

(
1

2n+1

)
⊕

⌈t − h > 1
2n−1 ∧ k = n⌉

(
2n−1−1

2n+1

)
⊕ ⌈t − h > 1

2n−1 −
1
2n ∧ k = n⌉

(
2n−1−1

2n+1

) 〉

⇒

〈
⌈t − h > 1

2n ∧ k = n⌉
(

1
2n+1

)
⊕ ⌈t − h = 1

2n ∧ k = n⌉
(

1
2n+1

)
⊕

⌈t − h > 1
2n ∧ k = n⌉

(
2n−1−1

2n+1

)
⊕ ⌈t − h > 1

2n ∧ k = n⌉
(

2n−1−1
2n+1

) 〉
⇒ ⟨⌈t − h = 1

2n ∧ k = n⌉
(

1
2n+1

)
⊕ ⌈t − h > 1

2n ∧ k = n⌉
(

2n−1
2n+1

)
⟩

k B k + 1

⟨⌈t − h = 1
2n ∧ k = n + 1⌉

(
1

2n+1

)
⊕ ⌈t − h > 1

2n ∧ k = n + 1⌉
(

2n−1
2n+1

)
⟩⇔ ⟨φn+1 ⊕ ψn+1⟩

Figure 5.3: Derivation of the n ≥ 2 case.

hare’s first move was a regular step forward. For n ≥ 2, we only describe two

outcomes. With probability 1
2n , the hare leaps forward on every step after the

first one, and in that case, the difference in position is exactly 1
2n . If not, then the

hare did not leap on at least one step, in which case the difference in position is

strictly greater than 1
2n .

φ0 ≜ ⌈t = 1 ∧ h = 0 ∧ k = 0⌉ φ1 ≜ ⌈t = 2 ∧ h = 1 ∧ k = 1⌉(
1
2 )

φn ≜ ⌈t − h =
1

2n−1 ∧ k = n⌉(
1

2n ) ⊕ ⌈t − h >
1

2n−1 ∧ k = n⌉
(

2n−1−1
2n

)
if n ≥ 2

The ψn assertions describe the terminating outcomes. The program can termi-

nate after the first step, so ψ1 ≜ ⌈t = 2 ∧ h = 2 ∧ k = 1⌉(
1
2 ), but ψn ≜ ⌈true⌉(0)

for every other n , 1. Finally, (ψn)n∈N ⇝ ψ∞ ≜ ⌈h = t⌉(
1
2 ), the only terminating

outcome. The ζn assertions describe nonterminating outcomes. The program

only diverges in the limit, so we get ζn ≜ ⌈true⌉(0) for all n ∈ N and ζ∞ ≜ ⇑(
1
2 ).

Clearly (φn ⊕ ζn)n∈N ⇑ ζ∞, since according to φn, the probability that t > h after n

iterations is 2n−1−1
2n , which converges to 1

2 . We now establish the premises of the

WHILE rule, ignoring the ζn terms since they are vacuous. We show the cases
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where n = 0 and n = 1 below on the left and right, respectively.

⟨φ0⟩⇔ ⟨⌈t = 1 ∧ h = 0 ∧ k = 0⌉⟩

t B t + 1 #

⟨⌈t = 2 ∧ h = 0 ∧ k = 0⌉⟩

(h B h + 1) + 1
2

(h B h + 1 + 1
2k ) #

⟨
⊕

i∈{1,2}⌈t = 2 ∧ h = i ∧ k = 0⌉(
1
2 )⟩

k B k + 1

⟨
⊕

i∈{1,2}⌈t = 2 ∧ h = i ∧ k = 1⌉(
1
2 )⟩

⇔ ⟨φ1 ⊕ ψ1⟩

⟨φ1⟩⇔ ⟨⌈t = 2 ∧ h = 1 ∧ k = 1⌉(
1
2 )⟩

t B t + 1 #

⟨⌈t = 3 ∧ h = 1 ∧ k = 1⌉(
1
2 )⟩

(h B h + 1) + 1
2

(h B h + 1 + 1
2k ) #

⟨⌈t = 3 ∧ h = 2 ∧ k = 1⌉(
1
4 ) ⊕ ⌈t = 3 ∧ h = 2 + 1

2 ∧ k = 1⌉(
1
4 )⟩

k B k + 1

⟨⌈t = 3 ∧ h = 2 ∧ k = 2⌉(
1
4 ) ⊕ ⌈t = 3 ∧ h = 2 + 1

2 ∧ k = 2⌉(
1
4 )⟩

⇒ ⟨⌈t − h = 1
2 ∧ k = 2⌉(

1
4 ) ⊕ ⌈t − h > 1

2 ∧ k = 2⌉(
1
4 )⟩

⇔ ⟨φ2 ⊕ ψ2⟩

Finally, we show the case where n ≥ 2 in Figure 5.3. We complete the proof with

a straightforward application of the WHILE rule.

∀n ∈ N. ⟨φn⟩ Cbody ⟨φn+1 ⊕ ψn+1⟩

⟨⌈t = 1 ∧ h = 0 ∧ k = 0⌉⟩ while h < t do Cbody ⟨⌈h = t⌉(
1
2 )⊕ ⇑(

1
2 ) ⟩

WHILE

This tells us that the program terminates in a state where h = t with probability

1
2 and it diverges (the hare never catches the tortoise) with probability 1

2 .
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CHAPTER 6

CONCLUDING REMARKS

Nontermination Semantics for Branching We have presented a sound and

relatively complete extension of Outcome Logic that can reason about termi-

nation and nontermination. The resulting logic can prove total correctness as

well as possible divergence, allowing it to subsume an additional dimension of

existing frameworks.

This power was built off of our nontermination semantics for weighted pro-

grams. A few comments should be made about this, as this is where the author

feels a bulk of any future work or improvements ought to be directed. The

mixture of branching and nontermination is difficult to formalize using purely

domain theory and the theory of the semiring. Our continuity results for the

semantics would have benefited greatly from more structure on the domain—

structure that we felt reluctant to add in fear of losing generalizability. For in-

stance, probabilistic semantics typically have the full power of measure the-

ory and functional analysis behind them, but our goal in this project was not

to delve deep on one particular type of program. This tension resulted in the

classification of indicative vs. conservative semantics, which was undoubtedly

a strained effort, as the latter category only really captures deterministic and

probabilistic programs.

The crux of guaranteeing a fully Scott-continuous semantics for nontermina-

tion and branching (at least using the fusion order ⊑) boils down to showing a

minimax equality:

Lemma. Let X be a dcpo. For an infinite family of lower Scott-continuous functions
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( fi : X → U)i∈I and directed D ⊆ X (with respect to the dual order):

sup
J⊆I

inf
x∈D

∑
i∈J

fi(x) = inf
x∈D

sup
J⊆I

∑
i∈J

fi(x)

The left is straightforwardly ≤ the right, but the reverse direction does not

hold in general. In fact, for the Boolean semiring, this fails, which is related

to the difficulties of unbounded nondeterminism and nontermination [12]. We

conjecture this could be proved for certain semirings provided it be equipped

with additional structure, and a more clever semantics could side-step it alto-

gether.

Reusing Proof Fragments The promise of providing a single deductive frame-

work for a variety of program properties is the ability to reuse proof fragments.

By placing correctness, incorrectness, branching, and now termination on the

same foundation, Outcome Logic enables us to use common specifications that

can be lowered to prove each of the aforementioned targets. This offers a more

parsimonious basis for program analysis, with potential gains in efficiency. Fur-

ther case studies in TOL would be ideal to highlight this.
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APPENDIX A

SEMANTIC DOMAIN: LEMMAS AND PROPERTIES

Theorem A.0.1. (W□
A

(Σ⟳),⊑) is a directed-complete partial order.

Lemma A.0.1. For any f , g ∈ (X →WA(Y)), m,m′ ∈ WA(X), and u ∈ U:

1. f †(m + m′) = f †(m) + f †(m′)

2. f †(u · m) = u · f †(m) and f †(m · u) = f †(m) · u

3. If supp(m) ⊆ Σ, ( f + g)†(m) = f †(m) + g†(m)

4. If supp(m) ⊆ Σ, ( f · u)†(m) = f †(m) · u

5. f †(δ⟳) = δ⟳

Proof. (1), (3), and (4) are left to the reader. We show:

(2) If supp(m) ⊆ Σ, then m(⟳) = 0. We have:

( f + g)†(m) =
( ∑
σ∈supp(m)∩Σ

m(σ) · ( f + g)(σ)
)
+ m(⟳) · δ⟳

=
∑

σ∈supp(m)∩Σ

m(σ) · ( f (σ) + g(σ))

=

( ∑
σ∈supp(m)∩Σ

m(σ) · f (σ)
)
+

( ∑
σ∈supp(m)∩Σ

m(σ) · g(σ)
)

= f †(m) + g†(m)

(5) Note that supp(δ⟳) = {⟳}, so supp(δ⟳) ∩ Σ = ∅. Then:

f †(δ⟳) =
( ∑
σ∈supp(δ⟳)∩Σ

m(σ) · f (σ)
)
+ δ⟳(⟳) · δ⟳

= δ⟳(⟳) · δ⟳

= δ⟳
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□

Lemma A.0.2. If
∑

i∈I ui is defined, then for any (vi)i∈I ,
∑

i∈I ui · vi is defined.

Proof. For the top element ⊤ of U, vi ≤ ⊤ for all i ∈ I. By definition of ≤, for each

i ∈ I, there is a v′i such that vi + v′i = ⊤. Since multiplication is total, we know that

le f t(
∑

i∈I ui) · v is defined. Note too that:∑
i∈I

ui

 · v =∑
i∈I

ui · (vi + v′i) =
∑
i∈I

ui · vi +
∑
i∈I

ui · v′i

Since
∑

i∈I ui · vi is a subexpression of the above well-defined term, it must be

well-defined as well. □

Lemma A.0.3. For any m ∈ WA(X⟳) and f : (X → WA(Y⟳)), we get that f † :

W(X)→W(Y) is a total function.

Proof. The definition of (−)† is:

f †(m)(y) =
∑

x∈supp(m)∩X

m(x) · f (x)(y) + m(⟳) · δ⟳

To show that this is well-defined, we need to show that the sum exists and that

the resulting weighting function has a well-defined mass. First, we know that

since m ∈ WA(X⟳), the mass |m| =
∑
σ∈supp(m) m(σ) is defined. By Lemma A.0.2,

the sum in the definition of (−)† must be well-defined.

It remains to show that | f †(m)| is defined:

∣∣∣ f †(m)
∣∣∣ = ∑

y∈supp( f †(m))

=

 ∑
y∈

⋃
a∈supp(m)∩X supp( f (a))

∑
x∈supp(m∩X)

m(x) · f (x)(y)

 + m(⟳) · δ⟳
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By commutativity and associativity:

=

 ∑
x∈supp(m)∩Σ

m(x) ·
∑

y∈supp( f (x))

f (x)(y)

 + m(⟳) · δx

=

 ∑
x∈supp(m)∩Σ

m(x) · | f (x)|

 + m(⟳) · δx

Since f (x) ∈ WA(Y) for all x ∈ X, | f (x)|must be defined. Since |m| is defined, the

entire sum must be as well, by Lemma A.0.2. □

Lemma A.0.4. Let ⟨U,+, ·, 0, 1⟩ be a conservative semiring, i.e., a partial semiring

bounded by nonidempotent top element: u + ⊤ = ⊤ =⇒ u = 0. Then ⊤ = 1.

Proof. We cannot have ⊤ < 1. Suppose ⊤ > 1. Then, there exists z , 0 ∈ U such

that 1 + z = ⊤. But then

⊤ · ⊤ = ⊤ · (1 + z) = ⊤ + ⊤ · z ≥ ⊤

Since addition is partial with bound ⊤, we need ⊤ + ⊤ · z ≤ ⊤. By definition,

⊤ + ⊤ · z ≥ ⊤. This forces ⊤ + ⊤ · z = ⊤.

Since ⊤ is nonidempotent, ⊤ · z = 0. But z , 0 and ⊤ , 0, so this violates the

semiring property that 0 is the unique annihilator. □
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APPENDIX B

TOTALITY OF LANGUAGE SEMANTICS

B.1 Fixed-Point Existence

Recall that the semantics of iteration commands C⟨e1,e2⟩ is given by least fixed

points:
�
C⟨e1,e2⟩

�
(σ) ≜ lfp

(
ΦC⟨e1 ,e2⟩

)
(σ), where

ΦC⟨e1 ,e2⟩ :
(
Σ→W□

A(Σ⟳)
)
→W□

A(Σ⟳)→W□
A(Σ⟳),

≜ ⟦e1⟧ (σ) · f †(⟦C⟧ (σ)) + ⟦e2⟧ (σ) · η(σ)

is the functional encoding the recursive structure of the loop.

In this section, we prove the existence of this fixpoint using the usual Kleene

fixpoint construction, with respect to the fusion order ⊑:

lfp
(
ΦC⟨e1 ,e2⟩

)
= sup

n∈N
Φn

C⟨e1 ,e2⟩
(⊥ f )

We denote ⊥ f as the bottomost element of
(
Σ → W□

A
(Σ⟳)

)
, on which ⊑ is lifted

pointwise:

⊥ f (σ)(τ) ≜ ⊤ · δ⟳ =


0 if τ ∈ Σ

⊤ if τ =⟳

B.1.1 Continuity of Semantics

To apply Kleene’s theorem, we need to show that ΦC⟨e1 ,e2⟩ is Scott-continuous.

We build up to this by proving the continuity of the semiring operations, and

by extension, operations on weighting functions.
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For all the results in this section, we assume +, ·, and
∑

are operations

belonging to a naturally-ordered, fully (Scott-)continuous (partial) semiring

A = ⟨U,+, ·, 0, 1⟩ bounded with a top element ⊤A (as described in Section 2.2).

Lemma B.1.1. Let X,Y be dcpos. For monotonic f : X2 → Y and directed D ⊆ X,

sup
x,y∈D

f (x, y) = sup
x∈D

f (x, x)

Proof. We first show supx∈D f (x, x) ≤ supx,y∈D f (x, y), which follows immediately

from the inclusion:

{ f (x, x) | x ∈ X} ⊆ { f (x, y) | x, y ∈ X}

Now for the reverse inequality: since D is directed, for any x, y ∈ D, there exists

an upper bound z ∈ D such that x ≤ z and y ≤ z. By monotonicity of f ,

f (x, y) ≤ f (z, z)

Since this holds for all x, y, we know that each f (x, y) is bounded from above by

some f (z, z) and thus by supx∈D f (x, x). Therefore,

sup
x,y∈D

f (x, y) ≤ sup
x∈D

f (x, x)

□

Lemma B.1.2. Let X be a dcpo. For any family of Scott-continuous functions ( fi : X →

U)i∈I and directed set D ⊆ X:

sup
x∈D

∑
i∈I

fi(x) =
∑
i∈I

fi(sup D)

Proof. We proceed by transfinite induction on the cardinality of I.
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▷ Base Case: I = ∅, so the sum is vacuous:

sup
x∈D

∑
i∈∅

fi(x) = sup
x∈D

0 = 0 =
∑
i∈∅

fi(sup D)

▷ Successor Case: Suppose the claim holds for all sets of size n, where n ∈ N.

Let |I| = n+ 1. Then we can partition I = I′ ∪ { j} for arbitrary j ∈ I such that

|I′| = n. It holds that

sup
x∈D

∑
i∈I

fi(x) = sup
x∈D

∑
i∈I′

fi(x) + f j(x)


Binary addition + and the functions fi are monotonic by definition of Scott-

continuity. By the induction hypothesis,
∑

i∈I′ fi is monotonic as well. We

can thus apply Lemma B.1.1 to take the supremum separately over the

two summands:

= sup
x∈D

sup
y∈D

∑
i∈I′

fi(x) + f j(y)


By Scott-continuity of +:

= sup
x∈D

∑
i∈I′

fi(x) + sup
y∈D

f j(y)

Finally, by the IH and Scott-continuity of f j:

=
∑
i∈I′

fi(sup D) + f j(sup D)

=
∑
i∈I

fi(sup D)

▷ Limit Case: Suppose the claim holds for all finite index sets. Let |I| ≥ ℵ0
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be a limit cardinal. By definition of the sum operator:

sup
x∈D

∑
i∈I

fi(x) = sup
x∈D

sup
J⊆I finite

∑
i∈J

fi(x)

= sup
J⊆I finite

sup
x∈D

∑
i∈J

fi(x)

= sup
J⊆I finite

∑
i∈J

fi(sup D) (IH)

=
∑
i∈I

fi(sup D)

□

We now try to prove the same result with respect to the dual order ≥. As it

turns out, the furthest we can get without additional structure on the semiring is

showing lower-continuity for finite sums. Proving this for infinite sums requires

a minimax equality which, generally, does not hold (see Chapter 6).

Lemma B.1.3. Let X be a dcpo. For any finite family of lower Scott-continuous func-

tions ( fi : X → U)i∈I and D ⊆ X directed (in the dual order):

inf
x∈D

∑
i∈I

fi(x) =
∑
i∈I

fi(inf D)

Proof. See the proof of Lemma B.1.2 up to the successor case. □

Finally, we lift these two results from the semiring to weighting functions.

Lemma B.1.4. Let X be a dcpo. For any finite family of Scott-continuous functions

( fi : X →WA(Σ⟳)) and directed set D ⊆ X:

sup
x∈D

∑
i∈I

fi(x) =
∑
i∈I

fi(x)
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Proof. Follows from Lemmas B.1.2 and B.1.3, since ⊆ on WA(Σ⟳) is defined

pointwise with the order flipped for nonterminating weight. □

Theorem B.1.1 (Scott-Continuity ofWA(Σ⟳)). Scalar multiplication · and pointwise

addition + on weighting functions are Scott-continuous with respect to fusion order ⊑.

That is, for any directed subset D ⊆ WA(Σ⟳),

sup
m∈D

u · m = u · sup D sup
m∈D

(m · u) = sup D · u sup
m1∈D

(m1 + m2) = sup D + m2

Proof. This follows by pointwise analysis of weighting functions and the con-

tinuity of A. We show the proof for + to illustrate how the fusion order treats

terminal and nonterminal outcomes dually. First, consider σ ∈ Σ:

sup
m1∈D

((m1 + m2)(σ)) = sup
m1∈D

(m1(σ) + m2(σ))

= ( sup
m1∈D

m1(σ)) + m2(σ) (Scott-continuity ofA)

= (sup D)(σ) + m2(σ) (Definition of ⊑)

Dually, for⟳:

inf
m1∈D

((m1 + m2)(⟳)) = inf
m1∈D

(m1(⟳) + m2(⟳))

= ( inf
m1∈D

m1(⟳)) + m2(⟳) (Lower Scott-continuity ofA)

= (sup D)(⟳) + m2(⟳) (Definition of ⊑)

The proofs for · follow similarly. □

Lemma B.1.5. The restricted Kleisli extension (−)† :
(
Σ →W□

A
(Σ⟳)

)
→W□

A
(Σ⟳) →

W□
A

(Σ⟳) is Scott-continuous.

Proof. Let D ⊆
(
Σ → W□

A
(Σ⟳)

)
be a directed set. For any weighting function

m ∈ W□
A

(Σ⟳), we want to show that

sup
f∈D

f †(m) = (sup D)†(m)
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This requires exploiting the structure of our restricted subdomainW□
A

(Σ⟳). We

break into cases, depending on whether our semantics is conservative or indica-

tive (Section 2.2).

Case 1: Indicative Semantics. We have that m falls in

W□
A(Σ⟳) ≜ {m ∈ WA(Σ⟳) | supp(m) is finite ∨ m(⟳) = ⊤}

If supp(m) is finite, then by Lemma B.1.2 and the continuity of +, ·:

sup
f∈D

f †(m) = sup
f∈D

 ∑
σ∈supp(m)∩Σ

m(σ) · f (σ) + m(⟳) · δ⟳


=

sup
f∈D

∑
σ∈supp(m)∩Σ

m(σ) · f (σ)

 + m(⟳) · δ⟳

=
∑

σ∈supp(m)∩Σ

m(σ) · sup
f∈D

( f (σ)) + m(⟳) · δ⟳

=
∑

σ∈supp(m)∩Σ

m(σ) · (sup D)(σ) + m(⟳) · δ⟳

= (sup D)†(m)

Otherwise, if m(⟳) = ⊤, we can leverage the absorptivity of ⊤:

sup
f∈D

f †(m) = sup
f∈D

 ∑
σ∈supp(m)∩Σ

m(σ) · f (σ) + ⊤ · δ⟳


= sup

f∈D
⊤ = ⊤

=
∑

σ∈supp(m)∩Σ

m(σ) · (sup D)(σ) + ⊤ · δ⟳

= (sup D)†(m)

Case 2: Conservative Semantics. Then, m is in

W□
A(Σ⟳) ≜ {m ∈ WA(Σ⟳) | m(⟳) = sup

m′∈Equiv(m)
m′(⟳)}
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where Equiv(m) = {m′ | ∀τ ∈ Σ. m′(τ) = m(τ)}. For all τ ∈ Σ:(
sup
f∈D

f †(m)
)
(τ) = sup

f∈D

 ∑
σ∈supp(m)∩Σ

m(σ) · f (σ)(τ) + m(⟳) · δx(τ)


Since δx(τ) = 0:

= sup
f∈D

∑
σ∈supp(m)∩Σ

m(σ) · f (σ)(τ)

By Lemma B.1.2 and continuity of ·:

=
∑

σ∈supp(m)∩Σ

m(σ) · sup
f∈D

(
f (σ)(τ)

)
=

∑
σ∈supp(m)∩Σ

m(σ) · (sup D)(σ)(τ)

= (sup D)†(m)(τ)

By completeness ofW□
A

(Σ⟳), we know that sup†f∈D(m) and (sup D)†(m) are mem-

bers ofW□
A

(Σ⟳). The above equality implies that sup†f∈D(m) ∈ Equiv
(
(sup D)†(m)

)
and vice versa. It follows that:(

†
sup
f∈D

(m)
)
(⟳) ≤

(
(sup D)†(m)

)
(⟳)

as does the reverse inequality:(
†

sup
f∈D

(m)
)
(⟳) ≥

(
(sup D)†(m)

)
(⟳)

Therefore, sup†f∈D(m) = (sup D)†(m). □

Lemma B.1.6. Suppose that the loop functionalΦC⟨e,e′⟩ maps into the restricted domain:

ΦC⟨e1 ,e2⟩ :
(
Σ→W□

A(Σ⟳)
)
→ Σ→W□

A(Σ⟳)

Then ΦC⟨e1 ,e2⟩ is Scott-continuous.
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Proof. For any directed set D ⊆ (Σ→W□
A

(Σ⟳)) and σ ∈ Σ,

sup
f∈D
ΦC⟨e1 ,e2⟩( f )(σ) = sup

f∈D

(
⟦e1⟧ (σ) · f †(⟦C⟧ (σ)) + ⟦e2⟧ · η(σ)

)
By continuity of + and ·, we can move the supremum up to the (−)†:

= ⟦e1⟧ (σ) ·
(
sup
f∈D

f †(⟦C⟧ (σ))
)
+ ⟦e2⟧ · η(σ)

Then, by Lemma B.1.5,

= ⟦e1⟧ (σ) · (sup D)†(⟦C⟧ (σ)) + ⟦e2⟧ · η(σ)

□

Given Lemma B.1.6, we can apply Kleene’s fixed point theorem, concluding

that the least fixed point of ΦC⟨e,e′⟩ exists and is equal to:

lfp
(
ΦC⟨e,e′⟩

)
= sup

n∈N
Φn

C⟨e,e′⟩(⊥ f )

Thus the semantics of iteration is well-defined, assuming ΦC⟨e,e′⟩ is total.

B.2 Well-Defined Programs

In the previous section, we established the existence of a least fixpoint for loops,

given that the loop functional ΦC⟨e,e′⟩ be (1) total and (2) restricted to W□
A

(Σ⟳).

The former may not hold if a partial semiring is used to interpret the lan-

guage semantics. For the latter, we need to show that our semantics is closed in

W□
A

(Σ⟳).

We specify syntactic restraints on branching C1 + C2, weighting commands

assume e, and iteration C⟨e,e
′⟩ that ensure both (1) and (2).
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B.2.1 Syntactic Sugar

Compatibility

We reuse the notion of compatible expressions introduced for past iterations of

Outcome Logic. Many of these results are repeated from [47].

Definition B.2.1 (Compatibility). Expressions e1 and e2 are compatible in semiring

A = ⟨U,+, ·, 0, 1⟩ if ⟦e1⟧ (σ) + ⟦e2⟧ (σ) is defined for all σ ∈ Σ.

Lemma B.2.1. If e1 and e2 are compatible, then ⟦e1⟧ (σ) · m1 + ⟦e2⟧ (σ) · m2 is defined

for any m1,m2 ∈ WA(Σ⟳).

Proof. Since e1 and e2 are compatible, then ⟦e1⟧ (σ) + ⟦e2⟧ (σ) is defined. By

Lemma A.0.2, we have that ⟦e1⟧ (σ) · |m1|+ ⟦e2⟧ (σ) · |m2| is defined as well. Then:

⟦e1⟧ (σ) · |m1| + ⟦e2⟧ (σ) · |m2|

= ⟦e1⟧ (σ) ·
∑

τ∈supp(m1)

m1(τ) + ⟦e2⟧ (σ) ·
∑

τ∈supp(m2)

m2(τ)

=
∑

τ∈supp(m1)

⟦e1⟧ (σ) · m1(τ) +
∑

τ∈supp(m2)

⟦e2⟧ (σ) · m2(τ)

=
∑

τ∈supp(m1)∪supp(m2)

⟦e1⟧ (σ) · m1(τ) + ⟦e2⟧ (σ) · m2(τ)

= | ⟦e1⟧ (σ) · m1 + ⟦e2⟧ (σ) · m2|

Therefore, ⟦e1⟧ (σ) + ⟦e2⟧ (σ) is well-defined. □

Lemma B.2.2. If e1 and e2 are compatible and ⟦C1⟧ and ⟦C2⟧ are total functions, then:

⟦(assume e1 # C1) + (assume e2 # C2)⟧

is a total function.
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Proof.

⟦(assume e1 # C1) + (assume e2 # C2)⟧ (σ)

= ⟦C1⟧
† (⟦assume e1⟧ (σ)) + ⟦C2⟧

† (⟦assume e2⟧ (σ))

= ⟦C1⟧
† (⟦e1⟧ (σ) · η(σ)) + ⟦C2⟧

† (⟦e2⟧ (σ · η(σ)))

= ⟦e1⟧ (σ) · ⟦C1⟧ (σ) + ⟦e2⟧ (σ) · ⟦C2⟧ (σ)

By Section B.2.1, this sum is defined and thus the semantics is valid. □

Normalization

For conservative semirings, we’ve provided restrictions on branching to ensure

totality of the semantics. We also want restrictions that ensure the semantics is

closed in our restricted domainW□
A

(Σ⟳), which guarantees that the semantics

of loops is defined (Section B.1).

We define the notion of normalization as a strengthening of compatibility.

Definition B.2.2. Expressions e1 and e2 are normalized in a conservative semiring

(Section 2.2) if ⟦e1⟧ (σ) + ⟦e2⟧ (σ) = ⊤ for all σ ∈ Σ.

Lemma B.2.3. Suppose u1, u2 are normalized. Then, for m1,m2 ∈ W
□
A

(Σ⟳),

(u1 · m1 + u2 · m2) ∈ W□
A(Σ⟳)
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Proof. Let m = u1 · m1 + u2 · m2.

|m| = |u1 · m1 + u2 · m2|

= u1 · |m1| + u2 · |m2|

= u1 · sup
q1∈Equiv(m1)

|q1| + u2 · sup
q2∈Equiv(m2)

|q2|

= u1 · ⊤ + u2 · ⊤

= (u1 + u2) · ⊤

= ⊤ · ⊤ = ⊤

= sup
q∈Equiv(m)

|q|

If we expand both ends of this equality, we get:∑
σ∈supp(m)

m(σ) = sup
q∈Equiv(m)

∑
σ∈supp(q)

q(σ)

Since m(σ) = q(σ) for all σ ∈ Σ, the supremum is attained when m(⟳) =

supq∈Equiv(m) q(⟳). □

The above result can be extended to general sums.

Definition B.2.3. We say that program exhibits normalized choice if all branching

C1 +C2 and weighting assume e is of the form:

assume e1 # C1 + assume e2 # C2

where e1 and e2 are normalized.

B.2.2 Closure

For indicative semantics,W□
A

(Σ⟳) does not form a dcpo with respect to general

directed sets. Instead, because we limit to bounded nondeterminism, we need
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to generalize the Egli-Milner order on powerdomains [12] to restrict directed

sets.

Definition B.2.4. In the indicative setting, a directed set D is an EG-directed set if

for all m1,m2 ∈ D, m1 = m2 or m1 ⊑ m2 =⇒ m1(⟳) = ⊤.

Lemma B.2.4. In the indicative setting,W□
A

(Σ⟳) equipped with the fusion-order is a

poset that preserves the suprema of EG-directed sets.

Proof. We have that ⊑ is a partial order. Let D ⊆ W□
A

(Σ⟳) be an EG-directed set.

Let

(sup D)(σ) =


supm∈D m(σ) if σ ∈ Σ

infm∈D m(⟳) if σ =⟳

Since WA(Σ⟳) is Scott-continuous, this exists. It remains to show that sup D ∈

W□
A

(Σ⟳). We argue that there are two possibilities:

(1) For all m ∈ D, supp(m) is finite; or

(2) For all m ∈ D, m(⟳) = ⊤

Suppose otherwise. Then there must exist m1 ∈ D such that supp(m1) is infinite

and m2 ∈ D such that m2(⟳) , ⊤. Since D is directed, there must exist m ∈ D

greater than both. That is, m(σ) ≥ m1(σ) for all σ ∈ Σ, so supp(m) is infinite. And

m(⟳) ≤ m2(⟳) < ⊤. But m <W□
A

(Σ⟳).

Thus, we have two cases. In the case of (2), it is trivial that (sup D)(⟳) =

infm∈D m(⟳) = ⊤. So, sup D ∈ W□
A

(Σ⟳).

In this case of (1), either supp(sup D) is finite or infinite. If finite, then we

are done. If infinite, then for any m, sup D , m for any m. By the definition of

79



EG-directed sets, since m ⊑ sup D, m(⟳) = ⊤. Because this holds for all m ∈ D,

(sup D)(⟳) = ⊤ as well. □

We now move onto the closure results for our semantics. We start with

indicative semantics, in which interpretations of programs must be limited to

bounded nondeterminism.

Lemma B.2.5. Suppose the semiring A is indicative. If for all a ∈ Act, ⟦a⟧ : Σ →

W□
A

(Σ⟳), then ⟦C⟧ : Σ→W□
A

(Σ⟳) for all programs C.

Proof. By induction on the structure of C. That our programs preserve bounded

nondeterminism, supposing atomic actions do, should be largely straightfor-

ward. We only include sketches of the cases for C1 # C2 and C⟨e,e
′⟩:

▷ C1 # C2.

⟦C1 # C2⟧ (σ) = ⟦C2⟧
† (⟦C1⟧ (σ))

=
∑

τ∈supp(⟦C1⟧(σ))∩Σ

⟦C1⟧ (σ)(τ) · ⟦C2⟧ (τ) + ⟦C1⟧ (σ)(⟳) · δ⟳

By the IH, for every σ, τ, ⟦C1⟧ (σ) and ⟦C2⟧ (τ) both exhibit bounded non-

determinism. If all have finite support, then the above weighting function

must have finite support as well.

Recall that ⊤ is multiplicatively and additively absorbing. If ⟦C1⟧ (σ) di-

verges with weight ⊤ for some σ, then ⟦C1⟧ (σ)(⟳) · δ⟳(⟳) = ⊤, and so on

for the entire expression. If ⟦C2⟧ (τ)(⟳) = ⊤, a similar argument applies.
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▷ C⟨e,e
′⟩. By Kleene’s theorem:

�
C⟨e,e

′⟩
�

(σ) = sup
n∈N
Φn

C⟨e,e′⟩(⊥ f )(σ)

ΦC⟨e,e′⟩( f ) = ⟦e⟧ (σ) · f †(⟦C⟧ (σ)) + ⟦e′⟧ (σ) · η(σ). W□
A

(Σ⟳) is closed under

these operations (as has been shown or by straightforward computation).

By mathematical induction, we can show that for all n ∈ N:

Φn
C⟨e,e′⟩(⊥ f )(σ) ∈ W□

A(Σ⟳)

It is also easy to verify that (Φ⟨e,e
′⟩

C )n(⊥ f ) form an EG-directed set. We leave

these to the reader.

Since W□
A

(Σ⟳) preserves suprema of EG-directed sets and ΦC⟨e,e′⟩ is Scott-

continuous, the supremum supn∈NΦ
n
C⟨e,e′⟩

(⊥ f )(σ) must exist inW□
A

(Σ⟳).

□

Now, we prove the analogue for a conservative semantics. This assumes the

additional syntactic constraints that ensure normalization in programs.

Lemma B.2.6. In the conservative setting,W□
A

(Σ⟳) equipped with the fusion order ⊑

forms a dcpo.

Proof. We have that ⊑ is a partial order. Take D ⊆ W□
A

(Σ⟳). We argue that D

must form a chain, i.e., for any m1,m2 ∈ D, either m1 ⊑ m2 or vice versa.

Suppose by way of contradiction that there exists m1,m2 ∈ D incomparable.

Consider any outcomes σ, τ ∈ Σ⟳.
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▷ If σ, τ ∈ Σ, then (without loss of generality) m1(σ) > m2(σ) and m1(τ) <

m2(τ). Since D is directed, there must be an upper bound m such that

m(σ) ≥ m1(σ) and m(σ) ≥ m2(τ). As we have seen in the proof of

Lemma B.2.3, since m1,m2 ∈ W
□
A

(Σ⟳), |m1| = |m2| = ⊤. But this means

|m| > |m1| = ⊤. This is impossible by the nonidempotency of +.

▷ WLOG, if τ = ⟳, then m1(σ) ≥ m2(σ) and m1(⟳) > m2(⟳). A similar

argument follows: If |m1| = ⊤ then it |m2| , ⊤. But |m2| = ⊤ since m2 ∈

W□
A

(Σ⟳).

Since D is in fact a chain, then | sup D| = supm ∈ D|m ∈ D| = ⊤. Therefore,

(sup D) ∈ W□
A

(Σ⟳). □

Lemma B.2.7. Suppose the semiring A is conservative. If for all a ∈ Act, ⟦a⟧ : Σ →

W□
A

(Σ⟳), and C exhibits normalized choice, then ⟦C⟧ : Σ→W□
A

(Σ⟳) for all programs

C.

Proof. By induction on the structure of C.

▷ skip. We know that ⟦skip⟧ (σ) = η(σ). Suppose m ∈ Equiv(⟦skip⟧ (σ)).

Since m ∈ WA(Σ⟳), |m| = m(σ) + m(⟳) must be defined.

By Lemma A.0.4, 1 = ⊤. We have

|m| = m(σ) + m(⟳) = 1 + m(⟳) ≤ 1

Since 1 is nonidempotent, m(⟳) = 0. Therefore,

⟦skip⟧ (σ)(⟳) = 0 = sup
m∈Equiv(⟦skip⟧(σ))

m(⟳)
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▷ assume u1 # C1 + assume u2 # C2. By the IH, we have that ⟦C1⟧ , ⟦C2⟧ map

intoW□
A

(Σ⟳). By assumption u1 + u2 are normalized, so by Lemma B.2.3,

⟦assume u1 # C1 + assume u2 # C2⟧ = u1 · ⟦C1⟧ + u2 · ⟦C2⟧ ∈ W
□
A(Σ⟳)

▷ C1 # C2.

⟦C1 # C2⟧ (σ) = ⟦C2⟧
† (⟦C1⟧ (σ))

=
∑

τ∈supp(⟦C1⟧(σ))∩Σ

⟦C1⟧ (σ)(τ) · ⟦C2⟧ (τ) + ⟦C1⟧ (σ)(⟳) + δ⟳

By the IH, we have that ⟦C2⟧ (τ) ∈ W□
A

(Σ⟳) for all τ. It is also straightfor-

ward that δ⟳ ∈ W□
A

(Σ⟳). Note that since ⟦C1⟧ (σ) ∈ W□
A

(Σ⟳) (again, by

IH), the mass | ⟦C1⟧ (σ)| =
∑
τ∈Σ⟳
⟦C1⟧ (σ)(τ) must be normalized. Thus, we

can apply Lemma B.2.3, concluding that ⟦C1 # C2⟧ (σ) ∈ W□
A

(Σ⟳).

C⟨e,e
′⟩. By Kleene’s theorem:�

C⟨e,e
′⟩
�

(σ) = sup
n∈N
Φn

C⟨e,e′⟩(⊥ f )(σ)

where ΦC⟨e,e′⟩( f ) = ⟦e⟧ (σ) · f †(⟦C⟧ (σ)) + ⟦e′⟧ (σ) · η(σ).

In the previous cases, we showed thatW□
A

(Σ⟳) is closed under (−)†, and that

η(σ) ∈ W□
A

(Σ⟳). Since e and e′ are assumed to be normalized, ΦC⟨e,e′⟩( f ) maps to

W
Σ⟳
A

by Lemma B.2.3.

Then by mathematical induction, we can show that for all n ∈ N:

Φn
C⟨e,e′⟩(⊥ f )(σ) ∈ W□

A(Σ⟳)

Since W□
A

(Σ⟳) is a dcpo and ΦC⟨e,e′⟩ is Scott-continuous, the supremum

supn∈NΦ
n
C⟨e,e′⟩

must exist inW□
A

(Σ⟳). □
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Lemma B.2.8. If e and e′ are normalized and ⟦C⟧ is a total function (with C exhibiting

normalized choice), then
�
C⟨e,e

′⟩
�

is a total function.

Proof. Let ΦC⟨e,e′⟩( f )(σ) = ⟦e⟧ (σ) · f †(⟦C⟧ (σ)) + ⟦e′⟧ (σ) · η(σ). By Lemma B.2.7,

⟦C⟧ (σ) ∈ W□
A

(Σ⟳), and assuming f is restricted to W□
A

(Σ⟳), so is f †(σ). We

know also from the proof of Lemma B.2.7 that η(σ) ∈ W□
A

(Σ⟳). Since e and e′

are normalized, by Lemma B.2.3, ΦC⟨e,e′⟩( f )(σ) ∈ W□
A

(Σ⟳).

By Lemma B.1.6, we know that
�
C⟨e,e

′⟩
�

is total. □
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APPENDIX C

SOUNDNESS AND COMPLETENESS OF TOL

Here, we provide omitted proofs for establishing soundness and relative com-

pleteness of TOL . We start by introducing some helpful preliminary definitions.

Definition C.0.1. For any test b ∈ 2Σ and m ∈ WA(Σ⟳), we define the projection of

m onto b to be the following weighting function:

(b ? m)(σ) ≜


m(σ) if ⟦b⟧Test (σ) = 1

0 if ⟦b⟧Test (σ) = 0 or σ =⟳

In our proofs, it will be useful to decompose a weighting function m ∈

WA(Σ⟳) into two—one part which solely describes weights on program states

Σ, and another which solely describes the degree of nontermination. The former

is represented by the projection true?m and the latter by div?m, which we define

below.

Definition C.0.2. For m ∈ WA(Σ⟳), the nonterminating component (div ? m) ∈

WA(Σ⟳) of m is:

(div ? m)(σ) ≜ m(⟳) · δ⟳(σ) =


0 if σ ∈ Σ

m(⟳) if σ = ⟳

Note that (div ? m) ⊨ ⇑(m(⟳)).

Lemma C.0.1. For any m ∈ WA(Σ⟳) and b ∈ Test:

m = true ? m + div ? m = b ? m + ¬b ? m + div ? m

Proof. Immediate from the definitions. □
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It follows straightforwardly that if supp(m) ⊆ Σ, then m = true?(m). Likewise,

if supp(m) ⊆ {⟳}, m = div?m. Projection commutes with the following operations:

Lemma C.0.2. For any b ∈ Test and m,mi ∈ WA(Σ⟳),

(i)
∑

i∈I(b ? mi) = b ?
∑

i∈I mi

(ii) u · (b ? m) = b ? u · m and (b ? m) · u = b ? m · u

Proof. We show that (u ·
∑

i∈I(b ? mi) · v) (σ) = (b ? u ·
∑

i∈I mi · v) (σ). From the def-

inition of projection, it is straightforward to see that these are equal to
u ·

∑
i∈I mi(σ) · v if ⟦b⟧Test (σ) = 1

0 if ⟦b⟧Test (σ) = 0 or σ =⟳

□

C.1 Soundness

We proceed by proving results on the semantics of iteration. In Section B.1.1, we

expressed the denotation of C⟨e,e
′⟩ as the Kleene fixed point:�

C⟨e,e
′⟩
�
= lfp

(
ΦC⟨e,e′⟩

)
= sup

n∈N
Φn

C⟨e,e′⟩(⊥ f )

Our first Lemma reformulates the Kleene iterates Φn
C⟨e,e′⟩

in terms sequences of

unrolled commands.

Lemma C.1.1. For all n ∈ N, σ ∈ Σ, and τ ∈ Σ⟳,

Φn+1
⟨C,e,e′⟩(⊥ f )(σ)(τ) =


∑n

k=0 ⟦(assume e # C)n # assume e′⟧ (σ)(τ) if τ ∈ Σ

⊥
†

f

(�
(assume e # C)n+1

�
(σ)

)
(⟳) if τ = ⟳

Note: For a command C, we define C0 ≜ skip and Cn+1 ≜ Cn # C.
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Proof. We proceed by induction on n.

▷ Base Case: n = 0. We have that:

Φ⟨C,e,e′⟩(⊥ f )(σ) = ⟦e⟧ (σ) · ⊥†f
(
⟦C⟧ (σ)

)
+
�
e′
�

(σ) · η(σ)

= ⊥
†

f (⟦assume e # C⟧ (σ)) +
�
assume e′

�
(σ)

Suppose τ ∈ Σ. Since ⊥ f = λρ. ⊤ · δ⟳, it follows that

⊥
†

f

(
⟦assume e # C)⟧ (σ)

)
(τ) = 0. Then,

ΦC⟨e,e′⟩(⊥ f )(σ)(τ) =
�
assume e′

�
(σ)(τ)

On the other hand, if τ =⟳, then ⟦assume e′⟧ (σ)(τ) = 0. In this case:

ΦC⟨e,e′⟩(⊥ f )(σ)(⟳) = ⊥†f
(
⟦assume e # C⟧ (σ)

)
(⟳)

▷ Inductive step: Suppose the claim holds for n. First, for any σ ∈ Σ, τ ∈ Σ⟳:

Φn+2
⟨C,e,e′⟩(⊥ f )(σ)(τ) = ⟦e⟧ (σ) ·

(
Φn+1
⟨C,e,e′⟩(⊥ f )

)†(
⟦C⟧ (σ)

)
(τ) +

�
e′
�

(σ) + η(σ)(τ)

Suppose τ ∈ Σ. We use the IH to expand Φn+1
C⟨e,e′⟩

(⊥ f ):

= ⟦e⟧ (σ) ·

 n∑
j=0

�
(assume e # C) j # assume e′

�† ( ⟦C⟧ (σ)
)
(τ)

+
�
e′
�

(σ) · η(σ)(τ)

=

n+1∑
j=1

�
(assume e # C) j # assume e′

�
(σ)(τ) +

�
assume e′

�
(σ)(τ)

=

n+1∑
k=0

�
(assume e # C)k # assume e′

�
(σ)(τ)
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Otherwise, τ =⟳. We apply the other case of the IH:

Φn+2
⟨C,e,e′⟩(⊥ f )(σ)(τ) = ⟦e⟧ (σ) ·

(
⊥
†

f

(�
(assume e # C)n+1

�))† (
⟦C⟧ (σ)

)
(⟳)

+
�
e′
�

(σ) · η(σ)(⟳)

= ⊥
†

f (
�
(assume e # C)n+2

�
) +
�
e′
�
· 0

= ⊥
†

f (
�
(assume e # C)n+2

�
)

□

Remark C.1.1. The two different cases in the above result are due to differences

in how the effects of branching and nontermination are composed. In particular,

if we want the weight on a terminal program state in Σ, then we aggregate the

weight collected from terminating traces in the first n iterations. We push the

weight of traces that have not yet terminated at iteration n onto⟳.

The next Lemma applies this unrolling to
�
C⟨e,e

′⟩
�
, expressing the denotation in

terms of infinite sequences of commands.

Lemma C.1.2 (Unrolling). For all σ ∈ Σ and τ ∈ Σ⟳,

�
C⟨e,e

′⟩
�

(σ)(τ) =


∑

n∈N ⟦(assume e # C)n # assume e′⟧ (σ)(τ) if τ ∈ Σ

infn∈N⊥
†

f (⟦(assume e # C)n⟧ (σ))(τ) if τ = ⟳

Proof. By Kleene’s fixed point theorem (Section B.1.1),�
C⟨e,e

′⟩
�

(σ)(τ) =
(
sup
n∈N
Φn
⟨C,e,e′⟩(⊥ f )(σ)

)
(τ)

Case 1: τ ∈ Σ. Since Φ0
⟨C,e,e′⟩(⊥ f ) = ⊥ f , i.e., the bottom element of

(
Σ →WA(Σ⟳)

)
,

we can rewrite this supremum as:

=

(
sup
n∈N
Φn+1
⟨C,e,e′⟩(⊥ f )(σ)

)
(τ)
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By Lemma C.1.1:

= sup
n∈N

n∑
k=0

�
(assume e # C)k # assume e′

�
(σ)(τ)

By the definition of infinite sums:

=
∑
n∈N

�
(assume e # C)n # assume e′

�
(σ)(τ)

Case 2: τ =⟳. By Lemma C.1.1:(
sup
n∈N
Φn
⟨C,e,e′⟩(σ)

)
(⟳) =

(
sup
n∈N
⊥
†

f (⟦(assume e # C)n)⟧
)

(⟳)

Recall that ⊑ is defined pointwise, except the order is reversed for ⟳ (see Def-

inition 2.2.8). Therefore, the supremum of weighting functions is equivalent to

taking the infimum of the weights on⟳:

= inf
n∈N

(
⊥
†

f (⟦(assume e # C)n)⟧)(⟳)
)

□

Equivalently, we can express this unrolling in terms of projections:

Corollary C.1.1.

�
C⟨e,e

′⟩
�

(σ) = true ?

∑
n∈N

�
(assume e # C)n # assume e′

�
(σ)


+ div ?

(
inf
n∈N
⊥
†

f (⟦(assume e # C)n⟧)(σ)
)

Proof. By application of Lemma C.0.1. □

Theorem C.1.1 (Soundness).

Ω ⊢ ⟨φ⟩ C ⟨ψ⟩ =⇒ ⊨ ⟨φ⟩ C ⟨ψ⟩
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Proof. The triple ⟨φ⟩ C ⟨ψ⟩ is proved using inference rules given in fig. 3.2,

fig. 3.1, and fig. 3.3. If the last step in this proof makes use of an axiom, then

we are done since we took all axioms in Ω to be semantically valid. Otherwise,

we proceed by induction on the derivation of Ω ⊢ ⟨φ⟩ C ⟨ψ⟩.

▷ FALSE. We need to show ⊨ ⟨⊥⟩ C ⟨φ⟩. Suppose m ⊨ ⊥. But this is impossi-

ble, so the claim holds vacuously.

▷ TRUE. We need to show ⊨ ⟨φ⟩ C ⟨⊤⟩. Suppose m ⊨ φ. It is trivial that

⟦C⟧†(m) ⊨ ⊤, so we are done.

▷ DIV. We want to demonstrate ⊨ ⟨ ⇑(u) ⟩ C ⟨ ⇑(u) ⟩. Suppose m ⊨ ⇑(u). Then,

m = u · δ⟳ by definition. We have

⟦C⟧†(m) =
∑

σ∈supp(m)∩Σ

(
u · δ⟳

)
(σ) · ⟦C⟧ (σ) +

(
u · δ⟳

)
(⟳) · δ⟳

=
∑

σ∈supp(m)∩Σ

0 · ⟦C⟧ (σ) + u · δ⟳ = u · δ⟳

So, ⟦C⟧†(m) ⊨ ⇑(u).

▷ SCALE. By the IH, we have ⊨ ⟨φ⟩C ⟨ψ⟩. We need to show ⊨ ⟨u⊙φ⟩C ⟨u⊙ψ⟩.

Suppose m ⊨ u ⊙ φ. By definition, m = u · m′ where m′ ⊨ φ. Using (ii) of

Lemma A.0.1, it follows that

⟦C⟧†(m) = ⟦C⟧†(u · m′) = u · ⟦C⟧†(m′)

Since ⟦C⟧†(m′) ⊨ ψ, we can conclude that ⟦C⟧†(m) ⊨ u ⊙ ψ.

▷ DISJ. By the IH, ⊨ ⟨φ1⟩ C ⟨ψ1⟩ and ⊨ ⟨φ2⟩ C ⟨ψ2⟩. We want to show ⊨

⟨φ1 ∨ φ2⟩ C ⟨ψ1 ∨ ψ2⟩. Suppose m ⊨ φ1 ∨ φ2. Without loss of generality,

take m ⊨ φ1. The IH gives us ⟦C⟧†(m) ⊨ ψ1, which can be weakened to

⟦C⟧†(m) ⊨ ψ1 ∨ ψ2. The case for m ⊨ φ2 is symmetric.
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▷ CONJ. We have ⊨ ⟨φ1⟩ C ⟨ψ1⟩ and ⊨ ⟨φ2⟩ C ⟨ψ2⟩ by the IH and we want to

show ⊨ ⟨φ1∧φ2⟩ C ⟨ψ1∧ψ2⟩. Supposing m ⊨ φ1∧φ2, it holds that m ⊨ φ1 and

m ⊨ φ2. Then, ⟦C⟧†(m) ⊨ ψ1 and ⟦C⟧†(m) ⊨ ψ2. By definition, ⟦C⟧†(m) ⊨ ψ1∧ψ2,

as desired.

▷ CHOICE. By the IH, we have that ⊨ ⟨ϕ(t)⟩ C ⟨ϕ′(t)⟩ for all t ∈ T . We now

show that ⟨
⊕

t∈T ϕ(t)⟩C ⟨
⊕

t∈T ϕ
′(t)⟩. Suppose m ⊨

⊕
t∈T ϕ(t). By definition,

this means m =
∑

t∈T mt such that for all t ∈ T , mt ⊨ ϕ(t). By Lemma A.0.1 (i),

we can move
∑

outside the extension like so:

⟦C⟧†(m) = ⟦C⟧†
∑

t∈T

mt

 =∑
t∈T

⟦C⟧†(mt)

For each mt, ⟦C⟧†(mt) ⊨ ϕ′(t), giving us ⟦C⟧†(m) ⊨
⊕

t∈T ϕ
′(t).

▷ EXISTS. By the IH, we are given ∀t ∈ T. ⊨ ⟨ϕ(t)⟩ C ⟨ϕ′(t)⟩. We need to show

⊨ ⟨∃t : T. ϕ(t)⟩ C ⟨∃t : T. ϕ′(t)⟩. Suppose m ⊨ ∃t : T. ϕ(t). By definition, this

means m ∈
⋃

t∈T ϕ(t), so there must be some t ∈ T for which m ∈ ϕ(t). Then,

by the IH, ⟦C⟧†(m) ⊨ ϕ′(t), we have that ⟦C⟧†(m) ⊨ ∃t : T. ϕ′(t).

▷ CONSEQUENCE. Given to us are ⊨ φ′ =⇒ φ and ⊨ ψ =⇒ ψ′, and we have

⊨ ⟨φ⟩C ⟨ψ⟩ by the IH. We need to show ⊨ ⟨φ′⟩C ⟨ψ′⟩. Suppose m ⊨ φ′. Then,

m ⊨ φ and ⟦C⟧†(m) ⊨ ψ. Finally, this gives us ⟦C⟧†(m) ⊨ ψ′ as desired.

▷ SKIP. We need to show that ⊨ ⟨φ⟩ skip ⟨φ⟩. Suppose that m ⊨ φ. We have

that ⟦skip⟧†(m) = m, so ⟦skip⟧†(m) ⊨ φ as desired.

▷ SEQ. Given Ω ⊢ ⟨φ⟩ C1 ⟨ϑ⟩ and Ω ⊢ ⟨ϑ⟩ C2 ⟨ψ⟩, we need to show ⊨ ⟨φ⟩ C1 #

C2 ⟨ψ⟩. Suppose m ⊨ φ, so by the IH, ⟦C1⟧
†(m) ⊨ ϑ and ⟦C2⟧

†(⟦C1⟧
†(m)) ⊨ ψ.

Since ⟦C2⟧
†(⟦C1⟧

†(m)) = (⟦C1⟧
†◦ ⟦C2⟧

†)(m) = ⟦C1 # C2⟧
†(m), we are done.

▷ PLUS. Given φ ⊨ true, Ω ⊢ ⟨φ⟩ C1 ⟨ψ1⟩, and Ω ⊢ ⟨φ⟩ C2 ⟨ψ2⟩, we need to

show ⊨ ⟨φ⟩ C1 + C2 ⟨ψ1 ⊕ ψ2⟩. First, suppose m ⊨ φ. Since φ ⊨ true, it must
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be that supp(m) ⊆ Σ. By Lemma A.0.1 (iii), we know that the (−)† operator

commutes with +:

⟦C1 +C2⟧
†(m) = ⟦C1⟧

†(m) + ⟦C2⟧
†(m)

By the IH, ⟦C1⟧
†(m) ⊨ ψ1 and ⟦C2⟧

†(m) ⊨ ψ2, so we have ⟦C1 +C2⟧
†(m) ⊨

ψ1 ⊕ ψ2.

▷ ASSUME. Suppose φ ⊨ e = u. Recall that this holds iff

∀m ∈ φ. m(⟳) = 0 and ∀σ ∈ supp(m) ∩ Σ. ⟦e⟧ (σ) = u.

We need to show ⊨ ⟨φ⟩ assume e ⟨φ ⊙ u⟩. Take m ⊨ φ. Then,

⟦assume e⟧†(m) =
∑

σ∈supp(m)∩Σ

m(σ) · ⟦assume ⟧ (σ) + m(⟳) · δ⟳

=
∑

σ∈supp(m)∩Σ

m(σ) · ⟦e⟧ (σ) · η(σ) + m(⟳) · δ⟳

=
∑

σ∈supp(m)∩Σ

m(σ) · u · η(σ) + 0

=

 ∑
σ∈supp(m)∩Σ

m(σ) · η(σ)

 · u
= m · u

By definition, m · u ⊨ φ ⊙ u, as desired.

▷ ITER. We need to show that ⊨ ⟨φ0 ⊕ ζ0⟩ C⟨e,e
′⟩ ⟨ψ∞ ⊕ ζ∞⟩, given the premises.

Suppose m ⊨ φ0 ⊕ ζ0. By the IH, we have that for all n ∈ N,

⊨ ⟨φn ⊕ ζn⟩ assume e # C ⟨φn+1 ⊕ ζn+1⟩ ⊨ ⟨φn⟩ assume e′ ⟨ψn⟩

It is then straightforward to show, by mathematical induction on n:

⟦(assume e # C)n⟧†(m) ⊨ φn ⊕ ζn (i)�
(assume e # C)n # assume e′

�†(m) ⊨ ψn ⊕ ζn (ii)

for all n. It follows that:

92



(i) Since for all n, ⟦(assume e # C)n # assume e′⟧†(m) ⊨ ψn ⊕ ζn, there exist

pn, qn ∈ WA(Σ⟳) such that

�
(assume e # C)n # assume e′

�†(m) = pn + qn

for pn ⊨ ψn and qn ⊨ ζn.

The ITER rule has side conditions ψn ⊨ true and ζn ⊨ div—that is, ψn

characterizes terminating outcomes while ζn characterizes nontermi-

nation. Then, the weighting function pn ⊨ ψn is precisely the termi-

nating component of ⟦(assume e # C)n # assume e′⟧†(m).

Since (ψn)n∈N⇝ ψ∞, it holds that:

ψ∞ ⊨
∑
n∈N

pn =
∑
n∈N

true ?
(�

(assume e # C)n # assume e′
�†(m)

)
By ??, the projection commutes with the sum:

= true ?

∑
n∈N

�
(assume e # C)n # assume e′

�†(m)


(ii) Since ⟦(assume e # C)n # assume e′⟧†(m) ⊨ ψn ⊕ ζn for all n and

(φn ⊕ ζn)n∈N ⇑ ζ∞, we have

ζ∞ ⊨
(
inf
n∈N

∣∣∣ ⟦(assume e # C)n⟧†(m)
∣∣∣ · ⊤) · δ⟳

Since ⊑ is defined pointwise onWA(Σ⟳), but reverses the order on⟳:

= sup
n∈N

(∣∣∣ ⟦(assume e # C)n⟧†(m)
∣∣∣ · ⊤ · δ⟳)

⊥ f = ⊤ · δ⟳, ⊥†f (m) = |m| · ⊤ · δ⟳ for any weighting function m, so:

= sup
n∈N
⊥
†

f

(
⟦(assume e # C)n⟧† (m)

)
The support of this weighting function must be a subset of {⟳}, by

definition of ⊥ f . Thus:

= div ?
(

sup
n∈N
⊥
†

f

(
⟦(assume e # C)n⟧† (m)

))
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We now combine these two results. By Corollary C.1.1, the unrolling of�
C⟨e,e

′⟩
�†

(m) is the sum of the above components:

�
C⟨e,e

′⟩
�†

(m) = true ?

∑
n∈N

�
(assume e # C)n # assume e′

�†(m)


+ div ?

(
sup
n∈N
⊥
†

f (⟦(assume e # C)n⟧†(m))
)

Therefore,
�
C⟨e,e

′⟩
�†

(m) ⊨ ψ∞ ⊕ ζ∞.

□

C.2 Relative Completeness

We now prove Lemma 3.3.1, the key lemma underlying our relative complete-

ness result from Section 3.3.4.

Lemma 3.3.1. Ω ⊢ ⟨φ⟩ C ⟨post(C, φ)⟩

Proof. We proceed by induction on the structure of the program C.

▷ C = skip. ⟦skip⟧†(m) = m for all m ∈ WA(Σ⟳), so post(skip, φ) = φ. The

desired triple is derived by one application of the SKIP rule:

⟨φ⟩ C ⟨φ⟩
SKIP
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▷ C = C1 # C2. First, observe that

post(C1 # C2, φ) = {⟦C1 # C2⟧
†(m) | m ∈ φ}

= {⟦C2⟧
†(⟦C1⟧

†(m)) | m ∈ φ}

= {⟦C2⟧
†(m′) | m′ ∈ {⟦C1⟧

†(m) | m ∈ φ}}

= post(C2, post(C1, φ))

By the IH, we have

Ω ⊢ ⟨φ⟩ C1 ⟨post(C1, φ)⟩

Ω ⊢ ⟨post(C1, φ)⟩ C2 ⟨post(C2, post(C1, φ))⟩

The derivation is completed with the SEQ rule:

Ω

⟨φ⟩ C1 ⟨post(C1, φ)⟩

Ω

⟨post(C1, φ)⟩ C2 ⟨post(C2, post(C1, φ))⟩

⟨φ⟩ C1 # C2 ⟨post(C1 # C2, φ)⟩
SEQ

▷ C = C1 +C2.

post(C1 +C2, φ) =
{
⟦C1 +C2⟧

†(m) | m ∈ φ
}

By Lemma C.0.1, we can split decompose each m into terminating and

nonterminating components:

=

{
⟦C1 +C2⟧

†(true ? m + div ? m
)
| m ∈ φ

}
By Lemma A.0.1 (i), this is equal to:

=

{
⟦C1 +C2⟧

†(true ? m
)
+ ⟦C1 +C2⟧

†(div ? m
)
| m ∈ φ

}
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Observe that supp(true ? m) ⊆ Σ. Applying (iii) and (iv) of Lemma A.0.1:

=

{
⟦C1⟧

†(true ? m
)
+ ⟦C2⟧

†(true ? m
)
+ div ? m | m ∈ φ

}
=

⋃
m∈φ

{
⟦C1⟧

†(m′) + ⟦C2⟧
†(m′) + div ? m | m′ ∈ 1(true ? m)

}
= ∃m : φ. post(C1, true ? m) ⊕ post(C2, true ? m) ⊕ ⇑(m(⟳))

We split the derivation into parts. First, note that 1(true ? m) ⊨ true for any

m. Then, we have the subderivation (∗):

Ω

⟨1(true ? m)⟩ C1 ⟨post(C1, 1(true ? m))⟩

Ω

⟨1(true ? m)⟩ C2 ⟨post(C2, 1(true ? m))⟩
·········

⟨1(true ? m)⟩ C1 +C2 ⟨post(C1, 1(true ? m)) ⊕ post(C2, 1(true ? m))⟩
PLUS

The full derivation is completed as follows:

∀m ∈ φ.

(∗)

⟨1(true ? m)⟩ C1 +C2 ⟨ . . . ⟩

PLUS

⟨ ⇑(m(⟳))
⟩ C1 +C2 ⟨ ⇑

(m(⟳))
⟩

DIV

⟨1(m)⟩ C1 +C2 ⟨post(C1, 1(true ? m)) ⊕ post(C2, 1(true ? m))⊕ ⇑(m(⟳))
⟩

CHOICE

⟨φ⟩ C1 +C2 ⟨post(C1 +C2, φ)⟩
EXISTS

▷ C = assume e, where e must either be a test b ∈ Test or weight u ∈ U. First,

we see that

post(assume e, φ) =
{
⟦assume e⟧†(m) | m ∈ φ

}
=

{
⟦assume e⟧†

(
true ? m + div ? m

)
| m ∈ φ

}
=

{
⟦assume e⟧†

(
true ? m

)
+ div ? m | m ∈ φ

}
Suppose that e is a test b ∈ Test. By Lemma C.0.1, true ? m = b ? m + ¬b ? m,

so:

1(true ? m) = 1(b ? m) ⊕ 1(¬b ? m)
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Then, we have that:

post(assume b, φ) =
{
⟦assume b⟧†(b ? m + ¬b ? m) + div ? m | m ∈ φ

}
=

{
b ? m + div ? m | m ∈ φ

}
= ∃m : φ. 1(b ? m) ⊕ ⇑(m(⟳))

By definition, b ? m ⊨ b = 1 and ¬b ? m ⊨ b = 0. Then, we have (∗):

ASSUME

1(b ? m) ⊨ b = 1

⟨1(b ? m)⟩ assume b ⟨1(b ? m) ⊙ 1⟩

ASSUME

1(¬b ? m) ⊨ b = 0

⟨1(¬b ? m)⟩ assume b ⟨1(b ? m) ⊙ 0⟩

⟨1(b ? m) ⊕ 1(¬b ? m)⟩ assume b ⟨1(¬b ? m)⟩
CHOICE

The derivation is completed as follows:

∀m ∈ φ.

(∗)

⟨1(b ? m) ⊕ 1(¬b ? m)⟩ assume b ⟨1(¬b ? m)⟩
CHOICE

⟨ ⇑(m(⟳))
⟩ assume b ⟨ ⇑(m(⟳))

⟩

DIV

·········

⟨1(b ? m) ⊕ 1(¬b ? m)⊕ ⇑(m(⟳))
⟩ assume b ⟨1(b ? m)⊕ ⇑(m(⟳))

⟩

CHOICE

⟨φ⟩ assume b ⟨post(assume b, φ)⟩
EXISTS

Suppose instead that e is a weight u ∈ U. Since supp(true ? m) ⊆ Σ, then by

Lemma A.0.1(iv):

⟦assume u⟧†(true ? m) =
(
λσ. u · η(σ)

)†
(true ? m)

=

([
λσ. η(σ)

]
· u

)†
(true ? m)

= (true ? m) · u
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Consequently:

post(assume u, φ) =
{
(true ? m) · u + div ? m | m ∈ φ

}
= ∃m : φ. 1((true ? m) ⊙ u) ⊕ ⇑(m(⟳))

We know 1(true ? m) ⊨ u = u, so the full derivation is given by:

∀m ∈ φ.

1(true ? m) ⊨ u = u

⟨1(true ? m)⟩ assume u ⟨1(true ? m) ⊙ u⟩
ASSUME

⟨ ⇑(m(⟳))
⟩ assume u ⟨ ⇑(m(⟳))

⟩

DIV

·········

⟨1(true ? m)⊕ ⇑(m(⟳))
⟩ assume u ⟨1(true ? m) ⊙ u ⊕ ⇑(m(⟳))

⟩

CHOICE

⟨φ⟩ assume u ⟨post(assume u, φ)⟩
EXISTS

▷ C = C⟨e,e
′⟩. Note that φ = ∃m. φ. 1(m). To use the ITER rule, we define the

corresponding families of assertions, parametric on a weighting function

m:

φn(m) ≜ 1
(
true ? ⟦(assume e # C)n⟧†(m)

)
ψn(m) ≜ 1

(
true ?

�
(assume e # C)n # assume e′

�†(m)
)

ζn(m) ≜ ⇑(⟦(assume e# C)n⟧†(m)(⟳))

ψ∞(m) ≜ 1
(
true ?

�
C⟨e,e

′⟩
�†

(m)
)

ζ∞(m) ≜ ⇑
(�

C⟨e,e
′⟩
�†

(m)(⟳)
)

Observe that

φn(m) ⊕ ζn(m) = 1
(
⟦(assume e # C)n⟧†(m)

)
= post((assume e # C)n, 1(m))

ψ∞(m) ⊕ ζ∞(m) = 1
(�

C⟨e,e
′⟩
�†

(m)
)
= post(C⟨e,e

′⟩, 1(m))

Next, we show that the premises of ITER hold for these definitions:
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⋄

(
ψn(m)

)
n∈N
⇝ ψ∞(m).

Consider a family (mn)n∈N such that mn ⊨ ψn(m) for all n. By

definition of ψn(m), mn can only be one weighting function:

⟦(assume e # C)n # assume e′⟧†(m). Then,

∑
n∈N

mn =
∑
n∈N

true ?
( �

(assume e # C)n # assume e′
�†(m)

)
By Lemma C.0.2:

= true ?

∑
n∈N

�
(assume e # C)n # assume e′

�†(m)


By Corollary C.1.1, this is precisely the stateful component of�
C⟨e,e

′⟩
�†

(m):

= true ?
�
C⟨e,e

′⟩
�†

(m) ⊨ 1
(�

C⟨e,e
′⟩
�†

(m)
)
= ψ∞(m)

⋄

(
φn(m) ⊕ ζn(m)

)
n∈N
⇑ ζ∞(m).

Take a family (mn)n∈N such that mn ⊨ φn(m) ⊕ ζn(m) for all n. Then,

mn ⊨ 1
(
⟦(assume e # C)n⟧†(m)

)
, so mn = ⟦(assume e # C)n⟧†(m). We have

that:

(
inf
n∈N
|mn| · ⊤

)
· δ⟳ =

(
inf
n∈N

∣∣∣⟦(assume e # C)n⟧†(m)
∣∣∣ · ⊤) · δ⟳

As in the ITER case of Soundness, this is equal to:

= sup
n∈N
⊥
†

f

(
⟦(assume e # C)n⟧†(m)

)
= div ?

(
sup
n∈N
⊥
†

f

(
⟦(assume e # C)n⟧†(m)

))
By Corollary C.1.1, this is equal to div ?

�
C⟨e,e

′⟩
�†

(m), which certainly

satisfies ⇑
(�

C⟨e,e
′⟩
�†

(m)
)
= ζ∞(m).
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⋄ Ω ⊢ ⟨φn(m) ⊕ ζn(m)⟩ assume e # C ⟨φn+1(m) ⊕ ζn+1(m)⟩.

φn+1(m) ⊕ ζn+1(m) =
{ �

(assume e # C)n+1
�†

(m)
}

=

{
⟦assume e # C⟧†(⟦(assume e # C)n⟧†(m))

}
=

{
⟦assume e # C⟧†(m′) | m′ ∈ φn(m) ⊕ ζn(m)

}
= post(assume e # C, φn(m) ⊕ ζn(m))

By the IH, this triple is derivable.

⋄ Ω ⊢ ⟨φn(m)⟩ assume e′ ⟨ψn(m)⟩.

φn(m) =
{
true ?

�
(assume e # C)n # assume e′

�†(m)
}

=

{ �
assume e′

�†(true ? (assume e # C)n)
}

=

{ �
assume e′

�†(m′) | m′ ∈ φn(m)
}

= post(assume e′, φn(m))

By the IH, this triple is derivable.

⋄ For all n ∈ N, it is clear that φn(m), ψn(m) ⊨ true and ζn(m) ⊨ div.

By definition, φ0(m) = 1
(
true ? m

)
and ζ0(m) = ⇑(m(⟳)), so

φ0(m) ⊕ ζ0(m) = 1
(
true ? m + div ? m

)
= 1(m)

Then,

φ = ∃m : φ. φ0(m) ⊕ ζ0(m)

post(C⟨e,e
′⟩, φ) = ∃m : φ. ψ∞(m) ⊕ ζ∞(m)
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The derivation Ω ⊢ ⟨φ⟩ C⟨e,e
′⟩ ⟨post(C⟨e,e

′⟩, φ)⟩ proceeds as follows:

∀n.

Ω

⟨φn(m) ⊕ ζn(m)⟩ assume e # C ⟨φn+1(m) ⊕ ζn+1(m)⟩

Ω

⟨φn(m)⟩ assume e′ ⟨ψn(m)⟩
·········

⟨φ0(m) ⊕ ζ0(m)⟩ C⟨e,e
′⟩
⟨ψ∞(m) ⊕ ζ∞(m)⟩

ITER

⟨φ⟩ C⟨e,e
′⟩
⟨post(C⟨e,e

′⟩, φ)⟩
EXISTS

▷ C = a. We assumed that Ω contains all valid triples pertaining to atomic

actions a ∈ Act, so Ω ⊢ ⟨φ⟩ a ⟨post(a, φ)⟩ since ⊨ ⟨φ⟩ a ⟨post(a, φ)⟩.

□
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APPENDIX D

RULE DERIVATIONS IN TOL

Provided here are the derivations of rules introduced in Chapter 5.

Lemma D.0.1. The following rules are derivable

LEMMA D.0.1 - PARTIAL
⟨⌈P⌉⟩ C ⟨□Q⟩

⟨□P⟩ C ⟨□Q⟩

⟨⌈P⌉⟩ C ⟨■Q⟩

⟨■P⟩ C ⟨■Q⟩
LEMMA D.0.1 - TOTAL

Proof. Observe that □P is equivalent to:

□P = ∃m : □P. 1(m) = ∃m : □P. ⊕σ∈supp(m) m(σ) ⊙ 1(η(σ))

For σ ∈ supp(m), η(σ) ⊨ ⌈P⌉, so □P implies ∃m : □P.
⊕

σ∈supp(m) m(σ) ⊙ ⌈P⌉. More-

over,

□Q = ∃m : □P. □Q

= ∃m : □P. ⊕σ∈supp(m) □Q = ∃m : □P. ⊕σ∈supp(m) m(σ) ⊙ □Q

The derivation is as follows:

∀m ∈ □P.

∀σ ∈ supp(m).

⟨⌈P⌉⟩ C ⟨□Q⟩

⟨m(σ) ⊙ ⌈P⌉⟩ C ⟨m(σ) ⊙ □Q⟩
SCALE

⟨ ⊕σ∈supp(m) m(σ) ⊙ ⌈P⌉⟩ C ⟨ ⊕σ∈supp(m) m(σ) ⊙ □Q⟩
CHOICE

⟨∃m : □P. ⊕σ∈supp(m) m(σ) ⊙ □P⟩ C ⟨∃m : ⌈P⌉. ⊕σ∈supp(m) m(σ) ⊙ □Q⟩
EXISTS

⟨□P⟩ C ⟨□Q⟩
CONSEQUENCE

□
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Note that ⌈P⌉ =⇒ □P, so by a simple application of CONSEQUENCE, we can

derive the converse:

⟨□P⟩ C ⟨□Q⟩

⟨⌈P⌉⟩ C ⟨□Q⟩
CONSEQUENCE

So we see that the two triples ⟨⌈P⌉⟩ C ⟨□Q⟩ and ⟨□P⟩ C ⟨□Q⟩ are really inter-

changeable in any derivation. Very similar derivations can be obtained to show

that ⟨⌈P⌉⟩ C ⟨■Q⟩ and ⟨■P⟩ C ⟨■Q⟩ equivalent in the logic as well.

Lemma D.0.2. The following rule is derivable:

⟨⌈P⌉⟩ C ⟨♢Q⟩

⟨♢P⟩ C ⟨♢Q⟩
LEMMA D.0.2

Proof. For each m ∈ ♢P, we can fix a state σm ∈ supp(m) such that σm ∈ ⌈P⌉ as

well. This must exist by definition of ♢P. Let um = m(σ) be its assigned weight.

Note that um , 0. Then, we have as consequences:

♢P ⇐⇒ ∃m : ♢P. 1(m)

⇐⇒ ∃m : ♢P. (um ⊙ 1(η(σm))) ⊕ ⊤

=⇒ ∃m : ♢P. (um ⊙ ⌈P⌉) ⊕ ⊤

∃m : ♢P. (um ⊙ ♢Q) ⊕ ⊤ ⇐⇒ ∃m : ♢P. ♢Q ⊕ ⊤

⇐⇒ ∃m : ♢P. ♢Q

⇐⇒ ♢Q
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The derivation is as follows:

∀m ∈ ⌈P⌉.

⟨⌈P⌉⟩ C ⟨♢Q⟩

⟨um ⊙ ⌈P⌉⟩ C ⟨um ⊙ ♢Q⟩
SCALE

⟨⊤⟩ C ⟨⊤⟩
TRUE

⟨(um ⊙ ⌈P⌉) ⊕ ⊤⟩ C ⟨(um ⊙ ♢Q) ⊕ ⊤⟩
CHOICE

⟨∃m : ♢P. (um ⊙ ⌈P⌉) ⊕ ⊤⟩ C ⟨∃m : ♢P. (um ⊙ ⌈P⌉) ⊕ ⊤⟩
EXISTS

⟨♢P⟩ C ⟨♢Q⟩
CONSEQUENCE

□

Lemma D.0.3. The following rules are derivable:

SEQ-LISBON

⟨⌈P⌉⟩ C1 ⟨♢Q⟩ ⟨⌈Q⌉⟩ C2 ⟨♢R⟩

⟨⌈P⌉⟩ C1 # C2 ⟨♢R⟩

SEQ-TOTAL-HOARE

⟨⌈P⌉⟩ C1 ⟨■Q⟩ ⟨⌈Q⌉⟩ C2 ⟨■R⟩

⟨⌈P⌉⟩ C1 # C2 ⟨■R⟩

Proof. We show only the derivation for SEQ-TOTAL-HOARE – we derive SEQ-

LISBON nearly identically using an application of Lemma D.0.2.

⟨⌈P⌉⟩ C1 ⟨■Q⟩

⟨⌈Q⌉⟩ C2 ⟨■R⟩

⟨■Q⟩ C2 ⟨■R⟩
LEMMA D.0.1 - TOTAL

⟨⌈P⌉⟩ C1 # C2 ⟨■R⟩
SEQ

□

Lemma D.0.4. The following rule is derivable:

φ1 ⊨ b ⟨φ1⟩ C1 ⟨ψ1⟩ φ2 ⊨ ¬b ⟨φ2⟩ C2 ⟨ψ2⟩

⟨φ1 ⊕ φ2⟩ if b then C1 else C2 ⟨ψ1 ⊕ ψ2⟩

IF
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Proof. First, we give a subderivation (1):

φ1 ⊨ b

⟨φ1⟩ assume b ⟨φ1⟩

ASSUME
φ2 ⊨ ¬b

⟨φ2⟩ assume b ⟨0 ⊙ φ2⟩

ASSUME

⟨φ1 ⊕ φ2⟩ assume b ⟨φ1⟩

CHOICE

⟨φ1⟩ C ⟨ψ1⟩

⟨φ1 ⊕ φ2⟩ assume b # C1 ⟨ψ1⟩

SEQ

The proof of (2) is nearly identical. We complete the derivation with:

(1)

⟨φ1 ⊕ φ2⟩ assume b # C1 ⟨ψ1⟩

SEQ
(2)

⟨φ1 ⊕ φ2⟩ assume ¬b # C2 ⟨ψ2⟩

SEQ

⟨φ1 ⊕ φ2⟩ if b then C1 else C2 ⟨ψ1 ⊕ ψ2⟩

PLUS

□

Lemma D.0.5. The following rule is derivable:

⟨⌈P ∧ b⌉⟩ C1 ⟨■Q⟩ ⟨⌈P ∧ ¬b⌉⟩ C2 ⟨■Q⟩

⟨⌈P⌉⟩ if b then C1 else C2 ⟨■Q⟩
IF-HOARE

Proof. Note that ■(P ∧ b) ⊨ b and ■(P ∧ ¬b) ⊨ ¬b. The derivation proceeds as

follows:

⟨⌈P ∧ b⌉⟩ C1 ⟨■Q⟩

⟨■(P ∧ b)⟩ C1 ⟨■Q⟩
LEMMA D.0.1

⟨⌈P ∧ ¬b⌉⟩ C2 ⟨■Q⟩

⟨■(P ∧ ¬b)⟩ C2 ⟨■Q⟩
LEMMA D.0.1

⟨■(P ∧ b) ⊕ ■(P ∧ ¬b)⟩ if b then C1 else C2 ⟨■Q ⊕ ■Q⟩
IF

⟨⌈P⌉⟩ if b then C1 else C2 ⟨■Q⟩
CONSEQUENCE

□
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Lemma D.0.6. The following rule is derivable:

⟨⌈P ∧ b⌉⟩ C1 ⟨♢Q⟩ ⟨⌈P ∧ ¬b⌉⟩ C2 ⟨♢Q⟩

⟨⌈P⌉⟩ if b then C1 else C2 ⟨♢Q⟩
IF-LISBON

Proof. Subderivation (1):

⌈P ∧ b⌉ ⊨ b

⟨⌈P ∧ b⌉⟩ C1 ⟨♢Q⟩ 0 ⊙ ⊤ ⊨ ¬b

⟨⊤⟩ C2 ⟨⊤⟩

TRUE

⟨0 ⊙ ⊤⟩ C2 ⟨0 ⊙ ⊤⟩

SCALE

⟨⌈P ∧ b⌉⟩ if b then C1 else C2 ⟨♢Q⟩
IF

⟨♢(P ∧ b)⟩ if b then C1 else C2 ⟨♢Q⟩
LEMMA D.0.2

Part (2) is symmetrical.

(1)

⟨♢(P ∧ b)⟩ if b then C1 else C2 ⟨♢Q⟩
LEMMA D.0.2

(2)

⟨♢(P ∧ ¬b)⟩ if b then C1 else C2 ⟨♢Q⟩
LEMMA D.0.2

······

⟨♢(P ∧ b) ∨ ♢(P ∧ ¬b)⟩ if b then C1 else C2 ⟨♢Q ∨ ♢Q⟩
DISJ

⟨⌈P⌉⟩ if b then C1 else C2 ⟨♢Q⟩
CONSEQUENCE

□

Lemma D.0.7. The following rule is derivable:

ζ ⊨ div

⟨ζ⟩ C ⟨ζ⟩
DIV*
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Proof. Since ζ ⊨ div, we know that for all m such that m ⊨ ζ, supp(m) ⊆ {⟳}. Then,

these are equivalent: ζ = ∃m : ζ. ⇑(m(⟳)). The derivation is as follows:

∀m ∈ ζ. ⟨ ⇑(m(⟳))
⟩ C ⟨ ⇑(m(⟳))

⟩

DIV

⟨∃m : ζ. ⇑(m(⟳))
⟩ C ⟨∃m : ζ. ⇑(m(⟳))

⟩

EXISTS

⟨ζ⟩ C ⟨ζ⟩
CONSEQUENCE

□

Lemma D.0.8. The following rule is derivable:

(ψn)n∈N⇝ ψ∞ (φn ⊕ ψn ⊕ ζn)n∈N ⇑ ζ∞

∀n ∈ N. φn ⊨ b ψn ⊨ ¬b ζn ⊨ div ⟨φn ⊕ ζn⟩ C ⟨φn+1 ⊕ ψn+1 ⊕ ζn+1⟩

⟨φ0 ⊕ ψ0 ⊕ ζ0⟩ while b do C ⟨ψ∞ ⊕ ζ∞⟩
WHILE

Proof. We will use ITER to derive this rule. First, we give the following sub-

derivation (∗):

ASSUME
φn ⊨ b

⟨φn⟩ assume b ⟨φn⟩

ψn ⊨ ¬b

⟨ψn⟩ assume b ⟨0 · ⊤⟩
ASSUME

ζn ⊨ div

⟨ζn⟩ assume b ⟨ζn⟩

DIV*

·········

⟨φn ⊕ ψn ⊕ ζn⟩ assume b ⟨φn ⊕ ζn⟩

CHOICE

This gives us (1):

(∗)

⟨φn ⊕ ψn ⊕ ζn⟩ assume b ⟨φn ⊕ ζn⟩ ⟨φn ⊕ ζn⟩ C ⟨φn+1 ⊕ ψn+1 ⊕ ζn+1⟩

⟨φn ⊕ ψn ⊕ ζn⟩ assume b # C ⟨φn+1 ⊕ ψn+1 ⊕ ζn+1⟩

SEQ
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And we derive (2) similarly:

φn ⊨ b

⟨φn⟩ assume ¬b ⟨0 · φn⟩

ASSUME
ψn ⊨ ¬b

⟨ψn⟩ assume ¬b ⟨ψn⟩

ASSUME

⟨φn ⊕ ψn⟩ assume ¬b ⟨ψn⟩

CHOICE

Now, note that since φn ⊨ b and ψn ⊨ ¬b, it must be that φn ⊕ ψn ⊨ true and

ψn ⊨ true. Recall also that while b do C is sugar for C⟨b,¬b⟩. The full derivation

proceeds as follows:

∀n ∈ N.

(1)

⟨φn ⊕ ψn ⊕ ζn⟩ assume b # C ⟨φn+1 ⊕ ψn+1 ⊕ ζn+1⟩

(2)

⟨φn ⊕ ψn⟩ assume ¬b ⟨ψn⟩

⟨φ0 ⊕ ψ0 ⊕ ζ0⟩ while b do C ⟨ψ∞ ⊕ ζ∞⟩
ITER

□

Lemma D.0.9. The following rule is derivable:

⟨⌈P ∧ b⌉⟩ C ⟨□P⟩

⟨⌈P⌉⟩ while b do C ⟨□(P ∧ ¬b)⟩
INVARIANT

Proof. We will derive this rule using WHILE. For all n ∈ N, let

φn ≜ ■(P ∧ b) ψn = ψ∞ ≜ ■(P ∧ ¬b) ζn = ζ∞ ≜ ∃u. ⇑(u)

We show that the necessary premises hold:

▷ Take any (mn)n∈N such that mn ⊨ ψn for all n. That is, mn ⊨ ■(P ∧ ¬b), so

∅ ⊂ supp(mn) ⊆ (P ∧ ¬b). Then,

∅ ⊂ supp

∑
n∈N

mn

 =⋃
n∈N

supp(mn) ⊆ (P ∧ ¬b)

By definition,
∑

n∈Nmn ⊨ ■(P ∧ ¬b) = ψ∞. Thus, (ψn)n∈N⇝ ψ∞.
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▷ Again, take any (mn)n∈N such that mn ⊨ φn ⊕ ψn ⊕ ζn for all n. Note that

ζ∞ = ∃u : U. ⇑(u)= {m | supp(m) ⊆ {⟳}}. Thus, it always holds that(
inf
n∈N
|mn| · ⊤

)
· δ⟳ ⊨ ζ∞

We have (φn ⊕ ψn ⊕ ζn)n∈N ⇑ ζ∞.

▷ Clearly, ■(P ∧ b) ⊨ b, ■(P ∧ ¬b) ⊨ ¬b, and ∃u : U. ⇑(u)⊨ div for all n.

The derivation is as follows:

⟨⌈P ∧ b⌉⟩ C ⟨□P⟩

⟨□(P ∧ b)⟩ C ⟨□P⟩
LEMMA D.0.1 - PARTIAL

⟨■(P ∧ b) ⊕ ∃u : U. ⇑(u)
⟩ C ⟨■(P ∧ b) ⊕ ■(P ∧ ¬b) ⊕ ∃u : U. ⇑(u)

⟩

CONSEQUENCE

⟨■(P ∧ b) ⊕ ■(P ∧ ¬b) ⊕ ∃u : U. ⇑(u)
⟩ while b do C ⟨■(P ∧ ¬b) ⊕ ∃u : U. ⇑(u)

⟩

WHILE

⟨⌈P⌉⟩ while b do C ⟨□(P ∧ ¬b)⟩
CONSEQUENCE

□

Lemma D.0.10. The following rule is derivable:

∀n < N. φn+1 ⊨ b φ0 ⊨ ¬b ⟨φn+1⟩ C ⟨φn⟩

⟨∃N : N. φN⟩ while b do C ⟨φ0⟩

VARIANT

Proof. Once again, we use WHILE. For all N and n, define

φ′n ≜


φN−n if n < N

0 ⊙ ⊤ otherwise
ψn ≜


φ0 if n ∈ {N,∞}

0 ⊙ ⊤ otherwise
ζn = ζ∞ ≜ 10

We give the necessary premises for the rule:

▷ Take any (mn)n∈N such that mn ⊨ ψn for all n ∈ N. Then, mN ⊨ φ0 while

mn ⊨ 0 ⊙ ⊤ for n , N. So
∑

n∈Nmn = mN ⊨ φ0. This gives us (ψn)n∈N⇝ ψ∞.
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▷ Take any (mn)n∈N such that mn ⊨ φn ⊕ ψn ⊕ ζn. We know |mn| = 0 for all n ≥ N,

so (
inf
n∈N
|mn| · ⊤

)
· δ⟳ = 0 · δ⟳ ⊨ 0 ⊙ ⊤

We have (φn ⊕ ψn ⊕ ζn) ⊨ ζ∞.

▷ We have as premise that for all n < N, φn, (0 ⊙ ⊤) ⊨ b, so φ′n ⊨ b. φ0, (0 ⊙ ⊤) ⊨

¬b, so ψn ⊨ ¬b. And finally ζn = 0 ⊙ ⊤ ⊨ div.

To derive ⟨φ′n⟩ C ⟨φ′n+1 ⊕ ψn+1⟩ for all n, we consider two cases: either n < N or

n ≥ N. We take these subderivations as part (1):

∀m < N. ⟨φm+1⟩ C ⟨φm⟩

∀n < N. ⟨φN−n⟩ C ⟨φN−(n+1)⟩

∀n < N. ⟨φ′n⟩ C ⟨φ′n+1 ⊕ ψn+1⟩

⟨⊤⟩ C ⟨⊤⟩
TRUE

⟨0 · T⟩ C ⟨0 ⊙ ⊤⟩
SCALE

∀n ≥ N. ⟨φ′n⟩ C ⟨φ′n+1 ⊕ ψn+1⟩

The derivation is completed as follows:

∀N ∈ N.

(1)

∀n ∈ N.⟨φ′n⟩ C ⟨φ′n+1 ⊕ ψn+1⟩

⟨φN⟩ while b do C ⟨φ0⟩

WHILE

⟨∃N : N. φN⟩ while b do C ⟨φ0⟩

EXISTS

□

Lemma D.0.11. The following rule is derivable:

HOARE-VARIANT

(P ∧ b)⇒ R > 0 ∀n ∈ N. ⟨⌈P ∧ b ∧ R = n⌉⟩ C ⟨■(P ∧ R < n)⟩

⟨⌈P ∧ R ≤ N⌉⟩ while b do C ⟨■(P ∧ ¬b)⟩

110



Proof. We use WHILE and fix families of assertions φn, ψn and ζn for the rule.

For all n ∈ N, let ζn ≜ 0 ⊙ ⊤ and

φn ≜


■(P ∧ R ≤ (N − n) ∧ b) if n ≤ N

0 ⊙ ⊤ if n > N
ψn ≜


■(P ∧ R ≤ (N − n) ∧ ¬b) if n ≤ N

0 ⊙ ⊤ if n > N

Let ψ∞ ≜ ■(P ∧ ¬b) and ζ∞ ≜ 0 ⊙ ⊤.

We clearly have that φn ⊨ b and ψn ⊨ ¬b. Next, we show that the necessary

convergence/divergence conditions hold:

▷ Take any (mn)n∈N such that mn ⊨ ψn for all n. Then mn ⊨ ■(P ∧ ¬b), so∑
n∈Nmn ⊨ ■(P ∧ ¬b). This gives us (ψn)n∈N⇝ ψ∞.

▷ Take (mn)n∈N such that mn ⊨ φn ⊕ ψn ⊕ ζn for all n. Then for m > N, mn ⊨ 0 · ⊤.

So, (infn∈N |mn| · ⊤ · δ⟳ = 0 · δ⟳). Thus, (φn ⊕ ψn ⊕ ζn) ⇑ ζ∞.

Observe that for n > N, φn ⊕ ψn ⊕ ζn = ⌈P ∧ R ≤ (N − n)⌉. In part (1) below, we

derive the triple ⟨φn ⊕ ζn⟩ C ⟨φn+1 ⊕ ψn+1 ⊕ ζn+1⟩:

∀m ≤ N − n.

⟨⌈P ∧ b ∧ R = m⌉⟩ C ⟨■(P ∧ R < m)⟩

⟨■(P ∧ b ∧ R = m)⟩ C ⟨■(P ∧ R < m)⟩
LEMMA D.0.1 - TOTAL

⟨■(P ∧ b ∧ R = m)⟩ C ⟨■(P ∧ R ≤ (N − (n + 1)))⟩
CONSEQUENCE

⟨■(P ∧ b ∧ R ≤ (N − n))⟩ C ⟨■(P ∧ R ≤ (N − (n + 1)))⟩
EXISTS

We then complete the derivation with an application of WHILE and CONSE-
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QUENCE:

(1)

⟨■(P ∧ b ∧ R ≤ (N − n))⟩ C ⟨■(P ∧ R ≤ (N − (n + 1)))⟩

⟨■(P ∧ R ≤ N)⟩ while b do C ⟨■(P ∧ ¬b)⟩
WHILE

⟨⌈P ∧ R ≤ N⌉⟩ while b do C ⟨■(P ∧ ¬b)⟩
CONSEQUENCE

□

Lemma D.0.12. The following rules are derivable:

⌈P⌉ ⊨ b ⟨⌈P⌉⟩ C ⟨□P⟩

⟨⌈P⌉⟩ while b do C ⟨□false⟩
QINV-DEMON

⌈P⌉ ⊨ b ⟨⌈P⌉⟩ C ⟨♢P⟩

⟨⌈P⌉⟩ while b do C ⟨♦false⟩
QINV-ANGEL

Proof. We show the full derivation for QINV-ANGEL.

We use the WHILE rule. For all n, take

φn ≜ (∃u : U \ {0}. ⌈P⌉(u)) ⊕ ■b ψn ≜ ■(¬b) ζn = ∃u : U. ⇑(u)

ψ∞ ≜ ⊤ ζ∞ ≜ ∃u : U \ {0}. ⇑(u)

Take any family of weighting functions (mn)n∈N.

▷ If mn ⊨ ψn for all n, it is trivial that
∑

n∈Nmn ⊨ ⊤. So (φn)n∈N⇝ ψ∞.

▷ Suppose mn ⊨ φn⊕ψn⊕ζn. Then, mn = p+q where p ⊨ ∃u : U \ {0}. ⌈P⌉(u) = φn,

so |mn| > |p| > 0. This means that, for weight v > 0,(
inf
n∈N
|mn · ⊤|

)
· δ⟳ = v · δ⟳ ⊨ ∃u : U \ {0}. ⇑(u)

Thus, (φn ⊕ ψn ⊕ ζn)n∈N ⇑ ζ∞.
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Since ⌈P⌉ ⊨ b, we know φn = ∃u : U \ {0}. ⌈P⌉(u)
⊕ ■b ⊨ b. Clearly, ψn ⊨ ¬b and

ζn ⊨ div.

Note that we can partition ⊤ = ■b ⊕ ■(¬b) ⊕ ∃u : U. ⇑(u). So, we have

φn ⊕ ψn ⊕ ζn = (∃u : U \ {0}. ⌈P⌉(u)
⊕ ■b) ⊕ ■(¬b) ⊕ ∃u : U. ⇑(u)

= ∃u : U \ {0}. ⌈P⌉(u)
⊕ ⊤

= ♢P

ψ∞ ⊕ ζ∞ = ∃u : U \ {0}. ⇑(u) ⊕⊤ = ♦false

Moreover, ♢P ∧ □b = φn ⊕ ζn. The derivation is as follows:

⟨⌈P⌉⟩ C ⟨♢P⟩

⟨♢P⟩ C ⟨♢P⟩
LEMMA D.0.2

⟨♢P ∧ □b⟩ C ⟨♢P⟩
CONSEQUENCE

⟨♢P⟩ while b do C ⟨♦false⟩
WHILE

⟨⌈P⌉⟩ while b do C ⟨♦false⟩
CONSEQUENCE

The derivation for QINV-DEMON is similar, except we take:

ϕn ≜ □P ψn ≜ 0 ⊙ ⊤ ψ∞ ≜ 0 ⊙ ⊤

□
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