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In this paper, we prove that if a quasi-Fuchsian 3-manifold contains a minimal
surface whose principal curvatures are in (—1, 1), then it admits a foliation such
that each leaf is a surface of constant mean curvature. The key method that we

use here is volume preserving mean curvature flow.
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CHAPTER 1
INTRODUCTION

A codimension one foliation F of a Riemanian manifold is called a CMC folia-
tion, if each leaf of the foliation is a hypersurface of constant mean curvature. A
quasi-Fuchsian group I' is a Kleinian group which is obtained by a quasiconformal
deformation a Fuchsian group, its limit set is a closed Jordan curve dividing the
domain of discontinuity € on S% into two simply connected, invariant component.
Topologically, (H?> UQ)/T = S x [0, 1], where S is a closed surface with 71(X) = T.
In this paper, we always assume that S is a closed Riemann surface with genus

= 2.

Suppose M is a 3-dimensional quasi-Fuchsian hyperbolic manifold, Mazzeo and
Pacard proved that each end of M admits a unique CMC foliation (cf. [24]). Next
we may ask if the whole quasi-Fuchsian manifold M admits a CMC foliation? If
M admits a CMC foliation F, then the foliation F must contain a leaf L whose
mean curvature is zero, i.e. L is a minimal surface in M. Therefore we need to
know whether M contains a minimal surface at first. There are several ways to
prove that M contains a least area minimial surface ¥ with m (M) = m(X) (cf.

[1, 25, 28, 30]).
In this paper, we will prove the following theorem.

Theorem 1.1. Suppose that M is a quasi-Fuchsian 3-manifold, which contains a
closed immersed minimal surface ¥ with genus > 2 such that m (M) = 1 (%), if

the principal curvatures 3 are in (—1,1), then M admits a unique CMC foliation.

We will use the volume preserving mean curvature flow developed by G. Huisken

(cf. [14, 16]) to prove Theorem 1.1 in chapter 4. This idea is inspired by Ecker



and Huisken’s paper [10]. Furthermore, we will show that M doesn’t admit a
CMC foliation if the principal curvatures of ¥ are very large in chapter 5, where
the idea of using infinite minimal catenoids as barrier surfaces contributes to Bill

Thurston.

This paper is organized as follows. In chapter 2, we give some definitions and
basic properties about quasi-Fuchsian groups and submanifolds. In chapter 3, we
discuss the volume preserving mean curvature flow and prove the existence of the
long time solution. In chapter 4, we will prove Theorem 1.1. In chapter 5, we will

give a counterexample.



CHAPTER 2
PRELIMINARIES

In this chapter, we review some basic facts on quasi-Fuchsian 3-manifolds and

geometry of submanifolds.

2.1 Quasifuchsian groups

A subgroup T' of Isom(H?®) is called a Kleinian groups if T’ acts on H? properly

discontinuously. For any Kleinian group I', Vp € H?, the orbit set

L(p) ={v(p) | yeTl}

has accumulation points on S2 = JH?, these points are called the limit points of
I', and the closed set of all these points is called the limit set of I", which is denoted

by Ar. The complement of the limit set, i.e.,
QF = Sgo \ AF 9

is called the region of discontinuity. If Qp = (), T' is called a Kleinian group of the

first kind, and otherwise of the second kind.

Suppose I' is a finitely generated torsion free Kleinian group which has more
than two limit points, we call I' quasi-Fuchsian if its limit set Ar is a closed Jordan
curve and both components €2; and €2, of its region of discontinuity are invariant
under I'. The limit set Ar of the quasi-Fuchsian group T' is either a (standard)
circle or a closed Jordan curve which fails to have a tangent on an everywhere dense
set (cf. [19, Theorem 4.2]. When Ar is a circle, we call I" a Fuchsian group. Of
course, Ar is invariant under I' too. The following statement about quasi-Fuchsian

groups can be found in |7, page 8|.



Proposition 2.1 (Maskit [23]|, Thurston [29]|). If T is a finitely generated,

torsion-free Kleinian group, then the following conditions are equivalent:

(i) T is quasi-Fuchsian.
(ii) Qr has ezactly two components, each of which is invariant under T".

(iii) There exist a Fuchsian group G and a quasiconformal homeomorphism w :

C—C such thatT =woGow".

For a finitely generated, torsion free quasi-Fuchsian group I" with invariant
components y, Qs of Qr, Albert Marden (cf. [22]) proved that T" has the following

properties:

e Each of S} = Q;/T" and Sy = Qy/T is a finitely punctured Riemann surface.

e My = H3/T is diffeomorphic to (€;/T') x (0,1), and My = (H?* U Qr)/T is
diffeomorphic to (€2;/T") x [0, 1].

We will call Mt a quasi- Fuchsian 3-manifold. In this paper we write M = S x R,

where S is a closed surface with genus > 2.

2.2 Geometry of submanifolds

In this section, we rephrase some materials from [30] for convenience. Let (M, goz)
be a quasi-Fuchsian 3-manifold, and let ¥ be a immersed minimal surface in M.
Suppose the coordinate system on ¥ = 3 x {0} is isothermal so that the induced

metric g = (gi;)ax2 on X can be written in the form

9(x,0) = {gi(,0) }rcij2 = €1



where I is a 2 X 2 unit matrix, and let
A(z) = A(z,0) = {hy;(z,0)}
be the second fundamental form of X.

In a collar neighborhood of ¥ in M, there exists normal coordinates induced

by exp : T+% — M in a neighborhood on which
Y X (=g, e) TS - M
is a (local) diffeomorphism. If coordinates (x!, 2?) are introduced on X, then
exp((zt, 2%),2°) = (2!, 2%, 2?)

induces a coordinate patch in M. Choose p = (z', 2% z*) = (x,r) the local coor-
dinate system in a neighborhood of ¥ so that ¥ = {(z,7) € M | r = 0}. Let N

be the unit normal vector field on ¥, and let
X(r)={exp,rNy | z € ¥} (2.1)

for a small positive constant r. For (z,r) € ¥ x (—¢,¢) C T+Y, it’s well known

that the pullback metric has the form

gz, ) gra(z,r) 0
g(z,7) = = | go1(z,7) goo(x,7) 0 (2.2)
0 0 1

where g(x,r) is the induced metric on X(r).

The second fundamental form A = (h;;) of ¥(r) is a 2 x 2 matrix defined by
hij = (Vees,e;) , 1<i,j<2, (2.3)

where V is the covariant differentiation in M, and {e;, es, e3} is the local frame for

M such that eg is the unit normal vector of 3(r) and e;, es are two unit vectors in



the tangent plane of (). Direct computation shows that the second fundamental

forms A(z,r) = {hy;(z,r)} on X(r) are given by

hij(@,r) = %gij(a:,r), 1<i,j<2. (2.4)

N —

Note that the sectional curvature of M is —1, there are three curvature equations

of the form

Risjs = —(G339i; — 9i3g3j) = —9i5 » 1<4,J <2, (2.5)
where the Riemann curvature tensor is given by

R(X,Y)Z = -VxVyZ +VyVxZ+VixyvZ

for X, Y, Z € X(M). Direct computation shows that the curvature forms are given

by
o 1%y 1 009095
1393 2 Or? 4 or or '’

From (2.5) and (2.6), we get partial differential equations

R 1<i,j<2. (2.6)

L &9 1 1w 09u 09

—g = —— ; 2.7
Yij 2 Or? 4 g or Or (2.7)

whose solutions can be written in the form
g(z,r) = ®@[coshr I + sinhre 2@ A(x)]? (2.8)

for all z = (2,0) € ¥ and —e < r < e. This metric is nonsingular in a collar

neighborhood of ¥ in any case. If the principal curvatures £A(x) of ¥ C M satisfy

A@)| =/~ det [A(x)e @] <1,
then the metric (2.8) is non-singular for all r € R.

Proposition 2.2. The mean curvature of ¥(r) is given by

)2
H(z,r)= 201 = M(@)) tar;hr , YrzeX, (2.9)
1 — A%(z) tanh®r

here the normal vector on ¥(r) points to the minimal surface X.



Proof. In order to compute the mean curvature H, we need to find the eigenvalues

of the second fundamental form A(z,r). In other words, we need solve the equation
det [hi; — pgi;] = 0,
which is equivalent to the equation
det [(sinh 7T + coshre 2@ A(z)) — p(coshrI + sinhre 2°@ A(z))] = 0 .

Solve the above equation, we get two eigenvalues:

_ tanhr — A(2) and _ tanhr + A(z)
=1 A(z) tanh r " F2= 17 A(z) tanhr
Since H = p; + po, the statement follows. ]

It’s easy to check that H(x,r) defined in (2.9) is a monotonically increasing

function with respect to r, i.e. H(z,r1) < H(z,72) if 71 < ro. In fact, we have

2(1 — A2(z))[1 + A%(z) tanh® 7]

0
= H(z,r) =
(&) [1 — A2(z) tanh® 72 cosh® r

or

>0, VeeX.
Asr — +oo, H— 4+2 andasr — 0, H — 0.

Theorem 2.3 (Uhlenbeck [30]). If M is a complete, hyperbolic manifold and %

is a minimal surface in M with principal curvatures in (—1,1), then

(i) expT+Y = M — M, where M is the cover of M corresponding to m(X) C
7T1<M).

(ii) M ‘is quasi-Fuchsian.

(i) ¥ C M is area minimizing;, ¥ C M is the only closed minimal surface of any

type in M.

(iv) © C M is embedded.



(v) ¥ C M is totally geodesic if and only sz is Fuchsian.

Corollary 2.4 (Uhlenbeck [30]). Suppose X is an immersed minimal surface in
a quasi- Fuchsian 3-manifold M which is homotopic to 32, if the principal curvatures

of ¥ are in (—1,1), then

e X is the unique minimal surface which is embedded in M,
o the metric Goz on M =X X R is given by (2.2) and (2.8), and

o M can be foliated by either the geodesics perpendicular to the minimal surface

Y. or the equidistant surfaces {X(r)} _cocr<oo defined by (2.1).



CHAPTER 3
VOLUME PRESERVING MEAN CURVATURE FLOW

In this chapter, we will discuss the volume preserving mean curvature flow
developed by G. Huisken and others. A good reference for mean curvature flow is

the book written by Xi-Ping Zhu (cf. [31]).

By the discussion in chapter 2, (M, gns) can be foliated either by the geodesics
which are perpendicular to the minimal surface ¥ or by the surfaces ¥(r) for all
r € R, where 3(r) is defined by (2.1). Denote by N the unit tangent vector field

on the geodesics, which is a well defined vector field on M.

For any tensor field ® on (M, g,3) we define the supremum norms by

k
@] = sg]\% |D(2)]5., and || = Z IV .
T g

3.1 Evolution equations

Let S be a smooth surface which is diffeomorphic to the minimal surface > C M,
and let Fy : S — M be the immersion of S in M such that Sy = Fp(S) is
contained in the positive side of ¥ and is a graph over ¥ with respect to NNV, i.e.
(N ,v) > C >0, here v is the normal vector on Sy and C' is a constant depending

only on Sy. Next we consider a family of smoothly immersed surfaces in M,
F:Sx[0,T)—-M, 0<T<x
with F(-,0) = Fy. For each t € [0,T), write
Sy={F(z,t)e M |z e S}.

We need define some quantities and operators on S;:



o the induced metric of S; is denoted by g = {g;;},
e the second fundamental form of S; is denoted by A = {h;;},

e the mean curvature of S; with respect to the normal pointing to the minimal

surface ¥ is given by H = ¢¥ hij,

e the square norm of the second fundamental form of S; is given by
|A|2 = gijgklhikhjl )

e the covariant derivative of .S; is denoted by V,

e the Laplacian on S; is given by A = ¢V, V.

Each quantity or operator with respect to (M, gns) will be added a bar on its top.

The curvature operator Rm on (M, g,s) is given by

Ra,@’yé - _(ga'yg[% - ga(sgﬂ’y) 3 1 < «, 67’77 0 < 3. (31>

We consider the volume preserving mean curvature flow (cf. [16]):

2F(:B,t) = [h(t) — H(z,t)|v(z,t), z€S,0<t<T,
ot (3.2)

F(-,0) = Fy ,
where

1
h(t) = Hdy=——+— Hd
*) s, H Area(S;) Js, H

is the average mean curvature of Sy, and v is the normal on S; so that —v points to
the minimal surface 3. It’s easy to verify that the volume of the domain bounded
by ¥ and S; is independent of time. In [15, 16|, Huisken proved the following

theorem.
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Theorem 3.1 (Huisken). If the initial surface Sy is smooth, then (3.2) has a
smooth solution on some mazximal open time interval 0 <t < T, where ) <T < o0.

If T < oo, then

| Al max () = max |Al(z,t) 00, ast—T . (3.3)
Te

In this chapter, we will prove the following theorem.

Theorem 3.2. For any fized r > 0, the evolution equation (3.2) has a unique long
time solution (i.e.T = 00). Ast — oo, the surfaces {S;} converge exponentially

fast to a smooth surface So, of constant mean curvature.

For this aim, we assume 7" < oo at the very beginning, if we can prove that

there exist constants {C'(m)},—0.1,2... independent of time such that the estimates
IV"APR < C(m), m=0,1,2,..., (3.4)

are uniformly on S; for 0 < ¢t < T, then we can derive that the limit surface
St = liHTl S; is a smooth surface, so we can extend T a little bit further by Theorem
t—

3.1, this is contradicted by the hypothesis that 7" is maximal.

To obtain in the next step a priori estimate for |A|?, we need evolution equations

for the metric and the second fundamental form on S;.

Lemma 3.3 (Huisken—Yau [17]). We have the following evolution equations:

0
(i) 5% = 2(h — H)hy,

. 0
(11) & hi]’ = Vlij -+ (h — H)hilgklhkj + (h — H)gij;
0
i 9 on
(iii) vl VH,
(iv) %,u = H(h — H)u, where y is the measure on Sy.

11



Since (M, gap) is a 3-manifold with constant sectional curvature, we have

vajk, =0, Ric(y,v) = —2, and
RiihjiRimim — hijhim Riim; = — (M — Xo)* = H* — 2|A|* .

Together with Simons’ identity (cf. [17, Lemma 1.3(i)]), we obtain the following

additional evolution equations.

Lemma 3.4 (Huisken—Yau [17]). Under the evolution equation (3.2), the second

fundamental form satisfies the evolution equations

L 0
(1) a hij = Ah” + (h — 2H>hilglkhkj + (|A|2 + Q)hzj + (h — 2H)gz’j;

%)
m)aH:AH+Qﬁmmm%4L
(m)%LM%:Amﬁ—MVAP+MAE—mmuﬁ+4mﬁ+zﬁm—2ﬂywmm

H
tr A = - (3[A - H?),

3.2 Existence of the long time solution

Define a function ¢ : M — R by
{(p) = dist(p, X) = min{dist(p,p') | p’ € =}

for all p € M, where dist(-,-) is the distance function on (M, g.g). By Corollary
2.4, every point p € M has the form p = (p/,r) for some point p’ € ¥, where
r={(p). Let

u=1{|S; and  © = (N|S;,v)

be the height function and the gradient function of S; respectively. Obviously S;

is a graph over the minimal surface ¥ if © > 0 on S;. The evolution equations of

12



u and © can be derived as follows (cf. [10]),

x - <88_1;, N> —(h- o (3.5)
and
a_@:<N,vH>+(h—H)<VVN,y) : (3.6)

ot

Lemma 3.5 (Ecker—Huisken [10]). The height function u on Sy also satisfies

%u = Au — div(V{) + hO , (3.7)

where div is the divergence on S, and V is the gradient on M.
Proof. Since u = ¢|S;, we have Vu = (V/)l = V{ — Ov, then we obtain
Au = div Vu = div(V/) — (divy)O = div(V¥) — HO .
Plugin the above identity to (3.5), we get (3.7). O
Lemma 3.6 (Bartnik [3|). The gradient function © on S; satisfies
AO = —(JA]* + Ric(v,v))O + (N ,VH) — N(Hy) , (3.8)

where N(Hy) is the variation of mean curvature of Sy under the deformation vector
field N, which satisfies
1 — _ = _ 1 _
N(Hy) = §(VVEN9)(% ei) — (Ve,Lng) (v, e) — 5 HLng(v,v)

(3.9)
— Lng(e;,ej) - Ales, e5)

here L denotes the Lie derivative.

By (3.6) and (3.8), we have the following evolution for the gradient function.

13



Corollary 3.7 (Ecker—Huisken [10]). © satisfies the following evolution equa-
tion

%_(? = MO + (|A]? + Ric(v,1))0 + N(Hy) + (h— H)(V,N v}, (3.10)

where A is the Laplacian on S;.

Next we will prove that {S;}o<i<r are contained in a bounded domain of M
for all T" > 0, i.e the height function is uniformly bounded. This result is very
important for us to prove Theorem 3.2. At first, wee need the well known maximum

principle.

Lemma 3.8 (Maximum Principle). Let 3 and Xy be two hypersurfaces in a
Riemannian manifold, and intersect at a common point tangentially. If ¥o lies in
positive side of 31 around the common point, then Hy < Hy, where H; is the mean

curvature of ¥; at the common point fori=1,2.

In particular, suppose ¥; is a hypersurface with constant mean curvature H;,
1 = 1,2, in a Riemannian manifold. If whole Yo lies in positive side of ¥y, and
they intersect at a common point tangentially, such that Hy < Hy, then X1 and 3o

are the same surface.

Proposition 3.9. Soppose the volume preserving mean curvature flow (3.2) has a
family of solutions on [0,T), 0 < T < 0o, then u is uniformly bounded on Sx[0,T),
1.€.,

0<Ci<ulx,t) < Cy<oo, V(x,t)eSx|[0,T),

where Cy and Cy are two constants depending only on the initial data Sy.

Proof. At each time ¢ € [0,7), let z(t) € S be the point such that

Umax (1) = rileeg(u(x,t) = u(x(t),1) ,

14



and let y(t) € S be the point such that
umin(t> = minu(y, t) - U’(y(t)? t) :
yeSs
Since © = (N ,v) =1 at F(z(t),t), we have

O<8u_

<= =h-H.
o "

By Lemma 3.8, we have

N 2(1 — Ay) tanh (umax(t))
1 — Ay tanh? (umax ()

where A = max A3(p'). Simlarly, at the point F(y(t),t), we have
p'E

- 2(1 — A_) tanh(umin(t))
1 — A_tanh?(umin(t))

where A_ = Hlilzl AN(p'). Thererfore, we have the inequality
p'e

2(1 — A_) tanh(umin(t))
1 — A_ tanh?(umin(t))

2(1 — Ay) tanh(umax(t))
1 — Ay tanh? (U (t))

2 h(t) >

Ast — T, we have fives cases:

(1) Umin(t) — 0 and umax(t) — 0;
(i) Umin(t) = + 00 and Umax(t) — + o0;
(i) Umin(t) — 0 and umax(t) — + o0;
(iv) Umin(t) is uniformly bounded, while wy.y(t) — + 005

(V) umin(t) — 0, while tpay(t) is uniformly bounded.

Case (i) and (ii) could not happen, since the mean curvature flow is volume preserv-
ing. Case (iii) could not happen, otherwise we would get 0 > 2, a contradiction.

Similarly, Case (iv) and (v) could not happen.

So the mean curvature flow is uniformly bounded by two surfaces ¥(r;) and

¥ (ry) with 0 < r; <79 < 400 on the time interval [0, 7). O

15



The proof in Proposition 3.9 actually contains the following statement.

Corollary 3.10. The average mean curvature h is uniformly bounded on [0,T),

i.€.
2(1 — A_)tanhry

2(1 — Ay)tanhr
<
1—A_tanh®r,

0<
1 — A, tanh?r

<2.

h(t) <

Next we will prove that the gradient function © is uniformly bounded from

below and |VO] is uniformly bounded from above on S, for t € [0,T).

Proposition 3.11. Soppose the volume preserving mean curvature flow (3.2) has
a solution on [0,T), 0 < T < oo, then there exists constants 0 < ©¢ < 1 and

0 < C3 < oo depending only on Sy such that
© 2 @0 and ‘V@’g < Cg

on Sy for0 <t <T.

Proof. By assumption Sy is a graph over ¥, so O(-,0) > C' > 0, then we may

assume that © > 0 for a short time. For any point p € S;, we may write

p= (plau) = (p17p27u) 9

where p' = (p1,p2) € ¥ and u is the height function on S;. Consider the Gaussian
coordinates in U x R C M, where U C ¥ is a neighborhood of p’. The unit normal

v to Sy is given by (cf. [15, Lemma 3.2|)

1 ( ou ou )
V= —FTF—= -8 _ oy a9 _ > ]- )
VI+|Vul2\ Op1 Ops
and then the gradient function © is given by

0= (N,v)= ——t (3.11)

V14| Vu?’

where N = (0,0,1). We can see that |Vu| = oo if and only if © = 0.

16



Next, we consider the quasi-linear parabolic equation

du _ Au — div(V{) + h©
ot (3.12)
u(0) = uo ,

where ug is the height function on Sy. By our hypothesis, (3.12) has a solution for
t €[0,T). Equation (3.12) is a second order quasi-linear parabolic equation if we
write the induced metric on S; in terms of v and its derivatives. By Proposition
3.9, u is uniformly bounded for ¢t € [0,T). By the standard regularity theory of
quasi-linear parabolic equation (cf. [20] or [18, Chapter 6]), there exist constants

K; < 0o depending only on [ and the initial surface Sy such that
Viu| < K, 1=1,2,...,
for t € [0, 7).

Using (3.11), these estimates imply that © is uniformly bounded from below

and |VO|? is uniformly from above for ¢ € [0,T). O

Proposition 3.12. Soppose the volume preserving mean curvature flow (3.2) has
a family of solutions on [0,T), 0 < T < oo, then there exists a constant Cy < 00

depending only on Sy such that
|14|2 < Ch< oo

on Sy for0 <t <T.

Proof. We will show that |A|? is uniformly bounded by contradiction. Let f, =

17



A

where ¢ > 0 is a small constant. The evolution equation of f, is given by

Q2+’
L a +0)é)24+t o)A Vo
+ @2+0{ — o AP(JA]> = 2) — 2htr A® + 8|A* + 2H (h — 2H)
(@ +g)|A|2 N(Hy) + (2 + a)|A6|)2(h —H) TN V)} |

Recall that the restriction to 7'S; of any tensor field ® of order m on M can be

estimated by
[@|7s, ()| < ©™(2)[|2(z)] ,

where || ®(z)]| = [®(2)|s,, (cf. [10]). By using (3.9) we estimate the expression

N(Hy) in the evolution equation (3.8) by
IN(Hy)| < Co(0° + ©7|4]) . (3.13)

Here C5 depends on ||Lyg||1 where Lxg is the Lie derivative of the metric with
respect to N whose C'-norm can be controlled in terms of || N ||z (cf. [9]). Besides

we also have the following estimate
(VLN 1) < G507, (3.14)

where Cs = ||[VN]|. Since {S;}oci<r are contained in a bounded domain whose

boundary is ¥(r1) U X(rg), the constants Cy and Cs only depend on Sp.
Now assume |A|pax(t) — 00 ast — T'. Let
Jmax(t) = max foy, Vte|0,T). (3.15)

Obviously frax(t) = |A]2,.(t), 80 fmax(t) — o0 as t — oo. There exists Ty € (0,7)

max

18



such that when ¢t > T we have the estimate

d o
g fmas < =060 e+ (V2 4+ (24 0)(Ca+ V2 )0 1115
1 2 C!
+ (20 + 8+ (2 + U)<C4 + 205) + ( + O-)ég—i_ U) 3) fmax
U@2+a
S

This is a contradiction since dfpax/dt > 0. Therefore f, must be uniformly

bounded, which implies that |A]*> must be uniformly bounded. O

Proposition 3.13 (Huisken [16, §4|). For every natural number m, we have the

following evolution equation:

% VA2 = AIVTAP? — 2|V AP + Z ViAx VA« VFEAx V™A
i+j+k=m (3.16)
+h Y VAxVIAxV™A .

i+j=m
Furthermore, there exists constant {C'(m)}m=12,.. depending only on m and S
such that

VAP <C(m), m=1,2,..., (3.17)

are uniformly on Sy for 0 <t <T.

By the above discussion, the constants in Proposition 3.9 and Proposition 3.11-

3.13 are independent of time. Now we can prove part one of Theorem 3.2.

Proof of Theorem 3.2 (Part one). (cf. [14, 16]) Assume that 7" < co. Let

Sy =lim S; = {lim F(z,t)
t—T t—T

x € S} : (3.18)

We claim that Sp is a smooth surface which is homeomorphic to S.
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In fact, by Proposition 3.9, the height function u is uniformly bounded on .S; for

t €[0,T). So (3.18) is well defined. Since |A|? is uniformly bounded for ¢ € [0,T),
we have
0

T
max (— @g;;
/0 Sy |0t Yij

so St is a well defined surface by Lemma 14.2 in [13]. Since |[V™A|?, m =1,2,...,

dt <C < oo,

are uniformly bounded for ¢ € [0,T"), St is smooth.

Now we consider a new volume preserving mean curvature flow

oF

with initial data Sp. This flow has a short time solution for ¢ € [T, T}), where
T, > T, the detail can be found in [8, §6.7|]. This contradicts to the assumption
that 7" is maximal. Therefore the maximal time 7" of the volume preserving mean

curvature flow (3.2) must be infinite. O

3.3 Exponential convergence to CMC surfaces

We have proved that the volume preserving mean curvature flow (3.2) has a long
time solution. Let

Soe = lim S, (3.19)

be the limiting surface. Obviously S, has the following properties:

(i) It is well defined since {S;}o<i<oo are contained in a bounded domain of M.

(i) It’s also a smooth surface since |V™A|*>, m = 0,1,2,..., are uniformly

bounded for t € [0, 00).

(iii) It’s a graph over ¥ since © is uniformly bounded from below for ¢t € [0, 00).

20



In this section, we will show that the solution surface S; converges exponentially
fast to Sy (cf. [6, 16, 17]), although we don’t need this fact to prove the existence

of the CMC foliation of M.

Proposition 3.14. Suppose (S;, g(t)) is a solution to the mean curvature flow
(3.2) fort € [0,00), then
Jim sup |H—h|=0. (3.20)
—00 St

Therefore S is a surface of constant mean curvature.

Proof. Since
d
— = — H — h)%d
G151 =— [ (1 mra<o.

where |S;| denotes the area of S; with respect to the metric g(t), then we have

/ /(H—h)Qdudt <15 -
0 St

On the other hand, by Lemma 3.3 and Lemma 3.4, we have

d d
<[ =y =2 / (H = h) S (H = Wydp— [ HCT — b
St St St

=2 [ (# = WA+ (= B)(AP - 2)du
St

— | H(H - h)*du
St
= —2 | |VH|*du+ 2/ (H — h)*(JA]? — 2)du
St St
— | H(H —h)*du,
St

here we use the identity |, s, (H—h)dp = 0. By Proposition 3.13 and the inequalities

|\VH| < v/2|VA|, there is a constant Cys < oo depending only on Sy such that

d

—/ (H — h)gdu‘ <G (3.21)
dt Js,
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is uniformly for ¢ € [0, 00). So we have

lim [ (H—h)*du=0. (3.22)

t—o00 Sy

Then for any p > 2, by the interpolation arguments (cf. [6, §5| for detail), the

inequality |V2H| < v/2|V2A| and Proposition 3.13, we have
sup | H = h| < C|\V2H 3" | H = bl
1/(2p)
<o [ -z
St
—0 (ast— o0).
where || - |l = || - ||2(s,)- So the proposition follows. O
We say that a surface S with constant mean curvature is (strictly) stable if

volume preserving variations of S in M incease the area, or equivalently if the

second variation operator on S,
Ly = —A¢ — (JAF + Ric(r,v))¢

has only strictly positive eigenvalues when restricted to functions ¢ with / odu =
S
0.

Lemma 3.15. The limit surface Sy to the volume preserving mean curvature flow

(3.2) is strictly stable surface of constant mean curvature.

The proof can be found in Corollary 4.2 in section 4, but at first we need show
that S, is a leaf of the CMC foliation F, then we just choose S’ to be a small
volume preserving variation of S, along the normal vector field on S, so that S’

is also a graph over X..
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Proof of Theorem 3.2 (Part two). Since S, is stable, the lowest eigenvalue

Aso Of the Jacobi operator L., on S, is positve, where

LooQb = _Aoo¢ - (|"400|2 - 2)¢ ’

here A, is the Laplacian on S, and A, is the second fundamental form of S...
Let \; be the lowest eigenvalue of the Jacobi operator L on S;. Then \; — A, as

2
t — o00. Forany 0 < e < 3 Aoo, there exists T > 0 such that for any t > T we have
Moo — M| < € and sup |H(H — h)| < e.
St

Therefore, when ¢ > T" we have

d
o (H —h)*dp < — (2000 — 3¢) / (H — h)*dpu
St St

which implies

/ (H — h)*du < (/ (H — h)2du> e~ (Poo—3e)t
St ST

By the same interpolation arguments as above, we know that sup | H —h| converges

exponentially to zero. Since

OF
T —h—mH

we obtain that S; converges exponentially to the limiting surface which has con-

stant mean curvature. So Part two of Theorem 3.2 is proved. O]
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CHAPTER 4
EXISTENCE OF CMC FOLIATION

We need a lemma of Mazzeo and Pacard which will be useful for proving the

uniqueness of the CMC foliation of M.

Lemma 4.1 (Mazzeo—Pacard [24]). Suppose that F is a monotonically increas-
ing CMC foliation in (M, gag), then F is unique amongst all CMC foliations whose

leaves are diffeomorphic to 3.

Proof of Theorem 1.1. (1) In the first part, we will prove the existence of the
CMC foliation of M. At first, we can foliate the quasi-Fuchsian 3-manifold M by
the surfaces 3(r), r € R. All of these surfaces, except ¥ = ¥(0) (the minimal
surface), are not surfaces of constant mean curvature. But for each r > 0, we
consider the mean curvature flow (3.2) with initial condition Sy(r) = 3(r). By
Theorem 3.2, we have a long time solution of (3.2) such that the limiting surface,
denoted by S (r), is a smooth surface of (positive) constant mean curvature. For
these surfaces (r) with r < 0, we have the surfaces with (negative) constant mean

curvature. We need three steps to prove that the limiting surfaces Sy (r), r € R,

form a CMC foliation of M.

Step 1: The limiting surfaces are embedded. 'This is obviously since each

surface Soo(7) is a graph over the minimal surface 3.

Step 2: The limiting surfaces are disjoint. Assume that 0 < ry < 79, we will
show that Soo(r1) N Sw(r2) = 0. Consider two volume preserving mean curva-
ture flows (3.2) with initial data () and X(ry) respectively. Let u; and ug be

the height functions of the surfaces Si(ry) and Si(rs) respectively, then we have
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uy(z,0) < ug(z,0) for all x € S. Now we assume that two surfaces S;(r1) and
Si(r2) touch for the first time at Ty € (0,00) and py € M. Recall that the height
functions satisfy the evolution equation (3.7). Let w = uy — uq, then w > 0, and
around py we have
O>Lw:Aw+(',Vw>—%—Q: :

here we use the fact that hy(t) < ho(t) since H(Si(r1)) < H(Si(r2)) pointwise,
where hy(t) and hs(t) are the average mean curvature of S;(ry) and Si(rs) respec-
tively. By the strong maximum principle (cf. [11, 27]), this is impossible unless

w = 0. But w = 0 implies u; = us, which is also impossible since the flows preserve

volume.

This means that Si(ry) and Si(re) are disjoint all the time, and we claim that
Seo(r1) and Sy, (r2) are disjoint. In fact, if Soo(r1) and Sy (r2) are not disjoint, they
must be tangent at some point p € Soo(11) N Soo(72), and S (1) is below Sy (r2)
by the above discussion, then by Lemma 3.8, we have H (S, (1)) = H(Sx(r2)).

On the other hand, since H satisfies the (strictly) parabolic equation

OH 2
oy = AH+ (H = h)(|AP - 2) , (4.1)

and H(X(r1)) < H(X(rp)) pointwise, then by the comparison principle for quasi-
linear parabolic equations (cf.[20, Theorem 9.7]), we have H(S;(r1)) < H(S:(r2))
pointwise for ¢ € [0,00). As t — oo, we get H(Sx(r1)) < H(Sx(r2)). But if
H(Soo(r1)) = H(Sso(12)), then Sy (r;) and Sy (r2) must be coincide by Lemma
3.8. This is impossible, since the volume of the region bounded by > and S (1)
is not equal to the volume of the region bounded by ¥ and Sy (r3). So Seo(r1) and

Seo(r2) are disjoint.

Step 3: We claim



In fact, according to the proof of Proposition 3.11, for each r # 0, X N S, (r) = 0.
Let Q(r) be the domain bounded by ¥ and S, (7). Since {3(r)},cr foliate M and
each S (r) is the limiting surface of the volume preserving mean curvature flow
with initial data 3(r), the volume of Q(r) is a continuous function with respect to
r. Together with the facts that the limiting surfaces are embedded and disjoint,

Step 3 is proved.
Therefore F = {Sx(r) }rer forms a CMC foliation of M.

(2) In the second part, we will prove the uniqueness of the CMC foliation F
of M. For this aim, we need prove that the mean curvature of the foliation F is

monotonically increasing, that is, H(Swo (1)) < H(Seo(r2)) if 71 < 79.

At first, from the discussion in the Step 2, we know that the mean curva-
ture H(S.(r)) is a nondecreasing function with respect to r, i.e. H(Sx(r1)) <
H(Sx(rq)) for ri < re. But if they are equal, say H(Sx(r1)) = H(Sx(r2)) = H,
then the region bounded by S (r1) and Se(r2) is foliated by {Seo(r)}r, <r<rp Such
that each leaf has the same constant mean curvature H. We will show this is im-
possible. In fact, choose 1y € (r1,re) and consider a variation X : S x (—¢,¢) — M
of Sx(rg) along N so that X (-, t) = So(ry) for each t € (—e,¢). Now let A(t)
denote the area of So(7;) and let V(¢) denote the volume of the domain bounded

by ¥ and S (r¢), then define a functional J : (—¢,e) — R by
J(t) = A(t) + HV(t) .

By a standard result for CMC surfaces (see |2, Proposition 2.3]), we must have
J'(t) = 0 which implies that J(¢) is a constant, so A(t) + HV (t) is a constant
for t € (—¢,¢). But this is impossible since A(t) is nondecreasing (recall that
Area(X(r;)) is monotonically increasing) and V' (¢) is monotonically increasing. By

Lemma 4.1, we prove the uniqueness of the CMC foliation F. ]
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Corollary 4.2. Each leaf of the CMC foliation F s a strictly stable CMC surface.

Proof. We claim that for each r the CMC surface S, (r) is the least area surface
among all the volume preserving variation of ¥(r) along N. In fact, suppose S’
is a volume preserving variation of ¥(r) along N and Area(S’) < Area(Sx(r)).
Consider the volume preserving mean curvature flow (3.2) with initial surface S’.
By Theorem 3.2, there is a long time solution to this volume preserving mean
curvature flow. Let S’  be the limiting surface, then it is a graph over ¥ whose
mean curvature is a constant and Area(S’ ) < Area(S«(r)). We have proved that
F = {Seo(r) }rer is a CMC foliation of M, so there are two surfaces Sy (r1) and
Seo(r2), where 1 < 19, which touch S’_ from the below and from the above for the

first time respectively. By Lemma 3.8, we have
H(Soo<r2>> < H(S;) < H(Soo(rl)) :

On the other hand, since r; < ro, H(Sx(r1)) < H(Sx(r2)). Therefore, we must
have

H(Séo) = H(‘SOO(Tl)) = H(SOO<r2>>>

which implies that S, € F, and therefore S, = S, (r). This also implies that

each leaf Sy (r) € F is a stable CMC surface. Thus the corollary follows. O
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CHAPTER 5
A COUNTEREXAMPLE

In this chapter, we will show that Theorem 1.1 is not true for the quasi-Fuchsian

3-manifolds containing minimal surfaces with big principal curvature.

5.1 Existence of the surfaces with CMC

We need some results of J. Gomes and R. Lopez (cf. [12, 21]). Let H? be a three-
dimensional hyperbolic space of constant sectional curvature —1. We will work in

the Poicaré model of H?, i.e.,
H? = {(2,9,2) € R® | 2® + > + 2% < 1}

equipped with metric
e 4(dx® + dy* + dz?)
(1 —1r2)2 ’

where r = /22 + 32 + 2z2. The hyperbolic space H? has a natural compactification

H? = H3U S2

oo

3, we call the set 9., X defined by

where S2 = C is the Riemann sphere. Suppose X is a subset of

DsX =X NS%
the asymptotic boundary of X, where X is the closure of X in H?.

Suppose G is a subgroup Isom(H?) which leaves a geodesic v C H? pointwise
fixed. We call G the spherical group of H? and 7 the rotation axis of G. A surface
in H? invariant by G is called a spherical surface. For two circles C; and Cs in H?,
if there is a geodesic 7 such that each of ('} and (% is invariant by the group of
rotations that fixes v pointwise, then C; and C are said to be coazial, and v is

called the rotation axis of C7 and Cs.
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Let P, and P, be two disjoint geodesic plane in H?. Then P, U P, divides H? in
three components. Let X; and X5 be the two of them with 0X; = P, for i = 1, 2.
Given two subsets A; and A, of H?, we say P, and P, separate A, and A, if one

of the following cases occurs (cf. [21]):

(i) if A;, Ay C H3, then A; C X; for i = 1,2;
(ii) if A} C H? and Ay C 5%, then A; C X; and Ay C 0, Xo;

(iii) if Ay, Ay €S2, then A; C 0, X; for i =1,2.

Then we may define the distance between A; and A; by
d(Aq, Ag) = sup{dist(Py, P,) | P, and P separate A; and Ay} | (5.1)
where dist( Py, P») is the hyperbolic distance between P, and Ps.

Lemma 5.1 (Gomes [12]). There ezists a finite constant dy > 0 such that for two
disjoint circles Cy,Cy C S%, if d(Cy, Cy) < dy, then there exists a minimal surface

IT which is a surface of revolution and whose asymptotic boundary is Cy U Cs.

Let C; and Cy be two disjoint circles on S2 , and let P; and P be two geodesic
planes whose asymptotic boundaries are C; and C5 respectively. Suppose C] C P

and Cy C P, so that C] and C} are two coaxial circles with respect to the rotation

axis of C; and C5.

Lemma 5.2 (Lopez [21]). Given H € (—1,1), there exists a constant dy depend-
ing only on H such that if d(Cy,Cy) < dp, then there exists a surface I1 contained

i the domain bounded by Py and Py such that

o 11 is a surface of revolution whose boundary is C; U CY, and
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o II is a surface whose mean curvature is equal to H with respect to the normal

pointing to the domain containing the rotation axis of Cy and Cs.

Remark. In Lemma 5.2, when H < 0, then there is no such a surface II if we

replace C] by C; for i = 1,2 (cf. [26]).

5.2 Detail description of the counterexample

Now we choose four circles {C;};=1. 4 on SZ such that d(Cy,Cy) and d(Cs, Cy)
are sufficiently small, where d(-, -) is the distance defined by (5.1). Let D; be the
geodesic plane in H? such that 0,.D; = C; for i = 1,...,4. By some Mobius
transformation, we may assume that the middle point of the geodesic segment

which is perpendicular to both D; and D, passes through the origin.

For any circle C' C S%, we may define the distance between the origin O (or
any fixed point) and the circle C' to be the hyperbolic distance between O and the
geodesic plane whose asymptotic boundary is C. Because of this definition, we
may say that the radius of the circle C' is big or small if the distance between O

and (' is small or big.

Let A be a closed smooth curve on S2, then cover A by finite disks {B; C

S2 }—1, ~ with small radii such that

e cach circle 9By is invariant under the rotation along the geodesic connecting

the origin O and the center of the disk B;, which locates at A,

e the radii of disks are small enough so that BN C; =@ for I =1,..., N and

1=1,...,4, and

30



e for each [ = 1 (mod N), 0B, intersects both 0B;_; and dB;;; and no other

circle,

then we get a quasi-Fuchsian group I' which is the subgroup of orientation pre-
serving transformations in the group generated by N reflections about the circles
OBy,...,0By (cf. [4, Page 263] or |5, Page 149|). The limit set of the quasi-
Fuchsian group I, denoted by Ar, is around the curve A. Let S% \ Ar = Q; U Q,

where )y contains ('} and Cy, while {25 contains C3 and Cy. See Figure 1.

Figure 5.1: Construction of limit set

Claim: The quasi-Fuchsian 3-manifold H3/T' constructed above can not be

foliated by surfaces of constant mean curvature.

Let € > 0 be sufficiently small, and let Hy = 2tanhe. Let dy and dp, be two
constants given in Lemma 5.1 and Lemma 5.2, and suppose d(C1, Cs) = 2¢ < dj
and d(Cs, Cy) < min{dpy,, do}.

Now assume that H? /T is foliated by surfaces of constant mean curvature, where
each surface is closed and is homotopic to H?/T. Lift the foliation to the universal
covering space H?, then there should exist a foliation of H? so that each leaf is a
disk with constant mean curvature and with the same asymptotic boundary Ar.

Notice that any disk type surface in H? with asymptotic boundary Ap divides H?
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into two parts, one of them contains C; and C5, while the other contains C3 and
Cy. We choose a normal vector field on the disk type surface so that each normal
vector points to the domain containing C; and C5. Assume that there is a CMC

foliation F = {L;} with a parameter ¢ € (—00, 00) such that

e the leaves are convergent to {2; as t — — oo and

e the leaves are convergent to {2y as t — oo.

In other words, we have

lim H(L) =42, (5.2)

t—+oo
where H(L;) denotes the mean curvature of the leaf L; with respect to the normal

vector pointing to the domain containing C; and Cj.

Since d(C3,Cy) is very small, there exists a minimal surface with asymptotic
boundary C5 U Cy by Lemma 5.1. Consider the leaf Ly € F which touches the
minimal surface for the first time, then the mean curvature of L, must be positive
by the maximal principle. Because of (5.2), there exists —oo < ¢; < t' such that
the mean curvature of L;, is zero, i.e. the leaf L; is a disk type minimal surface.
Similarly, we have another leaf L;, € F which is a disk type minimal surface with

asymptotic boundary A. See Figure 2.

Let X C H? be the domain bounded by L;, and L,, then by assumption X is

foliated by {Lt}t1<t<t27 i.e.

X = U L .

t1 <ttt

Notice that D3 and D, are disjoint from X. We choose two circles C5 C D3 and
(", C Dy so that C% and C) are coaxial with respect to the rotation axis of C3 and

Cy, by Lemma 5.2 there is a surface 1Iy with constant mean curvature —H, with
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Figure 5.2: Two minimal surfaces

respect to the normal pointing to the domain containing the rotation axis of CY
and C. Obviously Il is disjoint form L;, but intersects L;,. Let I} = II, N X.
Consider the leaf

Lt// € {Lt | 1 <t<t2}

which touches ITj, for the first time, then H (L) > Hy by the maximal principle.
So there exists t3 € (t1,ts) such that H(L;,) = Ho. We claim that the leaf L,

must self-intersects.

Let Dy(e) be the disk bounded by Cy with H(D(g)) = Hy with respect to the
normal vector pointing to domain not containing C5, and similarly let Ds(e) be
the disk bounded by Cy with H(Dy(e)) = Hy with respect to the normal vector
pointing to domain not containing C;. Then D;(g) N Dy(e) = {O}, where O € H?
is the origin. By maximal principle, both D;(g) and Ds(e) don’t intersect Ly, , so
L, must self intersect. This implies that there is no CMC foliation on H?/T". The

claim follows.

Therefore, there exists a quasi-Fuchsian 3-manifold which does not admit CMC

foliations.
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