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Given a reductive group G, a linear G-representation X, and a choice of G-
linearized line bundle on X, Geometric Invariant Theory (GIT) produces an open
subset X* C X and a quotient X*/G. The key motivation of the work in this
thesis is to determine when the derived category of coherent sheaves on the GIT
quotient X /G admits a full exceptional collection consisting of vector bundles.

A full exceptional collection is an important structure on a derived category
with many valuable implications. For instance, such a collection produces a basis
for the Grothendieck group and the Hochschild Homology of the derived category.

Using ideas from local cohomology and equivariant geometry, we produce a
large class of linear GIT quotients with G of rank 2 that admit a full exceptional
collection. These vector bundles will come from irreducible G-representations whose
weights lie in a particular “window” in the weight space of G. When G has higher
rank, we produce a finite list of tautological vector bundles that generate the derived
category. These vector bundles do not form a full exceptional collection, but their

classes still generate the Grothendieck group.
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CHAPTER 1
INTRODUCTION

b

coh

The bounded derived category D¢, (X)) of an algebraic variety X is the category
obtained from bounded complexes of coherent sheaves by formally inverting those
morphisms that induce an isomorphism on cohomology. While the derived category
was initially developed as a book-keeping machine for the homological algebra of
sheaves, it has become an essential invariant. Indeed, Bondal and Orlov [BOZ2]
showed that one can reconstruct any smooth projective variety from its derived
category when its canonical divisor is ample or anti-ample. Derived categories
can also illuminate many unexpected links in the geometry of varieties. One
example illustrating this is the D-equivalence conjecture [BO1,K2|, which predicts
an equivalence between the derived categories of any two Calabi-Yau varieties
related by a flop. This conjecture was inspired by Kontsevich’s formulation of
homological mirror symmetry [K5], and it has led to many fruitful connections
between derived categories and, for instance, physics, symplectic geometry, and

birational geometry. Thus derived categories have become important objects of

study.

One of the ways to study DP, (X) is via full exceptional collections. A full

coh

exceptional collection on a variety X is an ordered collection FEy, ..., E), of so-called

“exceptional” objects in DP , (X) (see Definition 2.6.3) that satisfy the vanishing

coh

condition Ext™(E;, E;) = 0 for all m whenever i > j, and generate D | (X), i.e.,

b
coh

every object in D2, (X) can be built out of the E;’s by taking direct sums, cones,

and shifts of complexes.

If it exists, this structure has many striking implications D", (X). Indeed, an

immediate consequence of having a full exceptional collection is that the classes



[E4],...,[E,) give a basis of the Grothendieck group of coherent sheaves on X. If,
in addition, the collection is strong, i.e., Ext™(Ej;, E;) = 0 for m # 0 whenever ¢ > j,
and the object € := E; @ ... ® E, is a vector bundle, then DP , (X) is equivalent

to the derived category of finitely generated modules over the finite-dimensional

algebra End(€), a significant simplification.

The first example of such a collection came from Beilinson [B] who showed that
the line bundles Opn, Opn(1),..., Opn(n) form a full strong exceptional collection
on P". Beilinson’s example led to many questions connecting the existence of full
exceptional collections to the geometry of the underlying space. For example, Orlov
asked whether a full exceptional collection on a smooth projective variety implied
its rationality. Over a general field, this has been verified in the toric case [BDLM].
Dubrovin [D] also used Beilinson’s collection to show the semi-simplicity of quantum
cohomology of P and conjectured therein that a smooth projective Fano variety
has a full exceptional collection if and only if its quantum cohomology is generically
semi-simple. The semi-simplicity of the big quantum cohomology is fundamental to
the study of genus-zero Gromov-Witten invariants [BM]. In the homological mirror
symmetry picture, full exceptional collections consisting of line bundles on toric
Fano surfaces are shown in [J] to correspond to Landau-Ginzburg models under
the mirror symmetry functor for toric Fano varieties [A]. The implications of these
questions highlight the importance of finding smooth varieties (and, more generally,

smooth orbifolds) that admit a full exceptional collection.

1.1 A landscape of examples

Beilinson’s collection on P™ inspired many generalizations. For instance, thinking of

P" as a homogeneous space leads naturally to the question of which homogeneous



spaces of semi-simple algebraic groups admit a full (strong) exceptional collection.
In this direction, Kapranov [K1] extended the methods of [B] to show that on the

Grassmannian Gr(r,n) of r-planes in C", the vector bundles

U* is the tautological bundle, o is a Young diagram
Y*U" . with at most r rows and at most n — 7 columns,

and X% is the Schur functor associated to «.

are a full strong exceptional collection. Kapranov also produced therein a full

strong exceptional collection on quadrics.

More examples of homogeneous spaces with full (not necessarily strong)
exceptional collections are provided in [PS,F,S1] for Lagrangian Grassmannians, in
[K6, KP] for Grassmannians of isotropic planes, in [M1, FM] for some homogeneous
spaces of exceptional type, and in [AAGZ] for certain homogeneous spaces from

rank 2 groups.

The perspective we consider is that of P” as the simplest example of a linear
geometric invariant theory (GIT) quotient (see Section 2.7), whence Beilinson’s

theorem inspires the following question:

Question 1.1.1. When does a proper linear GIT quotient X /G by a reductive

group G admit a full (strong) exceptional collection of vector bundles?

This question has been explored extensively in the context of King’s conjecture
[K4], which had predicted that smooth projective toric varieties have a full
strong exceptional collection consisting of line bundles. This conjecture has many
counterexamples. The first counterexample came from Hille and Perling [HP], who
showed that the surface obtained by iteratively blowing up the Hirzerbruch surface

Fy three times cannot have an exceptional collection of line bundles of length 7,



which is the rank of its Grothendieck group. In [M2], Manivel constructs an infinite
family of non-Fano counterexamples, and Efimiov constructs in [E] an infinite
family of smooth projective toric Fano varieties of Picard number 3 where King’s

conjecture fails.

There are also a large class of toric varieties that admit a full exceptional
collection consisting of line bundles. Costa and Miré-Roig show in [CMR] that
King’s conjecture is true for smooth projective toric variety with Picard number
at most 2 and also for those with a splitting fan. In [BT], Bernardi and Tirabassi
use Frobenius pushforward methods to show that King’s conjecture also holds for
smooth projective toric Fano threefolds. Analogous results are obtained by Uehara
in [U] using birational geometry. In [PN], Prabhu-Naik extends the list to smooth
projective toric Fano fourfolds. Castravet and Tevelev show in [CT] that for n odd,
the GIT quotient (P')"/G,, with respect to the linearization Op:(1)®", which is a
toric Fano variety of dimension n — 1 and hence a linear GIT quotient by a torus,

has a full exceptional collection consisting of line bundles.

These lists of examples and counterexamples shift the goals of Question 1.1.1
towards understanding the nature and the landscape of the examples where this

question has an affirmative answer.

In general, the group G will not act freely on the semi-stable locus X*°, so the
good quotient X* /G will be singular and will therefore not have a full strong
exceptional collection (Corollary 2.6.6). Thus, it is natural to expand the context
of Question 1.1.1 to the quotient stack X* /G, which we do in this thesis. The
term “GIT quotient” will henceforth refer to the smooth algebraic stack X*/G

instead of the good quotient X /G.

Question 1.1.2. Consider a triple (G, X, (), where G is a split reductive group



over a field k, X is the total space of a G-representation, and { € Picg(X) is
G-linearized line bundle. Assume that points in X*(¢) have finite G-stabilizers (so
that the GIT quotient is an orbifold), and that the GIT quotient X*(¢)/G is proper.

Does X*(0)/G admit a full exceptional collection of vector bundles?

In this general context, Kawamata [K3] proved that smooth toric orbifolds always
admit a full exceptional collection; however, the objects are arbitrary complexes of
sheaves. For toric Fano orbifolds with either Picard number or dimension at most
2, Borisov and Hua [BH] showed that they have a full exceptional collection of line

bundles.

1.2 The main results

In this thesis, we will work under the following key assumption:

Hypotheses 1.2.1. Let k be a field of characteristic 0 and let G be a split-
reductive (possibly non-connected) group over k. Let X be the total space of a
G-representation. Denote the weights of X by f,...,8,. Assume there exists
a central cocharacter Ay of G such that (\g, 5;) < 0 for all ¢, with the canonical
pairing between weights and cocharacters. Let w* := det(X) ® det(g)~! be the

anticanonical character of X.

The assumption on the weight pairing is important but mild; in fact, many
examples, such as Grassmannians and weighted Grassmannians, come from
representations that satisfy this condition. Moreover, the weight pairing condition
of Hypotheses 1.2.1 implies OF = k, thus the resulting GIT quotients will be

projective over k.



In Chapter 3, we will discuss the following result, which produces a large class
of triples (G, X, ) with G of rank two such that Question 1.1.2 is affirmative. This

is joint work with Halpern-Leistner [HLK].

Theorem 1.2.2 (Proposition 3.3.1, Theorem 3.5.1, Theorem 3.7.1). Let (G, X, ) be
a triple as in Question 1.1.2 such that X satisfies Hypotheses 1.2.1. We construct a
Weyl-invariant subset Q of the weight space of G (that we call the “barrel window”)

such that the following G-equivariant vector bundles on X*({)

U € Rep(G) irreducible with
8(9) = OXSS(Z) ® U . (11)

weights in 2

orm a strong exceptional collection in DP  (X*(¢)/G). Moreover, this collection is
coh

full when € is close (in the sense of variation of GIT) to the anticanonical character

w*, X*(0) has finite G-stabilizers, and G has rank 2.

In Chapter 4, we will discuss a general combinatorial algorithm for producing
a finite list of tautological vector bundles that generate D", (X*5(¢)/G) whenever
X*(¢) has finite G-stabilizers. This algorithm is a modification of the algorithm of

Spenko and Van den Bergh [SVdB1] used to construct noncommutative crepant

resolutions.

Theorem 1.2.3 (Theorem 1.2.3). Let (G, X, /) be a triple as in Question 1.1.2
such that X satisfies Hypotheses 1.2.1. We construct a bounded Weyl-invariant
subset Q) of the weight space of G such that if X*({) has finite G-stabilizers, then

the following G-equivariant vector bundles on X*({)

- U € Rep(G) irreducible with

character in €

generate DP | (X*(0)/G).

coh



For a large class of representations, this list of vector bundles contain the strong
exceptional collection from Theorem 1.2.2. It is an interesting future problem to
determine triples (G, X, ) for which the vector bundles in Theorem 1.2.3 can be

reduced to a full strong exceptional collection.

1.3 The molecular perspective

A key perspective of our work in [HLK] is that many triples (G, X, ¢) for which
Question 1.1.2 is affirmative can be built out of a smaller list of basic “elemental”
examples (atoms) admitting full exceptional collections of vector bundles. The
idea is inspired by the work of Craw [C], who constructed full strong exceptional
collections of vector bundles on quiver flag varieties by realizing them as iterated
fiber bundles where each fiber is a Grassmannian. Since one has an equivariant
full exceptional collection on Grassmannians by Kapranov [K1], a full exceptional
collection on the quiver flag variety is then deduced. We generalize this observation

as follows:

Theorem 1.3.1. Let QQ be a directed acyclic graph with vertices Qo and edges Q.
Suppose each vertexr i € Qo has a triple (G;, Vi, £;) as above satisfying the weight
pairing condition in Hypotheses 1.2.1, and a “framing” dimension w; > 0. Consider
the representation Rep(Q) of Gq := [l;cq, Gi given by taking the product of the
following: a copy of Hom(V;,V;) for each edge i — j in Q1 and a copy of V;'"* for
each verter i € Qo. Suppose that each triple (G;, Vi, ;) has a set of irreducible

representations §; of G; such that the vector bundles
{OVZ.SS(&) QU:Ue€ QZ}

are a full strong exceptional collection in DP | (V:5(4;)/G;). Then there is a canonical



Gg-equivariant line bundle Lo of Gg and a set Qg of wrreducible Gg-representations
such that D2, (Rep(Q)*(£q)/Gq) also admits a full strong exceptional collection of

coh

vector bundles of the form Ogrepq)s @ U for U € (1.

Theorem 1.3.1 recovers Craw’s result for quiver flag varieties by assigning
each vertex a triple whose corresponding GIT quotient is a Grassmannian. Other
elemental examples include the previously discussed examples of toric varieties
with full exceptional collections of line bundles. From this molecular perspective,

Theorem 1.2.2 significantly extends this periodic table of elements.

1.4 A summary of the key techniques

For a convex subset € in the weight space of G, the set £(2) as in Theorem 1.2.2

gives a full exceptional collection on X*(¢)/G if it satisfies:

(i) the functor given by restriction along X*(¢) C X

res : D2 (X/G) — D>, (X*(£)/G)

coh coh

becomes an equivalence of categories when restricted to the full subcategory

of D2, (X/G) generated by the vector bundles

coh

U € Rep(G) irreducible with
Ox®U: , and

character in

(ii) there is an ordering of the vector bundles in £(2) so that they form an

exceptional collection.

The weight pairing assumption in Hypotheses 1.2.1 gives a canonical way to order

the vector bundles O xs () ® U using the \g-weight of the representation U. Thus



the main technical challenge is to produce an €2 that satisfies (i). The key ideas

that go into this are the following:

(a) Filtrations of local cohomology with support in the unstable locus.

Fully faithfulness in (i) i.e., obtaining an isomorphism
RHOIHX/G (OX RU,O0x ® UQ) = RHOmes(g)/G (OXss(g) ® Uy, OXss(g) (%) U2) ,

is equivalent to the vanishing of the local cohomology object RI xus(y) (O x @U,@U )¢
with support in the unstable locus X"(¢) := X \ X*(¢). We use G-equivariant
filtrations of RI"xus(¢)(Ox) given by Van den Bergh [VdB] to give explicit conditions
on the weights of a representation U that guarantee the vanishing of the local
cohomology RT xus(p(Ox ® U)“. These weight conditions define the convex region

) where fully-faithfulness holds.

This technique uses ideas from Teleman’s quantization theorem [T]| and the
generalization to derived categories in [HL]. The region 2 determines how the
category DP | (X®(¢)/@) sits as a full subcategory of D", (X/G), namely as a

coh coh

“window” category in the sense of Halpern-Leistner [HL] and Ballard-Favero-

Katzarkov [BFK].

(b) Minimal G-equivariant complexes and combinatorial generation algorithms.

Essential surjectivity in (i) begins with the observation that the functor res is
essentially surjective. As X is a vector space, the category D, (X/G) is generated

by all vector bundles of the form O x®W, where W is an irreducible G-representation.

Thus for essential surjectivity in (i), it suffices to show that restrictions of all



these vector bundles to the semi-stable locus lie in the smallest subcategory of
DY (X*(0)/G) generated by Oyss ® U, where U is irreducible and has character

coh

in 2.

The unstable locus X"*(¢) has a concrete description by the Hilbert-Mumford
criterion in terms of the G-orbit of attracting loci of certain destabilizing one-
parameter subgroups (see Section 2.7.1). To a destabilizing one-parameter subgroup,
one associates a particular minimal G-equivariant complex of locally free sheaves
with support in X™(¢) (see Section 3.5.1). These complexes become exact when
restricted to X**(¢)/G, and one can obtain explicit descriptions of the weights of the
representations appearing in each term. One then uses these minimal complexes in
an inductive procedure to build any vector bundle O xs ) ® W from the irreducible

representations coming from the region (2 obtained in (a).

Combinatorial generation algorithms of this flavor come from the work of
Spenko and Van den Bergh [SVAB1], where they use such algorithms to construct
noncommutative crepant resolutions for certain quotient singularities. They have

also appeared in [HLS,SVdB2].

Let us illustrate these ideas in the case of orbifold weighted projective spaces.

1.4.1 Example: full strong exceptional collections of line

bundles on weighted projective spaces

Let X = C"*! and let G = G,,, over C. Suppose G acts on X by scaling with
strictly positive weights 8; € Z for ¢ = 0,...,n. The anti-canonical character

is w* = fy+ ... 4+ fn, X®¥(w*) = {0}, and X*(w*)/G is the orbifold weighted

10



projective space P(fy, ..., ,). For ease of notation, we will use X" and X** to

denote the unstable and the semi-stable locus respectively.

A vanishing criterion for local cohomology supported in the unstable

locus:

For a commutative ring R and an ideal I, the local cohomology functor RI';(—) is

the right derived functor for the endofunctor on R-modules defined by
Ly(M):={meM:I*m =0 for some s > 0} .
The functor I';(—) is left-exact and acyclic for injective modules, thus

RT (M) ~ liny Exct}, (R/T*, M)

s>0

In our case, R = kl[to,t1,...,t,] and I = (to,t1,...,t,). Let M be an R-
module and let M denote the corresponding quasi-coherent sheaf on X. Then

RT xus (M) = RI';(M). This complex has a more explicit description in terms of

“stable” Koszul complexes (see [L, Prop. 3.1.2]). Namely,
RU, (M) ~ M @r K(t),

where K(t) := K(ty) ®r K(t1) Qg ... g K(t,) and K(¢;) is the complex ... —
0— R — Ry — 0 — ...such that R in degree 0, Ry, is in degree 1 and is the
localization at powers of ¢;, and R — R;; is the localization map. Note that K(t)

is precisely the complex

O - R - @Rtl - @Rtitj — ... Rtotl...tn7 (13)
1=0 i<j
which is exact everywhere except in degree n + 1, where the cohomology is

Spany, {tg" ... to" : a; is strictly negative Vi} . (1.4)

11



This description of local cohomology above also holds in the equivariant setup
because quasi-coherent sheaves on X /G correspond to graded R-modules and the
arrows in (1.3) respect the grading. Thus, (1.4) says that Span, {5t ...¢;'}
is the G-representation appearing in RI'xus(Ox) that has the highest weight, and
this highest weight is —fy — ... — 8, = —w™. In particular, if U is an irreducible
G-representation with weight x such that —w* < x < w*, then

Rl xu(Ox @ U)C = (U @p K(t)) veieht 0 part
=0,
where the vanishing follows because U* has weight —w* < —x < w*, so U* does

not appear in (1.4).

Exceptional collections from vanishing of local cohomology:

For x € Z, let V, denote the irreducible G-representation with weight y. An
immediate consequence of the vanishing criterion above is that if —w* < yo — x1 <
w*, then
RHomy,g (Ox ® Vi,,0x ® V4,) = RT(X,0x @ Vi 1)
>~ RT (X, Oxes @ Vigy,)©

= RHOHles/G (OXss & le’ Oxss ® VXQ) .

The isomorphism above implies that for any y € Z, the restriction functor

res : D (X/G) — Db (X*(¢)/G) on the line bundles

coh coh
Q:={0x ®Vitur-1,0x @ Viquwr2,...,0x @V, 41,0x @V, }
gives a strong exceptional collection on P(fy, ..., 5,). Indeed, if —w* < j —i < w*,
then

RHom s /¢ (Oxe ® Viys, Oxee ® Viy;) = RT (X, Ox @ V;_;)¢ L5
= (Sym(X*) ® V;_;) [0].

12



When —w* < j—i < 0, (1.5) vanishes because the weights of X are strictly positive.
When 0 < j —i < w*, (1.5) is Sym(X*)"eieht i —j piece & |/ . concentrated in degree

Zero.

Fullness of the exceptional collection:

To verify that €2 restricts to a full collection on X /G| it suffices to show that any
line bundle O xs ® V), with p € Z is in the smallest triangulated category generated
by the restriction of {2. This can be achieved inductively using the G-equivariant
Koszul resolution of the structure sheaf of the origin
K:0=>0xV_(s—...— @OXQ@V,&I,% %@OXQM/,@ — Ox — 0.
i1<iz i=1

Now, if u < x, then X® V).~ restricts to an exact complex in X*. It has Ox=®V),
as the line bundle with lowest weight and all other line bundles have weights closer
to the list x,x +1,...,x +w* — 1. On the other hand, if © > x +w* — 1, then the
restriction of X ® V, has Oxs ® V,, as the line bundle with highest weight and all
other line bundles have weights that are closer to the list x,x +1,...,x +w* — 1.

By induction, it follows that the restriction of 2 generates D2, (X*/@).

1.5 Notation

Unless otherwise stated, k will be a field of characteristic 0. A variety will be a
reduced scheme of finite type over k. For a ringed space X, by “a sheaf on X” will

mean a sheaf of Ox-modules.

All group schemes will be smooth and affine. For a split-reductive group G over

k, we will use the following standard notation:

13



(1) T C B C G is a fixed choice of split maximal torus and Borel subgroup.

(2) M is the character lattice of T, i.e., the weight lattice of G, and N is the

cocharacter lattice of T. We denote Mr = M ®z R and Ng = N ®z R.
(3) We denote the canonical pairing between A\ € Ng and x € Mg by (A, x).
(4) W is the Weyl group of G and wy is the longest element of W.

(5) The roots of B will be the negative roots and p will denote the half sum of

positive roots.

(6) We say that A € Ng is anti-dominant if it pairs non-negatively with all

negative roots.

(7) G° C G denotes the identity component.

We will also use the following, less standard notation:

Definition 1.5.1. If G is a split reductive k-group and ¢ € Mg we denote by
(+ C Ny the subset consisting of cocharacters that pair zero with £. If £ € MQSV is
non-zero, we let Gy C G be the identity component of the kernel of the character
Pl .G — G,,, where P € Z- is sufficiently divisible so that P¢ € M. We fix a
choice of maximal torus and Borel subgroup 7; C B, C Gy such that T; C T" and

B, C B.

In this definition ker(P?¢) depends on the choice of P, but ker(P¢) C ker(PQY) is
a finite index subgroup for any () > 0, so the identity component G is independent

of P.

14



CHAPTER 2
PRELIMINARIES

2.1 Derived categories of abelian categories

Let A be an abelian category.

Definition 2.1.1. The (bounded, bounded below, bounded above) derived category
of A, denoted D(A) (respectively DP(A), DT(A), D7(A)), is the category whose
objects are (bounded, bounded below, bounded above) complexes of objects in A,
and where morphisms that induce an isomorphism on cohomology are inverted.

For a precise definition, see for instance [S2, Tag 05RR].

Definition 2.1.2. If B C A is a full subcategory, define Dz(A) to be the category
whose objects are F € D(A) such that H"(F) € B for all cohomology objects. If
D%(A) is decorated with ? = b, +, —, then one requires the complexes to have

bounded (respectively bounded below, bounded above) cohomology.

Recall that a nonempty full subcategory B C A is said to be weakly Serre
if whenever By - By — By — B3 — B, is an exact sequence in A and
By, By, B3, By € B, then By € B. It is a Serre subcategory if whenever whenever
By — By — Bs is an exact sequence in A and By, B3 € B, then By € B. Serre and
weakly Serre subcategories are abelian and the inclusion functor is exact [S2, Tag

02MN].

If B C A is a weakly Serre subcategory, then D5 (A) C D(A) is full triangulated
subcategory for ? = (), +, —, b [S2, Tag 06UQ]. Moreover, the triangulated functor
D?(B) — D(A) factors through D5 (A). If B C A is a Serre subcategory satisfying

the following condition:
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(x) for every surjection A — B with A € A and B € B, there is a subobject
A" C Awith A’ € B and A’ - B,

then the induced functor D™ (B) — Dy (A) is an equivalence [S2, Tag OFCL].

Lemma 2.1.3. Let A be an abelian category and let C, B be weak Serre subcategories.
Assume C is a Serre subcategory of B satisfying (x) and consider the following

commutative diagram of triangulated functors

D~ (€) —%— D (A)

D™ (B) —2— Dy (A)
If Dy is an equivalence, then so is ®e. In this case, the induced map D°(C) — DB(A)

1s also an equivalence.

Proof. The vertical arrows are fully faithful because € C B is a full abelian
subcategory, hence ®¢ is fully faithful. Essential surjectivity follows from the fact
that the essential image of the left vertical arrow is D (B). Indeed, the left vertical
arrow factors through D~ (€) — Dg(B), which is an exact equivalence because
C C B is a Serre subcategory satisfying (x). Thus, if F is a complex in D; (A),
then under the equivalence ®g, it corresponds to an object in Dy (B), which is in

the essential image of D~(C). O

2.2 The derived category of quasi-coherent sheaves

Definition 2.2.1. For X a scheme or an algebraic stack, the derived category of

quasi-coherent sheaves on X, denoted Dy.(X), is the triangulated category whose
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objects are complexes of sheaves on X with quasi-coherent cohomology sheaves.

For X an algebraic stack, we consider sheaves in the lisse-étale topology so that

QCoh(X) C Mod(Xjissectale) 18 & weakly Serre subcategory [S2, Tag 07B4].

2.2.1 Perfect complexes

If X is a quasi-compact and quasi-separated scheme, the category Dg.(X)
has arbitrary direct sums. Recall that an object ¥ € Dy (X) is compact if

Homp, (x)(F, —) commutes with direct sums.

For quasi-compact quasi-separated schemes, the compact objects in Dy (X)
are precisely the perfect complexes (namely, those that are Zariski locally quasi-
isomorphic to a bounded complex of locally free sheaves) and D.(X) is generated

by one perfect complex [BVdB, Thm. 3.1.1]. We denote by Perf(X) the full

triangulated subcategory of perfect complexes.

If, in addition, X has the resolution property, i.e. every quasi-coherent sheaf
on X admits a surjection from a locally free sheaf of finite rank, then an object
in Dq.(X) is a perfect complex if and only if it is quasi-isomorphic to a bounded

complex of finite locally free sheaves [S2, Tag 0F8E].

2.2.2 Dy (X) and D(QCoh(X))

For X a Noetherian algebraic stack over a field k of characteristic 0, the
induced functor on D(QCoh(X)) — Dg.(X) is an exact equivalence if X has

quasi-affine diagonal [H, Thm. BJ. If, in addition, X is smooth over k, then
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Dy(X) = D(QCoh(X)) is compactly generated and the subcategory of compact
objects in Dy (X) is precisely D’(Coh(X)) [H, Thm. A].

2.3 The bounded derived category of coherent sheaves

Definition 2.3.1. For X a scheme or an algebraic stack, the bounded derived

b
category of coherent sheaves D.;,

(X) is the full triangulated subcategory of Dy (X)

consisting of complexes with bounded coherent cohomology sheaves.

2.3.1 D (X) and DP(Coh(X))

coh

For a locally Noetherian scheme X, the category Coh(X) of coherent sheaves on X
is a weakly Serre subcategory of Ox -Mod and a Serre subcategory of QCoh(X),
with the inclusions being exact. Thus, there is an exact functor DP(Coh(X)) —

DP(Ox -Mod) that factors through D® , (X).

coh

When X is Noetherian, any quasi-coherent sheaf is the filtered colimit of its
coherent subsheaves; in particular, Coh(X) C QCoh(X) satisfies condition (x)
above. Moreover, D™(QCoh(X)) = D x)(Ox -Mod) is an isomorphism [S2, Tag
09T4]. Thus, Lemma 2.1.3 implies that the induced functor D”(Coh(X)) — D!

coh

(X)

is an exact equivalence.

If X is a scheme with the resolution property (2.2.1), then Perf(X) is a full

b
coh

triangulated subcategory of D2, (X); they are equivalent if X is Noetherian and

regular [S2, Tag OFDC].
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2.4 Equivariant quasi-coherent sheaves

Let k be a field. Let G be a smooth affine group scheme over k£ and let X be a
scheme of finite type over k. Assume that G acts on X viathemapa: Gx X — X

of schemes over k. Consider the diagram

P12

—_— a
GxGxX -rs+ GxX X,
—_— p2

p13

where p, is the projection onto the second component, p;o = (id, a), pas is the
projection onto the second and third component, and py3 = (m,id) where m is the

group multiplication.

Definition 2.4.1. A G-equivariant structure on a quasi-coherent sheaf F on X is
the data of an isomorphism ¢ : a*F — piJ satistying the cocycle condition, i.e. the

diagram

Praa”F = piza”F

PlaDsF = phza*F > Do3psd = plapsF

p§3¢
commutes. A G-equivariant (quasi-)coherent sheaf on X is a (quasi-)coherent sheaf

equipped with a G-equivariant structure.

Let Coh(X)% (respectively QCoh(X)%) denote the category of G-equivariant
(quasi-)coherent sheaves. A G-equivariant morphism between G-equivariant sheaves

(F,¢) and (G, ) is a morphism of sheaves f : F — G such that the diagram

e AN psF

o

a*§ T> P59
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commutes. It follows that Coh(X)® < QCoh(X)% is a full subcategory.
The category QCoh(X)% is abelian. Moreover, since X is locally Noetherian,

Coh(X)% c QCoh(X)% is a Serre subcategory and the inclusion is exact.

Lemma 2.4.2. Let k be a field of characteristic 0. Let G be a smooth affine
group scheme over k and let X be a Noetherian scheme over k with a G-action.
Let X denote the quotient stack [X/G]. Assume that X has quasi-affine diagonal,
then there are equivalences of triangulated categories Dqe(X) =2 D(QCoh(X)%) and

Db

coh

(%) = D°(Coh(X)%).

Proof. As G is a smooth affine group scheme, X is an algebraic stack, in particular,
Noetherian over k. As X has quasi-affine diagonal, so does X. Thus, there is an

equivalence D (X) = D(QCoh(X) of triangulated categories by (2.2.2).

Since X is Noetherian, Coh(X) C QCoh(X) is a Serre subcategory [S2, Tag
0GRB]J; moreover, every quasi-coherent module is a filtered colimit of coherent
submodules [S2, Tag 0GRE], hence condition (x) above holds. Lemma 2.1.3 then

implies that D, (X) — DP(Coh(X)) is an equivalence of triangulated categories.

coh

The equivalences D.(X) = D(QCoh(X)%) and D!

coh

(X) = D’(Coh(X)%) then
follow from the characterization of equivariant objects in a fibered category over
X given in [V, Sect. 3.8, Prop. 3.49], which implies QCoh(X) = QCoh(X)% and
Coh(X) = Coh(X)¢. O

2.5 Notions of generation of a triangulated category

Let T be a triangulated category. Let C' be a set of objects in 7.
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Definition 2.5.1 (Generation). The set C' is said to generate T if T is the smallest

triangulated subcategory containing all objects in C.

Definition 2.5.2 (Split generation/ classical generation). The set C' is said to
split-generate T if T is the smallest thick triangulated subcategory containing C'.

We say that a subcategory is thick if it is closed under taking direct summands.

Definition 2.5.3 (Compact generation). Assume that T has arbitrary direct sums.
An object t € T is compact if Hom(¢, —) commutes with direct sums. The set
C' is said to compactly generate T if (i) every object in C' is compact and (ii) if

Homg(c[m],t) = 0 for all ¢ € C' and m € Z implies ¢t = 0.

It is immediate that if C' split-generates 7, then it generates J. The following
result more deeply relates these notions of generation; it is a corollary of Neeman’s

generalization of Thomason’s localization theorem [N, Thm. 2.1].

Theorem 2.5.4. Let T be a triangulated category with arbitrary direct sums and
let T¢ denote the full (thick) subcategory of compact objects. Assume that T is
compactly generated. Let C' be a set of objects in T. Then C generates T if and

only if C split-generates T€.

Definition 2.5.5 (Strong generation, [BVdB]). Let E be an object in T and define
for n € Z-( the full triangulated subcategory (E), consisting of objects that can
be obtained from E by taking direct sums, summands, and at most n — 1 cones.

An object E is said to be a strong generator if T = (E),, for some n.

Triangulated categories with a strong generator are significant from the
perspective of noncommutative geometry [BVdB, O], and it can capture properties

such as the regularity of a variety.
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Theorem 2.5.6 ([O, Thm. 3.27]). Let X be a separated scheme of finite type over

a field k. Then X is reqular if and only if Perf(X) has a strong generator.

2.6 Semi-orthogonal decompositions and full exceptional

collections

Let T be a triangulated category.

Definition 2.6.1. A semi-orthogonal decomposition on T, denoted T =
(T1,...,T,), is a sequence of full triangulated subcategories satisfying the following

conditions:

(i) Semi-orthogonality: if ¢ > j then Homg(s,t) =0 for all s € J; and ¢t € T;.
(ii) Generation: T is the smallest triangulated subcategory containing Ty, ..., T,.

Remark 2.6.2. The conditions (i) and (ii) imply that any object ¢ in T admits
a unique decreasing filtration 0 = ¢, — t,_1 — ... — ty — t; — to =t such that

Cone(t; = t;-q) € T foralli=1,... n.

The decreasing filtration in the remark implies that semi-orthogonal
decompositions “split” additive invariants. For example, if T = (T;,...,7T,) is a
semi-orthogonal decomposition, the Grothendieck group of 7T is a direct sum of the
Grothendieck groups of the semi-orthogonal components.

Definition 2.6.3. Let T be a k-linear triangulated category over a field k. An
object £ € T is exceptional if
k' ifm=0

Homg (E, E[m]) = :
0 iftm#0
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A collection of exceptional objects FEi,...,FE, is an exceptional collection if

Homg (E;, Ej[m]) = 0 for all m whenever ¢ > j.

An exceptional collection Ef, ..., E, is said to be

(i) full if Ey,..., E, generates T, and

(ii) strong if Homg (E;, E;[m]) = 0 for m > 0 whenever ¢ > j.

Definition 2.6.4. A full triangulated subcategory ¢ : A C T is admissible if ¢ has

both a left and a right adjoint.

For an exceptional object F in T, the triangulated subcategory of T generated
by E is an admissible subcategory that is equivalent to DP, (Spec(k)). Indeed,

given an object F in T, one can consider the functor

—® E: D", (Spec(k)) — T

coh

taking an object F = @, Fi[—i] € D., (Spec(k)) to F @ E = @,(F; ® E)[—i],
where F; @ E := E4™Fi The functor — ® E is fully faithful if and only if F is
an exceptional object, and in this case, — ® E admits a right adjoint given by

G — RHomg(E, §G). This object is in D2, (Spec(k)) because T is k-linear.

coh

Thus, a full exceptional collection on a k-linear triangulated category T
corresponds to a semi-orthogonal decomposition where each semi-orthogonal
component is an admissible subcategory that is equivalent to DP (Spec(k)). In

particular, if Fy,..., F, is a full exceptional collection on T, then the classes

represented by these objects form a basis of the Grothendieck group of 7.

If X is a quasi-projective scheme, it has an ample invertible sheaf and hence

has the resolution property. Thus, perfect complexes are globally quasi-isomorphic
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to a bounded complex of locally free sheaves by (2.2.1). In particular, Perf(X) C
Db

on(X) is a full subcategory. The following result due to Kuznetsov relates

semi-orthogonal decompositions in these categories.

Proposition 2.6.5 ([K7, Prop. 4.1]). Let X be a scheme over a field k. Assume

X s quasi-projective. Then

(1) Perf(X) C DY, (X) is a full triangulated subcategory, and

coh

(2) if D> (X) = (A4, ..., An) is a semi-orthogonal decomposition, where each A,

coh

b
coh

is an admissible subcategory of D2, (X), then the triangulated subcategories

.Ai = .Az N Perf(X)

induce a semi-orthogonal decomposition Perf(X) = (Ay,..., An) that is

compatible with Perf(X) c D" (X).

coh

Corollary 2.6.6. Let X be a scheme over a field k. Assume X is quasi-projective.

If DP (X)) admits a full exceptional collection, then so does Perf(X). In particular,

coh

X s reqular.

Proof. A full exceptional collection yields a semi-orthogonal decomposition on

Db

on(X) with each semi-orthogonal component being an admissible subcategory

b
coh

equivalent to D, (Spec(k)), hence indecomposable. By Proposition 2.6.5, it
induces a semi-orthogonal decomposition in Perf(.X) which is compatible Perf(X) C
Db

on(X). This semi-orthogonal decomposition must necessarily arise from a full

exceptional collection on Perf(X).

Now, any triangulated subcategory of Perf(X) generated by an exceptional
object has a strong generator because DP, (Spec(k)) is strongly generated by k. It
follows from [O, Thm. 3.20] that Perf(X) has a strong generator, so X is regular
by Theorem 2.5.6. ]
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2.7 GIT quotients

Let k be field of characteristic 0. Let G be a split-reductive group over k. Let
X be a projective-over-affine variety (i.e. a closed subvariety of A}* x P}) with a

G-action and let £ be a G-equivariant ample line bundle on X.

The line bundle £ defines a G-invariant open subset
X®(L) :={x € X : Fasection s € ['(X, L)% for some m > 0 such that s(z) # 0}
called the semi-stable locus.

While one may not always have a reasonable space parametrizing G-orbits in
X, Mumford’s GIT produces a scheme X*(L)/G that is a good quotient. Namely,
it comes with an affine surjective G-invariant morphism X**(£) — X*(£) /G that
distinguishes closures of images of disjoint G-invariant closed subsets and furnishes
regular sections on an open subset U C X*(L)/G as the G-invariant regular

sections on the preimage of U.

One can also consider the quotient stack X*(L)/G. As G is smooth and affine,
it is an algebraic stack, and it is Deligne-Mumford (DM) if X*(£) has finite G-
stabilizers. As mentioned in the introduction, we will use the term “GIT quotient”
to refer to the stack X**(L)/G as opposed to the good quotient X*(L)/G. If the
G-action on X*(L) is free, then X*(L)/G = X*(L)/G. Often X will be smooth,
and while the scheme X*(£)/G may be singular, X*(£)/G will be a smooth

algebraic stack.
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2.7.1 The Hilbert-Mumford criterion

Let A : G,, — G be a one-parameter subgroup. Let z € X be a point such that
xo = limy_0 A(f) -  exists. Then A fixes x¢, and therefore acts on the fiber £,, of

L at xy via an integer weight that we denote by wty (L, ).

The Hilbert-Mumford criterion says that x € X®(£) if and only if for all

one-parameter subgroups A such that lim; o A(¢) -  exists, wty(Ly,) > 0.

2.7.2 KN stratifications

The Hilbert-Mumford criterion furnishes a stratification of the unstable locus
X(L) =X\ X*¥(L), called a Kempf-Ness (KN) stratification. The stratification
comes from pairs (Z, \) consisting of a one-parameter subgroup A and Z C X* a

connected component of the fixed locus X* of . To such a pair one associates

(i) the locally closed subset
Yz = {x e X:limA(t) x € Z} :
t—0

called the blade of (Z,\) or the attracting locus of A with center Z. The
limit gives an affine map 7 : Yz, — Z that is a fiber bundle of affine spaces

whenever X is smooth.

(ii) the parabolic subgroups
p— * 1 . . _1 ]
P, = {g eG: E}% A(t) - g- A(t)™ exists } , and

Pyy = {p € P, : 1(Z) C Z, where | = im A(£) - p - A(t)*l} .
t—0

26



The Levi subgroup Lz of Py, is given by
Lyy= {l €G:U(Z)C Zand = At)-1- ()" for all t}.

Taking the limit as t — 0 under the conjugation action by A gives a map
Py — Lz, that admits a section. By definition, Z has a trivial Lz x-action,
Py acts on Yy 5, and the map 7 : Y\ — Z is equivariant with respect to

PZ,)\ — LZ,A-
(ili) the weight

-1
fj’(Zv )‘) = WWD\(L|Z>’

where | — | is some fixed norm on the space of one-parameter subgroups of G.

By the Hilbert-Mumford criterion, p(Z, A) > 0 implies Yz, C X™(L).

A KN-stratification (see [HL, Sect. 2.1]) is constructed inductively as follows:
Take (Z!, \,) such that the weight (2., \,) is strictly positive and maximal
among pairs (Z, \) with Z not contained in previous strata. Then one considers
the locus Z, C Z/, consisting of points not contained in any previous strata. Set
Y, :=7nY(Z,) C Yz » and define the new stratum as S, := G - Y,. The strata

with strictly positive p-weight stratify the unstable locus.

The data of a KN stratum is organized as in [HL, Def. 2.2] into the following

useful diagram
Vo Soa=G-Y, 5 X

“ij% (2.1)

Lo,
where o, and j, are inclusions. The stratum S, is a locally closed subset of X,
and the morphism G xf= Y, — G -Y, = S, induced by the group action is an
isomorphism. Moreover, 7, is still affine and is equivariant under P, — L, where

P, := Py, and L, is the Levi subgroup of F,.
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We will drop the a subscripts when working with a single KN stratum.

G-equivariant sheaves on a KN stratum

We will be interested in understanding the structure of G-equivariant sheaves
supported in the unstable locus. It turns out that G-equivariant sheaves on a KN
stratum S = G -Y correspond to P-equivariant sheaves on Y. Indeed, the canonical
morphism Y — G x?Y is equivariant with respect to the inclusion P C G, thus it
induces an isomorphism of quotient stacks Y/P = (P x¢Y)/G. But the latter is

isomorphic to S/G because KN strata satisfy P x¢Y 2 G-Y = S.

2.7.3 The case of linear GIT quotients

Suppose X = Spec(Sym(V')), where V' be a vector space over k with a G-action.
With notation as in Section 1.5, let (y,..., 3, € M denote the weights of X with

respect to the fixed maximal torus T' C G.

Since X is a vector space, the group Pic(X)¢ of G-linearized line bundles
corresponds (contravariantly) to the characters of G, the latter of which determines
a Weyl-invariant character of T. Thus in the sequel, we will identify a GIT

parameter £ with the corresponding character ¢ € M"W.

The attracting locus of a one-parameter subgroup A : G,, — T is

XA20 =17z € X :limy_ o A(t) - x exists}

= Span{3; : (A, 3;) > 0}
We will use similar notation X*>%, X*<0 etc., to denote the linear subspace of X

spanned by the weights whose pairing with A is > 0, < 0, etc.. Note that if A € Ny
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is anti-dominant, then X*2% and X*>? are naturally linear representations of B.

The Hilbert-Mumford criterion implies that the unstable locus is precisely
x=0= | aG-x*
AEN, s.t. (A €)<0
where N is the space of one-parameter subgroups of 7. In fact, only finitely many
subspaces arise as X*9 for some A € N, so finitely many ) suffice to cover the

unstable locus.

We will make use of some standard results in the theory of variation of GIT
quotients, developed in [DH]|. First, we define X*5(¢) more generally for ¢ € My’
using the fact that X*5(¢) for £ € M"Y depends only on the cell in which ¢ lies
with respect to a decomposition of MY into a finite union of rational polyhedral
cones. We can thus think about varying ¢ continuously. If ¢, € M} for ¢ € [0, 1]
is a continuous family of real characters, then X®(¢;) is constant for 0 < t < 1,
and X®(4;) C X®({) for 0 < t < 1 with equality if points of X*({;) have finite

stabilizers.

Example 2.7.1. Under Hypotheses 1.2.1, we will consider X (w*)/G. If points
of X*(w*) already have finite stabilizers, then X®(w* + €/) = X%(w*) for any
(€ MY and 0 < ¢ < 1. However, if X*(w*) has points with positive stabilizers,
then X*(w* + €f) for 0 < ¢ < 1 will depend on ¢. If V. C M} is the linear
subspace spanned by the smallest cone in the wall-and-chamber decomposition of
MY coming from GIT, then M} /V inherits a wall-and-chamber decomposition
into a finite union of rational polyhedral cones such that X*(w* + €f) is constant

for all £ whose image in My lies in one of these cones.
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2.8

Window Categories

Let G be a split-reductive group over k, let X be a projective-over-affine variety

with a G-action, and let £ be a G-linearized ample line bundle on X. For ease of

notation, we will denote X* := X*(L)/G, X := X/G, and X" := X"(L).

Window categories (see [T, HLS, BFK]) arise from the following circle of ideas:

(1)

Let € be a locally free sheaf on X* and let € be a lift of € via pullback along
the open immersion X% — X. It is easier to compute the cohomology of g, SO
one wants to understand when the cohomology of € can be deduced from that
of €. If the local cohomology with support in the unstable locus vanishes, i.e,

RT xu:(€)C = 0, then there is an isomorphism RT'(X*, &) = RI'(X, ). This

follows from the canonical triangle of G-equivariant complexes
RDxus (&) = RT(X, &) — RT(X™, &|x=)

and the fact that G is reductive, so taking G-invariants is exact.

The local cohomology object RI'yus(€) admits G-equivariant filtrations. By
characterizing the weights of all irreducible representations that can appear
in the associated graded components of a given filtration, one obtains precise
weight conditions that determine when RI'xus (E)G = 0. These weight
conditions cut out a region 2 C Mg in the weight space of G| i.e., a “window”,

such that the subcategory of DP | (X)

coh
U € Rep(G) irreducible with
W) :=(O0xU: )

character in 2

where (—) indicates the full triangulated category generated by —, restricts to

a full subcategory res : W(Q) — DP

on(X%). If res is also essentially surjective,
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W(S?) is said to be a window category. Thus, window categories describe

precisely how DP_ | (X%%) sits in D2, (X).

coh coh

We now discuss some criteria for vanishing of local cohomology.

2.8.1 Vanishing of local cohomology from KN stratifications

Let S =G -Y be a KN stratum associated to a pair (Z,\) (see Section 2.7.2). Let

P be the parabolic of A and let L C P be the Levi subgroup fixing Z.

Assume that S is a closed KN stratum, i.e. j: S < X is a closed immersion,

and assume X is smooth. Let J be the ideal sheaf of S.

Let F be a locally free sheaf on X/G, which we think of as a G-equivariant
locally free sheaf on X. The local cohomology of & with support in S is given by

RES(?) = hg RHOTTLX/G (OX/]m,fTr),

m>0

where the underline indicates the sheafy functor. The object RI¢(F) is not

. b
in D2y,

(X/@G), but it admits a G-equivariant filtration whose associated graded

components are the coherent sheaves
gr(F) = Homy)q (I /9", F) = Homy, (j. Sym™ (NsX)", ),

where (NgX)" is the conormal bundle of the regular immersion S < X. It follows
that RT'(X/G, gr,,(F)) = RT(X, gr,,(F))¢ = 0 for all m implies the vanishing of
RIs(F)¢. Now,

Homy g (j. Sym™(NsX)¥,F) = j.Homg,q (Sym™(NsX)Y, j'F)
= jHomg)q (Syl’ﬂm(NSX)v;‘7*3'~ Rog j!OX)
= j, (Sym™(NsX) ®og 7*F ®o4 det(NgX)[—codim S]),

31



where j'Ox = det(NgX)[—codim S] is computed directly from the Koszul resolution

of j.0g. Using the notation from (2.1), we have

RF(X, grm(ff"))G = RF(S, (Symm(NsX) ®OS j*gj ®os det(NsX)[—COdlm S]))G
=~ RI(Y, (Sym™(NsX) Qo j*F Qo det(NgX)[—codim S]))”
>~ RI(Z, 7. (Sym™(NsX) ®og 7*F Qo det(NgX)[—codim S]))F,

where we have used in the second equivalence that P-equivariant sheaves on Y

correspond to G-equivariant sheaves on S (see Section 2.7.2).

Since A fixes Z, it acts on det(NgX)|z via a weight —n\ < 0, which is strictly
negative by construction of a KN stratum (see [HL, Sect. 2.1]). It follows that —n)
is the highest A-weight that can appear in 7, (Sym®(NsX) ®o4 det(NgX)). Thus,

if U is a G-representation and all \-weights of U are strictly less that n,, then
RI(X, gr,,,(Ox ® U))¢ = RI(Z, 7, (Sym™(NsX) ®o, det(NsX) @ U))L =0

for all m > 0. These weight conditions on closed KN strata are used in [HL]
to construct canonical semi-orthogonal decomposition on DP  (X/G) and window

categories. The windows constructed in Chapter 3 will use the quantities 1, even

when they do not arise from a closed KN stratum.

2.8.2 Vanishing of local cohomology in linear GIT

In addition to the setup of Section 2.8, assume that G is connected, k is algebraically

closed, and X = Spec(Sym V') for a G-representation V.

Let U be an irreducible G-representation. By [VdB, Lem. 1.5], the Cohen-
Macaulayness of the module of coinvariants (Sym(V) @ U)¢ is determined by

whether the character of U* appears in RI'xus (X, Ox). Here X" is defined to be
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the G-orbit of the following subset

where A is a cocharacter whose associated parabolic subgroup contains the Borel B
and

Xy = {xeX:lim)\(t)-xzo}.

t—0
Motivated by the questions of Cohen-Macaulayness, Van den Bergh uses a refined
stratification of X to give explicit descriptions of the highest weights of irreducible

representations appearing in RI"yus(Ox).

Proposition 2.8.1 ([VdB, Cor. 6.8]). Suppose X has a point with closed orbit
and finite G-stabilizer. Let U be an irreducible G-representation occurring in

RU xus(Ox). Then the highest weight of U has the form

X+ o,

where ® is a subset of the set of roots of G and X' is a character occurring in the

T-representation R x, (Ox) for some one-parameter subgroup A of T.

In the context of linear GIT quotients satisfying Hypotheses 1.2.1, we will use this
result crucially in Section 3.2 to establish weight conditions on a G-representation

U that guarantee the vanishing of the local cohomology object RIxus(¢)(Ox @ U )<,
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CHAPTER 3
FULL EXCEPTIONAL COLLECTIONS OF VECTOR BUNDLES ON
RANK-TWO LINEAR GIT QUOTIENTS

3.1 The barrel window

Here we introduce some subsets of Mg, which we refer to as the “cylinder”

and “barrel” windows, that are relevant for our main results. We work under

Hypotheses 1.2.1.
Definition 3.1.1. Associate to any cocharacter A € Ny the T-weight
Cr o= —det (X*=°) + det (g<) ,

where g is the Lie algebra of G and the expression det(U) := AY™YT is the sum of

the weights (with multiplicity) appearing in U. Define

= <>‘7 C)\> :

More concretely, ny = — >y min(0, (A, 8)) + >, min(0, (A, @), where W is the

set of weights of X and ® the set of roots of G.

If X is a one-parameter subgroup associated to a KN-stratum .S, with center
Zy in the sense of [T], n, is the total A\-weight of the conormal bundle of Sy in X

restricted to Z) (see Section 2.8.1).
Definition 3.1.2 (A-strip). For any A\ € Ng, we refer to the closed subset
By:={x € Mg : [(A, )] <m\/2} C Mg

as the A\-strip. Note that either By C B_) or B_, C B,, with equality if and only

if n_x = —n.
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Definition 3.1.3 (Barrel window). Let Ay € N be a cocharacter that pairs
strictly negatively with all weights of X. For any ¢ € My with (Ao, ) # 0, we

define the cylinder window to be the closed subset
V= {X € By, : (N, )] < % for all N € fL},
and we define the barrel window to be the non-closed subset

[(N, )] < %7 or

Vii=<{ x € By, : Y\ et (N, x) =% and (Ao, x) < <’\°’2<”>, or

(V,x) = 2 and (Ao, x) > 2o

When ¢ = w* and \g € N} is a cocharacter that satisfies the condition in

Hypotheses 1.2.1, we will simply use V := V- and V := V,..

Remark 3.1.4. The cylinder window is the intersection of the A\y-strip with the
preimage of a polytope V' C Mg JRC. If we consider X as a representation of
ker(/) C G, then under the identification of Mg/R¢ with the weight space of
ker({), the polytope V' corresponds to the one studied in [HLS] and it is related
to the zonotope studied in [SVAB1] if X is quasi-symmetric (e.g. self-dual) as a

representation of ker (/).

Example 3.1.5. Let G = GLjy over the field £ and consider the G-linear
representation X = (k%)®°. The weights of X are (1,0),(0,1) € M = Z? each
with multiplicity 6. The roots of G are (1,—1),(—1,1), where we take (1,—1)
to be the positive root. The subset (w*)* C Ng consists of positive multiples of
the cocharacters \] = (—1,1) and N, = (1,—1). Take \g = (—1,—-1) € Ny'. A
direct computation yields ¢y, = (=6, —6), (x = (=5,—1), and {y, = (=1,-5),
thus 7y, = 12 and 7y, = 7y, = 4. The resulting cylinder and barrel windows are

described in Figure 3.1.
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o+ P =

o-strip /7
B g\%/‘u + Py

FIGURE 3.1. The diagram to the left is the cylinder window V for
Example 3.1.5. The T-weights indicated by blue crosses are those in the cylinder
window that are excluded from the barrel window, thus the T-weights indicated
by red dots are precisely those in the barrel window V. We have marked the
special weights P; := (),/2 for i = 1,2 that become relevant in the passage
from the cylinder window to the barrel window as is depicted in the diagram
to the right. This diagram indicates a perturbation by some 6 € MH‘{V of the
regions ﬁ“ defined in Remark 3.1.7 for selected values of 0 < ¢t < 1. In this
particular example, 8 = sw*, where —s is a small positive number. Here the
weight indicated by a blue cross is excluded in the 8-perturbed barrel window

0+ V.

Definition 3.1.6 (\-generic). Given a pair (X, £) € Ny x My such that (Ao, £) #
0, we say that § € MY is \g-generic with respect to £ if (9 + H) N M = () for every
affine hyperplane H of the form {x € Mg : (Ao, x — (/2) = 0}, where { = ( for
some \ € ¢+ (including X' = 0). We will say 6 is \p-generic if it is A\g-generic with

respect to w*.

The notion of Ag-generic is equivalent to 6 avoiding all of the hyperplanes
X+ Cv/2+ A for all y € M and X € (*. If )\ is rational, then this hyperplane
arrangement is locally finite. In fact, the image of the lattice M C Mg under the
linear map (\g, —) : M® — Q will be a free subgroup of rank 1, I' C Q, and the

hyperplane arrangement is contained in the preimage of %F under this projection.

Remark 3.1.7 (A characterization of the barrel window). Choose a W-invariant
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norm on Ng. Let us rescale A\ so that |\g| = 1. For ¢t > 0, define the closed subset

<)‘/ + t)\Oa C)\’)

sz{xevg:]@\’jtt)\o,x)lé 5

VX €+ with [N| = 1} :
One can show that if § € MY is \g-generic with respect to ¢, then

(9+vg,t)ﬂM:(9+Vg)ﬂMf0raHO<t<<1.

For t small, the region V,; represents a slight narrowing of the cylinder window V,
at the top and bottom (see Figure 3.1), which is why we refer to V, as the “barrel”

window.

Proof. Let S denote the unit sphere in ¢*. For each x € Mg, define the function
Fy_g:[0,00) x S — R as
Fyeg(t,N') = [\ + Ao, x = 0) — (N + Ao, Cx/2).

Note that F)_g is continuous in both ¢ and A.

A direct computation yields (9 + Wt) NMC (0+V,) NM for any t > 0 and

any 0 € M. The result then follows from the following observations

(1) For x € 0 + Vy and any N € S, if 0 < t < s, then F,_(¢,\') > 0 implies

Fio(s,\) > 0.

(2) If 0 is Ap-generic with respect to ¢, then the containment
(9 +U,_, vg,t> ANMC(O+V)NM (3.1)
is equality.
Indeed, assuming (1) holds implies that 6 + V,g,s C 0+ Vg,t if 0 <t <s. There
are finitely many T-weights in 6 + (J,., vt,g, so one can find a 7 > 0 with
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(0 + U= Wt) NM = (6’ + WS) N M for all s € (0,7]. The result then follows if
(2) holds.

Proof of (1) and (2):

The first claim follows by a direct calculation. For the second claim, let x be a
T-weight in 0 + (Vg \ U0 Vm). Observe that x ¢ 6 + IntV,. Indeed, F,_(t, \')
is continuous in both ¢t and A and by definition, y — 6 € IntV, if and only if
F,4(0,)) <0 for all N € S. In particular, if y — 6 € IntV,, then because S is
compact, F,_4(t,\) <0 for all 0 <t < 1,50 y — 0 € Vy, for ¢ sufficiently small

resulting in a contradiction.

The fact that x — 6 ¢ IntV, implies that the set
Syoi= (N €5 (N, x—6) — (X, /2) = 0
is non-empty. We claim that there is a cocharacter X' € S, _y satisfying

[ (A0, X = )] = (Ao, Cx/2) = 0. (3-2)

Because x is a T-weight in 6 + (Vg \ U0 %t) and because (1) holds, one has that
for all ¢t > 0, there is a X' € S (possibly depending on t) satisfying F)_g(s, \') > 0
for all s > t. Let {t;}32, C (0, 1] be a sequence converging to 0 and for each t;, let
A; € S be a cocharacter satistying F\_g(s, ;) > 0 for all s > ¢,. Let " denote the

limit of a convergent subsequence of {\;}. Then X satisfies
Fy—o(s,\) >0 for all s > 0.

This, together with the fact that [(X,x — 0)| < (X, (v /2) (because y — @ € V, and
N € S) implies (a) [(N,x — )| = (N, (v /2) and (b) [(Ao, x — )] > (Mo, (/2). By
assumption, x — 6 € Vy, so (a) implies [(Ag, x — 0)| < (Ao, (//2), which in addition

to (b) implies X\ satisfies (3.2).
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The existence of a cocharacter X' € S, _y satisfying (3.2) implies that the 7-
weight y lies in one of the hyperplanes 6 + (y//2 + \g and this is ruled out by the

genericity assumption on 6. Thus, there are no T-weights in 6+ (Vg \ U0 Wt). O

3.2 A vanishing criterion for local cohomology

Here we use the results of [VdB] to state a vanishing criterion for local cohomology.

Recall from Definition 3.1.1 the canonical weight () associated to a coweight A € N.

Proposition 3.2.1. Assume Hypotheses 1.2.1. Let { € M(S/ be such that (Mo, f) <0
and let U be a representation of G. If for every weight x appearing in U and for

all cocharacters X' : G, — Ty, there is a 7 > 0 such that for all0 <t < T,
</\, + t/\o, X — C)J) < 0,

then RT xus (O x ®@U)Y = 0, where X' = X({) is the {-unstable locus. Furthermore,
if G is connected and U is irreducible, it suffices to check these conditions for the
lowest weight x appearing in U, and to verify the condition only for N : G,, — T,

that act with weights < 0 on the Lie algebra of B.

Remark 3.2.2. Because )\ is central, the condition on x and A can be rephrased
as saying that 0 > (X, x — (v) = (N, x + det(XV<0) + det(g*>?)), and if equality
holds then 0 > (A, x — Cx) = (Ao, X + det(XN=0)). In the special case where N is

the trivial cocharacter, the condition simplifies to (g, x + det(X)) < 0.

The proof depends on a slight generalization of the classical characterization of

semistability for a point in P under the action of a reductive group.

Lemma 3.2.3. Assume Hypotheses 1.2.1 and let £ € My be such that {\g,{) <0,

then x € X is (-unstable if and only if 0 € {G} - x}.
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Proof. By the Hilbert-Mumford criterion, it suffices to show that ¢-instability is
equivalent to the existence of a cocharacter X' : G,, — G} such that lim; o A(t) -
x = 0. In one direction, if there is such a cocharacter X' : G,, — GY, then for
N > 0, limy_o N ()M Xo(t)x = 0 as well, and it is destabilizing with respect to £ by

hypothesis.

Conversely, after a positive rescaling, any ¢-destabilizing cocharacter for z has
the form A = X' 4+a)g, where )\’ is a cocharacter of G and a > 0. We can decompose

z into joint eigenvectors

xr = E Tyw,

v, wWEL,w<0

where z, ., has weight v for X and weight w for Ag. Then the fact that lim, ,o A(¢) -z
exists means that v + aw > 0 whenever z,,, # 0, and hence that v > —aw > 0. It

follows that lim 0 X' (t) - x = 0. O

Proof of Proposition 3.2.1. Let G° C G denote the identity component. The
homomorphism G,, x Gj — G° taking (z,9) — Ao(2)g is surjective. For any

G-representation M, we have

MC = (MC°)G/G° = (MExG)G/G°
In addition, the unstable locus X" (/) is unaffected by isogenies of G, so it suffices
to show the vanishing of (RI yus(Ox ® U))®m*¢2. The criterion of the proposition

is also unaffected by isogenies, so we may therefore replace G with G,, x G} for

the remainder of the proof. We may also assume T'= G,, x T; and B = G,, X B;.

We use the methods of [VdB] to bound the weights of Rl xus(Ox) as a G-

representation.

First of all, Lemma 3.2.3 implies that the /-unstable locus for the action of

G on X, in the sense of GIT, agrees with the unstable locus for the action of
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G5 on X as studied in [VdB]. Then Proposition 2.8.1 says that every irreducible
GY-representation that occurs in RIxus(Ox) has a highest weight of the form

X=X+ Y, «a (3.3)

aeSCP

where S C @ is a subset of the roots of Gj, and x’ is some character occurring in the
Ty-representation RIyx-0(Ox) for some cocharacter X' of Tj. The proof of this claim
uses the spectral sequence associated to a certain double complex, constructed in
[VdB, Lem. 5.2.2], whose differentials are equivariant for the larger group G, not just
for G7. As a result, the arguments used to establish [VdB, Cor. 6.8] apply verbatim
to conclude that every irreducible G-representation occurring in RI'xus(Ox) has
highest weight of the form (3.3), where X’ is a character for the maximal torus
T C G that occurs in the T-representation RI" yx-0(Ox) for some cocharacter X' of
Ty, and we regard roots of Gj canonically as weights for 7' = G,,, x T by letting

the first factor of G,, act trivially.

If U is irreducible with lowest weight y, then to show that R xus(Ox @ U)¢ = 0,
it suffices to verify that the highest weight of U*, which is —y, can not have the form
(3.3) discussed in the previous paragraph. For any closed subscheme i : § <— X
defined by an ideal Is C Oy, the formula R['sOx = colim RHom(Ox/I%,Ox)

h

gives a convergent non-negative filtration whose n'* associated graded complex is

RHom (i, (12/15), Ox) for n > 0. The closed immersion X>° < X is regular,
so Grothendieck’s formula for i'(O) identifies the associated graded complex of

RT yvx~0(Ox) with
0,20  Sym(X¥<0) @ det (XY <) dim(X¥ <))

It therefore suffices to show that —y does not appear as a weight in the T-

representation

Sym ((XX>°)* ® XXSO> ® det(XV<°) © A*g (3.4)
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for any cocharacter X of Ty (including X" = 0). The highest A’-weight appearing in
(3.4) is —nn = (N, det(X*=0) 4 det(g">?)), and the summand with this \-weight
1s

Sym (XA’:O) ® det (X¥=0) @ det (g ) @ A*(g¥=0). (3.5)
The highest A\g-weight in (3.5) is (Ao, det(X*'=?)) < 0. It follows that if either 1)
(N, x) < or 2) (N, x) =ny and (Ao, x) < —(Xo, det(XV=9)), then —y does not

appear as a weight of (3.4).

To complete the proof we must show that if GG is connected and U is irreducible
with lowest weight x, then all of the weights appearing in U satisfy the condition
with respect to any cocharacter of 7’. By the Weyl character formula, all of the
weights of U lie in the convex hull of W - x,! so it suffices to verify the inequalities
for the characters wy with w € W. Because whg = Ay and w(y = (uy, the
inequality (w) + tAg, X — Cwn) < 0 is equivalent to (N + tAg, w™tx — (y) < 0, so
we may assume N pairs non-negatively with the Lie algebra of B. In that case,
(N, wy) < (N, x) and (Ao, wx) = (Ao, X), so the inequality for the characters wy

follows from that for y. ]

Example 3.2.4. Consider the GL, representation X = Sym?®C? and take \y =
(—1,—1). The subspace (w*)* C Ny consists of zero and positive multiples of
" = (=1,1) and Ny = (1,—1), so these cocharacters suffice to describe a region
in Mg consisting of weights that satisfy the inequality in Proposition 3.2.1. Any
GLa-representation whose weights lie in this region gives a vector bundle that has

vanishing local cohomology with respect to X"*. By Remark 3.2.2, this “allowable”

'The Weyl character formula says that Ch(U)- >, oy e(w)w(p) = 3, ey e(w)w(x +p), where
p is the half-sum of negative roots. If one chooses a generic coweight A\ and keeps only the terms
with the lowest pairing with A, one gets Ch(U)*~™1 . g(w)w(p) = e(w)w(x + p), where w € W is
the unique element such that w(\) pairs positively with all dominant weights. So for a dense set
of coweights A, the minimum A weight in U is always > (A, w(x)) for some w € W. This implies
that the convex hull of the weights in Ch(U) lies in the convex hull of W - x.
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region is

(N, x —Cv) <0, or

(N, x = Q) =0 and (Ao, x —(v) <0

X € Mg : for N = 0,\¢", )\,

In this particular example, CXf* = (—4,-2) and O™ = (—2,—4). The resulting

region is shown in Figure 3.2.

FIGURE 3.2. This diagram illustrates the “allowable” region for Example 3.2.4.
The red circles indicate the 7T-weights that satisfy the inequality in

Proposition 3.2.1.

Corollary 3.2.5 (Fully-faithfulness). Assume Hypotheses 1.2.1, and let £ € My be
such that (N, £) < 0. Let 6 € MY be \g-generic with respect to £. If V,W € Rep(G)
are two representations whose weights are contained in 0+V, C Mg, then restriction

gives a quasi-isomorphism

RHOHI)((OX X ‘/, OX X W)G = RHOmes(Z)(OXss(Z) (24 ‘/, OXSS(Z) (24 W)G

Proof. This is equivalent to showing that RT yus(n(Ox @ W ®@V*)¢ = 0. Any weight

x of W ® V* has the form ys — 1 for some x1, x2 € (0 + V,) N M. So it suffices
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to show that any such y satisfies the inequalities of Proposition 3.2.1. We must

show that for any A’ € ¢+, one has

(N x2 = x1) <y

and if equality holds then (Ao, x2 — x1 — (v) < 0.

The first inequality follows immediately from Definition 3.1.3, because (X, x2) —
(N, x1) < [N, xa—0)|+| (N, x1—6)|. Equality holds if and only if (N, xo—0) = 1\ /2
and (X, x1 —60) = —ny /2. If this is the case, then Definition 3.1.3 implies that
(Mo, x2 — 0) < (N, Cy)/2 and (Ao, x1 — 0) > —(No, (v)/2. Subtracting the second
inequality from the first gives (N, x2 — x1) < (Mo, (), and equality holds if and
only if (Ag,x2 — 0) = (X, (v)/2 and (Ao, x1 — 0) = —(Xo,(v)/2. Because 6 is
Ao-generic, there is no weight yo € M such that (Ao, x2 — 6 — (\/2) = 0, so

(N, x2 = x1) < (Mo, Q) 0

3.3 Strong exceptional collections

For an irreducible G-representation U, the central cocharacter \g acts with constant

weight on U, which we will denote wt,(U).

Proposition 3.3.1. Assume Hypotheses 1.2.1, let £ € Mg be such that (Ao, ¢) < 0,
and let 0 € My be \o-generic with respect to £ (Definition 3.1.6). Let Uy, ..., Uy
denote the irreducible representations of G whose weights lie in 0 +V, C Mg,
indezed so that wty, (U;) < wty,(U;) for alli < j. Then the G-equivariant locally
free sheaves Oxsspy @ Uy, ..., Oxssp @ Uy are a strong exceptional collection in
Db (X*(0)/Q).

coh

Proof. This follows immediately from Corollary 3.2.5 and Lemma 3.3.2 below. []
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Lemma 3.3.2. One can choose a total ordering on the set of irreducible
representations of G such that U < W implies wty,(W) < wty, (U). With this
ordering, the locally free sheaves Ox ® U, where U ranges over all irreducible

representations of G, form a full strong exceptional collection in DP, (X/G).

Proof. The fact that such a total ordering exists is elementary — one can use a
lexicographic ordering first by — wty,(—), and then break ties using any other total
ordering of irreducible representations. The fact that this forms a full exceptional
collection follows from the computation for two irreducible representations U and
w

RHomy,/c(0x @ U,0x ® W) = (Sym(X*) @ W ® U*)“. (3.6)

If wty, (W) > wty,(U) then (3.6) vanishes, because the A\g weights of W @ U* are
strictly positive and the Ag-weights of Sym(X*) are non-negative by hypothesis.
If wty, (U) = wty, (W) then (3.6) is isomorphic to (W ® U*)¥ = Hompgep) (U, W),
which vanishes if U 2 W and is isomorphic to k if U =2 W. n

3.4 Decorated quiver varieties and iterated fiber bundles

Let Z be a smooth and proper Deligne-Mumford stack with an action of a group
G. Then for any Deligne-Mumford stack Y with a principal G-bundle P — Y,
one can consider the associated fiber bundle P x% Z — Y, whose fiber is 7.2

We will assume that we have an exceptional collection Fy,...,E, € D® (Z/G)

coh

that restricts to a full exceptional collection in D2, (Z). When G is a connected

reductive group, 7 (G) is free, and Z is a projective scheme, any full exceptional

2We take the definition of a G-action on Z to be the data of a morphism of algebraic stacks
Z — BG along with an isomorphism pt X pgZ = Z. Then by definition P x¢ Z := Y xpg Z.
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collection in DP, (Z) is the restriction of an exceptional collection in DP, (Z/G)

[P, Lemma 2.2].

Lemma 3.4.1. For any Deligne-Mumford stack Y and any G-bundle P — Y, the

associated fiber bundle P x% Z has a semiorthogonal decomposition

Dth(P XG Z) - <D50h

(Y) G E17 R 7Db (Y) G E’rL>7

coh

where D2, (Y)XC E; denotes the essential image of the fully faithful functor pi(—)®
ps(E;) D (V)= D> (PXxYZ), andp, : Px®Z =Y andpy: Px% 7 — Z/G

denote the canonical projections.

Proof. By the conservative descent theorem of [BS, Thm. B], it suffices to prove
the claim after base change along a faithfully flat morphism Y’ — Y. We may
therefore assume that Y = Spec(R) is a smooth affine scheme and the G-bundle
P is trivial, so P x% Z = Spec(R) x Z. The projection formula implies that
RHomgpeo(ryxz(R @k Ei, R @y E;) = R ®, RHomy(E;, E;), which vanishes if j > i
and is isomorphic to R if i = j. The fact that R split-generates D, (R) thus implies
that the functors (—) ®j E; are fully faithful and that their essential images are
semiorthogonal. To complete the proof, it suffices to show that R® E,..., R® E,
split generate D2 | (Spec(R) x Z). This follows from the fact that Spec(R) x Z — Z

is an affine morphism, because F' € Dg.(Spec(R) x Z) is zero if and only if its

pushforward to Z is zero. O

As a consequence of Lemma 3.4.1, if Y has a full exceptional collection

Db

coh

(Y) = (Fy,..., F,), then the objects F; X E;, with indices (i, j) given the
reverse lexicographic ordering, form a full exceptional collection in D2, (P x¢ Y).
If {E;} and {F}} are strongly exceptional, or consist of locally free sheaves, then

the same holds for E; X F}.
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Our next goal is to illustrate a large class of examples in which one can apply

Lemma 3.4.1 to construct full exceptional collections.

Definition 3.4.2. A quiver consists of a finite set Qg of “vertices” and a finite set
()1 of “arrows,” along with source and target maps s,t : Q1 — Qo. A decorated
quiver consists of a quiver @) along with a triple (G;, Vi, w;) for all i € g, where
G, is a reductive group, V; is a G;-representation, and w; € Z with w; > 0. The
representation space of a decorated quiver is the vector space
Rep(Q) := [] Hom(Via, Vi) x [T Vi
€@y 1€Qo
which is naturally a representation of the group G := Hz’er G;. We will sometimes
denote a decorated quiver (Q1, Qo, {(Gi, Vi, w;}) simply by @, when the context is

clear.

Let Q = (Q1, Qo, {(G;, Vi, w;}) be a decorated quiver. We assume the underlying
quiver has no oriented cycles, so we may choose an identification Qo = {1,..., N}
such that arrows only point from i to j for j > ¢. For each i € )y, let

Rep(Q); := Hom(k" & € Vi), Vi),
acQr
t(a)=1
ni=wi+ > dim(Vi).
ac@Q1
t(a)=1
Note that Rep(Q), is equipped with a natural action of G, := [],;c, Gi, and
Rep(Q); = V™ as a G;-representation. The natural forgetful maps Rep(Q) —

)

Rep(Q), induce an isomorphism Rep(Q) = [], Rep(Q),.

Proposition 3.4.3. Let Q) be a decorated quiver with no oriented cycles, and vertices
ordered as above, and assume that each V; has strictly negative weights with respect

to some central cocharacter of G;. For alli=1,...,N, let ¢; be a character of G;
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such that (V"")5=55(;) has finite stabilizers in G;, and let £ = a1y + -+ + anly

for real numbers a; satisfying 0 < ay K ay_1 K ++- L aj.

Then p € Rep(Q) is ¢-semistable with respect to the Gg-action if and only if
for every i € Qg the image of p in Rep(Q); is {;-semistable for the action of G;.
Points in Rep(Q)®(¢) have finite stabilizer groups in Gg. If Q<, denotes the full

decorated sub-quiver containing vertices {1,...,p}, then the forgetful map
Rep(Q<p) =™ /G<p = Rep(Qep 1) 7507 7% /Gy,

where semastability is always defined with respect to the restriction of € to the

relevant subgroup, is the fiber bundle associated to the principal G<,_1-bundle
Rep(Q<p-1)7=r"1 ™ = Rep(Qep1) =1 (lep 1) /G <o,

whose fiber is the Deligne-Mumford stack Rep(Q)g”_ss/Gp with G<,—1-action coming

from the natural G<, action on Rep(Q),.

Proof. The claims of this proposition are formal consequences of the claim that the

canonical isomorphism Rep(Q<,) = Rep(Q<p—1) X Rep(G),, induces an isomorphism
Rep(Q<,)%» ™ = Rep(Qzym1)*=r ™ x Rep(G)» ™.

To show this, represent p € Rep(Q<,) as a pair (p<,_1, pp). If p, is destabilized by a
cocharacter A\, of G, then the cocharacter (0, \,) destabilizes p. On the other hand,
if p, is semistable, and A<,_; is a cocharacter of G<,_; that destabilizes p<,_1, then
the fact that Rep(Q)g” /G, is a proper Deligne-Mumford stack implies that there
is some cocharacter A\, of G}, such that (p<,_1, p,) has a limit under (A<,_1, \,).

Assuming ay, ..., a,—1 fixed, if we choose a, > 0 sufficiently small, then
</\§p—17 arly + -+ Clp_lfp_1> + CLp<)\p, €p> < 0,

48



hence (A<p_1,7,) destabilizes p with respect to a1¢y + --- + a,l,. DBecause
finitely many cocharacters of G<,_; suffice to destabilize every unstable point
of Rep(Q<p—1), this shows that we can choose a, > 0 sufficiently small so that if
p<p—1 is unstable and p, is semistable, then p is unstable. Taken together, this

shows that p is unstable if either p, or p<,_; is unstable, and hence

Rep(Q<,) ™™ C Rep(Qp1) =17 x Rep(Q);7 ™™

Our hypotheses, and the inductive hypothesis, guarantees that the quotient of the
right-hand side by G<, is a proper Deligne-Mumford stack. But it is a general
fact in GIT that the coarse moduli space of the open substack Rep(Q<,)*/G<, is

proper over Spec(Og‘fp

p(Q<p)) = Spec(k). It follows that the open immersion above

must be equality. O

We now combine the previous results to show how, given as basic building
blocks some examples of linear GIT quotients that admit full strong exceptional

collections, one can construct many more examples.

Proposition 3.4.4. Under the hypotheses of Proposition 3.4.3, assume that for
each i =1,...,N we are given a collection of irreducible G;-representations U,
for 3 =1,...,m; such that Oyri @ U;1,...,0pm Q@ U, restricts to a full strong

exceptional collection in D2, (V")*3(¢;)/G;). Then the locally free sheaves

coh
ORGP(Q) ® (Ul,jl - UN’jN)

associated to the Gg-representations Uy j, X --- W Uy, restrict to a full strong

b
coh

exceptional collection in DY (Rep(Q)“e™(¢)/Gq), using the reverse lexicographic

ordering on the indexing tuples (j1,...,Jn)-

Proof. The claim is proved inductively for Rep(Q<,)*(¢<,)/G<p, for p=1,..., N.

The inductive step is an application of Lemma 3.4.1 to the fiber bundle
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Rep(Q<p)®/G<, = Rep(Q<p—1)®/G<p—1 of Rep(Q)F(¢;)/G; that is constructed in
Proposition 3.4.3. [

Example 3.4.5. When G; = GL,, for some integer v; > 1, and V; is the standard
representation, then (-stability of p € Rep(Q) corresponds to the condition that

each map

pi® P pa: k" © @D Vi = Vi
a€Q a€Q
t(o)=i t(a)=1
is surjective. Thus Rep(Q)*(¢)/Gq is a quiver flag variety, as studied in [C,

Thm. 2.2], and Proposition 3.4.3 recovers the main result [C, Thm. 1.1].

Example 3.4.6. Theorem 3.5.1 and Theorem 3.7.1 provide many examples of
G, and representations V; such that (V;"")®/G; admits a full strong exceptional
collection of the form Oy~ ® U,;;, which greatly increases the scope of

Proposition 3.4.4.

3.5 Fano GIT quotients by G of rank 2

The goal of this section is to show that the strong exceptional collection from
Proposition 3.3.1 is full whenever the rank of the group G is 2, and the GIT
parameter is the anticanonical character w* with points in the semistable locus

having finite G-stabilizers. In this case, the resulting GIT quotients are Fano.

Theorem 3.5.1. Let G be a split reductive group of rank 2 over k and let X be
a linear representation of G satisfying Hypotheses 1.2.1, which we regard as an
affine G-scheme. Assume that the weights of X span Mg. Then G acts with finite

stabilizers on X% (w*) if and only if no weights of X are proportional to w*, and in
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this case, the vector bundles
{OXss(w*) ®@ U : U € Rep(G) irreducible with weights lying in 6 + V}

split-generate D2, (X*(w*)/G). In particular, if 6 € MY is A\o-generic, then the

coh

strong exceptional collection from Proposition 3.3.1 is full.

We begin with a recollection of certain minimal locally free resolutions of

equivariant sheaves.

3.5.1 Minimal resolutions of equivariant sheaves

For an anti-dominant cocharacter A € IV, that is (A, ) > 0 for all negative roots «,
the M\-attracting locus X*2% is a B-module and G x? X*20 is a vector bundle over

G/B. Consider the diagram of G-equivariant maps

GxBXx»20 !, q/BxX —2 G/B

! | |

T(Z(N) —— X
where Z(\) denotes the image j(G x” X*20) the maps 7 and p are usual projections,

and p o j is the bundle map G x? X*2° — G/B.

Let £(A\) be the dual of the sheaf of sections of G x® X*<9 over G/B. By
[W, Prop. 5.1.1], there is a Koszul resolution of Oz as an O¢/pxx-module
K(A)e: 0= A" (pEN) = - = N (7EN) = p7€(N) = Ogymxxs (3.7)
where 7 = rank £(\).

Definition 3.5.2. For any character y € M, define £() to be the associated
sheaf of sections of the line bundle G x? k() over G/B, where k(x) is the one

dimensional B-representation associated to Y.
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Let x € M be any character. The complex

KAL) =K (A)e R0 px P7L(X)

is a locally free resolution of Ozn) ®ogp,x p*L(x). The results in

[W, Thm. 5.1.2, Thm. 5.4.1] apply to X (A, £(x)), yielding the following.

Proposition 3.5.3. The complex Rm.(Oz(x) ®og 5, P*L(X)) i quasi isomorphic

to a minimal G-equivariant complex Cy ,, of free graded O x-modules with

(Con)i = €D HI(G/B,L(x) @ N E(N) @1 Ox. (3.8)

JEZ>0
In addition, Cy, has homology supported in G - X*2°. Since X is anti-dominant,

then so is —woA and we define the complex

D>\,X = O—wo)\,—wOX‘ (39)

Filtrations of C,, and Dy

Recall that the Weyl group W induces a *-action on the weight lattice defined as

follows: given p € M and w € W,

w o p=w (u+p) = p, (3.10)

where p is the half sum of positive roots. If the stabilizer of u+ p in W is trivial,

then there is a unique w € W such that w * p is dominant.

Definition 3.5.4. If Stab(u + p) is trivial, define u™ to be w  u, where w is the
unique element of the Weyl group such that w * p is dominant. Otherwise, we say
1 does not exist. When G is connected and p* exists,

V(ut) denotes the irreducible representation with highest weight pt.
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We will use the convention that V' (u*) = 0 if 4™ does not exist.

Recollection 3.5.5 (The Borel-Weil-Bott Theorem). Suppose G is connected and
let p € M. If p+ p has a non-trivial stabilizer in W, then all the cohomology groups
H'(G/B,L(u)) vanish. Otherwise, there exists a unique non-vanishing cohomology
group H™) (G/B, L(11)), where £(w) is the length of the unique element w € W

such that w  p is dominant. In this case, H‘®) (G/B, L(u)) 2V (u™).

The lemmas below are proved in [HLS, Prop. 3.8, Prop. 3.9] but we restate

them here for ease of reference.

Lemma 3.5.6. Assuming G is connected, the complex C), has one term of the
form Ox ® V(x) and the remaining terms have G-equivariant filtrations whose
associated graded pieces are locally free sheaves of the form Ox @ V(u™), where
p=x—PBi = Bi, = — By, withp >0, iy,...,i, distinct, and (A, B;;) <0 for all

7=1,...,p.

Proof. Note that £(x) ® A\°*&(\) admits a G-equivariant filtration by locally free
sheaves of the form £ (X — By — By — . — ﬁip), where 44, - -+ , 1, are distinct and

<)\, Bij> < 0. The result then follows by applying Borel-Weil-Bott. O

Lemma 3.5.7. Assuming G is connected, the complex D}ix has one term of the
form Ox ® V(x) and the remaining terms have G-equivariant filtrations whose
associated graded pieces are locally free sheaves of the form Ox & V(u™), where
p=x+Bi, + Biy + -+ Bi, withp >0, iy,...,14, distinct, and (X, B;;) > 0 for all

j=1...,p.

Proof. Note that £(—wox)®A°® £(—weA) admits a G-equivariant filtration by locally

free sheaves of the form £ (—wox — By —Biy — . — ﬂip), where <—u10/\7 /BZ7> <0
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and i1, --- 1, are distinct. The result then follows by applying Borel-Weil-Bott
and the isomorphism V ((—woa)™)¥ = V(o) ([HLS, Prop. 3.7]), which holds for

any weight o € M for which at is defined. O

A criterion for C), and DXX to be unstably supported
The lemma below implies that when G has rank 2 and A € ¢+, the complexes C ,
and DY have homology supported in X"(¢).

Lemma 3.5.8. Let X be a linear representation of a reductive group G of rank 2
that satisfies Hypotheses 1.2.1 and let £ € MY with (Ao, €) < 0. Then G acts with
finite stabilizers on X(¢) if and only if the weights of X span Mg and no weight

of X 1s proportional to €. In this case,
G- XV20C X" (0)

for any non-zero cocharacter N € Ng such that (N, () = 0.

Proof. Let p1,..., [, denote the weights of X written with multiplicity. Then a

point x € X has a decomposition
rT=x1+ ...+ 2y,
where for ¢ = 1,...,n, x; is in the eigenspace corresponding to the weight [;.

Assume there is a non-zero weight [ that is proportional to ¢. Let x be a
non-zero point whose only non-zero component in the decomposition above is in
the eigenspace corresponding to #. We claim that x is semistable and has infinite
stabilizer group. Indeed, for any cocharacter A € N, lim; o A(f) - x exists if and only

if (A, 5) > 0. The latter is equivalent to (A, ¢) > 0 because under Hypotheses 1.2.1
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the assumption that (\g, ¢) < 0 guarantees that /8 is positively proportional to /.
Thus z is semistable by the Hilbert-Mumford criterion. Moreover, x is fixed by any
non-trivial cocharacter of the subgroup Gj = ker(¢)°, so it is strictly semistable

and it also has infinite G-stabilizers.

On the other hand, suppose there is a point in X**(¢) with positive dimensional
stabilizer. If one chooses x € X®*(¢) to be a point whose orbit has minimal
dimension, and hence whose stabilizer has maximal dimension, then G -z C X*(¢)
is closed. Such a point has a reductive stabilizer group, which is positive dimensional
by hypothesis. By replacing x with ¢ - x for some g € GG, we may assume that
a maximal torus of Stab(z) is contained in T', thus z is fixed by a non-trivial

cocharacter A € N.

Now 2 has a decomposition x = x;;, + ...+ x;,, where for j =1,...,p, z;, #0
and (A, 3;;) = 0. Since z is semistable, this cocharacter must necessarily pair
non-negatively with ¢ by the Hilbert-Mumford criterion. In fact we must have
(A, €) =0, otherwise —\ would be a destabilizing cocharacter. Since M has rank 2,

the weights 3;,, ..., 3;, must lie in the span of .

When X has no weights in the span of ¢, if one starts with a cocharacter \
with (X, ¢) = 0, one can perturb X" slightly to obtain a A\ € N with (\,¢) < 0
and X*20 = X*20_ The latter lies in the unstable locus by the Hilbert-Mumford

criterion, thus G - XY20 C X1s(/). O

3.5.2 Proof of Theorem 3.5.1

We begin with the following observation.
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Lemma 3.5.9. [t suffices to prove Theorem 3.5.1 for connected groups G.

Proof. Let G be a split reductive group and GG° the connected component containing
the identity. Note that T' C G°, so the windows defined in Section 3.1 for G and
G° coincide. We claim that X¢= = X% =5 Under the isomorphism X/G° =
(X x (G/G°))/G, X5~ corresponds to the G-semistable locus of X x (G/G°).
Therefore, if we consider the G-equivariant finite surjective étale morphism f :
X x (G/G°) — X, which corresponds to the canonical morphism X/G° — X/G,
we must show that (X x G/G°)9~ = f~1(X=%%). This follows from the Hilbert-
Mumford criterion for affine G-schemes, because the finiteness of G/G° implies
that if z € X x (G/G°) and A is a cocharacter in G, then lim; o A(¢) - = exists if

and only if lim; o A(¢) - f(z) exists.

We continue to use the notation f for the finite surjective étale morphism
X*=/G° = (X* x (G/G°))/G — X*/G. We claim that for any collection {V, }aea
of vector bundles on X*/G° that split-generate DE, (X*/G°), the collection

coh

{fe(Va)}aea split-generates DP (X*/G). Because D, (X*/G°) is compactly

coh

generated by DP | (X®/G°), the fact that {V,}aea split generates D2 (X*5/G°) is

coh coh

equivalent to the fact that for any I € Dgo(X*/G°), Homyss /e (Va, F) = 0 for all

a € A implies F = 0. The same holds for split generation of D, (X*/G).

coh

Now let 3 € Dqy.(X**/G) be an object satisfying Hom xss ¢( fiVa, 3H) = 0 for all
a € A. Then

0 - HOmes/G(f*Va, g‘()
=~ Hom xss /g (Vi [13H)

& Homes/Go (Va, f*iHom(f*OXss/Go, j‘f)),
where the second isomorphism follows from the description of f' for finite flat
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morphisms. This implies f*Hom(f.Oxs/go, H) = 0. Because f is surjective and
étale, we have Hom(f.Oxssgo, H) = 0. Moreover, f is finite and étale, so f, O xss /o
is locally free, and this implies H = 0. It follows that {f.(V,)}aca split generates
Db (X*/@).

coh

If DP

coh

(X®°/G°) is split-generated by vector bundles of the form O xs® U, where
U is an irreducible G°-representation whose weights lie in # + V, then we have seen

that the collection f,(Oxs ® U) will split generate D2, (X*5/G). We compute
f* (OXSS ® U) = OXSS & U X /{}[G/GO]

Because T acts trivially on k[G/G°], the weights of the G-representation U®k[G/G°)

lie in # + V if and only if the weights of U lie in 6§ 4 V. m

Proof of Theorem 3.5.1. That X*(w*) has finite G-stabilizers if and only if X
has no weights proportional to w* follows from Lemma 3.5.8 and the fact that

Hypotheses 1.2.1 implies zero is not a weight of X.

Recall that for x a dominant character, V(x) denotes the irreducible
representation of G with highest weight y. The restriction functor DY, (X/G) —

Db

coh

(X*/@G) is essentially surjective because X% /G C X/G is an open substack.
Moreover, X is affine, so D2, (X /@) is split-generated by vector bundles of the form
Ox ® U, where U is an irreducible G-representation. Thus, because all irreducible

representations of a connected G are highest weight representations V' (), all vector

bundles of the form Oxs ® V() with y dominant split-generate D2, (X*/G).

As observed in the proof of Proposition 3.2.1, the weights of V(x) are contained
in the convex hull of W - y. Because 6 + V is W-invariant and convex, the weights
of V(x) lies in # + V if and only if y € 6 + V. Therefore by Lemma 3.5.9, it

suffices to show that for G' connected and for any y € M, the vector bundle
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Ox ®V(x) lies in the smallest triangulated subcategory of D", (X/G) that contains
i) complexes that are set-theoretically supported on the unstable locus, and ii) the

vector bundles Oy ® V(u) for p € M+t N (0 + V).

For connected G, it will be convenient to introduce the following notation, for

any subset S C Mg:

smallest full triangulated subcategory of D, (X/G)

€(S) == containing all unstably supported complexes and the

locally free sheaves Ox ® V(x) for all y € SN M+

Thus we must show C(6 + V) = C(Mg). We do this in three steps.

(1) Reduction to the \g-strip: C(Mg) = C(6 + B,,).

(2) Reduction to the cylinder window: C(0 + B,,) = C(0 + V).

(3) Reduction to the barrel window: C(6 + V) = C(0 + V).

The \g-strip, the cylinder window, and the barrel window are as defined in
Section 3.1. Because G has rank 2 and w* # 0, the subset (w*): C Ny is
one-dimensional. In this case, the barrel window has a more concrete description

as follows.

Let X be any cocharacter that spans (w*)*. The rank 2 hypothesis implies
Ny = N—y. Thus the barrel window 6 4 V consists of those x € Mg such that

X — 0 € B,, and satisfying either

(1) [{N,x = 0)] < 5mw, or

(i) (V,x —60) = inyv and

— 2

1 / !
5 (Ao, det X7VE0) < (. x = ) < 2 (h, — det X¥=0), or

N —
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(111) <)\/, X — 9> = —%7’]}\/ and

(Ao, det X¥=0) < (g, x = 0) < 5 {ho, — det X V7).

N | —

1
2
Note that the terms involving g*<? do not appear in the inequalities in (ii) and

(iii) because A is a central cocharacter.

The aforementioned reduction steps will be carried out inductively using the

following quantities attached to each y € M™:

ay = 2|{(Xo, X — 0)|/m,, and (3.11)

|</\/’X B 9>| — <)‘/’ p>
(N, — det XV<0)

ry = (3.12)

where p is one half of positive roots and X' € (w*)* is an anti-dominant cocharacter
satisfying (N, x — 6) < 0. The latter is possible because if the Weyl group is
non-trivial, there is a unique anti-dominant X" up to positive scaling that must pair
non-negatively with any dominant character, and if the Weyl group is trivial, then
both A" and —\" are anti-dominant. We also observe that r, is well-defined and
non-negative. Indeed, (N, — det X¥=) > 0 because the weights of X span My and

(X, p) <0 because X is anti-dominant.

Remark 3.5.10. The quantity r, is a modification of the induction parameter
used in the combinatorial generation algorithms in [SVdB1, HLS, SVdB2] that is

suitable for our particular window.

Lemma 3.5.11 (Reduction to the A\g-strip). C(Mg) = C(0 + B,,).

Proof of Lemma 3.5.11. Let x ¢ 6 + B,, be a dominant 7T-weight. We wish to
show that the tautological vector bundle Ox ® V() is in C(6 + B,,). We proceed
by induction on the quantity «, in (3.11). Note that x ¢ 6 + B,, if and only if

ay > 1.
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If (Mo,x—0) = a,m,/2, consider the G-equivariant complex C},,. The
assumption that A\ pairs strictly negatively with all weights of X (Hypotheses 1.2.1)
implies that the subset X*0=0 coincides with the stratum of X"(w*) consisting
only of the origin, so C, , is unstably supported. Lemma 3.5.6 says that C), , has
one term of the form Ox ® V(x) and other terms that are direct sums of vector
bundles of the form Ox ® V(u*), where p = x — 8, —--- — 3, with p > 0 and
i1,...,1, distinct. Because o, > 1, one can check that the weights p* lie in the

interior of the strip 6 + o, B),.

Otherwise, (Ao, x —6) = —a, 1), /2 and one takes the complex Ch ytdet x- 1t
is an unstably supported complex that, by Lemma 3.5.6, relates Ox ® V() with
sheaves of the form Ox @ V(u™) for p=x+f;, +---+ 3, withp > 0and i1,...,4,
distinct. As in the previous case, these weights lie in the interior of the strip

0 -+ OéXB)\O.

Because the set of possible «, that arise above is discrete, we can apply induction
to conclude that Ox®@V (x) € C(0+B,,) for any x € M, hence C(Mg) = C(0+B,,).
Figure 3.3 illustrates an example of this reduction. O

Lemma 3.5.12 (Reduction to the cylinder window). C(6 + B,,) = C(6 + V).

Proof of Lemma 3.5.12. Let x be a dominant T-weight in 8+ (By, \ V). We would
like to show that the tautological vector bundle Ox ® V(x) is in C(6 + V). We will
make use of the quantity r, in (3.12), thus we choose X' € (w*)* to be anti-dominant

such that (X', x —6) <0.
Note that the inequality r, < 1/2 is equivalent to

(X, x = 0)] < (N, —det X¥=0) /24 (X, p) = v /2,
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FIGURE 3.3. This illustrates the reduction to the Mg-strip for the GL,
representation X = Sym®C? with Ay = (—1,—1) and # = 0. The roots of
G are (1,—1),(—1,1), where we take (1,—1) to be the positive root. The
weights of X are (0,3), (1,2),(2,1),(3,0), so ny, = 12. Here we are using the
standard identification Mp = N = R?. The T-weights indicated by blue crosses
satisfy (Ao, X) = oy, /2, where o, = 7/3. In all three cases, the red crosses
indicate the weights u™ appearing in the respective complexes as described in
Lemma 3.5.11. For x1, the complex is C, y, and all y are dominant, so ™ = p.
For x3, the complex is C), ys+det x and some of the p are not dominant. These
weights are indicated by the black crosses when p exists and by the black circles
otherwise. The p-shifted Weyl group action (—)¥ is reflection along the dotted
blue line as indicated by the arrows. One sees that all the resulting y™ lie in a
strictly smaller Ag-strip.
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FIGURE 3.4. This diagram illustrates the reduction to the cylinder window V
for the GLj representation X = Sym® C? with \g = (=1, —1), X = (—1,1), and
6 = 0. As in Figure 3.3, ), = 12 and 7y = 2. In this example, @y = 0. The
character x; falls into Case 2a and one selects the complex Cl ,,. On the other
hand, x» falls into Case 2b and one selects the complex D}\/,7X2. In both cases,
the resulting weights u™ are indicated by the red crosses.

where the equality used the identification 2p = det g*'<°, which holds because X’ is

anti-dominant. Thus for x € 6 + By, x € 6 + V if and only if r, < 1/2.

The complexes DX’,x or Cy , from Proposition 3.5.3 are both unstably supported
by Lemma 3.5.8. Thus the key idea is to choose either D>\/’,x or Cy , in such a way
that the corresponding weights p* from Lemma 3.5.6 and Lemma 3.5.7 still lie in

the Ag-strip and have r,+ <r,.

The number

1 ,
Q= 5 + (Ao, det XA <0), (3.13)

will allow us to decide the appropriate complex. Note that )y = 0 when the Weyl

group is non-trivial. There are two cases to consider.
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2a. The case =1y, /2 < (Ao, x — 0) < Qn:

Take the complex Cy ,. Lemma 3.5.6 says that C) , has one term of the form
Ox ® V(x) and other terms have a filtration whose associated graded pieces are
of the form Oy ® V(u"), where p = x — i, — B, — -+ — B, with p > 0, 4y,... 4

distinct, and (X', 3;;) <O forall j=1,...,p.

Claim 3.5.13. For u as in case 2a, and assuming m, > 1/2, if u* exists it satisfies

the following.

(1) p* isin the \o-strip 0 + B,,, and

(2) v+ <1y with strict inequality if ry, > 1/2.

2b. The case Qx < (Ao, x —0) <y, /2:

Take the complex Dy, . Lemma 3.5.7 says that Dy, has one term of the form
Ox ® V(x) and other terms that have a filtration whose associated graded pieces
are of the form Ox ® V' (u*), where p = x + i, + B, +- - -+ 6, with p > 0, i1,..., 1,

distinct, and (X', 3;;) > 0 forall j =1,...,p.

Claim 3.5.14. For u as in case 2b, and assuming r,, > 1/2, if ut exists it satisfies

the following.

(1) u* is in the Ao-strip 0 + By,, and

(2) r+ <1y with strict inequality if r,, > 1/2.

With these choices of complexes, Claim 3.5.13 and Claim 3.5.14 together with

the fact that the set of r, that arise is discrete imply by induction that Ox @V () €
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C(0+ V) for any x € M+ N (0 + By,). Hence C(0 + By,) = €6 + V). Figure 3.4

illustrates an example of this reduction.

We now verify Claim 3.5.13 and Claim 3.5.14.

Proof of Claim 3.5.13. For the first claim, note that (A, u™) = (Ao, ) because Xy
is central, thus it suffices to show g is in the A\p-strip. From the description of pu,

we have the inequalities
<)‘07 X~ 9) < <)\07,u - 6> < <)‘07 X — 9> + <)\07 —det XX<0>7 (314)

which together with the assumed bounds —n,,/2 < (Ao, x — 0) < Q, imply that
i € 0+ B),. The strict inequality on the left holds because in the description of p

above, p > 0 and all weights of X are assumed to pair strictly negatively with Aq.
For the second claim, we observe from the description of u that
Nox = 0) <N = 0) < (X, x = 0) — (X, det(XV)).

Using the fact that (X, x—6) < 0, we have (N, x—0) = —r, (X, — det XV'=0)— (X', p),
so we can rewrite the bounds on (X, u — 0) as
_TX<>\/7 —det XXSO> - <>\/7 p> < <)\/7 B 9)
< (1=ry) (X, —det X¥<0) — (X, p)
< (N, = det XNS0) — (V' p) (3.15)

For the last inequality, we have used the assumption r, > 1/2, and this inequality

is strict if r, > 1/2.

If p=0, then g+ = p and it is immediate from (3.15) that r,+ < r, with strict

inequality if r, > 1/2.
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If p # 0, then there is a single non-trivial element of the Weyl group wy, namely
the reflection along Span(w*). Thus # must be in the span of w*. In this case,
if ut = p, then p is dominant and because X' is anti-dominant, we must have

(N, —0) <0. Applying this to (3.15), we have
[N = )] < 7 (N, = det XV=0) 4 (X, p),
and it implies r,+ < r,. Otherwise, u* = wo(p + p) — p, and
(N ut) = (N, —p = 2p).
Applying this to (3.15), we have
—r (N, —det XS0 — (N p) < (N, 5t +60) <1 (N, —det XNS0) — (X p) (3.16)

with strict inequality on the left if r, > 1/2. Since 6 € Span(w*), the pairing
(N, 0) is zero, and since X is anti-dominant (X, p) < 0. Combining these with
(N, uT)y = (N, —p—2p) and the triangle inequality, we obtain the middle inequality
in the following

[N =0 = Nop) [N 1 4 0) + (N, )

BT TN, —det XVS0) = (W, —det XVS0) =X

The rightmost inequality then follows from (3.16), thus it is strict if r, > 1/2. O

Proof of Claim 3.5.14. For the first claim, it suffices to show u is in the Ag-strip.

The key observation here is

1 ,
—5Mo — (ho, det X¥0) < Qu, (3.17)

which follows from —ny, = (Ao, det X) < (g, det X*>0 + det X' <0). In fact, the
inequality above is an equality by the assumption that there are no weights of X

in the span of w*. Now from the description of u, we have
<)\07 X — 9> + <)\07 det XX>O> S <)\0a w—= 9> < <>\07 X — 9>7
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which together with the assumed bounds for (A\g,x — ) and (3.17) imply that

we b+ By,.

For the second claim, we observe that (X, det X*'2%) = (), —det X*'=0). With
this identification, one obtains the inequalities (3.15) for these u and the rest of

the proof follows exactly as that of Claim 3.5.13. n

Lemma 3.5.15 (Reduction to the barrel window). (6 + V) = C(6 + V).

Proof of Lemma 3.5.15. Recall the quantity «a, in (3.11) and let us choose an
indexing of the finite set MTN(0+(V\V)) = {x1,..., Xm} such that oy, > av,, for
1 < j. As in previous reductions, we will produce for each y; an unstably supported
complex that relates Ox ® V' (y;) with sheaves that admit a G-equivariant filtration
with associated graded pieces of the form Oy ® V(u™) with either r,+ < r,, (in
which case p* € § + V) or r,+ = 1/2 and «a,+ < o, (in which case u* = x; for

some j > 7). It will then follow by induction that for any n,
€0+ V) = C((0+ V) U {Xns1,-- - Xm})-
The case m = n would give C(0 + V) = C(0 + V).

Let x € {x1,.--,Xm}- By definition of the barrel window, [(\,x — )| = n\ /2,
thus 7, = 1/2, where we again take X' € (w*)* to be an anti-dominant cocharacter
such that (X', x — ) < 0. By the rank-two description of the barrel window, one of

the following cases (3a) or (3b) must hold.

3a. The case =1y, /2 < (Ao, x — 0) < (Ao, det XXSO)/QI
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FIGURE 3.5. The diagram illustrates the reduction from the cylinder window
to the barrel window for our running GLy representation X = Sym?® C? from
Figure 3.3 and Figure 3.4. Here X' = (—1,1) and Q, = 0. We have indicated
by the blue diamonds the special weights +(y/ /2 = £(—2,—1) and £(_» /2 =
+(—1, —2) that are relevant in the passage from the cylinder to the barrel window.
The character x lies in M+ N (V\ V) and it falls into Case 3a. Thus, one takes the
complex Cy/ . The weights 1 appearing as in Lemma 3.5.6 are not all dominant
and we have indicated these by the black crosses. As in Figure 3.3, the p-shifted
action (—)¥ for these weight is the reflection along the dotted line as shown by
the blue arrows. The resulting p+ are indicated by the red crosses.
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Take the complex C) . It is unstably supported by Lemma 3.5.8. Moreover,
Lemma 3.5.6 says that Cy, has one term of the form Ox ® V(x) and other terms
that have a filtration whose associated graded pieces are of the form Ox @ V(u™),
where 1 = x — fi; — Bi, — -+ — B;, with p > 0, i1,... 4, distinct, and (X, 3;;) <0

forall j=1,...,p.

Using the fact that 7,, = (A\g, — det X) and the definition of @ from (3.13), we
observe that Qy > (\g, det X*'=0) /2, so that we are in the case (2a) of Lemma 3.5.12
above. We may then apply Claim 3.5.13 to show that p* is still in the A\-strip
and r,+ < 1/2. Moreover, we can use (3.14) and the assumed bound (Ao, x — 0) <

(Ao, det XX =0) /2 to obtain

(Mo X = 0) < (Ao, = 0) < (Ao, det XN=2) /24 (N, — det X¥<)

= (Ao, — det X¥=0/2) < — (g, x — 0),

where we have used the assumption that X»=0 = 0 for the equality. Thus,

Qe =y < ay.
3b. The case (Ao, — det X¥Z0) /2 < (N, x — 0) <y, /2:

Take the complex DX/7X. It is unstably supported by Lemma 3.5.8. Moreover,
Lemma 3.5.7 says that DX,% has one term of the form Ox ® V(x) and other terms
that have a filtration whose associated graded pieces are of the form Ox ® V(u'),
where j1 = x + Bi;, + Bi, + - + B, with p >0, 4y,... 4, distinct, and (X, 3;,) > 0

forall y=1,...,p.

Using the fact that n,, = (Ao, — det X') and the definition of @/, we observe that
Qx < (Ao, —det XV'20) /2, 50 that we are in the case (2b) of Lemma 3.5.12 above.

We may then apply Claim 3.5.14 to show that g is still in the Ao-strip and r,+ < 1/2.
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Moreover, we can use (3.14), the assumed bound (A, —det X*29) /2 < (g, x — 6),

and the hypothesis X»'=% = 0 to obtain

<)\0, X — 9) > <)\0, m— 9> > <)\0, — det XXZO>/2 + <)\0, det XX>O>

= <)\0,detX)\l20/2> > _<)\0>X - 9)7

as in the case (3a). Thus, o+ = a, < . O

Lemma 3.5.11, Lemma 3.5.12, and Lemma 3.5.15 imply C(6 + V) = C(Mg), and

Theorem 3.5.1 follows.

m
3.6 Example: representations of GLy
Recall that any finite dimensional representation X of GLsy has the form
P
X = P Sym™ (k?) @ det™, (3.18)

i=1
where n; and m; are integers and n; > 0. NJ is one-dimensional, so there are, up
to scaling by positive real numbers, only two choices for a central cocharacter \g
to which Hypotheses 1.2.1 applies. Without any loss of generality, let us assume
Ao = (—1,—=1). Then A pairs strictly negatively with the weights of X if and only
if m; + n;/2 > 0 for all 7. For representations of this kind, w* is a positive multiple
of the determinant character. X*(w*) has finite stabilizers if and only if n; is odd
for all 4, and in this case the unstable locus is GLy-X*=% for ) = (—1,1). Thus

Theorem 3.5.1 gives the following;:

Corollary 3.6.1. Let X be a representation of GLy whose corresponding

decomposition (3.18) satisfies, for alli=1,..., P, the conditions
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FIGURE 3.6. This is a description of the windows for the representation
X = (k?)®10 discussed in Example 3.6.2. To the left is the cylinder window in
the case § = 0 with the blue crosses indicating the T-weights in V \ V. As in
Figure 3.1, we have marked the special weights P; := (y,/2 for i = 1,2 that
become relevant in the passage from the cylinder window to the barrel window.
To the right is a presentation of the perturbation of the barrel window by a
parameter § = sw*. Here we take —s to be a small positive real number. The
weights indicated by blue crosses are those that are excluded from V by the 6

perturbation.

(1) m; +n;/2 >0, and

(2) n; is odd.

Then X*(w*) is non-empty and has finite stabilizers, and D, (X*(w*)/ GLy) has

coh

a full strong exceptional collection consisting of vector bundles.

The GLy representations satisfying the conditions of Corollary 3.6.1 provide
a large class of examples for Theorem 3.5.1. For such a representation, we will
generally take \g = (—1,—1), although any positive multiple of it also works. The
subset (w*)t C Ng consists of zero and positive multiples of the cocharacters
"= (=1,1) and )¢ := (1, —1). Therefore, Ao, \¢", \§" suffice to describe the

cylinder and barrel windows (see Definition 3.1.3).

Example 3.6.2. Consider the linear representation X = (k?)®" of GL,, whose

corresponding GIT quotient X*(w*)/ GLy is the Grassmannian of planes in k.
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Then ¢, = (=N, =N),(or = (=N +1,-1), and (p» = (=1, =N +1), son, = 2N
and Mo = My = N — 2. Proposition 3.3.1 and Theorem 3.5.1 imply that the set
of T-weights in M* N (6 + V) produce a full strong exceptional collection of vector
bundles in Gr(2,10) for any 6§ € My’ that is Ap-generic. The barrel window in the
case N = 10 is described in Figure 3.6 below. One can check that the number

of dominant T-weights in § + V is 45. This full strong exceptional collection on

Gr(2,10) differs from that of [K1].

3.7 Nef-Fano GIT quotients by a rank-2 torus

The goal of this section is to extend the methods of Section 3.5 to cover GIT quotients
by a rank-two torus with a GIT parameter that is close to the anticanonical character
w* in the sense of variation of GIT, thus the resulting GIT quotients are nef-Fano.
We prove the following theorem and discuss how it extends the results of [BH] from

the Fano case to the nef-Fano case.

Theorem 3.7.1. Let G =T be a split torus of rank 2 over k and let X be an affine
scheme with a linear T-action satisfying Hypotheses 1.2.1. Assume that the weights
of X span Mg. Let 0 € My be a character such that 0 + ¥ contains no weights
on its boundary. If some weight of X is proportional to w*, then for some generic
character ¢ € My and 0 < e < 1, X*(w* + €l) has finite T-stabilizers, and the line

bundles

{Oxss(w*+ee) ®@U : U € Rep(T) a character lying in 0 + Vw*+eg}

b
coh

split-generate D2, (X% (w* + €()/T). In particular, the exceptional collection from

Proposition 3.3.1 s full.
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Proof. That X®(w* + €/) has finite T-stabilizers for some generic character ¢ and
0 < e < 11is a consequence the theory of variation of GIT (see Example 2.7.1), so

we need to only prove fullness of the collection.

The “genericity” assumption that § + V contains no weights on its boundary

implies the equality of sets
M (O+V) =M 0+ Vi)

for all 0 < € < 1. Indeed, (w*)* is spanned by a single cocharacter, say X, so

N, 0

A =XN—e—T"—)
¢ E(Ao,w*+e€) 0

(3.19)

spans (w* + ef)L. Moreover, there are finitely many T-weights in  + IntV and for

such x, € can be made sufficiently small so that [(N, x — 6)| < ny/2 if and only if

[(A6x = O)] < /2.

The same genericity assumption together with the definition of the barrel window
imply the equality M N (6 +V) = M N (#+ V). Thus, adopting the notation
C(S) ¢ Db, (X/T) for S C Mg from the proof of Theorem 3.5.1, we wish to
show that for any y € M, Ox ® V(x) € €(f + V). This is equivalent to showing
C(Mg) = C(0 + V). The first step, that @(Mg) = C(# + B,,), is identical to the
proof of Lemma 3.5.11. To complete this proof, we will redo the reduction to the
cylinder window in the proof of Theorem 3.5.1, showing €(6 + B,,) = C(0 + V),

with modifications accounting for the existence of a weight that is proportional to

w* and from having a trivial Weyl group, i.e., M = Mg.
Reduction to the cylinder window.

Let X be a cocharacter that spans (w*)* and satisfies (X', ¢) < 0. This pairing

cannot equal zero because ¢ cannot be proportional to w*. Define for R > 1 the
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enlarged cylinder window
=R
V= {x € By, : [(X,x)| < Ry /2}
Take @y as in (3.13) and define the following subset of the boundary of v

<A/7X> - —RT])\//z and Q)\’ < <A07X> S 77)\0/27 or
<)‘,7X> = R”L\’/Q and — 77)\0/2 < <)‘0>X> < _Q)\’-

Vg = XEvR:

Claim 3.7.2. If R > 1, then for any T-weight x € 0 + Vg, Ox ® V(x) €
O+ (V™ \ Up)).

Proof. There are two cases:
Case 1: (N, x —0) = —Rnx /2 and Qx < (Ao, x — 0) < 1y, /2.

We will prove the claim for the finite set of weights satisfying these properties
using induction on (Ag, x — #). Recall the cocharacter \. from (3.19), and consider
the complex DY, x for 0 < e < 1. It has homology supported in G - X —220 which
lies in X™(w* + €/) by Lemma 3.5.8. Lemma 3.5.7 says that Dy, has one term
of the form Ox ® V(x) and other terms that have a filtration whose associated
graded pieces are of the form Ox ® V(u), where p = x + 3;, + Bi, + -+ - + B, with
p>0,iy,...,1, distinct, and (A, 3;;) > 0 forall j =1,...,p.

That p remains in the Ag-strip follows from the assumed bounds on (X, x — 6)
and the inequality

Qy = —% + (N, — det XVZ0) > —%, (3.20)

where the first equality is obtained from —ny, = (Ao, det X).

Note that the weights f;; that appear in p are independent of € for € > 0

sufficiently small. Since X satisfies (X, ¢) < 0 and we can take € to be arbitrarily
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FIGURE 3.7. This diagram illustrates the reduction to the cylinder window
V for the G2, representation X = Sym®C? with \g = (—1,-1), § = 0,
¢ = (1,-1), and N = (—1,1). The weights of this representation are
(0,4),(1,3),(2,2),(3,1),(4,0). Thus, n, = 20, ny = 6, and the green shaded
region is the cylinder window. For each T-weight we pick an appropriate complex
depending on a comparison of its Ag-pairing with @, = 2. In this example,
the gray shaded rectangle is the enlarged cylinder window for R = 2. The blue
circles on the right and left side facets indicate the weights on the boundary
of vR whose Ag-pairing is Q@ and —Q s respectively, thus the blue lines on
the boundary of the enlarged cylinder indicate the region ¥g. The weight i
is in W and this falls into Case 1 of Claim 3.7.2. The resulting weights p are
indicated by the red crosses and one can see that these lie either in the interior
of ﬁR or they have a smaller pairing with A\g. The weight xs lies in WR \Tgr
and it falls into the case 2 of Claim 3.7.3. Again, the resulting weights p are
indicated by the red crosses and one can see that these lie entirely in the interior

of WR.
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small, the weights 3;, appearing in u are precisely those for which (X, 3;,) > 0.

Therefore we have
<>\/,/L — 0> S _RTD\//Q + <)\/, det X)\/ZO> = (—R/2 + 1)7])\/ < RT])\//2

Here we have used (), det X*'2%) = 5_,, = ny to deduce the equality and the
assumption R > 1 for the last inequality. If there is one §;, in p with (X', ;) > 0,
we also have (N, u—60) > (N, x —0) = —Rny /2, and hence p— 6 € v VR\\I/R

for some S < R.

Otherwise, all 3;, appearing in p pair zero with X', so (XN, — 0) = —Rny /2.
But since p > 0, we have (Ao, x — 0) > (Ao, 1 — 0), so by the inductive hypothesis
we know Ox ® V(u) € C(0 + (?R \ ¥g)). The claim follows.

Case 2: (N, x —0) = Ry /2 and —ny, /2 < (Ao, x — 0) < —Q..

We will prove the claim for the finite set of weights satisfying these properties
using induction on —(Ag, x — ¢). Take the complex C_,,, x with ] as in (3.19) and
0 < € < 1. It has homology supported in G - X220 which lies in X" (w* + €/) by
Lemma 3.5.8. Lemma 3.5.6 says that C_y,  has one term of the form Ox ® V(x)
and other terms that have a filtration whose associated graded pieces are of the
form Ox ® V(p), where p = x — 8;, — Bi, — -+ — B, with p > 0, 4y, ..., 4, distinct,
and (=, 3;;) <O forall j =1,...,p. As in the previous case, (3.20) and the

assumed bounds for (Ao, x — #) imply that p remains in the Ag-strip.

As in the previous case, the facts that the §;; appearing in u are constant
for small ¢ < 0 and that (X,f) < 0 imply that the weights 3;, appearing in
pv are precisely those for which (X, ;) > 0. This implies that (N, —6) >
Rny/2 — (X, det X2 > —Rny /2, where we have used 7_y = 7y and the

assumption R > 1 to deduce the last inequality. If one of the 3;; satisfies (\', ;) > 0,

5



then (N, u—0) < (XN, x—60) = Rny/2, and hence p— 6 € vl vR\pr for some
S <R.

On the other hand, if all ;, appearing in x pair zero with X', then (X, —6) =
Rny /2. But since p > 0, we have (Ao, x — 0) < (Ao, — ). Thus, by the inductive
hypothesis we know Ox ® V() € C(0 + (ﬁR \ ¥g)). The claim follows.

]
Claim 3.7.3. If R > 1, then for any T-weight x € 0 + (VR \Ygr), Ox ® V(x) €

C(6 + ?S) for some S < R.

Proof. There are two cases:
Case 1: (N, x —0) = —Rnx /2 and — 0y, /2 < (Ao, x — 0) < Q.

Take the complex Cy . It has homology supported in G - X*2° which lies
in X" (w* 4 €f) by the Hilbert-Mumford criterion and the assumption (X', ¢) < 0.
Lemma 3.5.6 says that Cy, has one term of the form Ox ® V(x) and other terms
that have a filtration whose associated graded pieces are of the form Ox ® V' (u),
where = x — B — Bi, — -+ — B, with p >0, i1,... 14, distinct, and (X, ;) <0

forall j=1,...,p.

As in the proof of Claim 3.7.2, the assumed bounds for (A, x — 6) imply that u

remains in the A\g-strip 0 4+ B,,. We also have
(Nox =0) <N, p=0) < (=R/2+ 1)ny < Ry /2,

where the first inequality holds because p > 0 and the last inequality holds because
R>1 Thus,u—@GVS with S < R.
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Case 2: (N, x —0) = Rnxn /2 and — Qx < (Ao, x — 0) <1y /2.

Take the complex DY), . Tt has homology supported in G - X N20 which lies
in X" (w* + €f) by the Hilbert-Mumford criterion and the assumption (X', ¢) < 0.
Lemma 3.5.7 says that DY,, has one term of the form Ox ® V() and other terms
that have a filtration whose associated graded pieces are of the form Ox ® V' (u),
where p = x + Bi, + Bi, + - + B, with p >0, iy,. .., 4, distinct, and (=X, 8;;) > 0

forall j =1,...,p.

As before, the assumed bounds for (A, x — ¢) imply that g remains in the

Ao-strip 6 + B),. We also have
(Nox =0) > (N, p—0) > (R/2 = 1)y > —Rny /2

where the first inequality holds because p > 0, the second inequality holds because
Ny = n_x, and the last inequality holds because R > 1. Thus, u — 0 € vV’ with
S < R. O

The set of R for which [(N, x —8)| = Rny /2 for some y € M is discrete, so one
can perform induction on R, using Claim 3.7.2 and Claim 3.7.3, to deduce that for
any x € (0 + By,) N M, Ox @ V(x) € C(f + V). Figure 3.7 illustrates an example

of this inductive argument. O]

3.7.1 Example: toric Deligne-Mumford stacks of Picard

rank two

Smooth toric Deligne-Mumford (DM) stacks are introduced in [BCS]. They are

smooth DM stacks associated to some combinatorial data, called a stacky fan,
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consisting of a triple (A4, %, {v1,...,v,}) of a finitely generated abelian group A, a
complete rational simplicial fan ¥ C Ag, and a choice of non-torsion elements v; in

each one-dimensional cone of Y. The associated toric DM stack is denoted Ps..

For a smooth toric Fano DM stack Py, with Picard rank at most 2, the existence
of a full strong exceptional collection consisting of line bundles was established
by Borisov and Hua in [BH]. Their technique produces a particular window P C
Pic(Py) ® R from which the exceptional collection is exhibited as the set of line
bundles whose image in Pic(Py) ® R lies in 6 + P, where # is any generic point.
We will show below that whenever M is spanned by the weights of X and G = G2,
then the GIT quotients appearing in Theorem 3.5.1 and Theorem 3.7.1 that have
Picard rank 2 are smooth toric DM stacks. In particular, Theorem 3.7.1 can be

viewed as providing a large class of examples where the result of [BH]| for Picard

rank 2 can be extended to the case of smooth nef-Fano toric DM stacks.

Linear GIT quotients by G2, as toric stacks

Lemma 3.7.4. Let X be a linear representation of T = G2, over C satisfying

Hypotheses 1.2.1. Assume

(1) the weights of X span M,

(2) X%5(w* + €l) has finite stabilizers in T for some £ € Mg and all 0 < € < 1,

and

(3) the GIT quotient X**(w* + €l)/T has Picard rank 2,

then X*(w* + €()/T is a smooth toric DM stack.
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Proof. By definition of toric DM stacks [BCS, Section 3| it will suffice to produce a
stacky fan (A, X, {vq,...,v,}) such that X"(w*+e€f) coincides with the complement
of the vanishing set of the monomial ideal

Iy, = (H z; © 0 is a cone in E) (3.21)

v, o
of I'(X,0x) = Clz1,...,2,]. We will use the toric GIT constructions in [CLS,

Chapter 14]. For a character x € M, the semistable locus therein is described
in terms of the sheaf of sections £(x) of the trivial line bundle linearized with
respect to T' by the character y, thus X®(w* 4 €/) means X or+ery I the notation
of [CLS, Section 14.1]. We are using here that R(w* + €/) € M for some 0 < € < 1

and some integer R > 0.

Let Sy, ..., B, be the weights of X and consider the dual short exact sequences

of abelian groups
05 A" 52" 5 M0, and 05N 2z2" 5 A0, (3.22)

where ¢ : Z" — M sends the " standard vector in Z" to the weight 3; and
A* :=ker(p). The map ¢ is surjective by the assumption that the weights of X
span M, so one obtains an inclusion T C G, by applying Hom(—, G,,) to ¢. Here

we are identifying the characters of G}!, with Z".

Let a = (a1, ...,a,) € Z" be a lift of —R(w* + €f) via . We may assume that
a; <0 foralli=1,...,n because (—1,...,—1) is a lift of —w* = —det X € M
and 0 < e < 1. Let vy,...,v, € A be the image of the standard basis of Z" under

the map p*. Then one can associate to a the polyhedron
A={pedz:p-v;>—a;foralli=1,...,n}

that defines a (possibly degenerate) normal fan ¥ C Aj as done in

CLS, Prop. 14.2.10]. Here - is the standard pairing between A% and Ar. Then
[ p p g R
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[CLS, Thm. 14.2.13] says that the toric variety corresponding to X coincides with

the good quotient Y := X®(w* +€l)//T. This correspondence implies the following:
(a) ¥ is a (non degenerate) fan.

By [CLS, Prop. 14.2.10], it suffices to show that A is full dimensional. We

assume that A is not full dimensional and derive a contradiction.

We first show that there is a non-trivial cocharacter of 7" := G" /T = G"2
that acts trivially on Y. Let L£(«) be the sheaf of sections of the trivial line bundle
on X with G" linearization by «, then for some integer d > 0, £(a)®¢ descends to
a very ample line bundle on Y, and U := T (Y, £(«)®?) is the T” representation
with weights dA N A*. Here we are identifying A* with the characters of 7. Thus
Y has a T"-equivariant embedding into P(U). If A is not of full dimension, then it
is possible to shift the weights of U by a single character so that they lie in a linear
subspace of Ag. Thus every character in dA N A* pairs zero with some A € Ag. In
particular, a sufficiently large integer multiple of A is a cocharacter of T” that acts

trivially on P(U) and hence on Y.

Now the existence of this cocharacter implies that the dimension of the dense
T’ orbit in Y is strictly smaller than dim7” = n — 2. This contradicts the fact that
dimY = dim X — dim 7T = n — 2, which holds because X*(w*) is assumed to have

finite stabilizers and thus Y is a geometric quotient.
(b) X is complete and simplicial:

Note that Y is projective over C because the morphism Y — Spec(0%) is
projective and 0% = C under Hypotheses 1.2.1. Furthermore, the assumption

on finite stabilizers implies that Y only has finite quotient singularities. Thus
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[CLS, Thm. 3.1.19] implies ¥ is simplicial and complete.
(c) X has ezactly n one dimensional cones.

Because ¥ is complete and simplicial, [CLS, Thm. 5.1.11] implies Y is isomorphic
to a geometric quotient of the form U//G, where U is a particular open subset of
C*MWI %(1) is the set of one dimensional cones of ¥, and G' C Gl s a subgroup.
If 3 had fewer than n one dimensional cones, then because Y is of dimension n — 2,
the above construction would imply that Y has Picard rank strictly less than 2.

This would contradict the assumption on the Picard rank.
Completing the proof:

Note that the facets of A occur among the following (possibly empty) subsets
Fy, ... F,, where

Fi={peA:pv——ai}.

We have shown that ¥ has exactly n one dimensional cones, thus Fi,... F,, are
all the facets of A. From the definition of ¥ (see [CLS, Prop. 14.2.10]), the one

dimensional cones are oy, ...,0,, Where
or={q€ Ag:p-q >0 forall p € F;}.

Because we chose o so that a; < 0 for all i = 1,...,n, it follows that v; € o; and is
in fact a generator. It follows from (a), (b), and (c) that (A, %, {vy,...,v,}) is a

stacky fan.

Now [CLS, Prop. 14.2.21] says that

(%) (z1,---,2,) € X¥(w" +¢€l) if and only if (;,cp F; # 0, where B, = {i : z; =
0}.
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The condition ;.5 Fi # 0 is equivalent to the condition that there is a cone
o € % containing all o; for ¢« € B,. We have already seen that v; is a generator for
0; C Ag, so the latter condition is equivalent to having a cone ¢ € ¥ containing all
v; for i € B,. Using (x) we obtain that z € X*(w* + €/) if and only if x lies in the

complement of the vanishing set of the ideal (3.21). O

The Borisov-Hua window

Let (A, X, {v1,...,v,}) be a stacky fan.

(1) Let ay,...,ay, be a collection of non-zero rational numbers such that > 7" | a; =
0 and Z?:l a;v; = 0. Let I, be the set of indices where a; > 0. For Fano
DM toric stacks, the existence and uniqueness up to scaling of such a tuple is

shown in [BH, Prop. 5.4].

(2) Let ry,...,7, be another collection of positive real numbers r; such that
Sow i =1and Y ' rv; = 0. The existence of such a tuple also follows

from the proof of [BH, Prop. 5.4].

Let E4, ..., E, be the standard basis of Z". The collection 1, ..., r, defines a linear
functional f on Z" sending FE; to r;. Analogously, there is a functional ) sending E;
to a;. By [BH, Prop. 3.3], the Picard group of the toric DM stack Py, is isomorphic
to the quotient of Z™ by the subgroup of elements of the form >  (p-v;)E;, for all
p € A*. With this description, it follows that 1) and f descend to Pic(Px) because

(a;) and (v;) satisfy > " a;v; =0 and > | r;v; = 0 respectively.

The Borisov-Hua window P C Pic(Py) ® R is then defined to be the region cut
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out by the inequalities

S (3.23)

1€l

DO | —

F=) <

A comparison of the barrel window to the Borisov-Hua window

Under Hypotheses 1.2.1, assume that X®(w*) has finite stabilizers, the weights of
X span M, and X /T has Picard rank 2. Then by Lemma 3.7.4 we can consider
X=(w*)/T as a toric DM stack with the stacky fan (A, %, {vy,...,v,}) constructed
above using (3.22), namely the ray generators v; are the images of the standard
vectors in Z" under o*. In this context, the subgroup of elements of the form
Yor (p-v)E; for p € A* is precisely the image of the map ¢ : A* < Z" from the
first exact sequence in (3.22). Thus Pic(X*(w*)/T) is canonically identified with
M via the map ¢ that sends the i*" standard vector to the weight 3;. In particular,
if we find a suitable choice of tuples (a;) and (r;), then the Borisov-Hua window P

is the image in My of the region in R™ cut out by (3.23).

We claim that there is a particular choice of tuples (as,...,a,) and (r1,...,7,)
in the construction of the Borisov-Hua window such that the parallelogram P in

My, defined by these tuples coincides with the cylinder window V.

(1) The choice of {ay,...,a,}:

Let X' € Ng \ 0 be any cocharacter satisfying (\,w*) = 0. Foreachi =1,... n,
define
a; ‘= _<)\,761>

We show that the collection {ay,--- ,a,} satisfies the conditions for 3.7.1, i.e., all

a; #0, ) ,a;=0,and ), a;v; = 0.
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The assumption that X*(w*) has finite stabilizers together with Lemma 3.5.8
implies that no weights of X lie in the span of w*, so a; # 0 for all ¢, and
det XV'<0 = det X<, We then have

D ai= (N, —det X¥<0) = D ai= (N, —det X*0) = —py,
iely i€\
which implies that ). a;, = 0.
For the second condition, we observe that for every cocharacter A € N = M*, the

expression Y (A, f;)v; is the image of A under the composition M* Sar s A,

so > o, a;v; =0.
(2) The choice of {r1,...,mn}:

Recall the cocharacter Ay from Hypotheses 1.2.1 that pairs strictly negatively

with respect to all weights of X. For each i = 1,...,n, define

Ty = _<)\07 6i>/77)\07

where 1), = (Ao, —det X). Thus Y "'r; = 1 and all r; are strictly positive. That

> rv; = 0 follows as in the case above.

The Borisov-Hua window for these choices of tuples (a;) and (r;) is the image

under ¢ of

n

Z —¥i (Ao, Bi)

=1

n

> i (XN B)

=1

Mo

<_a
- 2

S%Zai ;

iE[+

(ylv"'ayn)eRn:

which is the cylinder window V because Y ic 1, @i = ny. Hence for these choices of

(a;) and (r;), and @ € Mg, 0 +V = 0 + P.

Let § € Mg be a character such that § + OV does not contain any points in

Mg. This is the genericity condition for  in [BH, Thm. 5.11]. The condition also
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guarantees that (0 +0V)NM = (), hence (+V)NM = (§+V)N M. In particular,
Proposition 3.3.1 and Theorem 3.5.1 recover the Borisov-Hua exceptional collection

on X*(w*)/T under the hypotheses of Lemma 3.7.4.
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CHAPTER 4
GENERATORS OF THE DERIVED CATEGORY OF LINEAR GIT
QUOTIENTS

In this chapter, we describe a general algorithm for finding a class of vector
bundles that generate D2, (X*(¢)/G) whenever X®(¢) has finite G-stabilizers. This
class of vector bundles will be constructed using the algorithm used by Spenko and
Van den Bergh [SVdB1] to construct non-commutative resolutions. It turns out that
these vector bundles contain the strong exceptional collection from Proposition 3.3.1

— it is thus an interesting future problem to establish when one can reduce this list

of generating vector bundles to a full exceptional collection.
4.1 Combinatorial generation algorithms

Recall the A\p-strip B), and the barrel window V, from Section 3.1.

Definition 4.1.1. Let G be a split-reductive connected group over k£ and let
X = Spec(Sym V') be the total space of a linear G-representation V. With notation
as in Section 1.5, let £, ..., 3, € M denote the weights of X. Let £ € MY be a

Weyl-invariant character and define
M == Mg /RY.

For a character v € Mg, we will use v/ to denote its image under m, : Mg — M]é,

and define

n

Y= {Z a;fj s a; € [—LO]} C My,

=1
Y= {X € By, : X' € —p’+§/} C Mg.
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Proposition 4.1.2. Let G be a split-reductive group over k and let X be a linear
G-representation satisfying Hypotheses 1.2.1, i.e. there is a central cocharacter \g
pairing strictly negatively with all weights of X. Let £,0 € MY be Weyl-invariant
characters with (A, {) < 0 and 0 being \o-generic with respect to ¢ (Definition 3.1.6).

Assume X®(0) has finite G-stabilizers. Then the tautological vector bundles

U € Rep(G) irreducible with
OXss(Z) ® U . .
character in 60 + X,

generate D° (X*(¢)/G). Furthermore, M+ N (0 +V,) € M* N (0 + %)) if
(N, —det XN=0) > 0 for all N € £+ \ 0. In this case, the vector bundles above

contain the strong exceptional collection from Proposition 3.5.1.

Proof. Let us first introduce the following parameters associated to a character
X € MR.
Ty = min{rZOzx'E —p'—f—ril—l—e'}, and (4.1)

Py = the minimal number of a; which are equal to — r, among (4.2)
all the ways of writing x' = —p' + >, a;,0; + ¢’ for a; € [—ry,0].
These parameters are slight modifications of those appearing in [SVdBl, HLS]. Note

that because ¢ is Weyl-invariant, Y 0 s still Weyl-invariant. In particular, r,

and p, are invariant under the p-shifted action of W on Mg (3.10).

As in the proof of Theorem 3.5.1, we will use the following notation for any

subset S C Mg:

smallest full triangulated subcategory of Dy.(X/G) containing
C(S) = all complexes supported in X"(¢) and the locally
free sheaves Ox @ V(v) for all v € SN M™*
In this notation, the the proposition amounts to showing C(6+%,) = D2, (X*(£)/G).

coh

By definition, 6 + ¥, C 6 + B,,, and we prove the equality above in two steps:
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(1) €0+ By,) =D?

coh

(X*=(0)/G), and

(2) C(0+ ) = C(0 + By,).
The argument in Lemma 3.5.12 applies directly to this case to conclude (1).

Proof of (2):

By definition of r,, X’ lies on the boundary of —p' + rxil + 6', so there exists
a cocharacter X' € ¢+ \ 0 such that the functional (X, —) is maximized on a facet
of —p' + Txi/ + @' containing x’. Then )\ can be modified to an anti-dominant
cocharacter in ¢+ satisfying (N, x'+p') < (N, ) for all p € —p' + TXEI +6'. Indeed,
let w € W be any element of the Weyl group such that w)’ is dominant, then
[SVAB1, Cor. 11.12] says that (wX,x' + p/) > (N, x + o). Because rxil + 0 is

Weyl-invariant, —w\’ is the cocharacter we seek.

Let X' € ¢+ \ 0 be the minimizing anti-dominant cocharacter from the previous

paragraph. Using the quantity
1 N'<0
Q/\/ = 57])\0 + <)\0,detX >,

define the complex

C)\’,X7 if Q)\’ < <)\07X> S %l
ES =

Y

D;\/’,)@ if — % < <)‘07X> < Q)\’
where the complexes Cly ,, DX,,X are those from Proposition 3.5.3.
We claim that the complex E? is unstably supported. By construction, EY has
homology supported on G - X*'20 with X € ¢+ nontrivial, so it suffices to show that

XXZ0 c XU(¢). For this, we note that Lemma 3.2.3 says that x is /-semi-stable if

and only if 0 ¢ {GY - x}, where G7 is the connected component of the identity of the
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subgroup ker(¢) C G. Thus, if {G} - x} is closed, then z is semi-stable. Conversely,
if {GY -z} is not closed, then the Hilbert-Mumford criterion implies that there
is a non-trivial cocharacter A : G,, — G} such that zy := lim; 0 A(f) - = exists
and does not lie in G - . Because z is fixed by A, it has a positive-dimensional
stabilizer, so zo € X“~%({) by hypothesis. Applying Lemma 3.2.3 again, we see
that 0 € m. The fact that z lies in the G} orbit-closure of x and 0 lies in
the G} orbit-closure of xy implies that 0 lies in the G} orbit-closure of z as well, so
 is unstable for the action of G' by Lemma 3.2.3. This implies that X*=° ¢ X(¢)

for any non-trivial N € ¢+, because every point in that subspace has either a

non-closed Gj-orbit or a positive dimensional stabilizer (containing \').

Moreover, Lemma 3.5.6 and Lemma 3.5.7 imply that one term of £ is Ox ®V'(x)
and other terms have a G-equivariant filtration whose associated graded pieces are
direct sums of vector bundles Oy ® V' ("), with (=) indicating the p-shift action

of the Weyl group (3.10) and u has the form

X_ﬁil_‘-'_ﬁip:<)‘/76ij><0 \V/jzl,,p ifEX:C)\/,X
Y (4.3)
X+ B+ 48, (N.Bi,) <0 Vj=1,....,p if B, =Dy

X

In both expressions of y, i1, ...,1, are distinct.

Part (2) will follow by induction on the quantities r, and p, and Claim 4.1.3
below. Indeed, let R > 1 be a real number and consider the following set of

dominant T-weights
Ap = UA(R, P), where A(R,P):={x e M*n(6+ B,,):ry=Rand p, = P}.
P

There are finitely many real numbers P for which A(R, P) # (). Let us enumerate

them in decreasing order P, > ... > F,. Suppose

8(9+B>\0):8<U AgU U A(R,PS))

S<R P,<P,
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If x € A(R, P;) and (Ao, x) € (Qx, M5 /2], then p has the form of the first expression
of (4.3), so (Ao, ™) > (Ao, x). Part (i) and (ii) of Claim 4.1.3 imply that p* is
either in Ag with S < R, or in A(R, P;). But since u* has a larger \g-weight, we

conclude by induction that

8(0+By,) =8 <U AgU U A(R, P,) U{x € A(R, P;) and (Ao, x) € [—77,\0/2>QX]}>

S<R Ps<P;
Now, if x € A(R, P;) has (A, X) € [—1x,/2, Qx], then part (i) and (iii) of Claim 4.1.3

imply that p* is either in Ag with S < R, or in A(R, P;) with P; < P;. Thus,

8(0 + By,) =8 (U Asu A(R,PS)) :

S<R Ps<P;

and (2) follows by induction.

Claim 4.1.3. The weights u* appearing in the complex EY, satisfy

(i) u* is also in the \o-strip 6 + B),,

(ii) if . > 1 and E} = Cy y, then either ry+ <1y, or rye =1 and py+ = py,

and

(i) if 1y > 1 and E, = Dy, , then either v+ <1, or s =1y and p,+ < py.
Proof. Since A is a central cocharacter, (Ao, ) = (Ao, p); so, for (i), it suffices to
show ;1 € 0 + B,,.

Suppose pt = x — i, — ... — f3;, in (4.3). Then
o, X — 0) < Moy it — 0) < (Mo, x — 60) + (g, — det XV'<0),

where we have used in both inequalities the assumption that all weights of X pair
strictly negatively with \g. It follows from these bounds and the definition of Q)

that p € 0 + B,,.
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Analogously, if = x + 3;, + ...+ 8, in (4.3), then
(Ao, X — 0) + (Xo, det XN < (g, — 0) < (Ao, x — 0).

Applying Hypotheses 1.2.1 again, we see that —1,/2 — (Ao, det X¥>0) < Q,/, which

together with the inequalities above imply p € 0 + B,,.

The proof of (ii) and (iii) follow from the Spenko-Van den Bergh algorithm
SVdBI, Sect. 11.1] as follows. The quantities r, and p, are Weyl-invariant, so it
X X Y

suffices to show that either r, < ry, or r, = r, and p, < p,.

By construction, the functional (X, —) is minimized on a facet of —p’ + TXEI +6

containing x’. Thus

(

—Ty ifieT
X =—-p+ Za,ﬁ; + 6, where a; =< 0 ificeU , (4.4)
[ [ 0] ifie@

where the sets T, U, ) are defined as follows
T:={ie{l,...,n}: (N, > 0},
U:={ie{l,...,n}: (N, <0},

Q:={ie{l,...,n}: (N, =0}

We may assume that there are precisely p, many a, that are equal to —r, in this

expression.

Then we may rewrite x’ as follows

==+ >, [ D s+,

LCMy \BjeL
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where L runs over all one dimensional subspaces of Mg. For p as in (4.3), set

SM = {il, e ,ip}.

Note that by definition, either S, C T" or S, C U. With this notation, we may

write p’ as

u' = —pl + Z Z Zi’zﬁl/ + 0/7

LCMy \BieL

where 5 p aiffi = Y 5 cp ailfi if B ¢ L for alli € S, otherwise

das= Y (e DB+ > gL i S, CT. (45)

BieL BieL and i€S), BieL and i€T\S,
das= > =B+ D). -nB. ifS,cU (46
BieL BieL and i€Sy, BieL and i€T

Since r,, > 1, the coefficients of (4.5) and (4.6) lie in the interval (—r,,0). It follows

that r, <r,. If r, =7, and S, C T then p, < py, and if r, = r, and S, C U then

Pu = Px- O

The generating vector bundles contain an exceptional collection:

For the second claim, we begin with the observation that the cylinder window

V, is the intersection of the Ag-strip with the preimage under 7, of the region

i D for all A € (M{)* = (+ C N,
— L
(A )] < m/2

Thus, it suffices to show that if x € M is a dominant T-weight with x’' € vV + 0 ,
then ' € —p/ +3 40 ,i.e. that r, < 1. If this holds, it follows that the exceptional
collection from Proposition 3.3.1 is contained in the list of vector bundles in the

statement of the proposition.
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In fact, we will show that if ny > 0 for all N € ¢+ \ 0, then r, < 1/2. By
minimality of r,, x’ lies on the boundary of —p' + rxil + 6, so there exists a
cocharacter \' € (1 satisfying (N, x’ + p/) > (N, pu) for all p € rxil +@'. Let
w € W be any element of the Weyl group such that w)\ is dominant, then
[SVAB1, Cor. 11.12] implies that (w)\, x" + o) > (N, x + o). Because rxil + 6 is
Weyl-invariant, we may replace X’ with w\’ so that we have a dominant cocharacter
N satisfying (N, x" + p/) > rymax{(\, ) : p € Y+ (X, 6). We obtain
rymax{(N, ) : p € T}+ (N, 0) < (X, X' +p) < %max{w,m e SN0,
where the second inequality holds because ' — 6" € V', hence Nx —60) <
nv/2, and ny = max{(N,u) : p € S} — 2(X,p/) since N is dominant. Note
that max{(X,u) : p € X'} is strictly positive because (XN, —det X¥<%) > 0 by

assumption. It follows that r, <1/2. O

4.2 Example: Projectivizations of self-dual representations

Let us fix the ground field to be C. Let G’ = G?, and consider the following
self-dual G'-representation X = Sym® C? ®¢ (Sym® C?)*. The weight lattice of G is
Z? and X has weights 3] = (0,3), 85 = (1,2), 85 = (2,1), 8, = (3,0), 85 = (0,—3),
Bs = (=1,-2), b7 = (=2, 1), 5 = (=3,0).

Let G = G’ x G,, act on X with G,, acting with weight 1. The weights of X
as a G-representation are ; = (0,3,1), 52 = (1,2,1), 53 = (2,1,1), B4 = (3,0, 1),
Bs = (0,-3,1), Bs = (—1,—2,1), By = (=2, —1,1), Bs = (—3,0,1). Then X satisfies
Hypotheses 1.2.1 as a G-representation and we may take \g = (0,0, —1) € (R3)*,

the anti-canonical character is w* = (0,0, 8), and

XO-(0") /G = BX) (") /.
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The cylinder window V C R? has the following description

V = {(z1,22,23) € R : |(\, (w1, 22))| < /2 for all X € (R*)* and |z3] < 4},

and the zonotope X, has base in R? given by the zonotope of the weights 3/, ..., 34.
Since X is self-dual as a representation of G’, it follows that 7, > 0 for all
A€ R?\ {0} = (w*)*\ {0}, thus by Proposition 4.1.2 it follows that for any
Ao-generic character 0, the set of G-equivariant line bundles with weights in the
set Z2 N (0 + ,-) generates D2, (X%~%5(w*)/G). Furthermore, this set contains

coh

Z? N (0 + V) which define a strong exceptional collection of line bundles.

Naturally, we are interested in whether the strong exceptional collection

U € Rep(G) irreducible with
Q = OXss(g) X U :
weight in M+ N (0 + V)

is full. Namely, whether a G-equivariant line bundle Ox ® V(x) with y € Z* N
(6 + X+ \ V) is in the smallest triangulated subcategory generated by 2. While
we do not establish whether this collection is full, one can still implement the
combinatorial generation algorithm above in a computer to check whether it implies

fullness of the collection.

We use the following pseudo-code:

Input:
Ly:=M"N(+V)
Ly :=M+*N(0+3,)

A set S := {(Si,xi)}, where S; is a set of weights appearing in an
unstably supported complex of the form Proposition 3.5.3 and Y; is

either the highest or the lowest weight of the particular complex.
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Output:

“win” means 8(Ly) = 8(Ls), or
“lose” means this algorithm goes not show fullness, so it is unlikely that
S(Ly) = 8(La).

Algorithm

For each v € Ly and (S;, x;) € S:
fv+S, CLiandv+yx; € Ly
Add v + x; to Ly and remove it from Lo
If no points have been added to Ly:
If Ly is empty:
Return “win”
If Ly is not empty:

Return “lose

This pseudo code is implemented in python as follows. I thank Eleanor Goh for

coding help.

import numpy as np

def check_interior(x, L1, L2, Si):
rules, distinguished_vector = Si
for L1_vector in L1:
for j in range(len(rules)):

if list(unp.array(x) + np.array(rules[j])) in L1:
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if list(np.array(x) + np.array(distinguished_vector)) in L2:
return True

return False

def algorithm(L1, L2, S):
while len(L2) !'= 0:
added = False
for L1_vector in L1:
for Si in S:
if check_interior(Ll_vector, L1, L2, Si):
added = True
new_vector = list(np.array(Ll_vector) + np.array(Si[1]))
L1.append(new_vector)
L2.remove (new_vector)
if not added:
break

return "win" if len(L2) == 0 else "lose"

Applying this algorithm to the example above returns “lose”, thus it is unlikely

that the set Q gives a full exceptional collection on DP |, (X%~55(w*)/@G).

coh
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