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Domain decomposition is widely used in the numerical solution of elliptic bound-
ary value problems. It is appealing in part because of improved efficiency and
straightforward parallelization. Conceptually, domain decomposition often exploits
a natural feature of elliptic problems: data at one point may have an exceedingly
weak influence on the solution at a far-removed point.

The application of domain decomposition to other elliptic problems is less fully
developed. One such area is numerical conformal mapping. We introduce the SC
Toolbox for MATLAB, an interactive graphical software package for the Schwarz—
Christoffel mapping of polygons. The Toolbox can be used for interior and exterior
mapping from several fundamental domains. Elongations in the polygon lead to
crowding, in which the preimages of affected vertices are exponentially close to-
gether.

Such regions are candidates for decomposition. We describe CRDT, an overlap-

ping subdomain method developed with Vavasis for numerical Schwarz—Christoffel



mapping. The method uses Delaunay triangulation to decompose the polygon into
overlapping quadrilaterals, which in turn define cross-ratios that form the basis of
a nonlinear system. Each quadrilateral induces an embedding of the prevertices so
that locally, the map can be computed accurately. Apparently CRDT can deal with
any degree of crowding, as is demonstrated by examples.

Another application in conformal mapping is in Symm’s integral equation. An
important feature of existing software for Symm’s equation is the efficient treatment
of corner singularities. Careful generalization to multiple domains allows this treat-
ment to be preserved and extended. A nonoverlapping formulation leads to a linear
system that is ideal for Schur complementation. The resulting method asymptoti-
cally requires a fraction of the single-domain work and is easily parallelized.

We also consider a domain decomposition algorithm for the Laplace eigenvalue
problem on polygons. The method, an improvement on one described by Descloux
and Tolley, searches for the matching of Fourier—Bessel expansions at each corner to
locate eigenvalues. We apply the algorithm to the “isospectral drums” discovered
by Gordon, Webb, and Wolpert to find 25 eigenvalues to 12 digits. The method is

far more accurate and efficient than standard methods for this problem.
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Chapter 1

Introduction

1.1 Domain decomposition

An essential feature of an elliptic partial differential equation (PDE) is that its
solution at any point depends on data at all the other points of a connected domain.
This can make the numerical solution of an elliptic problem time-consuming and
serial. However, while the influence of a given point is nonzero globally, it can
be extremely weak over large portions of the domain. This fact is illustrated in
Figure 1.1. At the top left of the figure is a region consisting of two disjoint squares
and the locations of unknowns in a sample finite difference discretization. Below this
is the sparsity pattern for the discrete Laplace operator. This matrix has a natural
block diagonal structure: one block for each disjoint square. At the bottom left is
the sparsity pattern for its inverse. Each diagonal block fills in completely, but the
overall block diagonal structure is preserved. This structure is simply a reflection of
the fact that the Laplace problems on the two squares can be solved independently.
On the other hand, at the top right of Figure 1.1 we consider a region in which

the squares are connected by a narrow channel. The resulting discrete Laplacian



still has a block structure corresponding to the squares and the channel, but there
are just a few elements off the block diagonal, as can be seen in the close-up at
the middle right. These few elements are enough to completely fill in the inverse
of the matrix—hence the global dependence of the solution at each unknown on all
the other unknowns. However, as the graph at the bottom right demonstrates, the
block off-diagonals have mostly exponentially small elements. This effect, typical
when a region has long, thin components, is a feature of the continuous problem,
as can be seen from the Green’s function.

When two subregions influence one another only weakly, one can hope to solve
the problems on the subregions nearly independently, with minimal interaction.
This observation is one of the fundamental ideas behind domain decomposition, a
major topic in numerical methods for PDEs [14, 53, 73]. While many variations ex-
ist, domain decomposition methods generally fall into two categories: overlapping,
in which communication between subdomains is achieved through shared regions,
and nonoverlapping, in which the communication is through a shared interface of
lower spatial dimension. Roughly speaking, overlapping methods are usually asso-
ciated with iterative solutions, while nonoverlapping methods are more likely to be
embedded in direct solvers.

Domain decomposition methods are often more efficient than global methods,
because the cost of solving elliptic problems usually grows superlinearly with the
problem size, and the subproblems can often be solved in parallel, if desired. The
greatest gains are for those regions that have long, narrow parts, or parts on sub-
stantially different scales. Yet domain decomposition is more than a computational
device. There are situations where the decomposition reflects a natural means of
expressing the problem. For example, a composite structure is most conveniently ex-
pressed in terms of its component elements and a description of how those elements

join together. It may be much more efficient or convenient to solve homogeneous
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Figure 1.1: Nonzero but weak dependence in elliptic problems. At the top are two
regions and points in typical discretizations. In the middle are sparsity patterns
for the discrete Laplacians; the graph on the right is restricted to unknowns in and
near the channel. At the bottom are views of the inverses of these operators; on the
left is a sparsity pattern, and on the right is a graph of the log;, of the magnitude
of the elements.



problems within each component and patch the results together than to attempt
the global solution immediately. Even when there is no such direct analogy, one
may find a decomposition for which the subproblems are qualitatively simpler.
While a great deal has been done with domain decomposition for linear boundary
value problems, much less is known about many other applications. Surprisingly
few methods exist even for the common linear eigenvalue problem, which arises
in acoustics, electromagnetism, heat conduction, queueing theory, and quantum
physics. Even less appears to have been done for conformal mapping, which has
applications in potential theory and grid generation. In this thesis we shall explore
some new or revised domain decomposition methods for these problems. In each
case, the domain decomposition either reflects or reveals some interesting aspect of

the special structure of the problem.

1.2 Summary of this thesis

This thesis deals with various numerical methods, mostly related to domain decom-
position methods for conformal mapping and eigenvalue problems. The emphasis is
on algorithms and numerical experimentation rather than theoretical analysis.

We now briefly describe our four main contributions.

A Matlab toolbox for numerical Schwarz—Christoffel mapping

Chapter 2 describes the implementation and use of the Schwarz—Christoffel Tool-
box (SC Toolbox) for MATLAB. The SC Toolbox is based largely on algorithms
that have previously been developed by Trefethen and others for several variations
of Schwarz—Christoffel mapping, i.e., conformal mapping to polygons. The Tool-
box features an interactive and graphical interface to drawing polygons, solving

for the unknown parameters, and visualizing the resulting conformal maps. The



phenomenon of exponentially weak dependence within the solution is manifested as
crowding, in which the preimages the vertices of elongated polygons are exponen-
tially close together. Crowding is the major limitation of the methods of the SC
Toolbox.

An overlapping algorithm using cross-ratios for numerical Schwarz—Christ-
offel mapping

Chapter 3 describes a new algorithm for Schwarz—Christoffel mapping, developed
jointly with S. A. Vavasis, based on an overlapping domain decomposition of the
polygon. The decomposition is based on quadrilaterals found in a Delaunay trian-
gulation of the polygon, and the quadrilaterals are used to define cross-ratios as the
fundamental unknowns. Even in the presence of severe crowding, the cross-ratios
allow an accurate representation of the prevertices and the decomposition allows lo-
cally accurate evaluation of the map. The resulting algorithm can accurately solve

problems from potential theory for arbitrarily elongated regions.

A nonoverlapping method for Symm’s equation for conformal mapping

In Chapter 4 we study Symm’s method for computing conformal maps to regions
bounded by piecewise analytic curves. Symm’s method is an indirect boundary
element method for Laplace’s equation with Dirichlet data. Although domain de-
composition has been applied to many boundary integral problems, apparently it has
not previously been studied within the context of conformal mapping. A straight-
forward nonoverlapping version of Symm’s equation changes the meaning of the
unknown quantity in the integral equation, introducing inelegant complications in
the representation and use of the solution. Instead, a nonoverlapping algorithm for
a related function leads to a system of integral equations of the second kind for
which the unknown on the original boundary retains its meaning. The decomposi-

tion allows efforts to be focused on interesting subregions. We present the algorithm



and numerical experiments demonstrating its efficiency.

A high-accuracy nonoverlapping method for the Laplace eigenvalue prob-
lem on polygons

Chapter 5 examines the simplest linear eigenvalue problem, that of finding the eigen-
values of the 2D Laplace operator with homogeneous Dirichlet boundary conditions
on a polygon. Our work is an improvement on a method previously introduced by
Descloux and Tolley. An eigenfunction can be expanded about each corner in terms
of a Fourier-Bessel series that exactly satisfies the interior equation and the original
boundary conditions. Thus the original polygon can be decomposed into nonover-
lapping subdomains, each with one of the original corners, and the eigenvalue prob-
lem reduces to finding expansions that match at the interfaces. This algorithm has
been applied to the “isospectral drums” discovered by Gordon, Webb, and Wolpert,

resulting in the first high-accuracy determination of these regions’ spectrum.



Chapter 2

A Matlab toolbox for numerical

Schwarz-Christoffel mapping*

Conformal mapping has long been an important topic in complex analysis, with ap-
plications in many fields of physics and mathematics. Historically, one of the major
limitations of these applications was the difficulty of finding analytical formulas for
conformal maps of general regions.

Even a region as simple as a polygon poses a serious problem. In the 1860s, H.
A. Schwarz and E. B. Christoffel independently discovered a formula for mapping
a half-plane to the interior of a polygon. The Schwarz-Christoffel formula can be
derived merely by accounting for the singularity necessarily encountered at each
pre-image of a polygon vertex (each prevertex). However, the locations of these
prevertices are not known in closed form. Furthermore, the formula consists of a
generally intractable contour integral, so it remained of mostly theoretical interest

for a century.

*Portions reprinted with permission from T. A. Driscoll, “A MATLAB Toolbox
for Schwarz-Christoffel mapping,” ACM Trans. Math. Soft., to appear, 1996. Copy-
right 1996 by the Association for Computing Machinery. All rights reserved.



The computer has brought practical conformal mapping within reach. Numeri-
cal conformal mapping has long been a topic in numerical analysis [30, 39, 59, 83],
in which time variants of Schwarz—Christoffel mapping have received special atten-
tion [19, 20, 27, 28, 40, 47, 71, 74, 81, 86]. Part of the reason for the popularity of
Schwarz-Christoffel mapping is that polygons are an important class of regions in
applications; additionally, they can be used in principle to approximate any simply
connected planar region. But another aspect of the appeal is that Schwarz—Christof-
fel maps can be computed very quickly to high accuracy, especially if the numerical
method handles the corners intelligently.

In this chapter we introduce the latest addition to Schwarz—Christoffel mapping
software: the Schwarz-Christoffel Toolbox (SC Toolbox) for MATLAB. The Tool-
box provides an interactive, graphical interface to numerical routines for Schwarz—
Christoffel mapping based on generalizations of methods first developed by Tre-
fethen [81, 84]. The chapter begins with a description of the basic Schwarz—Christ-
offel formula and its variations, and a summary of the numerical methods that are
used in the Toolbox. Then we summarize the structure and syntax of the Toolbox
and provide examples and simple applications. Finally, in anticipation of the new
method we shall introduce in Chapter 3, this chapter ends with a discussion of the

limitations of the Toolbox, especially the “crowding phenomenon.”

2.1 The Schwarz—Christoffel formula

Suppose a polygon P has complex vertices wy,... ,w,, given in counterclockwise
order. Some of the vertices may be infinite. To each vertex wj corresponds an
exterior turning angle — 7, or equivalently, an interior angle (1 — gy )w. If wy # oo,

then —1 < B, < 1; otherwise, —3 < [y < —1. See Figure 2.1 for an illustration.
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Figure 2.1: An unbounded polygon with n = 6.

Note that

D Be=-2 (2.1)

Let C™ denote the open complex upper half-plane, and define f on C* by

zn—1
f(z) = A+ B/ H(s — 2;)P* ds (2.2)
0 k=1
for some real x1,...,x,_; satisfying
TG < To <o < Tpoy < Ty = 00 (2.3)

and complex constants A and B. Equation (2.2) is the Schwarz—Christoffel formula.
It is not hard to see that f is analytic in C* \ {z1,...,2n_1} and can be extended

continuously to CT at each z; for which 8, > —1 [38].
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K N7

f(R)

Figure 2.2: The effect of arbitrary prevertices. The polygon on the left is given;
the one on the right is the image of the real line under (2.2), for arbitrarily chosen
x1,-..,%¢ satisfying (2.3). The angles match, but the side lengths differ.

The form of (2.2) can easily be understood by considering the derivative f’. As
we let z traverse the real line rightward from —oo, term k of the product in f’
induces a jump at z = x; of —F;m in the complex argument of f’, which is the
tangent to the boundary of the image f(R). Clearly, we want x; to map to the kth
vertex of the polygon, and is therefore we call z; a preverter. The Schwarz—Christ-
offel formula is nothing more than accounting for the effect of each corner of P on
the image of R.

The locations of the prevertices on the real line are crucial. The formula ensures
that the angles of the image polygon match those of P, regardless of the choice of
the zj. But in general the side lengths will be wrong, as in Figure 2.1. Clearly we
cannot choose the prevertices and constants A and B (collectively, the accessory
parameters) arbitrarily. However, the Riemann mapping theorem guarantees that
there is some conformal map from C™" to 2, the interior of the region bounded by
P, and the fundamental theorem of Schwarz—Christoffel mapping guarantees that

an appropriate choice of parameters will yield such a map:

Theorem 2.1. Let Q) be a simply connected region bounded by a polygon having
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(possibly infinite) vertices wy, ... ,w, and exterior turning angles —fm, ... ,—Fpm.
Then every function which maps Ct conformally onto 2 can be expressed in the

form (2.2).
Proof. See, for example, [38], Thm 5.12e. O

In addition, any such map can be extended continuously to ct (except at preim-
ages of infinity) as a map onto 2. By considering Mobius transformations, we see
that any three prevertices can be chosen arbitrarily. Since x, = oo, two other
prevertices, say x; and zo, may be fixed. Then the remaining prevertices, and the
constants A and B, are determined uniquely by P.

The Schwarz—Christoffel formula is mathematically appealing, but not immedi-
ately practical. To compute the map, one must find the prevertices by solving a
system of nonlinear equations—a problem which, except in a few special cases, is
analytically intractable. This is the Schwarz—Christoffel parameter problem. Fur-
thermore, the integral in (2.2) rarely has a simple closed form. Finally, it is usually
impossible to invert f explicitly. For these reasons, calculations involving Schwarz—

Christoffel maps must generally be done on a computer.

2.2 Variations of the formula

Composing (2.2) with standard conformal maps leads to variations of the Schwarz—
Christoffel formula for mapping from other fundamental domains, many of which are
outlined in [86]. The simplest such modification has the unit disk as domain. The
prevertices then lie in counterclockwise order on the unit circle, and the resulting

formula is nearly identical:

() = A+B/OZﬁ (1 - Z_Sk)ﬂ ds. (2.4)
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Observe that there are now n rather than n—1 terms in the product of the integrand,
and the prevertices {z;} lie on the unit circle. The constant A, which is the image
of the origin, is known as the conformal center.

By considering the logarithm of the upper half-plane, we arrive at the transfor-
mation from a biinfinite strip {z : 0 < Im z < 1}, which is especially useful when P
is an infinite polygonal channel, such as might arise in a fluids problem, for example.
In this case the formula becomes [47, 74, 89]

2 n
f(z) = A+ B/ e’ H [sinh g(s — Z) 8 ds, (2.5)
0 k=1
where 6 depends on the divergence angles at the ends of the channel, and the
prevertices {zx} lie on both sides of the strip.

By further composing (2.5) with the Jacobi elliptic function sn, a rectangle
may be used as the fundamental domain, which is appropriate when P is highly
elongated in one direction. In this case four distinguished vertices of the polygon
map to the corners of the rectangle, and the polygon is said to be a generalized
quadrilateral. The aspect ratio of the rectangle, which is the conformal modulus of
the generalized quadrilateral, cannot be specified in advance, but is determined by
solving an appropriately constrained parameter problem on the strip (see [47] for
details).

By modifying the usual derivation of (2.2) slightly, we can also find a function
that maps the unit disk onto the exterior of P [38]:

f(z)=A+B /OZ s 2 H(s — 2)P* ds. (2.6)

The term s 2

reflects a choice of mapping the origin to the point at infinity. Thus,
only a single prevertex may be chosen arbitrarily. Here the vertices are specified in
counterclockwise order about the exterior of P, or clockwise about the interior, so

that the sum in (2.1) is +2.



13

A different sort of generalization is the map to a circular-arc polygon (each side is
an arc of a circle). This variant requires more fundamental changes to the Schwarz—
Christoffel formula, which becomes an ordinary differential equation rather than an
integral. There are also n new accessory parameters that have no obvious geometric
interpretation. Although numerical solution is possible [10, 45], so far the methods

used have not been fast or reliable.

2.3 Summary of the numerical algorithms

Any numerical method for implementing one of the Schwarz—Christoffel maps has
to contend with the three issues outlined above: solving the parameter problem,
computing integrals of the form in (2.2), and, if desired, inverting the map to find
points in the fundamental domain given their images in the polygon. All these
issues were dealt with by Trefethen [81, 85] for the disk and half-plane maps, and
by Howell and Trefethen [47] for the strip and rectangle maps. The exterior map is
very similar to the disk map.

We first consider the parameter problem. Recall that for the half-plane for-
mula (2.2), x1, x9, and x, = oo are fixed, and the remaining n — 3 real prevertices
must be determined. Because the angles of the resulting polygon are guaranteed to
be correct for any set of prevertices, we must use the side lengths of P to derive
n — 3 real conditions. If all the vertices {wy} are finite, a natural set of conditions

is [85]

Tk+1 gt
fzk f (S) ds‘ . |wk+1 - wk|

f;clzf/(s)ds‘ N |w2—w1| ’

2<k<n-—2 (2.7)

The affine constants A and B do not appear, and the equations are scaled by a length

occurring in the problem. If all n — 3 equations are satisfied, then wy, ..., w,_; are



14

correctly located relative to one another, and w,, is then located by the intersection
of the two sides adjacent to it. As a consequence, w, may not be a finite vertex
whose adjacent sides are collinear; i.e., 3, must not be 0 or 1.

If a vertex wg is infinite, then equations K — 1 and K of (2.7) are useless. In

this case we replace them by the complex equation

TK
fwlel f’(s) ds WK+1 — WK1

fff fi(s)ds — wy—wy

Thus we require that there be no adjacent infinite vertices and that two consecutive

(2.8)

finite vertices serve as w; and ws.
Equations (2.7) give us a system of n — 3 nonlinear equations in n — 3 unknowns,
but the unknowns are constrained by (2.3). A change of variables enforces the

constraints implicitly:
y; = log(zj42 — x41), 1<j<n-3. (2.9)

Now we have an unconstrained (n — 3) x (n — 3) system of nonlinear equations that
has a unique solution.

The nonlinear system is easily modified to suit variations of the fundamental
domain. For the disk map, nothing need be changed. For the strip map, the ends
of the strip are already constrained to map to the ends of the target channel, so
only one z in (2.5) can be fixed. Now n — 1 side-length conditions are needed, but
there is no redundancy in this information because two real conditions are needed
to locate one side of the channel with respect to the other. In the rectangle problem,
the prevertices are still considered to be on the strip, but pairs of the pre-images of
the rectangle corners are constrained to have the same real part on the strip, leading
again to n — 3 unknowns. Finally, for the exterior map, the image of the center
of the disk is complex infinity, so there are n — 1 unknowns. The n — 3 equations

of (2.7) are supplemented by requiring that the complex residue of f’ be zero, which
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implies

3
&

=0. (2.10)
k=1

We now turn to the problem of computing Schwarz—-Christoffel integrals of the
form (2.2). Numerically these are not trivial, because the integrand is singular at
the prevertices, and these singularities are often at or near endpoints of the integra-
tion. (In fact, they are often exponentially nearby, as explained in the next section.)
Trefethen [81] suggests a compound Gauss—Jacobi quadrature rule along straight-
line paths between the endpoints. The selection of the Gauss—Jacobi method allows
an exact treatment of endpoint singularities, and an adaptive compound rule deals
with the influence of singularities close to the endpoints by requiring integration
subintervals to be comparable in length to the proximity of the singularities. How-
ell [44] compares this method to various combinations of adaptive quadrature and
singularity removal and found it to be satisfactory, if not superior, except possibly
when precise error control is desired.

Krikeles and Rubin [54] recommend a more efficient approach to integration for
the parameter problem when the fundamental domain is a disk. They note that if

2, and z, are on the unit circle and g(z) is a Schwarz—Christoffel integrand,

[ oas = [ 1o a0

P 91’

Hence the side lengths in the nonlinear equations can be computed using real log-
arithms to evaluate the integrand, rather than the complex logarithms required by
straight-line paths. Integrations along the real axis or a strip edge also require only
real logarithms. When dealing with infinite vertices by inserting equations like (2.8),
however, the integration paths must be modified to avoid passing through a prever-

tex of infinity, and complex logarithms are required in every fundamental domain.
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If we wish to invert f, there are two natural strategies. One is to do a Newton
iteration with the exact f’; alternatively, one can pose and solve a differential equa-
tion for 1/f'. Trefethen [81] suggests a hybrid wherein the ODE is solved to get an

approximate answer which is then improved by a few Newton steps.

2.4 Overview of the Schwarz—Christoffel Toolbox

An important trend in scientific computing has been the growing use of high-level,
interactive environments. In numerical analysis and scientific computing, the domi-
nant environment (as of this writing) is MATLAB.! MATLAB provides an interactive
command-line interface, built-in visualization, and the elements of graphical user
interfaces. At first MATLAB was used primarily for education and algorithm pro-
totyping and development, but it is increasingly a major all-purpose computing
environment.

The Schwarz-Christoffel Toolbox (SC Toolbox) for MATLAB is a suite of M-files
designed for computing and visualizing Schwarz—Christoffel maps. The SC Toolbox
is intended to be the successor to Trefethen’s Fortran package SCPACK [84], the
first and most influential public-domain software for numerical conformal mapping.
The Toolbox incorporates the algorithm used in SCPACK, extended to fundamental
regions other than the disk, as described in Section 2.3. It also adds graphical
interfaces to input and manipulate polygons, and quick visualization of conformal
maps.

The SC Toolbox currently works with the following types of Schwarz-Christoffel

maps:

e Half-plane

'MATLAB is a registered trademark of The MathWorks, Inc.
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e Disk

Strip

Rectangle

Disk to polygon exterior

All of the functions are original and are written as M-files compatible with version
4.1 of MATLAB (version 4.0 under MS-Windows). Emphasis was placed on making
the Toolbox easy and convenient to use.

The Toolbox, along with detailed documentation, is available via anonymous

ftp, at the URL

ftp://ftp.cs.cornell.edu/pub/driscoll/SC-Toolbox/

Inquiries may be sent to the author at driscoll@na-net.ornl.gov.

2.5 Implementation issues

Each of the different types of Schwarz—Christoffel maps has an associated block of
M-files, distinguished by a two-letter prefix. Each block has functions for solution of
the parameter problem, computation of forward and inverse maps, and automated
visualization. In addition, there are several functions for working with polygons,
including one for drawing them with the mouse. Finally, most of the Toolbox’s func-
tions can be accessed through a graphical user interface (GUI). A demonstration
of most of the Toolbox’s basic capabilities appears in the next section.

The numerical methods used by the SC Toolbox are summarized in Section 2.3.
For solution of the nonlinear system arising from the parameter problem, we chose

the public domain package NESOLVE, which is Behrens’ implementation of some
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of the modules in [21]. The algorithm used is a Gauss-Newton trust region method
with Broyden update of the Jacobian. The Broyden update is important because
of the relatively high cost of function evaluations. Iterations are continued until the
2-norm of the nonlinear function vector is smaller than a user-adjustable tolerance.
Experience indicates that the values of prevertices and function maps are generally
at least as accurate as this tolerance, and often the maps are more accurate away
from the singularities.

The only drawback of the SC Toolbox compared to SCPACK is execution speed.
The experience of most MATLAB users is that the performance of M-files usually
cannot match that of an equivalent function written in a compiled language. If
speed were of utmost importance, the numerically most intensive routines could be
rewritten in C or Fortran (possibly with the help of MATLAB’s own C translator).
However, we believe that a factor of 2 or 3 lost to coding in MATLAB is well worth

the portability and clarity gained, in most applications.

2.6 Examples and applications

We now illustrate the capabilities of the SC Toolbox. The Toolbox is also distributed
with several automated demonstrations accessible through the function scdemo.
Complete details on using the package are given in a user’s guide distributed with the
software and in online help accessible via MATLAB’s help and lookfor commands.

All of the polygons for the following figures were drawn by hand with the Tool-
box’s drawing function, drawpoly. This function allows the user to constrain ver-

tices to a grid, quantize polygon angles and lengths, and place vertices at infinity.
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>> [w,b] = drawpoly; >> [w,b] = drawpoly;
>> [z,c] = hpparam(w,b); >> [z,c] = dparam(w,b);

>> hpplot(w,b,z,c,10,0.8:.8:8) >> ptsource(w,b,z,c,-.5-.51)

Figure 2.3: Half-plane (left) and disk (right) maps for an L-shaped region. The half-
plane plot is the image of ten evenly spaced vertical and ten evenly spaced horizontal
lines with abscissae from —2.7 and 15.6 (chosen automatically) and ordinates from
0.8 to 8. The disk plot is the image of ten evenly spaced circles and radii in the
unit disk. Below each plot is the MATLAB code needed to generate it.

2.6.1 Basic maps

Figure 2.3 shows the half-plane and interior disk maps for an L-shaped region. The
plot on the left is the image of a regular rectangular mesh in the upper half-plane.
The images of the vertical lines converge at one end to w, = f(00), and the hor-
izontal ones converge there at both ends. The graph on the right is the image of
a polar grid in the unit disk. Of course, all the intersections in both graphs are
at right angles. Underneath each plot is a listing of lines that are entered at the
MATLAB prompt or in a function file to create each picture. The listings have
one line each for creating the polygon via the drawing tool, solving the parameter

problem, and visualizing the result. The slightly different plotting command for the
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disk case stems from requiring the conformal center to be at —0.5 — 0.5i. Each of
the plots in this section is produced similarly, with possibly an extra command for
manually selecting the axes limits. For the half-plane case, the parameter problem
solution took 1.1 seconds and the plot about 15 seconds on a SPARC-10 worksta-
tion. The corresponding times for the disk were about 2.8 and 9.4 seconds. The
parameter problem times correspond to the number of nonlinear function evalua-
tions needed: 12 for the half-plane and 30 for the disk. The plotting time for the
half-plane is longer because the program must figure out how far towards infinity it
must go in three directions to produce accurate and smooth curves near w,,.

Figure 2.4 demonstrates the half-plane and disk maps for several polygons fea-
turing infinite vertices and slits. Half-plane maps are suggestive of potential flows
of fluids, while disk maps invite interpretation as electrostatic fields due to point
charges.

The map from a strip is natural when the target region is a polygonal channel.
Another interesting use is when a source or sink is desired at some finite vertex of
a polygon. Figure 2.5 demonstrates these situations.

For reasons discussed in Section 2.7, rectangle maps are appropriate for regions
which are elongated in one direction. Figure 2.6 displays the rectangle maps for
two polygons for which neither the half-plane nor disk maps can be computed by
the Toolbox. The conformal modulus of each polygon can be interpreted as the
electrical resistance of a polygonal resistor [82].

Figure 2.7 shows the exterior maps for two polygons. From the Toolbox user’s
standpoint, there is little difference from the other maps. A natural interpretation
of the plots is as equipotential and field flow curves for polygonal conductors. The
region on the left is an early stage in the production of the fractal Koch snowflake
and also appears in the CONFPACK documentation [42]. This polygon was drawn

quite easily by hand using angle and length quantization. Because of the manifold
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Figure 2.4: The half-plane (top) and disk maps (bottom) for several polygons.
Except at top right, the regions are unbounded.



22

-5 0 5 -2 0 2 4

Figure 2.5: Maps from the infinite strip 0 < Im z < 1. On the left the ends of the
strip map to the ends of the channel (compare to Figure 2.4), and on the right, one
end of the strip maps to a finite point.
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Figure 2.6: The rectangle map for two highly elongated regions. The curves are
images of equally spaced lines in the interior of the rectangles. The conformal
moduli of the regions are about 27.2 (left) and 91.5 (right).
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symmetry of the region, the exterior map could be computed by solving an interior
mapping problem for a sector of angle 7/6 of the snowflake exterior and applying
Schwarz reflection. This would reduce the effective number of vertices from 48
to 6, and in principle would speed up the solution to the parameter problem by
a factor of thousands. However, using the built-in functions of the Toolbox for
the full polygon, the parameter problem solution and the plot in Figure 2.7 each
required about four minutes on a SPARC-10, so the potential gains are not large
in an absolute sense. Moreover, the Toolbox also computes the exterior map for

regions with no symmetry, as the graph on the right in Figure 2.7 demonstrates.

4
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Figure 2.7: Maps from the unit disk to two polygon exteriors. The region on the
right is the complement of three connected line segments.

2.6.2 Extensions to other domains

The Schwarz reflection principle was mentioned above as a means of speeding up
computations for regions with reflective symmetry. The reflection technique can also

be used to compute conformal maps for regions to which the Schwarz-Christoffel
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formula does not directly apply. Two examples of this are exhibited in Figure 2.8.

For periodic regions such as the one on the left, the overall map can be constructed

10 3l
2.

5.
T 1
0 Or
] -1t

-5t
2t

-10 -5 0 5 10 -2 0 2

Figure 2.8: Maps computed by reflections. The region on the left is periodic with
reflective symmetry at the dashed lines, and is mapped from a strip. The region
on the right is doubly connected with an axis of symmetry, and is mapped from an
annulus.

by computing the rectangle map for the fundamental region (shown in dashed lines)
and reflecting and translating the results [27]. Since the Toolbox plotting routines
return the coordinates of the plotted points upon request, this graph can be con-
structed with one plot statement per fundamental unit. Another interesting way
to use reflection is for doubly connected regions with an axis of symmetry, as on
the right in Figure 2.8. Because the entire region maps to an annulus, half of the
region maps to half an annulus, which after a logarithm becomes a rectangle. Thus
the displayed plot is the result of a Toolbox rectangle map and a reflection.

Many of the variations considered so far have centered on transformations of the
fundamental domain. Transformation of the image domain also leads to interesting

results, such as maps to gearlike domains [67]. An example of a gearlike domain is
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Figure 2.9: Map from the unit disk to a gearlike domain (left). The logarithms of
these curves are shown on the right.

shown on the left in Figure 2.9. The simplest case is when one of the notches goes
to the origin. Upon taking a logarithm, the region becomes a notched semi-infinite

strip, shown on the right, for which a standard interior map can be computed.

2.6.3 Applications of exterior maps

Many applications of conformal mapping stem from the well-known fact that so-
lutions to Laplace’s equation are preserved by such maps. A classical example for
exterior mapping is shown in Figure 2.10: streamlines for two flows past a crude
“airfoil.” The method is outlined in [38], pages 358-367. The situation on the left
is flow with zero circulation, for which one stagnation point is on top of the airfoil.
This plot is made by considering the model problem of flow exterior to the real
interval [—1, 1]. The streamlines of the model problem are horizontal lines, and can
be mapped to the unit disk by an inverse Joukowski map and thence to the airfoil

exterior via the Toolbox. On the right is a flow with negative circulation meant to
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Figure 2.10: On the left, non-circulating potential flow past an “airfoil.” On the
right, flow past the same airfoil with negative circulation.

illustrate the Kutta condition. In this case the model flow is the exterior of the unit
circle, which was the intermediate plane in the previous case. The stagnation points
in the model plane are prevertices of the airfoil, and from this the streamlines can
be computed in the model plane (via MATLAB’s contour command) and mapped to
the airfoil exterior. One potential pitfall of applying this technique to real airfoils
would be the introduction of singularities in the flow at artificial corners. How-
ever, we expect that with careful use, polygonal approximation may often produce
acceptable results.

Another interesting use of the exterior map arises in the area of approximation
theory. Let €2 be a bounded, connected region whose complement ¢ is simply
connected in the extended plane. There is a unique conformal map ¢ which takes
Q¢ onto the exterior of the unit disk, fixes the point at infinity, and has positive
real derivative there. When (2 is the interior of a bounded polygon, ¢ is just the

inverse of a Schwarz—Christoffel exterior map. If ¢ is renormalized to be 1 at the
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origin, then [¢(z)]™ is minimax on 2 among origin-normalized functions with a pole
of order m at infinity [34].

A natural way to approximate ¢™ is by Faber polynomials. The mth degree Faber
polynomial F,, for €2 is given by the polynomial part of the Laurent expansion of ¢™
at infinity. For polygonal domains, the Faber polynomials can be computed easily
via a recurrence relation [76], as is implemented in the Toolbox function faber.
By construction, Faber polynomials are “nearly minimax” on the region 2. This
property has been used as a justification for choosing Faber polynomials based on
approximate spectra as iteration polynomials in Krylov subspace iterations for the
solution of linear systems [76].

In Figure 2.11 we plot the lemniscates {z : |F},(z)| = 1} for a particular polygon
and various m. Because F}, is an analytic projection of ¢™, which is identically
one in modulus on the polygon, the lemniscates approximate the polygon. The
re-entrant corners of the exterior region are resolved first, with the “deadwater”
regions being most difficult. Note the tendency of the lemniscates to oscillate about
the polygon edges. This is related to equioscillation, familiar from Chebyshev ap-

proximation, and to the near-minimality of the Faber polynomials.

2.7 Limitations of the Toolbox

The most serious limitation of the SC Toolbox, and perhaps of numerical conformal
mapping in general, is the crowding phenomenon [59]. Consider the rectangle R
with corners at —K +iK', —K, K, and K + 1K', where K and K’ are the complete
elliptic integrals of the first kind with parameters m and 1 — m, respectively. The
Jacobi elliptic function sn(z|m) maps R conformally onto the upper half-plane,

sending the corners to —m~'/2, —1, 1, and m~'/?, respectively. As m — 0, it is easy
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Figure 2.11: Lemniscates of Faber polynomials. The solid curves are the level sets
{z : |[Fin(2)| = 1} for Faber polynomials of degrees m = 4, 8, 12, 16 for the dashed
polygon. The level sets approximate the polygon better as m increases.
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to see [33] that

_pk
m =~ 16e” "k,

so that m~1/2 is exponentially large in the aspect ratio of the rectangle. To compute
the Schwarz—Christoffel integral in (2.2) accurately, we must be able to resolve the
length scale between —1 and 1 as well as between 1 and O(exp(7K'/2K)). If we
try to do this simultaneously, we will need better than double precision arithmetic
when the aspect ratio exceeds about 23.

A similar exponential crowding effect is found whenever the target region has
long, narrow parts. Although the logarithm in the change of variables (2.9) allows an
accurate representation of the prevertices even in pathologically crowded situations,
the relationship has to be inverted to find the prevertices in order to compute the
Schwarz-Christoffel integral. Thus, solving the parameter problem for the half-
plane or disk becomes impossible in principle when using fixed precision for regions
with arbitrarily long, thin channels. In practice, the numerical solution usually
becomes difficult in double precision when some local aspect ratio is 20 or less.
Figure 2.12 shows a polygon that exhibits crowding. In Table 2.1 we see that the
prevertices of this polygon for both the half-plane and disk formulations are highly
clustered.

From one point of view, crowding results from an ill-conditioned choice of fun-
damental domain. Thus, for example, one way to circumvent crowding for regions
that are elongated primarily in one direction only is to map from a strip or rect-
angle [47]. Because the elongation of the fundamental domain matches that of the
target region, the prevertices need not become crowded. For multiply elongated
regions, one can work with a slit strip [46], but such methods quickly become rather
delicate and specialized, and the fundamental domains are not convenient.

The crowding problem can also been seen as resulting from insisting on a global,
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Figure 2.12: On the left, a polygon that exhibits crowding of the prevertices (see

Table 2.1). On the right, the disk map for the region inside the dashed lines.

Table 2.1: Prevertices for half-plane and disk maps of the polygon in Figure 2.12.

k Wy, Half-plane: z;, Disk: (argzy)/m
1 3.2+ 2.4 -1 0.00800451739
2 0.8—0.42 0 0.606337224
3| —-0.8-0.47| 0.0217140432 1.49999746
4 —2.8+ 21| 0.0217140885 1.49999860
) —2.8—-2¢ | 0.0217140902 1.49999865
6 | —0.8—0.87| 0.0217141442 1.5
71 08—0.8;| 0.0396571622 1.75
8 32— 00 2
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fixed representation of the prevertices. An alternative numerical method that uses
locally adaptive computation to circumvent crowding is discussed in the next chap-
ter.

Another difficulty in using the Toolbox is more particular to the algorithms of
the Toolbox itself. The nonlinear systems of Section 2.3 have unique zeros, but
Howell [44] points out that they may have many local minima that trap solution
methods. The polygon on the left in Figure 2.13 exhibits this phenomenon. If
dparam is used to solve for this polygon, the nonlinear solver eventually ends up
at the polygon on the right in Figure 2.13 and quits, unable to make an improving
step. We find that SCPACK also fails on this polygon for many choices of conformal
center. The problem is that the two horizontal slits cannot slide past each other
without temporarily increasing the solution residual. (The fact that part of the
plane is covered more than once is irrelevant.) As Howell points out, this effect of
local minima is often masked for the disk map by crowding. This is because the
“bumps” that give rise to the local minima frequently cause some prevertices to be so
crowded that the solution is unreachable anyway. However, the correct prevertices
of the polygon of Figure 2.13 have a minimum spacing larger than 10~1°, which is
not pathologically crowded in double precision.

Of course, if there were a reliable way to find a good starting guess for the
nonlinear solver, local minima would not be an issue. This cannot be done au-
tomatically in general, but one can simply solve the nonlinear system first for a
modified polygon with the troublesome bumps shrunken until they are not a prob-
lem. The resulting solution can be used as a starting guess for the desired polygon.
This was done in the case of Figure 2.13 to check that the final solution was not too
crowded. This continuation approach is supported by the Toolbox, but it requires
user intervention and is inelegant and imperfect. The method of the next chapter

produces a nonlinear system that appears to be easier to solve numerically.
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Figure 2.13: Local minima of the nonlinear system. When dparam tries to find the
prevertices of the polygon on the left, it quits after arriving at the trial polygon on
the right. There is no way to continuously deform the trial polygon to the target
without temporarily increasing the nonlinear system residual.



Chapter 3

An overlapping algorithm using
cross-ratios for numerical

Schwarz—Christoffel mapping®

In this chapter we introduce a new algorithm for the Schwarz—Christoffel parameter
problem whose accuracy is unaffected by crowding. The algorithm is called CRDT,
which stands for “cross-ratios of a Delaunay triangulation.”

A key idea underlying the method is that if the degrees of freedom in the Rie-
mann mapping from the disk are left unspecified, there are many possible config-
urations of the prevertices (related by conformal equivalence) that all map to the
same polygon under the Schwarz-Christoffel formula. For many regions, every such
configuration, or embedding, of the the prevertices will have some very crowded
members. However, a small group of prevertices may be uncrowded in some em-
bedding, as is illustrated in Figure 3.1. If we could use such an embedding for a

group of nearby prevertices whenever we wanted to map in the vicinity of the associ-

*This work was performed with S. A. Vavasis and has been submitted for pub-
lication in SIAM J. Sci. Comput. [24].
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Figure 3.1: Local circumvention of crowding. No embedding of the Schwarz—Christ-
offel prevertices for the polygon on the left will be globally uncrowded. In the middle
picture we see an embedding that keeps the prevertices of the first quadrilateral
(marked with circles) uncrowded, while the prevertices of the other (marked with
stars) are crowded, too closely to be distinguished. However, in another embedding
(far right), the crowding situation is reversed.

ated vertices, we would avoid numerical difficulties with crowding in computing the
map. To put matters more crudely, crowding is a global problem, and to circumvent
it we act locally.

The grouping of nearby vertices of the polygon is accomplished via domain
decomposition. CRDT uses each quadrilateral associated with one of the n — 3
interior edges of a Delaunay triangulation of the polygon as a fundamental grouping
of vertices. Neighboring quadrilaterals overlap at three vertices, a fact which allows
their respective embeddings to be uniquely related. Note that since a long, narrow
rectangle is a quadrilateral whose prevertices will be crowded in every embedding,
a necessary first step will be to decompose such regions by adding new vertices to
the long sides.

Given that we want to consider all possible embeddings for a polygon simul-
taneously, we need a representation of the prevertices that represents the entire
conformal equivalence class compactly. A good choice is the set of cross-ratios (de-

fined below) of the groupings of four prevertices described above. There will be n—3
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such cross-ratios, which is the number required to determine the Schwarz—Christoffel
mapping, and they are invariant under Mobius transformations and thus represent
every possible embedding for a particular polygon. Furthermore, if we choose the
constraints in the nonlinear system using cross-ratios of the target polygon rather
than side lengths, the resulting system of equations appears to have a monotonicity
property that makes its solution generally easier to find than those of the systems
described in Chapter 2. Unfortunately, we do not yet have a proof that CRDT
always converges to the correct polygon, although we believe this to be true.

We describe the CRDT algorithm in detail in the following sections. We then dis-
cuss how CRDT circumvents crowding and support the explanation with numerical
evidence. We compare the performance of CRDT to that of the Schwarz—Christof-
fel Toolbox in numerical experiments. Finally, we indicate how to use the solutions
obtained by CRDT in two applications that we believe no other algorithm can
handle.

3.1 Delaunay triangulation

We now consider the polygon P to be bounded in the plane. A triangulation of P
is a division of P into nondegenerate triangles such that (a) the intersection of any
two triangles is either a common edge of the two, a common vertex, or empty; (b)
the union of the triangles is P; (c) all three vertices of each triangle are also vertices
of P; and conversely, (d) every vertex of P is also a vertex of a triangle. It is well
known that for any n-vertex simple polygon P, there exists a triangulation of P,
and that any triangulation has exactly n — 2 triangles. A triangulation edge that is
not a polygon edge is called a diagonal. It is easy to see that any triangulation of
P has exactly n — 3 distinct diagonals.

The dual of a triangulation is an (n—2)-node graph. The graph has one node for
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Figure 3.2: The Delaunay triangulation of a 7-sided polygon. The heavy solid
segments are boundary edges and the light solid segments are diagonals of the
triangulation. The dual graph has five nodes (circles) and four edges (dashed lines).
The dual is abstract; the geometry shown here is for convenience.

each triangle and an edge between two nodes if their corresponding triangles have
a common diagonal. Thus, the dual graph has exactly n — 2 vertices and exactly
n — 3 edges, and is in fact always a tree; see Figure 3.2 for an example.

There is a special triangulation of P known as the constrained Delaunay trian-
gulation or simply the Delaunay triangulation [6]. This triangulation possesses the
following defining property: If d is a diagonal of the triangulation and Q(d) is its
associated quadrilateral (the union of the two triangles on either side of d), then
the sum of the two opposite interior angles of )(d) that are split by d is at least .

Such a triangulation always exists and, if no four points of P are cocircular, it

is unique. Moreover, there is a simple algorithm that converges to the Delaunay
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triangulation in O(n?) steps, beginning with an arbitrary triangulation of P: If there
exists a diagonal d such that the condition in the last paragraph is violated, then
“flip” d—replace d with the other diagonal of Q(d) and update the triangulation

accordingly. Repeat until no flips are needed.

3.2 Splitting edges

The first step of CRDT is to split some edges of the polygon. Splitting an edge
means replacing it by several smaller edges joined by vertices whose angles are 7.
Notice that this operation does not affect the Schwarz—Christoffel formula (2.4); a
vertex whose interior angle is 7 has an exponent of 0 in the product.

The purpose of splitting is to make sure each individual quadrilateral in the
Delaunay triangulation is well-conditioned. By “well-conditioned” we mean that
the prevertices of the quadrilateral are not too crowded in some embedding of the
prevertices. In particular, we want to avoid quadrilaterals that are long and nar-
row with the long edges equal to polygon edges, because the prevertices of such a
quadrilateral will be crowded on the unit circle. (A long and narrow quadrilateral
is acceptable provided that the polygon is “fat” around it. See Figure 3.3.)

The splitting procedure has two phases. First, for every vertex v with an interior
angle of /4 or less, we chop off the corner at v as follows. Find the largest isoceles
triangle T that can be formed by v and its two adjacent edges such that T is
contained in P, and introduce new vertices along the two edges that are adjacent
to v at the midpoints of the two sides of T'. After this split, the two edges adjacent
to v are said to be protected; that is, we do not allow them to be split during
the second phase. Let P’ denote the polygon obtained after this first part of the
splitting procedure is complete.

The second phase of the edge-splitting procedure is iterative and generates a
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Figure 3.3: On the left is an octagon with a long, narrow quadrilateral in its triangu-
lation (heavy outline). This quadrilateral would have to have its sides split because
of crowding: in a mapping with conformal center at the center of the quadrilateral,
the short edges of the quadrilateral are exponentially contracted in the preimage
on the disk. By contrast, for the polygon on the right, no splitting is necessary,
because the polygon is “fat” around the quadrilateral; that is, the quadrilateral can
be enclosed in a disk that is mostly interior to the polygon.

sequence of polygons, each of which is a subdivision of its predecessor, starting with
P'. Let e be an unprotected edge of some polygon occurring in the iteration. Let
I(e) be its length. Let d(e) be the smallest distance from e to any foreign vertex,
where “foreign” means a vertex of P other than the endpoints of e and distance
is measured geodesically, i.e., along the shortest piecewise linear path that remains
inside the polygon. (It turns out that d(e) can be determined efficiently given a

triangulation of the polygon.) We say that e is ill-separated if
d(e) < 1(e)/(3v2). (3.1)

At each iteration we identify all ill-separated edges and split them into three
equal pieces. We repeat this until all edges are well-separated. See Figure 3.4
for an example of both phases of the splitting process. The splitting of edges

and protecting of sharp angles is reminiscent of techniques previously introduced
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Figure 3.4: On the left is the Delaunay triangulation of a polygon. In the middle
we show the Delaunay triangulation after the sharp corners have been chopped in
the first splitting phase. The right frame shows the subsequent results of the second
phase, in which narrow regions are subdivided.

in the finite-element mesh generation literature; see for example [7, 16, 60]. In
the mesh generation literature, the purpose of these techniques is similar to our
own, namely, to prevent the occurrence of poorly shaped triangles that would arise
in a triangulation of the original (unsplit) polygon. However, finite-element mesh
generation subdivides the interior of the domain as well as its boundary, and thus
would avoid both kinds of long, skinny quadrilaterals illustrated in Figure 3.3.

We do not try to prove that the splits computed by this procedure are “effective”
for our algorithm, because we do not yet have an a priori characterization of well-
conditioned quadrilaterals. We do prove, however, that the second phase of the
splitting procedure always terminates after a finite number of steps. Let r(e) for an
edge e be the geodesic distance from e to the closest foreign edge. (A foreign edge is
one that is not adjacent to e.) Let 7y be the minimum of r(e) over all unprotected
edges of P'. Suppose there were an edge ey = (v1,v2) of length shorter than ry.
Let e; and ey be the other edges whose endpoints are v; and vy, respectively. Then

dist(eq,e2) < l(eg) < 7o, contradicting the choice of ry. Thus no edge is shorter
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than r¢ in P'.

We claim that the splitting procedure above never produces an edge shorter
than 9. To see this, let e = (v1,v2) be an unprotected edge of a polygon at some
intermediate stage of the above algorithm whose length is less than 3r,. We must
argue that we could never split e. By induction, let us assume that no edges up to
now are shorter than ry. Assume e is the original edge of P’ that contains e. Let
v be the foreign vertex closest to e, i.e., dist(v,e) = d(e). There are three cases:
either v lies on an edge that was foreign to ey in P’; or it lies on an edge that was
adjacent to ey, or it lies on eq itself.

In the first case, we know that dist(eg, v) > ro and hence dist(e, v) > rg, whereas
l(e) < 3ry. So (3.1) is not satisfied and e is not split.

In the second case, let ej be the original edge that contains v, so that eg and €]
are adjacent; say their common point is v'. Notice that ey cannot be protected, by
assumption. Therefore, the interior angle at v’ is greater than 7 /4. By assumption,
the distance from v’ to v is at least rq. Therefore, some simple trigonometry shows
that the distance from v to e is greater than ro/v/2. Thus, d(e) > 79/v/2, whereas
l(e) < 3rg, so (3.1) is not satisfied.

In the third case v is collinear with e, and its distance from e again must be at
least 7y, so the same reasoning shows that (3.1) is not satisfied. This completes the

proof of termination.

3.3 Cross-ratios

Let a, b, c,d be four distinct points in the complex plane such that the order abcd
forms a quadrilateral with counterclockwise vertex order and such that ac is an

interior diagonal of the quadrilateral. We define the cross-ratio of these points to
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be [62]

(d—a)(b—c)
bc,d) = ————=.
Note the identity p(a,b,c,d) = p(c,d,a,b). Thus, the cross-ratio depends on the
quadrilateral and the diagonal, but not on which endpoint of the diagonal we start
at.

In general, the cross-ratio is a complex number, but there is an important special

case when it is real.

Lemma 3.1. Let a,b,c,d be four distinct points on the unit circle in counterclock-

wise order. Then p(a,b,c,d) is a negative real number.

Proof. The angle of the quadrilateral abed at a and the angle at ¢ are inscribed in
complementary arcs of the unit circle, so the sum of these angles must be 7. A quick
diagram shows that (d — a)/(b — a) has its argument equal to the angle at a, and
(b—¢)/(d — ¢) has its argument equal to the angle at c¢. Therefore, the argument of

the cross-ratio, which is the sum of these arguments, is 7. 0

The n—3 primitive real variables of the CRDT nonlinear system arise from n—3
cross-ratios of prevertices. The preceding lemma confirms that these variables are
indeed real. However, raw cross-ratios are not quite suitable as variables, because
we would have to impose side constraints that they be negative. Instead, our un-
constrained primitive variables are logarithms of the negatives of the cross-ratios
(see (3.2) below).

We now explain which n— 3 cross-ratios we use. Assume the vertices wy, ... , w,
of the polygon P are given in counterclockwise order. Let dy, ... ,d, 3 and Q(d;),

.,Q(d,_3) be the n — 3 diagonals and associated quadrilaterals of the Delau-
nay triangulation of P as defined above. Let the vertices of Q(d;) be denoted by

(Wi(3,1), Wee(i,2), Wee(i,3)> Wr(i,a) ), SO that for each i, (k(i,1), k(¢,2), k(1,3),K(7,4)) is a
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four-tuple of distinct indices in {1, ... ,n}. Then the primitive variable o; is defined

to be

o; = log(—p(zn(i,l), Zk(,2) s Zk(i,3) Zn(i,4))), 1=1,...,n—3. (3.2)

It is apparent that given a list of prevertices zi,...,z,, the primitive variables
01,-..,0,_3 are easily computed from (3.2). For evaluating the nonlinear CRDT
mapping, the process must be reversed.

Observe that there are three degrees of freedom, because (3.2) imposes only
n — 3 real constraints on n real variables. We will later use the flexibility afforded
by these degrees of freedom to our advantage; indeed, this is the reason that the
CRDT algorithm avoids problems with crowding. For now, let us fix the degrees of
freedom by assuming that the three prevertices corresponding to a Delaunay triangle
Ty are arbitrarily placed on the unit circle in a manner preserving their ordering.
(It turns out that the choice of Ty and the three prevertex positions will not affect
the Schwarz-Christoffel image. See Theorem 3.5 at the end of this section.)

We now show how to embed the remaining n — 3 vertices using the cross-ratio

information, starting with a lemma that tells us how to place a single prevertex.

Lemma 3.2. Given distinct points a, b, c on the unit circle in counterclockwise or-
der, and given a negative real number py, there exists a unique point d on the unit
circle such that p(a,b,c,d) = po. Furthermore, this point is counterclockwise from

¢ and clockwise from a.

Proof. 1f we write out the formula and substitute, we get an explicit formula for d:

he+a

d =
h+1"

(3.3)

where
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We must first show that h # —1, so that the denominator in the formula for d is
nonzero. But this is obvious, because (b— a)/(c—b) must have a nonzero imaginary
part (since a, b, ¢ cannot be collinear), so h also has a nonzero imaginary part. Thus
d is uniquely determined.

Next, we must show that d lies on the unit circle between ¢ and a. Consider
sliding a test point along the unit circle starting from very near a clockwise to c. It
is easy to check that the cross-ratio, which is a negative real number by the earlier
lemma, varies continuously from 0 to —oo. Therefore, its value must be py at some
intermediate point. But the last paragraph shows that this intermediate point is

unique. ]
We can now prove that all n—3 undetermined prevertices can be placed uniquely.

Theorem 3.3. Let T, be any triangle in the Delaunay triangulation of P, and let its
vertices in counterclockwise order be indexed as wgy, wy, w,. Suppose the prevertices
Zg, 2y 2y, are specified as distinct points on the unit circle in counterclockwise order.
Then given any real-number values for the primitive variables o4,...,0,_3, there
exists a unique solution to (3.2), that is, a unique way to define the remaining n—3
z;’s on the unit circle satisfying (3.2). The algorithm to find the z;’s takes O(n)

steps. Furthermore, z1,. .. ,z, will lie in counterclockwise order.
We call such a placement of the prevertices an embedding.

Proof. This proof relies heavily on the fact that the dual of the Delaunay triangu-
lation is a tree. In the ensuing discussion, “nodes” and “edges” refer to nodes and
edges of the tree, whereas “vertex” and “diagonal” refer to vertices and diagonals
of the Delaunay triangulation.

In a tree, there is always a unique path between any pair of nodes. Let us root

the tree at 7. Every node in a rooted tree except the root has a parent, and every
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node except the leaves has children. Therefore, for each triangle in the triangulation
except the root, we can identify the diagonal that separates it from its parent; we
call this the entry diagonal of the triangle. The vertex opposite the entry diagonal is
called the new vertex. Notice that choice of entry diagonal and new vertex depends
not only on the triangle but on the choice of T as well.

We next claim that the n — 3 new vertices of the n — 3 nonroot triangles are
precisely the n—3 vertices of the polygon whose prevertices are to be determined. It
is clear that no new vertex can be a vertex of 7. Furthermore, two distinct nonroot
triangles cannot have a common new vertex. The justification for this claim is
provided by Figure 3.5. In particular, the figure shows that if two triangles had the
same new vertex, then there would be a cycle in the dual, contradicting the fact
that the dual is a tree. Let the nonroot triangles and their new vertices be denoted
by Ti,...,T,-3 and w;,,... ,w;, ,, respectively. Thus, the disjoint union of index
sets {i1,...,i,_3} and {¢, ¢, x} is {1,... ,n}. Let the entry diagonal of nonroot
triangle ) be denoted by d;,, which is associated with quadrilateral Q(d;,). Each
entry diagonal corresponds to exactly one of the primitive variables, because each
diagonal (and its quadrilateral) comes up exactly once in the list for k = 1,... ,n—3.

We now describe our algorithm for embedding the n — 3 remaining prevertices.
Visit each node of the tree once. When visiting the node for triangle T, compute
the position of prevertex z;. Any search order that guarantees that parents are
visited before their children (for instance, depth-first or breadth-first) is acceptable.

In more detail, we use (3.3) for computing z;, because we know that z;, corre-
sponds to the quadrilateral Q(d;,), which is the union of T} and its parent in the
tree. The other three vertices of the quadrilateral are already embedded by previous
steps in the search, because the parent is embedded before the child. Given the po-
sition of the three other vertices of this quadrilateral and the cross-ratio — exp(c;, ),

prevertex z; is uniquely determined because of Lemma 3.2. But then an induc-



Figure 3.5: An illustration of the contradiction that would arise if two different
triangles in the triangulation had the same new vertex. If triangles A and B, whose
entry diagonals are shown as heavy lines, both shared this new vertex (marked with
the circle), there would be a cycle in the dual graph (marked with dashed lines).
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tion argument shows that the positions of all the z; ’s are uniquely determined,
i.e., every step of the construction is forced. This shows uniqueness of the solution.
Furthermore, (3.2) is satisfied for this construction for i = 1,... ,n — 3 because we
used each o; exactly once in the preceding construction.

The only remaining claim is that 2, ... , z, will end up in counterclockwise order.
Again, this follows from a combination of Lemma 3.2 and the fact that the dual is a
tree. Let T} be the current triangle and w;, its new vertex. Observe that Lemma 3.2
ensures that when we place z;, on the unit circle, it will be on the arc between the
endpoints (call them z, and z,) of the entry diagonal of T}, that is complementary
to the arc that contains the parent triangle’s prevertices. Therefore, z;, is placed
correctly with respect to z, and z,. But notice that z;, must be the first prevertex
placed between z, and z, because any other prevertices on this arc are the new
vertices of children of Tj,. Thus, the placement of z; is correct with respect to all

vertices placed before it. O

This theorem shows that given values for the primitive variables and the posi-
tions of the three prevertices corresponding to a Delaunay triangle, we can compute
the positions of all of the prevertices. How should we choose the initial triangle
and embed its prevertices? It turns out that any initialization is acceptable; all
embeddings give the same image polygon, up to similarity transform.

To show this, we begin by recalling some standard facts from complex analy-
sis [62]. First, any conformal map from the unit disk to itself is a Mdbius transfor-

mation of the form

02— T
610

9(2) =" ——, (3.4)

where 7 is a complex number such that |r| < 1 and 6 € [0,27). As a consequence,

there is a unique such mapping that takes any three distinct points on the unit circle
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to any other three points on the unit circle. We formalize another consequence in a

lemma:

Lemma 3.4. Let a, b, c,d be four points on the unit circle in counterclockwise order.

Let g be a conformal mapping of the unit disk to itself. Then

pla,b,c,d) = p(g(a), g(b), g(c), g(d)).

Proof. Simple algebra verifies that cross-ratios are invariant under Mobius transfor-

mations. See [62] for details. O

We now show that no matter which initial triangle 7j we select in Theorem 3.3,
and no matter how we choose the positions of its three prevertices, we end up with

the same image polygon, up to similarity transform.

Theorem 3.5. Let 0y,...,0,-3 be given. Let Ty, T} be two triangles in the Delau-

nay triangulation whose vertices are (Wg, Wy, wy) and (Wy, Wy, w,), respectively.

!

Let (24, 2y, 2) and (2, 2y, 211) be order-preserving embeddings of their prevertices

in the unit disk as in Theorem 3.3. Use the construction of Theorem 3.3 to produce

!

the two embeddings (21, ... ,2n) and (24,... ,z.), respectively. Let P, P' be the im-
ages of the unit disk under (2.4) using these two prevertex sets. Then P and P' are

similar, i.e., they agree up to a translation, rotation, and scaling.

Remark. We have not explained how to choose the affine constants A and B
in (2.4). The theorem holds for any choice of these constants. Alternatively, the
theorem asserts that, given the constants for one embedding, these constants can

be chosen for the other embedding in such a way that the image polygons coincide.

Proof. Let (Z:b’ Zps z,) be the positions of the prevertices of Ty in the second embed-

ding. Let g be the conformal mapping of the unit disk to itself carrying the points
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(24, 2y, 2x) 1O (25, 2y, 2,)- That is, g maps the prevertices of Ty in one embedding
to the prevertices of Tj in the other.

We claim that g(z;) = z} for all 4, not just {¢,v, x}. Because g preserves
cross-ratios, the embedding (g(z1),...,9(2,)) has the same n — 3 cross-ratios as
(21, .. ,2n), which by assumption has the same n — 3 cross-ratios as (21,... ,z}).
But since three entries in (g(z1),...,9(z,)) are equal to the three corresponding

entriesin (21, ..., 2,), the uniqueness part of Theorem 3.3 guarantees that g(z;) = 2,

» n
for all 7.

Now consider composing (2.2) with the conformal mapping ¢! of the disk to
itself. The composition is a conformal mapping from the unit disk to P, so the

Schwarz—Christoffel formula (2.4) must also hold when the prevertices are given by

(2),...,2), for asuitable choice of the affine constants. So P and P’ are similar. [

3.4 The CRDT algorithm

We are now prepared to specify the CRDT algorithm in detail.

Step 1. Split the edges of the polygon as described in Section 3.2.
We now use P to denote the polygon obtained after splitting, and n to denote the
number of its vertices.

Step 2. Compute the Delaunay triangulation of P. Now that the Delau-
nay triangulation is computed, we can fix a particular numbering of the diagonals
and quadrilaterals in the triangulation. Recall the notation (i, j) used in (3.2) to
number the vertices of the quadrilaterals.

We define

C; = 10g(|p(wn(i,1): W (i,2)) Wk(4,3)y Wi(i,4) |) (3-5)

fori =1,...,n — 3. Note that the cross-ratio in this formula in general will be a
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complex number.

Step 3. Solve the nonlinear system F(c) = 0. The map F: R"* — R"®
is defined as follows. The input variables are the primitive variables o1,... ,0,_3
defined by (3.2). It was shown in Section 3.3 that there is a unique (up to similarity)
Schwarz-Christoffel mapping that can be computed from these primitive variables.

Let wy, ... ,w, be the vertices of the image of (2.4). Fori=1,... ,n— 3, let

Fz‘(Ul, e ,Un—s) = 10g(|ﬂ(wn(i,1), Wk(,2)5 wn(i,?))awn(i,él))‘) — G

Observe that although the w’s themselves are determined only up to similarity
transform, the cross-ratio of four of them is invariant under similarity transform, so

this definition makes sense. We discuss nonlinear solvers in Section 3.6.

At a solution to F'(o) = 0, we have for i = 1,... ,n — 3 that

‘p(wn(i,l)u Wk(4,2)s Wk(3,3)s wn(i,4))| = |/0(wn(z',1), We(4,2)s Wk(3,3), wn(i,él)) \

Furthermore, we know that all the interior angles of the polygon determined by
w1, ... ,wy are correct because the angles are inherent in the Schwarz—Christoffel
mapping. Is this polygon the correct one? We are not able to prove this, so we

state it as a conjecture.

Conjecture 3.6. Let P be a bounded n-vertex triangulated polygon. P is uniquely

determined up to similarity transform by the following data:
e the sequence of all interior angles of P at its vertices, and

o the list of n—3 absolute values of cross-ratios of the quadrilaterals determined

by the triangulation of P.

We have verified this conjecture analytically in the cases n = 4 and n = 5. In

practice, it is easy to check whether the right polygon has been computed. Our
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computational experiments (see Section 3.6) support the conjecture, as CRDT has
never failed to converge to the correct polygon.

If the conjecture does turn out to be false, we can modify CRDT so that the n—3
equations enforce side length conditions as in Section 2.3. The advantage of equa-
tions that enforce cross-ratio conditions is that the system of nonlinear equations
apparently has a desirable monotonicity property, as we will see in Section 3.6.

We conclude this section with a description of our algorithm for computing F'
given a value of 0. For each component F; for some i = 1,... ,n — 3, we need to
know four image vertices we(i1),--- ,Wx(i,a)- 10 find these, we construct a certain
embedding E; of the prevertices. Recall from Section 3.3 that given the vector o,
we can arbitrarily embed three of the prevertices, such as 2. 1), 2(i,2), 2x(i,3). We
embed these three in such a way so that when z,; 4) gets placed by the algorithm in
Section 3.3, these four prevertices on the unit disk will be arranged in a rectangle
centered at the origin with the correct cross-ratio (i.e., cross-ratio — exp(o;)). Then
we position the rest of the prevertices to complete E;. This embedding defines a
Schwarz-Christoffel map f;, given by (2.4) with A = 0 and B = 1, which we use to
compute the relative positions of the four image vertices wy(; 1), - - . ,wg(i,4)- The path
of integration is a straight-line segment from the origin, and we use the compound

Gauss—Jacobi quadrature rules described in Section 2.3.

3.5 On the circumvention of crowding

As was suggested by Figure 3.1, the use of different embeddings for each of the
nonlinear equations is the key to why CRDT is unaffected by crowding. Indeed,
the embedding E; described in the last section for computing F; guarantees that
Zr(i1)s - - - » Zr(is) Will not be crowded, either against each other or against any other

prevertex. Therefore, even if other groups of prevertices are crowded, the crowd-
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ing has no impact on the accuracy of the quadrature rule applied to these four
prevertices—the path of integration never passes close to the crowded prevertices.

In order to substantiate the claim that none of the four prevertices are crowded
against each other or their neighbors, we need a result stating that none of the cross-
ratios pi, ... pn—3 of the prevertices is very large (close to —oo) or very small (close
to 0). Unfortunately, there cannot exist fixed (constant) upper or lower bounds
on these cross-ratios that apply to all polygons, as the following example shows.
Consider CRDT applied to the regular n-gon. Any triangulation of the regular
n-gon is a Delaunay triangulation. Thus, CRDT might compute a triangulation
that has a quadrilateral whose aspect ratio is O(n). Since the Schwarz—Christof-
fel mapping of an n-gon is close to the identity mapping, there will also be four
prevertices whose cross-ratio is O(n?), or O(n~2). Thus, there is no a priori upper
or lower bound possible on the p;’s, and therefore none on the o;’s either. This
growth of the o;’s is very slow (logarithmic in n) and is thus not expected to have a
significant impact on the accuracy of CRDT. But the absence of a constant upper
bound or lower bound means, for example, that there is no a priori upper bound
on how much adaptation is necessary in the compound Gauss-Jacobi integration
used to evaluate (2.4).

The example in the last paragraph has bad triangles in the original Delaunay
triangulation, so one could argue that the growth of the cross-ratios of the pre-
vertices as n — oo is unavoidable. Thus, a more plausible conjecture might be
that the difference 0; — ¢;, (where ¢; was defined by (3.5)) has constant upper and
lower bounds. This result would also show that CRDT is not affected by crowding,
in the sense that it never works with distances that are substantially shorter than
edge-lengths in the original polygon. Note that both quantities o; and ¢; are loga-
rithms, so subtracting them is the right way to check how they differ. We do not

know whether this conjecture is true, but we have not seen substantial divergence
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Figure 3.6: Evidence of controlled cross-ratio sizes. The histogram is of the discrep-
ancies g; — ¢; between the primitive cross-ratio variables and polygon cross-ratios
for the experiments in Section 3.6. The variables are logarithmic. The clustering
near zero and absence of large outliers supports the claim that CRDT circumvents
crowding.

between o; and ¢; in our computational experiments. In Figure 3.6 we present a
histogram of ¢; — ¢; for all polygons in our experiments, for all indices 7, at the final
solutions obtained by the CRDT algorithm. Observe that points in this histogram
lie in a fairly narrow range. (The cross-ratios stay similarly bounded in interme-
diate steps of the iterations because of the monotonicity observed in our nonlinear
equations, described in the next section.)

The representation of prevertices used by the SC Toolbox is also well-conditioned
in the presence of crowding, because logarithms of distances between prevertices
are used as primitive variables rather than the prevertex positions themselves. But
the logarithmic distances cannot be used directly to compute Schwarz—Christoffel

maps, so one must pass from these primitive variables to particular fixed prevertex
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positions. Hence forward evaluation of F' is spoiled by cancellation in these packages
because of this intermediate step. In CRDT, our representation is also unaffected
by crowding, and, furthermore, when evaluating ' we can work directly with the
well-conditioned cross-ratio representation (by juggling the prevertices so that the
ones of interest are never crowded) to avoid cancellation.

Does this mean that CRDT “solves” all problems with crowding? If CRDT is
applied to a problem to potential theory, and the application requires (as an inter-
mediate step) a fixed embedding of the prevertices, then there is no improvement
with CRDT compared to the Toolbox. Therefore, if one wants to use CRDT as a
subroutine, then one must devise an algorithm in which the cross-ratios produced
by CRDT are used to shuffle between different embeddings of the prevertices. In
Section 3.7 we give some examples of problems from potential theory that can be
solved in this manner by CRDT. In fact, for every reasonable problem in potential
theory that we have considered, we have always been able to find a way to use the
cross-ratios directly and avoid crowding. But in each case the technique we have
devised is slightly different, so we are not able to state with certainty that CRDT

can solve all problems in potential theory posed on elongated polygons.

3.6 Numerical experiments

In this section we experiment with an implementation of CRDT in MATLAB. We
present some evidence of the monotonicity of the nonlinear system and consider the
matter of solving it numerically. We also compare the performance of the CRDT
algorithm to that of the SC Toolbox and find that CRDT is competitive for most
regions. The principal exceptions are regions for which the edge-splitting algorithm
adds a great many extra vertices of angle 7. While such vertices do not affect the

amount of work in computing the Schwarz—Christoffel integral (2.4), they do affect
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the size of the nonlinear system to be solved.

The computational core of CRDT is the solution of the nonlinear system F'(o) =
0. We consider nonlinear solvers that require only function evaluations. According
to our experiments, a particular very simple linear iteration always converges at a
linear rate. This iteration starts with 0(®) = ¢, where ¢; was defined above by (3.5).

Then we iterate:
o) = &) _ p(a), (3.6)

Our conclusion from experiments is that this iteration always satisfies || F(c*+1)||, <
a||F(c®)||y, for an « that is problem dependent but always satisfies &« < 1. We
have not been able to devise a convincing explanation of this behavior. The essen-
tial reason is apparently that the Jacobian F’ approximates the identity, but none
of the likely conditions on F’ that would support this claim have been found to hold
in experiments.

By way of contrast, in Figure 2.13 we demonstrated problems with the global
convergence of dparam in the SC Toolbox. We do not know whether there exist
polygons for which CRDT exhibits similar difficulties.

In practice, we do not use the simple iteration (3.6) for CRDT, because its
convergence is too slow. Instead we use two variations of the nonlinear equation
solver NESOLVE, the package used by the SC Toolbox. In one variant, “Full
CRDT,” we use the standard finite-difference Jacobian to seed the Broyden update.
In the other, “Shortcut CRDT,” we attempt to exploit the system’s monotonicity
by setting the initial F' = I. In Figure 3.7 we show the convergence curves of the
two NESOLVE variants and the simple iteration for a typical case, the goblet shape
in Figure 3.8. The linear convergence of (3.6) is strikingly smooth. The convergence
of the NESOLVE variations is more complex, but overall is approximately linear at

much better rates than the simple iteration. Note that Shortcut CRDT is faster
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Figure 3.7: Convergence curves for numerical solutions of F'(o) = 0 for the “gob-
let” polygon of Figure 3.8. The iteration (3.6) converges linearly. The NESOLVE
variations exhibit approximately linear convergence as well, but at much better
rates.
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Table 3.1: Performance of CRDT variants versus the SC Toolbox for the solution
of the parameter problem for the regions in Figure 3.8. The first number in each
entry is the number of nonlinear function evaluations made by the nonlinear solver;
the other number is the CPU time in seconds.

SC Toolbox Full CRDT Shortcut CRDT

Cross 31/10.03 18/14.52 12/11.78
Goblet | 78/14.35  42/142.3 26/112.3
Spiral 186/275.4 51/237.1 34/197.0
Y — /- 35/76.37 25/70.38

than Full CRDT because of the savings gained by not initializing F”.

We now compare the performance of CRDT to the SC Toolbox functions dparam
or rparam for maps from the disk or rectangle, respectively, depending on whether
the target region is elongated. From each method we demand a nonlinear residual
with maximum norm no larger than 10%. Since the CRDT solution is not known
to produce the correct polygon in every case, the final CRDT solution is checked by
applying the Schwarz-Christoffel formula and checking complex cross-ratios (not
just absolute values). In every case the resulting error is within a factor of ten
of the nonlinear residual. All the experiments reported here were performed on a
SPARCstation-10.

Figure 3.8 shows four test polygons with their Delaunay triangulations, after
the edge splitting has been done. In Table 3.6 we present the number of function
evaluations and total CPU time required by the nonlinear system solver for these
regions.

Note that in every case the Shortcut CRDT variant indeed finishes more quickly
than Full CRDT. Also observe that the individual SC Toolbox iterations are much

faster than those for CRDT. This is because of the additional unknowns introduced
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Figure 3.8: Four regions on which CRDT experiments were performed, after split-
ting and Delaunay triangulation. See text.
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by splitting and the adaptive embedding used by CRDT to avoid crowding. How-
ever, the nonlinear systems posed by the SC Toolbox for these polygons are not
as easily solved, and thus many more iterations may be required even though the
systems are smaller.

The cross-shaped region (top left) is not elongated and both dparam and the
CRDT variants converge rapidly. The SC Toolbox requires less setup effort, and
the adaptive re-embedding of the CRDT algorithm is unnecessary, so dparam is
slightly faster. The goblet region (top right) has 22 vertices added by the splitting
algorithm to its original eight. These extra vertices greatly slow down the CRDT
solvers, making dparam much faster even though it has some difficulty finding the
solution. For the spiral (bottom left), relatively fewer vertices are added, and the
solution is sufficiently difficult for rparam that CRDT is a little faster. Finally, for
the Y-shaped region (bottom right), the SC Toolbox is unable to find a solution
because of the doubly-elongated nature of the region. CRDT, however, finds the
solution easily.

These examples demonstrate what we observe about CRDT in general. CRDT is
least efficient when many extra vertices are added during splitting. This most often
occurs near sharp corners and in narrow channels of the region, both of which are
prominent in the goblet region. While it seems that there is no way to circumvent
subdividing a channel because of crowding effects, we do not know if there is a more
efficient way to produce well-conditioned quadrilaterals near sharp corners. On the
other hand, CRDT handles multiply elongated regions with no difficulty, something
which previously no single method for Schwarz—Christoffel mapping has been able

to do.
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3.7 Applications

In this section we describe two applications of CRDT that demonstrate its ability
to handle crowding caused by elongation. While we cannot specify a recipe that
will solve any conceivable problem of interest, we believe that the techniques of this
section can be adapted to suit a variety of situations. A common thread in all the
methods that we have explored is the careful use of local information. Any need for
global information is typically obtained by taking a path through the polygon and

compounding local effects.

3.7.1 Rectangle map to a multiply elongated polygon

Our first example is the computation of the map from a rectangle to a generalized
quadrilateral. For a multiply elongated region, branches other than the main chan-
nel will collapse into crowded clusters on the sides of the rectangle. Computing
the map accurately in the vicinity of these clusters (into the collapsed branches) is
therefore challenging.

In Figure 3.9 we plot the images of straight lines in a rectangle mapped to a
certain quadrilateral. The rectangle has a width of 1 and a height of about 18.2,
which is the conformal modulus. The solid curves are images of lines which are well
separated from the long edges of the rectangle, so they stay out of the wrong turns,
or “deadwaters.” The dotted curves have preimages that are exponentially close
to the long rectangle edges, and they closely follow the maze boundary into the
deadwaters. The crowding of the spiral branch is comparable to machine precision,
and it would pose no difficulty if it were much more crowded. As far as we know, no
other existing conformal mapping algorithm can accurately compute these curves.

We proceed to describe how we produced Figure 3.9. Suppose the prevertices of

the Schwarz—Christoffel map to the polygon P are known. Define a new vector of
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Figure 3.9: Rectangle map to a “maze.” The exits of the maze map to the short
rectangle sides, which are normalized to unit length. The maze has several branches
that are very crowded on the long rectangle sides. The solid curves in the maze are
images of lines with abscissae 0.2, 0.4, 0.6, and 0.8. The preimages of the dotted
curves are separated from the long rectangle edges by 1072, 107%, ..., 10716, All
computations were performed in double precision.
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turning angles 3, where Bj = —1/2 if vertex j is distinguished and Bj = 0 otherwise.
We call the Schwarz—Christoffel map defined by using 3 in place of 4 in (2.4) and
the same prevertices the rectified map for the polygon, because the image of the
disk under this map is clearly a rectangle. Thus the composition of the inverse of
the rectified map with the original map is the desired rectangle map.

We must now consider the mechanics of forward and inverse mapping using
CRDT’s cross-ratio representation. Recall that each quadrilateral Q(d;) (Q; for
short) has an associated embedding, E; = (zy), . ,zg)), which depends on the
primitive variable vector . Each embedding in turn induces a Schwarz-Christoffel
map f; (having A = 0and B = 1in (2.4)) such that f;(D) is an affine transformation
of the target polygon P, assuming F'(¢) = 0. An important feature of CRDT in
the evaluation of F' is that the prevertices of (); are well-separated in F;.

In order to compute the map to P from embedding E;, we must find the ap-
propriate affine constants A; and B; that transform f;(D) to P. An obvious way
to compute these constants would be to compute the Schwarz-Christoffel integral
for the well-separated prevertices of @);, and solve for A; and B; by matching with
vertices of P. However, there are two complications. First, in the case of the rec-
tified map, the only vertices known initially are the ends of one side. Hence the
other vertices, and the associated affine constants, must be found in a certain or-
der. Second, even when the computation is ordered correctly, some of the vertices
may be arbitrarily crowded, and the linear system that defines A; and B; might be
ill-conditioned or even numerically singular.

The key to avoiding both of these difficulties is to follow a path through P.
Recall that the dual graph of P, which is a tree, has n — 3 edges, one for each
diagonal (hence quadrilateral) of the Delaunay triangulation. We define another
graph, the quadrilateral graph, with a node for each quadrilateral. Quadrilaterals

are adjacent if their edges in the dual graph share an endpoint, or, in terms of
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P, if they share three vertices. The quadrilateral graph is connected but is not
necessarily a tree.

Given a reference edge e of the target polygon P, we choose a quadrilateral (),
that has e as an edge. Asin the CRDT iteration, we compute f; to find a scaled and
translated version of ();. The affine constants for this embedding, A; and Bj, can
be found using e as reference. Now we visit the nodes of the quadrilateral graph
so that every node is visited after at least one of its neighbors has been visited.
For each quadrilateral ;, we apply f; to the prevertices of ();. Since (); shares
three vertices with its previously visited neighbor ;, we have sufficient reference
for computing an affine transformation from the image plane of f; to the image
plane of f;. But then, by composition with the known affine constants A; and
Bj, we can find A; and B;. Even though the resulting scaling constant B; may be
exponentially small, it is found to high relative accuracy by multiplication. The
important point is that for each embedding, reference is made to the raw, unscaled
image of a neighboring embedding, because the transformation between the two is
well-conditioned. If the scaled image were used instead, there could be a total loss
of accuracy due to ill-conditioning in the presence of crowding.

Observe that once all of the A; and B; have been found, they can be used to
compute the images of the prevertices on the rectangle. Even though some may be
crowded, they will all be found with high accuracy relative to the overall size of the
rectangle. Thus the conformal modulus can be found accurately as well.

To produce Figure 3.9, we ran Shortcut CRDT on the polygon, which after
splitting had 87 vertices. This produced the solution vector o to a residual tolerance
of 10~% after just 27 function evaluations. Then we used the procedure above to
find the affine constants for the standard and rectified maps, and the rectangle
prevertices. Note that the triangulation defined on P is still a triangulation of

the rectangle, albeit with many degenerate triangles that lie on the long rectangle
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edges. Suppose the rectangle line we wish to map is separated from the rectangle
wall by a distance h. In the image plane of f;, that separation scales to h/|B;|. If
h/|B;| < 1, the image of the line will be very close to the boundary of P in the
vicinity of @;. If Q; is degenerate, its raw image is a line segment, and it is also
possible that h/|B;| > 1. In fact, this means that @); is in a deadwater region and
the image of the line will be far from @;. In sum, only for those embeddings in
which A is comparable to |B;| do we need to track the image of the line. This is
accomplished by choosing points on the portion of the line local to );, inverting the
rectified map as in Section 2.3, and computing the standard forward map from the
same embedding.

We believe that this technique can be adapted to perform grid generation for
any polygon. The main obstacle is in defining the rectified map in general, when a

rectangle is not a natural choice.

3.7.2 Solution of a boundary value problem

Our second example of applying CRDT involves the solution to a certain boundary
value problem related to harmonic measure. Our BVP is Laplace’s equation Au = 0
with Dirichlet boundary conditions on a polygonal domain P. There is one edge s
of the polygon, which we call the “forced edge,” with boundary condition 1, and the
solution on the rest of the boundary is zero. We want to find v only at a particular
point z in the interior of P. Let the endpoints of s be denoted w, and w,, in
counterclockwise order.

Mathematically the problem is easily solved. Let ¢ : D — P be a Schwarz—
Christoffel map that has ¢(0) = z. The solution u of the original problem maps
to a Laplace solution % on the unit disk via the formula 4(z) = u(¢(w)). This

Laplace problem has boundary condition one on the segment ¢ !(w,) to ¢ (w,)
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and zero elsewhere. Because the solution to Laplace’s equation at the center of a
disk is identically the average of the boundary Dirichlet values, we have that u(x)
is precisely the arc-length distance § measured in radians between ¢ '(w,) and
o (w,), scaled by 1/27.

An obvious algorithm is to compute the prevertices of the disk map and read
off the angular distance between prevertices p and q. In fact, it suffices to compute
h = |~ (w,) — ¢~ (w,)|. For, given the Euclidean distance h between two points

on the unit circle, we can get the angular distance via
0 = 2sin"*(h/2). (3.7)

However, this direct method will fail when the forced edge s is separated from x
by a long, thin region. In this case, the value u(z) will be extremely close to zero,
and cancellation error will dominate h. Yet we insist on computing u(z) accurately
in a relative sense. Note that it suffices to compute A with high relative accuracy,
since (3.7) can be evaluated accurately when h is very small (indeed, (3.7) behaves
like 6 = h for small h).

If the domain P is singly elongated, a solution to the BVP is possible using
Schwarz—Christoffel maps from a rectangle [47]. Recall that a rectangle is trans-
formed to the upper half-plane by the elliptic function sn(z|m), where m is obtained
in the SC solution. We can further construct a Mobius transformation that maps
the half-plane image of x to the center of the unit disk, and then accurately measure
h. Of course, such a solution is not available when P is multiply elongated and the
rectangle map fails.

We assume throughout that z is not too close to any edge of the polygon. If z is
close to an edge, this creates a different problem with relative accuracy that is not
addressed by the techniques in this section, though it could be addressed by other

means.
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We start by running CRDT on P and computing the affine constants as above.
Let @ be a quadrilateral having s as an edge. (We assume for now that s is an
unsplit edge of the original polygon and deal with the case of split s below.) Let @,
be a quadrilateral in P that contains the point x. Note that we can accurately invert
the Schwarz-Christoffel map using embedding F,, to find £ = f!(x). Furthermore,
¢ will not be close to the boundary of the disk.

Let Q1,Q9,...,Q, be a path in the quadrilateral graph. In the embedding
E,, we can compute the distance |z, — z,| accurately, because either z, or z, is
a vertex of (). Thus we can compute the cross-ratio p, of 2,, 24, and two more
prevertices of (J9, including the prevertex that is not shared with ¢);. Now consider
the embedding E5. In this embedding, 2z, and 2, may be crowded. However, we
still know the cross-ratio ps of z,, z,, and two prevertices of (J3. Hence of the four
lengths that are factors in the formula for |ps|, only one may be small, so we can
compute it accurately using p, and the other lengths. By the same token, we can
accurately compute ps, the cross-ratio of z,, 2z,, and two other prevertices of ()3,
including the one not shared by ()s. As in the previous example, we are computing
a very small quantity (given by (3.7)) by repeated multiplication of small numbers
rather than by subtracting two nearby complex numbers.

We can continue this procedure through p,,, a cross-ratio involving z,, z,, and
two prevertices of (),,,. Finally, we find the image of these points under the trans-
formation of the type (3.4) that moves £ to the origin. Since & is not close to the
boundary of the disk, the well-separated points will remain uncrowded. The in-
variance of p,, under fractional linear transformation allows us to recover |z, — 2/,
which is now the desired h.

In the situation where the segment s is split by CRDT, we simply add up
the contributions to u(z) separately from each subsegment using the preceding

algorithm. A Laplace solution is linear in the boundary data, and there cannot be
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Figure 3.10: The BVP of Section 3.7 is solved on this T-shaped region. The length
L is allowed to vary, and the forced edge is denoted by s. The solution is harmonic
in the region and zero on the boundary. The point z at which the solution is sought
is at 0.172. The dimensions of the horizontal bar are 8 x 0.2.

any cancellation at this step because each contribution is positive.

We use the method described above to solve the BVP on the T-shaped region
of Figure 3.10. The region is parameterized by L, the length of the long arm of the
T, and the forced edge s lies at the end of the shortest arm. The point z lies along
the centerline of the long arm and at a distance 0.1 from the end.

In Figure 3.11 we plot the solution u(x) for L up to 20. After a transient phase
(shown in the inset), the behavior very quickly approaches ke ™ for some constant
k. This is because as L grows, the influence of the configuration at the top of the T
becomes negligible, and the solution is like that for a rectangle with forced edge at
the top. The rectangle aspect ratio L is asymptotically related to the sn parameter

m by

L:%b(j%)+@m)
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Figure 3.11: Solution of the BVP for the region in Figure 3.10. The inset shows

the solution at points for L < 1. As L grows, the curve quickly approaches ke= "%,

corresponding to the leading-order behavior of the solution for a rectangle.

By further transformation to the unit disk, we find that to leading order, u(z) ~
vm=e L.

One issue that arises immediately is verification of the computed solutions. We
do this by noting that the BVP is essentially singly elongated, even when P is not;
the elongations not containing x nor the forced edge are largely irrelevant to the
solution. For the T-shaped polygon in Figure 3.10, for example, we can shrink the

right branch of the crossbar, decreasing the BVP solution by an exponentially small
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amount. Once this branch is sufficiently small, we can compute a rectangle map
and solve the approximate BVP as described above. We have done this for several
values of L and verified the CRDT solutions to at least 10 digits. We have also
confirmed 12 digits for BVPs on other regions. The advantage of the CRDT method
is that the solution is found for the original region directly, without introducing any
approximations, and that the method can map to polygons that require a great deal
of user intervention via continuation in the SC Toolbox.

The two applications presented in this section share the idea of composing a
chain of operations via a path in the quadrilateral graph. By following such a path,
we can take advantage of the overlap between neighboring quadrilaterals to ensure
that each link in the chain is fairly well-conditioned, even though the global results
of following the chain may vary over many orders of magnitude. We believe that

this technique is central to the application of CRDT to potential theory problems.

3.8 Summary

We have introduced CRDT, a new algorithm for finding the Schwarz—Christoffel
prevertices on the unit circle for arbitrary bounded polygonal regions. The classical
crowding problem is avoided through conformally equivalent re-embeddings of the
prevertices so that the numerical mapping is always locally accurate. The embed-
dings are defined via an overlapping decomposition so that neighboring embeddings
are uniquely related. The nonlinear system chosen for numerical solution appar-
ently has a monotonicity property that makes it easier to solve numerically than
the systems posed by the SC Toolbox, although we cannot verify that this is so for
all polygons. While we conjecture that the CRD'T algorithm will always converge
to the correct solution, we have been unable to prove this.

The polygon is first split so that long, narrow regions can be represented piece-
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wise by well-conditioned triangles. A Delaunay triangulation of the resulting n-
vertex polygon is computed and used to define n — 3 quadrilaterals, whose diag-
onals appear as internal sides in the triangulation. The primitive variables of the
nonlinear system are logarithms of the cross-ratios of the prevertices of those n — 3
quadrilaterals. These cross-ratios define an infinite set of conformally equivalent
configurations of the prevertices, each of which produces an S-C map to the same
image polygon. The imposed constraints are on the magnitudes of the cross-ratios
of the quadrilaterals in the image polygon.

The CRDT algorithm generally compares favorably with the SC Toolbox in
numerical experiments. The principal exceptions are those regions which require a
great many extra vertices to be added in the splitting phase of the algorithm. We
do not know if there is a more effective splitting procedure. On the other hand,
CRDT has no difficulty finding the prevertices for arbitrarily elongated polygons,
something which no previous algorithm can claim.

We demonstrate the use of CRDT in applications. Figure 3.9 shows the rect-
angle map to a multiply elongated polygon for which we believe no other existing
algorithm would work. We also illustrate how to use CRDT to solve a particu-
lar elliptic boundary value problem. In each case, the key is to follow a path in
the quadrilateral graph of the polygon, derived from the dual of the triangulation.
When this is done, the distance separating prevertices can be computed without
cancellation, even when the distance is extraordinarily small.

Once some of the unresolved matters already discussed have been more satisfac-
torily settled, especially issues of using CRDT for grid generation, CRDT will be
included as part of the SC Toolbox. In addition, there are open questions about
possible extensions of CRDT to polygons with infinite vertices, circular-arc poly-

gons [45], or multiply-connected regions [19, 48|.



Chapter 4

A nonoverlapping method for

Symm’s equation for conformal

mapping

Numerical methods for the Schwarz—Christoffel formula are appealing because of
their speed and high accuracy. However, they are fundamentally limited by their
restriction to polygons. While solutions of generalizations of the Schwarz—Christof-
fel formula for circular-arc polygons [10, 45] and even more general regions [20, 27,
39, 40, 83, 89] have been devised, the methods lose much of their simplicity, speed,
and reliability.

There are many methods for conformal mapping that apply to a simply con-
nected region bounded by a general piecewise analytic curve [30, 35, 39]. Most of
these are based on integral equations. The best-known is due to Symm [49, 79]
and has been efficiently and elegantly implemented as the public-domain package
CONFPACK [42].

Symm’s method deals primarily with the map Riemann map ¢ from a simply

70
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connected region €2 to the unit disk. This has two consequences. The first is that
a linear equation can be derived, as seen from the Green’s function for 2. The
Green’s function with pole at z = ( is proportional to —log |g(z)|, where ¢g(¢) = 0.
On the other hand, it is also proportional to —log |z — (| plus a function harmonic
in 2. Thus the problem of finding g is reduced to the linear problem of finding
this harmonic remainder. The second significant consequence of working with ¢

! = f as in eariler chapters is that the impact of crowding is more

rather than g~
manageable. In a crowded portion of €2, f’ is very large, but ¢’ is very small, and ¢
can still be found accurately relative to the global map.

There has been little study of domain decomposition in conformal mapping [64,
65], and apparently none relating to integral equations. This is true despite the
fact that Symm’s method is essentially an indirect boundary element method, and
domain decomposition is common in boundary element methods generally [12, 51].
Any region with a long, narrow channel, or with structures on different scales, is a
candidate for decomposition. The basic idea is to introduce a few extra unknowns
on the interfaces between subregions in order to introduce sparse structure into
the system matrix, corresponding to a localization of the boundary integrals. An
additional benefit is that deadwater regions can be treated once, while regions of
greater activity can be resolved adaptively with a minimum of interaction with other
areas.

In this chapter we introduce Symm'’s interior equation and briefly summarize
existing numerical methods, including CONFPACK. We then show how to incorporate
domain decomposition in such a way that the accurate representation of corners in
CONFPACK is still applicable. We experiment with an implementation of the domain

decomposition method for polygons for both fixed and adaptive strategies.
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4.1 Symm’s equation

We begin with a summary of the mathematics behind Symm’s method. This ma-
terial can be found in more detail in, e.g., [39], Section 16.6.

Let 2 be a simply connected open region in C such that I' = 02 is a finite
collection of analytic curves, and let z; € 2. We do not allow I' to have interior or
exterior cusps. Let g be a conformal map of €2 to D, the unit disk, that maps z, to
the origin. (The choice of g has one rotational degree of freedom.)

Because ¢'(z) # 0, the function g(z)/(z — %) is nonzero throughout Q.! Thus

9(2)/(z — 2z) has a logarithm in , so we can write
9(2) = (z — 20) exp (u(2) + iv(2)), (4.1)

where v and v are real harmonic conjugates. Furthermore, since |g(z)| = 1 for

z € I', the function u is a solution of the BVP

Au(z) =0, z €9, (4.2a)

u(z) = —log|z — 2o/, zel. (4.2b)
Because u is harmonic, we can express it in terms of a single-layer potential [12]:

u(z) = —%/FU(C) log|z — (| dT. (4.3)

By considering the known values of u on the boundary, we arrive at Symm’s equation

for interior mapping,

1
log |z — 2| = %/U(C) log|z —¢|dT,  zeT. (4.4)
T

In Symm’s method, the emphasis is on finding a map from a region to a disk.
Thus we use the z-plane to denote the polygon and the w-plane for the disk, revers-
ing the notation of earlier chapters.
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This integral equation of the first kind can always be solved uniquely for the poten-
tial o, provided the capacity of I' is not equal to one [31]. In fact, o has a special
meaning—it is closely related to the boundary correspondence function, which is
defined as follows. Suppose that ( = ((s), 0 < s < L, is a piecewise analytic pa-
rameterization of the boundary I'. The boundary correspondence function is defined

to be

0(s) = arg(g(C(s))), (4.5)

for any choice of the arg that makes 6(s) continuous. The potential o, regarded as

a function of s, is

a(s) = [C'(s)16(s), (4.6)

where (’(s) can be taken as an arbitrary finite number at a corner of I'. If arc
length is used to parameterize the boundary, o and 6’ are identical. Equation (4.6)
is useful in the construction of accurate numerical methods, as we shall see.

Once o is known, the conjugate pair v and v can be found up to an additive
constant in v by replacing log |z — (| by log(z — {) in (4.3), taking care to make the
logarithm continuous in €. This in turn determines g by (4.1), up to a rotation of
the unit disk.

There are other integral equation formulations for interior conformal mapping [30,
39], including those of Berrut [9], Warschawski [77], Gerschgorin [39], and those
based on the Szeg6 kernel [52, 63]. There are also methods for the inverse mapping,
including conjugate function approaches [35] such as Theodorsen’s [87] method and

Wegmann’s method [88].
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4.2 Numerical solutions of Symm’s equation

To approximate the solution of the integral equation (4.4), the typical procedure
is to discretize the boundary, choose a representation for the approximation to o,
and replace the integral equation by a linear system of integral equations. This
is the approach originally taken by Symm [79], who chose a piecewise constant
representation for o. Hayes et al. [36] use a piecewise quadratic approximation.
Hough and Papamichael [41, 43| use information about the behavior of #'(s) at the
corners of I' to demonstrate that Jacobi weight functions give the correct singular
behavior of o at the corners. This is the approach implemented in CONFPACK [42].

All these methods can be viewed as indirect boundary element methods [12]. In
most contexts, indirect methods are not as popular as the direct methods, because
the potential o being solved for has no direct physical meaning. However, in this
context, the use of o allows the representation of corner singularities by the Jacobi
weight method of CONFPACK, which greatly increases the accuracy of the method
near corners.

Other approaches are possible. Berrut [8] and Reichel [70] use FFT-based iter-
ative methods to solve (4.4). Amano [1] uses a charge-simulation method in which

point charges outside the domain are used to approximate the solution to (4.2).

4.3 Domain decomposition

If two portions of ) are separated by a long, thin channel, the influence of data
on one end of the channel may be exceedingly weak at the other end. Thus there
seems little point in having to compute the influence of all of I on all of I'. By
introducing an interface in the channel, we aim to concentrate the influence of the

far region there, relieving us of the need to find this effect explicitly.
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In terms of the linear system resulting from discretization, we hope to introduce
a few additional unknowns along the interface that give the system matrix a block
sparsity structure. In fact, the structure we shall arrive at is the Schur complement
form, which is familiar from domain decomposition in boundary value problems [14].
This structure will yield large computational savings in both setting up and solving
the system.

A natural first idea would be to introduce potentials on the interface as we did on
the boundary. A potential on each “side” of I' would be mathematically necessary
to keep the system square. Thus, for £ = 1,2, we could define o4 on all of I'y,
define a function u; on Q by (4.3), and supplement equation (4.4) with equations
requiring the u; and their normal derivatives to match along I'y N T'y.

This is fairly easy to do with piecewise constant boundary elements, for example,
and the resulting linear system is indeed ready for the Schur complement form. But
the resulting o, have no obvious relationship to the global potential 0. One can
still use the individual potentials to compute g in the subregions, but the boundary
correspondence function is not known. More seriously, the new potentials o} do
not retain the same behavior at the corners as o, and therefore the specialized
treatment of corners used by CONFPACK cannot be applied. This makes calculations
of high accuracy difficult. We now derive an alternative formulation that avoids

this problem.

4.3.1 Integral equations

In what follows, we adopt the notation

1
G(z,¢) = 5-log|2 = (| (47)

for the fundamental solution for the Laplace operator.
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Let
(z) = u(z) + log |z — 2. (4.8)
From (4.2) we see that
At(z) = 218(z — 2p), z € (), (4.9a)
u(z) =0, zel. (4.9b)

Hence @(2) is a multiple of the Green’s function for Q with pole at zy. We shall now
apply a direct integral equation to solve for @ [51]. Let z € Q. By Green’s second
identity,

[esvin- [vapan= [o30ar- [2ar, (4.10)

with ¢ = 4(¢) and ¢ = G(z,(), we have

log |2 — zo| — i(2) = /FG(z, g)%(g) dr

Now suppose z approaches a point on I'. The (z) term on the left will need to be
multiplied by a constant depending on the angle subtended by I' at the limit point,

but in any case, %(z) — 0. Thus we have

o
log 2 = 20| = [ Gl Q) (0)ar. (4.11)

By comparison to (4.4), we see that 04/0n is equal to the potential o.

We wish to find 04/0n on I' using domain decomposition. Let us suppose that
Q) is divided into two nonoverlapping regions €2; and €2y, and let I'y and I'; be the
positively oriented boundaries of these subregions. The interface I';5 is equal to
'y NIy, and is taken to be oriented positively with respect to §2;. Assume without

loss of generality that z, € €. See Figure 4.1.
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Figure 4.1: Typical domain decomposition for the method of this chapter.

By applying Green’s identity (4.10) to the subregions, inserting (4.9), and letting

z € T', we arrive at the system

a(@)in(2) = loglz = al = [ ()5 (50~ [ Gl OGO
1 1 (4.12a)
e@)ia(e) = [ Q5 (O~ [ 6 0F2) Ny, (412

where 7 o represent the values of @ on the two subregions and ¢ (2) is the interior
angle subtended by T’y about z, normalized by 2x. (For z on a smooth portion of

Tk, ce(z) = %) Of course, 4, and @, are not independent; they are related by

111 = ’112, (413&)
ot ot
a—nl = —a—nz on F12- (413b)

We have replaced the Fredholm equation of the first kind (4.4) with a system of
Fredholm equations of the second kind. The kernel G /0n is equal to the Neumann
kernel given by [39]

(2. () = 5 Im

oG 217T ( ¢'(s)
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for any parameterization ((s) of a boundary. This kernel is nominally more singular
than the logarithmic one arising from the fundamental solution. However, 4;({) = 0
for ¢ € I';\I'12; furthermore, if we assume that the interface is a straight line segment,
then the kernel will be zero on I'y5 when (, z € I'15. Hence no singular integrals need
be computed. Note that this essentially returns (4.12) to a system of equations of

the first kind.

4.3.2 Representation of solutions

We now recall and extend the representation of unknowns in Symm’s equation
described by Hough [41, 42]. Let ((s) be a local parameterization of a typical
analytic arc of I' with endpoints ((—1) = z_ and ((1) = z; such that |[((s)| is
bounded and never zero. Let I" have exterior turning angles (as defined in Chapter

2) w(3_ and 73y at the endpoints, respectively. We represent 04/0n on this arc by

2% (C(5)) = Blohuls) = Bl)(1 + 1% (1 — 1), (414

where the Jacob: indices ay are given by

1
1+06:

Hough [41] has shown that while da/0n is only in L?[—1,1] and is infinite at a

Ozi=—1+

reentrant corner, ¢ is Holder continuous on [—1, 1] with index greater than 3.

We approximate ¢ by
m—1
d(s) ~ Y q;Pi(s), (4.15)
§=0

where the P;’s are Jacobi polynomials associated with the weight function w(s). To
match the m unknown coefficients, we choose m collocation points z;. These are

¢(s;), s =1, ... ,m, where s; is the jth zero of P,,.
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We also need a representation of 4 on the interface I';5. Let ((s) now be a
parameterization of the interface. It seems natural to suppose that the appropriate
weight function will be as in (4.14) with the Jacobi indices increased by one. So we

define
a(C(s)) = ¥(s) (1 + )T (1 —t)tFer. (4.16)

We now prove that ¢ is as smooth as ¢. This theorem is the analog of Proposi-

tion 2.1 in [41].

Theorem 4.1. With the notation of this section, the quotient function ¥(s) is in
HY[—1,1], where v is given by

)

min((1+4-)"" (1+84)7"), if max(B-, ;) >0,

V=11, if max(f_, f4) <0,

1—ck¢, for any € > 0, otherwise.
\

Proof. Let 7y be the interior angle at the left endpoint z_; i.e., v = 14+4_. From [66]
we have two expansions of g(z) near z_:
(1) If v = p/q, with p and q relatively prime, then
9(2) = 9(22) = Y Bju(z — -7 (log(z — 2.)), (4.17a)
Iy
where j, k, and [ run over integers such that j > 0,1 < k£ <p, and 0 <[ < ¢, and
where Byo # 0.

(17) If ~y is irrational, then
9(2) —g(z-) =>_ Bjs(z — 2_ )7t/ (4.17b)
3k

where j > 0, £ > 1, and By # 0.
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Note from (4.1) and (4.8) that @(z) = log|g(z)|. Hence for z near z_,
i(z) =loglg(z-) + S(2)| < [8(2)| + O(IS(2)]),

where S(z) represents the sum on the right-hand side of the appropriate member
of equations (4.17). We set z = ((s) and observe that |((s) — ((—1)| and (s + 1)
have the same asymptotic behavior. We wish to factor out (s + 1)/7 from S(¢(s))
and show that the quotient is appropriately well-behaved for s near —1; i.e., it is in
H”[—1,—1+ 6] for some 6 > 0. We consider three cases.

(a) Suppose 1 < v < 2. If v is irrational, then clearly (s + 1)}/ is the most
singular term after the factorization. But the same is true if v = p/q, since neces-
sarily p > 1 and the By term appears in (4.17a). We observe that (s + 1)'/7 is in
H'Y7[~1,—1 4+ 6] for any & > 0.

(b) Suppose v = 1. Then from (4.17a) we see that the most singular term in the
quotient is (s + 1) log(s + 1), which is in H'~¢ for any € > 0.

(c) Suppose 0 < 7 < 1. If v is irrational, again it is clear that (1 + s)'/7 is the
most singular term. If v = p/q, then (1 + s) is the most singular term, because
g > 1 and the logarithmic terms in (4.17a) cannot appear until ;7 > 2. In either
case, the quotient is in H'.

Similar reasoning applies near z.. U

The natural representation of ¢ is analogous to (4.15), with the Jacobi polyno-
mials being taken with respect to the new weight function in (4.16), that is, with
Jacobi indices increased by 1.

We have seen that on each analytic arc of I'y, we have unknown coefficients
from the Jacobi expansion (4.15) defining 0%/0n on that arc. These coefficients are

globally collected into a vector ¢*). Let us suppose the elements of ¢(*) are ordered
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such that the coefficients relating to values on I'}5 are last, so that

(k)
q(k) _ qp
gt

(The subscripts are meant to convey “private” and “shared.”) Let the length of q](,k)

be N;,, the length of qgk) be Nyis, and Ny be Nip,+ Ni;. We also have the Ny -vector
k) defining i on I'y5. (For symmetry of notation, we can define U,(,k), all of whose
entries are zero.) Similarly, we define 2%) as a vector of N, collocation points on

[y \ T'12 and Ny collocation points on I'j5. We require that Njz = Noy = Ny, and

that corresponding entries of the s-vectors have the same meaning globally on I'js.

4.3.3 Numerical method

We are now prepared to state the discretized form of (4.12). Each integral on the
right-hand side of the equations is approximated by a matrix operating on ¢*) or
v®) to produce a vector of the integral evaluated at the collocation points z(*). We
denote these matrices by A®) and B®) respectively. Each identity operator on the
left-hand side of the equations is also approximated by a matrix I® operating on
v(®): because of the representation chosen, these will not be identity matrices. All

the matrices can be written in block form to yield

k k k k 7(k k k
g st ) [ J[o) [
B TR R )

where b(!) = log|z®") — 2| and b® = 0. Singular integrals for the B matrices,
which involve boundary integrals with the kernel log|z — (|, are performed as in
CONFPACK, splitting out the singularity by subtraction and making calls to QUADPACK.
Nonsingular integrals are calculated by compound Gauss—Jacobi integration. The

integrals for the A matrices need be computed only over the interface I';5. As
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was pointed out above, no singular integrals are necessary as long as I'5 is a line
. i k
segment, since in that case AR = .

We shall now pose a single system. Relations (4.13) imply

o = o,
q(l) :_qg)
All together we have
[ (1 1 O] T @] [ ()]
B o B0 a2 [
0o BY _ (g) —A(Zs (2) 0
(1) . (f) ~<?) ql()n ~ Lol (4.18)
Bsp 0 Bss %Iss s bs
o BY -BY L& |o0 0

This matrix is in Schur complement form. The advantage of this form is significant
when Nj is much smaller than Ny, and Ny,. In this case, the system (4.18) is solved
by first solving for qz(,l) and q}f) from the first and second block rows respectively,

and substituting into the equations for the interface variables:

iR BY
i 0

BY
_B®

NI N[
|
Sy
e
=
| S—

—
| p—|
I
w =
=
|
o
T
=
| I

00— BBy
0

Once qgl) and v have been found, they can be substituted back to solve for q,(,l)
and q§,2).
Approximations to @1 (z) and @y(z) for z € Q could now be obtained from (4.12),

with ¢;(z) = 1, by integration around I'y or I'y. However, we also need the harmonic



83

conjugate v(z) of u(z) in order to compute g. It is therefore convenient to augment

the integration kernels in (4.12) by their harmonic conjugates:

. 1 —iti () . ot
ug(2) +ivg(2) = lk(2) + oy /Fk [ sz(g)uk(g) —log(z — C)%(C) dlg,  (4.19)
where t;(() is the unit tangent to I'y at ¢, l1(2) = 0, and ly(2) = —log(z — z).

If z is pathologically close to I" or I'15, we can proceed as in CONFPACK by analyti-
cally continuing the boundary parameterization and the representation of unknowns;
see [42].

We note that the domain decomposition procedure is straightforwardly gener-
alized to regions decomposed into three or more subdomains. One forms Schur
complements for the subregions adjacent to each interface, solves for the interface
quantities simultaneously, and substitutes back to find the primary quantities.

Finally, we conclude with a word about inverting the map. CONFPACK is able
to treat the inverse map analogously to the forward map, by means of an inverse
boundary correspondence function on the unit circle. We do not see a natural
generalization of the domain decomposition technique to this formulation. One
could use the obtained 04/0n in the CONFPACK formulation. Alternatively, one
could attempt to use a nonlinear iteration on the forward map, as when numerically

inverting the Schwarz—Christoffel map.

4.3.4 Computational efficiency

The domain decomposition procedure requires O (N12P+N22P+Ns (N1p+Nop)) flops to

form a single linear system and O (N},+ N3, +N,(N2,+N3,+N?)) to solve the system
by direct Schur complementation. The undecomposed version requires O((Nlp +
sz)Q) flops to form and O((Nlp + ng)3) to solve one system. Asymptotically,
the domain decomposition method takes a constant fraction of the time needed by

the direct solution, assuming a uniform growth in Ny,, Ny,, and N,. However, the
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constant of proportionality for forming the system is generally much larger than
that of solving the system, so that the benefits of a domain decomposition in a
practical serial computation may depend more on the weaker O(N?) dependence
than on the O(N?) dependence.

A practical method for solving Symm’s equation must be adaptive. CONFPACK,
for example, initially chooses a uniform distribution of unknowns along the bound-
ary arcs, solves the discretization of Symm’s equation, and adjusts the number of
unknowns on each arc based on the size of the coefficients in the orthogonal ex-
pansion (4.15). The system is updated and solved again, leading to an iterative
process. During an update, only those columns and rows corresponding to new
unknowns and collocation points need be computed, but the entire linear system
must be solved from scratch.

Domain decomposition allows adaptation to proceed more efficiently. Consider
the polygon in Figure 4.1, with the channel made more narrow. CONFPACK quickly
detects that relatively few unknowns are needed on the arcs of I's, but it must
repeatedly solve for a linear system including those unknowns as it adds resolution
to I'y. If a domain decomposition method is used, the block BI(,?,) need be formed
and LU-factored only once. Hence a good choice of decomposition can reduce the
amount of computational overhead required by deadwater regions in the adaptive
solution.

Parallelization is trivially achieved in both the system formation and private
block inversion stages that consume most of the computational effort. The load
balancing depends on the evenness of the distribution of boundary unknowns among
the subregions. This can be a delicate matter for an adaptive strategy, in which
unknowns tend to concentrate near the conformal center.

Evaluation of the map at points in € requires O(Ny, + N;) flops, as opposed to

O(Nip + Nyp). Over many evaluations, this can be a substantial savings, especially
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within deadwater regions where Vi, is ideally rather small.

4.3.5 Numerical experiments

The domain decomposition version of Symm’s method described above has been
implemented in MATLAB, except for singular integration against the logarithmic
kernel, for which QUADPACK is used. For simplicity of coding, the implementation so
far accepts only polygonal domains.

We begin with nonadaptive computations performed serially on a SPARC-10.
Our first example is a 16 x 1 rectangle with 34 vertices distributed evenly around
the boundary. We consider decompositions into d = 2, d = 4, and d = 8 equally
sized subregions by splitting in the long direction. Figure 4.2 shows the CPU time
required in each case, expressed as a fraction of the time needed for a single domain
solution, as a function of the number of unknown Jacobi polynomial coefficients
per side or interface. Even without parallelization, we see the advantage of forming
and solving several smaller systems rather than a single large one. The d = 4 and
d = 8 version are slower than the others for small systems, because of additional
overhead, but overtake the other versions as the number of unknowns grows.

In Figure 4.3 we revisit the partially constructed Koch snowflake. In this case
there is a natural decomposition into seven subregions, one of which has exclusively
interface unknowns. The results of timings are shown in Figure 4.4. (These cal-
culations make no use of symmetry, which could render the domain decomposition
superfluous in this case.)

We now consider adaptive computations, performed in parallel on an IBM SP2.2

In the adaptive strategy, the solution is initially obtained by a uniform distribution

2The parallel MATLAB computations were done in the MultiMATLAB environ-
ment [80].
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Figure 4.2: Relative CPU time for forming and solving the decomposed Symm’s
equation for a rectangle. The timings for decompositions into 2, 4, and 8 subdomains
are shown as a fraction of the time needed by the undecomposed version.
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Figure 4.3: Subdivision of an early stage in the Koch snowflake.

relative CPU time

0.4 ' :
2 4 6 8 10 12

unknowns on each side

Figure 4.4: Relative CPU time for the decomposed algorithm on the Koch curve.
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Figure 4.5: Rectangular region used in computational tests. The aspect ratio of
the rectangle is 16, the conformal center is one unit to the right and a quarter unit
above the lower left corner, and the interface is two units from the left edge.

of unknowns per side. Since the Jacobi polynomials are orthogonal with respect to
the weight functions used, the size of the coefficients on a side is assumed to be a
fair indicator of the error on that side. The number of unknowns is updated based
on an exponential fit of the coefficients, and the system or systems are updated
and solved. The individual subdomain matrix computations, inversions, and Schur
complementation are performed in parallel, while the interface solution, subdomain
back-substitutions, and adaptive refinement decisions are performed by a master
process, since these steps take negligible time. We measure the total elapsed time
required for a solution at each requested accuracy, and report speedup and parallel
efficiency. Note that in light of Figures 4.2 and 4.4, a parallel efficiency greater than
100% is possible.

We consider the 16 x 1 rectangle (depicted in Figure 4.5) with conformal center
one unit from the left edge and a quarter unit from the bottom edge. We put a
single vertical interface two units from the left edge to achieve much better load
balancing than by placing the interface in the middle of the rectangle. In Figure 4.6
we display the speedup and efficiency for several accuracies. Because the rectangle
map is known exactly, we can verify that the requested accuracy is met; in fact, it
is exceeded in all of these examples.

In Figure 4.7 we show a spiral region with 36 vertices and 5 subdomains. We
also define d = 3 subdomains by eliminating the interfaces closest to the conformal

center. The results are shown in Figure 4.8. Initially the subdomain containing the
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Figure 4.6: Speedup and efficiency for parallel adaptive Symm computations on
the rectangle in Figure 4.5. The parallel efficiency exceeds 100% because the serial
computations for the decomposed region can be faster than the undecomposed case.
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=

Figure 4.7: Spiral region with 36 vertices and 3 subdomains.

conformal center has relatively few unknowns, but the adaptive refinement quickly
pushes the distribution into more of a balance. Parallel efficiency for d = 3 rises
and then falls, perhaps due to poor balancing. The efficiency for d = 5 starts at
about 25% and increases to 75%.

4.4 Summary

Symm’s equation plays a major role in numerical conformal mapping. CONFPACK
is a software package for Symm’s equation on a single domain that exploits the
structure of the conformal mapping problem to produce fast and accurate solutions.
The use of domain decomposition, however, has not previously been explored. By
working with the Green’s function for the region instead of just its harmonic part,
one can write a system of integral equations for a decomposed region so that the

accurate representation of singularities in CONFPACK may still be used and extended.
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Figure 4.8: Speedup and efficiency for the spiral in Figure 4.8.
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The resulting algorithm is more efficient than the undecomposed version as the
number of unknowns increases, or as the adaptive accuracy requirements become
more stringent. The method is easily parallelized and yields good parallel efficiencies
in experiments with some elongated regions.

One issue we have not considered is the use of iterative solvers. In the face
of increasingly large and dense systems, iterative solution should replace direct
elimination. In the domain decomposition context, the use of an iterative method
would dispose of the need to form the Schur complement, which also has a cost that
is cubic in the number of uniformly distributed unknowns.

An open question is whether the domain decomposition can lead to more ac-
curate results, in the sense of local relative accuracy. Eariler we observed that in
crowded areas ¢’ is small, and therefore we do not lose accuracy in a global sense even
if we cannot resolve ¢’ or #' accurately. However, frequently the map f = ¢! is also
important, and without a locally accurate determination of ¢’ we will be unable to
compute f accurately. Consider the region of Figure 4.5. The solution on the right
edge of the rectangle should have order of magnitude roughly exp(—167) ~ 107%2.
Since the solution on the left edge is O(1) or O(0.1), there is no hope of resolving
the right edge in double precision with a single domain solution. (Note that the
solution is still accurate relative to the entire boundary.) If an interface were placed
halfway along the rectangle, however, where the solution is of an intermediate size,
it is plausible that the correct order of magnitude could be reached. To exploit the
situation appropriately, one probably needs to introduce scaling on the interfaces,

because all interfaces are solved in a single system.



Chapter 5

A high-accuracy nonoverlapping
method for the Laplace eigenvalue

problem on polygons™®

In this chapter we consider the eigenvalues and eigenfunctions of the Laplace op-
erator in a planar region, subject to Dirichlet boundary conditions. This is a well-
known problem with applications in acoustics [26], electromagnetics [18, 61], heat
flow [18, 61], quantum mechanics [37], and queueing theory [57].

In 1966 Mark Kac [50] posed the question, “Can one hear the shape of a drum?”
He was asking whether the Laplacian operator with Dirichlet boundary conditions
could have identical spectra on two distinct planar regions. In 1992 Gordon, Webb,
and Wolpert [32] answered the question negatively by an elegantly constructed
counterexample, justifiably attracting a great deal of attention [15, 17, 68]. The

simplest form of their example is a pair of regions bounded by eight-sided polygons,

*Portions reprinted with permission from T. A. Driscoll, “Eigenmodes of isospec-
tral drums,” SIAM Review, volume 39, number 1. Copyright 1997 by the Society
for Industrial and Applied Mathematics. All rights reserved.

93
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Figure 5.1: The isospectral drums discovered by Gordon, Webb, and Wolpert.

henceforth called the GWW isospectral drums; see Figure 5.1. Numerous similar
examples have since been discovered [13].

There is a remarkably short and simple proof of the isospectrality of the drums [15,
17]. Yet there is no analytical method that can produce the eigenvalues themselves,
or even accurate estimates. The best one can do is to use a form of Weyl’s for-
mula (see Section 5.3), which reveals the asymptotics of the spectrum. While ex-
perimentation can reveal fair estimates of the eigenvalues [75], a highly accurate
determination for the exact mathematical problem calls for computation.

The most obvious numerical approach is the finite element method. There is a
problem in the presence of reentrant corners, which degrade the convergence rate,
but by using adaptive meshes or special functions at the corners, full convergence can
be restored [78]. Even with careful treatment of the corners, though, the convergence
obtained is limited by the quality of shape functions used in the approximation basis.
Thus with classical piecewise linear elements, the error in the smallest eigenvalue
decreases as the square of the mesh size. For modest accuracy in the eigenvalue, this

is usually acceptable. But for accuracy comparable to double precision, the resulting
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meshes themselves, to say nothing of the associated linear systems, become too large
and unwieldy. One can turn to h-p methods [2] and spectral element methods [72],
both of which accelerate convergence significantly at the cost of increased algorithm
complexity and systems which are more expensive to set up and solve.

However, because the Laplace eigenmodes on polygons have certain structure,
there are special numerical methods for its solution that are far superior to the
general-purpose algorithms. The earliest and best-known of these is the method of
particular solutions (MPS), first used on an L-shaped region by Fox, Henrici, and
Moler [29]." While the MPS was a dramatic improvement over all previous methods
for this region, it is unreliable for use with general polygons.

The MPS makes global use of information known about the solution near the
corners. A localized use of this information, involving domain decomposition, was
described by Descloux and Tolley [22]. We will describe an improvement that dou-
bles the accuracy of this algorithm.

In this chapter we begin with the definition of the problem and an important
feature of its solution, the Fourier—Bessel expansion. We then briefly summarize the
MPS and describe its limitations. Next we describe the method of Descloux and
Tolley and our improvement. Finally, we conclude with the results of high-precision

computations of the eigenmodes of isospectral drums.

!Their calculations are the basis of the logo of The MathWorks, Inc., and can
be demonstrated with the membrane command in M ATLAB.
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5.1 Fourier—Bessel expansion

Given a planar region €2 with polygonal boundary 0f2, our goal is to find approxi-

mations to one or more eigenpairs (A, u) € (R, C(Q)) satisfying

Au+du=0 in Q, (5.1a)

u=0 on OS). (5.1b)

The nature of exact solutions to (5.1) has been extensively studied [18, 61]. All
of the eigenvalues A are positive, and they form a sequence that diverges to oo.
Furthermore, in the vicinity of a corner of the boundary 02 with interior angle
7 /a, we have the Fourier—Bessel expansion

o0

u(r, p) = Z Cndna(VAT) sin(na), (5.2)

n=1
where (7, @) are suitably oriented polar coordinates originating from the corner, and
J, is a Bessel function of the first kind. This expression, which is essentially just a
Fourier series, is valid within a radius at least as large as the distance to the nearest
other corner of 0€2. Note that when a < 1, i.e., when the corner is reentrant,
the solution just fails to be in the Sobolev space H'T*(Q). This has important
consequences for finite element methods, causing a decreased rate of convergence
compared to the convex case, where the solution is in H? [78]. The convergence
can be restored by the use of adaptive grid generation or the inclusion of special
functions in the approximation basis.

The explicit knowledge of the Fourier-Bessel expansion (5.2) suggests its use in
a numerical method. The simplest use would be as additional basis functions in
a finite element calculation. However, in the next section we present two simpler

alternatives.



97
5.2 Numerical algorithms

5.2.1 The method of particular solutions

One approach to exploiting the Fourier-Bessel expansion is the method of particular
solutions (MPS), also known as point matching [29, 56]. In the MPS, a truncated
form of (5.2) is taken about the reentrant corner(s). Eigenvalues are determined by
requiring the trial solution to be zero at collocation points along the boundary 0f2.
In practice, this reduces to detecting the rank deficiency of a square or rectangular
matrix A(\) whose columns are evaluations of the individual Fourier—Bessel terms
at the collocation points.

The MPS works very well for the L-shaped region. A problem arises, however,
when the MPS is applied to a region with more than one reentrant corner. Fourier—
Bessel expansions must be made about each such corner, but the convergence of
an expansion at another singularity can be very slow. In Figure 5.2 we show the
result of applying the MPS to find the first eigenvalue of the left-hand region in
Figure 5.1. We use N Fourier—Bessel terms at each reentrant corner, choose 2N
collocation points evenly spaced on the boundary, and minimize the smallest sin-
gular value of the resulting 2N x 2N matrix as a function of A\. The convergence
to the eigenvalue as determined in Section 5.3.2 is slow and erratic as the number
of expansion functions increases. No further expansion functions can be included,
because the matrix is numerically singular for most values of A and roundoff noise

completely masks the smallest singular value.

5.2.2 A domain decomposition approach

In the MPS the essentially local eigenfunction expansion (5.2) is treated globally,

with ill effects. We now describe a more local approach, first developed by De-
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Figure 5.2: Convergence of the MPS to the first eigenvalue of the first GWW drum.
There are N Fourier-Bessel terms from (5.2) at each reentrant corner and 2N evenly
spaced collocation points. The convergence is slow because of the singularities at
the reentrant corners.
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scloux and Tolley [22]. Let the polygon 2 be subdivided into several nonoverlap-
ping pieces €2, 7 = 1,... ,N. We denote each interface 9€2; N 02, which may be
empty, by I';;. Suppose that, given a scalar A, we can find a set of N “subfunctions”

u; € C(;) such that (A, u;) is a certain eigenpair on subregion ;:
AU]' + )\Uj =0 in Qj, (53&)
u; =0 on 00 N 09Y;. (5.3b)

(Note the difference between boundary conditions (5.1b) and (5.3b).) It is well
known that A is an eigenvalue for the whole region 2 if and only if along each
nonempty interface I';;, the subfunctions u; and wu; and their normal derivatives
match continuously.

Now let us further assume that the boundary of each (2; includes a portion of
the entire boundary 0€) in such a way that exactly one vertex V; with interior angle
¢, of the original polygon is in 9€2;. We describe a simple procedure for producing

such a decomposition:

1. Compute a constrained Delaunay triangulation of €.

2. Choose an arbitrary point inside each triangle, and connect these points ac-
cording to their adjacency in the dual graph of the triangulation (see Chap-
ter 3).

3. For each triangle, connect the point chosen in step 2 to any point on each

boundary edge which is an edge of the triangle.

See Figure 5.3 for an example. We do not formally prove that this procedure yields
the desired decomposition, nor do we specify how to choose the points in steps 2
and 3. Centroids and midpoints may be acceptable, or one may want to numerically
optimize the theoretical convergence rate (see (5.8)). A decomposition based on

Voronoi diagrams [69] may also prove to be useful.
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Figure 5.3: Domain decomposition by Delaunay triangulation.

We could enforce the matching conditions at collocation points on the interfaces,
in the manner of the method of particular solutions. However, Descloux and Tol-
ley [22] report the familiar problem with location of the singularity of the resulting
matrix, and instead propose a method that employs finite element ideas within the
domain decomposition framework. At the heart of the algorithm are the functionals

RN\ uq, ... yuy) = Z/ [(uj — ug)? + |Vuy — Vu|?] ds, (5.4)

i<k
N

M(\uy,... uy) = Z// u? dz dy. (5.5)
j=1 Q;

For fixed A, let u(A) be the minimum of the quotient R/M over all choices of
subfunctions. Now p(A) = 0 if and only if A is an eigenvalue of (5.1) and each u; is
the restriction of the eigenfunction v to §2;.2

We now use the finite element idea of replacing a minimization over infinite-

2Descloux and Tolley were able to prove convergence of their algorithm only
when gradients, rather than normal derivatives, appear in (5.4).
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dimensional function spaces by minimization over a nested family of finite-dim-
ensional approximations. As bases for these spaces we choose terms of the local
Fourier—Bessel expansions; that is, each subfunction u; is expressed as a combina-
tion of n; terms of the expansion (5.2) about V;. This guarantees that the sub-
problem (5.3) is satisfied, even when ) is not an eigenvalue of Q.3 For optimal
performance, n; should be proportional to 8;, the interior angle at V.

The corresponding approximation to u(\) now becomes the solution to a gener-

alized matrix eigenproblem:
AN)o(A) = p(A)BA)v(A). (5.6)

The matrix A is computed by evaluating (5.4) by Gauss—Legendre quadrature with ¢
nodes on each interface, and (5.5) is approximated by integrals over circular sectors
so as to make the mass matrix B diagonal. This choice makes it convenient to
replace the generalized eigensystem by the standard eigenproblem for B~1/24B~1/2,
Finally, a value of A which minimizes our approximation to y is taken as an estimate
of an eigenvalue of (5.1).

Here is where we improve upon Descloux and Tolley’s original algorithm. Sup-
pose we can compute y only to accuracy €, which is on the order of machine pre-
cision. Because of the quadratic nature of yu near a minimum, a straightforward
minimization gives an accuracy in A of only order y/e. If instead we seek solutions
to 1(A) = 0, the linearity of ;& near a minimum allows us to find A to an accuracy

comparable to that of u. Figure 5.4 illustrates the situation for an estimate A of

the first eigenvalue of the GWW drums. By differentiating (5.6) with respect to A

3Actually, 00 N 0, may contain isolated points where the boundary condi-
tion (5.3b) is not explicitly satisfied. However, the matching conditions do enforce
this condition, and experiments show that slight changes in the €; that avoid this
problem do not substantially affect the performance of the algorithm.
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Figure 5.4: Comparison of z(\) with f()\) near a minimum X, which is an estimate
of the first GWW eigenvalue. Rounding errors produce visible noise in the first
curve; a method based on that curve can be accurate only to the square root of the
roundoff error.

and left-multiplying through by v?, we see that

_ vT (A — uB)v

i) =k (5.7)

The matrices A and B can be computed in a straightforward manner. A simple
calculation shows that combining /i(A) = 0 with (5.7) and (5.6) is equivalent to the
Euler-Lagrange conditions for minimizing R, subject to M = 1, over A and the
coefficients of the truncated expansions.

To summarize, the algorithm can be viewed as an iteration in the parameter
A whose convergence is dictated by domain decomposition considerations. Each
step of the iteration is computed approximately by a large singular finite element
method, where the basis functions depend nonlinearly on the parameter A\. Improved
accuracy is achieved by increasing the number of basis functions in the inner step.

Descloux and Tolley [22] were able to prove geometric convergence of this algo-

rithm. Suppose that n;, the number of expansion functions in subregion j, is equal
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to my;, for given fixed v; and integer m. A key parameter is defined by

P AN
w = max [(mz.aux e, |2 ]‘) } . (5.8)
i [\ mingg; [Vi = Vj|

When w < 1, the error in an eigenvalue estimate is no larger than a constant times
(w+ €)™, for any € > 0. We have observed that w is a pessimistic bound for the
convergence rate in many cases.

If w > 1, convergence is not guaranteed, and we have seen apparent failures to
converge in some cases. It is possible to change w by modifying the decomposition
used. If desired, extra edge vertices (with & = 1) or interior elements (with cosine
terms as well as sine terms in the Fourier—Bessel expansion) may be added. We do

not have a practical algorithm that always produces a decomposition having w < 1.

5.3 Eigenmodes of isospectral drums

5.3.1 Background

We now return to the isospectral drums of Figure 5.1 discovered by Gordon, Webb,
and Wolpert.

The simplest and most versatile proof of the isospectrality employs “transplan-
tation” [5] of the eigenfunctions. The regions are shown to be (or are constructed
to be) made up of nonoverlapping translations, rotations, and reflections of a single
shape, such as a triangle. Given an eigenfunction on one region, one can prescribe
a function over the other region whose values over each piece are linear combina-
tions of the eigenfunction values over several of the pieces of the first region. The
combinations are chosen to satisfy the boundary conditions and to match values
and derivatives at interfaces between pieces, and the interior equation is satisfied

by superposition. Hence the result is an eigenfunction of the second region having
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the same eigenvalue. To complete the proof of isospectrality, one need only check
that the procedure is invertible. Note that the proof is nonconstructive and other
information, particularly the actual values of the eigenvalues, remains unknown.

The first successful determination of the spectra of the GWW drums was by
Sridhar and Kudrolli [75], who used an experimental approach. They constructed
microwave cavities in the shapes of the polygons and measured resonances in trans-
verse magnetic waves, which obey the Helmholtz equation. In this manner they
obtained the first 54 eigenvalues to within about 0.3%. The accuracy and versatil-
ity of this method are limited primarily by the fabrication of the cavities.

Wu, Sprung, and Martorell [90] describe a numerical method which they call
mode matching, also rooted in domain decomposition. In this method, the ex-
pansion (5.2) is not used. Instead, analytic expressions of the solutions to (5.3)
must be known throughout each subdomain 2;. For the GWW drums, it is pos-
sible to accomplish this by dividing each drum into five pieces, each of which is a
square or a (45°,45°,90°) triangle. Because of the simple shapes, the eigenfunctions
are differences between products of sine functions. A subfunction u; is expanded
as a combination of these functions with unknown coefficients, the expansions are
truncated, and the requirement of functions and derivatives matching at interfaces
becomes a linear system in these coefficients. As with the method of particular
solutions, an eigenvalue is a value of A\ for which the matrix of this system becomes
singular. In this case, however, Wu et al. report no difficulty with numerical near-
singularity. We shall show that the figures computed by Wu et al. are accurate to
about four digits.

A significant shortcoming of the mode matching method is that it is not univer-
sally applicable. In general we cannot expect €2 to admit a simple decomposition
for which the eigenfunctions of the individual pieces can be explicitly written in a

convenient and usable form. By contrast, the expansion (5.2) is available for any
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Figure 5.5: Subdivisions of the GWW drums used for the domain decomposition
method.

polygonal domain.

5.3.2 Results

In Figure 5.5 we illustrate domain decompositions used for the GWW isospectral
polygons. In Table 5.1 we list our estimates of the first 25 eigenvalues of the GWW
isospectral drums. For these calculations we used n; = 36/c; = 360;/m basis
functions in region €2; and ¢ = 40 Gauss quadrature points on each interfacial line
segment. The results for the two drums agree with each other nearly to machine
precision.

In Figure 5.6 we compare N(A), the number of eigenvalues (counting multiplic-

ity) less than ), to the corrected Weyl’s formula, which for a polygon is [3]

A7 A7 J

N~ 2 £ﬁ+Zi (a; —a;?), (5.9)

where A is the area of the region Q2 and P is its perimeter. (By isospectrality, A

and P are necessarily the same for the two drums.) The formula agrees excellently
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Table 5.1: The first twenty-five eigenvalues of the GWW isospectral drums. All
digits shown are believed to be correct.

2.53794399980
3.65550971352
5.17555935622
6.53755744376
7.24807786256

9.20929499840
10.5969856913
11.5413953956
12.3370055014
13.0536540557

14.3138624643
15.8713026200
16.9417516880
17.6651184368
18.9810673877

20.8823950433
21.2480051774
22.2328517930
23.7112974848
24.4792340693

24.6740110027
26.0802400997
27.3040189211
28.1751285815
29.5697729132

25

Figure 5.6: Integrated eigenvalue density for the GWW drums. The solid stairstep
is the actual density, compared with the dashed line representing Weyl’s formula in

(5.9).
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Figure 5.7: Convergence of the eigenvalue estimates. The dotted line shows w™,
with w given by (5.8). See text for comments about the two dramatically decreasing
curves.

with the exact N ().

We believe that the entries of Table 5.1 are accurate to all digits shown. As
support for this claim, in Figure 5.7 we present the convergence history of the
estimates with respect to n; = my; = 4m/a;. For each value of m, we find that
the estimates of any eigenvalue for the two drums agree essentially to machine
precision, and we use A{™ to denote this common number. Figure 5.7 shows the
relative change in the successive estimates A(™ as m varies. The convergence bound
defined by (5.8) is w = 1/4 for both regions. However, the observed convergence
is much better, at roughly twice that rate. In general, curves which are higher on

the graph correspond to higher eigenvalues, the two “superconvergent” curves being
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exceptions which are discussed below. Note that all the convergence curves end at
less than 102

As mentioned previously, a feature of the results is the dramatic agreement
for all the estimates of the two drums, regardless of their accuracy. In fact, all the
eigenvalues of the generalized system (5.6), and hence p(\), are numerically identical
for the two regions for any m. Presumably this occurs because the subdivisions of
Figure 5.5 respect the transplantation symmetries between the regions. As a further
check on our results, we applied the algorithm using the less regular subdivisions
depicted in Figure 5.8. The estimates for the two regions now differ by amounts
consistent with their apparent accuracy. In Figure 5.9 we compare the difference
between corresponding values at each m to the rate w™, where now w = 0.52. The
estimates for m = 11 all agree with the numbers of Table 5.1 to the full 12 digits.

Figures 5.10-5.11 show in detail the first eight eigenfunctions of the GWW
drums, including the nodal lines (cf. Figure 2 of Sridhar and Kudrolli [75]). Fig-
ure 5.12 shows contours for the ninth mode, which is clearly derived from the first
mode on a (45°,45° 90°) triangle. This triangle is the fundamental shape that forms
the basis of the transplantation proof. The exact eigenvalue in this case is 57%/4,
which agrees with our computed values to 15 digits. A similar phenomenon occurs
at the twenty-first mode, which is equivalent to the second mode on the triangle
with eigenvalue 1072/4. In fact, these two modes account for the “superconvergent”
curves of Figures 5.7 and 5.9. We hypothesize that the accelerated convergence oc-
curs because the symmetries of these eigenfunctions about the corners cause many
of the Fourier coefficients in (5.2) to be exactly zero.

In Figure 5.13 we compare our results to other published determinations of the
first 25 eigenvalues. Based on their microwave experiments, Sridhar and Kudrolli
report these eigenvalues to an rms relative accuracy of about 0.3%. We observe that

the error in their estimates is frequently much larger than the agreement between
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Figure 5.8: An alternate subdivision of the GWW drums.
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Figure 5.9: Difference in estimates for the two drums at each m when using the

subdivisions of Figure 5.8.
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Figure 5.10: First four eigenfunctions of the GWW isospectral drums. Each is
normalized to have unit amplitude. The contours are at levels —0.8, —0.6,...,0.8.
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Figure 5.11: Eigenfunctions 5-8 of the GWW isospectral drums.
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B D

Figure 5.12: The ninth mode of the GWW drums. This corresponds to the first
mode on a (45°,45°,90°) triangle.

their values, but there is no clear explanation of this phenomenon.* The eigenvalues
obtained by Wu, Sprung, and Martorell [90] by extrapolation of results from finite
differences and mode matching agree with our results to about 3 and 4 digits,
respectively.’

A direct numerical approach to this problem is to use a finite element soft-
ware package. We first chose PLTMG [4] because of its widespread availability
and automatic adaptive mesh refinement capabilities. PLTMG regards the linear
problem (5.1) as a nonlinear continuation problem with parameter A and functional
p(u) = ||Jul|r2. The procedure, which is outlined in Section 4.6.2 of [4], is to track
the zero solution for varying A until a bifurcation point in the A-p plane is found, at
which point the bifurcating branch with constant A (the eigenfunction) is followed.

The grid is adaptively improved and the estimate for A\ updated until the desired

*Kudrolli has suggested that the finite skin depth of the copper used for the
cavities may be responsible [55]. However, that does not explain the fairly sudden
transition in behavior seen starting at the 14th eigenvalue.

°In the mode matching method, the degenerate modes 9 and 21 are not computed
but are taken exact.
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Figure 5.13: Comparison with other determinations of the spectra.
the two sets obtained by Sridhar and Kudrolli by microwave experiments, and the
results of finite differences and mode matching reported by Wu et al.
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Figure 5.14: Comparison of PLTMG and the PDE Toolbox with the domain de-
composition method. The data are based on the computation of the first eigenvalue
of the first GWW drum on a Sun SPARCstation 10.

accuracy is apparently achieved.

Because the use of the nonlinear continuation method is atypical for the linear
eigenvalue problem, we have additionally applied to this problem the PDE Toolbox
for MATLAB, which also uses piecewise linear finite elements. Here the eigenvalue
estimates come from the solution of a generalized matrix eigenproblem in the usual
way. As with PLTMG, we adaptively refine the mesh based on a posteriori error
estimates of the most recent solution.

In Figure 5.14 we compare the efficiency of the domain decomposition method
to computation of the eigenvalues in PLTMG and the PDE Toolbox. Figure 5.15

shows the adaptive grid process for the first eigenvalue on the first drum. The
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finest structure occurs near the corner where the eigenfunction is large. At this
stage, there are 966 triangles and 402 vertices, and the eigenvalue estimate is about
2.5659. If one were to try to obtain 12 digits via either of the finite element methods,

storage as well as computational time would become a serious obstacle.

Figure 5.15: Adaptive mesh refinement by PLTMG. The mesh is most refined near
one of the reentrant corners.

One advantage of the domain decomposition method over physical experiment
and mode matching is its flexibility in application to other polygons. We have
applied the domain decomposition method to another pair of isospectral drums, de-
picted in Figure 5.16. These regions were constructed using the techniques of Buser
et al. [13]. The fundamental unit of the construction is a (30°,70°,80°) triangle,
which renders the mode matching method impractical. The first ten eigenvalues of
these regions are listed in Table 5.2 to nine digits. In Figure 5.17 we present the

convergence history analogous to Figure 5.7. Here, the value of w is about 0.48;
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Figure 5.16: Two more isospectral regions, and the subdivisions used in the domain
decomposition method.

Table 5.2: First ten eigenvalues of the isospectral drums of Figure 5.16.

0.63126379 18.8537757
7.18148848 19.8509471
12.7905748 24.1803291
13.0935554 27.5379471
17.0680091 30.0098327
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however, the actual convergence is again much better. Selected eigenfunctions for

these drums are displayed in Figure 5.18.

10° . . . . .
107 ¢ -
107 §

107°

‘)\(m) — )\(m—q /)\(m)

—
<
3

Figure 5.17: Convergence of the eigenvalue estimates for the second pair of drums.
Solid lines are for the first drum, dashed lines are for the second drum, and the
dotted line is a multiple of W™, where w = 0.48.

5.4 Summary

The Laplace eigenvalue problem for polygons is important in applications and plays
a role in the celebrated discovery of isospectral drums. Standard algorithms to
compute the eigenmodes converge fairly slowly when compared to special-purpose
methods that exploit the structure of the solutions.

One such method, a modification of that described by Descloux and Tolley [22],
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Figure 5.18: Eigenmodes 1, 3, 4, and 6 of the second pair of isospectral drums.
Modes have unit amplitude, and contours are drawn at —0.8, —0.6, ... ,0.8.
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is described in this chapter. It is modeled after domain decomposition but, unlike
other domain decomposition algorithms for elliptic eigenvalue problems [11, 25, 58],
uses the Fourier—Bessel expansion particular to the Laplace problem. The resulting
algorithm is efficient, accurate, and useful for arbitrary polygonal regions.

Using this algorithm, we have made the first high-precision determinations of the
eigenvalues of the GWW isospectral drums. We have also demonstrated that the
method is flexible enough to be applied to other instances of polygonal isospectral
regions.

To see color depictions of the eigenfunctions of the GWW drums and some
animations of vibrations based on selected combinations of the modes [23], use a Web

browser such as Netscape to open the URL http://cam.cornell.edu/~driscoll/.
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