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We prove a variety of estimates for the heat kernel on domains with discrete
space and discrete time. First, we give a novel proof of the fact that, for a fixed
graph GG with heat semigroup generator P and measure m, the following are equiv-
alent: (1) (G, P,m) satisfies volume doubling and the Poincaré inequality; (2) the
heat kernel on (G, P,m) satisfies two-sided Gaussian bounds; and (3) solutions
to the heat equation on (G, P,m) satisfy the Harnack inequality. This useful
equivalence—which connects two geometric conditions to stochastic bounds—was
first shown in the continuous case by L. Saloff-Coste and A. Grigor’yan and later,
in the discrete case, by T. Delmotte. Our proof avoids complications of previous
discrete proof.

Given a graph (G, P,m) that satisfies the three equivalent conditions above,
which subgraphs U C G also satisfy these conditions? We prove that (U, Py, m)
does, where U is an inner uniform domain and Py is the Neumann heat semigroup.
Then, we prove that (U, P,, my2) does, where U is an inner uniform domain and P,
is the heat semigroup obtained through Doob’s h-transformation. The kernel for
Py, is directly related to the kernel for Pp, the heat semigroup on U with Dirichlet
boundary conditions, and therefore, we are able to derive bounds for the Dirichlet
heat kernel in inner uniform domains. All work in this thesis is joint with Laurent

Saloff-Coste.
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CHAPTER 1
INTRODUCTION

The general setting for this thesis will be a graph G, with vertices Vi and
edges Fq, with Markov operator P and vertex measure m, which we denote using
the triple (G, P,m). We consider an edge e to be an ordered pair of vertices, i.e.,
e = {x,y} or x,y € Vg, and will always assume that {x,y} € E¢ implies that
{y,x} € Eg. We will assume, without comment, that G is a countably infinite,

connected graph. (To simplify notation, we write x € G to indicate z € Vg.)

Let fizy = ptyz > 0 denote symmetric weights on the edges of the graph, where
x and y are neighbors (denoted = ~ y) if p,, # 0. For convenience, we define
ley = 0 for any two vertices  and y which are not connected by an edge. The

vertices are given weights m(z) = Z sy
y

We will consider a nearest neighbor random walk, where the probability transi-
tion function is given by p(x,y) = jizy/m(x). Note that p is reversible with respect

to the measure m. Let P denote the Markov operator

Pf(z)=> p(z,y)f(y)

and A denote the associated discrete Laplace operator

Au(z) = (P = Id)u(z) =Y (uly) — u(@))p(z,y).
y
Throughout this thesis, we use p(z,y) to indicate the probability of moving
from x € G to y € GG, a probabilist’s notation. Note that p is not symmetric, i.e.,

p(z,y) # p(y, z) in general, but that

plz,y) _ ply, @)
m(y)  m(z)

q(z,y) =



is symmetric and a better analogy to the kernel of an operator in continuous space.

1.1 Discrete calculus

1.1.1 Topology of the graph

Using the natural graph metric, where d(x,y) is the minimal path length between

x and vy, let
B(z,r) ={y:d(z,y) <r}

denote a ball of radius r centered at x and let

be the volume of the ball.

Figure 1.1: The discrete ball B(0,2) is indicated in black, and 0B is indicated in
blue.

For a fixed subset U C G, we need a well-defined notion of the boundary of U.

Throughout this thesis, we use the convention,

oU={reG:x2¢U, dz,U)=1}.



Under this definition, all subsets U are analogous to open sets in the continuous
sense. (Alternatively, we could have defined the boundary to be x € U such
that d(z, G\ U) = 1, which would make U analogous to a closed set.) We define
U=UUdU.

1.1.2 Analogs of continuous operators

In this thesis, we will primarily be concerned with the discrete Laplace operator,

Au(z) = (u(y) — u(z))p(z, y)

Y

and discrete heat equation,

i (2) = () = Y (un(y) — u(@))p(, y),

Y

which simplifies to

Up1(2) = Z up(y)p(, ).

Of course, these are intended to be the discrete analogs of the standards Laplacian,

" 9%u
=1
and heat equation,
0
aut(:v) = Auy(z)

in R™. For more information about the heat equation in R™ we refer the reader to

books by Evans [9] and Grigor’'yan [13].

We will additionally use several other discrete analogs of concepts from standard

calculus in continuous space. They are summarized in the chart below.



(Rn7P7 )‘) (G,P,m)

TP =3 (@) |V = 5 Ylate) - ut) e

i=1 Y

wul= [ 3 (G ar@) | 19l = 5 o) )

x?y

Aufz) = ), 5-5(2) Au(z) =Y (uly) — ul))p(z,y)

i=1 ¢ Y

In general, the outgoing edges at a vertex serve as the discrete analog of the
basis vectors in R"—they represent all possible directions of motion from a point.
However, this creates two big differences between the discrete and continuous cases.
(1) The structure of the edges connected to a vertex—their number, length and
direction—is likely to be different for different vertices. In other words, the possible
directions of motion might vary from vertex to vertex. To accommodate this, we
use the notation V,,u = u(y)—u(x) to indicate the discrete directional derivative at

x in the direction of y, a neighboring vertex. (2) Unlike with basis vectors, a linear



combination of adjacent edges is not necessary an adjacent edge. Consequently,
there is no obvious discrete analog of the gradient. However, we can still define

the magnitude of the gradient at a point.

Now, we collect two propositions to use later. Both propositions highlight the
analogy between the model continuous space (R™, P, ) and the definitions we have

constructed on (G, P, m).

Proposition 1.1 (Discrete integration by parts). For function u,v : G — R,

S Au@)u(@)m(z) = 5 3 (Vaytt) (Ve )y

x’y

Proof. Using the fact that iz = fiye,
2 Z Au(z)v(z)m(z) = 2 ;(u(w — u(z))o(z)p(z, y)m(z)
= 3 (ul) o))y + Sl (ule) = )
= ny(U(y) — u())(v(z) = v(Y)) Hay
- ;(ku)(vwv)umy.
y O

Proposition 1.2 (Discrete maximum principle). For some subset U C G, assume
u: U — R is defined on U and harmonic, i.e., Au= 0, on U C G. Then, either

u 1§ constant, or

supu(z) >supu(z) and  infu(z) <infu(z).
T U U U



1.1.3 Discrete heat equation

The standard heat equation

%ut(x) = Awy(z) teR" zeR"

is defined in continuous space and continuous time. In this thesis, we will study
an analog of the heat equation defined in discrete space and discrete time. For a

general reference, see M. Barlow [2].

The discrete calculus established in Section 1.1 is sufficient to understand the
Laplacian on a graph. To work in discrete time—indexed by k € N, with £ = 0

indicating the initial condition—we need to define the discrete time derivative,
Optur () = U1 () — ug(z).

With these definitions in place, a clear definition of the discrete heat equation

emerges.

Definition 1.3 (Subsolution of the heat equation). A function u: N x G — R is

called a subsolution of the heat equation if

i1 (z) — wp(x) <Y (uk(y) — we(x))p(, y)

for all x € G and k € N, or equivalently,

upr(z) < ur(y)ple, y).
y
A function v : N x G — R is said to be a solution of the heat equation if
both w and —u are subsolutions, or, equivalently, us,1(x) = Zywp(x, y)ug(y) for
all z € G and k € N. Note that if u is a solution to the heat equation, then

uy : G — R is harmonic for any fixed k.



1.1.4 Gaussian bounds

Definition 1.4 (Gaussian bounds). A graph (G, P,m) is said to satisfy Gaussian
bounds if there exists positive constants c¢;, Cy, ¢,, Cy, such that, for any k € N* and
x,y € G with d(x,y) < k,

Ci

m exp(—c,d(z,y)*/k). (1.1)

exp(—ad(z,y)*/k) < ¢"(z,y) <

Cu
V(x,Vk)

Note that d(z,y) > k implies that p*(z,y) = 0.

1.1.5 Harnack inequality

Definition 1.5 (Parabolic Harnack inequality). A graph (G, P,m) is said to satisfy
the discrete time parabolic Harnack inequality if the following holds: Given any
n € (0,1) and constants 0 < 0y < Oy < 03 < 04, there exists constant C' > 0 such
that, for any x € G, k,r € N, and any nonnegative solution ux(z) of the heat

equation on the cylinder Q = [k, k + 0,7%] x B(x,r), we have

Ure (Te) < Cupg (6) (1.2)
for all (ks,zs) € Qo and (kg,xe) € Qg such that

d(rs,16) < kg — ke,

where Qg = [k+ 0172, k+0or%] x B(z,nr) and Qg = [k + 0372, k+ 0,72 x B(z,nr).

1.2 Graph geometry

Throughout this thesis, we will generally assume we are working on graphs with

three geometric properties: ellipticity, volume doubling, and the Poincaré inequal-



ity. We will refer to these three properties as (E), (V), and (P), The constants ¢, d,
and p will always refer to the constants from the assumptions (E), (V), and (P),

respectively.

The first property, ellipticity, is necessary to ensure that the heat kernel diffuses

is all directions.

Definition 1.6 (Ellipticity). There ezists some ¢ > 0 such that, for all v,y € G

with © ~ vy,
p(x,y) = ¢ (E)

Additionally, we assume x ~ x for all x € G, so as a consequence, p(x,z) > (.

1.2.1 Volume doubling

Definition 1.7 (Volume doubling). A graph G has the volume doubling property

if there exists some & > 0 such that
Vix,2r) <6V (x,r) (V)

for allx € G and r > 0.
Here we collect some consequences of volume doubling:

e Locally uniformly finite: Letting r = 1/2, the hypothesis (V) implies that
V(z,1) <6V (z,1/2). Therefore,

m(y) < 3" m(2) < ()

zZ~T

holds for any x,y € G with z ~ y. This implies G is locally uniformly finite,

with the number of neighbors bounded by ¢2. Furthermore,

5 'p(y, ) < p(x,y) < p(y, x)



for any z,y € G with z ~ y.

e Volume reqularity: For x,y € G and r, s € N

V(z,r) r\°
V(y, s) g <g>

where C,60 > 0 depend only on the volume doubling constant §. To prove
this, we first note that if x = y, then the result follows by iterating the

volume doubling inequality [log,(r/s)] times. If y # x, then

P = Vi =0 (7) = ()

o Quasi-converse: There exists a sufficiently large A such that, for any x € G
and r € N,

2V (z,r) < V(z, Ar).

To prove this, fix y € G such that d(x,y) = 3r (such a y is guaranteed
to exist since our graph is infinite and connected). By volume regularity,

V(y,r) > €V (x,3r) for some positive e. Then
Ve, dr) 2 V(z,r)+ V(y,r) = (1+e)V(z,r)

which iterates to give the desired result.

1.2.2 Poincaré inequality

Definition 1.8 (Poincaré inequality). A graph G satisfies the Poincaré inequality
if there exists some p > 0 such that Yn € N and balls B(x,r) C G of fized radius
/r.}

Y (@) = fo)*m(x) < pr* Y |V f()]*m(z) (P)

reB r€eB



or equivalently,

D (@) = fo)’ma) < pr* Y (F(@) = F(9)) thay

zeB zr,yeB
forany f: G — R, where fg =V(B)™'Y 5 f(x)m(z) denotes the average of f
n B.

Note that the weak Poincaré inequality,

D (@) = fa)*mlx) <Cr* > (f(@) = F(1) thay,

zeB z,ye€kB
i.e., the Poincaré inequality where the right-hand side is summed over a scaled
ball kB, is actually sufficient to prove the standard Poincaré inequality above. We

discuss this in Section 4.4.4.

1.3 Outline of main results

1.3.1 Discrete Harnack inequality

The first major result, in Chapter 3, shows the equivalence of the Harnack in-
equality, two sided Gaussian bounds, and three geometric conditions: the Poincaré

inequality, volume doubling and ellipticity.

Theorem 1.9. For a fized graph (G, P,m), the following are equivalent:
(1) (G, P,m) satisfies (V), (P) and (E).

(2) The discrete Gaussian bounds in Definition 1.4 hold.

(3) The discrete parabolic Harnack inequality in Definition 1.5 hold.

10



The continuous analog of Theorem 1.9 was proved independently by L. Saloff-
Coste [24] and A. Grigor’yan [12]. Those articles and several others were motivated
by a 1964 paper by J.Moser’s [19] in which he proves that the parabolic Harnack
inequality (1.2) holds for uniformly elliptic operators in divergence form in R”™.
Moser’s method crucially uses the Poincaré inequality on R™ and is thus adaptable
to other settings. See M. Murugan and L. Saloff Coste’s monograph [20, Ch. 1]
for a history of the Harnack inequality—and its geometric characterizations—in a

variety of settings.

Theorem 1.9, in the discrete form presented here, was first proved in 1999 by
T. Delmotte [7]. To prove that a graph (G, P,m) satisfying the geometric condi-
tions (V) and (P) must also satisfy the discrete Harnack inequality, T. Delmotte’s
argument uses an intermediate step: a continuous time Harnack inequality. He
proves this discrete space, continuous time Harnack inequality using a modified
version of Moser’s method. These continuous time estimates yield discrete time
estimates, from which he proves the full discrete space, discrete time Harnack
inequality. The proof of Theorem 1.9 presented in this thesis, which combines
techniques from [7] and [25], is more direct and does not use continuous time as
an intermediary step. As with the continuous case, it is not difficult to derive the
geometric conditions from the Harnack inequality; the majority of the argument is
devoted to using the geometric conditions to prove the Gaussian inequality, which

fairly directly implies the Harnack inequality.

We also note two papers which prove versions of Theorem 1.9 in other contexts.
M. Murugan and L. Saloff-Coste [20] proved an analog of Theorem 1.9 with dis-
crete time and any metric measure space as the domain, which encompasses both

manifolds and graphs. Andres, Deuschel, and Slowik [1] proved a continuous time,

11



discrete space variant of Theorem 1.9 that replaces the uniform bounds on edge
weights 1, with LP bounds with the goal of studying the random conductance

model.

1.3.2 Harnack inequality on inner uniform domains

Given a graph (G, P,m) satisfying the Harnack inequality, it is natural to wonder
what subgraphs U C G also satisfy the Harnack inequality. In light of Theorem 1.9,
we can rephrase the question: Given a graph (G, P, m) satisfying volume doubling
and the Poincaré inequality, what subgraphs U C G with Neumann operator Py v,
i.e., reflecting boundary conditions, also satisfy volume doubling and the Poincaré

inequality? We give a partial answer to this question in Chapter 4.

Theorem 1.10. Fiz a graph (G, P,m) satisfying the Harnack inequality in Defini-
tion 1.5. Let U C G be an inner uniform domain. Then (U, Py, m) also satisfies

the Harnack inequality.

P. Gyrya and L. Saloff-Coste [14] prove a continuous analog of Theorem 1.10
using a Whitney covering of the inner uniform domain. The argument given in

this thesis closely mirrors their technique.

1.3.3 Harnack inequality on domain with h-transform pro-

cess

Chapter 5 discusses the discrete analog of Doob’s h-transform. Given an infinite

connected subgraph U C G, the h-function associated to U is a function satisfying:

12



(1) Ah(z) =01in U; (2) h(z) > 0 in U; and (3) h(x) =0 on OU. On U, we con-
sider the modified stochastic process with Markov operator P,y = H ' o Ppyo H
where H(f)(x) = h(z)f(z) and Pp y is the operator with Dirichlet boundary con-
ditions. This modified process is pushed away from the boundary. The reversible

measure for the process is my2(z) = m(z)h(x)?.

The main result of Chapter 5 shows that (U, P, 7, my2), an inner uniform sub-
domain of a Harnack space GG with the h-transformed process, satisfies the Harnack

inequality.

Theorem 1.11. Let (G, P,m) be a graph satisfying the Harnack inequality and
assume that U C G is an inner uniform domain. Then (U, Py, mp2) satisfies the

Harnack inequality.

For example,
Zi = {(z,y) € Z* : 2,5 > 0}
with
7% = {(x,y) ;2 =0,y >0o0r x>0,y =0}
is an inner uniform domain and thus, by Theorem 1.10, (Z2, Py gz, m) satisfies the
Harnack inequality with Neumann boundary conditions. The h-function for Z2 is

given by h(z,y) = xy. Theorem 1.11 tells us that (Z2, thZi’m’ﬂ) also satisfies

the Harnack inequality.

In Chapter 5 we describe how this characterization of (Z2, P’“Zi , myp2) has many
interesting consequences. In particular, the h-function for a domain is nicely re-
lated to qBU(a:, y), the heat kernel for the process killed at the boundary, i.e., with

Dirichlet boundary conditions. In Corollary 5.8 we derive,

Cih(z)h(y) Cuh(2)h(y)

Vol V) Vo,V S0

exp(—ad(z,y)*/k) < b y(z,y) <

13



Using several approximations given by the h-function and specific properties of
73, we have that g, ; (o, o), (1, 1)) is bounded above and below by expressions

of the form

Cxox1yoy1

(o + VE) (@1 + VE) (yo + VE) (1 + V)

- exp(—cd(z,y)?*/k). (1.3)

and a similar upper bound. Using this explicit bound, we can make several obser-
vations about the heat kernel. Consider two points near the y-axis boundary, but
far from the z-axis: (1,yo) and (1,y;) where VEk << yo,y1 and ly1 — ol = VEk.
Then, (1.3) simplifies to show that ¢}, ;;((1,%0), (1,41)) is similar to 7. Or, consider
two points far from the origin: (z¢, o) and (21, y1) where Vk << xg, x1, 9o, y1 and

d((xo,y0), (z1,71)) = Vk. Then, (1.3) simplifies to show that qu7U((aso, Yo), (T1,91))

1

is similar to . The difference between the two examples shows the influence of

Dirichlet boundary.

The Gaussian-type estimates for the Dirichlet heat kernel highlighted above
have several interesting consequences. For example, if P,(7y > k) denotes the
probability that a process started at x survives past time k, i.e., has not been

killed the Dirichlet boundary, then

SPx(TU >k’) SC

where z  is a point in U such that dy(z,z 5) < */TE and d(z ;) > %E. In the

case of Z2, this simplifies to saying that P, ,) (7 > k) behaves like m

Furthermore, the h-function gives us an easy way to understand the process
conditioned to not hit the boundary in the following sense. Define a probability

transition function as

plcc,U(%y) = JLH;OPz(Xk =y | 1w >n).

14



This turns out to be equal to p§7U(x, y), the probability transition function for the

h process.

We conclude Chapter 5 with a discussion of the effect that a finite perturbation

of the boundary of an inner uniform domain has on its h-function.

15



CHAPTER 2
DIRICHLET FORMS

For general information about Dirichlet forms, we refer the reader to [11]. In
this thesis, we will use the standard Dirichlet form in continuous space and then
give the discrete analog. After, we will develop the cable process and its Dirichlet

form—a combination of the discrete and continuous forms.

2.1 Dirichlet forms

2.1.1 Euclidean space

Our model continuous space will be R", equipped with the Lebesgue measure
A. There is a long literature (see, e.g., [13]) of studying the heat kernel on R™
(i.e., pt(z1,...,2,)) via the Dirichlet form &, defined on D(£), some dense subset
of L*(R™, \). Ultimately, we would like to imitate this in discrete space, but first,

we will outline the continuous version.
The Dirichlet form on (R™, \) is

E(f.g) = / Vf-Vgdh, f.geDE),

where D(£) = HY(R™,\) C L*(R™, \) is the space all functions whose gradient is
in L{R™, \),
HYR" \) = {f € L*(R",\) : Vf € LIR", \)}.

Analogously, for any open subset U C R", define the Dirichlet form on U as

EU(f,9) = / Vf-Vgdh f.geDEY),
U

where D(EY) = HY(U) C L*(U, \).
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2.1.2 Connection to heat kernel

Note that the Dirichlet form has a special relationship to the Laplacian,
E(f.9) = /Vf Vg = /—Af 9 =(=Af9).
One can prove this fact using an integration by parts argument.

From here, we can define the heat semigroup associated with the Laplacian

as Pt = e7*2. More generally, the heat semigroup associated with an operator L

is Pl = et~

We can write the heat semigroup operator as an integral,
P = [ @) dy

where

is the heat kernel.
In this sense, there are five interrelated objects we wish to study:

e the Dirichlet form, (€, D(E))

the Laplace operator, A

the heat semigroup, P'f(x)

the heat kernel ¢'(x)

the stochastic process, Brownian motion.

17



2.1.3 Discrete space

We want to define a Dirichlet form on a graph domain which is analogous to the
Dirichlet form on R™ defined in the previous section. Fix a graph G with symmetric

edges weights p,,, and assign a measure on the vertices m(z) = Z Ly
y

The discrete Dirichlet form on (G, P,m) is

Eha)=5 O ()~ S@)e) ~ o)y f.9 € DIE)

(z,y)EGXG

where D(E) C L*(G, P,m) is the space of functions whose discrete gradient is in

L*(G, P,m),

D(E) = {f € LG, Pom) : Y (f(y) — f(x))*m(z) < oo}.

zeG

Analogously, for any subset U C G, define the Dirichlet form on U as

) =5 S ()~ F@)ol) — o)y, f. € DEY)

(z,y)eUxU

where D(EY) C L*(U,m) is defined as D(E), but restricted to U.

Similar to the continuous case, we are interested in this Dirichlet form because
it is associated with the Laplacian. That is, £(f,g9) = (Af, g) ,pm), Where the

inner product is taken in the space, (G, P, m).

26(f,9) = > _(FW) = f(@)(9(y) — 9(x))ptay

(z.y)
= > (f@)g(@) = F@a@))pay + > (F(0)9(y) = F(2)9(y))t1ye
(z.y) (z.y)

= > (f(l’) - Zp(%y)f(y)) g(x)m(z)

T

+> (f(y) > "y, x)f(w)) g(y)m(y)

= 2=Af,9)@c.rm
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2.2 The cable process

The cable process is a continuous stochastic process whose domain is a continuous
analog of a graph. More precisely, given a graph G (i.e., a collection of vertices
Ve and edges Eg), let I, be a unit length interval associated with e, and let ~ be
an equivalence relationship on |J, . le where I.(x) ~ I (2') if e and €' intersect

at a common vertex v and I (z) = [ (2') = v. The domain for the cable process

is U I/ ~.

c€E
The cable process can either be constructed from Brownian motion, which we
outline in Sections 2.2.1 and 2.2.2, or defined using a Dirichlet form, which we give
in Section 2.2.3. For more information, we recommend D. Revuz and M. Yor’s

book [22, Ch. 9] or M. Folz’s article [10].

2.2.1 Brownian excursions

Let B(t) for t € [0,00) be a standard one-dimensional Brownian motion, and let

Z be the zero set of Brownian motion,
Z ={t: B(t) =0}.
Note that, by the a.s. continuity of Brownian motion, Z is a closed set.

Define 79 = sup{t : t € Z and t < 1} to be the last zero before ¢ = 1, and
7 = inf{t : t € Zandt > 1} to be the first zero after ¢t = 1. We claim that,
a.s., 7o < 1 < 7: Because Z is closed, the sup and inf in the definition of 75 and

71 actually obtain, i.e., they are a max and min. But, a.s., B(1) # 0.
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A Brownian excursion a process {e(t) : 0 <t < 1} defined by

[B(ro(1 1) + na(®)]

(11— 70)

e(t) =

In other words, a Brownian excursion is the Brownian path between the last zero
before t = 1 and the first zero after t = 1, shifted and scaled to occur on the

interval [0, 1].

2.2.2 The cable process from Brownian excursions

Using scaled Brownian excursions and the law of the zeros of Brownian motions,
we can recover Brownian motion. Conversely, using a standard Brownian motion
{Bt}+>0, we can extract the a.s. countable excursion set {e;(t) : 0 < ¢ < T;}°,,
where T; indicates the duration of the e; excursion, i.e., the time scaling of the

standard excursion.

Now we can describe {C, /(t) : t > 0}, the cable process on U C G starting
at x. By fiat, the process starts at € U, i.e. C,py(0) = z. If z is inside an
interval, perform a standard one-dimensional Brownian motion until the process
reaches a vertex. Otherwise, randomly select an edge adjacent to x, uniformly from
the neighbors in U, and perform a scaled excursion, according to e;(t), along that
edge. If the Brownian excursion is not long enough to reach another vertex, i.e.
max{e;(t) : 0 <t < T;} < 1, uniformly randomly select a neighboring vertex in U
and perform a new scaled Brownian excursion according to {es(t)}. If the scaled
excursion is long enough to reach another vertex, then stop at the neighboring
vertex as soon as it is reached; using the strong Markov property, uniformly select
an edge adjacent to the current vertex position and perform a new excursion.

Repeat this process.
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2.2.3 The Dirichlet form of the cable process

Equip My with A, the one-dimensional Lebesgue measure. For f € L*(My),
define f, = f;_ to be the restriction of f to the interval I, C My . Then, define the

Dirichlet form

5 Ofe 09
Gt =Y [ G Fede 2.)

for f,g € Dg C Co(My).

This Dirichlet form gives the cable process, whose construction from Brownian
excursions is described in the preceding sections. To see this intuitively, we can
take a local point of view: inside an interval I, the Dirichlet form & looks like
the Dirichlet form for the Laplacian, and hence, it generates Brownian motion;
at each vertex v, the Dirichlet form € makes a uniform choice among the edges.
These descriptions align with the description of the cable process from Brownian

excursions.

2.3 Strictly local, regular Dirichlet forms

To study the general properties of Dirichlet forms, consider a Dirichlet form & de-

fined on some D(£) C L*(X, ), where X is any space equipped with a measure .

A Dirichlet form (€, D(E)) is local if E(f,g) = 0 for any f,g € D(E) where
supp(f) and supp(g) are disjoint compact sets. To weaken this condition, we say
a Dirichlet form (£, D(E)) is strictly local if E(f, g) = 0 for any f,g € D(E) where
supp(f) and supp(g) are compact and ¢ is constant on a neighborhood of supp(g).
The Dirichlet form on the graph domain is not local: £(6,,6,) = —jtyy for z ~ y.

However, both the Dirichlet forms on continuous settings—in R™ and for the cable
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process—are local.

A core for (£,D(E)) is a subset C C Ce(X)ND(E) such that (1) C is dense in

Cc(X) using the uniform norm, and (2) C is dense in D(€) using the & norm,

I£llg, = LF15 + ECF. )

A Dirichlet form (£, D(E)) is called regular if it admits a core. Notice that (€, D(E))

is regular if and only if Co(X) ND(E) is a core.
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CHAPTER 3
HARNACK INEQUALITY

The primary goal of this chapter is to prove Theorem 1.9, which states that,

for a fixed graph (G, P, m), the following are equivalent:

(1) (G, P,m) satisfies (V), (P) and (E).
(2) The discrete Gaussian bounds in Definition 1.4 hold.

(3) The discrete parabolic Harnack inequality in Definition 1.5 hold.

Throughout the first five sections of this chapter we assume, without note,
hypotheses (V), (P) and (E). Sections 3.1 and 3.2 state the elliptic Harnack
inequality and prove the mean value inequality, respectively. We will use these
results later in sections 3.3 and 3.4, which prove that (1) = (2). Section 3.5 shows

that (2) = (3). And finally, Section 3.6 shows that (3) = (1).

The arguments in this chapter use elements from T. Delmotte’s proof [6] of
the elliptic Harnack inequality, two papers [15, 16] by W. Hebisch and L. Saloff-
Coste, a paper [5] by T. Coulhon and A. Grigor’yan, and a monograph [20] by M.

Murugan and L. Saloff-Coste.

3.1 Elliptic Harnack inequality

In 1999, T. Delmotte proved the following elliptic Harnack inequality on a graph.

Theorem 3.1 (Elliptic Harnack inequality). Assume G satisfies (V), (P) and

(E). If u: G — R is harmonic and positive on 2B for some ball B, then

supu < C'infu
B B
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where C' is a constant which depends only on § and p, the constants from (V) and

(P). Notably, the constant is independent of v and B.

T. Delmotte’s proof relies on the quantity

1/p
¢(u,p, B) = <V(B)_IZU($)”W($)> '

reB

The central idea of the proof is that ¢(u,p, B) — supgu as p — —+oo and
¢(u,p, B) — infgu as p — —oo. Using the technique of Moser iteration from [18]
and [19], one can compare ¢(u, p, B) for different values of p to obtain the elliptic

Harnack inequality. For the detailed proof, see [6].

Next, we state and prove two important corollaries of the elliptic Harnack

inequality.

3.1.1 Holder-type continuity for harmonic equations

Corollary 3.2 (Hélder-type continuity for harmonic equations). Assume G sat-
isfies (V), (P) and (E). Let u: G — R be positive and harmonic on B, a ball of

radius r. Then there exists constants A, > 0 such that

u(z) — u(y)| < A (M) sup(u)

r

1
Jor any x,y € 5B.

Proof. 1f u is constant, the result clearly holds. If not, note that both (supgu—u)
and (u — infzu) are positive and harmonic on B by Proposition 1.2, the discrete

maximum principle. Applying Theorem 3.1 to (supgu — u), we get

sup (sup u— u> < C inf (sup U — u)
1/2B \ B 1/2B \ B
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which simplifies to

supu — inf u < C (supu — sup u) . (3.1)

B 1/2B B 1/2B

Similarly, applying Theorem 3.1 to (u — infzu), we get

sup (u — inf u) <C (inf(u — inf u))
1/2§ B I/QB B

which simplifies to

supu —infu < C (infu — inf u> (3.2)
1/2B B 1/2B B
Adding together (3.1) and (3.2) produces
C—-1
sup u — inf u < <supu — inf u> : (3.3)
1/2§ 1/2§ C + ]- B B

Since 0 < d(x,y) < r, we can select n such that 72~("*1) < d(z,y) < r27". Then,

iterate (3.3) to get

C—1\"
sup u— inf u < supu— inf u < (—) <Supu — inf u> . (3.4)
dzyB ~ dewB  omp 2B C+1 B B
: C—-1 _ 9—a
Fix a such that &= = 27*. Then,
cC—-1\" _._ 1)@ d(z,y)\"
— ) <9om =292 (9~ (N < 9o ’ 3.5
(C’ + 1> - ( ) - r (35)

Taking the constant A = 2%, which only depends on the constant C' from Theo-
rem 3.1 (and hence, on § and p from (V) and (P)), the result follows from (3.4)
and (3.5). O

3.1.2 Liouville theorem

The classical Liouville theorem states that any harmonic function on R™ which
is bounded above or below is a constant function. Here we state and prove the

analogous version for graphs.
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Corollary 3.3 (Liouville’s theorem). Assume G satisfies (V), (P) and (E). As-

sume u : G — R is harmonic and bounded above or below. Then u is constant.

Proof. We can assume u is bounded below. (If it is bounded above, consider —u.)
By Proposition 1.2, the discrete maximum principle, we know that u — infg w is

positive on any ball B. Applying Theorem 3.1, the elliptic Harnack inequality,
sup (u — inf u) < C'inf <u — inf u)
B G B G
for any ball B. Letting the radius of B tend to infinity,
inf <u — infu) — 0
B G
and so, supg u — infg w, which is non-negative and increasing with the radius of

B, must be zero. Therefore, u is constant. O

3.2 Mean value inequalities

The primary goal of this section is to prove Theorem 3.5, the L' parabolic mean
value inequality. We will first establish Theorem 3.4, the L? parabolic mean value

inequality, and then show that this implies the L! version.

Let m(x) = max{x, z~/*}, where v is a constant which will be fixed in Theo-

rem 3.10 and depend only on ¢ and p from (V) and (P).

Theorem 3.4 (L? parabolic mean value inequality, [5]). For any nonnegative
subsolution ug(x) with k € N and x € G, there ezists a constant C' (depending only
on 4§, p, and ¢ from our assumptions (V), (P), and (E)) such that for any z € G
and any R,T € N*

Cm(T/R?)

ur(z)? < (T) Z ug(z)*m(x) (MV2)

kxev
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where U = [0,2T] x B(z, R) is a cylinder and m(¥) = 2TV (z, R) is its volume.

Theorem 3.5 (L' parabolic mean value inequality, [5]). For any nonnegative
subsolution ug(x) with k € N and x € G, there ezists a constant C' (depending only
on d,p, and ¢ from our assumptions (V), (P), and (E)) such that for any z € G

and any R,T € N*

Cm(T/R?)

e > up(z)m(x) (MV1)

k,xev¥

up(z) <

where U = [0,2T] x B(z, R) is a cylinder and m(¥) = 2TV (z, R) is its volume.

The arguments in this section follow T. Coulhon and A. Grigor’yan in [5]. To
establish the L? mean value inequality on a cylinder ¥, we form a sequence of
nested subcylinders ¥,, and compare the L? norm of a function u in these nested
subcylinders. In Section 3.2.1 we prove the Cacciopoli inequality, which we use in
Section 3.2.2 to compare the L? norms of two neighboring subcylinders in terms of
a function A. Section 3.2.3 establishes the Faber-Krahn inequality, which provides
a specific function A and gives an explicit comparison between the L? norm of
u on neighboring subcylinders. In Section 3.2.4, we iterate this comparison to

establish (MV2). Finally, in Section 3.2.4, we show that (MV2) implies (M'V1).

3.2.1 Cacciopoli inequality

By the definition of a subsolution,

up < [Pug)? = (ug, + Aug)® = ui + 2(Aug)uy, + (Aug)?. (3.6)
Rearranging equation (3.6) proves the following lemma.
Lemma 3.6. For every non-negative subsolution u,

oz < 2(Aug)uy + (Aug)?.
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Proposition 3.7. (Cacciopoli inequality) There exists ¢, A > 0 depending on ¢
(the constant from assumption (E)) such that, for any non-negative subsolution u

and any function ¢ with finite support

Z 8kui¢2m + CZ(VJ:y(ukgb))Q:uxy <A Z(Vﬂﬁygb)Quiﬂxy'

T,y

Proof. Throughout the proof, we drop the subscript from ug. Applying Lemma 3.6
to the non-negative function u, and multiplying both sides by ¢m, where m is the

measure of the vertex,
Outd*m < 2(Au)ud®m + (Au)?¢*m. (3.7)
Because ¢ is finitely supported, we can sum (3.7) over all z € G to obtain
Z o’ *m < 2 Z(Au)u¢2m + Z(Au)2¢2m. (3.8)

Now we want to bound the right side of (3.8). Apply the integration by parts

formula to the first summand,
2 Z(Au)u¢2m =— Z V oyt V g (UG )ty -
T T,y

To bound the second summand, we use a technique from [7] that relies of the

assumption (E):

S (Aw2dtm =Y (Zu@)p(x,m) - u(x)) o(x)m(x)
¥ zwwu)p(x,y)) afm(a)
T Yy#T
<> Zp(x,y)) (Z(nyU)Qp(%y)) ¢(x)*m(z)
T y#xT Y

= (1= 0D (Vayt) d(2)° pray.

xh,y
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Applying these bounds to (3.8), we get

Z Opu’d’m < (1 —) Z(szu)ng(x)Qﬂxy - Z nyuvxy(u¢2)luxy'

z,y Ty

Additionally, using an analog of the product rule, we note that,

Z(ny(u¢))zﬂxy = Z((vryu)¢( )+ (Vay@)u(@))’ hay

x?y

Adding together (3.9) and (3.10), we have that, for any ¢ > 0,
D P m A e (Vi (ukd)) pay
T Yy

< (1=C+20) > (Vayt)* (@)’ thay

z,Y

+2c Z(vxy¢)2u(x)2,uxy - Z VgtV oy (u?) iy -

Cc7y

It suffices to show that

(1=C+20) > (Vayu)6() try

x?y

S Z vzyuvzy(uéz)uzy + (A - 20) Z(vmy¢)2u2 (x):u&?y

T,y T,y

for some ¢, A > 0. Using the product and chain rule, we have

va(u¢2) = (wau)gb(xf + 2(V$y¢)u(x)¢(x) + (vmy¢)2u(x)

which reduces the proof of (3.13) to showing that

0<(2¢—¢) Z(VWU )2 ey + 2 Z 2y ) (Vay@)u(@) () fray

+ 3 Vot Vayd) (@) ey + (A= 20) Y (Vayd)*u(@)? tay.

Fixing ¢ < (/2 and A large enough so that

0 < (2¢ = ) (Vay)*6(2) + 2(Vayt) (Vayd)u(@)d(z) + (A — 2¢ — 2)(Vayo)
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by a quadratic identity, we can reduce the above problem to showing that

0< Z 2y 0)(Vay @) u(@) pay + 2 Z(ny¢>2u(x)2ﬂxy'

Swapping x and y we obtain the identity
- Z nyu(vxy¢) T)pay = —75 Z Vayu)u (VWU)U(y))(nygb)quy
T,y

= 3 Z (vxyqb)Q,uxy
< Z )(nygb)quy

=2 Z xy¢ /L:vy

which proves the desired statement. O]

Proposition 3.7, the Cacciopoli inequality, is an inequality about wuy, the sub-
solution at a fixed time k. However, we want to use this result to compare sub-
solutions u within a space-time cylinder. This requires use to prove the following

corollary, which extends the Cacciopoli inequality to an entire space-time cylin-

der [0, ko] x G.

Corollary 3.8. Let ng(z) be a function with k € N and x € G, such that (1) n is
supported on a finite set U C G; (2) no(x) = 0; and (3) there exists a constant M
such that (Vzyni)? < M and Ox(n}) < M for allk € N. Then, for any non-negative

subsolution uy(x) and time kg € N,

ko—1
Z ukonkom +c Z Z oy (UkTIE)) ,uxy < 2AM Z Z uym
zcU k=0 z,yeG k=0 gzl

where U is the 1-neighborhood of U, i.e., U = {z € G :d(z,U) <1}, and ¢, A > 0
are the constants from Proposition 3.7, the Cacciopoli inequality, which depend

only on C, the constant from (E).
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Proof. Applying Proposition 3.7 to ¢(z) = np(r) and summing over all k €
{0, ..., ko — 1}, we obtain

ko—1 ko—1 ko—1
SO ok@imim e > [ Vay (ki) Pttay A Y Vil () -
k=0 zeG k=0 z,yeG k=0 z,y
(3.14)
Focusing on the left-most summand, observe that
ko—1 ko—1
> D Ouluiynim = > (Ou(uind) — Ou()ui,)m
k=1 zeG k=1 zeG
ko—1
=D uini,m =YY (0 upm.
zeG k=0 zeG
Therefore, all that remains to be shown is
ko 1 ko 1 kO
Z Z@k Ne)upy m—+ A Z Z Vo) 2 (2)2 iy < QAMZ Zu%m (3.15)
k=0 z€G k=0 z,yeCG k=0 2l

We assumed that n is supported on U, so we can reduce the domain on the left
side of (3.15) to U. Furthermore, we assumed that both 0y (n?) and (V,,n)? are
bounded above by M, so (3.15) simplifies to

ko—1 ko—1

Z Zuk+1m+ A Z Z U [y < QAZZukm (3.16)

k=0 zeU k= OxyGU k=0 xe
To see that (3.16) holds, note that in the second summand on the left

side, D fay = m(z). O

3.2.2 Comparing subcylinders

In this section, we will use Corollary 3.8 to compare the L? norm of u on neighbor-
ing cylinders in a nested sequence of subcylinders. The comparison will be given

in terms of a function A, which we explicitly give in the next section.

31



For integers 1 <t < tand 1 <71 <r —1, and a point z € G we introduce

cylinders in N x G:
U = [0, x B(z,r), ¥ =[t',t — 1] x B(z,1").
Let u be a non-negative subsolution and define:
=) uilx)m(z), I'= Y (ux(w) - 0)im(x)
k,xev k,xeW’
where 6 > 0 is a constant. Then I and I’ are roughly, the square of the L? norm

of win ¥ and ¥’ respectively. Clearly, ¥’ C ¥ and hence I’ < I, but we would like

to quantify this difference. To do this, we vary 6 and D = min{(r — r')?,t'}.

Lemma 3.9. Assume A : R — R s a fized, decreasing, positive function such
that A(m(U)) < M\ (U), the first Dirichlet eigenvalue of the Laplacian in U, for
any U C G. For cylinders V and V' defined above, the inequality

I' < ¢

— DA( CI

I
D)

holds for a constant C' depending only on (, the constant from (E).

Proof. Let r, = (r +1')/2 and define

(

1 if d(z,2) <r,
m(z) =40 if d(z,z) >r
T_Td_(fa’z) otherwise,
and
1 ifk>t
n2(k) =
Eoifk<t.

Define ny(z) = m(z)n2(k). Note that n satisfies the hypotheses of Corollary 3.8:
(1) n is supported on B(z,r — 1); (2) no(z) = 0; and (3) both (V,nk)* < M and
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Ok(n2) < M, where M = 4D, Recall that D was defined as D = min{(r—7")2,¢'}.

To prove hypothesis (3), note that:

) 1’ 2 \? .
(V) < {———) =(-—=) =4D

and

We only need a weaker form of Corollary 3.8, using the left summand, and
taking U = B(z,r — 1),
> k(@) ()’ m(x) <8ADTY Y w(w)*m(x) (3.17)
z€B(z,r—1) k=0 z€B(,r)
for any ko € [0,¢]. On the right side of (3.17) appears I, the quantity we are trying
to approximate. Since n = 1in B(z,r,), and B(z,7,) C B(z,r—1), this inequality
becomes

Z up (z)m(z) < 8AD'I. (3.18)

z€B(z,r4)

Now we repeat the above procedure, applying Corollary 3.8, but to slightly
different functions. We will use the subsolution @ = (u — 6);, where § > 0 is a

constant that will vary, and the finitely supported function 7g(z) = 71 (z)n2(k),

where )
1 if d(z,z) <7
m(xz) =40 if d(x,2) >r,
T/;,Ci(f;z) otherwise,

(
and n9(k) is the same as above. We again apply a weaker form of Corollary 3.8,

but this time we use only the right summand,

Z Z Ty uknk [/Jacy < 0_18AD Z Z (319)

k=0 z,yeG k=0 z€B(z,ra)
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Using that @ < u and B(z,r,) C B(z,r), we have that

Z Z oy (W) ,uxy <8 'AD™!I. (3.20)

k=0 z,yeG

Recall that the variational definition of A; is given by A, (U) = inf { ”Vf ”2 } where

the infimum is taken over all functions supported on U.

Let Uy = {z € B(z,1,) | Ux(x) > 0} be the support set for @. Applying the

hypothesis that, A(m(Uy)) < A1 (Uy) and the variational definition of Ay,
A(m(Uy)) Z Ty ) m < Z oy (UrT)) sz- (3.21)
We can also estimate m(Uy) using the fact that 6 < uy on Uy and (3.18),

W= m<07? > uim <8AD'I. (3.22)
zeUy x€B(z,ra)
Combining (3.21) and (3.22), we have

MGp) X i < X (Tl (3.23)

zely z,yeUs
But, n = 1 for k € [t',t — 1] and x € B(z,7), and so (3.23) simplifies to an
inequality on subcylinders,
BAT —
VEDSE Y ey Y Gawaie G2
k=t' xeB(z,r") kt/xyGBxT)

Plugging in the definition of I’ and the inequality (3.20) to (3.24) gives,

8AI / —1 1
<
A(mD)I 8¢ 'ADT'I

Finally, we set the constant C' = 8¢ 1A, and the proof is complete. O
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3.2.3 Faber-Krahn inequality

The Faber-Krahn inequality gives us a specific example of a function A which

satisfies the hypothesis of Lemma 3.9, i.e., A(m(U)) < A\ (U) for all U C G.

Theorem 3.10 (Faber-Krahn). There ezist constants o, v > 0 such that, forz € G

and r > 1/2, and any nonempty subset U C B(x,r),

# (o) =»o

where A\ (U) denotes the first Dirichlet eigenvalue of the Laplace operator in U.

Notably, the constants a,v depend only on § and p from (V) and (P).

In fact, Faber-Krahn is strictly weaker than the conjunction of (V) and (P):
in [5], Coulhon and Grigoryan showed that Faber-Krahn is equivalent to the (V)
plus the Gaussian upper bound. Following their technique, we will use the Faber-
Krahn inequality to obtain the Gaussian upper bound in Section 3.3, but we will

need a stronger result to prove the Gaussian lower bound in Section 3.4.

Proof. Fix x € G and r > 1/2. The following Nash inequality [Theorem 4.3][6]

holds for any f supported in B(z,r):

Iflz < C IV fllo + = £ll2) (3.25)

71 v
Wﬂf 117 (
for some positive constant C'. Fix & > 1, which we will select later. Since any f

supported on B(z,r) is also supported on B(z, kr), we can rewrite (3.25) as

ar -1 -
Ifll5* < C AVl +arH f2). (3.26)

(V(z, kr))
Since suppf C B(z,r) the Holder inequality gives us that || f||; < (V(z,7))Y2|/ f|l..
Applying this to (3.26), we get

C

W(V(%T))V/2|lf\!5“- (3.27)

17157 < C ey IS e+
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As noted in Section 1.2.1, one of the consequences of volume doubling is a quasi-
converse: we can select k large enough so that C(V (z, kr))™*/2(V(z,7))"/? < 1/2.
This reduces (3.27) to

ar

Iflls™ < CW

v 1 v
ARV A1l + S I

which, after rearranging and altering the constant, gives

17157 < Oy I KV

Squaring both sides and rearranging, we get

c? 3\ _ IVSI3
W(V@’T))V(IUII) < VAl

AR, = A5
The Holder inequality implies that ﬁ < ”;lé Taking the infimum over both
1
sides and using the variational definition of A\;(U) we arrive at the Faber-Krahn

inequality. O]

The Faber-Krahn inequality shows that A(§) = 5V (z,7)"{™" satisfies the hy-

pothesis of Lemma 3.9. We note the consequence here.

Corollary 3.11. For cylinders ¥ and V' and L?-type norms I and I', as described
m Lemma 8.9,

I' < ¢
= DaVE (G

D62

I

where C, a, and v are constants depending only on 6, p, and  from our assump-
tions (V), (P), and (E). The terms D and 6 are positive and will vary in appli-

cations.

The Faber-Krahn inequality gives a specific formulation of volume regular-

ity that will be useful later. Recall that, as a consequence of volume doubling,

“ﬁgig; <C (g)e, where C' and 6 depend only only d, the volume doubling constant.

The following corollary restates volume regularity using the Faber-Krahn constant.
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Corollary 3.12 (Volume regularity with Faber-Krahn constant). For any x,y € G

and r,s € NT,

e e (0"

s
where v is the constant from the Faber-Krahn inequality.

Proof. Let f(y) = (s —d(z,y))+. Then,

=0 fory¢ B(z,s+1)
IVA
<1 forye B(z,s+1)

and

fly) > s/2 for y € B(x,s/2).

Applying the Faber-Krahn inequality, Theorem 3.10, with U = B(z, s),

a (V(z,r)\" s
ﬁ(V(ZE,S)) S/\1<B( ) ))
_ IS8

— I
AV (z,s + 1)
— $2V(x,s/2)
ACV (x, s)
~ $2V(x,8/2)

where the last line follows by volume doubling. This rearranges to

1
1+v

(%v(@n, )V (x, s /2)) < V(z,s). (3.28)

Now, apply 3.28 to B(z, ;) for i = 1,...,j and iterate to get

17

82a Zizl (1+1u)i S T4
—_— v — < . .
(s (or) (Ve )™ <vies.  329)

Letting j — oo, note that y ., ﬁ = 1. Therefore, (3.29) becomes

S2CL 1/v
<4C7”2) V(z,r) <V(z,s)

which rearranges to give volume regularity with the constant %. O
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3.2.4 Iterate to get (MV2)

We are now ready to prove Theorem 3.4, the L? mean value inequality. To do so,

we will repeatedly apply Corollary 3.11 to a collection of nested cylinders.

From the statement of the L? mean value inequality, fix z € G, and
any R, T € Nt. Let U = [0,27] x B(z, R) be a cylinder and m(¥) = 2TV (z, R)

be its volume.

Define two sequences {R,}Y_, and {T,,}_, as follows: Let Ry = R, Ty = T
and

R, = [Rnfl/?‘v T, = (Tnfl/Q—l

where N is the maximum integer such that Ry > 2,7, > 2, and N < T. We have
selected these values for {R,} and {T,,} because they are strictly decreasing finite

sequences of positive integers satisfying
R, <R, ,1-1 T,>n-T.
Note that the second inequality can be written 27" —n > T —T,,.
We define a sequence of cylinders
U, =[T—-"T,2T —n] x B(z,R,)
and wish to apply Corollary 3.11 iteratively to these cylinders. To that end, define
D, = min{T,_; — T,,, (R,—1 — R,)*}
and D = min{T, R?*}. For some fixed § > 0 let

b, = 0(2—27).
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Finally, for a fixed non-negative subsolution wu let

L= (u(k,x)—6,)%.

k,:}cG\Iln

Applying Corollary 3.11 we get

C
I, < T — I (3.30)
BDw (57 72) "
where 8 = %V (z, R)”. Rearranging (3.30) and applying the definition of 6, gives
T C 1+v

n — 5D1+1/4—1/n921/ n—1

where C' is a new constant. Throughout the remainder of this proof, the value
of C will change, but the constant will always depend only on « and v from the

Faber-Krahn inequality (and hence, on 4, p and ().

Note that 17,1 — 1,, > iTn,l and similarly, R,  — R, > iRn. Iterating
this, D,, > 47""1D. Applying this we get

[ O42m/+n "

— 5 Dl+vpy n— 1
where the constant C' has absorbed a factor of 4“t!. Rewrite this as

;< C exp(nlog 42V+1>Il+”
n = BD+vH2v n—1

which iterates to give

exp(log4**1) 3% i(1 + )V Ja+)Y

Iy < (0_16D1+y92u)1+(1+u)+(1+u)2+--~+(1+u)N*1

Then

Y exp(log(4**1) > i(1 +v)7")
— (C—lﬁDl+u02u)y*1(1—(1+1/)*N)

< C( X ) (ﬁ” (0 D<1+”‘1><1+V>‘N) I. (3.32)

I (3.31)

/BI/_ID1+I/_192 (14v)~
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Volume regularity tells us that

a C
§ = Ve, BY < o (R¥m(2)) = Om(:)"

so 877 )Y < Om(2)+) 7Y Also note that
1
(1+ )" = exp(Nlog(1 +v)) > C exp(; log(1 + v) log, D) = CD*

where € = $log,(1 + ) > 0. This gives

_ - 1+ v Y log D
DU HIET < ( <cC.
=P CDs =

Plugging in these two estimates into (3.31), we get

(142)~N ¢ (14)~N
Iy < BV_ID(1+1/_1)92(17(1+l,)—N)m(Z> . (3.33)

Since T' € [T — T, 2T — N] and 0y < 26, we have
Iv > (u(T,2) - 20)m(2)
which, combined with (3.33), gives

o\ 24N pa(1—(140) ) ¢
(u(T, 2) — 20)% 0 < B DA + V—l)I'

Finally, we let 6 = gu(T, z). Substituting in 3 = %V (z, R)” and D = min(T, R?),

this gives our desired result:

CRYY 2
V(z, R) min(T, R?)+v! Z u(k, )

k,xev

u(T,z)? <

¢ 2
~ m(W)T - min(TH ' R-2/v, R?) Z u(k, x)

kxew

which completes the proof of Theorem 3.4.
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3.2.5 (MV2) implies (MV1)
Now we want to show that (MV2) implies (MV1). Throughout this section,
assume ug () is a fixed nonnegative subsolution on N x G.
For k,R € NT and z € G, let
®=[k— R* k+ R’ x B(z,R) (3.34)

be a cylinder with volume m(®) = 2kV (z, R). The overall strategy for this section

will be to prove a version of the L' mean value inequality

u(z) < % S wly)miy) (3.35)
(Ly)ed

on cylinders of this special form (3.34) and then extend the result to the full (M'V1)
for arbitrary cylinders of the form ¥ = [0,27] x B(z, R). Notice that, on these

special cylinders, the m term disappears from (MV2) and (MV1).

Define two sequences of cylinder of this special form in (3.34). These sequences
of nested cylinders will all sit inside ® = [k — R? k + R?] x B(z, R). First, let
Ry = |R/2| and R, = |R,_1/2]| for n > 1. Let N be such that ry > 1 but

ry+1 < 1. Then, for 1 # n # N, define cylinders
®, =[k—(R—R,*k+ (R—R,)?* x B(z, R— R,).
Second, for (k,_1,&,-1) € ®,,_1, a specific point which we will select later, define

(I)n = [Hn—l - Ti, Kn-1+ Ti] X B(én—la Tn)

for 1 <n < N. Note that <i>n C 9,.
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Applying (MV2) to the cylinders ®,,,

ey £ — = S wyfmly)

m(®n) (5,
< max()—2— 3 wly)m(y)

o m(®n) (T
< max(u)— - 2L S ym(y) (3.36)

Recall from Corollary 3.12 that the Faber-Krahn inequality gave a volume

regularity inequality of the form

2/v
V(z,r) <C <f> ‘
V(x,s) — s

We can expand this volume regularity estimate on cylinders of the special form ®

by noting that

m(®,)  m(k - r2 k+1? x B(z,11)) B 2r2V (z, 1) <c <r1>2+2/u )

m(®y)  m(k—12 k413 x B(z,13))  2r2V(z,715) ry

where C, v are still only dependent on the volume doubling constant . Applying
(3.37) to ® and ®,,, we get

R 242/v
< (—) < C(4mthy2ev, (3.38)

where the second inequality follows because Ry < R, 1/4 implies

that R, > R/4""1.

Applying (3.38) to (3.36), we get

4n(2+2/1/)
U1 (gn—1>2 < max(u)C

Hy W w (y)m(y). (3.39)

(Ly)ed

Recalling that (k,_1,&,-1) is some point in ®,_;, we can rewrite (3.39) as

> wly)m(y) - max(u). (3.40)

(Ly)ed Pn

(maX(U)) 2 < exp(nlog(4*T*/"))

(I)nfl

S
m(®)
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[terating equation (3.40) for 0 < n < N gives

1424224 42N ~1

max(u) ) < exp(> 2V log(4242)) [ =S S w(yymy) max(u)
m(P)

o i=1 (Ly)ed P

which implies that

1—2N

max(u) < C' [ —— w(y)m(y) ' (I%iX(U))TN (3.41)

In the limit, we now have the desired result (3.35) for specific cylinders of the form
[k—R?, k+R?*|x B(z, R). To expand it to the general case, let ¥ = [0, 2T x B(z, R).

Let U = [T — R?, T+ R? x B(z, R) so that ¥ C W¥. By (3.35) for special cylinders,

ur(z) < R2VC Z Z (@

k=0 zeB(x,R)

To obtain the full result note that

TV (z, R) T (R
———— < (Cmax{ —, | — :
R?V (2, R) R\ T

by (3.37), volume regularity for cylinders.

3.3 (Gaussian upper bound

In this section, we will use (MV1) to show that (E), (V), and (P) imply the
Gaussian upper bound in Definition 1.4. The argument follows [5]. Together with

the next section, Section 3.4, this proves one implication of Theorem 1.9.

Lemma 3.13. There exists constants C,c > 0 such that for any finite subsets Uy

and Us of G, and any k € NT,

SN P yme) < Cexp( @) (U2 (U) 2

zelU; yeUa

where d(Uy,Us) = inf{d(z,y) : x € U,y € Us}.

43



Proof. Let s € RT. (We will select a specific value for s later.) Consider the

operator P; given by kernel

ps(,y) = exp(sd(x, Uz))p(x, y) exp(—sd(y, Us))-
The iterated kernel is

pi(@,y) = exp(sd(w, Uz))p* (x, y) exp(—sd(y, Un)).

In [15] it is shown that || Ps|[o—2 < Cexp(C's?k) for some fixed constant C' and any

s € Rt k € N*. Then:

YD Paymlz) = Y Lo (@)p" (2, y) Lo, (y)m(z)

zeU; yeUs z,yeG
= Y Ly, (2)p"(x,y) exp(—sd(y, Ua)) Ly, (y)m(z)

z,yeG
- Z ]1U1 exp Sd($7UZ))pg(may)ﬂU2<y)m(x)

z,yeG
< eXp( Sd(UlaUQ Z ]1U1 ps (SC y)]lU2<y) (x)

z,yeG
= exp(—sd(Ul, UQ))<]1U1, PskﬂU2>

< Cexp(Cs’k — sd(Uy, U2)) || Lo, [l2] Lz ||z

by letting s = d(Uy, Us)/2Ck the lemma is proved. O

Theorem 3.14. Assume (E), (V), and (P). Then, there exists C,c > 0 such

that, for any k € N* and any x,y € G,

C d*(z, y)
qk(gj,y) < mexp (—C A ) .

Proof. We will show that

C d?(xy,
q" (w0, o) < exp(—C%) (3.42)

V(o VRV (30, VE)
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any fixed zg,y0 € G and k € Nt with independent constants ¢,C' > 0. This
formulation suffices to prove that theorem because, by volume regularity, V' (ypo, \/E)
differs from V' (xo, \/E) only by an exponential function of their distance, and so

we can simply adjust the ¢ value.

First, we will prove (3.42) when k < 3. Using Lemma 3.13 with U; = {z(} and

Uy = {yo} we have

Cd2<I07 yO) )m(x0>1/2m(y0)1/2

p" (0, yo)m(zo) < Cexp(— 2

or, equivalently,

d*(zo, _ _
) < € expl—e Iy 42 )12

Using the volume doubling constant ¢ we can bound

m(xo)_1/2m(y0)_1/2 < C6*V (g, \/E)_l/QV(yo, \/E)_l/g.

Now let £ > 3. Using (MV1), Theorem 3.5, for a fixed x¢,yo € G,
Cm(l/r dax
Qk(%,yo) = / Z Z (z, yo)m(z)
lV 1‘0,
i=k—l x€B(zo,r)

and

4 C l i+l
LD S DY

Jj=i—ly€eB(yo,r)

where [, € Nt such that 3] < k (which required k > 2).

By combining the previous two inequalities and extending the summation from

jeli—1Li+1 tojek—2lk+ 2l we have

o) < o) 2 S S wamem)

yo’ =k—1 j=k—2l z€B(zo,r) y€B(yo,r)
(3.43)
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Lemma 3.13 gives that

Yo D daym@my)= Y Y Pym)

z€B(zo,r) y€B(yo,r) z€B(zo,r) y€B(yo,r)

. 2
< Cexp (_C(d($0> yo? 27”)+
J

) V(xo,'r’)l/QV(yo,'r’)l/Q.

Applying this to (3.43) and manipulating the constants (which uses the fact that

i, 7,1 are all of order k)

Cm(l/r?) (d(wg,y0) — 2r)>
k < 12 _ + 1/2 1/2
q (550790) = ZZV(:UO,T)V(?/O,T) €xXp & L V(.To,’f‘) V(y()’?“)

Cm(k/r>) (o) —2r)}
= V@0 Vo, 7) p( k >

Select r = [Vk]. If d(zg,y0) > 3r then d(xo,y0) — 2r > 1/3d(xo,y0) and the

desired result holds by changing c. Similarly, if d(zq, yo) < 37 then we still get out

desired result because d(xg,yo)? is bounded by a constant multiple of k. ]

3.4 Gaussian lower bound

In this section, we show that (E), (V), and (P) imply the Gaussian lower bound
in Definition 1.4. The proof is less direct than the one given in Section 3.3 for the

Gaussian upper bound. First, we establish an on-diagonal lower bound,

and then extend it to a near-diagonal lower bound,

_ ¢
Ve, Vk)

¢"(z,y) >

for z,y € G sufficiently close. Finally, we extend the lower bound to all x,y such

that d(z,y) < k. (If d(z,y) > k, then p*(z,y) = 0.)

46



3.4.1 On-diagonal lower bound

Lemma 3.15. For any x € G,k € Nt andr >0

> pzy) < Cexp (—c%) .

y¢B(z,r)

Proof. Using the Gaussian upper bound and volume doubling,

Y Py <C Z \/_) p(—c@)

y¢B(z,r) y¢B(x Y)

T T ()

=1 yeB(z,2!t1r)/B(z,2'r)

> V(x, 2 1r) ( 2%7’2)
<C — " ‘e —c
O T

i=1

9i+1,. 0 92i,.2
<0y (%F) oo (-5)

2
< el
_C’exp( Cl{:)

where the constants ¢, C' shift throughout the proof. O

Theorem 3.16. There exists C' > 0 such that for all k € NT, z € G,

Proof. As a consequence of Lemma 3.15, we can select A large enough and inde-

pendent of x and k so that

> pMay) < Cexp(—cA?) <1/2.
y¢ B, AVE)

Using this value of A,

- Zpk(x, )" (y, x) = m(x) Z Pz.y) > m(z) Z pjr(Lx’ y)‘

yeG yeG y¢B(z,AVE)




By Hoélder’s inequality,
2

2
2. 2 > play) | 2
v MW V@ AVE) L 4V (x, AV)

And (V) gives us that V(z, AVk) = OV (x,Vk) for some constant C' independent

of x and k. We now have the desired result for even k. To extend to all k, use (E),

P (0, 0) 2 P @, )pla, ) > )

~ V(z,VE)

where the constant C' has been multiplied by (. O

Let ¢%(z,y) be the heat kernel inside a ball B with Dirichlet boundary (and let
pk (2, y) be the corresponding probability transition function). For the next section,

extension to near diagonal, we will use the following corollary to Theorem 3.16.

Corollary 3.17. There exists C' > 0 such that for a sufficiently large A and for
allk e Ntz € G,

where B = B(xz,r) with r > AVk.

Proof. We approximate ¢g(z,x) using ¢(z,z) and the Dynkin-Hunt formula. By
the on-diagonal lower bound, Theorem 3.16, and the Gaussian upper bound, The-

orem 3.14:

h%(% T) = qk(l‘w) - ]Ea:[qk—z(th)ﬂ{zgk}]

> 9y exp( At
V(z,Vk)  o<i<k V(z, V1) !

> m _é — Coil;gk%ex (—AT%)

> m _C* — 6 Oil;fk(k/l)logQ(&)/Q eXp(—ATQk)]

> m é’ — 06(10g2(6)/2A2)1°g2(5)/2]
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where ¢ is the volume doubling constant. For A large enough so that
C' — C6(logy(6)/2A)0820/2 = C/2 >

the proof is complete. O

3.4.2 Extension to near-diagonal

The goal of this section is to extend this on-diagonal lower bound to a near-diagonal
lower bound. In Lemma 3.19 we will bound the quantity |¢%(z,x) — gg(z,y)| for
y sufficiently close to x, which, combined with Corollary 3.17 gives the desired
near-diagonal lower bound. Before proving the theorem, we will need to prove a

proposition and two lemmas.

The argument presented in this Section is adapted from W. Hebisch and L.
Saloff-Coste [16].

Proposition 3.18. Fiz k € Nt and x € G. Let A be the large enough constant in
Corollary 3.17 and set B = B(x, AVk). Then:

(1) There exists Cy, ¢y such that

Cy d2(y z)
A4 NT B 43 < ——— — ’ .
ne Y, 2 € QB(yv Z) — V(y, ﬁ) €xXp ( & n

(2) There exists Cy such that

Oy All0E2(6)
KV (2, Vk)

Vy,z € B |0uqf(2,y)| <

where d is the volume doubling constant.

49



(8) There exists ¢ > 0 and, for any 0 < 0 < 1, there exists Cy such that for any
n € Nt with n > 0k,

Clp Allog2(9) n
Vz,y € B, 2y, z) < ————exp | —c—=
Y d5(y,2) < V(m,\/E) p( A%)

Proof. (1) This follows from Theorem 3.14 because p(y,z) < p"(y,z) for all

neNt y 2ed.

(2) Using the semigroup property, the spectral theorem and part (1):

0cals (2, 9) = 1Y Beay (2, ) (€, y)m€)

{eB

< AP (2, Mlalldd -, v) 2
k/4 k/4
< L1g5 el )l

1
< Vg2 (0.y)

OAlog2 (9)
< =
~ EV(x,VE)

(3) Using a theorem in [16] we have

n n/2
sup {qs(z, )} = sup{|lay* (=, ) |I2}
y,2€B z€B

2
= 1Py,

2—0k/4 0k/4
< Py 2, | P2

H24>00
CHAlOg2(6) ( n )
< ——exp(—c——
TV VR A

]

Lemma 3.19. For any 0 > 0 and any A > 1, there exist two positive reals Cy 4
and € such that for allz € G, y € B and k € NT,

4 (e,9) — gz, 2)] < [a o (d(j’;))a] V(; N

where B = B(x, A\/E) and « 18 the Holder exponent in Corollary 3.2.
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Proof. Let g(z,y) = Y2, ¢* (2, y) (and similarly, define gg(z,y) = > re; ¢i(z,v))

be the Green’s function.

For a fixed y, 2z € B:
a5t y) — dp(x,2) = (A)) A )b (2, y) — (A7) H(AD)gp(x. 2)

= (&))" (Orai(x,9)) — (A7) (Orap (@, 2))

= ZgB(y,g)(?kqg(:c,é)m(f) - 293(275)3&%(% &Hm(§)

e ¢eB
= (98(y,€) — 95(2,£) gl (x, O)m (&)
£eB

Letting z = x, this gives

(2, y) — ah(@,2)] <Y 1gs(v,©) — gn(, )|l (x, §)Im(€).

{en

For n € (0,1) let
Wi ={¢ € B:d(z,8) <nVit}, Wo={& € B:d(y,§) <nvit}
and
W ={¢ € B:d(z,&) > nvt and d(y, ) > nvt}.

Because B = W U W; U W,, we break sum on the right-hand side into the three
separate summations over the three sets. We estimate them in the following two

lemmas. O

Lemma 3.20. Given the setup of Lemma 3.19, define

L= lgs(y.€) — g5(x, )||0wgh (x, &)m(&)

Eew;

fori=1,2. For a fixed T, A, there exists n. 4 > 0 small enough so that I; < m

o1



Proof. We will prove the case for I;, but the same argument will also provide an
estimate for I5. First, bound I; by
I < sup{laqu 2O Y (g5(x.6) + g8y, ©))m(&)

£ewy

noting that Proposition 3.18 (2) gives us that

C, Alos2(9)
KV (2, Vk)

We now simultaneously estimate )y, gp(w,§)m(§) and > . g5(y, §)m(§). For

sup{|Okqr(z,§)|} <
€eB

any z € B, Proposition 3.18 (3) gives the estimate

0k—1 0o
D s OmE©) =D > apzOmE) + Y > bz Om
Eewn s=0 Wy s=0k EeWy
0k—1
C@ 10g2(5 ais
<> D 1YY A e ()
s=0 €W s=0k EeW
CQA(logg(é))V(Wl) > ars
< _ _
< (Ok —1) + > gexp( A2k>
Cy Ale2+2LV (W) —a10
<
< 0k + oV exp < ye )
(logz(8))+2,,y
< (0 4 Cod il ) 2
a3

where 1 will be selected later and v, 8 > 0 exist by volume regularity.

Combining the last two results gives

205 Allog2(9)) (9 CeAlogz(é)Jr?nv)
V(x,Vk) a1 '

For any 7 > 0, pick # so that

1 <

0— T
40214 (log>(9))
and 7 so that
CQAQ"’_(lOgZ (5))77 T
alﬁ 4CQA log,(9))
which gives the desired inequality. O
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Lemma 3.21. Given the setup of Lemma 3.19, for any A,7 > 0, with n = 1 4

from Lemma 3.20, let
W ={¢ € B:d(x,€) = gVt and d(y, &) = nv/i}.

There exists Cr o such that

d(:zc,y) “ -1
T =Y lgs(@.&) — g5y, O)lds(x, m(&) < Cra V(z, V1)
S ( Vit >

where « is the Holder exponent from Corollary 3.2.

C' Alog2(d
i OA2> S
( nlOgQ(‘S) V(CL‘, \/¥)

using Proposition 3.18 and volume regularity.

We wish to show that

98(2,€) — g8(y, )| < Cra (d(f/’%y)> V(; 70 (3.45)

for any y € B(z, Av/t) and € € W, where « is the Holder exponent in Corollary 3.2.
We show this in two cases. First, let y ¢ B(x,7v/t/2). Then, by (3.44) we have

t
l98(x,€) — g8y, &)| < g5(x,£) + gp(y, &) < CT,AW.

Next, let y € B(z,7v/t/2). Since gg(-, £) is harmonic, we apply the Holder estimate

and Proposition 3.18:

os(o.)-0nl ) < € (A52)" s (20 <0 (U52)
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In either case we have that

7= lon(x.) — g5y, O (. Om ZOTA( )V(; Sl m)

gew cew
d(z,y) > “ _
<Cral =) Vi,V
~ VA < \/g ( )
where the second line is justified by Proposition 3.18 and volume regularity. [

Theorem 3.22. There exists €, C' > 0 such that

¢
V(z, Vk)

for any k € Nt and z,y € G with d(x,y)* < ¢k.

¢"(z,y) >

Proof. Let A be large enough to apply Corollary 3.17 and let C' be the constant
given by the result. Fix z € G,k € Nt and y € B(z, AVk). We will apply

Lemma 3.19 with o = C'/2.

> ok (z,2) — [ngc(d(w,ky))a] xl -
C C y ’
“ Ve, Vk) {5

2w 2 ()

where « is the Holder exponent. Fix e such that ce

() [
i)
<

c
%+ Then, for any y € G

with d(z,y) < ek, the result holds. O

The theorem applies to z,y such that d(z,y)?* < ek. Here, we prove a corollary

which applies to any d(z,y)? < k.

Corollary 3.23. There exists C' > 0 such that

C
(x y) > —\/—>

V(
for any k € N* and x,y € G with d(z,y)* < k.
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Proof. To remove the dependence on the constant € from Theorem 3.22 we consider

two cases. Fix x,y € G such that d(z,y)? < k.

First, if vk < €2 then d(z,y) < e '. By the assumption of ellipticity (E) we

know py(x,y) > ¢/¢. Because y € B(z,Vk), we have V’(Z(f/)%) < 1, we have the

desired result with the constant C' = ¢!/

If vVkE > €2 then 1 < ke We construct a chain of balls
B(x1,m), B(x,73), ..., B(zj,7;). Let j = 1/ Let k; = |VEe?] or [VEe?] so
that S/ k; = Vk. Similarly, let v, = |d(z,y)é?] or |d(z,y)e?| + 1 so that

g:l r; > d(z,y). Select {xz}le so that zg = z,z; = y and d(z;, v;41) < r;. Then,

repeatedly applying Theorem 3.22,

pH(x,y) > > PP, 20)p™ (2, 22) -+ M (2521, )
(Zl ..... Zj_l)GBleXBj_l

(Zl ..... Zj_1)€B1><~~~Bj_1

> i 3 m(z) mz) m(?{)

(2’1 ..... Zj71)€B1><"'Bj—1

_ _Omly)

V(z, V1)

> Cm(y) Kl/EQ
Vi, Vk)

where the x constant comes from volume doubling: V(z, \/ki+1) < &V (z;,7;) for

J—1

z € B(z;,r;). Multiplying the constant C' by /<" we get the decided Corollary. [J

3.4.3 Full Gaussian lower bound

We will extend the results for Corollary 3.23 to show a Gaussian lower bound. The

argument follows from T. Delmotte [7].
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Theorem 3.24. There exists ¢, C' such that

¢"(x,y) > ﬁexp (_Cd(“fl;wz)

for any k € NT and z,y € G with d(z,y) < k.

Proof. We want to produce k = ki + ks + - + kj, = x9,...,2; = y and
By = {z}, B; = B(z;,r;), Bj = {y} such that
d(z,y)*

o j—l<a=5+,

® 1; > agy/kiy1, which ensures that V' (z, \/kir1) < a3V(B;) for z € B; by [VD]

® sup .ep, , d(z,2')? < k;, which ensures that py,(z,2') > VC(ZL\(/?) by Theo-
Z'eB; ’ ‘

rem 3.22.

It we have such a chain of balls between x and y, this proves the Gaussian lower

bound because

which gives the Gaussian lower bound if we choose ¢ < a4 log (%)
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Now we show that it is possible to create a chain of balls which satisfy the above
criteria. In the first case, if d(z,y)? < k, then the theorem follows immediately by

the lemma and we are done.

In the second case, if d(z,y) > k/100, then let j = k,k; = 1 and set a path
T = X, X1, ...,xj—1 =y with d(z;,z,41) < 1. Let B; = {z;}. Then one can easily

check that the above criteria are satisfied.

In the final case, let

which ensures that

Then set k; = |k/j] or ki = |k/j] +1 so that 3> k; = k. Similarly, let r; = [ 422 |

or Ld(i’y)j + 1. Select z; such that d(z;, z;11) < r;. Again, it is straightforward to

check that this construction satisfies the desired properties. O

3.5 Parabolic Harnack inequality

The goal of this section is to prove that any graph (V, 1) which satisfies Gaussian
bounds, i.e. there exists positive constants ¢y, Cr, ¢y, Cyy such that, for any k& € N*

and z,y € G with d(x,y) <k,

_ G _Cu

also satisfies the discrete-time parabolic Harnack inequality, i.e. given any n € (0, 1)

exp(—ch(x, y)Q/k) < qk(x7 y) < eXp(_CUd(I7 y)2/k)7

and constants 0 < #; < 6y < 03 < 6, there exists positive constants C, R such

that, for any € G, k,r € N with r > R, and any nonnegative solution u(k, x) of
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the heat equation on the cylinder @ = [k, k + 0,7%] X B(x,r), we have
g (7o) < Cugg (z0)

for all (ks, o) € Qs and (kg, zg) € Qg such that
d(rs,26) < kg — ke,

where Qg = [k+017%, k40512 x B(z,nr) and Qg = [k + 0312, k + 0472] x B(z,nr).
This will complete the implication (2) = (3) of Theorem 1.9. This section largely

follows the arguments of T. Delmotte in [7].

Lemma 3.25. For (G, P,m) which satisfy the Gaussian bounds in Definition 1.4,

there exists €,c > 0 such that

% c
>___ -

QB(y,Z>._ ‘/($,26T)

for any ball B = B(z,r) with (er)* < k < (2er)?, y € B(xz,er), z € B(z,2er) and

d(y,z)* < k.

Proof. Using the Gaussian lower bound, Theorem 3.24,

2em(z)

k > -
Py, 2) 2 V(z,2er)

where the constant ¢ = C exp(—9¢y)/2 absorbs the exponential term, which uses
the hypothesis that d(y, 2)? < k. Let

r(k,y) =0y, 2) = Py, 2) = > alk, p*(x,¢)

£€oB
k<k

for some a(x,€) > 0. We will show that r(k,y) is small (i.e. p*(y, 2) ~ pi(y, 2))

for y sufficiently far from the boundary of the cylinder. Note that %a(/{, €) is the
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probability of reaching first reaching the boundary of B at & € 0B after k steps.
Then:

Using the Gaussian upper bound, Theorem 3.14,

%pk”(y, ¢) < V(EL\/% exp (—cyd®(y, 2)/ (k — k))

‘/(y,QET) —c —e)r 2 — K __Zﬁifz__
< (o2 exploc (1= (k=) )

em(z)

= V{(x, 2er)

for the correct choice of e. This allows us to bound r(k,y):

r(k,y) =Y alk, OpF " (y,¢)

£€oB
<k

SSED I Ey
o) o mie)

IA

3
—~

N
~—

em(2)
V(x,2er)

IA

which proves the lemma. O

Theorem 3.26. If (G, P,m) satisfy the Gaussian bounds in Definition 1.4, then

(G, P,m) satisfy the Harnack inequality in Definition 1.5.
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Proof. We will prove the Harnack inequality with specific constants n = e,
0 =€/2, 0y = €2, 03 = 2¢%, and 0; = 4¢® from Lemma 3.25 and use the same
radius r. Even though this proof is for specific values of 81,65, 05,64, 7, the results
extend to any 6y, 05, 03,04, 7 € (0,1). Given any (ke,zs) € Qs and (kg, 26) € Qq
we can create a finite chain xo = xg,....,z, = g and kg = ko < -+ < k,, = kg
such that wu(k;, ;) < Cu(kiyq,%ip1), which gives a new constant C' = C”. The

length of the chain, n, depends only on the 7,7, 6; and 0.

Let u(k,z) be a nonnegative solution of the heat equation on the cylinder
Q = [0,4€*r?] x B(x,7).

Let Qo = [€2/2r%€*r?] x B(z,er) and Qg = [2¢*r%,4¢%*r?] x B(x,er). In
Lemma 3.25 we defined a restriction of the transition function to the cylinder.

Similarly, we now define a restriction of our solution. Decompose u as

vlky) = D alk O, .6,

K<k
£€0B(x,2er)
or

£eB(x,2er)
with nonnegative a(k, &) such that u(k,y) = v(k,y) if y € B(z,2er). Note that
v < u everywhere. Since they are equal in the interior, we will prove that Harnack

inequality for v.
Therefore, it suffices to show that, for B = B(z,r),
ko—kK ka—kK
Pp (xeaf) < CpB (x@af)
for (ko,7s) € Qo, (ke,Te) € Qu, & < €r* and d(zg, 1g) < kg — ko
If d(xg, &) > kg — K, then
d(ze,§) = d(2e, &) — d(ve,v5) > (ke — k) — (ke — ke) = ke — K
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in which case piY " (2o, €) = 0 and we are done.

If d(zg, &) < kg — K, then by Lemma 3.25 we have that

em(§)
V(x,2er)

ko—kK

Pp (ZL’@,&) >

In this case we now compute a similar upper bound on p%e_”(x@,f). First, the

Gaussian estimate gives:

Cym(§)

V(JI@, V k@ - H)

Note that €2/r? < ko < €2r2. We bound this quantity by looking at two separate

p%@—n(me’ §) <pFe(xs, ) < eXP(_CUd(xé,ﬁ/(ke — k).

cases. First, if K = 0 and £ € B(x, 2er), then we can simply ignore the exponential

Cm(§)

RERTR In the second

term and use volume doubling to obtain the upper bound of
case, when k > 0 and £ € 0B(z,2er), we have that d(xg,&) > er. Then, making

use of the Gaussian term and volume doubling gives the same bound. O]

3.6 Harnack inequality implies (V), (P) and (E)
In this section, we will show that (3) = (1) in Theorem 1.9. In other words, the
Harnack inequality implies (V), (P), and (E).

The proof of ellipticity is fairly direct. Fix z € U. Since ug(y) = p*(x,y) is a

solution to the heat equation, the Harnack inequality implies that

Pz, 2) < Cp'(z,y)

for all y € U such that d(z,y) < 1. Since p°(x,x) = 1, we have the ellipticity
with ¢ = 1/C.
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3.6.1 Harnack implies (V)

Theorem 3.27. A graph (G, P,m) satisfying the parabolic Harnack inequality of

Definition 1.5 also satisfies volume doubling (V).

Proof. The constant C' > 0 shifts throughout the proof, but remains dependent

only on the Harnack inequality constant. Fix x € G and k € NT. Define

1 [<FE

u(l,y) =
ZyEB(x,\/E) plgg(];;,\/g) (y7 Z)m(z) l>Fk

Then by the Harnack inequality,

1 =u(k,z) < Cu(2k,x) =C Z p';(mjﬁ)(x, 2)m(z).
yeB(z,Vk)

Applying Holder’s inequality to this, we have

2
1< CV(z,Vk) Z (p';(xj\/%)(x, z)) m(z)
yeB(z,Vk)

by reversibility. This gives
Ve, Vk)™ < Cpiy, o (x,7) < Cp**(x, ). (3.46)

Next we will apply the Harnack inequality again to estimate p?*. Define
q(l,y) = p'™2(x,y). Then q(I,y) is a solution to the heat equation, and by the
Harnack inequality

p(z,x) < Cp*(z,y). (3.47)

This gives,

yEB(CE,\/ﬁ) yEB(:c,\/ﬁ)
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Pz, x) < CV(x,v/n)™"

[terating (3.46) and using (3.47) with n = 4k we get that
PRz, x) < Cp™(z,2) < CV(x,2VE) (3.48)

By (3.46) and (3.48)
V(z,2Vk) < OV (z,Vk).

3.6.2 Harnack implies (P)

Lemma 3.28. Given a graph (G, P,m) satisfying the parabolic Harnack inequality
of Definition 1.5, for a fized x € G and k € NT,

Phei) (T:Y) 2

V(z, Vk)

for any y € B(z,Vk).

Proof. Fix x € G and k € NT. Let u'(y) = plf;(i VB (z,y). Since u!(y) is a solution

to the heat equation, we apply the Harnack inequality to get

2k : 3k
z,x) < C  inf x,Y).
pB(:v,\/E)( ) yeB(x,\/E/2)pB($’\/E)( y)

Similarly, v'(y) = p%k(:l \/E)(x,y) is a solution to the heat equation and, by the
Harnack inequality, gives us

3k : 4k
Py (®y) <C zeBl(Ifm P (% Y)-
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Combining these with (3.46) we get

CV(z,Vk)™'< inf p* T,y
( ) yEB(z,Vk) B(:c,\/E)( )

which proves the lemma. O

Theorem 3.29. A graph (G, P,m) satisfying the parabolic Harnack inequality of

Definition 1.5 also satisfies the Poincaré inequality (P).

Proof. Let f : G — R and fix v € G, k € NT. Let Q be the Markov operator
associated with the iterated Dirichlet kernel pB (x)- Lhen Ql(f — Qf(x))?] is a

solution to the heat equation. Using Lemma 3.28

QU = QIW)Iw) = > (f(2) = QF ) PB (0, 2)

z€B(z,k)

> 3 (- Qi
2€B(z,k) ’

> ﬁ S m() ()~ Fos)?

z€B(z,k)
where the last line is justified because the quadratic form is minimized by the

mean. Summing over B(x,2k) we have

> QU - > gy S Y mEE) — faan)?

y€B(x,2k) yEB(m 2k) zeB(x,k)

by volume doubling, Theorem 3.27,

Y. QU =QFW)IW) = If e — 1Qf 725

y€B(x,2k)

From the above two lines we have

Y. (&) = fem)*m(z) < CUIf Iz — 1QF I Z2(s)- (3.49)

z€B(z,k)
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To prove the Poincaré inequality, it suffices to show that

£ Z25) = 1Qf 1725y < CR*IV £l 72(5)- (3.50)

Let Pp be the Markov operator associated with the Dirichlet kernel p?(z,vy), so
that Q = P&’ Then

1 1328) = 1QF 728 < 4K (1 f 117205 — 1 Paf172)

making iterative use of the fact that ||Pf||725 < [[fl72(5). We can bound the

left-hand side using inequality a? — b? < 2a(a — b):
2

e = 1P ey = D my) | f@? = | > p"2)/()

yEB(z,k) 2€B(z,k)

< Y mfw) (f) - Y PwafR)

yEB(z,k) z€B(z,k)
=2 > mWp” W) W) (f) - f(2))
y,2€B(x,k)
= > (@) — FE)(F W) — £(2))
y,2€B(z,k)
= HVfH%%B)-
This, combined with (3.49) prove the Poincaré inequality. O

3.7 Holder-type continuity for solutions to the heat equa-
tion

In Section 3.1 we proved a Holder-type estimate for harmonic equations using the

elliptic Harnack inequality. Analogously, the parabolic Harnack inequality can be

used to prove a Holder-type estimate for solutions to the heat equation. The proof

below follows [7].

65



Theorem 3.30. Assume (G, P,m) is a graph satisfying the Poincaré inequality
and volume doubling (or, by Theorem 1.9, equivalently, the parabolic Harnack in-
equality). Then, there exist A, > 0 such that, for all z € G and K, N € NT, and

solutions to the heat equation ug(x) in the cylinder Q = [K —2N?* K| x B(z,2N),

[0}

sup{r/|k — k|, d(z,y)}
lup(z) —ug(y)| < A Sgp |ul,

N

where k. k € [K — N? K] and x,y € B(z,N).

Proof. We can assume k > k. For each i > 0 (until k& — 2% < 0), define:

Q>i) = [k — 2% K] x B(z,2"),

M (i) = supu,
Q(4)

m(z) = inf u,
( ) Q(4)

w(i) = M (i) — m(i).

To apply the Harnack inequality, Theorem 1.9, to each cylinder Q(i), define
Qo(i) = [k — 2%,k — 220"V x B(x,2"7),

Qo (i) = [k — 2207V K] x B(z,2"7}).

Note that Qg(i) = Q(i — 1). Using this separation of Q(i), apply the Harnack

inequality to (u — m(i)),

ngg)(un(z) —m(0) < C dnf (un(2) = m(7),

which simplifies to,

sup u,(z) —m(i) < C(m(i — 1) — m(i)). (3.51)
Qo(i)
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Using the fact that (k — 2%~ z) € Qs (i), (3.51) becomes,

Up_g2i—1(x) —m(i) < C(m(i — 1) —m(Q)). (3.52)
Similarly, applying the Harnack inequality to (M (i) — u) in Q(4) yields

M(i) — up_g2i1(x) < C(M(i) — M(i — 1)). (3.53)

Combining (3.52) and (3.53) shows that

-1

w(ii—1) < 8

w(1). (3.54)

Fix I such that

2" < sup{y/|k — k[, d(z,y)} < 2’

fix I such that

This implies that

w(l) = fur(z) — uz(y)| (3.55)

w(l) < 2sup |ul (3.56)
Q

Tteratively applying (3.54) between I and I yields

w(I) < (%)Mw(f), (3.57)

which, combined with (3.55) and (3.56) and the definitions of I and I, proves the

proposition. O
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CHAPTER 4
INNER UNIFORM DOMAINS

We say that U is an inner uniform domain if there exists constants x,k > 0
such that any z,y € U can be connected by a path v,, with the following two

properties: (1) the length of ~,, is at most kdy(x,y); and (2) for any z € 7,,,

dy(z,z)dy(z,y)

S -
d(z,0U) > K (e y)

(4.1)

where dy(x,y) is the length of the shortest path between x and y that is contained

within U.

The primary goal of this chapter is to prove Theorem 1.10, which states that if
(G, P,m) satisfies the Harnack inequality and U C G is an inner uniform domain,
then (U, Py, m) also satisfies the Harnack inequality. The operator Py is the
restriction of P to U with Neumann, or reflecting, boundary conditions. To be
more precise, for each x € U, define pY = ., + Zy:ye@U fgy and ,ui\; = [lgy for

x,y € U. Then the Neumann probability transition function is py y(z,y) = %

PN,U(HC,?J)

and the kernel for the operator Py is )

To prove that U satisfies the Harnack inequality, we show that U is volume
doubling (in Theorem 4.1) and satisfies the Poincaré inequality (in Theorem 4.3).
Then we invoke Theorem 1.9, which states that the Harnack inequality is equivalent

to the conjunction of volume doubling and the Poincaré inequality.

4.1 Examples of inner uniform domains

Intuitively, we think of an inner uniform domain as a domain with “banana” re-

gion around paths between any two points. The path must curve away from the
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boundary by condition (2) in the definition of inner uniform, but cannot veer too

far from the most direct path by condition (1).

Figure 4.1: Path from x to y contained in banana shaped region

Our first example of an inner uniform domain is the discrete upper half-plane

with vertical slits extending up x-axis removed.

[ |

Figure 4.2: Slitted upper half-place

More precisely, let s = {(z;,v;) : 0 < y;}52, be a countable collection of points
in Z?. These are the tops of the slits. The slitted upper half-plane is then given
by

S={(z,y):x€Z, yeZ}\S

where S is the collection of slits,
S =@y 0<y <y}
i=1

Then S is inner uniform if and only if there exists some constant ¢ > 0 such that

emin{y;, y; } < d(x;,x;) for all i # j.
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This example is interesting because S is not uniform. A domain U C G is
uniform if there exists constants k, k such that any x,y € U can be connected by a
path ., with the following two properties: (1) the length of v, is at most kd(z, y)

and (2) for any z € 7,,,

- d(z,2)d(z, y)
d(z,0U) > k o

where d(z,y) is the length of the shortest path in G. Notice that the definition of
uniform is analogous to the definition of inner uniform, but uses the metric on G

instead of the metric on U.

4.1.1 Compliment of convex set

Let V C Z? be a closed and convex set. Then U = Z?2 \ V' is an inner uniform
domain. See [14, 6.4.1] for a proof of this fact. For our purposes, an interesting
instance of this class of inner uniform domains is the region outside a parabola,

eg., V={(z,y) € Z*:y < 2?}.

4.1.2 Non-example

Let S be the slitted upper half plane where the tops of the slits are given by
§ = {(x,x) : € 2N}. As we progress along the positive z-axis, the slits, which

extend up from the even values of x, become taller and taller.

As noted in the previous example, S is not an inner uniform domain because
there does exist an € such that e min{y;, y;} < d(x;,x;) for i # j. To see this more

explicitly, note that, for a given n € N consider a path extending from (2n + 1,1)
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Figure 4.3: Example that is not an inner uniform domain

to (2n +3,1). As n — oo, it would be impossible to create paths satisfying both

conditions of inner uniformity, i.e., either the x or £ would be unbounded.

4.2 Volume doubling in inner uniform domains

Theorem 4.1. Let (G, P,m) be volume doubling and let U C G be an inner
uniform domain. Then (U, my), where my is the restriction of m to U, is volume

doubling.

Proof. For fixed x € U and r > 0, we will use Bg(z,7) and By (x,r) to denote the
set of points at most distance r from x within G and U, respectively. Similarly,
Ve(z,r) and Vi (x,r) denote the volumes of Bg(x,r) and By(z,r), respectively
Note that, for any = € U and r > 0 such that Bg(z,7) = By(z,r), i.e., the ball
is sufficiently far from the boundary of U, volume doubling holds immediately

because

Vu(z,2r) < Vg(x,2r) < oVg(z,r) = dVy(x,r).
For the general case, we will show that any ball By(x,r) contains a ball B
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whose radius is uniformly comparable to r and such that By = Bg. The existence
of such a ball implies that the volume of By and B are uniformly comparable,

which gives the desired result.

To construct B, begin by fixing z € By (z,r) such that dy(x, z) > r/2. Connect
x and z by 7,., the path guaranteed to exist by the inner uniformity condition.
Then, (1) |V..| < kdy(x, z) = kr and (2) d(y,0U) > ﬁ% for any y € 7,..

Fix a y € v, such that dy(z,y) > r/4. Then, applying condition (2),

~dU(flf,y)
= HdU(?/aZ) v (2. 2)

RT dU(yv Z)
= 4 dy(z, 2)

ﬂ (dU($, 2) - dU($, y)
4 dy(z, 2)

AV
Sk
VR
|
ﬂ‘ﬂ
~ T
[NCRITAN
~~

Therefore, B = B(y, ) is a ball inside By (z,r) such that By = Bg.

8

Note that By (x,2r) C Bg(y,4r). Then,

Kr ~ Kr

Vi (,2r) < Va(y, 4r) < 6Vely, —) = 0Vuly, =) < 6Vy(a,r)

where we have applied the volume doubling hypothesis on G (perhaps several
times) to compare the volumes of Vi (y,4r) and Vg (y, %). Therefore, 5, the new

volume doubling constant, depends only on ¢ and k. O]

72



4.3 Poincaré inequality on example domains

For a ball B, we let Vg denote the vertices within B and Ep denote the edges
within B. The volume of the ball is V(B). For e € Ep, we denote the origin
vertex as e~ and the target vertex as et i.e., e = (e7,e"). The following lemma
proves a variant of the Poincaré inequality on a ball B, but there is a constant Ag,
dependent on B, where we would like Cr2. In the following section we will give
examples where Ap is uniformly bounded by Cr? for all balls B of a fixed radius r,

and hence, the Poincaré inequality is satisfied.

Lemma 4.2. Given a ball B and a fized set of paths {Vuy}syen,

> (f@) = fa)'mx) < Ap Y (f(@) = F(Y)) ey

z€Vp z,yeVp

An — max szySe [Vaylm(x)m(y)
B ks | 2V(BYm(eN)plet,e) [

where

Proof. Fix a ball B and a set of paths {7, }zyep. Let |7.y| denote the length of
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the path from x to y. Then

S(F@) — foPm(e) = g S (@)~ fw)m(@)m(y)

ey 2V(B) o,
mimm%%_g;uwﬂf@>>:mmm@>
<2&BM%%-2;U®ﬂf@)V%wM@m@)
ZZVEﬂE%U@ﬂ—f@>V S alml@)mi(y)

Yoy D€

2 ryze Vzylm(x)m(y)

= 3 () — FeO)m(eple" ) |G e

ecEp
<Ap Y (f@) = f(y)m(z)m(y)
z,yeVp
where the first inequality follows by Cauchy-Schwarz. n

4.3.1 Upper half-plane

Consider a simple random walk in the upper half-plane,
22y ={(z,y) €Z* : y>0}.

Note that 9Z2%, is the y-axis, i.e., 0Z2, = {(z,y) € Z* : y = 0}. For a simple
random walk, the edge weights are u((zo, o), (1,51)) = 1 for any two points

(x0,y0) and (x1, 1) that are distance one apart. Then,

p((z0, y0), (z1,11)) = % and m((z,y)) =1

for points that are not adjacent to the boundary.

To prove the Poincaré inequality for (Z2,,m) we need to uniformly bound

the constants Ap in Lemma 4.2 by Cr? for all balls B of radius r, where C' is
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independent of r. To do this, we describe a set of paths connecting any pair of

points (xo, yo) and (z1,y;) within a fixed ball B.

At least one of (xg,y1) or (x1,yo) must also be in B. Thus, we can define the
path from (zg, o) to (z1,y1) as the L-shaped path (or, rotated L-shape) where the

corner is (zg, y1)—or, if (zg,y1) is not in B, then the corner is (z1,yo).

To prove the Poincaré inequality we compute the constant Ag from Lemma 4.2,

D reye Yoyl rers
_ zy € < _ 2
AB—(EE%?{QV(B)Q/@ SO =0

since max{|v,y|} < 2r and the maximum number of paths through a given edge is
bounded above by Cr3. This is because, if |7,,| goes through a fixed edge e then x
must lie on the same line as e (hence, there are r choices) and y can be anywhere

(hence, there are r? choices).

4.3.2 Cone in R?

Let U be a cone centered at the origin. Then U is an inner uniform domain. Using
the same L-shaped paths from the previous section, we can see that U also satisfies

the Poincaré inequality.

4.4 Poincaré inequality on general inner uniform domains
Theorem 4.3 (Poincaré inequality on inner uniform domains). Let (G, P,m) be a

graph satisfying the Harnack inequality. From Chapter 3, we know that (G, P,m)

s volume doubling and satisfies the Poincaré inequality and ellipticity. Assume
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that U C G is an inner uniform domain. Then (U, P,my) satisfies the Poincaré

imequality.

We know that the Poincaré inequality holds for balls that are sufficiently far
inside U, relative to their radius. Therefore, the rest of this section is devoted to
proving Theorem 4.3 for balls whose radius is too large, relative to the assumptions,

in the following sense.

Assume the Poincaré inequality holds for balls B(z,r) with d(x,0U) > Nr.

Then, fix a ball By = B(xg,79) C U such that
d([Em@U) S NT’(). (42)

We will prove the Poincaré inequality for By satisfying (4.2) in an inner uniform
domain U in four steps. The first two steps describe the basic machinery: Whitney
coverings and chaining arguments. The third step uses this machinery to establish
the weak Poincaré inequality on a ball B(x,r):
Y (@) = fo)’ml(z) < Cr* Y (f(x) = F(y)hay (4.3)
z€B z,yekB
where the right-hand side is taken over some dilated ball kB. The final step shows

that the weak Poincaré inequality implies the standard Poincaré inequality.

Note that 4.2 is more general than we need. If G satisfies the Harnack in-
equality and U C G is an inner uniform domain, then any ball B(x,r) such that
d(xz,0U) > 2r inherits the Poincaré inequality from G. Therefore, the proof of The-
orem 4.3 only requires us to prove the Poincaré inequality on balls of the form 4.2

with N = 2.
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4.4.1 Whitney covering

The primary tool used to prove the Poincaré inequality on inner uniform domains
is Whitney coverings, a collection of balls whose radius is small relative to its
distance to the boundary. We can essentially cover a fixed ball By with balls in
our Whitney covering and then apply the Poincaré inequality to those balls. This

will prove the Poincaré inequality on the original ball B.

Definition 4.4 (Whitney covering). Fiz € > 0. An €1, eo-Whitney covering of
U C G is a collection of disjoint balls W = {B; : B; = B(z;,r;) C U} such that

1. The enlarged balls {3B;} cover U, i.e. U B(xz;,3r;) =U
B,ewW
2. Relative to their radii, the balls are far from the boundary of U, i.e. for all

Bi = B(iL’Z’,T’Z’> € W,

61d((L’Z‘, (9U) S r; S Egd(l’i, 8U) (44)

For a fixed ball By C U, define W(By) to be the Whitney balls whose triples

intersect By, i.e.,
W(By) ={B = B(xz,r): B€W, and 3B N By # 0}.

Proposition 4.5 (Bounded intersection property). Let W be an €y, €3- Whitney

covering of a subset U C G with €; < €3 < %. Equip the graph G with a volume

doubling measure m. Then there exists a constant A such that, for all k < €, ",
Z Xk < A, (4.5)
Bew

where x 1s the characteristic function. In other words, there is a uniform bound

on the number of dialed balls kB that any point x is in.
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Proof. Fix 29 € U and k < ¢, . By the first property of Whitney coverings, there

exists some B(x,r) € W such that x € 3B.

Assume that o € kB for some B = B(Z,7) € W. We aim to prove that only

a uniformly bounded number of such Whitney balls can exist.

We begin with two observations, both of which follow by the triangle inequality:

d(z0,0U) < dy(wo, %) + d(#,0U) < ki + — (4.6)
€1
and
d(z0,0U) < dy (0, 7) + d(z,0U) < 3r + 61 (4.7)
1

Using the Whitney covering condition (4.4) and the estimate (4.6),

r < exd(z,0U) < ex(d(x, o) + d(x0,0U)) < x(3r + ki + —).

€1
This simplifies to

2kt L)i < Bk + 1) < 34 32)F < o1 (4.8)

r<
1-— 362 €1 €1 €1

where ¢; depends only on €1, €5 and not By, B or B. A similar analysis, using the

Whitney covering condition (4.4) and the estimate (4.7) shows that

1 1
23+ ) < ke(3+ —)r < (3+ kL) < cokor, (4.9)

r<
1— k’EQ €1 €1 €9

where again ¢y depends only on €y, €.
By the triangle inequality and estimate (4.9)
d(7, ) < d(Z,70) + d(zo, ) < k7 + 3r < (cok® + 3)r

and s0 & € (cok® + 3)B. Then, B C (cok? 4 3 + 7) B, which, using (4.9), simplifies

to B C (2c,k? 4+ 3)B. Since k? < €,2, this implies B C (2¢1€6;% + 3)B.
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Because the measure m is volume doubling, there can only be a uniformly
bounded number of disjoint Whitney balls of radius 7 > ¢, 'r contained in (2¢;e; >+

3)B. This uniform bound gives us the constant A. []

Proposition 4.6 (Comparability of neighboring balls). Let W be an €y, €a- Whitney
covering of a subset U C G with € < €3 < %. Equip the graph G with a volume
doubling measure m. Then there exist constants d and D such that, for any B =

B(x,7) € W and B = B(%,7) € W with 3BN 3B # 0,
d'r <7 <dr
and

1/2
]‘ 2
|fa — fugl < Dr <—V(B) E (f(z) = f(y) Nw)

z,y€l6B

for any function f: U — R.

Proof. The inequality d~'r < 7 < dr follows from (4.8) and (4.9) where d =

max{cy, 3c2}. Recall that ¢; and ¢y depend only on €; and ey. Here, we use that
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the Poincaré inequality applies to the balls in the Whitney covering.

|fan — fip)? = m(4BN4B)™! Z |fap — fapl*m(z)

z€4BN4B

<m(4BN4B)~!

2| 30 1 - fulm@)+ 30 1f - L)

z€4BN4B z€4BN4B

<m(4BN4B)~!

) Z \f = fap|*m(z) + Z |f = faplm(z)

r€4B z€4B
<m(4BN4B)~!
20 3T (F@) = FW) ey + O3 (F() = () iy
x,y€4B z,y€4B
<m(4BN4B)~!

») ((JT2 > (@) = F@) ey + CF Y (fla) — f (y))%xy)

z,yc1l6B z,y€l6B

< mABN4B) ™ 208 N (F(@) = F(1)) ey

z,ycl6B

where the last two inequalities use the fact that 4B C 16B and 7 < dr. There
exists some constant ¢ depending only on the m such that m(4B N4B) > ¢V(B)
by the assumptions that m is volume doubling. Setting D? = ¢ 1Cd? gives the

desired result. O

4.4.2 Chaining estimate

Now, we continue the proof of the Poincaré inequality for a fixed ball By = B(x, ro)

satisfying (4.2), i.e., d(xo,0U) < Nry. The first step in the chaining estimate is to
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construct a central ball Be € W(By).

Lemma 4.7. Let U be an inner uniform domain. For a fized ball By = B(xq, o) C
U with d(xg,0U) < Nrg and ro > 4 , there exists a point y € By such that
d(y,0U) > % and dy(y,xzo) < %, where K is the inner uniformity constant

from (4.1).

Proof. Select z € B(wo,10) \ Bwo, ). Let v be the path from x( to z that is
guaranteed by the inner uniformity assumption on U. Select y to be a point on
the path such that dy(y,z9) < 2. Then, using the inner uniformity assumption,
du (0, y)du (y, 2)

dy (2o, 2)
D (dy(zo, 2) — dy(zo,y))

d(y,0U) = &

Let Be = B(xzc,r¢) be the ball in the Whitney covering W of U such that

y € 3B¢. Note that, by construction

d(Be,dU) > 0. (4.10)

We want to compare the value of a function on B¢ with the value of a function on
any other B € W(By). To do so, we'll create chains of Whitney balls. Specifically,
for a fixed B € W(By), the inner uniformity consider implies that there exists a
path «y of length at most kdy (B, B) connecting a point in C to a point in B. Define
a chain of Whitney balls B = WP, WP, ... WP = B (with WP = B(w;, p;) € W)
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whose triples connect C to B along the path 7, with the properties that
3SWP 3wk, £0 (4.11)
and
3SWE Ny #£0 (4.12)
forall 0 < <.

Lemma 4.8. [t is always possible to construct the chain of Whitney balls described

above such that, for all balls WP in chain

WP C 4kB, (4.13)

and

B C KW7F (4.14)

where K is a constant which is independent of By and B, i.e., K is uniform for

all chains.

Proof. Note that B C 2B, for any B € W(By) (including, Be. This is because
B and By are roughly the same distance from the boundary—they are at most 2r
apart. But r, the radius of B, is assumed to be relatively small by the Whitney
covering condition (4.4), while 7y, the radius of By, is assumed to be relatively

large by (4.2). We can assume ¢, is small enough so that B C 2By.

Using the path estimate in the definition of an inner uniform domain and the
previous fact,

dy(WP, Be) < kdy(Be, B) < 2kry, (4.15)

which implies (4.13).
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The proof of (4.14) is split into two cases. First, assume dy(WP, Be) >
dy(Be,0U). Using (4.4), the estimate of radii of balls in a Whitney covering,

and (4.1) in the definition of inner uniform domain,

_dy(W/, Be)dy(WP, B)
> eydy(WE > . L 4.
rywe > edy(W;”,0U) > ek J0(Be. D) (4.16)

where 75 is the radius of WE. Now, we estimate the terms on the left side
of (4.16). As noted in the proof of (4.13) above, dy(Be, B) < 2r¢, and from (4.10)
we have dy (B, 0U) > 1%,. Applying these estimates to (4.16) and the assumption
that dy (W2, Be) > dy(Be,dU), we get

61/%2 B
TWZ_B 2 3_2dU(WZ ,B) (417)

For the other case, assume that dy(WZ2, Be) < dy(Be,0U). Using (4.4), the

estimate of radii of balls in a Whitney covering, and the triangle inequality,
rws > erdy(WP,0U) > e1(dy(Be, 0U) — dy(W,7, Be)). (4.18)

Applying the assumption that dy(W?2 Be) < dy(Be,dU) and the bound
dy(Be,d0U) > £ from (4.10) to (4.18),

EII%TO 61:‘2}

B
W= B .
=0 > Ldy (W], B) (4.19)

7

v

rws > erdy(Be,0U) >

where the last inequality follows by the path length bound in an inner uniform
domain,

dy(WP, B) < |vBe.s| < kdy(Be, B) < 2krq.

Letting K = max{9% 95} the inequalities (4.17) and (4.19) prove (4.14). [

32 7 32k

We collect one final lemma using Whitney chains which will be helpful in the

next section.
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Lemma 4.9. For a fized ball By, let Be be the central ball described above. Let
B € W(By) and {WP}._, be the chain of Whitney balls connecting B to Be. Then

1/2
| fap—fapelxp < C Z TA (VLA Z (f(x) —f(y))2u1y> XBXKa (4.20)

AeW(By) ( ) z,y€16A

where C, K depend only on the constants €y, €5 from the Whitney covering and k, k

from the definition of inner uniform domain.

Proof. Note that, by Lemma 4.8, xp = xBXxws for any W2 in the Whitney

1

chain.
l
|fap — faBeIxB < Z | fawe — fawe |XBXxwe

=1

! 1/2
<30 | ppmy X U@ S0 | vy
= z,yE16W;
(4.21)
1 1/2
S ¢ Z rA (m Z (f(l') - f(y))Q:uxy> XBXKA,
AeW(By) z,y€16A

where (4.21) follows by applying Proposition 4.6 to the neighboring balls in the
Whitney chain {W}/}. O

4.4.3 Weak Poincaré inequality

In this section, we will prove (4.3), the weak Poincaré inequality, for the fixed ball

BO7
> (f@) = fro)mlx) < Crg Y (f(@) = F(Y) tay-

€Dy z,y€kBo

Note that the left side of (4.3) can be written as mingegr Y ¢, (f () —&)*m(x).

The first step to prove (4.3) is to bound this quantity using the Whitney covering
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of By and the central ball B¢ established in the previous section.

min (f(z) — ) < Z — fage)*m(x)

r€By z€Bg

Z Z f4Bc m(x)

BeW(By) z€3B

<2 Z <Z (fag = fage)*m(x) + Z (f(z) - fB)2m(35)>

BeW(By) \z€4B z€4B

(4.22)

Using the fact that the balls in the Whitney covering are sufficiently far inside
U to apply the standard Poincaré inequality, and that their radius differs by a

constant from ry, we can bound the second term on the right side of (4.22),

S S (@) - finm) <0 S (Z(f(fv)—f(y))%y)

BeW(By) ©€4B BeW(By) \z,y€4B

<Crg Y > xas | (F@) = F©) ey

z,y€2By Bew B()

< CAS Y (f(@) = f(1) Hay (4.23)

z,y€2Bo

where the last inequality follows by Proposition 4.5.

Now, to prove the weak Poincaré inequality we only need to estimate the first

term on the right side of (4.22). To do so, we first apply volume doubling and then
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Lemma 4.9 as follows,

> > (fis— fan)'m(x) (4.24)

BeW(By) x€4B

< Z (f4B—f4Bc)2522m(95)

BeW(By) z€B
< 62 Z Z (fap — fape)*xB(z)m(x)
z€U BEW(By)

1/2 2
<Y Y Y (ﬁ 3 <f<y>—f<z>>2uyz> xs(@)xwatz) | mi)

zeU BeW(Bgy) \AeW(Bo) y,2€16A
2

1/2
=5C> | > xs > ra (ﬁ > (f(y)—f(z))Quyz> xra(z) | m(z)

xelU BEW(B()) AEW(B()) y,2€16 A

1/2 2
S P (ﬁ ) <f<y>—f<z>>2uyz> xxa(@) | m(@)

zeU \ AeW(By y,2€16 A
(4.25)
where the last line follows because the balls in a Whitney covering are disjoint,

and hence >~ pcyy gy X < 1.

Lemma 4.10. Let (G, P,m) satisfy the Harnack inequality and let U C G satisfy

volume doubling. Fiz K > 1. Then, for any sequence of balls {B;} with B; C U

and real numbers {b;} with b; > 0,

(o) <5 (o)

zeU \i=1 zeU \i=1

for some constant C'.

For a proof of Lemma 4.10, see [25]. Continuing from (4.25) and immediately
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applying Lemma 4.10,

Z Z (fam — f4Bc)2m(95)

BeW(By) x€4B

zeU \ AewW(B y,2€16 A

1/2
< (5202 ( Z , (ﬁ Z (f(y) — f(z))prz> XA(x))
<reL ¥ 7 ( 5 <f<y>—f<z>>2uyz) Xa()m(z)

zeU AeW(B y,2€16 A
< §*C Z < > (fly) - f(Z))Quyz> V(A)
AEW(By) y,2€16A
< §°Crg Z X164 ( Z (f(y) - f(Z))2MyZ>
AeW(By) y,2z€E16 A
< §*Crg Z X16A ( Z (f(y) — f(z))gﬂyz>
AEW(By) y,2€kBo

<805 Y (F((y) = F(2)) thay

y,2€kBo

m(z)

(4.26)

(4.27)

(4.28)

(4.29)

where the constant shifts each line. Inequality (4.26) follows because the A are

disjoint, and inequality (4.29) follows by Proposition 4.5. In inequality (4.28), the

constant k comes from the fact that B C 4kBy by (4.13).

4.4.4 Weak Poincaré implies Poincaré

The last step is to show that the weak Poincaré inequality

S (f@) = fo)Pm(x) < O D7 (F(@) = F(1)) tay

reB z,yckB

implies the standard Poincaré inequality

> (@) = fo)’mlx) < Cr® Y (F(2) = F(y)*Hay.

r€Bg z,yeB
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The proof of this fact is described in the continuous case in [25]. The argument
is very similar to Whitney covering and chaining argument presented in the first
three steps of this proof. Instead of repeating the details, we will just sketch the

argument, highlighting the analogies with the previous sections.

We know the Poincaré inequality holds for balls whose distance to the boundary
of the inner uniform domain U is large relative to their radius, so our proof of the
weak Poincaré inequality focused on the potentially problematic balls—those that
are relatively near the boundary, (i.e., those balls B(z, r) such that d(z,0U) < Nr).
We then defined a Whitney covering: each point y € B is contained in 3W;, where
W; is a ball that is far enough inside U for the Poincaré inequality to hold. We
can then chain each W; to the center of B using a series of Whitney balls. The
inner uniformity condition bounds this chain is such a way that B inherits the
Poincaré inequality from W;. However, the Whitney balls might only be contained

in a scaled ball kB, so we can only prove the weak Poincaré inequality.

Now, assume we know that the weak Poincaré inequality holds within a ball
B = (z,7). Cover B by balls B such that kB C B. Using the definition of a ball,
each B is connected to the center of B by a path of length at most 7. Along this
path, form a chain of balls with the property that a k-multiple of the ball is still
in B. Then we can apply a nearly identical argument to this covering to prove the

standard Poincaré inequality.
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CHAPTER 5
THE HARMONIC PROFILE

The previous chapter considered the heat kernel with Neumann boundary con-
ditions in an inner uniform domain. Now, we would like to study a weighted ran-
dom walk in a domain U C G with Dirichlet boundary, i.e., the process governed

by the operator

Ppy(f)(x) =Ty - P(f-1u) =Y Tu(@)lu(y)pe, y)f ()

Yy~

with associated transition function,

pou(z,y) = ly(z)ly(y)p(e,y),

and reversible kernel,
pou(@,y)
qpu(T,y) = —"———.
m(y)
The transition function pp y restricts the original p inside the set U, but is sub-
Markovian due to the killing at the boundary. We can slightly modify the kernel—

by, for example, making each boundary state absorbing—so that it becomes Marko-

vian.

To start, we will focus on another method for modifying the kernel, known as
Doob’s h-transform. The h-transform has a nice relationship to gpy(z,y), the
heat kernel with Dirichlet boundary, and by studying the h-transform we will end

up with estimates for ¢p v (z,v).

5.1 Doob’s h-transform

Fix U C GG and recall that the boundary is defined as

oU={zeG:2¢UdxU)=1}.

89



Define the harmonic profile, or h-function, of U to be a function h : U — Ry,
where h is zero on OU, harmonic in the interior of U, and positive inside each

infinite component of U. For additional references, see Doob’s 1984 book [§],

L.C.G. Rogers and D. Williams’s book [23], and H. Kesten’s article [17].

Proposition 5.1 (Existence of discrete h-function). Let G be a graph and let
U C G be an infinite subgraph. Then there exists an h-function, or harmonic

profile, for U.

Proof. Notice that, if U is finite, then the maximum principle implies that any
harmonic function with zero boundary condition is zero everywhere in U, and
hence, an h-function does not exist. We will assume U is infinite and has one
connected component. If U has several infinite components, use the following
procedure to create an h-function on each component; the h-function for entire

space will then be a piecewise combination of these h-functions.

Create a sequence {U;}°, of finite subgraphs of U such that (1) U; C U; for
i < j and (2) lim;_,o U; / U. Within each U;, define w; : U; UOU; — R by: (1)
u; = 0 on U; (2) u; = 1 on 9U; \ OU; and (3) Au; = 0 in U;. Fix xg € U; (and

hence, zo € U; for all 7). Let v;(x) = 51'((;0)), i.e., v; is a scaled version of u; so that

vi(zg) = 1 for all n. Note that v; is also a harmonic function in U; satisfying the

conditions: (1) v; = 0 on AU; (2) v; = ——~ on 9U; \ dU; and (3) Av; = 0 in U;.

wu;(xo)

Enumerate the remaining points of U by {z;}32, and assume z; ~ zg. Then,

1 =vi(zo) = Y _ plao,y)vi(y) > plao, z1)vi(z1)

Yy~xo

> v;(xq). Since {v;(x1)}2, is a bounded sequence,

for all n, and hence, ——— >
’ > p(xo,w1)

we can form a convergent subsequence {vy, (;)(21)}:2; by the Bolzano-Weierstrass

theorem. Note: n;(7) is a subsequence of 7. Select another point xo ~ z1. (A
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similar idea works if x5 ~ z(.) Reasoning as above, we can see that v,(x;) >

1

p(x1, x2)v,(22) for all n, and hence, P ERy o pag |

> vn(22). Again, {vn, , (z2)} is
a bounded sequence and so we can form a convergent subsequence {vnk2 o (T2)},
where ko(7) is a subsequence of k(7). Continue this process, connecting each point

xy back to g, using that path to bound wv,(z;), and then forming a convergent

subsequence.

Note that the sequence of function {v,, )} converges pointwise at each point
x, with £ < K. Unfortunately, if we take the limit J — 0o, the sequence may be
empty. Instead, define a new sequence index: n(i) = n;(i). Then {v;;)} converges

pointwise for all x; and the limit function v is a harmonic profile of U. m

Now, we wish to modify our stochastic process (U, Pp 7, m) using the harmonic

profile. Define the operator Py,

Pou(f)(z)=HoPpyoH '(f)(x)

where H(f)(xz) = h(x) - f(x), which simplifies to

Pou(f)(z) =) e )pD Uz, 9)h(y) f(y), (5.1)

Y~y

with the associated probability transition function

phu(T,y) = %Zby(%y) r,yelU

with respect to the measure m. Note that pp, 7 is Markovian (unlike py), because

1
pru(Lu)(z Z 1y (z)Lu(y)pp,u (@, y)h( :h— > poulryhly) = 1.

y y~x yGU y~T

The first equality holds because h(y) = 0 for y € OU, and the second equality holds
because h is harmonic in U. In this way, we have reduced the problem of studying
Ppy and pp, the process which is killed at the boundary of U, to studying the

h function in U.
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Proposition 5.2. The transition function pyy is reversible w.r.t. to measure

myz(x) = h?(x)m(z).

Proof. Given x,y € U,

prs . g)mns) = (188 p(a,0) ) e )

= pm,h,U(yu ‘r)mh(y>

In light of Proposition 5.2, the symmetric kernel for pj, g with respect to the
reversible measure is given by,

. pru(T,y) _ ppu(T,y)
50 8) = ()~ mh@)h()

The main result of this chapter, Theorem 1.11, states that, if (G, P,m) is a
graph satisfying the Harnack inequality and U C G is an inner uniform domain,

then (U, Py, my2) also satisfies the Harnack inequality.

The proof relies on Theorem 1.9, which states that the Harnack inequality is
equivalent to the conjunction of volume doubling and the Poincaré inequality. In
the following two sections, we prove Theorem 5.4, which states that (U, Py, i, my2)
is volume doubling, and Theorem 5.7, which states that (U, Py, 7, my2) satisfies the

Poincaré inequality.

Before we prove Theorem 1.11, we will comment on the uniqueness of the

harmonic profile. It is easy to verify that any constant multiple of an h-function
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for a domain, i.e., h(z) = ch(z), is also an h-function. Furthermore, it is possible
for a domain to have several h-functions which are not scale multiples of each
other: given two disconnected domains U and W with h-functions hy and hy, we
can form an h-function for the domain W = U UV using any scalar multiples of

hV and hU, i.e., hW = CthXU + CQhVXV-

However, any inner uniform domain (which is necessarily connected) has a
unique h-function, up to scaling. This is a consequence of Theorem 1.11, which we
will state and prove here to justify our use of the phrase “the h-function” for U in
the following sections. We note that a paper by A. Bouaziz, S. Mustapha, and M.
Sifi [4] proves the existence and uniqueness of harmonic functions on orthants of
Z¢. Because an orthant of Z? is an inner uniform domain, the following corollary

generalizes their result. (Also see K. Raschel [21].)

Corollary 5.3. Let (G, P,m) be a graph satisfying the Harnack inequality and
assume U C G is an inner uniform domain. Then the h-function for U is unique,

up to scaling.

Proof. Let h and h be two h-functions for U. Then

>

(defined in U) is Puy

harmonic:
h h - h
Ph,U (E) g H_l O PD,U O H (ﬁ) f— H_l (@) PD7U(h) = E

By Theorem 1.11 (U, Py, 7, my2) satisfies the Harnack inequality, and so we can
apply Corollary 3.3, Liouville’s theorem, which states that any harmonic function

that is bounded above or below is constant. Therefore % is constant. O
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5.2 The h-transform is volume doubling

As a first step toward proving that (U, Py, 7, my2) satisfies the Harnack inequality,
we will prove that it is volume doubling. We will use V,,(z,7) and V;, ,(z,7) to
indicate the volume of a ball of radius » with center x with respect to the measure

m and my2, respectively.

Theorem 5.4. Let (G, P,m) be a graph satisfying the Harnack inequality. From
Chapter 3, we know that (G, P,m) is volume doubling and satisfies the Poincaré
inequality. Assume that U C G is an inner uniform domain. Then (U, Py, mp2)

1s volume doubling.

In fact, we can say even more about the measure my2: the volume of a ball
under my2 is roughly proportional to h? multiplied by the volume of a ball under

m. In other words, V;, ,(x,7) ~ h(z,)*Vin(2, 7).

Proposition 5.5. Let (G, P,m) be a graph satisfying the Harnack inequality, and

assume that U C G is an inner uniform domain. Then

ch(z,.)* Vi (2,7) < Vi, (2, 7) < Ch(2,)*Vin (2, 1)

h2

where x, € U is such that dy(x,z,) < r/4 and d(x,,0U) > %, and ¢,C > 0 only
depend on 0, p (the volume doubling and Poincaré constants) and k,R (the inner

uniformity constants). Note that Lemma 4.7 guarantees the existence of such an x,.

Before proving Proposition 5.5, we will show how it is used to prove Theo-
rem 5.4. Note that we can apply the elliptic Harnack inequality on G, Theorem 3.1,
to any ball which is sufficiently far inside U. (Specifically, it applies to balls B
for which Bg(z,7) = By(z,r), where Bg and By denote the ball in G and U,

respectively.)
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Proof of Theorem 5.4. Fix x € U and r > 0. Then,

Vin,o (2, 2r) < Ch(2g,)?Vin(, 27)
< Ch(z,)*Viy(z, 2r) (5.2)
< C6h(x,)?Vip(z,7) (5.3)

< cCoVi,, (z,7)

where the first and last lines follows by Proposition 5.5. The third inequality (5.3)
follows because we assumed m is volume doubling in U. To prove he second
inequality (5.2), form a path ~,, ., from x, to xo, which is given by the inner
uniformity condition. Then |v,, .,.| < rr. Create a chain of overlapping balls
{B;}t., C U connecting z, to xy, along 7, »,, such that 2B; C U. The number
of balls in such a chain is uniformly bounded because each B; has radius at least
cr, where ¢ depends only on &. This follows because (1) d(x,,dU) > £ and

d(zar,0U) > & and (2) the inner uniformity condition on the path vy, 4,.. Within

Tor:*

each B; we can apply the elliptic Harnack inequality, Theorem 3.1. Then iterate

to get that,
suph < CZinf h,
B1 BI
which implies that h(z,) ~ h(xs,). ]

Now, to complete the proof of Theorem 5.4, we need to prove Proposition 5.5,

which requires the cable process introduced in the next section.

5.2.1 The h-transform of the cable process

The cable process introduced in Section 2.2 essentially allows us to transfer results

from the better-studied continuous domains to our discrete domains. Starting from
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a continuous domain with a Dirichlet form (e.g., R™ with E(f, f) = [ |V f[]* d)\)
and an inner uniform subset, one can take its h-transform using the same process
described in Section 5.1. It is proved in [14] that the resulting process and measure
satisfy the Harnack inequality. Because the cable process has a continuous domain,
we can directly apply the results of [14] to it. But the cable process is a very good
approximation to the discrete process, so we can extend these results to the discrete

process.

Starting from the graph with discrete process (U, Pp, m) we form the asso-
ciated cable process (U , PD,U, m). The continuous domain U consists of the both
the vertices and edges of U (including the edges connecting x € U to y € 9U),
where the edges are considered to be continuous unit length intervals inside the
domain. (Note: we include at most one edge interval edge between each pair of
vertices, and we only include edges with positive weight pi,,.) The process ]5D,U is
the one associated with the Dirichlet form given in (2.1),

Ofe 0ge
v(f,9) = Z/j -i

EGEU)

The measure m is simply the one-dimensional Lebesgue measure.

We want to define & to be the h-function associated to U, i.e., a function such
that (1) 2(z) = 0 on U, (2) h(z) > 0in U, and (3) Ah(x) = 0 for all z € U. But,
to do so requires several careful definitions. First, let U be exactly the vertices
in OU; all vertices in U and edges, considered as intervals, connecting vertices in
U UU are in U. Second, we define Aﬁ(x) = 0 differently, depending on whether
x is in an edge internal or a vertex: (1) if = is in an edge interval, it the standard
Laplacian in RY; and (2) if z is a vertex, then

=l (@)

y~z
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where B’Iy(x) is the derivative of h at the vertex z along the interval between z

and y, which is oriented toward .

The definition of Laplacian at a vertex ensures that harmonic functions are in
the domain of the Laplacian. It is motivated by analogy with the following: in R!,

we say that f is in the domain of the Laplacian if

/U VI(@)Vy(z) dA(z) = - /U Af(x)g(x) dA(x) (5.4)

for any test function g defined on U. In the cable process, for a given vertex =,

standard R! integration by parts along each adjacent edge gives,

S [ @ inin) = 3 (UG inlt = [ 70N ).

yex V% Y~z

To have the form of (5.4), >_ ., f7,(%)guy(x)ptzy = 0 for all test functions g sup-

ported near x. (Note: one boundary term disappears since ¢,,(y) = 0.) This is

!/

only true for every test function g if Eyw .

(¥ iz = 0. When the edge ji, is a
loop, i.e., z =y, then f, (r) must be interpreted as f_(x) + fL(x), where ¥z and

T are the two directions of the loop at z.

Proposition 5.6. Let U be an inner uniform graph domain and let U be its cable
analog, i.e., the continuous domain consisting of the vertices of U and the edges
of UN AU, with boundary OU = dU. Let h and h be the h-functions on U and U,

respectively. Then, there exists a constant ¢ such that

forallz e U.

Proof. If h(x) is the h-function defined on U, then we can define
h(x) ifeeU

th(y)+ (1 —=t)h(z) ifze(y,2), r=ty+(1—1t)z
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In other words, & is defined as h on the vertices and the linear interpolation on
the edges. It is easy to check that h satisfies the properties of an A-function up to

scaling.

We can also reverse this construction: given h on U, define h(z) = h(z) for
each z € U. We claim that h(z) = _, h(y) and thus, h is the h-function for U.
To see this claim, first note that » must be linear along each edge—those are the
only harmonic functions on R!. Since each edge is unit length, we can we write
fly) = f(z) + f.,(z) for each y adjacent to . Therefore,

D fwple,y) =Y (fr,(@)p(z,y) + f(@)p(z,y)) = f(2),

y~ Y~

because ) vy (T)izy = 0 implies that w(T)p(z,y) = 0. O

y~x Jx y~zx J T

Note that h-functions are unique in continuous inner uniform domains [14], and
so Proposition 5.6 provides another proof that h-functions are unique in discrete
inner uniform domains. However, in a domain which is not inner uniform and
has several h-functions which are not scaled versions of each other, an analog
of Proposition 5.6 still holds: given a graph domain V' with any fixed boundary
conditions and its cable analog V with the same boundary conditions, there exists

a bijection between the distinct h-functions of V and the h-functions of V.

Using the tools of the h-transformation, we are finally in a position to the finish

the proof of Proposition 5.5.

Proof of Proposition 5.5. First, we give an easy proof of the lower bound,

ch(wy)* Vi, 7) < Vi, (7). (5.5)
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Fix z, as specified in Proposition 5.5 and let 7 = ’f—g. Then,

Vin,a (z,1r) > Vin, (@, 7)
> ch(z,)*Vy(,, 7) (5.6)

> ch(z,)*Vy(x,7). (5.7)

The second inequality (5.6) follows because B(z,,7) is sufficiently far inside U
that the elliptic Harnack inequality applies and the final inequality (5.7) follows

by Theorem 4.1, which states that (U, P, m) is volume doubling.
To prove an accompanying upper bound,

Vi o (2,7) < Ch(z,)*Vyu (2, 1), (5.8)

h2

we will use the cable process. Let (U . Py, m) be the cable process associated with
(U, Py, m), and let (U, Ishju, myp2) be the h-transform of (U, Py, m). In other words,

Pyy = Ho PyoH' (where H(f)(z) = h(z) - f(z)) and 1,2 = h*m.

The continuous process (U ,PD,U,m) and its h-transform, (U , 15h7U,mh2), are
subject to the theorems in [14]. In particular, their fourth chapter demonstrates
that, for any two harmonic functions v and v on an inner uniform subset of a

domain satisfying the Harnack inequality;,

u(z) < Cv(x) (5.9)

where x, 2" are in a ball in U and C' depends only on the uniformity constants and
Harnack constant. In other words, the ratio of any two harmonic functions only
differs by a constant. In [14], they use this to bound the h-function by the ratio
of a Green function, which is uniformly bounded by a constant, to prove

h(y)
h(z,)

<C (5.10)
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where y € B(z,r) and x, is as described in Proposition 5.5 and C' depends only

on the uniformity constants and the Harnack constant.

Because h = h on the vertices, we can directly transfer 5.9 and 5.10 from the

cable process to the process on the graph. Therefore,
hy) < Ch(z,)
for all y € B(z,r) C U. This easily gives us the upper bound 5.8,

Vina(@,r) = D> h(y)?*mly) < Chlz,)* Y mly) = Chlz,)*V(x,r).

yeB(z,r) yeB(z,r)

5.3 The h-transform satisfies Poincaré

The final step to proving Theorem 1.11, which states that the h-transform on U is

volume doubling, is to show that (U, Py, mp2) satisfies the Poincaré inequality.

Theorem 5.7. Let (G, P,m) be a graph satisfying the Harnack inequality. From
Chapter 3, we know that (G, P,m) is volume doubling and satisfies the Poincaré
inequality and ellipticity. Assume that U C G is an inner uniform domain. Then

(U, Pyy, my2) satisfies the Poincaré inequality.

Because we know (U, P, 7, mp2) is volume doubling, we can use a Whitney
covering argument to prove that (U, Py, my2) satisfies the Poincaré inequality.

The proof is nearly identical to the one in Section 4.4 and is omitted here.

Corollary 5.8. Let (G, P,m) satisfy the Harnack inequality and let U C G be an

inner uniform domain. By Theorem 1.11 we know that (U, P, mp2) satisfies the
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Harnack inequality, and thus, Gaussian bounds. Then, for x,y such that d(x,y) <
k,

Cih(z)h(y)
Vin,e (z, \/E)

exp(—cid(z,y)*/K) < dhulz.y) < % exp(—cud(z, )2 /k)

because gy (z,y)h(x)h(y) = (2, y).

Using the fact that my2 is volume doubling and modifying the constants, we
can rewrite the conclusion of Corollary 5.8 as
Cih(2)h(y)

VVirya (@ VE) Vi (9, V)
Cuh(z)h(y)

<
\/th2 (2, V)V,

for z,y such that d(z,y) < k.

exp(—ad(z,y)*/k) < qp v (2, y)

(5.11)
exp(—cyd(z,y)*/k),

(y, Vk)

h2

5.3.1 Average time that the process stays in U

Theorem 5.9. Let (G, P,m) be a graph satisfying the Harnack inequality and
let U C G be an inner uniform domain. Let 1y be the first time that the Markov
process (U, Ppy,m) exits U, i.e., is killed at the boundary, and P,(7y > k) denotes

the probability that a process started at x has survived past time k. Then

SP:C(TU>I€)SC h

where ¢, C' > 0 are constants and x z; 1s, as defined in Proposition 5.5, an arbitrary

point in U satisfying dy(z,z ) < \/TE and d(x s, 0U) > %E,
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Proof. Following [14], we first prove the upper bound:

P.(rv > k) = ZpU:Uy

=> gz, y)m
yeU

=" ak p (@ y)h(@)h(y)m(y)
yeU

>hiz) Y gz y)h(y)m(y)

yeB(z,Vk)

_CMa) _ > hy)m(y)
th2 (ZL', \/E) yeB(@ \/E)

he)
ngfﬁw 2
W)

where (5.12) follows by Corollary 5.8 and (5.13) follows by (5.10).

The argument for the lower bound uses a similar technique:

P(tv > k) = ZPny

<> Py
e 1 h@)h()
<2 P DR Sl
S b f ()
Mxﬂggf{h@ﬂ)}
_ o hl@)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

where (5.14) follows by two applications of the elliptic Harnack inequality to A

and (5.16) follows by 5.10.
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5.4 Compared to conditioned process

Both the killed process, py(z,y) and the h-transform, pj, (2, y), have the effect of
restricting the process p(x,y), defined on all of G, to a subset U. The h-transform

process is a way to condition the process to not hit the boundary of U.

Alternatively, we could condition the process to stay inside U as follows. Let
X, be a process governed by P, and let 7y be the first that X exists U. Then the

transition probability for a random walk conditioned to stay inside U is given by

phy(z,y) =Pu(Xp =y | v = 00),

where 7y = oo means that 7; > N for all N € N. Let

qC,U( 7y) m(y)

denote the kernel. In fact, this notion of “conditioned to not hit the boundary”

coincides with the h-transform process, i.e,

Piu(z,y) =pho(z,y),

and
e (2, y) = anu (@, y)h(x)h(y).

A version of the following theorem is outlined in [3].

Theorem 5.10. Let (G, P,m) be a graph satisfying the Harnack inequality and let

U C G be an inner uniform domain. Then,

piu(z,y) =) y(z,y)

for x,y € U. In other words, the conditioned process and h process have the same

probability transition function.

103



Proof. Recall that pﬁ’U(x,y) = %p’ij(x,y). We will prove that p’ciU(x,y) =
h
A (@, ).

Fix K € N and any k£ < K. Temporarily fix N, but we're going to let it tend
to infinity.

P.(ty > N | Xp =y, 70 > k) Po( Xy =y, 70 > k)
]P)a:(TU > N,TU > k‘)

Pm(Xk:y,TU >k | TU >N) =
(5.17)
Since we are going to let N tend to infinity, we can assume N > K, so (5.17)

becomes

IP):B(TU > N | Xk’ =Y, Ty > k) ]P)x(Xk‘ =Y, Ty > k)

P. (X = > N) = 5.18
(Xe=y |7 >N) Py > N) (5.18)
or equivalently,
P.(ry >N | Xy =y, 70 >k
Pa(X =y > N) = PR R 2 D ey (G
Because X, is a Markov chain,
Px(TU>N | Xk:y, TU>]{?) _Py(TU>N—/{Z>
P.(ry > N) -~ P.(ry > N)
_ EzeUpg,_Uk(y7 ’Z)
ZZEUpg,U($7Z)
. EzeUth,[;k(ya ’Z) ZEZ;
o h(z) -~
ZzGUp}]XU(x’Z)%
Plugging this in to (5.19), we have
N—k ~1
,2)h(z h
PoX =y | 7 > N) = | e WORET )\ W) ) (s.99)

ZzeU pl]XU<$’ 2)h(z)* | h(z)
In the limit, as N — oo, the left-hand side is p’j’U(L y). To finish the proof of
Theorem 5.10 we need to show that

> e Pro (s 2)h(2) !
> U th,U<337 z)h(z)™

which is the content of the following, Lemma 5.11. ]

—1las N — oo, (5.21)
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Lemma 5.11. Let (G, P,m) be a graph satisfying the Harnack inequality and let
U C G be an inner uniform domain. Fix some K € N and distance dy > 0. For

any x,y € U such that d(z,y) < do,

n , h -1
ZZEUP@’U@ ?) (z)_ — 1 asn,n— oo (5.22)
ZzeUpZ7U<$,Z)h(Z) !

where we assume that |n — 1| is always smaller than some fired K € N. In other

words, n,n increase at the essentially the same rate.

Proof. For a fixed n,n with |n —n| < K,

D Pholy () =Y vl 2)h(z)

zeU zeU

<A (%) 5w h(z)”

zeU

by the parabolic Holder inequality, Theorem 3.30.

Dividing, we get

> cv Phu(y, 2)h(z) !

1-— —
> U pZ,U(ma z)h(z)™!

Vn ZzeUpZ,U(xVZ)h(Z)il

<A (ﬁ—i‘do) ZzeUp%ztlU(x?zﬁL(Z)_l

2n (g,2)h(z) "1
and %zezzﬁ’(]gz’z;zgzi,l is bounded, and therefore, the right side of the inequality
zE€ h, U\

goes to zero as n approaches infinity. O

5.5 Applications

The theorems of the preceding sections demonstrate that we can uncover useful
estimates for the discrete heat kernel in a domain U if we know the A-function

for U.
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5.5.1 Examples of continuous h-functions

Given a particular inner uniform domain, there is no direct way to determine the
associated h-function. However, [14, Chapter 6] gives many nice examples of h-
functions for domains in R”, and particularly, in R?, where conformal maps can

be used to derive h-functions. Below, we highlight several of their key examples.

Example 5.12 (Complement of convex set). The complement of any closed, con-

vex set in R™ is an inner uniform domain, and therefore, has a unique h-function.

In particular, let U C R? be the area outside of the standard parabola y = x2,

U={(z,y):y <a®}.

Then, U is an inner uniform domain with unique h-function,

1/2

h(z,y) = (2 ((x2 +(1/4 — y)2)1/2 +1/4 — y)) —1.

Example 5.13 (Lipschitz domain). The graph above a Lipschitz domain in R™ is

an inner uniform domain, and therefore, has a unique h-function.

Example 5.14 (Arbitrary cone). Let Q C S™ ! with smooth boundary, where
S*=t is the unit sphere in R", and let ¢ be the first Dirichlet eigenfunction of the
spherical Laplacian on ) with eigenvalue A\. Let U = R, x  C R"™ be a cone in

R"™. Then, the h-function for U is

h(z) = [2]°0 (ﬂ) ,

where

for x € R™.
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5.5.2 Approximating the discrete h-function

Plugging n = 2 into Example 5.14, we can see that the h-function associated with

a cone in R? given in polar coordinates by {(r,0) : 0 <r, ¢ <0 < ¢} is

™

b2 — P

h(r,0) = r™ (@279 sin((0 — ¢ )( ). (5.23)

A |

We would like to produce similar examples of h-functions for discrete subsets

of Z™ by transferring the h-function from the analogous continuous subset of R”.
This process is relatively straightforwards in the cases where the boundary of the
discrete domain is entirely contained in boundary of the continuous domain. For
example, using (5.23) (and shifting to rectangular coordinates and scaling), we

know that the h-function of a cone extending from 6 = 0 to § = 7/4 in R?
C={(z,y) eR*:0< 2, 0<y<al,
is given by he(z,y) = 23y — zy® on C U IC. For the analogous cone in Z?,

Cr={(z,y)€Z*:0< 2, 0<y<ua}
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the h-function is identical: he,(z,y) = 2%y — zy®.

This works for a cone from 6 = 0 to § = 7/4 because dCz C 0C, and therefore,
the h-function is already zero at those points. However, this does not work for

all cones. Consider another cone of angle 7/2, but extending from 6 = 7/8 to

0 = 31/8,

C'={(r,y) eR*:0< 2, (V2—1)z<y<(V2+1)z}
and its discrete version

Ch={(r,y) €Z*:0<z, (V2—1Dz<y<(V2+1)z}.

Notice that (1,0) € dCz and hence hey(1,0) = 0. But (1,0) ¢ C"UIC" and so
he(1,0) is not defined. If we tried to extend he beyond C'UJC’ it would either be
negative or not harmonic. Therefore, we cannot directly transfer the continuous

h-function to the discrete domain.

Even though the hA-function on a discrete domain will not be exactly the same
as the h-function on the analogous continuous domain, one can hope that the two

h-functions are roughly comparable, i.e., there exist ¢, C' > 0 such that
ChC(:L‘7y) < hCz(:E7y) < Chc(l‘, y) (524)
for any points (z,y) € Cz that are sufficiently far away from the boundary.

Fortunately, a 2009 article by N. Varopoulos [26] tells us that, if U is a Lipschitz

domain with discrete h-function hy and continuous h-function h., then

he(x)
|he(w) — hg(x)| < CW;

where z is sufficiently far inside U.
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Consider the cone C of angle 7/4 off the z-axis and the tilted version, C’,
extending from 6 = 7/8 to 6 = 37/8. In R, tilting a cone should not change its
h-function, i.e.,

hc(?", 9) = hc/(T,9+7T/8).

We cannot directly extend this formula for the h-function in C’ to the h-function
in C}, because their boundaries do not coincide. However, applying the result of

Varopoulos, we can see that hc: and he; are comparable sufficently far inside C.

5.6 Perturbing the boundary

For a given cone C with discrete version Cyz, tote that there exists a continuous
domain C whose boundary exactly coincides with Cz, and that the boundary of C
is some finite perturbation of the boundary of C. The main result of this section,

Theorem 5.18, implies that

che(z,y) < he(z,y) < Che(x,y).
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Using the cable process, we can see that hs(x,y) = he,, which proves that he(z,y)

is comparable to h¢, .

5.6.1 Example cones

Example 5.15 (Upper half-plane). Let U = {(z,y) : y > 0} be the upper half-
plane with associated h-function hy(x,y) =y. Let V = {(x,y) : y > f(x)} be the
domain above some function f(x), where f is some bounded nonnegative function:
0 < f(z) <. Weassume that V' has an associated h-function hY (z,y) : V — Rsq.

Then, there exist constants c,C' depending only on § such that
ch”(z.y) < h¥(z,y) < Ch¥(z,y)

for all (z,y) with y > 7.

Proof. Let U, = [-n/2,n/2] x [0,n] C R? be an n x n box whose bottom edge lies

on the line y = 0. Let u,(z,y) : U, — R>q be the solution to

.

0 for y =0
1 fory=mn
Un (2, y) =
y/n for v = —n/2 or v =n/2
Au, =0 else .
\

That is u,, is zero on the lower boundary, one on the upper boundary, and mono-
tonically increasing on the sides. It is easy to verify that w,(z,y) = y/n is the

unique solution.

We normalize relative to a fixed point (zg, o), independent of n, and set

Wip ) = U@y Y
n (2,9) Un (20, Y0) Yo
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Now, define U, = [—(n —§)/2, (n — )/2] x [§,n] C R2 be an (n — §) x (n — 7)
box whose bottom edge lies on the line y = r. Analogously, we define 4, (x,y) :

Un — R>q by the solution to

(

0 fory=1y

. 1 fory=mn

Up(2,y) =
y/n forx=—(n—g)/20orz=(n—7)/2
Au, =0 else.

\

Similarly, @, (x,y) = Z%g, and the normalized version is given by

e Un(To,%0) Yo — U

Finally, we define V,, = V N U,, and we similarly let v,(x,y) : V,, = R>( be

zero on the lower boundary, one on the upper boundary and linearly increasing on

Un (m7y)
Un (2?0 7y0) :

the sides. The normalized version is hY (z,y) =

By the maximum principle, for any (z,y) € U,,

Ui (7,Y) < vn(z,y) < un(,y).

To obtain a similar inequality in the other direction, note that

N}

ﬁn(l',y) n y_~ -

<

Hence, there exists a constant C' = § + 1 such that u,(z,y) < Cu,(z,y).

Merging these, we have that

U, (z,y)

v ) ) R
) = ) = ) = (A Oualey) Y
and
W () = o) Gl v)  Conlt V) _ vy ),

Un(Zo,Y0) ~ vn(Zo,%) ~ Un(Zo,vo)
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The constant C' depends only on ¢, so it holds in the limit. O]

Example 5.16 (Upper right quadrant). Let U = {(z,y) : * > 0,y > 0} be the
upper right quadrant with associated h-function hV(z,y) = xy. Let V = {(x,y) :
x> f(y),y > g(x)} where f,g are bounded nonnegative functions: 0 < f(y) < &
and 0 < g(x) < . We assume that V has an associated h-function hY (z,y) : V —

Rs. Then, there exist constants c,C' depending only on y such that
ch”(z,y) < BV (z,y) < ChY(x,y)

for all (xz,y) with x > T and y > 7.

Proof. Similar to Example 5.15, construct three domains, with associated func-
tions:
U, =10,n] x [0,n], u,(x,y)
Vn =VnN Una Un(x7y)
Un = [i'an] X [gan]a an(l’7y)
where the associated functions are zero on the lower and left boundary, linearly
increasing on the top and right boundary, and harmonic on the interior.

Then the maximum principle implies that

U (2,y) < vn(2,y) < un(2,y)
for any (z,%) € U,, and, for C' = 472§,

Again, as in Example 5.15,

v _ vn(x,y) Un(x7y) un(ac,y) o Ul
) = o) = ) S (A Oualey) Y
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and

n I C~n ) C n )

W (a,y) = nl@8) o Clal@ry)  Cunle,y) _ oy
un(T0,Y0) ~ vn(To;¥0) ~ va(Zo,Yo)

The constant C' depends only on  and ¢, so it holds in the limit. O

5.6.2 Arbitrary cone

Proposition 5.17. Let U = {(r,0) e R*: 0 < r, ¢y < 0 < ¢o} be a cone in R
centered at the origin. For a fived point t inside U, define U = {u+t:ueU} tobe
copy of the cone U translated by the vector t, where t is defined as extending from
the origin to t. Let hy(r,0) : U — Rsq and hg(r,0) : U — Rsq be the h-functions

inU and U, respectively. Then, there exist constants ¢, C' such that
chy(r,8) < hg(r,0) < Chy(r,6)

for (r,0) € D, where D = {u+ 2t : u € U} is another copy of U translated by
t inside of U. The constants c¢,C" depend on |t| and the angle between t and the
boundary of U.

Proof. We begin by noting that the set-up is invariant under rotation, which allows
us to assume that the lower boundary of U is on the z-axis, i.e., U = {(r,0) : 0 <

7,0 <0 < ¢} for ¢ € (0,27).

There are two ways to describe the cone U. (1) Using an internal coordinate
system, we can define U = {(rg,05) : 0 < 13,0 < 05 < ¢} where rg and 6 are

the radius and angle considered from the point ¢. (2) In terms of U, we can define

U=A{(r,0)+t:(r,0) eU}.
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From [14] we know that the h-function in U is

hy(r,0) = P/ sin(6 - z)

¢
for (r,0) € U. We have two similar descriptions of h, the h-function in U. (1)
Using an internal coordinate system, hy (g, 07) = rg/‘b sin(fy - %) where (rg, 0p)

is measured from . (2) We can express the h-function in U in terms of hy as
hg (r,0) = hu((r,6) — 1)
where (r,0) € U and is measured from the origin.

Our goal is to compare the values of hyy and hy within D, a copy of U translated
by 2t so that it sits within U, i.e., D = {(r,0) + 2t : (r,0) € U}. We wish to find

two constants C', Cy which bound

ho(r,0)  hy(r,6)  r™7sin(0- %) 525

hU(ﬁ 9) hU(’F, é) 7r/9 Sin(é . %) :
and )

ho(r,0) _ hy(F,0) _ 77sin(6- 3) (5.26)

ho(r,0) — hy(F,6)  r™¢sin(0- %) :

respectively, where (7, 0) is any point in D measured from the origin (i.e. the vertex

of U) and (7,0) = (r,0) — t.
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By the triangle inequality,
T—lt] <r <7+t

and therefore it suffices to find constant bounds for

sin(6 - %)
¢ 5.27
sin(6 - %) (5.27)
and ~
sin(6 - %)
sin(f - Z) (5:28)

that work for any (r,0) € D.

Let 6, denote the angle of ¢, measured off the z-axis. For now, we will consider
points (r,#) such that 6 > 6,. Note that § > 6 since (7,60) is shifted from (r, §) by

# and 6 > 6,. This implies that 6 - 0 - Z and both angles are between 7/2 and

=7
nd (5.28) is bounded.

7. Therefore sin(6 - %) < sin(6 - %)

s
¢
® a.

Bounding (5.27) requires slightly more work. Define a = 0 — 0. We rewrite

(5.27) as
sin(f - &
‘(~jﬁ:. P = _ (5.29)
sin(6 - % a

To bound (5.29) we need to consider the points (r,6) in D where 6 + a ap-

proaches ¢, sending the denominator to zero. This happens at points (7, ) on the
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upper boundary of D, as r — oo. We restrict our attention to the boundary. In
this case, both § — ¢ and 6 + a — ¢, but we need to compare their relative rate

to show (5.29) is bounded.

Since (r,8) is on the boundary of D, (7, 6) is on the boundary of U. Construct
a circle whose radius is given by 7. The arc of the circle between the upper
boundaries of U and U represents the angle ¢ — 6, or equivalently ¢ — 6 — a.
The arc of the circle between the upper boundary of U and the upper boundary
of D (possibly extended down as a line) is at least as big as a. Call these two
arcs Ai(r) and As(r), respectively. Notice that A;(r) < As(r) and asymptotically,
limr — oc0A;(r) = As(r). This implies that there must be some boundary point
such that A;(r) > 1 - Ay(r). Define (R, ©) be the point on the upper boundary of
U such that (1) © > ¢ — Z and (2) A,(r) > 5 - As(r) for (r,0) above (R, ©).
Consider (7, ) on the boundary of U above (R, ©).
p—0—a=¢—0=A()>

- Ag(F) = (5.30)

| —
N

Rearranging (5.30) gives that

(¢ —0).

W

¢—(0+a)=

For x sufficiently small, /2 < sinx < x. In particular, this holds for z < 7. For

(7,0) above (R, ©) we can bound (5.29) above by

= 6. (5.31)

Consider a point (7,0) on the boundary of U below (R,©) (but necessarily
above t). Then ¢ — 6 = ¢ — 0 — a is bounded away from zero. Therefore, the
denominator of (5.29) is also bounded away from zero, and the fraction has an

upper bound.
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In the case of (r,0) € D with § > 6;, we have given upper bounds on (5.27)
(through (5.29) and (5.31)) and (5.28). These, in turn, bound (5.25) and (5.26),
after we incorporate the radial estimates. For points (r,0) with 6 < 6;, a nearly
identical argument gives the same bounds, but in this case, the extreme points to

analyze fall on the lower boundary of D. O

Take an arbitrary cone U in R? and perturb its boundary by a finite amount.

The following theorem proves that this does not significantly change the h-function.

Theorem 5.18. Let U = {(r,0) € R? : 0 < r, ¢1 < 0 < ¢} be a cone in R?
centered at the origin, with h-function hY(r,0) : U — Rsg. Let V be a domain
whose boundary is a finite perturbation of the boundary of U, which has an h-

function BV (r,0) : V' — Rsq. Then there exists constants ¢,C > 0 such that
ch?(r,0) < h"(r,0) < ChY(r,0)

for (r,0) € {u+2t:u e U}, wheret is a vector such that V C{u+t:u € U}.

Proof. As in the proof of Proposition 5.17 we can assume that the lower boundary

of U is on the z-axis, i.e., U = {(r,6) : 0 <1, 0 < ¢} where ¢ = ¢ = ¢o. Alsoasin

the proof of Proposition 5.17 we fix a point ¢ inside U and define U = {u+t:u e U}

to be a copy of the cone U translated by the vector ¢. But this time we require

that ¢ lie on the angle bisector and |t| is large enough that U C V.

For R > 0, define Up = {(r,0) : 0 < r < R, 0 < 6 < ¢}. Then define
UR:UHURandVR:VﬂUR.
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Let ug(r,0) : Up — Rxq be the solution to

(

0 ford =0o0r =09

ur(r,0) = 4 sin(6 - 5) forr=R

Aur =0 else .
\

That is, ug is zero on the sides of the cone, positive on the arc and increasing to
one in the center, and harmonic on the interior. It is easy to verify that ug(r,0) =

(%)”/ ?sin(6 - g) is the unique solution.

Similarly, we define tg(r,0) : Up — R>( be the solution to

(

0 ford =0o0r 6 =0¢

up(r,0) sin(f- %) forr = R

Atur =0 else
\

where (r,0) is measured from ¢, the vertex of U, and R = R — |t|cos(¢/2) is
the radius of U r. Then up satisfies the same criteria: zero on the sides of the
cone, positive on the arc and increasing to one in the center, and harmonic on the
interior. It is easy to verify that @g(r,6) = (%)™ sin(6 - %) is the unique solution,

where again (7, 0) is measured from ¢.

Let vg(r,0) : Vg — Rs( be the analogous function on Vg, where (r,0) is
measured from the origin, i.e., the vertex of U. More precisely, vy is zero on the
side boundaries of Vg, harmonic on the interior, and uses the sine function to
interpolate along the arc r + R between the side boundaries of V' and the center
point (R, ¢/2). To make the last condition more precise, we define 6; to be the
lower intersection of V' and the arc r = R, and 0y to be the upper intersection

of V and the arc r = R. Then, for § € (0;,¢/2), the boundary condition is
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(R,0) = sin((0 — 6y) -
(R,0) = sin((0y — 0) -

m). And for 6 € (¢/2,60,) the boundary condition is
2(9211’/2))'

The maximum principle implies that
/&R(Tv 9) < UR(Ta 6) < UR(T, 0) (532)
for any (r,0) € Ur where (r,6) is measured from the origin, i.e., the vertex of U.

Note that the ratio % is bounded above as R — oo since R = R — |t| cos(¢/2).

Applying this and Proposition 5.17,

i . ~\ T/
ug(r,0) = (%) ! KU (r,0) <c <%> " Y (r,0) = ¢ (%) ug(r,0) < C-ug(r,0)
(5.33)

for any (r,0) € Ur where C' depends only on [t].

Fix a point (rg, 6). Define h% = u“R(ra and hY, = r(t9) - Applying estimates

(ro,00) vr(r0,00) "
(5.32) and (5.33),
,0) ug(r,0) ug(r,0) :
WY (r.6) = UR(r < - <0 B2 _oplr e 5.34
r(r,0) vgr(ro,60) — ur(ro, Bo) ug(ro, o) wlr:) ( )
and
0) ug(r,0) vg(r, 0) .
Wiy = 20 o Ben0) o vr(0) iy g (5
2(r,9) ur(ro,6p) — vgr(ro,6o) ~ vr(ro,6) w(r:0) ( )

The constant C' does not depend on R, so the inequalities hold in the limit:
RV (r,0) < C-hY(r,0) and hY(r,0) < C - hV(r,0). O
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