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In this thesis we will explore the extensions of several ideas that have proven
very successful in matrix computations to the rapidly maturing field of tensor
computation. We will mainly focus on the use of blocking techniques, exploiting
various different symmetries and developing new computational algorithms and
factorizations.

In Chapter 2 we develop a novel method to embed a higher-order tensor in a
larger, symmetric tensor. Such an embedding at the matrix level is well-known
and has been used successfully to derive important matrix algorithms and is one
of several ways of connecting the concepts of eigenvalues and singular values for
matrices. Our method for higher-order tensors is a generalization of the matrix
case, and we use it to derive a previously unknown connection between the con-
cepts of tensor eigenvalues and tensor singular values. We also show how this
symmetric tensor embedding can be used to generalize algorithms originally devel-
oped for symmetric tensors to arbitrary tensors while preserving their convergence
properties.

Block tensors are becoming increasingly important within the field of numerical
multilinear algebra. Accordingly, it is appropriate to develop an infrastructure that
supports reasoning about block tensor computation. In Chapter 3 we establish
concise notation that is suitable for the analysis and development of block tensor

algorithms, prove several useful block tensor identities, and make precise the notion



of a block tensor unfolding.

In Chapter 4 we define a new block-based tensor operation that generalizes
the matrix Kronecker product. Using this operation, we introduce a new tensor
decomposition which extends the Kronecker Product SVD and has many attractive
properties. The block unfoldings introduced in Chapter 3 play a pivotal role in the
development of these tensor Kronecker methods.

Chapter 5 covers two special topics related to the overall theme of this thesis.
First, a tensor decomposition based on the matrix QR decomposition with partial
pivoting is introduced and its potential for low-rank approximation is explored.
Then a power method that efficiently exploits the structure of partially symmetric
tensors is proposed, and we investigate the singular value and singular vector
properties of such tensors.

Overall, these results show how many ideas from matrix computations can be
successfully extended to tensors. Just as matrix algorithms have increasingly been
tuned to exploit structure such as blocking and symmetries, the same can be done

in the tensor setting.
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CHAPTER 1
INTRODUCTION

The primary theme of this thesis is exploitation of structure in tensor computations
and the extension of successful methods from matrix computations to tensors. We
develop new methods for block tensor computations, establish a new result con-
necting tensor eigenvalues and tensor singular values, and explore its algorithmic
consequences, and create a new type of block-based tensor factorization that gen-

eralizes the Kronecker Product Singular Value Decomposition (KSVD).

In the rest of this introduction we survey the existing literature, introduce
important tensor notation and decompositions, and give short previews of later

chapters.

1.1 Overview of Tensor Computations

High-dimensional modeling is becoming more and more ubiquitous across the sci-
ences and engineering because of advances in such areas as sensor technology and

computer storage.

There is a large ongoing effort to broaden and generalize the successful tools
provided by the numerical linear algebra community to higher-order tensors [20,
23, [41], [49] [72]. Tensors have been around in varying levels of abstraction for
over a century and a half and play important roles in physics, engineering and
mathematics. For example, Einstein’s theory of relativity was written in tensor

format.

The manipulation of tensors (multi-way arrays) involves multilinear algebra. As



a typical example of how tensors can arise is applications, the discretization of a
continuous multivariate function on a grid yields a tensor. The element A(i, j, k, £)
might be the value of f(x,y,z,w) at gridpoint (x,y,z,w) = (x;,y;, 2k, We).
In information science applications, tensors can capture multi-way interaction,
e.g. A(i,j,k,0) is some value that represents a 4-way interaction between vari-

ables.

The fields of chemometrics and psychometrics have developed infrastructure for
tensor-based computations in the last four decades, independent of the numerical
linear algebra community [41, 43, 65]. It was in these settings that many of the
important tensor decompositions, such as CANDECOMP/PARAFAC (CP) and
Tucker, were first proposed and used to analyze data [35], [69]. More recently, the
HOSVD has received attention for its easy computation and attractive theoretical
properties [20]. What these decompositions have in common is that they are all
designed to extend one or more properties of the matrix SVD, such as orthogonality,
optimal low-rank approximation and computational tractability. Unfortunately, it
is impossible for a single tensor decomposition to capture all of the useful qualities
of the SVD [20, 22]. Moreover, many of these decompositions are NP-hard to

compute, and there are few efficient algorithms in use [31].

The important notion of rank and low-rank approximations for tensors is very
different from the matrix case. There are several different definitions of rank for
tensors, most notably the outer-product rank - the minimal number of rank-1
tensors needed to represent a given tensor. The outer product rank is strongly
associated with the CP decomposition [44]. The notion of “best low-rank approx-
imation” in this setting is ill-posed, quite unlike the case for matrices [22]. Often

the best possible strategy is to use an iterative optimization algorithm to get an ap-



proximation for the best low-rank approximation. These algorithms have met with
some success, but are often slow to converge and are susceptible to getting stuck
in local optima. This can be somewhat mitigated by using cleverly constructed

initial values [19] [36].

Up until now, tensor computations in the numerical linear algebra community
have not focused much on structured tensors except for symmetric (sometimes
called supersymmetric) tenors, although researchers in such fields as quantum
chemistry have investigated other types of structured tensors. Symmetric tensors
arise in many applications, such as higher-order statistics [50]. Several algorithms
have been derived specifically for symmetric tensors, reducing computational cost
and sometimes improving convergence, although they are also prone to converge to
locally optimal solutions [37), 42]. There are also several concepts, such as tensor

eigenvalues, which only make sense for symmetric tensors [61], [62].

A central challenge at the heart of tensor computations is the curse of di-
mensionality. It refers to the fact that as we add more dimensions to a tensor
model, the total number of elements increases exponentially; even if each mode
(i.e. dimension) is small, if there are enough of them the resulting tensor is huge.
Such situations arise frequently in computational quantum chemistry [29, [77]. A
promising development in this area is the concept of a tensor network, in which
a high-order tensor is built by contracting many low-order tensors. These models
have already proven very useful in many areas [6]. More such algorithms that scale

with the number of dimensions are needed.

It is clear that as the field of tensor computation matures, exploiting structure

and creating new kinds of factorizations and representations will be crucial.



1.2 Notation

An order-d tensor A € IR™*"*" ig a real d-dimensional array A(l:ng,..., 1ing)

where the index range in the k-th mode is from 1 to ny.

Throughout this thesis we make use of the convenient notation defined in the
Matlab Tensor Toolbox [40]. This toolbox supports fast prototyping of tensor
algorithms and is extremely useful. It adds several new data types, but the ones
we shall make most use of are the tensor and tenmat classes. The tensor class is
basically a wrapper that contains a multidimensional array and allows for intuitive

representation and provides many important functions. For example,

arr = rand(2,2,2);

is an order-3 multidimensional array with randomly assigned entries between 0 and

1. We can represent it as a tensor with the command

A = tensor(arr);

We can now do things with A such as contract along certain modes, compute
norms and take inner products, which is not possible with multidimensional Matlab

arrays.

The tenmat class can create matrix unfoldings of tensor objects, see §1.2.3| for
more information. For more information on the Tensor Toolbox, see Appendix [A]

or [39].



1.2.1 Index vectors, Permutations and Transposes

Since vectors of subscripts are prominent in the presentation, we elevate their
notational status with boldface font, e.g., p = [4123]. We let 1 denote the
vector of ones and assume that dimension is clear from context. More generally,
if N is an integer, then N is the vector of all N’s. Finally, if i and j have equal

length, then i < j means that ¢, < j for all k.

If A e R and i = (iy,...,4q), then A(i) denotes component (i1, ...,i4)
of tensor A. We use calligraphic characters to designate tensors, uppercase char-
acters for matrices, lowercase characters for vectors and bold lower case characters
to denote vectors of integers. For A(i) to make sense we must have 1 < i, < ny, for
k=1,...,d,ie., 1 <i<n. Werefer to integer vectors of this form as an index

range vector or simply index vectors.

If p is a permutation of [ 1 2 --- d ] and i is an index vector, then we define

the permuted vector

i(p) = [ip1 lpy = Up, J.

If a < band ¢ > 0, then as in MATLAB we let a:c:b denote the row vector
la,a 4+ ¢,a+ 2¢,- -+ ,a + mc|] where m = | (b — a)/c|, i.e. the largest integer less

than or equal to (b — a)/c. For example,

1:03:2 = [1 1.3 1.6 1.9],

10:—2:1 = [10 8 6 4 2].

It is also handy to have a multi-index summation notation. If n is a length-d

index vector, then

Zziz (1.1)

=1  ig=1



For convenience we will sometimes use the functions length and prod. If

v € R™ then we define

length(v) = n and prod(v) = vivg- - Uy,. (1.2)

For matrices, there is only one meaningful way of forming a transpose, i.e. by
switching the rows and columns. However, for tensors of order d there are in
general (d—1)! different transposes. If A € IR™*"*" and p is a permutation of

1:d, then AP~ € IR"»1*"*"a denotes the p-transpose of A and is defined by
AP (i yip,) = Al ..., iq) 1<i<n, (1.3)
ie., ASP>(i(p)) = A(i).
The order-d tensor A € IR"**" is said to be symmetric if A = A<P~ for any

permutation p of 1:d. Other types of tensor symmetries are considered in Chapters

4 and 5.

Example: If A is a matrix, then in this tensor notation we have AT = A<PR 1>

Example: If A € IR""*™*™ then there are 6 = 3! possible transpositions of A:

( ) (

A< 123> B(i,j, k)

A< 132]> B(Z, k,j)

A<B13> B(j,i, k) .
A< 231> B(j, k,1)

A< 312]> B(k,l,j)

A<B2U= B(k,j.i) |




fore=1,...,n,7=1,....npand k=1,...,n3.

In MATLAB, if A is a tensor object and p is a permutation of 1:d then we
can form the p-transpose with the command permute(A,p). For example, the

commands

A

tensor (rand (3,3,3,3));

p = [4 21 3];

A_perm = permute(A,p);

create a random 3 x 3 x 3 x 3 tensor and form its [4 2 1 3]-transpose.

The outer product A = B o C of tensors B € IR7"* %44 and C € RF e ig a

tensor A € IR7V X >Jaxkixxke qofined by
A(i) = B(i(1:d) ) - C(i(d+1:d+e)) 1<i<[jk]. (1.5)
The order of B o C is the order of B plus the order of C.

In the Tensor Toolbox, the tensor outer product of tensors B and C, stored as
tensor objects, can be formed with the ttt (tensor times tensor) function with

the command

A = ttt(B,C);

where A will also be a tensor object.

A tensor A € IR"*" ™ is said to be rank-1 if for k = 1,...,d there exist



vectors a; € IR™ such that foralli=1,...,n

A1) = a1(i1)as(iz) - - - ag(iq) (1.6)

and we denote this as A =a;0ag0---ay.

Example: If A € R"*" and A = a; 0 ay for a; € R™ ay € R™ then A = ajal.

For matrices, the tensor outer product is the same as the vector outer product.

1.2.2 Orderings

In numerical multilinear algebra it is frequently necessary to reshape a given tensor
into a vector or a matrix and vice versa. In this section we collect results that make

these maneuvers precise.

If Ae R ™ and N = ny---ng, then vec(A) € IR is a column vector

defined recursively by

vec(AW)
vec(A) = : (1.7)
vec(AMa))
where A®) is the order-(d—1) tensor
ARGy o igy) = Aliy,. g k) 1<k < ng (1.8)

It is assumed that 1 <i(l:d—1) < n(l:d—1). If d = 1, then A is a column vector

and vec(A) = A. If d = 2, then A is a matrix and vec(A) stacks its columns.



Each entry in tensor A € IR™* 7" corresponds to a component of vec(.A). This

implicitly defines an index mapping function vec(-, n):
ivec(i,n) = iy + (i — D)ny + (is — Dnyng + -+ (lg — V)ng -~ ng_y. (1.9)
It is easy to show that if v = vec(A), then
Vivec(in) = A(i) (1.10)
for all i that satisfy 1 <1i < n.
We also observe that if w;, € IR* for k =1,..., e then

W=w,® - @uy & w(ivec(i, s)) = wy(iy) - - - we(ie). (1.11)

1.2.3 Unfoldings

In order to unfold a tensor A € IR™**" into a matrix (also referred to in the
literature as flattening or matricizing a tensor), it is necessary to choose (a) an
integer e that satisfies 1 <e<d—1 and (b) a permutation p of 1:d. If

r = p(le) (1.12)

c = p(e+ld) (1.13)

then the r x ¢ unfolding of A is the matrix Ay». whose («, 3) entry is given by

Apse(a, B) = AP (i, yiey iy ey Jae) (1.14)

where
a = ivec(i,n(r)) 1<i<n(r) (1.15)
B = ivec(jn(c))  1<j<n(c). (1.16)

Note that A,y has n, ---n,, rows and n,,_,, ---n,, columns.



Example: Suppose A € R2X3%2x2x3,

11111
a21111
12111
22111
13111
23111
A 23xas =
11211
a21211
12211

22211

a13211

23211

(1,1)

11121

21121

12121

22121

13121

23121

11221

21221

12221

22221

13221

(23221

(2,1)

Then the [12 3] x [4 5] unfolding of A is

a11112

a21112

a12112

22112

a13112

23112

11212

21212

12212

22212

13212

(23212

(1,2)

11122

21122

12122

122122

13122

23122

111222

(21222

112222

122222

13222

123222

(2,2)

11113

21113

12113

(22113

13113

23113

11213

21213

12213

22213

13213

(23213

(1,3)

11123

21123

12123

(22123

a13123

23123

11223

21223

112223

22223

13223

(23223

(2,3)

(1,1,1)
(2,1,1)
(1,2,1)
(2,2,1)
(1,3,1)
(2,3,1)
(1,1,2)
(2,1,2)
(1,2,2)
(2,2,2)
(1,3,2)

(2,3,2)

where we have also highlighted the corresponding i and j indices from ({1.15])-(|1.16))

and by ([1.14]) we have

A(i, 02,13, J1,J2) = Ap2sgxpus (i + (ie—1) - 24 (i5—1)-2-3, j1 + (jo—1) - 2).

Each row and column of A,.. is the vec of a reduced-order subtensor. In

particular, for all i and j that satisfy 1 <i < n(r) and 1 < j < n(c), we have

Ayrxe(ivec(i,n(r)), )

Arxe( 1, ivec(j, n(c)) )

10

vec( RW)T

vec( C(j))

(1.17)

(1.18)



where the tensors RY and CW are defined by
R(l)<-]) = ‘A<p>(i17"'aieajlw'-ajdfe) (119)

COG) = AP (iy, .. e ji, - Jie)- (1.20)

In the MATLAB Tensor Toolbox, the unfolding A,x. can be formed with the

tenmat class, with the command

A_unfold = tenmat(A,r,c);

For example, the code

arr = reshape(1:8, [2 2 2]);

A = tensor(arr);

A_unfold = tenmat(A,[2 3],1);

forms the 2 x 2 x 2 tensor where
1
A(:, 1) = and A(:,:,2) =

and then produces the unfolding matrix

Apsixp =

See Appendix [A] for more details on the tenmat class.

Particularly important are the so-called modal unfoldings. 1f we define the

permutation p = [k, l:k—1,k+1:d] and e = 1, then A,y is the mode-k unfolding
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of A. The columns of this matrix are referred to as mode-k fibers of A. Note that

if we define the vectors

n = [n(l:k—1) n(k+1:d)], (1.21)
i = [i(1k=1) i(k+1:d)], (1.22)

then
Ay (g, ivec(i,n)) = A(i) 1<i<n. (1.23)

This matrix has ng rows and ng - - - ng_1nkyq - - - ng columns. A third-order instance

of this important concept is displayed in equation (|1.24)).

Example: Suppose n; = 4, no = 3, and n3 = 2. then the modal unfoldings A,

A2y, and A are

@111 Q121 Q131 Q112 Q122 (132
G211 G221 Q231 A212 G222 232
a311 G321 G331 G312 G322 G332

Q411 Q421 Q431 A412 Q422 Q432

@111 G211 as11 A411 Q112 G212 Q312 A412
"4(2) - Q121 Q9221 G321 Q421 Q122 Q222 G322 Q422 (1-24)

@131 G231 G331 G431 G132 G232 (332 (432

@111 G211 a311 A411 Q121 G221 Q321 A421 Q131 G231 Q331 A431

Q112 G212 G312 Q412 Q122 QG222 (322 (422 A132 (232 (332 (432

The columns of these matrices are the modal fibers. A fiber of a tensor is obtained

by fixing all but one of the indices. For example, the third column of the unfolding

Any = | A1) AG2,1) A(3,1) A(1,2) A(52,2) A(:3,2)

12



is the fiber
A(1,3,1

(1,
A(2,3,1
A(3,3,1

)
)
)
)

A(4,3,1

obtained by fixing the 2-mode index at 3 and the 3-mode index at 1.

The mode-k unfolding can be formed in MATLAB with the command

tenmat (A, k)

For example, the code

arr = reshape (3%(0:17),[3 3 2])
A = temnsor(arr);

A_3 = tenmat(A,3);

creates the 3 x 3 x 2 tensor A where

0 9 18 27 36 45
A(:, 1) = | 3 12 21 and A(:,:,2) = | 30 39 48
6 15 24 33 42 51

and then creates the unfolding

0 3 6 9 12 15 18 21 24
A@) = Apixng =
27 30 33 36 39 42 45 48 51

13



1.2.4 The Multilinear Product

The most fundamental operations in matrix computations are matrix-vector and
matrix-matrix multiplication. The higher-order analogue of this operation is
the multilinear product (also known as the multilinear transform). Suppose

Fe R 4 and B, € R for k = 1,...,d. The tensor 7 € IR"**"* defined

by
T(i) = Zf@)Bl(jlail)BQ(j%iQ)"'Bk(jkaik) (1.25)
j=1
is the multilinear product of tensor F by the matrices By, ..., By and is denoted
by
7T = F-(B1,Bs,...,By). (1.26)

See [22] for details. We also define
(By,Bs,...,By)-F = F-(BI',BI ... B, (1.27)

Some of the key summations and vectors in this thesis can be expressed neatly

through this transformation.

Note that if for some 1 < k < d we have t,, = 1, i.e By is a column vector, then
7 is in fact an order-(d — 1) tensor. If all of the By are vectors, i.e. t;, = 1 for all

k=1,...,d, then 7 is a scalar.

Another important special case is where for some k the matrix B, is the s, X sy,

identity matrix I, . For example, if B; = I, then

14



T() = Y F()Bi(ir, j1)Balis, ) - - Balia, ja)

i=1

= Z F(i)lﬂ (ilajl)BQ(i27j2) e Bd(idujd)
i=1

s(2:d)
= Z F(j1,1(2:d)) Ba(i2, j2) - - - Balia, ja)-

i(2:d)=1

That is to say, an identity matrix in mode k corresponds to not contracting over
that mode at all. An important special case is where all the B, matrices are
column vectors except the jth one which is an identity matrix, e.g. if u; € R® for

ke{l,....,j—1,j+1,...,d} then
Vo= f'(UI,...7uj71’Isj7uj+1’..-’ud> c R%

is a column vector.

Example: If A € R" ™ U € Rm>*™ V€ R"*™2 and x € R™,y € R™ then

A-(UV) = UTAV A (zy) = 27 Ay
A-(I,,,V) = AV A-(I,y) = Ay
A-(UIL,) = U'A A (z,1,,) = 2TA

Example: If F € R™*"2X"3 and u; € R™ uz € R™ then v = F(uy, I,,,uz) € R™

is given by

ny n3

v(G) = DY Flir, dis)ur(ir)us(is)

i1=113=1

forall j=1,...,no.
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The Tensor Toolbox provides functionality to compute the multilinear product
throughout the functions ttm (tensor times matrix) and ttv (tensor times vector).

For example, if A € R"1*"2*"s and U, € R™>"™ for k = 1,2, 3 then the product
(Ul’ U27 U3) : A

can be computed with

ttm(A,{U1,U2,U3})

and if uy, € R™ for k = 1,2,3 then (uy, us,u3) - A is computed with

ttv (A,{ul,u2,u3l})

1.2.5 Norms and Inner Products

The inner product of two tensors X',) € R"**"d ig defined by

(X, ) = Z%(i)y(i) (1.28)

and the norm of a tensor X is

X[ = (X, X). (1.29)

Note that for order-2 tensors ([1.29) reduces to the Frobenius matrix norm.

1.2.6 Two Special Matrix Products

We will occasionally use some of the following useful matrix operations.
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If F and G are m-by-n matrices then the Hadamard product of F and G,

denoted F' x G, is the m-by-n matrix whose elements are given by

The Hadamard product is sometimes also called the “entry-wise product” for ob-

vious reasons.

If X € RP*% and Y € R?*° then their Khatri-Rao product is defined as
XY = [nQ®y - xp,Qy,] € RPI, (1.31)

The Khatri-Rao product is thus a columnwise Kronecker product. The following
lemma lists two important properties of the Khatri-Rao and Hadamard products.

See [65] for a more detailed discussion.

Lemma 1.1. Let A € RP**, B € R?** and C' € R"™**. Then

(a) (A® B)T(A® B) = (ATA) x (BTB), and

(b) (A® B)l = ((ATA)x(B"B))'(A® B)"

where M7 is the Moore-Penrose pseudo-inverse of a matriz M.

1.3 Tensor Rank

There are many different ways of extending the notion of rank to higher order

tensors and are appropriate for different situations [22], 41].
The multilinear rank of A € IR™**" ig the d-tuple
rankg(A) = (ri(A),r(A),...,r4(A))
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where 7;(A) = rank(Ag)). The multilinear tensor rank is important because if

rankg(A) = [mq -+ my] then it is possible to decompose A as
A == (Xl,...,Xd)'B

where B € R™>**™Md and X; € R"*™ have orthogonal columns for i = 1,...,d.
The multilinear rank is the smallest size of the tensor B for which this decompo-

sition is possible [22].

The outer product rank of a tensor A € R™**"d ig the smallest number R of

rank-1 tensors needed to represent A as a sum of the form
R . .
A = Zagl)O---anf) (1.32)
i=1

where ag-i) eR% forall:=1,...,Rand j = 1,...,d. We denote the outer product

rank as

R = rankg(A). (1.33)

Unfortunately, determining the outer product rank of a higher-order tensor is NP-

hard and is often an ill-posed problem [22] [31].

If A € R " is a symmetric tensor then the symmetric rank of A is the

minimal number r of symmetric rank-1 tensors needed to represent it in the form
T

A=Y oo 0 (1.34)
i=1

See [12] for a detailed discussion. The symmetric rank is often denoted as rankg(.A).
It is obvious that rankg(A) < ranks(.A), but it is an open question if equality holds
in equal. This is in sharp contrast with the case for symmetric matrices, for which

the outer product rank and symmetric rank are easily shown to be the same.
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1.4 Standard Tensor Decompositions

We present some of the more common tensor decompositions that will figure heavily
in later chapters. See [4I] for a more detailed overview of tensor decompositions

and related computation.

1.4.1 The CP Decomposition

An order-d tensor A € R"* X" can always be decomposed into a sum of rank-1

tensors of the form

A =3 a0 oq) (1.35)

where agi) eR% foralli=1,...,Rand j =1,...,d. When R = rankg(.A) then
(1.35) is called the CP decomposition [4, 28|, 35]. Note that this decomposition is
also referred to as the Canonical Decomposition (CANDECOMP) and the Parallel

Factors (PARAFAC) decomposition in the literature.

The CP-decomposition is often written as in normalized form as
R . .
A= "Ab o oby) (1.36)
i=1

where the b-vectors have unit length.

Unfortunately there is no straightforward way to determine the rank of a spe-
cific tensor. For example, there is a 9 x 9 x 9 tensor whose rank is only known to
be bounded between 18 and 23 [44]. There is no result about the maximum outer
product rank of a general tensor although there are some special cases that have

been investigated [33], 45]. Furthermore, the least squares problem

min || A—B]

ranke (B)<k
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of approximating a given tensor A optimally with a rank-k tensor B is ill-posed
[22], i.e. there are large classes of tensors that have the property that rankg(A) = R
but there exists a sequence {A;} of tensors where rankg(A;) < R but lim A4; = A.

For a detailed discussion of the outer product rank, see [22].

1.4.2 Tucker Decomposition

The Tucker model is a form of higher-order principal component analysis. It de-
composes a tensor into a core tensor multiplied by a matrix in each mode [69]. The

form of the decomposition of A € R™**" in terms of the multilinear product is
A= (X1,Xs,...,Xy)-C (1.37)

where C € R™ %4 ig the core tensor and the matrices X; € R™*™ are the factor
matrices, which are often chosen to be orthogonal (although this not necessary to
be considered a Tucker decomposition). Note that m; < n; for i = 1,...,d.
The factor matrices can be thought of as the principal components in each mode
and the entries in the core tensor as the level of interaction between the different
components. If m; < n; for some ¢ then C can be considered a compressed version

of the tensor A.

Interestingly, the CP decomposition can be viewed as a special case of Tucker
where the core C is diagonal, i.e. C(iy,...,14) = 0 unless i; = ip = -+ = i4, and

m; = Rforalli=1,...,d.
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1.4.3 The Higher Order SVD

The Higher-Order Singular Value Decomposition (HOSVD) of de Lathauwer et al.
[20] is an important tensor decomposition that can be written using the multilinear
product. It is a special case of the Tucker decomposition ((1.37]). Since it will come

up frequently in this thesis, we will summarize some of its properties derived in

[20]. If A € R™**™ then the HOSVD of A is
A= (Uy,...,Uy)- S, (1.38)

where § € IR """ is the core tensor and U; € R"*" are orthogonal. The core
tensor S has the special property of being “all-orthogonal”. The factor matrices
Uy in are the matrices of the right singular vectors of the modal unfoldings
Ay Thus, we have for all k =1,...,d,

Awy = SV (1.39)
and from (|1.38)) and ((1.39) we can show that for all k,
Sy = SV (U@ Usr @+ @Upp1 @Up1 @ - @ Uy). (1.40)

If 7 is an order-d tensor, we denote by 7;,_. the order-(d—1) subtensor of 7°

k=7

obtained by fixing the kth index to be 7, i.e.

(ZkZ’Y)(jIJ S 7jd—1) = T(jlv s 7jk—1777jk7 s 7jd—1>'

From equation ([1.40]) we can see that the HOSVD has several interesting properties.
For example, the inner product of the subtensors of S when any index i;, 1 < k < d,

is fixed to different values is zero, i.e.

<Sik:a78ik:6> - 505‘
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This is the all-orthogonality property and easily follows from the orthogonality of

the U and V matrices.

The following subtensor norm grading relationship also holds:

(k

k
1Simi || = 0t > [ Symall = o) > o > | Sipeny | = 0P

E=Nk ’ ng

which means that the norms of the rows of the the modal unfolding Sy are
monotonically decreasing. Furthermore, for any £k = 1,...,d we have that

ir=1 \ 9ij

2
AP = |S|? = 3 <o(k)> , where Ry, is the rank of Ag.

If we truncate the HOSVD to A = (U}, U}, ..., U})-S' where 8’ € IR™*">™d g
equal to S(1:my, ..., 1:imgy) and U}, = Ui(:, 1:my) where my < ny for k =1,...,d,
then the approximation error is bounded by the inequality

SONs ()
i k
TA-Al <Y % (ok) . (1.41)
k=1 ip=mj+1
Note that in general A is not the optimal tensor approximation of A of size
my X --- X mg but is often a reasonable approximation and a good initial guess

for algorithms such as the higher-order power method (HOPM) and higher-order

orthogonal iteration (HOOI) [19, 21].

Example: If A is a matrix, i.e. d = 2, the equation A = (Uy,Us) - S reduces to
A = U,SU], where

Agy = A = UxvT = U5V,

Ap) = AT = vITU" = U5V,
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which implies U; = Vo = U and Uy, =V, = V. We also get

Sy =8 = SV, = VIV = 3

S = ST= %VU, = 20U = ¥

Thus the HOSVD reduces to the matrix SVD when d = 2.

1.5 Preview Of Chapters 2-5

In Chapter 2 we extend the following well-known trick from matrix computations to
tensors. If A € IR™*™, then there are well-known connections between its singular
value decomposition (SVD) and the eigenvalue and eigenvector properties of the

symmetric matrix

0 A
sym(A) = € R Hn2)x(nitna) (1.42)

AT 0
Specifically, the eigenvalues of sym(A) are the singular values of A and their neg-
atives and the associated eigenvectors are the column stacking of the left and
right singular vectors. This has been used to analyze and derive important matrix

algorithms in the past [25].

There is also an important connection between A and sym(A) through their
Rayleigh quotients and their critical values, which are closely related to eigenvalues

and singular values.

We discuss all of these notions as they apply to higher-order tensors. We de-
velop a new way to embed a tensor into a symmetric tensor of larger size. In

analyzing this embedding we discover a new result concerning the connection be-
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tween tensor singular values and tensor eigenvalues and show how this can be used

to develop new algorithms.

The tensor rank properties of the symmetric embedding are also investigated.
For matrices we have that rank(sym(A)) = 2 - rank(A). We prove a partial gen-
eralization of this result for higher-order tensors and discuss its similarity to an

unsolved conjecture on tensor rank.

Chapter 3 develops a robust computational framework for block tensor compu-
tations. The field of matrix computations has matured to the point that it is not
necessary to provide scalar-level verifications of basic block-level operations. For
example, if

T
Cii Cha A Ap By B
Ca1 Oy Agp A By Ba
then without “ijk proof ”it is understood that Cy = AT, By + AL Byy provided
A and B are partitioned conformally. “Understandings” like this contribute to the

culture of block matrix computations, enabling researchers to think at a high level

when they are developing new algorithms and proofs.

It is our contention that the emerging field of tensor computations needs to
develop a similar infrastructure that gracefully supports block tensor operations.
By a block tensor we mean a tensor whose entries are themselves tensors. As with
matrices, the act of blocking a tensor is the act of partitioning the index range

vectors associated with each dimension. Thus, if A € IR****® and

1:9 = 1:2 3:56:9}
1:5 = | 1:3 4:5} (1.43)
1:8 = 1:2 3:45:67:8}7
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then we are choosing to regard A as a 3-by-2-by-4 block tensor with block dimen-
sions that are determined by the indicated partitionings of 1:9, 1:5, and 1:8. The
colon notation can be used to specify the blocks. For example, the (2,1,3) block
Aoz, is prescribed by A(3:5, 1:3, 5:6).

Block tensors are increasingly important [16] 17, [18] [32], [56] for the same reasons

that block matrices are increasingly important:

1. Structure. Block-level sparsity is a common pattern because of nearest-

neighbor coupling and other reasons.

2. Generalization. Block versions of point algorithms frequently have attractive

features [50].

3. Performance. Blocking is the key to minimizing communication [2].

A common paradigm for tensor computation involves unfolding. In this frame-
work, computations on a tensor A reduce to matrix computations on one or more
of its unfoldings. For example, the higher-order singular value decomposition of a

tensor involves computing the SVD of each modal unfolding [20].

Given all the advantages that result when a matrix computation is organized
at the block level, it makes sense for an unfolding of a block tensor A to have
a related block structure of its own. In particular, A’s blocks should map to
contiguous blocks in the unfolding. This is not the case when a typical “vec-
oriented” unfolding is invoked [4I]. Chapter 3 shows how to permute the rows
and columns of a vec-oriented unfolding so that its blocks are unfoldings of the the
tensor blocks and how tensor computations can be done with these block unfoldings

in a natural way.
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Armed with our framework for block tensor computations, the next step is
to explore block-based tensor approximations and decompositions. The matrix
Kronecker Product SVD (KSVD) [58] is a way of approximating a matrix A as a

Kronecker product of two smaller matrices, i.e.
min | A-B®C |
B,C
and computing a minimal exact decomposition
R
i=1

The B and C' matrices can even be chosen to inherit some of A’s structure, such
as symmetry or non-negativity. In Chapter 4 we show how the block unfoldings
developed in Chapter 3 allow us to generalize the KSVD to tensors and investi-
gate how this tensor KSVD captures the more complicated symmetries possible
for higher-order tensors as well as so-called multilevel tensors that have block-level
structure. We define a new operation called the Tensor Kronecker Product, whose
properties we will explore in some detail. Together, the TKSVD and Tensor Kro-
necker Product give us an easily computed, data-sparse tensor approximation that

allows for efficient implementations of many common tensor operations.

A few special topics are considered in Chapter 5. We introduce a new Tucker
decomposition reminiscent of the HOSVD but based on computing a QR decompo-
sition with partial pivoting on the modal unfoldings. The resulting decomposition

is called the Higher Order QR Decomposition (HOQRD) and is of the form

A= (Qr,...,Qd) R

Due to the partial pivoting strategy used to obtain the R tensor and Q)q,...,Qq4
matrices there is a “norm grading” in the core tensor R: entries tend to get

smaller the further they are from the (1,...,1) position. Due to this effect a
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truncated HOQRD approximation can be a good initial guess for iterative low-

rank approximation algorithms such as the HOPM and HOOI.

The last topic we explore are the tensor singular value properties of partially
symmetric tensors. A partially symmetric tensor is invariant with respect to some
permutation of its indices but is not necessarily fully symmetric. An example is a
3rd order tensor A such that A(i, j, k) = A(j,4, k) for all 4, j, k. We theorize that
the singular vectors of such tensors can be chosen to reflect this partial symmetry.
A power method that computes singular values and singular vectors of partially

symmetric tensors that exploits their structure to reduce computation is proposed.
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CHAPTER 2
BLOCK TENSORS AND SYMMETRIC EMBEDDINGS

This chapter introduces a novel way of embedding a tensor in a larger symmetric
tensor, extending the classical matrix case, and investigates its tensor singular

value and eigenvalue connections, algorithmic implications and rank properties.

The idea of embedding a general tensor into a larger symmetric tensor having
the same order is developed in §2.2] This requires having a facility with block
tensors. Fundamental orderings, unfoldings, and multilinear summations are dis-
cussed in and used to characterize various multilinear Rayleigh quotients and
their stationary values and vectors. This builds on the variational approach to

tensor singular values developed in [48]. In §

2.4l we provide a symmetric embed-
ding analysis of several higher-order power methods for tensors that have recently
been proposed [19, 21], 36l 37, [42]. Results that relate the multilinear and outer

product ranks of a tensor to the corresponding ranks of its symmetric embedding

are presented in A Dbrief conclusion section follows.

2.1 Motivations

Before proceeding with the discussion of the general tensor symmetric embedding
we present two motivational examples. First, we discuss the properties of the
matrix symmetric embedding, which has a long history in matrix computations.
We then explore the symmetric embedding of an order-3 tensor, which allows for

an intuitive visualization and simplified notation.
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2.1.1 The Matrix Case

If A € R™" we define

0 A
sym(A) = € R(m+n2)x(natn2) (2.1)

AT 0
which is a symmetric matrix and has the property that if A = UXV7T is the SVD
of A, then for k =1,2,... rank(A)

0 A U U
= oy (2.2)

AT 0 ivk :tl}k

where u, = U (5, k), v, = V(:, k), and o = X(k, k). In other words, the eigenvalues
of sym(A) are the singular values of A and their negatives and the corresponding
eigenvectors are the column stacking of the singular vectors of A. This fact has

been used to good effect in matrix computations.

The Lanczos tridiagonalization is an algorithm that computes a factorization of
a symmetric matrix C' in the form C = UTV7T where U and V are orthogonal and
T is tridiagonal [46]. It is an important component in many other algorithms, such
as the computation of the symmetric Schur decomposition [26]. The Golub-Kahan
bidiagonalization [54] is a way of decomposing a matrix M into the product UBVT
where B is bidiagonal. It was an important observation that bidiagonalization of
A is essentially equivalent to applying Lanczos bidiagonalization of sym(A). This

proved crucial in the development of the Golub-Kahan SVD algorithm [25].

While not as groundbreaking, we will show in this chapter how a tensor equiv-
alent of (1.42)) can be used to show new connections between tensor eigenvalues

and singular values similar to (2.2)) and derive new algorithms.
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Another way to connect A and sym(A) is through the Rayleigh quotients

paluw) = LAY (ZZAM <>) / Ul ol 23)

Tulblol, ~ \&= 2
and
T
(sym) 12" Cx 1
a (@) = 2 T 5(22011712 (ir)x Z2>/||$H2 (2.4)
i1=110=1
where u € R™, v € R™, N = n; +ny, 2 € RY, and C = sym(A4). If z is a

stationary vector for ¢Ejym), then u = z(1:ny) and v = x(ny + 1:ny + na) render a
stationary value for ¢ 4. See [20], p.448]. Rayleigh quotients are important because
they are closely related to eigenvalues and singular values. We will explore Rayleigh

quotients in detail and introduce higher-order tensor generalizations in §2.3|

2.1.2 A Third Order Example

Before we proceed with the rest of this chapter, we use the case of third-order
tensors to preview some of the main ideas and to establish notation. The starting

point is to define the trilinear Rayleigh quotient

Galu, v, w) = (ZZZA(@'M%i3)U(i1)v(i2)w(is)>/(HUHQ ol [ wll,)
i1=110=1143=1 (25)

where A € R™*"2*™ ¢ € IR™, v € IR™, and w € IR™.

The singular values and vectors of A are the critical values and vectors of ¢4
as formulated in [48]. A simple expression for the gradient V¢4 is made possible
by unfolding A = (a;;x) in each of its three modes and aggregating the u, v, and w
vectors with the Kronecker product. It is necessary to specify the order in which

the fibers appear in a modal unfolding. The choice exhibited in ([1.24]) has the
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property that

ul A(l) w v
ni n2 n3

Z Z Z A(il, ig, Zg)U(Zl)U(ZQ)HJ(Zg) = UT A(Z) wRu (26)
i1=114p=1143=1
wTA(g) v®u
which makes it easy to specify the stationary vectors of ¢ 4. If u, v, and w are unit

vectors, then the gradient of ¢4 is given by

Aqyw ®v U
VQb_A(U, v, w) = A(Q) w O u - ¢A(U, v, w) v . (27)
Aiyv @ u w

We remark that if A is an order-2 tensor, then (2.7 collapses to the familiar

matrix-SVD equations Av = ou and ATu = ov.

A central contribution of this chapter revolves around the tensor version of the
sym matrix and the associated Rayleigh quotient ¢Ejym) that is defined in
. Just as sym-of-a-matrix sets up a symmetric block matrix whose entries are
either zero or matrix transpositions, syme-of-a-tensor sets up a symmetric block

tensor whose entries are either zero or a tensor transposition.

The symmetric embedding of a 3rd-order tensor results in a 3-by-3-by-3 block
tensor, a kind of Rubik’s cube built from 27 (possibly non-cubical) boxes. If
A € R™*™%% and N = ny 4 ny + ng, then sym(A) = C € RY*N*N ig the 3-by-
3-by-3 block tensor whose 7k block is specified by

A<liik]> if [¢ j k] is a permutation of [1 2 3]
Cliji = (2.8)
0 € R™*™ ™ otherwise.
See Figure [2.1] The blocks in a block tensor such as C can be specified using the

colon notation. For example, if ny = 4, ny = 3 and n3 = 2, then
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A<[123]

A<[132] A<[213]

A<[231] A<[312]

A<[321]

Figure 2.1: The Symmetric Embedding of an Order-3 Tensor

Chas = C(1:4,5:7,89) = A<[123]> o Rmxnexns

C[132} = (C(1:4,89,5:7) = A<L32> o [Rmaxnsxns

)

)

) = A< [213}> E ananxng,
. (2.9)

C[Q?}l} = C 5:7,8:9,1:4) = A< [231}> G Bn2Xn3Xn1

)

)

— A< B12]> c ]Rn3><n1><n2

= A< [321]> € [RXn2xm

(

(

Cory = C(5:7,1:4,89

(

Cig = C(8:9,1:4,5:7
(

C[321} = C839,527,124

We will prove in §2.2.3| that the tensor C is in fact symmetric.

The last topic to cover in our order-3 preview is the generalization of the
Rayleigh quotient (bijm) defined in (2.5). If AeR™*"*™ C = sym(A),

N =ny 4+ ny+ns, and 2 € RY, then qbijm) is defined by

N N N
bejym) - 31 (ZZZC i1, i2,13) ()7 (iz)T 23>/||$||§ (2.10)
i1=1142=1143=1
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It will be shown in §2.3.3| that if

u }n1
T = v }TLQ
w }ng

satisfies ngijm) (z) =0, then
\2 (bA(u,v,w) =0 vvqu(U,U,IU) =0 Vi ¢A(U,U,w) =0

where V, refers to the gradient with respect to the components in vector z. More-

over, it will be shown that

u u u
=] w To=| —v zo=| —v
—w w —w
are also stationary vectors for quEjym) and
_ . (sym) _ . (sym) __ (sym) __ (sym)
Palu,v,w) = o7 () = ¢ (@) = =0y (@) = =7 (Th)

2.2 The General Case

Block matrix manipulation is such a fixture in numerical linear algebra that we

take for granted the correctness of facts like

T
A A AL AT
R B B (2.11)
Ay Ag Al, AJ,

Formal verification requires showing that the (i,j) entries on both sides of the

equation are equal for all valid 7j pairs.
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The symmetric embedding of a tensor involves generalizations of both trans-

position and blocking so this section begins by discussing these notions and estab-

lishing the tensor analog of (2.11)).

2.2.1 Blocking

The act of blocking an n;-by-ny matrix C' is the act defining the blocking vectors

m® and m®:
m — [mgn m&)] m® = [m? ... m{(}z)] (2.12)

of positive integers that sum to n; and no, respectively.

Given ([2.12)), we are able to regard C' as a by x by block matrix (Cj, ;,) where
block Cj, ;, has mz(ll) rows and mg) columns. It is easy (although messy) to “locate”

a particular entry of a particular block. Indeed,

. 0w
Civia(Gnd2) = C(o + 31, pi}) +J2)

where
p; = ml + m2 + cee + mik_l (2]‘3)

for k =1,2.

To block an order-d tensor C € IR™™ ™™ we proceed analogously. We define

the blocking vectors
m® — [m§k> m,(,’j] k=1,2....d (2.14)

and this permits us to regard C as a by x---x by block tensor. If i = [iy,..., 4],

then the i1-th block is the subtensor
Ci=0Ci iy = C(p(1)+1:pl(-11)—|—m(1), . ,pz(-j)jtl:p(d) + m(d)).

11 11 id iq
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If j = [j1,---,jal, then the j-th entry of this subtensor is given by

GG) = COpP+ vy, PP +j0) €R (2.15)

i1
where p{ is specified by [@:13) for k = 1,2,...,d.

To illustrate equations (2.13)-(2.15), if C € R?*™*°*® and

my = [423]  (h=3)
my = [5 2] (by = 2)
ms = [41] (by=2)
mi = [222]  (bi=3)

then we are choosing to regard C as a 3 x 2 x 2 x 3 block tensor. Thus, ifi = [312 1]
then C; = C(7:9, 1:5,5:5,1:2) and

Cl(j) = C(6+j17j27 4+j37.j4)
where 1 < j < [3512].

Note that we will treat tensor blockings in more detail in Chapter 3.

2.2.2 Block Transposition

It is also easy to verify from the tensor transpose definition (|1.3) that if f and g

are both permutations of 1:d, then

(A<P>)<s> = A<t(®)> (2.16)

A transposition of a block tensor renders another block tensor. The following

lemma makes this precise and generalizes (2.11)).
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Lemma 2.1. Suppose C € IR""*" ™ 4s aq by X --+ X by block tensor with block
dimensions defined by the partitioning . Let C; denote its i-th block where
i=1[i1,...,i%q). If p=1[p1,...,pa] is a permutation of 1:d and B = C<P~, then the
tensor B € IR™P1"™a s q b, X --- X by, block tensor where each block By is

defined by Bipy = C;P7.

Proof. If 1 < jj, < mgf) for k =1,2,...,d, then from (2.14) and (2.15)) we have
. . . . . d .
Ci<p>(jp1’ s 7.7pd) = Ci(.]l? s 7.]1)) = C(Pgll) +]1a s 7P§d) +.]d)
On the other hand, B = C<P~ and so

1 . d . . . . .
Cloy + 100 +3a) = BP 4 Gy PP+ ) = Bito) Ui -+ pa)-

P1

Thus, Bip (i(p)) = C P (j(p)) for all j , ie., Bip) = C P~ O

2.2.3 The sym(-) Operation

The tensor analog of ((1.42) involves constructing an order-d symmetric tensor
sym(.A) whose blocks are either zero or carefully chosen transposes of 4. In

particular, if A € IR™*"*"  then
sym(A) € RV N N=ni+--ng
is a block tensor defined by the blocking vectors
m® =[ny ny - ny] k=1,2,....d. (2.17)
The i-th block of C = sym(.A) is given by

c A<?> if i is a permutation of 1:d

0 otherwise
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for all i that satisfy 1 <i < d. Note that C; is n;, xn;, x---xn;,. We confirm that

sym(.A) is symmetric.

Lemma 2.2. If A € R"*""" and C = sym(A), then C is symmetric.

Proof. Let p be an arbitrary permutation of 1:d. We must show that if B = C<P~
then B = C. Since C as a block tensor is dxd x---xd, it follows from Lemma [2.1

that B has the same block structure and

for all i that satisfy 1 <i < d. If i is a permutation of 1:d, then C; = A<!> and

by using we conclude that
Bip) = (A7)P> = AP — ¢,
If i is not a permutation of 1:d, then both C; and C;¢,) are zero and so
Bip) =C 77 =0 = Cip).-

Since B and C agree block-by-block, they are the same. O]

Note that by using the Tensor Toolbox [39] with the block tensor extensions
that are described in Chapter 3 and Appendix [A] one can form the symmetric

embedding of the tensor object A with the following commands.
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n=size(A); d=length(n);
N = sum(n)*ones(1,d);
M = cell(d,1);
for i=1:d, M{i} = n; end
C = bltensor(zeros (N),M);
P = perms(1:d);
for i = 1:size(P,1)
C(P(i,:)) = permute(A,P(i,:));

end

2.2.4 Notation and Facts

The summation that defines the multilinear Rayleigh quotient (2.5)) can be written

succinctly in matrix-vector terms.

Lemma 2.3. If A € R"" and u, € R™ for k=1,2,...,d, then

n

A (g, ug) = Y A(un(in) - ualia) = vee(A) ug® - Sy (2.18)

i=1

Moreover, for k =1,2,...,d we have
A (ury .o ug) = up A e (2.19)

where

i = (g ® o Oy Qg © - Oy, (2.20)

Proof. 1f a = vec(A) and b = ug ® --- @ uy, then using the definition of vec and

equations (|1.11)) and ((1.23)), we have

n

ZA(i)ul(il)---ud(z‘d) = > a(ivec(i,n)) - b(ivee(i,n)) = Y a(i)b(i) = a’b.

i=1 i=1
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This proves (2.19). Using the modal subtensor interpretation of A that are
discussed in §1.2.3| and definitions ([1.21]) and ([1.22)), we have

n

> A@)ui(in) - ualia) = Y upix) ZBW(i)aﬁ)

i=1 =1
ng
= > wlin) (Agy(in, )iie) = uf Agyii
ix=1
which establishes (2.18)). O

Notation: We will alternate between using the multilinear product notation,
e.g. A (uy,...,uy), and the equivalent modal unfolding notation, e.g. uj A,

as we deem appropriate in terms of clarity and conciseness.

Summations that involve symmetric tensors are important in later sections.
The following notation for the multiple Kronecker product of a single vector is

handy:
1‘®d:x®...®x.
—_—————
d times

Note that if 2 € RY, then 2®¢ € RY".

Lemma 2.4. IfC € RY*"*N s a4 symmetric order-d tensor and x € R, then

C-(x,....,2) = ZC(i)x(il)---x(id) = 27 Cpy 2®Y (2.21)

Proof. This follows from Lemma by setting n, = N and u;, = x for all k =

1,2,...,d. Note that because C is symmetric, C;) = - -+ = C(g). O

The summation ([2.21)) has a special characterization if C = sym(.A). To pursue

this we will have to navigate C’s block structure and to that end we define the index
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vectors L and R as follows:

1 ny
ny+1 Ny + No
L = R = : (2.22)
ny+-oct+ngg+1 ny+ -+ ng

Note that if 1 < p < d, then

Cp = C(L(p1):R(p1),---,L(ps):R(pa))

is C’s p-th block.

Lemma 2.5. Suppose A € R"**" C = sym(A), and N =n; +---+ng. If

z € RY is partitioned as follows

Uy
r = : ug € IR™,

Uq

and Uy, ..., uq are defined by (2.20), then

A(1)ﬂ1
C-(In,x,...,x) = Cpa®*™D = (d—1)! : (2.23)
and
N n
Y CHix(n)---w(ja) = d') A (ir) - walia) (2.24)
j=1 i=1
1.e.
C-(x,....,x) = d'A-(uy,...,uq). (2.25)
Proof. If v = Cyz®@~1 and
wq
€j = ]N(Z,j) = s w; € Rni, (226)
Wq



is partitioned conformally with z, then for j =1,2,..., N we have

v(4) = > Clias- . yia)n(in) - w(ia)

i(2:d)=1
= D_Cli)e;(in)a(i) -+ x(ia)
P R(p)
- Z C(i)e;j(ir)x(iz) - - - x(ia)
p=1i=L(p)
d n(p)
=3[ D2 Colk)wy, (1 )ups (ka) -y, (k)

Now suppose that L(g) < j < R(g), j = L(q) + r — 1. From (2.23) we must show

that v; is the rth component of A g)t,.

To that end observe that Cp,(k)w,, (k1) is necessarily zero unless p; = ¢, ky =,

and p is a permutation of 1:d. Assuming this to be the case and defining the

vectors vy,...,vq by
vy = )
w, otherwise
we see using (2.19) that
n(p) n(p)
Z Cp(k)wpl (kl)um (kQ) T upd(kd> = A= (k)vpl (k1>vp2 (kQ) e Upd(kd)
k=1 k=1

— Z A(K)vy(ky)va(ka) - - va(kq)

= U;A(q)vd@) ®Uq+1®vq_l® e @y
— quA(q)ud@) ®Uq+1®uq_1® s @y

= ng(q)ﬁq.
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Observe that the number of p that satisfy 1 < p < d subject to the constraint
p1 = qis (d — 1)! and conclude from ([2.26)) that w, = I, (:,r). It follows that

d
v(j) = Z ng(q)aq = (d-1)! [A(Q)aq}r'
p=1

This establishes ([2.23]). Equation (2.24]) follows from

d
2 Cayx® Y = " (d — 1)luf A i

k=1

and Lemmas 2.3 and B.4] O

2.2.5 A Note on Uniqueness

For any tensor A € R™**" the function

falx) = falug,...;uq) = A-(ug,...,uq) = A(i)uqg(iq) - - uq(iqg)  (2.27)
i=1
is a homogeneous polynomial of degree d in the coefficients of z = [ul --- ul]T €

RY where N = n; + --- + ng. By the identification of homogeneous polynomials
and symmetric tensors [14] there exists a unique symmetric tensor B € RN

such that

for all vectors u; € R™, ¢ =1,...,d. From Lemma [2.5 that know that

sym(.A)

b=

satisfies this relation. Indeed, we could have derived sym from the polar form of
fa, which is the polynomial

Fu(zW, ... 2@
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where 9 € RN, F is linear separately in each 2, symmetric in the 2 and

satisfies

In other words,
FA(x(l), 2P = B. (x(l), Lz @),
The polar form of f4 is given [76, [59] by the construction

1 0 0
Faolz®  p@y = — 9 9 a0 @y

Combining this with our previous results, we get the following theorem.

Theorem 2.6. If A € R gpd M) 2@ ¢ RN then

0 0
sym(A) . (:L‘(l), .. ,x(d)) = 8_)\1 c.. a_)\de(/\lx(l) 4o )\d{E(d)) o (2.28)

Moreover, sym(.A)/d! is the unique N -dimensional order-d symmetric tensor that

satisfies ([2.25)).

Informally we might say that “sym(.A)/d! is the polarization of A.”

Example: Let A be a 2 x 2 matrix, which means d = 2 and n; = ny = 2. Then

T oT)T we have

if u,v € R? and = = [u” v

a1 a v
falz) = ulAv = (u1 us) o '

Q21 A22 V2

= Q11UIV1 + Q12U V2 F Q21 U2V + G22U2V3

= a112T1T3 + Q122174 + A21T2X3 + A22L2T4

and thus the polarization Fy is given by

1 0 0

Fa(zW,2?) = 58_)\18_)\2]0/‘(

)\11'(1) + )\217(2)) |)\:0
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and

fA(/\lﬁU(l) + /\2x(2)) _ CL11(>\1I51) + )\21,52))()\11,&1) + )\gng)) 4.
(llg(/\ll’ + )\2x(2))(>\1x511) + )\21'4(12)) + a21<)\ll'él) + )\2$§2))()\1{L‘g1) + A2$§2))

+a22(/\1x2 + /\QI‘Q )(/\1l‘4 + /\21’ )
After performing the differentiation we get

1
Fa(e®, 2?) — 5 (2022 + 2022) 4 an(@xW2® + 202 4 ..

a21(x§1)$§,2) + xél)xgz)) + a22(:z;§ )xf) + x(l)x@))

0 0 an a

1 0 0 ao ax

— _(x(l))T 2)

a1 Q91 0 0

a12 Q929 0 0

1
= @) Tsym(4)

as stated by Theorem [2.6]

2.3 Rayleigh Quotients and Stationary Values

In matrix computations, the Rayleigh quotient of a symmetric matrix A € R™*"

and a vector z € R" is the function

2T Ax

—.
|| T ||2

Pa(z) =
This quotient has many important properties [26], such as

>\min(A> < ¢A<x> < )\max(A)
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where ¢4 achieves the upper and lower bounds when x is the eigenvector of A
corresponding to the largest and smallest eigenvalue of A, respectively. Indeed,
the eigenvalues and eigenvectors of A are the critical values and critical points
of ¢4. Furthermore, setting A\ = ¢4(z) minimizes || (A — \L,)z ||,, so if = is an
approximate eigenvector then ¢4(z) is a reasonable choice for the corresponding

eigenvalue.

Generalizing the Rayleigh quotient to a not-necessarily-symmetric n;-by-ns ma-

trix A and vectors z € R",y € R"2
T
x' Ay
¢alr,y) = T

2ol y 1l
It can be shown that the singular vectors of A are the critical points of ¢4(z,y)
and

Omin(A4) < [9a(z,y)] < omax(A).

Indeed, opmin(A) = @a(u1,v1), Omax(A) = da(ug, vr) where k& = min(ny,ny) and

UXVT is the SVD of A.

In light of these many important connections between Rayleigh quotients and
eigenpairs and singular values and singular vectors for matrices it is reasonable
to try to extend Rayleigh quotients to higher-order tensors and see if a similar
situation involving tensor equivalents of eigenvalues and eigenvectors arises. This

is the approach taken in [48].

Suppose A € R"* " and u, € R™ for k = 1,2,...,d. Analogous to (2.3

we define the multilinear Rayleigh Quotient

Galur, ... ug) = (ZA(i)Ul(il)“'Ud(id)>/(||U1 [y llually)  (2.29)
A (ug, ... ug)

[l fly - [l ua Iy
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If C =sym(A), N =n;+---ng, and x € IR", then corresponding to (2.4) we have

o) = 5 (Z C(i)(i) - .x@-d)) / (I 1)’ (2.30)

C-(z,...,x)
d|| « |y

In this section we examine these multilinear Rayleigh quotients, specify their gra-

dients, and relate the singular values of A to the eigenvalues of sym(.A4).

2.3.1 The Singular Values of a General Tensor

The gradient of ¢4(uy,...,uy) relates to a collection of matrix-vector products

that involve the modal unfoldings of A and Kronecker products of the u-vectors.

Theorem 2.7. If A € R"**" qnd for k = 1,...,d the vectors u;, € IR™ each

have unit 2-norm, then

Ayt Uy
Voalur,... ug) = : — dalur, ... uq) -
Aa)tig Ug
where U, = (Ug® «+ Uy QU1 @ -+ D uy).

Proof. From Lemma [2.3| we have

Galur, .. ua) = (ug Agy ) [/ ([unlly-ually) -
For k=1,2,...,d we have

Va (up Ay iie) = Ayt and Vo, (Jur lly-- [[wa ll) = we
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and so

(I wa ||2 |l ug ||2)A(k)ﬁk: - (Uf-A(k)ﬁk)uk

([ fly - [l ua lly)?

Vuk(bA
= Awir — dalus, ..., uq)us.

The theorem follows by simply “stacking” these subvectors of the gradient. O]

The variational approach to tensor singular values and vectors set forth in [48]

is based on equating the gradient of ¢4 to zero.

Definition 2.8. The scalar ¢ € R is a Z-singular value of a general tensor

A € R 7" if there are unit vectors uy € IR™ such that
A(k)ﬂk = Oug, (2.31)

fork=1,...,d. The vector u is the mode-k Z-singular vector associated with o.

The normalization condition u{uk = 1 is necessary, since if vy = auy for all
k=1,2,...,d then Ayt = a® Ayt = " touy = (a"20)vy, for any a € R. It
can be shown that at least one Z-singular value and associated Z-singular vectors
exist for any tensor (cf. [48]). Note that equation can also be written using

the multilinear product in the form

A (uyy ooy g1, Ly U1y oo, Ug) = Uy

2.3.2 The Eigenvalues of a Symmetric Tensor

For a symmetric tensor C, the stationary values of ¢¢(x,...,x) define the notion

of a tensor eigenvalue.
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Theorem 2.9. IfC € RV"*Y s symmetric and x € RY has unit norm, then

Vepe(z,...,x) = d (C(l)x‘g(d’l) — ¢e(z,. .. ,x)x) )

Proof. From Lemma [2.4] we have
oe(r,...,x) = 27Cuz® @V /| z ||
Since
vwﬁTC(l)I@)(d_l) = dC(l)I®(d_1)
and
Vz(xTx)d/Q = d(xTx)d/2_1x
it follows that

(xTx)d/2C(l)$®(d71) _ (xTC(l)xe@(dfl)) (le‘)d/2—1a7

(aTz)

= d(Cayr®™Y — (27 Cpyr® V) 2)

Vioe(x,...,x) = d

=d (C(l)m®(d_1) — ¢clz,...,x)T)
completing the proof of the theorem. n

By setting the gradient of ¢¢(z,...,z) to zero we arrive at the notion of a tensor

eigenvalue [60].

Definition 2.10. IfC € RY**N s symmetric and x € RY is a unit vector such
that

Cayr® Y = \x (2.32)

then A = ¢c(x, ..., x) is a Z-eigenvalue of C and z the associated Z-eigenvector.

48



Note that if C;yz®@D = Az and a € IR, then C;)(az)®@ D = (a?2))(ax).
Thus, we resolve a uniqueness issue by requiring Z-eigenvectors to have unit length,
something that is not necessary in the matrix (d = 2) case. The equation (2.32)

can also be written as

C-(In,z,...,xz) = Az.

In [62, 60] it is shown that Z-eigenvalues and associated Z-eigenvectors always
exist for symmetric tensors. Recently it has been shown that a symmetric tensor
has at most ((d—1)Y —1)/(d—2) complex Z-eigenvalues (known as E-eigenvalues),

counted with multiplicity [5].

In [48] Lim refers to Z-singular values and Z-eigenvalues as [*-singular val-

ues and [?-eigenvalues, respectively, because of their connections to the 2-norm

Rayleigh quotients (2.29) and (§ -

2.3.3 The Eigenvalues of sym(.A)

Since C = sym(A) is so structured, we anticipate that the eigenvalue-defining
equation V(b(sym () = 0 will have some special features. From the Definitions
and and Theorem [2.9, we have

sym) 1 _
V¢ ) = avqb(,'(xa"‘ax) = (d— 1) (C(1)I®(d bo_ ge(z,..., 1))
(2.33)
We first characterize the gradient of gbijm) in terms of matrix-vector products that

involve A’s modal unfoldings.
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Theorem 2.11. If A € IR"*"*" and x has unit 2-norm, then

Ayt (uf Apytn ) ug
Voo™ () = : —d : . (2.34)

A(a) g (g Aaylia)ua

Proof. From Lemmas [2.3] ﬁ and [2.5) ﬂ and the and (| - we have

(b(sym( ) = I (ZC (d)) /(HxHQ)d
= (Z A(i)uy(iy) - --u(id)> /(“ z ||2)d

u{A(k)&k
(ulwr + -+ ufug) 72

for k=1,2,...,d. Since

Vo, (Wluy + -+ wlug)?? = d- (wFuy + -4 wlug)?? tup = d-uy.

Ty = uluy + -+ - ulug, we can conclude that

(xTx)d/Q.A(k)ﬂk—d (ukA(k ) (27 ac)d/2 L
(2Tz)d

= A(k)ﬂk —d- (uzA(k)ﬂk)uk

Since z

Vo 05 () =

completing the proof of the theorem. O

It turns out that if the gradient of (bijm) (z) is zero, then the vector z generally

has the property that each subvector u; has the same norm.

Corollary 2.12. If V¢ Sym( ) = 0 and z'z = 1, then either Agyux = 0 for
k=1,2,...,d or

Ayt Uy
= d-¢5"(x)
Aa)tig Ug
and | ur [ly = s lly =+ = [uall, = 1/Vd.
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Proof. Since Vo™ () = 0, we know from Theorem that
Ayt = d- (u%A(k)ﬁk)uk
for k=1,2,...,d. Thus,
up Ay, = d - (u Agoyig) (uf, uy,).

From Lemma if uZA(k)zlk = 0 for some k, then it is zero for all k. In this case
we conclude from ((2.34)) that Agyt, = 0 for k= 1,2,...,d. Otherwise, 1 = duluy,,
k=1,2,...,d. It follows that ||u, ||, = -+ = |Juall, = 1/Vd. O

We are now ready for the main result that relates the Z-eigenvalues and vectors

of sym(.A) to the Z-singular values and vectors of A.

Theorem 2.13. If 0 is a nonzero Z-singular value of A € IR™>" with unit

modal Z-singular vectors uy, ..., uq, then
_ - ;
1 Qolg
To = ﬁ a = [1,£1,... +1]
Qqlly

is a Z-eigenvector for sym(A) corresponding to Z-eigenvalue

d!
Ao = Q19+ Qg ——0.

Vdd

Note that oy is set to +1 to resolve a uniqueness issue. See discussion after defi-

nition and also equation (2.2)) for the matriz case.

Proof. We must show that g = ngijm)(xa) =0. If 7 = a1+« then for all

k=1,2,...,d we have from ([2.34) that

[09%
gk:WAk“k— d—irizs (uf Awiie) w
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But since ¢ = uX A1, and A, = oug, we have
i AkUk kU ks

1 1
e = T (d(d—l)/2 - d(d—l)/z)“k =0

Since A\, = xgc(l)xf(d_l) we have from Lemma [2.5| that

T
QU (1/on) Ay
v | A : (d—1)!
Vel J@d1/2
QqUq (T/ad)A(d)ﬂd
_ L =) -1 &
Vi d(dl/z'TZ“k (i = = 'T',;U_W'T-U
completing the proof of the theorem. 0

Thus, for each Z-singular value and vector for A we have 21 Z-

eigenvalue/eigenvector pairs for sym(.A).

2.4 Higher Order Power Methods
We now briefly review various tensor power methods and consider them in light of
the singular- and eigenvalue connections between A and sym(.A).

For details on the implementations of the algorithms discussed in this section,

see Appendix [A]

2.4.1 The HOPM

The matrix power method method can be generalized to tensors by replacing the

matrix-vector multiplication with multilinear transforms. The Higher-Order Power
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Method of [21], [19] for finding a Z-singular value and associated Z-singular vectors
of general order-d tensors proceeds in an alternating fashion to update each of the

mode-j Z-singular vectors u;.

Algorithm 2.1 The higher-order power method (HOPM) [21], 19

Given an order-d tensor A € R™M > xnd,

Require: ugp) € R" with |‘U§O)H2 = 1. Let 0@ = A- (“g0)> e vuin))'

1: for k=0,1,... do
2: for j=1,2,...,d do

. (k+1 k+1 k+1 k k
3: ug )<—A-(u§ ),...,ug_l),Inj,ug-ﬁl,...,ué))
k1 < (k+1) )~ (k+1
e ]
5: end for
6 ot — A @Y WYy
7: end for

Different initial values for the u; vectors will in general result in convergence
to different Z-singular values. See §2.4.4] for a discussion on popular choices for

higher-order power method initial values.

The HOPM can also be viewed as a way of finding the best rank-1 tensor
approximation A to A [21]. It can be shown that the HOPM converges to a local
minimum of the functional f(A) = || A— A HQ, where A = cuy o -+ oug is a

rank-1 approximation to A and recall from (1.29) that the norm of a tensor 7 is

defined as || 7 || = /D1, T (i)%. See [36].

The HOPM can be applied to an order-d symmetric N x - --x N tensor, starting
with a symmetric initial guess u§°> = ugo) == ufio) € RY. The solution found

by the algorithm will be symmetric but intermediate results may break symmetry.

(k)

Indeed, after one iteration the u; vectors will in general all be distinct, but u;” — u
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as k — oo for some u € RY [21].

2.4.2 The S-HOPM

Recently, [37] investigated a modified version of the HOPM to compute Z-
eigenpairs of symmetric tensors. This approach was originally dismissed by [21]
as unreliable since in general it is not guaranteed to converge. This algorithm is
called the Symmetric Higher Order Power Method (S-HOPM) and does converge
for certain classes of symmetric tensors. For example, suppose C is a symmetric
tensor of even order and that M is a square unfolding of C. If M is semidefinite

then the S-HOPM converges [37].

Algorithm 2.2 Symmetric higher-order power method (S-HOPM) [21], 137]
Given an order-d symmetric tensor C € RV**N

Require: z(® € RY with ||z = 1. Let A\@ =C - (2©,... 2©).

1: for k=0,1,... do

2: 20D C Iy, 2™, . 1)
3. gD gD /)| 2D

g AR o (g k)
5. end for

This approach avoids the awkward situation, mentioned previously, of encoun-
tering non-symmetric intermediate values when using the HOPM on a symmetric

tensor.

Since sym(.A) is symmetric for any tensor 4, the SSHOPM can be applied to
A through its embedding. By using facts previously established, we can reduce all

operations on sym(.4) to equivalent ones on A.
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Algorithm 2.3 Symmetric higher-order power method on sym(.A)
Given an order-d tensor A € R™**"d,

Require: u§~0) € R" with |‘U§O)H2 = 1. Let 0@ = A (u§0): e ’ugo)).

1: for k=0,1,... do
2: for j=1,2,...,d do

. (k+1 k k k k

3 U§-+)<—.A'(Ug),--->u§‘31>lnj>u§‘+)1>---au£l))
k41 (k1) gy o (Rt

e el

5: end for

6 ot — A @Y Yy

7: end for

This algorithm computes a Z-singular value o for A and the mode-j Z-singular
vectors u;. The normalization used in Algorithm is slightly different than a

direct application of the SSHOPM on sym(.A) would imply; the SSHOPM would

set uﬁ-kﬂ) = ﬁ§k+1)/\/||ﬁgk+l) 13+ + ||ﬁ£lk+1) ||3. However, numerical experiments

o improves convergence. If A is itself

suggest that using uF Y @§k+1)/||@§k+l)||

j pu—
symmetric, then Algorithm [2.3|reduces to the SSHOPM as all the u; will be equal,

assuming w = ... = uéo).

Note that Algorithm [2.3]is very similar to the regular HOPM except the most

recently available information on wy,...,u;_; is not used when computing ung)
for j > 1. The difference between the HOPM and Algorithm [2.3]is thus somewhat
like the difference between the Jacobi and Gauss-Seidel iterative linear system

solvers [26].

Recall that the Jacobi and Gauss-Seidel algorithms are the classical iterative

methods of solving a linear system Az = b. The Jacobi iteration is
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for:=1,2,...,ndo
i—1 n
xz(kﬂ) “ (bi _ Zaiﬂg‘k) . Z aij$§k)> /am’
j=1 j=itl

end for

and the similar Gauss-Seidel iteration is given by

fori=1,2,...,ndo
i—1 n
2D <bi _ Zazngk—&-l) _ Z aijxg-k)) /an
j=1 j=i+1

end for

Note that the primary difference between the two methods is that the Jacobi
iteration does not use the most recently computed z-values. The two methods
have different convergence properties and are appropriate in different situations.
See [20] for details and analysis. Understanding these important matrix algorithms

gives an important insight into the higher-order power methods discussed here.

Unlike the HOPM, Algorithm does not always converge. Furthermore, it
can be shown that a square unfolding of sym(.A) is indefinite unless all the entries

in A are zero, hence the convergence criteria in [37] do not apply.

2.4.3 The SS-HOPM and sym(-)

Recently, Kolda and Mayo [42] developed a shifted version of the S-HOPM and
proved that for a suitable choice of shift their algorithm will converge to a Z-

eigenpair (A, z) for any symmetric tensor C.
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Algorithm 2.4 Shifted symmetric higher-order power method (SS-HOPM) [42]
RNXu-xN_

Given an order-d symmetric tensor C €
Require: 7V € RY with ||z, = 1. Let AO =C - (@ ... 2©).

1: for k=0,1,... do

2. 2D — C Iy, 2™, 2®) 4 ap ™)
3: kD) jf(k+1)/||fi'(k+1)||2

4: AERD) C (g (D)

5: end for

If the shift o satisfies |a¢| > (d — 1) SN, |C(i)| then the SS-HOPM will converge

to a Z-eigenpair [42].

When C = sym(.A) the algorithm can be simplified and expressed in terms of
operations on A. Since this algorithm is “Jacobi-style” and uses a shift, we refer

to it as the Shifted Jacobi Higher Order Power Method (SJ-HOPM).

Algorithm 2.5 Shifted Jacobi higher order power method (SJ-HOPM).
Given an order-d tensor A € R™>x"d,

Require: u§0) € R" with ||u§-0)||2 =1/Vd. Let 0@ = A- (\?, .. ,u&o)).
1: for k=0,1,... do
2: for j=1,2,...,d do
3: ﬂ§k+1) —A- (ugk), o ,u§-k_)1, Inj,uﬁl, o ,uék)) + dozAu§-k)

4: end for

5: for j=0,1,... do

k+1 ~ (k41 A~ (k+1 (k1
6 a0 I 4 a2
7. end for
8 oM A ()
9: end for
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Using Theorem [2.13] a simple normalization of the values returned by the SJ-
HOPM gives a Z-singular value and associated unit norm Z-singular vectors of the

tensor A.
The shift a4 must in general satisfy the inequality

ol > (d=1) ) [AG)

to guarantee convergence, although a smaller shift might be sufficient for any

particular tensor A.

Example: Let A be the 2 x 2 x 2 X 2 tensor given by the unfolding

1.1650 0.2641 —0.6965  1.2460 0.0751 —1.4462 0.0591  0.5774

0.6268 0.8717  1.6961 —-0.6390 0.3516 —0.7012 1.7971 —0.3600
We ran 100 trials of the HOPM, Algorithm and the SJ-HOPM using different
random starting points u§°> chosen from a uniform distribution on [—1,1]™ and
suitably normalized for each algorithm. The algorithms are considered to have
converged when |c**1) — ¢(®)| < 1071, For this example, all three algorithms

converged for every starting point.

The HOPM found the singular values 2.7248 and 1.7960. Algorithm con-
verged to 0 = +2.7248. SJ-HOPM with a positive shift a4 found 2.7248 and
1.7960 and using a negative shift produced the values —2.7248 and —1.7960.

For this tensor A the theory suggests a shift a4 greater than 37.72 in absolute
value to guarantee convergence. However, using a4 as small as 1 will still lead

to convergence and does so in many fewer iterations, sometimes by as much as a
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factor of 30 when compared to the suggested shift. Setting a4 to zero caused the

algorithm to fail to converge for all chosen starting points.

2.4.4 Starting Values

A standard way to initialize higher-order power methods is to use a truncated form

of the Higher-Order Singular Value Decomposition (HOSVD) of [20], as described
in §T43

To initialize the HOPM, for example, the values ugp) = Uj(:, 1) have been shown

[21] to often lie close to the best rank-1 approximation to A.

If desired, it is possible to create the HOSVD of C = sym(.A) from the HOSVD
of A. For example, if C = (Ug, ..., Uc)-Sc is the HOSVD of C then it can be shown

that Ue is a column permutation of the block-diagonal matrix diag(Uy, Us, ..., Uy).

There are many other ways to initialize tensor power methods. In [36] Regalia
and Kofidis derive a procedure for symmetric tensors that can outperform the
HOSVD-based approach. Their heuristic can be generalized to any tensor size but
they describe the procedure for a fourth order symmetric tensor A. It involves
forming the unfolding Ay 934 and computing its singular value decomposition
Api gjxi3 4 = USVT. Then they find the closest (i.e. that minimizes the subspace

angle) vector of the form z ® z to U(:,1). For details, see [36].

Another possibility is to compute a tensor generalization of the QR decomposi-
tion with partial pivoting, of the form A = (Q1, ..., Qq) - R where A = Qr Ryl
are the pivoted QR decompositions of the unfolding Ay. It can be shown that

this “HOQRD” decomposition retains some of the approximation properties of the
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truncated matrix pivoted QR decomposition and can thus give a reasonable initial
guess for a tensor power method. We explore this method further in §5.1} As for
the HOSVD, the HOQRD of sym(.A) can be constructed from the HOQRD of A.

2.5 Tensor Rank and the sym Operation

There are several definitions of tensor rank, each of which represents some reason-
able generalization of matrix rank. For an excellent review see [22]. In this brief
section we relate the multilinear rank and the outer product rank of sym(.A) to

the multilinear rank and the outer product rank of A.

2.5.1 Multilinear Rank

Recall from that the multilinear rank of A € IR™**"¢ is the d-tuple
rankm(A) = (r1(A),r2(A),...,rq(A))

where 7;(A) = rank(A(;). Note that if the tensor C € R"*"*" is symmetric, and
R = rank(C(y)), then
rankm(C) = (R,R,...,R) (2.35)

because C1y = Crz) = -+ = C(g). If C = sym(A), then it is possible to connect
rankm(C) to rankm(A).

Theorem 2.14. If A € R"7" qnd rankg(A) = (r1,...,74), then
rankm(sym(A)) = (R,...,R)

where R =11+ ---+1ry4.
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Proof. Suppose C = sym(A) and C; is C’s ith block, 1 < i < d. Let C*® be a

1 xd x .-+ x d block tensor defined by

¢ =q

1

where i; = k and 1 < i; < d for j = 2:d. Note that if i(2:d) is a permutation of

[1:k—1 k+1:d], then
W) — g<lEi@d]>

It follows that

range(C((f))) = range(Ap) k=1,2,...,d
If
C }nl
Coy =
Cd }nd

(2.36)

is a block row partitioning of C(y), then C} is a column permutation of C((f)) and so

using ([2.36)) we have

rank(Cy) = rank(C((f))) = T

If

U1 } ny

Vd } g

(2.37)

is a column of C(yy then it is a a mode-1 fiber of C and thus can “pass through” at

most one C-block having an index that is a permutation of 1:d. This means that

at most one of v’s subvectors is zero. It follows from ([2.37)) that

d d
rank(C(p)) = Zrank(Ck) = Zm
k=1

k=1

completing the proof of the theorem.
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2.5.2 Outer Product Rank

The outer product rank of the tensor A € IR™* "™ was defined in the mini-
mum number of rank-1 tensors, as defined in (|1.6]), that are needed to represent it

as a sum
rankg(A) = min {7’ A = Zul oudl o 0 ug), uy) € ]R”J} :

For matrices rank(sym(A)) = 2-rank(A). Indeed, If A =Y""_ oyu;v! is the SVD
of A, then

0 U;

sym(A) = Zal- [ul 0] +

V; 0

Motivated by this expansion we make a definition.

Definition 2.15. If 7€ IR™*"*" s the rank-1 tensor T = t; 0 --- 0ty and

N =ny +---ng, then m(T) € RN*>N s the rank-1 tensor
n(T) = sy0---084

where

0 }n1+---+nk_1
S = tk }nk

0 | Frgss+ -+ ng

With this construction, we can produce an outer product expansion of sym(.A)

given an outer product expansion of A.

Theorem 2.16. If A € IR"**" gnd
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where ugk), e ,u&k) € R", then
sym(A) = > Y a(u ou o ou?) (2:38)
PESy =1

where Sy is the set of all permutations of 1:d.

Proof. Let C be the sum on the right side of (2.38)) and note that
C = Z Zﬂ(ugpl) ougpz) o ougpd)).
pPESy i=1
We must show that the gqth block of sym(.A) equals the gth block of Cq. If q is

not a permutation of 1:d, then these blocks are both zero. Otherwise

r r <aq>
Cq _ Zu§q1) o quQ) 0-.-.0 U§Qd) _ (Z ul(l) o ul(Z) 6.0 u@(d)) — A<9>
i=1 =1

completing the proof of the theorem. n

Since the double summation in (2.38]) involves rd! terms, it follows that
rankg(sym(A)) < d!-rankg(A) (2.39)

We conjecture that equality prevails. This is somewhat reminiscent of the direct
sum conjecture [67], i.e. that rankg (A @ B) = rankg(A) + rankg(B) where A® B
is the 2 x 2 x --- x 2 order-d block tensor that has all zero blocks except the
(1,1,...,1) block is A and the (2,2,...,2) block is B. The matrix equivalent is

that the rank of the matrix
A 0

0 B
is equal to rank(A) + rank(B), which is easily proven by using the SVD. The

direct sum conjecture has been proven for a few special cases, most notably if

A€ RnlxanTB’B e Rmixm2xXms ywhere 2 € {n1,n2,n3,m1,m27m3}- See [34].
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Intuitively, sym(.A) contains d! distinct copies of A in nonoverlapping index
regions so if the matrix case were to generalize, any expansion of sym(.A4) into a
sum of < d!r rank-1 terms could be reduced to (2.38]) without adding terms, thus
having exactly d!r terms. We have so far been unable to prove this. However, we
can establish a lower bound on rankg(sym(.A)) by using the following lemma from

22].

Lemma 2.17 (Lim-De Silva [22]). For i = 1,2,...,d, let 217, ... 2/ € R™ be

linearly independent. Then the tensor
D LT R
j=1
has rankg(7) = r.
Corollary 2.18. For any A € R™**" we have

d - rankg(A) < rankg(sym(A)) (2.40)

Proof. Let K C Sy be the set

K = {ld, [d, 1:d—1], [d—1, d, 1:d—2],..., [2:d—1, 1]}

= {p17p27"'7pd}

and let A and sym(.A4) be as in (2.38) and define

T = 3 Y ou o ou®)r>

i=1 peK
r d

= Y > ou oo uf®)es
i=1 j=1
r d

= ST a0 6 P 6 P
i=1 j=1
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where r = rankg(A) and

0| Fot g
i(k )
:z:l(-pj( ) _ ugpj(k)) }npj(k)
0 g1 o g

Because of this zero-nonzero structure we see by Lemma that for ¢ fixed the

tensor

pJ 1) o (Pi(2) (p;(d))

o...oxi

IIM&

has rankg(7;) = d. Furthermore, for any 41,1, and j; # jo the vectors

(Pj; (1)) (Pj; (d)) (Pj5 (1)) (Pjy(d))
1'1]1 O”.Oxilj1 andx . O---O$i2]2

have non-overlapping nonzero entries and are thus linearly independent. Finally,

since rankg(A) = r, for j =1,2,...,d we have that each tensor
Z x(pj pJ(Z)) o xgpj(d))
has rankg(S;) = . Combining all of these facts we have that ranke(7) =d - r.

Since none of the the other rank-1 terms in (2.38)) can cancel any of the terms

in 7 we have that A must have outer product rank at least d - . n

2.6 Other Eigenvalue and Singular Value Definitions
The definitions used thus far in this chapter are not the only possible extensions

of singular values and eigenvalues to tensors. Indeed, other definitions exist that

are more appropriate in some situations.
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2.6.1 H-Singular Values

If A € R™* "™ then we say that the scalar A is an H-singular value [48] [7] if there

exist nonzero H-singular vectors uy € R™, || uy ||, = 1 such that
[d—1]
A'(ul,...,uk,l,fnk,ukﬂ,...,ud) = ouy (241)

for k = 1,2,...,d, where we define vl = [o7 --. o7 for any v € R” and r € R.
When d is even, the H-singular vectors are a critical point of the modified tensor

Rayleigh quotient
A (ug, ... ug)

gl walla

and the H-singular value is the corresponding critical value. Lim [48] refers to
these as [4-singular values and shows that they exist for any even order tensor A.
The situation is more complicated if d is odd. Indeed, H-singular values are not

guaranteed to exist for such tensors.

If C € RV**N is a symmetric tensor then A\ € R is an H-eigenvalue [48, [60]
(referred to by Lim [48] as an [?-eigenvalue) if there exists a vector z € R\ {0},

called an H-eigenvector, satisfying
C-(Iy,x,...,x) = Agld=1, (2.42)

H-eigenvalues always exist for a symmetric tensor [60]. Note that (2.42)) is a ho-
mogeneous linear system so the vector x can be rescaled as desired, i.e. there is no

norm constraint on H-eigenvectors.

Like the Z-singular values and Z-eigenvalues, the H-singular values and H-

eigenvalues reduce to the familiar matrix cases when d = 2.

The relationship between H-singular values and H-eigenvalues is similar to the
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one shown previously for Z-singular values and Z-eigenvalues. The proof of the

following result closely mirrors the proof of Theorem [2.13] and is omitted.

Corollary 2.19. If ¢ is a nonzero H-singular value of A € IR™* """ with asso-

ciate H-singular vectors uq, ..., uq, then any nonzero scalar multiple of
Uy
QU9
To = a = [1,£1,...,+1]
AgUqg

is an H-eigenvector for sym(A) corresponding to the H-eigenvalue

)\a = 1090y (d—l)'o

2.6.2 Properties

Unfortunately, not much research has been done on the properties of H-singular
values and Z-singular values (and their complex generalizations). However, very
recently a closely related concept of singular values of so-called rectangular tensors
has attracted attention of researchers [7, R, [75]. Inspired by this work, we will

explore some additional properties of the Z- and H-singular values here.

If o = 0 and u; = 0 for some, but not all, i, we say that o and (uy,...,uq) is a

trivial value [7] for A since it trivially satisfies equations (2.31)) and ([2.41]).
We say that o € C is a C-singular value for A € R™**"d if
A (ur, oo wiy, Ingy Uit -y ug) = ougdfl]

with C-singular vectors u; € C" where || u; ||, =1 for i =1,...,d. Similarly, for
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a symmetric tensor C € RV ¥ we say that A € C is a C’—eigenvalu [60] with

associate C-eigenvector z € CNV\{0} if
C-(In,x,...,x) = Azl

Note that the definitions of C-singular values and C-eigenvalues are the same as
those for H-singular values and H-eigenvalues except we allow complex solutions.
Thus all H-singular values are also C-singular values. We note that Corollary

also holds for C-eigenvalues and C-singular values.

Recall the function f4 from ([2.27)):

falur, ... ug) = A-(ug,...,uq).

Theorem 2.20. If A € R™>*"*" then we have the following conclusions on the

singular values of A:

(a) Z-singular values of A exist. If d is even then A has H-singular values.

(b) If o is a Z-singular value of A then so is —o. If p is an H- or C-singular value

of A and d is even then —u is also an H- or C-singular value, respectively.

(¢) If o is an H-, C-, or Z-singular value of A with associate singular values

U, ..., Uqg then fa(ui, ..., ug) =0o.
(d) A has at most N(d — 1)V~ C-singular values.
(e) If d is even then the sum of the C-singular values of A is 0.

(f) If Q; € R™*™ are orthogonal fori=1,...,d and B = (Q1,...,Qq) - A has
Z-singular value o with associate Z-singular vectors vy, ...,vq then o is also

a Z-singular value of A with Z-singular values u; = Q;v;.

IThis notation is nonstandard in the literature, such values are often referred to simply as
“eigenvalues”.
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Proof. (a) This follows directly from [48, Proposition 1].

(b) If ¢ € R and nonzero unit vectors uy, . .., uy satisfy
A- (Uh e Wiy, Dy Ui, o 7ud) = Oy
for © = 1,...,d then by substitution we see that so do —o and —uq,us, ..., uq.
Similarly, if d is even and and ¢ and uyq, ..., uy satisfy
A (uyy ooy, Ly gy, oo ug) = aul[d_”
then so do —o and —uy, us, ..., uqg.
(c) If o is an H- or C-singular value of A with associate singular values uy, . .., uq
then
fA(uh s ,Ud) = U? (A : (ula s U1, ]niu Uit1y - - - ,Ud))
d—1 d
= ul (ng ]> = ollu|; = o
A similar computation shows that fa(uy,...,uq) = o for Z-singular values as well.

(d) We know from [60, Theorem 1(b)] that a real order-d N x - - - x N symmetric
tensor has at most N(d — 1)¥=! C-eigenvalues. By Corollary we know that
the C-eigenvalues of sym(.4) are nonzero multiples of all the C-singular values of
A and the trivial values of A. Hence A has no more than N(d — 1)V~ C-singular

values.

(e) From [60, Theorem 1(d)] we have that the sum of the C-eigenvalues of an
N-dimensional order-d symmetric tensor C is (d — 1)¥~'tr(C). By Corollary
and part (b) we know if d is even then the C-eigenvalues of sym(.A)/(d—1)! are
exactly the C-singular values of A and the trivial values of A. Since the trivial

values are zero then the sum of the C-eigenvalues of sym(A)/(d—1)! is equal to
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the sum of the C-singular values of A. However, sym(.A) has a zero diagonal so

tr(sym(.A)) = 0. The result follows.

(f) By the associativity of the multilinear product we get

ov; = B'(Ul;“-7Ui—1;[niavi+17---;vd)
= [A ’ (Ql? s 7Qd)] ' (vla s 7U7L—1a[niavi+la s avd)
= A (Qv1,. .., Qi1vi-1, Qi, Qi 1Viy1, - - -, Qava)

= QN [A- (ur,... w1, L, tigs, .. ug)]
ie.,
A (uyy o i, Ingy Ui, oy ug) = 0 [Quv] = ouy
and || w; ||, = || Qivi ||, = || vi || = 1. This shows that o is a Z-singular value of A
with associate Z-singular values uq, ..., ugq. O

2.7 Conclusions

The symmetrization sym(.A) can be used to connect algorithms for symmetric
tensors and ones for general tensors. In this chapter we have shown how algo-
rithms such as the SSHOPM and SS-HOPM give rise to non-symmetric algorithms
through the symmetrization in a way that preserves many convergence properties.
In particular, the non-symmetric version of the SS-HOPM we derive, and refer to
as the SJ-HOPM, is guaranteed to converge for an appropriately chosen shift o 4.
Are there other tensor methods where the symmetrization could be used to spot

new connections or derive useful algorithms?

The rank properties of the symmetrization in some ways mirror the matrix case,

but fundamental questions regarding the outer product rank of sym(.4) remain
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open. Resolution of these questions may help bridge the conceptual gap that exists

between matrix rank and tensor rank.
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CHAPTER 3
BLOCK TENSOR UNFOLDINGS

In this chapter we develop a notational framework for block tensor computa-
tions and define a new type of tensor unfolding scheme that respects blocking and

allows for efficient and intuitive algorithms.

In we review well-known connections between vec(-), Kronecker products,
transposition, and the perfect shuffle permutation. A block version of vec(:) is
defined in and a related permutation is used to define the notion of a block
unfolding. In §3.3)we show how to formulate a tensor contraction as a block matrix

multiplication using the tools developed.

As an example of what we will do in this chapter, consider the mode-1 unfolding

Ay of a 9-by-5-by-8 tensor A with the modes blocked by

1:9 = 1:2 3:56:9}
1:5 = | 1:3 4:5} (3.1)
1:8 = 1:2 3:45:67:8]

The unfolding, which is displayed in Figure is a 9-by-40 matrix whose i-th row
is vec(A(7,:,:))T. (Recall that vec-of-a-matrix is the vector obtained by stacking its
columns.) Notice that in the unfolding, A’s flattened blocks are not contiguous.
The primary purpose of this chapter is to show how to permute the rows and

columns of a vec-oriented unfolding so that its blocks are unfoldings of the tensor
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Az = A(6:9,1:3,1:2) Ag13 = A(3:5,1:3,5:6) Ajag = A(1:2,4:5,7:8)

™ 0 ®
o0 (]

¥

e
(]

\
/ "
/4

@]

.

3
J
(J
Figure 3.1: A vec-ordered, mode-1 unfolding of A € R?*5*® with blocking (3.1]).

l

o

sae

2{| (A | (A (Anz)y, [(Aiz2) | (Ais)g, | (Aies) )| (A, |[(Aiad),,
3{ (Ag11) oy [ (Agar) o (A212) ) | (Az22) | (A213) ) | (A23) | (A21a) | (Az24)

4{ (Az11) ) | (As1) o (As12) ) | (As22) | (As13) | (As2s) | (Asia) oy |(As2a)

—_—— Y i Y Y/ Y Y/
6 4 6 4 6 4 6 4

Figure 3.2: A “block vec”-ordered, mode-1 unfolding of A € RY*5*® with blocking (3.1]).

blocks. An example of such an unfolding is displayed in Figure [3.2]

3.1 Basic Notation and Operations

This chapter uses a lot of specialized block tensor notation and our analysis requires

familiarity with several types of matrix permutations and their connection to the

Kronecker product.
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3.1.1 Transposition, Vec, Kronecker Products, and Permu-

tation

There is an important connection between matrix transposition and perfect shuffle

permutations. In particular, if A € IR”*" and s = ¢r, then
vec(A") = TI] vec(A) (3.2)

where I1,, € IR"™* is the (q,r) perfect shuffle permutation defined by

z(1:r:s)

z(2:r:3)
I,z = z € IR°. (3.3)

z(rir:s)

If Ze R and Y = Z7, then vec(Y) = II, ,vec(Z). It is also easy to verify that

7 =T1I,,. See §3.4.1 for a discussion on efficient representation and implemen-
q,r q

tations of perfect shuffle permutations in MATLAB.
If f €eR? and g € IR", then ¢ ® f is a perfect shuffle of f ® g¢:

O, (f®g) = g Ff. (3.4)

An important consequence of this result applies to the case when ¢ is a block

vector:

g1 [ ®aq
diag(thq7 C ,prq) g, - f® : = : . (3.5)

Y f®gu
Here, g, € IR” and r = p1 + -+ + p,.

Tensor transposition can also be characterized in terms of vec(-) and perfect

shuffles. The following lemma can be regarded as a generalization of ({3.2):
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Lemma 3.1. If A € RNV gnd B = A<I1324>  thep

vec(B) = (I, @ Ily, n, ® Iy, )vec(A).

Proof. The proof follows from well-known facts that relate Kronecker products,

vec(+), and the perfect shuffle. See [30] and [70]. O

Although Lemma [3.1 addresses an order-4 transposition, the result can be applied
to tensors of arbitrary order simply by “fusing” adjacent modes. For example,
Suppose C € IR"**" and set Ny = niny, Ny = ng, N3 = nyns, and Ny = ngnr.

Define A € IRM*M2xNsxNa Ty

1 = dvec(i(1:2),n(1:2))
o = wec(i(3:3),n(3:3
c) = Alrjoini) 4" ((58),n(3:3))
js = wwvec(i(4:5),n(4:5))
ja = ivec(i(6:7),n(6:7))

Observe that vec(A) = vec(C) and

(]N4 ® ]:[1\]3’]\[2 ® ]Nl)VGC(C) - (IN4 ® HN3,N2 ® INl)VeC(A)

— VeC(A<[1324}>)

_ VeC(C<[1245367}>).

Two special applications of Lemma are worth noting. Assume

Ae R Ifp = [1:h—1, k+1, k, k+2:d], then
vec(AP7) = (Iy, @y, nyyy ® Iy, )vec(A) (3.6)

where N1 = nq -+ -ng_y and Ny = ngy - - - ng. This transposition swaps two adjacent

modes, e.g.,
<[12435]> L. L.
B=A [ ] = A(21,22,23,24,Z5) = 3(21,12,Z4>Z3,Z5)-
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On the other hand, if p = [k, 1:k—1, k+1:d ], then
vec(ASP7) = (Iy, @I, p, )vec(A) (3.7)

where Ny = ny---ng_1 and Ny = ngyq ---ng. This transposition “moves” a desig-

nated mode “to the front,” e.g.,

B:A [ ] :A(21712723724725) = 8(23,21,12,@4725).

3.1.2 Unfolding Rank-1 Tensors

The tensor unfolding results shown in ([1.7))-(1.18]) take on a special form when A is
a rank-1 tensor. Suppose A = aMo---0a® where a® € R™ for k =1,2,...,d,
ie.,

A(il,---,id) = &(1)(21)a(d)(zd) 1<l§11

It follows from (|1.7)-(1.11]) that if

v = vec(aW o---0al?),

then

and

Vivec(in) = a(l) (h) te Cl(d) (Zd) 1<i<n. (39)

If p is a permutation of 1:d, then from the definition of the p-transpose in (|1.3|)

and the definition of A, in ((1.12))-(1.18) we have

A<P> — a(pl) O+++0 a(pd) (310)
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and

Arxc — vec(al(rl) O-++0 a(r€)> . Vec(a(cl) QO+ 0 a,(Cd_e))T. (311)

In other words, the unfolding of a rank-1 tensor is a rank-1 matrix. These rank-1

facts simplify some of the proofs that follow in the next section.

We consider another special case that relates to the multilinear product, see
§3.3.2l Suppose B = BM o ... 0 B@) where B® € R**™ for k =1,2,....d, i.e.,
B<i17j17 s 7id7jd) = B(1)<i17j1) T B(d)<ld7.]d) (312)

Note that B is an order-2d tensor. If r = 1:2:2d, ¢ = 2:2:2d, and p = [r c], then

for all i and j that satisfy 1 <i < qand 1 <j <n we have

Bexelo, ) = BY(iy, 1) BD(ig, jq)

where a = ivec(i, q) and 8 = ivec(j,n). However, this is precisely the («, 3) entry

of the matrix B ® ... ® BN, Thus,

(BWo---0B@) = BY®...®BY. (3.13)

[1:2:2d ]| x[2:2:2d ]

3.2 Block Notation and Operations

In this section we formalize the notion of a block tensor, develop a block version
of vec(-), and explain how to permute A,y into a block matrix whose blocks are
unfoldings of A’s blocks. The presentation is simplified if we make use of multi-
indexed subscripts. Suppose

1<i<s=[s1,...,8] S=s1-"5

1<j<t=[t1,....t5] T=t1-ts
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To say that v; is the i-th component of vector v € IR’ is to say that v; = Vivec(i,s)-
Similarly, if Dy, ..., Dg are square matrices and D = diag(...,D;,...), then D is
a block diagonal matrix whose i-th diagonal block is Djyec(is)- Finally, if C' = (Cj))

is an S-by-T" block matrix, then Cjj is its (i, j)-th block, i.e., Cij = Civec(i,s) ivec(i,t)-

3.2.1 Tensor Blockings

Recall our use of blocking vectors in §2.2.1l Expanding on this, we say that the
collection

M = {m(l),...,m(d)} (3.14)

is a blocking for A € IR if
m® — [m(ﬁ), m®) ] (3.15)

is a vector of positive integers that sums to ng for kK =1,2,...,d. If 1 <1i < b,

then block i is the mﬁ’ X oo X mgj) tensor defined by

. @ dy. (d
A = Al 0D (3.16)
where the lower and upper bound vectors £, ..., €@ and u®, ... u@ are defined
by
= w1 (3.17)
k k k k
u§-) = m§)+---—|—m§31—|—m§-) (3.18)

for k =1,2,...,d. The blocking M identifies A as a by X by X - - - X by block tensor.

The number of elements in each tensor block A; turns out to be a quantity of

4

importance and to that end we define the “volume function” voly(-) by

volu(i) = mM--.m!?  1<i<b. (3.19)

i1 ig
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We have written an extension of the Tensor Toolbox [40]. It includes a new
class: bltensor, which represents a blocked tensor object which allows for fast and
easy prototyping of block tensors algorithms and manipulations. A full description

is in Appendix [A]

As an example of how to use this class, here is how to create a block tensor

with the blocking (3.1)).

=
]

tensor (rand (9,5,8));

=
1]

{[2 3 4], [3 2], [2 2 2 2]};

A_blocked = bltensor (A, M);

Then the command A(1,1,1) will return the (1,1,1) block of A, which is a 2 x 3 x 2

tensor, and the command A(2,1,3)=0 will set the (2,1,3) block to be all zeros.

3.2.2 The Vecy(-) Operation

If M is a blocking of A € IR™**™ given by (3.14)-(3.18)), then vecy(A) is the

block vector

U1
vecy (A) = : v; = vec(A;) (3.20)
Up
where 1 < i < b. In other words, vecy(A) stacks the vec’s of A’s blocks where

the blocks are taken in the vec-order.
To illustrate this notation in the familiar matrix case, if
M = {m®m®} = L[ m? ] [ g ] }
is a blocking for A € IR™*™?, then we are choosing to regard A as a 2-by-3 block
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matrix

A = b (3.21)
A21 A22 A23 mg)

m(2) m. m.
1 2 3

B T B T (

U1,1] vec(Air) mgl)mf) ifi=11,1]

A Pm?ifi= 2,1
U[2,1] vec(Asr) my'my i i=[2,1]
U[1,2] vec(Aiz) mgl)mg) ifi=11,2]

vecw(A) = = voly(i) =

U[2,2] vec(Az) mgl)mg) if i =1[2,2]
U[1,3] vec(Ai3) mgl)mgf) if i =11, 3]
U12,3] vec(Ass) \ mMm{? it i=[2,3

As we mentioned in the introduction, our goal is to permute the rows and
columns of the unfolding A, so that its blocks are unfoldings of A’s blocks. To
be more precise, if A = (A4;) is a block tensor our goal is to determine permutation

matrices Pg and Pg so that
-ARXC = PRArxcpg (3'22)

is a block matrix whose blocks are the matrices (Ay)rxc. It turns out that the
permutations that do this map “vec-of-a-tensor” to “vecy-of-a-tensor.” This is

not surprising since the rows and columns of A, are vec’s of reduced order block

tensors, see ([1.17))-(|1.20]).
Theorem 3.2. Suppose M = {m" ... m@} is a blocking of A € IR™ " qjth
m® = [mgl),...,ml()];)] E=1,2,...,d

Fork=1,2,...,d set



and define
I if k=1
Qv =4 (3.23)
Liyw, @TH if 1 <k <d

where Nq/Ny = ngy1nggs -+ - N,

r® = diag(r{"”,.... T (3.24)
and
Ff)::dmg“.JLkaﬁmmw,n)-Hmwwhl 1<i<b(lik—1). (3.25)
The permutation matriz Py defined by
Pu = Qq-+- Qa1

has the property that
vecy(A) = Pyvec(A).

Proof. Since both vec(-) and vec,,(+) are linear operators and any tensor is the sum

of rank-1 tensors, it suffices to prove the theorem for the case
A =aVo...0q@

where each a® € IR™ is blocked as follows:

k k
]y

o —
(k k
abk) } ngk)

We proceed by induction noting that the theorem is true if d = 1 because in that
case, vecy(A) = vec(A). Assume that the theorem holds for block tensors with

order d — 1 or less with d > 1. Define

./?4\ p— a(l) QOQ+++0 a(d_l)
M = My,
b = b(ld—1).



and observe that M is a blocking for .Z, an order-(d—1) tensor. It follows by

induction that

-~

veeg(A) = Pgvec(A). (3.26)
From the definition of vecy(+) in (3.20]), we have

0N
veeg (A) = : v o=ad" Ve ... @Y (3.27)
Y

~

for all i that satisfy 1 <i < b. Equation ({3.8]) says that

vee(A) = a9 ® (a9 ® - ®aV) = 0D @ vec(A),

and so
agd) agd) Qv
(I, ® Pg)vec(A) = a P @0 = : Qv = : . (3.28)
al(,j) al()j) Qv

Using (3.4) we have for j = 1,2,...,b, that

ag»d) ® vq

(d) [ (d) _
Fj (aj ®v> =

(d)
a; ® (N

where

d _ g
[j7 = diag <Hvolﬁ(1),m§.d)""’Hvolﬁ(b(lzdfl)),m;d)> 'Hmy”,N/nd‘
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agd) ® vy
agd) ® vy
al(;j) ® vy

d
al()d) ® vy

Combining this equation with (3.28]) we have

vecey (A).

(I, ® Pg)vec(A) = vecy(A)

and so

Py =T9(I,, @ Py).

But by induction

PK/I = @dfl"‘Q\Z

where

~ Iy, .

Qr =
It follows that

Py = I'9(1,, ® Pg)

iftk=1

L, n, @T® if 1 <k <d—1

= T, @0y 1) (In, ® Os)(In, ® Os)

(]Nd/Nd ® F(d))(]Nd/Nd71 ® F(d_l)) e (INd/N2 ® F(2))(‘[Nd)

= QuiQi-1--Q2Q1

completing the proof.
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The permutation P,; has a particularly simple form if the blocking is uniform in

each dimension.

Corollary 3.3. Suppose M is defined by (3.14)-(3.18)). If

(k) — )

m? = =P =
N, = ny---ny
By = by---by
Dy = pa--

fork=1,2,....d, then Pyy = Qq--- Q201 where

Iy ifk=1
Qr = ‘
Ikad/Nk®Huk7Bk—l®[Dk—l if1<k§d
Proof. Observe that voly, (i) = g ---pg—1. It follows from the definition of
'™ in (3:25) that
(k) _
Fj - (IBk—1 ® HDk-l»Mk) HNIka—f

Using the well-known Kronecker product identity
([ @1 ) 1,,s = 1, ® I,

see [70], it follows that

' =1, ., @I, .
From (3.24)) we see that
I = I, M5, @1,
and so
Qr = Iyyn, @T® = Iy, o, O, 5 @1,
thereby completing the proof. O

84



It is interesting to note that the transition from vec(A) to vecy(A) via the

sequence

Qa-vec(A) — Q- (Qa-vec(A)) — -+ = Qu(Qa -+ Qa - vee(A))
Rn1><n2><n3><n4

is actually a sequence of transpositions. To illustrate, assume A €

and define the order-8 tensor AM" by

Aliy, iz, iz, ia) = AV (81, By, 82, Pa, 03, B3, 0, Ba)

where 1 < i < n and the ¢, and [, are uniquely defined by
ir = 0 + (B — 1)bg 1 <6 < g

This says that A1) e TR#rxbrxpaxbaxpusxbsxpaxbs Tn the d = 4 case, the Q-matrices

in Corollary are given by

QZ = Ib2n3n4 ® H,ug,ln ® I/m
Q3 = Ibsm ® Hu37b1b2 ® [,uwz
Qs = Iy, @TL, b100ps @ 1

M1 23

Note from Lemma that these permutations correspond to transpositions. In-

deed, if we define the tensors A, AG) A® by

A(2)<517 52a ﬁla ﬁ?v 637 637 547 54)
A(3)(51’ 527 637 617 627 637 547 54) = A(l)(517 ﬁlv 527 627 (537 B?n 547 64)

AW(81, 02,03, 04, B, Ba, B3, a)
then it can be shown via Lemma [3.1] that
vee(AD) = Qrvec(A) = vee(A)
vee(A®) = Qavec(AD)
vec(A®) = Qgvec(A?)
veon(A) = veo(AD) = Quvec(A®).
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Thus, the order-8 tensor A® has the property that vec(A®) = vecy(A). More-

over, A(i) = Aﬁ(é) showing that entry i is entry d of block 3.

3.2.3 Block Unfoldings

We now specify the permutation matrices Py and Pg in (3.22)) that turn Ay, into

a block matrix with block entries that are r x ¢ unfoldings of A’s blocks.

Theorem 3.4. Suppose M = {m1), ... m@} is a blocking of A € IR™* "4 qjth
m®) = [m&k),...,mg:)] kE=1,2,...,d.

Let e be an integer that satisfies 1 < e < d and assume that p is a permutation of

1:d. Define

r = p(le) R = {m,..., mt)} Brows = by, b,

e

c = p(e+ 1:d) C = {(m® .. . mC} B, = b, b

Cd—e*
The matriz

ARXC = PRAI‘XCPg-

1S @ Brows-by-Beos block matriz whose block entries are specified by
(ARXC)k(r),k(c) = (A rxe 1<k<h. (3.31)

That is to say, if p = ivec(k(r),b(r)) and 7 = ivec(k(c),b(c)), then the (u,T)
block of Arxc is the r x ¢ unfolding of the k-th block of A.

Proof. By linearity there is no loss of generality in assuming that

A= aDo.og
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where each a® € IR™ is blocked as follows:

k k
e

RO
k k
From (3.11)) we know that

Since R is a blocking for a™ o---0a(™) and C is a blocking for a(® o - .- o a(¢d—e),

it follows from Theorem [3.2] that

PaAry e PL = y2T

where y = vecg(a™ o---0al™)) and z = vecg(al® o--- 0 al®-)). These block

vectors are specified by

_ . -

y = Yy = vec(agl) 0---0 agze)) 1<i<b(r)
| Yb(r) |
- ) .

2= | 5 = vee(a{ o oal))  1<j<b(c)
L “b(e) i

and so the (i, j)-th block of Agyc is given by
(ARXC)i,j = Y ZJT

On the other hand, from (3.31]

(A)rxe = (al(:l)o...oag))
rxc

e
Te

T
= vec (a,(;:l) 0.0 a,(: )) . vec (ag?l) oo a}(ccd,e)>

Cd—e
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It follows from ((3.32)-(3.34) that if i = k(r) and j = k(c), then
(Ak)rxc = Ui Z_jT = (ARXC)i,j

which completes the proof. O

To illustrate the theorem, suppose A is 2-by-4-by-3-by-2 block tensor. If r =
[13] and ¢ = [2 4], then

Allll A1211 A1311 A1411 Alll? A1212 A1312 A1412 (1,1)

-’4-2111 -’42211 -’42311 A2411 -/42112 -/42212 -/42312 -/42412 (2,1)

A1121 A1221 -/41321 -/41421 A1122 A1222 A1322 A1422 (1,2)

ARXC - — ~ —~ —~ ~ ~ ~ ~
Agio1 Aot Aszar Awor Azize Aszes Aszzs Awze | (22
Angr Asi Asz Augi Ansa Aesr Aussy Ausa | (103)
Apzi Aggsy Asszt Asast Asisa Aszr Asssy Asiza | 23)
1y @) 31 41) (12 (22 (32 (42
where jag,yg = (Aapyo)rxe. Note the multi-indexing of the block rows and
columns.

Another MATLAB class developed for this chapter is bltenmat, which allows
us to form block unfoldings easily. A full description is available in Appendix [A]

The following code creates an example similar to the one shown above:

% Create a 2-by-4-by-4-by-2 block tensor:
A_block = bltensor(rand(5,8,10,7),...

{03 21,02 2 2 2]1,[3 4 3],[3 41});
% Form the [1 3]-by-[2 4] block unfolding:

A_unfold = bltenmat (A_block, [1 3], [2 4]1);
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3.2.4 A Special Case

Returning to the example (3.12]), suppose

where

B ¢ Rxm

for £ =1,2,...,d. Assume that [u®,v(¥)] is a blocking for B) and note that
soou @ v (3.35)
is a blocking for B. Let Bﬁ(f)f denote block (u,7) of B®. If

k = [i1, )1, % Ja |
then the k-th block of B is given by

Bk = B(l) o...oB,(d)

11,71 id,Jd"

If
r = 1:2:2d
c = 2:2:2d
R = {u", .. u?} (3.36)
c = {vih ... v}, (3.37)

then by applying (3.31)) and (3.13]) we see that

(BRXC)i,j = (B(l) O++-0 B(d) _ B(d) R .- R B(l) (338)

11,71 ld»jd) rxe td:Jd 11,J1°

Here, the notation (Brxc); ; denotes block (ivec(i, q), ivec(j, n)). This result is key
to the development of a block-level multilinear product. See §3.3.2]

89



3.3 Blocked Contractions

We next apply our block tensor “technology” to the problem of computing a con-
traction between two tensors. We use the multi-index summation notation ({1.1)

to describe the summations.

3.3.1 The General Case

It is instructive to work through a small, motivating example before we present the
main results. Suppose we are given F € IR® %% and G € R*****% and wish to
compute the order-5 tensor H € R®*@2*F3x5x0s defined by
a3 g
Hiv, iz, g, Jongs) = Y > Flinyia, ki, ko) - Gk, ko, du, 2, s)- (3.39)
ki1=1ko=1

Of course, for this to make sense, we must have ag = 3; and oy = 5. A tensor con-
traction such as this can be “reshaped” into a single matrix-matrix multiplication.

To see this we rewrite (3.39)) using multi-index notation,

a(3:4)
M) = > Fi.k) -Gk, j). (3.40)
k=1
Define the index vectors
r=[12] A=[34] P = [12] c=1[345]

and note that 1 < i < a(r) and 1 < j < B(c) in (3.40). Recall from (|1.17)-
(1.20) that the rows and columns of a tensor unfolding are vecs of reduced-order

subtensors. In particular

FrXA(L:) = Vec(f(i)>T

Gaxe(irj) = vec(GW)



where FO € IR*92 and GW e IR#*P1*55 are defined by

f(i)(klakz) = Fl(i1,i2, k1, k)

GO (k1 ky) = Gk, ko, v, J2, Js)-
It follows from ({3.40)) that

as o
H(i,j) = Z Z f(i)(kl,kz) : g(j)<k17 ka) = Fexa(i,2) - Guyxels,d)
ki=1ko=1
and thus
Hpoxpas) = Fexa: Gypxe:
Using the Matlab Tensor Toolbox, these computations can be performed with the

following commands, assumg H, F and G are already defined:

r = [1 2]; lambda = [3 4]; psi = [1 2]; c =[3 4 5];
F_unfold = tenmat(F,r,lambda);

G_unfold = tenmat(G,psi,c);

H_unfold = F_unfold * G_unfold;

In this example, the summation was over the last two modes of F and the first two
modes of G. These are convenient locations for the summation indices because the
contraction H is then easily seen to be “isomorphic” to a matrix-matrix product

of simple tensor unfoldings.

If the summation modes are arbitrarily positioned, then they can be moved to
these friendly locations through transposition. This result is widely known and
exploited, e.g. [3, [39]. Nevertheless, in keeping with the spirit of this chapter we

think that it is useful to include a formal verification of this important maneuver.

Theorem 3.5. Suppose F € RO >+t G e ROV>Port  qnd that p and q are
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permutations of 1:f+0 and 1:g+{ respectively. Define
A =p1) = p((l+1):((+]))
Y = ql:f) ¢ = q(({+1):((+g))

and assume a(X) = B(v). If H € RO >y *BerxxBeq s defined by
a(A)
HJ) = Y FP7 (ki) 65 (k,j) 1<i<a(r), 1<j<B(c), (3.41)
k=1
then

H[l:f]x[f+1:f+g] = erX gqpxc (342)

Proof. The assumption a(A) = 3(1) ensures that the summations in are
well defined. Using — we have
Fanr(,1) = vec(FD)
Gyxel(:,3) = vec(GD)
where FO € R % and GW € R *Pu are defined by
FOK) = FP>(ky, ... kein,. .., ip)
GIK) = GV (k... ke, jis s dg)-

It follows that for all i and j that satisfy 1 <i < a(r) and 1 < j < B(c) we have
()
HG,j) = ) FP (k)G (k. j)

k=1
a(A) ) )

= Y FOKR)GI(K) = Foualsi) - Gyel:,d)
=1

k=
which, using (1.14])-(1.20)), implies (3.42]), completing the proof. ]

As another example, consider the case where F € R®* X% and G € RO *5

with ap = 2, ag = 31 and the tensor ‘H € R***1*% ig given by the contraction
a(2:3)

H(il,ig,i3> - Z F(Zé,kl,kg,ig,il)g(kg,kl).

k=1
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In the notation of Theorem we have f =3,/ =2, g = 0 and the permutations
p and q are

p=1[51423] and q = [21].
Therefore
r=1[514] c¢=0 A=[23] o =][21]
and so by (4.4)

Hugixo = vec(H) = Fis14xj23 - G2 1)x0

= F514x[23] -vec(GT).

If the tensors F and G are “blocked conformally”, then (3.41]) can be reformu-

lated as a product of two block matrices.

Corollary 3.6. Assume that the notation and conditions of the Theorem|[3.5 hold.
Let

S = {sW,. .. s/} (3.43)

be a blocking for F and set

Likewise, let

L.t (3.44)

be a blocking for G and set
U= {tW) .ty C o= {tl) ),

If
sl = ¢Wn)  p =12 ... ¢ (3.45)



then with respect to the tensor 'H, R is a blocking for modes 1 through f, C is a

blocking for modes f + 1 through f + g, and

HRXC - FRXA : g\yxc- (3.46)

Proof. From Theorem [3.4] we have
Frxa = PaFeaPy
Guxe = PuGyxePl.
Since {s(”), o, str) glen) ,t(cg)} is a blocking for H we also have

HRXC = PR : H[l:f]x[f—&-l:f-l—g} ’ Pg

The conformability condition (3.45)) implies Py, = Py and so it follows from ((3.42))

that
HRXC - PR(]:I‘X)\ : QWC)PéF
- (PR rXAP,T)(P\pgd)xch) - fRXA . g\pxc

completing the proof. O

Thus, the tensor H in (3.41) can be computed as either a matrix product (3.42))
or as a block matrix product (3.46)). For the latter case, we develop recipes for the
blocks of Hrxc. Let b§~s) be the length of the blocking vector s) in (3.43)) and let
bgT) be the length of the blocking vector V) in ([3.44). Note that if

biows = b1y b b

rows — 1 e cols

— bgsl) . b(ASe)
= . pM)

then (3.45)) implies bgli =), and we observe that

Froxa bitus-by-bs,
Gaxc is a bﬁ%&,s_by_bgl)s block matrix.
Haxe brous-by-bigh,
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If we have 1 < p < b®)(r) and 1 < 7 < b™(c), pp = ivec(u,b® (r)) and
7 = ivec(T,b™)(c)), then block (1, 7) of Hgrxc is given by

b ()

(HRXC)M,T = Z (fRXA)M’q (g\pxc)qﬂ.-

q=1
Using (3.31) this can be rewritten in terms of subtensor unfoldings. Indeed, if

index vectors k, i@, and j@ are defined by

k(r) =p k(c) =71
i) =kr) {9 =q
J9() =q j“9(c) = k(c)
then
b ()
<Hk)[1:f}><[f+1:f+g] = Z (E(q))rXA (gj(oﬂ)wxc' (3.47)
q=1
As an example, suppose the tensor H € R2*8%9 is given by the contraction
4 10]
H(ir, iz, 51) = Z F k.11, 12, ka) - Gk, i1, ka)
k=1

where F € R¥*12x8x10 and G € R¥9*10 have the blockings

S = {[2 2],[6 3 3],[2 4 2],[3 2 5]},
T = {[2 2],[3 5 1],[3 2 5]},
respectively. Then
M = {[6 3 3],[2 4 2],[35 1]}

is the corresponding blocking of H and in the notation of Theorem and Corol-
lary[3.6lwe haver = [2 3],c = [2],A = [1 4] and 9 = [1 3] and the corresponding
modal blockings from (3.46)) are

R = {[6 3 3],[2 4 2]}, A = {[22],[3 2 5]},

C = {35 1]}, ¥ = {[22],[325]}.
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Using the blocked extension of the Matlab Tensor Toolbox the following commands
form the block unfoldings Frxa and Ggxc and perform the contraction of this

example on randomly generated tensors F and G:

s = {[2 2],[6 3 3],[2 4 2],[3 2 41};

T = {[2 2],[3 5 11,[3 2 51};

r = [2 3]; ¢ = 2; lambda = [1 4]; psi = [1 3];
F = bltensor(rand(4,12,8,10),8);

G = bltensor(rand(4,9,10),T);

F_blunfold = bltenmat(F,r,lambda);

G_blunfold = bltenmat (G,c,psi);

H_blunfold = F_blunfold * G_blunfold;

After the computations are performed, the matrix H_blunfold will contain Hgyc.

3.3.2 Blocked Multilinear Products

As an example of how the preceding results can be adapted to handle structured

contractions, we briefly consider the multilinear product since we have developed

the supporting formulae in and . Suppose A € IR ™™ and that
B®) ¢ RI*mk k=1,...,d
Let the tensor C € IR®™"*% be specified by
C = (BW,...,BY). A
If the order-(2d) tensor B is defined by

B = BDo...o B@
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then we see that C is a contraction of the form

CGi) = Y AK)B(ir, k.. .. ig, ka)-

We apply Theorem 3.5|with F =B, G=A, { =d, r = 1:2:2d, A = 2:2:2d, ¢ = 1:d
and ¢ = (. It follows that Agy. = VeC(.A) and C[l:f]x[f+1:f+g} = C[lzg]x[gﬂzg] =
vec(C). It then follows from Theorem [3.5[ and (3.13]) that

vee(C) = (B ® .-+ @ BY) vec(A). (3.48)

If the B matrices are blocked according to (3.35) and R and C are defined by
(3.36))-(3.37)), then R is a blocking for C, C is a blocking for A and

Pavec(C) = (Pa (BW® - ® BW) PL) Povec(A). (3.49)
From (3.38) we see that the matrix
Basxec = Pa (B9 ® ... @ BV) P (3.50)

is a block matrix whose entries are Kronecker products. Indeed, Bg ¢ is essentially
the Tracy-Singh product of the B-matrices, see [68]. Thus, from (3.48)-(3.50) we

have the following block specification for C:

vecg(C) = Brxcvecs(A). (3.51)

Example: If C = (G,F,FE) - A, tensor A is a 2 x 2 x 2 block tensor and the

matrices F, F' and G are 2 x 2 block matrices,

Ell E12 Fll F12 Gll G12
E = ,F= , G =

E21 E22 F21 F22 GQl G22
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Then the matrix Pg(E ® F @ G)PL is given by

EQF 1 G EQF.®Gy ERF1®G:e E®Fi,® G
EQFn®Ghn EFRFn®Gn ERFn®Gse E®Fn®Ga
ERF1®Gn EQ®Fia,®Gy E®F1®Gye E®Fy® Gy

_E®F21®G21 EQ@Fyp@Gy EQF) Gy EQFn®Gy

3.3.3 Visualization

As is the case in block matrix computations, it is sometimes important to view
a given blocked tensor contraction from different viewpoints. We offer a small

example to build an appreciation for this point.

Suppose F is a 3 x4 x 2 block tensor and G is a 2 x 3 x 5 block tensor such that
the blockings in mode 3 in F and mode 1 in G conform. Let H be the 3 x4 x3 x5

block tensor whose elements are given by

Hir, iz, ji,jo) = Y Flir,in,k) - Gk, j1, ja).
k

For convenience, denote the operation of contracting two third order tensors 7;
and 75 in this way (i.e. over mode 3 and mode 1, respectively) as 7; x 7. Figure

3.3 shows how this blocked contraction can be visualized in three different ways.

Ultimately, in terms of unfoldings, block [a,b,¢,d] in H can be computed

through the matrix equation

(Haved)[1 21x[34] = (Fav)[121x13] - (Giea)[1)x[23] + (Fas2)[12)x(3] - (G2ea)[1]x[2 3]

which is a result of (3.47)) and is the unfolded version of part (3) of Figure
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(1) The tensor contraction
H = F %G of two order-3
tensors viewed graphically as
a contraction of conformally
blocked tensors.

(2) A particular block Hpeq =
H(r:ag, B1:52, 71:72, 01:02)
is a x-contraction of two
“block fibers”, one from
F and one from G, i.e.
Habed Flon:ag, f1:52,:) *
G(:, 7192, 01:02).

(3) The *-contraction of the
two block fibers is itself a
sum of x-contractions of fibers’
block components, i.e. Hapeq =
Fat * Gied + Fapz * Goca-

Figure 3.3: Visualizing a Blocked Contraction
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3.4 Notes on Implementation

Given the nature of this chapter, it is important to be reminded in this closing
section that there is a big difference between a cryptic mathematical formula and
its utilization in practice. We review a few issues that are key to efficient imple-

mentation of block tensor algorithms and block unfoldings.

3.4.1 Permutation Vectors

The permutation matrix Py, that is characterized in Theorem |3.2| should never be
computed as a two-dimensional array. Rather, an integer vector should be used
to represent the matrix. We offer a few details based on the convention that if
P = I,(:,v) where v is permutation of 1:n, then v represents P. We capture
this connection with the notation P,. Note that if y = P,z, then y = x(v)
while y(v) = x implies y = PIz. Here are some basic facts that concern this

representation:

1. If ¢ and r are positive integers and w = [Lir:qr 2:2:qr --- r:r:qr], then
P, = 1IlI,,, the (g, r) perfect shuffle. This can be easily implemented in

MATLAB with the command

w = reshape(reshape(l:q*r,r,q)’,1,q*r);

2. If u and v are permutations of 1:n and w = v(u), then Py, = P, P,.

3. Ifuis a permutation of 1:n and v is a permutation of 1:m, then P, = P, ® P,

where w =1, v + m-(u—1,) ®1,,.
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4. If u is a permutation of 1:n and v is a permutation of 1:m, then P, =

diag(Py, Py) where w = [u, n-1,,+V]

The construction of a vector representation for the matrix Py, involves the system-
atic use of these properties. A recursive implementation can be based on (3.30)):

Suppose v represents Pg. A vector g representing 'Y can be constructed from

(3.24)-(3.25)) and facts 1, 2 and 4 above. Then
v = (Lo, ® ¥+ Ny ((Ling) = 1,,) @ 1y, ) (8)

represents P,;. The Matlab function P_mat_vec implements this approach. For

example, if A € R19x16x8x5 and
M= {32527 7),[53,[22 1)}, r=[24], c=[13],

then the following commands generate vectors v, and v, that represent the P, and

P, matrices:

=
]

{3 2 51,02 7 71,[56 31,[2 2 11};
r = [2 4]; ¢ = [1 3];
v_r = P_mat_vec(M,r);

v_c = P_mat_vec(M,c);

3.4.2 Multilinear Products

A practical computation of a multilinear product C = (BW, ..., B®). A would not

use the equation (3.48)). Instead it would sequentially perform the multiplications
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for all modes i = 1,...,d, where A x; B®) = (I,,,,...,B® ... I,.)-Ais called the
i-mode product [20, 41]. By using Theorem we see that this is equivalent to

the matrix-matrix multiplications

A — BYAg

Similarly, in a block-based implementation of the multilinear product, one
would not directly use (3.51]), but instead sequentially perform the block-matrix
multiplications

AJXC — B(i)AIXC

for all modes ¢ = 1, ..., d, where I is the original blocking for mode ¢, J is the new
blocking of mode i inherited from the row blocking of B® and C is a blocking for
modes [1:i—1 i+1:d] of A.

3.5 Applications of Block Unfoldings

As we have seen, it is possible to reshape a wide class of tensor contractions in
a standard way to an equivalent matrix multiplication problem [3 B89]. Imple-
mentations of such formulas would of course use block matrix technology, as it
is standard for large matrix problems. These techniques form unfoldings such as
Arxc and then block these matrices according to what type of computer architec-
ture is being used. However, such blockings have no real meaning in terms of the
underlying tensor. In this chapter we have seen how we can reorder the matrix
multiplication to reflect a tensor-level blocking strategy. This could be considered
a more natural approach. For example, the visualization of subtasks shown in

Figure [3.3] is not possible for the standard method.

102



The performance of block tensor based algorithms is dependent on implementa-
tion details such as cache locality and memory traffic. Perhaps the most interesting
application of block tensor computations would be in parallel implementations of
algorithms that perform operations only on single blocks or small groups of blocks.
In such situations, each processor would only require access to a handful of blocks
of the tensor, allowing for a high degree of parallelization and small communica-
tion overhead. Such algorithms have already started to appear and have met with
some success [56], 57, [74], [78]. In our view, block unfoldings are a natural fit for
such algorithms and we hope that the framework presented here will facilitate the

development of further such algorithms.

3.5.1 Block Unfoldings and the CP-Decomposition

To illustrate how block unfoldings can be used for algorithm development, con-
sider the block-based algorithm for computing a CP-decomposition by Phan and
Cichocki [56]. The problem statement is as follows. For a tensor )) € R™**"d

and given R > 0 we wish to minimize || Y — ) ||z where
A R
Yy = Z az(-l) 0--+0 az(-d) (3.52)
i=1
and agk) eR™ foralli=1,...,Rand k =1,...,d. Define the matrices
AD [ o ®] e R

Using the notation introduced in [38] we write (3.52) as Y = [A®, ..., AD]. The

CP approximation problem can then be succinctly stated as

i —[AW, L AD] . .
aain, 1Y = AT AT e (3.53)
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The standard way to find an approximate solution to (3.53)) is to use an iterative
alternating strategy: in every iteration we sequentially solve the d linear optimiza-

tion problems

min || Y — [AY, ..., AD] ||x (3.54)
A(k)

for k=1,...,d. As shown in [38] 42] the solution to (3.54) using standard linear
least squares techniques is

A = Yy (Zw)" (3.55)

where Z = [AD), . A®=D U ABFD | A@] g Rrx-xmeoxBxmenx-xng gnd

VJ is the Moore-Penrose pseudoinverse of the symmetric R x R matrix

Vi = ((A(d))TA(d)) Kook ((A(k+1))TA(k+1)) % ((A(kfl))TA(kfl)) Kook ((A(l))TA(l))'
(3.56)
Note the tensor Z depends on k£ but we will omit the subscript to avoid confusion.

The unfolding Zy can be written in terms of the Khatri-Rao product [38] as
defined in (|1.31)):

Zwy = VkT(A(d) OO AFD o AC-D o 5 A(l))T € RExmn2ng_1npi1-na.

Suppose M = {m® ... m@} where m® € R¥ is a blocking for ) and Y viewed
as by X --- X by block tensors. This is equivalent to blocking the rows of A%*) by

m® for k =1,...,d. Define the matrix blocks A;k) € ng‘k)XR with

k) __ k k
AP = AW (90 )

where £, £ and u® ... u@ are given by (B.17)-([-18). Let Z be blocked
by M = {m® . m*Y (R, m**D . m@} which means that Z is blocked
identically to ) in every mode except in mode k, which is one big block (i.e.,

unblocked) in Z.

104



The matrix multiplication (3.55)) is equivalent to contracting ) and Z along
all modes except mode k, and these modes are blocked conformally by the above
construction. It is an easy exercise to show that for 1 < j < [b(1:k-1), 1, b(k+1:d)]

we have that the jth block in Z is given by

1 k—1 k+1 d
Z = [[A(-) A( ) V}j,A( +1) A;'d)]]

) SR Ay O B jk+1 rrr

and thus

(Z)w = ViAo oAV oA Ve .. oAl

Jk+1 Jk—1

If K = M(k) = {m®W}, K = M(k) = {[R]} and A = M([1:k—1, k+1:d]) then by
Corollary we can restate (3.55)) in terms of block unfoldings:

A(k) = nyA(ZI?XA>T- (357>

The blocks in the block matrix Yk« a are the unfoldings (yj)(k) and the blocks in
Zz«a are the unfoldings (Z;) ). From (3.57) we can thus easily deduce the block

identity

AV = N YwA? e oAl oA Ve o AV

Jk+1 Jk—1

Noting that (A@)TA® = Z?;l(Ay))TAy) and substituting into gives us
equation (6) in [56]. Phan and Cichocki derive this identity by gradient descent
rather than directly through the block techniques we have shown above. Although
we have gone into exhaustive detail in deriving the same identity using block
unfoldings, many of these details can be safely ignored once we have sufficient

familiarity with block unfoldings. We would thus argue that our approach can be

considered simpler than the one used in [56].
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3.6 Conclusions

Overall, it is reasonable to conclude from this chapter that block tensors behave
in much the same way as block matrices. Although the precise formulas are more
involved, the basic intuition that “all operations can be done at the block level” is
correct. Block unfoldings provide a natural way to do block-based tensor compu-
tations though matrix unfoldings and allow for intuitive visualizations. By making
precise the notion of a block unfolding and developing a framework for reasoning
about block tensor computation, we hope that we have laid a modest foundation

for further research on block tensor algorithms.
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CHAPTER 4
THE TENSOR KRONECKER PRODUCT SVD

In this chapter we define a new tensor decomposition that is especially well
suited for tensors with block structure and many different types of symmetry,
giving a data-sparse approximation that allows for efficient computation. To this
end we introduce and investigate a new tensor operation that generalizes the matrix

Kronecker product.

In §4.1| we review the matrix Kronecker SVD (KSVD) from [5§] and explore,
through a fourth order-example, a way of connecting it to tensor unfoldings and the
tensor outer product and show how some common tensor structures are reflected
in the computations. A two-factor outer product nearness problem for tensors is
considered in as well as its connections to the KSVD and tensor symmetries. In
a novel tensor operation, the tensor Kronecker product, is introduced. It turns
out to strongly mirror the properties of the familiar matrix Kronecker product and

we show how it interacts with several typical tensor operations.

A tensor version of the Kronecker singular value decomposition, which we call
the TKSVD, is defined in and its properties, especially as they relate to tensor
symmetries, are investigated. The properties of the TKSVD for tensors with block-
level structure, such as block-diagonal tensors, are explored in resulting in an

efficient algorithm.

4.1 The Matrix KSVD and Symmetries

This chapter makes heavy use of the Kronecker product, as we extend the operation

to tensors. Recall that for two matrices B € R"™*™2 gnd C € R™*™ their
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Kronecker product is the block matrix

an blgc tee blmC
b21C .

B®C = € Rmimxmanz, (4.1)
b1 C bpy2C oo by, C

In [58] it is shown that by using the Kronecker Product SVD (KSVD) it is possible
for any matrix A € R"™"1x™2"2 tg golve the “closest Kronecker product problem”
min | A-B®C|r (4.2)

where B € R™*™2 and C' € R™*"2_ This procedure treats A as a mj; X mq
block matrix A = (A;;) with n; X ny blocks and computes the singular value

decomposition of the matrix Z(A) where

Ay vec(Ap ;)T
H(A) = : , and Aj = : , J=12...,my. (4.3)
A, vec(Apm, ;)T
If A is a structured matrix then the matrices B and C' can be chosen to inherit
some of the structure. Examples include non-negativity, symmetry and positive
definiteness [58]. Furthermore, the approximation (4.2)) can be expanded to an

exact minimal decomposition
R
A= B®C (4.4)
i=1

where R is the minimal integer such that (4.4) is possible, referred to as the

Kronecker rank of A, denoted
R = rankg(A).

The expansion (4.4]) has the Eckhart-Young optimality property in that for any &

where 1 < k < R the matrix

k
My = Y Bi®C; (4.5)
=1
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solves the constrained least squares problem

min || A— M |%. 4.6
i I (4.6)
For convenience, we state a slight generalization of an important result shown

in [58] about the KSVD of a symmetric matrix.

Theorem 4.1. Suppose n = ning, k > 0 and the matriz A € R™"™ is symmetric.
Then the matrices By,..., B, € R™*™ qand C4,...,C, € R™*™ that minimize
|A-SF B®C, |- can be chosen so that for eachi=1,... k the matrices B;

and C; are either both symmetric or both skew-symmetric.

4.1.1 The KSVD and Order-4 Tensors

There is a way to connect tensor decompositions and the matrix KSVD. To illus-
trate this connection, consider a fourth-order tensor A € R"™*m2*nsxn4  We can
view this tensor as a block matril] A where A(i, j, k,€) is entry (k, () in block

(4,7). This is in fact equivalent to the unfolding A = Ap g)x2 4-

If we view A in the aforementioned way as a n; x nz block matrix with ny X ny

blocks we can compute the KSVD
R
A=Y BaC
r=1

where R = rankg(A). Since A(1, j, k, ) is entry (k,£) in block (7, j) in the matrix
A we have that

R

R
A, j.k0) = Y Bi(i,§)Cp(k, (), ie. A=) B,oC, (4.7)
r=1

r=1

Inot to be confused with block tensor unfoldings
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where o is the tensor outer product defined in ((1.5)).

Note that the outer product decomposition in could also have been com-
puted by taking the SVD of a different unfolding, A = A1 2)x3 4], and reshaping
the singular vectors into matrices. Indeed, this is a standard way [41], 52] 53] of
computing tensor outer product factorizations such as . This is actually the
computation that the KSVD performs since, if A = A 352 4) is viewed as a ny X n3

block matrix with ny X ny4 blocks, then
H(A) = Apngxsq (4.8)

where #(A) is the rearrangement operator from (4.3). We show in that a
generalization of holds for tensors of any order. The value of making this
connection is that it nicely illustrates what is going on both at the tensor level
and at the matrix unfolding level and highlights the connections between different
tensor unfoldings. It also allows us to use results such as Theorem about

structured KSVD problems in the tensor setting.

4.1.2 The KSVD and Structured Order-4 Tensors

An interesting special case is where an order-4 tensor A has the symmetry property
A(i, j, k0 = Ak, ¢4, ), i.e. ASBA1A> = A With A = Apj 3«4 as before,
we can now choose the matrices B; and C; in (4.4) such that C; = £B; for all

i=1,...,R. After normalizing so that || B; || = 1 we get
R
A=) MBi®B (4.9)
i=1
or equivalently

R
i=1
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where [A\| > [Ag| > -+ > |Ag| > 0, which can be viewed as a generalization of the

matrix Schur decomposition.

Other symmetry properties of A are also reflected in the KSVD. For example,
if A= A<[2 143]> then

Apgixpg = Apaxpg = (Apaxpa)’,

i.e. the unfolding A = Ap 5|2 4) is symmetric. By Theorem we then have that
in the KSVD expansion A = Zf:l B; ® C; the matrices B; and C; are either both

symmetric or both skew-symmetric for every i = 1,..., R.

Similar results can be derived for many possible symmetries, skew-symmetries
or combinations thereof for order-4 tensors. Table [4.1] summarizes the above lists
a few more possible symmetries for order-4 tensors and how they are reflected
in a KSVD approximation . A general version of these facts is presented in
Theorem (4.4

Table 4.1: Different symmetries for order-4 tensors and how they are reflected in the B;
and C; matrices in the KSVD expansion (4.7)).

A symmetry B; structure C; structure Other

[2134]-(skew) | (skew)-symmetric

[124 3]-(skew) (skew)-symmetric
(214 3] B, = +C;
[214 3]-skew By = xC91
symmetric symmetric symmetric B; = £C;
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4.2 The Two-Factor Nearness Problem

This section shows how the results of connecting the KSVD to tensor decom-

position for order-4 tensors generalize to tensors of any order.

In §4.2.1| we define the two factor nearness problem and the two factor outer
product expansion (TFOPE). The connection to the KSVD is discussed in §4.2.2

and the interaction of the TFOPE with various tensor symmetries is explored in

34.2.3,

4.2.1 Problem Statement and Properties

It is well-known [53], 52} 27] that by using traditional tensor unfoldings it is possible

to solve the two factor outer product nearness problem
min || A —BoC|? (4.10)
BC

where A € R"* " B is order-d; and C is order-ds with d = dy+d,. Indeed, let
b = vec(B) and ¢ = vec(C). Then, using equations (1.5)) and (1.7)-(1.16)) on the

properties of vec, 1wec and tensor unfoldings, we have

|A=BoCl?=) [lAG) — B(i(1:dy))-C(i(d; +1):d)||?

i=1

= ZHA[lzdﬂx g (vec(i(l:dy) n(1:dy)), wec(i(di+1:d) n(di+1:d)))

i=1
— b(ivec(i(1:dy), n(1:dy))) - c(ivec(i(dy +1:d), n(dy +1:d))) ||
= [l A x (s +1:0) — BT ||
This means that the vectors b and ¢ that solve (4.10]) are multiples of the leading

left and right singular vectors, respectively, of the unfolding A{i.4,)x[d, +1:4-
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We can also extend the approximation (4.10]) to an exact minimal decomposi-
tion of the form

R
A=) BioC (4.11)
=1

which we refer to as the two-factor outer product expansion (TFOPE). This ex-
pansion is the basis for the recursive TT-decomposition [53] [52] which proceeds by

decomposing the factor tensors B; and C;.

Note that the decomposition (4.11)) has the Eckhart-Young optimality property:
the truncated sum Zle B, oC; is the solution to the k-term approximation problem
2

min .

M N;

k
A= MoN, (4.12)
=1

4.2.2 Connection to the KSVD

Rephrasing the k-term two-factor nearness problem (4.12)), it can be solved by
using the matrix Kronecker SVD. Let [r ¢] be some permutation of 1:d and set

A = A,yc. Let integers ey, es, f1, fo be such that
length(r) = e; + eo, length(c) = f1 + fo,
and set
di = e1+ fi, dy = ez + fa.
Define the vectors

rz = r(lie), re = r(ej:e;+es),
cg = c(l:f1), cc = c(fi:fitfa)

Consider A as a prod(n(rg)) X prod(n(cg)) block matrix with blocks of size

prod(n(re)) X prod(n(ce)).
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Let matrices By,..., By and C4,...,C) be the solutions to (4.6) and reshape
them into tensors B; and C; of size [n(rg) n(cg)] and [n(r¢) n(ce)], respectively,
for all © = 1,..., k. Note that By, ..., By are order-d; tensors and Cy,...,C; are

order-ds.

Theorem 4.2. Let p = [rp cg r¢ cc|. Then B; and C; described above are solutions

to

k
min H ASP” — E B;oC;
BC —

1=

Note that if p = 1:d then this is equal to (4.12)).

Proof. Suppose, without loss of generality, that p = 1:d. Define the matrices

A= Arxc; Bj - (Bj>(1:el)x(el+1:d1)7 Cj - (Cj)(1!62)><(62+1:d2)

forall j=1,...,k. Then

[ 4= 500,
j=1

We note that

k

= >[40 - B era) |

j=1

2

A(i) = A(wec(i(r),n(r)), ivec(i(c), n(c))),
B;(i(1:dy)) = B(ivec(i(rg),n(rp)),ivec(i(cp), n(cp))),

C;(i(d1+1:d)) = Cj(ivec(i(re),n(re)), ivec(i(ce), n(ce))).
Define the integers

r = qwec(i(rp),n(rg)), s = wec(i(cp),n(cp)),

t =ivec(i(re), n(re)),  u=rivec(i(cc),n(cc)),
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and M = prod(n(rc)), N = prod(n(cc)). Then, by the definition (|1.9) of ivec, we

have
ivec(i(r),n(r)) = t+ (r—1)M and dvec(i(c),n(c)) = u+ (s —1)N.

Therefore

[4- 500,
j=1

2

F

gy | A+ =DM, ur (s=)N) = 3 B (r,9)-Cs(t,w)

=1

2
F

k
:HA—ZBJ-®C]-
j=1

This concludes the proof. O

As an example, suppose A € R™>* >, = 3, dy = 4 and
rp = [1 2], rc = [4 5], Cp = [3], Cc = [6 7]

Let A = Aj1245x[367 and consider A as a niny X ng block matrix with ng4ns X ngn;
blocks. If £ = 1 then by Theorem [4.2]solving |A— B® C|| is equivalent to solving

| A — BoC|r where B and C are reshapings of B and C, respectively.

4.2.3 Symmetries

As we showed in for order-4 tensors, a benefit from rephrasing in
terms of the matrix KSVD is that we can exploit the established results of the
properties of the KSVD factors of structured matrices [58]. If A has a certain kind
of symmetry then that fact will be reflected in the tensors B; and C; that solve
as the next theorem shows. The following facts from matrix computations

are crucial.

115



Lemma 4.3. Let A € R™" and its singular value decomposition be given by

A =UXVT. Then the following properties hold.

(a) Ifm =n and A is symmetric then U and V' can be chosen such that u; = Fv;

forallt=1,... n.

(b) If P € R™™ and Q) € R™™ are orthogonal matrices and
PAQT = A,

then we can choose the SVD of A such that PU =U and QV =V

Using this result we now show how tensor symmetries and skew-symmetries are

reflected in the two-factor nearness problem.

Theorem 4.4. Let A be an order-d tensor and k > 0. Fori=1,...,k let B; and
Ci be order-d; and order-dy tensors, respectively, that solve (4.12). Suppose A is

p-symmetric for some permutation p of 1:d. Then the following results hold for

ali=1,....d.

(1) If p(di+1:d) = (d1+1):d, then B; can be chosen to be p(1:dy)-symmetric.

(2) If p(1:dy) = 1:dy then the tensor C; can be chosen to p'-symmetric, where
p’ = p(di+1:d) — d;.

(3) If p(l:dy) C {1,2,...,d1} and p(di+1:d) C {di+ 1,d1+2,...,d} then we
can choose B; and C; such that B; is p(l:dy)-symmetric or p(l:d)-skew-
symmetric and C; is p’-symmetric or p’-skew-symmetric, where p’ = p(d;+
l:d) — dy.

(4) If dy = dy and p(1:dy) = dy+ 1:d then we can choose B; and C; so that
B; = +C;.
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Note that if A is p-skew-symmetric then skew-symmetric versions of (1) and (2)

hold.

Proof. Define r = 1:d; and ¢ = d;+1:d. For part (1), if p(c) = c and A = AP,

ie. A(£) = A(€(p)) for all £, then there exists a permutation matrix P such that
AP(")XP(C) = Ap(l‘)Xc = PA;xc.

Since A is p-symmetric we have Apr)xpe) = Arxe. Thus p-symmetry is equivalent

to the matrix equation PA;yc = Arxe.

By Lemma we can choose the singular value decomposition UT A,V = %
such that PU = U. Furthermore, since vec(B;) = (B;)rxp = U(:,) then

(Bi)p(r)X@ = P(Bi)rX(Z) = (Bi)rX@

which is equivalent to B; = B;P"> proving (1).

The proofs of parts (2) and (3) are similar and are omitted.

For part (4), note that if p(r) = ¢, p(c) =r and A = AP~ then

Arxe = Apr)xp(e)
— Acxr

- (Ar><0>T~

Hence by Lemma (4.3 we can choose the SVD of A, such that U(:,i) = £V (:,4)

for all . Since vec(B;) = U(:,4) and vec(C;) = V (:,1) this implies B; = £C;. O
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Example: Suppose the order-4 tensor H € R™*"2*"3%" hag the symmetry and

skew-symmetry properties
H(i27 i17 'L.47 23)
H(ilaiQai&iél) = H(ig,’i4,i1,i2) (413)
—H(ia, 11,13, 14)
In other words, if py =[2143],pa=[3412] and p3 =[2 13 4] then H is p;-

and po-symmetric and ps-skew-symmetric. Tensors with these types of symmetries

frequently arise in ab initio quantum chemistry calculations [77], 29].

If we define d; = dy = 2 we see that p; satisfies property (3) of Theorem , P2
satisfies (4) and pj satisfies a skew-version of (1). Hence, if £ > 0 and the matrices

Byq,...,B, € Rm*™ and C,...,C € R™*™ golve

‘H—i&o@
=1

then for ¢ = 1,...,k we have that B; = +C; and B; is skew-symmetric.

Y

min
B;,C;

4.3 The Tensor Kronecker Product

In order to establish a higher-order generalization of the KSVD we require a new
tensor operation which behaves in many ways similar to the matrix Kronecker

product. In particular, it is closely associated with block tensors.

In §4.3.1] we state the definition of the Tensor Kronecker Product (TKP) in
terms of block tensors, and in §4.3.2-§4.3.8) we show how it interacts with some

standard tensor operations.
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4.3.1 Definition

In tensor computations, one often sees expressions such as “B®C” for higher-order
tensors B and C but there “®” usually refers to the tensor outer product which we

denote with B o C. Here the notation B ® C has a nonstandard meaning, making

use of block tensors:

Definition 4.5. The Tensor Kronecker product (TKP) of two order-d tensors
B e R™">**md gnd C € R™>**™d 4s the block tensor A = B ® C € Rmmxxmand

whose ith block is

As an example, suppose B and C are both 3rd order tensors and that B has

size 3 x 3 x 3. Then A can be visualized as the 3 x 3 x 3 block tensor shown in

Figure

b113C | b123C | bi3sC

Az 1)
bllZC leQC b13QC b213c b223c b233c
blllc blZlc b]g]C b212c b222c bZBQC b313c b323c b3336
b?llc bZ?lc bQ:ilC blﬁlZC bBQQC b3320

b3llc b321C b331C

Figure 4.1: The tensor Kronecker product of two 3rd order tensors B and C.

If B and C are order-2 tensors, i.e. matrices, then their tensor Kronecker product
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is the same as the matrix Kronecker product. This can be readily established by

comparing the above definition to the matrix Kronecker product definition (4.1).

To prevent any misunderstanding, we reemphasize that our use of the “®”
symbol for tensors is nonstandard and exclusively used for the matrix and tensor

Kronecker products.

Note that the order-d tensor B® C and the order-2d tensor B o C actually have
the same elements, but arranged differently. Indeed, if A = BoC and A' =B ®C

where Bisny X -+ X ng and C is my X - -+ X my then

AL, -y dain, - ooyiq) = Alin +ma(jy —1),.. . g +ma(ja — 1)).

The block tensor extension of the Matlab Tensor Toolbox discussed in Chapter
3 provides the function tkron which implements the tensor Kronecker product.
If B and C are tensor objects or multidimensional arrays of equal order then

tkron(B,C) is the tensor B ® C. For example, if

B = tensor(rand(3,3,3));
C = tensor(rand(7,4,5));
A = tkron(B,C);

then A € R?'X16%15 j5 a4 3 x 3 x 3 block tensor that we can visualize by Figure 4.1}

For more details on tkron, see Appendix [A]

The definition of the tensor Kronecker product assumes that both tensors B
and C have the same order. At first this might seem too restrictive; after all,
we can take the Kronecker product of a vector with a matrix. However, this is

accomplished by treating the vector as a “thin matrix”, either a 1 X n row vector or
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an X 1 column vector. In a similar way we can take the tensor Kronecker product
of lower order tensors with higher order ones, but the lower order tensor needs to be
“upgraded” to match the higher order by inserting modes of size 1. For example,
if B is a n; X ny matrix and C is a m; X mq X ms order-3 tensor then we can treat
B as an order-3 tensor of size 1 X ny X na, nq X 1 X ng or ny X ny X 1. This allows
us to take its tensor Kronecker product with C. Removing size-1 modes is often
referred to as “squeezing” a tensor, so this reverse process of inserting such modes

could be called “unsqueezing”. This unsqueezing is clearly not unique, however,

d+k‘71)

and must be carefully selected to get the desired result. Indeed, there are ( g1

ways of unsqueezing an order-d tensor to an order-(d + k) tensor.

For matrices there are several connections between B ® C' and B and C in
terms of rank, eigenvalues, singular values and other properties. This is what
makes working with Kronecker products appealing: computations can be done
efficiently. Many of these connections extend to the tensor Kronecker product and

will be important when we discuss the TKSVD in

4.3.2 Connection to Block Unfoldings

As mentioned in earlier chapters, the standard tensor unfoldings defined by (|1.12))-
(1.16) do not respect block structure; block elements are usually noncontiguous in
an unfolding. To preserve block structure we use the block unfoldings introduced

in Chapter 3.

The following theorem shows an important property of the tensor Kronecker

product that connects it to block unfoldings.
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TKP Property 1. Let B € R"**" gnd C € R™**™Md_ Then for any r and c
we have

(B & C)RXC = Brxc X Crxc- (414)

Note that the “®” on the left hand side in (4.14) is the tensor Kronecker

product while the “®” on the right hand side is the matrix Kronecker product.

Proof. By definition, for any 1 <k < n the kth block of B® C is
B®C)x = Bk)-C.
Hence, by equation ([3.31]) on the blocks of a block unfolding, we have

B(k) - Crxe = (B®C)i)rxe

= (B ® C)rxc)k(r) k()

i.e. block (i, 7) = (wec(k(r), n(r)), ivec(k(c),n(c))) in the block matrix (B&C)pxc
is B(K) - Coxe.

On the other hand, by (1.14]) block (u,7) in the block matrix Bprxe ® Cpxe 18

given by

Brswe(tt, 7) - Coxe = Brxel(ivee(k(r),n(r)),ivec(k(c),n(c))) - Crxe

— B(K) - Core.

Since the block matrices (B ® C)rxc and Brxe ® Crxe have the same blocks they

are the same. ]
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4.3.3 Rank of B C

For matrices B and C' we have that rank(B ® C') = rank(B) - rank(C'). There are
several distinct definitions of rank for higher-order tensors, but we will restrict our

attention to the so-called multilinear rank and the outer product rank as defined

in §2.5.1 and §2.5.2] respectively.

For the tensor multilinear rank, note that by (4.14)) and properties of the matrix

Kronecker product, we have

rank((B X C)RXC) — rank(BrXC ® CrXC)

= rank(Byyxc) - rank(Cpxc)-

This includes the modal unfoldings, i.e. where r = [k ] and ¢ = [ :k—1, k+1:d].
From Theorem [3.4] also have that for any block tensor A that the matrices Agxc

and A, . are similar and thus have the same rank.
Hence, if rankg(B) = (r1(B),...,rq¢(B)) and rankm(C) = (r1(C),...,rq4(C)) then
rankg(B ® C) = rankg(B) * rankg(C) = (r1(B)ri(C),...,rqa(B)ry(C))

where “x” denotes the Hadamard product defined in ([1.30)).

For the outer product rank, the following theorem gives an upper bound. Recall

the definition of the CP-decomposition from

TKP Property 2. Suppose the CP-decompositions of B and C are

RB . . RC . .
B:Zbg’)o...obg)7 szcgj)O"'Ong)
i=1 j=1
where Rg = rankg(B) and Re = rankg(C). Then
RBRC . . . .
Boc = 3 000000 o)
i=1
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which means that

rankg (B ® C) < rankg(B) - rankeg(C). (4.15)

Proof. For any 1 < k < m *n there exist 1 <i < n and 1 < j < m such that

k = (m—14) *i+ j. This means (B® C)(k) is entry i in tensor block j and thus
(BaC)(k) = BH)C(j)
Rp Re
- (Z CRCOR <id>> (Z ") - m)
s=1 =

=SS () - (e 60)
(b(s) ® C(t)> (kq)

s=1 t=1
Rp Re

_ ZZ(b(S ® ! ) )

s=1 t=1

= T(k)

where

R R
T = ZB ZC (b @) o0 (8 & )
- 1 1 d d :

s=1 t=1

From this we conclude that BQC =7T. OJ

4.3.4 Multilinear Product Properties

For matrices, we have
(o) (BoC)vey) — (W' Bu)E"Cy).

A similar result holds for the multilinear product of tensor Kronecker products as

the following theorem shows.
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TKP Property 3. If B is an ny X -+ X ng tensor, C is my X --- X mg and

X, e R"*Pi gnd Y; € R™*% fori=1,2,...,d then
BRC)(X1®Y],...,.Xg®Yy) = (B-(Xy,...,Xq) @ (C-(Y1,...,Yy)). (4.16)

Note that this 1s an p1g1 X -+ X pgqq tensor.

Proof. First, for any integer vector v € R we define the functions ¢, ¥ : R — R*

by the formula

u; mod (u;, v;) if mod(u;,v;) # 0

(wv(u))iz{ J+1 and  (¢y(v)); =

g V; if mod(u;,v;) =0

forall e =1,2,...,¢. Then it is easy to verify that

(B®C)[J) = Blem()) - C(¢m(i))-

Define the tensors

T = (BRC) - (X19Y),...,X;®Y,) € RpravxxPadd

S = (B' (Xh e ,Xd)) & (C : (Yl, - ,Yd)) € RP191%"XPddd

Then for any 1 <i < p * q we have

n*m

T(i) = Z(B ®C)()(X1 @ Y1)(j1,71) - - - (Xq @ Yg)(Ja, 1)

n*xm

= ZB(SDm(j))C(d}m(j))Xl (907711 (jl)#qu (21)) Y1 (¢m1 (j1)7¢Q1(i1))

e Xy (gpmd(jd), Qqu(id» Yy (Q/de(jd); de(id)) :

Note that as j goes from 1 to nxm, the functions ¢, (j) and ¥, (j) span the ranges

1 to n and 1 to m, respectively. Thus if we define £ = v, (j) and k = ¢, (j) then
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=]

=1 k1
= e“ B(€)X1(l1, 0q,(12)) - - - Xa(la, wqd(id))> *
=
(i C(K)Y1 (K1, ¥q, (1)) - - - Ya(ka, wqd(’id))>
k=1
_ S(i)
which completes the proof. 0

The special case where each of the matrices X; and Y; is a vector is important

enough to be included on its own.

TKP Property 4. If B € Rm>>xnmd C ¢ R™> > gnd x; € R", y; € R™ for

alli=1,2,...,d then

BRC) (1 @y1,...,2qg®@yq) = (B-(x1,...,24))(C-(v1,-.-,ya)) € R (4.17)

4.3.5 Norms and Inner Product Properties
Recall from (|1.28]) that the tensor inner product is defined by

k
X,y eRb e = (X y) =" X()V(i) €R. (4.18)
i=1

If x,y,u and v are vectors of suitable sizes then it is easy to show the identity
(r @ y)T(u®v) = (27u)(y"v). The same result holds for the tensor Kronecker

product:
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TKP Property 5. If XU € R"*>" agnd Y,V € R™*>™Md then

(XY, UoV) = (X,U)- (VD).

Proof. Using Definition 4.5 and ((1.28) we have

(XY URV) = nzr:n(x @ Y)(k) - (U2 V)(k)

k=1

= > > (¥@Y)(i+m=* (j-1))U @ V)(i+m = (j—1))

i=1 j=1

= 3> XEOYEUEVE)

i=1 j=1

= <X’u> ) <y’V>

which completes the proof. ]

Note that if X =U and Y =V then this implies ||X @ V|| = ||X|| - || V]|

4.3.6 Singular Value and Eigenvalue Properties

Recall from §2.3.1] that a Z-singular value of a tensor A € R™**"d ig a scalar

o € R such that there exist unit vectors wuq,...,uy, where u; € R"™, called Z-
singular vectors, that have the property that for every k = 1,...,d we have
A- (ulﬂ ces Ug—1, Ink7uk+17 B ,Ud) = OUf.

Since this definition is in terms of the multilinear product, we can use (4.17)) to

get the following result.

TKP Property 6. If 0 is a Z-singular value of B with Z-singular vectors
Uty ..., ug and p is a Z-singular value of C with Z-singular vectors vy, ..., vy then

o is a Z-singular value of B ® C with Z-singular vectors u; ® vy, ..., ug ® vg.
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Proof. We have u; € R™ and v; € R™ such that
B- (ula ceey U1, [n¢7ui+17 cee ,Ud) = 0U;

and
C-(v1,. Vi1, Iy Vi1, -+, 0a) = v

forall2=1,...,d. Then

(B@C) . (u1 Q@ UL, .. Ui ®U¢,1,Inimi,ui+1 Q Vig1s.--,Ug @ 'Ud)
= (B'(Ul, c. ,Ui,b[n“'u,lqu, c. ,Ud)) ® (C'(Ul, c. ,'Ui,hlmi,vzqu, ce 7Ud))

= (ouw;) @ (pv;) = op(u; @ v;)
which completes the proof. O
In §2.3.2| we defined A € R to be a Z-eigenvalue of a symmetric order-d tensor
A € RV *N if there exists a unit vector z € RY such that
A-(Iy,z,...,x) = Az

Note that if B and C are symmetric tensors, then B ® C is also symmetric. We

therefore get the following result.

TKP Property 7. Let B and C be symmetric tensors. If X is a Z-eigenvalue of
B with Z-eigenvector x and T is an Z-eigenvalue of C with Z-eigenvector y. Then

B ® C has Z-eigenvalue At with Z-eigenvector x & y.

Proof. We have

128



Then by Theorem TKP

BRC) (Inm,z2RYy,...,tQy) = (B-(Li,z,...,2)) @ (C-(Inm,y,---,Yy))
= (A\z) ® (Ty)

= M(z®y).

which completes the proof. O]

We note that TKP Properties [6] and [5] can be readily modified for any of the

several other tensor singular value and eigenvalue definitions mentioned in

4.3.7 Tensor Transposition of B® C

For Kronecker products of matrices we have formula
(Beo)' = BT C”.
A higher-order analogue of this using tensor transposition holds as well.

TKP Property 8. Let B and C be order-d tensors and p be a permutation of 1:d.

Then
(BeC)P> = BP> @ C~P~.
Proof. This is straightforward result of Lemma [2.1] and Definition [4.5 O

4.3.8 The HOSVD of B&®C

It is well known that the singular value decomposition of a matrix A = B® C' can

be formed by only computing the SVDs of the smaller matrices B and C. Indeed,
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it B=UXVT and C = XAY7T are the SVDs of B and C then A = WT'ZT is the
SVD of A, where

W = (U X)PT, I = P(EoA)Q", Z = (Vey)Q"

and P and () are permutation matrices that sort the diagonal entries of the matrix

¥ ® A in descending order.

As the HOSVD is a generalization of the SVD and tensor Kronecker products
are generalizations of matrix Kronecker products, it is reasonable to ask if the
HOSVD of A = B® C can be generated by only computing the HOSVDs of the

small tensors B an C. This is indeed the case.

Suppose that A = B®C is an order-d Ny x - - - X Ny tensor where N; = n;m;, B
isny X+ xngand C is my X - -+ X mg. Furthermore, let B = (Ul(B), o UéB)) - S
and C = (Ul(c), e Uéc)) - Sc be the HOSVDs. From Theorem TKP |3 we know

that

A=B®C
— <(U1(B)7 .. "Uc(zB)) 'SB> ® <(U1(C)7""Uc(zc)) . 5c>

= WP eUP,. . UP U . (S S).

Clearly each UZ-(B) ® Ui(c) is an orthogonal matrix. We thus need to determine the
properties of S ® S¢. Recall that a p; X - -+ X pg tensor S is called all-orthogonal

if for every k =1,2,...,dand o, =1,2,...,pr, @ # 3 we have
<Sik:a78ik:ﬁ> = 0.

where S;, _, is the order-(d — 1) subtensor of S we get by fixing the kth index to

be «.
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Using TKP Property 5| we can show that Sp ® S¢ satisfies one of the require-

ments of the HOSVD core tensor.

TKP Property 9. If Sz and S¢ are all all-orthogonal then so is Sg ® Sc.

Proof. Define R = S ® S¢. Fix k € {1,2,...,d}. For every v = 1,2,... ,ngmy

there exist o € {1,2,...,nt} and § € {1,2,...,my} such that

Riy= = ((SB)ix=a) @ ((SB)ir=p)-
Hence for 7, # 5 there exist oy, as, (1, 2 such that
<Rik:’71’Rik:’Y2> = <((83)ik:a1) ® ((SB)ik:ﬂl)a ((SB)ik:a2) ® ((SB)ik:[32)>
= <(83)ik:a1’ (SB)ik:Oé2><(SC)ik:ﬁ17 <Sc>ik:52>

Since v, # v then at least one of the statements oy # s or 3 # P2 must be true.

But then by the all-orthogonality of Sp and S¢ at least one of ((Sg)i,—a,: (SB)i—as)

and ((Se)i, =g, (Sc)i—p,) must be zero. O
Another requirement is the norm grading, i.e. that for any k = 1,2,...,d we
have
[Sip=1ll = [|Siy=2ll = -+ = [Si=n,ll-
However, for any tensor S there exist permutation matrices P, ..., P; such that

(Py,...,P;) -8 has this property.

Hence, there exist permutation matrices such that

A= (WP eU)PL . (WP @UOPE) - (P Pa) - S @ )

W, UMY 8,

is the HOSVD of A.
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4.4 The Tensor Kronecker Product SVD

Having firmly established the tensor Kronecker product and its properties we are
now ready to introduce the main contribution of this chapter, the Tensor Kronecker
Product SVD (TKSVD). The TKSVD itself is defined in §4.4.1 In the
TKSVD is contrasted with other SVD-based tensor decompositions and compared
to the HOSVD in terms of degrees of freedom and low-rank approximation. The

interactions of the TKSVD with common types of tensor symmetries are then

explored in §4.4.3

4.4.1 Definition

Suppose A is an order-d tensor of size Ny X---xX Ny and N; = m;n; fori =1,2,...,d.
Then we can view A as a m; X --- X my block tensor whose blocks are all of size

ny X - -+ X ng. Let M be this uniform blocking.

Let p be a permutation of the vector 1:d, integer e be such that 1 < e < d and
define
r = p(lie), ¢ =ple+1lid and A = Agryc

where R = M(r) and C = M(c). Each block in the (n,, ---n.) X (ne -+ e, )

block matrix A is an r x ¢ unfolding of a tensor block in A.

We can then compute the Kronecker singular value decomposition of A,
regarded as a (n,, ---n.) X (ng - -ne,_.) block matrix with (m,, ---m,, ) x

(me, - -me, ) blocks. Using the KSVD, we solve the least squares problem

min | A= B&C|r. (4.19)
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Note that there is a scalar indeterminacy here: if B and C solve (4.19) then
so do aB and éC’ for any a@ # 0. To resolve this we add the constraint that
| Bl = || C|lp- Now regard B and C' as r x ¢ tensor unfoldings and reshape

them appropriately to the tensors B € R™ > %" and C € R™ % *™d_regpectively.

Theorem 4.6. The tensors B and C described above are solutions to the mini-

mazation problem

min | A—-B®C |. (4.20)
BC

Proof. Using the definitions of block unfoldings, the KSVD and the tensor Kro-

necker product, we have

[A-B&Cly = Z [ Asr)ie) — B (ivec(i(r), n(c)), ivec(i(c), n(c))) C|l5
= Z [ Air) BH)C|l%
= ZHAi—B(i)C!!2 = [[A-B&Cl|?
i=1
which completes the proof. n

Using the full KSVD expansion (4.4) for the block unfolding Ag«c we can get

an exact representation.

Definition 4.7. If A € RM>*Na yhere N; = myn; for alli = 1,2,...,d and
B; € Rmxxma C; e R gnd R € N are solutions to
K
min {K eN ‘ E|Xj c lex---xmd’y} € R™M>X X0 o oh that A = ZXj ®Y;}
j=1

with || B; || = || Cj || for j =1,2,..., R, then

R
A=) BaC (4.21)
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is the tensor Kronecker product SVD (TKSVD) of A and R is the tensor Kronecker
rank of A, denoted R = rankg(.A).

Note that the k-term truncation Zle B; ® C; of (4.21)) is the solution to the

constrained least squares problem

min || A—M | (4.22)

rankg (M)<k

We now can compute a data-sparse approximation of a tensor with block struc-
ture using . This is especially important if A has block-level structure, such
as block sparsity. By the results of we see that computations involving ten-
sor Kronecker products can be performed efficiently and as we show in §4.5 the
Kronecker factor tensors can be chosen to reflect many common types of structure
in the original tensor. Hence, if a good TKSVD approximation can be achieved
by using a small £ in then we can reap significant savings in subsequent

computations.

For clarity, we state the steps necessary to compute a k-term TKSVD approxi-
mation in Algorithm [£.1] Let “fold” be the reshape operation that undoes a matrix

unfolding. That is, for any tensor 7 € R™* ¥ we have

7 = fold(Zyxc,r,c,n). (4.23)

Note that the matrix Z(A) has the size (H?Zl nl) X (Hle mi> regardless
of which modes r and c are chosen. The number of flops required by this SVD
calculation can then be estimated by standard methods. See [26, §5.4.5]. If k is
small it can be advantageous to use Lanczos-based algorithms to compute only the

first k singular values and singular vectors of Z(A).
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Algorithm 4.1 The Tensor Kronecker SVD (TKSVD)
Require: A € RV>**Na with N; = n;m;, Vi.

Require: M is the uniform blocking of A and R = M(r), C = M(c).
1 A«— ARXC
2: Compute the SVD Z(A) = UXVT

3: forv=1,... k do

4: B; — /3(i,1) - fold(U(:,4), [r c], ), n)
5: Ci — /2(i,1) - fold(V (:,4), [r c], D, m)
6: end for

Example: If D; € R™**" for ¢ = 1,...,k we define the block diagonal tensor

D = blkdiag(Dy, ..., D) € RF1>X*kna t6 he the k x --- x k block tensor where

D, if i=4-1; forsome j=1,....k
T I J (4.24)

0 else

foralli=1,..., k. If B € RF** and C € R™**" minimize |D —B®C||r then

it is straightforward to show that B = diag(by,...,bx) is a diagonal tensor, i.e.

b, if i=75-1; forsome j=1,... k
BGE) = { ‘ (4.25)

0 else

foralli=1,... k, and

c = (gbﬂ)i) /ézﬂ

Furthermore, if we require || C' || = 1 then the b; solve the equation

k k
=1 i=1

2
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The Matlab function tksvd computes the TKSVD. If A is an ny X -+ X ng
block tensor with m; x - -+ X my4 blocks then the command
[B,C] = tksvd(A,n,k);
computes the k-term TKSVD approximation (4.22)), where B = {B{1},...,B{k}}
and C = {C{1},...,C{k}} are cell arrays that contain the tensors B; € R"1*"*"d

and C; € R™>**md_ For example, if 4 € RP*20%10 ig randomly generated with
n=1[342]and m =[555] and we want a two-term Kronecker approximation

we use the following commands:

A = tensor(rand(15,20,10));
n = [3 4 2];
[B,C] = tksvd(A,n,2);

See also Appendix [A] for more detail on tksvd.

4.4.2 Comparison to Other Decompositions

The TKSVD is similar in some ways to the HOSVD, as described in §1.4.3 and
the two-factor outer product expansion (TFOPE) from §4.2] Table[4.2 summarizes

the details of these decompositions.

Table 4.2: Comparison of different tensor decompositions.

HOSVD TKSVD TFOPE
Modal Blocked Non-blocked
Unfoldi
nfolding(s) Aqy, -5 Ay Agrxc AlLdy)x[dii:d]
Computation SVD KSVD SVD
Result A:(Ul,...,Ud)'S A:EZBZ(@Cl A:ZiBioCi
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As we see, each decomposition is computed by taking the SVD or KSVD of

one or more tensor unfoldings and then reassembling the results.

An important application of many tensor decompositions is to obtain “low
rank” (or data-sparse) approximations of large tensors. One way of obtaining a
low rank approximation of a tensor A is by truncating the HOSVD: a k-term

HOSVD approximation of A is of the form
A~ (OB gy s®

where Ui(k) = U(:,1:k) and S® = S(1:k,...,1:k). Note that this approximation

has multilinear rank (k, k, ... k).

By using a truncated TKSVD of the form (4.22) we can now compute another

type of low rank/data-sparse tensor approximation.

To make a roughly fair comparison between an /-term TKSVD approximation
and and k-term HOSVD approximation in terms of degrees of freedom, let us
assume for simplicity that A is an NV x --- x N tensor where N = nm, B is
nx---xnandCism x---xm and that /N is so large that we can ignore lower-
order terms in our complexity analysis. Then an /-term TKSVD approximation
requires about £(n? + m?) parameters, whereas a k-term HOSVD approximation

requires about k% parameters. Thus we need
((n*+m?) ~ k°

for approximations with roughly the same degrees of freedom. Simplifying further,

assume that n = m = v/N. Then, solving for ¢, we get

= 3(0)
2\VN/
For ¢ = 1, i.e. a one-term TKSVD approximation, we need k ~ /2v/N terms in a

truncated HOSVD.
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As an example, if d =4 and N = 100, i.e. A is a 100 x 100 x 100 x 100 tensor
and we approximate A ~ B ® C using (4.20) where B and C are 10 x 10 x 10 x 10
then we need at least k = 12 > v/2v/100 =~ 11.8 terms in a truncated HOSVD

approximation to get a similar number of degrees of freedom.

4.4.3 The TKSVD and Tensor Symmetries

Having earlier established the fundamental properties of the tensor Kronecker prod-
uct, we have the tools we need to show that the TKSVD has many of the same
properties as the matrix KSVD. For example, the following lemma is a direct result

of the non-negativity properties of the KSVD as shown in [58].

Theorem 4.8. If A is a nonnegative tensor then B and C that solve (4.20)) can be

chosen to be nonnegative.

Here we will focus on tensors with certain types of symmetries. If tensor A has
symmetry properties, e.g. A(i, j, k) = A(j,4, k), we would like to know what this
implies for the tensors B; and C; in the expansion (4.22)). Ideally B; and C; would

have the same symmetries as A.

We first define explicitly what kind of symmetries we will consider.

Definition 4.9. For any permutation p of 1:d, we say that the order-d tensor A

is p-symmetric if A(i) = A(i(p)) for anyi=1,... n.

It turns out that if A is p-symmetric then the B; and C; tensors that solve k-

term Kronecker approximation problem (4.22)) can be chosen to be either both p-
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symmetric or both p-skew symmetric. To establish this fact, we need the following

lemma.

Lemma 4.10. Let A be a block tensor. Then A is p-symmetric if and only if
Ai = (Aip))~P” (4.26)

for every block A;.

Proof. This is a straightforward application of Lemma [2.1] O

Note that Lemma [4.10] is a direct generalization of the matrix case, where a

block matrix A = (A;;) is symmetric if and only if A;; = A}; for all ¢ and 7.

If we fix C then the one-term TKSVD approximation (4.20) is a linear least
squares problem with unknowns B(i). Similarly, if we fix B then (4.20) is a linear
least squares problem in the C(j). The following lemma gives the solutions to these

least squares problems

Lemma 4.11. Suppose A is an Ny X --- X Ny tensor where N; = m;n;. If C €

R™1%Xma s fized then the tensor B € R™* <" defined by

) (A;,C) )
B(i) = 1<i< 4.27
i) = gl <isn (4.27)
minimizes ||A — B ® C||. Likewise, if B is fized, then the tensor C defined by
. (A;, B) ,
cli) — 1<i<m 498
i) = g 1sis (4.28)

minimizes || A — B ® C|| where A; is the ith block in the tensor
A = My mys -+ oy Mg my) < A

regarded as an my X --- X mq block tensor with ny X - -- X ng blocks and 11, s the

~

(q,r) perfect shuffle matriz, i.e. A; = A(iy:mq:Ny, ... ig:mg:Ng).
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Proof. As the derivations of (4.27) and (4.28) are almost identical we will only

prove the former. We have

lA=BaC|* = Y Il A—BGC|*
i=1

— i || vee(A;) — B(i)vec(C) 2.
i=1
It is easy to verify that
mgn | vec(A;) — avec(C) [,
has the solution

vec(A;)Tvec(C) _ (AL
vec(C)Tvec(C) (C,C)

which completes the proof. n

o =

Using these facts, we show that if A and C are fixed and p-symmetric, then a

p-symmetric B can be found to minimize |4 — B ® C||.

Theorem 4.12. If N; = m;n;, A € RNXNa gnd C € R™>XXMa gre p-symmetric

then there exists a p-symmetric B € R™>**" that minimizes ||[A — B ® C||.

Proof. Since A is symmetric we have A; = (Ajp)) <P~ for any 1 <i < n by Lemma
4.10L Using properties of the tensor inner product we have

(Ai):C)  ((Ai))“P~,CP7)  (A4;,C)

Bi(p)) = Tt = e = o = B)

for all 1 <i < n. It follows that B is p-symmetric. [

In the same way we can show that a p-symmetric C can be found that minimizes

|A—B®C| if A and B are fixed and p-symmetric.

Analogous results hold if the factor held constant is p-skew symmetric.
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Corollary 4.13. If N; = m;n;, A € RN>xNa s p_symmetric and C € R™>x"4
is p-skew symmetric then there exists a p-skew symmetric B € R™>* >4 that

minimizes ||A— B & C||.

Proof.
cy i), O ((Aip) =P, e (ALC) :
Bie) = "z =T @ - o - 50
which means that B is p-skew symmetric. O

The following definition is useful for proving the next few lemmas.

Definition 4.14. Let Py rxcx be the prod(k) x prod(k) permutation matriz that

takes vec(Xexe) to vec((X<P7)yxe) for any ky X -+ X kg tensor X, i.e.

Pp,rxc,kveC<Xr><c> - VeC((X<p>)r><c)' (429)

It is clear that this matrix always exists, since X and X'<P~ have the same
entries. The exact structure of Py ¢k is not important for our purposes, but it

can be derived from Lemma [3.1]

We next prove a tensor generalization of Theorem [4.1], which stated how sym-

metry is reflected in the matrix KSVD.

Theorem 4.15. Suppose N = m*n and A € RN > >Na s p_symmetric for some
permutation p of l:d. If By, ..., By € R™M>**Md gqnd Cy,...,C, € RM* X" golye
(4.22) then for every i =1,... k the tensors B; and C; can be chosen to be either

both p-symmetric or both p-skew-symmetric.

Proof. Let A = Agxc, where R and C are (uniform) blockings of modes r and c,

respectively, such that A is an mq X --- X my tensor with n; x --- x ng blocks.
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Note that A is a block matrix with blocks of size prod(n(r)) x prod(n(c)) and let
Z(A) be the KSVD rearrangement matrix, i.e.
vee((Ar)rse)”
H(A) =
vec((Am)rxe)
Recall that by Lemma the p-symmetry of A is equivalent to A; = (Ajp)) <P~
for all blocks. Using we see that

veel(Anexe) Pooen | | veel(AT e | [ veel(An)ene)”
pp,rxc,rn = =
Vec((Am)rXC)TPg,rxc,n VeC((A;IE;)rxc)T vec((Am)rxe)”
le.
Pp,rXC,m‘%(A)PIZ:rXC,n = ‘%(A)

Now let b, and ¢ be the ith left and right singular vectors of Z(A), respectively,
with associate singular value o;. Let u;7; = o; and b; = w;b; and ¢; = 7;¢;. By
the properties of the matrix KSVD and tensor unfoldings, it follows that b, =
vec((B;)rxe) and ¢; = vec((C;)rxe). Furthermore, by Lemma we have

Pp,rxc,mbi = :I:b’L

Py rxenCi = *¢
and thus
PprxemVec((Bi)rxe) = vec((BiP )ixe) = Evec((B;)rxe)
Pprxenvec((Cilexe) = vec((CP7 )ixe) = vec((Ci)rxe)
SO
BP” = 4B,
C7P” = +C
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which means that B; and C; are either both p-symmetric or both p-skew-symmetric.

]

Corollary 4.16. If A is p-skew-symmetric and By, ..., B, and Cy,...,Ck solve
(4.22)), then for all i = 1,...,k exactly one of of B; and C; can be chosen to be

p-symmetric and the other p-skew-symmetric.

Proof. We get that

PPJ‘XCJH ‘@(A> ngrxc,n = _‘%(A)
and thus
B-<p> = :FBl
C'<p> - j:Cl
which means that either B; is p-skew and C; is p-symmetric or vice versa. O

Higher dimensional tensor often have several symmetries or skew-symmetries
at once, one prominent example are symmetric tensors, i.e. such that A = A<P~
for any permutation p. The above results generalize to this case, that is if A
is p1, P2, ..., pe-symmetric then each B; and C; are both either p;-symmetric or

p;-skew-symmetric for all ¢ =1,...,kand j =1,... ¢

4.5 Multilevel Tensors

The types of tensor structures, such as p-symmetry, considered in §4.4.3[and earlier

in this chapter are not specific to block tensors or the tensor Kronecker product.
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Indeed, this is why such structure is only partially reflected in the TKSVD. Now
we shall consider multilevel structure that can only be described at the block level,

and correspondingly has a much stronger connection to the TKSVD.

Example: Suppose
2kx---xX2k __ :
AeR = blkdiag(Ds, ..., Dk) (4.30)

is a block-diagonal order-d tensor with 2 x --- x 2 blocks, where each block D;
is p-symmetric for some permutation p of 1:d. Then A is a multilevel tensor: it
is diagonal at the block level and p-symmetric within each block. Note that if
B € R?x2k hag the same structure as A then so does any linear combination of

A and B.

4.5.1 Definition

We will for the most part use the notation of [51], adapted to tensors. For any
ne Ni denote R™ = R™* %" _j e, the vector space of all real-valued nq X - - - X ng
tensors and let S™ be a linear subspace of R™. If 7 € S™ we say that the tensor
T has S-structure. We differentiate between subspaces by using subscripts, e.g. S2

and S‘ﬁ‘.

Let N=nx*m, A€ RN and consider A as an n; x - -- x ng block tensor with

my X - -+ X mg blocks. We say that A € S? ® SE if and only if

A; €S5 forall 1<i<n,
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and

A= (A, €Sh forall 1<j<m.

In other words, A has S, block structure and Sg-structure within each block. We

call tensors with this type of structure multilevel tensors.

Example: In the previous example (4.30) we have A € D* @ P? where D is the
space of all k x --- x k diagonal tensors and P? is the space of all p-symmetric

2 X -+ X 2 tensors.

4.5.2 Properties

In [51] the case of multilevel matrices, i.e. matrices with Kronecker structure, is
considered. There it is shown that, in an optimal low Kronecker rank approxima-

tion, each of the component matrices inherit the structure of the original matrix.

Theorem 4.17 (Olshevsky et al. [51]). Let A € S&" ™ ng "] and assume

HA—;B@CZ- = ain A=A (4.31)

F rankg (Ar

Then B; € S ") and C; € Sgﬂl ™ foralli =1,2,...,r.

Because of the connection between the TKSVD and the matrix KSVD through
block unfoldings we get the following extension of the above result. The crucial

observation is that a block unfolding of a multilevel tensor is a multilevel matrix.
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Corollary 4.18. Let A € Sy ® S§* and assume

= min ||A-A,], (4.32)

rankg (A,)<r

HA—ﬁj&@@
=1

i.e. the B; and C; are given by the TKSVD. Then B; € Sy and C; € S§* for all

1=1,...,7

Proof. Consider A as a uniform n; x --- X ng block tensor with mq x -+ X my
blocks. Let p = [r c| be a permutation of 1:d and define the matrices A = Agxc
and B; = (B;)rxe, Ci = (Ci)pxe fori=1,... r.

Since A € Sf, ® S§' we have that A € St N2l ®S/[3Ml M where Ny = prod(n(r)),
Ny = prod(n(c)), M; = prod(m(r)), My = prod(m(c)) and the matrix structure

classes SI M2 and S[ﬂMl Mzl are defined by
TeSt — T, eSSkl (4.33)
By Theorem the matrix 22:1 B; ® C; solves

min ||A— A ||F

rankg (A, )<r

and thus by Theorem [4.17 we have B, € S ™ and ¢, € S[BMI M2l By the

equivalence (4.33) this means that B; € S; and C; € S§* foralli =1,...,r. O

Note that, in general, an unfolding 7... of a structured tensor 7 does not
necessarily have the corresponding matrix structure, i.e. in the definition (4.33)) we

usually have SU1 K2) £ SIK1 K2l For examples, see [I].

The singular value decompositions needed to compute the tensors B; and C;

Ms]

can be computed efficiently by exploiting the S M2l and S[@Ml structures, as

described in [51]. This process is essentially equivalent to choosing bases for these
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structured classes and doing computations with a reduced number of variables.
The results are then projected back to the full space RN. Suppose for simplicity

that n = [ny no) and m = [m; my), ie. A €SI ™ @ S[ﬂml ™2l \Where

«

dim(SIm "2y = p and dim(Sgn1 m2]) =q.
Let
G, ={GV,....,GP} and ¥ ={GY,....GY}

be bases for S ™ and Sgnl ™2 respectively. Let a, € R? be the block-coordinate
vector of A with respect to 4, and aé, e ,ag € R? be the coordinates of the p

unique blocks of A with respect to the basis ¥5.

Define the matrices

Go = [vee(GL) -+ vee(GIP)] € R

Gp = [VGC(GS)) Vec(G(ﬁq))] e RmMm2x4q
and the matrix A € RP*? defined by
A(l,:) = aq(i) aiﬁ

is the reduced-coordinate representation of A with respect to ¥, and ¥3. It is
shown in [51] that

G, AGY = %(A) (4.34)
where %Z(A) is the KSVD rearrangement matrix given by (#.3)). If A is a higher-
order tensor then the procedure is the same, the only difference being that the

basis elements in ¥, and %j are tensors. Note that A will still be a matrix.

Thus Algorithm gives an efficient way to compute the k-term TKSVD
approximation of a multilevel tensor A. Recall the definition of the “fold” operation

from (4.23)).
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Algorithm 4.2 Computing the k-term TKSVD approximation of a multilevel
tensor.
Require: A € S ® S§'.

Require: ¥, = {G{",...,G{"'} is a basis for S® and G = [vec(GS") - - - vee(G)].
Require: ¥; = {Q[(,l), e Q[(,p)} is a basis for S§* and G5 = [vec(gél)) = -Vec(gép))].
1: Compute the thin QR decompositions G, = Qo R, and Gz = QRg
2. Compute the singular value decomposition R,ART = USVT
3. U — Q.U
4V — QsV

o

5. fori=1,...,k do
6: B — fold(U(:,1),1:d, 0, n)
7. G« fold(V(:,1),1:d, (), m)

8: end for

We note that Algorithm [4.2]is very similar to the matrix algorithm of Olshevsky
et al. [5I]. This is excellent demonstration of how block unfoldings can make

generalizations of matrix algorithms to tensors very intuitive.

4.5.3 Examples

The following examples will help to make the ideas of this section and their im-

plementation clearer.

Let A € R%%6 be the following 3 x 3 block symmetric Toeplitz matrix with 2 x 2
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upper triangular blocks:

8 3 3
Then the bases ¢, and ¥ are
100 010 001
Yo = 010(,[101],[{000
001 010 1 00
\ L .
P -
10 00 0 1
gﬁ— 9 )
00 01 00
\ L L
and
ae = [3 1 4]
ay = [213], a3 =[-132], a} =[124]
Therefore
6 3 9
A=|-13 2
4 8 16

It is now easy to show that G, AGYL = Z(A).

As an example of a tensor structure class that frequently arises [55] [I], a tensor

T € R™ is called a Toeplitz tensor if
TH) = T(i+k) (4.35)
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for all k£ such that 1 <k < min(n —i). We denote this as 7 € T™.

We also say that 7 is a Hankel tensor if the value of 7 (i) depends only on

i1 + 19 + - - - + 74 and denote this as 7 € H".

As an example, the 3 x 3 x 3 tensor A given by

(5 2 s 1 13 23
A(s,o ) = |7 0 3 |, A(5,5,2) = | 4 5 -2,
9 12 -1 -8 7 0
6 21 -3
A(:,53) = | 11 1 13 |,
15 4 5

is a Toeplitz tensor. For example A(1,1,1) = A(2,2,2) = A(3,3,3) = 5 and
A(1,2,1) = A(2,3,2) = —2. Note that the matrix

Aqy=[A(:, D) A(:, 5,2) | A5, :,3) ]

is not a Toeplitz matrix.

As another example, suppose A is a 6 x 4 x 10 tensor such that
AeTB29 g HR22

ie. Ais a3 x 2 x5 block-Toeplitz tensor with 2 x 2 x 2 Hankel blocks. Let the
tensors By, By € R?*2*5 and Cy, Cy € R?*?*2 solve (4.32)) for r = 2. Then

Bl,BQ < TBQS] and Cl,CQ € H[222].
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4.6 Conclusions

The tensor Kronecker product and tensor Kronecker SVD developed in this chapter
have many of the same properties as their matrix counterparts. In particular, the
TKSVD can be used to approximate a tensor with a tensor Kronecker product or a
sum of such terms in an optimal way and the terms in this expansion have many of
the same structure and symmetries as the original tensor. Thus we can form a data-
sparse Kronecker approximation of a large, structured tensor and many important
operations, such as computing norms, multilinear products or the HOSVD, can be

efficiently performed on this approximation.
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CHAPTER 5
ADDITIONAL TOPICS AND FUTURE RESEARCH

In this chapter we cover a few topics which do not fit in other chapters but are
related to the theme of this thesis of extending matrix methods to tensors and
exploiting structure. In we define new a tensor decomposition which is similar
to the HOSVD and is based on the matrix QR decomposition and its uses for
low-rank tensor approximations are investigated. In we explore some of the
properties of partially symmetric tensors and propose a higher-order power method

that exploits their symmetries.

5.1 The Higher-Order QR Decomposition

In matrix computations, the QR decomposition with partial pivoting can often
be used instead of the full singular value decomposition for such things as rank
determination and low-rank approximation [66]. Here we consider one way of
extending the QR decomposition to tensors that is similar to how the HOSVD
extends the matrix SVD and we compare their effectiveness for low-rank tensor

approximation.

5.1.1 QR with Partial Pivoting

We first briefly review some of the properties of the QR decomposition with partial

pivoting. See [26, Chapter 5.4] for a more detailed discussion.
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For an m x n matrix A the QR factorization with partial pivoting has the form
A = QRPT,

where Q € R"™ ™ is orthogonal, P € R"*" is a permutation matrix and R €
R™ "™ is upper triangular. Additionally, we have the property that for every j <
min(m,n)

[RG.A)IP > I RGm, 0 P, > ] (5.1)
which means that if we partition R into
R g R

0 Tjj ’UJ(J)

0o o0 RY
and define
(4)
O
Ry)

then |r;;| is greater than or equal the norms of the colums in Z).

5.1.2 Definition and Properties

The Higher-Order QR Decomposition (HOQRD) is a Tucker decomposition which

for a tensor A € IR™**™ is

A= (Qn....,Q0) R (5.2)

where R € IR™**" is the core tensor and the matrices ); € R™*"™ are orthog-
onal. Note that the core tensor R is neither triangular nor “supertriangular” and
neither are its modal unfoldings R ;). However, due to the pivoting strategy, the

R tensor has a lot of its “mass” concentrated near the (1,1,...,1) entry.
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For k =1,...,d, the matrix () is defined as ()-matrix of the QR decomposition

with partial pivoting of the modal unfolding A, i.e.
Awy = QuRiP! (5.3)
where Py is a permutation matrix and Ry is upper triangular.

We have written a Matlab function called hoqrd which computes the HOQRD.

If A is stored in the tensor object A then the command

[R,Q] = hoqrd(A);

returns a tensor object R which stores the tensor R and a cell array Q such that

Q{i}= Q;. See Appendix [A] for more details.
Similar to equation ([1.40)) for the HOSVD, it can be shown that
Ry = RiPl(Qu®Qu1® @ Qi1 @ Qi1 ® - @ Q1) (5.4)

where Ry, € R™*Nr has property (5.1), and N, = [ ;21 ni- Note that (5.4) can be
written as

Ruy = RiX

where X is an N, x Nj orthogonal matrix. Therefore the row-norms of the matrices

Ry and R}, are equal.
By equation (5.1) we have that for any 1 < j <njgand ¢ > j+1
| Rie(3,9) P 2 || Bi( =, 0) |l

and thus

(N — ) | Ri(G.d) [* = || Re(gmm, 5+1:Ng) |5
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By the row-norm equivalence of Ry and R, and the tridiagonality of Ry, we
know that

I Ray(G+1ns, ) |15 = | Re(G+1:n, i +1: N |17

and

[Re( )P < RGN Ny = 1 ReGo) le = I R (o) -

Combining these facts, we have

| Ray(G,:) 115 > | Reld,5) |2
1
N, —7j

v

| Ri(j e, 5+1:Ni) ||

v

Ry(7+1: i+1:N,) |2
Nk_j“ k(]‘f‘ N, ]+ k) ||F

v

R +1: ) |12
Nk_j“ w(F+1ng, ) [In

i.e.
. 1 .
|| R(k)(]> 1) ||2 > W || R(k)(]+13nka 3) ||p (5-5)

which has the weaker form

. 1 .
H R(k)(], 3) ||2 > W H 'R(k)(f, 2) ||2, Ve > . (5.6)

Equation (5.5 is a general inequality that holds for any n x N matrix B with
N > n that has the form B = RX where R € R™¥ is upper triangular and

satisfies (5.1) and X € RY¥*¥ is orthogonal, i.e. for any j = 1,2,...,n —1

. 1 .
1 BG::) Ml = TN = | BG+1:n,:) g

In fact, this inequality is tight. Consider the case where X is any orthogonal matrix

and



where u = 1y_; is the column vector of length N — 1 with 1 in all entries. Then

for j =1 we have || B(1,:) ||, =1 and || B(2,:) ||, = VN — L.

5.1.3 The case d =2

Suppose A is a matrix. The HOQRD in this case is

A= (Q1,Q2) R
= 1RQ;
where
Agy = A = QiR P
Ay = AT = Q:R:Pf
and

Ry = R = RiPIQ

R = RT = RoPJQ
Note that these equations are consistent, since QR P! = PRI QY.

We can now replace R in the equation A = QRQ% with Ry Pl'Qs so the

HOQRD reduces to

A = Qi(RiPTQ:)QY = QiR Pl

which is the regular matrix QR with column pivoting. But the core tensor R did
not reduce to the upper-triangular matrix R. This is in contrast to the HOSVD

where the core tensor S reduces to the diagonal matrix 3.
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5.1.4 Truncated HOQRD and the HOPM

We have established in (5.5) and (5.6) that a “norm grading” is in effect on the
rows of R(z); the rows tend to have smaller norms as we go down the matrix. As
this holds for any mode k, the entries in the tensor R tend to generally become

smaller in absolute value the further away from the (1,1,...,1) position they are.

With this grading in mind it is not unreasonable to expect that truncating the
HOQRD would give a decent low-rank approximation to .4 in the same way as the
HOSVD does. Indeed, the matrix QR decomposition with pivoting can be used to
compute a rank-j approximation to an m X n matrix A with the formula

~

A = Q(;, 1) R(1:5,:) PT. (5.7)
Then we have [206, [66]
a2 . . . . .
IA=Alp = | RG+Lmj+Ln) [ < (n—=5) [RG+1,j+D  (5.8)

If | R(j+1, j+1) | is small then the rank-j approximation A will be reasonably close

to A in the Frobenius norm.

The inequality (5.8]) can be generalized to the HOQRD. Consider the multilin-

ear rank-(my, ma, ..., my) truncation

A= (Q,Q....Q) R (5.9)

where R’ = R(1:mq, 1:ms, ..., 1:my) and Q) = Q;(:,1:m;) for i = 1,...,d. Then
by (5.6 we have

d
.
A=Al < ) (nj—my) | Rj(mj+1,m;+1) |
j=1
d
<> (nj—my) || Ry (my+1,:) |13

j=1
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Approximations such as (5.9) are usually used as initial guesses for iterative
algorithm such as the HOPM or HOOI [2I]. The most widely used initial guess
is a truncated HOSVD, but a truncated HOQRD is also possible as the examples

below show.

Example: (From [21].) Consider a tensor B € R?*?*2*2 which has the nonzero

entries

bi111 = 25.1, bia10 = 25.6,

byrgr = 24.8, baggy = 23.
Because of the symmetries b;jze = bijie and bijre = bigrj the best rank-1 approxi-
mation of B is of the form Ao w o u o w where u, w € R? are unit vectors. Write
u = (cosa, sina)? and w = (cos 3, sin B)?. The function f; = B - (u, w, u,w) can

be expanded to

fi(a, B) = 25.1cos® acos® B+ 25.6 cos® asin® 3

+ 24.8sin? v cos® 3 + 23 sin® asin? 3.

The global maximum is 25.6, when « = 0, 3 = /2. Thus the best rank-1 approx-

imation has A = 25.6 and u = (1, 0)7,w = (0, 1)7. Note that

21 0 0 00 256 0 0
By = :
0 0248 00 0 0 23
and ~ _
251 0 0 0 0 248 0 0
B =
0 02600 0 0 23

so it is easy to show that the truncated HOSVD yields the approximation with

u =w = (1, 0)T, which does belong the HOPM attraction region of the global
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maximum. However, the truncated HOQRD will give u = (1, 0)7 and w = (0, 1)¥

as an initial guess, which happens to be the global maximum.

Next consider the tensor A which is equal to B except
anar = 0.3, aznn = 0.3,
which has similar symmetries as B. The function fo = A - (u, w,u,w) is given by
fo(a, B) = fi(a, B) + 0.6 cos® 3 cos asin

and has the same global maximum as f; but now also has a local maximum at
(0.5536, 0). Truncation of the HOSVD yields vectors u and w that are very close to
(1, 0)” and the HOPM with this initial guess will converge to the local maximum
and not the global. The truncated HOQRD will again yield v = (1, 0)7,w =

(0, 1)T, i.e. the global maximum.

Example: To test numerically how the truncated HOQRD compares to the trun-
cated HOSVD and against randomly generated guesses for generic tensors, we cre-
ated 1000 tensors of size 10 x 10 x 10 with entries randomly chosen from a normal
distribution with mean zero and standard deviation 1. We then computed rank-1
approximations to each of these tensors using truncated HOQRD and HOSVD de-
compositions and also a randomly generated rank-1 approximation, whose entries

are from the same normal distribution.

The results show that the truncated HOSVD beat the truncated HOQRD in
about 70% of the cases, reflecting its stronger norm grading properties. On the
other hand, the truncated HOQRD was better than a random guess in 83% of

cases.
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5.2 Partially Symmetric Tensors

If tensor A has one or several p-symmetries as described in Definition then
many decompositions and properties of A reflect those symmetries. In addition, it
is possible to exploit the symmetry structure in algorithms, such as higher-order

power methods, to save on computational cost.

If A has one or more p-symmetries but is not necessarily fully symmetric we

say that A is partially symmetric.

5.2.1 HOSVD and Symmetries

The HOSVD has a special structure when A is partially symmetric. The following

lemma originally appeared in [15].

Lemma 5.1. If A € R"*"*" s p-symmetric and A = (Uy,...,Uy) - S is the
HOSVD then S is p-symmetric and if i and j are in the same cycle in the permu-

tation p then U; = Uj.

Proof. First note that A = (Uy,...,Uy) - S is equivalent to

n

Afl) = Zs(i)Ul(ihjl) -+ Ualia, ja)
j=1
for all 1 <i < n. Hence

(A=P7)(1) = Ali(p))

= Zs(j>U1(iP17j1) - Uglipy, Ja)
=1

= 3SRy, (i1, k1) - Upg (i k)
k=1
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which is also the ith entry in the tensor (U,,,...,U,,) - S<P~. Hence
(Uy,...,Ug) - S)P” = (Up,,...,Up,) - S<P~. (5.10)

Now, suppose ¢ and j are in the same cycle in p. Then there exists a power q of
p,ie. q=p(P(---(p))), such that q(i) = j. Note that A<4> = A. Thus A is a
column permutation of A(;) which implies U; = U;. This means that U, = U} for

all k=1,2,...,d. Combined with ({5.10]) this completes the proof. H

This result generalizes readily to the case where A has multiple symmetries.

Corollary 5.2. Suppose A is p1-,p2-,. . . and pi-symmetric and the HOSVD of A
is giwen by A = (Uy,...,Uy) - S. Then the core tensor S is also pi-,pa-,... and
pr-symmetric. Furthermore, if i and j are in the same cycle in any of p1, ..., Pk

or are in cycles that intersect, then U; = U;.

Example: Suppose A € R™M*"2x"3X74 where for alli=1,...,n
Aliy, g, d3,44) = Alia, 11, 14,13) = Alis, 4,11, %2),

ie. Ahasp; =[2143]=(12)(34)andps =[3412]=(13)(24)symmetries.
If A= (Uy,Us,Us, Uy) - S is the HOSVD then by Corollary we have U; = U,
Us = Uy and U; = Uz and Uy = Uy, which of course means Uy = Uy, = Uz = Uy.
Furthermore, the core tensor § is p;- and po-symmetric. Note that S is not a fully

symmetric tensor.
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5.2.2 Singular Vectors

We hypothesize that results similar to Lemma hold for the singular vectors of

a partially symmetric tensor A.

Conjecture 5.3. If A € Rm*"*" 45 p-symmetric and o is a Z-singular value of
A then there exist corresponding unit 2-norm singular vectors uy, . . .,uq such that

u; = Uy, foralli=1,2,...,d.

The condition u; = u,,, Vi is equivalent to u; = w; if ¢ and j are in the same
cycle in p. Furthermore, it is easy to show that if uq,...,us are singular vectors

corresponding to o, then so are vy, ..., vq where v; = u,,.

Rephrasing Conjecture it states that at any critical value o of the Rayleigh

quotient
A-(z1,....x
¢~A($17,xd): ( 1) 9 d)
fr (g T wall,
we can choose corresponding critical points uq, . .., ug, normalized to unit 2-norm,

such that u; = u,, for all 7.

Note that since Z-singular values are not normalized to be nonnegative as ma-
trix singular values are, the possible sign difference of the left and right singular

vectors of a symmetric matrix, i.e. u; = twv;, is not a problem in the tensor case.

5.2.3 A Power Method for Partially Symmetric Tensors

Conjecture suggests that in a power method for computing optimal rank-1

approximations of a p-symmetric tensor we only need to compute one vector for
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each cycle in p. We propose one such algorithm: the Shifted Partially Symmetric
Higher-Order Power method (SPS-HOPM) which is shown in Algorithm [5.1} This
algorithm can be viewed as a kind of halfway point between the HOPM and the
and SS-HOPM discussed in Chapter 2.

In terms of flops, if A is a cubical order-d tensor of size n X n X --- x n then
a single iteration of the HOPM requires approximately 2d(d—1)n? flops. If A is
fully symmetric, then a single iteration of the S-HOPM is 2(d—1)n¢ flops. If A
is p-symmetric and p has k cycles then one iteration of the SPS-HOPM requires
2k(d—1)n? flops.

Algorithm 5.1 Shifted partially symmetric HOPM (SPS-HOPM)

Given a p-symmetric, order-d tensor A € R"**" where p is a permutation of
1:d with k distinct cycles cy,...,c; where c; is of length ¢;. Let s be an index
vector of length k such that s; € c;.

Require: u; ©) ¢ R™ with ||u 9, =1 and u( = up) Set o(© A~(u§0), . ,ug))).
Require: a > 0.

1: fori=0,1,... do

2: forj:12...kdo

~(i+1) 7 1 % 7
3: 23 —A- ( e ,ugj)_l, [nsj , ugj)_H, o )) + augj)
4: fort=1,2,...,¢; do

(i+1) ~ (i+1) z+1

5: ch U’SJ /H H2
6: end for
7: end for
3: o+t 4. (ul (+1) u((jiJrl))
9: end for

The SPS-HOPM as stated in Algorithm [5.1]is not guaranteed to converge when

a = 0 as the following example shows.
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If A e R¥*2¥2x2 i5 the [3 1 2 4]-symmetric tensor given by

0.3649  0.7760 1.0487  0.5099

0.7760 —0.3934 0.5099 0.4080
Ap o<z 4 =
0.7760 —0.3934 0.5099 0.4080

—0.3934 —1.5691 0.4080 —0.6190

and the initial guess is given by a one-term truncation of the HOSVD then the
SPS-HOPM with o = 0 will eventually start to oscillate between o = 0.8095 and

o = 0.7959.

We have created a Matlab function spshopm that implements the SPS-HOPM.
If the p-symmetric tensor A € R™* %" ig stored in the tensor object A then the
spshopm function computes a Z-singular value and associate singular vectors of A

with the following commands.

[sigma ,U] = spshopm(A,p);

%Specify initial guess UO:

[sigma ,U] = spshopm(A,p,’Start’,U0);
%Specify shift alpha:

[sigma ,U] = spshopm(A,p,’Shift’,alpha);

If p has k distinct cycles then the output sigma is a scalar and U is a cell array
of length k that contains the unique u-vectors. Note that if a starting value UO
is specified, then U0 is also a length-k cell array containing the unique wug starting

vectors. See Appendix [A] for further details.

It is an open question if choosing a sufficiently large shift for SPS-HOPM, or
modifying it in some other way, can guarantee convergence. We note that the

SPS-HOPM bears some resemblance to the the algorithm of [7] for finding the
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unique positive singular value of a nonnegative irreducible rectangular tensor A.
Specifically, A € R¥>**ka i5 said to be a rectangular tensor if d = p + ¢ and
ki = =k, =m, kyy1 = -+ = kpy, = n and furthermore A is unchanged
under any permutation of the first p modes and under any permutation of the
last ¢ modes. Rectangular tensors are thus partially symmetric. The singular
value definition used by [7, 8, [75] is similar to, yet different from C-singular values.
However if Conjecture holds for C-singular values then the two definitions

would be essentially equivalent.
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APPENDIX A
MATLAB CODE DETAILS

Here we will go into the details of the Matlab software used throughout this thesis.
The Matlab Tensor Toolbox is available at [40] and the specialized Matlab code

we use is available at http://www.cam.cornell.edu/~stefan/code.

A.1 The Tensor Toolbox

First we will review the basic properties of the Matlab Tensor Toolbox by Bader
and Kolda [40] which we have found indispensable for tensor computations in the

Matlab programming language. For a more in-depth introduction we refer to [39].

A.1.1 Classes

The Tensor Toolbox provides several new Matlab classes that represent various
types of tensors, the basic one being tensor. These classes and their purpose are

listed in Table [A.1l

Table A.1: Tensor Toolbox classes for representing tensors

Class Description

tensor Represents a tensor.

sptensor | Represents a sparse tensor.

ktensor | Represents a CP-decomposed tensor.
ttensor | Represents a Tucker-decomposed tensor.

The ktensor and ttensor classes store the tensor in decomposed form,
ktensor stores the CP-decomposition parameters )\; and bg-i) defined in (|1.36]) and

ttensor stores the Tucker decomposition parameters C and X; defined in ((1.37)).
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The class tensor is the one we shall use most. As such, we list the fields of

this class in Table [A22]
Table A.2: Fields of the tensor class

Field | Description

data | The multidimensional array that the tensor class encapsulates.

size | The size vector.

A.1.2 Tensor Operations

Each of the classes in Table provides optimized versions of several important
operations that are not possible for standard Matlab multidimensional arrays. Such
operations include computing norms, contractions, outer products and multilinear
products in addition to such elementary operations as addition, subtraction and
scalar multiplication. We list some of the most important tensor operations in
Table [A.3] Note that some operations might not be possible for tensors stored in

decomposed form.

Table A.3: Tensor operations provided by the Tensor Toolbox.

Operation | Description

innerprod | Computes the inner product of two tensors.

norm Computes the norm of a single tensor.

ttm Perform the multilinear product of a tensor with
matrices in one or more modes.

ttv Perform the multilinear product of a tensor with
vectors in one or more modes.

ttsv Perform the multilinear product of a tensor with
a single vector in one or more modes.

ttt Contracted product of two tensors along one or
more modes, or perform a tensor outer product (if
no modes specified).

As an example, the following code creates tensors A € R2X2X2 B ¢ R2*4x2

matrices By, B, € R**? and vectors u,v,w € R? with randomly generated entries
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between 0 and 1. It then computes the contracted tensor 7 € R2*2*4x2 guch that

2

T (i1,19,13,14) = Z A(iy, k1, 1a) - B(k1, 3, 5)

k1=1

and the quantities

C=AoB, &E=A-(B1,By L), a=A (uv,w), pf=A (u,u,u).

A = tensor(rand(2,2,2));

B = tensor(rand(2,4,2));

B_1 = rand(2,2); B_2 = rand(2,2);

u = rand(2,1); v = rand(2,1); w = rand(2,1);
T = ttt(A,B,2,1);

C = ttt(A,B);

E = ttm(A,{B_1,B_2},[1 2]1);

alpha = ttv(A,{u,v,w});

beta = ttsv(A,u);

A.1.3 Unfoldings

The Tensor Toolbox has two classes that form tensor unfoldings and we list them

in Table [A4]
Table A.4: Tensor Toolbox classes for unfoldings
Class Description
tenmat Forms and represents an unfolding of a tensor object.
sptenmat | Forms and represents an unfolding of a sptensor object.

Specifically, if A is a tensor object and r and ¢ are vectors then tenmat (A,r,c)
forms the unfolding A, and if i is an integer then tenmat (A, i) forms the mode-i

unfolding Aj;.

As an example, the following code creates a randomly generated tensor A €
R**2X5%3 with entries chosen from a N(0,1) distribution and then forms the un-

foldings My = Ap 1jx2 4] and My = Ag).
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_1
_2

e

ensor

(randn (4,2,5,3));

tenmat (A, [3 1],[2 4]);
tenmat (A, 3);

We list fields of the tenmat class in Table [A.5l

Table A.5: Fields of the tenmat class

Field Description

data The matrix data.

tsize The size vector of the original tensor.
rindices | The vector r of modes mapped to rows.
cindices | The vector ¢ of modes mapped to columns.

A.2 Block Tensor Classes

To facilitate fast prototyping of block tensor algorithms and simplify block-based
algorithms we have created two new classes that extend the Tensor Toolbox and

are listed in Table [A.6] These classes provide all the same functionality as their

non-blocked counterparts from the Tensor Toolbox.

Table A.6: Block tensor classes

Class Description

bltensor | Represents a blocked tensor.

bltenmat | Forms and represents a block unfolding of a bltensor
object.

A.2.1 Dbltensor

There are several differences between the bltensor and tensor classes.

bltensor object has a field M which is a cell array storing all the blocking vectors
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of the tensor. Therefore, if T is a bltensor its blocking can be accessed by T.M.
This blocking is automatically updated when operations such as ttt or ttm are
performed on the tensor. A list of all the fields of a bltensor object is in Table
A7

Table A.7: Fields of the bltensor class

Field | Description

data | A tensor object that the bltensor class encapsulates.

M A cell array containing the modal blocking vectors.

There are several different ways of creating a bltensor object. The typical call

would be

A_blocked = bltensor (A, M);

where A is a tensor object and M is a cell array containing the modal blocking
vectors. For example, if A € R¥*5*3 is blocked by M = {[2 2],[1 3 1],[2 1]} then

we create the corresponding bltensor object with the following commands.

tensor (rand (4,5,3));
{02 21,01 3 1],[2 113%};
_blocked = bltensor (A,M);

A
M
A

If the tensor blocked uniformly, i.e. every block has the same size, then it is
sufficient to supply only the block size vector. For example, if A € R12x10x10 j5 5

3 x 2 x 2 block tensor with 4 x 5 x 5 blocks then we use the following commands.
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tensor (rand (12,10,10));
[4 5 5];
_blocked = bltensor(A,m);

=8 =

If the constructor is called without any blocking parameters, i.e. of the form
bltensor(A), then M is an empty cell array and each mode is considered to be a

single block.

As mentioned earlier, the blocking vectors in M are automatically updated when
tensor operations are performed. As an example, consider the case where A €
R¥*9*4 with blocking M4 = {[4 4],[3 2 4],[2 2]} and B € R?***® with blocking
Mg ={[3 2 4],[2 1],[1 1 1]}. If C € R¥***3%3 i5 defined by

C(i, i2,13,14) = ZA(il,klaiz)‘B(/ﬁ,isﬂd
k1

then C inherits the blocking M¢ = {[4 4], [2 2], [2 1], [1 1 1]} from the corresponding
modes in A and B. This contraction is performed by ttt and the blocking is

automatically created for C. The following code demonstrates this.

M_A = {[4 41,[3 2 4]1,[2 2]}%};
A = bltensor(rand(8,9,4),M_A);
M_B = {[3 2 4],[2 1],[1 1 11};
B = bltensor(rand(9,3,3),M_B);
C = ttt(A,B,2,1);
>> cellfun(@disp,C.M)

4 4

2 2

2 1

1 1 1

A significant difference between tensor and bltensor is indexing. If i € R?
is an index vector and A is a tensor object, then A(i) returns the entry A(i).

However, if A is a bltensor object, then A(i) returns the ith block, A;.

If we wish to access the ith entry of the bltensor object T we use the command
T.data(i). The field data of a bltensor object is the underlying, unblocked

tensor object.

171



The following example illustrates the different indexing schemes on a 4 x 4 x 4

tensor that is also a 2 x 2 x 2 block tensor.

A = tensor(rand(4,4,4));
A_blocked = bltemnsor(A,[2 2 2]1);
>> A(1,1,1)
ans =
0.5921
>> A_blocked(1,1,1)
ans is a tensor of size 2 x 2 x 2

ans(:,:,1) =
0.5921 0.7359
0.3253 0.1566
ans(:,:,2) =
0.1012 0.9505
0.2016 0.5321
>> A_blocked.data(1,1,1)
ans =
0.5921

A.2.2 Dbltenmat

Just as the tenmat class forms an unfolding of a tensor object, the bltenmat class
forms block unfoldings of bltensor objects. The bltensor class is used in a very
similar way to how tenmat is used. If the order-d tensor A has blocking M and

[r c|is a permutation of 1:d then

A_blunfold = bltenmat(A,r,c);

is the Agxc block unfolding of A, where R = M(r) and C = M(c). If 1 <i <d

then the command

A_blunfold = bltenmat (A,i);

forms the mode-i block unfolding, i.e. it is equivalent to the unfolding

bltenmat (A, [i], [1:i-1 i+1:d]).
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Similar to bltensor, the indexing of bltenmat is block-level. = Thus

A_blunfold(i,j) returns the (i,7) block of the block matrix Agyc.

The fields of the bltenmat class are listed in Table [A.8]

Table A.8: Fields of the bltenmat class

Field Description

data The matrix data.

tsize The size vector of the original tensor.

blsize Cell array containing the modal blocking vectors.
rindices | The vector r of modes mapped to rows.
cindices | The vector r of modes mapped to columns.

A.3 Power Methods

The various power methods described in Chapters 2 and 5 can be readily imple-
mented in Matlab by using the Tensor Toolbox. Note that since the code for these
methods is fairly long, we will sometimes not show unimportant parts of the code,
mostly relating to displaying results, adding a %[Code not shown] comment in

the appropriate places.

A.3.1 SS-HOPM

Provided with the Tensor Toolbox is an implementation of the SSHOPM [42] in the
appropriately named Matlab function sshopm. This function has several options,
but the following commands show some of the simplest uses, assuming A is a

symmetric order-d size-N tensor stored in the tensor object A.
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[lambda ,x] = sshopm(A);

%Specify initial guess xO:

[lambda ,x] = sshopm(A,’Start’,x0);
%Specify shift alpha:

[lambda ,x] = sshopm(A,’Shift’,alpha);

The returned lambda is a scalar and x is a vector such that A- (Iy,x,...,z) =
Ax. The sshopm function makes effective use of Tensor Toolbox functionality such
as the ttsv function. Note that if the shift is specified to be 0 then the SSHOPM

becomes the SHOPM.

A.3.2 HOPM

Using the sshopm function as a baseline, we implement the HOPM [19] with the
Matlab function hopm. If A € R™* %" ig stored in the tensor object A then
the hopm computes a Z-singular value and associate singular vectors of A with the

following commands.

[sigma ,U] = hopm(A);
%Specify initial guess UO:
[sigma ,U] = hopm(A,’Start’,U0);

The output sigma is a scalar and U is a cell array of length d such that U{i}= u;
fori=1,...,d and together A\, uy, ..., u4 solve (2.31]). Note that if a starting value

is U0 is specified that UO is also a length-d cell array such that U0{i}= u§°>.
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function [sigma,u,flag,its,u0,trace,tracex] = hopm(A,varargin)
%HOPM Power method for finding a real singular pair of a real tensor.

% [SIGMA,U]=HOPM(A) finds an singular value (SIGMA) and singular vectors (U) for

% the real tensor A such that A(ul,...,um)_{-k} = sigmax*u_k.

% [SIGMA,U]=HOPM(A,parameter ,value,...) can specify

% additional parameters as follows:

yA ’MaxIts’ : Maximum power method iterations (Default: 1000)

% ’Start’ : Initial guess (Default: normal random vector)

% ’Tol”’ : Tolerance on norm of change in |sigmal| (Default: 1e-16)
% ’Display’ : Display every n iterations (Default: -1 for no display)
% [SIGMA,U,FLAG]=HOPM(...) also returns a flag indicating convergence.
% FLAG = 0 => Succesfully terminated

% FLAG = -1 => Norm(X) = 0

% FLAG = -2 => Maximum iterations exceeded

% [SIGMA,U,FLAG,IT]=HOPM(...) also returns the number of iterations.
% [SIGMA ,U,FLAG,IT,U0]=HOPM(...) also returns the initial guess.

% [SIGMA ,U,FLAG,IT,U0,TRACE]=HOPM(...) also returns a trace

% of the sigma values at each iteration.

% See also SSHOPM,SJHOPM,PSHOPM.
% Stefan Ragnarsson, 2011.
% The MATLAB Tensor Toolbox is Copyright 2010, Sandia Corporation.

P = ndims(A); N = size(A);

%% Check inputs

p = inputParser;

p.addParamValue (’MaxIts’, 1000, @(x) x > 0);
p.addParamValue(’Start’, [], @(u) isequal(length(u),P));
p.addParamValue (’Tol’, 1.0e-16);

p.addParamValue (’Display’, -1, @isscalar);
p.parse(varargin{:});

%% Copy inputs

maxits = p.Results.MaxIts;
u0 = p.Results.Start;
tol = p.Results.Tol;

display = p.Results.Display;
%% Check starting vector
if isempty (ul)

for i=1:P
u0{i} = 2*rand(N(i),1)-1;
end
end
min_uO_norm = norm(uO{1});
for i=2:P
if norm(u0{il})<min_uO_norm
min_uO_norm = norm(u0{il});
end
end

if min_uO_norm < eps
error (’Zero starting vector’);
end
%% Execute power method
if (display >= 0)
%[Code not shown]

end
flag = -2;
for i=1:P

u{i} = u0{i} / norm(u0{il});
end
sigma = ttv(A,u);
trace = zeros (maxits,1);
trace (1) = sigma;
tracex = cell(maxits);
tracex{1} = u0;
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for its = 1:maxits

oldu = u;
for i=1:P

newu = double(ttv(A,u,-i));

nnu = norm(newu);

if nnu < eps,

flag = -1;
break;

end

newu = newu / nnu;

u{i} = newu;
end
if flag == -1

break;
end
newsigma = ttv(A,u);
if norm(abs(newsigma-sigma)) < tol

flag = 0;
end
if (display > 0) && ((flag == 0) || (mod(its,display) == 0))
%[Code not shown]
end
sigma = newsigma;
trace(its+1) = sigma;
tracex{its+1} = u;
if flag ==

break
end

end

%% Check results
%[Code not shown]

A.3.3 SJ-HOPM

Algorithm [2.5] which we call the SJ-HOPM, is implemented in the Matlab function
sjhopm. The function calls are very similar to the sshopm and hopm functions, as

the following examples show.

[sigma ,U] = sjhopm(A);

%Specify initial guess xO:

[sigma,U] = sjhopm(A,’Start’,U0);
%Specify shift alpha:

[sigma,U] = sjhopm(A,’Shift’,alpha);
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function [sigma,u,flag,its,u0,trace,tracex] = sjhopm(A,varargin)
%SJHOPM Shifted Jacobi power method for finding a real singular pair of a

%

real tensor.
[SIGMA ,U]=SJHOPM(A) finds an eigenvalue (SIGMA) and eigenvectors (U)

for the real tensor A such that A(ul,...,um)_{-k} = sigmax*u_k.
[SIGMA ,U]l=SJHOPM (A, parameter ,value,...) can specify additional
parameters as follows:
’Shift’ : Shift in the singular value calculation (Default: 0)
’MaxIts’ : Maximum power method iterations (Default: 1000)
’Start’ : Initial guess (Default: normal random vector)
’Tol”’ : Tolerance on norm of change in |sigmal| (Default: 1le-16)
’Concave’ : Treat the problem as concave rather than convex.
(Default: true for negative shift; false otherwise.)
’Display’ : Display every n iterations (Default: -1 for no display)

[SIGMA ,U,FLAG]=SJHOPM(...) also returns a flag indicating convergence.
FLAG = 0 => Succesfully terminated
FLAG = -1 => Norm(X) = 0
FLAG = -2 => Maximum iterations exceeded
[SIGMA,U,FLAG,IT]=SJHOPM(...) also returns the number of iterations.
[SIGMA ,U,FLAG,IT,X0]=SJHOPM(...) also returns the intial guess.
[SIGMA ,U,FLAG,IT,X0,TRACE]=SJHOPM(...) also returns a trace of the
sigma values at each iteration.

See also SSHOPMC,SSHOPM,HOPM, SPSHOPM.

% Stefan Ragnarsson, 2011.
%MATLAB Tensor Toolbox. Copyright 2010, Sandia Corporation.

Tt
d
N

hh
p =

e leBie Bl o Bl o Bl o B o]

Dot

Error checking on A
ndims (A);
size(A);

Check inputs
inputParser;

.addParamValue (’Shift’, 0);

.addParamValue (’MaxIts’, 1000, @(x) x > 0);
.addParamValue (’Start’, [], @(u) isequal(length(u),d));
.addParamValue (’Tol’, 1.0e-16);

.addParamValue (’Display’, -1, @isscalar);
.addParamValue (’Concave’, -1);

.parse(varargin{:});

Copy inputs

maxits = p.Results.MaxIts;

u0

shift =

tol

display
concave

hh
if
£

.Results.Start;
.Results.Shift;
.Results.Tol;
.Results.Display;
.Results.Concave;

‘oo oo o

Check starting vector
isempty (u0)

or i=1:d

u0{i} = 2*rand(N(i) ,1)-1;

end

end

min_uO_norm = norm(uO{1});

for

i=2:d

if norm(u0{i})<min_uO_norm

min_uO_norm = norm(u0{il});

end

end
if

min_uO_norm < eps

error (’Zero starting vector’);

end
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%% Check concavity
if concave == -1

concave = (shift < 0);
end

%% Execute power method
if (display >= 0)
%[Code not shown]

end
flag = -2;
normuOsq = O0;
for i=1:d
normuOsq = normuOsq + norm(u0{il})"~2;
end
for i=1:d
u{i} = u0{i} / sqrt(normulsq);
end
sigma = ttv(A,u);
trace = zeros (maxits,1);
trace (1) = sigma;
tracex = cell(maxits);

tracex{1} = u0;

for its = 1l:maxits
for i=1:d
newu{i} = double(ttv(A,u,-i) + shift * u{i});
if (concave)
newu{i} = -newu{il};
end
end
for i=1:d
nu(i,1) = norm(mnewu{il});
end
if min(nu) < eps,
flag = -1;
break;
end
nu_norm_sq = nu’ * nu;
for i=1:d
newu{i} = newu{i} / sqrt(nu_norm_sq);
end
newsigma = ttv(A,newu);
if norm(abs(newsigma-sigma)) < tol
flag = 0;
end
if (display > 0) && ((flag == 0) || (mod(its,display)
%[Code not shown]
end
u = newu;
sigma = newsigma;
trace(its+1) = sigma;
tracex{its+1} = u;
if flag == 0
% Renormalize
for i=1:d
sigma = sigma*norm(u{i});
u{i} = u{i}/norm(u{il});
end
sigma = d°d * sigma;
break
end
end

%% Check results
%[Code not shown]

178




A.3.4 SPS-HOPM

Tthe SPS-HOPM listed in Algorithm is implemented in the Matlab function
spshopm. It uses the permutation class included with the Matgraph Toolbox [64]

to decompose a permutation p into a product of cycles.

function [sigma,u_full,flag,its,u0,trace,tracex] = spshopm(A,p,varargin)
% SPSHOPM Shifted p-Symmetric Higher Order Power Method.

% Use a shifted HOPM (a la the SSHOPM) for a p-symmetric tensor A. The

% symmetries are given as input. Only one vector per cycle of p is

% computed.

)

% [SIGMA ,U]=SPSHOPM(A,p) finds an eigenvalue (SIGMA) and eigenvectors (U)
% for the real p-symmetric tensor A such that

% A*x(ul,...,um)_{-k} = sigma*u_k

% [SIGMA ,U]=SPSHOPM(A,p,parameter ,value,...) can specify additional

% parameters as follows:

% ’Shift’ : Shift in the eigenvalue calculation (Default: 0)

% ’MaxIts’ : Maximum power method iterations (Default: 1000)

% ’Start’ : Initial guess (Default: normal random vector)

% ’Tol”’ : Tolerance on norm of change in |sigmal| (Default: 1le-16)
% ’Display’ : Display every n iterations (Default: -1 for no display)
% [SIGMA,U,FLAG]=SPSHOPM(...) also returns a flag indicating convergence.
% FLAG = 0 => Succesfully terminated

% FLAG = -1 => Norm(X) = 0

% FLAG = -2 => Maximum iterations exceeded

% [SIGMA ,U,FLAG,IT]=SPSHOPM(...) also returns the number of iterations.
% [SIGMA ,U,FLAG,IT,U0]=SPSHOPM(...) also returns the intial guess.

% [SIGMA ,U,FLAG,IT,U0,TRACE]=SPSHOPM(...) also returns a trace of the

% sigma values at each iteration.

% See also SSHOPM,SSHOPMC,SJHOPM, HOPM.
% Stefan Ragnarsson, 2011.
% The MATLAB Tensor Toolbox is Copyright 2010, Sandia Corporation.

P = permutation(p);
cyc = cycles(p);

L = length(cyc);

n = size(A);

d = length(n);

% Check inputs

= inputParser;

.addParamValue (’Shift’, 0);

.addParamValue (’MaxIts’, 1000, @(x) x > 0);
.addParamValue (’Start’, [], @(u) isequal(length(u),L));
.addParamValue (’Tol’, 1.0e-16);

.addParamValue (’Display’, -1, @isscalar);
q.parse(varargin{:1});

% Copy inputs

maxits = q.Results.MaxIts;
shift = q.Results.Shift;
u0 = q.Results.Start;
tol = q.Results.Tol;

display = q.Results.Display;

% Check starting vector
if isempty (ul)
for i=1:L
u0{i} = 2*rand(n(cyc{i}(1)),1) - 1;
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end

end
min_uO_norm = norm(u0{1});
for i=2:L
if norm(u0{i})<min_uO_norm
min_uO_norm = norm(u0{il});
end
end

if min_uO_norm < eps
error (’Zero starting vector’);
end

% Execute power method
if (display >= 0)

%[Code not shown]
end

u_full = cell(d,1);
for i=1:L
for j=1:length(cyc{il})
u_full{cyc{i}(j)} = u0{il};

end
end
flag = -2;
u = ul;
sigma = double(ttv(A,u_full));
trace (1) = sigma;

tracex{1} = u0;

for its=1:maxits
oldu = u;
for j=1:L
newu = double(ttv(A,u_full,-cyc{j}(1))) + shift*u{j};
nnu = norm(newu);
if nnu < eps,
flag = -1;
break;
end
newu = newu / nnu;
u{j} = newu;
for i=1:length(cyc{j})
u_full{cyc{j}(id} = u{j};
end
end
if flag == -1
break;
end
newsigma = double(ttv(A,u_full));
if norm(abs(newsigma-sigma)) < tol

flag = 0;
end
if (display > 0) && ((flag == 0) || (mod(its,display) =
%[Code not shown]
end
sigma = newsigma;
trace(its+1) = sigma;
tracex{its+1} = u;
if flag == 0
break
end

end
% Check results
%[Code not shown]
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A.4 TKP and TKSVD

The function tkron computes the tensor Kronecker product of two tensors. If B

and C are order-d tensors then

A = tkron(B,C);

is the tensor A = B ® C. Note that this function does not support Kronecker

products between tensors of different orders.

function A = tkron(B,C)

%TKRON Create the tensor Kronecker product.

yA

% A=tkron(B,C) Forms the tensor Kronecker product of the two order-d
% tensors B and C.

if isnumeric(B), B = tensor(B); end
if isnumeric(C), C = tensor(C); end
n = size(B); m = size(C); N = n.*m;
d = length(n);

if length(m)~=d
error (’Tensor Kronecker products of different order tensors not supported.’)
end
A = bltensor(zeros(N),m);
for i=1:prod(n)
A(i) = B(i)*C;
end

The optimal k-term TKSVD approximation
k
ji ~ :E::lgié§ C%
i=1

where B € R™ > %" and C € R™*"*™d can be computed with the function tksvd.

Specifically, if

[B,C] = tksvd(A,m,k);

then B and C are cell arrays such that B{i}= B; and C{i}=C; for i = 1,... k.
The function tksvd follows Algorithm fairly closely, and for simplicity always

uses the mode-1 block unfolding, i.e. r = [1] and ¢ = 2:d.
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We need a function that computes the matrix KSVD. Our function ksvd uses
the PROPACK [47] toolbox for Matlab implementation of a Lanczos SVD algo-

rithm to compute only the first k singular values and singular vectors of a matrix.

function [U,sigma,V] = ksvd(A,n1,n2,ml,m2,k)

%KSVD Compute the Krockecker SVD.

yA

% [U,sigma ,V]=KSVD(A,n1,n2,ml1,m2,k) Compute the k-term KSVD approximation.
% A is an nl-by-n2 block matrix with ml-by-m2 blocks

% Let p = min(nl#*n2,n2%m2)

% U is an p-by-1 cell array, U{i} is nl-by-n2, and the column

% vectors vec(U{1}),...,vec(U{p}) are orthonormal.

% V is an p-by-1 cell array, V{i} is ml-by-m2, and the column
% vectors vec(V{1}),...,vec(V{p}) are orthonormal.

% sigma(1l) >= ... >= sigma(p) >= 0.

pA

% A = sigma(1)Kron(U{1},V{1}) + ... + sigma(p)Kron(U{p},V{p})

Atilde = [];

for j=1:n2
cols = (j-1)*m2+1:j*m2;
for i=1:mnl

rows = (i-1)*mil+1:i*m1;
Atilde = [Atilde; vec(A(rows,cols))’];
end

end

if nargin<6
%%Compute full KSVD.
[U_tilde ,sigma,V_tilde] = svd(A_tilde);
sigma = diag(sigma);
p = length(sigma);
U = cell(p,1);

V = cell(p,1);
for k=1:p
U{k} = reshape(U_tilde(:,k),nl1,n2);
V{k} = reshape(V_tilde(:,k),ml,m2);
end
else

%%Compute only first k terms in the KSVD using Lanczos.
[U_tilde ,sigma,V_tilde] = lansvd(A_tilde,k,’L’);

sigma = diag(sigma);

U = cell(k,1);

V = cell(k,1);

for k=1:k
U{k} = reshape(U_tilde(:,k),nl1,n2);
V{k} = reshape(V_tilde(:,k),ml,m2);
end

end
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function [B,C] = tksvd(A,m,k)
%TKSVD Compute the tensor KSVD.

% [B,CI=TKSVD(A,m) computes the one term TKSVD approximation of the
% tensor A where size(C)=m.

% [B,C]=TKSVD(A,m,k) computes the k-term TKSVD approximation.
% Stefan Ragnarsson, 2011.

warning off all
N = size(A);

d = length(N);
n = N./m;

if nargin<3, k=1; end

A_blocked bltensor (A,m);

A_blunf = bltenmat (A_blocked ,1);

pl = n(1); p2 = prod(n(2:4));

91 = m(1); q2 = prod(m(2:4d));

[U,S,V] = ksvd(A_blunf.data,pl,p2,q91,92,k);

if k>1
B = cell(k,1); C = cell(k,1);
for i=1:k
B{i} = sqrt(S(i))*U{i};
B{i} = temnsor(reshape(B{il},n));
C{i} = sqrt(s(i))*V{il};
C{i} = tensor(reshape(C{il},m));
end
else
B = sqrt(S)*U{1};
B = tensor(reshape(B,n));
C = sqrt(S)*V{1};
C = tensor(reshape(C,m));

A.5 HOQRD

The function hogqrd computes the HOQRD of a given tensor. If A € R™" and

[R,Q] = hoqrd(A);

then R € R™* "> ig the core tensor and Q{i} = @; € R™*™ are orthogonal such

that
A= (Q,...,Qa) R

is the HOQRD of A.
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function [R,Q] = hoqrd(A)
% HOQRD Compute the Higher-Order QR Decomposition.

% [R,Q]=HOQRD(A) returns the full HOQRD of the order-d tensor A. The core
% tensor R has the same size as A and Q is a cell array of length d, where

% each Q{i} is an orthogonal matrix and A = ttm(R,Q).

% Stefan Ragnarsson, 2011.

n = size(A);

d = length(n);
R = A;

Q = cell(d,1);
for i=1:4d

Ai = tenmat(A,i);
[Q{i},",”] = qr(Ai.data);
temp = tenmat(R,i);
temp = Q{i}’*temp;
temp = reshape(temp.data,[n(i),n(1:i-1),n(i+1:d)]1);
R = permute(temp,[2:i,1,i+1:d]);
end
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