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Abstract

Autonomous agents that collaborate with humans must understand language, track

the state of the world, and make good decisions. A central challenge common to these

three desiderata is uncertainty. Language is often ambiguous, with many possible in-

terpretations of the same utterance. The state of the world is unobservable, as a single

agent cannot observe every aspect due to physical constraints. Agents must reason

about the unobserved aspects as new information is received. Finally, many decisions

have uncertain outcomes. Agents must anticipate how the world will respond to their

decisions in order to achieve the best outcomes.

In this thesis, we build uncertainty-aware agents that understand language, the

state of the world, and decision-making. The thesis is divided into three sections,

with each section exploring a different application by applying a modern twist to

a classical approach. The first section studies uncertainty-aware representations in

language modeling. We revisit classical structured and uncertainty-aware language

models, showing that they can achieve strong performance when combined with

modern techniques from deep learning. The second section studies the use of lan-

guage models for reasoning about uncertainty in question-answering. We reason

about unobserved reasoning paths, applying modern pretrained language model rep-

resentations to aid in high-level reasoning. The third section studies task-oriented dia-
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logue as decision-making under uncertainty. We intertwine classical decision-making

methods with the powerful language and code understanding capabilities of modern

large language models, resulting in an accurate neurosymbolic dialogue system.
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1
Introduction

A goal of artificial intelligence is to create autonomous problem-solving agents that

can operate in the world and make effective decisions (Russell & Norvig, 2010). For

this to happen, autonomous agents need two capabilities: They must represent the

current knowledge of the world and then search for the optimal decision. These two

facets of problem solving, state representation and search, are both deeply inter-

twined and problem-dependent. Much research has gone into problem-specific rep-

resentations, demonstrating how they can improve search (Pearl, 1984, Young, 2006,

Williams et al., 2013, Silver et al., 2017). In particular, informative state representa-

tions often make search easier, allowing methods to achieve a strong accuracy-speed

tradeoff relative to more expensive search methods (Yang et al., 2021a, Ruoss et al.,

2024).
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State tracking is the use of state representations to model the world over time. His-

torically, state tracking originated from the fields of dynamical system and control

theory, where the goal is to make optimal decisions by maintaining and planning

through an accurate and updatable representation of the world. State tracking also

plays a key role in machine learning, artificial intelligence, and natural language pro-

cessing. An example of state tracking in machine learning is recurrent neural network

for sequence modeling, which must compose observations to update their internal,

learned state representations in order to predict the next observation (Elman, 1990,

Hochreiter & Schmidhuber, 1997). In artificial intelligence, search algorithms must

perform state tracking. For example, agents for multi-player games such as Hanabi

or Diplomacy must track the state of the game in addition to beliefs over the unob-

served state – such as the intentions of other players (Bard et al., 2020, FAIR et al.,

2022). The applications of state tracking in natural language processing mirror those

in machine learning and artificial intelligence. There are both sequence modeling

and search problems: Language modeling is a sequence modeling problem, while

task-oriented dialogue is a search problem. In task-oriented dialogue, the state of the

world includes both the agent’s environment and their human partner. An example is

a flight-booking agent, where the agent helps the human partner decide on the desti-

nation, dates, airline, and other details. Throughout a flight-booking conversation, the

agent must track the information gathered from the partner and elicit the information

needed next.

This thesis focuses on state tracking representations for natural language under-

standing. We have two goals in designing state-tracking representations. Our first

goal is explicitly model uncertainty. Uncertainty is a necessary component of state

tracking. Agents rarely have full knowledge of the world, yet must reason about un-

2



knowns in order to communicate with others and interact with their environment.

We focus on discrete representations, which allow for simple formal representations

of uncertainty. Our second goal is to study representations that can be adapted ef-

ficiently: Representations must be efficient to update both in terms of training and

incorporating new information. Throughout the thesis, we target finite discrete repre-

sentations, which are interpretable (Bottou & LeCun, 2005, Ross et al., 2021), expres-

sive, and tractable (Choi et al., 2020).

We approach both representational goals, uncertainty and adaptability, through the

framework of probabilistic modeling. Probabilistic modeling provides a declarative

framework that allows practitioners to separate concerns regarding modeling how the

data is generated and infer missing data from observations. Framing state tracking as

probabilistic modeling allows us to formalize the trade-offs involved in uncertainty

and adaptation. Viewed under the formalism of probabilistic modeling, uncertainty is

a set of model constraints and adaptation is inference under a particular model. This

thesis explores probabilistic state representations, varying the constraints on the state

representations from compositional, discrete states (chapters 3 and 4) to language

(chapter 5), as well as symbolic and executable representations (chapters 6 and 7).

We will explore discrete representations for three applications. The first applica-

tion is language modeling (chapters 3 and 4). The goal of language modeling is to

predict the next token given all previous tokens. For example, given ‘A quick brown,’

the next word is likely ‘fox’. The goal of state tracking within language modeling is

to efficiently represent and update the information from past words to predict fu-

ture words. The second application is extractive question answering (chapter 5). The

goal of question answering is to answer a question by selecting information from sup-

porting documents and then generating the answer itself. For example, ‘Who is the

3



queen of England?’ The state representation for question answering must track which

information has been selected to efficiently select the next necessary piece of support-

ing evidence. The third application is task-oriented dialogue (chapter 7). The goal of

task-oriented dialogue is for the agent to solve a task, such as a reference game, col-

laboratively with a partner. The state representation for dialogue must track what

information has been gathered from the dialogue so far to decide what to say next.

1.1 Thesis outline

We begin with a background that introduces how to model state representations in

the framework of latent variable models. Each subsequent chapter explores a differ-

ent state representation, presenting a method for learning or utilizing the given state

representation for decision-making.

• Chapter 2, Background: State Tracking Models, Parameterization, and Infer-

ence, introduces the background on latent variable models for state represen-

tations, how to parameterize them with neural networks, and how to perform

inference.

• Chapter 3, Scaling Hidden Markov Language Models, proposes a scalable, dis-

crete state representation for language modeling.

• Chapter 4, Low-Rank Constraints for Fast Inference in Structured Models, ex-

tends the discrete state representation in the previous chapter to hierarchical

models for language modeling.

• Chapter 5, HOP, UNION, GENERATE: Explainable Multi-hop Reasoning with-

out Rationale Supervision, explores a natural language state representation for

4



question answering.

• Chapter 6, Modeling Perspective-Dependent Ambiguity in Collaborative Di-

alogue, begins a symbolic, probabilistic state representation for information-

seeking dialogue.

• Chapter 7, Symbolic Planning and Code Generation for Grounded Dialogue,

completes the state representation for information-seeking dialogue by incorpo-

rating code generation for state tracking.

• Chapter 8 concludes the thesis and discusses the future of state tracking in NLP.

1.2 Related publications

Elements of this thesis are drawn from the following publications:

• Chiu, J. & Rush, A. (2020a). Scaling hidden Markov language models. In B.

Webber, T. Cohn, Y. He, & Y. Liu (Eds.), Proceedings of the 2020 Conference on

Empirical Methods in Natural Language Processing (EMNLP) (pp. 1341–1349).

Online: Association for Computational Linguistics.

• Chiu, J., Deng, Y., & Rush, A. (2021). Low-rank constraints for fast inference in

structured models. In M. Ranzato, A. Beygelzimer, Y. Dauphin, P. Liang, & J. W.

Vaughan (Eds.), Advances in Neural Information Processing Systems, volume 34

(pp. 2887–2898).: Curran Associates, Inc.

• Zhao, W., Chiu, J., Cardie, C., & Rush, A. (2023). Hop, union, generate: Ex-

plainable multi-hop reasoning without rationale supervision. In H. Bouamor,

J. Pino, & K. Bali (Eds.), Proceedings of the 2023 Conference on Empirical Methods
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in Natural Language Processing (pp. 16119–16130). Singapore: Association for

Computational Linguistics.

• Chiu, J. T., Zhao, W., Fried, D., & Rush, A. M. (2022a). Modeling perspective-

dependent ambiguity in collaborative dialogue. In The Third Wordplay: When

Language Meets Games Workshop.

• Chiu, J., Zhao, W., Chen, D., Vaduguru, S., Rush, A., & Fried, D. (2023). Sym-

bolic planning and code generation for grounded dialogue. In H. Bouamor, J.

Pino, & K. Bali (Eds.), Proceedings of the 2023 Conference on Empirical Methods in

Natural Language Processing (pp. 7426–7436). Singapore: Association for Com-

putational Linguistics.
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2
Background: State Tracking Models,

Parameterization, and Inference

2.1 Motivation

The goal of state tracking is to store past information in a concise representation for

an autonomous agent to easily make future decisions. The design of state represen-

tations is guided primarily by what agents can be programmed or trained to under-

stand. For example, past approaches to state tracking in the dialogue domain rely on

hand-crafted representations that can be processed automatically by agents (Young,

2006, Thomson & Young, 2010). This thesis will explore a range of state representa-

tions, ranging from learned to hand-designed, as well as for a range of applications.

7



This chapter covers the background, presenting the unifying probabilistic framework

through which we will study state tracking.

Probabilistic methods for state tracking afford practitioners principled methods to

not only design the state representations but also control how they are updated given

new information. Probabilistic state tracking methods decompose state representa-

tions into modular, interpretable components, then use standard probabilistic tools

to specify, update, and potentially learn the state (Stratonovich, 1959, Thrun et al.,

2005). While there is a rich history of probabilistic state tracking as partially observ-

able Markov decision processes, our thesis focuses primarily on the representations,

rather than the decision process itself.

2.2 Roadmap

All state tracking representations can be expressed under the framework of latent

variable modeling. The goal of latent variable modeling is to discover the unobserved,

compositional systems that govern how data is generated.

1. Section 2.3: We begin this background chapter by outlining the notation for

probabilistic models.

2. Sections 2.4 and 2.5: We then introduce latent variable models, describe how

they are decomposed into modular components, and show how those compo-

nents can be used to answer questions.

3. Section 2.6: We explain how the conditional distributions in latent variable

models can be parameterized by neural networks.

8



4. Section 2.7: We conclude with a brief introduction to large language models

(LLMs) and how to use them.

2.3 Notation

We use x to denote the input, z the state representation, and y the output. Following

the Bayesian modeling literature, the lowercase letters x, z, y denote both the random

variables as well as the values (Gelman et al., 2004). The input consists of a sequence

of T tokens x = (x1, x2, . . . , xT ), with each token from a finite vocabulary xt ∈ X . The

state representation z is a discrete latent variable that takes values in Z . We will ex-

plore different representations Z : Integers (Chapters 3, 4, and 6), sequences of text

(Chapter 5), symbolic (Chapter 6), and programs (Chapter 7). The output y will

also vary depending on the application and will be either a single token in Y or a se-

quence of tokens Y∗.

Distributions over random variables determine the relative rates at which events

occur, and conditional distributions determine how the realizations of random vari-

ables correlate with each other. Models are joint distributions given by p(y, z|x; θ),

with parameters θ ∈ RX×Z×Y , or p(y, z|x) with parameters implicit. Joint distribu-

tions decompose into conditional distributions via the chain rule: p(y|x, z)p(z|x).

We express common functionals of distributions as follows: Expectations are writ-

ten as

Ep(y|x) [f(y, x)] =
∑
y

p(y|x)f(y, x).

The (conditional) entropy of a distribution measures how many bits are required to

encode an output on average, and is the expected negative log probability of each
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event

H[p(y|x)] = −
∑
x,y

p(y, x) log p(y|x).

The Kullback-Leibler (KL) divergence measures how far one distribution is from an-

other, and is the expected log odds ratio between the two distributions:

KL[p(y|x)||q(y|x)] =
∑
x,y

p(x, y) log
p(y|x)

q(y|x)
.

The expected information gain measures the expected reduction in uncertainty after

making an observation, and is given by the expected change in information over z

after observing x and y:

Ep(y|x) [H[z]−H[z|x, y]] .

We denote matricesW ∈ Rn×m and vectors b ∈ Rn. We index matrices and vectors

via subscriptsWij and bi.

2.4 Latent Variable Models for State Tracking

We focus on models that encode inputs x into a state representation z, with an en-

coder model p(z|x), then produce an output y based only on the information in z with

the decoder model p(y|z). Formally, we represent this by a probabilistic model with

the joint distribution p(y, z|x) = p(y|z)p(z|x).

This thesis covers three applications. We introduce and formulate each application

as a state tracking instance below. For each application, we give the input, output, and

state:

Example 2.4.1. Language modeling: The goal of language modeling is to predict
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the next word y given the input x: all previous words. An example input is x =

(a,quick, brown), while the next word could be y = fox. In Chapters 3 and 4 we map

the previous input words to integer state representations z, which serve to cluster in-

puts and outputs jointly. //

Example 2.4.2. Question answering: The goal of question answering is to predict the

output answer y to an input question x. An example input is

x = (Who is the queen of England?,The Queen has recently passed. . . ),

where the first element is the question and the second element is a body of text where

the answer may occur. In this case, the answer would be y = Not answerable. In

chapter 5, we represent the state z as the subset of the context with which to find the

answer. //

Example 2.4.3. Task-oriented dialogue: At a high level, task-oriented dialogue re-

quires an agent to collaborate with their partner to achieve a given task. The goal of

dialogue is to choose the next decision y, which may be an utterance or action, given

the previous dialogue history as input x.

To make this concrete, consider the game of 20 questions. The agent’s goal is to

guess the latent target image out of a set of given images. The partner sees the set of

images and knows which is the target. The agent gets 20 turns – in each turn, they can

ask a single question such as ‘Is it a giraffe?’ The partner then answers the question,

and so forth. In this setting, x is the set of all observed question and answer pairs, as

well as the next question the agent plans to ask, the latent state representation z is the

target image, and the partner’s answer is y. //
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Probabilistic models provide a declarative framework for specifying structure based

on how the joint distribution is decomposed. For state tracking, the joint distribution

is p(y, z|x) and the two distributions of interest are the observations p(y|z) and encod-

ing p(z|x). This high-level decomposition will hold for the entirety of the thesis. Each

chapter in the thesis will explore a different low-level decomposition of the observa-

tion or encoding distributions in addition to how those distributions parameterized.

We give three examples of low-level decompositions below.

Example 2.4.4. Autoregressive models (AR): A common modeling assumption is that

the output y is modeled autoregressively. Autoregressive models use the chain rule to

factor

p(y) =
∏
t

p(yt | y<t)

over time. In a state tracking model, this would be

p(y, z | x) = p(y | z)p(z | x) =
∏
t

p(yt | y<t, z)p(z | x).

This makes no conditional independence assumptions other than y ⊥ x | z, allowing

models to express complicated relationships in the output y and state z. We will use

this model in chapter 5. //

Example 2.4.5. Naive Bayes (NB): A simpler model is naive Bayes, which assumes

that both the output y and all inputs x = (x1, . . . , xT ) are generated conditionally

independently given the latent state z. The joint distribution is given by

p(x, y, z) = p(z)p(y | z)
∏
t

p(xt | z).

We will use this model in chapters 6 and 7. //
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Example 2.4.6. Hidden Markov Models (HMM): An example of a model with struc-

tured constraints is the hidden Markov model, which we will explore in chapters 3

and 4. HMMs follow a generative process where a sequence of states are first gener-

ated, then each state in that sequence emits an output conditionally independently

of all other states and output. The HMMmakes two strong assumptions when pre-

dicting the next word y given all previous words x = (x1, . . . , xT ): (1) The next word

y depends only on the state representation zT and (2) that there is a sequential state

bottleneck: the information from xmust transition from the previous state represen-

tation zt−1 to zt. This creates a bottleneck for information flow from x to y. The factor-

ization is given by

p(y, z, x) = p(y | zT )p(zT | zT−1)
∏
t

p(xt|zt)p(zt | zt−1).

Note that the joint distribution of this model also includes the input tokens x. We will

use this model in chapters 3 and 4. //

2.5 Inference

The goal of probabilistic inference is to use the probabilistic model to answer ques-

tions or queries. Queries are quantities and distributions derived from the joint dis-

tribution. For example: Given the past words x and the observed next word y, what

should the state representation z have been? Had not observed y, what would the

state be? Such questions are central to learning and reasoning. In learning, we must

optimize a model to fit the inputs and outputs; however, the connection between

the inputs and outputs are mediated by the unobserved state. We must therefore

marginalize over the possible latent state values via marginal inference. For reason-
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ing, we must update our beliefs over the latent state given new observed outputs.

This is accomplished via conditional inference. This section will introduce the ma-

chinery necessary for learning and reasoning.

2.5.1 Learning and marginal inference

The goal of learning is to find the distribution p(y|x) that best explains the outputs y

given the inputs x. In the case of latent state models, this requires performing marginal

inference to propagate the uncertainty over the unobserved state z into the outputs y.

Formally, prediction in discrete latent variable models requires computing the

marginal distribution

p(y|x) =
∑
z

p(y|x, z)p(z|x).

We can also express the marginal distribution in matrix notation. Let Oi,j = p(y =

i|x, z = j) and gj = p(z = j|x). Computing this term in general can be challenging if

there are many possible values of z, as we must evaluate the likelihood p(y|z) for each

value of z. In this thesis, we primarily consider settings where z can be marginalized

exactly or approximated efficiently.

Given the marginal distribution p(y|x), we perform maximum likelihood estima-

tion to find the distribution that best fits the data. The goal is to maximize the likeli-

hood with respect to the parameters: argmaxθ log p(y|x; θ). We achieve this via mini-
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batch stochastic gradient ascent, where we estimate the gradient

∇θ log p(y|x; θ) =
1

p(y|x; θ)
∇p(y | x; θ)

=
1

p(y|x; θ)
∇θ
∑
z

p(y, z | x; θ)

=
1

p(y|x; θ)

∑
z

p(y, z | x; θ)∇θ log p(y, z | x; θ)

=
∑
z

p(z | x, y; θ)∇θ log p(y, z | x; θ)

= Ep(z|x,y;θ) [∇θ log p(y | x, z; θ) +∇θ log p(z | x; θ)] .

In the case of exact inference, the gradient estimator can be computed efficiently us-

ing automatic differentiation. We will also resort to simple approximations of the

marginal likelihood gradient estimator: In chapter 5, we will replace the posterior

expectation with a simple top-k operation.

2.5.2 Updating uncertainty through conditional inference

While marginal inference is concerned with propagating uncertainty through the

latent state, the goal of conditional inference is to update uncertainty over the state

by utilizing information from the output to inform the latent state. Formally, given a

prior state distribution p(z|x), we can update our uncertainty after observing y via

p(z | x, y) =
p(y, z | x)

p(y | x)
.

Example 2.5.1. Consider the naive Bayes’ model (Example 2.4.5). The posterior sim-
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plifies to

p(z | x, y) =
p(y, z, x)

p(y, x)
=

p(y|z)
∏
t p(xt | z)p(z)∑

z p(y|z)
∏
t p(xt | z)p(z)

.

//

2.6 Parameterization

In this section, we introduce how to parameterize conditional probability distribu-

tions. The conditional distribution specifies the probability of outputs given inputs,

p(y|x; θ), parameterized by a vector, matrix, or tensor θ. We break from the notation

of the previous sections and only consider inputs x and outputs y – in the earlier sec-

tions, as well as future sections, we can treat the state as an input or output in the cor-

responding conditional distribution.

We consider two types of parameterizations: scalar and neural. Scalar parameter-

izations of p(y|x; θ) associate one scalar value with every input and output combina-

tion θx,y ∈ R, resulting in a matrix θ ∈ RX×Y . Concretely, this can be implemented

as

p(y | x; θ) =
exp(θx,y)∑
y′ exp(θx,y′)

= softmax(θx)y,

where the softmax function normalizes the values of θx to sum to 1. In the case of

language modeling, the space of input sequences x ∈ X ∗ is infinite resulting in an

infinite dimensional model. Infinite dimensional models, as well as models with ex-

tremely high but finite dimension, are cumbersome for two reasons: First, represent-

ing and storing the parameters is costly. Second, larger models often require larger

datasets to fit efficiently (Hoffmann et al., 2022). In the remainder of this section, we

describe neural parameterizations, which generate the scalar parameters dynamically
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for specific inputs x.

Neural networks can dynamically generate high-dimensional probability distri-

butions from low-dimensional weight spaces. The parameters of the distribution

p(y|x; θ) are generated by a neural network f with weights w if each element of

θx,y = f(x, y, w),

where dim(w) < dim(θ).

Neural networks are composed of a small set of building blocks. The main building

blocks necessary for this thesis are embeddings, feedforward networks, normaliza-

tion, and attention. We use these building blocks to map language, represented as a

sequence of tokens x, to the parameters of a conditional distribution θ. The primary

challenge in representing language is dimensionality reduction. This is caused by

two factors: Sequences in language vary in length and each token in the sequence is

drawn from a high-dimensional, discrete set. We start with neural parameterizations

of conditional distributions that take a single input, p(y|x), where x is a singleton ele-

ment. Then, we generalize that to settings where x is a sequence of variable length.

2.6.1 Singleton input

We start by introducing a neural parameterization of p(y|x; θ) with singleton input

x ∈ X , output y ∈ Y , and parameters θ ∈ RX×Y . The neural parameterization will use

a neural network to generate the parameters of the distribution p(y|x; θ) with O(|X | +

|Y|) weights rather than O(|X | · |Y|) parameters.

A simple neural parameterization, which forms the basis of chapters 3 and 4, first

embeds the input, applies a multi-layer perceptron (MLP), takes the inner-product
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with output embeddings, then applies the softmax function:

θx,y = softmax(〈MLP(emb(x)), emb(y)〉).

Embeddings reduce the dimensionality of the input by embedding x ∈ X to a vec-

tor e ∈ Rd. This is achieved by associating each token type with a learnable embed-

ding vector: emb(x) ∈ Rd. This can be implemented by storing a matrix of all embed-

dings E =
(
emb (x1) , . . . , emb

(
x|X |

))
∈ R|X |×d, and indexing to retrieve embeddings

Ex = emb(x). The output embeddings are symmetric: Ey = emb(y) ∈ Rd.

MLPs serve to learn expressive, nonlinear relationships and are given by

MLP(emb(e)) = σ(W emb(x) + b),

which applies a nonlinearity such as σ(·) = max(·, 0), known as the Rectified Linear

Unit (ReLU). The weightsW, b ∈ Rd×d × Rd are learnable. Transforming the input

embedding with an MLP, then taking the inner-product with the output embedding

serves to learn an affinity measure between the input and output values x and y.

Finally, we remind the reader of the definition of softmax, which normalizes the

affinity measures to a probability distribution:

softmax(x) =
exp(x)∑
x′ exp(x′)

.

The learnable weights of the network can be optimized via automatic differentiation

with respect to the parameters of the distribution θ.

18



2.6.2 Sequential input: x ∈ X ∗

Our goal in this section is to generate the parameters of probability distributions,

p(y|x; θ), that condition on sequences, x = (x1, . . . , xT ) ∈ X T , with a neural net-

work: θ = f(x, y). There are two challenges with sequential inputs: First, that we

cannot generate the full parameters θ ∈ RX ∗×Y as there are infinitely many possible

sequences x. Second, we must use a neural network that can be applied to variable-

length sequences. We solve the first challenge by generating the parameters for a

single row θx = f(x, ·), and the second by introducing a pooling operation called

attention and combining it with the parameterization in the previous section. This

neural parameterization is a simplification of the models used in chapter 2.4.4, as well

as modern neural methods for natural language processing (Bahdanau et al., 2015,

Vaswani et al., 2017). For details on the full model, known as a Transformer, please

refer to Vaswani et al. (2017).

Similar to the previous case of singleton inputs, we start by embedding the inputs

xt ∈ X independently, yielding a sequence of vectors e ∈ RT×d. Concatenating all

token embeddings into a matrix E ∈ R|V|×d, we can lift the embedding operation to

the sequence level:

E[x] = [emb(x1), . . . , emb(xT )].

Given the sequence embeddings E[x], we must pool their representations to obtain

a single representation h from which to make a prediction. We use the attention oper-

ator, introduced in Bahdanau et al. (2015) and popularized by Vaswani et al. (2017),

attn(q,K, V ) = softmax

(
qK>∑
qK>

)
V.
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We can then produce a distribution over outputs by applying the attention operator to

transformations of the embedded input:

p(y|x) = softmax(E[y]>MLP(attn(WqE[x],WkE[x],WvE[x]))),

whereWq,Wk,Wv ∈ Rd×d are learnable weight matrices. Intuitively, the attention

operator produces an input-dependent, or query-dependent, average of the inputs,

pooling the information from a variable-length sequence into a single input-aware

vector representation of the sequence.

2.7 Large language models and prompting

Large language models (LLMs) are autoregressive models of text, trained on large

amounts of data. While not the focus of this thesis, it is worth noting that in recent

years LLMs have become increasingly important due to their ability to capture do-

main knowledge from large text corpora.

In Chapter 7, we rely on LLMs as powerful conditional distributions capable of

tasks such as instruction following and semantic parsing without any further train-

ing. The best-performing LLMs are either too large to train or fine-tune on standard

hardware or are only accessible through a limited API. Instead, we rely on prompting.

As autoregressive models, LLMs generate tokens from left to right. Prompting

takes advantage of this by giving LLMs an instruction and/or set of examples as in-

put prefix x, then the LLM generates the output completion y. There are two styles

of prompting: Zeroshot prompting, where the LLM is given a natural language in-

struction x, such as x = ‘Please complete this sentence: The cat in the’, and fewshot

prompting, where the LLM is given a set of examples in x and possibly instructions as

20



well.

2.8 Thesis roadmap

This thesis explores different state tracking representations for three applications: lan-

guage modeling, question answering, and task-oriented dialogue. Table 2.1 outlines

the application and representation covered in each chapter.

Ch. Title Application Representation
3 Scaling Hidden Markov Language LM Integer

Models
4 Low-Rank Constraints For Fast LM Integer

Inference in Structured Models
5 HOP, UNION, GENERATE: QA Text

Explainable Multi-hop Reasoning
without Rationale Supervision

6 Modeling Perspective-Dependent Dialogue Symbols
Ambiguity in Collaborative Dialogue

7 Symbolic Planning and Code Dialogue Symbols and code
Generation for Grounded dialogue

Table 2.1: Summary of the applications and state tracking representations explored in each
chapter.
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3
Scaling Hidden Markov Language

Models

3.1 Introduction

We begin our exploration of state tracking representations with language model-

ing. This chapter proposes a discrete, compositional state tracking representation

for language modeling known as the hidden Markov model (Example 2.4.6). Hid-

den Markov models (HMMs) are a fundamental latent-variable model for sequential

data, with a rich history in NLP. They have been used extensively in tasks such as tag-

ging (Merialdo, 1994), alignment (Vogel et al., 1996), and language modeling (Kuhn

et al., 1994, Huang, 2011). While once popular due to their explicit uncertainty mod-
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eling and computational tractability, HMMs have been replaced by more complex

sequence models have been introduced such as neural language models (Zaremba

et al., 2014, ?).

Our goal in this chapter is to revisit HMMs, scaling them to unprecedented size.

We improve the performance of HMMs by taking several lessons from the success of

neural models for NLP tasks: (a) model size is critical for accuracy, e.g. large LSTMs

Zaremba et al. (2014) show marked improvements in performance; (b) the right pa-

rameterization is critically important for representation learning, e.g. a feedforward

model Bengio et al. (2003) can have the same distributional assumptions as an n-

gram model while performing significantly better; (c) dropout is key to achieving

strong performance (Zaremba et al., 2014, Merity et al., 2017). We materialize these

lessons by introducing three techniques: a sparse modeling constraint that allows us

to use a large number of hidden states while maintaining efficient exact inference, a

neural parameterization that improves generalization while remaining faithful to the

probabilistic structure of the HMM, and a variant of dropout that both improves ac-

curacy and halves the computational overhead during training.

The resulting approach allows us to train an HMMwith tens of thousands of states

while maintaining efficiency and significantly outperforming past HMMs as well as

classical n-gram language models.

3.2 Background: HMMs

We are interested in learning a distribution over observed tokens x = 〈x1, . . . , xT 〉,

with each token xt an element of the finite vocabulary X . Hidden Markov models

(HMMs) specify a joint distribution over observed tokens x and discrete latent states
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z = 〈z1, . . . , zT 〉, with each zt from the finite set Z . For notational convenience, we

define the starting state z0 = ε. This yields the joint distribution

p(x, z; θ) =
T∏
t=1

p(xt | zt)p(zt | zt−1). (3.1)

We refer to the transition and emission matrices as the distributional parameters of

the HMM. Specifically, letA ∈ [0, 1]|Z|×|Z| be the transition probabilities andO ∈

[0, 1]|Z|×|X | the emission probabilities

p(zt | zt−1) = Azt−1zt p(xt | zt) = Oztxt . (3.2)

We distinguish between two types of model parameterizations: scalar and neural,

where the model parameters are given by θ. A scalar parameterization sets the model

parameters equal to the distributional parameters, so that θ = {A,O}, resulting in

O(|Z|2 + |Z||X |) model parameters. A neural parameterization instead generates the

distributional parameters from a neural network (with parameters θ), decoupling the

size of θ from A,O. This decoupling gives us the ability to choose between compact

or overparameterized θ (relative toA,O). As we scale to large state spaces, we take

advantage of compact neural parameterizations.

In order to fit an HMM to data x, we must marginalize over the latent states to ob-

tain the likelihood p(x) =
∑

z p(x, z). This sum can be computed in time O(T |Z|2)

via the forward algorithm, which becomes prohibitive if the number of latent states

|Z| is large. We can then optimize the likelihood with gradient ascent (or alternative

variants of expectation maximization).

HMMs and RNNs Although the forward algorithm resembles that of the forward
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pass in a recurrent neural network (RNN) (Buys et al., 2018), there are key represen-

tational differences. RNNs do not decouple the latent dynamics from the observed.

This often leads to improved accuracy, but precludes posterior inference which is

useful for interpretability. A further benefit of HMMs over RNNs is that their asso-

ciative structure allows for parallel inference via the prefix-sum algorithm Ladner &

Fischer (1980).1 Finally, HMMs bottleneck information from every timestep through

a discrete hidden state. NLP has a long history of utilizing discrete representations,

and discrete representations may yield interesting results. For example, recent work

has found that discrete latent variables work well in low-resource regimes (Jin et al.,

2020).

3.3 Scaling HMMs

We propose three extensions to scale HMMs for better language modeling perfor-

mance: blocked emissions, which allow for very large models; neural parameteriza-

tion, which makes it easy for states to share model parameters; and state dropout,

which encourages broader state usage.

Blocked Emissions Our main goal is to apply a HMMwith a large number of hid-

den states to learn the underlying dynamics of language data. However, the O(T |Z|2)

complexity of marginal inference practically limits the number of HMM states. We

can get around this limit by making an assumption on the HMM emission matrixO.

As noted by Dedieu et al. (2019), restricting the number of states that can produce

each word can improve inference complexity. We utilize a slightly stronger assump-
1Quasi-RNNs (Bradbury et al., 2016) also have a (parallel) logarithmic dependency on T

by applying the same prefix-sum trick, but do not model uncertainty over latent dynamics.
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Ez

Ex

O1

O2

O3

O4

Figure 3.1: The emission matrix as a set of blocks O1, . . . ,O4 with fixed number of states k.
The columns of each block may vary, as there is no constraint on the number of words a state
can emit. Each non-zero cell is constructed from an MLP applied to word Ex and state Ez

embeddings.

tion on the model: a) states are partitioned intoM equal sized groups each of which

emit the same subset of words, and b) each word is only admitted by one group of

k = |Z|/M states which we indicate as Zx ⊂ Z .

We implement this group structure through a set of blocked emissions, each corre-

sponding to one of theM state groups,

O =


O1 0 0

0 . . . 0

0 0 OM

 ,

whereOm ∈ Rk×|Xm|. Figure 3.1 shows these emission blocks. Each block matrixOm

gives the probabilities for emitting tokens Xm for states in groupm, i.e. states (m−1)k

throughmk.
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With this constraint, exact marginalization can be computed via

p(x) =
∑

z1∈Zx1

p(z1 | z0)p(x1 | z1)×

· · ·
∑

zT∈ZxT

p(zT | zT−1)p(xT | zT )

(3.3)

Since there are only k states with nonzero probability of occurring at every timestep,

we only need to consider transitioning from the |Zxt | = k previous states to the next

|Zxt+1 | = k states, resulting in O(k2) operations per timestep. This gives a serial com-

plexity of O(Tk2).2

Neural Parameterization A larger state space allows for longer HMMmemory,

but also requires more parameters. Even with blocked emissions, the scalar model

parameterization of an HMM grows as O(|Z|2) due to the transition matrix. A neural

parameterization allows us to share parameters between words and states to capture

common structure.

Our parameterization uses an embedding for each state in Z (Ez ∈ R|Z|×h) and

each token in X (Ex ∈ R|X |×h). From these we can create representations for leaving

and entering a state, as well as emitting a word:

Hout,Hin,Hemit = MLP(Ez)

2This can be sped up on a parallel machine to O(log(T )k2) via a binary reduction.
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Algorithm 1 HMM Training (a single batch)
Given: block structure and model parameters
Sample block-wise dropout mask b
Compute A,O ignoring bz = 0
for all examples x in batch do

Compute log p(x;A,O)
Compute grad wrt parameters of log p(x)

Update model parameters Ez,Ex and MLP

with all in R|Z|×h. The HMM distributional parameters are then computed as3

O ∝ exp
(
HemitE>x

)
A ∝ exp

(
HinH>out

)
. (3.4)

The MLP architecture follows Kim et al. (2019), with details in the appendix. This

factorized parameterization, shown in Figure 3.1, reduces the total parameters to

O(h2 + h|Z|+ h|X |).

Note that parameter computation is independent of inference and can be cached

completely as the emission and transition matrices,A and O, at test-time. For the

training algorithm, shown in Algorithm 1, we computeA and O once per batch while

RNNs and similar models recompute emissions every token.

Dropout as State Reduction Finally, to encourage full use of the large state space,

we introduce dropout that prevents the model from favoring specific states. We pro-

pose a form of HMM state dropout that removes states from use entirely at each

batch, which also has the added benefit of speeding up inference.

State dropout acts on each emission blockO1, . . . ,OM independently. For each
3As an optimization, one could only compute the nonzero emission matrix blocks saving

space and time. In practice we compute the full matrix as in the equation.
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block, we sample a binary dropout mask by sampling λk dropped row indices uni-

formly without replacement, where λ is the dropout rate. We concatenate these into a

global vector b ∈ {0, 1}|Z|, which, along with the previous constraints, ensures,

p(zt | zt−1) ∝ bztAzt−1zt

p(xt | zt) ∝ bzt1(z ∈ Zxt)Oztxt
(3.5)

An example of the HMM lattice after state dropout is show in Figure 3.2.

In addition to accuracy improvements, state dropout gives a large practical speed

up for both parameter computation and inference. For λ = 0.5 we get a 4× speed

improvement for both, due to the reduction in possible transitions. This structured

dropout is also easy to exploit on GPU, as it maintains block structure.

3.4 Experimental Setup

Emission Blocks The model requires partitioning token types into blocks Xm. While

there are many partitioning methods, a natural choice is Brown clusters (Brown et al.,

1992, Liang, 2005) which are also based on HMMs. Brown clusters are obtained by as-

signing every token type in X a state in an HMM, then merging states until a desired

number of partitionsM is reached. We construct the Brown clusters on the training

portions of the datasets and assume the vocabulary remains identical at test time

(with OOV words mapped to unk). We include more background on Brown Clusters

in the appendix.

State Dropout We use a dropout rate of λ = 0.5 at training time. For each block of

size |Xm|, we sample λ|Xm| states to use in that block each batch. We draw states from
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b x1 x2 x3 x4 x5 x6 x7 x8 x9

Figure 3.2: The computation of p(x) is greatly reduced by blocked emissions and state
dropout. In the above trellis, each row corresponds to a latent state and each column after
the first to a timestep. Each edge between nodes corresponds to a nonzero transition proba-
bility. Blocked emissions result in a small subset of all states emitting a given word, as shown
by the rectangles. State dropout (leftmost column) allows us to further reduce the number of
states we consider, halving the number of (white) states that have nonzero probability in each
rectangle. In experiments, the number of possible transitions may be as large as 230 while the
max number of non-zero transitions is 216.

each block from a multivariate hypergeometric distribution using the Gumbel Top-

k trick for sampling without replacement (Vieira, 2014). At test time we do not use

state dropout.

Datasets We evaluate on the Penn Treebank (Marcus et al., 1993) (929k train to-

kens, 10k vocab) and Wikitext2 (Merity et al., 2016) (2M train tokens, 33k vocab)

datasets. For Penn Treebank we use the preprocessing from Mikolov et al. (2011),

which lowercases all words and substitutes OOV words with unks. We insert EOS to-

kens after each sentence. For Wikitext2 casing is preserved, and all OOV words are

unked. We insert EOS tokens after each paragraph. In both datasets OOV words were

included in the perplexity (as unks), and EOS was included in the perplexity as well
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(Merity et al., 2017).

Baselines Baselines include both state-of-the-art language models and other alter-

native LM styles. These include AWD-LSTM (Merity et al., 2017); a 900-state scalar

HMM and HMM+RNN extension, which discards the HMM assumptions (Buys

et al., 2018); a traditional Kneser-Ney 5-gram model (Mikolov & Zweig, 2012, Heafield

et al., 2013), a 256 dimension feedforward neural model, and a 2-layer 256 dimension

LSTM.

We compare these with our approach: the very large neural HMM (VL-HMM).

Unless otherwise noted, our model has |Z| = 215 total states but only considers k =

256 states at every timestep at test time withM = 128 groups.4 The state and word

embeddings as well as the MLP have a hidden dimension of 256. We train with a state

dropout rate of λ = 0.5. See the appendix for all hyperparameters.

3.5 Results

Table 3.1 gives the main results. On PTB, the VL-HMM is able to achieve 125.0 per-

plexity on the valid set, outperforming a FF baseline (159.9) and vastly outperform-

ing the 900-state HMM from Buys et al. (2018) (284.6).5 The VL-HMM also outper-

forms the HMM+RNN extension of Buys et al. (2018) (142.3). These results indicate

that HMMs are a much stronger model on this benchmark than previously claimed.

However, the VL-HMM is still outperformed by LSTMs which have been extensively

studied for this task. This trend persists in Wikitext-2, with the VL-HMM outper-
4The 256 dim FF, LSTM, and VL-HMM in particular have comparable computational com-

plexity: O(2562T ).
5Buys et al. (2018) only report validation perplexity for the HMM and HMM+RNNmod-

els, so we compare accordingly.
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Model Param Val Test
Penn Treebank
KN 5-gram 2M - 141.2
AWD-LSTM 24M 60.0 57.3
256 FF 5-gram 2.9M 159.9 152.0
2x256 dim LSTM 3.6M 93.6 88.8
HMM+RNN 10M 142.3 -
HMM |Z| = 900 10M 284.6 -
VL-HMM |Z| = 215 11.4M 125.0 116.0
WikiText
KN 5-gram 5.7M 248.7 234.3
AWD-LSTM 33M 68.6 65.8
256 FF 5-gram 8.8M 210.9 195.0
2x256 LSTM 9.6M 124.5 117.5
VL-HMM |Z| = 215 17.3M 166.6 158.2

Table 3.1: Perplexities on PTB / Wikitext-2. The HMM+RNN and HMM of Buys et al. (2018)
reported validation perplexity only for PTB.

forming the FF model but underperforming an LSTM.

Figure 3.3 examines the effect of state size: We find that performance continuously

improves significantly as we grow to 216 states, justifying the large state space. The

marginal improvement does lower as the number of states increases, implying that

the current approach may have limitations in scaling to even larger state spaces.

Table 3.2 considers other ablations: Although neural and scalar parameterizations

reach similar training perplexity, the neural model generalizes better on validation

with almost 100x fewer model parameters. We find that state dropout results in both

an improvement in perplexity and a large improvement in computational speed. See

the appendix for emission sparsity constraint ablations, as well as experiments on

further reducing the number of parameters.
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Figure 3.3: Perplexity on PTB by state size |Z| (λ = 0.5 andM = 128).

Model Param Train Val Time
VL-HMM (214) 7.2M 115 134 40
- neural param 423M 119 169 14
- state dropout 7.2M 88 157 100

Table 3.2: Ablations on PTB (λ = 0.5 andM = 128) with a smaller model |Z| = 214. Time is
ms per eval batch (Run on RTX 2080). Ablations were performed independently, removing a
single component per row. Removing the neural parameterization results in a scalar parame-
terization.

3.6 Related Work

In order to improve the performance of HMMs on language modeling, several papers

have combined HMMs with neural networks. Buys et al. (2018) develop an approach

to relax HMMs, but their models either perform poorly or alter the probabilistic struc-

ture to resemble an RNN. Krakovna & Doshi-Velez (2016) utilize model combination

with an RNN to connect both approaches in a small state-space model. Our method

instead focuses on scaling pure HMMs to a large number of states.

Prior work has also considered neural parameterizations of HMMs. Tran et al.

(2016) demonstrate improvements in POS induction with a neural parameterization

of an HMM. They consider small state spaces, as the goal is tag induction rather than
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language modeling.6

Most similar to this work are the large HMMmodels of Dedieu et al. (2019). They

introduce a sparsity constraint in order to train a 30K state non-neural HMM for

character-level language modeling; however, their constraint precludes application

to large vocabularies. We overcome this limitation and train models with neural pa-

rameterizations on word-level language modeling.

Finally, another approach for scaling state spaces is to grow from small to big via

a split-merge process (Petrov et al., 2006, Huang, 2011). In particular, Huang (2011)

learn an HMM for language modeling via this process. As fixed-size state spaces are

amenable to batching on modern hardware, we leave split-merge procedures for fu-

ture work.

3.7 Conclusion

Our method demonstrates that we can effectively scaling HMMs to large state spaces

on parallel hardware, and results in accuracy gains compared to other HMMmod-

els. In order to scale, we introduce three techniques: a blocked emission constraint, a

neural parameterization, and state dropout, which lead to an HMM that outperforms

n-gram models and prior HMMs. Once scaled up to take advantage of modern hard-

ware, very large HMMs demonstrate meaningful improvements over smaller HMMs.

HMMs are a useful class of probabilistic models with different inductive biases, per-

formance characteristics, and conditional independence structure than RNNs.

The success of scaling HMMs for language modeling motivates the next chapter,
6Other work has used neural parameterization for structured models, such as dependency

models (Han et al., 2017), hidden semi-Markov models (Wiseman et al., 2018), and context
free grammars (Kim et al., 2019).
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which introduces a more general constraint that applies to a wider class of state track-

ing models for language modeling.
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4
Low-Rank Constraints for Fast
Inference in Structured Models

4.1 Introduction

The second stop in our exploration of state tracking representations extends the pre-

vious section’s exploration of language modeling representations to a more general

class of representations. The emission sparsity assumption of the previous chapter is

limited to shallow models such as hidden Markov models (HMMs) and does not ex-

tend to hierarchical latent representations such as trees. In this chapter, we propose a

low-rank constraint that applies to a wide class of language models with intepretable

state tracking representations. The constraint applies not only to HMMs, but also ex-
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tends to hierarchical state tracking representations afforded by hidden semi-Markov

models (HSMM) and probabilistic context-free grammars (PCFG).

Hierarchical state tracking representations are more expressive than shallow ones,

but the increased expressivity comes at a cost. Inference with hierarchical representa-

tions is computationally expensive – while inference in HMMs is quadratic, inference

in PCFGs is cubic which limits the ability to reach a massive scale. Promisingly, recent

work has shown that in specific situations these models can be scaled, and that the

increased scale results in commensurate improvements in accuracy – without sacri-

ficing the ability to perform exact inference (Dedieu et al., 2019, Chiu & Rush, 2020b,

Yang et al., 2021b).

In this chapter, we propose an approach for improving the runtime of a large class

of structured latent models by introducing a low-rank constraint. We target the family

of models where inference can be formulated through a labeled directed hypergraph,

which describes a broad class of dynamic-programming based inference (Klein &

Manning, 2004, Huang & Chiang, 2005, Zhou et al., 2006, Javidian et al., 2020, Chi-

ang & Riley, 2020). We show how under low-rank constraints these models allow for

more efficient inference. Imposing a low-rank constraint allows for a key step of infer-

ence to be rewritten as a fast matrix-vector product. This approach is also inspired by

recent advances in computationally efficient neural attention attention (Katharopou-

los et al., 2020, Peng et al., 2021, Choromanski et al., 2020), a significantly different

task and formulation, that rewrites matrix-vector products as fast low-rank products

using approximate kernel techniques.

We evaluate this approach by learning low-rank structured models for the tasks of

language modeling, polyphonic music modeling, unsupervised grammar induction,

and video modeling. For these tasks we use a variety of models including HMMs,
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PCFGs, and HSMMs. As the application of low-rank constraints is nontrivial in high-

dimensional structured models due to reduced expressivity, we demonstrate effec-

tive techniques for overcoming several practical challenges of low-rank parameter-

izations. We find that our approach achieves very similar results to unconstrained

models at large state sizes, while the decomposition allows us to greatly increase the

speed of inference. Results on HMMs show that we can scale to more than 16,000

states; results on PCFGs achieve a significant perplexity reduction from much larger

state spaces compared to past work (Kim et al., 2019); and results on HSMMs show

that our formulation enables scaling to much larger state spaces for continuous emis-

sions (Fried et al., 2020).

4.2 Background: Latent Structure and Hypergraphs

We consider the problem of modeling a sequence of observations p(x) = p(x1, . . . , xT ).

These observations can range in complexity from the words in a sentence to a series

of co-occurring musical notes, or to features of video frames, and may be discrete or

continuous. We assume these observations are generated by an unobserved (latent)

structured representation z, and therefore model the joint p(x, z). The structure may

be sequential or hierarchical, such as latent trees, and the set of structures Z is com-

binatorial, i.e. exponential in size with respect to the input sentence. In order to train

these models on observations, we must optimize the evidence p(x) =
∑

z p(x, z) by

marginalizing over z. Scaling this marginalization is the focus of this work.

Hypergraphs are a graphical model formalism for structured distributions that

admit tractable inference through dynamic programming (Klein & Manning, 2004,
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Huang & Chiang, 2005, Zhou et al., 2006, Javidian et al., 2020, Chiang & Riley, 2020).1

A labeled, directed, acyclic hypergraph consists of a set of nodes V , a set of hyper-

edges E , and a designated root node S ∈ V . Each node v ∈ V has a collection of labels

Lv. Each hyperedge e ∈ E has a head node u and tuple of tail nodes, v = (v1, . . . , v|e|),

where |e| is the number of tail nodes. For simplicity, we will assume at most 2 tail

nodes v1, v2, and unless noted, a fixed label set L throughout. Each hyperedge e is

associated with a score matrix Ψe ∈ RL×L|e| with a score for all head and tail labels.2

We use the notation [Ψe]zu,(z1,z2) to indicate the score for head label zu and tail labels

z1 and z2. Finally, we assume we have a topological ordering over the edges.

A hypergraph is used to aggregate scores bottom-up through a dynamic program-

ming (belief propagation) algorithm. Algorithm 2 shows the algorithm. It works by

filling in a table vector αv ∈ RL for each node v in order, and is initialized to 1 at the

leaf nodes.3 It returns the sum over latent structures, p(x). Counting loops, the worst-

case runtime complexity is O(|E| × L|e∗|+1) where L = |L| is the size of the label set

and |e∗| the max hyperedge tail size. Algorithm 3 shows the same algorithm in matrix

form by introducing joined tail vectors βv ∈ RL|e| for each group of nodes v. Letting

zv = (z1, z2), the joined tail vector contains entries [β]zv = [αv1 ]z1 [αv2 ]z2 .

To make this formalism more concrete, we show how hypergraphs can be used for

inference in several structured generative models: hidden Markov models, proba-

bilistic context-free grammars, and hidden semi-Markov models. Inference in these
1While the formalism is similar to undirected factor graphs, it allows us to represent more

complex distributions: notably dependency structures with unknown topologies, such as
latent trees.

2This formalism can represent inference in both locally and globally normalized models,
although we focus on local normalization in this work.

3The accumulation of scores is denoted by +←. Multiple hyperedges can have the same
head node, whose scores must be added together.
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Algorithm 2 Hypergraph marginalization (Scalar form)
for u← v1, v2 hyperedge e topologically do

for zu ∈ Lu do
[αu]zu

+←
∑

z1,z2
[Ψe]zu,(z1,z2)
· [αv1 ]z1 [αv2 ]z2

return
∑

z[αS]z

Algorithm 3 Hypergraph marginalization (Matrix form)
for u← v hyperedge e topologically do

αu
+← Ψeβv

return α>S1

examples are instances of the hypergraph algorithm.

Example 4.2.1. Hidden Markov Models (HMM) HMMs are discrete latent sequence

models defined by the following generative process: first, a sequence of discrete latent

states z = (z1, . . . , zT ) with state size L are sampled as a Markov chain. Then each

state zt independently emits an observation xt, i.e.

p(x, z) =
T∏
t=1

p(zt | zt−1) p(xt | zt), (4.1)

where p(zt | zt−1) is the transition distribution, p(xt | zt) the emission distribution,

and p(z1 | z0) is the initial distribution with distinguished start symbol z0.

Given a sequence of observations x = (x1, . . . , xn) we can compute p(x) =
∑

z p(x, z)

using a labeled directed hypergraph, with single-tailed edges, nodes corresponding

to state positions, labels corresponding to states, and emissions probabilities incor-

porated into the scoring matrices Ψ. There are T scoring matrices, Ψt ∈ RL×L, with

entries [Ψt]zt,zt+1 = p(zt+1, xt | zt) corresponding to transitions.4 Algorithm 4 shows
4The left-most scoring matrix for the HMM has entries [Ψ1]z1,z2 = p(z2, x1 | z1)p(z1 | z0).
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Algorithm 4 Hypergraph marginalization for HMMs - Backward
for t← (t+ 1) in right-to-left order do

for zt+1 ∈ L do
[βt+1]zt+1 = [αt+1]zt+1

αt
+← Ψtβt+1

return α>0 1

Algorithm 5 Hypergraph marginalization for PCFGs - CKY
for (i, k)← (i, j), (j, k) in span-size order do

for z1, z2 ∈ Li,j × Lj,k do
[βi,j,k](z1,z2) = [αi,j]z1 [αj,k]z2

αi,k
+← Ψβi,j,k

return α>1,T1

the approach. This requires time O(TL2) and is identical to the backward algorithm

for HMMs.5 //

Example 4.2.2. Context-Free Grammars (CFG) CFGs are a structured model defined

by the 5-tuple G = (S,N ,P,X ,R), where S is the distinguished start symbol, N is

a set of nonterminals, P is a set of preterminals, X is the token types in the vocabu-

lary, andR is a set of grammar rules. Production rules for start, nonterminals, and

preterminals take the following forms:6

S → A, A ∈ N ; A→ B C, B,C ∈ N ∪ P; D → x, D ∈ P, x ∈ X . (4.2)

A probabilistic context-free grammar (PCFG) additionally has a probability measure

on the set of rules. To compute p(x1, . . . , xT ) with a hypergraph, we create one node
5In the case of HMMs, the table vectors αt correspond to the backward algorithm’s β val-

ues.
6We restrict our attention to grammars in Chomsky normal form.
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for each contiguous subspan [i, k) in the sentence. Nodes with i+1 < k have a nonter-

minal label set L = N . Nodes with i + 1 = k have a preterminal label set Li,i+1 = P .

The main scoring matrix is Ψ ∈ RL×L2 , with entries [Ψ]zu,(z1,z2) = p(z1, z2 | zu).7 Al-

gorithm 5 shows how for every hyperedge we join the scores from the two tail nodes

in αi,j and αj,k into joined tail vector βi,j,k ∈ RL2 . As there are O(T 3) hyperedges and

the largest L is of size |N |, the runtime of the algorithm is O(T 3|N |3). This approach

is identical to the CKY algorithm. //

Example 4.2.3. Hidden Semi-Markov Models (HSMM) HSMMs are extensions of

HMMs that allow for generating a variable-length sequence of observations per state.

HSMMs are defined by the following generative process: First, we sample a sequence

of discrete latent states z = (z1, · · · , zK) with a first-order Markov model. Next, we

sample the length of observations under each state from a Poisson distribution lk ∼

Poisson(λzk) truncated at max lengthM . The joint distribution is defined as

p(x, z, l) =
K∏
k=1

p(zk | zk−1) p(lk | zk)
l1+···+lk∏

i=l1+···+lk−1

p(xi | zk), (4.3)

where the sequence length T can be computed as T =
∑K

k=1 lk. In this work, we only

consider modeling continuous xt, so we use a Gaussian distribution for p(xi | zk).

To compute p(x), we marginalize over l, z using dynamic programming similar

to HMMs, except that we have an additional factor ofM : the overall complexity is

O(T ×M × L2) (ignoring the emission part since they are usually not the bottleneck).

We refer to Yu (2010) for more details. //
7We have a separate matrix for terminal production on xwhich we elide for simplicity.
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4.3 Rank-Constrained Structured Models

For these structured distributions, hypergraphs provide a general method for infer-

ence (and therefore training parameterized versions). However, the underlying algo-

rithms scale poorly with the size of the label sets (quadratic for HMM and HSMM,

cubic for CFG). This complexity makes it challenging to scale these models and train

versions with very large numbers of states.

In this section, we consider an approach for improving the scalability of these mod-

els by reducing the dependence of the computational complexity of inference on the

label set size. The main idea is to speed up the matrix-vector product step in infer-

ence by using a low-rank decomposition of the scoring matrix Ψ. In the next section

we show that this constraint can be easily incorporated into parameterized versions of

these models.

4.3.1 Low-Rank Matrix-Vector Products

The main bottleneck for inference speed is the matrix-vector product αu +← Ψeβv that

must be computed for every edge in the hypergraph. As we saw in Algorithm 3, this

step takes time L|e|+1 to compute, but it can be sped up by making structural assump-

tions on Ψe. In particular, we focus on scoring matrices with low rank.

We note the following elementary property of matrix-vector products. If the scor-

ing matrix can be decomposed as the product of two smaller matrices Ψe = UeV
>
e ,

where Ue ∈ RL×N and Ve ∈ RN×L|e| , then the matrix-vector products can be com-

puted in time O(|E| × L|e| ×N) as follows:

Ψeβv =
(
UeV

>
e

)
βv = Ue

(
V >e βv

)
. (4.4)
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Algorithm 6 Low-rank marginalization
for u← v1, v2 hyperedge e topologically do

for n ∈ 1, . . . , N do
[γ]n =

∑
zv

cv [φ(g(z1, z2))]n [βv]zv B O(L|e|)

αu
+← Ueγ B O(LN)

return α>S1

This reordering of computation exchanges a factor of L for a factor of N . When

N � L, this method is both faster and more memory-efficient.

We enforce the low-rank constraint by directly parameterizing the factors Ue and

Ve for scoring matrices Ψe that we would like to constrain. We treat both Ue and Ve as

embedding matrices, where each row corresponds to an embedding of each value of

zu and a joint embedding of (z1, z2) respectively:

[Ue]zu,n = czu [φ(f(zu))]n [Ve](z1,z2),n = cz1,z2 [φ(g(z1, z2))]n, (4.5)

where f and g are embedding functions; czu and cz1,z2 are constants (used to ensure

proper normalization) or clamped potentials (such as conditional probabilities); and

φ : RD → RN+ is a function that ensures nonnegativity, necessary for valid probability

mass functions. Algorithm 6 shows the role of the low-rank matrix-vector product in

marginalization.8

8If the normalizing constants are given by czu , they can be computed from unnormalized
Ũe, Ṽe as follows: czu = [ŨeṼ

>
e 1]zu in time O(L|e|N + LN), and similarly for cz1,z2 .
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4.3.2 Application to Structured Models

As enforcing a low-rank factorization of every scoring matrix limits the expressivity

of a model, we explicitly target scoring matrices that are involved in computational

bottlenecks.9 For these key scoring matrices, we directly parameterize the scoring

matrix with a low-rank factorization, which we call a low-rank parameterization. For

other computations, we utilize a standard softmax parameterization and do not fac-

torize the resulting scoring matrix. We refer to this as a mixed parameterization.

Example 4.3.1. Hidden Markov Models Low-rank HMMs (LHMMs) use the fol-

lowing mixed parameterization, which specifically targets the state-state transition

bottleneck by using a low-rank parameterization for the transition distribution, but a

softmax parameterization for the emission distribution:

p(z1 | z0) ∝ φ(f1(uz0))>φ(vz1)

p(zt | zt−1) ∝ φ(uzt−1)>φ(vzt)

p(xt | zt) ∝ exp(u>ztf2(vxt)),

(4.6)

where uz is the embedding of z when z is used as head, vz its embedding when used

as tail, f1, f2 are MLPs with two residual layers, and feature map φ(x) = exp(Wx).

The MLPs are parameterized following Kim et al. (2019):

fi(x) = gi,1(gi,2(Wix)),

gi,j(y) = ReLU(Ui,jReLU(Vi,jy)) + y,

(4.7)

with i, j ∈ {1, 2}, andWi, Vi,j , Ui,j ∈ RD×D.
9For a discussion of the expressivity of low-rank models compared to models with fewer

labels, we refer the reader to Appendix A of Chiu et al. (2021).
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When performing inference, we treat the emission probabilities p(xt | zt) as con-

stants, and absorb them into cu. This allows inference to be run in time O(TLN),

where T is the length of a sequence, L the size of the label space, and N the feature

dimension. //

Example 4.3.2. Hidden Semi-Markov Models For low-rank HSMM (LHSMM), we

similarly target the transition distribution and keep the standard Gaussian emission

distribution:

p(zk | zk−1) ∝ u>zk−1
vzk , p(xt | zk) ∝ KGauss(uzk ,xt), (4.8)

where uzk−1
= φ(f(zk−1)) and vzk = φ(g(zk)) are state embeddings, whileKGauss(·, ·)

is the Gaussian kernel used to model continuous xt. The total inference complexity is

O(TLMN), whereM is the maximum length of the observation sequence under any

state. //

Example 4.3.3. Context-Free Grammars For PCFGs, the inference bottleneck is re-

lated to the transition from a nonterminal symbol to two nonterminal symbolss (A →

B C), and we specifically parameterize it using a low-rank parameterization:

p(z1,N | S) ∝ exp(u>Suz1,N ), p(zi,j , zj,k | zi,k) ∝


exp(u>zi,kvzi,j zj,k) i+1=j∨

j+1=k

φ(u′zi,k)>φ(vzi,j),zj,k o.w.

p(xi | zi) ∝ exp(u>zivxi),

(4.9)

where uz/u′z is the embedding of z when z is used as head,vx/vz1,z2 is the embedding

of x/(z1, z2) when they are used as tail. We use the same MLP parameterization of

z as in LHMMs, drawn from Kim et al. (2019). Note that we limit the application of
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N

Figure 4.1: An example of a banded matrix with width N , which has N/2 nonzero elements
on both sides of the diagonal for each row.

low-rank constraints to nonterminal to nonterminal productions. These productions

dominate the runtime as they are applied at O(T 3) hyperedges. This allows inference

to be run in time O(T 3L2N), where T is the length of a sequence, L the size of the

label space, and N the feature dimension. //

4.4 Low-rank and Banded HMM Parameterization

The low-rank constraint may be too restrictive in some settings. For example, a low-

rank model is unable to fit the identity matrix, which would have rank L. To over-

come this limitation, we extend the low-rank model while preserving the computa-

tional complexity of inference. We add a set of parameters θ ∈ RL×L which allow

the model to learn high-rank structure. We constrain θ to have banded structure, such

that [θ]zt−1,zt = 0 if |zt − zt−1| > N/2. See Figure 4.1 for an illustration.

With the addition of banded structure, training and inference remain efficient. We

first give the full parameterization of banded and low-rank HMMs, then show the

complexity of training is unchanged. Let band segment Bz = {z′ : |z − z′| ≤ N/2}.
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The transition probabilities are then given by

p(zt | zt−1) =
[θ]zt−1,zt + φ(uzt−1)>φ(vzt)

Zzt−1

, (4.10)

with normalizing constants

Zzt−1 =
∑
zt

[θ]zt−1,zt + φ(uzt−1)>φ(vzt)

=
∑

zt∈Bzt−1

[θ]zt−1,zt + φ(uzt−1)>
∑
zt

φ(vzt).
(4.11)

The normalization constant for each starting state Zzt−1 can be computed in time

O(N).

This allows us to perform inference quickly. We can use the above to rewrite the

score matrix Ψt ∝ θ + UV >, which turns the inner loop of Eqn. 4.4 (specialized to

HMMs) into

αt = Ψtβt+1 ∝ (θ + UV >)βt+1 = θβt+1 + U(V >βt+1), (4.12)

omitting constants (i.e. emission probabilities and normalizing constants). Since θ

is banded, the banded matrix-vector product θβt takes time O(LN). This update,

in combination with the low-rank product, takes O(LN) time total. Each update in

the hypergraph marginalization algorithm is now 3 matrix-vector products costing

O(LN) each, preserving the runtime of inference.
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4.5 Experimental Setup

We evaluate the application of low-rank constraints with four experiments: sequential

language modeling with HMMs, polyphonic music modeling with a large observa-

tion space, hierarchical language modelings with PCFGs, and video modeling with

HSMMs.

Data Our first set of experiments evaluate sequential models on Penn Treebank

dataset (Ptb) (Marcus et al., 1993) for the task of word-level language modeling. We

use the preprocessing from Mikolov et al. (2011). The second set of experiments is

on polyphonic music modeling (Boulanger-Lewandowski et al., 2012). We evalu-

ate on four music datasets: Nottingham (Nott), Piano, MuseData (Muse), and JSB

chorales (JSB). Each timestep consists of an 88-dimensional binary vector indicating

whether a particular note is played. Since multiple notes may be played at the same

time, the effective vocabulary size is extremely large. The third set of experiments use

PCFGs for language modeling, we also use Ptb, but with the splits and preprocessing

used in unsupervised constituency parsing (Shen et al., 2018, 2019, Kim et al., 2019).

The last set of experiments use HSMMs for video modeling, where we use CrossTask

(Zhukov et al., 2019) with 10% of the training data for validation. We follow the pre-

processing steps in Fried et al. (2020) and apply PCA to project features to vectors of

size 200.

Training details For language modeling with HMMs, we experiment with a range

of state sizes, |L| = L ∈
{

210, 211, 212, 213, 214
}, and rank N ∈ {L/2, L/4, L/8}.

For polyphonic music modeling with HMMs, we experiment with states sizes L ∈{
27, 28, 29, 210, 211

}. For language modeling with PCFGs, we use a set of nontermi-
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nals of size |N | ∈ {30, 60, 100} and preterminals of twice the number of nonterminals

|P| = 2|N |. Our smallest setting (|N | = 30, |P| = 60) is the one used in Kim et al.

(2019). For video modeling with HSMMs, we use the same model setting as Fried

et al. (2020), but we don’t constrain states to the predefined states per task, and we

experiment with state sizes L ∈ {26, 27, 28, 29, 210
} and rank N ∈ {24, 25, 26, 27

}.
We utilize the feature map φ(x) = exp(Wx) for the LHMM and LHSMM, and

φ(x) = exp(Wx − ‖x‖22/2) for the LPCFG. We initialize the parameters of feature

maps using orthogonal feature projections (Choromanski et al., 2020), and update it

alongside the model parameters.

We initialize the parametersW , in φ(x) = exp(Wx) and variants, of feature maps

using orthogonal feature projections (Choromanski et al., 2020), and update it along-

side the model parameters during training.

HMM parameters are initialized with the Xavier initialization (Glorot & Bengio,

2010).10 We use the AdamW (Loshchilov & Hutter, 2017) optimizer with a learn-

ing rate of 0.001, β1 = 0.9, β2 = 0.999, weight decay 0.01, and a max grad norm of

5. We use a state dropout rate of 0.1, and additionally have a dropout rate of 0.1 on

the feature space of LHMMs. We train for 30 epochs with a max batch size of 256 to-

kens, and anneal the learning rate by dividing by 4 if the validation perplexity fails to

improve after 4 evaluations. Evaluations are performed 4 times per epoch. The sen-

tences, which we model independently from one another, are shuffled after every

epoch. Batches of sentences are drawn from buckets containing sentences of similar

lengths to minimize padding.

For the polyphonic music datasets, we use the same hyperparameters as the lan-
10For banded experiments, we initialize the band parameters by additionally adding 30 to

each element. Without this the band scores were too small compared to the exponentiated
scores, and were ignored by the model.
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guage modeling experiments, except a state dropout rate of 0.5 for JSB and Notting-

ham, 0.1 for Muse and Piano. We did not use feature space dropout in the LHMMs

on the music datasets. For Nottingham and JSB, sentences were batched in length

buckets, the same as language modeling. Due to memory constraints, Muse and Pi-

ano were processed using BPTT with a batch size of 8 for Muse and 2 for Piano, and

a BPTT length of 128. We use D = 256 for all embeddings and MLPs on all datasets,

except Piano, which due to its small size required D = 64 dimensional embeddings

and MLPs.

For PCFGs, parameters are initialized with the Xavier uniform initialization (Glo-

rot & Bengio, 2010). We follow the experiment setting in Kim et al. (2019) and use the

Adam (Kingma & Ba, 2017) optimizer with β1 = 0.75, β2 = 0.999, a max grad norm

of 3, and we tune the learning rate from {0.001, 0.002} using validation perplexity.

We train for 15 epochs with a batch size of 4. The learning rate is not annealed over

training, but a curriculum learning approach is applied where only sentences of at

most length 30 are considered in the first epoch. In each of the following epochs, the

longest length of sentences considered is increased by 1.

For HSMMs, we use the same initialization and optimization hyperparameters as

Fried et al. (2020): The Gaussian means and covariances are initialized with empirical

means and covariances (the Gaussian parameters for all states are initialized the same

way and they only diverge through training). The transition matrix is initialized to be

uniform distribution for baseline HSMMs, and the transition embeddings are initial-

ized using the Xavier initialization for LHSMMs. The log of Poisson parameters are

initialized to be 0. We train all models for 4 epochs using the Adam optimizer with

initial learning rate of 5e-3, and we reduce the learning rate 80% when log likelihood

doesn’t improve over the previous epoch. We clamp the learning rate to be at least 1e-
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4. We use a batch size of 5 following Fried et al. (2020), simulated by accumulating

gradients under batch size 1 in order to scale up the number of states as much as we

can. Gradient norms are clipped to be at most 10 before updating. Training takes 1-2

days depending on the number of states and whether a low-rank constraint is used.

We use the following hardware for our experiments: for HMMs we run experi-

ments on 8 Titan RTX GPUs with 24G of memory on an internal cluster. For PCFGs

and HSMMs we run experiments on 1 Nvidia V100 GPU with 32G of memory on an

internal cluster.

Baselines and Evaluation The language modeling experiments are evaluated us-

ing perplexity. Baselines are neurally parameterized HMMwith a standard softmax

transition. We also compare to VL-HMM, which makes a strong structural sparsity

assumption on the emission distribution (Chiu & Rush, 2020b). We include for ref-

erence a state-of-the-art language model, the AWD-LSTM (Merity et al., 2017). For

polyphonic music modeling, we compare our LHMM against RNN-NADE (Boulanger-

Lewandowski et al., 2012) which models the full joint distribution of notes as well

as temporal dependencies; as well as autoregressive neural models such as the R-

Transformer (Wang et al., 2019) (as reported by Song et al. (2019)) and an LSTM (as

reported by Ziegler & Rush (2019)); models with latent continuous dynamics such

as the LV-RNN (Gu et al., 2015) and SRNN (Fraccaro et al., 2016); and finally com-

parable models with latent discrete dynamics, the TSBN (Gan et al., 2015) and the

baseline HMM. We evaluate perplexities of our low-rank PCFG (LPCFG) against a

softmax PCFG (PCFG) (Kim et al., 2019). For video modeling, we evaluate the nega-

tive log likelihoods on the test set and compare low-rank HSMMs to softmax HSMMs.
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Figure 4.2: Validation perplexities on Ptb versus model scale.

Figure 4.3: Model speed in seconds per batch.

4.6 Results

Hidden Markov Models for Language Modeling Our main experimental result

is that the low-rank models achieve similar accuracy, as measured by perplexity, as

our baselines. Fig. 4.2 shows that perplexity improves as we increase the scale of the

HMM, and that the performance of our LHMM also improves at the same rate. At

small sizes, the low-rank constraints slightly hinder accuracy; however once the size is

large enough, i.e. larger than 212, LHMMs with 8:1 state-to-rank ratios perform com-
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Model Val Test
AWD-LSTM 60.0 57.3
VL-HMM 128.6 119.5
HMM 144.3 136.8
LHMM 141.4 131.8

Table 4.1: Model perplexities on Ptb. All HMM variants have L = 214 states. Validation and
test perplexities. The LHMM has a state-to-rank ratio 8 : 1.

Model L : N Train Val
HMM - 95.9 144.3
LHMM 8 97.5 141.4
LHMM+band 8 101.1 143.8
LHMM 16 110.6 146.3
LHMM+band 16 96.9 138.8
LHMM 32 108.4 153.7
LHMM+band 32 110.7 145.0

Table 4.2: Model perplexities on Ptb. All HMM variants have L = 214 states. (Left): Valida-
tion and test perplexities. The LHMM has a state-to-rank ratio 8 : 1. (Right): Further experi-
ments with extending the low-rank structure of LHMMs with a banded transition structure.

parably.

Fig. 4.2 also contains speed comparisons between HMMs and LHMMs. A state-to-

rank ratio of 8:1 matches the accuracy of softmax HMMs at larger state sizes and also

gives an empirical speedup of more than 3x at L = 214. As expected, we only see a

speedup when the state-to-rank ratio exceeds 2:1, as we replaced the O(L2) operation

with two O(LN) ones. This implies that the low-rank constraint is most effective with

scale, where we observe large computational gains at no cost in accuracy.

HMMs are outperformed by neural models, and also by VL-HMMs (Chiu & Rush,

2020b) which offer similar modeling advantages to HMMs, as shown in Tbl. 4.2 (left).

This indicates that some aspects of performance are not strictly tied to scale. We posit

54



Figure 4.4: The speed, in seconds per batch, versus accuracy, in perplexity, for HMMs and
low-rank versions over a range of model sizes. As lower is better for both measures of speed
and accuracy, the frontier is the bottom left.

this is due to the problem-specific block-sparse emission constraint in VL-HMMs.

While very effective for language modeling, the VL-HMM relies on a hard clustering

of states for constraining emissions. This is difficult to apply to problems with richer

emission models (as in music and video modeling).

We also perform a rank analysis of the trained HMMs and LHMMs, shown in Ta-

ble 4.3. We estimate rank by counting the number of singular values greater than 1e-

5. Note that the feature dimension N is the maximum attainable rank for the transi-

tion matrix of an LHMM. Although LHMMs often manage to achieve the same val-

idation perplexity as HMMs at relatively small N , the ranks of the transition matri-

ces are much lower than both their HMM counterparts as well as N . At larger state

sizes, the ranks of learned matrices are almost half of their max achievable rank. In-

terestingly, this holds true for HMMs as well, with the empirical rank of the transition

matrices significantly smaller than the number of states.
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Model L N rank(A) rank(O) Val PPL
HMM 16384 - 9187 9107 144
LHMM 16384 8192 2572 7487 141
LHMM 16384 4096 2016 7139 144
LHMM 16384 2048 1559 6509 141
LMM 8192 - 5330 5349 152
LHMM 8192 4096 1604 5113 149
LHMM 8192 2048 1020 4980 153
LHMM 8192 1024 791 5033 161
HMM 4096 - 2992 3388 155
LHMM 4096 2048 1171 3300 154
LHMM 4096 1024 790 2940 156
LHMM 4096 512 507 3186 163

Table 4.3: Ranks and validation perplexities for HMMs and LHMMs. The number of states
is given by L and the dimensionality of the feature space by N . The HMM uses softmax for
the emission, and therefore does not have a value for N . The transition matrix is denoted by
A, and the emission matrix by O. The rank was estimated by counting the number of singular
values greater than 1e-5. Models were trained with 0.1 state and feature dropout.

One potential limitation of all low-rank models is that they cannot learn high-rank

structures with low N . We began to see this issue at a ratio of 16:1 states to features

for large HMMs. To explore the effects of this limitation, we perform an additional

experiment that combines low-rank features with a sparse component. Specifically,

we add an efficient high-rank sparse banded transition matrix. Table 4.2 shows that

combination with the band structure allows for larger ratios than just the low-rank

structure alone, while only adding another operation that costs O(LN).

Hidden Markov Models for Music Modeling We next apply LHMMs on poly-

phonic music modeling. This has a max effective vocabulary size of 288, as multiple

notes may occur simultaneously. Unlike for language modeling, we use a factored
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Figure 4.5: Polyphonic music negative log-likelihoods (NLL), measured in nats. HMM and
LHMM validation performance for various state sizes and state:rank ratios.

Bernoulli emission model, modeling the presence of each note independently. Fig. 4.6

(right) shows that HMMs are competitive with many of the models on these datasets,

including LSTMs. We find that LHMMs achieve performance slightly worse than but

comparable to the unconstrained HMMs overall. Fig. 4.6 (left) shows that the distinc-

tion drops with more states. Both HMMs achieve low negative likelihoods (NLL) on

the datasets with shorter sequences, Nottingham and JSB, but relatively poorer NLLs

on the datasets with longer sequences (Muse and Piano).

Context-Free Grammars For syntactic language modeling on Ptb, our low-rank

PCFG (LPCFG) achieves similar performance to PCFGs, as shown in Table 4.4 (left),

with an improvement in computational complexity. The complexity of inference in

PCFGs models is cubic in the number of nonterminals, so even models with |N | = 30

nonterminals are relatively costly. Our approach achieves comparable results with

N = 8 features. As we scale up the number of nonterminals to |N | = 100, LPCFG

57



Model Nott Piano Muse JSB
RNN-NADE 2.31 7.05 5.6 5.19
R-Transformer 2.24 7.44 7.00 8.26
LSTM 3.43 7.77 7.23 8.17
LV-RNN 2.72 7.61 6.89 3.99
SRNN 2.94 8.20 6.28 4.74
TSBN 3.67 7.89 6.81 7.48
HMM 2.43 8.51 7.34 5.74
LHMM 2.60 8.89 7.60 5.80

Figure 4.6: Polyphonic music negative log-likelihoods (NLL), measured in nats. (Left):
HMM and LHMM validation performance for various state sizes and state:rank ratios.
(Right): Test-set NLLs for polyphonic music. The HMMmodels have L = 211 states and
the LHMM has rank N = 29, a 4:1 state:rank ratio.

|N | |P| Model N PPL Secs
30 60 PCFG - 252.60 0.23

LPCFG 8 247.02 0.27
LPCFG 16 250.59 0.27

60 120 PCFG - 234.01 0.33
LPCFG 16 217.24 0.28
LPCFG 32 213.81 0.30

100 200 PCFG - 191.08 1.02
LPCFG 32 203.47 0.64
LPCFG 64 194.25 0.81

Table 4.4: Test perplexities and speeds for PCFG models on Ptb. The complexity of PCFG is
O(T 3|N |3), whereas the complexity of LPCFG is O(T 3|N |2N). Speeds are given in seconds
per batch.

stays competitive with a lower computational complexity (since N < |N |). These

experiments also demonstrate the importance of scale in syntactic language models

with more than 50 point gain in perplexity over a strong starting model.

We also analyze the speed of PCFGs in Table 4.4. Once the model is large enough,
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Figure 4.7: The speed, in seconds per batch, versus accuracy, in perplexity, for PCFGs and
low-rank versions over a range of model sizes. As lower is better for both measures of speed
and accuracy, the frontier is the bottom left.

i.e. |N | ≥ 60 nonterminals and |P| ≥ 120 preterminals, the LPCFG is faster than

PCFG. Note that the LPCFG is faster than the CFG even when the number of features

N > |N |
2 , in contrast to the HMM case where a speedup can only be obtained when

N < L/2. This is due to the scoring matrix being rectangular: Recall the low-rank

matrix product Ψβ = U(V >β), where, when specialized to PCFGs, the left-hand side

takes time O(L3) and the right-hand side takes O(L2N + LN). For PCFGs, the term

V >β dominates the runtime. This contrasts with HMMs, where both V >β and the

subsequent multiplication by U take the same amount of time, O(LN). We show the

frontier in Figure 4.7.

Hidden Semi-Markov Models for Video Modeling Table 4.4 (right) shows the re-

sults of video modeling using HSMMs. In addition to using a different hypergraph

for inference, these experiments use a continuous Gaussian emission model. By re-

moving the state constraints from tasks, our HSMM baselines get better video-level

NLLs than that from Fried et al. (2020) at the cost of more memory consumption.
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Model L N NLL Secs
HSMM11 151 - 1.432e5 -
HSMM 26 - 1.428e5 0.78
HSMM 27 - 1.427e5 2.22
HSMM 28 - 1.426e5 7.69
LHSMM 27 27 1.427e5 4.17
LHSMM 28 26 1.426e5 5.00
LHSMM 29 25 1.424e5 5.56
LHSMM 210 24 1.423e5 10.0

Table 4.5: Negative log likelihoods (NLL) per video and speeds for HSMMmodels on
CrossTask. We cannot train HSMMs beyond 28 states due to GPU memory constraints, but
we can train LHSMMs with up to 210 states. Speeds are given in seconds per batch.

Due to GPU memory constraints, we can only train HSMMs up to 28 states. However,

the low-rank parameterization allows models to scale to 210 states, yielding an im-

provement in NLL. Absolute results could likely be improved with more states and

by an improved emission parameterization for all models.

4.7 Related Work

Similar to our work, other approaches target matrix or tensor operations in inference,

and impose structural model constraints to improve computational complexity. Many

of the works on HMMs in particular take advantage of the transition structure. The

Dense-mostly-constant (DMC) HMM assigns a subset of learnable parameters per

row of the transition matrix and sets the rest to a constant, leading to a sub-quadratic

runtime (Siddiqi & Moore, 2005). Other structures have also been explored, such as

aligning the states of an HMM to underlying phenomena that allows inference to be

sped up (Felzenszwalb et al., 2004, Roweis, 2000). Additionally, other methods take
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advantage of emission structure in HMMs in order to scale, such as the Cloned HMM

(Dedieu et al., 2019) and VL-HMM (Chiu & Rush, 2020b). Compared to these ap-

proaches, our method is more flexible and generic, since it can be applied in a non-

application-specific manner, and even extended with high-rank components (such as

banded structure).

Low-rank structure has been explored in both HMMs (Siddiqi et al., 2009), a gen-

eralization of PCFGs called weighted tree automata (Rabusseau et al., 2015), and

conditional random fields (Thai et al., 2018). The reduced-rank HMM (Siddiqi et al.,

2009) has at most 50 states, and relies on spectral methods for training. The low-rank

weighted tree automata (Rabusseau et al., 2015) also trains latent tree models via

spectral methods. We extend the low-rank assumption to neural parameterizations,

which have been shown to be effective for generalization (Kim et al., 2019, Chiu &

Rush, 2020b), and directly optimize the evidence via gradient descent. Finally, Thai

et al. (2018) do not take advantage of the low-rank parameterization of their CRF

potentials for faster inference via low-rank matrix products, a missed opportunity.

Instead, the low-rank parameterization is used only as a regularizer, with the full po-

tentials instantiated during inference.

Concurrent work in unsupervised parsing uses a tensor decomposition to scale

PCFGs to large state spaces (Yang et al., 2021b). Our low-rank decomposition of the

flattened head-tail scoring matrix is more general, resulting in worse scaling for the

PCFG setting but with wider applicability, as shown by experiments with HMMs and

HSMMs.
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4.8 Conclusion

Our approach improves the scaling of structured, discrete state space models by es-

tablishing the effectiveness of low-rank constraints for hypergraph models. We show

that viewing a key step of inference in structured models as a matrix-vector product,

in combination with a low-rank constraint on relevant parameters, allows for an im-

mediate speedup. Low-rank inference allows us to obtain a reduction in the asymp-

totic complexity of marginalization at the cost of a constrained model. Our approach

applies to a wide class of models, including HMMs, HSMMs, and PCFGs. Through

our experiments on language, video, and polyphonic music modeling, we demon-

strate an effective approach for overcoming the practical difficulty of applying low-

rank constraints in high dimensional, structured spaces by targeting and constraining

model components that bottleneck computation.

An important avenue of future work is to explore constraints that allow models

with fewer independence assumptions to scale, as well as how to automate the design

of interpretable models. The class of models explored in this chapter should be ex-

tended to more accurate and controllable models, as modern autoregressive language

models are accurate but difficult to control.

This chapter concludes our exploration of language modeling. In this chapter and

the last, we show how neural parameterizations coupled with structural constraints

lead to scalable and accurate state tracking with explicit uncertainty over the state.

In the rest of the thesis, we will explore state tracking representations in two more

applications: question answering and dialogue.
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5
HOP, UNION, GENERATE:

Explainable Multi-hop Reasoning
without Rationale Supervision

5.1 Introduction

The next application we consider is question answering (QA), where we explore a

state tracking representation for multi-hop reasoning. Multi-hop reasoning is cen-

tral to question answering. It allows agents to answer questions by retrieving a se-

quence of facts that, when composed, lead to the correct answer. When retrieving

facts, agents must keep track of the already retrieved facts to reason about what infor-
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mation is missing. This chapter proposes a new discrete state tracking representation

tailored to structured information selection for multi-hop reasoning.

In this chapter, we refer to the structured state representation as a rationale – the set

of sentences that lead to the answer. Depending on task specifications, the rationale

can be within a single document, or span across multiple documents. Explainable

multi-hop QA has been extensively studied in the supervised setting, where both ra-

tionale annotations and answer annotations are given. These approaches either apply

multi-task loss functions (Joshi et al., 2020, Groeneveld et al., 2020, DeYoung et al.,

2020) or design specialized network architectures (Tu et al., 2019, Fang et al., 2020).

However, having access to rationale annotations is a strong assumption. In practice,

they are expensive to collect (Geva et al., 2021), less available than answer annota-

tions (Welbl et al., 2018), and can suffer from low agreement rates between annota-

tors (Zhang et al., 2020).

Researchers have thus explored approaches that do not require rationale anno-

tations (Lewis et al., 2020b, Glockner et al., 2020, Atanasova et al., 2022). However,

these previous approaches limit their reasoning to information from 1 or 2 sentences,

and so they cannot be applied in multi-hop scenarios, i.e. QA tasks that require mak-

ing connections between several pieces of information across sentences and across

documents. Additionally, these methods are either restricted to only work for multiple-

choice QA, or restricted to only produce rationales at the document level but not at

the sentence level.

We propose Hop, Union, Generate (HUG), a principled, probabilistic approach

for training explainable multi-hop QA systems without rationale supervision. HUG

overcomes the two-sentence limitation of previous methods by directly reasoning

about rationales as sets of sentences, while also extending rationale prediction to the
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multi-document setting. We show an overview of HUG in Figure 5.1. HUG lever-

ages the naturally hierarchical structure of text and proceeds in three stages – it first

selects the relevant set of documents given the question (Hop); then, it selects a sub-

set of sentences within each of the relevant documents and collects them together

(Union); finally, it generates an answer via a seq2seq model with all the collected

sentences (Generate). The key to multi-hop reasoning in HUG is modeling each se-

lection as an explicit distribution over sets. A probabilistic set distribution compares

non-contiguous and variable size rationales, affording HUG flexibility for rationale

selection.

Training a set-prediction model quickly becomes intractable as the size increases.

We make two algorithmic choices that lead to tractable training for HUG. Treating ra-

tionales as a latent variable requires HUG to marginalize over all possible rationales,

leading to an intractable learning objective. HUG overcomes this issue by perform-

ing sampling in a hierarchical way – it first identifies the most promising documents

and then the most promising sentences within those documents. Second, multi-hop

QA often involves reasoning over long documents, which is challenging due to the

computational complexity of encoding long documents with neural models such as

transformers. To make this encoding efficient, HUG performs computation in the em-

bedding space.

We empirically evaluate HUG on three different multi-hop QA datasets: HotpotQA (Yang

et al., 2018), MuSiQue (Trivedi et al., 2022), FEVER (DeYoung et al., 2020), and Mul-

tiRC (DeYoung et al., 2020). Results show that, for both selecting rationales and pre-

dicting answers, HUG is better than a number of state-of-the-art semi-supervised and

unsupervised methods (Chen et al., 2019, Lewis et al., 2020b, Glockner et al., 2020,

Atanasova et al., 2022) on all of the datasets. We also demonstrate that HUG com-
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Emily Beecham is best known for her role in a television 
series whose second season premiered on what date?

03/09/17seq2seq

(Hop)

(Union)

(Gen)

…

…

…

Figure 5.1: An overview of HUG, which proceeds in three stages. Hop explicitly considers all
possible document sets and selects the most likely document set, Union explicitly considers
all sentence subsets and chooses the most likely sentence subset within each selected docu-
ment, and Generate combines the chosen sentence subsets and generates an answer.

bined with larger language models consistently produces better performance. We

then analyze performance according to different types of multi-hop reasoning and

show that by explicitly modeling multi-hop reasoning, HUG achieves a large im-

provement on the reasoning type that requires bridging entities.

5.2 Generative Multi-Hop QA

In the standard multi-hop QA setting, an example consists of a question x, a set of

documents D, and an answer y. Within D, some documents are relevant to the ques-

tion, while the others are distractors. Explainable multi-hop QA models predict a

rationale z, a minimal set of sentences across the relevant documents, in addition to

predicting the answer y. We show a multi-hop QA example (with distracting docu-

ments omitted) in Figure 5.2.
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x: Emily Beecham is best known for her role in a television series
whose second season premiered on what date?
d1: [1] Emily Beecham is an English-American actress. [2] She is best
known for her role in the AMC television series “Into the Badlands” [3]
In 2011, she received the Best Actress award at the London Indepen-
dent Film Festival.
d2: [4] Into the Badlands is an American television series that premiered
on AMC November 15, 2015 [5] The series features a story about a
warrior and a young boy who journey through a dangerous feudal
land together seeking enlightenment. [6] AMC renewed the show
for a 10-episode second season, which premiered on March 19, 2017. [7]
On April 25, 2017, AMC renewed the series for a 16-episode third
season.’
z: [1], [2], [4], [6]
y: March 19, 2017

Figure 5.2: A QA example. The rationale z used to derive the answer is highlighted in blue
italics, the document-level interaction is highlighted in red boldface, and the sentence-level in-
teraction (i.e., coreference resolution) is highlighted in underline. HUG models dependencies
both between documents and between sentences within a document, thus being equipped
with the capacity to perform multi-hop reasoning.
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5.2.1 Model

We propose the following generative model for multi-hop QA. Given the question x,

we first select a subset of documents d = {d1, d2, . . .} ⊆ D. Next, within each docu-

ment di, we select a subset of sentences zi. Finally, conditioned on the union of sen-

tence sets from each document, z = ∪izi, we generate an answer y. The only assump-

tion we make in the model is that sentence sets are selected independently among

documents. Formally, we write the model as,

p(d, z, y | x) = p(d | x)︸ ︷︷ ︸
Document set selection

∏
i

p(zi | di, x)︸ ︷︷ ︸
Sentence set selection

p(y | z, x)︸ ︷︷ ︸
Answer generation

We refer to p(d|x) as the document set selection model,∏i p(zi|di, x) as the sentence

set selection model, and p(y|z, x) as the answer generation model.

Document Set Selection We select a set of documents d by directly parameterizing

a distribution over all valid document sets. We rely on a document set scoring func-

tion f(d, x), which captures both the relevance of the document set d to the question

x, as well as the dependencies among the documents in the set. The document set

selection model is given by

p(d | x) ∝ exp(f(d, x)).

This distribution is globally normalized over all valid subsets of documents D, requir-

ing the evaluation of the document scoring function f on all valid document subsets.

Document set validity is dataset specific, and is discussed in Section 5.3.
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For efficiency, the document set scoring function f first computes embeddings of

each document in the set d independently, then combines them with a neural network

(MLP). Formally, let emb : V∗ → Rn be an embedding function that maps a sequence

of text to an n-dimension vector, where V is the vocabulary. Let MLP : R3n → R be a

multilayer perception:

MLP(x) = W2ReLU(W1x).

The document set scoring function is given by:

f(d, x) = MLP(emb(d1, x), . . .).

For document pairs, we specialize this to

f(d, x) = MLP([emb(d1, x), emb(d2, x), s(d1, d2)])

where

s(d1, d2) = |emb(d1, x)− emb(d2, x)|.

This can be extended to large document sets:

f(d, x) = MLP
(∑

i

emb(di, x)

)
.

We provide the details of the embedding function below, as part of the sentence selec-

tion model description.

Sentence Set Selection Within each document di, we select zi ∈ P(di), a power

set of all sentences in di. We rely on a sentence set scoring function g(zi, x), similar to
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the document set scoring function, which captures all relationships between selected

sentences and the question. The sentence set selection model is given by

p(zi | di, x) ∝ exp(g(zi, x)),

which is globally normalized over all valid subsets of sentences in the document di.

Computing p(zi | di, x) requires enumerating all sentence subsets, which is in-

tractable. We instead extend the approach of Li et al. (2022), which obtains document

and contextual sentence representations in a single encoding step. We insert a special

[SPC] token at the beginning of each sentence, shown here at positions k1, k2, . . . ,

u = [CLS]{x}[SEP] [SPC] . . . [SPC] . . . .

0 k1 k2

We then obtain sentence subset emb(zi) embeddings by feeding this to an encoder-

only model such as BERT Devlin et al. (2019) and taking the average of the contextual

embeddings of the special tokens corresponding to the sentences in zi:

emb(zi, x) =
1

|zi|
∑
j∈zi

encoder(u)kj .

Finally, we score the average embedding by taking the dot product with a learnable

vector v:

g(zi, x) = vT emb(zi, x).

In practice, encoder methods have a maximum input length that prevents encoding

full documents. To address this limitation, we partition documents into slices ofm
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sentences, wherem is less than the maximum length, and compute the embedding

for each slice individually. We denote a slice for a document d as di:j that starts at the

ith sentence and ends before the jth sentence. Let i ∈ range(0, |d|, p), we approximate

emb(d) by the following aggregation,

emb(d) ≈
⌊
|d|
m

⌋∑
i

emb(di:i+p).

We setm to 3 for HotpotQA, 5 for FEVER, and 9 for MultiRC.

Answer Generation Parameterization of the answer generation model, p(y | z, x), is

done using a sequence-to-sequence model where the question and rational are fed to

an encoder, and that answer is generated. This process is complicated by the fact that

answers can take on different forms, depending on specific QA tasks such as Boolean

QA, multiple-choice QA, extractive QA, and abstractive QA, etc. We can therefore use

a sequence-to-sequence model such as BART Lewis et al. (2020a) and T5 Raffel et al.

(2020), and provide prompt templates for the different variants of the task, given in

the next section.

5.2.2 Training and Inference

To learn an explainable multi-hop QA system, HUG optimizes an approximation of

the marginal likelihood. The marginal likelihood,

L(θ) = log
∑
d,z

pθ(y,z,d | x),

is intractable, as it requires computing p(y | z, x) under the answer generation model

for every valid set of sentences across documents. We instead optimize a top-K Viterbi
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approximation of the marginal likelihood. Given

Sk = arg topk
d

pθ(d | x)

Skd = arg topk
z

∏
i

pθ(zi | di, x),

we use the following approximation of the marginal likelihood as our training objec-

tive:

L(θ) ≈ log
∑
d∈Sk

∑
z∈Skd

pθ(y, z,d | x).

At test time, we must choose the best documents and rationales. Similar to train-

ing, we first choose the most likely pair of documents from S1, then the most likely

rationale from S1
d. Finally, for span-based QA, we generate an answer by performing

greedy search on the answer generation model p(y|z, x); for Boolean QA or multiple-

choice QA, we normalize the answers between different choices and take arg maxy p(y|z, x).

5.3 Experimental Setup

Datasets and Their Representations. We evaluate HUG on four multi-hop QA

datasets: HotpotQA in the distractor setting (Yang et al., 2018), MuSiQue with an-

swerable questions (Trivedi et al., 2022), FEVER (Thorne et al., 2018), and MultiRC (Khashabi

et al., 2018). HotpotQA and MuSiQue are extractive QA datasets that require reason-

ing over multiple Wikipedia documents and identifying a span of text as the answer.

In HotpotQA, each example contains ten candidate documents, and we must identify

exactly two documents (|D| = 2) that are relevant. FEVER is a fact checking dataset

that requires verifying claims made based on Wikipedia articles (|D| = 1). MultiRC is

a multiple-choice QA dataset collected from diverse sources of documents including
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In A claim to be verified is that {x}We have following facts: {z}
Out The claim is thus {supported/refuted}.

BQA In A claim to be verified is that Steve Wozniak designed homes. We have
following facts: Steve Wozniak primarily designed the 1977 Apple II ,
known as one of the first highly successful mass-produced microcom-
puters.

Out The claim is thus refuted.
In Question: {x} [SEP] {z}
Out Answer: {y1} ({correct/wrong}) [SEP] Answer: {y2} ({correct/wrong})

[SEP] ...
MCQ In Question: Name few objects said to be in or on Allan ’s desk. [SEP]

Opening a side drawer, he took out a piece of paper and his inkpot.
Out Answer: Eraser (wrong) [SEP] Answer: Inkpot (correct) [SEP] Answer:

Pen (correct)
In {x} [SEP] {z}
Out {y}

EQA In Which American railroad, located in Southwestern Montana and
Idaho, was backed by the Northern Pacific Railway? [SEP] The
Gilmore and Pittsburgh Railroad (G&P), now defunct, was an Ameri-
can railroad located in southwestern Montana and east-central Idaho.

Out Gilmore and Pittsburgh Railroad

Table 5.1: Seq-to-Seq Prompt templates for QA examples for FEVER as Boolean QA (BQA),
MultiRC as multiple-choice QA (MCQ), and HotpotQA as extractive QA (EQA). Templates
are in purple cells, followed by specific examples in green cells. Template keywords are high-
lighted in red italics.

narrative stories and news articles, and their questions can only be answered by rea-

soning over multiple sentences (|D| = 1). Unlike conventional multi-choice tasks (Lai

et al., 2017, Richardson et al., 2013), MultiRC does not pre-specify the number of cor-

rect answer choices, resulting in a more challenging setting. For FEVER and MultiRC,

we consider the ERASER version (DeYoung et al., 2020), where rationale annotations

are made cleaner and evaluation metrics are provided.

In Table 5.1, we demonstrate how to convert QA examples of these three datasets

to a natural language prompt format (Brown et al., 2020). In FEVER, a claim x needs

to be classified as whether it is supported (1) or refuted (0) given the accompanying
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documents D. For MultiRC, there is a varying number of choices per example, and

an unknown number of the choices is correct; we stack all answer choices attached

with their truth values as outputs to supervise the model. Finally, extractive QA can

naturally be formulated as a text-to-text problem, where the input is x [SEP] z, and

the output is y.

Metrics and Comparison Systems. We compute F1 scores for rationale and docu-

ment selection, and answer prediction. F1 scores for rationales are computed at the

sentence level. Because the three QA datasets are in different formats, F1 scores for

answers are computed differently. For extractive QA, F1 scores are computed at the

token level for the answer spans. For Boolean QA and multiple-choice QA, F1 scores

measure categorical answers.

For each dataset, we compare to (1) state-of-the-art approaches that require no ra-

tionale supervision and (2) at least one fully supervised method (i.e., answers and ra-

tionales available for training). The latter provides an upper bound on performance.

– On HotpotQA and MuSiQue, we compare to a rule-based approaches, BM25, and

RAG (Lewis et al., 2020b) as unsupervised baselines. We note that RAG only per-

forms document-level retrieval, and therefore its current form cannot be directly ap-

plied to identifying sentence-level rationales. We modify RAG to treat a sentence as a

document, and at inference we take the top-3 sentences to be the rationale as it results

in the highest sentence F1 scores. For fair comparison, we parameterize RAG in the

same way as we parameterize HUG. We also consider a semi-supervised approach

– Chain (Chen et al., 2019); they assume no access to gold rationale annotations and

supervise their model on silver rationales produced with external entity taggers. The

fully supervised system we consider is SAE (Tu et al., 2020). Both Chain and SAE use
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RoBERTa-large as sentence encoders.

– On FEVER and MultiRC, we also compare to RAG as an unsupervised baseline

(predicting top-2 sentences for MultiRC, and top-1 sentence for FEVER). Addition-

ally, we consider diagnostics-guided explanation generation (Diagnostics) (Atanasova

et al., 2022) and faithful rationales (Faithful) (Glockner et al., 2020). Both of these

methods have two variants – one trained with rationale supervision (denoted by RS-

*) and the other trained without rationale annotations (denoted by RU-*). On Mul-

tiRC, We also compare to WT5 (Narang et al., 2020).

Implementation and Hyperparameters. We test HUG with language models of both

small and large sizes. For the small version (HUG-Small), we use distilBERT (Sanh

et al., 2019) as the encoder and BART-base as the seq2seq model. For the large version

(HUG), we use RoBERTa-large as the encoder and BART-large as the seq2seq model.

We only test RAG in the small version.

We implement HUG with Hugging Face Transformers (Wolf et al., 2020). We per-

form grid search with learning rates {5e-6, 1e-5, 2e-5} and batch sizes {2,4,8,16} for

both HUG and RAG. We train our system for 3 epochs for HotpotQA and 5 epochs

for the other three datasets. We warm up the learning rate with first 10% examples.

We choose the checkpoint that has the highest answer F1 score on the validation set.

We consider rationales up to four sentences for HotpotQA and rationales up to three

sentences for the other datasets. Finally, we take S10 and S9
d for HotpotQA and S80

d

for MultiRC. Because we remove rationales whose sentences are not contiguous in

FEVER, we are able to compute the exact likelihood without top-k sampling.
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HotpotQA MuSiQue
#Params Sent F1 Ans F1 Sent F1 Ans F1

BM25 - 40.5 - 12.9 -
RAG-Small 221M 49.0 62.8 32.0 24.2
HUG-Small 221M 67.1 66.8 34.2 25.1
HUG 761M 72.5 73.5 44.4 39.1
Chain (semi-supervised) 355M 64.5 66.0 - -
SAE (supervised) 790M 87.4 80.8 75.2 52.3

Table 5.2: Performance comparison on predicting rationales and answers on HotpotQA and
MuSiQue.

FEVER MultiRC
#Params Sent F1 Ans F1 Sent F1 Ans F1

RU-Faithful 110M 83.8 90.6 27.5 67.7
RU-Diagnostics 110M 56.1 - 38.1 -
RAG-Small 221M 80.7 92.0 44.9 70.0
HUG-Small 221M 81.5 91.6 48.4 74.3
HUG 761M 84.1 94.3 55.6 75.5
RS-Faithful (supervised) 110M 91.4 91.1 46.1 67.4
RS-Diagnostics (supervised) 110M 94.4 89.7 79.4 71.7

Table 5.3: Performance comparison on predicting rationales and answers on Eraser-FEVER
and Eraser-MultiRC. HUG has more parameters due to its use of a seq2seq model for answer
generation.

5.4 Results

HotpotQA. We summarize the results on HotpotQA in Table 5.2. HUG-Small out-

performs the best unsupervised approach RAG-Small by 18 sentence F1 points, demon-

strating superior multi-hop reasoning abilities. HUG-Small, despite having fewer

parameters, outperforms the semi-supervised Chain on predicting rationales and

is comparable to Chain on predicting answers. While Chain explicitly exploits the
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heuristics used in the data collection process for HotpotQA, HUG-Small is able to

learn such heuristics in a fully automatic way. Finally, the gap between HUG and

SAE, a fully supervised method that is given both rationale and answer annotations,

remains large.

MuSiQue. Table 5.2 shows that HUG-Small is better at both identifying rationales

and predicting answers than RAG-Small, the best-performing unsupervised baseline.

Due to the difficulty of MuSiQue, it is harder for an unsupervised method to learn to

select rationales – the gap between the supervised method and the best unsupervised

method on this dataset is greater than the gap on HotpotQA.

FEVER We summarize the results on FEVER in Table 5.3. In terms of selecting ra-

tionales in an unsupervised manner, HUG-Small outperforms RU-Diagnostics, per-

forms similarly to RAG-Small, and underperforms RU-Faithful by a small margin.

Because FEVER mostly only requires single-hop reasoning, HUG-Small does not im-

prove over the previous methods. On predicting answers, HUG-Small outperforms

RU-Faithful but underperforms RAG-Small. Compared to the supervised versions

of RS-Diagnostics and RS-Faithful, which have access to both the answers and ratio-

nales during training, the gap between HUG-Small’s and their rationale scores (sen-

tence F1) understandably remains large.

MultiRC Table 5.3 shows that HUG-Small outperforms all comparison models in-

cluding RAG-Small – the best competing approach without rationale supervision – by

3.5 sentence F1 points and 4.3 answer F1 points.
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Sent F1 Doc F1 Ans F1

Comparison HUG-Ind 78.9 92.9 64.8
HUG 78.1 91.1 69.7

Bridge HUG-Ind 55.2 68.6 71.6
HUG 71.0 87.3 75.7

Combined HUG-Ind 60.0 73.4 69.1
HUG 72.5 88.0 73.5

Table 5.4: Rationale selection performance broken down by different types of reasoning.

Scaling HUG to Larger Models. On all three datasets, by increasing the number of

model parameters, HUG can consistently achieve better performance. Additionally, as

the number of reasoning hops increases, HUG can more benefit from the larger lan-

guage models – compared to HUG-Small, HUG has the least improvement on FEVER

and had the most improvement on MuSiQue.

5.5 Analysis

Document Dependencies HUG explicitly models the dependencies between docu-

ments for multihop reasoning. We consider independent document selection 1 to see

whether modeling document dependency is necessary for HotpotQA.

To understand how document modeling impacts rationale selection performance,

we break the performance down by the reasoning types proposed in Yang et al. (2018):
1For independent document selection, we train a different document selection model that

factors as
p(d | x) =

∏
d∈d

p(d | x).

Exact marginalization of d, z is still intractable. We thus only marginalize over S5 and S5d. At
inference, we choose

d = arg topk
d

p(d | x),

where k is the number of documents pre-specified by the task.
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comparison-based reasoning and bridge-based reasoning. In comparison-based rea-

soning, relevant documents independently contribute to the answer, whereas for

bridge-based reasoning, relevant documents require connections to previously se-

lected documents. Table 5.4 summarizes answer F1 scores, document F1 scores, and

sentence F1 scores. While HUG-Ind is slightly better at comparison-based reasoning

than the joint model, it fails at bridge-based reasoning; this result thus confirms the

necessity of modeling the dependency between documents. We also note that HUG-

Ind and HUG have similar performance in predicting answers, but the gap between

how accurate they select rationales is large, suggesting that HUG-Ind often derives

answers with wrong reasoning. Overall, HUG is better than HUG-Ind at both pre-

dicting answers and selecting rationales.

In addition to the quantitative analysis, we also qualitatively compare the two mod-

els in Figure 5.3. When considering paragraphs independently, documents A and C

share the most entities with the question (i.e., Copsi, earl of Northumbria, and Two

Rivers), so they are more likely to lead to the answer. However, the correct docu-

ments are A and B. Deriving B not only depends on the question but also further re-

quires knowing the information from A. Therefore, while having the independent

document selection model can improve efficiency because it only performs one-step

reasoning, the joint document selection model is necessary when reasoning steps de-

pend on one another.

Role of Answer Generation HUG uses a generative model (BART) to parameterize

p(y | z, x). An alternative approach would be to use a classification model such as

RoBERTa (Liu et al., 2019a) to predict answers for FEVER and MultiRC (HotpotQA

requires a generative model).
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Q: When Copsi was made earl of Northumbria he went to
reside in a town at the confluence of which two rivers?
Document A, Copsi:
Copsi survived Tostig’s defeat at Stamford Bridge, and when
William the Conqueror prevailed at Hastings he travelled, in
March 1067, to pay William homage at Barking (where William
was staying while his tower was being constructed in London).
In return, William made Copsi earl of Northumbria and sent him
back to York.
Document B, York:
York is a historic walled city at the confluence of the rivers Ouse and
Foss in North Yorkshire, England. The municipality is the tradi-
tional county town of the historic county of Yorkshire to which
it gives its name.
Document C, Two Rivers Press:
Two Rivers Press is an independent publishing house, based in
the English town of Reading. Two Rivers Press was founded in
1994 by Peter Hay (1951–2003).
A: Ouse and Foss

Figure 5.3: A HotpotQA example where there is a dependency between two supporting docu-
ments, and thus selecting the second document independent of the first one results in insuffi-
cient information. Correct rationale is highlighted in blue italics. Entity overlaps between ques-
tions and documents are in red boldface. HUG-Ind’s predicted Documents B and C, whose
reasoning remains at the surface level as they share the most entities with the question. HUG
predicted Documents A and B, which demonstrates its ability of understanding dependency
between documents.

Interestingly, Table 5.5 shows the choice of answer model significantly impacts the

ability of HUG to learn a rationale model. On FEVER, where claims cannot be ver-

ified without the corresponding rationales, BART and RoBERTa perform similarly.

However, on MultiRC, where questions can often be answered without information in

accompanying documents, the best Generative model outperforms the best Classifica-

tion model by over 32 sentence F1 points.

Figure 5.4 shows an example of such a question where the answers can be guessed

by the classification model using commonsense knowledge to reason about law. Gen-
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Answer Model Pred Type FEVER MultiRC
Sent F1

BART Generate 81.5 48.4
RoBERTa Classify 82.0 20.0

Table 5.5: Comparison on sentence F1 scores between different parameterization choices of
P (y | z, x).

Q: What did the judge tell Mr. Thorndike about the law?
A1: Cannot be swayed by wealth or political influences.
A2: The law is not vindictive.
A3: It was not vindictive.
A4: It was unjust.
A5: It was vindictive.
A6: The judge told Mr. Thorndike that the law is not vindictive.
He said the law only wishes to be just. Judge said the law cannot be
swayed by wealth or political influences.

Figure 5.4: A test example from MultiRC that can be answered with commonsense reason-
ing and thus requires no accompanying documents. Correct answers are highlighted in blue
italics.

erative models need to assign a high probability to every token in the answer, and we

hypothesize that they make better use of the answer supervision.

HUG Faithful Ratio
Training 11,544.2 444.0 26
Inference 39.0 3.9 10

Table 5.6: Runtime comparison (in seconds). HUG uses 80 rationale samples at training time,
and the argmax rationale at inference.

Speed evaluation. While HUG obtains strong sentence F1 scores, training is more

expensive because the model must consider a set of rationales for every example. In

particular, the answer model p(y | z, x) must be run for every sampled z for each
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training example. At inference, the answer model requires only a single evaluation of

p(y | z, x) for arg maxz p(z | x). We empirically measure the runtime overhead of

HUG compared to Faithful on MultiRC, using 80 samples of z at training time. We

report the total training time and inference time in Table 5.6. Compared to Faithful,

HUG takes longer to train and to predict.

5.6 Related Work

Explainable methods for multi-hop QA. Active research has been devoted to col-

lecting human rationales for a wide range of QA tasks; a recent survey has identified

65 datasets that provide explanation annotations Wiegreffe & Marasovic (2021). The

appearance of such datasets has enabled rapid progress in supervised methods for

extracting reasoning chains; we refer readers to Thayaparan et al. (2020) for a com-

prehensive survey. While these supervised methods such as Qi et al. (2019) have

achieved tremendous success on retrieving rationales, even in the open-domain set-

ting 2, they can only be applied when rationale annotations are available. However,

such annotations do not always exist – Welbl et al. (2018) and Yu et al. (2022) pro-

pose two complex reasoning datasets that do not have rationale annotations. In these

cases, we need unsupervised rationale selection methods to still build explainable QA

systems.

Other works have explored multi-hop QA with only answer supervision but not

rationale supervision. As in our work, Retrieve and Generate (RAG) Lewis et al.

(2020b), treats the rationale as a latent variable; however, in RAG the open retrieval-

stage is to find a single document, ignoring the connections between different docu-
2While we only consider the distractor QA setting in this work, HUG can be combined

with a rule-based retrieval system such as BM25 to be adapted to the open-domain setting.
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ments. RAG also does not produce sentence-level rationales. Other works consider

sentence rationales: Glockner et al. (2020) compute a score for every sentence pair

and pick the sentence pair that has the highest score as the rationale for answer pre-

diction, and Atanasova et al. (2022) perform binary classification on whether individ-

ual sentences are included in the rationale with added constraints such as consistency

and faithfulness. The shared limitation of these methods is that they do not capture

the dependency between more than two pieces of information. HUG overcomes this

limitation by performing multi-hop reasoning as document set prediction and sen-

tence set prediction.

Outside of unsupervised methods, Chen et al. (2019) propose a semi-supervised

method which collects silver rationale annotations. However, their method is limited

to bridge-based questions, which is only one form of multi-hop reasoning; the other

types can be found in Trivedi et al. (2022).

Rationales as latent variables. A focus for rationale methods in NLP outside of

multi-hop QA has been identifying subsets of input tokens to justify decisions. For

text classification, Lei et al. (2016), Bastings et al. (2019), and Chen & Ji (2020) frame

rationales as minimal subsets of input tokens. For multi-hop QA, where input tokens

are too granular a representation for rationales, treating sentences as rationales within

long documents leads to the challenges of hierarchical selection and the representa-

tion of long documents; both of which we address with HUG.

Outside of using input tokens for rationales, Zhou et al. (2020) assume rationales

take the form of unconstrained text. While flexible, this approach leads to computa-

tionally expensive training methods. Therefore, we constrain rationales to be a set of

sentences from given documents, which both accommodates the production of useful
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intermediate reasoning steps and keeps training tractable.

Unsupervised retrieval. A task closely related to our setting (i.e., no access to ratio-

nale supervision) is unsupervised retrieval, which searches for sentences relevant to

the questions but does not predict answers. For example, one could apply Yadav et al.

(2019), Yadav et al. (2020), Zhao et al. (2021) and Xu et al. (2021) to first identify the

rationale for a multi-hop QA example and predict an answer based only on the ratio-

nale rather than on the entire document, so that the answer prediction is more con-

strained. However, HUG may be preferred over these unsupervised retrieval methods

because they assume specific types of QA formats Xu et al. (2021), but HUG works

on any type of QA problems, and 2) while other works also propose to model ratio-

nales as a latent variable, we additionally introduce the hierarchical structure in our

probabilistic model, enabling efficient inference.

5.7 Conclusion

In this chapter, we presented HUG, a method for question answering with structured

state tracking representations, where the state representations explicitly selected sets

of supporting evidence. Experimental results demonstrate that HUG outperforms

other state-of-the-art methods that do not rely on rationale labels. An important fu-

ture direction would be to scale this process up, allowing both retrievers and genera-

tors to reason over the state of the evidence gathered so far.

This chapter concludes our study of question answering. In the next chapter, we

will study our final application of state tracking: dialogue.
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6
Modeling Perspective-Dependent

Ambiguity in Collaborative Dialogue

6.1 Introduction

The final state tracking application we study is dialogue, where the state representa-

tion must summarize the information exchanged so far. This chapter proposes a state

tracking representation that explicitly captures ambiguity in a visually grounded dia-

logue.

Ambiguity is a key impediment to collaborative dialogue that makes linguistics

actions, such as reference resolution and generation, difficult to execute. One cause

of ambiguity in rounded settings is differences in perspectives (Brown-Schmidt &
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A: I have one large black dot by itself. Do you have it?
P: Yes, I do have that.
A: Let’s pick that one.
P: <select> red
A: <select> blue

Figure 6.1: An example of perspective-dependent ambiguity from a dialogue agent and hu-
man partner playing OneCommon, taken from the evaluation of Fried et al. (2021). The play-
ers have different but overlapping circular views of a shared board, which contains dots of
different shades, shapes, and sizes. The agent and partner must collaborate through dialogue
in order to find and select a shared dot. This dialogue ends in failure, as the agent and partner
did not account for perspective-ambiguity and prematurely selected different dots.

Hanna, 2011). Agents that incorrectly assume their partner shares their perspective

may make errors in reference generation and resolution. We refer to ambiguity in-

duced by different perspectives as perspective-dependent ambiguity.

Figure 6.1 provides an example from OneCommon, a collaborative reference game

with a high degree of perspective-dependent ambiguity (Udagawa & Aizawa, 2019).

An agent and partner are given different but overlapping views of a game board and

must jointly identify a shared dot through dialogue. Perspective dependent ambi-

guity stems from the different but overlapping views, and the degree of ambiguity
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depends on the number of overlapping dots. In this example, the agent’s description

(one large black dot) is specific in their view, but actually resolves to a different dot in

their partner’s view — unknown to both the agent and partner. The incorrect reso-

lution and confirmation have an immediate irrevocable consequence: The agent and

partner select different dots, failing the game.

This false positive confirmation results from an egocentric heuristic (Keysar et al.,

2000). Agents utilizing an egocentric heuristic resolve referring expressions based

mainly on their own perspective, failing to account for the fact that the perspectives

have partial overlap and there are unshared items which cannot be observed by the

agent. While cognitively cheap, the egocentric heuristic can lead to systemic errors.

Such errors are more pronounced with larger differences in perspectives, resulting in

larger degrees of perspective-dependent ambiguity. Errors of this form can result in

irrevocable mistakes that do not get corrected in follow-up interactions (Keysar et al.,

2000).

In this work, we propose a dialogue planner that infers the partner’s perspective

through symbolic state tracking. Our approach centers on a partner model that pre-

dicts the partner’s response given a question from the agent and the partner’s un-

observed perspective, modeled in our probabilistic state tracking framework. The

partner model reasons explicitly over shared and unshared aspects of the partner per-

spective, marginalizing over the unshared aspects. The agent uses the partner model

to plan symbolically, asking maximally informative questions by maximizing the ex-

pected information gain with respect to the latent partner perspective. After observ-

ing the partner’s response to the utterance, the agent uses the partner model to con-

servatively update its belief over shared perspective.

Experiments show that planning through the partner model outperforms a state-
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of-the-art fully supervised dialogue agent (Fried et al., 2021). The supervised ap-

proach chooses plans based on an egocentric heuristic, and is limited by the strate-

gies demonstrated in its training data. When applied to OneCommon, our approach

utilizes richer plans than those demonstrated by humans and achieves a symbolic1

selfplay success rate of 85.2%, a large improvement over the prior state-of-the-art lan-

guage selfplay success rate of 62.4% (Fried et al., 2021).

6.2 Related work

Perspective in common ground The study of perspective and its influence on com-

mon ground, the shared knowledge between dialogue agents, has its roots in prag-

matics and linguistics (Stalnaker, 1970, Clark & Marshall, 1981, Clark et al., 1983).

Behavioural experiments studying the egocentric heuristic found that it can lead to

irrevocable errors in human studies (Keysar et al., 2000). Computational work by Liu

et al. (2021) and Doğan et al. (2020) utilize perspective to generate and understand

referring expressions in a fully shared environment, but from different locations. In

contrast to these works, where the perspective of the partner is known and condi-

tioned on, in our setting the partner perspective is inferred and the environment is

partially shared between partners.

Perspective captures more than just spatial properties. Partner capability was con-

sidered in the context of reference games (Corona Rodriguez et al., 2019), where part-

ner capabilities such as color-blindness were inferred in a single-turn visual reference

game. While their approach did not model partner perspectives, we propose to di-

rectly model the partner perspectives as a latent variable.
1Symbolic selfplay for OneCommon allows agents to directly communicate the symbolic

representation of plans instead of describing them in natural language.
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Informative question generation Work in question generation formulates information-

seeking conversation as a partially observable Markov decision process. There is one

information seeker and one information holder. Methods use a single-turn partner-

model heuristic to generate questions (Rao & III, 2018, Yu et al., 2019). In this setting,

the unobserved target referent is the only source of partial observability, meaning that

information exchanged is reliable up to errors in language. In contrast, the different

perspectives in OneCommon and resulting perspective-dependent ambiguity have a

large effect on communication, often turning unambiguous utterances in the agent’s

perspective into ambiguous ones for the partner.

Task-oriented dialogue Task-oriented dialogue often uses multi-turn model-based

planning. Here planning is performed in the space of language via rollouts or tree-

search (Lewis et al., 2017, Yarats & Lewis, 2017, Shridhar & Hsu, 2018, Jang et al.,

2020). While we use a single-turn planning heuristic, our focus on improving part-

ner models is complementary to multi-turn planning and can be combined in future

work.

Reference generation There is a long line of work on referring expression gener-

ation (Heeman & Hirst, 1995, Dale & Reiter, 1995, Jordan & Walker, 2005, Krahmer

& van Deemter, 2012, Takmaz et al., 2020, inter alia), particularly in grounded set-

tings (Dale & Viethen, 2009, Mao et al., 2016, Yu et al., 2017, Takmaz et al., 2020, in-

ter alia). The OneCommon (Udagawa & Aizawa, 2019) dialogue setting poses chal-

lenges for generation due to its partial observability and the non-identical views of

its participants. Our method is most closely related to the state-of-the-art approach

to OneCommon (Fried et al., 2021) which forms the backbone of our method. We fo-
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cus on relaxing the egocentric assumptions of this method by incorporating symbolic

information-seeking planning and generation.

6.3 Partner Modeling in Reference Games

Collaborative reference games pair an agent and a partner in order to agree on a

shared object through natural language dialogue. At each turn, the agent or part-

ner may decide to terminate the game and make a selection. Once either the agent or

their partner terminates, the other player must also act (without observing the other’s

choice). If both agent and partner agree, both win; otherwise, both fail.

Our approach to reference games separates planning of utterances (choosing what

to talk about) from surface realization (choosing how to say it). At each turn, our

agent produces an utterance plan x by using a partner model, which simulates the part-

ner’s possible responses, y, given their hidden perspective, z. The agent uses the part-

ner model to infer the partner’s perspective and predict the partner’s responses to the

agent’s plans. We first give an overview of the partner model and planning procedure

in this section.

Partner modelWe model the partner’s perspective as a latent variable, infer the value

for this variable over the course of a game, and use it to plan generation. This con-

trasts with a typical egocentric heuristic, as used in Fried et al. (2021), which assumes

the partner’s perspective is identical to the agent’s.

The partner model predicts a distribution over the partner response y given the

agent plan x under the latent shared perspective z, and decomposes as:

p(y | x) =
∑
z

p(y | x, z)p(z).
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Planning The agent uses the partner model to plan what to say next, by choosing

the plan x that maximizes the expected information gain (Lindley, 1956) about the

shared perspective z, defined as

argmax
x

H[z]− Ey|x [H[z | x, y]] ,

where H[z] is the entropy of the prior2 and H[z | x, y] the posterior, which requires

marginalizing over z.

Belief update After observing the partner response y, the agent updates its belief p(z)

over the shared with Bayes’ rule:

p(z | x, y) = p(y | x, z)p(z)/
∑
z

p(y, z | x)

This is performed iteratively after each turn, and requires marginalizing over possible

shared perspectives.

Selection After gathering information through planning and incorporating informa-

tion through belief updates, the agent must decide when it has built enough common

ground, collaboratively identifying a shared dot with its partner. We set a threshold

on the belief entropy, H[z], which determines when the agent should transition from

information gathering to ending the game.

6.4 Planning in OneCommon

We focus on applying partner modeling to OneCommon (Udagawa & Aizawa, 2019),

which represents a class of collaborative reference games (He et al., 2017, Haber et al.,
2The prior entropy H[z] in the definition of information gain is constant with respect to the

plan x, and can be dropped from the objective.
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2019) where only a subset of each player’s perspective is shared, resulting in perspective-

dependent ambiguity.

In OneCommon, the agent’s known perspective D consists of 7 dots in its view.

Each dot has a set of features: size, color, and position in the 2D plane. All features

are continuous. The main challenge of the game is that the partner perspective is

also a view of 7 dots, Between 4–6 of those dots are shared with the agent perspec-

tive which we denote as the shared perspective z. Additionally there are a set of un-

shared dots u the fill out the partner perspective. An example is given in Figure 6.2.

Note that a smaller number of shared dots increases the likelihood that plans get mis-

resolved to unshared dots, increasing perspective-dependent ambiguity.

The agent communicates with the partner by producing an utterance plan, x, which

it then describes in natural language. This plan is a subset of the dots in the agent

view, x ⊆ D, that the agent will ask the partner about. The partner gives a response

y to the plan x, given their perspective z. In OneCommon, the partner responds in

natural language; however, the partner model only models the partner response as a

confirmation y ∈ {yes,no}, obtained by classifying natural language responses.

Exact planning is intractable because the objects in the partner perspective have

continuous-valued features. In this section, we describe simplifying assumptions for

the partner model and inference procedure that make planning tractable.
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u

z

D x

Do you have a triangle of one gray dot ...
y = No

Figure 6.2: In OneCommon, the agent’s perspective D is represented by the large blue circle,
and the partner’s unobserved perspective by the red. The shared dots z are in both perspec-
tives, while the unshared dots u are only in the red circle. The agent plan x is given by the
dots in the box, and also described in language. The partner response y is a binary confirma-
tion.

6.4.1 Partner model

We build a partner model by factoring the shared perspective z and partner response

y as illustrated in Figure 6.2. Formally,

p(y | x) =
∑
z

p(y | x, z)p(z)

=
∑
z,u

p(y | x, z, u)p(z)p(u),

where we introduce the latent variable u representing the unshared dots in the part-

ner perspective.

The shared dot prior, p(z), is a distribution over subsets of D, indicating which dots
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in the agent perspective D are shared with the partner. The model p(z) is initially uni-

form over dot subsets at the start of a game, but is updated given evidence from the

partner response y at the end of each turn, p(z | x, y). For notational simplicity we

focus on the first turn.

The unshared dot prior, p(u), is a distribution over the remaining partner dots.

Since the dots in u are unobserved by the agent, we parameterize p(u | s) using a

uniform distribution over discretized features for each dot. We ignore spatial features

for dots in u and discretize the other originally continuous features: size and color.3

The confirmation model, p(y | x, z), checks whether a partner will confirm or deny

the agent plan. The partner confirms if they are able to resolve the plan x to their

perspective. Given a fully observed z and u, resolution of a plan x is performed by

matching the features of x to z and u. There are no trained parameters in resolution,

as it depends only on the features of dots in x, z, and u. For OneCommon, the set of

features used for each plan x is given by the shape and size each dot in the plan. For

simplicity, we bucket each feature into 3 bins based on the range of each feature. The

pairwise positions, limited to above-left, above-right, below-left, and below-right, are

also contained in the feature set. We provide an example of feature-based resolution

in Figure 6.3.

Given a plan x, feature-based resolution must compare all the features of the plan,

of which there are O(|x|2), to all partial permutations of subsets size |x| taken from D,

of which there are O(|D||x|). This can be precomputed at the start of a dialogue.

In order to avoid jointly enumerating z and u, the model reasons separately about z

and u by making the simplifying assumption that plans are fully in z or u. This means
3We discretize size and color uniformly into 3 buckets based on their absolute range across

OneCommon.
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a

c

b

Feature representation
Dot 1: Large, dark
Dot 2: Large, dark, below-left Dot 1

Figure 6.3: An example of feature-based resolution. The above feature representation for a
pair of dots resolves to dot configurations {(a, b), (a, c), (b, c)}.

that the model will deny if part of x is in z, while the remainder is in u (and x is not

fully contained in either z or u):

p(y = no | x) =
∑
z,u

p(y = no | x, z, u)p(z, u)

=
∑
z

p(y = no | x, z)p(z)

·
∑
u

p(y = no | x, u)p(u).

Given the unsuccessful resolution of x to both z and u, the partner denies accurately

with probability θ, a hyperparameter.

6.4.2 Inference

During inference, we need to compute p(y | x) for all plans x, which can be done in

two steps: First, we marginalize over the unshared dots u. Second, we marginalize
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over the possible set of shared dots z. The computational cost of marginalization is

the size of the power set of D, O(2|D|).

The marginalization over unshared dots can be computed tractably. The partner

model, with the assumption that x cannot be split between z and u, is given by

p(y = no | x)

=
∑
z,u

p(y = no | x, z, u)p(z)p(u)

≈
∑
z,u

p(y = no | x, z)p(z)p(y = no | x, u)p(u)

=
∑
z

p(y = no | x, z)p(z)
∑
u

p(y = no | x, u)p(u)

=
∑
z

p(y = no | x, z)p(z)
∑
u

p(y = no, u | x).

The probability a plan x resolves to the unshared dots u is

∑
u

p(y = no, u | x) = 1− θ
(
|u|
|x|

)
B2·(|u|−|x|)

B2·|x| ,

where B is the feature bucket size, given |u| ≥ |x|. This relies on the assumption that

spatial features are ignored when resolving to unshared dots.

We utilize p(y|x), which predicts the partner’s response to our plan, to compute the

posterior on the shared perspective z,

p(z | x, y) =
p(z, y | x)

p(y | x)
.

This posterior then allows us to perform optimization over plans with respect to the

expected information gain, as well as update our beliefs given the partner response.
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Planning Planning optimizes the expected information gain with respect to the

shared perspective z:

argmin
x

Ey|x [H(z | x, y)] .

Computing p(y | x) has cost O(2|D|), while there are also O(2|D|) plans.4 As a result,

optimizing this objective takes O(22|D|) computation, and is performed in less than

one second on CPU.

Belief update The belief update directly uses the posterior distribution p(z | x, y),

as described in Section 6.3.

During gameplay in OneCommon, the agent either directly observes the symbolic

response y or receives a description of y in natural language. In order to process the

natural language dialogue, we use a classifier to extract y from natural language. Ad-

ditionally, the partner can mention dots of their own, either symbolically or described

in text. The agent incorporates partner mentions into its belief by treating them as a

confirmed plan. We use another classifier to extract partner mentions from text. We

give the details of both the response and mention classifiers in Section 6.5.

Selection To determine when to select a dot, the agent uses a threshold on the en-

tropy H[z], given by the hyperparameter τ . The agent them communicates which dot

to select by describing the configuration of four dots with the highest marginal prob-

ability of being shared, as well as the dot within that configuration that is most likely

to be shared. The agent then selects the described dot.
4Plans x are subsets of D that the agent would like to ask the partner about.
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6.5 Experimental setup

We evaluate our method, the Partner Planner, on the OneCommon dataset (Udagawa

& Aizawa, 2019). We perform two evaluations: First, we evaluate the number of in-

correctly resolved plans generated by the Partner Planner given a static, natural lan-

guage dataset. Second, we evaluate the Partner Planner in dynamic, symbolic self-

play.

Static plan evaluation In order to show that resolving perspective-dependent

ambiguity reduces errors, we perform automatic evaluation of plans by evaluating

whether the agent plan is incorrectly resolved by the partner model. A plan is incor-

rectly resolved if the plan is not empty and the partner does not resolve the plan to

any of the agent’s intended referents. We evaluate this without language by directly

feeding the feature representation of plans from the agent to the partner, who is a

Partner Planner.

We generate plans given natural language dialogue history from a validation split

of OneCommon following prior work (Fried et al., 2021).5 For each turn in the human-

generated dialogue, we generate a plan from our model and label that plan as either

a success or failure using the procedure above. We evaluate on 518 validation games,

which have different numbers of shared dots: either 4, 5, or 6. Fewer shared dots re-

sults in more perspective-dependent ambiguity.

Symbolic selfplay We also evaluate the Partner Planner on symbolic selfplay, where

it plays the full OneCommon game with a copy of itself using symbolic communica-

tion. We evaluate only on the setting with the most perspective-dependent ambiguity,
5Prior work used 10-fold cross-validation. We use models from prior work trained on one

fold, and evaluate our approach on the validation set for that fold. In particular, we use fold 1
from prior work.
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4 shared dots. In symbolic selfplay, agents must perform planning, belief updates,

and selection. The Partner Planner is able to exactly communicate confirmations and

dot features (bucketed size, color, and relative positions). We compare the game suc-

cess rate of the Partner Planner to success rate of the baseline by Fried et al. (2021)

and human performance on language selfplay. Language inherently has more noise

than symbolic representations, meaning symbolic selfplay is an upper bound on per-

formance with language.

Systems We focus evaluation on the Partner Planner, which reasons about shared

and unshared dots. We consider an ablated version, which does not model unshared

dots.

As a baseline, we compare to an agent from prior work, which does not account

for perspective-dependent ambiguity (Fried et al., 2021). The baseline model chooses

plans based on the round-trip probability from an utterance back to the plan, which

is an egocentric heuristic and also does not account for uncertainty over shared dots.

The baseline agent chooses 8 plans and 64 utterances for each plan, then chooses the

plan and utterance pair with the highest probability of recovering the plan give the

utterance using a reference resolution model applied only to the agent’s own context.

Hyperparameters For the Partner Planner, we set the response faithfulness proba-

bility θ = 0.95. We determine the selection entropy threshold by running grid search

over τ ∈ {1, 1.5, 2} on symbolic selfplay, and pick the value with the highest success

rate. We parameterize the belief prior, p(z), over which dots are likely to be shared

with a globally normalized Ising model

p(z) ∝ exp(f(z)), (6.1)
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# shared
Agent 4 5 6 Total
Partner Planner 26 12 5 43 (12)

-unshared 70 61 22 153 (22)
Fried et al. (2021) 28 17 4 49 (17)

Table 6.1: The number of incorrectly resolved plans in automatic feature-based evaluation
on 519 static validation dialogues (2,341 turns). The total number of errors made in the first
turn of a dialogue is shown in parentheses for each agent. A lower number of incorrect plans
is better.

where f(z) is determined by the sum of the pairwise distances between dots in z.

The partner response classifier is a RoBERTa model (Liu et al., 2019b), with a sec-

ond stage of fine-tuning performed on 147 annotated dialogue turns. We annotate

the text each turn as a confirmation, denial, or no response. The model is originally

fine-tuned on sentiment (Heitmann et al., 2020).

For mention classification from text, we use a mention prediction network from

past work (Fried et al., 2021). The mention prediction network explicitly models rela-

tionships between mentions using a conditional random field with neural potentials.

6.6 Results

Static plan evaluation Directly modeling and marginalizing over unobserved part-

ner perspective results in fewer errors than the egocentric heuristic from Fried et al.

(2021), obtaining a 12% reduction in errors as shown in Table 6.1. Additionally, the

number of incorrectly resolved plans from Planner is much lower than an ablated

planner that does not model unshared dots, a 72% reduction.

We hypothesize that the baseline model of Fried et al. (2021) makes fewer errors

because it is able to repeat plans mentioned in the static dialogue. The Partner Plan-
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Agent Success Avg # turns
Partner Planner 85.2% 10.10

-unshared 77.0% 11.69
Fried et al. (2021) 62.4% -
Human 65.8% 4.97

Table 6.2: The success rate of different agents in selfplay on the hardest setting of OneCom-
mon, with 4 shared dots. The Partner Planner and ablated version communicate symbolically,
while the Fried et al. (2021) baseline and human performance use language. A higher success
rate is better. The human performance is from the OneCommon dataset (Udagawa & Aizawa,
2019).

ner does not often repeat plans, as there is little information gained. When restricted

to the plan proposals from the first turn of a static human-demonstrated dialogue,

where no plans can be copied, the Partner Planner outperforms the baseline by a

larger margin, as shown in Table 6.1.

We note that the absolute number of resolution errors is small relative to the total

number of turns. We hypothesize that this is because of the nature of static evalu-

ation. Static evaluation considers next step plan proposals given human dialogue,

preventing agents from steering the dialogue themselves.

Symbolic selfplay The Partner Planner achieves strong performance in symbolic

selfplay, as shown in Table 6.2. The ablated version, which does not model unshared

dots, also performs well, but worse than the full Partner Planner. This demonstrates

the utility of modeling unshared perspective.

Both the full and ablated Partner Planner outperform the baseline of Fried et al.

(2021) and coached human performance from the training data of Udagawa & Aizawa

(2019), demonstrating the utility of partner modeling. Much of this success comes

from the ability to control the belief entropy selection heuristic, as shown by the per-

formance of the ablated Partner Planner over human performance. The selection
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heuristic encourages the Partner Planner to be more patient and gather more informa-

tion before selecting than most human participants, reflected in the average number

of turns per game.

6.7 Conclusion

This chapter presented a state tracking representation for a visually-grounded refer-

ence game, which explicitly captured perspective-dependent ambiguity. Experiments

showed that combining this representation with a probabilistic model of partner re-

sponses allowed agents to continuously ask informative questions, resulting in higher

success rates than supervised baselines.

In the next chapter, we will build upon the state tracking representation, adding in

language understanding and generation to produce an agent capable of succeeding

with human partners.
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7
Symbolic Planning and Code

Generation for Grounded Dialogue

7.1 Introduction

Our final chapter on state tracking representations proposes a full dialogue agent that

successfully interacts with human partners. The previous chapter focused on sym-

bolic planning. A full dialogue agent must not only be capable of planning but also

interacting with human partners in natural language. This chapter closes that gap by

extending the previous chapter’s probabilistic state representation, which tracked un-

certainty over task-specific progress measures, to a state representation that explicitly

composes the semantics of utterances exchanged in the dialogue.
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Success in grounded task-oriented dialogue requires intentional communication

guided by strategic planning (Cohen & Perrault, 1979, Traum, 1994, Walker et al.,

2004, Rieser & Lemon, 2009, FAIR et al., 2022, inter alia). Dialogue agents must read

partner utterances, update their beliefs, then make a plan that furthers their goal.

These plans must take into account both dialogue history and grounding, such as

in an image. In end-to-end systems based solely on large language models (LLMs),

this process is implicit and therefore difficult to control, requiring extra supervision

(Christiano et al., 2023) or expensive search (Lu et al., 2022) to improve. While re-

cent work has taken steps to rectify implicit reasoning via planning in language space,

where intermediate steps are generated by an LLM (Wei et al., 2022), there is no guar-

antee that these approaches result in plans that further task progress. Additionally,

planning in language space is expensive, requiring inference in an LLM (Yarats &

Lewis, 2017, Guez et al., 2012).

Rather than implicit or heuristic reasoning, we are interested in explicit reasoning

and planning over symbolic actions. Symbolic actions are controllable by construc-

tion, allowing system designers to easily build in task-specific knowledge (He et al.,

2018, FAIR et al., 2022). This controllability is crucial for obtaining task-specific suc-

cess using general tools, even with LLMs.

We provide an example from OneCommon, a particularly challenging grounded

dialogue game (Udagawa & Aizawa, 2019). The goal of OneCommon is to, through

dialogue, identify one dot in common with your partner, who has an overlapping but

different view of an underlying set of dots, illustrated in Figure 7.1. The challenge in

OneCommon is grounding the contextual spatial relationships described in language

to dots.

Recent work has utilized code-generation for grounded language understanding
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SPC: Do you see a pair of dots, where
the top left dot is medium-sized
and grey and the bottom right
dot is medium-sized and dark

Human: No
SPC: Do you see a pair of dots, where

the top dot is small-sized and
light and the bottom dot is
medium-sized and grey

Human: Yes I see them. Is there a small
grey dot above the small light
dot?

SPC: No. Is there a large size and
dark color dot to the left and
below those?

Human: Yes and there is a small grey dot
below them as well for me.

SPC: Yes. Let’s select the small size
and light color one.

SPC: <select>
Human: <select>

Figure 7.1: An example grounded dialogue from OneCommon. Our dialogue agent, SPC,
and a human partner have different but overlapping circular views of a shared board. The
agent and partner must collaborate through dialogue in order to find and select a shared dot.
OneCommon demands careful, grounded reasoning.

(Dídac et al., 2023). In particular, they translate natural language questions to code

as an intermediate representation, then execute that code to obtain an answer. Code

has a couple appealing properties as an intermediate representation: First, modern
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language models are trained on a mixture of code and natural language, affording

them the capability of, with some accuracy, translating between the two (Chen et al.,

2021). Second, code acts as a compositional knowledge representation. This allows

code-generation systems to perform grounded compositional reasoning, provided a

library of Python functions that perform grounding (Liang et al., 2022).

We present a system, Symbolic Planning and Code-generation (SPC), that reads by

translating partner utterances into code and plans based on symbolic reasoning over

what to say next. Code as a compositional knowledge representation closely mirrors

the compositional nature of utterances, which are composed of grounded parts. SPC

plans by optimizing expected information gain, which has been shown to be effective

at building a key aspect of collaborative dialogue: common ground (Yu et al., 2019,

White et al., 2021, Chiu et al., 2022b). Symbolic planning allows SPC to explicitly and

efficiently optimize for task success while taking advantage of task-specific properties.

We evaluate our SPC system on the most challenging subset of the OneCommon

task, comparing our system to the previous state-of-the-art supervised system for the

task (Fried et al., 2021). In both evaluations with human partners and automated self-

play evaluations, we find that our approach substantially outperforms the previous

state-of-the-art in task accuracy, improving from 56% to 69% accuracy, and obtains

comparable task accuracy to human-human pairs on average.

7.2 Overview: Reference Games

Collaborative reference games pair an agent and a partner in order to build common

ground through natural language dialogue (Haber et al., 2019, Khani et al., 2018, He

et al., 2017, Udagawa & Aizawa, 2019). Mirroring realistic scenarios, many reference
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games are also partially observable, where the agent and partner have different per-

spectives, and so they must resolve ambiguity.

OneCommon (Udagawa & Aizawa, 2019), as shown in Figure 7.1, is a reference

game that exemplifies two challenges: grounding and planning. In OneCommon, the

agent and partner see different but overlapping views of a set of dots, and the goal is

to find and select one dot common to both players’ views. Grounding in OneCommon

is particularly difficult due to the dot-based visual context, which requires abstract

spatial reasoning. Planning is complicated by the partial observability caused by dif-

fering perspectives, which require agents to use complex referring expressions in or-

der to avoid ambiguity.1 We focus on OneCommon due to its simplicity and difficulty.

Our approach to grounded reference games separates symbolic reasoning from

language, allowing explicit steering. Our system, Symbolic Planning and Code-generation

(SPC), breaks down a turn into three procedures: reading, planning, and writing.

Reading and writing convert from language to symbols and vice versa, while plan-

ning reasons in purely symbolic space.

The agent maintains a belief distribution over possible worlds, z, representing

task-specific unknowns. The goal of dialogue is to gain information about z until

the agent is confident enough to end the game. At each turn, the agent reads the

partner’s utterance u, converting it into a symbolic action, p(x|u). This symbolic ac-

tion potentially builds upon the action x′ of a previous utterance, u′. The agent then

plans in symbolic space. The system uses reasoning to update its belief state, p(z|u) =∑
x p(z|x)p(x|u), then produces a response y∗ of what to say next, which it describes
1The contexts in OneCommon were constructed to make referring expressions challenging

and context-dependent. For example, if the agent sees only light dots, a relatively ‘dark’ dot
for the agent may not be considered dark at all by the partner.OneCommon is an ideal testbed
for pragmatic methods that reason about contextual meaning. While our approach does not
address pragmatics, we hope future work will.
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in language to the partner.

In OneCommon, given a set of dots D, the state z ∈ {0, 1}|D| represents which dots

the agent believes are contained (1) and not contained (0) in the partner’s view, illus-

trated in Figure 7.3. We call a set of dots a configuration. The action representation of

partner, x and x′, and agent utterances, y∗, alike is also a configuration in {0, 1}|D|, as

well as any answers or confirmations to previous questions.

7.3 Reading: From Language to Symbols

Reading in SPC requires interpreting utterances to a grounded symbolic action, which

in turn facilitates the planning stage. Consider the following exchange:

Agent: Do you see a triangle of dark dots?
Partner: Yes, is there a small grey one below it?

Reading has several challenges. First, reading requires grounding utterances in

context, e.g. the shapes and relations. Second, utterances are compositional. For ex-

ample, the partner utterance builds on top of the previous utterance through corefer-

ence. Finally, a reading system must act quickly, as real-time dialogue systems require

reasonable response times.

7.3.1 Code Generation

In SPC, reading is implemented as code generation. Given a dialogue, we generate

Python code2 which is then used as a meaning function to produce a distribution over

all valid interpretations of the utterance’s symbolic action (Figure 7.2). The code calls
2We target Python as our code representation since it is well-understood by large language

models. However, in principle, our system could target other languages such as Prolog or
SQL.
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perceptual library functions with grounded semantics, drawn from a task-specific

API. This perceptual library allows the system to both ground elements of the utter-

ance and compositionally build upon previous utterances. Consider the following

abbreviated example, based on OneCommon:

from perceptual_library import is_small, ...
dot1, dot2, dot3, ... = get_dots()

Agent: Do you see a triangle of dark dots?

agent_configs = set([
Config(dot1, dot2, dot3),
Config(dot3, dot4, dot1)

])

Partner: Yes, is there a small grey one below it?

def turn(prev_configs):
configs = set()
for prev_config in prev_configs:
for dot in single_dots(exclude=prev_config):

if (
is_small(dot)
and is_grey(dot)
and is_below(dot, prev_config)

):
configs.add(Config(dot, prev_config))

return configs
partner_configs_x = turn(agent_configs)

The code in the meaning function is imperative, but represents a set of declarative

constraints representing p(x|u).3 The meaning function for the partner turn, turn(prev_configs),

takes as input the distribution over symbolic actions of a previous turn, p(x′), and
3In OneCommon, the distribution over symbolic actions p(x|u) is represented as repre-

sented as a categorical distribution over configurations with probabilities based on the size of
the circumcircle.
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yields a set of possible interpretations of the current turn, p(x|u) =
∑

x′ p(x|u, x′)p(x′).4

Because utterances can have multiple valid interpretations due to ambiguity, prev_configs

represents a distribution.5

Within turn, we consider all valid configurations while marginalizing over x′, i.e.

interpretations in prev_configs. For each interpretation, each dot is considered. If the

new dot satisfies the semantics of the utterance, checked step-by-step via grounded

perceptual library functions such as is_small(d), then it is a valid interpretation of

the current utterance and is used to create a new Config.

The perceptual library functions are drawn from a manually-defined library. For

OneCommon, we define these functions using domain-specific knowledge:

def is_small(d): return d.size < -0.3

The perceptual library for OneCommon can be found here.

7.3.2 Prompting

Reading is implemented with large language model (LLM) code generation. While

LLMs can generate accurate code, full code specifications (subsection 7.3.1) are lengthy

and therefore too slow to generate for real-time use. We break down code generation

into four steps, where some steps do not require any calls to an LLM. Decreasing the

number of output tokens guarantees a speedup, assuming consistent latency. See the

code for details on the code LLM and prompts we use.6

4The symbolic action of a previous turn x′ may also depend on other previous utterances
u′. For simplicity, we omit that in the notation.

5SPC is able to intentionally produce ambiguous descriptions if that improves task success,
as illustrated in this example.

6We release the code here.

110

https://github.com/justinchiu/onecommon-gpt/tree/main/oc/fns
https://github.com/justinchiu/onecommon-gpt
https://github.com/justinchiu/onecommon-gpt
https://github.com/justinchiu/onecommon-gpt


Partner utterance: "Is there a big light dot next to a big dark one?"

Agent: "Yes. Is there a smaller black one below them?"

Partner utterance u: "No, but there is a small grey dot below them."

Symbolic actions p(x|u)

,

Symbolic actions p(x’)

,

def turn(prev_dots =           ):
    ...
    is_small...
    is_grey...
    is_below(dot, prev_dots)
    ...
    return configs

,

Figure 7.2: Overview of Reading. The generated meaning function for utterance u takes the
previous symbolic action distribution p(x′) from a prior turn and yields the interpretations
p(x|u), using code as a compositional representation (section 7.3).
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Dialogue Act: Classify partner utterances as one of three dialogue acts: Start a new line

of questioning, ask a follow-up question, end the dialogue.

Reference: Predict which previous turn x′ the utterance is following up on, if any:

Agent: Do you see a triangle?
Partner: Yes, is there a small grey dot below it?

dialogue act: follow-up
refer: turn 1

The system grounds the dots mentioned in the previous turn: agent_configs, which

is stored by the system. This allows referring to other turns besides the previous.

Constraint Generation: Predict the new dots mentioned in the partner utterance along-

side code fragments that express the semantics, without the boilerplate code, in the

example above:

Partner: Yes, is there a small grey one below it?

1 new dot
is_small(dot)
is_grey(dot)
is_below(dot, prev_dots)

Compose: Finally, we utilize a template to compose all of this information back into the

full code representation for execution.

7.4 Planning: From Symbols to Responses

To perform well in collaborative reference games, it is essential to build common

ground quickly and accurately by carefully reasoning about what information has

been gathered so far, as well as what to say next. SPC addresses these desiderata by
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Figure 7.3: Overview of Planning. Partner utterances are interpreted by a meaning function
generated by a code LLM (read), producing a distribution over valid symbolic interpreta-
tions, p(x|u). This is used to symbolically update the belief state, p(z|u), increasing the prob-
ability of worlds (shared dots) that are consistent with x. This belief state is used to symboli-
cally plan the agent’s next utterance, y∗, by optimizing the expected information gain, which
is described to the partner (write).

planning in symbolic space, over the symbolic actions produced by reading.

We have two challenges: First, to incorporate the new information from the part-

ner’s utterance while accounting for task-specific grounding as well as dialogue his-

tory. Second, given this new information, the system must decide either to end the

game or how to improve the probability of success.

Planning requires us to model the actions of the partner given the shared state.

To do this we need task specific models of our partner, p(x | z), and our partner’s

reponse to us, p(x|z, y). In OneCommon, we use the models defined in Chapter 6.
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7.4.1 Belief update

Starting from a prior over the previous belief p(z), we incorporate probabilistic evi-

dence from the utterance p(x|u). This requires marginalizing over all valid symbolic

actions x from the reading step. In practice, p(x|u) is sparse, and symbols xwith non-

zero support are very similar. We therefore approximate this marginalization with a

point estimate:
p(z|u) =

∑
x

p(z|x)p(x|u)

=
∑
x

p(x|z)p(z)
p(x)

p(x|u)

≈
∑
x

p(x|z)p(z)
p(x)

1(x = x∗)

∝ p(x∗ | z)p(z),

(7.1)

where x∗ = argmaxx p(x|u).

We give an example of this process in Figure 7.3. In this case, a ‘big light dot next

to a big dark one’ could have two valid interpretations, the big light dot and the black

dot to the left, or the other black dot to the right. We approximate this distribution

with the most likely interpretation x∗. In OneCommon, we use the most compact7 as

x∗, yielding the black dot on the left. The belief state is then updated to p(z|u), shown

in Figure 7.3 (center).

7.4.2 Planning

Given the updated belief, SPC then plans its next action. The challenge here is to en-

sure task success, e.g. finding one dot in common. This requires both exploring by
7We define the compactness of a configuration as the radius of the circumcircle. An ideal

approximation would take into account more context, such as the relative sizes.
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building common ground, then exploiting that knowledge to win the game.

We formalize exploration as the expected information gain, a quantity that codifies

how much the agent can expect to learn about possible worlds z after taking an action

(Lindley, 1956). That action then elicits a response from the partner, providing infor-

mation about the uncertain world state. For example, if the agent has asked about a

set of dots and already received a ‘no’, then asking further questions about those dots

would not reduce uncertainty.

Formally, we optimize

y∗ = argmax
y

H[z|u]− Exy |y [H[z | u, y, xy]] , (7.2)

where H[z|u] is the entropy of the current belief8 and H[z | u, y, xy] the entropy of

the posterior distribution. This second term is the key part of the objective. Assum-

ing that we take action y, the expectation considers all hypothetical future partner

responses xy. We are penalized if after seeing these responses, we are still uncertain

about the common ground z. This objective therefore encourages actions that reduce

uncertainty. 9

SPC chooses to exploit and end the game with the following heuristic: If the system

is confident in success, i.e. the probability of task success is greater than hyperparam-

eter θ (set to 0.8), SPC ends the game.
8The belief entropy H[z|u] in the definition of information gain is constant with respect to

the plan x, and can be dropped from the objective.
9The distribution p(xy|y) =

∑
z p(xy|y, z)p(z) also uses the partner response model

p(xy|y, z).
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7.4.3 Writing

We apply one of three templates to realize symbolic plans into utterances. The tem-

plate is determined by the dialogue act and features of the dots in the plan:

1. start: Do you see a pair of dots, where the {position} dot is {size}-sized

and {color} and the {position} dot is {size}-sized and {color}?

2. follow-up: Is there a {size} size and {color} color dot {position}

those?

3. select: Let’s select the {size} size and {color} color one. <selection>

7.5 Experimental Setup

We conduct two evaluations of SPC on the OneCommon task. We compare to the

state-of-the-art baseline system of Fried et al. (2021), which we refer to as Imitate. Im-

itate is a pipelined system, where each part is fully supervised. Imitate uses a neural

representation of dialogue history in combination with a neural-CRF reference resolu-

tion module to understand grounded language. In order to generate, Imitate relies on

a pragmatic planning procedure, which plans in a mixture of symbolic and language

space, prioritizing descriptions of dots that are easily understood.

We first perform human evaluation, evaluating the task success of systems when

paired with human partners. This setting is challenging, requiring the system to han-

dle both the linguistically diverse utterances and a range of strategies of human part-

ners. We recruit 19 workers from Amazon’s Mechanical Turk to play with one of three

partners: SPC, the most successful past system for the task (Fried et al., 2021), or an-

other human. We pay $15 per hour, with $1.00 per game at an average of 4 minutes
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per game. We additionally give a bonus of $0.15 for every game. We use 100 visual

contexts from the most difficult10 partition of OneCommon. We pay workers $1.00 per

game, with a $0.15 bonus if they win. We collect 287 completed dialogues in total,

where both players selected a dot.

We secondarily evaluate systems in self-play, where systems are paired with a copy

of themselves. This isolates strategic efficiency by ensuring the agent’s partner has the

same skill as the agent. The 200 games share the same contexts across systems.

We include an additional system in self-play, GPT4 2-shot11, which gets two full hu-

man dialogues as examples. Each human dialogue example starts with a description

of the context the agent sees. The full prompts can be viewed here.

Parameterization For code generation in the reading phase, we use GPT-412 (Ope-

nAI, 2023). The symbolic actions in OneCommon consist of sets of dots and confirma-

tions, while the belief over symbolic states, p(z), captures which dot configurations

are shared and is designed to account for dot proximity. We use the same prior as

Chapter 6, which parameterized an Ising model based on the pairwise distances be-

tween shared dots. The symbolic partner models, p(x | z) and p(x | y, z), are drawn

from Chiu et al. (2022b), and incorporate a similar bias based on dot proximity.

7.6 Results

Human evaluation In human evaluation, SPC obtains substantially higher task

accuracy than the baseline model of Fried et al. (2021), and is comparable to hu-

man performance on average. This demonstrates that the combination of symbolic
10The number of shared dots is four.
11We do not include GPT4 2-shot in human evaluation, as its self-play performance is poor.
12Specifically gpt-4-0613.
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Agent Success Turns Games
SPC 68.8% 7.77 96
Imitate 55.6% 6.61 117
Human 67.6% 5.03 74
Human† 65.8% 4.97 2,189

Table 7.1: The average success rate, average number of turns, and total number of games
between agents and human partners on the hardest setting of OneCommon, with 4 shared
dots. † indicates statistics from the OneCommon dataset (Udagawa & Aizawa, 2019).

information-gain planning and code-generation in SPC is more effective than the

baseline’s language-space planning objective and supervised reference resolution.

We see a more nuanced story when conducting a skill-based analysis of the hu-

man evaluation results, presented in Figure 7.4. A worker’s skill is given by their av-

erage success rate with other human partners. The x-axis of the graph, the minimum

success rate, increasingly filters workers from left to right: the left side of the graph

shows all workers, while the far right shows only those workers who won nearly all of

their human-human games. Skilled human partners have a higher success rate with

other humans, as opposed to when partnered with SPC. Additionally, the success rate

of SPC improves with human skill, while the success rate of human partners with the

baseline system, Imitate, remains relatively constant across skill levels, implying that

SPC is more responsive than the baseline to strategies used by humans.

SPC also takes more turns on average than both the baseline and human-human

games. We hypothesize that this difference is caused by shorter human partner re-

sponses to the system, and therefore less information shared by the human partner.

In Table 7.2, we confirm that the average and median number of words per human

utterance are significantly lower for humans partnered with SPC than any other agent
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Figure 7.4: Success rate of the different agent types with human partners, with progressive
filtering of human partners by their success rate along the x-axis. Shaded regions give stan-
dard errors.

Agent Avg |u| Median |u|
SPC 6.95 4
Imitate 9.62 8
Human 15.06 14

Table 7.2: The average and median number of words per utterance by human partners for
different agent types in human evaluation.

type.

Self-play Similarly to human evaluation, SPC outperforms the baseline Imitate sys-

tem in self-play as shown in Table 7.3. Compared to the baseline, SPC takes more

turns on average, but has a higher success rate. We attribute both the longer games

and higher success to symbolic planning, which ensures conservative playing. Inter-

estingly, SPC self-play takes fewer turns on average than SPC-human pairings. We hy-

pothesize that this is due to both copies of SPC communicating a consistent amount
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Agent Success Avg # turns
SPC 84.0% 4.83
Imitate 63.5% 3.31
GPT4 2-shot 19.0% 9.26
Human† 65.8% 4.97

Table 7.3: The success rate of different agents in 200 self-play games on the hardest setting of
OneCommon, with 4 shared dots. A higher success rate is better. The human performance is
from the OneCommon dataset (Udagawa & Aizawa, 2019).

of information every turn. This also highlights the importance of human evaluation,

which evaluates with a large population of partners.

We also find that GPT4 2-shot performs poorly in self-play. We attribute this to

overly-agreeable responses, where the agents choose a dot without thorough verifi-

cation or reasoning. This occurs despite the much longer dialogues, in comparison to

all other agent types.

7.7 Analysis

Qualitative analysis We present a qualitative example of a dialogue between SPC

and a human partner in Figure 7.5. This long dialogue illustrates the benefits of ex-

plicit belief updates and planning: The conversation starts off with many rejections,

which the agent uses to deduce the shared configurations. Eventually, a common set

of dots is found and the game ends in a success. Without explicit planning, it would

have been unlikely for SPC to have succeeded at the end of the conversation.

Reading speed analysis We perform a speed ablation of the code-generation prompt

in SPC. SPC uses a sequence of steps for reading, involving dialogue act classification,

code fragment generation, and composing the full code representation based on the
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Prompt style Acc Time (s) Len
SPC 86.7% 5 36
Full 84.0% 18 176

Table 7.4: The average accuracy, speed, and output length (number of tokens) for the se-
quential and full code generation methods in our benchmark reading task.

output of these steps. We compare this to a prompt that generates the full meaning

function.

We evaluate both of these prompts in a reading task, where the goal is to read ut-

terances generated by SPC and recover the underlying plans, measured by accuracy.

In Table 7.4, we see that both styles of prompts have similar similar accuracy, but the

sequential, decomposed approach is much faster due to shorter outputs.

7.8 Related Work

Prior work on collaborative reference games focuses on building common ground

(He et al., 2017, Haber et al., 2019, Khani et al., 2018). Prior work by Fried et al. (2021)

implements an approximation of pragmatic reasoning on OneCommon, but plans in

language space and utilizes supervised models for mapping language to symbols.

Khani et al. (2018) plan in symbolic space, but without natural language. We plan in

symbolic space and map from language to symbols via code generation.

Dialogue systems have a long history of reasoning with symbolic actions. When

available, symbolic actions have been found to improve the performance of dialogue

systems, especially in the setting of grounded dialogue (Winograd, 1971, Young,

2006, He et al., 2018, Andreas et al., 2020, FAIR et al., 2022). The closest work to ours

is Cicero, which utilizes symbolic planning in a system for Diplomacy, a dialogue

and strategy game that requires negotiation and coordination between players (FAIR
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et al., 2022). Cicero requires a supervised dataset to train their system. We use code

LLMs which require minimal supervision beyond constructing a small perceptual

grounding API.

Planning in dialogue systems has recently eschewed symbolic actions in favor of

planning directly in text, where systems either perform roll-outs, tree-search, or other

forms of intermediate reasoning in language. This allows system designers to avoid

manually defining symbolic actions (Yarats & Lewis, 2017, Jang et al., 2020, Gandhi

et al., 2023). However, the accuracy of language-space planners is still low in many

settings (Fried et al., 2021, Valmeekam et al., 2023). We focus on symbolic planning,

where planning is defined in a space that ensures accuracy and controllability.

With the recent progress in large language modeling, code generation for modular

grounded systems has quickly gained interest. Grounded code generation systems do

not require task-specific training data, making them cheap to apply. A body of work

utilizes a large language model for instruction following by generating Python code

that makes calls to lower-level perception libraries (Liang et al., 2022, Dídac et al.,

2023, Gupta & Kembhavi, 2022, Gao et al., 2023). This extends prior work on exe-

cutable semantic parsing (Liang, 2016, Johnson et al., 2017, Cheng et al., 2018) with

large language models. Concurrent work has also utilized code-generation to inter-

pret language, integrated with symbolic reasoning (Wong et al., 2023). We apply

these advances to the setting of grounded task-oriented dialogue, where code gen-

eration grounds language to symbolic actions for use in explicit planning.
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7.9 Conclusion

This chapter presented a method that combines symbolic, probabilistic state repre-

sentations with semantic parsing to obtain a strategic and interactive task-oriented

dialogue system. The method, Symbolic Planning and Code-generation (SPC), sep-

arated symbolic reasoning from language by using an LLM to generate executable

code functions which represent the meaning of utterances, mapping from language

to symbolic actions for use in Bayesian planning. Despite using minimal supervision

beyond a task-specific API and few-shot examples, SPC substantially outperformed a

state-of-the-art system for the OneCommon task in both human evaluations and auto-

matic self-play evaluations.

An exciting future direction is to automate the design of both code-based and prob-

abilistic state representations. Our work represents a first step toward using general-

purpose code as a representation for dialogue and interaction tasks. An ideal system

will synthesize code-based representations that afford more flexible interaction with

people, e.g., represent a broader range of user actions, both linguistic and grounded,

to construct broadly useful interactive systems. Additionally, systems should propose

and formalize the probabilistic belief state, as well as create and train partner models

to plan accurately.
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SPC: Do you see a pair of dots, where the bottom dot
is medium-sized and dark and the top dot is
small-sized and light

Human: No. Do you see a pair of medium sized dots,
close together, one is dark grey the other
light grey. The light grey one is slightly above
and the left of the dark one.

SPC: No. Do you see a pair of dots, where the left dot
is medium-sized and dark and the right dot is
medium-sized and light

Human: No, do you see a lone medium sized grey dot?
SPC: No. Do you see a pair of dots, where the left dot

is medium-sized and light and the right dot is
small-sized and grey

Human: No. do you see a pair where the right one is
medium and grey and the left one is smaller and
lighter. The smaller one is slightly below the
medium sized one.

SPC: Yes. Is there a medium size and light color dot
to the right and below those?

Human: Yes
SPC: Let’s select the medium size and grey color one.
Human: <select>
SPC: <select>

Figure 7.5: An example dialogue between SPC and a human partner.
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8
Conclusion

This thesis explored state tracking representations for three applications: language

modeling, question answering, and dialogue. Through the lens of latent variable

models, we scaled tractable and uncertainty-aware state tracking representations for

each application. For language modeling, we imposed constraints that allowed the

discrete state tracking representations to scale to large sizes (Chapters 3 and 4). For

question answering, we employed a hierarchical choice model composed of LLMs

that used automatic domain expertise to enable accurate state tracking (Chapter 5).

For dialogue, we utilized large language models to produce executable state repre-

sentations that allowed agents to effectively plan when composed with a probabilistic

and symbolic state representation (Chapters 6 and 7). In each case, we found that

tractable state tracking representations led to surprisingly accurate decisions.
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The methods presented in this thesis relied on latent variable models to inject do-

main expertise at the cost of computational complexity. Domain expertise enabled us

to craft tractable models that were interpretable to humans (Chapters 3 and 5) and

controllable (Chapters 6 and 7). However, this is potentially misaligned with the Bit-

ter Lesson (Sutton, 2019). A recent trend in NLP is to rely on large corpora to teach

models domain expertise (OpenAI, 2023). This leads to a natural question: What will

the methods explored in this thesis look like when domain expertise is captured by

LLMs?

We offer three perspectives on this question. First, many decision-making processes

involve reasoning over latent variables, which may not be observable. This can lead

to the impossibility of learning domain expertise from only observed data (Kumor

et al., 2021). In such settings, system-based pipeline approaches such as those pre-

sented in Liu et al. (2024) and Chapter 7 offer a solution when naive approaches with

domain-agnostic LLMs fail. Second, creating new knowledge from current domain

expertise is naturally a latent variable problem. In Chapter 5, we showed that a latent

variable approach can be used to recover the steps that lead from a question to an an-

swer. An extension of this work could be used to learn how to generate answers to

complex questions with unknown answers. Finally, we hope that AI agents with do-

main expertise can inject their domain knoweldge into the systems explored in this

thesis without human intervention. Recent progress in software engineering agents

(Yang et al., 2024, Shi et al., 2024) hints at the potential of such systems. Future work

should strive towards autonomous agents that search for robust neurosymbolic sys-

tems that design and test formal frameworks themselves.

We conclude this thesis with a call to action. We believe that a combination of the

three main ideas of this thesis will push autonomous agents forward. Trustworthy
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autonomous agents will plan with symbolic objectives, produced by LLMs but ver-

ified by humans, and solved by model-based planning that reasons over uncertain

world state or alternative worlds (chapter 6). The planning world model will con-

sider alternative worlds, produced by a LLM that can apply domain knowledge to

narrow the number of alternative worlds to allow for efficient sparse inference (chap-

ter 5). LLMs will be trained directly for recalling alternative worlds via the methods

explored in chapters 3 and 4. The framework of latent variable models provides a nat-

ural abstraction with which to reason about each of these components – but also how

to optimize them jointly. We anticipate autonomous agents composed of modular

systems for state tracking and decision-making, trained jointly in an end-to-end and

data-driven system.
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