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Abstract

To solve a minimax problem Han [1977b] suggested the use of’
quadratic programs to find search directions. If the matrices in
the quadratic programs are positive definite, the method can be
shown convergent globally. In this paper we study that for ef-
ficiency the matrices should also be good approximations to a
certain convex combination of Hessians on some subspace. There-
fore, we suggest Powell's scheme [Powell 1977) for updating
these matrices. By doing so, we’'can avoid computing Hessians.
Meanwhile, the matrices maintain positive definiteness and Han's
global convergence theorems can apply. Besides, the convergence

of the resulting method is superlinear, indeed.

* Research supported by National Science Foundation under grant
number ENG 77-02647.
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1. Introduction
Consider the minimax problem

(1.1) min max {fi(x))

xeR i=1,...,m

where fl,fz....,fm are real-valued functions on R" which have con-
tinuous second derivatives. The minimization of a smooth function
may be viéwed as a special case of (1.1) with m = 1, for which
variable metric methods are very effective. Many attempts have
been made for the extension of variable metric methods to the more
general problem (1.1). This work is a continuing effort on the
approach adopted by Han [7], who makes use of nonlinear program-
ming techniques.

The equivalence of a nonlinear programming problem to a mini-
max problem is apparent and has been extensively exploited. How- .
ever, the attention has seemingly been focused on applying minimax
techniques to nonlinear programming [see 1,2,3,11, for instance].
This is perhaps because a completely satisfactory nonlinear pro-
gramming method was lacking and the minimax problem was deemed
better understood. The advent of new nonlinear programming tech-
niques seems able to reverse the trend. To tackle the minimax
problem Han [7] suggests the recently developed and very success-
ful variable metric methods [5,6,8,9] to solve its equivalent
nonlinear programming problem
(1.2) min §

(p,6)

s.t. £.(x) <8 1i=1,2,...,m
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More specifically, to generate search directions we iteratively
solve the quadratic programming problem

min § + 34

B, d
@,s) 2

k

s.t. f(x) + fl(x)dgs i=1,...,m

If the matrices {Bk} are positive definite and a suitable line-
search is applied, the method converges globally [7). We study
in this paper that, for efficiency, the matrix Bk should also be
a good approximation to a certain convex combination of the Hessians
(f;(xk)) on some subspace. In this context Powell's scheme (9]
is particularly suitable for updating these matrices. Firstly,
as using other variable metric updating schemes, we can avoid com-
puting the Hessians. Secondly, the updated matrices are positive
definite and Han's [7] global convergence theorems can apply. 1In
this paper we analyze the convergence rate of this method. It is
superlinear, indeed.

It may be worthwhile pointing out another important advantage
of this approach. The problem with constraints will not cause any
extra difficulties. To handle the constrained minimax problem

min max (fi(x))
XeS i=1,...,m

where
S=1{x3:g9;(x) 20, J=1,...,r; hy(x) =0, & =1,...,q},

we may iteratively solve the following quadratic programming problem
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min & + %dTB a

(d,s) k

A

s.t. £,(x) + fi(xk)'d § i=1,...,m,

g (x) + gi(xk)Td j=1,...,r,

hy(x,) + hi(xk)'d

A
[

]
o

L =1,...,9.

All our analysis and results can be carried over to this case
routinely. Restricting ourselves only to the unconstrained prob-
lem is merely for reason of convenience.

The organization of this paper is as follows: in the next
section we study the optimality conditions for this problem. 1In
Section 3 we state the method. Finally, in Section 4, the analy-
sis of convergence rate of the method is given. .

Some nonstandard notation used in this paper is described
below. We use fi(x) to denote the matrix whose columns are the
gradients fi(x) with i ¢ I, where I is a given index set. We use
the symbol e to denote the column vector of ones, whose dimension
will be clear from the context. We will also use L'(x,v) and
L" (x,v) to denote the gradient and the Hessian, respectively, of
the function L(x,v) with respect to x only. The 2-norm is used

throughout this paper.

2. Optimality Conditions

The problem to be considered can be stated as

min_ ¥ (x)
(2.1) xcRn

where
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Vix) = max (fi(x)}.
i=1,...,m
In this section we are concerned with conditions for a point to
be a local solution to Problem (2.1). To facilitate our discus-

sion we introduce for any point x in R™ an associated index set
I(x) = {i : £,(x) = y(x)}

and an associated convex set Conv(x) which is the convex hull of
the gradients fi(x) with i € I(x).

Some necessary conditions for a solution to Problem (2.1)
are known in the literature. We state them in the following

theorem.

Theorem 2.1 If a point x* is a local solution to Problem (2.1)
then

(1) max {fi(x')Td} 20

min
llal =1 ieI(x*)
(2) 0 € Conv(x*);
(3) there exists some v* in R™ such that
m
(a) I v; =1,
i=1
m
(b) I vif!(x*) =0
(2.2) g=1 1 )
(c) v+ 20,

(@) vz(fi(x') - V(x*)) =0 4{i=1,...,m.
Moreover, Conditions (1), (2) and (3) are equivalent. [ ]

The necessity of Condition (1) becomes apparent when we note

that the directional derivative of the function y at a point x and
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in a direction d is given by

(2.3) V' (x;d) = max (£} (x)"a}.

ieI(x)
The equivalence of Conditions (1) and (2) can be established by
using a separation theorem. We refer its proof td Demjanov [3].
Conditions (2) and (3) are obviously the same statement.

In the sequel we will call x* a stationary point if it satis-
fies these necessary conditions and will call (x*,v*) a stationary
pair. Note also that Condition (3) above is just the Kuhn-Tucker
condition of the nonlinear programming problem (1.2). Therefore,
we may define for Problem (2.1) a Lagrangian function by

m
L(x,v) = 1:1v1fi(x,
and may call v* a Lagrange multiplier associated with the station-
ary point x*. For a Legrange multiplier v* there is also an asso-

ciated index set defined by
J(v*) = {i ; v > 0}.

Some first order sufficiency conditions also exist for Problem
(2.1). A local minimum point can sometimes be completely detected
through only first order informations. This is uncommon to the
smooth case, where, without an additional condition like convexity,

the first derivatives can only inform us of stationary points.

Theorem 2.2 A point x* is a strict local minimum point of Problem

(2.1) if any one of the following conditions holds:
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(1) (£} (x*)7a) > o,

min max
lld] =1 ieX(x*)
(2) the null vector is an interior point of the set Conv(x*);
(3) there exists some v* in R™ such that (x*,v*) is a station-

ary pair and the matrix

f&(x*)
A(x*,v*) = T
e

has full row rank, where J = J(v*),.

Moreover, Conditions (1), (2) and (3) are equivalent.

Proof: The sufficiency of Condition (1) is obvious. For the
proof of the equivalence of Conditions (1) and (2) we also refer
to Demjanov [3]. We only need to show that (3) is equivalent to

(2). Consider the following system

£1(x*) 0
T

e 1
where I = I(x*). Condition (3) is necessary and sufficient for
the solvability of the following perturbed system

£1(x*) €

u = y, u>0,
T =
e 1

where € is a sufficiently small but arbitrary vector [see 10].
This is equivalent to thé statement that the null vector is an

interior point of Conv(x*). The proof is then completed. |

In the rest of this section we will study second order suffi-
ciency conditions, which are relevant to the analysis of our method.

We first define a set at a point x by



T(x) = {d : max (£}(x)'d} = 0}.
ieI(x)
This may be called the tangent éone of the function y at x because

(2.3).

Theorem 2.3 A sufficient condition for a point x* to be a strict
local minimum point of the function y is that x* is a stationary

point and has a Lagrange multiplier v* such that
a"L" (x*,v*)d > 0
for any nonzero vector 4 in the tangent cone T(x*).

Proof: We prove this theorem by contradiction. If x* is not a
strict local minimum point then there is a sequence (xk} converging

to x* such that

Vix) g vix*).

k- X I I
d = ———, a, = x, - x*|]|.
X e - x0T K k
then for any i in I(x*) and any k there is a vector Ek i in the
’

line segment between the two points x, and x* such that

T 1l 2.7,.. - -
(2.4) ukfi(x') dk + -z-okdkfi(ik,i)dk fi(xk) fi(x')
W(xk) = Y(x*)

0.

A

LY

Passing to a subsequence, if necessary,we have d, -+ d for some d



-9-

with ||d|] = 1. It is clear from (2.4) that for any i in I(x*)
£1(x*)7d ¢ 0.
Since x* is stationary, it follows from Theorem 2.1 that

max (£} (x*)7d} 3 0.
feI(x*)

Therefore, d is in the tangent cone T(x*). Taking the equality
m

L v;f;(x') = 0 into account, we then have from (2.4) that
i=1
a’L* (x*,v*)d ¢ 0.

This contradicts our assumption and hence the proof is completed. @

It may be interesting to point out that, if we have T(x*) =
{0} at a stationary point x*, then the assumption of Theorem 2.3
are trivially satisfied. Note that the condition T(x*) = {0} is
just Condition (1) in Theorem 2.2, which is a first order suf-
ficiency condition.

The central assumption in Theorem 2.3 is that the Hessian
L" (x*,v*) is positive definite on the tangent cone T(x*). The
set T(x*) is independent of the particular Lagrange multiplier v*
under consideration. A stronger assumption may be that the

Hessian L" (x*,v*) is positive definite on the subspace
(2.5) f(x*,v*) = {4 : fi(x‘)Td = 0 for all i e J(v*)}.
Lemma 2.4 If (x*,v*) is a stationary pair then

T(x*) c Q(x*,v*).

If, in addition, the strict complementarity condition I(x*) = J(v*)
holds, then

Miwk) = Ofluk k)
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Proof: To prove the first part we first note that if a vector
d is in T(x*) then for any i ¢ J(x*) we have

£](x*)Ta ¢ max {£](x*)7a) = 0.
ieI(x*)

Note also that

L v4£!(x*)'d = 0 and v* > 0.
ieJ (v*) i1 =
Thus, we have that fi(x*)rd = 0 for all i in J(v*) and 4 is in
Q(x*,v*). This proves the first part.

The second part follows trivially from the fact that if

I(x*) = J(v*) then
max {£}(x*)'d} = max (£} (x*)"a).
1eI(x*) ieJ(v*)

Without the strict compiementarity condition the tangent cone
T(x*) may be a proper subset of Q(x*,v*). This can be seen from
the following simple example. Let y(x) = mnx(x,xz). Then a sta-
tionary point is at x* = 0 and it has a Lagrange multiblier vt =
(O,I)T. In this case the set 2(x*,v*) contains all'the real num-

bers but T(x*) contains only non-positive numbers.

Theorem 2.5 A sufficient condition for a point x* to be a strict
local minimum point of the function y is that x* is a stationary

point and has a Lagrange multiplier v* such that
a'L* (x*,v*)a > 0

for all nonzero vector d in Q(x*,v*).
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A different second order sufficiency condition has been
studied by Demjanov and Malzemov [4]). Their condition is indepen-
dent of Lagrange multipliers but takes into account an e-tangent
cone defined by

T (x*) = {d:0< max {£'(x*)7d) ¢ e||a]]).
ieI(x*)

For comparison we state this condition below.

Theorem 2.6 A point x* is a strict local minimum point for ¥(x)
if x* is a stationary point and there is a positive number € such
that

max {d'f;(x*)d) >0
ieK(x*,d)

for any nonzero vector d in Te(x'), where
K(x*,d) = {1 : 1 ¢ I(x*) and fi(x")Td = ' (x*;d)}. .
3. The Method

In this section we describe the method. We are content with
finding a stationary pair, say (x*,v*). Assume that, at the k-th
iteration, we have an estimate (xk'vk) of this pair and also have

a matrix Bk.which is an estimate to the Hessian L'(xk,v To

K-

produce a new estimate (xk+r”k+1) we solve the guadratic program-

ming problem

(3.1) min &+ 2a'B d
(d,8)

s.t.  f0q) + £fl(x)dgs i=1,...m
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Let (dk,dk) be a Kuhn-Tucker point of (3.1), then we set X1 ™

X, + “kdk' where a, is a suitable stepsize satisfying

T
(3.2) Vix + ad) - ¥(x) g - 0a,dBd

for some 0 < w < %. For the details of this line-search proce-
dure and the validity of Condition (3.2) we refer to Han [7].

For the Lagrange multiplier v* we take a Lagrange multiplier of
the quadratic programming problem (3.1) as its new estimate Visl®
To find dk and Visl We may also equivalently solve the dual

problem of (3.1)

: 1T T,~-1 T
(3.3) v?iﬂ 3v f'(xk) Bk f'(xk)v -V f(xk)
m
s.t. Lv, =1
=1t

Let Vsl be a solution to (3.3) then the vector dk can be redis-

covered by

a = —B;If'(xk)v

k k+1°

The matrix Bk in the quadratic programs (3.1) and (3.2) is
preferrably positive definite. The reason is twofold. First,
Han [7] has proven that the positive definiteness is very essen-
tial for the global convergence. Secondly, when Bk is positive
definite, the quadratic programs can be much more effectively
solved. Powell's scheme ([9) is, therefore, particularly suitable
for updating Bk+1' To simplify the description of this scheme we
drop the subscript "k" and use the symbol """ to replace the sub-
script "k+1". Let
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8=Xx-xandy=L'(X,V) - L*'(x,V)
and define a vector z by
z =0y + (1 - 0)Bs

where the member 6 is given the value

1 ' sTy 2 0.28"Bs
6= 0.85'Bs ,,sTy < 0.28"Bs .
s'Bs - sTy
Then we construct the matrix B by

- T T
B=p-BssB_ zz

sTBs st )
This is just the BFGS scheme when 6 = 1. It should also be pointed
out that the matrix B is positive definite as long as so is the
matrix B. We refer to Powell [9 ) for the rationale of this

scheme. The description of the method is then completed.

4. Rate of Convergence

The method has been shown convergent globally (7). 1In this
section we assume that a sequence (xk} generated from the method
converges to a stationary point x* of Problem (2.1) and the step-
size one is used eventually, and then we analyze the rate of
convergence of this sequence.

In many practical problems it is very likely that a station-
ary point has more than one Lagrange multipliers. This, indeed,
causes difficulties. Among many Lagrange multiplies some are

particularly of our concern. We define them below.
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Definition: A Lagrange multiplier v* of a stationary point x*
is regular if the matrix

£3(x*)

T
e

A(x*,v*) =

has full column rank, where J = J(v*).
For gaining some insights it may be worthwhile mentioning

that the following three statements are equivalent:

(1) A(x*,v*) has full column rank;

(2) for some j in J(v*) the set of vectors {fi(x*) - fi(x'))
with i ¢ J(v*)\{j} are linearly independent;

(3) for any j in J(v*) the set of vectors (fi(x‘) - f;(x‘)) with

i € J(v*)\{j] are linearly independent.

Here, we adopt the convention that an empty set of vectors are

linearly independent.

Theorem 4.1 Any stationary point has at least one regular Lagrange

multiplier.

Proof: Let x* be a stationary point and v* be an associated
Lagrange multiplier. It suffices to show that if v* is not regu-
lar then we can construct another Lagrange multiplier, say v, such
that J(v) is a proper subset of J(v*). )

Without loss of generality we may assume that J(v*) contains
only the first r indices. Because v* is not regular there are

numbers ul,uz,...,ur, not all equal to zero, such that

L clad

. 1uifi(x‘) = 0
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and

Clearly, there is at least one oy which is negative. Therefore,

we may define a positive number 8 by
B = min{-v{/a; : a; < 0,15 i grl.

We may also in turn define an m-vector vV by

G = v; + Ba1 ie J(v*),
i 0 1 /4 3(w*).

From the choice of B we have v 2 0. We also have

m m r
v.f! = * " (x*
iﬁlvifi(x*) iflvzfi(x ) + Biﬁluifi(x )
= 0.
and
m m r
Iv,= Lvt+BLa, =1,
i=1 1 jeay b Ty 1

Thus, the vector Vv is a Lagrange multiplier of the stationary point
x*.

Let j be an index such that B = -v;/uj, then j ¢ J(V) but
j € J(v*). Therefore, J(V) is a proper subset of J(v*). If ¥
is also not regular then we may repeat this process until, after
a finite number of steps, a regular Lagrange multiplier is obtained.
The proof is then completed. [ ]
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For our analysis we also require that the stationary pair
(x*,v*) satisfies the second order sufficiency condition of
Theorem 2.5; that is, for any nonzero vector 4 in Q(x*,v*) we

have
T
d ' L"(x*,v*)da > 0,
where Q(x*,v*) is defined in (2.5). We also need the following
lemma.

Lemma 4.2 If (x*,v*) is a stationary pair then for any j in

J(v*)
Qx*,v*) = {d 1 (£](x*) - t;(x-))'d =0, ¥i e J(v*)\(3}).

Proof: It suffices to show that if for some real number n and

for all 1 ¢ J(v*)
£1(x*)7a = n,

then n = 0. This is obvious because

<

3
"
[
o
3

-

N8 13

s
<
o

£](x*))"a

[

fi(x*))'d = 0.

L]
—~
[
He3
[
<
-

Our main result is as follows.

Theorem 4.3 If a sequence of pairs {(xk.vk)} generated from the
method converges to a stationary pair (x*,v*) which satisfies

the second order sufficiency condition of Theorem 2.5, and if the
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Lagrange multiplier v* is regular then the convergence of the

sequence (xk} to x* is R-superlinear.

Proof: Our proof is mainly based on Powell's proof in [9].

His proof is very long. Fortunately, we only need to show how
his proof can apply to our case.

Note that, when k is sufficiently large, we have J(vk) = J(v*).
Without loss of generality we may assume that J(v*) contains

the first r indices. We also have

m
I v
i=1

k,i =1

where Vi i is the i-th component of Vi Therefore, the Lagrangian
’

function L(xk,vk) becomes

r-1
L(xk.vk) = fr(xk) + 1£1vk'i(fi(xk) - fr(xk))'

We may define
F(x) = fr(x)
and
ci(x) = fr(x) - fi(x) i=1,...,r-1,
and also may define for each k an n x (r-1) matrix "k by
Nk = [ci (xk) lci (xk) soce lc;_l (xk) 1.

Because v* is regular, the matrix Nk has full column rank for
sufficiently large k. Hence, by Lemma 4.2, the projection matrix

Pk on the subspace ﬂ(xk,vk) is given by
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T -1.7
(4.1) P =1I- Nk(Nka) N, .
Lemma 4.2 and the second order sufficiency ¢ondition in Theorem

2.5 also imply that there exists an n > 0 such that
a"L"(x, ,v.)d > n||d||2
k’ "k =

for all vectors d that satisfy the condition

Therefore, all the conditions that are required in Powell's
proof are satisfied. Then the superiinear convergence result
follows.

Another important result of Powel{ can also apply to our
case similarly. This result is concerning a general method in
which the matrices {Bk} may not necessarily be updated from

Powell's scheme. We state this result below.

Theorem 4.4 Let the assumption of Theorem 4.3 holds. If the
sequence ((xk,vk)) are generated from solving iteratively the
quadratic program (3.1) or (3.3) and the matrices (Bk} satisfy

the condition

P, (B, - L*(x,,v,))P, ( -x)||
1im k Pk kT T e T %O
k>e Hxygyy = %11

where Pk is the projection matrix defined in (4.1), then

Hx ., = x*]]
lim —Kk¥1 = " _ o
k4w ”xk-l = x'“

The assumption in Theorem 4.3 that the sequence of multipliers
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Vi converges to v* may be relaxed if the strict complementarity

condition holds.

Lemma 4.5 Let (x*,v*) be a stationary pair which satisfies the
strict complementarity condition I(x*) = J(v*) and let ((xk,vk))
be a sequence generated from the method. If X * x* and v* is

regular then v * vt

Proof: We first observe that if x, * x* then Gk + y(x*). From

the.quadratic program (3.1) we have

£.00) + £1(x)7a 6, i=1,...m.

Therefore, it follows that for sufficiently large k and for any
i/ 1(x*),

vk,i = v; f 0.

Thus, it suffices to show that Vir * v; where I = I(x*). To do
’

this we first note that

fi(xk) v . --Bkdk
eT k,I 1
fi(x') v - 0 ]
e’ 1 1

Because X, x*, dk + 0 and the matrices {Bk) are bounded, we

and

have

1 (x*)
* - =
(4.2) ii: o7 (VI vk,I) 0.
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Because v* is regular and the strict complementarity condition
holds, the matrix in (4.2) has linearly independent columns. This

implies Vi + v* and, thus, the proof is completed. ™
’

I

Theorem 4.6 Let (x*,v*) be a stationary pair which satisfies the
second order sufficiency condition in Theorem 2.3; that is,
dTL'(x*,v*)d > 0 for any nonzero d in the tangent cone T(x*).

Let {xk) be a sequence generated from the method. If the sequence
{xk} converges to x* and v* is regular and if the strict comple-
mentarity condition holds, then (xk) converges to x* at an R-

superlinear rate.

Proof: The theorem follows directly from Theorem 4.4, Lemma 4.3

and Lemma 2.4. a

It is not clear at this stage of research if the assumption
on the regularity of the multiplier v* can be removed from the
above theorems. However, from Theorem 4.1 we know that any station-
ary point has at least one reqular Lagrange multiplier. Therefore,
it may be worthwhile incorporating into the method a procedure
to select Lagrange multipliers such that they can converge to
such a regular multiplier.

We would conclude this paper with the following remark. Non-
linear programming and minimax are problems of one kind. A
method is effective for one of them may also be effective for the
other. In this paper we have shown that the effective nonlinear
programming variable metric methods are, indeed, applicable to

many minimax problems.
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