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A quantum network promises unconditionally secure transmission of data between its
nodes by utilizing its ability to distribute entanglement across distant nodes. However,
for most practical purposes, the distribution of entanglement is affected by environmen-
tal noise. We study the limits of secure communication between two parties sharing an
arbitrary bipartite state or an arbitrary quantum channel under the one-way local op-
erations and classical communication (one-way LOCC) setting, particularly for the non-
asymptotic case. We use the ideas of unextendibility of entanglement to quantify the
resourcefulness of a bipartite state or a quantum channel for forward-assisted private
communication between its bearers, which we use to establish limits on the number of
secret bits that can be established between the two parties either exactly, or probabilisti-
cally, or approximately. Our results surpass several previously known limits on secure
communication under the considered setting. Additionally, several bounds presented in
our work are efficiently computable, including the bounds on the one-shot private capac-
ity of a channel, which are the first efficiently computable bounds on these quantities to

the best of our knowledge.
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CHAPTER 1
INTRODUCTION

Ensuring the secrecy of a message transmitted over a network shared by multiple par-
ties is of utmost importance in the information age. Several public key cryptographic
schemes have been developed in the last few decades, facilitating secure communication
over large-scale networks. However, the security of the current cryptographic schemes
can only be guaranteed in the presence of a computationally restricted eavesdropper. The
advancements towards a fault-tolerant quantum computer perhaps pose the most seri-
ous threat to information security as they can break the most widely used cryptographic
schemes, including RSA [Sho97, MNM*16, ST21]. The lack of unconditional security
guarantees of such cryptographic schemes also leaves them susceptible to attacks based

on classical algorithms that may be developed in the near future.

Remarkably, several cryptographic schemes have been developed that exploit the laws
of quantum mechanics to ensure unconditional security against an eavesdropper that
is bound by the laws of quantum mechanics [BB84, Eke91, BBM92] (see [PAB*20] for a
review). The theoretical guarantees of these schemes have been a major stimulus for the
development of large-scale quantum networks [Kim08, WEH18]. As technology advances
to implement quantum cryptographic schemes over a quantum network, the necessity to
understand the rate of communication over such networks from an information-theoretic

perspective grows ever so relevant.

In this thesis, we present three papers that significantly advance our understanding
of the limitations on secure communication, also called private communication, between
two parties in a quantum network. Entanglement is the primary resource that facilitates

the distribution of an unconditionally secure key over a quantum network, in the sense



argued in [CLLO04]. We study the task of establishing a secret key between two parties that
either hold one share each of an entangled quantum state, or they have access to a one-
way quantum channel. We assume that the parties can perform any quantum operations
on the system in their possession, and one party can send an arbitrary amount of public
classical data to the other. This setting is commonly called secret-key distillation assisted
by one-way local operations and classical communication (one-way LOCC), and it has

been a subject of several studies due to its practical significance [DW05, RR12, KKGW21].

The primary tool used in our investigation is the unextendibility of entanglement. Un-
extendibility has been of fundamental interest in quantum information theory since the
seminal works of [Wer89, Wer90]. More recently, it has been studied from a resource-
theoretic perspective, which has led to efficiently computable bounds on quantities of
interest in quantum Shannon theory, such as the one-shot, forward-assisted quantum ca-
pacity of a channel [KDWW19, KDWW?21], one-way distillable key of a state [WWW24],
and the maximum probability with which a message can be sent over a channel with one-
way LOCC assistance [BBFS21, HSW23]. We use the resource theory of unextendibility
to study the task of key distillation and private communication in the probabilistic, zero-
error, and approximate settings, obtaining several efficiently computable bounds on the

relevant quantities of interest in each of these settings.

The contents of the thesis are organized as follows: In Chapter 2, we study the prob-
abilistic distillation of secret keys from a bipartite state using a one-way LOCC chan-
nel. We identify a large class of quantum states that are useless for this task, essentially
stating a no-go theorem for probabilistic key distillation with one-way LOCC. In Chap-
ter 3, we develop tools to quantify the entanglement of a channel based on the ideas of
unextendibility. We then use the thus-defined entanglement measure, dubbed the unex-

tendible entanglement of channels, to obtain efficiently computable upper bounds on the



zero-error, forward-assisted quantum capacity and zero-error, forward-assisted private
capacity of a channel. We also obtain efficiently computable upper bounds on the prob-
abilistic one-way distillable key of a state assisted by one-way LOCC and a semicausal
bipartite quantum channel. Finally, in Chapter 4, we obtain efficiently computable upper
bounds on the one-shot, one-way distillable key of a state and the one-shot, forward-
assisted private capacity of a channel using the unextendible entanglement of channels
defined in the preceding chapter. These are the first efficiently computable bounds on
these quantities to the best of our knowledge. We also find efficiently computable bounds
on these quantities for some special cases in the independent and identically distributed

(i. 1. d.) setting.
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CHAPTER 2
NO-GO THEOREM FOR PROBABILISTIC ONE-WAY SECRET-KEY
DISTILLATION®

2.1 Abstract

The probabilistic one-way distillable secret key is equal to the largest expected rate at
which perfect secret key bits can be probabilistically distilled from a bipartite state by
means of local operations and one-way classical communication. Here we define the set
of super two-extendible states and prove that an arbitrary state in this set cannot be used
for probabilistic one-way secret-key distillation. This broad class of states includes both
erased states and all full-rank states. Comparing the probabilistic one-way distillable
secret key with the more commonly studied approximate one-way distillable secret key,
our results demonstrate an extreme gap between them for many states of interest, with
the approximate one-way distillable secret key being much larger. Our findings naturally

extend to probabilistic one-way entanglement distillation, with similar conclusions.

2.2 Introduction

Quantum key distribution has emerged as one of the most promising applications of a
quantum network, as it facilitates unconditionally secure communication between dis-
tant parties [XMZ*20, PR22, ZvLAF*23]. It allows the transmission of private data be-

tween multiple parties, such that the security is ensured by the laws of quantum mechan-

V. Singh and M. M. Wilde, “No-go theorem for probabilistic one-way secret-key distillation”,
arXiv:2404.01392, under review in Quantum



ics [BB84, Eke91], instead of relying on computational assumptions about the eavesdrop-
per [KLO7]. The rapid development of quantum network technologies demands a strong
understanding of our ability to distribute a secret key over a quantum network equipped

with some available resources.

Entanglement is a major ingredient that ensures quantum mechanically secure com-
munication [Eke91], and it is in fact necessary as well, in the sense argued in [CLLO04].
However, the ability of a quantum state to establish a secret key is not a trivial conse-
quence of its entanglement content. Indeed, the seminal work of [HHHOO05, HHHO09]
established the existence of bound entangled states [HHH98] that furnish a secret key
upon local measurements. This motivates a separate discussion of the privacy content in

a quantum state that is clearly distinct from its entanglement content.

The distillation of secret key from a quantum state under a restricted set of operations
has garnered interest [DW05, HHHOO05, Chr06, CEH"07, HHH"08, HHHO09, CSW12],
due to its practical and foundational significance in quantum information science and,
particularly, quantum privacy [WTB17, QSW18]. Despite the differences, the theory of
entanglement is intimately linked with quantum privacy, and a deeper understanding of
one can reveal insights into the other. A specific task of interest is the distillation of secret
key under local operations and one-way classical communication, abbreviated as one-
way LOCC, due to its physically motivated setting and relation with the private capacity
of quantum channels [CWY04, Dev05].

In this paper, we analyze the probabilistic secret-key distillation approach in which a
perfect secret key is distilled from an initial bipartite state, albeit probabilistically. In par-
ticular, we study the one-way distillable secret key of a bipartite state in the probabilistic

setting, which is roughly defined as the maximum achievable expected rate of distilling



secret key bits from an arbitrarily large number of copies of the state using one-way LOCC

channels.

The particular contributions of our paper are as follows. We first establish the def-
inition of probabilistic one-way distillable secret key, which is fundamentally different
from approximate one-way distillable secret key [DWO05]. We find a set of states, called
the set of super two-extendible states, which have no probabilistic one-way distillable secret
key and can also be described via semidefinite constraints. Using the examples of erased
states and full-rank states, we show that there exists an extreme gap between the proba-
bilistic one-way distillable secret key and the approximate one-way distillable secret key
for several states, with the former being equal to zero while the latter is strictly non-zero

for these examples.

Our results establish fundamental limitations on probabilistic secret-key distillation,
and consequently on probabilistic entanglement distillation, under one-way LOCC chan-
nels. The class of super two-extendible states provides a computationally-friendly
framework for analyzing secret-key distillation in a resource-theoretic setting, due to its
semidefinite characterization. Furthermore, our results emphasize the importance of al-
lowing some error in secret-key distillation, as doing so can facilitate key distillation from

otherwise undistillable states.

One of the main tools that we use to establish our results is the resource theory
of unextendibility [KDWW19, KDWW?21] and its state-dependent variation [WWW24].
This resource theory was developed in [KDWW19, KDWW21] as a relaxation of the re-
source theory of entanglement, in which one-way LOCC channels are allowed for free.
An important quantity that we employ is the min-unextendible entanglement of a bi-

partite state [WWW24]. Our work also provides significant improvements on existing



bounds [WWW24, Sec. V.D] regarding the overhead of probabilistic one-way secret key

distillation.

2.3 One-way secret-key distillation

Let us begin by considering the task of secret-key distillation. The objective of such a
protocol Lyp_ap is to transform a bipartite state pap, purified by yape, into a tripartite

key state as follows:

k-1
Lap—ap(WYape) = Z [iXilar ® |iXilp ® 0, (2.1)
i=0

!
k
where o is an arbitrary quantum state. Alice and Bob, holding systems A’ and B’ re-
spectively, can use the classically correlated state shared between them to communicate
a message of log, k bits using the one-time-pad scheme. Any eavesdropper holding the
system E cannot decipher anything about the message because o is independent of the

symbol i, hence, ensuring secrecy of the communication.

In [HHHOO05, HHHOOQ09], it has been shown that the distillation of a secret key is equiv-
alent to the distillation of a bipartite private state of the following form:

k-1
1 s
fooAlBOB. = % Z X j jlags, ® Uiwa, s, U;, (2.2)

i,j=0
where wy, 5, is an arbitrary quantum state and (U;)\7; is a tuple of unitary operators. The
systems A(B, are the key systems, and A, B, are the shield systems. The bipartite private
state defined in (2.2) can be used to distill at least log, k secret key bits. We can hence
reframe the task of secret key distillation into the distillation of bipartite private states.

From here on we simplify the labeling for the key systems and shield systems: when

10



referring to a private state ¥} , , , , we group the systems held by Alice into one system

label A := ApA; and all the systems held by Bob into one system label B := B,B;.

In a probabilistic one-way secret-key distillation protocol, Alice and Bob use local op-
erations and one-way classical communication from Alice to Bob to distill a secret key, or
equivalently a bipartite private state, from a shared resource state p4s with some proba-
bility p € [0, 1]. The distillation process can be mathematically described as the action of

—

a one-way LOCC channel £} ., on the resource state p, as follows:

Ls xan©as) = plllx ® Yip + (1 = P0lx ® Tarp, (2.3)

where we have used the shorthand [i] := |iXi|. In (2.3), %, is a bipartite private state with
at least log, k bits of secrecy, system X is a classical flag indicating the success or failure of
the protocol, and o4/ p is an arbitrary quantum state generated when the protocol fails to

distill a private state.

In any probabilistic secret-key distillation protocol, both parties must have access to
the flag X in order to use the distilled key for private communication. Suppose a prob-
abilistic secret-key distillation protocol fails to establish a secret key. In that case, both
parties involved in the distillation process can discard their systems and repeat the pro-
tocol with another instance of the resource state. If one-way LOCC channels are available
for free, it suffices to demand that Alice receives the flag X since she can send the flag to

Bob using the freely available forward classical channel.

We can now quantify the resource in a bipartite state that is relevant for the task of
secret-key distillation using one-way LOCC channels. For this purpose, we define the

probabilistic one-way distillable secret key of a bipartite state as follows:

Definition 2.1 The probabilistic one-way distillable secret key of a bipartite state p,p is the max-

11



imum expected rate at which secret key bits can be distilled from a bipartite state using one-way

LOCC channels. It is formally defined as
el en
Ky (0ap) = hi’i}j}f ;Kg)’ 03, (2.4)
where the one-shot probabilistic one-way distillable secret key is defined as

. plog, k :
K(Dl)’ (0aB) = sup ? . (2.5)

pel0,1],keN - _ X B Low
LPEIWLA, L7 (pap) = plllx, ® vy p + (1 = p)[0]x, ® ad

In the above, Ly 4 p 1 a one-way LOCC channel, TWL denotes the set of all one-way LOCC
channels, the optimization is over every private state y%, ,, of log, k secret key bits, X4 is a classical

flag held by Alice, and 1 p is the identity operator.

In (2.5) we require that the state generated upon failure of the protocol is a maximally
mixed state. This additional constraint on secret-key distillation protocols does not affect
the maximum expected number of secret key bits that can be distilled from a bipartite

state using one-way LOCC channels as we show in Appendix 2.A.

It is worthwhile to note that a maximally entangled state of Schmidt rank k is a pri-
vate state holding log, k secret key bits [HHHOO05, HHHOO09]. As such, any entanglement
distillation protocol can be transformed into a secret-key distillation protocol without af-
fecting the rate of distillation. Hence, the one-way distillable secret key of a quantum state
is not less than the one-way distillable entanglement of the state in both the probabilistic

and approximate settings.

A simpler way to analyze the probabilistic distillation of secret keys under the action

of one-way LOCC channels is by considering the erasure symbol. The erasure symbol [e]

d-1

is defined to be orthogonal to every state in the span of {|iX W= where d is the dimension

of the underlying system. For practical purposes, one can think of the erasure symbol as

12



a pure state in the (d + 1)-dimensional Hilbert space that is orthogonal to every state in the
d-dimensional Hilbert space which represents the system of interest. In the case of a joint
system S which comprises multiple subsystems, say, S, S, ..., S, the erasure symbol [e]s

can be represented as follows:

[e]S = [e]Sl ® [e]Sz Q- [e]Sk’ (26)

which is orthogonal to every state on the system S, and hence, it is consistent with the

definition of the erasure symbol.

In a one-way secret-key distillation protocol, if Alice finds the flag X, in the state [0]y,,
she can erase her state, and she can instruct Bob to erase his state as well. We call the

resulting state the doubly erased private state, which has the following form:

s = pvip+ (1= plels ® [els. 2.7)
where Both Alice and Bob can retrieve the flag by performing the POVM {II, [e]} on their
respective systems, where IT := Y% [i]. They can further replace their state with a maxi-

mally mixed state upon measuring the erasure symbol, hence retrieving the distilled state

in (2.5). That is,

LO Iy p
iy < plllx, ® Vo + (1= p0ly, ® . (2.8)

dydy
Since the transformation in (2.8) can be effected by one-way LOCC only, the distillation
of the doubly erased private state 7% is equivalent to the distillation of log, k secret key

bits with probability p.

Min-unextendible entanglement—The min-unextendible entanglement of a bipartite
state was defined in [WWW?24, Sec. 4.2] as a monotone for the state-dependent resource
theory of unextendibility. We briefly mention the relevant properties of this quantity here,
and we refer the reader to [WWW?24] for a detailed presentation of the resource theory of

unextendibility.
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The min-unextendible entanglement is defined with respect to the min-relative en-

tropy [Dat09, Def. 2] as follows:

u o—— 1 1 P
Emi"(pAB) o UAB(IE?Cf(‘pAB) _E 10g2 Tr[HABO-AB] ’ (29)

where IT, ; is the projection onto the support of p,5 and the optimization is over all states

in the following set:

Trplwapp] : pap = Trplwasp |,
F (pan) = ’ (2.10)
WABR € S(ABB’)

with S(ABB’) the set of all states of the joint system ABB’ and system B’ being isomorphic

to system B.

The min-unextendible entanglement of a bipartite state has several properties relevant
to our discussion. Firstly, it is non-negative, and it is additive with respect to tensor
products of states. It is monotonic under the action of two-extendible channels, as defined
in [KDWW19, KDWW?21], which is a superset of one-way LOCC channels. As such, the
min-unextendible entanglement of a bipartite state does not increase under the action
of one-way LOCC channels. Lastly, the min-unextendible entanglement of a bipartite
private state is not less than the number of secret key bits held by the private state. See

Appendix 2.B for more details.

Remark 2.1 The min-unextendible entanglement of a bipartite state does not increase under one-

way LOCC channels. Hence, the transformation in (2.8) implies the following equality:

I
Etn(ns) = Eﬁlin(p[lle ® iy + (1= )0k, ® 72, 2.11)
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2.4 Limitations on probabilistic one-way distillable secret key

The monotonicity of the min-unextendible entanglement of a bipartite state under the
action of one-way LOCC channels implies that the min-unextendible entanglement of
the target state in a probabilistic one-way secret-key distillation protocol does not exceed
the min-unextendible entanglement of the source state. We first present a lower bound on
the min-unextendible entanglement of the doubly erased private state, which is the target

state of a probabilistic one-way secret-key distillation protocol.

Lemma 2.1 For all p € [0, 1] and every integer k > 2, the min-unextendible entanglement of a

doubly erased private state iy is bounded from below by the following quantity:

u 1 p
Emin(nz’g) = _5 logz(ﬁ +1- p) . (212)

Proof: See Appendix 2.C. O

The min-unextendible entanglement of the doubly erased private state nﬁ’g is strictly
positive for all p € (0,1] and every integer k > 2, and it is only equal to zero at p = 0
because the resulting state is a product state ((WWW24, Proposition 3]). As a consequence
of the one-way LOCC monotonicity of the min-unextendible entanglement, a state whose
min-unextendible entanglement is equal to zero cannot be used to distill any number
of secret key bits with a non-zero probability using one-way LOCC channels. This is

formally stated and proved in what follows.

Let us first analyze the set of states whose min-unextendible entanglement is equal to
zero. If there exists a state o4 € F (pap) such that psp = 045, then p,p is a two-extendible

state [Wer89a, DPS02, DPS04], and its min-unextendible entanglement is equal to zero. A

15



more general set of states for which the min-unextendible entanglement is equal to zero,

which we call super two-extendible states, can be defined as follows:

Ao ap € Foug)
2-EXT,p(A:B) =] 00 (oan)- | (2.13)

supp(cas) S supp(pas)

The set of super two-extendible states is convex and open (see Appendix 2.D).

Proposition 2.1 The min-unextendible entanglement of a quantum state is equal to zero if and

only if it is super two-extendible.

Proof: See Appendix 2.E. o

While the approximate one-way distillable secret key of a two-extendible state, also
known as an anti-degradable state [LDS18], is equal to zero [KW24, Thm. 15.43], the same
is not true for a general super two-extendible state, as we shall see later in this paper.
However, a super two-extendible state cannot be used for probabilistic one-way secret
key distillation since its min-unextendible entanglement is equal to zero. Combining this
fact with the additive property of the min-unextendible entanglement, we arrive at our
main no-go theorem stated as Theorem 2.1, which identifies a broad set of states for which

the probabilistic one-way distillable secret key is equal to zero.

Theorem 2.1 The probabilistic one-way distillable secret key of a super two-extendible state is

equal to zero.

Proof: See Appendix 2.F. o
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2.5 Erased private state

Let us consider the following state, which is established if Bob’s share of a bipartite private

state ¥, gets erased with probability 1 — p:

My = p¥is+ (1= ) Trg[yhs] ® el (2.14)

where Trp| ] refers to the partial trace of the argument over system B. We call the state in

(2.14) an erased private state.

Proposition 2.2 For all p € [0, 1) and every integer k > 2, the erased private state 77'% is a super

two-extendible state and thus has probabilistic one-way distillable secret key equal to zero.

Proof: See Appendix 2.G. o

An erased state is defined as follows:
=pd . d I4
Oy = p Qyp + (1~ P)d— ® [e]s, (2.15)
A

where @4, is the maximally entangled state with Schmidt rank equal to d. Since the erased
state is a special case of an erased private state, it is in the set of super two-extendible

states for all p € [0, 1), which leads to Corollary 2.1 stated below.

Corollary 2.1 For all p € [0,1) and every integer d > 2, the probabilistic one-way distillable

secret key of the erased state ®4 is equal to zero.

The class of full-rank states also is in the set of super two-extendible states, which

leads to Corollary 2.2 below.
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Corollary 2.2 All full-rank states are super two-extendible states, and the probabilistic one-way

distillable secret key of such quantum states is equal to zero.

Proof: See Appendix 2.H. o

The inability to probabilistically distill resource from full-rank states has been ob-
served in general quantum resource theories [Ken98, FL.20, Reg22b]. Corollary 2.2 ex-
tends this result to probabilistic secret-key distillation under one-way LOCC channels.
This result also implies that the overhead of probabilistic secret-key distillation consid-
ered in [WWW24, Sec. V-B] is infinite for quantum states with full-rank density matrices,

thus providing a significant strengthening of the bounds from [WWW24, Sec. V-B].

2.6 Approximate vs. probabilistic secret key distillation

The probabilistic one-way distillable secret key is demonstrably different from the more
commonly studied approximate one-way distillable secret key of bipartite states. The
approximate one-way distillable secret key is not less than the approximate one-way
distillable entanglement of a state, which in turn is bounded from below by the coher-
ent information of the state [DW05, Thm. 10]. For p > %, the coherent information of
an erased state 5% is strictly non-negative. Similarly, the coherent information of some
isotropic [HH99] and Werner states [Wer89b], which are full-rank states, is non-zero (see
Appendices 2.I and 2.J). However, Corollaries 2.1 and 2.2 state that the probabilistic one-
way distillable secret key of these states is equal to zero, demonstrating an extreme gap

between the probabilistic and approximate one-way distillable secret key.
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2.7 Conclusion

We found a convex and open set of states, that we call super two-extendible states, from
which it is impossible to probabilistically distill secret key bits with any non-zero proba-
bility. Our main result is a no-go theorem stating that the probabilistic one-way distillable
secret key of a super two-extendible state, and consequently its probabilistic one-way dis-

tillable entanglement, is equal to zero.

We demonstrated an extreme gap between the probabilistic and approximate one-way
distillable secret key for some states. Considering the intermediate regime between prob-
abilistic and approximate distillation [FL20, Reg22a, EW22], where the goal is to distill
high-fidelity maximal-resource states with a non-zero probability, should interpolate be-

tween the two extreme cases.
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APPENDIX

2.A Equivalent definitions of probabilistic one-way distillable secret

key

In this section, we justify the definition of one-shot probabilistic one-way distillable secret
key of a bipartite state given in (2.5) by showing an equivalence between (2.5) and a
more general definition of the one-shot probabilistic one-way distillable secret key that

we propose in (2.A.2).

Consider a general probabilistic one-way secret-key distillation protocol in which a
one-way LOCC channel £ ,, , 5 acts on a bipartite state pap to establish the following
state:

L7 (pap) = plllx, ® Vg + (1 = p)[0lx, ® Carp, (2.A1)

where ¥4, ,, is a bipartite private state holding log, k secret key bits and o4 is an arbitrary
bipartite state. As such, this protocol can be used to distill an expected number plog, k of
secret key bits from a single instance of p,5. The one-shot probabilitic one-way distillable

secret key of the state p,p is defined generally as

plog, k :
K7 (pap) == sup L7 (pa) = plllx, ® ¥y p + (1 = p)[0]x, @ Cwps (- (2.A.2)
pel0,1].keN
— k
LreWLyy oap € S(A'B)

In the presence of forward classical communication, Alice can send a copy of the flag

X, to Bob, so that both parties know when the protocol is unsuccessful in establishing the
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private state )ﬁ, »» hence, arriving at the following state:

(Cxy=xax5 © L) (oap) = plllx, ® [1]x, ® 75/3/ + (1 - p)[0]x, ® [Olx, ® A, (2.A.3)

where Cyx,_x,x, is a classical channel that copies the classical data from X, to Xz. Now
that both parties hold a copy of the flag, they can trace out their states and replace them
with a locally prepared maximally mixed state if the flag indicates that the protocol was
unsuccessful in establishing a private state. That is, Alice applies the following local

channel on her system:

I ’
7QXAA/—Q(AA’(') = i ® TrB’[[O]XB (') [O]XB] + idX;,A’—)XAA/([l]XA () [1]XA) s (2'A'4)
dy

and Bob applies the corresponding local channel on his systems. Tracing out Bob’s flag,

we arrive at the following quantum state:

I In
(RoC o L7)pap) = plllx, ® ez + (1 = p)[0ly, ® di ® di (2.A.5)
A’ B’
k IA/B/
= plllx, ® yap + (1 = p)[0]x, ® . (2.A.6)
duydp

Observe that R o C o L™ is also a one-way LOCC channel that distills an expected
number plog, k of secret key bits from a single instance of p,z. Since such a one-way

—

LOCC transformation can be designed for every one-way LOCC channel £}, ¢ .5, we
can conclude the following statement: if there exists a one-way LOCC channel that dis-
tills a quantum state of the form given in (2.A.1), then there also exists a one-way LOCC
channel that distills the quantum state of the form given in (2.A.6). As the expected num-
ber of secret key bits distilled from p,5 using either of the channels is equal to plog, k, we
can restrict the optimization in the definition of one-shot probabilistic one-way distillable
secret key to channels that establish a quantum state of the form given in (2.A.6). Hence,

we arrive at the following equivalent definition of the one-shot probabilistic one-way dis-

tillable secret key given in (2.5).
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2.B The min-unextendible entanglement of bipartite states

A measure for quantifying the unextendibility of quantum states, called unextendible
entanglement, was introduced in [WWW?24]. Let us briefly discuss this quantity, which
is one of the major components used to prove our main results. Recall that a generalized
divergence D is a function of two quantum states that is non-increasing under the action of
a quantum channel [PV10]. The unextendible entanglement of a bipartite state [WWW24]

is defined in terms of a generalized divergence as follows:

Definition 2.2 ((WWW24]) The generalized unextendible entanglement of a bipartite state pap,

induced by a generalized divergence D, is defined as

, 1
E“(pap) = mggp 3 Daslloas) (2.B.1)

where F (pap) is defined in (2.10).

We also use the notation E"(p4.p) to clarify the bipartition of systems over which the

unextendible entanglement is being considered.

The unextendible entanglement provides a framework to quantify the unextendibility
of a bipartite state pss with respect to the system B. Crucially, this quantity is mono-
tonic under the action of two-extendible channels [WWW24, Theorem 2], and hence, it is
also monotonic under the action of one-way LOCC channels. (See [KDWW19, KDWW?21,
WWW24] for the definition of a two-extendible channel.) Stated formally, [WWW24, The-
orem 2] establishes the following: for every quantum state p,5 and two-extendible chan-

nel Nyp_a p, the following inequality holds:

E“(0ap) 2 E*(Nap-ap(0aB))- (2.B.2)
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A different measure for unextendibility was considered in [KDWW19, KDWW21]
where the divergence was measured with respect to a fixed set of two-extendible states.
However, in Definition 2.2, the divergence is measured by means of a set of states that de-
pend on the input state itself. Although both measures are equal to the minimal possible

value of D when p,z is two-extendible, they are not equal in general.

A particular example of interest and one of the main tools in our paper is the min-

unextendible entanglement [WWW24], defined as follows:

1
E". = inf =Dy , 2.B.3
min(0AB) UABgfl(pAB) > (oaslloap) ( )
where Dy, is the min-relative entropy [Dat09, Def. 2]:

Dpin(wl7) := —log, Tr[I1°7], (2.B.4)

with w a state, T a positive semidefinite operator, and I1* the projection onto the support

of w.

The min-unextendible entanglement has the following properties [WWW24]:

1. Non-negativity: The min-unextendible entanglement is non-negative for a bipartite
quantum state, as a consequence of the min-relative entropy being non-negative for

all pairs of states; that is,

E". (pa5) 20 Vpas € S(AB). (2.B.5)

2. Additivity [WWW24, Prop. 15]: The min-unextendible entanglement is additive

with respect to a tensor product of the states ps, 5, and o 4,5,:

Erbltnin(pAliBl ® O-AziBz) = Eﬁlin(pAliBl) + Erbltnin(O-AziBz) . (2B6)
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3. Privacy bound [WWW24, Prop. 21] The min-unextendible entanglement of a bi-
partite private state % ,, holding log, k secret key bits, is bounded from below as
follows:

Eo(vhs) 2 log, k. (2.B7)

2.C Proof of Lemma 2.1

Consider the following dephasing channel:

Ap() =114 ()4 + [e]s ) [e]a, 2.C.1)

where I, := Zf;ol [i], so that I14[e] = [e]II4 = 0. In Lemmas 2.2 and 2.3, we first characterize
the action of A4 on an arbitrary state wag € 7 (nﬁ’g). We then use Lemmas 2.2 and 2.3 to

prove Lemma 2.1.

Lemma 2.2 Let wag be an arbitrary state in the set ¥ (nﬁ’g), where n"* is a doubly erased state, as

defined in (2.7). Then As(wag) is also in the set F (nﬁﬁ), where A, is defined in (2.C.1).

Proof: Forevery quantum state wag € F (nﬁ’g), there exists a state wapr with the following

marginals;

Trelwape] = 772’;;, (2.C.2)

Trplwape] = wak- (2.C.3)

Note that the doubly erased state nf\’g is invariant under the action of A,. Therefore,

the following equalities hold:
An(h) = Aa(Trelwase]) (2.C4)
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= Trg[Aa(wage)] (2.C.5)

o (2.C.6)

This implies that A(wapg) is also an extension of '7%/ and consequently, Trp[As(wagpe)] =

As(wap) is in the set 7 (n'}}). O

Lemma 2.3 Let wag be an arbitrary state in the set F (77/’;’2), where nP* is a doubly erased state of

the following form:

= pyip+ (1 - plela ® [els, 2.C.7)

with y% , a bipartite private state holding log, k secret key bits. Here systems E and B are isomor-
phic to each other. The action of the dephasing channel A4, defined in (2.C.1), on the state wag

results in the following state:
As(war) = poae + (1 — p)lela @ 1, (2.C.8)

where o € T(yﬁB) and tg € S(E).

Proof: Forevery quantum state wag € T(nﬁ’l’;), there exists a state w,pr with the following

marginals;
Trelwape] = nf,’f,f, (2.C.9)
Trplwape] = wak- (2.C.10)
Recall the definition of the dephasing channel A4 from (2.C.1). The state arising from

the action of A4 on the state w,pz can be decomposed as follows:

As(wape) = Xape + [e]a ® Vg, (2.C.11)
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where [e]aXape = Xapelela = 0. Since As(wape) is a quantum state, A(wage) > 0, which

implies the following operator inequalities:

Xage 2 0, (2.C.12)
[e]la ® Ypr > 0, (2.C.13)
= Ype 20, (2.C.14)

where we have used the fact that X5z and [e]4 ® Y5 are orthogonal to each other.

Consider the marginal of As(wagr) on systems AB, which is equal to the following:
Tre[Aa(wage)] = Tre[Xapel + Tre[Ype] ® [ela (2-C-15)

We can also evaluate the marginal by first tracing out the system E and then applying the

dephasing channel; that is,

Tre[As(wage)] = Aa (Tre[wage]) (2-C-16)

= p¥hp + (1 = p)lels ® [e]s. (2.C.17)

Comparing (2.C.15) and (2.C.17), and using the fact that [e]sX45z = O, we arrive at the

following equalities:

TrE[XABE] =p ’}/IIZB, (2C18)

Tre[Ypel = (1 - p)lels. 2.C.19)

Recall from (2.C.12) and (2.C.14) that X5 and Yz are positive semidefinite operators.
Using (2.C.18), we can further conclude that % is a quantum state that extends y%,.

Similarly, (2.C.19) implies that % is a quantum state that extends [e].

Any quantum state that extends [e] is of the form [e]s ® T, where 7 is an arbitrary

quantum state (and which can even be [e]g). Let us define the quantum state o4 =
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%TrB[XABE]. Since %TrE[XABE] = yhs o is in the set F (yfw). The marginal of the state

As(wape) on systems AE can now be written as follows:
As(wap) = p oae + (1 = p)lela ® Tk, (2.C.20)

where 7 € S(E) and o4 € 77(7’;‘3). O

Proof: [Proof of Lemma 2.1] The min-unextendible entanglement of nﬁ’g is as follows:

E u

min

(h) = inf

AB

1
_Dmin P ) ) 2C21
wABE‘T(nl’sk) 2 (T]ABH(UAB ( )

where n/’;’g = p v+ (1= p)lela ® [e]p with 4, a bipartite private state holding log, k secret

key bits.

Consider an arbitrary state wyp € 7’(772’;). The min-relative entropy between 774 and

wap obeys the following inequality:

Dmin(ﬂ,zﬁHwAB) > Dmin(AA(U/I;’g) HAA(CUAB)) (2.C.22)

= Dmin(nﬁﬁHAA(wAB)) , (2.C.23)

where A, is defined in (2.C.1). The above inequality follows from the data-processing
of min-relative entropy and the subsequent equality follows from the invariance of the
doubly erased state under the action of the dephasing channel A,. We have shown in
Lemma 2.2 that A4(wap) also is in the set F (nﬁ’g). Then the inequality in (2.C.22)-(2.C.23)
implies that we can restrict the optimization in (2.C.21) to states wsp such that wsp =
As(wap). Alternatively, we can write the min-unextendible entanglement of the doubly

erased state as follows:

Eﬁﬁn(ﬂ%) = inf %Dmm(nﬁﬁHAA (wAB)) : (2.C.24)

wageF (n*)
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We have shown in Lemma 2.3 that the action of the channel A, on every state wsz €

T(nﬁ’g) results in a state of the following form:
Ap(wpp) = poap + (1 = p)le]s ® T3, (2.C.25)

where 753 € S(B), and 045 € ¥ ()/ﬁ B). This leads to the following equalities:

, 1
Enlii) = int 5 wn{iizaom) 29
1 .
= inf ~= log, Te[ I (p oap + (1 = p)lels ® 74)| (2.C.27)
1 ,
= -3 log, sup Tr[l'['7 ! (poap+ (1 —=plela® TB)] , (2.C.28)

where IT""" is the projection onto the support of 7. The optimization in the second and
third equality is over all o4 € F (y/’j B) and 75 € S(B). The last equality follows from the

monotonicity of the logarithm.

Note that ¥, is orthogonal to [e]4 ® [e]p, and [e]4 ® [e]p is a projection. Therefore, we

can write the projection onto the support of 77% as the following sum:
7,]p,k

My = HZ\kB + [e]a ® [e]s, (2.C.29)

k
where IT7, is the projection onto the support of the bipartite private state y,. Conse-

quently,

1 k
Es(0iy) = =5 log sup (p T (Lo + (1 = ) Trllels @ [el) (el @ 7)) (2C.30)

1 k
= ) log, sup (P Tr[HZBO-AB] +(=p)Tr[[els ® ([e]ETB)]) ) (2.C.31)

where the first equality follows from the fact that ([e]s ® Ig) 04 = 0 and HZ; ([ela®Tp) =0

for every quantum state 7.
It is clear that 75 should be [e] in order for the second term inside the logarithm in
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(2.C.31) to be non-zero. Therefore,

Eﬁ]in(nﬁ’{;) = —% log, sup (p Tr[Hka'AB] +1- p) (2.C.32)
7eF (Yhp)

1 —Dnyj }’f\B
:—510g2 sup (pZ {

“3) +1- p] (2.C.33)
o-e?_(ygg)

1 —inf min Yag||7
= _E 10g2 {P 2 <r€f(7ﬁ3)D {YA AB) +1- p] (2.C.34)

1 u
= _E logz (p 2_2Emin(7§3) +1-— p) , (2C35)

where the second equality follows from the definition of min-relative entropy, the third
equality follows from the monotonicity of the exponential function, and the last equality

follows from the definition of the min-unextendible entanglement of quantum states.

It has been shown in [WWW24, Corollary 22] that the min-unextendible entanglement

of a bipartite private state holding log, k bits of secrecy is not less than log, ; that is,
Eto(vhs) > log, k. (2.C.36)

Therefore,

p 27 2Em(") < po2lomk — % (2.C.37)

From the monotonicity of the logarithm function,

log, (p 2B (Yis) 41 — p) < log, (% +1- p), (2.C.38)
and hence,
u 1 p
Eninlii) = =5 log, (ﬁ +1- p) Vpe(0,1),k>2. (2.C.39)

When p =0, nﬁ’g is a separable state, and hence, its min-unextendible entanglement is
equal to zero [WWW24, Proposition 3]. When p = 1, 7/} is a bipartite private state holding
log, k bits of secrecy, and hence, its min-uenxtendible entanglement is not less than log, k

as stated in [WWW24, Corollary 22]. Thus, we conclude the statement of Lemma 2.1. O
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2.D Convexity and openness of the set of super two-extendible states

First we show that the set of super two-extendible states is convex. Consider two quan-
tum states p4p and 7,45 that are in the set of super two-extendible states. Let p,z; be an

extension of p,p such that the following containment holds:

supp(Trp[04px]) S supp(pas) , (2.D.1)

where E is isomorphic to B. Note that the existence of such an extension is guaranteed
by the fact that p,p is in the set of super two-extendible states. Similarly, let T4z be an

extension of 745 such that the following containment holds:

supp(Trs[Tage]) € supp(Tas). (2.D.2)

Consider an arbitrary convex combination of the states psp and 745:
0ag = P pag + (1 — p)Tas, (2.D.3)
where p € [0, 1]. The following state is a valid extension of o 4p:
wape = P Page + (1 = P)Tase, (2.D.4)

because

Trelwapel = p pag + (1 — p)Tap = Tap. (2.D.5)

The other relevant marginal of w,gr can be expressed as follows:

Trplwapel = p Trg[pape] + (1 — p) Trp[Tane] . (2.D.6)

Note that 045 is in the set of super two-extendible states for p = 0 and p = 1 by

the assumption that p,p and 745 are super two-extendible states. For all p € (0,1), the
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following holds:

supp(Trglwage]) = supp(Tra[paze]) U supp(Tra[Tase]) (2.D.7)
C supp(Tre[pape]) U supp(Tre[Tage]) (2.D.8)
= supp(Tre[wage]) (2.D.9)
= supp(0ag) , (2.D.10)

where the containment of the sets follows from (2.D.1) and (2.D.2).

Since the support of Trz[wage] is in the support of Trg[wazel, we conclude that
Trelwage] = oap is a super two-extendible state for all p € (0, 1) as well. Therefore, the
state 045, which is a convex combination of two arbitrary super two-extendible states, is
super two-extendible for all p € [0, 1], justifying that the set of super two-extendible states

1S convex.

To show that the set of super two-extendible states is open, let us consider the example
of erased states defined in (2.15). The erased state "’ is a special case of an erased private
state 'ﬁﬁ’g. Appendix 2.G establishes that an erased private state is super two-extendible
for every p € [0, 1). This implies that an erased state 5% is also super two-extendible for
all p € [0,1). However, for p = 1, 52’1’; is a maximally entangled state of Schmidt rank %,
which is not super two-extendible. In fact, this state has a min-unextendible entanglement

of log, k. Hence, the set of super two-extendible states is open.

2.E Proof of Proposition 2.1

For every super two-extendible state p,5, there exists a quantum state o4 € F (pag) such

that supp(cas) € supp(pap). This implies that I, ;0045 = 04, Where IT, , is the projection
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onto the support of pss. The min-unextendible entanglement of p45 can then be bounded

as follows:
0 < Epin(0as) (2.E.I)
= inf —% log, Tr[ T} 7s] (2.E.2)
< —% log, Tr|IT) yoas (2.E.3)
= —% log, Tr[o 5] (2.E.4)
=0, (2.E.5)

where the first inequality follows from (2.B.5), the first equality follows from the definition
of min-unextendible entanglement of a bipartite state, and the last equality follows from
the fact that 045 is a quantum state with unit trace. Therefore, the min-unextendible

entanglement of a super two-extendible state is equal to zero.

We now establish the opposite implication. Consider an arbitrary quantum state p4z

such that E*

u . (pap) = 0. This is true only if there exists a quantum state o453 € ¥ (p45) such
that Tr[HZ 304 B] = 1, which follows from the definition of the min-unextendible entangle-
ment of a bipartite state. From the gentle measurement lemma [ON02, Lemma 5], it is

known for a state 7 and a projector P that

1
5 llr = PrPlly < {T=TilPr]. (2.E6)
Applying this to our case, we conclude that
T, o asTT, — oas|, = O, (2.E7)

which implies that I} ,o45IT, , = 045. This in turns implies that the support of o745 is in
the support of psp. We finally conclude that the min-unextendible entanglement of pp
is equal to zero only if there exists a quantum state o4 € ¥ (pap) such that supp(cap) C

supp(pag), which is precisely the definition of a super two-extendible state.
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2.F Proof of Theorem 2.1

Consider a one-way LOCC channel L, ,p that acts on n copies of a super two-

extendible state p,p as follows:

’ I ’ 4
L7((0ap)®) = ql1lx, ® Y5 + (1 = 9[0lx, ® d:—df: (2.F.1)

for some ¢ € [0, 1] and integer £’ > 2. Then

0< Ef;m(q[l]xA ®Yhp + (1 - q)I0ly, ® ﬁ) (2.F.2)
= 4 (nfy) (2.F3)
= Enin(L7((0an)™)) (2.F4)
< Enin((0ap)™") (2.E5)
= nE,(0a) (2.F6)
=0, (2.E7)

The first inequality follows from (2.B.5). The first equality follows from Remark 2.1 (the
min-unextendible entanglement of the state in (2.F.1) is the same as the min-unextendible
entanglement of the doubly erased private state nZ’,k t;,). The second inequality follows
from the monotonicity of min-unextendible entanglement under one-way LOCC chan-
nels, the third equality follows from the additivity of min-unextendible entanglement

(recall (2.B.6)), and the final equality follows from Proposition 2.1.

Inspecting (2.F.2) and (2.E7), it follows that Efnin(nj’,k B) = 0. By applying Lemma 2.1,
using the fact that —1 logz(k%2 +1- q) > Oforall g € [0, 1] and integer k' > 2, and solving the
equation 0 = —3 logz(k%2 +1- q), along with the assumption that k" > 2, we conclude that
g = 0. As such, the expected number of secret key bits distilled by the channel £, ;.\ , 5

from n copies of psp is equal to zero. This conclusion holds for every one-way LOCC
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channel £, pix,ap s €VETY super two-extendible state ps5, and every n € N. Hence, the

one-shot probabilistic one-way distillable secret key of (045)®" is equal to zero foralln € N,
and consequently, the probabilistic one-way distillable entanglement of every super two-

extendible state is equal to zero.

2.G Proof of Proposition 2.2

Consider the following extension of an erased private state 77, :

wape = p Yip®lele + (1 = p)yhie ® lels, (2.G.1)

where E is isomorphic to B. The two relevant marginals of the state wpe are

Trelwage]l = p )’fw +(1 - P)%lf; ® [e]lp = ﬁf;ﬁ, (2.G.2)

rplwape]l = (1 - p)yff‘E +p yf, ® [elg = ni;Ep’k, (2.G.3)
where v = Trp|y .| = Tre[y . |.
A B|Yag E|\YaE

Note that the min-relative entropy between two quantum states, p and o, is equal to
zero if supp(p) = supp(c-). We know that supp ni’é) = supp(ﬁl‘;p *) for all p € (0,1) and every

integer k > 2. Therefore, we arrive at the following relations:

u
Emin

SN
(72s) < §Dmm(nﬁ’§' niB””‘) =0 Vpe(1).k>2. (2.G.4)

The min-unextendible entanglement of a bipartite state is a non-negative quantity since

the underlying divergence is non-negative. Therefore,

Eu

min

() =0 VYpe(©1).k>2. 2.G.5)
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Finally, the erased private state 7775 is a separable state for p = 0, and the min-
unextendible entanglement of a separable state is equal to zero [WWW24, Proposition 3].

Thus, we conclude the statement of Proposition 2.2.

2.H Proof of Corollary 2.2

Consider a bipartite quantum state that has a full-rank density operator p,5. The quantum
state pap ® [Il—i is a valid extension of the state, and its marginal é Trp[oas ® I£] is in the
set ¥ (pap) when E = B. The min-unextendible entanglement of the state p,5 obeys the

following inequality by definition:

1 1
E} .. (paB) < EDmin(pAB‘ 7 Trglpas ® IE]) (2.H.1)
E
= = Dnin - 2.H.2
5 (pAB'pA ® dE) ( )
1 [ I
= —=log,| Tr|IT, s loa ® — || (2.H.3)
2 i dg

where IT/ ; is the projection onto the support of ps5, and ps = Trp[pag]. Since pap is a full-

rank density operator, the projection onto the support of p,5 is the identity operator; that

is,
I, = Lus. (2.H.4)
Therefore,
0 < Ey. (0aB) (2.H.5)
< —% log, i Tr[Isp (04 ® I£)] (2.H.6)
=~ log(Tilpa)) (2H7)
=0, (2.H.8)
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where the first inequality follows from the non-negativity of the min-unextendible entan-
glement of states. The first equality follows from the the fact that £ = B, and the last
equality follows from the fact that p, is a quantum state with unit trace. Since (2.H.5)
and (2.H.8) hold for every full-rank state p,5, we conclude that the min-unextendible en-
tanglement of all full-rank states is equal to zero; that is, all full-rank states are super

two-extendible.

As a consequence of Theorem 2.1, all full-rank states being contained in the set of
super two-extendible states implies that the probabilistic one-way distillable secret key of

all full-rank states is also equal to zero.

2.1 Coherent information of Werner states

Proposition 2.3 Consider a d-dimensional Werner state defined as follows:

ngj — pIAB + Fap +(1- p)IAB — Fup

did+1) dd-1)" @11)

where p € [0,1], d = dy = dp € {2,3,4,...}, and F 4z is the swap operator defined as Fp =

ZZ,;IO iXjla ® |jXilg. The coherent information of the state Wg’ﬁ is equal to the following quantity:

I(A)B)ysa = 1 = ha(p) = plogy(d + 1) = (1 = p)logy(d — 1). (212)

Proof: The coherent information of a bipartite state p,5 is defined as follows [SN96]:

I(A)B),, := H(Tra[pas]) — H(pap) (2.1.3)

where H(p) is the von Neumann entropy [VN27], defined as
H(p) = —Tr[plog, p]. (2.1.4)
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The d-dimensional Werner state defined in (2.1.1) can be rearranged into the following

form:

2
™ (2.15)

2
whd = o+ (1 - ,
=P e

8 =P+
where II1%™ and IT*"™ are the projections on the symmetric and asymmetric subspaces
of the underlying Hilbert space, respectively. For a bipartite system, the symmetric and

asymmetric projection operators can be written as follows:

sym 1

HAyB = 5 (IAB + FAB) , (216)
asym 1

HA}S, = E (IAB - FAB) . (217)

where F 45 is the swap operator. The symmetric and asymmetric projection operators are
orthogonal to each other:

I ™ = 0, (2.1.8)

Let us first evaluate the von Neumann entropy of TrA[W/fﬁ]. Note that

TralFasl = Ip. (2.1.9)
Therefore,
Tr [0 = d; L (2.1.10)
Tra|IT5" | = d; S (2.1.11)
and consequently,
LA glg i1 ;,p Iy = %B, (21.12)

which is the maximally mixed state on system B. The von Neumann entropy of a d-

dimensional maximally mixed state is equal to log, d. Therefore,
H(Tra[Why|) = log, d. (2.1.13)
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Now let us evaluate the von Neumann entropy of the Werner state W
H(Wiy) = = Tr| Wiy log, Wiy | (2.1.14)

Since IT});" and II};" are orthogonal to each other, we can reduce the von Neumann en-

tropy of the Werner state into the following form:

2 2
H(W)=-T I log,| p—— 1T}
(W35) r[p dd+1) A8 ng(p dd+1) A8 )]

_ 2(1 _P) asym 2(1 —P) asym
Tr[d(d—l)HAB logz(d(d_ l)HAB )] (2.1.15)

The eigenvalues of a projection operator are either equal to one or zero. Hence, for an

arbitrary scalar @ and an arbitrary projection operator II7,
log,(aIT*) = IT* log, a. (2.1.16)

Therefore,

i) = i)

2
dd + 1) 1og2(p d(d + 1)) |3

2
- (1= P)m logz((l - D)

dd - 1))TY[HZS§‘“] . (2117)

From (2.1.10) and (2.1.11), it is straightforward to see the following equalities:

|1y = d(d; D (2.1.18)
Tr[I3" | = dd 2_ ) (2.1.19)

Substituting these values in (2.1.22), we arrive at the following expression for the von

Neumann entropy of the Werner state:

) -(I-p) logz((l -p) ) (2.1.20)

2
did-1)

2
H(WP) = -p1
(WAB) p ng(pd(d+ D

= hy(p) + plog,(d(d + 1)) = p + (1 = p)log,(d(d - 1)) = (1 = p) (2.1.21)
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=log,d + hy(p) =1+ plog,(d+ 1)+ (1 — p)log,(d — 1), (2.1.22)

where hy(p) = —plog, p — (1 — p)log,(1 — p). Combining (2.1.3), (2.1.13), and (2.1.22), we
conclude (2.1.2). O

2.] Coherent information of isotropic states

Proposition 2.4 Consider a d-dimensional isotropic state £ which is defined as follows:

d

Iy — ()
Lig = F gy + (1= =22, 2J.1)

where F € [0, 1]and d = ds = dg € {2,3,4,...}. The coherent information of the state dﬁ is equal

to the following quantity:
I(A)B)ra = 10g, d — hy(F) — (1 = F) log,(d* - 1), (2].2)

where hy(x) == —xlog, x — (1 — x)log,(1 — x).

Proof: Recall the definition of coherent information of a bipartite state p,5 from (2.1.3):

I(A>B)p = H(TrA [pAB]) - H(pAB) . (2]3)

The marginal of the isotropic state on either systems, A or B, is equal to the maximally

mixed state for all F € [0, 1] and d > 2. Therefore,

H(Tefctd]) = H(3) = togs . (2J.4)

Now let us evaluate the von Neumann entropy of the isotropic state. Note that ®4,

and 1,5 — @4, are orthogonal projectors. This implies the following equalities:
H(L5) = - Tl 445 o 415 (21.5)
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F

= - TY[F(DiB logz(Fd)f,B)] - Tr[% (IAB - (Dflw) logz(;z _1*;

1
d2

-F 1-F
1 Ing(dz _ 1)Tr[IAB - (Dle]

1-F
=-Flog, F—(1-F) 10g2(m)

= —Flog, FTr[d)f‘B] -

= —Flog, F — (1 - F)log{1 - F) + (1 - F)log,(d* - 1)

= hy(F) + (1 = F)logy(d” - 1)

(1as - @;‘ig))] (2].6)
(2].7)
(2.].8)

(2.].9)
(2.].10)

where we have used the property of projection operators mentioned in (2.1.16) to arrive at

the third equality. Substituting (2.].4) and (2.].10) in the definition of coherent information,

we arrive at (2.].2).
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CHAPTER 3
UNEXTENDIBLE ENTANGLEMENT OF QUANTUM CHANNELS!

3.1 Abstract

Quantum communication relies on the existence of high quality quantum channels to ex-
change information. In practice, however, all communication links are affected by noise
from the environment. Here we investigate the ability of quantum channels to perform
quantum communication tasks by restricting the participants to use only local opera-
tions and one-way classical communication (one-way LOCC) along with the available
quantum channel. In particular, a channel can be used to distill a highly entangled state
between two parties, which further enables quantum or private communication. In this
work, we invoke the framework of superchannels to study the distillation of a resourceful
quantum state, such as a maximally entangled state or a private state, using multiple in-
stances of a point-to-point quantum channel. We use the idea of k-extendibility to obtain
a semidefinite relaxation of the set of one-way LOCC superchannels and define a class of
entanglement measures for quantum channels that decrease monotonically under such
superchannels; therefore these measures, dubbed collectively the “unextendible entan-
glement of a channel”, yield upper bounds on several communication-theoretic quanti-
ties of interest in the regimes of resource distillation and zero error. We then generalize
the formalism of k-extendibility to bipartite superchannels, thus obtaining functions that
are monotone under two-extendible superchannels. This allows us to analyze probabilis-
tic distillation of ebits or secret key bits from a bipartite state when using a resourceful

quantum channel. Moreover, we propose semidefinite programs to evaluate several of

V. Singh and M. M. Wilde, “Unextendible entanglement of quantum channels”, accepted in Transactions
on Information Theory, https://doi.org/10.1109/TIT.2025.3566737
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these quantities, providing a computationally feasible method of comparison between

quantum channels for resource distillation.

3.2 Introduction

Quantum communication technologies revolve around the transmission of quantum
data between two spatially separated parties. The promise of a future quantum inter-
net [LSW*04, Kim08, WEH18] relies on our ability to exchange quantum data and gen-
erate highly entangled states [HHHHO09] shared across distant locations. However, it is
challenging to realize an ideal quantum communication link between two distant parties,
and in practice, we only have a noisy channel to transmit quantum data. Thus, it is crucial
to understand our ability to perform quantum communication tasks over a noisy chan-
nel in order to recognize the advantages of a realizable quantum network over existing

classical networks.

Finding limitations on the rate of communication imposed by the underlying noisy
channel has been a topic of interest in both classical [Sha48, EGK11] and quantum in-
formation theory [Hay17, Will7, Watl8, Hol19, KW20]. The quantum capacity of a
channel is equal to the largest rate at which qubits can be reliably transmitted over
asymptotically many uses of the channel, such that the error vanishes in this limit.
The laws of quantum mechanics also allow for unconditionally secure communica-
tion [BB84, Eke91, HHHOO05, HHHOOQ9], unlike classical networks, which often rely on
the computational power of the adversary to implement privacy. This has sparked inter-

est in understanding limitations on private communication over quantum channels.

While the standard definitions of quantum capacities allow for arbitrarily small errors
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in communication that vanish in the asymptotic limit of many channel uses, zero-error
communication [Sha56] is a special case in which the quantum channel is required to
perform a communication task exactly (i.e., without error). While a noisy channel is in-
capable of doing so on its own, one can use error-correction protocols along with the
channel to reduce the error probability in transmitting data, albeit at the cost of a reduced
rate of communication. In some cases, one can use such protocols to reduce the error

probability to zero.

Any error-correction protocol can be mathematically described using the language of
superchannels [CDP08, LM15, Goul9], a linear map that transforms one quantum channel
into another. In doing so, one needs to restrict the allowed superchannels to mimic the
physical reality of the protocols. A natural restriction is that the two participants, Alice
and Bob, can only perform local quantum operations. In our setting, we also allow Alice
to send classical data to Bob. This restricts the set of allowed superchannels to the set of
one-way LOCC (local operations and classical communication) superchannels, as done,
e.g., in [LM15, BBFS21, HSW23], which also serves as the set of free operations in the
resource theory of quantum memories developed in [RBL18]. Allowing one-way LOCC
is motivated not only by its power, as is evident from the teleportation [BBC*93] and
super-dense coding [BW92] protocols, but also by the low cost of classical communication

nowadays.

In this paper, as a companion to our recent findings in [SW24], we use the con-
cept of unextendibility of a quantum channel [KDWW19, KDWW21] in order to quan-
tify its capability for quantum communication. The presence of quantum correlations
imposes a fundamental restriction on the extendibility of any quantum resource. This
property has been studied in the context of the entanglement content of quantum

states [Wer89, DPS02, Doh14]. Similar notions of k-extendibility have been explored for
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quantum channels [KDWW19, KDWW?21, BBFS21]. The unextendibility of a resourceful
quantum channel arises from its inability to broadcast the same quantum data to multiple
parties and is closely related to the no-cloning theorem [Par70, WZ82]. Unextendibility
has also been studied in some resource-theoretic frameworks [KDWW21, WWW24], and
it has been used to obtain tight bounds on information processing quantities such as one-
way distillable entanglement [BDSW96, CCGFZ99, PSBZ01, RST*18] and distillable secret
key [BB84, HHHOO05, HHHOOQ9]. Extendible channels can be understood as a relaxation
of the set of one-way LOCC channels [KDWW?21], which is one of the foundations upon

which the present work builds.

We also define a family of entanglement measures for a quantum channel based on
its unextendibility, which we call the unextendible entanglement of quantum channels.
The definition of these measures is motivated from the unextendible entanglement for
quantum states, previously defined in [WWW?24]. We use this entanglement measure to
give bounds on multiple quantities of interest in quantum information processing tasks
in the regimes of zero error and probabilistic distillation. Additionally, several of our
bounds can be computed via semidefinite programs. In what follows, we briefly discuss

our contributions in more detail.

First, we give an upper bound on the exact one-way distillable key of a quantum chan-
nel, which is roughly defined as the maximum rate of distilling exact secret bits using the
channel along with one-way LOCC assistance. We investigate one-shot as well as asymp-
totic protocols for distributing bipartite private quantum states, from which a secret key
can be realized. These upper bounds are practically relevant because quantum key distri-
bution [Eke91, BB84, May(01] is one of the major advantages of quantum networks over
classical networks, as this method ensures unconditional private communication between

two parties, based on the laws of quantum mechanics.
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Next we give an upper bound on the exact one-way distillable entanglement of a quan-
tum channel, which is roughly defined as the maximum rate of distilling exact Bell states
(ebits) using the channel with one-way LOCC assistance. This is a task of utmost impor-
tance to establish an ideal quantum network as a large number of quantum communica-
tion tasks, including teleportation, super-dense coding, secret key distillation, etc., rely
on distant parties sharing highly entangled states. We investigate limitations on entan-
glement distribution in the presence of a noisy channel, assisted by local operations and

one-way classical communication.

Our formalism allows us to investigate various capacities of a quantum channel as
well. We give an upper bound on the zero-error private capacity of a quantum chan-
nel assisted by one-way LOCC superchannels, which is defined as the maximum rate
at which secret bits can be transmitted exactly over multiple uses of the channel. Zero-
error capacities have been studied in classical information theory extensively [KO98], and
they have been explored to a lesser degree in quantum information theory [GDAMO6]
(see also [CS12, Shil5, LY16] and references therein). We also give an upper bound on
the zero-error quantum capacity of an arbitrary quantum channel assisted by a one-way
LOCC superchannel, which is defined as the maximum rate at which qubits can be trans-
mitted exactly over multiple uses of a quantum channel. We present a brief summary of

our results for point-to-point channels in Table 3.1.

We also extend our formalism to semicausal bipartite quantum channels [BGNP01].
Semicausal bipartite quantum channels describe quantum operations that allow only one
party to send information, quantum or classical, to the other. Such channels can be used
to distill bipartite resourceful states, such as ebits or secret keys, from an existing bipartite
noisy resource state. We establish the notion of k-extendibility of a bipartite superchan-

nel and define an entanglement measure for bipartite quantum channels based on unex-
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| Operational Quantity | Upper bound | Reference |

Exact distillable key Eﬁﬁn(N 1) | Corollary 3.1
Exact distillable entanglement Ezﬁn(N 1) | Corollary 3.2
Zero-error private capacity Ezﬁn(N 1) | Corollary 3.3

Zero-error quantum capacity Et. (Nasp) | Corollary 3.4

Table 3.1: A list of our results for point-to-point quantum channels. We give upper
bounds on several quantities related to quantum communication, as well as private
communication, over a quantum channel in terms of the unextendible entanglement

of the channel. In each of these scenarios, the quantum channel is denoted by N,_,5, and
local operations and forward classical communication from Alice to Bob are allowed for
free.

| Operational Quantity \ Upper bound | Reference |
Probabilistic distillable entanglement %E\“(pA B) + E”(N ABA'R') Proposition 3.18
Exact distillable entanglement ﬁf;in(pA B) + Eﬁlin(N s—ap) | Proposition 3.19
Probabilistic distillable key %E\ “(oap) + E“(N AB—A'B') Proposition 3.20
Exact distillable key %Ezﬁn(p/{ 5 + E;in(N sp—a'w) | Proposition 3.21

Table 3.2: A list of our results for bipartite quantum channels. We give upper bounds
on the non-asymptotic probabilistic and zero-error distillable entanglement and distill-
able key of a bipartite quantum state p,5 and n instances of a bipartite quantum channel
Nap—a g, in terms of the unextendible entanglement of the state and channel.

tendibility. We use the unextendible entanglement of a bipartite channel to investigate
its ability to increase the unextendibility of an existing bipartite state, hence, boosting the

resource available for quantum communication between two parties.

The task of entanglement distillation and secret key distillation from a bipartite quan-
tum state using only local operations and classical communication has been a subject of

interest for some time in quantum information theory. Several interesting bounds have
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been obtained for resources that can be distilled using only local operations and one-way
classical communication [WWW24]. We look at a more general setting in which the two
parties involved have access to a bipartite quantum channel that is not necessarily simu-
lable by local operations and one-way classical communication, and we employ the unex-
tendible entanglement of bipartite channels to upper bound the distillable entanglement
and distillable secret key of a bipartite channel used in conjunction with a bipartite re-
source state, along with local operations and classical communication. Table 3.2 presents

a brief summary of our results for bipartite semicausal channels.

We consider the example of the erasure channel and the depolarizing channel to
demonstrate our results for the point-to-point case. We show that the exact one-way dis-
tillable key, exact one-way distillable entanglement, forward-assisted zero-error private
capacity, and forward-assisted zero-error quantum capacity of the erasure and the depo-
larizing channel are all equal to zero. More generally, we show that a quantum channel
with a full-rank Choi operator cannot be used for exact entanglement distillation or exact
key distillation when employing one-way LOCC superchannels, and the forward-assisted
zero-error quantum capacity as well as the forward-assisted zero-error private capacity

of such channels are equal to zero.

To demonstrate our results for bipartite quantum channels, we consider an extension
of the erasure channel in which either Bob’s system gets erased and Alice retains the state
she was trying to send to Bob, or Bob receives the state and Alice receives the erasure
symbol. We give an analytical expression for the unextendible entanglement of this chan-
nel induced by the Belavkin-Staszewski relative entropy, which is an upper bound on the
probabilistic one-way distillable entanglement and probabilistic one-way distillable key
of the channel. We also consider a less idealistic setting where Alice receives some classi-

cal information indicating if the quantum data she sent to Bob was erased or not. Using a
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semidefinite program, we compute upper bounds on the probabilistic one-way distillable

entanglement and probabilistic one-way distillable key of this channel.

This paper is organized as follows:

* Section 3.3: Definitions and notations used in the paper along with preliminary

information on quantum states, channels, and superchannels.

* Section 3.4: Background on k-extendibility for bipartite states, point-to-point chan-

nels, and superchannels.

* Section 3.5: Background on divergences of quantum states and channels, and formal

definition of the unextendible entanglement of channels.

* Section 3.6: Applications of the unextendible entanglement in establishing upper
bounds on exact one-way distillable key and exact one-way disillable entanglement
of a channel in the one-shot and asymptotic settings, and establishing upper bounds
on the forward assisted zero-error quantum capacity and forward assisted zero-

error private capacity of channels.

* Section 3.7: Generalizes the notion of k-extendibility to bipartite superchannels and

defines the unextendible entanglement of bipartite quantum channels.

* Section 3.8: Applications of the unextendible entanglement of bipartite quantum
channels in bounding the probabilistic one-way distillable entanglement and prob-

abilistic one-way distillable key of a bipartite state-channel pair.

* Section 3.9: Semidefinite program to calculate the unextendible entanglement of
point-to-point and bipartite channels induced by the a-geometric Rényi relative en-
tropy. Analytical and numerical calculation of the unextendible entanglement of

special channels induced by geometric Rényi relative entropies.
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3.3 Preliminaries

In this section we establish some background on the three major elements that we use in

the rest of the work: quantum states, channels, and superchannels.

3.3.1 Quantum states and channels

A quantum state p, is a positive semidefinite, unit-trace operator acting on a Hilbert space
H,. All linear operators acting on the Hilbert space H, form the set £(A), and all quantum
states acting on this Hilbert space form the set S(A). A bipartite quantum state p,5 acting

on the Hilbert space H, ® Hj is called separable if it can be written as

pas = ) PTL ® T, (33.1)

where {p(x)}, is a probability distribution and {o7} }, and {7}}, are sets of states. Any quan-
tum state that is not separable is said to be entangled. The d-dimensional maximally

entangled state vector on the Hilbert space Hy ® Hj is

1 d-1
D45 = — > [Dalids, (3.3.2)
AB \/(_l; Alt/B

where \/LE is the normalizing factor and {Ii)}fz‘ol is an orthonormal basis. The corresponding

density operator is written as @4, = [O/XD9|5.

A quantum channel N,_,z is a completely positive (CP) and trace preserving (TP) lin-
ear map that takes an operator acting on the Hilbert space H, as input and outputs an
operator acting on the Hilbert space Hj. Let I'y, denote the Choi operator of the quantum

channel N,_ 5, which is defined as follows:
FQ/B = Nasp(Tra) s (3.3.3)
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where T'z4 = d(I)% , is the unnormalized maximally entangled operator.

Throughout our paper, we have to consider extensions of quantum states and chan-
nels. We define the set of relevant extensions of a quantum state p by Ext(p) and the set of
relevant extensions of a quantum channel N by Ext(N). The precise definitions of these
sets are given later in (3.5.34), (3.5.68), and (3.7.20). In the rest of the work, we use the
abbreviation Bs for a joint system that contains the isomorphic systems {B}; for all values
of i in a subset S of all positive integers. For a positive integer k, we use the shorthand [k]

for the set {1,2,...,k}, and the shorthand [k] \ i for the set [k] \ {i}.

3.3.2 Quantum superchannels

A quantum superchannel O -, 5 p) is a linear map that transforms a quantum channel
N, p to another quantum channel Mc_,p. By definition, a superchannel is a completely
CPTP preserving map (see Definition 3.1 for a formal definition). It can be perceived
as a mathematical model for any physical transformation that a quantum channel can
undergo, as long as the resulting map is also a quantum channel. Quantum superchannels
were introduced in [CDP08] and further investigated in [Goul9], both of which provide
a detailed discussion. Below we include a short review on superchannels that is relevant

for this work.

Definition 3.1 (Superchannel) Let 7,5 : L(A) — L(B) be a linear map. Let the space of all

such maps be denoted by L*8. A linear map O p)—c—p) : L*? — LP is a superchannel if

1. It is completely CP preserving; i.e.,
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Figure 3.1: The figure on the left shows the decomposition of a superchannel
O1-B)—(c—p) into a pre-processing channel Ec_,4y and a post-processing channel Dgyp

connected by a memory system M. The figure on the right shows the composition of the

unique bipartite channel Q%,  , associated with a superchannel ©_ 5 c-p).

(id(g)— &) ®O = B)»c—>p))(T Ea—Ep) 15 a CP map if Tgapp is a CP map, for all dimensions

of system E.

2. Itis TP preserving; i.e.,
Ou—p)>c—n)(Tasp) is a TP map if T4_,p is a TP map.

The fundamental theorem of superchannels states that every superchannel can be de-
composed into a pre-processing channel &4 and a post-processing channel Dyp_,p
connected by a memory system M [CDPO08]; i.e., for every superchannel ®u_,zc-p),

there exist -4 and Dy p_p such that

Ou-8)—»c-0)(Nasp) = Dup-p © Nasp 0 Ecoma- (3.3.4)

The pre-processing and post-processing channels are not unique to the superchannel.
For example, we can introduce an isometric channel V and its corresponding reversal
map V' acting on the memory system M without changing the superchannel. However,

a unique bipartite channel is associated with every superchannel.
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Theorem 3.1 ([Gou19]) A superchannel with the following decomposition

Ou-p)-c-0)Nasp) = Dup-p © Nasp 0 Ecmas (3.3.5)
has a unique bipartite quantum channel associated with it

QCsap = Dupp © Ecam- (3.3.6)

We define the Choi operator of a superchannel using the unique bipartite quantum
channel from (3.3.6):

T e = (dan Q4 xp)Tac ® Tiyvp), (3.3.7)
where I'y¢ = [['XI 4 ¢ is defined from the unnormalized maximally entangled vector:
Dhac = Y 1dalide. (33.8)

It suffices to choose systems A’ and D’ to be isomorphic to the systems A and D, respec-
tively. The following theorem, established as Theorem 1 of [Gou19], provides conditions

on the Choi operator in order for it to correspond to a legitimate superchannel:

Theorem 3.2 ([Gou19]) The Choi operator of a superchannel ® 4_,p - p) satisfies the following

constraints:

Tancs 2 0, (3.3.9)

Tran[T$pep] = Icss (3.3.10)
1

TrplTSpep] = - TraplTSpes] ® Is. (3.3.11)
B

In the above, the first condition corresponds to the completely CP preserving con-
dition, the second condition corresponds to the TP preserving condition, and the last

condition corresponds to the nonsignaling constraint.
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The Choi operator of the input channel N,z and output channel Mc_, of a super-

channel ®_,5)-c-p) are related through the following propagation rule [CDP08, Gou19]:
T2 = TraglTas(ep ® T ancs], (3.3.12)

where T4 is the partial transpose map acting on systems A and B.

3.4 k-extendibility

In this section, we review the concepts of k-extendible states [Wer89, DPS02, DPS04]
and channels [KDWW19, KDWW?21], and we establish the notion of k-extendible super-
channels. The framework of two-extendible superchannels was employed in [BBFS21]
and [HSW23] for the purpose of analyzing quantum error correction. We present a more

general discussion for arbitrary k in this section.

Several quantities of interest in quantum information theory are defined in terms of
optimizations over the set of separable states, but it is computationally hard to optimize
over this set [Gur03, Ghal0]. The framework of k-extendibility allows us to approximate
the set of separable states in terms of a larger set that contains all separable states. The set
of k-extendible states is described by semidefinite constraints, and optimizations over this
set are possible using semidefinite programs. The notions of k-extendible channels and
superchannels are developed to circumnavigate the computational difficulty that arises

when optimizing over the set of one-way LOCC channels [Gur03, Ghal0].

58



3.4.1 k-extendible states

Let us first recall the definition of a k-extendible state [Wer89, DPS02, DPS04]. For a pos-
itive integer k > 2, a bipartite state p,p is k-extendible with respect to system B if the

following conditions hold:

1. There exists an extension state w,p,, such that

Trpy,, [wasy] = pas, (3.4.1)

where each system B, is isomorphic to B, for all i € [k].

2. The extended state is invariant under permutations of the B systems, i.e.,
wAB[k] = Wg[k]wAB[k] ng{] V7T € Ska (342)

where Wy is the unitary permutation operator corresponding to the permutation

in the symmetric group S;.

The set of k-extendible states is a semidefinite relaxation of the set of separable states.
The main idea behind this formulation is that the higher the entanglement content be-
tween the systems A and B, the lower the number of systems B;, each isomorphic to B,

that can share correlations in the same way with A.

The weakest approximation of the set of separable states in this family is the set of
two-extendible states. It is straightforward to see that every separable state, written as
in (3.3.1), is two extendible with the extension wag 5, = X, p(X)o} ® Ty, ® T, However,
not all two-extendible states are separable. As an example, sending one share of a max-

imally entangled state through an erasure channel characterized by erasure probability
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1/2 results in the following two-extendible state that is not separable:

1 1
Eq)gB + §7TA ® |€X€|B, (343)

where s = I4/d and |eXe| is the erasure symbol.

Remark 3.1 ([DPS04]) The set of k-extendible states converges to the set of separable states when

k — oo.

3.4.2 k-extendible channels

For a positive integer k > 2, a point-to-point quantum channel N,_,5 is k-extendible with

respect to B if the following conditions hold [PBaHS13]:

1. There exists an extension channel $4_,p,, such that

TrB[k] OpA—)B[k] = NA—>B‘ (344)

\1
2. The extended channel is invariant under permutations of the B systems, i.e.,
(Wg[k] ° pA—’B[kl = PA*BW VmeS (3.4.5)

where W73 s the unitary channel that permutes the B systems by the permutation

m in the symmetric group Sy.
Remark 3.2 The Choi state of a point-to-point k-extendible channel is a k-extendible state.

If a k-extendible state is input to a k-extendible channel, the output state is also -
extendible. This makes the definition of k-extendible channels consistent in a resource-
theoretic approach; a free operation (k-extendible channel) cannot turn a free state (k-

extendible state) into a resource.
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Proposition 3.1 ((KDWW19]) All point-to-point one-way LOCC channels are k-extendible for
every k > 2. Furthermore, a point-to-point channel is k-extendible for every k > 2 if and only if it

is a one-way LOCC channel.

Proof: First we will show that every point-to-point one-way LOCC channel is &-

extendible for every k > 2. The action of a one-way LOCC channel can be written as
Nass(pa) = ) Tr{A%pa] o (3.4.6)

where {A¥}, is a positive operator-valued measure (POVM) and {ag}x is a set of quantum

states. This is also the same as an entanglement-breaking channel [HSR03].

Consider an extension of this channel that acts as follows:

Pacin(pa) = Ti[Ajpa]oh ® @ 0. (34.7)

This is a valid quantum channel because x encodes classical data that can be copied any
number of times. This extension obeys the permutation covariance conditions. Hence,

Na4_p is a k-extendible channel.

Recall that the Choi state of a point-to-point k-extendible channel is a k-extendible
state. It is known from [DPS04] that a bipartite state is k-extendible for every k > 2 if and
only if it is a separable state. Therefore, a channel is k-extendible for every k > 2 if and
only if its Choi state is separable implying that it is a one-way LOCC channel (also called

an entanglement-breaking channel). o
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3.4.3 k-extendible superchannels

We further build upon the notion of extendibility and define the set of k-extendible super-

channels. For a positive integer k > 2, a superchannel ®_,5,-p), associated with the

C)

unique bipartite channel Q2 , .,

is k-extendible if the following conditions hold.

1. There exists an extension superchannel Y p,)-c-py), With associated unique

T
quantum channel Q. Buy—ADy” such that,

3 _ N9
TrD[k]\l OQCB[k]—>AD[k] - QCB—>AD o TrB[k]\l . (348)

2. QEB[H_) Apy, 1S covariant with respect to permutations of the input systems By, and

output systems Dy, i.e.,
zs e _ e z8
(WD[/\'] o QCB[ﬂ-)AD[k] - QCB[]Q—)ADU{] o WB[k]’ Vﬂ' € Sk (3.4.9)

where W7, ‘and ‘W73 are unitary channels representing the permutation 7.

This definition of k-extendible superchannels is consistent with the definition of two-
extendible superchannels given in [HSW23] and the notion of k-extendible channels con-

sidered in [KDWW19, KDWW21].

Let us consider a specific decomposition of a superchannel ®_,5--p) in terms of
a pre-processing channel 2_,,, and a post-processing channel D%, . Neither of the
conditions implying k-extendibility of a superchannel involve systems A, C, and M. Thus,

the conditions of k-extendibility of a superchannel can be reduced to conditions on the

post-processing channel only.

Proposition 3.2 The k-extendibility conditions for a superchannel are semidefinite constraints

on the Choi operators of the superchannel @ p)—.c—p) and its extension Yu_p,)—c—py) Along
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with the conditions in Theorem 3.2, the Choi operators TS ., and FXD[HCB[H satisfy the following:

ADCB
T ) IB[k]\l
TrleJ\l [FCB[k]AD[k]] = l—‘CBAD ® Fa (3410)
B
4 Tyt 7t Y yr
W, TTW5 = Wil I'Ws - Vre S, (34.11)

Proposition 3.3 Let ©-,p)c—p) be a k-extendible superchannel with the k-extension
Y (a—By)—(C—Dyy- Then each marginal of the channel obtained by acting with the superchannel Y
on a channel Ps_p,, is the same as the channel obtained by acting with the superchannel © on the

respective marginal of the channel P_p,,. That is,

TrD[k]\l‘ o (T(A%B[k])%(c—)D[k])(PA—)BU(])) = ®(A—>B)—>(C—>D)(Tr3[k]\i OPA%B[H) Vi E [k] (3'4'12)

Proof: Let®u_ 5 -p) beak-extendible superchannel with the k-extension Y'1_, )~ c-pyy)-
As such,

TrD[kJ\i OQEB[](]—)AD[;{] = QgBHAD o TrB[kJ\[ VZ € [k]a (3413)

@ ‘Y’ . . .
where Q¢ ., and Qcp, 4, are the unique quantum channels associated with the re-

spective superchannels above. Let N4, be a marginal of the channel $4_,5,;:

TrB[ OPA*BU(] = NA—>B Vie [k] (3414)

KI\i

The Choi operator of the channel obtained by acting with the superchannel

Ou-p)—c—p) ON Ny pis

Tep = Trag| Tas(TNs) Tsan | (3.4.15)

where I'}; and I'¢,, ., are the Choi operators of the channel N, and the superchannel

®(A—>B)—>(C—>D)/ respectively.
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Similarly, the Choi operator of the channel obtained by acting with the superchannel

T(A_,B[k])ﬁ(c_)]_)[k]) on the channel ?)A_ﬂg[k] iS,

TP _ P T
FCDm - TrAB[k][TAB[k] (FAB[H) FCB[HAD[H] . (3.4.16)

This channel has the marginal,

T, [Tem! | = Teasynun| Tasa(Ths ) Tenuany (3.4.17)
= Trany | Tanu(Tay ) Trow [Tea,am, ] (34.18)
= é Tras | Tasn(Crsy, ) (T28a0, ® I )| (3.4.19)
= Trag | Tan (TN, ) Tp.a0,] (3.4.20)
=Top, (3.4.21)

where the equality in (3.4.19) follows from the non-signaling condition in (3.4.10) and the
equality in (3.4.20) follows from the fact that #,_5,, is an extension of the channel N,_z.

Hence, we conclude (3.4.12). m|

One-way LOCC superchannels

We briefly review one-way LOCC superchannels to establish their connection with k-

extendible superchannels.

A superchannel ©_,5,-p) is called one-way LOCC if it can be implemented using
local operations and one-way classical communication only. The action of a one-way

LOCC superchannel can be described by

Ou-p)—c-p)Nasp) = Z Dy p o NaspoEp_y, (3.4.22)

where {E]_ ,}, is a set of CP maps such that the sum map }, & _, is trace preserving and

{D}_plx is a set of quantum channels. This can be interpreted as the memory system M
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being a purely classical system X and the pre-processing and post-processing channels

being
Ecax(pc) = ) Eealpc) @ ¥y, (3.4.23)
Dix-n(x) = ), Diyp(Hoaxlx)x) (3.424)
such that
®(A—>B)—>(C—>D)(NA—>B) = Dpx—p © Nasp 0 Ecoax. (3-4-25)

The unique bipartite channel associated with a one-way LOCC superchannel is of the

form

QgB—)AD = Z Ecn ® D p- (3.4.26)

Proposition 3.4 All one-way LOCC superchannels are k-extendible for all k > 2.

Proof: Once again we exploit the fact that x is classical data and can be copied as many
times as needed. Hence, we can construct a superchannel Y4 p,)-c-p,, that acts on a
quantum channel $4_,p,, as

Y Paone) = Y (Dhp, ® - @Dy, ) 0 Passy) 0 Eey (3.4.27)

X

It is straightforward to verify that such an extension meets the necessary conditions for

O—p)—c—p) to be a k-extendible superchannel. o
We note here that the case of k = 2 in Proposition 3.4 was already considered
in [BBFS21, HSW23].
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3.5 Unextendible entanglement of quantum channels

With the framework of k-extendibility in hand, we can now define entanglement mea-
sures for quantum channels. We will further restrict our development to the case when
k = 2. We begin by discussing some mathematical background prior to defining the en-

tanglement measures that arise from unextendibility of quantum channels.

3.5.1 Generalized divergence of quantum states

Let R denote the field of real numbers. A generalized divergence [PV10] is a functional
D : S(A) x S(A) = R U {+00}, such that, for arbitrary states ps, 04 € S(A) and an arbitrary

channel N,_, 3, the data-processing inequality holds

D(palloa) = DINaS(Ea)lINasB(0A)) . (3.5.1)

Some examples of divergences that commonly appear in quantum information theory
are the quantum relative entropy [Ume62], Petz-Rényi relative entropies [Pet86], sand-
wiched Rényi relative entropies [MLDS"13, WWY14], and geometric Rényi relative en-
tropies [Mat13, FF21a].

We are particularly interested in the geometric Rényi relative entropies, which are

defined for a € (0, 1) U (1, o0) and all states w and 7 as

Dy (wlIt) =

1 _
—3 log, Q. (wll7), (3.5.2)

O (wl7) = liI(I)1+ Tr[Tg(T;%wT;;) ], (3.5.3)
where 7, = 7+¢l. Note that D;(w||7) is defined as lim,_,; D,(w||7) so that D,(w||7) is defined

for all @ € (0, o).
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Lemma 3.1 (Proposition 74 of [KW21]) The geometric Rényi relative entropy is strongly
faithful; i.e., for all quantum states w and T and Ve € (0, 1)U(1, o0), D, (wlIt) = 0, and Dy(wllt) = 0

if and only if w = 7.
Lemma 3.2 (Proposition 72 of [KW21]) The geometric Rényi relative entropy is monotonic in
aforalla>0;ie.,

@>B>0 = Dy(w|r)= Ds(wlr). (3.5.4)

The geometric Rényi relative quasi-entropy Q,(w||r) takes the following form for @ €

0, 1):
Ou(wlit) = Tr[z (r2ar?)]. (3.5.5)
where
O = woo — wo,lwl_,ll wg’l, (3.5.6)
wo = [Lwll,, (3.5.7)
wo1 = LI, (3.5.8)
wy 1 = oIl (3.5.9)

I1; is the projection onto the support of 7, and II; is the projection onto the kernel of
7. All inverses are taken on the support of the respective operators. Note that when
supp(w) C supp(7), the geometric Rényi relative quasi-entropy converges to the following
quantity:

Oul@li) = Tr[7 (v 2wr ™). (3.5.10)

As recalled in Lemma 3.2 above, the a-geometric Rényi relative entropy increases

monotonically in @, and the smallest quantity in this family of entropies is achieved when
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a — 0. As such, we find that
Dy(wllt) = lim D (wlit) = —log, Tr[7T1,], (3.5.11)

where ¢ = 772@77%, the operator @ was defined in (3.5.6), and I1, is the projection onto the

support of £.

When a > 1, the geometric Rényi relative quasi-entropy takes the form in (3.5.10) if

supp(w) C supp(7), and it evaluates to +oo if supp(w) ¢ supp(7).

The geometric Rényi relative entropy obeys the data-processing inequality for @ €
(0,2]; that is, for all states p and o, every channel N, and all @ € (0, 2], the following
inequality holds:

Du(pllor) = Do(N(p)IN(@)). (3.5.12)

As @ — 1, the geometric Rényi relative entropy converges to the Belavkin-Staszewski

relative entropy [BS82]:

D(wll7) = Dy(wll7) (3.5.13)
i= lim Dy (wllr) (3.5.14)
= Tr[w logz(a)%‘r_la)%)] , (3.5.15)

as shown in [KW21, Proposition 79].

3.5.2 Generalized divergence of quantum channels

The notion of generalized divergence can be extended to quantum channels, and this ex-

tension provides a mathematical framework for comparing channels. The generalized
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divergence between two channels is defined in terms of the generalized divergence be-
tween states, as follows [CMW16, LKDW18]:

D(NasllMasp) = sup DINa— p(pra)IMa— 5(OrA)), (3.5.16)

PRA

where A and B are systems of arbitrary size and pg, is a quantum state with no constraint
on the reference system R in general. It suffices to restrict the optimization in (3.5.16) to
pure states and the dimension of system R to be equal to the dimension of A. This fol-
lows from purification, the data-processing inequality, and the fact that all purifications
of a state are related by an isometry acting on the purifying system (see [KW20, Proposi-

tion 4.79]).

A key property of an arbitrary generalized channel divergence is that it contracts un-

der the action of a superchannel [Goul9, Eq. (92)]:

Theorem 3.3 ([Goul9]) For two arbitrary quantum channels Ns_g and Mu_,g, and an arbi-

trary superchannel ®_p)—«c—p), the generalized channel divergence obeys the inequality
D(N|IM) = D(O(N)|IO(M)), (3.5.17)

where A, B, C, D are systems of arbitrary size.

Geometric Rényi relative entropy of channels

The a-geometric Rényi relative entropies form a family of generalized divergences be-
tween channels. We present a brief review of these quantities and their properties that

are relevant for this work.
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The a-geometric Rényi relative entropy of channels is defined for two arbitrary quan-

tum channels and a € (0, 1) U (1, o) as

Ba/(NAHB”MAﬁB) = sup ’D\Q(NAHB(pRA)”MAHB(pRA))' (3~5-18)

PRA

For @ € (0,1) U (1,2], the data-processing inequality holds, and so the statement just
after (3.5.16) applies, so that it suffices to perform the optimization over pure bipar-
tite states with R isomorphic to A. This quantity is finite for @« > 1 if and only if
supp(Fﬁ‘VB) C supp(l“ﬁ’;) [FF21a]. The systems A and B can hold an arbitrary number of

subsystems, a property that we shall use in Section 3.7 for bipartite quantum channels.

Note that the a-geometric Rényi relative entropy of channels converges to the
Belavkin-Staszewski relative entropy when @ — 1 [FF21a, KW20, DKQ*23]. Hence, we

can remove the discontinuity in @ by defining

DN|IM) = Dy(N|IM) = lin} D, (N|IM). (3.5.19)

Lemma 3.3 ([FF21a, KW21]) The geometric Rényi relative entropy for channels satisfies the fol-

lowing properties:

1. It is monotonic in « for @ > O:
a2B>0 = DyNIM) = DyNIM). (3.5.20)
2. It is additive under tensor products of channels for « € (0, 2]:
D,(N' @ N*IM' ® M) = Dy(N'IM") + Do(N?|IMP). (3.5.21)

3. For an arbitrary quantum channel Na_p, a set V of completely positive maps described by
semidefinite constraints, and a = 1 + 27¢ with ¢ € N, the optimization min ey EQ(N [IM)
can be computed by a semidefinite program. See Section 3.9 for the full form of the SDP

along with numerical calculations.
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Proof: The monotonicity of the a-geometric Rényi relative entropy of channels for all
@ € (0,2] was shown in [KW21, Appendix H], and the semidefinite program to minimize
the quantity D,(N||M) over a set V of completely positive maps described by semidefinite

constraints, was given in [FF21a, Lemma 9] for all @ € (1,2].

Additivity of a-geometric Rényi relative entropy for all @ € (0,2] is a corollary
of [KW21, Proposition 47]. For completeness, we present a brief proof of additivity here.
Consider two arbitrary pure states g 4, and ¢g,4,. The following inequality holds for the

a-geometric Rényi relative entropy between two tensor-product channels:

5"(Nzil—>31 ® sz—>32||M1141—>31 ® M1242—>32)
> Do((N' o M) w @ 9)[(M' © M) w @ 9) (3.5.22)
= Do(N' WM @) + Do(N* ()| M (9)). (3.5.23)

Since the above inequality holds for all pure states g4, and ¢g,4,, we can take a supre-

mum over both and conclude that

Do(N} 5 ® N2, g |Mh, 5 ® M3, 5) = Do(NA s MG, L) + Da(N2, s [ME, ).
(3.5.24)
Now consider the following inequality for channel composition given in Proposition 47
of [KW21],
Do(Ly 0 LK 0 %) < Du( LillK:) + D LalITa), (3.5.25)

for channels £, £,, K, and K;, and « € (0, 1) U (1, 2]. Setting

L =N, _p ®idg,, (3.5.26)
L =ids, ®NZ ., (3.5.27)
Ki = M}y _p ®idg,, (3.5.28)
I = ids, @M p, (3.5.29)

71



we find that

BQ(NA1—>31 ® Nf% |Mf1‘l_)Bl ® MiZ_)BZ)

2—>Bz|

< Do(N} L5, ®idp, | M}, L5, ® ids,) + Dy(ids, N3, g, [lida, @M ) (3.5.30)
= Do( M} o5, M 5,) + De(Ni oM 5 (35.31)

where the last equality follows from the stability property of the channel divergence (i.e.,

it is not changed by tensoring the original channel with an arbitrary identity channel).

Finally, we can take the limit « — 1 on both sides and use the definition of 51(~||~)
in (3.5.19) to conclude that the a-geometric Rényi relative entropy of channels is additive

under tensor products for all @ € (0, 2]. o

3.5.3 Generalized unextendible entanglement of quantum states

The generalized unextendible entanglement of a bipartite state has been defined

in [WWW24]. We include a short discussion on the topic for necessary development.

Definition 3.2 (WWW24]) The generalized unextendible entanglement of a bipartite state pag,

induced by a generalized divergence D between states, is defined as

. 1
Eu(pAB) = inf _{D(pAB”TrB] [pABle]) : Tng[ﬂAB.Bz] = /OAB}, (3-5-32)

paB B, €S(AB) B) 2

where the optimization is over every state pap, g, that is an extension of the state pag. We also adopt
the following alternative notations sometimes because they can be helpful to make the bipartition
A|B clear:

E“(A; B), = E"(pa:5) = E*(0ap). (3.5.33)
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Let us define the following set of extensions of a bipartite state p4z:

Ext(pap) = {0as,8, : Tta,[pas,8,] = pas}. (3.5.34)

where B, and B, are isomorphic to B. This allows us to write the generalized unextendible

entanglement of p,5, induced by the generalized divergence D, as

. 1
E"(pap) = inf ED(/)AB” Trg, [0as5,]) - (3.5.35)

PAB, By €Ext(pap)

The generalized unextendible entanglement provides a framework for quantifying the
unextendibility of a bipartite state p,p with respect to the system B. A different measure
for unextendibility was considered in [KDWW19, KDWW?21] where the divergence was
measured from the fixed set of two-extendible states. However, in Definition 3.2, the
divergence is measured by means of a set of states that depend on the input state itself.
Although both measures are equal to the minimal possible value of D when p,; is two-

extendible, they are not equal in general.

Let us look specifically at the unextendible entanglement induced by the a-geometric
Rényi relative entropy, EZ(PAB), for @ € (0,2]. This quantity is called the a-geometric

unextendible entanglement in [WWW24].

Note that the underlying divergence of a-geometric unextendible entanglement had

an intrinsic discontinuity at @ = 1, which was removed by defining the quantity D (] as
DCII-) = Dy(ll) = lim Dy (). (3.5.36)

By definition, E\Z is defined for @ = 1 as the unextendible entanglement induced by DiCI1;
however, it is necessary to check if the function Eg is continuous at @ = 1. We denote the
unextendible entanglement induced by D,(||") as E*; that is,

=, 1 . L~
E (pAB) = 5 (rellggf(p) (IIIE)I} Da(p” TI‘B1 [O-ABlBg]) . (3537)
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Proposition 3.5 The a-geometric unextendible entanglement of a state, in the limit « — 1, con-
verges to the unextendible entanglement of states induced by the Belavkin—Staszewski relative
entropy; i.e.,

lim Ey(pa5) = E"(oas) (3.5.38)

Proof: See Appendix 3.A. o

The a-geometric unextendible entanglement of states increases monotonically in «,
which is a consequence of the a-geometric Rényi relative entropy being monotonic in a.
The smallest quantity in this family of unextendibility measures is achieved in the limit

@ — 0. We define this quantity as the min-geometric unextendible entanglement:

Epinlpan) = lim Eg(oas). (35.39)

Proposition 3.6 The min-geometric unextendible entanglement of a quantum state is the unex-

tendibe entanglement induced by the a-geometric Rényi relative entropy when o — 0; that is,

=" I . L=
Evin(Pan) = 2 Ueg}(f(p) c}g{ﬁ D“(p ”TrBl [‘TABIBZ])' (3.5.40)

Proof: Due to the monotonicity of the a-geometric unextendible entanglement in a, we

can write

Enin(oa) = lim Ei(pas) (35.41)
b=
= inf = inf D,(pll Trp, [0 ap 5,]) (3.5.42)

€(0,1) 2 oeExt(p)

—

1. .
) (J'Gllg(it:(p) ag(l)ﬁ) Dq(pll Trp,[07a5,5,]) (3.5.43)

—

L. .
- 2 rrelFB(it:(p) alg{)lJr Do(pll Trp, [0as,5,]) (3.5.44)
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where the final equality follows from the monotonicity of the a-geometric Rényi relative

entropy. O

Theorem 3.4 (WWW24]) The a-geometric unextendible entanglement of states for all a € (0, 2]

satisfies the following properties:

1. It is monotonic under a selective two-extendible bipartite operation {Si; BB }y:

Eioan) > . pOEYwyy), (3.5.45)
y:p(»>0
where
PO) = To|E)ypp(pas)| (3.5.46)
1
Wyp = ESZBHA,B,QOAB). (3.5.47)

2. It obeys subadditivity for states pa,p, and oa,p,:
Eapain ® Taum) < Eilpas) + E(0nm,) (3.5.48)
3. Let ®4, be a maximally entangled state of Schmidt rank d. Then
E}(®4,) = log, d. (3.5.49)

Proposition 3.7 (Direct-sum) Let pxxap denote the following classical-classical-quantum

state:
pxyas = ) pOIXxly @ [¥Xxly ® o} (3.5.50)

For a € (1, 2], the a-geometric unextendible entanglement obeys the following inequalities:

Ei(pxan) = ) pOOEL(p}y). (3.5.51)

75



For a € (0,2], it obeys the following:
EZ(pXA:B) = EZ(PXA:X'B) 2 EZ(pA:X/B)- (3.5.52)
The following equality holds for the Belavkin—Staszewski unextendible entanglement:

E'oxan) = ), POE“(p}y). (3.5.53)

Proof: Let us first prove the inequality in (3.5.51). A general extension of the state pxaz

is of the form,
pxass = Y POOIXKAx ® O, (3.5.54)

where p}; ; is an arbitrary extension of pj},. Due to the direct-sum property of the -

geometric Rényi relative quasi-entropy defined in (3.5.3),
102, Qu(oxasll Trs, [oxan, ,1) = 10g, D p()Qulppll Trs, [05,5,1) (3.5.55)

> " p(x)10g, Qu(pisll Trs [055,5, ) (3.5.56)

where the inequality follows from concavity of the logarithm. Furthermore, for & > 1, we

can divide both sides by « — 1 while preserving the inequality sign, implying that

Ba(pXAB” Tf31 [pXABle])

= — log, Qu(oxasll Trs [oxas a:)) (3.5.57)
>~ L - Z P(x)108; Oul}sll Trs, [P35, ) (3.5.58)
= > P@Da(p3sll Trs, [035,5,) (3.5.59)
>2 3" pOEL(P}y): (3.5.60)

Since the above inequality holds for every extension pxas, 5,, we can take the infimum over

all such extensions and conclude (3.5.51).

76



Let us now prove the statements in (3.5.52). Observe that Alice can copy the contents
of the classical register X to X’ and send X’ to Bob, and this action is a one-way LOCC
channel. By invoking the fact that the a-geometric unextendible entanglement does not

increase under one-way LOCC for « € (0,2] (see [WWW24, Remark 3]), we conclude that
EX(pxap) 2 EX(pxaxs)- (3.5.61)

Since performing a partial trace over the register X’ in Bob’s possession is also a one-way

LOCC channel, we conclude the opposite inequality:

EX(pxaxs) > EX(pxan), (3.5.62)

which, together with the inequality above, implies the equality in (3.5.52). Finally, dis-
carding the register X in Alice’s possession is also a one-way LOCC, which implies the

inequality in (3.5.52).

We finally note that the inequality

E"(pxa) = ) pOE"(py) (3.5.63)

holds because (3.5.51) holds for all @ > 1, and thus we can invoke Proposition 3.5 and take
the limit as @ — 1. The opposite inequality is a consequence of the following reasoning.

Let o} 5, be an arbitrary extension of pj, (i.e., Trp, [0} 5,1 = p)p)- Consider that
> POD©p,lI04s,) = D(pxan, lIoxan,) (3.5.64)

> 2E"(pxa:p), (3.5.65)

where we invoked the direct-sum property of the Belavkin-Staszewski relative entropy
(see [KW20, Eq. (4.7.62)]). Since the inequality holds for every extension of p’,, we con-

clude that
Z POE" (05 > E“(pxa:n). (3.5.66)

Combining the above inequality with the inequality in (3.5.63), we conclude (3.5.53). O
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3.5.4 Generalized unextendible entanglement of point-to-point quan-

tum channels

We are now in a position to define the unextendible entanglement of a point-to-point
quantum channel. For a channel divergence D, the unextendible entanglement of a quan-

tum channel N,_,; is defined as

. 1
E'(Niop) i= inf  {D(Naos|[Trs, oPavss,) 2 Tri, P, = Naoss), (3.5.67)

A—B| By

where the infimum is taken over every extension channel £4_,5,5,. Let us define the fol-

lowing set of extensions of the quantum channel N,_,p:
EXt(NA_,B) = {PAQBIBZ e CP: TI'B2 OPA_>3132 = NA_>B} , (3568)

where B, and B, are isomorphic to B and CP denotes the set of completely positive maps.
The unextendible entanglement of a point-to-point quantum channel N,_,5, induced by a

channel divergence D, can thus be written as

. 1
E‘(Nasg) = inf  —D(Nas||Trs, oPassss,) - (3.5.69)

Pa—p, B, €EXt(N) 2

This definition is motivated from the definition of unextendible entanglement of bipartite
states in (3.5.32). The unextendible entanglement of a quantum channel N,_ s between
Alice and Bob quantifies the distinguishability of the two marginals of a quantum broad-

cast channel P4_,z, 5, such that one of the marginals is the channel of interest.

The no-broadcasting theorem [BCF96], a generalization of the no-cloning theorem
to mixed states, implies that there cannot exist a quantum channel #,_,5,5, that can per-
fectly broadcast an arbitrary quantum state, in the sense that, for such a purported perfect

broadcast channel, the marginal states on the output systems B, and B, are the same as the
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input quantum state on system A. As such, there cannot exist a quantum channel £4_,5,5,
such that each of its marginals is the identity channel. However, a quantum broadcast
channel can have identical marginals if the marginals are noisy channels, for example, a
trivial channel that replaces the input with a fixed quantum state. The unextendible en-
tanglement of a quantum channel thus can be understood as a measure of entanglement
of the quantum channel arising from the limitations imposed by the non-broadcastability

of quantum information.

The unextendible entanglement induced by a divergence D achieves its minimum for
two-extendible channels. If the underlying divergence is strongly faithful, then the unex-

tendible entanglement is equal to zero if and only if the channel is two-extendible.

Theorem 3.5 (Monotonicity) The generalized unextendible entanglement of a channel does not
increase under the action of a two-extendible superchannel. That is, for an arbitrary quantum

channel N_, g and a two-extendible superchannel @ p)—c—p),

E“(Nasp) > EY(® (Nysp)) . (3.5.70)

Proof: To begin with, consider a two-extendible superchannel @ -,z c-py with the

two-extension T(A—>Bl By)—(C—DDy)*

Let P4 5,5, be an extension of the channel N,_ 5, implying Na_,p = Trg, 0Pa—p,5,- The

generalized divergence between the two marginals of the channel £4_,,5, satisfies

D(Nuopll Trp, 0P 5,) = D(O (Nasp) 1O (Trg, 0P assp,5,)) (3.5.71)
= D(TrDz o (PA—>B|32) ” TrD| oY (PAHB]Bz)) (3572)
> 2E"(O (Nasp)) . (3.5.73)
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The first inequality follows from the contraction of a generalized channel divergence un-
der superchannels (Theorem 3.3). The equality follows from the nonsignaling property of
two-extendible superchannels (Proposition 3.3), and the last inequality follows from the

fact that Y (Pa_p,35,) is a valid extension of the channel ® (N,_,).

Since (3.5.73) holds true for every extension $4_,5,5, of the channel N,_,5, we can take

the infimum over all such channels and conclude (3.5.70). O

Remark 3.3 Since all one-way LOCC channels are two-extendible, the generalized unextendible

entanglement of a channel does not increase under the action of a one-way LOCC superchannel.

A superchannel ® can also convert a point-to-point quantum channel N,_,5 to a bi-
partite quantum channel Mc_,¢p that is nonsignaling from D to C. We have not yet de-
tfined the unextendible entanglement of such channels (see Section 3.7 for unextendible
entanglement of general bipartite channels); however, we can still compare the unex-
tendible entanglement of any bipartite state that can be established by a channel of the

form Mc_,c.p with the unextendible entanglement of point-to-point channels.

Theorem 3.6 The unextendible entanglement of a quantum state ogc p, with respect to the parti-
tion RC' : D, that can be established between two parties using a point-to-point quantum channel
Na_ g and a two-extendible superchannel ® 4_,p—c—c'p) is 1o greater than the unextendible en-

tanglement of the quantum channel Na_p; i.e.,

sup E“(orerp) < E*(Nasp) (3.5.74)

PRC

where
Ore'p = (Ou—p)—c—c)(Nass)) (Ore) » (3.5.75)

and pgc 1s a quantum state.
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Proof: Let ®u_ 5 -cp) be a two-extendible superchannel, and let Y-,z 8,)—c—c'D, Dy

be a two-extension of it. Consider the following state:

ORC'D = (®(A—>B)—>(C—>C’D)(NA—>B)) (OrC) » (3.5.76)

where N,_,p is a point-to-point channel. Let £4_,5, 5, be an arbitrary extension of the point-

to-point channel N,_, 5. Proposition 3.3 implies the following equality:

Trp, [(C (Pass,5,)) (Prc)] = (O (Trp, oPa—5,5,)) (Prc) (3.5.77)
= (0 (Na-p)) (orc) (3.5.78)
= ORrC'D- (3.5.79)

This implies that Y (Pa_s,5,) (0rc) is an extension of oep with respect to the partition
RC’ : D. By definition, the unextendible entanglement of the state ogcp satisfies the

following inequality:

E“(ogre:p) < e }EIQ:IEN) 2D(0'Rc D||TrD| T (P) (Pre)]) (3.5.80)
= PEIiEI)}t(N) 2D(O'RC D|| 0 (TI'B1 OP) (pRC)]) (3581)

Taking a supremum over every input state pgc, we arrive at the following relations:

ill,g) E“(0grcp) < S,Ef Pe}antfw) 2D(0'||(® (Trg, oPas,5,)) (Pre)) (3.5.82)
=sup_inf —D((@ (N) (0)||(®© (Trg, oP)) (0)) (3.5.83)
PRC
< nf sup —D((@ (N)) (0)||(® (Tts, oP)) () (3.5.84)
= %gﬁm 2 D(® (N)||® (Trp, oP)) (3.5.85)
< Pe]lar;}:{/v) > (NA—>B||TrB1 oPs5,5,) (3.5.86)
= E"(Nuos), (3.5.87)
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where the second inequality follows from the max-min inequality, the second equality fol-
lows from the definition of generalized divergence of channels, the penultimate inequal-
ity follows from the data-processing inequality in Theorem 3.3, and the final equality

follows from the definition of the unextendible entanglement of N,_,z. O

a-geometric unextendible entanglement of quantum channels

In this section, we consider the unextendible entanglement induced by the geometric

Rényi relative entropy:

E{Naop) = _inf {Do(Nassll Trs, oPasp,5,) : Tra, oPasss, = Nass)  Yer € (0,2], (3.5.88)

A—B| By

where the infimum is taken over every channel £4_,5, 5, We shall refer to this quantity as
the a-geometric unextendible entanglement of channels following the convention used
for unextendible entanglement of states. We list some important properties of the a-

geometric unextendible entanglement of quantum channels.

1. Subadditivity: The a-geometric unextendible entanglement of a channel is subad-
ditive with respect to tensor products of channels, for all a € (0, 2] (Proposition 3.8).

2. Monotonicity in a: The a-geometric unextendible entanglement of a channel in-
creases monotonically with increasing a (Proposition 3.9).

3. Computable via SDP: For a positive integer £, and @ = 1+27, the e-geometric unex-

tendible entanglement of a quantum channel can be computed using a semidefinite

program (Proposition 3.24).

The a-geometric unextendible entanglement of quantum channels is subadditive un-
der tensor products of channels, due to the additive property of the underlying diver-

gence (see Lemma 3.3).
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Proposition 3.8 (Subadditivity) For every two quantum channels N} _ , and N3_,, the a-

geometric unextendible entanglement is subadditive for all a € (0, 2]:

EXNALp ® Ni_y) < EX(NALp) + EX(N3 _p). (3.5.89)

Proof: Let®) ., , and ¥} be arbitrary extensions of the channels N}, and N3, _ .

A’—)B’l B'2
As such,
Nip =Trg, oPs g 5, (3.5.90)
Ny = Tig oF5_p . (3.5.91)
The tensor-product channel ), , ®%F7, 53, 18 an extension of the channel N/ s ®ONL _p
because
Ny z®Ni 5 =Trpp oP) P2 (3.5.92)
A-B A B Ip,B; A—B1 B, A'>B|B,) - -

Note that in this case we are interested in the extendibility of the joint system BB’ with

respect to the joint system AA’. Then consider that

E{N'® N?) < 5Do(N' ® N[ Trp 5, o (P! @ P?)) (3.5.93)

=N =

Do (NI Trp, oP') + %BQ(NZH Try, oF?), (3.5.94)

where the last equality follows from the additive property of a-geometric Rényi relative
entropy of channels in (3.5.21). Since (3.5.94) holds for arbitrary extensions P} | 5,5, and

7)2

o gy WE can take the infimum over both and conclude (3.5.89). o

Proposition 3.9 For all « € (0,2], the a-geometric unextendible entanglement is monotonic in

a, ie.,

2>a2>0 = E{Nasp) > Es(Nasp). (3.5.95)
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Proof: This is a direct consequence of the monotonicity of geometric Rényi relative en-
tropy of channels in @, which itself is a direct consequence of the e-monotonicity of the
geometric Rényi relative entropy for states [KW21, Eq. (6.16)]. Let 45,5, be an arbitrary

extension of N,_ 5. Then

1~ 1~
EDQ(NAHB”TI‘& 07)A—>B]Bz) 2 ED,B(NA—>B|| Trp, 07)A->B]Bz) (3.5.96)

> Ef(Naop), (3.5.97)

where the first inequality follows from the monotonicity of geometric Rényi relative en-
tropy in @ and the last inequality follows from the definition of S-geometric Rényi un-
extendible entanglement of channels. Since the inequality holds for every extension, we

conclude the desired claim by taking the infimum over all such extensions. |

Remark 3.4 The smallest quantity in the family of a-geometric unextendible entanglement is
achieved in the limit « — 0%, as implied by Proposition 3.9. We call this quantity the

min-geometric unextendible entanglement and define it as follows:

—

Eu

minNacp) = lim E'(Nasp) . (3.5.98)
Proposition 3.10 The min-geometric unextendible entanglement of a channel is the unextendible

entanglement induced by the a-geometric Rényi relative entropy as a — O:

—_

EninNap) =, dnf sup Do(N @) I Trs, [POO]) (3.5.99)

Proof: Invoking the definition of min-geometric unextendible entanglement,

Enin(Nasp) = lim E4(Nap) (3.5.100)
= inf _inf sup Do(N@W) | Trg,[PW))) (3.5.101)

a€(0,2] PeExt(N) Wra
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= Pe]lir)!tf(‘N) aé%,fz] ?ﬂl},g) D (NW) || Trg, [PW)]) , (3.5.102)

where the second equality follows from the monotonicity of a-geometric unextendible

entanglement with & and the third equality is arrived at by exchanging the infimums.

The a-geometric Rényi relative entropy Ba(pHO') is lower semi-continuous in
(p, o) [FF21b, Lemma A.3], and increases monotonically in @ in the range (0,2]. Hence,
we can employ the Mosonyi-Hiai minimax theorem from [MH11, Corollary A.2] (up to a

minus sign on the outside therein) and establish that

inf inf sup Dy(NW) I Trg, [PW)]) = inf sup inf Dy(NG) || Trg [PW)])  (3.5.103)

PeExt(N) a€(0,2] Wra PeExt(N) Wra a€(0,2]

inf sup lim Dy(N@W) || Trg, [PW)])  (3.5.104)

PeExt(N) WrA a—0t

inf sup Do(N () || Trg, [PG)]) - (3.5.105)

PEEXUN) yp1

This concludes the proof. o

Proposition 3.11 The a-geometric unextendible entanglement of quantum channels converges

to the unextendible entanglement induced by the Belavkin—Staszewski relative entropy as o — 1:

lim E'(Nasp) = E"(Nasp) (3.5.106)
= Pe}ir)ng) /D\(NA_)B” TI'B1 OPA—)Ble) . (35107)
Proof: See Appendix 3.B. o

Remark 3.5 Using a semidefinite program, we can compute the a-geometric unextendible en-
tanglement of a channel for « = 1 + 27¢, where € is a positive integer. This quantity closely

approximates the unextendible entanglement of the channel induced by the Belavkin—Staszewski
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relative entropy for large enough values of £. However, it remains open to determine a semidefinite
program to compute the a-geometric unextendible entanglement for a € (0, 1), which makes it

difficult to estimate the min-geometric unextendible entanglement of a channel computationally.

3.6 Applications

In this section, we discuss some applications of the unextendible entanglement of a point-
to-point quantum channel in establishing upper bounds on some operational quantities of
interest, including a channel’s exact one-way distillable key (Section 3.6.1), its probabilis-
tic distillable entanglement (Section 3.6.2), its zero-error private capacity (Section 3.6.3),

and its zero-error quantum capacity (Section 3.6.4).

3.6.1 Exact one-way distillable key of a channel

Quantum key distribution (QKD) [Eke91, BB84, May01] is the process of distributing
information-theoretic secret keys between two parties, for the purpose of conducting pri-
vate communication after the keys are established. The key distribution task establishes
a maximally classically-correlated state between Alice and Bob, and it ensures secrecy by
forcing any eavesdropper’s system to be completely uncorrelated with this state. As such,
the joint state between Alice, Bob, and an eavesdropper holding system E, after an ideal

key distillation protocol, can be mathematically described as follows:

1 K
Tase = D lkXkla ® kXKl ® . (3.6.1)
k=1

This is called an ideal tripartite key state. Such a tripartite key state is said to hold log, K

secret bits.
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In [HHHOO05, HHHHO09], it was shown that the task of distilling tripartite secret keys
is equivalent to establishing bipartite private states between Alice and Bob, which yield
a secret key between Alice and Bob upon measurement. A quantum state pspa 5 is called
a bipartite private state [HHHOO05, HHHOQ9] if Alice and Bob can extract a maximally
classically-correlated state by applying local measurements, such that the resulting state

is in product form with any purifying system of pspap:

1 K
My ® My ® Traow) (Vapai) = 7 O, WKkla © kXKls © 0, (3.62)
k=1

where ¥/ ;.5 is a purification of the state paparp, M(-) = X, [kXkl () [kXk| is a projective
measurement channel, and o is an arbitrary state of the purifying system E. Here A and

B are the key systems, and A" and B’ are the shield systems (see Figure 3.2).

While a maximally entangled state is an example of a bipartite private state, it was
shown in [HHHOO05, HHHHO09] that there exist private states that hold a finite number of
secret bits but have vanishing distillable entanglement. Therefore, the task of secret-key
distillation is distinct from entanglement distillation, and it is not easily understood using

the resource theory of entanglement.

We consider the task of establishing a bipartite private state y£, ., between Alice
and Bob, capable of generating a secret key of log, K bits, using multiple instances of
a quantum channel N,_,z, an arbitrary state ¥ s, and a one-way LOCC superchannel
O 1By (¢—cDD)- The result of the protocol acting on an input state ¢ is specified math-

ematically as follows:

®(An—>3n)—>(é_>C/DDf)(N§iB) (Wcé) = ygDC/D” (3‘6-3)

where the pre-processing and post-processing channels in ® are taken to be isometric

channels, with C’ and D’ as the corresponding purifying systems (see Figure 3.2).
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Alice m Bob

Figure 3.2: Diagrammatic representation of a protocol generating a bipartite private
state ycpep between Alice and Bob through multiple uses of a quantum channel N,_,g.
The protocol is enacted through the local operations & and O and one-way classical
communication from Alice to Bob. Systems C and D form the key while C’ and D’ are
the shield systems.

One-shot exact one-way distillable key

Let us first define the one-shot exact distillable key of a quantum channel; that is, we are
considering the one-shot setting in which a single instance of the quantum channel N,_p
is used. Let us define the set of all possible bipartite private states, holding log, K secret
bits, as follows:

K = {yeper : K €N, (3.6.4)

where y&, ., is a private state holding log, K secret bits shared between two parties pos-
sessing systems CC’ and DD, respectively, with C and D key systems and C’ and D’ shield

systems.

Definition 3.3 The one-shot exact distillable key of a quantum channel Na_p is the number of

secret bits that can be distilled by a single use of the channel assisted by a one-way LOCC super-
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" ' log, K :
Kiwi Nasp) = sup . (3.6.5)
UeeeSCOOIWL, | O (N) (Yee) = yg DO Dy

K
Yeperor €K

Definition 3.3 is motivated by the fact that once a bipartite private state with log, K bits
of secrecy is established between two parties, a secret key of log, K bits can be distilled by

only local operations.

We can also define the one-shot exact distillable key in a similar way when the channel

is assisted by two-extendible superchannels:

log, K :
K%XT(NA_,B) = sup 2 . (3.6.6)

~eS(CC),0e2-EXT, 2) = yK
VeeeS(CO) o ON)Wee) = Yepon
Yeperor €

Since all one-way LOCC superchannels are two-extendible,

Kg])gXT(NAHB) 2 Kg{)zlL(NA—)B) . (367)

Proposition 3.12 The number of secret bits that can be distilled by using n instances of a quan-
tum channel N,_p, assisted by one-way LOCC or two-extendible superchannels, is bounded
from above by the min-geometric unextendible entanglement of the channel Na_p (as defined

in (3.5.98)). That is,

—

1 1
;Kii’sz(NfiB) < ZKS])EXT(NA@iB) < Eﬁlin(NA%B)- (3-6-8)

Proof: Let @y ¢pcpy De a two-extendible superchannel that transforms n in-
stances of quantum channel N,_,; into a channel that acts on an input state ¢ to yield a

private state y& ., holding log, K bits of secrecy with probability p; i.e.,

®n

®(A"—>B’l)—>(é—>DC’D’)(NA—>B) (Wee) = ’)/IC{DC’D" (3.6.9)
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The a-geometric unextendible entanglement of a channel can be bounded from below
as follows: using Theorem 3.6, monotonicity of and subadditivity of a-geometric unex-

tendible entanglement under tensor products from Proposition 3.8,

nE“(N) > E“(N®") (3.6.10)
> E'(© (N®")) (3.6.11)
> EL(O(N®") (Yce)) (3.6.12)
= Ey(veoen) (36.13)
> log, K, (3.6.14)

where the first inequality follows from the subadditivity of a-geometric unextendible en-
tanglement (Proposition 3.8), the second inequality follows from the monotonicity of un-
extendible entanglement of a channel under the action of a two-extendible superchannel
(Theorem 3.5), the third inequality follows from Theorem 3.6, and the last inequality fol-
lows from [WWW24, Corollary 22].

We can get the tightest possible upper bound with this technique by taking the limit

@ — 0 and applying Proposition 3.10, arriving at the following inequality:

—
u

1
E (NA—>B) > Z 10g2 K. (3615)

min

Since this inequality holds for every two-extendible superchannel ®, input state ¢, and

secret-key dimension K, we conclude (3.6.8). m]

Asymptotic exact one-way distillable key

Now let us now consider the asymptotic setting in which an arbitrarily large number of

independent uses of a channel are allowed along with a restricted set of superchannels
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to establish a secret key between two parties. We begin by defining the asymptotic exact

one-way distillable key of a quantum channel.

Definition 3.4 The asymptotic exact one-way distillable key of a channel N4_p is the maximum
achievable rate at which secret bits can be distilled by an arbitrarily large number of channel uses

in parallel, along with one-way LOCC superchannels:

o] ;
Kiwi.(Naop) = lim inf ZK}QVL(N&B) : (3.6.16)

We can define the asymptotic two-extendible exact distillable key of the channel by

relaxing the constraint on the superchannels to be two-extendible:

Ky gxt(Nasp) = linrn_) glf %KE}EXT(NEZ,B). (3.6.17)
The definitions imply the following inequalities:
K> gxt(Nasp) 2 Kg])gXT(NAHB) 2 K?\)?/L(NA—)B) , (3.6.18)
and
K> gxt(Nasp) 2 KiwL(Nasp) 2 K?&/L(NAHB)- (3.6.19)

Corollary 3.1 The asymptotic exact distillable key of a channel N4_,p, assisted by one-way LOCC
or two-extendible superchannels, is bounded from above by the min-geometric unextendible entan-

glement of the channel:

EY. (Nasp) 2 Kopxt(Nass) > Kiwe(Nass) . (3.6.20)

Proof: The proof follows from the fact that Proposition 3.12 is true for all values of n € N.

O
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Figure 3.3: Diagrammatic representation of the protocol establishing a d-dimensional
maximally entangled state ®%, between Alice and Bob through multiple uses of a quan-
tum channel N,_, 5 in parallel. The protocol is enacted through the local operations &
and D and one-way classical communication from Alice to Bob.

3.6.2 Exact one-way distillable entanglement of a channel

All current quantum network models rely on distant parties holding one or more shares
of a maximally entangled bipartite state (also known as an ebit). It is crucial to analyse
the ability of a quantum channel to distribute entanglement between its participants such

that a quantum network can be sustained by employing several of these channels.

We consider the task of entanglement distillation where Alice prepares ebits locally
and sends shares of the ebits to Bob using a noisy quantum channel N,_ 5 assisted by
local operations and one-way classical communication from Alice to Bob. For a more
general setting, we allow Alice to prepare any arbitrary bipartite state instead of ebits

(see Figure 3.3).

92



One-shot exact one-way distillable entanglement

Let us first consider the one-shot case where Alice and Bob use a point-to-point quantum
channel assisted by one-way LOCC superchannels to distill a maximally entangled state.
The ability of a channel to distill a maximally entangled state between the two parties can

be quantified by its one-shot exact one-way distillable entanglement, as defined below.

Definition 3.5 The one-shot exact one-way distillable entanglement of a channel Ny_p is the
maximum number of ebits that can be established between two parties using the channel Ny_p

and a one-way LOCC superchannel ®_,, ¢ p):

log, d :
ED (Nasp) = sup £ . (3.6.21)

v O OV o4
YeeeS(CO), A) =
Ge1WL (N) Wce) CD

We can relax the set of allowed superchannels to be the set of two-extendible super-
channels and define the one-shot two-extendible exact distillable entanglement of a chan-

nel:

a log, d :
ED’Z_EXT(NA_,B) = sup . (3.6.22)
IeeeSCO | @ (N) (Wee) = P
An ebit shared between Alice and Bob can always be used to distill one bit of secret
key between them. Hence, the number of secret bits that can be distilled from a channel

is no less than the number of ebits that can be distilled from the channel, which leads to

the following inequalities that hold for all n € N:

1 Au

1
;Eg,)IWL N g) < ;K%L(Nfig) < EL.(Nasp), (3.6.23)

and

1 —~
K3 (INS" p) < Enpie(Nasp) (3.6.24)

1 a
_E( ) NE Yy < =
n D,2-EXT A—)B) n
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Asymptotic exact one-way distillable entanglement of a channel

In general, we expect the exact one-way distillable key of the channel to be strictly larger
than the exact one-way distillable entanglement of the channel because there exist private
states that hold a finite number of exact secret bits but have no exact distillable entangle-
ment [HHHOO5]. Thus, the min-geometric unextendible entanglement of a channel is a
tighter bound on the one-shot exact one-way distillable key of the channel than it is on

the one-shot exact one-way distillable entanglement of the channel.

The asymptotic exact one-way distillable entanglement of a channel is defined as fol-
lows:

1 1 1 n

which is the maximum achievable rate at which ebits can be distilled with an arbitrarily
large number of uses of the channel N,_,;, assisted by a one-way LOCC superchannel.
Similarly, the asymptotic generalization of the one-shot quantity in (3.6.22) is the follow-
ing:

Eprext(Nasp) = linm_)glf %Eg,)z-EXT(NfiB) , (3.6.26)
which is the asymptotic two-extendible exact distillable entanglement of the channel. For
every given channel N,_5, the following inequalities are consequences of their defini-

tions:

Epsext(Nasp) 2 Epiwi(Nasp) 2 Eg?1WL(NA—>B)- (3.6.27)
This leads us to identify the min-geometric unextendible entanglement as an upper
bound on the exact one-way distillable entanglement of a channel as we state formally
in Corollary 3.2.

Corollary 3.2 The exact one-way distillable entanglement of a channel is bounded from above by
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the min-geometric unextendible entanglement of the channel. That is, the following inequality

holds for every channel Na_p:

EpiwL(Nasp) < Ei;in(NAeB) . (3.6.28)

Proof: The inequalities in (3.6.24) hold for all n € N. The exact one-way distillable en-

tanglement of a channel N,_,3 can be bounded as follows:

EpiwiL(Nasp) < Epsexr(Nasp) (3.6.29)
= liminf lED,Z—EXT(N,?iB) (3630)

n—o00 n
< E'. (Nasp), (3.6.31)

where the first inequality follows from the fact that all one-way LOCC sueprchannels are
two-extendible, the equality follows from the definition of the asymptotic two-extendible
exact distillable entanglement of a channel given in (3.6.26), and the final inequality fol-

lows from (3.6.24). m]

3.6.3 Zero-error private capacity assisted by one-way LOCC

The private capacity of a channel is defined as the largest rate at which private bits can be

sent through the channel.

Consider a general protocol for private communication:

1. Alice encodes her classical message |mXmls, into a quantum state by means of an
encoder Ey,4.

Wy = Epgma(lmXmly,) . (3.6.32)
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2. Alice sends the encoded data to Bob through the channel N,_,z, which is extended

. . N
by an isometric channel U’ ...

3. Bob decodes the state he received by applying a POVM {A’g}m The final state of the

overall BE system is,

PhoE = DB—>Bo( A—>BE(wA)) (3.6.33)

= > Trg| Aj (U gy © Engsam¥imla,))| )i, (3.6.34)

If the communication is successful and private, there exists a state oz of the environment

system E, such that for every message m, the final state has the form

Ppp = ImXmlp, ® 0. (3.6.35)

The action of the encoder &,,,4 and the decoder Dj_,5, realizes a superchannel
O—B)—4y—By constructed by local operations. Let P4_,5r be an arbitrary extension of the
quantum channel N,_,5, where the system E can be accessed by an eavesdropper. Note
that this extension is different from the extension of channels that we have discussed in

the rest of this work, as the system E is not required to be isomorphic to system B.

This can be understood in a purified setting where the eavesdropper can access the
environment system E output from the isometric extension U}’ . [Dev05] of the quan-
tum channel N, 5. However, we assume Alice’s and Bob’s laboratories to be secure in
this setting and the eavesdropper cannot access any output systems from the encoding
or decoding channel used in the protocol. Let Y (1—pg)—,—5,E,) b€ an arbitrary extension
of the superchannel @ that includes any post-processing that the eavesdropper can per-
form on their system E. The privacy condition in (3.6.35) implies that for every extended

superchannel T, and isometric extension U}’ ., there exists a quantum state o such that,

—BE’

Yooy (Un pi) = Bagiy ® AL, (3.6.36)
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where A4, 3, is the completely dephasing channel,

Angono(Pae) = D (kloag kXK, (3.6.37)
k

and A7 denotes an appending channel that prepares the state o~ on system Ej.

We assume that the eavesdropper only intends to learn about the information being
sent from Alice to Bob, and not distort the data. Hence, we can assume that the channel
established between Alice, Bob, and the eavesdropper is nonsignaling from the eaves-

dropper to Bob; i.e.,
Trg, o (T (UN, 5 ) = O (Trg U, ) = ON). (3.6.38)
Let Extp(®) denote the set of all such extensions of the superchannel @.

Now consider a superchannel © 4n_,gn—4,-85,, composed of local operations by Alice
and Bob, that acts on n instances of a quantum channel N,_, 5z to communicate log, d bits of
private data from Alice to Bob. An extended superchannel Y'1_ gg)—4,-B5,£,) acts on some
isometric extension ‘LIAV s Of the channel N,_,; such that it lies in the set Extp. We define

-

the one-shot zero-error private capacity of a quantum channel N,_,5 as follows:

log,d :
P} o(Nassg) = sup { VT € Extp(®) Jo € S(Ey) | (3.6.39)
deN,
®cLO —
T((ﬂ.iv—)BE)) = AA0—>BO ® ﬂaE-O

N

where A, _p, is a d-dimensional dephasing channel and U’ ,, is an arbitrary isometric

extension of the channel N,_;.

Another quantity of interest is the zero-error private capacity of a channel assisted by
one-way LOCC superchannels, where Alice can send classical data of arbitrary size to Bob

along with the encoded quantum state. This classical data is naturally not private and can
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be copied by the eavesdropper. However, the nonsignaling condition from (3.6.38) still
holds. We define the one-shot zero-error private capacity assisted by one-way LOCC

superchannels as follows:

log,d :
PO Nacp) = sup { VT € Extp(®) Jor € S(Ey) (> (3.6.40)
deN,
®elWL —
T(((L{Q:BE)) = Apg-p, ® AL,

where the allowed superchannels are one-way LOCC superchannels instead of super-

channels that can be constructed by only local operations.

We can further relax the set of superchannels to be two-extendible. The eavesdropper
in this case also has access to a memory system that cannot necessarily be copied owing
to its quantum nature. We define the one-shot zero-error private capacity assisted by

two-extendible superchannels as follows:
log,d :

P pxrNas) = up VY € Extp(0) do € S(Eo) |- (3.6.41)

©€2-EXT T((w,QLBE)) = ZA0—>BO ® AL,

Since the three sets of superchannels in consideration follow the hierarchy,
LO ¢ IWL ¢ 2-EXT, (3.6.42)
the respective private capacities obey the following inequalities:
P sNasg) < POt Nasg) < P e Na) (3.6.43)

Once again, we can define asymptotic versions of these quantities. The zero-error

private capacity of a quantum channel N,_, is defined as
S| ’
Poro(Nasp) = liminf ZPE)]’])HO(N/?_,B) , (3.6.44)
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the forward-assisted zero-error private capacity of the channel as
S| ’
PoiwL(Nasp) = hnm_)glf ;PgiWL(Nf_)B) ) (3.6.45)

and the zero-error private capacity of the channel assisted by two-extendible superchan-
nels as

o] .
Pospxt(Nasp) = lim inf ZPE)I’;_EXT(N/?_)B) : (3.6.46)

Since Alice and Bob can always choose a superchannel © that acts independently on all

instances of the channel N,_ 5, we have the following inequalities:

P} o(Nasp) < Poro(Nass). (3.6.47)
Pf)l,{WL(NAHB) < PoiwL(Nasp) (3.6.48)
PO pxtNass) < Posext(Nass) . (3.6.49)

Private capacity and secret key distillation

The zero-error private capacity of a channel is closely related to its exact distillable key.
A secret key of m bits can be established by sending m bits of private data from Alice to
Bob. Thus, the number of private bits that can be transmitted using a quantum channel
N, and any superchannel © is no larger than the number of bits of a secret key that can

be established using the same channel N,_,z and the superchannel ©.

In addition, if Alice has the ability to send public classical data to Bob without us-
ing the channel N,_, 3, the secret key distillation protocol can be converted into a private
channel. Alice and Bob can use the one-time-pad scheme to send m bits of private data
from Alice to Bob through the public classical channel and consume an m-bit secret key

generated from the channel N,_,5.
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The above arguments lead to the following conclusion: the one-shot zero-error private
capacity of a channel assisted by one-way LOCC superchannels is equal to the one-shot

exact one-way distillable key of the channel; that is,

Powi(Nass) = Kiyyy (Nasp) . (3.6.50)

where K%L(') was defined in (3.6.5). Since two-extendible superchannels also allow Al-
ice to send an arbitrary number of classical bits to Bob, the one-shot zero-error private

capacity of the channel is equal to the following quantity:
Pf)l,%-EXT(NA*B) = KE%XT(NAHB) ) (3.6.51)

(1)
where K5 .

(1) was defined in (3.6.6). Combining the equality in (3.6.51) and the inequal-

ity in Proposition 3.12, we conclude the following proposition:

Proposition 3.13 Given n instances of a quantum channel Na_p, assisted by one-way LOCC or
two-extendible superchannels, the rate at which private bits can be transmitted without error is
bounded from above by the min-geometric unextendible entanglement of the channel Na_ g, that

is, foralln € N,

1 1
(1) (1)
ZPO,IWL(N/?:B) < ZPO,Z-EXT(NI?:B)

< El(Nasp). (3.6.52)

Since Proposition 3.13 holds for all values of n € N, the min-geometric unextendible
entanglement of a channel is an upper bound on the zero-error private capacity of the

channel, as we state formally in Corollary 3.3 below.
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Corollary 3.3 The zero-error private capacity of a channel N4_,p, assisted by one-way LOCC or
two-extendible superchannels, is bounded from above by the min-geometric unextendible entan-

glement of the channel N4_p; i.e.,

PoiwL(Nasp) < Pooext(Nasp) < Eﬁlin(NA—)B)' (3.6.53)

3.6.4 Zero-error quantum capacity assisted by one-way LOCC

The zero-error quantum capacity of a channel is the maximum rate at which the chan-
nel can transmit quantum information with zero error over an arbitrarily large number
of channel uses [Shil5] with the assistance of local operations. The notion of zero-error
quantum capacity of a channel can be extended to the case where the channel is assisted
by one-way LOCC superchannels, which has significance not only from a theoretical per-
spective but also from a practical viewpoint, given existing state-of-the-art classical net-

works.

Here we look at the zero-error quantum capacity of a channel assisted by one-way
LOCC superchannels. Using one instance of a quantum channel N,_,z and an arbitrary
one-way ideal classical channel, the following channel can be simulated between the two

parties:

© (Nussp) = Z D3, p o Nassg 0 Eiys (3.6.54)

where {E]_,}; is a set of completely-positive maps whose sum is trace preserving and

{D}_p)« is a set of quantum channels.

The one-shot zero-error quantum capacity of a channel N,_,; assisted by one-way
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LOCC superchannels is defined as follows:

wNa) i= sup {logy d : © (V) = idEp}. (3.6.55)
OEIWL

where id?_ , is the d-dimensional identity channel. We can relax the set of allowed super-
channels to be the set of two-extendible superchannels, and we can define the one-shot
zero-error quantum capacity of a quantum channel assisted by two-extendible superchan-

nels as follows:

Q0 exrNasp) = sup {log2d 1O (Nysp) = idé_)D}- (3.6.56)
®edZE—II§5(T
Note that the following inequality holds because all one-way LOCC superchannels are

two-extendible:

E)l,iWL(NAaB) < QB{;_EXT(NA—)B)- (3.6.57)

The zero-error quantum capacity of a channel assisted by one-way LOCC superchan-
nels can be defined in terms of the one-shot zero-error quantum capacity of the channel

assisted by one-way LOCC superchannels as follows:
o] n
QoawL(Na-p) = hnm_)glf ZQE)l,iWL(Nf—)B) . (3.6.58)

Similarly, the zero-error quantum capacity of the channel assisted by two-extendible su-

perchannels can be defined as follows:

| .
Qo2exr(Na-p) = liminf ZQ((){;—EXT(N;?—)B) : (3.6.59)

Alice and Bob can always choose a quantum superchannel © that acts separately on
each instance of the quantum channel N,_ 5 as a strategy to simulate an identity chan-
nel using multiple instances of the channel N,_,5 and one-way LOCC or two-extendible

superchannels. Hence, we have the following inequalities

QE)HWL(NAHB) < QoawL(Nasp) s (3.6.60)
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ba-extNass) < Qoaexr(Nasp) . (3.6.61)

The zero-error quantum capacity of a channel cannot be larger than the zero-error
private capacity of the channel in the one-shot or asymptotic setting. This is because a
d-dimensional ideal quantum channel can be used to send d-dimensional private data
from Alice to Bob as follows: Alice can encode her classical data in a pure d-dimensional
quantum state and send it to Bob such that it is protected from any eavesdropper by the
no-cloning theorem. Bob can then perform a measurement on the received quantum state
in a predetermined basis and deterministically decode d bits of classical data encoded by
Alice in the quantum state. Since we only need local operations to transform an ideal

quantum channel to an ideal private channel, the following inequalities hold:

QE){;WL(NA—’B) < PE)HWL(NA—)B), (3.6.62)

QE)I,;-EXT(NA—’B) <P &;_EXT(NA—)B), (3.6.63)

where P&iWL(NAHB) is the one-shot zero-error private capacity of a channel assisted by
one-way LOCC superchannels, as defined in (3.6.40), and PE)I,%-EXT(NA—’B) is the one-shot
zero-error private capacity of a channel assisted by two-extendible superchannels, as de-

fined in (3.6.41).

Proposition 3.14 Consider an arbitrary zero-error protocol for quantum communication over a
channel Na_ g assisted by one-way LOCC or two-extendible superchannels, with n the number of

channel uses. Then the following upper bound holds for all n € N:

—

1 1
ZQ&{WL N ) < EQ&%_EXT NE ) < E. (Nasg) (3.6.64)

where E:L;in(NA_,B) is defined in (3.5.98).
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Proof: The statement of the proposition follows simply by combining (3.6.57), (3.6.63),

and Proposition 3.13. o

Since Proposition 3.14 holds for all n € N, we conclude the following;:

Corollary 3.4 The zero-error quantum capacity of a quantum channel Ny_, g, assisted by one-way
LOCC or two-extendible superchannels, is bounded from above by the min-geometric unextendible

entanglement of Ny_,p:

Qo iwL(N) £ Qopext(N) < Eﬁlin(N)~ (3.6.65)

Proof: This is justified as mentioned above. See Appendix 3.C for an alternate proof. O

Remark 3.6 It is known that forward classical assistance does not increase the zero-error quan-
tum capacity of a quantum channel [BDSW96, BKNOO] (see also [KIW20, Lemmas 9.6-9.8]). Thus,
the quantum capacity of a quantum channel assisted by one-way LOCC superchannels is the same

as the quantum capacity of the channel assisted by local operations.

Remark 3.7 The zero-error capacities of quantum channels are known to exhibit superactiva-
tion [CCHS10, Shi15]. That is, there exist quantum channels, say N' and N?, such that the
zero-error capacity of each channel individually is equal to zero, but the zero-error capacity of the

tensor-product channel N' @ N? is strictly positive.

Note that the subadditivity of the min-geometric unextendible entanglement implies that

Ei (N'® N?) < Et (N') + E

min(Nz), which is an upper bound on the zero-error quantum
capacity and the zero-error private capacity of the tensor-product channel N' ® N*. Therefore, if

a pair of channels is expected to exhibit superactivation of zero-error private capacity or zero-error
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quantum capacity, then at least one of the channels should have a strictly positive min-geometric

unextendible entanglement.

3.7 Unextendible entanglement of bipartite quantum channels

In this section, we extend our developments on unextendibility to bipartite quantum
channels. Bipartite quantum channels are generalizations of point-to-point channels in
the sense that every point-to-point channel can be simulated using some bipartite chan-
nel by ignoring the input of Bob and the output of Alice; i.e., for every point-to-point

quantum channel N,_,p, there exists a bipartite quantum channel M,z_,4 5 such that,

Nasw = Tra oMap g o Trp. (3.7.1)

Before discussing extensions of bipartite quantum channels, we should first estab-
lish what we mean by the marginal of a channel in the multipartite case. A quan-
tum channel Njyp 4 B isa marginal of the channel Pyp, .4 B, if the following condition
holds [KDWW19]:

TrBEk]\i OPABM%A’BEH = NAB,-—)A'B;. Q Trpyy, - (3.7.2)

The Choi operators of the two channels are related as

Trp
B[k]\i

P _ N
FAB[k]A’Bfk]] - rAB,-A'B; ® Iy (3.7.3)

Unlike the broadcast channels $4_,5, considered in previous sections of this work,
not all multipartite channels have a well defined marginal. In fact, a quantum channel
P AByy—a’ B, has a well defined marginal Nag, B if and only if it does not allow systems

By to send any data, quantum or classical, to systems A" and B;. Moreover, if there
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Figure 3.4: Decomposition of a semicausal channel between Alice and Bob that is
nonsignaling from Bob to Alice.

exists a marginal channel Nyp 4 p for every i € [k], the quantum channel P4p, B, is

non-signaling from B; to A’, for every i € [k].

We restrict our discussion on unextendibility of bipartite quantum channels to semi-
causal quantum channels between Alice and Bob [BGINP01] that are non-signaling from
Bob to Alice. It has been shown that all semicausal channels are semi-localizable [ESW02].

As such, these quantum channels are of the following form (see Figure 3.4):

Napoap = QéI;HB, o QleA/B’ (3.7.4)
where Qéé_) » and QiH 3 are quantum channels. This ensures that there always exists an

extension of such a channel that is of the form Pyp, .4’ Bl such that it has a well defined
marginal N, . . forevery i € [k]. The marginal N}, . canbe uniquely obtained from

the channel Pyp, .4 B, using the following relation:

_ A/
Trg OPAB[k]—’A’B[k] © Apyy = NAB,-—)A'B;’ (3.7.5)

/
[k]\i

where A, . is a quantum channel that appends an arbitrary quantum state on the systems
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Biii-

3.7.1 Bipartite k-extendible quantum channels

Let us now define k-extendibility of bipartite quantum channels and superchannels.
Multiple definitions of k-extendibility have been proposed for bipartite quantum chan-
nels [KDWW19, BBFS21]. In this work, we use the notion of bipartite k-extendible chan-
nels presented in [KDWW19, KDWW21].

Definition 3.6 (Bipartite k-extendible channel) A quantum channel Nap_,4 p is k-extendible
if there exists a channel P g, B, such that the following conditions hold.
1. The extended channel is covariant under permutations of the B systems,
(ngk] o PAB[H—M’BEH = PAqu—)A’BEk] 0 (WZM Ve S, (3.7.6)

where ‘W™ is a permutation unitary channel as defined previously, just after (3.4.5).

2. The channel Nyp_,a p is a marginal of Pap,—ar By

Trp  oPapy—ap, = Napoap ®Trp,,, . (3.7.7)

[kI\1 [k]

As a consequence of part 2. of the above definition, it follows that the systems

By, B, ..., By cannot send any information to the systems A and B;.

The conditions in (3.7.6) and (3.7.7) can be written as semidefinite constraints on the

Choi operator of the quantum channel Pyp, .4 By, as follows [KDWW?21, Egs. (24)-(27)]:

(Wh, Wy JI” =17 vres, (37.8)
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Pl _ TN
TrBEk]\l[r ] - l—‘ABlA’B'l ® IB[k]\l’ (3.7.9)

N P _ TP .
where I}, , and I =T7, BuA'By, are the Choi operators of the quantum channels Nyp_4 5
and PABIH_’A'B?H’ respectively. It is straightforward to verify that this definition of k-

extendibility is consistent with the definition of k-extendibility of point-to-point channels.

It is also worth noting that the unique quantum channel corresponding to a point-to-
point superchannel is a bipartite semi-localizable quantum channel. Since the definitions
for bipartite k-extendible channels and point-to-point k-extendible superchannels are the
same, we can assert that a point-to-point superchannel is k-extendible if and only if the

unique bipartite quantum channel associated with it is a k-extendible channel.

The set of bipartite k-extendible quantum channels is a relaxation of the set of bipartite
one-way LOCC channels. This can be seen by considering a general bipartite one-way
LOCC channel,

NAB—>A’B’ = ZS‘X_’A, ®Dg_>31, (3710)

where {Sj‘H A’}x is a set of completely positive, trace non-increasing maps such that the
sum map )., &) _,,, is a quantum channel and {Z)j;% A’}x is a set of quantum channels. This
is understood to be a one-way LOCC channel as Alice applies the quantum instrument
{8j§_> A’}x on her system and sends the classical outcome x to Bob, who then applies the

quantum channel D5, ,, on his system based on the classical data he received. We can

construct an extension of this channel as follows:
PAB[H—)A'BEI{] = Z 8}‘);‘_“4/ ® D;l_)Ba R Q ng_)B]/(, (3.7.]_]_)
X

because x is classical data that can be copied an arbitrary number of times. Such an ex-
tension obeys the permutation covariance and non-signaling conditions stated in (3.7.6)

and (3.7.7). Thus, all one-way LOCC bipartite quantum channels are k-extendible for all
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Remark 3.8 The set of bipartite k-extendible channels as defined in [BBFS21] has been shown to
converge to the set of bipartite one-way LOCC channels as k — oo. However, it is not known if
the set of k-extendible channels defined in [KDWW19, KDWW21] converges to the set of bipartite

one-way LOCC channels as k — oo.

3.7.2 Bipartite k-extendible superchannels

In this section, we discuss the extendibility of bipartite superchannels, and in order to

0

do so, we first establish the notion of marginal superchannels. Let Q2,5 _ cp4p and

T

CDA’ B, —C' D]

be the unique quantum channels corresponding to the superchannels
[k] [k]

ABg

®(AB—>A’B’)—>(CD—>C’D') and T(ABlkJ_’A'Bfk])_’(CleJ_’C,DEk])’ respectively. The superchannel ® is said
to be a marginal of the superchannel Y if and only if the quantum channel 02, . -z

is a marginal of the channel Q that is,

Y .
CD[HA,BEI(] —C’ DEk]ABU‘] 4

Terk]\iBUfl\i Q' =Q°® Trpyy,s (3.7.12)

ten
All bipartite superchannels do not have a well defined marginal. Similar to the

case of bipartite channels, we restrict our discussion to such bipartite superchannels

Oup—a'B)-(cp-c ) for which the associated quantum channel Q2. -4 iS Semicausal
and does not allow any data to be transmitted from the joint system DB’ to the joint sys-
tem C’A. Now that we have defined the marginal of a bipartite superchannel, let us define

k-extendible superchannels.

Definition 3.7 (Bipartite k-extendible superchannels) A bipartite superchannel ® p—.a 5 —cp—c'p)
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is k-extendible if there exists a superchannel ' py, ) ~(cpy-c'py,) SUch that the following con-

ditions hold for the unique quantum channels, Q2pp_,cipyap A4 Qlpy, o0 By, C D, ABy? of the su-
perchannels © and Y, respectively.
1. Permutation covariance:
e zs z8 _ z z8 Y
Q"o (Wp, @ Wy, )= (W5, e W5, )o@ Vres. (37.13)
2. Non-signaling:
T _ 1
Terkm Q" = Terk]\l °oQ" o RB?H\I’ (3.7.14)

where R is a quantum channel that traces out the input and replaces with an arbitrary

quantum state.
3. Marginality:

T _ MO
Ter\]DEk]\l OQ - QCDA'B'—)C’D’AB ® TrBEk]\IDU‘]\l . (3.7.15)

The conditions in (3.7.13), (3.7.14), and (3.7.15) can be written as semidefinite con-

straints on the Choi operators of the superchannels ® and Y as

T T /4 T T\ _ 17
(W, © Wi, © Wh, 0W;, (") =T" Vres,, (3.7.16)
Trp, [T"] =T Ir"| e i (3.7.17)
Dl = Dy Bl |B’|k_1 > e

Trpy,, 0 [r*] =T°® Iy

[\ a1 Pk

(3.7.18)

where |B'| is the dimension of the system B’ and I'® and I'" are the Choi operators of the

quantum channels Q° and Q, respectively.
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Proposition 3.15 Let O 5)-cp—cpy be a k-extendible superchannel with the k-extension

Y AB—A' By )~(CDw—C' Dy Then each marginal of the channel obtained by acting with the su-

perchannel Y on a channel SDAB[A»]HA’B[,{J is the same as the channel obtained by acting with the

superchannel © on the respective marginal of the channel Pap, -5, . That is,

Trp, o (T (P) = O(Trg, oP o A, )®Tip,, Yielk]. (3.7.19)

Proof: See Appendix 3.D. o

Proposition 3.16 The channel formed by applying a k-extendible superchannel on a k-extendible

quantum channel is also a k-extendible quantum channel.

Proof: See Appendix 3.E. O

Proposition 3.17 All bipartite superchannels that can be realized by local operations and one-

way classical communication are k-extendible for all k > 2.

Proof: See Appendix 3.F. o

3.7.3 Unextendible entanglement of bipartite quantum channels

With the notion of k-extendibility established for bipartite quantum channels and super-
channels, we can now look for a measure to quantify the unextendibility of a bipartite

quantum channel. Let us first define the following set of extensions of a bipartite channel
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Napap:
PAB]BQHA’B’I B
Ext(N) = § Nupoaw = Trg, oPup p,a5 5, © A, (- (3.7.20)
Trp o = Trp o o Rp,
where A is a channel that appends an arbitrary state and R is a channel that traces out the
input and replaces it with an arbitrary state. The generalized unextendible entanglement

of a bipartite channel is defined as follows.

Definition 3.8 The generalized unextendible entanglement of a bipartite quantum channel is de-

fined for a generalized divergence between quantum channels, D, as follows:

D(Nap—apliMap—ap) :

1 )
- lnf rpr = Tr v OP 'prpr O 3.7.21
2 Py, CEXUN) Nupap B, P ap, B, a8 8, © Ap,, (> ( )

EM(NAB—>A’B’) =

MAB—)A’B’ = TrB/l OPABlBQ—hA’B’IB'Z o) ﬂBl

As is evident from the definition, the minimum value of the generalized unextendible
entanglement is achieved for a two-extendible quantum channel. If the underlying di-
vergence is strongly faithful, then the unextendible entanglement of a bipartite quantum
channel is equal to zero if and only if the channel is two-extendible. We also find that the
action of a two-extendible superchannel on a bipartite quantum channel cannot increase

the unextendible entanglement of the said channel.

Theorem 3.7 (Monotonicity) The generalized unextendible entanglement of a bipartite quan-
tum channel does not increase under the action of a two-extendible superchannel. That
is, for an arbitrary bipartite quantum channel Nap_ap and a two-extendible superchannel

OUB-A'B)—(CD>C' DY

E‘(Napoap) = E“ (O (Nagoap)). (3.7.22)
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Proof: Monotonicity of generalized unextendible entanglement of bipartite channels
under two-extendible superchannels follows from similar arguments as given in the proof

of Theorem 3.5. See Appendix 3.G for a complete proof. o

Proposition 3.15 allows us to generalize the statement of Theorem 3.6 to bipartite sem-

icausal channels, which we state as Theorem 3.8.

Theorem 3.8 The unextendible entanglement of a quantum state og.c:cvr,p p7, With respect to
the partition RcC'C"” : RpD’D”, that can be established between two parties using a bipartite
semicausal channel Nyp_ap, a bipartite two-extendible superchannel @up_,a p)y—cp—>c'c7 D7),
and any two-extendible state pg.cr,p, is not greater than the unextendible entanglement of the

quantum channel Np_,a p; that is,

sup E“(o0re.crcrrppp) < E*(Nagoarp), (3.7.23)
pE€2-EXTRCC:RpD)

where 2-EXT(S 4 : S g) is the set of two-extendible states with respect to systems S 4 and S p, and

Trecrerrpp = (ONag-ap)) (OrcCRyD) - (3.7.24)

Proof: The proof follows the same line of reasoning as the proof of Theorem 3.6. We

present a complete proof in Appendix 3.H. o

a-geometric unextendible entanglement of bipartite quantum channels

We have seen that the a-geometric Rényi relative entropies offer several desirable prop-

erties when used as the underlying divergence for defining unextendible entanglement
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of point-to-point quantum channels. Here we define the a-geometric unextendible entan-

glement of a bipartite quantum channel Njg_,4 5 as

Do(N(rap) IMrag)) :

il’lf Sup N = TrBlz OPABle—UA'B'lB'Z o ﬂBZ’ s (3.7.25)

— 1
Eu N AR :: —_
a( AB—A'B ) 2 PeExt(N) Vors

M = Trp: oPap,p, a5, © Ap,

forall @ € (0,1) U (1,2].

Several properties of the a-geometric unextendible entanglement of point-to-point
channels hold for the a-geometric unextendible entanglement of bipartite quantum chan-
nels as well. Since the input and output systems of point-to-point channels can be con-
sidered to have multiple subsystems, the following properties trivially extend from the
a-geometric unextendible entanglement of point-to-point quantum channels to the a-

geometric unextendible entanglement of bipartite quantum channels.

1. The a-geometric unextendible entanglement of a bipartite channel increases mono-

tonically with a.

2. The smallest quantity in the family of a-geometric unextendible entanglement is
induced by the a-geometric Rényi relative entropy when a — 0, and is called the

min-geometric unextendible entanglement of the channel,

—_

o) = i, o) 6729
I . =
"2 Peg}tf(N) Jim, D"(N” Trp, oo ﬂBl) : (3.7.27)

3. The a-geometric unextendible entanglement converges to the unextendible entan-

glement induced by the Belavkin-Staszewski relative entropy as @ — 1,

B Nus-) = i Bl Nan-w) 6729)
| o~
=5l 1im Dy(NI| Trg, o 0 A, ). (3.7.29)
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4. The a-geometric unextendible entanglement is subadditive under tensor products

of bipartite quantum channels; that is,

E'(N ® M) < EX(N) + E“(M). (3.7.30)

One would expect an unextendible bipartite channel to have the ability to boost the
unextendibility of a bipartite state. The a@-geometric Rényi relative entropy follows the

chain rule Ve € (0, 1) U (1, 2] [KW21, Proposition 45],
Do(N(p) [IM(c)) < Do(NIIM) + Do(pllor) , (3.7.31)

which allows us to quantify the effect of an unextendible bipartite channel on the unex-

tendibility of a bipartite state, as seen from the theorem below.

Theorem 3.9 A bipartite quantum channel Nap_ap cannot increase the a-geometric unex-
tendible entanglement of a bipartite state psg by more than the a-geometric unextendible entan-

glement of the channel itself; that is, for all @ € (0,1) U (1,2],

E"(Nupows(0as) < E“(pap) + E“(Nasoarp) - (3.7.32)

Proof: Consider a bipartite quantum channel Njp_,4p and a quantum state psp. Let
P A B-AB B, be an extension of the channel N,z p in the set Ext (N) defined in (3.7.20),
and let o4p,5, be an arbitrary extension of the quantum state p,5. By the definition of

a-geometric unextendible entanglement of states,

— 1~

EoNagaw(pan)) < 5Da(N(oan) | Tryg oP(0)) (3.7.33)
1~

= 5 Du(N(oan) | Trig oF © Ap, (T, [0])) (3.7.34)

< % {Du(p||Trs, [07]) + Do N||Trs oP © Ap, )} (3.7.35)
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where the equality follows from the definition of Ext(N) in (3.7.20) and the second
inequality follows from the chain rule of a-geometric Rényi relative entropy given
in (3.7.31). Since the inequality in (3.7.35) holds for every quantum channel P4g,5,-4' BB,
in Ext(NV) and every extension o, 5, of the state p45, we can take an infimum over all such

channels Pag, 5,4’ BB, and states o 4p,5,, and conclude (3.7.32). O

3.8 Applications of the unextendible entanglement of bipartite quan-

tum channels

In this section, we discuss some applications of the unextendible entanglement of bipar-
tite quantum channels. Bipartite quantum channels can be used to increase the entangle-
ment in a shared bipartite quantum state, hence increasing the distillable entanglement
and distillable key of the state. In Section 3.8.1, we give an upper bound on the expected
rate of distilling ebits probabilistically from a bipartite quantum state using a bipartite
quantum channel assisted by one-way LOCC or two-extendible superchannels, and in
Section 3.8.2, we give an upper bound on the rate of distilling exact secret bits proba-
bilistically from a bipartite quantum state using a bipartite quantum channel assisted by

one-way LOCC or two-extendible superchannels.
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Figure 3.5: Protocol to distill a maximally entangled state @, from a bipartite quan-
tum state pcp, a bipartite channel Nyp_,4 5, and one-way LOCC pre-processing and post-
processing channels Ecp_am,sm, aNd Darpg, g m,—c v, respectively. The dotted line repre-
sents the separation between Alice and Bob’s labs. All systems above the dotted line are
held by Alice and all systems below the dotted line are held by Bob.

3.8.1 One-way distillable entanglement of a quantum state-channel

pair

The distillable entanglement of a bipartite quantum state under a restricted set of opera-
tions has been a subject of interest in quantum information theory. In quantum commu-
nication theory, the number of ebits that can be distilled from an existing bipartite state
under local operations and one-way classical communication as well as two-way classical
communication is of special interest due to state-of-the-art classical networks available to

us.

An upper bound on the probabilistic one-way distillable entanglement of a bipartite
quantum state has been established in [WWW24]. In this section, we consider a more
general setting where the two distant parties, Alice and Bob, hold a bipartite quantum
state pcp, and also have access to a semicausal bipartite quantum channel Nyz_,45 thatis
not necessarily simulable by local operations and one-way classical communication. Al-
ice and Bob can encode the available quantum state pcp using a one-way LOCC channel

Ecp-ap, and then transform the encoded state using the quantum channel Nyg_,4p fol-
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lowed by a one-way LOCC decoding channel D, p_,cp to distill a maximally entangled
state (see Figure 3.5). As such, the channel Nsz_,4p can be used to boost the amount of
entanglement that can be distilled probabilistically, or deterministically, from the shared

bipartite state using one-way LOCC.

A simple example of a semicausal channel that is useful for probabilistic distillation of

entanglement is the following channel:

Nasag(Pra) = pprar @ leXelp + (1 — p)prs ® leXela, (3.8.1)

where |eXels is the erasure symbol, which is orthogonal to every state in the Hilbert space
of system §. This is a channel where Alice and Bob share an erasure channel with erasure
probability p, and the output of the complementary channel is received by Alice herself;
as such, nothing is lost to the environment. Alice can send one share of a maximally
entangled state to Bob using the channel N,_ 45, and then she can measure if the state
she received back was erased or not by applying the POVM {Il4, |eXel4 }, where I14 is the
projection onto the entire Hilbert space of system A’. If Alice measures her system to be
erased, she knows that a maximally entangled state has been established between her and

Bob, hence, distilling a maximally entangled state with probability 1 — p.

Probabilistic one-way distillable entanglement

Let us first consider a probabilistic setting in which an entanglement distillation proto-
col distills a maximally entangled state of Schmidt rank d with some probability p. The
expected number of ebits distilled by this protocol is given by plog,d. Alice and Bob
use one instance of the quantum channel Nyp_4 5 and a one-way LOCC superchannel

Op—aB)—cp—c ) to distill a maximally entangled state of Schmidt rank d from a bipartite
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quantum state pcp with probability p. The action of this protocol can be mathematically

described as follows:

(@ (N)) (p) = plIX1Llx ® OEpy + (1 = PIOXOIx ® ey, (3.8.2)

where system X is held by Alice. We define the probabilistic one-way distillable entangle-

ment of the quantum state-channel pair (ocp, Nag—ap) as follows:

plog,d:
~ ON)(p) = pliXllx ® DL,
EpiwL(ocp, Napap) = sup ar i (3.8.3)
pell 11K, +(1 = p)lOXOlx ® ¢
oceS(C'D)

We can also define the probabilistic two-extendible distillable entanglement of a quan-
tum state-channel pair by relaxing the set of allowed superchannels to the set of two-

extendible superchannels:

plog,d:
~ (ON))(p) = plIX1lx ® DL, ),
Epsext(0cp, Napsap) = sup ar i (3.8.4)
P e +(1 - p)lOX0lx ® ocp,
oceSC'D)

Since the set of one-way LOCC superchannels lies inside the set of two-extendible super-
channels, the following inequality holds for every bipartite state pcp and bipartite channel

Nap-ap:

ED,Z-EXT(pCD’ NAB—)A’B’) 2 ED,IWL(pCD, NAB—>A’B’) . (385)

Proposition 3.18 The expected rate at which ebits can be probabilistically distilled from a bipar-

tite quantum state pcp and n instances of a quantum channel Nap_,a g, assisted by one-way LOCC
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superchannels or two-extendible superchannels, is bounded from above as follows:

1= 1= 1~ —~
ZED,IWL(,O, N®) < ZED,Z-EXT(,D» N®) < ZEu(pCD) + E“(Nap-ap), (3.8.6)

where E“(pcp) is the unextendible entanglement of the quantum state pcp induced by the
Belavkin—Staszewski relative entropy (defined in (3.5.37)), and E\”(NABHA/ ») is the unextendible
entanglement of the quantum channel Nap_, p induced by the Belavkin—Staszewski relative en-

tropy (defined in (3.7.29)).

Proof: Let pcp be a quantum state shared between Alice (holding system C) and Bob
(holding system D). Let @ 4ngr—,ampm)—cp—c'py be a two-extendible superchannel such that
it acts on n instances of a quantum channel N4z_,45, and the resultant channel consumes
the quantum state p,5 to generate a maximally entangled state of Schmidt rank d with

probability p. This process can be mathematically described as,

(ON*))(ocp) = pILX1lx ® (D[CJ"]_)f + (1 = p)IOXO0lx ® o¢cprs (3.8.7)

where oy is an arbitrary bipartite state and system X is held by Alice.

Recall that the a-geometric uenxtendible entanglement of the maximally entangled
state ®Z,, is equal to log, d as mentioned in Theorem 3.4. The direct-sum property in
Proposition 3.7 then implies that the a-geometric unextendible entanglement of the quan-

tum state described in (3.8.7) is no less than plog, d for all « € (1, 2]. Therefore,

plog, d < EX(O(N®")(p)) (3.8.8)
< EY(@(N®) + E*(p) (3.8.9)
< nE"(Napons) + E*(ocp) » (3.8.10)

where the second inequality follows from Theorem 3.9, and the final inequality follows

from the monotonicity of unextendible entanglement under the action of two-extendible
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superchannels (Theorem 3.7) and subadditivity of a-geometric unextendible entangle-
ment under tensor product of quantum channels (Proposition 3.8). We can take the limit
@ — 1 to get the tightest upper bound using this technique. Since the above inequality is
true for all values of p, every dimension d, and every two-extendible superchannel ®, we

can take a supremum over all of these quantities and conclude (3.8.6). o

Exact one-way distillable entanglement

We can consider a special case of the probabilistic one-way distillable entanglement by
demanding that the maximally entangled state is distilled deterministically. This means
that Alice and Bob use a quantum state pcp and n instances of a quantum channel Nag_,4 5
along with local operations and unbounded forward classical communication from Alice
to Bob to deterministically distill the maximum number of ebits possible. We define the

exact one-way distillable entanglement of a state-channel pair (ocp, Nap—as) as follows:

— log, d :
E} iwiocps Napoaw) = sup . (3.8.11)
deN,@e1WL (@(N))(p) — (DdC’D’
We can relax the set of allowed superchannels to the set of two-extendible superchan-

nels and define the exact two-extendible distillable entanglement of a state-channel pair

as follows:

— log,d :
E} o ext(Pcps Nap-ap) = sup ’ . (3.8.12)
deN,0e2-EXT (®(N))(p) — (DdC’D/

Proposition 3.19 The rate at which ebits can be deterministically distilled from a bipartite quan-
tum state pcp and n instances of a quantum channel Nyp_ap, assisted by one-way LOCC or

two-extendible superchannels, is bounded from above by the following quantity:

1= 1 -
~EbiwL (o, N®") < —Epsexrlps NET) (3.8.13)
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1~ —
< ZErunin(pCD) + ELin(Nagoarp) s (3.8.14)

where Exunin(pCD) is the min-unextendible entanglement of the quantum state pcp (defined

—_

in (3.5.39)) and E*. (Nap—ap) is the min-geometric unextendible entanglement of the quantum

min

channel Nyp_a p (defined in (3.7.27)).

Proof: The proof follows from the same line of reasoning as the proof of Proposi-
tion 3.18. Since we do not need the direct-sum property of the a-geometric unextendible
entanglement of states in the determinstic distillation case, we can take the limit « — 0*

and arrive at (3.8.14). O

Remark 3.9 In the asymptotic limit, the expected rate at which perfect ebits can be distilled from a
quantum state pcp and an arbitrarily large number of instances of the quantum channel Nap_ap,
assisted by one-way LOCC or two-extendible superchannels, is bounded from above by the un-
extendible entanglement of the quantum channel induced by the Belavkin—Staszewski relative
entropy, and the rate of exact one-way distillable entanglement is upper bounded by the min-

geometric unextendible entanglement of the channel, i.e.,

1 — _

lim inf ZEdJWL(p, N®n) < EM(NABHAfB/), (3815)
1~ —

lim inf ZEd’e’IWL(p, N®n) < E;in(NABﬁA’B’) . (3816)

The above inequalities follow from the fact that the a-geometric unextendible entanglement of a
quantum state is finite. As we take the limit n — oo, the quantities %E\”(pCD) and %,E?nin(PCD)

approach zero for every state pcp, yielding the above inequalities.
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3.8.2 Distillable key of a quantum state-channel pair

In this section we consider the task of distilling secret keys from a bipartite quantum
state and multiple instances of an unextendible quantum channel. It has been shown
in [WWW24, Corollary 22] that the a-geometric unextendible entanglement of a bipartite
quantum state serves as an upper bound on the number of secret bits that can be distilled
from the quantum state using one-way LOCC or two-extendible channels for all @ € (0, 2].
A no-go theorem for probabilistic secret-key distillation from a bipartite state was given
in [SW24] using the unextendible entanglement of the state induced by the min-relative
entropy [Dat09]. We extend these results to give an upper bound on the number of exact
secret key bits that can be distilled from a bipartite quantum state and an unextendible

quantum channel, assisted by local operations and one-way classical communication.

Probabilistic one-way distillable key

Let us first look at the probabilistic setting in which a secret key is established between
Alice and Bob using a quantum state pcp and a quantum channel Nyp_4 5 assisted by
local operations and one-way classical communication from Alice to Bob. Similar to the
formalism in Section 3.6.1, we utilize the fact that distilling a secret key of log, K bits
is equivalent to distilling a bipartite private state y%,,, ., holding log, K bits of secrecy
when local operations are allowed for free [HHHOO05, HHHOO09] (see Section 3.6.1 for

details). We define the probabilistic one-way distillable key of a quantum state-channel
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pair (ocp, Nap—ap) as

plog, K :
~ (ON))(p) = plIX1lx ® Y& pcnpr
KiwL(ocp, Nap—arp) == sup e (3.8.17)
e | (1 = p)OXOly ® ey
pel0,11,0e1WL
0_ e S(C/D/C//D//)

Once again, we can relax the set of allowed superchannels to the set of two-extendible
superchannels and define the probabilistic two-extendible distillable key of a quantum

state-channel pair as follows:

plog, K :
= (ON))(p) = plIX1lx @ VE oy
K> ext(pcps Nap—ap) = sup e (3.8.18)
'ylc(/D/C//D//E(](a +(1 —_ p)loXOlX ® O_C/D/C//Dn,
pel0,1]1,0€2-EXT
O_ e S(CIDIC//DII)

Proposition 3.20 The expected rate at which secret bits can be probablistically distilled between
Alice and Bob from a bipartite state pcp and n instances of a bipartite channel Nap_,a g, assisted

by one-way LOCC or two-extendible superchannels, is bounded from above as follows:

1~ 1~
ZKIWL(p’ N®") < ;Kz-EXT(p’ N®)

1 — _
< ;EM(PCD) + E"(Napoarp) - (3.8.19)

Proof: The proofis similar to the proof of Proposition 3.18. The only difference is that we
use the fact that the a-geometric unextendible entanglement of a bipartite private state is
no less than the number of secret bits held by the private state, for all @ € (0, 2] [WWW24,

Corollary 22]. O

124



Exact one-way distillable key

We now look at a deterministic protocol to distill a secret key from a bipartite state using a
quantum channel assisted by local operations and forward classical communication. Al-
ice and Bob use n instances of a bipartite quantum channel Nyz_,4 p assisted by a one-way
LOCC superchannel ® 4»gi_,ampm—cp—c'prcvpr to transform the existing bipartite quantum

state pcp to a bipartite private state g, .. holding log, K secret bits:

(O(N5-a8))Pcp) = Yorenpr- (3.8.20)

The exact one-way distillable key of a quantum state-channel pair (ocp, Nag—ap) is

defined as
— log, K :
KiwL(ocp, Nap—ap) = sup . (3.8.21)
ng%glf\%fq{’ (ON)(p) = Vg'D'C"D"
Relaxing the set of allowed superchannels to the set of two-extendible superchannels,

we define the the exact two-extendible distillable key of a quantum state-channel pair as

follows:

— log, K :
K5 gxr(Pcps Nap—ap) = sup . (3.8.22)
Yorpenom€ | (ONN(E) = ¥E e
O2-EXT

Proposition 3.21 The rate at which exact secret bits can be exactly distilled from a quantum
state-channel pair, assisted by one-way LOCC or two-extendible superchannels, is bounded from

above by the following quantity:

1= 1~
Z leWL ’N®n) < ;KS_EXT(/O, N®n) (3823)

. _
<~ Eninlocp) + EninNag-aw) - (3.8.24)
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Proof: The proof follows from the same arguments used in the proof of Proposition 3.19,
and using the fact that the a-geometric unextendible entanglement of a bipartite state

holding log, K secret bits is no less than log, K [WWW24, Corollary 22] for all @ € (0,2]. O

Remark 3.10 Since the a-geometric unextendible entanglement of a quantum state is finite, the
expected rate of distilling secret key bits from a quantum state pcp probabilistically, using an
arbitrarily large number of instances of a quantum channel Nug_, 4 p, assisted by one-way LOCC
or two-extendible superchannels, is bounded from above by the unextendible entanglement of the

quantum channel Nap_ 4 p induced by the Belavkin—Staszewski relative entropy. That is,
1~ _
lim inf ;KZ—EXT(pCDa N®n) < EM(NABHA/B’) . (3825)

Similarly, the rate of distilling secret bits exactly from a quantum state pcp, using an arbitrarily
large number of instances of a quantum channel Nyp_ap, assisted by one-way LOCC or two-
extendible superchannels, is bounded from above by the min-geometric unextendible entanglement

of the quantum channel Nyg_a 5. That is,

S 1 e n Tu
llzlll)glf ZKz_EXT(pCD, N® ) S Emin(NAB—”A‘,B,) . (3.8.26)

3.9 Numerical calculations

In this section we present some calculations for the upper bounds proposed in Sections 3.6
and 3.8. It has been shown in [FF21a] that the a-geometric Rényi relative entropy of
channels can be calculated using a semidefinite program for @ = 1 + 27 with ¢ € N. This
allows us to compute an upper bound on the unextendible entanglement of a quantum
channel induced by the Belavkin-Staszewski relative entropy since the optimization is

over a set of channels expressible by semidefinite constraints.
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While a semidefinite program is not known for min-geometric unextendible entan-
glement of channels, the quantity can be calculated for some special channels. The a-
geometric Rényi relative entropy between two quantum channels N4, and M,_,, with

Choi operators I'}, and I'}}

‘5 Tespectively, can be calculated for all @ € (0,1) using the

following equality from [KW21, Proposition 44]:

1 —
1 log, /lmin(TrB[Ga(Fxg, FQ/B)]) , (3.9.1)

a —

Do(NaoslIMap) =

where Ay, denotes the minimum eigenvalue of its argument,

Go(X, ) =X} (xyx 1) x4, (3.9.2)
oY =T, -1 (0)) (7)) (3.9.3)
)% = Tead M, (3.9.4)
I} = OV, (3.9.5)
Iy =I5, VI, (3.9.6)

I is the projection onto the support of the '™, I, is the projection onto its kernel,
and all inverses are taken on the respective support. The min-geometric Rényi relative

entropy of channels can then be calculated as follows:

Do(NIM) = sup lim Do(N @) M) (397)
= sup inf, Du(N(ea) IMra)) (3.9.8)
=, inf, sup Do (N ea) IM(ea)) (3.9.9)
= inf D, (NIM) (3.9.10)
= lim D, (N|IM), (3.9.11)

where the first equality is simply the definition of the min-geometric Rényi relative en-

tropy between channels, the second equality follows from the monotonicity of the a-
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geometric Rényi relative entropy in «, the third equality follows from the Mosonyi-Hiai
minimax theorem given in [MH11, Corollary A.2], and the final equality follows by us-
ing the monotonicity of the a-geometric Rényi relative entropy in a once again. Now
using the expression of a-geometric Rényi relative entropy from (3.9.1), we conclude the
following equality:

Dy(NIIM) = =108, Anin(Trs [PMIT]). (3.9.12)

where I, is the projection onto the support of (I“M)_i r (I“M)_i and 'V is defined in (3.9.3).

Proposition 3.22 The min-geometric unextendible entanglement of quantum channels with full

rank Choi operators is equal to zero.

Proof: Consider a quantum channel N,_, that has a full-rank Choi operator F’AYB. The
quantum channel Ny_p ® Ap, is a valid extension of the channel that lies in the set
Ext(Na-p), where A} is a quantum channel that appends the maximally mixed state on
the system B,, and the system B, is isomorphic to the system B. The Choi operator of this

channel is I'}; ® 7, where r is the maximally mixed state.

By definition, the min-geometric unextendible entanglement of the channel N,_; is

bounded from above as follows:

Eu

min

1~
(NA—>B) < EDO(NAHB” TrBl ONA—>Bl ®ﬂilgz) (3913)

The quantum channel Trp, o Ny, 5, ® A} is essentially the replacer channel R}, that traces
out the input and replaces with the maximally mixed state. The Choi operator of this

channel is

Lip
s, = R (3.9.14)
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where |B] is the dimension of the system B. Since I'%, is also full rank, supp(FN ) - supp(FM),
which further implies that TN =TV, The positive semidefinite operators I'}, and I'}, are

both full-rank operators. Therefore, (Iﬂe)_E v (I"R)_z is also a full-rank operator, and the

=

projection onto the support of (FR)_E v (I“R) is the identity operator. That is,

My d ey | = 5 (3.9.15)

The min-geometric Rényi relative entropy between N,_; and R4,z can be evaluated

as follows:
1~ o R
EDO(NHR ) = —log, /lmi“(TrB[FABH(rR)—%rN(rR)-%]) (3.9.16)
= — 10g2 ﬂmin(TrB[%IAB]) (3917)
== logz /lmin(IA) (3918)
~0. (3.9.19)

where the second equality follows from (3.9.14) and (3.9.15). The non-negativity of the
min-geometric unextendible entanglement combined with (3.9.13) and (3.9.19) implies
that the min-geometric unextendible entanglement of a quantum channel that has a full-

rank Choi operator is equal to zero. o

Since the min-geometric unextendible entanglement of a quantum channel serves as
an upper bound on the zero-error quantum capacity (Corollary 3.4) and the zero-error

private capacity of the channel (Corollary 3.3), we arrive at the following statement:

Corollary 3.5 The zero-error quantum capacity and the zero-error private capacity of a quantum
channel with a full-rank Choi operator is equal to zero in the one-shot as well as the asymptotic

setting.
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Another important class of channels for which we can evaluate the min-geometric un-
extendible entanglement is the class of erasure channels. The action of an erasure channel

817

"5 On an arbitrary state pgs can be mathematically described as follows:

& 5(ora) = (1 = p)prs + pleXels ® Tra[pral . (3.9.20)

where |eXe| is the erasure symbol. We give an upper bound on the a-geometric unex-
tendible entanglement of the erasure channel for a € (0,1) U (1,2] in Appendix 3.]. As a
special case, we show that the min-geometric unextendible entanglement of an erasure
channel with erasure probability p > 0 is equal to zero, which leads us to conclude the

following statement:

Proposition 3.23 The zero-error quantum capacity and the zero-error private capacity of an era-
sure channel with erasure probability p > 0 is equal to zero in the one-shot as well as the asymptotic

setting.

Remark 3.11 The quantum capacities of erasure channels, with erasure probability less than 1,
and a subfamily of depolarizing channels are known to be non-zero [BDS97, DSS98]. However,
the zero-error quantum capacity of these channels is equal to zero as shown in Corollary 3.5 and
Proposition 3.23. This demonstrates an extreme gap in the zero-error and approximate settings of

quantum communication over an erasure or depolarizing channel.

Let us now look at the a-geometric unextendible entanglement of a channel for @ > 1,

which can be computed using a semidefinite program.
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3.9.1 Semidefinite program for a-geometric unextendible entangle-

ment of point-to-point channels

In Section 3.6 we showed that the min-geometric unextendible entanglement of a chan-
nel is an upper bound on several operationally relevant quantities corresponding to the
channel. However, a semidefinite program to compute the min-geometric unextendible
entanglement of an arbitrary channel is not known. The a-geometric unextendible entan-
glement of the channel serves as a weaker upper bound on all the quantities mentioned
in Section 3.6 due to the monotonicity of the a-geometric unextendible entanglement of
channels in « (see Proposition 3.9). The a-geometric unextendible entanglement of a chan-
nel can be calculated for some values of a € (1,2] using a semidefinite program, which

we describe in this section.

We make use of the semidefinite program given in [FF21a, Lemma 9] that calculates
the following quantity:
Fv(N) := min D, (NIM), (3.9.21)

where V is a set of channels described by semidefinite constraints. Recall that lower semi-
continuity of a-geometric Rényi relative entropy allows us to replace the infimum with a
minimum, providing a way to calculate the a-geometric unextendible entanglement of a

channel.

We first propose a semidefinite program for calculating the a-geometric unextendible

entanglement of a point-to-point quantum channel.

Proposition 3.24 The a-geometric unextendible entanglement of a channel Ny_,p can be calcu-
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lated, for @ = 1 + 27 where € € N, using the following semidefinite program:

E'(Ny_p) = 2 min log, v (3.9.22)

subject to the constraints,

Trg, | Thp, 5, | = T (3.9.23)

Trg [Mag] < yla, (3.9.24)
Trg, [Thp 5| = Nis- (3.9.25)
My TV

R B (3.9.26)
| 1—‘1)4\/B Nf;B_
S

AT S0 Yie (12,0, (3.9.27)
Niz Nig |

where T'Y, is the Choi operator of the channel N,_,p, and B, By, and B, are isomorphic systems.
The constraints in (3.9.23) and (3.9.25) ensure that Iy, and N9, are the Choi operators of

the marginal channels Trg, oP_,p 5, and Trp, oP4_,p,5,- The constraints in (3.9.24)-(3.9.27)

are the semidefinite constraints to calculate the quantity

ming, , , v BQ(NAHBII Trp, oPa_p,5,) for a set of channels V defined by semidefinite con-

ditions, given in [FF21a, Lemma 9].

Since ¢ dictates the number of variables in the semidefinite program, we cannot prac-
tically use this SDP to calculate E* for « arbitrarily close to one. We settle for £ = 10 in
our calculations to get an upper bound on the unextendible entanglement of a channel

induced by the Belavkin-Staszewski relative entropy.
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3.9.2 Semidefinite program for a-geometric unextendible entangle-

ment of bipartite channels

The semidefinite program for the a-geometric unextendible entanglement of a channel in
Proposition 3.24 can be generalized for bipartite channels N4g_,4 5 by making the identi-

tications AB < A and A’B’ < B, and modifying the constraints for marginal channels.

Proposition 3.25 The a-geometric unextendible entanglement of a channel N4_,p can be calcu-

lated, for & = 1 + 27 where € € N, using the following semidefinite program:

E'(Napopp) =2° min log, y, (3.9.28)
yER’rfBIBZA’B’I 520

i ¢
MABA’B’{NABA’B/ }I,:O,eHerm

subject to the constraints,

Try, FfBleA'B;B; = Dipan ® In,, (3.9.29)
Trap [Mapap] < ylas, (3.9.30)
Trp l—fBleA'B;B'z = Nipaw» (3.9.31)

N
Mypap T

ABYEL > 0, (3.9.32)
l—‘1)‘:/BA/B Nf;BA/B/ |
Disns Nipys
ABVEL AR S 00 Vie (1,2,...,0), (3.9.33)
NIIABA’B’ NIIA_BIA,B, )
where T, ., is the Choi operator of the channel Na_p and dp is the dimension of system B.

Systems B, and B, are isomorphic to the system B, and systems B} and B, are isomorphic to the

system B’.

Remark 3.12 We have used the subadditivity of the a-geometric unextendible entanglement

(Proposition 3.8) to obtain a single-letter upper bound on all the operational quantities of a
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quantum channel discussed in Sections 3.6 and 3.8, either in terms of the min-geometric unex-
tendible entanglement of the channel or the unextendible entanglement of the channel induced by
the Belavkin—Staszewski relative entropy. However, one can obtain a tighter bound by using the

reqularized unextendible entanglement of the channel because, for all n € N,

_ 1~
E'(Nas) = ~E'(NSLp). (3.9.34)

— —
u

EninWNacs) 2 ~Epiy(NZ ). (3.9.35)

min min(

In practice, direct implementations of the optimizations for these quantities are much harder to cal-
culate with increasing n for arbitrary quantum channels, as the dimensions of the corresponding
semidefinite programs increase exponentially with n (however, it could be the case that the ap-
proach from [FST22], which incorporates permutational symmetry, could make the computational
difficulty of these optimizations grow only polynomially with n). By taking the asymptotic limit
of these quantities, an arbitrarily large number of channel uses might be required to estimate it,
restricting its usefulness from a practical perspective. Nonetheless, we remark that the reqularized
unextendible entanglement quantities give a generally tighter bound on the respective operational

quantities than the single-letter upper bounds discussed in this section.

3.9.3 Semicausal channel for probabilistic distillation of resource

The channel mentioned in (3.8.1) is a specific case of a semicausal channel where Bob’s
input system is a trivial system. Alice sends some quantum information to Bob through
an erasure channel, but instead of the quantum state being lost to the environment upon
erasure, the state is returned to Alice. If the state is successfully transmitted to Bob, Alice

receives back the erasure symbol instead.
There exists a simple protocol to probabilistically distill entanglement from this chan-
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nel using one-way LOCC. Alice sends one share of a locally prepared maximally entan-
gled state to Bob using the channel. If the state is successfully transmitted to Bob, Alice
receives an erasure symbol. Alice can determine if her state is erased or not by performing
the POVM (I, |eXe|} on the system she received, where II is the projection onto the entire
Hilbert space of her system. If she measures her system to be erased, she knows that a
maximally entangled state has been established between herself and Bob, and she can in-
dicate the results of her measurement to Bob, hence, distilling a maximally entangled state
probabilistically. If the probability of erasure is p and the channel allows Alice to send a
d-dimensional state to Bob, then the probabilistic one-way distillable entanglement of the
channel is no less than (1 — p)log, d. We find that the unextendible entanglement of this
channel induced by the Belavkin-Staszewski relative entropy, which is an upper bound
on the probabilitic distillable entanglement of the channel, is equal to (1 — p)log, d as well,

as we state formally in Proposition 3.26.

Proposition 3.26 Consider a quantum channel that acts on an arbitrary state pga as follows:

NusaB(Pra) = pprar ® leXelp + (1 — p)pre ® leXela . (3.9.36)

The unextendible entanglement of the channel mentioned above, induced by the Belavkin—

Staszewski relative entropy, is equal to (1 — p)log, d.

Proof: See Appendix 3.1 o

One can consider a less idealistic channel, where the state that Alice sends to Bob
is truly erased but Alice receives some information about the erasure process. Let us

consider a channel that acts on an arbitrary state pg4 as follows:
Nasaglera) = (1 — p)prp ® o + prig @ leXelp @ Tar, (3.9.37)
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where 7 is a maximally mixed state, and o4 and 74 are some quantum states.

The probabilistic one-way distillable entanglement of this channel depends on Alice’s
ability to distinguish between the states o and 7. Naturally, if o and 7 are orthogonal,
then Alice can perfectly distinguish between the two states, and the probabilistic one-
way distillable entanglement of the channel will be equal to (1 — p)log,d. However, if
the states are not orthogonal Alice will not be able to perfectly distinguish between the
two states, and the number of ebits that can be probabilistically distilled from the channel

using one-way LOCC would be smaller than (1 — p)log, d.

We consider a simple case where Alice receives a single classical bit indicating if the
state she sent to Bob was erased or not, where the classical bit also undergoes depolarizing

noise. As such,

oa = D,(|1X1a), (3.9.38)
T4 = Dy(|0X0l4) , (3.9.39)

where
Dy(pa) = (1 = @)pa + qrar. (3.9.40)

In Figure 3.6, we plot the a-geometric unextendible entanglement of the following chan-
nel:

4 1(ora) = (1 = Plors ® Dy(1X114)) + pre @ leXels ® D, (10X0L4 ), (3.9.41)
for different values of p and ¢, and @ = 1 +27'°. The code for generating the figures in this

paper is available with the arXiv posting.

In the examples considered above, Alice can deduce if the state she sent to Bob was
erased by analyzing the state she received from the semicausal channel, which allows Al-

ice and Bob to probabilistically distill resource from such channels using only one-way
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Figure 3.6: Here we plot the a-geometric unextendible entanglement of the channel
mentioned in (3.9.41), for @« = 1 + 27'°. The channel takes a two-dimensional state as
input. The a-geometric unextendible entanglement of a channel is an upper bound on
the probabilistic one-way distillable entanglement as well as the probabilitic one-way
distillable key of the channel for all a € (1, 2].

LOCC. While the erasure channel and depolarizing channels cannot be used for exact or
probabilistic distillation of entanglement or secret keys using only one-way LOCC, it is
unclear if these channels cannot be used to boost the probabilistic one-way distillable en-
tanglement or probabilistic one-way distillable key of a bipartite state in the presence of
one-way LOCC (see Section 3.8). Nonetheless, we present an analytical upper bound on
the a-geometric unextendible entanglement of the erasure channel for all a € (1,2], and
an analytical expression for the unextendible entanglement of the depolarizing channel
induced by the Belavkin-Staszewski relative entropy, in Appendices 3.] and 3.K, respec-

tively.
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3.10 Conclusion

3.10.1 Summary

In this work we defined a class of entanglement measures for quantum channels called
generalized unextendible entanglement of quantum channels, based on the resource
theory of unextendibility. We showed that this quantity does not increase under two-
extendible superchannels, and consequently, decreases monotonically under one-way
LOCC superchannels as well. This makes the unextendible entanglement of quantum
channels a useful quantity for analyzing information-processing tasks that involve trans-
formations of quantum channels assisted by local operations and one-way classical com-

munication.

We found some immediate applications of the unextendible entanglement of quan-
tum channels. The unextendible entanglement of a point-to-point quantum channel, in-
duced by the a-geometric Rényi relative entropy as @ — 0, was shown to be an upper
bound on the one-way distillable key, one-way distillable entanglement, forward-assisted
zero-error quantum capacity, and the forward-assisted zero-error private capacity of the
quantum channel. We found this quantity, which we call the min-geometric unextendible
entanglement of a channel, to be equal to zero for several important channels such as
the erasure channel and all channels with a full-rank Choi operator, indicating that these

channels are useless for zero-error quantum and private communication.

The formalism of k-extendibility was extended to bipartite superchannels, and we
defined the unextendible entanglement of bipartite semicausal quantum channels. This

quantity allowed us to bound the change in unextendibility of a bipartite quantum state
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when acted upon by an arbitrary bipartite semicausal quantum channel. Using this for-
malism we gave upper bounds on the probabilistic one-way distillable entanglement and
probabilistic one-way distillable key of a bipartite quantum state when a bipartite quan-
tum channel, not necessarily simulable by local operations and one-way classical com-

munication, is also available.

Finally, we gave a semidefinite program to calculate the unextendible entanglement
of a quantum channel induced by the @-geometric Rényi relative entropy for @ = 1+ 277,
where ¢ is a positive integer, providing a computationally feasible method to calculate
the upper bounds on the probabilistic one-way distillable entanglement and probabilistic
one-way distillable key of a state-channel pair. We showed some example calculations
for this technique, evaluating the a-geometric unextendible entanglement of special era-
sure channels where one party sends quantum data to a distant party through an erasure

channel but also receives some information about the erasure process.

3.10.2 Future directions

There are several future directions to be explored. As was the case in [WWW24], we have
restricted all of our measures of unextendibility and applications to two-extendibility. An
extension of the measures to k-unextendibility could possibly give tighter bounds on sev-
eral quantities of interest when using channels assisted by one-way LOCC superchannels.
Our formalism also restricts us to the case of zero-error capacities. It will be an interesting
direction to allow for arbitrary error in our formalism in order to explore a more general

and practical setting.

We have obtained several bounds in terms of the min-geometric Rényi relative entropy
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of quantum channels. To the best of our knowledge, no prior work has used this measure
as an upper bound on information-theoretic quantities. We believe our approach with
min-geometric Rényi relative entropy can be extended to other dynamical resource theo-
ries to obtain tighter bounds on several quantities of interest. Given that we have shown
the relevance of the min-geometric Rényi relative entropy in our work, we think this mo-
tivates developing efficient methods to optimize this quantity with respect to semidefinite

constraints.

When multiple uses of a quantum channel are allowed for resource distillation,
we restricted the discussion to the independent and identically distributed scenario
in which all the quantum channels are used in parallel. A more general case of se-
quential distillation protocols can be considered. Similar ideas have been pursued
in [KW17, BW18, GS520a, FF21a] when positive partial transpose (PPT) channels are al-
lowed for free, and a general treatment for arbitrary resource theories has been considered

in [GS20b].

Extending the formalism of unextendibility to bipartite semicausal channels, we gave
upper bounds on the probabilistic distillable entanglement and secret key from a bipartite
state using one-way LOCC and an unextendible bipartite semicausal channel. It is known
that an erasure channel can be used to boost the approximate distillable entanglement of
shared bipartite state [WH10]; however, it is still unclear if an erasure channel could boost
the one-way exact distillable entanglement or the probabilitic one-way distillable entan-
glement of the state. In general, it would be interesting to know if channels that cannot
be used for zero-error private communication can be used to boost the probabilistic dis-

tillable key of a shared bipartite state.
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APPENDIX

3.A Proof of Proposition 3.5

In this appendix, we show that the a-geometric unextendible entanglement of quantum
states converges to the unextendible entanglement of quantum states induced by the

Belavkin-Staszewski relative entropy as @ — 1.

Let us first evaluate the a-geometric unextendible entanglement of states when « ap-
proaches 1 from above. The a-geometric unextendible entanglement is monotonic in «
as is evident from the monotonicity of the underlying divergence, the a-geometric Rényi

relative entropy, in a. Therefore,

lim E3(pan) = inf, Ei(oan) (3.A1)
a—1* ae(l,
. 1 . —
- (lé?lg] E O'E%}({t:(p) Da(p” TrBl [O-ABle]) (3.A.2)
| .
- 2 Uelg}(f(p) agll{,;] Do(pll Trg [0745,5,]) (3.A.3)
1 . —
) rrellgf(p)Dl(p” Trg, (0748, ,]) (3.A.4)
= E'(pan). (3.A.5)

Now let us evaluate the a-geometric unextendible entanglement when a approaches
1 from below. Once again, using the monotonicity of a-geometric unextendible entangle-

ment in @, we find the following equality:

lim E"(pap) = sup E“(pap) (3.A.6)
a— a€(0,1)
1 =
= sup = inf D,(oll Trp, [0 a,5,]) - (3.A.7)

€(0,1) 2 o€eExt(p)
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Since the a-geometric Rényi relative entropy is lower semi-continuous in (p, o) [FF21b,
Lemma A.3], and it increases monotonically in @ in the range (0, 2], we can employ the
Mosonyi-Hiai minimax theorem from [MH11, Corollary A.2] to switch the order of supre-

mum and infimum, obtaining the following equality:

: T | —
Jim Expa) = 5 inf | sup Dl T [am. ] GAS
L
=7 panf Di(ellTrs (045, 5. ]) (3.A.9)
= E"(pan). (3.A.10)

Combining (3.A.5) and (3.A.10), we conclude (3.5.38).

3.B Proof of Proposition 3.11

In this appendix, we show that the a-geometric unextendible entanglement of quantum
channels converges to the unextendible entanglement of point-to-point quantum chan-

nels induced by the Belavkin-Staszewski relative entropy as o — 1.

Let us first evaluate the limit when a approaches 1 from above. For a given quantum

channel N,4_,3, let us define the following set of quantum channels:
EXt(N) = {PAHBle : Tl‘];2 OPA_ﬂng2 = NA—>B} . (381)

We know that the unextendible entanglement of channels induced by the a-geometric
Rényi relative entropy increases monotonically with « for @ > 0 [KW21]. Therefore, we

can write,

lim E“(Naop) = inf E“(Nap) (3.B.2)
a—1* ae(1,2]
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= inf inf )ﬁ,(NAHBll Trg, oPa5,5) (3.B.3)

ae(1,2] pAABl By €Ext(N

= inf inf D,(Nu_zll Trg oPs_, 3.B.4
PAHBIBZGEXt(N)QE(l,Z] af( A B” B A BIBZ) ( )

- inf.  D(Nugll T . 3.B.5
PAaBlzrzlEExt(N) (NA B” B OpA BIBZ) ( )

= E“(Nassp) (3.B.6)

where the first equality is a consequence of monotonicity of a-geometric unextendible
entanglement when « € (1,2] (Proposition 3.9) and the penultimate equality is a conse-
quence of the fact that the a-geometric Rényi relative entropy of channels converges to

the Belavkin-Staszewski relative entropy as @ — 1 [DKQ*23, Lemma 35].

Now let us evaluate the limit when @ approaches 1 from below. By Proposition 3.9,
we know that the a-geometric unextendible entanglement increases monotonically for

a € (0, 1). Therefore,

lim E"(Naop) = sup E“(Na_p) (3.B.7)
a— ae(0,1)
= Sup inf ) /D\Q(NA_J;” TI']_!;»l OPAﬁBIBZ) . (388)

a€(0,1) P a- B, B, EEXN
Since the a-geometric Rényi relative entropy of channels D, (Ny_5llMy_5) is lower semi-

continuous in M,_,z [DKQ*23, Lemma 37] and increases monotonically in « in the range

(0, 1), we can employ the Mosonyi-Hiai minimax theorem from [MH11, Corollary A.2]

and establish that
sup inf Dw(NA—>B“ Trp, OPA—>BIBZ) = inf sup D(Z(NA—>B||TrB1 OPA—>B|BQ)
ae(0,1) Pa—B, B, EEXt(N) P88, €EXtN) 4e(0,1)

(3.B.9)

= inf  D(Na_pll Trg, oPusps) (3.B.10)

Pa—p, B, EXU(N)

= E"(Naosp) , (3.B.11)

152



where the first equality follows from the Mosonyi-Hiai minimax theorem in [MHI11,
Corollary A.2], the second equality follows from the fact that a-geometric Rényi rela-
tive entropy converges to the Belavkin-Staszewski relative entropy as @« — 1, and the
final equality follows from the definition of unextendibe entanglement induced by the
Belavkin-Staszewski relative entropy. Hence, combining (3.B.6), (3.B.8), and (3.B.11), we
conclude (3.5.106).

3.C Proof of Corollary 3.4

In this appendix, we give an alternate proof of Corollary 3.4. Let us begin by evaluating

the a-geometric unextendible entanglement of a d-dimensional identity channel.

Proposition 3.27 The a-geometric unextendible entanglement of a d-dimensional identity chan-

nel is equal to log, d for all a € (0,2]. That is,

Exidj ) =log,d Ve €(0,2]. (3.C.1)

Proof: Let 45,5, be an extension of the d-dimensional identity channel, i.e.,
Trp, oPap,p, = id4_ 5. (3.C.2)

LetI?

15,5, D€ the Choi operator of the quantum channel £,4_,,5,. Since the Choi operator

of the identity channel is the unnormalized maximally entangled state, the Choi operator

of the channel $,4_,g, 5, has the following form:

rfBle = FAB] ® 0B, (3C3)
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where I'yp, is the unnormalized maximally entangled state, and o, is an arbitrary quan-
tum state. Thus, an arbitrary extension, P4_,z,5,, of the identity channel can be expressed
as

Papp, = id4_ 5 OAF, (3.C.4)

where Ay is a channel that prepares the state o,.
The two marginals of P4_, 5,5, act on an arbitrary quantum state g, as

Trp, P ass,5,Wra) = 1d5_ 5, Wra) = Ur,» (3.C.5)

and

Trp, oPa—p, B, (Yra) = Tra @A, (Yra)

= lﬂR ® 0B, (3C6)
Now consider that
— 1 ) N
Ey(idi_p) = 5 Ly Dol T, P ) (3.C.7)
1. —
=5 nf sup D, (Yrp, g ® 075,) 3.C.8)
By yga
1 . o~
=3 inf sup D, (Yrp,|lYr @ 0B,), (3.C.9)
TBy €O+ yrpy

where S, denotes the set of positive definite states, and here we have used the fact that
the geometric Rényi relative entropy is lower semi-continuous in the last equality. As

shown in [WWW24, Appendix D],

inf Dy(Wrs g ® 05,) = inf log, Tr{o3 1. (3.C.10)

0B,y €S+ B, €S,

The right hand side of the (3.C.10) is independent of yz4. Therefore,

— 1
Ei(idj_,) = 5 inf log, Tr[op' 1. (3.C.11)

0'32 €S+
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Let {1;}; be the eigenvalues of o;,, so that this state can be written as

d
o, = ) AliXi, (3.C.12)
i=1

where {|i>}f.‘=1 is an eigenbasis of o,. The inverse of this state is

d
oy = Z A7 iil. (3.C.13)
i=1
The a-geometric unextendible entanglement of the identity channel becomes
uf(:yd 1 : -1
Ea(ldA_)B) =5 log, inf A, (38.C.14)

where the infimum is over every probability distribution {A;}; with full support. Using the

well known arithmetic mean-harmonic mean inequality

d .4 1
<=—=-. 3.C.15
>4t od o d ( )
Rearranging this inequality then implies that
11 inf d4-1>11 d? (3.C.16)
208y, Lt =g ~
¥idi=1 =1
The inequality above is saturated when all 4; are equal. Therefore,
= 1
Exid}_,) = 5 log, d? = log, d. (3.C.17)
This concludes the proof of Proposition 3.27. o

Now we show that the zero-error quantum capacity of a channel, assisted by one-way
LOCC superchannels or two-extendible superchannels, is bounded from above by the

min-geometric unextendible entanglement of the channel.
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Proof: [Proof of Corollary 3.4] Consider a two-extendible superchannel ®»_, g c—n)
that acts on n instances of the channel N,_,5 to exactly simulate the d-dimensional identity
channel:

idfp = Ouspcon (NG p) - (3.C.18)

Equating the a-geometric unextendible entanglement of the identity channel and the sim-

ulated channel, the following inequality holds for all @ € (0, 2]:

Ey(id!_p) = Ex(@wpy-con (N5 ) (3.C.19)
< EY(N®" ) (3.C.20)
< nE“(Nasp), (3.C.21)

where the first inequality comes from the monotonicity of the unextendible entangle-
ment under the action of two-extendible superchannels (Theorem 3.5) and the second
inequality comes from the subadditivity of the a-geometric unextendible entanglement

(Proposition 3.8).

Using (3.C.21) and Proposition 3.27, we arrive at the following inequality:

log, d

= 1
Ey(Naop) 2 = ;Q&%_EXT NS L), (3.C.22)

where we arrive at the equality after recalling the definition of Qég_EXT(N 'A_p) from (3.6.56).
Since the inequality holds for all @ € (0, 2], we can take the limit @ — 0 to get the tightest
inequality in (3.C.22), owing to the monotonicity of the a-geometric unextendible entan-

glement in @. Moreover, (3.C.22) holds for every positive integer n, which leads to the

following inequality:
1 —
QO,Z—EXT(NAHB) = ZQ&;-EXT N;?ZB) < Er’i}in(NA_’B) . (3C23)
The zero-error quantum capacity of a channel assisted by two-extendible superchannels
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is never less than the zero-error quantum capacity of the channel assisted by one-way

LOCC superchannels, which concludes the proof. o

3.D Proof of Proposition 3.15

Consider an arbitrary quantum channel PABlkJ—’A'BEkJ where all systems in the set {B,‘}f“:1

k

are isomorphic to each other, and all systems in the set {B;} are isomorphic to

=

each other. Let O 5)>cp-cp) be a k-extendible superchannel with the k-extension

1 .
Y (AByy—a’ Bl )~(CDyy—~C'D}y)- Let N} BoAB! be a marginal of the channel P4z, B, such that,
i —
AB,‘—)A’B; - TrBE/\,J\I- OPAB[](]%A’BEI{] o ﬂB[k]\i’ (3.D.1)

The Choi operator of the channel r (), using the propagation rule stated in (3.3.12),
is,
T
FT“D) = TrAB[k]A/Bfk] [(Fp) FT:I . (3D2)

where FfBM aB, is the Choi operator of the quantum channel PAB[,{]_)A,B{H, and

T

BB CDC Dy, 1S the Choi operator of the superchannel Y gy -5, )~cpy-cy)- The

Choi operator of the channel N}, ., is related to the Choi operator of the channel

pA B[k] %A’Bik] as

[k]

Ni _ P
1—‘AB,'A/B:. ® IB[k]\i - TrBEk]\i [FAB[k]A’B/ ] 4 (3'D~3)

since the former is a marginal of the latter. Now consider the Choi operator of the channel

Trp, o (T (P)),

[kI\i

Trog [T°7] = Traga op, () T (3.D.A4)

[k [k TR

P T
= TrAB[k]ArB[kJ (F ) TI'D/

[k\i

[r*’]] (3.D.5)
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_ ﬁ Trapun, [(rw)T Trp, 5, [T7]® IBEW] (3.D.6)
- ﬁ Trap,aB [(Trg{kj\i [[*P])T T [F'Y‘]] (3.D.7)
- | B,}k—l TABA'B! [(FNi Q1 B[k]\,-)T T, 5 [FT]] (3.D8)
= ﬁ Trasas [(rN,-)T (R [Fr]] 5.09)
- ﬁ Tragas [(rNi)T Trp, [0 IBEk]\’_D[k]\,,]] (3.D.10)
Tl 9], oo
= Ioy, (3.D.12)

where the third equality is a consequence of (3.7.17), the fifth equality is a consequence
of (3.D.3), the seventh equality is a consequence of (3.7.18) and the final equality is arrived
at by using the propagation rule again. Since the above equalities are true for all i € [k],

we conclude (3.7.19).

3.E Proof of Proposition 3.16

In this appendix, we show that the action of a bipartite k-extendible superchannel on a

bipartite k-extendible quantum channel results in a k-extendible quantum channel.

Let Nap_ap be a k-extendible quantum channel with a k-extension Pap, -4’ Bl and
O -4 B)—~(cD—C'p) be a k-extendible superchannel with a k-extension Y4, -4’ B, )—~(CDy—C'Dly))-
Let I'},, , and I“A’DBW By, be the respective Choi operators of the channels Njp_,4p and
Papy-ap,, and let 0 wepery and F}B[k] B CDRCD, be the respective Choi operators of

the superchannels ®p-.4'5)-cp-cpy and T(ABlkJ—)A’BEk])—>(CDU(J—>C’DEk])-
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The Choi operator of the channel ® (N) can be evaluated using the propagation rule,
stated in (3.3.12), as

ON T
Iﬂci)c)'z)' = TrABA'B/[(FQ/BA’B’) FSBA'B’CDC’D’] : (3.E.1)

Consider the Choi operator of the quantum channel T (P),

T
FT(P) = TrAB[k]A’BE,\,J [(FP) FT] . (3E2)

'’ /
CDyyC D[k]

Let us first show that ® (N) is a marginal of the channel (' (£). The non-signaling condition

for Pap,—ar B, and Y (ap, -a’ Bl,)~(CD—C' D) from (3.7.9) and (3.7.17), respectively, implies

Trp, | [FT(P)] Trap, AB[HDEH\I[(FP)T FT] (3.E.3)
= Trap,um, [(FP) Trp, | [r‘*’]] (3.E.4)
T Iy

= Trapyas, [(FP) (TTD'k Bl I[FT] ® |B’[|A2\_ll)] (3.E.5)

IB/I" —— Trapus, [( "’) Trp, 5, [rT]] (3.E.6)

IB'I" Trasgaen| (P @ Ty) Trog, [T (3.E7)

= B Trapas, [(FN)T Trpy By Bl [FT]] (3.E.8)

= Toagn| () (T 1y, )| (3.E9)

= Tepyernr ® Doy (3.E.10)

where the first equality follows from the propagation rule stated in (3.3.12), the third
equality follows from the non-signaling condition for k-extensions of sueprchannels given
in (3.7.17), the fifth equality follows from the non-signaling condition for k-extensions of
quantum channels given in (3.7.9), the penultimate equality follows from the marginality
condition for bipartite k-extendible superchannels given in (3.7.18), and the final equality
follows once again by using the propagation rule. Equation (3.E.10) implies that ® (N) is a

marginal of the channel T () which follows the non-signaling condition given in (3.7.9).
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Now let us test the quantum channel T () for permutation covariance. Since Pap,, 4 B,
is a k-extension of the quantum channel N,z 5, it obeys the permutation covariance

condition given in (3.7.6); that is,

(ng ® W’Tm)rp(vv”T Wy ) =17, (3.E.11)

B K1

where W” is the unitary corresponding to the permutation r in the symmetric group S.

Let us define the following unitary:
T o T T
UB[k]Bfk] = Wg,, ®W, - (3.E.12)
so that the permutation condition for Pyp, .4’ By, can be written as,

P _ yn Pyt
I = Ug 0 T7US (3.E.13)

Let us also define a unitary V” in a similar fashion,

74 . T 74 74 7
V5 BuDwBl = WD[M W, Wy, W, ) (3.E.14)

[k] (k]

The permutation covariance condition for k-extendible superchannels given in (3.7.16)
can then be written as,

=y v . 3.E.15
DEkJB[k]D[k]B{kJ D[k]B[k]D[k]B[k] ( )

Note that (W™)" = W™ since the permutation unitary is completely real. This implies the

following equality:
() 1 = (U5, , 17U "y (3.E.16)
- B[k]BEk] BU"JBEk] e
_qr P r f 7Yyt
= UBWBEH(F ) Uz, VTV (3.E.17)
_ 4 P r T Yyt
= UBUCJBEH(F ) U, TV (3.E.18)

Using the above equality in the expression for the Choi operator of the channel T (P),

TN) _ P\ 1
rCD[k]C/DEk] = TrAB[k]A’Bfk] [(F ) I ] (3.E.19)
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= Trap, s, :UgmBEk](rP) Uy b Mr*vﬂ] (3.E.20)
= Trayun, :(FP)T A ] (3.E.21)
= Trann, (1) U T U | (3.E22)
= U (TrAB s, [(FP)T rT])U;;mD[H (3.E.23)
= Upt ooy (e, ) U (GE24)

where we have used the cyclicity of trace to arrive at the third equality. Thus, the quantum

channel T(P) follows the permutation covariance condition given in (3.7.6).

Since Y(P) is an extension of the quantum channel ®(N) that follows the permutation
covariance condition given in (3.7.6), and the non-signaling condition given in (3.7.7), we

conclude that ®(N) is a k-extendible channel.

3.F Proof of Proposition 3.17

In this section, we show that every bipartite one-way LOCC superchannel is k-extendible
for all k > 2 by constructing an explicit extension of an arbitrary bipartite one-way LOCC

superchannel.

In a bipartite one-way LOCC superchannel ®wup—_ap)»cp-c'py, both the pre-
processing and post-processing channels are bipartite one-way LOCC channels. There-

fore, we can write the pre-processing channel as follows:

8CD—>AMABMB Z 8C—>AM ® Sg’i BMy> (3.F.1)

where systems C, A and M, are held by Alice, and systems D, B and Mj are held by Bob.

In the above, {SC: AM, } is a set of CP maps and {83

Do BM; } is a set of quantum channels
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such that &°

CD—AM,BM, 1S @ quantum channel. Similarly, we can write the post-processing

channel as follows:
(€] o A,y B,y
D ssrtgocr = ) Direse ® Dy (3.F2)
S

where systems A’, C’ and M, are held by Alice, and systems D’, B’ and My are held by
Bob. The set {D%uﬁc' }y is a set of CP maps and {Z)g:’,’wB_) D }y is a set of quantum channels

@ .
such that DY, 4. e 18 @ quantum channel.

One can define a superchannel T(AB[kJ—>A’B[M)—>(CD[k]—>C’D{kJ) with the following pre-

processing channel:

Y . A, x B,x L B,x
8CD[k]—>AMAB[k]MB[k] '_ Z 8C—>AMA ® 8D1—>BIMB1 ® ® 8Dk—>BkMBk' (3.F.3)
X

The post-processing channel associated with the superchannel Y can be defined as fol-

lows:
' o 2y B.y . B.y
D sty 0y = D Dbt ® Diinay oy @ 8Dy . (3.F4)
y

It is straightforward to verify that the superchannel © is a marginal of the superchannel Y,
and the quantum channels Q® and Q" unique to the superchannels ® and T respectively,
follow the conditions given in (3.7.13), (3.7.14), and (3.7.15). Therefore, T is a valid -
extension of the superchannel ®. Since such a two-extension can be constructed for every
one-way LOCC superchannel ®, we conclude that every one-way LOCC superchannel is

k-extendible for all k > 2.

3.G Proof of Theorem 3.7

In this appendix, we show that the unextendible entanglement of bipartite channels de-

creases under the action of two-extendible superchannels.
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Let ®upap)—cp—c'p) be an arbitrary two-extendible superchannel. Let Pag, 5,4/ BB,

be an arbitrary extension of the channel Nyz_4 5 such that
Napoap = TI‘B'2 OPAB,BZHAfB'IBIZ o Ap,, (3.G.1)

where A, is a quantum channel that appends an arbitrary quantum state to the system
B,. The generalized divergernce between the channels Njz_,4 5 and Trp oPup p,—arp 5, ©

Ap, obeys the following inequality:

D(N| Trg oP o Ap, ) = D(Trp, of o Ap, || Trg oP 0 Ap,) (3.G2)
> D(© (Trp, of 0 Ap, ) |©(Try, oP o Ag,)) (3.G.3)
= D(Trp, o (Y(P)) 0 Ap,|| Trp; o (Y(P)) o Ap, ) (3.G4)
> 2E*(Trp, o (Y(P)) 0 Ap,) (3.G.5)
= 2E"(© (Trp, of 0 Ag,)) (3.G.6)
= 2E“© (N)), (3.G.7)

where the first inequality follows from the data-processing inequality for generalized
channel divergence of quantum channels (Theorem 3.3), the second equality follows from
Proposition 3.15, and the second inequality follows from the definition of the generalized
unextendible entanglement of quantum channels. Since the above inequality holds for all
quantum channels P g, 5,4’ BB, that lie in the set Ext(N) defined in (3.7.20), we conclude

the statement of Theorem 3.7.

3.H Proof of Theorem 3.8

In this appendix we present the proof of Theorem 3.8.
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Let pr.cr,p be an arbitrary two-extendible state. This means that there exists an exten-

S101 TR CRp, D1Rp, D> of the state pg.cr,p With the following marginals:
TTRD1 p, 7] = TFRD202 [T] = Pr-CR,D> (3.H.1)
where system R, is isomorphic to Rp, and system D, is isomorphic to D,.

Let ®up—ap)—cp>c'crppry be a two-extendible superchannel, and let Ny 5 be an

arbitrary semicausal channel. Let us define the following quantum state:

Oreccrrpr D = ONapoa B ) ORCRYD) - (3.H.2)
Let Pup, 5,455, be an arbitrary extension of the channel N5, 5 ; that is,

TIVB'2 OPABIBZ—>A’B’IB’2 = NAB1—>A’B’1 ® Trp, . (3.H.3)

Proposition 3.15 implies that there exists a superchannel (g, 5,45, 8,)~(cD,D,~c'D; Dy SUCh

that the following equalities hold:

Trp, o (Y(P)) = ON) ® Trp,, (3.H.4)

Trp, o (T(P)) = O(Trg &P) o Trp, . (3.H.5)

Consider the following state:

Trg, b, © (C(P)) (7) = (ON) @ Trg,, p, )(7) (3.H.6)
= O(N)(oreCryD) (3.H.7)
= ORcC'C"RpD'D"> (3.H.8)

where the first equality follows from Proposition 3.15, the second equality follows from

the fact that 7 is a two-extension of p, and the final equality follows from the definition
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of the state 0. The above equality implies that ((#)(7) is an extension of the state o. By

definition of the unextendible entanglement of states, the following inequality holds:

o1
E'0) < inf 5D(] Teky, oy 0 (T PH)). (3.H.9)

where Ext(N) is the set of all extensions of the channel N as defined in (3.7.20). Us-

ing (3.H.5) we arrive at the following equality:

Trr,, o, © (T (P)() = O(Try, of) (Trx,, p, [7]) (3.H.10)

= O(Trg oP)(orccroD): (3.H.11)

where the second equality follows from the fact that 7 is a two-extension of p. As such,

the following inequality holds for all two-extendible states pg.cr,p:

u 1 1
E') < inf >D(ON)(0) [0(Trs; oP)(p)). (3.H.12)
For brevity, let us denote the set of two-extendible states with respect to the partition

RcC : RpD as 2-EXTrep and the set of all states on systems ReCRpD as Sgcp. Supremizing

over all two-extendible states in 2-EXTgrcp,

sup  E“(0pccrmpppr) < sup inf 1D(@(N)(p) |e(Tes, oso)(p)) (3.H.13)

p€2-EXTRrep pE2-EXTrep PEEXIN) 2

< sup inf 1D(@(N)(/o)”@(TrB; o?’)(p

PESRCD PeExt(N) 2 ) (3H14)

)
)

, 1

<,nf s 51)(@(/\/)(,0) |©(Trs, 7)o ) (3.H.15)
1

=, dnf >D(ON) [[0(Try; oP)) (3.H.16)
1

< dnf DN Try; oP) (3.H.17)

= E“(N), (8.H.18)

where the second inequality follows from the fact that the set 2-EXTg¢p is contained in-

side the set Sgcp. The third inequality is a consequence of the max-min inequality, the
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tirst equality follows from the definition of generalized divergence of channels, the last in-
equality follows from the data-processing inequality for generalized divergence of chan-
nels, and the last equality follows from the definition of the generalized unextendible

entanglement of channels.

Therefore, we conclude the statement of Theorem 3.8.

3.1 Proof of Proposition 3.26

In this appendix, we compute the Belavkin-Staszewski induced unextendible entangle-

ment of the channel whose action on an arbitrary state pg4 is defined as follows:

Nasas(pra) = ppra ® leXelp + (1 — p)prs ® leXela, (3.L1)

for some p € [0, 1].

We first establish a lower bound on the unextendible entanglement of the channel

induced by the Belavkin-Staszewski relative entropy.

Note that Alice can find out if she received the erased state or not by performing the
POVM {Ily, |eXela} on her system. She can convey the results of the measurement to Bob
via one-way classical communication, which is assumed available for free. Alice and Bob
can then replace the erased state with a maximally mixed state, and Alice holds the flag
indicating the result from the POVM. As such, Alice and Bob can transform the output

state given in (3.1.1) into the following state using a one-way LOCC L, 5y

(Lysoapx, © N) (ora) = pprar ® 13 ® |0X0lx, + (1 — p)ors ® mar ® [1X1lx,, (3.12)

where 7 is the maximally mixed state.
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d

Let us choose the input state pg4 to be @5,

a maximally entangled state of Schmidt
rank d. Here we assume that system R is held by Alice. Using Proposition 3.7, we have

the following equality:
E'((L™ o N) (®4y)) = PE*(®hy ® 75) + (1 = p)E" (D @ 7). (3.13)
The state ®¢,, ® np is a separable state with respect to the partition RA’ : B; therefore,
E"(®f,, ® n5) = 0. (3.1.4)

It is easy to see that the unextendible entanglement induced by the Belavkin-Staszewski

relative entropy of the state ®%,®n, is equal to log, d, by means of the following reasoning:

o5 ) (3.15)
Try |4, @ 7)) (3.1.6)
Dby ® 1) (3.17)

< E'(®y) + E"(ma) (3.1.8)

= E"(®f.). (3.19)
where the first equality follows from (3.5.49), the first follows from the monotonicity of
unextendible entanglement under local operations, the second inequality follows from
the subadditivity of the uenxtendible entanglement induced by the Belavkin-Staszewski
relative entropy (see (3.5.48)), and the last equality follows from the fact that the unex-

tendible entanglement induced by the Belavkin-Staszewski relative entropy is equal to

zero for two-extendible states. Therefore,
E'((L™ o N)(®4,)) = (1 - p)log, d. (3.1.10)

Since £, , 4 x, is an instance of a two-extendible superchannel, Theorem 3.8 implies the
following inequality:

E"(Njoap) > (1 - p)log, d. (3.L11)
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Now let us establish an upper bound on the unextendible entanglement of the channel

induced by the Belavkin-Staszewski relative entropy of the channel.
Consider the following extension of the channel N4_, 4 p:
Paoaps, = Nasas, @ Ap,, (3.1.12)

where Ay is a channel that appends a maximally mixed state on system B,, and systems

B, and B, are isomorphic to each other. Let us define the following channel:
Masap, = Trg, oPaapb,- (3.1.13)
The Choi operators of the two relevant marginals of the channel $4_,4 5,5, are as follows:

T¥vs, = PLax ® leXels, + (1 — p)lap, ® leXela, (3.1.14)
)5, = PLax ® g, + (1 = M, ® mp, ® leXela, (3.115)
where I' is the unnormalized maximally entangled operator. Note that the erasure sym-

bol is orthogonal to every quantum state in the Hilbert space of the system. Hence, the

identity operator, I, acts on the subspace orthogonal to [eXel,.

The Belavkin-Staszewski relative entropy between the channels Ny 45 and My a5

can be calculated using their Choi operators as follows [FF21a]:

= 12 1/2
BNs-aeslMacown) = [Tean| (Tha) oz, Qunsd(Thes) | - B116)
where
1/2 -1 12
O =(Tis) (Thbs) (Thus) - (3.117)
We can write I'}!,, as a linear combination of orthogonal projectors as follows:
Thyp = PPy ® I + — pIRB ® |eXela. (3.1.18)
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Therefore,

IRB ® |€X€|A/. (3119)

(Ff/xvxtm)_l = %‘D%A' ®Ip + 1 4
Similarly, I'},, , can be written as a linear combination of orthogonal projectors as follows:
TYys, = pd®yy ® leXels + (1 — p)dDf, @ leXel . (3.1.20)

Following simple linear algebra, we find that
Qunp = d* D%, ® leXela, (3.1.21)

and consequently,

log, Oaxp = 21log, d Qg ® eXela. (3.1.22)

Substituting this value into (3.1.16), we evaluate the Belavkin-Staszewski relative entropy

between N4_,a 5 and My_,4 5 to be equal to (1 — p)log, d; that is,
D(NsowslMassas) = 2(1 - p)log, d. (3.1.23)
By the definition of the unextendible entanglement of channels,

_ 1
E"(Nasap) < §D(NA—>A'B||MA—)A'B) (3.1.24)

= (1 - p)log, d. (3.1.25)
Combining (3.1.11) and (3.1.25), we conclude that

E"(Naoap) = (1 - p)log, d. (3.1.26)

3.J] Unextendible entanglement of erasure channels

In this section we find analytical and numerical upper bounds on the unextendible en-

tanglement of the erasure channel. An erasure channel erases the input state with some
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probability p and is defined as follows [GBP97]:
&L ;(Y) = (1 - p)Y + pleXe| Tr[Y], (3.J.1)

where |eXe] is the erasure symbol, orthogonal to all input states. The Choi operator of this
channel is as follows:

55 = (1= p)Tag + pla ® leXels. (3J.2)

Erasure channels are of special interest in the context of quantum communication be-
cause there exists a well known protocol to distill a maximally entangled state using
this channel, assisted by local operations and two-way classical communication. Alice
sends one share of a locally prepared maximally entangled state of Schmidt rank d to Bob
through an erasure channel. Bob performs the projective measurement {Z?:_OI X, |eXe|}
on the state he received, thus, finding out if the quantum state sent by Alice was erased
or not. Bob can convey this classical information back to Alice using a classical channel,
hence, establishing a maximally entangled state between the two parties which can be

used for quantum communication or private communication tasks.

The protocol mentioned above can be used to probabilistically distill log, d ebits from
a d-dimensional erasure channel with probability 1 — p, where p is the erasure probability
of the channel. However, it requires Bob to send back classical data to Alice. We will see
that one cannot distill any entanglement from the erasure channel with the assistance of
one-way LOCC superchannels only, as the min-geometric unextendible entanglement of
the erasure channel is equal to zero (Proposition 3.29). See also [LLS09] for a further study

of the assisted quantum capacities of the erasure channel.

The proposition below provides an upper bound on the unextendible entanglement

of the erasure channel induced by the Belavkin-Staszewski relative entropy.
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Figure 3.7: Here we plot the upper bounds on the unextendible entanglement of the
two-dimensional and the three-dimensional erasure channel induced by the Belavkin-
Staszewski relative entropy using the analytical expression given in Proposition 3.28.
We also plot the numerical values of the a-geometric unextendible entanglement calcu-
lated for @ = 1 + 27'° using the semidefinite program given in Proposition 3.24.

Proposition 3.28 The unextendible entanglement of a d-dimensional erasure channel with era-

sure probability p < 1/2, induced by the Belavkin—Staszewski relative entropy, is bounded from
above by

E'(&,_5) < (1-p)log,d - % log,((d” = 1)p + 1) (3].3)

forall p € [0, d‘j], and by

B : AT P

E (SZ—J;) < E(l -p) 10g2( » ) 5P 10g2(ﬁ) (3J.4)
forall p € (ﬁ, %]
Proof: First, we note that an erasure channel is two-extendible if the erasure probabil-

ity is greater than 1/2. Hence, the unextendible entanglement of such erasure channels,

induced by the Belavkin-Staszewski relative entropy, is equal to zero.
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Now consider the extension 4,5, of the erasure channel SZ_) 5 with the Choi opera-
tor,

FfBle = plap, ®leXelp, + (1 — p —dx)Lap, ® |eXelp, + xL'ap, ®1lp,, (3.].5)

where

II:=10X0] +---+|d - 1Xd - 1| (3.J.6)

is the projection onto all possible states of the input space. This operator is positive
semidefinite for all x € [0,(1 — p)/d]. The two marginals of this channel are described

by the Choi operators,
s = Trs, [l—fBle] = (1 = p)Tap + plls ® |eXels, (3.].7)

and

Tht = Trg, [Th5 5, ] (3].8)

=plap+ (1 —p—dx)lly ®leXe|p + xI14 @ I1p. (3.J.9)

Note that I'}, is the Choi operator of the erasure channel with erasure probability p, justi-

tying the claim that $4_, 5,5, is an extension of the said erasure channel.
By definition,
— 1~
Eu((gi_)B) < ED(SZ—>3|| TI‘B2 OPA—)B]Bz) N (3]10)

where D(-||-) is the Belavkin-Staszewski relative entropy between channels. This quantity

has a closed-form expression in terms of the Choi operators of the two channels [FF21a],

BNl M) = |[Tral (TY) ™ (o, 0an)(TX) | (3J.11)

[

where

0 = (%) " (T2) " (Th) ™ (3]12)
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The Choi operator Fﬁ can be written as
it = (pd + x) @4, + x (T, ® T — @) + (1 = p — dx) TI, ® leXelp. (3.J.13)

where ®¢, is the maximally entangled state of Schmidt rank d. Since we have written I'}%

as a linear combination of orthogonal projections, we can conclude

1, & leXels. (3.].14)

(rﬁ)—l _ ﬁ@fw + i(HA ® Iy — Y ) + T &

From the above, we conclude that

12 12 d(l-p) 14
(FQ/B) (log, QAB)(FQ/B) =~ P)C“ng(m) DYy + Plogz(m) I, ® leXel.
(3.J.15)
This allows us to evaluate the quantity in (3.].11) to be
= dd-p) p
5 Sp)=(1- —_— 1 —. J.1
DNgpllMa-p) = (1= p) 1og2( P ) +p ng(l — dx) (3].16)
This quantity is minimized for
Y B )
y=dzpmpd (3J.17)

d

The Choi operator '}, is required to be a positive semidefinite operator. This in turn

requires x to be non-negative. Therefore, we choose

(1 - p)* - p*d®
X =

y , (3.].18)

1

1fp$dj,

and x = 0 otherwise. Using these values of x in (3.].16) and rearranging, we

arrive at the upper bound given in Proposition 3.28. |

In Figure 3.7, we plot the a-geometric unextendible entanglement of the channel, for
@ =1+ 27'% against the analytical upper bound on the unextendible entanglement of the

channel induced by the Belavkin-Staszewski relative entropy.
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We also evaluate an upper bound on the a-geometric unextendible entanglement of
the erasure channel and find an analytical expression given in the proposition below. In
the limit @« — 0%, this quantity is equal to zero. This finding, combined with Corollaries 3.4
and 3.3, implies that both the zero-error quantum and private capacities of the erasure

channel are equal to zero.

Proposition 3.29 For all @ € (0,1) U (1,2], the a-geometric unextendible entanglement of a

d-dimensional erasure channel with erasure probability p < 1/2 is bounded from above by

11 ild1=p] (pd+x)"™
Eu (Sf\HB) 5 ﬁ 10g2 d (3]19)
+p*(1—p- dx)'~

forall p e [ ,dWH] and where

_ 1 —p-—pdk

§+ —, (3.J.20)
Pl
=70 _pp). (3J.21)
Forall p € (d,/qﬂ, ;]
EX&:_,) < 5 i -log, ((1=p)"p"™+p" (1= p)'™). (3].22)
As such, for all p € (0,1/2],
Exo(Eh_5) = 0. (3].23)

Proof: Here we follow the same approach used in the proof of Proposition 3.28. Let
us first recall from [KW21, Proposition 44] that the geometric Rényi relative entropy of

channels can be written explicitly as

Dy(NIIM) = log, Q. (NIIM), (3.J.24)

-1
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where

07

Ou(NIM) := TrB[(rM)” ? [(FM)‘” oV (o) 2] (r™” 2] (3].25)
when a € (1,2] and
O (NI 5= A Trg (P)! (0 0 (0] () ) (3J.26)

when @ € (0,1), with both expressions above holding under the assumption that

supp(I™) Csupp(T™). Now using the expressions in (3.].7) and (3.].9), we find that
(FM)I/Z [(FM)—I/Z 1_‘)V (FM)—I/Z]“ (FM)1/2
=[d(1=p)]" (pd+ )" O+ p* (1 = p—dx)' " T, ® leXels. (3.].27)
This in turn implies that

Ld(1 = p)]* (pd +x)'™
11 log, i ld1=p)]* (pd + x) . (3].28)

+p*(1—p—dx)'™

Do (NIIM) =

a —

This quantity is minimized for the choice

1 —-p - pdk
= 3.J.29
k+d (3J:29)
where k = ;Ezl/—ff:). In order for T'™ to be positive semidefinite, it is required that x > 0,
which is the same as p < dlw++1' So when this condition holds, we choose x as above, and

otherwise choose x = 0. In the latter case, we find that

1
08, = log, (3 [d(1 - p)]* (pd)'™ + p* (1 - p)l“’)

1 d1-p]*(pd+ 2" 1
CY—I +pa(1_p_dx)1—a/ CY—I

(3..30)

1
= —log, (1= p)"p' ™ +p" (1= p)'™). (3].31)

This leads to the inequalities in (3.].19) and (3.].22).
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To establish the limit when o — 0%, we simply set x = 0 and then take the limit as

@ — 07, leading to

. 1 a - (02 -
lim log, (1= p)* p'™* + p* (1 = p)' ™) = —log, (1 = p)° p' + p* (1 = p)') = 0. (3].32)
a—0t @ — 1
This completes the proof. o

3.K Unextendible entanglement of depolarizing channels

Depolarizing channels are commonly used to model noise in quantum circuits. The d-
dimensional depolarizing channel D, is a completely positive trace-preserving map when

the parameter p € [O, df—il], and it actson a quantum state p as

Dy(p) = (1= p)p+ pn, (3.K.1)

where 7 := I/d is the d-dimensional maximally mixed state. The Choi operator of a depo-
larizing channel D, is,

T = (1= p)Tag + ply ® 7. (3.K.2)

The Choi operator can be written as a linear combination of orthogonal projectors as

D), d Iap — (DiB
FAB :d F(DAB+(1_F)ﬁ ) (3K3)
where
F=1-p+ %. (3.K.4)

Since the Choi operator of the depolarizing channel is a full-rank operator for p >
0, the min-geometric unextendible entanglement of this channel is equal to zero, which

implies that the zero-error quantum capacity and the zero-error private capacity of this
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Figure 3.8: Here we plot the unextendible entanglement of the two-dimensional and the
three-dimensional depolarizing channel induced by the Belavkin-Staszewski relative
entropy using the analytical expression given in Proposition 3.30. We also plot the nu-
merical values of the a-geometric unextendible entanglement calculated for @ = 1 + 271°
using the semidefinite program given in Proposition 3.24.

channel, assisted by one-way LOCC or two-extendible superchannels, are also equal to

zero (see Corollary 3.5).

The extendibility of isotropic states has been studied in [JV13], and since the Choi
operator of the depolarizing channel is a scaled isotropic state, we can find an analytical
expression for the a-geometric unextendible entanglement of the channel. Let us first look
at the extremities. Since a point-to-point quantum channel is two-extendible if and only if
its Choi state is two-extendible, the d-dimensional depolarizing channel is two-extendible

d

for p > 34D [JV13, Theorem IIL8] (also see [KDWW?21, Lemma 3]). This implies that the

a-geometric unextendible entanglement of a depolarizing channel with p > 5 < T is equal

to zero. For p = 0, the depolarizing channel is the same as the identity channel; hence, the

a-geometric unextendible entanglement in this case is equal to one.
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Proposition 3.30 The unextendible entanglement of the d-dimensional depolarizing channel,

d

with parameter p < induced by the Belavkin—Staszewski relative entropy is

2d+1)’
= 1 F 1-F
u Py — _ o _
E'(D") JfﬁgiFJ+{1 F)b&(l_F)} (3.K.5)
where F = 1 - p + & and
2F -1 2+(d*-1)(1-F)F
F’ ::max{ e + \/( dz( ) —F+1,F}. (3.K.6)

Proof: Consider a d-dimensional depolarizing channel 9  , with parameter p as de-

tined in (3.K.1). The Choi operator of this channel is

o = d(FcDjiB +(1 - F)Iffl;—_q)lilg), (3.K.7)
where

F=1 —p+%. (3.K.8)
The depolarizing channel does not change under the action of a twirling superchannel;
that is,

TAB(Z)Z—)B) = de WB °© DZ—>B °© 7/{11 = Df}—)B’ (3K9)

where U is the unitary channel corresponding to the unitary U and acts as U(-) = U () U’
and the integration is taken over the Haar measure. Twirling an arbitrary point-to-point

quantum channel results in a depolarizing channel [HHH99, Nie02].

Let Pa_p,5, be a extension of D, lying in the set Ext(D"). Consider the following

tripartite twirling superchannel:
TABle(PAaBle) = de (L[Bl o] (L[Bz o PA—)Ble o (LIZ (3K10)
The quantum channel 745, 5,(Pa— 5 5,) also lies in the set Ext(D?) since

Trp, oT ap,5,(P) = Tap,(Trp, oP) = D (3.K.11)

—By?
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which follows from the trace-preserving nature of the channel Uj,. Moreover, the other
marginal of this channel is also a depolarizing channel, with some parameter p’ as shown
below:

’

Trp, T ap,5,(P) = Ta,(Trp, oP) = D (3.K.12)

—B*

As stated above, twirling a quantum channel is a valid superchannel, and the gen-
eralized divergence between two quantum channels decreases upon twirling due to the

data-processing inequality. This implies that

D(Trp, T (Pacss,,) | T, oT (Passpis,)) = D(T (D )17 (T, oPasps,)) (3.K.13)

< D(D}_ Il Trp, oPassyn,)- (3.K.14)
This further implies that

inf  D(DL_ I Trg, oF (Paspys,)) < inf  D(D_lI Trp, oPaspp,). (3K.15)

P sy 5, SEXUDP) P s, 1, SEXUDP)
and hence, we only need to consider the extensions P4_,5,5, € Ext(D?) that are invariant
under the tripartite twirl 745 5, when computing the unextendible entanglement of the
channel. Since the marginals of such channels are always depolarizing channels, we can

write,
D(DZHB”‘Z)Z,—)B) :
u : 1
E (Dz_)B) - Pe]lir;tf(‘N) 2 Pa-pp, = T(PA—’Ble) o (3.K.16)

p_
Z)A_>B = Trp, oPa—p,5,

The Belavkin-Staszewski relative entropy between two depolarizing channels 9/, and
Z)Z_} » using the analytical expression given in [FF21a, Theorem 3], evaluates to the fol-

lowing quantity:

_ , F |- F
D(D7197) = Flogz(ﬁ) +(1-F) 1og2(1 - F,), (3K.17)

where

F=1- p+ E, (3K18)
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, , P
F=1-p+ ot (3.K.19)

Let {4, denote an isotropic state with parameter F:

= 04

= FOl, +(1-F) 51

(3.K.20)

Since the Choi operator of the depolarizing channel is an isotropic state with a scaling

factor (see (3.K.7)), the following two statements are equivalent:

1. There exists a quantum channel $4_, 3, 5, with the depolarizing channels, D | B, and

p’ . .
D, _,p,, as its marginals.

2. There exists a quantum state 7,55, with the isotropic states, ¢ fBI and ¢ 51,32/ as its

marginals, where F' and F’ are given in (3.K.18) and (3.K.19), respectively.

Therefore, we can compute the unextendible entanglement of a depolarizing channel,

using the measure induced by the Belavkin-Staszewski relative entropy as follows:

D(Dr|1D7) :
R - € S(AB,B,)
B0~ ABLB 1B, _ (3.K.21)
Frefo 1] TI'Bz [T] = ‘:531 ’ TI'BI [T] = é/,f;}z’

F=1-p+ 5 F = —p’+§;

Moreover, the infimum can be replaced with a minimum due to the lower-semicontinuity

of the Belavkin-Staszewski relative entropy.

It has been shown in [JV13, Corollary II1.4] that there exists a quantum state 745 5, with

marginals £, and %} if and only if F and F” lie in the convex hull of the ellipse

(F+F -1} (F-F)
e @-D/&

=1, (3.K.22)
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and the point (F, F’) = (0,0). Rewriting the equation of ellipse in the form of a quadratic
equation in F”,

(F—FyY 1
F+F - 1)+ ——"=—
(F+ o

F) +(F-1)7%+
dz — 1 B

(3.K.23)
J B
21 &

’ 1 4
= (F )2(1+d2_1)+F (2(F—1)— =0. (3.K24)

Let F}. and F| be the two solutions of this quadratic equation such that F|. > F| . Since
(F, F’) can reside anywhere in the convex hull of the ellipse and the point (0, 0), the largest
value F’ can take for a fixed value of F lies on the boundary of the ellipse, and hence,

is the larger of the two solutions of the quadratic equation in (3.K.24) which is F}.. Solv-

ing (3.K.24), we find that

_ 2F—1+2\/(d2—1)(1—F)F_

- = F+1. (3.K.25)

The Belavkin-Staszewski relative entropy between two depolarizing channels as
given in (3.K.17) is minimized when F” is the closest to F. Therefore, the optimal value of
F’ is achieved by max{F o F } Hence, we can substitute this optimal value of F” in (3.K.17)
and (3.K.21) to arrive at the following analytical expression for the unextendible entangle-
ment of the depolarizing channel, using the measure induced by the Belavkin-Staszewski

relative entropy:

Flogy(£)+ (1 - F)logy(££):

—~ 1 s
(D))= 51 F' = max {2;—‘ § EDEDE_pyy, F}, . (3K.26)
F=1-p+4%
This completes the proof. o

In Figure 3.8 we plot the a-geometric unextendible entanglement of the two-

dimensional and three-dimensional depolarizing channels for @ = 1+27'°, with respect to
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the prameter p. We also plot the analytical expression for the unextendible entanglement
of the depolarizing channel induced by the Belavkin-Staszewski relative entropy given

in Proposition 3.30.
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CHAPTER 4
EXTENDIBILITY LIMITS QUANTUM-SECURED COMMUNICATION AND KEY
DISTILLATION®

4.1 Abstract

Secret-key distillation from quantum states and channels is a central task of interest in
quantum information theory, as it facilitates private communication over a quantum net-
work. Here, we study the task of secret-key distillation from bipartite states and point-
to-point quantum channels using local operations and one-way classical communication
(one-way LOCC). We employ the resource theory of unextendible entanglement to study
the transformation of a bipartite state under one-way LOCC, and we obtain several effi-
ciently computable upper bounds on the number of secret bits that can be distilled from
a bipartite state using one-way LOCC channels; these findings apply not only in the one-
shot setting but also in some restricted asymptotic settings. We extend our formalism to
private communication over a quantum channel assisted by forward classical communi-
cation. We obtain efficiently computable upper bounds on the one-shot forward-assisted
private capacity of a channel, thus addressing a question in the theory of quantum-
secured communication that has been open for some time now. Our formalism also pro-
vides upper bounds on the rate of private communication when using a large number of
channels in such a way that the error in the transmitted private data decreases exponen-
tially with the number of channel uses. Moreover, our bounds can be computed using

semidefinite programs, thus providing a computationally feasible method to understand

V. Singh and M. M. Wilde, “Extendibility limits quantum-secured communication and key distilla-
tion”, accepted in Reports on Progress in Physics, https://iopscience.iop.org/article/10.1088/
1361-6633/adcd28
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the limits of private communication over a quantum network.

4.2 Introduction

4.2.1 Motivation

The existence of a quantum network facilitates the distribution of secret keys between
distant parties [BB84, Eke91], which ensures secure communication by means of the one-
time pad protocol. However, realizing an ideal quantum network can be very expensive.
This motivates an in-depth study of the number of secret bits that can be established
with the available resources, which, in the context of the quantum internet, are partially

entangled states and quantum channels.

Our ability to distill secret keys from a bipartite state or a quantum channel depends
on the operations that we can perform. The three most common settings studied in any
non-local resource distillation task are as follows: local operations, local operations with
one-way classical communication, and local operations with two-way classical commu-
nication. Here we consider the task of secret-key distillation from bipartite states and
point-to-point channels in the presence of local operations and one-way classical commu-
nication. In what follows, we first discuss our contributions on understanding secret-key

distillation from states, and thereafter we discuss our related contributions for channels.
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4.2.2 Secret-key distillation from states

The task of distilling secret keys from a bipartite state using local operations and one-way
classical communication, abbreviated as one-way LOCC, has been studied extensively in
the past [DW05, RR12, KKGW21]. From an information-theoretic perspective, the main
quantities of interest are the one-shot, one-way distillable key of a state and the asymp-
totic one-way distillable key of the state. The one-shot, one-way distillable key of a state
is roughly defined as the maximum number of “approximate” secret bits that can be dis-
tilled from a state using a one-way LOCC channel with respect to a fixed error parameter,
and the asymptotic one-way distillable key of the state is the maximum rate at which se-
cret bits can be distilled from an arbitrarily large number of independent and identically

distributed copies of the state when using one-way LOCC channels.

Computing the one-shot, one-way distillable key and the asymptotic one-way distill-
able key is a challenging task. Lower bounds on the one-way distillable key in the one-
shot regime, as well as the asymptotic regime, have been found in previous works [DW05,
RR12, KKGW21]. Upper bounds on the one-shot distillable key of a state when using
two-way LOCC have been found in terms of the smooth-min relative entropy of entan-
glement [WTB17] and the squashed entanglement [Chr06, CEH*07, CSW12, Wil16]. Natu-
rally, these quantities also bound the one-shot, one-way distillable key from above. How-
ever, computing the smooth-min relative entropy of entanglement of a state is related to
the NP-hard problem of optimizing over the set of separable states [Gur03, Gha1l0], and
the squashed entanglement is not even known to be computable in the Turing sense, due
to it involving an optimization over a state having a system of unbounded size. More-
over, the aforementioned quantities bound the one-shot distillable key of a state, which

is expected to be larger than the one-shot, one-way distillable key of the state in general,
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leaving room for significant improvement in the estimation of the latter quantity.

In this work, we invoke the framework of unextendibility to obtain upper bounds on
the one-shot, one-way distillable key of a state, which can be computed by means of a
semidefinite program. As such, to the best of our knowledge, ours is the first general
upper bound on this quantity that is efficiently computable, in contrast to the smooth-
min relative entropy of entanglement and the squashed entanglement. We also give an
upper bound on the maximum rate at which secret bits can be distilled from an arbitrarily
large number of i.i.d. copies of a state when using one-way LOCC channels, provided that
the error in distillation decreases exponentially with the number of copies of the resource

state.

4.2.3 Private communication over channels

The one-shot setting of private communication has been the subject of several stud-
ies [RR11, WTB17, Will7, RSW17, KKGW21]. In the context of private communication,
we are interested in the maximum number of private bits that can be sent through a
quantum channel when using some freely available operations, which can be local op-
erations and classical communication, local operations with only forward-classical com-
munication, or local operations only. The corresponding quantities are called the one-
shot two-way-assisted private capacity, the one-shot forward-assisted private capacity,
and the one-shot unassisted private capacity, respectively. In the presence of forward-
classical assistance, the task of secret-key distillation is equivalent to the task of private
communication, which allows us to immediately extend our understanding of secret-key

distillation from channels to private communication.
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Finding efficiently computable upper bounds on the one-shot private capacity of
a channel has remained an unsolved problem since early works on private capac-
ity [CWY04, DW05]. Several upper bounds on the one-shot, two-way-assisted private ca-
pacity have been obtained [TGW14, WTB17, QSW18]. However, none of them are known
to be efficiently computable. Even in the asymptotic regime, computable upper bounds
on the unassisted private capacity and two-way-assisted private capacity are known only

for qubit channels [FF21].

Here we contribute to this growing body of knowledge by giving upper bounds on
the one-shot forward-assisted private capacity of a channel, which can be computed ef-
ticiently using a semidefinite program. We also give a semidefinite computable upper
bound on the maximum rate at which private bits can be transmitted through a quan-
tum channel when the error in transmission is required to decay exponentially with the

number of channel uses.

4.2.4 Methods used in this work

The resource theory of unextendible entanglement developed in [WWW24] serves as the
primary mathematical framework in our investigation. The set of free states in the re-
source theory of unextendible entanglement is a state-dependent set comprising of all
symmetric extensions of the state in question. The set of two-extendible channels serves
as the set of free operations, which was defined in [KDWW19, KDWW?21]. All one-way
LOCC channels are two-extendible channels, which makes the resource theory of unex-
tendible entanglement useful for the analysis of private communication with one-way

LOCC.
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The unextendible entanglement of quantum channels was defined in [SW24b], which
is the primary mathematical framework that we use to investigate private communica-
tion through a quantum channel assisted by one-way LOCC. In this resource theory,
the set of free channels is a channel-dependent set, which consists of channels that are
symmetrically-compatible with the channel in question, where compatible channels were
defined in [HMZ16]. The set of free operations are two-extendible superchannels, which
form a semidefinite relaxation of the set of one-way LOCC superchannels originally con-

sidered in [LM15, RBL18].

In the past, the unextendible entanglement of states has been used to study the ex-
act and probabilistic distillation of secret keys from states using one-way LOCC channels
in [WWW24, SW24a], and the unextendible entanglement of channels has been used to
study zero-error private communication through channels in [SW24b]. By using the re-
source theory of unextendible entanglement to study “approximate” secret-key distilla-
tion from states and channels, we demonstrate that this resource theory can be used to
study more practical settings in which an arbitrarily small error is allowed in resource

distillation.

4.2.5 Summary of results and organization of the paper

The main contributions of our paper are as follows: We give upper bounds on the one-
shot, one-way distillable key of a bipartite state and on the one-shot, forward-assisted
private capacity of point-to-point quantum channels. As mentioned previously, to the
best of our knowledge, these are the first efficiently computable upper bounds on these
quantities. Extending our results to the asymptotic setting, we give upper bounds on the

maximum rate of distilling secret keys from i.i.d. copies of a bipartite state or channel
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Setting Divergence used for upper | Reference
bound

One-shot setting Smooth-min relative entropy | Theorem 4.2

Simplified bounds for | Smooth-min relative entropy Corollary 4.1 and

one-shot setting Corollary 4.2

n-Shot setting Sandwiched Rényi relative en- | Corollary 4.3
tropy

Asymptotic setting Umegaki relative entropy Theorem 4.3

Table 4.1: A list of our results for secret-key distillation from a bipartite state when using
one-way LOCC channels, in the one-shot and asymptotic settings.

| Setting | Divergence used for upper bound | Reference |
One-shot setting Smooth-min relative entropy Theorem 4.4
Simplified bounds for | Smooth-min relative entropy Corollary 4.4
one-shot setting
n-shot setting Geometric Rényi relative entropy | Corollary 4.5
Asymptotic setting Belavkin-Staszewski relative en- | Theorem 4.5
tropy

Table 4.2: A list of our results for forward-assisted private communication from point-to-
point quantum channels in the one-shot and asymptotic settings.

when using one-way LOCC, albeit in a particular setting in which the error in distillation
is required to decay exponentially with the number of copies of the resource. Several
of our bounds can be computed using semidefinite programs, adding to their practical
relevance. Finally, with this work, we demonstrate the power of the resource theory of
unextendible entanglement in studying resource distillation. Prior to our work here, it
was unclear how to apply this concept to the setting of approximate key distillation and

left as an open question since [WWW24].
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In Table 4.1, we present a brief summary of our results on one-way secret-key distil-
lation from bipartite states, and in Table 4.2, we give a brief summary of our results on
forward-assisted private communication over channels. We note here that the Python
codes used for calculating the semidefinite programs and producing the plots in this pa-

per are available with the arXiv posting.

An outline of our paper is as follows:

* Section 4.3: Definitions and notations used in the paper, along with basic facts about

quantum states, channels, and superchannels.

e Section 4.4: Discussion on secret-key distillation from bipartite states using one-way
LOCC channels, and definition of the one-shot, one-way distillable key of a state,

which is the primary quantity of interest.

¢ Section 4.5: Review of the concepts of two-extendibility and the unextendible entan-
glement of states. Discussion on the unextendible entanglement of states induced
by smooth-min relative entropy and a-sandwiched Rényi relative entropy, which
are the primary ingredients in the main result obtained for one-way secret-key dis-

tillation from bipartite states.

* Section 4.6: Main results on one-way secret-key distillation from an arbitrary bipar-
tite state. Numerical demonstration of the upper bounds on the one-shot, one-way

distillable key of isotropic states using semidefinite programs.

* Section 4.7: Discussion of private communication over quantum channels using
one-way LOCC superchannels. Review of the unextendible entanglement of chan-
nels induced by smooth-min relative entropy and e-geometric Rényi relative en-

tropy. Main results on one-way private communication over an arbitrary channel.
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Demonstrating the upper bound on the one-shot, forward-assisted private capacity

of the erasure channel using analytical expressions.

4.3 Notation and Preliminaries

In this section, we review background material on the three major elements that we use

in the rest of the work: quantum states, channels, and superchannels.

4.3.1 Quantum states and channels

A quantum state p, is a positive semidefinite, unit-trace operator acting on a Hilbert space
H,. We denote the set of all linear operators acting on the Hilbert space H, by L(A) and
the set of all quantum states acting on this Hilbert space by S(A). A bipartite quantum

state pap acting on the Hilbert space H, ® Hj is called separable if it can be written as

PAB = Z (X)o7 ® T, (4.3.1)
xeX

where {p(x)}.ex is a probability distribution and {07} }cx and {7}}.cx are sets of states. Any
quantum state that is not separable is said to be entangled. The maximally entangled state

vector in the Hilbert space H, ® Hj is denoted as follows:

D)4 = Z [ali), (4.3.2)

where {|i>}f:‘1 is an orthonormal basis and d is the Schmidt rank of the state. We denote

the correponding density operator as @4, = |D?XD|,p.

A quantum channel N,_,; is a completely positive (CP) and trace-preserving (ITP) lin-

ear map that takes an operator acting on the Hilbert space H, as input and outputs an
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(@) One-way LOCC channel (b) One-way LOCC superchannel

—

Figure 4.1: (a) Schematic diagram of a one-way LOCC channel £, ., as defined

in (4.3.5), acting on a bipartite state p,5. (b) Schematic diagram of a one-way LOCC su-
perchannel ®_,5)-,c-p), defined in (4.3.6) with M being a classical system, acting on a
channel N,_,3.

operator acting on the Hilbert space Hj. We denote the Choi operator of a channel N4_p

by I'y,, which is defined as follows:
TR = Naos(d®, ). (4.3.3)

where ®¢, is the maximally entangled state of Schmidt rank d and system R is isomorphic
to system A. The normalized Choi operator is called the Choi state of the channel, and it
is defined as follows:

Oy = Naos(Dy). (4.3.4)

An important class of channels that is central to our work consists of one-way LOCC

channels. We use the symbol £~ for a one-way LOCC channel.

A one-way LOCC channel is a quantum channel that acts on a bipartite state, and it
can be physically described by the following sequence of operations: Say Alice and Bob

share a bipartite state p,5. Alice applies a quantum instrument {SX

A }x@Y on her system,

where x is a classical label corresponding to the outcome of the instrument. She sends the

classical label x to Bob through an ideal classical channel. Bob then applies a quantum
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channel D*

»_p based on the label x that he received from Alice (see Figure 4.1a). A one-

way LOCC channel can be mathematically described as follows:

LZB—’A’B’ = Z Dﬁ—)B ® 82—>A/5 (4.3.5)
xeX
where {82_, A’}xex is a quantum instrument and {Z)g_) B’}xex is a set of quantum channels.

4.3.2 Quantum superchannels

A quantum superchannel ®_,5)c—p) is a linear map that transforms a quantum chan-
nel to another quantum channel. Since quantum channels are completely positive and
trace-preserving maps, a superchannel is a completely CPTP-preserving map (see Defi-
nition 4.1 for a formal definition). It can be perceived as a mathematical model for any
physical transformation a quantum channel can undergo, as long as the resulting map
is also a quantum channel. Quantum superchannels were introduced in [CDP08] and
further investigated in [Goul9], both of which provide a detailed discussion. Here, we

include a brief discussion on superchannels relevant to this work.

Definition 4.1 (Superchannel) Let 7,5 : L(A) — L(B) be a linear map. Let the space of all

such maps be denoted by L*8. A linear map O p)—c—p) : L*® — LP is a superchannel if

1. It is completely CP preserving; i.e., (id) &) ®Ou—p—c—n)(TEa-es) is a CP map if

T ea—r g 1s a CP map, for all possible dimensions of system E.

2. It is TP preserving; i.e., ®u—py—c—p)(Tasp) is a TP map if Tp_p is a TP map.

According to the fundamental theorem of superchannels [CDP08], every superchannel

can be decomposed into a pre-processing channel Ec_,4 and a post-processing channel
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Dyp-p connected by a memory system M. That is, for every superchannel ® -,z - p),

there exist Ec_,ya and Dyp_,p such that
®(A—>B)—>(C—>D)(NA—>B) = Duyp-p © Nasp 0 Ecoma- (4-3~6)

Quantum superchannels are a powerful tool in analyzing communication tasks over a

quantum channel, as any communication protocol can be modeled as a superchannel.

A special class of superchannels that is relevant to this work is the class of one-way
LOCC superchannels. This is the set of superchannels that can be simulated by local
operations and forward classical communication (see Figure 4.1b). In particular, if system
M in (4.3.6) is set to be a classical system, then every superchannel ®_, - p) that has

the form given in (4.3.6) is a one-way LOCC superchannel.

4.4 One-way secret-key distillation

In principle, the existence of a quantum network ensures unconditional secret key distri-
bution [BB84, Eke91]. Alice and Bob can often manipulate a shared entangled state by
means of local operations to obtain a maximally classically-correlated state that is com-
pletely independent of the system of any eavesdropper. The maximally-classically corre-
lated state can then be used as a key to encrypt some classical data that Alice intends to
send to Bob using the one-time-pad scheme. Since the eavesdropper is independent of
the key shared between Alice and Bob, it is impossible for them to decode the encrypted
data irrespective of their computational power. The state thus established between Alice,

Bob, and an eavesdropper is called a tripartite key state, and it can be expressed in the
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following form:
S
Tape = Z(; liXila ® liXils ® 0, (4.4.1)

where o is an arbitrary quantum state.

In general, the task of secret-key distillation is a three party problem due to the in-
volvement of the eavesdropper. However, a crucial discovery was made in [HHHOOS5,
HHHOO09], establishing an equivalence between the tripartite scenario and a bipartite
scenario involving the concept of a private state. In the next section, we briefly review the

structure of bipartite private states, which plays an important role in this work.

4.4.1 Bipartite private states

A bipartite private state y% ,,,, is the most general form of a quantum state that furnishes
a secret key of log, k bits upon local measurements of systems A and B. Therefore, to
establish a secret key whose secrecy is ensured by the laws of quantum mechanics, one

needs to establish a bipartite private state.

It was shown in [HHHOO05, HHHOO09] that a private state y* ,,,, holding log, k secret

key bits can always be written in the following form:
yf\BA’B = VABA’B' ((D,IZB ® TA’B') V;BA’B/’ (442)

where @, is a maximally entangled state of Schmidt rank k, the operator 74 is an arbi-
trary bipartite state, and Vapa p is called a twisting unitary, defined as follows:

k—1

Vapay = Z |iXila ® Is ® Uy, (4.4.3)

i=0
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with U}, , being some unitary operator. The private state in (4.4.2) can then be written

more explicitly as follows:

k-1
ey ; N
Yipas = Z liXjla ® |iXjls ® UprpTam (Uf,/B/) . (4.4.4)

i,j=0
Systems A and B are said to be the key systems, and systems A" and B’ are said to be the

shield systems.

4.4.2 One-shot, one-way distillable key of a state

Let us now consider the task of distilling secret keys from a bipartite state shared between
two parties using local operations and one-way classical communication. Since the dis-
tillation of a secret key is equivalent to the distillation of a bipartite private state, we
consider the task of distilling a private state from bipartite resource state using one-way
LOCC channels. However, distilling private states exactly, or even probabilistically, is a
very restrictive task [SW24a], and one must relax this setting to allow for any practical

distillation of secret keys.

The task of distilling approximate secret keys using one-way LOCC channels has been
a subject of significant interest in several prior works [DWO05, RR12, KKGW21] (see Fig-
ure 4.2 for a schematic diagram). The error in distillation of secret keys from a state p4p

using a one-way LOCC channel £} ., p .5 is measured by the infidelity, defined as

Per(L7;pap) = inf (1 -F (?’va'A"B"’LZB—»A'B'A"BN(PAB))) ) (44.5)

A’ B’ A B!

where the infimum is over all bipartite private states holding log, k secret bits and F(,-)

denotes the fidelity between two states, which is defined as follows:

F(p.o) = (Tr[ Vo \/;])2. (4.4.6)
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Figure 4.2: Schematic diagram of approximate distillation of a bipartite private state

YA g 4r e from a state p,p using a one-way LOCC channel L, |, 5 .., Where the error

in distillation, denoted by ¢, is defined in (4.4.5).

The reason for choosing infidelity to be the metric of error is motivated from the “y*-

privacy test’ [HHH"08b, HHH"08a] (see [KW24, Section 15.1.3] for a detailed discussion.

The y*-privacy test isa POVM {HZ saps Lasan — I g, }, where

0 g = Vasaw ((DZB ® IA'B’) VZBA,B,, (4.4.7)

The one-shot, one-way distillable key of a state is the quantity that describes the num-
ber of bits of secret key that can be established between two parties holding a resource

state psp, with some error tolerance &, when using one-way LOCC channels.

Definition 4.2 (One-shot, one-way distillable key) For ¢ € [0, 1], the one-shot, one-way dis-

tillable key of a state pag is defined as follows:

o log, k :
K7 (pag) = sup , (4.4.8)

k — k
keiyA,f;?[,I:BH’ F(LAB_)A/B/A//BH(pAB),yA/B/A//B//) 2 1 — &
~e

where 1WL stands for the set of all one-way LOCC channels.

In the above definition, the supremum is over every positive integer k, every pri-

vate state y%,, .., holding log, k secret key bits, and every one-way LOCC channel
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AB—A'B'A"B""

4.5 Two-extendibility

In this section we review the concepts of two-extendibility for states and channels. The
resource theory of k-extendibility was developed in [KDWW19, KDWW?21] as a semidef-
inite relaxation of the resource theory of entanglement, and the resource theory of two-
extendibility is a special case when k = 2. A state-dependent resource theory of extendibil-
ity was developed in [WWW24], which is the framework that we employ to study the task

of secret-key distillation with one-way LOCC channels.

4.5.1 Two-extendible states and channels

Let us first discuss two-extendible states [DPS04], also known as symmetrically extendible

states [Wer89], two-shareable states [Yan06], and anti-degradable states [LDS18].

Definition 4.3 (Two-extendible state) A bipartite state pup is said to be two-extendible if there

exists a state wapg such that the following conditions hold:

Trelwage]l = pas, (4.5.1)

and

WBE((UABE)W;;E = WABE> (4.5.2)

where the unitary swap operator W is defined as follows:

d-1
Wpp = Z kXK' |5 ® k' XK]|z. (4.5.3)

k,k’=0

198



Note that the system E should be isomorphic to the system B for (4.5.1) and (4.5.2) to
hold. The state w3 is said to be a two-extension of the state p,p if the conditions in (4.5.1)

and (4.5.2) are met.

Remark 4.1 All bipartite separable states are two-extendible. Consider an arbitrary bipartite
separable state pap == ), cx p(x)0oy ® Ty, where {p(x)}ex is a probability distribution and {O‘i}

and {T’Ig}

xeX

o e sets of quantum states. One can always construct the following two-extension of

PAB:

WABE = Z pP(X)0y ® T ® T, (4.5.4)
xeX

which shows that all bipartite separable states are two-extendible. However, all two-extendible

states are not separable. A simple example is the following isotropic state [HH99]:

5 1 1 1
Sap = g(DAB + 3 (Iap — Dap) = E(DAB + glAB, (4.5.5)

where A and B are two-dimensional systems, ®,p is a two-qubit maximally entangled state, and

I,p is the identity operator. This state is two-extendible with the following two-extension:

1 1
WABE = Z(DAB QI + Z(DAE ® I, (4.5.6)

but {ap has non-zero distillable entanglement [HH99], and hence, it is not a separable state.

A family of semidefinite relaxations of one-way LOCC channels was developed
in [KDWW19, KDWW21], called k-extendible channels. The set of k-extendible chan-
nels serves as the set of free channels in [KDWW19, KDWW21]. Setting k = 2, we obtain
the set of two-extendible channels, which serves as the set of free operations in the state-
dependent resource theory of unextendibility developed in [WWW24]. Here we briefly

discuss the idea of two-extendible channels.
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Definition 4.4 (Two-extendible channel) A bipartite channel Nug_ap is said to be two-

extendible if there exists a channel P spp_.a g such that the following conditions hold:
Trg oPape—ape = Napoap ® Trg, (4.5.7)

and

Wee 0 Pappoapre = Pape—ape © Wak, (4-5-8)

where Wpgg = WBE(~)W;E with W defined in (4.5.3). The conditions in (4.5.7) and (4.5.8) are

known as the channel extension condition and the permutation covariance condition, respectively.

The channel Papr_ap e is said to be a two-extension of Nz p if the channel exten-
sion and permutation covariance conditions, mentioned in (4.5.7) and (4.5.8) respectively,

hold.

If a channel Nyp_4 5 is two-extendible, then it is non-signaling from B to A [HSW23,
Appendix AJ; that is,

Try oNapoaw = Trg oNgp.ap o R, (4.5.9)

where R7 is a channel that traces out the input and replaces it with a maximally mixed
state. Moreover, all one-way LOCC channels are two-extendible, as can be seen from a
simple construction. An arbitrary one-way LOCC channel can be written in the following

form:

Napoay = 281)2_%, ® l;c—>B" (4510)
xeX

where {8j§_> A,} \ i @ quantum instrument and {7’1_;‘_> B,} | is a set of quantum channels. A

XE. XE.

two-extension of this channel can be constructed as follows:

PapE—apE = Z Ehon OF pp @F - (4.5.11)
xeX

Hence, every one-way LOCC channel is two-extendible.
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On the contrary, all two-extendible channels cannot be simulated by local operations
and one-way classical communication. Consider the example of a bipartite channel that
traces out the input and replaces it with the state mentioned in (4.5.6), which can be math-

ematically represented as follows:

(4.5.12)

114
2 2 4 )

1
Napoap(-) = Tr[ ] (_(DAB + =

Since this channel is capable of taking a separable state as input and establishing an entan-
gled state, it is not a one-way LOCC channel. However, one can construct the following

two-extension of the channel:
1 1
Pape—ape () = Tr[] Zq)A'B’ Q Ip + Z(DA/E/ ®lp|. (4.5.13)

Therefore, the channel defined in (4.5.12) is an example of a two-extendible channel that

is not a one-way LOCC channel.

4.5.2 Unextendible entanglement of states

Let R denote the field of real numbers. A generalized divergence [PV10] is a functional
D: S(A) X S(A) = R U {400}, such that, for arbitrary states p4,04 € S(A) and an arbitrary

channel N,_, 3, the data-processing inequality holds

D(palloa) = DINs=g(0a)IINs—p(T4)) . (4.5.14)

Some examples of divergences that commonly appear in quantum information theory
are the quantum relative entropy [Ume62], Petz-Rényi relative entropies [Pet86], sand-
wiched Rényi relative entropies [MLDS"13, WWY14], and geometric Rényi relative en-
tropies [Mat13, FF21].
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The generalized unextendible entanglement of a bipartite state has been defined

in [WWW24]. We include a short discussion on the topic for necessary development.

Definition 4.5 (WWW24]) The generalized unextendible entanglement of a bipartite state pag,

induced by a generalized divergence D between states, is defined as

. 1
E“(pag) = wABElengBE) E{D(pAB”TrB[wABE]) : Trelwage] = PAB}, (4.5.15)

where the optimization is over every state pgg that is an extension of the state psg. We also adopt
the following alternative notations sometimes because they can be helpful to make the bipartition
A|B clear:

E“(A; B), = E"(pa:p) = E*(pap)- (4.5.16)

Let us define the following set of extensions of a bipartite state p4z:

Ext(pap) = {wape : Trpelwape]l = pas}, (4.5.17)

where E is isomorphic to B. This allows us to write the generalized unextendible entan-

glement of p,5, induced by the generalized divergence D, as

1
E“(oap) =  inf ED(pAB” Tre[wage]) - (4.5.18)

waBe€EXt(pAB)

Alternatively, one can define the set of state-dependent free states as follows:

F (pap) = {Trglwape] : wape € Ext(pap)}. (4.5.19)

The generalized unextendible entanglement of the state p, can then be written as follows:

) 1
E“(pap) = (TABg}l;AB) ED(PAB”O'AB)- (4.5.20)
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Theorem 4.1 (WWW24]) The generalized unextendible entanglement of bipartite state does not

increase under the action of a two-extendible channel. That is,

E“(pap) > E*(Nap-a5(0aB)) (4.5.21)

where Nyp_ap 1S a two-extendible channel.

Proof: See Theorem 2 in [WWW24]. O

A direct consequence of Theorem 4.1 is that the generalized unextendible entangle-

ment of a bipartite state does not increase under the action of one-way LOCC channels.

The generalized unextendible entanglement provides a framework for quantifying the
unextendibility of a bipartite state p,p with respect to the system B. A different measure
for unextendibility was considered in [KDWW19, KDWW21], where the divergence was
measured from the fixed set of two-extendible states. However, in Definition 4.5, the
divergence is measured by means of a set of states that depend on the input state itself.
Although both measures are equal to the minimal possible value of D when p45 is two-

extendible, they are not equal in general.

The unextendible entanglement is a measure of entanglement between two systems,
and as such, it is expected to obtain its maximum value for the maximally entangled state.
This is indeed the case, as is evident from the following argument. An arbitrary bipartite
state pap can be established between Alice and Bob with the help of a maximally entan-
gled state @ , of sufficiently large Schmidt rank and a one-way LOCC channel, where
dim(Ap) = dim(By) = min{dim(A), dim(B)}. A simple protocol to perform this transforma-
tion is as follows: Alice prepares the state psa locally. We can assume dim(A’) < dim(A)

without loss of generality. She uses the maximally entangled state ®{ , to implement
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the teleportation protocol and send the state on system A’ to Bob, thus establishing the
state psp between Alice and Bob. The aforementioned protocol can be mathematically

represented as the following one-way LOCC channel [KW24, Chapter 5]:

d-1
- X X Z,X f
Lo @os) = Z Tragn [cpgoA,WgO (Pan ® Qagn,) (W) ] : (4.5.22)

x,z=0

where {W*}. , is the set of Heisenberg-Weyl operators and @3, := W' ®{  (W;)". Since
the generalized unextendible entanglement of a bipartite state does not increase under

the action of a one-way LOCC channel, the following inequality holds for every state psz:
E"(pa) = B (L5 an(Ph,5,)) < E(@45,) (45.23)

where L7 is the channel defined in (4.5.22) and d := min{dim(A), dim(B)}.

AoBo—AB

Smooth-min unextendible entanglement

The unextendible entanglement of states was studied in detail in [WWW24] for several
different underlying divergences, with applications in finding efficiently computable up-
per bounds on the probabilistic and exact one-way distillable entanglement and key of a
state. A stronger no-go theorem for probabilistic key distillation was obtained in [SW24a]
using the min-relative entropy as the underlying divergence for the unextendible entan-
glement. In this work, we are specifically interested in the unextendible entanglement
of a state induced by the smooth-min relative entropy to understand the limits of one-
shot approximate distillable key of a bipartite state using one-way LOCC channels. As a

special case of (4.5.15), we define the smooth min-unextendible entanglement as follows:

u,e o . 1 <
Eninpan) = b > Diin(Paslloas) (4.5.24)
where the set ¥ (p45) was defined in (4.5.19) and

D . (pllo) == —log, Oi<r[{f<1 {Tr[Ac] : Tr[Ap] = 1 — &} (4.5.25)
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is the smooth-min relative entropy [BD10, BD11], also known as the hypothesis testing

relative entropy [WR12].

We will often use the following quantity in our discussions:
T in(pap) = 272 Emilean), (4.5.26)

which we will abbreviate as J2. when the state it acts upon is obvious from the context.

The quantity J®

min

(pag) can alternatively be written as follows:

JZ. (oap) = sup inf {Tr[Ac]: Tr[Ap] > 1-&}. (4.5.27)

T ABEF (0aB) OsAs<l

The set 7 (p4p) is a convex set of quantum states, and the set {A : 0 < A < I : Tr[Ap] >
1 — &} is a convex set of measurement operators for a fixed state p. Therefore, using Sion’s
minimax theorem [Sio58], we can interchange the supremum and infimum to arrive at

the following equality:

Jo.(oap) = inf  sup {Tr[Ac]: Tr[Ap] = 1 —¢}. (4.5.28)
O=ASL ) peF (pas)

The above equality gives an interpretation for the quantity JZ. (04p) in the hypothesis

testing setting. Given a quantum state p,z and an arbitrary state o4z € ¥ (pap), the quan-
tity J%. (pap) denotes the minimum type-II error probability in the worst case when the

in

type-I error probability is guaranteed to be less than £. Note that the quantity J°. de-

min
creases monotonically with increasing smooth-min unextendible entanglement. As such,
JS

min

is smaller for highly entangled states and larger for weakly entangled states, and the

minimum value is achieved for the maximally entangled state due to (4.5.23).

Proposition 4.1 The unextendible entanglement of a maximally entangled state with Schmidt

rank d is equal to the following:

min

1
E4e (04,) = log, d - S log,(1 - #). (4.5.29)
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Proof: See Appendix 4.A. o

Proposition 4.2 The smooth-min unextendible entanglement of a state p g is bounded as follows:

1 1
-3 log,(1 — &) < E¥ (pap) < log,d — 3 log,(1 — ¢), (4.5.30)

min

where d = min{dim(A), dim(B)} with dim(A) and dim(B) being the dimensions of system A and B,

respectively.
Consequently,
1 -
df < Fpap) < 1 - €. (4.5.31)
Proof: See Appendix 4.B. |

The smooth-min unextendible entanglement of a bipartite state can be computed us-

ing a semidefinite program (see Appendix 4.H).

a-Sandwiched unextendible entanglement

Another quantity that is relevant to this work is the a-sandwiched unextendible entan-

glement [WWW24], which is defined as follows:

— . 1 —
Ey(pap) = mg%fpm 7 Daloaslloas)  VYa el ), (4.5.32)

where
D,(pllo) = p—" log, Tr[(O'(l_“)/Z“pa(l_“)/z")a] (4.5.33)

is the a-sandwiched Rényi relative entropy [MLDS"13, WWY14]. The a-sandwiched un-

extendible entanglement was defined for all @ € (0, 1)U(1, c0) in [WWW24], but we restrict
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our development here to a € (1, ), due to technical reasons that will become apparent in

Section 4.6.

Consider the special case when @ — oo. It was shown in [MLDS*13, Theorem 5]
that the a-sandwiched relative entropy is equal to the max-relative entropy [Dat09] when
a — o ; that is,

Duax(pllor) = lim Dy(pllor) . (4.5.34)

Corresponding to the max-relative entropy, the max-unextendible entanglement is de-

fined as follows:

1
E! == inf Dy . 4.5.35
max(pAB) D) o ABEF (Pan) (pAB”O-AB) ( )

Besides monotonicity under two-extendible channels, the e-sandwiched unextendible
entanglement has several other properties desirable in a resource monotone. We state

some of the relevant properties below.
* Subadditivity: The a-sandwiched unextendible entanglement obeys the following
subadditivity inequality [WWW24, Proposition 13]

— — ~ 1
E(My(pAlB] ® O-Asz) < EnyOAlB]) + EZ(O-AZBZ) Ya € [E, 1) U (1, OO) . (4536)

* Additivity of max-unextendible entanglement: The max-unextendible entangle-

ment is additive under tensor product of states [WWW24, Proposition 14]; that is,
Eax(0a,8, ® Oay8,) = Efux(04,8,) + Eqa (0 a,8,) - (4.5.37)

* Monotonicity in a: The a-sandwiched unextendible entanglement of a state in-
creases monotonically with increasing «, which follows from the fact that the o-
sandwiched Rényi relative entropy between two states increases monotonically

with « [MLDS*13, Theorem 7].
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* Semidefinite representation: The max-unextendible entanglement can be com-

puted using a semidefinite program [WWW24] (see Appendix 4.H for a review).

The max-unextendible entanglement of a state can be written as a limiting case of the

a-sandwiched unextendible entanglement as follows:

— 1 —
lim E“ = — inf D, 4.5.38
aglc;lo a(pAB) QES(LHZO) 2 (TABéI%(/)AB) (pAB“O-AB) ( )
1 —_
=~  inf D, 4.5.39
5 UABglC(pAB) aes(l]llzo) (paslloap) ( )
|
= E O'ABE}’{PAB) Dmax(pAB”O—AB) (4540)
= Erunax(pAB) N (454:1)

where the first equality follows from the monotonicity of the a-sandwiched unex-
tendible entanglement in @. The a-sandwiched Rényi relative entropy 5(1(/)”0') is lower-
semicontinuous with respect to o [MO21, Lemma IV.8] (see also [DKQ*23, Remark 38]),
and it increases monotonically with a € (1, o). Therefore, we can use the Mosonyi-Hiai
minimax theorem from [MH11, Corollary A.2] to arrive at the second equality above.
The last two equalities follow from the equality in (4.5.34) and the definition of the max-

unextendible entanglement, respectively.

The subadditivity of a-sandwiched unextendible entanglement is useful in the anal-
ysis of one-shot, one-way secret-key distillation from independent and identically dis-

tributed (i.i.d.) copies of a bipartite state, as we shall see in Section 4.6.2.
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4.6 Limits on secret-key distillation from bipartite states

In this section we use the framework of unextendible entanglement discussed in Sec-
tion 4.5 to obtain upper bounds on the one-shot, one-way distillable key of a state defined

in (4.4.8).

Consider a quantum state y, . ., ., which is an extension of a private state Y% ., , with
system E held by an eavesdropper. The reduced state of ¥, on systems AE is a
product state, with the reduced state on system A being the maximally mixed state. This
is evident from the equivalence between a bipartite private state and a tripartite secret-key
state. It was further shown in [WWW24, Appendix K] that applying a twisting unitary
on the joint systems of Alice and the eavesdropper is also insufficient to establish any
correlations between Alice’s key system, A, and the eavesdropper’s system, E. We state

this formally in Lemma 4.1, which we later use to establish the main results of this work.

Lemma 4.1 (WWW241) Let ¢, . p p o be a purification of a bipartite private state y ., ... For
every purification for which system E is isomorphic to B and system E’ is isomorphic to B’, the

following equality holds:
TrA’BB’E’R[WZEArE/l//yWAEA’E'] =My ® 0, (4.6.1)

where T is a quantum state, m, is the maximally mixed state, and Waga g is a twisting unitary of

the form given in (4.4.3).

Proof: See [WWW24, Appendix K]. O

The fact that Alice’s system is in a product state with the eavesdropper ensures that

the state shared by Alice and the eavesdropper does not pass the privacy test with a
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probability greater than ;. We generalize this statement to approximate private states in
Lemma 4.2 below.
Lemma4.2 Fixke Nand e € [O, 1 - klz] Let o apa g be a quantum state such that

F(oaparp, Y,IZBA/B/) >1-eg, (4.6.2)

where Y% ... is a bipartite private state holding log, k secret key bits. Let Vpap be the twisting

unitary corresponding to the private state; that is, there exists a state T4 p such that
Yisaw = Vasaw ((D]fxB ® TA’B’) VZBA’B" (4.6.3)

The probability of an arbitrary state wapap € F(Tapap) passing the y*-privacy test is bounded

from above by the following quantity:

Tr [HZEA’E’LUAEA'E’] < ¢(&, k), (4.6.4)
where
, 1-2¢ 242 -1De(l - &)
sle, k) =g+ ot E , (4.6.5)
I, ;.15 1S the privacy test, system B is isomorphic to E, and system B’ is isomorphic to E’. The set

F (0 apap) was defined in (4.5.19).

Proof: Let ¢%,, 5z r Pe an arbitrary purification of o 4pa 5, such that system E is isomor-
phic to B and system E’ is isomorphic to B’. Then the quantum state Trgp[¢”] is in the
set F(oapan). Let Yz, pppr b€ @ purification of ¥ ,,.,. An arbitrary purification of the

private state y% ;, , is of the following form:
Y =V DL @Yy ) Vi (4.6.6)
Vapapx aBa B \Pap @Yupx) Vapass e
where ¥, ., is a pure state and X is a purifying system.
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As a consequence of Uhlmann’s theorem, consider that

F(O-ABA/B” )/ZBA’B’) = max Kyl (4.6.7)
- X F (‘ﬁZxBA'B'EE/R’ ¢XBA/B/EE/R) (4.6.8)
= Wmax F (VABA’B’ ((Df}B ® wZ’B’EE’R) Vj\-BA’B/’ ¢ZBA’B’EE’R) . (4.6.9)

A’B'EE'R

The maximizations in the first and second equalities are over every purification ¥ of
Y 54 p ON the systems ABA’B'EE'R. Since every purification of the state ¥/ ,,, ,, can be writ-
ten in the form mentioned in (4.6.6), the maximization over every purification ¥, p zr

is equivalent to a maximization over every purification ¢}, 5, .. of the state 74 5. There-

EE’

. T . . e . ’y
fore, there exists a pure state ¥, .z and a corresponding purification v, 5 pzr Such

that the following equality holds:

F(O-ABA’B”’)/I];BA’B') = 197 = F7, ¢7). (4.6.10)

Using the data-processing inequality for fidelity of states, consider that

t

F(y”,¢7) < F(TrA’BB’E’R[VZEA/ErwaAEA’E’] ) TrA’BB’E’R[VAEA/Er(bO—VAEA/E’:I) (4.6.11)

=F (JTA R Tk, TrA/E'I:VXEA’E/wAEA'E, VAEA/E’]) , (4612)

where we have used Lemma 4.1 to arrive at the final equality and waga g is defined in the

statement of the lemma.
Now consider the twirling channel, defined as follows:
— — i
Tas(") = f AU (Us® Us) () (Us @ Us) (4.6.13)

where the integral is with respect to the Haar measure. The action of this channel on an

arbitrary quantum state psp, with dim(A) = dim(B) = d, results in the following isotropic
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state [HH99, Wat18]:

Tas(oan) = Tr| @4 poan| @y + (1 = Tr| 0 yoas)) Id_—_q;d (46.14)
Consider that
Tr| @ (4 @ )| = % Tr| @ (14 ® 75)| (4.6.15)
- éTI‘[TE] (4.6.16)
= % (4.6.17)
Therefore,
Tae(Ma @ Tp) = %CDZE + (1 - é) Iﬂk;—_@l};"f = I]‘;‘—f (4.6.18)

The action of the twirling channel 7,£ on the state Tr, E,[VTwAEA/ B V] is given by the fol-

lowing expression:

Iyp — O
TAE(TI'A’E’[VTU)AEA’E’ V]) = ‘]‘DZE +( -9 kz——lﬂ’ (4~6-19)
where

q = TI'[(D/]ZE (TI'A/E/I:VTCL)AEA/E/ V])] . (4620)

The above expression can be rewritten as follows:

— k i — 4

q= Tr[VAEA’E’ ((DAE ® IA’E’) VAEArEr(UAEA’E’] = Tr[HAEA/E/wAEA'E’] > (4.6.21)
where IT) ., . is the y-privacy test defined in (4.4.7). Therefore, ¢ can be interpreted as the

probability of the state wagap passing the y-privacy test.

Going back to (4.6.12) and using the data-processing inequality for fidelity, we arrive

at the following inequality:
FQ@’,¢7) < F(TAE(”A ® k), TAE(TrA’E’ [VTwV])) (4.6.22)
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= F(ﬂ'AE, TAE(TI'ArE/ I:VT(A)V])) . (4623)

Since the above inequality holds for all o4pap such that F (o-ABA,Bf,yﬁB vp) = 1 — & for
some private state ’yﬁ sap and every wapap that is in the set F (0 apap), We can com-

bine (4.6.10), (4.6.12), and (4.6.23) to arrive at the following inequality:

1 —& < F(TapassYipun) (4.6.24)
< F(mae, Tar(Trap | VioV])) (4.6.25)

Lip — @
_ F(nAE,q W+ (1 - q)AE—;‘E) (46.26)

[\/; \/(1—q) 1——] , (4.6.27)

where the first equality follows from (4.6.19) and the last equality follows by evaluating

the fidelity between the two isotropic states.

The inequality in (4.6.27) is satisfied forall g € [0,1]if e > 1 - 5. If e € [O, 1- kl—z] then ¢

must lie in the following range for (4.6.27) to hold:

1-2 24/(k2 = De(l - &)

0<g<e+ 2 2

(4.6.28)

See Appendix 4.C for a detailed proof of the aforementioned statement. Since we have
identified ¢ to be the probability of the state waga r passing the y-privacy test, we con-

clude the statement of the lemma. O

Lemma 4.2 plays a central role in obtaining lower bounds on the unextendible entan-
glement of an approximate private state ospap such that F(oapa s, yﬁ sap) > 1—¢&for some

private state y5 .. ..

Remark 4.2 Note that F (nAB, O ) = where map is the maximally mixed state. Therefore, if

k2/

&> 1— 2 for some k € N, then the following inequality holds for the one-shot, one-way distillable
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key of an arbitrary bipartite state pap:
K} (pap) > log, k. (4.6.29)

As such, choosing & > 1 — 2 allows the one-shot, one-way distillable key of a separable state to be

non-zero, which makes this regime uninteresting from a practical perspective.

4.6.1 Smooth-min unextendible entanglement upper bound on one-

shot distillable secret key of bipartite states

The y-privacy test is a special POVM that can be used to distinguish a bipartite state
oapap from any state waparr € F(0apap). Recall that the smooth-min unextendible en-
tanglement quantifies the ability to distinguish between a state p,z from an arbitrary state
oag € F(pap). Therefore, Lemma 4.2 allows us to obtain a bound on the unextendible
entanglement of a state o sp4 p satisfying F(oaparp yﬁ sap) > 1 —&. This is stated as Propo-

sition 4.3 below.

Proposition 4.3 Fix k € Nand ¢ € [0, 1- kl_z] Consider a quantum state o spap such that
F(oaparnsYigyp) = 1 — & where Y, .., is a bipartite private state. The smooth-min unextendible

entanglement of the state o aparp is bounded from below by the following quantity:
1
E: (Tapap) 2 > log,(s(&,k)), (4.6.30)

where ¢(&, k) is defined in (4.6.5).

Proof: Leto,pap be a quantum state such that F(oaparp, ¥ 34 5) = 1—€ for some bipartite

private state % ,,,, and some ¢ € [0, 1- é] The following inequality holds for every such
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state o qparpr [WTB17, Lemma 9]:
Tr[I0, 5 Caparw | 2 1 - &, (4.6.31)

where the projector IT is the y*-privacy test defined in (4.4.7).
p1O] p y

ABA'B’

Now consider the hypothesis testing relative entropy between the state o 4pa s, for
which F(osparp, yf‘ sap) = 1 — & for some private state yﬁ sap» and an arbitrary state wagpa g
which lies in the set F (0 apa'p'):

D (Tapapllwapar) = sup —log, {Tr[Aw] : Tr[Ac] > 1 — &}. (4.6.32)
0<A<I

It is understood here that system E is isomorphic to B and system E’ is isomorphic to B'.

Since IT) ;,, ,, is a specific measurement operator that satisfies the constraints in (4.6.32),

the following inequality holds:
D%, (T aswmllwapar) = —log, T[Ty pwarare | (4.6.33)
which leads to the following inequality after applying Lemma 4.2:
Dt (Tapapllwapar) = —log,(s(e, k)) . (4.6.34)

Since (4.6.34) holds for all wags g in the set F (0 4pap), we conclude that the smooth-min

unextendible entanglement of the state o4 5 is bounded from below by the following

quantity:
u,e 1 . c
Enin(Tasvg) = 5 il Dy(Tapypllwssne) (4.6.35)
1
2 =5 logy(s(e. k). (4.6.36)
thus completing the proof. o
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Remark 4.3 For a fixed € € [O, %], if EX2 (apap) < —310g,(s(£,2)), then there does not exist a

min

private state Y% ., such that F (U'ABA’B” )’ABA/B/) >1-e

The unextendible entanglement of a state does not increase under the action of a one-
way LOCC channel. Therefore, for any one-way LOCC channel £, ., 45 that is used
to distill an e-approximate private state o4 p4-p- from a bipartite resource state p,z, the
unextendible entanglement of p, must be larger than the unextendible entanglement of
oaparp, Which in turn is bounded from below by —% log,(s(e, k)) as stated in Proposi-
tion 4.3. That is,

& u,e 1
EC (oa) 2 Eo (Taparp) 2 ) log,(s(&, k). (4.6.37)

Rewriting the above inequality as an upper bound on log, k, which is the maximum num-
ber of secret bits that can be distilled from p45 using a two-extendible channel, yields an

upper bound on the one-shot, one-way distillable key of the state p4p.

Theorem 4.2 (Unextendibility bound on one-shot distillable key) Fix ¢ € (0,1). Let pag

be a quantum state such that the following inequality holds:

1 YV 1-
e<Jo.(pap) < —+ =+ 3el — &)

&
Ittt (4.6.38)

where J%. (pap) is defined in (4.5.26). Then the one-shot, one-way distillable key of a bipartite state

min

pag is bounded from above by the following quantity:

2
mm(pAB) 1 - Jmm(pAB)) VS(I - 8)
K5 (0an) < 5 log, YR 1. (4.6.39)
min B)

IfJ2, (pap) > 3 +5+ —”‘851’8), then the one-shot, one-way distillable key of the state is equal to zero.

Proof: See Appendix 4.D. o
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When ¢ = 0, the upper bound from Theorem 4.2 simplifies to the min-unextendible
entanglement bound on the exact one-way distillable key of a state obtained in [WWW24,
Theorem 24].

The one-shot, one-way distillable key of a state does not increase under the action
of one-way LOCC channels, and we expect the same from any reasonable bound on the
quantity. Similarly, we expect that the bound does not increase with decreasing & because
demanding a higher fidelity between the distilled state and the target state should only
lead to a lower yield from the distillation process. To examine if the upper bound on the
one-shot, one-way distillable key of a state given in Theorem 4.2 satisfies the aforemen-

tioned criteria, we invoke Lemma 4.3 stated below.

Lemma 4.3 Forall J € (g,1 — g] and € € [0, 1], the following function

2
1 1- 1 -
F(e) = = 1og2[( VI =)+ Vel 8)) ; 1} (4.6.40)
2 J-¢
decreases monotonically with J and increases monotonically with &.
Proof: See Appendix 4.E. o

Recall that the quantity JZ. (psp) increases under the action of one-way LOCC chan-

nels. Therefore, Lemma 4.3 implies that the upper bound on the one-shot, one-way dis-
tillable key of a state given in Theorem 4.2 decreases monotonically under the action of

one-way LOCC channels, and it increases monotonically with .

The smooth-min unextendible entanglement of a state can be written as a semidef-
inite program (see Appendix 4.H), which allows us to compute the upper bound on

the one-shot, one-way distillable key given in Theorem 4.2 using a semidefinite pro-

217



gram. In Figure 4.3 we demonstrate some numerical results for the smooth-min un-
extendible entanglement upper bound on the one-shot, one-way distillable key of an

isotropic state [HH99], which is parameterized as follows:

Fd d IAB_(DfxB
aB :F(DAB+(1_F)—d2_1 ,

(4.6.41)
where F is a parameter in the interval [0, 1] and d = d, = d5.

In Figure 3¢, we compare the upper bounds on Kf)’_’(g“ j}f) and Kg*((g j}f)M) for e = 0.01
obtained using Theorem 2. The time complexity of computing the upper bound on the
one-shot, one-way distillable key of n copies of a state using the SDP bound in Theorem 2
is exponential in n. We address this problem later in Section 5.2 by obtaining an efficiently

computable upper bound on the n-shot, one-way distillable key of a state.

Comparison with smooth-min relative entropy of entanglement bound

The one-shot distillable key of a state, roughly defined as the number of approximate
secret bits that can be distilled from the state using an LOCC channel, is known to
be bounded from above by the smooth-min relative entropy of entanglement of the

state [WTB17], which is defined as follows:

Ex(pap) = inf D (paslloas) . (4.6.42)

O'ABESEP(AZB)

where SEP(A : B) denotes the set of all separable states in S(AB). Naturally, the smooth-
min relative entropy of entanglement is also an upper bound on the one-shot, one-way
distillable key of a state since every one-way LOCC channel lies in the set of LOCC chan-

nels. As such,

K57 (pap) < ER(pas) - (4.6.43)
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Figure 4.3: Upper bounds on the one-shot one-way distillable key of an isotropic state,
described in (4.6.41), using (4.6.39). (a) Upper bounds for a two-dimensional isotropic
state for different values of ¢ plotted against the parameter F. (b) Upper bounds for a
three-dimensional isotropic state for different values of & plotted against the parameter
F. (c) For ¢ = 0.01, comparison between the upper bounds obtained for a single copy
of a two-dimensional isotropic state with the upper bound obtained for two copies of a
two-dimensional isotropic state, plotted against the parameter F.

In general, it is not practical to compute the smooth-min relative entropy of entan-
glement as it involves an optimization over the set of separable states, which is known
to be an NP-hard problem [Gur(03, Ghal0]. However, one can evaluate this quantity for
some highly symmetric states, such as the isotropic state defined in (4.6.41). It is known

from [HH99] that a d-dimensional isotropic state ¢} is separable if and only if F < 1. As
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such,

Ej({id)=0  VFe [o, cll] . (4.6.44)

In Proposition 4.4, we state the smooth-min relative entropy of entanglement of a d-

dimensional entangled isotropic state.

Proposition 4.4 The smooth-min relative entropy of entanglement of an isotropic state %<, with
F > % is equal to the following:

—log,(1 - 4-(1-1 f 1-g>F
Eg(¢hs) = gl - (1-3)) 7 1-e2 . (4.6.45)

log, d + logz(ﬁ) otherwise

Proof: See Appendix 4.1 O

The analytical expression for the smooth-min relative entropy of entanglement of
isotropic states allows us to compare our bound from Theorem 4.2 with the bound
from [WTB17] for isotropic states. We must note that this is not a direct comparison of
results since the smooth-min relative entropy of entanglement is an upper bound on the
one-shot distillable key of a state, which is expected to be strictly larger than the one-shot,

one-way distillable key of the state in general.

In Figure 4.4, we plot the upper bound on the one-shot, one-way distillable key of an
isotropic state given in Theorem 4.2 and the smooth-min relative entropy of entanglement
of the isotropic state against the parameter F for different values of ¢ and dimension 4.
For a range of parameters F, the bound in Theorem 4.2 performs better than the smooth-
min relative entropy of entanglement bound, demonstrating the advantage of the bound

in Theorem 4.2 over previously known bounds numerically. Moreover, the smooth-min
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Figure 4.4: Comparison between the upper bounds on the one-shot, one-way distillable
key of two-dimensional and three-dimensional isotropic states, parameterized as given
in (4.6.41), obtained using Theorem 4.2 and Proposition 4.4.

relative entropy of entanglement is not efficiently computable for arbitrary states while

the bound in Theorem 4.2 is efficiently computable for arbitrary quantum states.

Simplified upper bounds

The upper bound on the one-shot, one-way distillable key of a bipartite state obtained
in Theorem 4.2 is difficult to analyze, due to its complicated form. Weaker but simpler

bounds can be obtained by using the smooth-min unextendible entanglement of states.

Relaxation 1: We first consider a relaxation of the upper bound in (4.6.39) by finding

an algebraic inequality for the function ¢(g, k) defined in (4.6.5):

1-2 2k = De(l - &)

sle,k)y=¢e+ 2 2 (4.6.46)
1 2 Vk?e
< 2 + 8(1 - ﬁ) +2 = (4.6.47)
1 Ve
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_ (% ; \/g) , (4.6.49)

where the first inequality follows from the fact that (k* — 1)(1 — &) < k* for all k € N and

& € [0, 1] and the second inequality follows from the fact that 1 — 3 < 1 for all k € N.

We can now use this upper bound on ¢(¢, k) along with the statement of Proposition 4.3
to obtain a lower bound on the smooth-min unextendible entanglement of a state oapa s

such that F(0aparg Vigap) = | — & for some private state ¥ ,, 5. In particular,
e 1 1 2 1
Em’in(O-ABA’B’) > —5 10g2 % + \/E = - 10g2 % + \/;) . (4650)

This leads to the following simplified but weaker upper bound on the one-shot, one-way

distillable key of a bipartite state:

Corollary 4.1 Fix e € (0, 1). Let pap be a quantum state such that the following inequality holds:

1 V3e(l =
- g + % > J°. (pag) > &, (4.6.51)

where J?. is defined in (4.5.26). Then the one-shot, one-way distillable key of a bipartite state pap

is bounded from above as follows:

K} (pap) < —logz( Jrin(oaB) — \/E) (4.6.52)

Proof: The proof is similar to the proof of Theorem 4.2 and follows directly from (4.6.50).

O

Relaxation 2: Another way to obtain a simpler bound on the one-shot, one-way dis-
tillable key of a state is by considering the trace norm. First we will find a simpler but

weaker statement of Lemma 4.2. Consider a state 0445 such that F() ., . Capap) = 1—€
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for some private state ¥ ,, ,. Combining (4.6.19) and (4.6.25), we find that the following

inequality holds for any state wagarr € F(Taparp):

Ly — O
l-e< F(nAE, g O+ (1 - q)%) , (4.6.53)

where ¢ = Tr[HXE A g WAEA” E] as stated in (4.6.21). Using the Fuchs-van de Graaf inequal-

ity [FvdG99] (specifically, F(p,0) <1 — 4]‘; llo = olI}), we arrive at the following inequality:

k Iag - (D,]f\E 1 k lag = (DZE ’
l-e<F nAE,qcDAE + (1 —q)ﬁ < 1_Z TAE _q(DAE +(1 —q)ﬁ . (4654)
1
The above inequality can be rewritten as follows:
1 Lip — D!
Ve 2 o llmap — g @ + (1 - g) = —2E (4.6.55)
2 k-1 |,
11 1\ Lag — O Iy — @}
= 3| - (1 B ﬁ) o1 9% tl-0T T (£6¢)
1
1|( 1 ; 1 Ing — @,
= E (ﬁ—q)q)AE-F(ﬁ—q)ﬁ 1 (4657)
1 1 1 Iyp — O
=|= —g|||l=d, + =25 AE 4.6.
I8 q‘”z TR |, (4.6.58)
1
=z 4] (4.6.59)

where the first equality follows by writing the maximally mixed state as an isotropic state

k
11aE—Php

and the last equality follows by realizing that 1@% , + 1 =7—

is a quantum state for which
the trace norm is equal to 1. The inequality in (4.6.59) is satisfied if and only if g lies in the
following range:

1

1

Since g = Tr[l'[:g A g WABA’ B,], we have the following inequality:

1
Tr| 10,y p aarw | < 5+ Ve (4.6.61)
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Using the inequality in (4.6.61) and the arguments used in the proof of Proposition 4.3,

we can bound the smooth-min unextendible entanglement of the state 04545 as follows:
1
E. (OCapap) 2 ) 10g2(— + \/_) (4.6.62)

A relaxed upper bound on the one-shot, one-way distillable key of a bipartite state can be

found by using the inequality mentioned above, which we state as Corollary 4.2.

Corollary 4.2 Fix ¢ € (0, 1). Let pag be a quantum state such that the following inequality holds:

1 3e(1 -
Z + ; + # 2 mm(pAB) > \/_ (4663)

where JZ. is defined in (4.5.26). Then the one-shot, one-way distillable key of a bipartite state psp

is bounded from above by the following quantity:

1
K5 (oan) < =5 loga(J1n(pan) = VE). (4.6.64)

Proof: The proof is similar to the proof of Theorem 4.2 and follows directly from (4.6.62).

O

Remark 4.4 The upper bound on the one-shot, one-way distillable key given in Corollary 4.1 is
tighter than the upper bound given in Corollary 4.2 for highly entangled states, but the order is

reversed for weakly entangled states. To be precise,

K5 (0as) < —1og2( < e ) < _—1og2(J;m - Ve), (4.6.65)
forall J¢._ [ Ve (1+e+2 \/E)], and

K5 (oan) < —%10g2(J§lm - VB) < ~logy( |75, = V). (4.6.66)
forall JE_ [%(1 +s+2\/_) 1 —s].
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Figure 4.5: Comparison between the upper bounds on the one-shot, one-way distillable
key of two-dimensional isotropic states, parameterized as given in (4.6.41), obtained us-
ing Theorem 4.2, Corollary 4.1, and Corollary 4.2.

The bounds obtained in Corollary 4.1 and Corollary 4.2 can be computed using a
semidefinite program. In Figure 4.5 we plot the three different upper bounds on the
one-shot, one-way distillable key of isotropic states, defined in (4.6.41), obtained from
Theorem 4.2, Corollary 4.1, and Corollary 4.2. Notice that the bound from Corollary 4.1 is

tighter than the bound from Corollary 4.2 when the resource state is highly entangled.

4.6.2 One-way secret-key distillation from i.i.d. copies of a state

Resource distillation from independent and identically distributed (i.i.d.) copies of a state
is often considered a physically relevant setting. As such, the rate at which secret bits
can be distilled from n i.i.d. copies of a state, which is equal to %Kg_)(p%), is an important

quantity from both information-theoretic and practical perspectives.

In principle, the bounds obtained for the one-shot, one-way distillable key of a state

can be used to obtain an upper bound on the one-way distillable key rate from n copies
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of pap, with € error tolerance, by simply calculating the upper bounds for the state p%}.
However, the complexity of computing these bounds scales exponentially with the num-
ber of copies n, rendering the computation of these bounds intractable for large enough n.
The smooth-min relative entropy is not subadditive; that is, there exists a choice of states

o', p%, 0%, and o, such that the following inequality does not hold:

&
D min min

(p2 ® 0o’ ® 0'2) <D’ (p1||0'1) + Dfnin(pzno-z), (4.6.67)
which makes it difficult to obtain a single-letter bound on the one-way distillable key rate
with our approach. We turn to the a-sandwiched unextendible entanglement of bipartite

states to address this problem.

The smooth-min relative entropy is related to the a-sandwiched Rényi relative entropy

by the following inequality [CMW16, Lemma 5]:

—_ 1
D2 (pllo) < Dalplio) + — 1og2( ) (4.6.68)
a-—1 1-¢

forall € € [0,1) and @ € (1, ). By taking an infimum over all states o € ¥ (p), we arrive
at an inequality relating the smooth-min unextendible entanglement of a state and the
a-sandwiched unextendible entanglement of the state, which we state in Proposition 4.5

below.

Proposition 4.5 Let a € (1, ) and € € [0, 1). Then the following inequality holds between the
smooth-min unextendible entanglement of a state and the a-sandwiched unextendible entangle-

ment of the state:

_ | |
E* (p) < E“(p) + = - —— log, . (4.6.69)
min 2 a1 2\1-¢

As a counterpart of J%. (pap), we define the following quantity for mathematical sim-
plicity:
Tepag) = 2750w (1 — )1 Ya € (1, 00). (4.6.70)
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It is straightforward to verify from Proposition 4.5 that

Tt (0ag) = Jo(pas) Ya € (1, 00). (4.6.71)

One can simply use Theorem 4.2 and Lemma 4.3 to obtain an upper bound on the one-
shot, one-way distillable key of a state in terms of the a-sandwiched unextendible entan-

glement, as follows:

K5”(0a) < f(Loin(0an) . €) < f(Teloan) €) Vv e (1,00), 4.6.72)

where the function f is defined in Lemma 4.3. The first inequality follows from Theo-

rem 4.2, and the second inequality follows from (4.6.71) and Lemma 4.3.

While the a-sandwiched unextendible entanglement bound is clearly worse than the
smooth-min unextendible entanglement bound, it gives a single-letter upper bound on
the one-shot, one-way distillable key from n i.i.d. copies of a state ps5. The subadditivity

of the a-sandwiched unextendible entanglement implies the following for all & € (1, c0):
To(p2n) = 272EWR0) (1 — g)a' > 272Euloww) (1 — g)a'r (4.6.73)
Let us define the following quantity:
T (pag) = 27 2Euean) (1 — g)a't . (4.6.74)

Then the fact that Zj (p%) > JEn (0aB), combined with Lemma 4.3 and (4.6.72), leads to a
single-letter upper bound on the one-shot, one-way distillable key of # i.i.d. copies of a

state, which we state formally in Corollary 4.3.

Corollary 4.3 Fix ¢ € (0,1) and a € (1,0). Let pag be a quantum state such that the following

inequality holds:
— 1 \3e(l = o)
e < JZ"(pap) < 2 + g + y, (4.6.75)
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where Jo" (pap) is defined in (4.6.74). Then the n-shot, one-way distillable key of a state pap is

bounded from above by the following quantity:

7 o1 - T oaw) + VET =5
E’n(PAB) —£

1
K57 (p%p) < 3 log, +1{, (4.6.76)

If J5"(oa) > 1+ 24+ X229 then the n-shot, one-way distillable key of the state is equal to zero.

A special case of the bound stated above arises when @ — . Let us define the follow-

ing quantity:
Jrax(Pan) = 1im J5(pap) (4.6.77)
_ (lim 2—253@AB>)( lim (1 g)a"l) (4.6.78)
= 2 2Ena(Pan)(] — g), (4.6.79)

where the second equality follows from the definition of J(ps5) and the last equality
follows from (4.5.41). The max-unextendible entanglement of a state can be computed

using an SDP, which implies that J5,,,(0ap) can be computed using an SDP. Thus, setting

ax

@ — oo in Corollary 4.3 leads to a single-letter, computable bound on the n-shot, one-way

distillable key of a state.

In Figure 4.6 we plot the upper bounds on the n-shot, one-way distillable key of
isotropic states calculated using Corollary 4.3 with @ — co. In Figure 4.6a we plot the
upper bounds for two-dimensional isotropic states, and in Figure 4.6b we plot the upper

bounds for three-dimensional isotropic states, with £ = 0.01 in all the cases.

Remark 4.5 The techniques used to arrive at Corollaries 4.1 and 4.2 can be used to find simpler
bounds on the one-shot, one-way distillable key of n i.i.d. copies of a state pap by using the a-

sandwiched unextendible entanglement. As such, for all € € (0,1), & € (1,00), n € N, and a state
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Figure 4.6: Upper bounds on the n-shot, one-way distillable-key rate of isotropic states
using Corollary 4.3 and setting @ — 0. The upper bounds are plotted for different val-
ues of the parameter F of the isotropic state, with respect to the parameterization given
in (4.6.41), against the number of copies of the isotropic state, and ¢ is set equal to 0.01.

PAB/ l:fj:‘?n(pAB) > & then
K5 () < —10g2( TFE(oag) — \/E) (4.6.80)
and if Je™(pag) > &, then

£, n 1 Ten
K5~ (055) < =5 logs(J"(pan) = VE). (4.6.81)

4.6.3 One-way secret-key distillation in the asymptotic setting

Now let us study the asymptotic setting of one-way secret-key distillation by using the

framework of unextendibility.

In the asymptotic setting, we are interested in the maximum rate at which an arbi-
trarily large number of i.i.d. copies of a state p,z can be transformed into a state that is

arbitrarily close to an ideal secret key. In this setting, a one-way secret-key distillation
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n,—

protocol is given by a sequence of one-way LOCC channels { B AV B A B”}neN’ a sequence
of bipartite private states {)/f‘"/ BAv BN}neN/ and a sequence of real numbers {&,},ey correspond-
ing to the error in distillation. The joint system A" refers to n systems, each of which are
identical to the system A. The n™ element of this sequence acts on n copies of the resource
state pp such that the infidelity between the output state and ¥/, ., . is less than or equal

to g,. That is,

F(Vowprgr Lignpars 05) 2 1 =8, YneN. (4.6.82)

To achieve arbitrary precision in distilling secret keys, we demand that e, — O asn —
co. The maximum achievable rate of distilling secret keys is then given by the one-way
distillable key of the state, which can be mathematically defined in terms of the one-shot,

one-way distillable key as follows [KW24, Chapter 15]:

SN o . . 1 £,— Qn
Kp) (pap) = sé{(l),fl] hrrlr_l)glf ;KD (0%%) - (4.6.83)

The upper bounds on the one-shot, one-way distillable key, obtained in Sections 4.6.1
and 4.6.2, do not provide any new insight into the one-way distillable key of the state.
This is because, for most states of interest, there exists an n € N such that Jl‘;in(p%) < ¢ for

any ¢ € (0, 1], rendering the bound useless.

However, consider a further restricted setting where the sequence {&,},ev is required
to decrease exponentially fast. The maximum rate of key distillation from an arbitrarily
large number of copies of a resource state, for a fixed error exponent a, which we call
the a-exponential one-way distillable key of a state, can be mathematically defined in the

following manner.

Definition 4.6 Fix a > 0. We define the a-exponential one-way distillable key of a state pap as
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follows:

o log, k,
Ky (0aB) = sup h,?lglf{ gnz : F( Vi g argrs L7 (05 ) - 27 ”"} ,  (4.6.84)
{k’l }neNa{'yIir:B/Aan }nEN
{LZ'?_I‘%'MA’B/A”B” neN

where the supremum is over all sequences of bipartite states {yﬁ’i BAv B”}neN and all sequences of

one-way LOCC channels {L B A B A B,,} . The bipartite state ¥, ., ..., holds log, k, secret bits.

We define the converse of a-exponential one-way distillable key of pag as follows:

=, ) log, &, . -

Ky (pap) = sup lim sup{ ;j 'F( Yargarg L (0% ) -2 } (4.6.85)
nbpenr. {VAHBA 1B }neN e
{'EZ’;?”HA’B /A’ B’ S neN

Theorem 4.3 Consider an arbitrary bipartite state pap. Let d = min{dim(A), dim(B)} with
dim(A) and dim(B) being the dimensions of systems A and B, respectively. Fix a € (2log, d, o).
Then the following bound holds:

Ki(oas) < E(pas) » (4.6.86)

where E"(pag) is the relative-entropy-induced unextendible entanglement of the state pap (i.e.,

defined as in (4.5.15) with D replaced by the quantum relative entropy D).

Proof: Let psp be an arbitrary bipartite state from which we wish to distill secret keys,
and let dim(A) and dim(B) be the dimensions of systems A and B, respectively. Let
{Lf"n;,l_, A BATB }neN be a sequence of one-way LOCC channels, and let {y’j{i A B”}neN be a se-
quence of bipartite private states such that the following condition holds for all a > 2 log, d

and n € N:

F(Yy g L7 (055)) 2 1 =27, (4.6.87)

where d := min{dim(A), dim(B)}.
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wen  @n

Let us define g, := 27" for convenience. Let us also define J&"(p45) = 2 Enin ¥a8). From

Proposition 4.2 we know that J*" is bounded from below as follows:

1-g,

JEn (p) > T .

(4.6.88)

Corollary 4.1 implies that the following inequality holds for all one-way LOCC channels

n,— . kn .
Lz parg and all private states v, ., ., .

l0g, ky < —log,( /75(p) = V&, (4.6.89)
= — logz( ’\/an’n(p)(l - Jgnin(p) )) (4690)

1 - B B &
:—Elogz(.] ) 10g2(1 ‘/an,n(p))' (4.6.91)

Dividing both sides by n and taking the limit superior as n — oo leads to the following

inequality:

logz kn

1 1 n
lim sup < lim sup {_E log, J*""(p) — - log2(1 - Jafn(p))} (4.6.92)

Using the lower bound on J**"(p) from (4.6.88), we arrive at the following inequality:

. dZn
Jg <o T (4.6.93)
2—and2n
R (4.6.94)
d2n
= S (4.6.95)
22n10g2d
= S (4.6.96)
2—n(a—2 log, d)
=t (4.6.97)

where the second inequality follows from the fact that the function ¢,/(1 - &,) increases

monotonically with g, € [0, 1) and the fact that &, < 27*". Thus, for sufficiently large n,

2—n(a—210g2 d)

—=— < 1 and thus that 2% < 1.

Jen =

since a > 2log, d by assumption, it follows that
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Then we find that

lim sup — 10g2(1 - Ja'j:(p)) = —log2(1 — limsup ,J&j:(p)) (4.6.98)

2 n(a—2log, d)
< - 10g2[1 — lim sup W) (4699)
= —log,(1 - 0) = 0. (4.6.100)

Now let us go back to (4.6.92). Substituting (4.6.100) in (4.6.92) leads to the following

inequality:
log, k, . 1
lim sup ! < lim sup —— log, J**"(p) 4.6.101
P n &

1

= lim sup Er”;fnl(p (4.6.102)
|

=limsup— inf D (o3plloanp) (4.6.103)

n—oo n O’AanET(pAB

where we have used the definition of J"(p) to arrive at the first equality and the defini-
tion of E" to arrive at the second equality. Note that if 043 € F(04p) then o5} € F (pf’;;).
Therefore,

inf D™ (p%llowp) < inf D (oo, (4.6.104)

T Anpgn Ef(pilé) O'ABGT(pAB)

Substituting the above inequality in (4.6.103), we arrive at the following inequality:

i log, k, 1 . L e
llillillp — < hrnn—>8£p o UABérsgpAB) D (pSlloy (4.6.105)
1
< inf limsup —D% (o3l (4.6.106)

OABEF (PAB)  n—oo 2

where the second inequality from an asymptotic version of the max-min inequality.

Note that D?. (pllo) increases monotonically with increasing &. Since g, < 27, for

every " € (0, 1), there exists an N € N such that &, < &” for all n > N. Consequently,
1
~Dp (03lloi) < Dmm(p Vn > N. (4.6.107)
n
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Substituting the above inequality in (4.6.106), we arrive at the following inequality:

log, &, ) 1
lim sup 0525 < inf 3 lim sup Dmm(p loF%) - (4.6.108)

n—oco n o aB€F (pAB) n—00

For all € € (0, 1), the following inequality holds [NOOO]:

lim sup Dmm(p®"||0'®”) < D(pllor), (4.6.109)

n—oo

where D(:||) is the Umegaki relative entropy [Ume62]. Therefore, we conclude the follow-

ing:

log, ki . . 1
limsup —227 < inf SD0aslloas) = E“oan). (4.6.110)

n—00 n o ABET (PaB

Since the above inequality holds for all sequences of one-way LOCC chan-
nels {LZ’[B’M B A”B”}neN and all sequences of private states {)/f\”,B, A”B”}neN such that
F ()/f{i pargrs L7050 ) > 1 -2 for all a > 2log, d, we conclude the statement of theorem.

O

Remark 4.6 The relative-entropy-induced unextendible entanglement of a state can be computed
using a semidefinite program. See [KS24] for a semidefinite representation of the relative entropy
between two states that can be used directly to estimate the relative-entropy-induced unextendible

entanglement of a state to arbitrary precision.

4.7 Forward-assisted private communication from channels

In this section we extend the results obtained in Section 4.6 to understand the limitations
of private communication over channels. We begin with a brief discussion on secret-key
distillation from a channel with local operations and forward classical communication

in the one-shot setting. In this setting, where forward classical communication can be
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performed with no cost, the task of secret-key distillation from a channel is equivalent to

the task of private communication from the channel.

4.71 One-shot, one-way distillable key of a channel

To distill a secret key from a channel using one-way LOCC, Alice locally prepares a state

Y 4»4, and encodes one share of this state using a quantum instrument {8{ . She then

A—A }xeX
sends the system A to Bob through the quantum channel N,_,z along with the classical
label x. Bob then decodes the received state by applying a quantum channel Dy ...,
which he can choose based on the classical label x that he received from Alice. The state
established at the end of the protocol can be mathematically described as follows:

O'A/B/A/IB// = Z (Dg—)B,B” o NA—>B o agﬁA)(wA/A"AA) . (4.7.1)
xeX

For the secret-key distillation task to be successful in distilling log, k secret bits with an

error tolerance &, we require the following inequality to hold:
k
F(O-A'B/A”B’/,yA/B/A//B//) Z 1 — & (4.7.2)

for some private state y%,,,,.,, holding log, k secret bits. Figure 4.7 depicts a schematic

diagram of the task of one-way secret-key distillation from a channel.

The task of secret-key distillation from a quantum channel can be expressed more
concisely using the language of superchannels [CDP08, Gou19]. To distill log, k secret bits
from a channel N,_,z with an error tolerance ¢ and only using one-way LOCC, Alice and
Bob apply a one-way LOCC superchannel © ,_,p 455~ on the channel N,_ 3 such that

the following inequality holds:
F(ONDWanrd) Yigars:) 21— &, (4.7.3)
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Figure 4.7: Schematic diagram of secret-key distillation from a channel N,_,z using a
one-way LOCC superchannel ©. The error in the distillation process, denoted by ¢, is
given by the infidelity between the state o4 p 45~ established at the end of the protocol
and a private state ¥, , ,. 5. that holds log, k secret bits.

for some locally prepared state 4,44 and some private state y%, ., ,..,» holding log, k secret
bits. The ability to distill secret keys from a channel in the one-shot setting can then be

quantified by the one-shot, one-way distillable key of the channel, which we define below.

Definition 4.7 The one-shot, one-way distillable key of a channel N,_,p is defined as follows:

Kg—)(NA—)B) = sup {logz k: F((®(N))($AfA~A) ’VZ’B’A”B”) >1- 3} > (4.7.4)

k
keN?’YA/BIAIIB//:
wA/A///{ES(A,A”A),
®clWL

where the supremum is over every natural number k, every quantum state y, 4.4, €very private

state y~, 5 1 o, and every one-way LOCC superchannel OB hA—BB"):

The one-shot, one-way distillable key of a channel can be written in terms of the one-

shot, one-way distillable key of a state as follows:

Klg)’_)(NAeB) = sup Klg)’_)((®(A—>B)—>(A_>B'B~)(NA—>B))(1//A'A~A))- (4.7.5)

Y AES(ATA” A),
®elWL

Establishing a secret key and using the one-time-pad scheme for private communi-

cation is not the only way to transmit private bits over a channel, and there may exist
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| xXx|

Figure 4.8: Schematic diagram of private communication over a channel N,_,5, with an

isometric extension U}’ ., using a one-way LOCC superchannel ©. The objective of this

protocol is to send an arbitrary classical label x from Alice to Bob such that the state of
an eavesdropper, who holds the system E, is independent of the state Bob receives. The
error in private communication, denoted by ¢, is defined in (4.7.6).

alternate protocols to realize private communication over a quantum channel [DLLO3].
The notion of one-shot private capacity of channels is used to quantify the ability of a

quantum channel to communicate data privately using local operations without making

assumptions on the protocol.

Suppose that Alice wants to send private data to Bob by using a channel N,_,z. To do
this, Alice and Bob apply a superchannel ® ,_,p ,x_t, on the channel N,_,3, where X and

X are classical systems. Let UY . be an isometric extension of the channel N,_ 3, where

A—BE
the eavesdropper has access to the system E. The error in private communication through

this protocol is defined as follows:

Pen(®., N) = inf max (1= F(lxXxlg ® op, (O( UL, 5 ) J(1xXxl))) (4.7.6)

where the infimum is over all quantum states o and the maximum is over all messages
x in the set X. In Figure 4.8, we show a schematic diagram of a protocol for private
communication over a channel N,_,5. The one-shot private capacity of a channel N,_p is

then defined as follows:

P°(Na_p) = sup {log,|X]: pex(®,N) < &}, 4.7.7)

X,0€LO
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where LO refers to the set of all superchannels that can be realized by local operations
only and |X]| refers to the number of elements in the set X. As such, the supremum is over
all sets of messages X and all superchannels ©,_, ,x_x, that can be realized by only local

operations.

In the one-way LOCC setting considered throughout this work, Alice is allowed to
send arbitrary amounts of classical data to Bob, which is publicly available to any eaves-
dropper as well. In this setting, the quantity of interest is the one-shot forward-assisted

private capacity of a channel, which is defined as follows:

P*7(Nasp) = sup {log, |X|: pen(®,N) < g}, (4.7.8)

X,0e1WL

where 1WL refers to the set of all one-way LOCC superchannels. Since LO € 1WL, the

following inequality holds for all quantum channels N,_,p:
P7(Nysp) 2 PY(Nysp) . (4.7.9)

In the remainder of this paper, we will derive several upper bounds on the one-shot
forward-assisted private capacity of channels, which, as a consequence of (4.7.9), also
serve as upper bounds on the one-shot private capacity of the channel due to the inequal-

ity mentioned above.

In the presence of forward-classical assistance, the task of secret-key distillation is
equivalent to the task of private communication. Suppose that a forward-assisted proto-
col allows Alice to send n private bits to Bob through a channel N,_,z with some error &.
Alice can send a secret key itself through this channel, hence, transforming the one-shot
private communication protocol to a one-shot secret-key distillation protocol. Moreover,
in the forward-classical assistance setting, a secret-key distillation protocol can be trans-
formed into a private communication protocol by using the one-time-pad scheme, thus

demonstrating the equivalence between the two tasks.
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Due to the equivalence between the tasks of private communication and secret-key
distillation in the presence of forward-classical assistance, the one-shot forward-assisted
private capacity of a channel P>~ (N,_p) is equal to the one-shot, one-way distillable key
of the channel. That is,

P (Nasp) = K5~ (Nasp) - (4.7.10)

The techniques used in Section 4.6 for obtaining upper bounds on the one-shot, one-
way distillable key of a state can be extended to obtain upper bounds on the one-shot,
one-way distillable key of a channel, using the unextendible entanglement of channels.
Furthermore, the equality in (4.7.10) allows us to obtain upper bounds on the one-shot
forward-assisted private capacity, which are also upper bounds on the one-shot private

capacity by definition.

4.7.2 Unextendible entanglement of channels

The generalized unextendible entanglement of channels was defined in [SW24b]. We

briefly present the relevant properties of the quantity here.
Let us define the following set of channels with respect to a given channel N,_,:
F (Naop) = {Trg oPaspe : Tre oPape = Naspl, (4.7.11)

where systems B and E are isomorphic. The generalized unextendible entanglement of
a channel N,_; is defined with respect to a generalized channel divergence D [CMW16,

LKDW18] as follows:

1 .
E‘(Nasp) = = inf DNuolIMasi), (4.7.12)
2 MeF(N)
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where the generalized divergence between channels is defined as

D(NasplIMasp) = sup D(Nasp(era) IMas(0rA)) - (4-7-13)

PRAES(RA)

The generalized unextendible entanglement of a channel does not increase under the

action of one-way LOCC superchannels, the latter defined in Section 4.3.2.

Lemma 4.4 ((SW24bl) The generalized unextendible entanglement of a channel does not in-

crease under the action of one-way LOCC superchannels. That is,
E“(O(N4sp)) < E“(Njp) VO € IWL, (4.7.14)

where 1WL represents the set of all one-way LOCC superchannels.

A more general statement of Lemma 4.4 was presented in [SW24b], where it was
shown that the generalized unextendible entanglement of a channel does not increase
under the action of two-extendible superchannels, which is a semidefinite relaxation of
the set of one-way LOCC superchannels, and hence, contains the set of one-way LOCC
superchannels. In this work we will only consider one-way LOCC superchannels and
not two-extendible superchannels. We point the interested reader to [SW24b] for a more

detailed discussion.

A direct consequence of Lemma 4.4 is that the maximum value of the generalized
unextendible entanglement of a channel N,_; is not larger than the generalized un-
extendible entanglement of the identity channel ids_p, where dim(A’) = dim(B’) =
min{dim(A), dim(B)}. This can be seen from the following argument: Consider an arbi-
trary channel N, 5. If dim(A) > dim(B), then construct a superchannel ©_,c)—1-p) that

acts on an arbitrary channel M;_,¢ as follows:

G)(15'—>C)—>(A—>D)(/\/(13—>c) = ide_p oMpc 0o Nyosp. (4.7.15)
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Lemma 4.4 implies the following inequality:

E“(ids_c) > E*(O(id_¢)) (4.7.16)
= Eu(idc_)D o idB_,C ONA—>B) (4717)
= EM(NAHB) . (4718)

Similarly, if dim(B) > dim(A), then we can construct a superchannel T p_4)-c-p) that acts

on an arbitrary channel Mp_,4 as follows:
T(D—)A)—>(C—>B)(MD—>A) = Naspo Mpoaoidesp. (4-7-19)
Once again, applying Lemma 4.4 leads to the following inequality:
E“(idp) = E“(Y(idpo)) = E“(Nasz) - (4.7.20)
The inequalities in (4.7.18) and (4.7.20) can be written together as the following inequality:
E“(Nasp) < min{E“(ids-¢) , E“(ids-p)} , (4.7.21)
where dim(A) = dim(C) and dim(B) = dim(D).

Another important property of generalized unextendible entanglement of channels,
which is relevant to our discussion, is its relation with the generalized unextendible en-
tanglement of states. In particular, the generalized unextendible entanglement of a bipar-
tite state that can be established between two distant parties using a quantum channel
Na_p and one-way LOCC superchannels cannot be larger than the generalized unex-

tendible entanglement of the channel N,_,5. We state this formally in Lemma 4.5 below.

Lemma 4.5 ((SW24b]) The unextendible entanglement of a quantum state o gc:p, with respect to

the partition RC’ : D, that can be established between two parties using a point-to-point quantum
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channel Ns_p and a one-way LOCC superchannel ®u_,p)—c—c'p) 1S no greater than the unex-

tendible entanglement of the quantum channel N_p; i.e.,

sup E“(0rc.p) < E*(Nass), (4.7.22)

PRC

where
ore'p = (Ou—p)—cc—cp)(Nasp)) (Ore) (4.7.23)

and pgc is a quantum state. The symbol E"(ogcr.p) denotes that the unextendible entanglement of

the state o g p is calculated with respect to the bipartition RC’ : D.

Lemma 4.5, Lemma 4.3, and (4.7.5) provide us with all the necessary tools to obtain
an upper bound on the one-shot, one-way distillable key of a channel using unextendible

entanglement of channels.

The two important quantities that we will use in this section are the smooth-min un-
extendible entanglement of a channel and the a-geometric unextendible entanglement of

the channel.

The smooth-min unextendible entanglement of a channel is defined in terms of the

smooth-min relative entropy of channels as follows:

1
E;r (Nasp) =5 1nf ngm(NA—>B”MA—>E) (4.7.24)
1
) f D - - ’ ot
) Még(N)pRAseglé)RA) min(Na—8(OrRA) IMa—E(ORA)) (4.7.25)

where the smooth-min relative entropy of states was defined in (4.5.25). The smooth-
min relative entropy of channels can be written as a semidefinite program [WW19b, Ap-
pendix B-3], and the set ¥ (N) can also be described by semidefinite constraints. This
allows us to write the smooth-min unextendible entanglement of a channel as a semidef-

inite program (see Appendix 4.H).
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Proposition 4.6 The smooth-min unextendible entanglement of a channel is bounded as follows:

1 1
) log,(1 — &) < E%? (Nap) <log,d — 5 log,(1 — &), (4.7.26)

min

where d = min{dim(A), dim(B)}.

Proof: See Appendix 4.F. o

The a-geometric unextendible entanglement of channels was explored in [SW24b] in
the context of zero-error private communication. It is defined for a parameter a € (0, 1) U

(1, 2] as follows:

1

E'(Naop) = Lot EBG(NAHBHMM) (4.7.27)
. 1~
= inf  sup =Do(Naop(Era)lIMa—p(Pra)), (4.7.28)

MEFN) praeSRA)

where the a-geometric Rényi relative entropy of states is defined for all @ € (0, 1) U (1, o)

as follows [Mat13]:

! 7 log, TI'[O'(O'_%pO'_%)Q]. (4.7.29)

a —

D, (pllor) =

We list some properties of the a-geometric unextendible entanglement of channels that
are relevant to this work. We refer the interested reader to [SW24b] for a more detailed

discussion of these properties:

1. Monotonicity in a: The a-geometric unextendible entanglement of channels in-

creases monotonically with increasing @. That is,

EX(Nasp) 2 Ej(Nasp) Ve, fe(0,DU(L2], a>p. (4.7.30)
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2. Subadditivity: The a-geometric unextendible entanglement of channels is subaddi-
tive under tensor products of channels. That is, the following inequality holds for

alla € (0,1)U(1,2]:
E"(Naop® My_p) < E“(Na_p) + EX(My_5), (4.7.31)

where N,_ 5 and M,_,p are quantum channels.

3. Limiting case when @ — 1: The a-geometric unextendible entanglement converges
to the unextendible entanglement induced by the Belavkin-Staszewski relative en-

tropy as @ — 1. That is,
— .=, ) 1~
E“(Nj—p) = lim E,(Nyop) = inf =D(Ny_pllMa_p), (4.7.32)
a—l MeF(N) 2

where the Belavkin-Staszewski relative entropy of states is defined as fol-

lows [BS82]:

Bl = { Tr|plog, (ypo™" vp)| if supp(o) < supp(c) , (4733

+00 otherwise

and where 0! is taken on the support of o and the logarithm is evaluated on the
support of p. The rightmost equality in (4.7.32) follows directly from [DKQ*23,

Proposition 36].

4. Semidefinite program: The a-geometric unextendible entanglement of a channel
can be computed using a semidefinite program for rational values of a € (1,2] (see

Appendix 4.H).

The a-geometric unextendible entanglement of a channel can be related with the
smooth-min unextendible entanglement using the inequality in (4.6.68). The a-geometric

Rényi relative entropy of states is known to be larger than or equal to the a-sandwiched
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Rényi relative entropy of states for all @ € (0,1) U (1, o) [Tom15, WWW?24]. The inequal-
ity in (4.6.68) then implies the following inequality, which holds for all & € (1, o) and
ee[0,1):

—~ a
Diy(plr) < Dalpllor) + ——

— &

log2(1 ! ) (4.7.34)

< Da(pllor) + —
a—1

logz(1 i s) . (4.7.35)
We will restrict our discussion to « € (1, 2], as this is the interval for which the a-geometric
Rényi relative entropy obeys the data-processing inequality. Setting p — (idg ®N)(oga)
and o — (idg ®M)(pra), where N and M are quantum channels, leads to the following

inequality:

D%, ((idg @) (pra)lI(idx @M)(0r4)) < Dol(idgx @N)(pra)ll(idg @M)(pr4))

1
@ 1og2(—). (4.7.36)
1-¢

+
a-—1

Since the above inequality holds for every state p, we can take a supremum over all states

and conclude the following inequality:

D (NIM) < Dy (NIM) + —— logz(

a —

— 8) : (4.7.37)

Now taking an infimum over all M € F(N), we arrive at the following inequality, which

holds for all @ € (1,2] and € € [0, 1):

. |
E o (Nasp) = inf  =Di (NaspllMasp) (4.7.38)
MeF(N) 2
< inf LD (NamplMass) + — - =2 log,(—— (4.7.39)
< Mtg‘l'(N) y e A—>B A—B 2 w1 0g, T S
=, 1 a 1
= EQ(NA_,B) + E . a—1 10g2(1 _ g) . (4740)
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4.7.3 Upper bounds on the one-shot private capacity of a channel

In this section, we discuss the application of the smooth-min unextendible entanglement
and the max-unextendible entanglement of channels to obtaining upper bounds on the

one-shot, one-way distillable key of a channel.

Smooth-min unextendible entanglement upper bound

Consider the following quantity:

J2. (Nassp) i= 2 2EmiaNavn), (4.7.41)

Lemma 4.5 implies the following inequality:

Jrin(Na-p) < sup J;in((®(A—>B)—>(A—>B’B”)(NAﬁB))(pA’A”A))» (4.7.42)
Parar ;€S(A'A"A)
®elWL
where JZ. (-) for states was defined in (4.5.26). The supremum in the above inequality is
over every state p,,,,4 and one-way LOCC superchannel ®, 3 ,i_pp. The inequality
in (4.7.42), along with Theorem 4.2 and Lemma 4.3, yields an upper bound on the one-shot

forward-assisted private capacity of a channel, which we state in Theorem 4.4 below.

Theorem 4.4 (Unextendibility bound on one-shot private capacity) Consider a quantum

channel Ny_, g and a parameter ¢ € [0, 1] such that

&
Jmin

(Nasp) > &, (4.7.43)

where J¢

e (Nasp) is defined in (4.7.41). Then the one-shot, one-way distillable key of the channel,
which is equal to the one-shot private capacity of the channel according to (4.7.10), is bounded

from above by the following quantity:

VL ONT =T, (N) + Ve — o)
Je. (N)—¢

min

2
1
P*7(Nasp) = K7 (Nasp) < Elogz[( ) + 1}. (4.7.44)
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Proof: Let N, be a quantum channel, and let ¢ € [0, 1] be a parameter such that

JE (Nassp) > €. (4.7.45)

min

Using the equality relating the one-shot, one-way distillable key of a channel and the

one-shot, one-way distillable key of a state from (4.7.5), we arrive at the following;:

K5 (Nassp) = sup K57 (OWNaos)(Warrd) (4.7.46)

OCIWLW 4/ 4 2€S(A’A” A)

y l( R G ) ]
> log, +1]:

£
‘]mm

< sup
wA,A,,éifé?LA A), JE. = J;in((Q(N))(Ll’A'A"A))

min

(4.7.47)

where J?. (-) for states is defined in (4.5.26). The inequality in (4.7.47) follows from Theo-
rem 4.2. Note that the above inequality holds only if J¢. > &, but since we have assumed

that J2. (N) > ¢, the quantity JZ. is guaranteed to be strictly greater than & due to (4.7.42).

min

Let us define

JooWNasp) = sup T ((ON)Yaars)) - (4.7.48)

l//A/A"f‘; ES(A’A//A)
®elWL

Then the inequality in (4.7.47) can be written as follows:

\/J‘”(N) L N)) + ST

min min

J2(N) — ¢

min

1
K5~ (Nas) < 5 log, +1]. (4.7.49)

The inequality in (4.7.42) states that J°. (N) < J° (N). Therefore, by applying Lemma 4.3,

min

we arrive at the following inequality:

\/JS N (1= 2, N) + Vel =) ’

min min

JE(N)—¢

min

1
KZ’_)(NA_)B) <= 10g2 +1]. (4750)

Finally, using the fact that the one-shot forward-assisted private capacity of a channel is
equal to the one-shot one-way distillable key of the channel, we conclude the statement

of the theorem. O
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Figure 4.9: Upper bound on the number of private bits that can be transmitted over a
single use of an erasure channel assisted by local operations and forward-classical com-
munication. The upper bound given in Theorem 4.4 is plotted against the erasure proba-
bility of an erasure channel for different values of &.

In Figure 4.9, we plot the upper bounds on the one-shot forward-assisted private ca-
pacity of a two-dimensional and a three-dimensional erasure channel for different erasure
probabilities and different values of ¢. The erasure channel is mathematically defined as
follows:

&l p(ora) = (1 = p)prs + p Tra[pra] ® leXels, (4.7.51)

where |e)z is the erasure symbol, which is orthogonal to every state in the span of {[iX jl}ﬁ]‘.zlo,
and d is the dimension of the system A. The parameter p € [0, 1] is the erasure probability

of the channel.

The simplified upper bounds obtained in Corollaries 4.1 and 4.2 can be used to obtain
simplified upper bounds on the one-shot forward-assisted private capacity of a channel.
The inequality in (4.7.42), the equality in (4.7.5), and the application of Lemma 4.3 together
lead to simplified upper bounds on the one-shot forward-assisted private capacity of a

channel, stated in the corollary below.
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Corollary 4.4 Fix ¢ € [0, 1]. Let Na_p be a channel such that the following inequality holds:

JS

min

(Nasp) > &, (4.7.52)

where J°. (N) is defined in (4.7.41). Then the one-shot forward-assisted private capacity of a

channel is bounded from above as follows:
PP (Nao) < — 1og2( 7o (Naog) — \/5) . (4.7.53)

If s

min

(N) > +Je then the following inequality also holds:

1
P (Nasp) S =5 log,(J5n(Nass) = VE). (4.7.54)

a-Geometric unextendible entanglement upper bound

The subadditivity of the @-geometric unextendible entanglement of channels, as given
in (4.7.31), can be used to obtain an upper bound on the n-shot, forward-assisted private

capacity of a channel.

Consider an arbitrary quantum channel N,_z. Recall the definition of J2. (Ni_p)

from (4.7.41). The inequality in (4.7.40) implies that the following inequality holds for
alla € (1,2] and € € [0, 1):

Toin(Nassp) 2 272ENztr o) (4.7.55)
= (1 — g)F127 BN, (4.7.56)
Now consider the following quantity:
JEn(NS" ) = (1 — )a12 2N (4.7.57)
> (1 - )T 12 2B, (4.7.58)
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where the second inequality follows from the subadditivity of the a-geometric unex-

tendible entanglement of channels (see (4.7.31)).

Let us define the following quantity:
T (Nasp) = (1 — e 127 2E0N), (4.7.59)

which, according to (4.7.58), is a lower bound on JZ. (N4_3). If a is a rational number
in the interval (1,2], then J5"(N,_5) can be computed using a semidefinite program, by
employing the algorithms given in [FS17] (see Appendix 4.H for a special case). The ap-
plication of Lemma 4.3 to Theorem 4.4, along with the inequality in (4.7.58), directly leads
to a single-letter, semidefinite computable upper bound on the n-shot forward-assisted

private capacity of a channel, which we state formally in Corollary 4.5 below.

Corollary 4.5 Fix € € (0, 1). Let Na_p be a quantum channel such that the following inequality
holds for some a € (1,2]:

T (Nasp) > € (4.7.60)

where J5"(Na_p) is defined in (4.7.59). Then the n-shot forward-assisted private capacity of a

channel Ns_ g is bounded from above by the following quantity:

— — 2
L [T Naen)(1 = T Na)) + VET =)
E,—> ®n
P> (NA—>B) <z 10g2 —=n
T Nacy) — 8

+1]. (4.7.61)

We turn to the erasure channel once again to demonstrate our results stated in
Corollary 4.5. An erasure channel with erasure probability greater than or equal to 3
(see (4.7.51)) is a two-extendible channel, and hence, its a-geometric unextendible entan-
glement is equal to zero for all @ € (0,1) U (1,2]. If the erasure probability is less than
1, then the explicit form of the a-geometric unextendible entanglement can be derived,

which we state in Proposition 4.7 below.
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Figure 4.10: Upper bound on the n-shot private capacity of an erasure channel with the
error parameter ¢ = 107". The bounds are computed for different values of @ using
Corollary 4.5, where the a-geometric unextendible entanglement of the erasure chan-
nel is computed using Proposition 4.7.

Proposition 4.7 For all @ € (0,1) U (1, 2], the a-geometric unextendible entanglement of a d-

dimensional erasure channel, with erasure probability p, evaluates to the following:

_ 1 1 bO e -
L 1og2((p + d—;’t) (1= p)" + (1= p=bo)'™p ) (4.7.62)

forall p € (O, ﬁ], where
3 d2((1 _ p)2 _ p2d2/a)

Dop = D+ (1= P (4.7.63)
Forall p € (dl/++1 %],
= 1 1
Ey(&1.5) = 5 == loga(p' (1= p)" + (1= p)"p"). (4.7.64)
Proof: See Appendix 4.G. |

In Figure 4.10 we plot the upper bound on the n-shot, forward-assisted private capac-
ity of erasure channels computed using Corollary 4.5. The a-geometric unextendible en-

tanglement of the erasure channel is computed using Proposition 4.7. The n-shot forward-
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assisted private capacity of a channel is expected to increase with the number of channel
uses. In Figure 4.10 however, the computed value of the upper bound on the n-shot
forward-assisted private capacity decreases with the number of channel uses, which in-

dicates that the upper bound improves with an increasing number of channel uses.

Private communication over a channel in the asymptotic setting

In this section we study private communication over quantum channels using one-way

LOCC superchannels in the asymptotic setting.

First, let us consider the task of secret-key distillation from quantum channels
in a setting similar to the one discussed in Section 4.6.3. In the asymptotic set-
ting, a one-way LOCC protocol to distill secret keys from a channel N,z is de-

scribed by a sequence of positive integers {k,},cnv, @ sequence of bipartite private states

@I‘t,lWL

ko
{yA, " B’B”}neN' a sequence of one-way LOCC superchannels { B A—’B’B”>}neN' a se-

quence of states {p;; » and a sequence of error parameters {g,},.y. A sequence of

il

ky n,1WL n : _ _
tuples, {(kn, Yo ar g g ®(A’1—>B")—>(A—>B’B”)’ e sn)}nEN, describes a one-way LOCC secret-key

distillation protocol for a channel N,_,; if the following inequality holds for all n € N:
F(y*. (@™ N™)) (o) 2 1 - &, (4.7.65)

and g, — 0 as n — co. We are interested in the maximum rate at which secret bits can
be distilled from a channel N,_,; using any such one-way LOCC secret-key distillation

protocol.

Similar to the discussion in Section 4.6.3, we impose an additional constraint on the
sequence of error parameters ¢,, that &, < 27 for some fixed error exponent a > 0. We

define the quantity “a-exponential one-way distillable key of a channel” as the maximum
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rate at which secret bits can be distilled from a channel using a one-way LOCC secret-key

distillation protocol, with a being the error exponent.

Definition 4.8 Fix a > 0. The a-exponential one-way distillable key of a channel N_p is defined

as follows:
KH Nasp) =
log, k,
sup lim inf {& L F(y, 0" YN () 2 1 - 2} (4.7.66)
Kanbert (Y 101 nen "

{QMWL }neN’[‘D:’A”A }nEN
where the supremum is over all sequences of integers {k,}nen, all sequences of bipartite states
kn n,lWL
{y A B }neN, all sequences of one-way LOCC superchannels {6( A By A B A B”}neN’ and all se-

quences of states {0 x4}, The bipartite state ¥, .., ., holds log, k, secret bits.

We define the converse of a-exponential one-way distillable key of the channel Na_ g as follows:

Ky (Nasp) =
log, k,
[iup } limsup{% L F(y*, @ ™VHNE) (07) 2 1—2—“"}. (4.7.67)
{kn}neN’ VA"/B/A;/B// neN n—co

n, WL n
{® }neN’{pA/A”A}nEN

We can also consider the task of private communication over channels in this setting.

We define the a-exponential forward-assisted private capacity of a channel as follows:

Definition 4.9 Fix a > 0. The a-exponential forward-assisted private capacity of a channel Ns_g

is defined as follows:

P (Nasp) = sup lim inf

{Xn}neN’{Gn’IWL} e

log, | X,
{ ogzn| | :perr(N@pn,@n,]WL) < 2—an}’ (4.7.68)

neN

where the supremum is over all sequences of message sets {X,},en and all sequences of one-way

LOCC superchannels {@”’“NL } .
neN

(A"—B")—(X—X)
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We define the converse of a-exponential forward-assisted private capacity of the channel Na_p

as follows:

log, | X,
0g, | Xl . perr(N®na @I’t,lWL) < 2‘“"} . (4769)

F;’(NAHB) = sup lim sup {

(Xnbuen{© W) 0

n

Using the arguments mentioned before (4.7.10), we can see that the following equali-

ties hold:
K (Nasp) = P (Nasp) (4.7.70)
Eaa(NAHB) = P, (Nasp) - (4.7.71)

Therefore, any bounds obtained on the a-exponential distillable key of a channel hold for

the a-exponential private capacity of the channel as well.

Theorem 4.5 Consider an arbitrary quantum channel N_,p. Let d := min{dim(A), dim(B)} with
dim(A) and dim(B) being the dimensions of systems A and B, respectively. Fix a € (2log, d, o).
Then the following bound holds:

P, (Naos) = Kpyo(Nasp) < E“(Nasp) (4.7.72)

where E\”(NA_, p) is the unextendible entanglement of the channel N4_ p induced by the Belavkin—

Staszewski relative entropy defined in (4.7.32).

Proof: The proof is similar to the proof of Theorem 4.3. We sketch out the main argu-

ments here.

Let Na_p be an arbitrary quantum channel, with input and output dimensions
dim(A) and dim(B) respectively, from which we wish to distill secret keys. Let

n,1WL _ kn
{®(A”—>B")—>(A—>B’B”)}nEN be a sequence of one-way LOCC superchannels, let {7 B A B }neN be
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be a sequence of quantum states
N

a sequence of bipartite private states, and let {p:;, » A}ne

such that the following condition holds for all @ > 2log, d and n € N:
F(¥s o prg (O NG )00 000)) 2 1= 27, (4.7.73)
where d := min{dim(A), dim(B)}.

Let us set g, := 27" for convenience. Corollary 4.4 implies that the following inequality

holds for all one-way LOCC secret-key distillation protocols such that (4.7.73) is satisfied:

logy kn < = 1ogo( 2 (N*") = V&) (4.7.74)
1 . on £,
= _E logZ(Jmin(N )) - 10g2(1 - W) . (4775)

The quantity J*. (N®") is bounded from below by the following quantity:

1-g,

Joi a2 ’

(NG ) > (4.7.76)

which is evident from Proposition 4.6. The inequalities in (4.7.75) and (4.7.76) allow us to

use the mathematical arguments presented in (4.6.93)—(4.6.100) in order to conclude the

. 1 [ &

Therefore, taking lim sup,_,, in (4.7.75) leads to the following inequality:

following:

1i1;1_>so11p @ < lilgl_illp {—% logz(JI‘ffin(Nm)) - % 10g2(1 — %)} (4.7.78)
= limsup _i log, (J2,(N°") + limsup —% 10g2(1 - W) (4.7.79)
= lirnn_illp _21_n logz(Jrf;’in(N@’”)) (4.7.80)
= lim sup %Eﬁ;‘fg(N@’”) , (4.7.81)

n—oo

where the second equality follows from (4.7.77).
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Recall the relation between the smooth-min unextendible entanglement of a channel
and the a-geometric unextendible entanglement of the channel from (4.7.40). The inequal-

ity in (4.7.40) combined with (4.7.81) leads to the following inequality:

log, k, 10

log,(1 —&,) (4.7.82)
a—1

lim sup

n—o00 n—oo

1 (= 1
< lim sup - (EZ(N@’”) ~5

(01

1~ 1
= limsup —E%(N®") + limsup —— - N log,(1 —¢,), (4.7.83)
n—oo n—oo n o-—
which holds for all « € (1,2]. Since g, - 0 as n — oo,
. 1 1%
limsup —— - log,(1 —¢g,) =0. (4.7.84)
n—oo 2n -1

Now using the subadditivity of the a-geometric unextendible entanglement of channels,

we arrive at the following inequality:

log, &, ) 1~ —
lim sup —22°" < fim sup —E*(N®") < EX(N). (4.7.85)
p n (07 [e3

n—o0 n—oo

The above inequality holds for every sequence f{k,}, for which there exists a se-

quence of private states {yf{, B A,,B,,} a sequence of one-way LOCC superchannels

neN’
{@?;\{,V_V,I};n)ﬁ(g_)B, B”>}neN' and a sequence of states {pl’;, w A}neN such that (4.7.73) holds for all
a > 2log, d and n € N. Therefore,
KpuNaos) < ENasg) Ve e (1,2], (4.7.86)

which follows from the definition of EEa(N 4—p)- Since the a-geometric unextendible en-
tanglement of a channel increases monotonically with @, we can take lim,_,;+ to obtain
the tightest upper bound, which is the unextendible entanglement of the channel N,_z
induced by the Belavkin-Staszewski relative entropy. Finally, using (4.7.71) leads to the

statement of the theorem. O
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4.8 Conclusion

In this paper we studied the task of secret-key distillation from bipartite states and point-
to-point quantum channels using local operations and one-way classical communication.
Using the resource theory of unextendible entanglement, which is a semidefinite relax-
ation of the resource theory of entanglement, we obtained efficiently computable upper
bounds on several quantities of interest in the theory of private communication over a

quantum network.

We derived efficiently computable upper bounds on the one-shot, one-way distillable
key of a bipartite state using the resource theory of unextendible entanglement. We also
derived upper bounds on the one-shot forward-assisted private capacity of a channel that
can be computed using a semidefinite program. In both cases, these are the first instances

of efficiently computable upper bounds on these quantities, to the best of our knowledge.

We extended our results to the i.i.d. setting and obtained single-letter efficiently com-
putable upper bounds on the n-shot one-way distillable key of bipartite states and n-shot
forward-assisted private capacity of point-to-point channels. Finally, we obtained effi-
ciently computable upper bounds on the rate at which secret keys can be distilled from a
bipartite state or a quantum channel using one-way LOCC when the error is required to

decay exponentially with an error exponent larger than a fixed threshold.

The majority of bounds obtained in this work can be computed using semidefinite
programs. We numerically computed the upper bounds on the one-shot, one-way distill-
able key and n-shot one-way distillable key for isotropic states to demonstrate our results.
We also found analytical expressions for the upper bounds on the n-shot forward-assisted

private capacity of erasure channels.
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We obtained a family of upper bounds on the n-shot, one-way distillable key of a
bipartite state in this work using the @-sandwiched Rényi relative entropy. However, a
semidefinite representation of the a-sandwiched Rényi relative entropy is only known
when a — 0. As such, only one member from the family of upper bounds on the n-shot,

one-way distillable key of a state is known to be efficiently computable.

Going forward from here, there are some open problems left for future investigation.
The bounds obtained in this work are based on the resource theory of unextendible en-
tanglement. It may be possible to obtain stronger bounds by studying entanglement
measures that combine the concepts of unextendibility and the positive partial transpose
(PPT) criterion. Furthermore, it can give insights into the asymptotic setting of private
communication where there are no assumptions on the rate at which error decays. As an-
other open problem of interest, finding semidefinite representations of the a-sandwiched
Rényi relative entropies would improve our numerical findings here, as they can lead to

tighter efficiently computable bounds on the n-shot, one-way distillable key of a state.
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APPENDIX

4.A Proof of Proposition 4.1

In this section, we calculate the smooth-min unextendible entanglement of the maximally

entangled state @4 ,.

We first note that all extensions of the state @4, are of the form @4, ® 7 since @4, is a
pure state. Therefore, all states in the set # ((I)j{ ) are of the form n, ® 7, where n4 is the
maximally mixed state and E = B. The unextendible entanglement of @4, induced by the

hypothesis testing relative entropy can be calculated as follows:
1
u,e d N\ _ & d
Emin(cDAB) - TBIE%EB) EDmin(cDAB”ﬂA ® TB) (4A1)

. 1 .
= 1%1? -3 log, Og{fg {Tr[AAB(JrA ®71p)] : Tr[AAB(DjB] >1- 8} . (4.A.2)

Choosing Asp = (1 — &)@4,, we find that

1,E . 1

Ev (04,) > inf - log, ((1 - &) Tr| @4 y(ma @ 7)) (4.A.3)

) 1 -&
= 1gf -5 log, y Tr[(Df‘B(IA ® TB)]) (4.A.4)

1 1-

= inf - log, © Tr[ﬂBTB]) (4.A.5)

) 1 —-&
= 1gf—§ log, 7 TI‘[TB]) (4.A.6)

1 1-¢

=-3 log, ( 7 ) . (4.A.7)

The hypothesis testing relative entropy can also be computed using the following SDP:

D (pap) = —log, sup {u(l—&)=Tr[Z] :yp <o +7Z}. (4.A.8)

u=0,2>0
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The unextendible entanglement of the maximally entangled state induced by the hypoth-

esis testing relative entropy can then be computed as follows:

1
u,e d _ — d
Emm((I) ) = 732%53) ) log, #f(}lgo {,u(l g)=TrlZ] : u®yp <A @75+ ZAB} (4.A.9)

Choosing 75 to be the maximally mixed state, we arrive at the following inequality:

1
Eye (@) < —5log, sup {u(l — &) = Tr{Z] : p®y < 7ap + Zus) (4.A.10)
2 ©=>0,2>0
1
= inf > log, {y(l —&) = Tr[Z] : u®?, < 7ap + ZAB}. (4.A.11)

Note that the pair (/J =1/d*Z = O) lies in the feasible set of the aforementioned SDP.

Therefore, setting 4 = 1/d* and Z = 0 leads to the following inequality:

e 1 1-¢ 1
Ese (04,) < —510g2( - ): log, d - > logy(1 — &). (4.A.12)

Combining (4.A.7) and (4.A.12) concludes the proof.

4.B Proof of Proposition 4.2

In this section we find the range of values that the smooth-min unextendible entangle-

ment of a state can take.

The smooth-min relative entropy between two states is never smaller than —log,(1—¢),
which can be seen from the data-processing inequality of the smooth-min relative entropy

as follows:

Dy (ollo) = Dy (R (o) IR (o) (4.B.1)
= Dy, (nllm) (4.B.2)
= —log, OE{EI {Tr[An] : Tr[An] > 1 — &} (4.B.3)
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= —log,(1 — &), (4.B.4)

where R" is a channel that traces out the state it acts on and replaces it with the maxi-
mally mixed state 7. This leads to the following bound on the smooth-min unextendible

entanglement of a bipartite state p4p:

1 1
E"* (pap) = 1nf e in©aBlloag) > ) log,(1 - ¢&). (4.B.5)

2 m1n

To find an upper bound on E (pap), we invoke (4.5.23). Since the hypothesis testing
relative entropy is an example of generalized divergence, (4.5.23) implies the following
inequality:

u,e u,e 1
E% (pag) < E5 (04 5,) = log, d - 5 log,(1 - &), (4.B.6)

where d := min{dim(A), dim(B)}. The equality in (4.B.6) follows from Proposition 4.1.

4.C Proof of Equation (4.6.28)

In this appendix, we show that (4.6.27) implies (4.6.28).

Let us analyze the expression on the right-hand side of (4.6.27) in the interval ¢ € [0, 1]
and for k € N. In what follows, we find the inflection points of the expression by setting

the derivative equal to zero:

[\/; \/(1 —q) |- — ) 4.C.1)
q 1 1
{\/ki \/(l—q) ](2]‘\/6_2 — 1_E} 4.C.2)
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Solving the above equation for g, we find that

1 1 1

TS S -5 (4.C.3)
= 1-—g= qk?>-1) (4.C.4)
= 1l-g=qk*-1) (4.C.5)
=$q:%. (4.C.6)

It is easy to verify that the function of g given on the right-hand side of (4.6.27) achieves
its maximum value at this inflection point. Therefore, the function is monotonically in-
creasing for ¢ € [0, ], and it is monotonically decreasing for g € [;5, 1]. Equivalently, the

derivative in (4.C.2) is non-negative for g € [0, k2] and it is non-positive for g € [ & s 11

Now let us find the values of ¢ that satisfy (4.6.27). We can rewrite the inequality
in (4.6.27) as follows:

1—8<—+(1—q)(1——)+2\/q(1— kz(l_l) 4.C.7)

Rearranging the terms, we arrive at the following inequality:

2 1
b—ﬁyw+ﬁs2qﬂ— W@——) (4.C.8)

The right-hand side of the above equation is always non-negative for all ¢ € [0, 1] and
k € N. If the left-hand side of the above inequality is negative, then the above inequality

is satisfied. As such, the above inequality is satisfied if the following condition holds:

2 1 E- %
gl1-5|-e+5<0 = ¢g=< > Ykx2. 4.C.9)
k k 1-3

If £ — 5 > 0 then the inequality in (4.C.8) is satisfied for all g € [O, T Zkk 2] and k > 2.
Now let us consider the case where the left-hand side of (4.C.8) is non-negative, which

is true for k > 2ife < s org > (s )/ (1 - —) We can square both sides to get the
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following inequality:

r-2)-redf spimafiiog)  wew

= %(1 - %) q(1 —q). (4.C.11)
Setting

d=1- % (4.C.12)
e=¢g— % (4.C.13)
f= %(1 - %) (4.C.14)

we can rewrite the above inequality as follows:
d-g—ef <f-ql—q) (4.C.15)
— d*¢* +e*—2deqg < fq- fq* (4.C.16)
= (@ + f)q* — Q2de + f)g+¢* <0. (4.C.17)

The above inequality is in the standard form of a quadratic inequality. Let us first find

each of the coefficients. The coefficient of ¢* evaluates to the following:

(- 2) v a1 2) 4.C18)
_1+%_% %_% (4.C.19)
-1 (4.C.20)
The coefficient of g evaluates to the following;:
~2de — f = - (1 - %)(e - %) - % (1 - %) (4.C.21)
:_2(8_%_%9 ki)_ki+ki (4.C22)



1-2¢
=-2 (s + 2 ) (4.C.23)

Finally, the term independent of g is equal to the following;:

1 2
e’ = (a - ﬁ) (4.C.24)
1 2
=&+ - k—f (4.C.25)

The quadratic inequality in (4.C.11) can now be written as follows:

1-2¢ 1 2
qz_zq(ﬁ ~ )+82+k_4_ﬁ50‘ (4.C.26)

The discriminant of the above quadratic expression can be evaluated as follows:

(=2de — f)* — 4(d* + f)é?

_afes ! ;228)2 _ 4(82 HER %) (4.C.27)
=4+ (1 ;228)2 + 28(%) & - % + %) (4.C.28)
=4 %?_48 - % + % 2- 28)) (4.C.29)
_4 4‘9(‘24 —D, 4‘9(22‘ ‘9)) (4.C.30)
_16% = 1])5(1 —8. (4.C.31)

We can now factor the quadratic expression in (4.C.26) as follows:

(q-au)(g-a.) <0, (4.C.32)
where
1 1-2 162 — Da(l — )
Fge = = (2 (s+ > ‘9) LN > g f (4.C.33)
Ces iz 2VE-Del-e) (4.C.34)

k? k?
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Now we are in a position to identify the range of values that g can take for all ¢ € [0, 1]

and k > 2.

o Ifee [O, k—lz], then
@y- < q < gy, (4.C.35)

where @, and «,, are defined in (4.C.34).

o Ifeec [k]_z 1], then

U |- g (4.C.36)

We can identify the values of € such that the two intervals in (4.C.36) overlap. Let us

first find the values of ¢ that satisfy the following inequality:

1

e— % 1-28 2+ -De(l —e)

- "& S =et g+ = . (4.C.37)
k

We can rearrange the terms of the above inequality to get the following inequality:

e-1_ (K-2e+1 _ 242 - De(l - &)

s < - (4.C.38)
ke — k> — (k> =2 — k> +2 _2+(k* = 1)&(1 — &)
2= < > (4.C.39)
2 12
ul 1]1‘29 h 5(1 ) @D =9 (4.C.40)
2 _ _
& klz)(_zj D V@ Dei—o). (4.C.41)

The above inequality is satisfied for all € € [0, 1/2] and k > 2. Now assuming that € > 1/2

and k > 2, we can square both sides of the above inequality to get the following inequality:

(K2 — 1)(2& — 1)?
(k> —2)

<&l - o). (4.C.42)
Setting a := (k* — 1)/(k* — 2)?, we can rewrite the above inequality as follows:
aRe—-1)> < gl —¢) (4.C.43)
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— (da+ &> —@a+De+a<0. (4.C.44)

Note that a is a positive number, which implies that 4a + 1 is also a positive number.

Therefore, the above quadratic inequality can be factored as follows:

L e A

Substituting the value of g, the quantity V4a + 1 evaluates to the following;:

2
Vda+1 = k— (4.C.46)
k=2
Therefore, the inequality in (4.C.45) can be written as follows:

1 K -2 1 K> -2
(8 - 5 (1 + 2 )) (8 - E (1 - 2 )) <0 (4C47)

1 |
= |e- I_E -5 <0. (4.C.48)

The above inequality is satisfied only when ¢ € [1/ K,1-1/ kz]. To get the above inequality
we assumed that @ > 1/2. Since 1 — k1_2 > 1 forallk >2and every ¢ € [0, 1/2] satisfies the
inequality in (4.C.37), we conclude that the inequality in (4.C.37) is satisfied if and only if
eelo,1-%].

Now let us find the values of ¢ for which the following inequality is satisfied:

£- % 1-2s 2y(k - Ds(l - )
— "2 <@ =et g - = . (4.C.49)
k2
Following the same steps as above, we arrive at the following inequality:
K —-1)(2e-1
W-D@e= D) __ e e, (4.C.50)

k* -2
which is similar to (4.C.41). This inequality is not satisfied by any value of £ > 1/2. Under
the assumption that € < 1/2, we can square both sides of the above inequality to get the

following inequality:
(k2 - 1)(2e — 1)

oz (4.C.51)
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From the solution of (4.C.42), we know that the opposite of this quadratic inequality is

satisfied when ¢ € [k—lz, 1 - kiz] Therefore, the inequality in (4.C.51) is satistied when ¢ €

[0, k%] U [1 - &, ] Recall that we assumed ¢ € [0, 1/2] to arrive at (4.C.51) from (4.C.50).

Therefore, for every k > 2, we conclude that (4.C.49) is satisfied for all € € [0, kiz]

Now we have a clearer picture of the range of values ¢ that satisfy (4.6.27) for some

fixed value of ¢ € [0, 1] and integer k > 2, which is given as follows:
[aq—, (Zq+] lf £ € [O, kl—2]
q €1[0, oy ifee|h1- 4] (4.C.52)

e L
[O,min{l_kf, 1}] ifee[l-41]

K2

>~
=~

1
iz
1—- 2

where o, and a,- are defined in (4.C.34). Observe that > 1forall e [1 - ]

K2

Therefore, we can rewrite the above condition as follows:

[aq_, aq+] ifee [0, kiz]

q € [0, ozq+] ifee [kl—z, 1- é] . (4.C.53)
[0,1] ifee|l-41]

Assuch,ife <1 - k%, then ¢ is bounded from above by the following quantity:

- 2 _ -
Ll 28+2\/(k De(1 a)’

- 5 (4.C.54)

gse

and otherwise, when e > 1 — k]—z, we only have the trivial bound g < 1.

4.D Proof of Theorem 4.2

(pag) is only satisfied if & < 1 This is because

First let us note that the condition € < J¢ 5

min

J&‘

min

(pap) < 1 — &, as stated in Proposition 4.2. So we restrict to & < 1 for the remainder of
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the proof.

Let L

s garg D€ aone-way LOCC channel that acts on p4p to give a state oy pap-

such that F(oaparpr, YA g 4np) = 1 — € for some bipartite private state y, ... ,.. That is,
LisnparpPap) = Caparg. (4.D.1)

The smooth-min unextendible entanglement of a bipartite state does not increase under

the action of a one-way LOCC channel [WWW24, Theorem 2]. Therefore,

Eyt (oag) 2 Eyt (L7 (pag)) 4.D.2)
= E“ (0amarp). (4D.3)

Consequently,
Jmin@a) < T (O aparg) . (4.D.4)

Since ¢ < %, we can use Remark 4.3 to state that one cannot distill any secret bits from a

state p,p with an error tolerance of ¢ if J2. (oap) > ¢(&,2), where ¢ is defined in (4.6.5).

min

Let us now consider the case when one-shot, one-way secret-key distillation is possi-

ble. Proposition 4.3 implies that the following inequality holds for all ¢ € [O, %)

1-2& 2K - 1e(l — &)
e K2

Join(0aB) < (e, k) = & + (4.D.5)

it F (L;B_) g OAB) s Yoo gar B,,) > 1 — & for some one-way LOCC channel L, . 5.1/ and
some private state yﬁ, parge With k > 2. We will use J2. as a shorthand for J2. (p4p) in the
remainder of the proof for convenience. Rearranging the terms in (4.D.5), we arrive at the

following inequality:

KPJe —€) < 1—-2e+ 2K - De(l —¢) (4.D.6)
— K-, —e)+J, —e<1-2e+2( - De(l —¢) (4.D.7)
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= (K> -DJE. —e)+J°

min min

+e—-1<2yE - Del - ¢). (4.D.8)
The above inequality is always satisfied if the left-hand side is non-positive, that is, if

kK> = D(JE. —&)+ J?

min min

+e-1<0. (4.D.9)

Note that J. + &~ 1 is always non-positive due to (4.5.31). Therefore, if JZ. < g, then the
above inequality holds for all k € N. If J2. > ¢, then (4.D.9) is satisfied when the following

condition holds:
2 1 —&€- Jrgnin
k=1< ———. (4.D.10)
JE. —¢

min

Consequently, if the inequality in (4.D.10) holds, then the inequality in (4.D.8) also holds
forall 2. €[0,1 - ¢&].

Now let us assume that (k> — 1)(J. — &) + J°

min min

+ &—1 > 0. Then we can square both

sides of (4.D.8) to get the following inequality:

S+ St e—1) <4 - De(l - o). 4.D.11)

(& = 1)z e

We write the above inequality as follows:
d-x+e’<f-x, (4.D.12)

where we have made the following assignments:

xi=k -1, (4.D.13)
d=1J —&, (4.D.14)
e=J +e-1, (4.D.15)
f = 4e(1l - ). (4.D.16)

We can write the inequality in (4.D.12) as the following quadratic inequality in x:

A+ +2de-x<f-x (4.D.17)
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= d°x* + (2de - f)x +€* < 0. (4.D.18)
The coefficient of x* evaluates to the following:

d* = (J5, —¢e). (4.D.19)

The coefficient of x evaluates to the following;:

2e — f =2(J5, —e)J5, +&—1)—4e(l — &) (4.D.20)

min

=205 (1-J°

min

) —2¢&(1 - &). (4.D.21)

In what follows, we compute the discriminant of the above quadratic expression:

(2de — f)* — 4d*e* = 4d°e® + > — Adef — 4d°e* (4.D.22)
= f2 —4def (4.D.23)
=168*(1 — &)* — 16(J%,, — &)(JZ, +&— D)e(l — &) (4.D.24)
= 168(1 - &) [e(1 — &) = (J53,)" + Ty, — £(1 - &)] (4.D.25)
= 16&(1 — &)J5, (1 = J°. ). (4.D.26)

Note that the coefficient of x?, that is (J¢. — ¢)?, is always positive since we have assumed

that J. > &, which allows us to factor the quadratic expression in (4.D.11) as follows:

()C _IBX—) (X _ﬂx+) < 07 (4D27)
where
275, (1= T2 )+ 2e(1 — &) £ 44Je(1 — )2, (1= J2.)
. = 307 —ep (4.D.28)
2
JE. (1—J2 )+ 1-
_ ( e = J5) £ Ve( s>) | (4D29)
‘]rilin -&

The inequality in (4.D.27) is satisfied if and only if 8,- < x < B,,. Combining (4.D.10)
and (4.D.27), we conclude that (4.D.8) is satisfied if and only if

kz—le[o ﬂ]u[ﬁ o] (4.D.30)
s 7o _ & x—sPx+] - L.



Recall that we had assumed k* — 1 > l;f_—i‘z;“‘ to arrive at (4.D.11), and the inequality
in (4.D.8) holds for all 0 < k> -1 < l;g_ﬁ“g In what follows, we shall show that 8,_ <
1;8;]_‘; <P foralle<Js <1-e.

min

First, let us consider the following inequality:

I (=T ) < Vel —g) (4.D.31)

= J,,A-J) <el-e) (4.D.32)
= (S — o +e(1—€) > 0. (4.D.33)

The above inequality can be factored as follows:

(. —&)(J5,, — (1—£) > 0. (4.D.34)

in

Therefore, the inequality in (4.D.31) is satisfied if and only if /2. < gor J2. > 1-¢,

- min —

with the inequality being saturated if /. = gor J. =1 - &. Thus, we conclude that the

min

following inequality holds for all JZ. € (e,1 - &]:

JeL(1=J8 ) > AJe(l - e). (4.D.35)

Now we prove that 8,_ < %, provided that J¢. € (g, 1 - g]. Consider that

1-e-J%,
Br- £ — (4.D.36)
Jrilin —€
2
JEe (1 =J2. )= ve(l —¢ I -e-J2
— [ V(= ) = Ve )) <% nin (4.D.37)
Jrgnin —& I‘?’lil’l - &
2
— ( JIE =y = el - s)) < —e)(1—e—J°) (4.D.38)
2
= (o =T = No(T=2)) < Tty = U =04 &7 (4.D.39)
2
= (a0 = T = Ve =) < T2, (1 = T =21 = &) (4.D.40)
= Jrr (1= )= Ne(l—e) < JI5 (1-J )+ ye(l - o). (4.D.41)
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> 0<2+4e(l —e). (4.D.42)
To arrive at the penultimate inequality, we have used the fact that

Jo(1=Js

min

)—e(l—¢)
= (21 = T2 + Ve =0) (Vi1 = Ty = VeI = 2)). (4.D.43)

Since the last inequality 0 < 2 +ve(1 — &) holds trivially for ¢ € [0, 1], we conclude that

1-e-J¢

Bi- < w2 forall J;, € (e, 1 - &l
To show that 3., > l;f __E“‘, we consider the following inequality:

(4.D.44)

Va1 = Joi) + Vel — &) ’ l—e-J0,
B+ = . > = .
J J

=& >
min min

Following the same steps as before, the above inequality can be transformed into the
following inequality:
2
(VVaiall = T + VT =) 2 (1 = T = &1 = 2) (4.D.45)
= YA =)+ Vel —g) > JJ5 (1 -J5 ) — yJe(l —¢), (4.D.46)

which holds for all J2. € (e,1 - &] and ¢ € [0, 1]. Hence, we conclude the following:

2
JE.(1-J2. )— ve(l —¢ 1-g-J&,
( \/ mln( mln) \/ ( )) S € min (4.D.47)
Jilin_g Jrgnin_g
2
JE.(1-J2. )+ ve(l — ¢
< ( mln( ngm)_ - \/ ( )) (4D48)

Recall from (4.D.30) that (4.D.8) is satisfied for all J°, € (¢,1 —¢]ifand only if ki* — 1 €

[0 ﬂ] U [By-.Br+]. The inequalities in (4.D.47) and (4.D.48) further reveal that the

> JE g
inequality in (4.D.8) is satisfied for all J2. € (g, 1—¢] if and only if the following condition

holds:

(4.D.49)

2
AT =
0sk2—1s[‘/m‘“( mo) * Ve =)

& f—
Jmin €
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The quantity log, k is interpreted as the number of secret bits that can be distilled from
the state psp using the one-way LOCC channel £, p.p.- Therefore, we rewrite the

condition in (4.D.49) as the following upper bound on log, :

2
8. 1_ 8. —
[wmm< To) + Vel s)) +1]

1
log, k < > log, J (4.D.50)

Since the inequality in (4.D.50) holds for every integer k > 2, every private state ¥, .. 5.,

and every one-way LOCC channels L ., z 15, We conclude (4.6.39).

4.E Proof of Lemma4.3

In this section we show that the following function:

(4.E.1)

1 Ja =7 T—o\
f(J,s)::Elogz[(V( }:;/8( 8)) +1]

decreases monotonically with increasing J and increases monotonically with increasing &

forallee[0,1]and J € (¢,1 — €].

First, let us analyze the monotonicity of f(J, &) in J. The logarithm function is mono-
tonic in its argument. Therefore, we only need to check the monotonicity of the following

function:

VIO =D+ Ve o))

T (4.E.2)

gl e) = (

Note that the quantity —”(I_JJ);‘S(I_‘S) is non-negative foralle < J < land 0 < ¢ < L

Therefore, g(J, €) is monotonic in J if 4/g(J, &) is monotonic in J in the given domain.

Let us compute the derivative of +/g(J, ) with respect to J.

d 1 1 1-2J
E g(], 8) = m ((J— 8)(5 : ﬁ) - (\/J(l - J) + \/8(1 - 8))) (4E3)
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Set h .= J —eso that h € (0,1 — 2¢]. The first term of the above expression can then be

expressed as follows:

1 1-2J h(1 = 2h — 2¢)
ool _ AFA4
( 8)(2 \/7J(1—J)) N D) (1E4)
_ h@-2h-2) h WES)
2V(h+e)l-h-g) 2V(h+e)(1-h-¢)
_hVl-h-& h (4.E.6)
Vh+ e 2V(h+e)l —h—¢)
h
e l—h-e) - 4E7
< N+ o O NGrai =9 GE7)
J—¢
N T Y AE.
( ) NI (4.E.8)

where we have used the fact that 4 < h + € to arrive at the inequality. Substituting the

above inequality in (4.E.3),

d 1 J-¢
E g(J,S)S (]—S)Z(VJ(I_J —m— \/J(l—.])— \/8(1—8)) (4E9)
1 J-¢
=~U—er (2 =T + Vel —9g)], (4.E.10)

which is negative for all J € (&,1 — €] and ¢ € [0, 1]. Therefore, /g(J, €) decreases mono-
tonically with J in the given domain, and consequently, f(J, &) decreases monotonically

with J in the same domain.

Now let us analyze the monotonicity of f(J,&) in &. Once again, we only need to
determine the monotonicity of /g(/, ¢) in & to determine the monotonicity of f(J,¢) in ¢.

Taking the derivative of +/g(J, €), we arrive at the following equality:

d _d (NTT=D+ Ve(l=2)
s g“g)—@( = ) (4.E.11)
= ((J—a)(l - 1_—2‘9) + NI =) + el —g)) (E12)
(/- &y 2 Ve(l-o
_ 1 J-e  eJ-9 — -
S U-op (2\/8(1 =5~ Veiog T VAN 8>) (4E13)
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1 J—¢ el-g)—e(J—-¢)
= NI 4.E.14
(J —&)? (2 Vel = &) i Vel =) A J)) ( )

! ( S ¢ sd-h \/J(I—J)). (4.E.15)

T (J-ep 2\/8(1—8)+ Vel —¢)

The above expression is strictly positive for all € € [0,1] and all J € (g, 1 — €]. Therefore,

v8(J, &) is monotonically increasing in ¢ in the given domain, and consequently, f(J, ) is

monotonically increasing in ¢ in the same domain.

4.F Proof of Proposition 4.6

In this section, we show that the smooth-min unextendible entanglement of a channel lies

in the following range:

1 1
~5(1 =) < Egi.(Naoop) < logyd = 5(1 ). (4F.1)

The lower bound on the smooth-min unextendible entanglement can be obtained from

Proposition 4.2 and Lemma 4.5. For every quantum state pga,
Ept (Nass) = Ep (Nas5(0ra)) (4.F2)
1
2 =5 logy(1 - #), (4.F.3)

where the first inequality follows from Lemma 4.5 and the second inequality follows from

Proposition 4.2.

To obtain an upper bound on the smooth-min unextendible entanglement of a channel,
consider the smooth-min unextendible entanglement of the identity channel. Recall the
inequality in (4.6.68). Setting p — ida—p(Pra), 0 = Mae(pra), and @ — oo, we arrive at

the following inequality:
Dﬁlin(idA—»B(PRAN|MA—>E(,0RA)) < Dinax (ida— g(Pr)IMA— E(ORA)) — log,(1 - &), (4.F.4)
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where M,_,; is an arbitrary quantum channel and systems B and E are isomorphic. Since
the above inequality holds for every state pgs, we can take a supremum over all states and
arrive at the following inequality between the smooth-min relative entropy of channels

and the max-relative entropy of channels:

Dy (dasplIMusE) < Diax(idasgliMase) — log, (1 — &). (4.E5)

min

In [DFW*18, WBHK20], it was shown that the following equality holds for the max-

relative entropy of channels:

DmaX(NA—>B”MA—>B) = DmaX(NAaB(q);lgA)HMAHB((D?;A)) ’ (4F6)

where d is the dimension of the input system of the channel and ®¢, is the maximally

entangled state with Schmidt rank d. Therefore, we can rewrite (4.F.5) as follows:

Dy (das plIMa—E) < Diax (D;IQBHMA—E RA)) log,(1 - &). (4.E7)

Any channel that lies in the set #(id4_p) is a trace and replace channel; that is, it is of
the following form:

Mae() = Tr[-]og, (4.E.8)

where o is a quantum state. Therefore, the inequality in (4.F.7) leads to the following

inequality:
LA D (daspllMane) < inf - Do (@5 Mo (@) ~ Toga(1 - ) (4.F9)
= inf Do (@ ||x ® 0°5) — Tog, (1 - &), (4.F10)

where 7y is the maximally mixed state. Moreover, an arbitrary extension of the maximally
entangled state is of the following form @4, ® 7 because the maximally entangled state

is a pure state. As such, every state in the set ¥ ((I)jie B) can be written as 7z ® 7z for some
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7 € S(E). Therefore, the max-unextendible entanglement of the maximally entangled

state can be written as follows:

u .
Emax((D;{B) = TEL%{:E) EDmax((D;leB”ﬂR ® TE) (4F11)
1
=5 Drin(idassliMase) + 5 10g2(1 ) (4.F12)
1
= E[';fn(ldA—)B) + - 10g2(1 - 8) (4F13)

where the first inequality follows from (4.F.10) and the last equality follows from the def-

inition of smooth-min unextendible entanglement of channels.

The max-unextendible entanglement of a maximally entangled state with Schmidt

rank d is equal to log, d as shown in [WWW?24, Proposition 11]. Therefore,
|
E"? (ids-p) < log,d - 5 logy(1 - #). (4.F.14)

The converse of the above inequality is also true as Lemma 4.5 implies the following

inequality:
Er: (idsp) > Emm(ldAaB((Df;B)) (4.F.15)
= E;(®45) (4.E16)
1
=log,d — > log,(1 —¢), (4.E17)

where the final equality follows from Proposition 4.1. Therefore,

1
Eyiy(idinp) = logy d =~ logy(1 — o). (4.F.18)
Since
E** (Nasp) < min{EY (idsoc) B4 (idpop)) (4.F19)

where dim(A) = dim(C) and dim(B) = dim(D), we conclude the second inequality in the

statement of the proposition.
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4.G Proof of Proposition 4.7

In this section we derive an expression for the a-geometric unextendible entanglement
of the d-dimensional erasure channel, for & € (0,1) U (1,2]. An upper bound on the «-
geometric unextendible entanglement of the d-dimensional erasure channel was obtained

in [SW24b, Appendix J]. Here we show that the inequality stated in [SW24b] is, in fact, an

equality.

Lemma 4.5 implies the following inequality:
1
B'(8)5(®4)) = BY((1 = p) @, + p2 @ leXels) < E(E]..,). (4.G.1)

where @ is the maximally entangled state of Schmidt rank d € N, |e) is the erasure sym-
bol, and &} _, is a d-dimensional erasure channel with erasure probability p € [0, 1]. The
bipartite state obtained after sending one share of a maximally entangled state through

an erasure channel is called an erased state, which we denote as follows:
ro. d Iy
Mg = (1 = p) Qp + pg ® |leXelp. 4.G.2)

In what follows, we will obtain an analytical expression for the a-geometric unextendible
entanglement of a d-dimensional erased state 7, , and show that it matches the upper
bound on the a-geometric unextendible entanglement of the erasure channel &,  , ob-
tained in [SW24b, Appendix J]. The inequality in (4.G.1) then simply implies that the
a-geometric unextendible entanglement of the erasure channel &, _, is equal to the a-
geometric unextendible entanglement of the erased state 77 ,, thus establishing the equal-

ity stated in Proposition 4.7.

Let us analyze the generalized unextendible entanglement of an erased state. We will

restrict our discussion to p < % since E\g(nﬁ B) =0 forall p > %
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Lemma 4.6 For p € [0,1/2), let n;, be the erased state defined in (4.G.2). The generalized

unextendible entanglement of the erased state is equal to the following:

u : 1 b
E(y5) =, inf >D(slz). (4G.3)
where
I ®TI I
Wy = p Py +b T + (1= p = b)=7 ®leXels (4.G4)
and
IT:= [OXO| + - - + |d — 1Xd — 1. (4.G.5)

Proof: Let ), = (1 - p) <D;‘§B + p% ® leXelp be an erased state. Consider the following

purification of 7’ ;:

e = V1 — pl®)ap ® &) + VPIDar ® l€)s, 4.G.6)

where systems B and E are isomorphic to each other. For clarity, we define the following
projector:

IT:= [OXO| + - -+ |d — 1Xd — 1, 4.G.7)

which is the projector onto the subspace orthogonal to |eXe|. The maximally mixed state of
a d-dimensional system is defined as 7 := I. Since system A does not have any component

of the erasure symbol, I, = I1,.

Using the correspondence between a purification and an extension of a state estab-
lished in [CW04], we can write an arbitrary extension of the erased state as Ng_,p (zpz BE).

Therefore, any state o4 € 7 (UZ ) can be written as follows:

O AE = TrB[NEHE’(wZBE)] (4G8)

= N (Trs|9 5 |) (4.G.9)
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= Np—p((1 = p)ma ® leXelz + p ) (4.G.10)

= (1 = s ® N (leXelp) + p Neop (®45) (4.G.11)
where systems B, E, and E’ are all isomorphic to each other.
Let us consider the following partially dephasing channel:
Ap () = Ig () U + |eXelp () leXels (4.G.12)
Applying this dephasing channel on o4 leads to a state of the following form:
Ap(Tap) = (1 = X)pap + xmp ® leXelp, (4.G.13)
where x € [0, 1] and psg is a quantum state such that psgle)r = 0.

Let U4 be an arbitrary unitary operator acting on the Hilbert space of system A. The
corresponding operator acting on the Hilbert space of system E’ has the following prop-
erty:

Ul Ug = UpU}, = . (4.G.14)

We can promote Uy to a unitary operator on the Hilbert space of system E’ as follows:

VY = Up +leXelg. (4.G.15)
Note that
:
Vg,pAE» (Vg,) = UEprEI UT,, (4G16)
and
.
VileXele (VE) = leXele. (4.G.17)

Now consider the following twirling channel:
7 U 77 v\f
Tap = de (TaeVE)O)(TaeVE) (4.G.18)
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which can be implemented by local operations and common randomness (LOCR). The
action of this twirling channel on the dephased state in (4.G.13) results in the following

state:

TAE' o AE/(O'AE/) = (1 - x)TAE/(pAEr) + deUUAﬂ'AU; ® |€X€|Ef (4G19)

=(1-x) de (ﬂA ® (L(E) (0ap) + xmp ® leXel| (4.G.20)

My @ M — @4,
-1

= q@ZE, +(1-qg-x) " xmy ® leXelg, (4.G.21)

d

where ¢ := (1 — x) Tr[pAEf(D " E] In the above, the second equality follows from (4.G.16),

and the final equality is a consequence of the following equality [HH99]:

de (aA ® (L{E’) (Tap) = Tr[TAE’ chfo] (DZE/ + TI‘[TAE’ (HA I — CDf‘E,)] M ®61;E;I (DZE’ ’
(4.G.22)

which holds for every quantum state 7,z. We can rewrite (4.G.21) as follows:

We = Tap 0 Ap(Tap) = a D4y + b wap + (1 —a— b)my ® leXele, (4.G.23)

1-g— 1-g—x)d?
wherea =g - = and b = ¢ d’é_? )

The generalized unextendible entanglement of the erased state can now be written as

follows:
1
E(,) = inf 51)(;7§B||JAE,) (4.G.24)
> inf %D(TAB 0 AB(ngB)HfrAE, o Ap(ar) (4.G.25)
= inf %D(nﬁB”TAE, o Ap(oar)). (4.G.26)

where the inequality follows from the data-processing inequality of the generalized di-
vergence and the final equality follows from the fact that the erased state is invariant

under the action of the dephasing channel Az as well as the twirling channel 7,5. The
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inequality in (4.G.26) implies that for every state o4 € F (n " B) there exists a state w7,
defined in (4.G.23), such that

1

ED(UZBHO'AE)Z; (hsllewsn) - (4.G.27)

Therefore, it suffices to restrict the infimum in (4.G.24) to the following optimization:

) 1
EM(UZB) = ae}?{l{eg ED(UAB”('UAE’) s (4:G28)

where sets A and B correspond to the sets of parameters a and b such that %%, € 7 (nﬁ B).

Now let us find the range of values that a and b can take such that w%?,, defined

in (4.G.23), lies in the set ¥ (ni B). Note that
a)AE, =T 4p 0 Ap 0 NE_>E/(p (I)AE +(1=py ® IeXeIE) . (4.G.29)
For every Ng_ g, the channel 74z o Ag o Ng_p acts on my ® leXelr and @ZE as follows:
Tap o Ap o Neopr(ma ® leXelg) = ymap + (1 — y)ms ® leXelg, (4.G.30)
Tap © Apr o Ng_pr ( ) y (D e Y ' map + (1 =Y —y)ms ® leXelg, (4.G.31)
where y € [0,1], y € [0,1] and y” € [0,1 — y']. The state wi’g, can hence be written as
follows:
wAE py (D G+ (1= p)+ pymap
+((1 =1 =p)+p(l =y =y Nrs @ leXelr, (4.G.32)
for some y € [0,1],y" € [0,1] and y” € [0,1 — y']. Comparing with (4.G.23), it is clear that

a < p. Therefore, if wj’g, € T(nﬁ B), then a must be less than or equal to p.

Now we will show that w$?, € F (n A B) forall a € [0, p] and b € [0, 1 — a]. Consider the

following extension of the state w%?

wjggg (a D4 +c nAE/) ® leXelp + (g Dl + f 7TAB) ® leXelp + (b — )P4, @ g,  (4.G.33)
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where g+ f = 1—-a—band a,b > 0 follow from (4.G.23) and ¢, g, f > 0 and ¢ < b ensure that

a,b,c.g

a,b,c,g . o e . . . .o a,b
w,pp 18 positive semi-definite. It can be easily verified that TrB[w A BE ] wi. Moreover,

ifa+c=pand f =0, then Trp [wjgg,”’] 1,5 (and also g + b — ¢ = 1 — p as a consequence).

Therefore, for all a € [0, p], there exists b € [0,1 — a] such that wf"g, € T(nﬁB). As such,
ws AE, eF (n AB) if and only if a € [0, p] and b € [0, 1 — a]. Invoking (4.G.28), we can write the

generalized unextendible entanglement of an erased state 7', ; as follows:

u s 1
E‘(n},) = nf (i) (4.G.34)
be[0,1-a]
Consider the following channel:
R () = leXel () leXele + (1 = 5) Tr[[lg () Mg ] ©4, + s idae (e () 1), (4.G.35)

where s € [0, 1]. The channel R}, can be realized by applying the POVM (Il |eXelz } on
the state of system E’. If the outcome corresponding to the POVM element I1z occurs,
then the state is replaced by the maximally entangled state ®¢,, with probability 1 — s
and otherwise, with probability s, the identity channel is applied. The erased state 77, is
invariant under the action of the channel R}, for all s € [0, 1]. The channel R;,,, acts on

a,b .
wip as follows:

Rop(win) = (1= )b + @)%, + sb map + (1 - a - by ® leXelp (4.G.36)
= W, (4.G.37)

Fix s = (a + b — p)/b. The data-processing inequality of the generalized divergence yields

the following inequality:

D7 pllesz) > D(Rj\B(niB)| Riw (win)) (4.G.38)
= D(UAB| ‘fo}rz(l i Sb) (4.G.39)
= Dyl ™). (4.G.40)
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If Wi, € F (nf\ B), then wﬁ’gfb_p also lies in set ¥ (nfm). Therefore, the bivariate infimum

in (4.G.34) can be restricted to a single variable infimum as follows:

1
E(ny) = inf zD(77§B||(,uf;,§’,) . (4.G.41)

This concludes the proof. o

Lemma 4.6 allows us to obtain an analytical expression for the a-geometric unex-
tendible entanglement of the erased state, which we present in Proposition 4.8 stated

below.

Proposition 4.8 For all @ € (0,1) U (1, 2], the a-geometric unextendible entanglement of a d-

dimensional erased state ' ,, defined in Lemma 4.6, evaluates to the following:

= 11 Bon ' * . .
Ei(ihs) = 3 o Ing((P"‘ dﬁt) (1= p)* + (1 = p = bop)'™p ] (4.G.42)

forall p € (O, ﬁ], where
dz((l _ p)Z _ p2d2/a)
bopt =
P pdle+ (1= p)d?

(4.G.43)

Forall p € (ﬁ, %],

1

.cy—l

logy(p'~"(1 = p)* + (1 = p)'™p"). (4.G.44)

SRR

EZ(UZB) =

Proof: The a-geometric unextendible entanglement of the erased state can be computed

using Lemma 4.6 as follows:

—
u

E(ify) =, inf SDu(iulln). (4.G.45)

where wi’g is defined in (4.G.4) and a € (0,1) U (1,2]. Recall the definition of the a-

geometric Rényi relative entropy given in (4.7.29). The a-geometric Rényi relative entropy
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of 1/, , with respect to w4 can be computed as follows:

1 b l-a o
Do(iialleis) = — lng((P + d2) (L=p)Y +(1=p=b)"p ) (4.G.46)
The above expression is minimized for

d2((1 _ p)2 _ p2d2/a)

b =byy =
P pd¥e 4+ (1 - p)d?

(4.G.47)

Let us now find the range of p such that b, € [0,1 — p]. Consider the following

expression:

pd*(1 = p + pd®)
PP+ (1= p)d

1= p—bop = (4.G.48)

The above expression is greater than or equal to zero for all p € [0, 1]. Therefore, b,y < 1-p

for all p € [0, 1]. Moreover, by, > 0 if and only if 0 < (1 — p)* — p*d**, which holds for all
pE [O, y ,(,H) If bope < 0, the value of b € [0, 1 — p] that minimizes the expression in (4.G.46)
is b = 0. Therefore, for all @ € (0, 1) U (1, 2], the a-geometric unextendible entanglement of

a d-dimensional erased state 77, , evaluates to the following;:

- 11 Bopi\' ™ )
Eu(ihy) = R logz[(p + d"‘) (1= p)* + (1 = p = bop)’ “pa] (4.G.49)
forall p € (O, dl/},H] where b, is defined in (4.G.47). For all p € (dl/a+1’ 2]
= 1 1
uf..p _ 1-a @ l-a
Eo(is) = 3 o1 logy(p' (1 = p)* + (1 = p)'~p"). (4.G.50)
This concludes the proof. o

Proof: [Proof of Proposition 4.7] The a-geometric unextendible entanglement of the
erased state serves as a lower bound on the a@-geometric unextendible entanglement of
the erasure channel, as is evident from (4.G.1). The expression for the a-geometric un-

extendible entanglement of the erased state 7/, derived in Proposition 4.8 was found to

293



be an upper bound on the a-geometric unextendible entanglement of a d-dimensional

erasure channel with erasure probability p. We give a brief outline of the proof here.

Consider a quantum channel #4_ . with the following Choi operator:
Iy = pd @4, ®leXels + (1 — p— b*) d D%, ® leXels + b*d D%, @ m. (4.G.51)
The two relevant marginals of this Choi operator are as follows:
5y = d((1 - p)®4y + p 14 @ leXels). (4.G.52)

which is the Choi operator of a d-dimensional erasure channel with erasure probability p,
and

T = d(p @4, + (1 = p = b)ma ® leXels + b'7a). (4.G.53)

The Choi operator I}t corresponds to a channel M, that lies in the set 7 (82_) B) if

b* € [0,1 - p], where &_; is a d-dimensional erasure channel with erasure probability p.

—B
By definition,

T op 15 (op b

EX&h_,) < 5Da(aH?||M,HE) (4.G.54)
for all b* € [0,1 — p]. Choosing b* = min{0, b,y}, where b is defined in (4.G.47), the
a-geometric Rényi relative entropy of &', with respect to M}, . evaluates to the expres-
sion which is equal to the @-geometric unextendible entanglement of the erased state 7,
derived in Proposition 4.8. Since the a-geometric unextendible entanglement of the era-

sure channel & |, cannot be less than the a-geometric unextendible entanglement of the

erased state 1/ ;,, we conclude that the two quantities are equal. o

4H Semidefinite programs

In this section we present all the semidefinite programs that were used in this work.
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1. Smooth-min unextendible entanglement of a state:

u(l —e) = Tr[Zyp] :

1 >0,Zi > 0,0 >0,
E"* (pap) = -3 log, max a e ABE . (4.H.1)

upap < Trplwape] + Zas,

Trelwage]l = pas

2. Max-unextendible entanglement of a state: The semidefinite program for the max-
unextendible entanglement of a state was given in [WWW24]. We include it here

for completeness.

A:

1 Aoap < Tralwage]
E: . (0aB) = =) log, max A prEABE . (4.H.2)

wage > 0,

Trelwage]l = pas

3. Smooth-min unextendible entanglement of a channel: The smooth-min relative
entropy of a channel N with respect to a channel M has a semidefinite program,
which was given in [WW19b, Proposition 2]. We use it to write the semidefinite

program for smooth-min unextendible entanglement of a channel as follows:

ull—g)—2Aa:

AZO,,L[ ZO, YAB ZO’FZX)BE > 0,

u,e
Emin AB — AB

1
(Nawp) = =5 log, max Uy < Teg|Th, | + Yap , (4.H.3)

Trp[Yap] < Ay,

TrE[rP

_ TN
ABE] =Ty

where I'}, is the Choi operator of the channel N,_,; defined in (4.3.3).

4. a-geometric unextendible entanglement of a channel: Fix ¢ € N. The a-geometric

unextendible entanglement of a channel N, for @ = 1+27¢ can be computed using
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the following semidefinite program:

EZ(NAHB) =2f min log, v,

yeRIH >0

MAE,{Ni\E}f:O,EHerm

subject to the constraints,

Trg [FZ:BE] =5
Tre [Mag] < yly,
Trg [T% .| = N

B[ ABE AE>

_M ™ -

AE AB > O,

N t
| 1—‘AB NAE_

_FN Nl 7
AE AE ZO Vie{l’z,...,'g}3

i i-1
_NAE NAE ]

(4.H.4)

(4.H.5)
(4.H.6)

(4.H.7)

(4.H.8)

(4.H.9)

where 1“2/ is the Choi operator of the channel N,_ 5 and the system E is isomorphic

B

to the system B. To compute the a-geometric unextendible entanglement of the

channel for other rational values of a see [FS17, Table 4].

4.1 Proof of Proposition 4.4

In this section, we evaluate the smooth-min relative entropy of entanglement of isotropic

states.

Consider an arbitrary d-dimensional isotropic state £1. Let 75 be the twirling chan-

nel defined in (4.6.13). Recall from (4.6.14) that this twirling channel transforms an arbi-

trary quantum state into an isotropic state. Also, an isotropic state is invariant under the
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action of 745. Let 0745 be an arbitrary quantum state. Then the following inequality holds:

Dfnin({fﬁ”UAB) 2 Dfnin(TAB(ffﬁ)HTAB(O'AB)) (4.I.1)

- Da (et @12)

for some F’ € [0, 1], where we have used the data-processing inequality for smooth-min
relative entropy to arrive at the inequality in (4.1.1) and we have used (4.6.14) to arrive at

the equality in (4.1.2).

The channel 745 can be implemented using local operations and common random-
ness, and hence, 745 transforms an arbitrary separable state 045 into a separable isotropic
state 5%, Tt is known from [HH99, Section V] that an isotropic state £, is separable
if and only if F’ < é. Therefore, for every separable state 045, the following inequality

holds:
Din(¢hslloras) = Dinl 245 112457) (4.13)
for some F’ € [0, :7] Since the above inequality holds for every separable state 045, we

can evaluate the smooth-min relative entropy of entanglement of an isotropic state by

optimizing over separable isotropic states only. That is,

Eq(¢ii) = ot Di(Gaillens?) - (4.14)

Using the definition of D?. from (4.5.25), we can write the smooth-min relative en-

tropy of entanglement of an isotropic state as follows:

Ej(fhd) = inf —log, inf {Te[Ausdis!|: Tr{Ausdly]| 21 -] (4.1.5)

F'G[O,%] 0<Aap<Iap

If 1 — & < F, we can choose A, = 204, to arrive at the following inequality:

1 -
Ey(id) > i —1og2( FgF’) (416)

Pref0.4]
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1 -
= —log, ) B sup log, F’ (4.1.7)
F T peor

=— logz(l—;g) +log, d, (4.1.8)
where the final equality follows from the monotonicity of the logarithm function.

If 1 — &> F, we can choose A to be the following:

I—S—F(

AAB:(D,%B'F =

Lip — %), (4.1.9)

which is a valid measurement operator with Tr[AAB{ fg{ ] = 1 — &. This choice of A yields
the following lower bound on the smooth-min relative entropy of entanglement of an

isotropic state:

. : R
ER(éfﬁ) 2 F,;?Ofd] —log, (F 7 (1 -F )) (4.1.10)
1 -—e-F\ 1-&g-F
= —log, sup {F’( £ ) + £ } (4.1.11)
Fref0,4] 1-F

= —log; wr {(F’ € ) } (4.1.12)

(
:_10g2((__1)( € 2 ) (4.1.13)

1
~ g, (1 _ (1 _ Zz) - F) (4.114)

Combining (4.1.8) and (4.1.14), we arrive at the following lower bound on the smooth-min

relative entropy of entanglement of an isotropic state:

—log, (1-(1-1%)1%) ifl-e>F

Ex(¢h) 2 : (4.1.15)
log, d + logz(ﬁ) otherwise

Let us now find an upper bound on the smooth-min relative entropy of entangle-

ment of an isotropic state. Using the SDP formulation of the smooth-min relative entropy
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from [WW19a, Eqn. (B2)], we can write the smooth-min relative entropy of entanglement

of isotropic states as follows:

Ey(fid)= inf —log, sup {u(l—&)=TrlXapl: ulfy < 45"+ Xan) (4.1.16)
Fref0,4] 1#20,X4520
=—log, sup {u(l-&)—TrlXas]: pdiy < Lh5" + Xap). (41.17)
Fef0,4],
NZO,I;(A;;()

where the last equality follows from the monotonicity of the logarithm function. The

following choice constitutes a feasible point of the SDP in (4.1.17):

ool d-l _ Fd-1
“d PTaa-Fy MPTaa-F)

d
Clearly u > 0 for every d > 1, and X,5 > 0 since we have assumed F > .%1' Also, ul jﬁ =

o4 (4.1.18)

£F4 + Xap as we see below:

s = d(ci_ 1F)F i d(ci_ lF)(l F )If};—_@f[g (4.1.19)
(d(ci = 1F) ;1 - 611) oy + 2 y 1 IAZZ__CDEB (4.1.20)
‘DZB ( ) fas = q)ld dlzf — ;) 4B (4.121)

= ciy'+ d(l F) (DAB (41.22)

Therefore, we can write the following upper bound on the smooth-min relative entropy

of entanglement:

e ( +F.d d-1 Fd-1
E ({AB) logz(m(l €) — a1 - F)) (4.1.23)
_ el—d)+d(1-F)
=1 2( a0 ) (4.1.24)
1
= —logz(l - ﬁ(l - 2)). (4.1.25)

The argument of logarithm in the above function expression is always positive if 1 - > F,
and it matches with the lower bound on the smooth-min relative entropy of entanglement

of an isotropic state obtained in (4.1.14).
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If 1 — & < F, then we can choose the following feasible point of the SDP in (4.1.17):
F' = -, M= - XAB = 0, (4126)

which leads to the following inequality:

—& i
Ef(¢hd) < —1og2(F—d) ifl-s<F (4.1.27)
F
~ log, d + logz(:) if1-e<F (4.1.28)

We can combine the inequalities in (4.1.25) and (4.1.28) to write the following inequality:

—log,(1-(1-1)1%) ifl-e>F

1-F

Ex(¢h) < : (4.1.29)
log, d + logz(ﬁ) otherwise

Since the upper bound on the smooth-min relative entropy of entanglement of an
isotropic state matches with the lower bound in (4.1.15), we conclude the statement of

Proposition 4.4.
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