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A quantum network promises unconditionally secure transmission of data between its

nodes by utilizing its ability to distribute entanglement across distant nodes. However,

for most practical purposes, the distribution of entanglement is affected by environmen-

tal noise. We study the limits of secure communication between two parties sharing an

arbitrary bipartite state or an arbitrary quantum channel under the one-way local op-

erations and classical communication (one-way LOCC) setting, particularly for the non-

asymptotic case. We use the ideas of unextendibility of entanglement to quantify the

resourcefulness of a bipartite state or a quantum channel for forward-assisted private

communication between its bearers, which we use to establish limits on the number of

secret bits that can be established between the two parties either exactly, or probabilisti-

cally, or approximately. Our results surpass several previously known limits on secure

communication under the considered setting. Additionally, several bounds presented in

our work are efficiently computable, including the bounds on the one-shot private capac-

ity of a channel, which are the first efficiently computable bounds on these quantities to

the best of our knowledge.



BIOGRAPHICAL SKETCH

Vishal Singh was born in the city of Lucknow in India, where he completed his high

school education. He obtained an Integrated Master of Science degree from the Depart-

ment of Physics at Indian Institute of Technology, Roorkee in 2019. He joined a Ph.D. pro-

gram at Louisiana State University in Spring 2021 and transferred to Cornell University

to continue his Ph.D. studies with Prof. Mark M. Wilde in Fall 2022.

iii



ACKNOWLEDGEMENTS

I am immensely thankful to my supervisor, Prof. Mark M. Wilde, for his guidance and

support throughout my time as a Ph.D. student. My interactions with him have not only

fueled scientific and professional development but also personal development. The mo-

tivation and encouragement I received from him were pivotal for navigating through the

difficult times of my graduate studies and setting a higher ceiling for myself.

I also thank Prof. Jayadev Acharya and Prof. Peter McMahon for their valuable advice

as members of my select committee. Their comments and suggestions helped me look at

research from new perspectives.

I am especially thankful to my collaborators, Tharon Holdsworth and Theshani Nu-

radha, for sharing their insights and bringing our collaborative works to fruition. I am

also thankful to Prof. Nilanjana Datta, Dr. Ludovico Lami, and Dr. Bartosz Regula for their

comments that significantly improved the quality of the works discussed in this thesis.

Much of this work was funded by the National Science Foundation under Grant

No. 2329662 and the School of Electrical and Computer Engineering at Cornell University.

I had the pleasure of sharing the workspace with a fantastic group of Ph.D. students at

Cornell. Each of my colleagues, Kaiyuan Ji, Hami Mehrabi, Michele Minervini, Hemant

Mishra, Theshani Nuradha, Dhrumil Patel, Aby Philip, Soorya Rethinasamy, and Aidan

Sims, demonstrated a unique approach to research, and they have greatly enriched my

interest in quantum information theory and mathematics. I carry fond memories and

incredible experiences from my short but invaluable time with them.

My time at Louisiana State University was also spent with great friends. I did not

feel far from home despite being on the opposite side of the globe thanks to Prerna Agar-

wal, Pratik Barge, Anshumitra Baul, Akhil Bhardwaj, Stav Haldar, Lauren Hingle, Tharon

Holdsworth, Vishal Katariya, Sumeet Khatri, Kunal Sharma, Karunya Shirali, and Sid-

iv



dharth Soni.

My career as a researcher would not have transpired without the inspiring discussions

I had with my peers at IIT Roorkee. I am immensely thankful to my friends Aemon,

Apoorva, Gargi, Gola, Kalaks, Kedarsh, Lien, Pallod, Sanket, Sid, and Sinha, who have

been an absolute joy to share my journey with.

Lastly, I thank my family for their unconditional love and support. I am grateful to my

parents for their encouragement and values that I shall carry with me forever, my brother

for being a pillar of support and inspiration for personal and professional development,

my sister for being the best of friends, and my nieces, Akshita and Avya, whose smiles

are the most precious gifts I have received.

v



TABLE OF CONTENTS

Biographical Sketch . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii
Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv
Table of Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi
List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . x
List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xi

1 Introduction 1

Bibliography 4

2 No-go theorem for probabilistic one-way secret-key distillation 7
2.1 Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.3 One-way secret-key distillation . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.4 Limitations on probabilistic one-way distillable secret key . . . . . . . . . . 15
2.5 Erased private state . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.6 Approximate vs. probabilistic secret key distillation . . . . . . . . . . . . . . 18
2.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

Bibliography 20

Appendix 25
2.A Equivalent definitions of probabilistic one-way distillable secret key . . . . 25
2.B The min-unextendible entanglement of bipartite states . . . . . . . . . . . . 27
2.C Proof of Lemma 2.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
2.D Convexity and openness of the set of super two-extendible states . . . . . . 35
2.E Proof of Proposition 2.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
2.F Proof of Theorem 2.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
2.G Proof of Proposition 2.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
2.H Proof of Corollary 2.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
2.I Coherent information of Werner states . . . . . . . . . . . . . . . . . . . . . . 41
2.J Coherent information of isotropic states . . . . . . . . . . . . . . . . . . . . . 44

3 Unextendible entanglement of quantum channels 46
3.1 Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
3.2 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.3 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.3.1 Quantum states and channels . . . . . . . . . . . . . . . . . . . . . . . 54
3.3.2 Quantum superchannels . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.4 k-extendibility . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
3.4.1 k-extendible states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

vi



3.4.2 k-extendible channels . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
3.4.3 k-extendible superchannels . . . . . . . . . . . . . . . . . . . . . . . . 62

3.5 Unextendible entanglement of quantum channels . . . . . . . . . . . . . . . 66
3.5.1 Generalized divergence of quantum states . . . . . . . . . . . . . . . 66
3.5.2 Generalized divergence of quantum channels . . . . . . . . . . . . . 68
3.5.3 Generalized unextendible entanglement of quantum states . . . . . . 72
3.5.4 Generalized unextendible entanglement of point-to-point quantum

channels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
3.6 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

3.6.1 Exact one-way distillable key of a channel . . . . . . . . . . . . . . . 86
3.6.2 Exact one-way distillable entanglement of a channel . . . . . . . . . . 92
3.6.3 Zero-error private capacity assisted by one-way LOCC . . . . . . . . 95
3.6.4 Zero-error quantum capacity assisted by one-way LOCC . . . . . . . 101

3.7 Unextendible entanglement of bipartite quantum channels . . . . . . . . . . 105
3.7.1 Bipartite k-extendible quantum channels . . . . . . . . . . . . . . . . 107
3.7.2 Bipartite k-extendible superchannels . . . . . . . . . . . . . . . . . . . 109
3.7.3 Unextendible entanglement of bipartite quantum channels . . . . . . 111

3.8 Applications of the unextendible entanglement of bipartite quantum chan-
nels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116
3.8.1 One-way distillable entanglement of a quantum state-channel pair . 117
3.8.2 Distillable key of a quantum state-channel pair . . . . . . . . . . . . . 123

3.9 Numerical calculations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126
3.9.1 Semidefinite program for α-geometric unextendible entanglement

of point-to-point channels . . . . . . . . . . . . . . . . . . . . . . . . . 131
3.9.2 Semidefinite program for α-geometric unextendible entanglement

of bipartite channels . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133
3.9.3 Semicausal channel for probabilistic distillation of resource . . . . . 134

3.10 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138
3.10.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138
3.10.2 Future directions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

Bibliography 141

Appendix 150
3.A Proof of Proposition 3.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150
3.B Proof of Proposition 3.11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151
3.C Proof of Corollary 3.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153
3.D Proof of Proposition 3.15 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157
3.E Proof of Proposition 3.16 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158
3.F Proof of Proposition 3.17 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161
3.G Proof of Theorem 3.7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162
3.H Proof of Theorem 3.8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

vii



3.I Proof of Proposition 3.26 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166
3.J Unextendible entanglement of erasure channels . . . . . . . . . . . . . . . . 169
3.K Unextendible entanglement of depolarizing channels . . . . . . . . . . . . . 176

4 Extendibility limits quantum-secured communication and key distillation 183
4.1 Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183
4.2 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184

4.2.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184
4.2.2 Secret-key distillation from states . . . . . . . . . . . . . . . . . . . . . 185
4.2.3 Private communication over channels . . . . . . . . . . . . . . . . . . 186
4.2.4 Methods used in this work . . . . . . . . . . . . . . . . . . . . . . . . 187
4.2.5 Summary of results and organization of the paper . . . . . . . . . . . 188

4.3 Notation and Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191
4.3.1 Quantum states and channels . . . . . . . . . . . . . . . . . . . . . . . 191
4.3.2 Quantum superchannels . . . . . . . . . . . . . . . . . . . . . . . . . . 193

4.4 One-way secret-key distillation . . . . . . . . . . . . . . . . . . . . . . . . . . 194
4.4.1 Bipartite private states . . . . . . . . . . . . . . . . . . . . . . . . . . . 195
4.4.2 One-shot, one-way distillable key of a state . . . . . . . . . . . . . . . 196

4.5 Two-extendibility . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 198
4.5.1 Two-extendible states and channels . . . . . . . . . . . . . . . . . . . 198
4.5.2 Unextendible entanglement of states . . . . . . . . . . . . . . . . . . . 201

4.6 Limits on secret-key distillation from bipartite states . . . . . . . . . . . . . . 209
4.6.1 Smooth-min unextendible entanglement upper bound on one-shot

distillable secret key of bipartite states . . . . . . . . . . . . . . . . . . 214
4.6.2 One-way secret-key distillation from i.i.d. copies of a state . . . . . . 225
4.6.3 One-way secret-key distillation in the asymptotic setting . . . . . . . 229

4.7 Forward-assisted private communication from channels . . . . . . . . . . . 234
4.7.1 One-shot, one-way distillable key of a channel . . . . . . . . . . . . . 235
4.7.2 Unextendible entanglement of channels . . . . . . . . . . . . . . . . . 239
4.7.3 Upper bounds on the one-shot private capacity of a channel . . . . . 246

4.8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 257

Bibliography 259

Appendix 267
4.A Proof of Proposition 4.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 267
4.B Proof of Proposition 4.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 268
4.C Proof of Equation (4.6.28) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 269
4.D Proof of Theorem 4.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 275
4.E Proof of Lemma 4.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 281
4.F Proof of Proposition 4.6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 283
4.G Proof of Proposition 4.7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 286
4.H Semidefinite programs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 294

viii



4.I Proof of Proposition 4.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 296

ix



LIST OF TABLES

3.1 A list of our results for point-to-point quantum channels. We give upper
bounds on several quantities related to quantum communication, as well
as private communication, over a quantum channel in terms of the un-
extendible entanglement of the channel. In each of these scenarios, the
quantum channel is denoted by NA→B, and local operations and forward
classical communication from Alice to Bob are allowed for free. . . . . . . . 51

3.2 A list of our results for bipartite quantum channels. We give upper bounds
on the non-asymptotic probabilistic and zero-error distillable entangle-
ment and distillable key of a bipartite quantum state ρAB and n instances
of a bipartite quantum channel NAB→A′B′ , in terms of the unextendible en-
tanglement of the state and channel. . . . . . . . . . . . . . . . . . . . . . . . 51

4.1 A list of our results for secret-key distillation from a bipartite state when
using one-way LOCC channels, in the one-shot and asymptotic settings. . . 189

4.2 A list of our results for forward-assisted private communication from
point-to-point quantum channels in the one-shot and asymptotic settings. . 189

x



LIST OF FIGURES

3.1 The figure on the left shows the decomposition of a superchannel
Θ(A→B)→(C→D) into a pre-processing channel EC→AM and a post-processing
channelDBM→D connected by a memory system M. The figure on the right
shows the composition of the unique bipartite channel QΘCB→AD associated
with a superchannel Θ(A→B)→(C→D). . . . . . . . . . . . . . . . . . . . . . . . . 56

3.2 Diagrammatic representation of a protocol generating a bipartite private
state γCDC′D′ between Alice and Bob through multiple uses of a quantum
channel NA→B. The protocol is enacted through the local operations E and
D and one-way classical communication from Alice to Bob. Systems C and
D form the key while C′ and D′ are the shield systems. . . . . . . . . . . . . 88

3.3 Diagrammatic representation of the protocol establishing a d-dimensional
maximally entangled state Φd

CD between Alice and Bob through multi-
ple uses of a quantum channel NA→B in parallel. The protocol is enacted
through the local operations E and D and one-way classical communica-
tion from Alice to Bob. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

3.4 Decomposition of a semicausal channel between Alice and Bob that is
nonsignaling from Bob to Alice. . . . . . . . . . . . . . . . . . . . . . . . . . 106

3.5 Protocol to distill a maximally entangled state ΦC′D′ from a bipartite quan-
tum state ρCD, a bipartite channel NAB→A′B′ , and one-way LOCC pre-
processing and post-processing channels ECD→AMABMB and DA′MAB′MB→C′D′ ,
respectively. The dotted line represents the separation between Alice and
Bob’s labs. All systems above the dotted line are held by Alice and all
systems below the dotted line are held by Bob. . . . . . . . . . . . . . . . . . 117

3.6 Here we plot the α-geometric unextendible entanglement of the channel
mentioned in (3.9.41), for α = 1+2−10. The channel takes a two-dimensional
state as input. The α-geometric unextendible entanglement of a channel is
an upper bound on the probabilistic one-way distillable entanglement as
well as the probabilitic one-way distillable key of the channel for all α ∈ (1, 2].137

3.7 Here we plot the upper bounds on the unextendible entanglement of the
two-dimensional and the three-dimensional erasure channel induced by
the Belavkin–Staszewski relative entropy using the analytical expression
given in Proposition 3.28. We also plot the numerical values of the α-
geometric unextendible entanglement calculated for α = 1 + 2−10 using
the semidefinite program given in Proposition 3.24. . . . . . . . . . . . . . . 171

3.8 Here we plot the unextendible entanglement of the two-dimensional and
the three-dimensional depolarizing channel induced by the Belavkin–
Staszewski relative entropy using the analytical expression given in
Proposition 3.30. We also plot the numerical values of the α-geometric un-
extendible entanglement calculated for α = 1 + 2−10 using the semidefinite
program given in Proposition 3.24. . . . . . . . . . . . . . . . . . . . . . . . . 177

xi



4.1 (a) Schematic diagram of a one-way LOCC channel L→AB→A′B′ , as defined
in (4.3.5), acting on a bipartite state ρAB. (b) Schematic diagram of a one-
way LOCC superchannel Θ(A→B)→(C→D), defined in (4.3.6) with M being a
classical system, acting on a channel NA→B. . . . . . . . . . . . . . . . . . . . 192

4.2 Schematic diagram of approximate distillation of a bipartite private state
γk

A′B′A′′B′′ from a state ρAB using a one-way LOCC channel L→AB→A′B′A′′B′′ ,
where the error in distillation, denoted by ε, is defined in (4.4.5). . . . . . . 197

4.3 Upper bounds on the one-shot one-way distillable key of an isotropic
state, described in (4.6.41), using (4.6.39). (a) Upper bounds for a two-
dimensional isotropic state for different values of ε plotted against the pa-
rameter F. (b) Upper bounds for a three-dimensional isotropic state for
different values of ε plotted against the parameter F. (c) For ε = 0.01, com-
parison between the upper bounds obtained for a single copy of a two-
dimensional isotropic state with the upper bound obtained for two copies
of a two-dimensional isotropic state, plotted against the parameter F. . . . 219

4.4 Comparison between the upper bounds on the one-shot, one-way distil-
lable key of two-dimensional and three-dimensional isotropic states, pa-
rameterized as given in (4.6.41), obtained using Theorem 4.2 and Proposi-
tion 4.4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 221

4.5 Comparison between the upper bounds on the one-shot, one-way dis-
tillable key of two-dimensional isotropic states, parameterized as given
in (4.6.41), obtained using Theorem 4.2, Corollary 4.1, and Corollary 4.2. . . 225

4.6 Upper bounds on the n-shot, one-way distillable-key rate of isotropic
states using Corollary 4.3 and setting α → ∞. The upper bounds are
plotted for different values of the parameter F of the isotropic state, with
respect to the parameterization given in (4.6.41), against the number of
copies of the isotropic state, and ε is set equal to 0.01. . . . . . . . . . . . . 229

4.7 Schematic diagram of secret-key distillation from a channel NA→B using a
one-way LOCC superchannel Θ. The error in the distillation process, de-
noted by ε, is given by the infidelity between the state σA′B′A′′B′′ established
at the end of the protocol and a private state γk

A′B′A′′B′′ that holds log2 k secret
bits. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 236

4.8 Schematic diagram of private communication over a channel NA→B, with
an isometric extension UNA→BE, using a one-way LOCC superchannel Θ.
The objective of this protocol is to send an arbitrary classical label x from
Alice to Bob such that the state of an eavesdropper, who holds the system
E, is independent of the state Bob receives. The error in private communi-
cation, denoted by ε, is defined in (4.7.6). . . . . . . . . . . . . . . . . . . . . 237

xii



4.9 Upper bound on the number of private bits that can be transmitted over a
single use of an erasure channel assisted by local operations and forward-
classical communication. The upper bound given in Theorem 4.4 is plotted
against the erasure probability of an erasure channel for different values
of ε. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 248

4.10 Upper bound on the n-shot private capacity of an erasure channel with the
error parameter ε = 10−7. The bounds are computed for different values of
α using Corollary 4.5, where the α-geometric unextendible entanglement
of the erasure channel is computed using Proposition 4.7. . . . . . . . . . . 251

xiii



CHAPTER 1

INTRODUCTION

Ensuring the secrecy of a message transmitted over a network shared by multiple par-

ties is of utmost importance in the information age. Several public key cryptographic

schemes have been developed in the last few decades, facilitating secure communication

over large-scale networks. However, the security of the current cryptographic schemes

can only be guaranteed in the presence of a computationally restricted eavesdropper. The

advancements towards a fault-tolerant quantum computer perhaps pose the most seri-

ous threat to information security as they can break the most widely used cryptographic

schemes, including RSA [Sho97, MNM+16, ST21]. The lack of unconditional security

guarantees of such cryptographic schemes also leaves them susceptible to attacks based

on classical algorithms that may be developed in the near future.

Remarkably, several cryptographic schemes have been developed that exploit the laws

of quantum mechanics to ensure unconditional security against an eavesdropper that

is bound by the laws of quantum mechanics [BB84, Eke91, BBM92] (see [PAB+20] for a

review). The theoretical guarantees of these schemes have been a major stimulus for the

development of large-scale quantum networks [Kim08, WEH18]. As technology advances

to implement quantum cryptographic schemes over a quantum network, the necessity to

understand the rate of communication over such networks from an information-theoretic

perspective grows ever so relevant.

In this thesis, we present three papers that significantly advance our understanding

of the limitations on secure communication, also called private communication, between

two parties in a quantum network. Entanglement is the primary resource that facilitates

the distribution of an unconditionally secure key over a quantum network, in the sense

1



argued in [CLL04]. We study the task of establishing a secret key between two parties that

either hold one share each of an entangled quantum state, or they have access to a one-

way quantum channel. We assume that the parties can perform any quantum operations

on the system in their possession, and one party can send an arbitrary amount of public

classical data to the other. This setting is commonly called secret-key distillation assisted

by one-way local operations and classical communication (one-way LOCC), and it has

been a subject of several studies due to its practical significance [DW05, RR12, KKGW21].

The primary tool used in our investigation is the unextendibility of entanglement. Un-

extendibility has been of fundamental interest in quantum information theory since the

seminal works of [Wer89, Wer90]. More recently, it has been studied from a resource-

theoretic perspective, which has led to efficiently computable bounds on quantities of

interest in quantum Shannon theory, such as the one-shot, forward-assisted quantum ca-

pacity of a channel [KDWW19, KDWW21], one-way distillable key of a state [WWW24],

and the maximum probability with which a message can be sent over a channel with one-

way LOCC assistance [BBFS21, HSW23]. We use the resource theory of unextendibility

to study the task of key distillation and private communication in the probabilistic, zero-

error, and approximate settings, obtaining several efficiently computable bounds on the

relevant quantities of interest in each of these settings.

The contents of the thesis are organized as follows: In Chapter 2, we study the prob-

abilistic distillation of secret keys from a bipartite state using a one-way LOCC chan-

nel. We identify a large class of quantum states that are useless for this task, essentially

stating a no-go theorem for probabilistic key distillation with one-way LOCC. In Chap-

ter 3, we develop tools to quantify the entanglement of a channel based on the ideas of

unextendibility. We then use the thus-defined entanglement measure, dubbed the unex-

tendible entanglement of channels, to obtain efficiently computable upper bounds on the

2



zero-error, forward-assisted quantum capacity and zero-error, forward-assisted private

capacity of a channel. We also obtain efficiently computable upper bounds on the prob-

abilistic one-way distillable key of a state assisted by one-way LOCC and a semicausal

bipartite quantum channel. Finally, in Chapter 4, we obtain efficiently computable upper

bounds on the one-shot, one-way distillable key of a state and the one-shot, forward-

assisted private capacity of a channel using the unextendible entanglement of channels

defined in the preceding chapter. These are the first efficiently computable bounds on

these quantities to the best of our knowledge. We also find efficiently computable bounds

on these quantities for some special cases in the independent and identically distributed

(i. i. d.) setting.
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CHAPTER 2

NO-GO THEOREM FOR PROBABILISTIC ONE-WAY SECRET-KEY

DISTILLATION1

2.1 Abstract

The probabilistic one-way distillable secret key is equal to the largest expected rate at

which perfect secret key bits can be probabilistically distilled from a bipartite state by

means of local operations and one-way classical communication. Here we define the set

of super two-extendible states and prove that an arbitrary state in this set cannot be used

for probabilistic one-way secret-key distillation. This broad class of states includes both

erased states and all full-rank states. Comparing the probabilistic one-way distillable

secret key with the more commonly studied approximate one-way distillable secret key,

our results demonstrate an extreme gap between them for many states of interest, with

the approximate one-way distillable secret key being much larger. Our findings naturally

extend to probabilistic one-way entanglement distillation, with similar conclusions.

2.2 Introduction

Quantum key distribution has emerged as one of the most promising applications of a

quantum network, as it facilitates unconditionally secure communication between dis-

tant parties [XMZ+20, PR22, ZvLAF+23]. It allows the transmission of private data be-

tween multiple parties, such that the security is ensured by the laws of quantum mechan-

1V. Singh and M. M. Wilde, “No-go theorem for probabilistic one-way secret-key distillation”,
arXiv:2404.01392, under review in Quantum
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ics [BB84, Eke91], instead of relying on computational assumptions about the eavesdrop-

per [KL07]. The rapid development of quantum network technologies demands a strong

understanding of our ability to distribute a secret key over a quantum network equipped

with some available resources.

Entanglement is a major ingredient that ensures quantum mechanically secure com-

munication [Eke91], and it is in fact necessary as well, in the sense argued in [CLL04].

However, the ability of a quantum state to establish a secret key is not a trivial conse-

quence of its entanglement content. Indeed, the seminal work of [HHHO05, HHHO09]

established the existence of bound entangled states [HHH98] that furnish a secret key

upon local measurements. This motivates a separate discussion of the privacy content in

a quantum state that is clearly distinct from its entanglement content.

The distillation of secret key from a quantum state under a restricted set of operations

has garnered interest [DW05, HHHO05, Chr06, CEH+07, HHH+08, HHHO09, CSW12],

due to its practical and foundational significance in quantum information science and,

particularly, quantum privacy [WTB17, QSW18]. Despite the differences, the theory of

entanglement is intimately linked with quantum privacy, and a deeper understanding of

one can reveal insights into the other. A specific task of interest is the distillation of secret

key under local operations and one-way classical communication, abbreviated as one-

way LOCC, due to its physically motivated setting and relation with the private capacity

of quantum channels [CWY04, Dev05].

In this paper, we analyze the probabilistic secret-key distillation approach in which a

perfect secret key is distilled from an initial bipartite state, albeit probabilistically. In par-

ticular, we study the one-way distillable secret key of a bipartite state in the probabilistic

setting, which is roughly defined as the maximum achievable expected rate of distilling
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secret key bits from an arbitrarily large number of copies of the state using one-way LOCC

channels.

The particular contributions of our paper are as follows. We first establish the def-

inition of probabilistic one-way distillable secret key, which is fundamentally different

from approximate one-way distillable secret key [DW05]. We find a set of states, called

the set of super two-extendible states, which have no probabilistic one-way distillable secret

key and can also be described via semidefinite constraints. Using the examples of erased

states and full-rank states, we show that there exists an extreme gap between the proba-

bilistic one-way distillable secret key and the approximate one-way distillable secret key

for several states, with the former being equal to zero while the latter is strictly non-zero

for these examples.

Our results establish fundamental limitations on probabilistic secret-key distillation,

and consequently on probabilistic entanglement distillation, under one-way LOCC chan-

nels. The class of super two-extendible states provides a computationally-friendly

framework for analyzing secret-key distillation in a resource-theoretic setting, due to its

semidefinite characterization. Furthermore, our results emphasize the importance of al-

lowing some error in secret-key distillation, as doing so can facilitate key distillation from

otherwise undistillable states.

One of the main tools that we use to establish our results is the resource theory

of unextendibility [KDWW19, KDWW21] and its state-dependent variation [WWW24].

This resource theory was developed in [KDWW19, KDWW21] as a relaxation of the re-

source theory of entanglement, in which one-way LOCC channels are allowed for free.

An important quantity that we employ is the min-unextendible entanglement of a bi-

partite state [WWW24]. Our work also provides significant improvements on existing
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bounds [WWW24, Sec. V.D] regarding the overhead of probabilistic one-way secret key

distillation.

2.3 One-way secret-key distillation

Let us begin by considering the task of secret-key distillation. The objective of such a

protocol LAB→A′B′ is to transform a bipartite state ρAB, purified by ψABE, into a tripartite

key state as follows:

LAB→A′B′(ψABE) =
1
k

k−1∑
i=0

|i⟩⟨i|A′ ⊗ |i⟩⟨i|B′ ⊗ σE, (2.1)

where σE is an arbitrary quantum state. Alice and Bob, holding systems A′ and B′ re-

spectively, can use the classically correlated state shared between them to communicate

a message of log2 k bits using the one-time-pad scheme. Any eavesdropper holding the

system E cannot decipher anything about the message because σE is independent of the

symbol i, hence, ensuring secrecy of the communication.

In [HHHO05, HHHO09], it has been shown that the distillation of a secret key is equiv-

alent to the distillation of a bipartite private state of the following form:

γk
A0A1B0B1

B
1
k

k−1∑
i, j=0

|ii⟩⟨ j j|A0B0 ⊗ UiωA1B1U
†

j , (2.2)

where ωA1B1 is an arbitrary quantum state and (Ui)k−1
i=0 is a tuple of unitary operators. The

systems A0B0 are the key systems, and A1B1 are the shield systems. The bipartite private

state defined in (2.2) can be used to distill at least log2 k secret key bits. We can hence

reframe the task of secret key distillation into the distillation of bipartite private states.

From here on we simplify the labeling for the key systems and shield systems: when
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referring to a private state γk
A0A1B0B1

, we group the systems held by Alice into one system

label A B A0A1 and all the systems held by Bob into one system label B B B0B1.

In a probabilistic one-way secret-key distillation protocol, Alice and Bob use local op-

erations and one-way classical communication from Alice to Bob to distill a secret key, or

equivalently a bipartite private state, from a shared resource state ρAB with some proba-

bility p ∈ [0, 1]. The distillation process can be mathematically described as the action of

a one-way LOCC channel L→AB→XA′B′ on the resource state ρAB as follows:

L→AB→XA′B′(ρAB) = p[1]X ⊗ γ
k
A′B′ + (1 − p)[0]X ⊗ σA′B′ , (2.3)

where we have used the shorthand [i] B |i⟩⟨i|. In (2.3), γk
A′B′ is a bipartite private state with

at least log2 k bits of secrecy, system X is a classical flag indicating the success or failure of

the protocol, and σA′B′ is an arbitrary quantum state generated when the protocol fails to

distill a private state.

In any probabilistic secret-key distillation protocol, both parties must have access to

the flag X in order to use the distilled key for private communication. Suppose a prob-

abilistic secret-key distillation protocol fails to establish a secret key. In that case, both

parties involved in the distillation process can discard their systems and repeat the pro-

tocol with another instance of the resource state. If one-way LOCC channels are available

for free, it suffices to demand that Alice receives the flag X since she can send the flag to

Bob using the freely available forward classical channel.

We can now quantify the resource in a bipartite state that is relevant for the task of

secret-key distillation using one-way LOCC channels. For this purpose, we define the

probabilistic one-way distillable secret key of a bipartite state as follows:

Definition 2.1 The probabilistic one-way distillable secret key of a bipartite state ρAB is the max-
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imum expected rate at which secret key bits can be distilled from a bipartite state using one-way

LOCC channels. It is formally defined as

K→D (ρAB) B lim inf
n→∞

1
n

K(1),→
D (ρ⊗n

AB), (2.4)

where the one-shot probabilistic one-way distillable secret key is defined as

K(1),→
D (ρAB) B sup

p∈[0,1],k∈N
L→∈1WL,γk

A′B′


p log2 k :

L→(ρAB) = p[1]XA ⊗ γ
k
A′B′ + (1 − p)[0]XA ⊗

IA′B′

d′Ad′B

 . (2.5)

In the above, L→AB→XAA′B′ is a one-way LOCC channel, 1WL denotes the set of all one-way LOCC

channels, the optimization is over every private state γk
A′B′ of log2 k secret key bits, XA is a classical

flag held by Alice, and IA′B′ is the identity operator.

In (2.5) we require that the state generated upon failure of the protocol is a maximally

mixed state. This additional constraint on secret-key distillation protocols does not affect

the maximum expected number of secret key bits that can be distilled from a bipartite

state using one-way LOCC channels as we show in Appendix 2.A.

It is worthwhile to note that a maximally entangled state of Schmidt rank k is a pri-

vate state holding log2 k secret key bits [HHHO05, HHHO09]. As such, any entanglement

distillation protocol can be transformed into a secret-key distillation protocol without af-

fecting the rate of distillation. Hence, the one-way distillable secret key of a quantum state

is not less than the one-way distillable entanglement of the state in both the probabilistic

and approximate settings.

A simpler way to analyze the probabilistic distillation of secret keys under the action

of one-way LOCC channels is by considering the erasure symbol. The erasure symbol [e]

is defined to be orthogonal to every state in the span of {|i⟩⟨ j|}d−1
i, j=0, where d is the dimension

of the underlying system. For practical purposes, one can think of the erasure symbol as
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a pure state in the (d+1)-dimensional Hilbert space that is orthogonal to every state in the

d-dimensional Hilbert space which represents the system of interest. In the case of a joint

system S which comprises multiple subsystems, say, S 1, S 2, . . . , S k, the erasure symbol [e]S

can be represented as follows:

[e]S = [e]S 1 ⊗ [e]S 2 ⊗ · · · ⊗ [e]S k , (2.6)

which is orthogonal to every state on the system S , and hence, it is consistent with the

definition of the erasure symbol.

In a one-way secret-key distillation protocol, if Alice finds the flag XA in the state [0]XA ,

she can erase her state, and she can instruct Bob to erase his state as well. We call the

resulting state the doubly erased private state, which has the following form:

η
p,k
AB B p γk

AB + (1 − p)[e]A ⊗ [e]B, (2.7)

where Both Alice and Bob can retrieve the flag by performing the POVM {Π, [e]} on their

respective systems, where Π B
∑d−1

i=0 [i]. They can further replace their state with a maxi-

mally mixed state upon measuring the erasure symbol, hence retrieving the distilled state

in (2.5). That is,

η
p,k
AB

LO
←→ p[1]XA ⊗ γ

k
A′B′ + (1 − p)[0]XA ⊗

IA′B′

dA′dB′
. (2.8)

Since the transformation in (2.8) can be effected by one-way LOCC only, the distillation

of the doubly erased private state ηp,k
AB is equivalent to the distillation of log2 k secret key

bits with probability p.

Min-unextendible entanglement—The min-unextendible entanglement of a bipartite

state was defined in [WWW24, Sec. 4.2] as a monotone for the state-dependent resource

theory of unextendibility. We briefly mention the relevant properties of this quantity here,

and we refer the reader to [WWW24] for a detailed presentation of the resource theory of

unextendibility.
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The min-unextendible entanglement is defined with respect to the min-relative en-

tropy [Dat09, Def. 2] as follows:

Eu
min(ρAB) B inf

σAB∈F (ρAB)
−

1
2

log2 Tr
[
Π
ρ
ABσAB

]
, (2.9)

where ΠρAB is the projection onto the support of ρAB and the optimization is over all states

in the following set:

F (ρAB) B


TrB[ωABB′] : ρAB = TrB′[ωABB′] ,

ωABB′ ∈ S(ABB′)

 , (2.10)

with S(ABB′) the set of all states of the joint system ABB′ and system B′ being isomorphic

to system B.

The min-unextendible entanglement of a bipartite state has several properties relevant

to our discussion. Firstly, it is non-negative, and it is additive with respect to tensor

products of states. It is monotonic under the action of two-extendible channels, as defined

in [KDWW19, KDWW21], which is a superset of one-way LOCC channels. As such, the

min-unextendible entanglement of a bipartite state does not increase under the action

of one-way LOCC channels. Lastly, the min-unextendible entanglement of a bipartite

private state is not less than the number of secret key bits held by the private state. See

Appendix 2.B for more details.

Remark 2.1 The min-unextendible entanglement of a bipartite state does not increase under one-

way LOCC channels. Hence, the transformation in (2.8) implies the following equality:

Eu
min

(
η

p,k
AB

)
= Eu

min

(
p[1]XA ⊗ γ

k
AB + (1 − p)[0]XA ⊗

IAB

dAdB

)
. (2.11)
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2.4 Limitations on probabilistic one-way distillable secret key

The monotonicity of the min-unextendible entanglement of a bipartite state under the

action of one-way LOCC channels implies that the min-unextendible entanglement of

the target state in a probabilistic one-way secret-key distillation protocol does not exceed

the min-unextendible entanglement of the source state. We first present a lower bound on

the min-unextendible entanglement of the doubly erased private state, which is the target

state of a probabilistic one-way secret-key distillation protocol.

Lemma 2.1 For all p ∈ [0, 1] and every integer k ≥ 2, the min-unextendible entanglement of a

doubly erased private state ηp,k
AB is bounded from below by the following quantity:

Eu
min

(
η

p,k
AB

)
≥ −

1
2

log2

( p
k2 + 1 − p

)
. (2.12)

Proof: See Appendix 2.C. □

The min-unextendible entanglement of the doubly erased private state ηp,k
AB is strictly

positive for all p ∈ (0, 1] and every integer k ≥ 2, and it is only equal to zero at p = 0

because the resulting state is a product state ([WWW24, Proposition 3]). As a consequence

of the one-way LOCC monotonicity of the min-unextendible entanglement, a state whose

min-unextendible entanglement is equal to zero cannot be used to distill any number

of secret key bits with a non-zero probability using one-way LOCC channels. This is

formally stated and proved in what follows.

Let us first analyze the set of states whose min-unextendible entanglement is equal to

zero. If there exists a state σAB ∈ F (ρAB) such that ρAB = σAB, then ρAB is a two-extendible

state [Wer89a, DPS02, DPS04], and its min-unextendible entanglement is equal to zero. A
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more general set of states for which the min-unextendible entanglement is equal to zero,

which we call super two-extendible states, can be defined as follows:

2-EXTsup(A : B) B


ρAB : ∃σAB ∈ F (ρAB) ,

supp(σAB) ⊆ supp(ρAB)

 . (2.13)

The set of super two-extendible states is convex and open (see Appendix 2.D).

Proposition 2.1 The min-unextendible entanglement of a quantum state is equal to zero if and

only if it is super two-extendible.

Proof: See Appendix 2.E. □

While the approximate one-way distillable secret key of a two-extendible state, also

known as an anti-degradable state [LDS18], is equal to zero [KW24, Thm. 15.43], the same

is not true for a general super two-extendible state, as we shall see later in this paper.

However, a super two-extendible state cannot be used for probabilistic one-way secret

key distillation since its min-unextendible entanglement is equal to zero. Combining this

fact with the additive property of the min-unextendible entanglement, we arrive at our

main no-go theorem stated as Theorem 2.1, which identifies a broad set of states for which

the probabilistic one-way distillable secret key is equal to zero.

Theorem 2.1 The probabilistic one-way distillable secret key of a super two-extendible state is

equal to zero.

Proof: See Appendix 2.F. □
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2.5 Erased private state

Let us consider the following state, which is established if Bob’s share of a bipartite private

state γk
AB gets erased with probability 1 − p:

η̃
p,k
AB B p γk

AB + (1 − p) TrB

[
γk

AB

]
⊗ [e]B, (2.14)

where TrB[·] refers to the partial trace of the argument over system B. We call the state in

(2.14) an erased private state.

Proposition 2.2 For all p ∈ [0, 1) and every integer k ≥ 2, the erased private state η̃p,k
AB is a super

two-extendible state and thus has probabilistic one-way distillable secret key equal to zero.

Proof: See Appendix 2.G. □

An erased state is defined as follows:

Φ̃
p,d
AB B p Φd

AB + (1 − p)
IA

dA
⊗ [e]B, (2.15)

whereΦd
AB is the maximally entangled state with Schmidt rank equal to d. Since the erased

state is a special case of an erased private state, it is in the set of super two-extendible

states for all p ∈ [0, 1), which leads to Corollary 2.1 stated below.

Corollary 2.1 For all p ∈ [0, 1) and every integer d ≥ 2, the probabilistic one-way distillable

secret key of the erased state Φ̃p,d
AB is equal to zero.

The class of full-rank states also is in the set of super two-extendible states, which

leads to Corollary 2.2 below.
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Corollary 2.2 All full-rank states are super two-extendible states, and the probabilistic one-way

distillable secret key of such quantum states is equal to zero.

Proof: See Appendix 2.H. □

The inability to probabilistically distill resource from full-rank states has been ob-

served in general quantum resource theories [Ken98, FL20, Reg22b]. Corollary 2.2 ex-

tends this result to probabilistic secret-key distillation under one-way LOCC channels.

This result also implies that the overhead of probabilistic secret-key distillation consid-

ered in [WWW24, Sec. V-B] is infinite for quantum states with full-rank density matrices,

thus providing a significant strengthening of the bounds from [WWW24, Sec. V-B].

2.6 Approximate vs. probabilistic secret key distillation

The probabilistic one-way distillable secret key is demonstrably different from the more

commonly studied approximate one-way distillable secret key of bipartite states. The

approximate one-way distillable secret key is not less than the approximate one-way

distillable entanglement of a state, which in turn is bounded from below by the coher-

ent information of the state [DW05, Thm. 10]. For p > 1
2 , the coherent information of

an erased state Φ̃p,d
AB is strictly non-negative. Similarly, the coherent information of some

isotropic [HH99] and Werner states [Wer89b], which are full-rank states, is non-zero (see

Appendices 2.I and 2.J). However, Corollaries 2.1 and 2.2 state that the probabilistic one-

way distillable secret key of these states is equal to zero, demonstrating an extreme gap

between the probabilistic and approximate one-way distillable secret key.
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2.7 Conclusion

We found a convex and open set of states, that we call super two-extendible states, from

which it is impossible to probabilistically distill secret key bits with any non-zero proba-

bility. Our main result is a no-go theorem stating that the probabilistic one-way distillable

secret key of a super two-extendible state, and consequently its probabilistic one-way dis-

tillable entanglement, is equal to zero.

We demonstrated an extreme gap between the probabilistic and approximate one-way

distillable secret key for some states. Considering the intermediate regime between prob-

abilistic and approximate distillation [FL20, Reg22a, EW22], where the goal is to distill

high-fidelity maximal-resource states with a non-zero probability, should interpolate be-

tween the two extreme cases.
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APPENDIX

2.A Equivalent definitions of probabilistic one-way distillable secret

key

In this section, we justify the definition of one-shot probabilistic one-way distillable secret

key of a bipartite state given in (2.5) by showing an equivalence between (2.5) and a

more general definition of the one-shot probabilistic one-way distillable secret key that

we propose in (2.A.2).

Consider a general probabilistic one-way secret-key distillation protocol in which a

one-way LOCC channel L→AB→XAA′B′ acts on a bipartite state ρAB to establish the following

state:

L→(ρAB) = p[1]XA ⊗ γ
k
A′B′ + (1 − p)[0]XA ⊗ σA′B′ , (2.A.1)

where γk
A′B′ is a bipartite private state holding log2 k secret key bits and σA′B′ is an arbitrary

bipartite state. As such, this protocol can be used to distill an expected number p log2 k of

secret key bits from a single instance of ρAB. The one-shot probabilitic one-way distillable

secret key of the state ρAB is defined generally as

K(1),→
D (ρAB) B sup

p∈[0,1],k∈N
L→∈1WL,γk

A′B′


p log2 k :

L→(ρAB) = p[1]XA ⊗ γ
k
A′B′ + (1 − p)[0]XA ⊗ σA′B′ ,

σA′B′ ∈ S(A′B′)


. (2.A.2)

In the presence of forward classical communication, Alice can send a copy of the flag

XA to Bob, so that both parties know when the protocol is unsuccessful in establishing the
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private state γk
A′B′ , hence, arriving at the following state:

(CXA→XAXB ◦ L
→) (ρAB) = p[1]XA ⊗ [1]XB ⊗ γ

k
A′B′ + (1 − p)[0]XA ⊗ [0]XB ⊗ σA′B′ , (2.A.3)

where CXA→XAXB is a classical channel that copies the classical data from XA to XB. Now

that both parties hold a copy of the flag, they can trace out their states and replace them

with a locally prepared maximally mixed state if the flag indicates that the protocol was

unsuccessful in establishing a private state. That is, Alice applies the following local

channel on her system:

RXAA′→XAA′(·) =
IA′

dA′
⊗ TrB′

[
[0]XB (·) [0]XB

]
+ idXAA′→XAA′

(
[1]XA (·) [1]XA

)
, (2.A.4)

and Bob applies the corresponding local channel on his systems. Tracing out Bob’s flag,

we arrive at the following quantum state:

(R ◦ C ◦ L→)(ρAB) = p[1]XA ⊗ γ
k
A′B′ + (1 − p)[0]XA ⊗

IA′

dA′
⊗

IB′

dB′
(2.A.5)

= p[1]XA ⊗ γ
k
A′B′ + (1 − p)[0]XA ⊗

IA′B′

dA′dB′
. (2.A.6)

Observe that R ◦ C ◦ L→ is also a one-way LOCC channel that distills an expected

number p log2 k of secret key bits from a single instance of ρAB. Since such a one-way

LOCC transformation can be designed for every one-way LOCC channel L→AB→XAA′B′ , we

can conclude the following statement: if there exists a one-way LOCC channel that dis-

tills a quantum state of the form given in (2.A.1), then there also exists a one-way LOCC

channel that distills the quantum state of the form given in (2.A.6). As the expected num-

ber of secret key bits distilled from ρAB using either of the channels is equal to p log2 k, we

can restrict the optimization in the definition of one-shot probabilistic one-way distillable

secret key to channels that establish a quantum state of the form given in (2.A.6). Hence,

we arrive at the following equivalent definition of the one-shot probabilistic one-way dis-

tillable secret key given in (2.5).
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2.B The min-unextendible entanglement of bipartite states

A measure for quantifying the unextendibility of quantum states, called unextendible

entanglement, was introduced in [WWW24]. Let us briefly discuss this quantity, which

is one of the major components used to prove our main results. Recall that a generalized

divergence D is a function of two quantum states that is non-increasing under the action of

a quantum channel [PV10]. The unextendible entanglement of a bipartite state [WWW24]

is defined in terms of a generalized divergence as follows:

Definition 2.2 ([WWW24]) The generalized unextendible entanglement of a bipartite state ρAB,

induced by a generalized divergence D, is defined as

Eu(ρAB) B inf
σAB∈F (ρAB)

1
2

D(ρAB∥σAB) , (2.B.1)

where F (ρAB) is defined in (2.10).

We also use the notation Eu(ρA:B) to clarify the bipartition of systems over which the

unextendible entanglement is being considered.

The unextendible entanglement provides a framework to quantify the unextendibility

of a bipartite state ρAB with respect to the system B. Crucially, this quantity is mono-

tonic under the action of two-extendible channels [WWW24, Theorem 2], and hence, it is

also monotonic under the action of one-way LOCC channels. (See [KDWW19, KDWW21,

WWW24] for the definition of a two-extendible channel.) Stated formally, [WWW24, The-

orem 2] establishes the following: for every quantum state ρAB and two-extendible chan-

nel NAB→A′B′ , the following inequality holds:

Eu(ρAB) ≥ Eu(NAB→A′B′(ρAB)). (2.B.2)
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A different measure for unextendibility was considered in [KDWW19, KDWW21]

where the divergence was measured with respect to a fixed set of two-extendible states.

However, in Definition 2.2, the divergence is measured by means of a set of states that de-

pend on the input state itself. Although both measures are equal to the minimal possible

value of D when ρAB is two-extendible, they are not equal in general.

A particular example of interest and one of the main tools in our paper is the min-

unextendible entanglement [WWW24], defined as follows:

Eu
min(ρAB) B inf

σAB∈F (ρAB)

1
2

Dmin(ρAB∥σAB) , (2.B.3)

where Dmin is the min-relative entropy [Dat09, Def. 2]:

Dmin(ω∥τ) B − log2 Tr[Πωτ] , (2.B.4)

with ω a state, τ a positive semidefinite operator, and Πω the projection onto the support

of ω.

The min-unextendible entanglement has the following properties [WWW24]:

1. Non-negativity: The min-unextendible entanglement is non-negative for a bipartite

quantum state, as a consequence of the min-relative entropy being non-negative for

all pairs of states; that is,

Eu
min(ρAB) ≥ 0 ∀ρAB ∈ S(AB) . (2.B.5)

2. Additivity [WWW24, Prop. 15]: The min-unextendible entanglement is additive

with respect to a tensor product of the states ρA1B1 and σA2B2 :

Eu
min

(
ρA1:B1 ⊗ σA2:B2

)
= Eu

min
(
ρA1:B1

)
+ Eu

min
(
σA2:B2

)
. (2.B.6)
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3. Privacy bound [WWW24, Prop. 21] The min-unextendible entanglement of a bi-

partite private state γk
AB, holding log2 k secret key bits, is bounded from below as

follows:

Eu
min

(
γk

AB

)
≥ log2 k. (2.B.7)

2.C Proof of Lemma 2.1

Consider the following dephasing channel:

∆A(·) B ΠA (·)ΠA + [e]A (·) [e]A, (2.C.1)

whereΠA B
∑d−1

i=0 [i], so thatΠA[e] = [e]ΠA = 0. In Lemmas 2.2 and 2.3, we first characterize

the action of ∆A on an arbitrary state ωAE ∈ F
(
η

p,k
AB

)
. We then use Lemmas 2.2 and 2.3 to

prove Lemma 2.1.

Lemma 2.2 Let ωAE be an arbitrary state in the set F
(
η

p,k
AB

)
, where ηp,k is a doubly erased state, as

defined in (2.7). Then ∆A(ωAE) is also in the set F
(
η

p,k
AB

)
, where ∆A is defined in (2.C.1).

Proof: For every quantum stateωAE ∈ F
(
η

p,k
AB

)
, there exists a stateωABE with the following

marginals;

TrE[ωABE] = ηp,k
AB, (2.C.2)

TrB[ωABE] = ωAE. (2.C.3)

Note that the doubly erased state ηp,k
AB is invariant under the action of ∆A. Therefore,

the following equalities hold:

∆A

(
η

p,k
AB

)
= ∆A(TrE[ωABE]) (2.C.4)
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= TrE[∆A(ωABE)] (2.C.5)

= η
p,k
AB. (2.C.6)

This implies that ∆(ωABE) is also an extension of ηp,k
AB, and consequently, TrB[∆A(ωABE)] =

∆A(ωAE) is in the set F
(
η

p,k
AB

)
. □

Lemma 2.3 Let ωAE be an arbitrary state in the set F
(
η

p,k
AB

)
, where ηp,k is a doubly erased state of

the following form:

η
p,k
AB = p γk

AB + (1 − p)[e]A ⊗ [e]B, (2.C.7)

with γk
AB a bipartite private state holding log2 k secret key bits. Here systems E and B are isomor-

phic to each other. The action of the dephasing channel ∆A, defined in (2.C.1), on the state ωAE

results in the following state:

∆A(ωAE) = p σAE + (1 − p)[e]A ⊗ τE, (2.C.8)

where σAE ∈ F
(
γk

AB

)
and τE ∈ S(E).

Proof: For every quantum stateωAE ∈ F
(
η

p,k
AB

)
, there exists a stateωABE with the following

marginals;

TrE[ωABE] = ηp,k
AB, (2.C.9)

TrB[ωABE] = ωAE. (2.C.10)

Recall the definition of the dephasing channel ∆A from (2.C.1). The state arising from

the action of ∆A on the state ωABE can be decomposed as follows:

∆A(ωABE) = XABE + [e]A ⊗ YBE, (2.C.11)
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where [e]AXABE = XABE[e]A = 0. Since ∆A(ωABE) is a quantum state, ∆(ωABE) ≥ 0, which

implies the following operator inequalities:

XABE ≥ 0, (2.C.12)

[e]A ⊗ YBE ≥ 0, (2.C.13)

⇒ YBE ≥ 0, (2.C.14)

where we have used the fact that XABE and [e]A ⊗ YBE are orthogonal to each other.

Consider the marginal of ∆A(ωABE) on systems AB, which is equal to the following:

TrE[∆A(ωABE)] = TrE[XABE] + TrE[YBE] ⊗ [e]A (2.C.15)

We can also evaluate the marginal by first tracing out the system E and then applying the

dephasing channel; that is,

TrE[∆A(ωABE)] = ∆A (TrE[ωABE]) (2.C.16)

= p γk
AB + (1 − p)[e]A ⊗ [e]B. (2.C.17)

Comparing (2.C.15) and (2.C.17), and using the fact that [e]AXABE = 0, we arrive at the

following equalities:

TrE[XABE] = p γk
AB, (2.C.18)

TrE[YBE] = (1 − p)[e]B. (2.C.19)

Recall from (2.C.12) and (2.C.14) that XABE and YBE are positive semidefinite operators.

Using (2.C.18), we can further conclude that XABE
p is a quantum state that extends γk

AB.

Similarly, (2.C.19) implies that YBE
1−p is a quantum state that extends [e]B.

Any quantum state that extends [e]B is of the form [e]B ⊗ τE, where τE is an arbitrary

quantum state (and which can even be [e]E). Let us define the quantum state σAE B
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1
p TrB[XABE]. Since 1

p TrE[XABE] = γk
AB, σAE is in the set F

(
γk

AB

)
. The marginal of the state

∆A(ωABE) on systems AE can now be written as follows:

∆A(ωAE) = p σAE + (1 − p)[e]A ⊗ τE, (2.C.20)

where τE ∈ S(E) and σAE ∈ F
(
γk

AB

)
. □

Proof: [Proof of Lemma 2.1] The min-unextendible entanglement of ηp,k
AB is as follows:

Eu
min

(
η

p,k
AB

)
= inf

ωAB∈F (ηp,k)

1
2

Dmin

(
η

p,k
AB

∥∥∥∥ωAB

)
, (2.C.21)

where ηp,k
AB = p γk

AB + (1 − p)[e]A ⊗ [e]B with γk
AB a bipartite private state holding log2 k secret

key bits.

Consider an arbitrary state ωAB ∈ F
(
η

p,k
AB

)
. The min-relative entropy between η

p,k
AB and

ωAB obeys the following inequality:

Dmin

(
η

p,k
AB

∥∥∥∥ωAB

)
≥ Dmin

(
∆A

(
η

p,k
AB

) ∥∥∥∥∆A(ωAB)
)

(2.C.22)

= Dmin

(
η

p,k
AB

∥∥∥∥∆A(ωAB)
)
, (2.C.23)

where ∆A is defined in (2.C.1). The above inequality follows from the data-processing

of min-relative entropy and the subsequent equality follows from the invariance of the

doubly erased state under the action of the dephasing channel ∆A. We have shown in

Lemma 2.2 that ∆A(ωAB) also is in the set F
(
η

p,k
AB

)
. Then the inequality in (2.C.22)–(2.C.23)

implies that we can restrict the optimization in (2.C.21) to states ωAB such that ωAB =

∆A(ωAB). Alternatively, we can write the min-unextendible entanglement of the doubly

erased state as follows:

Eu
min

(
η

p,k
AB

)
= inf

ωAB∈F (ηp,k)

1
2

Dmin

(
η

p,k
AB

∥∥∥∥∆A(ωAB)
)
. (2.C.24)
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We have shown in Lemma 2.3 that the action of the channel ∆A on every state ωAB ∈

F
(
η

p,k
AB

)
results in a state of the following form:

∆A(ωAB) = p σAB + (1 − p)[e]A ⊗ τB, (2.C.25)

where τB ∈ S(B), and σAB ∈ F
(
γk

AB

)
. This leads to the following equalities:

Eu
min

(
η

p,k
AB

)
= inf

ωAB∈F (ηp,k)

1
2

Dmin

(
η

p,k
AB

∥∥∥∥∆A(ωAB)
)

(2.C.26)

= inf
σ,τ
−

1
2

log2 Tr
[
Πη

p,k
(p σAB + (1 − p)[e]A ⊗ τB)

]
(2.C.27)

= −
1
2

log2 sup
σ,τ

Tr
[
Πη

p,k
(p σAB + (1 − p)[e]A ⊗ τB)

]
, (2.C.28)

where Πηp,k is the projection onto the support of ηp,k
AB. The optimization in the second and

third equality is over all σAB ∈ F
(
γk

AB

)
and τB ∈ S(B). The last equality follows from the

monotonicity of the logarithm.

Note that γk
AB is orthogonal to [e]A ⊗ [e]B, and [e]A ⊗ [e]B is a projection. Therefore, we

can write the projection onto the support of ηp,k
AB as the following sum:

Π
ηp,k

AB = Π
γk

AB + [e]A ⊗ [e]B, (2.C.29)

where Πγ
k

AB is the projection onto the support of the bipartite private state γk
AB. Conse-

quently,

Eu
min

(
η

p,k
AB

)
= −

1
2

log2 sup
σ,τ

(
p Tr

[
Π
γk

ABσAB

]
+ (1 − p) Tr[([e]A ⊗ [e]B) ([e]A ⊗ τB)]

)
(2.C.30)

= −
1
2

log2 sup
σ,τ

(
p Tr

[
Π
γk

ABσAB

]
+ (1 − p) Tr[[e]A ⊗ ([e]EτB)]

)
, (2.C.31)

where the first equality follows from the fact that ([e]A ⊗ IB)σAB = 0 and Πγ
k

AB ([e]A ⊗ τB) = 0

for every quantum state τE.

It is clear that τB should be [e]B in order for the second term inside the logarithm in
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(2.C.31) to be non-zero. Therefore,

Eu
min

(
η

p,k
AB

)
= −

1
2

log2 sup
σ∈F (γk

AB)

(
p Tr

[
Πγ

k
σAB

]
+ 1 − p

)
(2.C.32)

= −
1
2

log2 sup
σ∈F (γk

AB)

p 2
−Dmin

γk
AB

∥∥∥∥σAB


+ 1 − p

 (2.C.33)

= −
1
2

log2

p 2
− inf

σ∈F(γk
AB) Dmin

γk
AB

∥∥∥∥σAB


+ 1 − p

 (2.C.34)

= −
1
2

log2

(
p 2−2Eu

min(γk
AB) + 1 − p

)
, (2.C.35)

where the second equality follows from the definition of min-relative entropy, the third

equality follows from the monotonicity of the exponential function, and the last equality

follows from the definition of the min-unextendible entanglement of quantum states.

It has been shown in [WWW24, Corollary 22] that the min-unextendible entanglement

of a bipartite private state holding log2 k bits of secrecy is not less than log2 k; that is,

Eu
min

(
γk

AB

)
≥ log2 k. (2.C.36)

Therefore,

p 2−2Eu
min(γk) ≤ p 2−2 log2 k =

p
k2 . (2.C.37)

From the monotonicity of the logarithm function,

log2

(
p 2−2Eu

min(γk
AB) + 1 − p

)
≤ log2

( p
k2 + 1 − p

)
, (2.C.38)

and hence,

Eu
min

(
η

p,k
AB

)
≥ −

1
2

log2

( p
k2 + 1 − p

)
∀p ∈ (0, 1), k ≥ 2. (2.C.39)

When p = 0, ηp,k
AB is a separable state, and hence, its min-unextendible entanglement is

equal to zero [WWW24, Proposition 3]. When p = 1, ηp,k
AB is a bipartite private state holding

log2 k bits of secrecy, and hence, its min-uenxtendible entanglement is not less than log2 k

as stated in [WWW24, Corollary 22]. Thus, we conclude the statement of Lemma 2.1. □
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2.D Convexity and openness of the set of super two-extendible states

First we show that the set of super two-extendible states is convex. Consider two quan-

tum states ρAB and τAB that are in the set of super two-extendible states. Let ρABE be an

extension of ρAB such that the following containment holds:

supp
(
TrB

[
ρABE

])
⊆ supp(ρAB) , (2.D.1)

where E is isomorphic to B. Note that the existence of such an extension is guaranteed

by the fact that ρAB is in the set of super two-extendible states. Similarly, let τABE be an

extension of τAB such that the following containment holds:

supp
(
TrB

[
τABE

])
⊆ supp(τAB) . (2.D.2)

Consider an arbitrary convex combination of the states ρAB and τAB:

σAB B p ρAB + (1 − p)τAB, (2.D.3)

where p ∈ [0, 1]. The following state is a valid extension of σAB:

ωABE B p ρABE + (1 − p)τABE, (2.D.4)

because

TrE[ωABE] = p ρAB + (1 − p)τAB = σAB. (2.D.5)

The other relevant marginal of ωABE can be expressed as follows:

TrB[ωABE] = p TrB
[
ρABE

]
+ (1 − p) TrB

[
τABE

]
. (2.D.6)

Note that σAB is in the set of super two-extendible states for p = 0 and p = 1 by

the assumption that ρAB and τAB are super two-extendible states. For all p ∈ (0, 1), the
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following holds:

supp(TrB[ωABE]) = supp
(
TrB

[
ρABE

])
∪ supp

(
TrB

[
τABE

])
(2.D.7)

⊆ supp
(
TrE

[
ρABE

])
∪ supp

(
TrE

[
τABE

])
(2.D.8)

= supp(TrE[ωABE]) (2.D.9)

= supp(σAB) , (2.D.10)

where the containment of the sets follows from (2.D.1) and (2.D.2).

Since the support of TrB[ωABE] is in the support of TrE[ωABE], we conclude that

TrE[ωABE] = σAB is a super two-extendible state for all p ∈ (0, 1) as well. Therefore, the

state σAB, which is a convex combination of two arbitrary super two-extendible states, is

super two-extendible for all p ∈ [0, 1], justifying that the set of super two-extendible states

is convex.

To show that the set of super two-extendible states is open, let us consider the example

of erased states defined in (2.15). The erased state Φ̃p,k
AB is a special case of an erased private

state η̃p,k
AB. Appendix 2.G establishes that an erased private state is super two-extendible

for every p ∈ [0, 1). This implies that an erased state Φ̃p,k
AB is also super two-extendible for

all p ∈ [0, 1). However, for p = 1, Φ̃p,k
AB is a maximally entangled state of Schmidt rank k,

which is not super two-extendible. In fact, this state has a min-unextendible entanglement

of log2 k. Hence, the set of super two-extendible states is open.

2.E Proof of Proposition 2.1

For every super two-extendible state ρAB, there exists a quantum state σAB ∈ F (ρAB) such

that supp(σAB) ⊆ supp(ρAB). This implies that ΠρABσAB = σAB, where ΠρAB is the projection
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onto the support of ρAB. The min-unextendible entanglement of ρAB can then be bounded

as follows:

0 ≤ Eu
min(ρAB) (2.E.1)

= inf
τ∈F (ρ)

−
1
2

log2 Tr
[
Π
ρ
ABτAB

]
(2.E.2)

≤ −
1
2

log2 Tr
[
Π
ρ
ABσAB

]
(2.E.3)

= −
1
2

log2 Tr[σAB] (2.E.4)

= 0, (2.E.5)

where the first inequality follows from (2.B.5), the first equality follows from the definition

of min-unextendible entanglement of a bipartite state, and the last equality follows from

the fact that σAB is a quantum state with unit trace. Therefore, the min-unextendible

entanglement of a super two-extendible state is equal to zero.

We now establish the opposite implication. Consider an arbitrary quantum state ρAB

such that Eu
min(ρAB) = 0. This is true only if there exists a quantum state σAB ∈ F (ρAB) such

that Tr
[
Π
ρ
ABσAB

]
= 1, which follows from the definition of the min-unextendible entangle-

ment of a bipartite state. From the gentle measurement lemma [ON02, Lemma 5], it is

known for a state τ and a projector P that

1
2
∥τ − PτP∥1 ≤

√
1 − Tr[Pτ]. (2.E.6)

Applying this to our case, we conclude that∥∥∥ΠρABσABΠ
ρ
AB − σAB

∥∥∥
1
= 0, (2.E.7)

which implies that ΠρABσABΠ
ρ
AB = σAB. This in turns implies that the support of σAB is in

the support of ρAB. We finally conclude that the min-unextendible entanglement of ρAB

is equal to zero only if there exists a quantum state σAB ∈ F (ρAB) such that supp(σAB) ⊆

supp(ρAB), which is precisely the definition of a super two-extendible state.

37



2.F Proof of Theorem 2.1

Consider a one-way LOCC channel L→AnBn→XAA′B′ that acts on n copies of a super two-

extendible state ρAB as follows:

L→
(
(ρAB)⊗n) = q[1]XA ⊗ γ

k′
A′B′ + (1 − q)[0]XA ⊗

IA′B′

dA′dB′
, (2.F.1)

for some q ∈ [0, 1] and integer k′ ≥ 2. Then

0 ≤ Eu
min

(
q[1]XA ⊗ γ

k′
A′B′ + (1 − q)[0]XA ⊗

IA′B′

dA′dB′

)
(2.F.2)

= Eu
min

(
η

q,k′

A′B′

)
(2.F.3)

= Eu
min

(
L→

(
(ρAB)⊗n)) (2.F.4)

≤ Eu
min

(
(ρAB)⊗n) (2.F.5)

= nEu
min(ρAB) (2.F.6)

= 0, (2.F.7)

The first inequality follows from (2.B.5). The first equality follows from Remark 2.1 (the

min-unextendible entanglement of the state in (2.F.1) is the same as the min-unextendible

entanglement of the doubly erased private state η
q,k′

A′B′). The second inequality follows

from the monotonicity of min-unextendible entanglement under one-way LOCC chan-

nels, the third equality follows from the additivity of min-unextendible entanglement

(recall (2.B.6)), and the final equality follows from Proposition 2.1.

Inspecting (2.F.2) and (2.F.7), it follows that Eu
min

(
η

q,k′

A′B′

)
= 0. By applying Lemma 2.1,

using the fact that −1
2 log2

(
q

k′2 + 1 − q
)
≥ 0 for all q ∈ [0, 1] and integer k′ ≥ 2, and solving the

equation 0 = −1
2 log2

(
q

k′2 + 1 − q
)
, along with the assumption that k′ ≥ 2, we conclude that

q = 0. As such, the expected number of secret key bits distilled by the channel L→AnBn→XAA′B′

from n copies of ρAB is equal to zero. This conclusion holds for every one-way LOCC
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channel L→AnBn→XAA′B′ , every super two-extendible state ρAB, and every n ∈ N. Hence, the

one-shot probabilistic one-way distillable secret key of (ρAB)⊗n is equal to zero for all n ∈ N,

and consequently, the probabilistic one-way distillable entanglement of every super two-

extendible state is equal to zero.

2.G Proof of Proposition 2.2

Consider the following extension of an erased private state η̃p,k
AB:

ωABE B p γk
AB ⊗ [e]E + (1 − p)γk

AE ⊗ [e]B, (2.G.1)

where E is isomorphic to B. The two relevant marginals of the state ωABE are

TrE[ωABE] = p γk
AB + (1 − p)γk

A ⊗ [e]B = η̃
p,k
AB, (2.G.2)

TrB[ωABE] = (1 − p)γk
AE + p γk

A ⊗ [e]E = η̃
1−p,k
AE , (2.G.3)

where γk
A B TrB

[
γk

AB

]
= TrE

[
γk

AE

]
.

Note that the min-relative entropy between two quantum states, ρ and σ, is equal to

zero if supp(ρ) = supp(σ). We know that supp(̃ηp,k
AB) = supp(̃η1−p,k

AB ) for all p ∈ (0, 1) and every

integer k ≥ 2. Therefore, we arrive at the following relations:

Eu
min

(̃
η

p,k
AB

)
≤

1
2

Dmin

(̃
η

p,k
AB

∥∥∥∥̃η1−p,k
AB

)
= 0 ∀p ∈ (0, 1), k ≥ 2. (2.G.4)

The min-unextendible entanglement of a bipartite state is a non-negative quantity since

the underlying divergence is non-negative. Therefore,

Eu
min

(̃
η

p,k
AB

)
= 0 ∀p ∈ (0, 1), k ≥ 2. (2.G.5)
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Finally, the erased private state η̃
p,k
AB is a separable state for p = 0, and the min-

unextendible entanglement of a separable state is equal to zero [WWW24, Proposition 3].

Thus, we conclude the statement of Proposition 2.2.

2.H Proof of Corollary 2.2

Consider a bipartite quantum state that has a full-rank density operator ρAB. The quantum

state ρAB ⊗
IE
dE

is a valid extension of the state, and its marginal 1
dE

TrB
[
ρAB ⊗ IE

]
is in the

set F (ρAB) when E � B. The min-unextendible entanglement of the state ρAB obeys the

following inequality by definition:

Eu
min(ρAB) ≤

1
2

Dmin

(
ρAB

∥∥∥∥ 1
dE

TrB
[
ρAB ⊗ IE

])
(2.H.1)

=
1
2

Dmin

(
ρAB

∥∥∥∥ρA ⊗
IE

dE

)
(2.H.2)

= −
1
2

log2

(
Tr

[
Π
ρ
AB

(
ρA ⊗

IE

dE

)])
, (2.H.3)

where ΠρAB is the projection onto the support of ρAB, and ρA B TrB
[
ρAB

]
. Since ρAB is a full-

rank density operator, the projection onto the support of ρAB is the identity operator; that

is,

Π
ρ
AB = IAB. (2.H.4)

Therefore,

0 ≤ Eu
min(ρAB) (2.H.5)

≤ −
1
2

log2

(
1
dE

Tr
[
IAB (ρA ⊗ IE)

])
(2.H.6)

= −
1
2

log2
(
Tr

[
ρA

])
(2.H.7)

= 0, (2.H.8)
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where the first inequality follows from the non-negativity of the min-unextendible entan-

glement of states. The first equality follows from the the fact that E � B, and the last

equality follows from the fact that ρA is a quantum state with unit trace. Since (2.H.5)

and (2.H.8) hold for every full-rank state ρAB, we conclude that the min-unextendible en-

tanglement of all full-rank states is equal to zero; that is, all full-rank states are super

two-extendible.

As a consequence of Theorem 2.1, all full-rank states being contained in the set of

super two-extendible states implies that the probabilistic one-way distillable secret key of

all full-rank states is also equal to zero.

2.I Coherent information of Werner states

Proposition 2.3 Consider a d-dimensional Werner state defined as follows:

W p,d
AB B p

IAB + FAB

d(d + 1)
+ (1 − p)

IAB − FAB

d(d − 1)
, (2.I.1)

where p ∈ [0, 1], d = dA = dB ∈ {2, 3, 4, . . .}, and FAB is the swap operator defined as FAB B∑d−1
i, j=0 |i⟩⟨ j|A ⊗ | j⟩⟨i|B. The coherent information of the state W p,d

AB is equal to the following quantity:

I(A⟩B)W p,d = 1 − h2(p) − p log2(d + 1) − (1 − p) log2(d − 1) . (2.I.2)

Proof: The coherent information of a bipartite state ρAB is defined as follows [SN96]:

I(A⟩B)ρ B H
(
TrA

[
ρAB

])
− H(ρAB) , (2.I.3)

where H(ρ) is the von Neumann entropy [vN27], defined as

H(ρ) B −Tr
[
ρ log2 ρ

]
. (2.I.4)
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The d-dimensional Werner state defined in (2.I.1) can be rearranged into the following

form:

W p,d
AB = p

2
d(d + 1)

Π
sym
AB + (1 − p)

2
d(d − 1)

Π
asym
AB , (2.I.5)

where Πsym and Πasym are the projections on the symmetric and asymmetric subspaces

of the underlying Hilbert space, respectively. For a bipartite system, the symmetric and

asymmetric projection operators can be written as follows:

Π
sym
AB =

1
2

(IAB + FAB) , (2.I.6)

Π
asym
AB =

1
2

(IAB − FAB) , (2.I.7)

where FAB is the swap operator. The symmetric and asymmetric projection operators are

orthogonal to each other:

Π
sym
AB Π

asym
AB = 0. (2.I.8)

Let us first evaluate the von Neumann entropy of TrA

[
W p,d

AB

]
. Note that

TrA[FAB] = IB. (2.I.9)

Therefore,

TrA

[
Π

sym
AB

]
=

d + 1
2

IB, (2.I.10)

TrA

[
Π

asym
AB

]
=

d − 1
2

IB, (2.I.11)

and consequently,

TrA

[
W p,d

AB

]
=

p
d

IB +
1 − p

d
IB =

IB

d
, (2.I.12)

which is the maximally mixed state on system B. The von Neumann entropy of a d-

dimensional maximally mixed state is equal to log2 d. Therefore,

H
(
TrA

[
W p,d

AB

])
= log2 d. (2.I.13)
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Now let us evaluate the von Neumann entropy of the Werner state W p,d
AB :

H
(
W p,d

AB

)
= −Tr

[
W p,d

AB log2 W p,d
AB

]
. (2.I.14)

Since Πsym
AB and Πasym

AB are orthogonal to each other, we can reduce the von Neumann en-

tropy of the Werner state into the following form:

H
(
W p,d

AB

)
= −Tr

[
p

2
d(d + 1)

Π
sym
AB log2

(
p

2
d(d + 1)

Π
sym
AB

)]
− Tr

[
2(1 − p)
d(d − 1)

Π
asym
AB log2

(
2(1 − p)
d(d − 1)

Π
asym
AB

)]
. (2.I.15)

The eigenvalues of a projection operator are either equal to one or zero. Hence, for an

arbitrary scalar α and an arbitrary projection operator Πx,

log2(αΠx) = Πx log2 α. (2.I.16)

Therefore,

H
(
W p,d

AB

)
= −p

2
d(d + 1)

log2

(
p

2
d(d + 1)

)
Tr

[
Π

sym
AB

]
− (1 − p)

2
d(d − 1)

log2

(
(1 − p)

2
d(d − 1)

)
Tr

[
Π

asym
AB

]
. (2.I.17)

From (2.I.10) and (2.I.11), it is straightforward to see the following equalities:

Tr
[
Π

sym
AB

]
=

d(d + 1)
2

, (2.I.18)

Tr
[
Π

asym
AB

]
=

d(d − 1)
2

. (2.I.19)

Substituting these values in (2.I.22), we arrive at the following expression for the von

Neumann entropy of the Werner state:

H
(
W p,d

AB

)
= −p log2

(
p

2
d(d + 1)

)
− (1 − p) log2

(
(1 − p)

2
d(d − 1)

)
(2.I.20)

= h2(p) + p log2(d(d + 1)) − p + (1 − p) log2(d(d − 1)) − (1 − p) (2.I.21)
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= log2 d + h2(p) − 1 + p log2(d + 1) + (1 − p) log2(d − 1), (2.I.22)

where h2(p) B −p log2 p − (1 − p) log2(1 − p). Combining (2.I.3), (2.I.13), and (2.I.22), we

conclude (2.I.2). □

2.J Coherent information of isotropic states

Proposition 2.4 Consider a d-dimensional isotropic state ζF,d
AB which is defined as follows:

ζF,d
AB = F Φd

AB + (1 − F)
IAB − Φ

d
AB

d2 − 1
, (2.J.1)

where F ∈ [0, 1] and d = dA = dB ∈ {2, 3, 4, . . .}. The coherent information of the state ζF,d
AB is equal

to the following quantity:

I(A⟩B)ζF,d = log2 d − h2(F) − (1 − F) log2(d2 − 1), (2.J.2)

where h2(x) B −x log2 x − (1 − x) log2(1 − x).

Proof: Recall the definition of coherent information of a bipartite state ρAB from (2.I.3):

I(A⟩B)ρ B H
(
TrA

[
ρAB

])
− H(ρAB) . (2.J.3)

The marginal of the isotropic state on either systems, A or B, is equal to the maximally

mixed state for all F ∈ [0, 1] and d ≥ 2. Therefore,

H
(
TrB

[
ζF,d

AB

])
= H

( IA

d

)
= log2 d. (2.J.4)

Now let us evaluate the von Neumann entropy of the isotropic state. Note that Φd
AB

and IAB − Φ
d
AB are orthogonal projectors. This implies the following equalities:

H
(
ζF,d

AB

)
= −Tr

[
ζF,d

AB log2 ζ
F,d
AB

]
(2.J.5)
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= −Tr
[
FΦd

AB log2

(
FΦd

AB

)]
− Tr

[
1 − F
d2 − 1

(
IAB − Φ

d
AB

)
log2

(
1 − F
d2 − 1

(
IAB − Φ

d
AB

))]
(2.J.6)

= −F log2 F Tr
[
Φd

AB

]
−

1 − F
d2 − 1

log2

(
1 − F
d2 − 1

)
Tr

[
IAB − Φ

d
AB

]
(2.J.7)

= −F log2 F − (1 − F) log2

(
1 − F
d2 − 1

)
(2.J.8)

= −F log2 F − (1 − F) log2(1 − F) + (1 − F) log2

(
d2 − 1

)
(2.J.9)

= h2(F) + (1 − F) log2

(
d2 − 1

)
(2.J.10)

where we have used the property of projection operators mentioned in (2.I.16) to arrive at

the third equality. Substituting (2.J.4) and (2.J.10) in the definition of coherent information,

we arrive at (2.J.2). □
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CHAPTER 3

UNEXTENDIBLE ENTANGLEMENT OF QUANTUM CHANNELS1

3.1 Abstract

Quantum communication relies on the existence of high quality quantum channels to ex-

change information. In practice, however, all communication links are affected by noise

from the environment. Here we investigate the ability of quantum channels to perform

quantum communication tasks by restricting the participants to use only local opera-

tions and one-way classical communication (one-way LOCC) along with the available

quantum channel. In particular, a channel can be used to distill a highly entangled state

between two parties, which further enables quantum or private communication. In this

work, we invoke the framework of superchannels to study the distillation of a resourceful

quantum state, such as a maximally entangled state or a private state, using multiple in-

stances of a point-to-point quantum channel. We use the idea of k-extendibility to obtain

a semidefinite relaxation of the set of one-way LOCC superchannels and define a class of

entanglement measures for quantum channels that decrease monotonically under such

superchannels; therefore these measures, dubbed collectively the “unextendible entan-

glement of a channel”, yield upper bounds on several communication-theoretic quanti-

ties of interest in the regimes of resource distillation and zero error. We then generalize

the formalism of k-extendibility to bipartite superchannels, thus obtaining functions that

are monotone under two-extendible superchannels. This allows us to analyze probabilis-

tic distillation of ebits or secret key bits from a bipartite state when using a resourceful

quantum channel. Moreover, we propose semidefinite programs to evaluate several of

1V. Singh and M. M. Wilde, ”Unextendible entanglement of quantum channels”, accepted in Transactions
on Information Theory, https://doi.org/10.1109/TIT.2025.3566737

46

https://doi.org/10.1109/TIT.2025.3566737


these quantities, providing a computationally feasible method of comparison between

quantum channels for resource distillation.

3.2 Introduction

Quantum communication technologies revolve around the transmission of quantum

data between two spatially separated parties. The promise of a future quantum inter-

net [LSW+04, Kim08, WEH18] relies on our ability to exchange quantum data and gen-

erate highly entangled states [HHHH09] shared across distant locations. However, it is

challenging to realize an ideal quantum communication link between two distant parties,

and in practice, we only have a noisy channel to transmit quantum data. Thus, it is crucial

to understand our ability to perform quantum communication tasks over a noisy chan-

nel in order to recognize the advantages of a realizable quantum network over existing

classical networks.

Finding limitations on the rate of communication imposed by the underlying noisy

channel has been a topic of interest in both classical [Sha48, EGK11] and quantum in-

formation theory [Hay17, Wil17, Wat18, Hol19, KW20]. The quantum capacity of a

channel is equal to the largest rate at which qubits can be reliably transmitted over

asymptotically many uses of the channel, such that the error vanishes in this limit.

The laws of quantum mechanics also allow for unconditionally secure communica-

tion [BB84, Eke91, HHHO05, HHHO09], unlike classical networks, which often rely on

the computational power of the adversary to implement privacy. This has sparked inter-

est in understanding limitations on private communication over quantum channels.

While the standard definitions of quantum capacities allow for arbitrarily small errors

47



in communication that vanish in the asymptotic limit of many channel uses, zero-error

communication [Sha56] is a special case in which the quantum channel is required to

perform a communication task exactly (i.e., without error). While a noisy channel is in-

capable of doing so on its own, one can use error-correction protocols along with the

channel to reduce the error probability in transmitting data, albeit at the cost of a reduced

rate of communication. In some cases, one can use such protocols to reduce the error

probability to zero.

Any error-correction protocol can be mathematically described using the language of

superchannels [CDP08, LM15, Gou19], a linear map that transforms one quantum channel

into another. In doing so, one needs to restrict the allowed superchannels to mimic the

physical reality of the protocols. A natural restriction is that the two participants, Alice

and Bob, can only perform local quantum operations. In our setting, we also allow Alice

to send classical data to Bob. This restricts the set of allowed superchannels to the set of

one-way LOCC (local operations and classical communication) superchannels, as done,

e.g., in [LM15, BBFS21, HSW23], which also serves as the set of free operations in the

resource theory of quantum memories developed in [RBL18]. Allowing one-way LOCC

is motivated not only by its power, as is evident from the teleportation [BBC+93] and

super-dense coding [BW92] protocols, but also by the low cost of classical communication

nowadays.

In this paper, as a companion to our recent findings in [SW24], we use the con-

cept of unextendibility of a quantum channel [KDWW19, KDWW21] in order to quan-

tify its capability for quantum communication. The presence of quantum correlations

imposes a fundamental restriction on the extendibility of any quantum resource. This

property has been studied in the context of the entanglement content of quantum

states [Wer89, DPS02, Doh14]. Similar notions of k-extendibility have been explored for
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quantum channels [KDWW19, KDWW21, BBFS21]. The unextendibility of a resourceful

quantum channel arises from its inability to broadcast the same quantum data to multiple

parties and is closely related to the no-cloning theorem [Par70, WZ82]. Unextendibility

has also been studied in some resource-theoretic frameworks [KDWW21, WWW24], and

it has been used to obtain tight bounds on information processing quantities such as one-

way distillable entanglement [BDSW96, CCGFZ99, PSBZ01, RST+18] and distillable secret

key [BB84, HHHO05, HHHO09]. Extendible channels can be understood as a relaxation

of the set of one-way LOCC channels [KDWW21], which is one of the foundations upon

which the present work builds.

We also define a family of entanglement measures for a quantum channel based on

its unextendibility, which we call the unextendible entanglement of quantum channels.

The definition of these measures is motivated from the unextendible entanglement for

quantum states, previously defined in [WWW24]. We use this entanglement measure to

give bounds on multiple quantities of interest in quantum information processing tasks

in the regimes of zero error and probabilistic distillation. Additionally, several of our

bounds can be computed via semidefinite programs. In what follows, we briefly discuss

our contributions in more detail.

First, we give an upper bound on the exact one-way distillable key of a quantum chan-

nel, which is roughly defined as the maximum rate of distilling exact secret bits using the

channel along with one-way LOCC assistance. We investigate one-shot as well as asymp-

totic protocols for distributing bipartite private quantum states, from which a secret key

can be realized. These upper bounds are practically relevant because quantum key distri-

bution [Eke91, BB84, May01] is one of the major advantages of quantum networks over

classical networks, as this method ensures unconditional private communication between

two parties, based on the laws of quantum mechanics.
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Next we give an upper bound on the exact one-way distillable entanglement of a quan-

tum channel, which is roughly defined as the maximum rate of distilling exact Bell states

(ebits) using the channel with one-way LOCC assistance. This is a task of utmost impor-

tance to establish an ideal quantum network as a large number of quantum communica-

tion tasks, including teleportation, super-dense coding, secret key distillation, etc., rely

on distant parties sharing highly entangled states. We investigate limitations on entan-

glement distribution in the presence of a noisy channel, assisted by local operations and

one-way classical communication.

Our formalism allows us to investigate various capacities of a quantum channel as

well. We give an upper bound on the zero-error private capacity of a quantum chan-

nel assisted by one-way LOCC superchannels, which is defined as the maximum rate

at which secret bits can be transmitted exactly over multiple uses of the channel. Zero-

error capacities have been studied in classical information theory extensively [KO98], and

they have been explored to a lesser degree in quantum information theory [GDAM06]

(see also [CS12, Shi15, LY16] and references therein). We also give an upper bound on

the zero-error quantum capacity of an arbitrary quantum channel assisted by a one-way

LOCC superchannel, which is defined as the maximum rate at which qubits can be trans-

mitted exactly over multiple uses of a quantum channel. We present a brief summary of

our results for point-to-point channels in Table 3.1.

We also extend our formalism to semicausal bipartite quantum channels [BGNP01].

Semicausal bipartite quantum channels describe quantum operations that allow only one

party to send information, quantum or classical, to the other. Such channels can be used

to distill bipartite resourceful states, such as ebits or secret keys, from an existing bipartite

noisy resource state. We establish the notion of k-extendibility of a bipartite superchan-

nel and define an entanglement measure for bipartite quantum channels based on unex-
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Operational Quantity Upper bound Reference

Exact distillable key Êu
min(NA→B) Corollary 3.1

Exact distillable entanglement Êu
min(NA→B) Corollary 3.2

Zero-error private capacity Êu
min(NA→B) Corollary 3.3

Zero-error quantum capacity Êu
min(NA→B) Corollary 3.4

Table 3.1: A list of our results for point-to-point quantum channels. We give upper
bounds on several quantities related to quantum communication, as well as private
communication, over a quantum channel in terms of the unextendible entanglement
of the channel. In each of these scenarios, the quantum channel is denoted by NA→B, and
local operations and forward classical communication from Alice to Bob are allowed for
free.

Operational Quantity Upper bound Reference

Probabilistic distillable entanglement 1
n Êu(ρAB) + Êu(NAB→A′B′) Proposition 3.18

Exact distillable entanglement 1
n Êu

min(ρAB) + Êu
min(NAB→A′B′) Proposition 3.19

Probabilistic distillable key 1
n Êu(ρAB) + Êu(NAB→A′B′) Proposition 3.20

Exact distillable key 1
n Êu

min(ρAB) + Êu
min(NAB→A′B′) Proposition 3.21

Table 3.2: A list of our results for bipartite quantum channels. We give upper bounds
on the non-asymptotic probabilistic and zero-error distillable entanglement and distill-
able key of a bipartite quantum state ρAB and n instances of a bipartite quantum channel
NAB→A′B′ , in terms of the unextendible entanglement of the state and channel.

tendibility. We use the unextendible entanglement of a bipartite channel to investigate

its ability to increase the unextendibility of an existing bipartite state, hence, boosting the

resource available for quantum communication between two parties.

The task of entanglement distillation and secret key distillation from a bipartite quan-

tum state using only local operations and classical communication has been a subject of

interest for some time in quantum information theory. Several interesting bounds have
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been obtained for resources that can be distilled using only local operations and one-way

classical communication [WWW24]. We look at a more general setting in which the two

parties involved have access to a bipartite quantum channel that is not necessarily simu-

lable by local operations and one-way classical communication, and we employ the unex-

tendible entanglement of bipartite channels to upper bound the distillable entanglement

and distillable secret key of a bipartite channel used in conjunction with a bipartite re-

source state, along with local operations and classical communication. Table 3.2 presents

a brief summary of our results for bipartite semicausal channels.

We consider the example of the erasure channel and the depolarizing channel to

demonstrate our results for the point-to-point case. We show that the exact one-way dis-

tillable key, exact one-way distillable entanglement, forward-assisted zero-error private

capacity, and forward-assisted zero-error quantum capacity of the erasure and the depo-

larizing channel are all equal to zero. More generally, we show that a quantum channel

with a full-rank Choi operator cannot be used for exact entanglement distillation or exact

key distillation when employing one-way LOCC superchannels, and the forward-assisted

zero-error quantum capacity as well as the forward-assisted zero-error private capacity

of such channels are equal to zero.

To demonstrate our results for bipartite quantum channels, we consider an extension

of the erasure channel in which either Bob’s system gets erased and Alice retains the state

she was trying to send to Bob, or Bob receives the state and Alice receives the erasure

symbol. We give an analytical expression for the unextendible entanglement of this chan-

nel induced by the Belavkin–Staszewski relative entropy, which is an upper bound on the

probabilistic one-way distillable entanglement and probabilistic one-way distillable key

of the channel. We also consider a less idealistic setting where Alice receives some classi-

cal information indicating if the quantum data she sent to Bob was erased or not. Using a
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semidefinite program, we compute upper bounds on the probabilistic one-way distillable

entanglement and probabilistic one-way distillable key of this channel.

This paper is organized as follows:

• Section 3.3: Definitions and notations used in the paper along with preliminary

information on quantum states, channels, and superchannels.

• Section 3.4: Background on k-extendibility for bipartite states, point-to-point chan-

nels, and superchannels.

• Section 3.5: Background on divergences of quantum states and channels, and formal

definition of the unextendible entanglement of channels.

• Section 3.6: Applications of the unextendible entanglement in establishing upper

bounds on exact one-way distillable key and exact one-way disillable entanglement

of a channel in the one-shot and asymptotic settings, and establishing upper bounds

on the forward assisted zero-error quantum capacity and forward assisted zero-

error private capacity of channels.

• Section 3.7: Generalizes the notion of k-extendibility to bipartite superchannels and

defines the unextendible entanglement of bipartite quantum channels.

• Section 3.8: Applications of the unextendible entanglement of bipartite quantum

channels in bounding the probabilistic one-way distillable entanglement and prob-

abilistic one-way distillable key of a bipartite state-channel pair.

• Section 3.9: Semidefinite program to calculate the unextendible entanglement of

point-to-point and bipartite channels induced by the α-geometric Rényi relative en-

tropy. Analytical and numerical calculation of the unextendible entanglement of

special channels induced by geometric Rényi relative entropies.
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3.3 Preliminaries

In this section we establish some background on the three major elements that we use in

the rest of the work: quantum states, channels, and superchannels.

3.3.1 Quantum states and channels

A quantum state ρA is a positive semidefinite, unit-trace operator acting on a Hilbert space

HA. All linear operators acting on the Hilbert spaceHA form the setL(A), and all quantum

states acting on this Hilbert space form the set S(A). A bipartite quantum state ρAB acting

on the Hilbert spaceHA ⊗HB is called separable if it can be written as

ρAB =
∑

x

p(x)σx
A ⊗ τ

x
B, (3.3.1)

where {p(x)}x is a probability distribution and {σx
A}x and {τx

B}x are sets of states. Any quan-

tum state that is not separable is said to be entangled. The d-dimensional maximally

entangled state vector on the Hilbert spaceHA ⊗HB is

|Φd⟩AB B
1
√

d

d−1∑
i=0

|i⟩A|i⟩B, (3.3.2)

where 1
√

d
is the normalizing factor and {|i⟩}d−1

i=0 is an orthonormal basis. The corresponding

density operator is written as Φd
AB ≡ |Φ

d⟩⟨Φd|AB.

A quantum channel NA→B is a completely positive (CP) and trace preserving (TP) lin-

ear map that takes an operator acting on the Hilbert space HA as input and outputs an

operator acting on the Hilbert spaceHB. Let ΓNRB denote the Choi operator of the quantum

channel NA→B, which is defined as follows:

ΓNRB B NA→B(ΓRA) , (3.3.3)
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where ΓRA B dΦd
RA is the unnormalized maximally entangled operator.

Throughout our paper, we have to consider extensions of quantum states and chan-

nels. We define the set of relevant extensions of a quantum state ρ by Ext(ρ) and the set of

relevant extensions of a quantum channel N by Ext(N). The precise definitions of these

sets are given later in (3.5.34), (3.5.68), and (3.7.20). In the rest of the work, we use the

abbreviation BS for a joint system that contains the isomorphic systems {Bi}i for all values

of i in a subset S of all positive integers. For a positive integer k, we use the shorthand [k]

for the set {1, 2, . . . , k}, and the shorthand [k] \ i for the set [k] \ {i}.

3.3.2 Quantum superchannels

A quantum superchannel Θ(A→B)→(C→D) is a linear map that transforms a quantum channel

NA→B to another quantum channelMC→D. By definition, a superchannel is a completely

CPTP preserving map (see Definition 3.1 for a formal definition). It can be perceived

as a mathematical model for any physical transformation that a quantum channel can

undergo, as long as the resulting map is also a quantum channel. Quantum superchannels

were introduced in [CDP08] and further investigated in [Gou19], both of which provide

a detailed discussion. Below we include a short review on superchannels that is relevant

for this work.

Definition 3.1 (Superchannel) Let TA→B : L(A) → L(B) be a linear map. Let the space of all

such maps be denoted by LAB. A linear map Θ(A→B)→(C→D) : LAB → LCD is a superchannel if

1. It is completely CP preserving; i.e.,
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Figure 3.1: The figure on the left shows the decomposition of a superchannel
Θ(A→B)→(C→D) into a pre-processing channel EC→AM and a post-processing channelDBM→D

connected by a memory system M. The figure on the right shows the composition of the
unique bipartite channel QΘCB→AD associated with a superchannel Θ(A→B)→(C→D).

(id(E)→(E) ⊗Θ(A→B)→(C→D))(TEA→EB) is a CP map if TEA→E′B is a CP map, for all dimensions

of system E.

2. It is TP preserving; i.e.,

Θ(A→B)→(C→D)(TA→B) is a TP map if TA→B is a TP map.

The fundamental theorem of superchannels states that every superchannel can be de-

composed into a pre-processing channel EC→MA and a post-processing channel DMB→D

connected by a memory system M [CDP08]; i.e., for every superchannel Θ(A→B)→(C→D),

there exist EC→MA andDMB→D such that

Θ(A→B)→(C→D)(NA→B) = DMB→D ◦ NA→B ◦ EC→MA. (3.3.4)

The pre-processing and post-processing channels are not unique to the superchannel.

For example, we can introduce an isometric channel V and its corresponding reversal

map V† acting on the memory system M without changing the superchannel. However,

a unique bipartite channel is associated with every superchannel.
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Theorem 3.1 ([Gou19]) A superchannel with the following decomposition

Θ(A→B)→(C→D)(NA→B) = DMB→D ◦ NA→B ◦ EC→MA, (3.3.5)

has a unique bipartite quantum channel associated with it

QΘCB→AD B DMB→D ◦ EC→AM. (3.3.6)

We define the Choi operator of a superchannel using the unique bipartite quantum

channel from (3.3.6):

ΓΘA′D′CB B (idA′D′ ⊗Q
θ
CB→AD)(ΓA′C ⊗ ΓD′B), (3.3.7)

where ΓA′C ≡ |Γ⟩⟨Γ|A′C is defined from the unnormalized maximally entangled vector:

|Γ⟩A′C B
∑

i

|i⟩A′ |i⟩C. (3.3.8)

It suffices to choose systems A′ and D′ to be isomorphic to the systems A and D, respec-

tively. The following theorem, established as Theorem 1 of [Gou19], provides conditions

on the Choi operator in order for it to correspond to a legitimate superchannel:

Theorem 3.2 ([Gou19]) The Choi operator of a superchannelΘ(A→B)→(C→D) satisfies the following

constraints:

ΓΘADCB ≥ 0, (3.3.9)

TrAD[ΓΘADCB] = ICB, (3.3.10)

TrD[ΓΘADCB] =
1
dB

TrBD[ΓΘADCB] ⊗ IB. (3.3.11)

In the above, the first condition corresponds to the completely CP preserving con-

dition, the second condition corresponds to the TP preserving condition, and the last

condition corresponds to the nonsignaling constraint.
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The Choi operator of the input channel NA→B and output channel MC→D of a super-

channel Θ(A→B)→(C→D) are related through the following propagation rule [CDP08, Gou19]:

ΓMCD = TrAB[TAB(ICD ⊗ Γ
N
AB)ΓΘADCB], (3.3.12)

where TAB is the partial transpose map acting on systems A and B.

3.4 k-extendibility

In this section, we review the concepts of k-extendible states [Wer89, DPS02, DPS04]

and channels [KDWW19, KDWW21], and we establish the notion of k-extendible super-

channels. The framework of two-extendible superchannels was employed in [BBFS21]

and [HSW23] for the purpose of analyzing quantum error correction. We present a more

general discussion for arbitrary k in this section.

Several quantities of interest in quantum information theory are defined in terms of

optimizations over the set of separable states, but it is computationally hard to optimize

over this set [Gur03, Gha10]. The framework of k-extendibility allows us to approximate

the set of separable states in terms of a larger set that contains all separable states. The set

of k-extendible states is described by semidefinite constraints, and optimizations over this

set are possible using semidefinite programs. The notions of k-extendible channels and

superchannels are developed to circumnavigate the computational difficulty that arises

when optimizing over the set of one-way LOCC channels [Gur03, Gha10].
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3.4.1 k-extendible states

Let us first recall the definition of a k-extendible state [Wer89, DPS02, DPS04]. For a pos-

itive integer k ≥ 2, a bipartite state ρAB is k-extendible with respect to system B if the

following conditions hold:

1. There exists an extension state ωAB[k] such that

TrB[k]\1[ωAB[k]] = ρAB, (3.4.1)

where each system Bi is isomorphic to B, for all i ∈ [k].

2. The extended state is invariant under permutations of the B systems, i.e.,

ωAB[k] = Wπ
B[k]
ωAB[k]W

π†
B[k]

∀π ∈ S k, (3.4.2)

where Wπ
B[k]

is the unitary permutation operator corresponding to the permutation π

in the symmetric group S k.

The set of k-extendible states is a semidefinite relaxation of the set of separable states.

The main idea behind this formulation is that the higher the entanglement content be-

tween the systems A and B, the lower the number of systems Bi, each isomorphic to B,

that can share correlations in the same way with A.

The weakest approximation of the set of separable states in this family is the set of

two-extendible states. It is straightforward to see that every separable state, written as

in (3.3.1), is two extendible with the extension ωAB1B2 =
∑

x p(x)σx
A ⊗ τ

x
B1
⊗ τx

B2
. However,

not all two-extendible states are separable. As an example, sending one share of a max-

imally entangled state through an erasure channel characterized by erasure probability
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1/2 results in the following two-extendible state that is not separable:

1
2
Φd

AB +
1
2
πA ⊗ |e⟩⟨e|B, (3.4.3)

where πA B IA/d and |e⟩⟨e|B is the erasure symbol.

Remark 3.1 ([DPS04]) The set of k-extendible states converges to the set of separable states when

k → ∞.

3.4.2 k-extendible channels

For a positive integer k ≥ 2, a point-to-point quantum channel NA→B is k-extendible with

respect to B if the following conditions hold [PBaHS13]:

1. There exists an extension channel PA→B[k] such that

TrB[k]\1 ◦PA→B[k] = NA→B. (3.4.4)

2. The extended channel is invariant under permutations of the B systems, i.e.,

Wπ
B[k]
◦ PA→B[k] = PA→B[k] ∀π ∈ S k, (3.4.5)

whereWπ
B[k]

is the unitary channel that permutes the B systems by the permutation

π in the symmetric group S k.

Remark 3.2 The Choi state of a point-to-point k-extendible channel is a k-extendible state.

If a k-extendible state is input to a k-extendible channel, the output state is also k-

extendible. This makes the definition of k-extendible channels consistent in a resource-

theoretic approach; a free operation (k-extendible channel) cannot turn a free state (k-

extendible state) into a resource.
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Proposition 3.1 ([KDWW19]) All point-to-point one-way LOCC channels are k-extendible for

every k ≥ 2. Furthermore, a point-to-point channel is k-extendible for every k ≥ 2 if and only if it

is a one-way LOCC channel.

Proof: First we will show that every point-to-point one-way LOCC channel is k-

extendible for every k ≥ 2. The action of a one-way LOCC channel can be written as

NA→B(ρA) =
∑

x

Tr
[
Λx

AρA
]
σx

B, (3.4.6)

where {Λx}x is a positive operator-valued measure (POVM) and
{
σx

B

}
x

is a set of quantum

states. This is also the same as an entanglement-breaking channel [HSR03].

Consider an extension of this channel that acts as follows:

PA→B[k](ρA) B
∑

x

Tr
[
Λx

AρA
]
σx

B1
⊗ · · · ⊗ σx

Bk
. (3.4.7)

This is a valid quantum channel because x encodes classical data that can be copied any

number of times. This extension obeys the permutation covariance conditions. Hence,

NA→B is a k-extendible channel.

Recall that the Choi state of a point-to-point k-extendible channel is a k-extendible

state. It is known from [DPS04] that a bipartite state is k-extendible for every k ≥ 2 if and

only if it is a separable state. Therefore, a channel is k-extendible for every k ≥ 2 if and

only if its Choi state is separable implying that it is a one-way LOCC channel (also called

an entanglement-breaking channel). □
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3.4.3 k-extendible superchannels

We further build upon the notion of extendibility and define the set of k-extendible super-

channels. For a positive integer k ≥ 2, a superchannel Θ(A→B)→(C→D), associated with the

unique bipartite channel QΘCB→AD, is k-extendible if the following conditions hold.

1. There exists an extension superchannel Υ(A→B[k])→(C→D[k]), with associated unique

quantum channel QΥCB[k]→AD[k]
, such that,

TrD[k]\1 ◦Q
Υ
CB[k]→AD[k]

= QΘCB→AD ◦ TrB[k]\1 . (3.4.8)

2. QΥCB[k]→AD[k]
is covariant with respect to permutations of the input systems B[k] and

output systems D[k], i.e.,

Wπ
D[k]
◦ QΥCB[k]→AD[k]

= QΥCB[k]→AD[k]
◦Wπ

B[k]
, ∀π ∈ S k (3.4.9)

whereWπ
D[k]

andWπ
B[k]

are unitary channels representing the permutation π.

This definition of k-extendible superchannels is consistent with the definition of two-

extendible superchannels given in [HSW23] and the notion of k-extendible channels con-

sidered in [KDWW19, KDWW21].

Let us consider a specific decomposition of a superchannel Θ(A→B)→(C→D) in terms of

a pre-processing channel EΘC→AM and a post-processing channel DΘMB→D. Neither of the

conditions implying k-extendibility of a superchannel involve systems A,C, and M. Thus,

the conditions of k-extendibility of a superchannel can be reduced to conditions on the

post-processing channel only.

Proposition 3.2 The k-extendibility conditions for a superchannel are semidefinite constraints

on the Choi operators of the superchannel Θ(A→B)→(C→D) and its extension Υ(A→B[k])→(C→D[k]). Along
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with the conditions in Theorem 3.2, the Choi operators ΓΘADCB and ΓΥAD[k]CB[k]
satisfy the following:

TrD[k]\1

[
ΓΥCB[k]AD[k]

]
= ΓΘCBAD ⊗

IB[k]\1

dk−1
B

, (3.4.10)

Wπ
D[k]
ΓΥWπ†

D[k]
= Wπ†

B[k]
ΓΥWπ

B[k]
∀π ∈ S k. (3.4.11)

Proposition 3.3 Let Θ(A→B)→(C→D) be a k-extendible superchannel with the k-extension

Υ(A→B[k])→(C→D[k]). Then each marginal of the channel obtained by acting with the superchannel Υ

on a channel PA→B[k] is the same as the channel obtained by acting with the superchannel Θ on the

respective marginal of the channel PA→B[k] . That is,

TrD[k]\i ◦
(
Υ(A→B[k])→(C→D[k])

(
PA→B[k]

))
= Θ(A→B)→(C→D)

(
TrB[k]\i ◦PA→B[k]

)
∀i ∈ [k]. (3.4.12)

Proof: LetΘ(A→B)→(C→D) be a k-extendible superchannel with the k-extensionΥ(A→B[k])→(C→D[k]).

As such,

TrD[k]\i ◦Q
Υ
CB[k]→AD[k]

= QΘCB→AD ◦ TrB[k]\i ∀i ∈ [k], (3.4.13)

where QΘCB→AD and QΥCB[k]→AD[k]
are the unique quantum channels associated with the re-

spective superchannels above. Let NA→B be a marginal of the channel PA→B[k] :

TrB[k]\i ◦PA→B[k] = NA→B ∀i ∈ [k]. (3.4.14)

The Choi operator of the channel obtained by acting with the superchannel

Θ(A→B)→(C→D) on NA→B is

Γ
Θ[N]
CD = TrAB

[
TAB

(
ΓNAB

)
ΓΘCBAD

]
, (3.4.15)

where ΓNAB and ΓΘADCB are the Choi operators of the channel NA→B and the superchannel

Θ(A→B)→(C→D), respectively.
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Similarly, the Choi operator of the channel obtained by acting with the superchannel

Υ(A→B[k])→(C→D[k]) on the channel PA→B[k] is,

Γ
Υ[P]
CD[k]
= TrAB[k]

[
TAB[k]

(
ΓPAB[k]

)
ΓΥCB[k]AD[k]

]
. (3.4.16)

This channel has the marginal,

TrD[k]\i

[
Γ
Υ[P]
CD[k]

]
= TrAB[k]D[k]\i

[
TAB[k]

(
ΓPAB[k]

)
ΓΥCB[k]AD[k]

]
(3.4.17)

= TrAB[k]

[
TAB[k]

(
ΓPA[k]

)
TrD[k]\i

[
ΓΥCB[k]AD[k]

]]
(3.4.18)

=
1

dk−1
B

TrAB[k]

[
TAB[k]

(
ΓPAB[k]

) (
ΓΘCBiADi

⊗ IB[k]\i

)]
(3.4.19)

= TrABi

[
TABi

(
ΓNABi

)
ΓΘCBiADi

]
(3.4.20)

= Γ
Θ[N]
CDi

, (3.4.21)

where the equality in (3.4.19) follows from the non-signaling condition in (3.4.10) and the

equality in (3.4.20) follows from the fact that PA→B[k] is an extension of the channel NA→B.

Hence, we conclude (3.4.12). □

One-way LOCC superchannels

We briefly review one-way LOCC superchannels to establish their connection with k-

extendible superchannels.

A superchannel Θ(A→B)→(C→D) is called one-way LOCC if it can be implemented using

local operations and one-way classical communication only. The action of a one-way

LOCC superchannel can be described by

Θ(A→B)→(C→D)(NA→B) =
∑

x

Dx
B→D ◦ NA→B ◦ E

x
C→A, (3.4.22)

where {Ex
C→A}x is a set of CP maps such that the sum map

∑
x E

x
C→A is trace preserving and

{Dx
B→D}x is a set of quantum channels. This can be interpreted as the memory system M
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being a purely classical system X and the pre-processing and post-processing channels

being

EC→AX(ρC) =
∑

x

Ex
C→A(ρC) ⊗ |x⟩⟨x|X, (3.4.23)

DBX→D(σBX) =
∑

x

Dx
B→D(⟨x|σBX |x⟩X) , (3.4.24)

such that

Θ(A→B)→(C→D)(NA→B) = DBX→D ◦ NA→B ◦ EC→AX. (3.4.25)

The unique bipartite channel associated with a one-way LOCC superchannel is of the

form

QΘCB→AD =
∑

x

Ex
C→A ⊗D

x
B→D. (3.4.26)

Proposition 3.4 All one-way LOCC superchannels are k-extendible for all k ≥ 2.

Proof: Once again we exploit the fact that x is classical data and can be copied as many

times as needed. Hence, we can construct a superchannel Υ(A→B[k])→(C→D[k]) that acts on a

quantum channel PA→B[k] as

Υ(PA→B[k]) B
∑

x

(
Dx

B1→D1
⊗ · · · ⊗ Dx

Bk→Dk

)
◦ (PA→B[k]) ◦ E

x
C→A. (3.4.27)

It is straightforward to verify that such an extension meets the necessary conditions for

Θ(A→B)→(C→D) to be a k-extendible superchannel. □

We note here that the case of k = 2 in Proposition 3.4 was already considered

in [BBFS21, HSW23].
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3.5 Unextendible entanglement of quantum channels

With the framework of k-extendibility in hand, we can now define entanglement mea-

sures for quantum channels. We will further restrict our development to the case when

k = 2. We begin by discussing some mathematical background prior to defining the en-

tanglement measures that arise from unextendibility of quantum channels.

3.5.1 Generalized divergence of quantum states

Let R denote the field of real numbers. A generalized divergence [PV10] is a functional

D : S(A) × S(A) → R ∪ {+∞}, such that, for arbitrary states ρA, σA ∈ S(A) and an arbitrary

channel NA→B, the data-processing inequality holds

D(ρA∥σA) ≥ D(NA→B(ρA)∥NA→B(σA)) . (3.5.1)

Some examples of divergences that commonly appear in quantum information theory

are the quantum relative entropy [Ume62], Petz-Rényi relative entropies [Pet86], sand-

wiched Rényi relative entropies [MLDS+13, WWY14], and geometric Rényi relative en-

tropies [Mat13, FF21a].

We are particularly interested in the geometric Rényi relative entropies, which are

defined for α ∈ (0, 1) ∪ (1,∞) and all states ω and τ as

D̂α(ω∥τ) B
1

α − 1
log2 Q̂α(ω∥τ), (3.5.2)

Q̂α(ω∥τ) B lim
ε→0+

Tr
[
τε

(
τ
− 1

2
ε ωτ

− 1
2

ε

)α]
, (3.5.3)

where τε B τ+εI. Note that D̂1(ω∥τ) is defined as limα→1 D̂α(ω∥τ) so that D̂α(ω∥τ) is defined

for all α ∈ (0,∞).
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Lemma 3.1 (Proposition 74 of [KW21]) The geometric Rényi relative entropy is strongly

faithful; i.e., for all quantum statesω and τ and ∀α ∈ (0, 1)∪(1,∞), D̂α(ω∥τ) ≥ 0, and D̂α(ω∥τ) = 0

if and only if ω = τ.

Lemma 3.2 (Proposition 72 of [KW21]) The geometric Rényi relative entropy is monotonic in

α for all α > 0; i.e.,

α ≥ β > 0 ⇒ D̂α(ω∥τ) ≥ D̂β(ω∥τ). (3.5.4)

The geometric Rényi relative quasi-entropy Q̂α(ω∥τ) takes the following form for α ∈

(0, 1):

Q̂α(ω∥τ) = Tr
[
τ
(
τ−

1
2 ω̃τ−

1
2
)α]

, (3.5.5)

where

ω̃ B ω0,0 − ω0,1ω
−1
1,1ω

†

0,1, (3.5.6)

ω0,0 B ΠτωΠτ, (3.5.7)

ω0,1 B ΠτωΠ
⊥
τ , (3.5.8)

ω1,1 B Π
⊥
τωΠ

⊥
τ , (3.5.9)

Πτ is the projection onto the support of τ, and Π⊥τ is the projection onto the kernel of

τ. All inverses are taken on the support of the respective operators. Note that when

supp(ω) ⊆ supp(τ), the geometric Rényi relative quasi-entropy converges to the following

quantity:

Q̂α(ω∥τ) = Tr
[
τ
(
τ−

1
2ωτ−

1
2
)α]

. (3.5.10)

As recalled in Lemma 3.2 above, the α-geometric Rényi relative entropy increases

monotonically in α, and the smallest quantity in this family of entropies is achieved when
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α→ 0. As such, we find that

D̂0(ω∥τ) = lim
α→0

D̂α(ω∥τ) = − log2 Tr[τΠζ], (3.5.11)

where ζ ≡ τ−
1
2 ω̃τ−

1
2 , the operator ω̃ was defined in (3.5.6), and Πζ is the projection onto the

support of ζ.

When α ≥ 1, the geometric Rényi relative quasi-entropy takes the form in (3.5.10) if

supp(ω) ⊆ supp(τ), and it evaluates to +∞ if supp(ω) ⊈ supp(τ).

The geometric Rényi relative entropy obeys the data-processing inequality for α ∈

(0, 2]; that is, for all states ρ and σ, every channel N , and all α ∈ (0, 2], the following

inequality holds:

D̂α(ρ∥σ) ≥ D̂α(N(ρ)∥N(σ)). (3.5.12)

As α → 1, the geometric Rényi relative entropy converges to the Belavkin–Staszewski

relative entropy [BS82]:

D̂(ω∥τ) ≡ D̂1(ω∥τ) (3.5.13)

B lim
α→1

D̂α(ω∥τ) (3.5.14)

= Tr
[
ω log2

(
ω

1
2τ−1ω

1
2
)]
, (3.5.15)

as shown in [KW21, Proposition 79].

3.5.2 Generalized divergence of quantum channels

The notion of generalized divergence can be extended to quantum channels, and this ex-

tension provides a mathematical framework for comparing channels. The generalized
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divergence between two channels is defined in terms of the generalized divergence be-

tween states, as follows [CMW16, LKDW18]:

D(NA→B∥MA→B) B sup
ρRA

D(NA→B(ρRA)∥MA→B(ρRA)), (3.5.16)

where A and B are systems of arbitrary size and ρRA is a quantum state with no constraint

on the reference system R in general. It suffices to restrict the optimization in (3.5.16) to

pure states and the dimension of system R to be equal to the dimension of A. This fol-

lows from purification, the data-processing inequality, and the fact that all purifications

of a state are related by an isometry acting on the purifying system (see [KW20, Proposi-

tion 4.79]).

A key property of an arbitrary generalized channel divergence is that it contracts un-

der the action of a superchannel [Gou19, Eq. (92)]:

Theorem 3.3 ([Gou19]) For two arbitrary quantum channels NA→B and MA→B, and an arbi-

trary superchannel Θ(A→B)→(C→D), the generalized channel divergence obeys the inequality

D(N∥M) ≥ D(Θ(N)∥Θ(M)) , (3.5.17)

where A, B,C,D are systems of arbitrary size.

Geometric Rényi relative entropy of channels

The α-geometric Rényi relative entropies form a family of generalized divergences be-

tween channels. We present a brief review of these quantities and their properties that

are relevant for this work.
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The α-geometric Rényi relative entropy of channels is defined for two arbitrary quan-

tum channels and α ∈ (0, 1) ∪ (1,∞) as

D̂α(NA→B∥MA→B) B sup
ρRA

D̂α(NA→B(ρRA)∥MA→B(ρRA)). (3.5.18)

For α ∈ (0, 1) ∪ (1, 2], the data-processing inequality holds, and so the statement just

after (3.5.16) applies, so that it suffices to perform the optimization over pure bipar-

tite states with R isomorphic to A. This quantity is finite for α > 1 if and only if

supp(ΓNAB) ⊆ supp(ΓMAB) [FF21a]. The systems A and B can hold an arbitrary number of

subsystems, a property that we shall use in Section 3.7 for bipartite quantum channels.

Note that the α-geometric Rényi relative entropy of channels converges to the

Belavkin–Staszewski relative entropy when α → 1 [FF21a, KW20, DKQ+23]. Hence, we

can remove the discontinuity in α by defining

D̂(N∥M) ≡ D̂1(N∥M) B lim
α→1

D̂α(N∥M) . (3.5.19)

Lemma 3.3 ([FF21a, KW21]) The geometric Rényi relative entropy for channels satisfies the fol-

lowing properties:

1. It is monotonic in α for α > 0:

α ≥ β > 0 ⇒ D̂α(N∥M) ≥ D̂β(N∥M) . (3.5.20)

2. It is additive under tensor products of channels for α ∈ (0, 2]:

D̂α(N1 ⊗ N2∥M1 ⊗M2) = D̂α(N1∥M1) + D̂α(N2∥M2). (3.5.21)

3. For an arbitrary quantum channel NA→B, a set V of completely positive maps described by

semidefinite constraints, and α = 1 + 2−ℓ with ℓ ∈ N, the optimization minM∈V D̂α(N∥M)

can be computed by a semidefinite program. See Section 3.9 for the full form of the SDP

along with numerical calculations.
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Proof: The monotonicity of the α-geometric Rényi relative entropy of channels for all

α ∈ (0, 2] was shown in [KW21, Appendix H], and the semidefinite program to minimize

the quantity D̂α(N∥M) over a setV of completely positive maps described by semidefinite

constraints, was given in [FF21a, Lemma 9] for all α ∈ (1, 2].

Additivity of α-geometric Rényi relative entropy for all α ∈ (0, 2] is a corollary

of [KW21, Proposition 47]. For completeness, we present a brief proof of additivity here.

Consider two arbitrary pure states ψR1A1 and ϕR2A2 . The following inequality holds for the

α-geometric Rényi relative entropy between two tensor-product channels:

D̂α

(
N1

A1→B1
⊗ N2

A2→B2

∥∥∥M1
A1→B1

⊗M2
A2→B2

)
≥ D̂α

((
N1 ⊗ N2

)
(ψ ⊗ ϕ)

∥∥∥∥(M1 ⊗M2
)

(ψ ⊗ ϕ)
)

(3.5.22)

= D̂α

(
N1 (ψ)

∥∥∥M1 (ψ)
)
+ D̂α

(
N2 (ϕ)

∥∥∥M2 (ϕ)
)
. (3.5.23)

Since the above inequality holds for all pure states ψR1A1 and ϕR2A2 , we can take a supre-

mum over both and conclude that

D̂α

(
N1

A1→B1
⊗ N2

A2→B2

∥∥∥M1
A1→B1

⊗M2
A2→B2

)
≥ D̂α

(
N1

A1→B1

∥∥∥M1
A1→B1

)
+ D̂α

(
N2

A2→B2

∥∥∥M2
A1→B1

)
.

(3.5.24)

Now consider the following inequality for channel composition given in Proposition 47

of [KW21],

D̂α(L1 ◦ L2∥K1 ◦ K2) ≤ D̂α(L1∥K1) + D̂α(L2∥K2), (3.5.25)

for channels L1, L2, K1, and K2, and α ∈ (0, 1) ∪ (1, 2]. Setting

L1 = N
1
A1→B1

⊗ idB2 , (3.5.26)

L2 = idA1 ⊗N
2
A2→B2

, (3.5.27)

K1 =M
1
A1→B1

⊗ idB2 , (3.5.28)

K2 = idA1 ⊗M
2
A2→B2

, (3.5.29)
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we find that

D̂α

(
N1

A1→B1
⊗ N2

A2→B2

∥∥∥M1
A1→B1

⊗M2
A2→B2

)
≤ D̂α

(
N1

A1→B1
⊗ idB2

∥∥∥M1
A1→B1

⊗ idB2

)
+ D̂α

(
idA1 ⊗N

2
A2→B2

∥∥∥idA1 ⊗M
2
A1→B1

)
(3.5.30)

= D̂α

(
N1

A1→B1

∥∥∥M1
A1→B1

)
+ D̂α

(
N2

A2→B2

∥∥∥M2
A1→B1

)
, (3.5.31)

where the last equality follows from the stability property of the channel divergence (i.e.,

it is not changed by tensoring the original channel with an arbitrary identity channel).

Finally, we can take the limit α → 1 on both sides and use the definition of D̂1(·∥·)

in (3.5.19) to conclude that the α-geometric Rényi relative entropy of channels is additive

under tensor products for all α ∈ (0, 2]. □

3.5.3 Generalized unextendible entanglement of quantum states

The generalized unextendible entanglement of a bipartite state has been defined

in [WWW24]. We include a short discussion on the topic for necessary development.

Definition 3.2 ([WWW24]) The generalized unextendible entanglement of a bipartite state ρAB,

induced by a generalized divergence D between states, is defined as

Eu(ρAB) B inf
ρAB1B2∈S(AB1B2)

1
2

{
D
(
ρAB∥TrB1

[
ρAB1B2

])
: TrB2

[
ρAB1B2

]
= ρAB

}
, (3.5.32)

where the optimization is over every state ρAB1B2 that is an extension of the state ρAB. We also adopt

the following alternative notations sometimes because they can be helpful to make the bipartition

A|B clear:

Eu(A; B)ρ ≡ Eu(ρA:B) ≡ Eu(ρAB). (3.5.33)

72



Let us define the following set of extensions of a bipartite state ρAB:

Ext(ρAB) B
{
ρAB1B2 : TrB2

[
ρAB1B2

]
= ρAB

}
, (3.5.34)

where B1 and B2 are isomorphic to B. This allows us to write the generalized unextendible

entanglement of ρAB, induced by the generalized divergence D, as

Eu(ρAB) = inf
ρAB1B2∈Ext(ρAB)

1
2

D
(
ρAB∥TrB2

[
ρAB1B2

])
. (3.5.35)

The generalized unextendible entanglement provides a framework for quantifying the

unextendibility of a bipartite state ρAB with respect to the system B. A different measure

for unextendibility was considered in [KDWW19, KDWW21] where the divergence was

measured from the fixed set of two-extendible states. However, in Definition 3.2, the

divergence is measured by means of a set of states that depend on the input state itself.

Although both measures are equal to the minimal possible value of D when ρAB is two-

extendible, they are not equal in general.

Let us look specifically at the unextendible entanglement induced by the α-geometric

Rényi relative entropy, Êu
α(ρAB), for α ∈ (0, 2]. This quantity is called the α-geometric

unextendible entanglement in [WWW24].

Note that the underlying divergence of α-geometric unextendible entanglement had

an intrinsic discontinuity at α = 1, which was removed by defining the quantity D̂ (·∥·) as

D̂(·∥·) ≡ D̂1(·∥·) B lim
α→1

D̂α(·∥·) . (3.5.36)

By definition, Êu
α is defined for α = 1 as the unextendible entanglement induced by D̂1(·∥·);

however, it is necessary to check if the function Êu
α is continuous at α = 1. We denote the

unextendible entanglement induced by D̂1(·∥·) as Êu; that is,

Êu(ρAB) B
1
2

inf
σ∈Ext(ρ)

lim
α→1

D̂α

(
ρ∥TrB1

[
σAB1B2

])
. (3.5.37)
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Proposition 3.5 The α-geometric unextendible entanglement of a state, in the limit α → 1, con-

verges to the unextendible entanglement of states induced by the Belavkin–Staszewski relative

entropy; i.e.,

lim
α→1

Êu
α(ρAB) = Êu(ρAB) . (3.5.38)

Proof: See Appendix 3.A. □

The α-geometric unextendible entanglement of states increases monotonically in α,

which is a consequence of the α-geometric Rényi relative entropy being monotonic in α.

The smallest quantity in this family of unextendibility measures is achieved in the limit

α→ 0. We define this quantity as the min-geometric unextendible entanglement:

Êu
min(ρAB) B lim

α→0+
Êu
α(ρAB) . (3.5.39)

Proposition 3.6 The min-geometric unextendible entanglement of a quantum state is the unex-

tendibe entanglement induced by the α-geometric Rényi relative entropy when α→ 0; that is,

Êu
min(ρAB) =

1
2

inf
σ∈Ext(ρ)

lim
α→0+

D̂α

(
ρ
∥∥∥∥TrB1[σAB1B2]

)
. (3.5.40)

Proof: Due to the monotonicity of the α-geometric unextendible entanglement in α, we

can write

Êu
min(ρAB) = lim

α→0+
Êu
α(ρAB) (3.5.41)

= inf
α∈(0,1)

1
2

inf
σ∈Ext(ρ)

D̂α

(
ρ∥TrB1

[
σAB1B2

])
(3.5.42)

=
1
2

inf
σ∈Ext(ρ)

inf
α∈(0,1)

D̂α

(
ρ∥TrB1

[
σAB1B2

])
(3.5.43)

=
1
2

inf
σ∈Ext(ρ)

lim
α→0+

D̂α

(
ρ∥TrB1

[
σAB1B2

])
, (3.5.44)
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where the final equality follows from the monotonicity of the α-geometric Rényi relative

entropy. □

Theorem 3.4 ([WWW24]) The α-geometric unextendible entanglement of states for all α ∈ (0, 2]

satisfies the following properties:

1. It is monotonic under a selective two-extendible bipartite operation
{
E

y
AB→A′B′

}
y
:

Êu
α(ρAB) ≥

∑
y:p(y)>0

p(y)Êu
α

(
ω

y
A′B′

)
, (3.5.45)

where

p(y) B Tr
[
E

y
AB→A′B′(ρAB)

]
, (3.5.46)

ω
y
A′B′ B

1
p(y)
E

y
AB→A′B′(ρAB) . (3.5.47)

2. It obeys subadditivity for states ρA1B1 and σA2B2 :

Êu
α

(
ρA1B1 ⊗ σA2B2

)
≤ Êu

α

(
ρA1B1

)
+ Êu

α

(
σA2B2

)
. (3.5.48)

3. Let Φd
AB be a maximally entangled state of Schmidt rank d. Then

Êu
α

(
Φd

AB

)
= log2 d. (3.5.49)

Proposition 3.7 (Direct–sum) Let ρXX′AB denote the following classical–classical–quantum

state:

ρXX′AB B
∑

x

p(x)|x⟩⟨x|X ⊗ |x⟩⟨x|X′ ⊗ ρx
AB. (3.5.50)

For α ∈ (1, 2], the α-geometric unextendible entanglement obeys the following inequalities:

Êu
α(ρXA:B) ≥

∑
x

p(x)Êu
α(ρx

AB). (3.5.51)
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For α ∈ (0, 2], it obeys the following:

Êu
α(ρXA:B) = Êu

α(ρXA:X′B) ≥ Êu
α(ρA:X′B). (3.5.52)

The following equality holds for the Belavkin–Staszewski unextendible entanglement:

Êu(ρXA:B) =
∑

x

p(x)Êu(ρx
AB). (3.5.53)

Proof: Let us first prove the inequality in (3.5.51). A general extension of the state ρXAB

is of the form,

ρXAB1B2 =
∑

x

p(x)|x⟩⟨x|X ⊗ ρx
AB1B2

, (3.5.54)

where ρx
AB1B2

is an arbitrary extension of ρx
AB. Due to the direct-sum property of the α-

geometric Rényi relative quasi-entropy defined in (3.5.3),

log2 Q̂α

(
ρXAB∥TrB1[ρXAB1B2]

)
= log2

∑
x

p(x)Q̂α

(
ρx

AB∥TrB1[ρ
x
AB1B2

]
)

(3.5.55)

≥
∑

x

p(x) log2 Q̂α

(
ρx

AB∥TrB1

[
ρx

AB1B2

])
, (3.5.56)

where the inequality follows from concavity of the logarithm. Furthermore, for α > 1, we

can divide both sides by α − 1 while preserving the inequality sign, implying that

D̂α

(
ρXAB∥TrB1

[
ρXAB1B2

])
=

1
α − 1

log2 Q̂α

(
ρXAB∥TrB1[ρXAB1B2]

)
(3.5.57)

≥
1

α − 1

∑
x

p(x) log2 Q̂α

(
ρx

AB∥TrB1

[
ρx

AB1B2

])
(3.5.58)

=
∑

x

p(x)D̂α

(
ρx

AB∥TrB1

[
ρx

AB1B2

])
(3.5.59)

≥ 2
∑

x

p(x)Êu
α(ρx

AB). (3.5.60)

Since the above inequality holds for every extension ρXAB1B2 , we can take the infimum over

all such extensions and conclude (3.5.51).
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Let us now prove the statements in (3.5.52). Observe that Alice can copy the contents

of the classical register X to X′ and send X′ to Bob, and this action is a one-way LOCC

channel. By invoking the fact that the α-geometric unextendible entanglement does not

increase under one-way LOCC for α ∈ (0, 2] (see [WWW24, Remark 3]), we conclude that

Êu
α(ρXA:B) ≥ Êu

α(ρXA:X′B). (3.5.61)

Since performing a partial trace over the register X′ in Bob’s possession is also a one-way

LOCC channel, we conclude the opposite inequality:

Êu
α(ρXA:X′B) ≥ Êu

α(ρXA:B), (3.5.62)

which, together with the inequality above, implies the equality in (3.5.52). Finally, dis-

carding the register X in Alice’s possession is also a one-way LOCC, which implies the

inequality in (3.5.52).

We finally note that the inequality

Êu(ρXA:B) ≥
∑

x

p(x)Êu(ρx
AB) (3.5.63)

holds because (3.5.51) holds for all α > 1, and thus we can invoke Proposition 3.5 and take

the limit as α → 1. The opposite inequality is a consequence of the following reasoning.

Let ρx
AB1B2

be an arbitrary extension of ρx
AB (i.e., TrB2[ρ

x
AB1B2

] = ρx
AB). Consider that∑

x

p(x)D̂(ρx
AB1
∥ρx

AB2
) = D̂(ρXAB1∥ρXAB2) (3.5.64)

≥ 2Êu(ρXA:B), (3.5.65)

where we invoked the direct-sum property of the Belavkin–Staszewski relative entropy

(see [KW20, Eq. (4.7.62)]). Since the inequality holds for every extension of ρx
AB, we con-

clude that ∑
x

p(x)Êu(ρx
AB) ≥ Êu(ρXA:B). (3.5.66)

Combining the above inequality with the inequality in (3.5.63), we conclude (3.5.53). □
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3.5.4 Generalized unextendible entanglement of point-to-point quan-

tum channels

We are now in a position to define the unextendible entanglement of a point-to-point

quantum channel. For a channel divergence D, the unextendible entanglement of a quan-

tum channel NA→B is defined as

Eu(NA→B) B inf
PA→B1B2

1
2
{
D
(
NA→B

∥∥∥TrB1 ◦PA→B1B2

)
: TrB2 ◦PA→B1B2 = NA→B

}
, (3.5.67)

where the infimum is taken over every extension channel PA→B1B2 . Let us define the fol-

lowing set of extensions of the quantum channel NA→B:

Ext(NA→B) B
{
PA→B1B2 ∈ CP : TrB2 ◦PA→B1B2 = NA→B

}
, (3.5.68)

where B1 and B2 are isomorphic to B and CP denotes the set of completely positive maps.

The unextendible entanglement of a point-to-point quantum channelNA→B, induced by a

channel divergence D, can thus be written as

Eu(NA→B) = inf
PA→B1B2∈Ext(N)

1
2

D
(
NA→B

∥∥∥TrB2 ◦PA→B1B2

)
. (3.5.69)

This definition is motivated from the definition of unextendible entanglement of bipartite

states in (3.5.32). The unextendible entanglement of a quantum channel NA→B between

Alice and Bob quantifies the distinguishability of the two marginals of a quantum broad-

cast channel PA→B1B2 such that one of the marginals is the channel of interest.

The no-broadcasting theorem [BCF+96], a generalization of the no-cloning theorem

to mixed states, implies that there cannot exist a quantum channel PA→B1B2 that can per-

fectly broadcast an arbitrary quantum state, in the sense that, for such a purported perfect

broadcast channel, the marginal states on the output systems B1 and B2 are the same as the
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input quantum state on system A. As such, there cannot exist a quantum channel PA→B1B2

such that each of its marginals is the identity channel. However, a quantum broadcast

channel can have identical marginals if the marginals are noisy channels, for example, a

trivial channel that replaces the input with a fixed quantum state. The unextendible en-

tanglement of a quantum channel thus can be understood as a measure of entanglement

of the quantum channel arising from the limitations imposed by the non-broadcastability

of quantum information.

The unextendible entanglement induced by a divergence D achieves its minimum for

two-extendible channels. If the underlying divergence is strongly faithful, then the unex-

tendible entanglement is equal to zero if and only if the channel is two-extendible.

Theorem 3.5 (Monotonicity) The generalized unextendible entanglement of a channel does not

increase under the action of a two-extendible superchannel. That is, for an arbitrary quantum

channel NA→B and a two-extendible superchannel Θ(A→B)→(C→D),

Eu(NA→B) ≥ Eu(Θ (NA→B)) . (3.5.70)

Proof: To begin with, consider a two-extendible superchannel Θ(A→B)→(C→D) with the

two-extension Υ(A→B1B2)→(C→D1D2).

Let PA→B1B2 be an extension of the channel NA→B, implying NA→B = TrB2 ◦PA→B1B2 . The

generalized divergence between the two marginals of the channel PA→B1B2 satisfies

D
(
NA→B∥TrB1 ◦PA→B1B2

)
≥ D

(
Θ (NA→B) ∥Θ

(
TrB1 ◦PA→B1B2

))
(3.5.71)

= D
(
TrD2 ◦Υ

(
PA→B1B2

)
∥TrD1 ◦Υ

(
PA→B1B2

))
(3.5.72)

≥ 2Eu(Θ (NA→B)) . (3.5.73)
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The first inequality follows from the contraction of a generalized channel divergence un-

der superchannels (Theorem 3.3). The equality follows from the nonsignaling property of

two-extendible superchannels (Proposition 3.3), and the last inequality follows from the

fact that Υ
(
PA→B1B2

)
is a valid extension of the channel Θ (NA→B).

Since (3.5.73) holds true for every extension PA→B1B2 of the channel NA→B, we can take

the infimum over all such channels and conclude (3.5.70). □

Remark 3.3 Since all one-way LOCC channels are two-extendible, the generalized unextendible

entanglement of a channel does not increase under the action of a one-way LOCC superchannel.

A superchannel Θ can also convert a point-to-point quantum channel NA→B to a bi-

partite quantum channelMC→C′D that is nonsignaling from D to C. We have not yet de-

fined the unextendible entanglement of such channels (see Section 3.7 for unextendible

entanglement of general bipartite channels); however, we can still compare the unex-

tendible entanglement of any bipartite state that can be established by a channel of the

formMC→C′D with the unextendible entanglement of point-to-point channels.

Theorem 3.6 The unextendible entanglement of a quantum state σRC′D, with respect to the parti-

tion RC′ : D, that can be established between two parties using a point-to-point quantum channel

NA→B and a two-extendible superchannel Θ(A→B)→(C→C′D) is no greater than the unextendible en-

tanglement of the quantum channel NA→B; i.e.,

sup
ρRC

Eu(σRC′:D) ≤ Eu(NA→B) , (3.5.74)

where

σRC′D B
(
Θ(A→B)→(C→C′D)(NA→B)

)
(ρRC) , (3.5.75)

and ρRC is a quantum state.
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Proof: Let Θ(A→B)→(C→C′D) be a two-extendible superchannel, and let Υ(A→B1B2)→(C→C′D1D2)

be a two-extension of it. Consider the following state:

σRC′D B
(
Θ(A→B)→(C→C′D)(NA→B)

)
(ρRC) , (3.5.76)

whereNA→B is a point-to-point channel. LetPA→B1B2 be an arbitrary extension of the point-

to-point channel NA→B. Proposition 3.3 implies the following equality:

TrD2

[(
Υ

(
PA→B1B2

))
(ρRC)

]
=

(
Θ

(
TrB2 ◦PA→B1B2

))
(ρRC) (3.5.77)

= (Θ (NA→B)) (ρRC) (3.5.78)

= σRC′D. (3.5.79)

This implies that Υ
(
PA→B1B2

)
(ρRC) is an extension of σRC′D with respect to the partition

RC′ : D. By definition, the unextendible entanglement of the state σRC′D satisfies the

following inequality:

Eu(σRC′:D) ≤ inf
P∈Ext(N)

1
2

D
(
σRC′D

∥∥∥TrD1

[
Υ (P) (ρRC)

])
(3.5.80)

= inf
P∈Ext(N)

1
2

D
(
σRC′D

∥∥∥[Θ (
TrB1 ◦P

)
(ρRC)

])
. (3.5.81)

Taking a supremum over every input state ρRC, we arrive at the following relations:

sup
ρRC

Eu(σRC′:D) ≤ sup
ρRC

inf
P∈Ext(N)

1
2

D
(
σ
∥∥∥(Θ (

TrB1 ◦PA→B1B2

))
(ρRC)

)
(3.5.82)

= sup
ρRC

inf
P∈Ext(N)

1
2

D
(
(Θ (N)) (ρ)

∥∥∥(Θ (
TrB1 ◦P

))
(ρ)

)
(3.5.83)

≤ inf
P∈Ext(N)

sup
ρRC

1
2

D
(
(Θ (N)) (ρ)

∥∥∥(Θ (
TrB1 ◦P

))
(ρ)

)
(3.5.84)

= inf
P∈Ext(N)

1
2

D
(
Θ (N)

∥∥∥Θ (
TrB1 ◦P

))
(3.5.85)

≤ inf
P∈Ext(N)

1
2

D
(
NA→B

∥∥∥TrB1 ◦PA→B1B2

)
(3.5.86)

= Eu(NA→B) , (3.5.87)
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where the second inequality follows from the max-min inequality, the second equality fol-

lows from the definition of generalized divergence of channels, the penultimate inequal-

ity follows from the data-processing inequality in Theorem 3.3, and the final equality

follows from the definition of the unextendible entanglement of NA→B. □

α-geometric unextendible entanglement of quantum channels

In this section, we consider the unextendible entanglement induced by the geometric

Rényi relative entropy:

Êu
α(NA→B) B inf

PA→B1B2

{
D̂α

(
NA→B∥TrB1 ◦PA→B1B2

)
: TrB2 ◦PA→B1B2 = NA→B

}
∀α ∈ (0, 2], (3.5.88)

where the infimum is taken over every channel PA→B1B2 . We shall refer to this quantity as

the α-geometric unextendible entanglement of channels following the convention used

for unextendible entanglement of states. We list some important properties of the α-

geometric unextendible entanglement of quantum channels.

1. Subadditivity: The α-geometric unextendible entanglement of a channel is subad-

ditive with respect to tensor products of channels, for all α ∈ (0, 2] (Proposition 3.8).

2. Monotonicity in α: The α-geometric unextendible entanglement of a channel in-

creases monotonically with increasing α (Proposition 3.9).

3. Computable via SDP: For a positive integer ℓ, and α = 1+2−ℓ, the α-geometric unex-

tendible entanglement of a quantum channel can be computed using a semidefinite

program (Proposition 3.24).

The α-geometric unextendible entanglement of quantum channels is subadditive un-

der tensor products of channels, due to the additive property of the underlying diver-

gence (see Lemma 3.3).
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Proposition 3.8 (Subadditivity) For every two quantum channels N1
A→B and N2

A→B′ , the α-

geometric unextendible entanglement is subadditive for all α ∈ (0, 2]:

Êu
α(N1

A→B ⊗ N
2
A′→B′) ≤ Êu

α(N1
A→B) + Êu

α(N2
A′→B′). (3.5.89)

Proof: Let P1
A→B1B2

and P2
A′→B′1B′2

be arbitrary extensions of the channelsN1
A→B andN2

A′→B′ .

As such,

N1
A→B = TrB2 ◦P

1
A→B1B2

, (3.5.90)

N2
A′→B′ = TrB′2

◦P2
A′→B′1B′2

. (3.5.91)

The tensor-product channel P1
A→B1B2

⊗P2
A′→B′1B′2

is an extension of the channelN1
A→B⊗N

2
A′→B′

because

N1
A→B ⊗ N

2
A′→B′ = TrB2B′2

◦
(
P1

A→B1B2
⊗ P2

A′→B′1B′2

)
. (3.5.92)

Note that in this case we are interested in the extendibility of the joint system BB′ with

respect to the joint system AA′. Then consider that

Êu
α

(
N1 ⊗ N2

)
≤

1
2

D̂α

(
N1 ⊗ N2∥TrB1B′1

◦
(
P1 ⊗ P2

))
(3.5.93)

=
1
2

D̂α

(
N1∥TrB1 ◦P

1
)
+

1
2

D̂α

(
N2∥TrB′1

◦P2
)
, (3.5.94)

where the last equality follows from the additive property of α-geometric Rényi relative

entropy of channels in (3.5.21). Since (3.5.94) holds for arbitrary extensions P1
A→B1B2

and

P2
A′→B′1B′2

, we can take the infimum over both and conclude (3.5.89). □

Proposition 3.9 For all α ∈ (0, 2], the α-geometric unextendible entanglement is monotonic in

α, i.e.,

2 ≥ α ≥ β > 0 ⇒ Êu
α(NA→B) ≥ Êu

β(NA→B) . (3.5.95)
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Proof: This is a direct consequence of the monotonicity of geometric Rényi relative en-

tropy of channels in α, which itself is a direct consequence of the α-monotonicity of the

geometric Rényi relative entropy for states [KW21, Eq. (6.16)]. Let PA→B1B2 be an arbitrary

extension of NA→B. Then

1
2

D̂α

(
NA→B∥TrB1 ◦PA→B1B2

)
≥

1
2

D̂β

(
NA→B∥TrB1 ◦PA→B1B2

)
(3.5.96)

≥ Êu
β(NA→B) , (3.5.97)

where the first inequality follows from the monotonicity of geometric Rényi relative en-

tropy in α and the last inequality follows from the definition of β-geometric Rényi un-

extendible entanglement of channels. Since the inequality holds for every extension, we

conclude the desired claim by taking the infimum over all such extensions. □

Remark 3.4 The smallest quantity in the family of α-geometric unextendible entanglement is

achieved in the limit α → 0+, as implied by Proposition 3.9. We call this quantity the

min-geometric unextendible entanglement and define it as follows:

Êu
min(NA→B) B lim

α→0+
Êu
α(NA→B) . (3.5.98)

Proposition 3.10 The min-geometric unextendible entanglement of a channel is the unextendible

entanglement induced by the α-geometric Rényi relative entropy as α→ 0:

Êu
min(NA→B) = inf

P∈Ext(N)
sup
ψRA

D̂0
(
N(ψ) ∥TrB1

[
P(ψ)

])
. (3.5.99)

Proof: Invoking the definition of min-geometric unextendible entanglement,

Êu
min(NA→B) = lim

α→0+
Êu
α(NA→B) (3.5.100)

= inf
α∈(0,2]

inf
P∈Ext(N)

sup
ψRA

D̂α

(
N(ψ) ∥TrB1

[
P(ψ)

])
(3.5.101)
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= inf
P∈Ext(N)

inf
α∈(0,2]

sup
ψRA

D̂α

(
N(ψ) ∥TrB1

[
P(ψ)

])
, (3.5.102)

where the second equality follows from the monotonicity of α-geometric unextendible

entanglement with α and the third equality is arrived at by exchanging the infimums.

The α-geometric Rényi relative entropy D̂α(ρ∥σ) is lower semi-continuous in

(ρ, σ) [FF21b, Lemma A.3], and increases monotonically in α in the range (0, 2]. Hence,

we can employ the Mosonyi–Hiai minimax theorem from [MH11, Corollary A.2] (up to a

minus sign on the outside therein) and establish that

inf
P∈Ext(N)

inf
α∈(0,2]

sup
ψRA

D̂α

(
N(ψ) ∥TrB1

[
P(ψ)

])
= inf
P∈Ext(N)

sup
ψRA

inf
α∈(0,2]

D̂α

(
N(ψ) ∥TrB1

[
P(ψ)

])
(3.5.103)

= inf
P∈Ext(N)

sup
ψRA

lim
α→0+

D̂α

(
N(ψ) ∥TrB1

[
P(ψ)

])
(3.5.104)

= inf
P∈Ext(N)

sup
ψRA

D̂0
(
N(ψ) ∥TrB1

[
P(ψ)

])
. (3.5.105)

This concludes the proof. □

Proposition 3.11 The α-geometric unextendible entanglement of quantum channels converges

to the unextendible entanglement induced by the Belavkin–Staszewski relative entropy as α→ 1:

lim
α→1

Êu
α(NA→B) = Êu(NA→B) (3.5.106)

B inf
P∈Ext(N)

D̂
(
NA→B∥TrB1 ◦PA→B1B2

)
. (3.5.107)

Proof: See Appendix 3.B. □

Remark 3.5 Using a semidefinite program, we can compute the α-geometric unextendible en-

tanglement of a channel for α = 1 + 2−ℓ, where ℓ is a positive integer. This quantity closely

approximates the unextendible entanglement of the channel induced by the Belavkin–Staszewski
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relative entropy for large enough values of ℓ. However, it remains open to determine a semidefinite

program to compute the α-geometric unextendible entanglement for α ∈ (0, 1), which makes it

difficult to estimate the min-geometric unextendible entanglement of a channel computationally.

3.6 Applications

In this section, we discuss some applications of the unextendible entanglement of a point-

to-point quantum channel in establishing upper bounds on some operational quantities of

interest, including a channel’s exact one-way distillable key (Section 3.6.1), its probabilis-

tic distillable entanglement (Section 3.6.2), its zero-error private capacity (Section 3.6.3),

and its zero-error quantum capacity (Section 3.6.4).

3.6.1 Exact one-way distillable key of a channel

Quantum key distribution (QKD) [Eke91, BB84, May01] is the process of distributing

information-theoretic secret keys between two parties, for the purpose of conducting pri-

vate communication after the keys are established. The key distribution task establishes

a maximally classically-correlated state between Alice and Bob, and it ensures secrecy by

forcing any eavesdropper’s system to be completely uncorrelated with this state. As such,

the joint state between Alice, Bob, and an eavesdropper holding system E, after an ideal

key distillation protocol, can be mathematically described as follows:

τABE B
1
K

K∑
k=1

|k⟩⟨k|A ⊗ |k⟩⟨k|B ⊗ σE. (3.6.1)

This is called an ideal tripartite key state. Such a tripartite key state is said to hold log2 K

secret bits.
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In [HHHO05, HHHH09], it was shown that the task of distilling tripartite secret keys

is equivalent to establishing bipartite private states between Alice and Bob, which yield

a secret key between Alice and Bob upon measurement. A quantum state ρABA′B′ is called

a bipartite private state [HHHO05, HHHO09] if Alice and Bob can extract a maximally

classically-correlated state by applying local measurements, such that the resulting state

is in product form with any purifying system of ρABA′B′ :

(MA ⊗MB ⊗ TrA′B′)
(
ψ
ρ
ABA′B′E

)
=

1
K

K∑
k=1

|k⟩⟨k|A ⊗ |k⟩⟨k|B ⊗ σE, (3.6.2)

where ψρABA′B′E is a purification of the state ρABA′B′ , M(·) B
∑

k |k⟩⟨k| (·) |k⟩⟨k| is a projective

measurement channel, and σE is an arbitrary state of the purifying system E. Here A and

B are the key systems, and A′ and B′ are the shield systems (see Figure 3.2).

While a maximally entangled state is an example of a bipartite private state, it was

shown in [HHHO05, HHHH09] that there exist private states that hold a finite number of

secret bits but have vanishing distillable entanglement. Therefore, the task of secret-key

distillation is distinct from entanglement distillation, and it is not easily understood using

the resource theory of entanglement.

We consider the task of establishing a bipartite private state γK
CDC′D′ between Alice

and Bob, capable of generating a secret key of log2 K bits, using multiple instances of

a quantum channel NA→B, an arbitrary state ψCĈ, and a one-way LOCC superchannel

Θ(An→Bn)→(Ĉ→C′DD′). The result of the protocol acting on an input state ψCĈ is specified math-

ematically as follows:

Θ(An→Bn)→(Ĉ→C′DD′)
(
N⊗n

A→B
) (
ψCĈ

)
= γK

CDC′D′ , (3.6.3)

where the pre-processing and post-processing channels in Θ are taken to be isometric

channels, with C′ and D′ as the corresponding purifying systems (see Figure 3.2).
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Alice Bob

Figure 3.2: Diagrammatic representation of a protocol generating a bipartite private
state γCDC′D′ between Alice and Bob through multiple uses of a quantum channel NA→B.
The protocol is enacted through the local operations E andD and one-way classical
communication from Alice to Bob. Systems C and D form the key while C′ and D′ are
the shield systems.

One-shot exact one-way distillable key

Let us first define the one-shot exact distillable key of a quantum channel; that is, we are

considering the one-shot setting in which a single instance of the quantum channel NA→B

is used. Let us define the set of all possible bipartite private states, holding log2 K secret

bits, as follows:

K B
{
γK

CDC′D′ : K ∈ N
}
, (3.6.4)

where γK
CDC′D′ is a private state holding log2 K secret bits shared between two parties pos-

sessing systems CC′ and DD′, respectively, with C and D key systems and C′ and D′ shield

systems.

Definition 3.3 The one-shot exact distillable key of a quantum channel NA→B is the number of

secret bits that can be distilled by a single use of the channel assisted by a one-way LOCC super-
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channel Θ(A→B)→(Ĉ→C′DD′):

K(1)
1WL(NA→B) B sup

ψCĈ∈S(CĈ),Θ∈1WL,
γK

CDC′D′∈K


log2 K :

Θ (N)
(
ψCĈ

)
= γK

CDC′D′

 . (3.6.5)

Definition 3.3 is motivated by the fact that once a bipartite private state with log2 K bits

of secrecy is established between two parties, a secret key of log2 K bits can be distilled by

only local operations.

We can also define the one-shot exact distillable key in a similar way when the channel

is assisted by two-extendible superchannels:

K(1)
2-EXT(NA→B) B sup

ψCĈ∈S(CĈ),Θ∈2-EXT,
γK

CDC′D′∈K


log2 K :

Θ (N)
(
ψCĈ

)
= γK

CDC′D′

 . (3.6.6)

Since all one-way LOCC superchannels are two-extendible,

K(1)
2-EXT(NA→B) ≥ K(1)

1WL(NA→B) . (3.6.7)

Proposition 3.12 The number of secret bits that can be distilled by using n instances of a quan-

tum channel NA→B, assisted by one-way LOCC or two-extendible superchannels, is bounded

from above by the min-geometric unextendible entanglement of the channel NA→B (as defined

in (3.5.98)). That is,

1
n

K(1)
1WL

(
N⊗n

A→B
)
≤

1
n

K(1)
2-EXT

(
N⊗n

A→B
)
≤ Êu

min(NA→B) . (3.6.8)

Proof: Let Θ(An→Bn)→(Ĉ→DC′D′) be a two-extendible superchannel that transforms n in-

stances of quantum channel NA→B into a channel that acts on an input state ψCĈ to yield a

private state γK
CDC′D′ holding log2 K bits of secrecy with probability p; i.e.,

Θ(An→Bn)→(Ĉ→DC′D′)
(
N⊗n

A→B
) (
ψCĈ

)
= γK

CDC′D′ . (3.6.9)
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The α-geometric unextendible entanglement of a channel can be bounded from below

as follows: using Theorem 3.6, monotonicity of and subadditivity of α-geometric unex-

tendible entanglement under tensor products from Proposition 3.8,

nÊu
α(N) ≥ Êu

α

(
N⊗n) (3.6.10)

≥ Êu
α

(
Θ

(
N⊗n)) (3.6.11)

≥ Êu
α

(
Θ

(
N⊗n) (ψCĈ

))
(3.6.12)

= Êu
α

(
γK

CDC′D′
)

(3.6.13)

≥ log2 K, (3.6.14)

where the first inequality follows from the subadditivity of α-geometric unextendible en-

tanglement (Proposition 3.8), the second inequality follows from the monotonicity of un-

extendible entanglement of a channel under the action of a two-extendible superchannel

(Theorem 3.5), the third inequality follows from Theorem 3.6, and the last inequality fol-

lows from [WWW24, Corollary 22].

We can get the tightest possible upper bound with this technique by taking the limit

α→ 0 and applying Proposition 3.10, arriving at the following inequality:

Êu
min(NA→B) ≥

1
n

log2 K. (3.6.15)

Since this inequality holds for every two-extendible superchannel Θ, input state ψCĈ, and

secret-key dimension K, we conclude (3.6.8). □

Asymptotic exact one-way distillable key

Now let us now consider the asymptotic setting in which an arbitrarily large number of

independent uses of a channel are allowed along with a restricted set of superchannels
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to establish a secret key between two parties. We begin by defining the asymptotic exact

one-way distillable key of a quantum channel.

Definition 3.4 The asymptotic exact one-way distillable key of a channel NA→B is the maximum

achievable rate at which secret bits can be distilled by an arbitrarily large number of channel uses

in parallel, along with one-way LOCC superchannels:

K1WL(NA→B) B lim inf
n→∞

1
n

K(1)
1WL

(
N⊗n

A→B
)
. (3.6.16)

We can define the asymptotic two-extendible exact distillable key of the channel by

relaxing the constraint on the superchannels to be two-extendible:

K2-EXT(NA→B) B lim inf
n→∞

1
n

K(1)
2-EXT

(
N⊗n

A→B
)
. (3.6.17)

The definitions imply the following inequalities:

K2-EXT(NA→B) ≥ K(1)
2-EXT(NA→B) ≥ K(1)

1WL(NA→B) , (3.6.18)

and

K2-EXT(NA→B) ≥ K1WL(NA→B) ≥ K(1)
1WL(NA→B) . (3.6.19)

Corollary 3.1 The asymptotic exact distillable key of a channelNA→B, assisted by one-way LOCC

or two-extendible superchannels, is bounded from above by the min-geometric unextendible entan-

glement of the channel:

Êu
min(NA→B) ≥ K2-EXT(NA→B) ≥ K1WL(NA→B) . (3.6.20)

Proof: The proof follows from the fact that Proposition 3.12 is true for all values of n ∈ N.

□
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Alice Bob

Figure 3.3: Diagrammatic representation of the protocol establishing a d-dimensional
maximally entangled state Φd

CD between Alice and Bob through multiple uses of a quan-
tum channel NA→B in parallel. The protocol is enacted through the local operations E
andD and one-way classical communication from Alice to Bob.

3.6.2 Exact one-way distillable entanglement of a channel

All current quantum network models rely on distant parties holding one or more shares

of a maximally entangled bipartite state (also known as an ebit). It is crucial to analyse

the ability of a quantum channel to distribute entanglement between its participants such

that a quantum network can be sustained by employing several of these channels.

We consider the task of entanglement distillation where Alice prepares ebits locally

and sends shares of the ebits to Bob using a noisy quantum channel NA→B assisted by

local operations and one-way classical communication from Alice to Bob. For a more

general setting, we allow Alice to prepare any arbitrary bipartite state instead of ebits

(see Figure 3.3).
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One-shot exact one-way distillable entanglement

Let us first consider the one-shot case where Alice and Bob use a point-to-point quantum

channel assisted by one-way LOCC superchannels to distill a maximally entangled state.

The ability of a channel to distill a maximally entangled state between the two parties can

be quantified by its one-shot exact one-way distillable entanglement, as defined below.

Definition 3.5 The one-shot exact one-way distillable entanglement of a channel NA→B is the

maximum number of ebits that can be established between two parties using the channel NA→B

and a one-way LOCC superchannel Θ(A→B)→(Ĉ→D):

E(1)
D,1WL(NA→B) B sup

ψCĈ∈S(CĈ),
Θ∈1WL


log2 d :

Θ (N)
(
ψCĈ

)
= Φd

CD

 . (3.6.21)

We can relax the set of allowed superchannels to be the set of two-extendible super-

channels and define the one-shot two-extendible exact distillable entanglement of a chan-

nel:

E(1)
D,2-EXT(NA→B) B sup

ψCĈ∈S(CĈ),
Θ∈2-EXT


log2 d :

Θ (N)
(
ψCĈ

)
= Φd

CD

 . (3.6.22)

An ebit shared between Alice and Bob can always be used to distill one bit of secret

key between them. Hence, the number of secret bits that can be distilled from a channel

is no less than the number of ebits that can be distilled from the channel, which leads to

the following inequalities that hold for all n ∈ N:

1
n

E(1)
D,1WL

(
N⊗n

A→B
)
≤

1
n

K(1)
1WL

(
N⊗n

A→B
)
≤ Êu

min(NA→B) , (3.6.23)

and
1
n

E(1)
D,2-EXT

(
N⊗n

A→B
)
≤

1
n

K(1)
2-EXT

(
N⊗n

A→B
)
≤ Êu

min(NA→B) . (3.6.24)
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Asymptotic exact one-way distillable entanglement of a channel

In general, we expect the exact one-way distillable key of the channel to be strictly larger

than the exact one-way distillable entanglement of the channel because there exist private

states that hold a finite number of exact secret bits but have no exact distillable entangle-

ment [HHHO05]. Thus, the min-geometric unextendible entanglement of a channel is a

tighter bound on the one-shot exact one-way distillable key of the channel than it is on

the one-shot exact one-way distillable entanglement of the channel.

The asymptotic exact one-way distillable entanglement of a channel is defined as fol-

lows:

ED,1WL(NA→B) B lim inf
n→∞

1
n

E(1)
D,1WL

(
N⊗n

A→B
)
, (3.6.25)

which is the maximum achievable rate at which ebits can be distilled with an arbitrarily

large number of uses of the channel NA→B, assisted by a one-way LOCC superchannel.

Similarly, the asymptotic generalization of the one-shot quantity in (3.6.22) is the follow-

ing:

ED,2-EXT(NA→B) B lim inf
n→∞

1
n

E(1)
D,2-EXT

(
N⊗n

A→B
)
, (3.6.26)

which is the asymptotic two-extendible exact distillable entanglement of the channel. For

every given channel NA→B, the following inequalities are consequences of their defini-

tions:

ED,2-EXT(NA→B) ≥ ED,1WL(NA→B) ≥ E(1)
D,1WL(NA→B) . (3.6.27)

This leads us to identify the min-geometric unextendible entanglement as an upper

bound on the exact one-way distillable entanglement of a channel as we state formally

in Corollary 3.2.

Corollary 3.2 The exact one-way distillable entanglement of a channel is bounded from above by
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the min-geometric unextendible entanglement of the channel. That is, the following inequality

holds for every channel NA→B:

ED,1WL(NA→B) ≤ Êu
min(NA→B) . (3.6.28)

Proof: The inequalities in (3.6.24) hold for all n ∈ N. The exact one-way distillable en-

tanglement of a channel NA→B can be bounded as follows:

ED,1WL(NA→B) ≤ ED,2-EXT(NA→B) (3.6.29)

= lim inf
n→∞

1
n

ED,2-EXT
(
N⊗n

A→B
)

(3.6.30)

≤ Êu
min(NA→B) , (3.6.31)

where the first inequality follows from the fact that all one-way LOCC sueprchannels are

two-extendible, the equality follows from the definition of the asymptotic two-extendible

exact distillable entanglement of a channel given in (3.6.26), and the final inequality fol-

lows from (3.6.24). □

3.6.3 Zero-error private capacity assisted by one-way LOCC

The private capacity of a channel is defined as the largest rate at which private bits can be

sent through the channel.

Consider a general protocol for private communication:

1. Alice encodes her classical message |m⟩⟨m|A0 into a quantum state by means of an

encoder EA0→A.

ωm
A B EA0→A

(
|m⟩⟨m|A0

)
. (3.6.32)
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2. Alice sends the encoded data to Bob through the channel NA→B, which is extended

by an isometric channelUNA→BE.

3. Bob decodes the state he received by applying a POVM
{
Λm̂

B

}
m̂

. The final state of the

overall BE system is,

ρm
B0E = DB→B0

(
UNA→BE

(
ωm

A
))

(3.6.33)

=
∑

m̂

TrB

[
Λm̂

B

(
UNA→BE ◦ EA0→A

(
|m⟩⟨m|A0

))]
|m̂⟩⟨m̂|B0 . (3.6.34)

If the communication is successful and private, there exists a state σE of the environment

system E, such that for every message m, the final state has the form

ρm
B0E = |m⟩⟨m|B0 ⊗ σE. (3.6.35)

The action of the encoder EA0→A and the decoder DB→B0 realizes a superchannel

Θ(A→B)→(A0→B0) constructed by local operations. Let PA→BE be an arbitrary extension of the

quantum channel NA→B, where the system E can be accessed by an eavesdropper. Note

that this extension is different from the extension of channels that we have discussed in

the rest of this work, as the system E is not required to be isomorphic to system B.

This can be understood in a purified setting where the eavesdropper can access the

environment system E output from the isometric extension UNA→BE [Dev05] of the quan-

tum channel NA→B. However, we assume Alice’s and Bob’s laboratories to be secure in

this setting and the eavesdropper cannot access any output systems from the encoding

or decoding channel used in the protocol. Let Υ(A→BE)→(A0→B0E0) be an arbitrary extension

of the superchannel Θ that includes any post-processing that the eavesdropper can per-

form on their system E. The privacy condition in (3.6.35) implies that for every extended

superchannel Υ, and isometric extensionUNA→BE, there exists a quantum state σ such that,

Υ(A→BE)→(A0→B0E0)

(
UNA→BE

)
= ∆A0→B0 ⊗A

σ
E0
, (3.6.36)
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where ∆A0→B0 is the completely dephasing channel,

∆A0→B0

(
ρA0

)
=

∑
k

⟨k|ρA0 |k⟩|k⟩⟨k|B0 , (3.6.37)

andAσ
E0

denotes an appending channel that prepares the state σ on system E0.

We assume that the eavesdropper only intends to learn about the information being

sent from Alice to Bob, and not distort the data. Hence, we can assume that the channel

established between Alice, Bob, and the eavesdropper is nonsignaling from the eaves-

dropper to Bob; i.e.,

TrE0 ◦
(
Υ

(
UNA→BE

))
= Θ

(
TrE ◦U

N
A→BE

)
= Θ (N) . (3.6.38)

Let ExtP(Θ) denote the set of all such extensions of the superchannel Θ.

Now consider a superchannel Θ(An→Bn)→(A0→B0), composed of local operations by Alice

and Bob, that acts on n instances of a quantum channelNA→B to communicate log2 d bits of

private data from Alice to Bob. An extended superchannel Υ(A→BE)→(A0→B0E0) acts on some

isometric extensionUNA→BE of the channel NA→B such that it lies in the set ExtP. We define

the one-shot zero-error private capacity of a quantum channel NA→B as follows:

P(1)
0,LO(NA→B) B sup

d∈N,
Θ∈LO


log2 d :

∀ Υ ∈ ExtP(Θ) ∃σ ∈ S(E0)

Υ
((
UNA→BE

))
= ∆A0→B0 ⊗A

σ
E0


, (3.6.39)

where ∆A0→B0 is a d-dimensional dephasing channel and UNA→BE is an arbitrary isometric

extension of the channel NA→B.

Another quantity of interest is the zero-error private capacity of a channel assisted by

one-way LOCC superchannels, where Alice can send classical data of arbitrary size to Bob

along with the encoded quantum state. This classical data is naturally not private and can
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be copied by the eavesdropper. However, the nonsignaling condition from (3.6.38) still

holds. We define the one-shot zero-error private capacity assisted by one-way LOCC

superchannels as follows:

P(1)
0,1WL(NA→B) B sup

d∈N,
Θ∈1WL


log2 d :

∀ Υ ∈ ExtP(Θ) ∃σ ∈ S(E0)

Υ
((
UNA→BE

))
= ∆A0→B0 ⊗A

σ
E0


, (3.6.40)

where the allowed superchannels are one-way LOCC superchannels instead of super-

channels that can be constructed by only local operations.

We can further relax the set of superchannels to be two-extendible. The eavesdropper

in this case also has access to a memory system that cannot necessarily be copied owing

to its quantum nature. We define the one-shot zero-error private capacity assisted by

two-extendible superchannels as follows:

P(1)
0,2-EXT(NA→B) B sup

d∈N,
Θ∈2-EXT


log2 d :

∀ Υ ∈ ExtP(Θ) ∃σ ∈ S(E0)

Υ
((
UNA→BE

))
= ∆A0→B0 ⊗A

σ
E0


. (3.6.41)

Since the three sets of superchannels in consideration follow the hierarchy,

LO ⊆ 1WL ⊆ 2-EXT, (3.6.42)

the respective private capacities obey the following inequalities:

P(1)
0,LO(NA→B) ≤ P(1)

0,1WL(NA→B) ≤ P(1)
0,2-EXT(NA→B) . (3.6.43)

Once again, we can define asymptotic versions of these quantities. The zero-error

private capacity of a quantum channel NA→B is defined as

P0,LO(NA→B) B lim inf
n→∞

1
n

P(1)
0,LO

(
N⊗n

A→B
)
, (3.6.44)
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the forward-assisted zero-error private capacity of the channel as

P0,1WL(NA→B) B lim inf
n→∞

1
n

P(1)
0,1WL

(
N⊗n

A→B
)
, (3.6.45)

and the zero-error private capacity of the channel assisted by two-extendible superchan-

nels as

P0,2-EXT(NA→B) B lim inf
n→∞

1
n

P(1)
0,2-EXT

(
N⊗n

A→B
)
. (3.6.46)

Since Alice and Bob can always choose a superchannel Θ that acts independently on all

instances of the channel NA→B, we have the following inequalities:

P(1)
0,LO(NA→B) ≤ P0,LO(NA→B) , (3.6.47)

P(1)
0,1WL(NA→B) ≤ P0,1WL(NA→B) , (3.6.48)

P(1)
0,2-EXT(NA→B) ≤ P0,2-EXT(NA→B) . (3.6.49)

Private capacity and secret key distillation

The zero-error private capacity of a channel is closely related to its exact distillable key.

A secret key of m bits can be established by sending m bits of private data from Alice to

Bob. Thus, the number of private bits that can be transmitted using a quantum channel

NA→B and any superchannel Θ is no larger than the number of bits of a secret key that can

be established using the same channel NA→B and the superchannel Θ.

In addition, if Alice has the ability to send public classical data to Bob without us-

ing the channel NA→B, the secret key distillation protocol can be converted into a private

channel. Alice and Bob can use the one-time-pad scheme to send m bits of private data

from Alice to Bob through the public classical channel and consume an m-bit secret key

generated from the channel NA→B.
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The above arguments lead to the following conclusion: the one-shot zero-error private

capacity of a channel assisted by one-way LOCC superchannels is equal to the one-shot

exact one-way distillable key of the channel; that is,

P(1)
0,1WL(NA→B) = K(1)

1WL(NA→B) , (3.6.50)

where K(1)
1WL(·) was defined in (3.6.5). Since two-extendible superchannels also allow Al-

ice to send an arbitrary number of classical bits to Bob, the one-shot zero-error private

capacity of the channel is equal to the following quantity:

P(1)
0,2-EXT(NA→B) = K(1)

2-EXT(NA→B) , (3.6.51)

where K(1)
2-EXT(·) was defined in (3.6.6). Combining the equality in (3.6.51) and the inequal-

ity in Proposition 3.12, we conclude the following proposition:

Proposition 3.13 Given n instances of a quantum channel NA→B, assisted by one-way LOCC or

two-extendible superchannels, the rate at which private bits can be transmitted without error is

bounded from above by the min-geometric unextendible entanglement of the channel NA→B; that

is, for all n ∈ N,

1
n

P(1)
0,1WL

(
N⊗n

A→B
)
≤

1
n

P(1)
0,2-EXT

(
N⊗n

A→B
)

≤ Êu
min(NA→B) . (3.6.52)

Since Proposition 3.13 holds for all values of n ∈ N, the min-geometric unextendible

entanglement of a channel is an upper bound on the zero-error private capacity of the

channel, as we state formally in Corollary 3.3 below.
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Corollary 3.3 The zero-error private capacity of a channel NA→B, assisted by one-way LOCC or

two-extendible superchannels, is bounded from above by the min-geometric unextendible entan-

glement of the channel NA→B; i.e.,

P0,1WL(NA→B) ≤ P0,2-EXT(NA→B) ≤ Êu
min(NA→B) . (3.6.53)

3.6.4 Zero-error quantum capacity assisted by one-way LOCC

The zero-error quantum capacity of a channel is the maximum rate at which the chan-

nel can transmit quantum information with zero error over an arbitrarily large number

of channel uses [Shi15] with the assistance of local operations. The notion of zero-error

quantum capacity of a channel can be extended to the case where the channel is assisted

by one-way LOCC superchannels, which has significance not only from a theoretical per-

spective but also from a practical viewpoint, given existing state-of-the-art classical net-

works.

Here we look at the zero-error quantum capacity of a channel assisted by one-way

LOCC superchannels. Using one instance of a quantum channel NA→B and an arbitrary

one-way ideal classical channel, the following channel can be simulated between the two

parties:

Θ (NA→B) B
∑

x

Dx
B→D ◦ NA→B ◦ E

x
C→A, (3.6.54)

where {Ex
C→A}x is a set of completely-positive maps whose sum is trace preserving and

{Dx
B→D}x is a set of quantum channels.

The one-shot zero-error quantum capacity of a channel NA→B assisted by one-way
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LOCC superchannels is defined as follows:

Q(1)
0,1WL(NA→B) B sup

d∈N,
Θ∈1WL

{
log2 d : Θ (N) = idd

C→D

}
, (3.6.55)

where idd
C→D is the d-dimensional identity channel. We can relax the set of allowed super-

channels to be the set of two-extendible superchannels, and we can define the one-shot

zero-error quantum capacity of a quantum channel assisted by two-extendible superchan-

nels as follows:

Q(1)
0,2-EXT(NA→B) B sup

d∈N,
Θ∈2-EXT

{
log2 d : Θ (NA→B) = idd

C→D

}
. (3.6.56)

Note that the following inequality holds because all one-way LOCC superchannels are

two-extendible:

Q(1)
0,1WL(NA→B) ≤ Q(1)

0,2-EXT(NA→B). (3.6.57)

The zero-error quantum capacity of a channel assisted by one-way LOCC superchan-

nels can be defined in terms of the one-shot zero-error quantum capacity of the channel

assisted by one-way LOCC superchannels as follows:

Q0,1WL(NA→B) B lim inf
n→∞

1
n

Q(1)
0,1WL

(
N⊗n

A→B
)
. (3.6.58)

Similarly, the zero-error quantum capacity of the channel assisted by two-extendible su-

perchannels can be defined as follows:

Q0,2-EXT(NA→B) B lim inf
n→∞

1
n

Q(1)
0,2-EXT

(
N⊗n

A→B
)
. (3.6.59)

Alice and Bob can always choose a quantum superchannel Θ that acts separately on

each instance of the quantum channel NA→B as a strategy to simulate an identity chan-

nel using multiple instances of the channel NA→B and one-way LOCC or two-extendible

superchannels. Hence, we have the following inequalities

Q(1)
0,1WL(NA→B) ≤ Q0,1WL(NA→B) , (3.6.60)
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Q(1)
0,2-EXT(NA→B) ≤ Q0,2-EXT(NA→B) . (3.6.61)

The zero-error quantum capacity of a channel cannot be larger than the zero-error

private capacity of the channel in the one-shot or asymptotic setting. This is because a

d-dimensional ideal quantum channel can be used to send d-dimensional private data

from Alice to Bob as follows: Alice can encode her classical data in a pure d-dimensional

quantum state and send it to Bob such that it is protected from any eavesdropper by the

no-cloning theorem. Bob can then perform a measurement on the received quantum state

in a predetermined basis and deterministically decode d bits of classical data encoded by

Alice in the quantum state. Since we only need local operations to transform an ideal

quantum channel to an ideal private channel, the following inequalities hold:

Q(1)
0,1WL(NA→B) ≤ P(1)

0,1WL(NA→B) , (3.6.62)

Q(1)
0,2-EXT(NA→B) ≤ P(1)

0,2-EXT(NA→B) , (3.6.63)

where P(1)
0,1WL(NA→B) is the one-shot zero-error private capacity of a channel assisted by

one-way LOCC superchannels, as defined in (3.6.40), and P(1)
0,2-EXT(NA→B) is the one-shot

zero-error private capacity of a channel assisted by two-extendible superchannels, as de-

fined in (3.6.41).

Proposition 3.14 Consider an arbitrary zero-error protocol for quantum communication over a

channel NA→B assisted by one-way LOCC or two-extendible superchannels, with n the number of

channel uses. Then the following upper bound holds for all n ∈ N:

1
n

Q(1)
0,1WL(N⊗n

A→B) ≤
1
n

Q(1)
0,2-EXT(N⊗n

A→B) ≤ Êu
min(NA→B) , (3.6.64)

where Êu
min(NA→B) is defined in (3.5.98).

103



Proof: The statement of the proposition follows simply by combining (3.6.57), (3.6.63),

and Proposition 3.13. □

Since Proposition 3.14 holds for all n ∈ N, we conclude the following:

Corollary 3.4 The zero-error quantum capacity of a quantum channelNA→B, assisted by one-way

LOCC or two-extendible superchannels, is bounded from above by the min-geometric unextendible

entanglement of NA→B:

Q0,1WL(N) ≤ Q0,2-EXT(N) ≤ Êu
min(N) . (3.6.65)

Proof: This is justified as mentioned above. See Appendix 3.C for an alternate proof. □

Remark 3.6 It is known that forward classical assistance does not increase the zero-error quan-

tum capacity of a quantum channel [BDSW96, BKN00] (see also [KW20, Lemmas 9.6-9.8]). Thus,

the quantum capacity of a quantum channel assisted by one-way LOCC superchannels is the same

as the quantum capacity of the channel assisted by local operations.

Remark 3.7 The zero-error capacities of quantum channels are known to exhibit superactiva-

tion [CCHS10, Shi15]. That is, there exist quantum channels, say N1 and N2, such that the

zero-error capacity of each channel individually is equal to zero, but the zero-error capacity of the

tensor-product channel N1 ⊗ N2 is strictly positive.

Note that the subadditivity of the min-geometric unextendible entanglement implies that

Êu
min

(
N1 ⊗ N2

)
≤ Êu

min

(
N1

)
+ Êu

min

(
N2

)
, which is an upper bound on the zero-error quantum

capacity and the zero-error private capacity of the tensor-product channel N1 ⊗ N2. Therefore, if

a pair of channels is expected to exhibit superactivation of zero-error private capacity or zero-error
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quantum capacity, then at least one of the channels should have a strictly positive min-geometric

unextendible entanglement.

3.7 Unextendible entanglement of bipartite quantum channels

In this section, we extend our developments on unextendibility to bipartite quantum

channels. Bipartite quantum channels are generalizations of point-to-point channels in

the sense that every point-to-point channel can be simulated using some bipartite chan-

nel by ignoring the input of Bob and the output of Alice; i.e., for every point-to-point

quantum channel NA→B′ , there exists a bipartite quantum channelMAB→A′B′ such that,

NA→B′ = TrA′ ◦MAB→A′B′ ◦ TrB . (3.7.1)

Before discussing extensions of bipartite quantum channels, we should first estab-

lish what we mean by the marginal of a channel in the multipartite case. A quan-

tum channel NABi→A′B′i is a marginal of the channel PAB[k]→A′B′[k]
if the following condition

holds [KDWW19]:

TrB′[k]\i
◦PAB[k]→A′B′[k]

= NABi→A′B′i ⊗ TrB[k]\i . (3.7.2)

The Choi operators of the two channels are related as

TrB′[k]\i

[
ΓPAB[k]A′B′[k]

]
= ΓNABiA′B′i

⊗ IB[k]\i . (3.7.3)

Unlike the broadcast channels PA→B[k] considered in previous sections of this work,

not all multipartite channels have a well defined marginal. In fact, a quantum channel

PAB[k]→A′B′[k]
has a well defined marginal NABi→A′B′i if and only if it does not allow systems

B[k]\i to send any data, quantum or classical, to systems A′ and B′i . Moreover, if there
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Figure 3.4: Decomposition of a semicausal channel between Alice and Bob that is
nonsignaling from Bob to Alice.

exists a marginal channel NABi→A′B′i for every i ∈ [k], the quantum channel PAB[k]→A′B′[k]
is

non-signaling from Bi to A′, for every i ∈ [k].

We restrict our discussion on unextendibility of bipartite quantum channels to semi-

causal quantum channels between Alice and Bob [BGNP01] that are non-signaling from

Bob to Alice. It has been shown that all semicausal channels are semi-localizable [ESW02].

As such, these quantum channels are of the following form (see Figure 3.4):

NAB→A′B′ = Q
2
BB̂→B′ ◦ Q

1
A→A′ B̂, (3.7.4)

where Q2
BB̂→B′

and Q1
A→A′ B̂

are quantum channels. This ensures that there always exists an

extension of such a channel that is of the form PAB[k]→A′B′[k]
, such that it has a well defined

marginalN i
ABi→A′B′i

for every i ∈ [k]. The marginalN i
ABi→A′B′i

can be uniquely obtained from

the channel PAB[k]→A′B′[k]
using the following relation:

TrB′[k]\i
◦PAB[k]→A′B′[k]

◦ AB[k]\i = N
i
ABi→A′B′i

, (3.7.5)

whereAB[k]\i is a quantum channel that appends an arbitrary quantum state on the systems

106



B[k]\i.

3.7.1 Bipartite k-extendible quantum channels

Let us now define k-extendibility of bipartite quantum channels and superchannels.

Multiple definitions of k-extendibility have been proposed for bipartite quantum chan-

nels [KDWW19, BBFS21]. In this work, we use the notion of bipartite k-extendible chan-

nels presented in [KDWW19, KDWW21].

Definition 3.6 (Bipartite k-extendible channel) A quantum channelNAB→A′B′ is k-extendible

if there exists a channel PAB[k]→A′B′[k]
such that the following conditions hold.

1. The extended channel is covariant under permutations of the B systems,

Wπ
B′[k]
◦ PAB[k]→A′B′[k]

= PAB[k]→A′B′[k]
◦Wπ

B[k]
∀π ∈ Sk, (3.7.6)

whereWπ is a permutation unitary channel as defined previously, just after (3.4.5).

2. The channel NAB→A′B′ is a marginal of PAB[k]→A′B′[k]
:

TrB′[k]\1
◦PAB[k]→A′B′[k]

= NAB→A′B′ ⊗ TrB[k]\1 . (3.7.7)

As a consequence of part 2. of the above definition, it follows that the systems

B2, B3, . . . , Bk cannot send any information to the systems A and B1.

The conditions in (3.7.6) and (3.7.7) can be written as semidefinite constraints on the

Choi operator of the quantum channel PAB[k]→A′B′[k]
as follows [KDWW21, Eqs. (24)–(27)]:(

Wπ
B[k]
⊗Wπ

B′[k]

)
ΓP = ΓP ∀π ∈ Sk, (3.7.8)

107



TrB′[k]\1

[
ΓP

]
= ΓNAB1A′B′1

⊗ IB[k]\1 , (3.7.9)

where ΓNABA′B′ and ΓP ≡ ΓPAB[k]A′B′[k]
are the Choi operators of the quantum channels NAB→A′B′

and PAB[k]→A′B′[k]
, respectively. It is straightforward to verify that this definition of k-

extendibility is consistent with the definition of k-extendibility of point-to-point channels.

It is also worth noting that the unique quantum channel corresponding to a point-to-

point superchannel is a bipartite semi-localizable quantum channel. Since the definitions

for bipartite k-extendible channels and point-to-point k-extendible superchannels are the

same, we can assert that a point-to-point superchannel is k-extendible if and only if the

unique bipartite quantum channel associated with it is a k-extendible channel.

The set of bipartite k-extendible quantum channels is a relaxation of the set of bipartite

one-way LOCC channels. This can be seen by considering a general bipartite one-way

LOCC channel,

NAB→A′B′ =
∑

x

Ex
A→A′ ⊗D

x
B→B′ , (3.7.10)

where
{
Ex

A→A′

}
x

is a set of completely positive, trace non-increasing maps such that the

sum map
∑

x E
x
A→A′ is a quantum channel and

{
Dx

A→A′

}
x

is a set of quantum channels. This

is understood to be a one-way LOCC channel as Alice applies the quantum instrument{
Ex

A→A′

}
x

on her system and sends the classical outcome x to Bob, who then applies the

quantum channel Dx
B→B′ on his system based on the classical data he received. We can

construct an extension of this channel as follows:

PAB[k]→A′B′[k]
B

∑
x

Ex
A→A′ ⊗D

x
B1→B′1

⊗ · · · ⊗ Dx
Bk→B′k

, (3.7.11)

because x is classical data that can be copied an arbitrary number of times. Such an ex-

tension obeys the permutation covariance and non-signaling conditions stated in (3.7.6)

and (3.7.7). Thus, all one-way LOCC bipartite quantum channels are k-extendible for all
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k ≥ 2.

Remark 3.8 The set of bipartite k-extendible channels as defined in [BBFS21] has been shown to

converge to the set of bipartite one-way LOCC channels as k → ∞. However, it is not known if

the set of k-extendible channels defined in [KDWW19, KDWW21] converges to the set of bipartite

one-way LOCC channels as k → ∞.

3.7.2 Bipartite k-extendible superchannels

In this section, we discuss the extendibility of bipartite superchannels, and in order to

do so, we first establish the notion of marginal superchannels. Let QΘCDA′B′→C′D′AB and

QΥCD[k]A′B′[k]→C′D′[k]AB[k]
be the unique quantum channels corresponding to the superchannels

Θ(AB→A′B′)→(CD→C′D′) and Υ(AB[k]→A′B′[k])→(CD[k]→C′D′[k])
, respectively. The superchannel Θ is said

to be a marginal of the superchannel Υ if and only if the quantum channel QΘCDA′B′→C′D′AB

is a marginal of the channel QΥCD[k]A′B′[k]→C′D′[k]AB[k]
; that is,

TrD′[k]\iB[k]\i ◦Q
Υ = QΘ ⊗ TrD[k]\iB′[k]\i

. (3.7.12)

All bipartite superchannels do not have a well defined marginal. Similar to the

case of bipartite channels, we restrict our discussion to such bipartite superchannels

Θ(AB→A′B′)→(CD→C′D′) for which the associated quantum channel QΘCDA′B′→C′D′AB is semicausal

and does not allow any data to be transmitted from the joint system DB′ to the joint sys-

tem C′A. Now that we have defined the marginal of a bipartite superchannel, let us define

k-extendible superchannels.

Definition 3.7 (Bipartite k-extendible superchannels) A bipartite superchannelΘ(AB→A′B′)→(CD→C′D′)
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is k-extendible if there exists a superchannel Υ(AB[k]→A′B′[k])→(CD[k]→C′D′[k])
such that the following con-

ditions hold for the unique quantum channels, QΘCDA′B′→C′D′AB and QΥCD[k]A′B′[k]→C′D′[k]AB[k]
, of the su-

perchannels Θ and Υ, respectively.

1. Permutation covariance:

QΥ ◦

(
Wπ

D[k]
⊗Wπ

B′[k]

)
=

(
Wπ

D′[k]
⊗Wπ

B[k]

)
◦ QΥ ∀π ∈ S k. (3.7.13)

2. Non-signaling:

TrD′[k]\1
◦QΥ = TrD′[k]\1

◦QΥ ◦ RB′[k]\1
, (3.7.14)

where R is a quantum channel that traces out the input and replaces with an arbitrary

quantum state.

3. Marginality:

TrB[k]\1D′[k]\1
◦QΥ = QΘCDA′B′→C′D′AB ⊗ TrB′[k]\1D[k]\1 . (3.7.15)

The conditions in (3.7.13), (3.7.14), and (3.7.15) can be written as semidefinite con-

straints on the Choi operators of the superchannels Θ and Υ as(
Wπ

D′[k]
⊗Wπ

B[k]
⊗Wπ

D[k]
⊗Wπ

B′[k]

) (
ΓΥ

)
= ΓΥ ∀π ∈ S k, (3.7.16)

TrD′[k]\1

[
ΓΥ

]
= TrD′[k]\1B′[k]\1

[
ΓΥ

]
⊗

IB′[k]\1

|B′|k−1 , (3.7.17)

TrB[k]\1D′[k]\1

[
ΓΥ

]
= ΓΘ ⊗ IB′[k]\1D[k]\1 , (3.7.18)

where |B′| is the dimension of the system B′ and ΓΘ and ΓΥ are the Choi operators of the

quantum channels QΘ and QΥ, respectively.
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Proposition 3.15 Let Θ(AB→A′B′)→(CD→C′D′) be a k-extendible superchannel with the k-extension

Υ(AB[k]→A′B′[k])→(CD[k]→C′D′[k])
. Then each marginal of the channel obtained by acting with the su-

perchannel Υ on a channel PAB[k]→A′B′[k]
is the same as the channel obtained by acting with the

superchannel Θ on the respective marginal of the channel PAB[k]→A′B′[k]
. That is,

TrD′[k]\i
◦ (Υ (P)) = Θ

(
TrB′[k]\i

◦P ◦ AB[k]\i

)
⊗ TrD[k]\i ∀i ∈ [k]. (3.7.19)

Proof: See Appendix 3.D. □

Proposition 3.16 The channel formed by applying a k-extendible superchannel on a k-extendible

quantum channel is also a k-extendible quantum channel.

Proof: See Appendix 3.E. □

Proposition 3.17 All bipartite superchannels that can be realized by local operations and one-

way classical communication are k-extendible for all k ≥ 2.

Proof: See Appendix 3.F. □

3.7.3 Unextendible entanglement of bipartite quantum channels

With the notion of k-extendibility established for bipartite quantum channels and super-

channels, we can now look for a measure to quantify the unextendibility of a bipartite

quantum channel. Let us first define the following set of extensions of a bipartite channel
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NAB→A′B′ :

Ext(N) B


PAB1B2→A′B′1B′2

:

NAB→A′B′ = TrB′2
◦PAB1B2→A′B′1B′2

◦ AB2 ,

TrB′1
◦P = TrB′1

◦P ◦ RB1


, (3.7.20)

whereA is a channel that appends an arbitrary state and R is a channel that traces out the

input and replaces it with an arbitrary state. The generalized unextendible entanglement

of a bipartite channel is defined as follows.

Definition 3.8 The generalized unextendible entanglement of a bipartite quantum channel is de-

fined for a generalized divergence between quantum channels, D, as follows:

Eu(NAB→A′B′) =
1
2

inf
PAB1B2→A′B′1B′2

∈Ext(N)


D(NAB→A′B′∥MAB→A′B′) :

NAB→A′B′ = TrB′2
◦PAB1B2→A′B′1B′2

◦ AB2 ,

MAB→A′B′ = TrB′1
◦PAB1B2→A′B′1B′2

◦ AB1


, (3.7.21)

As is evident from the definition, the minimum value of the generalized unextendible

entanglement is achieved for a two-extendible quantum channel. If the underlying di-

vergence is strongly faithful, then the unextendible entanglement of a bipartite quantum

channel is equal to zero if and only if the channel is two-extendible. We also find that the

action of a two-extendible superchannel on a bipartite quantum channel cannot increase

the unextendible entanglement of the said channel.

Theorem 3.7 (Monotonicity) The generalized unextendible entanglement of a bipartite quan-

tum channel does not increase under the action of a two-extendible superchannel. That

is, for an arbitrary bipartite quantum channel NAB→A′B′ and a two-extendible superchannel

Θ(AB→A′B′)→(CD→C′D′),

Eu(NAB→A′B′) ≥ Eu(Θ (NAB→A′B′)) . (3.7.22)
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Proof: Monotonicity of generalized unextendible entanglement of bipartite channels

under two-extendible superchannels follows from similar arguments as given in the proof

of Theorem 3.5. See Appendix 3.G for a complete proof. □

Proposition 3.15 allows us to generalize the statement of Theorem 3.6 to bipartite sem-

icausal channels, which we state as Theorem 3.8.

Theorem 3.8 The unextendible entanglement of a quantum state σRCC′C′′RDD′D′′ , with respect to

the partition RCC′C′′ : RDD′D′′, that can be established between two parties using a bipartite

semicausal channel NAB→A′B′ , a bipartite two-extendible superchannel Θ(AB→A′B′)→(CD→C′C′′D′D′′),

and any two-extendible state ρRCC′RDD′ , is not greater than the unextendible entanglement of the

quantum channel NAB→A′B′ ; that is,

sup
ρ∈2-EXT(RCC:RDD)

Eu(σRCC′C′′:RDD′D′′
)
≤ Eu(NAB→A′B′) , (3.7.23)

where 2-EXT(S A : S B) is the set of two-extendible states with respect to systems S A and S B, and

σRCC′C′′RDD′D′′ B (Θ(NAB→A′B′))
(
ρRCCRDD

)
. (3.7.24)

Proof: The proof follows the same line of reasoning as the proof of Theorem 3.6. We

present a complete proof in Appendix 3.H. □

α-geometric unextendible entanglement of bipartite quantum channels

We have seen that the α-geometric Rényi relative entropies offer several desirable prop-

erties when used as the underlying divergence for defining unextendible entanglement
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of point-to-point quantum channels. Here we define the α-geometric unextendible entan-

glement of a bipartite quantum channel NAB→A′B′ as

Êu
α(NAB→A′B′) B

1
2

inf
P∈Ext(N)

sup
ψRAB


D̂α(N(ψRAB) ∥M(ψRAB)) :

N = TrB′2
◦PAB1B2→A′B′1B′2

◦ AB2 ,

M = TrB′1
◦PAB1B2→A′B′1B′2

◦ AB1


, (3.7.25)

for all α ∈ (0, 1) ∪ (1, 2].

Several properties of the α-geometric unextendible entanglement of point-to-point

channels hold for the α-geometric unextendible entanglement of bipartite quantum chan-

nels as well. Since the input and output systems of point-to-point channels can be con-

sidered to have multiple subsystems, the following properties trivially extend from the

α-geometric unextendible entanglement of point-to-point quantum channels to the α-

geometric unextendible entanglement of bipartite quantum channels.

1. The α-geometric unextendible entanglement of a bipartite channel increases mono-

tonically with α.

2. The smallest quantity in the family of α-geometric unextendible entanglement is

induced by the α-geometric Rényi relative entropy when α → 0, and is called the

min-geometric unextendible entanglement of the channel,

Êu
min(NAB→A′B′) B lim

α→0+
Êu
α(NAB→A′B′) (3.7.26)

=
1
2

inf
P∈Ext(N)

lim
α→0+

D̂α

(
N∥TrB′1

◦P ◦ AB1

)
. (3.7.27)

3. The α-geometric unextendible entanglement converges to the unextendible entan-

glement induced by the Belavkin–Staszewski relative entropy as α→ 1,

Êu(NAB→A′B′) B lim
α→1

Êu
α(NAB→A′B′) (3.7.28)

=
1
2

inf
P∈Ext(N)

lim
α→1

D̂α

(
N∥TrB′1

◦P ◦ AB1

)
. (3.7.29)
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4. The α-geometric unextendible entanglement is subadditive under tensor products

of bipartite quantum channels; that is,

Êu
α(N ⊗M) ≤ Êu

α(N) + Êu
α(M) . (3.7.30)

One would expect an unextendible bipartite channel to have the ability to boost the

unextendibility of a bipartite state. The α-geometric Rényi relative entropy follows the

chain rule ∀α ∈ (0, 1) ∪ (1, 2] [KW21, Proposition 45],

D̂α(N(ρ) ∥M(σ)) ≤ D̂α(N∥M) + D̂α(ρ∥σ) , (3.7.31)

which allows us to quantify the effect of an unextendible bipartite channel on the unex-

tendibility of a bipartite state, as seen from the theorem below.

Theorem 3.9 A bipartite quantum channel NAB→A′B′ cannot increase the α-geometric unex-

tendible entanglement of a bipartite state ρAB by more than the α-geometric unextendible entan-

glement of the channel itself; that is, for all α ∈ (0, 1) ∪ (1, 2],

Êu
α(NAB→A′B′(ρAB)) ≤ Êu

α(ρAB) + Êu
α(NAB→A′B′) . (3.7.32)

Proof: Consider a bipartite quantum channel NAB→A′B′ and a quantum state ρAB. Let

PAB1B2→A′B′1B′2
be an extension of the channel NAB→A′B′ in the set Ext (N) defined in (3.7.20),

and let σAB1B2 be an arbitrary extension of the quantum state ρAB. By the definition of

α-geometric unextendible entanglement of states,

Êu
α(NAB→A′B′(ρAB)) ≤

1
2

D̂α

(
N(ρAB) ∥TrB′1

◦P(σ)
)

(3.7.33)

=
1
2

D̂α

(
N(ρAB) ∥TrB′1

◦P ◦ AB1

(
TrB1[σ]

))
(3.7.34)

≤
1
2

{
D̂α

(
ρ
∥∥∥TrB1[σ]

)
+ D̂α

(
N

∥∥∥TrB′1
◦P ◦ AB1

)}
, (3.7.35)
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where the equality follows from the definition of Ext(N) in (3.7.20) and the second

inequality follows from the chain rule of α-geometric Rényi relative entropy given

in (3.7.31). Since the inequality in (3.7.35) holds for every quantum channel PAB1B2→A′B′1B′2

in Ext(N) and every extension σAB1B2 of the state ρAB, we can take an infimum over all such

channels PAB1B2→A′B′1B′2
and states σAB1B2 , and conclude (3.7.32). □

3.8 Applications of the unextendible entanglement of bipartite quan-

tum channels

In this section, we discuss some applications of the unextendible entanglement of bipar-

tite quantum channels. Bipartite quantum channels can be used to increase the entangle-

ment in a shared bipartite quantum state, hence increasing the distillable entanglement

and distillable key of the state. In Section 3.8.1, we give an upper bound on the expected

rate of distilling ebits probabilistically from a bipartite quantum state using a bipartite

quantum channel assisted by one-way LOCC or two-extendible superchannels, and in

Section 3.8.2, we give an upper bound on the rate of distilling exact secret bits proba-

bilistically from a bipartite quantum state using a bipartite quantum channel assisted by

one-way LOCC or two-extendible superchannels.
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Figure 3.5: Protocol to distill a maximally entangled state ΦC′D′ from a bipartite quan-
tum state ρCD, a bipartite channel NAB→A′B′ , and one-way LOCC pre-processing and post-
processing channels ECD→AMABMB andDA′MAB′MB→C′D′ , respectively. The dotted line repre-
sents the separation between Alice and Bob’s labs. All systems above the dotted line are
held by Alice and all systems below the dotted line are held by Bob.

3.8.1 One-way distillable entanglement of a quantum state-channel

pair

The distillable entanglement of a bipartite quantum state under a restricted set of opera-

tions has been a subject of interest in quantum information theory. In quantum commu-

nication theory, the number of ebits that can be distilled from an existing bipartite state

under local operations and one-way classical communication as well as two-way classical

communication is of special interest due to state-of-the-art classical networks available to

us.

An upper bound on the probabilistic one-way distillable entanglement of a bipartite

quantum state has been established in [WWW24]. In this section, we consider a more

general setting where the two distant parties, Alice and Bob, hold a bipartite quantum

state ρCD, and also have access to a semicausal bipartite quantum channel NAB→A′B′ that is

not necessarily simulable by local operations and one-way classical communication. Al-

ice and Bob can encode the available quantum state ρCD using a one-way LOCC channel

ECD→AB, and then transform the encoded state using the quantum channel NAB→A′B′ fol-
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lowed by a one-way LOCC decoding channel DA′B′→C′D′ to distill a maximally entangled

state (see Figure 3.5). As such, the channel NAB→A′B′ can be used to boost the amount of

entanglement that can be distilled probabilistically, or deterministically, from the shared

bipartite state using one-way LOCC.

A simple example of a semicausal channel that is useful for probabilistic distillation of

entanglement is the following channel:

NA→A′B(ρRA) = pρRA′ ⊗ |e⟩⟨e|B + (1 − p)ρRB ⊗ |e⟩⟨e|A′ , (3.8.1)

where |e⟩⟨e|S is the erasure symbol, which is orthogonal to every state in the Hilbert space

of system S . This is a channel where Alice and Bob share an erasure channel with erasure

probability p, and the output of the complementary channel is received by Alice herself;

as such, nothing is lost to the environment. Alice can send one share of a maximally

entangled state to Bob using the channel NA→A′B, and then she can measure if the state

she received back was erased or not by applying the POVM {ΠA′ , |e⟩⟨e|A′}, where ΠA′ is the

projection onto the entire Hilbert space of system A′. If Alice measures her system to be

erased, she knows that a maximally entangled state has been established between her and

Bob, hence, distilling a maximally entangled state with probability 1 − p.

Probabilistic one-way distillable entanglement

Let us first consider a probabilistic setting in which an entanglement distillation proto-

col distills a maximally entangled state of Schmidt rank d with some probability p. The

expected number of ebits distilled by this protocol is given by p log2 d. Alice and Bob

use one instance of the quantum channel NAB→A′B′ and a one-way LOCC superchannel

Θ(AB→A′B′)→(CD→C′D′) to distill a maximally entangled state of Schmidt rank d from a bipartite
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quantum state ρCD with probability p. The action of this protocol can be mathematically

described as follows:

(Θ (N)) (ρ) = p|1⟩⟨1|X ⊗ Φd
C′D′ + (1 − p)|0⟩⟨0|X ⊗ σC′D′ , (3.8.2)

where system X is held by Alice. We define the probabilistic one-way distillable entangle-

ment of the quantum state-channel pair (ρCD,NAB→A′B′) as follows:

ẼD,1WL(ρCD,NAB→A′B′) B sup
p∈[0,1],d∈N,
Θ∈1WL



p log2 d :

(Θ(N))(ρ) = p|1⟩⟨1|X ⊗ Φd
C′D′

+(1 − p)|0⟩⟨0|X ⊗ σC′D′ ,

σ ∈ S(C′D′)


. (3.8.3)

We can also define the probabilistic two-extendible distillable entanglement of a quan-

tum state-channel pair by relaxing the set of allowed superchannels to the set of two-

extendible superchannels:

ẼD,2-EXT(ρCD,NAB→A′B′) B sup
p∈[0,1],d∈N,
Θ∈2-EXT



p log2 d :

(Θ(N))(ρ) = p|1⟩⟨1|X ⊗ Φd
C′D′

+(1 − p)|0⟩⟨0|X ⊗ σC′D′ ,

σ ∈ S(C′D′)


. (3.8.4)

Since the set of one-way LOCC superchannels lies inside the set of two-extendible super-

channels, the following inequality holds for every bipartite state ρCD and bipartite channel

NAB→A′B′ :

ẼD,2-EXT(ρCD,NAB→A′B′) ≥ ẼD,1WL(ρCD,NAB→A′B′) . (3.8.5)

Proposition 3.18 The expected rate at which ebits can be probabilistically distilled from a bipar-

tite quantum state ρCD and n instances of a quantum channelNAB→A′B′ , assisted by one-way LOCC
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superchannels or two-extendible superchannels, is bounded from above as follows:

1
n

ẼD,1WL
(
ρ,N⊗n) ≤ 1

n
ẼD,2-EXT

(
ρ,N⊗n) ≤ 1

n
Êu(ρCD) + Êu(NAB→A′B′) , (3.8.6)

where Êu(ρCD) is the unextendible entanglement of the quantum state ρCD induced by the

Belavkin–Staszewski relative entropy (defined in (3.5.37)), and Êu(NAB→A′B′) is the unextendible

entanglement of the quantum channel NAB→A′B′ induced by the Belavkin–Staszewski relative en-

tropy (defined in (3.7.29)).

Proof: Let ρCD be a quantum state shared between Alice (holding system C) and Bob

(holding system D). Let Θ(AnBn→A′nB′n)→(CD→C′D′) be a two-extendible superchannel such that

it acts on n instances of a quantum channel NAB→A′B′ , and the resultant channel consumes

the quantum state ρAB to generate a maximally entangled state of Schmidt rank d with

probability p. This process can be mathematically described as,

(
Θ
(
N⊗n))(ρCD) = p|1⟩⟨1|X ⊗ Φd

C′D′ + (1 − p)|0⟩⟨0|X ⊗ σC′D′ , (3.8.7)

where σC′D′ is an arbitrary bipartite state and system X is held by Alice.

Recall that the α-geometric uenxtendible entanglement of the maximally entangled

state Φd
C′D′ is equal to log2 d as mentioned in Theorem 3.4. The direct-sum property in

Proposition 3.7 then implies that the α-geometric unextendible entanglement of the quan-

tum state described in (3.8.7) is no less than p log2 d for all α ∈ (1, 2]. Therefore,

p log2 d ≤ Êu
α

(
Θ
(
N⊗n)(ρ)

)
(3.8.8)

≤ Êu
α

(
Θ
(
N⊗n)) + Êu

α(ρ) (3.8.9)

≤ nÊu
α(NAB→A′B′) + Êu

α(ρCD) , (3.8.10)

where the second inequality follows from Theorem 3.9, and the final inequality follows

from the monotonicity of unextendible entanglement under the action of two-extendible
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superchannels (Theorem 3.7) and subadditivity of α-geometric unextendible entangle-

ment under tensor product of quantum channels (Proposition 3.8). We can take the limit

α → 1 to get the tightest upper bound using this technique. Since the above inequality is

true for all values of p, every dimension d, and every two-extendible superchannel Θ, we

can take a supremum over all of these quantities and conclude (3.8.6). □

Exact one-way distillable entanglement

We can consider a special case of the probabilistic one-way distillable entanglement by

demanding that the maximally entangled state is distilled deterministically. This means

that Alice and Bob use a quantum state ρCD and n instances of a quantum channelNAB→A′B′

along with local operations and unbounded forward classical communication from Alice

to Bob to deterministically distill the maximum number of ebits possible. We define the

exact one-way distillable entanglement of a state-channel pair (ρCD,NAB→A′B′) as follows:

Ẽe
D,1WL(ρCD,NAB→A′B′) B sup

d∈N,Θ∈1WL


log2 d :

(Θ(N))(ρ) = Φd
C′D′

 . (3.8.11)

We can relax the set of allowed superchannels to the set of two-extendible superchan-

nels and define the exact two-extendible distillable entanglement of a state-channel pair

as follows:

Ẽe
D,2-EXT(ρCD,NAB→A′B′) B sup

d∈N,Θ∈2-EXT


log2 d :

(Θ(N))(ρ) = Φd
C′D′

 . (3.8.12)

Proposition 3.19 The rate at which ebits can be deterministically distilled from a bipartite quan-

tum state ρCD and n instances of a quantum channel NAB→A′B′ , assisted by one-way LOCC or

two-extendible superchannels, is bounded from above by the following quantity:

1
n

Ẽe
D,1WL

(
ρ,N⊗n) ≤ 1

n
Ẽe

D,2-EXT
(
ρ,N⊗n) (3.8.13)
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≤
1
n

Êu
min(ρCD) + Êu

min(NAB→A′B′) , (3.8.14)

where Êu
min(ρCD) is the min-unextendible entanglement of the quantum state ρCD (defined

in (3.5.39)) and Êu
min(NAB→A′B′) is the min-geometric unextendible entanglement of the quantum

channel NAB→A′B′ (defined in (3.7.27)).

Proof: The proof follows from the same line of reasoning as the proof of Proposi-

tion 3.18. Since we do not need the direct-sum property of the α-geometric unextendible

entanglement of states in the determinstic distillation case, we can take the limit α → 0+

and arrive at (3.8.14). □

Remark 3.9 In the asymptotic limit, the expected rate at which perfect ebits can be distilled from a

quantum state ρCD and an arbitrarily large number of instances of the quantum channelNAB→A′B′ ,

assisted by one-way LOCC or two-extendible superchannels, is bounded from above by the un-

extendible entanglement of the quantum channel induced by the Belavkin–Staszewski relative

entropy, and the rate of exact one-way distillable entanglement is upper bounded by the min-

geometric unextendible entanglement of the channel; i.e.,

lim inf
n→∞

1
n

Ẽd,1WL
(
ρ,N⊗n) ≤ Êu(NAB→A′B′) , (3.8.15)

lim inf
n→∞

1
n

Ẽd,e,1WL
(
ρ,N⊗n) ≤ Êu

min(NAB→A′B′) . (3.8.16)

The above inequalities follow from the fact that the α-geometric unextendible entanglement of a

quantum state is finite. As we take the limit n → ∞, the quantities 1
n Êu(ρCD) and 1

n Êu
min(ρCD)

approach zero for every state ρCD, yielding the above inequalities.
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3.8.2 Distillable key of a quantum state-channel pair

In this section we consider the task of distilling secret keys from a bipartite quantum

state and multiple instances of an unextendible quantum channel. It has been shown

in [WWW24, Corollary 22] that the α-geometric unextendible entanglement of a bipartite

quantum state serves as an upper bound on the number of secret bits that can be distilled

from the quantum state using one-way LOCC or two-extendible channels for all α ∈ (0, 2].

A no-go theorem for probabilistic secret-key distillation from a bipartite state was given

in [SW24] using the unextendible entanglement of the state induced by the min-relative

entropy [Dat09]. We extend these results to give an upper bound on the number of exact

secret key bits that can be distilled from a bipartite quantum state and an unextendible

quantum channel, assisted by local operations and one-way classical communication.

Probabilistic one-way distillable key

Let us first look at the probabilistic setting in which a secret key is established between

Alice and Bob using a quantum state ρCD and a quantum channel NAB→A′B′ assisted by

local operations and one-way classical communication from Alice to Bob. Similar to the

formalism in Section 3.6.1, we utilize the fact that distilling a secret key of log2 K bits

is equivalent to distilling a bipartite private state γK
C′D′C′′D′′ holding log2 K bits of secrecy

when local operations are allowed for free [HHHO05, HHHO09] (see Section 3.6.1 for

details). We define the probabilistic one-way distillable key of a quantum state-channel
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pair (ρCD,NAB→A′B′) as

K̃1WL(ρCD,NAB→A′B′) B sup
γK

C′D′C′′D′′∈K ,

p∈[0,1],Θ∈1WL



p log2 K :

(Θ(N))(ρ) = p|1⟩⟨1|X ⊗ γK
C′D′C′′D′′

+(1 − p)|0⟩⟨0|X ⊗ σC′D′C′′D′′ ,

σ ∈ S(C′D′C′′D′′)


. (3.8.17)

Once again, we can relax the set of allowed superchannels to the set of two-extendible

superchannels and define the probabilistic two-extendible distillable key of a quantum

state-channel pair as follows:

K̃2-EXT(ρCD,NAB→A′B′) B sup
γK

C′D′C′′D′′∈K ,

p∈[0,1],Θ∈2-EXT



p log2 K :

(Θ(N))(ρ) = p|1⟩⟨1|X ⊗ γK
C′D′C′′D′′

+(1 − p)|0⟩⟨0|X ⊗ σC′D′C′′D′′ ,

σ ∈ S(C′D′C′′D′′)


. (3.8.18)

Proposition 3.20 The expected rate at which secret bits can be probablistically distilled between

Alice and Bob from a bipartite state ρCD and n instances of a bipartite channel NAB→A′B′ , assisted

by one-way LOCC or two-extendible superchannels, is bounded from above as follows:

1
n

K̃1WL
(
ρ,N⊗n) ≤ 1

n
K̃2-EXT

(
ρ,N⊗n)

≤
1
n

Êu(ρCD) + Êu(NAB→A′B′) . (3.8.19)

Proof: The proof is similar to the proof of Proposition 3.18. The only difference is that we

use the fact that the α-geometric unextendible entanglement of a bipartite private state is

no less than the number of secret bits held by the private state, for all α ∈ (0, 2] [WWW24,

Corollary 22]. □
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Exact one-way distillable key

We now look at a deterministic protocol to distill a secret key from a bipartite state using a

quantum channel assisted by local operations and forward classical communication. Al-

ice and Bob use n instances of a bipartite quantum channelNAB→A′B′ assisted by a one-way

LOCC superchannelΘ(AnBn→A′nB′n)→(CD→C′D′C′′D′′) to transform the existing bipartite quantum

state ρCD to a bipartite private state γK
C′D′C′′D′′ holding log2 K secret bits:

(
Θ
(
N⊗n

AB→A′B′
))

(ρCD) = γK
C′D′C′′D′′ . (3.8.20)

The exact one-way distillable key of a quantum state-channel pair (ρCD,NAB→A′B′) is

defined as

K̃e
1WL(ρCD,NAB→A′B′) B sup

γK
C′D′C′′D′′∈K ,

Θ∈1WL


log2 K :

(Θ(N))(ρ) = γK
C′D′C′′D′′

 . (3.8.21)

Relaxing the set of allowed superchannels to the set of two-extendible superchannels,

we define the the exact two-extendible distillable key of a quantum state-channel pair as

follows:

K̃e
2-EXT(ρCD,NAB→A′B′) B sup

γK
C′D′C′′D′′∈K ,

Θ∈2-EXT


log2 K :

(Θ(N))(ρ) = γK
C′D′C′′D′′

 . (3.8.22)

Proposition 3.21 The rate at which exact secret bits can be exactly distilled from a quantum

state-channel pair, assisted by one-way LOCC or two-extendible superchannels, is bounded from

above by the following quantity:

1
n

K̃e
1WL

(
ρ,N⊗n) ≤ 1

n
K̃e

2-EXT
(
ρ,N⊗n) (3.8.23)

≤
1
n

Êu
min(ρCD) + Êu

min(NAB→A′B′) . (3.8.24)
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Proof: The proof follows from the same arguments used in the proof of Proposition 3.19,

and using the fact that the α-geometric unextendible entanglement of a bipartite state

holding log2 K secret bits is no less than log2 K [WWW24, Corollary 22] for all α ∈ (0, 2]. □

Remark 3.10 Since the α-geometric unextendible entanglement of a quantum state is finite, the

expected rate of distilling secret key bits from a quantum state ρCD probabilistically, using an

arbitrarily large number of instances of a quantum channel NAB→A′B′ , assisted by one-way LOCC

or two-extendible superchannels, is bounded from above by the unextendible entanglement of the

quantum channel NAB→A′B′ induced by the Belavkin–Staszewski relative entropy. That is,

lim inf
n→∞

1
n

K̃2-EXT
(
ρCD,N

⊗n) ≤ Êu(NAB→A′B′) . (3.8.25)

Similarly, the rate of distilling secret bits exactly from a quantum state ρCD, using an arbitrarily

large number of instances of a quantum channel NAB→A′B′ , assisted by one-way LOCC or two-

extendible superchannels, is bounded from above by the min-geometric unextendible entanglement

of the quantum channel NAB→A′B′ . That is,

lim inf
n→∞

1
n

K̃e
2-EXT

(
ρCD,N

⊗n) ≤ Êu
min(NAB→A′B′) . (3.8.26)

3.9 Numerical calculations

In this section we present some calculations for the upper bounds proposed in Sections 3.6

and 3.8. It has been shown in [FF21a] that the α-geometric Rényi relative entropy of

channels can be calculated using a semidefinite program for α = 1 + 2−ℓ with ℓ ∈ N. This

allows us to compute an upper bound on the unextendible entanglement of a quantum

channel induced by the Belavkin–Staszewski relative entropy since the optimization is

over a set of channels expressible by semidefinite constraints.
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While a semidefinite program is not known for min-geometric unextendible entan-

glement of channels, the quantity can be calculated for some special channels. The α-

geometric Rényi relative entropy between two quantum channels NA→B andMA→B, with

Choi operators ΓNAB and ΓMAB, respectively, can be calculated for all α ∈ (0, 1) using the

following equality from [KW21, Proposition 44]:

D̂α(NA→B∥MA→B) =
1

α − 1
log2 λmin

(
TrB

[
Gα

(
ΓMAB, Γ̃

N
AB

)])
, (3.9.1)

where λmin denotes the minimum eigenvalue of its argument,

Gα(X,Y) B X
1
2
(
X−

1
2 YX−

1
2
)α

X
1
2 , (3.9.2)

Γ̃NAB B Γ
N
0,0 − Γ

N
0,1

(
ΓN1,1

)−1 (
ΓN0,1

)†
, (3.9.3)

ΓN0,0 B ΠΓMΓ
NΠΓM , (3.9.4)

ΓN0,1 B ΠΓMΓ
NΠ⊥

ΓM
, (3.9.5)

ΓN1,1 B Π
⊥

ΓM
ΓNΠ⊥

ΓM
, (3.9.6)

ΠΓM is the projection onto the support of the ΓM, Π⊥
ΓM

is the projection onto its kernel,

and all inverses are taken on the respective support. The min-geometric Rényi relative

entropy of channels can then be calculated as follows:

D̂0(N∥M) B sup
ψRA

lim
α→0+

D̂α(N(ψRA) ∥M(ψRA)) (3.9.7)

= sup
ψRA

inf
α∈(0,1)

D̂α(N(ψRA) ∥M(ψRA)) (3.9.8)

= inf
α∈(0,1)

sup
ψRA

D̂α(N(ψRA) ∥M(ψRA)) (3.9.9)

= inf
α∈(0,1)

D̂α(N∥M) (3.9.10)

= lim
α→0+

D̂α(N∥M) , (3.9.11)

where the first equality is simply the definition of the min-geometric Rényi relative en-

tropy between channels, the second equality follows from the monotonicity of the α-
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geometric Rényi relative entropy in α, the third equality follows from the Mosonyi–Hiai

minimax theorem given in [MH11, Corollary A.2], and the final equality follows by us-

ing the monotonicity of the α-geometric Rényi relative entropy in α once again. Now

using the expression of α-geometric Rényi relative entropy from (3.9.1), we conclude the

following equality:

D̂0(N∥M) = − log2 λmin

(
TrB

[
ΓMΠζ

])
, (3.9.12)

whereΠζ is the projection onto the support of
(
ΓM

)− 1
2
Γ̃N

(
ΓM

)− 1
2 and Γ̃N is defined in (3.9.3).

Proposition 3.22 The min-geometric unextendible entanglement of quantum channels with full

rank Choi operators is equal to zero.

Proof: Consider a quantum channel NA→B that has a full-rank Choi operator ΓNAB. The

quantum channel NA→B1 ⊗ A
π
B2

is a valid extension of the channel that lies in the set

Ext(NA→B), where Aπ
B2

is a quantum channel that appends the maximally mixed state on

the system B2, and the system B2 is isomorphic to the system B. The Choi operator of this

channel is ΓNAB1
⊗ πB2 , where π is the maximally mixed state.

By definition, the min-geometric unextendible entanglement of the channel NA→B is

bounded from above as follows:

Êu
min(NA→B) ≤

1
2

D̂0(NA→B∥TrB1 ◦NA→B1 ⊗A
π
B2

). (3.9.13)

The quantum channel TrB1 ◦NA→B1⊗A
π
B2

is essentially the replacer channelRπA→B2
that traces

out the input and replaces with the maximally mixed state. The Choi operator of this

channel is

ΓRAB2
=

IAB2

|B|
, (3.9.14)
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where |B| is the dimension of the system B. Since ΓRAB is also full rank, supp
(
ΓN

)
⊆ supp

(
ΓM

)
,

which further implies that Γ̃N = ΓN . The positive semidefinite operators ΓNAB and ΓRAB are

both full-rank operators. Therefore,
(
ΓR

)− 1
2
ΓN

(
ΓR

)− 1
2 is also a full-rank operator, and the

projection onto the support of
(
ΓR

)− 1
2
ΓN

(
ΓR

)− 1
2 is the identity operator. That is,

Π
(ΓR)−

1
2 ΓN(ΓR)−

1
2
= IAB. (3.9.15)

The min-geometric Rényi relative entropy between NA→B and RA→B can be evaluated

as follows:

1
2

D̂0(N∥Rπ) = − log2 λmin

(
TrB

[
ΓRABΠ(ΓR)−

1
2 ΓN(ΓR)−

1
2

])
(3.9.16)

= − log2 λmin

(
TrB

[
IAB

|B|
IAB

])
(3.9.17)

= − log2 λmin(IA) (3.9.18)

= 0. (3.9.19)

where the second equality follows from (3.9.14) and (3.9.15). The non-negativity of the

min-geometric unextendible entanglement combined with (3.9.13) and (3.9.19) implies

that the min-geometric unextendible entanglement of a quantum channel that has a full-

rank Choi operator is equal to zero. □

Since the min-geometric unextendible entanglement of a quantum channel serves as

an upper bound on the zero-error quantum capacity (Corollary 3.4) and the zero-error

private capacity of the channel (Corollary 3.3), we arrive at the following statement:

Corollary 3.5 The zero-error quantum capacity and the zero-error private capacity of a quantum

channel with a full-rank Choi operator is equal to zero in the one-shot as well as the asymptotic

setting.
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Another important class of channels for which we can evaluate the min-geometric un-

extendible entanglement is the class of erasure channels. The action of an erasure channel

E
p
A→B on an arbitrary state ρRA can be mathematically described as follows:

E
p
A→B(ρRA) B (1 − p)ρRB + p|e⟩⟨e|B ⊗ TrA

[
ρRA

]
, (3.9.20)

where |e⟩⟨e| is the erasure symbol. We give an upper bound on the α-geometric unex-

tendible entanglement of the erasure channel for α ∈ (0, 1) ∪ (1, 2] in Appendix 3.J. As a

special case, we show that the min-geometric unextendible entanglement of an erasure

channel with erasure probability p > 0 is equal to zero, which leads us to conclude the

following statement:

Proposition 3.23 The zero-error quantum capacity and the zero-error private capacity of an era-

sure channel with erasure probability p > 0 is equal to zero in the one-shot as well as the asymptotic

setting.

Remark 3.11 The quantum capacities of erasure channels, with erasure probability less than 1
2 ,

and a subfamily of depolarizing channels are known to be non-zero [BDS97, DSS98]. However,

the zero-error quantum capacity of these channels is equal to zero as shown in Corollary 3.5 and

Proposition 3.23. This demonstrates an extreme gap in the zero-error and approximate settings of

quantum communication over an erasure or depolarizing channel.

Let us now look at the α-geometric unextendible entanglement of a channel for α > 1,

which can be computed using a semidefinite program.
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3.9.1 Semidefinite program for α-geometric unextendible entangle-

ment of point-to-point channels

In Section 3.6 we showed that the min-geometric unextendible entanglement of a chan-

nel is an upper bound on several operationally relevant quantities corresponding to the

channel. However, a semidefinite program to compute the min-geometric unextendible

entanglement of an arbitrary channel is not known. The α-geometric unextendible entan-

glement of the channel serves as a weaker upper bound on all the quantities mentioned

in Section 3.6 due to the monotonicity of the α-geometric unextendible entanglement of

channels in α (see Proposition 3.9). The α-geometric unextendible entanglement of a chan-

nel can be calculated for some values of α ∈ (1, 2] using a semidefinite program, which

we describe in this section.

We make use of the semidefinite program given in [FF21a, Lemma 9] that calculates

the following quantity:

fV(N) B min
M∈V

D̂α(N∥M) , (3.9.21)

whereV is a set of channels described by semidefinite constraints. Recall that lower semi-

continuity of α-geometric Rényi relative entropy allows us to replace the infimum with a

minimum, providing a way to calculate the α-geometric unextendible entanglement of a

channel.

We first propose a semidefinite program for calculating the α-geometric unextendible

entanglement of a point-to-point quantum channel.

Proposition 3.24 The α-geometric unextendible entanglement of a channel NA→B can be calcu-
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lated, for α = 1 + 2−ℓ where ℓ ∈ N, using the following semidefinite program:

Êu
α(NA→B) = 2ℓ min

y∈R,ΓPAB1B2
≥0

MAB,{Ni
AB}

ℓ

i=0,∈Herm

log2 y, (3.9.22)

subject to the constraints,

TrB2

[
ΓPAB1B2

]
= ΓNAB, (3.9.23)

TrB [MAB] ≤ yIA, (3.9.24)

TrB1

[
ΓPAB1B2

]
= N0

AB, (3.9.25)MAB ΓNAB

ΓNAB Nℓ
AB

 ≥ 0, (3.9.26)

Γ
N
AB N i

AB

N i
AB N i−1

AB

 ≥ 0 ∀i ∈ {1, 2, . . . , ℓ}, (3.9.27)

where ΓNAB is the Choi operator of the channel NA→B, and B, B1, and B2 are isomorphic systems.

The constraints in (3.9.23) and (3.9.25) ensure that ΓNAB and N0
AB are the Choi operators of

the marginal channels TrB2 ◦PA→B1B2 and TrB1 ◦PA→B1B2 . The constraints in (3.9.24)–(3.9.27)

are the semidefinite constraints to calculate the quantity

minPA→B1B2∈V
D̂α

(
NA→B∥TrB2 ◦PA→B1B2

)
for a set of channels V defined by semidefinite con-

ditions, given in [FF21a, Lemma 9].

Since ℓ dictates the number of variables in the semidefinite program, we cannot prac-

tically use this SDP to calculate Êu
α for α arbitrarily close to one. We settle for ℓ = 10 in

our calculations to get an upper bound on the unextendible entanglement of a channel

induced by the Belavkin–Staszewski relative entropy.
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3.9.2 Semidefinite program for α-geometric unextendible entangle-

ment of bipartite channels

The semidefinite program for the α-geometric unextendible entanglement of a channel in

Proposition 3.24 can be generalized for bipartite channels NAB→A′B′ by making the identi-

fications AB↔ A and A′B′ ↔ B, and modifying the constraints for marginal channels.

Proposition 3.25 The α-geometric unextendible entanglement of a channel NA→B can be calcu-

lated, for α = 1 + 2−ℓ where ℓ ∈ N, using the following semidefinite program:

Êu
α(NAB→A′B′) = 2ℓ min

y∈R,ΓP
AB1B2A′B′1B′2

≥0

MABA′B,{Ni
ABA′B′}

ℓ

i=0
,∈Herm

log2 y, (3.9.28)

subject to the constraints,

TrB′2

[
ΓPAB1B2A′B′1B′2

]
= ΓNABA′B′ ⊗ IB2 , (3.9.29)

TrA′B′ [MABA′B′] ≤ yIAB, (3.9.30)

TrB1B′1

[
ΓPAB1B2A′B′1B′2

]
= N0

ABA′B′ , (3.9.31)MABA′B′ Γ
N
ABA′B′

ΓNABA′B′ Nℓ
ABA′B′

 ≥ 0, (3.9.32)

Γ
N
ABA′B′ N i

ABA′B′

N i
ABA′B′ N i−1

ABA′B′

 ≥ 0 ∀i ∈ {1, 2, . . . , ℓ}, (3.9.33)

where ΓNABA′B′ is the Choi operator of the channel NA→B and dB is the dimension of system B.

Systems B1 and B2 are isomorphic to the system B, and systems B′1 and B′2 are isomorphic to the

system B′.

Remark 3.12 We have used the subadditivity of the α-geometric unextendible entanglement

(Proposition 3.8) to obtain a single-letter upper bound on all the operational quantities of a
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quantum channel discussed in Sections 3.6 and 3.8, either in terms of the min-geometric unex-

tendible entanglement of the channel or the unextendible entanglement of the channel induced by

the Belavkin–Staszewski relative entropy. However, one can obtain a tighter bound by using the

regularized unextendible entanglement of the channel because, for all n ∈ N,

Êu(NA→B) ≥
1
n

Êu(N⊗n
A→B

)
, (3.9.34)

Êu
min(NA→B) ≥

1
n

Êu
min

(
N⊗n

A→B
)
. (3.9.35)

In practice, direct implementations of the optimizations for these quantities are much harder to cal-

culate with increasing n for arbitrary quantum channels, as the dimensions of the corresponding

semidefinite programs increase exponentially with n (however, it could be the case that the ap-

proach from [FST22], which incorporates permutational symmetry, could make the computational

difficulty of these optimizations grow only polynomially with n). By taking the asymptotic limit

of these quantities, an arbitrarily large number of channel uses might be required to estimate it,

restricting its usefulness from a practical perspective. Nonetheless, we remark that the regularized

unextendible entanglement quantities give a generally tighter bound on the respective operational

quantities than the single-letter upper bounds discussed in this section.

3.9.3 Semicausal channel for probabilistic distillation of resource

The channel mentioned in (3.8.1) is a specific case of a semicausal channel where Bob’s

input system is a trivial system. Alice sends some quantum information to Bob through

an erasure channel, but instead of the quantum state being lost to the environment upon

erasure, the state is returned to Alice. If the state is successfully transmitted to Bob, Alice

receives back the erasure symbol instead.

There exists a simple protocol to probabilistically distill entanglement from this chan-
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nel using one-way LOCC. Alice sends one share of a locally prepared maximally entan-

gled state to Bob using the channel. If the state is successfully transmitted to Bob, Alice

receives an erasure symbol. Alice can determine if her state is erased or not by performing

the POVM {Π, |e⟩⟨e|} on the system she received, where Π is the projection onto the entire

Hilbert space of her system. If she measures her system to be erased, she knows that a

maximally entangled state has been established between herself and Bob, and she can in-

dicate the results of her measurement to Bob, hence, distilling a maximally entangled state

probabilistically. If the probability of erasure is p and the channel allows Alice to send a

d-dimensional state to Bob, then the probabilistic one-way distillable entanglement of the

channel is no less than (1 − p) log2 d. We find that the unextendible entanglement of this

channel induced by the Belavkin–Staszewski relative entropy, which is an upper bound

on the probabilitic distillable entanglement of the channel, is equal to (1− p) log2 d as well,

as we state formally in Proposition 3.26.

Proposition 3.26 Consider a quantum channel that acts on an arbitrary state ρRA as follows:

NA→A′B(ρRA) = pρRA′ ⊗ |e⟩⟨e|B + (1 − p)ρRB ⊗ |e⟩⟨e|A′ . (3.9.36)

The unextendible entanglement of the channel mentioned above, induced by the Belavkin–

Staszewski relative entropy, is equal to (1 − p) log2 d.

Proof: See Appendix 3.I. □

One can consider a less idealistic channel, where the state that Alice sends to Bob

is truly erased but Alice receives some information about the erasure process. Let us

consider a channel that acts on an arbitrary state ρRA as follows:

NA→A′B(ρRA) B (1 − p)ρRB ⊗ σA′ + pπR ⊗ |e⟩⟨e|B ⊗ τA′ , (3.9.37)
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where π is a maximally mixed state, and σA′ and τA′ are some quantum states.

The probabilistic one-way distillable entanglement of this channel depends on Alice’s

ability to distinguish between the states σ and τ. Naturally, if σ and τ are orthogonal,

then Alice can perfectly distinguish between the two states, and the probabilistic one-

way distillable entanglement of the channel will be equal to (1 − p) log2 d. However, if

the states are not orthogonal Alice will not be able to perfectly distinguish between the

two states, and the number of ebits that can be probabilistically distilled from the channel

using one-way LOCC would be smaller than (1 − p) log2 d.

We consider a simple case where Alice receives a single classical bit indicating if the

state she sent to Bob was erased or not, where the classical bit also undergoes depolarizing

noise. As such,

σA′ = Dq(|1⟩⟨1|A′) , (3.9.38)

τA′ = Dq(|0⟩⟨0|A′) , (3.9.39)

where

Dq(ρA′) = (1 − q)ρA′ + qπA′ . (3.9.40)

In Figure 3.6, we plot the α-geometric unextendible entanglement of the following chan-

nel:

Ẽ
p,q
A→A′B(ρRA) B (1 − p)ρRB ⊗Dq(|1⟩⟨1|A′) + pπR ⊗ |e⟩⟨e|B ⊗Dq(|0⟩⟨0|A′) , (3.9.41)

for different values of p and q, and α = 1+ 2−10. The code for generating the figures in this

paper is available with the arXiv posting.

In the examples considered above, Alice can deduce if the state she sent to Bob was

erased by analyzing the state she received from the semicausal channel, which allows Al-

ice and Bob to probabilistically distill resource from such channels using only one-way
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Figure 3.6: Here we plot the α-geometric unextendible entanglement of the channel
mentioned in (3.9.41), for α = 1 + 2−10. The channel takes a two-dimensional state as
input. The α-geometric unextendible entanglement of a channel is an upper bound on
the probabilistic one-way distillable entanglement as well as the probabilitic one-way
distillable key of the channel for all α ∈ (1, 2].

LOCC. While the erasure channel and depolarizing channels cannot be used for exact or

probabilistic distillation of entanglement or secret keys using only one-way LOCC, it is

unclear if these channels cannot be used to boost the probabilistic one-way distillable en-

tanglement or probabilistic one-way distillable key of a bipartite state in the presence of

one-way LOCC (see Section 3.8). Nonetheless, we present an analytical upper bound on

the α-geometric unextendible entanglement of the erasure channel for all α ∈ (1, 2], and

an analytical expression for the unextendible entanglement of the depolarizing channel

induced by the Belavkin–Staszewski relative entropy, in Appendices 3.J and 3.K, respec-

tively.
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3.10 Conclusion

3.10.1 Summary

In this work we defined a class of entanglement measures for quantum channels called

generalized unextendible entanglement of quantum channels, based on the resource

theory of unextendibility. We showed that this quantity does not increase under two-

extendible superchannels, and consequently, decreases monotonically under one-way

LOCC superchannels as well. This makes the unextendible entanglement of quantum

channels a useful quantity for analyzing information-processing tasks that involve trans-

formations of quantum channels assisted by local operations and one-way classical com-

munication.

We found some immediate applications of the unextendible entanglement of quan-

tum channels. The unextendible entanglement of a point-to-point quantum channel, in-

duced by the α-geometric Rényi relative entropy as α → 0, was shown to be an upper

bound on the one-way distillable key, one-way distillable entanglement, forward-assisted

zero-error quantum capacity, and the forward-assisted zero-error private capacity of the

quantum channel. We found this quantity, which we call the min-geometric unextendible

entanglement of a channel, to be equal to zero for several important channels such as

the erasure channel and all channels with a full-rank Choi operator, indicating that these

channels are useless for zero-error quantum and private communication.

The formalism of k-extendibility was extended to bipartite superchannels, and we

defined the unextendible entanglement of bipartite semicausal quantum channels. This

quantity allowed us to bound the change in unextendibility of a bipartite quantum state
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when acted upon by an arbitrary bipartite semicausal quantum channel. Using this for-

malism we gave upper bounds on the probabilistic one-way distillable entanglement and

probabilistic one-way distillable key of a bipartite quantum state when a bipartite quan-

tum channel, not necessarily simulable by local operations and one-way classical com-

munication, is also available.

Finally, we gave a semidefinite program to calculate the unextendible entanglement

of a quantum channel induced by the α-geometric Rényi relative entropy for α = 1 + 2−ℓ,

where ℓ is a positive integer, providing a computationally feasible method to calculate

the upper bounds on the probabilistic one-way distillable entanglement and probabilistic

one-way distillable key of a state-channel pair. We showed some example calculations

for this technique, evaluating the α-geometric unextendible entanglement of special era-

sure channels where one party sends quantum data to a distant party through an erasure

channel but also receives some information about the erasure process.

3.10.2 Future directions

There are several future directions to be explored. As was the case in [WWW24], we have

restricted all of our measures of unextendibility and applications to two-extendibility. An

extension of the measures to k-unextendibility could possibly give tighter bounds on sev-

eral quantities of interest when using channels assisted by one-way LOCC superchannels.

Our formalism also restricts us to the case of zero-error capacities. It will be an interesting

direction to allow for arbitrary error in our formalism in order to explore a more general

and practical setting.

We have obtained several bounds in terms of the min-geometric Rényi relative entropy
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of quantum channels. To the best of our knowledge, no prior work has used this measure

as an upper bound on information-theoretic quantities. We believe our approach with

min-geometric Rényi relative entropy can be extended to other dynamical resource theo-

ries to obtain tighter bounds on several quantities of interest. Given that we have shown

the relevance of the min-geometric Rényi relative entropy in our work, we think this mo-

tivates developing efficient methods to optimize this quantity with respect to semidefinite

constraints.

When multiple uses of a quantum channel are allowed for resource distillation,

we restricted the discussion to the independent and identically distributed scenario

in which all the quantum channels are used in parallel. A more general case of se-

quential distillation protocols can be considered. Similar ideas have been pursued

in [KW17, BW18, GS20a, FF21a] when positive partial transpose (PPT) channels are al-

lowed for free, and a general treatment for arbitrary resource theories has been considered

in [GS20b].

Extending the formalism of unextendibility to bipartite semicausal channels, we gave

upper bounds on the probabilistic distillable entanglement and secret key from a bipartite

state using one-way LOCC and an unextendible bipartite semicausal channel. It is known

that an erasure channel can be used to boost the approximate distillable entanglement of

shared bipartite state [WH10]; however, it is still unclear if an erasure channel could boost

the one-way exact distillable entanglement or the probabilitic one-way distillable entan-

glement of the state. In general, it would be interesting to know if channels that cannot

be used for zero-error private communication can be used to boost the probabilistic dis-

tillable key of a shared bipartite state.
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APPENDIX

3.A Proof of Proposition 3.5

In this appendix, we show that the α-geometric unextendible entanglement of quantum

states converges to the unextendible entanglement of quantum states induced by the

Belavkin–Staszewski relative entropy as α→ 1.

Let us first evaluate the α-geometric unextendible entanglement of states when α ap-

proaches 1 from above. The α-geometric unextendible entanglement is monotonic in α

as is evident from the monotonicity of the underlying divergence, the α-geometric Rényi

relative entropy, in α. Therefore,

lim
α→1+

Êu
α(ρAB) = inf

α∈(1,2]
Êu
α(ρAB) (3.A.1)

= inf
α∈(1,2]

1
2

inf
σ∈Ext(ρ)

D̂α

(
ρ∥TrB1

[
σAB1B2

])
(3.A.2)

=
1
2

inf
σ∈Ext(ρ)

inf
α∈(1,2]

D̂α

(
ρ∥TrB1

[
σAB1B2

])
(3.A.3)

=
1
2

inf
σ∈Ext(ρ)

D̂1
(
ρ∥TrB1

[
σAB1B2

])
(3.A.4)

= Êu(ρAB) . (3.A.5)

Now let us evaluate the α-geometric unextendible entanglement when α approaches

1 from below. Once again, using the monotonicity of α-geometric unextendible entangle-

ment in α, we find the following equality:

lim
α→1−

Êu
α(ρAB) = sup

α∈(0,1)
Êu
α(ρAB) (3.A.6)

= sup
α∈(0,1)

1
2

inf
σ∈Ext(ρ)

D̂α

(
ρ∥TrB1

[
σAB1B2

])
. (3.A.7)
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Since the α-geometric Rényi relative entropy is lower semi-continuous in (ρ, σ) [FF21b,

Lemma A.3], and it increases monotonically in α in the range (0, 2], we can employ the

Mosonyi–Hiai minimax theorem from [MH11, Corollary A.2] to switch the order of supre-

mum and infimum, obtaining the following equality:

lim
α→1−

Êu
α(ρAB) =

1
2

inf
σ∈Ext(ρ)

sup
α∈(0,1)

D̂α

(
ρ∥TrB1

[
σAB1B2

])
(3.A.8)

=
1
2

inf
σ∈Ext(ρ)

D̂1
(
ρ∥TrB1

[
σAB1B2

])
(3.A.9)

= Êu (ρAB) . (3.A.10)

Combining (3.A.5) and (3.A.10), we conclude (3.5.38).

3.B Proof of Proposition 3.11

In this appendix, we show that the α-geometric unextendible entanglement of quantum

channels converges to the unextendible entanglement of point-to-point quantum chan-

nels induced by the Belavkin–Staszewski relative entropy as α→ 1.

Let us first evaluate the limit when α approaches 1 from above. For a given quantum

channel NA→B, let us define the following set of quantum channels:

Ext(N) B
{
PA→B1B2 : TrB2 ◦PA→B1B2 = NA→B

}
. (3.B.1)

We know that the unextendible entanglement of channels induced by the α-geometric

Rényi relative entropy increases monotonically with α for α > 0 [KW21]. Therefore, we

can write,

lim
α→1+

Êu
α(NA→B) = inf

α∈(1,2]
Êu
α(NA→B) (3.B.2)
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= inf
α∈(1,2]

inf
PA→B1B2∈Ext(N)

D̂α

(
NA→B∥TrB1 ◦PA→B1B2

)
(3.B.3)

= inf
PA→B1B2∈Ext(N)

inf
α∈(1,2]

D̂α

(
NA→B∥TrB1 ◦PA→B1B2

)
(3.B.4)

= inf
PA→B1B2∈Ext(N)

D̂
(
NA→B∥TrB1 ◦PA→B1B2

)
(3.B.5)

= Êu(NA→B) , (3.B.6)

where the first equality is a consequence of monotonicity of α-geometric unextendible

entanglement when α ∈ (1, 2] (Proposition 3.9) and the penultimate equality is a conse-

quence of the fact that the α-geometric Rényi relative entropy of channels converges to

the Belavkin–Staszewski relative entropy as α→ 1 [DKQ+23, Lemma 35].

Now let us evaluate the limit when α approaches 1 from below. By Proposition 3.9,

we know that the α-geometric unextendible entanglement increases monotonically for

α ∈ (0, 1). Therefore,

lim
α→1−

Êu
α(NA→B) = sup

α∈(0,1)
Êu
α(NA→B) (3.B.7)

= sup
α∈(0,1)

inf
PA→B1B2∈Ext(N)

D̂α

(
NA→B∥TrB1 ◦PA→B1B2

)
. (3.B.8)

Since the α-geometric Rényi relative entropy of channels D̂α(NA→B∥MA→B) is lower semi-

continuous inMA→B [DKQ+23, Lemma 37] and increases monotonically in α in the range

(0, 1), we can employ the Mosonyi–Hiai minimax theorem from [MH11, Corollary A.2]

and establish that

sup
α∈(0,1)

inf
PA→B1B2∈Ext(N)

D̂α

(
NA→B∥TrB1 ◦PA→B1B2

)
= inf
PA→B1B2∈Ext(N)

sup
α∈(0,1)

D̂α

(
NA→B∥TrB1 ◦PA→B1B2

)
(3.B.9)

= inf
PA→B1B2∈Ext(N)

D̂
(
NA→B∥TrB1 ◦PA→B1B2

)
(3.B.10)

= Êu(NA→B) , (3.B.11)
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where the first equality follows from the Mosonyi–Hiai minimax theorem in [MH11,

Corollary A.2], the second equality follows from the fact that α-geometric Rényi rela-

tive entropy converges to the Belavkin–Staszewski relative entropy as α → 1, and the

final equality follows from the definition of unextendibe entanglement induced by the

Belavkin–Staszewski relative entropy. Hence, combining (3.B.6), (3.B.8), and (3.B.11), we

conclude (3.5.106).

3.C Proof of Corollary 3.4

In this appendix, we give an alternate proof of Corollary 3.4. Let us begin by evaluating

the α-geometric unextendible entanglement of a d-dimensional identity channel.

Proposition 3.27 The α-geometric unextendible entanglement of a d-dimensional identity chan-

nel is equal to log2 d for all α ∈ (0, 2]. That is,

Êu
α

(
idd

A→B

)
= log2 d ∀α ∈ (0, 2]. (3.C.1)

Proof: Let PA→B1B2 be an extension of the d-dimensional identity channel, i.e.,

TrB2 ◦PA→B1B2 = idd
A→B . (3.C.2)

Let ΓPAB1B2
be the Choi operator of the quantum channel PA→B1B2 . Since the Choi operator

of the identity channel is the unnormalized maximally entangled state, the Choi operator

of the channel PA→B1B2 has the following form:

ΓPAB1B2
= ΓAB1 ⊗ σB2 , (3.C.3)
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where ΓAB1 is the unnormalized maximally entangled state, and σB2 is an arbitrary quan-

tum state. Thus, an arbitrary extension, PA→B1B2 , of the identity channel can be expressed

as

PA→B1B2 = idd
A→B1

⊗Aσ
B2
, (3.C.4)

whereAσ
B2

is a channel that prepares the state σB2 .

The two marginals of PA→B1B2 act on an arbitrary quantum state ψRA as

TrB2 ◦PA→B1B2(ψRA) = idd
A→B1

(ψRA) = ψRB1 , (3.C.5)

and

TrB1 ◦PA→B1B2(ψRA) = TrA ⊗A
σ
B2

(ψRA)

= ψR ⊗ σB2 . (3.C.6)

Now consider that

Êu
α

(
idd

A→B

)
=

1
2

inf
PA→B1B2∈Ext(id)

D̂α(id ∥TrB1 ◦PA→B1B2) (3.C.7)

=
1
2

inf
σB2

sup
ψRA

D̂α

(
ψRB1∥ψR ⊗ σB2

)
(3.C.8)

=
1
2

inf
σB2∈S+

sup
ψRA

D̂α

(
ψRB1∥ψR ⊗ σB2

)
, (3.C.9)

where S+ denotes the set of positive definite states, and here we have used the fact that

the geometric Rényi relative entropy is lower semi-continuous in the last equality. As

shown in [WWW24, Appendix D],

inf
σB2∈S+

D̂α(ψRB1∥ψR ⊗ σB2) = inf
σB2∈S+

log2 Tr[σ−1
B2

]. (3.C.10)

The right hand side of the (3.C.10) is independent of ψRA. Therefore,

Êu
α

(
idd

A→B

)
=

1
2

inf
σB2∈S+

log2 Tr[σ−1
B2

]. (3.C.11)
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Let {λi}i be the eigenvalues of σB2 , so that this state can be written as

σB2 =

d∑
i=1

λi|i⟩⟨i|, (3.C.12)

where {|i⟩}di=1 is an eigenbasis of σB2 . The inverse of this state is

σ−1
B2
=

d∑
i=1

λ−1
i |i⟩⟨i|. (3.C.13)

The α-geometric unextendible entanglement of the identity channel becomes

Êu
α

(
idd

A→B

)
=

1
2

log2 inf
{λi}i∑
i λi=1

d∑
i=1

λ−1
i , (3.C.14)

where the infimum is over every probability distribution {λi}i with full support. Using the

well known arithmetic mean-harmonic mean inequality

d∑
i λ
−1
i

≤

∑
i λi

d
=

1
d
. (3.C.15)

Rearranging this inequality then implies that

1
2

log2 inf
{λi}i∑
i λi=1

d∑
i=1

λ−1
i ≥

1
2

log2 d2. (3.C.16)

The inequality above is saturated when all λi are equal. Therefore,

Êu
α

(
idd

A→B

)
=

1
2

log2 d2 = log2 d. (3.C.17)

This concludes the proof of Proposition 3.27. □

Now we show that the zero-error quantum capacity of a channel, assisted by one-way

LOCC superchannels or two-extendible superchannels, is bounded from above by the

min-geometric unextendible entanglement of the channel.
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Proof: [Proof of Corollary 3.4] Consider a two-extendible superchannel Θ(An→Bn)→(C→D)

that acts on n instances of the channelNA→B to exactly simulate the d-dimensional identity

channel:

idd
C→D = Θ(An→Bn)→(C→D)

(
N⊗n

A→B
)
. (3.C.18)

Equating the α-geometric unextendible entanglement of the identity channel and the sim-

ulated channel, the following inequality holds for all α ∈ (0, 2]:

Êu
α

(
idd

C→D

)
= Êu

α

(
Θ(An→Bn)→(C→D)

(
N⊗n

A→B
))

(3.C.19)

≤ Êu
α

(
N⊗n

A→B
)

(3.C.20)

≤ nÊu
α(NA→B) , (3.C.21)

where the first inequality comes from the monotonicity of the unextendible entangle-

ment under the action of two-extendible superchannels (Theorem 3.5) and the second

inequality comes from the subadditivity of the α-geometric unextendible entanglement

(Proposition 3.8).

Using (3.C.21) and Proposition 3.27, we arrive at the following inequality:

Êu
α(NA→B) ≥

log2 d
n
=

1
n

Q(1)
0,2-EXT

(
N⊗n

A→B
)
, (3.C.22)

where we arrive at the equality after recalling the definition of Q(1)
0,2-EXT(NA→B) from (3.6.56).

Since the inequality holds for all α ∈ (0, 2], we can take the limit α → 0 to get the tightest

inequality in (3.C.22), owing to the monotonicity of the α-geometric unextendible entan-

glement in α. Moreover, (3.C.22) holds for every positive integer n, which leads to the

following inequality:

Q0,2-EXT(NA→B) =
1
n

Q(1)
0,2-EXT

(
N⊗n

A→B
)
≤ Êu

min(NA→B) . (3.C.23)

The zero-error quantum capacity of a channel assisted by two-extendible superchannels
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is never less than the zero-error quantum capacity of the channel assisted by one-way

LOCC superchannels, which concludes the proof. □

3.D Proof of Proposition 3.15

Consider an arbitrary quantum channel PAB[k]→A′B′[k]
where all systems in the set {Bi}

k
i=1

are isomorphic to each other, and all systems in the set
{
B′i

}k

i=1
are isomorphic to

each other. Let Θ(AB→A′B′)→(CD→C′D′) be a k-extendible superchannel with the k-extension

Υ(AB[k]→A′B′[k])→(CD[k]→C′D′[k]). Let N i
ABi→A′B′i

be a marginal of the channel PAB[k]→A′B′[k]
such that,

N i
ABi→A′B′i

= TrB′[k]\i
◦PAB[k]→A′B′[k]

◦ AB[k]\i , (3.D.1)

The Choi operator of the channel Υ (P), using the propagation rule stated in (3.3.12),

is,

ΓΥ(P) = TrAB[k]A′B′[k]

[(
ΓP

)T
ΓΥ

]
, (3.D.2)

where ΓPAB[k]A′B′[k]
is the Choi operator of the quantum channel PAB[k]→A′B′[k]

, and

ΓΥAB[k]A′B′[k]CD[k]C′D′[k]
is the Choi operator of the superchannel Υ(AB[k]→A′B′[k])→(CD[k]→C′D′[k])

. The

Choi operator of the channel N i
ABi→A′B′i

is related to the Choi operator of the channel

PAB[k]→A′B′[k]
as

Γ
Ni
ABiA′B′i

⊗ IB[k]\i = TrB′[k]\i

[
ΓPAB[k]A′B′[k]

]
, (3.D.3)

since the former is a marginal of the latter. Now consider the Choi operator of the channel

TrD′[k]\i
◦ (Υ (P)),

TrD′[k]\i

[
ΓΥ(P)

]
= TrAB[k]A′B′[k]D

′
[k]\i

[(
ΓP

)T
ΓΥ

]
(3.D.4)

= TrAB[k]A′B′[k]

[(
ΓP

)T
TrD′[k]\i

[
ΓΥ

]]
(3.D.5)
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=
1
|B′|k−1 TrAB[k]A′B′[k]

[(
ΓP

)T
TrD′[k]\iB

′
[k]\i

[
ΓΥ

]
⊗ IB′[k]\i

]
(3.D.6)

=
1
|B′|k−1 TrAB[k]A′B′i

[(
TrB′[k]\i

[
ΓP

])T
TrD′[k]\iB

′
[k]\i

[
ΓΥ

]]
(3.D.7)

=
1
|B′|k−1 TrAB[k]A′B′i

[(
ΓNi ⊗ IB[k]\i

)T
TrD′[k]\iB

′
[k]\i

[
ΓΥ

]]
(3.D.8)

=
1
|B′|k−1 TrABiA′B′i

[(
ΓNi

)T
TrB[k]\iD′[k]\iB

′
[k]\i

[
ΓΥ

]]
(3.D.9)

=
1
|B′|k−1 TrABiA′B′i

[(
ΓNi

)T
TrB′[k]\i

[
ΓΘ ⊗ IB′[k]\iD[k]\i

]]
(3.D.10)

= TrABiA′B′i

[(
ΓNi

)T
ΓΘ

]
⊗ ID[k]\i (3.D.11)

= ΓΘ(Ni) ⊗ ID[k]\i , (3.D.12)

where the third equality is a consequence of (3.7.17), the fifth equality is a consequence

of (3.D.3), the seventh equality is a consequence of (3.7.18) and the final equality is arrived

at by using the propagation rule again. Since the above equalities are true for all i ∈ [k],

we conclude (3.7.19).

3.E Proof of Proposition 3.16

In this appendix, we show that the action of a bipartite k-extendible superchannel on a

bipartite k-extendible quantum channel results in a k-extendible quantum channel.

Let NAB→A′B′ be a k-extendible quantum channel with a k-extension PAB[k]→A′B′[k]
, and

Θ(AB→A′B′)→(CD→C′D′) be a k-extendible superchannel with a k-extensionΥ(AB[k]→A′B′[k])→(CD[k]→C′D′[k]).

Let ΓNABA′B′ and ΓPAB[k]A′B′[k]
be the respective Choi operators of the channels NAB→A′B′ and

PAB[k]→A′B′[k]
, and let ΓΘABA′B′CDC′D′ and ΓΥAB[k]A′B′[k]CD[k]C′D′[k]

be the respective Choi operators of

the superchannels Θ(AB→A′B′)→(CD→C′D′) and Υ(AB[k]→A′B′[k])→(CD[k]→C′D′[k]).
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The Choi operator of the channel Θ (N) can be evaluated using the propagation rule,

stated in (3.3.12), as

Γ
Θ(N)
CDC′D′ = TrABA′B′

[(
ΓNABA′B′

)T
ΓΘABA′B′CDC′D′

]
. (3.E.1)

Consider the Choi operator of the quantum channel Υ (P),

Γ
Υ(P)
CD[k]C′D′[k]

= TrAB[k]A′B′[k]

[(
ΓP

)T
ΓΥ

]
. (3.E.2)

Let us first show thatΘ (N) is a marginal of the channelΥ (P). The non-signaling condition

for PAB[k]→A′B′[k]
and Υ(AB[k]→A′B′[k])→(CD[k]→C′D′[k])

from (3.7.9) and (3.7.17), respectively, implies

TrD′[k]\1

[
ΓΥ(P)

]
= TrAB[k]A′B′[k]D

′
[k]\1

[(
ΓP

)T
ΓΥ

]
(3.E.3)

= TrAB[k]A′B′[k]

[(
ΓP

)T
TrD′[k]\1

[
ΓΥ

]]
(3.E.4)

= TrAB[k]A′B′[k]

[(
ΓP

)T
(
TrD′[k]\1B′[k]\1

[
ΓΥ

]
⊗

IB′[k]\1

|B′|k−1

)]
(3.E.5)

=
1
|B′|k−1 TrAB[k]A′B′1

[(
TrB′[k]\1

ΓP
)T

TrD′[k]\1B′[k]\1

[
ΓΥ

]]
(3.E.6)

=
1
|B′|k−1 TrAB[k]A′B′1

[(
ΓN ⊗ IB[k]\1

)T
TrD′[k]\1B′[k]\1

[
ΓΥ

]]
(3.E.7)

=
1
|B′|k−1 TrAB1A′B′1

[(
ΓN

)T
TrD′[k]\1B′[k]\1B[k]\1

[
ΓΥ

]]
(3.E.8)

= TrAB1A′B′1

[(
ΓN

)T (
ΓΘ ⊗ ID[k]\1

)]
(3.E.9)

= Γ
Θ(N)
CD1C′D′1

⊗ ID[k]\1 , (3.E.10)

where the first equality follows from the propagation rule stated in (3.3.12), the third

equality follows from the non-signaling condition for k-extensions of sueprchannels given

in (3.7.17), the fifth equality follows from the non-signaling condition for k-extensions of

quantum channels given in (3.7.9), the penultimate equality follows from the marginality

condition for bipartite k-extendible superchannels given in (3.7.18), and the final equality

follows once again by using the propagation rule. Equation (3.E.10) implies thatΘ (N) is a

marginal of the channel Υ (P) which follows the non-signaling condition given in (3.7.9).
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Now let us test the quantum channel Υ (P) for permutation covariance. Since PAB[k]A′B′[k]

is a k-extension of the quantum channel NAB→A′B′ , it obeys the permutation covariance

condition given in (3.7.6); that is,(
Wπ

B[k]
⊗Wπ

B′[k]

)
ΓP

(
Wπ†

B[k]
⊗Wπ†

B′[k]

)
= ΓP, (3.E.11)

where Wπ is the unitary corresponding to the permutation π in the symmetric group S k.

Let us define the following unitary:

Uπ
B[k]B′[k]

B Wπ
B[k]
⊗Wπ

B′[k]
, (3.E.12)

so that the permutation condition for PAB[k]→A′B′[k]
can be written as,

ΓP = Uπ
B[k]B′[k]

ΓPUπ†
B[k]B′[k]

. (3.E.13)

Let us also define a unitary Vπ in a similar fashion,

Vπ
D′[k]B[k]D[k]B′[k]

B Wπ
D′[k]
⊗Wπ

B[k]
⊗Wπ

D[k]
⊗Wπ

B′[k]
. (3.E.14)

The permutation covariance condition for k-extendible superchannels given in (3.7.16)

can then be written as,

ΓΥ = Vπ
D′[k]B[k]D[k]B′[k]

ΓΥVπ†
D′[k]B[k]D[k]B′[k]

. (3.E.15)

Note that (Wπ)T = Wπ† since the permutation unitary is completely real. This implies the

following equality:

(
ΓP

)T
ΓΥ =

(
Uπ

B[k]B′[k]
ΓPUπ†

B[k]B′[k]

)T
VπΓΥVπ† (3.E.16)

= Uπ
B[k]B′[k]

(
ΓP

)T
Uπ†

B[k]B′[k]
VπΓΥVπ† (3.E.17)

= Uπ
B[k]B′[k]

(
ΓP

)T
Uπ†

D[k]D′[k]
ΓΥVπ†. (3.E.18)

Using the above equality in the expression for the Choi operator of the channel Υ (P),

Γ
Υ(N)
CD[k]C′D′[k]

= TrAB[k]A′B′[k]

[(
ΓP

)T
ΓΥ

]
(3.E.19)
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= TrAB[k]A′B′[k]

[
Uπ

B[k]B′[k]

(
ΓP

)T
Uπ†

D[k]D′[k]
ΓΥVπ†

]
(3.E.20)

= TrAB[k]A′B′[k]

[(
ΓP

)T
Uπ†

D[k]D′[k]
ΓΥVπ†Uπ

B[k]B′[k]

]
(3.E.21)

= TrAB[k]A′B′[k]

[(
ΓP

)T
Uπ†

D[k]D′[k]
ΓΥUπ

D[k]D′[k]

]
(3.E.22)

= Uπ†
D[k]D′[k]

(
TrAB[k]A′B′[k]

[(
ΓP

)T
ΓΥ

])
Uπ

D[k]D′[k]
(3.E.23)

= Uπ†
D[k]D′[k]

(
Γ
Υ(N)
CD[k]C′D′[k]

)
Uπ

D[k]D′[k]
, (3.E.24)

where we have used the cyclicity of trace to arrive at the third equality. Thus, the quantum

channel Υ(P) follows the permutation covariance condition given in (3.7.6).

Since Υ(P) is an extension of the quantum channel Θ(N) that follows the permutation

covariance condition given in (3.7.6), and the non-signaling condition given in (3.7.7), we

conclude that Θ(N) is a k-extendible channel.

3.F Proof of Proposition 3.17

In this section, we show that every bipartite one-way LOCC superchannel is k-extendible

for all k ≥ 2 by constructing an explicit extension of an arbitrary bipartite one-way LOCC

superchannel.

In a bipartite one-way LOCC superchannel Θ(AB→A′B′)→(CD→C′D′), both the pre-

processing and post-processing channels are bipartite one-way LOCC channels. There-

fore, we can write the pre-processing channel as follows:

EΘCD→AMABMB
B

∑
x

E
A,x
C→AMA

⊗ E
B,x
D→BMB

, (3.F.1)

where systems C, A and MA are held by Alice, and systems D, B and MB are held by Bob.

In the above,
{
E

A,x
C→AMA

}
x

is a set of CP maps and
{
E

B,x
D→BMB

}
x

is a set of quantum channels
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such that EΘCD→AMABMB
is a quantum channel. Similarly, we can write the post-processing

channel as follows:

DΘA′MAB′MB→C′D′ B
∑

y

D
A,y
A′MA→C′ ⊗D

B,y
B′MB→D′ , (3.F.2)

where systems A′, C′ and MA are held by Alice, and systems D′, B′ and MB are held by

Bob. The set
{
D

A,y
A′MA→C′

}
y

is a set of CP maps and
{
D

B,y
B′MB→D′

}
y

is a set of quantum channels

such thatDΘA′MAB′MB→C′D′ is a quantum channel.

One can define a superchannel Υ(AB[k]→A′B′[k])→(CD[k]→C′D′[k]) with the following pre-

processing channel:

EΥCD[k]→AMAB[k] MB[k]
B

∑
x

E
A,x
C→AMA

⊗ E
B,x
D1→B1 MB1

⊗ · · · ⊗ E
B,x
Dk→Bk MBk

. (3.F.3)

The post-processing channel associated with the superchannel Υ can be defined as fol-

lows:

DΥA′MAB′[k] MB[k]→C′D′[k]
B

∑
y

D
A,y
A′MA→C′ ⊗D

B,y
B′1 MB1→D′1

⊗ · · · ⊗ D
B,y
B′k MBk→D′k

. (3.F.4)

It is straightforward to verify that the superchannelΘ is a marginal of the superchannel Υ,

and the quantum channels QΘ and QΥ unique to the superchannels Θ and Υ respectively,

follow the conditions given in (3.7.13), (3.7.14), and (3.7.15). Therefore, Υ is a valid k-

extension of the superchannel Θ. Since such a two-extension can be constructed for every

one-way LOCC superchannel Θ, we conclude that every one-way LOCC superchannel is

k-extendible for all k ≥ 2.

3.G Proof of Theorem 3.7

In this appendix, we show that the unextendible entanglement of bipartite channels de-

creases under the action of two-extendible superchannels.
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Let Θ(AB→A′B′)→(CD→C′D′) be an arbitrary two-extendible superchannel. Let PAB1B2→A′B′1B′2

be an arbitrary extension of the channel NAB→A′B′ such that

NAB→A′B′ = TrB′2
◦PAB1B2→A′B′1B′2

◦ AB2 , (3.G.1)

where AB2 is a quantum channel that appends an arbitrary quantum state to the system

B2. The generalized divergernce between the channels NAB→A′B′ and TrB′1
◦PAB1B2→A′B′1B′2

◦

AB1 obeys the following inequality:

D
(
N

∥∥∥ TrB′1
◦P ◦ AB1

)
= D

(
TrB′2
◦P ◦ AB2

∥∥∥ TrB′1
◦P ◦ AB1

)
(3.G.2)

≥ D
(
Θ

(
TrB′2
◦P ◦ AB2

) ∥∥∥Θ(TrB′1
◦P ◦ AB1

))
(3.G.3)

= D
(
TrD′2
◦ (Υ(P)) ◦ AD2

∥∥∥ TrD′1
◦ (Υ(P)) ◦ AD1

)
(3.G.4)

≥ 2Eu
(
TrD′2
◦ (Υ(P)) ◦ AD2

)
(3.G.5)

= 2Eu
(
Θ

(
TrB′2
◦P ◦ AB2

))
(3.G.6)

= 2Eu(Θ (N)) , (3.G.7)

where the first inequality follows from the data-processing inequality for generalized

channel divergence of quantum channels (Theorem 3.3), the second equality follows from

Proposition 3.15, and the second inequality follows from the definition of the generalized

unextendible entanglement of quantum channels. Since the above inequality holds for all

quantum channels PAB1B2→A′B′1B′2
that lie in the set Ext(N) defined in (3.7.20), we conclude

the statement of Theorem 3.7.

3.H Proof of Theorem 3.8

In this appendix we present the proof of Theorem 3.8.
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Let ρRCCRDD be an arbitrary two-extendible state. This means that there exists an exten-

sion τRCCRD1 D1RD2 D2 of the state ρRCCRDD with the following marginals:

TrRD1 D1[τ] = TrRD2 D2[τ] = ρRCCRDD, (3.H.1)

where system RD1 is isomorphic to RD2 and system D1 is isomorphic to D2.

Let Θ(AB→A′B′)→(CD→C′C′′D′D′′) be a two-extendible superchannel, and let NAB→A′B′ be an

arbitrary semicausal channel. Let us define the following quantum state:

σRCC′C′′RDD′D′′ B Θ(NAB→A′B′)
(
ρRCCRDD

)
. (3.H.2)

Let PAB1B2→A′B′1B′2
be an arbitrary extension of the channel NAB→A′B′ ; that is,

TrB′2
◦PAB1B2→A′B′1B′2

= NAB1→A′B′1
⊗ TrB2 . (3.H.3)

Proposition 3.15 implies that there exists a superchannel Υ(AB1B2→A′B′1B′2)→(CD1D2→C′D′1D′2) such

that the following equalities hold:

TrD′2
◦ (Υ(P)) = Θ(N) ⊗ TrD2 , (3.H.4)

TrD′1
◦ (Υ(P)) = Θ

(
TrB′1
⊗P

)
◦ TrD1 . (3.H.5)

Consider the following state:

TrRD2 D′2
◦ (Υ(P)) (τ) =

(
Θ(N) ⊗ TrRD2 D2

)
(τ) (3.H.6)

= Θ(N)
(
ρRCCRDD

)
(3.H.7)

= σRCC′C′′RDD′D′′ , (3.H.8)

where the first equality follows from Proposition 3.15, the second equality follows from

the fact that τ is a two-extension of ρ, and the final equality follows from the definition
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of the state σ. The above equality implies that Υ(P)(τ) is an extension of the state σ. By

definition of the unextendible entanglement of states, the following inequality holds:

Eu(σ) ≤ inf
P∈Ext(N)

1
2

D
(
σ
∥∥∥ TrRD1 D′1

◦ (Υ (P))(τ)
)
, (3.H.9)

where Ext(N) is the set of all extensions of the channel N as defined in (3.7.20). Us-

ing (3.H.5) we arrive at the following equality:

TrRD1 D′1
◦ (Υ (P))(τ) = Θ

(
TrB′1
◦P

) (
TrRD1 D1[τ]

)
(3.H.10)

= Θ
(
TrB′1
◦P

)(
ρRCCRDD

)
, (3.H.11)

where the second equality follows from the fact that τ is a two-extension of ρ. As such,

the following inequality holds for all two-extendible states ρRCCRDD:

Eu(σ) ≤ inf
P∈Ext(N)

1
2

D
(
Θ(N)(ρ)

∥∥∥∥Θ(TrB′1
◦P

)(
ρ
))
. (3.H.12)

For brevity, let us denote the set of two-extendible states with respect to the partition

RCC : RDD as 2-EXTRCD and the set of all states on systems RCCRDD as SRCD. Supremizing

over all two-extendible states in 2-EXTRCD,

sup
ρ∈2-EXTRCD

Eu(σRCC′C′′:RDD′D′′
)
≤ sup

ρ∈2-EXTRCD

inf
P∈Ext(N)

1
2

D
(
Θ(N)(ρ)

∥∥∥∥Θ(TrB′1
◦P

)(
ρ
))

(3.H.13)

≤ sup
ρ∈SRCD

inf
P∈Ext(N)

1
2

D
(
Θ(N)(ρ)

∥∥∥∥Θ(TrB′1
◦P

)(
ρ
))

(3.H.14)

≤ inf
P∈Ext(N)

sup
ρ∈SRCD

1
2

D
(
Θ(N)(ρ)

∥∥∥∥Θ(TrB′1
◦P

)(
ρ
))

(3.H.15)

= inf
P∈Ext(N)

1
2

D
(
Θ(N)

∥∥∥Θ(TrB′1
◦P

))
(3.H.16)

≤ inf
P∈Ext(N)

1
2

D
(
N

∥∥∥ TrB′1
◦P

)
(3.H.17)

= Eu(N) , (3.H.18)

where the second inequality follows from the fact that the set 2-EXTRCD is contained in-

side the set SRCD. The third inequality is a consequence of the max-min inequality, the
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first equality follows from the definition of generalized divergence of channels, the last in-

equality follows from the data-processing inequality for generalized divergence of chan-

nels, and the last equality follows from the definition of the generalized unextendible

entanglement of channels.

Therefore, we conclude the statement of Theorem 3.8.

3.I Proof of Proposition 3.26

In this appendix, we compute the Belavkin–Staszewski induced unextendible entangle-

ment of the channel whose action on an arbitrary state ρRA is defined as follows:

NA→A′B(ρRA) = pρRA′ ⊗ |e⟩⟨e|B + (1 − p)ρRB ⊗ |e⟩⟨e|A′ , (3.I.1)

for some p ∈ [0, 1].

We first establish a lower bound on the unextendible entanglement of the channel

induced by the Belavkin–Staszewski relative entropy.

Note that Alice can find out if she received the erased state or not by performing the

POVM {ΠA′ , |e⟩⟨e|A′} on her system. She can convey the results of the measurement to Bob

via one-way classical communication, which is assumed available for free. Alice and Bob

can then replace the erased state with a maximally mixed state, and Alice holds the flag

indicating the result from the POVM. As such, Alice and Bob can transform the output

state given in (3.I.1) into the following state using a one-way LOCC L→A′B→A′BXA
:

(L→A′B→A′BXA
◦ N) (ρRA) = pρRA′ ⊗ πB ⊗ |0⟩⟨0|XA + (1 − p)ρRB ⊗ πA′ ⊗ |1⟩⟨1|XA , (3.I.2)

where π is the maximally mixed state.
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Let us choose the input state ρRA to be Φd
RA, a maximally entangled state of Schmidt

rank d. Here we assume that system R is held by Alice. Using Proposition 3.7, we have

the following equality:

Êu
(
(L→ ◦ N)

(
Φd

RA

))
= pÊu

(
Φd

RA′ ⊗ πB

)
+ (1 − p)Êu

(
Φd

RB ⊗ πA

)
. (3.I.3)

The state Φd
RA′ ⊗ πB is a separable state with respect to the partition RA′ : B; therefore,

Êu
(
Φd

RA′ ⊗ πB

)
= 0. (3.I.4)

It is easy to see that the unextendible entanglement induced by the Belavkin–Staszewski

relative entropy of the stateΦd
RB⊗πA is equal to log2 d, by means of the following reasoning:

log2 d = Êu
(
Φd

R:B

)
(3.I.5)

= Êu
(
TrA′

[
Φd

RB ⊗ πA′
])

(3.I.6)

≤ Êu
(
Φd

RB ⊗ πA′
)

(3.I.7)

≤ Êu
(
Φd

RB

)
+ Êu(πA′) (3.I.8)

= Êu
(
Φd

R:B

)
, (3.I.9)

where the first equality follows from (3.5.49), the first follows from the monotonicity of

unextendible entanglement under local operations, the second inequality follows from

the subadditivity of the uenxtendible entanglement induced by the Belavkin–Staszewski

relative entropy (see (3.5.48)), and the last equality follows from the fact that the unex-

tendible entanglement induced by the Belavkin–Staszewski relative entropy is equal to

zero for two-extendible states. Therefore,

Êu
(
(L→ ◦ N)

(
Φd

RA

))
= (1 − p) log2 d. (3.I.10)

Since L→A′B→A′BXA
is an instance of a two-extendible superchannel, Theorem 3.8 implies the

following inequality:

Êu(NA→A′B) ≥ (1 − p) log2 d. (3.I.11)
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Now let us establish an upper bound on the unextendible entanglement of the channel

induced by the Belavkin–Staszewski relative entropy of the channel.

Consider the following extension of the channel NA→A′B:

PA→A′B1B2 = NA→A′B1 ⊗A
π
B2
, (3.I.12)

whereAπ
B2

is a channel that appends a maximally mixed state on system B2, and systems

B1 and B2 are isomorphic to each other. Let us define the following channel:

MA→A′B2 = TrB1 ◦PA→A′B1B2 . (3.I.13)

The Choi operators of the two relevant marginals of the channel PA→A′B1B2 are as follows:

ΓNAA′B1
= pΓAA′ ⊗ |e⟩⟨e|B1 + (1 − p)ΓAB1 ⊗ |e⟩⟨e|A′ , (3.I.14)

ΓMAA′B2
= pΓAA′ ⊗ πB2 + (1 − p)IA ⊗ πB2 ⊗ |e⟩⟨e|A′ , (3.I.15)

where Γ is the unnormalized maximally entangled operator. Note that the erasure sym-

bol is orthogonal to every quantum state in the Hilbert space of the system. Hence, the

identity operator, IA, acts on the subspace orthogonal to |e⟩⟨e|A.

The Belavkin–Staszewski relative entropy between the channels NA→A′B and MA→A′B

can be calculated using their Choi operators as follows [FF21a]:

D̂(NA→A′B∥MA→A′B) =
∥∥∥∥∥TrA′B

[(
ΓNAA′B

)1/2 (
log2 QAA′B

)(
ΓNAA′B

)1/2
]∥∥∥∥∥
∞

, (3.I.16)

where

QAA′B =
(
ΓNAA′B

)1/2(
ΓMAA′B

)−1(
ΓNAA′B

)1/2
. (3.I.17)

We can write ΓMAA′B as a linear combination of orthogonal projectors as follows:

ΓMAA′B = pΦd
RA′ ⊗ IB +

1 − p
d

IRB ⊗ |e⟩⟨e|A′ . (3.I.18)
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Therefore, (
ΓMAA′B

)−1
=

1
p
Φd

RA′ ⊗ IB +
d

1 − p
IRB ⊗ |e⟩⟨e|A′ . (3.I.19)

Similarly, ΓNAA′B can be written as a linear combination of orthogonal projectors as follows:

ΓNAA′B1
= pdΦd

RA′ ⊗ |e⟩⟨e|B + (1 − p)dΦd
RB ⊗ |e⟩⟨e|A′ . (3.I.20)

Following simple linear algebra, we find that

QAA′B = d2Φd
RB ⊗ |e⟩⟨e|A′ , (3.I.21)

and consequently,

log2 QAA′B = 2 log2 d Φd
RB ⊗ |e⟩⟨e|A′ . (3.I.22)

Substituting this value into (3.I.16), we evaluate the Belavkin–Staszewski relative entropy

between NA→A′B andMA→A′B to be equal to (1 − p) log2 d; that is,

D̂(NA→A′B∥MA→A′B) = 2(1 − p) log2 d. (3.I.23)

By the definition of the unextendible entanglement of channels,

Êu(NA→A′B) ≤
1
2

D̂(NA→A′B∥MA→A′B) (3.I.24)

= (1 − p) log2 d. (3.I.25)

Combining (3.I.11) and (3.I.25), we conclude that

Êu(NA→A′B) = (1 − p) log2 d. (3.I.26)

3.J Unextendible entanglement of erasure channels

In this section we find analytical and numerical upper bounds on the unextendible en-

tanglement of the erasure channel. An erasure channel erases the input state with some
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probability p and is defined as follows [GBP97]:

E
p
A→B(Y) = (1 − p)Y + p|e⟩⟨e|Tr[Y], (3.J.1)

where |e⟩⟨e| is the erasure symbol, orthogonal to all input states. The Choi operator of this

channel is as follows:

ΓEAB = (1 − p)ΓAB + pIA ⊗ |e⟩⟨e|B. (3.J.2)

Erasure channels are of special interest in the context of quantum communication be-

cause there exists a well known protocol to distill a maximally entangled state using

this channel, assisted by local operations and two-way classical communication. Alice

sends one share of a locally prepared maximally entangled state of Schmidt rank d to Bob

through an erasure channel. Bob performs the projective measurement
{∑d−1

i=0 |i⟩⟨i|, |e⟩⟨e|
}

on the state he received, thus, finding out if the quantum state sent by Alice was erased

or not. Bob can convey this classical information back to Alice using a classical channel,

hence, establishing a maximally entangled state between the two parties which can be

used for quantum communication or private communication tasks.

The protocol mentioned above can be used to probabilistically distill log2 d ebits from

a d-dimensional erasure channel with probability 1− p, where p is the erasure probability

of the channel. However, it requires Bob to send back classical data to Alice. We will see

that one cannot distill any entanglement from the erasure channel with the assistance of

one-way LOCC superchannels only, as the min-geometric unextendible entanglement of

the erasure channel is equal to zero (Proposition 3.29). See also [LLS09] for a further study

of the assisted quantum capacities of the erasure channel.

The proposition below provides an upper bound on the unextendible entanglement

of the erasure channel induced by the Belavkin–Staszewski relative entropy.
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Figure 3.7: Here we plot the upper bounds on the unextendible entanglement of the
two-dimensional and the three-dimensional erasure channel induced by the Belavkin–
Staszewski relative entropy using the analytical expression given in Proposition 3.28.
We also plot the numerical values of the α-geometric unextendible entanglement calcu-
lated for α = 1 + 2−10 using the semidefinite program given in Proposition 3.24.

Proposition 3.28 The unextendible entanglement of a d-dimensional erasure channel with era-

sure probability p ≤ 1/2, induced by the Belavkin–Staszewski relative entropy, is bounded from

above by

Êu
(
E

p
A→B

)
≤ (1 − p) log2 d −

1
2

log2

(
(d2 − 1)p + 1

)
(3.J.3)

for all p ∈
[
0, 1

d+1

]
, and by

Êu
(
E

p
A→B

)
≤

1
2

(1 − p) log2

(
1 − p

p

)
+

1
2

p log2

(
p

1 − p

)
(3.J.4)

for all p ∈
(

1
d+1 ,

1
2

]
.

Proof: First, we note that an erasure channel is two-extendible if the erasure probabil-

ity is greater than 1/2. Hence, the unextendible entanglement of such erasure channels,

induced by the Belavkin–Staszewski relative entropy, is equal to zero.
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Now consider the extension PA→B1B2 of the erasure channel Ep
A→B with the Choi opera-

tor,

ΓPAB1B2
B pΓAB2 ⊗ |e⟩⟨e|B1 + (1 − p − dx)ΓAB1 ⊗ |e⟩⟨e|B2 + xΓAB1 ⊗ ΠB2 , (3.J.5)

where

Π B |0⟩⟨0| + · · · + |d − 1⟩⟨d − 1| (3.J.6)

is the projection onto all possible states of the input space. This operator is positive

semidefinite for all x ∈
[
0, (1 − p)/d

]
. The two marginals of this channel are described

by the Choi operators,

ΓNAB = TrB2

[
ΓPAB1B2

]
= (1 − p)ΓAB + pΠA ⊗ |e⟩⟨e|B, (3.J.7)

and

ΓMAB = TrB1

[
ΓPAB1B2

]
(3.J.8)

= pΓAB + (1 − p − dx)ΠA ⊗ |e⟩⟨e|B + xΠA ⊗ ΠB. (3.J.9)

Note that ΓNAB is the Choi operator of the erasure channel with erasure probability p, justi-

fying the claim that PA→B1B2 is an extension of the said erasure channel.

By definition,

Êu
(
E

p
A→B

)
≤

1
2

D̂
(
E

p
A→B

∥∥∥ TrB2 ◦PA→B1B2

)
, (3.J.10)

where D̂(·∥·) is the Belavkin–Staszewski relative entropy between channels. This quantity

has a closed-form expression in terms of the Choi operators of the two channels [FF21a],

D̂(NA→B∥MA→B) =
∥∥∥∥∥TrB

[(
ΓNAB

)1/2 (
log2 QAB

)(
ΓNAB

)1/2
]∥∥∥∥∥
∞

, (3.J.11)

where

QAB =
(
ΓNAB

)1/2(
ΓMAB

)−1(
ΓNAB

)1/2
. (3.J.12)
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The Choi operator ΓMAB can be written as

ΓMAB = (pd + x)Φd
AB + x

(
ΠA ⊗ ΠB − Φ

d
AB

)
+ (1 − p − dx)ΠA ⊗ |e⟩⟨e|B, (3.J.13)

where Φd
AB is the maximally entangled state of Schmidt rank d. Since we have written ΓMAB

as a linear combination of orthogonal projections, we can conclude

(
ΓMAB

)−1
=

1
pd + x

Φd
AB +

1
x

(
ΠA ⊗ ΠB − Φ

d
AB

)
+

1
1 − p − dx

ΠA ⊗ |e⟩⟨e|B. (3.J.14)

From the above, we conclude that

(
ΓNAB

)1/2 (
log2 QAB

)(
ΓNAB

)1/2
= (1 − p) d log2

(
d (1 − p)
pd + x

)
Φd

AB + p log2

(
p

1 − p − dx

)
ΠA ⊗ |e⟩⟨e|B.

(3.J.15)

This allows us to evaluate the quantity in (3.J.11) to be

D̂(NA→B∥MA→B) = (1 − p) log2

(
d (1 − p)
pd + x

)
+ p log2

(
p

1 − p − dx

)
. (3.J.16)

This quantity is minimized for

x =
(1 − p)2

− p2d2

d
. (3.J.17)

The Choi operator ΓMAB is required to be a positive semidefinite operator. This in turn

requires x to be non-negative. Therefore, we choose

x =
(1 − p)2

− p2d2

d
, (3.J.18)

if p ≤ 1
d+1 , and x = 0 otherwise. Using these values of x in (3.J.16) and rearranging, we

arrive at the upper bound given in Proposition 3.28. □

In Figure 3.7, we plot the α-geometric unextendible entanglement of the channel, for

α = 1 + 2−10, against the analytical upper bound on the unextendible entanglement of the

channel induced by the Belavkin–Staszewski relative entropy.
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We also evaluate an upper bound on the α-geometric unextendible entanglement of

the erasure channel and find an analytical expression given in the proposition below. In

the limit α→ 0+, this quantity is equal to zero. This finding, combined with Corollaries 3.4

and 3.3, implies that both the zero-error quantum and private capacities of the erasure

channel are equal to zero.

Proposition 3.29 For all α ∈ (0, 1) ∪ (1, 2], the α-geometric unextendible entanglement of a

d-dimensional erasure channel with erasure probability p ≤ 1/2 is bounded from above by

Êu
α

(
E

p
A→B

)
≤

1
2
·

1
α − 1

log2


1
d

[
d (1 − p)

]α (pd + x)1−α

+pα (1 − p − dx)1−α

 (3.J.19)

for all p ∈
[
0, 1

d1/α+1

]
, and where

x =
1 − p − pdk

k + d
, (3.J.20)

k =
d2/αp

d (1 − p)
. (3.J.21)

For all p ∈
(

1
d1/α+1 ,

1
2

]
,

Êu
α

(
E

p
A→B

)
≤

1
2
·

1
α − 1

log2

(
(1 − p)α p1−α + pα (1 − p)1−α

)
. (3.J.22)

As such, for all p ∈ (0, 1/2],

Êu
min

(
E

p
A→B

)
= 0. (3.J.23)

Proof: Here we follow the same approach used in the proof of Proposition 3.28. Let

us first recall from [KW21, Proposition 44] that the geometric Rényi relative entropy of

channels can be written explicitly as

D̂α(N∥M) =
1

α − 1
log2 Q̂α(N∥M), (3.J.24)
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where

Q̂α(N∥M) B
∥∥∥∥∥TrB

[(
ΓM

)1/2
[(
ΓM

)−1/2
ΓN

(
ΓM

)−1/2
]α (
ΓM

)1/2
]∥∥∥∥∥
∞

(3.J.25)

when α ∈ (1, 2] and

Q̂α(N∥M) B λmin

(
TrB

[(
ΓM

)1/2
[(
ΓM

)−1/2
ΓN

(
ΓM

)−1/2
]α (
ΓM

)1/2
])

(3.J.26)

when α ∈ (0, 1), with both expressions above holding under the assumption that

supp(ΓN ) ⊆supp(ΓM). Now using the expressions in (3.J.7) and (3.J.9), we find that

(
ΓM

)1/2
[(
ΓM

)−1/2
ΓN

(
ΓM

)−1/2
]α (
ΓM

)1/2

=
[
d (1 − p)

]α (pd + x)1−αΦd
AB + pα (1 − p − dx)1−αΠA ⊗ |e⟩⟨e|B. (3.J.27)

This in turn implies that

D̂α(N∥M) =
1

α − 1
log2


1
d

[
d (1 − p)

]α (pd + x)1−α

+pα (1 − p − dx)1−α

 . (3.J.28)

This quantity is minimized for the choice

x =
1 − p − pdk

k + d
, (3.J.29)

where k = d2/αp
d(1−p) . In order for ΓM to be positive semidefinite, it is required that x ≥ 0,

which is the same as p ≤ 1
d1/α+1 . So when this condition holds, we choose x as above, and

otherwise choose x = 0. In the latter case, we find that

1
α − 1

log2


1
d

[
d (1 − p)

]α (pd + x)1−α

+pα (1 − p − dx)1−α

 = 1
α − 1

log2

(
1
d

[
d (1 − p)

]α (pd)1−α + pα (1 − p)1−α
)

(3.J.30)

=
1

α − 1
log2

(
(1 − p)α p1−α + pα (1 − p)1−α

)
. (3.J.31)

This leads to the inequalities in (3.J.19) and (3.J.22).
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To establish the limit when α → 0+, we simply set x = 0 and then take the limit as

α→ 0+, leading to

lim
α→0+

1
α − 1

log2

(
(1 − p)α p1−α + pα (1 − p)1−α

)
= − log2

(
(1 − p)0 p1 + p0 (1 − p)1

)
= 0. (3.J.32)

This completes the proof. □

3.K Unextendible entanglement of depolarizing channels

Depolarizing channels are commonly used to model noise in quantum circuits. The d-

dimensional depolarizing channelDp is a completely positive trace-preserving map when

the parameter p ∈
[
0, d2

d2−1

]
, and it acts on a quantum state ρ as

Dp(ρ) = (1 − p) ρ + pπ, (3.K.1)

where π B I/d is the d-dimensional maximally mixed state. The Choi operator of a depo-

larizing channelDp is,

Γ
Dp

AB = (1 − p)ΓAB + pIA ⊗ πB. (3.K.2)

The Choi operator can be written as a linear combination of orthogonal projectors as

Γ
Dp

AB = d
(
FΦd

AB + (1 − F)
IAB − Φ

d
AB

d2 − 1

)
, (3.K.3)

where

F B 1 − p +
p
d2 . (3.K.4)

Since the Choi operator of the depolarizing channel is a full-rank operator for p >

0, the min-geometric unextendible entanglement of this channel is equal to zero, which

implies that the zero-error quantum capacity and the zero-error private capacity of this
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Figure 3.8: Here we plot the unextendible entanglement of the two-dimensional and the
three-dimensional depolarizing channel induced by the Belavkin–Staszewski relative
entropy using the analytical expression given in Proposition 3.30. We also plot the nu-
merical values of the α-geometric unextendible entanglement calculated for α = 1 + 2−10

using the semidefinite program given in Proposition 3.24.

channel, assisted by one-way LOCC or two-extendible superchannels, are also equal to

zero (see Corollary 3.5).

The extendibility of isotropic states has been studied in [JV13], and since the Choi

operator of the depolarizing channel is a scaled isotropic state, we can find an analytical

expression for the α-geometric unextendible entanglement of the channel. Let us first look

at the extremities. Since a point-to-point quantum channel is two-extendible if and only if

its Choi state is two-extendible, the d-dimensional depolarizing channel is two-extendible

for p ≥ d
2(d+1) [JV13, Theorem III.8] (also see [KDWW21, Lemma 3]). This implies that the

α-geometric unextendible entanglement of a depolarizing channel with p ≥ d
2(d+1) is equal

to zero. For p = 0, the depolarizing channel is the same as the identity channel; hence, the

α-geometric unextendible entanglement in this case is equal to one.
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Proposition 3.30 The unextendible entanglement of the d-dimensional depolarizing channel,

with parameter p < d
2(d+1) , induced by the Belavkin–Staszewski relative entropy is

Êu(Dp) =
1
2

[
F log2

( F
F′

)
+ (1 − F) log2

(
1 − F
1 − F′

)]
, (3.K.5)

where F = 1 − p + p
d2 and

F′ B max

2F − 1
d2 +

2
√(

d2 − 1
)

(1 − F)F
d2 − F + 1, F

 . (3.K.6)

Proof: Consider a d-dimensional depolarizing channel Dp
A→B with parameter p as de-

fined in (3.K.1). The Choi operator of this channel is

ΓD
p

AB = d
(
FΦd

AB + (1 − F)
IAB − Φ

d
AB

d2 − 1

)
, (3.K.7)

where

F = 1 − p +
p
d2 . (3.K.8)

The depolarizing channel does not change under the action of a twirling superchannel;

that is,

TAB

(
D

p
A→B

)
=

∫
dU UB ◦ D

p
A→B ◦ U

†

A = D
p
A→B, (3.K.9)

whereU is the unitary channel corresponding to the unitary U and acts asU(·) = U (·) U†

and the integration is taken over the Haar measure. Twirling an arbitrary point-to-point

quantum channel results in a depolarizing channel [HHH99, Nie02].

Let PA→B1B2 be a extension of Dp
A→B lying in the set Ext(Dp). Consider the following

tripartite twirling superchannel:

TAB1B2

(
PA→B1B2

)
B

∫
dU UB1 ◦ UB2 ◦ PA→B1B2 ◦ U

†

A. (3.K.10)

The quantum channel TAB1B2

(
PA→B1B2

)
also lies in the set Ext(Dp) since

TrB2 ◦TAB1B2(P) = TAB1

(
TrB2 ◦P

)
= D

p
A→B1

, (3.K.11)
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which follows from the trace-preserving nature of the channel UB2 . Moreover, the other

marginal of this channel is also a depolarizing channel, with some parameter p′ as shown

below:

TrB1 ◦TAB1B2(P) = TAB2

(
TrB1 ◦P

)
= D

p′

A→B2
. (3.K.12)

As stated above, twirling a quantum channel is a valid superchannel, and the gen-

eralized divergence between two quantum channels decreases upon twirling due to the

data-processing inequality. This implies that

D
(
TrB2 ◦T

(
PA→B1B2

)
∥TrB1 ◦T

(
PA→B1B2

))
= D

(
T

(
D

p
A→B

)
∥T

(
TrB1 ◦PA→B1B2

))
(3.K.13)

≤ D
(
D

p
A→B∥TrB1 ◦PA→B1B2

)
. (3.K.14)

This further implies that

inf
PA→B1B2∈Ext(Dp)

D
(
D

p
A→B∥TrB1 ◦T

(
PA→B1B2

))
≤ inf
PA→B1B2∈Ext(Dp)

D
(
D

p
A→B∥TrB1 ◦PA→B1B2

)
, (3.K.15)

and hence, we only need to consider the extensions PA→B1B2 ∈ Ext(Dp) that are invariant

under the tripartite twirl TAB1B2 when computing the unextendible entanglement of the

channel. Since the marginals of such channels are always depolarizing channels, we can

write,

Eu
(
D

p
A→B

)
= inf
P∈Ext(N)

1
2


D
(
D

p
A→B∥D

p′

A→B

)
:

PA→B1B2 = T
(
PA→B1B2

)
,

D
p′

A→B = TrB1 ◦PA→B1B2


. (3.K.16)

The Belavkin–Staszewski relative entropy between two depolarizing channels Dp
A→B and

D
p′

A→B, using the analytical expression given in [FF21a, Theorem 3], evaluates to the fol-

lowing quantity:

D̂
(
Dp∥Dp′

)
= F log2

( F
F′

)
+ (1 − F) log2

(
1 − F
1 − F′

)
, (3.K.17)

where

F = 1 − p +
p
d2 , (3.K.18)
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F′ = 1 − p′ +
p′

d2 . (3.K.19)

Let ζF
AB denote an isotropic state with parameter F:

ζF
AB B FΦd

AB + (1 − F)
IAB − Φ

d
AB

d2 − 1
. (3.K.20)

Since the Choi operator of the depolarizing channel is an isotropic state with a scaling

factor (see (3.K.7)), the following two statements are equivalent:

1. There exists a quantum channel PA→B1B2 with the depolarizing channels, Dp
A→B1

and

D
p′

A→B2
, as its marginals.

2. There exists a quantum state τAB1B2 with the isotropic states, ζF
AB1

and ζF′
AB2

, as its

marginals, where F and F′ are given in (3.K.18) and (3.K.19), respectively.

Therefore, we can compute the unextendible entanglement of a depolarizing channel,

using the measure induced by the Belavkin–Staszewski relative entropy as follows:

Êu
(
D

p
A→B

)
= inf

F′∈[0,1]



D̂
(
Dp∥Dp′

)
:

τAB1B2 ∈ S (AB1B2)

TrB2[τ] = ζF
AB1
,TrB1[τ] = ζF′

AB2
,

F = 1 − p + p
d2 , F′ = 1 − p′ + p′

d2


. (3.K.21)

Moreover, the infimum can be replaced with a minimum due to the lower-semicontinuity

of the Belavkin–Staszewski relative entropy.

It has been shown in [JV13, Corollary III.4] that there exists a quantum state τAB1B2 with

marginals ζF
AB and ζF′

AB if and only if F and F′ lie in the convex hull of the ellipse

(F + F′ − 1)2

1/d2 +
(F − F′)2(
d2 − 1

)
/d2 = 1, (3.K.22)
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and the point (F, F′) = (0, 0). Rewriting the equation of ellipse in the form of a quadratic

equation in F′,

(
F + F′ − 1

)2
+

(F − F′)2

d2 − 1
=

1
d2 (3.K.23)

⇒ (F′)2
(
1 +

1
d2 − 1

)
+F′

(
2(F − 1) −

2F
d2 − 1

)
+ (F − 1)2 +

F2

d2 − 1
−

1
d2 = 0. (3.K.24)

Let F′hi and F′lo be the two solutions of this quadratic equation such that F′hi ≥ F′lo. Since

(F, F′) can reside anywhere in the convex hull of the ellipse and the point (0, 0), the largest

value F′ can take for a fixed value of F lies on the boundary of the ellipse, and hence,

is the larger of the two solutions of the quadratic equation in (3.K.24) which is F′hi. Solv-

ing (3.K.24), we find that

F′hi =
2F − 1

d2 +
2
√(

d2 − 1
)

(1 − F)F
d2 − F + 1. (3.K.25)

The Belavkin–Staszewski relative entropy between two depolarizing channels as

given in (3.K.17) is minimized when F′ is the closest to F. Therefore, the optimal value of

F′ is achieved by max
{
F′hi, F

}
. Hence, we can substitute this optimal value of F′ in (3.K.17)

and (3.K.21) to arrive at the following analytical expression for the unextendible entangle-

ment of the depolarizing channel, using the measure induced by the Belavkin–Staszewski

relative entropy:

Êu
(
D

p
A→B

)
=

1
2


F log2

(
F
F′

)
+ (1 − F) log2

(
1−F
1−F′

)
:

F′ = max
{

2F−1
d2 +

2
√

(d2−1)(1−F)F
d2 − F + 1, F

}
,

F = 1 − p + p
d2


. (3.K.26)

This completes the proof. □

In Figure 3.8 we plot the α-geometric unextendible entanglement of the two-

dimensional and three-dimensional depolarizing channels for α = 1+2−10, with respect to
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the prameter p. We also plot the analytical expression for the unextendible entanglement

of the depolarizing channel induced by the Belavkin–Staszewski relative entropy given

in Proposition 3.30.
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CHAPTER 4

EXTENDIBILITY LIMITS QUANTUM-SECURED COMMUNICATION AND KEY

DISTILLATION1

4.1 Abstract

Secret-key distillation from quantum states and channels is a central task of interest in

quantum information theory, as it facilitates private communication over a quantum net-

work. Here, we study the task of secret-key distillation from bipartite states and point-

to-point quantum channels using local operations and one-way classical communication

(one-way LOCC). We employ the resource theory of unextendible entanglement to study

the transformation of a bipartite state under one-way LOCC, and we obtain several effi-

ciently computable upper bounds on the number of secret bits that can be distilled from

a bipartite state using one-way LOCC channels; these findings apply not only in the one-

shot setting but also in some restricted asymptotic settings. We extend our formalism to

private communication over a quantum channel assisted by forward classical communi-

cation. We obtain efficiently computable upper bounds on the one-shot forward-assisted

private capacity of a channel, thus addressing a question in the theory of quantum-

secured communication that has been open for some time now. Our formalism also pro-

vides upper bounds on the rate of private communication when using a large number of

channels in such a way that the error in the transmitted private data decreases exponen-

tially with the number of channel uses. Moreover, our bounds can be computed using

semidefinite programs, thus providing a computationally feasible method to understand

1V. Singh and M. M. Wilde, “Extendibility limits quantum-secured communication and key distilla-
tion”, accepted in Reports on Progress in Physics, https://iopscience.iop.org/article/10.1088/
1361-6633/adcd28
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the limits of private communication over a quantum network.

4.2 Introduction

4.2.1 Motivation

The existence of a quantum network facilitates the distribution of secret keys between

distant parties [BB84, Eke91], which ensures secure communication by means of the one-

time pad protocol. However, realizing an ideal quantum network can be very expensive.

This motivates an in-depth study of the number of secret bits that can be established

with the available resources, which, in the context of the quantum internet, are partially

entangled states and quantum channels.

Our ability to distill secret keys from a bipartite state or a quantum channel depends

on the operations that we can perform. The three most common settings studied in any

non-local resource distillation task are as follows: local operations, local operations with

one-way classical communication, and local operations with two-way classical commu-

nication. Here we consider the task of secret-key distillation from bipartite states and

point-to-point channels in the presence of local operations and one-way classical commu-

nication. In what follows, we first discuss our contributions on understanding secret-key

distillation from states, and thereafter we discuss our related contributions for channels.

184



4.2.2 Secret-key distillation from states

The task of distilling secret keys from a bipartite state using local operations and one-way

classical communication, abbreviated as one-way LOCC, has been studied extensively in

the past [DW05, RR12, KKGW21]. From an information-theoretic perspective, the main

quantities of interest are the one-shot, one-way distillable key of a state and the asymp-

totic one-way distillable key of the state. The one-shot, one-way distillable key of a state

is roughly defined as the maximum number of “approximate” secret bits that can be dis-

tilled from a state using a one-way LOCC channel with respect to a fixed error parameter,

and the asymptotic one-way distillable key of the state is the maximum rate at which se-

cret bits can be distilled from an arbitrarily large number of independent and identically

distributed copies of the state when using one-way LOCC channels.

Computing the one-shot, one-way distillable key and the asymptotic one-way distill-

able key is a challenging task. Lower bounds on the one-way distillable key in the one-

shot regime, as well as the asymptotic regime, have been found in previous works [DW05,

RR12, KKGW21]. Upper bounds on the one-shot distillable key of a state when using

two-way LOCC have been found in terms of the smooth-min relative entropy of entan-

glement [WTB17] and the squashed entanglement [Chr06, CEH+07, CSW12, Wil16]. Natu-

rally, these quantities also bound the one-shot, one-way distillable key from above. How-

ever, computing the smooth-min relative entropy of entanglement of a state is related to

the NP-hard problem of optimizing over the set of separable states [Gur03, Gha10], and

the squashed entanglement is not even known to be computable in the Turing sense, due

to it involving an optimization over a state having a system of unbounded size. More-

over, the aforementioned quantities bound the one-shot distillable key of a state, which

is expected to be larger than the one-shot, one-way distillable key of the state in general,
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leaving room for significant improvement in the estimation of the latter quantity.

In this work, we invoke the framework of unextendibility to obtain upper bounds on

the one-shot, one-way distillable key of a state, which can be computed by means of a

semidefinite program. As such, to the best of our knowledge, ours is the first general

upper bound on this quantity that is efficiently computable, in contrast to the smooth-

min relative entropy of entanglement and the squashed entanglement. We also give an

upper bound on the maximum rate at which secret bits can be distilled from an arbitrarily

large number of i.i.d. copies of a state when using one-way LOCC channels, provided that

the error in distillation decreases exponentially with the number of copies of the resource

state.

4.2.3 Private communication over channels

The one-shot setting of private communication has been the subject of several stud-

ies [RR11, WTB17, Wil17, RSW17, KKGW21]. In the context of private communication,

we are interested in the maximum number of private bits that can be sent through a

quantum channel when using some freely available operations, which can be local op-

erations and classical communication, local operations with only forward-classical com-

munication, or local operations only. The corresponding quantities are called the one-

shot two-way-assisted private capacity, the one-shot forward-assisted private capacity,

and the one-shot unassisted private capacity, respectively. In the presence of forward-

classical assistance, the task of secret-key distillation is equivalent to the task of private

communication, which allows us to immediately extend our understanding of secret-key

distillation from channels to private communication.
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Finding efficiently computable upper bounds on the one-shot private capacity of

a channel has remained an unsolved problem since early works on private capac-

ity [CWY04, DW05]. Several upper bounds on the one-shot, two-way-assisted private ca-

pacity have been obtained [TGW14, WTB17, QSW18]. However, none of them are known

to be efficiently computable. Even in the asymptotic regime, computable upper bounds

on the unassisted private capacity and two-way-assisted private capacity are known only

for qubit channels [FF21].

Here we contribute to this growing body of knowledge by giving upper bounds on

the one-shot forward-assisted private capacity of a channel, which can be computed ef-

ficiently using a semidefinite program. We also give a semidefinite computable upper

bound on the maximum rate at which private bits can be transmitted through a quan-

tum channel when the error in transmission is required to decay exponentially with the

number of channel uses.

4.2.4 Methods used in this work

The resource theory of unextendible entanglement developed in [WWW24] serves as the

primary mathematical framework in our investigation. The set of free states in the re-

source theory of unextendible entanglement is a state-dependent set comprising of all

symmetric extensions of the state in question. The set of two-extendible channels serves

as the set of free operations, which was defined in [KDWW19, KDWW21]. All one-way

LOCC channels are two-extendible channels, which makes the resource theory of unex-

tendible entanglement useful for the analysis of private communication with one-way

LOCC.
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The unextendible entanglement of quantum channels was defined in [SW24b], which

is the primary mathematical framework that we use to investigate private communica-

tion through a quantum channel assisted by one-way LOCC. In this resource theory,

the set of free channels is a channel-dependent set, which consists of channels that are

symmetrically-compatible with the channel in question, where compatible channels were

defined in [HMZ16]. The set of free operations are two-extendible superchannels, which

form a semidefinite relaxation of the set of one-way LOCC superchannels originally con-

sidered in [LM15, RBL18].

In the past, the unextendible entanglement of states has been used to study the ex-

act and probabilistic distillation of secret keys from states using one-way LOCC channels

in [WWW24, SW24a], and the unextendible entanglement of channels has been used to

study zero-error private communication through channels in [SW24b]. By using the re-

source theory of unextendible entanglement to study “approximate” secret-key distilla-

tion from states and channels, we demonstrate that this resource theory can be used to

study more practical settings in which an arbitrarily small error is allowed in resource

distillation.

4.2.5 Summary of results and organization of the paper

The main contributions of our paper are as follows: We give upper bounds on the one-

shot, one-way distillable key of a bipartite state and on the one-shot, forward-assisted

private capacity of point-to-point quantum channels. As mentioned previously, to the

best of our knowledge, these are the first efficiently computable upper bounds on these

quantities. Extending our results to the asymptotic setting, we give upper bounds on the

maximum rate of distilling secret keys from i.i.d. copies of a bipartite state or channel
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Setting Divergence used for upper
bound

Reference

One-shot setting Smooth-min relative entropy Theorem 4.2

Simplified bounds for
one-shot setting

Smooth-min relative entropy Corollary 4.1 and
Corollary 4.2

n-Shot setting Sandwiched Rényi relative en-
tropy

Corollary 4.3

Asymptotic setting Umegaki relative entropy Theorem 4.3

Table 4.1: A list of our results for secret-key distillation from a bipartite state when using
one-way LOCC channels, in the one-shot and asymptotic settings.

Setting Divergence used for upper bound Reference

One-shot setting Smooth-min relative entropy Theorem 4.4

Simplified bounds for
one-shot setting

Smooth-min relative entropy Corollary 4.4

n-shot setting Geometric Rényi relative entropy Corollary 4.5

Asymptotic setting Belavkin–Staszewski relative en-
tropy

Theorem 4.5

Table 4.2: A list of our results for forward-assisted private communication from point-to-
point quantum channels in the one-shot and asymptotic settings.

when using one-way LOCC, albeit in a particular setting in which the error in distillation

is required to decay exponentially with the number of copies of the resource. Several

of our bounds can be computed using semidefinite programs, adding to their practical

relevance. Finally, with this work, we demonstrate the power of the resource theory of

unextendible entanglement in studying resource distillation. Prior to our work here, it

was unclear how to apply this concept to the setting of approximate key distillation and

left as an open question since [WWW24].
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In Table 4.1, we present a brief summary of our results on one-way secret-key distil-

lation from bipartite states, and in Table 4.2, we give a brief summary of our results on

forward-assisted private communication over channels. We note here that the Python

codes used for calculating the semidefinite programs and producing the plots in this pa-

per are available with the arXiv posting.

An outline of our paper is as follows:

• Section 4.3: Definitions and notations used in the paper, along with basic facts about

quantum states, channels, and superchannels.

• Section 4.4: Discussion on secret-key distillation from bipartite states using one-way

LOCC channels, and definition of the one-shot, one-way distillable key of a state,

which is the primary quantity of interest.

• Section 4.5: Review of the concepts of two-extendibility and the unextendible entan-

glement of states. Discussion on the unextendible entanglement of states induced

by smooth-min relative entropy and α-sandwiched Rényi relative entropy, which

are the primary ingredients in the main result obtained for one-way secret-key dis-

tillation from bipartite states.

• Section 4.6: Main results on one-way secret-key distillation from an arbitrary bipar-

tite state. Numerical demonstration of the upper bounds on the one-shot, one-way

distillable key of isotropic states using semidefinite programs.

• Section 4.7: Discussion of private communication over quantum channels using

one-way LOCC superchannels. Review of the unextendible entanglement of chan-

nels induced by smooth-min relative entropy and α-geometric Rényi relative en-

tropy. Main results on one-way private communication over an arbitrary channel.
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Demonstrating the upper bound on the one-shot, forward-assisted private capacity

of the erasure channel using analytical expressions.

4.3 Notation and Preliminaries

In this section, we review background material on the three major elements that we use

in the rest of the work: quantum states, channels, and superchannels.

4.3.1 Quantum states and channels

A quantum state ρA is a positive semidefinite, unit-trace operator acting on a Hilbert space

HA. We denote the set of all linear operators acting on the Hilbert space HA by L(A) and

the set of all quantum states acting on this Hilbert space by S(A). A bipartite quantum

state ρAB acting on the Hilbert spaceHA ⊗HB is called separable if it can be written as

ρAB =
∑
x∈X

p(x)σx
A ⊗ τ

x
B, (4.3.1)

where {p(x)}x∈X is a probability distribution and {σx
A}x∈X and {τx

B}x∈X are sets of states. Any

quantum state that is not separable is said to be entangled. The maximally entangled state

vector in the Hilbert spaceHA ⊗HB is denoted as follows:

|Φd⟩AB B
1
√

d

d−1∑
i=0

|i⟩A|i⟩B, (4.3.2)

where {|i⟩}d−1
i=0 is an orthonormal basis and d is the Schmidt rank of the state. We denote

the correponding density operator as Φd
AB ≡ |Φ

d⟩⟨Φd|AB.

A quantum channel NA→B is a completely positive (CP) and trace-preserving (TP) lin-

ear map that takes an operator acting on the Hilbert space HA as input and outputs an
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(a) One-way LOCC channel (b) One-way LOCC superchannel

Figure 4.1: (a) Schematic diagram of a one-way LOCC channel L→AB→A′B′ , as defined
in (4.3.5), acting on a bipartite state ρAB. (b) Schematic diagram of a one-way LOCC su-
perchannel Θ(A→B)→(C→D), defined in (4.3.6) with M being a classical system, acting on a
channel NA→B.

operator acting on the Hilbert space HB. We denote the Choi operator of a channel NA→B

by ΓNRB, which is defined as follows:

ΓNRB B NA→B

(
dΦd

RA

)
, (4.3.3)

where Φd
RA is the maximally entangled state of Schmidt rank d and system R is isomorphic

to system A. The normalized Choi operator is called the Choi state of the channel, and it

is defined as follows:

ΦNRB B NA→B

(
Φd

RB

)
. (4.3.4)

An important class of channels that is central to our work consists of one-way LOCC

channels. We use the symbol L→ for a one-way LOCC channel.

A one-way LOCC channel is a quantum channel that acts on a bipartite state, and it

can be physically described by the following sequence of operations: Say Alice and Bob

share a bipartite state ρAB. Alice applies a quantum instrument
{
Ex

A→A′

}
x∈X

on her system,

where x is a classical label corresponding to the outcome of the instrument. She sends the

classical label x to Bob through an ideal classical channel. Bob then applies a quantum
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channel Dx
B→B′ based on the label x that he received from Alice (see Figure 4.1a). A one-

way LOCC channel can be mathematically described as follows:

L→AB→A′B′ =
∑
x∈X

Dx
A→B ⊗ E

x
A→A′ , (4.3.5)

where
{
Ex

A→A′

}
x∈X

is a quantum instrument and
{
Dx

B→B′

}
x∈X

is a set of quantum channels.

4.3.2 Quantum superchannels

A quantum superchannel Θ(A→B)→(C→D) is a linear map that transforms a quantum chan-

nel to another quantum channel. Since quantum channels are completely positive and

trace-preserving maps, a superchannel is a completely CPTP-preserving map (see Defi-

nition 4.1 for a formal definition). It can be perceived as a mathematical model for any

physical transformation a quantum channel can undergo, as long as the resulting map

is also a quantum channel. Quantum superchannels were introduced in [CDP08] and

further investigated in [Gou19], both of which provide a detailed discussion. Here, we

include a brief discussion on superchannels relevant to this work.

Definition 4.1 (Superchannel) Let TA→B : L(A) → L(B) be a linear map. Let the space of all

such maps be denoted by LAB. A linear map Θ(A→B)→(C→D) : LAB → LCD is a superchannel if

1. It is completely CP preserving; i.e., (id(E)→(E) ⊗Θ(A→B)→(C→D))(TEA→EB) is a CP map if

TEA→E′B is a CP map, for all possible dimensions of system E.

2. It is TP preserving; i.e., Θ(A→B)→(C→D)(TA→B) is a TP map if TA→B is a TP map.

According to the fundamental theorem of superchannels [CDP08], every superchannel

can be decomposed into a pre-processing channel EC→MA and a post-processing channel
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DMB→D connected by a memory system M. That is, for every superchannel Θ(A→B)→(C→D),

there exist EC→MA andDMB→D such that

Θ(A→B)→(C→D)(NA→B) = DMB→D ◦ NA→B ◦ EC→MA. (4.3.6)

Quantum superchannels are a powerful tool in analyzing communication tasks over a

quantum channel, as any communication protocol can be modeled as a superchannel.

A special class of superchannels that is relevant to this work is the class of one-way

LOCC superchannels. This is the set of superchannels that can be simulated by local

operations and forward classical communication (see Figure 4.1b). In particular, if system

M in (4.3.6) is set to be a classical system, then every superchannel Θ(A→B)→(C→D) that has

the form given in (4.3.6) is a one-way LOCC superchannel.

4.4 One-way secret-key distillation

In principle, the existence of a quantum network ensures unconditional secret key distri-

bution [BB84, Eke91]. Alice and Bob can often manipulate a shared entangled state by

means of local operations to obtain a maximally classically-correlated state that is com-

pletely independent of the system of any eavesdropper. The maximally-classically corre-

lated state can then be used as a key to encrypt some classical data that Alice intends to

send to Bob using the one-time-pad scheme. Since the eavesdropper is independent of

the key shared between Alice and Bob, it is impossible for them to decode the encrypted

data irrespective of their computational power. The state thus established between Alice,

Bob, and an eavesdropper is called a tripartite key state, and it can be expressed in the
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following form:

τABE =
1
K

k−1∑
i=0

|i⟩⟨i|A ⊗ |i⟩⟨i|B ⊗ σE, (4.4.1)

where σE is an arbitrary quantum state.

In general, the task of secret-key distillation is a three party problem due to the in-

volvement of the eavesdropper. However, a crucial discovery was made in [HHHO05,

HHHO09], establishing an equivalence between the tripartite scenario and a bipartite

scenario involving the concept of a private state. In the next section, we briefly review the

structure of bipartite private states, which plays an important role in this work.

4.4.1 Bipartite private states

A bipartite private state γk
ABA′B′ is the most general form of a quantum state that furnishes

a secret key of log2 k bits upon local measurements of systems A and B. Therefore, to

establish a secret key whose secrecy is ensured by the laws of quantum mechanics, one

needs to establish a bipartite private state.

It was shown in [HHHO05, HHHO09] that a private state γk
ABA′B′ holding log2 k secret

key bits can always be written in the following form:

γk
ABA′B = VABA′B′

(
Φk

AB ⊗ τA′B′
)

V†ABA′B′ , (4.4.2)

where Φk
AB is a maximally entangled state of Schmidt rank k, the operator τA′B′ is an arbi-

trary bipartite state, and VABA′B′ is called a twisting unitary, defined as follows:

VABA′B′ =

k−1∑
i=0

|i⟩⟨i|A ⊗ IB ⊗ U i
A′B′ , (4.4.3)
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with U i
A′B′ being some unitary operator. The private state in (4.4.2) can then be written

more explicitly as follows:

γk
ABA′B =

k−1∑
i, j=0

|i⟩⟨ j|A ⊗ |i⟩⟨ j|B ⊗ U i
A′B′τA′B′

(
U j

A′B′

)†
. (4.4.4)

Systems A and B are said to be the key systems, and systems A′ and B′ are said to be the

shield systems.

4.4.2 One-shot, one-way distillable key of a state

Let us now consider the task of distilling secret keys from a bipartite state shared between

two parties using local operations and one-way classical communication. Since the dis-

tillation of a secret key is equivalent to the distillation of a bipartite private state, we

consider the task of distilling a private state from bipartite resource state using one-way

LOCC channels. However, distilling private states exactly, or even probabilistically, is a

very restrictive task [SW24a], and one must relax this setting to allow for any practical

distillation of secret keys.

The task of distilling approximate secret keys using one-way LOCC channels has been

a subject of significant interest in several prior works [DW05, RR12, KKGW21] (see Fig-

ure 4.2 for a schematic diagram). The error in distillation of secret keys from a state ρAB

using a one-way LOCC channel L→AB→A′B′A′′B′′ is measured by the infidelity, defined as

perr
(
L→; ρAB

)
B inf

γk
A′B′A′′B′′

(
1 − F

(
γk

A′B′A′′B′′ ,L
→
AB→A′B′A′′B′′(ρAB)

))
, (4.4.5)

where the infimum is over all bipartite private states holding log2 k secret bits and F(·, ·)

denotes the fidelity between two states, which is defined as follows:

F(ρ, σ) B
(
Tr

[√
√
σρ
√
σ

])2

. (4.4.6)
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Figure 4.2: Schematic diagram of approximate distillation of a bipartite private state
γk

A′B′A′′B′′ from a state ρAB using a one-way LOCC channel L→AB→A′B′A′′B′′ , where the error
in distillation, denoted by ε, is defined in (4.4.5).

The reason for choosing infidelity to be the metric of error is motivated from the ‘γk-

privacy test’ [HHH+08b, HHH+08a] (see [KW24, Section 15.1.3] for a detailed discussion.

The γk-privacy test is a POVM
{
Π
γ
ABA′B′ , IABA′B′ − Π

γ
ABA′B′

}
, where

Π
γ
ABA′B′ B VABA′B′

(
Φk

AB ⊗ IA′B′
)

V†ABA′B′ , (4.4.7)

The one-shot, one-way distillable key of a state is the quantity that describes the num-

ber of bits of secret key that can be established between two parties holding a resource

state ρAB, with some error tolerance ε, when using one-way LOCC channels.

Definition 4.2 (One-shot, one-way distillable key) For ε ∈ [0, 1], the one-shot, one-way dis-

tillable key of a state ρAB is defined as follows:

Kε,→
D (ρAB) B sup

k∈N,γk
A′B′A′′B′′ ,

L→∈1WL


log2 k :

F
(
L→AB→A′B′A′′B′′(ρAB) , γk

A′B′A′′B′′

)
≥ 1 − ε

 , (4.4.8)

where 1WL stands for the set of all one-way LOCC channels.

In the above definition, the supremum is over every positive integer k, every pri-

vate state γk
A′B′A′′B′′ holding log2 k secret key bits, and every one-way LOCC channel
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L→AB→A′B′A′′B′′ .

4.5 Two-extendibility

In this section we review the concepts of two-extendibility for states and channels. The

resource theory of k-extendibility was developed in [KDWW19, KDWW21] as a semidef-

inite relaxation of the resource theory of entanglement, and the resource theory of two-

extendibility is a special case when k = 2. A state-dependent resource theory of extendibil-

ity was developed in [WWW24], which is the framework that we employ to study the task

of secret-key distillation with one-way LOCC channels.

4.5.1 Two-extendible states and channels

Let us first discuss two-extendible states [DPS04], also known as symmetrically extendible

states [Wer89], two-shareable states [Yan06], and anti-degradable states [LDS18].

Definition 4.3 (Two-extendible state) A bipartite state ρAB is said to be two-extendible if there

exists a state ωABE such that the following conditions hold:

TrE[ωABE] = ρAB, (4.5.1)

and

WBE(ωABE)W†

BE = ωABE, (4.5.2)

where the unitary swap operator W is defined as follows:

WBE B
d−1∑

k,k′=0

|k⟩⟨k′|B ⊗ |k′⟩⟨k|E. (4.5.3)
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Note that the system E should be isomorphic to the system B for (4.5.1) and (4.5.2) to

hold. The state ωABE is said to be a two-extension of the state ρAB if the conditions in (4.5.1)

and (4.5.2) are met.

Remark 4.1 All bipartite separable states are two-extendible. Consider an arbitrary bipartite

separable state ρAB B
∑

x∈X p(x)σx
A ⊗ τ

x
B, where {p(x)}x∈X is a probability distribution and

{
σx

A

}
x∈X

and
{
τx

B

}
x∈X

are sets of quantum states. One can always construct the following two-extension of

ρAB:

ωABE B
∑
x∈X

p(x)σx
A ⊗ τ

x
B ⊗ τ

x
E, (4.5.4)

which shows that all bipartite separable states are two-extendible. However, all two-extendible

states are not separable. A simple example is the following isotropic state [HH99]:

ζAB =
5
8
ΦAB +

1
8

(IAB − ΦAB) =
1
2
ΦAB +

1
8

IAB, (4.5.5)

where A and B are two-dimensional systems, ΦAB is a two-qubit maximally entangled state, and

IAB is the identity operator. This state is two-extendible with the following two-extension:

ωABE =
1
4
ΦAB ⊗ IE +

1
4
ΦAE ⊗ IB, (4.5.6)

but ζAB has non-zero distillable entanglement [HH99], and hence, it is not a separable state.

A family of semidefinite relaxations of one-way LOCC channels was developed

in [KDWW19, KDWW21], called k-extendible channels. The set of k-extendible chan-

nels serves as the set of free channels in [KDWW19, KDWW21]. Setting k = 2, we obtain

the set of two-extendible channels, which serves as the set of free operations in the state-

dependent resource theory of unextendibility developed in [WWW24]. Here we briefly

discuss the idea of two-extendible channels.
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Definition 4.4 (Two-extendible channel) A bipartite channel NAB→A′B′ is said to be two-

extendible if there exists a channel PABE→A′B′E′ such that the following conditions hold:

TrE′ ◦PABE→A′B′E′ = NAB→A′B′ ⊗ TrE, (4.5.7)

and

WB′E′ ◦ PABE→A′B′E′ = PABE→A′B′E′ ◦WBE, (4.5.8)

whereWBE B WBE(·)W†

BE with WBE defined in (4.5.3). The conditions in (4.5.7) and (4.5.8) are

known as the channel extension condition and the permutation covariance condition, respectively.

The channel PABE→A′B′E′ is said to be a two-extension of NAB→A′B′ if the channel exten-

sion and permutation covariance conditions, mentioned in (4.5.7) and (4.5.8) respectively,

hold.

If a channel NAB→A′B′ is two-extendible, then it is non-signaling from B to A [HSW23,

Appendix A]; that is,

TrB′ ◦NAB→A′B′ = TrB′ ◦NAB→A′B′ ◦ R
π
B, (4.5.9)

where RπB is a channel that traces out the input and replaces it with a maximally mixed

state. Moreover, all one-way LOCC channels are two-extendible, as can be seen from a

simple construction. An arbitrary one-way LOCC channel can be written in the following

form:

NAB→A′B′ =
∑
x∈X

Ex
A→A′ ⊗ F

x
B→B′ , (4.5.10)

where
{
Ex

A→A′

}
x∈X

is a quantum instrument and
{
F x

B→B′

}
x∈X

is a set of quantum channels. A

two-extension of this channel can be constructed as follows:

PABE→A′B′E′ =
∑
x∈X

Ex
A→A′ ⊗ F

x
B→B′ ⊗ F

x
E→E′ . (4.5.11)

Hence, every one-way LOCC channel is two-extendible.
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On the contrary, all two-extendible channels cannot be simulated by local operations

and one-way classical communication. Consider the example of a bipartite channel that

traces out the input and replaces it with the state mentioned in (4.5.6), which can be math-

ematically represented as follows:

NAB→A′B′(·) = Tr[·]
(
1
2
ΦAB +

1
2

IAB

4

)
. (4.5.12)

Since this channel is capable of taking a separable state as input and establishing an entan-

gled state, it is not a one-way LOCC channel. However, one can construct the following

two-extension of the channel:

PABE→A′B′E′(·) B Tr[·]
(
1
4
ΦA′B′ ⊗ IE′ +

1
4
ΦA′E′ ⊗ IB′

)
. (4.5.13)

Therefore, the channel defined in (4.5.12) is an example of a two-extendible channel that

is not a one-way LOCC channel.

4.5.2 Unextendible entanglement of states

Let R denote the field of real numbers. A generalized divergence [PV10] is a functional

D : S(A) × S(A) → R ∪ {+∞}, such that, for arbitrary states ρA, σA ∈ S(A) and an arbitrary

channel NA→B, the data-processing inequality holds

D(ρA∥σA) ≥ D(NA→B(ρA)∥NA→B(σA)) . (4.5.14)

Some examples of divergences that commonly appear in quantum information theory

are the quantum relative entropy [Ume62], Petz-Rényi relative entropies [Pet86], sand-

wiched Rényi relative entropies [MLDS+13, WWY14], and geometric Rényi relative en-

tropies [Mat13, FF21].
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The generalized unextendible entanglement of a bipartite state has been defined

in [WWW24]. We include a short discussion on the topic for necessary development.

Definition 4.5 ([WWW24]) The generalized unextendible entanglement of a bipartite state ρAB,

induced by a generalized divergence D between states, is defined as

Eu(ρAB) B inf
ωABE∈S(ABE)

1
2

{
D(ρAB∥TrB[ωABE]) : TrE[ωABE] = ρAB

}
, (4.5.15)

where the optimization is over every state ρABE that is an extension of the state ρAB. We also adopt

the following alternative notations sometimes because they can be helpful to make the bipartition

A|B clear:

Eu(A; B)ρ ≡ Eu(ρA:B) ≡ Eu(ρAB). (4.5.16)

Let us define the following set of extensions of a bipartite state ρAB:

Ext(ρAB) B {ωABE : TrBE[ωABE] = ρAB} , (4.5.17)

where E is isomorphic to B. This allows us to write the generalized unextendible entan-

glement of ρAB, induced by the generalized divergence D, as

Eu(ρAB) = inf
ωABE∈Ext(ρAB)

1
2

D(ρAB∥TrE[ωABE]) . (4.5.18)

Alternatively, one can define the set of state-dependent free states as follows:

F (ρAB) B {TrB[ωABE] : ωABE ∈ Ext(ρAB)} . (4.5.19)

The generalized unextendible entanglement of the state ρAB can then be written as follows:

Eu(ρAB) = inf
σAB∈F (ρAB)

1
2

D(ρAB∥σAB) . (4.5.20)
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Theorem 4.1 ([WWW24]) The generalized unextendible entanglement of bipartite state does not

increase under the action of a two-extendible channel. That is,

Eu(ρAB) ≥ Eu(NAB→A′B′(ρAB)) , (4.5.21)

where NAB→A′B′ is a two-extendible channel.

Proof: See Theorem 2 in [WWW24]. □

A direct consequence of Theorem 4.1 is that the generalized unextendible entangle-

ment of a bipartite state does not increase under the action of one-way LOCC channels.

The generalized unextendible entanglement provides a framework for quantifying the

unextendibility of a bipartite state ρAB with respect to the system B. A different measure

for unextendibility was considered in [KDWW19, KDWW21], where the divergence was

measured from the fixed set of two-extendible states. However, in Definition 4.5, the

divergence is measured by means of a set of states that depend on the input state itself.

Although both measures are equal to the minimal possible value of D when ρAB is two-

extendible, they are not equal in general.

The unextendible entanglement is a measure of entanglement between two systems,

and as such, it is expected to obtain its maximum value for the maximally entangled state.

This is indeed the case, as is evident from the following argument. An arbitrary bipartite

state ρAB can be established between Alice and Bob with the help of a maximally entan-

gled state Φd
A0B0

of sufficiently large Schmidt rank and a one-way LOCC channel, where

dim(A0) = dim(B0) = min{dim(A), dim(B)}. A simple protocol to perform this transforma-

tion is as follows: Alice prepares the state ρAA′ locally. We can assume dim(A′) ≤ dim(A)

without loss of generality. She uses the maximally entangled state Φd
A0B0

to implement
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the teleportation protocol and send the state on system A′ to Bob, thus establishing the

state ρAB between Alice and Bob. The aforementioned protocol can be mathematically

represented as the following one-way LOCC channel [KW24, Chapter 5]:

L
ρ,→
A0B0→AB

(
Φd

A0B0

)
=

d−1∑
x,z=0

TrA0A′

[
Φz,x

A0A′W
z,x
B0

(
ρAA′ ⊗ ΦA0B0

) (
Wz,x

B0

)†]
, (4.5.22)

where {Wz,x}z,x is the set of Heisenberg–Weyl operators and Φz,x
A0A′ B Wz,x

A0
Φd

A0A′(W
z,x
A0

)†. Since

the generalized unextendible entanglement of a bipartite state does not increase under

the action of a one-way LOCC channel, the following inequality holds for every state ρAB:

Eu(ρAB) = Eu
(
L
ρ,→
A0B0→AB

(
Φd

A0B0

))
≤ Eu

(
Φd

A0B0

)
, (4.5.23)

where Lρ,→A0B0→AB is the channel defined in (4.5.22) and d B min{dim(A), dim(B)}.

Smooth-min unextendible entanglement

The unextendible entanglement of states was studied in detail in [WWW24] for several

different underlying divergences, with applications in finding efficiently computable up-

per bounds on the probabilistic and exact one-way distillable entanglement and key of a

state. A stronger no-go theorem for probabilistic key distillation was obtained in [SW24a]

using the min-relative entropy as the underlying divergence for the unextendible entan-

glement. In this work, we are specifically interested in the unextendible entanglement

of a state induced by the smooth-min relative entropy to understand the limits of one-

shot approximate distillable key of a bipartite state using one-way LOCC channels. As a

special case of (4.5.15), we define the smooth min-unextendible entanglement as follows:

Eu,ε
min(ρAB) B inf

σAB∈F (ρAB)

1
2

Dε
min(ρAB∥σAB) , (4.5.24)

where the set F (ρAB) was defined in (4.5.19) and

Dε
min(ρ∥σ) B − log2 inf

0≤Λ≤I

{
Tr[Λσ] : Tr

[
Λρ

]
≥ 1 − ε

}
(4.5.25)
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is the smooth-min relative entropy [BD10, BD11], also known as the hypothesis testing

relative entropy [WR12].

We will often use the following quantity in our discussions:

Jεmin(ρAB) B 2−2Eu,ε
min(ρAB), (4.5.26)

which we will abbreviate as Jεmin when the state it acts upon is obvious from the context.

The quantity Jεmin (ρAB) can alternatively be written as follows:

Jεmin(ρAB) = sup
σAB∈F (ρAB)

inf
0≤Λ≤I

{
Tr[Λσ] : Tr

[
Λρ

]
≥ 1 − ε

}
. (4.5.27)

The set F (ρAB) is a convex set of quantum states, and the set {Λ : 0 ≤ Λ ≤ I : Tr
[
Λρ

]
≥

1 − ε} is a convex set of measurement operators for a fixed state ρ. Therefore, using Sion’s

minimax theorem [Sio58], we can interchange the supremum and infimum to arrive at

the following equality:

Jεmin(ρAB) = inf
0≤Λ≤I

sup
σAB∈F (ρAB)

{
Tr[Λσ] : Tr

[
Λρ

]
≥ 1 − ε

}
. (4.5.28)

The above equality gives an interpretation for the quantity Jεmin(ρAB) in the hypothesis

testing setting. Given a quantum state ρAB and an arbitrary state σAB ∈ F (ρAB), the quan-

tity Jεmin(ρAB) denotes the minimum type-II error probability in the worst case when the

type-I error probability is guaranteed to be less than ε. Note that the quantity Jεmin de-

creases monotonically with increasing smooth-min unextendible entanglement. As such,

Jεmin is smaller for highly entangled states and larger for weakly entangled states, and the

minimum value is achieved for the maximally entangled state due to (4.5.23).

Proposition 4.1 The unextendible entanglement of a maximally entangled state with Schmidt

rank d is equal to the following:

Eu,ε
min

(
Φd

AB

)
= log2 d −

1
2

log2(1 − ε). (4.5.29)
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Proof: See Appendix 4.A. □

Proposition 4.2 The smooth-min unextendible entanglement of a state ρAB is bounded as follows:

−
1
2

log2(1 − ε) ≤ Eu,ε
min(ρAB) ≤ log2 d −

1
2

log2(1 − ε), (4.5.30)

where d B min{dim(A), dim(B)} with dim(A) and dim(B) being the dimensions of system A and B,

respectively.

Consequently,
1 − ε

d2 ≤ Jε(ρAB) ≤ 1 − ε. (4.5.31)

Proof: See Appendix 4.B. □

The smooth-min unextendible entanglement of a bipartite state can be computed us-

ing a semidefinite program (see Appendix 4.H).

α-Sandwiched unextendible entanglement

Another quantity that is relevant to this work is the α-sandwiched unextendible entan-

glement [WWW24], which is defined as follows:

Ẽu
α(ρAB) B inf

σAB∈F (ρAB)

1
2

D̃α(ρAB∥σAB) ∀α ∈ (1,∞) , (4.5.32)

where

D̃α(ρ∥σ) B
1

α − 1
log2 Tr

[(
σ(1−α)/2αρσ(1−α)/2α

)α]
(4.5.33)

is the α-sandwiched Rényi relative entropy [MLDS+13, WWY14]. The α-sandwiched un-

extendible entanglement was defined for all α ∈ (0, 1)∪(1,∞) in [WWW24], but we restrict
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our development here to α ∈ (1,∞), due to technical reasons that will become apparent in

Section 4.6.

Consider the special case when α → ∞. It was shown in [MLDS+13, Theorem 5]

that the α-sandwiched relative entropy is equal to the max-relative entropy [Dat09] when

α→ ∞ ; that is,

Dmax(ρ∥σ) = lim
α→∞

D̃α(ρ∥σ) . (4.5.34)

Corresponding to the max-relative entropy, the max-unextendible entanglement is de-

fined as follows:

Eu
max(ρAB) B

1
2

inf
σAB∈F (ρAB)

Dmax(ρAB∥σAB) . (4.5.35)

Besides monotonicity under two-extendible channels, the α-sandwiched unextendible

entanglement has several other properties desirable in a resource monotone. We state

some of the relevant properties below.

• Subadditivity: The α-sandwiched unextendible entanglement obeys the following

subadditivity inequality [WWW24, Proposition 13]

Ẽu
α

(
ρA1B1 ⊗ σA2B2

)
≤ Ẽu

α

(
ρA1B1

)
+ Ẽu

α

(
σA2B2

)
∀α ∈

[
1
2
, 1

)
∪ (1,∞) . (4.5.36)

• Additivity of max-unextendible entanglement: The max-unextendible entangle-

ment is additive under tensor product of states [WWW24, Proposition 14]; that is,

Eu
max

(
ρA1B1 ⊗ σA2B2

)
= Eu

max
(
ρA1B1

)
+ Eu

max
(
σA2B2

)
. (4.5.37)

• Monotonicity in α: The α-sandwiched unextendible entanglement of a state in-

creases monotonically with increasing α, which follows from the fact that the α-

sandwiched Rényi relative entropy between two states increases monotonically

with α [MLDS+13, Theorem 7].
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• Semidefinite representation: The max-unextendible entanglement can be com-

puted using a semidefinite program [WWW24] (see Appendix 4.H for a review).

The max-unextendible entanglement of a state can be written as a limiting case of the

α-sandwiched unextendible entanglement as follows:

lim
α→∞

Ẽu
α(ρAB) = sup

α∈(1,∞)

1
2

inf
σAB∈F(ρAB)

D̃α(ρAB∥σAB) (4.5.38)

=
1
2

inf
σAB∈F(ρAB)

sup
α∈(1,∞)

D̃α(ρAB∥σAB) (4.5.39)

=
1
2

inf
σAB∈F(ρAB)

Dmax(ρAB∥σAB) (4.5.40)

= Eu
max(ρAB) , (4.5.41)

where the first equality follows from the monotonicity of the α-sandwiched unex-

tendible entanglement in α. The α-sandwiched Rényi relative entropy D̃α(ρ∥σ) is lower-

semicontinuous with respect to σ [MO21, Lemma IV.8] (see also [DKQ+23, Remark 38]),

and it increases monotonically with α ∈ (1,∞). Therefore, we can use the Mosonyi–Hiai

minimax theorem from [MH11, Corollary A.2] to arrive at the second equality above.

The last two equalities follow from the equality in (4.5.34) and the definition of the max-

unextendible entanglement, respectively.

The subadditivity of α-sandwiched unextendible entanglement is useful in the anal-

ysis of one-shot, one-way secret-key distillation from independent and identically dis-

tributed (i.i.d.) copies of a bipartite state, as we shall see in Section 4.6.2.
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4.6 Limits on secret-key distillation from bipartite states

In this section we use the framework of unextendible entanglement discussed in Sec-

tion 4.5 to obtain upper bounds on the one-shot, one-way distillable key of a state defined

in (4.4.8).

Consider a quantum state ψγABA′B′E, which is an extension of a private state γk
ABA′B′ with

system E held by an eavesdropper. The reduced state of ψγABA′B′E on systems AE is a

product state, with the reduced state on system A being the maximally mixed state. This

is evident from the equivalence between a bipartite private state and a tripartite secret-key

state. It was further shown in [WWW24, Appendix K] that applying a twisting unitary

on the joint systems of Alice and the eavesdropper is also insufficient to establish any

correlations between Alice’s key system, A, and the eavesdropper’s system, E. We state

this formally in Lemma 4.1, which we later use to establish the main results of this work.

Lemma 4.1 ([WWW24]) Let ψγABA′B′EE′R be a purification of a bipartite private state γk
ABA′B′ . For

every purification for which system E is isomorphic to B and system E′ is isomorphic to B′, the

following equality holds:

TrA′BB′E′R

[
W†

AEA′E′ψ
γWAEA′E′

]
= πA ⊗ σE, (4.6.1)

where τE is a quantum state, πA is the maximally mixed state, and WAEA′E′ is a twisting unitary of

the form given in (4.4.3).

Proof: See [WWW24, Appendix K]. □

The fact that Alice’s system is in a product state with the eavesdropper ensures that

the state shared by Alice and the eavesdropper does not pass the privacy test with a
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probability greater than 1
k . We generalize this statement to approximate private states in

Lemma 4.2 below.

Lemma 4.2 Fix k ∈ N and ε ∈
[
0, 1 − 1

k2

]
. Let σABA′B′ be a quantum state such that

F(σABA′B′ , γ
k
ABA′B′) ≥ 1 − ε, (4.6.2)

where γk
ABA′B′ is a bipartite private state holding log2 k secret key bits. Let VABA′B′ be the twisting

unitary corresponding to the private state; that is, there exists a state τA′B′ such that

γk
ABA′B′ = VABA′B′

(
Φk

AB ⊗ τA′B′
)

V†ABA′B′ . (4.6.3)

The probability of an arbitrary state ωAEA′E′ ∈ F (σABA′B′) passing the γk-privacy test is bounded

from above by the following quantity:

Tr
[
Π
γ
AEA′E′ωAEA′E′

]
≤ ς(ε, k), (4.6.4)

where

ς(ε, k) B ε +
1 − 2ε

k2 +
2
√

(k2 − 1)ε(1 − ε)
k2 , (4.6.5)

Π
γ
ABA′B′ is the privacy test, system B is isomorphic to E, and system B′ is isomorphic to E′. The set

F (σABA′B′) was defined in (4.5.19).

Proof: Let ϕσABA′B′EE′R be an arbitrary purification of σABA′B′ , such that system E is isomor-

phic to B and system E′ is isomorphic to B′. Then the quantum state TrBB′R
[
ϕσ

]
is in the

set F (σABA′B′). Let ψγABA′B′EE′R be a purification of γk
ABA′B′ . An arbitrary purification of the

private state γk
ABA′B′ is of the following form:

ψ
γ
ABA′B′X = VABA′B′

(
Φk

AB ⊗ ψ
τ
A′B′X

)
V†ABA′B′ , (4.6.6)

where ψτA′B′X is a pure state and X is a purifying system.
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As a consequence of Uhlmann’s theorem, consider that

F
(
σABA′B′ , γ

k
ABA′B′

)
= max

ψγ
|⟨ψγ|ϕσ⟩|2 (4.6.7)

= max
ψγ

F
(
ψ
γ
ABA′B′EE′R, ϕ

σ
ABA′B′EE′R

)
(4.6.8)

= max
ψτA′B′EE′R

F
(
VABA′B′

(
Φk

AB ⊗ ψ
τ
A′B′EE′R

)
V†ABA′B′ , ϕ

σ
ABA′B′EE′R

)
. (4.6.9)

The maximizations in the first and second equalities are over every purification ψγ of

γk
ABA′B′ on the systems ABA′B′EE′R. Since every purification of the state γk

ABA′B′ can be writ-

ten in the form mentioned in (4.6.6), the maximization over every purification ψ
γ
ABA′B′EE′R

is equivalent to a maximization over every purification ψτA′B′EE′R of the state τA′B′ . There-

fore, there exists a pure state ψτA′B′EE′R and a corresponding purification ψ
γ
ABA′B′EE′R such

that the following equality holds:

F
(
σABA′B′ , γ

k
ABA′B′

)
= |⟨ψγ|ϕσ⟩|2 = F(ψγ, ϕσ). (4.6.10)

Using the data-processing inequality for fidelity of states, consider that

F(ψγ, ϕσ) ≤ F
(
TrA′BB′E′R

[
V†AEA′E′ψ

γVAEA′E′
]
,TrA′BB′E′R

[
V†AEA′E′ϕ

σVAEA′E′
])

(4.6.11)

= F
(
πA ⊗ τE,TrA′E′

[
V†AEA′E′ωAEA′E′VAEA′E′

])
, (4.6.12)

where we have used Lemma 4.1 to arrive at the final equality and ωAEA′E′ is defined in the

statement of the lemma.

Now consider the twirling channel, defined as follows:

TAB(·) =
∫

dU
(
UA ⊗ UB

)
(·)

(
UA ⊗ UB

)†
, (4.6.13)

where the integral is with respect to the Haar measure. The action of this channel on an

arbitrary quantum state ρAB, with dim(A) = dim(B) = d, results in the following isotropic
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state [HH99, Wat18]:

TAB(ρAB) = Tr
[
Φd

ABρAB

]
Φd

AB +
(
1 − Tr

[
Φd

ABρAB

]) IAB − Φ
d
AB

d2 − 1
. (4.6.14)

Consider that

Tr
[
Φk

AE (πA ⊗ τE)
]
=

1
k

Tr
[
Φk

AE(IA ⊗ τE)
]

(4.6.15)

=
1
k2 Tr[τE] (4.6.16)

=
1
k2 . (4.6.17)

Therefore,

TAE(πA ⊗ τE) =
1
k2Φ

k
AE +

(
1 −

1
k2

)
IAE − Φ

k
AE

k2 − 1
=

IAE

k2 . (4.6.18)

The action of the twirling channel TAE on the state TrA′E′
[
V†ωAEA′E′V

]
is given by the fol-

lowing expression:

TAE

(
TrA′E′

[
V†ωAEA′E′V

])
= qΦk

AE + (1 − q)
IAE − Φ

k
AE

k2 − 1
, (4.6.19)

where

q B Tr
[
Φk

AE

(
TrA′E′

[
V†ωAEA′E′V

])]
. (4.6.20)

The above expression can be rewritten as follows:

q = Tr
[
VAEA′E′

(
Φk

AE ⊗ IA′E′
)

V†AEA′E′ωAEA′E′
]
= Tr

[
Π
γ
AEA′E′ωAEA′E′

]
, (4.6.21)

where ΠγAEA′E′ is the γ-privacy test defined in (4.4.7). Therefore, q can be interpreted as the

probability of the state ωAEA′E′ passing the γ-privacy test.

Going back to (4.6.12) and using the data-processing inequality for fidelity, we arrive

at the following inequality:

F(ψγ, ϕσ) ≤ F
(
TAE(πA ⊗ τE) ,TAE

(
TrA′E′

[
V†ωV

]))
(4.6.22)
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= F
(
πAE,TAE

(
TrA′E′

[
V†ωV

]))
. (4.6.23)

Since the above inequality holds for all σABA′B′ such that F(σABA′B′ , γ
k
ABA′B′) ≥ 1 − ε for

some private state γk
ABA′B′ and every ωAEA′E′ that is in the set F (σABA′B′), we can com-

bine (4.6.10), (4.6.12), and (4.6.23) to arrive at the following inequality:

1 − ε ≤ F(σABA′B′ , γ
k
ABA′B′) (4.6.24)

≤ F
(
πAE,TAE

(
TrA′E′

[
V†ωV

]))
(4.6.25)

= F
(
πAE, q Φk

AE + (1 − q)
IAE − Φ

k
AE

k2 − 1

)
(4.6.26)

=


√

q
k2 +

√
(1 − q)

(
1 −

1
k2

)
2

, (4.6.27)

where the first equality follows from (4.6.19) and the last equality follows by evaluating

the fidelity between the two isotropic states.

The inequality in (4.6.27) is satisfied for all q ∈ [0, 1] if ε ≥ 1 − 1
k2 . If ε ∈

[
0, 1 − 1

k2

]
then q

must lie in the following range for (4.6.27) to hold:

0 ≤ q ≤ ε +
1 − 2ε

k2 +
2
√

(k2 − 1)ε(1 − ε)
k2 . (4.6.28)

See Appendix 4.C for a detailed proof of the aforementioned statement. Since we have

identified q to be the probability of the state ωAEA′E′ passing the γ-privacy test, we con-

clude the statement of the lemma. □

Lemma 4.2 plays a central role in obtaining lower bounds on the unextendible entan-

glement of an approximate private state σABA′B′ such that F(σABA′B′ , γ
k
ABA′B′) ≥ 1−ε for some

private state γk
ABA′B′ .

Remark 4.2 Note that F
(
πAB,Φ

k
AB

)
= 1

k2 , where πAB is the maximally mixed state. Therefore, if

ε ≥ 1 − 1
k2 for some k ∈ N, then the following inequality holds for the one-shot, one-way distillable
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key of an arbitrary bipartite state ρAB:

Kε,→
D (ρAB) ≥ log2 k. (4.6.29)

As such, choosing ε ≥ 1 − 1
k2 allows the one-shot, one-way distillable key of a separable state to be

non-zero, which makes this regime uninteresting from a practical perspective.

4.6.1 Smooth-min unextendible entanglement upper bound on one-

shot distillable secret key of bipartite states

The γ-privacy test is a special POVM that can be used to distinguish a bipartite state

σABA′B′ from any state ωAEA′E′ ∈ F (σABA′B′). Recall that the smooth-min unextendible en-

tanglement quantifies the ability to distinguish between a state ρAB from an arbitrary state

σAB ∈ F (ρAB). Therefore, Lemma 4.2 allows us to obtain a bound on the unextendible

entanglement of a state σABA′B′ satisfying F(σABA′B′ , γ
k
ABA′B′) ≥ 1− ε. This is stated as Propo-

sition 4.3 below.

Proposition 4.3 Fix k ∈ N and ε ∈
[
0, 1 − 1

k2

]
. Consider a quantum state σABA′B′ such that

F(σABA′B′ , γ
k
ABA′B′) ≥ 1 − ε, where γk

ABA′B is a bipartite private state. The smooth-min unextendible

entanglement of the state σABA′B′ is bounded from below by the following quantity:

Eu,ε
min(σABA′B′) ≥ −

1
2

log2(ς(ε, k)) , (4.6.30)

where ς(ε, k) is defined in (4.6.5).

Proof: LetσABA′B′ be a quantum state such that F(σABA′B′ , γ
k
ABA′B′) ≥ 1−ε for some bipartite

private state γk
ABA′B′ and some ε ∈

[
0, 1 − 1

k2

]
. The following inequality holds for every such
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state σABA′B′ [WTB17, Lemma 9]:

Tr
[
Π
γ
ABA′B′σABA′B′

]
≥ 1 − ε, (4.6.31)

where the projector ΠγABA′B′ is the γk-privacy test defined in (4.4.7).

Now consider the hypothesis testing relative entropy between the state σABA′B′ , for

which F(σABA′B′ , γ
k
ABA′B′) ≥ 1− ε for some private state γk

ABA′B′ , and an arbitrary state ωAEA′E′

which lies in the set F (σABA′B′):

Dε
min(σABA′B′∥ωAEA′E′) = sup

0≤Λ≤I
− log2 {Tr[Λω] : Tr[Λσ] ≥ 1 − ε} . (4.6.32)

It is understood here that system E is isomorphic to B and system E′ is isomorphic to B′.

SinceΠγABA′B′ is a specific measurement operator that satisfies the constraints in (4.6.32),

the following inequality holds:

Dε
min(σABA′B′∥ωAEA′E′) ≥ − log2 Tr

[
Π
γ
AEA′E′ωAEA′E′

]
, (4.6.33)

which leads to the following inequality after applying Lemma 4.2:

Dε
min(σABA′B′∥ωAEA′E′) ≥ − log2(ς(ε, k)) . (4.6.34)

Since (4.6.34) holds for all ωAEA′E′ in the set F (σABA′B′), we conclude that the smooth-min

unextendible entanglement of the state σABA′B′ is bounded from below by the following

quantity:

Eu,ε
min(σABA′B′) =

1
2

inf
ω∈F (σ)

Dε
min(σABA′B′∥ωAEA′E′) (4.6.35)

≥ −
1
2

log2(ς(ε, k)) , (4.6.36)

thus completing the proof. □
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Remark 4.3 For a fixed ε ∈
[
0, 3

4

]
, if Eu,ε

min(σABA′B′) < −1
2 log2(ς(ε, 2)), then there does not exist a

private state γk
ABA′B′ such that F

(
σABA′B′ , γ

k
ABA′B′

)
≥ 1 − ε.

The unextendible entanglement of a state does not increase under the action of a one-

way LOCC channel. Therefore, for any one-way LOCC channel L→AB→A′B′A′′B′′ that is used

to distill an ε-approximate private state σA′B′A′′B′′ from a bipartite resource state ρAB, the

unextendible entanglement of ρAB must be larger than the unextendible entanglement of

σA′B′A′′B′′ , which in turn is bounded from below by −1
2 log2(ς(ε, k)) as stated in Proposi-

tion 4.3. That is,

Eu,ε
min(ρAB) ≥ Eu,ε

min(σA′B′A′′B′′) ≥ −
1
2

log2(ς(ε, k)). (4.6.37)

Rewriting the above inequality as an upper bound on log2 k, which is the maximum num-

ber of secret bits that can be distilled from ρAB using a two-extendible channel, yields an

upper bound on the one-shot, one-way distillable key of the state ρAB.

Theorem 4.2 (Unextendibility bound on one-shot distillable key) Fix ε ∈ (0, 1). Let ρAB

be a quantum state such that the following inequality holds:

ε < Jεmin(ρAB) ≤
1
4
+
ε

2
+

√
3ε(1 − ε)

2
, (4.6.38)

where Jεmin(ρAB) is defined in (4.5.26). Then the one-shot, one-way distillable key of a bipartite state

ρAB is bounded from above by the following quantity:

Kε,→
D (ρAB) ≤

1
2

log2



√

Jεmin(ρAB)
(
1 − Jεmin(ρAB)

)
+
√
ε(1 − ε)

Jεmin(ρAB) − ε


2

+ 1

 . (4.6.39)

If Jεmin(ρAB) > 1
4 +

ε
2 +

√
3ε(1−ε)

2 , then the one-shot, one-way distillable key of the state is equal to zero.

Proof: See Appendix 4.D. □
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When ε = 0, the upper bound from Theorem 4.2 simplifies to the min-unextendible

entanglement bound on the exact one-way distillable key of a state obtained in [WWW24,

Theorem 24].

The one-shot, one-way distillable key of a state does not increase under the action

of one-way LOCC channels, and we expect the same from any reasonable bound on the

quantity. Similarly, we expect that the bound does not increase with decreasing ε because

demanding a higher fidelity between the distilled state and the target state should only

lead to a lower yield from the distillation process. To examine if the upper bound on the

one-shot, one-way distillable key of a state given in Theorem 4.2 satisfies the aforemen-

tioned criteria, we invoke Lemma 4.3 stated below.

Lemma 4.3 For all J ∈ (ε, 1 − ε] and ε ∈ [0, 1], the following function

f (J, ε) B
1
2

log2

( √J(1 − J) +
√
ε(1 − ε)

J − ε

)2

+ 1

 (4.6.40)

decreases monotonically with J and increases monotonically with ε.

Proof: See Appendix 4.E. □

Recall that the quantity Jεmin(ρAB) increases under the action of one-way LOCC chan-

nels. Therefore, Lemma 4.3 implies that the upper bound on the one-shot, one-way dis-

tillable key of a state given in Theorem 4.2 decreases monotonically under the action of

one-way LOCC channels, and it increases monotonically with ε.

The smooth-min unextendible entanglement of a state can be written as a semidef-

inite program (see Appendix 4.H), which allows us to compute the upper bound on

the one-shot, one-way distillable key given in Theorem 4.2 using a semidefinite pro-
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gram. In Figure 4.3 we demonstrate some numerical results for the smooth-min un-

extendible entanglement upper bound on the one-shot, one-way distillable key of an

isotropic state [HH99], which is parameterized as follows:

ζF,d
AB = FΦd

AB + (1 − F)
IAB − Φ

d
AB

d2 − 1
, (4.6.41)

where F is a parameter in the interval [0, 1] and d = dA = dB.

In Figure 3c, we compare the upper bounds on Kε,→
D

(
ζF,d

AB

)
and Kε,→

D

((
ζF,d

AB

)⊗2
)

for ε = 0.01

obtained using Theorem 2. The time complexity of computing the upper bound on the

one-shot, one-way distillable key of n copies of a state using the SDP bound in Theorem 2

is exponential in n. We address this problem later in Section 5.2 by obtaining an efficiently

computable upper bound on the n-shot, one-way distillable key of a state.

Comparison with smooth-min relative entropy of entanglement bound

The one-shot distillable key of a state, roughly defined as the number of approximate

secret bits that can be distilled from the state using an LOCC channel, is known to

be bounded from above by the smooth-min relative entropy of entanglement of the

state [WTB17], which is defined as follows:

Eε
R(ρAB) B inf

σAB∈SEP(A:B)
Dε

min(ρAB∥σAB) , (4.6.42)

where SEP(A : B) denotes the set of all separable states in S(AB). Naturally, the smooth-

min relative entropy of entanglement is also an upper bound on the one-shot, one-way

distillable key of a state since every one-way LOCC channel lies in the set of LOCC chan-

nels. As such,

Kε,→
D (ρAB) ≤ Eε

R(ρAB) . (4.6.43)
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Figure 4.3: Upper bounds on the one-shot one-way distillable key of an isotropic state,
described in (4.6.41), using (4.6.39). (a) Upper bounds for a two-dimensional isotropic
state for different values of ε plotted against the parameter F. (b) Upper bounds for a
three-dimensional isotropic state for different values of ε plotted against the parameter
F. (c) For ε = 0.01, comparison between the upper bounds obtained for a single copy
of a two-dimensional isotropic state with the upper bound obtained for two copies of a
two-dimensional isotropic state, plotted against the parameter F.

In general, it is not practical to compute the smooth-min relative entropy of entan-

glement as it involves an optimization over the set of separable states, which is known

to be an NP-hard problem [Gur03, Gha10]. However, one can evaluate this quantity for

some highly symmetric states, such as the isotropic state defined in (4.6.41). It is known

from [HH99] that a d-dimensional isotropic state ζF,d
AB is separable if and only if F ≤ 1

d . As
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such,

Eε
R

(
ζF,d

AB

)
= 0 ∀F ∈

[
0,

1
d

]
. (4.6.44)

In Proposition 4.4, we state the smooth-min relative entropy of entanglement of a d-

dimensional entangled isotropic state.

Proposition 4.4 The smooth-min relative entropy of entanglement of an isotropic state ζF,d
AB , with

F > 1
d , is equal to the following:

Eε
R

(
ζF

AB

)
=


− log2

(
1 − ε

1−F

(
1 − 1

d

))
if 1 − ε ≥ F

log2 d + log2

(
F

1−ε

)
otherwise

. (4.6.45)

Proof: See Appendix 4.I. □

The analytical expression for the smooth-min relative entropy of entanglement of

isotropic states allows us to compare our bound from Theorem 4.2 with the bound

from [WTB17] for isotropic states. We must note that this is not a direct comparison of

results since the smooth-min relative entropy of entanglement is an upper bound on the

one-shot distillable key of a state, which is expected to be strictly larger than the one-shot,

one-way distillable key of the state in general.

In Figure 4.4, we plot the upper bound on the one-shot, one-way distillable key of an

isotropic state given in Theorem 4.2 and the smooth-min relative entropy of entanglement

of the isotropic state against the parameter F for different values of ε and dimension d.

For a range of parameters F, the bound in Theorem 4.2 performs better than the smooth-

min relative entropy of entanglement bound, demonstrating the advantage of the bound

in Theorem 4.2 over previously known bounds numerically. Moreover, the smooth-min
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Figure 4.4: Comparison between the upper bounds on the one-shot, one-way distillable
key of two-dimensional and three-dimensional isotropic states, parameterized as given
in (4.6.41), obtained using Theorem 4.2 and Proposition 4.4.

relative entropy of entanglement is not efficiently computable for arbitrary states while

the bound in Theorem 4.2 is efficiently computable for arbitrary quantum states.

Simplified upper bounds

The upper bound on the one-shot, one-way distillable key of a bipartite state obtained

in Theorem 4.2 is difficult to analyze, due to its complicated form. Weaker but simpler

bounds can be obtained by using the smooth-min unextendible entanglement of states.

Relaxation 1: We first consider a relaxation of the upper bound in (4.6.39) by finding

an algebraic inequality for the function ς(ε, k) defined in (4.6.5):

ς(ε, k) = ε +
1 − 2ε

k2 +
2
√

(k2 − 1)ε(1 − ε)
k2 (4.6.46)

≤
1
k2 + ε

(
1 −

2
k2

)
+ 2

√
k2ε

k2 (4.6.47)

≤
1
k2 + ε + 2

√
ε

k
(4.6.48)
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=

(
1
k
+
√
ε

)2

, (4.6.49)

where the first inequality follows from the fact that (k2 − 1)(1 − ε) ≤ k2 for all k ∈ N and

ε ∈ [0, 1] and the second inequality follows from the fact that 1 − 2
k2 < 1 for all k ∈ N.

We can now use this upper bound on ς(ε, k) along with the statement of Proposition 4.3

to obtain a lower bound on the smooth-min unextendible entanglement of a state σABA′B′

such that F(σABA′B′ , γ
k
ABA′B′) ≥ 1 − ε for some private state γk

ABA′B′ . In particular,

Eu,ε
min(σABA′B′) ≥ −

1
2

log2

(
1
k
+
√
ε

)2

= − log2

(
1
k
+
√
ε

)
. (4.6.50)

This leads to the following simplified but weaker upper bound on the one-shot, one-way

distillable key of a bipartite state:

Corollary 4.1 Fix ε ∈ (0, 1). Let ρAB be a quantum state such that the following inequality holds:

1
4
+
ε

2
+

√
3ε(1 − ε)

2
≥ Jεmin(ρAB) > ε, (4.6.51)

where Jεmin is defined in (4.5.26). Then the one-shot, one-way distillable key of a bipartite state ρAB

is bounded from above as follows:

Kε,→
D (ρAB) ≤ − log2

(√
Jεmin(ρAB) −

√
ε
)
. (4.6.52)

Proof: The proof is similar to the proof of Theorem 4.2 and follows directly from (4.6.50).

□

Relaxation 2: Another way to obtain a simpler bound on the one-shot, one-way dis-

tillable key of a state is by considering the trace norm. First we will find a simpler but

weaker statement of Lemma 4.2. Consider a state σABA′B′ such that F(γk
ABA′B′ , σABA′B′) ≥ 1−ε
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for some private state γk
ABA′B′ . Combining (4.6.19) and (4.6.25), we find that the following

inequality holds for any state ωAEA′E′ ∈ F (σABA′B′):

1 − ε ≤ F
(
πAE, q Φk

AE + (1 − q)
IAE − Φ

k
AE

k2 − 1

)
, (4.6.53)

where q = Tr
[
Π
γ
AEA′E′ωAEA′E′

]
as stated in (4.6.21). Using the Fuchs-van de Graaf inequal-

ity [FvdG99] (specifically, F(ρ, σ) ≤ 1 − 1
4 ∥ρ − σ∥

2
1), we arrive at the following inequality:

1− ε ≤ F
(
πAE, q Φk

AE + (1 − q)
IAE − Φ

k
AE

k2 − 1

)
≤ 1−

1
4

∥∥∥∥∥∥πAE − q Φk
AE + (1 − q)

IAE − Φ
k
AE

k2 − 1

∥∥∥∥∥∥
2

1

. (4.6.54)

The above inequality can be rewritten as follows:

√
ε ≥

1
2

∥∥∥∥∥∥πAE − q Φk
AE + (1 − q)

IAE − Φ
k
AE

k2 − 1

∥∥∥∥∥∥
1

(4.6.55)

=
1
2

∥∥∥∥∥∥ 1
k2Φ

k
AE −

(
1 −

1
k2

)
IAE − Φ

k
AE

k2 − 1
− q Φk

AE + (1 − q)
IAE − Φ

k
AE

k2 − 1

∥∥∥∥∥∥
1

(4.6.56)

=
1
2

∥∥∥∥∥∥
(

1
k2 − q

)
Φk

AE +

(
1
k2 − q

)
IAE − Φ

k
AE

k2 − 1

∥∥∥∥∥∥
1

(4.6.57)

=

∣∣∣∣∣ 1
k2 − q

∣∣∣∣∣
∥∥∥∥∥∥1

2
Φk

AE +
1
2

IAE − Φ
k
AE

k2 − 1

∥∥∥∥∥∥
1

(4.6.58)

=

∣∣∣∣∣ 1
k2 − q

∣∣∣∣∣ , (4.6.59)

where the first equality follows by writing the maximally mixed state as an isotropic state

and the last equality follows by realizing that 1
2Φ

k
AE +

1
2

IAE−Φ
k
AE

k2−1 is a quantum state for which

the trace norm is equal to 1. The inequality in (4.6.59) is satisfied if and only if q lies in the

following range:
1
k2 −

√
ε ≤ q ≤

1
k2 +

√
ε. (4.6.60)

Since q = Tr
[
Π
γ
ABA′B′ωABA′B′

]
, we have the following inequality:

Tr
[
Π
γ
ABA′B′ωABA′B′

]
≤

1
k2 +

√
ε. (4.6.61)
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Using the inequality in (4.6.61) and the arguments used in the proof of Proposition 4.3,

we can bound the smooth-min unextendible entanglement of the state σABA′B′ as follows:

Eu,ε
min(σABA′B′) ≥ −

1
2

log2

(
1
k2 +

√
ε

)
. (4.6.62)

A relaxed upper bound on the one-shot, one-way distillable key of a bipartite state can be

found by using the inequality mentioned above, which we state as Corollary 4.2.

Corollary 4.2 Fix ε ∈ (0, 1). Let ρAB be a quantum state such that the following inequality holds:

1
4
+
ε

2
+

√
3ε(1 − ε)

2
≥ Jεmin(ρAB) >

√
ε, (4.6.63)

where Jεmin is defined in (4.5.26). Then the one-shot, one-way distillable key of a bipartite state ρAB

is bounded from above by the following quantity:

Kε,→
D (ρAB) ≤ −

1
2

log2

(
Jεmin(ρAB) −

√
ε
)
. (4.6.64)

Proof: The proof is similar to the proof of Theorem 4.2 and follows directly from (4.6.62).

□

Remark 4.4 The upper bound on the one-shot, one-way distillable key given in Corollary 4.1 is

tighter than the upper bound given in Corollary 4.2 for highly entangled states, but the order is

reversed for weakly entangled states. To be precise,

Kε,→
D (ρAB) ≤ − log2

(√
Jεmin −

√
ε
)
≤ −

1
2

log2

(
Jεmin −

√
ε
)
, (4.6.65)

for all Jεmin ∈
[√
ε, 1

4

(
1 + ε + 2

√
ε
)]

, and

Kε,→
D (ρAB) ≤ −

1
2

log2

(
Jεmin −

√
ε
)
≤ − log2

(√
Jεmin −

√
ε
)
, (4.6.66)

for all Jεmin ∈
[

1
4

(
1 + ε + 2

√
ε
)
, 1 − ε

]
.
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Figure 4.5: Comparison between the upper bounds on the one-shot, one-way distillable
key of two-dimensional isotropic states, parameterized as given in (4.6.41), obtained us-
ing Theorem 4.2, Corollary 4.1, and Corollary 4.2.

The bounds obtained in Corollary 4.1 and Corollary 4.2 can be computed using a

semidefinite program. In Figure 4.5 we plot the three different upper bounds on the

one-shot, one-way distillable key of isotropic states, defined in (4.6.41), obtained from

Theorem 4.2, Corollary 4.1, and Corollary 4.2. Notice that the bound from Corollary 4.1 is

tighter than the bound from Corollary 4.2 when the resource state is highly entangled.

4.6.2 One-way secret-key distillation from i.i.d. copies of a state

Resource distillation from independent and identically distributed (i.i.d.) copies of a state

is often considered a physically relevant setting. As such, the rate at which secret bits

can be distilled from n i.i.d. copies of a state, which is equal to 1
n Kε,→

D

(
ρ⊗n

AB

)
, is an important

quantity from both information-theoretic and practical perspectives.

In principle, the bounds obtained for the one-shot, one-way distillable key of a state

can be used to obtain an upper bound on the one-way distillable key rate from n copies
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of ρAB, with ε error tolerance, by simply calculating the upper bounds for the state ρ⊗n
AB.

However, the complexity of computing these bounds scales exponentially with the num-

ber of copies n, rendering the computation of these bounds intractable for large enough n.

The smooth-min relative entropy is not subadditive; that is, there exists a choice of states

ρ1, ρ2, σ2, and σ2, such that the following inequality does not hold:

Dε
min

(
ρ2 ⊗ ρ2

∥∥∥σ1 ⊗ σ2
)
≤ Dε

min

(
ρ1

∥∥∥σ1
)
+ Dε

min

(
ρ2

∥∥∥σ2
)
, (4.6.67)

which makes it difficult to obtain a single-letter bound on the one-way distillable key rate

with our approach. We turn to the α-sandwiched unextendible entanglement of bipartite

states to address this problem.

The smooth-min relative entropy is related to the α-sandwiched Rényi relative entropy

by the following inequality [CMW16, Lemma 5]:

Dε
min(ρ∥σ) ≤ D̃α(ρ∥σ) +

α

α − 1
log2

(
1

1 − ε

)
(4.6.68)

for all ε ∈ [0, 1) and α ∈ (1,∞). By taking an infimum over all states σ ∈ F (ρ), we arrive

at an inequality relating the smooth-min unextendible entanglement of a state and the

α-sandwiched unextendible entanglement of the state, which we state in Proposition 4.5

below.

Proposition 4.5 Let α ∈ (1,∞) and ε ∈ [0, 1). Then the following inequality holds between the

smooth-min unextendible entanglement of a state and the α-sandwiched unextendible entangle-

ment of the state:

Eu,ε
min(ρ) ≤ Ẽu

α(ρ) +
1
2
·

α

α − 1
log2

(
1

1 − ε

)
. (4.6.69)

As a counterpart of Jεmin(ρAB), we define the following quantity for mathematical sim-

plicity:

J̃εα(ρAB) B 2−2Ẽu
α(ρAB) (1 − ε)

α
α−1 ∀α ∈ (1,∞). (4.6.70)
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It is straightforward to verify from Proposition 4.5 that

Jεmin(ρAB) ≥ J̃εα(ρAB) ∀α ∈ (1,∞). (4.6.71)

One can simply use Theorem 4.2 and Lemma 4.3 to obtain an upper bound on the one-

shot, one-way distillable key of a state in terms of the α-sandwiched unextendible entan-

glement, as follows:

Kε,→
D (ρAB) ≤ f

(
Jεmin(ρAB) , ε

)
≤ f

(
J̃εα(ρAB) , ε

)
∀α ∈ (1,∞), (4.6.72)

where the function f is defined in Lemma 4.3. The first inequality follows from Theo-

rem 4.2, and the second inequality follows from (4.6.71) and Lemma 4.3.

While the α-sandwiched unextendible entanglement bound is clearly worse than the

smooth-min unextendible entanglement bound, it gives a single-letter upper bound on

the one-shot, one-way distillable key from n i.i.d. copies of a state ρAB. The subadditivity

of the α-sandwiched unextendible entanglement implies the following for all α ∈ (1,∞):

J̃εα
(
ρ⊗n

AB
)
= 2−2Ẽu

α(ρ⊗n
AB) (1 − ε)

α
α−1 ≥ 2−2nẼu

α(ρAB) (1 − ε)
α
α−1 . (4.6.73)

Let us define the following quantity:

J̃ε,nα (ρAB) B 2−2nẼu
α(ρAB) (1 − ε)

α
α−1 . (4.6.74)

Then the fact that J̃εα
(
ρ⊗n

AB

)
≥ J̃ε,nα (ρAB), combined with Lemma 4.3 and (4.6.72), leads to a

single-letter upper bound on the one-shot, one-way distillable key of n i.i.d. copies of a

state, which we state formally in Corollary 4.3.

Corollary 4.3 Fix ε ∈ (0, 1) and α ∈ (1,∞). Let ρAB be a quantum state such that the following

inequality holds:

ε < J̃ε,nα (ρAB) ≤
1
4
+
ε

2
+

√
3ε(1 − ε)

2
, (4.6.75)
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where J̃ε,nα (ρAB) is defined in (4.6.74). Then the n-shot, one-way distillable key of a state ρAB is

bounded from above by the following quantity:

Kε,→
D

(
ρ⊗n

AB
)
≤

1
2

log2



√

J̃ε,nα (ρAB)
(
1 − J̃ε,nα (ρAB)

)
+
√
ε(1 − ε)

J̃ε,nα (ρAB) − ε


2

+ 1

 , (4.6.76)

If J̃ε,nα (ρAB) > 1
4 +

ε
2 +

√
3ε(1−ε)

2 , then the n-shot, one-way distillable key of the state is equal to zero.

A special case of the bound stated above arises when α→ ∞. Let us define the follow-

ing quantity:

Jεmax(ρAB) B lim
α→∞

J̃εα(ρAB) (4.6.77)

=

(
lim
α→∞

2−2Ẽu
α(ρAB)

)(
lim
α→∞

(1 − ε)
α
α−1

)
(4.6.78)

= 2−2Eu
max(ρAB)(1 − ε), (4.6.79)

where the second equality follows from the definition of J̃εα(ρAB) and the last equality

follows from (4.5.41). The max-unextendible entanglement of a state can be computed

using an SDP, which implies that Jεmax(ρAB) can be computed using an SDP. Thus, setting

α→ ∞ in Corollary 4.3 leads to a single-letter, computable bound on the n-shot, one-way

distillable key of a state.

In Figure 4.6 we plot the upper bounds on the n-shot, one-way distillable key of

isotropic states calculated using Corollary 4.3 with α → ∞. In Figure 4.6a we plot the

upper bounds for two-dimensional isotropic states, and in Figure 4.6b we plot the upper

bounds for three-dimensional isotropic states, with ε = 0.01 in all the cases.

Remark 4.5 The techniques used to arrive at Corollaries 4.1 and 4.2 can be used to find simpler

bounds on the one-shot, one-way distillable key of n i.i.d. copies of a state ρAB by using the α-

sandwiched unextendible entanglement. As such, for all ε ∈ (0, 1), α ∈ (1,∞), n ∈ N, and a state
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Figure 4.6: Upper bounds on the n-shot, one-way distillable-key rate of isotropic states
using Corollary 4.3 and setting α → ∞. The upper bounds are plotted for different val-
ues of the parameter F of the isotropic state, with respect to the parameterization given
in (4.6.41), against the number of copies of the isotropic state, and ε is set equal to 0.01.

ρAB, if J̃ε,nα (ρAB) > ε, then

Kε,→
D

(
ρ⊗n

AB
)
≤ − log2

(√
J̃ε,nα (ρAB) −

√
ε

)
, (4.6.80)

and if J̃ε,nα (ρAB) >
√
ε, then

Kε,→
D

(
ρ⊗n

AB
)
≤ −

1
2

log2

(
J̃ε,nα (ρAB) −

√
ε
)
. (4.6.81)

4.6.3 One-way secret-key distillation in the asymptotic setting

Now let us study the asymptotic setting of one-way secret-key distillation by using the

framework of unextendibility.

In the asymptotic setting, we are interested in the maximum rate at which an arbi-

trarily large number of i.i.d. copies of a state ρAB can be transformed into a state that is

arbitrarily close to an ideal secret key. In this setting, a one-way secret-key distillation
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protocol is given by a sequence of one-way LOCC channels
{
L

n,→
AnBn→A′B′A′′B′′

}
n∈N

, a sequence

of bipartite private states
{
γkn

A′B′A′′B′′

}
n∈N

, and a sequence of real numbers {εn}n∈N correspond-

ing to the error in distillation. The joint system An refers to n systems, each of which are

identical to the system A. The nth element of this sequence acts on n copies of the resource

state ρAB such that the infidelity between the output state and γkn
A′B′A′′B′′ is less than or equal

to εn. That is,

F
(
γkn

A′B′A′′B′′ ,L
n,→
AnBn→A′B′A′′B′′

(
ρ⊗n

AB
))
≥ 1 − εn ∀n ∈ N. (4.6.82)

To achieve arbitrary precision in distilling secret keys, we demand that εn → 0 as n →

∞. The maximum achievable rate of distilling secret keys is then given by the one-way

distillable key of the state, which can be mathematically defined in terms of the one-shot,

one-way distillable key as follows [KW24, Chapter 15]:

K→D (ρAB) B inf
ε∈(0,1]

lim inf
n→∞

1
n

Kε,→
D

(
ρ⊗n

AB
)
. (4.6.83)

The upper bounds on the one-shot, one-way distillable key, obtained in Sections 4.6.1

and 4.6.2, do not provide any new insight into the one-way distillable key of the state.

This is because, for most states of interest, there exists an n ∈ N such that Jεmin

(
ρ⊗n

AB

)
≤ ε for

any ε ∈ (0, 1], rendering the bound useless.

However, consider a further restricted setting where the sequence {εn}n∈N is required

to decrease exponentially fast. The maximum rate of key distillation from an arbitrarily

large number of copies of a resource state, for a fixed error exponent a, which we call

the a-exponential one-way distillable key of a state, can be mathematically defined in the

following manner.

Definition 4.6 Fix a > 0. We define the a-exponential one-way distillable key of a state ρAB as
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follows:

K→D,a(ρAB) B sup
{kn}n∈N,

{
γkn

A′B′A′′B′′

}
n∈N

{Ln,→
AnBn→A′B′A′′B′′}n∈N

lim inf
n→∞

{
log2 kn

n
: F

(
γkn

A′B′A′′B′′ ,L
→(
ρ⊗n

AB
))
≥ 1 − 2−an

}
, (4.6.84)

where the supremum is over all sequences of bipartite states
{
γkn

A′B′A′′B′′

}
n∈N

and all sequences of

one-way LOCC channels
{
L

n,→
AnBn→A′B′A′′B′′

}
n∈N

. The bipartite state γkn
A′B′A′′B′′ holds log2 kn secret bits.

We define the converse of a-exponential one-way distillable key of ρAB as follows:

K̃→D,a(ρAB) B sup
{kn}n∈N,

{
γkn

A′B′A′′B′′

}
n∈N

{Ln,→
AnBn→A′B′A′′B′′}n∈N

lim sup
n→∞

{
log2 kn

n
: F

(
γkn

A′B′A′′B′′ ,L
→(
ρ⊗n

AB
))
≥ 1 − 2−an

}
. (4.6.85)

Theorem 4.3 Consider an arbitrary bipartite state ρAB. Let d B min{dim(A), dim(B)} with

dim(A) and dim(B) being the dimensions of systems A and B, respectively. Fix a ∈ (2 log2 d,∞).

Then the following bound holds:

K̃→D,a(ρAB) ≤ Eu(ρAB) , (4.6.86)

where Eu(ρAB) is the relative-entropy-induced unextendible entanglement of the state ρAB (i.e.,

defined as in (4.5.15) with D replaced by the quantum relative entropy D).

Proof: Let ρAB be an arbitrary bipartite state from which we wish to distill secret keys,

and let dim(A) and dim(B) be the dimensions of systems A and B, respectively. Let{
L

n,→
AnBn→A′B′A′′B′′

}
n∈N

be a sequence of one-way LOCC channels, and let
{
γkn

A′B′A′′B′′

}
n∈N

be a se-

quence of bipartite private states such that the following condition holds for all a > 2 log2 d

and n ∈ N:

F
(
γkn

A′B′A′′B′′ ,L
n,→(

ρ⊗n
AB

))
≥ 1 − 2−an, (4.6.87)

where d B min{dim(A), dim(B)}.
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Let us define εn B 2−an for convenience. Let us also define Jεn,n(ρAB) B 2−Eu,εn
min (ρ⊗n

AB). From

Proposition 4.2 we know that Jε,n is bounded from below as follows:

Jεn,n(ρ) ≥
1 − εn

d2n . (4.6.88)

Corollary 4.1 implies that the following inequality holds for all one-way LOCC channels

L
n,→
AnBn→A′B′A′′B′′ and all private states γkn

A′B′A′′B′′ :

log2 kn ≤ − log2

( √
Jεn,n(ρ) −

√
εn

)
(4.6.89)

= − log2

(√
Jεn,n(ρ)

(
1 −

√
εn

Jεn,n(ρ)

))
(4.6.90)

= −
1
2

log2(Jεn,n(ρ)) − log2

(
1 −

√
εn

Jεn,n(ρ)

)
. (4.6.91)

Dividing both sides by n and taking the limit superior as n → ∞ leads to the following

inequality:

lim sup
n→∞

log2 kn

n
≤ lim sup

n→∞

{
−

1
2n

log2 Jεn,n(ρ) −
1
n

log2

(
1 −

√
εn

Jεn,n(ρ)

)}
(4.6.92)

Using the lower bound on Jεn,n(ρ) from (4.6.88), we arrive at the following inequality:

εn

Jε,n
≤ εn ·

d2n

1 − εn
(4.6.93)

≤
2−and2n

1 − 2−an (4.6.94)

=
d2n

2an − 1
(4.6.95)

=
22n log2 d

2an − 1
(4.6.96)

=
2−n(a−2 log2 d)

1 − 2−an , (4.6.97)

where the second inequality follows from the fact that the function εn/(1 − εn) increases

monotonically with εn ∈ [0, 1) and the fact that εn ≤ 2−an. Thus, for sufficiently large n,

since a > 2 log2 d by assumption, it follows that 2−n(a−2 log2 d)

1−2−an ≤ 1 and thus that εn
Jε,n ≤ 1.
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Then we find that

lim sup
n→∞

− log2

(
1 −

√
εn

Jεn,n(ρ)

)
= − log2

(
1 − lim sup

n→∞

√
εn

Jεn,n(ρ)

)
(4.6.98)

≤ − log2

1 − lim sup
n→∞

√
2−n(a−2 log2 d)

1 − 2−an

 (4.6.99)

= − log2(1 − 0) = 0. (4.6.100)

Now let us go back to (4.6.92). Substituting (4.6.100) in (4.6.92) leads to the following

inequality:

lim sup
n→∞

log2 kn

n
≤ lim sup

n→∞
−

1
2n

log2 Jεn,n(ρ) (4.6.101)

= lim sup
n→∞

1
n

Eu,εn
min

(
ρ⊗n

AB
)

(4.6.102)

= lim sup
n→∞

1
2n

inf
σAnBn∈F (ρ⊗n

AB)
Dεn

min

(
ρ⊗n

AB∥σAnBn
)

(4.6.103)

where we have used the definition of Jεn,n(ρ) to arrive at the first equality and the defini-

tion of Eu,ε
min to arrive at the second equality. Note that if σAB ∈ F (ρAB) then σ⊗n

AB ∈ F
(
ρ⊗n

AB

)
.

Therefore,

inf
σAnBn∈F (ρ⊗n

AB)
Dεn

min

(
ρ⊗n

AB∥σAnBn
)
≤ inf

σAB∈F (ρAB)
Dεn

min

(
ρ⊗n

AB∥σ
⊗n
AB

)
. (4.6.104)

Substituting the above inequality in (4.6.103), we arrive at the following inequality:

lim sup
n→∞

log2 kn

n
≤ lim sup

n→∞

1
2n

inf
σAB∈F (ρAB)

Dεn
min

(
ρ⊗n

AB∥σ
⊗n
AB

)
(4.6.105)

≤ inf
σAB∈F (ρAB)

lim sup
n→∞

1
2n

Dεn
min

(
ρ⊗n

AB∥σ
⊗n
AB

)
, (4.6.106)

where the second inequality from an asymptotic version of the max-min inequality.

Note that Dε
min(ρ∥σ) increases monotonically with increasing ε. Since εn ≤ 2−an, for

every ε∗ ∈ (0, 1), there exists an N ∈ N such that εn ≤ ε
∗ for all n ≥ N. Consequently,

1
n

Dεn
min

(
ρ⊗n

AB∥σ
⊗n
AB

)
≤

1
n

Dε∗

min
(
ρ⊗n

AB∥σ
⊗n
AB

)
∀n ≥ N. (4.6.107)
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Substituting the above inequality in (4.6.106), we arrive at the following inequality:

lim sup
n→∞

log2 kn

n
≤ inf

σAB∈F (ρAB)

1
2

lim sup
n→∞

1
n

Dε∗

min
(
ρ⊗n

AB∥σ
⊗n
AB

)
. (4.6.108)

For all ε ∈ (0, 1), the following inequality holds [NO00]:

lim sup
n→∞

1
n

Dε
min

(
ρ⊗n∥σ⊗n) ≤ D(ρ∥σ) , (4.6.109)

where D(·∥·) is the Umegaki relative entropy [Ume62]. Therefore, we conclude the follow-

ing:

lim sup
n→∞

log2 kn

n
≤ inf

σAB∈F (ρAB)

1
2

D(ρAB∥σAB) = Eu(ρAB) . (4.6.110)

Since the above inequality holds for all sequences of one-way LOCC chan-

nels
{
L

n,→
AnBn→A′B′A′′B′′

}
n∈N

and all sequences of private states
{
γkn

A′B′A′′B′′

}
n∈N

such that

F
(
γkn

A′B′A′′B′′ ,L
→(ρ⊗n

AB)
)
≥ 1 − 2−an for all a > 2 log2 d, we conclude the statement of theorem.

□

Remark 4.6 The relative-entropy-induced unextendible entanglement of a state can be computed

using a semidefinite program. See [KS24] for a semidefinite representation of the relative entropy

between two states that can be used directly to estimate the relative-entropy-induced unextendible

entanglement of a state to arbitrary precision.

4.7 Forward-assisted private communication from channels

In this section we extend the results obtained in Section 4.6 to understand the limitations

of private communication over channels. We begin with a brief discussion on secret-key

distillation from a channel with local operations and forward classical communication

in the one-shot setting. In this setting, where forward classical communication can be
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performed with no cost, the task of secret-key distillation from a channel is equivalent to

the task of private communication from the channel.

4.7.1 One-shot, one-way distillable key of a channel

To distill a secret key from a channel using one-way LOCC, Alice locally prepares a state

ψA′A′′Â, and encodes one share of this state using a quantum instrument
{
Ex

Â→A

}
x∈X

. She then

sends the system A to Bob through the quantum channel NA→B along with the classical

label x. Bob then decodes the received state by applying a quantum channel Dx
B→B′B′′ ,

which he can choose based on the classical label x that he received from Alice. The state

established at the end of the protocol can be mathematically described as follows:

σA′B′A′′B′′ B
∑
x∈X

(
Dx

B→B′B′′ ◦ NA→B ◦ E
x
Â→A

)(
ψA′A′′Â

)
. (4.7.1)

For the secret-key distillation task to be successful in distilling log2 k secret bits with an

error tolerance ε, we require the following inequality to hold:

F
(
σA′B′A′′B′′ , γ

k
A′B′A′′B′′

)
≥ 1 − ε (4.7.2)

for some private state γk
A′B′A′′B′′ holding log2 k secret bits. Figure 4.7 depicts a schematic

diagram of the task of one-way secret-key distillation from a channel.

The task of secret-key distillation from a quantum channel can be expressed more

concisely using the language of superchannels [CDP08, Gou19]. To distill log2 k secret bits

from a channel NA→B with an error tolerance ε and only using one-way LOCC, Alice and

Bob apply a one-way LOCC superchannel Θ(A→B)→(Â→B′B′′) on the channel NA→B such that

the following inequality holds:

F
(
(Θ(N))

(
ψA′A′′Â

)
, γk

A′B′A′′B′′
)
≥ 1 − ε, (4.7.3)
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Figure 4.7: Schematic diagram of secret-key distillation from a channel NA→B using a
one-way LOCC superchannel Θ. The error in the distillation process, denoted by ε, is
given by the infidelity between the state σA′B′A′′B′′ established at the end of the protocol
and a private state γk

A′B′A′′B′′ that holds log2 k secret bits.

for some locally prepared state ψA′A′′Â and some private state γk
A′B′A′′B′′ holding log2 k secret

bits. The ability to distill secret keys from a channel in the one-shot setting can then be

quantified by the one-shot, one-way distillable key of the channel, which we define below.

Definition 4.7 The one-shot, one-way distillable key of a channel NA→B is defined as follows:

Kε,→
D (NA→B) B sup

k∈N,γk
A′B′A′′B′′ ,

ψA′A′′ Â∈S(A′A′′Â),
Θ∈1WL

{
log2 k : F

(
(Θ(N))

(
ψA′A′′Â

)
, γk

A′B′A′′B′′
)
≥ 1 − ε

}
, (4.7.4)

where the supremum is over every natural number k, every quantum state ψA′A′′Â, every private

state γk
A′B′A′′B′′ , and every one-way LOCC superchannel Θ(A→B)→(Â→B′B′′).

The one-shot, one-way distillable key of a channel can be written in terms of the one-

shot, one-way distillable key of a state as follows:

Kε,→
D (NA→B) = sup

ψA′A′′ Â∈S(A′A′′Â),
Θ∈1WL

Kε,→
D

((
Θ(A→B)→(Â→B′B′′)(NA→B)

)(
ψA′A′′Â

))
. (4.7.5)

Establishing a secret key and using the one-time-pad scheme for private communi-

cation is not the only way to transmit private bits over a channel, and there may exist
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Figure 4.8: Schematic diagram of private communication over a channel NA→B, with an
isometric extensionUNA→BE, using a one-way LOCC superchannel Θ. The objective of this
protocol is to send an arbitrary classical label x from Alice to Bob such that the state of
an eavesdropper, who holds the system E, is independent of the state Bob receives. The
error in private communication, denoted by ε, is defined in (4.7.6).

alternate protocols to realize private communication over a quantum channel [DLL03].

The notion of one-shot private capacity of channels is used to quantify the ability of a

quantum channel to communicate data privately using local operations without making

assumptions on the protocol.

Suppose that Alice wants to send private data to Bob by using a channel NA→B. To do

this, Alice and Bob apply a superchannel Θ(A→B)→(X→X̂) on the channel NA→B, where X and

X̂ are classical systems. Let UNA→BE be an isometric extension of the channel NA→B, where

the eavesdropper has access to the system E. The error in private communication through

this protocol is defined as follows:

perr(Θ,N) B inf
σE

max
x∈X

(
1 − F

(
|x⟩⟨x|X̂ ⊗ σE,

(
Θ
(
UNA→BE

))
(|x⟩⟨x|X)

))
, (4.7.6)

where the infimum is over all quantum states σE and the maximum is over all messages

x in the set X. In Figure 4.8, we show a schematic diagram of a protocol for private

communication over a channel NA→B. The one-shot private capacity of a channel NA→B is

then defined as follows:

Pε(NA→B) B sup
X,Θ∈LO

{
log2 |X| : perr(Θ,N) ≤ ε

}
, (4.7.7)
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where LO refers to the set of all superchannels that can be realized by local operations

only and |X| refers to the number of elements in the set X. As such, the supremum is over

all sets of messagesX and all superchannelsΘ(A→B)→(X→X̂) that can be realized by only local

operations.

In the one-way LOCC setting considered throughout this work, Alice is allowed to

send arbitrary amounts of classical data to Bob, which is publicly available to any eaves-

dropper as well. In this setting, the quantity of interest is the one-shot forward-assisted

private capacity of a channel, which is defined as follows:

Pε,→(NA→B) B sup
X,Θ∈1WL

{
log2 |X| : perr(Θ,N) ≤ ε

}
, (4.7.8)

where 1WL refers to the set of all one-way LOCC superchannels. Since LO ⊆ 1WL, the

following inequality holds for all quantum channels NA→B:

Pε,→(NA→B) ≥ Pε(NA→B) . (4.7.9)

In the remainder of this paper, we will derive several upper bounds on the one-shot

forward-assisted private capacity of channels, which, as a consequence of (4.7.9), also

serve as upper bounds on the one-shot private capacity of the channel due to the inequal-

ity mentioned above.

In the presence of forward-classical assistance, the task of secret-key distillation is

equivalent to the task of private communication. Suppose that a forward-assisted proto-

col allows Alice to send n private bits to Bob through a channel NA→B with some error ε.

Alice can send a secret key itself through this channel, hence, transforming the one-shot

private communication protocol to a one-shot secret-key distillation protocol. Moreover,

in the forward-classical assistance setting, a secret-key distillation protocol can be trans-

formed into a private communication protocol by using the one-time-pad scheme, thus

demonstrating the equivalence between the two tasks.
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Due to the equivalence between the tasks of private communication and secret-key

distillation in the presence of forward-classical assistance, the one-shot forward-assisted

private capacity of a channel Pε,→(NA→B) is equal to the one-shot, one-way distillable key

of the channel. That is,

Pε,→(NA→B) = Kε,→
D (NA→B) . (4.7.10)

The techniques used in Section 4.6 for obtaining upper bounds on the one-shot, one-

way distillable key of a state can be extended to obtain upper bounds on the one-shot,

one-way distillable key of a channel, using the unextendible entanglement of channels.

Furthermore, the equality in (4.7.10) allows us to obtain upper bounds on the one-shot

forward-assisted private capacity, which are also upper bounds on the one-shot private

capacity by definition.

4.7.2 Unextendible entanglement of channels

The generalized unextendible entanglement of channels was defined in [SW24b]. We

briefly present the relevant properties of the quantity here.

Let us define the following set of channels with respect to a given channel NA→B:

F (NA→B) B {TrB ◦PA→BE : TrE ◦PA→BE = NA→B} , (4.7.11)

where systems B and E are isomorphic. The generalized unextendible entanglement of

a channel NA→B is defined with respect to a generalized channel divergence D [CMW16,

LKDW18] as follows:

Eu(NA→B) B
1
2

inf
M∈F (N)

D(NA→B∥MA→E) , (4.7.12)
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where the generalized divergence between channels is defined as

D(NA→B∥MA→B) = sup
ρRA∈S(RA)

D(NA→B(ρRA) ∥MA→B(ρRA)) . (4.7.13)

The generalized unextendible entanglement of a channel does not increase under the

action of one-way LOCC superchannels, the latter defined in Section 4.3.2.

Lemma 4.4 ([SW24b]) The generalized unextendible entanglement of a channel does not in-

crease under the action of one-way LOCC superchannels. That is,

Eu(Θ(NA→B)) ≤ Eu(NA→B) ∀Θ ∈ 1WL, (4.7.14)

where 1WL represents the set of all one-way LOCC superchannels.

A more general statement of Lemma 4.4 was presented in [SW24b], where it was

shown that the generalized unextendible entanglement of a channel does not increase

under the action of two-extendible superchannels, which is a semidefinite relaxation of

the set of one-way LOCC superchannels, and hence, contains the set of one-way LOCC

superchannels. In this work we will only consider one-way LOCC superchannels and

not two-extendible superchannels. We point the interested reader to [SW24b] for a more

detailed discussion.

A direct consequence of Lemma 4.4 is that the maximum value of the generalized

unextendible entanglement of a channel NA→B is not larger than the generalized un-

extendible entanglement of the identity channel idA′→B′ , where dim(A′) = dim(B′) =

min{dim(A), dim(B)}. This can be seen from the following argument: Consider an arbi-

trary channel NA→B. If dim(A) ≥ dim(B), then construct a superchannel Θ(B→C)→(A→D) that

acts on an arbitrary channelMB→C as follows:

Θ(B→C)→(A→D)(MB→C) = idC→D ◦MB→C ◦ NA→B. (4.7.15)
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Lemma 4.4 implies the following inequality:

Eu(idB→C) ≥ Eu(Θ(idB→C)) (4.7.16)

= Eu(idC→D ◦ idB→C ◦NA→B) (4.7.17)

= Eu(NA→B) . (4.7.18)

Similarly, if dim(B) ≥ dim(A), then we can construct a superchannel Υ(D→A)→(C→B) that acts

on an arbitrary channelMD→A as follows:

Υ(D→A)→(C→B)(MD→A) = NA→B ◦MD→A ◦ idC→D . (4.7.19)

Once again, applying Lemma 4.4 leads to the following inequality:

Eu(idD→A) ≥ Eu(Υ(idD→A)) = Eu(NA→B) . (4.7.20)

The inequalities in (4.7.18) and (4.7.20) can be written together as the following inequality:

Eu(NA→B) ≤ min{Eu(idA→C) ,Eu(idB→D)} , (4.7.21)

where dim(A) = dim(C) and dim(B) = dim(D).

Another important property of generalized unextendible entanglement of channels,

which is relevant to our discussion, is its relation with the generalized unextendible en-

tanglement of states. In particular, the generalized unextendible entanglement of a bipar-

tite state that can be established between two distant parties using a quantum channel

NA→B and one-way LOCC superchannels cannot be larger than the generalized unex-

tendible entanglement of the channel NA→B. We state this formally in Lemma 4.5 below.

Lemma 4.5 ([SW24b]) The unextendible entanglement of a quantum state σRC′D, with respect to

the partition RC′ : D, that can be established between two parties using a point-to-point quantum
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channel NA→B and a one-way LOCC superchannel Θ(A→B)→(C→C′D) is no greater than the unex-

tendible entanglement of the quantum channel NA→B; i.e.,

sup
ρRC

Eu(σRC′:D) ≤ Eu(NA→B) , (4.7.22)

where

σRC′D B
(
Θ(A→B)→(C→C′D)(NA→B)

)
(ρRC) , (4.7.23)

and ρRC is a quantum state. The symbol Eu(σRC′:D) denotes that the unextendible entanglement of

the state σRC′D is calculated with respect to the bipartition RC′ : D.

Lemma 4.5, Lemma 4.3, and (4.7.5) provide us with all the necessary tools to obtain

an upper bound on the one-shot, one-way distillable key of a channel using unextendible

entanglement of channels.

The two important quantities that we will use in this section are the smooth-min un-

extendible entanglement of a channel and the α-geometric unextendible entanglement of

the channel.

The smooth-min unextendible entanglement of a channel is defined in terms of the

smooth-min relative entropy of channels as follows:

Eu,ε
min(NA→B) B

1
2

inf
M∈F (N)

Dε
min(NA→B∥MA→E) (4.7.24)

=
1
2

inf
M∈F (N)

sup
ρRA∈S(RA)

Dε
min(NA→B(ρRA) ∥MA→E(ρRA)) , (4.7.25)

where the smooth-min relative entropy of states was defined in (4.5.25). The smooth-

min relative entropy of channels can be written as a semidefinite program [WW19b, Ap-

pendix B-3], and the set F (N) can also be described by semidefinite constraints. This

allows us to write the smooth-min unextendible entanglement of a channel as a semidef-

inite program (see Appendix 4.H).
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Proposition 4.6 The smooth-min unextendible entanglement of a channel is bounded as follows:

−
1
2

log2(1 − ε) ≤ Eu,ε
min(NA→B) ≤ log2 d −

1
2

log2(1 − ε), (4.7.26)

where d B min{dim(A), dim(B)}.

Proof: See Appendix 4.F. □

The α-geometric unextendible entanglement of channels was explored in [SW24b] in

the context of zero-error private communication. It is defined for a parameter α ∈ (0, 1) ∪

(1, 2] as follows:

Êu
α(NA→B) B inf

M∈F (N)

1
2

D̂α(NA→B∥MA→B) (4.7.27)

= inf
M∈F (N)

sup
ρRA∈S(RA)

1
2

D̂α(NA→B(ρRA)∥MA→B(ρRA)) , (4.7.28)

where the α-geometric Rényi relative entropy of states is defined for all α ∈ (0, 1) ∪ (1,∞)

as follows [Mat13]:

D̂α(ρ∥σ) =
1

α − 1
log2 Tr

[
σ
(
σ−

1
2ρσ−

1
2
)α]

. (4.7.29)

We list some properties of the α-geometric unextendible entanglement of channels that

are relevant to this work. We refer the interested reader to [SW24b] for a more detailed

discussion of these properties:

1. Monotonicity in α: The α-geometric unextendible entanglement of channels in-

creases monotonically with increasing α. That is,

Êu
α(NA→B) ≥ Êu

β(NA→B) ∀α, β ∈ (0, 1) ∪ (1, 2], α ≥ β. (4.7.30)
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2. Subadditivity: The α-geometric unextendible entanglement of channels is subaddi-

tive under tensor products of channels. That is, the following inequality holds for

all α ∈ (0, 1) ∪ (1, 2]:

Êu
α(NA→B ⊗MA→B) ≤ Êu

α(NA→B) + Êu
α(MA→B) , (4.7.31)

where NA→B andMA→B are quantum channels.

3. Limiting case when α→ 1: The α-geometric unextendible entanglement converges

to the unextendible entanglement induced by the Belavkin–Staszewski relative en-

tropy as α→ 1. That is,

Êu(NA→B) B lim
α→1

Êu
α(NA→B) = inf

M∈F (N)

1
2

D̂(NA→B∥MA→B) , (4.7.32)

where the Belavkin–Staszewski relative entropy of states is defined as fol-

lows [BS82]:

D̂(ρ∥σ) B
{ Tr

[
ρlog2

(√
ρσ−1√ρ

)]
if supp(ρ) ⊆ supp(σ)

+∞ otherwise
, (4.7.33)

and where σ−1 is taken on the support of σ and the logarithm is evaluated on the

support of ρ. The rightmost equality in (4.7.32) follows directly from [DKQ+23,

Proposition 36].

4. Semidefinite program: The α-geometric unextendible entanglement of a channel

can be computed using a semidefinite program for rational values of α ∈ (1, 2] (see

Appendix 4.H).

The α-geometric unextendible entanglement of a channel can be related with the

smooth-min unextendible entanglement using the inequality in (4.6.68). The α-geometric

Rényi relative entropy of states is known to be larger than or equal to the α-sandwiched
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Rényi relative entropy of states for all α ∈ (0, 1) ∪ (1,∞) [Tom15, WWW24]. The inequal-

ity in (4.6.68) then implies the following inequality, which holds for all α ∈ (1,∞) and

ε ∈ [0, 1):

Dε
min(ρ∥σ) ≤ D̃α(ρ∥σ) +

α

α − 1
log2

(
1

1 − ε

)
(4.7.34)

≤ D̂α(ρ∥σ) +
α

α − 1
log2

(
1

1 − ε

)
. (4.7.35)

We will restrict our discussion to α ∈ (1, 2], as this is the interval for which the α-geometric

Rényi relative entropy obeys the data-processing inequality. Setting ρ → (idR ⊗N)(ρRA)

and σ → (idR ⊗M)(ρRA), where N and M are quantum channels, leads to the following

inequality:

Dε
min((idR ⊗N)(ρRA)∥(idR ⊗M)(ρRA)) ≤ D̂α((idR ⊗N)(ρRA)∥(idR ⊗M)(ρRA))

+
α

α − 1
log2

(
1

1 − ε

)
. (4.7.36)

Since the above inequality holds for every state ρ, we can take a supremum over all states

and conclude the following inequality:

Dε
min(N∥M) ≤ D̂α(N∥M) +

α

α − 1
log2

(
1

1 − ε

)
. (4.7.37)

Now taking an infimum over allM ∈ F (N), we arrive at the following inequality, which

holds for all α ∈ (1, 2] and ε ∈ [0, 1):

Eu,ε
min(NA→B) = inf

M∈F (N)

1
2

Dε
min(NA→B∥MA→B) (4.7.38)

≤ inf
M∈F (N)

1
2

D̂α(NA→B∥MA→B) +
1
2
·

α

α − 1
log2

(
1

1 − ε

)
(4.7.39)

= Êu
α(NA→B) +

1
2
·

α

α − 1
log2

(
1

1 − ε

)
. (4.7.40)
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4.7.3 Upper bounds on the one-shot private capacity of a channel

In this section, we discuss the application of the smooth-min unextendible entanglement

and the max-unextendible entanglement of channels to obtaining upper bounds on the

one-shot, one-way distillable key of a channel.

Smooth-min unextendible entanglement upper bound

Consider the following quantity:

Jεmin(NA→B) B 2−2Eu,ε
min(NA→B). (4.7.41)

Lemma 4.5 implies the following inequality:

Jεmin(NA→B) ≤ sup
ρA′A′′ Â∈S(A′A′′Â)

Θ∈1WL

Jεmin

((
Θ(A→B)→(Â→B′B′′)(NA→B)

)(
ρA′A′′Â

))
, (4.7.42)

where Jεmin(·) for states was defined in (4.5.26). The supremum in the above inequality is

over every state ρA′A′′Â and one-way LOCC superchannel Θ(A→B)→(Â→B′B′′). The inequality

in (4.7.42), along with Theorem 4.2 and Lemma 4.3, yields an upper bound on the one-shot

forward-assisted private capacity of a channel, which we state in Theorem 4.4 below.

Theorem 4.4 (Unextendibility bound on one-shot private capacity) Consider a quantum

channel NA→B and a parameter ε ∈ [0, 1] such that

Jεmin(NA→B) > ε, (4.7.43)

where Jεmin(NA→B) is defined in (4.7.41). Then the one-shot, one-way distillable key of the channel,

which is equal to the one-shot private capacity of the channel according to (4.7.10), is bounded

from above by the following quantity:

Pε,→(NA→B) = Kε,→
D (NA→B) ≤

1
2

log2


 √

Jεmin(N)(1 − Jεmin(N)) +
√
ε(1 − ε)

Jεmin(N) − ε

2

+ 1

 . (4.7.44)
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Proof: Let NA→B be a quantum channel, and let ε ∈ [0, 1] be a parameter such that

Jεmin(NA→B) > ε. (4.7.45)

Using the equality relating the one-shot, one-way distillable key of a channel and the

one-shot, one-way distillable key of a state from (4.7.5), we arrive at the following:

Kε,→
D (NA→B) = sup

Θ∈1WL,ψA′A′′ Â∈S(A′A′′Â)
Kε,→

D
(
Θ(NA→B)

(
ψA′A′′Â

))
(4.7.46)

≤ sup
ψA′A′′ Â∈S(A′A′′Â),

Θ∈1WL


1
2 log2

( √Jεmin(1−Jεmin)+
√
ε(1−ε)

Jεmin−ε

)2

+ 1
 :

Jεmin = Jεmin

(
(Θ(N))

(
ψA′A′′Â

))
 , (4.7.47)

where Jεmin(·) for states is defined in (4.5.26). The inequality in (4.7.47) follows from Theo-

rem 4.2. Note that the above inequality holds only if Jεmin > ε, but since we have assumed

that Jεmin(N) > ε, the quantity Jεmin is guaranteed to be strictly greater than ε due to (4.7.42).

Let us define

Jε,smin(NA→B) B sup
ψA′A′′ Â∈S(A′A′′Â),

Θ∈1WL

Jεmin
(
(Θ(N))

(
ψA′A′′Â

))
. (4.7.48)

Then the inequality in (4.7.47) can be written as follows:

Kε,→
D (NA→B) ≤

1
2

log2



√

Jε,smin(N)
(
1 − Jε,smin(N)

)
+
√
ε(1 − ε)

Jε,smin(N) − ε


2

+ 1

 . (4.7.49)

The inequality in (4.7.42) states that Jεmin(N) ≤ Jε,smin(N). Therefore, by applying Lemma 4.3,

we arrive at the following inequality:

Kε,→
D (NA→B) ≤

1
2

log2



√

Jεmin(N)
(
1 − Jεmin(N)

)
+
√
ε(1 − ε)

Jεmin(N) − ε


2

+ 1

 . (4.7.50)

Finally, using the fact that the one-shot forward-assisted private capacity of a channel is

equal to the one-shot one-way distillable key of the channel, we conclude the statement

of the theorem. □
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Figure 4.9: Upper bound on the number of private bits that can be transmitted over a
single use of an erasure channel assisted by local operations and forward-classical com-
munication. The upper bound given in Theorem 4.4 is plotted against the erasure proba-
bility of an erasure channel for different values of ε.

In Figure 4.9, we plot the upper bounds on the one-shot forward-assisted private ca-

pacity of a two-dimensional and a three-dimensional erasure channel for different erasure

probabilities and different values of ε. The erasure channel is mathematically defined as

follows:

E
p
A→B(ρRA) = (1 − p)ρRB + p TrA

[
ρRA

]
⊗ |e⟩⟨e|B, (4.7.51)

where |e⟩B is the erasure symbol, which is orthogonal to every state in the span of {|i⟩⟨ j|}d−1
i, j=0,

and d is the dimension of the system A. The parameter p ∈ [0, 1] is the erasure probability

of the channel.

The simplified upper bounds obtained in Corollaries 4.1 and 4.2 can be used to obtain

simplified upper bounds on the one-shot forward-assisted private capacity of a channel.

The inequality in (4.7.42), the equality in (4.7.5), and the application of Lemma 4.3 together

lead to simplified upper bounds on the one-shot forward-assisted private capacity of a

channel, stated in the corollary below.
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Corollary 4.4 Fix ε ∈ [0, 1]. Let NA→B be a channel such that the following inequality holds:

Jεmin(NA→B) > ε, (4.7.52)

where Jεmin(N) is defined in (4.7.41). Then the one-shot forward-assisted private capacity of a

channel is bounded from above as follows:

Pε,→(NA→B) ≤ − log2

(√
Jεmin(NA→B) −

√
ε
)
. (4.7.53)

If Jεmin(N) >
√
ε then the following inequality also holds:

Pε,→(NA→B) ≤ −
1
2

log2

(
Jεmin(NA→B) −

√
ε
)
. (4.7.54)

α-Geometric unextendible entanglement upper bound

The subadditivity of the α-geometric unextendible entanglement of channels, as given

in (4.7.31), can be used to obtain an upper bound on the n-shot, forward-assisted private

capacity of a channel.

Consider an arbitrary quantum channel NA→B. Recall the definition of Jεmin(NA→B)

from (4.7.41). The inequality in (4.7.40) implies that the following inequality holds for

all α ∈ (1, 2] and ε ∈ [0, 1):

Jεmin(NA→B) ≥ 2−2Êu
α(N)− α

α−1 log2( 1
1−ε ) (4.7.55)

= (1 − ε)
α
α−1 2−2Êu

α(N). (4.7.56)

Now consider the following quantity:

Jεmin
(
N⊗n

A→B
)
≥ (1 − ε)

α
α−1 2−2Êu

α(N⊗n) (4.7.57)

≥ (1 − ε)
α
α−1 2−2nÊu

α(N), (4.7.58)
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where the second inequality follows from the subadditivity of the α-geometric unex-

tendible entanglement of channels (see (4.7.31)).

Let us define the following quantity:

Ĵε,nα (NA→B) B (1 − ε)
α
α−1 2−2nÊu

α(N), (4.7.59)

which, according to (4.7.58), is a lower bound on Jεmin(NA→B). If α is a rational number

in the interval (1, 2], then Ĵε,nα (NA→B) can be computed using a semidefinite program, by

employing the algorithms given in [FS17] (see Appendix 4.H for a special case). The ap-

plication of Lemma 4.3 to Theorem 4.4, along with the inequality in (4.7.58), directly leads

to a single-letter, semidefinite computable upper bound on the n-shot forward-assisted

private capacity of a channel, which we state formally in Corollary 4.5 below.

Corollary 4.5 Fix ε ∈ (0, 1). Let NA→B be a quantum channel such that the following inequality

holds for some α ∈ (1, 2]:

Ĵε,nα (NA→B) > ε (4.7.60)

where Ĵε,nα (NA→B) is defined in (4.7.59). Then the n-shot forward-assisted private capacity of a

channel NA→B is bounded from above by the following quantity:

Pε,→(
N⊗n

A→B
)
≤

1
2

log2



√

Ĵε,nα (NA→B)
(
1 − Ĵε,nα (NA→B)

)
+
√
ε(1 − ε)

Ĵε,nα (NA→B) − ε


2

+ 1

 . (4.7.61)

We turn to the erasure channel once again to demonstrate our results stated in

Corollary 4.5. An erasure channel with erasure probability greater than or equal to 1
2

(see (4.7.51)) is a two-extendible channel, and hence, its α-geometric unextendible entan-

glement is equal to zero for all α ∈ (0, 1) ∪ (1, 2]. If the erasure probability is less than

1
2 , then the explicit form of the α-geometric unextendible entanglement can be derived,

which we state in Proposition 4.7 below.
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Figure 4.10: Upper bound on the n-shot private capacity of an erasure channel with the
error parameter ε = 10−7. The bounds are computed for different values of α using
Corollary 4.5, where the α-geometric unextendible entanglement of the erasure chan-
nel is computed using Proposition 4.7.

Proposition 4.7 For all α ∈ (0, 1) ∪ (1, 2], the α-geometric unextendible entanglement of a d-

dimensional erasure channel, with erasure probability p, evaluates to the following:

Êu
α

(
E

p
A→B

)
=

1
2
·

1
α − 1

log2

(p +
bopt

d2

)1−α

(1 − p)α + (1 − p − bopt)1−αpα
 (4.7.62)

for all p ∈
(
0, 1

d1/α+1

]
, where

bopt B
d2

(
(1 − p)2 − p2d2/α

)
pd2/α + (1 − p)d2 . (4.7.63)

For all p ∈
(

1
d1/α+1 ,

1
2

]
,

Êu
α

(
E

p
A→B

)
=

1
2
·

1
α − 1

log2

(
p1−α(1 − p)α + (1 − p)1−αpα

)
. (4.7.64)

Proof: See Appendix 4.G. □

In Figure 4.10 we plot the upper bound on the n-shot, forward-assisted private capac-

ity of erasure channels computed using Corollary 4.5. The α-geometric unextendible en-

tanglement of the erasure channel is computed using Proposition 4.7. The n-shot forward-
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assisted private capacity of a channel is expected to increase with the number of channel

uses. In Figure 4.10 however, the computed value of the upper bound on the n-shot

forward-assisted private capacity decreases with the number of channel uses, which in-

dicates that the upper bound improves with an increasing number of channel uses.

Private communication over a channel in the asymptotic setting

In this section we study private communication over quantum channels using one-way

LOCC superchannels in the asymptotic setting.

First, let us consider the task of secret-key distillation from quantum channels

in a setting similar to the one discussed in Section 4.6.3. In the asymptotic set-

ting, a one-way LOCC protocol to distill secret keys from a channel NA→B is de-

scribed by a sequence of positive integers {kn}n∈N, a sequence of bipartite private states{
γkn

A′A′′B′B′′

}
n∈N

, a sequence of one-way LOCC superchannels
{
Θn,1WL

(An→Bn)→(Â→B′B′′)

}
n∈N

, a se-

quence of states
{
ρn

A′A′′Â

}
n∈N

, and a sequence of error parameters {εn}n∈N. A sequence of

tuples,
{(

kn, γ
kn
A′A′′B′B′′ ,Θ

n,1WL
(An→Bn)→(Â→B′B′′)

, ρn
A′A′′Â

, εn

)}
n∈N

, describes a one-way LOCC secret-key

distillation protocol for a channel NA→B if the following inequality holds for all n ∈ N:

F
(
γkn ,

(
Θn,1WL(N⊗n)

)
(ρn)

)
≥ 1 − εn, (4.7.65)

and εn → 0 as n → ∞. We are interested in the maximum rate at which secret bits can

be distilled from a channel NA→B using any such one-way LOCC secret-key distillation

protocol.

Similar to the discussion in Section 4.6.3, we impose an additional constraint on the

sequence of error parameters εn, that εn ≤ 2−an for some fixed error exponent a > 0. We

define the quantity “a-exponential one-way distillable key of a channel” as the maximum
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rate at which secret bits can be distilled from a channel using a one-way LOCC secret-key

distillation protocol, with a being the error exponent.

Definition 4.8 Fix a > 0. The a-exponential one-way distillable key of a channelNA→B is defined

as follows:

K→D,a(NA→B) B

sup
{kn}n∈N,

{
γkn

A′B′A′′B′′

}
n∈N

{Θn,1WL}n∈N,
{
ρn

A′A′′ Â

}
n∈N

lim inf
n→∞

{
log2 kn

n
: F

(
γkn ,Θn,1WL(N⊗n) (ρn)

)
≥ 1 − 2−an

}
, (4.7.66)

where the supremum is over all sequences of integers {kn}n∈N, all sequences of bipartite states{
γkn

A′B′A′′B′′

}
n∈N

, all sequences of one-way LOCC superchannels
{
Θn,1WL

(An→Bn)→A′B′A′′B′′

}
n∈N

, and all se-

quences of states
{
ρA′A′′Â

}
n∈N. The bipartite state γkn

A′B′A′′B′′ holds log2 kn secret bits.

We define the converse of a-exponential one-way distillable key of the channelNA→B as follows:

K̃→D,a(NA→B) B

sup
{kn}n∈N,

{
γkn

A′B′A′′B′′

}
n∈N

{Θn,1WL}n∈N,
{
ρn

A′A′′ Â

}
n∈N

lim sup
n→∞

{
log2 kn

n
: F

(
γkn ,Θn,1WL(N⊗n) (ρn)

)
≥ 1 − 2−an

}
. (4.7.67)

We can also consider the task of private communication over channels in this setting.

We define the a-exponential forward-assisted private capacity of a channel as follows:

Definition 4.9 Fix a > 0. The a-exponential forward-assisted private capacity of a channelNA→B

is defined as follows:

P→a (NA→B) B sup
{Xn}n∈N,{Θn,1WL}n∈N

lim inf
n→∞

{
log2 |Xn|

n
: perr

(
N⊗n,Θn,1WL

)
≤ 2−an

}
, (4.7.68)

where the supremum is over all sequences of message sets {Xn}n∈N and all sequences of one-way

LOCC superchannels
{
Θn,1WL

(An→Bn)→(X→X̂)

}
n∈N

.
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We define the converse of a-exponential forward-assisted private capacity of the channelNA→B

as follows:

P̃→a (NA→B) B sup
{Xn}n∈N,{Θn,1WL}n∈N

lim sup
n→∞

{
log2 |Xn|

n
: perr

(
N⊗n,Θn,1WL

)
≤ 2−an

}
. (4.7.69)

Using the arguments mentioned before (4.7.10), we can see that the following equali-

ties hold:

K→D,a(NA→B) = P→a (NA→B) (4.7.70)

K̃→D,a(NA→B) = P̃→a (NA→B) . (4.7.71)

Therefore, any bounds obtained on the a-exponential distillable key of a channel hold for

the a-exponential private capacity of the channel as well.

Theorem 4.5 Consider an arbitrary quantum channelNA→B. Let d B min{dim(A), dim(B)} with

dim(A) and dim(B) being the dimensions of systems A and B, respectively. Fix a ∈ (2 log2 d,∞).

Then the following bound holds:

P̃→a (NA→B) = K̃→D,a(NA→B) ≤ Êu(NA→B) , (4.7.72)

where Êu(NA→B) is the unextendible entanglement of the channel NA→B induced by the Belavkin–

Staszewski relative entropy defined in (4.7.32).

Proof: The proof is similar to the proof of Theorem 4.3. We sketch out the main argu-

ments here.

Let NA→B be an arbitrary quantum channel, with input and output dimensions

dim(A) and dim(B) respectively, from which we wish to distill secret keys. Let{
Θn,1WL

(An→Bn)→(Â→B′B′′)

}
n∈N

be a sequence of one-way LOCC superchannels, let
{
γkn

A′B′A′′B′′

}
n∈N

be
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a sequence of bipartite private states, and let
{
ρn

A′A′′Â

}
n∈N

be a sequence of quantum states

such that the following condition holds for all a > 2 log2 d and n ∈ N:

F
(
γkn

A′B′A′′B′′ ,
(
Θn,1WL(N⊗n

A→B
))(
ρn

A′A′′Â

))
≥ 1 − 2−an, (4.7.73)

where d B min{dim(A), dim(B)}.

Let us set εn B 2−an for convenience. Corollary 4.4 implies that the following inequality

holds for all one-way LOCC secret-key distillation protocols such that (4.7.73) is satisfied:

log2 kn ≤ − log2

(√
Jεn

min(N⊗n) −
√
εn

)
(4.7.74)

= −
1
2

log2

(
Jεn

min

(
N⊗n)) − log2

(
1 −

√
εn

Jεn
min(N⊗n)

)
. (4.7.75)

The quantity Jεn
min(N⊗n) is bounded from below by the following quantity:

Jεn
min

(
N⊗n

A→B
)
≥

1 − εn

d2n , (4.7.76)

which is evident from Proposition 4.6. The inequalities in (4.7.75) and (4.7.76) allow us to

use the mathematical arguments presented in (4.6.93)–(4.6.100) in order to conclude the

following:

lim sup
n→∞

−
1
n

log2

(
1 −

√
εn

Jεn
min(N⊗n)

)
= 0. (4.7.77)

Therefore, taking lim supn→∞ in (4.7.75) leads to the following inequality:

lim sup
n→∞

log2 kn

n
≤ lim sup

n→∞

{
−

1
2n

log2

(
Jεn

min

(
N⊗n)) − 1

n
log2

(
1 −

√
εn

Jεn
min(N⊗n)

)}
(4.7.78)

= lim sup
n→∞

−
1
2n

log2

(
Jεn

min

(
N⊗n)) + lim sup

n→∞
−

1
n

log2

(
1 −

√
εn

Jεn
min(N⊗n)

)
(4.7.79)

= lim sup
n→∞

−
1
2n

log2

(
Jεn

min

(
N⊗n)) (4.7.80)

= lim sup
n→∞

1
n

Eu,εn
min

(
N⊗n) , (4.7.81)

where the second equality follows from (4.7.77).
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Recall the relation between the smooth-min unextendible entanglement of a channel

and the α-geometric unextendible entanglement of the channel from (4.7.40). The inequal-

ity in (4.7.40) combined with (4.7.81) leads to the following inequality:

lim sup
n→∞

log2 kn

n
≤ lim sup

n→∞

1
n

(
Êu
α

(
N⊗n) − 1

2
·

α

α − 1
log2(1 − εn)

)
(4.7.82)

= lim sup
n→∞

1
n

Êu
α

(
N⊗n) + lim sup

n→∞
−

1
2n
·

α

α − 1
log2(1 − εn) , (4.7.83)

which holds for all α ∈ (1, 2]. Since εn → 0 as n→ ∞,

lim sup
n→∞

−
1

2n
·

α

α − 1
log2(1 − εn) = 0. (4.7.84)

Now using the subadditivity of the α-geometric unextendible entanglement of channels,

we arrive at the following inequality:

lim sup
n→∞

log2 kn

n
≤ lim sup

n→∞

1
n

Êu
α

(
N⊗n) ≤ Êu

α(N) . (4.7.85)

The above inequality holds for every sequence {kn}n∈N for which there exists a se-

quence of private states
{
γkn

A′B′A′′B′′

}
n∈N

, a sequence of one-way LOCC superchannels{
Θn,1WL

(An→Bn)→(Â→B′B′′)

}
n∈N

, and a sequence of states
{
ρn

A′A′′Â

}
n∈N

such that (4.7.73) holds for all

a > 2 log2 d and n ∈ N. Therefore,

K̃→D,a(NA→B) ≤ Êu
α(NA→B) ∀α ∈ (1, 2], (4.7.86)

which follows from the definition of K̃→D,a(NA→B). Since the α-geometric unextendible en-

tanglement of a channel increases monotonically with α, we can take limα→1+ to obtain

the tightest upper bound, which is the unextendible entanglement of the channel NA→B

induced by the Belavkin–Staszewski relative entropy. Finally, using (4.7.71) leads to the

statement of the theorem. □
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4.8 Conclusion

In this paper we studied the task of secret-key distillation from bipartite states and point-

to-point quantum channels using local operations and one-way classical communication.

Using the resource theory of unextendible entanglement, which is a semidefinite relax-

ation of the resource theory of entanglement, we obtained efficiently computable upper

bounds on several quantities of interest in the theory of private communication over a

quantum network.

We derived efficiently computable upper bounds on the one-shot, one-way distillable

key of a bipartite state using the resource theory of unextendible entanglement. We also

derived upper bounds on the one-shot forward-assisted private capacity of a channel that

can be computed using a semidefinite program. In both cases, these are the first instances

of efficiently computable upper bounds on these quantities, to the best of our knowledge.

We extended our results to the i.i.d. setting and obtained single-letter efficiently com-

putable upper bounds on the n-shot one-way distillable key of bipartite states and n-shot

forward-assisted private capacity of point-to-point channels. Finally, we obtained effi-

ciently computable upper bounds on the rate at which secret keys can be distilled from a

bipartite state or a quantum channel using one-way LOCC when the error is required to

decay exponentially with an error exponent larger than a fixed threshold.

The majority of bounds obtained in this work can be computed using semidefinite

programs. We numerically computed the upper bounds on the one-shot, one-way distill-

able key and n-shot one-way distillable key for isotropic states to demonstrate our results.

We also found analytical expressions for the upper bounds on the n-shot forward-assisted

private capacity of erasure channels.

257



We obtained a family of upper bounds on the n-shot, one-way distillable key of a

bipartite state in this work using the α-sandwiched Rényi relative entropy. However, a

semidefinite representation of the α-sandwiched Rényi relative entropy is only known

when α → ∞. As such, only one member from the family of upper bounds on the n-shot,

one-way distillable key of a state is known to be efficiently computable.

Going forward from here, there are some open problems left for future investigation.

The bounds obtained in this work are based on the resource theory of unextendible en-

tanglement. It may be possible to obtain stronger bounds by studying entanglement

measures that combine the concepts of unextendibility and the positive partial transpose

(PPT) criterion. Furthermore, it can give insights into the asymptotic setting of private

communication where there are no assumptions on the rate at which error decays. As an-

other open problem of interest, finding semidefinite representations of the α-sandwiched

Rényi relative entropies would improve our numerical findings here, as they can lead to

tighter efficiently computable bounds on the n-shot, one-way distillable key of a state.
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APPENDIX

4.A Proof of Proposition 4.1

In this section, we calculate the smooth-min unextendible entanglement of the maximally

entangled state Φd
AB.

We first note that all extensions of the state Φd
AB are of the form Φd

AB ⊗ τE since Φd
AB is a

pure state. Therefore, all states in the set F (Φd
AB) are of the form πA ⊗ τE, where πA is the

maximally mixed state and E � B. The unextendible entanglement of Φd
AB induced by the

hypothesis testing relative entropy can be calculated as follows:

Eu,ε
min

(
Φd

AB

)
= inf

τB∈S(B)

1
2

Dε
min

(
Φd

AB∥πA ⊗ τB

)
(4.A.1)

= inf
τB
−

1
2

log2 inf
0≤Λ≤I

{
Tr[ΛAB(πA ⊗ τB)] : Tr

[
ΛABΦ

d
AB

]
≥ 1 − ε

}
. (4.A.2)

Choosing ΛAB = (1 − ε)Φd
AB, we find that

Eu,ε
min

(
Φd

AB

)
≥ inf

τB
−

1
2

log2

(
(1 − ε) Tr

[
Φd

AB(πA ⊗ τB)
])

(4.A.3)

= inf
τB
−

1
2

log2

(
1 − ε

d
Tr

[
Φd

AB(IA ⊗ τB)
])

(4.A.4)

= inf
τB
−

1
2

log2

(
1 − ε

d
Tr[πBτB]

)
(4.A.5)

= inf
τB
−

1
2

log2

(
1 − ε

d2 Tr[τB]
)

(4.A.6)

= −
1
2

log2

(
1 − ε

d2

)
. (4.A.7)

The hypothesis testing relative entropy can also be computed using the following SDP:

Dε
min(ρAB) = − log2 sup

µ≥0,Z≥0
{µ(1 − ε) − Tr[Z] : µρ ≤ σ + Z} . (4.A.8)
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The unextendible entanglement of the maximally entangled state induced by the hypoth-

esis testing relative entropy can then be computed as follows:

Eu,ε
min

(
Φd

AB

)
= inf

τB∈S(B)
−

1
2

log2 sup
µ≥0,Z≥0

{
µ(1 − ε) − Tr[Z] : µΦd

AB ≤ πA ⊗ τB + ZAB

}
(4.A.9)

Choosing τB to be the maximally mixed state, we arrive at the following inequality:

Eu,ε
min

(
Φd

AB

)
≤ −

1
2

log2 sup
µ≥0,Z≥0

{
µ(1 − ε) − Tr[Z] : µΦd

AB ≤ πAB + ZAB

}
(4.A.10)

= inf
µ≥0,Z≥0

−
1
2

log2

{
µ(1 − ε) − Tr[Z] : µΦd

AB ≤ πAB + ZAB

}
. (4.A.11)

Note that the pair
(
µ = 1/d2,Z = 0

)
lies in the feasible set of the aforementioned SDP.

Therefore, setting µ = 1/d2 and Z = 0 leads to the following inequality:

Eu,ε
min

(
Φd

AB

)
≤ −

1
2

log2

(
1 − ε

d2

)
= log2 d −

1
2

log2(1 − ε). (4.A.12)

Combining (4.A.7) and (4.A.12) concludes the proof.

4.B Proof of Proposition 4.2

In this section we find the range of values that the smooth-min unextendible entangle-

ment of a state can take.

The smooth-min relative entropy between two states is never smaller than − log2(1−ε),

which can be seen from the data-processing inequality of the smooth-min relative entropy

as follows:

Dε
min(ρ∥σ) ≥ Dε

min(Rπ(ρ) ∥Rπ(σ)) (4.B.1)

= Dε
min(π∥π) (4.B.2)

= − log2 inf
0≤Λ≤I

{Tr[Λπ] : Tr[Λπ] ≥ 1 − ε} (4.B.3)
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= − log2(1 − ε), (4.B.4)

where Rπ is a channel that traces out the state it acts on and replaces it with the maxi-

mally mixed state π. This leads to the following bound on the smooth-min unextendible

entanglement of a bipartite state ρAB:

Eu,ε
min(ρAB) = inf

σ∈F (ρ)

1
2

Dε
min(ρAB∥σAB) ≥ −

1
2

log2(1 − ε). (4.B.5)

To find an upper bound on Eu,ε
min(ρAB), we invoke (4.5.23). Since the hypothesis testing

relative entropy is an example of generalized divergence, (4.5.23) implies the following

inequality:

Eu,ε
min(ρAB) ≤ Eu,ε

min

(
Φd

A0B0

)
= log2 d −

1
2

log2(1 − ε), (4.B.6)

where d B min{dim(A), dim(B)}. The equality in (4.B.6) follows from Proposition 4.1.

4.C Proof of Equation (4.6.28)

In this appendix, we show that (4.6.27) implies (4.6.28).

Let us analyze the expression on the right-hand side of (4.6.27) in the interval q ∈ [0, 1]

and for k ∈ N. In what follows, we find the inflection points of the expression by setting

the derivative equal to zero:

0 =
∂

∂q


√

q
k2 +

√
(1 − q)

(
1 −

1
k2

)
2

(4.C.1)

= 2


√

q
k2 +

√
(1 − q)

(
1 −

1
k2

)
 1
2k
√

q
−

1

2
√

1 − q

√
1 −

1
k2

 . (4.C.2)
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Solving the above equation for q, we find that

1
2k
√

q
=

1

2
√

1 − q

√
1 −

1
k2 (4.C.3)

=⇒
√

1 − q =
√

q(k2 − 1) (4.C.4)

=⇒ 1 − q = q(k2 − 1) (4.C.5)

=⇒ q =
1
k2 . (4.C.6)

It is easy to verify that the function of q given on the right-hand side of (4.6.27) achieves

its maximum value at this inflection point. Therefore, the function is monotonically in-

creasing for q ∈ [0, 1
k2 ], and it is monotonically decreasing for q ∈ [ 1

k2 , 1]. Equivalently, the

derivative in (4.C.2) is non-negative for q ∈ [0, 1
k2 ], and it is non-positive for q ∈ [ 1

k2 , 1].

Now let us find the values of q that satisfy (4.6.27). We can rewrite the inequality

in (4.6.27) as follows:

1 − ε ≤
q
k2 + (1 − q)

(
1 −

1
k2

)
+ 2

√
q(1 − q)

√
1
k2

(
1 −

1
k2

)
. (4.C.7)

Rearranging the terms, we arrive at the following inequality:

q
(
1 −

2
k2

)
− ε +

1
k2 ≤ 2

√
q(1 − q)

√
1
k2

(
1 −

1
k2

)
. (4.C.8)

The right-hand side of the above equation is always non-negative for all q ∈ [0, 1] and

k ∈ N. If the left-hand side of the above inequality is negative, then the above inequality

is satisfied. As such, the above inequality is satisfied if the following condition holds:

q
(
1 −

2
k2

)
− ε +

1
k2 ≤ 0 =⇒ q ≤

ε − 1
k2

1 − 2
k2

∀ k ≥ 2. (4.C.9)

If ε − 1
k2 ≥ 0 then the inequality in (4.C.8) is satisfied for all q ∈

[
0, ε−k−2

1−2k−2

]
and k ≥ 2.

Now let us consider the case where the left-hand side of (4.C.8) is non-negative, which

is true for k ≥ 2 if ε ≤ 1
k2 or q ≥

(
ε − 1

k2

)
/
(
1 − 2

k2

)
. We can square both sides to get the
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following inequality:

(
q
(
1 −

2
k2

)
− ε +

1
k2

)2

≤

2 √
q(1 − q)

√
1
k2

(
1 −

1
k2

)
2

(4.C.10)

=
4
k2

(
1 −

1
k2

)
q(1 − q). (4.C.11)

Setting

d B 1 −
2
k2 , (4.C.12)

e B ε −
1
k2 , (4.C.13)

f B
4
k2

(
1 −

1
k2

)
, (4.C.14)

we can rewrite the above inequality as follows:

(d · q − e)2 ≤ f · q(1 − q) (4.C.15)

=⇒ d2q2 + e2 − 2deq ≤ f q − f q2 (4.C.16)

=⇒ (d2 + f )q2 − (2de + f )q + e2 ≤ 0. (4.C.17)

The above inequality is in the standard form of a quadratic inequality. Let us first find

each of the coefficients. The coefficient of q2 evaluates to the following:

d2 + f =
(
1 −

2
k2

)2

+
4
k2

(
1 −

1
k2

)
(4.C.18)

= 1 +
4
k4 −

4
k2 +

4
k2 −

4
k4 (4.C.19)

= 1. (4.C.20)

The coefficient of q evaluates to the following:

−2de − f = −2
(
1 −

2
k2

) (
ε −

1
k2

)
−

4
k2

(
1 −

1
k2

)
(4.C.21)

= −2
(
ε −

1
k2 −

2ε
k2 +

2
k4

)
−

4
k2 +

4
k4 (4.C.22)
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= −2
(
ε +

1 − 2ε
k2

)
. (4.C.23)

Finally, the term independent of q is equal to the following:

e2 =

(
ε −

1
k2

)2

(4.C.24)

= ε2 +
1
k4 −

2ε
k2 . (4.C.25)

The quadratic inequality in (4.C.11) can now be written as follows:

q2 − 2q
(
ε +

1 − 2ε
k2

)
+ ε2 +

1
k4 −

2ε
k2 ≤ 0. (4.C.26)

The discriminant of the above quadratic expression can be evaluated as follows:

(−2de − f )2 − 4(d2 + f )e2

= 4
(
ε +

1 − 2ε
k2

)2

− 4
(
ε2 +

1
k4 −

2ε
k2

)
(4.C.27)

= 4
ε2 +

(
1 − 2ε

k2

)2

+ 2ε
(
1 − 2ε

k2

)
− ε2 −

1
k4 +

2ε
k2

 (4.C.28)

= 4
(
1 + 4ε2 − 4ε

k4 −
1
k4 +

2ε
k2

(2 − 2ε)
)

(4.C.29)

= 4
(
4ε(ε − 1)

k4 +
4ε(1 − ε)

k2

)
(4.C.30)

= 16
(k2 − 1)ε(1 − ε)

k4 . (4.C.31)

We can now factor the quadratic expression in (4.C.26) as follows:

(
q − αq+

)(
q − αq−

)
≤ 0, (4.C.32)

where

αq± =
1
2

2 (
ε +

1 − 2ε
k2

)
±

√
16(k2 − 1)ε(1 − ε)

k2

 (4.C.33)

= ε +
1 − 2ε

k2 ±
2
√

(k2 − 1)ε(1 − ε)
k2 . (4.C.34)

272



Now we are in a position to identify the range of values that q can take for all ε ∈ [0, 1]

and k ≥ 2.

• If ε ∈
[
0, 1

k2

]
, then

αq− ≤ q ≤ αq+, (4.C.35)

where αq− and αq+ are defined in (4.C.34).

• If ε ∈
[

1
k2 , 1

]
, then

q ∈

0,min

ε − 1
k2

1 − 2
k2

, 1


 ∪ [

αq−, αq+

]
. (4.C.36)

We can identify the values of ε such that the two intervals in (4.C.36) overlap. Let us

first find the values of ε that satisfy the following inequality:

ε − 1
k2

1 − 2
k2

≤ αq+ = ε +
1 − 2ε

k2 +
2
√

(k2 − 1)ε(1 − ε)
k2 . (4.C.37)

We can rearrange the terms of the above inequality to get the following inequality:

k2ε − 1
k2 − 2

−
(k2 − 2)ε + 1

k2 ≤
2
√

(k2 − 1)ε(1 − ε)
k2 (4.C.38)

=⇒
k4ε − k2 − (k2 − 2)2ε − k2 + 2

k2(k2 − 2)
≤

2
√

(k2 − 1)ε(1 − ε)
k2 (4.C.39)

=⇒
4(k2 − 1)ε + 2(1 − k2)

k2 − 2
≤ 2

√
(k2 − 1)ε(1 − ε) (4.C.40)

=⇒
(k2 − 1)(2ε − 1)

k2 − 2
≤

√
(k2 − 1)ε(1 − ε). (4.C.41)

The above inequality is satisfied for all ε ∈ [0, 1/2] and k ≥ 2. Now assuming that ε ≥ 1/2

and k ≥ 2, we can square both sides of the above inequality to get the following inequality:

(k2 − 1)(2ε − 1)2

(k2 − 2)2 ≤ ε(1 − ε). (4.C.42)

Setting a B (k2 − 1)/(k2 − 2)2, we can rewrite the above inequality as follows:

a(2ε − 1)2 ≤ ε(1 − ε) (4.C.43)
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=⇒ (4a + 1)ε2 − (4a + 1)ε + a ≤ 0. (4.C.44)

Note that a is a positive number, which implies that 4a + 1 is also a positive number.

Therefore, the above quadratic inequality can be factored as follows:(
ε −

1
2

(
1 +

1
√

4a + 1

)) (
ε −

1
2

(
1 −

1
√

4a + 1

))
≤ 0. (4.C.45)

Substituting the value of a, the quantity
√

4a + 1 evaluates to the following:

√
4a + 1 =

k2

k2 − 2
. (4.C.46)

Therefore, the inequality in (4.C.45) can be written as follows:(
ε −

1
2

(
1 +

k2 − 2
k2

)) (
ε −

1
2

(
1 −

k2 − 2
k2

))
≤ 0 (4.C.47)

=⇒

(
ε −

(
1 −

1
k2

)) (
ε −

1
k2

)
≤ 0. (4.C.48)

The above inequality is satisfied only when ε ∈
[
1/k2, 1 − 1/k2

]
. To get the above inequality

we assumed that α ≥ 1/2. Since 1 − 1
k2 ≥

1
2 for all k ≥ 2 and every ε ∈ [0, 1/2] satisfies the

inequality in (4.C.37), we conclude that the inequality in (4.C.37) is satisfied if and only if

ε ∈
[
0, 1 − 1

k2

]
.

Now let us find the values of ε for which the following inequality is satisfied:

ε − 1
k2

1 − 2
k2

≤ αq− = ε +
1 − 2ε

k2 −
2
√

(k2 − 1)ε(1 − ε)
k2 . (4.C.49)

Following the same steps as above, we arrive at the following inequality:

(k2 − 1)(2ε − 1)
k2 − 2

≤ −
√

(k2 − 1)ε(1 − ε), (4.C.50)

which is similar to (4.C.41). This inequality is not satisfied by any value of ε ≥ 1/2. Under

the assumption that ε ≤ 1/2, we can square both sides of the above inequality to get the

following inequality:
(k2 − 1)(2ε − 1)2

(k2 − 2)2 ≥ ε(1 − ε). (4.C.51)
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From the solution of (4.C.42), we know that the opposite of this quadratic inequality is

satisfied when ε ∈
[

1
k2 , 1 − 1

k2

]
. Therefore, the inequality in (4.C.51) is satisfied when ε ∈[

0, 1
k2

]
∪

[
1 − 1

k2 , 1
]
. Recall that we assumed ε ∈ [0, 1/2] to arrive at (4.C.51) from (4.C.50).

Therefore, for every k ≥ 2, we conclude that (4.C.49) is satisfied for all ε ∈
[
0, 1

k2

]
.

Now we have a clearer picture of the range of values q that satisfy (4.6.27) for some

fixed value of ε ∈ [0, 1] and integer k ≥ 2, which is given as follows:

q ∈



[
αq−, αq+

]
if ε ∈

[
0, 1

k2

]
[
0, αq+

]
if ε ∈

[
1
k2 , 1 − 1

k2

]
[
0,min

{
ε− 1

k2

1− 2
k2
, 1

}]
if ε ∈

[
1 − 1

k2 , 1
] , (4.C.52)

where αq+ and αq− are defined in (4.C.34). Observe that
ε− 1

k2

1− 2
k2
≥ 1 for all ε ∈

[
1 − 1

k2 , 1
]
.

Therefore, we can rewrite the above condition as follows:

q ∈



[
αq−, αq+

]
if ε ∈

[
0, 1

k2

]
[
0, αq+

]
if ε ∈

[
1
k2 , 1 − 1

k2

]
[0, 1] if ε ∈

[
1 − 1

k2 , 1
] . (4.C.53)

As such, if ε ≤ 1 − 1
k2 , then q is bounded from above by the following quantity:

q ≤ ε +
1 − 2ε

k2 +
2
√

(k2 − 1)ε(1 − ε)
k2 , (4.C.54)

and otherwise, when ε > 1 − 1
k2 , we only have the trivial bound q ≤ 1.

4.D Proof of Theorem 4.2

First let us note that the condition ε < Jεmin(ρAB) is only satisfied if ε < 1
2 . This is because

Jεmin(ρAB) ≤ 1 − ε, as stated in Proposition 4.2. So we restrict to ε < 1
2 for the remainder of
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the proof.

Let L→AB→A′B′A′′B′′ be a one-way LOCC channel that acts on ρAB to give a state σA′B′A′′B′′

such that F(σA′B′A′′B′′ , γ
k
A′B′A′′B′′) ≥ 1 − ε for some bipartite private state γk

A′B′A′′B′′ . That is,

L→AB→A′B′A′′B′′(ρAB) = σA′B′A′′B′′ . (4.D.1)

The smooth-min unextendible entanglement of a bipartite state does not increase under

the action of a one-way LOCC channel [WWW24, Theorem 2]. Therefore,

Eu,ε
min(ρAB) ≥ Eu,ε

min

(
L→(ρAB)

)
(4.D.2)

= Eu,ε
min(σA′B′A′′B′′) . (4.D.3)

Consequently,

Jεmin(ρAB) ≤ Jεmin(σA′B′A′′B′′) . (4.D.4)

Since ε < 1
2 , we can use Remark 4.3 to state that one cannot distill any secret bits from a

state ρAB with an error tolerance of ε if Jεmin(ρAB) > ς(ε, 2), where ς is defined in (4.6.5).

Let us now consider the case when one-shot, one-way secret-key distillation is possi-

ble. Proposition 4.3 implies that the following inequality holds for all ε ∈
[
0, 1

2

)
:

Jεmin(ρAB) ≤ ς(ε, k) = ε +
1 − 2ε

k2 +
2
√

(k2 − 1)ε(1 − ε)
k2 (4.D.5)

if F
(
L→AB→A′B′A′′B′′(ρAB) , γk

A′B′A′′B′′

)
≥ 1 − ε for some one-way LOCC channel L→AB→A′B′A′′B′′ and

some private state γk
A′B′A′′B′′ with k ≥ 2. We will use Jεmin as a shorthand for Jεmin(ρAB) in the

remainder of the proof for convenience. Rearranging the terms in (4.D.5), we arrive at the

following inequality:

k2(Jεmin − ε) ≤ 1 − 2ε + 2
√

(k2 − 1)ε(1 − ε) (4.D.6)

=⇒ (k2 − 1)(Jεmin − ε) + Jεmin − ε ≤ 1 − 2ε + 2
√

(k2 − 1)ε(1 − ε) (4.D.7)
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=⇒ (k2 − 1)(Jεmin − ε) + Jεmin + ε − 1 ≤ 2
√

(k2 − 1)ε(1 − ε). (4.D.8)

The above inequality is always satisfied if the left-hand side is non-positive, that is, if

(k2 − 1)(Jεmin − ε) + Jεmin + ε − 1 ≤ 0. (4.D.9)

Note that Jεmin + ε − 1 is always non-positive due to (4.5.31). Therefore, if Jεmin ≤ ε, then the

above inequality holds for all k ∈ N. If Jεmin > ε, then (4.D.9) is satisfied when the following

condition holds:

k2 − 1 ≤
1 − ε − Jεmin

Jεmin − ε
. (4.D.10)

Consequently, if the inequality in (4.D.10) holds, then the inequality in (4.D.8) also holds

for all Jεmin ∈ [0, 1 − ε].

Now let us assume that (k2 − 1)(Jεmin − ε) + Jεmin + ε − 1 > 0. Then we can square both

sides of (4.D.8) to get the following inequality:(
(k2 − 1)(Jεmin − ε) + Jεmin + ε − 1

)2
≤ 4(k2 − 1)ε(1 − ε). (4.D.11)

We write the above inequality as follows:

(d · x + e)2
≤ f · x, (4.D.12)

where we have made the following assignments:

x B k2 − 1, (4.D.13)

d B Jεmin − ε, (4.D.14)

e B Jεmin + ε − 1, (4.D.15)

f B 4ε(1 − ε). (4.D.16)

We can write the inequality in (4.D.12) as the following quadratic inequality in x:

d2x2 + e2 + 2de · x ≤ f · x (4.D.17)
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=⇒ d2x2 + (2de − f )x + e2 ≤ 0. (4.D.18)

The coefficient of x2 evaluates to the following:

d2 = (Jεmin − ε)2. (4.D.19)

The coefficient of x evaluates to the following:

2de − f = 2(Jεmin − ε)(Jεmin + ε − 1) − 4ε(1 − ε) (4.D.20)

= −2Jεmin(1 − Jεmin) − 2ε(1 − ε). (4.D.21)

In what follows, we compute the discriminant of the above quadratic expression:

(2de − f )2 − 4d2e2 = 4d2e2 + f 2 − 4de f − 4d2e2 (4.D.22)

= f 2 − 4de f (4.D.23)

= 16ε2(1 − ε)2 − 16(Jεmin − ε)(Jεmin + ε − 1)ε(1 − ε) (4.D.24)

= 16ε(1 − ε)
[
ε(1 − ε) −

(
Jεmin

)2
+ Jεmin − ε(1 − ε)

]
(4.D.25)

= 16ε(1 − ε)Jεmin(1 − Jεmin). (4.D.26)

Note that the coefficient of x2, that is (Jεmin − ε)2, is always positive since we have assumed

that Jεmin > ε, which allows us to factor the quadratic expression in (4.D.11) as follows:

(x − βx−) (x − βx+) ≤ 0, (4.D.27)

where

βx± B
2Jεmin(1 − Jεmin) + 2ε(1 − ε) ± 4

√
ε(1 − ε)Jεmin(1 − Jεmin)

2(Jεmin − ε)2 (4.D.28)

=

 √
Jεmin(1 − Jεmin) ±

√
ε(1 − ε)

Jεmin − ε

2

. (4.D.29)

The inequality in (4.D.27) is satisfied if and only if βx− ≤ x ≤ βx+. Combining (4.D.10)

and (4.D.27), we conclude that (4.D.8) is satisfied if and only if

k2 − 1 ∈
[
0,

1 − ε − Jεmin

Jεmin − ε

]
∪

[
βx−, βx+

]
. (4.D.30)

278



Recall that we had assumed k2 − 1 >
1−ε−Jεmin

Jεmin−ε
to arrive at (4.D.11), and the inequality

in (4.D.8) holds for all 0 ≤ k2 − 1 ≤ 1−ε−Jεmin
Jεmin−ε

. In what follows, we shall show that βx− ≤

1−ε−Jεmin
Jεmin−ε

≤ βx+ for all ε < Jεmin ≤ 1 − ε.

First, let us consider the following inequality:√
Jεmin(1 − Jεmin) ≤

√
ε(1 − ε) (4.D.31)

⇐⇒ Jεmin(1 − Jεmin) ≤ ε(1 − ε) (4.D.32)

⇐⇒ (Jεmin)2 − Jεmin + ε(1 − ε) ≥ 0. (4.D.33)

The above inequality can be factored as follows:

(
Jεmin − ε

) (
Jεmin − (1 − ε)

)
≥ 0. (4.D.34)

Therefore, the inequality in (4.D.31) is satisfied if and only if Jεmin ≤ ε or Jεmin ≥ 1 − ε,

with the inequality being saturated if Jεmin = ε or Jεmin = 1 − ε. Thus, we conclude that the

following inequality holds for all Jεmin ∈ (ε, 1 − ε]:√
Jεmin(1 − Jεmin) ≥

√
ε(1 − ε). (4.D.35)

Now we prove that βx− ≤
1−ε−Jεmin

Jεmin−ε
, provided that Jεmin ∈ (ε, 1 − ε]. Consider that

βx− ≤
1 − ε − Jεmin

Jεmin − ε
(4.D.36)

⇐⇒

 √
Jεmin(1 − Jεmin) −

√
ε(1 − ε)

Jεmin − ε

2

≤
1 − ε − Jεmin

Jεmin − ε
(4.D.37)

⇐⇒

(√
Jεmin(1 − Jεmin) −

√
ε(1 − ε)

)2
≤

(
Jεmin − ε

) (
1 − ε − Jεmin

)
(4.D.38)

⇐⇒

(√
Jεmin(1 − Jεmin) −

√
ε(1 − ε)

)2
≤ Jεmin − (Jεmin)2 − ε + ε2 (4.D.39)

⇐⇒

(√
Jεmin(1 − Jεmin) −

√
ε(1 − ε)

)2
≤ Jεmin(1 − Jεmin) − ε(1 − ε) (4.D.40)

⇐⇒

√
Jεmin(1 − Jεmin) −

√
ε(1 − ε) ≤

√
Jεmin(1 − Jεmin) +

√
ε(1 − ε). (4.D.41)
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⇐⇒ 0 ≤ 2
√
ε(1 − ε). (4.D.42)

To arrive at the penultimate inequality, we have used the fact that

Jεmin(1 − Jεmin) − ε(1 − ε)

=

(√
Jεmin(1 − Jεmin) +

√
ε(1 − ε)

) (√
Jεmin(1 − Jεmin) −

√
ε(1 − ε)

)
. (4.D.43)

Since the last inequality 0 ≤ 2
√
ε(1 − ε) holds trivially for ε ∈ [0, 1], we conclude that

βx− ≤
1−ε−Jεmin

Jεmin−ε
for all Jεmin ∈ (ε, 1 − ε].

To show that βx+ ≥
1−ε−Jεmin

Jεmin−ε
, we consider the following inequality:

βx+ =

 √
Jεmin(1 − Jεmin) +

√
ε(1 − ε)

Jεmin − ε

2

≥
1 − ε − Jεmin

Jεmin − ε
. (4.D.44)

Following the same steps as before, the above inequality can be transformed into the

following inequality:(√
Jεmin(1 − Jεmin) +

√
ε(1 − ε)

)2
≥ Jεmin(1 − Jεmin) − ε(1 − ε) (4.D.45)

⇐⇒

√
Jεmin(1 − Jεmin) +

√
ε(1 − ε) ≥

√
Jεmin(1 − Jεmin) −

√
ε(1 − ε), (4.D.46)

which holds for all Jεmin ∈ (ε, 1 − ε] and ε ∈ [0, 1]. Hence, we conclude the following: √
Jεmin(1 − Jεmin) −

√
ε(1 − ε)

Jεmin − ε

2

≤
1 − ε − Jεmin

Jεmin − ε
(4.D.47)

≤

 √
Jεmin(1 − Jεmin) +

√
ε(1 − ε)

Jεmin − ε

2

(4.D.48)

Recall from (4.D.30) that (4.D.8) is satisfied for all Jεmin ∈ (ε, 1 − ε] if and only if k2 − 1 ∈[
0, 1−ε−Jεmin

Jεmin−ε

]
∪ [βx−, βx+]. The inequalities in (4.D.47) and (4.D.48) further reveal that the

inequality in (4.D.8) is satisfied for all Jεmin ∈ (ε, 1−ε] if and only if the following condition

holds:

0 ≤ k2 − 1 ≤

 √
Jεmin(1 − Jεmin) +

√
ε(1 − ε)

Jεmin − ε

2

. (4.D.49)
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The quantity log2 k is interpreted as the number of secret bits that can be distilled from

the state ρAB using the one-way LOCC channel L→AB→A′B′A′′B′′ . Therefore, we rewrite the

condition in (4.D.49) as the following upper bound on log2 k:

log2 k ≤
1
2

log2


 √

Jεmin(1 − Jεmin) +
√
ε(1 − ε)

Jεmin − ε

2

+ 1

 (4.D.50)

Since the inequality in (4.D.50) holds for every integer k ≥ 2, every private state γk
A′B′A′′B′′ ,

and every one-way LOCC channels L→AB→A′B′A′′B′′ , we conclude (4.6.39).

4.E Proof of Lemma 4.3

In this section we show that the following function:

f (J, ε) B
1
2

log2

( √J(1 − J) +
√
ε(1 − ε)

J − ε

)2

+ 1

 (4.E.1)

decreases monotonically with increasing J and increases monotonically with increasing ε

for all ε ∈ [0, 1] and J ∈ (ε, 1 − ε].

First, let us analyze the monotonicity of f (J, ε) in J. The logarithm function is mono-

tonic in its argument. Therefore, we only need to check the monotonicity of the following

function:

g(J, ε) B
( √

J(1 − J) +
√
ε(1 − ε)

J − ε

)2

. (4.E.2)

Note that the quantity
√

J(1−J)+
√
ε(1−ε)

J−ε is non-negative for all ε < J ≤ 1 and 0 ≤ ε ≤ 1.

Therefore, g(J, ε) is monotonic in J if
√

g(J, ε) is monotonic in J in the given domain.

Let us compute the derivative of
√

g(J, ε) with respect to J.

d
dJ

√
g(J, ε) =

1
(J − ε)2

(
(J − ε)

(
1
2
·

1 − 2J
√

J(1 − J)

)
−

( √
J(1 − J) +

√
ε(1 − ε)

))
. (4.E.3)
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Set h B J − ε so that h ∈ (0, 1 − 2ε]. The first term of the above expression can then be

expressed as follows:

(J − ε)
(
1
2
·

1 − 2J
√

J(1 − J)

)
=

h(1 − 2h − 2ε)
2
√

(h + ε)(1 − h − ε)
(4.E.4)

=
h(2 − 2h − 2ε)

2
√

(h + ε)(1 − h − ε)
−

h
2
√

(h + ε)(1 − h − ε)
(4.E.5)

=
h
√

1 − h − ε
√

h + ε
−

h
2
√

(h + ε)(1 − h − ε)
(4.E.6)

≤
√

(h + ε)(1 − h − ε) −
h

2
√

(h + ε)(1 − h − ε)
(4.E.7)

=
√

J(1 − J) −
J − ε

2
√

J(1 − J)
, (4.E.8)

where we have used the fact that h ≤ h + ε to arrive at the inequality. Substituting the

above inequality in (4.E.3),

d
dJ

√
g(J, ε) ≤

1
(J − ε)2

(√
J(1 − J) −

J − ε
2
√

J(1 − J)
−

√
J(1 − J) −

√
ε(1 − ε)

)
(4.E.9)

= −
1

(J − ε)2

(
J − ε

2
√

J(1 − J)
+

√
ε(1 − ε)

)
, (4.E.10)

which is negative for all J ∈ (ε, 1 − ε] and ε ∈ [0, 1]. Therefore,
√

g(J, ε) decreases mono-

tonically with J in the given domain, and consequently, f (J, ε) decreases monotonically

with J in the same domain.

Now let us analyze the monotonicity of f (J, ε) in ε. Once again, we only need to

determine the monotonicity of
√

g(J, ε) in ε to determine the monotonicity of f (J, ε) in ε.

Taking the derivative of
√

g(J, ε), we arrive at the following equality:

d
dε

√
g(J, ε) =

d
dε

( √
J(1 − J) +

√
ε(1 − ε)

J − ε

)
(4.E.11)

=
1

(J − ε)2

(
(J − ε)

(
1
2
·

1 − 2ε
√
ε(1 − ε)

)
+

√
J(1 − J) +

√
ε(1 − ε)

)
(4.E.12)

=
1

(J − ε)2

(
J − ε

2
√
ε(1 − ε)

−
ε(J − ε)
√
ε(1 − ε)

+
√

J(1 − J) +
√
ε(1 − ε)

)
(4.E.13)
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=
1

(J − ε)2

(
J − ε

2
√
ε(1 − ε)

+
ε(1 − ε) − ε(J − ε)
√
ε(1 − ε)

+
√

J(1 − J)
)

(4.E.14)

=
1

(J − ε)2

(
J − ε

2
√
ε(1 − ε)

+
ε(1 − J)
√
ε(1 − ε)

+
√

J(1 − J)
)
. (4.E.15)

The above expression is strictly positive for all ε ∈ [0, 1] and all J ∈ (ε, 1 − ε]. Therefore,√
g(J, ε) is monotonically increasing in ε in the given domain, and consequently, f (J, ε) is

monotonically increasing in ε in the same domain.

4.F Proof of Proposition 4.6

In this section, we show that the smooth-min unextendible entanglement of a channel lies

in the following range:

−
1
2

(1 − ε) ≤ Eu,ε
min(NA→B) ≤ log2 d −

1
2

(1 − ε). (4.F.1)

The lower bound on the smooth-min unextendible entanglement can be obtained from

Proposition 4.2 and Lemma 4.5. For every quantum state ρRA,

Eu,ε
min(NA→B) ≥ Eu,ε

min(NA→B(ρRA)) (4.F.2)

≥ −
1
2

log2(1 − ε) , (4.F.3)

where the first inequality follows from Lemma 4.5 and the second inequality follows from

Proposition 4.2.

To obtain an upper bound on the smooth-min unextendible entanglement of a channel,

consider the smooth-min unextendible entanglement of the identity channel. Recall the

inequality in (4.6.68). Setting ρ → idA→B(ρRA), σ → MA→E(ρRA), and α → ∞, we arrive at

the following inequality:

Dε
min(idA→B(ρRA)∥MA→E(ρRA)) ≤ Dmax(idA→B(ρRA)∥MA→E(ρRA)) − log2(1 − ε), (4.F.4)
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whereMA→E is an arbitrary quantum channel and systems B and E are isomorphic. Since

the above inequality holds for every state ρRA, we can take a supremum over all states and

arrive at the following inequality between the smooth-min relative entropy of channels

and the max-relative entropy of channels:

Dε
min(idA→B∥MA→E) ≤ Dmax(idA→B∥MA→E) − log2(1 − ε). (4.F.5)

In [DFW+18, WBHK20], it was shown that the following equality holds for the max-

relative entropy of channels:

Dmax(NA→B∥MA→B) = Dmax

(
NA→B

(
Φd

RA

)∥∥∥∥MA→B

(
Φd

RA

))
, (4.F.6)

where d is the dimension of the input system of the channel and Φd
RA is the maximally

entangled state with Schmidt rank d. Therefore, we can rewrite (4.F.5) as follows:

Dε
min(idA→B∥MA→E) ≤ Dmax

(
Φd

RB

∥∥∥∥MA→E

(
Φd

RA

))
− log2(1 − ε). (4.F.7)

Any channel that lies in the set F (idA→B) is a trace and replace channel; that is, it is of

the following form:

MA→E(·) = Tr[·]σE, (4.F.8)

where σE is a quantum state. Therefore, the inequality in (4.F.7) leads to the following

inequality:

inf
M∈F (N)

Dε
min(idA→B∥MA→E) ≤ inf

M∈F (N)
Dmax

(
Φd

RB

∥∥∥∥MA→E

(
Φd

RA

))
− log2(1 − ε) (4.F.9)

= inf
σE∈S(E)

Dmax

(
Φd

RB

∥∥∥πR ⊗ σE

)
− log2(1 − ε), (4.F.10)

where πR is the maximally mixed state. Moreover, an arbitrary extension of the maximally

entangled state is of the following form Φd
AB ⊗ τE because the maximally entangled state

is a pure state. As such, every state in the set F
(
Φd

RB

)
can be written as πR ⊗ τE for some
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τE ∈ S(E). Therefore, the max-unextendible entanglement of the maximally entangled

state can be written as follows:

Eu
max

(
Φd

AB

)
= inf

τE∈S(E)

1
2

Dmax

(
Φd

RB

∥∥∥πR ⊗ τE

)
(4.F.11)

≥
1
2

Dε
min(idA→B∥MA→E) +

1
2

log2(1 − ε) (4.F.12)

= Eu,ε
min(idA→B) +

1
2

log2(1 − ε), (4.F.13)

where the first inequality follows from (4.F.10) and the last equality follows from the def-

inition of smooth-min unextendible entanglement of channels.

The max-unextendible entanglement of a maximally entangled state with Schmidt

rank d is equal to log2 d as shown in [WWW24, Proposition 11]. Therefore,

Eu,ε
min(idA→B) ≤ log2 d −

1
2

log2(1 − ε). (4.F.14)

The converse of the above inequality is also true as Lemma 4.5 implies the following

inequality:

Eε,u
min(idA→B) ≥ Eε,u

min

(
idA→B

(
Φd

AB

))
(4.F.15)

= Eε,u
min

(
Φd

AB

)
(4.F.16)

= log2 d −
1
2

log2(1 − ε), (4.F.17)

where the final equality follows from Proposition 4.1. Therefore,

Eu,ε
min(idA→B) = log2 d −

1
2

log2(1 − ε). (4.F.18)

Since

Eu,ε
min(NA→B) ≤ min

{
Eu,ε

min(idA→C) , Eu,ε
min(idB→D)

}
, (4.F.19)

where dim(A) = dim(C) and dim(B) = dim(D), we conclude the second inequality in the

statement of the proposition.
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4.G Proof of Proposition 4.7

In this section we derive an expression for the α-geometric unextendible entanglement

of the d-dimensional erasure channel, for α ∈ (0, 1) ∪ (1, 2]. An upper bound on the α-

geometric unextendible entanglement of the d-dimensional erasure channel was obtained

in [SW24b, Appendix J]. Here we show that the inequality stated in [SW24b] is, in fact, an

equality.

Lemma 4.5 implies the following inequality:

Eu
(
E

p
A→B

(
Φd

RA

))
= Eu

(
(1 − p) Φd

AB + p
IA

d
⊗ |e⟩⟨e|B

)
≤ Eu

(
E

p
A→B

)
, (4.G.1)

where Φd
RA is the maximally entangled state of Schmidt rank d ∈ N, |e⟩ is the erasure sym-

bol, and Ep
A→B is a d-dimensional erasure channel with erasure probability p ∈ [0, 1]. The

bipartite state obtained after sending one share of a maximally entangled state through

an erasure channel is called an erased state, which we denote as follows:

η
p
AB B (1 − p) Φd

AB + p
IA

d
⊗ |e⟩⟨e|B. (4.G.2)

In what follows, we will obtain an analytical expression for the α-geometric unextendible

entanglement of a d-dimensional erased state η
p
AB and show that it matches the upper

bound on the α-geometric unextendible entanglement of the erasure channel Ep
A→B ob-

tained in [SW24b, Appendix J]. The inequality in (4.G.1) then simply implies that the

α-geometric unextendible entanglement of the erasure channel Ep
A→B is equal to the α-

geometric unextendible entanglement of the erased state ηp
AB, thus establishing the equal-

ity stated in Proposition 4.7.

Let us analyze the generalized unextendible entanglement of an erased state. We will

restrict our discussion to p < 1
2 since Êu

α

(
η

p
AB

)
= 0 for all p ≥ 1

2 .
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Lemma 4.6 For p ∈ [0, 1/2), let ηp
AB be the erased state defined in (4.G.2). The generalized

unextendible entanglement of the erased state is equal to the following:

Eu
(
η

p
AB

)
= inf

b∈[0,1−p]

1
2

D
(
η

p
AB

∥∥∥ωp,b
AE′

)
, (4.G.3)

where

ω
p,b
AB = p Φd

AB + b
IA ⊗ ΠB

d2 + (1 − p − b)
IA

d
⊗ |e⟩⟨e|B (4.G.4)

and

Π B |0⟩⟨0| + · · · + |d − 1⟩⟨d − 1|. (4.G.5)

Proof: Let ηp
AB B (1 − p) Φd

AB + p IA
d ⊗ |e⟩⟨e|B be an erased state. Consider the following

purification of ηp
AB:

|ψη⟩ABE B
√

1 − p|Φd⟩AB ⊗ |e⟩E +
√

p|Φd⟩AE ⊗ |e⟩B, (4.G.6)

where systems B and E are isomorphic to each other. For clarity, we define the following

projector:

Π B |0⟩⟨0| + · · · |d − 1⟩⟨d − 1|, (4.G.7)

which is the projector onto the subspace orthogonal to |e⟩⟨e|. The maximally mixed state of

a d-dimensional system is defined as π B Π
d . Since system A does not have any component

of the erasure symbol, IA = ΠA.

Using the correspondence between a purification and an extension of a state estab-

lished in [CW04], we can write an arbitrary extension of the erased state as NE→E′
(
ψ
η
ABE

)
.

Therefore, any state σAE′ ∈ F (ηp
AB) can be written as follows:

σAE′ = TrB

[
NE→E′

(
ψ
η
ABE

)]
(4.G.8)

= NE→E′
(
TrB

[
ψ
η
ABE

])
(4.G.9)
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= NE→E′
(
(1 − p)πA ⊗ |e⟩⟨e|E + p Φd

AE

)
(4.G.10)

= (1 − p)πA ⊗ NE→E′(|e⟩⟨e|E) + p NE→E′
(
Φd

AE

)
, (4.G.11)

where systems B, E, and E′ are all isomorphic to each other.

Let us consider the following partially dephasing channel:

∆E′(·) = ΠE′(·)ΠE′ + |e⟩⟨e|E′(·) |e⟩⟨e|E′ . (4.G.12)

Applying this dephasing channel on σAE′ leads to a state of the following form:

∆E′(σAE′) = (1 − x)ρAE′ + xπA ⊗ |e⟩⟨e|E′ , (4.G.13)

where x ∈ [0, 1] and ρAE′ is a quantum state such that ρAE′ |e⟩E′ = 0.

Let UA be an arbitrary unitary operator acting on the Hilbert space of system A. The

corresponding operator acting on the Hilbert space of system E′ has the following prop-

erty:

U†E′UE′ = UE′U
†

E′ = ΠE′ . (4.G.14)

We can promote UE′ to a unitary operator on the Hilbert space of system E′ as follows:

VU
E′ = UE′ + |e⟩⟨e|E′ . (4.G.15)

Note that

VU
E′ρAE′

(
VU

E′
)†
= UE′ρAE′U

†

E′ , (4.G.16)

and

VU
E′ |e⟩⟨e|E′

(
VU

E′
)†
= |e⟩⟨e|E′ . (4.G.17)

Now consider the following twirling channel:

TAE′ B

∫
dU

(
UA ⊗ VU

E′
)

(·)
(
UA ⊗ VU

E′
)†
, (4.G.18)
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which can be implemented by local operations and common randomness (LOCR). The

action of this twirling channel on the dephased state in (4.G.13) results in the following

state:

TAE′ ◦ ∆E′(σAE′) = (1 − x)TAE′(ρAE′) + x
∫

dUUAπAU†A ⊗ |e⟩⟨e|E′ (4.G.19)

= (1 − x)
∫

dU
(
UA ⊗UE′

)
(ρAE′) + xπA ⊗ |e⟩⟨e|E′ (4.G.20)

= qΦd
AE′ + (1 − q − x)

ΠA ⊗ ΠE′ − Φ
d
AE′

d2 − 1
+ xπA ⊗ |e⟩⟨e|E′ , (4.G.21)

where q B (1 − x) Tr
[
ρAE′Φ

d
AE′

]
. In the above, the second equality follows from (4.G.16),

and the final equality is a consequence of the following equality [HH99]:∫
dU

(
UA ⊗UE′

)
(τAE′) = Tr

[
τAE′Φ

d
AE′

]
Φd

AE′ + Tr
[
τAE′

(
ΠA ⊗ ΠE′ − Φ

d
AE′

)] ΠA ⊗ ΠE′ − Φ
d
AE′

d2 − 1
,

(4.G.22)

which holds for every quantum state τAE′ . We can rewrite (4.G.21) as follows:

ωa,b
AE′ B TAE′ ◦ ∆E′(σAE′) = a Φd

AE′ + b πAE′ + (1 − a − b)πA ⊗ |e⟩⟨e|E′ , (4.G.23)

where a = q − 1−q−x
d2−1 and b = (1−q−x)d2

d2−1 .

The generalized unextendible entanglement of the erased state can now be written as

follows:

Eu
(
η

p
AB

)
= inf

σ∈F (ηp)

1
2

D
(
η

p
AB

∥∥∥σAE′
)

(4.G.24)

≥ inf
σ∈F (ηp)

1
2

D
(
TAB ◦ ∆B

(
η

p
AB

)∥∥∥∥TAE′ ◦ ∆E′(σAE′)
)

(4.G.25)

= inf
σ∈F (ηp)

1
2

D
(
η

p
AB

∥∥∥TAE′ ◦ ∆E′(σAE′)
)
, (4.G.26)

where the inequality follows from the data-processing inequality of the generalized di-

vergence and the final equality follows from the fact that the erased state is invariant

under the action of the dephasing channel ∆B as well as the twirling channel TAB. The
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inequality in (4.G.26) implies that for every state σAE′ ∈ F
(
η

p
AB

)
there exists a state ωa,b

AE′ ,

defined in (4.G.23), such that

1
2

D
(
η

p
AB

∥∥∥σAE′
)
≥

1
2

D
(
η

p
AB

∥∥∥ωa,b
AE′

)
. (4.G.27)

Therefore, it suffices to restrict the infimum in (4.G.24) to the following optimization:

Eu
(
η

p
AB

)
= inf

a∈A,b∈B

1
2

D
(
η

p
AB

∥∥∥ωa,b
AE′

)
, (4.G.28)

where setsA and B correspond to the sets of parameters a and b such that ωa,b
AE′ ∈ F

(
η

p
AB

)
.

Now let us find the range of values that a and b can take such that ωa,b
AE′ , defined

in (4.G.23), lies in the set F
(
η

p
AB

)
. Note that

ωa,b
AE′ = TAE′ ◦ ∆E′ ◦ NE→E′

(
p Φd

AE + (1 − p)πA ⊗ |e⟩⟨e|E
)
. (4.G.29)

For every NE→E′ , the channel TAE′ ◦ ∆E′ ◦ NE→E′ acts on πA ⊗ |e⟩⟨e|E and Φd
AE as follows:

TAE′ ◦ ∆E′ ◦ NE→E′(πA ⊗ |e⟩⟨e|E) = yπAE′ + (1 − y)πA ⊗ |e⟩⟨e|E′ , (4.G.30)

TAE′ ◦ ∆E′ ◦ NE→E′
(
Φd

AE

)
= y′Φd

AE′ + y′′πAE′ + (1 − y′ − y′′)πA ⊗ |e⟩⟨e|E′ , (4.G.31)

where y ∈ [0, 1], y′ ∈ [0, 1] and y′′ ∈ [0, 1 − y′]. The state ωa,b
AE′ can hence be written as

follows:

ωa,b
AE′ = py′ Φd

AE + (y(1 − p) + py′′)πAE′

+ ((1 − y)(1 − p) + p(1 − y′ − y′′))πA ⊗ |e⟩⟨e|E′ , (4.G.32)

for some y ∈ [0, 1], y′ ∈ [0, 1] and y′′ ∈ [0, 1 − y′]. Comparing with (4.G.23), it is clear that

a ≤ p. Therefore, if ωa,b
AE′ ∈ F

(
η

p
AB

)
, then a must be less than or equal to p.

Now we will show that ωa,b
AE′ ∈ F

(
η

p
AB

)
for all a ∈ [0, p] and b ∈ [0, 1 − a]. Consider the

following extension of the state ωa,b
AE′ :

ω
a,b,c,g
ABE′ =

(
a Φd

AE′ + c πAE′
)
⊗ |e⟩⟨e|B +

(
g Φd

AB + f πAB

)
⊗ |e⟩⟨e|E′ + (b − c)Φd

AB ⊗ πE′ , (4.G.33)
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where g+ f = 1−a−b and a, b ≥ 0 follow from (4.G.23) and c, g, f ≥ 0 and c ≤ b ensure that

ω
a,b,c,g
ABE′ is positive semi-definite. It can be easily verified that TrB

[
ω

a,b,c,g
ABE′

]
= ωa,b

AE′ . Moreover,

if a + c = p and f = 0, then TrE′
[
ω

a,b,c,g
ABE′

]
= η

p
AB (and also g + b − c = 1 − p as a consequence).

Therefore, for all a ∈ [0, p], there exists b ∈ [0, 1 − a] such that ωa,b
AE′ ∈ F

(
η

p
AB

)
. As such,

ωa,b
AE′ ∈ F

(
η

p
AB

)
if and only if a ∈ [0, p] and b ∈ [0, 1 − a]. Invoking (4.G.28), we can write the

generalized unextendible entanglement of an erased state ηp
AB as follows:

Eu
(
η

p
AB

)
= inf

a∈[0,p],
b∈[0,1−a]

1
2

D
(
η

p
AB

∥∥∥ωa,b
AE′

)
. (4.G.34)

Consider the following channel:

Rs
AE′(·) = |e⟩⟨e|E′(·) |e⟩⟨e|E′ + (1 − s) Tr[ΠE′(·)ΠE′]Φd

AE′ + s idAE′(ΠE′(·)ΠE′) , (4.G.35)

where s ∈ [0, 1]. The channel Rs
AE′ can be realized by applying the POVM {ΠE′ , |e⟩⟨e|E′} on

the state of system E′. If the outcome corresponding to the POVM element ΠE′ occurs,

then the state is replaced by the maximally entangled state Φd
AE′ with probability 1 − s

and otherwise, with probability s, the identity channel is applied. The erased state ηp
AE′ is

invariant under the action of the channel Rs
AE′ for all s ∈ [0, 1]. The channel Rs

AE′ acts on

ωa,b
AE′ as follows:

Rs
AE′

(
ωa,b

AE′

)
= ((1 − s)b + a)Φd

AE′ + sb πAE′ + (1 − a − b)πA ⊗ |e⟩⟨e|E′ (4.G.36)

= ωa+(1−s)b,sb
AE′ . (4.G.37)

Fix s = (a + b − p)/b. The data-processing inequality of the generalized divergence yields

the following inequality:

D
(
η

p
AB

∥∥∥ωa,b
AE′

)
≥ D

(
Rs

AB

(
η

p
AB

)∥∥∥∥Rs
AE′

(
ωa,b

AE′

))
(4.G.38)

= D
(
η

p
AB

∥∥∥ωa+(1−s)b,sb
AE′

)
(4.G.39)

= D
(
η

p
AB

∥∥∥ωp,a+b−p
AE′

)
. (4.G.40)
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If ωa,b
AE′ ∈ F

(
η

p
AB

)
, then ω

p,a+b−p
AE′ also lies in set F

(
η

p
AB

)
. Therefore, the bivariate infimum

in (4.G.34) can be restricted to a single variable infimum as follows:

Eu
(
η

p
AB

)
= inf

b∈[0,1−p]

1
2

D
(
η

p
AB

∥∥∥ωp,b
AE′

)
. (4.G.41)

This concludes the proof. □

Lemma 4.6 allows us to obtain an analytical expression for the α-geometric unex-

tendible entanglement of the erased state, which we present in Proposition 4.8 stated

below.

Proposition 4.8 For all α ∈ (0, 1) ∪ (1, 2], the α-geometric unextendible entanglement of a d-

dimensional erased state ηp
AB, defined in Lemma 4.6, evaluates to the following:

Êu
α

(
η

p
AB

)
=

1
2
·

1
α − 1

log2

(p +
bopt

d2

)1−α

(1 − p)α + (1 − p − bopt)1−αpα
 (4.G.42)

for all p ∈
(
0, 1

d1/α+1

]
, where

bopt B
d2

(
(1 − p)2 − p2d2/α

)
pd2/α + (1 − p)d2 . (4.G.43)

For all p ∈
(

1
d1/α+1 ,

1
2

]
,

Êu
α

(
η

p
AB

)
=

1
2
·

1
α − 1

log2

(
p1−α(1 − p)α + (1 − p)1−αpα

)
. (4.G.44)

Proof: The α-geometric unextendible entanglement of the erased state can be computed

using Lemma 4.6 as follows:

Êu
α

(
η

p
AB

)
= inf

b∈[0,1−p]

1
2

D̂α

(
η

p
AB

∥∥∥ωp,b
AB

)
, (4.G.45)

where ω
p,b
AB is defined in (4.G.4) and α ∈ (0, 1) ∪ (1, 2]. Recall the definition of the α-

geometric Rényi relative entropy given in (4.7.29). The α-geometric Rényi relative entropy
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of ηp
AB with respect to ωp,b

AB can be computed as follows:

D̂α

(
η

p
AB

∥∥∥ωp,b
AB

)
=

1
α − 1

log2

(p +
b
d2

)1−α

(1 − p)α + (1 − p − b)1−αpα
 . (4.G.46)

The above expression is minimized for

b = bopt B
d2

(
(1 − p)2 − p2d2/α

)
pd2/α + (1 − p)d2 . (4.G.47)

Let us now find the range of p such that bopt ∈ [0, 1 − p]. Consider the following

expression:

1 − p − bopt =
pd2/α(1 − p + pd2)
pd2/α + (1 − p)d2 . (4.G.48)

The above expression is greater than or equal to zero for all p ∈ [0, 1]. Therefore, bopt ≤ 1−p

for all p ∈ [0, 1]. Moreover, bopt ≥ 0 if and only if 0 ≤ (1 − p)2 − p2d2/α, which holds for all

p ∈
[
0, 1

d1/α+1

)
. If bopt ≤ 0, the value of b ∈ [0, 1− p] that minimizes the expression in (4.G.46)

is b = 0. Therefore, for all α ∈ (0, 1) ∪ (1, 2], the α-geometric unextendible entanglement of

a d-dimensional erased state ηp
AB evaluates to the following:

Êu
α

(
η

p
AB

)
=

1
2
·

1
α − 1

log2

(p +
bopt

d2

)1−α

(1 − p)α + (1 − p − bopt)1−αpα
 (4.G.49)

for all p ∈
(
0, 1

d1/α+1

]
, where bopt is defined in (4.G.47). For all p ∈

(
1

d1/α+1 ,
1
2

]
,

Êu
α

(
η

p
AB

)
=

1
2
·

1
α − 1

log2

(
p1−α(1 − p)α + (1 − p)1−αpα

)
. (4.G.50)

This concludes the proof. □

Proof: [Proof of Proposition 4.7] The α-geometric unextendible entanglement of the

erased state serves as a lower bound on the α-geometric unextendible entanglement of

the erasure channel, as is evident from (4.G.1). The expression for the α-geometric un-

extendible entanglement of the erased state ηp
AB derived in Proposition 4.8 was found to
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be an upper bound on the α-geometric unextendible entanglement of a d-dimensional

erasure channel with erasure probability p. We give a brief outline of the proof here.

Consider a quantum channel Pb∗
A→BE with the following Choi operator:

ΓP,b
∗

ABE = pd Φd
AE ⊗ |e⟩⟨e|B + (1 − p − b∗) d Φd

AB ⊗ |e⟩⟨e|E + b∗d Φd
AB ⊗ πE. (4.G.51)

The two relevant marginals of this Choi operator are as follows:

ΓEAB = d
(
(1 − p)Φd

AB + p πA ⊗ |e⟩⟨e|B
)
, (4.G.52)

which is the Choi operator of a d-dimensional erasure channel with erasure probability p,

and

ΓM,b∗

AE = d
(
p Φd

AE + (1 − p − b∗)πA ⊗ |e⟩⟨e|E + b∗πAE

)
. (4.G.53)

The Choi operator ΓM,b∗

AE corresponds to a channel Mb∗
A→E that lies in the set F

(
E

p
A→B

)
if

b∗ ∈ [0, 1 − p], where Ep
A→B is a d-dimensional erasure channel with erasure probability p.

By definition,

Êu
α

(
E

p
A→B

)
≤

1
2

D̂α

(
E

p
A→B

∥∥∥Mb∗
A→E

)
(4.G.54)

for all b∗ ∈ [0, 1 − p]. Choosing b∗ = min{0, bopt}, where bopt is defined in (4.G.47), the

α-geometric Rényi relative entropy of Ep
A→B with respect toMb∗

A→E evaluates to the expres-

sion which is equal to the α-geometric unextendible entanglement of the erased state ηp
AB

derived in Proposition 4.8. Since the α-geometric unextendible entanglement of the era-

sure channel Ep
A→B cannot be less than the α-geometric unextendible entanglement of the

erased state ηp
AB, we conclude that the two quantities are equal. □

4.H Semidefinite programs

In this section we present all the semidefinite programs that were used in this work.
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1. Smooth-min unextendible entanglement of a state:

Eu,ε
min(ρAB) = −

1
2

log2 max



µ(1 − ε) − Tr[ZAB] :

µ ≥ 0,ZAB ≥ 0, ωABE ≥ 0,

µρAB ≤ TrB[ωABE] + ZAB,

TrE[ωABE] = ρAB


. (4.H.1)

2. Max-unextendible entanglement of a state: The semidefinite program for the max-

unextendible entanglement of a state was given in [WWW24]. We include it here

for completeness.

Eu
max(ρAB) = −

1
2

log2 max



λ :

λρAB ≤ TrB[ωABE] ,

ωABE ≥ 0,

TrE[ωABE] = ρAB


. (4.H.2)

3. Smooth-min unextendible entanglement of a channel: The smooth-min relative

entropy of a channel N with respect to a channel M has a semidefinite program,

which was given in [WW19b, Proposition 2]. We use it to write the semidefinite

program for smooth-min unextendible entanglement of a channel as follows:

Eu,ε
min(NA→B) = −

1
2

log2 max



µ(1 − ε) − λ :

λ ≥ 0, µ ≥ 0,YAB ≥ 0,ΓPABE ≥ 0,

µΓNAB ≤ TrB

[
ΓPAB

]
+ YAB

TrB[YAB] ≤ λIA,

TrE

[
ΓPABE

]
= ΓNAB


, (4.H.3)

where ΓNAB is the Choi operator of the channel NA→B defined in (4.3.3).

4. α-geometric unextendible entanglement of a channel: Fix ℓ ∈ N. The α-geometric

unextendible entanglement of a channelNA→B for α = 1+2−ℓ can be computed using
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the following semidefinite program:

Êu
α(NA→B) = 2ℓ min

y∈R,ΓPABE≥0

MAE ,{Ni
AE}

ℓ

i=0,∈Herm

log2 y, (4.H.4)

subject to the constraints,

TrE

[
ΓPABE

]
= ΓNAB, (4.H.5)

TrE [MAE] ≤ yIA, (4.H.6)

TrB

[
ΓPABE

]
= N0

AE, (4.H.7)MAE ΓNAB

ΓNAB Nℓ
AE

 ≥ 0, (4.H.8)

Γ
N
AE N i

AE

N i
AE N i−1

AE

 ≥ 0 ∀i ∈ {1, 2, . . . , ℓ}, (4.H.9)

where ΓNAB is the Choi operator of the channel NA→B and the system E is isomorphic

to the system B. To compute the α-geometric unextendible entanglement of the

channel for other rational values of α see [FS17, Table 4].

4.I Proof of Proposition 4.4

In this section, we evaluate the smooth-min relative entropy of entanglement of isotropic

states.

Consider an arbitrary d-dimensional isotropic state ζF,d
AB . Let TAB be the twirling chan-

nel defined in (4.6.13). Recall from (4.6.14) that this twirling channel transforms an arbi-

trary quantum state into an isotropic state. Also, an isotropic state is invariant under the
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action of TAB. Let σAB be an arbitrary quantum state. Then the following inequality holds:

Dε
min

(
ζF,d

AB

∥∥∥σAB

)
≥ Dε

min

(
TAB

(
ζF,d

AB

)∥∥∥∥TAB(σAB)
)

(4.I.1)

= Dε
min

(
ζF,d

AB

∥∥∥ζF′,d
AB

)
(4.I.2)

for some F′ ∈ [0, 1], where we have used the data-processing inequality for smooth-min

relative entropy to arrive at the inequality in (4.I.1) and we have used (4.6.14) to arrive at

the equality in (4.I.2).

The channel TAB can be implemented using local operations and common random-

ness, and hence, TAB transforms an arbitrary separable state σAB into a separable isotropic

state ζF′,d
AB . It is known from [HH99, Section V] that an isotropic state ζF′,d

AB is separable

if and only if F′ ≤ 1
d . Therefore, for every separable state σAB, the following inequality

holds:

Dε
min

(
ζF,d

AB

∥∥∥σAB

)
≥ Dε

min

(
ζF,d

AB

∥∥∥ζF′,d
AB

)
(4.I.3)

for some F′ ∈
[
0, 1

d

]
. Since the above inequality holds for every separable state σAB, we

can evaluate the smooth-min relative entropy of entanglement of an isotropic state by

optimizing over separable isotropic states only. That is,

Eε
R

(
ζF,d

AB

)
= inf

F′∈[0, 1
d ]

Dε
min

(
ζF,d

AB

∥∥∥ζF′,d
AB

)
. (4.I.4)

Using the definition of Dε
min from (4.5.25), we can write the smooth-min relative en-

tropy of entanglement of an isotropic state as follows:

Eε
R

(
ζF,d

AB

)
= inf

F′∈[0, 1
d ]
− log2 inf

0≤ΛAB≤IAB

{
Tr

[
ΛABζ

F′,d
AB

]
: Tr

[
ΛABζ

F,d
AB

]
≥ 1 − ε

}
. (4.I.5)

If 1 − ε ≤ F, we can choose ΛAB =
1−ε
F Φ

d
AB to arrive at the following inequality:

Eε
R

(
ζF,d

AB

)
≥ inf

F′∈[0, 1
d ]
− log2

(
1 − ε

F
F′

)
(4.I.6)
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= − log2

(
1 − ε

F

)
− sup

F′∈[0, 1
d ]

log2 F′ (4.I.7)

= − log2

(
1 − ε

F

)
+ log2 d, (4.I.8)

where the final equality follows from the monotonicity of the logarithm function.

If 1 − ε > F, we can choose Λ to be the following:

ΛAB = Φ
d
AB +

1 − ε − F
1 − F

(
IAB − Φ

d
AB

)
, (4.I.9)

which is a valid measurement operator with Tr
[
ΛABζ

F,d
AB

]
= 1 − ε. This choice of Λ yields

the following lower bound on the smooth-min relative entropy of entanglement of an

isotropic state:

Eε
R

(
ζF,d

AB

)
≥ inf

F′∈[0, 1
d ]
− log2

(
F′ +

1 − ε − F
1 − F

(1 − F′)
)

(4.I.10)

= − log2 sup
F′∈[0, 1

d ]

{
F′

(
1 −

1 − ε − F
1 − F

)
+

1 − ε − F
1 − F

}
(4.I.11)

= − log2 sup
F′∈[0, 1

d ]

{
(F′ − 1)

(
ε

1 − F

)
+ 1

}
(4.I.12)

= − log2

((
1
d
− 1

)(
ε

1 − F

)
+ 1

)
(4.I.13)

= − log2

(
1 −

(
1 −

1
d

)
ε

1 − F

)
. (4.I.14)

Combining (4.I.8) and (4.I.14), we arrive at the following lower bound on the smooth-min

relative entropy of entanglement of an isotropic state:

Eε
R

(
ζF,d

AB

)
≥


− log2

(
1 −

(
1 − 1

d

)
ε

1−F

)
if 1 − ε ≥ F

log2 d + log2

(
F

1−ε

)
otherwise

. (4.I.15)

Let us now find an upper bound on the smooth-min relative entropy of entangle-

ment of an isotropic state. Using the SDP formulation of the smooth-min relative entropy

298



from [WW19a, Eqn. (B2)], we can write the smooth-min relative entropy of entanglement

of isotropic states as follows:

Eε
R

(
ζF,d

AB

)
= inf

F′∈[0, 1
d ]
− log2 sup

µ≥0,XAB≥0

{
µ(1 − ε) − Tr[XAB] : µζF,d

AB ≤ ζ
F′,d
AB + XAB

}
(4.I.16)

= − log2 sup
F′∈[0, 1

d ],
µ≥0,XAB≥0

{
µ(1 − ε) − Tr[XAB] : µζF,d

AB ≤ ζ
F′,d
AB + XAB

}
, (4.I.17)

where the last equality follows from the monotonicity of the logarithm function. The

following choice constitutes a feasible point of the SDP in (4.I.17):

F′ =
1
d
, µ =

d − 1
d(1 − F)

, XAB =
Fd − 1

d(1 − F)
Φd

AB. (4.I.18)

Clearly µ ≥ 0 for every d ≥ 1, and XAB ≥ 0 since we have assumed F > 1
d . Also, µζF,d

AB =

ζF′,d
AB + XAB as we see below:

µζF,d
AB =

d − 1
d(1 − F)

F Φd
AB +

d − 1
d(1 − F)

(1 − F)
IAB − Φ

d
AB

d2 − 1
(4.I.19)

=

(
d − 1

d(1 − F)
F +

1
d
−

1
d

)
Φd

AB +
d − 1

d
IAB − Φ

d
AB

d2 − 1
(4.I.20)

=
1
d
Φd

AB +

(
1 −

1
d

)
IAB − Φ

d
AB

d2 − 1
+

Fd − 1
d(1 − F)

Φd
AB (4.I.21)

= ζ
1
d ,d
AB +

Fd − 1
d(1 − F)

Φd
AB. (4.I.22)

Therefore, we can write the following upper bound on the smooth-min relative entropy

of entanglement:

Eε
R

(
ζF,d

AB

)
≤ − log2

(
d − 1

d(1 − F)
(1 − ε) −

Fd − 1
d(1 − F)

)
(4.I.23)

= log2

(
ε(1 − d) + d(1 − F)

d(1 − F)

)
(4.I.24)

= − log2

(
1 −

ε

1 − F

(
1 −

1
d

))
. (4.I.25)

The argument of logarithm in the above function expression is always positive if 1−ε ≥ F,

and it matches with the lower bound on the smooth-min relative entropy of entanglement

of an isotropic state obtained in (4.I.14).
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If 1 − ε < F, then we can choose the following feasible point of the SDP in (4.I.17):

F′ =
1
d
, µ =

1
dF

, XAB = 0, (4.I.26)

which leads to the following inequality:

Eε
R

(
ζF,d

AB

)
≤ − log2

(
1 − ε
Fd

)
if 1 − ε < F (4.I.27)

= log2 d + log2

( F
1 − ε

)
if 1 − ε < F. (4.I.28)

We can combine the inequalities in (4.I.25) and (4.I.28) to write the following inequality:

Eε
R

(
ζF,d

AB

)
≤


− log2

(
1 −

(
1 − 1

d

)
ε

1−F

)
if 1 − ε ≥ F

log2 d + log2

(
F

1−ε

)
otherwise

. (4.I.29)

Since the upper bound on the smooth-min relative entropy of entanglement of an

isotropic state matches with the lower bound in (4.I.15), we conclude the statement of

Proposition 4.4.
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