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This dissertation studies algorithm and mechanism design for decision-making envi-

ronments with specific characteristics regarding the input generation process and the

desired output. We focus particularly on addressing the challenges posed by online in-

put, stochastic input, input distributed among strategic and prone-to-failure agents, as

well as considerations regarding the fairness of the algorithmic decisions made. Our

contributions amount to making progress in the field of algorithmic decision-making by

studying new versions of standard problems in Combinatorial Optimization, Optimal

Stopping Theory, and Mechanism Design better tailored for such decision-making en-

vironments in one or more aspects. Each problem is accompanied by some theoretical

performance guarantees appropriate for each setting, offering insights into the trade-offs

between different assumptions and constraints.

In the first part of this thesis we focus on Prophet Inequalities, a collection of results

for online decision-making problems under uncertainty and we explore two aspects of

those problems. The first has to do with the power of the decision-maker to decide

the order in which to inspect parts of the input, or in other words, the order in which

to eliminate uncertainty about the input. We introduce a model interpolating between

the two extremes of having no such power to having full order-selection power and

quantify the performance vs. freedom trade-offs. The second aspect has to do with the

fairness of the decision-making process. We define two notions of Individual Fairness

in the context of Prophet Inequality problems, discuss techniques for designing optimal



algorithms under fairness constraints and prove competitiveness guarantees.

We then study the emblematic Mechanism Design problem of Revenue-maximizing Auc-

tions under the novel assumption that a subset of the bidders are “Byzantine”, a term

borrowed from the area of Computer Systems, meaning they can behave in arbitrary

ways, departing from the assumptions under which the mechanism was designed. In

this setting, we prove a revenue monotonicity theorem characterizing exactly the set-

tings in which the presence of those Byzantine, or misspecified bidders, does not hurt

the performance (revenue) of the auction compared to an auction designed in the absence

of them.

Finally, we study the classic Combinatorial Optimization problem of Maximum Flow

from a new, online perspective where sources arrive one at a time and request to send a

unit of flow while the algorithm is required to serve each request, maintaining an optimal

flow after each source arrival. To achieve this, the algorithm might need to modify the

flow maintained at each step which is assumed to incur a cost. We analyze a natural

algorithm for this problem and bound its worst-case cost using techniques developed for

a similar online version of the Bipartite Matching problem.
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CHAPTER 1

INTRODUCTION

Computer Science (CS) is the field that studies computation, a pervasive concept rel-

evant to many other disciplines outside the narrow scope of computing technologies.

In particular, the notion of an algorithm has been fundamental to numerous disciplines

throughout history despite not being formally defined until the early 20th century in the

groundbreaking works of Alonzo Church and Alan Turing. Fields such as Operations

Research, Economics/Finance and Statistics/Data Science, to name a few, have benefited

from incorporating a computational approach to their methods but have also enriched

Computer Science by providing tools and new perspectives for approaching problems

and given fruitful grounds for new applications of classic methods/results from within

CS.

Traditionally, CS has focused primarily on efficiency, recognizing that fast, scalable al-

gorithms are essential to driving progress in the field. However, in certain applications,

efficiency is not always the primary concern or the bottleneck. With the pervasive pres-

ence of interconnected computer systems in our everyday life, algorithms frequently

play the critical role of a decision maker in the sense that they have more responsibil-

ities than just processing data with the eventual goal of presenting them to a human.

Rather, they are asked to make decisions in place of humans, decisions which can have

significant impact on people’s lives. In such cases, the design process needs focus on the

quality and robustness of the decisions as well as adapt to the special characteristics of

the environment in which they are deployed, for example by adapting the way in which

input is acquired.

Take for instance a ride-sharing platform. Users make requests for rides and the plat-

form decides how to match them with available drivers. Naturally, those requests, as
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well as the availability of drivers, cannot be known in advance and only arrive sequen-

tially as needed, in contrast to a standard algorithm design environment where it is

typically assumed that the algorithm has access to the input all at once. More impor-

tantly, the algorithm is making a decision that will affect the user’s experience, reflected

through, for example, the amount of time it will take them to reach their destination or

the amount of money they will be charged for the ride. Another important aspect of

a setting like this is how the algorithm’s optimization objective (typically maximizing

revenue for the platform) is usually not aligned with the users’ objectives. As a result,

users might be incentivized to lie about their preferences. For instance, [91] describe a

scenario where drivers are colluding and misreporting their availability by turning their

phone apps off in a round-robin fashion in order to cause an artificial shortage of drivers

which prompts the platform to surge prices. Another consequence of this misalignment

between the optimization objective of the decision-maker and the users, is that the out-

come might end up favoring some users over others when it is beneficial to the platform

owner. In other words, optimal decisions from the perspective of the platform might be

unfair from the perspective of the users.

In this thesis we study Algorithm Design for environments with characteristics com-

monly encountered in algorithmic decision-making and largely having to do with how

the input is generated and accessed and what constitutes a valid and/or desired output.

The unique features of those environments can usually be categorized along the follow-

ing broad, and sometimes overlapping dimensions1:

• Online Input: Decision-making often takes place in dynamic environments

where decisions have to be made even in the absence of some of the relevant in-
1It is important to note here that each of these have been individually studied and are established

as independent research areas within Computer Science. In this thesis we are merely taking a unified
approach to algorithmic decision-making by recognizing the importance of those areas and through our
work we drive progress within each area.
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formation. The framework of Online Algorithms [16] models such situations, by

assuming sequential revelation of the input to the algorithm. The goal is typically

to design “competitive” algorithms in the sense that they should perform well in

such an online environment compared to an optimal algorithm with access to the

entirety of the input (offline algorithm), under certain assumptions on the input

generation process — usually some form of adversarially generated input. Many

standard combinatorial problems have been studied in this framework including

Graph Matchings and Job Scheduling.

Commonly in Online Algorithm Design, the algorithm is required to make irre-

vocable decisions at the time new information arrives. For instance, in the Online

Bipartite Matching problem with vertex arrival, the decision of which vertex v to

match (if any) with the newly arrived vertex u has to happen immediately after u’s

arrival and cannot be modified later on. Therefore, the final matching produced

by the online algorithm might be sub-optimal due to poor decisions made during

the early stages where little information about the graph was available. Alterna-

tively, one might allow the online algorithm to alter decisions made in the past by

incurring some cost. Some authors refer to this as online algorithms with recourse

and in such settings the notion of “competitiveness” reduces to cost minimization

(see Section 2.1 for more details).

• Stochastic Input: Traditionally, Computer Science has excelled at proving worst-

case results with respect to the algorithm’s input instance. These results are highly

robust since they guarantee good performance regardless of how the input is gen-

erated. However, in cases where bounded worst-case performance is unattainable,

or simply when worst-case bounds are too pessimistic to be of any practical value,

more appropriate models for input generation need to be considered. One such

model, which is common in decision-making is to assume the input is stochastic,
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generated according to some probability distribution which is either known or can

be learned by the algorithm designer.

Besides assuming stochastically generated input, other approaches for replacing

worst-case analysis with more realistic kinds of analysis methods exist as well;

the interested reader is referred to an excellent survey and corresponding book by

Tim Roughgarden [85, 1].

• Distributed Input: In certain cases, the input is is not owned by the algorithm

but instead is distributed among different entities. There are two prominent com-

plications when designing algorithms for such settings.

First, the entities might be strategic, self-interested agents who may misreport

the information they hold in order to influence the outcome. Mechanism Design

[78], drawing on ideas from Game Theory and Economics, provides the frame-

work for designing algorithms (called “mechanisms” in this context) under the

presence of incentives and has received considerable attention within the Com-

puter Science community in recent decades. A typical goal is to design truthful

Mechanisms, meaning algorithms with the property that each input-owning entity

is incentivized to report their true input.

Additionally, a small fraction of the entities involved might be corrupted or mal-

functioning in which case they may report arbitrary information to the algorithm.

Designing algorithms robust against such agents is a common objective in the area

of Distributed Systems where it is known by the term Byzantine fault tolerance

[66].

• Fairness: Algorithmic Fairness [59] is an active area of research which tries to

quantify the abstract concept of fairness of an algorithm’s output across various

settings. The area has garnered significant attention recently, leading to numer-

ous attempts to formulate precise mathematical definitions of fairness suitable for
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different contexts. Most of those definitions fall into one of two broad categories:

individual fairness and group fairness. The former, quoting Dwork et al. [38], tries

to capture the notion that “similar individuals [should be] treated similarly” and

the latter tries to ensure that protected groups of people (e.g. historically marginal-

ized groups) are treated similarly to the population as a whole in a statistical sense

[92].

The main contribution of this thesis is to make progress in the field of Algorithmic

Decision-Making through the introduction of new versions of standard problems in

Combinatorial Optimization, Optimal Stopping Theory and Mechanism Design better

tailored for decision-making environments by adjusting the power of the algorithm

and/or the adversary in one or more of the four dimensions described above. For

each problem studied in the following chapters of this thesis, we provide theoretical

performance guarantees appropriate for each context. These guarantees typically in-

volve bounding a competitive ratio, minimizing a cost metric or establishing robustness

against model misspecifications and can often give insight on the trade-offs between

competing objectives and assumptions that the algorithm designer should be aware of.

While some of our contributions are applicable to a few different combinatorial op-

timization problems, we focus our attention on some representative problems chosen

either for being better suited to studying the respective aspect of interest or simply be-

cause they provide a fruitful ground for interesting theoretical results. Those problems

are: Prophet Inequalities, Revenue-maximizing Auctions and the Maximum Flow prob-

lem. In the next section we briefly introduce those problems and summarize our contri-

butions and results. We defer a more formal discussion of the problems to Chapter 2 and

a more accurate description of the results to the introduction sections of each subsequent

chapter.
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The results described in the chapters of this thesis are based on joint work involving a

subset of the authors: Robert Kleinberg, Odysseas Drosis and Makis Arsenis. Chapter 3

appears in SODA ’21 under the title “Constrained-Order Prophet Inequalities”. Chap-

ter 4 extends on the work published as extended abstract in EC ’22 with the title “Indi-

vidual Fairness in Prophet Inequalities”. Chapter 5 is based on “Revenue Monotonicity

under Misspecified Bidders” which appears in WINE ’20 and Chapter 6 is based on

“Online Flow Computation on Unit-Vertex-Capacitated Networks” appearing in APoCS

’20.

1.1 Overview of Results

We start by considering a classic problem of Optimal Stopping Theory. Prophet Inequal-

ities bound the ratio between the expected value obtained by two parties each selecting

one value from a set of independent random variables: a “prophet” (used as a bench-

mark) who knows the value of each variable and may select the maximum one, and the

algorithm who observes the values according to some adversarially chosen order and can

make the decision to select (at most) one of them immediately after observing it, with-

out knowing what values will be sampled for the unobserved variables. It is a simple

model that captures some of the intricacies of a typical decision-making scenario where

the algorithm is constrained to making sequential, irrevocable decisions in an online and

stochastic environment.

In Chapter 3 we explore the power of order-selection, i.e. the ability of the algorithm to

control the order in which the random variables are observed (i.e. their value is revealed).

Both extremes of the spectrum correspond to problems that have been considered before.

On one end, the original (adversarial order) Prophet Inequalities problem assumes no
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control on the order of inspection (adversarial order). On the other end, the free-order

variant gives the algorithm total control over the order of inspection by allowing it to

adaptively choose the next random variable for inspection. However, we are the first

to ask the question of how much freedom in the selection process is really required

to achieve the same performance guarantees as total freedom and further, what does

the landscape look like when interpolating between the two extremes. We answer this

question through a series of results which asymptotically describe the trade-offs between

the amount of freedom and the competitive ratio achievable.

In Chapter 4, we again focus on the Prophet Inequality problem (in its original, adver-

sarial order version) but this time focusing on the fairness properties of the algorithm.

We introduce two independent notions of individual fairness that might be desirable in

certain applications. We show how to efficiently design optimal, fair algorithms and

prove competitiveness guarantees between all combinations of online vs. offline and fair

vs. unfair algorithms.

In Chapter 5 we switch gears and consider the standard Mechanism Design problem of

Revenue-maximizing Auctions. This is the problem of allocating resources to agents

whose valuations are private, with the goal of maximizing the revenue generated by the

algorithm. It is a standard assumption that the Mechanism Designer has accurate knowl-

edge of the distributions from which the valuations of the agents are sampled. In this

chapter we relax this assumption in a binary way, allowing the existence of agents for

whom the distributions that the Mechanism Designer holds are completely inaccurate

(red bidder) while the rest of them are totally accurate (green bidder). The mechanism

designer crucially does not know the type (color) of each bidder. Another way of inter-

preting this divide between red and green bidders is that the red bidders are “Byzantine”

players i.e. malfunctioning or rogue agents who are not behaving strategically but in-
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stead can report arbitrary valuations to the mechanism. We manage to exactly character-

ize the settings in which the existence of the red agents does not harm the revenue of the

optimal mechanism (designed under potentially wrong assumptions due to the fact that

the mechanism designer doesn’t know who the red bidders are) when compared to the

same mechanism running on the green bidders alone. Stated in another way, we prove

that there is a sense in which the optimal mechanism is robust against such Byzantine

agents.

Finally, in Chapter 6 we study the Maximum Flow problem in an online setting. Moti-

vated by a similar online version of the Bipartite Matching problem appearing in [12],

we propose a related formulation of the Maximum Flow problem with sources arriving

over time and requesting to send one unit of flow to any one among a set of static sinks.

The algorithm is required to maintain on maximum flow after each source arrival and is

allowed to update the flow in an arbitrary way between arrivals, however they incur a

cost, called a flow-switching cost, each time the flow is modified. The goal is to main-

tain a maximum flow at all times while minimizing the total flow-switching cost. An

online formulation like this is usually referred to as online algorithms with recourse. We

manage to transfer the competitiveness guarantees proved in [12] in the context of the

Bipartite Matching problem to a subclass of instances of our Maximum Flow problem

by presenting a reduction between the two settings.
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CHAPTER 2

BACKGROUND

In this chapter we formally introduce the relevant background on which later chapters

build. The material presented here consists of standard analysis frameworks, problems

and combinatorial structures relevant to online decision-making. It is structured as a

collection of largely independent sections and the reader can treat it as a reference when

studying later chapters.

2.1 Online Algorithms in Adversarial Environments

We start by introducing a standard competitive analysis framework for adversarial, on-

line environments known in the literature as Request-answer Games [16, Chapter 7]. It

is general enough to be able to capture a variety of online problems including some dis-

cussed in this thesis. The material presented here becomes relevant in Chapter 6 but it

also serves as a precursor to Section 2.2. Note that the settings described in this section

do not capture any stochastic aspects of the environment. We defer that for Section 2.2.

Problem 1 (Request-answer Game). Two parties are involved in this game: a deter-

ministic1 algorithm and an adversary. There is a request set R of possible requests the

adversary can issue on each time step. The input to the algorithm consists of a finite

sequence of requests r = (r1, r2, . . . , rn) ∈ Rn revealed to the algorithm one element at

a time over a period of n discrete time-steps. The request sequence is generated by an

adversary who knows the algorithm. For each time-step i ∈ [n] := {1, 2, . . . , n}, there is

an associated, finite answer set (or action set) A of possible actions that the algorithm

1More generally, one can consider randomized online algorithms. In fact, we do make this assumption
in the slightly different setting presented in Section 2.2. To keep the discussion simple here, we focus
exclusively on deterministic algorithms which is the case of interest for Chapter 6.
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can take as a result of processing the i-th request2.

Algorithms for request-answer games A deterministic, online algorithm ALG for

a request-answer game is a sequence of functions gi : Ri → A mapping a prefix of a

request sequence that has been revealed up to time-step i to an action to be taken at that

time-step. Request-answer games are usually associated with optimization objectives

which can either be of maximizing a payoff or minimizing a cost. We introduce both

frameworks below.

Payoff-maximization request-answer games A function P : Rn × An → [0,+∞)

expresses an algorithm’s payoff (or reward) in terms of the request sequence and the

actions taken. Abusing notation, we use ALG(r) to denote the algorithm’s payoff for the

request sequence r and will sometimes omit r if it is obvious from context:

ALG := ALG(r) := P(r1, r2, . . . , rn, g1(r1), g2(r1, r2), . . . , gn(r1, r2, . . . , rn)).

We also define OPT to be the (deterministic) offline algorithm computing the optimal

(payoff maximizing) action sequence in hindsight. Abusing notation again, this algo-

rithm’s payoff is denoted by

OPT := OPT(r) := max
a∈An

P(r, a).

Cost-minimization request-answer games A function C : Rn × An → [0,+∞) ex-

presses an algorithm’s cost in terms of the request sequence and the actions taken. Abus-

ing notation, we use ALG(r) to denote the algorithm’s cost for the request sequence r
2In principle, one can relax some of the assumptions of the model such as the finiteness of the sets

or the constraint that actions sets are equal among different time-steps. See [16, Chapter 7] for a more
in-depth treatment.
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and will sometimes omit r if it is obvious from context:

ALG := ALG(r) := C(r1, r2, . . . , rn, g1(r1), g2(r1, r2), . . . , gn(r1, r2, . . . , rn)).

We also define OPT to be the (deterministic) offline algorithm computing the optimal

(cost minimizing) action sequence in hindsight. Abusing notation again, this algorithm’s

cost is denoted by

OPT := OPT(r) := min
a∈An

C(r, a).

Competitive Ratio To evaluate the performance of an online algorithm, it is typical

to compare its objective function value (payoff or cost) with that of OPT. A typical

metric developed for this purpose is the competitive ratio3. Below we give the relevant

definitions for both payoff-maximization and cost-minimization frameworks.

Definition 1 (Competitive ratio for payoff-maximization games). An online algorithm

ALG for a payoff-maximization request-answer game is said to be cn-competitive4, or

have a competitive ratio of at least cn ∈ [0, 1] if for all request sequences r ∈ Rn of

length n,

ALG(r) ≥ cn · OPT(r).

The largest cn for which ALG is cn-competitive is called the competitive ratio of ALG.

Equivalently, assuming no request sequence induces an optimal payoff of zero, one can

define the competitive ratio of an algorithm as,

competitive ratio of ALG = inf
r∈Rn

ALG(r)
OPT(r)

.

3This is not the only way one can compare the performance of an online algorithm to an offline
counterpart. Other metrics, for example the notion of regret have been developed, particularly useful
for some stochastic environments. In the problems we study in this dissertation, the competitive ratio is
the more well-established metric so we use it almost exclusively. See [16, Chapter 15] for an in-depth
discussion.

4Notice how we allow the competitive ratio to be a function of the size of the input n.
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The competitive ratio of a particular request-answer game G is defined to be the com-

petitive ratio of the best online algorithm for G,

competitive ratio of G = sup
ALG

inf
r∈Rn

ALG(r)
OPT(r)

.

Definition 2 (Competitive ratio for cost-minimization games). An online algorithm

ALG for a cost-minimization request-answer game is said to be cn-competitive, or have

a competitive ratio of at least cn ∈ [1,+∞) if for all request sequences r ∈ Rn of length

n,

ALG(r) ≤ cn · OPT(r).

The smallest cn for which ALG is cn-competitive is called the competitive ratio of ALG.

Equivalently, assuming no request sequence induces an optimal cost of zero, one can

define the competitive ratio of an algorithm as,

competitive ratio of ALG = sup
r∈Rn

ALG(r)
OPT(r)

.

The competitive ratio of a particular cost-minimization request-answer game G is de-

fined to be the competitive ratio of the best online algorithm for G,

competitive ratio of G = inf
ALG

sup
r∈Rn

ALG(r)
OPT(r)

.

Online Algorithms Typically, an algorithmic problem can be studied from an online

perspective by setting up a request-answer game as follows: the input is partitioned

into requests in a natural way, specific to the problem, and the objective is to build the

final solution step-by-step where each action is able to append an element to a currently

maintained solution but not otherwise modify the solution. In other words, each action is

an irrevocable decision about part of the final solution. The payoff function is defined to

match exactly the maximization objective of the original problem and so the competitive

ratio in this setting is a natural way to evaluate how close the online algorithm can get
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to an offline counterpart which is not constrained to make committing decisions before

seeing the entirety of the input. This is a realistic model for situations where updating

the solution is prohibitively expensive or impossible.

Online Algorithms with Recourse Another way of framing a problem as a (cost-

minimization) request-answer game which can be more appropriate for some applica-

tions is to allow actions to modify a currently maintained solution in an arbitrary way,

but each modification incurs a positive cost, sometimes called a switching cost. In a set-

ting like this, it is reasonable to require the algorithm to maintain a solution after each

request that is optimal (or near-optimal) for the part of the input that has been revealed

so far, and as a result, build a final solution that is optimal (resp. near optimal) for the

entire input instance. The competitive ratio is still a reasonable metric to optimize in

this scenario for the following reason: typically, for an input instance whose optimal

solution is of size m, an offline algorithm can build it by appending one element at a

time at a total cost of Θ(m). Therefore, the denominator in the definition of the compet-

itive ratio is constant among all instances and optimizing the competitive ratio reduces

to designing an algorithm that minimizes the worst-case switching cost.

Among the problems studied in this framework, of particular interest to this thesis are

Bipartite Matching problems (Section 2.5) and Network Flow problems (Chapter 6).

We study both in an incremental setting where vertices arrive in an online manner and

an optimal solution needs to be maintained while minimizing the cost of updating the

solution dynamically. Similar problems are considered in [46] where they study the

trade-offs between the approximation ratio and switching cost. In [81], they also con-

sider problems involving flow computation on bipartite graphs in a decremental model

where edges and nodes disappear over time. Other problems include Job Scheduling

[81, 87, 94], Maximal Independent Set [4, 26, 45] and Minimum Set Cover [45].
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2.2 Online Algorithms in Stochastic Environments

We now turn our attention to a set of results colloquially known as Prophet Inequalities.

These are competitive ratio guarantees for online decision-making problems under un-

certainty traditionally studied by Optimal Stopping Theory, but more recently also by

the Mechanism Design community due to their applications in sequential auction design

[69]. Chapters 3 and 4 rely heavily on the material presented here.

To help develop intuition for the problem defined below, consider the following informal

description of an online decision-making game which serves as the basis for all problems

later formalized in this section.

Prophet Problem (informal) You are presented with n opaque boxes numbered 1

through n. Inside each box is a piece of paper with a non-negative real number written

on it. You are promised that the number in box i was sampled from a distribution Fi

whose description is written on a visible spot on top of box i. You are allowed to start

inspecting the boxes in the order given, i.e. first box 1, then box 2 etc. Inspecting box

i means opening it and looking at the number Xi written on the piece of paper inside it.

At this point you have to make an immediate and irrevocable decision to either accept

an amount of $Xi as a reward and end the game there, or reject it and proceed to inspect

the next box (if there is any remaining). If you reject all amounts, your reward is $0.

How should you play this game to maximize your expected reward?

Perhaps surprisingly, it turns out there is a way for you to guarantee an expected reward

at least half of the expected reward of a “prophet”, i.e. someone able to see the future

and predict the values in the boxes not opened yet and who can trivially choose to accept

the maximum among all values in the boxes, hence the name of the problem.
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The framework of request-answer games introduced earlier is not adequate to capture

the stochastic aspects of prophet problems. In this section we adapt the concepts intro-

duced previously to accommodate the study of such kinds of stochastic problems under

a unified framework by introducing three entities: a decision-maker, an adversary and

nature. We then formalize three versions of the prophet problem depending on which of

the three entities controls the order of inspection of the boxes.

Before moving on, let us introduce the notion of an instance of a problem and the notion

of a stopping rule which is the name used in Optimal Stopping Theory literature for an

online (perhaps randomized) algorithm for this setting.

Definition 3 (Instance). An instance of a prophet problem is a vector I = (Fi)i∈[n] of n

probability distributions for the values of n non-negative, independent random variables

X1, X2, . . . , Xn. Depending on the context, the distributions might be discrete, continuous

or a mix of the two. For continuous Fi, we will usually denote the associated probability

density function (p.d.f.) by fi and the cumulative distribution function (c.d.f) by Fi.

Definition 4 (Stopping rule). A stopping rule ALGI,π (or simply ALG) adapted to the

instance I = (Fi)i∈[n] and the permutation π : [n] → [n] is an online (perhaps random-

ized) algorithm which inspects the random variables in order Xπ(1), Xπ(2), . . . , Xπ(n) and,

after inspecting the value of Xπ(i) takes one of two actions, accept or reject, based on

the values Xπ(1), Xπ(2), . . . , Xπ(i) inspected so far. Accepting an element terminates the

process assigns a payoff/reward equal to the value of the accepted element. Rejecting an

element means proceeding to inspect the next one (if any).

We overload the notation ALGI,π (or simply ALG) to also denote the random variable

of the reward obtained by the stopping rule. Sometimes, we also associate with the

stopping rule a random variable τ ∈ [n] ∪ {⊥} indicating the time-step at which an

15



element was accepted (or ⊥ if no element was accepted5), i.e. if Xπ(i) was accepted then

τ = i.

The following special kind of stopping rule will be be of interest later due to its simplic-

ity and power.

Definition 5 (Single-threshold Stopping Rule). A stopping rule adapted to an instance

I and permutation π is a single-threshold stopping rule with threshold T , denoted by

ALGI,π,T , if it never accepts a value strictly less than T , and it always accepts the first

value strictly greater than T . In other words, the time-step τ ∈ [n] ∪ {⊥} where an

acceptance decision was made by the stopping rule must satisfy the following constraints

for all i ∈ [n]:

Xπ(i) < T ⇒ τ , i, Xπ(i) > T ⇒ τ ≤ i.

Note that the tie-breaking behavior of a single-threshold stopping rule is unconstrained:

when Xπ(i) = T , then τ = i is allowed but not required6. However, when the distributions

F1, . . . ,Fn are continuous and have no point-masses, the event [Xπ(i) = T ] has probability

zero and therefore the choice of a tie-breaking rule is inconsequential. There is a general

way of adapting the definition of a single-threshold stopping rule to distributions which

possibly contain point-masses which we describe extensively in Appendix A.2.2.

We are now ready to formally define the three variants of interest for the prophet prob-

lem.

Problem 2 (Adversarial-order Prophet Problem). The adversary chooses an instance

I = (Fi)i∈[n] and a permutation π : [n] → [n]. Nature samples the value of each Xi

5We impose the ordering i < ⊥ for all integers i when comparing elements of the set [n] ∪ {⊥}.
6This tie-breaking convention is not universal. For example [40] adopt the stricter convention that

Xπ(i) = T implies τ = i.
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from the respective distribution Fi. The decision-maker receives I, π and decides on a

stopping rule ALGI,π adapted to I, π.

Problem 3 (Free-order Prophet Problem). The adversary chooses an instance I =

(Fi)i∈[n]. Nature samples the value of each Xi from the respective distribution Fi. The

decision-maker receives the I, decides on a permutation7 π : [n]→ [n] and a stopping

rule ALGI,π adapted to I, π.

Problem 4 (Random-order Prophet Problem — Prophet Secretary). The adversary

chooses an instance I = (Fi)i∈[n]. Nature chooses a permutation π : [n]→ [n] uniformly

at random from the symmetric group S n of all permutations on [n] and also samples the

value of each Xi from the respective distribution Fi. The decision-maker receives the

I, π and decides on a stopping rule ALGI,π adapted I, π.

Remark 1. Notice how, in contrast to the previous section, the adversary only has

control over the “offline” portion of the input8 that is immediately visible to the decision-

maker. In other words, the adversary controls the setup of the problem with respect to

which we want to obtain worst-case bounds. Nature on the other hand controls the

“online” part of the input that is revealed sequentially and in this sense, the results

we prove later belong to what we described in the introduction as beyond-worst-case

bounds.

In each of the above problems, we can define a “prophet” as an optimal offline algorithm

with access to all the sampled values Xi and which can trivially select the maximum

among them. We denote by OPTOffI, or simply OPTOff when the instance is implicit,

7In principle one could also consider a model in which the permutation π is specified adaptively,
i.e. the value π(k) is allowed to depend on Xπ(1), . . . , Xπ(k−1). One of the main results of [52], Theorem
3.11, shows that the optimal adaptive ordering is no better than the optimal non-adaptive one.

8As a consequence, there is no need to distinguish between oblivious and adaptive adversaries which
is usually the case with randomized online algorithms.
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the random variable of the value selected by the prophet, in other words, OPTOffI =

maxi∈[n] Xi.

The notion of the “competitive ratio” introduced in the previous section can be adapted

to this setting and it still serves as a good measure for evaluating the performance of an

online algorithm for a prophet problem. The most common way of defining it is as a

ratio of expected values: the decision-maker’s expected payoff over a prophet’s expected

payoff.

Definition 6 (Adversarial-order Competitive Ratio). Fix a positive integer n. The com-

petitive ratio of the adversarial-order prophet problem (Problem 2) over instances of

size n is defined as,

Radv
n = inf

I=(Fi)i∈[n],π∈S n

sup
ALGI,π

EI[ALGI,π]

EI[OPTOffI]
.

The single-threshold competitive ratio R
adv
n for instances of size n is similarly defined

with the supremum being over all single-threshold stopping rules. The asymptotic com-

petitive ratio is defined as

Radv = lim inf
n→∞

Radv
n ,

and respectively for the asymptotic single-threshold competitive ratio R
adv

.

Definition 7 (Free-order Competitive Ratio). Fix a positive integer n. The competitive

ratio of the free-order prophet problem (Problem 3) over instances of size n is defined

as,

Rfree
n = inf

I=(Fi)i∈[n]

sup
π∈S n,ALGI,π

EI[ALGI,π]

EI[OPTOffI]
.

The definitions for single-threshold and/or asymptotic competitive ratios are adapted

accordingly.

Definition 8 (Random-order Competitive Ratio). Fix a positive integer n. The compet-

itive ratio of the random-order prophet problem (Problem 4) over instances of size n is
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defined as,

Rrand
n = inf

I=(Fi)i∈[n]

Eπ∼S n

 sup
ALGI,π

EI[ALGI,π]


EI[OPTOffI]
.

The definitions for single-threshold and/or asymptotic competitive ratios are adapted

accordingly.

A Prophet Inequality is a result of the form of Theorem 1 that follows, bounding the

competitive ratio of a prophet problem, first introduced and proven by Krengel and

Sucheston in [62, 63] by analyzing the optimal online algorithm which is derived using

backwards-induction — essentially, Dynamic Programming. Appendix A.2.1 includes

a simpler proof based on [86, 61].

Theorem 1 (Prophet Inequality). For any n, any instance I = (Fi)i∈[n] of distributions on

n independent, non-negative random variables X1, X2, . . . , Xn, and any permutation π :

[n] → [n], there exists a stopping rule ALG for the adversarial-order prophet problem

adapted to the instance and the ordering such that

E[ALG] ≥
1
2
· E

[
max
i∈[n]

Xi

]
. (2.1)

Additionally, the prophet inequality above is tight in the sense that there exists a permu-

tation and a family of instances {Im}
∞
m=1 such that for all m, there is no stopping rule for

Im satisfying an inequality like (2.1) with a constant greater than 1
2 +

1
m .. We describe

such a family of instances with n = 2 distributions in Appendix A.2.1. A consequence

of Theorem 1 is that the competitive ratio Radv
n of Problem 2 is at least 1/2 for all n.

Combined with the tight sequence of instances presented in the Appendix which can be

trivially extended to any number n ≥ 2 of distributions, we can conclude that Radv
n = 1/2

for all n ≥ 2 and therefore the asymptotic competitive ratio of Problem 2 is Radv = 1/2.

It is noteworthy that there exist single-threshold stopping rules satisfying the same
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Prophet Inequality as in (2.1)! In other words, if in the definition of the competitive ratio

of the prophet problem we restrict the decision-maker to using single-threshold stopping

rules ALGI, we recover the same competitive ratio of 1/2. Samuel-Cahn in [86] was the

first to notice this and proved a prophet inequality for the single threshold stopping rule

using the median of the distribution of maxi∈[n] Xi as a threshold, in other words choos-

ing a T such that Pr[maxi∈[n] Xi ≥ T ] = 1/2. Later, Kleinberg and Weinberg in [61]

noticed that another single-threshold stopping rule, the one using T = 1
2E[maxi∈[n] Xi] as

a threshold, also satisfies the same prophet inequality.

The free-order prophet problem was first introduced by [52]. The extra power given to

the decision-maker in Problem 3 allows them to cross the 1/2 competitive ratio barrier

presented earlier. Computing the exact (asymptotic) competitive ratio Rfree of Prob-

lem 3 is an open problem at the time of writing but we know it lies in the interval

[0.725 . . . , 0.732 . . .] with the lower-bound corresponding to an algorithm analyzed re-

cently in [80] and the upper bound of
√

3 − 1 = 0.732 . . . is due to a tight instance

appearing in [32].

When confined to single-threshold stopping rules, the power of order selection dimin-

ishes compared to more general stopping rules, but still surpasses the 1/2 barrier of the

adversarial-order version. Indeed the single-threshold competitive ratio of the free-order

prophet problem is,

R
free
n = 1 −

1
e
+ o(1),

or, asymptotically equal toR
free
= 1−1/e = 0.632 . . .9. A proof is discussed in Appendix

Appendix A.2.3.

This prophet secretary problem (or random-order prophet problem) was introduced by

9For this result, our assumption that the single-threshold algorithm is allowed to either accept or reject
in the special case when Xi = T is crucial, otherwise counterexamples are known [40].
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[40] who proved a prophet inequality for general stopping rules with a constant of 1 −

1/e, later to be marginally improved by [7]. The best known bound for the asymptotic

competitive ratio of the Prophet Secretary problem at the time of writing is 0.669 . . . due

to [32]. The same upper bound of
√

3 − 1 = 0.732 . . . presented in [39] applies in this

setting as well. For single-threshold stopping rules, the competitive ratio of Problem 4

is again R
rand
= 1 − 1/e; see the last paragraph of the introduction to Chapter 3 for a

discussion.

2.3 Matroids

Matroids offer a way of extending the notion of linear independence of Linear Algebra

to any finite set of elements — not necessarily ones that form a vector space. The most

prominent connection of Matroids to Computer Science is in the characterization of the

problems that admit a greedy solution (see Lemma 1). Matroids have also found appli-

cations in Mechanism Design and Online Decision-Making as they turn out to provide

enough structure to the underlying problem to guarantee interesting properties. For ex-

ample [37] exactly characterize, in the context of Mechanism Design, the markets for

which optimal auctions satisfy a certain revenue-submodularity property by proving that

they are exactly the markets with Matroid constraints. In Chapter 5 we discover a simi-

lar characterization for a revenue-monotonicity property, this time under the assumption

that we have inaccurate priors on the valuations of a subset of participants.

We proceed with a brief introduction to the theory of Matroids along with important

results. We refer the reader to the classic text of Oxley [79] for a more in-depth treatment

of the subject.

Given a finite ground set E and a collection I ⊆ 2E of subsets of E , we callM = (E,I)

21



a set system. M is an independence system or a downward-closed set system if ∅ ∈ I

and I is downward-closed as defined below:

(I1) (downward-closed axiom) If A ∈ I and B ⊆ A then B ∈ I.

Furthermore,M is called a matroid if it satisfies both (I1) and:

(I2) (exchange axiom) If A, B ∈ I and |A| > |B| then there exists x ∈ A\B such that

B + x ∈ I10.

In the context of independece systems and matroids, sets in (resp. not in) I are called

independent (resp. dependent). An (inclusion-wise) maximal independent set is called

a basis. A fundamental consequence of axioms (I1), (I2) is that all bases of a matroid

have equal cardinality and this common quantity is called the rank of the matroid. A

circuit is a minimal dependent set. The set of all circuits of a matroid will be denoted

by C. The following is a standard property of C.

Proposition 1 ([79, Proposition 1.4.11]). For any C which is the circuit set of a matroid

M, let C1,C2 ∈ C, e ∈ C1 ∩ C2 and f ∈ C1\C2. Then there exists C3 ∈ C such that

f ∈ C3 ⊆ (C1 ∪C2) − e.

For any set system M = (E,I) and any given S ⊆ E, define I|S = I ∩ 2S and call

M|S = (S ,I|S ) the restriction of M on S . Notice that restrictions maintain properties

(I1), (I2) if they were satisfied already inM.

Here are some examples of common matroids that can provide some intuition behind

the definitions. The reader is invited to check those structures indeed satisfy axioms

(I1), (I2).
10Throughout this thesis, we use the shorthand notation B+ x (resp. B− x) to mean B∪{x} (resp. B\{x}).
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Uniform matroids When I = {S ⊆ E : |S | ≤ k} for some given positive integer

k ≤ |E|, (E,I) is called a uniform (rank-k) matroid.

Graphic matroids Given a multi-graph G = (V, E) (a graph which possibly contains

parallel edges and self-loops) let I include all and only those subsets of edges which

do not form a cycle, i.e. the subgraph G[S ] = (V, S ) is a forest. Then (E,I) forms a

matroid called a graphic matroid. Graphic matroids capture many of the properties of

general matroids and notions like bases and circuits have their graphic counterparts of

spanning trees and cycles respectively.

Transversal matroids Let G = (A ∪ B, E) be a simple, bipartite graph. Define I to

include all and only those subsets S ⊆ A of vertices for which the induced subgraph on

S ∪ B contains a matching covering all vertices in S . Then (A,I) is called a transversal

matroid.

IfM = (E,I) is equipped with a weight function w : E → R+ it is called a weighted

matroid. In what follows we’re going to assume without loss of generality that the

function w is one-to-one, meaning that no two elements have the same weight. All

proofs can be adapted to work in the general case using any deterministic tie-breaking

rule. The problem of finding an independent set of maximum sum of weights is central

to the study of matroids. A very simple greedy algorithm is guaranteed to find the

optimal solution and in fact matroids are exactly the independence systems for which

that greedy algorithm is always guaranteed to find the optimal solution.

Lemma 1 ([79, Lemma 1.8.3.]). Let M = (E,I) be a weighted downward-closed set

system. Then Greedy is guaranteed to return an independent set of maximum total

weight for every weight function w : E → R+ if and onlyM is a matroid.
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Algorithm 1: Greedy
Input : Weighted matroidM = (E,I,w)
Output: I ∈ argmaxI∈I

∑
i∈I w(ei)

Sort the elements of E in non-increasing order by weight and relabel them
s.t. w(e1) ≥ w(e2) ≥ . . . ≥ w(en).

I ← ∅. // Initialize empty solution.

for i = 1, 2, . . . , n do
if I ∪ {ei} ∈ I then // If appending ei maintains independence,

I ← I ∪ {ei} // add ei to current solution.

end
end
return I

The following proposition provides a convenient way for updating the solution to an

optimization problem under matroid constraints when new elements are added. The

proof is standard in Matroid Theory but is included in Appendix A.1 for completeness.

Proposition 2. LetM = (E,I) be a weighted matroid with weight function w : E → R+.

Consider the max-weight independent set I of the restricted matroid M|E−x. Then the

max-weight independent set I∗ ofM can be obtained from I as follows: if (I + x) ∈ I

then I∗ = I + x, otherwise, I∗ = (I + x)− y where y is the minimum-weight element in the

unique11 circuit C of I + x.

2.4 Mechanism Design

This section provides a brief introduction to Mechanism Design [49, 78] focusing on

single-parameter settings with a revenue-maximizing objective. This material becomes

relevant in Chapter 5 where we extend the setting presented here to allow for “Byzan-

tine” bidders.
11It can be shown that I + x contains a unique circuit C when I is an independent set of matroid and x

is any element such that I + x is dependent. See [79, Proposition 1.1.6].
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2.4.1 Bayesian, single-parameter environments

A Bayesian, single-parameter environments is a standard Mechanism Design setting in

which a seller (or mechanism designer) holds many identical copies of an item they

want to sell. Specifically, in such a setting, a set of n bidders (or players), numbered 1

through n, participate in the auction and each bidder i has a private, non-negative value

3i ∼ Fi, sampled (independently across bidders) from a distribution Fi
12 known to the

seller. The value 3i, sometimes also referred to as the i-th player’s “valuation” denotes

the maximum amount bidder i is willing to pay to win one item. Let Vi be the support

of distribution Fi and define V = V1 × . . . × Vn. For a valuation vector v ∈ V , we use the

standard notation v−i = (31, . . . , 3i−1, 3i+1, . . . , 3n) to express the vector of valuations of

all bidders except bidder i. When the index set [n] is partitioned into two sets A, B and

we have vectors vA ∈ R
A, wB ∈ R

B, we will abuse notation and let (vA,wB) denote the

vector obtained by interleaving vA and wB, i.e. (vA,wB) is the vector u ∈ Rn such that

ui = vi for i ∈ A and ui = wi for i ∈ B. Similarly, when v ∈ V , i ∈ [n], and z ∈ R, (z, v−i)

will denote the vector obtained by replacing the ith component of v with z.

A feasibility constraint I ⊆ 2[n] defines all subsets of bidders that can be simultaneously

declared winners of the auction. We will interchangeably denote elements of I both

as subsets of [n] and as vectors in {0, 1}n. Of special interest are feasibility constraints

which define the independent sets of a matroid. We will sometimes use the phrase ma-

troid market to indicate this fact. Matroid markets model many real world applications.

For example when selling k identical copies of an item, the market is a uniform rank-k

matroid. Another example is kidney exchange markets which can be modeled using

transversal matroids ([84]).
12In line with the notation used earlier, we’ll use Fi to denote the cumulative distribution function and

fi to denote the probability density function of the respective distribution Fi.
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In a sealed-bid auction, each bidder i submits a bid bi ∈ Vi simultaneously to the mecha-

nism. Formally, a mechanismA is a pair (x, p) of an allocation rule x : V → I accepting

the bids and choosing a feasible outcome and a payment rule p : V → Rn assigning each

bidder a monetary payment they need to make to the mechanism. We denote by xi(b) (or

just xi when clear from the context) the i-th component of the 0-1 vector x(b) and sim-

ilarly for p. An allocation rule is called monotone if the function xi(z,b−i) is monotone

non-decreasing in z for any vector b−i ∈ V−i and any bidder i.

We assume bidders have quasilinear utilities meaning that bidder’s i utility for winning

the auction and having to pay a price pi is ui = 3i − pi and 0 if they do not win and pay

nothing. Bidders are selfish agents aiming to maximize their own utility.

A mechanism is called truthful if bidding bi = 3i is a dominant strategy for each bidder,

i.e. no bidder can increase their utility by reporting bi , 3i regardless of the values and

bids of the other bidders. An allocation rule x is called implementable if there exists a

payment rule p such that (x, p) is truthful. Such mechanisms are well understood and

easy to reason about since we can predict how the bidders are going to behave. In what

follows we focus our attention only on truthful mechanisms and thus use the terms value

and bid interchangeably.

A well known result of Myerson ([76]) states that a given allocation rule x is imple-

mentable if and only if x is monotone. In case x is monotone, Myerson gives an explicit

formula for the unique13 payment rule such that (x, p) is truthful. In the single-parameter

setting we’re studying, the payment rule can be informally described as follows: pi is

equal to the minimum bi that bidder i has to report such that they are included in the set

of winners — we’ll refer to such a bi as the critical bid of bidder i.
13Up to the normalizing assumption that pi = 0 whenever bi = 0.
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2.4.2 Revenue-maximizing Auctions

The mechanism designer, who is collecting all the payments, commonly aims to

maximize her expected revenue which for a mechanism A is defined as Rev(A) =

Ebi∼Fi

[∑
i∈[n] pi

]
.

Lemma 2 ([76]). For any truthful mechanism (x, p) and any bidder i ∈ [n]:

E[pi] = E[ϕi(bi) · xi(bi,b−i)]

where the expectations are taken over b1, . . . , bn ∼ F1, . . . ,Fn, the function ϕi(·) is de-

fined as

ϕi(z) = z −
1 − Fi(z)

fi(z)

and ϕi(bi) is called the virtual value of bidder i.

The importance of this lemma is that it reduces the problem of revenue maximization

to that of virtual welfare maximization. More specifically, consider a sequence of dis-

tributions F1, . . . ,Fn which have the property that all ϕi are monotone non-decreasing

(such distributions are called regular). In this case, the allocation rule that chooses a

set of bidders with the maximum total virtual value (subject to feasibility constraints)

is monotone (a consequence of the regularity condition) and thus implementable. We’ll

frequently denote this revenue-maximizing mechanism (Algorithm 2) by MyerOPT.

Remark 2. The “critical bid” mentioned in Algorithm 2 can be more formally defined

as follows: consider a bidder i ∈ [n] and fix a bid profile b. Let θi(b−i) be the minimum
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virtual value which would allow bidder i to be included in the optimal solution S ∗; in

other words,

θi(b−i) = inf

x ≥ 0

∣∣∣∣∣∣∣∣∃S ∗ ∈ argmaxS⊆[n],
S∈I

x · I[i ∈ S ] +
∑

j∈S \{i}

ϕ j(b j)

 s.t. i ∈ S ∗
 .

This quantity would have been the price charged to bidder i if bidders were reporting

virtual values directly. However, bidders are reporting quantities from their valuation

space, so we need to apply the inverse of the virtual valuation transformation to get the

price that bidder i needs to pay. This price is

pi(b) = ϕ−1
i (θi(b−i)).

When θi(b−i) is not in the image of the function ϕi(·), we define the inverse as follows

ϕ−1
i (z) = inf{v ∈ Si | ϕi(v) ≥ z},

where Si is the support of Fi, bidder i’s valuation distribution.

Algorithm 2: MyerOPT
Parameters: MatroidM = ([n],I), Regular distributions {Fi}i∈[n]

Collect bid bi from each bidder i ∈ [n].
Compute virtual values ϕi(bi) and discard fromM all bidders i with ϕi(bi) < 0.
Solve the optimization problem

S ∗ = argmaxS∈I

∑
i∈S

ϕi(bi).

Allocate the items to S ∗ and charge each bidder i ∈ S ∗ their critical bid.

Handling non-regular distributions is possible using the standard technique of ironing.

Very briefly, it works as follows. So far, we’ve been expressing x, p and ϕ as a function

of the random vector v. It is convenient to switch to the quantile space and express

them as a function of a vector q ∈ [0, 1]n where for a given sample z from Fi we let

qi = Prbi∼Fi[bi ≥ z]. Another way to think of this is, instead of sampling values, we
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sample quantiles qi distributed uniformly at random in the interval [0, 1] which are then

transformed into values vi(qi) = F−1
i (1 − qi)14. Let Ri(qi) = qi · vi(qi) and notice that

ϕi(vi(qi)) = dRi
dq

∣∣∣∣
q=qi

. Now, since vi(·) is a non-increasing function we have that ϕi(·) is

monotone if and only if R is concave.

Now, suppose that Fi is such that Ri is not concave. One can consider the concave hull

Ri of Ri which replaces Ri with a straight line in every interval that Ri was not following

that concave hull. The corresponding function ϕi(·) = dRi
dq is called the ironed virtual

value function.

Lemma 3 ([49, Theorem 3.18]). For any monotone allocation rule x and any virtual

value function ϕi of bidder i, the expected virtual welfare of i is upper bounded by their

expected ironed virtual value welfare.

E
[
ϕi(vi(qi)) · xi(vi(qi), v−i(q))

]
≤ E

[
ϕi(vi(qi)) · xi(vi(qi), v−i(q))

]

Furthermore, the inequality holds with equality if the allocation rule x is such that for

all bidders i, x′i(q) = 0 whenever Ri(q) > Ri(q).

As a consequence, consider the monotone allocation rule which allocates to a feasible

set of maximum total ironed virtual value. On the intervals where Ri(q) > Ri(q), Ri is

linear as part of the concave hull so the ironed virtual value function, being a derivative

of a linear function, is a constant. Therefore, the allocation rule is not affected when q

ranges in such an interval.

A crucial property of any (ironed) virtual value function ϕ corresponding to a distribu-

tion F is that z ≥ ϕ(z) for all z in the support of F . This is obvious for ϕ as defined in

Lemma 2. We claim it also holds for ironed virtual value functions: if z lies in an interval
14In general, vi(qi) = min {v | Fi(v) ≥ qi}.
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where ϕ = ϕ it holds trivially. Otherwise, if z ∈ [a, b] for some interval where ϕ needed

ironing (i.e. R(q) > R(q) in the quantile space), we have: z ≥ a ≥ ϕ(a) = ϕ(a) = ϕ(z).

We’ve thus proven:

Proposition 3. Any (possibly non-regular) valuation distribution F having an ironed

virtual value function ϕ satisfies z ≥ ϕ(z) for any z in the support of F .

Remark 3. For simplicity from now on we’ll use ϕ and ϕ interchangeably and we will

refer to ϕ as virtual value function. The reader should keep in mind that if the associated

distribution is non-regular, then ironed virtual value functions should be used instead.

2.5 Matchings and Flows

Two of the most well-studied problems in Combinatorial Optimization are the Maxi-

mum (Bipartite) Matching and the Maximum Flow problems [95]. More generally, the

frameworks of graph matchings and network flows are capable of accurately modeling

a plethora of real-world problems from many fields including Computer Science, Op-

erations Research, Economics and more. In Chapter 6 we study an online version of

the Maximum Flow problem with recourse15. Here we give the basic definitions and

background needed for the reader to follow along.

2.5.1 Bipartite Matching Problems

Bipartite Graphs An (undirected) graph G is bipartite if its vertices can be partitioned

into two sets L,R — sometimes referred to as left and right side respectively — such that

no edges exist between vertices of the same side. To specify the two sides explicitly, we
15See Section 2.1 for a definition of Online Algorithms with Recourse.
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denote the graph as G = (L ∪ R, E). Motivated by applications in Computer Networks,

we’ll sometimes refer to the vertices of the left side as clients and the vertices of the

right side as servers. We’ll also sometimes denote the number of clients by nc = |L| and

the total number of vertices by n = |L| + |R|.

Matchings A matching M is a subset of the edges of G such that no two edges in M

share a vertex. The cardinality of the matching is the number of edges in M. The clas-

sic Maximum Bipartite Matching problem is that of computing a maximum cardinality

matching for a given bipartite graph G = (L ∪ R, E). In this context, we’ll call a graph

matching-admissible if a matching of size |L| exists.

Online Bipartite Matching with Replacements We consider the following online

variant of the bipartite matching problem in the context of online algorithms with re-

course: the vertices of the right side (servers) are fixed and their identity is known ahead

of time. The rest of the graph (including all edges) are unknown to the algorithm at the

start. The vertices of the left side (clients) arrive one per time step along with the edges

incident to them. In the language of Section 2.1, each vertex arrival is a request. The

goal is to come up with an online algorithm A which maintains for each time-step τ a

perfect matching Mτ between the set of clients that have arrived so far and a subset of

the servers, hence an action involves matching the newly arrived client with a free server

(at a cost of zero) after perhaps a series of modifications which involve switching the

match of previously arrived clients for a cost of 1 per switch. The goal is to minimize the

total vertex-switching cost (denoted by VSCG(A)) which is defined as the total number

of times a client gets reassigned to a different server between consecutive time-steps.
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Augmenting Paths in Bipartite Graphs Given a bipartite graph G = (L∪R, E) and a

matching M of G, an alternating path is a sequence of edges which form a path in G such

that those edges are alternating between not belonging to the matching and belonging to

it. A vertex is free under a matching M if it’s not an endpoint of any edges in M. An

augmenting path is an alternating path from a free client to a free server. Augmenting

paths are a central concept in the design of algorithms for bipartite matching problems

both in the offline and online setting.

Bipartite-SAP Algorithm A natural algorithm for solving the Online Bipartite

Matching with Replacements problem is the Bipartite Shortest Augmenting Path

(Bipartite-SAP) Algorithm: when a client l ∈ L arrives, update the matching by switch-

ing the state (membership in the matching) of every edge along a shortest augmenting

path from l to a free server (ties broken arbitrarily). Notice that augmenting paths in

bipartite graphs are of odd length and an augmenting path of length 2k + 1 contributes

exactly k to the switching cost. Consequently, the total vertex-switching cost is at most

half the total length of the augmenting paths used during the run of the algorithm and

thus in the analysis of the algorithm it suffices to bound the total length of all augmenting

paths as a proxy to bounding the vertex-switching cost.

Worst-case bounds for the switching cost of the Bipartite-SAP algorithm for online bi-

partite matching were derived in many prior works [12, 17, 18, 44]. Obtaining a tight

analysis for this algorithm in general bipartite graphs is still an important open problem.

Letting nc denote the number of dynamic vertices (clients) in the graph, it was shown

in [44] that any algorithm must incur a total switching cost of at least Ω(nc log nc) in the

worst case, even when the graph is a path. A matching upper bound of O(nc log nc) is

known for trees [18], for bipartite graphs whose dynamic vertices have maximum de-

gree 2 [44], and for general bipartite graphs whose dynamic vertices arrive in random
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order [27]. For general bipartite graphs the best known upper bound is O(nc log2 nc),

obtained in a breakthrough result by Bernstein et al. [12].

Interestingly, the techniques of [12] bound the vertex-switching cost of Bipartite-SAP

at each time-step τ independently of which algorithm was used to pick a matching on

previous time-steps. This allows us to generalize their result in the following way which

is going to be useful in Chapter 6. We defer the proof to the Appendix C.

Theorem 2 (Generalization of [12, Theorem 1, Lemma 6]). Let G = (L ∪ R, E) be a

matching-admissible bipartite graph and let M0 be a matching covering every vertex

of some set L0 ⊆ L. Suppose we run Bipartite-SAP on G with an initial matching M0

and the vertices in L\L0 arriving in an online fashion one at a time. The total vertex-

switching cost of the algorithm is at most O(nc log2 nc) where nc = |L|.

2.5.2 Network Flows

Networks A (directed) network is a directed graph G = (V, E) with two special disjoint

sets of vertices S ,T ⊆ V called sources and sinks respectively along with a capacity

function c : (V∪E)→ R+ on edges and vertices16. Vertices in V\(S ∪T ) will sometimes

be referred to as internal. The sets V, E will sometimes be denoted as V(G), E(G). In

this chapter we’ll only consider simple networks which contain no parallel edges or

self-loops.

Note that undirected networks can also be modeled in this framework under the follow-

ing transformation: replace each undirected edge with two directed edges of the same

capacity, one for each direction. Then delete all incoming edges to the sources and all

16Networks are usually defined to have capacities only on edges. The model presented here can be
easily reduced to the standard one by replacing each vertex with two vertices connected by a directed
edge of capacity equal to the original capacity of the vertex.
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outgoing edges from the sinks.

Flows A flow on a network G is a function f : E → R≥0. Given f , we define fin, fout :

V → R≥0 as fin(v) =
∑

u:(u,v)∈E f (u, v) and fout(v) =
∑

u:(v,u)∈E f (v, u). Abusing notation

we’ll denote by f (v) for a vertex v the net flow imbalance at v, f (v) = fin(v) − fout(v).

We call f a valid flow if:

1. 0 ≤ f (e) ≤ c(e) for every edge e ∈ E.

2. fin(v) ≤ c(v) and fout(v) ≤ c(v) for every vertex v ∈ V .

3. f (v) = 0 for all v ∈ V\{S ,T }

4. −1 ≤ f (v) ≤ 0 for v ∈ S and 0 ≤ f (v) ≤ 1 for v ∈ T .

The value of a flow f is defined as | f | =
∑

v∈T f (v). We’ll call a network G flow-

admissible if there exists a valid flow of value |S |, i.e. where every source sends one

unit of flow. We’ll denote by G f the residual graph of G based on flow f defined the

standard way . A vertex v ∈ S ∪ T is free if f (v) = 0. An augmenting path is a path in

G f from a free client to a free server.

A directed network G = (V, E) for which c(x) = 1 for every x ∈ V ∪ E will be called

unit-vertex-capacitated. For those networks, we’ll make the additional assumption that

sources have 0 in-degree and sinks have 0 out-degree. The assumption is without loss

of generality, in the sense that edges into sources and out of sinks can be deleted from

the network without changing the maximum flow value. That is because every flow path

that passes through a source (respectively, sink) can be truncated to begin at that source

(respectively, end at that sink) without changing the flow value.
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CHAPTER 3

CONSTRAINED-ORDER PROPHET INEQUALITIES

When one is planning under uncertainty, the order in which decisions must be made can

powerfully influence the quality of the eventual outcome. It is therefore advantageous

for a decision maker to be able to control the order of the decisions they will face. For

example, a new Ph.D. student might prefer to know if they will be offered a position

in the research group of their top-choice advisor before having to decide whether to

accept a position with their second-choice advisor, but they might not have the freedom

to dictate the order in which those two decisions are made.

As discussed in Chapter 2, Prophet Inequalities, and more generally Optimal Stopping

Theory furnishes a theoretical basis for quantifying the benefit of exercising control over

the order of one’s decisions in uncertain environments. Recall that in the standard, ad-

versarial order prophet problem there is a sequence of independent random variables

X1, . . . , Xn with known distributions, and one aims to design and analyze an online algo-

rithm (or stopping rule) ALG that maximizes the expected value of the sample selected,

namely E[ALG]1. This problem models a setting where the decision maker has no con-

trol over the order of inspection. On the other end of the spectrum, the free-order prophet

problem (see Problem 3) posits that the decision-maker has total control over the order

in which to observe the random variables and the time at which to stop the permuted

sequence.

For the adversarial order prophet problem, we’ve seen how to achieve a competitive ratio

of 1/2 against an omniscient “prophet” and further, 1/2 is the best possible constant. In

fact, the optimal ratio 1/2 remains attainable even if the online algorithm is constrained

1As a reminder, we are abusing notation and use ALG both to refer to the algorithm and as a random
variable indicating the value selected by the algorithm.
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to using a single-threshold stopping rule, which sets a fixed threshold T and commits

to reject every sample less than T and to stop whenever it encounters a sample strictly

greater than T . With order selection, an online algorithm can better compete against

the prophet and higher competitive ratios are attainable. At the time of writing, the

best competitive ratio known to be achievable by an online algorithm for the free-order

prophet problem is 0.725 . . . due to [80]. When constrained to single-threshold stopping

rules, the best achievable ratio is 1 − 1/e = 0.632 . . ..

To summarize the foregoing discussion, the gap between the competitive ratios attain-

able with or without order selection formalizes, and quantifies, the advantage that a

decision maker gains by being able to control the order in which decisions are made

under uncertainty. But how much control over the ordering is needed to gain this ad-

vantage? This chapter initiates an in-depth exploration of that question. We introduce

constrained-order prophet inequalities2, in which there is a predefined subset Π ⊆ S n

of the set of all permutations of [n] := {1, 2, . . . , n}, and the decision-maker is allowed

to reorder the random variables X1, . . . , Xn using any permutation in Π before running a

stopping rule.

Problem 5 (Constrained-order Prophet Problem). Given a positive integer n and a non-

empty setΠ ⊆ S n of permutations on n elements, the constrained-order prophet problem

on instances of size n parameterized by the set of allowable permutations Π is set up as

follows. The adversary chooses an instance I = (Fi)i∈[n]. Nature samples the value of

each Xi from the respective distribution Fi. The decision-maker receives the I, decides

on a π ∈ Π among the allowed permutations and a stopping rule ALGI,π adapted to I, π.

The concept of competitive ratio is adapted as follows.
2The work of [15] introducing order constraints in the Pandora’s box problem partly served as inspi-

ration for the authors to start exploring this type of prophet inequalities.
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Definition 9 (Constrained-order Competitive Ratio). Fix a positive integer n and a

non-empty set Π ⊆ S n of permutations on n elements. The competitive ratio of the

constrained-order prophet problem parameterized by Π (Problem 5) over instances of

size n is defined as,

Rn(Π) = inf
I=(Fi)i∈[n]

sup
π∈Π,ALGI,π

EI[ALGI,π]

EI[OPTOffI]
.

The single-threshold competitive ratio Rn(Π) for instances of size n is similarly defined

with the supremum being over all single-threshold stopping rules.

In the extreme cases where Π has only one element or Π is the entire permutation group

S n, one recovers the definitions of the adversarial-order prophet problem and free-order

prophet problem, respectively, defined in Section 2.2. Constrained-order prophet in-

equalities interpolate between these two extremes and allow us to gain deeper insight

into how and why optimizing the order of decisions leads to better outcomes for optimal

stopping rules. Interestingly, our first main result shows that much of the benefit of order

selection can be gained by choosing the better of just two permutations, corresponding

to the forward and reverse orderings.

Theorem 3. Let Π = {ι, ρ}, where ι and ρ are the permutations of [n] that place its

elements in forward and reverse order, respectively. The single-threshold competitive

ratio of Π is Rn(Π) = φ−1 = 1
2

(√
5 − 1

)
= 0.618 . . . .

One may interpret this result as lending support to the intuition that most of the benefit of

order selection stems from the ability to schedule a high-risk high-reward option (e.g. a

value that is 1/ε with probability ε, else zero) in the first half of the decision sequence,

leaving safer options for afterward.

Given the large quantitative gain in Rn(Π) when Π is enlarged to contain the reverse

ordering of the input sequence, one might expect to extract additional significant gains
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when Π is allowed to contain three permutations, or an even larger constant number of

them. Surprisingly, we show this is not the case: to exceed the golden-ratio bound at

all one needs a super-constant number of permutations, and to exceed it by any constant

ε > 0 one needs a logarithmic number of them.

Theorem 4. If n ≥ 3 and |Π| <
√

log n then Rn(Π) ≤ φ−1. For any ε > 0, if |Π| <

log1/ε(n) then Rn(Π) ≤ φ−1 + O(ε).

Recall that if the algorithm is allowed to order the elements arbitrarily, the best possible

single-threshold competitive ratio is Rn(S n) = 1 − 1
e + o(1). Our third and final main

result shows that a logarithmic number of permutations are sufficient to get within ε of

this bound, and that a quadratic number of permutations suffice to match the 1− 1
e bound

exactly.

Theorem 5. For every n ∈ N and ε > 0, there is a set Π consisting of O(poly(ε−1) · log n)

permutations such that Rn(Π) > 1 − 1
e − ε. There is also a set Π consisting of O(n2)

permutations such that Rn(Π) ≥ 1 − 1
e .

Taken together, our results give a nearly complete answer to the question: for a given

α, what is the smallest m such that there exists an m-element set of permutations whose

threshold competitive ratio is at least α? The answer is:

1. m = 1 for α ≤ 1
2 [62, 63];

2. m = 2 for 1
2 < α ≤ φ

−1 (Theorems 3 and 4);

3. m = Θ(log n) for φ−1 < α < 1 − 1
e , with the constant inside the Θ(·) depending on

the value of α (Theorem 5);

4. m = O(n2) for α = 1 − 1
e (Theorem 5);
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5. there is no set of permutations whose single-threshold competitive ratio is greater

than 1 − 1
e ; see also Proposition 4 in the Appendix.

It would be desirable, of course, to gain a similarly comprehensive understanding of

the smallest set of permutations needed to achieve a given competitive ratio (rather than

single-threshold competitive ratio), but at present this seems out of reach: even de-

termining the competitive ratio of the full permutation group, Rn(S n), is a major open

problem as it amounts to determining the best possible constant in the free order prophet

inequality. For now, the most we can say is that our results imply lower bounds on the

competitive ratio Rn(Π) for the permutation sets Π we study, due to the trivial observa-

tion that Rn(Π) ≥ Rn(Π) for every set Π.

In summary, then, the message of this chapter is as follows: an online algorithm solving

an the prophet problem using a single-threshold stopping rule can achieve significant

gains if they are allowed to control the order in which they observe the values in the

sequence, but most of these gains can be achieved just by choosing the better of the

forward or reverse ordering, and nearly all of the gains can be achieved by choosing

among a logarithmic number of predefined permutations.

Lastly, although we have motivated and presented the results of this chapter in terms

of free-order and constrained-order prophet inequalities, i.e. a setting in which the

decision-maker chooses the order in which values are observed, our results also have

a bearing on the prophet secretary problem (see Section 2.2) due to their method of

proof. The constrained-order prophet inequalities asserted in Theorems 3 to 5 are all

proven by constructing a small set of permutations, Π, and analyzing the performance

of a single-threshold stopping rule when the order in which values are observed is drawn

uniformly at random fromΠ. Thus, all of our results can also be interpreted as construct-

ing “pseudo-random” distributions over permutations that have small support size, but
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ensure a single-threshold competitive ratio that is nearly as good as what can be achieved

in the prophet secretary problem when the order of observation is sampled uniformly at

random.

3.1 Using the forward and reverse permutations

In this section, we let Π = {ι, ρ} where ι is the identity permutation mapping each i ∈ [n]

to ι(i) = i and ρ is the reverse permutation mapping i ∈ [n] to ρ(i) = n − i + 1. We prove

that Rn(Π) = φ−1.

Theorem 6. For every n-tuple of independent random variables X1, . . . , Xn, there exists

a threshold T such that

Eπ
[
E[ALGπ,T ]

]
≥ φ−1 · E[OPT], (3.1)

where the outer expectation on the left side is over a uniformly random choice of π ∈

Π = {ι, ρ}.

Proof.

For a given threshold T , let p = Pr[maxn
i=1 Xi ≥ T ]. We have

E[OPT] ≤ T + E[(OPT−T )+] ≤ T +
n∑

i=1

E[(Xi − T )+]. (3.2)

For the random variable ALG = ALGπ,T , we have

E[ALG] = p · T + E[(ALG−T )+] = p · T +
n∑

i=1

ci · E[(Xi − T )+] (3.3)

where

ci =
1
2

 i−1∏
j=1

Pr[X j < T ] +
n∏

j=i+1

Pr[X j < T ]

 (3.4)
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denotes the probability that no element is selected before the stopping rule observes Xi,

given that the sequence is observed in forward or reverse order with equal probability.

Letting

ai =

i−1∏
j=1

Pr[X j < T ], bi =

n∏
j=i+1

Pr[X j < T ],

we have

aibi ≥

n∏
j=1

Pr[X j < T ] = 1 − p (3.5)

ci =
1
2

(ai + bi) ≥ (aibi)1/2 ≥
√

1 − p, (3.6)

where the second line follows from the arithmetic-geometric mean inequality. Letting

q =
√

1 − p and substituting ci ≥ q and p = 1 − q2 back into Eq. (3.3) we obtain

E[ALG] ≥ (1 − q2)T + q
n∑

i=1

E[(Xi − T )+]. (3.7)

Choosing T so that q = φ−1, which implies also 1 − q2 = q = φ−1, we find that

E[ALG] ≥ φ−1 ·

T + n∑
i=1

E[(Xi − T )+]

 ≥ φ−1 · E[OPT], (3.8)

where the second inequality follows from (3.2). □

Next we prove that the golden-ratio bound in Theorem 6 is the best possible.

Lemma 4. For all ε > 0 there exists a sequence of three independent random variables

X1, X2, X3 such that X1 and X3 are identically distributed, and for every single-threshold

stopping rule ALG we have

E[ALG] < (φ−1 + ε) · E[OPT]. (3.9)

Proof. Fix a parameter δ > 0 to be determined later, and suppose X1 and X3 are uni-

formly distributed in [1 − δ, 1] while X2 is distributed as follows:

X2 ∼


√

5 − 1
δ

, w.p. δ

0, otherwise
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Then

E[OPT] > δ ·

√
5 − 1
δ

+ (1 − δ) · (1 − δ) >
√

5 − 2δ (3.10)

If ALG is a single-threshold stopping rule with threshold T there are four cases to con-

sider. When T > (
√

5 − 1)/δ, no element is ever accepted and E[ALG] = 0. When

1 < T ≤ (
√

5−1)/δ we have E[ALG] =
√

5−1. On the other end of the spectrum, when

T < 1− δ, we have E[ALG] = 1− δ
2 . In all of these cases, E[ALG] < (φ−1 + ε) ·E[OPT]

provided δ is sufficiently small. The remaining case is when 1− δ ≤ T ≤ 1. In this case,

let r = (1 − T )/δ, so that Pr[X1 > T ] = r. Then

E[ALG] ≤ r · 1 + (1 − r)δ ·

√
5 − 1
δ

+ (1 − r)(1 − δ)r · 1

≤ r + (1 − r)(
√

5 − 1) + (r − r2)

= (
√

5 − 1) + (3 −
√

5)r − r2. (3.11)

The right side of (3.11) is maximized when r = 1
2 (3 −

√
5), when it equals (

√
5 − 1) +

1
4 (14 − 6

√
5) = 1

2 (5 −
√

5). Hence,

E[ALG] ≤
1
2

(5 −
√

5) = φ−1 ·
√

5. (3.12)

Combining (3.10) with (3.12) we see that the conclusion of the lemma holds, as long as

δ is chosen small enough that (φ−1 + ε) · (
√

5 − 2δ) ≥ φ−1 ·
√

5. □

Corollary 1. Suppose Π is a non-empty set of permutations of [n] and i, j, k ∈ [n] are

three distinct indices such that π−1( j) is between π−1(i) and π−1(k) for all π ∈ Π. Then

Rn(Π) ≤ φ−1.

Proof. Define an n-tuple of independent random variables X1, . . . , Xn by specifying that

the distributions of Xi, X j, Xk are identical to the distributions of X1, X2, X3 specified in

Lemma 4 above, and for ℓ < {i, j, k} let the distribution of Xℓ be identically zero. For any

π ∈ Π, a single-threshold stopping rule adapted to πwith threshold T > 0 will skip Xℓ for
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every ℓ < {i, j, k}, and it will observe the values Xi, X j, Xk at times π−1(i), π−1( j), π−1(k).

Note that the distributions of these three variables and the order in which they are

observed are identical to the distributions X1, X2, X3 specified in Lemma 4, so the in-

equality (3.9) will be satisfied. As ALG is an arbitrary single-threshold stopping rule,

and ε > 0 is arbitrarily small, we conclude that Π does not satisfy a constrained-order

prophet inequality with factor α for any α > φ−1. □

Theorem 7. For the permutation set Π = {ι, ρ}, if n ≥ 3, we have Rn(Π) = φ−1.

Proof. A threshold stopping rule that is allowed to select the better of ι and ρ can do

no worse than one which samples one of the two permutations uniformly at random.

Therefore, Theorem 6 impliesRn(Π) ≥ φ−1. On the other hand, any three distinct indices

i < j < k in [n] satisfy the condition in Corollary 1, implying that Rn(Π) ≤ φ−1. □

3.2 Beating the golden-ratio bound requires many permutations

In this section we show that Rn(Π) ≤ φ−1 whenever |Π| <
√

log n and that Rn(Π) ≤

φ−1 + O(ε) whenever ε > 0 and |Π| < log1/ε(n). This was stated as Theorem 4 earlier,

and is proven by combining Lemmas 5 and 6 below.

Corollary 1 presented a necessary condition for a permutation set Π to satisfy Rn(Π) >

φ−1: for every three indices i, j, k there exists π ∈ Π such that π−1( j) does not lie between

π−1(i) and π−1(k). It turns out this condition guarantees |Π| > log log n [58] but it does

not imply any stronger lower bound than that doubly-logarithmic one. To prove stronger

lower bounds on |Π|, we begin by generalizing Corollary 1.

Definition 10. If Π is a set of permutations of [n], we say an index j ∈ [n] is ε-centered

with respect toΠ if there exists a probability distribution p on [n]\{ j} such that for every
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π ∈ Π with inverse permutation σ = π−1, the sets {i | σ(i) < σ( j)} and {i | σ(i) > σ( j)}

both have measure greater than 1
2 − ε under p. In the special case ε = 0, we shall say

that j is centered with respect to Π.

Lemma 5. IfΠ is a non-empty set of permutations of [n] and there exists an index j ∈ [n]

that is ε-centered with respect to Π, then Rn(Π) ≤ φ−1 + O(ε).

The proof, which is deferred to Appendix B.1, generalizes the proof of Corollary 1. The

value of X j is defined to be (
√

5 − 1)/δ with probability δ, else X j = 0, whereas the

remaining distributions are all tightly concentrated around 1. Single-threshold stopping

rules face a dilemma: if the threshold is set high enough that there is a reasonable

probability of not stopping before X j, then there must be a reasonable probability that

the algorithm also doesn’t stop after X j and comes away empty-handed. The prophet

faces no such dilemma: she can pick X j when it is non-zero, and otherwise she can pick

a value that is nearly equal to 1.

Lemma 6. If Π is a set of fewer than
√

log n permutations of [n] then there exists an in-

dex j that is centered with respect to Π. If Π is a set of fewer than log1/ε(n) permutations

of [n] for some ε > 0 then there exists an index j that is ε-centered with respect to Π.

Proof. Let σ1, σ2, . . . , σm be an enumeration of the permutations whose inverse belongs

toΠ. For any pair of distinct indices i , j in [n] define a vector vi j ∈ {±1}m by specifying

that for all k ∈ [m]

(vi j)k =


−1 if σk(i) < σk( j)

1 if σk(i) > σk( j).
(3.13)

For any probability distribution p on [n] \ j, if we use qk(p) to denote the measure of the

set {i | σk(i) < σk( j)} under p and q(p) to denote the vector (q1(p), . . . , qm(p)), then we
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have ∑
i, j

p(i)vi j = 1 − 2q(p) (3.14)

where 1 denotes the vector (1, 1, . . . , 1). The criterion that j is centered with respect to

Π is equivalent to the existence of a distribution p such that q(p) = 1
2 · 1. Similarly, j

is ε-centered with respect to Π if and only if there is a distribution p such that q(p) ∈(
1
2 − ε,

1
2 + ε

)m
. Using (3.14) we now see that j is centered with respect to Π if and only

if 0 is a convex combination of the vectors in the set V j = {vi j | i , j}. Similarly, j is

ε-centered with respect to Π if and only if the convex hull of V j intersects the hypercube

(−2ε, 2ε)m.

To finish proving the first part of the lemma, we must show that if m <
√

log n, then for

some index j, 0 is a convex combination of the vectors in V j. Contrapositively, we will

assume that for every j, 0 is not in the convex hull of V j, and we will deduce from this

assumption that m2 ≥ log n. By the separating hyperplane theorem, our assumption that

0 is not in the convex hull of V j implies there is a vector w j such that ⟨w j, vi j⟩ > 0 for

all i , j. Note that vi j = −v ji, so for all i , j,

⟨w j, vi j⟩ > 0 > ⟨wi, vi j⟩, (3.15)

where the second inequality follows because ⟨wi, v ji⟩ > 0 by our assumption on wi. Now

consider the linear threshold functions defined by fi(x) = sgn(⟨wi, x⟩) for each i ∈ [n].

Equation (3.15) says that fi(vi j) , f j(vi j). Recalling that vi j ∈ {±1}m, this means the

restrictions of f1, . . . , fn to {±1}m are pairwise distinct. There are fewer than 2m2
distinct

linear threshold functions on {±1}m [33], hence m2 ≥ log n.

To finish proving the second part of the lemma, we must show that if m < log1/ε(n),

then for some index j, the convex hull of V j and the hypercube (−2ε, 2ε)m intersect.

Contrapositively, we will assume that for every j, the minimum∞-norm of the vectors in

the convex hull of V j is at least 2ε. From this assumption we will deduce that (1/ε)m ≥ n.
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Minimizing the ∞-norm of vectors in the convex hull of V j is equivalent to solving the

following linear program, whose dual is presented below.

min r

s.t. r −
∑
i, j

vi j,k pi ≥ 0 ∀k ∈ [m]

r +
∑
i, j

vi j,k pi ≥ 0 ∀k ∈ [m]∑
i, j

pi = 1

pi ≥ 0 ∀i ∈ [n] \ { j}

max z

s.t. z +
m∑

k=1

vi j,k(yk − xk) ≤ 0 ∀i ∈ [n] \ { j}

m∑
k=1

(yk + xk) = 1

xk, yk ≥ 0 ∀k ∈ [m]

Our assumption is that for each j, the optimum of the primal LP is at least 2ε, which

means that the optimum of the dual LP is also at least 2ε. Let x, y, z denote a feasible

dual solution with z ≥ 2ε, and let w j = x − y. The first dual constraint, combined with

the inequality z ≥ 2ε, implies ⟨w j, vi j⟩ ≥ 2ε for all i ∈ [n] \ j. Using the fact that

xk, yk ≥ 0 implies xk + yk ≥ |xk − yk|, we see that the second dual constraint implies

∥w j∥1 ≤ 1. Thus, there exist vectors w1, . . . ,wn in the L1 unit ball, such that for all i , j

in [n], ⟨w j, vi j⟩ ≥ 2ε. Recalling that v ji = −vi j, we may combine the inequalities

2ε ≤ ⟨w j, vi j⟩, 2ε ≤ ⟨wi, v ji⟩

to obtain

4ε ≤ ⟨w j − wi, vi j⟩ (3.16)

≤ ∥w j − wi∥1 · ∥vi j∥∞ = ∥w j − wi∥1
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Summarizing, the L1 unit ball contains n vectors w1, . . . ,wn, and the pairwise distances

between these vectors (in L1) are at least 4ε. The L1 balls of radius 2ε centered at these

vectors are pairwise disjoint, and all of them are contained in the ball of radius 1 + ε

centered at 0, so the combined volume of the n balls of radius 2ε must not exceed the

volume of the radius-(1 + ε) ball. Since 1 + ε < 2, this implies (2ε)m · n < 2m, hence

n < (1/ε)m as claimed. □

3.3 Achieving the optimal threshold prophet ratio

Recall that when one is free to order the elements arbitrarily, single-threshold stop-

ping rules satisfy a prophet inequality with factor 1 − 1
e but (asymptotically) no greater,

i.e. Rn(S n) = 1 − 1
e + o(1) (see Appendix A.2.3). In this section we construct a small set

of permutations that achieves this bound, and an even smaller set that comes arbitrarily

close. To do that, we follow a proof3 for deriving that bound in the prophet secretary

version of the problem4 and identify weaker properties that a distribution over a set of

permutations need to satisfy in order for the proof to (approximately) go through. Those

properties are captured by the notions of pairwise independence and almost pairwise

independence which we now define.

Definition 11. A distribution over permutations σ ∈ S n is pairwise independent if for

every pair of distinct indices i , j in [n], the pair (σ(i), σ( j)) is distributed uniformly

over {(a, b) ∈ [n] × [n] | a , b}. It is (ε, δ)-almost pairwise independent if for every

pair of distinct indices i , j, the distribution of the pair
(⌈

σ(i)
εn

⌉
,
⌈
σ( j)
εn

⌉)
is δ-close, in total

variation distance, to the uniform distribution on
[

1
ε

]
×

[
1
ε

]
, where

[
1
ε

]
denotes the set

3A slight variation of the proof technique used in Theorem 8 also appears in [32] in which they use
Schur Convexity instead of the AM-GM inequality to derive similar bounds for the prophet secretary
problem.

4Recall, in the prophet secretary problem (Problem 4), the order of inspection is chosen uniformly at
random by nature from Π = S n.
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{
1, 2, . . . ,

⌈
1
ε

⌉}
.

Notice that the uniform distribution over S n is indeed pairwise independent. More im-

portantly, as the following lemma shows, there exist distributions with much smaller

support that (approximately) achieve the same property.

Lemma 7. For prime n, there exists a set Π of n(n − 1) permutations in S n such that

the uniform distribution over Π is pairwise independent. For any ε, δ > 0 such that

1/ε is an integer, if n is an integer multiple of 1/ε and εn ≥ 2/δ, then there exists a

set Π of O(( 1
δε

)2 log n) permutations in S n such that the uniform distribution over Π is

(ε, δ)-almost pairwise independent.

The proof is deferred to Appendix B.2. The first part is proven using the permutations

σ(k) = ak + b (mod n) for all a ∈ [n − 1] and b ∈ [n]. The second part is proven using

the probabilistic method to show that a random Π ⊆ S n of the given cardinality has

positive probability of being (ε, δ)-almost pairwise independent. Explicit constructions

using ϵ-biased sets [77, 89] can achieve |Π| = O
((

1
δε

)2+o(1)
log n

)
.

Theorem 8. Suppose σ is a random permutation of [n] and π = σ−1. If σ is drawn from

a pairwise independent distribution then there exists a threshold T such that

Eπ
[
E[ALGπ,T ]

]
≥

(
1 − 1

e

)
· E[OPT]. (3.17)

If σ is drawn from an (ε, ε2)-almost pairwise independent distribution then there exists

a threshold T such that

Eπ
[
E[ALGπ,T ]

]
≥

(
1 − 1

e − O(ε)
)
· E[OPT]. (3.18)

Proof. For a given threshold T , let p = Pr[maxn
i=1 Xi ≥ T ]. We have

E[OPT] ≤ T + E[(OPT−T )+] ≤ T +
n∑

i=1

E[(Xi − T )+]. (3.19)
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For the random variable ALG = ALGπ,T , we have

E[ALG] = p · T + E[(ALG−T )+] = p · T +
n∑

i=1

ciE[(Xi − T )+] (3.20)

where

ci =

n∑
k=1

Pr[π(k) = i] ·
k−1∏
ℓ=1

Pr[Xπ(ℓ) < T | π(k) = i] (3.21)

denotes the probability that no element is selected before the stopping rule observes Xi.

We can bound the product occurring in the formula for ci using the arithmetic mean-

geometric mean inequality, similarly to the proof of Theorem 6. Let q j = Pr[X j < T ]

for each j ∈ [n]. For any set S ⊆ [n], let pk,i(S ) = Pr[π([k − 1]) = S | π(k) = i] denote

the conditional probability that S is exactly equal to the set of elements observed before

Xi, given that π(k) = i.

k−1∏
ℓ=1

Pr[Xπ(ℓ) < T | π(k) = i] =
∑
S⊆[n]

pk,i(S )
∏
j∈S

q j (3.22)

≥
∏
S⊆[n]

∏
j∈S

q j


pk,i(S )

=
∏

j∈[n]\{i}

q

∑
S⊆[n], j∈S

pk,i(S )

j

The exponent
∑

S⊆[n], j∈S pk,i(S ) on the right side is equal to Pr[σ( j) < k | σ(i) = k].

Hence,

ci ≥
∑
k∈[n]

Pr[π(k) = i] ·
∏
j,i

qPr[σ( j) < k | σ(i) = k]
j . (3.23)

If σ is pairwise independent then Pr[π(k) = i] = 1
n and for all j, Pr[σ( j) < k | σ(i) =

k] =
k − 1
n − 1

. Hence, if we let q =
n∏

j=1

q j, then

ci ≥
1
n
·

n∑
k=1

∏
j,i

q j


k − 1
n − 1

(3.24)

≥
1
n

(
1 + q1/(n−1) + · · · + q(n−2)/(n−1) + q

)
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If we set T so that q = 1/e, then Lemma 28 in Appendix B.2 shows that the right side

of (3.24) is greater than 1 − 1
e . Also, note that

p = Pr[OPT ≥ T ] = 1 − Pr[OPT < T ] = 1 −
n∏

j=1

q j = 1 − q = 1 − 1
e .

Having shown that p = 1− 1
e and that ci > 1− 1

e for all i, we may substitute these bounds

into (3.20) and conclude that

E[ALG] ≥
(
1 −

1
e

)
T +

(
1 −

1
e

) n∑
i=1

E[(Xi − T )+] (3.25)

≥

(
1 −

1
e

)
· E[OPT]

Now we turn to the case that the distribution of σ is (ε, δ)-almost pairwise independent

for δ = ε2. In that case, we group the time steps k ∈ [n] into “buckets” of εn consecutive

steps; the bucket containing the time step when Xi is observed is numbered b(i) =
⌈
σ(i)
εn

⌉
.

The counterpart of (3.21) is the following inequality:

ci ≥

1/ε∑
u=1

Pr[b(i) = u] ·
εnu∏
ℓ=1

Pr[Xπ(ℓ) < T | b(i) = u] (3.26)

The inequality is valid because the left side is the probability that no value greater

than T is observed before Xi is observed, and the right side is the probability no

value greater than T is observed in buckets 1, 2, . . . , b(i). For any set S ⊆ [n], let

p̃u,i(S ) = Pr[π([εnu]) = S | b(i) = u] denote the conditional probability that S is

exactly equal to the set of elements observed in buckets 1, 2, . . . , u, given that b(i) = u.

Analogously to (3.22), we can use the AM-GM inequality to derive

εnu∏
ℓ=1

Pr[Xπ(ℓ) < T | b(i) = u] ≥
∏
j∈[n]

q

∑
S⊆[n], j∈S

p̃u,i(S )

j . (3.27)

The exponent of q j on the right side is equal to Pr[b( j) ≤ u | b(i) = u]. If the distribution

of σ is (ε, δ)-almost pairwise independent, this probability is at most εu+δ and Pr[b(i) =
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u] ≥ ε − δ. Therefore,

ci ≥ (ε − δ) ·
1/ε∑
u=1

qεu+δ (3.28)

=
(
1 − δ

ε

)
· qε+δ ·

[
ε
(
1 + qε + q2ε + · · · + q1−ε

)]
.

If q = 1
e and δ = ε2 then the factors 1 − δ

ε
and qε+δ are both 1 − O(ε) and the factor

ε
(
1 + qε + q2ε + · · · + q1−ε

)
is at least 1− 1

e , again by Lemma 28. Hence, ci ≥ 1− 1
e−O(ε).

As before, p = 1 − q = 1 − 1
e , and the lemma follows by substituting these bounds for p

and ci into (3.20) and comparing with (3.19). □

We now restate and prove Theorem 5.

Theorem 9. For every n ∈ N and ε > 0, there is a set Π consisting of O(poly(ε−1) · log n)

permutations such that Rn(Π) > 1 − 1
e − ε. There is also a set Π consisting of O(n2)

permutations such that Rn(Π) ≥ 1 − 1
e .

Proof. If n is prime, Lemma 7 combined with Theorem 8 show that there exists a set Π

of n(n − 1) permutations such that Rn(Π) ≥ 1 − 1
e . If n is composite, we make use of

a “padding lemma” (Lemma 29 in Appendix B.2) which says that for any N ≥ n, a set

of m permutations ΠN ⊆ S N can be transformed into a set of at most m permutations,

Πn ⊆ S n, such that Rn(Πn) ≥ RN(ΠN). Taking N to be a prime between n and 2n [90],

the padding lemma implies there is a set Πn of fewer than 4n2 permutations satisfying

Rn(Πn) ≥ 1 − 1
e . Similarly, for ε > 0, take k ∈ N such that ε/2 < 1

k ≤ ε. If 2 ≤

n ≤ 2k3 then n2 ≤ 4k6 ≤ 256ε−6, and we have already shown the existence of Π ⊆ S n

with |Π| = O(n2) = O(ε−6) and Rn(Π) ≥ 1 − 1
e . Otherwise, n > 2k3 so there is a

multiple of k between n and 2n. Denoting this number by N, and observing that the

constraint ε′N ≥ 2/δ′ is satisfied when ε′ = 1/k and δ′ = (ε′)2, we apply Lemma 7 and

Theorem 8 to deduce the existence of a set ΠN of O(k6 log N) permutations of [N] such
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that RN(ΠN) ≥ 1 − 1
e − ε, then we use the padding lemma to deduce the existence of

Πn ⊆ S n such that |Πn| = O(k6 log N) = O(ε−6 log n) and Rn(Πn) ≥ 1 − 1
e − ε. □
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CHAPTER 4

INDIVIDUAL FAIRNESS IN PROPHET INEQUALITIES

In Algorithmic Decision-making there is a tension between optimality — making a de-

cision maximizing some aggregate objective — and fairness, — ensuring equal oppor-

tunity for all alternatives — especially when multiple parties are involved and affected

by the decisions. In this chapter we investigate optimal stopping problems from a fair-

ness perspective. In contrast to prior work that studies optimal stopping in the context

of group fairness constraints [30], in this work we initiate the study of how individual

fairness constraints influence the performance of stopping rules.

In this chapter we work with an abstract formulation of individual fairness in optimal

stopping that is as simple and free of application-specific details as possible. However,

to motivate the fairness constraints we will consider, it will be helpful to contemplate

some motivating applications in which the potential for stopping rules to yield unfair

outcomes is evident.

Example 1. Consider a firm interviewing a sequence of candidates for a job opening.

Assume that the firm may hire at most one candidate, and that the decision whether or

not to hire a candidate must be made immediately after their interview, without waiting

to judge the quality of candidates scheduled to be interviewed later in the hiring season.

If we assume that the firm wishes to maximize the expected quality of the candidate

hired, and that the candidates’ qualities are independent and identically distributed1 ran-

dom variables, then an optimal stopping rule would calculate a decreasing sequence of

thresholds and hire the first candidate whose quality exceeds the corresponding thresh-

old. Thus, although the candidates are a priori identical, the optimal stopping rule dis-

1The i.i.d. assumption is for the sake of this example. In general we will be considering independent
but non-identical distributions in this work.
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criminates according to arrival time: a candidate of low quality has no chance of being

hired if they interview early (when the threshold will be above their quality level) but

stands a chance of being hired if they interview late. On the other hand, the opposite type

of unfairness exists for candidates of high quality: they have a high probability of being

hired if they interview early, and a lower probability of being hired if they interview late

because of the possibility that an earlier candidate has already been hired. Replacing the

optimal stopping rule with a threshold stopping rule — i.e., one which uses a constant

threshold over time and hires the first candidate whose quality exceeds this threshold —

eliminates the first type of unfairness but not the second.

In the preceding example, the selection rule treated individuals differently due to dif-

ferences in their arrival time. Another potential type of unfairness occurs when an

individual’s probability of being selected (conditional on their value) depends on the

individual’s identity. This type of unfairness can arise even in offline selection prob-

lems, where a decision maker is choosing one of n elements and observes the value (or

quality) of each element before making a choice.

Example 2. Consider a ride sharing platform in a city where demand exceeds supply:

in each time interval, the platform receives a set of requests and must decide which ones

will receive service. A seemingly fair selection rule is to choose the request of maximum

value, breaking ties at random. To illustrate the potential for unfairness, suppose there is

only one driver and two users, Odysseus and Penelope. Odysseus is a frequent traveler

who requests a ride every day, whereas Penelope mostly stays home and only needs a

ride once every m days for some m > 1. Let us model the value of selecting a user to be

1 if they requested a ride and 0 otherwise. If the platform uses random tie-breaking then

half of Penelope’s requests are denied whereas the fraction of Odysseus’ requests that

are denied is only 1
2m . A fairer rule would select Penelope with probability m

m+1 when

she makes a request, and otherwise it would select Odysseus. Under this rule, both users
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would find that 1
m+1 of their requests are denied and the rest are served.

The foregoing two examples motivate two different notions of individual fairness. We

formalize these two properties in Section 4.2 and label them as time-independent fair-

ness (TIF) and identity-independent fairness (IIF). Depending on the application, one

may wish for selection rules to satisfy one of these properties, or the other, or both. A

few natural questions arise about such fairness-constrained selection rules.

Can one efficiently optimize over fairness-constrained stopping rules? Absent fair-

ness constraints, one can generally compute optimal stopping rules using dynamic pro-

gramming, but it appears difficult to incorporate fairness constraints into the dynamic

programming formulation since they impose dependencies among the decisions made

at different times. We show in Section 4.4 that optimal fairness-constrained stopping

rules can be computed by solving a polynomial-sized linear program.

How well can fairness-constrained selection rules approximate optimal selection

rules, in the worst case? There are many versions of this question, depending whether

the fairness constraint is TIF or IIF (or both), and whether the fairness-constrained

selection rule or the optimal selection rule (or both) is allowed to make decisions offline

(i.e., observe the full sequence of values before making its selection). In Section 4.5 we

answer almost all versions of this question; our results are summarized in Figure 4.1. In

Section 4.6 we investigate how the answers to these questions differ when one imposes

an additional constraint that the decision maker must select one of the n alternatives. In

the traditional setting of prophet inequalities one can assume this property without loss

of generality: if no hire is made before the last interview, a firm loses nothing by hiring

the final candidate. In contrast, we show that requiring the firm to hire a candidate,

while also imposing either the TIF or IIF fairness constraint, can make an enormous

qualitative difference: the expected value of the candidate selected by the optimal TIF
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(or IIF) stopping rule may differ from the expected value of the best candidate by an

unbounded factor.

In cases when the precise input distribution is not known, can approximately op-

timal fairness-constrained selection rules be learned from data? Since the fairness

criteria in this paper are distribution-dependent, one might anticipate that there is no

way for a decision maker to ensure that their selection rule is fair without knowing the

input distribution. In Section 4.7 we show that this intuition is false: if the decision

maker has access to a single sample from each distribution, that is enough to implement

a constant-competitive offline selection rule that satisfies both TIF and IIF. With access

to two independent samples from each distribution, the decision maker can implement

a constant-competitive online stopping rule that satisfies both TIF and IIF. The ques-

tion of whether fairness-constrained stopping rules can be constant-competitive with

just one sample from each distribution, rather than two, is an enticing open question

that we leave for future work.

4.1 Related Work

Among the prophet inequalities literature, fairness has been very recently considered

in [30] but unlike our work which deals with individual fairness (from the perspective

of each candidate), [30] deal exclusively with a form of group-fairness constraint for

the secretary problem and prophet inequality settings. In their prophet model, individ-

uals are partitioned into disjoint groups, and fairness constraints are expressed as lower

bounds on the expected number of members selected from each group. They prove a

tight competitive ratio of 1/2 between a fair, online algorithm and a fair, offline one,

akin to some of our results. Additionally they compare fair, online algorithms to fair,

offline ones in some restricted settings (e.g. group hiring priorities being proportional to
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group size, distributions being i.i.d. and more) and provide tight competitive ratios there

as well.

Somewhat closer to our setting, a similar notion to our TIF fairness has been studied

in the context of the secretary problem under the name of “Incentive Compatibility” in

[22]. This is the property of a stopping rule for the secretary problem which requires

the probability of selecting a candidate at the t-th step to be equal for all t ∈ [n], hence

the name incentive compatible since any candidate i has no incentive to arrive at any

different time. Interpreted within our framework, the incentive compatibility of [22] can

be thought of as an ex-ante kind of time-independent fairness, whereas our TIF is an ex-

interim kind since our definition conditions on the sampled value of the i-th candidate

when considering their hiring probability.

In a broader sense, our work adds to a line of research exploring fairness in dynamic

settings such as dynamic resource allocation problems (e.g. [73, 67, 88]) or dynamic

fair division (e.g. [93, 57]), settings in which agents arrive dynamically and some allo-

cation needs to be computed that is both maximizing some performance metric but also

satisfying certain fairness criteria.

4.2 Fairness

In the introduction of this chapter we studied examples of different kinds of unfairness

that manifest in online decision-making environments and pinned down two particular

kinds of fairness criteria that were violated in each case. Here we give formal definitions

for those fairness properties in the context of the adversarial-order prophet problem

(Problem 2).
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Important remarks on chapter-specifc assumptions To accommodate the treatment

of the material in this chapter, we will be making the simplifying assumption that all dis-

tributions of a given instance are supported on the same, discrete set S, meaning for all

x ∈ S and all i ∈ [n] : Pr[Xi = x] > 0. This is done to avoid some technically pathologi-

cal cases where one needs to condition on events with probability zero. Additionally, the

fairness definitions studied here are relevant to both offline algorithms and stopping rules

alike. Previously, the only offline algorithm we considered was the trivial algorithm of

the prophet, OPTOff. In this chapter, we consider broader classes of offline algorithms,

ones that are not necessarily making optimal choices. When defining fairness, we refer

to the decision-making process simply as an algorithm and this includes both offline

algorithms with the ability to see the values of all Xi’s before making a decision as well

as stopping rules adapted to a given inspection order dictated by a permutation π.

We begin by considering the situation in Example 2. The observation there was that

conditional on candidate i having value x, the probability of them getting hired should

only depend on the value x and not on the identity i of the particular candidate. This

leads naturally to a fairness definition adapted to the framework of the adversarial-order

prophet problem (Problem 2).

Definition 12 (Identity-Independent Fairness (IIF)). An algorithm ALGI,π for an in-

stance I = (Fi)i∈n supported on S and inspection order dictated by permutation

π : [n] → [n] (the latter is relevant only for stopping rules) is said to satisfy Identity-

Independent Fairness if there exists a function p : S → [0, 1] such that:

Pr[ALGI,π accepts Xi | Xi = x] = p(x), ∀i ∈ [n], x ∈ S.

In other words, the probability of selecting Xi conditional on its value being x is inde-

pendent of its identity i (but potentially dependent on its value x).

When an algorithm satisfies this property, we say it is “IIF with probability function
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p(x)”.

The above definition is given for a particular inspection order π but it will be useful to

extend it in the case of stopping rules to families of algorithms {ALGπ
I
}π∈S n , all for the

same instance I but each for a different inspection order, and say that a family like that

is IIF if each stopping rule in the family is IIF with some probability function pπ(x)

(potentially different for each permutation).

Similarly, we can formalize the fairness notion demonstrated in Example 1 as follows.

Definition 13 (Time-Independent Fairness (TIF)). A family of algorithms {ALGI,π}π∈S n ,

all for the same instance I = (Fi)i∈[n] supported on S, each for a different inspection

order π is said to satisfy Time-Independent Fairness if there exists a function p : [n] ×

S → [0, 1] such that:

Pr[ALGI,π accepts Xi | Xi = x] = p(i, x), ∀i ∈ [n], x ∈ S, π ∈ S n.

In other words, the probability of accepting Xi conditional on its value being x is in-

dependent of its inspection time across different inspection orders (but is allowed to

depend on its identity i and its value x).

Unlike Definition 12, this definition of fairness is meaningful only in the online setting.

When considering the behavior of an offline algorithm with access to all r.v.s at once,

the definition is trivially satisfied.

We claim that the two definitions capture different notions of fairness and indeed they

are independent of one another. The following examples demonstrate that fact by giving

instances and families of stopping rules which satisfy either Definition 12 or Defini-

tion 13 but not both.
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• Consider an instance of two independent r.v.s X1, X2, arbitrarily distributed on a

common support set S. For arrival permutation π1 = (1, 2), define ALGπ1 as the

stopping rule which selects one of X1, X2 uniformly at random. On the other hand,

for π2 = (2, 1), define ALGπ2 as the stopping rule that terminates without hiring.

Each algorithm in the family {ALGπi}
2
i=1 satisfies the IIF definition with pπ1(x) =

1/2, pπ2(x) = 0 respectively for all x ∈ S but it does not satisfy the TIF definition

because of the dependence on π.

• Consider again an instance X1, X2 of two independent r.v.s, arbitrarily distributed

on a common support set S. For either arrival permutation, define a stopping rule

ALGπi which always selects variable i = 1 regardless of the realization of its value

and regardless of its arrival time.

Then, the family {ALGπi}
n
i=1 satisfies the TIF property with p(i, x) = p(i) = I[i =

1], for all x ∈ S. On the other hand, none of the algorithms in the family satisfy

the IIF property because of the dependence on i.

More importantly, the definitions are not mutually exclusive and there exist families of

algorithms that satisfy both. A trivial example is an algorithm that never selects any

value. This is obviously IIF with p(x) = 0 for all x as well as TIF with p(i, x) = 0 and

indeed can be described as fair even if it performs poorly. Another example is an algo-

rithm which selects a variable Xi uniformly at random among all the choices regardless

of the permutation π and regardless of the realization of its value. This algorithm is both

IIF and TIF but again has poor performance tending to zero as n→ ∞.

Before moving on, let’s also verify what was implied earlier, that common stopping rules

for the prophet problem indeed fail to satisfy both of our fairness definitions. Consider

a simple instance with two 0-1 random variables distributed as follows:

60



X1 =


1, w.p. 1/2

0, w.p. 1/2
, X2 =


1, w.p. 2/3

0, w.p. 1/3
.

Let ALG→ be any single-threshold stopping rule which uses a threshold T ∈ (0, 1)

(e.g. the [61] or the [86] stopping rule) on the forward arrival order, i.e. π = (1, 2).

In this instance, such a rule would select a variable after inspecting it if and only if its

value is equal to 1. Similarly, ALG← is the same stopping rule but applied on the reverse

inspection order, i.e. π = (2, 1). Consider now the selection probabilities of each r.v. and

on each arrival ordering conditional on sampling the higher support point:

Pr[ALG→ accepts X1 | X1 = 1] = 1,

Pr[ALG→ accepts X2 | X2 = 1] = Pr[X1 = 0] =
1
2
,

Pr[ALG← accepts X1 | X1 = 1] = Pr[X2 = 0] =
1
3
,

Pr[ALG← accepts X2 | X2 = 1] = 1.

Fixing an arrival ordering, we see that neither stopping rule is IIF because the conditional

probabilities depend on the identity i of the variable considered. Further, the family

{ALG→,ALG←} fails to satisfy the TIF property since there is a dependence on the

inspection order.

As we observed earlier, the IIF property can be desirable even in an offline version of

prophet problem. It is therefore possible to think of fairness as an extra dimension of

complexity on top of the online dimension of the problem. Each dimension (offline

vs. online and unfair vs. fair) constrains the set of algorithms that can be used in differ-

ent ways and degrades performance as measured by the expected value of the element

accepted. Akin to a prophet inequality, one can ask what is the best competitive ratio

achievable when comparing algorithms that have to satisfy different kinds of constraints.
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For example, how much more powerful are offline IIF algorithms (IIF prophets) com-

pared to IIF stopping rules? Or, how much more powerful are general stopping rules

without fairness considerations compared to IIF stopping rules? What about compared

to TIF stopping rules?

In the sections that follow, we address those questions for interesting combinations of

settings in order to understand the trade-offs in performance that arise when different

kinds of constraints are imposed on the decision maker.

4.3 Designing Simple, Fair Stopping Rules

As noted earlier, some of the standard stopping rules typically used in prophet problems

fail to satisfy the fairness properties we introduce in this chapter because they assign

different interim acceptance probabilities to variables with different identities or vari-

ables with different inspection order, for the IIF or TIF properties respectively. In this

section we present a way of modifying one of the standard, single-threshold stopping

rules to get a 1/4-competitive stopping rule which satisfies both the IIF and the TIF

properties. While the sections that follow present instance-optimal, fair stopping rules

with strictly better competitive ratios, the algorithm presented here can be of interest due

to its simplicity as well as serving as an instructional example for developing intuition

on the use of randomness to achieve fairness in the context of decision-making under

uncertainty. The idea is to attempt to equalize the interim probabilities by introducing

randomness and allowing the stopping rule to reject a variable — even if its value is

above the threshold — with some carefully calibrated, variable-specific probability.

Consider Algorithm 3 below which uses a single threshold T but the decision to accept

a variable Xi under consideration requires both the variable having a high enough value
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(Xi ≥ T ) as well as an independent bi-biased coin coming up heads.

Algorithm 3: IIF and TIF single-threshold-with-coins stopping rule
Parameters: Permutation π : [n]→ [n], threshold T , biases b1, . . . , bn ∈ [0, 1].
for t = 1, . . . , n do

i← π(t). // Index of variable Xi inspected on time-step t.
if Xi ≥ T then

Toss a bi-biased coin.
if coin comes up Heads then

Accept Xi and halt.
else

Reject Xi.
end

else
Reject Xi.

end
end

We use the threshold of [86] and the following biases, computed so as to guarantee the

fairness properties:

T := median of max
i∈[n]

Xi, (4.1)

bπ(t) :=
1

2 ·
(
1 − 1

2

∑
s<t Pr[Xπ(s) ≥ T ]

) , ∀t ∈ [n]. (4.2)

The lemmas that follow establish that the parameters are well-defined, they induce the

IIF and the TIF properties and that the resulting algorithm remains constant-competitive

when compared to a prophet.

Lemma 8. Equations (4.1) and (4.2) define valid biases bi ∈ [0, 1] for all i ∈ [n].

Proof. To show bi ∈ [0, 1], it suffices to show
∑n

j=1 Pr[X j ≥ T ] ≤ 1 since 1/(2 · (1 −

x/2)) ∈ [0, 1] for x ≤ 1. Indeed,

n∑
j=1

Pr[X j ≥ T ] = n −
n∑

j=1

Pr[X j < T ]
AM-GM
≤ n − n

 n∏
j=1

Pr[X j < T ]


1/n

= n
1 − (

1
2

)1/n ≤ n
(
1 − e−1/n

)
≤ n

(
1 −

(
1 −

1
n

))
= 1.
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□

Lemma 9. Algorithm 3 parameterized by the threshold and biases shown in Equa-

tions (4.1) and (4.2), defines a family of algorithms (one for each arrival ordering

π ∈ S n) satisfying both the IIF and the TIF properties.

Proof. Let ALGπ refer to Algorithm 3 parameterized as described in the lemma state-

ment for a particular arrival ordering π : [n]→ [n]. We claim the following equality,

Pr[ALGπ accepts Xi | Xi = x] =


1
2 , x ≥ T

0, otherwise
. (4.3)

Notice how the right side is independent of both i and π, meaning that each ALGπ is

individually IIF and further, the family {ALGπ}π∈S n is TIF.

Let us now prove Equation (4.3). For x < T , it’s easy to see that,

Pr[Accept Xi | Xi = x < T ] = 0, ∀i ∈ [n].

Now suppose x ≥ T . We proceed inductively on t. For t = 1, using Equation (4.2),

Pr[Accept Xπ(1) | Xπ(1) = x ≥ T ] = Pr[Coin 1 comes up Heads] = bπ(1) =
1
2
.
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Assuming, Pr[ALGπ accepts Xπ(s) | Xπ(s) ≥ T ] = 1/2, for all s = 1, 2, . . . , t, we have:

Pr[ALGπ accepts Xπ(t+1) | Xπ(t+1) = x ≥ T ]

= Pr[Coin t + 1 comes up Heads] · Pr[Inspect Xπ(t+1)]

= bπ(t+1) · Pr[Inspect Xπ(t+1)]

= bπ(t+1) ·
(
1 − Pr[Accept Xπ(s) for some s < t]

)
= bπ(t+1) ·

1 −∑
s<t

Pr[Accept Xπ(s)]


= bπ(t+1) ·

1 −∑
s<t

Pr[Accept Xπ(s) | Xπ(s) ≥ T ] · Pr[Xπ(s) ≥ T ]


Ind. hyp.
= bπ(t+1) ·

1 − 1
2

∑
s<t

Pr[Xπ(s) ≥ T ]

︸                          ︷︷                          ︸
=

1
2bπ(t+1)

=
1
2

Hence, eq. (4.3) follows. □

Lemma 10. Algorithm 3 parameterized with the threshold and biases defined in Equa-

tions (4.1) and (4.2) is 1/4-competitive.

Proof. For simplicity, and without loss of generality, in this proof we assume the ar-

rival ordering is the identity permutation, i.e. variables are to be inspected in order

X1, X2, . . . , Xn. Denote by ALG the the value selected by Algorithm 3 (or zero if no

element was accepted) and let h be the probability of accepting exactly one element.

We proceed similarly to Appendix A.2.1 by proving a lower bound on the expected

65



performance on the algorithm and prophet separately.

E[ALG] = E

 n∑
i=1

Xi · I[Accept Xi]


= E

 n∑
i=1

T · I[Accept Xi] +
n∑

i=1

(Xi − T ) · I[Accept Xi]


= T · h +

n∑
i=1

E[(Xi − T ) · I[Accept Xi]]

= hT +
n∑

i=1

E[(Xi − T ) · I[Accept Xi] | Xi ≥ T ] · Pr[Xi ≥ T ]

= hT +
n∑

i=1

E[(Xi − T ) | Xi ≥ T ] · Pr[Xi ≥ T ] · Pr[Accept Xi | Xi ≥ T ]

= hT +
n∑

i=1

E[(Xi − T )+] · Pr[Accept Xi | Xi ≥ T ]

≥ hT + b
n∑

i=1

E[(Xi − T )+],

where b := minn
i= bi is the minimum bias.

As for the prophet, a similar upper bound to Inequality (A.11) can be used here as well:

E

[
max
i∈[n]

Xi

]
≤ T +

n∑
i=1

E
[
(Xi − T )+

]
.

Combining the two bounds, we get an inequality

E[ALG] ≥ min(h, b) · E
[
max
i∈[n]

Xi

]
.

It remains to show that min(h, b) ≥ 1/4. In fact, b = mini∈[n] bi ≥ 1/2 by definition of bi.

As for h,

h = Pr[Accept some element]

= Pr
[
Accept some element

∣∣∣∣∣ max
i∈[n]

Xi ≥ T
]
· Pr

[
max
i∈[n]

Xi ≥ T
]

≥ Pr
[
Accept the maximum element Xi∗ | Xi∗ ≥ T

]
·

1
2

= p≥T ·
1
2
=

1
4
,

where p≥T denotes the upper branch of the right side of Equation (4.3). □
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4.4 A Characterization of Fair Stopping Rules

We now turn our attention to designing optimal, fair (IIF/TIF) stopping rules, which will

eventually lead us to a unified approach to designing algorithms with good competitive

ratios in multiple settings. The reason this is a good starting point is that, as we shall see

shortly, the combined requirement for fairness along with the online nature of the setting

induces a good structure to the set of available algorithms allowing us to compute the

optimal by solving a simple polynomial-size Linear Program (LP).

4.4.1 IIF Constraints

The following lemma formalizes the observation that the probability functions in the

definition of the IIF property characterize the performance of the stopping rule satisfying

that property.

Lemma 11. Consider an instance I = (Fi)i∈[n] and inspection order permutation π.

All stopping rules ALGI,π for this instance satisfying the IIF property with probability

function p(x) have the same expected performance which is given by the expression:

E[ALGI,π] =
n∑

i=1

∑
x∈S

x · fi(x) · p(x) (4.4)
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Proof.

E[ALG] = E

 n∑
i=1

Xi · I[ALG accepts Xi]


=

n∑
i=1

∑
x∈S

E[Xi · I[ALG accepts Xi] | Xi = x] · Pr[Xi = x]

=

n∑
i=1

∑
x∈S

x · Pr[ALG accepts Xi | Xi = x] · Pr[Xi = x]

=

n∑
i=1

∑
x∈S

x · p(x) · fi(x)

□

Further, the function p associated with an IIF stopping rule characterizes its behavior

in the sense that we can parameterize Algorithm 4 below with any eligible p to induce

the same interim acceptance probabilities as the ones dictated by p. Lemma 12 below

states this observation formally and identifies a necessary and sufficient condition for an

arbitrary function p to correspond to interim acceptance probabilities of a stopping rule

for the prophet problem.

Algorithm 4: IIF Stopping Rule
Parameters: I = (Fi)i∈[n], π, p(·)
for t = 1, . . . , n do

i← π(t).
Inspect Xi and let x← Xi.

Qt ← 1 −
t−1∑
k=1

∑
y∈S

fπ(k)(y) · p(y)

Flip a coin with Heads probability equal to qt(x) =
p(x)
Qt

.

if coin comes up Heads then
Select i and halt.

else
Reject and proceed.

end
end

68



Lemma 12 (IIF Structural Lemma). There exists an online algorithm ALGI,π for an

instance I = (Fi)i∈[n] and inspection order π satisfying the IIF property with probability

function p(x) if and only if p satisfies

p(x) +
n−1∑
k=1

∑
y∈S

p(y) · fπ(k)(y) ≤ 1, ∀x ∈ S. (4.5)

Moreover, if p is a function satisfying the above inequality, then Algorithm 4 (parame-

terized by p) satisfies the IIF property with the same probability function p.

Proof. For the “only if” direction, the key observation is that for the probabilities p(x)

to be valid, they have to be such that the probability of selecting Xπ(t) conditional on

sampling any value x ∈ S is bounded above by the probability of reaching time step t,

because you cannot select a variable with probability greater than that of reaching it in

the first place. More formally, let Qt be the probability of reaching time step t computed

as follows:

Qt = Pr[ALG rejects Xπ(1), . . . , Xπ(t−1)] = 1 − Pr

 t−1⋃
k=1

ALG accepts Xπ(k)


= 1 −

t−1∑
k=1

∑
y∈S

Pr[ALG accepts Xπ(k) | Xπ(k) = y] · Pr[Xπ(k) = y]

= 1 −
t−1∑
k=1

∑
y∈S

p(y) · fπ(k)(y),

where we used the fact that a stopping rule hires at most one candidate to assert that the

events in the union are disjoint.

We thus need to require Qt ≥ p(x) for all t ∈ [n], x ∈ S. Notice however that Qt is non-

negative, decreasing in t ∈ [n] and independent of x therefore it suffices to require the

inequality for t = n, which gives the required condition in the statement of the Lemma:

p(x) ≤ 1 −
n−1∑
k=1

∑
y∈S

p(y) · fπ(k)(y), ∀x ∈ S.
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For the “if” direction, it suffices to prove that Algorithm 4 satisfies the IIF property with

probability function p(x) if we are given that p satisfies inequalities (4.5). We do this

by induction on the time step t ∈ [n]. For the base case, Q1 is set to 1 in the algorithm,

therefore q1(x) = p(x) and we’re done. For the inductive step, consider any time step

t > 1. The conditional probability of accepting Xπ(t) is,

Pr[Algorithm 4 accepts Xπ(t) | Xπ(t) = x]

=Pr[Algorithm 4 accepts Xπ(t) | Xπ(t) = x, have reached time step t]

· Pr[Algorithm 4 rejects Xπ(1), . . . , Xπ(t−1)].

The first factor in the product is exactly the probability qt(x) of the coin used by

Algorithm 4. Using the inductive hypothesis, and a similar computation to the

“only if” direction, we can express the probability of Algorithm 4 rejecting the first

t − 1 variables in terms of the p.d.f.s of each Xi and the probabilities p(x), getting

Pr[Algorithm 4 rejects Xπ(1), . . . , Xπ(t−1)] = Qt, where Qt is exactly the quantity com-

puted in the for-loop. Hence,

Pr[Algorithm 4 accepts Xπ(t) | Xπ(t) = x] = qt(x) · Qt =
p(x)
Qt
· Qt = p(x)

□

A consequence of the structural lemma is that it allows us to reduce the problem of

designing a fair stopping rule into a simple LP.

Indeed, for IIF stopping rules, Lemma 12 states that the set of all functions p(x) for

which there exist an IIF stopping rule with that probability function matches exactly the

set of all functions p(x) that satisfy inequalities (4.5). Further, Lemma 11 states that the

optimal stopping rule would be the one maximizing a linear function of the probabilities

p(x). Therefore, the solution to the following Linear Program gives the conditional
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hiring probabilities of the optimal, IIF stopping rule for a given instance I = (Fi)i∈[n]

and inspection order π:

max
n∑

i=1

∑
x∈S

x · fi(x) · p(x)

s.t. p(x) +
n−1∑
k=1

∑
y∈S

fπ(k)(y) · p(y) ≤ 1, ∀x ∈ S .

p(x) ∈ [0, 1] ∀x ∈ S .

(OPT Online IIF)

After solving (OPT Online IIF), one only has to use the solution to parameterize Algo-

rithm 4 which becomes an optimal, fair stopping rule. We have thus proved the following

theorem.

Theorem 10. The optimal IIF stopping rule for a given instance I = (Fi)i∈[n] and in-

spection order π can be computed in time polynomial in n, |S| by solving (OPT Online

IIF).

4.4.2 TIF Constraints

Similarly to IIF fairness, we proceed to prove similar structural lemmas for TIF stopping

rules.

Lemma 13. Consider an instance I = (Fi)i∈[n]. Any stopping rule ALGI,π for I with

inspection order π satisfying the TIF property with probability function p(i, x) has the

expected performance given by the expression

E[ALGI,π] =
n∑

i=1

∑
x∈S

x · fi(x) · p(i, x),

which is independent of the specific permutation π and the specifics of the stopping rule.

The proof of the lemma is omitted as it uses the same probabilistic calculations as

Lemma 11, the only difference being that p(i, x) is now in place of p(x). We now pro-
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ceed to describe a TIF online algorithm and prove the analogue of Lemma 12 for this

setting.

Algorithm 5: TIF Stopping Rule
Data: I = (Fi)i∈[n], π : [n]→ [n], p(·, ·)
for t = 1, . . . , n do

i← π(t).
Inspect Xi and let x← Xi.

Qπ
t ← 1 −

t−1∑
k=1

∑
y∈S

fπ(k)(y) · p(π(k), y)

Flip a coin with Heads probability equal to qπt (x) =
p(i, x)

Qπ
t

.

if coin comes up Heads then
Accept i and halt.

else
Reject i and proceed.

end
end

Lemma 14 (TIF Structural Lemma). There exists a family of stopping rules

{ALGI,π}π∈S n — all for the same instance I = (Fi)i∈[n] but for different inspection or-

ders — which satisfies the TIF property with probability function p(i, x) if and only if p

satisfies

p(i, x) +
∑
k,i

∑
y∈S

p(k, y) · fk(y) ≤ 1, ∀i ∈ [n], x ∈ S. (4.6)

Moreover, if p is a function satisfying the above inequality, then the family defined by

Algorithm 5 for all permutations π ∈ S n satisfies the TIF property with the same proba-

bility function p.

Proof. For the “only if” direction we proceed as in the IIF case by first expressing the
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probability of rejecting the first t − 1 elements under some arrival ordering π.

Qπ
t = Pr[ALGI,π rejects Xπ(1), . . . , Xπ(t−1)] = 1 − Pr

 t−1⋃
k=1

ALGI,π accepts Xπ(k)


= 1 −

t−1∑
k=1

∑
y∈S

Pr[ALGI,π accepts Xπ(k) | Xπ(k) = y] · Pr[Xπ(k) = y]

= 1 −
t−1∑
k=1

∑
y∈S

p(π(k), y) · fπ(k)(y)

where we used the fact that a stopping rule selects at most one variable to assert that the

events in the union are disjoint. We then require that the conditional hiring probability

is bounded by the arrival probability at time step t,

p(π(t), x) ≤ Qπ
t , ∀t ∈ [n],∀x ∈ S and ∀π ∈ S n. (4.7)

Unlike the IIF case which considered a single inspection order, the TIF property ap-

plies to the whole family of stopping rules and the constraint we just described has to

apply for every such permutation. However, we can simplify it and prove that the set

of inequalities in (4.6) is satisfied if and only if the set of inequalities (4.7) is satisfied.

The direction “(4.7) ⇒ (4.6)” follows easily by taking π to be any permutation such

that π(n) = i. For the other direction, assume inequalities (4.6) are all satisfied, let

π ∈ S n be arbitrary permutation, fix arbitrary t ∈ [n], x ∈ S and denote i = π(t). Define

permutation π′ which is derived from π by swapping the t-th and n-th elements. More

precisely,

π′( j) =


π(n), j = t

i = π(t), j = n

π( j), otherwise

Inequality (4.6) for i, x states that

p(i, x) ≤ 1 −
∑
j,i

∑
y∈S

p( j, y) · f j(y),
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or, equivalently expressed using permutation π′ as

p(π′(n), x) ≤ 1 −
n−1∑
k=1

∑
y∈S

p(π′(k), y) · fπ′(k)(y).

The right side of the above inequality cannot decrease if we make the outer summation

range from 1 to t − 1 instead so,

p(π′(n), x) ≤ 1 −
t−1∑
k=1

∑
y∈S

p(π′(k), y) · fπ′(k)(y).

Since π′ agrees with π for all j < t, the above is equivalent to

p(π(t), x) ≤ 1 −
t−1∑
k=1

∑
y∈S

p(π(k), y) · fπ(k)(y),

which is exactly inequality (4.7).

Now for the “if” direction of the lemma, we prove that the family defined by Algorithm 5

for all π ∈ S n satisfies the TIF property with probability function p(i, x) again using

induction on the time step t ∈ [n]. The base case is again trivial with Qπ
1 = 1 therefore

qπ1(x) = p(i, x). For the inductive step, consider time step t > 1. The conditional

probability of ALGI,π selecting variable Xπ(t) is

Pr[Algorithm 5 accepts Xπ(t) | Xπ(t) = x]

=Pr[Algorithm 5 accepts Xπ(t) | Xπ(t) = x, have reached time step t]

· Pr[Algorithm 5 rejects Xπ(1), . . . , Xπ(t−1)].

The first factor in the product is exactly the probability qπt (x) of the coin used by Algo-

rithm 5. Using the inductive hypothesis, we can express the probability of Algorithm 5

rejecting the first t − 1 elements in terms of the p.d.f.s of each Xi and the probabilities

p(i, x), getting

Pr[Algorithm 5 rejects Xπ(1), . . . , Xπ(t−1)] = Qπ
t ,

where Qπ
t is exactly the quantity computed in the for-loop. Hence,

Pr[Algorithm 5 accepts Xπ(t) | Xπ(t) = x] = qπt (x) · Qπ
t =

p(i, x)
Qπ

t
· Qπ

t = p(i, x).
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□

Similarly to the IIF case, we can express the probability function p(i, x) of the optimal

family of TIF stopping rules as the solution to the following LP

max
n∑

i=1

∑
x∈S

x · p(i, x) · fi(x)

s.t. p(i, x) +
∑
k,i

∑
y∈S

fk(y) · p(k, y) ≤ 1, ∀i ∈ [n],∀x ∈ S.

p(i, x) ∈ [0, 1] ∀i ∈ [n],∀x ∈ S.

(OPT Online TIF)

Theorem 11. The optimal TIF family of stopping rules for a given instance I = (Fi)i∈[n]

can be computed in time polynomial in n, |S| by solving (OPT Online TIF).

4.4.3 Offline Relaxation

The following LP relaxation of the offline prophet problem is going to be useful in later

sections.

Lemma 15. Let I = (Fi)i∈[n] be an instance of the prophet problem. Let OPTOff be

the value of the selected element by the optimal offline algorithm for I and let C∗ be the

optimal solution to the following LP:

max
n∑

i=1

∑
x∈S

x · pix · fi(x)

s.t.
n∑

i=1

∑
x∈S

pix · fi(x) ≤ 1

pix ∈ [0, 1] ∀i ∈ [n],∀x ∈ S .

(Offline Relaxation)

Then,

E[OPTOff] ≤ C∗.
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Proof. Let pix = Pr[OPTOff accepts i | Xi = x]. Since any algorithm accepts at most

one variable, it follows that

E[# of variables accepted by OPTOff] ≤ 1.

The expectation can be expressed in terms of pix as

E[# of variables accepted by OPTOff] = E

 n∑
i=1

I[OPTOff accepts Xi]


=

n∑
i=1

∑
x∈S

Pr[OPTOff accepts Xi | Xi = x] · Pr[Xi = x]

=

n∑
i=1

∑
x∈S

pix · fi(x).

Therefore, the probabilities pix of OPTOff constitute a feasible solution to the LP and

further the objective value C of the LP for pix is equal to the expected performance of

OPTOff. Hence, the optimal solution p∗ix with objective value C∗ cannot be any worse,

C∗ ≥ C = E[OPTOff].

□

The special form of this LP allows to prove that there are optimal solutions with special

structure that will allow us later to transform them into solutions to Online IIF/TIF LPs

presented previously.

Lemma 16. Among the set of optimal solutions to (Offline Relaxation), there is one that

satisfies pix = p jx for all i, j ∈ [n] and all x ∈ S.

Proof. Let p = (pix) be any optimal solution to (Offline Relaxation). We will explain

how to construct another solution p′ = (p′ix) that obeys the LP constraints, has the same

objective value and further satisfies the condition required by the lemma. For any x ∈ S ,

such that
∑n

i=1 pix fix = 0 we set p′ix = 0. For any x ∈ S such that
∑n

i=1 pix fi(x) = wx > 0,
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we let zx =
∑n

i=1 fi(x) and set p′ix = wx/zx for all i. Note that 0 ≤ p′ix ≤ 1 because wx/zx

is the weighted average of the numbers pix, weighted by fi(x)/zx, and each pix belongs

to [0, 1].

The only constraint of (Offline Relaxation) is satisfied by p′ because

n∑
i=1

p′ix fi(x) =
wx

zx

n∑
i=1

fi(x) =
wx

zx
· zx = wx =

n∑
i=1

pix fi(x) (4.8)

and summing the above equations over x, we get that the left side of the LP constraint is

the same for p′ as for p. Finally, to verify the equality of the objective function values,

scale Equation (4.8) by x, then sum over all x ∈ S . □

4.5 Competitive Fair Algorithms

In the previous sections we described how to reduce the problem of computing the opti-

mal IIF/TIF algorithm for a given instance to solving an LP. Here, we use this reduction

to show tight competitive ratios between different settings (online vs. offline, unfair

vs. fair etc.). In what follows, we present the results separately for each kind of fairness.

The results are summarized in Figure 4.1 as competitive ratios between different settings

depicted on top of arcs connecting those settings and our theorems indicate which arc

they correspond to.

4.5.1 Competitive IIF

For the IIF property, there are four settings of interest that correspond to all combinations

of offline/online and non-fair/fair settings according to the IIF property. We pictorially

represent each of those settings as vertices on a square in the left side of Figure 4.1.
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On

On,IIFOff,IIF

Off

= 1
2

= 1
2

≥ 1
2

= 1
2

= 1
2

On

On,TIF

Off

= 1
2

= 1
2

= 1
2

Figure 4.1: Summary of different settings we consider. Labels on arcs represent com-
petitive ratios: an arc from setting A to setting B labeled “≥ r” (resp. “= r”) means a
competitive ratio bound of the form: for any instance (Fi)n

i=1, let OPTA,OPTB be the opti-
mal algorithms on this instance for the respective settings, then E

[
OPTB

]
/E

[
OPTA

]
≥ r

(resp. the bound is tight). The settings are named in the form X[,Y], where X ∈ {Off,On}
denotes whether it is an offline or online setting and Y ∈ {IIF,TIF} (if present) represents
the kind of fairness property required (if any).

Edges on this diagram represent competitive ratios between the corresponding settings

(either already known or proven in this chapter).

The top edge of the IIF diagram is the original prophet inequality giving a tight compet-

itive ratio of 1/2 between the unconstrained (in terms of fairness) offline setting and an

unconstrained online setting.

Next, we focus of the diagonal edge comparing the offline non-fair setting (i.e. a prophet)

with an online and IIF setting for which we manage to recover a 1/2-competitive ratio

that is tight! This means that despite the fact that a decision maker in the Online IIF

setting is more constrained as to what decisions they can make in order to remain fair,

they nevertheless can perform at least half as well as an omniscient prophet who makes

no effort in maintaining fairness.

Theorem 12 (IIF Diagonal Arc). Let I = (Fi)i∈[n] be an instance and π be an inspection
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order for the prophet problem. Let OPTOffI be the optimal, offline algorithm on I

(i.e. the prophet selecting i∗ ∈ argmaxiXi), and OPTOnIIFI,π be the optimal IIF stopping

rule adapted to the instance I and inspection order π. Then,

E[OPTOnIIFI,π] ≥
1
2
· E[OPTOffI].

Moreover, the inequality is tight.

Proof. We start by considering an optimal solution p∗ix to (Offline Relaxation) presented

in Section 4.4.3 which satisfies p∗ix = p∗jx for all i, j and x and denote that common value

by p∗x. The existence of such a solution is guaranteed by Lemma 16. Let C∗ be the

objective value of that solution. Based on this, we define p(x) = p∗x/2 for all x ∈ S.

We claim that p(x) is a feasible solution to (OPT Online IIF) with objective value C∗/2.

Once we prove this, the theorem follows since C∗ is an upper bound to E[OPTOff].

Indeed, consider the left side of a constraint of (OPT Online IIF) for some x ∈ S:

p(x) +
n−1∑
k=1

∑
y∈S

fπ(k)(y) · p(y) =
1
2

p∗x +
1
2

n−1∑
k=1

∑
y∈S

fπ(k)(y) · p∗y. (4.9)

Recall that p∗x as a solution to (Offline Relaxation) it satisfies the feasibility constraint

n∑
i=1

∑
x∈S

fi(x) · p∗x ≤ 1.

Also, p∗x ∈ [0, 1], therefore, we can bound the right side of Equation (4.9) as follows:

1
2

p∗x +
1
2

n−1∑
k=1

∑
y∈S

fπ(k)(y) · p∗y ≤
1
2
+

1
2

n∑
k=1

∑
x∈S

fπ(k)(x) · p∗x

=
1
2
+

1
2

n∑
i=1

∑
x∈S

fi(x) · p∗x ≤
1
2
+

1
2
= 1.

As for the objective value of (OPT Online IIF) for p(x),

n∑
i=1

∑
x∈S

x · fi(x) · p(x) =
1
2
·

n∑
i=1

∑
x∈S

x · fi(x) · p∗x =
C∗

2
.
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The tightness of the bound follows from the tightness of the standard prophet inequality

with the tight instance we presented in Appendix A.2.1. To be precise though, we need

to adapt that example to our framework which requires that all distributions share the

same support. We therefore consider the following δ-perturbation of the standard tight

instance where we add probability mass δ < ε2 to the support points missing on the

distribution of each random variable,

X1 =


1/ε, w.p. δ

1, w.p. 1 − 2δ

0, w.p. δ

, X2 =


1/ε, w.p. ε

1, w.p. δ

0, w.p. 1 − δ − ε

. (4.10)

In this instance, a prophet gets E[OPTOff] = 2 − O(ε). On the other hand, any online

algorithm (IIF or otherwise) on this instance with arrival ordering π1 = (1, 2) gets no

more than E[Onlineπ1] = 1 + O(ε). □

Regarding the remaining arcs on the IIF side of Figure 4.1, notice that the ≥ 1/2 part

of each bound is a consequence of Theorem 12. This is because the optimal algorithm

for any setting in {Off,IIF,On} performs no better than the optimal algorithm in the Off

setting (in expectation) and no worse than the optimal in the On,IIF setting (in expec-

tation). Having shown that Off and On,IIF have a gap of 1/2, it directly follows that

the competitive ratio between any two other setting is at least 1/2. The formal results

appear in the following theorems.

Theorem 13 (IIF Bottom Arc). Let I = (Fi)i∈[n] be an instance of the prophet problem

and π be an inspection order. Let OPTOffIIFI be the optimal, offline and IIF algorithm

on I, and OPTOnIIFI,π be the optimal, IIF stopping rule adapted to I and π. Then,

E[OPTOnIIFI,π] ≥
1
2
· E[OPTOffIIFI].

Moreover, the inequality is tight.
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Proof. We already argued how the inequality follows from Theorem 12. To show tight-

ness, consider again the instance in (4.10). We already argued that for π1 = (1, 2), no

stopping rule can do better than 1+O(ε), therefore the same holds for the any Online, IIF

stopping rule. We now prove that there is an Offline, IIF rule with expected performance

at least 2 − O(ε). To do this, it is easier to design an online, IIF stopping rule for the

reverse permutation π2 = (2, 1), which implies the existence of an Offline, IIF algorithm

with the same expected performance. Indeed let ALGπ2 work as follows: inspect X2 and

if X2 > 0, accept it with probability 1 − ε (by tossing a biased coin). Never accept the

zero value for X2. If X2 was not selected, proceed to inspect X1. If X1 < 0 again do not

select it. Otherwise, for any value X1 > 0, accept it with probability r = 1−ε
1−q where

q = Pr[ALGπ2 accepts X2 at time step t = 1] = (1 − ε) · (ε + δ).

If δ is sufficiently small, e.g. δ < ε2 then q ≤ ε and so r is a well-defined probability. To

verify the IIF property, consider the probability

p(i, x) = Pr[ALGπ2 accepts Xi | Xi = x].

If x = 0 then p(i, x) = 0 regardless of i. For x > 0, it is p(2, x) = 1 − ε by definition and

p(1, x) = 1−ε
1−q · (1 − q) = 1 − ε. Therefore p(i, x) = p(x) confirming the definition of IIF.

Finally, the expected value of this IIF stopping rule applied on π2 can be computed as

follows:
2∑

i=1

∑
x∈{0,1,1/ε}

x · p(x) · fi(x) = (1 − ε) · E[X1] + (1 − ε) · E[X2]

= (1 − ε)c · [1 + δ(1/ε − 2)] + (1 − ε) · [1 + δ]

> 2 − 2ε

□

Theorem 14 (IIF Right Arc). Let I = (Fi)i∈[n] be an instance of the prophet problem

and π be an inspection order. Let OPTOnI,π be the optimal stopping rule adapted to
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instance I arrival order π, and OPTOnIIFI,π be the optimal, IIF stopping rule on same

instance and arrival order. Then,

E[OPTOnIIFI,π] ≥
1
2
· E[OPTOnI,π].

Moreover, the inequality is tight.

Proof. Again, we focus only on the upper bound and provide a tight instance. Consider

the following instance2:

X1 = 1, X2 =


1, w.p. ε

0, w.p. 1 − ε
,

with arrival ordering π1 = (1, 2). Clearly, E[OPTOnπ1] = 1 by always selecting the first

variable. To compute the optimal, we solve (OPT Online IIF), which in this case reduces

to
max p1 + ε · p1

s.t. p0 + p1 ≤ 1

p1 + p1 ≤ 1

p0, p1 ∈ [0, 1]

whose optimal solution as ε → 0 approaches 1/2, meaning that E[OPTOffIIF] → 1/2.

□

Similarly, Theorem 12 implies a lower bound on the competitive ratio for the arc on the

left, comparing fairness exclusively on an offline setting. For this, we do not have a tight

example and it is an interesting open question whether this gap can be improved.

Theorem 15 (IIF Left Arc). Let I = (Fi)i∈[n] be an instance of the prophet problem.

Let OPTOffI be the optimal offline rule on I (i.e. a prophet), and OPTOffIIFI be the
2For the IIF property to be well-defined, technically we need a common support across r.v.s. This can

be amended by considering a δ-perturbation of the example just like we did with previous tight examples.
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optimal, IIF stopping rule on the same instance. Then,

E[OPTOffIIFI] ≥
1
2
· E[OPTOffI].

4.5.2 Competitive TIF Algorithms

We now move our attention to competitive ratios between settings where the fairness

criterion is the TIF property. Here the picture is simpler since the TIF property only

makes sense in the online setting. The three interesting settings we will be working with

in this section are shown on the right side of Figure 4.1. The top arc again corresponds

to the well-known, standard prophet inequality. Here we prove the bounds for the other

two arc using the tools we developed in the previous sections.

We begin with the diagonal arc where again we manage to prove a 1/2-competitive

ratio. In fact, the theorem that follows is stronger as it implies the existence of a family

of algorithms that is at the same time TIF and each of the algorithms individually is IIF

achieving the desired ratio of 1/2.

Theorem 16 (TIF Diagonal Arc). Let I = (Fi)i∈[n] be an instance of the prophet

problem and let OPTOffI be the optimal, offline algorithm (i.e. the prophet choosing

i∗ ∈ argmaxiXi). There exists a family of TIF stopping rules {OnTIFI,π}π∈S n one for each

inspection order but all adapted to the common instance I, such that,

E[OnTIFI,π] ≥
1
2
· E[OPTOffI], ∀π ∈ S n.

Moreover, each of OnTIFI,π also satisfies the IIF property. Finally, the inequality is

tight.

Proof. Consider again an optimal solution p∗ix to (Offline Relaxation) presented in Sec-

tion 4.4.3 and denote the optimal objective value by C∗. Define p(i, x) = p∗ix/2. Recall
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that p∗ix is such that
n∑

i=1

∑
x∈S

p∗ix · fi(x) ≤ 1.

To show that p(i, x) as defined satisfies the constraints of (OPT Online TIF),

p(i, x) +
∑
k,i

∑
y∈S

fk(y) · p(k, y) =
1
2

p∗ix +
1
2

∑
k,i

∑
y∈S

fk(y) · p∗ky ≤
1
2
+

1
2

n∑
k=1

∑
y∈S

fk(y) · p∗ky ≤ 1.

Now we compute the objective value of (OPT Online TIF),

n∑
i=1

∑
x∈S

x · fi(x) · p(i, x) =
1
2

n∑
i=1

∑
x∈S

x · fi(x) · p∗ix =
C∗

2
.

In fact, if we assume as before the special solution p∗ix = p∗x guaranteed by Lemma 16,

we can further prove that the constraints of (OPT Online IIF) are satisfied for any fixed

inspection order π ∈ S n, meaning that the algorithm we designed in this proof will also

be an IIF stopping rule:

p(x) +
n−1∑
k=1

∑
y∈S

fπ(k)(y) · p(y) ≤
1
2

p∗x +
1
2

n∑
i=1

∑
y∈S

fi(y) · p∗y ≤ 1.

As for the tightness of the inequality, the same δ-perturbation of the standard prophet

inequality instance presented in Theorem 12 suffices since for permutation π1 = (1, 2),

no algorithm (TIF or otherwise) can do better than 1 + O(ε) whereas a prophet gets at

least 2 − O(ε). □

Theorem 17 (TIF Right Arc). Let I = (Fi)i∈[n] be an instance of the prophet problem.

Let {OPTOnI,π}π∈S n be the family of the optimal stopping rules for each arrival order π

of the common instance I. There exists a family of TIF stopping rules {OnTIFI,π}π∈S n

for the same instance I such that,

E[OnTIFI,π] ≥
1
2
· E[OPTOnI,π], ∀π ∈ S n.

Moreover, the inequality is tight.
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Proof. Observe that the ≥ 1/2 part is a consequence of Theorem 16. This is because

no online algorithm can perform better that an offline one in expectation, therefore if an

Online,TIF algorithm is 1/2-competitive compared to an Offline, the bound carries over

when comparing to Online algorithms which perform at most as well.

For the tightness, we consider again instance (4.10). We claim that no TIF stopping rule

can perform better than 1 + O(ε) and also there exists an online algorithm for the same

instance with arrival ordering π2 = (2, 1) which achieves performance 2 − O(ε). The

later claim is easy to see: absent of the δ-perturbation (i.e. for the instance shown in

(A.16)), a stopping rule performs equally as well as a prophet, achieving an expected

reward of 2 − ε. The perturbation, for δ ≪ ϵ, does not asymptotically alter the expected

performance of the stopping rule. For the former claim, one needs to solve the LP

in (OPT Online TIF) for this specific instance to verify that the optimal solution has

objective value 1 + O(ε). We omit the computation here. □

4.6 An impossibility result

We’ve seen how fairness (IIF, TIF or both) is achievable in the online setting while

guaranteeing a performance at least half that of a prophet. This means that requiring

fairness does not hurt the expected performance of an online decision maker (in the

worst case over instances) more than the loss induced purely by the online nature of the

setting when compared to an offline one. However, fairness comes at a cost which is not

immediately visible when comparing expected performance.

Consider the online IIF 1/2-competitive algorithm derived in Theorem 12. By defini-
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tion, p(x) = 1
2 p∗x so the expected number of elements accepted by the algorithm is

n∑
i=1

∑
x∈S

p(x) · fi(x) =
1
2

n∑
i=1

∑
s∈S

p∗x · fi(x) ≤
1
2
,

using the constraint of (Offline Relaxation). Since the stopping rule always accepts at

most one variable, the probability of accepting some variable at all is at most 1/2. So

there is at least 1/2 probability of rejecting all variables!

Sometimes, rejecting all random variables could be undesirable even when on average

a stopping rule is performing well. It is natural to ask, is there a fair (IIF/TIF) stopping

rule which selects exactly one variable with probability 1 and has non-zero competitive

ratio when compared to a prophet? A property like that, which requires that a stopping

rule always makes some selection has also been studied in the context of the secretary

problem by [22] where it is called “must-hire” property.

In this section, we give a negative answer to this question for both IIF and TIF stopping

rules. However, our work leaves open the question of whether there exist constant-

competitive offline algorithms in the Offline, IIF setting which satisfy the must-hire con-

straint.

Theorem 18. For any ε > 0, there exists an instance Iε = (Fi)i∈n and an inspection

ordering πε of the prophet problem such that for any IIF stopping rule ALGIε,πε for Iε

with

Pr[ALG accepts exactly one element] = 1,

we have

E[ALGIε,πε] < ε · E[max
i

Xi].

Proof. The constraint that a stopping rule always accepts a random variable can be
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expressed as a linear constraint in terms of p(x) by letting

qi = Pr[ALG accepts Xi] =
∑
x∈S

Pr[ALG accepts Xi | Xi = x]·Pr[Xi = x] =
∑
x∈S

p(x)· fi(x).

Then we require that,

E[# of variables accepted] =
n∑

i=1

qi =

n∑
i=1

∑
x∈S

p(x) · fi(x) = 1.

Append this constraint to (OPT Online IIF) to get an augmented LP. Any solution to this

augmented LP can be turned back into a stopping rule which accepts at most one variable

as we argued in the previous sections and the extra constraint ensures that the stopping

rule derived accepts exactly one. Denoting by OPTOnMhIIF the value accepted by the

optimal, must-hire, IIF stopping rule, we thus have that the optimal objective value of

the augmented LP is exactly E[OPTOnMhIIF]. Re-write the first constraint by using the

second constraint as,

∀x ∈ S :p(x) +
n−1∑
k=1

∑
y∈S

fπ(k)(y) · p(y) ≤ 1

⇔ p(x) +
n∑

i=1

∑
y∈S

fi(y) · p(y)︸                ︷︷                ︸
=1

−
∑
y∈S

fπ(n)(y) · p(y) ≤ 1

⇔ p(x) ≤
∑
y∈S

fπ(n)(y) · p(y).

The last inequality says that all values p(x) (which are real numbers in [0, 1]) should be

bounded above by strict convex combinations of the set of all {p(x)}x∈S. The only way

for this to happen is if p(x) = p(y) = p for all x, y ∈ S. Using now the extra constraint,

we can compute p as

n∑
i=1

∑
x∈S

p · fi(x) = 1⇒ p ·
n∑

i=1

1 = 1⇒ p = 1/n.

Substituting back in the objective we get,

E[OPTOnMhIIF] =
n∑

i=1

∑
x∈S

x · fi(x) · p =
1
n

n∑
i=1

E[Xi].
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Therefore, we can take any instance such that
∑n

i=1 E[Xi] is very close to E[maxn
i=1 Xi]

and make n large enough. More precisely, given ε > 0 define Iε to contain

n =

 2 ln 2

ln
(

1
1−ε/2

)
i.i.d. random variables distributed as

∀i ∈ [n] : Xi =


2/ε, w.p. ε/2

0, w.p. 1 − ε/2
.

Since all the variables are identically distributed, an arbitrary inspection order πε can be

chosen, for example the identity permutation. Then E[OPTOnMhIIFIε,πε] = 1 and it can

be shown that E[maxi Xi] > 1/ε. □

Theorem 19. For any ε > 0, there exists an instance Iε = (Fi)i∈[n] of the prophet

problem such that for any TIF family of stopping rules {ALGIε,π}π∈S n with

Pr[ALGIε,π accepts exactly one variable] = 1,∀π ∈ S n,

we have,

E[ALGIε,π] ≤ ε · E[max
i

Xi],∀π ∈ S n

The proof uses similar tools as the proof of the previous theorem and is omitted.

4.7 Single-Sample and Double-Sample Fair Prophet Inequalities

Suppose our algorithm doesn’t know the distributions F1, . . . ,Fn but is given indepen-

dent samples from them. In this section we present a 1
2 -competitive offline selection

rule that satisfies IIF, given one sample from each distribution. Then we present a 1
9 -

competitive family of stopping rules satisfying both IIF and TIF, given two independent

samples from each distribution.
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In the following algorithms, the elements to be selected are denoted X1, . . . , Xn; ad-

ditional independent samples from the same distributions are denoted as Y1, . . . ,Yn and

Z1, . . . ,Zn. The algorithms that we analyze are comparison-based, i.e. their decisions are

based on comparing pairs of elements of the multiset W = {X1,Y1,Z1, . . . , Xn,Yn,Zn}. It

will be convenient to assume that all such comparisons are strict, i.e. that no two el-

ements of W are equal. To ensure strict comparisons, we assume that our algorithms

sample a uniformly random tie-breaking priority ψ(w) in [0, 1], for each w ∈ W. Then

when comparing two elements w,w′ ∈ W, if w and w′ are of equal value, the outcome

of the comparison is determined by comparing ψ(w) with ψ(w′). (The probability of

ψ(w) = ψ(w′) is zero because they are sampled from a distribution with no point masses.)

Algorithm 6: Single-sample offline algorithm
Data: Xi,Yi ∼ Fi

Let i ∈ [n] be such that Xi = max{X1, . . . , Xn}.
if Xi > Yi then

Accept Xi.
else

Reject every variable.
end

Lemma 17. Algorithm 6 is IIF and 1
2 -competitive.

Proof. For any x > 0 and i ∈ [n],

Pr[Select i | Xi = x] = Pr[(∀ j , i : X j < x) ∧ (Yi < x)] =
n∏

j=1

F j(x).

The right side does not depend on i, as required by the definition of IIF.

Let M = max{X1,Y1, X2,Y2, . . . , Xn,Yn}. When M = Xi for some i, Algorithm 6 is guar-

anteed to select Xi. Therefore, if we define

I =


1, if M ∈ {X1, . . . , Xn}

0, if M ∈ {Y1, . . . ,Yn}

89



we have ALG ≥ I · M. Observing that E[I | M] = 1
2 for all values of M, we find that

E[ALG] ≥ E[I · M] = E[E[I | M] · M] =
1
2
· E[M] ≥

1
2
· E[max{X1, . . . , Xn}].

□

Next we present and analyze a 1
9 -competitive stopping rule that satisfies TIF and IIF

given two independent samples Yi,Zi from each distribution. The stopping rule is defined

in Algorithm 7 below.

Algorithm 7: Double-sample online algorithm
Data: Yi,Zi ∼ Fi, π ∈ S n

Let Y∗ = max{Y1, . . . ,Yn}.
for t = 1, 2, . . . , n do

Inspect Xπ(t) ∼ Fπ(t).
if Xπ(t) > Y∗ and (Xπ(s) < Y∗ for all s < t) and (Zπ(s) < Y∗ for all s ≥ t) then

Accept Xπ(t).
end

end

First, observe that this is a well-defined stopping rule: given the samples

Y1, . . . ,Yn,Z1, . . . ,Zn, the criterion for selecting Xπ(t) depends only on the values of

Xπ(1), . . . , Xπ(t). Furthermore Algorithm 7 never selects more than one element: if it

selects Xπ(t) then Xπ(t) > Y∗ = maxi∈[n] Yi, which means that for all t′ > t the condition

for selecting Xπ(t′) will not be satisfied.

Lemma 18. Algorithm 7 satisfies TIF and IIF

Proof. For any x, y ∈ S, and any index i, let us calculate the conditional probability of

selecting i given that Xi = x and Y∗ = y. If x < y then this probability is zero. Otherwise,

suppose i = π(t). We have

Pr[Accept i | Xi = x,Y∗ = y] = Pr[Xπ(s) < y for all s < t] · Pr[Zπ(s) < y for all s ≥ t]

=

n∏
s=1

Fπ(s)(y) =
n∏

j=1

F j(y).
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Summing over the possible values of y,

Pr[Accept i | Xi = x] =
∑
y∈S

Pr[Y∗ = y] · Pr[Select i | Xi = x,Y∗ = y]

=
∑
y∈S

Pr[Y∗ = y]
n∏

j=1

F j(y).

The right side depends on neither π nor i, so the stopping rule is both TIF and IIF. □

Lemma 19. Algorithm 7 is 1
9 -competitive.

Proof. Recall the multiset W = {X1,Y1,Z1, . . . , Xn,Yn,Zn}, and recall that its elements

are totally ordered using random priorities to break ties between elements of W whose

values are equal. Let W∗ > W∗∗ denote the two largest values in W. We will use E

to denote the event that W∗ ∈ {X1, . . . , Xn} and W∗∗ ∈ {Y1, . . . ,Yn}. Conditional on

E, Algorithm 7 is assured of selecting the largest element of W. Conditional on the

contents of the set W — but not the partition of its elements into X = {X1, . . . , Xn}, Y =

{Y1, . . . ,Yn},Z = {Z1, . . . ,Zn} — the probability that W∗ ∈ X is 1
3 and the conditional

probability that W∗∗ ∈ Y given W∗ ∈ X is at least 1
3 . (It is 1

2 if W∗∗ and W∗ are samples

from the same distribution, and 1
3 if they are from different distributions.) Hence, Pr[E |

W] ≥ 1
9 and

E[ALG] = E[E[ALG | W]] ≥ E[W∗ · Pr[Hire W∗|W]]

≥
1
9
· E[W∗] ≥

1
9
· E[max{X1, . . . , Xn}].

□

4.8 Fairly accepting more than one variables.

The prophet problems presented in Section 2.2 naturally generalize to a setting where

the decision-maker is allowed to accept more than one elements, adhering to constraints
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on which elements can be accepted together, while still maintaining the requirement that

acceptance decisions are immediate and irrevocable. A theoretically interesting variant

of the problem in this direction is when the constraints are encoded through a Matroid

as follows.

Problem 6 ((Adversarial-order) Matroid Prophet Problem). The adversary chooses an

instance I = (Fi)i∈[n], an arrival ordering π ∈ S n and a Matroid M = ([n],I). The

decision-maker inspects the random variables (r.v.s) in order Xπ(1), . . . , Xπ(n) and the

value of each Xi being sampled independently from Fi by nature. After each inspection,

the decision-maker either accepts or rejects the corresponding r.v. with the constraint that

the set It of accepted elements up to time t remains independent at all times, i.e. It ∈ I,

for all t ∈ [n]. We associate with a stopping rule ALGπ for this problem a random

variable,

ALG := ALGπ :=
∑
i∈In

Xi,

denoting its payoff which is defined as the sum of the values accepted. The definition of

the competitive ratio is extended in the natural way.

One may recover the original prophet problem by setting M to be the 1-uniform ma-

troid. Kleinberg and Weinberg in [61] prove a prophet inequality for the matroid prophet

problem with the same constant of 1/2 as in the case of the standard prophet problem.

As a result, the competitive ratio of Problem 6 is exactly 1/2.

A special case of the matroid prophet problem is when M is the k-uniform matroid,

allowing the decision-maker to accept any subset of up to k elements for some given

constant k. We will refer to that problem as “k-uniform prophet problem”. The optimal

stopping rule for this variant can be computed using for example Dynamic Program-

ming, similarly to the k = 1 case. The competitive ratio of the k-uniform prophet

problem is known to be at most 1−O
(√

1
k

)
due to [47] who also provide a stopping rule
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and a respective a prophet inequality with a constant 1 − O
(√

ln k
k

)
. Later, [2] improved

on the lower-bound on the competitive ratio by presenting a near-optimal stopping rule

satisfying a prophet inequality with a constant of 1 − 1
√

k+3
, asymptotically closing the

gap between the upper and lower bounds.

The definitions of Identity-Independent Fairness (IIF) and Time-Independent Fairness

(TIF) given in Section 4.2 are applicable as they are in the context of the general ma-

troid prophet problem with the same interpretation as before: from the perspective of

each candidate i ∈ [n], conditional on their value, the probability of belonging to the

set In of accepted elements should be independent of their identity i or their arrival time

(for the IIF or TIF properties respectively). Justifying the need for these properties can

be trickier in this setting. The motivation behind both definitions was that similar indi-

viduals should be treated similarly by the decision-maker. However, one may argue that

the matroid constraints already treat the candidates unequally. For instance in a graphic

matroid, any bridge of the graph can always safely be added to the set of accepted ele-

ments. In the context of an employee-hiring application, a matroid constraint like that

may represent the fact that a candidate has some unique qualifications among the candi-

date pool and that there is always enough budget to hire them. It is an interesting open

question to define fairness in such general settings.

In the case of the k-uniform prophet problem however, our definitions of fairness are

well-aligned with our original goal of treating similar individuals similarly due to the

symmetry already present in the constraints. In a hiring setting for instance, the k-

uniform prophet problem can model situations where there are k open slots for a single

role where equally qualified candidates are exchangeable in the first place, therefore it

makes sense to require that they are treated in a similar manner.

In what follows, we extend some of the fairness results of the previous sections from

93



the k = 1 case to the general k > 1 case of the k-uniform prophet problem using largely

similar techniques. For simplicity of presentation, we develop the results exclusively in

the context of the IIF property, making the assumption that the arrival order is given by

the identity permutation.

4.8.1 Optimal, IIF stopping rules for k-uniform prophets

The ideas we developed in Section 4.4 for characterizing the optimal, fair online algo-

rithm using a Linear Program can be extended to the k-uniform prophet problem. In

fact, [3] describe such an LP formulation for the laminar matroid version of the prophet

problem — of which the k-uniform is a special case — without any fairness constraints.

Incorporating fairness into this formulation can be done trivially by expressing the IIF

constraints as a linear equality. In this section we briefly describe how this can be

achieved.

Let S r
i be the event that right before inspecting Xi, there are 0 ≤ r ≤ k spots already

occupied, i.e. the decision-maker has accepted exactly r elements before inspecting i

and there are k − r spots remaining. For each i, the events {S r
i }

k
r=0 partition the sample

space and characterize the state in which the algorithm is at any time-step i ∈ [n]. We

now introduce notation for the following probabilities which will often be used in this
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and the following section,

sr
i = Pr[S r

i ] = Pr[r elements accepted right before inspecting Xi]

pr
ix = Pr[Accept i | Xi = x ∩ S r

i ]

qr
ix = Pr[Accept i ∩ S r

i | Xi = x] = pr
ix · s

r
i

rr
ix = Pr[Accept i ∩ S r

i ∩ Xi = x] = pr
ix · s

r
i · fi(x)

pix = Pr[Accept i | Xi = x] =
k∑

r=0

qr
ix =

k∑
r=0

pr
ix · s

r
i .

With this notation, we can express the behavior of an optimal, IIF fair stopping rule

using the following LP on the variables qr
ix and sr

i :

max
n∑

i=1

k∑
r=0

Ex∼Fi[x · qr
ix] (4.11)

s.t. sr+1
i+1 = sr+1

i + Ex∼Fi[q
r
ix] − Ex∼Fi[q

r+1
ix ], r ∈ {0} ∪ [k − 1], i ∈ [n − 1] (4.12)

s0
i+1 = s0

i − Ex∼Fi[q
0
ix], i ∈ [n − 1] (4.13)

sr
1 = I[r = 0], r ∈ {0} ∪ [k] (4.14)

qk
ix = 0, i ∈ [n], r ∈ {0} ∪ [k] (4.15)
k∑

r=0

qr
ix =

k∑
r=0

qr
jx, i, j ∈ [n], x ∈ S (4.16)

0 ≤ qr
ix ≤ sr

i ≤ 1, i ∈ [n], x ∈ S, r ∈ {0} ∪ [k], (4.17)

where Ex∼Fi[g(x)] is just a shorthand notation for the linear expression
∑

x∈S g(x) · fi(x)

where fi(x) = Pr[Xi = x]. Equation (4.12) expresses how the probability of the algo-

rithm reaching “state” S r
i evolves over time and Equations (4.13) to (4.15) are initial

and boundary conditions. Equation (4.17) ensures the variables are valid probabilities

and further, ensures the probability of accepting an element is never higher than the

probability of reaching it in the first place — trivially a necessary condition for the LP

variables to correspond to probabilities of an online algorithm. Equation (4.16) is our
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only addition to the LP of [3] which expresses the IIF constraint,

Pr[ALG accepts Xi | Xi = x] = Pr[ALG accepts X j | X j = x], for all i, j ∈ [n], x ∈ S.

Any feasible solution to the LP above can be plugged into Algorithm 8 below to give

an online, IIF algorithm. Further, Theorem 20 ensures that the LP polytope contains the

probabilities of the optimal, IIF online algorithm, therefore optimizing over objective

(4.11) allows us to derive the optimal, IIF stopping rule for any given instance.

Algorithm 8: IIF Stopping Rule for the k-uniform prophet problem.
Parameters: {qr

ix}i∈[n],x∈S,0≤r≤k, {sr
i }i∈[n],0≤r≤k.

pr
ix ←

qr
ix

sr
i
, for all i ∈ [n], x ∈ S, 0 ≤ r ≤ k.

I0 ← ∅.
for i = 1, . . . , n do

Inspect Xi and let x← Xi.
r ← |Ii−1|.
Flip a pr

ix-biased coin.
if coin comes up Heads then

Accept Xi : Ii ← Ii−1 ∪ {i}.
else

Reject Xi : Ii ← Ii−1.
end
Return In.

end

Theorem 20. The optimal, IIF stopping rule for a given instance I = (Fi)i∈[n] of the

k-uniform prophet problem can be computed in time O(poly(n, k, |S|)) by solving the LP

in eqs. (4.11) to (4.17) and parameterizing Algorithm 8 with the solution.

The proof of Theorem 20 is omitted and the reader is referred to [3, Section 2.7] for a

treatment of a similar LP absent of fairness constraints.

Remark 4. An analogous result to Theorem 20 can be derived for the TIF property

with the important caveat that the trivial way of expressing a TIF constraint results in

an exponential number of constraints. At the time of writing, we are not aware of any
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poly-size LP formulation of the optimal, TIF stopping rule for the k-uniform prophet

problem. However, the next section develops a near-optimal stopping rule satisfying

both the IIF and TIF properties.

4.8.2 Competitive, IIF stopping rules for k-uniform prophets

In the previous section we described how to efficiently compute the optimal, IIF fair

stopping rule for any given instance of the k-uniform prophet problem. However, we

didn’t make any claims about its competitiveness compared to an unconstrained prophet.

Here we describe an easier-to-analyze, IIF (and TIF) fair stopping rule and prove a

prophet inequality (Theorem 21) with a constant 1−O
(√

ln k
k

)
, implying the same bound

for Algorithm 8 presented earlier. We do this by adding randomness to the single-

threshold stopping rule of [47] — an idea we developed in Section 4.3 for the k = 1 case

— to achieve the IIF property while preserving the same asymptotic competitive ratio

guarantee.

Consider Algorithm 9 below which is parameterized by a threshold T and a sequence of

biases b1, . . . , bn. We start by proving a general, parametric lower bound on the expected

performance of any such algorithm.

Lemma 20. Let k ≤ n be positive integers and I = (Fi)i∈[n] be any instance of the

k-uniform prophet problem. Consider running Algorithm 9 on I for some choice of

threshold T and biases b1, . . . , bn. Denote by H the random variable counting the num-

ber of elements accepted (equal to the value of s on termination of the algorithm) and

let

h := E[H] = E[# of elements accepted by ALG], (4.18)

p := min
i∈[n]

Pr[ALG accepts Xi | Xi ≥ T ]. (4.19)
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Algorithm 9: Single-threshold with coins k-uniform prophet problem.
Parameters: Threshold T , biases b1, . . . , bn ∈ [0, 1].
s← 0 ; // # of occupied slots

for i = 1, . . . , n do
if Xi ≥ T and s < k then

Toss a bi-biased coin.
if Coin comes up Heads then

Accept Xi.
s← s + 1.

else
Reject Xi.

end
else

Reject Xi.
end

end

Then,

E[ALG] ≥ h · T + p ·
n∑

i=1

E[(Xi − T )+].

Proof.

E[ALG] = E

 n∑
i=1

Xi · I[ALG accepts Xi]


= E

 n∑
i=1

T · I[ALG accepts Xi] +
n∑

i=1

(Xi − T ) · I[ALG accepts Xi]


= T · E[# of elements accepted] +

n∑
i=1

E[(Xi − T ) · I[ALG accepts Xi]]

= h · T +
n∑

i=1

E[(Xi − T ) · I[ALG accepts Xi] | Xi ≥ T ] · Pr[Xi ≥ T ]

= h · T +
n∑

i=1

E[(Xi − T ) | Xi ≥ T ] · Pr[Xi ≥ T ] · Pr[ALG accepts Xi | Xi ≥ T ]

= h · T +
n∑

i=1

E[(Xi − T )+] · Pr[ALG accepts Xi | Xi ≥ T ]

≥ h · T + p ·
n∑

i=1

E[(Xi − T )+]

□
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We also prove the following upper bound on the value of the prophet which is a gener-

alization of Inequality (A.11) for the k-uniform setting.

Lemma 21. Let k ≤ n be positive integers and let I = (Fi)i∈[n] be any instance of the

k-uniform prophet problem. Define

OPT := max
S⊆[n],|S |=k

∑
i∈S

Xi

to be the optimal value achievable by a prophet on instance I. Then, for all T ≥ 0,

E[OPT] ≤ k · T +
n∑

i=1

E[(Xi − T )+].

Proof.

E[OPT] = E

 max
S⊆[n],|S |=k

∑
i∈S

Xi

 = k · T + E

 max
S⊆[n],|S |=k

∑
i∈S

(Xi − T )


≤ k · T + E

 max
S⊆[n],|S |=k

∑
i∈S

(Xi − T )+
 ≤ k · T +

n∑
i=1

E[(Xi − T )+]

□

Lemmas 20 and 21 imply the prophet inequality of the form

E[ALG] ≥ min
(
h
k
, p

)
· E[OPT] (4.20)

for Algorithm 9 for the k-uniform prophet problem where h, p are defined as in Equa-

tions (4.18) and (4.19) and depend on the choice of threshold T and biases b1, . . . , bn.

Consider now the following parameterization of Algorithm 9:

T defined such that:
n∑

i=1

Pr[Xi ≥ T ] = k −
√

2k ln k (4.21)

(bi)i∈[n] defined such that: bi =
1 −

√
2 ln k

k

1 − Pr[S k
i ]
, ∀i ∈ [n], (4.22)
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where S r
i is the event defined in Section 4.8.1 as,

S r
i = [ALG accepted exactly r elements before inspecting Xi].

Notice that T is well-defined assuming continuous3 distributions: the expression on the

left is a continuous, non-increasing function of T taking the value n for T = 0 and

approaching 0 as T → ∞, and since k −
√

2k ln k < k ≤ n, the intermediate value

theorem implies the existence of a T satisfying Equation (4.21).

Lemma 22. The system of equations (4.22) has a unique solution which defines valid

biases bi ∈ [0, 1] for all i ∈ [n] as long as k is large enough to satisfy k ≥ 8 ln k

(e.g. k ≥ 27).

Proof. Each of the events S k
i depends only on the coins tossed before inspecting Xi

and therefore Pr[S k
i ] is a function of only the first i − 1 biases b1, . . . , bi−1 — as

well as the value of the threshold T and the distributions F1, . . . ,Fi−1. Hence, the

unique solution to the equations (4.22) is given by computing the values in order:

0 = Pr[S k
1], b1,Pr[S k

2], b2, . . . ,Pr[S k
n], bn.

For the second part of the lemma, notice that the expression on right side of Equa-

tion (4.22) is in the interval [0, 1] precisely when

Pr[S k
i ] ≤

√
2 ln k

k
≤ 1. (4.23)

The assumptions that k ≥ 8 ln k implies the second inequality as follows:√
2 ln k

k
≤

1
2
< 1.

For the first inequality in line (4.23), since the event S k
i implies S k

j for all j ≥ i, we have

Pr[S k
n] = maxi∈[n]{Pr[S k

i ]} so we just need to show

Pr[S k
n] ≤

√
2 ln k

k
.

3For discrete distributions, a trick similar to the one described in Appendix A.2.2 can be used to reduce
the problem to the continuous case.
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We now use the fact that S k
n is a subset of the event [N ≥ k] where N = |{ j ∈ [n] | X j ≥

T }|. Reasoning about the latter event is more convenient because the Chernoff bound

applies to it, and it is not influenced by any of the algorithm’s choices of parameters

other than T . In particular, for our choice of T defined in Equation (4.21) we have

µ = E[N] =
n∑

j=1

Pr[X j ≥ T ] = k −
√

2k ln k.

By the Chernoff bound [74, Inequality (4.2)],

Pr[N ≥ k] = Pr[N ≥ (1 + δ)µ] ≤ exp
(
−1

3δ
2µ

)
,

where δ is such that (1 + δ)µ = k,

δ =
k

k −
√

2k ln k
− 1 =

√
2k ln k

k −
√

2k ln k
.

Notice that δ ∈ (0, 1] where the upper bound is a consequence of the assumption that

k ≥ 8 ln k. Rewriting the bound, we have

Pr[S k
i ] ≤ Pr[N ≥ k] ≤ exp

(
−

1
3
·

2k ln k

(k −
√

2k ln k)2
· (k −

√
2k ln k)

)
= exp

(
−

2
3

k

k −
√

2k ln k
· ln k

)
≤ exp

(
−

2
3

ln k
)
= k−2/3 ≤

√
2 ln k

k
,

where the last inequality holds for large enough k as needed. □

Theorem 21. For large enough k, Algorithm 9 parameterized as shown in Equa-

tions (4.21) and (4.22) satisfies the IIF property and further satisfies the following

prophet inequality,

E[ALG] ≥

1 − O 
√

ln k
k

 · E[OPT].
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Proof. The IIF property easily follows from Equation (4.22). For any x ≥ T ,

Pr[ALG accepts Xi |Xi = x] =
k−1∑
s=0

Pr[ALG accepts Xi | Xi = x ∩ S s
i ]︸                                      ︷︷                                      ︸

bi

·Pr[S s
i ]

= bi ·

k−1∑
s=0

Pr[S s
i ]

= bi · (1 − Pr[S k
i ])

= 1 −

√
2 ln k

k
.

Therefore,

Pr[ALG accepts Xi | Xi = x] =


1 −

√
2 ln k

k , x ≥ T

0, otherwise
. (4.24)

Recall we defined p = mini∈[n] Pr[ALG accepts Xi | Xi ≥ T ] in Lemma 20. In this case,

p = 1 −

√
2 ln k

k
. (4.25)

To bound h, the expected number of elements accepted by Algorithm 9, we use the

definition of the threshold T in Equation (4.21),

h = E[# of elements accepted]

=

n∑
i=1

Pr[Xi ≥ T ] · Pr[ALG accepts Xi | Xi ≥ T ]

= p ·
n∑

i=1

Pr[Xi ≥ T ]

= p · µ,

where µ = k −
√

2k ln k.
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Using Equation (4.20),

E[ALG] ≥ min
(
h
k
, p

)
· E[OPT] = min

(
µ

k
, 1

)
· p · E[OPT]

µ<k
=

µ · p
k
· E[OPT] =

1 −
√

2 ln k
k

2

· E[OPT]

=

1 − O 
√

ln k
k

 · E[OPT].

□

Remark 5. Algorithm 9 can be adapted to any arrival order π without affecting Equa-

tion (4.24), which means that the family of algorithms defined by Algorithm 9 when π

ranges over all arrival orders, satisfies both the IIF and TIF properties.
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CHAPTER 5

REVENUE MONOTONICITY UNDER MISSPECIFIED BIDDERS

In this chapter we focus on Mechanism Design and we examine revenue guarantees

for optimal mechanisms when a subset of bidders’ value distributions are misspecified,

but the auctioneer doesn’t know which of the distributions are incorrect. Our model

is inspired by the literature on semi-random adversaries in the theoretical computer

science literature, particularly the work of Bradac et al. [19] on robust algorithms for the

secretary problem, as well as research in the systems community of Computer Science

studying Byzantine fault-tolerance. In the model we investigate here, the auctioneer is

given (not necessarily identical) distributions for each of n bidders. An unknown subset

of the bidders, called the green bidders, draw their values independently at random

from these distributions. The other bidders, called the red bidders, draw their values

from distributions other than the given ones.

We provide two interpretations for a setting like this. One is that the red bidders are

standard strategic agents for which the mechanism designer holds inaccurate informa-

tion and thus is designing the mechanism under the wrong assumptions. Another way

of looking at this setting is that the red bidders are “Byzantine” in the sense that they

behave in an arbitrary way. For example, in an automated auction where the bidders

are computer programs, a faulty bidder might submit bids going against the bidder’s

incentives.

The question we ask is, “When can one guarantee that the expected revenue of the op-

timal mechanism for the given distributions is at least as great as the expected revenue

that would be obtained by excluding the red bidders and running an optimal mechanism

on the green subset of bidders?” In other words, can the presence of bidders with mis-

specified distributions in a market be worse (for the auctioneer’s expected revenue) than

104



if those bidders were absent? Or does the increased competition from incorporating

the red bidders always offset the revenue loss due to ascribing the wrong distribution to

them?

We give a precise answer to this question, for the Bayesian single-parameter environ-

ments. We show that the answer depends on the structure of the feasibility constraint

that defines which sets of bidders may win the auction. For matroid feasibility con-

straints, the revenue of the optimal mechanism is always greater than or equal to the

revenue obtained by running the optimal mechanism on the set of green bidders. For

any feasibility constraint that is not a matroid, the opposite holds true: there is a way of

setting the specified distributions and the true distributions such that the revenue of the

optimal mechanism for the specified distributions, when bids are drawn from the true

distributions, is strictly less than the revenue of the optimal mechanism on the green

bidders only.

The economic intuition behind this result is fairly easy to explain. The matroid prop-

erty guarantees that the winning red bidders in the auction can be put in one-to-one

correspondence with losing green bidders who would have won in the absence of their

red competitors, in such a way that the revenue collected from each winning red bidder

offsets the lost revenue from the corresponding green bidder whom he or she displaces.

When the feasibility constraint is not a matroid, this one-to-one correspondence does not

always exist; a single green bidder might be displaced by two or more red bidders each

of whom pays almost nothing. The optimal mechanism allows this to happen at some

bid profiles, because the low revenue received on such bid profiles is compensated by

the high expected revenue that would be received if the red bidders had sampled values

from elsewhere in their distributions. However, since the red bidders’ distributions are

misspecified, the anticipated revenue from these more favorable bid profiles may never
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materialize.

Our result can be interpreted as a type of revenue monotonicity statement for optimal

mechanisms in Bayesian single-parameter matroid environments. However it does not

follow from other known results on revenue monotonicity, and it is illuminating to draw

some points of distinction between our result and earlier ones. Let us begin by distin-

guishing pointwise and setwise revenue monotonicity results: the former concern how

the revenue earned on individual bid profiles varies as the bids are increased, the latter

concern how (expected) revenue varies as the set of bidders is enlarged.

• VCG mechanisms are neither pointwise nor setwise revenue monotone in general,

but in Bayesian single-parameter matroid environments, VCG revenue satisfies

both pointwise and setwise monotonicity. In fact, Dughmi, Roughgarden, and

Soundararajan [37] observed that VCG revenue obeys setwise monotonicity if

and only if the feasibility constraint is a matroid.

• Myerson’s optimal mechanism is not pointwise revenue monotone, even for

single-item auctions. For example, consider using Myerson’s optimal mechanism

to sell a single item to Alice whose value is uniformly distributed in [0, 4] and Bob

whose value is uniformly distributed in [0, 8]. When Alice bids 0 and Bob bids 5,

Bob wins and pays 4. If Alice increases her bid to 4, she wins but pays only 3.

• However, Myerson’s optimal mechanism is always setwise revenue monotone in

Bayesian single-parameter environments with downward-closed feasibility con-

straints, regardless of whether the feasibility constraint is a matroid. This is be-

cause the mechanism’s expected revenue is equal to the expectation of the max-

imum, over all feasible sets of winners, of the winners’ combined ironed virtual

value. Enlarging the set of bidders only enlarges the collection of sets over which

this maximization is performed, hence it cannot decrease the expectation of the
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maximum.

Our main result is analogous to the setwise revenue monotonicity of Myerson revenue,

except that we are considering monotonicity with respect to the operation of enlarging

the set of bidders by adding bidders whose value distributions are potentially misspeci-

fied. We show that the behavior of Myerson revenue with respect to this stricter notion of

setwise revenue monotonicity holds under matroid feasibility constraints but not under

any other feasibility constraints, in contrast to the traditional setwise revenue mono-

tonicity that is satisfied by Myerson mechanisms under arbitrarily downward-closed

constraints.

5.1 Related Work

Semi-random models are a class of models studied in the theoretical computer science

literature in which the input data is partly generated by random sampling, and partly

by a worst-case adversary. Initially studied in the setting of graph coloring [14] and

graph partitioning [41, 72], the study of semi-random models has since been broadened

to statistical estimation [36, 65], multi-armed bandits [70], and secretary problems [19].

Our work extends semi-random models into the realm of Bayesian mechanism design.

In particular, our model of green and red bidders resembles in a sense that of Bradac

el al. [19] for the secretary problem which served as inspiration for this work. In both

settings, green players/elements behave randomly and independently while red play-

ers/elements behave adversarially. In the secretary model of [19], red elements can

choose arbitrary arrival times while green elements’ arrival times are i.i.d. uniform in

[0, 1] and independent of the red arrival times. Similarly, in our setting red bidders can

set their bids arbitrarily whereas green bidders sample their bids from known distribu-
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tions, independently of the red bidders and one another.

Our work can be seen as part of a general framework of robust mechanism design, a

research direction inspired by Wilson [96], who famously wrote,

Game theory has a great advantage in explicitly analyzing the conse-

quences of trading rules that presumably are really common knowledge; it

is deficient to the extent it assumes other features to be common knowledge,

such as one agent’s probability assessment about another’s preferences or

information. I foresee the progress of game theory as depending on suc-

cessive reductions in the base of common knowledge required to conduct

useful analyses of practical problems. Only by repeated weakening of com-

mon knowledge assumptions will the theory approximate reality.

This Wilson doctrine has been used to justify more robust solution concepts such as dom-

inant strategy and ex post implementation. The question of when these stronger solution

concepts are required in order to ensure robustness was explored in a research program

initiated by Bergemann and Morris [9] and surveyed in [10]. Robustness and the Wilson

doctrine have also been used to justify prior-free [42] and prior-independent [50] mech-

anisms as well as mechanisms that learn from samples [21, 29, 35, 54, 75, 23, 20]. A

different approach to robust mechanism design assumes that, rather than being given the

bid distributions, the designer is given constraints on the set of potential bid distributions

and aims to optimize a minimax objective on the expected revenue. For example Azar

and Micali [6] assume the seller knows only the mean and variance of each bidder’s dis-

tribution, Carrasco et al. [24] generalize this to sellers that know the first N moments of

each bidder’s distribution, Azar et al. [5] consider sellers that know the median or other

quantiles of the distributions, and Carroll [25] introduced a model in which bids are cor-

related but the seller only knows each bidder’s marginal distribution (see [43, 8] for fur-
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ther work in this correlation-robust model). Bergemann and Schlag [11] develop mecha-

nisms for the single-item/single-bidder setting with robust revenue guarantees when the

seller is assumed to be given a distribution which lies in a small neighborhood of the

true distribution. Brustle, Cai and Daskalakis [20] and Cai and Daskalakis [23], as part

of their work, derive mechanism robustification results (where robustness is defined in

a similar sense to [11]) for more general settings.

Another related subject is that of revenue monotonicity of mechanisms — regardless of

the existence of adversarial bidders. Dughmi et al. [37] prove a result very close in spirit

to ours. They consider the VCG mechanism in a Bayesian single-parameter downward-

closed environment and prove that it is revenue monotone if and only if the environment

is a matroid akin to our Theorems 22 and 23. Devanur et al. [34] prove that optimal

auction revenue is monotone under first-order stochastic dominance, a result which they

apply to the study of sample complexity in auction revenue maximization. Rastegari

et al. [83] study revenue monotonicity properties of mechanisms (including VCG) for

Combinatorial Auctions. Under some reasonable assumptions, they prove that no mech-

anism can be revenue monotone when bidders have single-minded valuations. Chen, Li,

and Li [28] use a type of reverse setwise revenue monotonicity — the revenue that op-

timal mechanisms extract from a fixed set of bidders is non-increasing as other bidders

join the auction — to derive revenue approximation guarantees in an information elic-

itation setting where knowledge about the players’ distributions is scattered among the

players and the seller is trying to both elicit this knowledge and sell (multiple) item(s).

109



5.2 Revenue Monotonicity on Matroid Markets

We extend the standard single-parameter environment to allow for bidders with misspec-

ified distributions. Formally, the n bidders are partitioned into sets G and R; the former

are called green and the latter red. The color of each bidder (green or red) is not revealed

to the mechanism designer at any point. Green bidders sample their values from their

respective distribution Fi but red bidders are sampling vi ∼ F
′

i for some {F ′i }i∈R which

are completely unknown to the mechanism designer and can be adversarially chosen.

In this section we are interested in studying the behavior of Myerson’s optimal mecha-

nism when designed under the (wrong) assumption that vi ∼ Fi for all i ∈ [n]. Specif-

ically, we ask the question of whether the existence of the red bidders could harm the

expected revenue of the seller compared to the case where the seller was able to identify

and exclude the red bidders, thus designing the optimal mechanism for the green bid-

ders alone. The following definition makes this notion of revenue monotonicity more

precise.

Definition 14 (RMMB). Consider a single-parameter, downward-closed market M =

(E,I) of |E| = n bidders. A mechanism A is Revenue Monotone under Misspecified

Bidders (RMMB) if for any distributions F1, . . . ,Fn, any number 1 ≤ k ≤ n of green

bidders and any fixed misspecified bids bR ∈ R
R of the red bidders

E [Rev(A(bG,bR))] ≥ E [Rev(A(bG))] , (5.1)

where both expectation are taken over bG ∼
∏

i∈G Fi.

An alternative definition of the revenue monotonicity property allows red bidders to

have stochastic valuations drawn from distributions F ′i , Fi instead of fixed bids. We

note that the two definitions are equivalent: if A is RMMB according to Definition 14
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then inequality (5.1) holds point-wise for any fixed misspecified bids and thus would

also hold in expectation. For the other direction, if inequality (5.1) holds in expectation

over the red bids, regardless of the choice of distributions {F ′i | i ∈ R} then we may

specialize to the case when each F ′i is a point-mass distribution with a single support

point bi for each i ∈ R, and then Definition 14 follows.

In what follows we assume bidders always submit bids that fall within the support of

their respective distribution. Green bidders obviously follow that rule and red bidders

should do as well, otherwise the mechanism could recognize they are red and just ignore

them.

Consider first the simpler case of selling a single item. This corresponds to a uniform

rank-1 matroid market. Intuitively when the item is allocated to a green bidder, the

existence of the red bidders is not problematic and in fact could help increase the critical

bid and thus the payment of the winner. On the other hand, when a red bidder wins one

has to prove that they are not charged too little and thus risk bringing the expected

revenue down.

Let m = max(maxi∈G ϕi(bi), 0) be the random variable denoting the highest non-negative

virtual value in the set of green bidders. Let also X be an indicator a random variable

which is 1 if the winner belongs to G and Y denote an indicator random variable which

is 1 if the winner belongs to R. For the optimal mechanism MyerOPT (see Algorithm 2

defined in Section 2.4.2), we have

E
[
revenue from green bidders

]
= E [m · X] (5.2)

E [revenue from red bidders] ≥ E [m · Y] , (5.3)

where (5.2) follows from Myerson’s lemma and (5.3) follows from the observation that

the winner of the optimal auction never pays less than the second-highest virtual value.
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To see why the latter holds, let ϕs be the second highest virtual value, r be the red winner

and g is the green player with the highest virtual value. The critical bid of the red winner

is at least

ϕ−1
r (ϕs) ≥ ϕ−1

r (ϕg(bg)) ≥ ϕg(bg),

where we applied the fact that x ≥ ϕ(x) to the virtual value function ϕ = ϕr and the value

x = ϕ−1
r (ϕg(bg)). Summing (5.2) and (5.3) and using the fact that X + Y = 1 whenever

m > 0, we find

E [Revenue from all bidders 1, . . . , n] ≥ E [m · X] + E [m · Y]

= E [m]

= E
[
revenue of MyerOPT on G

]
.

We therefore conclude that Myerson’s optimal mechanism is RMMB in the single-item

case. We are now ready to generalize the above idea to any matroid market.

Theorem 22. LetM = (E,I) be any matroid market. Then MyerOPT inM is RMMB.

Proof. Call G the set of green bidders and R the set of red bidders. Let (x, p) denote the

allocation and payment rules for the mechanism MyerOPT that runs Myerson’s optimal

mechanism on all n bidders, using the given distribution of each. Let (x′, p′) denote the

allocation and payment rules for the mechanism MyerOPTG that runs Myerson’s optimal

mechanism in the bidder set G only. For a set S ⊆ [n], let TS be the random variable

denoting the independent subset of S that maximizes the sum of ironed virtual values.

In other words, TS is the set of winners chosen by Myerson’s optimal mechanism on

bidder set S . By Myerson’s Lemma, the revenue of MyerOPTG satisfies

E

∑
i∈G

p′i(b)

 = E ∑
i∈G

x′i(b) · ϕi(bi)

 . (5.4)
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By linearity of expectation, we can break up the expected revenue of MyerOPT into two

terms as

E

∑
i∈[n]

pi(b)

 = E
∑

i∈G

pi(b)

 + E ∑
i∈R

pi(b)

 . (5.5)

The first term on the right side of (5.5) expresses the revenue originating from the green

bidders. Using Myerson’s Lemma, we can equate this revenue with the expectation of

the green winners’ combined virtual value

E

∑
i∈G

pi(b)

 = E ∑
i∈G

xi(b) · ϕi(bi)

 . (5.6)

To express the revenue coming from the red bidders in terms of virtual valuations, we

provide the argument that follows. One way to derive TG+R from TG is to start with TG

and sequentially add elements of TG+R ∩ R in arbitrary order while removing at each

step the least weight element in the circuit that potentially forms (repeated application

of Proposition 2). Let e be the i-th red element we’re adding. If no circuit forms after the

addition, then e pays its critical bid ϕ−1
e (0) which is some non-negative quantity. Other-

wise, let C be the unique circuit that forms after that addition. Let f be the minimum

weight element in C and let b f be the associated bid made by player f . Notice that f

must be green; by assumption, every red element we’re adding is part of the eventual

optimal solution so it cannot be removed at any stage of this process. The price charged

to e is their critical bid which we claim is at least ϕ−1
e (ϕ f (b f )). The reason is that e is part

of circuit C and f is the min-weight element of that circuit. The min-weight element of

a circuit is never in the max-weight independent set1 so if bidder e bids any value v such

that ϕe(v) < ϕ f (b f ) they will certainly not be included in the set of winners, TG+R. By

Proposition 3 it follows that

ϕ−1
e (ϕ f (b f )) ≥ ϕ f (b f ),

1This is a consequence of the optimality of the Greedy algorithm since the min-weight element of
a circuit is the last to be considered among the elements of the circuit and its inclusion will violate
independence.
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thus

pe(b) ≥ ϕ f (b f ).

The above reasoning allows us “charge” each red bidder’s payment to a green player’s

virtual value in TG \ TG+R:

E

∑
i∈R

pi(b)

 ≥ E
 ∑

i∈TG\TG+R

ϕi(bi)

 = E
∑

i∈G

(x′i(b) − xi(b)) · ϕi(bi)

 . (5.7)

The equality is justified by observing that for i ∈ G, x′i(b) = xi(b) unless i ∈ TG \ TG+R,

in which case x′i(b) − xi(b) = 1. Combining Inequalities/Equations (5.4)–(5.7) we get

E

∑
i∈[n]

pi(b)

 ≥ E
∑

i∈G

xi(b) · ϕi(bi)

 + E ∑
i∈G

(x′i(b) − xi(b)) · ϕi(bi)


= E

∑
i∈G

x′i(b) · ϕi(bi)

 = E ∑
i∈G

p′i(b)

 .
In other words, the expected revenue of MyerOPT is greater than or equal to that of

MyerOPTG. □

5.3 General Downward-Closed Markets

When the market is not a matroid, the existence of red bidders can do a lot of damage to

the revenue of the mechanism as shown in the following simple example.

Example 3. Consider a 3-element downward-closed set system on E = {a, b, c} with

maximal feasible sets: {a, b} and {c}. Let c be a green bidder with a deterministic value of

1 and a, b be red bidders each with a specified value distribution given by the following

cumulative distribution function

F(x) = 1 − (1 + x)1−θ,

for some parameter θ ≥ 3. Note that the associated virtual value function is

ϕ(x) =
(
1 −

1
θ − 1

)
x −

1
θ − 1

.
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For this virtual value function we have

ϕ−1(0) =
1

θ − 2
,

ϕ−1(1) =
θ

θ − 2
.

Consider the revenue of Myerson’s mechanism when the red bidders, instead of follow-

ing their specified distribution, each bid ϕ−1(1) — and the green bidder bids 1, the only

support point of their distribution. The set {a, b} wins over {c} since the former sums to

a total virtual value of 2 over the latter’s virtual value 1 so bidders a, b pay their critical

bid.

To compute that, notice that each of the bidders a, b could unilaterally decrease their bid

to any ε > 1
θ−2 and they would still win the auction since the set {a, b} would still have a

total virtual value greater than 1. Therefore, each of a, b pays 1
θ−2 for a total revenue of

2
θ−2 . On the other hand, the same mechanism when run on the set {c} of only the green

bidder, always allocates an item to c and collects a total revenue of 1.

Letting θ → ∞ we see that the former revenue tends to zero while the latter remains 1,

violating the revenue monotonicity property of Definition 14 by an unbounded multi-

plicative factor.

To generalize the above idea to any non-matroid set system we need the following

lemma.

Lemma 23. A downward-closed set system S = (E,I) is not a matroid if and only if

there exist I, J ∈ I with the following properties:

1. For every K ∈ I|I∪J, if |K| ≥ |I| then K ⊇ I\J.

2. |J\I| ≥ 1.
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3. I is a maximum cardinality element of I|I∪J.

Proof. For the forward direction, suppose S is not a matroid and let V be a minimum-

cardinality subset of E that is not a matroid. Since I|V is downward-closed and non-

empty, it must violate the exchange axiom. Hence, there exist sets I, J ∈ I|V such that

|I| > |J| but J + x < I for all x ∈ I\J. Note that V = I ∪ J, since otherwise I ∪ J is a

strictly smaller subset of E satisfying the property that (I ∪ J,I|I∪J) is not a matroid.

Observe that J is a maximal element of IV . The reason is that V = I ∪ J, so every

element of V\J belongs to I. By our assumption on the pair I, J, there is no element

y ∈ I such that J + y ∈ I|V . Since I|V is downward-closed, it follows that no strict

superset of J belongs to I|V .

We now proceed to prove that I, J satisfy the required properties of the lemma:

(1) Let K ∈ IV with |K| ≥ |I|. It follows that |K| > |J|, but J is maximal in I|V , so

K and J must violate the exchange axiom. Thus, I|K∪J is not a matroid. By the

minimality of V , this implies K ∪ J = V hence K ⊇ I\J.

(2) If J\I = ∅ then J ⊆ I which contradicts the fact that I, J violate the exchange

axiom.

(3) Suppose there exists I′ ∈ I|V with |I′| > |I|, then by property (1) we have I′ ⊇ I\J.

Remove elements of I\J from I′ one by one, in arbitrary order, until we reach a

set K ∈ IV such that |K| = |I|. This is possible because after the entire set I\J is

removed from I′, what remains is a subset of J, hence has strictly fewer elements

than I. The set K thus constructed has |K| = |I| but K ⊉ I\J, violating property

(1).

For the “only if” direction, supposing that S is a matroid, we must show that no I, J ∈ I
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satisfy all three properties. To this end, suppose I and J satisfy (2) and (3). Since S|I∪J

is a matroid, there exists K ⊇ J such that K ∈ I|I∪J and |K| = |I|. By property (2), we

know that no |I|-element superset of J contains I − J as a subset. Therefore, the set K

violates property (1). □

We are now ready to generalize Example 3 to every non-matroid set system.

Theorem 23. For anyM = (E,I) which is not a matroid, MyerOPT is not RMMB.

Proof. Consider a downward-closedM = (E,I) which is not a matroid. We are going

to show there exists a partition of players into green and red sets and a choice of valua-

tion distributions and misspecified red bids such that the RMMB property is violated.

Let I, J ⊆ E be the subsets whose existence is guaranteed by Lemma 23. Define G = J

to be the set of green bidders, R = I\J to be the set of red bidders. All other bidders

are irrelevant and can be assumed to be bidding zero. Set the value of each green bidder

to be deterministically equal to 1. For each red bidder r, the specified value distribution

has the same cumulative distribution function

F(x) = 1 − (1 + x)1−θ,

for some θ > 0 as defined in Example 3. Now let’s consider the expected revenue of

Myerson’s mechanism when every bidder in R bids ϕ−1(1).2 Every bidder’s virtual value

is 1, so the mechanism will choose any set of winners with maximum cardinality which,

according to Lemma 23, property (3), is |I|. For example, the set of winners could be I.

A consequence of Lemma 23, property (1) is that for every red bidder r there is no

feasible set of bidders disjoint from {r} with combined virtual value greater than |I| − 1.
2Members of G bid as well, but it hardly matters, because their bid is always 1 — the only support

point of their value distribution — so the auctioneer knows their value without their having to submit a
bid.
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Thus each red bidder pays ϕ−1(0). Elements of I ∩ J correspond to green bidders who

win the auction and pay 1, because a green bidder pays 1 whenever they win. There are

|I ∩ J| such bidders. Thus, the Myerson revenue is

|I ∩ J| +
1

θ − 2
|I\J|.

The optimal auction on the green bidders alone charges each of these bidders a price of

1, receiving revenue

|J| = |I ∩ J| + |J\I|.

This exceeds |I ∩ J| + 1
θ−2 |I\J| as long as

(θ − 2) · |J\I| > |I\J|.

This inequality is satisfied, for example, when

θ = |I\J| + 3,

because J\I has at least one element (Lemma 23, property (2)). □
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CHAPTER 6

ONLINE FLOW COMPUTATION

Consider the following online decision-making scenario in the context of computer net-

works. A social media platform allows its users to broadcast a video live-stream using

their phone’s camera. The platform owns a set of servers that can be used to receive the

live-stream data before it is broadcast to the other users. As requests for initiating a live-

stream arrive dynamically, the platform needs to make online decisions on how to match

them with available servers in the geographic vicinity of the client while respecting the

capacity constraints of the servers and the network. The primary consideration is to en-

sure that no client is ever denied the ability to start a live stream — assuming the total

capacity of the servers/network can accommodate all the clients. To achieve this, the

platform may need to dynamically reassign clients to different servers. But this comes

at a cost which is experienced by the client as a short interruption in the live-stream so

it is desirable for the number of such reassignments to be minimized.

Making a simplifying assumption that a user who starts a live-stream remains in the

network indefinitely, we can model this situation with the Online Bipartite Matching

with Replacements problem introduced in Section 2.5. The right side of the bipartite

graph is the static set of servers, the left side is the set of clients arriving sequentially

and an edge (u, v) indicates that client u is in the vicinity of server v and therefore a

connection between them can be efficiently established.

In this chapter we take a natural next step in modeling this problem by incorporating

the structure of the network in the model and allowing for multi-hop routes between

clients and servers, while retaining the other key features of the online bipartite matching

setting: servers are always present in the network, clients arrive over time and seek to

send a unit of flow which persists permanently after their arrival, and this unit of flow
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may be routed to any server. To stay consistent with network flow notation, we refer to

the vertices that arrive dynamically as sources who are requesting to send one unit of

flow to any vertex among a set of sinks. Other vertices besides sources and sinks may

be present in the network, and we refer to them as internal vertices.

We quantify the cost of a sequence of flows by summing the lengths of the augmenting

paths used to modify each flow to its successor, a quantity that we call the flow switching

cost. This cost measure — which matches (up to a factor-of-two rescaling) the switching

cost used in the analysis of the online bipartite matching with replacements problem —

is motivated by two considerations. First, shifting flow from one routing path to another

imposes overhead on the network: messages must be sent to each node whose next-

hop changes and those nodes must change their internal state accordingly. The sum of

augmenting path lengths quantifies the total number of such control messages and state

changes. Second, as we discussed in the live-streaming application it is particularly

costly for a source vertex (client) to change its next hop, as this may entail a disruption in

the stream itself. The number of such disruptions is bounded above by the total number

of vertices in the network that change their next hop, and hence upper bounds on the

sum of augmenting path lengths imply upper bounds on the number of such disruptions.

6.1 Our results and techniques

The most natural algorithm for online matching, and more generally for online flow

computation, is the greedy algorithm that modifies the flow in each time step so as to

minimize the cost of switching from the preceding flow. Specialized to online matching,

this corresponds to the Bipartite Shortest Augmenting Path (Bipartite-SAP) algorithm

presented in Section 2.5. Here we study the aforementioned greedy algorithm that gen-

eralizes Bipartite-SAP to networks. To distinguish between these two algorithms, we
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henceforth refer to the greedy algorithm for online flow computation as Network-SAP

and we’ll define it formally in Section 6.3.

Our main result, Theorem 25, pertains to a special case of online flow computation in

which there is a (directed or undirected) network consisting of static vertices present at

time zero, and dynamic vertices which arrive one by one. Edges between static vertices

are also present at time zero, edges from a dynamic vertex to a static vertex arrive at the

same time as the arrival of their dynamic endpoint, and edges between dynamic vertices

are assumed not to exist in our model. There is a fixed set of static vertices known as

sinks; each dynamic vertex is a source that requests, upon arriving into the network, to

send one unit of flow which may be routed to any sink. We prove a O(n log2 n) bound

on the total flow switching cost in the unit-capacitated case when all vertices and edges

have capacity 1, where n is the total number of vertices in the network.

The main tool that enables us to obtain this bound is a reduction from online flow com-

putation in unit-vertex-capacitated graphs to online bipartite matching. Bernstein et

al. [12] prove a O(nc log2 nc) bound for the online bipartite matching, where nc is the

number of dynamic vertices (clients). This bound translates into a similar bound (up

to a constant factor) for flow switching cost in our model. The reduction consists of

creating a sequence of auxiliary bipartite graphs and matchings, one per time step, such

that flow-augmenting paths in the online flow computation problem are in one-to-one

correspondence with matching-augmenting paths in the auxiliary graphs. This corre-

spondence, which preserves augmenting path length up to a factor-of-two rescaling,

implies that there is a one-to-one correspondence between executions of the Network-

SAP algorithm for our problem and executions of the Bipartite-SAP algorithm for the

auxiliary problem. One wrinkle that arises in the reduction is that in order for the corre-

spondence to hold at time zero, the auxiliary bipartite graph sequence must be initialized
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with a non-empty matching. We observe in Section 6.4 below that the results of [12]

continue to hold when one runs the SAP algorithm on a bipartite graph initialized with

a non-empty matching.

With an eye toward extending our result beyond unit-vertex-capacitated networks, we

devote Section 6.5 to presenting a generalization to a class of bipartite directed networks

that includes the bipartite networks obtained by applying the gadget reduction in Sec-

tion 6.4 to unit-vertex-capacitated networks. The generalization involves introducing

structures that we call semi-matchings which generalize matchings, and showing that

the O(nc log2 nc) bound of Bernstein et al. [12] generalizes to executions of the SAP

algorithm initialized with a semi-matching rather than a matching.

6.2 Related work

Reductions from flow problems to matching problems have appeared in prior works [68,

71] on offline algorithms for maximum flow and maximum matching. Our reduction,

like Lin’s reduction [68], uses a simple gadget that replaces each vertex with two vertices

joined by an edge and initializes a bipartite matching problem with this set of “gadget

edges”. Our analysis of this reduction in the online setting, which involves coupling the

executions of the online flow and matching algorithms and proving a suitable invariant of

the coupling which ensures that augmenting paths remain in one-to-one correspondence

as nodes join the network, is novel to the best of our knowledge.

Our theoretical investigation of minimizing reconfiguration changes in network routing

is also partially inspired by, and intended to complement, the investigation of the same

topic in the systems literature. Following the introduction of systems such as B4 [55] and

SWAN [53] that use a centralized controller in conjunction with a solver to repeatedly
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re-optimize the distribution of traffic over routing paths in a network, a few papers have

investigated methods for reducing the rate of “churn” in such a system. SMORE [64]

proposes to do so by restricting flows to a statically selected set of routing paths chosen

using Räcke’s [82] oblivious routing algorithm, and only using the solver to re-optimize

the distribution of traffic over this limited set of paths. It is known that in the worst case,

no such “semi-oblivious” routing scheme can achieve a constant-factor approximation

to the optimum congestion unless it uses exponentially many paths [48]. SOL [51]

supports generating new routing paths each time the solver runs, but it allows the user

to specify constraints that bound (or minimize) the logical distance between the new

configuration and its predecessor, to ensure that churn remains at a tolerable level. The

same idea of limiting churn by bounding the logical distance between two consecutive

configurations is used by Niagara [56] but at the level of entries in an individual switch’s

rule-table, rather than at the level of paths in a network.

6.3 Online Flow Computation

We are going to work on an incremental online setting in the framework of request-

answer games presented in Section 2.1. There is an underlying, directed, capacitated

network G = (V, E) with two special sets of vertices S ,T ⊆ V called sources and sinks

respectively. Sources arrive one at a time, requesting to send a unit amount of flow

through the network to an arbitrary sink. The part of the graph containing the vertices

V\S and the edges between them is known in advance. The new information that be-

comes available when a source arrives is the set of edges originating from that source.

The actions available to the online algorithm allow modifying the currently maintained

flow in an arbitrary way as long as the flow remains valid and all sources that have

arrived so far are sending one unit of flow.
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More formally, denote by S = {x1, x2, . . . , x|S |} the set of sources. Then, for any integer

τ ∈ [0 . . . |S |] := {0, 1, . . . , |S |}, let Gτ be the induced subgraph of G on the vertex set

S τ ∪ (V\S ) where S τ = {x j | 1 ≤ j ≤ τ} is the set of the sources that have arrived by

time τ. At any point, we have to maintain a valid flow of maximum value (max flow) in

Gτ — assuming G is flow-admissible1. The cost incurred by an online algorithm for this

problem is defined as follows.

Definition 15 (Flow-switching cost). Let fτ be the maximum flow maintained after the

first τ < |S | sources have arrived and fτ+1 the flow maintained on the next iteration. We

define the cost of switching from flow fτ to flow fτ+1 as

SCG( fτ, fτ+1) =
∑

e∈E(G)

| fτ(e) − fτ+1(e)|.

The total flow-switching cost of an algorithm A which maintains flows f0, f1, . . . , f|S | is

defined as

FSCG(A) =
|S |−1∑
τ=0

SCG( fτ, fτ+1)

Our goal is to design competitive, online algorithms which in this setting reduces to

minimizing the total flow-switching cost (see discussion on Online Algorithms with

Recourse in Section 2.1).

Paths A path in G is represented as a sequence of edges. In the case of simple graphs

(e.g. unit-vertex-capacitated ones), sequences of vertices uniquely identify a path. We’ll

sometimes assume P is represented as a sequence of vertices instead and we’ll try to

make it clear, based on the context, which definition of path we adopt at each point.

In either case, the length of a path is defined as the number of edges in the edge-based

representation.

1Recall the definition of a flow-admissible network given in Section 2.5 which is a flow network with
a maximum flow value equal to |S |.
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Network-SAP We are interested in analyzing the performance of the Shortest Aug-

menting Path algorithm (denoted as Network-SAP to distinguish it from Bipartite-SAP

introduced in Chapter 2 in the context of online bipartite matching). The algorithm

works as follows: when the τ-th source arrives, choose a shortest augmenting path in

the residual graph Gτ
fτ−1

from xτ to a free sink (breaking ties arbitrarily) and update f by

pushing 1 unit of flow along that path.

6.4 From Matchings to Flows

We now describe a reduction of the online flow computation problem on unit-vertex-

capacitated networks to the online bipartite matching problem which will allow us to

transfer the bound on the vertex-switching cost of the Bipartite-SAP algorithm to the

flow-switching cost of the Network-SAP algorithm. This is achieved by proving an

equivalence between augmenting paths in the two settings, meaning that Network-SAP

and Bipartite-SAP are essentially the same algorithm on slightly different graphs.

The reduction is achieved in two steps. First, we apply a standard gadget reduction

which replaces every internal vertex with a pair of vertices connected with an edge ef-

fectively replacing vertex capacities with edge capacities. A consequence of this is that

the resulting graph H has a bipartite structure in which all sources are on one side and all

sinks on the other. The second step is to notice that paths in H correspond to alternating

paths in the undirected version H of H under an appropriate initial matching M0, a cor-

respondence that has also been noted by Lin in the context of reducing between offline

flow and matching problems [68]. Furthermore this correspondence continues to hold at

any time τ (as new sources arrive) between the residual graph of the modified network

and the undirected version of the modified network under an appropriate matching Mτ.
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Remark 6. For the rest of the section, we annotate some properties of the graph H with

labels in the range (P1)–(P6). The annotations are irrelevant to this section and can be

ignored by the reader on a first reading. They become relevant in Section 6.5 when we

generalize the reduction to any graph satisfying properties labeled (P1)–(P6); we will

then use the annotations to cross-reference arguments presented in this section.

Let G be a flow-admissible unit-vertex-capacitated network with S ,T ⊆ V(G) its sets of

sources and sinks respectively. For the first step of the reduction, we define H = (V, E)

by substituting each vertex u with a “left” and a “right” counterpart (u, l) and (u, r)2.

Edges are either “internal” (those within the gadget) or “external”, corresponding to

edges already existing in G. If (u, v) was an edge in G then ((u, l), (v, r)) becomes an

edge of H. The reduction is illustrated in Figure 6.1 and formalized as follows

S ′ = (S × {l}),T ′ = (T × {r}) (6.1)

V(H) = S ′ ∪ T ′ ∪ ((V(G)\(S ∪ T )) × {l, r}) (6.2)

Ei = {((u, r), (u, l)) : u ∈ V(G)\(S ∪ T )} (6.3)

Eo = {((u, l), (v, r)) : (u, v) ∈ E(G)} (6.4)

E(H) = Ei ∪ Eo (6.5)

c(x) =


1, x ∈ S ′ ∪ T ′ ∪ E

+∞, otherwise
. (6.6)

For the second step, we define the undirected analogue of a graph as follows.

Definition 16. Given a directed network H = (V, E), define H = (V, E) where E =

{{u, v} | (u, v) ∈ E}

The undirected analogue of a graph H as defined above satisfies some key properties

which the rest of this section relies on. We list them below:
2l, r in this context are just labels we introduce to make the construction easier to define.
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(a) G (b) H

Figure 6.1: Here’s an example of the gadget reduction. (6.1a) G is a directed flow
network (edge and vertex capacities are assumed to be 1). S = {s1, s2},T = {t1, t2}. An
augmenting path in G is shown within the dotted set. (6.1b) H is the resulting undirected
graph after we applied the gadget reduction and discarded the directions of the edges.
Edges in M0 are shown with double lines. The corresponding augmenting path is shown
in a dotted set.

(H1) There is a bijection between edges of H and edges of H since H contains no

2-cycles (P4) and no parallel edges (by assumption that G is simple). Indeed,

suppose there exist vertices (u, l), (v, r) in H that form a 2-cycle. Then ((u, r), (v, l))

must have been introduced in Ei. But that means u = v and since the reverse edge

is introduced in Eo it must be that (u, u) ∈ E which contradicts the assumption that

G is simple.

(H2) The residual graph of H under any valid, integral flow f has a special structure as

a consequence of the unit edge capacities (P3) and the absence of parallel edges

and 2-cycles (P4). Namely, for every e = (u, v) ∈ E(H), either f (e) = 1 in which

case in place of e there is a backwards edge (v, u) in H f or f (e) = 0 in which case

e is in H f . In either case there is only one edge between u, v in H f at any time.

(H3) H is bipartite under the partition V = L ∪ R where L = V(H) ∩ (V(G) × {l}),R =

V(H) ∩ (V(G) × {r}) and S ′ ⊆ L,T ′ ⊆ R (P1), (P2). In the context of bipartite

matchings, vertices in L play the role of clients, vertices in R the role of servers

and S ′ is the set of clients arriving online.

As a reminder, we use the notation Hτ and H
τ

to denote the respective subgraphs at the
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time when the first τ sources have arrived. The next step is to define the initial matching

M0 = {{u, v} |u ∈ L, v ∈ R, (v, u) ∈ E(H0)}. (6.7)

To verify that M0 is indeed a matching, notice that M0 = Ei (the undirected analogue

of the set Ei) which is a matching by construction. An example of the transformations

described so far is shown in Figure 6.1.

Consider running Network-SAP starting on H0 with an empty flow f0 (i.e. f0(e) = 0 for

every e ∈ E(H0)) and denote by fτ the flow maintained by Network-SAP on Hτ. At the

same time, consider running Bipartite-SAP starting on H
0

with the initial matching M0.

Denote by Mτ the matching maintained by the algorithm on H
τ

at the end of iteration τ.

Before we proceed any further, let us introduce some helpful notation.

Definition 17. Let ϕτ, ψτ, χτ, fτ : V × V → {0, 1} be defined on pairs (u, v) of adjacent

vertices at time τ as follows

ϕτ(u, v) = I[{u, v} ∈ Mτ]

ψτ(u, v) = I[(u ∈ L) and (v ∈ R)]

χτ(u, v) = I[(u, v) ∈ E(Hτ)],

where I[P] is the indicator function of property P.

For fτ, abusing notation, we define it as the symmetric extension of the flow function

fτ : E(Hτ)→ {0, 1}, i.e. if e = (u, v) ∈ E(Hτ), define fτ(u, v) = fτ(v, u) = fτ(e).

Definition 18 (Invariant (I)). We say that invariant (I) holds between a flow fτ and

matching Mτ at time τ if

ϕτ(u, v) ⊕ ψτ(u, v) ⊕ χτ(u, v) ⊕ fτ(u, v) = 0,

for all u, v ∈ V such that {u, v} ∈ E(H
τ
).
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The significance of the above invariant will become apparent from the following lemma

which establishes an equivalence between augmenting paths in the network H and aug-

menting paths in the bipartite graph H.

Lemma 24. At any point τ, if invariant (I) holds between fτ and Mτ then any sequence of

vertices P = v0, . . . , vk that forms an augmenting path in Hτ
fτ

also forms an augmenting

path in H
τ

under Mτ and vice versa.

Proof. Observe that a sequence of vertices v0, v1, . . . , vk with v0 ∈ S ′ and vk ∈ T ′ con-

stitutes an augmenting path in H
τ

if and only if

(i) v0 and vk are free with respect to Mτ,

(ii) for every consecutive pair (u, v) = (vi, vi+1) in the sequence, either (u ∈ L, v ∈

R, {u, v} < Mτ) or (v ∈ L, u ∈ R, {u, v} ∈ Mτ).

Similarly, v0, . . . , vk constitutes an augmenting path in Hτ
fτ

if and only if

(iii) v0 and vk are free with respect to fτ,

(iv) for every consecutive pair (u, v) = (vi, vi+1) in the sequence, either

e = (u, v) ∈ E(Hτ) and fτ(e) = 0,

or

e = (v, u) ∈ E(Hτ) and fτ(e) = 1.

Property (ii) is equivalent to ϕτ(u, v) ⊕ ψτ(u, v) = 1, while property (iv) is equivalent to

χτ(u, v) ⊕ fτ(u, v) = 1. Thus, assuming invariant (I), an ordered pair of vertices satisfies

(ii) if and only if it satisfies (iv).
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To conclude the proof we must show that a vertex v is free with respect to fτ if and only

if it is free with respect to Mτ. This, too, follows from invariant (I). We will present

the argument assuming v ∈ T ′, omitting the symmetric argument that pertains when

v ∈ S ′. If v ∈ T ′ is not free in Mτ it means that Mτ contains an edge {u, v}. Observe

that u ∈ L and v ∈ R. This means ϕτ(u, v) = ψτ(u, v) = χτ(u, v) = 1. Invariant (I) then

implies fτ(u, v) = 1, from which it follows that v is not free in fτ. Conversely, if v is not

free in fτ then fτ(v) , 0, hence there exists an edge (u, v) ∈ Hτ such that fτ(u, v) = 1.

Observing that u ∈ L and v ∈ R we have ψτ(u, v) = χτ(u, v) = 1. Invariant (I) then

implies ϕτ(u, v) = 1, hence v is not free in Mτ. □

Now we just need to prove that (I) indeed holds for every time τ ∈ [0..|S |] and the

equivalence we claimed will follow.

First, let’s notice some useful properties of the functions defined earlier. ϕτ and fτ are

symmetric on their arguments: ϕτ(u, v) = ϕτ(v, u), fτ(u, v) = fτ(v, u) and ψτ, χτ are skew-

symmetric in the boolean sense: ψτ(u, v) = 1 − ψτ(v, u), χτ(u, v) = 1 − χτ(v, u) for every

pair u, v of adjacent vertices at time τ. Hence when arguing that (I) holds, it suffices

to prove it for only one of the pairs (u, v), (v, u). Furthermore, for every τ0, τ1 such that

u, v ∈ V(Hmin(τ0,τ1)) : ψτ0(u, v) = ψτ1(u, v) and χτ0(u, v) = χτ1(u, v), i.e. the direction of

the edges as well as which endpoints belong to L vs R remains a constant throughout the

run.

We are now ready to prove (I) in the following theorem.

Theorem 24. Let fτ,Mτ be the flow and matching maintained by the two algorithms.

Then invariant (I) holds between them for all τ ∈ [0..|S |].

Proof. We proceed by induction on τ. For τ = 0, let u, v be arbitrary adjacent vertices

in H
0
. Initially the flow is empty so f0(u, v) = 0. By definition of M0, {u, v} ∈ M0 (or
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equivalently ϕ0(u, v) = 1) if and only if ψ0(u, v) ⊕ χ0(u, v) = 1. Hence (I) holds.

Suppose the invariant holds at time τ < |S |. Now after the arrival of source xτ+1, a

shortest augmenting path is chosen by the Network-SAP algorithm leading to a free

sink — such a path is guaranteed to exist by the flow-admissibility assumption. By the

inductive hypothesis and Lemma 24, we can assume without loss of generality that the

Bipartite-SAP algorithm chooses the corresponding augmenting path on H
τ
. Consider

two adjacent vertices u, v ∈ E(H
τ
). If u, v , xτ+1 then those vertices were already present

in Hτ and as noted ψτ+1(u, v) = ψτ(u, v), χτ+1(u, v) = χτ(u, v).

Now either {u, v} was an edge of the augmenting path in which case Network-SAP mod-

ified its flow value and Bipartite-SAP modified its presence in the matching resulting in

ϕτ+1(u, v) = 1 − ϕτ(u, v), fτ+1(u, v) = 1 − fτ(u, v), or it was not on the augmenting path

in which case the values of ϕ, f remain the same. In either case it’s easy to see that (I)

holds at τ + 1.

It remains to show the invariant in the case that either u or v is the new source. As men-

tioned before, it suffices to show it for the case u = xτ+1 as the other one is symmetric.

So in this case {u, v} is a new edge and ψτ+1(u, v) = 1 because all sources are in L (P1)

and H is bipartite (P2) and χτ+1(u, v) = 1 because sources only have outgoing edges. If

(u, v) was an edge of the augmenting path then ϕτ+1(u, v) = fτ+1(u, v) = 1. Otherwise

ϕτ+1(u, v) = fτ+1(u, v) = 0. So in either case (I) holds. □

To complete the reduction, we need to associate the flow-switching cost in G with the

vertex-switching cost in H. Lemma 24 and Theorem 24 guarantee that the two algo-

rithms follow corresponding paths on graphs G,H. It’s also easy to see that there is a

one-to-one correspondence between paths in Gτ and Hτ under which paths of length k

become paths of length 2k−1. Summing up over all those contributions for every source
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we get

FSCG(Network-SAP) =
1
2

(FSCH(Network-SAP) + |S |). (6.8)

Now, a path of length k in Hτ contributes 1
2 (k − 1) to the vertex switching cost in H

τ
.

Summing again over all sources we get

FSCH(Network-SAP) = 2VSCH(Bipartite-SAP) + |S |. (6.9)

Combining the above and noticing that |S | ≤ n we conclude

FSCG(Network-SAP) ≤ VSCH(Bipartite-SAP) + n. (6.10)

The final step is to argue that Theorem 2 applies on H which amounts to showing that

H is matching-admissible. The existence of M0 is not enough since it doesn’t cover all

vertices in L. The assumption that G is flow-admissible allows us to prove the matching-

admissibility of H as follows.

Lemma 25. If G is a flow-admissible unit-vertex-capacitated network then H is

matching-admissible.

Proof. Suppose f is a maximum flow in G which accommodates all sources. Due to the

vertex capacity constrains, this flow must be decomposable into vertex-disjoint paths

Q = {Q1, . . . ,Q|S |} in G. Let {P1, . . . , P|S |} denote the corresponding set of paths in H,

obtained by inflating each vertex u in the interior of one of the paths into the pair of

“gadget vertices” (u, r), (u, l). We claim that the symmetric difference M =
(⋃|S |

τ=1 Pτ

)
⊕

M0 is a matching which covers all vertices in L: M0 is a matching and
(⋃|S |

τ=1 Pτ

)
is a set

of vertex-disjoint M0-augmenting paths, one for each source in S . □

Theorem 2 thus implies a bound of O(|L| log2
|L|) to VSCH(Bipartite-SAP) and |L| ≤

|V(G)| = n. Combining with equation 6.10 we get the theorem that follows.
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Theorem 25. For any flow-admissible unit-vertex-capacitated network G = (V, E), the

flow-switching cost of the Network-SAP algorithm on G when sources arrive in an online

manner is at most O(n log2 n) where n = |V |.

6.5 More general networks

The reduction described in the previous section can in fact be generalized. The unit

vertex capacities were easy to handle since the gadget of the first step transformed the

network in a way that not only obviated the vertex capacity constraints, but also provided

the network with the special bipartite structure that enabled us to argue that a certain

equivalence holds between augmenting paths in the directed and undirected case. In this

section we identify the properties that a directed graph needs to possess in order for the

reduction to go through. These properties turn out to define a more general family of

directed graphs than the ones produced by the construction (6.1)–(6.6) specified in the

preceding section.

Let H = (V, E) be a directed network with a set S ⊆ V of sources and a set T ⊆ V of

sinks. Let L,R be a partition of its vertices. We claim that the essential properties that

H must have in order for the reduction to go through are the following:

(P1) S ⊆ L, T ⊆ R.

(P2) [Bipartite] E ⊆ (L × R) ∪ (R × L)

(P3) [Unit capacities] ∀x ∈ (E ∪ S ∪ T ) : c(x) = 1 and c(x) = +∞ otherwise.

(P4) [Oriented graph] The graph is simple (no loops or parallel edges) and contains

no 2-cycles (for every u, v ∈ V either (u, v) < E or (v, u) < E).
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(P5) [Contains a matching] The undirected analogue H (see Definition 16) of H con-

tains a matching that covers all vertices in L.

(P6) The set {{u, v} | u ∈ R, v ∈ L, (u, v) ∈ E(H)} is a matching in H.

Before proving it, notice that the graph H defined in the preceding section by (6.1)-

(6.6) indeed satisfies all these properties. (P1)–(P4) hold by construction as noted in the

previous section when defining H. Property (P5) is what Lemma 25 asserts and (P6)

holds by definition of H.

In fact, we can generalize (P6) to:

(P6’) [Bounded in-degree] ∀l ∈ L : |E ∩ (R × {l})| ≤ 1, i.e. vertices in L have in-degree

at most 1.

For a network satisfying (P6’), the set M0 as defined in 6.7 is now a semi-matching,

i.e. vertices in R are allowed to be matched to multiple vertices in L but each vertex in

L is matched to at most one vertex in R (see Definition 19). As we shall see shortly,

Theorem 24 still holds when Mτ is a semi-matching and furthermore, as we prove in

Appendix C, the bound of [12] extends to when the graph is initialized with a semi-

matching.

Theorem 26. For any flow-admissible network H = (V, E) for which there exists a

partition V = L ∪ R of its vertices that satisfies (P1)–(P5) and (P6’), the flow-switching

cost of the Network-SAP algorithm on H when sources arrive in an online manner is at

most O(n log2 n) where n = |V |.

Proof. The proof is presented in Section 6.4. That proof relied on three properties of

H that were denoted (H1)–(H3); the justifications for those properties presented in Sec-

tion 6.4 are annotated with labels indicating how the justifications can be derived from
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properties (P1)–(P4). The proofs of Lemma 24 and Theorem 24 rely only on (H1)–(H3)

and on the fact that Mτ is a matching. As discussed, (H1)–(H3) follow from (P1)–

(P4), and M0 is a semi-matching due to (P6’). The fact that Mτ is a semi-matching

for τ > 0 is proven in Lemma 30. Thus, the proofs of Lemma 24 and Theorem 24

remain valid if we replace “matching” with “semi-matching” throughout. Property (P5)

replaces Lemma 25: H is matching-admissible according to the original definition of

that term (not modified to incorporate semi-matchings), and the property of matching-

admissibility is needed for the application of Theorem 27 to come.

Equation (6.9) still holds and expresses the flow-switching cost in H in terms of the

vertex-switching cost in H:

FSCG(Network-SAP) ≤ 2VSCG(Bipartite-SAP) + n.

Theorem 27 now applies on H because of (P5) and (P6’), hence

FSCH(Network-SAP) = O(|L| log2
|L|) = O(n log2 n).

□
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APPENDIX A

ADDITIONAL MATERIAL FROM CHAPTER 2

A.1 Matroids

Here we restate and prove Proposition 2 which provides a way of updating the optimal

solution of a weighted matroid.

Proposition. LetM = (E,I) be a weighted matroid with weight function w : E → R+.

Consider the max-weight independent set I of the restricted matroid M|E−x. Then the

max-weight independent set I∗ ofM can be obtained from I as follows: if (I + x) ∈ I

then I∗ = I + x, otherwise, I∗ = (I + x)− y where y is the minimum-weight element in the

unique circuit C of I + x.

Proof. Consider running Greedy (Algorithm 1) in parallel on both M|E−x and M and

call these executions E−,E respectively.

In case (I+ x) ∈ I, the downward-closed property ofM guarantees that both executions

will make identical decisions on elements other than x and element x will be included

in the optimal solution ofM, hence I∗ = I + x.

For the other case, suppose first that x = y, i.e. x is the min-weight element on C. At the

time x is inspected, all other elements of C have already been inspected and added to the

current solution, hence x is not included since it would violate independence. Therefore,

both executions proceed making identical decisions in every step and arrive to the same

solution I∗ = (I + x) − x = I.

Now suppose that x , y. At the time element x is considered in E, it can be safely

included in the solution. The reason is that if adding x resulted in a circuit C′, then
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C′ ⊊ C violating the minimality of C. The next step at which the two executions will

diverge again is when considering y — if they diverged at a previous step it would again

mean that x is part of a circuit C′ ⊊ C — at this point E ignores y.

Finally, suppose that the two executions diverge at a later step on an element e with

w(e) < w(y). Denote by J the current solution E− is maintaining and thus (J + x) − y is

the current solution of E. There are two reasons the executions might diverge:

• (J + e) ∈ I but ((J + x) − y) + e < I.

In this case, there must exist circuit C′ ⊆ ((J + x) − y) + e such that x, e ∈ C′ and

y < C′. Therefore, by Proposition 1 there exists circuit C′′ such that e ∈ C′′ ⊆

(C′ ∪ C) − x. This is a contradiction because C′′ is a circuit of J + e which was

assumed to be independent.

• (J + e) < I but ((J + x) − y) + e ∈ I.

This case is similar and the proof is omitted.

□

A.2 Prophet Inequalities

A.2.1 Proof

Here we present a proof of the standard Prophet Inequality (Theorem 1) for the

adversarial-order prophet problem by considering two closely related single-threshold

stopping rules. The first uses as a threshold a T such that Pr[maxi∈[n] Xi > T ] = 1/21

1See Appendix A.2.2 for a discussion on how to achieve this if the distributions are discrete or if they
have point masses.
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proposed by [86]. The second, uses a threshold T = 1
2E[maxi∈[n] Xi] proposed by [61].

Both stopping rules satisfy a prophet inequality with a factor 1/2 as we shall see shortly.

The proof relies on a generic lower bound on the expected reward of any single-threshold

stopping rule and an upper bound on the expected reward of the prophet, both as func-

tions of some parameters of the instance. More specifically, let T be the single threshold

used by a stopping rule and p = Pr[maxi∈[n] Xi > T ] be the probability that at least one of

the Xi’s exceeds the threshold or in other words the probability that the decision-maker

accepts exactly one. In what follows we use the notation I[E] for the indicator random

variable of an event E and for any real number x we denote (x)+ = max(x, 0).

First, let us bound the expected reward of the algorithm as follows:

E[ALG] = E

 n∑
i=1

Xi · I[ALG accepts Xi]

 (A.1)

= E

 n∑
i=1

(T + (Xi − T )) · I[ALG accepts Xi]

 (A.2)

= T ·
n∑

i=1

Pr[ALG accepts Xi] +
n∑

i=1

E[(Xi − T ) · I[ALG accepts Xi]] (A.3)

= T · p +
n∑

i=1

E[(Xi − T ) · I[ALG rejects X1, X2, . . . , Xi−1 and Xi > T ] (A.4)

= T · p +
n∑

i=1

E[(Xi − T ) · I[Xi > T ] · I[ALG rejects X1, X2, . . . , Xi−1]] (A.5)

= T · p +
n∑

i=1

E[(Xi − T )+] · Pr[ALG rejects X1, X2, . . . , Xi−1] (A.6)

≥ pT + Pr[ALG rejects X1, X2, . . . , Xn] ·
n∑

i=1

E[(Xi − T )+] (A.7)

= pT + (1 − p) · E

 n∑
i=1

(Xi − T )+
 (A.8)

≥ pT + (1 − p) · E
[
max
i∈[n]

(Xi − T )+
]
, (A.9)
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where linearity of expectation is used to exchange summations and expectation and

Equation (A.5) follows from the fact that the event [ALG rejects X1, X2, . . . , Xi−1] is

independent of [Xi ≥ T ]. On the other hand, for the expected reward of the prophet we

have,

E[OPTOff] = E
[
max
i∈[n]

Xi

]
(A.10)

≤ T + E
[
max
i∈[n]

(Xi − T )+
]
. (A.11)

To derive the prophet inequality for a stopping rule which uses the median of maxi∈[n] Xi

as the threshold T , notice that p = 1/2 by definition in this case so combining Inequali-

ties (A.9), (A.11) we derive a prophet inequality:

E[ALG] ≥
1
2
·

(
T + E[max

i∈[n]
(Xi − T )+]

)
≥

1
2
· E[OPTOff].

Similarly, when T = 1
2E[maxi∈[n] Xi],

E[ALG] ≥ pT + (1 − p) · E
[
max
i∈[n]

(Xi − T )+
]

(A.12)

≥ pT + (1 − p) ·
(
E[max

i∈[n]
Xi] − T

)
(A.13)

= pT + (1 − p)T (A.14)

= T =
1
2
E[OPTOff]. (A.15)

We now show that the prophet inequality above is tight. Consider an instance with the

two random variables shown below, where the first one is deterministically equal to 1

and the second is almost always equal to 0 except with probability ε ∈ (0, 1) it takes a

value of 1/ε > 1. For simplicity, assume the permutation chosen by the adversary is the

identity permutation (i.e. the variables have to be inspected in the order given):

X1 = 1, X2 =


1
ε
, w.p. ε

0, w.p. 1 − ε
. (A.16)
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A prophet able to see both values can always pick the maximum of the two for an

expected reward of

E[max(X1, X2)] = ε ·
1
ε
+ (1 − ε) · 1 = 2 − ε.

On the other hand, any deterministic algorithm receives no new information after in-

specting X1, hence every possible algorithm falls into one of two categories: (a) always

accepting X1 or (b) always rejecting X1 and proceeding to consider X2. Algorithms of

the first kind receive an expected reward exactly equal to 1. Algorithms of the second

kind, receive a reward of at most E[X2] = 1. Either way, for any deterministic algorithm

ALG we have,

E[ALG] ≤ 1.

To see how this result extends to randomized algorithms, notice that a randomized algo-

rithm is a probability distribution on deterministic algorithms. By linearity of expecta-

tion, the reward of any randomized algorithm will be a linear combination of the rewards

of deterministic algorithms, all of which have expected reward at most 1, therefore no

online algorithm (randomized or otherwise) can get an expected reward better than 1.

Taking ε→ 0, the claim that inequality (2.1) is tight follows.

A.2.2 Single-threshold stopping rules

We continue the discussion of single-threshold stopping rules initiated in Section 2.2

with a stricter treatment to encompass a wider range of distributions. Recall the defi-

nition of a single-threshold stopping rule with threshold T : the time-step τ ∈ [n] ∪ {⊥}

when an acceptance decision was made by the algorithm must satisfy the following

constraints for all i ∈ [n],

Xπ(i) < T ⇒ τ , i, Xπ(i) > T ⇒ τ ≤ i.
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When Xπ(i) = T , a tie-breaking rule is needed. If the distributions of F1, . . . ,Fn have no

point-masses, the event Xπ(i) = T has probability zero so the tie-breaking convention is

inconsequential. To reduce from the general case to the case where tie-breaking is incon-

sequential, we adopt the following artificial but convenient convention. We assume that

in addition to the random variables X1, . . . , Xn, there is an auxiliary sequence of random

variables X̃1, . . . , X̃n, each uniformly distributed in [0, 1], independent of X1, . . . , Xn and

mutually independent of one another. These auxiliary values are used for tie-breaking as

follows. The pairs {(X j, X̃ j)}nj=1 are regarded as elements of R × [0, 1] under the lexico-

graphic ordering. For every T̃ ∈ [0, 1], the single-threshold stopping rule with threshold

(T, T̃ ) is defined as

τ = min{i ∈ [n] | (Xπ(i), X̃π(i)) ≥ (T, T̃ )}

where, again, the relation < is interpreted lexicographically. We make the following

observations.

1. For all i ∈ [n], the event (Xπ(i), X̃π(i)) = (T, T̃ ) has probability zero.

2. For any i ∈ [n] and p ∈ (0, 1), we can find (T, T̃ ) such that

Pr[(Xπ(i), X̃π(i)) > (T, T̃ )] = p.

3. Similarly, if (X∗, X̃∗) denotes the (R × [0, 1])-valued random variable that is the

lexicographic maximum of {(Xπ(i), X̃π(i))}ni=1, then for any p ∈ (0, 1) we can find

(T, T̃ ) such that

Pr[(X∗, X̃∗) > (T, T̃ )] = p.

In short, by treating the sequence of n random variables as taking values in R × [0, 1]

(lexicographically ordered) and treating the threshold as belonging to the same set, we

can make the same continuity and no-tie-breaking assumptions that are always justified
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in the case of point-mass-free distributions, but without having to assume the distribu-

tions of X1, . . . , Xn have no point masses.

To avoid cumbersome notation in what follows, when discussing threshold stopping

rules we will still denote the threshold by T rather than (T, T̃ ) and we’ll use the notation

X j < T or X∗ < T as shorthand for (X j, X̃ j) < (T, T̃ ) or (X∗, X̃∗) < (T, T̃ ). In short,

we’ll treat the distributions of X1, . . . , Xn as if they were free of point masses, depending

on the conventions set forth in this section to justify that the results derived under the

point-mass-free assumption extend to the case of general distributions.

A.2.3 Single-threshold competitive ratio for free-order prophets

The fact that the single-threshold competitive ratio of the free-order prophet problem

(Problem 3) is R
free
n = 1 − 1

e + o(1) appears in [39] and is implicit in [31, 60]; we also

provide a proof below using a theorem proved in Chapter 3.

Proposition 4. The single-threshold competitive ratio of the free-order prophet problem

is R
free
n = 1 − 1

e + o(1). As n→ ∞, the competitive ratio converges to R
free
= 1 − 1

e from

above.

Proof. By Theorem 5, R
free
n ≥ 1− 1

e +o(1), so we need only show that R
free
n ≤ 1− 1

e +o(1).

To this end, let H ≫ 1 be an arbitrarily large number and consider a sequence of ran-

dom variables X1, . . . , Xn drawn i.i.d. from a distribution whose cumulative distribution
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function F is given by

F(x) =



0 if x < 1(
H − 1

(e−2)n

)
(x − 1) if 1 ≤ x ≤ 1 + 1

H

1 − 1
(e−2)nH if 1 + 1

H < x < H + 1

1 − 1
(e−2)nH +

x−H−1
(e−2)n if H + 1 ≤ x ≤ H + 1 + 1

H

1 if x > H + 1 + 1
H .

In words, each Xi is sampled from a mixture of two uniform distributions, on the inter-

vals
[
1, 1 + 1

H

]
and

[
H + 1,H + 1 + 1

H

]
, with the mixture weights being 1 − 1

(e−2)nH and

1
(e−2)nH , respectively.

Since the variables X1, . . . , Xn are identically distributed, reordering them has no ef-

fect on the performance of stopping rules, so we merely need to show that if ALG

is a single-threshold stopping rule adapted to the sequence X1, . . . , Xn then E[ALG] ≤(
1 − 1

e + o(1)
)
· E[OPTOff], where the o(1) term vanishes as n→ ∞.

Let p = 1
(e−2)nH denote the probability that a sample Xi exceeds H. The prophet’s ex-

pected value satisfies

E[OPTOff] = 1 + (1 − (1 − p)n)H + O
(

1
H

)
≥

e − 1
e − 2

− O
(

1
H

)
(A.17)

where the second inequality follows from:

(1 − p)n < 1 − np +
(
n
2

)
p2 < 1 −

1
(e − 2)H

+
1

2(e − 2)2H2 ,

(1 − (1 − p)n)H >
1

e − 2
−

1
2(e − 2)2H

.

Now consider a single-threshold stopping rule ALG that sets a threshold T such that

F(T ) = 1 − q; in other words, any given element of the sequence X1, . . . , Xn has

probability q of exceeding the threshold. Then, ALG rejects all r.v.s with probability
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(1 − q)n. Furthermore, conditional on ALG accepting some r.v., the events ALG ∈[
H + 1,H + 1 + 1

H

]
and ALG ∈

[
1, 1 + 1

H

]
have conditional probabilities min{p/q, 1}

and 1 −min{p/q, 1}, respectively. Thus,

E[ALG] ≤ (1 − (1 − q)n) ·
(

p
q

H + 1 +
1
H

)
.

Let r = q/n. Ignoring O(1/H) terms that vanish as H → ∞ and O(1/n) terms that vanish

as n→ ∞ we have

E[ALG] ≈
(
1 − e−r) · (1 + 1

(e − 2)r

)
E[ALG]
E[OPTOff]

≈
(
1 − e−r) · (e − 2

e − 1
+

1
(e − 1)r

)
. (A.18)

The right side of (A.18) is maximized at r = 1, where it equals 1 − 1
e . □
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APPENDIX B

ADDITIONAL MATERIAL FROM CHAPTER 3

B.1 Deferred proofs from Section 3.2

In this section we restate and prove Lemma 5.

Lemma 26. If Π is a non-empty set of permutations of [n] and there exists an index

j ∈ [n] that is ε-centered with respect to Π, then Rn(Π) ≤ φ−1 + O(ε).

Proof. Suppose j is ε-centered with respect to Π, and let p be a probability distribution

on [n] \ { j} such that for every permutation σ whose inverse belongs to Π, the sets

{i | σ(i) < σ( j)} and {i | σ(i) > σ( j)} have measure at least 1
2 − ε under p. Define the

distributions of X1, X2, . . . , Xn as follows. For a small positive number δ to be determined

later, the value of X j is (
√

5 − 1)/δ with probability δ, and otherwise X j = 0. For every

i ∈ [n] \ { j}, Xi has cumulative distribution function Fi satisfying

Fi(1 − t) = Pr[Xi ≤ 1 − t] =



1 if t < 0

exp
(
−

p(i)t
δ

)
if 0 ≤ t ≤ 1

0 if t > 1.

In other words, 1− Xi = Yi ∧ 1 where Yi is exponentially distributed with rate parameter

p(i)/δ and the notation a ∧ b denotes the minimum of a and b.

First, observe that OPT is equal to (
√

5 − 1)/δ with probability δ, and otherwise

OPT = max
i, j
{Xi} = 1 −min

i, j
{Yi ∧ 1} ≥ 1 −

∧
i, j

Yi.

The minimum of independent exponential random variables with rates r1, . . . , rn is ex-

ponential with rate r1 + · · · + rn. Hence,
∧

i, j Yi is exponentially distributed with rate
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1
δ

∑
i, j p(i) = 1

δ
, and its expected value is δ. Consequently,

E[OPT | X j = 0] ≥ E

1 −∧
i, j

Yi

 = 1 − δ

and the prophet’s unconditional expected value satisfies

E[OPT] = δ ·

√
5 − 1
δ

+ (1 − δ) · E[OPT | X j = 0] (B.1)

≥
√

5 − 1 + (1 − δ)2 >
√

5 − 2δ.

Now we turn to analyzing the expected value obtained by a single-threshold stopping

rule ALG with threshold T , assuming ALG is π-adapted for some π ∈ Π with inverse

permutation σ = π−1. If T < 0 then ALG always chooses the first value observed

and ALG = Xπ(1) ≤ 1 so E[ALG] ≤ 1. If T > 1 then ALG either rejects all random

variables in which case ALG = 0 or it chooses the random variable X j so E[ALG] =

E[X j] =
√

5 − 1. In all of those cases, E[ALG] < φ−1 · E[OPT] provided δ < 0.07. The

remaining case to consider is when 0 ≤ T ≤ 1. In that case let I0 = {i | σ(i) < σ( j)}

denote the set indexing the values appearing before X j in the sequence Xπ(1), . . . , Xπ(n),

and let I1 = {i | σ(i) > σ( j)} denote the set indexing the values appearing after X j in

that sequence. If q0, q1 denote the probabilities of the events max{Xi | i ∈ I0} < T and

max{Xi | i ∈ I1} < T , respectively, then the algorithm’s expected value satisfies

E[ALG] ≤ (1 − q0) · 1 + q0 · δ ·

√
5 − 1
δ

(B.2)

+ q0 · (1 − δ) · (1 − q1) · 1

< 1 − q0q1 + (
√

5 − 1)q0,

where the first inequality is justified because ALG ≤ 1 if the algorithm chooses any Xi

with i ∈ [n] \ j and ALG = 0 if the algorithm rejects every random variable. Writing
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T = 1 − δs, we have Pr[Xi < T ] = exp(−sp(i)) for i , j and therefore

q0 =
∏
i∈I0

Pr[Xi < T ] = exp

−s
∑
i∈I0

p(i)

 < exp
(
−

(
1
2
− ε

)
s
)

q0q1 =
∏

i∈I0∪I1

Pr[Xi < T ] = exp

−s
∑
i, j

p(i)

 = exp(−s).

Substituting these into (B.2) we find that

E[ALG] < 1 − exp(−s) + (
√

5 − 1) exp
(
−

(
1
2
− ε

)
s
)
. (B.3)

To complete the proof we must bound the right side of (B.3) above by φ−1 + O(ε) when

s ≥ 0. The derivative of the right side is

exp(−s) − (
√

5 − 1)( 1
2 − ε) exp

(
−

(
1
2
− ε

)
s
)

=

[
exp

(
−

(
1
2
+ ε

)
s
)
− φ−1 + (

√
5 − 1)ε

]
· exp

(
−

(
1
2
− ε

)
s
)

which is negative for all s ≥ 1, provided that ε < 1
110 . Assume henceforth that ε < 1

110 , as

otherwise the inequality asserted by the lemma, Rn(Π) ≤ φ−1+O(ε), is trivially satisfied

due to the O(ε) term. The derivative calculation above shows that the right side of (B.3)

is a decreasing function of s ≥ 1, implying that its maximum value on the interval

s ∈ [0,∞) is attained when s ∈ [0, 1]. For s in this range, if we let q = exp
(
−1

2 s
)
, then

exp
(
−

(
1
2
− ε

)
s
)
= q · eεs ≤ q · eε ≤ q + O(ε).

Hence we can rewrite (B.3) as

E[ALG] < 1 − q2 + (
√

5 − 1)q + O(ε). (B.4)

The right side of (B.4) is a quadratic function of q that is maximized when q = φ−1 and

1 − q2 = q = φ−1. Therefore,

E[ALG] <
√

5φ−1 + O(ε). (B.5)

Combining (B.1) with (B.5), the bound E[ALG] ≤ (φ−1+O(ε)) ·E[OPT] follows, which

confirms that Rn(Π) ≤ φ−1 + O(ε). □
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B.2 Deferred proofs from Section 3.3

This section contains proofs of propositions and lemmas that were mentioned in Sec-

tion 3.3 whose proofs were deferred.

Lemma 27. For prime n, there exists a set Π of n(n − 1) permutations such that the

uniform distribution over Π is pairwise independent. For any ε, δ > 0 such that 1/ε

is an integer, if n is an integer multiple of 1/ε and εn ≥ 2/δ, then there exists a set Π

of O
((

1
δε

)2
log n

)
permutations such that the uniform distribution over Π is (ε, δ)-almost

pairwise independent.

Proof. If n is equal to a prime number p, for any integers a, b such that a is not divisible

by p, the function x 7→ ax + b (mod p) is a permutation of [p]. If (a, b) are sampled

uniformly at random from [p−1]× [p], this defines a pairwise independent permutation

distribution. The reason is that for any (i, j) and (k, ℓ) in [p] × [p] such that i , j, k , ℓ,

the system of linear congruences

ai + b ≡ k, a j + b ≡ ℓ (mod p)

has the unique solution a ≡ (k − ℓ)(i − j)−1, b ≡ k − ai (mod p).

For ε, δ > 0 such that 1/ε and εn are integers and εn ≥ 2/δ, we use the probabilistic

method to prove the existence of a multiset Π of m = O((εδ)−2 log n) permutations such

that the uniform distribution on Π is (ε, δ)-almost pairwise independent. In fact, we

will prove that the multiset obtained by drawing m uniformly-random samples, with

replacement, satisfies this property with positive probability. Define the function b(k) =⌈
k
εn

⌉
, mapping [n] to [1

ε
]. The (ε, δ)-almost pairwise independence property asserts that

when σ is a random sample from the distribution, for any i , j the distribution of the

pair (b(σ(i)), b(σ( j))) is δ-close to the uniform distribution on
[

1
ε

]
×

[
1
ε

]
in total variation
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distance. For any pair (u, v) ∈
[

1
ε

]
×

[
1
ε

]
, a uniformly random σ ∈ S n satisfies:

Pr
(
(b(σ(i)), b(σ( j))) = (u, v)

)
=


εn
n ·

εn−1
n−1 if u = v

εn
n ·

εn
n−1 if u , v

In both cases we have

Pr
(
(b(σ(i)), b(σ( j))) = (u, v)

)
>
εn
n
·
εn − 1

n
(B.6)

= ε

(
ε −

1
n

)
≥ ε2

(
1 −

δ

2

)
where the last inequality is a consequence of εn ≥ 2/δ.

Now, suppose σ1, . . . , σm are i.i.d. random draws from the uniform distribution on S n.

Fix an arbitrary i , j in [n] and an arbitrary pair of buckets (u, v) ∈
[

1
ε

]
×

[
1
ε

]
. For

s = 1, 2, . . . ,m let

Ys =


1 if (b(σ(i)), b(σ( j))) = (u, v)

0 otherwise

Zs = E[Ys] − Ys.

In light of (B.6), we have

E

 m∑
s=1

Ys

 > ε2
(
1 −

δ

2

)
m,

so the event
∑m

s=1 Ys ≤ ε2(1 − δ)m only happens when
∑m

s=1 Zs >
1
2mε2δ. Bernstein’s

Inequality [13] ensures that

Pr

 m∑
s=1

Zs >
1
2mε2δ

 < exp
− 1

8m2ε4δ2

mε2 + 1
6mε2δ

 (B.7)

= exp
(
−

mε2δ2

8(1 + δ/6)

)
.

Since δ < 1, the right side can be made less than (ε/n)2 by setting m ≥ 18(εδ)−2 log(n/ε).

Note that our assumption that n is divisible by 1/ε implies n/ε ≤ n2, hence
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log(n/ε) ≤ 2 log n. Thus, drawing m = 36(εδ)−2 log n samples suffices to make

Pr
[∑m

s=1 Zs >
1
2mε2δ

]
less than (ε/n)2.

For (i, j, u, v) ∈ [n] × [n] ×
[

1
ε

]
×

[
1
ε

]
with i , j, define S (i, j, u, v) ⊆ S n to be the

set of permutations σ such that (b(σ(i)), b(σ( j))) = (u, v). Let E(i, j, u, v) denote the

event that S (i, j, u, v) contains mε2(1 − δ) or fewer of the permutations σ1, . . . , σm, and

let E =
⋃

i, j,u,v E(i, j, u, v). Our calculation using Bernstein’s Inequality showed that

for m ≥ 36(εδ)−2 log n, we have Pr[E(i, j, u, v)] < (ε/n)2. Taking the union bound

over all n(n − 1)/ε2 choices of i, j, u, v, we conclude that Pr[E] < 1. Therefore, the

complementary event E occurs with positive probability. When E occurs, we claim the

uniform distribution over {σ1, . . . , σm} is (ε, δ)-almost pairwise independent. To verify

this, consider any i , j and let Di j denote the distribution of (b(σ(i)), b(σ( j))) when σ is

drawn randomly from {σ1, . . . , σm}. Let U denote the uniform distribution on
[

1
ε

]
×

[
1
ε

]
.

We have

∥Di j − U∥TV =

1/ε∑
u=1

1/ε∑
v=1

(
U(S (i, j, u, v)) − Di j(S (i, j, u, v))

)+
<

(
1
ε

)2
(
ε2 −

mε2(1 − δ)
m

)
= δ

as required by the definition of (ε, δ)-almost pairwise independence. □

Lemma 28. If k ∈ N and rk ≥ 1
e then 1

k+1

(
1 + r + · · · + rk

)
≥ 1 − 1

e .

Proof. The left side is an increasing function of r, so it suffices to prove the inequality

when rk = 1
e . We begin by noticing that if the hypothesis had been rk+1 = 1

e rather than

rk = 1
e , the lemma would follow easily by comparing the sum to an integral.

1
k + 1

(
1 + r + · · · + rk

)
>

1
k + 1

∫ k+1

0
rt dt

=
1

(k + 1) ln r

[
1 − rk+1

]
= 1 −

1
e
.
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We do not know of any comparably simple argument that works when rk = 1
e . Instead,

we define the function

f (k) =
1

k + 1
1 − e−

k+1
k

1 − e−
1
k

and argue that f (k) ≥ 1− 1
e for all k ≥ 1, by proving that f (k) is monotonically decreasing

in k and that limk→∞ f (k) = 1 − 1
e . The computation of limk→∞ f (k) follows from the

facts that 1−e−
k

k+1 → 1− 1
e and (k+1)(1−e−1/k)→ 1 as k → ∞. The monotonicity claim

follows by expanding the domain of f from the natural numbers to the real numbers and

taking the derivative with respect to k.

d f
dk
=
−e

k+2
k k2 − k2 + e

1
k ((k + 1)(k − 2) + 1) + e

k+1
k (k2 + k + 1)

e
(
e

1
k − 1

)2
(k + 1)2k2

The denominator is positive for all k ≥ 1 so it suffices to prove that the numerator in

non-positive which is equivalent to showing:

e
1
k ((k + 1)(k − 2) + 1 + ek(k + 1) + e) ≤ k2

(
1 + e

k+2
k
)
,

e−
1
k + e

k+1
k ≥

(e + 1)(k + 1)2 − (e + 3)(k + 1) + (e + 1)
k2

To prove the last inequality for all k ≥ 1, we make use of the following quadratic lower

bounds on ex which can be shown using elementary calculus1.

ex ≥ 1 + x +
1
e

x2, for all x ∈ [−1, 0]

ex ≥
e
2

(x2 + 1) for all x ≥ 1

Notice that −1 ≤ −1
k ≤ 0 and k+1

k ≥ 1 for k ≥ 1 so the above inequalities apply.

e−
1
k + e

k+1
k ≥ 1 −

1
k
+

1
e

(
k + 1

k

)2

+
e
2

(k + 1
k

)2

+ 1


=

(
1 + 1

e + e
)

(k + 1)2 − (e + 3)(k + 1) + e
2 + 1

k2

≥
(1 + e)(k + 1)2 − (e + 3)(k + 1) + (e + 1)

k2

where the last inequality follows from 1
e (k + 1)2 + e

2 + 2 ≥ e + 1 for k ≥ 1. □
1Both are Taylor expansion approximations of ex around 0 and 1 respectively.
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Lemma 29 (Padding Lemma). If N ∈ N and ΠN ⊆ S N is a set of m permutations such

that RN(ΠN) ≥ α, then for all n ≤ N there is a set Πn ⊆ S n of at most m permutations

such that Rn(Πn) ≥ α.

Proof. For any permutation π ∈ S N let π↓n denote the unique permutation of [n] that can

be expressed as the composition π◦ f for some monotonically increasing f : [n]→ [N].

(This f maps the elements of [n] to the elements of π−1([n]) in increasing order.) IfΠN ⊆

S N satisfies |ΠN | = m and RN(ΠN) ≥ α then the setΠn = {π↓n | π ∈ ΠN} certainly satisfies

|Πn| ≤ m; we claim it also satisfies Rn(Πn) ≥ α. To see why, consider any independent

non-negative-valued random variables X1, . . . , Xn. Extend this to a sequence X1, . . . , XN

by defining Xi ≡ 0 for n < i ≤ N. Since RN(ΠN) ≥ α there is a π ∈ Π and a threshold T

such that E[ALGπ,T ] ≥ α · E[OPT]. (Note that max{X1, . . . , XN} = max{X1, . . . , Xn} so it

is immaterial whether OPT is interpreted as referring to the former or the latter quantity.)

Let π′ = π↓n, and note that π′ ∈ Πn. For any threshold (T, T̃ ) ∈ R × [0, 1] the stopping

rule ALG(π,T, T̃ ) stops at the earliest element in the sequence Xπ(1), Xπ(2), . . . , Xπ(n) such

that (Xπ(i), X̃π(i)) ≥ (T, T̃ ), whereas ALG(π′,T, T̃ ) stops at the earliest element such that

(Xπ(i), X̃π(i)) ≥ (T, T̃ ) and π(i) ∈ [n]. These two elements are the same unless T = 0 and

ALGπ,T = 0, because when π(i) < [n] we have Xπ(i) = 0 by construction. Therefore,

ALGπ′,T ≥ ALGπ,T pointwise, and we find that

E[ALGπ′,T ] ≥ E[Xπ,T ] ≥ α · E[OPT],

as desired. □
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APPENDIX C

ADDITIONAL MATERIAL FROM CHAPTER 6

Here we present and slightly generalize the results of [12]. The framework and relevant

notation is explained in Section 2.5. We begin by generalizing the definition of a match-

ing to that of semi-matching which allows vertices on the server-side of the bipartite

graph to be matched to more than one client.

Definition 19 (semi-matching). A subset M ⊆ E of the edges of G = (L ∪ R, E) is a

semi-matching if every vertex l ∈ L has exactly one incident edge in M.

It’s important to note that semi-matchings are only used when initializing an assignment

of clients to servers and we’re not altering the definitions of free servers and augmenting

paths nor the behavior of the Bipartite-SAP algorithm. When a fresh client arrives and

requests to be matched, the algorithm will still try to find an alternating path from that

client to a free server and augment down that path updating the semi-matching. The

following lemma guarantees that the algorithm remains well-defined. As a reminder,

Bipartite-SAP is applied on a graph where a set L0 of clients are present at time τ = 0

and clients in D = L\L0 arrive one at a time.

Lemma 30. If M0 is an initial semi-matching then the set Mτ maintained at the end

of the τ-th iteration of the Bipartite-SAP algorithm remains a semi-matching for any

τ ∈ [|D|].

Proof. We proceed by induction on τ. Our assumption on M0 covers the base case.

Suppose Mτ−1 is a semi-matching. Let u be a client on the augmenting path Pτ used to

update Mτ−1 to Mτ.
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If u is the vertex xτ that just arrived then no edge in Mτ−1 is incident to it and exactly

one edge incident to u enters Mτ.

If u is any other client then there are exactly two edges of Pτ incident on u, one belonging

in Mτ−1 and the other not. The former is in fact the only edge of Mτ−1 incident to u

because of the inductive hypothesis. Augmenting down Pτ means switching the state of

those two edges so in Mτ there will still be exactly one edge incident to u. □

In what follows we’ll denote by N(v) the neighborhood of a vertex v and for a subset

A ⊆ L∪R of the vertices, denote N(A) =
⋃

v∈A N(v). To prove their result, [12] introduce

the notion of balanced flow. To avoid confusion with the notion of flow on a directed

network we’ll use the term balanced function instead to refer to the same concept.

Definition 20 (Balanced Function). Let α : R → R≥0 be a function. Let Act(l) :=

argminr∈N(l)α(r) and call this set the active neighborhood of a client l. An edge {l, r}

where r ∈ Act(l) is an active edge.

The function α is called balanced if there exist non-negative (we)e∈E such that∑
r∈N(l) wlr = 1 ∀l ∈ L∑
l∈N(r) wlr = α(r) ∀r ∈ R

wlr = 0 ∀l ∈ L, r ∈ N(l)\Act(l)

Essentially we can think of each element of l ∈ L as having one unit of some quantity

it must entirely distribute to its neighbors in a “balanced” way in the sense that it can-

not redistribute its quantity in a way that strictly reduces the maximum load among its

neighbors.

The following lemma — the proof of which we omit and can be found in [12] — guar-

antees that, under a reasonable condition, a balanced function exists and is uniquely

defined.
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Lemma 31 ([12, Lemma 14]). A unique balanced function exists for a graph G =

(L ∪ R, E) if and only if |N(l)| ≥ 1 for all l ∈ L.

In what follows we’ll be working with graphs where each client has at least one neighbor

(a consequence of the matching-admissibility assumption) and we’ll denote by α(·) the

unique balanced function associated with that graph. Balanced functions exhibit the

following useful properties which we provide without proof:

Lemma 32 ([12, Lemma 21 and 22]). Denote by ατ(·) the balanced function of the

graph after the τ-th dynamic client has arrived for τ ∈ [0..|D|].1 The change ∆τα(r) =

ατ(r) − ατ−1(r) of each server r ∈ R obeys the following properties for all τ:

(a) ∆τα(r) ≥ 0 for all r ∈ R.

(b) ∆τα(r) = 0 for all r ∈ R such that ατ−1(r) < µ(xτ) = minv∈N(xτ) ατ−1(v).

Lemma 33 ([12, Lemma 23]). The bipartite graph G = (L ∪ R, E) contains a matching

of size |L| if and only if α(r) ≤ 1 for all r ∈ R.

In order to bound the length of augmenting paths originating from a client, it is con-

venient to bound the length of alternating paths originating from servers in the neigh-

borhood of that client and thus the following definition introduced in [12] is useful: an

augmenting tail is an alternating path from a server to a free server. Notice that every

augmenting path has a unique maximal augmenting tail. Similarly, an active augmenting

tail (under some semi-matching) is an augmenting tail for which the edges not belonging

to the semi-matching are active.

We now proceed to prove a generalization of an essential lemma in [12]. This lemma

allows us to assert the existence of an augmenting tail of bounded length from each
1For τ = 0, α0(·) is the balanced function of the graph where the only clients present are the ones in

L0.
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server r based on how far α(r) is from 1. Later, using the fact that each client contributes

1 to the sum of the balanced function values and Lemma 33 we’ll be able to bound the

total length of the augmenting paths used by the Bipartite-SAP.

Lemma 34. (Generalization of [12, Expansion Lemma]) Let M be an semi-matching of

a matching-admissible bipartite graph G = (L ∪ R, E) and r ∈ R with α(r) ≤ 1 − ε for

some ε > 0. Then there exists an active augmenting tail from r to a free server of length

at most 2
ε

ln(|L|).

Proof. Notice that any server r′ reachable from r by an active augmenting tail will have

α(r′) ≤ α(r) ≤ 1 − ε by the definition of active edges. Let Ki for i ≥ 1 be the set of

all clients reachable from r by an active augmenting tail of length at most 2i − 1, thus

K1 ⊆ K2 ⊆ . . . ⊆ Ki, and let ki = |Ki|. Denote
⋃

l∈Ki
Act(l) by Act(Ki). We have,

ki = |Ki| ≤
∑

r′∈Act(Ki)

α(r′)

≤
∑

r′∈Act(Ki)

(1 − ε)

= |Act(Ki)|(1 − ε)

Now suppose there is no active augmenting tail of length ≤ 2i. This means that all

servers in Act(Ki) are matched under M and furthermore, since M is a semi-matching,

the function that maps each element of Ki+1 that belongs to an edge of M to the opposite

endpoint of that edge is a surjection from a subset of Ki+1 to Act(Ki), so ki+1 ≥ |Act(Ki)|.

Thus, ki+1 ≥
ki

1−ε i.e. the set of clients reachable by an active augmenting tail of length

2i − 1 expands by a factor of at least 1
1−ε at each increment of i. Consequently,

|L| ≥ ki+1 ≥

(
1

1 − ε

)i

k1 ≥

(
1

1 − ε

)i

,

and thus

i ≤
ln |L|
ln 1

1−ε

.
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Using the inequality 1 − ε < e−ε we get

i <
1
ε

ln |L|.

We have shown that the hypothesis that no active augmenting tail has length ≤ 2i implies

that i < 1
ε

ln |L|. Hence, there must exist a free server reachable by an active augmenting

tail of length at most 2
ε

ln |L|. □

We are now ready to state and prove the main theorem which closely follows the proof

techniques in [12].

Theorem 27. (Generalization of [12, Theorem 1, Lemma 6]) Let G = (L ∪ R, E) be

a matching-admissible bipartite graph and let M0 be a semi-matching covering every

vertex of some set L0 ⊆ L. Suppose we run Bipartite-SAP on G with an initial semi-

matching M0 and the vertices in D = L\L0 arriving in an online fashion one at a time.

The total vertex-switching cost of the algorithm is at most O(nc log2 nc) where nc = |L|.

Proof. Recall that

VSCG(Bipartite-SAP) ≤
1
2

|D|∑
τ=1

|Pτ|,

where |Pτ| is the length of the τ-th augmenting path. Denoting by m(h) the number of

augmenting paths among the Pτ whose length is at least h, the sum can alternatively be

computed as
∑2nc
τ=1 m(h) — an augmenting path cannot have more than 2nc edges. We’re

going to bound m(h + 2) from above by 4nc ln nc
h from which then the result follows:

VSCG(Bipartite-SAP) ≤
1
2

2nc∑
h=1

m(h)

=
1
2

m(1) + m(2) +
2nc−2∑
h=1

m(h + 2)


≤

1
2

|D| + |D| + 4nc ln nc

2nc∑
h=1

1
h


= O(nc log2 nc).
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For what follows, fix an h and assume h > 4 ln nc; otherwise the bound m(h + 2) ≤ nc

is trivial. Let xτ be a client whose insertion resulted in an SAP of length |Pτ| ≥ h + 2

and denote by ατ−1 the balanced function before xτ arrives. It follows that every server

r ∈ N(xτ) must have ατ−1(r) > 1 − 2 ln nc
h and thus µ(xτ) > 1 − 2 ln nc

h . (Recall µ(xτ) =

minv∈N(xτ) ατ−1(v).) For supposing ατ−1(v) ≤ 1 − 2 ln nc
h for some v ∈ N(xτ), by Lemma 34

there must exist an active augmenting tail of length at most h and so an augmenting path

from xτ of length at most h + 1 which is a contradiction.

Consider the sequence of sets S τ = {r ∈ R | ατ(r) > 1 − 2 ln nc
h } of clients for τ ∈ [0..|D|].

By part (a) of Lemma 32, those sets are nested: S 0 ⊆ S 1 ⊆ . . . ⊆ S |D|. Define τ0(r) =

min{τ ∈ [0..|D|] | r ∈ S τ}. Now we can bound m(h + 2) as follows:

m(h + 2) =
∑

τ:|Pτ |≥h+2

1 (C.1)

=
∑

τ:|Pτ |≥h+2

∑
r∈R

∆τα(r) (C.2)

=
∑

τ:|Pτ |≥h+2

∑
r∈S τ−1

∆τα(r) (C.3)

≤
∑

1≤τ≤|D|

∑
r∈S τ−1

∆τα(r) (C.4)

=
∑

r∈S |D|−1

∑
τ0(r)<τ≤|D|

∆τα(r) (C.5)

=
∑

r∈S |D|−1

(
α|D|(r) − ατ0(r)(r)

)
(C.6)

<
∑

r∈S |D|−1

(
1 −

(
1 −

2 ln nc

h

))
(C.7)

≤ |S |D|| ·
2 ln nc

h
(C.8)

Equation (C.2) holds because every new client contributes a total of 1 unit to the sum

of the balanced functions. Equation (C.3) follows from part (b) of Lemma 32. Equa-
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tion (C.5) is reversing the order of summation. Equation (C.6) is expanding the tele-

scoping sum and eq. (C.7) follows from the observation that α|D|(r) ≤ 1 for all servers r

and ατ0(r)(r) > 1 − 2 ln nc
h as observed in a previous paragraph. The rest of the equations

and inequalities follow easily using part (a) of Lemma 32 that all ∆τα(r) ≥ 0.

The final step of the proof is to bound |S |L\L0 ||. Notice that there are nc total clients which

can contribute to the values α|D|(r) so nc ≥ |S |D|| ·
(
1 − 2 ln nc

h

)
≥
|S |D| |

2 where the second

inequality follows from the assumption that h > 4 ln nc. Hence we can conclude,

m(h + 2) ≤
4nc ln nc

h
.

□
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In Péter Biró, Shuchi Chawla, and Federico Echenique, editors, EC ’21: The 22nd
ACM Conference on Economics and Computation, Budapest, Hungary, July 18-23,
2021, pages 694–695. ACM, 2021.

[74] Michael Mitzenmacher and Eli Upfal. Probability and Computing: Randomized
Algorithms and Probabilistic Analysis. Cambridge University Press, USA, 2005.

[75] Jamie Morgenstern and Tim Roughgarden. Learning simple auctions. In CoLT,
2016.

166



[76] Roger B. Myerson. Optimal auction design. Math. Oper. Res., 6(1):58–73, Febru-
ary 1981.

[77] Joseph Naor and Moni Naor. Small-bias probability spaces: Efficient constructions
and applications. SIAM J. Comput., 22(4):838–856, 1993.

[78] N. Nisan, T. Roughgarden, E. Tardos, and V.V. Vazirani. Algorithmic Game The-
ory. Cambridge University Press, 2007.

[79] James G. Oxley. Matroid Theory (Oxford Graduate Texts in Mathematics). Oxford
University Press, Inc., USA, 2006.

[80] B. Peng and Z. Tang. Order selection prophet inequality: From threshold optimiza-
tion to arrival time design. In 2022 IEEE 63rd Annual Symposium on Foundations
of Computer Science (FOCS), pages 171–178, Los Alamitos, CA, USA, nov 2022.
IEEE Computer Society.

[81] Steven Phillips and Jeffery Westbrook. Online load balancing and network flow. In
Proceedings of the Twenty-fifth Annual ACM Symposium on Theory of Computing,
STOC ’93, pages 402–411, New York, NY, USA, 1993. ACM.
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