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Abstract

This paper discusses the scope and goals of structural complexity theory,
describes some working hypothesis of this field and summarizes (some) recent
developments.

Introduction

Structural complexity theory is the study of the relations between various com-
plexity classes and the global properties of individual complexity classes. It studies
logical implications among certain unsolved problems about complexity classes,
explores the power of various resource bounded reductions and the properties of the
corresponding complete languages. It uses relativization to clarify the power of dif-
ferent access mechanisms to information, to investigate possible relationships among
complexity classes and to try to assess the difficulty of unsolved problems by contrad-
ictory relativizations.

The goal of structural complexity theory is a thorough understanding of the rela-
tions between the various complexity classes and the internal structure of these com-
plexity classes.

During the last decade, structural complexity theory has emerged as a cohesive
subfield of complexity theory with a rich set of interlocking problems and results. In
particular, the last few years have bezn very productive and exciting [Mah, Se, Hal,
Ha2, Ha3].

In the following, we describe some of these developments and their impact on
structural complexity theory.

Major Complexity Classes and Hierarchies

We recall some definitions. Let P and NP denote the sets of languages accepted
in deterministic and nondeterministic polynomial time, respectively. Clearly, P and
NP are the dominant complexity classes in computer science and the P = ? NP ques-
tion is the most famous open problem in our field.
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The Polynomial Time Hierarchy, PH, is defined in terms of NP and is essential
in the classification of problems with more complex logical structure than NP.

2 = 1§ = A= P,
2P = NP, II{ = coNP, A} =P,
for i > 1,
2P = NP1, TP = oo 3P, AP =PI
PH = u 2P,
i=1
Equivalently, this hierarchy can be defined (in analogy to the Kleene Hierarchy)

in terms of polynomially bounded quantifiers and polynomial time computable predi-
cates [St, Wr, HU].

For example,
L ¢Z2f iff L=1{|3y1)ys)Rxy1, y2h

where 3% V7 indicates that length of yy, ys (1y1 ], |y2 |) is polynomially bounded in
|x|and R(:,-,) is a polynomial time computable predicate.

Let
SPACE[L (n)] and NSPACE[L (n)]

denote the sets of languages accepted by deterministic and nondeterministic L (n)-
space bounded machines, respectively.

Let
PSPACE =y SPACE[n*] and NPSPACE =y NSPACE [n*l.
2 2

From Savitch’s result [Sa], we know that
NPSPACE = PSPACE,

contrary to our strong belief that
P = NP.

Let

E = u TIME[2*], NE = u TIME[k*"]
k=21 k=21

and

ESPACE = Y SPACE [2*"].
2

Many important computational problems lie between NP and 5. To obtain a
"fine structure” of the problems in this range, two intertwined hierarchies have been
defined. The Booiean Hierarchy, BH, is built up by Boolean operations on NP sets.

BH(1) = NP,
BH(2i) = {L|L = Ly n Ly where L, ¢ BH(2i —1), L, € NP},
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BH(2i+1) = {L|L =L, U L, where L, € BH(2i), Ly ¢ NP},
BH = y BH(k).

For L; in NP, we obtain
BH(1) = NP, BH(2) = {L, n Ly} = D?,

BH(3) = {(Ly n Ly) ULy}, BH@4) = {(Ly nL3)ULy) n Ly}, .

The Query Hierarchy is defined in terms of the number of queries a p-time
machine can make to SAT (or any NP complete problem).

PSATIE] ig the set of languages accepted by deterministic polynomial time
machines making no more than . queries to SAT.

The Query Hierarchy, Q@H, is given by:

QH= u PSAT[k]_
k=21

It can be shown that the two hierarchies, BH, and QH, are intertwined and
therefore BH is finite if and only if QH is finite [CH1, CH2].

The importance of these hierarchies has been substantially enhanced by the
recent proof that if BH (or QH) is finite than so is PH [Ka2, Ka3]. Thus, by Working
Hypothesis A (as stated later) we must assume that both of these hierarchies are
infinite. We will return to these problems later.

Finally, let PSATlogm] denote the class of languages accepted by p-time machines
with O (logn) queries to SAT. This class contains many important optimization prob-
lems solvable by binary search methods. For example, maximal clique size in a
graph, chromatic number for graphs, etc. In the following, we will see that this class
also plays an important role in structural complexity work.

The work in structural complexity theory proceeds under two working
hypothesis. The first hypothesis is based on the strong conviction that P # NP and
the more sweeping conjecture that PH is infinite.

Working Hypothesis A: Any assumption that implies that P = NP or that PH is
finite is assumed to be false.

The second hypothesis is derived from the fact that many problems in complexity
theory have contradictory relativizations and that no (non-trivial) problems with dou-
ble relativizations have been solved [Ha4, Ho]. The classic example for such a rela-
tivization is the Baker-Gill-Solovay [BGS] result that there exist recursive oracles A
and B such that:

P+ = NP4 and P2 = NP3,

Clearly, this result indicates that the P =? NP problem cannot be solved by any

proof techniques that relativize. This leads to our second hypothesis.

Working Hypothesis B: Any (non-trivial) problem that has contradictory relativiza-
tions is a very hard problem and cannot be solved with “current” techniques.
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In an intuitive sense, a contradictory relativization is a mini-independence
result. This has not yet been made formally precise, but we believe that it is impor-
tant to clarify the implications of contradictory relativization. Particularly, since so
many problems in complexity theory have contradictory relativizations. What
independence is implied from what proof techniques by contradictory relativizations?

We will return to these problems when we discuss space bounded computations.

Time Bounded Co&xputations :

The last few years have been a very exciting and successful time in the develop-
ment of structural complexity theory. New and interesting structural connections
have been revealed between various complexity classes. New hierarchies have been
defined and studied, to clarify the fine structure of feasible problems below =%, and
relations between these hierarchies and the classic polynomial hierarchy have been
discovered. Some other hierarchies have been shown to collapse and surprising new
insights have been gained about nondeterministic space bounded computations.
Furthermore, after a careful study, many of these new results can be obtained by
quité similar counting or census arguments, which yield a nice unification and deeper
understanding of structural complexity. We review some of these results in this sec-
tion.

There are several other interesting developments in structural complexity theory
which we will not review here [GJ, Ha5, KMR, Ma2, MY]. Some very nice new
insights have emerged from the study of the structure of the sets of complete prob-
lems of various complexity classes. Some of this work is motivated by the Isomor-
phism Conjecture [BH] which expressed belief in a beautifully simple structure of the
sets of complete problems for NP. The recent work on complete problems for NP and
higher complexity classes has revealed an unexpectedly rich structure of some of
these sets. These problems are far from fully understood and the new results have
opened an important and interesting area of research. We view the full understand-
ing of the structure of sets of complete problems for various complexity classes as one
of the major challenges for structural complexity theory.

To review some of the new developments in more detail, we recall several defini-
tions.

AsetS, S C =7, is sparse if there exists a polynomial p such that:

(Vn)l{x| |x|=nandx ¢ S }|=< p(n).

A C 2" is many-one reducible to S if there exists a p-time computable function f
such that:

. Vx)x€e A & f(x) e S

We write A <% 8.

S is many-one complete for NP if S is in NP and for all Bin NP B <% S.

Many results in structural complexity theory are expressed in terms of sparse
sets. The importance of sparse sets is caused by the ability of p-time computations to
~ count only up to a polynomial in the length of the input. Therefore, as we will see,
sparse sets play a special role in the study of feasible time limited computations. If
binary search arguments can be used, then the class PSATU98"] pnatyrally enters struc-
tural complexity results.

- A very elegant use of a counting argument and sparse sets can be found in
Mahaney’s proof [Mal] of the following result.
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Theorem (Mahaney): If a sparse set is <Z -complete for NP then P = NP.

If we postulate the existence of a sparse set S such that:

NP C PS,
then we get, under this weaker hypothesis, a less complete collapse of the polynomial
hierarchy [KL].

Theorem (Karp, Lipton, Sipser): If S is sparse and NP C PS then:
PH C Z%.
This result has been strengthened under stronger assumptions in several ways
(Lo, Ma2, Ya]. If we assume that S is in NP, then by a nice counting argument
Kadin obtained the optimal result [Kal].

Theorem (Kadin): If S is sparse, S in NP and
- NP C P3|

then

PH C PSAT[logn].

The proof is based on the subtle observation that in 0(logn) queries a PSAT
machine can compute, by binary search, the census function Cg(n) for S, which gives
the exact number of strings in S up to length n. Once Cg(n) is known, an NP
machine can recognize x € S, for [x|= n, by guessing Cg(n) strings in S, verifying
that they are in S and then checking if x is different from all Cg(n) strings.

Therefore, any NP5 machine (or NP54T machine) can be replaced by an NP
machine which has the census information, Cg(n), and uses as subroutines two NP
machines for (short) strings in S and S, respectively. But for this machine, with one
query to S (or SAT), we can determine if it accepts a given string. Thus, with 0(logn)
queries we can accept any L in PSAT. Thus, '

PH C PSAT - PS’AT‘[logn]'

This proof explicitly relates the depth of the collapse of PH to the density of the

sparse oracle. For an oracle S in NP with Cg(n) < n*, such that NP C PS we have
PH C PSATO[logCS(n)].

This result is optimal, in the sense that there are relativized worlds in which
this collapse is optimal [Kal, Ka2]. ;
The existence of sparse <% - complete sets for NP forced P = NP. The weaker
assumptions of NP C P° for a sparse set forced PH C 2£ and if assumed that S is

in NP then PH C PSATUos"] We now explore what additional conditions will force a
complete collapse, P = NP, in the last two results. We recall two results [HIS, HY].

Theorem: E = NE iff there exists a sparse sets S in NP — P.
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Theorem: E = ESPACE iff there exist a language with polynomial size circuits in
PSPACE - P.

Combining these results with the previous results we get the following “down-
ward collapse” results.

Theorem:

1. (3 sparse SinNP) [NP C P% and E = NE ]
e
P = NP

2. (3 sparseS) [NP C PS and E = NENP ]
; &
P = NP

3. (3 sparse S) [PSPACE C PS and E = ESPACE ]
&
P = PSPACE.

Note: It is not known if £ = NE implies E = NE™P. There exists relativized
worlds with E = NE, but E = NE"F [HIS].

In analogy with the polynomial hierarchy two exponential hierarchies have been
studied and one has been shown to be finite.

The strong exponential hierarchy, SH, was defined as follows:
S =0§ =E

=f = NE, TIf = coNE
£ = NP f“‘, § = co2f

SH = u 3£

For example,

3§ = NPV,
Quite surprisingly, Hemachandra has shown that this hierarchy is finite [Hel.

Theorem (Hemachandra):
NPNE = pNE gnd therefore SH = PVE,

The proof that NPYE = PVE ig very similar to Kadin’s proof that a sparse S in
NP such that NP C PS implies NPYP = pS = pSaTlogn]

The only difference in the proof is that the oracle A in NE does not have to be
sparse since we have polynomially many queries to compute its census; i.e.
CENSUS,4(n*) is computable by a PYZ machine. Since the oracle can perform NE
computations, it can guess CENSUS 4 (n*) many strings in A and verify that it has all
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relevant strings. A p-machine computes such a machine which uses CENSUS,(n*).
Then, with one more query, to NE the p-machine determines if this machine accepts.
For details of this proof see [Ha3, SWI.

The other exponential hierarchy defined by NE, NEM, NENP NP, etc., is not
known to collapse. We know that this hierarchy is infinite iff the polynomial hierar-
chy is infinite when restricted to sparse sets [HIS].

Some related results can be obtained by the similar counting argument. Let
PSATI denote the set of languages accepted by a p-time machine which can ask one

parallel query for each input, i.e., the query is a vector of formulas
(F1, Fg, ...,Fp(n) and the answer is a vector showing which formulas are satisfi-

able and which are not. In [He] it is shown that:
PSATII = pSATlogn]

Clearly, this exponential saving in sequential queries over parallel queries is
heavily dependent on the structure of SAT. This result fails with probability one for
random oracles [Ka2].

A surprising version of this result for constant number of queries (with a much
harder proof) has been obtained by Beigel [Be].

Forallz =1
. PSATk] — pSAT[2*-1]|

Next, we consider the Boolean hierarchy and the Query hierarchy. These hierar-
chies gained considerable respectability when Kadin showed that their collapse
implies that the Polynomial hierarchy collapses [Ka3].

Theorem (Kadin): If for any k¢ = 1 PSATIk] = pSATI+1 then PH C AS.

The collapse of the BH or @H has a very strong structural implication for NP
and coNP. The collapse of the hierarchies forces NP and coNP to differ by a sparse

set only.

Corollary (Kadin): If BH or QH are finite, then there exists a sparse set S such that
coNP C NP°.
We can strengthen this to an if and only if result by an additional assumption
which collapses NP and coNP.

Theorem: |BH |< © and NE n coNE = NENP
&
NP = coNP.

Space Bounded Computations

Space bounded computations have the capability of reusing their tape and to
count up to exponentially large numbers in the length of the work tape. Both these
properties endow space bounded computations with capabilities which we cannot
prove for time bounded computations. It is also interesting to note that time and
space bounded computations behave differently under relativization. For properly
chosen relativization modeis deterministic and nondeterministic space cannot be
separated if
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SPACE(logn] = NSPACE[logn].
We will return to this phenomenon later.
Already Savitch’s result that deterministic and nondeterministic space is polyno-

mially related verified a property for space which we do not believe to hold for time
bounded computations [Sa, HU]. ‘

Theorem (Savitch): For space constructible L (n) = logn
NSPACE(L(n)] C SPACEIL (n)2].

This clearly implies that PSPACE = NSPACE. On the other hand, we strongly
believe that P = NP.

During 1987 several space bounded hierarchies were shown to be finite [LKJ,
To]. 'These results were dramatically superseded by simultaneous Immerman and
Szelepcsenyi proofs that nondeterministic space is closed under complement [Imm,
Sz].

Theorem (Immerman, Szelepcsenyi): For space constructible L (n) = logn
NSPACE[L(n)] = NSPACEI[L (n)].

Proof Outline: We outline the two key ideas of the proof on the special case:

NSPACE[L(n)] = coNSPACE[n]

The first idea is that if for any NSPACE[n] machine N another NSPACE [n]
machine N, could compute for each x the exact number of distinct configurations N
can reach from x, then an NSPACE [n] machine N! could recognize L (V). Let n, be
the number of configurations N (x) can reach. The recognition of L (N) by N! is done
as follows: N! on x computes n. and then cycles successively through all possible
sequences N (x) could reach and checks for each sequence if N (x) reaches it. For the
right sequence of guesses N (x) will reach n, distinct configurations and x is in L (V)
iff none of these configurations is an accepting configuration of V.

The proof that the number of reachable configurations is NSPACE [n] comput-
able is shown by induction on the number of steps to reach a configuration. Let d, be
the number of configurations reached by N (x) in ¢ steps. We will describe N, which
computes d;. Clearly, d; is easily computable. Given d;, N, will successively check
for each sequence if it can be reached in one step from one of the d, configurations
reached in ¢ steps. To do this, for each target sequence y N, tries to guess succes-
sively d; configurations reachable from x in ¢ steps, and tries to verify that they are
so reachable. If d, such sequences are found and y is not reachable from any of them
in one step, then go to the next target sequence, if y is reachable, add one to the d, .,
counter and go to the next jy. Combining both results we get that
NSPACE[n] = NSPACE|[n].

a

It is quite surprising that this important result with such an elegant proof
remained unsolved for over twenty years, in spite of considerable interest in this area.
In retrospect, it seems that few people expected nondeterministic space to be closed
under complement and that we just did not fully realize the power of “counting” in
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this context. It also seems that the difficulty of separating complexity classes and the
contradictory relativization results hinting that these problems are very hard, shied
people away from serious effort to solve this and other separation problems.

It is ironic, that an attempt to relativize this problem could have revealed that it
is not hiding behind possible contradictory relativizations and thus could be expected
to be solvable by known techniques. In the following, we discuss relativization of
space bounded computations. We are interested in what relativization says about
space bounded computations and vice versa.

There are several options for the access mechanism to the oracle for space
bounded computations [LL, RST]. For deterministic and nondeterministic log(n)
space bounded computations, we can allow both types of machines to use an addi-
tional, one-way-write-only oracle tape on which they can write n*-long queries. For
brevity, denote the corresponding language classes by LOG* and NLOG#, respec-
tively.

It is easily shown that:

LOG C NLOG C P. :

But using a straightforward Baker-Gill-Soloway oracle construction [BGS, LL],
one can construct an oracle A such that:

NLOG4 ¢ P4,
Similarly, we can construct oracles B and C which for this model of relativization
invalidate Savitch’s result:

NLOG?B ¢ SPACE? [(log (n))?]
as well as the Immerman-Szelepcsenyi result,
NLOG® = NLOGF®.

To avoid these anomalies, another somewhat artificial oracle access mechanism
was defined in [RST]. In this model, again there is an additional one-way-write-only
oracle tape, but it is required that the computation of the oracle query must be done
deterministically by both types of machines. Denote the corresponding language
classes by LOG?®) and NLOG?'*’. Now both types of machines can for any given
input query only polynomially many strings in A and the above anomalies are
avoided. On the other hand, when we consider linear tape bounds, this model permits
exponentially long queries in the input length and looks artificial.

Finally, the simplest and most natural oracle access mechanism is to limit the
oracle queries to the length of the work tape. Denote the corresponding language
classes by LOGS™) and NLOGS™ . In this model, the nondeterministic machines
can use nondeterministically computed queries.

The one objection to this model is that there exist oracles A such that:

A § NLOGS@W)
since only log(n) long queries are possible on inputs of length n. This anomaly disap-
pears for linear and larger tape bounds.
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In the following we will show that, quite surprisingly, the D(:) and S(-) models of
relativization behave very similarly when we deal with the possibility of separating
deterministic and nondeterministic space bounded classes.

In [Wi] it was shown that:

LOG = NLOG & (VA) [LOGP@W = NLOGP4),

This is a generalization of a result in [Si] and later in [RS]. A later publication
of this result can also be found in [KiLal].:

Our extensions of this result are summarized in the followmg two theorems.
Theorem: For space constructible L (n) = log(n),

LOG = NLOG

& (VY L(n),A) [SPACESYWL [L(n)] = NSPACES™ [L(n)] 1]
& (V L(n),A) [SPACEPAL [L(n)] = NSPACEP@ [L(n)] 1.

To outline the proof of this theorem, we recall a few definitions and results.

Let GAP represent the set of directed graphs with an IN and OUT node such
that there is a directed path from IN to OUT. The following was observed in [Sa].

Lemma (Savitch): GAP is complete for NLOG under log(n)-space bounded reductions.

Proof: Clearly, GAP is in NLOG. To see that A in NLOG can be reduced to GAP,
let L(N) = A, where N is an NLOG machine. For any x, we will construct a directed
graph, G, v, polynomially large in the size of x, such that x € A iff G,y ¢ GAP. The
nodes of the graph are the configurations of N: the state of the machine, the content
of the work tape and the head positions on the input tape and work tape. There is a
directed edge from node a to node b iff there is a legal move from configuration a to
configuration b when N is working on input x. Note that x is not represented in the
configurations, only the single symbol read by the input head.

Clearly, there are only polynomially many different configurations for N on x in
the length of x and the graph can be computed by a deterministic log(n)-space
bounded machine from input x (and printed on a one-way output tape). x is in L(N)
iff there is a directed path in Gy y from the “starting” node to the unique “accepting”
node or from IN to the OUT node.

l

We now show that in the S( - ) model and D( - ) model an oracle cannot separate
LOG from NLOG if LOG = NLOG.

Lemma (Wilson): LOG = NLOG & (¥ A) [LCGS™) = NLOGS@W |,

Proof: The “only if” part of the proof is obvious when we set A = &.

If LOG = NLOG then GAP is in LOG. We now show that an S(A) oracle com-
putation cannot do any harm. For an NS@W (r) machine we can again compute a
directed graph of configurations, which are augmented by the query tape (of length
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log (|x])) and transitions for both YES and NO oracle answers are included and so
labeled. Again, NS) accepts iff there is a path in this graph from the IN to OUT
nodes using the correct YES and NO edges as determined by A.

Since LOG = NLOG, a LOGS™) machine can recognize such graphs. The deter-
ministic machine proceeds as a deterministic GAP recognizer and consults its oracle
on the query edges to decide which edges are legally present in the graph, as the com-
putation demands. Therefore,

LOGS(A) = NLOGS(A).
d

The same proof works for the D( - ) relativization model used originally by Wil-
son.

This proof fails for the unrestricted oracle access mechanism in which a NLOG#
machine can query exponentially many strings in A, while the LOG* machine can
query only polynomially many strings. .

Next we extend this result to higher deterministic and nondeterministic tape
bounded classes. Not to obscure the simplicity (or elegance) of these ideas we discuss
only the linearly bounded tape classes. With a few technical details, the same proof
can be used for all other space constrictible bounds above L(n) = log(n).

Lemma: LOG = NLOG = (VY A )[ SPACES@ [n] = NSPACES@® [n]1.

Proof: Let the linearly space bounded machines again have a read only input tape, a
linearly bounded read-write work tape and a separate linearly bounded oracle tape.

Given a nondeterministic n-space bounded machine N ;9 (4) and input x, we con-

struct an NLOGS“) machine N3{’ such that N accepts x iff N34 accepts

x #77 By the previous lemma we know that for N54' there exists an equivalent
deterministic log(n)-space bounded machine MS{). But then there exists a deter-
ministic linear-space bounded machine Mg(k,)) equivalent  to N$“., Thus,
SPACES™ [n] = NSPACES™ [n].

O

The same proof extends to all space constructible L (n) = log(n) as well as to the
D (A) model. But not to the unrestricted oracle access model.

Theorem: If LOG = NLOG then for all space constrictible L(n) = n there exist
oracles A and B such that:

SPACEP@W [L(n)] =NSPACEP@ [L(n)],
SPACES@ [L(n)] =NSPACESA) [L(n) ],

SPACEP® [L(n)] = NSPACEP® [L(n)],
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SPACES® [L(n)] = NSPACES® [L(n)].

Proof: To illustrate the proof technique, we consider linearly space bounded compu-
tations for the S () model of relativization. @We will show that
LOG = NLOG = (3 A )[SPACES™ [n] = NSPACES™ [n]]. We can think of
linear-space bounded oracle machines as log(n)-space bounded machines whose input
is given by the oracle. In particular, the oracle A will contain directed graphs with
IN and OUT nodes. Since the query is linearly bounded, these machines on input 17
can query the oracle about edges in these graphs for node descriptions up to size n.
Clearly, this is equivalent to a log(n) space bounded machine with the same graph
presented on the input tape. Since we assume that LOG = NLOG, this permits us
to construct an A such that

A = {1%|( 3G; ) [the node description is of size n;,
the edge set of G; is in A and G; is in GAP ]}

and

A € NSPACES®W [n] — SPACES™ [n].

In the construction of A, to insure that the description of the G;’s do not interfere
with each other, we pick a sufficiently rapidly growing sequence of integers
ny <nz <ng <....Foreach n; we choose a graph G; with node description size n;
which witnesses that the i-th LOG machine cannot accept GAP. Thus,

G; € L(D;) ®G; { GAP

and therefore

A € NSPACES™@ [p] — SPACES@ [n].

Observe that the same oracle also separates NSPACEP?@Y [n] from
SPACEP@) [n] on the same language A provided that we made the gaps between n; A
and n;+; sufficiently large so that on input 1™ the graph G;,; cannot be accessed
(even if the D (A)-oracle access mechanism allows 2" long queries).

Finally, it is easily shown that for a PSPACE complete set R and space constric-
tible L(n) = n,

SPACEP®) [ L (n)] = NSPACEP® [L,(n)]

and

SPACES® [ L(n)] = NSPACES® [L(n)].
O

The above results clearly point out that under relativization the deterministic
and nondeterministic space bounded computations behave completely different than
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the corresponding time bounded computations. This suggests that the
LOG =? NLOG

problem may be solvable by know techniques. The recent Immerman-Szelepcsenyi
success of showing NLOG = NLOG, similarly suggests that the space bounded com-
putations may be easier to understand. We believe that it is an opportune time to
renew an attack on the LOG =? NLOG problem. It is probably simpler than the
P =? NP problem. .
On the other hand, if LOG = NLOG then there exist oracles which collapse and

oracles which separate the higher (L(n) = n ) deterministic and nondeterministic
space bounded classes. This leads to the strange possibility that the proof of

LOG = NLOG

could be achieved by known proof techniques, but because of the contradictory relativ-
ization (even in the S ( - )-model) the

SPACE [n] =? NSPACE [n]

problem would not be so solvable.
Recall that

LOG = NLOG & GAP not in LOG.

On the other hand, NSPACE(n] and SPACE[n] are different if and only if LOG and
NLOG can be separated on a sparse, easily computable subset of GAP. To see this,
observe that any NSPACE(n] computation can also be described by a graph in GAP.
Except that this graph has nodes with description size n (as determined by the confi-
gurations of n-space bounded machine) and that the graph is computable from the
input x, |x | = n, and the machine description. The graph is exponentially larger
than |x | To make this precise, let M, be a standard universal TM and define [Ha6]

KS [log(n), log(n) ] = {x|(3y ) [lyl < log (|x])
and M, (y) = x is computed on log (|x |) tape ]}

Since the computation graphs for nondeterministic n-space bounded machines are
computable from N and the input in polynomial time (in the size of the resulting
graph), we obtain the following.

Lemma: SPACE [n] # NSPACE [n] & GAP n KS [log(n),log(n) ] { LOG.

Thus SPACE [n] # NSPACE [n] if and only if NLOG and LOG are separated
on the sparse set of graphs in GAP which can be quickly computed from exponentially
shorter descriptions. : 3

As stated earlier, it could happen that NLOG = LOG and that this can be pro-
ven by known techniques, but that this would not extend to linearly space bounded
computations. That is, the separation of LOG from NLOG may not be easily provable
on the sparse set
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GAP n KS [log(n), log(n) 1.
This, for example, could happen if one could prove that NLOG and LOG differ on

random graphs. Since random graphs are not compressible, this proof would not
directly extend to separation of NSPACE [n] from SPACE[n].
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