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In the current multi-messenger era of astronomy, the low-inertia limit of magneto-

hydrodynamics, or “force-free” electrodynamics, has regained attention as a first

approximation to the modeling of the anticipated precursor emission from binary

neutron star mergers. Over the past two decades, force-free simulations have of-

fered valuable insight into the global properties of isolated neutron star and black

hole electrodynamics. However, force-free codes frequently assume a formulation

of the equations whose initial value problem is not well-posed for all wave propaga-

tion axes, rendering their applicability to more general problems uncertain. In this

thesis, I explore the numerical viability of a newly developed formulation of the

force-free equations using spectral methods. The new equations enjoy improved

mathematical properties while retaining the physical meaning of the original sys-

tem. In this work, I also complete the formulation by providing a framework

suitable for boundary conditions involving neutron stars. Test cases as well as

limitations are discussed.
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Thanks to Yoonsoo Kim, Dr. François Hébert, Dr. Mike Boyle, Professors Elias

R. Most, Harald Pfeiffer, Samuel K. Lander, and the STScI Exoplanets group, for

additional scientific discussions. Many thanks to Professor Vasilis Paschalidis and

Dr. Taner Akgün, for their advice at the start of my PhD.

Everlasting gratitude goes to my officemates Éamonn O’Shea, Dante Iozzo,
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CHAPTER 1

INTRODUCTION

Neutron stars have always been a favorite topic among theoretical astrophysi-

cists. Possessing exotic matter compositions, dense internal structures, fast rota-

tion, and intense gravitational and electromagnetic �elds, neutron stars o�er an

unmatched opportunity to study a rich interplay between several areas of physics.

The main theme of this thesis is one of the features listed above, namely elec-

tromagnetic �elds. Speci�cally, I explore applications of numerical methods to

the modeling of time-dependent electromagnetic emissions from sources involving

neutron stars.

Sec. 1.1 of this chapter gives a brief overview of neutron star phenomenology.

Secs. 1.2 and 1.3 cover established knowledge about neutron star electrodynamics,

a topic required for the next chapters. Next, Secs. 1.4 and 1.5 introduce the

astrophysical phenomena of interest to this work. Finally, Secs. 1.7 and 1.8 present

the plan of this thesis, along with the mathematical conventions used throughout

it.

1.1 A Brief Survey of Neutron Stars

Neutron stars were �rst observed in the late sixties as periodic signals of radio

emission, the origin of the name \pulsating radio sources", orpulsars [35, 77].

Soon after, pulsars were established to be isolated magnetized stars powered by

the kinetic energy of their extremely rapid, yet mostly regular rotations [45]. Addi-

tional observations of optical [16] and X-ray [22] pulses quickly showed that neutron

stars have the potential to be seen across multiple bands of the electromagnetic
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spectrum.

Around the time of the discovery of radio pulsars, observations led to the

identi�cation of a bright X-ray source as a neutron star accreting mass from a

gravitationally linked companion [87]. This discovery led to a search for similar

X-ray sources. The next important discovery was that of periodic X-ray pulsations

from accreting hot neutron stars in binary systems, in which the infalling gas is

the source of the radiation [24]. These observations were the �rst evidence that

neutron stars can also be found orbiting other stars.

The known neutron star population was expanded in the eighties after the dis-

covery of the �rst pulsar with a period of just about 1.6 milliseconds [5]. Back

then, millisecond pulsarsproved to be more challenging to observe than \classi-

cal" (0:1 � 1 s{period) pulsars, due to the short duration and unusual variability

of their pulses, along with the steep shape of the observed spectrum. Nowadays,

thanks to the advance of new instruments such as Fermi LAT, the detections have

become dramatically more common. These advances suggest that, in most cases,

millisecond pulsars are the result ofspinning up a classical pulsar to periods of

milliseconds via accretion of matter from a binary companion. In addition, obser-

vations have helped determine that millisecond pulsars' surface magnetic �elds are

of order 108 � 109 G, thousands of times smaller than the typical value of 1012 G

of classical pulsars. Currently, there is no consensus about how this magnetic 
ux

reduction takes place.

Yet another class of neutron stars saw its discovery in the seventies and eighties

by the detection of so-called \soft gamma repeaters" and \anomalous X-ray pul-

sars", today collectively referred to asmagnetars[18]. Magnetars are seen as short

bursts and outbursts across most of the electromagnetic spectrum, particularly X-
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and gamma-rays. (An outburst is a sudden episode of heightened emission and

may include several bursts.) Magnetars possess extremely high magnetic �elds

(� 102 � 103 times stronger than radio pulsars, hence the name), whose decay

is thought to be responsible for the detected electromagnetic emissions [93, 94].

Speci�cally, this radiation would be produced by \starquakes" that perturb the

magnetosphere and trigger bursts. In turn, these quakes would be the result of

the intrinsic magnetic �eld being suddenly displaced in the stellar crust through

processes such asambipolar di�usion and Hall drift [30].

The �rst convincing evidence that linked both electromagnetic and gravita-

tional radiation to neutron stars was the measurement of the orbital decay of the

Hulse{Taylor binary pulsar [36]. Decades of measurements of its orbital properties

constitute irrefutable evidence that the system releases energy as predicted by gen-

eral relativity (e.g. [101]). Only a few years ago, the �rst con�rmed gravitational-

wave observation from a binary neutron star [1], followed by the world-wide de-

tection of associated electromagnetic counterparts, con�rmed the idea that binary

neutron stars are prime candidates for multi-messenger astronomy.

As of February 2023, the ATNF Pulsar Catalog [51] lists over 3300 objects1,

around 10% of which are millisecond pulsars, and around 1% are magnetars.

Nowadays, it is established that some of the neutron stars described above

constitute di�erent stages of an evolutionary sequence of stellar binary systems.

This sequence is portrayed in Figure 1.1, where each stage can be brie
y described

as follows:

1. In a main-sequence binary system, the more massive star ends its life �rst

1https://www.atnf.csiro.au/research/pulsar/psrcat/
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and (if massive enough) undergoes a supernova explosion.

2. If the supernova is su�ciently asymmetric, the newborn neutron star

acquires a kick and separates from the (now \runaway") star.

3. On the other hand, if the binary survives, the result is an eccentric binary

containing a pulsar and a main-sequence star.

4. The stellar companion eventually expands and spills gas onto the compact

object, resulting in X-ray emission, along with a spin-up of the neutron star.

5. The accretion ends, the neutron star's period is now of the order of

milliseconds, and, if the stellar companion was initially of low mass, it turns

into a white dwarf, resulting in a white dwarf-millisecond pulsar binary.

6. Another possibility if the stellar companion was massive in the beginning,

is that it also undergoes a supernova explosion.

7. Just as in Stage 2, if the supernova is su�ciently asymmetric, the result

is two solitary stars: a young pulsar, and a \recycled" millisecond pulsar.

8. A �nal possibility is that, if the binary survives, the result is a double

pulsar.

This evolutionary theory illustrates that observing neutron stars does not just o�er

a probe for fundamental physics, but also a path to studying several aspects of

stellar evolution.

1.2 Electrodynamics of Isolated Neutron Stars

A central piece of understanding neutron star observations is to unveil the under-

lying physical mechanism powering the emission. Modern reviews on the subject
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Figure 1.1: Evolution of binary systems involving neutron stars.

include [15, 38, 99, 19, 74, 46]. The global description for pulsars accepted today

was proposed around the same time as the �rst discoveries. In this view, the pulses

are the result of a very narrow and energetic beam of radiation sweeping across the

observer with a period equal to the rotational period of the star [61, 26]. Observa-

tions of the plane of polarization of the radiation have supported this \lighthouse"

hypothesis ever since its conception [82, 83]. While this feature has long been

understood, self-consistent models for the actual source of the emission are still

being debated.

The �rst attempts to describe the emission mechanism assumed a perfectly

conducting star rotating in vacuum [61, 62, 60]. The model assumes that the

star carries a magnetic dipole moment, which must be misaligned with respect to

the rotation axis in order for the system to radiate (magnetic dipole radiation).

This simple model was initially supported by its ability to predict the observed

luminosity and known age of the Crab Pulsar [27]. As is well known today, however,

the vacuum model is hopelessly inadequate. As �rst pointed out by Goldreich &

Julian [29], the electric potential induced by the stellar rotation produces a strong

external electric �eld parallel to the magnetic one, which overcomes gravity and
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lifts charged particles from the stellar surface. Thus, a vacuum magnetosphere is

unstable and must be �lled with plasma.

Goldreich & Julian proposed a plasma-�lled, quasi-steady exterior featuring an

external magnetic �eld consisting of both open and closed �eld lines [29]. Closed

�eld lines lie on an equatorial torus, in which the plasma is a perfect conductor

and thus is forced to co-rotate with the star (Fig. 1.2). In this region, then,

the �elds satisfy E � B = 0 (using standard symbols for the �elds), which implies

that the charge distribution e�ectively screens out the component of the electric

�eld parallel to the magnetic one. The co-rotating magnetosphere extends until

the so-calledlight cylinder, de�ned as the cylindrical surface beyond which the

co-rotating velocity is greater than the speed of light. Open �eld lines, on the

other hand, emanate from the regions near the poles, and extend past the light

cylinder. It is along these lines that charged particles can escape to in�nity, as

E � B 6= 0 there. This meridional current twists the magnetic �eld lines, resulting

in a predominantly azimuthal �eld far beyond the light cylinder. In this way,

this model predicts a Poynting 
ux even if the magnetic moment is aligned to

the rotation axis. Nevertheless, the predicted luminosity is of the same order of

magnitude as the one obtained with the vacuum model.

Nowadays, it is known that the surface instability pointed out by Goldreich &

Julian can give rise to a co-rotating magnetosphere, but the global structure of

the resulting con�guration is di�erent from the open-closed �eld lines envisioned

by the authors. Eventually, the redistribution of charges near the star screens out

the electric �eld component along the magnetic �eld, ceasing the extraction of

more particles from the surface. In the end, the resulting equilibrium consists of

stationary plasma-�lled regions of opposite electric charges, separated by a \gap"

6



Figure 1.2: Half-meridional cut of the Goldreich-Julian model. The grey region is
the stellar interior. Field lines emanating from the stellar surface an angle� < � o

measured with respect to the rotation axis (vertical left edge) are open. Figure
adapted from Goldreich & Julian 1969 [29].

containing no plasma (e.g. [37]). Negative charges accumulate in dome-shaped

regions around the poles, while positive charges populate a torus-shaped region

around the equator (Fig. 1.3, top left). The existence of this stationary \electro-

sphere" has been largely supported by numerical simulations over the years (see

e.g. [15] for a list of publications). Furthermore, simulations also show that the re-

sulting equilibrium is unstable to non-axisymmetric perturbations. The instability

is sourced by a velocity shear, which induces an expansion of the charged regions,

producing a charge out
ow in some cases (Fig. 1.3, bottom row). These studies

also con�rm that this out
ow can be suppressed far before reaching the radiation

zone, thus rendering this mechanism irrelevant for pulsar emission [68].

Sturrock [91] expanded the Goldreich-Julian model by introducing the possibil-

ity of pair-production in magnetospheric regions whereE � B 6= 0 (i.e. in gaps). In

this extension, the charged particles extracted from the stellar surface are acceler-
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Figure 1.3: Simulation of the instability of an electrosphere around a neutron star.
Top row: azimuthally averaged disk-dome con�guration, and 3-d view of the charge
density. Bottom row: development of the instability in the equatorial plane. Image
Credit: Spitkovsky & Aron 2002 [88].

ated to energies so high that the emitted photons, assisted by the strong magnetic

�eld, are converted to electron-positron pairs. In turn, the newly created particles

are accelerated by the exterior electric potential, resulting in the emission of more

photons, and hence more pairs. These \pair cascades" are thus responsible for

injecting new charged particles into the magnetospheric plasma [85].

The creation of pairs in pulsar magnetospheres requires a minimum magnetic

�eld. This leads to the so-calleddeath line2 of pulsars, which takes place when the

rotation frequency has decreased so much that the induced exterior potential is too

low to accelerate particles to energies required for pair creation [85]. Consequently,

pulsars operating via this mechanism are not expected to emit below this limit.

Although it is known today that the original model only provides (at best)

a very rough agreement with the observed pulsar death line, recent numerical

2Literally a line in the log-log period vs period-time-derivative plot of a pulsar population.
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simulations have hinted that pair production is relevant to obtain the classical

open-closed �eld line con�guration envisioned by Goldreich & Julian (e.g. [75]

and citations). That said, assembling a self-consistent model that includes pair

creation is by no means a solved problem today, so the subject continues to be an

active �eld of research. (See [74] for a recent account of it.)

1.3 \Force-free" Models

One important feature about neutron star magnetospheres is that the ratio of the

particle kinetic energy density to the magnetic energy density is extremely small

deep inside the light cylinder (see e.g [96]). This fact motivates a description of the

plasma around the star using theforce-free approximation. This framework corre-

sponds to a limit of the magnetohydrodynamic equations in which the magnetic

stresses in the plasma are far greater than the 
uid ones. As a consequence, the

conservation of the total stress-energy tensor implies that the Lorentz force must

vanish. In classical pulsar theory, this condition is usually given as

� E +
1
c

J � B = 0; (1.1)

where every symbol has its usual textbook meaning. In modern (i.e. tensorial)

notation, the force-free condition has a covariant expression, which is valid in all

inertial frames (see Chapter 2 for details). In particular, the condition

E � B = 0 (1.2)

holds in every frame. Although Eq. (1.2) is sometimes referred to in the litera-

ture as \the force-free condition", it should be stressed that the force-free limit is

exclusively de�ned by Eq. (1.1), and that the orthogonality of the �elds is merely
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a constraint derived from the vanishing of the Lorentz forceonly if the electric

charge and current do not vanish.

As mentioned in the previous section, regions around the neutron star where the

electromagnetic �eld satis�esE � B 6= 0 are expected to generate a self-consistent

plasma-�lled environment. Nevertheless, theoretical e�orts to model neutron star

exteriors have classically assumed a force-free plasmaeverywhereoutside the star.

In this direction, analytical work has mostly been focused on stationary, axially

symmetric con�gurations. Under such assumptions, the magnetosphere of the

star is described by the solution of a single partial di�erential equation, the so-

called pulsar equation [86, 54, 59]. Although nonlinear in nature, this equation

admits a simple analytic solution consisting of a rotating monopole [55]. On the

other hand, rotating dipole solutions have only been obtained numerically (Ref.

[17], followed by several other works). These numerical results largely con�rm the

overall structure originally proposed by Goldreich & Julian [29]. Generically, there

exists an equatorial region of closed magnetic �eld lines anchored to the star (the

magnetosphere) (Fig. 1.4, left). This region extends until the light cylinder radius.

Outside of the magnetosphere, open �eld lines emanate from the star and extend

beyond the light cylinder. The space beyond the light cylinder is divided into

northern and southern halves, each of which carries magnetic 
ux of opposite sign.

Both halves are divided by an equatorial current sheet, which in turn divides into

two separatrix currents that go around the magnetosphere. The presence of the

current sheet is important, as it carries the return current that ensures a vanishing

net current on the star.

Although the axially-symmetric model described above has the obvious 
aw

that it cannot pulse, the rest of its elements are expected to reproduce features of

10




	Biographical Sketch
	Acknowledgements
	Table of Contents
	List of Figures
	Introduction
	A Brief Survey of Neutron Stars
	Electrodynamics of Isolated Neutron Stars
	``Force-free'' Models
	Electrodynamics of Binary Neutron Stars
	Force-free Models, Again
	On The Well-posedness of Force-free Electrodynamics
	Plan of This Thesis
	Notation and Conventions

	Electrodynamics in Strong Gravitational Fields
	3+1 Decomposition of Spacetime
	General-relativistic Maxwell's Equations
	General-relativistic Force-free Electrodynamics
	Hyperbolicity of GRFFE
	Degeneracies of GRFFE
	Summary of This Chapter

	GRFFE with Spectral Methods
	Numerical GRFFE in a Nutshell
	Formulation of Equations
	Preservation of the Force-free Constraint
	Numerical Methods for GRFFE

	Strongly Hyperbolic GRFFE
	Degeneracies
	Eigenvectors: Degenerate Cases

	GRFFE with Spectral Methods
	Code Validation
	Rotating Monopole
	Field in Non-spinning Black Hole Spacetime
	Linear Waves

	Conducting Boundary Conditions
	Preliminaries
	Conducting Media
	Boundary Conditions and Characteristic Fields

	Boundary Conditions Tests
	Summary of This Chapter

	Useful Tensor Expressions
	3+1 Identities.
	Levi-Civita Tensor and Hodge Dual
	Irreducible form of an Anti-symmetric Tensor.

	Degeneracy of the Electromagnetic Tensor
	Common Coordinates for Single Black Holes
	The Carrasco-Reula Formulation of GRFFE
	Definitions
	The Evolution Equations
	Comparison with Zhang et al (2015)

	Bibliography

