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ABSTRACT

Variational Quantum Algorithms(VQAs) are a class of algorithm that uses a

hybrid approach to solve optimization problems. VQAs use a quantum com-

puter to compute expectation values of circuits that are encoded using classical

data and then use a classical optimizer to adjust the parameters of these quan-

tum circuits in order to find the optimal solution. The cost function is defined

for any specific problem such that the set of parameters that yields the lowest

cost function value corresponds to the solution of that problem. This method

shows great potential in Near-term Intermediate Scale Quantum (NISQ) de-

vices. This thesis investigates two approaches of constructing cost functions: the

distance minimization approach and the energy minimization approach. Peri-

odic, Dirichlet, and Neumann boundary conditions are studied. We present

results for simulation of the heat equation solver, the Poisson equation solver,

and the Navier-Stokes equation solver. We also present two ansatz designs, the

ZGR-QFT ansatz and the Universal Layered Ansatz, as well as optimization

strategies.
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CHAPTER 1

INTRODUCTION

Partial differential equations (PDEs) are an essential tool for understanding and

modeling complex physical systems across a wide range of fields, including

fluid dynamics, solid mechanics, electromagnetics, and quantum mechanics.

These equations are used to describe the behavior of functions that depend on

multiple independent variables, such as space and time. The study of PDEs

has been instrumental in the advancement of scientific and engineering knowl-

edge, and their solutions often provide valuable insights into the fundamental

properties of the underlying systems.

Traditionally, numerical solutions of PDEs have been obtained by discretiz-

ing the function using finite difference methods, where the function is approx-

imated at discrete points in the domain. The resulting system of equations is

then solved using iterative algorithms, typically involving the inversion of a

large matrix. However, the numerical solution of nonlinear PDEs can be par-

ticularly challenging due to the complex and chaotic nature of the underlying

systems. In such cases, the finite difference method may require an extremely

large number of grid points to accurately capture the dynamics of the system,

which can be computationally expensive and time-consuming. Moreover, if the

resolution of the grid is too low, valuable information about the system could

be lost, leading to inaccurate or incorrect results.

To overcome these challenges, various advanced numerical methods

have been developed for solving nonlinear PDEs, including finite element

methods[3], spectral methods[14], and meshless methods[2]. These techniques

offer improved accuracy, stability, and efficiency over traditional methods, and
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are capable of handling complex geometries and boundary conditions. In this

thesis, we will explore a new approach for solving these challenges using a

quantum computer.

Quantum computing is a rapidly evolving field that promises to revolution-

ize computation by harnessing the principles of quantum mechanics to perform

calculations in a fundamentally different way than classical computers. At the

heart of quantum computing is the concept of qubits, which can exist in a su-

perposition of states that correspond to the classical bits 0 and 1. When multiple

qubits are combined in a quantum register, they allow for the representation of

a vast number of basis states in a high-dimensional space.

In particular, an n-qubit quantum computer spans a 2n dimensional space,

and the amplitudes of the basis states can be used to encode information of a

discretized function. This approach offers significant advantages over classical

computing, as the number of data points grows exponentially with the number

of qubits, allowing for a level of resolution intractable by classical computers.

This feature generated great interest in variational quantum algorithms

(VQA) on current Near-term Intermediate Scale Quantum (NISQ) devices with

tens of qubits. VQAs work by iteratively adjusting the parameters of a quantum

circuit in order to find a circuit that performs well on a pre-defined cost func-

tion. This approach has been shown to be effective for a variety of problems,

including machine learning, optimization, and chemistry. In theory, we need

only to construct cost functions for specific problems to solve these problems on

a quantum computer using VQA. In this thesis, we identify five crucial prob-

lems when fully implement VQAs to solve PDEs: (1) State preparation for ini-

tial conditions, (2) Ansatz design, (3) Implementation of boundary conditions,
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(4) Optimization, and (5) Read-Out.

This thesis starts by investigating the variational quantum algorithm pro-

posed by Lubasch et al., which uses a distance minimization approach. A mod-

ified approach using the energy minimization method will also be explored.

We will discuss the theory behind variational quantum algorithm, circuit de-

signs for implementing the algorithm on a quantum computer, Ansatz designs,

optimization techniques, and results for numerical simulation.
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CHAPTER 2

THEORY

2.1 Discretization

Consider a function u(x, t) on the [0, 1] domain. We evenly discretize the domain

into N + 1 points with distance between each neighboring pair of points as ∆x =

1
N . The function u(x, t) is then turned into a vector U(t) = (ut

0, u
t
1, ..., u

t
N−1) ∈ RN

where each entry is the value of the function evaluated at the corresponding

point, i.e.

ut
i = u(i/N, t). (2.1)

We will work with the discretized vector U(t) instead of the function.

2.1.1 Finite Difference Method

A general 1D differential equation that’s first order in time will have the form,

∂u
∂t
= Ôu, (2.2)

where Ô is a linear combination of spatial derivative operators. The discretized

first order spatial derivative using the forward difference method is given by

∂ut
i

∂x
=

ut
i+1 − ut

i−1

∆x
+ O(∆x). (2.3)

The second order spatial derivative from the central difference method is given

by
∂2ut

i

∂x2 =
ut

i+1 − 2ut
i + ut

i−1

∆x2 + O(∆x2). (2.4)
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Higher order derivatives can be constructed similarly.

With the finite difference derivatives, we can construct the matrix O as the

finite difference version of operator Ô and use a classical variational method to

solve the differential equation for some initial condition U(t0).

2.2 The Quantum Approach

To harness the power of quantum computation, we will first convert the vector

U(t) into a quantum state through amplitude encoding,

|U(t)⟩ =
N−1∑

i

Ct
i |i⟩ , (2.5)

where |i⟩ is the computational basis state, such that λCt
i = ut

i for some λ =∑N−1
i (ut

i)
2. The normalization constant λ is necessary because the quantum state

has to have norm 1. An n-qubit system will have 2n computational basis states,

which can store vectors of length 2n entries.

2.2.1 Derivative Operator

Based on the finite difference relation given by Eq. 2.3 with periodic boundary

condition, the first order spatial derivative operator in matrix form is

∇̂ =



0 1 0 0 . . . 0 −1

−1 0 1 0 . . . 0

0 −1 0 1 . . . 0
...

. . .
...

1 0 0 0 . . . −1 0


. (2.6)
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We introduce the adder operator Â which shifts the amplitude of a quantum

state, and the adder dagger operator. More concretely the two operators are

defined in Dirac notation as

Â =
N−1∑

i

|i + 1⟩ ⟨i| , (2.7)

and

Â† =
N−1∑

i

|i − 1⟩ ⟨i| . (2.8)

Observe that applied on a quantum state, the adder gives Â |U(t)⟩ =
∑N

i Ct
i |i + 1⟩.

And similarly the adder dagger gives Â† |U(t)⟩ =
∑N−1

i Ct
i |i − 1⟩.

Using these two operators, we can write out the first spatial derivative oper-

ator as a quantum operator defined as

∇̂ = Â − Â†. (2.9)

2.2.2 Second Order Derivative Operator

The second order derivative operator, ∆̂, based on Eq. 2.4 with periodic bound-

ary condition in matrix form is given as,

∆̂ =



−2 1 0 0 . . . 0 1

1 −2 1 0 . . . 0

0 1 −2 1 . . . 0
...

. . .
...

1 0 0 0 . . . 1 −2


. (2.10)

Observe that we can construct this matrix with

∆̂2 = −2I + Â + Â†. (2.11)

6



An alternative approach for constructing the second derivative operator is

given by Sato et al[12].

∆̂2 = I⊗(n−1) ⊗ (I − X) + Â†(I⊗(n−1) ⊗ (I − X))Â (2.12)

2.2.3 Adder

The derivative operators can be constructed using the adder operator Â which

shifts the amplitude of a quantum state. More concretely it is defined as

Â =
N∑
i

|i + 1⟩ ⟨i| . (2.13)

Observe that applied on a quantum state, it gives Â |U(t)⟩ =
∑N

i Ct
i |i + 1⟩. Simi-

larly, the adder dagger operator is defined as

Â† =
N∑
i

|i − 1⟩ ⟨i| . (2.14)

2.3 Time Discretization

With the tools introduced above, we can construct any arbitrary spatial deriva-

tive operators on the right hand side of Eq. 2.2. We will now formulate time

derivatives on the left hand side of the equation. For time dependent equa-

tions, we can discretize time into discrete time steps. This means that for any

time step |u(t)⟩ we can define relation for |u(t + δt)⟩, using Forward Euler time

discretization

|u(t + δt)⟩ = (1 + δtÔ) |u(t)⟩ , (2.15)

or using Backward Euler time discretization

(1 − δtÔ) |u(t + δt)⟩ = |u(t)⟩ . (2.16)
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In Section. 2.4, we will discuss how to compute |u(t + δt)⟩ using these two rela-

tions. Assume for now that we know how |u(t + δt)⟩ can be computed based on

|u(t)⟩, we can simply plug in |u(t0)⟩ as an initial condition and solve for |u(t0 + δt)⟩.

We would then use the solution |u(t0 + δt)⟩ as the new initial condition and solve

for |u(t0 + 2δt)⟩, and so on. This way, we can solve for the time evolution of the

function of interest up to any time point T = t0 + Nδt for N time steps.

2.4 Variational Method - Distance Minimization

To demonstrate the variational method with all the tools that we just introduced,

we will use the Forwards Euler’s method which gives us the relation

u(x, t + ∆t) = (1 + ∆tÔ′)u(x, t) (2.17)

for the general 1D differential equation given in Eq. 2.2. In the quantum ap-

proach, we turn the function u(x, t), u(x, t + ∆t) into quantum states λ̃ |ψ̃⟩ and

λ |ψ⟩, and obtain,

λ |ψ⟩ = (I + ∆tÔ′)λ̃ |ψ̃⟩ . (2.18)

Note that since the identity operator is simply the zero-th order spatial deriva-

tive, we can combine it into Ô′ and get Ô = (1 + ∆tÔ′),

λ |ψ⟩ = Ôλ̃ |ψ̃⟩ . (2.19)
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2.4.1 Cost Function

The most naive approach to solving |ψ⟩ would be minimizing the distance be-

tween the two vectors. A forward Euler cost function for time discretization can

then be constructed using Eq. 2.19,

C f orward(λ, |ψ⟩) =
∣∣∣∣∣∣λ |ψ⟩ − λ̃Ô |ψ̃⟩

∣∣∣∣∣∣2 + O(∆t2) (2.20)

=λ2 + λ̃2
〈
ψ̃

∣∣∣ Ô†Ô ∣∣∣ ψ̃〉 − 2λλ̃Re{⟨ψ|Ô|ψ̃⟩} + O(∆t2). (2.21)

Note here that terms not dependent on λ̃ and |ψ̃⟩ are constant in the cost func-

tion, so we can reduce the forward Euler cost function to

C f orward(λ, |ψ⟩) = λ2 − 2λλ̃Re{⟨ψ̃|Ô|ψ⟩} + const. + O(∆t2). (2.22)

We can also use the backward Euler for time discretization which gives

Ôλ |ψ⟩ = λ̃ |ψ̃⟩ , (2.23)

with Ô = 1 − ∆tÔ′, and write the cost function as

Cbackward(λ, |ψ⟩) =λ̃2 + λ2 ⟨ψ|Ô†Ô|ψ⟩ − 2λλ̃Re{⟨ψ̃|Ô|ψ⟩} + O(∆t2) (2.24)

=λ2 ⟨ψ|Ô†Ô|ψ⟩ − 2λλ̃Re{⟨ψ̃|Ô|ψ⟩} + const. + O(∆t2). (2.25)

We will represent |ψ⟩ as a parametrized quantum circuit with variational pa-

rameters λ, and |ψ̃⟩ as a state preparation circuit. The expectation value will be

computed on a quantum computer. The choice of λ and λ that gives the lowest

cost function value corresponds to the beset approximation of the time evolu-

tion solution for this differential equation. We can then use a classical optimizer

to find the optimized parameters.
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2.5 Energy Minimization

A different approach, inspired by Sato et al. [12], is to use the energy mini-

mization method for solving PDEs. The method was introduced for solving

the time-independent Poisson equation, but can be extended to time-dependent

equations when we discretize time and solve for the time evolution step by step.

We will demonstrate the energy minimization method for the Poisson equa-

tion. First, consider the 1D Poisson’s Equation for some function f (x),

−∇2u(x) = f (x). (2.26)

This equation corresponds to the total potential energy,

E =
1
2

∫
∇v · ∇vdΩ −

∫
v f dΩ, (2.27)

with discretized version defined as,

Eh =
1
2

v⊥∆̂v − v⊥ f . (2.28)

Now, suppose we have some state quantum | f ⟩ that is the discretized version

of function f (x), minimizing the expectation of the total potential energy

Eh(|ψ⟩) = −
1
2

(⟨ f , ψ|X ⊗ I⊗n| f , ψ⟩)2

⟨ψ|∆̂|ψ⟩
(2.29)

would give the state that corresponds to the solution of the Poisson’s equation.

Note that the state | f , ψ⟩ is defined as (|0⟩ | f ⟩ + |1⟩ |ψ⟩)/
√

2. The term on the nu-

merator in Eq. 2.29 gives the expectation value ⟨ f |ψ⟩ via a swap test.

This energy minimization method can be generalized to other equations

by finding the Lagrangian L[u] for the equation u(x, t) that satisfies the Euler-

Lagrange equation
∂

∂x
∂L

∂u′
+
∂

∂t
∂L

∂u̇
−
∂L

∂u
= 0, (2.30)
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and minimizing the action S [u] defined as,

S [u] =
∫
L[u]dxdt (2.31)

using the variational method.

For the Poisson equation, the energy minimization method reduces the num-

ber of expectation circuits by about a half as shown in Appendix. A, making the

cost function considerably simpler to compute. And it is likely that for more

complicated, time-dependent equations this advantage holds true as well. The

challenge, however, is task of finding the corresponding Lagrangian equation

for each equation.

In this thesis, we introduce the energy minimization cost function for the

Poisson equation and Heat equation by find the corresponding Lagrangian

through inspection. We point out, however, that finding Lagrangian for PDEs

in general is not a trivial task. We have no more insight to offer within the scope

of this work, so we direct your attention to [13], which proposes a way to for-

mulate variational problems for any arbitrary nonlinear problem.

2.6 Boundary Conditions

Due to the periodic nature of the Adder operator, which we use to construct

the derivative operators, the most straight forward way to construct Eq. 2.6 and

Eq. 2.10 is with periodic boundary conditions. To extend our method to prob-

lems with other boundary conditions, we would need to apply correction terms

to the cost function. In this section, we will discuss how these correction circuits

can be constructed.
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2.6.1 Dirichlet Boundary Condition

The Dirichlet boundary condition is given by

u(x) = f (x) ∀x ∈ ∂Ω, (2.32)

where f (x) is the boundary condition, and ∂Ω denotes the boundary of the func-

tion. For a 1D equation u(x) defined on [0, 1], the Dirichlet boundary condition

is u(0) = u0 and u(1) = u1. The periodic second derivative operator is given by

2.10, while the Dirichlet second derivative operator is given by

∆̂Dirichlet =



−2 1 0 0 . . . 0 0

1 −2 1 0 . . . 0

0 1 −2 1 . . . 0
...

. . .
...

0 0 0 0 . . . 1 −2


. (2.33)

Note that the two matrices only differ by the two 1’s on the top right and bottom

left corners.

The Simple Case

We will first consider the simple case of ⟨ψ|∆̂periodic|ψ⟩ which is largely used in

the energy minimization method, for some state |ψ⟩ =
∑N

i ai |i⟩. The difference

between ⟨ψ|∆̂periodic|ψ⟩ and ⟨ψ|∆̂Dirichlet|ψ⟩ is 2a0aN . In other words,

⟨ψ|ADirichlet|ψ⟩ = ⟨ψ|Aperiodic|ψ⟩ − 2a0aN . (2.34)

So all we need to do is to find a circuit that produces 2a0aN . Sato et al. pro-

posed a simple way for exactly this problem. We apply a Hadamard to the least

12



significant qubit after applying the (periodic) Adder to get

(I⊗n−1⊗H)A |ψ⟩ =
aN + a0
√

2
|ψ0⟩+

aN − a0
√

2
|ψ1⟩+...+

aN−1 + aN−2
√

2
|ψN−1⟩+

aN−2 − aN−1
√

2
|ψN⟩ .

(2.35)

Note that (
a0 + a1
√

2

)2

−

(
a0 − a1
√

2

)2

= 2a0a1 (2.36)

which is exactly what we want. So then we just measure the probability ã2
0 =(

a0+a1√
2

)2
of state |ψ0⟩, and probability ã2

1 =
(

a0−a1√
2

)2
of state |ψ1⟩ to get

ã2
0 − ã2

1 = 2a0a1. (2.37)

The General Case

Now for the more general case of ⟨ϕ|∆̂Dirichlet|ψ⟩ for some states |ψ⟩ =
∑N

i ai |i⟩ and

|ϕ⟩ =
∑N

i bi |i⟩, we have

⟨ϕ|∆̂Dirichlet|ψ⟩ = ⟨ϕ|∆̂periodic|ψ⟩ − a0bN − aNb0. (2.38)

To find the term (a0bN + aNb0), we can either sample |ψ⟩ and |ϕ⟩ individually to

get the terms a0, aN , b0, bN ; Or we could use the state (|0⟩ |ψ⟩+ |1⟩ |ϕ⟩)/
√

2. We will

use the first qubit as control and apply CNOTs on all other qubits to get the state

1
√

2
|0⟩ |ψ⟩ +

1
√

2
|1⟩ (bN |0⟩ + bN−1 |1⟩ + bN−2 |2⟩ + ... + b0 |N⟩) (2.39)

Then we will apply a Hadamard on the first qubit to get

1
√

2

(
(a0 + bN) |0⟩ + ... + (aN + b0) |

N − 1
2
⟩ + (a0 − bN) |

N + 1
2
⟩ + ... + (aN − b0) |N⟩

)
(2.40)

Now we just follow the steps described in the previous section and we can find

the term (a0bN + aNb0).

13



2.6.2 Boundary Conditions in Higher Dimensions

For functions in more than one dimension, the problem becomes more compli-

cated. We will focus on the 2D case in this section, but the method discussed

here should generalize to higher dimensions.

A 2D function is encoded in an N×N grid for N = 2n. The boundary condition

is now applied to 4(N − 1) points instead of 2 points in the 1D case. We can no

longer apply the correction to each of the boundary point one by one, since the

number boundary points is now dependent on the number of qubits. Otherwise

the number of correction circuits will explode for large number of circuits.

Thus, for higher dimensions, we propose a general method of using a mask-

ing circuit of n ancilla qubits for n ansatz qubits. A simple example is shown in

the circuit below.

q0 :
ansatz

q1 :

q2 :
mask

•

q3 : •

The mask circuit turns the bottom two qubits into a binary state marking

the amplitudes we want to pick out. The CNOT gates then act as point-wise

multiplication to pick out only the amplitudes we marked from the ansatz. Note

that this circuit only works when controlled by an ancilla qubit as in the case of

the Hadamard test introduced in the next chapter. For higher dimensions, we

can simply construct a mask that marks all the amplitudes that correspond to

the boundary points and apply this circuit in the Hadamard test to find the

14



values we need to correct the cost function by.

15



CHAPTER 3

CIRCUIT DESIGN

In this chapter we will discuss the circuit designs that make the algorithm pos-

sible.

3.1 Hadamard Test

First, we will introduce the Hadamard test. The Hadamard test computes the

expectation value of an operator Â with respect to some state |ψ⟩, by sampling

an ancilla qubit. It will give the value Re(⟨ψ|Â|ψ⟩). The circuit is given by

|0⟩ H • H

|ψ⟩ Â

A more general Hadamard test can be used to calculate the expectation value

Re(⟨ϕ|Â|ψ⟩). The circuit is given by

|0⟩ H • • • H

|0⟩ Ûψ Â Û†ϕ

where Ûψ |0⟩ = |ψ⟩ and Ûϕ |0⟩ = |ϕ⟩.

3.1.1 Access of Individual Amplitude

For some state Ûψ |0⟩ = |ψ⟩, we can also use the Hadamard test to find the am-

plitudes of individual basis states. We first find the binary string representing

the basis state. For example, the sixth state for n-qubits is the state |0...0101⟩. To

16



access the amplitude of that state we apply CNOT gates on the last and third to

last qubits with the ancilla qubit as control,

|0⟩ H • • • H

|0⟩

Uψ

|0⟩
...

|0⟩

|0⟩

|0⟩

The measurement will return the real part of the amplitude of state |0...0101⟩ .

3.2 Adder

There are a few different ways of constructing the adder operator. The design

proposed by Lubasch et al. [6] for 6 ansatz qubits, is given as

|0⟩ : H • • • • H
|0⟩a0 : • •

|0⟩a1 : • • •

|0⟩a2 : • • •

|0⟩a3 : • •

q0 : • • •

q1 : • •

q2 : • •

q3 : • •

q4 : •

q5 :

where the first qubit is the ancilla qubit for the Hadamard test, the qubits with

subscript a are the ancilla qubits for the adder. This design in general uses n − 2
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ancilla qubits and has O(n) depth when decomposed to two qubit gates.

The design proposed by Sato et al[12] requires no ancilla qubits, but requires

more multi-controlled CNOT gates, as shown in the circuit below. This design,

when decomposed into two-qubit gates, will be O(2n) in depth.

q0 : X
q1 : • • • •

q2 : • • •

q3 : • •

q4 : •

In Section 3.4, we will introduce the ZGR-QFT ansatz. This ansatz approxi-

mates the solution using a truncated Fourier series. It encodes the fourier coef-

ficients in the qubits first, then a QFT is applied to bring the state from Fourier

space to real space. Thus, we can use the fact that in Fourier space, the adder

can be defined as

Â =
n−1⊗
i=0

Pi(ϕi) (3.1)

where

ϕi = −
2π
N

2n−1−i. (3.2)

We simply need to apply single qubit phase shift gates to each of the m qubits

with Fourier coefficients encoded in between the ZGR and QFT circuit[8], as

shown below.

|0⟩

U(θ⃗)

Pi(ϕi)

QFT|0⟩ Pi(ϕi)

|0⟩ Pi(ϕi)
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3.2.1 Swap Test

As mentioned previously, we need to perform a swap test to compute the ex-

pectation value of ⟨ f |u⟩. With the use of ZGR-QFT ansatz and the trick for rep-

resenting non-periodic functions, we come up with the following circuit:

q0 = |0⟩ H • X •

q1 = |0⟩

U(θ0) U(θ1) QFT †

• • · · · •

q2 = |0⟩ · · ·

q3 = |0⟩ · · ·

... · · ·

qn+2 = |0⟩ · · ·

Our goal here is to prepare a state (|0⟩ |ψ⟩ + |1⟩ |ϕ⟩)/
√

2. Let CU be

the controlled ZGR ansatz such that QFT †(CU(θ0) |1⟩ |0⟩n+1) = |1⟩ |ψ̃⟩n+1,

where the refelcted state |ψ̃⟩n+1 = (|0⟩ |ψ(x)⟩0 + |1⟩ |ψ(1 − x)⟩)/
√

2 and similarly

QFT †(CU(θ1) |1⟩ |0⟩n+1) = |1⟩ |ϕ̃⟩n+1. The circuit here uses 2 ancilla qubits, which is

n + 2 qubits to prepare 2 non-periodic n-qubit states.

3.3 Non-linearity

In this section, we will discuss how to introduce non-linearity to the cost func-

tions. Consider a trivial nonlinear differential equation

∂

∂x
u = u2. (3.3)

For some normalized quantum state |u⟩ =
∑N

i Ci |i⟩, we can write

|u2⟩ =

N∑
i

C2
i |i⟩ . (3.4)
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However, |u2⟩ is no longer a normalized state, which means there is no unitary

operator that produces |u2⟩ from |u⟩. The general solution of the problem re-

quires us to find some way of performing point-wise multiplication in the com-

putational basis for two arbitrary quantum states |ψ⟩ and |ϕ⟩. Thus, we introduce

the diagonal operator, implemented in the circuit below,

q0 :
Uψ

q1 :

q2 :
Uϕ

•

q3 : •

where Uψ |0⟩ = |ψ⟩ and Uϕ |0⟩ = |ϕ⟩.

3.4 Ansatz Design

Here we will discuss how to encode an arbitrary function u(x) to a quantum state

λ |ψ⟩. The circuit that gives us arbitrary control over the amplitude of each state

is called an ansatz circuit. A dilemma in designing an ansatz for a variational

quantum algorithm lies in the very nature of the algorithm. One major advan-

tage of using a quantum computer is in the number of grid points encoded in

the quantum state which grows exponentially with the number of qubits. The

type of precision intractable by classical computers can be achieved by a quan-

tum computer with relatively small number of qubits. To perfectly access all

the possible quantum states of a quantum computer however, we need O(2n)

parameters for n-qubit machines, which defeats the advantage in data compres-

sion since the O(2n) parameters are stored classically. Furthermore, this would

require exponentially deep circuits. However, if we were to use fewer than O(2n)
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parameters, we only have access to some subspace of the 2n-dimensional Hilbert

space of the quantum computer and we risk not being able to reach the state that

corresponds to the solution.

3.4.1 ZGR-QFT Ansatz

One robust ansatz we will be using is the Zalka-Grover-Rudolph[9] Quantum

Fourier Transform (ZGR-QFT) ansatz developed by Thomas Watts and Mudas-

sir Moosa. This ansatz uses a combination of the ZGR ansatz and the Quantum

Fourier Transform (QFT) circuit.

The ZGR circuit itself is used to generate arbitrary quantum states on n-

qubits using O(2n) parameters. In the first part of the ZGR-QFT ansatz, we apply

the ZGR circuit to on m qubits for some m < n to encode the first 2m fourier co-

efficients of the target function. After that, the QFT is applied on all n qubits,

which turns the entire state into a truncated Fourier series of the target function

with 2m. This way, we only need a fix number of m qubits as the number of total

qubits grow, for 2m fourier terms. The number of parameters is thus O(2m).

While the ZGR-QFT ansatz performs state preparation with very high fi-

delity, limited only by the truncation error of the Fourier series, and the depth is

only O(2m)+O(n2) where the second term comes from the depth of perform QFT

on n-qubits, it should be noted that the ansatz is classically simulatable. Since all

the information is encoded in the 2m fourier coefficients, a solution would just be

equivalent to solving the coefficients individually, which is classically efficient

using the spectral method[1]. In other words, increasing number of qubits will

not increase the effective resolution of our solution. Thus, the ZGR-QFT ansatz
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should be used for loading initial conditions, but not as ansatz for solving PDEs.

3.4.2 Gibbs Phenomenon

Due to the nature of the Fourier Transform, the ZGR-QFT ansatz is very good

at representing periodic states, but the Gibbs Phenomenon will be present if the

state is non-periodic. To solve this problem, we will first encode a periodic state

for function f (x) as

F(x) =


f (x) 0 < x ≤ 1

f (1 − x) 1 < x ≤ 2
(3.5)

in n + 1 qubits, which will give the state |F(x)⟩ = (|0⟩ | f (x)⟩ + |1⟩ | f (1 − x)⟩)/
√

2.

We then disentangle the |1⟩ state of the first qubit with the rest of the qubits

using a series of CNOT gates. We are left with |0⟩ | f (x)⟩with little error. It is now

possible to exclude the first qubit, since it is not entangled with the rest of the

circuit.

3.4.3 Universal Layered Ansatz

The Universal Layered Ansatz (ULA) is a robust ansatz we propose that is not

classically simulatable. First, consider that for two qubits, one way to construct

any arbitrary unitary gate for real valued states is to use circuit proposed by

Parrish et al. [11]

ry0(θ0) • ry2(θ2) • ry4(θ4)

ry1(θ1) ry3(θ3) ry5(θ5)
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So ULA applies alternating layers of the S O(4) gate on all the qubits, giving

the following circuit for 5 qubits with two layers,

|0⟩ ry0(θ0) • ry2(θ2) • ry4(θ4)

|0⟩ ry1(θ1) ry3(θ3) ry5(θ5) ry12(θ12) • ry14(θ14) • ry16(θ16)

|0⟩ ry6(θ6) • ry8(θ8) • ry10(θ10) ry13(θ13) ry15(θ15) ry17(θ17)

|0⟩ ry7(θ7) ry9(θ9) ry11(θ11) ry18(θ18) • ry20(θ20) • ry22(θ22)

|0⟩ ry19(θ19) ry21(θ21) ry23(θ23)

where each block is an S O(4). The number of layers can be adjusted according

as needed during optimization. As shown in the circuit diagram above, we note

that gates ry5 and ry12 can be combine to a single ry which would remove one pa-

rameter. Similarly for the two sets of ry’s below. Thus, we will use the following

equivalent circuit for the purpose of optimization with fewer parameters.

|0⟩ ry0(θ0) • ry5(θ5) • ry7(θ7)

|0⟩ ry1(θ1) ry6(θ6) ry8(θ8) • ry13(θ13) • ry15(θ15)

|0⟩ ry2(θ2) • ry9(θ9) • ry11(θ11) ry14(θ14) ry16(θ16)

|0⟩ ry3(θ3) ry10(θ10) ry12(θ12) • ry17(θ17) • ry19(θ19)

|0⟩ ry4(θ4) ry18(θ18) ry20(θ20)

Notice that the ULA is a Hardware-Efficient Ansatz, since it only requires two

neighboring connections for each qubit which is a major advantage of this

ansatz. Using the ULA, we would need O(2n) number of parameters to be able

to generate arbitrary real valued ansatz states. However, the hope lies in the

fact that in optimizing the cost function, we need the ansatz to be able to reach

a specific solution state instead of all arbitrary states. This means that if we can
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identify and remove the redundancies in the ULA for a specific solution state,

we can have a more sparse ansatz that is just enough.

3.5 Optimization Strategy

3.5.1 Genetic Algorithm-based Optimization

As mentioned in the previous chapter, the ULA, consisting of only RYs and

CNOTs, should be able to reach any arbitrary real valued state. However, the

previous effort in using the ULA shows that it is very difficult to optimize and

runs into barren plateaus easily. If we simply add more layers in hope of a

better result, the optimization will become exponentially harder to perform and

we might be overparametrizing the circuit[5].

Therefore, we propose the genetic universal layered ansatz (gULA), which

aims to solve this problem by parametrizing the gate configuration on top of

the RY gate parameters. We call this kind of optimization: Ansatz Structure

Optimization. The gate configuration is represented by a bit-string where ’1’

corresponds to an RY gate and ’0’ corresponds to an identity (in place of an

RY). The configuration will be referred to as a gene in reference to the genetic

algorithm.

There are now two layers of optimization. First, we generate a batch of genes

with random bit-strings. We optimize over each gene to get the best cost and

parameters. The cost is used to determine how likely a gene will be selected for

the next round. We can also set hyper-parameters in the genetic algorithm for
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randomly mutating a gene. We then optimize the parameters in the structure to

find the new cost. Thus, we can find the optimal structure of ULA.

3.5.2 Modified Genetic Algorithm Optimization

In the previous optimization design, it should be noted that two layers of op-

timization will require O(2n) number of optimizations, significantly slowing

down the speed of the algorithm. However, according to [15], the performance

of a sub-circuit using parameters from an optimized larger circuit is correlated

to the performance of an optimized sub-circuit. Thus, we propose a modified

optimization scheme where a much larger circuit is trained first to obtain a set

of parameters. Now the larger circuit likely won’t be ablt to reach the solution

state due to the presence of barren plateaus[7]. However, we can apply the pa-

rameters to sub-circuits of the larger circuit with some of the rotations removed.

We identify the sub-circuit with the lowest cost using the same set of parameters

and optimize the best performing sub-circuit.

3.5.3 Gradient-Free Optimization

Gradient-free optimizers have also been proposed for parameterized quantum

circuit optimization such as Rotosolve[10]. These optimizers work by finding

the parameter that produces the local minimum of each rotation gate while

holding all the other parameters fixed. These optmizers gradient free optimizers

can potentially work very well with the ULA since we can find the optimized

parameters for each gate iteratively, and simply remove the gate with parameter
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values under a certain threshold.
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CHAPTER 4

POISSON EQUATION

4.1 Energy Minimization Poisson Equation Cost Function

Sato et al[12] introduced an energy minimization based cost function for solving

the linear Poisson equation of the form

−∇2u(x) = f (x) (4.1)

where f (x) is some density function given as a source function. It can be shown

(see Eq. 6 of [12]) that the critical points of the energy functional E(v) are the

solutions of the Poisson equation where

E[u] =
1
2

∫
Ω

∆v · ∆vdΩ −
∫
Ω

v f dΩ. (4.2)

Let | f ⟩ be the discretized source function f (x) and assume | f ⟩ has squared norm

1. We can then let |v⟩ = r |ψ⟩ be the discretized vector of the solution. Observe

that |v⟩ does not have squared norm 1 while |ψ⟩ does. |ψ⟩ is our ansatz state. The

discretized energy functional is then

E =
1
2
⟨v|∆̂|v⟩ − ⟨v| f ⟩ (4.3)

=
1
2

r2 ⟨ψ|∆̂|ψ⟩ − r ⟨ψ| f ⟩ (4.4)

Now we introduce a state

| f , ψ⟩ :=
1
√

2
(|0⟩ | f ⟩ + |1⟩ |ψ⟩). (4.5)
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We also introduce Hermitian operators I1 = |1⟩ ⟨1|, I0 = |0⟩ ⟨0|, X = |0⟩ ⟨1| + |1⟩ ⟨0|,

such that

⟨ f , ψ|X ⊗ I⊗n| f , ψ⟩ =
1
√

2
(⟨0| ⟨ f | + ⟨1| ⟨ψ|)(|0⟩ ⟨1| + |1⟩ ⟨0|)

1
√

2
(|0⟩ | f ⟩ + |1⟩ |ψ⟩) (4.6)

=
1
2
⟨ f |ψ⟩ +

1
2
⟨ψ| f ⟩ (4.7)

= ⟨ f |ψ⟩ . (4.8)

We use the fact that if | f ⟩ and |ψ⟩ are states with real valued amplitudes only,

then ⟨ψ| f ⟩ = ⟨ f |ψ⟩∗ = ⟨ f |ψ⟩.

With the Hermitian operators, we can re-write the discretized energy functional

as,

E =
1
2

r2 ⟨ψ|∆̂|ψ⟩ − r ⟨ψ| f ⟩ (4.9)

=r2 ⟨ f , ψ|I1 ⊗ ∆̂| f , ψ⟩ − r ⟨ f , ψ|X ⊗ I⊗n| f , ψ⟩ (4.10)

= ⟨ f , ψ|(r2I1 ⊗ ∆̂ − rX ⊗ I⊗n| f , ψ⟩ (4.11)

We take the partial derivative of the energy functional with respect to r, and set

it equal to zero to find the expression for r that minimizes the energy functional

∂E
∂r
= 0 =r ⟨ f , ψ|I1 ⊗ ∆̂| f , ψ⟩ − ⟨ f , ψ|X ⊗ I⊗n| f , ψ⟩ (4.12)

r =
⟨ f , ψ|X ⊗ I⊗n| f , ψ⟩

2 ⟨ f , ψ|I1 ⊗ ∆̂| f , ψ⟩
. (4.13)
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We can now plug r in to find,

E =r2 ⟨ f , ψ|(I1 ⊗ ∆̂| f , ψ⟩ − r ⟨ f , ψ|X ⊗ I⊗n| f , ψ⟩ (4.14)

=
1
4

(
⟨ f , ψ|X ⊗ I⊗n| f , ψ⟩

⟨ f , ψ|I1 ⊗ ∆̂| f , ψ⟩

)2

⟨ f , ψ|(I1 ⊗ ∆̂| f , ψ⟩ (4.15)

−
1
2
⟨ f , ψ|X ⊗ I⊗n| f , ψ⟩

⟨ f , ψ|I1 ⊗ ∆̂| f , ψ⟩
⟨ f , ψ|X ⊗ I⊗n| f , ψ⟩ (4.16)

= −
1
4
⟨ f , ψ|X ⊗ I⊗n| f , ψ⟩2

⟨ f , ψ|I1 ⊗ ∆̂| f , ψ⟩
(4.17)

= −
1
4
⟨ f , ψ|X ⊗ I⊗n| f , ψ⟩2

1
2 ⟨ψ|∆̂|ψ⟩

(4.18)

= −
1
2
⟨ f , ψ|X ⊗ I⊗n| f , ψ⟩2

⟨ψ|∆̂|ψ⟩
(4.19)

Note that

⟨ f , ψ|I1 ⊗ ∆̂| f , ψ⟩ =
1
2
⟨ψ|∆̂|ψ⟩ . (4.20)

Minimizing E with respect to |ψ⟩ would give the solution to the Poisson equa-

tion.

E = −
1
2
⟨ f , ψ|X ⊗ I⊗n| f , ψ⟩2

⟨ψ|∆̂|ψ⟩
(4.21)

= −
1
2

⟨ f |ψ⟩2

(2 − ⟨ψ|Â|ψ⟩ − ⟨ψ|Â†|ψ⟩)
(4.22)

4.2 1D Poisson Equation

Using a step function source term given in [12] and the energy minimization

cost function from Eq. 4.22, we have produced results for the 1D Poisson equa-

tion using a 6 qubit quantum simulator with periodic boundary condition and

Dirichlet boundary condition. The full cost function derivation is given in the

Appendix. The classical results are produced by inverting the matrix form of

the discretized derivative operator on the left hand side of Eq. 4.1. As shown
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Figure 4.1: Results of the 1D poisson equation solver using a 6 qubit ULA
with 38 parameters for the periodic boundary condition and
Dirichlet boundary condition. The source term is a step func-
tion.

in Fig. 4.1, we optimized 6 qubit ULA with 38 parameters using the Adam op-

timizer with a step size of 0.01 and 1000 optimization steps for both boundary

conditions. We calculate the infidelity as 1−⟨ψ|u⟩ for normalized ansatz state |ψ⟩

and solution state |u⟩. The periodic solution had an infidelity of 4.1E − 5 and the

Dirichlet solution had an infidelity of 6.0E − 5. The results can be reproduced

here1.

4.3 2D Poisson Equation

Extending the 1D cost function by simply converting the derivative operator to

the 2D version, we get the cost function for the 2D Poisson Equation with a 2D

Gaussian function as the source term as shown in Fig. 4.2. For the 2D case, we

test out the the ZGR-QFT ansatz. The results can be reproduced here2.

1https://github.com/mcmahon-lab/Quantum-Variational-PDE/blob/
6c962f7226ffbb2e8bffe94a9bfdcbb5a659781c/yilian/vqapde/poisson/
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Figure 4.2: Comparison between the analytical results and the solution
state using the 2D ZGR-QFT ansatz for the 2D Poisson equa-
tion.

boundary_dirichlet_periodic.ipynb
2https://github.com/mcmahon-lab/Quantum-Variational-PDE/blob/

6c962f7226ffbb2e8bffe94a9bfdcbb5a659781c/yilian/poisson/2d_poisson/
2d_real_valued_ZGRQFT-Poisson.ipynb
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CHAPTER 5

HEAT EQUATION

In this chapter, we will explore how the energy-minimization method and the

distance-minimization method can be applied to the heat equation. We will

show the advantages of using the energy-minimization method in the presence

of higher dimension equations.

The heat equation is of the form

∂

∂t
u = ∆u. (5.1)

We will denote the previous time step (initial condition) as

u(0) =ũ = λ̃0 |ψ̃⟩

and the variational ansatz state parameterized by a list of parameters λ⃗ and

scaling factor λ0,

u(τ) = u = λ0 |ψ(λ⃗)⟩ = λ0 |ψ⟩ .

We will be using the Backward Euler time discretization method, which gives

relation

(1 − τ∆)u = ũ (5.2)

5.1 Energy Minimization

5.1.1 Euler-Lagrange Equation

First, we write out the Lagrangian for the heat equation

L =
1
2
τ(u′)2 +

1
2

u2 − uũ (5.3)
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such that it satisfies the Euler Lagrange equation,

−
d
dx
∂L

∂u′
+
∂L

∂u
= 0. (5.4)

We check the math,

−
d
dx
∂L

∂u′
+
∂L

∂u
= − τu′′ + u − ũ

=(1 − τ∆)u − ũ

=0.

This Lagrangian works for higher dimensions as well. In two dimensions, for

u(x, y, t), the Euler-Lagrange equation becomes

−
∂

∂x
∂L

∂u′x
−
∂

∂y
∂L

∂u′y
+
∂L

∂u
= 0 (5.5)

where u′x =
∂u
∂x and u′y =

∂u
∂y . The Lagrangian is then

L =
1
2
τ(u′x

2 + u′y
2) +

1
2

u2 − uũ. (5.6)

5.1.2 Cost Function

We would like to find the stationary points of the action functional defined as

S =
∫
Ω

LdΩ (5.7)

where Ω is the domain of the function.

Observe that the integral can be easily turned into inner products and writ-

ten in BraKet notation as

E =
1
2
τ
〈
u
∣∣∣ ∆̂ ∣∣∣ u〉 + 1

2
⟨u | u⟩ − ⟨u | ũ⟩ (5.8)

=
1
2
τλ2

0

〈
ψ

∣∣∣ ∆̂ ∣∣∣ψ〉 + 1
2
λ2

0 − λ0λ̃0

〈
ψ

∣∣∣ ψ̃〉 (5.9)

We thus have energy functions for 1D, 2D, and 3D,
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1D E = 1
2τλ

2
04n(−2 + 2

〈
ψ

∣∣∣ Â
∣∣∣ψ〉) + 1

2λ
2
0 − λ0λ̃0

〈
ψ

∣∣∣ ψ̃〉
2D E = 1

2τλ
2
04n(−4 + 2

〈
ψ

∣∣∣ Âx

∣∣∣ψ〉 + 2
〈
ψ

∣∣∣ Ây

∣∣∣ψ〉) + 1
2λ

2
0 − λ0λ̃0

〈
ψ

∣∣∣ ψ̃〉
3D E = 1

2τλ
2
04n(−6 + 2

〈
ψ

∣∣∣ Âx

∣∣∣ψ〉 + 2
〈
ψ

∣∣∣ Ây

∣∣∣ψ〉 + 2
〈
ψ

∣∣∣ Âz

∣∣∣ψ〉) + 1
2λ

2
0 − λ0λ̃0

〈
ψ

∣∣∣ ψ̃〉
where ∆̂ in each dimension is given by 1

1D ∆̂ = 4n(−2 + Â + Â†)

2D ∆̂ = 4n(−4 + Âx + Âx
†
+ Ây + Ây

†
)

3D ∆̂ = 4n(−6 + Âx + Âx
†
+ Ây + Ây

†
+ Âz + Âz

†
)

Note that
〈
ψ

∣∣∣ Âi

∣∣∣ψ〉 = 〈
ψ

∣∣∣ Â†i
∣∣∣ψ〉 2.

5.1.3 Results

The results for solving the heat equation using a 6 qubit ULA with 58 paramters

is shown in Fig. 5.1. We choose an asymmetric triangle wave as initial condition

to demonstrate the robustness of the ULA. We use the Adam optimizer with

step size 0.01 and 1000 optimization steps. The results can be reproduced here3.

1In 1D we omit the subscript for Â.
2However, in general

〈
ψ

∣∣∣ Âi

∣∣∣ ϕ〉 , 〈
ψ

∣∣∣ Â†i
∣∣∣ ϕ〉

3https://github.com/mcmahon-lab/Quantum-Variational-PDE/blob/
6c962f7226ffbb2e8bffe94a9bfdcbb5a659781c/yilian/vqapde/heat/heat_
solver.ipynb
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Figure 5.1: Comparison between the backward Euler classical results and
the simulated quantum solution to the 1D heat equation using
the asymmetric triangle wave as initial condition.

5.2 Distance Minimization

Using Eq. 5.2, we can also write cost function using the Euclidean distance be-

tween the two functions

C = ||λ0 |ψ⟩ − λ0τ∆̂ |ψ⟩ − λ̃0 |ψ̃⟩ ||
2 (5.10)

Without specifying dimensions, we can expand the cost function as

||λ0 |ψ⟩ − λ0τ∆̂ |ψ⟩ − λ̃0 |ψ̃⟩ ||
2

=λ2
0 ⟨ψ|ψ⟩ + λ

2
0τ

2 ⟨ψ|∆̂2|ψ⟩ + λ̃2
0 ⟨ψ̃|ψ̃⟩ + 2Re

{
−λ2

0τ ⟨ψ|∆̂|ψ⟩ − λ0λ̃0 ⟨ψ|ψ̃⟩ + λ0λ̃0τ ⟨ψ|∆̂|ψ̃⟩
}

=λ2
0 + λ

2
0τ

2 ⟨ψ|∆̂2|ψ⟩ + λ̃2
0 − 2λ2

0τ ⟨ψ|∆̂|ψ⟩ − 2λ0λ̃0 ⟨ψ|ψ̃⟩ + 2λ0λ̃0τ ⟨ψ|∆̂|ψ̃⟩

5.2.1 Operators

We have defined ∆̂ above, we will now give ∆̂2 in 1D, 2D, and 3D. Note that in

general [Âi, Â j] = 0, thus ÂiÂ j = Â jÂi.
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In 1D,

∆̂2 = 42n(6 − 4Â − 4Â† + ÂÂ + Â†Â†)

Since we only have ⟨ψ|∆̂2|ψ⟩, we can use symmetry to simplify the expression as

∆̂2 = 42n(6 − 8Â + 2ÂÂ)

In 2D,

∆̂2 =42n(20 − 8Âx − 8Â†x − 8Ây − 8Â†y + 2ÂxÂy + 2ÂxÂ†y

+ 2Â†xÂy + 2Â†xÂ†y + Â2
x + Â†x

2 + Â2
y + Â†y

2)

The symmetry condition gives

∆̂2 =42n(20 − 16Âx − 16Ây + 4ÂxÂy + 4ÂxÂ†y + 2Â2
x + 2Â2

y)

In 3D

∆̂2 =42n(42 − 12Âx − 12Â†x − 12Ây − 12Â†y − 12Âz − 12Â†z

+ 2ÂxÂ†y + 2ÂyÂ†x + 2Â†xÂ†y + 2ÂxÂy + 2ÂxÂ†z + 2ÂzÂ†x

+ 2Â†xÂ†z + 2ÂxÂz + 2ÂzÂ†y + 2ÂyÂ†z + 2Â†y Â†z + 2ÂyÂz

+ Â†x
2 + Â2

x + Â†y
2 + Â2

y + Â†z
2 + Â2

z ).

Again, with the symmetry condition,

∆̂2 =42n(42 − 24Âx − 24Ây − 24Âz + 4ÂxÂ†y + 4ÂxÂy + 4ÂxÂ†z

+ 4ÂxÂz + 4ÂyÂ†z + 4ÂyÂz + 2Â2
x + 2Â2

y + 2Â2
z )

We plug the operators into the cost function in each dimension.
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5.2.2 Cost Functions

In 1D

C =λ2
0 + λ

2
0τ

242n(6 − 8 ⟨ψ|Â|ψ⟩ + 2 ⟨ψ|ÂÂ|ψ⟩) + λ̃2
0 − 2λ2

0τ4n(−2 + 2 ⟨ψ|Â|ψ⟩)

− 2λ0λ̃0 ⟨ψ|ψ̃⟩ + 2λ0λ̃0τ4n(−2 ⟨ψ|ψ̃⟩ + ⟨ψ|Â|ψ̃⟩ + ⟨ψ|Â†|ψ̃⟩)

In 2D

C =λ2
0 + λ

2
0τ

242n(20 − 16 ⟨ψ|Âx|ψ⟩ − 16 ⟨ψ|Ây|ψ⟩ + 4 ⟨ψ|ÂxÂy|ψ⟩

l + 4 ⟨ψ|ÂxÂ†y |ψ⟩ + 2 ⟨ψ|Â2
x|ψ⟩ + 2 ⟨ψ|Â2

y |ψ⟩)

+ λ̃2
0 − 2λ2

0τ4n(−4 + 2 ⟨ψ|Âx|ψ⟩ + 2 ⟨ψ|Ây|ψ⟩)

− 2λ0λ̃0 ⟨ψ|ψ̃⟩ + 2λ0λ̃0τ4n(−4 ⟨ψ|ψ̃⟩ + ⟨ψ|Âx|ψ̃⟩ + ⟨ψ|Â†x|ψ̃⟩ + ⟨ψ|Ây|ψ̃⟩ + ⟨ψ|Â†y |ψ̃⟩)

And finally in 3D

C =λ2
0 + λ

2
0τ

242n(42 − 24 ⟨ψ|Âx|ψ⟩ − 24 ⟨ψ|Ây|ψ⟩ − 24 ⟨ψ|Âz|ψ⟩

+ 4 ⟨ψ|ÂxÂ†y |ψ⟩ + 4 ⟨ψ|ÂxÂy|ψ⟩ + 4 ⟨ψ|ÂxÂ†z |ψ⟩ + 4 ⟨ψ|ÂxÂz|ψ⟩ + 4 ⟨ψ|ÂyÂ†z |ψ⟩ + 4 ⟨ψ|ÂyÂz|ψ⟩

+ 2 ⟨ψ|Â2
x|ψ⟩ + 2 ⟨ψ|Â2

y |ψ⟩ + 2 ⟨ψ|Â2
z |ψ⟩)

+ λ̃2
0 − 2λ2

0τ4n(−6 + 2 ⟨ψ|Âx|ψ⟩ + 2 ⟨ψ|Ây|ψ⟩ + 2 ⟨ψ|Âz|ψ⟩)

− 2λ0λ̃0 ⟨ψ|ψ̃⟩ + 2λ0λ̃0τ4n(−6 ⟨ψ|ψ̃⟩ + ⟨ψ|Âx|ψ̃⟩ + ⟨ψ|Â†x|ψ̃⟩

+ ⟨ψ|Ây|ψ̃⟩ + ⟨ψ|Â†y |ψ̃⟩ + ⟨ψ|Âz|ψ̃⟩ + ⟨ψ|Â†z |ψ̃⟩)

5.3 Comparison

As shown in Table. 5.1, the number of expectation circuits is significantly fewer

for the energy minimization method compared to the distance minimization

method.
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Distance (Lubasch) Energy (Sato)
1D 5 2
2D 11 3
3D 19 4

Table 5.1: Number of expectation circuits for two methods.

Having fewer expectations circuits is not just a constant factor difference in

computation complexity in for the optimization process. It also provides a sim-

pler optimization landscape. We show in Fig. 5.2 the difference in optimizing

the two types of cost functions using the same ansatz and same optimizer for

the 1D heat equation. The result can be reproduced here4.

4https://github.com/mcmahon-lab/Quantum-Variational-PDE/blob/
6c962f7226ffbb2e8bffe94a9bfdcbb5a659781c/yilian/vqapde/heat/heat_
solver_lubasch.ipynb
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Figure 5.2: Comparison of cost over the optimization for the energy min-
imization cost function and the distance minimization cost
function.
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CHAPTER 6

NAVIER-STOKES EQUATION

6.1 1D Viscous Burger’s Equation

In 1D, we will study the viscous Burger’s equation which is identical to the

Navier-Stokes equation with the incompressibility condition removed.

We will derive the full cost function for the 1D Navier Stokes equation as

given by [4].

We have

C(λ0, λ) =

∣∣∣∣∣∣
∣∣∣∣∣∣λ0

δt
|ψλ⟩ −

(
1
δt
− λ̃0D̂ψ̃∇̂ + ν∇̂

2
)
λ̃0 |ψ̃⟩

∣∣∣∣∣∣
∣∣∣∣∣∣2
2

(6.1)

We find that up to a positive constant that is independent of λ0 and λ, we have

C(λ0, λ) =
λ2

0

δt2 −
2λ0λ̃0

δt

〈
ψ(λ)

∣∣∣∣∣ 1
δt
− λ̃0D̂ψ̃∇̂ + ν∇̂

2
∣∣∣∣∣ ψ̃〉 . (6.2)

Expanding all terms and we get

C(λ0, λ) =λ̃0
2(

1
t2 −

4ν4n

δt
(
〈
ψ̃

∣∣∣ A
∣∣∣ ψ̃〉 − 1) (6.3)

+ 2λ̃0
24n−1(

〈
ψ̃

∣∣∣ AD̂ψ̃D̂ψ̃A
∣∣∣ ψ̃〉 − 〈

ψ̃
∣∣∣ A†D̂ψ̃D̂ψ̃A

∣∣∣ ψ̃〉) (6.4)

+ ν242n(6 − 8
〈
ψ̃

∣∣∣ A
∣∣∣ ψ̃〉 + 2

〈
ψ̃

∣∣∣ A2
∣∣∣ ψ̃〉)) (6.5)

+
λ2

δt2 + 2λ
λ̃0

δt
∗ (

〈
ψ

∣∣∣ ψ̃〉 /δt (6.6)

+ 2n−1λ̃0(
〈
ψ

∣∣∣ AD̂ψ̃

∣∣∣ ψ̃〉 − 〈
ψ

∣∣∣ A†D̂ψ̃

∣∣∣ ψ̃〉 (6.7)

− ν4n(−2
〈
ψ

∣∣∣ ψ̃〉 + 〈
ψ

∣∣∣ A
∣∣∣ ψ̃〉 + 〈

ψ
∣∣∣ A†

∣∣∣ ψ̃〉) (6.8)
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Figure 6.1: Comparison between the analytical results and the solution
state for the 1D viscous Burger’s equation using the Sine wave
as initial condition.

Figure 6.2: The convergence of costs during the optimizations for different
time steps for the 1D viscous Burger’s equation.

Figure 6.3: The errors of each time step for the 1D Viscous Burger’s equa-
tion.
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6.1.1 Results

We use a 7 qubit ULA to solve the 1d viscous Burgers equation with a backward

Euler cost function. A sine wave is set as the initial condition and loaded into

the ULA with 80 parameters. Then we optimize an 9 term cost function. 5

time steps were performed in 2.5 hours using the Adam optimizer and 10,000

optimization steps for each time step. The results are shown in Fig. 6.1. The

results can be reproduced here1.

The cost function should have a minimum at exactly 0, but the optimizer had

a hard time finding that as shown in Fig. 6.2. It is most likely a barren plateau

problem in the cost function as the exact solution at the last time step can be

loaded into the ULA with no problem. However, barren plateaus are very much

ansatz dependent, meaning changing the design of our ansatz could potentially

alleviate the problem. Thus using the gULA could be helpful here. Also shown

in the figure, for many time steps, only 2000 optimization steps were significant,

so figuring out the hyperparameters needed for the optimization can greatly

increase the efficiency of the solver. We need to find the optimal point in the

trade off between optimization speed and step size. We also point out that the

compounding error is observable, as shown in Fig. 6.3.

1https://github.com/mcmahon-lab/Quantum-Variational-PDE/blob/
6c962f7226ffbb2e8bffe94a9bfdcbb5a659781c/yilian/burgers/viscous_
burgers_1d.ipynb
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6.2 2D Navier-Stokes Equation

We will derive the full cost function for the 2D Incompressible Navier Stokes

equation as given by arXiv:2106.05782. The Incompressible Navier Stokes equa-

tion takes the form,

∇ · V =0 (6.9)

∂V
∂t
+ (V · ∇)V = − ∇p + ν∇2V, (6.10)

for velocity field V, pressure p, where ν is the kinematic viscosity.

In 2D, the velocity field V has two components. We will write

V(x, y) = u(x, y)x̂ + v(x, y)ŷ. (6.11)

We can further write the discretized version with quantum states |u⟩ and |v⟩,

V(x, y) = λu |u⟩ x̂ + λv |v⟩ ŷ. (6.12)

6.2.1 Operators

We define quantum operators

∂

∂x
=2n−1(Âx − Â†x) (6.13)

∂

∂y
=2n−1(Ây − Â†y) (6.14)

Âx =Â ⊗ 1 (6.15)

Ây =1 ⊗ Â (6.16)

∇̂2 =
∂

∂x

2

+
∂

∂y

2

= 4n(−2 · 1 + Âx + Â†x) + 4n(−2 · 1 + Ây + Â†y), (6.17)

=4n(−4 · 1 + Âx + Â†x + Ây + Â†y) (6.18)
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where n is the number of qubits in one dimension, i.e. there would be 2n total

ansatz qubits. Since Âx and Ây act on different qubits entirely, we can introduce

a new operator Âxy and further simplify the operators

Âxy =
1
2

Âx + Ây =
1
2

Â ⊗ Â (6.19)

∇̂2 =4n2(−2 · 1 + Âxy + Â†xy) (6.20)

∇̂4 =42n+1(−2 · 1 + Âxy + Â†xy)(−2 · 1 + Âxy + Â†xy) (6.21)

=42n+1(6 − 4Âxy − 4Â†xy + Â2
xy + (Â†xy)

2) (6.22)

6.2.2 Cost Function

we can write backward Euler cost function

C(V) =

∣∣∣∣∣∣
∣∣∣∣∣∣
(

1
δt
+ V · ∇ − ν∇

2
)

V −
1
δt

V∗
∣∣∣∣∣∣
∣∣∣∣∣∣2
2

+ µ||∇ · V||22 (6.23)

where V∗ is the velocity field at time t and V is the velocity field at time t + δt.

According to Gourianov et al., by including the penalty term that enforces the

imcompressibility condition, the pressure term p can be removed from the cost

function.

We can further break the cost function down in terms of u and v.

C(u, v) =

∣∣∣∣∣∣
∣∣∣∣∣∣
(

1
δt
+ u

∂

∂x
+ v

∂

∂y
− ν∇2

)
u −

1
δt

u∗
∣∣∣∣∣∣
∣∣∣∣∣∣2
2

+

∣∣∣∣∣∣
∣∣∣∣∣∣
(

1
δt
+ u

∂

∂x
+ v

∂

∂y
− ν∇2

)
v −

1
δt

v∗
∣∣∣∣∣∣
∣∣∣∣∣∣2
2

(6.24)

+ µ

∣∣∣∣∣∣∣∣∣∣ ∂∂x
u +

∂

∂y
v
∣∣∣∣∣∣∣∣∣∣2

2
. (6.25)
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We now turn it into the discretized version, denoting

C(|u⟩ , λu, |v⟩ , λv) =

∣∣∣∣∣∣
∣∣∣∣∣∣
(

1
δt
+ D̂u

∂

∂x
+ D̂v

∂

∂y
− ν∇̂2

)
λu |u⟩ −

λ∗u
δt
|u∗⟩

∣∣∣∣∣∣
∣∣∣∣∣∣2
2

(6.26)

+

∣∣∣∣∣∣
∣∣∣∣∣∣
(

1
δt
+ D̂u

∂

∂x
+ D̂v

∂

∂y
− ν∇̂2

)
λv |v⟩ −

λ∗v
δt
|v∗⟩

∣∣∣∣∣∣
∣∣∣∣∣∣2
2

(6.27)

+ µ

∣∣∣∣∣∣∣∣∣∣λu
∂

∂x
|u⟩ + λv

∂

∂y
|v⟩

∣∣∣∣∣∣∣∣∣∣2
2
. (6.28)

We will treat each term individually∣∣∣∣∣∣
∣∣∣∣∣∣
(

1
δt
+ λuD̂u

∂

∂x
+ λvD̂v

∂
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=
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λu

δt
⟨u| + λu ⟨u|

∂
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− 2ν
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λuλ
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+ 2ν
λuλ

∗
u

δt

〈
u
∣∣∣ ∇̂2

∣∣∣ u∗〉 (6.34)

=
λ2

u
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u4n
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xy
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+ 2λ3
uλv
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+ ν
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〈
u
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Similarly, we have∣∣∣∣∣∣
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∣∣∣ ÂyD̂vD̂vÂy
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∣∣∣ v〉) − 2
λvλ

∗
v

δt2 ⟨v|v
∗⟩ (6.45)

+ 2λ3
vλu

(〈
v
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∣∣∣ ÂxD̂uD̂vÂy
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∣∣∣ Â†xD̂uD̂vÂ†y
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Lastly, we have the penalty term∣∣∣∣∣∣∣∣∣∣λu
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∣∣∣ u〉 − 〈
v
∣∣∣ ÂyÂx
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CHAPTER 7

CONCLUSION AND FUTURE WORK

7.1 Conclusion

In this thesis, we explored the designs of variational quantum algorithms for

solving linear and nonlinear partial differential equations. For cost function

formulation, we compared the distance minimization approach and the energy

minimization approach. Our derivation and results demonstrate that the en-

ergy minimization approach requires fewer expectations circuits and thus has

a simpler optimization space for the optimizer. The advantage of the energy

minimization approach is even more significant for higher dimensions.

We also present two ansatz designs, the ZGR-QFT ansatz and the ULA. For

the ULA, we offer tailored optimization techniques, including genetic optimiza-

tion and gradient-free optimization. We also discuss how different boundary

conditions can be achieved using correction circuits. Using these tools, we

present results for the 1D poisson equation in periodic boundary condition and

Dirichlet boundary condition, the 2D poisson equation, the 1D heat equation,

and the 1D viscous Burger’s equation. We note that simulation results of higher

dimension as well as nonlinear PDEs using variational quantum algorithms are

not currently present in literature. Furthermore, using the energy minimization

approach, we present a feasible cost function for the 3D heat equation, which

has also not been presented by other literature.
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7.2 Future Work

We started out this thesis by introducing five crucial problems in designing

VQAs for solving PDEs: (1) State preparation for initial conditions, (2) Ansatz

design, (3) Implementation of boundary conditions, (4) Optimization, and (5)

Read-Out.

7.2.1 State Preparation and Boundary conditions

For (1) state preparations, and (3) boundary conditions, we presented efficient

solutions. The ZGR-QFT ansatz for state preparation is O(2m) + O(n2) in depth

and the mask circuit for boundary condition requires only n ancilla qubits.

However, these are general solutions for arbitrary state preparation and arbi-

trary boundary conditions. Problem-specific circuits can be designed to further

reduce the depth of these circuits.

7.2.2 Ansatz and Optimization

The results of this thesis show that (2) ansatz design and (4) optimization remain

two of the biggest challenges for fully implementing the VQA. In this thesis, we

offer promising approaches, such as the ULA and the genetic algorithm opti-

mization. However, during the numerical experiments for this thesis, we were

unable to find a robust general optimization strategy that can efficiently opti-

mize the ansatz structure space and the parameter space at the same time. We

note that such a structure optimization strategy would also solve ansatz design
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and optimization problems at the same time. We offer a code base that can be

used to study ULA1, and the genetic algorithm for ansatz structure optimiza-

tion2.

While in Section. 3.5 we mostly focused on genetic algorithm-based structure

optimization, for future studies on ULA structure optimization strategies, we

propose three general approaches: Pruning, Growing, and Mutation.

Pruning

In the pruning approach, a larger circuit is first optimized and rotation gates can

be pruned based on the optimized parameter value for the rotation gate. The

idea is that very small rotations have less significant effects on the ansatz state,

and thus they are more likely to be redundant gates in the ansatz.

Growing

Alternatively, we can start with a smaller circuit and add rotation gates to the

circuit as we optimize.

Mutation

The mutation approach is the general genetic algorithm approach where differ-

ent ansatz structures of the same depth are tested to find the best structure.

1https://github.com/mcmahon-lab/Quantum-Variational-PDE/blob/
01381766d34ad09941818cf211cd89bd3baef038/yilian/vqapde/vqapde/ula.py

2https://github.com/mcmahon-lab/Quantum-Variational-PDE/blob/
01381766d34ad09941818cf211cd89bd3baef038/yilian/vqapde/vqapde/
genetic.py
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The above-mentioned three approaches can be applied individually or at the

same time to achieve optimal results with the fewest amount of cost function

evaluations.

7.2.3 Readout

The last problem, (5) read-out, was not explored in this thesis. Since we worked

with simulators of quantum computers, we had full access to the quantum state

easily. However, in real quantum computers, access to the full quantum state

requires tomography which in turn requires exponential measurements. This

would be intractable for large number of qubits. Therefore, for any meaning-

ful implementation of the VQA, efficient read-out methods would likely be

problem-specific, which extracts some properties of the optimized ansatz state

instead of the entire state.
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APPENDIX A

COST FUNCTION DERIVATIONS

A.1 Distance Minimization Poisson Equation Cost Function

For linear Poisson equations of the form

−∇2u(x) = f (x) (A.1)

where f (x) is some density function given as an initial condition, we can derive

a cost function based on Lubasch’s method. First, we write out the discretized

version of the cost function

r∆̂ |ψ⟩ = | f ⟩ , (A.2)

where r |ψ⟩ = |u⟩ such that |ψ⟩ is a quantum state with squared norm 1. We note

∆̂ = 2 − Â − Â†, (A.3)

and

∆̂2 =(2 − Â − Â†)(2 − Â − Â†) (A.4)

=4 − 2Â − 2Â† − 2Â + ÂÂ + ÂÂ† − 2Â† + Â†Â + Â†Â† (A.5)

=6 − 4Â − 4Â† + ÂÂ + Â†Â† (A.6)
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Using Lubasch’s distance minimization method, we can write out a cost func-

tion

C[ψ] =|r∆̂ |ψ⟩ − | f ⟩ |2 (A.7)

=(r ⟨ψ| ∆̂ − ⟨ f |)(r∆̂ |ψ⟩ − | f ⟩ |2) (A.8)

=r2 ⟨ψ|∆̂2|ψ⟩ − r ⟨ f |∆̂|ψ⟩ − r ⟨ψ|∆̂| f ⟩ + ⟨ f | f ⟩ (A.9)

=r2 ⟨ψ|(6 − 4Â − 4Â† + ÂÂ + Â†Â†)|ψ⟩ − 2r ⟨ f |(6 − 4Â − 4Â† + ÂÂ + Â†Â†)|ψ⟩ + 1

(A.10)

=r2(6 − 4 ⟨ψ|Â|ψ⟩ − 4 ⟨ψ|Â†|ψ⟩ + ⟨ψ|ÂÂ|ψ⟩ + ⟨ψ|Â†Â†|ψ⟩) (A.11)

− 2r(6 ⟨ f |ψ⟩ − 4 ⟨ f |Â|ψ⟩ − 4 ⟨ f |Â†|ψ⟩ + ⟨ f |ÂÂ|ψ⟩ + ⟨ f |Â†Â†|ψ⟩) + 1 (A.12)

=r2(6 − 8 ⟨ψ|Â|ψ⟩ + 2 ⟨ψ|ÂÂ|ψ⟩) (A.13)

− 2r(6 ⟨ f |ψ⟩ − 4 ⟨ f |Â|ψ⟩ − 4 ⟨ f |Â†|ψ⟩ + ⟨ f |ÂÂ|ψ⟩ + ⟨ f |Â†Â†|ψ⟩) + 1 (A.14)

Note that we assume both |ψ⟩ and | f ⟩ are real valued so that

⟨ψ| f ⟩ = ⟨ f |ψ⟩∗ = ⟨ f |ψ⟩

⟨ψ|Â|ψ⟩ = ⟨ψ|Â†|ψ⟩

⟨ f |Â|ψ⟩ = ⟨ψ|Â†| f ⟩
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APPENDIX B

VQAPDE LIBRARY

A companion Python library has been developed to expedite the process of

studying VQAs named the VQAPDE library. To use, simply

import vqapde as vp

The Ansatz class takes a function that defines the ansatz circuit and the num-

ber of qubits for the ansatz to initialize. Some pre-defined parametrized child

classes include ULA, ZGR, ZGRQFT.

ula_ansatz = vp.ULA(6)

Unparametrized ansatzes can be created by using the Ansatz no param class.

For example, the step function initial condition is created here:

def step_ansatz(wires):

qml.PauliX(wires[0])

for i in wires:

qml.Hadamard(wires=i)

step_function = vp.Ansatz_no_param(step_ansatz, 6, name=’step’)

A QNPU is defined by two Ansatz objects and any number of operators. Here,

we define three QNPUs.

q0 = vp.QNPU(ula_ansatz, step_function)

q1 = vp.QNPU(ula_ansatz, ula_ansatz, vp.Adder(1))

q2 = vp.QNPU(ula_ansatz,ula_ansatz,vp.Adder(-1))

And finally, the Cost Function class takes two ansatz objects, and a list of

QNPUs to initialize
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c = vp.Cost_Function(ula_ansatz, step_function, [q0,q1,q2])

If we inspect the QNPUs of the Cost Function object we just created,

c.print_QNPUs()

we would get output

exps[0]=<ULA|step>

exps[1]=<ULA|Aˆ1|ULA>

exps[2]=<ULA|Aˆ-1|ULA>

Using Eq. 4.22, we can then define the cost function expression as

c.define_cost(’-.5*exps[0]**2/(2-exps[1]-exps[2])’)

The Cost Function can then be optimized by

c.minimize_cost(initial_params, opt_steps=1000, opt = ’adam’,

step_size=0.01)
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