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Improving the performance of collective communication—algorithms for coordi-
nated data movement in distributed computing—becomes increasingly important
as the use of large-scale machine learning clusters continues to grow. In this work,
we introduce techniques for synthesizing optimal algorithms for collective com-
munication for any given host and network topology. We provide a novel mul-
ticommodity flow-based approach that allows us to find provably optimal algo-
rithms in terms of both latency and bandwidth utilization. Critical to our tech-
niques are two important innovations: a conversion method from fluid solutions
to discrete step-based solutions, and Mirrored Dantzig-Wolfe, which exploits the
high degree of symmetry often present in communication networks. We comple-
ment our theoretical contributions with experimental results, demonstrating the

practical efficacy of the constructed algorithms.
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CHAPTER 1
INTRODUCTION

Recent advances in machine learning have led to a rapid increase in both
model size and the scale of computational systems used for training, and this
trend is expected to continue as our desire for more accurate and complex models
continues [8]. While this growth has yielded incredible results in various areas in-
cluding computer vision and generative Al, it has required fundamental changes

to how models must be trained.

Since the number of parameters used in such models is growing at an un-
believable rate (Llama 2 [14] has 70 billion parameters, whereas Llama 3 [7] has
405 billion parameters), the models need to be distributed across an increasing
number of GPUs in increasingly large distributed clusters. Notably, Llama 3 was
trained on 16,000 GPUs in Meta’s cluster [6], GPT-3 was trained on 12,288 GPUs
in ByteDance’s cluster [8], and PaLM was trained on 6,144 TPUs in Google’s clus-
ter [5]. As these systems grow to include thousands of GPUs, the challenge of
coordinating data movement across diverse network topologies and hardware ar-

chitectures intensifies.

In fact, coordinating communication is a critical bottleneck that is becoming in-
creasingly important in comparison to computational power. Recent works have
shown that communication operations constitute a significant portion of execu-

tion [12, 19, 3, 6]. And since improvements in computational power are outpacing



those in communications, the importance of communicating efficiently will con-

tinue to rise.

Communication operations in these distributed systems usually involves sim-
ple, well-defined operations called collective communication primitives. The
challenge of determining how to transmit data in order to satisfy these com-
munication requirements gives rise to a new class of routing optimization prob-
lems that must adapt to arbitrary system topologies while optimizing for mul-
tiple objectives such as minimizing latency and bandwidth utilization. In this
thesis, we develop a comprehensive approach to this optimization challenge that
achieves provable optimality across arbitrary network architectures while main-

taining computational tractability at scale.

Previous approaches to collective communication optimization such as
TACCL [13] and TE-CCL [10] have primarily relied on integer programming for-
mulations. However, reliance on integer programming fundamentally limits their
scalability, as these formulations become computationally intractable for large-
scale systems. Consequently, these methods resort to heuristics to produce algo-
rithms as the number of GPUs grows, sacrificing optimality guarantees for com-
putational tractability. There are also approaches that use spanning tree packing
like ForestColl [20], and although this method provides some forms of optimality
guarantees, it cannot capture complex bandwidth limitations or accurately model
the behavior of memory. Other approaches either use unreliable SMT solvers ([2])

or are entirely heuristic-based ([9, 18]).



The collective communication routing problem differs fundamentally from
standard multicommodity flow formulations because flows from the same source
(corresponding to transmissions from the same GPU) are not independent: they
can be satisfied by the same data transmission. Despite this difference, as in other
multicommodity flow problems, Dantzig-Wolfe decomposition emerges as a cru-
cial algorithmic tool for achieving computational efficiency by exploiting the prob-

lem’s natural block structure.

In this work, we introduce a method of synthesizing collective communication
algorithms that provides provable optimality guarantees for both latency and gen-
eral secondary objectives across arbitrary system topologies. We emphasize two
key innovations: first, we develop a formulation that enables converting from a
fluid, fully fractional solution space to a discrete step-based solution, allowing us
to leverage the computational advantages of solving the fluid version via linear
programming; second, we introduce a novel technique which we call Mirrored

Dantzig-Wolfe that exploits symmetries in the topologies of our systems.

Beyond optimizing existing systems, our techniques provide a framework for
evaluating new network topologies and can guide the design of future distributed

computing architectures.



Organization

This dissertation is organized into several chapters, each building upon the pre-
vious work to develop a comprehensive framework for collective communication

optimization. We will summarize each chapter below.

In Chapter 2, we provide essential context for understanding the collective
communication optimization problem. We introduce various common collective
communication algorithms that are in use for ML training, establish notation for
representing network topologies, and discuss different communication models
ranging from discrete chunk-based approaches to continuous fluid models. We
also survey existing approaches and identify their specific limitations through

concrete examples.

In Chapter 3, we develop the mathematical foundations of our optimization
framework. Beginning with simplified scenarios, we systematically build exact
linear programming formulations for collective communication problems. We
start with the AllGather primitive under restrictive assumptions, then progres-
sively generalize to handle arbitrary topologies, divisible data, and heterogeneous
component capabilities. This chapter establishes the theoretical correctness of our
approach and demonstrates how relaxations can be systematically strengthened

to achieve optimality guarantees.

In Chapter 4, we addresses the challenge of solving these difficult discrete-time

formulations by first solving a time-oblivious version of the problem, then con-



verting solutions into discrete, implementable algorithms. Our techniques sep-
arating spatial routing decisions from temporal scheduling decisions, enabling
optimization over arbitrarily fine time granularities without solving prohibitively
large linear programs. Special attention is given to the AllReduce collective, which
presents unique challenges due to the need to coordinate both reduction and copy-

ing phases.

In Chapter 5, we introduce our novel Mirrored Dantzig-Wolfe decomposition
technique. We formally define symmetry in the context of communication net-
works and prove that symmetric problem instances always admit symmetric op-
timal solutions. This insight enables us to solve only one representative subprob-
lem per symmetry class rather than solving independent subproblems for each

processing unit, resulting in dramatic computational speedups.

Finally, in Chapter 6, we present experimental validation of our techniques.
We compare against state-of-the-art systems across multiple metrics including
computational efficiency, solution quality, and scalability. The experiments
demonstrate both the practical effectiveness of our approach and the necessity

of our algorithmic innovations for achieving tractable solutions at scale.



CHAPTER 2
BACKGROUND

2.1 Collectives

There are several common collective operations, also referred to as primitives,
that we aim to find algorithms for. While these collectives were originally created
in the high performance computing community to describe messaging, we will
describe them in terms of communication between GPUs. Each of these primitives
involves moving data between GPUs in various ways. Below, we explore some
of the more common collectives. We use the convention that the collectives are
operating on a system with n GPUs, and the initial data size is 1 unit (where this

unit may be whatever data size is convenient).

¢ Broadcast: In the Broadcast collective, we distribute the data from one GPU

(which we will refer to as the root) to all other GPUs.

¢ AllGather: In AllGather, we collect data from each GPU and distribute that
gathered data to all other GPUs, so that at the end of the collective operation,
every GPU has a copy of all other GPUs’ data. This is functionally equivalent

to a Broadcast from every GPU.

* Reduce: The Reduce primitive performs reductions across the data from all
the GPUs, and writes the result to the root GPU. We assume commutativity

of reduction operations, that is, the result of the reduction operation is the



same regardless of the order in which it processes the input data. In some

ways, we can think of this operation as the reverse of Broacast.

* ReduceScatter: ReduceScatter combines data from all GPUs by performing
a reduction, then distributes unique chunks of the result to each GPU. Each
GPU receives + of the result. This is functionally equivalent to performing
Reduce n times on % of the data, where each one sends the result to a differ-

ent GPU.

¢ AllReduce: In AllReduce, we perform a reduction across data from all GPUs
and then distribute the complete result to every GPU, so each GPU ends up
with the same reduced data. This is functionally equivalent to performing

Reduce on all of the data followed by a Broadcast.

¢ All-to-all: All-to-all sends distinct data between all pairs of GPUs, including
from each GPU to itself, so that each GPU receives 1/n of the data from each

GPU.

2.2 Representation of topologies

The architecture (or topology) of a system consists of a set of components (in-
cluding GPUs, memory, and switches), a set of links connecting components, and
bandwidth limits on links or components. Components can store data, copy data,

perform reductions, or combinations thereof.



For ease of exposition, we will typically assume that we have GPUs that can
do all of the above, memory components that can store and copy data but not
perform reductions, and switches that can do none of these actions. However, we
emphasize that our framework can accommodate components that support any

set of these actions.

We model any topology as a directed graph G, with vertices corresponding to
components and edges corresponding to links. To capture bandwidth limits, we
may specify a bandwidth for any set of edges. More specifically, for any set of
edges L with a cumulative bandwidth limit, define (L) to be the bandwidth for
those edges, which represents how much data can be sent through the edges in L
in one unit of time. For example, to give a single edge e a bandwidth limit b, we
will define b({e}) = b.. Note that this method of defining bandwidths also allows
us to place bandwidth limits on vertices by letting L be the set of out-edges from

the vertex. We let £ be the collection of all edge sets that have a bandwidth bound.

We also introduce notation to describe sets of vertices. Since components may
have many possible combinations of behaviors, we address each separately. We
let V, be the set of vertices corresponding to components that can store data, V. be
the set of vertices corresponding to components that allow copying data, V. be the
set of vertices corresponding to components that allow reductions, and V, and V;
be the origin and destination vertices determined by the collective operation. To
help with our future usage of the graph G, we will also introduce self-loops for

every vertex v € V4, with infinite capacity. This represents an assumption that we



are able to store an infinite amount of data at such components, or rather that we

should not be worried about memory capacity as a limitation on our algorithms.

2.3 Communication models

There are several ways we may manipulate data as it is routed through a topol-
ogy: Data can be stored at a component (GPUs and memory). It can be reduced
according to a reduction operation, where two (or more) pieces of data, each of
size M, are combined into a single piece of data of size M. Data can also be copied;
that is, it can be transmitted along multiple outgoing links so that the same data
exists in multiple places in the system. (We also say that data is copied if it is
transmitted but also remains at the sender so that again, the data now exists in

multiple places.)

We consider three related models of communication that differ in how much
we are allowed to divide our input into smaller pieces. We describe them below

and their relationships to a common routing technique known as pipelining.

e CM1: In this first model, data is indivisible. This captures models where
pipelining is not allowed: When routing data of size M via an intermediate
component, we must wait for the entire M/ data to be received at the inter-

mediate component before any of it can be re-transmitted to the destination.

* CM2: We extend CM1 by now declaring that data is divisible into some fixed



number (K) of equally sized indivisible chunks. Among other properties,
this now enables pipelining: When data is routed via an intermediate com-
ponent, we can begin re-transmitting data from the intermediate component
as soon as the first chunk has been received. As the number of chunks in-
creases, pipelining can lead to unbounded improvements in latency com-

pared to the CM1.

CM3: We now take the divisibility of data to its extreme. In this setting,
also sometimes called the fluid model of communication, data is infinitely
divisible. This model captures CM2 in the limit, that is, as K — co. When
we route data via an intermediate component, we can transmit data contin-
uously along both links without ever waiting. This allows us to achieve the

asymptotic latency that occurs when K — oo in the previous model.

In each of these models, we fix a discrete step size s, which is a length of time,

so we can consider what data we send and where we send it within the duration

of a single step. Then, for each set of links with a bandwidth limit (L), we can

compute strict capacities for any period of time ¢ via the product ¢ - b(L).

An algorithm consists of a sequence of steps, where every step describes all the

data transmissions that occur in that step. The description of a data transmission

includes what data is sent, the component sending the data, the component re-

ceiving the data, and the contents of the data transmitted. For CM1, the contents

can be described entirely by the GPU(s) where the data originated. For CM2 and

CM3, we also need to indicate which piece of data is being transmitted. An al-
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gorithm is feasible if it performs the desired primitive, while never sending more

data than the bandwidth capacity along any link (or set of links).

24 Objective

The primary objective we worry about is an algorithm’s latency. We define the
latency of an algorithm to be the time elapsed from the start of the algorithm to the
earliest time when the collective is completed. For an algorithm on a particular
step size s, we define the latency of the algorithm as the number of steps required
to complete the collective multiplied by the step size. And the optimal latency
under each communication model is the minimum latency over all algorithms
at all choices of step size. Note that under CM3, the step size s that achieves

minimum latency may become infinitesimally small.

We must also remark that the latency of algorithms with a fixed step size may
be an overestimate. More specifically, our communication models and definition
of latency give a pessimistic bound on the cost of any algorithm because of the
constant step size. It is possible that in some algorithm, all transmissions at a
particular time are on high-bandwidth links. We assume that this step requires
the entire step to finish, where in reality, all transmissions could finish in less time

than the step size, and so the algorithm could do better by shortening the step.

At this point, it is worth considering why we focus on step-based algorithms,

11



when there may be other methods that eliminate some of the drawbacks we’ve in-
dicated. Indeed, in an idealized setting, we could get around the problems caused
by infinitesimal step sizes, or wasted idle time by thinking of models that cap-
ture a steady state. (In fact, we will do something similar to this as we expand
our techniques). However, the purpose of our algorithms is to be actually imple-
mentable for use on real systems, and the method by which algorithms are written

as instructions typically requires a step-based paradigm.

There is also reason to consider other objectives other than latency. For any
collective, it is likely that there are many algorithms with equivalent latency, es-
pecially when only a small portion of the algorithm determines the latency and the
rest of the routing decisions are nearly unconstrained. Therefore, we will also op-
timize for a secondary objective among all algorithms with optimal latency. Our
techniques generally allow for any objective that is a weighted sum of the amount
of data transmitted along all links in the underlying topology. But for the pur-
poses of exposition and evaluation, we will suppose that our secondary objective
is to minimize the total data uploaded to and uploaded from GPUs, which is a
special case of the general objective just stated. Indeed, we have reason to believe
that this helps improve outcomes in the setting where we need to run multiple

collectives simultaneously.
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2.5 Existing methods

In this section, we will attempt to summarize the techniques from previous works
on the topic. These techniques fall into several broad non-disjoint categories. We
will describe these categories and give some examples of methods that fall into

each.

One-size-fits-all

The first category of methods is a one-size-fits-all style strategy, where the algo-
rithm designer ignores most of the structure of the topology, and imposes some
fixed logical topology, usually with a very simple structure. Some examples of
this strategy are NCCL [11] and TCCL [9]. These methods impose either a ring
structure or a tree structure on any topology, and then always route data accord-
ing to this predefined structure. In particular, this greatly simplifies communi-
cation because the system does not need to make any decision for how to route
data through the network, because there is already a predefined path the data
will follow, regardless of the collective. However, this means that the data rout-
ing strategies are far from optimal, and it is generally possible to achieve much
better results by letting data routing patterns be more flexible. Even though its
techniques may not be so efficient in terms of latency, NCCL is widely used in

practice.

13



Step-based algorithm search

Another category of methods are those that try to generate algorithms by divid-
ing time into steps and deciding what data to transmit at each step. The earliest
of these methods, MSCCL [2] used a SMT (Satisfiability modulo theories) solver
to determine if it was possible to route data to its destination in a given amount of
time. Combined with binary search, it is possible to find algorithms that are op-
timal in terms of latency (and within the assumptions of their model). However,
SMT solvers, as generic constraint solvers, are famously slow, and cannot guar-
antee a solution in any reasonable period of time. Especially since the encoding
of the constraints on the generated algorithm grows quickly with the size of the

input, this method is not practical for any large number of GPUs.

Some innovations on this basic idea used integer programming methods to try
to achieve the same sort of result. Two of these are TACCL and TECCL ([13, 10]).
These are among the most widely cited methods that go beyond a one-size-fits-all
method. As they rely on integer program solvers (like Gurobi), they can make
use of the decades of research spent on increasing the speed of finding solutions.
However, even so, it is generally too much to ask for these methods to produce
exact solutions. TACCL gets around this by not actually trying to find an optimal
solution, instead separating the problem into smaller, slightly more tractable prob-
lems, and combining the parts using heuristics. TECCL also uses some heuristics,
either using the integer program solver’s heuristics when exceeding some time

limit, or trying instead to solve a simpler greedy version of the problem. Even

14



with these considerations, the methods don’t scale very well, still struggling as

we increase the number of GPUs.

Tree-based algorithms

There are also a series of works including Blink [15] and ForestColl [20] that ignore
steps completely and instead just specify a set of trees that can route all of the data.
In simple settings, a tree is sufficient to describe the data routing in AllGather, as
well as in ReduceScatter, among other collectives, since (in the case of AllGather)
we can make the assumption that every branch in the tree corresponds to making
a copy of the data, as there is never a need to perform a reduction. The reverse is

true for Reduction-based collectives.

These tree-based methods inherently use a fluid model, as they never specify
what steps should be taken, instead indicating what routes data should take in a
steady-state to maximize throughput. One benefit to these methods is that they
typically scale much better than other methods, since there are polynomial time
algorithms for packing spanning trees. However, due to the reliance on spanning
trees, these methods are much less flexible than the step-based methods we de-
scribed earlier, as they are fundamentally unable to incorporate vertices with dif-
ferent purposes, complicated bandwidth limitations, while the step-based meth-

ods we discussed could be modified to account for these considerations.
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2.5.1 Examples

In this section, we explore existing methods on some toy examples. We hope to
illustrate various ways in which generating collective communication algorithms

is challenging and highlight some drawbacks of existing works.

O—2—)

Figure 2.1: A topology to demonstrate pipelining

Step-based algorithms

We begin by looking at an example that shows step schedules always lose some
performance in comparison to fluid solutions. This is not a surprise, but we give
a concrete example. (ForestColl makes this argument a bit more robustly, but we

take a slightly more reserved position.)

In any step schedule, we fix a minimum atomic unit of data (usually called a
chunk). This quantization of data prevents us from achieving the same latency as
if we could transfer infinitely small units of data. Consider the Broadcast primitive
on the topology in Figure 2.1. In an optimal fluid solution, both the link from 1 to
2 and the link from 2 to 3 should be fully saturated at all times. But in any step
solution, when the last chunk is transmitted from 2 to 3, the link from 1 to 2 is

unused. So no step solution can achieve the same latency as a fluid solution.
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Modeling memory

No existing methods provide the ability to explicitly model memory as a com-
ponent in their representation of topologies. Why is explicitly modeling memory
useful? Our first example shows how taking advantage of memory can produce

algorithms we didn’t could not consider before.

Figure 2.2: A topology to demonstrate using memory

Look at the topology in Figure 2.2. In a Broadcast from 1, without modeling
memory, one optimal algorithm transmits data from GPU 1 to GPU 2 and GPU 2
to GPU 3. But based on the real structure, what this algorithm actually suggests
is that we write data from 1 to memory, then read that data to GPU 2. Then we
would write the data from 2 to memory, and GPU 3 reads that data. If we correctly
model memory, then we can find an algorithm that writes the data from GPU 1 to

memory, then reads both GPU 2 and GPU 3 read that data.

In a model with discrete chunks of data and uniform link bandwidths, the first
algorithm requires four steps, where one step is the duration of a single trans-
mission. Our second algorithm requires only two steps, because both reads from
memory can be done in parallel. Even if we do not use a model with discrete data

chunks, our second algorithm requires writing less data to memory.
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Where packing spanning trees fails

In this part, we wish to show the ways in which ForestColl cannot handle some
things that we desire, particularly with respect to memory. We should note that in
these examples, we are thinking about the Broadcast primitive, while ForestColl
actually doesn’t claim to generate algorithms for Broadcast. It does generate al-
gorithms for AllGather, and we are using these simpler examples for Broadcast to

show ways in which the algorithms it generates for AllGather are suboptimal.

Shared bandwidth

Let’s begin by showing how ForestColl and other spanning tree packing meth-
ods cannot handle more complicated bandwidth limitations. In addition to link
bandwidths, we may also want to consider “component bandwidths”. For our
examples here, we are thinking about memory bandwidth: a limit on the amount

of data that can be read and written from the host memory.

Consider a simple topology like the one in Figure 2.3a, where we have 4 GPUs
all connected to a host memory, let z be the bandwidth on each of the links, and y
be the memory bandwidth. For the purpose of this example, let’s suppose that our
only goal is to treat the memory as a switch, except that it has its own bandwidth
limitation. (This means we are ignoring the fact that memory components typi-
cally allow storage of data and copying data.) Then in ForestColl’s implementa-

tion, we would perform a process called vertex splitting to replace the switch with

18



(b)
Figure 2.3: A topology to show the difficulty of modeling memory bandwidth

some subset of the implied direct edges connecting the incident vertices. The re-
sult of this vertex splitting produces a graph like Figure 2.3b, where the vertices
incident to the switch now form a ring. Then some optimal solution on that topol-
ogy for Broadcast might look like Figure 2.3c, where the highlighted red edges
indicate how data should travel in a steady-state. And when we map this solu-
tion back to the original topology, we get an optimal spanning tree as described
in Figure 2.3d. But the problem here is that we are totally ignoring the memory
bandwidth: if y < 6z, then the algorithm described in Figure 2.3d wouldn’t have
a throughput of x like expected, but actually a throughput of /6. So the solution

it finds would not be optimal.
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(b) (d)

Figure 2.4: An unnatural topology to emphasize the difficulty of modeling mem-
ory bandwidth

We can see an even more extreme version of this phenomenon by considering
a more unnatural topology like the one in Figure 2.4a. Though such a topology is
unlikely to exist in practice, this example emphasizes the need for proper handling
of memory vertices. In this example, the same basic logic holds as before: Ver-
tex splitting would yield a representation like the one in Figure 2.4b. Figure 2.4c
highlights one optimal solution on that representation, and Figure 2.4d shows the
mapping back to the original topology. Not only is the solution not optimal in
this case, there is a better solution that routes data along a different path: using

edges (1,2),(2,3),(2,4), sending x units of data along each one. Since this pro-
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posed solution only uses 4 edges incident to the memory component, it would
have throughput equal to min{y/4, x}. So not only is there a problem with report-
ing the correct optimal throughput, the path that data is transmitted along may
also be different in an optimal solution.

@‘ y/6 @ @ y/6 C

A

y/6 y/6 y/6 y/6

Y Y
\ L/
1 > 2 (1 e
(a) (b)
Figure 2.5: An attempt to cleverly adjust link bandwidths

One thing we might try here would be to adjust the link bandwidths when we
remove the switch to actually reflect the memory bandwidth. In fact, if we try set-
ting the link bandwidths from the example beginning in Figure 2.3 to min{y /6, z}
like in Figure 2.5a, everything actually works in this simple example. But we can-

not guarantee that doing something like this will work in all cases.

In more complex topologies, where there is some alternative way to route the
data not through this depicted memory vertex (as in Figure 2.4), even this strategy
ends up with a suboptimal solution. For instance, if we were to try the same thing
in this case, our adjusted bandwidths look like in Figure 2.6a. An optimal span-

ning tree is in Figure 2.6b, and the tree in Figure 2.5b also has the same apparent
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y/6

(a) (b)
Figure 2.6: An attempt to cleverly adjust link bandwidths

throughput. But if we map Figure 2.6b back to a tree on the original graph, we
can observe that this tree supports a throughput of min{y/4, z}. So once again, the
solution returned is not optimal. (And since we may return Figure 2.5b instead of
Figure 2.6b, the data may even be transmitted differently from the optimal algo-

rithm.)

One last thing we might try is to separate the memory vertex in our represen-
tation into two vertices joined by a one-directional link with the desired memory
bandwidth. This correctly models our situation, but ForestColl cannot handle
even this, because it has a requirement that the input graphs are Eulerian, which

this modified input is not.
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Memory as a non-mandatory compute vertex

Memory behaves in a way that is distinct from both GPUs and switches. It allows
data to be copied, like a GPU, but it typically cannot perform reductions, like a

switch. And unlike GPUs, data need not be transmitted to memory.

While it is not so hard to imagine how we would model this in a linear pro-
gramming formulation to support this behavior in TE-CCL or TACCL, we will
give an example to show that this concept is fundamentally incompatible with

spanning tree packing.

The technique used by ForestColl finds spanning trees on its graph represen-
tation. But there are two things at odds here: to properly model memory, we want
to treat it like a vertex in the graph, so that it can copy data. But we don’t need
data to be transmitted to the corresponding vertex, so the objects we are looking
for are no longer spanning trees, but Steiner trees. And packing Steiner trees is
NP-hard.

b/2

O

Figure 2.7: A topology to demonstrate treating memory as a GPU fails

So to use spanning tree packing, we need to either give up copying at memory

(treating it as a switch), or we need to require data to be transmitted to all mem-
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ory (treating it like a GPU). We’ve already described our inability to accurately
model memory as a switch above. And Figure 2.7 shows a simple example where
treating memory as a GPU creates worse solutions. For a broadcast from vertex 1,
treating memory as a GPU produces a solution tree using both links with through-
put b/2. But the optimal solution just uses the link connecting vertices 1 and 2 for

a throughput of b.
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CHAPTER 3
A LINEAR PROGRAMMING APPROACH

In this chapter, we present our approach to generating collective communi-
cation algorithms. We slowly build up the ideas needed to understand our ap-
proach, beginning with step-based algorithms for AllGather on a single chunk of
data (CM1), then move on to divisible data (CM2 and CM3). We describe our
technique to leverage our step-based formulation to optimize over all step sizes

simultaneously before finally generalizing the model by adding switches.

Throughout this section, we motivate and describe several mathematical pro-
gramming formulations that capture our problem. We use these formulations
for two primary purposes: generating collective communication algorithms and
proving lower bounds on the quality of all possible algorithms. Our first formu-
lations are exact characterizations, which means that solving those formulations
will immediately provide an optimal algorithm for the indicated collective opera-
tion. But most formulations we present are relaxations, and hence some solutions
may not correspond to feasible algorithms. In such cases, we can still use the
value of an optimal solution to the formulation as a lower bound, which may al-
low us to prove the optimality of an algorithm. And by repeatedly strengthening

the relaxations, we can eventually find a provably optimal solution.
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3.1 AllGather

Let us begin by considering an extremely simplified version of the problem for
AllGather: We assume that all the components in our topology support the copy
operation. (For example, we may consider a topology with only GPUs and mem-
ory.) We further assume that we are using communication model CM1 (i.e., we
wish to construct a step-based algorithm with completely indivisible data) and
that we require all transmissions to finish within the duration of a step. These as-
sumptions are not necessary for our methods, but they will allow us to introduce

the main ideas with fewer distractions.

Time-expanded networks

Since we ultimately desire a step-based algorithm, it is natural to think of rout-
ing our data through a time-expanded network. For any graph representation of
a topology G, and a parameter 7' representing the number of steps required to
complete the collective, we can construct a time-expanded network G” as fol-
lows. We create (7' + 1) copies of each vertex v in G, which we will label as
(v,0), (v,1),...,(v,T). Then for each edge (v1,v2) in G, we draw directed edges
from vertex (vy,t) to (ve,t + 1) for t € {0,...,7 — 1}. In general, we will use
the notation V7 and E” to refer to the vertices and to the edges of G*. This time-
expanded network now shows how we can route data between vertices over time.

For vertices v € Vj, that have a self-loop to indicate that data may be stored, we
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Figure 3.1: (a) shows a simple server topology with 4 GPUs and one memory.
(b) depicts the directed graph representation with 5 vertices and directed arcs in-
dicating how data can travel. (c) shows the result of converting (b) into a time-
expanded network.

create a hold-over arc (that is, an arc from (v, ¢) to (v, ¢+ 1)) in our time-expanded
network. Figure 3.1 illustrates the construction of a time-expanded network, start-
ing with a physical topology (a), representing it as a graph (b), and the resulting

time-expanded network (c).

We also introduce notation to simplify conversions between G and G*. For
edge e’ = ((i,t),(j,t + 1)) € ET, we use 7(e’) = ¢ to denote the time at the tail of
e’ and p(e’) = (i,j) = e to denote the corresponding edge in G. Similarly, we use
k(e,t) = k((i,7),t) = ((i,t), (j,t + 1)) = e to convert from e to the corresponding
edge in G' at step t. And analogously for vertices: for v = (v,t) € V7, let

7(vT) =t and p(v?) = v.
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Modeling collective communication as multicommodity flow

Network flow problems are optimization formulations that have long been used
to model the control of traffic in networks. In a multicommodity flow problem,
there is a set of distinct commodities, each with specified origin and destination
vertices as well as a positive demand requirement indicating how much flow must
be sent between them, and each must individually satisfy flow conservation con-
straints; collectively, these commodities satisfy shared capacity limitations along
each edge. The multicommodity flow problem is well-studied: by using decision
variables that specify the amount of flow transmitted for a given commodity for
a given edge, this problem can be solved efficiently as a linear program, provided
we do not require integer flow values. See [1, Ch.17] for a more thorough discus-

sion of multicommodity flows.

In order to ensure that all data is routed to its desired destinations, we modify
a standard multicommodity flow formulation. Our general strategy will be to cre-
ate flow variables f that ensure all data is routed correctly through G* following
flow constraints, then additionally adding usage variables w that describe how
much bandwidth is required to support these flows. The relationship between

flow variables and usage variables is specific to the collective.

In particular, we create a commodity for each source-destination pair, where
the sources are the vertices V' = {(v,0) : v € V,} and the destinations V] =

{(v,T) : v € V4}. For AllGather, in which we have n GPUs, the set of origin-
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destination pairs is the n* pairs from the Cartesian product of origin and desti-
nation vertices. (That is, there is a commodity between every origin vertex and

every destination vertex.)

As discussed in §2.4, there are two factors we attempt to optimize for. The
first is latency, which we control with our choices of 7" and s (our step size). As
one of our desiderata for our generated algorithms, among those with minimum
latency, we would like to find the best such algorithm with respect to some other
secondary objective. To achieve this for a general class of secondary objectives,
we introduce costs ¢, for every edge e € E, which indicate the cost-per-unit of
transmitting data along e, and return a solution of minimum cost among latency-
optimal solutions. For example, to minimize the amount of data uploaded from
and downloaded to GPUs, we can set c. = 1 for edges incident to a GPU, and
c. = 0 for all other edges. (One additional consideration is that we require ¢, = 0
for any self-loops e. This is not generally much of an imposition, because we
almost never think about storing data being expensive in comparison to transmit-

ting data.)

Non-linear formulation for AllGather under CM1

We first write a mixed integer non-linear program (MINLP) that describes algo-
rithms for AllGather under our assumptions that all vertices support copies and

transmissions occur within one step. For this formulation, along with the number
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of steps T, we also need to specify the step size s. We create flow variables f., 4

for every edge e € ET, and every commodity with origin-destination pair (o, d).
y edg y y & P

We then impose the following standard flow conservation constraints on our

f variables:

Z froa— Y feod= foroc V2, de VI, veVi\{o,d  (3.1)
ecd—(v) ecdt(v)

Z feod Z feod fOI'OEV;T,dEV;lT (32)
e€d— (o) e€dt (o

> feod— Z feoa =—1 foroe VI,de VI  (3.3)
ecd—(d) e€dt(d)

We also create usage variables w, , for every edge and every origin vertex in

GT to represent how much bandwidth the data flows actually require.

To relate our w and f variables, we note that the data we wish to send to all
destinations from the same source is identical, and since we allow copies at all
vertices, there is never a reason to transmit multiple copies of the same data. In
fact, the amount of data that needs to be transmitted along any link can be given

by the maximum over all data flows using that link:

We o = rélaj%{ fe,o,d fore € ET, 0 € VOT, . (3.4)
€

Finally, we must restrict the bandwidth usage based on the actual link band-
widths. That is, for every set of links L with corresponding bandwidth limitation

b(L) , we restrict the combined usage on all links in L by data from all sources, and
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we enforce this restriction at every step. To find the correct bound, we determine
the amount of data the links in L can support in the duration of one step, sb(L),
giving the following additional constraint.
> Wepeno <sbL)  forLe L, ted{0,...,T -1} (3.5)
e€L ocV}I
Using our cost vector and imposing integrality constraints on f to ensure that
flow behaves as an indivisible unit (i.e., we do not allow fractions of the data to

be transmitted along different edges), our full linear program is:

mln E E ceg W(e,t)0

ecE t=0 oV

st Y feod— O feod=0 foroe V), de V], ,veV"\{od}

e€d—(v) e€dt(v)

Z feod_ Z feod—l fOI‘OE‘/;)T,dEVZlT
e€d (o) e€ét (o)

Z fe,o,d_ Z fe,o,al:_1 fOI'OGV;)T,dE‘/;lT
ecd—(d) e€dt(d)
We o = MAX fo o forec ET,0c VI

deD

Z W(e,t),o < Sb(L) forLeL,te{0,....,T -1}
e€L ocV]
Fef{0,1},w>0 (3.6)

We can now argue that this formulation accurately describes our problem.

Theorem 1. MINLP(3.6) is an exact formulation for AllGather under CMI.
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Proof. We argue this by showing that a minimal algorithm with latency 7" and
step size s corresponds to a solution to 3.6, and argue that the correspondence is
bidirectional. (We say that an algorithm is minimal if no data transmissions can

be removed from the algorithm without making it infeasible.)

We start with an algorithm for AllGather under CM1 with step size s and T
total steps. Remember that this algorithm consists of saying exactly what data
is transferred at each of the 7" steps. Since the data is indivisible in this model,
we always send 1 unit of data at each step, and we can identify pieces of data by
their origin. Say we send data originating at GPU o from i to j at step ¢. Then let
6 = (0,0), and é = «((i, ), t) be the corresponding edge in GT. We set ws; = 1.
Since this is a valid algorithm, the bandwidth on any set of links L is no more than
b(L) at each step. Which means that no more than sb(L) data is sent on edges in
L each step. Summing over all data identified by their origins gives exactly the

constraint (3.5).

Now, we just need to find feasible f values. Since the algorithm is correct,
data originating at o must be routed to every destination d. For every origin-
destination pair (o, d) and edge ¢ € E”, we set the corresponding f, , ; variable to
1 if the data that eventually arrived at d in the algorithm was transmitted along a
link corresponding to (4, j) at time ¢, and zero otherwise. (If the data remained in

memory at the same component v for step ¢ of the algorithm, we set f, (, ) ;) 5.4 t0

1)

This assignment of f variables clearly satisfies the flow constraints: at the des-
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tination, there are only in-edges, and one of them has value 1. The reverse is true
for the origin. And for all other intermediate vertices, the data leaves some com-
ponent if and only if it entered the component at a previous time. It also satisfies
constraint 3.4: w; s = 1 when some data is transmitted along the edge at step ¢. By
the minimality of the algorithm, this can only occur if this data eventually arrives
at some destination d, and so fé7 od = L. And if we; = 0, we trivially have that

fesq=0forall d.

For the other direction, we begin with a solution to MINLP(3.6). We use the
w values to determine exactly what data to send at each step: if w;; = 1, where
e = ((4,t),(j,t + 1)), we transmit data from component i to component j at step
t. It is easy to check that this is a correct algorithm: The bandwidth constraint
requires the data transmitted to not exceed the bandwidth of any link. And the

flow constraints ensure that the data arrives at all GPUs.

Finally, since we have established that the w variables exactly capture the
amount of data transmitted between components at each step, the objectives also

match. O

33



An integer programming formulation

We can easily write a mixed integer linear program (MILP) if we remove the non-

linearity in the previous formulation by replacing constraint (3.4) with

Wep > fooa  forec ET,0oe V! deV]. (3.7)

Then our full integer programming formulation is

mln E g ceE We(e,t),0

ecE t=0 ocV}I

st Y feod— O feoa=0 foroec VY, deVi,veVT\ {od}

e€d—(v) ecédt(v)

Z feod_ Z feod_1 fOI'OGV;T,dE‘/;lT
ecd— (o) e€dt (o)

Z fe0a — Z Jeoa=—1 foroe VI, de vV}
c€s—(d) ecot (d)
We,o > fe,o,d fore € ET, o c ‘/OT, de ‘/dT
Z Z W(e,t),o < Sb(L) forLeL,te{0,....,T -1}
ecL ocV T
Fe{01bw>0 (3.8)

And naturally, we find that this formulation is also exact.

Theorem 2. MILP(3.8) is an exact formulation for AllGather under CMI.

Proof. We just need to argue a correspondence between optimal solutions to

MILP(3.8) and optimal solutions to MINLP(3.6).
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Given a solution f,w to MINLP(3.6), let f/  , = fooaforalle € ET, 0 € VI,
and d € V], and w,, = We, for all e and o. Then f’,w’ is a feasible solution to
MILP(3.8) with the same objective value, as the only difference is constraint (3.7),
which still holds since w;, , = maxgep [, 4- For the other direction, given a optimal
solution f’,w' to MILP(3.8), similarly let f.o,q = fi,4 foralle € E*, 0 € V],
and d € V[, and set w,, = maxgreyt feoq for all e and o. Then f,w is a feasible
solution to MINLP(3.6) because the flow constraints are identical, (3.4) is true by
construction, and (3.5) holds because w. , < wg , for all e and o. In fact, w., = w,
for all e where ¢, > 0, because otherwise we could have reduced the value of
w, , to get a better objective for MILP(3.8), violating our optimality assumption.
Therefore, the objective value 3", 3"/ cute) Sopeo We o is the same. O

As handled in the proof of Theorem 2, we cannot guarantee that in an optimal
solution, w. , = maxy f.,q4 when ¢, = 0. We could prevent this from ever occurring
by adding a tiny value to all cost coefficients c, so that all are strictly positive. But
since the information we need to construct an algorithm is already contained in
the f variables, there is no need to do this. That is to say, although w. , may exceed

max, feo.q, it is trivial to calculate the true usage of edges since our f variables are

all feasible, and any incorrect w values will not contribute to the cost.
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Interpreting solutions

For a fixed choice of s, we can do binary search on 7" to determine the minimum
value of T for which there are feasible solutions. These solutions correspond di-
rectly to algorithms. If we were determined to use this formulation to find an
optimal step-based algorithm, we would also need to search over many choices
for s. With our assumption that transmissions occur within a single step, there
are at most | E| choices of s that we need to consider, because if no edge requires
exactly s time to transmit the data, we can reduce s for a strictly better solution.
And in the case where slow transmissions can take multiple steps, we can use the

least common multiple of the bandwidths as the denominator of our step size.

We now address this assumption that all transmissions can occur within a
single step. It is not difficult to generalize the previous formulation to allow
slow transmissions that require multiple steps by slightly modifying our time-
expanded network, but it will not end up becoming important for further evolu-

tions of our formulation.

Even so, we briefly describe how we can modify our time-expanded network
to support transmissions that take more than one step. We construct the vertices
of G7 as before, creating (T + 1) copies of each vertex v in GG, which we label as
(v,0),(v,1),...,(v,T). Then for each edge (vi,vs) in G, for each t € {0,...,T},
instead of adding one edge, we will draw edges from vertex (vy, ) to (v, t') for all

' <t<T.
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Later, when we enforce our bandwidth limitations, we will need to enforce
more complicated constraints. In particular, for every interval of time (¢;,¢,) and
for every L € £, we will need to enforce that

to—1 to

Z Z Z Z W((0,11),(vata))o < (2 — t1)sb(L)

(v1,v2)€L 0Vl t=t1 t/=t+1

instead of the previous constriant (3.5).

Divisible data

We can continue towards a more general solution by removing another one of
our simplifying assumptions: that we could not divide our data. We can easily
modify our previous formulation to account for any arbitrary number of chunks
(CM2). If we wish to allow dividing the data into K equal-sized pieces, we can
simply create K copies of each commodity, each treated independently except for
in the bandwidth constraints and in the objective function. We’ll have to scale the
bandwidth constraints appropriately so that one unit of flow now corresponds to
1/K units of data. To do this, we adjust our f and w variables so that they are also

indexed by the chunk number £.

37



T-1

Hlll’l g Ce E E We(e,t),0,k
ecE t=

0 0€0 ke[K]

s.t. Z Jeodk — Z feoar=0 forocV>E,deV],veVTi\{od}, ke [K]

e€d—(v) ecdt(v)

Z feodk Z feodk:_l fOIOG‘/;T,dGVdT,kE[K]
e€é— (o) e€dt(o

Z feodk_ Z feodk_ fOI'OG‘/OT,dGVdT,k‘E[K]
e€d—(d) e€dt(d
We, o,k Z fe,o,d,k fOI‘ e € ET, o< ‘/OT, de VdT, ke [K]
S weenyon < Ksb(L) forLe L, te{0,....,T -1}
e€L ocVTI ke[K]
fe{01}w=0 (3.9)

Theorem 3. The MILP (3.9) is an exact formulation for AllGather under CM2 with K

chunks.

We do not provide a proof here, because it does not differ from the proof to

Theorem 2 in any meaningful way.

Of course, the above model still relies on the assumption that no transmissions
take longer than one step. This assumption is less onerous in this setting, as if
this is not the case, we can increase the value of K until the assumption holds.
However, if we did wish to dispose of the assumption, we could, as before, modify
our time-expanded network and adjust our bandwidth constraints. However, we

will not write out the formulation here, as it does not add to our discussion.
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Fluid model

In our previous formulations, we required that we fixed some number of indi-
visible chunks before formulating the problem. Now we will consider the fluid
model (CM3) in which we do not provide any limitations on the smallest indi-
visible unit. One way we might think about solving this is by taking limit as the

number of chunks becomes very large in our previous formulation.

However, this is not a good idea because our integer program will become
extremely large. Instead, we will simply use the same formulation as in MILP(3.8),

except with the integrality constraint on f relaxed:

mm E E CeE W(e,t),0

ecE t=0 oeVr>

st Y feod— O feoa=0 foroe VI, de Vi, ve VP {o,d}

e€d—(v) e€dt(v)

Z fooa— D> feoa=1 foroc V), de V]
ecs—(0) e€5 (o)

Z feod_ Z feod—_l fOI‘OE‘/OT,dE‘/dT
e€d—(d) ecét(d
We,o > fe,o,d fore e ET, o0 c ‘/OT, d e ‘/dT
Z Z We(e,t),0 < Sb(L) for L € E, te {O, R ,T — 1}
e€L ocVFI
fow>0 (3.10)

Now since we have removed all of our integrality constraints, it is possible to

solve the above formulation efficiently. We should also note that the removal of
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the integrality requirements means that we no longer need to worry about trans-
missions that take longer than a step: we can simulate them by sending a fraction

of the data each step until the transmission is completed.

We should note that LP(3.10) is actually a relaxation, and is not guaranteed to
produce feasible algorithms for general topologies. Of course, we still retain the
property that if the LP solution is indeed a feasible algorithm, it is guaranteed to
be optimal. The reason LP(3.10) is a relaxation is because we cannot guarantee
that flows can always combine if they share the same source. In particular, our
formulation assumes that if two flows from the same source use the same edge
concurrently, then the usage amount is the maximum of these two flow values.
However, if these flows represent different segments of the data, they may actu-
ally require sending both flows. In this way, the solution to this relaxation could
produce usage values that are not feasible. To remedy this, we will first describe
an exponentially sized linear program that will prevent flows from combining

unless they share their entire path from their source.

We will begin by modifying our time-expanded network to have 2!"¢/ —1 copies,
one for every non-empty subset of V;. And we will modify our edge set so that if
(v1,v2) € E, then our time-expanded network will contain edges from (v, ¢, S1) to
(vq,t, o) for all subsets 0 # Sy C Sy C V. Then we formulate a nearly-standard

multicommodity flow problem on this modified graph, with joint capacities. The
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formulation has objective:
min Z Z Z Ce Z J(01,4,51),(v2,14+1,55)) 0-
(v1,02)=€€E 1=0 51,52:51C82CVy  o0eVT

We have flow constraints where we define source vertices of the form (v, 0, ;) for
v € V, and destination vertices of the form (v, T, v) for v € V;. To simplify writing
our flow constraints, we will let O = {(v,0,V;) : v € V,} be the origin vertices in
our new time-expanded network, and similarly let D = {(v,T,v) : v € V;}. We
also require an analogous bandwidth constraint that looks like

> D fwtseaitsme < Bb(L)  forLe £, t€{0,...,T—1}.

(v1,v2)€L S51,52:51C52CVy o

Then our formulation is

T-1
mfin Z Z Z Ce Z f((vl,t7S1),(v27t+1,52))70

(vi,v2)=e€E t=0 51,52:51CS2CVy PY=10)

st Y feod— > feod= foro€ O,d€ D,ve VT \ {o,d}
e€d—(v) ecdt(v)
Z fe,o7d_ Z .feod fOrOGO,dEﬁ
e€d—(0) e€dt (o)
Z feod_ Z feod__ fOTOGO,dEE
e€d—(d) ecét(d

Z Z Z J(1.4,50),(v2,t4+1,82)),0 < RB(L)

(v1,v2)€L S1,52:51C52CVy o
forLe L, te{0,..., T —1}

fow >0 (3.11)
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It is tedious but not difficult to show that formulation LP(3.11) captures exactly
feasible solutions to our fluid model, by noticing that a vertex corresponding to
subset S is only allowed to have outgoing flow that eventually reaches exactly the

terminals in S.

Fortunately for us, typical topologies have some special structure that means
we do not need to worry about the above exponential size formulation. We will

not write a rigorous proof, but instead provide some intuition.

There is only one reason that LP(3.10) may not be exact: a solution may cheat
by aggregating some flows that cannot be combined. However, we can lever-
age properties of our underlying topologies to say that this cheating should not
happen. In slightly more detail, typical topologies have the property that in an
optimal feasible algorithm, the bottleneck bandwidths (which we can determine
by solving many flow problems on () are edges in one of two locations: either
to/from our terminals (GPUs), or between blocks in a natural block-structure in
our underlying topology. In both of these cases, we can prove (though we do not
do so here) that we can find a feasible algorithm of equal cost that has none of
the “cheating” described earlier. Therefore, LP(3.10) is typically sufficient for our

purposes.

In order to take full advantage of arbitrarily small pieces of data, we also need
to be able to make our step sizes arbitrarily small. But that presents a problem:
we cannot make the step size infinitely small, and even approximating with a

tiny step size causes computational problems by exploding the number of steps
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required, and hence the size of the input graph. We address this problem in Chap-

ter 4.

Handling switches

We are now ready to do away with our remaining assumption on our AllGather
problem. Previously, we assumed that all vertices support the copy operation.
This does not hold generally; in particular, switches may not be multicast (i.e.,
they may not allow copies) and instead data may only pass directly through, more
like traditional flows. Furthermore, we will eventually produce algorithms that
require reductions (Reduce and ReduceScatter) by reversing solutions. In this set-
ting, vertices that support copies become those that support reductions, and many
vertices (e.g. memory, switches) do not typically support reductions. Therefore, it

is important to be able to correctly represent vertices that do not allow copies.

The following formulations focus on enforcing that copies cannot be created
at switches. We first describe methods of handling this problem exactly, then
provide a more tractable relaxation. Although relaxations are not exact and may
produce infeasible algorithms, we can still use them to find provably optimal al-
gorithms. Toward the end of the section, we will describe a process to iteratively

strengthen the relaxations until we arrive at a provably optimal solution.

First, we should identify why our previous formulations no longer work. Our

previous assumption that it is never beneficial to send multiple copies of the same

43



data along a single link is no longer necessarily true. It is not hard to imagine a
scenario where this might occur: if we were sending the same data to two desti-
nations via a switch, we would need to transmit the same data on the source to
switch path twice. Therefore, we cannot be sure that the bandwidth usage of a

link is determined by the maximum of our f variables.

Formulation via duplicate vertices

Instead of reworking our formulation, we can reuse our existing formulations by
modifying our time-expanded network. First, let V. be the set of vertices in G that
do not allow copies (i.e., V., = V' \ V). Our approach is to make multiple copies of
vertices in V' . This allows us to ensure that if flows exit v € VT toward different

vertices, then they travel through different copies of v.

In particular, we can modify our time-expanded network G” so that for every
v € V. and every step t, we make |V,| vertices, one associated with each vertex
in V.. We can denote these (v,t,u) for u € v.. Now, we describe how we add
edges in this adjusted time-expanded network. For edges {(v1,v2) : v1,v2 € V.}
between vertices in V., we add edges from (vy,t) to (vq,t + 1) as before. For edges
{(v1,v2) 1 vy € V,, vy € V.} to vertices in V., we add edges from (v, t) to (v, t,u) for
each u € V.. For edges {(v1,v2) : v1,v9 € V.} between vertices in V,, we add edges
(v1,t,u) to (ve,t,u) for each u € V.. And finally, for edges {(vi,v2) : v1 € V., vy €
V.} to vertices in V., we only add edges (v1,t,vs) to (vg,¢ + 1). Call this modified

time-expanded network GI. Then we can use LP(3.10) on G7 to find algorithms
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on topologies with switches for AllGather under CM3.

This approach is reasonable if there are only a constant number of components
that do not support copy (or reduce). But in the worst case, we are almost squaring
the number of vertices and edges in our time-expanded network, which makes the

size of the formulation grow very quickly.

A relaxation

To address the scalability issues of the previous formulation, we turn to relax-
ations. We start with the standard multicommodity flow-based model we used
previously, and add additional constraints or variables to try to prevent copies
at vertices v € V, in our model. One natural attempt is to impose a flow-like
constraint on the usage variables (w) at switch vertices, by adding to LP(3.10) the
constraint

Z We,0o — Z We,0o = 0 for o0 c ‘/OT, Ve VCT. (312)

e€d—(v) e€dt(v)
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This gives the following linear program:

T—1
I?,iwn che Z We(e,t),o0

ecE t=0 oeVr

s.t. Z feod— Y feod= foroe VI, de VI, veVP\ {od}

e€d—(v) e€d+ (v)

Z fe,o,d_ Z feod_1 fOI'OE‘/OT,dG%T
ecd— (o) e€ét (o)

Z feoa — Z feo0a = foroe VI, de vV}
e€d— e€dt(d
We, o 2 fe,o,d for e c ET, o0 c ‘/OT, d e ‘/dT
Z Z W(e,t),o < sO(L) forLeL,te{0,....,T -1}
e€L ocV]

Z We,o — Z We o =0 foroEVOT,vech
e€d—(v) e€dt(v)
Jiw=>0 (3.13)

Before we move on, it is important to understand why this formulation is a
relaxation. While the formulation indeed ensures that copies are only made at
vertices in V,, by adding constraint (3.12), our w variables are no longer indepen-
dent of each other, so we can no longer guarantee that the w variables become the
maximum of the f variables at optimal solutions. Therefore, the w variables may
misrepresent (by underestimating) the amount of data transmitted along a link.
So transmitting data according to the flow variables in an optimal solution could
require sending more data across a link than its capacity allows. Alternatively,

since our w values may not reflect the traffic along an edge, we may get a solu-
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tion whose actual cost is more than what the relaxation told us. In both cases, we

cannot use the solution to the relaxation to generate an feasible algorithm.

There are more sophisticated ways of further constraining our relaxation to
try to correctly capture bandwidth usage for arbitrary inputs. These strategies
typically have many more constraints, mitigating the benefits in comparison to a

duplicate vertex formulation.

We will include one such attempt below. In this formulation, we try to keep
tighter control of the usage variables w. To do this, we create variables z, ., for
integers a = 1, ...,n, where we want z, ., to represent the amount of data on the
edge that is intended to arrive at a destinations. If all the data on the edge will
only end up at a single destination (like on the last edge before the destination),
71, should equal the entire data flow on the edge. And if the data on the edge
will be copied to end up at all n destinations, then z,, . , should equal the amount
of data on the edge. More specifically, we want to ensure that Y /' T4, = We,
and Y | %o = Y 4ep feoa- We also will add a constraint to address that the
number of destinations for a piece of data is non-increasing over time. In full,

this yields the following augmented formulation which strengthens the previous

relaxation.
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rnm

s.t.

che Z We(e,t),0

ecE t=0 oeVIl

Z feoa— Y feoa=0 foroe V', deVF,veVT\ {o,d}
ecd—(v) ecdt(v)

Z feod_ Z feod_]- fOI'OG‘/OT,dGX/dT
e€d (o) e€dt(o

Z feod Z feod:_1 fOI'OE‘/OT,dE‘/dT
ecd— ecdt(d)
Z Ta,e,o = We,o fore € ET, 0 c V;T
Z AT oo = Z feod forec BT, 0c V!
a=l1 dev]
We, o > fe,o,d fore € ET, 0 c ‘/OT, de ‘/dT

Y wreo=1 foroe V), de V)
e€dt(d)

2 Zxa oS DL D Taeo
e€d~(v) a ecdt(v) a'=a

fora e nl,oe VL veVi\ (V.. uvTuVY)

Z Laeo = Z La,e,0 fOr&G[n],OEV;T,'UEVCT
e€d=(v) ecdt(v)
Z Z We(e,t),0 S Sb(L) for L € ;C, te {O, Ce 7T — 1}
e€L ocV]I
fiw=>0 (3.14)
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Finding provably optimal algorithms

We now outline a procedure to find provably optimal algorithms by leveraging re-
laxations. We first solve our chosen relaxation, and check if the resulting solution
corresponds to a feasible algorithm of the same cost; we can do this by computing
whether the data transmissions suggested by our w variables actually routes all
data to its desired destination. If the algorithm is feasible, we are done and have
proved that the solution we generated is optimal, because the optimal value to

any relaxation is a lower bound on the optimal algorithm objective value.

Otherwise, at some point in the algorithm, our relaxation solution indicated
usage (w) on some edge that did not match the usage implied by flow variables.
If this happened due to trying to improperly combine flows, we can duplicate
vertices in the fashion used for formulation LP(3.11) so that this combining would
no longer be a feasible solution. Note that we do not need to create copies for all

subsets, just enough so that the current solution would become infeasible.

We can also have improper usage variable values because of switch behavior.
If the previous kind of error in usage values did not occur, the problem must occur
at a switch vertex. (If not incident to a switch, w. , = maxy f. , 4 would be feasible
and correctly describe the usage on the edge.) Therefore, we can duplicate this
switch vertex as described in the duplicate vertex formulation so that our current
w values would be infeasible. As before, we do not need to make all duplicate

copies, just enough so that the flows contributing to the incorrect w value would

49



now be handled by different vertices.

After doing this for all switches where the w variables do not accurately cap-
ture usage, we end up with a slightly larger time-expanded network, where the
size of the graph has increased by the number of duplicate vertices we added. We
can then re-solve our relaxation on this new graph, and repeat this process until
we find a solution where all w variables correctly match the usage implied by the

flow variables, which will be provably optimal.

3.2 Other collectives

In this section, we now use the techniques we have developed for AllGather to
create formulations for all the collectives we have discussed, except for AllRe-
duce, which we will defer to the next chapter, as some of the discussion relies on

techniques we have not yet introduced.

Broadcast

Broadcast does not require any changes from AllGather. The formulations given
in the previous section work the same as for AllGather with one modification: we
must adjust our set of origin vertices V,, to be a single vertex, corresponding to the

root GPU from which data is broadcasted.
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Reduce and ReduceScatter

For ReduceScatter (and also Reduce), the standard technique for generating so-
lutions is to reverse solutions for AllGather (or Broadcast). One assumption that
allows this reversal to happen is that the set of vertices in G that allow data to be
copied are exactly the same set of vertices that allow data to be reduced. While
GPUs typically allow both actions, and switches tend to support neither, memory
tends to only support copying data but not performing reductions. Fortunately,
this is not a problem for us, since in our formulations, particularly LP(3.13) and
LP(3.14) we were able to decouple the ability to store data and copy data, we can
simply use the set V. to indicate the set of vertices that can perform reductions, use
our formulations as intended for generating solutions to AllGather, then reverse

the solution in time.

3.2.1 All-to-all

All-to-all is a simpler collective operation, since algorithms require neither copies
nor reductions. Therefore, we don’t even need usage variables in our formulation,
we can determine how much data is transmitted along an edge directly from flow
variables. With this in mind, we can find All-to-all solutions by solving a standard

multicommodity flow problem with our added bandwidth constraints.
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We just need to modify constraint (3.5) in LP(3.10) to be

DD D> Satewroa < sb(L)

el ocVl dev]

forLe L, te{0,...,T—1} (3.15)

and similarly modify our objective, so our new linear program is:

Y Y e Y Y

S.t.

eclE t=0 oVl deV —dT

Z feod - Z feod =0
e€d—(v) e€dt(v)

Z feod - Z feod =1
e€d— (o) ecdt (o

Z feod - Z feod - -
ecéd— ecst(d)
Z Z Z f/{(e,t),o,d S Sb(L)
eeL ocVT dGVdT
fyw > 0.
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foroe VI, deV}

foroc V!, de V]
forLe L, te{0,..., T —1}
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CHAPTER 4
COMPUTING STEPS VIA TREES

4.1 Flow schedules via step-based solutions

We next describe how we can find solutions with minimum latency given arbi-
trarily small step sizes without solving a very large linear program. To do this, we
separate the spatial problem of determining how to route the data from the tem-
poral problem of when to transmit each piece of data. Suppose that we are told
what route every piece of data takes (i.e. what sequence of links it is transmitted
along), ignoring bandwidth constraints. Given this information, we will construct
a solution for an arbitrarily large number of chunks K in which all chunks of data

follow the route provided and no bandwidth constraints are violated.

We fix some value of 7" as an upper bound on the total number of transmis-
sions any piece of data might require to reach its destination. We also choose a
value R to be the desired latency of our solution. There are several ways we can
determine the best value of R, including binary search or solving an auxiliary
flow problem, but we will not include details here. Then we formulate a modified

linear program.

We keep the same flow conservation constraints and constraints relating f and
w from LP(3.10). The only change is to how we express our bandwidth constraints.

Instead of requiring them to be true for every time step, we just want a collective
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bound over all time steps to ensure that the average throughput of each link does

not exceed the bound implied by the desired latency R.

T-1
Z Z Z wn(e,t),o S Rb(L) for L e L (4:1)

t=0 ecL OEVOT

Then our new linear program to determine how to route the data is as follows:

mln E g ceg W(e,t)0

ecE t=0 oeVT

st Y feoa— > feoa=0 foroe V), deV],veV"\{o,d}
e€d—(v) e€dt(v)
Z feod_ Z feod—l fOI‘OE‘/OT,dE‘/dT
e€éd— (o) e€ét (o)
Z feod Z feod__ fOTOE‘/;T,dE‘/;lT
ecd—(d) ecét(d
We, o Z fe,o,d fore € ET, 0 c ‘/OT, de ‘/dT

T—1
Z Z Z We(e,t)0 < FO(L) forLe L

t=0 e€L ocV]

fw>0. (4.2)

Now we claim that instead of trying to optimize LP(3.10) over all possible
choices of T" and s, it is sufficient to optimize LP(4.2). To avoid confusion arising
from choices of parameters, we will use the notation LP(3.10)[s, T'] to indicate the
formulation (3.10) using step size s and number of steps 7'. Similarly, we will use
LP(4.2)[R,T] to indicate formulation (4.2) with desired latency R and number of

steps T'.
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Theorem 4. LP(4.2) is equivalent to LP(3.10) in the following sense: Given a solution
to LP(4.2)[Ry,T1], there are values s, and T] such that we can construct a solution to
LP(3.10)[s1,T7] of equal cost and with latency si1] < Ry + € for any ¢ > 0. And
given a solution to LP(3.10)[sq, To] with latency soT5, we can construct a solution to

LP(4.2)[s2T5, T5] of equal cost.

This theorem says that we can convert between solutions for LP(3.10) and
LP(4.2) with identical objective cost and identical latency (up to an arbitrarily
small e term). Thus, we can find an optimal solution for LP(3.10) over all possible
choices of s by solving LP(4.2). The proof of Theorem 4 is notationally cumber-
some, so we will first outline the general principle so that it is clear why these two

formulations should be equivalent before providing the details.

It suffices to describe the conversion in both directions and verify that all con-
straints still hold. The conversion going from LP(3.10)[s, T] to LP(4.2)[sT,T7] is

trivial, so we will worry more about the other direction.

In particular, we must argue that we can take a solution ( f, w) to LP(4.2)[R, T']
and use it to construct a solution to LP(3.10)[s’, T"] for some choice of s’ and T".
Our general idea will be to divide the data into small chunks, then route each
chunk according to (f,w), staggering the transmissions so that each chunk is
transmitted at a different time. This will allow us to argue that since our con-
structed solution obeys the bandwidth constraints on average, it also obeys them

at each step.
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First, we choose an integer K according to K > (T — 1)/¢, and also set
s’ = R/K. We begin our construction by dividing the data into K identically
sized chunks, though these chunks need not be indivisible. We then begin routing
one chunk at every step for the first K steps, where the route of each chunk is
determined by (f,w). In particular, if (f,w) indicates that we should transmit «
units of data along edge e at time ¢, in our new solution, for each chunk k € [K],

we will transmit 2/ K units of data along edge e at time ¢ + k£ — 1.
Using this strategy, we can route all our datain 7" = 7'+ K — 1 steps.

Now we provide the complete proof.

Proof of Theorem 4. To prove the theorem, we need to convert between solutions

for LP(3.10) and LP(4.2).

Let’s begin with the simpler direction: taking a solution (f, w) to LP(3.10)[s, T]
and constructing a solution to LP(4.2)[sT, T'] with identical objective value. This is
very simple; we claim that (f, w) is also a feasible solution for LP(4.2)[sT", T']. Note
that both formulations have the same objective and constraints (3.1), (3.2), (3.3),

and (3.7). And constraint (3.5) implies constraint (4.1) because T > 1.

Now we will more rigorously describe and justify the more complicated direc-

tion of the equivalence.

We will first need to introduce some new notation. In a time-expanded net-

work G7, let E' be the set of edges that originate at time ¢. Specifically, E* =
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{(@ 1), (Gt +1)) € BTt/ =t}

As previously stated, fix some integer X > (7' — 1)/e to be the number of

chunks we divide our input data into, let step size s’ = R/K, and let T”

T+K-1.

Now, we will describe how to use a solution ( f, w) to LP(4.2)[ R, T'] to construct

a feasible solution to program LP(3.10)[s’, T"]. In particular, we will describe val-

ues (f',w')

that satisfy this LP.

Leté € E and ' = 7(¢é). Then for every é,0 € V" and d € V[,

fé,o,d = 9

t/

Tr(u(é),t),0,d + K—1-t'
t=t'—K+1 K

K

¢
t=t'—K+1

Tr(u(@),t),0,d v—T+1
K + K

¢
t=t'—K+1

Fr(u@),),0.d
K

where fy(.) 0,00 =0ift <Oort >T.

Similarly, we define

v
t=t'—K+1

W (u(8),t),0 K—-1-t
K + K

t/
t=t'—K+1

We(u(e),t),o t'—T+1
K + K

t/
t=t/'—K+1

Wr(p(e).t),0
K

if# < K — 1and u(é) = ((0), 1(0))
if ¢ > T and u(e) = (u(d), u(d))

otherwise

ift! <K —1and u(é) = (u(0), u(0))
i£#> T and p(6) = (u(d). (@) for d € V]

otherwise

where again, w; ()0 = 0ift <Oort > T.
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These expressions come from overlaying the K staggered solutions (f,w),
where each one is only on 1/K of the data. The extra terms in the first two cases
capture the edge-cases where some data has yet to leave its origin, or some data

has already arrived at its destination.
We first argue that (f’, w’) is feasible for all the constraints in LP(3.10)[s’, T"].

For given o' € V.I'd € V', first define o = (u(0'),0) € VI and d = (u(d'),T) €

V. Then for any v € V7', where p(v) is neither 1(0') nor u(d'),

7(€) ( A
Z fe o', d T Z fé,ol,d/ = Z Z f'{(% Z Z fﬁ(,u(;;:t),o,d

é€6— e€dt(v) écs— (v )t—T(é)—K+1 éedt(v) t=r(e)—K+1
TS t),0,d X f( t),0,d
-y 3 S ey o
e€6™ (u(v)) t=7(v)—K e€dt (u(v)) t=7(v)—K+1
7(v)
_ Z Z fn(e,tfl),o,d . Z fﬂ(e,t),o,d
K K
t=r(0)—K+1 \e€s~ (n(v)) eed+ (u(v))
7(v)
_ Z Z fé,o,d . Z fé,o,d
K
t=7(v)—K+1 \éed ((u(v),t)) écst((p(v),t))

Note in the second line, the e under the sum is in G, not G*".

Now, since p(v) is neither o' nor d’, by constraint (3.1) in LP(4.2)[R,T], the

expression evaluates to zero, so constraint (3.1) in LP(3.10)[s", 7"] holds.

The other cases are slightly more complicated. Say u(v) = p(o). If 7(v) > K,

the expression still evaluates to zero. Otherwise, if 0 < 7(v) < K — 2, there is an

K—7(v)
1 K

K—1—7(v)

= outflow term. This

additiona in-flow term from one edge, and a

gives us:
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7(v)

fé,o, fé7o, 1
2 S = 3 Sow= 3 ) ORE. D DRI

écé—(v) ecdt(v t=7(v)—K+1 \é€d ((u(v),t)) éeeot ((u(v),t))

For all values of t except t = 0, the summand evaluates to zero by constraint
(3.1) in LP(4.2)[R,T]. When t = 0, by constraint (3.2) in LP(4.2)[R, T, the sum-

mand evaluates to % So constraint (3.1) in LP(3.10)[s’, T"] still holds.

And if 7(v) = 0, the same summand evaluates to % for exactly one choice of ¢,
but the extra term in this case is a positive % instead of —%. So constraint (3.2)

in LP(3.10)[s, T"] also holds.

A symmetric argument for the cases where p(v) = d shows that constraint (3.3)

in LP(3.10)[s, T"] also holds.

We need to be slightly more careful in the case where p (o) = u(d’), as the
claim that the sum evaluates to zero if X' < 7(v) is not true, but nothing about the

argument fundamentally changes.

For constraint (3.7) in LP(3.10), we have the following, given é falls into the

“otherwise” case for the definitions of f’ and w’:
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MaXq fr(u(e)t).0.d

K

v

()

> max Z / n(u(léé,t),o,d

t=7(é)—K+1

. /
- InélX é,0,d!

In the other two cases, the additional additive term is the same for both w’ and

f'. So the constraint holds in these cases as well.

For constraint (3.5) in LP(3.10), we find that for any L € £ and any ' €

{07"'7T_1}/
S e T Wrieo _ RU(D)
rk(e,t),o k(e,t),o
20 theme =20, D TS S
ecL oy’ e€L ocV]I t=t'—K+1 e€L ocVT t=0

where we are using the fact that we have no bandwidth limitations on self-loops.

The last task is to show that our conversion preserves objective cost. We can

write:
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T -1 T+K-2

22 e D Whena =2 e 2 D Z -

eckE t'= o eVT’ ecl /=0 oeV]I t=t'-K+1
T-1t+K-1

ISP

e€E  oeV]I t=0 t'=t

71
= Z Ce Z Z K—w“(f?)’o

eckE oeVr> t=0

T-1
= Z Z Z CeWe(e,t),0

ecE t=0 oeVT>

Notice that we don’t need to worry about the other cases in the definition for

w' because those edges are guaranteed to have zero cost. O

4.2 AllReduce

We are now ready to discuss generating algorithms for AllReduce. AllReduce is
more difficult to generate algorithms for compared to other primitives because we
cannot guarantee that an optimal algorithm has no reductions, or that it makes no
copies of data; in fact, both are necessary. This means that even if we are given the
routes of all the data through the topology, it is not obvious how much bandwidth
the solution requires. In particular, given flow values analogous to the f variables
in our previous formulations, there is no obvious way to determine corresponding

usage values.
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We will write an exact formulation, where we explicitly keep track of both
where data is copied and where data is reduced, along with what sources of data

have been reduced together.

We introduce flow variables f. ;s for every edge e, every subset U of V[, and
every subset S of V/. Let P be the set of all subpartitions of V' and Q be the set
of all subpartitions of V,I'. We also introduce y variables for every vertex v € V7
and every subpartition P € P; these indicate how much data is copied at a vertex
toward which destinations. Similarly, we introduce z variables for every v € V7
and every subpartition () € Q to indicate how much data is reduced from which
sources. Recall that we have defined V, as the set of vertices that allow copies. We

will also now introduce V, as the set of vertices that allow reductions.

First, we will have to develop different flow conservation constraints based
on our new flow variables. First, we should understand that each flow variable,
indexed by U and S, indicates the reduction of data from all inputs U, which is
destined to be copied to all destinations S. In these, the change in the quantity of
data of time U, S at a vertex for a particular U, S pair is determined not just by the
net flow, but the net copy operation, captured by

Z You,p — Z Yo,u,P
PeP:UP=S PeP:SeP

and the net reduction operation, captured by

Z Zv,Q,8 — Z 20,Q,8-

QeQ:UeQ QeQ:uQ=U
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We also give constraints to prevent operations where they are not possible, and

the relevant bandwidth constraints.

We have the following formulation:

T—1
5{1;22206 Z Z fn(e,t),U,S

ecE t=0  UCvl scvrl

s.t. Z fevs — Z feus +

e€d—(v) e€dt(v)
Z Yo,U,P — Z You,p + (
PEP:UP=5 PeP:SeP 1 ifS=V/and U = {v}
Y nes— Y, @was=4-1 ifS={v}andU =V7
QEQUEQ QeQ:UQ=U
0 otherwise.
\
forucVyl,ScVv/,vev?”
T —T
You,p = 0 forUCV,,PeP,vel,
Zv,Q,S =0

for SC VI, Qe QueV,

Z Z Z Jeen,v,s < sb(L)

eeL UCVT scvTl

forLe L, te{0,...,T -1}

f,y,22>0

Unfortunately, this formulation is prohibitively massive. The number of y and
z variables scales with the number of subpartitions of n (or equivalently the num-

ber of partitions of n + 1), which grows faster than 2" (see Bell numbers in e.g.

[171).
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We also note that we cannot create an exact formulation by duplicating some
of the vertices in our time expanded graph like we could for AllGather, or Re-
duceScatter. This is because the graph created by duplicating switch vertices, say
for AllGather, is not symmetric with respect to time. As an easy example, the in-
degree of a switch vertex copy is not the same as the out-degree. So duplicating
vertices in this manner can only support copy operations or reduction operations,

but not both simultaneously.

Relaxations

As it is difficult to write a reasonably sized exact formulation, we will begin with
the simplest relaxation. We return to our standard techniques of adding usage
variables on top of a standard multicommodity flow formulation. Here, we rede-
fine our w variables to be just dependent on the edge, but not on the data’s origin
or destination, because we know that the maximum of all f variables on an edge

is a lower bound for the total usage on the edge.
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Unfortunately, when evaluating this formulation on real inputs, we find that

The second formulation we introduce attempts to capture the usage on each

Z feoa— Y feoa=0 foroe VI, deVFl,ve V™ \{od}
e€d—(v) e€dt(v)

Z feod Z feod fOI‘OG‘/OT,dG‘/dT
ecd— (o) e€dt(o

Z feod Z feod__1 fOI'OEV;T,dEV;lT
e€d— ecét(d)

wez.fe,od fOI'@EET,OGVVOT,dG‘/dT
D wnienyo < sH(L) forLel,tef0,... . T—1}
el oeV

fiw =0

it performs extremely poorly. Our usage variables completely fail to accurately
describe the usage of edges, so the resulting solutions are nearly unusable. Natu-

rally, we then attempt to find a stronger relaxation.

edge by explicitly enumerating all possible reductions. To do this, we introduce
variables w, s for every edge e € ET and every subset S C V!, which represent
the usage on the edge by a reduction of exactly the inputs in S. To govern how
data passes through the time-expanded network, we have a constraint that says if
a reduction of inputs S leaves some vertex v, all inputs o € S must have arrived

at v as a component of some other reduction S C S. In particular, for any set of
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inputs S, it should be true for every origin o € S that the total amount of data
from o arriving to v, when considering all possible intermediate reductions to S
that include o, should be enough so that we can send enough data out of the vertex

without violating conservation on the o commodity. This gives the constraint:

Z Z Wergr > Weg forS e 2V oeSveVi\{odlecd (v) (43)

e'edt(v) S'CS:0e8’

The remaining additional constraints that we need ensure that no reductions
occur at vertices that do not support them, that data begins as a reduction of a sin-
gle piece of data (i.e., no reductions have occurred), and that enough data arrives

at the destination.

Combining these gives the following formulation.
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mlng Ce E We,§

ecET SGQVT

s.t. Z Jeoa— D feoa= foroe V,\,d eV, veVT\{o.d}
ecd~(v) e€dt(v)
Z fe,o,d - Z fe,o,d =1 foro € ‘/OT, d e VdT
ecd— (o) e€dt (o)
Z feod_ Z feOd_ fOI'OE‘/;T,dEVdT
e€d— e€dt(d
Z We, s > fe,o,d fore € ET, (S ‘/OT, de VdT
Se2Vd 0eS

E § Wer 57 Z We, s

e’'edt(v) §'CS:0e8’

forS €2 oe S veVli\{od}eecd (v)

Z Wes = Y Wes for 5 € 2% v eV, \ {o,d}
e€d—(v) ecst (v)
We, {0} = 1 foro € ‘/OT, e c 57<0)
wWe,5 =0 foroe V' eed (0),5 €2 \ {o}
Z Z We,g =1 foroc V', d eV}

e€0t(d) 5oV .0es

Z Z W(et),s < sb(L) forLeL,te{0,...,T—1}
ecl SEQV‘;T
w e {0,1} (4.4)

Even this formulation isn’t quite exact. In particular, it constraint (4.3) allows
for the reduction of two pieces of data which share some components, which does

not work for general reduction operations. (In some cases, this isn’t a problem,
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for example if our reduction operation is a maximum function or a minimum

function.)

Furthermore, we cannot relax this solution to allow for fractional w variables
without allowing many bad scenarios. The main concern is that by allowing frac-
tional values, fractional flows can have the same source of data so we’re actually
getting multiple copies of the same information instead of all the information.

(That is, this formulation cannot easily be adapted form CM3.)

Expressing AllReduce as a combination of other collectives.

Since the previous formulations are not very useful, we will consider the ap-
proach frequently used to generate algorithms for AllReduce, where we perform

ReduceScatter followed by AllGather on the result.

We begin with an argument about the structure of optimal solutions, with the
claim that such solutions tend to have reductions take place before making copies.
We present the following theorem without proof to provide some justification for

why this should be true.

Theorem 5. Given an AllReduce algorithm in which some piece of data is copied and
later reduced, we can find an algorithm with identical latency that transmits less total
data (where we sum the total amount of data sent over all edges) where the reduction

happens first.
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Though this theorem does not guarantee that there is an optimal solution with
reductions before copies for any arbitrary objective, it is still decent justification to

restrict such solutions.

Even so, this does not necessarily mean that the best strategy is to do a Re-
duceScatter followed by an AllGather. There are two particular ways in which
this may not be optimal. First, this assumes the intermediate state of the solution,
namely that equal amounts of the reduction result are present on each GPU. In
non-symmetric topologies, this need not be the best intermediate state. Secondly,
although we argued that for each piece of data, the reduce before copy criteria
should be true, this does not mean that we need to wait for all reductions to finish
before we can begin any copy operations. We may be able to benefit by paralleliz-
ing the beginning of the AllGather algorithm and the end of the ReduceScatter

algorithm.

We briefly describe the modifications we make to our formulations to address
these concerns. For the first concern, to be fully general, we introduce an addi-
tional variable that describes what portion of the total reductions is completed
on each vertex. For the second, we lean on our fluid formulation (LP(4.2)), with
which we can ensure that for each piece of data, the reduce before copy criteria
holds true. Then we combine our formulations for AllGather and ReduceScatter,
where the formulations are only linked by the shared bandwidth constraints and

shared costs.
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CHAPTER 5
EXPLOITING SYMMETRY

Our linear programs are always very structured, so it should not be a surprise
that we can use standard decomposition techniques here. We start with a stan-
dard Dantzig-Wolfe decomposition, where we describe our linear programs as
many nearly-independent subproblems, each of which restricts the routing of data
from a single origin. By iteratively solving the subproblems with varying objec-
tive functions, we converge to an optimal solution to the original large linear pro-
gram by only ever solving the subproblems. We augment this procedure with a
new method we call Mirrored Dantzig-Wolfe. We define symmetry in the con-
text of our input, and observe that if the input is symmetric, we can always find
optimal solutions that are also symmetric. And by constraining our solution to
be symmetric, every subproblem in our previous Dantzig-Wolfe decomposition is
isomorphic, that is they can all be mapped to solutions to every other subprob-
lem while preserving feasibility. Using this idea, we are able to make equivalent
progress solving only one subproblem (as opposed to n subproblems) each itera-

tion.

The size of these subproblems is roughly a factor of n? smaller than the original
problem, and the number of iterations required does not grow very fast, so we can

solve the original linear programs much faster.
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5.1 Dantzig-Wolfe decomposition

Although the sizes of all our linear programs so far are polynomial in the size of
our underlying graph G, they still may become intractable as the size of the graph
grows. For example, for AllGather, the number of variables needed in LP(4.2) is
Q(n?). This motivates us to find ways to improve the computation time for our LP

solvers.

Still restricting our attention to AllGather, (see LP(4.2)) we may notice that
the variables for each choice of origin o € V. are mostly isolated; that is, nearly
all of the constraints only connect variables with the same choice of 0. Only the
bandwidth constraints involve variables with different o values, and even then,

only the w variables are linked, not the more numerous f variables.

These features make our problem a good candidate for Dantzig-Wolfe decom-
position, a technique frequently used for multicommodity flow problems [1]. To
give a slightly more detailed overview, Dantzig-Wolfe decomposition is a refor-
mulation of structured linear programs as a master problem and subproblems,
where variables in each subproblem are only connected by a few linking con-
straints. For each subproblem, we use the fact that any polytope can be described
as a convex combination of its extreme points. In the master problem, we sub-
stitute the variables with their description as a convex combination and use the
convex combination coefficients as our new variables. This converts our problem

into one with only a few constraints, but (exponentially) many variables. We can
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solve this converted problem using column generation, where we set the objective

for each subproblem to try to find new extreme points that improve the solution.

In our case, for AllGather, we have a subproblem (S,) for each o € VI that

looks like:
T-1
r?,iwn Z Z éeu}rﬂ(e,t),o
ecE t=0
st Y feod— Y. feoa=0 forde V], veVT\ {o,d}
e€d—(v) ecédt(v)
Z feod_ Z feod—1 fOI'dEVdT
e€d— (o) e€dt (o)
Z fe,o,d_ Z feod__ fOI'dGVdT
e€d—(d) ecét(d
Weo > food forec E',d eV}
fiw =0, (5.1)

where the ¢, are costs dependent on the current master problem solution. To state
the master problem, let J, index the set of extreme points of the polyhedron de-

fined by (S,). And let w] , be the w., values at the jth extreme point of the poly-
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hedron. Then our full master problem is:

mln ZZce Z Z/\g)ifjfet)o

ecE t=0  ocV[TI jeo

s.t. ZZ S>> Nk, < Rb(L) for L e L

t=0 e€L oV jelo

Y N=1 foroec V!
Jj€Jo
N >0 foroe VI je J,.

We note that none of this reformulation strategy is specific to the AllGather
formulation we have chosen. Virtually all of the formulations (excluding those

that index variables by subsets) can be decomposed in this same manner.

5.2 Mirrored Dantzig-Wolfe

Even with our Dantzig-Wolfe decomposition, these LPs may take a long time to
solve. However, in many cases, we may notice that our Dantzig-Wolfe decompo-
sition is made up of subproblems that seem remarkably similar, especially when
we our inputs are symmetric in some sense. In this section, we discuss how we

can leverage this idea to greatly improve computation time.
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Symmetry

We begin by defining symmetry. Before we state a rigorous definition, we pro-
vide some intuition for what we mean. Essentially, we want to capture the phe-
nomenon where some pair of GPUs are indistinguishable: for a pair of GPUs ¢,
and ¢, if we removed all labels from our input, there would be no way of telling

the difference between ¢; and gs.

More formally, we say that two vertices ¢; and g, are indistinguishable if there

is a bijection x : V' — V such that x(¢:) = g2 and for all vertices vy, v, € V,

(v1,v2) € Eif and only if the edge; (x(v1), x(v2)) € E;

v €V, if and only if x(v) € V, (and analogously for V;, V., V,);
® Clorwn) = Clx(v)ix(wz)) fOT (v1,02) € B

® b(L) =b({(x(v1),x(v2)) : (v1,v2) € L}) for L € L.

Now we can define symmetry. First, we will introduce a “Symmetry Partition”
P of the vertices V, into “indistinguishability classes” where for any P € P, if for
91,92 € P, g1 and g, are indistinguishable. We begin by proving a useful lemma

about Symmetry Partitions:

Lemma 6. Given a Symmetry Partition P, there are functions = : V x [|P|] — V for

each P € P such that

* 7(-,1) is a certificate of indistinguishability for v, (v, 1) for v € P forall i,
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e {n(v,i):i €[|P|]} = Pforallv e P.

Proof. We let H be the group of all bijections x : V' — V' that preserve the graph
structure (that is, they satisfy the above four conditions). Then we may say that
two vertices are indistinguishable if and only if they are in the same orbit under
the H-action. And therefore, the parts in our Symmetry Partition P exactly corre-

spond to orbits of H.

Now we construct 7 for each P € P. Fix some vy € P. Then we know P =

{h1(vo), ..., hp|(vo)} for some hy, ..., hp € H. Welet m(v,i) = h;(v).

First, we note that by the definition of our group action, 7 (-, %) acts as a certifi-
cate of indistinguishability. And for any v € P, there is some i’ € H such that

R (vy) = v, so we find that

{m(v,3) i € [|[P[]} = {gi(v) : 0 € [|P[]}
= {gi(h(v0)) : 7 € [|P[I}
= {gi(vo) - i € [|PI]}

=P.
Therefore, our constructed 7 satisfies the requirements in the Lemma. O
In the following, we will extend the functions 7 in the natural way to also ap-

ply to edges: m((v1,v2),7) = (w(v1),7(v2)) and sets: 7#(W,i) = {n(v) : v € W}

We further extend the notation to also work on vertices and edges our con-
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structed time-expanded networks: 7(v”,i) = (7(u(v),4), 7(v")) for ¥ € VT, and

m((of,v3),1) = (w(vf), w(vy)) for (vf, v7) € ET.

Existence of symmetric solutions

Now, we establish that formulation LP(4.2), (and other similar LP formulations)

have optimal symmetric solutions.

A solution is symmetric with respect to 7 if for all i € [|P|], fr(c.i)r(0,i)r(di) =

fe,o,qa for all f variables and wy(c i) r(0,i) = We,, for all w variables.

Theorem 7. Given a solution to LP(4.2), Symmetry Partition P, and associated functions
7 for each P € P, we can find a solution to LP(4.2) of equal cost that is symmetric with

respect to every .

Proof sketch. Take any solution f°, w to LP(4.2). We will describe a process to find
a symmetric solution with equal cost. We will describe the argument for f, but the

same argument holds for w.

Consider the all the sets P;,...,P. € P and their corresponding func-

tions my,...,m. For each choice of j from 1 to r, we compute f/ , =

j—1
ZiGHPjH ffjr(e,i),rr(o,i),ﬂ(d,i)/ypj|'

Though we will not rigorously show this, it is not hard to check that f7 is

symmetric w.r.t. 7;. We can also check that if f/~! is symmetric w.r.t. some 7,
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then f7 is also symmetric w.r.t. 7;. These two results are enough to conclude that

f" is symmetric with respect to every . [

Now that we know that there is a symmetric optimal solution, we can take
advantage of the symmetry and only search for a symmetric solution. In par-
ticular, we can constrain our solution to ensure that fr(c:) (o) r(di) = feoa fOr
i € [|P|], P € P (and the same for w variables). Notably, now when we perform
our Dantzig-Wolfe decomposition, we can guarantee that for 01,00 € V,T, if (o)
and yi(o;) are in the same indistinguishability class, then subproblems S,, and S,
are isomorphic; that is, they are identical up to the relabeling of variables. Fur-
thermore, they remain identical after each iteration. Therefore, instead of solving
|V,| subproblems each iteration, we only need to solve one subproblem per indis-
tinguishability class (|P| subproblems). And in the special case where all v € V,,

are indistinguishable, we need only solve one subproblem per iteration.

To be concrete, given Symmetry Partition P, for each P, € P, choose o, =

(v,0) € VI for some v € P, and also define 7, to be the function associated with
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Py. Then we create subproblems (S)) for each indistiguishability class F:

mln E gcew,{et

ecE t=0
st Y feod— Y feopa=0 ford e V], ve VT {o,d}
e€s—(v) ecs+(v)
Z fe ks Z Jeopa =1 ford e V]
e€d™ ecst (og)
Z fe,ok,d - Z fe,ok,d = -1 ford e ‘/dT
e€d~(d) ecdt(d)
We, oy, > fe,ok,d fore ¢ ET/ de ‘/dT
fyw = 0. (5.2)

And in our master problem, we replace the bandwidth constraint with the

constraint

| Pr|

ST N eie < BU(E)

t=0 e€L PyeP jedo,, i=1

T—

>_a

for each bandwidth constraint L € £. We are now considering each indistin-
guishability class P, separately, then determining the contribution of an extreme

point to the usage of an edge by finding all the usages that map to the edge via 7.
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Then the master problem becomes:

mln ZZCEZ Z)\ K(et

ecFE t=0 PreP jedo,
| Pg|

5.t ZZZ DN N e o < BO(L) for L € L

t=0 ecL PkEPJGJ,,k i=1

Z)\zkzl for P, € P

JEJoy,

A >0 for P, € P,j € J,,.
Additional thoughts

Though we will not elaborate on how we might do so, none of our Mirrored
Dantzig-Wolfe method depends on the subproblems being linear programs. In
fact, the subproblems are independent minimization problems without capacity
constraints, regardless of how they are formulated. So we could even let our sub-
problems be integer or non-linear programs, where they solve a single component
of a packing problem with the capacity constraints removed. For our specific in-
stance, we can avoid many of the problems we encountered due to our linear
programs being relaxations by instead solving the integer programming version
of the minimization problem at each subproblem. For us, this minimization prob-
lem is just a directed Steiner tree problem, for which there are many existing tech-

niques.

In essence, what this suggests is that we may be able to solve symmetric pack-
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ing problems by instead solving many instances of a pure minimization problem,
and it is not hard to imagine how the minimization version of the problem may

be easier.
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CHAPTER 6
EVALUATIONS

We have validated our results through extensive experimentation. We begin by
highlighting some of our results on AllGather. In what follows, the experiments
discussed are for AllGather unless otherwise noted. Here, we report results on
the DGX A100 topology (see [4, Fig. 7] for a depiction), where we use a multi-rail

structure to increase the size of the topology beyond a single server [16].

Comparison against TE-CCL

We evaluate the computational performance and solution quality of our algorithm
against TE-CCL [10] across varying cluster sizes. Our experiments demonstrate
significant improvements in both scalability and latency, with our algorithm suc-

cessfully solving problems that TE-CCL cannot handle at scale.

We compared our algorithm against TE-CCL’s publicly available code config-
ured with 1 and 2 chunks. The performance metrics include total generation time
(time to compute the communication schedule), latency (execution time of the re-
sulting schedule), and objective function value. Notably, TE-CCL’s formulation
cannot directly model memory behavior without modification, so we conducted
comparisons on the topology with memory vertices removed. Additionally, while
TE-CCL’s published work focuses on heuristic methods for AllGather operations,

we compare against their optimal solution method as the closest comparison to
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our methods.

Our Techniques | TE-CCL (1 ch.) | TE-CCL (2 ch.)
GPUs|Time Lat. Obj. |Time Lat. Obj.|Time Lat. Obj.
8 1295 0.021 109.7|3.15 0.031 112 | 6.23 0.031 112
16 |27.6 0.045 504.9|22.7 0.24 530|91.1 0.24 530
32 822 012 2092 | - - - - - -
64 | 634 028 8600 | - - - - - -
128 [9870 0.60 33640| - - - - - -

Table 6.1: A comparison of time (s), latency (s/GB), and objective values for our
techniques against TE-CCL on 1 and 2 chunks. Missing entries did not finish to
optimality within a 5 hour time limit.

Table 6.1 presents the performance comparison between our techniques and
TE-CCL across cluster sizes ranging from 8 to 128 GPUs. Our algorithm demon-
strates superior scalability, successfully generating solutions for all tested config-
urations up to 128 GPUs, while TE-CCL fails to complete computation for any
configuration larger than 16 GPUs. Furthermore, TE-CCL fails to generate solu-
tions using more than 2 chunks for all but the smallest experiment size. Naturally,
these results lose out on most of the benefits of pipelining, and cannot hope to
compare to the quality of our solutions in terms of latency. The experimental re-

sults show exactly this phenomenon.

Our evaluation results demonstrate the power of our techniques: even for
state-of-the-art servers consisting of heterogeneous processors (CPUs and GPUs),
memory (classical DRAM as well as GPU memory), and peripheral interconnects
(classical PCle as well as inter-GPU NVLink interconnects), and even with promi-

nently used large-scale network topologies, our techniques enable us to compute
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optimal network communication algorithms within a couple of hours. As men-
tioned earlier, this has powerful implications beyond designing network commu-
nication algorithms for existing distributed ML/ Al clusters. For example, the abil-
ity to quickly synthesize optimal algorithms for a given network topology enables
relative comparison of different network topologies, an open problem in network-
ing for ML/ Al clusters [16]. As another example, the ability to quickly synthesize
optimal algorithms for a given server hardware enables principled cost-benefit
analysis of various hardware design points from a single vendor and across ven-
dors (e.g., from NVIDIA, AMD, and many other startups building ML/AI com-

pute and networking hardware).

Evaluating the benefit of symmetry.

To isolate the contribution of our novel Mirrored Dantzig-Wolfe technique, we
compared our approach against a standard Dantzig-Wolfe implementation. This
analysis demonstrates that our symmetry-exploiting modifications are not merely

beneficial but essential for achieving computational tractability at scale.

Table 6.2 shows the generation time comparison between standard Dantzig-
Wolfe decomposition and our Mirrored Dantzig-Wolfe approach across increas-
ing cluster sizes. We note that the relative performance gain increases with the
size of the cluster, demonstrating that the computational advantages of Mirrored

Dantzig-Wolfe become more pronounced as the size of the system grows.
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Standard |Mirrored
Dantzig- | Dantzig-

GPUs| Wolfe Wolfe
8 60.5 2.95
16 2610 27.6
32 34700 82.2
64 - 634
128 - 9870

Table 6.2: Algorithm generation runtime (s) of standard Dantzig-Wolfe vs Mir-
rored Dantzig-Wolfe. Missing entries did not finish to optimality within a 10 hour
time limit.

6.1 Additional results

We ran many more experiments than just those mentioned above. In this section,
we present the results for many of our raw experiments before discussing some of

the insights they may provide us.

We assume every cluster is made up of many identical servers (which we will
refer to as nodes). These nodes are connected together in a multirail structure,
which means that the first GPU from every node is connected to a common switch,
the second GPU from every node is connected to a second common switch and so

on.

We ran experiments for these topologies in three scenarios:

* Only using NVLink to communicate between GPUs

¢ Completely ignoring NVLink
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¢ Using all links, including NVLink

On all of these configurations, we ran All-to-all and AllGather. For techniques
other than our own, we did our best to adapt their methods for these topologies,
though some liberties had to be made, and in some circumstances, we were unable

to reconcile our requirements with their methods.

Also note that time and latency values are rounded to three significant figures,

while objective values are rounded to four.

6.1.1 Our results

We will present the results as a series of tables, where the description of each table
contains the information about them. Any entry left blank indicates that we were
unable to get a result for the indicated parameters due to some physical limitation,

usually either time or memory.

Nodes GPUs | Time (s) Latency (s/GB) Objective
1 8 0.247 0.0233 112
2 16 19.3 0.0462 516.9
4 32 42.8 0.12 2176
8 64 254 0.28 8960
16 128 865 0.60 36350
32 256 5360 1.24 146400

Table 6.3: Our methods, AllGather, DGX A100 Topology, using only NVLink
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Nodes GPUs | Time (s) Latency (s/GB) Objective
1 8 0.257 0.0219 92
2 16 3.9 0.469 424
4 32 22 0.969 1808
8 64 360 1.97 7456
16 128 4200 3.97 30270
32 256 - - -

Table 6.4: Our methods, AllGather, DGX A100 Topology, using no NVLink

Nodes GPUs | Time (s) Latency (s/GB) Objective
1 8 2.95 0.0211 109.7
2 16 27.7 0.0452 504.9
4 32 82.1 0.12 2092
8 64 634 0.28 8600
16 128 9870 0.60 33640
32 256 - - -

Table 6.5: Our methods, AllGather, DGX A100 Topology, using all links

Nodes GPUs | Time (s) Latency (s/GB) Objective
1 8 0.854 0.0233 112
2 16 1.04 0.32 960
4 32 4.36 0.96 4864
8 64 21.6 2.24 21500
16 128 106 4.80 90110
32 256 633 9.92 368600

Table 6.6: Our methods, All-to-all, DGX A100 Topology, using only NVLink
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Nodes GPUs | Time (s) Latency (s/GB) Objective
1 8 0.198 0.375 112
2 16 0.902 0.75 736
4 32 4.58 1.5 3520
8 64 15.4 3.0 15230
16 128 97.1 6.0 63230
32 256 467 12.0 257500

Table 6.7: Our methods, All-to-all, DGX A100 Topology, using no NVLink

Nodes GPUs | Time (s) Latency (s/GB) Objective
1 8 1.02 0.021 112
2 16 2.84 0.32 764.2
4 32 15.1 0.96 3689
8 64 75.1 2.24 16020
16 128 330 4.8 66610
32 256 1550 9.92 271500

Table 6.8: Our methods, All-to-all, DGX A100 Topology, using all links

6.1.2 ForestColl results

We ran an implementation of ForestColl [20] we received from the authors of the
paper that is more efficient than the publicly available code and was specially
written to take advantage of parallelization. In order to make it work, we needed
to assume memory components behaved as switches, and ignored memory band-

widths.

Notably, ForestColl only produces results for three collectives: AllGather, Re-

duceScatter, and AllReduce. So here, we only present the results from AllGather.
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Nodes GPUs | Time (s) Latency (s/GB) Objective
1 8 0.294 0.0233 112
2 16 0.965 0.0462 512
4 32 2.10 0.12 2176
8 64 7.90 0.28 8960
16 128 39.2 0.60 36350
32 256 315 1.24 146400

Table 6.9: ForestColl, AllGather, DGX A100 Topology, using only NVLink

Nodes GPUs | Time (s) Latency (s/GB) Objective
1 8 0.189 0.0219 112
2 16 0.670 0.469 512
4 32 1.69 0.969 2177
8 64 4.17 1.97 8960
16 128 194 3.97 36350
32 256 135 7.87 146400

Table 6.10: ForestColl, AllGather, DGX A100 Topology, using no NVLink

Nodes GPUs | Time (s) Latency (s/GB) Objective
1 8 0.308 0.0211 112
2 16 1.31 0.0452 512
4 32 2.20 0.12 2176
8 64 10.2 0.28 8960
16 128 55.2 0.60 36350
32 256 419 1.24 146400

Table 6.11: ForestColl, AllGather, DGX A100 Topology, using all links

6.1.3 TE-CCL results

We ran our experiments for TE-CCL using the publicly available code on GitHub.

As before with ForestColl, we needed to ignore memory bandwidth limitations,
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and to treat memory like switches. Furthermore, as part of the input to TE-CCL
for solving AllGather, we need to provide a number of chunks (as in CM2). Given
how the performance worked out, we only ran experiments for one and two

chunks. All-to-all doesn’t rely on specifying a number of chunks.

TE-CCL offers multiple options for solving which need to be specified at the
beginning. Since we wished to compare against other synthesizers that pur-
ported to produce optimal solutions, we used the setting to solve to optimality,
and counted it as a failure if the integer program didn’t solve. It is worth noting
that TE-CCL also provides various heuristic methods based on their exact method
that solve slightly faster (though in our experiments, the difference was minimal)

to produce worse solutions, so in someways, we are being uncharitable towards

them.
Nodes GPUs | Time (s) Latency (s/GB) Objective

1 8 3.15 0.0313 112

2 16 22.74 0.24 530

4 32 - - -

8 64 - - -

16 128 - - -
32 256 - - -

Table 6.12: TE-CCL, 1-chunk, AllGather, DGX A100 Topology, using only NVLink
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Nodes GPUs | Time (s) Latency (s/GB) Objective
1 8 17.9 0.313 112
2 16 - - -
4 32 - - -
8 64 - - -
16 128 - - -
32 256 - - -

Table 6.13: TE-CCL, 1-chunk, AllGather, DGX A100 Topology, using no NVLink

Nodes GPUs | Time (s) Latency (s/GB) Objective
1 8 4.89 0.0313 112
2 16 32.76 0.24 534
4 32 - - -
8 64 - - -
16 128 - - -
32 256 - - -

Table 6.14: TE-CCL, 1-chunk, AllGather, DGX A100 Topology, using all links

Nodes GPUs | Time (s) Latency (s/GB) Objective
1 8 6.23 0.0313 112
2 16 91.1 0.16 522
4 32 - - -
8 64 - - -
16 128 - - -
32 256 - - -

Table 6.15: TE-CCL, 2-chunks, AllGather, DGX A100 Topology, using only

NVLink
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Nodes GPUs | Time (s) Latency (s/GB) Objective
1 8 83.9 0.313 112
2 16 - - -
4 32 - - -
8 64 - - -
16 128 - - -
32 256 - - -

Table 6.16: TE-CCL, 2-chunks, AllGather, DGX A100 Topology, using no NVLink

Nodes GPUs | Time (s) Latency (s/GB) Objective
1 8 9.16 0.0313 112
2 16 107.7 0.16 522
4 32 - - -
8 64 - - -
16 128 - - -
32 256 - - -

Table 6.17: TE-CCL, 2-chunks, AllGather, DGX A100 Topology, using all links

Nodes GPUs | Time (s) Latency (s/GB) Objective
1 8 20.0 0.0625 112
2 16 302 0.44 912.6
4 32 3170 1.08 4463
8 64 - - -
16 128 - - -
32 256 - - -

Table 6.18: TE-CCL, All-to-all, DGX A100 Topology, using only NVLink
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Nodes GPUs | Time (s) Latency (s/GB) Objective
1 8 30.1 0.469 112
2 16 470 0.880 696.3
4 32 - - -
8 64 - - -
16 128 - - -
32 256 - - -

Table 6.19: TE-CCL, All-to-all, DGX A100 Topology, using no NVLink

Nodes GPUs | Time (s) Latency (s/GB) Objective
1 8 55.9 0.0625 112
2 16 810 0.52 800.9
4 32 8760 1.16 4313
8 64 - - -
16 128 - - -
32 256 - - -

Table 6.20: TE-CCL, All-to-all, DGX A100 Topology, using all links

6.1.4 Discussion

We will now summarize some points we should take away from the mass of ta-
bles presented above. Compared to our techniques, ForestColl nearly matches the
quality of our solutions, and typically generates them an order of magnitude more
quickly. Some of this speed difference can be attributed to the extra effort spent
optimizing their code to allow more efficient computation, but in the instances
where it works, their techniques are very impressive. However, their methods are
not universal, and still require making heavy assumptions about the input topol-

ogy. They were able to get away with it in this instance because memory band-
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width was not a large consideration, but it is not so difficult to construct instances

(as we did in Chapter 2) where this could become problematic.

In comparison, TE-CCL does much worse. Their integer programs just solve
too slowly to scale anywhere near as well as our methods, and the quality of their

results is greatly hindered by their limitation on chunks.

We also tried to run experiments on TACCL [13], but due to the way they
encode switches, it was impossible to run on an input that explicitly represented
memory, even if we wished to treat it as a switch. TACCL also suffers from the
same problem as TE-CCL, in that we must specify some number of chunks ahead
of time. So even in the one configuration without memory (using only NVLink),

we would not expect to generate competitive solutions.
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CHAPTER 7
CONCLUSIONS

This dissertation has focused on optimizing collective communication patterns
in large-scale machine learning clusters, addressing an important concern for in-
creasingly distributed training procedures. Using standard linear programming
concepts combined with novel algorithmic techniques, we developed a frame-
work that achieves provably optimal communication algorithms while maintain-

ing computational tractability at large scales.

Our theoretical contributions were presented in three chapters: Chapter 3 pro-
vided linear programming formulations that capture the unique properties of col-
lective communication, Chapter 4 presented techniques for converting between
steady-state solutions and implementable discrete algorithms, and Chapter 5 in-
troduced a technique we called Mirrored Dantzig-Wolfe, which exploits network
symmetry for considerable empirical speedups. We validated our results with a

wide range of experiments in Chapter 6.

We now conclude by including some speculation about potential implications

of this work.
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Design of distributed architectures

One significant implication beyond optimizing existing systems is the possibility
to use these methods to assist in designing future distributed architectures. Since
we can easily determine the performance of various collective algorithms on any
proposed topology, we can determine the benefits of a topology without relying

on empirical benchmarks.

Beyond the design of new topologies, our formulations naturally allow us to
explore sensitivity to bandwidth constraints on different link sets. By solving with
varying bandwidth parameters, system designers can identify the links that most
affect communication performance. This could allow bandwidth tuning and as-
sist with answering questions like whether investing in higher GPU-to-memory
bandwidth would be more beneficial compared to improving inter-GPU connec-

tivity.

Multiple collectives

A key strength of our approach lies in its natural extension to multiple simulta-
neous collective operations. The secondary objective optimization we developed
proves particularly useful in this situation. By minimizing total data upload and
download volumes across GPUs, our secondary objective reduces contention for
shared resources, enabling multiple collectives to execute concurrently without

performance degradation, especially compared to other techniques that remain
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oblivious to bandwidth utilization on links not used at full capacity.

Not only can we extend to the setting of multiple collectives by layering so-
lutions on top of each other, the flexibility of our model means that we are also
able to fully encode multiple collectives within a single formulation and use our

techniques to find an optimal solution for the combination of collectives.

Concluding Remarks

This dissertation has developed a comprehensive framework for synthesizing col-
lective communication algorithms that addresses important performance chal-
lenges in distributed systems. The techniques we introduced have enabled prac-
tical optimization at a better combination of flexibility and scalability than other
existing methods. As distributed machine learning systems continue to grow in
scale and complexity, systematic approaches to communication optimization will
become increasingly important, and the mathematical foundations established
here contribute to this ongoing effort by providing both theoretical insights and

practical algorithms for efficiently utilizing computational resources.
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APPENDIX A
SIMPLE BOUNDS ON COLLECTIVES

In this section, we will argue some simple lower bounds that may be useful in
establishing the optimality of solutions without relying on solving any linear pro-
grams. For this section, let b,,, be a universal GPU upload bandwidth limit, which
restricts the total data transmitted from any GPU to any other component, and
similarly, bgoun limiting the amount of data downloaded onto (received by) any
GPU from any other component. Note arbitrary topologies need not have iden-
tical GPU upload bandwidths, but every GPU should have some bound on data
uploaded or downloaded, and we can take the most permissive bounds to be the

universal limits.

We now argue lower bounds for collective operations in terms of b, and bgoun.-

Recall that we assume the quantity of data we need to transmit is 1 unit.

Broadcast

Theorem 8. Any Broadcast algorithm requires 1 unit of data uploaded from the root GPU
and 1 unit of data downloaded to all other GPUs.

Proof. In any Broadcast algorithm, at least 1 unit of data must leave the root GPU.

All other GPUs must receive at least 1 unit of data. O]
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Theorem 9. Any Broadcast algorithm will have latency at least 1/ min{by;, biown }

Proof. By Theorem 8, at least 1 unit of data is uploaded from the root GPU, which
requires time at least 1/b,,. Similarly, other GPUs download 1 unit of data, which

requires time at least 1/b40,,. Combining these gives our bound. O

AllGather

Theorem 10. Any AllGather algorithm requires at least 1 unit of data uploaded per GPU
and at least (n — 1) data downloaded per GPU.

Proof. In any AllGather algorithm, each GPU must receive D data from every
other GPU. Which s (n—1) data downloaded. And atleast 1 unit of data from each

GPU needs to reach the other GPUs, which requires 1 unit of data uploaded. [

Theorem 11. Any AllGather algorithm will have latency at least (n — 1) /baown

Proof. By Theorem 10, each GPU must download (n — 1) data. Due to the band-

width limit, this requires latency at least (n — 1) /baown.- O

Reduce

Theorem 12. Any Reduce algorithm requires at least 1 unit of data downloaded to the
root GPU and at least 1 unit of data uploaded from all other GPUs.
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Proof. In any Reduce algorithm, the data from each GPU must leave it somehow,
which is 1 unit of data that must be uploaded. And by definition, at least 1 unit of

data must arrive at the root GPU. O

Theorem 13. Any Reduce algorithm will have latency at least 1/ min{by, baown }-

Proof. By Theorem 12, all GPUs other than the root must upload at least 1 unit
data, which requires time at least 1/b,,,. Similarly, the root GPU must download
at least 1 unit of data, which requires time at least 1/b4,,,. Combining these gives

our bound. O]

ReduceScatter

Note that we do not require all the data to be uploaded, because some pieces of
data only need to stay on the same GPU. We use input to refer to the data that
begins at a GPU. And we will say a piece of data is an h-reduction if it is the result
of the reduction operation on % inputs. So if no reductions have happened to a
piece of data, it is a 1-reduction, and if the data is the result of reducing all of the

inputs, it is an n-reduction.

We say that a GPU g has acquired an input if either that data is on g, or if the

result of reduction operations involving the input is on g.

Lemma 14. Any algorithm in which a GPU g acquires n indivisible inputs requires at

least n — 1 downloads to GPUs.
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Proof. We prove this by strong induction. Naturally, for the base case, if g has
acquired one input, it requires no downloads. (The one piece of data can be the

one beginning on g.)

For an inductive hypothesis, suppose that an algorithm in which g acquires ¢

indivisible inputs requires at least / — 1 downloads for 1 < ¢ < h.

Then consider an algorithm in which g acquires (h+1) inputs. Say the last piece
of data downloaded to g is a s-reduction. Then we have i + 1 — s data already
on g. By our inductive hypothesis we require at least » — s downloads for all the
data to arrive at g. And s-reduction in the last download must be the result of a
reduction operation at some GPU ¢/, so ¢’ must have acquired s inputs. Again by
the inductive hypothesis, this data required at least s — 1 downloads. So in total,
the two pieces, along with the final download to gis atleasth —s+s—1+1=h

downloads. N

Lemma 15. Any algorithm that produces a unit-sized n-reduction requires at least (n—1)

data downloaded to GPUs.

Proof. 1f an algorithm produces a n-reduction of indivisible inputs on GPU g, then
g will have acquired n indivisible inputs. So by Lemma 14, this requires n — 1

downloads.

So consider any algorithm that produces a unit-sized n-reduction where the
inputs are divisible into & subdivisions of size 1/k. Then each subdivision re-

quires (n — 1)/k data downloaded, which totals to (n — 1) data downloaded to
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GPUs. By making k arbitrarily large, we can conclude that this is true even with

no divisibility restrictions. O

Theorem 16. Any ReduceScatter algorithm requires at least (n — 1) total data down-

loaded summed over all GPUs and at least (n — 1) /n total data uploaded per GPU.

Proof. For a ReduceScatter algorithm, every final piece of data is a n-reduction,
each of size 1/n. So by Lemma 15, each n-reduction requires (n — 1)/n total data
downloaded by some GPU. So summing over all GPUS, the total amount of data
downloaded is at least (n — 1). And each GPU has (n — 1)/n data that must leave

and end up on another GPU. So this must all be uploaded. O

(n—1)
n min{bupybdown} ’

Theorem 17. Any ReduceScatter algorithm will have latency at least

Proof. By Theorem 16, at least (n — 1)/n data is uploaded at one of the GPUs, and

at least (n — 1)/n data is downloaded at one of the GPUs.

") Taking

bdown

Using the limiting bandwidth for each gives bounds of (Zl; i) and TE

the better of the two yields the claimed bound. O

AllReduce

Theorem 18. To create n copies (across n GPUs) of a piece of data of unit size that is the

reduction of n inputs requires at least (2n — 2) data downloaded (across all GPUs).
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Proof. In particular, we will argue that any algorithm that creates ¢ identical n-
reductions of indivisible inputs requires n + ¢ — 2 downloads to GPUs. Again, we

will prove this by induction on the number of identical copies.
To begin with, when ¢ = 1, the claim follows from Lemma 14.

Say that for ¢ — 1 copies of a n-reduction, we require n + ¢ — 3 downloads to
GPUs. And suppose there is an algorithm that produces ¢ copies of a n-reduction,
with no more than n 4 ¢ — 3 downloads. Consider such an algorithm with mini-
mum total downloads and take a last download (say to GPU g) in the sense that
no download or upload from g occurs after this download. This download can
only benefit the resulting data on g. So if we removed this download from the
algorithm, ¢ — 1 GPUs should still end with a copy of the n-reduction. But that
would mean that this algorithm could produce ¢ — 1 n-reductions on ¢ — 1 GPUs
with n 4 ¢ — 4 downloads, which contradicts our inductive hypothesis. So indeed,

we need n + ¢ — 2 downloads for ¢ copies of a n-reduction.

Therefore, we require 2n — 2 downloads for n copies of a n-reduction of indi-

visible data.

So consider any algorithm that produces n copies of a n-reduction of unit size
where the inputs are divisible into & subdivisions of size 1/k. Then the n copies of
the n-reduction of each subdivision requires (2n — 2)/k data downloaded, which
totals to (2n — 2) data downloaded to GPUs. As before, since we can make k

arbitrarily large, we can conclude that this is true even with no divisibility restric-
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tions. O

(2n 2)

Theorem 19. Any AllReduce algorithm will have latency at least

Proof. By Theorem 18, there is some GPU where at least 22=2) data is downloaded.

Divide by the bandwidth to get the limit on latency. O
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