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Algorithms and theory are developed for the task of recovering a structured, un-

known matrix A from matrix-vector products x 7→ Ax and y 7→ A⊤y. Upper and

lower bounds on the number of matrix-vector products necessary to recover many

common structured matrix families, such as tridiagonal, Toeplitz, Hankel, low-

rank, hierarchical, and sparse matrices, are provided. For sparse and hierarchical

matrices, the more general problem of near-optimal approximation from matrix-

vector products is analyzed. This research is motivated by the field of operator

learning, where one wishes to recover an infinite-dimensional operator from only

operator-function products. The problem of matrix recovery and approximation

also encompasses important current research directions in numerical linear algebra,

such as low-rank approximation and diagonal estimation.

Algorithms and theory for hierarchical matrix recovery are extended to infi-

nite dimensions for recovery of the Green’s function of a uniformly elliptic PDE

over a 3D domain with Lipschitz-smooth boundary subject to Dirichlet boundary

conditions. We prove that one can accurately approximate the Green’s function

with relatively few input-output pairs of forcing terms and solutions by exploiting

hierarchical low-rank structure and PDE theory.

Throughout the work, it is a central question whether one can prove an accuracy

guarantee for peeling algorithms, which recover hierarchical matrices from matrix-

vector products using a recursive strategy that may result in a large accumulation



of error. Upper bounds on the error of peeling-type algorithms are provided in both

the finite and infinite-dimensional settings. In infinite dimensions, a combination

of Green’s function theory for elliptic PDEs and an adaptive adjustment of the

target rank at each hierarchical level are needed. In finite dimensions, the choice

of low-rank approximation algorithm is shown to be crucial, and a perforated sketch

structure based on CountSketch is also employed. In each setting, perturbation

analysis for low-rank approximation techniques such as the randomized SVD and

generalized Nyström method is provided. The first theoretical guarantees for the

accuracy of peeling algorithms are presented, as well as the existence of hard cases

for which these algorithms accumulate uncontrollable error.

Lastly, motivated by realistic settings in PDE learning and numerical linear

algebra, the assumption of access to the action of the transpose of a matrix, y 7→

A⊤y, and adjoint of an operator is removed. Transpose-free techniques for matrix

recovery and least squares problems are investigated, and transpose data is shown

to be essential to each of these problems.
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CHAPTER 1

INTRODUCTION

This thesis addresses the following problem: given a structured, unknown matrix

A ∈ RN×N that one can only query with matrix-vector products x 7→ Ax and y 7→

A⊤y, how can one approximate A using as few queries as possible? This question

is fundamental to the matrix-free model of computation, where one solves linear

algebra problems using only matrix-vector products with a matrix, as opposed

to accessing all of its entries. Matrix-free methods are vital for several reasons.

First, in problems involving vast amounts of data (e.g., representing pixels of a

high-resolution image or atoms in electronic structure calculations), matrices of

interest may be too large to store explicitly. Matrix-vector products enable us to

still work with this data in an efficient manner. Secondly, there is an arsenal of

fast matrix-vector multiplication algorithms which one can exploit in matrix-free

methods. Finally, one may have implicit access to matrix-vector products, even

when the underlying matrix is unknown. For example, one can simulate queries

with a discretized Green’s function using experimental data, or implicitly query

the Hessian matrix of a neural network using backpropagation.

The matrix-free model encompasses the highly successful Krylov methods,

which query Ab,A2b, A3b, . . . to solve linear systems and compute eigenvalues and

eigenvectors. Recently, randomized matrix-vector products, or “sketches,” con-

stitute an increasingly popular tool for reducing the dimensionality of a matrix,

enabling fast algorithms for least-squares problems and low-rank approximation.

We examine the “complexity” of common structured matrices in the matrix-free

model by investigating the number of queries needed for recovery. We also explore

the impact of adaptivity and randomness in the inputs on these problems. Our
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work synthesizes two aspects of ongoing research in numerical linear algebra: the

rise of the matrix-free model of computation and the prevalence of structured ma-

trices (e.g., diagonal, Toeplitz, and low-rank) in applications. We also open the

door to theory for operator learning, a growing area of scientific machine learning.

We describe practical recovery algorithms, as well as establish theoretical upper

and lower bounds on the number of sketches needed to recover common structured

matrices. We pay special attention to low-rank and so-called hierarchical low-rank

structure, which frequently arise in the solution of partial differential equations

(PDEs) and computational science. The chief goal of this work is to establish a

cohesive framework for matrix recovery, which encompasses popular matrix-free

tools for low-rank approximation, trace and diagonal estimation, testing for prop-

erties like symmetry and rank, and graph problems. Each chapter contains novel

contributions to numerical linear algebra and applications to operator learning.

In Chapter 2, we consider the problems of exact matrix recovery and matrix

approximation from matrix-vector products. Structured approximations are ubiq-

uitous in numerical linear algebra, and we consider various common structures such

as symmetric, low-rank, Toeplitz, Hankel, circulant, and sparse. Exact matrix re-

covery refers to recovering the entries of a matrix in exact arithmetic when one

knows its structure in advance. Matrix approximation refers to the more general

problem where one finds a structured approximation to a general matrix. In the

exact setting, our lower bounds indicate that low-rank approximation algorithms

like the randomized SVD and generalized Nyström method are near-optimal in the

sense of matrix-vector products. We also highlight some surprising matrix classes,

such as symmetric and orthogonal, which, despite their structure, still require the

maximum possible number of matrix-vector products for recovery.
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Using ideas from compressed sensing, we propose an algorithm and derive an

accompanying accuracy guarantee for near-optimal sparse approximation of a gen-

eral matrix, when the sparsity pattern is known in advance. We also derive a

general lower bound that applies even to the well-studied case of best approxi-

mation by a diagonal matrix, and more broadly, to approximation by a banded

matrix. To the best of our knowledge, our lower bounds are the first of their kind

(adaptive or non-adaptive), even for these special cases.

In Chapter 3, we address the recovery and approximation problems for hier-

archical matrices, structured low-rank matrices which serve as useful compressed

formats that capture long-range, smooth kernel interactions arising in PDEs. Many

fast algorithms leverage hierarchical structure for factorizations, inversion, and the

solution of least squares and eigenvalue problems. In this realm, a key technique is

peeling-type algorithms, which compress a general matrix into a hierarchical format

using matrix-vector products. While peeling algorithms are observed to work well

in practice, they recover the entries of a matrix recursively and in a predetermined

order, which suggests that the approximation error may accumulate exponentially.

Thus, we propose a variant of peeling which uses a recursive projection procedure,

as opposed to recursive elimination, analogous to the difference between the QR

and LU factorizations. We also prove the first near-optimal error guarantee and

derive the first hard cases for peeling-type algorithms. We demonstrate that the

generalized Nyström method damps the error in peeling, whereas the randomized

SVD can propagate uncontrolled exponential error in the approximation.

The second half of this thesis focuses on recovery problems in the operator learn-

ing setting. In Chapter 4, we develop an infinite-dimensional version of the peeling

algorithm to approximate the Green’s function associated with a uniformly elliptic
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PDE in 3 dimensions defined on a domain with Lipschitz smooth boundary sub-

ject to Dirichlet conditions. We prove that our algorithm achieves ε-accuracy with

high probability using only O(log5(1/ε)) operator-function products, i.e., pairs of

forcing terms and solutions. Our proof exploits a generalization of the random-

ized SVD to Hilbert–Schmidt operators, the regularity of Green’s functions, and

a careful analysis of the peeling algorithm at each level in the hierarchy. We thus

upper bound the sample complexity of the problem, providing a theoretical expla-

nation for the so-called data-efficient phenomenon, where operator neural networks

require little training data to “learn” the solution operator of an elliptic PDE.

In the operator learning setting, it is highly impractical to assume access to

adjoint-operator-function products (the analogue of transpose-matrix-vector prod-

ucts). This motivates the subject of Chapter 5, where we provide an in-depth

analysis of the problem of transpose-free low-rank recovery. We show that without

prior information about the right singular vectors, it is practically impossible to ef-

ficiently recover a low-rank matrix from only forward matrix-vector products. We

prove rigorous guarantees on the quality of the low-rank reconstruction in terms

of how close the matrix is to symmetric. This idea mirrors results in operator

learning, which show that one can exploit regularity results from PDE theory to

estimate the range of the adjoint of the solution operator. Thus, prior information

is needed to guarantee the accuracy of an adjoint-free approximation. We also

demonstrate that the transpose is essential for sketched least-squares problems.

4



1.1 Query complexity

Suppose that there is an unknown structured matrix A ∈ RN×N that one can only

access via the matrix-vector product operations x 7→ Ax and x 7→ A⊤x, where

A⊤ is the transpose of A. We denote the number of matrix-vector product queries

made to A and A⊤ by sR and sL, respectively. How can one recover A while

minimizing the total number of matrix-vector product queries s = sL + sR?

Any matrix can be recovered in at most N queries, as it can be recovered

column-by-column with Aej for 1 ≤ j ≤ N , where ej is the jth canonical unit

vector. However, if A is known to have a structure such as tridiagonal, symmetric,

orthogonal, Toeplitz-like, or hierarchical low-rank, one hopes to recover A in fewer

queries. To phrase our question more formally, we introduce the definition of query

complexity, borrowing terminology from a survey of a more general problem [158].

Definition 1.1.1. Suppose A ⊂ RN×N is a family of structured matrices. Given

matrices X ∈ RN×k1 and Y ∈ RN×k2, we define the maps fX : A → RN×k1 and

gY : A → RN×k2 as fX(A) = AX and gY (A) = A⊤Y . Then, the query complexity

QC(A) is equal to s if s is the smallest natural number for which there exists an

0 ≤ sR ≤ s and sL = s−sR and there exist input matrices X ∈ RN×sR , Y ∈ RN×sL

such that the maps fX and gY are injective.

Informally, the query complexity is the maximum over all matrices A ∈ A of

the smallest total number of queries s = sL + sR to A and A⊤ needed to uniquely

recover A within A. In particular, there is no other matrix A′ ∈ A satisfying the

same sR matrix-vector products with A and sL matrix-vector products with A⊤.

Query complexity is a measure of the information or complexity of a family of
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structured matrices from the matrix-vector product perspective. This is a natural

notion due to both the highly efficient matrix-free model of computation, as well

as the prevalence of structure in many applications in data science and scientific

computing. Investigating the query complexity of different matrices yields efficient,

matrix-free algorithms that exploit structure, as well as a theoretical understanding

of the limits of these techniques.

In the present work, we address the following questions: given a particular

structured family of matrices A, what is QC(A)? If we know in advance the

structure of A, can we devise a practical algorithm that recovers any matrix A ∈

A in QC(A) queries? The column-by-column approach yields the upper bound

QC(A) ≤ N for any family A of N ×N matrices.

There are two main types of vector inputs in matrix recovery problems: (1)

Predetermined input vectors, where one tries to recover A from given matrix-vector

product pairs y1 = Au1, . . . , ysR = AusR and z1 = A⊤v1, . . . , zsL = A⊤vsL ,
1 and

(2) Algorithmically-determined input vectors, where an algorithm can select the

uj’s and vj’s used in the queries Au1, . . . , AusR , A
⊤v1, . . . , A⊤vsL . We also distin-

guish between adaptive and non-adaptive queries. Adaptive inputs uk and vk may

depend on Au1, . . . , Auk−1 and Av1, . . . , Avk−1. Finally, we consider both deter-

ministic and randomly generated input vectors. Importantly, Definition 1.1.1 does

not distinguish between different types of input vectors, so that query complexity

describes even the “best possible” inputs for a given recovery problem. We provide

a summary of recovery algorithms developed in this work in Table 1.1.

There are several existing approaches for matrix recovery problems from

matrix-vector products. If we know in advance that a matrix is well-approximated

1This is equivalent to trying to simultaneously solve matrix equations of the form Y = AU
and Z = A⊤V for a structured matrix A.
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Structure #x 7→ Ax #x 7→ A⊤x
diagonal‡ 1 -

block-k diagonal‡ k 0
tridiagonal‡ 3 0

symm. tridiag.‡ 2 -
rank-k k + p k

symm. rank-k k + p -
circulant‡ 1 0

circulant-plus-diagonal‡ 2 0
Toeplitz or Hankel‡ 2 0

symmetric‡ N -
orthogonal‡ N 0
Toeplitz-like 2p+ 4 5p+ 8
p-HSS rank-k 6k + 2p 2k

symm. p-HSS rank-k 5k + p -
HODLR rank-k (6k + 4p)⌈log2(N)⌉ 4k⌈log2(N)⌉

symm. HODLR rank-k (6k + 2p)⌈log2(N)⌉ -

Table 1.1: A summary of deterministic and randomized matrix recovery algorithms
for structured matrices from matrix-vector products. There exists a randomized
algorithm for all structures, and for some structures, randomization is essential.
Each of the randomized algorithms performs exact recovery with a success prob-
ability of 1. In the table, ‡ denotes the existence of a deterministic algorithm.
The oversampling parameter p can be though to of as a constant, e.g., p = 5,
and is needed for recovery algorithms using randomized linear algebra. For HSS
and HODLR matrices, ℓ is such that the diagonal blocks are size 2ℓ × 2ℓ (see Sec-
tions 3.1.1 and 3.1.4). The number of queries listed in the table is biased toward
using matvecs with A over A⊤ whenever possible.

by a rank-k matrix, the randomized singular value decomposition (SVD) [85, 120]

selects random Gaussian input vectors and can stably recover it with high proba-

bility 1− 6p−p using m = k + p and n = k + p, where p is a small fixed constant,

i.e., p = 5. One can also use the generalized Nyström algorithm to stably recover

such a matrix with m = k + p and n = 2m+ p [130, 167]. Peeling algorithms use

structured random vectors and a recursive elimination procedure to recover hierar-

chical low-rank matrices [111, 117, 106]. Moreover, sparse matrices with columns

that have a disjoint sparsity pattern can be recovered with one query [151, Fig. 1],

which leads to an algorithm to recover positive semidefinite hierarchical matrices.
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Another family of hierarchical matrices, hierarchical semiseparable (HSS) matrices

can be recovered with a linear-complexity algorithm that exploits a telescoping

factorization [105].

If one does not know if an unknown matrix A is structured or not, then there

are algorithms for testing if a matrix has a particular property using matrix-vector

products. Property detection is often easier than matrix recovery, requiring far

fewer queries. In particular, only O(1) queries are required to determine with high

probability if a matrix is diagonal or symmetric, and precisely 1 query is necessary

to determine if a matrix is orthogonal [158].

Our motivation for matrix recovery from matrix-vector products arises from

partial differential equation (PDE) learning [35]. In that setting, one selects forc-

ing terms f1, . . . , fsR of a PDE and then observes the corresponding solutions

u1, . . . , usR . The goal is to learn the solution operator that maps forcing terms to

responses, given training data {(fj, uj)}sRj=1 [30, 73, 99, 108, 109, 113, 172]. For the

case of an elliptic or parabolic linear PDE, the solution operator can be represented

as an integral operator, and we seek its Green’s function kernel [35, 33]. The dis-

crete version of Green’s function recovery is hierarchical low-rank matrix recovery

from matrix-vector products. For variable coefficient elliptic PDEs, the discretized

Green’s function resembles a so-called hierarchical off-diagonal low-rank (HODLR)

matrix (see Figure 1.2), as its off-diagonal blocks have rapidly decaying singular

values [18]. For constant coefficient elliptic PDEs, the discrete analogue is the

recovery of a special type of HODLR matrix, the so-called hierarchical semisepa-

rable matrices, sometimes also called hierarchical block separable (HBS) matrices

(see Section 3.1.1). In this paper, we use the HSS notation.

There are other emerging applications of matrix recovery from matrix-vector
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products, including the computation of matrix functions, i.e., f(A), where f(A)

is structured, from the matrix-vector products x 7→ f(A)x [138]. Other settings

include when A is the Hessian of an optimization problem that can be applied

efficiently to vectors (e.g., via back-propagation for neural network loss functions

in machine learning) [141, 88] or a data matrix in compressed sensing [93].

1.2 Operator learning

Operator learning is an emerging field that combines physics and machine learning

to recover information about physical systems from data. In this thesis, we con-

sider partial differential equations over a bounded domain D ⊂ Rd with Lipschitz-

smooth boundary of the following form:

Lu = f

subject to zero Dirichlet boundary conditions, where L : H2(D)∩H1
0(D)→ L2(D),

is a linear partial differential operator, u : D → R is a solution, and f : D → R is a

forcing term. Here, Hs is the sth Sobolev space, Hs
0 is the closure of the infinitely

differentiable functions compactly supported in Ω in Hs(D), and L2(D) is the set

of square-integrable functions over D. More specifically, we consider the family of

elliptic PDEs, which take the divergence form

Lu = −∇ · (A(x)∇u),

where A(x) ∈ Rd×d is a symmetric positive definite matrix for every x ∈ D with

κC = sup{λmax(x)/λmin(x)|x ∈ D} < ∞, and A has bounded coefficients, i.e.,

Aij ∈ L∞(D) for 1 ≤ i, j ≤ d. Here, λmax and λmin denote the smallest and largest

eigenvalues of A(x).
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In operator learning, in contrast to the related problems of PDE discovery

and solving [36], one accesses input-output pairs of forcing terms and solutions

{(fi, ui)}sRi=1 to approximate the solution operator, which maps forcing terms to

solutions [30, 73, 99, 108, 109, 113, 172]. To this end, inspired by recent progress in

machine learning, neural operators have been developed to learn mappings between

infinite-dimensional spaces [99].

There are many motivations for operator learning. When nothing is known

about a physical system of interest, one hopes to uncover unknown physics in

the form of dynamical systems or PDEs [113]. These techniques have succeeded

in revealing important physical insights, such as symmetry and singularities of

the operator [30]. Even when the PDE is already known, operator learning can

be used to build reduced order models and speed up existing numerical solvers.

This has been used in the place of traditional numerical methods when very fine

discretizations are needed, or when one needs to cheaply evaluate the solution

operator many times. Already, operator learning has achieved some success in

modeling turbulence flows [108], aiding diffusion model sampling [188], solving

inverse problems [126], and surrogate modeling for uncertainty quantification [163].

While the exciting recent advances in operator learning signal great promise

for the field of scientific machine learning, practice has rapidly outpaced theory.

In particular, data generation of pairs (f, u) can be prohibitively expensive, as it

requires running a costly experiment or simulation. The training time and memory-

intensive nature of deep learning models is also something to keep in mind when

comparing against more classical numerical methods. For this reason, there is an

urgent need to theoretically quantify the type and amount of data needed for PDE

learning to achieve high accuracy. This question is closely related to that of query
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complexity for matrix recovery from matrix-vector products. To see why, we state

the problem of PDE learning in terms of Green’s function recovery. Given an L

under our assumptions, a Green’s function G : Ω × Ω → R ∪ {∞} is a kernel

operator which can be uniquely associated with a PDE. In particular, G satisfies

u(x) =

ˆ
D
G(x, y)f(y)dy for all x ∈ D. (1.1)

Instead of learning the solution operator from data, one may equivalently recover

the Green’s function kernel G in Equation (1.1) [35, 33]. For d ≤ 3, G is square-

integrable, and the discrete analogue of Green’s function recovery from operator-

function products satisfying Equation (1.1) is matrix recovery from matrix-vector

products. Moreover, any knowledge about G can be leveraged to recover the

corresponding matrix using as few queries as possible. For example, it is known

that G admits a separable expansion analogous to low-rank factorization over well-

separated subdomains [18], and a similar result has been shown in the case of time-

dependent parabolic PDEs [33]. Prior knowledge about the structure of G can be

exploited in both practical operator learning architectures for PDE learning [30], as

well as for deriving sample complexity guarantees for the problem at hand [35, 32].

This thesis is largely motivated by the latter question.

1.3 Low-rank matrices

Low-rank matrices are pervasive throughout computational mathematics, machine

learning, and statistics [169]. Often, one wishes to find the best rank-k approx-

imation to a general matrix A ∈ RM×N (denoted as Ak), which is equivalent to

solving the following optimization:

Ak = argmin
B∈RN×N

∥A−B∥F where rank(B) = k. (1.2)
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Here, and throughout the rest of this work, ∥ · ∥F denotes the Frobenius norm.

One may also solve the optimization Equation (1.2) in the spectral norm ∥ · ∥2,

i.e., the largest singular value of a matrix. Given the singular value decomposition

(SVD) of A, the Eckart–Young theorem provides Ak:

Theorem 1.3.1 (Eckart–Young). Given A ∈ RN×N , write A’s SVD as A =

UΣV ⊤. Here, U ∈ RN×N and V ∈ RN×N are orthogonal matrices of left and

right singular vectors respectively, and Σ ∈ RN×N is a diagonal matrix whose ith

entry is A’s singular values σi in non-increasing order. Then, the best rank-k ap-

proximation Ak which solves Equation (1.2) is the matrix given by the truncated

SVD:

Ak =
k∑

i=1

σiuiv
⊤
i ,

where ui and vi are the ith columns of U and V , respectively, and the error of the

approximation is given by

∥A− Ak∥F =

(
N∑

i=k+1

σi(A)
2

)1/2

. (1.3)

Thus, computing the SVD of a matrix is a way to obtain its low-rank approxi-

mations. Because computing the SVD can be computationally expensive for large

N , there is a plethora of low-rank approximation techniques for finding a near-

optimal approximation without having to compute the entire SVD, e.g., by instead

using random test vectors [120], such as random perturbations [5], sparse sign ma-

trices [50, 122, 133, 170], and subsampled trigonometric transforms [4, 5, 139, 181].

By near-optimal approximation, we mean an approximation which achieves an er-

ror slightly larger than that of the optimal approximation, (say, up to multiplica-

tion by a small factor). In the present work, we focus on two particular low-rank

approximation techniques: the randomized SVD (RSVD) [85] and the generalized

Nyström Method [49, 167, 130], summarized below for a general matrix B ∈ RN×N .
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We emphasize that these are descriptions of the algorithms in the exact mathe-

matical form that facilitates our analysis, not necessarily descriptions of stable

implementations. For discussions of stable implementations, see [85, 167, 130].

Algorithm. Randomized SVD

1: procedure RSVD(B, k, sR)

2: Ω ∈ RN×sR , Ωij ∼ N (0, 1) i.i.d. for all 1 ≤ i ≤ N, 1 ≤ j ≤ sR

3: Q = orth(BΩ)

4: X = Q⊤B ▷ argminZ ∥B −QZ∥F
5: return QX

6: end procedure

Algorithm. Generalized Nyström Method

1: procedure GNM(B, k, sR, sL)

2: Ω ∈ RN×sR , Ωij ∼ N (0, 1) i.i.d. for all 1 ≤ i ≤ N, 1 ≤ j ≤ sR

3: Ψ ∈ RN×sL , Ψij ∼ N (0, 1) i.i.d. for all 1 ≤ i ≤ N, 1 ≤ j ≤ sL

4: Q = orth(BΩ)

5: X = (Ψ⊤Q)†Ψ⊤B ▷ argminZ ∥Ψ⊤B −Ψ⊤QZ∥F
6: return QX

7: end procedure

Here, the subroutine orth() takes in a matrix and returns an orthonormal ba-

sis for its column space. We can take this operation to return the Q factor of a

column-pivoted QR decomposition. Both methods first compute an orthonormal

basis Q for the column span of the matrix BΩ, formed by multiplying B by a

random sketching matrix Ω with sR columns. Throughout, we take Ω to be Gaus-

sian for simplicity, although most other popular sketching distributions, such as

Rademacher, sparse maps, and subsampled randomized trigonometric transforms,

can also be employed [120]. While other distributions may be even faster to work

with, we use the explicit bounds developed for Gaussian matrices to rely on existing
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theory for both the randomized SVD and the generalized Nyström method.

RSVD then projects B onto this column span and forms the best rank-k ap-

proximation of the result. Generalized Nyström follows the same idea, but instead

computes an approximate projection of B onto Q by using a second sketch Ψ on

the left. In particular, the generalized Nyström returns the rank-k approximation

AΩ(Ψ⊤AΩ)†Ψ⊤A, (1.4)

where † denotes the pseudo-inverse. In contrast to the randomized SVD, the

generalized Nyström method requires only one pass over the matrix and therefore

uses non-adaptive sketches. In the case that A is symmetric positive definite,

the generalized Nyström method tends to be preferable to the randomized SVD

because it naturally preserves symmetry and is faster. Additionally, a variant of

the generalized Nyström method has been introduced to overcome instability when

A is symmetric, but possibly indefinite [132].

If rank(B) ≤ k, RSVD and generalized Nyström both recover B exactly (with

probability one) if, respectively, sR ≥ k or sR, sL ≥ k. More generally, these

methods can obtain a near-optimal low-rank approximation for arbitrary B. In

particular, if sR = O(k/β), then the output of RSVD satisfies ∥B − QXk∥F ≤

(1+β) · ∥B−Bk∥F with high probability [149]. The output of generalized Nyström

gives the same guarantee when sR = O(k/β) and sL = O(k/β3) [167]. The following

is a more recent near-optimality guarantee for the randomized SVD, with more

explicit bounds [29, Theorem 1].

Theorem 1.3.2 (Halko, Martinsson, Tropp). Let A ∈ RM×N with singular values

σ1 ≥ σ2 ≥ · · · , and choose a target rank k ≥ 2 and an oversampling parameter

p ≥ 4 satisfying k + p ≤ min{M,N}. Then, for all u, t ≥ 1, the projection QQ⊤A
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returned by the randomized SVD algorithm satisfies the approximation error

∥A−QQ⊤A∥F ≤
(
1 + t

√
3k

p+ 1

)√√√√
N∑

j=k+1

σ2
j (A) + ut

√
k + p

p+ 1
σk+1(A) (1.5)

with failure probability at most 2t−p + e−u2
.

By comparing Equation (1.5) and Equation (1.3), we can factor Equation (1.5)

to obtain a near-optimality constant and show that the error of the randomized

SVD is close to the best-possible error in the Frobenius norm, while its computa-

tional cost is much lower than that of obtaining the optimal rank-k approximation.

There exist error bounds in the spectral norm as well [85, Theorem 10.8], however

they are not near-optimal in the same sense. In fact, if one could achieve the

same near-optimal bound in the spectral norm for all input sketches, one could

compute ∥Ak∥2 and derive a near-optimal approximation of ∥A∥2 using fewer than

N sketches, which would violate the lower bound in [180, Chapter 6.2] An er-

ror bound close to Equation (1.5) has been proven for the stabilized generalized

Nyström method [130].

1.4 Hierarchical matrices

There are several different types of hierarchical low-rank matrices, including H-

matrices andH2-matrices. In this work, we consider one of the most general classes:

hierarchical off-diagonal low-rank (HODLR) matrices and hierarchical semisepara-

ble (HSS) matrices.2 The vast literature on this topic, as well as the applications to

many different areas in the computational sciences, has resulted in some discrep-

ancies between definitions for these matrix structures. In this section, we provide

2This class has more recently been also referred to as hierarchical block-separable (HBS) [105].
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the definitions that the present work relies upon and conventions that we adopt

throughout this thesis.

A hierarchical matrix has a recursive structure, where diagonal blocks are it-

eratively subdivided into smaller blocks. Informally, as its name would suggest, a

HODLR matrix’s blocks which do not intersect the diagonal are low-rank. In order

to define HODLR and HSS matrices, we first introduce the definition of a hierar-

chical tree, which allows us to easily refer to different subblocks of a hierarchical

matrix (see Figure 1.1).

Definition 1.4.1. Let A ∈ RN×N and I be the index set of A, so that I =

[1, 2, . . . , N ]. For simplicity, we suppose that N is a power of 2. A’s hierarchical

tree T is a binary tree of depth 1 ≤ L ≤ log2(N) whose root vertex represents I.

At every subsequent level 1 ≤ ℓ ≤ L, any pair of sibling nodes α, β with parent

γ represent the index sets Iα and Iβ, which consecutively partition Iγ, that is,

Iα = [1, . . . , n0] and Iβ = [n0 + 1, . . . , |Iγ|] for some 1 < n0 < |Iγ|.

In practice, one selects the depth L based on how fine a partition is desired.

Additionally, one often uses a balanced binary tree, where the index sets at each

level are roughly of the same size. To ensure that our index sets are well-defined,

we use the convention that N is a power of 2; however, hierarchical techniques can

be easily extended to more general partitions. Admissibility describes whether a

pair of nodes in the hierarchical tree corresponds to a low-rank block.

Definition 1.4.2. Given a matrix A ∈ RN×N with hierarchical tree T , a pair

of nodes (α, β) ∈ T is called admissible if the subblock A(Iα, Iβ) is of low rank3

3Some works alternatively require that these blocks are of low numerical rank, i.e., having
singular values after the target rank drop below a certain threshold. However, in this work, we
already distinguish between the two settings of exact recovery and approximation from matrix-
vector products, and the numerical low-rank case fits into the latter setting of hierarchical matrix
approximation, which we address in Section 3.2.
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Figure 1.1: An illustration of the correspondence between pairs of nodes in a
hierarchical tree and subblocks of the partitioned hierarchical matrix. Vertices of
a given color indicate the corresponding subblock of the same color.

relative to the dimensions of the block.

Intuitively, if a hierarchical matrix represents a kernel operator, its low rank

subblocks signify approximately smooth interactions between points in the do-

main. Hierarchical matrix techniques can also be viewed as matrix analogues

for functional approximation algorithms like the Barnes–Hut and Fast Multipole

methods [13, 77], which are analogous to HODLR and HSS matrices, respectively.

In this work, for ease of notation, we consider HODLR matrices with the

“weakly-admissible” partition, unless otherwise noted. This means that any hi-

erarchical tree we consider is a balanced binary tree, and if two nodes α ̸= β are

siblings, then they are an admissible pair corresponding to a low-rank block. This

structure is illustrated in Figure 1.2 and formally defined below.

Definition 1.4.3. Fix a rank parameter k and leaf level L. An N×N matrix A is

HODLR(N, k, L) if L = 0 and N ≤ k or if A can be partitioned into (N/2)×(N/2)

blocks

A =



A1,1 A1,2

A2,1 A2,2




such that A1,2 and A2,1 are each of rank at most k and A1,1 and A2,2 are each

17



HODLR(N/2, k, L − 1). Here, the integer L ≥ 0 denotes the number of levels of

the partition, so that the dimension N = Nbase · 2L for some Nbase ≤ k.

A =

A11 W3Z
⊤
3

U3V
⊤
3 A22

W1Z
⊤
1

U1V
⊤
1

A33 W4Z
⊤
4

U4V
⊤
4 A44

W0Z
⊤
0

U0V
⊤
0

A55 W5Z
⊤
5

U5V
⊤
5 A66

W2Z
⊤
2

U2V
⊤
2

A77 W6Z
⊤
6

U6V
⊤
6 A88

Figure 1.2: A HODLR matrix after three levels of partitioning. The matrices Ui,
Vi, Wi, and Zi have at most k columns, and the Aii’s will be partitioned further
until a chosen stopping point.

HODLR structure is an ideal data-sparse format for computing, and the hm-

toolbox library has been developed to work with such matrices [121]. In particular,

a matrix in HODLR(N, k, L) can be stored with just O(NkL) parameters, as

opposed to O(N2), as there are L levels and O(Nk) parameters define the low-

rank factors at each level. Similarly, there exist very fast routines for HODLR

matrices, e.g., matrix-vector multiplication and matrix-matrix addition cost just

O(NkL) operations, inversion costs O(k2NL2) operations [80], and one can solve

HODLR linear systems in just O(Nk3L+Nk2L2) time [12]. In applications, there

are numerous fast techniques involving HODLR matrices, such as computing an

approximation to a boundary integral operator in the plane in O(k2N) time [118].
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HSS matrices are special cases of HODLR matrices, as are other well-studied

structured classes, like diagonal plus low-rank matrices [128, 168, 24]. In addition

to having off-diagonal low-rank blocks, HSS matrices also satisfy a nested basis

property, and the distinction between HSS and HODLR roughly corresponds to

solution operators for constant coefficient elliptic PDEs and variable coefficient

elliptic PDEs, respectively. This nestedness often reduces the L ≤ log2(N) factor

in the complexity of HODLR storage and algorithms, as there are shared low-rank

factors across different levels, and one therefore does not need to traverse every

level of the hierarchy to work with an HSS matrix.

There are several definitions for HSS, and each one is useful in a particular

context. For completeness, we include two definitions of HSS matrices: the nested

basis definition and the telescoping factorization definition. Before stating these

definitions, we first define the useful notion of an HSS block-row and block-column.

Definition 1.4.4. Consider the matrix A ∈ HODLR(N, k, L) whose hierarchy

is given by the binary tree T . If α ∈ T is a node at level ℓ, the HSS row-block

corresponding to α is A(Iα, I \Iα). Similarly, the HSS column-block corresponding

to α is A(I \ Iα, Iα).

We now state the first definition of HSS matrices, which describes the ranks of

the HSS row-blocks and HSS column-blocks at each level.

Definition 1.4.5. The matrix A ∈ RN×N also belongs to the class HSS(N, k, L)

if A ∈ HODLR(N, k, L) and at every level from 1 to L, every HSS block-row and

block-column is rank-k.

While the previous definition is an intuitive description of HSS structure, the

following formulation is also useful in many fast algorithms using HSS matrices,
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such as compression [105], computation of matrix functions [42], efficient matrix-

matrix multiplications [8], and fast matrix factorizations [182].

Definition 1.4.6. Let B ∈ RN×N . We say that B ∈ HSS(N, k, L) if it satisfies

B(L+1) = B,

B(ℓ+1) = U(ℓ)B(ℓ)(V(ℓ))⊤ +D(ℓ) for ℓ = 1, . . . , L, and

B(1) = D(0).

(1.6)

Here, we let m = N/2L, the dimension of the leaf blocks, and then require that

D(0) ∈ Rm×m and, for ℓ = 1, . . . , L,

U(ℓ) = blockdiag
(
U

(ℓ)
1 , . . . ,U

(ℓ)

2ℓ

)
where U

(ℓ)
i ∈ Rm×k has orthonormal columns,

V(ℓ) = blockdiag
(
V

(ℓ)
1 , . . . ,V

(ℓ)

2ℓ

)
where V

(ℓ)
i ∈ Rm×k has orthonormal columns, and

D(ℓ) = blockdiag
(
D

(ℓ)
1 , . . . ,D

(ℓ)

2ℓ

)
where D

(ℓ)
i ∈ Rm×m.

One level of ℓ = 2 decomposition is illustrated below.

= +

B(ℓ+1) = U(ℓ) B(ℓ) (V(ℓ))⊤ + D(ℓ)

As in the HODLR case, we assume that the binary tree is balanced and that

the size of the diagonal blocks corresponding to leaf-nodes in the tree is 2k. The

analysis for hierarchical matrices in this work extends to more general binary trees

in a straightforward way.

The two definitions of HSS matrices can be related by taking the data-sparse

representation and appropriately defining the corresponding telescoping factors [42,

Proposition 4.2]. In particular, the basis matrices U and V for each level can be

stored in the block orthonormal matrices U (ℓ) and V (ℓ).
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Finally, we describe an important subclass of HSS matrices. This structure

arises from the observation that is most easily seen from Definition 1.4.5. Given

all the low-rank factors corresponding to the finest leaf-node HSS block-rows and

block-columns, one can reconstruct the low-rank factors for every square block in

the weakly admissible partition at each coarser level, thus determining the blocks

up to multiplication by a k×k so-called core matrix [121]. One may therefore con-

sider the set of HSS matrices whose two largest off-diagonal blocks at the coarsest

level determine all the low-rank factors at subsequent finer levels.

Definition 1.4.7. A matrix A ∈ HSS(N, k, L) is also in p-HSS(N, k, L) if L = 0

and N ≤ k or if A can be partitioned such that its two largest off-diagonal blocks

are factored as UV ⊤ and WZ⊤, for U, V,W,Z ∈ RN/2×k, and the rest of A satisfies

the following recursive structure:

A=




H11 W (1:N4 , :)H12V (N4 +1:
N
2 , :)
⊤

W (N4 +1:
N
2 , :)H21V (1:N4 , :)

⊤ H22

WZ⊤

UV ⊤
H33 U(1:N4 , :)H34Z(

N
4 +1:

N
2 , :)
⊤

U(N4 +1:
N
2 , :)H43Z(1:

N
4 , :)
⊤ H44




,

(1.7)

where Hij ∈ Rk×k for j ̸= i, and the diagonal blocks given by the block matrices



H11 W (1:N
4
, :)H12V (N

4
+1:N

2
, :)⊤

W (N
4
+1:N

2
, :)H21V (1:N

4
, :)⊤ H22


 and




H33 U(1:N
4
, :)H34Z(

N
4
+1:N

2
, :)⊤

U(N
4
+1:N

2
, :)H43Z(1:

N
4
, :)⊤ H44




are themselves in p-HSS(N/2, k, L− 1).

This recursive definition implies that each of the diagonal blocks Hjj for 1 ≤
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j ≤ 4 in Equation (1.7) can be further partitioned into two rank-k off-diagonal

blocks, which also inherit the corresponding restricted row and column spaces of

the larger blocks. We introduce this family because it forms a large subclass of

HSS matrices (that is, a generic HSS matrix is also p-HSS). In addition to HODLR

recovery and approximation, we describe a simple recovery algorithm for p-HSS

matrices in Chapter 3, and reduce the exact HODLR recovery problem to p-HSS

recovery.

1.4.1 The peeling algorithm

Recall from Definition 1.4.3 that any HODLR(k) matrix A ∈ RN×N is composed

of four (N/2) × (N/2) sized blocks. The off-diagonal blocks, A1,2 and A2,1, are

rank-k and the on-diagonal blocks, A1,1 and A2,2, are themselves HODLR(k). The

key idea of the peeling algorithm is to first recover the low-rank off-diagonal blocks

A1,2 and A2,1, to implicitly subtract them from the matrix, and to then continue

on to recursively recover the diagonal HODLR(k) blocks. More formally, peeling

relies on the following observations:

Observation 1. We can perform matrix-vector products with the off-diagonal

blocks A1,2 and A2,1 (and their transposes) using matrix-vector products with A

and A⊤. For instance, we can compute products with A2,1 and (A2,1)
⊤ by



A1,1 A1,2

A2,1 A2,2






Ω

0


 =



∼

A2,1Ω


 ,



A1,1 A1,2

A2,1 A2,2




⊤ 

0

Ψ


 =



(A2,1)

⊤Ψ

∼


 . (1.8)

and analogously with A1,2 and (A1,2)
⊤ by



A1,1 A1,2

A2,1 A2,2






0

Ω


 =



A1,2Ω

∼


 ,



A1,1 A1,2

A2,1 A2,2




⊤ 

Ψ

0


 =




∼

(A1,2)
⊤Ψ


 . (1.9)
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Here, “∼ ” indicates a block of the output that is typically nonzero, but we ignore

in our computations. As discussed in Section 1.3, algorithms like RSVD and

generalized Nyström can exactly recover a rank-k matrix (with probability one)

using k products with each the matrix and its transpose. Thus, when A is exactly

HODLR(k), we can fully recover both off-diagonal blocks using just 4k total queries

to A (implementing k queries with each of A1,2, (A1,2)
⊤, A2,1, and (A2,1)

⊤).

A(2) =
A

(2)
2,1

A
(2)
1,2

A
(2)
4,3

A
(2)
3,4

Ω+ =

Ω1

Ω3

Ψ− =
Ψ2

Ψ4

Ω− =
Ω2

Ω4

Ψ+ =

Ψ1

Ψ3

Figure 1.3: State of the hierarchical matrix at the start of the ℓ = 2 level of peeling.
The matrix A(2) denotes the matrix A after subtracting the low-rank off-diagonal
blocks recovered at the first level – these blocks are zero in A(2) and shown as white
in the figure. For j = 1, 3, we can simultaneously obtain the products A

(2)
j+1,jΩj and

the transpose-products (A
(2)
j+1,j)

⊤Ψj+1 from the sketches AΩ+ and A⊤Ψ−. Letting
Ω+ and Ψ− have k columns and blocks chosen to be appropriate sketching matrices,
these products can be used to exactly recover the rank-k blocks A

(2)
j+1,j for j = 1, 3.

Obtaining products with and recovering A
(2)
j−1,j for j = 2, 4 can be done analogously

using Ω− and Ψ+. Overall, we can recover all four rank-k off diagonal blocks at
level ℓ = 2 using just 4k queries to A (k for each of Ω+,Ω−,Ψ+, and Ψ−).

Observation 2. After exactly obtaining the blocks A2,1 and A1,2, we can simul-

taneously perform matrix-vector products with the diagonal blocks A1,1 and A2,2

using matrix-vector products with A. In particular, we can compute for any Ω1

and Ω1, 

A1,1 A1,2

A2,1 A2,2






Ω1

Ω2


−



A1,2Ω2

A2,1Ω1


 =



A1,1Ω1

A2,2Ω2


 ,

and analogously



A1,1 A1,2

A2,1 A2,2




⊤ 

Ψ1

Ψ2


−



(A1,2)

⊤Ψ2

(A2,1)
⊤Ψ1


 =



(A1,1)

⊤Ψ1

(A2,2)
⊤Ψ2


 .

23



Since A1,1 and A2,2 are themselves HODLR(k), by Observation 1, we can recover

their low-rank off diagonal blocks (each of size (N/4)×(N/4)) using just 4k queries

to A (see Figure 1.3).

Observation 3. We can repeat this process, recursing toward the diagonal, to

recover smaller and smaller off-diagonal low-rank blocks. Critically, the number

of matrix-vector products used to recover the off-diagonal blocks at a given level

depends only on the rank parameter k and is independent of the level itself. After

L = ⌈log2(N/k)⌉ recursive steps, the blocks will be of size at most k. At this point,

the diagonal blocks can be recovered all at once using k matrix-vector products.

Overall, 4k queries to A are used at each level, and k are used at the final level,

giving total cost of O(k · (L+ 1)) matvec queries.
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CHAPTER 2

STRUCTURED MATRIX RECOVERY AND APPROXIMATION

FROM MATRIX-VECTOR PRODUCTS

In this chapter1, we describe and prove results for the query complexity of recov-

ering of common structured matrices, such as symmetric, orthogonal, circulant,

Toeplitz, and low-rank matrices. We establish matching upper and lower bounds

for the query complexity of these recovery problems. Upper bounds are derived

from error guarantees for recovery algorithms, whereas lower bounds require other

types of analysis. We also investigate the more general problem of near-optimal

matrix approximation for the family of sparse matrices with a known sparsity

pattern. For simplicity, we consider algorithmically-determined input vectors and

even allow our inputs to be selected adaptively and without constraints. Exam-

ple structures that have been studied extensively in this setting include low-rank

matrices [85, 166], hierarchical low-rank matrices [111, 117, 106, 105, 151, 84], di-

agonal matrices [19, 160, 15, 61], sparse matrices [55, 53, 52, 178, 56], and beyond

[173, 150].

2.1 Matrix recovery from matrix-vector products for basic

matrix structures

It is always possible to recover any N × N matrix A in N queries by selecting

the input vectors as canonical basis vectors and recovering A column-by-column.

1This chapter includes excerpts and results from two papers [84, 6]. I worked closely with
Alex Townsend to develop all of the algorithms and theory in [84]. The work in [6] was the result
of a large collaboration led by Chris Musco, joint with Noah Amsel, Tyler Chen, Fezya Duman
Keles, and Cameron Musco. I contributed theory for upper and lower bounds and algorithmic
ideas. The numerical experiments included in this section were performed by Tyler Chen.
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However, if A is a structured matrix, we would hope to exploit that structure

and recover A using far fewer queries. Each matrix-vector product query yields N

equations linear in the parameters defining the entries of A as



A11 · · · A1N

...
. . .

...

AN1 · · · ANN







x1

...

xN



=




b1
...

bN




=⇒
A11x1 + · · ·+ A1NxN = b1

...

AN1x1 + · · ·+ ANNxN = bN

.

This suggests that one may perform enough matrix-vector products to construct a

linear system with more equations than unknowns and solve for them. Of course, if

there are N2 unknowns, this requires N matrix-vector products. At this point, one

could have more efficiently recovered A column-by-column. However, if the entries

of A are functions that are linear in fewer than N2 parameters, solving a linear

system can be a reasonable strategy. This observation motivates the following

definition.

Definition 2.1.1. A linearly parametrized family of N ×N matrices A ⊂ RN×N

is given by the map A : Rp → RN×N , which takes

θ 7→
p∑

i=1

θiAi,

where θ ∈ Rp is a vector of p parameters and {Ai}pi=1 is a set of linearly independent

basis matrices.

We note that according to this definition, any matrix A ∈ A is uniquely defined

by its p parameters. Examples of linearly parametrized families include tridiagonal

matrices, symmetric matrices, circulant matrices, and Toeplitz matrices. For these

structures, one can take the canonical basis matrices so that the parameters are

entries of the structured matrix. The family of rank-k matrices is not linearly

parametrized. The following lower bound on QC(A) holds when A is linearly

parameterized.
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Lemma 2.1.2. If A is a linearly parametrized family of matrices in p parameters,

QC(A) ≥
⌈ p

N

⌉
, (2.1)

where ⌈·⌉ is the ceiling function.

Proof. Recovering any A ∈ A is equivalent to recovering the p parameters which

define A. Each matrix-vector product query yields N linear equations in these p

parameters. If this linear system has a unique solution, there must be at least as

many equations as unknowns. Thus, N × (# queries) ≥ p.

For some linearly parametrized families, one can derive an algorithm that

achieves the lower bound in Equation (2.1), while for others, we prove that it

is not feasible. Note that Equation (2.1) is not a valid lower bound for matrix

structures that are not linearly parametrized. Thus, Equation (2.1) cannot be

applied to the recovery of rank-k or HODLR matrices.

The construction of the linear system guarantees the existence of solutions, as

the linear system is generated from matrix-vector products, so we know a priori

that there exist p parameters satisfying the equations. A recent result by Otto [136]

shows that if the matrix recovery problem for a given linearly parametrized family

A has a unique solution matrix using a particular set of s matrix-vector products,

then for almost all other sets of s input vectors with respect to the Lebesgue

measure, the matrix recovery problem for A has a unique solution. In particular,

if one has a deterministic recovery algorithm for A using s input vectors, then

the linear system generated by s random Gaussian matrix-vector products has a

unique solution with probability 1. We employ this useful result several times, as

it allows us to relate deterministic and randomized recovery algorithms.
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2.1.1 Recovering some common structured matrices

We begin by considering how to exactly recover several common structured matri-

ces. Some form linearly parametrized families and others do not. We also consider

both deterministic and randomized inputs, where the probability of success is 1.

Table 1.1 displays our results.

Diagonal matrices

If A is known to be a diagonal matrix, then its diagonal entries satisfy diag(A) =

A1N , where 1N is the all ones vector of size N . This means a diagonal matrix can

be recovered with one matrix-vector product, so QC(diagonal matrices) = 1.

Block diagonal matrices

If A is known to be a block diagonal matrix with k × k blocks, then its diagonal

blocks can be recovered from k matrix-vector products of the form A(1N/k ⊗ ej)

for 1 ≤ j ≤ k, where A(1N/k ⊗ ej) returns the jth column of each block stacked

into a vector. Here, ej is the jth unit canonical vector of size k and ‘⊗’ denotes the

Kronecker product. Then, QC(k-block diagonal matrices) ≤ k. By Lemma 2.1.2,

this is an equality.

Tridiagonal matrices

If A is known to be a tridiagonal matrix, then it can be recovered with

three matrix-vector products, but not fewer by Equation (2.1). Therefore,
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QC(tridiagonal matrices) = 3. Since A is tridiagonal, we have




A11

A21 + A23

A33

A43 + A45

...




= A




1

0

1

0

...




,




A12

A22

A32 + A34

A44

...




= A




0

1

0

1

...




,




A11 + A21

A12 + A22 + A32

A23 + A33 + A43

A34 + A44 + A54

...




= A⊤




1

1

1

1

...




,

(2.2)

where Ajk denotes the (j, k) entry of A. Thus, the entries of the tridiagonal ma-

trix can be found recursively from Equation (2.2) using O(N) operations; the

first two matrix-vector products immediately give the diagonal entries A11, A22, . . .

and A12; the third query then gives A21 and A32; from this, the first query

gives A23; and so on. Alternatively, one can multiply A by the three inputs

[1, 0, 0, 1, · · · ]⊤, [0, 1, 0, 0, 1, · · · ]⊤, and [0, 0, 1, 0, 0, 1, · · · ]⊤, extracting each nonzero

entry of the tridiagonal matrix [131]. Both algorithms yield the upper bound of 3

on QC(tridiagonal matrices), and a parameter count and Lemma 2.1.2 imply this

is an equality.

IfA is a symmetric tridiagonal matrix, then only two matrix-vector products are

required, as the third query in Equation (2.2) is unnecessary because the first two

input vectors sum to the third. Then, QC(symmetric tridiagonal matrices) = 2.

Rank-k matrices

Intuitively, one needs to query a rank-k matrix (and its transpose) k times

to recover the k-dimensional row and column spaces. Indeed, we show that

QC(rank-k matrices) = 2k in the sense of exact recovery.

In the numerical setting, if A is a rank-k matrix, the randomized SVD recovers
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A with probability 1 from 2k + p matrix-vector products [120], where p is a small

oversampling factor, i.e., p = 5. Let Ω ∈ RN×(k+p) be a random matrix with

i.i.d. standard Gaussian entries. Then, with probability 1, we have A = QQ⊤A,

where Q ∈ RN×k is a matrix with orthonormal columns that form a basis for

the column space of AΩ. To construct QQ⊤A, we only need to do matrix-vector

products. We first compute AΩ, which takes k + p matrix-vector products, then

compute Q⊤A = (A⊤Q)⊤, which costs k further queries. The matrix Q can be

computed from AΩ by a column-pivoted QR factorization, and since AΩ is a rank-

k matrix, one can take an economized version for which Q has only k columns, not

k+ p. An algorithmic description of the randomized SVD can be found on page 9

of [85].

It is important to have a randomized algorithm for low-rank matrix recovery

to avoid the input vectors being in the N − k dimensional nullspace of A. In fact,

it is impossible to recover any low-rank matrix using a deterministic algorithm

with fixed input vectors. The oversampling parameter is also critical for a stable

algorithm as there is always a nontrivial chance that a random Gaussian vector

has a large component in the nullspace of A. The randomized SVD requires 2k+p

matrix-vector product queries to recover a rank-k matrix. It also recovers a near-

optimal approximation of a numerically rank-k matrix with probability at least

1− 6p−p [85], where a matrix has numerical rank k if its largest k singular values

are all above some tolerance. This probability converges very quickly to 1 for

only moderate increases in p, and importantly does not depend on N or k. For

a symmetric rank-k matrix, the Nyström method may be preferred, as it only

requires k + p matrix-vector product queries because it can exploit the symmetry

of A [130].
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For a nonsymmetric rank-k matrix, the randomized SVD achieves near-optimal

query complexity due to the following lemma, which shows QC(rank-k matrices) =

2k. While this result is intuitive, the proof is more complex than we expect,

particularly because we must consider several degenerate cases of input-output

pairs. Specifically, we deal with the cases where inputs lie in the nullspace of the

matrix, and the matrix-vector products therefore yield zero vectors. When inputs

are chosen randomly in randomized recovery algorithms such as the randomized

SVD and the Nyström method, these cases do not occur with probability 1. The

following result not only provides a lower bound on the query complexity of rank-k

matrices, but also constructs infinite families of rank-k matrices that satisfy the

matrix-vector products when the number of queries is too low.

As a final note, in the following result we make the assumption that the input

matrices X and W have orthonormal columns. We can do this for the following

reasons. First, without loss of generality, we assume the columns of X and W

are linearly independent; if not, then some matrix-vector products only provide

redundant information. We also assume their columns are orthonormal. Let X =

Q1R1 and W = Q2R2 be the QR factorizations of X and W . Then, we reduce the

problem to the equivalent recovery problem given by the matrix-vector products

AQ1 = Y R−1
1 and A⊤Q2 = ZR−1

2 . In fact, there exists an orthonormal basis [X̃ X̂]

for col(X), where X̃ ∈ RN×p, col(X̃) ⊆ col(A⊤), and col(X̂) ⊆ null(A). Similarly,

[W̃ Ŵ ] is an orthonormal basis for the col(W) such that W̃ ∈ RN×q, col(W̃ ) ⊆

col(A), and col(Ŵ ) ⊆ null(A⊤). We define Ỹ = AX̃, Ŷ = AX̂, Z̃ = A⊤W̃ ,

and Ẑ = A⊤Ŵ and solve the equivalent recovery problem with inputs [X̃ X̂] and

[W̃ Ŵ ].

Lemma 2.1.3. Let N and k be integers such that 1 ≤ k < N , and let X ∈

RN×k1 and W ∈ RN×k2 have orthonormal columns. Suppose that a matrix A of
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rank at most k satisfies the matrix-vector products AX = Y and A⊤W = Z. If

min(k1, k2) < k and max(k1, k2) < N , then there are infinitely many distinct N×N

matrices B of rank ≤ k satisfying the same k1 matrix-vector products BX = Y

and k2 matrix-vector products B⊤W = Z.

Proof. Suppose AX = Y and A⊤W = Z, where X ∈ RN×k1 and W ∈ RN×k2 . We

now construct a matrix B ̸= A in several cases.

Case 1: p = q = 0. Since p = q = 0, the whole of col(X) and col(W ) lie in

the null spaces of A and A⊤, respectively. We may trivially take B = 2A, so that

B ̸= A if A is nonzero. Otherwise, if A = 0, we can construct a rank-1 matrix B

as follows. Because null(X⊤) and null(W⊤) are nontrivial subspaces, we can select

nonzero vectors v ∈ null(X⊤) and u ∈ null(W⊤). Then, define B = uv⊤. It is

clear that BX = 0 and B⊤W = 0, however B is nonzero so B ̸= A.

Case 2: p = 0 and q > 0. Since q ≤ k1 < N and the columns of W̃ are

linearly independent, there exist infinitely many matrices P ∈ Rq×N such that

PW̃ = Iq×q. Consider any matrix of the form B = P⊤W̃⊤A for any such P .

We note that BX = P⊤W̃⊤AX = 0 (as p = 0), B⊤W = A⊤W̃PW = Z (as

PW̃ = Iq×q), and rank(B) ≤ k. It remains to show that there is a choice of P so

that B ̸= A.

We demonstrate this by producing two distinct matrices B1 = P⊤
1 W̃⊤A and

B2 = P⊤
2 W̃⊤A such that B1 ̸= B2 and conclude that at least one of B1 or B2 must

differ from A. Since q ≤ max{k1, k2} < N there exists a nonzero vector v such

that W̃⊤v = 0. We select P1 such that P1W̃ = Iq×q and P1v = 0 but select P2

such that P2W̃ = Iq×q and P2v = e1, where e1 is the first canonical unit vector.

We note that B⊤
1 v = A⊤W̃P1v = 0 but B⊤

2 v = A⊤W̃e1 ̸= 0 so B1 ̸= B2.
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Case 3: p > 0 and q = 0. This case follows by applying case 2 to A⊤.

Case 4: p > 0 and q > 0. Consider a family of possible B’s given by

B =

[
Ỹ W̃

]



Ip×p − CZ̃⊤X̃ C

(W̃⊤Ỹ C − Iq×q)Z̃
⊤X̃ Iq×q − W̃⊤Ỹ C






X̃⊤

Z̃⊤


 , (2.3)

where C is any p× q matrix. Any B in Equation (2.3) satisfies BX = Y since

BX =

[
Ỹ W̃

]



Ip×p − CZ̃⊤X̃ C

(W̃⊤Ỹ C − Iq×q)Z̃
⊤X̃ Iq×q − W̃⊤Ỹ C






X̃⊤X

Z̃⊤X




=

[
Ỹ W̃

]



Ip×p − CZ̃⊤X̃ C

(W̃⊤Ỹ C − Iq×q)Z̃
⊤X̃ Iq×q − W̃⊤Ỹ C






Ip×p 0

Z̃⊤X̃ 0




=

[
Ỹ W̃

]


Ip×p 0

0 0


 =

[
Ỹ 0

]
= Y,

where we used the fact that Z̃⊤X̂ is the zero matrix as col(Z̃) ⊆ col(A⊤) and

col(X̂) ⊂ null(A). A similar argument shows that B⊤W = Z. Moreover,

rank(B) ≤ rank([Ỹ W̃ ]) ≤ k, where the last inequality follows from the fact

that col([Ỹ W̃ ]) ⊆ col(A). This means for any choice of C, the matrix B in Equa-

tion (2.3) satisfies BX = Y , B⊤W = Z, and rank(B) ≤ k. Now, we just have to

show that there is a choice of C so that B ̸= A.

Case 4 (i): k1 = min{k1,k2}. In this case, we know that p ≤ k1 < k, so

there exists a nonzero vector v ∈ col(A⊤) such that X̃⊤v = 0. Since v ̸∈ null(A),

we have Av ̸= 0 and we now give a choice of C so that B ̸= A. Note that we have

Bv = (I − W̃W̃⊤)Ỹ CZ̃⊤v + W̃ Z̃⊤v.

If (I − W̃W̃⊤)Ỹ CZ̃⊤v ̸= 0 is nonzero for any matrix C, then we can generate two

different B’s by replacing C by 2C. Since these two Bs cannot both be equal to
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A, the matrix A is not uniquely determined by its matrix-vector products. On the

other hand, if (I− W̃W̃⊤)Ỹ CZ̃⊤v = 0 for all choices of the matrix C, we conclude

that Z̃⊤v = 0 so that Bv = 0. Since Av ̸= 0, we must have A ̸= B.

Case 4 (ii): k2 = min{k1,k2}. Now, q ≤ k2 < k, and there exists a nonzero

vector u ∈ col(A) such that W̃⊤u = 0. Since u ̸∈ null(A⊤), we have A⊤u ̸= 0

and B⊤u = (I − X̃X̃⊤)Z̃C⊤Ỹ ⊤u + X̃Ỹ ⊤u. Analogously, to case 4(i) we have

B ̸= A.

In Lemma 2.1.3, we find that we need k1 ≥ k and k2 ≥ k to hope to exactly

recover a rank-k matrix. Therefore, one needs at least 2k matrix-vector products.

The randomized SVD is a stable recovery algorithm using only 2k + p, making

it near-optimal in terms of the number of matrix-vector products. As such, we

obtain the equality QC(N ×N rank-k matrices) = 2k.

Circulant, Toeplitz, and Hankel matrices

We now find the query complexities of circulant, Toeplitz, and Hankel matrices.

For these recovery problems, we prefer to use randomized inputs, which have a

natural extension to Gaussian processes in infinite dimensions. An N×N circulant

matrix Cc is determined by one vector c ∈ RN , where c = [c0; c1; · · · ; cN−1]:

Cc =




c0 cN−1 · · · c2 c1

c1 c0 cN−1 c2
... c1 c0

. . .
...

cN−2
. . . . . . cN−1

cN−1 cN−2 · · · c1 c0




.
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One can recover Cc with one matrix-vector product e1, which extracts the vector c

exactly, allowing us to recover all of Cc. Thus, QC(circulant matrices) = 1. This is

consistent with Equation (2.1), as the family of circulant matrices is clearly linearly

parametrized. We would also like to develop a randomized circulant recovery

algorithm using an input vector g, a random Gaussian vector in RN . Because Cc

can be viewed as the integral kernel of a convolution operator and convolution is

commutative, we have Ccg = Cgc = y. One can easily solve Cgc = y for the vector

c, as circulant matrices are diagonalized by the discrete Fourier transform (DFT)

matrix. That is, Cg = 1
N
F−1ΛF , where F is the N × N DFT matrix and Λ is a

diagonal matrix with diagonal entries given by Fg. We find that c = NF−1Λ−1Fy,

which can be computed in O(N logN) operations using the fast Fourier transform

(FFT).

One can use two matrix-vector products to recover an N×N Toeplitz matrix T

as it is uniquely defined among all Toeplitz matrices by its first column t1 and first

row t⊤2 , where t1, t2 ∈ RN . The deterministic matrix-vector products Te1 and T⊤e1

will extract the parameters which define T . This also realizes the bound in Equa-

tion (2.1), as T is defined by 2N−1 parameters. Thus, QC(Toeplitz matrices) = 2.

However, we again prefer to recover T using the two random matrix-vector prod-

ucts Tg = y and Th = z, where g and h are random Gaussian input vectors RN ,

with i.i.d. entries. Since a Toeplitz matrix T is constant along its diagonals, there

exists a circulant matrix Ca such that

Tg =

[
IN 0N

]
Ca



g

0


 , Th =

[
IN 0N

]
Ca



h

0


 ,

where a is the 2N × 1 vector given by a = [t1; 0; t2(N :−1 : 2)],2 In is the N × N

2Here,t2(N :−1:2) is the vector obtained by removing the first entry of t2 and then reversing
the order of the entries.
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identity matrix, and 0N is the N ×N matrix of zeros. We now note that

Ca



g

0


 = C[g;0]a, Ca



h

0


 = C[h;0]a.

Since left multiplication by [IN 0N ] restricts to the top half of the output, each

product gives us N equations in the 2N − 1 entries of a. Putting these together

yields 2N equations in 2N − 1 unknowns, and one can then solve for the entries of

t1 and t2, together with the constraint that the first entry of t1 and t2 are equal.

For example, in the linear system for the case of N = 3 is as follows:



g1 0 0 g3 g2

g2 g1 0 0 g3

g3 g2 g1 0 0

h1 0 0 h3 h2

h2 h1 0 0 h3

h3 h2 h1 0 0







t11

t12

t13

t23

t22




=




y1

y2

y3

z1

z2

z3




.

The columns of this linear system can be permuted so that the last two columns

are moved to the front. This yields a 2N by 2N − 1 Sylvester matrix. Because a

Sylvester matrix satisfies a low-rank displacement structure, we strongly suspect

that an O(N2) solver can be used to recover T [75], or possibly even an O(N logN)

solver [119].

While this algorithm recovers a Toeplitz matrix exactly, there has also been

recent work on the recovery of a near-optimal approximation of a Toeplitz matrix

in the sense of the Frobenius norm using sublinear query complexity, and this

approximation is itself Toeplitz [94]. This approach considers query complexity in

terms of both entry-wise sample complexity and vector sample complexity.

Finally, one can recover an N × N Hankel matrix H with two matrix-vector
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products, as suggested by the bound Equation (2.1). Any Hankel matrix is a

Toeplitz matrix with permuted columns, i.e., H = PT , where P is an exchange

matrix and T is a Toeplitz matrix. If g and h are random Gaussian vectors, one

recovers H by recovering T since Hg = y and Hh = z are equivalent to Tg = Py

and Th = Pz, respectively.

Symmetric matrices

Unfortunately, there are some structured matrices for which one needs many more

matrix-vector products than suggested by the lower bound in Equation (2.1). If A

is known to be a symmetric matrix, then it has N(N+1)/2 parameters, suggesting

that ⌈(N + 1)/2⌉ queries might be enough. However, a simple argument reveals

that a symmetric matrix cannot be recovered from fewer than N matrix-vector

products, regardless of the input vectors.

Lemma 2.1.4. Suppose a symmetric matrix satisfies N−1 matrix-vector products.

Then, there are infinitely many other N×N symmetric matrices satisfying the same

N − 1 matrix-vector products. As a consequence, QC(symmetric matrices) = N .

Proof. Suppose a symmetric matrix A satisfies Axj = yj for 1 ≤ j ≤ N − 1.

Consider the symmetric matrix B = A + vv⊤, where v is any nontrivial vector

orthogonal to the span of {x1, . . . , xN−1}. The matrix B is symmetric, as it is

the sum of two symmetric matrices. By construction B ̸= A, but Bxj = yj for

1 ≤ j ≤ N − 1.

Of course, N matrix-vector queries can be used to recover a symmetric matrix.

We note that this proof is constructive and quantifies the uniqueness of possible

symmetric matrices B satisfying the same N−1 matrix-vector products as A. The
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proof in Lemma 2.1.4 also includes the recovery of positive definite matrices, as if

A is positive definite, then so is A+ vv⊤.

Orthogonal matrices

If A is known to be an orthogonal matrix, then one needs N matrix-vector products

to recover A.

Lemma 2.1.5. Suppose an N×N orthogonal matrix satisfies N−1 matrix-vector

products. Then, there are infinitely many other N×N orthogonal matrices satisfy-

ing the same N −1 matrix-vector products. Therefore, QC(orthogonal matrices) =

N .

Proof. Suppose an orthogonal matrix A satisfies Axj = yj for 1 ≤ j ≤ N − 1.

Consider the matrix B = A(I − 2vv⊤

v⊤v
), where v is any nontrivial vector orthogonal

to the span of {x1, . . . , xN−1}. The matrix B is orthogonal, as it is the product

of two orthogonal matrices. It is easy to check that B ̸= A, but Bxj = yj for

1 ≤ j ≤ N − 1.

Toeplitz-like matrices

We say that a matrix A ∈ RN×N is Toeplitz-like if it satisfies the following so-called

displacement structure [89, Part II, chapt. 2], [92, chapt. 7]:

Z1A− AZ−1 = GH⊤, Zt =




0 t

IN−1 0


 , G,H ∈ RN×2, (2.4)

where IN−1 is the (N − 1)× (N − 1) identity matrix. Since the eigenvalues of Z1

and Z−1 are disjoint, the matrix A is uniquely defined by a rank-k matrix GHT
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with k = 2 [159]. Therefore, we recover GHT using matrix-vector products with

A and A⊤. Let X be N ×m and Y be N ×n matrices with i.i.d. random Gaussian

entries. Then, from Equation (2.4), we find that

GH⊤X = Z1AX − AZ−1X and HG⊤Y = A⊤Z⊤
1 H − Z⊤

−1A
⊤H

The matrix GH⊤ can be recovered by the randomized Nyström method [130, 167]:

GH⊤ = GH⊤X(Y ⊤GH⊤X)†(HG⊤Y )⊤,

where † denotes the pseudoinverse. This means that GH⊤ can be recovered with

m = 2p + 4 and n = 5p + 8 for a total of 7p + 12 queries. Once G and H

are recovered, the matrix A can be computed by solving Equation (2.4) using the

Bartels–Stewart algorithm in O(N3) operations [14]. We note that one may reduce

the number of matrix-vector products by setting X =

[
g |Z−1g | · · · |Zp+1

−1 g

]
and

Y =

[
h |Z⊤

1 h | · · · | (Z⊤
1 )

p+1h

]
, totaling 2p + 6 queries instead. However, in this

case, the inputs X and Y do not have independent columns, making the recovery

algorithm’s theoretical analysis challenging. Due to their displacement structure,

similar recovery algorithms are possible for Hankel-like, Toeplitz-and-Hankel-like,

and Bézout-like matrices [25].

Diagonal-plus-circulant matrices

Using two matrix-vector products, we recover an N × N matrix A which can be

written as A = D+C, where D is an N ×N diagonal matrix and C is an N ×N
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circulant matrix. The matrix A has the following form:

A =




d1 · · · 0

0
. . . 0

0 · · · dN



+




c0 cN−1 · · · c1
...

...
. . .

...

cN−1 cN−2 · · · c0




=




d1 + c0 cN−1 · · · c2 c1

c1 d2 + c0 cN−1 · · · c2
...

...
...

. . .
...

cN−1 cN−2 · · · · · · dN + c0




Note that the parameter c0 is not needed to define the matrix, and we can rename

the diagonal entries di + c0 to di, for each 1 ≤ i ≤ n. First, we query A with the

first canonical basis vector ei: Aei = y1. Because y1 is the first column of A, we

thus recover the parameters d1, c1, . . . , cN−1. Now, we multiply A by the all ones

vector: A1 = y2. The ith entry of y2 is the sum of the entries in the ith row of A.

Thus, the ith entry of y2 is equal to di +
∑n−1

j=1 cj. Having learned c1, . . . , cn−1 we

calculate y2(i)−
∑N−1

j=1 cj = di for each 1 ≤ i ≤ N . Thus, we recover the diagonal

entries of A.

The family of matrices in the form of A is linearly parametrized and defined

by 2N − 1 parameters. Then, Lemma 2.1.2 and our algorithm together imply that

QC(diagonal-plus-circulant) = 2. Moreover, one could also take the more general

approach using Gaussian inputs and solving the associated linear system.

2.2 Sparse matrix approximation

Having discussed the exact matrix recovery problem at length, we now consider

the matrix approximation problem, which characterizes the best (or near-best)
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structured approximation to a general matrix.

We focus on the task of approximating A with a matrix of a specified sparsity

pattern, with error competitive with the best approximation of the given sparsity

pattern. This is a natural task; indeed, there are many existing linear algebra

algorithms for matrices of a given sparsity pattern (e.g. diagonal, tridiagonal,

banded, block diagonal, etc.), so it is a common goal to obtain an approximation

compatible with such algorithms. As we discuss in Section 2.2.2, several important

special cases including diagonal approximation and exact recovery of matrices with

known-sparsity have been studied extensively in prior work.

Formally, using “ ◦ ” to indicate the Hadamard (entrywise) product and ∥ · ∥F
to denote the Frobenius norm, we consider the following problem:

Problem 1 (Best approximation by a matrix of fixed sparsity). Given a matrix

A ∈ Rn×d and a binary matrix S ∈ {0, 1}n×d, find a matrix Ã so that Ã = S ◦ Ã

and

∥A− Ã∥F ≤ (1 + ε) ∥A− S ◦ A∥F.

Observe that S ◦ A is the matrix of sparsity S nearest to A in the Frobenius

norm:

S ◦ A = argmin
X=S◦X

∥A−X∥F.

Hence, Problem 1 is asking for a near-optimal approximation to A of the given

sparsity S.3 In particular, if A already has sparsity pattern S, then A = S ◦A, so

solving Problem 1 will recover A exactly.

In addressing Problem 1, it will also be beneficial to consider the closely related

problem of recovering the “sparse-part” of a matrix:

3This is reminiscent of the low-rank approximation problem, in which we aim to find a rank-k
approximation to A competitive with the best rank-k approximation [85, 166].
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Problem 2 (Best approximation to on-sparsity-pattern entries). Given a matrix

A ∈ Rn×d and a binary matrix S ∈ {0, 1}n×d, find a matrix Ã so that Ã = S ◦ Ã

and

∥S ◦ A− Ã∥2F ≤ ε ∥A− S ◦ A∥2F.

Note the presence of the squared norms in Problem 2. Since Ã has the same

sparsity as S, i.e. Ã = S ◦ Ã,

∥A− Ã∥2F = ∥A− S ◦ A∥2F + ∥S ◦ A− Ã∥2F. (2.5)

Thus, using the fact that
√
1 + 2ε < 1 + ε for all ε > 0, a solution to Problem 2

with accuracy 2ε immediately yields a solution to Problem 1 with accuracy ε.

Conversely, if ε ∈ (0, 1) so that
√
1 + 3ε ≥ 1 + ε, then a solution to Problem 1

with accuracy ε yields a solution to Problem 2 with accuracy 3ε. In this sense, the

problems are equivalent.

2.2.1 Roadmap

Our first contribution in this section is to analyze a simple algorithm (Algorithm 3)

that solves Problems 1 and 2. When the sparsity pattern S has at most s non-

zero entries per row, this algorithm uses m = O(s/ε) non-adaptive matrix-vector

product queries. Specifically, the algorithm computes Z = AG, where G is a d×m

matrix with independent standard normal entries, and then outputs the matrix

Ã = argmin
X=S◦X

∥Z −XG∥F. (2.6)

We make no claims about the novelty of the algorithm, which follows immediately

from ideas in compressed sensing. In Section 3.2.4, using standard tools from
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random matrix theory and high dimensional probability, we provide an analysis of

Algorithm 3 and prove the following:

Theorem 2.2.1. Consider any A ∈ Rn×d and any S ∈ {0, 1}n×d with at most s

nonzero entries per row. Then, for any m ≥ s + 2, using m randomized matrix-

vector queries, Algorithm 3 returns a matrix Ã with Ã = S ◦ Ã and E[Ã] = S ◦A,

satisfying

E
[
∥S ◦ A− Ã∥2F

]
≤ s

m− s− 1
∥A− S ◦ A∥2F.

The above inequality is equality if each row of S has exactly s non-zero entries.

Owing to Equation (2.5) and Jensen’s inequality, Theorem 2.2.1 also gives an

expectation bound for Problem 1. Setting m = O(s/ε) implies that Problems 1

and 2 are solved in expectation. Using Markov’s inequality, we derive a probability

bound:

Corollary 2.2.2. In the setting of Theorem 2.2.1, for any ε > 0 and δ ∈ (0, 1), if

m ≥ s+ 2 then

m ≥ s

(
1

2δε
+ 1

)
+ 1 =⇒ P

[
∥A− Ã∥F ≥ (1 + ε) ∥A− S ◦ A∥F

]
≤ δ.

Hence, using O(s/ε) Algorithm 3 solves Problem 1 except with small constant

probability, say ≤ 1/100.

We proceed, in Section 3.2.9, to study lower bounds for the matvec query

complexity of Problems 1 and 2. We show that up to constant factors, the upper

bound in Corollary 2.2.2 is optimal, even for the stronger class of adaptive matvec

query algorithms:

Theorem 2.2.3. Fix γ ∈ (0, 1). Then there exist constants c, C > 0 (depending

only on γ) such that the following holds:
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For any ε ∈ (0, c) and integer s ≥ 1, there is a distribution on (symmetric)

matrices A ∈ Rd×d such that, for any sparsity pattern S whose rows and columns

each have between γs and s nonzero entries, and for any (possibly randomized)

algorithm that uses m < Cs/ε (possibly adaptive) matrix-vector queries to A to

output Ã with Ã ◦ S = Ã,

P
[
∥A− Ã∥F ≤ (1 + ε) ∥A− S ◦ A∥F

]
≤ 1

25
.

Thus, Ω(s/ε) queries are required to solve Problem 1 with any reasonable prob-

ability. Note that since solving Problem 1 gives a solution to Problem 2, the lower

bound Theorem 2.2.3 also implies that Ω(s/ε) queries are required to solve Prob-

lem 2. Our approach uses an invariance property of Wishart matrices after a

sequence of adaptive queries [37]. Note that since our hard instance is symmet-

ric, Theorem 2.2.3 also holds against algorithms which are allowed to use matvec

queries with A⊤.

Our lower bound applies even to the well-studied case of best approximation

by a diagonal matrix, and more broadly, to approximation by a banded matrix.

To the best of our knowledge, our lower bounds are the first (adaptive or non-

adaptive) for Problems 1 and 2 even for these special cases. In Section 2.2.74 we

present several numerical experiments on test problems to illustrate the sharpness

of our upper bound, and in Section 2.2.8 we discuss the potential for future work,

including the potential for algorithms which combine the algorithm in this paper

with coloring algorithms to obtain more robustness to noise.

4tyler or noah did these, but we include them for the exposition
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2.2.2 Past work

To the best of our knowledge, Problems 1 and 2 have not been previously stated

explicitly in the given generality. However, there is a range of past work that

studies special cases of these problems. We categorize these works into the zero

error case, where A = S ◦ A, and the nonzero error case, where A ̸= S ◦ A. In

addition, we discuss how Problems 1 and 2 differ from the standard sparse-recovery

problem in compressed sensing.

Zero error

Some of the earliest work relating to Problems 1 and 2 seeks to recover Jacobian and

Hessian matrices with a known sparsity pattern from matvecs [55, 53, 52]. These

methods make use of the fact that a graph coloring of a particular graph, induced

by the sparsity pattern of A, can be used to obtain a set of query vectors which

are sufficient to exactly recover A. In many (but not all) cases, exact recovery is

possible with s queries. Coloring methods have also influenced many algorithms for

the nonzero error setting. We compare our results to such coloring-based methods

in [6, Section 4], arguing that Algorithm 3 always performs better in the zero-error

setting, since it always requires just s queries.

More generally, [84] studies the matvec query complexity of exact recovery of a

wide range of linearly parameterized matrix families, proving matching upper and

lower-bounds on the number of queries required. In particular, it is shown that

recovering a diagonal matrix requires one query, recovering a block-diagonal matrix

with s × s blocks requires s queries, and recovering a tridiagonal matrix requires

3 queries. Recovering a general n× d matrix is shown to require d queries. With
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probability one, Algorithm 3 matches these lower bounds (see Proposition 2.2.4).

Nonzero error

The most theoretically well-studied instance of Problem 2 is arguably the case

S = I; i.e. the task of approximating the diagonal of a matrix. For this task, it is

common to use Hutchinson’s diagonal estimator, defined as

dm =
[ m∑

j=1

rj ◦ (Arj)
]
⊘
[ m∑

j=1

rj ◦ rj
]
, (2.7)

where “⊘” indicates entrywise division and the entries of the vectors rj are all

independent random variables with mean zero and variance one. A number of

analyses of this estimator have been given for various distributions [19, 160, 15,

86, 61]. In particular, [15, 61] give error bounds for Problem 2, showing it suffices

to set m = O(1/ε), matching Theorem 2.2.1 up to constant factors. In fact, when

S = I our Algorithm 3 is equivalent to Equation (2.7) if the query vectors ri are

Gaussian. We detail this connection in Remark 3.

Past work has also studied Problem 1 with the goal of approximating a poten-

tially non-sparse matrix by a sparse matrix. For instance, there is a long line of

work on approximating matrix functions A = f(H) from matvecs. If H is sparse,

then the entries of A = f(H) decay exponentially away from the nonzero entries

of H under mild assumptions on f(x) [60, 21, 20]. As such, it is reasonable to ap-

proximate A with a sparse matrix of a sparsity similar to H. This observation has

been used in matrix approximation algorithms [160, 154, 72, 138]. Broadly speak-

ing, these algorithms aim to combine the coloring methods described above with

the estimator dm described in Equation (2.7). For banded matrices, one can use

the existing analyses of dm to analyze the performance of these methods, showing
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that they solve Problem 2 to accuracy ε using O(s/ε) matrix-vector queries. We

include a note on this in [6, Section 4.1], as we were unable to find such an analysis

in the literature. Theorem 2.2.1 shows that Algorithm 3 matches this bound for

arbitrary sparsity patterns.

More recently, motivated by the field of partial differential equation (PDE)

learning, there has been widespread interest in learning the solution operators of

PDEs from input-output data of forcing terms and solutions, analogous to matrix-

vector products [150, 151, 32, 95]. The method in [151] obtains a fixed-sparsity

approximation to the sparse Cholesky factorization of the solution operator by col-

oring, which is provably accurate for certain problems. This makes use of the fact

that in certain settings a fixed-sparsity Cholesky factorization is accurate and can

be efficiently computed [150]. This is broadly related to the (factorized) sparse ap-

proximate inverse problem for obtaining preconditioners [23]. The method in [32]

also derives a continuous analogue of a generalized coloring algorithm for targeting

low-rank subblocks of hierarchical matrices [106], and then recovering these sub-

blocks using the randomized SVD [85]. The final step of this algorithm reduces to

the recovery of a block diagonal matrix.

Relationship to sparse recovery and compressed-sensing

It is important to contrast the aims and results of this paper with the rich literature

on sparse recovery and compressed sensing [65, 71, etc.]. Most relevant to our work

are results on the ℓ2/ℓ2 sparse recovery problem. Given access to a length d vector

a through linear measurements a: M 7→Ma, the goal of the ℓ2/ℓ2 sparse recovery

problem is to obtain an s-sparse vector ã for which

∥a− ã∥2 ≤ (1 + ε) min
a′ s-sparse

∥a− a′∥2.
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Algorithms for solving this sparse recovery problem can be immediately adapted

to matrix recovery [138]. In particular, by applying ℓ2/ℓ2 sparse recovery to all

rows in a matrix A (which requires evaluating the matvec queries AMT ), we can

recover an s-sparse approximation Ã satisfying ∥Ã−A∥F ≤ (1 + ϵ)∥A− S ◦A∥F .

I.e., we can solve Problem 1.

However, this approach has a number of disadvantages. For one, if sparse re-

covery is used as a black-box, while the approximation Ã will be sparse, it cannot

be guaranteed to be non-zero in the exact locations specified by S. This is a

disadvantage when the goal is to approximate A by a matrix that has useful com-

putational properties due to a specific sparsity pattern (e.g., by a matrix that is

easily invertible like a diagonal or banded matrix).

Moreover, sparse recovery algorithms necessarily have worse dependencies on

ε and d than the bounds we prove for the Algorithm 3. In particular, it can

be shown that any algorithm solving the ℓ2/ℓ2 sparse recovery problem necessar-

ily requires Ω(s/ε2 + s log(d/s)/ε) linear measurements, which would equate to

Ω(s/ε2 + s log(d/s)/ε) matrix-vector products to obtain a near-optimal approx-

imation to A with s-sparse rows [143]. In contrast, our upper-bound of O(s/ε)

from Theorem 2.2.1/Corollary 2.2.2 has both a better dependence on ε, and no

dependence on the dimension d at all.

A number of past works [173, 179, 56, etc.] have also studied a matrix version

of the sparse recovery problem in which one aims to obtain an sn-sparse matrix Ã

for which

∥A− Ã∥F ≤ (1 + ε) min
X sn-sparse

∥A−X∥F,

using bi-linear measurements of A: (U, V ) 7→ UAV ⊤. Again, while related to our

problem, prior results for this task inherently involve worse dependencies on ϵ and
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the dimension than our results, and do not return an approximation Ã with a

specified sparsity pattern.

Finally, we remark that, while there has been significant work on lower bounds

for sparse recovery [9, 143], such bounds do not imply lower bounds akin to our

Theorem 2.2.3 for Problems 1 and 2. In particular, the hardness of vector sparse

recovery is critically tied to the fact that the entries of ã are not specified in

advance. Indeed, we can trivially find the best s-sparse approximation to a vector

a with a specified sparsity pattern using s linear measurements (just read the

corresponding entries in a). There is no dependence on ϵ at all. Our lower bound

of Ω(s/ϵ) from Theorem 2.2.3 must leverage a different source of hardness: in the

matrix setting, while the sparsity pattern of Ã is specified in advance, the difficulty

of the problem comes from the fact that the sparsity pattern can differ across rows.

We must use this fact to obtain the lower bound of Theorem 2.2.3, which depends

on both s and ϵ.

2.2.3 A sparse approximation algorithm and upper bound

We begin by writing down an explicit algorithm (Algorithm 3) for solving Prob-

lems 1 and 2. This algorithm proceeds row-by-row, taking a advantage of the fact

that different rows of the solution to Equation (2.6) do not depend on one another

(except through the common use of Z = AG). For each row, we can solve for the

entries of Ã via an appropriate least squares problem.

We introduce some notation for Algorithm 3. We use Gaussian(n, d) (or

Gaussian(d) if n = d) to denote the distribution on n× d matrices, where each en-

try of the matrix is independent and identically distributed (iid) with distribution
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N (0, 1). We denote the complement of a set S as Sc (determined from context).

For d ≥ 1, we define [d] = {1, 2, . . . , d}, and for R ⊂ [n] and C ⊂ [d], [X]R,C

indicates the |R| × |C| submatrix of a n× d matrix X corresponding to the rows

in R and columns in C. If R or C contain only one element, we will simply write

this element. Likewise, when R = [n] or C = [d], we will use a colon, e.g., [X]1,: is

the first column of X.

Algorithm 1 Fixed-sparse-matrix recovery

1: procedure fixed-sparse-matrix-recovery(A,S,m)

2: Form G ∈ Rd×m, Gij ∼ N (0, 1) iid, 1 ≤ i ≤ d, 1 ≤ j ≤ m ▷ d×m iid Gaussian matrix

3: Compute Z = AG ▷ m non-adaptive matvec queries

4: for i = 1, 2, . . . , n do

5: Let Si = {j : [S]i,j = 1} ▷ nonzero entries of ith row of S

6: Let z⊤i = [Z]i,: ▷ i-th row of Z

7: Let G⊤
i = [G]Si,: ▷ submatrix formed by taking the rows from Si

8: Compute ãi = G†
izi ▷ solve a m× |Si| least squares problem

9: Set [Ã]i,Si
= ã⊤i and [Ã]i,Sc

i
= 0⊤ ▷ construct ith row of Ã

10: end for

11: return Ã

12: end procedure

Note that in the case that A has nonzeros only in positions where S is nonzero,

Algorithm 3 will exactly recover A as long as the least squares problem for each

row is fully determined.

Proposition 2.2.4. If S ◦ A = A and m ≥ s, then Algorithm 3 returns a matrix

Ã = A with probability one.

Proof. Consider the i-th row, and let xi ∈ R|Si| be the set of non-zero entries in

that row. The corresponding Gi ∈ Rm×|S| is full rank |Si| with probability one.

Observe that zi = Gixi. Thus, since Gi is full-rank, ãi = G†
iz = G†

iGixi = xi.
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Thus, we recover the row exactly. By a union bound, with probability one, this

simultaneously happens for all the rows.

Our main focus will be the case where A may have nonzeros off of the spec-

ified sparsity pattern. We first recall a standard result from high dimensional

probability.

Proposition 2.2.5. Let G ∈ Rp×q have entries sampled as Gij ∼ N (0, 1) iid for

all 1 ≤ i ≤ p, 1 ≤ j ≤ q. Then, for compatible matrices X and Y ,

E
[
∥XGY ∥2F

]
= ∥X∥2F∥Y ∥2F. (2.8)

Moreover, if p− q ≥ 2, then

E
[
∥G†∥2F

]
=

q

p− q − 1
. (2.9)

Proof. The expression Equation (2.8) is an elementary calculation; see for instance

[85, Proposition A.1]. The expression Equation (2.9) follows from the fact that

G⊤G is invertible with probability one, and (G⊤G)−1 has a inverse Wishart dis-

tribution, which, for p − q ≥ 2 has mean I/(p − q − 1) [127, §3.2 (12)]. Since

∥G†∥2F = tr((G†)⊤(G†)) = tr((G†)⊤(G†)), the result follows from the linearity of

the expectation; see for instance [85, Proposition A.5].

Using Theorem 3.2.9, we establish the following theorem.

Theorem 2.2.1. Consider any A ∈ Rn×d and any S ∈ {0, 1}n×d with at most s

nonzero entries per row. Then, for any m ≥ s + 2, using m randomized matrix-

vector queries, Algorithm 3 returns a matrix Ã with Ã = S ◦ Ã and E[Ã] = S ◦A,

satisfying

E
[
∥S ◦ A− Ã∥2F

]
≤ s

m− s− 1
∥A− S ◦ A∥2F.

The above inequality is equality if each row of S has exactly s non-zero entries.
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We also obtain a probability bound:

Corollary 2.2.2. In the setting of Theorem 2.2.1, for any ε > 0 and δ ∈ (0, 1), if

m ≥ s+ 2 then

m ≥ s

(
1

2δε
+ 1

)
+ 1 =⇒ P

[
∥A− Ã∥F ≥ (1 + ε) ∥A− S ◦ A∥F

]
≤ δ.

Proof of Theorem 2.2.1. The algorithm processes Z = AG ∈ Rn×m sequentially to

approximate the rows of A. Fix i and let Si be the indices of the nonzero entries

of [S]i,: and z⊤i = [Z]i,: be the i-th row of Z and Sc
i = [d] \ Si. Let G⊤

i = [G]Si,:

and Ĝ⊤
i = [G]Sc

i ,:
be submatrices of G formed by taking the rows of G in Si and

Sc
i respectively. Define x⊤

i = [A]i,Si
and y⊤i = [A]i,Sc

i
and observe that

z⊤i := [AG]i,: = x⊤
i G

⊤
i + y⊤i Ĝ

⊤
i .

To enforce the sparsity pattern, Algorithm 3 tries to recover xi ∈ Rs from

zi ∈ Rm by solving the least squares problem:

ãi := G†
izi = G†

i (Gixi + Ĝiyi) = xi +G†
iĜiyi.

Here we have used that Gi is full-rank with probability one.

Since Gi and Ĝi are independent, clearly E[ãi] = xi as E[Ĝi] = 0. Thus,

Algorithm 3 outputs an unbiased estimator for S ◦ A.

As long as m ≥ |Si| + 2, it follows from standard results in random matrix
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theory that

E
[
∥xi − ãi∥22

]
= E

[
∥G†

iĜiyi∥22
]

= E
[
E
[
∥G†

iĜiyi∥22
∣∣Gi

]]

= E
[
∥G†

i∥2F · ∥yi∥22
]

Equation (2.8) in Theorem 3.2.9

=
|Si|

m− |Si| − 1
· ∥yi∥22 Equation (2.9) in Theorem 3.2.9

≤ s

m− s− 1
· ∥yi∥22,

where we have used that |Si| ≤ s in the final line (and hence we have equality if

|Si| = s).

Let Ã be the output of Algorithm 3. Then, by the linearity of expectation,

E
[
∥S ◦ A− Ã∥2F

]
=

n∑

i=1

E
[
∥xi − ãi∥22

]

≤ s

m− s− 1

n∑

i=1

∥yi∥22

=
s

m− s− 1
∥A− S ◦ A∥2F.

Observe that we have equality if |Si| = s for each row i ∈ [n].

Proof of Corollary 2.2.2. Applying Markov’s inequality to Theorem 2.2.1, we find

P
[
∥S ◦ A− Ã∥2F ≥ α

]
≤ s

m− s− 1

∥A− S ◦ A∥2F
α

. (2.10)

Set α = 2ε∥A − S ◦ A∥2F. Then, using that
√
1 + 2ε ≤ 1 + ε for all ε > 0 and

recalling Equation (2.5) gives that

P
[
∥A− Ã∥F ≥ (1 + ε)∥A− S ◦ A∥F

]
≤ P

[
∥A− Ã∥2F ≥ (1 + 2ε)∥A− S ◦ A∥2F

]

= P
[
∥S ◦ A− Ã∥2F ≥ 2ε∥A− S ◦ A∥2F

]

≤ s/
(
(m− s− 1)(2ε)

)
.

By assumption m ≥ s(1/(2δε) + 1) + 1, which gives the result.
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We now make several comments about Algorithm 3 and our analysis.

Remark 1. Our bound in Corollary 2.2.2 has an unfavorable O(1/δ) dependence

on the failure probability δ. One could apply Markov’s inequality to each row and

Hoeffding’s inequality to the sum to obtain a dependence O(log(n/δ)). However this

has a dependence on the dimension n which we would like to avoid. In [6, Appendix

C], we show that one can apply a high-dimensional analog of the “median trick” to

obtain an algorithm with a O(log(1/δ)) failure probability (without any dependence

on the dimensions n and d).

Remark 2. If A and S are symmetric, then it is better to return (Ã+ Ã⊤)/2 than

Ã since, by the triangle inequality,

∥A− (Ã+ Ã⊤)/2∥F = ∥(A− Ã)/2 + (A− Ã)⊤/2∥F ≤ ∥A− Ã∥F.

Remark 3. If the entries of the ri are Gaussian, then the diagonal estimator dm

from Equation (2.7) is equivalent to Equation (2.6) with S = I. Let rj denote the

jth column of G. By definition, zi = [[Ar1]i, . . . , [Arm]i]
⊤ and in this case,

G⊤
i := [G]Si,: = [G]i,: = [[r1]i, . . . , [rm]i]

is a vector. The i-th row of dm is

[dm]i :=

∑m
j=1[rj]i · [Arj]i∑m

j=1[rj]
2
i

=
G⊤

i zi
G⊤

i Gi

= G†
iz.

In this sense, Algorithm 3 for computing Equation (2.6) is a generalization of

Equation (2.7) to non-diagonal sparsity patterns. Interestingly, however, we have

not seen Equation (2.7) interpreted in terms of a least-squares problem or pseu-

doinverse in the literature. This is perhaps because past work focused on diagonal

estimation (Problem 2) rather than approximation by a diagonal (Problem 1).

Remark 4. Algorithm 3 requires solving n least squares problems with a coeffi-

cient matrix of size m × s. So, in addition to the application dependent cost of
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computing Z = AG, its runtime is just O(nms2). There are a number of practical

improvements which can be made upon implementation. First, for many sparsity

patterns, the matrices Gi and Gi+1 differ only by a permutation and low-rank up-

date. Thus, by downdating/updating appropriate quantities, the cost of solving all

n least-squares problems may be lower than n times the cost of solving a single

system. In addition, a posteriori variance estimates could also be obtained through

Jack-knife type techniques [67].

2.2.4 A lower-bound for adaptive algorithms

Algorithm 3 solves Problem 1 using O(s/ε) matvec queries. In this section, we

show that there are distributions of matrices and sparsity patterns for which no

matvec query algorithm can reliably solve Problem 1 using Ω(s/ε) matvecs. In

particular, we show the following:

Theorem 2.2.3. Fix γ ∈ (0, 1). Then there exist constants c, C > 0 (depending

only on γ) such that the following holds:

For any ε ∈ (0, c) and integer s ≥ 1, there is a distribution on (symmetric)

matrices A ∈ Rd×d such that, for any sparsity pattern S whose rows and columns

each have between γs and s nonzero entries, and for any (possibly randomized)

algorithm that uses m < Cs/ε (possibly adaptive) matrix-vector queries to A to

output Ã with Ã ◦ S = Ã,

P
[
∥A− Ã∥F ≤ (1 + ε) ∥A− S ◦ A∥F

]
≤ 1

25
.

This implies that for certain hard instances of Problems 1 and 2, our Corol-

lary 2.2.2 and thus Theorem 2.2.1 are optimal up to constants. In particular,
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adaptivity can only improve constants; it will not lead to an improved dependence

on s or ϵ. If A is known to have a particular structure, it is possible that adaptive

algorithms may perform better than non-adaptive algorithms for these problems.

We note that the condition ε < c is benign. In particular, if C < c/2, then

m ≤ Cs/ε implies m ≤ s/2, in which case one cannot solve Problem 1, even in the

zero error case, due to a parameter counting argument.

2.2.5 Key technical tools

Before we prove Theorem 2.2.3, we introduce several key results.

Our hard distribution will be A = G⊤G, where G ∈ Rd×d has entries sampled

as Gij ∼ N (0, 1) iid for all 1 ≤ i, j ≤ d. This is a special case of a so-called

Wishart matrix. Our lower bound will make use of the fact that the conditional

distribution of a Wishart matrix after a sequence of adaptive matrix-vector queries

still looks like a slightly smaller transformed Wishart matrix [37, Lemma 3.4].

Similar hard input distributions have been used in a number of lower-bounds for

matvec query tasks [153, 37, 91, 48]. We believe other simple distributions such as

A = G or A = G + G⊤ would also suffice to prove something like Theorem 2.2.3.

We have chosen to use A = G⊤G because it is symmetric, and it allows us to

use a conceptually intuitive anti-concentration result based on the Berry–Esseen

theorem.

The following is essentially Lemma 3.4 from [37], restated to suit our needs:

Proposition 2.2.6. Suppose G ∈ Rd×r with random entries Gij ∼ N (0, 1) iid for

all 1 ≤ i ≤ d, 1 ≤ j ≤ r. Let x1, . . . , xm and y1 = G⊤Gx1, . . . , ym = G⊤Gxm be

56



such that, for each j = 1, . . . ,m, xj was chosen based only on the query vectors

x1, . . . , xj−1 and the outputs y1, . . . , yj−1.

Then, there is an n×n orthonormal matrix Vm and an n×n matrix ∆m, each

constructed solely as functions of x1, . . . , xm and y1, . . . , ym, and a matrix Gm ∈

Rd−m×r−m with entries Gmij
∼ N (0, 1) iid for all 1 ≤ i ≤ d −m, 1 ≤ j ≤ r −m,

independent of x1, . . . , xm and y1, . . . , ym such that

V ⊤
mG⊤GVm = ∆m +




0m,m 0m,d−m

0d−m,m G⊤
mGm


 .

This result is essentially Lemma 3.4 from [37], and the proof can be found in

the appendix of [6, Appendix B.1]. We will also use the following bound about

the anti-concentration of independent random variables, which is an immediate

consequence of the Berry–Esseen Theorem and a basic anti-concentration result

for Gaussians. The proof can be found in [6, Appendix B.2].

Proposition 2.2.7. There exists a constant C > 0 such that, if X1, . . . , Xk are

independent random variables with V[Xi] ≥ σ2, and E[|Xi − E[Xi]|3] ≤ ρ, and if

we define

X = X1 + · · ·+Xk,

then for any t ∈ R and α > 0, if k > Cρ2/(α2σ6),

P
[
|X − t| < ασ

√
k
]
< α.

Using Proposition 2.2.7, we can derive a more specific consequence which we

will use directly in the proof of Theorem 2.2.3. The proof of this result is also

contained in [6, Appendix B.1].

Lemma 2.2.8. There exists a constant C > 0 such that, if x = Gu and y = Gv,

where G ∈ Rk×k with Gij ∼ N (0, 1) iid for all 1 ≤ i, j ≤ k, and u, v ∈ Rk such
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that ∥u∥2 ≤ 1 and ∥v∥2 ≤ 1, then for any α > 0 and t ∈ R, if k > C/(α2∥u∥62∥v∥62)

then

P
[∣∣x⊤y − t

∣∣ < α∥u∥2∥v∥2
√
k
]
< α.

Finally, we will use the following observation about sparsity patterns that over-

lap all sufficiently large principal submatrices.

Lemma 2.2.9. Let γ < 1 and suppose S ∈ {0, 1}d×d is binary matrix for which

each row and column has between γs and s non-zero entries. Let I ⊂ [d] with |I| ≥

2d/(2 + γ). Then, the principal submatrix [S]I,I of S contains at least γds/(2 + γ)

nonzero entries.

Proof. Let I ⊂ [d] with |I| ≥ 2d/(2 + γ). Note that

∥∥[S]I,[d]
∥∥2
F
=
∑

i∈I

∑

j∈[d]
[S]i,j ≥ |I| · γs =

2γ

2 + γ
ds.

Next, note that, since |Ic| ≤ d− 2d/(2 + γ) = γd/(2 + γ),

∥∥[S]I,Ic
∥∥2
F
=
∑

i∈I

∑

j∈Ic
[S]i,j ≤ |Ic| · s ≤

γ

2 + γ
ds.

Finally, since [d] is partitioned into I and Ic,

∥∥[S]I,I
∥∥2
F
=
∥∥[S]I,[d]

∥∥2
F
−
∥∥[S]I,Ic

∥∥2
F
≥ 2γ

2 + γ
ds− γ

2 + γ
ds =

γ

2 + γ
ds.

2.2.6 Proof of Theorem 2.2.3

We now have the tools necessary to prove Theorem 2.2.3. The general strategy will

be to show that the conditional distribution of a Wishart matrix after a sequence of

(adaptive) queries is hard to approximate. That is, that the on-sparsity entries are

anti-concentrated (conditioned on the queries) relative to the off-sparsity mass,
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which is O(d3/2) with high probability. We will then use this result to prove

Theorem 2.2.3.

Lemma 2.2.10 (Main technical lemma). Fix γ ∈ (0, 1). Then there exist constants

c1, c2, c3 > 0 (depending only on γ) such that the following holds:

Suppose A = G⊤G, where G ∈ Rr×d with Gij ∼ N (0, 1) iid for all 1 ≤ i ≤

r, 1 ≤ j ≤ d. Then, for any sparsity pattern S whose rows and columns each have

between γs and s nonzero entries, and for any (possibly randomized) algorithm that

uses m (possibly adaptive) matrix-vector queries to A to output Ã with Ã ◦S = Ã,

if m ≤ c1d and, for any α ∈ (0, 1), r > m+ c3/α
2, then

P
[
∥S ◦ A− Ã∥2F < c2α

2ds(r −m)
]
< α.

Proof. Fix γ ∈ (0, 1). Let C denote the absolute constant in Lemma 2.2.8, define

c1 =
γ

4 + 2γ
c2 =

c21
4

c3 =
C

c61
,

and suppose m, r, and d are integers such that

m ≤ c1d, r −m >
c3
α2

.

Suppose we do m (possibly adaptive) queries to A. Proposition 2.2.6 implies

that there exists an d× d matrix ∆, and d× (d−m) matrix V with orthonormal

columns, both constructed solely as functions of the queries and measurements,

and a matrix Ĝ ∈ Rr−m×d−m with entries distributed as Ĝij ∼ N (0, 1) for all

1 ≤ i ≤ r −m, 1 ≤ j ≤ d−m independent of the queries and measurements such

that

A = ∆+ VWV ⊤, W = Ĝ⊤Ĝ.

Let S be any sparsity pattern for which each row and column has between γs and

s non-zeros; i.e. for which we can apply Lemma 2.2.9.
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Let T ∈ Rd×d be any matrix with sparsity S determined solely as a function

of the queries and measurements, and hence independent of G. Without loss of

generality, we will absorb S ◦∆ into T . Note also that it suffices to assume T is

deterministic, as the following argument holds for all possible draws of a random

T (and by extension, for the expectation over random draws of T ).

Define the set of indices

P =
{
(i, j) ∈ [d]× [d] :

∣∣[S ◦ VWV ⊤]i,j − [T ]i,j
∣∣2 > (α/2)2c1(r −m)

}
,

and the event

E =
{
|P | ≥ c1ds

}
.

Note that if E holds, we have that

∥S ◦ A− T∥2F ≥
∑

(i,j)∈P

∣∣[S ◦ VWV ⊤]i,j − [T ]i,j
∣∣2

≥ |P | · (α/2)2c1(r −m) ≥ c1ds · (α/2)2c1(r −m) = α2c2ds(r −m),

so it remains to show P[E] ≥ 1− α.

Towards this end, let vi be the ith row of V , and define

I =
{
i ∈ [d] : ∥vi∥22 ≥ c1

}
, M =

{
(i, j) ∈ I × I : [S]i,j = 1

}
.

We must have |I| ≥ 2d/(2 + γ). Otherwise, since V has orthonormal columns so

that ∥vi∥22 ≤ 1, we would have:

d−m = ∥V ∥2F =
d∑

i=1

∥vi∥22 <
∑

i∈Ic
c1 +

∑

i∈I
1 < c1d+

2d

2 + γ
= (1− c1)d,

which contradicts our assumption m ≤ c1d ⇔ d − m ≥ (1 − c1)d. Then, since

|I| ≥ 2d/(2 + γ), Lemma 2.2.9 and our assumption on S give that

|M | ≥ γds

2 + γ
= 2c1ds.
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We now show that if (i, j) ∈ M then (i, j) ∈ P with high probability. Fix

arbitrary (i, j) ∈M (and note that this means i, j ∈ I). Since [S]i,j = 1, note that

[S ◦ VWV ⊤]i,j = x⊤
i xj, where xi = Ĝvi and xj = Ĝvj and vi and vj are the i-th

and j-th rows of V respectively. We also have that ∥vi∥22, ∥vj∥22 ≥ c1. With this in

mind, our choice of constants implies

r −m ≥ c3
α2

=
C

α2c61
≥ C

α2∥vi∥62∥vj∥62
.

Hence, applying Lemma 2.2.8,

P
[
(i, j) ̸∈ P

]
= P

[∣∣[S ◦ VWV ⊤]i,j − [T ]i,j
∣∣ < (α/2)c1

√
r −m

]

≤ P
[∣∣x⊤

i xj − [T ]i,j
∣∣ < (α/2)∥vi∥2∥vj∥2

√
r −m

]
<

α

2
.

Now, by Markov’s inequality, we have that

P

[ ∑

(i,j)∈M
1[(i, j) ̸∈ P ] ≥ 1

α
· α
2
|M |

]
≤ α.

Since |M | ≥ 2c1ds, this then implies that

P
[
E
]
= P

[
|P | ≥ c1ds

]
≥ P

[
|P | ≥ |M |

2

]
≥ 1− α.

This proves the result.

With Lemma 2.2.10, the proof if Theorem 2.2.3 is straightforward. The basic

idea is that if r = d and α is constant then ∥S◦A−Ã∥2F is typically Ω(sd2). However,

by simple computation, it is not hard to see that ∥S◦A∥2F ≤ ∥A∥2F is typically O(d3).

Thus, if we set d = O(s/ε), we typically will have that ∥S ◦ A − Ã∥2F > ε∥S ◦ A∥

as long as m ≤ c1d = O(s/ε).

Proof of Theorem 2.2.3. Fix γ ∈ (0, 1) and let c1, c2, c3 be the constants from
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Lemma 2.2.10. We will make the following assignments:5

α =
1

25
, b1 = 50, b2 =

c2α
2(1− c1)

6b1
, b3 = max

{
2,

(1− c1)b2α
2

c3

}
, C1 = c1b2.

Fix ε > 0. We will show that if

m ≤ C1
s

ε
,

b2
ε
∈ Z, ε <

1

b3
≤ 1

2
, (2.11)

then there is a distribution on matrices such that for any sparsity pattern with

between γs and s entries per row,

P
[
∥A− Ã∥F ≤ (1 + 2ε) ∥A− S ◦ A∥F

]
≤ 1

25
. (2.12)

The assumption b2/ε ∈ Z will subsequently be removed.

Towards this end, assume Equation (2.11), and set

d = b2
s

ε
, r = d, A = G⊤G, G ∈ Rr×d, Gij ∼ N (0, 1) iid for 1 ≤ i ≤ r, 1 ≤ j ≤ d.

Define events,

E =
{
∥S ◦ A− Ã∥2F ≥ c2α

2ds(r −m)
}
, F =

{
∥A− S ◦ A∥2F ≤ b1d

3
}
.

By assumption, m ≤ C1s/ε = c1d and

r −m ≥ (1− c1)d = (1− c1) · b2
s

ε
> (1− c1)b2

1

b3
=

c3
α2

.

Therefore, applying Lemma 2.2.10, we have that P[E] ≥ 49/50.

It is easy to show that E[∥A − S ◦ A∥2F] ≤ d3 (see [6, Appendix B.3] for a

derivation), so since b1 = 50, an application of Markov’s inequality implies P[F ] ≥

49/50.

Note that

6εb1d
3 ≤ 6εb1d · b2

s

ε
· r −m

1− c1
≤ c2α

2ds(r −m).

5We have labeled the constants so that if ci depends on cj , then i > j.
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By a union bound, both E and F hold with probability at least 24/25. Then since

S ◦ A and Ã have disjoint support and ε < 1/2, as noted in Equation (2.5),

∥S ◦ A− Ã∥2F ≥ (1 + 6ε)∥A− S ◦ A∥2F ≥ (1 + 2ε)2∥A− S ◦ A∥2F.

We now relax the assumption c5/ε ∈ Z. For arbitrary ε > 0, define ε̃ =

b2/⌈b2/ε⌉. Then b2/ε̃ ∈ Z and ε̃ ≤ ε. Moreover, if ε ≤ b2/2, then ε ≤ b2ε̃/(b2−ε̃) ≤

2ε̃. Set c = min{1/b3, b2/2}. Therefore, since 1/ε ≤ 1/ε̃, if

m ≤ C1
s

ε
, ε < c, (2.13)

then the conditions in Equation (2.11) hold (with ε̃), and so we have the result

in Equation (2.12) (with ε̃). Since ε ≤ 2ε̃, this implies there is a distribution on

matrices and sparsity patterns for which the result of the theorem holds.

Thus, the proof is complete with C = 2C1.

2.2.7 Numerical Experiments

In this section, we provide several numerical experiments which illustrate the

performance of Algorithm 3. These problems are modeled after similar prob-

lems from the literature. Code to reproduce the figures can be found at https:

//github.com/tchen-research/fixed_sparsity_matrix_approximation.

Model problem

We consider the matrix A = M−1, where M = tridiag(−1, 4,−1). This class

of matrices exhibits exponential decay away from the diagonal and was used in

experiments in past work [22, 72].
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We take A to be 1000 × 1000 and, for varying values of b ≥ 0, we set S to

be a symmetric banded matrix of maximum total bandwidth 2b + 1; i.e. [S]i,j =

1(|i− j| ≤ b). We then compute the approximation error ∥A− Ã∥F and recovery

error ∥S ◦ A − Ã∥F for the output of Algorithm 3 run using a varying number of

matvec queries m.

The results are illustrated in Figure 2.1. Here the convergence of Algorithm 3

is matched well by the upper bound in Theorem 2.2.1 for the expected squared

error (note that the plot shows the error, not the expected squared error).
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Figure 2.1: Approximation of model problem matrix A = tridiag(−1, 4,−1)−1 by
a matrix of total bandwidth s for varying values of s. The solid circles indicate the
root mean squared error of Algorithm 3 over 20 independent runs of the algorithm,
and the shaded region indicates the 10%-90% range. The dotted lines are the√

s/(m− s− 1)∥A− S ◦ Ã∥F (left) and
√

1 + s/(m− s− 1)∥A− S ◦ Ã∥F (right).

Trefethen Primes

We let A = M−1, where M be the 1000 × 1000 matrix whose entries are zero

everywhere except for the primes 2, 3, 5, 7, . . . , 7919 along the main diagonal and

the number 1 in all the positions [B]i,j with |i–j| ∈ {1, 2, 4, 8, . . . , 512}.6 An

example (somewhat different from our example) involving this matrix was used in

6In problem 7 of the “A Hundred-dollar, Hundred-digit Challenge” in SIAM News, readers
are asked to compute the (1,1) entry of a larger but analogously defined matrix A to 100 digits
of accuracy [162].
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[138].

Figure 2.2: Left : Log-scale of the nonzero entries of M , which range in magnitude
from 1 to 7919. Middle: Log-scale of the nonzero entries of A. Right : Sample
sparsity pattern S corresponding to b = 5.

For b > 0, we defined a sparsity pattern S to be such that, for each t ∈

{1, 2, 4, 8, . . . , 512}, [S]i,j = 1 whenever |i− j± t| ≤ b and zero otherwise. In other

words, the sparsity pattern consists of bandwidth 2b + 1 bands centered nonzero

entries of M = A−1. This is illustrated in Figure 2.2.

The results are shown in Figure 2.3. Here, the convergence of Algorithm 3

is somewhat better than the upper bound Theorem 2.2.1. This is because many

rows of the sparsity pattern have far fewer than s entries. From the proof of

Theorem 2.2.1, it is clear how to obtain an exact characterization of the expected

squared error.

2.2.8 Outlook on sparse approximation

This work raises a number of interesting practical and theoretical questions. We

now comment on three.

It is clear that there is potential for combining coloring methods with algorithms

such as Algorithm 3 in order to avoid paying for large off-sparsity entries in parts
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Ã
‖ F

102

number of matvecs m

10−4

10−3

10−2

10−1

100

sp
ar

se
re

co
ve

ry
er

ro
r:
‖S
◦A
−

Ã
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Figure 2.3: Approximation of “Trefethen primes” inverse matrix by a multi-banded
matrix for varying values of s. The solid circles indicate the root mean squared
error of Algorithm 3 over 100 independent runs of the algorithm, and the shaded
region indicates the 10%-90% range. The dotted lines are the

√
s/(m− s− 1)∥A−

S ◦ Ã∥F (left) and
√

1 + s/(m− s− 1)∥A− S ◦ Ã∥F (right).

of a matrix while simultaneously maintaining the robustness to noise enjoyed by

Algorithm 3. One approach to combining these two paradigms is to use adaptive

queries to identify portions of the matrix with large-mass, and then find a coloring

based on this information. We believe further study in this direction may yield

algorithms that work better in many practical situations. Of course, our lower

bound Theorem 2.2.3 shows that only constant factors can be improved for some

families of problem instances.

The present paper focuses only on the Frobenius norm. It would be valuable to

understand the analogous problem in other norms such as the matrix 2-norm. For

other norms, S ◦A is not necessarily the best approximation to A with sparsity S.

For instance, if A = [1, 1; 1, 1] and S = [1, 0; 0, 0], then

argmin
X=S◦X

∥A−X∥2 =



2 0

0 0


 ̸=



1 0

0 0


 = S ◦ A.

Loosely speaking, minimizing the operator-norm approximation error requires the

rows of the error matrix to be small and unaligned, whereas the Frobenius norm

problem only requires them to be small.

66



Finally, it is of broad interest to understand algorithms and lower bounds for

richer structures of matrices, such as the sum of sparse and low-rank matrices and

matrices with hierarchical low-rank structure. This paper is a starting point for

investigating these problems, and we hope that future work will explore them in

greater depth.
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CHAPTER 3

HIERARCHICAL MATRIX RECOVERY AND APPROXIMATION

Hierarchical low-rank approximations lie at the heart of many widely used nu-

merical methods, including the Fast Multipole Method (FMM) [77, 183, 184, 185]

and have applications ranging from partial differential equation (PDE) solvers and

control problems to the non-uniform Fourier transform [27, 12, 176]. Hierarchi-

cal matrix recovery has received significant attention due to both practical and

theoretical importance [111, 116, 117, 106, 32, 35, 105]. For example, black-box

HODLR approximation methods can be used to obtain fast direct solvers in set-

tings where we have access to efficient matrix-vector products, e.g., via an FMM

or iterative method [111, 117]. Black-box methods are also central in the field of

operator or PDE learning, where A is an unknown differential operator and one

can access matrix-vector products through physical experiments or simulations

involving different forcing functions [33, 31, 151].

In this chapter1, which, we discuss the theoretical bounds and stability guaran-

tees for hierarchical matrix recovery and approximation from matrix-vector prod-

ucts. We propose a projection-based variant of peeling for hierarchical matrix

recovery in Section 3.1. Then, in Section 3.2, we derive an algorithm and accom-

panying theory for hierarchical matrix approximation from matrix-vector products.

In this work, we resolve the open question about the stability of peeling introduced

as an important theoretical challenge in [35] by providing some of the first relative

1This chapter consists of sections which are excerpts from two papers [84, 45], The first sec-
tion contains two hierarchical matrix recovery algorithms which I developed with Alex Townsend
in [84]. The second section contains excerpts from [45], to which I contributed ideas for upper
and lower bounds and algorithms. This paper was joint with Tyler Chen, Feyza Duman Keles,
Cameron Musco, Chris Musco, and David Persson. Tyler Chen performed the numerical experi-
ments in this section, and Tyler Chen and David Persson primarily derived the theory for noisy
low-rank approximation.
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guarantees for the stable behavior that is observed in practice.

3.1 Hierarchical matrix recovery from matrix-vector prod-

ucts

In Sections 3.1.1 and 3.1.4, we describe randomized algorithms that recover N×N

rank-k HODLR matrices from O((k + p) log(N)) queries and HSS matrices from

a small multiple of k queries with high probability. There are existing algorithms

for HODLR matrix recovery using O(k log(N)) queries based on a recursive elim-

ination strategy [111, 117]. Instead of using recursive elimination, our recovery

algorithms use a recursive projection procedure that carefully projects the input

query vectors, as well as outputs. Therefore, we think of our recovery algorithm for

HODLR matrices as a QR-variant of recursive elimination [111, 117]. We suspect

our algorithm to be more theoretically stable than peeling due to the advantages

of projection over elimination, though both algorithms are observed to be stable

in practice.

In Section 3.1.1, we describe a randomized algorithm for HSS matrix recov-

ery, where we restrict to a particular representation of HSS matrices, and in Sec-

tion 3.1.4, we derive a stable algorithm for HODLR recovery by incrementally mak-

ing the matrix structure more complicated. Finally, in Section 3.1.6, we consider

related problems, such as recovering matrices when the matrix-vector products are

error-prone and recovering hierarchical matrices whose blocks are only numerically

low-rank.
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3.1.1 p-HSS matrix recovery

In this section, we derive a recovery algorithm for HN,k, the family of N×N rank-k

p-HSS matrices, where N and k are known in advance.

We first count the parameters that define the structure of HN,k. There are

# parameters = 4k
N

2︸ ︷︷ ︸
U,V,W,Z

+ k2(N/2ℓ−1 − 4)︸ ︷︷ ︸
off-diag. blks

+ 22ℓ
N

2ℓ︸ ︷︷ ︸
diag. blks

= N

(
2k +

k2

2ℓ−1
− 4k2

N
+ 2ℓ

)

(3.1)

defining HN,k. However, to apply the bound in Equation (2.1), we require that

HN,k is a linearly parametrized family, so that the equations from matrix-vector

product queries are linear in the parameters ofHN,k. This is not the case. However,

if we recover U, V,W , and Z first, the equations will be linear in the remaining

parameters. Therefore, by Equation (2.1), we need at least ⌈ k2

2ℓ−1 − 4k2

N
+ 2ℓ⌉ more

matrix-vector products to fully recover HN,k. Since k ≤ 2ℓ ≤ 2k and in general,

N ≫ k2, 4k queries is more than enough.

If HN,k is symmetric, there are kN parameters defining U and V , k2(N/2ℓ −

2) parameters in the off-diagonal blocks, and 2ℓ−1(2ℓ + 1)N/2ℓ = 2−1(2ℓ + 1)N

parameters in the diagonal blocks. Thus, we have

# parameters of symmetric HN,k = kN︸︷︷︸
U,V

+ k2(N/2ℓ − 2)︸ ︷︷ ︸
off-diag. blks

+
(2ℓ + 1)N

2︸ ︷︷ ︸
diag. blocks

, (3.2)

and symmetric rank-k p-HSS recovery requires at least ⌈k2
2ℓ
− 2k2

N
+ 2ℓ+1

2
⌉ queries, in

addition to the number of queries needed to recover U and V . Using k ≤ 2ℓ ≤ 2k

and N ≫ k2 as before, 3k queries is more than enough.
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Existing approaches

There are a few existing algorithms for general HSS matrix recovery. Peeling al-

gorithms utilize the same recursive elimination strategy as existing algorithms for

HODLR recovery [117, 106], and requireO((k+p) log2(N)) matrix-vector products.

These algorithms yield an upper bound on QC(HSS rank-k) and QC(HSS rank-k)

of O(k log2(N)). In theory, peeling algorithms can be numerically unstable be-

cause the pivoting strategy in elimination relies on the hierarchical structure of

the matrix, rather than the magnitude of its entries.

A recent HSS recovery algorithm, which we refer to as the Levitt–Martinsson

HBS algorithm, does not rely on peeling, and instead only requires O(k) matrix-

vector products, as suggested by the lower bound Equation (2.1) [105]. Thus,

QC(HSS rank-k) = O(k). It leverages a telescoping factorization of an HSS matrix

and recursively recovers its entries in an order based on the hierarchical structure.

Our algorithm also achieves O(k) matrix-vector products and exploits hierarchical

structure for a projection-based method for recovery. Essentially, our algorithm

solves a linear system in the parameters of a p-HSS matrix given in Equation (3.1),

which is generated from O(k) matrix-vector queries. From the existence of the

Levitt–Martinsson HBS algorithm [105] and a result by Otto [136], we know that

using the same number of matrix-vector products as the Levitt–Martinsson HBS

algorithm, our linear system has a unique solution with probability 1. In practice,

we observe that the linear system has a unique solution with even fewer matrix-

vector products than this. We believe this is due to some oversampling in the

Levitt–Martinsson algorithm. While our algorithm and that of [105] require the

same number of matrix-vector products and are both projection-based, we recover

the entries of a p-HSS matrix all at once, exploiting the sparsity structure and
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magnitude of entries in the linear system. In contrast, [105] recovers a general

HSS matrix in sequential steps based on the telescoping factorization.

Our numerical results in Section 3.1.3 suggest that our algorithm performs

better than that of [105] in terms of accuracy, especially when the rank of the p-

HSS matrix is low. However, one trade-off here is that the Levitt–Martinsson HBS

algorithm in [105] achieves linear complexity and is more efficient for large ranks.

Our algorithm can be more computationally expensive due to our QR strategy for

solving a large linear system in the parameters of an HSS matrix. In practice, we

use a multifrontal multithreaded sparse QR factorization causes our algorithm’s

computational time to grow like O(N1.2) [58]. We also observe in Section 3.1.6

that our linear system strategy is a more accurate solution to related recovery

problems: when the HSS matrix has only numerically low-rank blocks and when

matrix-vector products are error-prone, i.e., outputs of matrix-vector products are

noisy. Overall, our two algorithms are complementary, as that of [105] is better

suited to the telescoping factorization structure for an HSS matrix. In contrast,

ours is designed to recover an HSS structure in a format that stores the parameters

defining each subblock of the HSS matrix. We also emphasize that the algorithm

of [105] is suited to the general class of HSS matrices, whereas our algorithm the

slightly more restrictive class of p-HSS matrices (Definition 1.4.7).

We now describe a randomized algorithm to recover HN,k. We do so by pro-

gressively increasing the complexity of the p-HSS structure from symmetric H4,1

(see Section 3.1.1) to general symmetric HN,k (see Section 3.1.1) before extending

to p-HSS matrices and so-called restricted HSS matrices (see Section 3.1.2).
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Symmetric rank-1 p-HSS matrices

We begin by considering the recovery of symmetric p-HSS matrices, which is con-

ceptually easier to explain. In turn, we consider symmetric H4,1 (see Section 3.1.1),

symmetric HN,1 where N is a power of 2 (see Section 3.1.1), and the recovery of

symmetric HN,k (see Section 3.1.1). We emphasize that our recovery algorithm is

not necessarily optimal for a matrix as small as 4 × 4; however, we consider this

initial pet example to illustrate the algorithm.

Recovering H4,1

Consider the recovery of a 4 × 4 symmetric rank-1 p-HSS matrix, which can be

expressed as

H4,1 =




a1 a2

a2 a3

vu⊤

uv⊤
a4 a5

a5 a6



, a1, . . . , a6 ∈ R, u, v ∈ R2. (3.3)

Hence, H4,1 is defined by 6 parameters in the entries a1, . . . , a6 and 4 more param-

eters in the vectors u and v. We can stably recover uv⊤ by noting that

H4,1




x1

x2

0

0



=




∗

∗

uv⊤



x1

x2






, H4,1




0

0

y3

y4



=




vu⊤



y3

y4




∗

∗



, (3.4)

where ∗ denotes irrelevant entries. Thus, we compute matrix-vector products with

uv⊤ and vu⊤ by querying H4,1. We use the randomized SVD to stably recover u

and v in a total of 2+ p queries. Finally, we use two matrix-vector products of the
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form:

H4,1




g1

g2

g3

g4



=




a1g1 + a2g2

a2g1 + a3g2

a4g3 + a5g4

a5g3 + a6g4



+




0 0

0 0
vu⊤

uv⊤
0 0

0 0







g1

g2

g3

g4



, (3.5)

where g1, . . . , g4 are standard Gaussian i.i.d. random numbers, to set up an 8× 6

linear system for a1, . . . , a6. The exact rectangular linear system is given by




g1 g2 0 0 0 0

0 g1 g2 0 0 0

0 0 0 g3 g4 0

0 0 0 0 g3 g4

g′1 g′2 0 0 0 0

0 g′1 g′2 0 0 0

0 0 0 g′3 g′4 0

0 0 0 0 g′3 g′4







a1

a2

a3

a4

a5

a6




=




H4,1




g1

g2

g3

g4



−




0 0

0 0
vu⊤

uv⊤
0 0

0 0







g1

g2

g3

g4




H4,1




g′1

g′2

g′3

g′4



−




0 0

0 0
vu⊤

uv⊤
0 0

0 0







g′1

g′2

g′3

g′4







, (3.6)

which can trivially be decoupled into two 4×3 rectangular linear systems problems

to solve for a1, a2, a3 and a4, a5, a6. Here, g
′
1, . . . , g

′
4 are also standard iid Gaussians.

This means that we can recover H4,1 with a total of 4 + p matrix-vector product

queries. Of course, 4 + p > 4, so the naive algorithm of recovering H4,1 column-

by-column is better here; however, these ideas extend to recovering HN,1 for larger

N .
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Recovering an N×N rank-1 p-HSS matrix, where N is a power of 2

A similar procedure for H4,1 (see Section 3.1.1) works for the recovery of HN,1,

where N is a power of 2. Note that for any x, y ∈ RN/2 we have

HN,1




x

0N/2


 =



∗

uv⊤x


 , HN,1



0N/2

y


 =



vu⊤y

∗


 ,

where 0N/2 is the zero vector of length N/2 and ∗ is a vector of length N/2 with

arbitrary entries. Thus, we can access matrix-vector products with uv⊤ and vu⊤

by directly querying HN,1. This means we can apply the randomized SVD to stably

recover u and v in a total of 2 + p queries.

By setting k = 1 in Equation (3.2) and counting the parameters other than u

and v, there are 2N − 2 parameters remaining to recover in HN,1. We construct a

rectangular linear system whose solution is the remaining parameters in a similar

way to Equation (3.6). Each matrix-vector query with a random i.i.d. standard

Gaussian vector yields N linear equations in the remaining parameters, so two

matrix-vector products yield a 2N × (2N − 2) rectangular linear system. The

rectangular linear system has a recurring “staircase” structure due to the HSS

structure (see Figure 3.1, left), and trivially decouples into two N × (N − 1)

rectangular linear systems. We observe that the multifrontal multithreaded sparse

QR factorization [58] takes less than 5 seconds to solve the rectangular linear

system for N = 218 = 262,144, and has a computational time complexity of about

O(N1.2) (see Figure 3.1, right).
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Figure 3.1: Left: The structure of the 2N × (2N − 2) sparse linear system that are
satisfied by the parameters of a symmetric HN,1, excluding u1 and v1 for N = 128.
Right: The computational time required to solve the rectangular linear system
using ‘\’ in MATLAB for the remaining parameters of HN,1, which executes the
multifrontal multithreaded sparse QR factorization [58]. From these experiments,
we observe that the computational time scales like O(N1.2).

Recovering a symmetric, rank-k p-HSS matrix

Our algorithm for recovering HN,k generalizes our approach for HN,1 (see Sec-

tion 3.1.1). In total, it requires 5k + p matrix-vector products to recover HN,k,

including the N/2× k matrices U and V in the largest off-diagonal blocks and the

k × k matrices in each subblock. First, we recover the matrix UV ⊤ by noticing

that for any vectors x, y ∈ RN/2,

HN,k




x

0N/2


 =



∗

UV ⊤x


 , HN,k



0N/2

y


 =



V U⊤y

∗


 .

Thus, we query UV ⊤ and V U⊤ by using matrix-vector products with HN,k, al-

lowing us to recover UV ⊤ with the randomized SVD in 2k + p queries with high

probability.

We construct a linear system for the remaining parameters that define HN,k.

Since we have already recovered UV ⊤, a matrix-vector product of the form HN,kx
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yields the following N linear equations:




H11x(i1) + V (i1, :)H12V (i2, :)
⊤x(i2)

V (i2, :)H
⊤
21V (i1)

⊤x(i1) +H22x(i2)

H33x(i3) + U(i1, :)H34U(i2, :)
⊤x(i4)

U(i2, :)H
⊤
43U(i1)

⊤x(i3) +H44x(i4)



= HN,kx−




UV ⊤



x(i1)

x(i2)




V U⊤



x(i3)

x(i4)







,

where i1 = 1 : N/4, i2 = N/4+1 : N/2, i3 = N/2+1 : 3N/4, and i4 = 3N/4+1 : N .

Since vec(AXB⊤) = (B ⊗ A)vec(X), we write this as

[A1 A2 A3 A4]




vec(H12)

vec(H21)

vec(H34)

vec(H43)



+




vec(H11x(i1))

vec(H22x(i2))

vec(H33x(i3))

vec(H44x(i4))



= vec(HN,kx)− vec







UV ⊤



x(i1)

x(i2)




V U⊤



x(i3)

x(i4)










,

where we write A1 = (x(i2)
⊤V (i2, :)) ⊗ V (i1, :), A2 = (x(i1)

⊤V (i1, :)) ⊗ V (i2, :),

A3 = (x(i4)
⊤U(i2, :)) ⊗ U(i1, :), and A4 = (x(i3)

⊤U(i1, :)) ⊗ U(i2, :). Since Hjj

for 1 ≤ j ≤ 4 are themselves HSS matrices, N equations can be constructed

recursively. For example, when N = 16 and k = 2, HN,k takes the following form:

H16,2 =




b9 b10 b11 b12

b10 b11 b12 b13

b11 b12 b13 b14

b12 b13 b14 b15

V (1 : 4, :)



b1 b2

b3 b4


V (5 : 8, :)⊤

V (5 : 8, :)



b1 b2

b3 b4




⊤

V (1 : 4, :)⊤

b16 b17 b18 b19

b17 b18 b19 b20

b18 b19 b20 b21

b19 b20 b21 b22

V U⊤

UV ⊤

b23 b24 b25 b26

b24 b25 b26 b27

b25 b26 b27 b28

b26 b27 b28 b29

U(1 : 4, :)



b5 b6

b7 b8


U(5 : 8, :)⊤

U(5 : 8, :)



b5 b6

b7 b8




⊤

U(1 : 4, :)⊤

b30 b31 b32 b33

b31 b32 b33 b34

b32 b33 b34 b35

b33 b34 b35 b36




,

where U, V ∈ R8×2. A matrix-vector product H16,2x for x ∈ R16 gives us 16

equations in the unknowns b1, . . . , b36. Given the repetitive structure of H16,2, we
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focus on the first four equations produced by this query to find the pattern of the

linear system. The top left 4× 4 subblock of the linear system matrix, called L1,

corresponds to the coefficients of b1, . . . , b4 in the first four equations of the linear

system:

L1 =




∑8
j=5 xjv1,jv1,1

∑8
j=5 xjv2,jv1,1

∑8
j=5 xjv1,jv2,1

∑8
j=5 xjv2,jv2,1

∑8
j=5 xjv1,jv1,2

∑8
j=5 xjv2,jv1,2

∑8
j=5 xjv1,jv2,2

∑8
j=5 xjv2,jv2,2

∑8
j=5 xjv1,jv1,3

∑8
j=5 xjv2,jv1,3

∑8
j=5 xjv1,jv2,3

∑8
j=5 xjv2,jv2,3

∑8
j=5 xjv1,jv1,4

∑8
j=5 xjv2,jv1,4

∑8
j=5 xjv1,jv2,4

∑8
j=5 xjv2,jv2,4



.

Note that this matrix is the same as the one generated by the Kronecker prod-

uct given by V (1 : 4, :) ⊗ (x(5 : 8)⊤V (5 : 8, :)). For the rest of the equations

corresponding to multiplication by a 4× 4 off-diagonal subblock, there is an anal-

ogous Kronecker product, as this is the same product up to changing the indexing

of U, V , and x.

To find the remaining coefficients in the first 4 equations, we note that the only

other nonzero coefficients of the parameters bi result from multiplication by the

diagonal block with seven parameters: b9, . . . , b15. The corresponding subblock of

the linear system matrix, which is 4 × 7 and starts from the parameter b9, looks

like this:

L2 =




x1 x2 x3 x4 0 0 0

0 x1 x2 x3 x4 0 0

0 0 x1 x2 x3 x4 0

0 0 0 x1 x2 x3 x4



.

Putting these nonzero blocks together and setting the rest of the coefficients

to 0 gives the first 4 rows of the linear system:

[
L1 L2 04,25

]
. As with L1, the
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structure of L2 is the same for the rest of the linear system, up to changing the

indexing of x.

The linear system for HN,k

The p-HSS recovery strategy of forming a linear system and solving for parameters

works for any p-HSS matrix of arbitrary size and partitioning of the hierarchy.

However, to illustrate our algorithm, we continue to assume that N is a power of

2. We generate the rank-k linear system according to the analogous formula using

Kronecker products. Now that we have a general form for the linear system given

by one matrix-vector product, we find the number of queries needed to generate

a linear system with more equations than the parameters of HN,k. We claim that

this number is at least 3k. This is the same analysis as in Equation (3.2); we have

already recovered U and V , and we also assume the diagonal blocks each have

22ℓ degrees of freedom because we know by Lemma 2.1.4 that symmetry does not

reduce the number of queries. So, there are k2(N/2ℓ − 2) + 2ℓ · N parameters.

Then by Equation (2.1), the number of matrix-vector queries to guarantee more

equations than unknowns is ⌈k2
2ℓ
− 2k2

N
+ 2ℓ⌉ ≤ 3k.

Thus, we perform 3k matrix-vector products and generate 3Nk equations. We

solve this linear system with the multifrontal multithreaded sparse QR factoriza-

tion. From the degrees of freedom perspective, 3k is a lower bound on the number

of queries that will give a unique solution. We also observe that 3k queries are

enough to uniquely determine HN,k. Moreover, this solution has little error be-

cause the right-hand side of the least-squares problem is in the column space of

the left-hand side. Thus, only the condition number of the linear system upper

bounds the solution’s relative error rather than its square. We observe that the

79



relative error of the solution grows slowly with N in Section 3.1.3, demonstrating

the stability of the p-HSS recovery algorithm in practice.

General rank-k p-HSS recovery

If HN,k is not symmetric, the same linear system strategy works. Recovery of

U, V,W , and Z requires 2(k + p) queries with A and 2k queries with A⊤ via the

randomized SVD. Then, we solve for the remaining parameters by constructing

a linear system from matrix-vector products. By Equation (3.1), there are now

k2(N/2ℓ−1− 4)+ 2ℓN parameters defining HN,k, so the number of queries to guar-

antee more equations than unknowns is ⌈ k2

2ℓ−1 − 4k2

N
+ 2ℓ⌉ ≤ 4k using the bound

k ≤ 2ℓ ≤ 2k and the fact that N ≫ k2. Thus, the total number of matrix-vector

products with A is 6k + 2p and with A⊤ is 2k.

3.1.2 Restricted symmetric, rank-k HSS recovery

We often deal with a more specific symmetric rank-k HSS matrix, which we call a

restricted HSS matrix Ares
N,k. This also arises as one step of our HODLR recovery

algorithm. In this case, we already know the N/2× k matrices U and V , the row

and column spaces defining Ares
N,k. In addition, Ares

N,k’s diagonal blocks Ares
ii have

a more specific structure, rather than being general 2ℓ × 2ℓ blocks. The top half

diagonal blocks are Ares
ii = V (i)Ares

i V (i)⊤, and the bottom half diagonal blocks are

Ares
jj = U (j)Ares

j U (j)⊤ where Ares
i , Ares

j are symmetric k×k matrices and V (i) and U (j)

correspond to the ith and jth restrictions of U and V , respectively. To recover a

restricted HSS matrix, we construct a linear system similar to that in Section 3.1.1;

however, it requires only 2k, rather than 3k, matrix-vector products to be solved.
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To see this, we count the degrees of freedom in Ares
N,k and divide by the number

of linearly independent equations given by a matrix-vector product. The analysis

is almost identical to that in Section 3.1.1, and the only difference is that the

diagonal blocks Ares
ii contribute k2 instead of 22m degrees of freedom. We have

k2(N/2ℓ − 2) parameters in the off-diagonal blocks and Nk2/2ℓ parameters in the

diagonal blocks. Thus, the number of queries that guarantee more equations than

unknowns is ⌈
k2

2ℓ
− 2k2

N
+

k2

2ℓ

⌉
≤ 2k,

where the last inequality follows by using the bound k ≤ 2ℓ. Thus, we use 2k

matrix-vector products to recover a symmetric restricted HSS matrix.

Asymptotic Complexity

We find the asymptotic behavior of TpHSS, the time required to recover a rank-k

p-HSS matrix A using the algorithm in Section 3.1.1. Let TA denote the time to

apply A or A⊤ to a vector, and Tflop denote the time for a floating point operation.

To recover A, one applies A to 6k+2p vectors and A⊤ to 2k vectors, totaling a cost

of (8k + 2p)TA. The remaining cost is incurred by solving a 4Nk by Nk2/2ℓ−1 −

4k2 + 2ℓN linear system for the parameters of A. Using the QR factorization

to solve the associated least-squares problem costs O(TflopN
3k3). Then overall,

TpHSS = O(TA(k + p) + TflopN
3k3).

3.1.3 Numerical results

In this section, we compare the performance of our p-HSS recovery algorithm to

those of Martinsson in [117] and Levitt and Martinsson in [105] using the same

81



10
2

10
3

10
4

10
-14

10
-12

10
-10

∥A
−

A
co

m
p
u
te
d
∥ 2
/∥
A
∥ 2

N

LM

HT
M1

N M1 LM HT
32 90 33 15
64 112 33 15
128 134 33 15
256 156 33 15
512 178 33 15
1024 200 33 15
2048 222 33 15
4096 244 33 15

Figure 3.2: Left: The relative error in recovering an N × N symmetric rank-
1 generic HSS matrix. M1 refers to the recursive elimination strategy in [117],
a peeling algorithm of Martinsson. Our algorithm, denoted as HT, is described
in Section 3.1.1. LM denotes the Levitt–Martinsson HBS algorithm in [105]. The
errors in the spectral norm were calculated via 20 iterations of the power method.
Right: Number of matrix-vector products used by each algorithm. While LM
has a much larger observed recovery error than M1, it only uses O(k) matrix-
vector products. Our algorithm also only uses O(k) queries and achieves the same
accuracy as M1. In contrast, M1 needs O((k + p) log2(N)) queries.

error measurement as in those papers. We measure relative error using ||HN,k −

Hrecov
N,k ||/||HN,k|| in the spectral norm via 20 iterations of the power method. To

approximate the norm of a matrix X, we apply the power method to X⊤X. All

of the experiments in this section and later on in Section 3.1.5 were written in

MATLAB and carried out on a Xeon E5-2698 processor with a single core and 256

GB of memory.

We measure the success of the three algorithms in several ways. First, in

terms of number of matrix-vector queries, [117] requires O((k+p) log2(N)) queries,

whereas both [105] and our p-HSS recovery algorithm only require O(k). On

the other hand, our algorithm requires the most floating point operations due

to the multifrontal multithreaded QR factorization. In contrast, the Levitt–

Martinsson algorithm and Martinsson peeling algorithm require O(Nk2) and

O(N(log2(N))2k2) floating point operations, respectively. However, due to the
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sparsity structure of the linear system, in practice, our algorithm’s computational

time complexity is O(N1.2).

A recovery algorithm should also be accurate. As shown in Figure 3.2, all

three algorithms are reasonably accurate, and the performance of the algorithms

in [117] and [105] are close to the numerical results in their papers. We observe

that our algorithm and the peeling algorithm of [117] are comparable and more

accurate than the HBS algorithm of [105]. Moreover, while our algorithm and the

peeling algorithm of [117] achieve high accuracy, our method requires far fewer

matrix-vector products.

Finally, our algorithm and the recent algorithm of [105] are both projection-

based, as opposed to the peeling algorithm of [117], which employs a strategy of

recursive elimination. Projection is advantageous compared to peeling because

projection limits floating point error, whereas peeling can, in principle, be more

numerically unstable. However, despite its use of projection, the algorithm in [105]

is observed to be the least accurate. One explanation for this is the algorithm’s

recursive strategy of recovering the telescoping factorization of an HSS matrix,

starting from the level closest to the diagonal. This process follows the sequential

order of the telescoping factorization and can potentially propagate floating point

errors. In fact, the recovered matrix may not have an exact HSS structure when

the recovery algorithm is performed in floating point arithmetic. In contrast, the

linear system strategy used in our HSS recovery algorithm solves for all of the

parameters of an HSS matrix at once. It enforces the HSS structure even in

floating point arithmetic.

It is worth noting that the Levitt–Martinsson algorithm [105] recovers an HSS

matrix only in the form of its telescoping factors, which is an equivalent char-
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acterization of an HSS matrix. In contrast, our algorithm recovers precisely the

parameters that define each off-diagonal block in a p-HSS matrix. In this sense,

our two algorithms are complementary, as they are suited to two different charac-

terizations of HSS matrices, although the Levitt–Martinsson algorithm works on

a slightly larger class. One of the algorithms may be preferable depending on how

one stores an HSS matrix.

3.1.4 HODLR recovery

We now describe our algorithm for HODLR recovery. We denote an N ×N , sym-

metric, generic rank-k HODLR matrix as BN,k, where again N = 2n. By generic,

we mean that BN,k is defined by random parameters. That is, the low-rank factors

of the off-diagonal blocks are matrices with i.i.d. random Gaussian entries, and

the diagonal blocks also have i.i.d. random Gaussian entries. We then discuss how

to recover a symmetric rank-1 HODLR matrix defined by parameters that are not

truly random, i.e., the column and row spaces of different subblocks have some

correlation. This technique has multiple stages, and we pare our matrix down

by recovering parameters until all that is left is a restricted HSS matrix (see Sec-

tion 3.1.2). We first recover the subblocks that do not correlate with one another

by projecting inputs as in Section 3.1.4, then recover additional information by

projecting outputs, and finally recover the rest using the symmetric rank-k HSS

algorithm described in Section 3.1.1. Finally, we extend our algorithm to nonsym-

metric rank-k complex-valued HODLR matrices of general size (see Section 3.1.4).

Both our algorithm and existing peeling algorithms utilize the randomized SVD

algorithm for recovering low-rank blocks. It is worth noting that one may be able

to save a factor of 2 here by using the Nyström method. However, in this paper,
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we care more about the complexity O((k + p) log2(N)) than constants.

Symmetric and generic rank-1 HODLR recovery

We can visualize BN,1’s structure (see Figure 1.2) where we force the matrix to be

symmetric by setting Zi = Ui and Wi = Vi for all i. Additionally, because BN,1 is

rank-1 HODLR, we label each of the matrices Ui and Vi as ui and vi to emphasize

that they are vectors. The off-diagonal blocks are rank-1 and are defined by random

parameters. That is, each rank-1 subblock is defined by generating random vectors

ui and vi of the proper size.

Our algorithm recovers BN,1 in levels, starting with the largest off-diagonal

blocks, then recursing on smaller subblocks. At level 1, we recover the two off-

diagonal blocks of size N/2 by finding u0 and v0. We do so with the exact same

technique as described in Section 3.1.1, using 2 + p matrix-vector products and

applying the randomized SVD.

Then, we concatenate u0 and v0 in a “blacklist” vector b1 of length N , i.e.,

b1 =




|

v0

|

|

u0

|




.

Moving on to level 2, we now recover u1, v1, u2, and v2. We perform matrix-vector

products with analogously constructed alternating input vectors: [x1, 0, x2, 0]
⊤ and

[0, y1, 0, y2]
⊤. Importantly, we modify the inputs x1 and x2 by replacing each with
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its projection onto the orthogonal space of the corresponding block of b1, which

contains u0 and v0. We can call these new, orthogonalized vectors x′
1 and x′

2. Thus,

we set:

x′
1 ⊥ b1(1 : N/4) ⇐⇒ x′

1 ⊥ v0(1 : N/4),

x′
2 ⊥ b1(N/2 + 1 : 3N/4) ⇐⇒ x′

2 ⊥ u0(1 : N/4).

This step is necessary because when we perform the product with BN,1, x1 and

x2 are orthogonal to the corresponding column spaces of the subblocks that were

previously recovered. That is,

BN,1




x′
1

0

x′
2

0



=




∗

u1v
⊤
1 x

′
1 + (v0u

⊤
0 )(1 : N/4, N/4 + 1 : N/2)x′

2

∗

(u0v
⊤
0 )(N/4 + 1 : N/2, 1 : N/4)x′

1 + u2v
⊤
2 x

′
2



=




∗

u1v
⊤
1 x

′
1

∗

u2v
⊤
2 x

′
2



.

Thus, projection “zeroes” out the matrix in the desired subblocks, so that we can

isolate the actions of u1v
⊤
1 and u2v

⊤
2 on random vectors. We can do the same trick

with [0, y1, 0, y2]
⊤ to isolate the actions of v1u

⊤
1 and v2u

⊤
2 on inputs of our choice.

Because BN,1 is a generic HODLR matrix, if x1 and x2 are random, then the

projected random vectors x′
1 and x′

2 are nonzero with probability 1. Then, one can

still use the randomized SVD algorithm to recover the blocks at this level. This

will take 2 + p matrix-vector products with BN,1.

At level ℓ, we construct two types of input vectors: one with alternating blocks

of vectors xi and zeros, and another which alternates zeros and vectors yi, where

the blocks are of size 2n−ℓ. Then, we project the blocks xi and yi to be orthogo-

nal to the corresponding blocks of the blacklist vectors b1, . . . , bℓ−1. When BN,1 is

applied to these alternating vectors, the projected inputs “zero out” BN,1’s recov-
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ered subblocks, and isolate the actions of the level-ℓ subblocks. We then use the

randomized SVD algorithm to recover these blocks with high probability.

One question arises: At what level does this algorithm stop working? Once

the length of the inputs xi and yi is less than or equal to the number of vectors

it needs to be orthogonal to, i.e. the size of the blacklist, the projection step

forces them to be zero vectors. Even slightly before this level, when the inputs xi

and yi belong to a subspace of dimension less than 1 + p, the randomized SVD

algorithm cannot oversample the inputs, and we observe some loss of accuracy

in the randomized SVD. In the generic HODLR case, the input subspace is of

dimension 2n−ℓ−#(blacklist). A new vector is added to the blacklist at each level,

so that at level ℓ, there are ℓ − 1 vectors in the blacklist. Thus, when ℓ becomes

large enough so that 2n−ℓ − ℓ + 1 < 1 + p, we must use a different strategy to

recover the remaining blocks. We can calculate the value of ℓ at which this occurs:

w :=
W (2n+p log(2))

log(2)
− p,

where W is the Lambert W-function. Because the levels range from 1, . . . , log2(N),

we have the upper bound of

w ≤ log2(N). (3.7)

Then, using the lower bound on the Lambert W-function W (x) ≥ log(x) −

log(log(x)) for x ≥ e, we can also bound w from below as

w ≥ log(2n+p log(2))− log(log(2n+p log 2))

log(2)
− p

≥ n− 1− log2(log(2
n+p log(2))) +

log(log(2))

log(2)

≥ log2(N)− log2(log2(N) + p)− 1

= n− log2(n+ p)− 1 (3.8)
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Algorithm 2 Generic Symmetric Rank-1 HODLR Recovery

Input Function handle matvec: x 7→ Ax and N = 2n, the size of A
Output Vectors U1, V1, . . . , Uw, Vw that store u and v factors for every level’s blocks

Set w = W (2n+p log(2))
log(2)

− p and r = 1 + p, where p is a fixed parameter, e.g., 10.

for level ℓ = 1, . . . , w − 1 do
Set bsize = N/2ℓ, Uℓ =[ ], Vℓ =[ ], and
X =

[
randn(bsize, r); zeros(bsize, r); · · · ; randn(bsize, r); zeros(bsize, r)

]

if ℓ > 1 then
Project blocks of X onto the corresponding orthogonal space of the black-

list. I is the corresponding index set and BL is a matrix storing stacked blacklist
vectors.

for each nonzero block of the form X(I, :) do
Set Q1 = orth(BL(I, :)), X(I, :)← X(I, :)−Q1Q

⊤
1 X(I, :)

end for
end if

Query A with projected X. Apply rSVD to outputs to obtain each u at level
ℓ.

Set W = matvec(X), Y = [ ]
for each nonzero block of the form X(I, :) do

Set J = I+bsize, u = orth(W (J, :), 1) , Uℓ ← [U ; zeros(bsize, 1);u]
Set Q2 = orth(BL(J, :)), y ← u − Q2Q

⊤
2 u, Y ←

[Y ; zeros(bsize, 1); y]
end for

Query A with projected Y . Apply rSVD to outputs to obtain each v at level
ℓ.

Set Vℓ = matvec(Y )
for each nonzero block Vℓ(I) do

Set Vℓ(I)← Vℓ(I)/(Y (I + bsize)⊤U(I + bsize))
end for

Append [Uℓ(1 : bsize);Vℓ(1 : bsize); . . . ;Uℓ(2
ℓbsize + 1 : N);Vℓ(2

ℓbsize + 1 :
N)] as a column to the matrix BL.
end for

Let Ã be the matrix recovered so far using U1, V1, . . . Uw−1, Vw−1.
Set bsize = 2n−w+1, X = randn(N, bsize + p), W = matvec(X)− ÃX
for each block of the form W (I) of size bsize in W do

Uw(I) = orth(W (I))
end for
Vw = matvec(Uw)− ÃUw,
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It remains to recover the diagonal blocks of size 2n−w+1×2n−w+1, of which there

are N/2n−w+1 = 2w−1. We call the matrix we have recovered so far B′
N,1, which has

zeros in these diagonal subblocks that we have not yet recovered. Now, it suffices

to recover the matrix BN,1−B′
N,1, whose only nonzero subblocks are the unknown

diagonal subblocks. One also effectively has access to a matrix-vector product with

BN,1 −B′
N,1 and a given vector x by taking BN,1x−B′

N,1x = (BN,1 −B′
N,1)x.

We recover the diagonal blocks BN,1ii with 2n−w+1 + p matrix-vector products.

We construct an N × (2n−w+1 + p) input matrix X with random Gaussian entries.

Then the product (BN,1−B′
N,1)X isolates the actions of each diagonal block BN,1i,i

on a 2n−w+1 × (2n−w+1 + p) random Gaussian input matrix Xi, for 1 ≤ i ≤ 2w−1.

Then we can apply the randomized SVD to recover diagonal blocks. Here, we

perform enough matrix-vector products to recover each diagonal block column-by-

column; however, we prefer to use random Gaussian inputs, so instead we treat

each diagonal block as a rank-2n−w+1 matrix and apply the randomized SVD.




BN,111 0

0 BN,122

0

0

. . . 0

0 BN,12w−1,2w−1







X1

X2

...

X2w−1



=




BN,111X1

BN,122X2

...

BN,12w−1,2w−1X2w−1



.

Overall, we recover BN,1 with 2 + p matrix-vector products at each level until

level w, then 2n−w+1 + p products for the diagonal blocks. The bounds Equa-

tion (3.8) and Equation (3.7) yield an upper bound on the total number of required

matrix-vector queries:

# matrix-vector products = (2 + p)(w − 1) + 2n−w+1 < (6 + p) log2(N) + 5p.
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General symmetric rank-1 HODLR recovery

We now turn to the case where the parameters defining a rank-1 HODLR matrix

are not random. We denote this matrix by CN,1. We recover u0 and v0 with the

same 2 + p matrix-vector products as in Section 3.1.4. Again, we store u0 and

v0 in blacklist vector. At subsequent levels, we orthogonalize the inputs to the

corresponding parts of u0 and v0 and recover subblocks by the same technique as

in Section 3.1.4, projecting inputs onto the orthogonal space of the blacklist.

In Section 3.1.4, we recovered the vectors u and v defining each rank-1 subblock

by projecting inputs, modifying the input to x′. Because u and v were random and

x′ was orthogonal to blacklist vectors with no correlation to v, the output uv⊤x′

was nonzero with probability 1. Thus, we recovered u and v using the randomized

SVD.

However, in the general HODLR case, some blocks may “fail”, i.e., their outputs

equal 0. Of course, in practice, the outputs will not be exactly zero, so one can

instead consider failure to be when the outputs are below some tolerance. For

simplicity, we describe the exact arithmetic case where the outputs are exactly

0. This prevents us from invoking the randomized SVD. If we want to observe

the action of u on a random input x′, and x′ is orthogonal to k vectors of the

blacklist which we call bu1, . . . , buk, it is possible that v is a linear combination of

bu1, . . . , buk. Then, uv
⊤x′ = 0. This can also happen if uv⊤ is a block of zeros. So,

projecting inputs may not recover all of CN,1. However, even if a block fails, we

can still recover finer blocks that do not fail, as the projected inputs zero out prior

failed subblocks. Thus, we recover what we can of CN,1 with this technique, which

again takes (2+ p)(w− 1) queries. Next, we return to those failed blocks and fully

recover them with another pass, so that we recover all of CN,1.
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We now project outputs instead of inputs, using a second pass of 2+ p matrix-

vector products at each level with the failed blocks. More precisely, for a failed

subblock uv⊤ at level ℓ, we perform matrix-vector products with the same alter-

nating inputs as in Section 3.1.4. Let uv⊤ act on the input xu. This time, we

do not project xu onto the orthogonal space of the blacklist vectors, bu,1, . . . , bu,k.

Instead, the product yields:

uv⊤xu +
k∑

i=1

bu,i(∗)bv,i(∗)⊤xi, (3.9)

where ∗ represents proper indexing of the k blacklist vectors. We define projb as

projecting subsets of a vector onto the corresponding subsets of vectors in blacklist

b. Projecting the output onto b⊥, we zero out the second term in Equation (3.9)

and obtain uv⊤xu− proj buv
⊤xu = (uv⊤− proj buv

⊤)xu, a rank-1 matrix applied

to xu. Thus, we can recover the matrix uv⊤−projbuv
⊤ with high probability using

the randomized SVD, revealing the failed blocks up to a linear combination of the

blacklist vectors. We repeat this for the failed blocks at each level, taking at most

(2 + p)(w − 1) matrix-vector products. This step at the final level w also gives us

the data of the symmetric diagonal blocks that are not a linear combination of the

blacklist vectors.

As in Section 3.1.4, to recover the rest of CN,1, we recover CN,1 − C ′
N,1, where

C ′
N,1 is the matrix we have recovered so far. The subblocks in CN,1 − C ′

N,1 are

projections of CN,1’s blocks onto the blacklist at that subblock’s level. If there are

k vectors in the blacklist, CN,1 − C ′
N,1 is a restricted rank-k HSS matrix. By Sec-

tion 3.1.1, we recover CN,1 − C ′
N,1 in at most 2k matrix-vector products. The size

of the blacklist is at most w − 1 ≤ log2(N) − 1, where equality holds if a vector

is appended to the blacklist at every level until the diagonal blocks. In total, we

have a loose upper bound on the number of matrix-vector products used to recover
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CN,1:

# matrix-vector products ≤ 2(2 + p)(w − 1) + 2(log2(N)− 1) ≤ (6 + 2p) log2(N).

To illustrate this algorithm and the possible ways blocks can pass or fail, we recover

C8,1 as an example below.

Example 3.1.1. The structure of C8,1 is below. We first recover u0 and v0 and

store them in the blacklist b. At level 2, suppose the blocks with an “×” failed and

the block with a “✓” passed when we applied to the projected inputs.

C8,1 =




C11 v1u
⊤
1 ✓

u1v
⊤
1 × C22

v0u
⊤
0

u0v
⊤
0

C33 v2u
⊤
2 ×

u2v
⊤
2 × C44




.

The failed blocks tell us that for some of the projected inputs, which we will write

as x′
1, x

′
2, and y′2, we have that u1v

⊤
1 x

′
1 = v2u

⊤
2 x

′
2 = u2v

⊤
2 y

′
2 = 0, so we cannot

recover u1v
⊤
1 or u2v

⊤
2 via the randomized SVD. Then, we perform matrix-vector

products without projecting inputs:

C8,1




x1

0

x2

0



=




C11x1 + v0(1 : 4)u0(1 : 4)⊤x2

u1v
⊤
1 x1 + v0(5 : 8)u0(1 : 4)⊤x2

u0(1 : 4)v0(1 : 4)⊤x1 + C33x2

u0(5 : 8)v0(1 : 4)⊤x1 + u2v
⊤
2 x2



, C8,1




0

y1

0

y2



=




v1u
⊤
1 y1 + v0(1 : 4)u0(5 : 8)⊤y2

C22y1 + v0(5 : 8)u0(5 : 8)⊤y2

u0(1 : 4)v0(5 : 8)⊤y1 + v2u
⊤
2 y2

u0(5 : 8)v0(5 : 8)⊤y1 + C44y2



.

We orthogonalize outputs to the corresponding parts of the blacklist, b. For clarity,

we write out what projb means for each block:




(C11 − proju0(1:4)(C11))x1

(u1v
⊤
1 − proju0(1:4)(u1v

⊤
1 ))x1

(C33 − projv0(1:4)(C33)x2

(u2v
⊤
2 − projv0(1:4)(u2v

⊤
2 ))x2



,




(v1u
⊤
1 − proju0(5:8)(v1u

⊤
1 ))y1

(C22 − proju0(5:8)(C22)y1

(v2u
⊤
2 − projv0(5:8)(v2u

⊤
2 ))y2

(C44 − projv0(5:8)(C44)y2



.
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If these projected outputs are nonzero, we use the randomized SVD to recover

matrices of the form uivi−projb(uivi). If they are zero, the column and row spaces

of these blocks are linear combinations of the corresponding vectors in b. In either

case, the blocks of the matrix C8,1 − C ′
8,1 are given by linear combinations of the

vectors in b:

C8,1 − C ′
8,1 =




projbC11 projb(v1u
⊤
1 )

projb(u11
⊤
1 ) projbC22

0

0
projbC33 projb(v2u

⊤
2 )

projb(u2v
⊤
2 ) projbC44




.

Because the size of the blacklist b is 1, this is a rank-1 restricted HSS matrix. Thus,

we learn it with 2 matrix-vector products using the linear system in Section 3.1.2.

General HODLR recovery

One can generalize the algorithm in Section 3.1.4 to more general HODLR recovery.

Rank k Symmetric HODLR The symmetric rank-k HODLR recovery algo-

rithm generalizes that of Section 3.1.4. Let EN,k be a symmetric, N × N , rank-k

HOLDR matrix. We use the notation of Figure 1.2, where Ui, Vi are N×k matrices

defining each block of EN,k, and symmetry forces Zi = Ui and Wi = Vi for all i. We

recover U0 and V0 with high probability by the same technique as in Section 3.1.1.

An N × k blacklist matrix B1 concatenates U0 and V0:

B1 =



V0

U0


 .

As before, we recurse on the structure of EN,k to recover blocks a level at a time.

At level ℓ, we construct an N × (k + p) input matrix and an N × k input matrix
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given by




X1

02n−ℓ,k+p

...

Xℓ

02n−ℓ,k+p




and




02n−ℓ,k

Y1

...

02n−ℓ,k

Yℓ




,

where each of the blocks Xi is 2
n−ℓ× (k+p) and Yi is 2

n−ℓ×k. We replace Xi and

Yi with their projections onto the orthogonal space of the corresponding parts of

the m blacklist matrices, B1, . . . Bm. That is, we orthogonalize each column vector

of Xi and Yi to k corresponding blacklist vectors. Then, products with these inputs

zero out the blocks we have recovered, isolating the actions of the level-ℓ blocks.

If these outputs are nonzero, the randomized SVD yields each level-ℓ block, using

2k+ p matrix-vector products. We repeat this process until the block size is equal

to the size of the blacklist, at which point projecting inputs sets them to 0.

If a subblock applied to a projected input outputs 0, it is considered a “failed”

block as before. We mark it as failed and continue to recover what we can at the

rest of the levels by projecting inputs. Then, we perform another pair of matrix-

matrix products at each level ℓ with failed subblocks, as well as with the diagonal

blocks. We project outputs, rather than inputs, onto the orthogonal space of the

blacklist. We thus deduce these subblocks up to linear combinations of blacklist

vectors.

If E ′
N,k is the matrix containing everything we have recovered thus far, we note

that the subblocks of EN,k − E ′
N,k are either zero blocks if we have completely

recovered them, or nonzero linear combinations of the blacklist at the time of
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recovering them, and thus of rank at most the size of the blacklist at that level.

For example, a failed block at level 2 must be a linear combination of the k vectors

in B1, so it is at most rank k (some of the scalars in the linear combination may

be 0).

We can bound on the rank of each of these subblocks by the size of the final

blacklist. Thus, we view EN,k − E ′
N,k as a restricted HSS matrix of rank equal to

the size of the blacklist. If the blacklist is of size m, we perform 2m matrix-vector

products to recover what remains of EN,k as described in Section 3.1.2.

We determine an upper bound on the number of matrix-vector queries to re-

cover EN,k. This reduces to a bound on the level at which we stop partitioning

EN,k. This happens when the dimension of the input space is less than k + p, i.e.,

at level L, where 2n−L − (L − 1) < k + p. Because L is a level, we trivially have

the bound:

L ≤ log2(N). (3.10)

To derive a lower bound on L, we want an upper bound on m. The blacklist is

largest if we append k vectors to it at every level before L:

2n−L − (L− 1)k < k + p =⇒ L >

W

(
2n+

p
k log(2)
k

)

log(2)
− p

k
,

where W is the Lambert-W function.

In the first step, where we project inputs, we do 2k + p matrix-vector queries

at each level from 1 to L. Then, when we project outputs, we do at most the

same number of queries. In the final step, using the algorithm in Section 3.1.2, we

recover a restricted HSS matrix of rank at most the size of the blacklist, which is

at most k log2(N) by Equation (3.10). This will take 2k log2(N) queries. Thus, we
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can bound the number of matrix-vector products to recover EN,k:

# matrix-vector products ≤ (6k + 2p) log2(N).

Nonsymmetric complex-valued HODLR If A is not symmetric, when pro-

jecting inputs, we perform 2(k+ p) matrix-vector products with A and 2k matrix-

vector products with A⊤ at each level. We apply the analogous randomized SVD

result for complex matrices [85] to recover low-rank blocks. Then, we do at most

the same number of queries for both A and A⊤ at each level when we project

outputs. We are left with a rank-k log2(N) HSS matrix. Note that the same algo-

rithm in Section 3.1.2 applies for generating the linear system to recover this HSS

matrix, as it does not exploit the symmetry of the diagonal blocks. Thus, we use

2k log2(N) additional queries to generate the linear system. In sum, we require at

most (10k + 4p) log2(N) = O((k + p) log2(N)) matrix-vector products.

HODLR matrices of any size If the underlying HODLR matrix A is of size

N × N where N is not a power of 2, then one can instead recover a version of

A padded with zeros to make its dimensions a power of 2. Let Ñ = 2⌈log2(N)⌉,

N1 = ⌊Ñ −N⌋, and N2 = ⌈Ñ −N⌉. Then, the matrix is given by

B =




000N1,N1 000N1,N 000N1,N2

000N,N1 A 000N,N2

000N2,N1 000N2,N 000N2,N2



∈ RÑ×Ñ

is a rank-k HODLR matrix. Here, 000m,n is the zero matrix of size m × n. Instead

of recovering A directly, we recover B and then remove the zero padding. Since

we have only have access to x 7→ Ax and x 7→ A⊤x, we infer the matrix-vector
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products with B and B⊤ as follows:

Bx =




000N1,1

Ay

000N2,1



, B⊤x =




000N1,1

A⊤y

000N2,1



, y =




xN1+1

...

xN1+N



.

Recovering A is thus reduced to recovering an Ñ × Ñ HODLR matrix. This will

require at most (9k+2p)⌈log2(N)⌉ = O((k+p)⌈log2(N)⌉) matrix-vector products.

Asymptotic Complexity

We determine the asymptotic complexity of the general HODLR recovery algo-

rithm. It suffices to consider the generic HODLR algorithm, as the general HODLR

algorithm described in Section 3.1.4 treats a general HODLR matrix as the sum

of a generic HODLR matrix and a restricted HSS matrix, and the complexity of

the p-HSS recovery algorithm is already described in Section 3.1.2.

To compute THODLR, the time to recover a generic HODLR matrix, we first

compute Tℓ, the time it takes to recover level ℓ. As in Section 3.1.2, we write this

in terms of TA and Tflop. At level ℓ, one multiplies A by 2(k+ p) inputs and A⊤ by

2k inputs, totaling a cost of TA(4k+ 2p). These inputs are projected so that their

nonzero blocks are orthogonal to the corresponding blocks of the blacklist vectors.

At level ℓ, blocks are size N/2ℓ, and there are O(kℓ) blacklist vectors. Then,

the cost of forming the projection matrix is O(TflopNk2ℓ2). The cost of projecting

2(k+p) inputs is O(Tflopk(k+p)ℓN). Finally, the cost of the QR factorization done

as part of the randomized SVD is O(TflopN(k + p)2). Adding all of this together

yields:

Tℓ = O(TA(k + p) + Tflop(Nk2ℓ2 +Nk(k + p)ℓ+N(k + p)2)). (3.11)
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Summing Equation (3.11) over all levels ℓ = 1, . . . , log2(N) yields:

THODLR = O(TA(k + p) log2(N) + TflopNk2(log2(N))3). (3.12)

For comparison, Martinsson’s peeling algorithm has asymptotic complexity

O(TA((k + p) log2N)) + Tflop(N(log2N)2k2).

3.1.5 Numerical Results

We plot the relative error of the HODLR recovery algorithms for increasingly large

matrices. In particular, Figure 3.3 shows the results when our recovery algorithm

is applied to a generic HODLR matrix. We also implement Martinsson’s algorithm

in [117] for comparison. To recover a matrix A, our algorithm generates Acomputed.

As before, we measure relative error using 20 iterations of the power method.
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Figure 3.3: The relative error in recovering an N × N symmetric rank-1 random
HODLR matrix. M1 refers to the recursive elimination strategy in [117] and our
algorithm (HT) is described in Section 3.1.4. Excellent recovery accuracies are
observed, and the potential numerical instability of recursive elimination is not
seen.

It suffices to consider the numerical results for HSS and generic HODLR ma-
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Table 3.1: HODLR recovery with error-prone matrix-vector products where the
matrix-vector products are perturbed by Gaussian random vectors with expected
norms of 10−4. In this situation, both recursive elimination (M1) and recursive
projection (HT) provide accurate HODLR recovery, where the error is measured
as ∥A− Acomputed∥2. (Similar accuracies are achieved for larger values of N .)

N 32 64 128 256 512 1024
M1 5.3×10−4 5.6×10−4 5.3×10−4 4.4×10−4 4.5×10−4 5.0×10−4

HT 5.3×10−4 5.3×10−4 4.4×10−4 3.2×10−4 3.8×10−4 2.5×10−4

Table 3.2: HSS recovery with error-prone matrix-vector products where the matrix-
vector products are perturbed by Gaussian random vectors with expected norms
of 10−4. In this situation, both recursive elimination (M1) and recursive pro-
jection (HT) provide accurate HSS recovery, where the error is measured as
∥A− Acomputed∥2. (Similar accuracies are achieved for larger values of N .)

N 32 64 128 256 512 1024
M1 5.3×10−4 5.6×10−4 5.3×10−4 4.4×10−4 4.5×10−4 5.0×10−4

LM 5.3×10−4 5.6×10−4 5.3×10−4 4.4×10−4 4.5×10−4 5.0×10−4

HT 5.3×10−4 5.3×10−4 4.4×10−4 3.2×10−4 3.8×10−4 2.5×10−4

trices because the algorithm described in Section 3.1.4 treats a general HODLR

matrix as the sum of a generic HODLR matrix and an HSS matrix. The accuracy

of our HSS recovery algorithm was discussed and illustrated in Section 3.1.3 and

Figure 3.2. In Figure 3.3, we observe that our generic HODLR recovery algorithm

performs just as well as Martinsson’s peeling algorithm in [117], and both are very

accurate. In addition, our algorithm’s projection strategy makes it theoretically

stable.

3.1.6 Applications to numerically rank-k matrices and re-

lated problems

The HODLR and HSS matrix recovery algorithms outlined in Section 3.1.4 and Sec-

tion 3.1.1 are not observed to be sensitive to noisy matrix-vector products and can
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Table 3.3: Recovery of HODLR matrix with off-diagonal blocks of numerical rank
10. Here, M denotes the Martinsson’s peeling algorithm, and H denotes our algo-
rithm. Error is measured as ∥A− Acomputed∥2/∥A∥2.

N 2048 4096 8192 16384 32768 65536
M 1.6 ×

10−13

1.5 ×
10−13

1.5 ×
10−13

1.5 ×
10−13

1.4 ×
10−13

1.4 ×
10−13

H 1.9 ×
10−13

2.0 ×
10−13

2.0 ×
10−13

2.0 ×
10−13

1.9 ×
10−13

1.8 ×
10−13

Table 3.4: Recovery of HSS matrices with off-diagonal blocks of numerical rank
10. We observe that all three algorithms perform well, and our projection-based
algorithm (H) has about one digit of precision more than Martinsson’s peeling
algorithm (M1), and two digits more than Martinsson’s recent projection-based
algorithm (M2). Error is measured as ∥A− Acomputed∥2/∥A∥2.

N 2048 4096 8192 16384 32768 65536
M1 1.6 ×

10−13

1.5 ×
10−13

1.5 ×
10−13

1.4 ×
10−13

1.5 ×
10−13

1.6 ×
10−13

M2 4.8 ×
10−12

1.8 ×
10−11

3.3 ×
10−11

8.7 ×
10−11

3.2 ×
10−10

9.2 ×
10−10

H 2.5 ×
10−14

4.6 ×
10−14

6.0 ×
10−14

7.2 ×
10−14

8.6 ×
10−14

1.2 ×
10−13

be applied in related contexts. In these experiments, error in the spectral norm is

calculated via 20 iterations of the power method.

Error-prone matrix-vector products. Suppose we are more limited in the ac-

curacy of our matrix-vector products. More precisely, consider a perturbation fac-

tor ε. Instead of applying a HODLR matrix A to a vector xi, our algorithm works

with input-output pairs (xi, Axi+εwi), where wi is a length-N vector whose entries

are drawn from a standard random Gaussian distribution. Then we observe that

both our p-HSS and HODLR algorithms outperform the existing algorithms. The

results of this error-prone matrix-vector products recovery problem in Table 3.1

and Table 3.2 were made with the setting ε = 10−5.

Numerically rank-k HSS and HODLR. Suppose that the low-rank blocks of
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an HSS or HODLR matrix are not exactly rank-k, but rather numerically rank-k.

A matrix has numerical rank k if its k largest singular values are above a certain

tolerance. We can apply our recovery algorithms to such matrices, as well as

the existing algorithms in [117] and [105]. The results from these experiments are

shown in Table 3.3 and Table 3.4. In this setting, the oversampling parameter

p plays an even more important role, as the probability of success of randomized

SVD producing an accurate approximation to a numerically rank-k matrix depends

only on p. However, just as in the peeling algorithm of [117], it suffices to take

p = 5 or 10.

3.2 Near-optimal hierarchical matrix approximation

We now consider the harder problem of near-optimal HODLR approximation to

a matrix A that can only be accessed through black-box matrix-vector product

queries x 7→ Ax and matrix-transpose-vector product queries x 7→ A⊤x.

In most practical situations, A is not exactly HODLR. This has resulted in

broad concern about whether peeling algorithms applied to non-HODLR matrices

might produce inaccurate approximations [111, 28, 84, 30, 32]. Notably, a recent

SIAM Linear Algebra Best Paper [35] poses an algorithmic challenge which roughly

asks whether a near-HODLR matrix be approximated at nearly the same cost as

algorithms for recovering an exactly HODLR matrix. Our work addresses this

challenge. In particular, we study the following HODLR approximation problem,

which makes no assumptions about A.

Problem 3. Given an n× n matrix A, accessible only by matvec queries, a rank

parameter k ≥ 1, and an accuracy parameter Γ ≥ 1, find a HODLR(k) matrix H̃
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such that

∥A− H̃∥F ≤ Γ · min
H∈HODLR(k)

∥A−H∥F.

Interesting parameter regimes for Problem 3 include when Γ = (1 + ε) for

ε ∈ (0, 1), or when Γ = O(nc) for a small constant c.

Problem 3 can be trivially solved for Γ = 1 using n matrix-vector products.

Via multiplication by an identity matrix, we can recover all entries of A and then

compute an exactly optimal HODLR approximation by computing optimal rank-k

approximations to A’s top right and bottom left (n/2)×(n/2) blocks, and recursing

on the top left and bottom right blocks. However, outside this baseline and the

case when A is exactly HODLR, we are unaware of any non-trivial results on

Problem 3. This is despite the vast literature on HODLR matrix approximation

and on efficient matrix-vector query methods for vanilla low-rank approximation

[49, 146, 51, 167, 10, 166, 11].

3.2.1 Main results

Our main contribution is an efficient algorithm for solving Problem 3.

Theorem 3.2.1. Fix a rank parameter k and accuracy parameter β ∈ (0, 1). Let

L = ⌈log2(n/k)⌉. There exists a non-adaptive2 algorithm (Algorithm 3) which,

in expected squared error, solves Problem 3 to accuracy Γ = (1 + β)L+1 using

O(k/β3 ·L) matvec queries to A. Apart from matvec queries, the algorithm requires

O(n · poly(log(n), k, β)) additional runtime.

We highlight two interesting instantiations of Theorem 3.2.1. For any ε > 0,

we obtain accuracy (1+ ε) with O(k log4(n/k)/ε3) total matvec queries by setting
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β = O(ε/ log(n/k)). Alternatively, for any constant c > 0, we obtain accuracy

nc with O(k log(n/k)) total matvec queries by setting β = 2c − 1 = Θ(1). This

matches the complexity of existing methods for solving the recovery problem, i.e.,

the case when A is exactly HODLR.

Theorem 3.2.1 is obtained through a variant of the popular peeling algorithm

for exact HODLR matrix recovery. This algorithm obtains an approximation via

a “top down” approach. Specifically, it computes low-rank approximations to A’s

top right and bottom left blocks via randomized sketching, implicitly subtracts

the results from A, and then recurses on the upper left and lower right blocks. A

major technical challenge for applying the peeling algorithm to Problem 3 is how

to control error that can accumulate across levels of recursion when A’s top right

and lower left blocks are not exactly rank-k (i.e., when the matrix is not exactly

HODLR). This potential accumulation of error has been highlighted in several

prior works, including in the earliest work on the peeling method [111, 28, 30],

and has been the key challenge in extending peeling to the solve the HODLR

approximation problem.

We resolve this long-standing challenge using two new techniques. First, we

prove that if peeling is implemented with the so-calledGeneralized Nyström Method

for low-rank approximation [49, 130], sufficient oversampling leads to an algorithm

that requires kL/poly(β) matrix-vector products to achieve error Γ = (1 + β)L+1.

Our proof requires a novel perturbation analysis of sketching for low-rank approx-

imation, and brings to light a surprising fact: the same result cannot be obtained

if the more standard Randomized SVD method [85] is used for low-rank approxi-

mation within peeling. Second, we obtain our final result (with a better polyno-

mial dependence on β) by combining peeling with a new “randomly perforated”
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sketching distribution that allows for even stronger control of error buildup across

recursive levels. Details of the existing peeling algorithm are given in Section 1.4.1,

and our improvements are described in Section 3.2.3.

We complement our upper bound from Theorem 3.2.1 with a nearly matching

lower-bound.

Theorem 3.2.2. For any ε > 0, any (possibly adaptive and randomized) algorithm

that solves Problem 3 with error Γ = (1 + ε) and probability ≥ 1/25 requires

Ω(k log(n/k) + k/ε) matvec queries with A.3 Moreover, any algorithm that solves

Problem 3 for any finite Γ and any non-zero probability, requires Ω(k log(n/k))

matvec queries.

Theorem 3.2.2 establishes that our O(k log(n/k)) query result to achieve er-

ror nc from Theorem 3.2.1 cannot be improved in terms of the number of matvec

queries, although it might be possible to obtain better error (e.g., a log(n) or even

constant factor approximation) with the same number of matvecs. Additionally,

Theorem 3.2.2 establishes that our O(k log4(n/k)/ε3) query result for (1+ ε) error

cannot be improved by more than log factors and a 1/ε2 factor. Interestingly, the

lower bound shows a separation between the complexity of vanilla low-rank approx-

imation and hierarchical low-rank approximation in terms of dependence on ε. The

best known low-rank approximation algorithms use just Õ(k/ε1/3) matrix-vector

products to achieve relative error (1 + ε) [10, 124].4 In contrast, Theorem 3.2.2

shows that a sublinear dependence on 1/ε cannot be achieved for HODLR matrix

approximation.

3Formally, for a fixed constant c, we show that there is a distribution over inputs A ∈ Rn×n

for n ≥ ck/ϵ such that any (possibly randomized) algorithm using O(k log(n/k) + k/ϵ) matvecs
succeeds with probability < 1/25 over the randomness of the algorithm and the choice of input.

4The best known lower bound for vanilla k-rank approximation is Ω(k+1/ε1/3) matrix-vector
products [10]. Combining the k and ε terms, as we do in our Theorem 3.2.2 for hierarchical
approximation, is an open question.
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The proof of Theorem 3.2.2 builds on a growing body of work on lower bounds

for adaptive matrix-vector product algorithms [153, 37, 48], which require tech-

niques beyond those used to prove lower bounds, e.g., in the non-adaptive sketching

setting. Our proof draws specifically on a recent result on the number of matrix-

vector products required to obtain an optimal block diagonal approximation to a

matrix A [6].

Organization. The remainder of the section is organized as follows. In Sec-

tion 1.4.1, we describe the classic peeling algorithm for HODLR matrix recovery,

and discuss the challenges in applying it to the HODLR matrix approximation

problem (Problem 3). In Section 3.2.3, we discuss the techniques we use to an-

alyze our variant of peeling, including our new perturbation bound for low-rank

approximation. Then, in Section 3.2.4, we describe the exact implementation of

our algorithm and introduce notation required for our main analysis. The final

proof of Theorem 3.2.1 is given in Section 3.2.7. In Section 3.2.9, we prove our

lower bound, Theorem 3.2.2. Finally, in Section 3.2.10 we show the results of some

numerical experiments.

3.2.2 Peeling in the presence of error

The peeling algorithm described in Section 1.4.1 assumes that the matrix A is

exactly HODLR(k). In particular, Observation 2 does not hold if the off-diagonal

blocks at the previous level are not recovered exactly. This is illustrated in Fig-

ure 3.4.

As noted in [111], “it is a natural concern that whether the error from low-rank
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decompositions on top levels accumulates in the peeling steps.” In particular, if

all of the error at a given level propagated to the next level through perturbations

on the desired sketches, the error could double at each level; i.e., result in an

exponential blow-up of the error with respect to the number of levels. In fact, as we

demonstrate in Section 3.2.11, certain variants of the peeling algorithm can exhibit

such a failure mode on hard instances. Thus, understanding the propagation of

error from one level to the next is critical in the design and analysis of peeling

algorithms. In Section 3.2.3 we discuss the techniques we use to control and analyze

this error propagation.

3.2.3 Techniques

As discussed in Section 3.2.2, when the peeling algorithm is applied to a matrix A

that is not exactly HODLR, errors at previous levels can pollute the matrix-vector

products at a given level. The aim of this paper is to show that these errors can

controlled in such a way that the peeling algorithm can still solve Problem 3 to high

accuracy. To do this we must understand: (1) how matrix-vector query algorithms

for low-rank approximation are impacted by noise in their matvecs and (2) how

this noise can be controlled in the setting of peeling.5 In the next two subsections

we outline the high-level ideas we use to address each question.
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A(3) =

A
(3)
6,5A

(3)
6,1 A

(3)
6,3 A

(3)
6,7

A
(3)
2,5

A
(3)
4,5

A
(3)
8,5

Ω+ =

Ω1

Ω3

Ω5

Ω7

Ψ− =

Ψ2

Ψ4

Ψ6

Ψ8

Figure 3.4: State of the hierarchical matrix at the start of the ℓ = 3 level of
peeling. The matrix A(3) denotes A after subtracting off-diagonal blocks that were
(approximately) recovered at the first two levels. We would like to use the sketches

A
(3)
6,5Ω5 and (A

(3)
6,5)

⊤Ψ6 to obtain a low-rank approximation to the off-diagonal block

A
(3)
6,5. However, if the off-diagonal blocks at previous levels were not recovered

exactly (since these blocks may not be exactly rank-k), then after subtraction,
these blocks will not be exactly zero in A(3). We thus obtain perturbed sketches of
the form A

(3)
6,5Ω5+A

(3)
6,1Ω1+A

(3)
6,3Ω3+A

(3)
6,7Ω7 and (A

(3)
6,5)

⊤Ψ6+(A
(3)
2,5)

⊤Ψ2+(A
(3)
4,5)

⊤Ψ4+

(A
(3)
8,5)

⊤Ψ8.

A perturbation bound for low-rank approximation

To understand how matvec query errors impact low-rank approximation algo-

rithms, including RSVD and the Generalized Nyström Method (see Section 1.3),

we develop the following perturbation bound, which we believe will be of general

interest. The bound is proven in Section 3.2.7.

Theorem 3.2.3. Let B ∈ Rm1×m2, Ω ∈ Rm2×s, E1 ∈ Rm1×s, and E2 ∈ Rs×m2,

5In [32], a similar approach is taken to analyze an infinite dimensional variant of the peeling
algorithm for the task of approximating the Green’s function of an elliptic partial differential
(PDE) operator by a HODLR operator. However, [32] relies strongly on the fact that the off-
diagonal blocks of the Green’s function have rapid spectral decay and are thus low-rank, up to
exponentially small error [18]. This allows the overall error to be controlled, even if the error can
grow exponentially across levels. In contrast, we make no assumptions about A.
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and let Q = orth(BΩ + E1). Write B in its singular value decomposition as

B = UΣV ⊤ =

[
Utop Ubot

]


Σtop

Σbot






V ⊤
top

V ⊤
bot


 ,

where U and V are orthonormal and Σ is diagonal, and the “top” blocks represent

the top k columns; i.e. Utop ∈ Rm1×k, Vtop ∈ Rm2×k, and Σtop ∈ Rk×k. Define also

Ωtop = V ⊤
topΩ, Ωbot = V ⊤

botΩ.

Then, assuming rank(Ωtop) = k,

∥B −Q(Q⊤B + E2)k∥F ≤ ∥E1Ω
†
top∥F + 2∥E2∥F +

(
∥Σbot∥2F + ∥ΣbotΩbotΩ

†
top∥2F

)1/2
.

Theorem 3.2.3 is most naturally a perturbation bound for the RSVD method,

which, as discussed in Section 1.3, first computes an orthonormal basis Q for BΩ

where Ω is a random sketching matrix, and then outputs Q(Q⊤B)k – the best rank-

k approximation to B lying in the span of Q. The error term E1 captures error that

occurs during the initial sketching step, i.e., due to noise in computing the matrix-

vector products BΩ. Similarly, E2 captures noise in the second projection step.

Theorem 3.2.3 can be used to recover the standard bounds for RSVD implemented

with exact matrix-vector products (i.e., where E1 and E2 are zero). In particular,

in this case the RSVD Frobenius error is bounded by:

∥B −Q(Q⊤B)k∥F ≤
(
∥Σbot∥2F + ∥ΣbotΩbotΩ

†
top∥2F

)1/2

=
(
∥B −Bk∥2F + ∥ΣbotΩbotΩ

†
top∥2F

)1/2
.

When the sketching matrix Ω is Gaussian, we can observe that Ωbot and Ωtop are

independent Gaussian matrices since Vtop and Vbot are orthogonal to each other.

This allows us to apply a standard bound (see Theorem 3.2.9) to argue that when

s = O(k/β), E[∥ΣbotΩbotΩ
†
top∥2F] ≤ β∥Σbot∥2F = β∥B−Bk∥2F, which ultimately gives

that E[∥B −Q(Q⊤B)k∥F] ≤ (1 + β)∥B −Bk∥F.

108



Theorem 3.2.3 can also be used as a perturbation bound for the Generalized

Nyström Method. In this case, E2 is used to account for the error due to using an

approximate projection onto Q via a sketched regression problem, as well as the

errors in the matvecs with A⊤ used to set up the regression problem. We discuss

this further in Section 3.2.3. As with RSVD, Theorem 3.2.3 matches the current

best known bounds for Generalized Nyström implemented with exact matvecs.

Low-rank approximation in the peeling algorithm

Randomized SVD. Now consider implementing peeling with RSVD as the base

low-rank approximation algorithm. In this case, E1 and E2 will be nonzero since

we cannot compute exact matrix-vector products with an off-diagonal low-rank

block B due to noise from previous levels (i.e., we cannot exactly compute BΩ and

Q⊤B). Fortunately, the error E1 that arises in peeling has a particular structure

that can be used to bound the ∥E1Ω
†
top∥F term in Theorem 3.2.3. In particular,

recalling Figure 3.4, we will have

E1 =
∑

j

MjΩj = MΩ̃, M =

[
M1 M2 · · ·

]
, Ω̃ =




Ω1

Ω2

...



, (3.13)

where the Mj are fixed matrices that depend on the recovery error at the pre-

vious levels of peeling, and the Ωj are independent Gaussian matrices.6 Ω̃ is

itself a Gaussian matrix that is independent from Ωtop, allowing us to bound the

E[∥E1Ω
†
top∥2F] term in Theorem 3.2.3 by E[∥E1Ω

†
top∥2F] = E[∥MΩ̃Ω†

top∥2F]] ≤ β∥M∥2F
when s = O(k/β), again using Theorem 3.2.9. I.e., with a large enough sketch

size, we can drive down the error term E1 to be arbitrarily small, and ensure that

it does not accumulate too much across the levels of peeling.

6In Figure 3.4, the MjΩj terms when B = A
(3)
6,5 are A

(3)
6,1Ω1, A

(3)
6,3Ω3, and A

(3)
6,7Ω7.
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Unfortunately, we cannot handle the ∥E2∥F term in Theorem 3.2.3 in a similar

way. We have E2 =
∑

j MjQj for orthogonal matrices Qj computed for each off-

diagonal block at the current level. The Qj and Mj matrices may be arbitrarily

correlated, and so it is not clear that ∥E2∥F can be made small compared to the

noise from the previous levels, ∥M∥F. In fact, as discussed in Section 3.2.11,

theoretical and empirical evidence suggests the existence of hard input instances

where standard peeling with RSVD can suffer exponential error blow-up across

levels.

Generalized Nyström. Our first key observation is that when peeling is imple-

mented with the Generalized Nyström method as the base low-rank approximation

algorithm, rather than RSVD, the ∥E2∥F error term in Theorem 3.2.3 can in fact

be bounded. For peeling implemented with Generalized Nyström, E2 encapsulates

two sources of error: the first is due to the fact that Generalized Nyström does not

exactly return Q(Q⊤B)k, but rather computes X = argminZ ∥Ψ⊤B − Ψ⊤QZ∥F
for a random sketching matrix Ψ and returns QXk. We can think of X as an

approximation to Q⊤B = argminZ ∥B − QZ∥F. It is well known that this source

of error can be controlled by setting the size of the sketch Ψ large enough – this

leads to the standard analysis of Generalized Nyström from the literature [167].

The second source of error in E2 is due to noise in computing the matrix-vector

products Ψ⊤B. Fortunately, analogously to how we bounded E1 for RSVD in

Section 3.2.3, we can leverage the fact that in peeling, this noise has the structure

of equation (3.13) – it is the product of a fixed matrix M (the recovery error at

previous levels of peeling) and a random Gaussian matrix Ψ̃ that is independent of

Ψ. Using this structure, we are able to bound its impact on the final approximation

quality. In particular, we use Theorem 3.2.3 to give the following bound for the
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Generalized Nyström Method with Gaussian errors as in Equation (3.13). This

bound is proven in Section 3.2.7.

Theorem 3.2.4. Let B ∈ Rm1×m2, M ∈ Rm1×p, and N ∈ Rq×m2 be fixed matrices,

and let Ω ∈ Rm2×sR, Ω̃ ∈ Rp×sR, Ψ ∈ Rm1×sL, and Ψ̃ ∈ Rq×sL be independent

matrices with entries drawn independently from N (0, 1). Define

Q := orth(BΩ +MΩ̃), X := (Ψ⊤Q)†(Ψ⊤B + Ψ̃⊤N).

Then, provided sR > 2k + 1 and sL > 2sR + 1

E
[
∥B −QXk∥2F

]
≤ E1 + E2 + 2

√
E1E2,

where

E1 :=

(
1 +

k

sR − k − 1

)
∥B −Bk∥2F

E2 :=
18k

sR − k − 1
∥M∥2F +

8sR

sL − sR − 1
∥N∥2F +

32sR

sL − sR − 1
∥B −Bk∥2F.

We can see from Theorem 3.2.4 that, for fixed noise matrices M and N , if we

set sR large enough compared to k and sL large enough compared to sR, we can

drive the expected error of the rank-k approximation QXk arbitrarily close to the

error of the best possible rank-k approximation Bk. Formally, in Section 3.2.7

(Theorem 3.2.13) we use Theorem 3.2.4 to show that for any β ∈ (0, 1), if we set

sR = O(k/β2) and sL = O(sR/β
2) = O(k/β4), then at each level of peeling, our

approximation error blows up by at most a (1 + β) factor. Over L + 1 levels, we

obtain final accuracy Γ = (1+β)L+1. This matches our main result, Theorem 3.2.1,

but with a slightly worse dependence on β: we require O(k/β4 · L) rather than

O(k/β3 · L) total matvecs. In Section 3.2.3 we show how to give the improved β

dependence by using a novel sketching approach to further control the noise terms

M and N .
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We note that the algorithm described above, which simply implements stan-

dard peeling with Generalized Nyström is particularly simple and performs well

experimentally – see Section 3.2.10. It would be interesting to understand if our

bounds on sR and sL are tight – we suspect that they are not. In particular, even

in the case of exact matrix-vector products, we suspect that sL = O(k/β2) suf-

fices to achieve a (1 + β) approximation, even though current best known bound

is O(k/β3). Giving an improved bound in this setting would very likely yield an

improved bound in our setting.

Randomly perforated Gaussian sketching

We next discuss how we can further improve the query complexity of peeling

with Generalized Nyström-based low-rank approximation by altering the sketching

distribution to explicitly reduce matrix-vector product errors that arise due to

inexact recovery within the peeling algorithm.

Referring back to Figures 1.3 and 3.4, we observe that at each level the peeling

algorithm employs two random sketching matrices on the right: Ω+ and Ω− and

two on the left: Ψ+ and Ψ−. For sake of exposition we focus here just on the right

sketches, Ω+ and Ω−, which are both block matrices with 2ℓ blocks, alternating be-

tween random Gaussian blocks (i.e., Ω1, Ω2, Ω3, ...) and zero blocks. In particular,

Ω+ has even blocks set to zero, while Ω− has odd blocks set to zero.

This “perforated” structure arises naturally from Observation 1 and Observa-

tion 2. Intuitively, since Ω+ has even blocks set to zero, it has no interaction with

the diagonal blocks at level ℓ with even indices. Thus, it can be used to simulta-

neously produce right sketches of every bottom-left off-diagonal block at level ℓ,

without incurring any error due to the unrecovered on-diagonal blocks.
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As discussed in Section 3.2.2 and illustrated in Figure 3.4, when used in the

peeling algorithm applied to a non-HODLR matrix, the sketch does incur error due

to inexact recovery at the previous levels. In particular, referring to Figure 3.4,

when approximating a given off-diagonal block at level ℓ (e.g., A
(3)
6,5 in the figure),

the sketch incurs error from 2ℓ−1−1 blocks that were only approximately recovered

in previous levels of peeling (i.e., A
(3)
6,1, A

(3)
6,3, and A

(3)
6,7 in the figure).

Our key idea to reduce this error is simple: we will increase the sparsity of Ω+

and Ω−, so that a higher fraction of blocks are set to zero. Thus, when recovering

each block at level ℓ, we will incur error due to a smaller number of inexactly

recovered blocks from the previous levels. We still need non-zero blocks for each

of the 2ℓ off-diagonal blocks that are recovered at level ℓ, so our sparser matrices

will have a large number of block columns than before. See Figure 3.5 for an

illustration.

A(3) =

A
(3)
6,5A

(3)
6,1

Ω+ =

Ω1

Ω5

Ω3

Ω7

Ψ− =
Ψ4

Ψ6

Ψ2

Ψ8

Figure 3.5: As in Figures 1.3 and 3.4, we aim to obtain the sketches A
(3)
j±1,jΩ

+
j and

(A
(3)
j±1,j)

⊤Ψ−
j±1 from the sketches A(3)Ω+ and (A(3))⊤Ψ−. The key observation is

that by using randomly perforated Gaussian sketches, which decrease the number
of nonzero blocks per block-column (while increasing the number of column. This

results in less error. We illustrate the error for block A
(3)
6,5. Note that we obtain

sketches A
(3)
6,5Ω5 +A

(3)
6,1Ω1 and (A

(3)
6,5)

⊤Ψ6. Thus, the error is decreased compared to
Figure 3.4.
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Of course, just decreasing the number of inexactly recovered blocks that intro-

duce error into each of our sketches may not decrease the magnitude of this error

if the error is all concentrated on a few blocks. Thus, we will chose the nonzero

blocks of our sketches randomly, ensuring that the expected error when recovering

each block at level ℓ is small. Formally, our modified sketches Ω+,Ω−,Ψ+, and

Ψ− will be 2ℓ × t block matrices, with a single Gaussian block placed randomly

in each odd (resp. even) block row. They can be thought of as block Kronecker

products of Gaussian matries with Count-sketch-like sparse sketching matrices –

see Section 3.2.4 for a more complete description. We call our sketches randomly

perforated Gaussian sketches. By increasing the number of block columns t in our

randomly perforated sketches, we decrease the expected matvec error introduced by

inexactly recovered blocks at each level. In particular, we show that the expected

noise added to each matvec query is decreased by a factor of 1/t in the squared

Frobenius norm. We describe our variant of Generalized Nyström-based peeling

with perforated sketching in Algorithm 3 and analyze it in Section 3.2.7 (Theo-

rem 3.2.13), using the perturbation bound for Generalized Nyström described in

Section 3.2.3. Ultimately, this approach gives our main result Theorem 3.2.1.

We note that perforated sketching can also be combined with vanilla RSVD-

based peeling, giving a similar bound to Theorem 3.2.1. We describe the resulting

algorithm in Section 3.2.6. We numerically compare our main Generalized Nyström

Method-based algorithm with the RSVD-based algorithm in Section 3.2.10.

3.2.4 The Generalized Nyström Method Peeling algorithm

We now describe our the variant of the peeling algorithm, which is summarized as

Algorithm 3. In Section 3.2.4 we describe the notation we use for the algorithm
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and provide the pseudocode for Algorithm 3. Then, in sections Section 3.2.4 and

Section 3.2.4 we describe how the two key stages of the Generalized Nyström

Method are approximately implemented in the peeling algorithm and introduce

notation we will use in the analysis. Finally, in Section 3.2.5 we discuss how to

recover the diagonal blocks at the final level.

Notation for sketching distributions

The sketching matrices the peeling algorithm use to recover the matrices in Equa-

tion (3.17) depends on the parity of the column index j. To handle the two cases

simultaneously in our analysis, we will introduce the following notation. Fix a

value j ∈ {1, . . . , d}. We will use “±” and “∓” to indicate addition or subtraction

depending on the parity of j:

± :=





+ j odd

− j even

, ∓ :=





− j odd

+ j even

. (3.14)

For instance, j ± 1 means j + 1 if j is odd and j − 1 if j is even and ξ±j means ξ+j

if j is odd and ξ−j if j is even.

Definition 3.2.5. Let X ∈ Rp×v and Y ∈ Rpu×t. We define the product X • Y ∈

Rpu×vt by 


x1,1 · · · x1,v

...
...

xp,1 · · · xp,v




︸ ︷︷ ︸
X

•




Y1

...

Yp




︸ ︷︷ ︸
Y

=




x1,1Y1 · · · x1,vY1

...
...

xp,1Yp · · · xp,vYp




︸ ︷︷ ︸
X•Y

,

where Y1, . . . , Yp ∈ Ru×t.

Note that “ • ” is a block row-wise Kronecker product; i.e. the block-rows of

115



X • Y are obtained as the Kronecker product of the rows of X and the block-rows

of Y .

Definition 3.2.6. We say ξ ∼ CountSketch(d, t) if ξ ∈ {0, 1}d×t is such that

each row of ξ independently has exactly one nonzero entry in a uniformly random

column. We respectively denote the (j, i) entry of ξ as ξj,i.

Definition 3.2.7. We say ξ+, ξ− ∼ PerfCountSketch(d, t) if

ξ+ =

[
1 0 1 0 · · ·

]⊤
• ξ, ξ− =

[
0 1 0 1 · · ·

]⊤
• ξ,

where ξ ∼ CountSketch(d, t). We respectively denote the (j, i) entry of ξ+ and ξ−

as ξ+j,i and ξ−j,i.

We are now prepared to describe the main “randomly perforated Gaussian”

sketching distribution that we will use in our variant of the peeling algorithm.

Definition 3.2.8. We say ξ+, ξ−,Ω+,Ω− ∼ RandPerfGaussian(n, d, s, t) if

Ω+ = ξ+ •




Ω1

...

Ωd



, Ω− = ξ− •




Ω1

...

Ωd



,

where ξ+, ξ− ∼ PerfCountSketch(d, t) and each Ωi ∈ Rn/d×s is independent with

entries drawn independently from N (0, 1).

The sketching matrices Ω+ and Ψ− shown in Figure 3.5 illustrate the spar-

sity structure of the randomly perforated Gaussian sketching distribution Defi-

nition 3.2.8 with t = 3. In the case that t = 1, then the randomly perforated

Gaussian sketching matrices are of the form used by the standard peeling algo-

rithm, as illustrated in Figure 1.3.
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Notation for iteration and pseudocode

At level ℓ, the peeling algorithm aims to approximate the 2ℓ low-rank off-diagonal

blocks of A, each of which is of size n/2ℓ. The resulting approximation to these

blocks is placed in a matrix H(ℓ). This is repeated for L := ⌈log2(n/k)⌉ ≤

O(log(n/k)) levels, at which points the blocks are of size at most k. At the fi-

nal level ℓ = L, the algorithm also obtains an approximation Ĥ to the 2L diagonal

blocks. The final approximation is then expressed in terms of the approximations

at each level as

Ã = H(1) + · · ·+H(L) + Ĥ. (3.15)

Suppose we are at level ℓ, and let A(ℓ) be the matrix A at step ℓ after subtracting

the approximations H(ℓ−1), . . . , H(1) from the previous levels; that is

A(ℓ) := A− (H(ℓ−1) + · · ·+H(1)).

Partition A(ℓ) into a 2ℓ × 2ℓ block matrix with blocks of size (n/2ℓ)× (n/2ℓ):

A(ℓ) =




A
(ℓ)
1,1 A

(ℓ)
1,2 · · · A

(ℓ)
1,d

A
(ℓ)
2,1 A2,2 · · · A

(ℓ)

2,2ℓ

...
...

...

A
(ℓ)
d,1 A

(ℓ)

2ℓ,2
· · · A

(ℓ)

2ℓ,2ℓ



. (3.16)

We will use the Generalized Nyström Method to simultaneously approximate the

relevant factors

A
(ℓ)
2,1, A

(ℓ)
1,2, A

(ℓ)
4,3, A

(ℓ)
3,4, , . . . , A

(ℓ)

2ℓ−1,2ℓ
, (3.17)

with low-rank matrices H
(ℓ)
1 ≈ A

(ℓ)
2,1, H

(ℓ)
2 ≈ A

(ℓ)
1,2, ..., H

(ℓ)
d ≈ A

(ℓ)

2ℓ−1,2ℓ
. The low-rank
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factors obtained will then be placed in the matrix

H(ℓ) = block-tridiag




H
(ℓ)
2 0 H

(ℓ)
4 0 · · · H

(ℓ)

2ℓ

0 0 0 0 0 · · · 0

H
(ℓ)
1 0 H

(ℓ)
3 0 · · · H

(ℓ)

2ℓ−1




,

(3.18)

and the algorithm proceeds to the next level.

The diagonal factors A
(ℓ)
j,j may be large, and the sketching matrices used by

the peeling algorithm are constructed explicitly to avoid touching these diagonal

blocks. Assuming the algorithm has not accumulated much error, then besides the

diagonal blocks and sub/super diagonal blocks we aim to recover Equation (3.17),

the other blocks will be on the scale of the best possible error. In particular, as

described in Section 1.4.1, if A is exactly HODLR, then these blocks are all zero.

At the final level ℓ = L, we must also approximate the on-diagonal blocks. Let

Â(L) be the matrix after removing our approximation to the off-diagonal blocks of

A(L); i.e. Â(L) := A − (H(L) + · · · + H(1)). Partition Â(L) into a 2L × 2L block

matrix with blocks of size (n/2L)× (n/2L):

Â(L) =




Â
(L)
1,1 Â

(L)
1,2 · · · Â

(L)

1,2L

Â
(L)
2,1 Â2,2 · · · Â

(L)

2,2L

...
...

...

Â
(L)

2L,1
Â

(L)

2L,2
· · · Â

(L)

2L,2L



. (3.19)

We note that Â
(L)
i,j = A

(L)
i,j for all i ̸= j ± 1; indeed, the approximation H(L) to

the off-diagonal low-rank blocks at level L only updates the blocks A
(L)
j±1,j. We will

approximate the blocks Â
(L)
j,j with factors Ĥj which we place in the matrix

Ĥ = block-diag
(
Ĥ1 Ĥ2 Ĥ3 · · · Ĥ2L

)
. (3.20)
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We now have the notation needed to fully describe Algorithm 3. In Sec-

tions 3.2.4 to 3.2.5 we describe in more detail the main conceptual pieces of the

algorithm for the approximation problem and introduce some more notation which

we will use in our analysis.

Algorithm 3 Generalized Nyström Method Peeling algorithm for HODLR ap-
proximation

1: procedure GeneralizedNyströmPeeling(A, k, sR, tR, sL, tL)

2: Set L = ⌈log2(n/k)⌉ ▷ Final level blocks of size at most k

3: for ℓ = 1, 2, . . . , L do

4: Allocate and partition H(ℓ) as in Equation (3.18) ▷ blocks of size n/2ℓ×n/2ℓ

5: ξ+, ξ−,Ω+,Ω− ∼ RandPerfGaussian(n, 2ℓ, sR, tR) ▷ as in Definition 3.2.8

6: ζ+, ζ−,Ψ+,Ψ− ∼ RandPerfGaussian(n, 2ℓ, sL, tL) ▷ as in Definition 3.2.8

7: Compute A(ℓ)Ω± ▷ 2sRtR matvecs with A

8: Compute (Ψ±)⊤A(ℓ) ▷ 2sLtL matvecs with A⊤

9: for j = 1, 2, . . . , 2ℓ do

10: Set ρ such that ξ±j,ρ = 1

11: Set σ such that ζ∓j±1,σ = 1

12: Q
(ℓ)
j = orth(Y

(ℓ)
j ) ▷ Y

(ℓ)
j is (j ± 1, ρ) block of A(ℓ)Ω±

13: X
(ℓ)
j =

(
(Ψ∓

j±1)
⊤Q(ℓ)

j

)†
Z

(ℓ)
j ▷ Z

(ℓ)
j is (σ, j) block of (Ψ±)⊤A

14: H
(ℓ)
j = Q

(ℓ)
j (X

(ℓ)
j )k ▷ H

(ℓ)
j is (j ± 1, j)-th block of H(ℓ)

15: end for

16: end for

17: Allocate and partition Ĥ as in Equation (3.20) ▷ blocks of size n/2L × n/2L

18: ζ̂+, ζ̂−, Ψ̂+, Ψ̂− ∼ RandPerfGaussian(n, 2L, sL, tL) ▷ as in Definition 3.2.8

19: ζ̂ = ζ̂+ + ζ̂−, Ψ̂ = Ψ̂+ + Ψ̂−

20: Compute Ψ̂⊤Â(L) ▷ sLtL matvecs with A⊤

21: for j = 1, 2, . . . , 2L do

22: Set σ such that ζj,σ = 1

23: X̂j =
(
(Ψj)

⊤)†Ẑj ▷ Ẑj is (σ, j) block of (Ψ̂)⊤Â(L)

24: Ĥj = X̂j ▷ Ĥj is (j, j)-th block of Ĥ

25: end for

26: return Ã = H(1) + · · ·+H(L) + Ĥ

27: end procedure
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Range approximation

We first describe how to obtain an approximate range Q
(ℓ)
j for each Aj±1,j at level

ℓ. Towards this end, let

ξ+, ξ−,Ω+,Ω− ∼ RandPerfGaussian(n, d, sR, sR)

as defined in Definition 3.2.8. We will access A via the sketches A(ℓ)Ω+ and A(ℓ)Ω−

which each can be computed using sRtR matvecs with A.

Fix j and let ρ = ρ(j) be the (unique) index such that ξ±j,ρ = 1. We will try to

recover a good approximation to the range of A
(ℓ)
j±1,j using the information from the

(j ± 1, ρ) block of the sketch AΩ±. This is illustrated in Figure 3.5. In particular,

we will use the sketch

Y
(ℓ)
j := A

(ℓ)
j±1,:Ω

±
:,ρ =

d∑

i=1

A
(ℓ)
j±1,i(ξ

±
i,ρΩi).

It will be useful to write

Y
(ℓ)
j = A

(ℓ)
j±1,jΩj + E

(ℓ)
j , E

(ℓ)
j :=

∑

i ̸=j

ξ±i,ρA
(ℓ)
j±1,iΩi. (3.21)

We will then set

Q
(ℓ)
j = orth(Y

(ℓ)
j ) = orth(A

(ℓ)
j±1,jΩj + E

(ℓ)
j ), (3.22)

which will still be an approximate top subspace of A
(ℓ)
j±1,j, provided the noise term

E
(ℓ)
j is not too large. In particular, note that for the recovery problem where A

is exactly HODLR, the noise term E
(ℓ)
j is zero. This is because in this setting

A
(ℓ)
j±1,i = 0 for i ̸= j ± 1 and ξ±j±1,ρ = 0 so that there is no contributions from the

on-diagonal block A
(ℓ)
j,j .
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Low-rank approximation from given subspace

We now describe how to obtain the low-rank approximations H
(ℓ)
j to each A

(ℓ)
j±1,j

at level ℓ, given the approximate left subspaces Q
(ℓ)
j computed by the procedure

described in Section 3.2.4.

ζ+, ζ−,Ψ+,Ψ− ∼ RandPerfGaussian(n, d, sL, tL)

as defined in Definition 3.2.8. We will access A via the sketches (A(ℓ))⊤Ψ+ and

(A(ℓ))⊤Ψ− which each can be computed using sLtL matvecs with A⊤.

Fix j and let σ = σ(j) be the (unique) index such that ζ∓j±1,σ = 1. We will try

to recover a low-rank approximation of A
(ℓ)
j±1,j whose column space is Q

(ℓ)
j from the

(σ, j) block of the sketch (Ψ∓)⊤A(ℓ). This is illustrated in Figure 3.5. In particular,

we will use the sketch

Z
(ℓ)
j := (Ψ∓

:,σ)
⊤A(ℓ)

:,j =
d∑

i=1

(ζ∓i,σΨi)
⊤A(ℓ)

i,j .

Similar to above, we therefore have

Z
(ℓ)
j = (Ψ∓

j±1)
⊤A(ℓ)

j±1,j + F
(ℓ)
j , F

(ℓ)
j :=

∑

i ̸=j±1

ζ∓i,σ(Ψi)
⊤A(ℓ)

i,j . (3.23)

Now, we obtain obtain the right factors by

X
(ℓ)
j :=

(
(Ψ∓

j±1)
⊤Q(ℓ)

j

)†
Z

(ℓ)
j = argmin

X
∥(Ψj±1)

⊤Q(ℓ)
j X − Z

(ℓ)
j ∥F. (3.24)

Finally, we obtain an approximation H
(ℓ)
j = Q

(ℓ)
j (X

(ℓ)
j )k to A

(ℓ)
j±1,j.

If F
(ℓ)
j is small, then Q

(ℓ)
j X

(ℓ)
j will be nearly the best approximation to A

(ℓ)
j±1,j

with range equal to the column span of Q
(ℓ)
j . Similar to before, if A is exactly

HODLR, the noise term F
(ℓ)
j is zero.
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3.2.5 Recovering the diagonal blocks

The strategy we use to recover the diagonal blocks similar to the off-diagonal

blocks. However, since the blocks have at most k columns, there is no need to

obtain the left subspace.7

Towards this end, let

ζ̂+, ζ̂−, Ψ̂+, Ψ̂− ∼ RandPerfGaussian(n, d, sL, tL)

as defined in Definition 3.2.8. Next, define

ζ̂ = ζ̂+ + ζ̂−, Ψ̂ = Ψ̂+ + Ψ̂−

Fix j and let σ = σ(j) be the (unique) index such that ξj,σ = 1. We will try to

recover a low-rank approximation of Â
(L)
j,j the (σ, j) block of the sketch (A(L+1))⊤Ψ̂.

In particular, we will use the sketch

Ẑj := (Ψ̂:,σ)
⊤Â(L)

:,j =
d∑

i=1

ξi,σ(Ψi)
⊤Â(L)

i,j

Similar to above, we therefore have

Ẑj = (Ψj)
⊤Â(L)

j,j + F̂j, F̂j :=
∑

i ̸=j

ξi,σ(Ψi)
⊤Â(L)

i,j . (3.25)

We obtain the diagonal blocks by

X̂j :=
(
(Ψj)

⊤)†Ẑj = argmin
H
∥(Ψj)

⊤H − Ẑj∥F. (3.26)

Finally, we obtain an approximation Ĥj = X̂j to Â
(L)
j,j .

7This is also true for the off-diagonal blocks in levels where n/2ℓ ≤ sR. In such cases Q
(ℓ)
j will

be (square) orthogonal, so it could be set to the identity a priori. We do not separate this case
to simplify the notation in our analysis.
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3.2.6 A randomized-SVD peeling algorithm

As discussed in Section 3.2.11, a simple RSVD-based peeling algorithm with trun-

cation cannot perform well, as there is no way of controlling errors made in the

projection step. However, by using a similar randomized perforation technique as

described in Section 3.2.3, one can implement an RSVD-based algorithm which

can solve Problem 3 for arbitrary Γ > 1. We now define the additional notation

needed. The full algorithm is described in Algorithm 4.

At level ℓ, the RSVD-based peeling algorithm will obtain left subspaces Q
(ℓ)
j

as in Section 3.2.4. However, rather than solving a regression problem like Algo-

rithm 3, the algorithm will attempt to directly compute (Q
(ℓ)
j )⊤A(ℓ)

j±1,j. To control

the error, we first sample ζ+, ζ− ∼ PerfCountSketch(d, tR) and define sketching

matrices

Ψ+ = ξ+ •Q(ℓ), Ψ− = ξ− •Q(ℓ), Q(ℓ) :=

[
Q

(ℓ)
1 )⊤ · · · Q

(ℓ)
d )⊤

]⊤

By setting tR large, the expected squared error for each block can be driven arbi-

trarily small.

As with Algorithm 3, at the final level, we do not need to sketch A. However,

to limit the error when trying to perform the projections (onto the identity), we

sample ξ̂ ∼ CountSketch(d, tR) and use the sketching matrix

Ψ̂ = ξ̂ • (1⊗ I).

Here 1 is the all-ones vector and “⊗ ” is denotes the Kronecker product so that

1⊗ I is the stacked identity matrix.
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Algorithm 4 Randomized SVD Peeling algorithm for HODLR approximation

1: procedure RandomizedSVDPeeling(A, k, sL, tL, sR)

2: Set L = ⌈log2(n/k)⌉ ▷ Final level blocks of size at most k

3: for ℓ = 1, 2, . . . , L do

4: Allocate and partition H(ℓ) as in Equation (3.18) ▷ blocks of size n/2ℓ×n/2ℓ

5: Sample ξ+, ξ−,Ω+,Ω− ∼ RandPerfGaussian(n, 2ℓ, sR, tR) ▷ as in

Definition 3.2.8

6: Compute A(ℓ)Ω± ▷ 2sRsR matvecs with A

7: for j = 1, 2, . . . , 2ℓ do

8: Q
(ℓ)
j = orth(Y

(ℓ)
j ) ▷ Y

(ℓ)
j is (j ± 1, ρ) block of A(ℓ)Ω±

9: end for

10: Sample ζ+, ζ− ∼ PerfCountSketch(d, tL) ▷ as in Definition 3.2.7

11: Set Ψ± = ξ± •Q(ℓ)

12: Compute (Ψ±)⊤A(ℓ) ▷ 2sLtL matvecs with A⊤

13: for j = 1, 2, . . . , 2ℓ do

14: Extract X
(ℓ)
j ▷ X

(ℓ)
j is (j, σ) block of (Ψ±)⊤A

15: H
(ℓ)
j = Q

(ℓ)
j (X

(ℓ)
j )k ▷ H

(ℓ)
j is (j ± 1, j)-th block of H(ℓ)

16: end for

17: end for

18: Allocate and partition Ĥ as in Equation (3.20) ▷ blocks of size n/2L × n/2L

19: Sample ζ̂ ∼ CountSketch(2ℓ, tL) ▷ as in Definition 3.2.6

20: Set Ψ̂ = ζ̂ • ([1, . . . , 1]⊤ ⊗ I)

21: Ψ̂⊤Â(L) = A⊤Ψ̂− (H(L) + · · ·+H(1))Ψ ▷ sLtL matvecs with A⊤

22: for j = 1, 2, . . . , 2L do

23: Extract X̂j ▷ X̂j is (j, σ) block of Ψ⊤Â(L)

24: Ĥj = X̂j ▷ Ĥj is (j, j)-th block of Ĥ

25: end for

26: return Ã = H(1) + · · ·+H(L) + Ĥ

27: end procedure

3.2.7 Analysis

We are now prepared to prove our main accuracy guarantee Theorem 3.2.13 for

Algorithm 3. The simplified Theorem 3.2.1 immediately follows.
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In Section 3.2.7 we first prove the perturbation bounds Theorems 3.2.3

and 3.2.4. Then, in Section 3.2.8 we use these bounds to prove our main ap-

proximation guarantees. Our analysis relies on applying Theorem 3.2.4 to each

off-diagonal low-rank block at each level. Assuming we have obtained near-optimal

low-rank approximations to the off-diagonal low-rank blocks at the previous levels,

we will show that we can obtain a near-optimal approximation to the off-diagonal

low-rank blocks at the current level.

Perturbation bound for the RSVD

We begin with proving Theorem 3.2.3.

Theorem 3.2.3. Let B ∈ Rm1×m2, Ω ∈ Rm2×s, E1 ∈ Rm1×s, and E2 ∈ Rs×m2,

and let Q = orth(BΩ + E1). Write B in its singular value decomposition as

B = UΣV ⊤ =

[
Utop Ubot

]


Σtop

Σbot






V ⊤
top

V ⊤
bot


 ,

where U and V are orthonormal and Σ is diagonal, and the “top” blocks represent

the top k columns; i.e. Utop ∈ Rm1×k, Vtop ∈ Rm2×k, and Σtop ∈ Rk×k. Define also

Ωtop = V ⊤
topΩ, Ωbot = V ⊤

botΩ.

Then, assuming rank(Ωtop) = k,

∥B −Q(Q⊤B + E2)k∥F ≤ ∥E1Ω
†
top∥F + 2∥E2∥F +

(
∥Σbot∥2F + ∥ΣbotΩbotΩ

†
top∥2F

)1/2
.

Proof. Consider the matrix C := (I − QQ⊤)B + Q(Q⊤B + E2). The best rank-k

Frobenius-norm approximation to C with range contained in range(Q) is Q(Q⊤C)k

[79, Theorem 3.5]. Using this, the triangle inequality, and the relations ∥B−C∥F =
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∥E2∥F and Q⊤C = Q⊤B + E2 we obtain

∥B −Q(Q⊤B + E2)k∥F = ∥B −Q(Q⊤C)k∥F

≤ ∥B − C∥F + ∥C −Q(Q⊤C)k∥F

≤ ∥B − C∥F + ∥C −Q(Q⊤B)k∥F

≤ 2∥B − C∥F + ∥B −Q(Q⊤B)k∥F

= 2∥E2∥F + ∥B −Q(Q⊤B)k∥F. (3.27)

Now let M := Ω†
topV

⊤
top. Note that rank((BΩ + E1)M) ≤ k and let P denote the

orthogonal projector onto range((BΩ+E1)M). Therefore, using [79, Theorem 3.5]

and the triangle inequality, we obtain

∥B −Q(Q⊤B)k∥F ≤ ∥(I − P )B∥F

≤ ∥(I − P )BΩM∥F + ∥(I − P )B(I − ΩM)∥F

≤ ∥(I − P )BΩM∥F + ∥B(I − ΩM)∥F. (3.28)

Now, by the arguments in [54, Chapter 5] we can bound each term (3.28). First

note that have

(I − P )BΩM = (I − P )(BΩ + E1)M − (I − P )E1M = −(I − P )E1M.

Hence,

∥(I − P )BΩM∥F ≤ ∥E1M∥F = ∥E1Ω
†
top∥F. (3.29)

Furthermore, for the second term note that

B(I − ΩM) = BVbotV
⊤
bot(I − ΩM) = BVbotV

⊤
bot −BVbotV

⊤
botΩM.

By Pythagoras theorem we have,

∥B(I − ΩM)∥F =
(
∥BVbotV

⊤
bot∥2F + ∥BVbotV

⊤
botΩM∥2F

)1/2

=
(
∥Σbot∥2F + ∥ΣbotΩbotΩ

†
top∥2F

)1/2
(3.30)

Combining (3.27) to (3.30) yields the desired inequality.
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Probabilistic bounds

We will repeatedly make use about the following well-known fact about the Frobe-

nius norm of Gaussian matrices and their pseudoinverses, proofs of which can be

found throughout the literature; see for instance [85, Proposition A.5].

Theorem 3.2.9. Let X be u × v, and G ∈ Rv×q and H ∈ Rp×q be independent

with entries independently drawn from N (0, 1). Then, if q > p+ 1,

E
[
∥XGH†∥2F

]
= ∥X∥2F E

[
∥H†∥2F

]
=

p

q − p− 1
∥X∥2F.

We proceed with proving the following lemma, which relates to the error of the

projection step of the Generalized Nyström Method.

Lemma 3.2.10. Let B ∈ Rm1×m2, Q ∈ Rm1×sR with orthonormal columns, and

N ∈ Rq×m2 be fixed matrices and Ψ ∈ Rm1×sL and Ψ̃ ∈ Rq×sL have entries drawn

independently from N (0, 1). Then, provided sL > sR + 1,

E
[
∥Q⊤B − (Ψ⊤Q)†(Ψ⊤B + Ψ̃⊤N)∥2F

]
=

sR

sL − sR − 1

(
∥B −QQ⊤B∥2F + ∥N∥2F

)
.

Proof. Extend Q to an orthogonal matrix [Q Q̃]. Write Ψ1 = Ψ⊤Q and Ψ2 = Ψ⊤Q̃.

Since Q and Q̃ are orthogonal, Ψ1 ∈ RsL×sR and Ψ2 ∈ RsL×m1−sR are independent

with entries drawn independently from N (0, 1).

Since [Q Q̃] is orthogonal, QQ⊤ + Q̃Q̃⊤ is the identity, and

Ψ⊤B = Ψ⊤(QQ⊤ + Q̃Q̃⊤)B = Ψ1Q
⊤B +Ψ2Q̃

⊤B.

Therefore, recalling our definition of Ψ1,

Ψ†
1(Ψ

⊤B + Ψ̃⊤N) = Ψ†
1Ψ1Q

⊤B +Ψ†
1Ψ2Q̃

⊤B +Ψ†
1Ψ̃

⊤N.
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Since sL ≥ sR, with probability 1, Ψ†
1Ψ1 = I. Thus, Q⊤B − (Ψ⊤B + Ψ̃⊤N) =

−Ψ†
1Ψ2Q̃

⊤B−Ψ†
1Ψ̃

⊤N .

Next, as in [142, Lemma A.2(i)], for deterministic matrices X, Y, Z and a Gaus-

sian matrix Ψ2,

E
[
∥XΨ2Y + Z∥2F

]
= E

[
∥X∥2F∥Y ∥2F + ∥Z∥2F

]
. (3.31)

Therefore, using that Ψ1,Ψ2 and Ψ̂ are independent and applying Equation (3.31)

and Theorem 3.2.9 we obtain

E
[
∥Ψ†

1(Ψ
⊤B + Ψ̃⊤N)−Q⊤B∥2F

]
= E

[
∥Ψ†

1Ψ2Q̃
⊤B +Ψ†

1Ψ̃
⊤N∥2F

]

= E
[
E
[
∥Ψ†

1Ψ2Q̃
⊤B +Ψ†

1Ψ̃
⊤N∥2F

∣∣∣Ψ1, Ψ̃
]]

= E
[
∥Ψ†

1∥2F∥Q̃⊤B∥2F + ∥Ψ†
1Ψ̃

⊤N∥2F
]
.

=
sR

sL − sR − 1
∥Q̃⊤B∥2F +

sR

sL − sR − 1
∥N∥2F.

Noting that ∥Q̃⊤B∥2F = ∥B −QQ⊤B∥2F yields the desired result.

Finally, we use Theorem 3.2.3 and lemma 3.2.10 to prove Theorem 3.2.4.

Theorem 3.2.4. Let B ∈ Rm1×m2, M ∈ Rm1×p, and N ∈ Rq×m2 be fixed matrices,

and let Ω ∈ Rm2×sR, Ω̃ ∈ Rp×sR, Ψ ∈ Rm1×sL, and Ψ̃ ∈ Rq×sL be independent

matrices with entries drawn independently from N (0, 1). Define

Q := orth(BΩ +MΩ̃), X := (Ψ⊤Q)†(Ψ⊤B + Ψ̃⊤N).

Then, provided sR > 2k + 1 and sL > 2sR + 1

E
[
∥B −QXk∥2F

]
≤ E1 + E2 + 2

√
E1E2,

where

E1 :=

(
1 +

k

sR − k − 1

)
∥B −Bk∥2F

E2 :=
18k

sR − k − 1
∥M∥2F +

8sR

sL − sR − 1
∥N∥2F +

32sR

sL − sR − 1
∥B −Bk∥2F.
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Proof. Let B have SVD as partitioned in Theorem 3.2.3 and define Ωtop = V ⊤
topΩ

and Ωbot = V ⊤
botΩ. Note that, by the unitary invariance of Gaussian random

matrices, Ωtop ∈ Rk×sR and Ωbot ∈ Rm2−k×sR have independent entries drawn from

N (0, 1) and are independent of one another and of Ω̃. Note that Ωtop has rank k

with probability one, and Theorem 3.2.3 asserts

∥B −QXk∥F ≤ ∥MΩ̃Ω†
top∥F︸ ︷︷ ︸

A

+2∥Q⊤B −X∥F︸ ︷︷ ︸
B

+
(
∥Σbot∥2F + ∥ΣbotΩbotΩ

†
top∥2F

)1/2
︸ ︷︷ ︸

C

.

(3.32)

We will set E1 = E[C2] and E2 will be an upper bound for E[(A + B)2]. Since

E[(A+B)2] ≤ 2E[A2+B2] we may set E2 to be an upper bound for 2E[A2+B2].

Indeed, by the linearity of expectation, Cauchy–Schwarz, and the fact that (x +

y)2 ≤ 2(x2 + y2),

E[(A+B + C)2] = E[(A+B)2] + E[C2] + 2E[(A+B)C]

≤ E[(A+B)2] + E[C2] + 2
√

E[(A+B)2]E[C2]

≤ E2 + E1 + 2
√
E2E1.

It now remains to compute E[A2], E[B2], and E[C2].

First, using Theorem 3.2.9 we have that

E[A2] = E
[
∥MΩ̃Ω†

top∥2F
]
=

k

sR − k − 1
∥M∥2F; (3.33)

E[C2] =

(
1 +

k

sR − 1

)
∥Σbot∥2F =

(
1 +

k

sR − 1

)
∥B −Bk∥2F. (3.34)

(3.34) shows that E[C2] = E1, as required. We will now proceed with showing that

E2 is an upper bound for 2E[A2 +B2].

Since QB is the best Frobenius-norm approximation to B with range contained

in range(Q) [79, Lemma 2.2], using and Theorem 3.2.3 with the inequality (x +
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y)2 ≤ 2x2 + 2y2 gives

∥B −QQ⊤B∥2F ≤ ∥B −Q(Q⊤B)k∥2F

≤ 2∥MΩΩ†
top∥2F + 2∥Σbot∥2F + 2∥ΣbotΩbotΩ

†
top∥2F. (3.35)

Applying Lemma 3.2.10, (3.35) and Theorem 3.2.9 yields

E[B2] =
4sR

sL − sR − 1

(
E
[
∥B −QQ⊤B∥2F

]
+∥N∥2F

)

≤ 4sR

sL − sR − 1

(
2E
[
∥MΩ̃Ω†

top∥2F
]
+ 2∥Σbot∥2F + 2E

[
∥ΣbotΩbotΩ

†
top∥2F

]
+ ∥N∥2F

)

=
4sR

sL − sR − 1

(
2k

sR − k − 1
∥M∥2F + 2∥Σbot∥2F +

2k

sR − k − 1
∥Σbot∥2F + ∥N∥2F

)
.

Using our choices of k, sR, and sL ensures k
sR−k−1

≤ 1 and sR
sL−sR−1

≤ 1. Hence,

E[B2] ≤ 8k

sR − k − 1
∥M∥2F +

16sR

sL − sR − 1
∥Σbot∥2F +

4sR

sL − sR − 1
∥N∥2F. (3.36)

Combining (3.33) and (3.36) and noting ∥Σbot∥2F = ∥B −Bk∥2F yields

2E[A2 +B2] ≤ 18k

sR − k − 1
∥M∥2F +

32sR

sL − sR − 1
∥Σbot∥2F +

8sR

sL − sR − 1
∥N∥2F := E2,

as required.

3.2.8 Analysis of Algorithm 3

We are now prepared to analyze Algorithm 3.

Definition 3.2.11. For each ℓ = 1, 2, . . . , L, let Fℓ be the sigma algebra represent-

ing the information known to the algorithm at the start of the ℓ-th step.

We begin by proving the key approximation guarantee for a off-diagonal low-

rank block at level ℓ. This shows that, even in the presence of noise, we can obtain

a near-optimal low-rank approximation to each of the off-diagonal blocks (and the
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on-diagonal blocks at the final level ℓ = L). This can be viewed as a version of

Theorem 3.2.4 adapted to the errors appearing within the peeling algorithm.

Lemma 3.2.12. Fix a rank parameter k and let β ∈ (0, 1). Suppose tL ≥ 1 and

sR, tL, and sR are such that

k

sR − k − 1
≤ β

20
,

k

sR − k − 1
· 1
tR
≤ β2

242
,

sR

sL − sR − 1
≤ β2

242
.

Then for each ℓ = 1, 2, . . . , L the off-diagonal low-rank factors obtained by Algo-

rithm 3 are nearly optimal in the sense that

E
[
∥A(ℓ)

j±1,j −Q
(ℓ)
j (X

(ℓ)
j )k∥2F

∣∣∣Fℓ

]
≤ ∥A(ℓ)

j±1,j − (A
(ℓ)
j±1,j)k∥2F + βE

(ℓ)
j .

where

E
(ℓ)
j := max

{
∥A(ℓ)

j±1,j − (A
(ℓ)
j±1,j)k∥2F,

2ℓ∑

i=1
i ̸=j,j±1

1

2
∥A(ℓ)

i,j ∥2F,
2ℓ∑

i=1
i ̸=j,j±1

1

2
∥A(ℓ)

j±1,i∥2F

}
.

Moreover, at the final level ℓ = L, the on-diagonal factors obtained by Algorithm 3

are nearly exact in the sense that

E
[
∥Â(L)

j,j − X̂j∥2F
∣∣∣FL+1

]
≤ β

2L∑

i=1
i ̸=j

∥Â(L)
i,j ∥2F.

Proof. We begin with the first result. Let d = 2ℓ and let Ω± and Ψ± be the sketches

used at level ℓ of Algorithm 3. Fix j and recall that ρ and σ are the unique indices

so that ξ±j,ρ = 1 and ζ∓j±1,σ = 1. Define

M =

[
ξ±1,ρA

(ℓ)
j±1,1 · · · ξ±j−1,ρA

(ℓ)
j±1,j−1 ξ±j+1,ρA

(ℓ)
j±1,j+1 · · · ξ±d,ρA

(ℓ)
j±1,d,

]

N =

[
ζ∓1,σA

(ℓ)
1,j · · · ζ∓j±1−1,σA

(ℓ)
j±1−1,j ζ∓j±1+1,σA

(ℓ)
j±1+1,j · · · ζ∓d,σA

(ℓ)
d,j,

]

and the random Gaussian matrices

Ω̃ =

[
(Ω1)

⊤ · · · (Ωj−1)
⊤ (Ωj+1)

⊤ · · · (Ωd)
⊤
]⊤

Ψ̃ =

[
(Ψ1)

⊤ · · · (Ψj±1−1)
⊤ (Ψj±1+1)

⊤ · · · (Ψd)
⊤
]⊤

.
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Then we can write

E
(ℓ)
j = MΩ̃, F

(ℓ)
j = Ψ̃⊤N,

where E
(ℓ)
j and F

(ℓ)
j are are the additive perturbation terms as defined in Equa-

tions (3.21) and (3.23). Furthermore, note that Ω̃ and Ψ̃ are independent of Ωj

and Ψj±1. Recall that Q
(ℓ)
j is an orthonormal basis for range(Aj±1,jΩj +E

(ℓ)
j ) and

X
(ℓ)
j = (Ψ⊤

j±1Q
(ℓ)
j )†(Ψ⊤

j Aj±1,j + Ψ̃⊤N).

The specified conditions on k, sR, and sL ensure that sL ≥ 2sR + 1 and sR ≥

2k + 1. Therefore, Theorem 3.2.4 yields

E
[
∥A(ℓ)

j±1,j −Q
(ℓ)
j (X

(ℓ)
j )k∥2F

∣∣∣Fℓ, ξ, ζ
]
≤ E1 + E2 + 2

√
E1E2, (3.37)

where

E1 :=

(
1 +

k

sR − k − 1

)
∥A(ℓ)

j±1,j − (A
(ℓ)
j±1,j)k∥2F,

E2 :=
18k

sR − k − 1
∥M∥2F +

8sR

sL − sR − 1
∥N∥2F +

32sR

sL − sR − 1
∥A(ℓ)

j±1,j − (A
(ℓ)
j±1,j)k∥2F.

By our choice of ξ±, the ξ±i,ρ are independent for different i and E[ξ±i,ρ] is zero or

1/tR depending on the parity of ρ. Thus, E[ξ±i,ρ] ≤ 1/tR. Furthermore, note that

E[ξ±j±1,ρ] = 0 by construction. Thus,

E
[
∥M∥2F

]
=
∑

i ̸=j

E[ξ±i,ρ]∥A(ℓ)
j±1,i∥2F ≤

d∑

i=1
i ̸=j,j±1

∥A(ℓ)
j±1,i∥2F.

By a similar argument,

E
[
∥N∥2F

]
=
∑

i ̸=j±1

E[ζ∓i,σ]∥A(ℓ)
i,j ∥2F ≤

1

tL

d∑

i=1
i ̸=j,j±1

∥A(ℓ)
i,j ∥2F.

Hence, by the law of total expectation, the Cauchy-Schwarz inequality, and (3.37)

we have

E
[
∥A(ℓ)

j±1,j −Q
(ℓ)
j (X

(ℓ)
j )k∥2F

∣∣∣Fℓ

]
≤ E1 + E ′

2 + 2
√
E1E ′

2, (3.38)
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where

E ′
2 :=

18k

sR − k − 1
· 1
tR

d∑

i=1
i ̸=j,j±1

∥A(ℓ)
j±1,i∥2F +

8sR

sL − sR − 1
· 1
tL

d∑

i=1
i ̸=j,j±1

∥A(ℓ)
i,j ∥2F

+
32sR

sL − sR − 1
∥A(ℓ)

j±1,j − (A
(ℓ)
j±1,j)k∥2F.

Using that

max

{
∥A(ℓ)

j±1,j − (A
(ℓ)
j±1,j)k∥2F,

1

2

d∑

i=1
i ̸=j,j±1

∥A(ℓ)
j±1,i∥2F,

1

2

d∑

i=1
i ̸=j,j±1

∥A(ℓ)
i,j ∥2F

}
≤ E

(ℓ)
j

and our assumptions on tL, tR, sL, and sR allow us to bound

E1 + E ′
2 + 2

√
E1E ′

2 ≤ ∥A(ℓ)
j±1,j − (A

(ℓ)
j±1,j)k∥2F + βE

(ℓ)
j . (3.39)

Combining (3.39) with (3.38) yields the first inequality.

The proof of the second result is similar to the analysis of the Generalized

Nyström method Theorem 3.2.4. First define

N̂ =

[
ζ̂1,ρÂ

(L)
1,j · · · ζ̂j−1,ρÂ

(L)
j−1,j ζ̂j+1,ρÂ

(L)
j+1,j · · · ζ̂2L,ρÂ

(L)

2L,j

]
.

and the random Gaussian matrix

Ψ̃ =

[
(Ψ̂1)

⊤ · · · (Ψ̂j−1)
⊤ (Ψ̂j+1)

⊤ · · · (Ψ̂2L)
⊤
]⊤

.

Similar to above we have

E
[
∥N̂∥2F

]
≤ 1

tL

2L∑

i=1
i ̸=j

∥Â(L)
i,j ∥2F.
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Since sL ≥ sR > 2k + 1 and k ≥ n/2L we can apply Theorem 3.2.9 to obtain

E
[
∥Â(L)

j,j − Ĥj∥2F
∣∣∣FL+1

]
= E

[
∥(Ψ̂⊤

j )
†Ψ̃⊤N̂∥2F

∣∣∣FL+1

]

=
n/2L

sL − n/2L − 1
E
[
∥N̂∥2F

]

≤ k

sR − k − 1

1

tL

2L∑

i=1
i ̸=j

∥Â(L)
i,j ∥2F

≤ β

20

2L∑

i=1
i ̸=j

∥Â(L)
i,j ∥2F ≤ β

2L∑

i=1
i ̸=j

∥Â(L)
i,j ∥2F,

as required.

Finally, we prove our main theorem.

Theorem 3.2.13. Fix a rank parameter k and let β ∈ (0, 1). Suppose tL ≥ 1 and

sR, tL, and sR are such that

k

sR − k − 1
≤ β

20
,

k

sR − k − 1
· 1
tR
≤ β2

242
,

sR

sL − sR − 1
≤ β2

242
.

Let L = ⌈log2(n/k)⌉. Then, using 2LsRtR products with A and (2L+1)sLtL products

with A⊤, Algorithm 3 outputs a HODLR(k) matrix Ã such that

E
[
∥A− Ã∥F

]
≤ (1 + β)L+1 · min

H∈HODLR(k)
∥A−H∥F.

Before we prove Theorem 3.2.13, we make several remarks. First, observe that

Theorem 3.2.1 is a special case of Theorem 3.2.13 with parameters

sR = O(k/β), sR = O(1/β), sL = O(sR/β
2) = O(k/β3), tL = 1. (3.40)

Another interesting parameter setting is

sR = O(k/β2), sR = 1, sL = O(k/β4), tL = 1, (3.41)

which corresponds to an implementation of the standard peeling algorithm with the

Generalized Nyström Method (i.e. does not use randomly perforated sketching).
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Proof of Theorem 3.2.13. First, note that at each of the L levels we use 2sRtR

matrix-vector products with A and 2sLtL matrix-vector products with A⊤. When

recovering the diagonal we use an additional sLtL products with A⊤. This results

in the specified cost.

We now analyze the error. For each ℓ = 1, 2, . . . , L partition A(ℓ) as in Equa-

tion (3.16) and H(ℓ) as in Equation (3.18). Define,

opt(ℓ) :=

( 2ℓ∑

j=1

∥A(ℓ)
j±1,j − (A

(ℓ)
j±1,j)k∥2F

)1/2

.

By the definition of HODLR matrices the on-diagonal blocks at level L are of size

at most k. Therefore, since the different levels are disjoint,

min
H∈HODLR(k)

∥A−H∥2F = opt(1)2 + · · ·+ opt(L)2. (3.42)

Next, define the error incurred in the off-diagonal low-rank blocks at level ℓ,

err(ℓ) :=

( 2ℓ∑

j=1

∥A(ℓ)
j±1,j −H

(ℓ)
j ∥2F

)1/2

.

Define also the error of the on-diagonal blocks at the final level,

êrr :=

( 2L∑

j=1

∥A(L)
j,j − Ĥj∥2F

)1/2

.

Since the approximations at each level are disjoint (see Equation (3.15)) we have

∥A− Ã∥2F = err(1)2 + · · ·+ err(L)2 + êrr2. (3.43)

We claim that it suffices to prove that for each ℓ = 1, 2, . . . , L,

E
[
err(ℓ)2

]
≤ opt(ℓ)2 + β · (1 + β)ℓ−1 ·

(
opt(1)2 + · · ·+ opt(ℓ)2

)
. (3.44)

and that at the final level

E
[
êrr2
]
≤ β · (1 + β)L ·

(
opt(1)2 + · · ·+ opt(L)2

)
. (3.45)
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Indeed, since err(ℓ′)2 ≥ 0, together Equations (3.44) and (3.45) imply that

E
[
err(1)2 + · · ·+ err(L)2 + êrr2

]

≤
(
1 + β ·

(
1 + (1 + β) + · · ·+ (1 + β)L

))
·
(
opt(1)2 + · · ·+ opt(L)2

)

= (1 + β)L+1 ·
(
opt(1)2 + · · ·+ opt(L)2

)
.

In light of Equations (3.42) and (3.43), this is the desired result.

We begin by proving Equation (3.44) by induction. First note that Equa-

tion (3.44) at level ℓ = 1 we have incurrred no error from previous levels and

Lemma 3.2.12 gives E[err(1)] ≤ (1 + β)opt(1). Now suppose the analog of Equa-

tion (3.44) holds for each level up to ℓ− 1. Then, since err(ℓ′)2 ≥ 0,

E
[
err(1)2 + · · ·+ err(ℓ− 1)2

]

≤
(
1 + β · (1 + (1 + β) + · · ·+ (1 + β)ℓ−2)

)
·
(
opt(1)2 + · · ·+ opt(ℓ− 1)2

)

= (1 + β)ℓ−1 ·
(
opt(1)2 + · · ·+ opt(ℓ− 1)2

)
. (3.46)

Applying Lemma 3.2.12 for each j = 1, 2, . . . 2ℓ and summing over j we find

E
[
err(ℓ)2

]
= E

[
E
[
err(ℓ)2

∣∣Fℓ

]]
≤ E

[
opt(ℓ)2 + β

2ℓ∑

j=1

E
(ℓ)
j

]
. (3.47)

Observe that the sum over all blocks of A(ℓ) except the on-diagonal blocks and the

off-diagonal low-rank blocks at level ℓ is expressed as

2ℓ∑

j=1

2ℓ∑

i=1
i ̸=j,j±1

∥A(ℓ)
i,j ∥2F =

2ℓ∑

j=1

2ℓ∑

i=1
i ̸=j,j±1

∥A(ℓ)
j±1,i∥2F.
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Therefore,

2ℓ∑

j=1

E
(ℓ)
j ≤

2ℓ∑

j=1

(
∥A(ℓ)

j±1,j − (A
(ℓ)
j±1,j)k∥2F +

2ℓ∑

i=1
i ̸=j,j±1

1

2
∥A(ℓ)

i,j ∥2F +
2ℓ∑

i=1
i ̸=j,j±1

1

2
∥A(ℓ)

j±1,i∥2F

)

= opt(ℓ)2 +
2ℓ∑

j=1

2ℓ∑

i=1
i ̸=j,j±1

∥A(ℓ)
i,j ∥2F

= opt(ℓ)2 +
(
err(1)2 + · · ·+ err(ℓ− 1)2

)
. (3.48)

In the final equality above we have used that the (i, j) blocks for i ̸= j, j ± 1

contain exactly the errors made at previous levels. Hence, taking the expectation

of Equation (3.48), using Equation (3.46), and plugging into Equation (3.47) gives

E
[
err(ℓ)2

]
≤ opt(ℓ)2 + β

(
opt(ℓ)2 + (1 + β)ℓ−1

(
opt(1)2 + · · ·+ opt(ℓ− 1)2

))

≤ opt(ℓ)2 + β(1 + β)ℓ−1
(
opt(1)2 + · · ·+ opt(ℓ)2

)
,

which is Equation (3.44).

The proof of Equation (3.45) follows analogously. By Lemma 3.2.12 we have

E
[
êrr2] ≤ β

2L∑

j=1

2L∑

i=1
i ̸=j

E
[
∥Â(L)

i,j ∥2F
]
= β

L∑

ℓ=1

E
[
err(ℓ)2] ≤ β(1+β)L(opt(1)2+· · ·+opt(L)2),

where we used that
∑2L

j=1

∑2L

i=1,i ̸=j ∥Â
(L)
i,j ∥2F is precisely the errors made at previous

levels and (3.46). This gives the desired inequality.

3.2.9 Lower Bounds

In this section, we prove that our main result on HOLDR matrix approximation

(Theorem 3.2.1) is close to optimal in terms of the number of matrix-vector prod-

ucts needed to solve Problem 3.
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Lower bound for exact recovery

We begin with a simple lower bound in the setting where A is exactly HODLR, in

which case solving Problem 3 requires exactly recovering A. For this setting, we

can appeal to prior work by Halikias and Townsend [84] on the query complexity

of recovering matrices from linearly parameterized matrix families. In particular,

any set B1, . . . , Bm of linearly independent base matrices induces a linearly param-

eterized family L consisting of linear combinations of the base matrices; i.e.

L =

{
m∑

i=1

θiBi : θ = [θ1, . . . , θm] ∈ Rm

}

Halikias and Townsend observe (see [84], Lemma 2.2) that recovering a matrix A ∈

L requires at least ⌈m/n⌉ matvec queries with A. In particular, any matrix-vector

product with A or A⊤ yields n linear equations in entries of θ. Since recovering A

amounts to determining the corresponding θ, at least m such equations are needed

to uniquely determine A. We leverage this observation to prove the following:

Theorem 3.2.14. Any algorithm that can recover any n × n matrix A ∈

HODLR(k) from adaptive matvec queries must use at least ⌈k log2(n/k)⌉ queries.

Therefore, solving Problem 3 requires Ω(k log(n/k)) matvec queries for any finite

approximation factor Γ.

Proof. The proof follows from observing that, while HODLR(k) is not itself a

linearly parameterized family, it contains a linearly parameterized family L. In

particular, consider the subset of HODLR(k) matrices where every rank-k block

in the matrix is zero everywhere except in its first k columns. The first k columns

in each block can be chosen to have entries with any value such that the block is

rank-k, and the matrix is therefore HODLR(k). As such, L is equal to the set of

matrices that can be written as a linear combination of B1, . . . , Bm, where each Bi
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is a matrix that is zero everywhere, but has a single 1 in one of the first k columns

in one of the rank-k blocks of the HODLR structure. Recall that for an n × n

matrix to be HODLR(k), it must be that n = nbase · 2p for integers nbase ∈ (k/2, k]

and p = log2(n/nbase).
8 It can be checked that the total number of base matrices,

m, equals:

m = 2nbasen+ nk(p− 1) > nkp ≥ nk log2(n/k)

So, by Lemma 2.2 in [84], we require ⌈nk log2(n/k)⌉/n⌉ = ⌈k log2(n/k)⌉ matvec

queries to exactly recover a given A ∈ L. Since L ⊂ HODLR(k), the theorem

follows. We note that to solve Problem 3 for finite Γ, we must exactly recover all

A ∈ HODLR(k).

Lower bound for approximation

Next, we prove a lower bound in the setting where A is not exactly HODLR, and

we seek to solve Problem 3 with error Γ = (1 + ε) for some ε ∈ (0, 1). A natural

approach for such a lower bound might be to leverage lower bounds for near-optimal

rank-k approximation, since HODLR approximation is a strictly harder problem.

However, as discussed in Section 3.2.1, the best known lower bound for Frobenius-

norm error rank-k approximation in the matrix-vector query model is just O(k +

1/ε1/3) [11]. Such a lower bound does not show that the multiplicative relationship

between k and poly(1/ε) in our upper bound, Theorem 3.2.1, is necessary.

We obtain a stronger lower bound by instead proving a reduction from the

problem of fixed-pattern sparse matrix approximation, which was recently studied

in [6]. That work proves tight lower bounds in the matrix-vector query model

8If n ≤ k/2 then the bound is vacuously true.
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for approximating matrices by a wide variety of matrix classes with fixed sparsity

patterns, including diagonal matrices, banded matrices, and more. Below, we state

a special case of the lower bound from [6] for approximation by block diagonal

matrices. This lower bound will be used to obtain our lower bound for HODLR

approximation. For integers n and b, such that b divides n, we let B(n, b) denote

the set of n × n block-diagonal matrices with blocks of size b × b. We have the

following:

Lemma 3.2.15 (Corollary of Thm. 2 from [6]9). There are absolute con-

stants c, C > 0 such that the following holds: For any ε > 0 and any pos-

itive integers b, n such that b divides n and n ≥ cb/ε, there is a distribution

over n × n matrices A such that any algorithm which accesses A with ≤ Cb/ε

adaptive matvec queries and returns an approximation B̃ ∈ B(n, b) must have

∥A− B̃∥F ≥ (1 + ε)minB∈B(n,b) ∥B −A∥F with probabilty ≥ 24/25. The probability

is taken over the randomness of A, as well as possible randomness in the algorithm.

Lemma 3.2.15 establishes that, even to succeed with small positive probability,

any algorithm for computing a near-optimal block-diagonal approximation to an

arbitrary matrix A requires Ω(b/ε) matvec queries to A. Intuitively this result is

useful because block diagonal approximation is an easier problem than HODLR

approximation. In particular, it is not hard to verify that B(n, 2k) ⊂ HODLR(k);

matrices in B(n, 2k) are zero except on the diagonal and off-diagonal low-rank

blocks of the final level of HODLR(k) matrices. Formally, we prove that, if we

had an algorithm for finding a near-optimal HODLR approximation to a given

matrix, the result could be post-processed via projection onto B(n, 2k) to obtain a

near-optimal block-diagonal approximation. If we found the near-optimal HODLR

9The result in [6] is stated for a particular choice of n0 = Θ(b/ϵ), but it can be seen to hold
for all n > n0 as well by simply padding the matrices in the hard input distribution with zeros
to enlarge their size.
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approximation with o(k/ϵ) matvec queries, we would violate Lemma 3.2.15. This

approach results in the following lower bound:

Theorem 3.2.16. There are absolute constants c, C > 0 such that the following

holds: For any k, ε > 0, and n ≥ ck/ε,10 there is a distribution over n×n matrices

A such that any algorithm which accesses A with ≤ Ck/ε adaptive matvec queries

fails to solve Problem 3 with probability ≥ 24/25.

Proof. First note that we may assume ϵ ≤ 1, as the result already holds by The-

orem 3.2.14 for larger values of ϵ. Let n = nbase2
p for nbase ∈ ⌊k/2 + 1⌋, . . . , k

and p ≥ 0. Let b = 2nbase and observe that b ≥ k, and for c ≥ 2, b ≤ n. Let

S ∈ {0, 1}n×n be an indicator matrix for a block-diagonal sparsity pattern with n/b

blocks of size b. I.e., S is zero everywhere except that, for each t ∈ 0, . . . , n/b− 1,

Si,j = 1 for i, j ∈ {bt+ 1, . . . , bt+ b}. Observe that for any block diagonal matrix

B ∈ B(n, b), B ◦ S = B, where “ ◦ ” denotes the entrywise product. Let S̄ denote

the compliment of S: for all i, j, S̄i,j = 1 − Si,j. Observe that for any matrix H,

we can write:

∥A−H∥2F = ∥A ◦ S −H ◦ S∥2F + ∥A ◦ S̄ −H ◦ S̄∥2F. (3.49)

Define

B∗ = A ◦ S argmin
B∈B(n,b)

∥A−B∥2F, H∗ = argmin
H∈HODLR(k)

∥A−H∥2F.

Since B(n, b) ⊂ HODLR(k), we have that ∥A−H∗∥F ≤ ∥A−B∗∥F.

Our proof approach is to show that, if we can solve Problem 3 with error Γ =

(1 + ε) using m matrix-vector products, i.e. if we can find some H̃ ∈ HODLR(k)

10Recall that HODLR(k) matrices are only defined for dimensions n of the form n = nbase2
p

for nbase ≤ k and p ≥ 0. Formally, the theorem holds for any such n that is ≥ ck/ε.
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that satisfies

∥A− H̃∥F ≤ (1 + ε)∥A−H∗∥F, (3.50)

then H̃ ◦ S is a near-optimal block diagonal approximation to A. Concretely, we

will show that

∥A− H̃ ◦ S∥F ≤ (1 + ε)∥A−B∗∥F. (3.51)

Accordingly, we reach a contradiction to Lemma 3.2.15 unless m = Ω(k/ε) =

Ω(b/ε) matrix-vector products were used to compute H̃.

To see why (3.50) implies (3.51), the main observation is that:

∥A ◦ S̄ − H̃ ◦ S̄∥2F ≥ ∥A−H∗∥2F. (3.52)

(3.52) follows from the fact that the entries in the bottom level of a HODLR(k) ma-

trix (those corresponding to the ones in S) can be set arbitrarily without violating

the HODLR property. Accordingly, by adjusting those entries to match A exactly,

we can obtain a HODLR approximation with error equal to ∥A◦ S̄− H̃ ◦ S̄∥2F. The

optimal approximation H∗ cannot have larger error.

Then, using (3.50), (3.49), and (3.52), we have:

(1 + ε)2∥A−H∗∥2F ≥ ∥A− H̃∥2F = ∥A ◦ S − H̃ ◦ S∥2F + ∥A ◦ S̄ − H̃ ◦ S̄∥2F

≥ ∥A ◦ S − H̃ ◦ S∥2F + ∥A−H∗∥2F.

We conclude that

∥A ◦ S − H̃ ◦ S∥2F ≤ (2ε+ ε2)∥A−H∗∥2F ≤ (2ε+ ε2)∥A−B∗∥2F.

Moreover, ∥A − H̃ ◦ S∥2F = ∥A ◦ S − H̃ ◦ S∥2F + ∥A − A ◦ S∥2F, and recall that

A ◦ S = B∗, So:

∥A− H̃ ◦ S∥2F ≤ (2ε+ ε2)∥A−B∗∥2F + ∥A−B∗∥2F = (1 + ε)2∥A−B∗∥2F.
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Taking a square root on both sides proves (3.51), and as explained above, Theo-

rem 3.2.16 follows.

We conclude the section by noting that Theorem 3.2.2 follows from combining

Theorem 3.2.14 and Theorem 3.2.16. An interesting question for future work is

to prove a lower bound that multiplicatively combines k, log(n/k), and 1/ε; e.g.,

to prove that m = Ω(k log(n/k)/ε) matrix-vector product queries are necessary to

solve Problem 3. This is currently beyond the reach of our current approach and

that of [6]. In particular, the lower bound instance in [6] is based on a random

Wishart matrix, which has found applications in a number of prior results on lower

bounds for adaptive matrix-vector query algorithms [37]. It can be checked that

a constant factor near-optimal HODLR approximation for such a matrix can be

found by simply returning a near-optimal block diagonal approximation for block

size O(k). Since that can be done with O(k) matrix-vector products using the

algorithm from [6], we cannot hope to use the Wishart instance to prove a lower

bound that combines k and log(n/k).

3.2.10 Numerical experiments and examples

In this section we provide several examples which provide insight into the behavior

of peeling-based algorithms. The code used to generate our figures is available at

https://github.com/redacted_for_submission.

In our experiments we consider two parameter choices for the Generalized

Nyström Method based method Algorithm 3 and two parameter choices for a Ran-

domized SVD based method Algorithm 4 described in Section 3.2.6. The parameter

values are summarized in Table 3.5. The aim of our numerical experiments is to
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provide some basic insight into how the various parameters of peeling algorithms

impact their performance. There are many reasonable parameter combinations,

and a comprehensive understanding of the best choice of parameters is far beyond

the scope of this paper, but would be an interesting topic for future work.

name style algorithm sR tR sL tL # matvecs

GN1 Algorithm 3 k/β 1 k/β2 1 O(k/β2)
GN2 Algorithm 3 k/β 1/β k/β2 1 O(k/β2)

RSVD1 Algorithm 4 k/β 1 ∼ 1 O(k/β)
RSVD2 Algorithm 4 k/β 1/β ∼ 1/β O(k/β2)

Table 3.5: Parameter choices used in our numerical experiments.

The RSVD1 and GN1 methods do not use random perforated sketches and can

therefore be viewed as standard implementations of the peeling algorithm (e.g. as

described in [111, 117]). The RSVD1 method uses the same sketching dimensions

as required to obtain a (1+O(β))-optimal rank-k approximation to a matrix [85].

Similarly, the GN1 method uses the sketching dimensions required for the Gen-

eralized Nyström Method (without truncation to rank-k) to produce a low-rank

approximation with error less than (1 + O(β)) times the optimal rank-k approxi-

mation to a matrix [167].11 The choice of paramaters for GN1 is also equivalent

(after rescaling β) to the parameters Equation (3.41) needed for Theorem 3.2.13

to guarantee convergence for Generalized Nyström peeling method without perfo-

ration.

The RSVD2 and GN2 methods use the randomly perforated sketches described

in Section 3.2.3. In particular, the GN2 method adds perforation to the sketch used

to obtain the approximate range. Compared to GN1, this does not increase the

asymptotic cost but improves the bound for Γ which can be obtained from The-

11As we discuss in Section 3.2.3, it is believed that this also produces a (1 + O(β))-optimal
approximation with truncation.
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orem 3.2.13. Interestingly, in our numerical experiments, the accuracy of GN1

and GN2 is very similar. The RSVD2 method adds perforation to both sketches.

This increases the asymptotic cost over RSVD1. However, as illustrated in Sec-

tion 3.2.11, regardless of β, RSVD1 cannot solve Problem 3 for arbitrary Γ > 1.

On the other hand, RSVD2 can.

For an approximation Ã to A, we will consider the relative and absolute errors

defined by:

relative error:
∥A− Ã∥F − ∥A− A⋆∥2F

∥A− A⋆∥2F
, absolute error: ∥A− Ã∥F,

where A⋆ := minH∈HODLR(k) ∥A−H∥2F is the best possible HODLR(k) approxima-

tion to A. When Ã is HODLR(k), the relative error corresponds to the smallest

value of ε for which Problem 3 is solved with Γ = (1 + ε).

Poisson’s equation

In this example, we take A as the discretized solution operator to a differential

equation. In particular, we consider the 2-dimensional Poisson’s equation

∂2

∂x2
u(x, y) +

∂2

∂y2
u(x, y) = f(x, y)

on a periodic domain (x, y) ∈ [0, 1]2 (i.e., with boundary conditions u(x, 0) =

u(x, 1) and u(0, y) = u(1, y). We discretize the problem on a uniform t × t grid

xi = i/t, yj = j/t for i, j = 0, 1, . . . , t − 1 (so that n = t2). The matrix A is

defined as the n×n linear map taking forcing data f = {f(xi, yj)}ti,j=1 ∈ Rn to the

solution approximate u = {ui,j}ti,j=1. Matrix-vector products with A (and A⊤) can

be efficiently computed using a FFT-based 2D Poisson solver. Specifically, given

f ∈ Rn = Rt×t, we define A by

Af = IDFT2(DDFT2(f)), (3.53)
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where D : Rt×t → Rt×t is the diagonal map with diagonal entries Di,j = −1/(κ2
i +

κ2
j), where the harmonics κi are defined by κi = i if i ≤ t/2 − 1 and κi = m − t

if i > t/2 − 1. Here FFT2 and IFFT2 are respectively the 2-dimensional Discrete

Fourier Transform and Inverse Discrete Fourier Transform. In our experiment we

set t = 32 so that n = t2 = 1024.
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Figure 3.6: Relative error of peeling algorithms from Table 3.5 on discrete inverse
Poisson matrix described in Equation (3.53) as a functino of the the oversam-
pling parameter β for several choices of the rank-parameter k. Legend : GN1
( ), GN2 ( ), RSVD1 ( ), RSVD2 ( ). Takeaway : Both General-
ized Nyström Method-based variants seem to perform similarly, and produce an
increasingly accurate output as 1/β increases. On the other hand, the standard
randomized SVD-based variant, RSVD1, stagnates. The RSVD2 variant, which
uses randomly perforated sketches, converges.

In Figure 3.6 we show the relative error of the algorithms from Table 3.5 for

various ranks k as a function of the oversampling parameters β (averaged over

20 trials). As expected, as β → 0, the relative errors of GN1, GN2, and RSVD1

all converge to zero. On the other hand, RSVD1 stagnates. In the left panel

of Figure 3.7 we show the absolute error. Here we see that while the RSVD1

algorithm has a much higher relative error than the other algorithms, the absolute

error is not significantly larger. Finally, in the right panel of Figure 3.7 we show
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Figure 3.7: Absolute error of peeling algorithms from Table 3.5 on discrete inverse
Poisson matrix described in Equation (3.53) as a function of the oversampling
parameter β with and without truncation to rank-k for several choices of the rank-
parameter k. Legend : GN1 ( ), GN2 ( ), RSVD1 ( ), RSVD2 ( ).
Takeaway : Without truncation, all of the algorithms can perform significantly bet-
ter. However, the resulting approximations are not HODLR(k), and are therefore
more expensive to store and work with.

the absolute error of the algorithms without truncation to rank-k. This results in

a much better approximations for the same number of matrix-vector products, but

the resulting approximations have HODLR rank larger than k. The best tradeoff

between HODLR rank and matvecs depends on the problem at hand and the

computing environment.

Kernel Matrix

In this example we consider a kernel matrix A defined by

[A]i,j =





1/∥xi − xj∥2 i ̸= j

0 i = j

, (3.54)
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Figure 3.8: Top/Bottom Left : (xi, yi) and (xi, zi), ordered by x-value. Right : Log-
magnitude of entries of A defined in Equation (3.54). In both plots we subsample
the data to 256 points for visual clarity.
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Figure 3.9: Absolute error of peeling algorithms from Table 3.5 on the kernel matrix
described in Equation (3.54) as a function of the rank-parameter k for several values
of β. Legend : GN1 ( ), RSVD1 ( ). Takeaway : While RSVD1 may not
produce near-optimal low-rank approximations, it can sometimes produce good
approximations. In addition, when the sketch size used for the regression problem
is too large, the Generalized Nyström Method does not produce highly accurate
low-rank approximations.

where {xi}ni=1 are a collection of points. Matrix-vector products with matrices

such as A can be efficiently performed using algorithms such as the Fast Multipole

Method [77].

In our numerical experiments, we set n = 16384 and sample points xi =
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(xi, yi, zi) by taking xi as uniformly spaced points in [−4, 4], yi = sin(2πxi)+0.05ξi,

and zi = cos(2πxi) + 0.05ζi, where ξi and ζi are independent standard normal

random variables. Products with A are performed using the Flatiron Institute’s

FMM3D code [7]. The left panel of Figure 3.10 shows a sample of the points we

use, and the right panel shows the magnitude of the entries of the kernel matrix

Equation (3.54) induced by these points. In Figure 3.11 we show the absolute

error of the GN1 and RSVD1 methods as a function of the target rank, for several

values of β.

3.2.11 Hard instances for RSVD-based peeling

In this section we provide two examples which illustrate that a RSVD-based imple-

mentation of the peeling algorithm, which truncates the low-rank approximations

to rank-k at every level, cannot solve Problem 3 for certain values of Γ.

We emphasize that the purpose of this section is simply to illustrate a potential

failure mode which must be addressed by an algorithm provably solving Problem 3.

In particular, these hard instances are not hard instances for more practical RSVD-

based variants which do not truncate.

An illustrative example

Our first hard instance illustrates that all of the error from a one level can propagate

to the next level. This example provides clear intuition for why the Randomized

SVD-based peeling algorithm (with sketches of size sR and truncation to rank-k at

every level) cannot solve Problem 3 for arbitrary Γ > 1.
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Define, for some η ≫ 1,

X =



Ik 0

0 0


 , Y = η



0 0

0 Ik


 .

Construct the matrix12

A =




0 X Y X

X 0 X 0

Y X 0 X

X 0 X 0



.

For notational convenience, we will write equality for the limits as η → ∞. In

particular, when η → ∞, the randomized SVD (with any sR ≥ k) will recover

optimal rank-k approximations to the bottom left and top right blocks.

We then remove the low-rank components we found at the first level to obtain




0 X Y X

X 0 X 0

Y X 0 X

X 0 X 0



−




0 0 Y 0

0 0 0 0

Y 0 0 0

0 0 0 0



=




0 X 0 X

X 0 X 0

0 X 0 X

X 0 X 0



.

Note, however, that since the off-diagonal low-rank blocks of A are not rank-k, we

fail to zero out the off-diagonal blocks at the first level.

At the next level, the randomized SVD (with any sR ≥ k) will exactly recover

an orthonormal basis Q containing the range of X. In particular, we perform a

12Note that the hard instance depends on the truncation rank-k used by the algorithm. If we
allow the algorithm to use an adaptively chosen rank or do not use truncation (both of which
are often done in practice) then it would no longer be a hard instance.
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Figure 3.10: Top/Bottom Left : (xi, yi) and (xi, zi), ordered by x-value. Right : Log-
magnitude of entries of A defined in Equation (3.54). In both plots we subsample
the data to 256 points for visual clarity.

0 5 10 15 20 25

HODLR rank: k

10−2

100

102

104

106

108

ab
so

lu
te

er
ro

r

β = 0.3

β = 0.5

β = 0.75

Figure 3.11: Absolute error of peeling algorithms from Table 3.5 on the kernel
matrix described in Equation (3.54) as a function of the rank-parameter k for
several values of β. Legend : GN1 ( ), RSVD1 ( ). Takeaway : While
RSVD1 may not produce near-optimal low-rank approximations, it can sometimes
produce good approximations. In addition, when the sketch size used for the
regression problem is too large, the Generalized Nyström Method does not produce
highly accurate low-rank approximations.

product 


0 X 0 X

X 0 X 0

0 X 0 X

X 0 X 0







Ω+
1

0

Ω+
3

0



=




0

X(Ω+
1 + Ω+

3 )

0

X(Ω+
1 + Ω+

3 )



.
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We then compute13 Q = orth(X(Ω+
1 + Ω+

3 )) and

[
0 Q⊤ 0 Q⊤

]




0 X 0 X

X 0 X 0

0 X 0 X

X 0 X 0



=

[
2Q⊤X 0 2Q⊤X 0

]
,

and analogously for the super-diagonal off-diagonal blocks. Since QQ⊤X = X,

our rank-k approximation to each of the off-diagonal blocks at the second level is

2X. In particular, we see that all of the error from the first level propagates to

the second level.

Assuming we exactly recover the diagonals (if we do not, this can only increase

the error), the final approximation is

Ã =




0 2X Y 0

2X 0 0 0

Y 0 0 2X

0 0 2X 0



.

As long as η > 1, the best HODLR approximation to A is

A⋆ =




0 X Y 0

X 0 0 0

Y 0 0 X

0 0 X 0



.

Therefore we find ∥A− A⋆∥2F = 4∥X∥2F while ∥A− Ã∥2F = 8∥X∥2F.
13Here we assume orth(·) is a deterministic function.
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Exponential growth

The example in Section 3.2.11 shows that there are problems for which a Random-

ized SVD-based peeling algorithm cannot solve Problem 3 for small (constant) Γ.

We now exhibit a problem instance for a Randomized SVD-based peeling algo-

rithm which suggests that such algorithms cannot even guarantee better than an

O(n)-factor approximation. This is exponentially large in the number of levels, and

to the best of our knowledge, is the first instance demonstrating an exponential

instability in the algorithm.

This is the first problem instance for which a variant of the peeling algorithm

actually incurs a significant propagation of error from level-to-level that we are

aware of. It remains an open question whether other variants of the peeling al-

gorithm (e.g. using the randomized SVD without truncation) can fail for the

approximation problem.

For any integer L > 0 let n = 2L and define the n× n matrix An by

[An]i,j =





1 j = 0, i odd

η j = 1, i = 21, 22, . . . , 2L

0 otherwise

. (3.55)

For each of the nonzero off-diagonal blocks, note that the second column is orthog-

onal to the first column. Hence, the optimal rank-1 HODLR approximation to An

is just An with the first column set to zero. This means the error of the optimal

approximation is from the n/2 − 1 ones in the first column excluding the (1, 1)

entry on the diagonal.

We set η = 108 and run an implementation of the peeling algorithm using the

Randomized SVD with truncation to rank-1 at each level to obtain a HODLR

rank-1 matrix Ân. This is repeated for increasing values of n. In Figure 3.12
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we plot (as a function of n) the quantity ∥An − Ân∥F/
√

n/2− 1 − 1, which is

the smallest value of Γ for which the output Ân solves Problem 3 (averaged over

20 trials). This experiment suggests that ∥An − Ân∥F/
√

n/2− 1 − 1 = Θ(n) as

n → ∞. Since n = 2L, this is exponentially bad (with a constant base 2) in the

number of levels L.
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Figure 3.12: Relative error of peeling algorithms on hard instance described in
Equation (3.55) for several different values of β. Legend : GN1 ( ), GN2 ( ),
RSVD1 ( ), RSVD2 ( ). Takeaway : The RSVD1 variant has error growing
as n (dotted reference line); i.e. exponential growth at every level. When the sketch
size increases sufficiently quickly with n, the Generalized Nyström Method-based
variants produce an error bounded independent of n.

3.2.12 Outlook

We have presented an algorithm provably solving the HODLR approximation prob-

lem in the matrix-vector query model. As far as we can tell, this is the first result

on the approximation problem in the matrix-vector query model for any hierarchi-

cal matrix family. While this paper focuses on HODLR approximation for clarity

of exposition, we expect the ideas used in our analysis can be extended to algo-
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rithms for other hierarchical families. The most natural would extension would be

to the coloring-based variant of the peeling algorithm for H-matrices introduced

in [106]. The H format is a generalization of HODLR which allows for a more

general tree structure and recursive blocks off of the diagonal, and is significantly

more efficient than HODLR for multi-dimensional problems.

Our work raises a number of interesting theoretical questions on approximation

algorithms for hierarchical matrices:

• For any constant c > 0, we show that Problem 3 can be solved to accuracy

Γ = nc with O(k log(n/k)) matrix-vector queries. Up to constant, this is

the best possible query complexity; as we prove in Theorem 3.2.2, exactly

recovering a HODLR matrix requires O(k log(n/k)) queries. It remains open

whether there exist matvec query algorithms which solve Problem 3 to higher

accuracy (e.g. Γ = log(n)) with O(k log(n/k)) queries.

• Hierarchical Semi-Separable (HSS) matrices are an important subfamily of

HODLR matrices. The low-rank factors of HSS matrices at different levels

are related in such a way that they can be stored and manipulated more

efficiently than general HODLR matrices. In particular, there are a number

of algorithms for recovering an exactly HSS matrix that require O(k) matrix-

vector products [105, 84]. It is therefore natural to ask whether there exists an

HSS approximation algorithm producing (1+ ε)-optimal HSS approximation

using O(poly(k, 1/ε)) matvecs? A major difficulty is that, in contrast with

HODLR matrices, we are unaware of a simple characterization of the best

HSS approximation to a given matrix.

• Operator learning aims to learn representations of operators mapping func-

tions to functions [113, 100, 36, 99, 73]. A number of recent works study the

problem of approximating certain classes of infinite dimensional linear oper-
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ators [33, 32] by hierarchically structured operators. Understanding how our

analysis and theoretical techniques extend to the infinite dimensional set-

ting may yield stronger theoretical guarantees for some problems in operator

learning.

• Our structural perturbation bound Theorem 3.2.3 for low-rank approxima-

tion suggests fundamental differences between the behaviors of the Ran-

domized SVD and Generalized Nyström Method in the presence of noisy

matrix-vector products. The bound also highlights limitations in our cur-

rent understanding of the impact of truncation on the Generalized Nyström

Method. The best known bounds for the method with truncation are worse

than without truncation, but we are unaware of any convincing evidence that

such bounds are sharp. Further theoretical and numerical studies of these

methods would be of interest.
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CHAPTER 4

DATA-EFFICIENCY OF ELLIPTIC PDE LEARNING

4.1 Introduction

Many scientific breakthroughs have come from deriving new partial differential

equations (PDEs) from first principles to model real-world phenomena and simu-

lating them on a computer to make predictions. However, many crucial problems

currently lack an adequate mathematical formulation. It is not clear how to derive

PDEs to describe how turbulence sheds off the wing of a hypersonic aircraft, how

E. coli bacteria swim in unison to form an active fluid, or how atomic particles

behave with long-range interactions. Rather than working from first principles,

scientists are now looking to derive PDEs from real-world data using deep learning

techniques [95].

The success of deep learning in language models, visual object recognition, and

drug discovery is well known [103]. The emerging field of PDE learning hopes to

extend this to discovering new physical laws by supplying deep learning models

with experimental or observational data [95, 145]. PDE learning commonly seeks to

recover features such as symmetries, conservation laws, solution operators, and the

parameters of a family of hypothesized PDEs. In most deep-learning applications,

a large amount of data is needed, which is often unrealistic in engineering and

biology. However, PDE learning can be shockingly data-efficient in practice [113].

In particular, surprisingly little data is used to learn the solution operator, which

maps the forcing term to the solution of the PDE.
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Figure 4.1: Elliptic PDE learning methods can be data-efficient. (A) Performance
of three deep learning techniques in approximating the solution operator of the
2D Poisson equation with zero Dirichlet boundary condition on the domain [0, 1]2.
On small datasets, DeepONet and GreenLearning attain exponential decay of the
testing error, while Fourier Neural Operator (FNO) attains algebraic decay. (B)
A forcing term (top) and corresponding predicted solution (bottom) to the 2D
Poisson equation by a FNO.

In this chapter1, we provide a theoretical explanation of this behavior by show-

ing that, for ϵ > 0 sufficiently small, one can recover an ϵ-approximation to the

solution operator of a three-dimensional (3D) elliptic PDE with a training dataset

of size about O(log5(1/ϵ)). Elliptic PDEs, such as the steady state heat equation,

are ubiquitous in physics and model diffusion phenomena. Solution operators can

produce surrogate data for data-intensive machine learning approaches such as

learning reduced order models for design optimization in engineering, uncovering

physics in climate models, and PDE recovery [95].

To illustrate the observed data-efficiency of PDE learning, we compare the per-

formance of three techniques [108, 113, 30] for recovering the solution operator

associated with the 2D Poisson equation in Figure 5.2. We vary the size of the

training dataset, consisting of random forcing terms and corresponding solutions

1This section contains the excerpts from the main text and supplementary text of [32], to which
I contributed theory for the stability analysis of the peeling algorithm. This work was joint with
Nicolas Boullé and Alex Townsend. Nicolas Boullé performed the numerical experiments.
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obtained by a numerical solver. We then evaluate the accuracy of the predicted

solutions on a testing dataset with new forcing terms. The three methods are

based on deep learning and differ in their neural network architectures. While

the Fourier Neural Operator [108] exploits the fast Fourier transform for computa-

tionally efficient training, DeepONet [113] and GreenLearning [30] achieve a faster

convergence rate on small training datasets. Here, DeepONet employs a complex

network architecture with many parameters. In contrast, GreenLearning lever-

ages prior knowledge that the solution operator is an integral operator and the

approximation power of rational neural networks [34]. Green’s function learning is

observed to be the most data-efficient in Figure 5.2, as for a fixed training dataset

size, it achieves the smallest testing error. All methods plateau due to discretiza-

tion errors, and the training procedure gets stuck in a local minimum of the loss

landscape rather than finding the global minimum. The rapid decay of testing

errors prior to the plateau motivates our main result.

There is a lack of understanding for the efficiency of PDE learning methods with

limited training data [113]. This work provides theoretical insights by construct-

ing a provably data-efficient algorithm, showing that one can achieve exponential

convergence when learning solution operators of elliptic PDEs.

Consider an unknown uniformly elliptic PDE in three dimensions, defined on

a bounded domain D ⊂ R3 with Lipschitz smooth boundary, with variable coeffi-

cients of the form:

Lu = −∇ · (A(x)∇u) = f, x ∈ D, u|∂D = 0, (4.1)

where the coefficient matrix A has bounded coefficient functions and is symmetric

positive definite for all x ∈ D. The weak assumptions on D and A(x) allow for

corner singularities and low regularity of the coefficients. The training data consists
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Figure 4.2: Properties of elliptic PDEs can be exploited to construct a provably
data-efficient algorithm for recovering solution operators. (A) The Green’s function
associated with the 1D Poisson equation, which is the kernel of the solution opera-
tor. (B) We use the multi-scale (hierarchical) structure of a Green’s function [111].
(C) On well-separated domains, the Green’s function has rapidly decaying singular
values [18], so it is efficiently recovered by the randomized singular value decompo-
sition (SVD) [85]. (D) Forcing terms for the training dataset are randomly sampled
from a Gaussian process. (E) The accuracy of the randomized SVD is carefully
adapted on each hierarchical level to counterbalance the potential accumulation
of errors in the reconstruction process. (F) An upper bound on the probability of
failure of the reconstruction algorithm as a function of ϵ.

of pairs of random forcing terms f1, . . . , fN and corresponding solutions u1, . . . , uN

such that Luj = fj for 1 ≤ j ≤ N . Deep learning techniques use this data to

predict solutions to Equation (4.1) at new forcing terms by recovering the action

of the solution operator F, which is given by

F(f) =

ˆ
D
G(x, y)f(y) dy, (4.2)

where G is the associated Green’s function. For example, we visualize in Fig-

ure 4.2A the Green’s function associated with the 1D Poisson equation. The ran-

dom forcing terms in the training dataset are sampled from a Gaussian process

(GP), i.e., they follow a multivariate Gaussian distribution when sampled on a
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grid, and the covariance kernel determines the correlation between the function’s

entries and its smoothness.

Recent work [33] proves that for any ϵ > 0 and 3D elliptic PDEs, a large

number of input-output training pairs of size about O(ϵ−6) is sufficient to recover

an ϵ-approximation F̃ to F such that

∥F− F̃∥2 ≤ ϵ∥F∥HS,

where ∥ · ∥2 is the solution operator norm and ∥ · ∥HS is the Hilbert–Schmidt norm.

Once the ϵ-approximation to F has been constructed, F̃ can be used to study

the stability and regularity of solutions of the PDE. For example, to see whether

small perturbations of the input function lead to small changes in the output

solution, or whether the solution has certain smoothness or decay properties for

all forcing terms. Moreover, F̃ can be used in numerical methods for approximating

the solution of the PDE. By discretizing the input function and applying F̃ as a

surrogate for F, one can obtain a numerical solution of the PDE that approximates

the true solution. The integral kernel associated with the Hilbert–Schmidt operator

F̃ is also of interest, as it is an approximation to the Green’s function, which can

be exploited to recover linear conservation laws, symmetries, boundary effects, and

dominant modes [30].

Our main result dramatically improves the required amount of training data

to construct an ϵ-approximation to F by exploiting the hierarchical structure of

G [18] and randomized linear algebra techniques [85, 120]. We derive a randomized

algorithm that provably succeeds with exceptionally high probability and needs a

training dataset size of only O(log(1/ϵ)5[log(log(1/ϵ)) + log(1/Γϵ)]
4) input-output

pairs.

Theorem 4.1.1. Let ϵ > 0 be sufficiently small, and F be the solution operator
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associated with a 3D uniformly elliptic PDE of the form in Equation (4.1). There

exists a randomized algorithm that constructs an ϵ-approximation F̃ to F such that

∥F− F̃∥2 ≤ ϵ∥F∥HS,

using O(log(1/ϵ)5[log(log(1/ϵ)) + log(1/Γϵ)]
4) input-output pairs with probability

≥ 1− e− log(1/ϵ)3.

The main contribution of Theorem 4.2.2 is a theoretical upper bound on the

amount of training data required in elliptic PDE learning problems, which should

deepen our understanding of existing deep learning techniques. Hence, the ex-

ponential convergence rate in Theorem 4.2.2 matches the one observed in the

deep learning experiments of Figure 5.2A. We believe that this learning rate is

near-optimal, as it exploits the multi-scale structure of Green’s functions (see Fig-

ure 4.2B,C) and depends on the training dataset. The factor 0 < Γϵ ≤ 1 measures

the quality of the training dataset at probing the dominant modes of the PDE, and

a technical definition is available in the SI Appendix. We emphasize that the error

bound must include a factor that quantifies the quality of the training dataset.

If the forcing terms are too smooth, then Γϵ is small. In contrast, choosing the

covariance kernel of the GP such that the sampled functions are oscillatory usually

ensures that Γϵ is reasonable for learning G. In short, a small number of sufficiently

diverse forcing terms is required (see Figure 4.2D).

The algorithm constructed in the proof of Theorem 4.2.2 achieves an approx-

imation error measured in the solution operator norm. This mimics the typical

measurement of accuracy of PDE learning techniques by comparing true and pre-

dicted solutions on a testing dataset of square-integrable forcing terms. Addition-

ally, Theorem 4.2.2 employs random input-output pairs, where the forcing terms

are sampled from a GP, so there is always some probability of failure. Fortu-
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nately, we show this probability is exceptionally small. For ϵ < 10−3, failure is a

once-in-a-cosmic-epoch event (see Figure 4.2F).

Theorem 4.2.2 is challenging to prove, and the whole argument is in the SI

Appendix. The proof relies on the fact that the solution operator associated with

a 3D elliptic PDE is an integral operator in the form of Equation (4.2). Firstly,

the Green’s functions related to 3D elliptic operators are square-integrable and

have a bounded decay rate away from the diagonal of D ×D [78]. Secondly, they

possess a hierarchical structure [18] in the sense that they have rapidly decaying

singular values when restricted to off-diagonal parts of the domain (green blocks in

Figure 4.2B). We leverage the hierarchical structure, which has been historically

exploited by fast solvers, in a data-driven context where the PDE is unknown.

Combining these properties enables a generalization of the randomized SVD [85]

known as the peeling algorithm [111] to simultaneously learn the off-diagonal blocks

at any level of the hierarchy.

While the peeling algorithm is traditionally used to recover hierarchical ma-

trices efficiently from matrix-vector products, we generalize it to approximate

infinite-dimensional integral operators. To do so, we leverage insights from re-

cent work that extends the peeling algorithm to arbitrary hierarchical partitions

and dimensions [106]. This gives us a strategy to recover the Green’s function level-

by-level. However, proving the stability of peeling is an open question in numerical

linear algebra. This is because the approximation errors from one level can po-

tentially accumulate exponentially at later levels, thus degrading the convergence

rate [33, 111].

We overcome this theoretical obstacle in the infinite-dimensional context by

requiring an adaptive approximation accuracy at each level of the hierarchy. The
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peeling algorithm ensures that the large-scale features of a Green’s function are

first learned to high accuracy by the randomized SVD. Then, we progressively

decrease the accuracy requirement at subsequent levels, ensuring an overall ϵ-

approximation on each level of the partition at the end (see Figure 4.2E). The

rapidly decaying singular values of the Green’s function on off-diagonal parts of

the domain (see Figure 4.2C) enable us to maintain a near-optimal exponential

convergence rate with respect to the size of the training dataset. We then construct

a global ϵ-approximant by neglecting G near the diagonal of the domain.

As one usually employs deep learning techniques to learn solution operators, our

theoretical contributions can also lead to practical benefits. We believe that future

training datasets benefit from taking into account prior knowledge of the PDE to

improve the quality of the forcing terms at learning the solution operator. Similar

ideas have already been employed in the field of visual object recognition through

data-augmentation techniques. There is also an opportunity to design neural net-

work architectures with hierarchical structures to capture the long-range interac-

tions in PDE models. Finally, enforcing a different accuracy at different scales

might improve the computational efficiency of existing PDE learning approaches.

In summary, we constructed a randomized algorithm that provably achieves an

exponential convergence rate for approximating the solution operator associated

with 3D elliptic PDEs in terms of the size of the training dataset. This provides a

theoretical explanation for the observed performance of recent deep learning tech-

niques in PDE learning. The proof techniques can be adapted to include elliptic

PDEs in any dimension and time-dependent PDEs [33]. Recovering solution oper-

ators associated with hyperbolic PDEs, like wave equations, remains a significant

open challenge. Moving forward, we plan to ramp up PDE learning techniques to
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handle noisy experimental data, deal with data from emerging transient dynamics,

and enforce conservation laws onto our solutions.

4.2 Theoretical results on Green’s functions

We consider a second-order uniformly elliptic partial differential operator L :

H2(D) ∩ H1
0(D) → L2(D) on a bounded domain D ⊂ Rd in spatial dimension

d = 3 with a Lipschitz smooth boundary (see [82, Def. 6.2.33]). Here, Hk(D)

denotes the kth Sobolev space, Hk
0 (D) is the closure of the infinitely differentiable

functions compactly supported in D in Hk(D), and L2(D) is the space of square-

integrable functions over D. We assume that the operator L takes the following

divergence form:

Lu = −∇ · (A(x)∇u), x ∈ D, u|∂D = 0. (4.3)

Here, the coefficient matrix A(x) ∈ Rd×d is a symmetric positive definite matrix for

every x ∈ D with κC = sup{λmax(x)/λmin(x) | x ∈ D} < ∞, and A has bounded

coefficient functions, i.e., Aij ∈ L∞(D) for 1 ≤ i, j ≤ d. Also, λmin(x) and λmax(x)

denote the smallest and largest eigenvalues of A(x). Under these conditions, it is

known [78] that there is a Green’s function G : D×D → R∪{∞} associated with

Equation (4.3) so that the solution operator associated with L can be written as

F(ϕ)[x] =

ˆ
D
G(x, y)f(y) dy, f ∈ L2(D). (4.4)

In three dimensions, G is square integrable [78], and its associated integral operator

is a Hilbert–Schmidt (HS) operator [90].

PDE learning techniques aim to approximate the solution operator associated

with an unknown PDE, such as Equation (4.3), from pairs of input-output func-
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tions {(fj, uj)}Nj=1 [95]. The forcing terms fj are usually sampled from a Gaus-

sian process (GP) with a user-prescribed covariance kernel [108, 30, 113], and the

associated solutions uj are acquired by solving the equation Luj = fj using a

black-box solver (i.e., through direct numerical simulations or by performing a

physical experiment). In the past few years, several approaches have employed

neural networks to approximate the solution operator in a wide range of prob-

lems [113, 108, 30, 172, 73, 99, 109]. While these methods have been very success-

ful in practice, theoretical results are limited and mostly focus on the type and

complexity of neural network architectures needed to approximate a given solution

operator [113, 99, 102].

In this work, we focus on characterizing the sample complexity associated

with solution operators of elliptic problems in three dimensions to understand

the amount of training data needed to reach a given tolerance 0 < ϵ < 1. A num-

ber of studies have provided algebraic upper bounds of the form of N = O(ϵ−2d)

on the sample complexity for elliptic problems in three dimensions [33, 59, 44].

This bound naturally extends to time-dependent (parabolic) problems by chang-

ing the norm in which the error is measured to an L1-norm to obtain a sample

complexity of O(ϵ−(3+d)/2 log(1/ϵ)) [33]. However, the properties of Green’s func-

tions, such as their low-rank hierarchical structures [18, 33], and deep learning

experiments [113, 30] suggest an exponentially smaller (poly-logarithmic) sample

complexity of O(log(1/ϵ)α), for some power α ≥ 1. Recent work shows that such

bounds can be attained by employing a recovery algorithm based on a sparse

Cholesky factorization [151, 152]. However, the proof technique requires queries

of the solution operator at deterministic piecewise polynomial inputs, which is not

close to the setting employed by state-of-the-art deep learning approaches. A key

difficulty in improving the polynomial error bound from [33] to a poly-logarithmic
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sample complexity comes from the hierarchical structure of the Green’s function.

Hence, while one can exploit the hierarchical structure to greatly reduce the number

of training pairs using a recursive peeling algorithm [111, 116, 105, 106], approxi-

mation errors may accumulate exponentially during the procedure and significantly

deteriorate the error bound. Additionally, designing a provably stable algorithm

for recovering n× n hierarchical matrices from O(log n) matrix-vector products is

an open problem in numerical linear algebra [33, Sec. 5.1].

In this paper, we generalize the peeling algorithm for hierarchical matrices to

infinite dimensions and control the potential accumulation of errors by adaptively

refining the tolerance. Our main theorem (see Theorem 4.2.2) provides a poly-

logarithmic upper bound for the sample complexity of solution operators associated

with elliptic problems in three dimensions. We note that one has to express the

error in the solution operator norm ∥ · ∥, defined in Definition 4.2.1. This metric is

consistent with the usual way of measuring the model error on a test set in deep

learning approaches [113, 108, 30, 172, 73, 99, 109].

Definition 4.2.1 (Operator and HS norms). Let F : L2(D) → L2(D) be the

solution operator associated with L and Green’s function kernel G. Its operator

norm ∥ · ∥2 and HS-norm ∥ · ∥HS are defined as [90, Chapt. 3]

∥F∥2 = sup {∥F(f)∥L2(D) | f ∈ L2(D), ∥f∥L2(D) = 1}, ∥F∥HS = ∥G∥L2(D×D).

The operator norm is a generalization of the spectral norm ∥ · ∥2 for matrices

to Hilbert–Schmidt operators and could alternatively be defined as the largest

singular value of F, while the HS-norm is a generalization of the Frobenius norm.

Theorem 4.2.2. Let 0 < ϵ < 1 be sufficiently small, D ⊂ Rd be a bounded

Lipschitz domain in dimension d = 3, and L be an elliptic partial differential
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operator in the form given by Equation (4.3). If F : L2(D)→ L2(D) is the solution

operator associated with L, then there is a randomized algorithm that constructs

an approximation F̃ of F using N = O(log(1/ϵ)d+2[log(log(1/ϵ)) + log(1/Γϵ)]
d+1)

input-output pairs {(fj, uj)}Nj=1, such that

∥F− F̃∥2 ≤ ϵ∥F∥HS,

with probability greater than 1 − e− log(1/ϵ)d. The factor 0 < Γϵ ≤ 1 is a measure

of the quality of the forcing terms at approximating the eigenfunctions of L (see

Equation (4.28)).

The proof of Theorem 4.2.2 is summarized in Algorithm 5 and occupies the

rest of this Supplementary Information Text. It exploits two theoretical properties

of Green’s functions: (1) the low-rank structure on well-separated domains (see

Section 4.2) and (2) their decay away from the singularity along the diagonal of

the domain (see Section 4.2.1). In Section 4.2.2, we review existing results for

the discrete analogue of Green’s function recovery from input-output pairs, which

is equivalent to hierarchical matrix recovery from matrix-vector products. We

describe the randomized singular value decomposition (see Section 4.2.2) and the

peeling algorithm in Section 4.2.4 for reconstructing hierarchical low-rank matrices

from matrix-vector products [111, 76, 17, 81]. We also include a perturbation anal-

ysis of the randomized singular value decomposition under additive perturbation

errors in Section 4.2.3. In Section 4.4, we extend these results to the continuous

case of Green’s function recovery. We describe the previously established random-

ized singular value decomposition for Hilbert–Schmidt operators (see Section 4.4),

then use this result to develop an infinite-dimensional analogue of the peeling

algorithm (see Section 4.4). These ideas are finally combined in Sections 4.4.1

to 4.4.2 to show that one can stably recover Green’s functions associated with el-
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liptic operators of the form of Equation (4.3) using a poly-logarithmic number of

input-output functions (i.e., a spectrally efficient learning rate).

Algorithm 5 Learning the solution operator via input-output functions.

Input: Black-box numerical solver associated with L, GP covariance kernel K,
tolerance 0 < ϵ < 1

Output: Approximation F̃ of the solution operator F within relative error ϵ
1: Determine the number of hierarchical levels Nϵ using Green’s functions’ off-

diagonal decay (Equation (4.9))
2: Set initial tolerance to ϵ1 = ϵp ≪ ϵ
3: for L = 1 : Nϵ do
4: Sample the GP with covariance kernel K (Section 4.4)
5: Use peeling to sketch the Green’s function on new admissible domains (Sec-

tions 4.2.4 and 4.4)
6: Approximate the Green’s function on new admissible domains using the

randomized SVD with tolerance ϵL (Section 4.4)
7: Increase the randomized SVD tolerance (Proposition 4.4.2)
8: end for
9: Pad the approximant F̃ with zeros over the remaining non-admissible domains

(Section 4.4.2)

Low-rank structure on well-separated domains

Green’s functions of elliptic operators have low numerical rank on well-separated

domains X, Y ⊂ D. More precisely, we say that X and Y satisfy a strong admis-

sible condition if

dist(X, Y ) ≥ ρmax{diamX, diamY }, (4.5)

where ρ > 0 is an arbitrary constant measuring the relative distance between X

and Y . Let 0 < ϵ < 1 be a target relative accuracy. Bebendorf & Hackbusch [18,

Thm. 2.8] proved that when the pair (X, Y ) is strongly admissible, there exists a

separable approximation Gk(x, y) =
∑k

i=1 ui(x)vi(y) of the Green’s function such

that

∥G−Gk∥L2(X×Y ) ≤ ϵ∥G∥L2(X×Ŷ ),
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where k ≤ kϵ and kϵ = M log(1/ϵ)d+1 for some constant M > 0 that depends on

L. Here, Y ⊂ Ŷ ⊂ D denotes a domain slightly larger than Y (see [18, Thm. 2.8]

for the precise definition of Ŷ ). Using the Eckart–Young–Mirsky theorem [64,

125], we deduce that Green’s functions associated with elliptic operators have

numerical rank bounded by kϵ on well-separated domains. As noted in [33], this

property enables the use of randomized numerical linear algebra techniques for

approximating Green’s functions from input-output pairs. A pair (X, Y ) ⊂ D×D

that does not satisfy Equation (4.5) is called non-admissible.

This property leads to a hierarchical partition of D × D into admissible and

non-admissible domains [76, 17, 81]. Without loss of generality, we assume that

the domain of the hierarchical partition is D = [0, 1]d. Otherwise, one may rescale

and shift D such that D ⊂ [0, 1]d and consider the intersection of the partition of

[0, 1]d and D. Since G is not of low rank on the initial domain D×D, the domain

[0, 1]d is dyadically partitioned into 2d smaller subdomains given by halving each

of the d intervals [0, 1]. This leads to N (L) ≤ 6d2dL admissible domains at the level

1 ≤ L ≤ N of the hierarchical partition, where N ≥ 1 is the number of hierarchical

levels. Here, we chose an admissibility constant ρ = 1/
√
d in Equation (4.5) so

that non-admissible domains are neighboring boxes. We note that the rescaling

procedure is equivalent to embedding D into a cube whose side length depends on

the diameter of D. Then, one constructs a hierarchical partition of the cube and

intersects each component with D to obtain the desired partition. Therefore, the

constant in front of the learning rate estimate in Theorem 4.2.2 depends implicitly

on the geometry of D such as its diameter. A domain with poor aspect ratio leads

to a suboptimal partition and therefore we do not expect to have the best constant

in Theorem 4.2.2.
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4.2.1 Off-diagonal decay

We determine the number of hierarchical levels using a second property of Green’s

functions associated with elliptic operators, known as off-diagonal decay, which

controls the magnitude of Green’s functions on non-admissible domains. Follow-

ing [78, Thm. 1.1], we know that a Green’s function in three dimensions decays

away from the diagonal:

G(x, y) ≤ cκC

|x− y|∥G∥L2(D×D), x, y ∈ D, x ̸= y, (4.6)

where cκC
is a constant depending on the spectral condition number of the operator

L defined in Equation (4.3), and | · | denotes Euclidean distance. For a non-

admissible pair X × Y ⊂ D × D such that dist(X, Y ) < ρmax{diamX, diamY },

the L2-norm of G over X × Y can be bounded by integrating Equation (4.6),

following the argument of [33, Sec. 4.2]. Let r = (2 + ρ)max{diamX, diamY } be

a constant depending on the size of X and Y , then the L2-norm of the Green’s

function associated with L satisfies

∥G∥L2(X×Y ) ≤ CρcκC
r2∥G∥L2(D×D), (4.7)

where Cρ =
√
2π/
√

3(2 + ρ)3 is an integration constant.

Using the hierarchical partition of D×D introduced in Section 4.2, we find that

the maximum diameter of the non-admissible domains X×Y decays exponentially

fast with the number of hierarchical levels as

max{diamX, diamY } ≤
√
d

2N+1
, (4.8)

since X and Y are contained in cubes of side length 1/2N . We select ρ = 1/
√
d and

the number of hierarchical levels, Nϵ, such that G has relative L2-norm bounded

171



by 0 < ϵ < 1 on each non-admissible domain of the partition. Finally, combining

Equations (4.7) and (4.8) yields

Nϵ =
1

2
log2(1/ϵ) +

1

2
log2

(
cκC

π

√
6
√
2 +
√
6

)
− 1 ∼ 1

2 log 2
log(1/ϵ), ϵ→ 0.

(4.9)

Remark 5 (Generalization to other systems). Elliptic operators [62] in dimensions

1 and 2 and elliptic operators with lower order terms [16] also admit a Green’s func-

tion with a hierarchical structure and off-diagonal decay. The rate of off-diagonal

decay in these cases results in a different constant Nϵ, so Nϵ is dimension depen-

dent. Thus, we suspect that the results presented in this work and and a version

of Theorem 4.2.2 generalize with slightly different constants to these systems.

4.2.2 Fast recovery of hierarchical matrices from matrix-

vector products

A hierarchical off-diagonal low rank (HODLR) matrix H is a block-structured ma-

trix which often arises from integral or differential equation problems [27, 80, 83],

e.g., by discretizing a Green’s function (see Section 4.2). The matrix is hierarchi-

cally partitioned into sub-blocks, where the blocks located away from the diagonal

are of low rank. A pair of admissible blocks (X, Y ) satisfies a so-called weakly

admissible condition analogous to Equation (4.5) with ρ if dist(X, Y ) > 0. The

number of levels in the hierarchy determines the sizes of the blocks. This section

describes a “peeling” recovery algorithm [111] for approximating HODLR matri-

ces from matrix-vector products with random test vectors using the randomized

singular value decomposition [116].
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Randomized singular value decomposition

We first focus on recovering a low-rank matrix using matrix-vector products with

test vectors. The randomized singular value decomposition (SVD) is one of the

most popular algorithms for constructing a low-rank approximant of a large matrix

from matrix-vector products with random Gaussian test vectors [85]. While the

probabilistic error analysis performed by Halko et al. applies when the input vec-

tors are standard Gaussian, the randomized SVD has been recently analyzed for

Gaussian input vectors with correlated entries determined by a general covariance

matrix [33, 29]. As we shall see later in Section 4.4, this generalization enables the

application of the randomized SVD in infinite dimensions to compute low-rank ap-

proximants of Hilbert–Schmidt integral operators and can be used to approximate

off-diagonal low-rank blocks of Green’s functions (see Section 4.2.1 and [33]).

Let A be an m×n real matrix, where m ≥ n, with SVD given by A = UΣV∗,

where U ∈ Rm×m and V ∈ Rn×n have orthonormal columns, and Σ is an m × n

rectangular diagonal matrix containing the singular values σ1(A) ≥ · · · ≥ σn(A) ≥

0 of A. Let k ≥ 1 be the target rank, p ≥ 2 an oversampling parameter, and

Ω ∈ Rn×(k+p) a random test matrix with independent and identically distributed

(i.i.d.) columns following a multivariate Gaussian distribution with mean 0 and

covariance matrix K ∈ Rn×n, i.e., Ω(:, j) ∼ N (0,K) for 1 ≤ j ≤ k + p. It is

convenient to partition the reduced SVD of A as follows:

k n− k k n− k n

A =


 U1 U2







Σ1

Σ2







V∗
1

V∗
2




k

n− k
,

where the matrices Σ1 and Σ2 are diagonal and contain the first k and last n− k

singular values of A, respectively. In addition, we decompose the test vector Ω in
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the basis defined by the right singular vectors of A as Ω1 = V∗
1Ω and Ω2 = V∗

2Ω.

The randomized SVD uses the following two-stage procedure for constructing

a low-rank approximant to the matrix A:

1. Form the matrix product Y = AΩ. This step requires k + p matrix-vector

products with A.

2. Project the matrix A onto the range of Y. One achieves this by constructing

a matrix Q with orthonormal columns and the same column space as that of

Y. Then, we project A onto the range of Y as follows: Ã = QQ∗A = PYA,

where PY is the orthogonal projection matrix on the range of Y defined as

PY = YY†. Here, Y† is the Moore–Penrose pseudo-inverse of Y. Assuming

that the matrixA = A∗, this projection step also requires k+pmatrix-vector

products with A as Ã = Q(AQ)∗; otherwise, it requires k+ p matrix-vector

products with A∗.

The approximation error in the Frobenius norm, ∥ · ∥F, between the matrix A

and the computed low-rank approximant Ã can be characterized as follows [33,

Thm. 1]:

∥A−PYA∥F ≤
√

1 + t2s2
3

γk

k(k + p)

p+ 1

tr(K)

λ1

(
n∑

j=k+1

σ2
j (A)

)1/2

,

which holds with probability ≥ 1 − t−p − [se−(s2−1)/2]k+p, for arbitrary numbers

s, t ≥ 1. Here, tr(K) denotes the trace of the matrix K, i.e., the sum of its

eigenvalues λ1 ≥ · · · ≥ λn. The quantity 0 ≤ γk ≤ 1 measures the quality of the

covariance matrix for approximating the right singular vectors of A and is defined

as γk = k/(λ1 tr((V
∗
1KV1)

−1)). Note that when k = p, one can simplify the bound
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by choosing t = e and s = 2 to obtain the following error bound [33, Eq. 38]:

∥A−PYA∥F ≤
(
1 + 20

√
k

γk

tr(K)

λ1

)(
n∑

j=k+1

σ2
j (A)

)1/2

, (4.10)

which holds with probability ≥ 1 − 2e−k. This error bound allows us to recover

a HODLR matrix H with high probability from matrix-vector products by ap-

proximating it block-by-block. Later in Section 4.2.4, we combine the randomized

SVD with the peeling algorithm to greatly reduce the number of test input vec-

tors needed by exploiting the hierarchical structure of H. However, employing the

peeling procedure leads to a potential accumulation of errors, which can only be

controlled by a careful perturbation analysis of the randomized SVD.

4.2.3 Perturbation analysis of the randomized singular

value decomposition

In this section, we assume that matrix-vector products with A introduce additive

perturbation errors in the sample and projection steps of the randomized SVD,

such that

Ynoisy = AΩ+ E = Y + E, and Ã = PYnoisy
A+QE∗

P . (4.11)

Here, Y denotes the noiseless matrix-vector products with A which we cannot

access, E ∈ Rm×(k+p) is the additive perturbation with ∥E∥F ≤ ϵ for a given

ϵ > 0, and EP ∈ Rn×(k+p) is the projection error satisfying ∥EP∥F ≤ ϵ. While

the original theoretical results on the randomized SVD are formulated in the

noise-free setting [85, 120, 112, 146, 148], a large number of studies in matrix

perturbation theory have considered bounding the approximation error between
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the low-rank approximant and exact leading singular vectors of A when the ob-

served matrix Â follows a “signal-plus-noise” model, i.e., it contains noise as

Â = A + E [110, 175, 57, 174, 186]. Standard bounds in the literature can be

refined by introducing additional assumptions on the perturbation error matrix E,

such as specific distribution of its entries [3, 135, 147, 165, 39, 2, 40, 41, 66, 69, 104].

Recently, these results have been exploited to derive explicit perturbation errors

in the context of the randomized SVD [187].

Our setting differs from previous work because we do not have access to the

perturbed sketch through matrix-vector products, as error is introduced additively

after sketching (see Equation (4.11)). Therefore, we cannot use sketching to “learn”

the perturbation error and obtain efficient error bounds with classical matrix per-

turbation theory results. Our aim is to analyze the error between the matrix A

and its approximation Ã computed by the randomized SVD as

∥A− Ã∥F ≤ ∥A−PYnoisy
A∥F + ∥QE∗

P∥F ≤ ∥A−PYnoisy
A∥F + ϵ. (4.12)

Following Equation (4.12), we focus on analyzing the perturbed projection error

term ∥A−PYnoisy
A∥F, where Ynoisy = Y+E. This term can be directly bounded

using the triangular inequality as ∥A − PYnoisy
A∥F ≤ ∥A − PYA∥F + ∥(PY −

PYnoisy
)A∥F, and then using orthogonal projector error analysis [46, 155, 157, 156]

to analyze the projection error (PY −PYnoisy
). However, this approach introduces

technical difficulties whenever the additive error E has a non-zero component in the

space spanned by the leading singular vectors of A. Instead, we choose to directly

analyze Equation (4.12) to estimate the error using a first-order expansion when

ϵ is sufficiently small. The following proposition is an analogue of [85, Thm. 9.1]

and provides a deterministic error bound for the randomized SVD with perturbed

samples.
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Proposition 4.2.3 (Deterministic error bound). Let A be an m× n matrix with

m ≥ n and 1 ≤ k ≤ n be a target rank, and p ≥ 2 an oversampling parameter.

Choose a test vector Ω ∈ Rn×(k+p) and construct the perturbed sample matrix as

Ynoisy = Y + E, where Y = AΩ and E ∈ Rm×(k+p) satisfies ∥E∥F ≤ ϵ. Assuming

that Ω1 = V∗
1Ω is full rank and ϵ > 0 is sufficiently small, then the approximation

error satisfies

∥A−PYnoisyA∥2F ≤ ∥Σ2∥2F + ∥(Σ2Ω2 + E2)(Ω1 +Σ−1
1 E1)

†∥2F, (4.13)

where E1 = U∗
1E and E2 = U∗

2E.

Proof. The proof of Proposition 4.2.3 closely follows the proof of [85, Thm. 9.1].

We first argue that the left singular vectors of A do not play any role by defining

the auxiliary matrix Ã and perturbed sample matrix Ỹnoisy as

Ã = U∗A =



Σ1V

∗
1

Σ2V
∗
2


 , and Ỹnoisy = ÃΩ+U∗E =



Σ1Ω1 + E1

Σ2Ω2 + E2


 .

Using the unitary invariance of the Frobenius norm and [85, Prop. 8.4], we have

∥A−PYnoisy
A∥F = ∥U∗(I−PYnoisy

)UÃ∥F = ∥(I−PU∗Ynoisy
)Ã∥F = ∥Ã−PỸnoisy

Ã∥F.

It is then sufficient to show that the following inequality holds: ∥Ã−PỸnoisy
Ã∥2F ≤

∥Σ2∥2F+∥(Σ2Ω2+E2)(Ω1+Σ−1
1 E1)

†∥2F. To achieve this, we first remark that, since

Ω1 is full rank, it has linearly independent columns andΩ1Ω
∗
1 is invertible such that

Ω†
1 := Ω∗

1(Ω1Ω
∗
1)

−1 is well defined. Since 1 ≤ k ≤ rank(A), the kth singular value

of A is strictly positive and Σ1 is invertible. Let dΩ1 be the function on k × k

matrices defined as dΩ1(X) = det
[
(Ω1 +Σ−1

1 X)(Ω1 +Σ−1
1 X)∗

]
for X ∈ Rk×k.

dΩ1 is continuous and strictly positive at X = 0. Hence, for ϵ sufficiently small,

dΩ1(E1) > 0 and (Ω1 +Σ−1
1 E1)

† is well defined. This also implies that Σ1Ω1 +E1

177



has full rank and, if W denotes the matrix containing the first k columns of Ỹnoisy

and zero afterwards, then

k + p

range(W) = range







I

0







k

n− k
,

k + p

W =




Σ1Ω1 + E1

0




k

n− k
.

The range of W spans the same subspace as the first k left singular vectors of the

auxiliary matrix Ã. We then use perturbation theory for orthogonal projectors

to treat the matrix Ỹnoisy as a perturbation of W, and introduce a matrix Z to

flatten the first k rows of the auxiliary sample matrix as

Z = Ỹnoisy(Σ1Ω1 + E1)
† = Ỹnoisy(Ω1 +Σ−1

1 E1)
†Σ−1

1 =



I

F




and

F = (Σ2Ω2 + E2)(Ω1 +Σ−1
1 E1)

†Σ−1
1 .

We then follow the proof of [85, Thm. 9.1] to obtain the following inequality ∥(I−

PỸnoisy
)A∥2F ≤ ∥Σ∗(I−PZ)Σ∥F ≤ ∥FΣ1∥2F+∥Σ2∥2F. We have ∥FΣ1∥2F = ∥(Σ2Ω2+

E2)(Ω1 +Σ−1
1 E1)

†∥2F, which shows that Equation (4.13) holds.

One can easily extract explicit upper bounds from Proposition 4.2.3 when the

perturbation error is located in a subspace that is orthogonal to the first k left

singular vectors of A, contained in the matrix U1. Moreover, the multiplicative

factor Σ1 in the right-hand side of Equation (4.13) implies that the component of

the error in the space generated by the jth singular vector must have magnitude

bounded by the jth singular value of A. Otherwise, one cannot hope to recover

a good rank k approximation, as the perturbation is too large in the direction of

the jth singular vector. To alleviate this issue, we derive a probabilistic bound for

the perturbed randomized SVD by combining Proposition 4.2.3 with a first-order
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expansion of a perturbed pseudo-inverse matrix when the perturbation magnitude

ϵ is sufficiently small.

Theorem 4.2.4 (Probabilistic error bound). Let A be an m × n matrix with

m ≥ n, 1 ≤ k ≤ n a target rank, p ≥ 2 an oversampling parameter, and Ω

be an n × (k + p) Gaussian matrix, where each column is i.i.d. and drawn from

a multivariate Gaussian distribution with mean zero and covariance matrix K.

Assume that matrix-vector products with A and A∗ introduce an additive error

of E, with ∥E∥F ≤ ϵ for sufficiently small 0 < ϵ < 1. Then, the approximation

error between the matrix A and its low-rank approximant Ã constructed by the

randomized SVD satisfies

∥A− Ã∥F ≤
√

1 + t2s2
3

γk

k(k + p)

p+ 1

tr(K)

λ1

(
n∑

j=k+1

σ2
j (A)

)1/2

+O(ϵ), (4.14)

with probability ≥ 1− t−p − [se−(s2−1)/2]k+p.

Proof. Combining Equation (4.12) and proposition 4.2.3 yields

∥A− Ã∥F ≤ ∥A−PYnoisy
A∥F + ϵ ≤ ∥Σ2∥F + ∥(Σ2Ω2 +E2)(Ω1 +Σ−1

1 E1)
†∥F + ϵ.

(4.15)

Let X be the k× (k+ p) matrix such that ϵX = Σ−1
1 E1. By the same argument of

the proof of Proposition 4.2.3, the matrix Ω1 + ϵX has full rank for ϵ sufficiently

small. Then, the matrix (Ω1 + ϵX)(Ω1 + ϵX)∗ is invertible, and we can compute

a first-order expansion of the pseudo-inverse using an expansion for the matrix

inverse as

(Ω1 + ϵX)† = (Ω1 + ϵX)∗[(Ω1 + ϵX)(Ω1 + ϵX)∗]−1

= (Ω1 + ϵX)∗[Ω1Ω
∗
1 + ϵ(XΩ∗

1 +Ω1X
∗ + ϵXX∗)]−1

= Ω†
1 +O(ϵ).
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Therefore, the second term in the right-hand side of Equation (4.15) satisfies

∥(Σ2Ω2+E2)(Ω1+Σ−1
1 E1)

†∥F = ∥Σ2Ω2Ω
†
1∥F+O(ϵ), since ∥E2∥F ≤ ∥E∥F ≤ ϵ and

∥E1∥F ≤ ϵ. We conclude that the approximation error is bounded for ϵ sufficiently

small as ∥A− Ã∥F ≤ ∥Σ1∥F + ∥Σ2Ω2Ω
†
1∥F +O(ϵ), which we can bound using the

proof of [33, Thm. 1].

4.2.4 Peeling algorithm for weakly admissible hierarchical

matrices

We now consider a symmetric n × n hierarchical matrix H, whose off-diagonal

blocks are of low rank, and hence can be approximated by the randomized SVD.

A hierarchical partition of H is obtained by halving the index set of the rows

and columns at each level. Therefore, if H is a symmetric rank-k n × n HODLR

matrix, it has N = ⌊log2(n)⌋ levels, and the following block structure at the first

level:

H =



H1 H2

H⊤
2 H4


 , (4.16)

whereH2 andH⊤
2 are considered off-diagonal blocks and are of rank at most k. The

off-diagonal blocks are colored in green in Equation (4.16) and are usually called

admissible blocks as they satisfy a weakly admissible condition analogue to Equa-

tion (4.5). The blocks along the diagonal, colored in red in Equation (4.16), are

considered non-admissible. Further hierarchical levels are obtained by recursively

subdividing the first two non-admissible blocks, H1 and H4, to refine the matrix
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along the diagonal and obtain more admissible blocks with rank k as follows:




H1 H2

H⊤
2 H4


→




H11 H12

H⊤
12 H14

H2

H41 H42
H⊤

2

H⊤
42 H44




(4.17)

→




H111 H112

H⊤
112 H114

H12

H141 H142

H2

H⊤
12

H⊤
142 H144

H411 H412

H⊤
412 H414

H42

H⊤
2

H441 H442
H⊤

42

H⊤
442 H444




.

(4.18)

Here, green matrices are of rank k while red matrices need to be further partitioned

to reveal off-diagonal low-rank structure.

The peeling algorithm [117, 111] uses a recursive elimination procedure to effi-

ciently utilize each input-output pair to recover H in O(log n) matrix-vector prod-

ucts. The main idea is to recover low-rank blocks ofH level-by-level, i.e., recoverH

one level at a time, starting with the largest blocks, working towards the diagonal,

and finally recovering the finest block size at a chosen stopping point.

We refer the reader to a description of the peeling algorithm in Section 1.4.1.

Remark 6. The peeling technique described in this section easily generalizes to

a non-symmetric HODLR matrix H by requiring two additional matrix-vector

products with H⊤ at each hierarchical level. This is because the randomized
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SVD requires matrix-vector products with the transpose of each admissible block,

which doubles the total number of matrix-vector products to recover H to at most

4(k + p)N .

As it is known in the literature [111], the peeling algorithm is not stable and can

potentially introduce errors that exponentially accumulate as one goes down the

levels. We characterize the magnitude of these accumulating errors for a weakly

admissible HODLR matrix. However, the analysis generalizes easily to strongly

admissible hierarchical matrices (see Section 4.3).

Proposition 4.2.5 (Perturbation error from sketch). Let 1 ≤ L ≤ N be a hier-

archical level and assume that each of the off-diagonal blocks of H at lower levels

1 ≤ ℓ ≤ L− 1 has been approximated to within an absolute accuracy of 0 < ϵ̃ℓ < 1.

Let Hi ∈ Rn/2L×n/2L be an admissible block at level L and xi ∈ Rn/2L×k an input

matrix. Consider the exact sketch ZL = Hixi, and the perturbed sketch Z̃L obtained

by peeling from the input2 XL = [0;x1; · · · ;0;xi;0; · · · ;x2L−1 ] ∈ Rn×k, where the

Euclidean norm of each column of the matrices xi is bounded by a constant C > 0.

Then, the approximation error satisfies

∥ZL − Z̃L∥F ≤ C
√
k

L−1∑

ℓ=1

2
L−1−ℓ

2 ϵ̃ℓ.

Proof. It suffices to prove this result for the upper left-most off-diagonal block at

level L, which we denote as H1(L−1)2, where 1(L−1) represents L − 1 concatenated

1’s. This is because the perturbation argument for one block applies symmetrically

to any other admissible block. Let XL = [0;x1;0; · · · ;x2L−1 ] ∈ Rn×k be the input

matrix, such that ∥xj∥F ≤ C
√
k for 1 ≤ j ≤ 2L−1. We consider the exact sketch

2This notation denotes a matrix whose components 0,x1,0, . . . ,0,x2L−1 ∈ Rn/2L×k are
stacked vertically.
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ZL = H1(L−1)2x1 of the blockH1(L−1)2 with x1. Then, the perturbed sketch obtained

by peeling satisfies:

Z̃L = ZL +

(
IL 0

)
(H1(L−2)2 − H̃1(L−2)2)[0;x2]

+ · · ·

+

(
IL 0

)
(H2 − H̃2)[0;x2L−2+1; · · · ;0;x2L−1 ],

where IL is the n/2L × n/2L identity matrix, i.e., IL’s dimensions are the block

size at level L. Moreover, the approximant H̃1(ℓ)2 of the admissible block H1(ℓ)2

at level 1 ≤ ℓ ≤ L − 1 satisfies ∥H1(ℓ)2 − H̃1(ℓ)2∥F ≤ ϵ̃ℓ. Then, the sketch error is

bounded by

∥ZL − Z̃L∥F ≤
L−1∑

ℓ=1

ϵ̃i

√√√√
2L−1−ℓ∑

j=1

∥x2L−1−ℓ+j∥2F ≤ C
√
k

L−1∑

ℓ=1

2
L−1−ℓ

2 ϵ̃ℓ.

We note that the sketch error is zero at the first hierarchical level.

Proposition 4.2.5 also characterizes the perturbation error for the projection

step of the randomized SVD in the peeling algorithm. Then, if we consider the

exact sketch ZP
L = Hiyi of an off-diagonal block Hi at level L, and the perturbed

sketch Z̃P
L obtained by peeling from the input YL = [y1;0; · · · ;0;yi;0; · · · ;0] ∈

Rn×k, whose components y1, . . . ,y2L−1 have orthonormal columns. The approxi-

mation error satisfies

∥ZP
L − Z̃P

L∥F ≤
√
k

L−1∑

ℓ=1

2
L−1−ℓ

2 ϵ̃ℓ.

4.3 Peeling algorithm for strongly admissible partitions

We now generalize the peeling algorithm introduced in Section 4.2.4 to hierarchi-

cal matrices with arbitrary structure. As we saw in Section 4.2, Green’s functions
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associated with elliptic operators satisfy a strong admissibility condition, which

implies that sub-blocks intersecting the diagonal are no longer considered admissi-

ble and may not have low numerical rank. As an example, for a symmetric block

matrix H in Equation (4.16), the blocks H2 and H⊤
2 are not admissible, and we

instead recursively partition H as follows:




H1 H2

H⊤
2 H4


→




H11 H12 H21 H22

H⊤
12 H14 H23 H24

H⊤
21 H⊤

23 H41 H42

H⊤
22 H⊤

24 H⊤
42 H44




(4.19)

→




H111 H112 H121 H122

H⊤
112 H114 H123 H124

H21 H22

H⊤
121 H⊤

123 H141 H142 H231 H232

H⊤
122 H⊤

124 H⊤
142 H144 H233 H234

H24

H⊤
231 H⊤

233 H411 H412 H421 H422
H⊤

21

H⊤
232 H⊤

234 H⊤
412 H414 H423 H424

H⊤
421 H⊤

423 H441 H442
H⊤

22 H⊤
24

H⊤
422 H⊤

424 H⊤
442 H444




.

(4.20)

Hierarchical matrices partitioned as in Equation (4.19) satisfy a strong admissible

condition (see Equation (4.5)) in spatial dimension d = 1. Partitions in higher di-

mensions work similarly but are harder to visualize and possess a larger bandwidth

of non-admissible blocks at each level. Constructing the test vectors XL and YL,

where 1 ≤ L ≤ N , is crucial to reducing the number of matrix-vector products

in the randomized SVD when recovering H. If one naively employs different test

vectors at each admissible block, then the number of matrix-vector products grows

exponentially with the number of levels rather than linearly.
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Fortunately, peeling has been recently generalized to hierarchical matrices with

arbitrary structure [106]. The nature of the hierarchical partition (weakly or

strongly admissible) determines the structure and number of alternating inputs

in the test matrices at each hierarchical level to maintain the linear growth of

the number of matrix-vector products needed with respect to the number of lev-

els. The peeling algorithm recovers a matrix with a strongly admissible partition

in exactly the same way as for weakly admissible, except the input vectors have

slightly different structures to isolate the actions of the low-rank sub-blocks. This

structure is derived by the generalized coloring algorithm technique in [106], which

we now describe.

The peeling algorithm aims to sketch all the admissible blocks of a given level

1 ≤ L ≤ N of a hierarchical matrix H. We generate a set of test vectors such that

for each admissible block at level L, a test vector satisfies a set of sketching con-

straints associated with that block. More specifically, for a given admissible block,

we require a test vector that samples the block and avoids contribution from non-

admissible blocks and admissible blocks of the same level. As an example, if we

want to sketch the block H⊤
231 in Equation (4.19), the test vector must vanish for

the blocks H⊤
233, H411, H412, H421, and H422. Of course, one could use as many

test vectors as admissible blocks, but then the number of inputs would grow expo-

nentially with the number of levels. To resolve this issue, [106] constructs inputs

that satisfy the constraints for several different admissible blocks simultaneously by

defining a constraint incompatibility graph. The vertices of the graph correspond

to the constraint set for a particular admissible block, and vertices are connected

if their constraints conflict with one another. A vertex coloring algorithm finds

the minimal number of colors (chromatic number) denoted as χ(HL) ∈ N for all

the constraint sets at level L. For each color 1 ≤ j ≤ χ(HL), there is a test vector
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Ω
(j)
L that satisfies the constraints of all the vertices colored by j. A key insight

is that the chromatic number is bounded by a constant which is independent of

the level of the partition and size of the matrix [106], meaning that one can use

a constant number of input matrices at each level. In particular, if H satisfies a

strongly admissible condition in dimension d ≥ 1, we have the bound χ(HL) ≤ 6d

for each level L [106]. As a comparison, the chromatic number for the HODLR

matrix with a weakly admissible partition analyzed in Section 4.2.4 is two.

We illustrate the input matrices for the strongly hierarchical matrix in Equa-

tion (4.19), whose chromatic number is bounded above as χ(HL) ≤ 6. At the first

level, i.e., the second matrix in Equation (4.19), there are four test vectors of the

form:

X
(1)
1 =




G1

0

0

0




, X
(2)
1 =




0

G2

0

0




, X
(3)
1 =




0

0

G3

0




, X
(4)
1 =




0

0

0

G4




,

where each Gi is a matrix of size n/4× (k + p). Here, one can obtain sketches of

the blocks H⊤
21 and H⊤

22 in Equation (4.19) using X
(1)
2 . With similar notation, six
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test vectors are needed to sample all the admissible blocks at the second level:

X
(1)
2 =




G1

0

0

0

0

0

G11

0




, X
(2)
2 =




0

G6

0

0

0

0

0

G12




, X
(3)
2 =




0

0

G7

0

0

0

0

0




,

X
(4)
2 =




0

0

0

G8

0

0

0

0




, X
(5)
2 =




0

0

0

0

G9

0

0

0




, X
(6)
2 =




0

0

0

0

0

G10

0

0




.

From this level and until the stopping point, only six test vectors are needed at

each level. The following corollary generalizes the error analysis for the peeling

algorithm performed on a weakly admissible hierarchical matrix to a strongly ad-

missible partition.

Corollary 4.3.1 (Accumulation of errors in strongly admissible partitions). Sup-

pose the assumptions and notation in Proposition 4.2.5 hold for a hierarchical ma-

trix H with a strongly admissible partition in dimension d ≥ 1. Then, the sketch

and projection errors during the peeling algorithm at level 1 ≤ L ≤ N satisfy the
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following bounds:

∥ZL − Z̃L∥F ≤ (6d − 3d)C
√
k

L−1∑

ℓ=1

2
L−1−ℓ

2 ϵ̃ℓ

and

∥ZP
L − Z̃P

L∥F ≤ (6d − 3d)
√
k

L−1∑

ℓ=1

2
L−1−ℓ

2 ϵ̃ℓ.

Proof. Let 1 ≤ L ≤ N be a hierarchical level. With the notation of Proposi-

tion 4.2.5, an input matrix XL queries the action of a level-L sub-block H(Iα, Iβ),

where α and β are level-L nodes in the hierarchical tree and Iα, Iβ ⊂ [0, 1]d are

their corresponding index sets (see [81] for a description of index sets and hierar-

chical trees). Unfortunately, it also captures the actions of approximation errors

in intersecting sub-blocks of H −H(L−1), due to using peeling at previous levels.

As an example, if one tries to sketch the admissible block H⊤
421 in Equation (4.19)

with a test vector, then the matrix-vector product might contain a contribution

from H⊤
22 − H̃⊤

22 and H⊤
24 − H̃⊤

24. We derive an upper bound on the number of

level-ℓ intersecting blocks for 1 ≤ ℓ ≤ L − 1. Each of these intersecting blocks is

the restriction of H−H(L−1) to an admissible block of the form Iα(ℓ) × Iβ from a

previous level ℓ, where α(ℓ) is the level-ℓ subdomain that was eventually subdivided

to get α. That is, α(L−1) is the parent of the α, α(L−2) is the parent of α’s parent,

and so on. We then count the number of level-ℓ nodes β for which Iα(ℓ) × Iβ is

an admissible domain. First, Iα(ℓ) × Iβ is an admissible domain if and only if the

nodes α(ℓ) and β belong to each other’s interaction lists [106]. Moreover, the size

of the interaction list of any node is bounded above by 6d − 3d [106], so this is

also an upper bound on the number of intersecting blocks from level ℓ. Finally,

each previously learned block from level ℓ contributes ϵ̃ℓ to the sum of accumulated

errors for 1 ≤ ℓ ≤ L−1 (see Proposition 4.2.5), and we have just shown that there

are at most 6d − 3d of such intersecting blocks at each level ℓ. Combining this
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with Proposition 4.2.5, we derive the following bound on the perturbation error in

the sketch step of the randomized SVD:

∥ZL − Z̃L∥F ≤
L−1∑

ℓ=1

(6d − 3d)ϵ̃ℓ

√√√√
2L−1−ℓ∑

j=1

∥x2L−1−ℓ+j∥2F ≤ (6d − 3d)C
√
k

L−1∑

ℓ=1

2
L−1−ℓ

2 ϵ̃ℓ.

Similarly, we obtain a bound on the projection perturbation error:

∥ZP
L − Z̃P

L∥F ≤
L−1∑

ℓ=1

(6d − 3d)ϵ̃ℓ

√√√√
2L−1−ℓ∑

j=1

∥y2L−1−ℓ+j∥2F ≤ (6d − 3d)
√
k

L−1∑

ℓ=1

2
L−1−ℓ

2 ϵ̃ℓ.

4.4 Stable recovery of Green’s functions

This section generalizes the discussion of the randomized SVD and its perturbation

analysis described in Section 4.2.3 to the continuous analogue of Hilbert–Schmidt

operators, rather than matrices. We then use these results to derive the error anal-

ysis for the generalization of the peeling algorithm in infinite dimensions, showing

that one can stably recover Green’s functions on admissible domains. The key idea

is to avoid the exponential accumulation of errors with each hierarchical level in

the peeling procedure by taking advantage of the fast decay of a Green’s function’s

singular values using a different target rank in the randomized SVD at each level.

We then derive a probabilistic error bound for using infinite-dimensional peeling

to approximate Green’s functions on admissible domains from input-output pairs

using the randomized SVD. Finally, we present a global error bound for the ap-

proximant in the operator norm that achieves a relative error of ϵ > 0 on the entire

domain.
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The randomized singular value decomposition for Hilbert–Schmidt op-

erators

The randomized SVD introduced in Section 4.2.2 has been recently generalized

to compute low-rank approximants to Hilbert–Schmidt operators [33, 29]. In this

section, we consider the particular setting of using the randomized SVD to approx-

imate a Green’s function G over an admissible domain X×Y ⊂ Ω×Ω. Analogous

to sampling random input vectors, we sample random input functions defined on

Y from a Gaussian process GP(0, KY ), where KY : Y × Y → R is the covariance

kernel. We construct the secondary kernel KY by transforming a global kernel

K : Ω×Ω→ R, defined on the entire domain as follows. First, we assume that K

is a continuous symmetric positive-definite kernel with bounded trace, i.e.,

tr(K) =

ˆ
Ω

K(x, x) dx =
∞∑

i=1

λi <∞,

where λ1 ≥ λ2 ≥ · · · > 0 are the eigenvalues of K. Using Mercer’s theorem [123],

there exists an orthonormal basis {ei}i of L2(Ω) of eigenfunctions of K, such that

K(x, y) =
∞∑

i=1

λiei(x)ei(y), x, y ∈ Ω,

where the convergence is absolute and uniform, and the eigenfunctions are continu-

ous. We can then rescale, shift, restrict the ei, and orthonormalize the family using

Gram–Schmidt algorithm to generate an orthonormal family {eY,i}i in L2(Y ). We

then define the kernel KY following its Mercer decomposition as

KY (x, y) =
∞∑

i=1

λieY,i(x)eY,i(y), x, y ∈ Y. (4.21)

This procedure guarantees that the secondary kernels have the same eigenvalues

of K, and, in particular, that the trace is unchanged, which is crucial in the next

sections to bound the norm of the random functions sampled from the associated

GP.
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As described in Section 4.2, G has low numerical rank on X × Y , and the

singular values associated with the corresponding Hilbert–Schmidt integral oper-

ator (see Equation (4.4)) decay exponentially fast. Let k ≥ 1 be a target rank

and kϵ an oversampling parameter (see Section 4.2). We sample random func-

tions f1, . . . , fk+kϵ from the Gaussian process GP(0, KY ), and define the random

quasimatrix3 ΩX×Y =

[
f1 · · · fk+kϵ

]
. Analogous to the discrete case [85], we

consider the k× (k+kϵ) matrix ΩX×Y,1 = (⟨vi,X×Y , fj⟩)i,j, whose columns are i.i.d.

and follow a multivariate Gaussian distribution with covariance matrix CX×Y [33,

Lem. 1], defined as

[CX×Y ]ij =

ˆ
Y×Y

vi,X×Y (x)KY (x, y)vj,X×Y (y) dx dy, 1 ≤ i, j ≤ k.

Here, vi,X×Y is the ith singular vector of G restricted to X × Y . Following [33,

Sec. 4.1.2], we sketch the HS operator at the random functions f1, . . . , fk+kϵ and

apply the randomized SVD to obtain an approximant G̃ to G on the domainX×Y .

Then, with a target rank k and an oversampling parameter kϵ, the following error

bound holds:

∥G− G̃X×Y ∥2L2(X×Y ) ≤
(
1 + t2s2

6kϵ
γk,X×Y

∞∑

j=1

λj

λ1

)
ϵ2∥G∥2

L2(X×Ŷ )

with probability ≥ 1 − t−kϵ − e−s2(k+kϵ) for any s, t ≥ 1. The covariance kernel

quality, γk,X×Y , is defined as γk,X×Y = k/(λ1 tr(C
−1
X×Y )). We can then choose

t = O(1) and s = O(1) such that

∥G− G̃X×Y ∥L2(X×Y ) = O(k1/2
ϵ γ

−1/2
k,X×Y ϵ)∥G∥L2(X×Ŷ ) (4.22)

holds with probability ≥ 1 − e−kϵ . We emphasize that the perturbation error

analysis for the randomized SVD stated in Theorem 4.2.4 generalizes to infinite

dimensions so that Equation (4.22) holds whenever the magnitude of the pertur-

bations is smaller than the target tolerance.

3See [161] for an introduction to the quasimatrix notation.
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Peeling for Green’s functions

We now generalize the peeling algorithm to recover Green’s functions over hierar-

chically partitioned domains using the randomized SVD. In this section, we follow

the model of HODLR matrix recovery algorithms [111, 117] to extend the peel-

ing algorithm to the continuous case of Green’s function recovery in dimensions

d ∈ {1, 2, 3}. We recover G over levels of the domain recursively, starting with

the largest hierarchical level. First, the Green’s function’s behavior over all of the

admissible domains at this level is recovered and stored in the function G(1). To

get to the next level, we subdivide by halving the domain in all directions. Now,

we seek to recover the function G−G(1) on any new admissible domains to obtain

G(2). We dyadically partition any non-admissible domains and repeat the process

to recover G2 = G − G(1) − G(2) over the next level’s admissible domains. We

repeat until we reach a pre-determined stopping point close to the diagonal.

Let 1 ≤ L ≤ Nϵ be a hierarchical level. We now describe the procedure for

recovering GL = G −∑L
ℓ=1G

(ℓ) on each admissible subdomain of this level. The

coloring algorithm easily applies to generating input functions over Ω, as it was

originally written in this generality. We first apply the graph coloring algorithm,

described in Section 4.3, to determine the chromatic number χ(GL) associated with

the different constraint sets for sketching GL. As established in [106], we know

that for the strongly admissible partition in dimension d, we have the following

bound: χ(GL) ≤ 6d. Each color number 1 ≤ j ≤ χ(GL) of the constraint graph

gathers nj ≥ 1 constraints, which correspond to a set of admissible subdomains

{Xj
i × Y j

i }1≤i≤nj
⊂ Ω×Ω. We then construct test functions fj ∈ L2(Ω) such that

Supp(fj) ⊂ ∪nj

i=1Y
j
i , where fj|Y j

i
∼ GP(0, KY j

i
), 1 ≤ i ≤ nj,

and KY j
i
is defined in Equation (4.21). Given a target rank k and an oversampling
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parameter kϵ for learning the Green’s function with the randomized SVD over the

admissible domains, we generate the input quasimatrix F
(j)
L , where 1 ≤ j ≤ χ(GL),

as follows:

F
(j)
L =

[
fj,1 · · · fj,k+kϵ

]
, where fj,l ∼ fj for 1 ≤ l ≤ k + kϵ.

Analogous to performing a matrix-vector product, sketching the Hilbert–Schmidt

integral operator associated with GL with the quasimatrix F
(j)
L yields U

(j)
L =[

uj,1 · · · uj,k+kϵ

]
, where

uj,l(x) =

ˆ
Ω

GL(x, y)fj,l(y) dy

=

ˆ
Ω

G(x, y)fj,l(y) dy −
L∑

ℓ=1

ˆ
Ω

G(ℓ)(x, y)fj,l(y) dy, 1 ≤ l ≤ k + kϵ.

We now restrict the output functions uj,l ∈ L2(Ω) to isolate the action of G

on the admissible subdomains {Xj
i × Y j

i }1≤i≤nj
associated with the jth color.

Let RXj
i
: L2(Ω)→ L2(Xj

i ) be the restriction operator to the subdomain Xj
i ⊂ Ω.

Then,

[RXj
i
uj,l](x) = RXj

i

ˆ
Ω

GL(x, y)fj,l(y) dy

=

nj∑

i′=1

ˆ
Y j

i′

RXj
i
GL(x, y)fj,l(y) dy

=

ˆ
Y j
i

RXj
i
G(x, y)fj,l|Y j

i
(y) dy,

where the final equality holds because the coloring algorithm ensures that there

is only one Y j
i such that Xj

i × Y j
i is an admissible domain. Any other domain of

the form Xj
i × Y j

i′ for i′ ̸= i belongs to a larger subdomain of Ω × Ω over which

G has already been recovered at a previous level. Thus, assuming exact recovery

of peeling at previous hierarchical levels, GL is zero over such domains. Having

isolated the action of GL on one admissible domain, we can now construct its ap-

proximation using the randomized SVD [33]. Following this method for each color
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1 ≤ j ≤ χ(GL) of the graph coloring algorithm, we recover an approximation for

G over the admissible domains satisfying the corresponding sampling constraints.

This results in a total of 2(k + kϵ)χ(GL) ≤ 4 × 6dkϵ input-output function pairs

at each hierarchical level 1 ≤ L ≤ Nϵ. We emphasize that one application of the

randomized SVD requires 2(k + kϵ) pairs to perform the sketching and projection

steps. Finally, if Xj × Yj is an admissible domain at level L, with 1 ≤ j ≤ N (L),

we denote by Ω
(j)
L ⊂ Yj the associated random quasimatrix defined as

Ω
(j)
L =

[
fj,1|Yj

· · · fj,k+kϵ|Yj

]
, fj,l|Yj

∼ GP(0, KYj
). (4.23)

In practice, the number of random quasimatrices at level L is much smaller than

N (L), the number of admissible domains at that level.

4.4.1 Error analysis of the infinite-dimensional peeling al-

gorithm

For a given target accuracy ϵ > 0, we aim to reconstruct a Green’s function G

corresponding to a self-adjoint Hilbert–Schmidt operator H, given in hierarchi-

cal format with Nϵ ≥ 1 hierarchical levels in the domain and chromatic number

bounded by 6d, to within relative error ϵ. The reconstruction algorithm combines

the randomized SVD and the peeling algorithm described in Sections 4.2.4, 4.3

and 4.4 and only relies on sketches of H with random test functions. In particular,

if H is a matrix, we compute matrix-vector products using random input vectors

sampled from a multivariate Gaussian distribution with zero mean and covariance

matrix K. On the other hand, if H : L2(Ω)→ L2(Ω) is a Hilbert–Schmidt opera-

tor in infinite dimensions, one can compute low-rank approximants using the HS

randomized SVD described in Section 4.4 by evaluating the operator at random
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functions sampled from a Gaussian process with zero mean and the appropriate

covariance kernel KY described in Equation (4.21).

More specifically, ifGi represents the restriction ofG to some admissible domain

Iαi
×Iβi

, where Iαi
, Iβi
⊂ [0, 1]d, then we defineHi as the HS operator corresponding

to the restrictionGi. We employ this notation for the rest of the section. BecauseG

is a Green’s function, any such Hi has exponentially fast decaying singular values.

That is, for 0 < ϵ < 1, Hi has numerical rank k ≤ kϵ = M log(1/ϵ)d+1, where d ≥ 1

is an integer and M > 0 is a constant independent of ϵ. By the Eckart–Young

theorem, the tail of the singular values of Hi satisfies the following inequality:
(∑

j>k

σj(Hi)
2

)1/2

≤ ϵ∥H∥HS. (4.24)

Assumption 1 (Summary of assumptions). We summarize the assumptions on

the self-adjoint Hilbert-Schmidt operator H as follows for ease of reference:

1. H is a solution operator under the same assumptions as F in Equation (4.4),

with corresponding Green’s function kernel G.

2. The domain of G is hierarchically partitioned with Nϵ ∼ 1
2
log2(1/ϵ) levels

and chromatic number bounded by 6d.

3. For ϵ > 0 sufficiently small, Hi has numerical rank k ≤ kϵ = M log(1/ϵ)d+1,

where M > 0 is a constant.

The following proposition gives a sufficient condition on the magnitude of the

sketch perturbations to apply the perturbation estimate for the randomized SVD

derived in Section 4.2.3.

Proposition 4.4.1 (Perturbed randomized SVD error). Let the target tolerance

0 < ϵ < 1 be sufficiently small and Hi be the restriction of H to an admissible do-

main X×Y . Suppose that sketching Hi using a quasimatrix Ωi with k+kϵ columns
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sampled i.i.d. from GP(0, KY ) returns a perturbed sample Z̃ = HiΩi+E, where the

norm of the perturbation quasimatrix E satisfies ∥E∥HS ≤ γ
1/2
k

√
k + kϵϵ

1+δ∥H∥HS,

for some δ > 0. Then, under the condition that ∥Ωi,1∥HS ≥ λ1γ
1/2
k ϵδ/2, the ran-

domized SVD constructs an approximation H̃i of Hi using k+kϵ input-output pairs

satisfies

∥Hi − H̃i∥HS = O(ϵ
√

kϵ/γk)∥H∥HS,

with probability ≥ 1 − e−kϵ, where k ≤ kϵ = M log(1/ϵ)d+1. Here, Ωi,1 = V ∗
1 Ωi ∈

Rk×(k+kϵ), where V1 is the quasimatrix containing the first k right singular functions

of Hi.

Proof. The proof relies on the deterministic error bound in Proposition 4.2.3 for

the randomized SVD with perturbed inputs. Here, one must control the decay

rate of the kth singular value of Hi, denoted by σk, by providing a lower bound

to ensure that the matrix Σ1E1 in Equation (4.13) has small norm so that one

can perform a Taylor expansion of the pseudo-inverse. In the following, we argue

that if the tail of the singular values of Hi decays exponentially fast, then σk must

contribute to a fraction of the norm of Hi. For a given 0 < ϵ < 1, by combining [18,

Thm. 2.8] and the Eckart–Young–Mirsky theorem for Hilbert–Schmidt operators,

there exists k ≤ kϵ = M log(1/ϵ)d+1 such that Hi has numerical rank k. Let Σ2 be

the diagonal quasimatrix containing the singular values σk+1 ≥ σk+2 ≥ · · · ≥ 0 of

Hi. We let k ≤ kϵ be the unique integer satisfying the following two inequalities:

∥Σ2∥2HS ≤ ϵ2∥H∥2HS and σ2
k + ∥Σ2∥2HS > ϵ2∥H∥2HS. (4.25)

We aim to apply the perturbation analysis argument of Section 4.2.3 for the ran-

domized SVD. We therefore must be able to estimate the term ∥Σ−1
1 E1∥HS, where

Σ1 is the diagonal matrix containing the k largest singular values of Hi. We
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apply the randomized SVD with a target rank of k and an oversampling pa-

rameter of kϵ, resulting in k + kϵ sketches of Hi such that E1 = U∗
1E satisfies

∥E1∥HS ≤ ∥E∥HS ≤ γ
1/2
k

√
k + kϵϵ

1+δ∥H∥HS ≤
√
2Mγ

1/2
k log(1/ϵ)

d+1
2 ϵ1+δ∥H∥HS.

Then, we derive a lower bound on σk to show that ∥Σ−1
1 E1∥HS converges to zero

as ϵ goes to zero. We consider the following two cases:

1. If σk ≥ ϵ∥H∥HS/
√
2, then ∥Σ−1

1 ∥HS ≤
√
2k/ϵ∥H∥HS, and we have

∥Σ−1
1 E1∥HS ≤ 2Mγ

1/2
k log(1/ϵ)d+1ϵδ.

2. Otherwise, if σk < ϵ∥H∥HS/
√
2, then Equation (4.25) implies that

∑

j>k

σ2
j >

ϵ2

2
∥H∥2HS. (4.26)

We apply [18, Thm. 2.8] and the Eckart–Young–Mirsky theorem again with

the accuracy ϵ/2 to obtain a k′ ≤ kϵ/2 = M log(2/ϵ)d+1 ≤ 2d+1kϵ such that

∑

j>k′

σ2
j ≤

ϵ2

4
∥H∥2HS. (4.27)

We then combine Equations (4.26) and (4.27) to obtain the following lower

bound on σk:

k′σ2
k ≥

k′∑

j=k+1

σ2
j =

∑

j>k

σ2
j −

∑

j>k′

σ2
j ≥

ϵ2

4
∥H∥2HS.

In the end, we find that ∥Σ−1
1 E1∥HS ≤ 2d/2+2M3/2γ

1/2
k log(1/ϵ)3(d+1)/2ϵδ.

In both cases, we showed that ∥Σ−1
1 E1∥HS = o(∥Ωi,1∥HS). Then, we can perform a

first order expansion for ϵ sufficiently small to obtain the randomized SVD bound

(see Section 4.2.3 and eq. (4.22)):

∥Hi − H̃i∥HS = O(k1/2
ϵ γ

−1/2
k ϵ)∥H∥HS,

which holds with probability ≥ 1 − e−kϵ . We note that the error due to the

projection step is negligible since we assumed this error is smaller than the target

tolerance.
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Proposition 4.4.1 guarantees that one can apply the randomized SVD perturba-

tion analysis whenever the magnitude of the perturbation is smaller than the target

randomized SVD accuracy. We will now analyze the effect of the accumulation of

errors in the peeling algorithm on the randomized SVD accuracy at the higher hi-

erarchical levels. Following Proposition 4.2.5, the peeling algorithm introduces an

accumulation of errors because admissible blocks from previous hierarchical levels

perturb the sketches at the current level. To counterbalance this effect, we em-

ploy the randomized SVD at the first level with a higher target accuracy ϵ1 = ϵr,

where r > 1 is an exponent to be determined, and progressively decrease the tar-

get accuracy ϵL at hierarchical levels 1 ≤ L ≤ Nϵ, such that ϵ1 < · · · < ϵNϵ , to

reach a relative error between the approximant and the Green’s function of at most

ϵ/ log(1/ϵ) on each admissible subdomain X × Y ⊂ Ω × Ω of the partition. Let

kL ≤ kϵL be the target randomized SVD rank at level 1 ≤ L ≤ Nϵ. We introduce

the following covariance quality measure for the peeling algorithm:

Γϵ = min
1≤L≤Nϵ

{
min

XL×YLis admissible
γkL,XL×YL

}
. (4.28)

We consider the following probability events, which provide bounds on the jth ran-

dom quasimatrix at level L, Ω
(j)
L , sampled from GP(0, KYj

) (see Equation (4.23)):

AΩ :=
Nϵ⋂

L=1

N(L)⋂

j=1

{
∥Ω(j)

L ∥2HS ≤ 8kϵ1 tr(K)
}
, BΩ :=

Nϵ⋂

L=1

N(L)⋂

j=1

{
∥Ω(j)

L,1∥2HS ≥ λ1ϵ
δΓϵ

}
,

(4.29)

where δ = 1/(Nϵ − 1), and Ω
(j)
L,1 is the matrix containing the inner products of the

first right singular vectors of G restricted to the admissible domain X × Y and

the random functions in Ω
(j)
L (see Section 4.4). We analyze the probability that

AΩ and BΩ occur in Section 4.4.1. Then, Proposition 4.4.2 estimates the required

exponent r and decay rate of the target accuracy.

Proposition 4.4.2 (Adaptive rate of the target accuracy). Let 0 < ϵ < 1 suf-
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ficiently small and select the target accuracy for the randomized SVD at level

1 ≤ L ≤ Nϵ as follows:

ϵL = O(k3/2
ϵ1

Γ−1
ϵ ϵ−1/(Nϵ−1)ϵL−1), ϵ1 = ϵr,

where r = (d+ 2) log(log(1/ϵ)) + log(1/Γϵ), and kϵ1 = M log(1/ϵ1)
d+1. The factor

Γϵ is defined as the minimum of the covariance quality γϵL over all hierarchical

levels. Then, conditioning on AΩ, BΩ, and assuming that the randomized SVD

succeeds on each admissible block, the error between the Green’s function and its

approximant G̃ returned by Algorithm 5 using the randomized SVD and the peeling

algorithm satisfies

∥G− G̃∥L2(X×Y ) ≤
ϵ

log(1/ϵ)
∥G∥L2(Ω×Ω),

on each admissible domain X × Y ⊂ Ω× Ω of the hierarchical partition.

Proof. Let 1 ≤ L ≤ Nϵ be a hierarchical level and denote by ϵ̃ℓ the absolute

error between the Green’s function and its approximant on each of the admissible

domains at the previous levels 1 ≤ ℓ ≤ L − 1. According to Corollary 4.3.1,

the approximation error of the perturbed sketches (randomized SVD sketch and

projection sketch) at level L are bounded by EL and EP
L as

∥ZL − Z̃L∥F ≤ EL, (4.30a)

EL :=
√
2(6d − 3d)C

√
kϵ1

L−1∑

ℓ=1

2
L−1−ℓ

2 ϵ̃ℓ (4.30b)

=
√
2EL−1 +

√
2(6d − 3d)C

√
kϵ1 ϵ̃L−1, (4.30c)

∥ZP
L − Z̃P

L ∥F ≤ EP
L , (4.30d)

EP
L :=

√
2(6d − 3d)

√
kϵ1

L−1∑

ℓ=1

2
L−1−ℓ

2 ϵ̃ℓ (4.30e)

=
√
2EP

L−1 +
√
2(6d − 3d)

√
kϵ1 ϵ̃L−1, (4.30f)
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where C = 2
√
2 tr(K)1/2k

1/2
ϵ1 following Equation (4.29). Note that we bounded the

target rank k at level ℓ by the initial largest target rank kϵ1 since we start the

peeling algorithm with the smallest target accuracy ϵr = ϵ1 ≤ · · · ≤ ϵNϵ . Then,

Equation (4.30) yields

max{EL, E
P
L } ≤

√
2max{EL−1, E

P
L−1}+ 4(6d − 3d) tr(K)1/2kϵ1 ϵ̃L−1. (4.31)

Now, following Proposition 4.4.1, one can apply the randomized SVD perturba-

tion analysis whenever the sketch perturbations are asymptotically smaller than

the target accuracy. That is, if EL and EP
L satisfy max{EL, E

P
L } = Γ

1/2
ϵ ϵδϵL for

some δ > 0. The target randomized SVD accuracy, ϵL, and resulting absolute ap-

proximation error, ϵ̃L, are related by the following equation (see Proposition 4.4.1):

ϵ̃L = O(k1/2
ϵL

γ−1/2
ϵL

ϵL) = O(k1/2
ϵ1

Γ−1/2
ϵ ϵL), (4.32)

where kϵL = M log(1/ϵL)
d+1 ≤ kϵ1 and γ

−1/2
ϵL ≤ Γ

−1/2
ϵ . Combining Equations (4.31)

and (4.32) yields

ϵL = O
(√

2ϵδ + 4(6d − 3d) tr(K)1/2k
3/2
ϵ1 Γ−1

ϵ

ϵδ
ϵL−1

)
= O(k3/2

ϵ1
Γ−1
ϵ ϵ−δϵL−1). (4.33)

Therefore, after iterating Equation (4.33) over 1 ≤ ℓ ≤ L, we obtain the fol-

lowing estimate for the target randomized SVD accuracy at level L: ϵL =

O(k3(L−1)/2
ϵ1 Γ

−(L−1)
ϵ ϵ−(L−1)δϵ1). Moreover, the initial randomized SVD target rank is

bounded by kϵ1 = M log(1/ϵ1)
d+1 = Mrd+1 log(1/ϵ)d+1 since ϵ1 = ϵr by definition.

Finally, with a choice of δ = 1/(Nϵ − 1), at the final level Nϵ ∼ log(1/ϵ)/(2 log 2),

the absolute accuracy satisfies

ϵ̃Nϵ = O
(
ϵr−1k3Nϵ/2

ϵ1
Γ−Nϵ
ϵ

)
= O

(
ϵr−1− 1

2 log 2
[ 3
2
log(kϵ1 )+log(1/Γϵ)]

)
.

Then, we select r such that ϵ̃Nϵ = O(ϵ/ log(1/ϵ)), i.e.,

r − 1− 3

4 log 2
log(M)− 3

4 log 2
(d+ 1) log(r)−

3

4 log 2
(d+ 1) log(log(1/ϵ))− 1

2 log 2
log(1/Γϵ) ≥ 1 +

log(log(1/ϵ))

log(1/ϵ)
.

(4.34)
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We then choose r = (d+2) log(log(1/ϵ))+ log(1/Γϵ) so that Equation (4.34) holds

for ϵ sufficiently small, which concludes the proof.

Proposition 4.4.2 estimates the randomized SVD target accuracy, ϵL, at each hi-

erarchical level needed to recover the Green’s function to within ϵ/ log(1/ϵ) relative

error. One can then provide an upper bound on the number of input-output pairs

needed by Algorithm 5 to approximate the Green’s function on each admissible

domain.

Corollary 4.4.3 (Number of input-output pairs). Assume that the randomized

SVD is successful on each admissible block of the Green’s function up to level

Nϵ. Then, the total number of input-output pairs required to approximate each off-

diagonal block of the Green’s function to within relative error ϵ/ log(1/ϵ) is bounded

by O(log(1/ϵ)d+2[log(log(1/ϵ)) + log(1/Γϵ)]
d+1) as ϵ→ 0.

Proof. Following Proposition 4.4.2, we choose a target rank and an oversampling

parameter for the randomized SVD bounded by kϵL ≤ kϵ1 = M log(1/ϵ1)
d+1

at each hierarchical level. Moreover, for a given level 1 ≤ L ≤ Nϵ, the

randomized SVD requires a number of input-output pairs that is bounded by

4kϵLχ(GL) ≤ 4× 6dkϵ1 to approximate the Green’s function on all the level-L ad-

missible subdomains (see Section 4.4). Then, the total number of input-output

pairs after Nϵ ∼ log(1/ϵ)/(2 log 2) hierarchical levels is bounded by

N ≤ 4× 6dNϵkϵ1 = O(rd+1 log(1/ϵ)d+2)

= O(log(1/ϵ)d+2[log(log(1/ϵ)) + log(1/Γϵ)]
d+1).
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Probabilistic error analysis

The previous section provided an upper bound on the number of input-output

pairs required by Algorithm 5 to construct an approximant to the Green’s function,

conditionally upon the success of the randomized SVD at each hierarchical level. In

this section, we provide a lower bound on the probability of success of Algorithm 5.

We begin with the following lemma (see [33, Lem. 4] for a proof), which gives a

Chernoff-type bound [47] for the HS-norm of the random input functions. This

controls the constant C in Proposition 4.2.5 to bound the norm of the sketch error

during peeling.

Lemma 4.4.4 (Chernoff bound for Gaussian processes). Let ΩX×Y be a random

quasimatrix with ℓ ≥ 1 i.i.d. columns in L2(Y ) for X × Y ⊂ Ω × Ω, with each

column following a Gaussian process GP(0, KY ), where KY is defined in Equa-

tion (4.21). For all s ≥ 1,

P
{
∥ΩX×Y ∥2HS ≤ ℓs2 tr(K)

}
≥ 1−

[
se−(s2−1)/2

]ℓ
,

where tr(K) = tr(KY ) is the sum of the eigenvalues of the kernel K.

We can then bound the norm of the random quasimatrices used in the peeling

algorithm of Section 4.4.1 with Lemma 4.4.4 and estimate the probability of the

event AΩ defined in Equation (4.29).

Proposition 4.4.5 (Global upper bound of the forcing terms). Let 1 ≤ L ≤ Nϵ

be a hierarchical level and 1 ≤ j ≤ N (L) ≤ 6d2dL, where N (L) is the number of

admissible domains at level L. Let Ω
(j)
L be a random quasimatrix used at level L of

the peeling algorithm with i.i.d. columns defined in Section 4.4. Then,

P(AΩ) = P




Nϵ⋂

L=1

N(L)⋂

j=1

{
∥Ω(j)

L ∥2HS ≤ 8kϵ1 tr(K)
}

 ≥ 1− 1

4
e− log(1/ϵ)d .
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Proof. Let kL ≤ kϵL be the target rank at level L such that the quasimatrix Ω
(j)
L

has kL + kϵL columns, where kϵL = M log(1/ϵL)
d+1 is the oversampling parameter.

Applying Lemma 4.4.4 for s ≥ 2 yields

P
{
∥Ω(j)

L ∥2HS ≤ (kL + kϵL)s
2 tr(K)

}
≥ 1−

[
se−(s2−1)/2

]kL+kϵL ≥ 1−
[
se−(s2−1)/2

]kϵ
,

as kϵ ≤ kϵL for 1 ≤ L ≤ Nϵ and tr(K) = tr(KY ). We denote by A
(s)
Ω the event

A
(s)
Ω =

Nϵ⋂

L=1

N(L)⋂

j=1

{
∥Ω(j)

L ∥2HS ≤ (kL + kϵL)s
2 tr(K)

}
.

We can compute a lower bound for P(A(s)
Ω ) using the independence of the random

samples from the Gaussian process as

P(A(s)
Ω ) =

Nϵ∏

L=1

N(L)∏

j=1

P
{
∥Ω(j)

L ∥2HS ≤ (kL + kϵL)s
2 tr(K)

}

≥
(
1−

[
se−(s2−1)/2

]kϵ)6d2d(Nϵ+1)

≥ exp
{
6d2d(Nϵ+1) log

(
1− e−kϵ[(s2−1)/2−log(s)]

)}
,

(4.35)

where kϵ[(s
2 − 1)/2 − log(s)] → ∞ as ϵ → 0 since (s2 − 1)/2 > log(s) for s ≥ 2.

Let s = 2, kϵ = M log(1/ϵ)d+1, and define the constant C1 = M [3/2− log(2)] > 0

such that

log
(
1− e−kϵ[3/2−log(2)]

)
= log

(
1− e−C1 log(1/ϵ)d+1

)
≥ −2e−C1 log(1/ϵ)d+1

, (4.36)

where we used the inequality log(1 − u) ≥ −u/(1 − u) ≥ −2u for |u| < 1/2.

Moreover, sinceNϵ ∼ log(1/ϵ)/(2 log 2) (see Equation (4.9)), there exists a constant

C2 > 0 such that 6d2d(Nϵ+1) ≤ C2ϵ
−2d for sufficiently small ϵ. Therefore, combining

Equations (4.35) and (4.36) yields

P(A(2)
Ω ) ≥ exp

{
−C2e

−C1 log(1/ϵ)d+1+2d log(1/ϵ)
}
≥ exp

{
−1

4
e− log(1/ϵ)d

}

≥ 1− 1

4
e− log(1/ϵ)d ,
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where we used the fact that C2e
−C1 log(1/ϵ)d+1+2d log(1/ϵ) ≤ e− log(1/ϵ)d/4 for sufficiently

small ϵ, and the inequality e−u ≥ 1− u for |u| < 1. We then obtain the following

bound,

P




Nϵ⋂

L=1

N(L)⋂

j=1

{
∥Ω(j)

L ∥2HS ≤ 4(kL + kϵL) tr(K)
}

 ≥ 1− 1

4
e− log(1/ϵ)d .

Finally, we note that bounding ∥Ω(i)
L ∥2HS by 4(kL+kϵL) tr(K) implies the inequality

∥Ω(i)
L ∥2HS ≤ 8kϵ1 tr(K), because kL ≤ kϵL ≤ kϵ1 , which achieves the proof.

The next lemma gives a lower bound on the Frobenius norm of a matrix with

i.i.d. columns sampled from a multivariate Gaussian distribution.

Lemma 4.4.6 (Chernoff lower bound). Let Ω1 ∈ Rk×ℓ be a random matrix with

ℓ ≥ k ≥ 1, where each column is sampled from a multivariate Gaussian distribution

with mean zero and covariance matrix C ∈ Rk×k. Then, for 0 < c < 1 we have

P(∥Ω1∥2HS ≥ cλk(C)ℓ) ≥ 1−
[
e− log(c)+c−1

]−ℓ/2
,

where λk(C) is the smallest eigenvalue of C.

Proof. Let Z = ∥Ω1∥2HS = tr(A), where the scatter matrix A = Ω1Ω
∗
1 follows

the Wishart distribution Wk(C, ℓ) with scale matrix C ∈ Rk×k. We denote the

eigenvalues of C by λ1(C) ≥ · · · ≥ λk(C). Following [127, Sec. 3], the moment

generating function of Z is

E[etZ] = det(I− 2tC)−ℓ/2.

Let c > 0 and t < 0, using Markov’s inequality we have

P(Z < cλk(C)ℓ) = P(etZ/λk(C) > etcℓ) ≤ det

(
I− 2t

λk(C)
C

)−ℓ/2

e−tcℓ

= e
−ℓ

[
1
2
log det

(
I− 2t

λk(C)
C
)
+tc

]

≤ e−ℓ[ k2 log(1−2t)+tc],

(4.37)
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where the last inequality comes from the following relation:

log det

(
I − 2t

λk(C)
C

)
=

k∑

i=1

log

(
1− 2t

λi(C)

λk(C)

)
≥ k log(1− 2t).

We then choose t = 1 − k/c to minimize the right-hand side of Equation (4.37),

which yields

P(Z < cλk(C)ℓ) ≤
[
elog(k/c)+(c/k−1)

]−ℓk/2 ≤
[
elog(c)+1−c

]ℓ/2
.

We can now estimate the probability of BΩ in Equation (4.29) using

Lemma 4.4.6.

Proposition 4.4.7 (Global lower bound of the forcing terms). Let 1 ≤ L ≤ Nϵ

be a hierarchical level and 1 ≤ j ≤ N (L) ≤ 6d2dL, where N (L) is the number of

admissible domains at level L. Let Ω
(j)
L be a random quasimatrix used at level L

of the peeling algorithm with i.i.d. columns defined in Section 4.4 and Ω
(j)
L,1 be the

matrix containing the inner products with right singular vectors of G restricted to

the corresponding admissible domain (see Section 4.4). Then,

P(BΩ) = P




Nϵ⋂

L=1

N(L)⋂

j=1

{
∥Ω(j)

L,1∥2HS ≥ λ1ϵ
δΓϵ

}

 ≥ 1− 1

4
e− log(1/ϵ)d ,

where δ = 1/(Nϵ − 1) (see Proposition 4.4.2).

Proof. Let 1 ≤ L ≤ Nϵ, 1 ≤ j ≤ N (L), and Ω
(j)
L,1 ∈ RkL×(kL+kϵL ) be the random

matrix associated with the quasimatrix Ω
(j)
L . Let 0 < c < 1, following Lemma 4.4.6,

we have

P
(
∥Ω(j)

L,1∥2HS ≥ cλ1Γϵ

)
≥ 1− ekϵ[log(c)−c+1]/2,
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since λkL(C)(kL+kϵL) ≥ λ1Γϵ and kL+kϵL ≥ kϵ. Therefore, choosing c = ϵδ yields

P(BΩ) = P




Nϵ⋂

L=1

N(L)⋂

j=1

{
∥Ω(j)

L,1∥2HS ≥ λ1ϵ
δΓϵ

}



≥
(
1− ekϵ[−δ log(1/ϵ)−ϵδ+1]/2

)6d2d(Nϵ+1)

≥ exp
{
6d2d(Nϵ+1) log

(
1− ekϵ[−δ log(1/ϵ)−ϵδ+1]/2

)}

≥ exp
{
−6d2d(Nϵ+1)+1ekϵ[−δ log(1/ϵ)−ϵδ+1]/2

}
,

where we used the inequality log(1 − u) ≥ −2u for |u| < 1/2. Let C2 > 0 be a

constant such that 6d2d(Nϵ+1) ≤ C2ϵ
−2d for sufficiently small ϵ. Then,

P(BΩ) ≥ exp
{
−2C2e

2d log(1/ϵ)−M log(1/ϵ)d+1(δ log(1/ϵ)+ϵδ−1)
}

≥ exp

{
−1

4
e− log(1/ϵ)d

}
≥ 1− 1

4
e− log(1/ϵ)d ,

where we used the fact that 2C2e
2d log(1/ϵ)−M log(1/ϵ)d+1(δ log(1/ϵ)+ϵδ−1) ≤ e− log(1/ϵ)d/4

for sufficiently small ϵ, and the inequality e−u ≥ 1− u for |u| < 1.

We combine Proposition 4.4.5 and the probability bounds for the Hilbert–

Schmidt randomized SVD (cf. Section 4.4) to obtain a global probability bound

for the algorithm that uses the peeling procedure with the randomized SVD.

Proposition 4.4.8 (Probabilistic bound). Let 0 < ϵ < 1 be sufficiently small.

There is a randomized algorithm that constructs an approximation to the Green’s

function using N = O(log(1/ϵ)d+2[log(log(1/ϵ))+log(1/Γϵ)]
d+1) input-output pairs

{(fj, uj)}Nj=1 such that

∥G− G̃∥L2(X×Y ) ≤
ϵ

log(1/ϵ)
∥G∥L2(Ω×Ω), (4.38)

holds on all admissible domains X × Y in the hierarchical partition of G with Nϵ

levels with probability ≥ 1− e− log(1/ϵ)d.
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Proof. We first note that Equation (4.38) holds if the randomized SVD is successful

at all the admissible blocks of the hierarchical partition of the Green’s function.

Therefore, if Eϵ denotes the following event:

Eϵ = {∥G− G̃∥L2(X×Y ) ≤
ϵ

log(1/ϵ)
∥G∥L2(Ω×Ω), for all admissible domains X×Y },

then we have P(Eϵ) ≥ P(∩Nϵ
L=1AL), where AL is the event that all the applications

of the randomized SVD are successful for the admissible domains in the level

1 ≤ L ≤ Nϵ of the hierarchical partition. Since the probability of success of the

randomized SVD depends on the norm of the random input vectors due to the

peeling procedure, we condition on the event AΩ ∩ BΩ, where again AΩ and BΩ

are defined in Equation (4.29), to obtain

P(Eϵ) ≥ P

(
Nϵ⋂

L=1

AL | AΩ ∩BΩ

)
P(AΩ ∩BΩ). (4.39)

By Propositions 4.4.5 and 4.4.7, we have the inequalities P(AΩ) ≥ 1− e− log(1/ϵ)d/4

and P(BΩ) ≥ 1 − e− log(1/ϵ)d/4. We therefore focus on deriving a lower bound for

P(∩Nϵ
L=1AL | AΩ ∩BΩ).

Let 2 ≤ L ≤ Nϵ be a hierarchical level. As in Section 4.4.1, due to the peeling

procedure and accumulation of the perturbation errors, the probability of success

of the randomized SVD bound given by Proposition 4.4.1 on the admissible blocks

at level L depends on the success of the randomized SVDs at all previous levels

1 ≤ ℓ ≤ L − 1. If pL = P(∩Lℓ=1Aℓ | AΩ ∩ BΩ) denotes the probability of success

of the randomized SVD at each level up to L given AΩ ∩ BΩ, we can estimate pL
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using conditional probability as follows:

pL = P

(
L⋂

ℓ=1

Aℓ | AΩ ∩BΩ

)
= P

(
AL |

L−1⋂

ℓ=1

Aℓ, AΩ ∩BΩ

)
P

(
L−1⋂

ℓ=1

Aℓ | AΩ ∩BΩ

)

(4.40)

= P

(
AL |

L−1⋂

ℓ=1

Aℓ, AΩ ∩BΩ

)
pL−1, (4.41)

where p1 = P(A1 | AΩ∩BΩ). We can now use the HS randomized SVD probability

bound (see Equation (4.22)) to derive a lower bound for pL. First, denote by N (L)

the number of admissible domains at level L, and consider the event Bi
L that the

approximation of G obtained by the randomized SVD on the ith admissible domain

X × Y with target accuracy ϵL > 0 satisfies Equation (4.22), i.e.,

Bi
L =

{
∥G− G̃∥L2(X×Y ) ≤ O

(
k1/2
ϵL

Γ−1/2
ϵ ϵL

)
∥G∥L2(Ω×Ω)

}
.

This is an application of the randomized SVD with a target rank of kL ≤ kϵL and

an oversampling parameter of kϵL ≥ kϵ, where kϵ = M log(1/ϵ)d+1. Therefore,

using the HS randomized SVD probability bound (see Equation (4.22)), we have

P

(
Bi

L |
L−1⋂

ℓ=1

Aℓ, AΩ ∩BΩ

)
≥ 1− e−kϵ . (4.42)

Moreover, combining Equations (4.40) and (4.42), and using Boole’s inequality for

the union of events yields

pL = P




N(L)⋂

i=1

Bi
L |

L−1⋂

ℓ=1

Aℓ, AΩ ∩BΩ


 pL−1

=


1− P




N(L)⋃

i=1

B̄i
L |

L−1⋂

ℓ=1

Aℓ, AΩ ∩BΩ




 pL−1

≥


1−

N(L)∑

i=1

P

(
B̄i

L |
L−1⋂

ℓ=1

Aℓ, AΩ ∩BΩ

)
 pL−1

≥ (1−N (L)e−kϵ)pL−1,

(4.43)
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where B̄i
L denotes the complementary event of Bi

L such that P(B̄i
L | ∩L−1

ℓ=1 Aℓ, AΩ ∩

BΩ) ≤ e−kϵ , and p1 ≥ 1 −N (1)e−kϵ by Equation (4.42). Iterating Equation (4.43)

over 1 ≤ L ≤ Nϵ gives the following probability bound:

pNϵ ≥
Nϵ∏

L=1

(1−N (L)e−kϵ), (4.44)

where the number of admissible domains at level L is bounded by N (L) ≤ 6d2dL.

Therefore, we take the logarithm of Equation (4.44) to determine a lower bound

on log(pNϵ),

log(pNϵ) ≥
Nϵ∑

L=1

log(1−N (L)e−kϵ)

= −
Nϵ∑

L=1

∞∑

i=1

N (L)ie−ikϵ

i

≥ −
∞∑

i=1

6die−ikϵ

i

Nϵ∑

L=1

2idL = −
∞∑

i=1

6die−ikϵ

i

2id(Nϵ+1) − 1

2id − 1

≥ −
∞∑

i=1

6di2id(Nϵ+1)e−ikϵ

i
= log(1− 6d2d(Nϵ+1)e−kϵ).

(4.45)

Here, we used the Taylor series of log(1− u) for |u| < 1. Moreover, for sufficiently

small ϵ, we have 6d2d(Nϵ+1)e−kϵ ≤ C1ϵ
−de−M log(1/ϵ)d+1

for some constant C1 > 0.

Finally, taking the exponential of Equation (4.45) gives,

pNϵ ≥ 1− C1ϵ
−de−M log(1/ϵ)d+1

= 1− C1e
− log(1/ϵ)[M log(1/ϵ)d−d] ≥ 1− 1

2
e− log(1/ϵ)d ,

for ϵ sufficiently small. We conclude with Equation (4.39) as

P(Eϵ) ≥ pNϵP(AΩ ∩BΩ) ≥
(
1− 1

2
e− log(1/ϵ)d

)2

≥ 1− e− log(1/ϵ)d ,

where we used P(AΩ ∩BΩ) ≥ P(AΩ) + P(BΩ)− 1.

We note that the bound given by Equation (4.38) on the probability of failure

of the algorithm decays super-algebraically with respect to the accuracy ϵ and is

illustrated in Fig. 2 of the main text.
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4.4.2 Global error in the spectral norm

Let F : L2(Ω) → L2(Ω) be the Hilbert–Schmidt integral operator associated with

the Green’s function of the elliptic operator L in three dimensions such that

F(f)[x] =

ˆ
Ω

G(x, y)f(y) dy, f ∈ L2(Ω), x ∈ Ω.

Previous works [33, 33] have expressed the error between the learned and exact

Green’s functions either in the L2-norm or L1-norm by exploiting the connection

between the Hilbert–Schmidt norm of the integral operator F and the L2-norm of

the Green’s function, since ∥F∥HS = ∥G∥L2(Ω×Ω). As observed in Section 4.4.1, the

peeling algorithm employed in this work introduces a perturbation error on the

sketch of the Green’s function that depends on the previous hierarchical levels. In

particular, relative errors on admissible domains from the past hierarchical levels

add up during the procedure. Hence, the algorithm introduced in Section 4.2.2,

which is based on peeling and the randomized SVD, only guarantees a relative

error of log(1/ϵ)−1ϵ on each admissible domain X × Y ⊂ Ω× Ω, i.e.,

∥G− G̃∥L2(X×Y ) ≤ log(1/ϵ)−1ϵ∥G∥L2(Ω×Ω). (4.46)

However, since the number of admissible domains increases exponentially with

the hierarchical levels Nϵ, measuring the error in the L2-norm on the entire do-

main would significantly deteriorate the error bound, and therefore the number

of input-output pairs required to approximate G within ϵ. To circumvent this

issue, we exploit the properties of the operator norm of Hilbert–Schmidt opera-

tors. In this section, we prove the following proposition, which provides an error

bound expressed in the operator norm for the Green’s function approximated by

Algorithm 5. The proof is deferred to the end of the section.

Proposition 4.4.9 (Approximation error in the HS operator norm). Let F :
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L2(Ω) → L2(Ω) be the Hilbert–Schmidt operator associated with the Green’s func-

tion G of the elliptic operator L in three dimensions. Let G̃ : Ω × Ω → R be

the kernel constructed by Algorithm 5 and F̃ its associated Hilbert–Schmidt integral

operator, defined as

F̃(f)[x] =

ˆ
Ω

G̃(x, y)f(y) dy, f ∈ L2(Ω), x ∈ Ω.

Then, ∥F− F̃∥2 ≤ ϵ∥F∥HS.

We remark that Proposition 4.4.9 implies that the following equation holds for

any f ∈ L2(Ω):

∥∥∥∥
ˆ
Ω

(G− G̃)f(y) dy

∥∥∥∥
L2(Ω)

≤ ϵ∥G∥L2(Ω×Ω)∥f∥L2(Ω).

Therefore, obtaining a relative error in the operator norm between the exact and

learned Green’s functions guarantees that the range of the Hilbert–Schmidt oper-

ator F, i.e., the solution operator associated with the partial differential operator

L, is well approximated. Additionally, expressing the error in the operator norm

aligns with the methodology employed by current machine learning techniques for

learning solution operators associated with PDEs, such as DeepONets [113, 172]

and neural operators [99, 108]. In particular, they measure the approximation error

of the solution operator on a set of testing pairs. This is equivalent to estimating

the error in the spectral norm on the finite dimensional subspace spanned by the

fj. We emphasize that measuring the approximation error in the spectral norm

is relevant to the setup of state-of-the-art deep learning techniques. We begin by

recalling a property for the maximum singular value of an HS operator (analogous

to block diagonal matrices).

Lemma 4.4.10 (Operator norm of block diagonal HS operators). Let G1, G2 :

Ω×Ω→ R be two kernels such that Supp(G1) ⊂ D1×D2 and Supp(G2) ⊂ D3×D4,
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where D1 ∩ D3 = ∅ and D2 ∩ D4 = ∅. Let F, F1, and F2 be the Hilbert–Schmidt

integral operators associated with the kernels G1 + G2, G1, and G2, respectively.

Then, ∥F∥2 = max{∥F1∥2, ∥F2∥2}.

Proof. We start the proof by showing that the first inequality ∥F∥2 ≥

max{∥F1∥2, ∥F2∥2} holds:

∥F∥2 = sup
∥f∥L2(Ω)=1

∥F(f)∥L2(Ω) ≥ sup
∥f∥L2(Ω)=1,

Supp(f)⊂D2

∥F(f)∥L2(Ω)

= sup
∥f∥L2(D2)

=1

∥F1(f)∥L2(D1)

= ∥F1∥2,

where we identified the operator F1 with the operator defined on D1 × D2,

since Supp(G1) ⊂ D1 × D2. The same argument applies to F2 so that ∥F∥2 ≥

max{∥F1∥2, ∥F2∥2}. For the other inequality, let f ∈ L2(Ω) such that ∥f∥L2(Ω) = 1,

and define f1 = f |D2 and f2 = f |D4 as the restrictions of f to the domains D2 and

D4, respectively. Then,

∥f1∥2L2(D2)
+ ∥f2∥2L2(D4)

=

ˆ
D2

|f1(x)|2 dx+

ˆ
D4

|f2(x)|2 dx

≤
ˆ
Ω

|f(x)|2 dx

= ∥f∥2L2(Ω) = 1.
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Therefore, we have

∥F(f)∥2L2(Ω) =

∥∥∥∥
ˆ
Ω

(G1 +G2)(·, y)f(y) dy
∥∥∥∥
2

L2(Ω)

=

∥∥∥∥
ˆ
D2

G1(·, y)f1(y) dy +
ˆ
D4

G2(·, y)f2(y) dy
∥∥∥∥
2

L2(Ω)

=

∥∥∥∥
ˆ
D2

G1(·, y)f1(y) dy
∥∥∥∥
2

L2(D1)

+

∥∥∥∥
ˆ
D4

G2(·, y)f2(y) dy
∥∥∥∥
2

L2(D3)

= ∥F1(f1)∥2L2(D1)
+ ∥F2(f2)∥2L2(D3)

≤ ∥F1∥22∥f1∥2L2(D2)
+ ∥F2∥22∥f2∥2L2(D4)

.

Taking the supremum of both sides over all possible f ∈ L2(Ω) yields the second

inequality as

∥F∥22 ≤ max{∥F1∥22, ∥F2∥22}(∥f1∥2L2(D2)
+ ∥f2∥2L2(D4)

) ≤ max{∥F1∥22, ∥F2∥22}.

Lemma 4.4.10 immediately generalizes to an arbitrary sum of Hilbert–Schmidt

integral operators with disjoint kernel supports.

Corollary 4.4.11 (Spectral norm of sums of HS operators). Let n ≥ 1

and G1, . . . , Gn : Ω × Ω → R be n kernels such that Supp(G1) ⊂ C1 ×

D1, . . . , Supp(G1) ⊂ Cn×Dn, where Di∩Dj = ∅ and Ci∩Cj = ∅ for 1 ≤ i ̸= j ≤ n.

Let F : L2(Ω)→ L2(Ω) be the Hilbert–Schmidt integral operator associated with the

kernel
∑n

i=1Gi, and Fi be the Hilbert–Schmidt integral operator associated with the

kernel Gi for 1 ≤ i ≤ n. Then, ∥F∥2 = max1≤i≤n ∥Fi∥2.

Proof. The proof follows directly from Lemma 4.4.10 by induction. In par-

ticular, we consider the HS integral operators associated with the two kernels

H1 =
∑n−1

i=1 Gi and H2 = Gn and apply Lemma 4.4.10.

213



We are now ready to prove Proposition 4.4.9.

Proof of Proposition 4.4.9. Let G̃ : Ω × Ω → R be the kernel constructed by

Algorithm 5 such that the error with the Green’s function G satisfies

∥G− G̃∥L2(X×Y ) =





log(1/ϵ)−1ϵ∥G∥L2(Ω×Ω), if X × Y is an admissible domain,

ϵ∥G∥L2(Ω×Ω), otherwise.

We apply Corollary 4.4.11 to compute an upper bound on the operator norm of

the HS operator associated with the kernel G − G̃. The procedure consists of

decomposing the kernel into a sum of kernels over the number of hierarchical levels

and colored admissible domains (see Section 4.3), such that each element in the

sum is a block diagonal kernel whose norm can be estimated by Corollary 4.4.11.

As an illustration, we assume for simplicity that the kernel H = G− G̃ is written

in the weakly admissible hierarchical form with L = 2 levels as

H =




H11 H12

H⊤
12 H14

H2

H41 H42
H⊤

2

H⊤
42 H44




,

where the green blocks have HS-norm bounded by log(1/ϵ)−1ϵ∥G∥HS while the red

blocks have HS-norm bounded by ϵ∥G∥HS. Then, we can estimate the operator
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norm of the associated Hilbert–Schmidt operator by decomposing H as

H =




0 0

0 0
H2

0 0
H⊤

2

0 0




+




0 H12

H⊤
12 0

0

0 H42
0

H⊤
42 0




+




H11 0

0 H14

0

H41 0
0

0 H44




.

Hence, the norm of the individual components in the sum are bounded by the

norm of each block following Corollary 4.4.11, and the norm of the HS operator

associated with H is the maximum of the norms of the components. Therefore, in

this simple example, we have

∥H∥2 ≤ ∥H2∥2 +max{∥H12∥2, ∥H42∥2}+max{∥H11∥2, ∥H14∥2, ∥H41∥2, ∥H44∥2}.

In the strongly admissible case with Nϵ ∼ log(1/ϵ)/(2 log 2) levels, we decom-

pose the operator H := F− F̃ as

H = Hdiag +
Nϵ∑

L=1

χ(GL)∑

j=1

nj∑

i=1

H |
X

j,(L)
i ×Y

j,(L)
i

,

where Hdiag denote the non-admissible part of the operator H and X
j,(L)
i ×Y

j,(L)
i

is an admissible domain at level L colored by 1 ≤ j ≤ χ(GL). By construction,

for a fixed 1 ≤ L ≤ Nϵ and 1 ≤ j ≤ χ(GL), the restrictions of the kernel of

H to the domains {Xj,(L)
i × Y

j,(L)
i }1≤i≤nj

have disjoint support. Hence, applying

Corollary 4.4.11 and using the property that the operator norm is bounded by the
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HS-norm yield,

∥H ∥2 ≤ ∥Hdiag∥2 +
Nϵ∑

L=1

χ(GL)∑

j=1

max
1≤i≤nj

{∥H |
X

j,(L)
i ×Y

j,(L)
i
∥2}

≤ 6dϵ∥F∥HS + 6dϵ∥F∥HS

≤ 2× 6dϵ∥F∥HS.

Here, we used the fact that Nϵ ≤ log(1/ϵ) for sufficiently small ϵ, and χ(GL) ≤

6d. Finally, without loss of generality, we can rescale the target accuracy ϵ in

Algorithm 5 to ϵ̃ := ϵ/(2× 6d) by increasing the number of input-output pairs by

a constant factor, which concludes the proof.

Methods

In this section, we describe the deep learning experiments used to generate Fig. 1 of

the main text. We compare the performance of three neural network architectures,

namely DeepONet (DON) [113], Fourier Neural Operator (FNO) [108], and Green’s

function learning (GreenLearning) [30], at approximating the solution operator

associated with the two-dimensional Poisson equation defined on the domain Ω =

[0, 1]2 with homogeneous Dirichlet boundary conditions:

−∇2u = f, u|∂Ω = 0. (4.47)

These methods learn an approximant F̃ to the solution operator F associated

with Equation (4.47), represented by a neural network (NN). Our main moti-

vation is to study the behavior of these PDE learning techniques as the number

of training data varies. Hence, we want to understand why specific neural net-

work approaches are data-efficient and others are not. We reproduce the setup

of [114] that performs a fair comparison between FNO and DON and provide

216



details of the experiments below. The code is publicly available on GitHub at

https://github.com/NBoulle/pde-learning.

Neural networks architecture. The FNO architecture is a succession of 4

Fourier layers, which perform convolutions in the Fourier space using the fast

Fourier transform (FFT), with the ReLU activation functions. The DON em-

ployed in this work has a much larger number of trainable parameters and consists

of a product of a “branch network”, which is a convolution NN with two 2D convo-

lution layers, and a “trunk network”, which is a standard fully connected NN with

4 hidden layers and 128 neurons per layer. GreenLearning enforces prior knowledge

of the solution operator associated with Equation (4.47) by approximating directly

the associated Green’s function. Solutions to Equation (4.47) are predicted by in-

tegrating the NN representation of the Green’s function against the forcing terms

using a trapezoidal rule. We employ a rational neural network [34] with 4 hidden

layers and 50 neurons per layer. Rational NNs offer theoretical and practical ad-

vantages over ReLU NNs, as they can capture the singularities of Green’s function

located along the diagonal [34, 30]. DON is implemented in TensorFlow [1] using

the DeepXDE library [115], while FNO and GreenLearning are implemented in

PyTorch [140]. The deep learning experiments were performed on a workstation

with a GPU (NVIDIA GeForce RTX 3080 Ti).

Training and testing datasets. We train the three neural networks on pairs of

training data {(fj, uj)}Nj=1, where we vary N between 2 and 1000. In Fig. 1 of the

main text, we report the resulting approximation error ∥F − F̃∥2 for N ≤ 200 to

visualize the exponential convergence rate before the plateau due to discretiza-

tion errors. Here, ∥F − F̃∥2 is approximated by the mean relative error on
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the testing dataset, which consists of Ntest = 200 pairs of input-output data

{(f (test)
j , u

(test)
j )}Ntest

j=1 , as

∥F− F̃∥2 ≈
1

Ntest

Ntest∑

j=1

∥u(test)
j − F̃ (f

(test)
j )∥L2([0,1]2)

∥u(test)
j ∥L2([0,1]2)

.

For consistency, we train the different networks ten times and report the mean

and standard deviation of the testing errors in Fig. 1. Following [114, 108], the

forcing terms are sampled from the Gaussian process GP(0, (−∆ + 9I)−2) with

zero Neumann boundary conditions on the Laplacian. In particular, we sample

1200 forcing terms from the Gaussian process and obtain the associated solutions

by solving numerically the Poisson equation. Then, we perform a training/testing

split of 1000/200. When we vary the size of the training dataset, we randomly

select a portion of the 1000 training pairs to train the models and evaluate them

on the 200 testing pairs to avoid train/test contamination. Equation (4.47) is

solved on a 421× 421 uniform grid, which is then downsampled to a 29× 29 grid

when training and testing the NNs.
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CHAPTER 5

TRANSPOSE-FREE LINEAR ALGEBRA MOTIVATED BY

ADJOINT-FREE OPERATOR LEARNING

This chapter1 centers on transpose-free numerical linear algebra, which has several

motivations, the first of which is adjoint-free PDE learning. In the context of lin-

ear PDEs, the adjoint operator is essentially a dual operator that can sometimes

be interpreted as the operator that arises when changing the direction of time or

reversing the direction of space in the original PDE. The adjoint operator arises

frequently in linear sensitivity analysis. In practice, acquiring data from the ad-

joint operator can be impossible when the underlying PDE is unknown. From a

theoretical point-of-view, previous studies mostly focused on learning the solution

operator of self-adjoint elliptic PDEs [35, 32] in divergence form defined as

Lu := −div(A(x)∇u) = f, x ∈ Ω ⊂ Rd, (5.1)

where the coefficient matrix A is symmetric and satisfies the uniform ellipticity

condition. However, non-self-adjoint PDEs arise naturally when considering time-

dependent problems such as the heat equation or advection-diffusion equation, i.e.,

Lu = −div(A(x)∇u) + c(x) · ∇u. In this context, it seems essential to require

a solver for the adjoint to obtain information about the left and right singular

functions of the PDE [33]. Curiously, there is a lack of emphasis in practical works

on the need for adjoint equation solvers, as many methods seem to succeed without

them. To understand the phenomenon of adjoint-free operator learning, we turn

1This chapter contains an excerpt from [31] that describes bounds for transpose-free low-rank
approximation. I contributed ideas and proofs for these results, working closely with Nicolas
Boullé, Sam Otto, and Alex Townsend. Sam Otto derived much of the adjoint-free operator
learning theory, which is not included in this thesis to keep the focus on numerical linear algebra.
Nicolas Boullé performed the numerical experiments. This chapter also contains a result on the
necessity of the transpose action for least squares problems, which have not yet been published
and was developed in collaboration with Michiel Hochstenbach.
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to the discrete version of the problem, which boils down to what information can

be recovered about a matrix from only forward matrix-vector products.

A second motivation for transpose-free linear algebra arises from the fact that in

many settings, it is not natural to access matrix-vector products with the transpose.

For example, in ordinary differential equations, a matrix may be an approximated

Jacobian from finite differences [43]. In other cases, a particular storage format

for a matrix, like a sparse format, may lend itself better to multiplication on

one side than on the other. In compressed sensing, physical reasons allow one

to sample linear combinations of columns but not rows [158]. Finally, in inverse

problems arising in imaging, the operators A and A⊤ are implemented in two

different packages; see, e.g., [87] for more details on the unmatched transpose.

In the following sections, we consider transpose-free low-rank recovery and least

squares problems. First, we show that low-rank approximation is fundamentally

limited when one does not have access to the transpose, and we quantify the

extent to which this holds when one knows in advance that the matrix is close

to symmetric. Then, we demonstrate one cannot solve a least squares problem

using only sketches from the right by showing that the problem is not uniquely

determined by this information.

5.1 Transpose-free low-rank recovery

Let A : H → H′ be an operator between Hilbert spaces. Suppose that one can

only access A via the forward and adjoint queries f 7→ Af and g 7→ A⊤g, where

f ∈ H and g ∈ H′ are inputs. We consider the problem of approximating A

efficiently from data, using as few inputs {fi}Ni=1 as possible. In this paper, we ask
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the following question:

Is it possible to recover A when one can only query A, and not A⊤?

As a toy example, consider the discrete problem of recovering an N ×N rank-one

matrix A = uv⊤, where u, v ∈ RN . The randomized SVD [85] and generalized

Nyström [130, 167] methods recover A in just two queries: one with A, and one

with A⊤. However, if one cannot query A⊤, one can only observe uv⊤x = (v⊤x)u.

Therefore, to recover A, one needs N matrix-vector products with A. Thus, in

general, the action of the adjoint is essential to efficient low-rank matrix recovery.

The situation is more complicated for other classes of structured matrices.

Consider the recovery of an N×N Toeplitz matrix T from matrix-vector products.

Unlike in the low-rank case, this can be done using just two matrix-vector products

with T : Te1 and TeN , where ei ∈ Rn is the ith elementary basis vector. In this

case, access to the action of T⊤ is not required, even though T is not symmetric.

These examples suggest that depending on what prior information is known about

the matrix, the adjoint may or may not be needed in a recovery algorithm [84].

The infinite-dimensional generalization of the matrix recovery problem arises

naturally in operator learning [36]. Learning mappings between function spaces

has widespread applications in science and engineering, as one can use data to

either efficiently approximate existing scientific models or even discover new ones

entirely. Moreover, just as low-rank matrices arise naturally in data science [169],

operators that occur in physics also have known mathematical properties. Thus,

to be as efficient and accurate as possible, operator learning techniques seek to

exploit prior knowledge about the operator.

This section aims to bridge the gap between the theoretical requirement for the

adjoint in PDE learning and its omission in practice by providing theoretical guar-
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antees on operator learning in the adjoint-free setting. Our goal is to understand

when and why neural network models can recover operators without access to data

about the adjoint operator. To this end, we provide a thorough characterization

of various contexts where one can leverage additional assumptions to quantify the

accuracy of the adjoint-free reconstruction.

In the finite-dimensional setting of low-rank matrix recovery, we prove that the

quality of the reconstructed matrix is fundamentally limited without access to the

adjoint. However, we show that the quality of the approximation improves when

we have more information about the left and right singular vectors. This suggests

that no clever technique from linear algebra can be leveraged in the analogous

adjoint-free operator learning problem unless we have prior information.

This section is organized as follows. We begin in Section 5.1.1 with motiva-

tional examples for analyzing the sample complexity of non-self-adjoint operator

learning. Then, in subsequent sections, we gradually strengthen the assumptions

about the operator we wish to learn and analyze the quality of our reconstruction

in each case. In Section 5.1.2, we consider the finite-dimensional case of a low-

rank operator recovery problem. Given additional information about how close an

unknown low-rank matrix is to symmetric, we provide lower and upper bounds

(see Theorems 5.1.3 and 5.1.4) on the size of the set of possible matrices satisfying

given sketching constraints.
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5.1.1 Motivational Examples of Non-Self-Adjoint Opera-

tor Learning

As a first motivational example for the analysis of non-self-adjoint operators, we

consider the problem of estimating the sample complexity of learning parabolic

PDEs (generalizing the heat equation) in the following form:

Pu := ut − div(A(x, t)∇u) = f(x, t), x ∈ Ω, t ∈ [0, T ], 0 < T <∞,

where Ω ⊂ Rd is a bounded spatial domain with Lipschitz smooth boundary and

A(x, t) ∈ Rd×d is a symmetric positive definite matrix with bounded coefficient

functions satisfying the uniform parabolicity condition. Here, we are interested

in estimating the number of training pairs {(f, u)} needed to learn the solution

operator associated with P , i.e., the Green’s function [68], to within a target

tolerance ϵ > 0. The authors of [33] construct an algorithm that provably converges

to the solution operator at an algebraic rate with respect to the number of training

pairs. However, a key assumption required to approximate the solution operator

is that one can evaluate the adjoint P∗ of the parabolic operator defined as

P∗u = −ut − div(A(x, t)⊤∇u).

In this work, we ask whether the requirement for the adjoint is an essential assump-

tion and why neural operators do not require the adjoint in practical applications.

A second example emerges from the stationary convection-diffusion equation with

variable coefficients in the form:

Lu := −div(A(x)∇u) + c · ∇u, x ∈ Ω ⊂ Rd, (5.2)

where the lower order coefficient vector c contains functions in Lp(Ω) for some

p > d [97]. Here, one can interpret L as a perturbation of the self-adjoint partial
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differential operator L defined in Equation (5.1). In particular, the magnitude of

c influences the difference between the solution operator and its adjoint, and our

ability to approximate it from training pairs of source terms and solutions.
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Figure 5.1: Green’s functions learned by a rational neural network (top row) along
with the absolute error with the exact Green’s function (bottom row) for the
stationary convection-diffusion equation, with coefficients (a) c = 0, (b) c = 5, and
(c) c = 10.

We perform a deep learning experiment to approximate Green’s function as-

sociated with the one-dimensional stationary convection-diffusion equation with

homogeneous Dirichlet boundary conditions on Ω = [0, 1]:

−d2u

dx2
+ c

du

dx
= f, u(0) = u(1) = 0, x ∈ [0, 1]. (5.3)

We employ a rational neural network [34] to approximate the Green’s function

associated with Equation (5.3) using the Green’s function learning technique in-

troduced by [30]. We sample 25 random functions from a Gaussian process with

squared-exponential kernel and length-scale parameter ℓ = 0.03 and solve Equa-

tion (5.3) using a Chebyshev spectral collocation method implemented in the Cheb-

fun software system [63]. The source terms f and solutions u are then sampled on
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a uniform grid with 200 points, and the neural network is trained in the Tensor-

Flow library [1] using a combination of Adam [98] and L-BFGS [38] optimization

algorithms. The learned Green’s function is then evaluated at a higher resolution

on a 400 × 400 grid and compared with the analytical expression for the exact

Green’s function given by:

G(x, y) =
(1− ec(x−1))(1− e−cy)

c(1− e−c)
H(x− y) +

(−1 + ecx)(e−cy − e−c)

c(1− e−c)
H(y − x),

where H is the Heaviside step function.
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Figure 5.2: (a) Relative errors for learning the Green’s function of the advection-
diffusion equation. The graph displays the mean error over ten runs, along with
error bars representing the first and third quartiles. (b) Relative errors of the
Green’s function after training using input-output pairs sampled on a grid with
resolution s = 200 (dashed line) and evaluated at lower and higher resolutions. (c)-
(d) Evolution of the loss function after training and relative error as the magnitude
of the perturbation increases. The black line in (d) represents the linear least
squares approximation and achieves R2 = 0.8.
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We report in Figure 5.1(a-c) the learned Green’s functions of the stationary

convection-diffusion equation (5.3) with respective convection parameters c = 0,

c = 5, and c = 10, along with the absolute error with the exact Green’s function in

the bottom row. We observe that even though the difference between the Green’s

function and its adjoint increases between c = 0 and c = 10, the rational neural

network can approximate the Green’s function within 0.3 − 0.5% relative error.

Additionally, the approximation errors are mainly located around the diagonal

x = y of the domain [0, 1]2 (see the bottom row in Figure 5.1), where the Green’s

function has derivative discontinuity.

In Figure 5.2, we study the dependence of the error on the size of the training

dataset, the spatial grid resolution, and the convection coefficient c. To do this, we

approximate the Green’s function associated with Equation (5.3) using 25 training

pairs sampled on a grid with resolution s = 200 and report the relative error when

evaluating the Green’s function at different resolutions from s = 10 to s = 400.

Similar to the Fourier neural operator [99], the rational neural network is capable

of zero-shot super-resolution, even when learning highly non-self-adjoint operators,

as the approximation error does not degrade when testing the network at a higher

resolution.

The relative error plotted in Figure 5.2(a) for different convection coefficients

shows two distinct regimes as the size of the training dataset is increased. There

is an initial exponential decay of the error up to 10 training pairs, followed by a

stagnation at small relative error. These results agree with previous experiments

performed in [32] and suggest that one can approximate non-self-adjoint operators

with few training data using deep learning. However, our experiments show that

the plateau in relative error increases with the magnitude of the convection coeffi-
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cient c, suggesting that there is a systematic component of the error that increases

with the non-self-adjointness of the operator we seek to learn.

To study the systematic error introduced by non-self-adjoiness, we progressively

increase the magnitude of the perturbation in Equation (5.3) and report the cor-

responding loss function after training and relative errors for the learned Green’s

function in Figure 5.2(c)-(d). Using a linear least squares regression (R2 = 0.78),

we observe that the relative error increases linearly with the magnitude of the

perturbation. At the same time, the loss function after training remains relatively

small between 10−6 and 10−5. The discrepancy between the magnitude of the

loss function and the relative error is because the loss function is a relative mean-

squared error, while the error reported in Figure 5.2(d) is measured as a relative

L2-error between the exact and learned Green’s functions. Finally, we observe

in Figure 5.2(d) that the variance of the errors also increases with the perturba-

tion magnitude. These numerical experiments motivate our theoretical analysis

of learning non-self-adjoint solution operators associated with PDEs in the rest of

the paper. Moreover, these numerical results lead us to introduce an adjoint-free

operator learning method that provably converges with the size of the training

dataset, and therefore does not suffer from the plateau observed in Figure 5.2(a).

5.1.2 Reconstruction of Low-Rank Matrices under Sketch-

ing Constraints

In this section, we analyze a finite-dimensional variant of the main problem. Exist-

ing sample complexity bounds for learning Green’s functions of linear PDEs, which

consider self-adjoint elliptic PDEs [35, 32] or parabolic PDEs [33], assume access
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to the adjoint operator. The proofs of these results exploit randomized numerical

linear algebra techniques, such as the randomized singular value decomposition

(SVD) [85, 120, 29], to construct low-rank approximants of the Green’s function

on well-separated subdomains. This motivates our investigation into the analogous

problem of adjoint-free recovery of low-rank matrices from matrix-vector products.

The randomized SVD is an algorithm that computes a near-best low-rank ap-

proximant to a matrix F ∈ Rn×n from matrix-vector products with a random input

matrix X ∈ Rn×s using a two-stage procedure. First, one sketches the matrix F at

X to obtain Y = FX and orthonormalizes Y to form a basisQ, which approximates

the range of F . Then, one constructs the approximant F̂ = QQ∗F = Q(F ∗Q)∗

by sketching the adjoint, F ∗, of F . In a landmark paper, [85] showed that the

approximant F̂ is a near-best approximant to F with high probability.

If F is too large to be stored or given as a streaming model [129, 49, 180],

F = H1+H2+H3+· · · , one might not be able to view the matrix twice as in the ran-

domized SVD [120]. Several single-view algorithms have been proposed to compute

an approximate SVD of F , which visit the matrix only once, such as the Nyström

method [134, 74, 107, 167]. However, to our knowledge, every low-rank approxi-

mation algorithm based on sketching requires access to F⊤ [120, 84]. This leads

to a natural question: is there an algorithm that constructs a low-rank approxi-

mant to F without its adjoint? Recently, this question was answered negatively.

It was proven that there are infinitely many rank-k matrices F satisfying the same

matrix-vector products FX = Y and F⊤W = Z, where X ∈ Rn×k1 ,W ∈ Rn×k2 , if

min(k1, k2) < k and max(k1, k2) < n [84]. This result extends to complex-valued

matrices, so one needs k queries to F and F⊤ each for the matrix recovery prob-

lem to have a unique solution. Even if one has as many as n − 1 matrix-vector
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products with F and none with F⊤, F is not uniquely determined. Thus, this

section considers the space of these infinitely many possible rank-k matrices when

the recovery problem is underspecified and does not have a unique solution.

We aim to understand how close one can get to recovering an unknown low-rank

matrix F ∈ Cn×n from matrix-vector products with an input matrix X ∈ Cn×s,

i.e., without access to its adjoint. It has already been shown that when one does

not have access to F⊤, the possible row spaces of a matrix satisfying the same

sketch constraints as F can be arbitrarily far apart in the Riemannian metric on

the Grassmannian manifold [137]. Thus, we assume some additional structure on

our space of possible matrices, using the following notion of near-symmetry.

Definition 5.1.1 (Near-symmetry). Let F ∈ Cn×n be a rank-k matrix with singu-

lar value decomposition F = UFSFV
⊤
F . We say that F is δ-near-symmetric if its

left and right singular subspaces are δ-close, i.e., there exists a k × k orthogonal

matrix Q such that

∥U⊤
F VF −Q∥2 ≤ δ.

We show that one cannot recover an accurate low-rank approximant to F unless

F is near-symmetric. This analysis indicates that the adjoint is essential for low-

rank recovery algorithms.

Reconstruction of Near-Symmetric Matrices

We consider an unknown rank-k matrix F ∈ Mn(C) with singular value decom-

position F = UFSFV
⊤
F and aim to construct an approximant A to F satisfying

the sketch constraint AX = FX, where the test matrix X ∈ Cn×s has linearly

independent columns and rank(FX) = k. By construction, we have k ≤ s ≤ n.
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Almost every matrix X ∈ Cn×s with respect to the Lebesgue measure satisfies the

condition rank(FX) = k [137, Lem. 2.4], meaning that the queries almost surely

reveal the rank of F and its range. In randomized numerical linear algebra, the

test matrix X is typically chosen to be a random matrix following a standard

Gaussian distribution [120], but other random embeddings, such as subsampled

trigonometric transforms [181] or coordinate samplings [177, 164, 101, 74], may

also be used.

We assume that F is δ-near-symmetric (see Definition 5.1.1), but we only have

access to partial information regarding the symmetry of F , namely that F is ϵ-

near-symmetric for some ϵ ≥ δ. To quantify the resulting uncertainty about F ,

we study the set of possible matrices one could recover given this prior knowledge.

We denote this set

Ωϵ
F,X = {A ∈Mn(C) : rank(A) = k, AX = FX, ∃Q ∈ O(k), ∥U⊤

AVA −Q∥2 ≤ ϵ},

(5.4)

where A = UASAV
⊤
A is the singular value decomposition of A, O(k) is the group

of k× k orthogonal matrices, and ∥ · ∥2 denotes the spectral norm. This set might

be nonempty even when ϵ < δ, but to ensure that F ∈ Ωϵ
F,X , we must have

ϵ ≥ minQ∈O(k) ∥U∗
FVF −Q∥2. The minimum exists because O(k) is compact.

Remark 7 (Low-rank recovery algorithms and Ωϵ
F,X). Given some tolerance ϵ,

Ωϵ
F,X is the set of ϵ-near-symmetric matrices that can be returned by any low-rank

recovery algorithm when approximating F , such as the randomized SVD [85, 120]

or the Nyström method [134]. One can find a symmetric approximation in the set

using Nyström method by querying A in place of A∗.

The size of Ωϵ
F,X is measured by its diameter in the spectral norm and deter-

mines the maximum accuracy of any reasonable reconstruction. If the diameter
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is large, one cannot estimate F accurately, as one cannot distinguish between

any candidate matrix in Ωϵ
F,X . This is because any matrix in Ωϵ

F,X satisfies the

sketching constraint and is near-symmetric. On the other hand, a small diameter

guarantees the fidelity of the reconstruction. We aim to bound the size of Ωϵ
F,X ,

i.e., determine how far apart any two matrices in Ωϵ
F,X can be from each other,

with respect to ϵ, which measures our prior knowledge of F ’s symmetry. We first

provide an upper bound on the diameter of the set Ωϵ
F,X .

The upper bound relies on a preliminary lemma. Lemma 5.1.2 provides an

orthogonal change of basis, bringing a matrix U with orthonormal columns close

to another matrix V in the spectral norm sense. The difference is bounded by

the proximity of U∗V to an orthogonal matrix. For the rest of this section, σmax

and σmin respectively denote the largest and smallest nonzero singular values of a

matrix.

Lemma 5.1.2. Let U and V be two n × k matrices with orthonormal columns

and U⊤V = QlΣQ
⊤
r ∈ Ck×k be a complete SVD. Then, the orthonormal matrix

Q0 = QlQ
⊤
r satisfies

∥V − UQ0∥22 = 2

(
min

Q: Q⊤Q=I
∥Q− U⊤V ∥2

)
= 2

(
1− σmin(U

⊤V )
)
.

Proof. We first consider the SVD of the matrix U∗V as U∗V = QlΣQ
∗
r and intro-

duce the orthonormal matrixQ0 = QlQ
⊤
r . Let d = minQ: Q⊤Q=I ∥Q−U∗V ∥2 denote

the distance between the k × k matrix U∗V and the set of orthogonal matrices.

In general, from a result for unitarily invariant norms [70, Thm. 1], if A is a

square matrix with ∥A∥2 ≤ 1 and has complete SVD A = UΣV ∗, then

min
Q: Q⊤Q=I

∥Q− A∥2 = 1− σmin(A) (5.5)
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is achieved by Q = UV ∗. Applying Equation (5.5) to U∗V yields a characterization

of d with the smallest singular value of U∗V as σmin(U
∗V ) = 1 − d. Let x ∈ Rk

be a unit vector, then v = V x and u = UQ0x have norm 1 because U and V

have orthonormal columns. Moreover, u⊤v = x⊤Q⊤
0 U

⊤V x = x⊤QrQ
⊤
l QlΣQ

⊤
r x =

x⊤QrΣQ
⊤
r x ≥ σmin(U

⊤V ) = 1 − d, with equality when x = Qrek. Using similar

triangles in the (u, v)-plane, we readily obtain

1− u⊤v

∥u− v∥ =
∥u− v∥

2
,

which implies that∥V x−UQ0x∥2 = ∥v−u∥2 = 2(1−u⊤v) ≤ 2d, with equality when

x = Qrek. Finally, taking the supremum over x, ∥V − UQ0∥22 = supx: ∥x∥=1 ∥V x−

UQ0x∥2 = 2d, which concludes the proof.

We are now ready to state Theorem 5.1.3, which provides an upper bound on

the diameter of the set Ωϵ
F,X defined in Equation (5.4).

Theorem 5.1.3 (Upper bound). Let 0 ≤ δ ≤ ϵ < 1, F ∈ Mn(C) be a δ-near-

symmetric rank-k matrix, and X ∈ Cn×s be a test matrix with s ≥ k orthonormal

columns such that rank(FX) = k. Let F = U0Σ0V
∗
0 be a slim SVD of F , and

introduce the constant c = σmax(X
∗V0)/σmin(X

∗V0)
2. If c

(√
2ϵ+

√
2δ
)
< 1, then

sup
A,B∈Ωϵ

F,X

∥A−B∥2 ≤ 4∥FX∥2
[

c2
(√

2ϵ+
√
2δ
)

1− c
(√

2ϵ+
√
2δ
)
]
.

Proof. Recalling the X has orthonormal columns and letting Φ = XX∗V0, we

observe that

F = FΦ(V ∗
0 Φ)

−1V ∗
0 .

This is easily verified using the SVD of F . We note that V ∗
0 Φ = V ∗

0 XX∗V0 is

invertible because rank(FX) = rank(F ) = k.
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Suppose that A ∈ Ωϵ
F,X and let A = UAΣAV

∗
A be a slim SVD. Then A =

FΦ(V ∗
AΦ)

−1V ∗
A , as one can verify using the SVD of A and the identity FΦ =

AΦ. For any invertible k × k matrix Q (later on Q will be orthogonal), A =

FΦ(QV ∗
AΦ)

−1QV ∗
A . By the triangle inequality,

∥F − A∥2 ≤ ∥FΦ∥2∥(V ∗
0 Φ)

−1∥2∥VAQ
∗ − V0∥2 + ∥FΦ∥2∥(V ∗

0 Φ)
−1 − (QV ∗

AΦ)
−1∥2.

(5.6)

We use a perturbation argument to show that V ∗
AΦ is invertible, to choose Q, and

to bound each term in the above equation.

By Lemma 5.1.2 and Equation (5.5), there exist orthogonal matrices Q0 and

QA satisfying ∥V0 − U0Q0∥ ≤
√
2δ and ∥VA − UAQA∥ ≤

√
2ϵ. Since Range(UA) =

Range(U0) there is an orthogonal matrix Q̃ such that UAQA = U0Q̃. Letting

Q = Q0Q̃ we obtain

∥VAQ
∗ − V0∥2 = ∥VA − V0Q∥2 ≤ ∥VA − UAQA∥+ ∥U0Q̃− V0Q0Q̃∥2 ≤

√
2ϵ+

√
2δ

(5.7)

A classical perturbation bound for the difference between the inverse of two ma-

trices S and T is [96, Ch. 1, Eq. 4.24]

∥S−1 − T−1∥2 ≤
∥S − T∥2∥T−1∥22

1− ∥S − T∥2∥T−1∥2
.

Applying this with S = QV ∗
AΦ and T = V ∗

0 Φ gives

∥(QV ∗
AΦ)

−1 − (V ∗
0 Φ)

−1∥2 ≤
(√

2ϵ+
√
2δ
)
∥Φ∥2∥(V ∗

0 Φ)
−1∥22

1−
(√

2ϵ+
√
2δ
)
∥Φ∥2∥(V ∗

0 Φ)
−1∥2

,

where

∥(QV ∗
AΦ)− (V ∗

0 Φ)∥2 ≤ ∥VAQ
∗ − V0∥2∥Φ∥2 ≤

(√
2ϵ+

√
2δ
)
∥Φ∥2,

by Equation (5.7). A quick computation shows that

∥Φ∥2∥(V ∗
0 Φ)

−1∥2 = ∥X∗V0∥2∥(V ∗
0 XX∗V0)

−1∥2 =
σmax(X

∗V0)

σmin(X∗V0)2
= c,
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and that ∥FΦ∥2 ≤ ∥FX∥2∥X∗V0∥2 = ∥FX∥2∥Φ∥2. The condition that c
(√

2ϵ +
√
2δ
)
< 1 ensures that both QV ∗

AΦ and V ∗
AΦ are invertible. Using these results in

Equation (5.6) and collecting terms yields

∥F − A∥2 ≤ ∥FX∥2
(√

2ϵ+
√
2δ
)
[
c+

c2

1− c
(√

2ϵ+
√
2δ
)
]

≤ 2∥FX∥2
[

c2
(√

2ϵ+
√
2δ
)

1− c
(√

2ϵ+
√
2δ
)
]
.

Applying the triangle inequality ∥A−B∥2 ≤ ∥F−A∥2+∥F−B∥2 with A,B ∈ Ωϵ
F,X

completes the proof.

To lower bound the diameter of Ωϵ
F,X , we must show the existence of two

matrices in the set that are at least some distance apart. We generate these

matrices by perturbing F . Our argument makes use of the gap between ϵ and δ,

reflecting the gap in our prior knowledge about the near-symmetry of F .

Theorem 5.1.4 (Lower bound). Let 0 ≤ δ ≤ ϵ < 1, F ∈ Mn(C) be a δ-near-

symmetric rank-k matrix, and X ∈ Cn×s be a test matrix with k ≤ s < n or-

thonormal columns such that rank(FX) = k. Then, the diameter of Ωϵ
F,X is lower

bounded as follows:

sup
A,B∈Ωϵ

F,X

∥A−B∥2 ≥ 2

(
σmin(F )2

σmax(F )

)
arccos(1− ϵ)− arccos(1− δ)

π/2 + arccos(1− ϵ)− arccos(1− δ)
. (5.8)

Proof. We begin the proof by selecting a matrix E ∈ Mn(C), satisfying EX = 0

and

∥E∥2 =
(
σmin(F )

σmax(F )

)
arccos(1− ϵ)− arccos(1− δ)

π/2 + arccos(1− ϵ)− arccos(1− δ)
, (5.9)

which is well defined since ϵ ≥ δ. The constraint EX = 0 is satisfied by choosing

the rows of E in Range(X)⊥, which is nontrivial because s < n. Letting B =

F (I + E) = UBΣBV
⊤
B , we aim to show that B ∈ Ωϵ

F,X . First, we observe that
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Range(B) = Range(F ), that is Range(UB) = Range(UF ), because Range(B) ⊂

Range(F ) and k = rank(F ) ≥ rank(B) ≥ rank(BX) = rank(FX) = k. Following

Equation (5.5), we must show that

1− σmin(U
⊤
BVB) ≤ ϵ.

The identity σi(U
⊤
BVB) = cos(θi(UB, VB)), where θi(UB, VB) denotes the ith prin-

cipal angle between subspaces Range(UB) and Range(VB) (see [26]), yields

1− σmin(U
⊤
BVB) = 1− cos(θmax(UB, VB)),

because x 7→ cos(x) is a decreasing function over the interval [0, π/2]. Therefore,

it suffices to show that θmax(UB, VB) ≤ arccos(1− ϵ). Thanks to the main result of

[144], the largest principal angle θmax is a unitarily-invariant metric on the Grass-

mannian consisting of k-dimensional subspaces of Rn. In particular, it satisfies the

triangle inequality:

θmax(UB, VB) = θmax(UF , VB) ≤ θmax(UF , VF ) + θmax(VF , VB).

Combining the assumption on F and Equation (5.5), we have

1− δ ≤ σmin(U
⊤
F VF ) = cos(θmax(UF , VF )) =⇒ θmax(UF , VF ) ≤ arccos(1− δ),

as θ 7→ arccos(θ) is a decreasing function. Therefore,

θmax(UB, VB) ≤ arccos(1− δ) + θmax(VF , VB).

Using Wedin’s theorem [174], we obtain

θmax(VF , VB) ≤
π

2
sin(θmax(VF , VB))

≤ π

2
∥ sin(Θ(VF , VB))∥F

≤ (π/2)σmax(F )∥E∥2
σmin(F )− σmax(F )∥E∥2

,
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which means that

θmax(UB, VB) ≤ arccos(1− δ) +
(π/2)σmax(F )∥E∥2

σmin(F )− σmax(F )∥E∥2
.

Inserting the expression for ∥E∥2 given by Equation (5.9) yields θmax(UB, VB) ≤

arccos(1 − ϵ), which shows that B ∈ Ωϵ
F,X . Since the same argument shows that

F (I − E) ∈ Ωϵ
F,X , we obtain a lower bound on the diameter as follows:

diam(Ωϵ
F,X) ≥ 2

(
σmin(F )2

σmax(F )

)
arccos(1− ϵ)− arccos(1− δ)

π/2 + arccos(1− ϵ)− arccos(1− δ)
,

which concludes the proof.

Remark 8 (Orthonormal test matrices). Almost every test matrix X ∈ Cn×s

(with respect to the Lebesgue measure) has linearly independent columns. Thus,

these columns can be orthonormalized using the Gram–Schmidt process. Therefore,

without loss of generality, we can assume that the test matrix in Theorems 5.1.3

and 5.1.4 has orthonormal columns. More formally, if X̃ ∈ Cn×s is a matrix

with linearly independent columns, recovering a matrix A from the matrix-vector

products AX̃ = Y is equivalent to recovering AQ = Y R†, where X̃ = QR is a QR

factorization. Thus, our results extend to the general matrix recovery model from

matrix-vector products.

Remark 9. (Sharpness for symmetric F and areas for improvement) There are

limitations to our upper and lower bounds on the diameter of Ωϵ
F,X that we hope will

be resolved by future works. First, our upper bound becomes infinite as ϵ increases

to a finite value, whereas our lower bound saturates as ϵ is increased. On the other

hand, our lower bound vanishes when ϵ = δ, while the upper bound takes a positive

value. Despite these issues, when F is symmetric, i.e., when δ = 0, our bounds

yield

Θ(
√
ϵ) =

2c−1 arccos(1− ϵ)

π/2 + arccos(1− ϵ)
≤ sup

A,B∈Ωϵ
F,X

∥A−B∥2 ≤
4∥FX∥c2

√
2ϵ

1− c
√
2ϵ

= O(√ϵ),

236



as ϵ → 0, meaning that they are asymptotically sharp in this regime. Sharpening

our bounds when F is asymmetric is particularly challenging because little is known

about the properties of Ωϵ
F,X . To our knowledge, our work is the first to define such

a set, and we hope that future works will investigate this set more thoroughly.

The upper and lower bounds reveal that the uncertainty about F given queries

of its action is directly related to the uncertainty about the symmetry of its left

and right singular subspaces. For example, our ability to recover a symmetric

rank-k matrix using k ≤ s < n queries is fundamentally limited by our prior

knowledge about the proximity of Range(F ) and Range(F ∗) because there are

many asymmetric matrices with the same rank that satisfy the same sketching

constraints. As described above, generic n × s test matrices X are capable of

revealing the range of F , meaning that the uncertainty about F really comes from

a lack of prior knowledge about the range of F ∗. This highlights why the action of

the adjoint is essential for efficient matrix recovery without any prior information

about an operator’s symmetry, or more generally about the range of its adjoint.

5.2 Non-uniqueness of orthonormal least-squares

Suppose we are given the least-squares problem Qx = b, where Q ∈ Rm×n has

orthonormal columns. If one has access to matrix-vector products with both Q

and Q⊤, one need only compute Q⊤b = x, so only one matrix-vector product is

needed.

However, suppose one has access to matrix-vector products with Q, but not

Q⊤. We demonstrate that this is not enough information to uniquely determine the

least squares problem. We construct another least squares problem, By = b, where
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the solution y always at least some distance from x, and B is also well-conditioned.

Proposition 5.2.1. Let Q ∈ Rm×n have orthonormal columns, b ∈ Rm, and

x ∈ Rn such that Qx = b. Let X ∈ Rn×k, where k < n, be a query matrix with

orthonormal columns such that x ̸∈ col(X). Then there exists a constant δ > 0,

a matrix B ∈ Rm×n, and a vector y ∈ Rn such that QX = BX, By = b, and

κ2(B) ≤ 2, but ∥x− y∥ = δ > 0.

Proof. We denote the columns of X as x1, . . . , xk, and the outputs of matrix-vector

multiplication as Qx1 = y1, . . . , Qxk = yk. Let v ∈ Rn be a unit vector such that

v⊤X = 0. Generically we have that v⊤x ̸= 0, as we assumed that x ̸∈ col(X). (If

v⊤x ̸= 0, this is a fortunate situation in which we queried with input vectors whose

span contains the solution we are looking for; for this reason this is not further

considered.) Let δ be any constant such that 1
2
|v⊤x| > δ > 0 and δ ̸=.

Define the matrix B as follows: B = Q+ 1
2
y1v

⊤ = Q (I + 1
2
x1v

⊤). Because x1

and v are unit vectors, ∥1
2
x1v

⊤∥ = 1
2
. we can bound κ2(B) using Weyl’s inequality:

σmax(B) ≤ 3

2
and σmin(B) ≥ 1

2
=⇒ κ2(B) ≤ 3.

Also, B also has linearly independent columns and QX = BX by construction.

It remains to compute the solution y to By = b. To do so, we write the QR

decomposition of B in terms of Q. By the rank-one update formula for the QR

decomposition, we have that B = Q1R1, where

Q1 = QJn−1 · · · J1G1 · · ·Gn−1 and R1 = G⊤
n−1 · · ·G⊤

1 H1

and H1 = J⊤
1 · · · J⊤

n−1(I + 1
2
x1v

⊤). Here, Gi and Ji are Givens rotations. The

solutions to the least squares problems Qx = b and By = b are given by

x = Q⊤b,

y = R−1
1 Q⊤

1 b = H−1
1 G1 · · ·Gn−1G

⊤
n−1 · · ·G⊤

1 J
⊤
1 · · · J⊤

n−1Q
⊤b = H−1

1 J⊤
1 · · · J⊤

n−1Q
⊤b.
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Further simplifying H−1
1 using the equation for H1 yields

y = (J⊤
1 · · · J⊤

n−1(I +
1
2
x1v

⊤))−1J⊤
1 · · · J⊤

n−1Q
⊤b = (I + 1

2
x1v

⊤)−1Q⊤b

=
(
I −

1
2
x1v

⊤

1 + 1
2
v⊤x1

)
Q⊤b =

(
I − 1

2
x1v

⊤)Q⊤b

by the Sherman–Morrison formula for the inverse of a rank-one update to a matrix

and the fact that v ∈ null(X).

We can now use these equations for x and y to bound their distance.

∥x− y∥ =
∥∥Q⊤b−

(
I − 1

2
x1v

⊤)Q⊤b
∥∥

=
∥∥1
2
x1v

⊤Q⊤b
∥∥ = 1

2

∥∥x1v
⊤x
∥∥ = 1

2
|v⊤x| > δ > 0.

We assume that x ̸∈ col(X). If x ∈ col(X), then the solution to the least

squares problem for both A and B satisfying the same matrix-vector products

must be x, i.e., y = x. This is because one got very lucky and queried Q with

vectors xi whose span contains x. Algorithmically, after performing k matrix-

vector products to obtain QX, one would notice that b is a linear combination of

the output vectors, i.e., b =
∑n

i=1 αiQxi = Qx =⇒ x =
∑n

i=1 αixi by linearity.

In short, this result implies that one cannot solve a least squares problem using

only forward matrix-vector products. Moreover, the result is independent of the

algorithm or inputs used.
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CHAPTER 6

CONCLUSIONS

Many important numerical linear algebra routines are designed for matrix-free

setting, as fast matrix-vector products are often computationally efficient in the

presence of structure, and randomized sketching is an increasingly common tool

in numerical linear algebra. Moreover, exciting applications to PDE learning have

also motivated new problems in structured matrix recovery and approximation

from matrix-vector products. In this work, we laid a foundation for structured

matrix recovery by deriving algorithms and theory for many of these tasks. This

framework dovetails nicely with a new focus in our broader linear algebra commu-

nity on stability in randomized numerical linear algebra.

We began with the general notion of query complexity in Chapter 2, and con-

sidered the recovery and approximation problems for several common matrix struc-

tures, such as tridiagonal, symmetric, Toeplitz, Hankel, low-rank, and sparse. We

proceeded to consider the important class of hierarchical matrices, which accu-

rately approximate the solution operators of some PDEs. We resolved the open

question of whether one can guarantee the success of peeling-type algorithms, as

well as demonstrated hard matrix cases for some of these algorithms in Chapter 3.

Peeling algorithms have been observed to work very accurately in practice, how-

ever to the best of our knowledge, ours is the first theoretical guarantee for the

accuracy of peeling when the matrix of interest does not have exact hierarchical

structure. We also extended peeling to an infinite-dimensional analogue in Chap-

ter 4, and provided a theoretical guarantee for the sample complexity of recovering

Green’s functions corresponding to uniformly elliptic PDEs. This result justi-

fies the observed data-efficient phenomenon one encounters in operator learning.
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Finally, in Chapter 5, we removed the assumption of access to matrix-transpose-

vector products, and reconsider what is possible to learn about a matrix with only

forward access to queries. We quantified the importance of the transpose in the

problem of low-rank approximation and least-squares problems.

Many open problems remain in this area, and the present work mentions sev-

eral future directions worth investigating. Within numerical linear algebra, the

transpose-free setting of Chapter 5 raises the question: which linear algebra tasks

fundamentally require the transpose, and which do not? We may also ask how

important the structure of the inputs is to matrix recovery, and if one can derive

similar guarantees when one cannot choose freely choose inputs, which may be

closer to the application of the PDE learning setting. Input-output pairs from

e.g., Krylov methods are also worth studying. More broadly, one hopes to better

understand the query complexity of different matrix families by resolving: what is

the largest class of structured matrices that has low query complexity? Finally, it

remains to close a theoretical gap between recovery and approximation. For a fixed

class of matrices, do these problems require about the same number of queries?

In the realm of operator learning, there many more questions to consider. It

would be ideal to derive lower bounds for the sample complexity of different PDE

learning problems. Lower bounds from the hierarchical matrix setting do not im-

mediately extend to this case because not every hierarchical matrix corresponds

to the Green’s function of a PDE. Resolving this connection amounts to solving

an inverse problem, i.e., understanding how the off-diagonal blocks of a hierarchi-

cal matrix correspond to the coefficients of a PDE. One may also investigate the

perturbation theory for Green’s functions to determine how to perturb one hierar-

chical matrix in a particular way to get another which corresponds to a different
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PDE. This is also related to the question of whether PDE discovery (i.e., coefficient

discovery) is a strictly harder problem than learning a solution operator.

Hierarchical matrix techniques should also extend to the more challenging prob-

lem of hyperbolic PDE learning. This problem is significantly harder than elliptic

PDE learning, which we considered in Chapter 4, because the hierarchical struc-

ture of the Green’s function is not known in advance. Recent work has employed

a strategy for testing each block individually for low-rank structure, and then

recovering one low-rank block at a time, resulting in an ε−6 in the sample com-

plexity [171]. One hopes to exploit ideas from peeling, where many blocks are

recovered simultaneously, to dramatically reduce this constant. This also moti-

vates a related problem in numerical linear algebra, where one may wish to find a

near-optimal hierarchical partitioning of a given matrix.

Finally, thus far, theory for operator learning techniques have been restricted

to the setting of linear operators. Next, we must tackle the question of whether

one can provide guarantees or rigorous algorithms for the task of nonlinear PDE

learning.

Matrix recovery and operator learning are conceptually closely related, and in-

teresting phenomena in one area may motivate fascinating problems in the other.

For example, the data-efficiency of elliptic PDE learning led us to work to under-

stand the stability of the peeling algorithm, an important tool in numerical linear

algebra. As each of these fields evolves, many more intriguing questions are bound

to arise. We see the present work as laying a foundation of algorithms and theory

that will equip us to tackle these future problems.
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