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Algorithms and theory are developed for the task of recovering a structured, un-
known matrix A from matrix-vector products x — Az and y — A'y. Upper and
lower bounds on the number of matrix-vector products necessary to recover many
common structured matrix families, such as tridiagonal, Toeplitz, Hankel, low-
rank, hierarchical, and sparse matrices, are provided. For sparse and hierarchical
matrices, the more general problem of near-optimal approximation from matrix-
vector products is analyzed. This research is motivated by the field of operator
learning, where one wishes to recover an infinite-dimensional operator from only
operator-function products. The problem of matrix recovery and approximation
also encompasses important current research directions in numerical linear algebra,
such as low-rank approximation and diagonal estimation.

Algorithms and theory for hierarchical matrix recovery are extended to infi-
nite dimensions for recovery of the Green’s function of a uniformly elliptic PDE
over a 3D domain with Lipschitz-smooth boundary subject to Dirichlet boundary
conditions. We prove that one can accurately approximate the Green’s function
with relatively few input-output pairs of forcing terms and solutions by exploiting
hierarchical low-rank structure and PDE theory.

Throughout the work, it is a central question whether one can prove an accuracy
guarantee for peeling algorithms, which recover hierarchical matrices from matrix-

vector products using a recursive strategy that may result in a large accumulation



of error. Upper bounds on the error of peeling-type algorithms are provided in both
the finite and infinite-dimensional settings. In infinite dimensions, a combination
of Green’s function theory for elliptic PDEs and an adaptive adjustment of the
target rank at each hierarchical level are needed. In finite dimensions, the choice
of low-rank approximation algorithm is shown to be crucial, and a perforated sketch
structure based on CountSketch is also employed. In each setting, perturbation
analysis for low-rank approximation techniques such as the randomized SVD and
generalized Nystrom method is provided. The first theoretical guarantees for the
accuracy of peeling algorithms are presented, as well as the existence of hard cases
for which these algorithms accumulate uncontrollable error.

Lastly, motivated by realistic settings in PDE learning and numerical linear
algebra, the assumption of access to the action of the transpose of a matrix, y
ATy, and adjoint of an operator is removed. Transpose-free techniques for matrix
recovery and least squares problems are investigated, and transpose data is shown

to be essential to each of these problems.
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CHAPTER 1
INTRODUCTION

This thesis addresses the following problem: given a structured, unknown matrix
A € RY*N that one can only query with matrix-vector products z — Ax and y
ATy, how can one approximate A using as few queries as possible? This question
is fundamental to the matrix-free model of computation, where one solves linear
algebra problems using only matrix-vector products with a matrix, as opposed
to accessing all of its entries. Matrix-free methods are vital for several reasons.
First, in problems involving vast amounts of data (e.g., representing pixels of a
high-resolution image or atoms in electronic structure calculations), matrices of
interest may be too large to store explicitly. Matrix-vector products enable us to
still work with this data in an efficient manner. Secondly, there is an arsenal of
fast matrix-vector multiplication algorithms which one can exploit in matrix-free
methods. Finally, one may have implicit access to matrix-vector products, even
when the underlying matrix is unknown. For example, one can simulate queries
with a discretized Green’s function using experimental data, or implicitly query

the Hessian matrix of a neural network using backpropagation.

The matrix-free model encompasses the highly successful Krylov methods,
which query Ab, A%b, A3b, ... to solve linear systems and compute eigenvalues and
eigenvectors. Recently, randomized matrix-vector products, or “sketches,” con-
stitute an increasingly popular tool for reducing the dimensionality of a matrix,
enabling fast algorithms for least-squares problems and low-rank approximation.
We examine the “complexity” of common structured matrices in the matrix-free
model by investigating the number of queries needed for recovery. We also explore

the impact of adaptivity and randomness in the inputs on these problems. Our



work synthesizes two aspects of ongoing research in numerical linear algebra: the
rise of the matrix-free model of computation and the prevalence of structured ma-
trices (e.g., diagonal, Toeplitz, and low-rank) in applications. We also open the

door to theory for operator learning, a growing area of scientific machine learning.

We describe practical recovery algorithms, as well as establish theoretical upper
and lower bounds on the number of sketches needed to recover common structured
matrices. We pay special attention to low-rank and so-called hierarchical low-rank
structure, which frequently arise in the solution of partial differential equations
(PDEs) and computational science. The chief goal of this work is to establish a
cohesive framework for matrix recovery, which encompasses popular matrix-free
tools for low-rank approximation, trace and diagonal estimation, testing for prop-
erties like symmetry and rank, and graph problems. Each chapter contains novel

contributions to numerical linear algebra and applications to operator learning.

In Chapter 2, we consider the problems of exact matriz recovery and matriz
approzimation from matrix-vector products. Structured approximations are ubig-
uitous in numerical linear algebra, and we consider various common structures such
as symmetric, low-rank, Toeplitz, Hankel, circulant, and sparse. Exact matrix re-
covery refers to recovering the entries of a matrix in exact arithmetic when one
knows its structure in advance. Matrix approximation refers to the more general
problem where one finds a structured approximation to a general matrix. In the
exact setting, our lower bounds indicate that low-rank approximation algorithms
like the randomized SVD and generalized Nystrom method are near-optimal in the
sense of matrix-vector products. We also highlight some surprising matrix classes,
such as symmetric and orthogonal, which, despite their structure, still require the

maximum possible number of matrix-vector products for recovery.



Using ideas from compressed sensing, we propose an algorithm and derive an
accompanying accuracy guarantee for near-optimal sparse approximation of a gen-
eral matrix, when the sparsity pattern is known in advance. We also derive a
general lower bound that applies even to the well-studied case of best approxi-
mation by a diagonal matrix, and more broadly, to approximation by a banded
matrix. To the best of our knowledge, our lower bounds are the first of their kind

(adaptive or non-adaptive), even for these special cases.

In Chapter 3, we address the recovery and approximation problems for hier-
archical matrices, structured low-rank matrices which serve as useful compressed
formats that capture long-range, smooth kernel interactions arising in PDEs. Many
fast algorithms leverage hierarchical structure for factorizations, inversion, and the
solution of least squares and eigenvalue problems. In this realm, a key technique is
peeling-type algorithms, which compress a general matrix into a hierarchical format
using matrix-vector products. While peeling algorithms are observed to work well
in practice, they recover the entries of a matrix recursively and in a predetermined
order, which suggests that the approximation error may accumulate exponentially.
Thus, we propose a variant of peeling which uses a recursive projection procedure,
as opposed to recursive elimination, analogous to the difference between the QR
and LU factorizations. We also prove the first near-optimal error guarantee and
derive the first hard cases for peeling-type algorithms. We demonstrate that the
generalized Nystrom method damps the error in peeling, whereas the randomized

SVD can propagate uncontrolled exponential error in the approximation.

The second half of this thesis focuses on recovery problems in the operator learn-
ing setting. In Chapter 4, we develop an infinite-dimensional version of the peeling

algorithm to approximate the Green’s function associated with a uniformly elliptic



PDE in 3 dimensions defined on a domain with Lipschitz smooth boundary sub-
ject to Dirichlet conditions. We prove that our algorithm achieves e-accuracy with
high probability using only O(log”(1/¢)) operator-function products, i.e., pairs of
forcing terms and solutions. Our proof exploits a generalization of the random-
ized SVD to Hilbert—Schmidt operators, the regularity of Green’s functions, and
a careful analysis of the peeling algorithm at each level in the hierarchy. We thus
upper bound the sample complexity of the problem, providing a theoretical expla-
nation for the so-called data-efficient phenomenon, where operator neural networks

require little training data to “learn” the solution operator of an elliptic PDE.

In the operator learning setting, it is highly impractical to assume access to
adjoint-operator-function products (the analogue of transpose-matrix-vector prod-
ucts). This motivates the subject of Chapter 5, where we provide an in-depth
analysis of the problem of transpose-free low-rank recovery. We show that without
prior information about the right singular vectors, it is practically impossible to ef-
ficiently recover a low-rank matrix from only forward matrix-vector products. We
prove rigorous guarantees on the quality of the low-rank reconstruction in terms
of how close the matrix is to symmetric. This idea mirrors results in operator
learning, which show that one can exploit regularity results from PDE theory to
estimate the range of the adjoint of the solution operator. Thus, prior information
is needed to guarantee the accuracy of an adjoint-free approximation. We also

demonstrate that the transpose is essential for sketched least-squares problems.



1.1 Query complexity

Suppose that there is an unknown structured matrix A € R¥*¥ that one can only
access via the matrix-vector product operations z — Az and z — A"z, where
AT is the transpose of A. We denote the number of matrix-vector product queries
made to A and AT by sp and s;, respectively. How can one recover A while

minimizing the total number of matrix-vector product queries s = sy, + sg?

Any matrix can be recovered in at most N queries, as it can be recovered
column-by-column with Ae; for 1 < 57 < N, where e; is the jth canonical unit
vector. However, if A is known to have a structure such as tridiagonal, symmetric,
orthogonal, Toeplitz-like, or hierarchical low-rank, one hopes to recover A in fewer
queries. To phrase our question more formally, we introduce the definition of query

complexity, borrowing terminology from a survey of a more general problem [158].

Definition 1.1.1. Suppose A C RN*N s q family of structured matrices. Given
matrices X € RN*% and Y € RV**2 we define the maps fx : A — RY** and
gy : A — RV**2 g5 £y (A) = AX and gy(A) = ATY. Then, the query complexity
QC(A) is equal to s if s is the smallest natural number for which there ezists an
0 <sp<sandsy=s—sg and there exist input matrices X € RN*sr Y ¢ RN*sL

such that the maps fx and gy are injective.

Informally, the query complexity is the maximum over all matrices A € A of
the smallest total number of queries s = sy + s to A and AT needed to uniquely
recover A within A. In particular, there is no other matrix A" € A satisfying the

same sp matrix-vector products with A and s; matrix-vector products with AT.

Query complexity is a measure of the information or complexity of a family of



structured matrices from the matrix-vector product perspective. This is a natural
notion due to both the highly efficient matrix-free model of computation, as well
as the prevalence of structure in many applications in data science and scientific
computing. Investigating the query complexity of different matrices yields efficient,
matrix-free algorithms that exploit structure, as well as a theoretical understanding

of the limits of these techniques.

In the present work, we address the following questions: given a particular
structured family of matrices A, what is QC(A)? If we know in advance the
structure of A, can we devise a practical algorithm that recovers any matrix A €
A in QC(A) queries? The column-by-column approach yields the upper bound
QC(A) < N for any family A of N x N matrices.

There are two main types of vector inputs in matrix recovery problems: (1)
Predetermined input vectors, where one tries to recover A from given matrix-vector

I and

product pairs 3 = Aus,...,ys, = Au,, and 2 = ATvl,...,zsL = ATUSL,
(2) Algorithmically-determined input vectors, where an algorithm can select the
u;’s and v;’s used in the queries Auy, ..., Aus,, ATvy, ..., ATvs,. We also distin-
guish between adaptive and non-adaptive queries. Adaptive inputs u and vy may
depend on Auyq,...,Au,_1; and Avq,..., Avp_;. Finally, we consider both deter-
ministic and randomly generated input vectors. Importantly, Definition 1.1.1 does
not distinguish between different types of input vectors, so that query complexity

describes even the “best possible” inputs for a given recovery problem. We provide

a summary of recovery algorithms developed in this work in Table 1.1.

There are several existing approaches for matrix recovery problems from

matrix-vector products. If we know in advance that a matrix is well-approximated

IThis is equivalent to trying to simultaneously solve matrix equations of the form Y = AU
and Z = ATV for a structured matrix A.



Structure #x— Ax #Hr— Alx

diagonal® 1 -
block-k diagonal* k 0
tridiagonal* 3 0
symm. tridiag.? 2 -
rank-k k+p k

symm. rank-k k+p -
circulant? 1 0
circulant-plus-diagonal* 2 0
Toeplitz or Hankel* 2 0
symmetrict N -
orthogonal* N 0

Toeplitz-like 2p+4 op + 8
p-HSS rank-£ 6k + 2p 2k
symm. p-HSS rank-% Sk +p -
HODLR rank-k (6k + 4p)[logy(N)]  4k[logy(N)]

symm. HODLR rank-k (6% + 2p)[logy(N)] -

Table 1.1: A summary of deterministic and randomized matrix recovery algorithms
for structured matrices from matrix-vector products. There exists a randomized
algorithm for all structures, and for some structures, randomization is essential.
Each of the randomized algorithms performs exact recovery with a success prob-
ability of 1. In the table, I denotes the existence of a deterministic algorithm.
The oversampling parameter p can be though to of as a constant, e.g., p = 5,
and is needed for recovery algorithms using randomized linear algebra. For HSS
and HODLR matrices, ¢ is such that the diagonal blocks are size 2° x 2¢ (see Sec-
tions 3.1.1 and 3.1.4). The number of queries listed in the table is biased toward
using matvecs with A over AT whenever possible.

by a rank-k matrix, the randomized singular value decomposition (SVD) [85, 120]
selects random Gaussian input vectors and can stably recover it with high proba-
bility 1 — 6p™® using m = k 4+ p and n = k + p, where p is a small fixed constant,
i.e., p = 5. One can also use the generalized Nystrom algorithm to stably recover
such a matrix with m = k + p and n = 2m + p [130, 167]. Peeling algorithms use
structured random vectors and a recursive elimination procedure to recover hierar-
chical low-rank matrices [111, 117, 106]. Moreover, sparse matrices with columns
that have a disjoint sparsity pattern can be recovered with one query [151, Fig. 1],

which leads to an algorithm to recover positive semidefinite hierarchical matrices.



Another family of hierarchical matrices, hierarchical semiseparable (HSS) matrices
can be recovered with a linear-complexity algorithm that exploits a telescoping

factorization [105].

If one does not know if an unknown matrix A is structured or not, then there
are algorithms for testing if a matrix has a particular property using matrix-vector
products. Property detection is often easier than matrix recovery, requiring far
fewer queries. In particular, only O(1) queries are required to determine with high
probability if a matrix is diagonal or symmetric, and precisely 1 query is necessary

to determine if a matrix is orthogonal [158].

Our motivation for matrix recovery from matrix-vector products arises from
partial differential equation (PDE) learning [35]. In that setting, one selects forc-
ing terms fi,..., fs, of a PDE and then observes the corresponding solutions
Ui, ..., Us,. The goal is to learn the solution operator that maps forcing terms to
responses, given training data {(f;, u;)};%, [30, 73, 99, 108, 109, 113, 172]. For the
case of an elliptic or parabolic linear PDE, the solution operator can be represented
as an integral operator, and we seek its Green’s function kernel [35, 33]. The dis-
crete version of Green’s function recovery is hierarchical low-rank matrix recovery
from matrix-vector products. For variable coefficient elliptic PDESs, the discretized
Green’s function resembles a so-called hierarchical off-diagonal low-rank (HODLR)
matrix (see Figure 1.2), as its off-diagonal blocks have rapidly decaying singular
values [18]. For constant coefficient elliptic PDEs, the discrete analogue is the
recovery of a special type of HODLR matrix, the so-called hierarchical semisepa-
rable matrices, sometimes also called hierarchical block separable (HBS) matrices

(see Section 3.1.1). In this paper, we use the HSS notation.

There are other emerging applications of matrix recovery from matrix-vector



products, including the computation of matrix functions, i.e., f(A), where f(A)
is structured, from the matrix-vector products = — f(A)x [138]. Other settings
include when A is the Hessian of an optimization problem that can be applied
efficiently to vectors (e.g., via back-propagation for neural network loss functions

in machine learning) [141, 88] or a data matrix in compressed sensing [93].

1.2 Operator learning

Operator learning is an emerging field that combines physics and machine learning
to recover information about physical systems from data. In this thesis, we con-
sider partial differential equations over a bounded domain D C R? with Lipschitz-

smooth boundary of the following form:
Lu=f

subject to zero Dirichlet boundary conditions, where £ : H*(D)NH (D) — L*(D),
is a linear partial differential operator, u : D — R is a solution, and f : D — Ris a
forcing term. Here, H? is the sth Sobolev space, Hj is the closure of the infinitely
differentiable functions compactly supported in  in H*(D), and L?*(D) is the set
of square-integrable functions over D. More specifically, we consider the family of

elliptic PDEs, which take the divergence form
Lu= -V - (A(z)Vu),

where A(z) € R¥? is a symmetric positive definite matrix for every z € D with
ke = SUp{ Amax(%)/Amn(2)|z € D} < 00, and A has bounded coefficients, i.e.,
A;j € L®(D) for 1 <i,j < d. Here, Apax and Apin denote the smallest and largest

eigenvalues of A(x).



In operator learning, in contrast to the related problems of PDE discovery
and solving [36], one accesses input-output pairs of forcing terms and solutions
{(fi,wi)}:E, to approximate the solution operator, which maps forcing terms to
solutions [30, 73, 99, 108, 109, 113, 172]. To this end, inspired by recent progress in
machine learning, neural operators have been developed to learn mappings between

infinite-dimensional spaces [99].

There are many motivations for operator learning. When nothing is known
about a physical system of interest, one hopes to uncover unknown physics in
the form of dynamical systems or PDEs [113]. These techniques have succeeded
in revealing important physical insights, such as symmetry and singularities of
the operator [30]. Even when the PDE is already known, operator learning can
be used to build reduced order models and speed up existing numerical solvers.
This has been used in the place of traditional numerical methods when very fine
discretizations are needed, or when one needs to cheaply evaluate the solution
operator many times. Already, operator learning has achieved some success in
modeling turbulence flows [108], aiding diffusion model sampling [188], solving

inverse problems [126], and surrogate modeling for uncertainty quantification [163].

While the exciting recent advances in operator learning signal great promise
for the field of scientific machine learning, practice has rapidly outpaced theory.
In particular, data generation of pairs (f,u) can be prohibitively expensive, as it
requires running a costly experiment or simulation. The training time and memory-
intensive nature of deep learning models is also something to keep in mind when
comparing against more classical numerical methods. For this reason, there is an
urgent need to theoretically quantify the type and amount of data needed for PDE

learning to achieve high accuracy. This question is closely related to that of query

10



complexity for matrix recovery from matrix-vector products. To see why, we state
the problem of PDE learning in terms of Green’s function recovery. Given an L
under our assumptions, a Green’s function G : 2 x 2 — R U {oo} is a kernel

operator which can be uniquely associated with a PDE. In particular, G satisfies

u(x) = /DG(x,y)f(y)dy for all z € D. (1.1)

Instead of learning the solution operator from data, one may equivalently recover
the Green’s function kernel G in Equation (1.1) [35, 33]. For d < 3, G is square-
integrable, and the discrete analogue of Green’s function recovery from operator-
function products satisfying Equation (1.1) is matrix recovery from matrix-vector
products. Moreover, any knowledge about G can be leveraged to recover the
corresponding matrix using as few queries as possible. For example, it is known
that G admits a separable expansion analogous to low-rank factorization over well-
separated subdomains [18], and a similar result has been shown in the case of time-
dependent parabolic PDEs [33]. Prior knowledge about the structure of G can be
exploited in both practical operator learning architectures for PDE learning [30], as
well as for deriving sample complexity guarantees for the problem at hand [35, 32].

This thesis is largely motivated by the latter question.

1.3 Low-rank matrices

Low-rank matrices are pervasive throughout computational mathematics, machine
learning, and statistics [169]. Often, one wishes to find the best rank-k approx-
imation to a general matrix A € RM*Y (denoted as Ay), which is equivalent to

solving the following optimization:

A = argmin ||A — B||r where rank(B) = k. (1.2)

BERNXN
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Here, and throughout the rest of this work, || - || denotes the Frobenius norm.
One may also solve the optimization Equation (1.2) in the spectral norm || - |2,
i.e., the largest singular value of a matrix. Given the singular value decomposition

(SVD) of A, the Eckart—Young theorem provides Ay:

Theorem 1.3.1 (Eckart-Young). Given A € RN*YN write A’s SVD as A =
UXVT. Here, U € RN and V€ RY*N are orthogonal matrices of left and
right singular vectors respectively, and ¥ € RYN*N is a diagonal matriz whose ith
entry is A’s singular values o; in non-increasing order. Then, the best rank-k ap-

proximation Ay which solves Equation (1.2) is the matriz given by the truncated

SVD:
k
A = Z aiuiv:,
i=1

where u; and v; are the ith columns of U and V', respectively, and the error of the
approximation is given by

N 1/2
HA_Ak”F = (Z Ui(A>2> . (1-3)

i=k+1

Thus, computing the SVD of a matrix is a way to obtain its low-rank approxi-
mations. Because computing the SVD can be computationally expensive for large
N, there is a plethora of low-rank approximation techniques for finding a near-
optimal approximation without having to compute the entire SVD, e.g., by instead
using random test vectors [120], such as random perturbations [5], sparse sign ma-
trices [50, 122, 133, 170], and subsampled trigonometric transforms [4, 5, 139, 181].
By near-optimal approximation, we mean an approximation which achieves an er-
ror slightly larger than that of the optimal approximation, (say, up to multiplica-
tion by a small factor). In the present work, we focus on two particular low-rank
approximation techniques: the randomized SVD (RSVD) [85] and the generalized

Nystrom Method [49, 167, 130], summarized below for a general matrix B € RM*V,
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We emphasize that these are descriptions of the algorithms in the exact mathe-
matical form that facilitates our analysis, not necessarily descriptions of stable

implementations. For discussions of stable implementations, see [85, 167, 130].

Algorithm. Randomized SVD
1: procedure RSVD(B, k, sg)
2 Qe RV¥®R Qi ~ N(0,1) idd. forall 1 <i< N,1<j<sg
3 @ = orth(BN)
4 X=Q'B > argming ||B — QZ||F
)
6:

return QX

end procedure

Algorithm. Generalized Nystrom Method
1: procedure GNM (B, k, sg, s1,)

2 Qe RV¥R Q0 ~ N(0,1) idd. forall 1 <i< N,1<j<sg
3 ¥ e RV*SL Wy ~ N(0,1) idd. forall 1 <i< N,1<j<s,
4: Q = orth(B)
5

6
T

X=(0'Q)v'B > argming |[U'B - UTQZ||F
return QX

end procedure

Here, the subroutine orth() takes in a matrix and returns an orthonormal ba-
sis for its column space. We can take this operation to return the () factor of a
column-pivoted QR decomposition. Both methods first compute an orthonormal
basis ) for the column span of the matrix B2, formed by multiplying B by a
random sketching matrix €2 with sp columns. Throughout, we take €2 to be Gaus-
sian for simplicity, although most other popular sketching distributions, such as
Rademacher, sparse maps, and subsampled randomized trigonometric transforms,
can also be employed [120]. While other distributions may be even faster to work

with, we use the explicit bounds developed for Gaussian matrices to rely on existing
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theory for both the randomized SVD and the generalized Nystrom method.

RSVD then projects B onto this column span and forms the best rank-k ap-
proximation of the result. Generalized Nystrom follows the same idea, but instead
computes an approximate projection of B onto () by using a second sketch ¥ on

the left. In particular, the generalized Nystrom returns the rank-k approximation
AQ(UTAQ) T A, (1.4)

where t denotes the pseudo-inverse. In contrast to the randomized SVD, the
generalized Nystrom method requires only one pass over the matrix and therefore
uses non-adaptive sketches. In the case that A is symmetric positive definite,
the generalized Nystrom method tends to be preferable to the randomized SVD
because it naturally preserves symmetry and is faster. Additionally, a variant of
the generalized Nystrom method has been introduced to overcome instability when

A is symmetric, but possibly indefinite [132].

If rank(B) < k, RSVD and generalized Nystrom both recover B exactly (with
probability one) if, respectively, sy > k or sg,s, > k. More generally, these
methods can obtain a near-optimal low-rank approximation for arbitrary B. In
particular, if sy = O(k/fB), then the output of RSVD satisfies ||B — QXi|[r <
(14 B) - || B — Bgl||r with high probability [149]. The output of generalized Nystrém
gives the same guarantee when sy = O(k/3) and s, = O(k/3%) [167]. The following
is a more recent near-optimality guarantee for the randomized SVD, with more

explicit bounds [29, Theorem 1].

Theorem 1.3.2 (Halko, Martinsson, Tropp). Let A € RM*N with singular values
01 > 09 > ---, and choose a target rank k > 2 and an oversampling parameter

p > 4 satisfying k +p < min{M, N}. Then, for all u,t > 1, the projection QQ" A
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returned by the randomized SVD algorithm satisfies the approrimation error

T [ 3k
[A-QQ Alr < (1+t m)

with failure probability at most 2t™P + e v

ora(4) (L)

By comparing Equation (1.5) and Equation (1.3), we can factor Equation (1.5)
to obtain a near-optimality constant and show that the error of the randomized
SVD is close to the best-possible error in the Frobenius norm, while its computa-
tional cost is much lower than that of obtaining the optimal rank-k approximation.
There exist error bounds in the spectral norm as well [85, Theorem 10.8], however
they are not near-optimal in the same sense. In fact, if one could achieve the
same near-optimal bound in the spectral norm for all input sketches, one could
compute || Ag||o and derive a near-optimal approximation of ||Al|s using fewer than
N sketches, which would violate the lower bound in [180, Chapter 6.2] An er-
ror bound close to Equation (1.5) has been proven for the stabilized generalized

Nystrém method [130].

1.4 Hierarchical matrices

There are several different types of hierarchical low-rank matrices, including H-
matrices and H2-matrices. In this work, we consider one of the most general classes:
hierarchical off-diagonal low-rank (HODLR) matrices and hierarchical semisepara-
ble (HSS) matrices.? The vast literature on this topic, as well as the applications to
many different areas in the computational sciences, has resulted in some discrep-

ancies between definitions for these matrix structures. In this section, we provide

2This class has more recently been also referred to as hierarchical block-separable (HBS) [105].
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the definitions that the present work relies upon and conventions that we adopt

throughout this thesis.

A hierarchical matrix has a recursive structure, where diagonal blocks are it-
eratively subdivided into smaller blocks. Informally, as its name would suggest, a
HODLR matrix’s blocks which do not intersect the diagonal are low-rank. In order
to define HODLR and HSS matrices, we first introduce the definition of a hierar-
chical tree, which allows us to easily refer to different subblocks of a hierarchical

matrix (see Figure 1.1).

Definition 1.4.1. Let A € RV*N and T be the index set of A, so that T =
[1,2,...,N|. For simplicity, we suppose that N is a power of 2. A’s hierarchical
tree T is a binary tree of depth 1 < L < logy(N) whose root vertex represents I.
At every subsequent level 1 < ¢ < L, any pair of sibling nodes o, 3 with parent
v represent the index sets I, and Lg, which consecutively partition I, that is,

To=1[1,...,n0l and Ig = [no + 1,...,|Z,|] for some 1 < ny < |Z,]|.

In practice, one selects the depth L based on how fine a partition is desired.
Additionally, one often uses a balanced binary tree, where the index sets at each
level are roughly of the same size. To ensure that our index sets are well-defined,
we use the convention that N is a power of 2; however, hierarchical techniques can
be easily extended to more general partitions. Admissibility describes whether a

pair of nodes in the hierarchical tree corresponds to a low-rank block.

Definition 1.4.2. Given a matriv A € RN*N with hierarchical tree T, a pair

of nodes (a, 3) € T s called admissible if the subblock A(Z,,Zg) is of low rank’

3Some works alternatively require that these blocks are of low numerical rank, i.e., having
singular values after the target rank drop below a certain threshold. However, in this work, we
already distinguish between the two settings of exact recovery and approximation from matrix-
vector products, and the numerical low-rank case fits into the latter setting of hierarchical matrix
approximation, which we address in Section 3.2.
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Figure 1.1: An illustration of the correspondence between pairs of nodes in a
hierarchical tree and subblocks of the partitioned hierarchical matrix. Vertices of
a given color indicate the corresponding subblock of the same color.

relative to the dimensions of the block.

Intuitively, if a hierarchical matrix represents a kernel operator, its low rank
subblocks signify approximately smooth interactions between points in the do-
main. Hierarchical matrix techniques can also be viewed as matrix analogues
for functional approximation algorithms like the Barnes—Hut and Fast Multipole

methods [13, 77], which are analogous to HODLR and HSS matrices, respectively.

In this work, for ease of notation, we consider HODLR matrices with the
“weakly-admissible” partition, unless otherwise noted. This means that any hi-
erarchical tree we consider is a balanced binary tree, and if two nodes o # [ are
siblings, then they are an admissible pair corresponding to a low-rank block. This

structure is illustrated in Figure 1.2 and formally defined below.

Definition 1.4.3. Fiz a rank parameter k and leaf level L. An N x N matriz A is
HODLR(N,k,L) if L =0 and N < k orif A can be partitioned into (N/2) x (N/2)

blocks

. Arg Aip
Asq Asp

such that Ayo and Asy are each of rank at most k and Ay and Ay are each
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HODLR(N/2,k,L — 1). Here, the integer L > 0 denotes the number of levels of

the partition, so that the dimension N = Nyg - 2L for some Nygee < k.

All W3Z;—
W27
I'JB‘/E),—r A22
WoZd
Ass W4ZI
UV,
UdV,"| Au
A =
A55 W5Z;—
Wz
U5‘/5T A66
UV,
A77 W(;Zér
Al
Uﬁ‘/ﬁT ASS

Figure 1.2: A HODLR matrix after three levels of partitioning. The matrices U;,
Vi, Wi, and Z; have at most k columns, and the A;;’s will be partitioned further
until a chosen stopping point.

HODLR structure is an ideal data-sparse format for computing, and the hm-
toolbox library has been developed to work with such matrices [121]. In particular,
a matrix in HODLR(N, k, L) can be stored with just O(NkL) parameters, as
opposed to O(N?), as there are L levels and O(Nk) parameters define the low-
rank factors at each level. Similarly, there exist very fast routines for HODLR
matrices, e.g., matrix-vector multiplication and matrix-matrix addition cost just
O(NkL) operations, inversion costs O(k*N L?) operations [80], and one can solve
HODLR linear systems in just O(Nk?L+ Nk?L?) time [12]. In applications, there
are numerous fast techniques involving HODLR matrices, such as computing an

approximation to a boundary integral operator in the plane in O(k*N) time [118].
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HSS matrices are special cases of HODLR matrices, as are other well-studied
structured classes, like diagonal plus low-rank matrices [128, 168, 24]. In addition
to having off-diagonal low-rank blocks, HSS matrices also satisfy a nested basis
property, and the distinction between HSS and HODLR roughly corresponds to
solution operators for constant coefficient elliptic PDEs and variable coefficient
elliptic PDEs, respectively. This nestedness often reduces the L < log, (V) factor
in the complexity of HODLR storage and algorithms, as there are shared low-rank
factors across different levels, and one therefore does not need to traverse every

level of the hierarchy to work with an HSS matrix.

There are several definitions for HSS, and each one is useful in a particular
context. For completeness, we include two definitions of HSS matrices: the nested
basis definition and the telescoping factorization definition. Before stating these

definitions, we first define the useful notion of an HSS block-row and block-column.

Definition 1.4.4. Consider the matriv A € HODLR(N, k, L) whose hierarchy
is given by the binary tree T. If a € T is a node at level £, the HSS row-block

corresponding to « is A(Zy,Z\ZLy). Similarly, the HSS column-block corresponding
to ais A(Z\ Zy, Zs).

We now state the first definition of HSS matrices, which describes the ranks of

the HSS row-blocks and HSS column-blocks at each level.

Definition 1.4.5. The matriz A € RY*YN also belongs to the class HSS(N, k, L)
if A € HODLR(N, k, L) and at every level from 1 to L, every HSS block-row and

block-column is rank-k.

While the previous definition is an intuitive description of HSS structure, the

following formulation is also useful in many fast algorithms using HSS matrices,
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such as compression [105], computation of matrix functions [42], efficient matrix-

matrix multiplications [8], and fast matrix factorizations [182].

Definition 1.4.6. Let B € RV*Y. We say that B € HSS(N, k, L) if it satisfies

B(L+1) — B’
B¢+ — U(Z)B(Z)(V(Z))T + D® fort=1,...,L, and (1-6)
B® — DO

Here, we let m = N/2L, the dimension of the leaf blocks, and then require that
D e R™™ gnd, for¢=1,...,L,

U = blockdiag (Ugg), e ,U;i)) where Uz(-e) e R™* has orthonormal columns,
V©® = blockdiag (Vgé) e ,Vé?) where Vl@ e R™* has orthonormal columns, and

DO = blockdiag (D{”,... DY) where DI € R™™,

One level of ¢ = 2 decomposition is illustrated below.

u® BO (VYT 4+ D®
: @ + E

As in the HODLR case, we assume that the binary tree is balanced and that

the size of the diagonal blocks corresponding to leaf-nodes in the tree is 2k. The
analysis for hierarchical matrices in this work extends to more general binary trees

in a straightforward way.

The two definitions of HSS matrices can be related by taking the data-sparse
representation and appropriately defining the corresponding telescoping factors [42,
Proposition 4.2]. In particular, the basis matrices U and V for each level can be

stored in the block orthonormal matrices U® and V.
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Finally, we describe an important subclass of HSS matrices. This structure
arises from the observation that is most easily seen from Definition 1.4.5. Given
all the low-rank factors corresponding to the finest leaf-node HSS block-rows and
block-columns, one can reconstruct the low-rank factors for every square block in
the weakly admissible partition at each coarser level, thus determining the blocks
up to multiplication by a k X k so-called core matrix [121]. One may therefore con-
sider the set of HSS matrices whose two largest off-diagonal blocks at the coarsest

level determine all the low-rank factors at subsequent finer levels.
Definition 1.4.7. A matric A € HSS(N, k, L) is also in p-HSS(N, k, L) if L =10
and N < k or if A can be partitioned such that its two largest off-diagonal blocks

are factored as UV and WZ", for U, V,W, Z € RN/>*¢ and the rest of A satisfies

the following recursive structure:

Hy WA, HpV (el )T
wzT
WE LY Y Hy V(LY )T Hy
A= ,
Hi U ) Hy Zz(+15, )7
uv’
U(¥+1Z¥,Z)H43Z(li%,i>—r Hyy
(1.7)
where H;; € R™* for j 4, and the diagonal blocks given by the block matrices
Hyy W(l:%,:)H12V(%+1:%,:)T
and
_W(%H L )Ho V(LA )T Hyy
His UL, ) HsaZ(B+1:5 )7
UG+1:5, ) Hs Z(1:5,) 7 Hy

are themselves in p-HSS(N/2,k, L — 1).

This recursive definition implies that each of the diagonal blocks Hj; for 1 <
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Jj < 4 in Equation (1.7) can be further partitioned into two rank-k off-diagonal
blocks, which also inherit the corresponding restricted row and column spaces of
the larger blocks. We introduce this family because it forms a large subclass of
HSS matrices (that is, a generic HSS matrix is also p-HSS). In addition to HODLR
recovery and approximation, we describe a simple recovery algorithm for p-HSS
matrices in Chapter 3, and reduce the exact HODLR recovery problem to p-HSS

recovery.

1.4.1 The peeling algorithm

Recall from Definition 1.4.3 that any HODLR(k) matrix A € RV*Y is composed
of four (N/2) x (N/2) sized blocks. The off-diagonal blocks, Ay and As;, are
rank-k and the on-diagonal blocks, A ; and A, 5, are themselves HODLR(k). The
key idea of the peeling algorithm is to first recover the low-rank off-diagonal blocks
Ay and Aj;, to implicitly subtract them from the matrix, and to then continue
on to recursively recover the diagonal HODLR(k) blocks. More formally, peeling

relies on the following observations:

Observation 1. We can perform matrix-vector products with the off-diagonal
blocks A; 5 and As; (and their transposes) using matrix-vector products with A

and AT. For instance, we can compute products with A, ; and (Az;)" by

— - — - — - — — T — — — —
A Ag| |9 o A Aip 0 (Ao1)T 0 (1.8)
Agr Azp| |0 Ay 182 Asr Agp v ~
and analogously with A; 5 and (A; )" by
— - — - — - — — T — — — —
Ain Aip] |0 A 202 A Aip v ~
= , = (1.9)
Ayy Ars| |Q ~ Asy Ags 0 (A12)TW




« 2

Here, “ ~ 7 indicates a block of the output that is typically nonzero, but we ignore
in our computations. As discussed in Section 1.3, algorithms like RSVD and
generalized Nystrom can exactly recover a rank-k£ matrix (with probability one)
using k products with each the matrix and its transpose. Thus, when A is exactly
HODLR(k), we can fully recover both off-diagonal blocks using just 4k total queries

to A (implementing k queries with each of Ay, (A12)", Agy, and (A21)7).

A N 0,

A 0, 0,

Agli Q3 \\ 3

Aff% Uy Q4

Figure 1.3: State of the hierarchical matrix at the start of the ¢ = 2 level of peeling.
The matrix A® denotes the matrix A after subtracting the low-rank off-diagonal
blocks recovered at the first level — these blocks are zero in A®) and shown as white
in the figure. For j = 1,3, we can simultaneously obtain the products Aﬁzl’ ;{2 and

the transpose-products (Agi)Lj)T\I/jH from the sketches AQ* and ATU~. Letting
Q" and ¥~ have k columns and blocks chosen to be appropriate sketching matrices,

these products can be used to exactly recover the rank-£ blocks Aﬁ)u for j =1,3.

Obtaining products with and recovering A;Q_)Lj for 7 = 2,4 can be done analogously
using Q= and ¥U*. Overall, we can recover all four rank-k off diagonal blocks at
level ¢ = 2 using just 4k queries to A (k for each of QF, Q~ UT and ¥7).

Observation 2. After exactly obtaining the blocks Ay, and A, 2, we can simul-
taneously perform matrix-vector products with the diagonal blocks A;; and Aj,

using matrix-vector products with A. In particular, we can compute for any 2y

and Ql,
Aip Aig| | Aq 28 A

Y

Asr Agp| | Agifl Az 28y

and analogously

A A vy (A1,2)T\I’2 (A1,1)T‘I’1

Agr Agp U, (A2,1)T‘1’1 (AQ,Q)T‘Dz

)
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Since A;; and Ay, are themselves HODLR(k), by Observation 1, we can recover
their low-rank off diagonal blocks (each of size (N/4) x (N/4)) using just 4k queries

to A (see Figure 1.3).

Observation 3. We can repeat this process, recursing toward the diagonal, to
recover smaller and smaller off-diagonal low-rank blocks. Critically, the number
of matrix-vector products used to recover the off-diagonal blocks at a given level
depends only on the rank parameter k and is independent of the level itself. After
L = [log,(N/k)] recursive steps, the blocks will be of size at most k. At this point,
the diagonal blocks can be recovered all at once using k£ matrix-vector products.
Overall, 4k queries to A are used at each level, and k are used at the final level,

giving total cost of O(k - (L + 1)) matvec queries.
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CHAPTER 2
STRUCTURED MATRIX RECOVERY AND APPROXIMATION
FROM MATRIX-VECTOR PRODUCTS

In this chapter!, we describe and prove results for the query complexity of recov-
ering of common structured matrices, such as symmetric, orthogonal, circulant,
Toeplitz, and low-rank matrices. We establish matching upper and lower bounds
for the query complexity of these recovery problems. Upper bounds are derived
from error guarantees for recovery algorithms, whereas lower bounds require other
types of analysis. We also investigate the more general problem of near-optimal
matrix approximation for the family of sparse matrices with a known sparsity
pattern. For simplicity, we consider algorithmically-determined input vectors and
even allow our inputs to be selected adaptively and without constraints. Exam-
ple structures that have been studied extensively in this setting include low-rank
matrices [85, 166], hierarchical low-rank matrices [111, 117, 106, 105, 151, 84], di-
agonal matrices [19, 160, 15, 61|, sparse matrices [55, 53, 52, 178, 56], and beyond
(173, 150].

2.1 Matrix recovery from matrix-vector products for basic

matrix structures

It is always possible to recover any N x N matrix A in N queries by selecting

the input vectors as canonical basis vectors and recovering A column-by-column.

!This chapter includes excerpts and results from two papers [84, 6]. T worked closely with
Alex Townsend to develop all of the algorithms and theory in [84]. The work in [6] was the result
of a large collaboration led by Chris Musco, joint with Noah Amsel, Tyler Chen, Fezya Duman
Keles, and Cameron Musco. I contributed theory for upper and lower bounds and algorithmic
ideas. The numerical experiments included in this section were performed by Tyler Chen.
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However, if A is a structured matrix, we would hope to exploit that structure
and recover A using far fewer queries. Each matrix-vector product query yields N

equations linear in the parameters defining the entries of A as

Ay - Al 1 by Apzr+ -+ Aiyey = by

Ayt - Ann||zn by Az + -+ Ayney = by
This suggests that one may perform enough matrix-vector products to construct a
linear system with more equations than unknowns and solve for them. Of course, if
there are N? unknowns, this requires N matrix-vector products. At this point, one
could have more efficiently recovered A column-by-column. However, if the entries
of A are functions that are linear in fewer than N? parameters, solving a linear
system can be a reasonable strategy. This observation motivates the following

definition.

Definition 2.1.1. A linearly parametrized family of N x N matrices A C RV*N

is given by the map A : RP — RN*N which takes

i=1

where § € RP is a vector of p parameters and { A;}o_; is a set of linearly independent

basis matrices.

We note that according to this definition, any matrix A € A is uniquely defined
by its p parameters. Examples of linearly parametrized families include tridiagonal
matrices, symmetric matrices, circulant matrices, and Toeplitz matrices. For these
structures, one can take the canonical basis matrices so that the parameters are
entries of the structured matrix. The family of rank-£ matrices is not linearly
parametrized. The following lower bound on QC(A) holds when A is linearly

parameterized.
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Lemma 2.1.2. If A is a linearly parametrized family of matrices in p parameters,

Q) = | 1. (2.1)

where [-] is the ceiling function.

Proof. Recovering any A € A is equivalent to recovering the p parameters which
define A. Each matrix-vector product query yields N linear equations in these p
parameters. If this linear system has a unique solution, there must be at least as

many equations as unknowns. Thus, N X (# queries) > p. O

For some linearly parametrized families, one can derive an algorithm that
achieves the lower bound in Equation (2.1), while for others, we prove that it
is not feasible. Note that Equation (2.1) is not a valid lower bound for matrix
structures that are not linearly parametrized. Thus, Equation (2.1) cannot be

applied to the recovery of rank-£ or HODLR matrices.

The construction of the linear system guarantees the existence of solutions, as
the linear system is generated from matrix-vector products, so we know a priori
that there exist p parameters satisfying the equations. A recent result by Otto [136]
shows that if the matrix recovery problem for a given linearly parametrized family
A has a unique solution matrix using a particular set of s matrix-vector products,
then for almost all other sets of s input vectors with respect to the Lebesgue
measure, the matrix recovery problem for A has a unique solution. In particular,
if one has a deterministic recovery algorithm for A using s input vectors, then
the linear system generated by s random Gaussian matrix-vector products has a
unique solution with probability 1. We employ this useful result several times, as

it allows us to relate deterministic and randomized recovery algorithms.
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2.1.1 Recovering some common structured matrices

We begin by considering how to exactly recover several common structured matri-
ces. Some form linearly parametrized families and others do not. We also consider
both deterministic and randomized inputs, where the probability of success is 1.

Table 1.1 displays our results.

Diagonal matrices

If A is known to be a diagonal matrix, then its diagonal entries satisfy diag(A) =
Aly, where 1y is the all ones vector of size N. This means a diagonal matrix can

be recovered with one matrix-vector product, so QC(diagonal matrices) = 1.

Block diagonal matrices

If A is known to be a block diagonal matrix with k& x k blocks, then its diagonal
blocks can be recovered from k matrix-vector products of the form A(1yn/, ® e;)
for 1 < j <k, where A(1y/, ® e;) returns the jth column of each block stacked
into a vector. Here, e; is the jth unit canonical vector of size k and ‘®’ denotes the
Kronecker product. Then, QC(k-block diagonal matrices) < k. By Lemma 2.1.2,

this is an equality.

Tridiagonal matrices

If A is known to be a tridiagonal matrix, then it can be recovered with

three matrix-vector products, but not fewer by Equation (2.1). Therefore,
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QC(tridiagonal matrices) = 3. Since A is tridiagonal, we have

Aoy + Ags 0 Asg 1 Arg + Agg + Az 1
A33 =A 1], A32 + A34 =A of » Agg + A33 + A43 = AT 1],

Ays + Ay 0 Ayy 1 Asy + Ays + Asy 1

) ] o ) ] o ) ] (_2.—2)

where A, denotes the (j, k) entry of A. Thus, the entries of the tridiagonal ma-
trix can be found recursively from Equation (2.2) using O(N) operations; the
first two matrix-vector products immediately give the diagonal entries Aqq, Ass, . ..
and Ajg; the third query then gives As; and Aszp; from this, the first query
gives Assz; and so on. Alternatively, one can multiply A by the three inputs
[1,0,0,1,---]7,[0,1,0,0,1,---]", and [0,0,1,0,0,1,---]", extracting each nonzero
entry of the tridiagonal matrix [131]. Both algorithms yield the upper bound of 3
on QC(tridiagonal matrices), and a parameter count and Lemma 2.1.2 imply this

is an equality.

If A is a symmetric tridiagonal matrix, then only two matrix-vector products are
required, as the third query in Equation (2.2) is unnecessary because the first two

input vectors sum to the third. Then, QC(symmetric tridiagonal matrices) = 2.

Rank-k matrices

Intuitively, one needs to query a rank-k matrix (and its transpose) k times
to recover the k-dimensional row and column spaces. Indeed, we show that

QC(rank-k matrices) = 2k in the sense of exact recovery.
In the numerical setting, if A is a rank-k matrix, the randomized SVD recovers
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A with probability 1 from 2k + p matrix-vector products [120], where p is a small
oversampling factor, i.e., p = 5. Let Q € R¥*(*+P) be a random matrix with
i.i.d. standard Gaussian entries. Then, with probability 1, we have A = QQ' A,
where Q € RV** is a matrix with orthonormal columns that form a basis for
the column space of A€). To construct QQ' A, we only need to do matrix-vector
products. We first compute AS2, which takes k + p matrix-vector products, then
compute Q' A = (ATQ)", which costs k further queries. The matrix @) can be
computed from A€ by a column-pivoted QR factorization, and since Af2 is a rank-
k matrix, one can take an economized version for which () has only k& columns, not
k + p. An algorithmic description of the randomized SVD can be found on page 9
of [85].

It is important to have a randomized algorithm for low-rank matrix recovery
to avoid the input vectors being in the N — k dimensional nullspace of A. In fact,
it is impossible to recover any low-rank matrix using a deterministic algorithm
with fixed input vectors. The oversampling parameter is also critical for a stable
algorithm as there is always a nontrivial chance that a random Gaussian vector
has a large component in the nullspace of A. The randomized SVD requires 2k + p
matrix-vector product queries to recover a rank-k matrix. It also recovers a near-
optimal approximation of a numerically rank-k£ matrix with probability at least
1 — 6p~" [85], where a matrix has numerical rank & if its largest k singular values
are all above some tolerance. This probability converges very quickly to 1 for
only moderate increases in p, and importantly does not depend on N or k. For
a symmetric rank-k matrix, the Nystrom method may be preferred, as it only
requires k + p matrix-vector product queries because it can exploit the symmetry

of A [130].
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For a nonsymmetric rank-k£ matrix, the randomized SVD achieves near-optimal
query complexity due to the following lemma, which shows QC(rank-k matrices) =
2k. While this result is intuitive, the proof is more complex than we expect,
particularly because we must consider several degenerate cases of input-output
pairs. Specifically, we deal with the cases where inputs lie in the nullspace of the
matrix, and the matrix-vector products therefore yield zero vectors. When inputs
are chosen randomly in randomized recovery algorithms such as the randomized
SVD and the Nystrom method, these cases do not occur with probability 1. The
following result not only provides a lower bound on the query complexity of rank-k
matrices, but also constructs infinite families of rank-£ matrices that satisfy the

matrix-vector products when the number of queries is too low.

As a final note, in the following result we make the assumption that the input
matrices X and W have orthonormal columns. We can do this for the following
reasons. First, without loss of generality, we assume the columns of X and W
are linearly independent; if not, then some matrix-vector products only provide
redundant information. We also assume their columns are orthonormal. Let X =
Q1R and W = Q2 Ry be the QR factorizations of X and W. Then, we reduce the
problem to the equivalent recovery problem given by the matrix-vector products
AQ, = YR  and ATQ, = ZR;". In fact, there exists an orthonormal basis [X X]
for col(X), where X € RN*?, col(X) C col(AT), and col(X) C null(4). Similarly,
[W W] is an orthonormal basis for the col(W) such that W e RVX4, col(W) C
col(A), and col(W) C null(AT). We define Y = AX, Y = AX, Z = ATW,
and Z = ATW and solve the equivalent recovery problem with inputs [X X | and
W W].

Lemma 2.1.3. Let N and k be integers such that 1 < k < N, and let X €

RNk and W € RN**2 have orthonormal columns. Suppose that a matriz A of
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rank at most k satisfies the matriz-vector products AX =Y and ATW = Z. If
min(ky, k2) < k and max(ky, ko) < N, then there are infinitely many distinct N x N
matrices B of rank < k satisfying the same ki matriz-vector products BX =Y

and ky matriz-vector products BTW = Z.

Proof. Suppose AX =Y and ATW = Z, where X € RV*¥1 and W € RV**2 We

now construct a matrix B # A in several cases.

Case 1: p=q=0. Since p = ¢ = 0, the whole of col(X) and col(W) lie in
the null spaces of A and AT, respectively. We may trivially take B = 2A, so that
B # A if A is nonzero. Otherwise, if A = 0, we can construct a rank-1 matrix B
as follows. Because null(X ") and null(WWT) are nontrivial subspaces, we can select
nonzero vectors v € null(X ") and u € null(W"). Then, define B = uv'. It is

clear that BX =0 and B'W = 0, however B is nonzero so B # A.

Case 2: p=0 and q > 0. Since ¢ < k; < N and the columns of W are
linearly independent, there exist infinitely many matrices P € R%" such that
PW = I,vq. Consider any matrix of the form B = PTWTA for any such P.
We note that BX = PTWTAX =0 (asp = 0), BTW = ATWPW = Z (as
PW = I,.,), and rank(B) < k. Tt remains to show that there is a choice of P so

that B # A.

We demonstrate this by producing two distinct matrices By = P/ WTA and
By = P2T WT A such that By # B, and conclude that at least one of By or By must
differ from A. Since ¢ < max{k;, ks} < N there exists a nonzero vector v such
that WTv = 0. We select P, such that P1W = I;xq and Piv = 0 but select P

such that P,W = I, and Pov = e;, where e; is the first canonical unit vector.

We note that B v =ATWPw=0but Bjv=ATWe, #0so B, # B,.
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Case 3: p > 0 and q = 0. This case follows by applying case 2 to AT.

Case 4: p > 0 and q > 0. Consider a family of possible B’s given by

{~ ~} ( Ly —CZ'X C XT 23

WIYC = [ )2TX Iy —WTVC| | 27

where C'is any p x ¢ matrix. Any B in Equation (2.3) satisfies BX =Y since

P Ly —CZTX C XX
=Y w|| . . o o i
: (WTYC —Ix)ZTX I —WTYC| | 27X
[y W' Ly —CZTX C Lyxp O
TNWTYC = I3 )ZTX Ipwg—=W'YC| |ZTX 0
i Ly 0
w7 = o]y
: I1o o

where we used the fact that ZTX is the zero matrix as col(Z) C col(AT) and
col(X) C null(A). A similar argument shows that BTW = Z. Moreover,
rank(B) < rank([Y W]) < k, where the last inequality follows from the fact
that col([Y W]) C col(A). This means for any choice of C, the matrix B in Equa-
tion (2.3) satisfies BX =Y, B'"W = Z, and rank(B) < k. Now, we just have to

show that there is a choice of C' so that B # A.

Case 4 (i): k; = min{ky, ks}. In this case, we know that p < k; < k, so
there exists a nonzero vector v € col(AT) such that X Tv = 0. Since v ¢ null(A),

we have Av # 0 and we now give a choice of C' so that B # A. Note that we have
Bv=(I-WWNHYCZ v+ WZ"v.

If (I — WWT)}N/CZTU # 0 is nonzero for any matrix C, then we can generate two

different B’s by replacing C' by 2C. Since these two Bs cannot both be equal to
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A, the matrix A is not uniquely determined by its matrix-vector products. On the
other hand, if (I —=WWT)YCZ v = 0 for all choices of the matrix C', we conclude
that Z v = 0 so that Bv = 0. Since Av # 0, we must have A # B.

Case 4 (ii): ke = min{k;,ka}. Now, ¢ < ky < k, and there exists a nonzero
vector u € col(A) such that WTu = 0. Since u ¢ null(AT), we have ATu # 0
and BTu = (I — XX)ZCTY u + XY Tu. Analogously, to case 4(i) we have
B # A. O

In Lemma 2.1.3, we find that we need k1 > k and ky > k to hope to exactly
recover a rank-k£ matrix. Therefore, one needs at least 2k matrix-vector products.
The randomized SVD is a stable recovery algorithm using only 2k + p, making
it near-optimal in terms of the number of matrix-vector products. As such, we

obtain the equality QC(N x N rank-k matrices) = 2k.

Circulant, Toeplitz, and Hankel matrices

We now find the query complexities of circulant, Toeplitz, and Hankel matrices.
For these recovery problems, we prefer to use randomized inputs, which have a

natural extension to Gaussian processes in infinite dimensions. An N x N circulant

matrix C. is determined by one vector ¢ € RY, where ¢ = [co;c1;- -+ 5 en1]:
| ¢ CN-1 &) C1 ]
1 Co CN—1 Ca
Cc = C1 Co
CN-2 .oen—
|CN—-1 CN-—2 " &1 Co |
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One can recover C. with one matrix-vector product ey, which extracts the vector ¢
exactly, allowing us to recover all of C.. Thus, QC(circulant matrices) = 1. This is
consistent with Equation (2.1), as the family of circulant matrices is clearly linearly
parametrized. We would also like to develop a randomized circulant recovery
algorithm using an input vector g, a random Gaussian vector in RY. Because C,
can be viewed as the integral kernel of a convolution operator and convolution is
commutative, we have C.g = Cyc = y. One can easily solve Cyc = y for the vector
¢, as circulant matrices are diagonalized by the discrete Fourier transform (DFT)
matrix. That is, Cy = %FﬁlAF, where F'is the N x N DFT matrix and A is a
diagonal matrix with diagonal entries given by Fg. We find that c = NF~1A~1Fy,
which can be computed in O(N log V) operations using the fast Fourier transform

(FFT).

One can use two matrix-vector products to recover an N x N Toeplitz matrix T’
as it is uniquely defined among all Toeplitz matrices by its first column ¢; and first
row t, , where t1,t, € RY. The deterministic matrix-vector products T'e; and T "e;
will extract the parameters which define 7'. This also realizes the bound in Equa-
tion (2.1), as T is defined by 2N —1 parameters. Thus, QC(Toeplitz matrices) = 2.
However, we again prefer to recover T using the two random matrix-vector prod-
ucts T'g = y and Th = z, where g and h are random Gaussian input vectors R,
with i.i.d. entries. Since a Toeplitz matrix 7" is constant along its diagonals, there

exists a circulant matrix C, such that

h
) Th = [IN ON:| Oa )

Tg - [[N ON:| Ca
0

0

where a is the 2N x 1 vector given by a = [t1;0;t5(N:—1:2)],2 I, is the N x N

2Here,ty(N:—1:2) is the vector obtained by removing the first entry of ¢ and then reversing
the order of the entries.
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identity matrix, and Oy is the N x N matrix of zeros. We now note that

g h
Ca = C[g;o]a, Ca = C[h;o]a.

0 0
Since left multiplication by [Iy Oy] restricts to the top half of the output, each
product gives us N equations in the 2N — 1 entries of a. Putting these together
yields 2N equations in 2N — 1 unknowns, and one can then solve for the entries of

t; and t9, together with the constraint that the first entry of ¢; and ¢, are equal.

For example, in the linear system for the case of N = 3 is as follows:

g1 0 0 g3 go| - (0
11

g2 g1 0 0 g3 Yo
12

93 92 g1 0 O Y3
tig| =

hl 0 O hg hg Z1
l23

hg hl 0 0 h3 Z9
29

hg hg hl 0 0 - - z3

The columns of this linear system can be permuted so that the last two columns
are moved to the front. This yields a 2NV by 2N — 1 Sylvester matrix. Because a
Sylvester matrix satisfies a low-rank displacement structure, we strongly suspect
that an O(N?) solver can be used to recover T' [75], or possibly even an O(N log N)
solver [119].

While this algorithm recovers a Toeplitz matrix exactly, there has also been
recent work on the recovery of a near-optimal approximation of a Toeplitz matrix
in the sense of the Frobenius norm using sublinear query complexity, and this
approximation is itself Toeplitz [94]. This approach considers query complexity in

terms of both entry-wise sample complexity and vector sample complexity.
Finally, one can recover an N x N Hankel matrix H with two matrix-vector
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products, as suggested by the bound Equation (2.1). Any Hankel matrix is a
Toeplitz matrix with permuted columns, i.e., H = PT, where P is an exchange
matrix and T is a Toeplitz matrix. If g and h are random Gaussian vectors, one
recovers H by recovering T since Hg = y and Hh = z are equivalent to T'g = Py

and Th = Pz, respectively.

Symmetric matrices

Unfortunately, there are some structured matrices for which one needs many more
matrix-vector products than suggested by the lower bound in Equation (2.1). If A
is known to be a symmetric matrix, then it has N(N +1)/2 parameters, suggesting
that [(N + 1)/2] queries might be enough. However, a simple argument reveals
that a symmetric matrix cannot be recovered from fewer than N matrix-vector

products, regardless of the input vectors.

Lemma 2.1.4. Suppose a symmetric matriz satisfies N —1 matriz-vector products.
Then, there are infinitely many other N x N symmetric matrices satisfying the same

N — 1 matriz-vector products. As a consequence, QC(symmetric matrices) = N.

Proof. Suppose a symmetric matrix A satisfies Az; = y; for 1 < j < N — 1.
Consider the symmetric matrix B = A + vv', where v is any nontrivial vector
orthogonal to the span of {zy,...,2y_1}. The matrix B is symmetric, as it is
the sum of two symmetric matrices. By construction B # A, but Bzx; = y; for

1<j<N-1 0

Of course, N matrix-vector queries can be used to recover a symmetric matrix.
We note that this proof is constructive and quantifies the uniqueness of possible

symmetric matrices B satisfying the same N — 1 matrix-vector products as A. The
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proof in Lemma 2.1.4 also includes the recovery of positive definite matrices, as if

A is positive definite, then so is A +vv'.

Orthogonal matrices

If A is known to be an orthogonal matrix, then one needs N matrix-vector products

to recover A.

Lemma 2.1.5. Suppose an N x N orthogonal matriz satisfies N — 1 matriz-vector
products. Then, there are infinitely many other N x N orthogonal matrices satisfy-

ing the same N — 1 matriz-vector products. Therefore, QC(orthogonal matrices) =

N.

Proof. Suppose an orthogonal matrix A satisfies Az; = y; for 1 < j < N — 1.
Consider the matrix B = A(I — 2% ), where v is any nontrivial vector orthogonal
to the span of {z1,...,zx_1}. The matrix B is orthogonal, as it is the product
of two orthogonal matrices. It is easy to check that B # A, but Bx; = y; for
1<j<N-1 O

Toeplitz-like matrices

We say that a matrix A € RV*V is Toeplitz-like if it satisfies the following so-called

displacement structure [89, Part II, chapt. 2], [92, chapt. 7]:

0 t
Z1A—AZ =GH", Zy = , G, HeRV*2 (2.4)

In-1 O

where Iy_; is the (N — 1) x (N — 1) identity matrix. Since the eigenvalues of Z;

and Z_, are disjoint, the matrix A is uniquely defined by a rank-k matrix GH”
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with k = 2 [159]. Therefore, we recover GH” using matrix-vector products with
Aand AT. Let X be N x m and Y be N x n matrices with i.i.d. random Gaussian

entries. Then, from Equation (2.4), we find that
GH'X = ZJAX —AZ X and HG'Y=A"Z'H-7"A"H
The matrix GH " can be recovered by the randomized Nystrom method [130, 167
GH' =GH'"X(Y'GH"X)"(HG"Y)T,

where T denotes the pseudoinverse. This means that GH T can be recovered with
m = 2p+ 4 and n = 5p + 8 for a total of 7p + 12 queries. Once G and H
are recovered, the matrix A can be computed by solving Equation (2.4) using the
Bartels-Stewart algorithm in O(N?) operations [14]. We note that one may reduce

the number of matrix-vector products by setting X = glZ_1g| - | Zﬂfl g| and

Y = \h|Z[h|---|(Z])P*'h|, totaling 2p + 6 queries instead. However, in this
case, the inputs X and Y do not have independent columns, making the recovery
algorithm’s theoretical analysis challenging. Due to their displacement structure,
similar recovery algorithms are possible for Hankel-like, Toeplitz-and-Hankel-like,

and Bézout-like matrices [25].

Diagonal-plus-circulant matrices

Using two matrix-vector products, we recover an N x N matrix A which can be

written as A = D + C, where D is an N x N diagonal matrix and C' is an N x N
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circulant matrix. The matrix A has the following form:

_dl oo 0 Co CN_1
A=10 0|+
0 dn CN-1 CN-2 Co
—dl + ¢o CN-1 cee (&) C1 ]
B C1 dg +cCc CN-1 - Co
i CN_1 CN_2 dN+CO_

Note that the parameter ¢; is not needed to define the matrix, and we can rename

the diagonal entries d; 4+ ¢¢ to d;, for each 1 < i < n. First, we query A with the

first canonical basis vector e;: Ae; = y;. Because y; is the first column of A, we

thus recover the parameters dy, cq,...,cy_1. Now, we multiply A by the all ones

vector: A1 = yy. The ith entry of y, is the sum of the entries in the ith row of A.

Thus, the ith entry of y is equal to d; + 27;11 c;. Having learned cy,...,c,—1 we
N—-1

calculate yo(i) — > j=1 ¢j =d; for each 1 <@ < N. Thus, we recover the diagonal

entries of A.

The family of matrices in the form of A is linearly parametrized and defined
by 2N — 1 parameters. Then, Lemma 2.1.2 and our algorithm together imply that
QC(diagonal-plus-circulant) = 2. Moreover, one could also take the more general

approach using Gaussian inputs and solving the associated linear system.

2.2 Sparse matrix approximation

Having discussed the exact matrix recovery problem at length, we now consider

the matrix approximation problem, which characterizes the best (or near-best)
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structured approximation to a general matrix.

We focus on the task of approximating A with a matrix of a specified sparsity
pattern, with error competitive with the best approximation of the given sparsity
pattern. This is a natural task; indeed, there are many existing linear algebra
algorithms for matrices of a given sparsity pattern (e.g. diagonal, tridiagonal,
banded, block diagonal, etc.), so it is a common goal to obtain an approximation
compatible with such algorithms. As we discuss in Section 2.2.2, several important
special cases including diagonal approximation and exact recovery of matrices with

known-sparsity have been studied extensively in prior work.

Formally, using “o” to indicate the Hadamard (entrywise) product and || - ||¢

to denote the Frobenius norm, we consider the following problem:

Problem 1 (Best approximation by a matrix of fixed sparsity). Given a matriz
A € R™ and a binary matriz S € {0,1}"*%, find a matriz A so that A= So A
and

1A= Alle < (1+¢) A= S0 Ale.

Observe that S o A is the matrix of sparsity S nearest to A in the Frobenius
norm:

S oA =argmin|A— X|.
X=S0X

Hence, Problem 1 is asking for a near-optimal approximation to A of the given
sparsity S.3 In particular, if A already has sparsity pattern S, then A = So A, so

solving Problem 1 will recover A exactly.

In addressing Problem 1, it will also be beneficial to consider the closely related

problem of recovering the “sparse-part” of a matrix:

3This is reminiscent of the low-rank approximation problem, in which we aim to find a rank-%
approximation to A competitive with the best rank-k approximation [85, 166].
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Problem 2 (Best approximation to on-sparsity-pattern entries). Given a matriz
A € R™ gnd a binary matriz S € {0,1}?, find a matriz A so that A = S o A
and

IS0 A~ A2 <e||A—So A2

Note the presence of the squared norms in Problem 2. Since A has the same

sparsity as 9, i.e. A=So Z,
|A— Al = |[A=So A + IS0 A— Az (2.5)

Thus, using the fact that /1 +2e < 1 + ¢ for all € > 0, a solution to Problem 2
with accuracy 2¢ immediately yields a solution to Problem 1 with accuracy e.
Conversely, if ¢ € (0,1) so that v/1+ 3¢ > 1+ ¢, then a solution to Problem 1
with accuracy ¢ yields a solution to Problem 2 with accuracy 3e. In this sense, the

problems are equivalent.

2.2.1 Roadmap

Our first contribution in this section is to analyze a simple algorithm (Algorithm 3)
that solves Problems 1 and 2. When the sparsity pattern S has at most s non-
zero entries per row, this algorithm uses m = O(s/e) non-adaptive matrix-vector
product queries. Specifically, the algorithm computes Z = AG, where G is a d xm

matrix with independent standard normal entries, and then outputs the matrix

A =argmin || Z — XG||¢. (2.6)
X=50X

We make no claims about the novelty of the algorithm, which follows immediately

from ideas in compressed sensing. In Section 3.2.4, using standard tools from
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random matrix theory and high dimensional probability, we provide an analysis of

Algorithm 3 and prove the following:

Theorem 2.2.1. Consider any A € R™4 and any S € {0,1}"*¢ with at most s
nonzero entries per row. Then, for any m > s+ 2, using m randomized matriz-
vector queries, Algorithm 3 returns a matriz A with A= S o A and E[A] = So A,
satisfying
~ s
E[ISoA- A < ——||a-So Al
IS0A— AR < |4~ 5o Al

The above inequality is equality if each row of S has exactly s non-zero entries.

Owing to Equation (2.5) and Jensen’s inequality, Theorem 2.2.1 also gives an
expectation bound for Problem 1. Setting m = O(s/e) implies that Problems 1
and 2 are solved in expectation. Using Markov’s inequality, we derive a probability

bound:

Corollary 2.2.2. In the setting of Theorem 2.2.1, for any e > 0 and § € (0,1), if

m > s+ 2 then

1 ~

mZS(ﬁﬂLl) +1 = PllA-Alr>0+e)||A-SoA|e| <6
£

Hence, using O(s/e) Algorithm 3 solves Problem 1 except with small constant

probability, say < 1/100.

We proceed, in Section 3.2.9, to study lower bounds for the matvec query
complexity of Problems 1 and 2. We show that up to constant factors, the upper
bound in Corollary 2.2.2 is optimal, even for the stronger class of adaptive matvec

query algorithms:

Theorem 2.2.3. Fiz v € (0,1). Then there ezist constants ¢,C > 0 (depending

only on ~y) such that the following holds:
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For any ¢ € (0,¢) and integer s > 1, there is a distribution on (symmetric)
matrices A € R™? such that, for any sparsity pattern S whose rows and columns
each have between vs and s nonzero entries, and for any (possibly randomized)
algorithm that uses m < Cs/e (possibly adaptive) matriz-vector queries to A to

output A with Ao § = ;L
P14~ Al < (1 +6) 4~ S0 Alle] < o
Thus, €2(s/e) queries are required to solve Problem 1 with any reasonable prob-
ability. Note that since solving Problem 1 gives a solution to Problem 2, the lower
bound Theorem 2.2.3 also implies that €(s/e) queries are required to solve Prob-
lem 2. Our approach uses an invariance property of Wishart matrices after a
sequence of adaptive queries [37]. Note that since our hard instance is symmet-

ric, Theorem 2.2.3 also holds against algorithms which are allowed to use matvec

queries with AT.

Our lower bound applies even to the well-studied case of best approximation
by a diagonal matrix, and more broadly, to approximation by a banded matrix.
To the best of our knowledge, our lower bounds are the first (adaptive or non-
adaptive) for Problems 1 and 2 even for these special cases. In Section 2.2.7% we
present several numerical experiments on test problems to illustrate the sharpness
of our upper bound, and in Section 2.2.8 we discuss the potential for future work,
including the potential for algorithms which combine the algorithm in this paper

with coloring algorithms to obtain more robustness to noise.

4tyler or noah did these, but we include them for the exposition
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2.2.2 Past work

To the best of our knowledge, Problems 1 and 2 have not been previously stated
explicitly in the given generality. However, there is a range of past work that
studies special cases of these problems. We categorize these works into the zero
error case, where A = S o A, and the nonzero error case, where A # S o A. In
addition, we discuss how Problems 1 and 2 differ from the standard sparse-recovery

problem in compressed sensing.

Zero error

Some of the earliest work relating to Problems 1 and 2 seeks to recover Jacobian and
Hessian matrices with a known sparsity pattern from matvecs [55, 53, 52|. These
methods make use of the fact that a graph coloring of a particular graph, induced
by the sparsity pattern of A, can be used to obtain a set of query vectors which
are sufficient to exactly recover A. In many (but not all) cases, exact recovery is
possible with s queries. Coloring methods have also influenced many algorithms for
the nonzero error setting. We compare our results to such coloring-based methods
in [6, Section 4], arguing that Algorithm 3 always performs better in the zero-error

setting, since it always requires just s queries.

More generally, [84] studies the matvec query complexity of exact recovery of a
wide range of linearly parameterized matrix families, proving matching upper and
lower-bounds on the number of queries required. In particular, it is shown that
recovering a diagonal matrix requires one query, recovering a block-diagonal matrix
with s X s blocks requires s queries, and recovering a tridiagonal matrix requires

3 queries. Recovering a general n x d matrix is shown to require d queries. With
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probability one, Algorithm 3 matches these lower bounds (see Proposition 2.2.4).

Nonzero error

The most theoretically well-studied instance of Problem 2 is arguably the case
S = I; i.e. the task of approximating the diagonal of a matrix. For this task, it is

common to use Hutchinson’s diagonal estimator, defined as

d,, = [érj o (Arj)] %) [irj ) rj], (2.7)

where “©” indicates entrywise division and the entries of the vectors r; are all
independent random variables with mean zero and variance one. A number of
analyses of this estimator have been given for various distributions [19, 160, 15,
86, 61]. In particular, [15, 61] give error bounds for Problem 2, showing it suffices
to set m = O(1/¢), matching Theorem 2.2.1 up to constant factors. In fact, when
S = I our Algorithm 3 is equivalent to Equation (2.7) if the query vectors r; are

Gaussian. We detail this connection in Remark 3.

Past work has also studied Problem 1 with the goal of approximating a poten-
tially non-sparse matrix by a sparse matrix. For instance, there is a long line of
work on approximating matrix functions A = f(H) from matvecs. If H is sparse,
then the entries of A = f(H) decay exponentially away from the nonzero entries
of H under mild assumptions on f(x) [60, 21, 20]. As such, it is reasonable to ap-
proximate A with a sparse matrix of a sparsity similar to H. This observation has
been used in matrix approximation algorithms [160, 154, 72, 138]. Broadly speak-
ing, these algorithms aim to combine the coloring methods described above with
the estimator d,,, described in Equation (2.7). For banded matrices, one can use

the existing analyses of d,,, to analyze the performance of these methods, showing
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that they solve Problem 2 to accuracy € using O(s/e) matrix-vector queries. We
include a note on this in [6, Section 4.1], as we were unable to find such an analysis
in the literature. Theorem 2.2.1 shows that Algorithm 3 matches this bound for

arbitrary sparsity patterns.

More recently, motivated by the field of partial differential equation (PDE)
learning, there has been widespread interest in learning the solution operators of
PDEs from input-output data of forcing terms and solutions, analogous to matrix-
vector products [150, 151, 32, 95]. The method in [151] obtains a fixed-sparsity
approximation to the sparse Cholesky factorization of the solution operator by col-
oring, which is provably accurate for certain problems. This makes use of the fact
that in certain settings a fixed-sparsity Cholesky factorization is accurate and can
be efficiently computed [150]. This is broadly related to the (factorized) sparse ap-
proximate inverse problem for obtaining preconditioners [23]. The method in [32]
also derives a continuous analogue of a generalized coloring algorithm for targeting
low-rank subblocks of hierarchical matrices [106], and then recovering these sub-
blocks using the randomized SVD [85]. The final step of this algorithm reduces to

the recovery of a block diagonal matrix.

Relationship to sparse recovery and compressed-sensing

It is important to contrast the aims and results of this paper with the rich literature
on sparse recovery and compressed sensing [65, 71, etc.]. Most relevant to our work
are results on the ¢, /¢y sparse recovery problem. Given access to a length d vector
a through linear measurements a: M +— Ma, the goal of the ¢5 /(s sparse recovery

problem is to obtain an s-sparse vector a for which

lo—alls < (1+2) min_Jla—d]s.
a’ s-sparse
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Algorithms for solving this sparse recovery problem can be immediately adapted
to matrix recovery [138]. In particular, by applying fs/¢5 sparse recovery to all
rows in a matrix A (which requires evaluating the matvec queries AM7T), we can
recover an s-sparse approximation A satisfying [|A — A||p < (1+¢€)[|A — S o A|p.

L.e., we can solve Problem 1.

However, this approach has a number of disadvantages. For one, if sparse re-
covery is used as a black-box, while the approximation A will be sparse, it cannot
be guaranteed to be non-zero in the exact locations specified by S. This is a
disadvantage when the goal is to approximate A by a matrix that has useful com-
putational properties due to a specific sparsity pattern (e.g., by a matrix that is

easily invertible like a diagonal or banded matrix).

Moreover, sparse recovery algorithms necessarily have worse dependencies on
¢ and d than the bounds we prove for the Algorithm 3. In particular, it can
be shown that any algorithm solving the ¢5/¢5 sparse recovery problem necessar-
ily requires Q(s/e* + slog(d/s)/e) linear measurements, which would equate to
Q(s/e?* + slog(d/s)/e) matrix-vector products to obtain a near-optimal approx-
imation to A with s-sparse rows [143]. In contrast, our upper-bound of O(s/¢)
from Theorem 2.2.1/Corollary 2.2.2 has both a better dependence on ¢, and no

dependence on the dimension d at all.

A number of past works [173, 179, 56, etc.] have also studied a matrix version
of the sparse recovery problem in which one aims to obtain an sn-sparse matrix A
for which

A= Alle < (1+¢) _min A= X[,

Sn-sparse
using bi-linear measurements of A: (U, V) — UAV". Again, while related to our

problem, prior results for this task inherently involve worse dependencies on € and

48



the dimension than our results, and do not return an approximation A with a

specified sparsity pattern.

Finally, we remark that, while there has been significant work on lower bounds
for sparse recovery [9, 143], such bounds do not imply lower bounds akin to our
Theorem 2.2.3 for Problems 1 and 2. In particular, the hardness of vector sparse
recovery is critically tied to the fact that the entries of a are not specified in
advance. Indeed, we can trivially find the best s-sparse approximation to a vector
a with a specified sparsity pattern using s linear measurements (just read the
corresponding entries in a). There is no dependence on € at all. Our lower bound
of Q(s/e€) from Theorem 2.2.3 must leverage a different source of hardness: in the
matrix setting, while the sparsity pattern of A is specified in advance, the difficulty
of the problem comes from the fact that the sparsity pattern can differ across rows.
We must use this fact to obtain the lower bound of Theorem 2.2.3, which depends

on both s and e.

2.2.3 A sparse approximation algorithm and upper bound

We begin by writing down an explicit algorithm (Algorithm 3) for solving Prob-
lems 1 and 2. This algorithm proceeds row-by-row, taking a advantage of the fact
that different rows of the solution to Equation (2.6) do not depend on one another
(except through the common use of Z = AG). For each row, we can solve for the

entries of A via an appropriate least squares problem.

We introduce some notation for Algorithm 3. We use Gaussian(n,d) (or
Gaussian(d) if n = d) to denote the distribution on n x d matrices, where each en-

try of the matrix is independent and identically distributed (iid) with distribution
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N(0,1). We denote the complement of a set S as S° (determined from context).

For d > 1, we define [d] = {1,2,...,d}, and for R C [n] and C C [d], [X]rc

)

indicates the |R| x |C| submatrix of a n x d matrix X corresponding to the rows

in R and columns in C. If R or C' contain only one element, we will simply write

this element. Likewise, when R = [n] or C' = [d], we will use a colon, e.g., [X]; . is

the first column of X.

Algorithm 1 Fixed-sparse-matrix recovery

1: procedure FIXED-SPARSE-MATRIX-RECOVERY (A, S, m)

2: Form G € R>*™ G ~ N(0,1)iid, 1 <i<d,1<j<m v dxm iid Gaussian matrix

Set [A];,s, = @; and [A]; s =07
10: end for
11: return A

12: end procedure

3: Compute Z = AG > m non-adaptive matvec queries
4: fori=1,2,...,ndo

5: Let S; = {j : [S];; = 1} > nonzero entries of ith row of S
6: Let 2| = [Z];.. > i-th row of Z
7 Let G = [G]s, . > submatrix formed by taking the rows from .S;
8: Compute a; = Gzzi > solve a m x |9;| least squares problem
9:

& construct ith row of A

Note that in the case that A has nonzeros only in positions where S is nonzero,

Algorithm 3 will exactly recover A as long as the least squares problem for each

row is fully determined.

Proposition 2.2.4. If So A=A and m > s, then Algorithm 3 returns a matriz

A= A with probability one.

Proof. Consider the i-th row, and let ; € R/l be the set of non-zero entries in

that row. The corresponding G; € R™*I5! is full rank |S;| with probability one.

Observe that z; = G;z;. Thus, since G; is full-rank, a; = GIZ = GZTGi:v,- = ;.
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Thus, we recover the row exactly. By a union bound, with probability one, this

simultaneously happens for all the rows. O

Our main focus will be the case where A may have nonzeros off of the spec-
ified sparsity pattern. We first recall a standard result from high dimensional
probability.

Proposition 2.2.5. Let G € RP*? have entries sampled as G;; ~ N(0,1) iid for

all1 <i<p,1<j5<q. Then, for compatible matrices X and Y,
E[|IXGY[e] = [ XIENYIIE. (2.8)
Moreover, if p—q > 2, then

4q
E[|GYF] = P (2.9)
Proof. The expression Equation (2.8) is an elementary calculation; see for instance
[85, Proposition A.1]. The expression Equation (2.9) follows from the fact that
GG is invertible with probability one, and (GTG)™! has a inverse Wishart dis-
tribution, which, for p — ¢ > 2 has mean I/(p — ¢ — 1) [127, §3.2 (12)]. Since
|GT||I2 = tr((GN)T(GT)) = tr((GT)T(GT)), the result follows from the linearity of

the expectation; see for instance [85, Proposition A.5]. 0

Using Theorem 3.2.9, we establish the following theorem.

Theorem 2.2.1. Consider any A € R™? and any S € {0,1}"*¢ with at most s
nonzero entries per row. Then, for any m > s+ 2, using m randomized matriz-
vector queries, Algorithm & returns a matriz A with A= SoA and ]E[E] =So0A,
satisfying
~ s
E[ISoA- A < ——]|A-So A}
[ < ——— E

The above inequality is equality if each row of S has exactly s non-zero entries.
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We also obtain a probability bound:

Corollary 2.2.2. In the setting of Theorem 2.2.1, for any e > 0 and § € (0,1), if

m > s+ 2 then
1 ~
mzs(ﬁ—i—l)—{—l - ]P||A—A||FZ(1+€)||A—SOAHF S(S
€
Proof of Theorem 2.2.1. The algorithm processes Z = AG € R ™ sequentially to

approximate the rows of A. Fix ¢ and let S; be the indices of the nonzero entries

of [S];. and 2] = [Z];. be the i-th row of Z and S¢ = [d] \ S;. Let G| = [G]s,.

(28

and G = [G]se,. be submatrices of G formed by taking the rows of G in S; and

S¢ respectively. Define ] = [A]; 5, and y; = [A]; s and observe that
2= [AG) =2 Gl +y/ G

To enforce the sparsity pattern, Algorithm 3 tries to recover x; € R® from

z; € R™ by solving the least squares problem:
Here we have used that G; is full-rank with probability one.

Since G; and @, are independent, clearly Ela;] = z; as E[@,] = 0. Thus,

Algorithm 3 outputs an unbiased estimator for S o A.

As long as m > |S;| 4+ 2, it follows from standard results in random matrix
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theory that

E[llz; — @3] = E[IGIGiwil3]

- E[E[HGIGzyz”g ’ G%H

= E[HGIHE yill3] Equation (2.8) in Theorem 3.2.9
Si

= #J\—l Nwill3 Equation (2.9) in Theorem 3.2.9
s

< 7 Mull?

<l

where we have used that |S;| < s in the final line (and hence we have equality if

Let A be the output of Algorithm 3. Then, by the linearity of expectation,

(50 A~ AI2] = YOEln — al]
=1

s n
] Z il
=1

S
= ﬁ“!‘l — So Al

m

IA

Observe that we have equality if |S;| = s for each row i € [n]. O

Proof of Corollary 2.2.2. Applying Markov’s inequality to Theorem 2.2.1, we find

_ A—So Al
PISoA— A2 >a] < —° A= 50 Al (2.10)

T m—s—1 o
Set a = 2¢||A — S o A||2. Then, using that /1 +2¢ < 1+ ¢ for all € > 0 and

recalling Equation (2.5) gives that
PlIA— Alle > (14 )[4 - S0 All] < B[4~ A2 > (1425)4 - S0 AJ2]
=P[[|S o A— Al > 2[|A - 5o Allf]
<s/((m—s—1)(2)).

By assumption m > s(1/(2d¢) + 1) 4+ 1, which gives the result. O
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We now make several comments about Algorithm 3 and our analysis.

Remark 1. Our bound in Corollary 2.2.2 has an unfavorable O(1/0) dependence
on the failure probability 6. One could apply Markov’s inequality to each row and
Hoeffding’s inequality to the sum to obtain a dependence O(log(n/d)). However this
has a dependence on the dimension n which we would like to avoid. In [6, Appendizx
CJ, we show that one can apply a high-dimensional analog of the “median trick” to
obtain an algorithm with a O(log(1/6)) failure probability (without any dependence

on the dimensions n and d).

Remark 2. If A and S are symmetric, then it is better to return (A+ AT)/2 than

A since, by the triangle inequality,
1A= (A+AT)/2lle = [(A = A)/2+ (A= A)T /2] < | A - Alr.

Remark 3. If the entries of the r; are Gaussian, then the diagonal estimator d,,
from Equation (2.7) is equivalent to Equation (2.6) with S = 1. Let r; denote the

jth column of G. By definition, z; = [[Ar1]i, ..., [Arn)i] " and in this case,
GT = [G]s .= [G]% == [[7’1}1', ceay [Tm]z]

is a vector. The i-th row of d,, is

Ao, = 2ijmlrili [Argls Gz
e > lril? GG

In this sense, Algorithm 3 for computing Equation (2.6) is a generalization of

Equation (2.7) to non-diagonal sparsity patterns. Interestingly, however, we have
not seen Equation (2.7) interpreted in terms of a least-squares problem or pseu-
doinverse in the literature. This is perhaps because past work focused on diagonal

estimation (Problem 2) rather than approzimation by a diagonal (Problem 1).

Remark 4. Algorithm & requires solving n least squares problems with a coeffi-

cient matrix of size m x s. So, in addition to the application dependent cost of
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computing Z = AG, its runtime is just O(nms?®). There are a number of practical
improvements which can be made upon implementation. First, for many sparsity
patterns, the matrices G; and G, differ only by a permutation and low-rank up-
date. Thus, by downdating/updating appropriate quantities, the cost of solving all
n least-squares problems may be lower than n times the cost of solving a single
system. In addition, a posteriori variance estimates could also be obtained through

Jack-knife type techniques [67].

2.2.4 A lower-bound for adaptive algorithms

Algorithm 3 solves Problem 1 using O(s/e) matvec queries. In this section, we
show that there are distributions of matrices and sparsity patterns for which no
matvec query algorithm can reliably solve Problem 1 using §(s/e) matvecs. In

particular, we show the following:

Theorem 2.2.3. Fiz v € (0,1). Then there ezist constants ¢,C > 0 (depending

only on ~y) such that the following holds:

For any € € (0,¢) and integer s > 1, there is a distribution on (symmetric)
matrices A € R™? such that, for any sparsity pattern S whose rows and columns
each have between vs and s nonzero entries, and for any (possibly randomized)

algorithm that uses m < Cs/e (possibly adaptive) matriz-vector queries to A to

output A with Ao S = g,

P[4 Al < (1+2) 4-SoAle] < o

This implies that for certain hard instances of Problems 1 and 2, our Corol-

lary 2.2.2 and thus Theorem 2.2.1 are optimal up to constants. In particular,
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adaptivity can only improve constants; it will not lead to an improved dependence
on s or €. If A is known to have a particular structure, it is possible that adaptive

algorithms may perform better than non-adaptive algorithms for these problems.

We note that the condition ¢ < ¢ is benign. In particular, if C' < ¢/2, then
m < Cs/e implies m < s/2, in which case one cannot solve Problem 1, even in the

zero error case, due to a parameter counting argument.

2.2.5 Key technical tools

Before we prove Theorem 2.2.3, we introduce several key results.

Our hard distribution will be A = GTG, where G € R%*? has entries sampled
as G;; ~ N(0,1) iid for all 1 < 4,5 < d. This is a special case of a so-called
Wishart matrix. Our lower bound will make use of the fact that the conditional
distribution of a Wishart matrix after a sequence of adaptive matrix-vector queries
still looks like a slightly smaller transformed Wishart matrix [37, Lemma 3.4].
Similar hard input distributions have been used in a number of lower-bounds for
matvec query tasks [153, 37, 91, 48]. We believe other simple distributions such as
A=Gor A= G+ GT would also suffice to prove something like Theorem 2.2.3.
We have chosen to use A = G'G because it is symmetric, and it allows us to
use a conceptually intuitive anti-concentration result based on the Berry-Esseen

theorem.

The following is essentially Lemma 3.4 from [37], restated to suit our needs:

Proposition 2.2.6. Suppose G € R>" with random entries G;; ~ N(0,1) did for

all1<i<d, 1<j<r. Letax,...,zym andy; = G'Gzxy,...,ym = GGz, be
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such that, for each j = 1,...,m, x; was chosen based only on the query vectors

T1,...,%j—1 and the outputs yi, ..., yj—1.

Then, there is an n X n orthonormal matriz V,, and an n X n matriz A,,, each
constructed solely as functions of x1,...,T,m and yi,...,Ym, and a matrix G, €
RE=m>Xr=m 4yith entries G, ~ N(0,1) did for all1 <i<d—-m,1<j<r—m,

independent of x1,...,Ty, and yi, ..., Ym Such that

Om,m Om,d—m

Odfm,m G;Gm

VIGTGV,, = A, +

This result is essentially Lemma 3.4 from [37], and the proof can be found in
the appendix of [6, Appendix B.1]. We will also use the following bound about
the anti-concentration of independent random variables, which is an immediate
consequence of the Berry—Esseen Theorem and a basic anti-concentration result

for Gaussians. The proof can be found in [6, Appendix B.2].

Proposition 2.2.7. There exists a constant C' > 0 such that, if Xq,..., X are
independent random variables with V[X;] > o2, and E[|X; — E[X;]|?] < p, and if
we define

then for any t € R and o > 0, if k > Cp?/(a?0"),

P||X —t| < aoVEk| < .

Using Proposition 2.2.7, we can derive a more specific consequence which we
will use directly in the proof of Theorem 2.2.3. The proof of this result is also

contained in [6, Appendix B.1].

Lemma 2.2.8. There exists a constant C' > 0 such that, if v = Gu and y = G,

where G € R¥* with Gij ~ N(0,1) 4id for all 1 < i,j < k, and u,v € R* such
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that |Julls < 1 and ||v||2 < 1, then for any a > 0 and t € R, if k > C/(a?||ul$||v]|S)
then

]P’UxTy —t| < alulla]loll2VE| < .

Finally, we will use the following observation about sparsity patterns that over-

lap all sufficiently large principal submatrices.

Lemma 2.2.9. Let v < 1 and suppose S € {0,1}%*? is binary matriz for which
each row and column has between s and s non-zero entries. Let I C [d] with |I| >
2d/(2+). Then, the principal submatriz [S]r; of S contains at least yds/(2+ )

nonzero entries.

Proof. Let I C [d] with |I| > 2d/(2 + 7). Note that

2
Slosally = 3 SISk 2 1175 = 5o ds.

i€l je(d]

Next, note that, since |I¢| < d —2d/(2+ ) =~d/(2+7),

S)1.re ZZ ;< |- T gs.
i€l jelc v
Finally, since [d] is partitioned into I and I¢,
2
1110allz = 1STgally = N1STrrellp > g=mds = 2—ds = 57 —ds. O

F= 24+~ 247 2+~

2.2.6 Proof of Theorem 2.2.3

We now have the tools necessary to prove Theorem 2.2.3. The general strategy will
be to show that the conditional distribution of a Wishart matrix after a sequence of
(adaptive) queries is hard to approximate. That is, that the on-sparsity entries are

anti-concentrated (conditioned on the queries) relative to the off-sparsity mass,
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which is O(d*?) with high probability. We will then use this result to prove

Theorem 2.2.3.

Lemma 2.2.10 (Main technical lemma). Fiz~y € (0,1). Then there exist constants

1,02, c3 > 0 (depending only on v) such that the following holds:

Suppose A = GTG, where G € R™ with G;; ~ N(0,1) 4id for all 1 < i <
r,1 < j <d. Then, for any sparsity pattern S whose rows and columns each have
between vs and s nonzero entries, and for any (possibly randomized) algorithm that
uses m (possibly adaptive) matriz-vector queries to A to output A with Ao S = Z,

if m < c1d and, for any « € (0,1), r > m + c3/a?, then

P[[|SoA— Al < cya’ds(r — m)] < a.

Proof. Fix v € (0,1). Let C denote the absolute constant in Lemma 2.2.8, define

__ oG _C
_4+27 2—4 5_6(137

&1

and suppose m, r, and d are integers such that
c
m < cid, r—m > —?;
o
Suppose we do m (possibly adaptive) queries to A. Proposition 2.2.6 implies
that there exists an d x d matrix A, and d X (d — m) matrix V with orthonormal
columns, both constructed solely as functions of the queries and measurements,
and a matrix G € R4 with entries distributed as @ij ~ N(0,1) for all
1<i<r—m,1<7<d-—m independent of the queries and measurements such

that
A=A+VvWVT, WwW=G"G.

Let S be any sparsity pattern for which each row and column has between s and

s non-zeros; i.e. for which we can apply Lemma 2.2.9.
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Let T € R%™? be any matrix with sparsity S determined solely as a function
of the queries and measurements, and hence independent of G. Without loss of
generality, we will absorb S o A into T'. Note also that it suffices to assume T is
deterministic, as the following argument holds for all possible draws of a random

T (and by extension, for the expectation over random draws of T').
Define the set of indices
P= {(i,j) e x [d): |[So VWV — [T, [° > (a/2)%ei(r — m)},

and the event
= {|P| > clds}.

Note that if £ holds, we have that

ISoA=TIE> S |ISo VWV ]y, — [T,

(i,j)eP

> |P| - (0/2)%ci(r —m) = erds - (a/2) i (r —m) = o’cads(r — m),
so it remains to show P[E] > 1 — a.
Towards this end, let v; be the ith row of V', and define
I={ield:|ul;>a}, M={@Gj4)elxI:[S;;=1}

We must have |I| > 2d/(2 + «). Otherwise, since V' has orthonormal columns so

that ||v;||3 < 1, we would have:

2d
d—m = HVHF_ZMQ <> a+) 1 <c1d+— = (1—¢)d,

ielc el

which contradicts our assumption m < ¢;d < d —m > (1 — ¢;)d. Then, since

|I| > 2d/(2+ ), Lemma 2.2.9 and our assumption on S give that

vds
[M] > 55— = 2eids.
f)/
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We now show that if (i,j) € M then (i,j) € P with high probability. Fix
arbitrary (¢, j) € M (and note that this means ¢, € I). Since [S]; ; = 1, note that
[So VWVT]; = 2] x;, where 2; = Gu; and z; = @vj and v; and v; are the i-th
and j-th rows of V respectively. We also have that ||v;]|3, ||v;]|3 > ¢;. With this in

mind, our choice of constants implies

C3 C C
r-mz-—5=-—5%2
o accy

a?[lvi|3]lv; 5

Hence, applying Lemma 2.2.8,

P[(i,j) ¢ P} - P“[S VIV, — [T < (a/z)clm]
< P|[a]2; = [Tha| < (@/2) il Joslavr=mm] < 5.

Now, by Markov’s inequality, we have that

P

LI~

> UG ¢ P =

(i,9)eM

-%|M\] <a.

Since |M| > 2¢,ds, this then implies that

M
P[E] :IP[|P| > clds] zP{|P| > ’—2’} >1—-o

This proves the result. O

With Lemma 2.2.10, the proof if Theorem 2.2.3 is straightforward. The basic
idea is that if 7 = d and « is constant then ||SoA—A||2 is typically Q(sd2). However,
by simple computation, it is not hard to see that ||SoA||2 < || Al|2 is typically O(d?).

Thus, if we set d = O(s/¢e), we typically will have that ||S o A — ZH% > ]|S o A

as long as m < c1d = O(s/e).

Proof of Theorem 2.2.53. Fix v € (0,1) and let ¢y, c2,c3 be the constants from
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Lemma 2.2.10. We will make the following assignments:®

1 (1 —¢p) (1 —c1)boa?
o 257 1 ) 2 6b1 ) 3 max ) cs ) 1 C102
Fix € > 0. We will show that if
S bg 1 1
< (- —cZ < —< = 2.11
m = 187 c ) € b3 = 27 ( )

then there is a distribution on matrices such that for any sparsity pattern with
between s and s entries per row,

~ 1
PP[HA— Ale < (1+29) 1A= S0 Alle| < . (2.12)

The assumption by /e € Z will subsequently be removed.

Towards this end, assume Equation (2.11), and set
d:bgz, r=d, A=G'G, GeR™ Gy~N(O1)idforl<i<r1<j<d
Define events,

E= {HSoA ~ A2 > cralds(r — m)}, F= {HA _SoA|E< bldS}.

By assumption, m < Cs/e = ¢;d and

]._C3

S
T—mZ(l—Cl)dI<1—C1)'b25>(1-01)()2()3—E.

Therefore, applying Lemma 2.2.10, we have that P[E] > 49/50.
It is easy to show that E[||[A — S o Al|2] < d* (see [6, Appendix B.3] for a

derivation), so since b; = 50, an application of Markov’s inequality implies P[F| >

49/50.

Note that

r-m < cpalds(r —m).

6ebyd® < 6ebyd - b2§ :

®We have labeled the constants so that if ¢; depends on ¢;, then i > j.
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By a union bound, both E and F' hold with probability at least 24/25. Then since

So A and A have disjoint support and € < 1/2, as noted in Equation (2.5),
[So A~ A= (1+6)A—So Al 2 (1+20)24 - So AJ2
We now relax the assumption cs5/e € Z. For arbitrary ¢ > 0, define £ =

ba/[ba/c]. Then by/& € Z and & < e. Moreover, if £ < by/2, then e < byé/(be—¢) <

2¢. Set ¢ = min{1/bs, by/2}. Therefore, since 1/e < 1/¢, if
s
m < 01;7 e <ec (2.13)

then the conditions in Equation (2.11) hold (with &), and so we have the result
in Equation (2.12) (with €). Since ¢ < 2¢, this implies there is a distribution on

matrices and sparsity patterns for which the result of the theorem holds.

Thus, the proof is complete with C' = 2. n

2.2.7 Numerical Experiments

In this section, we provide several numerical experiments which illustrate the
performance of Algorithm 3. These problems are modeled after similar prob-
lems from the literature. Code to reproduce the figures can be found at https:

//github.com/tchen-research/fixed_sparsity_matrix_approximation.

Model problem

We consider the matrix A = M~! where M = tridiag(—1,4,—1). This class
of matrices exhibits exponential decay away from the diagonal and was used in

experiments in past work [22, 72].
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We take A to be 1000 x 1000 and, for varying values of b > 0, we set S to
be a symmetric banded matrix of maximum total bandwidth 2b + 1; i.e. [S];; =
1(]i — j| < b). We then compute the approximation error ||A — Al and recovery
error ||S o A — Al for the output of Algorithm 3 run using a varying number of

matvec queries m.

The results are illustrated in Figure 2.1. Here the convergence of Algorithm 3
is matched well by the upper bound in Theorem 2.2.1 for the expected squared

error (note that the plot shows the error, not the expected squared error).
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Figure 2.1: Approximation of model problem matrix A = tridiag(—1,4,—1)"! by
a matrix of total bandwidth s for varying values of s. The solid circles indicate the
root mean squared error of Algorithm 3 over 20 independent runs of the algorithm,
and the shaded region indicates the 10%-90% range. The dotted lines are the

Vs/m—s—1)||[A—So Al (left) and /T + s/(m — s — 1)||A — S o A|[¢ (right).

Trefethen Primes

We let A = M~!, where M be the 1000 x 1000 matrix whose entries are zero
everywhere except for the primes 2,3,5,7,...,7919 along the main diagonal and
the number 1 in all the positions [B];; with |i—j| € {1,2,4,8,...,512}.° An

example (somewhat different from our example) involving this matrix was used in

In problem 7 of the “A Hundred-dollar, Hundred-digit Challenge” in SIAM News, readers

are asked to compute the (1,1) entry of a larger but analogously defined matrix A to 100 digits
of accuracy [162].
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[138].

Figure 2.2: Left: Log-scale of the nonzero entries of M, which range in magnitude
from 1 to 7919. Middle: Log-scale of the nonzero entries of A. Right: Sample
sparsity pattern S corresponding to b = 5.

For b > 0, we defined a sparsity pattern S to be such that, for each t &
{1,2,4,8,...,512}, [S];; = 1 whenever |i — j £¢| < b and zero otherwise. In other
words, the sparsity pattern consists of bandwidth 2b 4+ 1 bands centered nonzero

entries of M = A~!. This is illustrated in Figure 2.2.

The results are shown in Figure 2.3. Here, the convergence of Algorithm 3
is somewhat better than the upper bound Theorem 2.2.1. This is because many
rows of the sparsity pattern have far fewer than s entries. From the proof of
Theorem 2.2.1, it is clear how to obtain an exact characterization of the expected

squared error.

2.2.8 Outlook on sparse approximation

This work raises a number of interesting practical and theoretical questions. We

now comment on three.

It is clear that there is potential for combining coloring methods with algorithms

such as Algorithm 3 in order to avoid paying for large off-sparsity entries in parts
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Figure 2.3: Approximation of “Trefethen primes” inverse matrix by a multi-banded
matrix for varying values of s. The solid circles indicate the root mean squared
error of Algorithm 3 over 100 independent runs of the algorithm, and the shaded
region indicates the 10%-90% range. The dotted lines are the \/s/(m — s — 1)||A—

So Al (left) and \/1+s/(m — s — 1)||A — S o Al (right).

of a matrix while simultaneously maintaining the robustness to noise enjoyed by
Algorithm 3. One approach to combining these two paradigms is to use adaptive
queries to identify portions of the matrix with large-mass, and then find a coloring
based on this information. We believe further study in this direction may yield
algorithms that work better in many practical situations. Of course, our lower
bound Theorem 2.2.3 shows that only constant factors can be improved for some

families of problem instances.

The present paper focuses only on the Frobenius norm. It would be valuable to
understand the analogous problem in other norms such as the matrix 2-norm. For
other norms, S o A is not necessarily the best approximation to A with sparsity S.

For instance, if A =[1,1;1,1] and S = [1,0;0, 0], then
2 0 10

argmin [|[A — X = # =SoA.
X=sox 0 0f oo

Loosely speaking, minimizing the operator-norm approximation error requires the
rows of the error matrix to be small and unaligned, whereas the Frobenius norm

problem only requires them to be small.
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Finally, it is of broad interest to understand algorithms and lower bounds for
richer structures of matrices, such as the sum of sparse and low-rank matrices and
matrices with hierarchical low-rank structure. This paper is a starting point for
investigating these problems, and we hope that future work will explore them in

greater depth.
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CHAPTER 3
HIERARCHICAL MATRIX RECOVERY AND APPROXIMATION

Hierarchical low-rank approximations lie at the heart of many widely used nu-
merical methods, including the Fast Multipole Method (FMM) [77, 183, 184, 185]
and have applications ranging from partial differential equation (PDE) solvers and
control problems to the non-uniform Fourier transform [27, 12, 176]. Hierarchi-
cal matrix recovery has received significant attention due to both practical and
theoretical importance [111, 116, 117, 106, 32, 35, 105]. For example, black-box
HODLR approximation methods can be used to obtain fast direct solvers in set-
tings where we have access to efficient matrix-vector products, e.g., via an FMM
or iterative method [111, 117]. Black-box methods are also central in the field of
operator or PDE learning, where A is an unknown differential operator and one
can access matrix-vector products through physical experiments or simulations

involving different forcing functions [33, 31, 151].

In this chapter!, which, we discuss the theoretical bounds and stability guaran-
tees for hierarchical matrix recovery and approximation from matrix-vector prod-
ucts. We propose a projection-based variant of peeling for hierarchical matrix
recovery in Section 3.1. Then, in Section 3.2, we derive an algorithm and accom-
panying theory for hierarchical matrix approximation from matrix-vector products.
In this work, we resolve the open question about the stability of peeling introduced

as an important theoretical challenge in [35] by providing some of the first relative

!This chapter consists of sections which are excerpts from two papers [84, 45], The first sec-
tion contains two hierarchical matrix recovery algorithms which I developed with Alex Townsend
in [84]. The second section contains excerpts from [45], to which I contributed ideas for upper
and lower bounds and algorithms. This paper was joint with Tyler Chen, Feyza Duman Keles,
Cameron Musco, Chris Musco, and David Persson. Tyler Chen performed the numerical experi-
ments in this section, and Tyler Chen and David Persson primarily derived the theory for noisy
low-rank approximation.
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guarantees for the stable behavior that is observed in practice.

3.1 Hierarchical matrix recovery from matrix-vector prod-

ucts

In Sections 3.1.1 and 3.1.4, we describe randomized algorithms that recover N x N
rank-k HODLR matrices from O((k + p)log(N)) queries and HSS matrices from
a small multiple of k£ queries with high probability. There are existing algorithms
for HODLR matrix recovery using O(klog(N)) queries based on a recursive elim-
ination strategy [111, 117]. Instead of using recursive elimination, our recovery
algorithms use a recursive projection procedure that carefully projects the input
query vectors, as well as outputs. Therefore, we think of our recovery algorithm for
HODLR matrices as a QR-variant of recursive elimination [111, 117]. We suspect
our algorithm to be more theoretically stable than peeling due to the advantages
of projection over elimination, though both algorithms are observed to be stable

in practice.

In Section 3.1.1, we describe a randomized algorithm for HSS matrix recov-
ery, where we restrict to a particular representation of HSS matrices, and in Sec-
tion 3.1.4, we derive a stable algorithm for HODLR recovery by incrementally mak-
ing the matrix structure more complicated. Finally, in Section 3.1.6, we consider
related problems, such as recovering matrices when the matrix-vector products are
error-prone and recovering hierarchical matrices whose blocks are only numerically

low-rank.
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3.1.1 p-HSS matrix recovery

In this section, we derive a recovery algorithm for Hy j, the family of N x N rank-k

p-HSS matrices, where N and k are known in advance.

We first count the parameters that define the structure of Hy . There are

LN

N N k2 4k2
# parameters = 41{:; + RN/ —4) + 2%? =N (Qk; + T + 25)
——

off-diag. blks

UV.W,zZ diag. blks

(3.1)
defining Hy . However, to apply the bound in Equation (2.1), we require that
Hn is a linearly parametrized family, so that the equations from matrix-vector
product queries are linear in the parameters of Hy . This is not the case. However,
if we recover U, V., W, and Z first, the equations will be linear in the remaining
parameters. Therefore, by Equation (2.1), we need at least (25—: — % + 2] more
matrix-vector products to fully recover Hy . Since k < 2¢ < 2k and in general,

N > k?, 4k queries is more than enough.

If Hy . is symmetric, there are kN parameters defining U and V, k*(N/2¢ —
2) parameters in the off-diagonal blocks, and 2°-1(2¢ + 1)N/2¢ = 271(2* + 1)N

parameters in the diagonal blocks. Thus, we have

. Y, 2+ 1)N
# parameters of symmetric Hy, = kN +k°(N/2" —2) + s (3.2)
-~ ~———
uv off-diag. blks diog. Dlocks

and symmetric rank-k p-HSS recovery requires at least [g—j — % + %1 queries, in
addition to the number of queries needed to recover U and V. Using k < 20 < 2k

and N > k? as before, 3k queries is more than enough.
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Existing approaches

There are a few existing algorithms for general HSS matrix recovery. Peeling al-
gorithms utilize the same recursive elimination strategy as existing algorithms for
HODLR recovery [117, 106], and require O((k+p) log,(N)) matrix-vector products.
These algorithms yield an upper bound on QC(HSS rank-k) and QC(HSS rank-k)
of O(klogy(N)). In theory, peeling algorithms can be numerically unstable be-
cause the pivoting strategy in elimination relies on the hierarchical structure of

the matrix, rather than the magnitude of its entries.

A recent HSS recovery algorithm, which we refer to as the Levitt—-Martinsson
HBS algorithm, does not rely on peeling, and instead only requires O(k) matrix-
vector products, as suggested by the lower bound Equation (2.1) [105]. Thus,
QC(HSS rank-k) = O(k). It leverages a telescoping factorization of an HSS matrix
and recursively recovers its entries in an order based on the hierarchical structure.
Our algorithm also achieves O(k) matrix-vector products and exploits hierarchical
structure for a projection-based method for recovery. Essentially, our algorithm
solves a linear system in the parameters of a p-HSS matrix given in Equation (3.1),
which is generated from O(k) matrix-vector queries. From the existence of the
Levitt—-Martinsson HBS algorithm [105] and a result by Otto [136], we know that
using the same number of matrix-vector products as the Levitt—-Martinsson HBS
algorithm, our linear system has a unique solution with probability 1. In practice,
we observe that the linear system has a unique solution with even fewer matrix-
vector products than this. We believe this is due to some oversampling in the
Levitt—-Martinsson algorithm. While our algorithm and that of [105] require the
same number of matrix-vector products and are both projection-based, we recover

the entries of a p-HSS matrix all at once, exploiting the sparsity structure and
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magnitude of entries in the linear system. In contrast, [105] recovers a general

HSS matrix in sequential steps based on the telescoping factorization.

Our numerical results in Section 3.1.3 suggest that our algorithm performs
better than that of [105] in terms of accuracy, especially when the rank of the p-
HSS matrix is low. However, one trade-off here is that the Levitt—-Martinsson HBS
algorithm in [105] achieves linear complexity and is more efficient for large ranks.
Our algorithm can be more computationally expensive due to our QR strategy for
solving a large linear system in the parameters of an HSS matrix. In practice, we
use a multifrontal multithreaded sparse QR factorization causes our algorithm’s
computational time to grow like O(N1?) [58]. We also observe in Section 3.1.6
that our linear system strategy is a more accurate solution to related recovery
problems: when the HSS matrix has only numerically low-rank blocks and when
matrix-vector products are error-prone, i.e., outputs of matrix-vector products are
noisy. Overall, our two algorithms are complementary, as that of [105] is better
suited to the telescoping factorization structure for an HSS matrix. In contrast,
ours is designed to recover an HSS structure in a format that stores the parameters
defining each subblock of the HSS matrix. We also emphasize that the algorithm
of [105] is suited to the general class of HSS matrices, whereas our algorithm the

slightly more restrictive class of p-HSS matrices (Definition 1.4.7).

We now describe a randomized algorithm to recover Hy ;. We do so by pro-
gressively increasing the complexity of the p-HSS structure from symmetric Hy;
(see Section 3.1.1) to general symmetric Hy . (see Section 3.1.1) before extending

to p-HSS matrices and so-called restricted HSS matrices (see Section 3.1.2).
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Symmetric rank-1 p-HSS matrices

We begin by considering the recovery of symmetric p-HSS matrices, which is con-
ceptually easier to explain. In turn, we consider symmetric Hy ; (see Section 3.1.1),
symmetric Hy 1 where N is a power of 2 (see Section 3.1.1), and the recovery of
symmetric Hy, (see Section 3.1.1). We emphasize that our recovery algorithm is
not necessarily optimal for a matrix as small as 4 x 4; however, we consider this

initial pet example to illustrate the algorithm.

Recovering Hy 1

Consider the recovery of a 4 x 4 symmetric rank-1 p-HSS matrix, which can be

expressed as

a; G2
UUT
o as 9
H471— , ai,...,as € R, wu,v e R” (33)
a4 Qas
U’UT
as Qg

Hence, H,; is defined by 6 parameters in the entries a4, ..., as and 4 more param-

eters in the vectors u and v. We can stably recover uv' by noting that

1 * 0 Y3
’UUT
T * O Ya
H471 = s H471 (34)
0 T Ys
U’UT
0] i T | | | Ya | i |

where * denotes irrelevant entries. Thus, we compute matrix-vector products with
wv’ and vu' by querying Hy;. We use the randomized SVD to stably recover u

and v in a total of 2+ p queries. Finally, we use two matrix-vector products of the
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form:

Hy,

where ¢y, ...

0

92

g3

ga

linear system for aq, ..

.,ag. The exact rectangular linear system is given by

-91920000-
0 g1 g2 0 0 0
0 0 0 g5 g2 O
0 0 0 0 g5 94
91 90 0 0 0 0
0 g1 95 0 0 0
0 0 0 g5 g4 O
0 0 0 0 g5 g

a191 + azg2

3]

a2

as

Qy

as

Qg

a1 + azgo
a493 + G594

| 4593 + a6Ja |

Hyp

g1

92

g3

0
vu " &
0 g2
00 gs
Uv
00 ga

0 0

vu '
0 0

0 0
uv’

0 0
0 0 -

VU
0 0

0 0
uv’

0 0

a1

g2

g3

, g4 are standard Gaussian i.i.d. random numbers, to set up an 8 x 6

(3.6)

which can trivially be decoupled into two 4 x 3 rectangular linear systems problems

to solve for ay, as, as and a4, as, ag. Here, g, . ..

, gy are also standard iid Gaussians.

This means that we can recover H,; with a total of 4 4+ p matrix-vector product

queries. Of course, 4 + p > 4, so the naive algorithm of recovering H,; column-

by-column is better here; however, these ideas extend to recovering Hy ; for larger

N.
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Recovering an N x N rank-1 p-HSS matrix, where N is a power of 2

A similar procedure for Hy; (see Section 3.1.1) works for the recovery of Hy g,

where N is a power of 2. Note that for any z, y € RY/? we have

T * Ony2 VU Y
Hy = ; Hy = ;

Ony2 wo'x Y *

where Op/2 is the zero vector of length IN/2 and x is a vector of length N/2 with
arbitrary entries. Thus, we can access matrix-vector products with vv ' and vu'
by directly querying Hy ;. This means we can apply the randomized SVD to stably

recover u and v in a total of 2 4 p queries.

By setting £ = 1 in Equation (3.2) and counting the parameters other than u
and v, there are 2N — 2 parameters remaining to recover in Hy ;. We construct a
rectangular linear system whose solution is the remaining parameters in a similar
way to Equation (3.6). Each matrix-vector query with a random i.i.d. standard
Gaussian vector yields N linear equations in the remaining parameters, so two
matrix-vector products yield a 2N x (2N — 2) rectangular linear system. The
rectangular linear system has a recurring “staircase” structure due to the HSS
structure (see Figure 3.1, left), and trivially decouples into two N x (N — 1)
rectangular linear systems. We observe that the multifrontal multithreaded sparse
QR factorization [58] takes less than 5 seconds to solve the rectangular linear
system for N = 2'® = 262,144, and has a computational time complexity of about

O(N'?) (see Figure 3.1, right).
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Figure 3.1: Left: The structure of the 2N x (2N — 2) sparse linear system that are
satisfied by the parameters of a symmetric Hy i, excluding v, and v; for N = 128.
Right: The computational time required to solve the rectangular linear system
using ‘\’ in MATLAB for the remaining parameters of Hy;, which executes the
multifrontal multithreaded sparse QR factorization [58]. From these experiments,
we observe that the computational time scales like O(N'2).

Recovering a symmetric, rank-k p-HSS matrix

Our algorithm for recovering Hy generalizes our approach for Hy; (see Sec-
tion 3.1.1). In total, it requires 5k 4 p matrix-vector products to recover Hy,
including the N/2 x k matrices U and V in the largest off-diagonal blocks and the
k x k matrices in each subblock. First, we recover the matrix UV T by noticing

that for any vectors z,y € RV/2,

| * Ony2 B VU Ty

Hy g, = , Hy =
ON/Q UVTZE Y *

Thus, we query UV'" and VU by using matrix-vector products with Hyy, al-
lowing us to recover UV " with the randomized SVD in 2k + p queries with high

probability.

We construct a linear system for the remaining parameters that define Hy .

Since we have already recovered UV ', a matrix-vector product of the form Hy jz
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yields the following N linear equations:

i1>

HH[E(Zl) + V(Z )HuV(’LQ, ) (22) UVT ZL'(

V{iz, 1) Ha V(i) " (in) + Hope(in) | Hero 2 (i2),

HggI(lg) + U(Zl, )H34U(22, ) (24) 7 VUT ,I(Zg)
(

x Z4)

| Uiz, DHGEU (iy) "2 (i3) + Hugx(is) |

wherei; = 1: N/4,iy = N/44+1: N/2,i3 = N/2+1:3N/4, and iy = 3N/4+1 : N.

Since vec(AXBT) = (B ® A)vec(X

), we write this as

vec(His) vec(Hy1x(i1)) Uy x(zl)
(A1 Ay A A4 veclHa) + vee(Hna(iz)) = vec(Hyx) — vec 'x(ZZ)'
vec(Hsy) vec(Hszx(iz)) T (i3)
VU
vec(Hys) vec(Hyqx(iq)) (i4)

where we write A; = (2(i2) "V (ia,:)) @ V(iy,:), Ay
A3 ($<i4)TU<i2, )) X U(il, I), and A4

(2(i2) "V (ir,2)) @ V(ia, 1),
(2(i3)TU (i1, 2)) @ Ulia,2).

for 1 < 57 < 4 are themselves HSS matrices, N equations can be constructed

Slnce Hjj

recursively. For example, when N = 16 and k = 2, Hy, takes the following form:

bio b biz

b b bz bis V4 by by V(58,7
by by biz biy by by
bz b1z b bis
12 013 b b1 vuT
big bir bis b
<
‘ ( 8 :) bl b2 ‘(l 4 )T b]T b]6 blH b20
by by bis big by b
H big bz a1 by
16,2 — )
bz& bZJ b‘ZG b‘l()
bay bas bas by 5 b
24 b5 26 bar Ui, hU(58)T
bos bog oy bog by bs
bag bor bas Do

uvT

b3

bsa

2 bz

n

2 sy

3 ba

bss

5 bao

where U,V € R®2. A matrix-vector product Higer for z € R'® gives us 16

equations in the unknowns by, ..., bss. Given the repetitive structure of Hyg 2, we
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focus on the first four equations produced by this query to find the pattern of the
linear system. The top left 4 x 4 subblock of the linear system matrix, called Ly,
corresponds to the coefficients of by,...,bs in the first four equations of the linear

system:

8 . . 8 . . 8 . . 8 . .
Zj:5 LjV1,5V1,1 Zj:5 LjV2,jV1,1 23:5 ZjV1,jU2,1 2]:5 TjV2,jV2,1
8 8 8 8
D o5 TV VL2 D5 L2012 D s TV Va2 D 5 LU, V2

gt Sttt Sa itgtes Sas s
j=5LjV1,;V1,3 j=5TjV2,jV1,3 j=5TjV1,jV2,3 j=5LjV2,jV2,;3

S vt S LU S e TV Uas S e LU
| Zj=5"7Y1,7%1,4 j=5+jv2,jv1,4 j=5+jv1L,jb2,4 §=5"3Y2,5V24

Note that this matrix is the same as the one generated by the Kronecker prod-
uct given by V(1 : 4,:) ® (x(5 : 8)TV(5 : 8,:)). For the rest of the equations
corresponding to multiplication by a 4 x 4 off-diagonal subblock, there is an anal-
ogous Kronecker product, as this is the same product up to changing the indexing

of U,V , and x.

To find the remaining coefficients in the first 4 equations, we note that the only
other nonzero coefficients of the parameters b; result from multiplication by the
diagonal block with seven parameters: by, ..., by5. The corresponding subblock of
the linear system matrix, which is 4 x 7 and starts from the parameter by, looks

like this:

Tr1 T2 T3 X4 0 0 0

0 21 29 23 4 0 O

Ly
0 0 Tr1 T2 T3 T4 0

0 0 0 r1 T2 T3 T4

Putting these nonzero blocks together and setting the rest of the coefficients

to 0 gives the first 4 rows of the linear system: [Ll Ly 04725} . As with L, the
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structure of L, is the same for the rest of the linear system, up to changing the

indexing of x.

The linear system for Hy

The p-HSS recovery strategy of forming a linear system and solving for parameters
works for any p-HSS matrix of arbitrary size and partitioning of the hierarchy.
However, to illustrate our algorithm, we continue to assume that N is a power of
2. We generate the rank-k linear system according to the analogous formula using
Kronecker products. Now that we have a general form for the linear system given
by one matrix-vector product, we find the number of queries needed to generate
a linear system with more equations than the parameters of Hy ;. We claim that
this number is at least 3k. This is the same analysis as in Equation (3.2); we have
already recovered U and V', and we also assume the diagonal blocks each have
22¢ degrees of freedom because we know by Lemma 2.1.4 that symmetry does not
reduce the number of queries. So, there are k?(N/2° — 2) + 2¢- N parameters.
Then by Equation (2.1), the number of matrix-vector queries to guarantee more

equations than unknowns is [’;—j - % + 2] < 3k.

Thus, we perform 3k matrix-vector products and generate 3Nk equations. We
solve this linear system with the multifrontal multithreaded sparse QR factoriza-
tion. From the degrees of freedom perspective, 3k is a lower bound on the number
of queries that will give a unique solution. We also observe that 3k queries are
enough to uniquely determine Hy . Moreover, this solution has little error be-
cause the right-hand side of the least-squares problem is in the column space of
the left-hand side. Thus, only the condition number of the linear system upper

bounds the solution’s relative error rather than its square. We observe that the
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relative error of the solution grows slowly with N in Section 3.1.3, demonstrating

the stability of the p-HSS recovery algorithm in practice.

General rank-k p-HSS recovery

If Hyy is not symmetric, the same linear system strategy works. Recovery of
U,V,W, and Z requires 2(k + p) queries with A and 2k queries with AT via the
randomized SVD. Then, we solve for the remaining parameters by constructing
a linear system from matrix-vector products. By Equation (3.1), there are now

k2(N/2°71 — 4) + 2°N parameters defining Hy , so the number of queries to guar-

antee more equations than unknowns is (Qﬂfl — % + 27 < 4k using the bound
k < 2¢ < 2k and the fact that N > k2. Thus, the total number of matrix-vector

products with A is 6k + 2p and with AT is 2k.

3.1.2 Restricted symmetric, rank-k HSS recovery

We often deal with a more specific symmetric rank-k HSS matrix, which we call a
restricted HSS matrix A%%. This also arises as one step of our HODLR recovery

algorithm. In this case, we already know the N/2 x k matrices U and V', the row

res

and column spaces defining AR5, In addition, A% ’s diagonal blocks Af*

0

have

a more specific structure, rather than being general 2¢ x 2¢ blocks. The top half

res
(22

diagonal blocks are A = VWAl (T "and the bottom half diagonal blocks are
A =U G )A§GSU T where A, A are symmetric k x k matrices and V) and UV
correspond to the ith and jth restrictions of U and V, respectively. To recover a
restricted HSS matrix, we construct a linear system similar to that in Section 3.1.1;

however, it requires only 2k, rather than 3k, matrix-vector products to be solved.
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To see this, we count the degrees of freedom in AR and divide by the number
of linearly independent equations given by a matrix-vector product. The analysis
is almost identical to that in Section 3.1.1, and the only difference is that the
diagonal blocks A'® contribute k% instead of 22™ degrees of freedom. We have
k*(N/2¢ — 2) parameters in the off-diagonal blocks and Nk?/2¢ parameters in the
diagonal blocks. Thus, the number of queries that guarantee more equations than

unknowns is

where the last inequality follows by using the bound k& < 2¢. Thus, we use 2k

matrix-vector products to recover a symmetric restricted HSS matrix.

Asymptotic Complexity

We find the asymptotic behavior of Tjngs, the time required to recover a rank-k
p-HSS matrix A using the algorithm in Section 3.1.1. Let T4 denote the time to
apply A or AT to a vector, and Th,, denote the time for a floating point operation.
To recover A, one applies A to 6k+2p vectors and A" to 2k vectors, totaling a cost
of (8k + 2p)T4. The remaining cost is incurred by solving a 4Nk by Nk?/2¢-1 —
4k? 4 2°N linear system for the parameters of A. Using the QR factorization
to solve the associated least-squares problem costs O(ThopNk?). Then overall,

Tonss = O(Ta(k + p) + Thop N°E?).

3.1.3 Numerical results

In this section, we compare the performance of our p-HSS recovery algorithm to

those of Martinsson in [117] and Levitt and Martinsson in [105] using the same
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Figure 3.2: Left: The relative error in recovering an N x N symmetric rank-

1 generic HSS matrix. M1 refers to the recursive elimination strategy in [117],
a peeling algorithm of Martinsson. Our algorithm, denoted as HT, is described
in Section 3.1.1. LM denotes the Levitt—-Martinsson HBS algorithm in [105]. The
errors in the spectral norm were calculated via 20 iterations of the power method.
Right: Number of matrix-vector products used by each algorithm. While LM
has a much larger observed recovery error than M1, it only uses O(k) matrix-
vector products. Our algorithm also only uses O(k) queries and achieves the same
accuracy as M1. In contrast, M1 needs O((k + p)log,(N)) queries.

error measurement as in those papers. We measure relative error using ||Hyx —
HEyY||/I|[Hy k|| in the spectral norm via 20 iterations of the power method. To
approximate the norm of a matrix X, we apply the power method to X' X. All
of the experiments in this section and later on in Section 3.1.5 were written in
MATLAB and carried out on a Xeon E5-2698 processor with a single core and 256

GB of memory.

We measure the success of the three algorithms in several ways. First, in
terms of number of matrix-vector queries, [117] requires O((k+p)log,(N)) queries,
whereas both [105] and our p-HSS recovery algorithm only require O(k). On
the other hand, our algorithm requires the most floating point operations due
to the multifrontal multithreaded QR factorization. In contrast, the Levitt—
Martinsson algorithm and Martinsson peeling algorithm require O(Nk?) and

O(N(logy(N))?k?) floating point operations, respectively. However, due to the
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sparsity structure of the linear system, in practice, our algorithm’s computational

time complexity is O(N'?).

A recovery algorithm should also be accurate. As shown in Figure 3.2, all
three algorithms are reasonably accurate, and the performance of the algorithms
in [117] and [105] are close to the numerical results in their papers. We observe
that our algorithm and the peeling algorithm of [117] are comparable and more
accurate than the HBS algorithm of [105]. Moreover, while our algorithm and the
peeling algorithm of [117] achieve high accuracy, our method requires far fewer

matrix-vector products.

Finally, our algorithm and the recent algorithm of [105] are both projection-
based, as opposed to the peeling algorithm of [117], which employs a strategy of
recursive elimination. Projection is advantageous compared to peeling because
projection limits floating point error, whereas peeling can, in principle, be more
numerically unstable. However, despite its use of projection, the algorithm in [105]
is observed to be the least accurate. One explanation for this is the algorithm’s
recursive strategy of recovering the telescoping factorization of an HSS matrix,
starting from the level closest to the diagonal. This process follows the sequential
order of the telescoping factorization and can potentially propagate floating point
errors. In fact, the recovered matrix may not have an exact HSS structure when
the recovery algorithm is performed in floating point arithmetic. In contrast, the
linear system strategy used in our HSS recovery algorithm solves for all of the
parameters of an HSS matrix at once. It enforces the HSS structure even in

floating point arithmetic.

It is worth noting that the Levitt—Martinsson algorithm [105] recovers an HSS

matrix only in the form of its telescoping factors, which is an equivalent char-
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acterization of an HSS matrix. In contrast, our algorithm recovers precisely the
parameters that define each off-diagonal block in a p-HSS matrix. In this sense,
our two algorithms are complementary, as they are suited to two different charac-
terizations of HSS matrices, although the Levitt-Martinsson algorithm works on
a slightly larger class. One of the algorithms may be preferable depending on how

one stores an HSS matrix.

3.1.4 HODLR recovery

We now describe our algorithm for HODLR recovery. We denote an N x N, sym-
metric, generic rank-£ HODLR matrix as By, where again N = 2". By generic,
we mean that By is defined by random parameters. That is, the low-rank factors
of the off-diagonal blocks are matrices with i.i.d. random Gaussian entries, and
the diagonal blocks also have i.i.d. random Gaussian entries. We then discuss how
to recover a symmetric rank-1 HODLR matrix defined by parameters that are not
truly random, i.e., the column and row spaces of different subblocks have some
correlation. This technique has multiple stages, and we pare our matrix down
by recovering parameters until all that is left is a restricted HSS matrix (see Sec-
tion 3.1.2). We first recover the subblocks that do not correlate with one another
by projecting inputs as in Section 3.1.4, then recover additional information by
projecting outputs, and finally recover the rest using the symmetric rank-k£ HSS
algorithm described in Section 3.1.1. Finally, we extend our algorithm to nonsym-

metric rank-k complex-valued HODLR matrices of general size (see Section 3.1.4).

Both our algorithm and existing peeling algorithms utilize the randomized SVD
algorithm for recovering low-rank blocks. It is worth noting that one may be able

to save a factor of 2 here by using the Nystrom method. However, in this paper,
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we care more about the complexity O((k + p)log,(N)) than constants.

Symmetric and generic rank-1 HODLR recovery

We can visualize By ;’s structure (see Figure 1.2) where we force the matrix to be
symmetric by setting Z; = U; and W; = V; for all <. Additionally, because By is
rank-1 HODLR, we label each of the matrices U; and V; as u; and v; to emphasize
that they are vectors. The off-diagonal blocks are rank-1 and are defined by random
parameters. That is, each rank-1 subblock is defined by generating random vectors

u; and v; of the proper size.

Our algorithm recovers By in levels, starting with the largest off-diagonal
blocks, then recursing on smaller subblocks. At level 1, we recover the two off-
diagonal blocks of size N/2 by finding uo and vg. We do so with the exact same
technique as described in Section 3.1.1, using 2 + p matrix-vector products and

applying the randomized SVD.

Then, we concatenate ug and vy in a “blacklist” vector b; of length N, i.e.,

|
Vo
|
|

Ug

by

Moving on to level 2, we now recover uq, vy, us, and ve. We perform matrix-vector
products with analogously constructed alternating input vectors: [x1,0, z,0]" and

[0,91,0, 9] ". Importantly, we modify the inputs z; and x5 by replacing each with
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its projection onto the orthogonal space of the corresponding block of by, which
contains ug and vg. We can call these new, orthogonalized vectors #j and z/,. Thus,

we set:

zy Lbi(1: N/4) <= 2] Lu(l: N/4),

xy L bi(N/2+1:3N/4) <= b, L up(l: N/4).

This step is necessary because when we perform the product with By 1, 21 and
2o are orthogonal to the corresponding column spaces of the subblocks that were

previously recovered. That is,

) * *
5 0 uv] oy + (voug )(1: N/4, N/A+1: N/2)x}, v T
N1 = -
33,2 * *
0 (ugvg )(N/4+1: N/2,1: N/4)x| + ugvy o) Uy T

Thus, projection “zeroes” out the matrix in the desired subblocks, so that we can
isolate the actions of u;v{ and uyv, on random vectors. We can do the same trick

with [0,91,0,32]" to isolate the actions of v;u{ and vyuy on inputs of our choice.

Because By is a generic HODLR matrix, if x; and z, are random, then the
projected random vectors 7 and x, are nonzero with probability 1. Then, one can
still use the randomized SVD algorithm to recover the blocks at this level. This

will take 2 4 p matrix-vector products with By ;.

At level £, we construct two types of input vectors: one with alternating blocks
of vectors x; and zeros, and another which alternates zeros and vectors y;, where
the blocks are of size 2. Then, we project the blocks z; and v; to be orthogo-
nal to the corresponding blocks of the blacklist vectors by,...,by—;. When By is

applied to these alternating vectors, the projected inputs “zero out” By ;s recov-
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ered subblocks, and isolate the actions of the level-¢ subblocks. We then use the

randomized SVD algorithm to recover these blocks with high probability.

One question arises: At what level does this algorithm stop working? Once
the length of the inputs x; and y; is less than or equal to the number of vectors
it needs to be orthogonal to, i.e. the size of the blacklist, the projection step
forces them to be zero vectors. Even slightly before this level, when the inputs z;
and y; belong to a subspace of dimension less than 1 + p, the randomized SVD
algorithm cannot oversample the inputs, and we observe some loss of accuracy
in the randomized SVD. In the generic HODLR case, the input subspace is of
dimension 2"~¢ — #(blacklist). A new vector is added to the blacklist at each level,
so that at level ¢, there are ¢ — 1 vectors in the blacklist. Thus, when ¢ becomes
large enough so that 2" — ¢/ +1 < 1 + p, we must use a different strategy to

recover the remaining blocks. We can calculate the value of ¢ at which this occurs:

_ W(2"7log(2))
ST T e "

where W is the Lambert W-function. Because the levels range from 1, ... log,(N),

we have the upper bound of

w < logy(N). (3.7)

Then, using the lower bound on the Lambert W-function W(z) > log(z) —

log(log(z)) for x > e, we can also bound w from below as

n+p — n+p
w> log(2"*71log(2)) — log(log (2" log 2)) y
log(2)

>n — 1 —log,(log(2"™log(2))) + %
> log,y(N) — log,(logy(N) +p) — 1
=n—logy,(n+p) —1 (3.8)
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Algorithm 2 Generic Symmetric Rank-1 HODLR Recovery
Input Function handle matvec: = +— Az and N = 2", the size of A

Output Vectors Uy, V4, ..., U,, V,, that store u and v factors for every level’s blocks
W (277 log(2))

Set w = o2 (@) —pand r = 1+ p, where p is a fixed parameter, e.g., 10.
for level {=1,...,w —1do
Set bsize = N/2', U, =[], V,=[], and
X = [randn(bsize, r); zeros(bsize, r); - - - ; randn(bsize, r); zeros(bsize, r)]
if / > 1 then

Project blocks of X onto the corresponding orthogonal space of the black-
list. I s the corresponding index set and BL is a matrix storing stacked blacklist
vectors.

for each nonzero block of the form X(7,:) do

Set Q; = orth(BL(I,:)), X(I,:)+ X(I,:)—Q:Q{ X(I,:)
end for
end if

Query A with projected X. Apply rSVD to outputs to obtain each u at level

‘.
Set W =matvec(X), Y =[]
for each nonzero block of the form X(7,:) do
Set J = I +bsize, u=orth(W(J,:),1), U, <« [U;zeros(bsize,1);u]
Set @, = orth(BL(J:), y <« u — QQlu, Y <«
[Y'; zeros(bsize, 1); y]
end for
Query A with projected Y. Apply rSVD to outputs to obtain each v at level
‘.

Set V, = matvec(Y)
for each nonzero block V(I) do

Set V,(I) < V,(I)/(Y (I + bsize) "U(I + bsize))
end for

Append [U,(1 : bsize); Vy(1 : bsize);...; Uy(2'bsize + 1 : N); Vy(2'bsize + 1 :
N)] as a column to the matrix BL.
end for

Let A be the matrix recovered so far using Uy, Vi, ... Uy_1, Vip_1.
Set bsize = 2“1 X = randn(N, bsize + p), W = matvec(X) — AX
for each block of the form W ([I) of size bsize in W do
Uy(I) = orth(W(I))
end for
V,, = matvec(U,) — AU,
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It remains to recover the diagonal blocks of size 27~%T1 x 2n=w+1 of which there
are N/2n~wtl = 2v=1 We call the matrix we have recovered so far By 1, which has
zeros in these diagonal subblocks that we have not yet recovered. Now, it suffices
to recover the matrix By, — B)y;, whose only nonzero subblocks are the unknown
diagonal subblocks. One also effectively has access to a matrix-vector product with

By, — Bl and a given vector x by taking By — By o = (By1 — By ).

We recover the diagonal blocks By, with 2n—wtl L p matrix-vector products.
We construct an N x (2*~%*! + p) input matrix X with random Gaussian entries.
Then the product (By,; — By ;)X isolates the actions of each diagonal block By 1,
on a 277wl x (277wFl 4 p) random Gaussian input matrix X;, for 1 <7 < 2v~1
Then we can apply the randomized SVD to recover diagonal blocks. Here, we
perform enough matrix-vector products to recover each diagonal block column-by-
column; however, we prefer to use random Gaussian inputs, so instead we treat

each diagonal block as a rank-2""**! matrix and apply the randomized SVD.

By, | 0 ; x| [ Bax ]
0 | By, Xy | By a,, X2
0 v .
0 | BN1yu1 us Rey | BNyt g1 X2w-1 |

Overall, we recover By with 2 4 p matrix-vector products at each level until
level w, then 2"~“*! + p products for the diagonal blocks. The bounds Equa-
tion (3.8) and Equation (3.7) yield an upper bound on the total number of required

matrix-vector queries:

# matrix-vector products = (2 + p)(w — 1) + 2" 7“1 < (6 + p) logy(N) + 5p.
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General symmetric rank-1 HODLR recovery

We now turn to the case where the parameters defining a rank-1 HODLR matrix
are not random. We denote this matrix by Cx ;. We recover v, and vy with the
same 2 + p matrix-vector products as in Section 3.1.4. Again, we store ug and
vp in blacklist vector. At subsequent levels, we orthogonalize the inputs to the
corresponding parts of ug and vy and recover subblocks by the same technique as

in Section 3.1.4, projecting inputs onto the orthogonal space of the blacklist.

In Section 3.1.4, we recovered the vectors u and v defining each rank-1 subblock
by projecting inputs, modifying the input to z’. Because u and v were random and
x’ was orthogonal to blacklist vectors with no correlation to v, the output uv'a’

was nonzero with probability 1. Thus, we recovered u and v using the randomized

SVD.

However, in the general HODLR case, some blocks may “fail”, i.e., their outputs
equal 0. Of course, in practice, the outputs will not be exactly zero, so one can
instead consider failure to be when the outputs are below some tolerance. For
simplicity, we describe the exact arithmetic case where the outputs are exactly
0. This prevents us from invoking the randomized SVD. If we want to observe
the action of w on a random input 2/, and 2’ is orthogonal to k vectors of the
blacklist which we call by, ..., by, it is possible that v is a linear combination of

T2/ = 0. This can also happen if uv" is a block of zeros. So,

but, .., byr. Then, uv
projecting inputs may not recover all of Cy ;. However, even if a block fails, we
can still recover finer blocks that do not fail, as the projected inputs zero out prior
failed subblocks. Thus, we recover what we can of Cy; with this technique, which

again takes (2+p)(w — 1) queries. Next, we return to those failed blocks and fully

recover them with another pass, so that we recover all of Cly ;.
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We now project outputs instead of inputs, using a second pass of 2 + p matrix-
vector products at each level with the failed blocks. More precisely, for a failed
subblock uv' at level ¢, we perform matrix-vector products with the same alter-

nating inputs as in Section 3.1.4. Let uv'

act on the input x,. This time, we
do not project z,, onto the orthogonal space of the blacklist vectors, b, 1, ..., by.

Instead, the product yields:

k
wo 'z, + wa(*)bm(*)Txi, (3.9)
i=1

where * represents proper indexing of the k blacklist vectors. We define proj, as
projecting subsets of a vector onto the corresponding subsets of vectors in blacklist

b. Projecting the output onto b, we zero out the second term in Equation (3.9)

T T T

and obtain uv 'z, — proj yuv 'z, = (uv’ — proj yuv')x,, a rank-1 matrix applied
to x,. Thus, we can recover the matrix uv" —proj,uv ' with high probability using
the randomized SVD, revealing the failed blocks up to a linear combination of the
blacklist vectors. We repeat this for the failed blocks at each level, taking at most
(2 4+ p)(w — 1) matrix-vector products. This step at the final level w also gives us
the data of the symmetric diagonal blocks that are not a linear combination of the

blacklist vectors.

As in Section 3.1.4, to recover the rest of Cy 1, we recover Cy; — Cly ;, where
Cl, is the matrix we have recovered so far. The subblocks in Cy,; — C}, are
projections of Cy1’s blocks onto the blacklist at that subblock’s level. If there are
k vectors in the blacklist, Cy; — Cly; is a restricted rank-k HSS matrix. By Sec-
tion 3.1.1, we recover Cy; — Cly; in at most 2k matrix-vector products. The size
of the blacklist is at most w — 1 < logy,(N) — 1, where equality holds if a vector
is appended to the blacklist at every level until the diagonal blocks. In total, we

have a loose upper bound on the number of matrix-vector products used to recover
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CNJZ
# matrix-vector products < 2(2 + p)(w — 1) 4+ 2(logy(N) — 1) < (6 + 2p) log,(N).

To illustrate this algorithm and the possible ways blocks can pass or fail, we recover

Cs1 as an example below.

Example 3.1.1. The structure of Cg is below. We first recover uy and vy and
store them in the blacklist b. At level 2, suppose the blocks with an “X” failed and

the block with a “v'” passed when we applied to the projected inputs.

011 vlulT/

.
U1V X Cy

Cs3 Vally X

U/OUJ

UQU; X C44

The failed blocks tell us that for some of the projected inputs, which we will write
as ), o, and yh, we have that uyv] ¥} = voug ¥y = usvy yy = 0, so we cannot
recover uyv{ or ugvy via the randomized SVD. Then, we perform matriz-vector

products without projecting inputs:

T 011.’13'1 + 'Uo(l . 4)’1L0(1 : 4)T.I'2 0 Ul’lLlTyl + Uo(l : 4)U0(5 : S)Tyg
0 ’U,ll);l‘l + U()(5 : 8)UO(1 : 4)Tl’2 Y1 022.1/1 + U()(5 : 8)U0(5 : 8)Ty2
OS,I = ) C(8,1 =
2 uo(1: 4)ve(1: 4) T2y + Cazwy 0 uo(1: 4)ve(5 : 8) Ty + vaug yo
_O | _u0(5 :8)vp(1:4) Ty + IU/QU;—.'EQ_ 2| I uo(5: 8)ve(5 : 8) Ty + Cuaro |

We orthogonalize outputs to the corresponding parts of the blacklist, b. For clarity,

we write out what proj, means for each block:

(Cui — pmjuo(m)(cll))xl (viu] — D70 (5:8) (v1u]))y
(u1v] = Projy,.a)(urv] )z (Cag — projiy .8 (Caz)yn

(C33 — projyy (1.4 (Ca3) 2 ’ (Vaty — PTOfy, (5.8 (V23 )12
| (u2vy — profy iy (U203 )2 | | (Caa — projiyy(sis) (Caa)ye |
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If these projected outputs are monzero, we use the randomized SVD to recover
matrices of the form u;v; — proj,(u;v;). If they are zero, the column and row spaces
of these blocks are linear combinations of the corresponding vectors in b. In either
case, the blocks of the matriz Cgy — Cg, are given by linear combinations of the

vectors in b:

proj,Ci1 | proj,(viuy )

projy(uily) | proj,Cas

!
Cs1—Cgq =

proj,Css | proj,(vaus )

projy(ugvy ) | prog,Cua

Because the size of the blacklist b is 1, this is a rank-1 restricted HSS matriz. Thus,

we learn it with 2 matriz-vector products using the linear system in Section 3.1.2.

General HODLR recovery

One can generalize the algorithm in Section 3.1.4 to more general HODLR recovery.

Rank k& Symmetric HODLR The symmetric rank-k HODLR recovery algo-
rithm generalizes that of Section 3.1.4. Let Ey ) be a symmetric, N x N, rank-k
HOLDR matrix. We use the notation of Figure 1.2, where U;, V; are N X k matrices
defining each block of Ey j, and symmetry forces Z; = U; and W; = V] for all . We
recover Uy and Vj with high probability by the same technique as in Section 3.1.1.

An N x k blacklist matrix B; concatenates Uy and Vj:

Vo
Bl -
U
As before, we recurse on the structure of Eyj to recover blocks a level at a time.

At level ¢, we construct an N x (k + p) input matrix and an N x k input matrix
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given by

X3 Ogn—r
02n*f,k+p Y1
and : ,
Xy Ogn—r
_02ﬂ*€,k+p_ L Y, ]

where each of the blocks X is 2" ¢ x (k+p) and Y; is 2" x k. We replace X; and
Y; with their projections onto the orthogonal space of the corresponding parts of
the m blacklist matrices, By, ... B,,. That is, we orthogonalize each column vector
of X; and Y] to k corresponding blacklist vectors. Then, products with these inputs
zero out the blocks we have recovered, isolating the actions of the level-¢ blocks.
If these outputs are nonzero, the randomized SVD yields each level-¢ block, using
2k + p matrix-vector products. We repeat this process until the block size is equal

to the size of the blacklist, at which point projecting inputs sets them to 0.

If a subblock applied to a projected input outputs 0, it is considered a “failed”
block as before. We mark it as failed and continue to recover what we can at the
rest of the levels by projecting inputs. Then, we perform another pair of matrix-
matrix products at each level ¢ with failed subblocks, as well as with the diagonal
blocks. We project outputs, rather than inputs, onto the orthogonal space of the
blacklist. We thus deduce these subblocks up to linear combinations of blacklist

vectors.

If By, is the matrix containing everything we have recovered thus far, we note
that the subblocks of Eyj — E;Vk are either zero blocks if we have completely

recovered them, or nonzero linear combinations of the blacklist at the time of
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recovering them, and thus of rank at most the size of the blacklist at that level.
For example, a failed block at level 2 must be a linear combination of the k& vectors

in By, so it is at most rank k£ (some of the scalars in the linear combination may

be 0).

We can bound on the rank of each of these subblocks by the size of the final
blacklist. Thus, we view Eyj — Ey . as a restricted HSS matrix of rank equal to
the size of the blacklist. If the blacklist is of size m, we perform 2m matrix-vector

products to recover what remains of Ey ; as described in Section 3.1.2.

We determine an upper bound on the number of matrix-vector queries to re-
cover Ey . This reduces to a bound on the level at which we stop partitioning
En . This happens when the dimension of the input space is less than k + p, i.e.,
at level L, where 2"~% — (L — 1) < k + p. Because L is a level, we trivially have
the bound:

L <logy(N). (3.10)

To derive a lower bound on L, we want an upper bound on m. The blacklist is

largest if we append k vectors to it at every level before L:

W <2"+§ log(2)>
k
2"l (L-1Dk <k L —
( k<k+p = L> To2(2)

Y

>3

where W is the Lambert-W function.

In the first step, where we project inputs, we do 2k 4+ p matrix-vector queries
at each level from 1 to L. Then, when we project outputs, we do at most the
same number of queries. In the final step, using the algorithm in Section 3.1.2, we
recover a restricted HSS matrix of rank at most the size of the blacklist, which is

at most klog,(IN) by Equation (3.10). This will take 2k log, (V) queries. Thus, we
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can bound the number of matrix-vector products to recover Ey j:

# matrix-vector products < (6k + 2p) logy (V).

Nonsymmetric complex-valued HODLR If A is not symmetric, when pro-
jecting inputs, we perform 2(k + p) matrix-vector products with A and 2k matrix-
vector products with AT at each level. We apply the analogous randomized SVD
result for complex matrices [85] to recover low-rank blocks. Then, we do at most
the same number of queries for both A and AT at each level when we project
outputs. We are left with a rank-klog,(N) HSS matrix. Note that the same algo-
rithm in Section 3.1.2 applies for generating the linear system to recover this HSS
matrix, as it does not exploit the symmetry of the diagonal blocks. Thus, we use
2k log,(N) additional queries to generate the linear system. In sum, we require at

most (10k + 4p) logy(N) = O((k + p) log,(N)) matrix-vector products.

HODLR matrices of any size If the underlying HODLR matrix A is of size
N x N where N is not a power of 2, then one can instead recover a version of

A padded with zeros to make its dimensions a power of 2. Let N = 2[log2(\N)T,

Ny = LN — N|,and Ny = [N — N7. Then, the matrix is given by

SIS U N S UNARNA

B = On N, A On N, S

DS U U
is a rank-k HODLR matrix. Here, 0, is the zero matrix of size m x n. Instead
of recovering A directly, we recover B and then remove the zero padding. Since

we have only have access to z — Az and = — A"z, we infer the matrix-vector
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products with B and BT as follows:

On, 1 On, 1 TNy +1

Br=| Ay |, Bz = Aty y=
On, .1 On, 1 TN +N

Recovering A is thus reduced to recovering an N x N HODLR matrix. This will

require at most (9k+2p)[logy(N)] = O((k+p)[log,(N)]) matrix-vector products.

Asymptotic Complexity

We determine the asymptotic complexity of the general HODLR recovery algo-
rithm. It suffices to consider the generic HODLR algorithm, as the general HODLR
algorithm described in Section 3.1.4 treats a general HODLR matrix as the sum
of a generic HODLR matrix and a restricted HSS matrix, and the complexity of

the p-HSS recovery algorithm is already described in Section 3.1.2.

To compute Tgoprr, the time to recover a generic HODLR matrix, we first
compute Ty, the time it takes to recover level /. As in Section 3.1.2, we write this
in terms of T4 and Thep. At level £, one multiplies A by 2(k +p) inputs and AT by
2k inputs, totaling a cost of T4(4k + 2p). These inputs are projected so that their
nonzero blocks are orthogonal to the corresponding blocks of the blacklist vectors.
At level £, blocks are size N/2¢, and there are O(k() blacklist vectors. Then,
the cost of forming the projection matrix is O(Tq, Nk*¢?). The cost of projecting
2(k+p) inputs is O(Thopk(k+p)¢N). Finally, the cost of the QR factorization done
as part of the randomized SVD is O(ThopN(k + p)?). Adding all of this together

yields:

Ty = O(Ta(k + p) + Thop(NE*€* + Nk(k + p)l + N(k + p)?)). (3.11)
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Summing Equation (3.11) over all levels £ = 1,...,log,(N) yields:
THODLR = O(TA(IC + p) IOgQ(N) + TﬁokaZOOgQ(N))S). (312)

For comparison, Martinsson’s peeling algorithm has asymptotic complexity

O(Ta((k + p)logy N)) + Thop(N (log, N)?k?).

3.1.5 Numerical Results

We plot the relative error of the HODLR recovery algorithms for increasingly large
matrices. In particular, Figure 3.3 shows the results when our recovery algorithm
is applied to a generic HODLR matrix. We also implement Martinsson’s algorithm
in [117] for comparison. To recover a matrix A, our algorithm generates Acomputed-

As before, we measure relative error using 20 iterations of the power method.

-
o
]

~

<)
&

.

H

HA — 14(:omputedH?/H‘A‘H2

102 10° 104 10°
Figure 3.3: The relative error in recovering an N x N symmetric rank-1 random
HODLR matrix. M1 refers to the recursive elimination strategy in [117] and our
algorithm (HT) is described in Section 3.1.4. Excellent recovery accuracies are

observed, and the potential numerical instability of recursive elimination is not
seen.

It suffices to consider the numerical results for HSS and generic HODLR ma-
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Table 3.1: HODLR recovery with error-prone matrix-vector products where the
matrix-vector products are perturbed by Gaussian random vectors with expected
norms of 107, In this situation, both recursive elimination (M1) and recursive
projection (HT) provide accurate HODLR recovery, where the error is measured
as ||A — Acomputed||2- (Similar accuracies are achieved for larger values of N.)

N 32 64 128 256 512 1024
M1 5.3x107* 5.6x107* 53x107* 4.4x107* 45x107* 5.0x107*
HT 53x107* 53x107* 44x107* 3.2x107* 3.8x107* 25x10°*

Table 3.2: HSS recovery with error-prone matrix-vector products where the matrix-
vector products are perturbed by Gaussian random vectors with expected norms
of 107, In this situation, both recursive elimination (M1) and recursive pro-
jection (HT) provide accurate HSS recovery, where the error is measured as
|A — Acomputed||2- (Similar accuracies are achieved for larger values of N.)

N 32 64 128 256 512 1024
M1l 53x107* 56x107* 53x107* 4.4x10~* 45x107* 5.0x10~°*
LM 5.3x107* 56x107* 53x107* 44x107* 4.5x107* 5.0x10~*
HT 53x107* 53x107* 4.4x10~* 3.2x10~* 38x10~* 25x10°*

trices because the algorithm described in Section 3.1.4 treats a general HODLR
matrix as the sum of a generic HODLR matrix and an HSS matrix. The accuracy
of our HSS recovery algorithm was discussed and illustrated in Section 3.1.3 and
Figure 3.2. In Figure 3.3, we observe that our generic HODLR recovery algorithm
performs just as well as Martinsson’s peeling algorithm in [117], and both are very
accurate. In addition, our algorithm’s projection strategy makes it theoretically

stable.

3.1.6 Applications to numerically rank-£ matrices and re-

lated problems

The HODLR and HSS matrix recovery algorithms outlined in Section 3.1.4 and Sec-

tion 3.1.1 are not observed to be sensitive to noisy matrix-vector products and can
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Table 3.3: Recovery of HODLR matrix with off-diagonal blocks of numerical rank
10. Here, M denotes the Martinsson’s peeling algorithm, and H denotes our algo-
rithm. Error is measured as [|A — Acomputea||2/ || A]]2-

N 2048 4096 8192 16384 32768 65536

M 1.6 x 1.5 x 1.5 x 1.5 x 14 x 14 X
10—13 10—13 10—13 10—13 10—13 10—13

H 19 x 2.0 x 2.0 x 2.0 x 1.9 x 1.8 X
10—13 10—13 10—13 10—13 10—13 10—13

Table 3.4: Recovery of HSS matrices with off-diagonal blocks of numerical rank
10. We observe that all three algorithms perform well, and our projection-based
algorithm (H) has about one digit of precision more than Martinsson’s peeling
algorithm (MT1), and two digits more than Martinsson’s recent projection-based
algorithm (M2). Error is measured as ||A — Acomputed||2/|| A2

N 2048 4096 8192 16384 32768 65536

M1l 1.6 x 1.5 x 1.5 x 14 x 1.5 x 1.6 X
10~13 10713 10~13 10713 10-13 10713

M2 4.8 x 1.8 x 3.3 x 87 X 3.2 X 9.2 X
10712 10~1 10~ 10~ 1019 10719

H 25 X 4.6 X 6.0 X 7.2 X 8.6 x 1.2 X
10714 10714 10714 10~ 10~ 10713

be applied in related contexts. In these experiments, error in the spectral norm is

calculated via 20 iterations of the power method.

Error-prone matrix-vector products. Suppose we are more limited in the ac-
curacy of our matrix-vector products. More precisely, consider a perturbation fac-
tor €. Instead of applying a HODLR matrix A to a vector x;, our algorithm works
with input-output pairs (x;, Azx;+ew;), where w; is a length- N vector whose entries
are drawn from a standard random Gaussian distribution. Then we observe that
both our p-HSS and HODLR algorithms outperform the existing algorithms. The
results of this error-prone matrix-vector products recovery problem in Table 3.1

and Table 3.2 were made with the setting e = 107°.

Numerically rank-£ HSS and HODLR. Suppose that the low-rank blocks of
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an HSS or HODLR matrix are not exactly rank-%, but rather numerically rank-k.
A matrix has numerical rank k if its k£ largest singular values are above a certain
tolerance. = We can apply our recovery algorithms to such matrices, as well as
the existing algorithms in [117] and [105]. The results from these experiments are
shown in Table 3.3 and Table 3.4. In this setting, the oversampling parameter
p plays an even more important role, as the probability of success of randomized
SVD producing an accurate approximation to a numerically rank-k matrix depends
only on p. However, just as in the peeling algorithm of [117], it suffices to take

p =5 or 10.

3.2 Near-optimal hierarchical matrix approximation

We now consider the harder problem of near-optimal HODLR approximation to
a matrix A that can only be accessed through black-box matrix-vector product

queries x — Ax and matrix-transpose-vector product queries x — A’ x.

In most practical situations, A is not ezactly HODLR. This has resulted in
broad concern about whether peeling algorithms applied to non-HODLR matrices
might produce inaccurate approximations [111, 28, 84, 30, 32]. Notably, a recent
SIAM Linear Algebra Best Paper [35] poses an algorithmic challenge which roughly
asks whether a near-HODLR matrix be approximated at nearly the same cost as
algorithms for recovering an exactly HODLR matrix. Our work addresses this
challenge. In particular, we study the following HODLR approximation problem,

which makes no assumptions about A.

Problem 3. Given an n x n matriz A, accessible only by matvec queries, a rank

parameter k > 1, and an accuracy parameter I' > 1, find a HODLR(k) matriz H
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such that

|A—H|[g <T- min ||A— H|.
HeHODLR(k)

Interesting parameter regimes for Problem 3 include when I' = (1 4 ¢) for

e € (0,1), or when I' = O(n°) for a small constant c.

Problem 3 can be trivially solved for I' = 1 using n matrix-vector products.
Via multiplication by an identity matrix, we can recover all entries of A and then
compute an exactly optimal HODLR approximation by computing optimal rank-k
approximations to A’s top right and bottom left (n/2) x (n/2) blocks, and recursing
on the top left and bottom right blocks. However, outside this baseline and the
case when A is exactly HODLR, we are unaware of any non-trivial results on
Problem 3. This is despite the vast literature on HODLR matrix approximation
and on efficient matrix-vector query methods for vanilla low-rank approximation

[49, 146, 51, 167, 10, 166, 11].

3.2.1 Main results

Our main contribution is an efficient algorithm for solving Problem 3.

Theorem 3.2.1. Fiz a rank parameter k and accuracy parameter B € (0,1). Let
L = [logy(n/k)]. There exists a non-adaptive* algorithm (Algorithm 3) which,
in expected squared error, solves Problem 3 to accuracy T' = (1 + B)EFL using
O(k/B3- L) matvec queries to A. Apart from matvec queries, the algorithm requires

O(n - poly(log(n), k, 5)) additional runtime.

We highlight two interesting instantiations of Theorem 3.2.1. For any € > 0,

we obtain accuracy (1 + &) with O(klog*(n/k)/e*) total matvec queries by setting
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p = O(e/log(n/k)). Alternatively, for any constant ¢ > 0, we obtain accuracy
n® with O(klog(n/k)) total matvec queries by setting § = 2° — 1 = ©(1). This
matches the complexity of existing methods for solving the recovery problem, i.e.,

the case when A is exactly HODLR.

Theorem 3.2.1 is obtained through a variant of the popular peeling algorithm
for exact HODLR matrix recovery. This algorithm obtains an approximation via
a “top down” approach. Specifically, it computes low-rank approximations to A’s
top right and bottom left blocks via randomized sketching, implicitly subtracts
the results from A, and then recurses on the upper left and lower right blocks. A
major technical challenge for applying the peeling algorithm to Problem 3 is how
to control error that can accumulate across levels of recursion when A’s top right
and lower left blocks are not ezactly rank-k (i.e., when the matrix is not exactly
HODLR). This potential accumulation of error has been highlighted in several
prior works, including in the earliest work on the peeling method [111, 28, 30],
and has been the key challenge in extending peeling to the solve the HODLR

approximation problem.

We resolve this long-standing challenge using two new techniques. First, we
prove that if peeling is implemented with the so-called Generalized Nystrom Method
for low-rank approximation [49, 130], sufficient oversampling leads to an algorithm
that requires kL /poly(3) matrix-vector products to achieve error T' = (1 + 8)F*1.
Our proof requires a novel perturbation analysis of sketching for low-rank approx-
imation, and brings to light a surprising fact: the same result cannot be obtained
if the more standard Randomized SVD method [85] is used for low-rank approxi-

mation within peeling. Second, we obtain our final result (with a better polyno-

mial dependence on ) by combining peeling with a new “randomly perforated”
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sketching distribution that allows for even stronger control of error buildup across
recursive levels. Details of the existing peeling algorithm are given in Section 1.4.1,

and our improvements are described in Section 3.2.3.

We complement our upper bound from Theorem 3.2.1 with a nearly matching

lower-bound.

Theorem 3.2.2. For anye > 0, any (possibly adaptive and randomized) algorithm
that solves Problem 8 with error I' = (1 + €) and probability > 1/25 requires
Q(klog(n/k) + k/e) matvec queries with A.> Moreover, any algorithm that solves
Problem 3 for any finite T' and any non-zero probability, requires Q(klog(n/k))

matvec queries.

Theorem 3.2.2 establishes that our O(klog(n/k)) query result to achieve er-
ror n¢ from Theorem 3.2.1 cannot be improved in terms of the number of matvec
queries, although it might be possible to obtain better error (e.g., a log(n) or even
constant factor approximation) with the same number of matvecs. Additionally,
Theorem 3.2.2 establishes that our O(klog*(n/k)/e®) query result for (1+¢) error
cannot be improved by more than log factors and a 1/e* factor. Interestingly, the
lower bound shows a separation between the complexity of vanilla low-rank approx-
imation and hierarchical low-rank approximation in terms of dependence on €. The
best known low-rank approximation algorithms use just O(k//3) matrix-vector
products to achieve relative error (1 + ¢) [10, 124].* In contrast, Theorem 3.2.2
shows that a sublinear dependence on 1/e cannot be achieved for HODLR matrix

approximation.

3Formally, for a fixed constant ¢, we show that there is a distribution over inputs A € R?**"
for n > ck/e such that any (possibly randomized) algorithm using O(klog(n/k) + k/e) matvecs
succeeds with probability < 1/25 over the randomness of the algorithm and the choice of input.

“The best known lower bound for vanilla k-rank approximation is Q(k+1/¢/3) matrix-vector
products [10]. Combining the k and e terms, as we do in our Theorem 3.2.2 for hierarchical
approximation, is an open question.
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The proof of Theorem 3.2.2 builds on a growing body of work on lower bounds
for adaptive matrix-vector product algorithms [153, 37, 48], which require tech-
niques beyond those used to prove lower bounds, e.g., in the non-adaptive sketching
setting. Our proof draws specifically on a recent result on the number of matrix-
vector products required to obtain an optimal block diagonal approximation to a

matrix A [6].

Organization. The remainder of the section is organized as follows. In Sec-
tion 1.4.1, we describe the classic peeling algorithm for HODLR matrix recovery,
and discuss the challenges in applying it to the HODLR matrix approximation
problem (Problem 3). In Section 3.2.3, we discuss the techniques we use to an-
alyze our variant of peeling, including our new perturbation bound for low-rank
approximation. Then, in Section 3.2.4, we describe the exact implementation of
our algorithm and introduce notation required for our main analysis. The final
proof of Theorem 3.2.1 is given in Section 3.2.7. In Section 3.2.9, we prove our
lower bound, Theorem 3.2.2. Finally, in Section 3.2.10 we show the results of some

numerical experiments.

3.2.2 Peeling in the presence of error

The peeling algorithm described in Section 1.4.1 assumes that the matrix A is
exactly HODLR/(k). In particular, Observation 2 does not hold if the off-diagonal
blocks at the previous level are not recovered exactly. This is illustrated in Fig-

ure 3.4.

As noted in [111], “it is a natural concern that whether the error from low-rank
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decompositions on top levels accumulates in the peeling steps.” In particular, if
all of the error at a given level propagated to the next level through perturbations
on the desired sketches, the error could double at each level; i.e., result in an
exponential blow-up of the error with respect to the number of levels. In fact, as we
demonstrate in Section 3.2.11, certain variants of the peeling algorithm can exhibit
such a failure mode on hard instances. Thus, understanding the propagation of
error from one level to the next is critical in the design and analysis of peeling
algorithms. In Section 3.2.3 we discuss the techniques we use to control and analyze

this error propagation.

3.2.3 Techniques

As discussed in Section 3.2.2, when the peeling algorithm is applied to a matrix A
that is not exactly HODLR, errors at previous levels can pollute the matrix-vector
products at a given level. The aim of this paper is to show that these errors can
controlled in such a way that the peeling algorithm can still solve Problem 3 to high
accuracy. To do this we must understand: (1) how matrix-vector query algorithms
for low-rank approximation are impacted by noise in their matvecs and (2) how
this noise can be controlled in the setting of peeling.? In the next two subsections

we outline the high-level ideas we use to address each question.
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Figure 3.4: State of the hierarchical matrix at the start of the ¢ = 3 level of
peeling. The matrix A® denotes A after subtracting off-diagonal blocks that were
(approximately) recovered at the first two levels. We would like to use the sketches

Aé?%§25 and (AS;)T\Ilﬁ to obtain a low-rank approximation to the off-diagonal block

Agg. However, if the off-diagonal blocks at previous levels were not recovered
exactly (since these blocks may not be exactly rank-k), then after subtraction,
these blocks will not be exactly zero in A®). We thus obtain perturbed sketches of
the form A§20s+ AP Q)+ AL Qs+ ALIQ7 and (AS)) T W6+ (ASD) T+ (AT) T, +
(AT s,

A perturbation bound for low-rank approximation

To understand how matvec query errors impact low-rank approximation algo-
rithms, including RSVD and the Generalized Nystrom Method (see Section 1.3),
we develop the following perturbation bound, which we believe will be of general

interest. The bound is proven in Section 3.2.7.

Theorem 3.2.3. Let B € R™>*™2 Q) € R"™** F; € R™** and Fy € R**™2,

°In [32], a similar approach is taken to analyze an infinite dimensional variant of the peeling
algorithm for the task of approximating the Green’s function of an elliptic partial differential
(PDE) operator by a HODLR operator. However, [32] relies strongly on the fact that the off-
diagonal blocks of the Green’s function have rapid spectral decay and are thus low-rank, up to
exponentially small error [18]. This allows the overall error to be controlled, even if the error can
grow exponentially across levels. In contrast, we make no assumptions about A.
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and let Q) = orth(BQ + Ey). Write B in its singular value decomposition as

top Vi

B = UZVT = |:Ut0p Ubot} o )
Lot V;a—(l;t

where U and V' are orthonormal and X is diagonal, and the “top” blocks represent

the top k columns; i.e. Uy € Rm ¥k Viep € R™2%k and Ytop € R¥** - Define also

Quop = Vi,

top

Q, Qor = V4L,
Then, assuming rank(Qyep) = k,

1B — Q(Q" B+ Ex)ille < I1E: o lle + 20 Eallr + (1001 + 1[S00t oo 2hp12) 7.

Theorem 3.2.3 is most naturally a perturbation bound for the RSVD method,
which, as discussed in Section 1.3, first computes an orthonormal basis () for B}
where 2 is a random sketching matrix, and then outputs Q(Q' B), — the best rank-
k approximation to B lying in the span of (). The error term F; captures error that
occurs during the initial sketching step, i.e., due to noise in computing the matrix-
vector products B2. Similarly, E5 captures noise in the second projection step.
Theorem 3.2.3 can be used to recover the standard bounds for RSVD implemented
with exact matrix-vector products (i.e., where £ and E, are zero). In particular,

in this case the RSVD Frobenius error is bounded by:

1/2
1B = QQTB)ill < (IIZhocl2 + [ Sooebor2op2)”

= (I1B = Bull2 + [ e ot op2) 2.

top

When the sketching matrix 2 is Gaussian, we can observe that Q. and (2, are
independent Gaussian matrices since Vi, and Vi are orthogonal to each other.
This allows us to apply a standard bound (see Theorem 3.2.9) to argue that when
s =0(k/p), ]E[HEbOthOtQIOPHE] < B||Zpot||? = B||B— Bg||2, which ultimately gives
that E[[| B — Q(Q " B)xlle] < (1+ B)|B — Bllr.
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Theorem 3.2.3 can also be used as a perturbation bound for the Generalized
Nystrom Method. In this case, E5 is used to account for the error due to using an
approximate projection onto () via a sketched regression problem, as well as the
errors in the matvecs with A" used to set up the regression problem. We discuss
this further in Section 3.2.3. As with RSVD, Theorem 3.2.3 matches the current

best known bounds for Generalized Nystrom implemented with exact matvecs.

Low-rank approximation in the peeling algorithm

Randomized SVD. Now consider implementing peeling with RSVD as the base
low-rank approximation algorithm. In this case, E; and F5 will be nonzero since
we cannot compute exact matrix-vector products with an off-diagonal low-rank
block B due to noise from previous levels (i.e., we cannot exactly compute B2 and
Q' B). Fortunately, the error £, that arises in peeling has a particular structure
that can be used to bound the HEJZIOPHF term in Theorem 3.2.3. In particular,

recalling Figure 3.4, we will have

Ey =Y M;Q; = MQ, M:{M1 M, ] Q= 0|, (313)

J

where the M; are fixed matrices that depend on the recovery error at the pre-
vious levels of peeling, and the Q; are independent Gaussian matrices.® Q is
itself a Gaussian matrix that is independent from (2, allowing us to bound the
E[[| B2,y 2] term in Theorem 3.2.3 by B[ E1, 2] = E[|MOQL, |12] < M2
when s = O(k/fB), again using Theorem 3.2.9. ILe., with a large enough sketch

size, we can drive down the error term E; to be arbitrarily small, and ensure that

it does not accumulate too much across the levels of peeling.

In Figure 3.4, the M;Q; terms when B = Agg are Ag’iﬂl, Agj’%ﬂg, and Ag’;QT
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Unfortunately, we cannot handle the ||Es|[¢ term in Theorem 3.2.3 in a similar
way. We have Fy = > ; M;@Q); for orthogonal matrices @; computed for each off-
diagonal block at the current level. The (); and M; matrices may be arbitrarily
correlated, and so it is not clear that ||Es||f can be made small compared to the
noise from the previous levels, ||M||g. In fact, as discussed in Section 3.2.11,
theoretical and empirical evidence suggests the existence of hard input instances
where standard peeling with RSVD can suffer exponential error blow-up across

levels.

Generalized Nystrom. Our first key observation is that when peeling is imple-
mented with the Generalized Nystrom method as the base low-rank approximation
algorithm, rather than RSVD, the || Es||¢ error term in Theorem 3.2.3 can in fact
be bounded. For peeling implemented with Generalized Nystrom, Fy encapsulates
two sources of error: the first is due to the fact that Generalized Nystrom does not
exactly return Q(Q' B)g, but rather computes X = argmin, |[¥U'B — V' QZ||¢
for a random sketching matrix ¥ and returns (QX;. We can think of X as an
approximation to Q' B = argmin, ||B — QZ||¢. It is well known that this source
of error can be controlled by setting the size of the sketch ¥ large enough — this

leads to the standard analysis of Generalized Nystrém from the literature [167].

The second source of error in Fs is due to noise in computing the matrix-vector
products W' B. Fortunately, analogously to how we bounded E; for RSVD in
Section 3.2.3, we can leverage the fact that in peeling, this noise has the structure
of equation (3.13) — it is the product of a fixed matrix M (the recovery error at
previous levels of peeling) and a random Gaussian matrix U that is independent of
U. Using this structure, we are able to bound its impact on the final approximation

quality. In particular, we use Theorem 3.2.3 to give the following bound for the
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Generalized Nystrom Method with Gaussian errors as in Equation (3.13). This

bound is proven in Section 3.2.7.

Theorem 3.2.4. Let B € R™>*™2 M € R™*P agnd N € R?*™2 be fized matrices,
and let ) € R™2*%R, Qe RP**R - € R™*5L - and U € RIS e independent

matrices with entries drawn independently from N(0,1). Define
Q :=orth(BQ+ MQ), X := (V' Q)N(W'B+UTN).
Then, provided sy > 2k + 1 and sy, > 2si + 1

E[HB . QXkHE] < By + By + 2B Es,

where
Ei =11+ K | B B||2
1._ SR_k_l kF
18k 8s 32s
Ey = ———|| M| i N2+ —"""F B — B.|2.
2im g MR+ NI+ B = B}

We can see from Theorem 3.2.4 that, for fixed noise matrices M and N, if we
set sy large enough compared to k and s;, large enough compared to sy, we can
drive the expected error of the rank-k approximation ) Xy arbitrarily close to the
error of the best possible rank-k approximation Bj. Formally, in Section 3.2.7
(Theorem 3.2.13) we use Theorem 3.2.4 to show that for any g € (0, 1), if we set
sp = O(k/B?) and s, = O(sx/B%) = O(k/B), then at each level of peeling, our
approximation error blows up by at most a (1 + ) factor. Over L + 1 levels, we
obtain final accuracy I' = (14 3)%*1. This matches our main result, Theorem 3.2.1,
but with a slightly worse dependence on 3: we require O(k/3* - L) rather than
O(k/B? - L) total matvecs. In Section 3.2.3 we show how to give the improved
dependence by using a novel sketching approach to further control the noise terms

M and N.
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We note that the algorithm described above, which simply implements stan-
dard peeling with Generalized Nystrom is particularly simple and performs well
experimentally — see Section 3.2.10. It would be interesting to understand if our
bounds on sz and s;, are tight — we suspect that they are not. In particular, even
in the case of exact matrix-vector products, we suspect that s, = O(k/3?) suf-
fices to achieve a (1 + [3) approximation, even though current best known bound
is O(k/B3). Giving an improved bound in this setting would very likely yield an

improved bound in our setting.

Randomly perforated Gaussian sketching

We next discuss how we can further improve the query complexity of peeling
with Generalized Nystrom-based low-rank approximation by altering the sketching
distribution to explicitly reduce matrix-vector product errors that arise due to

inexact recovery within the peeling algorithm.

Referring back to Figures 1.3 and 3.4, we observe that at each level the peeling
algorithm employs two random sketching matrices on the right: Q and Q= and
two on the left: U and ¥~. For sake of exposition we focus here just on the right
sketches, Q1 and Q~, which are both block matrices with 2¢ blocks, alternating be-
tween random Gaussian blocks (i.e., Q, Q, Q3, ...) and zero blocks. In particular,

Q% has even blocks set to zero, while Q= has odd blocks set to zero.

This “perforated” structure arises naturally from Observation 1 and Observa-
tion 2. Intuitively, since Q1 has even blocks set to zero, it has no interaction with
the diagonal blocks at level ¢ with even indices. Thus, it can be used to simulta-
neously produce right sketches of every bottom-left off-diagonal block at level /,

without incurring any error due to the unrecovered on-diagonal blocks.
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As discussed in Section 3.2.2 and illustrated in Figure 3.4, when used in the
peeling algorithm applied to a non-HODLR matrix, the sketch does incur error due
to inexact recovery at the previous levels. In particular, referring to Figure 3.4,
when approximating a given off-diagonal block at level ¢ (e.g., Ag’g in the figure),
the sketch incurs error from 2= —1 blocks that were only approximately recovered

in previous levels of peeling (i.e., Ag, Ag’%, and Agj’% in the figure).

Our key idea to reduce this error is simple: we will increase the sparsity of Q%
and €27, so that a higher fraction of blocks are set to zero. Thus, when recovering
each block at level ¢, we will incur error due to a smaller number of inexactly
recovered blocks from the previous levels. We still need non-zero blocks for each
of the 2¢ off-diagonal blocks that are recovered at level £, so our sparser matrices
will have a large number of block columns than before. See Figure 3.5 for an

illustration.

1

¥y

Q5

vy

Qs

1(3)
Ay

27

- |w

Figure 3.5: As in Figures 1.3 and 3.4, we aim to obtain the sketches Aﬁzl’jﬁj and
(A§?217j)T\Il;i1 from the sketches A®Q* and (A®))T¥~. The key observation is
that by using randomly perforated Gaussian sketches, which decrease the number
of nonzero blocks per block-column (while increasing the number of column. This

results in less error. We illustrate the error for block A&). Note that we obtain
sketches Afngg, + Aé‘?Ql and (AE)S)))T\IJ(, Thus, the error is decreased compared to

Figure 3.4.
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Of course, just decreasing the number of inexactly recovered blocks that intro-
duce error into each of our sketches may not decrease the magnitude of this error
if the error is all concentrated on a few blocks. Thus, we will chose the nonzero
blocks of our sketches randomly, ensuring that the expected error when recovering
each block at level £ is small. Formally, our modified sketches QF,Q~, U+ and
U~ will be 2° x t block matrices, with a single Gaussian block placed randomly
in each odd (resp. even) block row. They can be thought of as block Kronecker
products of Gaussian matries with Count-sketch-like sparse sketching matrices —
see Section 3.2.4 for a more complete description. We call our sketches randomly
perforated Gaussian sketches. By increasing the number of block columns ¢ in our
randomly perforated sketches, we decrease the expected matvec error introduced by
inexactly recovered blocks at each level. In particular, we show that the expected
noise added to each matvec query is decreased by a factor of 1/t in the squared
Frobenius norm. We describe our variant of Generalized Nystrom-based peeling
with perforated sketching in Algorithm 3 and analyze it in Section 3.2.7 (Theo-
rem 3.2.13), using the perturbation bound for Generalized Nystrom described in

Section 3.2.3. Ultimately, this approach gives our main result Theorem 3.2.1.

We note that perforated sketching can also be combined with vanilla RSVD-
based peeling, giving a similar bound to Theorem 3.2.1. We describe the resulting
algorithm in Section 3.2.6. We numerically compare our main Generalized Nystrom

Method-based algorithm with the RSVD-based algorithm in Section 3.2.10.

3.2.4 The Generalized Nystrom Method Peeling algorithm

We now describe our the variant of the peeling algorithm, which is summarized as

Algorithm 3. In Section 3.2.4 we describe the notation we use for the algorithm
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and provide the pseudocode for Algorithm 3. Then, in sections Section 3.2.4 and
Section 3.2.4 we describe how the two key stages of the Generalized Nystrom
Method are approximately implemented in the peeling algorithm and introduce
notation we will use in the analysis. Finally, in Section 3.2.5 we discuss how to

recover the diagonal blocks at the final level.

Notation for sketching distributions

The sketching matrices the peeling algorithm use to recover the matrices in Equa-
tion (3.17) depends on the parity of the column index j. To handle the two cases
simultaneously in our analysis, we will introduce the following notation. Fix a
value j € {1,...,d}. We will use “£” and “F” to indicate addition or subtraction
depending on the parity of j:

+ jodd — jodd
+ = : F = . (3.14)

— J even + J even

For instance, 7 £ 1 means j 4+ 1 if j is odd and j — 1 if j is even and ff means 5;7

if j is odd and &; if j is even.

Definition 3.2.5. Let X € RP*? and Y € RP“*t, We define the product X ¢ Y €

Rpuxvt by
Ti1 - Tiw Y $171Y1 T $1,UY1
[ ] = s
Tp1 '+ Tpw Y, Tp1Yp - Tpelp
>y A
Vv Vv
X Y XeoY

where Yy, ...,Y, € R“

Note that “ e ” is a block row-wise Kronecker product; i.e. the block-rows of
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X oY are obtained as the Kronecker product of the rows of X and the block-rows
of Y.

Definition 3.2.6. We say ¢ ~ CountSketch(d,t) if & € {0,1}9*! is such that
each row of & independently has exactly one nonzero entry in a uniformly random

column. We respectively denote the (j,1) entry of € as &;,;.

Definition 3.2.7. We say £7,£~ ~ PerfCountSketch(d, t) if

T T
f=11010 -- o, E=10101 -- o,

where & ~ CountSketch(d, t). We respectively denote the (j,1) entry of €T and &

Jr -
as §; and & ;.

We are now prepared to describe the main “randomly perforated Gaussian”

sketching distribution that we will use in our variant of the peeling algorithm.
Definition 3.2.8. We say £7,£,Q7, Q™ ~ RandPerfGaussian(n, d, s, t) if
0 0
Qf=¢te | 1|, Q= e,
Qd Qd

where £%,¢ ~ PerfCountSketch(d, t) and each Q; € R is independent with

entries drawn independently from N(0,1).

The sketching matrices Q7 and U~ shown in Figure 3.5 illustrate the spar-
sity structure of the randomly perforated Gaussian sketching distribution Defi-
nition 3.2.8 with ¢ = 3. In the case that ¢ = 1, then the randomly perforated
Gaussian sketching matrices are of the form used by the standard peeling algo-

rithm, as illustrated in Figure 1.3.
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Notation for iteration and pseudocode

At level ¢, the peeling algorithm aims to approximate the 2¢ low-rank off-diagonal
blocks of A, each of which is of size n/2°. The resulting approximation to these
blocks is placed in a matrix H®. This is repeated for L := [log,(n/k)] <
O(log(n/k)) levels, at which points the blocks are of size at most k. At the fi-
nal level £ = L, the algorithm also obtains an approximation H to the 2F diagonal
blocks. The final approximation is then expressed in terms of the approximations
at each level as

~

AV:H(I)—I—-"—I—H(L)—FH. (315)

Suppose we are at level £, and let A®) be the matrix A at step ¢ after subtracting

the approximations H¢ Y, ...  H® from the previous levels; that is

AO = A (D 4.y g,

Partition A®) into a 2° x 2¢ block matrix with blocks of size (n/2%) x (n/2%):

[« ¢ 0
A Af Al
0) 0
a0 _ |21 Az Aoz | (3.16)
AG AR, AR

We will use the Generalized Nystrom Method to simultaneously approximate the

relevant factors

Y/ YA VA VA YA
AS, A, AN, AL, AL

261,267

(3.17)

with low-rank matrices H I(Z) ~ Agi, HQ(K) ~ Aﬁ‘g, oy H C(le) ~ A;‘?fl ot

The low-rank
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factors obtained will then be placed in the matrix

B o HY o . HY
HY = block-tridiag| 0 0 0 0 01,
g o ®HY o . HY,

(3.18)

and the algorithm proceeds to the next level.

The diagonal factors A%) may be large, and the sketching matrices used by
the peeling algorithm are constructed explicitly to avoid touching these diagonal
blocks. Assuming the algorithm has not accumulated much error, then besides the
diagonal blocks and sub/super diagonal blocks we aim to recover Equation (3.17),
the other blocks will be on the scale of the best possible error. In particular, as

described in Section 1.4.1, if A is exactly HODLR, then these blocks are all zero.

At the final level £ = L, we must also approximate the on-diagonal blocks. Let
AD be the matrix after removing our approximation to the off-diagonal blocks of
AD: je AD) = A — (HB 4 ...+ HD). Partition A into a 25 x 2F block

matrix with blocks of size (n/2%) x (n/25):

nes ~L ~L
Ag,l) Ag,z) e Ag,g)L
o Aw A, . AW
A — | e 2281 (3.19)
_Egz)1 A\éi)z e A\gﬁ),zL_

We note that A\ZU;) = Agﬁ) for all i # j + 1; indeed, the approximation H®) to
the off-diagonal low-rank blocks at level L only updates the blocks AE@L ;- We will

approximate the blocks Eﬁ) with factors H ; which we place in the matrix

i = Dlock-diag(f, A, Hy - Hyu). (3.20)
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We now have the notation needed to fully describe Algorithm 3. In Sec-
tions 3.2.4 to 3.2.5 we describe in more detail the main conceptual pieces of the
algorithm for the approximation problem and introduce some more notation which

we will use in our analysis.

Algorithm 3 Generalized Nystrom Method Peeling algorithm for HODLR ap-
proximation

1: procedure GENERALIZEDNYSTROMPEELING (A, k, g, tg, Si, t1)

2: Set L = [logy(n/k)] > Final level blocks of size at most k
3 for /=1,2,...,L do
4 Allocate and partition H® as in Equation (3.18) > blocks of size n/2¢ x n/2¢
5 £+, 67,01, Q7 ~ RandPerfGaussian(n, 2¢, s, tr) > as in Definition 3.2.8
6: ¢t, ¢, ¥+, U~ ~ RandPerfGaussian(n, 2, s, t,.) > as in Definition 3.2.8
7 Compute AOQ* > 2srtr matvecs with A
8 Compute (U*)TA® > 2s,.t, matvecs with AT
9 for j=1,2,...,2¢ do
10: Set p such that §fp =1
11: Set o such that (f,, , =1
12: Q') = orth(v,") > Y7 is (j £ 1, p) block of AOQ*
13: X\ = ((wF,)TQ) 2" > 2\ is (o, ) block of (¥F)TA
14: Y = Q¥ (x\), > H is (j £ 1,)-th block of H®
15: end for

16: end for
17: Allocate and partition H as in Equation (3.20) > blocks of size n/2F x n/2F

18: ¢+, ¢, U+, U~ ~ RandPerfGaussian(n, 2L, s, t,) > as in Definition 3.2.8
190 (=(t+(, =04+

20: Compute T T AL > st matvecs with A"
21: for j=1,2,...,2" do

22: Set o such that (j, =1

23; X = ((w)N'z > Z; is (0, 5) block of (¥)T AL
24: IjA[j :)A(j Dﬁj is (4, 7)-th block of H

25: end for
26: returnZ:H(l)—l—---—l—H(L)—l—fI

27: end procedure
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Range approximation

We first describe how to obtain an approximate range Qy) for each Aj44 ; at level

¢. Towards this end, let
£H,67,07,Q ~ RandPerfGaussian(n, d, sy, Sg)

as defined in Definition 3.2.8. We will access A via the sketches AOQ* and AOQ~

which each can be computed using sytr matvecs with A.

Fix j and let p = p(j) be the (unique) index such that fp = 1. We will try to
recover a good approximation to the range of AﬁL ; using the information from the
(j &1, p) block of the sketch AQF. This is illustrated in Figure 3.5. In particular,

we will use the sketch
d
¢ ¢ ¢
Y;’( )= Ag‘il,;pr = Z Agiu(fprz)
i=1
It will be useful to write

4 l 4 {4 L
v =A 0+ B9  EY =3¢ AY 0, (3.21)
i#]

We will then set
¢ ‘ ¢ ¢
QY = orth(v")) = orth(AY, 0, + EY), (3.22)

which will still be an approximate top subspace of Aﬁl’j, provided the noise term
EJ(»[) is not too large. In particular, note that for the recovery problem where A
is exactly HODLR, the noise term E]@) is zero. This is because in this setting

Aﬁl,i =0fori# j+1and {fﬂ’p = 0 so that there is no contributions from the

on-diagonal block Agej)
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Low-rank approximation from given subspace

We now describe how to obtain the low-rank approximations H j@) to each Aﬁl’j
at level ¢, given the approximate left subspaces Qy) computed by the procedure

described in Section 3.2.4.
¢, ¢, 0", ¥~ ~ RandPerfGaussian(n, d, s., t..)

as defined in Definition 3.2.8. We will access A via the sketches (A)TU+ and

(AOYTW~ which each can be computed using s.t; matvecs with AT,

Fix j and let 0 = o(j) be the (unique) index such that ¢f, , = 1. We will try
to recover a low-rank approximation of AE‘QL ; whose column space is Qy) from the
(0,7) block of the sketch ()T A®). This is illustrated in Figure 3.5. In particular,

we will use the sketch

d
¢ ‘ ¢
2 = (W) A = 3 (v A
i=1
Similar to above, we therefore have
¢ ¢ ¢ ¢ ¢
720 = (WE)TAY +FY B = N () AL (3.23)
i#jE1
Now, we obtain obtain the right factors by
¢ ONT (¢ . ‘ l
X0 = ((v7,)"Q) 2 = argmin 1(@500) " QY X — Z1|r. (3.24)

Finally, we obtain an approximation H ]@ = Qy)(X ](Z))k to Aﬁl,j'

If Fj(e) is small, then Q§-£)X j({) will be nearly the best approximation to ASQM
with range equal to the column span of Qy). Similar to before, if A is exactly

HODLR, the noise term Fj(e) is zero.
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3.2.5 Recovering the diagonal blocks

The strategy we use to recover the diagonal blocks similar to the off-diagonal
blocks. However, since the blocks have at most k& columns, there is no need to

obtain the left subspace.”
Towards this end, let
CH Ut U~ RandPerfGaussian(n, d, si, t1,)
as defined in Definition 3.2.8. Next, define
C=Ct4+C,  T=U+0
Fix j and let 0 = o(j) be the (unique) index such that &;, = 1. We will try to

recover a low-rank approximation of A\gL]) the (o, j) block of the sketch (AE+D) TP,

In particular, we will use the sketch

~

d

= L L
Zj = (\I]:,U)TA;(J) = Zgi,a(\lji)TAz(,j)

i=1
Similar to above, we therefore have
Zi=W)TAD+F,  F=) 6. (0) AL, (3.25)
i#]

We obtain the diagonal blocks by

X;=(v)")'Z; = argmin 1(%,)TH = Zj][e. (3.26)

Finally, we obtain an approximation H = X j to A\EL])

"This is also true for the off-diagonal blocks in levels where n/2¢ < sg. In such cases Qy) will
be (square) orthogonal, so it could be set to the identity a priori. We do not separate this case
to simplify the notation in our analysis.
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3.2.6 A randomized-SVD peeling algorithm

As discussed in Section 3.2.11, a simple RSVD-based peeling algorithm with trun-
cation cannot perform well, as there is no way of controlling errors made in the
projection step. However, by using a similar randomized perforation technique as
described in Section 3.2.3, one can implement an RSVD-based algorithm which
can solve Problem 3 for arbitrary I' > 1. We now define the additional notation

needed. The full algorithm is described in Algorithm 4.

At level ¢, the RSVD-based peeling algorithm will obtain left subspaces Qg-g)
as in Section 3.2.4. However, rather than solving a regression problem like Algo-
rithm 3, the algorithm will attempt to directly compute (Qgé))TAﬁl’ ;- To control
the error, we first sample (*,(~ ~ PerfCountSketch(d,t;) and define sketching

matrices

-
Ut = ¢t e QW U =¢ o QW, QY = ng))'l' Q((f))'l’
By setting ¢ large, the expected squared error for each block can be driven arbi-

trarily small.

As with Algorithm 3, at the final level, we do not need to sketch A. However,
to limit the error when trying to perform the projections (onto the identity), we

sample E ~ CountSketch(d, ty) and use the sketching matrix

-~

U=Ce(1®1).

b

Here 1 is the all-ones vector and “® ” is denotes the Kronecker product so that

1 ® I is the stacked identity matrix.
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Algorithm 4 Randomized SVD Peeling algorithm for HODLR approximation

1: procedure RANDOMIZEDSV DPEELING(A, k, sy, t1., Sr)

2 Set L = [logy(n/k)] > Final level blocks of size at most k
3: for/=1,2,...,L do
4
5

Allocate and partition H®) as in Equation (3.18) > blocks of size n/2¢ x n/2¢

Sample £1,£67,QF, Q™ ~ RandPerfGaussian(n, 2¢, sy, ty) > as in
Definition 3.2.8
6: Compute AOQO* > 2sr sy matvecs with A4
7: for j=1,2,...,2¢ do
8: Qy) = orth(Y}(Z)) > Yj(g) is (j 1, p) block of AOQ*
9: end for
10: Sample (T, (™ ~ PerfCountSketch(d, t,) > as in Definition 3.2.7
11: Set UE = ¢+ o QW
12: Compute (¥*)T A0 > 2s.t;, matvecs with AT
13: for j =1,2,...,2¢ do
14: Extract XJ@ > XJ(Z) is (j,0) block of (¥*)TA
15: Y =V (x!), > H\" is (j £ 1, j)-th block of H®)
16: end for

17: end for
18: Allocate and partition H as in Equation (3.20) > blocks of size n/2F x n/2F

19: Sample ¢ ~ CountSketch(2¢, t,,) > as in Definition 3.2.6
20 Set U=Ce([1,....,1]T®1)

21: VTAL) = ATY — (HD 4 ... 4 HO)W > s.t, matvecs with AT
22: for j =1,2,...,2F do

23: Extract )?j > )A(j is (j, o) block of T AX)
24: ﬁj :)/(:j Dﬁj is (4, 7)-th block of H

25: end for
26: returnZ:H(l)—F"‘—FH(L)—i—ﬁ

27: end procedure

3.2.7 Analysis

We are now prepared to prove our main accuracy guarantee Theorem 3.2.13 for

Algorithm 3. The simplified Theorem 3.2.1 immediately follows.
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In Section 3.2.7 we first prove the perturbation bounds Theorems 3.2.3
and 3.2.4. Then, in Section 3.2.8 we use these bounds to prove our main ap-
proximation guarantees. Our analysis relies on applying Theorem 3.2.4 to each
off-diagonal low-rank block at each level. Assuming we have obtained near-optimal
low-rank approximations to the off-diagonal low-rank blocks at the previous levels,
we will show that we can obtain a near-optimal approximation to the off-diagonal

low-rank blocks at the current level.

Perturbation bound for the RSVD

We begin with proving Theorem 3.2.3.

Theorem 3.2.3. Let B € R™>*™2 () € R™** F; € R™** and Fy € R**™2,

and let QQ = orth(BQ + Ey). Write B in its singular value decomposition as

Yo Vil
B = UZVT - |:Utop Ubot:| o o ’
Yibot be,t

where U and V' are orthonormal and Y is diagonal, and the “top” blocks represent

the top k columns; i.e. Uiy € Rmi ¥k Viop € R™2%k and top € R¥*k - Define also

Quop = Vi,

topQ7 Dot = Vb—th'

Then, assuming rank(Qop) = k,

1B = Q(Q" B+ Ex)ille < |1Exoplle + 20 Eallr + (10001 + 1[S00t bor2hop12) 7.

Proof. Consider the matrix C := (I — QQ")B + Q(Q" B + Es). The best rank-k
Frobenius-norm approximation to C' with range contained in range(Q) is Q(Q " O)

[79, Theorem 3.5]. Using this, the triangle inequality, and the relations || B—C||g =
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| Es|lr and QTC' = Q7 B + E5 we obtain

1B~ Q(Q"B + Exllr = 1|B — Q(Q"C)ill
<|B=Clr+1C - QQ"CO)llr
<|[B=Cle+1C —~Q(Q"Bllr
< 2B~ Clle + 1B - Q(Q" Bl

= 2| Eslr + || B = Q(Q B)i|lr- (3.27)

Now let M := Qf V. . Note that rank((BQ + E;)M) < k and let P denote the

top ¥ top*

orthogonal projector onto range((BQ+ E1)M). Therefore, using [79, Theorem 3.5]

and the triangle inequality, we obtain
1B —Q(Q" B)illr < (I - P)Bl|r
< |[[(I = P)BQM|l¢ + [[(I = P)B(I — QM)|l¢

< (I = PYBQM||e + | B(I — QM)]|r. (3.28)

Now, by the arguments in [54, Chapter 5] we can bound each term (3.28). First

note that have
(I —P)BQM = (I — P)(BQ+ Ey)M — (I — P)E,M = —(I — P)E | M.

Hence,

I(1 = P)BQM |l < | ExM||e = [ B2 QL IF- (3.29)
Furthermore, for the second term note that
B(I — QM) = BVt Vi (I — QM) = BVioiVir, — BViotVin QM.

By Pythagoras theorem we have,

IB(I = QM)|le = (I BVoot Vel + BVt Vi M 2) 2
= (0ot + | ShotborUopl2) 2 (3.30)
Combining (3.27) to (3.30) yields the desired inequality. O
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Probabilistic bounds

We will repeatedly make use about the following well-known fact about the Frobe-
nius norm of Gaussian matrices and their pseudoinverses, proofs of which can be

found throughout the literature; see for instance [85, Proposition A.5].

Theorem 3.2.9. Let X be u X v, and G € R"*? and H € RP*? be independent

with entries independently drawn from N(0,1). Then, if ¢ > p+1,

P
E[IXGH ] = IXIRE|I1HE] = — —IXIE

We proceed with proving the following lemma, which relates to the error of the

projection step of the Generalized Nystrom Method.

Lemma 3.2.10. Let B € R™>*™2 Q) € R™**® with orthonormal columns, and
N € R™™2 pe fived matrices and W € R™**L gnd U € Rt have entries drawn

independently from N'(0,1). Then, provided sy > sg + 1,
~ s
E[IQ7B - (1TQNUTB+ ¥V = —=—(11B - QQ" Bl + INI}).
L R
Proof. Extend Q to an orthogonal matrix [Q Q]. Write U; = UTQ and ¥y = U7 Q.

Since () and @ are orthogonal, U; € R*L**R and W, € RL*"™1 7R are independent

with entries drawn independently from N(0, 1).
Since [Q @] is orthogonal, QQ" + @@T is the identity, and
UTB=0T(QQT +QQ")B=9,Q"B+V,Q"B.
Therefore, recalling our definition of ¥y,

VIO TB+U'N)=00,Q"B+ V{0,Q B+ N
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Since s;, > sy, with probability 1, \Iﬂ;\l/l = 1. Thus, Q"B — (V"B + \TJTN) =
— U ,Q"B—wiUTN.

Next, as in [142, Lemma A.2(i)], for deterministic matrices X, Y, Z and a Gaus-
sian matrix W,
B X%y + Z|]2] = E[IXIZIYIE+ 12113 (3.31)

Therefore, using that ¥, ¥, and U are independent and applying Equation (3.31)

and Theorem 3.2.9 we obtain
E[| w78+ 0N) - QTBIE| —E||w]w,Q7 B + v[¥7 N

—E[E[|o{w.Q" B + \Ifﬁw”%‘ml, ¥

—E[| el RIQ"BI + w1 TT N3],

S S

R AT 112 R 2
= B N|g.
sL—sR—an ||F+SL—SR—1|| e
Noting that |QTB||2 = || B — QQT B||? yields the desired result. O

Finally, we use Theorem 3.2.3 and lemma 3.2.10 to prove Theorem 3.2.4.

Theorem 3.2.4. Let B € R™>*™2 M € R™*P and N € R?™2 be fized matrices,
and let 2 € R"™**R QO € RP*R - € R™XL - gnd U € RPSL pe independent
matrices with entries drawn independently from N(0,1). Define

Q :=orth(BQ+ MQ), X := (V' Q)I(¥"B+T'N).

Then, provided sy > 2k + 1 and sy, > 2sz + 1

E[HB . QXkHE] < By + By + 2/ Bs,

where

k
By =1+ ———— ) ||B— By}
= (14— ) 18- Bl

18k
| M]|e+

= _— — " __||B— B/~
sR—k—ll sL—sR—1| +5L—5R—1H tlle



Proof. Let B have SVD as partitioned in Theorem 3.2.3 and define (,, = VtIpQ
and Qe = V1. Q. Note that, by the unitary invariance of Gaussian random
matrices, Qiop € R¥R and Qe € R™277¥R have independent entries drawn from
N(0,1) and are independent of one another and of Q. Note that (op has rank £
with probability one, and Theorem 3.2.3 asserts

1B~ QXile < |IMO0 e +21Q7 B = Xl + (IS0 + [ ZeeS el )7

-~

A B C

(3.32)
We will set F; = E[C?] and F, will be an upper bound for E[(A + B)?]. Since
E[(A+ B)? < 2E[A? + B? we may set F, to be an upper bound for 2 E[A% + B?].
Indeed, by the linearity of expectation, Cauchy—Schwarz, and the fact that (z +

y)? < 2(2* +y°),

E[(A+ B+ C)% = E[(A + B)?] + E[C?] + 2E[(A + B)C]

< E[(A+ B)?] + E[C?] + 2\/E[(A + B)?| E[C?]

< Ey+ By + 2/ EyE).
It now remains to compute E[A?], E[B?], and E[C?].

First, using Theorem 3.2.9 we have that

k

E[A%) = E || MO, 7] = —— M (3.33)
R

k k
E[C?] = <1+ - 1) | Shot||E = (1+ p_— 1) | B — B2 (3.34)
R R

(3.34) shows that E[C?] = E, as required. We will now proceed with showing that

FEs is an upper bound for 2E[A? + B?].

Since () B is the best Frobenius-norm approximation to B with range contained

in range(®) [79, Lemma 2.2, using and Theorem 3.2.3 with the inequality (z +
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y)? < 22? + 2y? gives

1B —QQ Bl < 1B - Q(Q"B)ill?

< 2] MO 17 + 2/ St + 21| Zoor b0t 2ep - (3.35)

Applying Lemma 3.2.10, (3.35) and Theorem 3.2.9 yields

4s
BB = (E[IB - QQTBIR] +INVI})
S, — S — 1
4s ~
< 2 (2B [ MO, IE] + 2 Ther 2+ 2B [ Ier 2] + NI
L R

2k 9 9
Il INIR).

dsy 2k
= ' M2 + 2||Zp0t |2
SL_SR_1<SR—]€—1H HF+ H thF+

Using our choices of k, sy, and s, ensures —&— < 1 and —5— < 1. Hence,

SR—k—l - SL—SR—l
Sk 16s 4s
EBY]< ——— ||IM||2+ —||Spuell2 + ————||N||2. 3.36
B < g IMle+ o — el + 7 IVl (3:36)

Combining (3.33) and (3.36) and noting ||Zp||2 = || B — By||2 yields

32s 8s
_—R_1||Zbot|||2: + ﬁHNH% = L,

L R L R

18k
2E[A% + B?] < _1||M||E+

Sp — k

as required. O

3.2.8 Analysis of Algorithm 3

We are now prepared to analyze Algorithm 3.

Definition 3.2.11. For each ¢ = 1,2,..., L, let F; be the sigma algebra represent-

ing the information known to the algorithm at the start of the (-th step.

We begin by proving the key approximation guarantee for a off-diagonal low-
rank block at level £. This shows that, even in the presence of noise, we can obtain

a near-optimal low-rank approximation to each of the off-diagonal blocks (and the

130



on-diagonal blocks at the final level ¢ = L). This can be viewed as a version of

Theorem 3.2.4 adapted to the errors appearing within the peeling algorithm.

Lemma 3.2.12. Fiz a rank parameter k and let 5 € (0,1). Suppose t, > 1 and

Swr, t., and sy are such that

L<ﬁ k. 52 _ SR~ s
sp—k—1720" sp—k—1 tR_242’ s—sR—1_242

Then for each £ = 1,2,...,L the off-diagonal low-rank factors obtained by Algo-

rithm 8 are nearly optimal in the sense that
¢ 0) (L ¢ ¢ (¢
B[40, - QP (XNl 7| <142, - (AL, ellE + BES.
where
2¢ 1 2¢ 1
¢ ¢ 0) ¢ ¢
B = max{HAﬁL,j — (AR Y glAliE Y 5HA§L,@-H%}-

=1 =1
i#j,j£1 i#g,j+1

Moreover, at the final level £ = L, the on-diagonal factors obtained by Algorithm 3

are nearly exact in the sense that

E[I|14}5 -

| <52||A<L I

Z#J

Proof. We begin with the first result. Let d = 2¢ and let Q% and U* be the sketches
used at level £ of Algorithm 3. Fix j and recall that p and ¢ are the unique indices

so that i =1and ¢, , = 1. Define

— |ex 4O (©) (©) + 400
M = [El,ij:l:l,l RN 1,0A_]:|:1 j—1 ]+1 ij:I:l j+1 T Sd,pA;il,d7:|
_ £) 14 (0) [4
N = { i',:oAg,j T ]:'Filfl,aAE'i)lfl,j ]ilJrl UAjilJrl j o c:l'?oAgl,;7:|

and the random Gaussian matrices
-
G-l @) @ @]

U=1(T)" o (Pixen)' (W) o (Wa)' T'
| |

131



Then we can write

EY =MQ, FY=UTN,

where EJ@ and Fj(e) are are the additive perturbation terms as defined in Equa-
tions (3.21) and (3.23). Furthermore, note that Q and VU are independent of Q;
and ¥;1;. Recall that Qy) is an orthonormal basis for range(A4;11 ;82 + E](-f)) and

L l T
X = (U Q) (W] Ajary + UTN).

The specified conditions on k, sz, and s;, ensure that s;, > 2s; + 1 and sg >

2k + 1. Therefore, Theorem 3.2.4 yields

where

: i (e) 2
b= (1 * m) ”Aﬂila (AsLs ellEs

18k 8s
By = ———[IMllz + —RHNHF

R SL R SL R

32s ¢ 0)
A — (AL iR

By our choice of £+, the fi are independent for different i and E[¢E] is zero or

p]

1/ty depending on the parity of p. Thus, E[¢F ] < 1/ty. Furthermore, note that

E| ;‘_Lil,p] = 0 by construction. Thus,

d
{4 l
E[IMIE] = D EEENAL IR < 30 1422
i#£j =1
i#j,j+1
By a similar argument,
1 d
{4
B[N = Y EIGEIATIE <~ > 1402
.. L .
i#jE1 =1
1#£5,j+1

Hence, by the law of total expectation, the Cauchy-Schwarz inequality, and (3.37)

we have

¢ ¢ 4
E{145,, — @7 Gl

} < By + E, + 2\/E,E), (3.38)
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where

d d
18k 1 ¢ 1 )
By=———— = > AR+ —— b 149
e R - AL llF + s —s—1 L §1 [E
i#j,j+1 i#7,j+1

325n © O e
5 —sn—1 A1 — (A el

Using that
1 < 1 <
L 4 L 4
max{nAﬁl,j—<A§-i1,j>ku%,§ > AR D I\AE,}H%}SE]“
A7 wffjlﬂ

and our assumptions on t;,tg, s, and sy allow us to bound
By + Ey+ 2¢/E By < ||AY), . — (A iR + BEL. (3.39)
Combining (3.39) with (3.38) yields the first inequality.

The proof of the second result is similar to the analysis of the Generalized

Nystrom method Theorem 3.2.4. First define
) >~ AN >~ AN >~ N
[Clp O EL AP G AR CQLypAgL{J .
and the random Gaussian matrix
B T
B @) @) Fe)T e )]

Similar to above we have

E[|IN]?] ZHAM IF-

#J
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Since s, > sy > 2k + 1 and k > n/2% we can apply Theorem 3.2.9 to obtain

- PR
B[ A — B[ Frii| = E[1(8]) TN 2|7
n/2k ~
=—"___E[|IN
o1&
L —— A2
_SR—k—ltL;H z,]HF
i#]
3 oL 2L
(L (L
< oo 2 AN < 8 IR,
= 2
as required. O

Finally, we prove our main theorem.

Theorem 3.2.13. Fiz a rank parameter k and let § € (0,1). Suppose t, > 1 and

Sw, i, and sy are such that

2 2
L<£, L.l<ﬁ_7 S—R<B__

Let L = [logy(n/k)]. Then, using 2Lsyty products with A and (2L+1)s,t;, products
with AT, Algorithm 3 outputs a HODLR(k) matriz A such that

—Alle| < L+, i — .
E[lA- Al < 0 +9"" - min, 14— Hle

Before we prove Theorem 3.2.13, we make several remarks. First, observe that

Theorem 3.2.1 is a special case of Theorem 3.2.13 with parameters
se=0(k/B), sa=0(1/B), s.=0(s:/B) =0/, t.=1 (3.40)
Another interesting parameter setting is
sp =O0(k/B%), sx=1, s =0(k/BY, t.=1, (3.41)

which corresponds to an implementation of the standard peeling algorithm with the

Generalized Nystrom Method (i.e. does not use randomly perforated sketching).
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Proof of Theorem 3.2.13. First, note that at each of the L levels we use 2spty
matrix-vector products with A and 2s, ¢, matrix-vector products with AT. When
recovering the diagonal we use an additional s, t; products with AT. This results

in the specified cost.

We now analyze the error. For each ¢ = 1,2, ..., L partition A® as in Equa-

tion (3.16) and H® as in Equation (3.18). Define,

2¢ , , 1/2
omw:(ZN%@—M%ﬂﬁ).
j=1

By the definition of HODLR matrices the on-diagonal blocks at level L are of size

at most k. Therefore, since the different levels are disjoint,

i A— H||2 =opt(1)2+--- t(L)2. 3.42
HeHIgéIﬁR(k>|| |F = opt(1)" +--- +opt(L) (3.42)

Next, define the error incurred in the off-diagonal low-rank blocks at level ¢,

2¢ 1
4 l
mm:(EméngM@
j=1

Define also the error of the on-diagonal blocks at the final level,

2L 1/2
— L f
err := ( E ||A§7j) - H]||§) :
=1

Since the approximations at each level are disjoint (see Equation (3.15)) we have

/2

JA — A|2 =err(1)? 4 - - + err(L)? + &rv”. (3.43)
We claim that it suffices to prove that for each £ =1,2,..., L,
Elerr(£)®] <opt(0)*+ 8- (1+8)" - (opt(1)® + - - - + opt(£)?). (3.44)
and that at the final level
E[er’] <8 (14 8)" - (opt(1)* + -+ opt(L)?). (3.45)
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Indeed, since err(¢')> > 0, together Equations (3.44) and (3.45) imply that

Elerr(1)* + - - - + err(L)? + &rt’|
< (1+6~ (1+(1+B)+~-~+(1+6)L)) : <0pt(1)2—|—"-+opt(L)2>

= (1+8)" - (opt(1)? + -+ + opt(L)?).
In light of Equations (3.42) and (3.43), this is the desired result.

We begin by proving Equation (3.44) by induction. First note that Equa-
tion (3.44) at level £ = 1 we have incurrred no error from previous levels and
Lemma 3.2.12 gives E[err(1)] < (1 4 S)opt(1). Now suppose the analog of Equa-

tion (3.44) holds for each level up to £ — 1. Then, since err(¢')* > 0,

Elerr(1)? + - +err(¢ — 1)?]
<(A+B8-A+Q+8) 4+ (1+8)?)- (opt(1)* + -+ +opt({ — 1))

= (1+8)"" (opt(1)* + -+ +opt(£ — 1)%). (3.46)
Applying Lemma 3.2.12 for each j = 1,2, ...2¢ and summing over j we find

Elerr(¢)’] =E[E [err(ﬁ)ﬂ]—}ﬂ < E|opt({)* + 8 Z EJ(-Z) (3.47)

Observe that the sum over all blocks of A®) except the on-diagonal blocks and the

off-diagonal low-rank blocks at level ¢ is expressed as

2t 2!
Z Z HA”LJHF_Z Z HA]:I:I'LHF'

= 1= 1=
#J Jil %#J Jil
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Therefore,

2f P
é l
> EY Z(Mm AL+ Y 5 LAz 4 > —||A]iu||F>

[\v)
~
l\)

i#j,j+1 i#j,j+1
24
= opt(()* + Z Z [EdE
a lsﬁljjil
= opt(€)® + (err(1)* + - - +err({ — 1)*). (3.48)

In the final equality above we have used that the (7, ) blocks for i # j,j £ 1
contain exactly the errors made at previous levels. Hence, taking the expectation

of Equation (3.48), using Equation (3.46), and plugging into Equation (3.47) gives

E[err(¢)?] < opt(€)* + B(opt(€)* + (14 B) " (opt(1)> + - - + opt(¢ — 1)?))

< opt(£)> + B(1+ B) " (opt(1)* + - - - + opt(£)?),
which is Equation (3.44).

The proof of Equation (3.45) follows analogously. By Lemma 3.2.12 we have

E[er’] < 5ZZE 1AL |12] Z lerr(0)%] < B(1+8)"(opt(1)*+- - ~+opt(L)?),
j=1 17&; =1

L L ~
where we used that 2521 S 4 HAE? ||2 is precisely the errors made at previous

levels and (3.46). This gives the desired inequality. O

3.2.9 Lower Bounds

In this section, we prove that our main result on HOLDR matrix approximation
(Theorem 3.2.1) is close to optimal in terms of the number of matrix-vector prod-

ucts needed to solve Problem 3.
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Lower bound for exact recovery

We begin with a simple lower bound in the setting where A is exactly HODLR, in
which case solving Problem 3 requires exactly recovering A. For this setting, we
can appeal to prior work by Halikias and Townsend [84] on the query complexity
of recovering matrices from linearly parameterized matriz families. In particular,
any set By, ..., B, of linearly independent base matrices induces a linearly param-

eterized family £ consisting of linear combinations of the base matrices; i.e.

L= {201310:[91,,07”] ERm}
1=1

Halikias and Townsend observe (see [84], Lemma 2.2) that recovering a matrix A €
L requires at least [m/n] matvec queries with A. In particular, any matrix-vector
product with A or AT yields n linear equations in entries of f. Since recovering A
amounts to determining the corresponding 6, at least m such equations are needed

to uniquely determine A. We leverage this observation to prove the following:

Theorem 3.2.14. Any algorithm that can recover any m X n matric A €
HODLR(k) from adaptive matvec queries must use at least [klogy(n/k)] queries.
Therefore, solving Problem 3 requires Q(klog(n/k)) matvec queries for any finite

approximation factor I

Proof. The proof follows from observing that, while HODLR(k) is not itself a
linearly parameterized family, it contains a linearly parameterized family £. In
particular, consider the subset of HODLR(k) matrices where every rank-k block
in the matrix is zero everywhere except in its first k columns. The first k& columns
in each block can be chosen to have entries with any value such that the block is
rank-k, and the matrix is therefore HODLR (k). As such, £ is equal to the set of

matrices that can be written as a linear combination of By, ..., B,,, where each B;
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is a matrix that is zero everywhere, but has a single 1 in one of the first £ columns
in one of the rank-%£ blocks of the HODLR structure. Recall that for an n x n
matrix to be HODLR(k), it must be that n = npase - 2P for integers npase € (k/2, k]
and p = log,(n/Npase).® It can be checked that the total number of base matrices,

m, equals:
M = 2Npasen + nk(p — 1) > nkp > nklogy(n/k)

So, by Lemma 2.2 in [84], we require [nklogy(n/k)|/n] = [klogy(n/k)] matvec
queries to exactly recover a given A € L. Since £L C HODLR(k), the theorem

follows. We note that to solve Problem 3 for finite I', we must exactly recover all

A € HODLR(k). 0

Lower bound for approximation

Next, we prove a lower bound in the setting where A is not exactly HODLR, and
we seek to solve Problem 3 with error I' = (1 + ¢) for some € € (0,1). A natural
approach for such a lower bound might be to leverage lower bounds for near-optimal
rank-k approximation, since HODLR approximation is a strictly harder problem.
However, as discussed in Section 3.2.1, the best known lower bound for Frobenius-
norm error rank-k approximation in the matrix-vector query model is just O(k +
1/€'/3) [11]. Such a lower bound does not show that the multiplicative relationship

between k and poly(1/e) in our upper bound, Theorem 3.2.1, is necessary.

We obtain a stronger lower bound by instead proving a reduction from the
problem of fized-pattern sparse matriz approrimation, which was recently studied

in [6]. That work proves tight lower bounds in the matrix-vector query model

8If n < k/2 then the bound is vacuously true.
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for approximating matrices by a wide variety of matrix classes with fixed sparsity
patterns, including diagonal matrices, banded matrices, and more. Below, we state
a special case of the lower bound from [6] for approximation by block diagonal
matrices. This lower bound will be used to obtain our lower bound for HODLR
approximation. For integers n and b, such that b divides n, we let B(n,b) denote
the set of n x n block-diagonal matrices with blocks of size b x b. We have the

following:

Lemma 3.2.15 (Corollary of Thm. 2 from [6]°). There are absolute con-
stants ¢,C' > 0 such that the following holds: For any ¢ > 0 and any pos-
itive integers b,n such that b divides n and n > cb/e, there is a distribution
over n X n matrices A such that any algorithm which accesses A with < Cb/e
adaptive matvec queries and returns an approximation B e B(n,b) must have
|A—B|lg > (1+¢) mingepmp) || B — Allr with probabilty > 24/25. The probability

1s taken over the randomness of A, as well as possible randomness in the algorithm.

Lemma 3.2.15 establishes that, even to succeed with small positive probability,
any algorithm for computing a near-optimal block-diagonal approximation to an
arbitrary matrix A requires Q(b/c) matvec queries to A. Intuitively this result is
useful because block diagonal approximation is an easier problem than HODLR
approximation. In particular, it is not hard to verify that B(n,2k) C HODLR(k);
matrices in B(n,2k) are zero except on the diagonal and off-diagonal low-rank
blocks of the final level of HODLR(k) matrices. Formally, we prove that, if we
had an algorithm for finding a near-optimal HODLR approximation to a given
matrix, the result could be post-processed via projection onto B(n, 2k) to obtain a

near-optimal block-diagonal approximation. If we found the near-optimal HODLR

9The result in [6] is stated for a particular choice of ng = ©(b/e), but it can be seen to hold
for all n > ng as well by simply padding the matrices in the hard input distribution with zeros
to enlarge their size.
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approximation with o(k/e) matvec queries, we would violate Lemma 3.2.15. This

approach results in the following lower bound:

Theorem 3.2.16. There are absolute constants c¢,C > 0 such that the following
holds: For any k, e > 0, andn > ck/e,'° there is a distribution over n X n matrices
A such that any algorithm which accesses A with < Ck/e adaptive matvec queries

fails to solve Problem 3 with probability > 24/25.

Proof. First note that we may assume € < 1, as the result already holds by The-
orem 3.2.14 for larger values of €. Let n = npue2? for npaee € |k/2 +1],...,k
and p > 0. Let b = 2np.s and observe that b > k, and for ¢ > 2, b < n. Let
S € {0, 1}™*" be an indicator matrix for a block-diagonal sparsity pattern with n/b
blocks of size b. Le., S is zero everywhere except that, for each t € 0,...,n/b—1,
Sij=1fori,je{bt+1,...,bt +b}. Observe that for any block diagonal matrix
B € B(n,b), BoS = B, where “o” denotes the entrywise product. Let S denote

the compliment of S: for all 4,7, S;; = 1 — 5; ;. Observe that for any matrix H,

we can write:

|A—H|f =||[AcS—HoS|f+|AoS—HoS|}. (3.49)

Define

B* = Ao Sargmin ||A — B3, H*= argmin ||A— H|}.
BeB(n,b) HeHODLR(k)

Since B(n,b) C HODLR(k), we have that ||A — H*||¢ < ||A — B*||f.

Our proof approach is to show that, if we can solve Problem 3 with error I' =

(14 ¢) using m matrix-vector products, i.e. if we can find some H € HODLR (k)

0Recall that HODLR (k) matrices are only defined for dimensions n of the form n = npas02”
for npase < k and p > 0. Formally, the theorem holds for any such n that is > ck/e.
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that satisfies
|A— H|lr < (1+¢€)||A— H|, (3.50)

then H o S is a near-optimal block diagonal approximation to A. Concretely, we

will show that
|A—HoS|r < (1+¢)||A— B*||F. (3.51)

Accordingly, we reach a contradiction to Lemma 3.2.15 unless m = Q(k/e) =

Q(b/e) matrix-vector products were used to compute H.

To see why (3.50) implies (3.51), the main observation is that:
|AoS — HoS|2>||A— H*|2 (3.52)

(3.52) follows from the fact that the entries in the bottom level of a HODLR(k) ma-
trix (those corresponding to the ones in S) can be set arbitrarily without violating
the HODLR property. Accordingly, by adjusting those entries to match A exactly,
we can obtain a HODLR approximation with error equal to ||Ao S — Ho S||2. The

optimal approximation H* cannot have larger error.

Then, using (3.50), (3.49), and (3.52), we have:

(L+ePA—H'|2> [A-Hp = |A0S — HoS|2+ A0S — Ho S|}

> ||[AoS —HoS|+|A—H|I}
We conclude that
|AoS —Ho S| < (2e+&*)||A— H|f < (2c +%)||[A - B*| 2.

Moreover, |[A— HoS|2 = |[AoS — HoS|2+||JA — Ao 5|2, and recall that
Ao S = B* So:

JA—HoS|2 < (2e+e)|A-BIR+[[A— B2 = (1 +£)2|A— B2
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Taking a square root on both sides proves (3.51), and as explained above, Theo-

rem 3.2.16 follows. O

We conclude the section by noting that Theorem 3.2.2 follows from combining
Theorem 3.2.14 and Theorem 3.2.16. An interesting question for future work is
to prove a lower bound that multiplicatively combines k, log(n/k), and 1/¢; e.g.,
to prove that m = Q(klog(n/k)/e) matrix-vector product queries are necessary to
solve Problem 3. This is currently beyond the reach of our current approach and
that of [6]. In particular, the lower bound instance in [6] is based on a random
Wishart matrix, which has found applications in a number of prior results on lower
bounds for adaptive matrix-vector query algorithms [37]. It can be checked that
a constant factor near-optimal HODLR approximation for such a matrix can be
found by simply returning a near-optimal block diagonal approximation for block
size O(k). Since that can be done with O(k) matrix-vector products using the
algorithm from [6], we cannot hope to use the Wishart instance to prove a lower

bound that combines k and log(n/k).

3.2.10 Numerical experiments and examples

In this section we provide several examples which provide insight into the behavior
of peeling-based algorithms. The code used to generate our figures is available at

https://github.com/redacted_for_submission.

In our experiments we consider two parameter choices for the Generalized
Nystrom Method based method Algorithm 3 and two parameter choices for a Ran-
domized SVD based method Algorithm 4 described in Section 3.2.6. The parameter

values are summarized in Table 3.5. The aim of our numerical experiments is to
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provide some basic insight into how the various parameters of peeling algorithms
impact their performance. There are many reasonable parameter combinations,
and a comprehensive understanding of the best choice of parameters is far beyond

the scope of this paper, but would be an interesting topic for future work.

name style algorithm Sr tr Sy t.  # matvecs

GN1 —  Algorithm 3 k/8 1  k/p*> 1 O(k/B?)

GN2 ... Algorithm 3 k/8 1/8 k/p* 1 O(k/B?)
RSVD1  ---  Algorithm 4 k/5 1 ~ 1 O(k/B)
RSVD2 —.- Algorithm 4 k/38 1/8 ~ 1/8 O(k/S?%)

Table 3.5: Parameter choices used in our numerical experiments.

The RSVD1 and GN1 methods do not use random perforated sketches and can
therefore be viewed as standard implementations of the peeling algorithm (e.g. as
described in [111, 117]). The RSVD1 method uses the same sketching dimensions
as required to obtain a (1+ O(f))-optimal rank-k approximation to a matrix [85].
Similarly, the GN1 method uses the sketching dimensions required for the Gen-
eralized Nystrom Method (without truncation to rank-k) to produce a low-rank
approximation with error less than (1 4 O(3)) times the optimal rank-k approxi-
mation to a matrix [167].'! The choice of paramaters for GN1 is also equivalent
(after rescaling ) to the parameters Equation (3.41) needed for Theorem 3.2.13
to guarantee convergence for Generalized Nystrom peeling method without perfo-

ration.

The RSVD2 and GN2 methods use the randomly perforated sketches described
in Section 3.2.3. In particular, the GN2 method adds perforation to the sketch used
to obtain the approximate range. Compared to GN1, this does not increase the

asymptotic cost but improves the bound for I' which can be obtained from The-

1 As we discuss in Section 3.2.3, it is believed that this also produces a (1 + O(3))-optimal
approximation with truncation.
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orem 3.2.13. Interestingly, in our numerical experiments, the accuracy of GN1
and GN2 is very similar. The RSVD2 method adds perforation to both sketches.
This increases the asymptotic cost over RSVD1. However, as illustrated in Sec-
tion 3.2.11, regardless of 3, RSVDI1 cannot solve Problem 3 for arbitrary I' > 1.
On the other hand, RSVD2 can.

For an approximation Ato A, we will consider the relative and absolute errors
defined by:

|A— Allr — || A — A"
A — A*[[? ’

relative error: absolute error: ||A — Al|r,

where A* := mingenoprr) |4 — H||? is the best possible HODLR(k) approxima-
tion to A. When A is HODLR(k), the relative error corresponds to the smallest

value of € for which Problem 3 is solved with I' = (1 + ¢).

Poisson’s equation

In this example, we take A as the discretized solution operator to a differential

equation. In particular, we consider the 2-dimensional Poisson’s equation

0? 0?

—u(w, —u(z,y) = f(x,

97 (z,y) + oy (z,y) = f(z,y)
on a periodic domain (z,y) € [0,1]* (i.e., with boundary conditions u(z,0) =
u(z,1) and u(0,y) = u(1l,y). We discretize the problem on a uniform ¢ x ¢ grid
x; = ift, y; = j/t for i,5 = 0,1,...,t — 1 (so that n = t*). The matrix A is

defined as the n x n linear map taking forcing data f = {f(x;,y;)} € R” to the

t
ij=1

solution approximate u = {u;;}! ;_,. Matrix-vector products with A (and A™) can
be efficiently computed using a FFT-based 2D Poisson solver. Specifically, given

f € R" = R™ we define A by

Af = IDFT5(D DFTs(f)), (3.53)
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where D : R”* — R is the diagonal map with diagonal entries D, ; = —1/(x7 +

H?), where the harmonics k; are defined by k; = i if i <t/2 —1 and K, = m — ¢

if i > t/2 — 1. Here FFTy and IFFT, are respectively the 2-dimensional Discrete

Fourier Transform and Inverse Discrete Fourier Transform. In our experiment we

set t = 32 so that n = t2 = 1024.

101 4

100 4

relative error

10—1 4

10~2 4

2 4 6 8 10 12 14 16 18 20
oversampling parameter: 1/3

Figure 3.6: Relative error of peeling algorithms from Table 3.5 on discrete inverse
Poisson matrix described in Equation (3.53) as a functino of the the oversam-
pling parameter [ for several choices of the rank-parameter k. Legend: GN1
(— ), GN2 ( -t ), RSVD1 ( --- ), RSVD2 ( —.- ). Takeaway: Both General-
ized Nystrom Method-based variants seem to perform similarly, and produce an
increasingly accurate output as 1/0 increases. On the other hand, the standard
randomized SVD-based variant, RSVD1, stagnates. The RSVD2 variant, which
uses randomly perforated sketches, converges.

In Figure 3.6 we show the relative error of the algorithms from Table 3.5 for
various ranks k as a function of the oversampling parameters § (averaged over
20 trials). As expected, as f — 0, the relative errors of GN1, GN2, and RSVD1
all converge to zero. On the other hand, RSVD1 stagnates. In the left panel
of Figure 3.7 we show the absolute error. Here we see that while the RSVD1
algorithm has a much higher relative error than the other algorithms, the absolute

error is not significantly larger. Finally, in the right panel of Figure 3.7 we show
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truncation no truncation
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Figure 3.7: Absolute error of peeling algorithms from Table 3.5 on discrete inverse
Poisson matrix described in Equation (3.53) as a function of the oversampling
parameter § with and without truncation to rank-£ for several choices of the rank-
parameter k. Legend: GN1 ( — ), GN2 ( -..... ), RSVD1 ( --- ), RSVD2 ( —-- ).
Takeaway: Without truncation, all of the algorithms can perform significantly bet-
ter. However, the resulting approximations are not HODLR/(k), and are therefore
more expensive to store and work with.

the absolute error of the algorithms without truncation to rank-%£. This results in
a much better approximations for the same number of matrix-vector products, but
the resulting approximations have HODLR rank larger than k. The best tradeoff
between HODLR rank and matvecs depends on the problem at hand and the

computing environment.

Kernel Matrix

In this example we consider a kernel matrix A defined by

Ve —xjlla i# 3

[A]i; = (3.54)

0 i=j
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Figure 3.8: Top/Bottom Left: (x;,y;) and (x;, z;), ordered by z-value. Right: Log-
magnitude of entries of A defined in Equation (3.54). In both plots we subsample
the data to 256 points for visual clarity.
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Figure 3.9: Absolute error of peeling algorithms from Table 3.5 on the kernel matrix
described in Equation (3.54) as a function of the rank-parameter k for several values
of 8. Legend: GN1 ( — ), RSVDI1 ( --- ). Takeaway: While RSVD1 may not
produce near-optimal low-rank approximations, it can sometimes produce good
approximations. In addition, when the sketch size used for the regression problem
is too large, the Generalized Nystréom Method does not produce highly accurate
low-rank approximations.

where {z;}"_; are a collection of points. Matrix-vector products with matrices

such as A can be efficiently performed using algorithms such as the Fast Multipole

Method [77].

In our numerical experiments, we set n = 16384 and sample points z; =
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(x;,ys, z;) by taking x; as uniformly spaced points in [—4, 4], y; = sin(27x;)+0.05¢;,
and z; = cos(2mz;) + 0.05¢;, where & and (; are independent standard normal
random variables. Products with A are performed using the Flatiron Institute’s
FMM3D code [7]. The left panel of Figure 3.10 shows a sample of the points we
use, and the right panel shows the magnitude of the entries of the kernel matrix
Equation (3.54) induced by these points. In Figure 3.11 we show the absolute
error of the GN1 and RSVD1 methods as a function of the target rank, for several

values of .

3.2.11 Hard instances for RSVD-based peeling

In this section we provide two examples which illustrate that a RSVD-based imple-
mentation of the peeling algorithm, which truncates the low-rank approximations

to rank-k at every level, cannot solve Problem 3 for certain values of I'.

We emphasize that the purpose of this section is simply to illustrate a potential
failure mode which must be addressed by an algorithm provably solving Problem 3.
In particular, these hard instances are not hard instances for more practical RSVD-

based variants which do not truncate.

An illustrative example

Our first hard instance illustrates that all of the error from a one level can propagate
to the next level. This example provides clear intuition for why the Randomized
SVD-based peeling algorithm (with sketches of size sy and truncation to rank-k at

every level) cannot solve Problem 3 for arbitrary I > 1.
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Define, for some n > 1,

I, O 0 0
— s Y = 77
0 0 0 Iy
Construct the matrix'? ) 3
0 X|Y X
X 01X 0
A=

Y X|0 X
X 01X 0

For notational convenience, we will write equality for the limits as n — oco. In
particular, when n — oo, the randomized SVD (with any sz > k) will recover

optimal rank-k approximations to the bottom left and top right blocks.

We then remove the low-rank components we found at the first level to obtain

(o x|y x| [oolvo] [o x|o x]
X 0/X o0 0 0lo 0 X 0/X 0
y x 0 x| |voloo|l |o x|o x
(X o|x o] [oo0joo| |[Xx o|x o)

Note, however, that since the off-diagonal low-rank blocks of A are not rank-k, we

fail to zero out the off-diagonal blocks at the first level.

At the next level, the randomized SVD (with any s > k) will exactly recover

an orthonormal basis () containing the range of X. In particular, we perform a

12Note that the hard instance depends on the truncation rank-k used by the algorithm. If we
allow the algorithm to use an adaptively chosen rank or do not use truncation (both of which
are often done in practice) then it would no longer be a hard instance.
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Figure 3.10: Top/Bottom Left: (x;,y;) and (x;, z;), ordered by x-value. Right: Log-
magnitude of entries of A defined in Equation (3.54). In both plots we subsample
the data to 256 points for visual clarity.
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Figure 3.11: Absolute error of peeling algorithms from Table 3.5 on the kernel
matrix described in Equation (3.54) as a function of the rank-parameter k for
several values of . Legend: GN1 ( — ), RSVDI1 ( --- ). Tokeaway: While
RSVD1 may not produce near-optimal low-rank approximations, it can sometimes
produce good approximations. In addition, when the sketch size used for the
regression problem is too large, the Generalized Nystrém Method does not produce
highly accurate low-rank approximations.

product
(o xlo x|[ar] [ o
X 0/X 0 0 X(Qf +93)
0 X|0 X || Qf - 0
X 0 X 0| 0] | X+




We then compute!® @ = orth(X (Qf + Q7)) and

0 X|0 X
X 0/X 0
lo QT 10 QT} z[zQTX 0]2QTX 0},
0 X|0 X
X 0/X 0

and analogously for the super-diagonal off-diagonal blocks. Since QQ'X = X,
our rank-k approximation to each of the off-diagonal blocks at the second level is
2X. In particular, we see that all of the error from the first level propagates to

the second level.

Assuming we exactly recover the diagonals (if we do not, this can only increase

the error), the final approximation is

0 2X|Y 0 |

2X 0|0 0
Ly oo 2x

0 02X 0 |

As long as n > 1, the best HODLR approximation to A is

0 X|Y O
X 010 O
- Y 00 X
_OOXO_

Therefore we find ||A — A*||2 = 4]| X ||2 while ||A — AVH% = 8| X||2.

13Here we assume orth(-) is a deterministic function.
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Exponential growth

The example in Section 3.2.11 shows that there are problems for which a Random-
ized SVD-based peeling algorithm cannot solve Problem 3 for small (constant) I
We now exhibit a problem instance for a Randomized SVD-based peeling algo-
rithm which suggests that such algorithms cannot even guarantee better than an
O(n)-factor approximation. This is exponentially large in the number of levels, and
to the best of our knowledge, is the first instance demonstrating an exponential

instability in the algorithm.

This is the first problem instance for which a variant of the peeling algorithm
actually incurs a significant propagation of error from level-to-level that we are
aware of. It remains an open question whether other variants of the peeling al-
gorithm (e.g. using the randomized SVD without truncation) can fail for the
approximation problem.

For any integer L > 0 let n = 2% and define the n x n matrix A, by

(
1 7=0,7o0dd
[Anlij=qn j=1,i=2'22 .. 2L. (3.55)

0 otherwise

\

For each of the nonzero off-diagonal blocks, note that the second column is orthog-
onal to the first column. Hence, the optimal rank-1 HODLR approximation to A,
is just A, with the first column set to zero. This means the error of the optimal
approximation is from the n/2 — 1 ones in the first column excluding the (1,1)

entry on the diagonal.

We set n = 10® and run an implementation of the peeling algorithm using the
Randomized SVD with truncation to rank-1 at each level to obtain a HODLR

rank-1 matrix A\n This is repeated for increasing values of n. In Figure 3.12
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we plot (as a function of n) the quantity ||A, — /Aln“F/\/m — 1, which is
the smallest value of I' for which the output A, solves Problem 3 (averaged over
20 trials). This experiment suggests that ||A, — ﬁnﬂp/\/m —1=0(n) as
n — oo. Since n = 2%, this is exponentially bad (with a constant base 2) in the

number of levels L.
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Figure 3.12: Relative error of peeling algorithms on hard instance described in
Equation (3.55) for several different values of 3. Legend: GN1 ( — ), GN2 ( - )
RSVD1 ( --- ), RSVD2 ( —.- ). Takeaway: The RSVDI1 variant has error growing
as n (dotted reference line); i.e. exponential growth at every level. When the sketch
size increases sufficiently quickly with n, the Generalized Nystrom Method-based
variants produce an error bounded independent of n.

3.2.12 Outlook

We have presented an algorithm provably solving the HODLR approximation prob-
lem in the matrix-vector query model. As far as we can tell, this is the first result
on the approximation problem in the matrix-vector query model for any hierarchi-
cal matrix family. While this paper focuses on HODLR approximation for clarity

of exposition, we expect the ideas used in our analysis can be extended to algo-
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rithms for other hierarchical families. The most natural would extension would be
to the coloring-based variant of the peeling algorithm for H-matrices introduced
in [106]. The H format is a generalization of HODLR which allows for a more
general tree structure and recursive blocks off of the diagonal, and is significantly

more efficient than HODLR for multi-dimensional problems.

Our work raises a number of interesting theoretical questions on approximation

algorithms for hierarchical matrices:

e For any constant ¢ > 0, we show that Problem 3 can be solved to accuracy
I' = n® with O(klog(n/k)) matrix-vector queries. Up to constant, this is
the best possible query complexity; as we prove in Theorem 3.2.2, exactly
recovering a HODLR matrix requires O(klog(n/k)) queries. It remains open
whether there exist matvec query algorithms which solve Problem 3 to higher

accuracy (e.g. I' = log(n)) with O(klog(n/k)) queries.

e Hierarchical Semi-Separable (HSS) matrices are an important subfamily of
HODLR matrices. The low-rank factors of HSS matrices at different levels
are related in such a way that they can be stored and manipulated more
efficiently than general HODLR matrices. In particular, there are a number
of algorithms for recovering an exactly HSS matrix that require O(k) matrix-
vector products [105, 84]. It is therefore natural to ask whether there exists an
HSS approzimation algorithm producing (1 + ¢)-optimal HSS approximation
using O(poly(k,1/¢)) matvecs? A major difficulty is that, in contrast with
HODLR matrices, we are unaware of a simple characterization of the best

HSS approximation to a given matrix.

e Operator learning aims to learn representations of operators mapping func-
tions to functions [113, 100, 36, 99, 73]. A number of recent works study the

problem of approximating certain classes of infinite dimensional linear oper-
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ators [33, 32] by hierarchically structured operators. Understanding how our
analysis and theoretical techniques extend to the infinite dimensional set-
ting may yield stronger theoretical guarantees for some problems in operator

learning.

Our structural perturbation bound Theorem 3.2.3 for low-rank approxima-
tion suggests fundamental differences between the behaviors of the Ran-
domized SVD and Generalized Nystrom Method in the presence of noisy
matrix-vector products. The bound also highlights limitations in our cur-
rent understanding of the impact of truncation on the Generalized Nystrom
Method. The best known bounds for the method with truncation are worse
than without truncation, but we are unaware of any convincing evidence that
such bounds are sharp. Further theoretical and numerical studies of these

methods would be of interest.
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CHAPTER 4
DATA-EFFICIENCY OF ELLIPTIC PDE LEARNING

4.1 Introduction

Many scientific breakthroughs have come from deriving new partial differential
equations (PDEs) from first principles to model real-world phenomena and simu-
lating them on a computer to make predictions. However, many crucial problems
currently lack an adequate mathematical formulation. It is not clear how to derive
PDEs to describe how turbulence sheds off the wing of a hypersonic aircraft, how
E. coli bacteria swim in unison to form an active fluid, or how atomic particles
behave with long-range interactions. Rather than working from first principles,
scientists are now looking to derive PDEs from real-world data using deep learning

techniques [95].

The success of deep learning in language models, visual object recognition, and
drug discovery is well known [103]. The emerging field of PDE learning hopes to
extend this to discovering new physical laws by supplying deep learning models
with experimental or observational data [95, 145]. PDE learning commonly seeks to
recover features such as symmetries, conservation laws, solution operators, and the
parameters of a family of hypothesized PDEs. In most deep-learning applications,
a large amount of data is needed, which is often unrealistic in engineering and
biology. However, PDE learning can be shockingly data-efficient in practice [113].
In particular, surprisingly little data is used to learn the solution operator, which

maps the forcing term to the solution of the PDE.
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Figure 4.1: Elliptic PDE learning methods can be data-efficient. (A) Performance
of three deep learning techniques in approximating the solution operator of the
2D Poisson equation with zero Dirichlet boundary condition on the domain [0, 1]2.
On small datasets, DeepONet and GreenLearning attain exponential decay of the
testing error, while Fourier Neural Operator (FNO) attains algebraic decay. (B)
A forcing term (top) and corresponding predicted solution (bottom) to the 2D
Poisson equation by a FNO.

In this chapter!, we provide a theoretical explanation of this behavior by show-
ing that, for ¢ > 0 sufficiently small, one can recover an e-approximation to the
solution operator of a three-dimensional (3D) elliptic PDE with a training dataset
of size about O(log”(1/¢)). Elliptic PDEs, such as the steady state heat equation,
are ubiquitous in physics and model diffusion phenomena. Solution operators can
produce surrogate data for data-intensive machine learning approaches such as
learning reduced order models for design optimization in engineering, uncovering

physics in climate models, and PDE recovery [95].

To illustrate the observed data-efficiency of PDE learning, we compare the per-
formance of three techniques [108, 113, 30] for recovering the solution operator
associated with the 2D Poisson equation in Figure 5.2. We vary the size of the

training dataset, consisting of random forcing terms and corresponding solutions

!This section contains the excerpts from the main text and supplementary text of [32], to which
I contributed theory for the stability analysis of the peeling algorithm. This work was joint with
Nicolas Boullé and Alex Townsend. Nicolas Boullé performed the numerical experiments.
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obtained by a numerical solver. We then evaluate the accuracy of the predicted
solutions on a testing dataset with new forcing terms. The three methods are
based on deep learning and differ in their neural network architectures. While
the Fourier Neural Operator [108] exploits the fast Fourier transform for computa-
tionally efficient training, DeepONet [113] and GreenLearning [30] achieve a faster
convergence rate on small training datasets. Here, DeepONet employs a complex
network architecture with many parameters. In contrast, GreenLearning lever-
ages prior knowledge that the solution operator is an integral operator and the
approximation power of rational neural networks [34]. Green’s function learning is
observed to be the most data-efficient in Figure 5.2, as for a fixed training dataset
size, it achieves the smallest testing error. All methods plateau due to discretiza-
tion errors, and the training procedure gets stuck in a local minimum of the loss
landscape rather than finding the global minimum. The rapid decay of testing

errors prior to the plateau motivates our main result.

There is a lack of understanding for the efficiency of PDE learning methods with
limited training data [113]. This work provides theoretical insights by construct-
ing a provably data-efficient algorithm, showing that one can achieve exponential

convergence when learning solution operators of elliptic PDEs.

Consider an unknown uniformly elliptic PDE in three dimensions, defined on
a bounded domain D C R?® with Lipschitz smooth boundary, with variable coeffi-

cients of the form:
Lu= -V (A(x)Vu)=f, €D, ulspp=0, (4.1)

where the coefficient matrix A has bounded coefficient functions and is symmetric
positive definite for all + € D. The weak assumptions on D and A(x) allow for

corner singularities and low regularity of the coefficients. The training data consists
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Figure 4.2: Properties of elliptic PDEs can be exploited to construct a provably
data-efficient algorithm for recovering solution operators. (A) The Green’s function
associated with the 1D Poisson equation, which is the kernel of the solution opera-
tor. (B) We use the multi-scale (hierarchical) structure of a Green’s function [111].
(C) On well-separated domains, the Green’s function has rapidly decaying singular
values [18], so it is efficiently recovered by the randomized singular value decompo-
sition (SVD) [85]. (D) Forcing terms for the training dataset are randomly sampled
from a Gaussian process. (E) The accuracy of the randomized SVD is carefully
adapted on each hierarchical level to counterbalance the potential accumulation
of errors in the reconstruction process. (F) An upper bound on the probability of
failure of the reconstruction algorithm as a function of e.

of pairs of random forcing terms f1, ..., fy and corresponding solutions wuy, ..., uy
such that Lu; = f; for 1 < j < N. Deep learning techniques use this data to

predict solutions to Equation (4.1) at new forcing terms by recovering the action

of the solution operator F, which is given by

F(f) = /D Gl 9)f(y) dy. (4.2)

where GG is the associated Green’s function. For example, we visualize in Fig-
ure 4.2A the Green’s function associated with the 1D Poisson equation. The ran-
dom forcing terms in the training dataset are sampled from a Gaussian process

(GP), i.e., they follow a multivariate Gaussian distribution when sampled on a
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grid, and the covariance kernel determines the correlation between the function’s

entries and its smoothness.

Recent work [33] proves that for any ¢ > 0 and 3D elliptic PDEs, a large
number of input-output training pairs of size about O(¢7%) is sufficient to recover

an e-approximation F to F such that
IF = Fll2 < €l[Fllus,

where || - ||2 is the solution operator norm and || - ||gg is the Hilbert—Schmidt norm.
Once the e-approximation to F has been constructed, F can be used to study
the stability and regularity of solutions of the PDE. For example, to see whether
small perturbations of the input function lead to small changes in the output
solution, or whether the solution has certain smoothness or decay properties for
all forcing terms. Moreover, F can be used in numerical methods for approximating
the solution of the PDE. By discretizing the input function and applying Fasa
surrogate for F, one can obtain a numerical solution of the PDE that approximates
the true solution. The integral kernel associated with the Hilbert—Schmidt operator
F is also of interest, as it is an approximation to the Green’s function, which can
be exploited to recover linear conservation laws, symmetries, boundary effects, and

dominant modes [30].

Our main result dramatically improves the required amount of training data
to construct an e-approximation to F by exploiting the hierarchical structure of
G [18] and randomized linear algebra techniques [85, 120]. We derive a randomized
algorithm that provably succeeds with exceptionally high probability and needs a
training dataset size of only O(log(1/€)*[log(log(1/€)) + log(1/T'¢)]*) input-output

pairs.

Theorem 4.1.1. Let € > 0 be sufficiently small, and F be the solution operator
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associated with a 3D uniformly elliptic PDE of the form in Equation (4.1). There

exists a randomized algorithm that constructs an e-approximation F to F such that
IF = Fll2 < el[Fllus,

using O(log(1/€)*[log(log(1/e€)) + log(1/T)|*) input-output pairs with probability

Z 1— 6flog(1/e)3'

The main contribution of Theorem 4.2.2 is a theoretical upper bound on the
amount of training data required in elliptic PDE learning problems, which should
deepen our understanding of existing deep learning techniques. Hence, the ex-
ponential convergence rate in Theorem 4.2.2 matches the one observed in the
deep learning experiments of Figure 5.2A. We believe that this learning rate is
near-optimal, as it exploits the multi-scale structure of Green’s functions (see Fig-
ure 4.2B,C) and depends on the training dataset. The factor 0 < I'. < 1 measures
the quality of the training dataset at probing the dominant modes of the PDE, and
a technical definition is available in the SI Appendix. We emphasize that the error
bound must include a factor that quantifies the quality of the training dataset.
If the forcing terms are too smooth, then I'. is small. In contrast, choosing the
covariance kernel of the GP such that the sampled functions are oscillatory usually
ensures that I, is reasonable for learning GG. In short, a small number of sufficiently

diverse forcing terms is required (see Figure 4.2D).

The algorithm constructed in the proof of Theorem 4.2.2 achieves an approx-
imation error measured in the solution operator norm. This mimics the typical
measurement of accuracy of PDE learning techniques by comparing true and pre-
dicted solutions on a testing dataset of square-integrable forcing terms. Addition-
ally, Theorem 4.2.2 employs random input-output pairs, where the forcing terms

are sampled from a GP, so there is always some probability of failure. Fortu-
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nately, we show this probability is exceptionally small. For ¢ < 1073, failure is a

once-in-a-cosmic-epoch event (see Figure 4.2F).

Theorem 4.2.2 is challenging to prove, and the whole argument is in the SI
Appendix. The proof relies on the fact that the solution operator associated with
a 3D elliptic PDE is an integral operator in the form of Equation (4.2). Firstly,
the Green’s functions related to 3D elliptic operators are square-integrable and
have a bounded decay rate away from the diagonal of D x D [78]. Secondly, they
possess a hierarchical structure [18] in the sense that they have rapidly decaying
singular values when restricted to off-diagonal parts of the domain (green blocks in
Figure 4.2B). We leverage the hierarchical structure, which has been historically
exploited by fast solvers, in a data-driven context where the PDE is unknown.
Combining these properties enables a generalization of the randomized SVD [85]
known as the peeling algorithm [111] to simultaneously learn the off-diagonal blocks

at any level of the hierarchy.

While the peeling algorithm is traditionally used to recover hierarchical ma-
trices efficiently from matrix-vector products, we generalize it to approximate
infinite-dimensional integral operators. To do so, we leverage insights from re-
cent work that extends the peeling algorithm to arbitrary hierarchical partitions
and dimensions [106]. This gives us a strategy to recover the Green’s function level-
by-level. However, proving the stability of peeling is an open question in numerical
linear algebra. This is because the approximation errors from one level can po-
tentially accumulate exponentially at later levels, thus degrading the convergence

rate [33, 111].

We overcome this theoretical obstacle in the infinite-dimensional context by

requiring an adaptive approximation accuracy at each level of the hierarchy. The
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peeling algorithm ensures that the large-scale features of a Green’s function are
first learned to high accuracy by the randomized SVD. Then, we progressively
decrease the accuracy requirement at subsequent levels, ensuring an overall e-
approximation on each level of the partition at the end (see Figure 4.2E). The
rapidly decaying singular values of the Green’s function on off-diagonal parts of
the domain (see Figure 4.2C) enable us to maintain a near-optimal exponential
convergence rate with respect to the size of the training dataset. We then construct

a global e-approximant by neglecting G near the diagonal of the domain.

As one usually employs deep learning techniques to learn solution operators, our
theoretical contributions can also lead to practical benefits. We believe that future
training datasets benefit from taking into account prior knowledge of the PDE to
improve the quality of the forcing terms at learning the solution operator. Similar
ideas have already been employed in the field of visual object recognition through
data-augmentation techniques. There is also an opportunity to design neural net-
work architectures with hierarchical structures to capture the long-range interac-
tions in PDE models. Finally, enforcing a different accuracy at different scales

might improve the computational efficiency of existing PDE learning approaches.

In summary, we constructed a randomized algorithm that provably achieves an
exponential convergence rate for approximating the solution operator associated
with 3D elliptic PDEs in terms of the size of the training dataset. This provides a
theoretical explanation for the observed performance of recent deep learning tech-
niques in PDE learning. The proof techniques can be adapted to include elliptic
PDEs in any dimension and time-dependent PDEs [33]. Recovering solution oper-
ators associated with hyperbolic PDEs, like wave equations, remains a significant

open challenge. Moving forward, we plan to ramp up PDE learning techniques to
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handle noisy experimental data, deal with data from emerging transient dynamics,

and enforce conservation laws onto our solutions.

4.2 Theoretical results on Green’s functions

We consider a second-order uniformly elliptic partial differential operator L :
H2(D) N HY(D) — L*(D) on a bounded domain D C R? in spatial dimension
d = 3 with a Lipschitz smooth boundary (see [82, Def. 6.2.33]). Here, H*(D)
denotes the kth Sobolev space, HY(D) is the closure of the infinitely differentiable
functions compactly supported in D in H*(D), and L?(D) is the space of square-
integrable functions over D. We assume that the operator £ takes the following

divergence form:
Lu=—-V-(A(x)Vu), €D, ulspp=0. (4.3)

Here, the coefficient matrix A(z) € R¥? is a symmetric positive definite matrix for
every x € D with ko = sup{Amax(2)/Amin(z) | © € D} < 00, and A has bounded
coefficient functions, i.e., A;; € L>(D) for 1 < i,5 < d. Also, Apin(2) and Apax(2)
denote the smallest and largest eigenvalues of A(x). Under these conditions, it is
known [78] that there is a Green’s function G : D x D — RU{oo} associated with

Equation (4.3) so that the solution operator associated with £ can be written as

F(6)[a] = /D Gle.y)f(y)dy, f e LX(D). (4.4)

In three dimensions, G is square integrable [78], and its associated integral operator

is a Hilbert-Schmidt (HS) operator [90].

PDE learning techniques aim to approximate the solution operator associated

with an unknown PDE, such as Equation (4.3), from pairs of input-output func-
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tions {(f;,u;)}}2; [95]. The forcing terms f; are usually sampled from a Gaus-
sian process (GP) with a user-prescribed covariance kernel [108, 30, 113], and the
associated solutions u; are acquired by solving the equation Lu; = f; using a
black-box solver (i.e., through direct numerical simulations or by performing a
physical experiment). In the past few years, several approaches have employed
neural networks to approximate the solution operator in a wide range of prob-
lems [113, 108, 30, 172, 73, 99, 109]. While these methods have been very success-
ful in practice, theoretical results are limited and mostly focus on the type and
complexity of neural network architectures needed to approximate a given solution

operator [113, 99, 102].

In this work, we focus on characterizing the sample complexity associated
with solution operators of elliptic problems in three dimensions to understand
the amount of training data needed to reach a given tolerance 0 < e < 1. A num-
ber of studies have provided algebraic upper bounds of the form of N = O(¢~%)
on the sample complexity for elliptic problems in three dimensions [33, 59, 44].
This bound naturally extends to time-dependent (parabolic) problems by chang-
ing the norm in which the error is measured to an L'-norm to obtain a sample
complexity of O(e~G+9)/21og(1/e)) [33]. However, the properties of Green’s func-
tions, such as their low-rank hierarchical structures [18, 33], and deep learning
experiments [113, 30] suggest an exponentially smaller (poly-logarithmic) sample
complexity of O(log(1/e)*), for some power o > 1. Recent work shows that such
bounds can be attained by employing a recovery algorithm based on a sparse
Cholesky factorization [151, 152]. However, the proof technique requires queries
of the solution operator at deterministic piecewise polynomial inputs, which is not
close to the setting employed by state-of-the-art deep learning approaches. A key

difficulty in improving the polynomial error bound from [33] to a poly-logarithmic
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sample complexity comes from the hierarchical structure of the Green’s function.
Hence, while one can exploit the hierarchical structure to greatly reduce the number
of training pairs using a recursive peeling algorithm [111, 116, 105, 106], approxi-
mation errors may accumulate exponentially during the procedure and significantly
deteriorate the error bound. Additionally, designing a provably stable algorithm
for recovering n x n hierarchical matrices from O(logn) matrix-vector products is

an open problem in numerical linear algebra [33, Sec. 5.1].

In this paper, we generalize the peeling algorithm for hierarchical matrices to
infinite dimensions and control the potential accumulation of errors by adaptively
refining the tolerance. Our main theorem (see Theorem 4.2.2) provides a poly-
logarithmic upper bound for the sample complexity of solution operators associated
with elliptic problems in three dimensions. We note that one has to express the
error in the solution operator norm || - ||, defined in Definition 4.2.1. This metric is
consistent with the usual way of measuring the model error on a test set in deep

learning approaches [113, 108, 30, 172, 73, 99, 109].

Definition 4.2.1 (Operator and HS norms). Let F : L*(D) — L*(D) be the
solution operator associated with £ and Green’s function kernel G. Its operator

norm || - ||2 and HS-norm || - |us are defined as [90, Chapt. 3]

IFll2 = sup {[IF ()2 | £ € L*(D), I flr2oy =1} [IFllns = [Gllz2oxp)-

The operator norm is a generalization of the spectral norm || - ||2 for matrices
to Hilbert—Schmidt operators and could alternatively be defined as the largest

singular value of F, while the HS-norm is a generalization of the Frobenius norm.

Theorem 4.2.2. Let 0 < € < 1 be sufficiently small, D C R? be a bounded

Lipschitz domain in dimension d = 3, and L be an elliptic partial differential
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operator in the form given by Equation (4.3). IfF: L*(D) — L*(D) is the solution
operator associated with L, then there is a randomized algorithm that constructs
an approzimation F of F using N = O(log(1/e)*?[log(log(1/€)) + log(1/T,)]4t1)

input-output pairs {(f;,u;)}52,, such that
IF = Fll2 < el|Flus,

with probability greater than 1 — e~ 10s(1/9"  The factor 0 < T'c < 1 is a measure
of the quality of the forcing terms at approximating the eigenfunctions of L (see

FEquation (4.28)).

The proof of Theorem 4.2.2 is summarized in Algorithm 5 and occupies the
rest of this Supplementary Information Text. It exploits two theoretical properties
of Green’s functions: (1) the low-rank structure on well-separated domains (see
Section 4.2) and (2) their decay away from the singularity along the diagonal of
the domain (see Section 4.2.1). In Section 4.2.2, we review existing results for
the discrete analogue of Green’s function recovery from input-output pairs, which
is equivalent to hierarchical matrix recovery from matrix-vector products. We
describe the randomized singular value decomposition (see Section 4.2.2) and the
peeling algorithm in Section 4.2.4 for reconstructing hierarchical low-rank matrices
from matrix-vector products [111, 76, 17, 81]. We also include a perturbation anal-
ysis of the randomized singular value decomposition under additive perturbation
errors in Section 4.2.3. In Section 4.4, we extend these results to the continuous
case of Green’s function recovery. We describe the previously established random-
ized singular value decomposition for Hilbert—Schmidt operators (see Section 4.4),
then use this result to develop an infinite-dimensional analogue of the peeling
algorithm (see Section 4.4). These ideas are finally combined in Sections 4.4.1

to 4.4.2 to show that one can stably recover Green’s functions associated with el-
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liptic operators of the form of Equation (4.3) using a poly-logarithmic number of

input-output functions (i.e., a spectrally efficient learning rate).

Algorithm 5 Learning the solution operator via input-output functions.

Input: Black-box numerical solver associated with £, GP covariance kernel K,
tolerance 0 < e < 1
Output: Approximation F of the solution operator F within relative error €
1: Determine the number of hierarchical levels N, using Green’s functions’ off-
diagonal decay (Equation (4.9))
Set initial tolerance to €] = ¥ < ¢
for L=1: N.do
Sample the GP with covariance kernel K (Section 4.4)
Use peeling to sketch the Green’s function on new admissible domains (Sec-
tions 4.2.4 and 4.4)
6: Approximate the Green’s function on new admissible domains using the
randomized SVD with tolerance e, (Section 4.4)
7: Increase the randomized SVD tolerance (Proposition 4.4.2)
8: end for
9: Pad the approximant F with zeros over the remaining non-admissible domains
(Section 4.4.2)

Low-rank structure on well-separated domains

Green’s functions of elliptic operators have low numerical rank on well-separated
domains X,Y C D. More precisely, we say that X and Y satisfy a strong admis-
sible condition if

dist(X,Y) > pmax{diam X, diam Y}, (4.5)

where p > 0 is an arbitrary constant measuring the relative distance between X
and Y. Let 0 < e < 1 be a target relative accuracy. Bebendorf & Hackbusch [18,
Thm. 2.8] proved that when the pair (X,Y) is strongly admissible, there exists a
separable approximation Gy (x,y) = 25, u;(z)v;(y) of the Green’s function such

that

1G = Gillze(xxy) < €l|Gll 2(x w1y
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where k < k. and k. = Mlog(1/€)4™! for some constant M > 0 that depends on
L. Here, Y C Y C D denotes a domain slightly larger than Y (see [18, Thm. 2.§]
for the precise definition of f/) Using the Eckart—Young—Mirsky theorem [64,
125], we deduce that Green’s functions associated with elliptic operators have
numerical rank bounded by k. on well-separated domains. As noted in [33], this
property enables the use of randomized numerical linear algebra techniques for
approximating Green’s functions from input-output pairs. A pair (X,Y) C Dx D

that does not satisfy Equation (4.5) is called non-admissible.

This property leads to a hierarchical partition of D x D into admissible and
non-admissible domains [76, 17, 81]. Without loss of generality, we assume that
the domain of the hierarchical partition is D = [0, 1]%. Otherwise, one may rescale
and shift D such that D C [0, 1]¢ and consider the intersection of the partition of
[0,1]¢ and D. Since G is not of low rank on the initial domain D x D, the domain
0,1]¢ is dyadically partitioned into 2¢ smaller subdomains given by halving each
of the d intervals [0, 1]. This leads to N&) < 672¢% admissible domains at the level
1 < L < N of the hierarchical partition, where N > 1 is the number of hierarchical
levels. Here, we chose an admissibility constant p = 1/v/d in Equation (4.5) so
that non-admissible domains are neighboring boxes. We note that the rescaling
procedure is equivalent to embedding D into a cube whose side length depends on
the diameter of D. Then, one constructs a hierarchical partition of the cube and
intersects each component with D to obtain the desired partition. Therefore, the
constant in front of the learning rate estimate in Theorem 4.2.2 depends implicitly
on the geometry of D such as its diameter. A domain with poor aspect ratio leads
to a suboptimal partition and therefore we do not expect to have the best constant

in Theorem 4.2.2.
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4.2.1 Off-diagonal decay

We determine the number of hierarchical levels using a second property of Green’s
functions associated with elliptic operators, known as off-diagonal decay, which
controls the magnitude of Green’s functions on non-admissible domains. Follow-
ing [78, Thm. 1.1], we know that a Green’s function in three dimensions decays

away from the diagonal:

(&
G(l’,y) < |.T _Cy| HGHLQ(DXD)7 T,y € D: T % Y, (46)

where ¢, is a constant depending on the spectral condition number of the operator
L defined in Equation (4.3), and | - | denotes Euclidean distance. For a non-
admissible pair X x Y C D x D such that dist(X,Y) < pmax{diam X,diam Y},
the L2-norm of G over X x Y can be bounded by integrating Equation (4.6),
following the argument of [33, Sec. 4.2]. Let r = (2 + p) max{diam X, diam Y} be
a constant depending on the size of X and Y, then the L?-norm of the Green’s

function associated with L satisfies
||G||L2(Xxy) < Cpcncr2||GHL2('DX'D)7 (4.7)
where C, = /27 /1/3(2 + p)3 is an integration constant.

Using the hierarchical partition of D x D introduced in Section 4.2, we find that
the maximum diameter of the non-admissible domains X x Y decays exponentially

fast with the number of hierarchical levels as

d
max{diam X, diam Y’} < QN—\/; (4.8)

since X and Y are contained in cubes of side length 1/2V. We select p = 1/+/d and

the number of hierarchical levels, N, such that G has relative L?-norm bounded
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by 0 < € < 1 on each non-admissible domain of the partition. Finally, combining

Equations (4.7) and (4.8) yields

1 1 1
N, = §log2(1/e) + §log2 (c,.;cm/ 6v2 + \/6> — 1~ 2log 2 log(1/€), €—0.
(4.9)

Remark 5 (Generalization to other systems). Elliptic operators [62] in dimensions
1 and 2 and elliptic operators with lower order terms [16] also admit a Green’s func-
tion with a hierarchical structure and off-diagonal decay. The rate of off-diagonal
decay in these cases results in a different constant N, so N, is dimension depen-
dent. Thus, we suspect that the results presented in this work and and a version

of Theorem 4.2.2 generalize with slightly different constants to these systems.

4.2.2 Fast recovery of hierarchical matrices from matrix-

vector products

A hierarchical off-diagonal low rank (HODLR) matrix H is a block-structured ma-
trix which often arises from integral or differential equation problems [27, 80, 83],
e.g., by discretizing a Green’s function (see Section 4.2). The matrix is hierarchi-
cally partitioned into sub-blocks, where the blocks located away from the diagonal
are of low rank. A pair of admissible blocks (X,Y’) satisfies a so-called weakly
admissible condition analogous to Equation (4.5) with p if dist(X,Y) > 0. The
number of levels in the hierarchy determines the sizes of the blocks. This section
describes a “peeling” recovery algorithm [111] for approximating HODLR matri-
ces from matrix-vector products with random test vectors using the randomized

singular value decomposition [116].
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Randomized singular value decomposition

We first focus on recovering a low-rank matrix using matrix-vector products with
test vectors. The randomized singular value decomposition (SVD) is one of the
most popular algorithms for constructing a low-rank approximant of a large matrix
from matrix-vector products with random Gaussian test vectors [85]. While the
probabilistic error analysis performed by Halko et al. applies when the input vec-
tors are standard Gaussian, the randomized SVD has been recently analyzed for
Gaussian input vectors with correlated entries determined by a general covariance
matrix [33, 29]. As we shall see later in Section 4.4, this generalization enables the
application of the randomized SVD in infinite dimensions to compute low-rank ap-
proximants of Hilbert—Schmidt integral operators and can be used to approximate

off-diagonal low-rank blocks of Green’s functions (see Section 4.2.1 and [33]).

Let A be an m x n real matrix, where m > n, with SVD given by A = UXV™*,
where U € R™™ and V € R™™" have orthonormal columns, and X is an m X n
rectangular diagonal matrix containing the singular values o1 (A) > -+ > 0,(A) >
0 of A. Let £ > 1 be the target rank, p > 2 an oversampling parameter, and
Q € R™*+P) g random test matrix with independent and identically distributed
(ii.d.) columns following a multivariate Gaussian distribution with mean 0 and

covariance matrix K € R™" e, Q(:,j) ~ N(0,K) for 1 < j < k+p. It is

convenient to partition the reduced SVD of A as follows:

k n—k k n—k n
N R
A= U1 U2 )
22 V; n—=k

where the matrices 3, and X, are diagonal and contain the first & and last n — k

singular values of A, respectively. In addition, we decompose the test vector €2 in
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the basis defined by the right singular vectors of A as 2; = V{2 and Qs = V3.

The randomized SVD uses the following two-stage procedure for constructing

a low-rank approximant to the matrix A:

1. Form the matrix product Y = AL2. This step requires k + p matrix-vector

products with A.

2. Project the matrix A onto the range of Y. One achieves this by constructing
a matrix Q with orthonormal columns and the same column space as that of
Y. Then, we project A onto the range of Y as follows: A = QQ*A = PyA,
where Py is the orthogonal projection matrix on the range of Y defined as
Py = YY'. Here, YT is the MoorePenrose pseudo-inverse of Y. Assuming
that the matrix A = A*, this projection step also requires k+p matrix-vector
products with A as A = Q(AQ)*; otherwise, it requires k + p matrix-vector

products with A*.

The approximation error in the Frobenius norm, || - ||, between the matrix A
and the computed low-rank approximant A can be characterized as follows 33,

Thm. 1]:

N 1/2
|A — PyAlp < \/1 L g3 Kk £ p) (K ( 3 cr?(A)> ,

wop+tl oA\ G

which holds with probability > 1 — ¢ 2 — [se~(*~1D/2]k+2_ for arbitrary numbers
s,t > 1. Here, tr(K) denotes the trace of the matrix K, i.e., the sum of its
eigenvalues A\ > --- > \,. The quantity 0 < 7, < 1 measures the quality of the
covariance matrix for approximating the right singular vectors of A and is defined

as 1 = k/(A\ tr((ViIKV,)™)). Note that when k = p, one can simplify the bound
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by choosing t = e and s = 2 to obtain the following error bound [33, Eq. 38]:

n 1/2
IA — PyAlr < <1+2o 5tr(K)> (Z a;.(A)> , (4.10)

A
T j=k+1

which holds with probability > 1 — 2¢~%. This error bound allows us to recover
a HODLR matrix H with high probability from matrix-vector products by ap-
proximating it block-by-block. Later in Section 4.2.4, we combine the randomized
SVD with the peeling algorithm to greatly reduce the number of test input vec-
tors needed by exploiting the hierarchical structure of H. However, employing the
peeling procedure leads to a potential accumulation of errors, which can only be

controlled by a careful perturbation analysis of the randomized SVD.

4.2.3 Perturbation analysis of the randomized singular

value decomposition

In this section, we assume that matrix-vector products with A introduce additive
perturbation errors in the sample and projection steps of the randomized SVD,

such that

Yoy =AQ+E=Y+E, and A=Py__A+QE}. (4.11)

noisy

Here, Y denotes the noiseless matrix-vector products with A which we cannot
access, E € R™+P) ig the additive perturbation with |E||r < ¢ for a given
e > 0, and Ep € R™**P) ig the projection error satisfying |Ep|p < e. While
the original theoretical results on the randomized SVD are formulated in the
noise-free setting [85, 120, 112, 146, 148|, a large number of studies in matrix

perturbation theory have considered bounding the approximation error between
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the low-rank approximant and exact leading singular vectors of A when the ob-
served matrix A follows a “signal-plus-noise” model, i.e., it contains noise as
A=A+E [110, 175, 57, 174, 186]. Standard bounds in the literature can be
refined by introducing additional assumptions on the perturbation error matrix E,
such as specific distribution of its entries [3, 135, 147, 165, 39, 2, 40, 41, 66, 69, 104].
Recently, these results have been exploited to derive explicit perturbation errors

in the context of the randomized SVD [187].

Our setting differs from previous work because we do not have access to the
perturbed sketch through matrix-vector products, as error is introduced additively
after sketching (see Equation (4.11)). Therefore, we cannot use sketching to “learn”
the perturbation error and obtain efficient error bounds with classical matrix per-
turbation theory results. Our aim is to analyze the error between the matrix A

and its approximation A computed by the randomized SVD as

IA — Allp < [|A = Py, Allr + |QEL|r < |[A — Py, Allr +e. (412)

noisy

Following Equation (4.12), we focus on analyzing the perturbed projection error

term ||A — Py, . Allr, where Yoy = Y + E. This term can be directly bounded

noisy

using the triangular inequality as ||A — Py, . Alr < ||[A — PyAlr + ||(Py —

noisy

Py Al|r, and then using orthogonal projector error analysis [46, 155, 157, 156]

noisy)

to analyze the projection error (Py — Py . However, this approach introduces

technical difficulties whenever the additive error E has a non-zero component in the
space spanned by the leading singular vectors of A. Instead, we choose to directly
analyze Equation (4.12) to estimate the error using a first-order expansion when
¢ is sufficiently small. The following proposition is an analogue of [85, Thm. 9.1]

and provides a deterministic error bound for the randomized SVD with perturbed

samples.
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Proposition 4.2.3 (Deterministic error bound). Let A be an m X n matriz with
m>mnand 1 < k < n be a target rank, and p > 2 an oversampling parameter.
Choose a test vector Q@ € R +P) qnd construct the perturbed sample matriz as
Yooisy = Y + E, where Y = AQ and E € R™**+P) satisfies ||E||p < e. Assuming
that €1 = ViQ is full rank and € > 0 is sufficiently small, then the approximation

error satisfies

1A =Py, Allf < [Zaflf + [[(Z292 + Eo) (0 + 37 Ey) 5, (4.13)

noisy

where Eq; = UTE and E, = UJE.

Proof. The proof of Proposition 4.2.3 closely follows the proof of [85, Thm. 9.1].
We first argue that the left singular vectors of A do not play any role by defining

the auxiliary matrix A and perturbed sample matrix Ynoisy as

- ¥, Vi . .
A=U'A = , and Yy = AQ +UE =

3, V3 3505 + Eo

X0 +E;

Using the unitary invariance of the Frobenius norm and [85, Prop. 8.4], we have

HA_PYnoisyAHF = ||U*(I_PYnolsy)UA||F = ||(I_PU*Ynolsy)A||F = HA_PYnDiSyA“F'

It is then sufficient to show that the following inequality holds: ||[A —Py A2 <

1 22]|2 4+ [[(Z2Q +Eo) (2, + X, 'E)||2. To achieve this, we first remark that, since
2, is full rank, it has linearly independent columns and €2, €2} is invertible such that
QF = Qr(2,Q7) ! is well defined. Since 1 < k < rank(A), the kth singular value
of A is strictly positive and 3 is invertible. Let dg, be the function on k£ X k
matrices defined as dq,(X) = det [( + X' X)(Q + X7'X)*] for X € RF*A
da

. is continuous and strictly positive at X = 0. Hence, for e sufficiently small,

da, (E1) > 0 and (2, + X7'E1)" is well defined. This also implies that 3,0, + E,
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has full rank and, if W denotes the matrix containing the first & columns of Ynoisy

and zero afterwards, then

k+p k+p
I k 30 + By k
range(W) = range , W= :
0 n—=k 0 n—=k

The range of W spans the same subspace as the first k left singular vectors of the
auxiliary matrix A. We then use perturbation theory for orthogonal projectors
to treat the matrix ?noisy as a perturbation of W, and introduce a matrix Z to

flatten the first k£ rows of the auxiliary sample matrix as

7 = ?noisy(zlgl +E) = Ynoisy(Q1 +37'E)E =
F

and

F = (3,9, + E)(Q + 37'E))IZ L

We then follow the proof of [85, Thm. 9.1] to obtain the following inequality ||(I —

Py AIE < [E7I-Pz)Xlp < [[FE |5+ Zo]F. We have [[FE[[F = [[(2202:+

noisy

Es) (2, + X7 'E1)f||%, which shows that Equation (4.13) holds. O

One can easily extract explicit upper bounds from Proposition 4.2.3 when the
perturbation error is located in a subspace that is orthogonal to the first & left
singular vectors of A, contained in the matrix U;. Moreover, the multiplicative
factor 3; in the right-hand side of Equation (4.13) implies that the component of
the error in the space generated by the jth singular vector must have magnitude
bounded by the jth singular value of A. Otherwise, one cannot hope to recover
a good rank k approximation, as the perturbation is too large in the direction of
the jth singular vector. To alleviate this issue, we derive a probabilistic bound for

the perturbed randomized SVD by combining Proposition 4.2.3 with a first-order
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expansion of a perturbed pseudo-inverse matrix when the perturbation magnitude

€ is sufficiently small.

Theorem 4.2.4 (Probabilistic error bound). Let A be an m X n matriz with
m >mn, 1 <k < n a target rank, p > 2 an oversampling parameter, and €
be an n x (k + p) Gaussian matriz, where each column is i.i.d. and drawn from
a multivariate Gaussian distribution with mean zero and covariance matriz K.
Assume that matriz-vector products with A and A* introduce an additive error
of E, with |E||p < € for sufficiently small 0 < € < 1. Then, the approzimation
error between the matriz A and its low-rank approzimant A constructed by the
randomized SVD satisfies

n 1/2
IA — Allp < \/1 4 g3 KE £ D) trK) ( 3 ag(A)> L O®e),  (4.14)

W p+1l N et

with probability > 1 — t7P — [se~(*~1/2]k+p

Proof. Combining Equation (4.12) and proposition 4.2.3 yields

1A = Allr < |A = Py, Allr + € < [|Sslp + [|(Z222 + Eo) (@ + 7 E)|r +e.

(4.15)
Let X be the k x (k + p) matrix such that eX = X, 'E;. By the same argument of
the proof of Proposition 4.2.3, the matrix €2; + ¢X has full rank for e sufficiently
small. Then, the matrix (€ + €X)(Q; + eX)* is invertible, and we can compute

a first-order expansion of the pseudo-inverse using an expansion for the matrix

inverse as

(Q) + eX)T = () + eX)*[(Q + eX)(2; + eX)] 7!
= () + eX)* [ Q] + €(XQ + 2, X* 4 eXX*)] 7

= QI+ 0O(e).
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Therefore, the second term in the right-hand side of Equation (4.15) satisfies
(2204 E2) (Q + Z7E)) |r = [| 22221 |5 + O(e), since ||Eq|lr < |E[l¢ < € and
|E1]|r < €. We conclude that the approximation error is bounded for € sufficiently
small as ||A — Allp < [|Z1]lp + | 229290 ||¢ + O(¢), which we can bound using the
proof of [33, Thm. 1]. O

4.2.4 Peeling algorithm for weakly admissible hierarchical

matrices

We now consider a symmetric n x n hierarchical matrix H, whose off-diagonal

blocks are of low rank, and hence can be approximated by the randomized SVD.

A hierarchical partition of H is obtained by halving the index set of the rows
and columns at each level. Therefore, if H is a symmetric rank-k n x n HODLR
matrix, it has N = |log,(n)] levels, and the following block structure at the first

level:
H, H,
H= , (4.16)
H, H,
where H, and H are considered off-diagonal blocks and are of rank at most k. The
off-diagonal blocks are colored in green in Equation (4.16) and are usually called
admissible blocks as they satisfy a weakly admissible condition analogue to Equa-
tion (4.5). The blocks along the diagonal, colored in red in Equation (4.16), are

considered non-admissible. Further hierarchical levels are obtained by recursively

subdividing the first two non-admissible blocks, H; and Hy, to refine the matrix
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along the diagonal and obtain more admissible blocks with rank k& as follows:

Hll H12 H2
H, H H/, H,
SR [N . (4.17)
H] H, oy | e He
Hy, Huy
Hlll HllZ
H,,
Hj,, Huy "
2
H1T2 Hiyn Higp
H1T42 H144
%
H'ill H412
H42
HzT HLQ Hy
H—1r2 H441 H442
Hj, Hu

(4.18)

Here, green matrices are of rank k£ while red matrices need to be further partitioned

to reveal off-diagonal low-rank structure.

The peeling algorithm [117, 111] uses a recursive elimination procedure to effi-
ciently utilize each input-output pair to recover H in O(log n) matrix-vector prod-
ucts. The main idea is to recover low-rank blocks of H level-by-level, i.e., recover H
one level at a time, starting with the largest blocks, working towards the diagonal,

and finally recovering the finest block size at a chosen stopping point.

We refer the reader to a description of the peeling algorithm in Section 1.4.1.

Remark 6. The peeling technique described in this section easily generalizes to
a non-symmetric HODLR matrix H by requiring two additional matriz-vector

products with H' at each hierarchical level. This is because the randomized
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SVD requires matrixz-vector products with the transpose of each admissible block,
which doubles the total number of matriz-vector products to recover H to at most

4(k+p)N.

As it is known in the literature [111], the peeling algorithm is not stable and can
potentially introduce errors that exponentially accumulate as one goes down the
levels. We characterize the magnitude of these accumulating errors for a weakly
admissible HODLR matrix. However, the analysis generalizes easily to strongly

admissible hierarchical matrices (see Section 4.3).

Proposition 4.2.5 (Perturbation error from sketch). Let 1 < L < N be a hier-
archical level and assume that each of the off-diagonal blocks of H at lower levels
1 <0 < L—1 has been approrimated to within an absolute accuracy of 0 < €, < 1.
Let H; € R™/2"x0/2% e an admissible block at level L and X; € Rn/2"%k gp mput
matrix. Consider the exact sketch Zy, = H;x;, and the perturbed sketch 4 1, obtained
by peeling from the input? Xy = [0;Xq;- -+ ;0;%;;0; -+ ;Xor1] € R™F where the
FEuclidean norm of each column of the matrices x; is bounded by a constant C' > 0.

Then, the approximation error satisfies

L—1
|Ze — Zellr < CVEY 2772 &,
/=1

Proof. 1t suffices to prove this result for the upper left-most off-diagonal block at

L=1) represents L — 1 concatenated

level L, which we denote as Hyz—1),, where 1
1’s. This is because the perturbation argument for one block applies symmetrically
to any other admissible block. Let X = [0;%1;0;- -+ ;Xoc-1] € R™F be the input

matrix, such that ||x;|lr < CVk for 1 < j < 2871 We consider the exact sketch

2This notation denotes a matrix whose components 0,%;,0,...,0,Xo—1 € R™/2"%k are
stacked vertically.
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Z; = H (L-1)5x; of the block H;(z-1), with x;. Then, the perturbed sketch obtained
by peeling satisfies:
Z, =17+ <IL 0> (Hyz-2)5 — Ile(L*2>2)[O; X
4.
+ <IL 0) (Hy — H2)[05 X922 45 -+ 5 03 Xg0-1],

where Iy, is the n/2% x n/2l identity matrix, i.e., I’s dimensions are the block
size at level L. Moreover, the approximant H,«), of the admissible block H ),
at level 1 < ¢ < L — 1 satisfies ||Hywy — ICIW)QHF < €. Then, the sketch error is

bounded by

9L—-1-¢

L-1 L-1
~ _ L—-1-¢ _
12— Zolle <Dy D Ixor1eyl2 < CVEY 272 ¢
/=1 j=1 /=1

We note that the sketch error is zero at the first hierarchical level. OJ

Proposition 4.2.5 also characterizes the perturbation error for the projection
step of the randomized SVD in the peeling algorithm. Then, if we consider the
exact sketch Z¥ = H,y,; of an off-diagonal block H; at level L, and the perturbed
sketch Zf obtained by peeling from the input Y, = [y;;0;---;0;y;;0;--- ;0] €
R™* whose components y,...,ysz.-1 have orthonormal columns. The approxi-

mation error satisfies

L-1

~ L—1—¢ _

1Z] —Z7 |l < VEY 2772 é&.
/=1

4.3 Peeling algorithm for strongly admissible partitions

We now generalize the peeling algorithm introduced in Section 4.2.4 to hierarchi-

cal matrices with arbitrary structure. As we saw in Section 4.2, Green’s functions
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associated with elliptic operators satisfy a strong admissibility condition, which
implies that sub-blocks intersecting the diagonal are no longer considered admissi-
ble and may not have low numerical rank. As an example, for a symmetric block
matrix H in Equation (4.16), the blocks Hy and Hy are not admissible, and we

instead recursively partition H as follows:

Hll H12 H21 H22

Hl H2 HTQ H14 H23 H24
— (4.19)
H] H, H], HJ, |H, Hj

H), Hj, |H;, Hy

Hlll H112 H121 H122
T
H112 H114 H123 H12,1

T T
H121 H123 H141 H142 H231 H232

Hy,
T T T
Hy» Hiyy, | Hyyy Hig | Hozs Hoagy
%
T T
- Hy,, Hysy | Han Hyo | Hyor Hyoo
Ha T T T
Hysy Hosy | Hypp Hang | Hyzs Huygy
T T
Hjy, Hjps | Hun Huygo
H. H
22 24

T T T
H422 H424 H442 H444

(4.20)

Hierarchical matrices partitioned as in Equation (4.19) satisfy a strong admissible
condition (see Equation (4.5)) in spatial dimension d = 1. Partitions in higher di-
mensions work similarly but are harder to visualize and possess a larger bandwidth
of non-admissible blocks at each level. Constructing the test vectors X and Y,
where 1 < L < N, is crucial to reducing the number of matrix-vector products
in the randomized SVD when recovering H. If one naively employs different test
vectors at each admissible block, then the number of matrix-vector products grows

exponentially with the number of levels rather than linearly.
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Fortunately, peeling has been recently generalized to hierarchical matrices with
arbitrary structure [106]. The nature of the hierarchical partition (weakly or
strongly admissible) determines the structure and number of alternating inputs
in the test matrices at each hierarchical level to maintain the linear growth of
the number of matrix-vector products needed with respect to the number of lev-
els. The peeling algorithm recovers a matrix with a strongly admissible partition
in exactly the same way as for weakly admissible, except the input vectors have
slightly different structures to isolate the actions of the low-rank sub-blocks. This
structure is derived by the generalized coloring algorithm technique in [106], which

we now describe.

The peeling algorithm aims to sketch all the admissible blocks of a given level
1 < L < N of a hierarchical matrix H. We generate a set of test vectors such that
for each admissible block at level L, a test vector satisfies a set of sketching con-
straints associated with that block. More specifically, for a given admissible block,
we require a test vector that samples the block and avoids contribution from non-
admissible blocks and admissible blocks of the same level. As an example, if we
want to sketch the block Hj,, in Equation (4.19), the test vector must vanish for
the blocks H;33, Hyi1, Hyio, Hyor, and Hygs. Of course, one could use as many
test vectors as admissible blocks, but then the number of inputs would grow expo-
nentially with the number of levels. To resolve this issue, [106] constructs inputs
that satisfy the constraints for several different admissible blocks simultaneously by
defining a constraint incompatibility graph. The vertices of the graph correspond
to the constraint set for a particular admissible block, and vertices are connected
if their constraints conflict with one another. A vertex coloring algorithm finds
the minimal number of colors (chromatic number) denoted as x(Hj) € N for all

the constraint sets at level L. For each color 1 < j < x(Hp), there is a test vector
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Q(Lj) that satisfies the constraints of all the vertices colored by j. A key insight
is that the chromatic number is bounded by a constant which is independent of
the level of the partition and size of the matrix [106], meaning that one can use
a constant number of input matrices at each level. In particular, if H satisfies a
strongly admissible condition in dimension d > 1, we have the bound y(H;) < 62
for each level L [106]. As a comparison, the chromatic number for the HODLR

matrix with a weakly admissible partition analyzed in Section 4.2.4 is two.

We illustrate the input matrices for the strongly hierarchical matrix in Equa-
tion (4.19), whose chromatic number is bounded above as x(Hp) < 6. At the first

level, i.e., the second matrix in Equation (4.19), there are four test vectors of the

form:
G, 0 0 0
0 G 0 0
SRR I EVCE bl R e U R
0 0 Gs 0
0 0 0 Gy

where each G; is a matrix of size n/4 x (k + p). Here, one can obtain sketches of

the blocks Hj, and Hy, in Equation (4.19) using Xgl). With similar notation, six
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test vectors are needed to sample all the admissible blocks at the second level:

G, 0 0
0 G 0
0 0 G,
R R R
0 0 0
0 0 0
Gy 0 0
0 G 0
0 0 0
0 0 0
0 0 0
X§4): Gs ’ Xé‘r’): 0 ’ Xgﬁ): 0
0 Gy 0
0 0 Gyo
0 0 0
0 0 0

From this level and until the stopping point, only six test vectors are needed at
each level. The following corollary generalizes the error analysis for the peeling
algorithm performed on a weakly admissible hierarchical matrix to a strongly ad-

missible partition.

Corollary 4.3.1 (Accumulation of errors in strongly admissible partitions). Sup-
pose the assumptions and notation in Proposition 4.2.5 hold for a hierarchical ma-
trix H with a strongly admissible partition in dimension d > 1. Then, the sketch

and projection errors during the peeling algorithm at level 1 < L < N satisfy the
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following bounds:

L—1
1Z, — Zr|lr < (6= 3D)CVES 272 &
/=1
and
~ L L—1-¢
127 = Z7 |l < (6 =3)WVE) 277 4.
/=1

Proof. Let 1 < L < N be a hierarchical level. With the notation of Proposi-
tion 4.2.5, an input matrix X, queries the action of a level-L sub-block H(Z,, I5),
where o and 8 are level-L nodes in the hierarchical tree and I, Iz C [0,1]¢ are
their corresponding index sets (see [81] for a description of index sets and hierar-
chical trees). Unfortunately, it also captures the actions of approximation errors
in intersecting sub-blocks of H — H(X=D | due to using peeling at previous levels.
As an example, if one tries to sketch the admissible block Hj,, in Equation (4.19)
with a test vector, then the matrix-vector product might contain a contribution
from HJ, — Hy, and HJ, — HJ,. We derive an upper bound on the number of
level-¢ intersecting blocks for 1 < ¢ < L — 1. Each of these intersecting blocks is
the restriction of H — HZ=Y to an admissible block of the form I, x Iz from a
previous level £, where a!® is the level-¢ subdomain that was eventually subdivided
to get . That is, a(F=Y is the parent of the a, a*~? is the parent of a’s parent,
and so on. We then count the number of level-¢ nodes 5 for which I, X Iz is
an admissible domain. First, I« x Iz is an admissible domain if and only if the
nodes o and 8 belong to each other’s interaction lists [106]. Moreover, the size
of the interaction list of any node is bounded above by 67 — 3¢ [106], so this is
also an upper bound on the number of intersecting blocks from level ¢. Finally,
each previously learned block from level ¢ contributes €, to the sum of accumulated
errors for 1 < ¢ < L —1 (see Proposition 4.2.5), and we have just shown that there

are at most 69 — 3¢ of such intersecting blocks at each level /. Combining this
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with Proposition 4.2.5, we derive the following bound on the perturbation error in

the sketch step of the randomized SVD:

L-1 2L-1-¢ L-1
1Ze — Zellr <3 (69 =308, | S lxari-eyy |2 < (67— 3)CVED 275 &
(=1 j=1 =1

Similarly, we obtain a bound on the projection perturbation error:

L—1 oL—1—£ L—-1
~ B L—-1—¢ _
1ZE — ZP|p < § :(6d —3%g, § : lyar—1-e |2 < (69— 3d)\/E§ :2 2 &,
=1 j=1 /=1

4.4 Stable recovery of Green’s functions

This section generalizes the discussion of the randomized SVD and its perturbation
analysis described in Section 4.2.3 to the continuous analogue of Hilbert—Schmidt
operators, rather than matrices. We then use these results to derive the error anal-
ysis for the generalization of the peeling algorithm in infinite dimensions, showing
that one can stably recover Green’s functions on admissible domains. The key idea
is to avoid the exponential accumulation of errors with each hierarchical level in
the peeling procedure by taking advantage of the fast decay of a Green’s function’s
singular values using a different target rank in the randomized SVD at each level.
We then derive a probabilistic error bound for using infinite-dimensional peeling
to approximate Green’s functions on admissible domains from input-output pairs
using the randomized SVD. Finally, we present a global error bound for the ap-
proximant in the operator norm that achieves a relative error of € > 0 on the entire

domain.
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The randomized singular value decomposition for Hilbert—Schmidt op-

erators

The randomized SVD introduced in Section 4.2.2 has been recently generalized
to compute low-rank approximants to Hilbert—Schmidt operators [33, 29]. In this
section, we consider the particular setting of using the randomized SVD to approx-
imate a Green’s function GG over an admissible domain X xY C €Q x €. Analogous
to sampling random input vectors, we sample random input functions defined on
Y from a Gaussian process GP(0, Ky ), where Ky : Y x Y — R is the covariance
kernel. We construct the secondary kernel Ky by transforming a global kernel
K : Q xQ — R, defined on the entire domain as follows. First, we assume that K

is a continuous symmetric positive-definite kernel with bounded trace, i.e.,

tr(K) :/QK(x,:v)dx:Z)\i < 0,
i=1

where A\ > Ay > -+ > 0 are the eigenvalues of K. Using Mercer’s theorem [123],

there exists an orthonormal basis {e;}; of L*(Q) of eigenfunctions of K, such that

K(z,y) = Z)\iei(x)ei(y), x,y € €,

where the convergence is absolute and uniform, and the eigenfunctions are continu-
ous. We can then rescale, shift, restrict the e;, and orthonormalize the family using
Gram-—Schmidt algorithm to generate an orthonormal family {ey;}; in L*(Y). We

then define the kernel Ky following its Mercer decomposition as

Ky (z,y) = Z Nievi(x)eyi(y), z,y€eY. (4.21)
i=1

This procedure guarantees that the secondary kernels have the same eigenvalues
of K, and, in particular, that the trace is unchanged, which is crucial in the next

sections to bound the norm of the random functions sampled from the associated

GP.

190



As described in Section 4.2, G has low numerical rank on X x Y, and the
singular values associated with the corresponding Hilbert—Schmidt integral oper-
ator (see Equation (4.4)) decay exponentially fast. Let £ > 1 be a target rank
and k. an oversampling parameter (see Section 4.2). We sample random func-
tions fi,..., frrr from the Gaussian process GP(0, Ky ), and define the random
quasimatrix® Qx,y = { fi o fu +k€}' Analogous to the discrete case [85], we
consider the k x (k+ k) matrix Qx«y.1 = ((vi xxv, fj) )i, whose columns are i.i.d.

and follow a multivariate Gaussian distribution with covariance matrix Cxyy [33,

Lem. 1], defined as

[CXXY]ij = / Ui,XxY(w)KY(I,y)Uj,XxY(y) dedy, 1<14,j<k.
YxY

Here, v; xxy is the ith singular vector of G restricted to X x Y. Following [33,
Sec. 4.1.2], we sketch the HS operator at the random functions fi,..., frix and
apply the randomized SVD to obtain an approximant G to G on the domain X x Y.
Then, with a target rank k& and an oversampling parameter k., the following error

bound holds:

G = Gronr B2y < (1”2 kaMZA ) NGz xcry

with probability > 1 — t* — ¢=*(:tkd) for any s,¢ > 1. The covariance kernel
quality, Yr.xxy, is defined as v, xxy = k/(A tr(Cy.y)). We can then choose
t =0(1) and s = O(1) such that

—1/2
1G — Gy llr2xsry = ORY 21 2y NG L2ty (4.22)

holds with probability > 1 — e %. We emphasize that the perturbation error
analysis for the randomized SVD stated in Theorem 4.2.4 generalizes to infinite
dimensions so that Equation (4.22) holds whenever the magnitude of the pertur-

bations is smaller than the target tolerance.

3See [161] for an introduction to the quasimatrix notation.
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Peeling for Green’s functions

We now generalize the peeling algorithm to recover Green’s functions over hierar-
chically partitioned domains using the randomized SVD. In this section, we follow
the model of HODLR matrix recovery algorithms [111, 117] to extend the peel-
ing algorithm to the continuous case of Green’s function recovery in dimensions
d € {1,2,3}. We recover G over levels of the domain recursively, starting with
the largest hierarchical level. First, the Green’s function’s behavior over all of the
admissible domains at this level is recovered and stored in the function G™M. To
get to the next level, we subdivide by halving the domain in all directions. Now,
we seek to recover the function G — G on any new admissible domains to obtain
G?. We dyadically partition any non-admissible domains and repeat the process
to recover Go = G — G — G@ over the next level’s admissible domains. We

repeat until we reach a pre-determined stopping point close to the diagonal.

Let 1 < L < N, be a hierarchical level. We now describe the procedure for
recovering G = G — ZeL:1 G® on each admissible subdomain of this level. The
coloring algorithm easily applies to generating input functions over €2, as it was
originally written in this generality. We first apply the graph coloring algorithm,
described in Section 4.3, to determine the chromatic number x(Gyp) associated with
the different constraint sets for sketching G. As established in [106], we know
that for the strongly admissible partition in dimension d, we have the following
bound: x(Gr) < 64 Each color number 1 < j < x(Gp) of the constraint graph
gathers m; > 1 constraints, which correspond to a set of admissible subdomains

{X7 x Y;j}lgignj C Q x Q. We then construct test functions f; € L*(2) such that
Supp(f;) C U2, Y, where fjl,5 ~GP(0,Kys), 1<i<n,,

and K, is defined in Equation (4.21). Given a target rank k and an oversampling
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parameter k. for learning the Green’s function with the randomized SVD over the
admissible domains, we generate the input quasimatrix Féj ), where 1 < j < x(Gp),

as follows:
F = {fm fj,k+k5:| ,  Wwhere fi;~ f; for 1<I<k+k.

Analogous to performing a matrix-vector product, sketching the Hilbert—Schmidt

integral operator associated with G with the quasimatrix Féj) yields U E’ =

{uj’l e Uj,k+k€:| , where
wj (v /GL z,y) fi(y) dy

/ G(z,y) fa(y) dy — Z/ (@) fialy) dy, 1<1<k+ ke

We now restrict the output functions u;; € L*(Q) to isolate the action of G
on the admissible subdomains {X7 x Y7 }i<i<n, associated with the jth color.
Let Ry : L*(Q) — L?(X7) be the restriction operator to the subdomain X/ c Q.

Then,
Ryuidl(@) =Ry [ Gules) o) dy

—Z/ RxiGr(,y) fr(y) dy

i'=1

= [ RugGle )l )y
vy '

where the final equality holds because the coloring algorithm ensures that there
is only one Y7 such that X/ x Y7 is an admissible domain. Any other domain of
the form Xij X Y;? for i" # i belongs to a larger subdomain of Q x £ over which
G has already been recovered at a previous level. Thus, assuming exact recovery
of peeling at previous hierarchical levels, GG, is zero over such domains. Having

isolated the action of G, on one admissible domain, we can now construct its ap-

proximation using the randomized SVD [33]. Following this method for each color
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1 < j < x(Gp) of the graph coloring algorithm, we recover an approximation for
G over the admissible domains satisfying the corresponding sampling constraints.
This results in a total of 2(k + k. )x(Gr) < 4 x 6%, input-output function pairs
at each hierarchical level 1 < L < N.. We emphasize that one application of the
randomized SVD requires 2(k + k) pairs to perform the sketching and projection
steps. Finally, if X; x Y} is an admissible domain at level L, with 1 < j < N (L)

we denote by ng) C Y; the associated random quasimatrix defined as

(J) _
Q" = \fialy, - fiktk

v |+ Jidly; ~ GP(0, Ky;). (4.23)

In practice, the number of random quasimatrices at level L is much smaller than

N@_ the number of admissible domains at that level.

4.4.1 Error analysis of the infinite-dimensional peeling al-

gorithm

For a given target accuracy € > 0, we aim to reconstruct a Green’s function G
corresponding to a self-adjoint Hilbert—Schmidt operator H, given in hierarchi-
cal format with N, > 1 hierarchical levels in the domain and chromatic number
bounded by 64, to within relative error e. The reconstruction algorithm combines
the randomized SVD and the peeling algorithm described in Sections 4.2.4, 4.3
and 4.4 and only relies on sketches of H with random test functions. In particular,
if H is a matrix, we compute matrix-vector products using random input vectors
sampled from a multivariate Gaussian distribution with zero mean and covariance
matrix K. On the other hand, if H : L?(Q2) — L*(2) is a Hilbert-Schmidt opera-
tor in infinite dimensions, one can compute low-rank approximants using the HS

randomized SVD described in Section 4.4 by evaluating the operator at random
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functions sampled from a Gaussian process with zero mean and the appropriate

covariance kernel Ky described in Equation (4.21).

More specifically, if GG; represents the restriction of G' to some admissible domain
I, x I5,, where I,., I, C [0,1]%, then we define H; as the HS operator corresponding
to the restriction G;. We employ this notation for the rest of the section. Because G
is a Green’s function, any such H; has exponentially fast decaying singular values.
That is, for 0 < € < 1, H; has numerical rank k < k. = M log(1/¢)?*!, where d > 1
is an integer and M > 0 is a constant independent of ¢. By the Eckart—Young
theorem, the tail of the singular values of H; satisfies the following inequality:

1/2
<Z Uj(Hi)2> < €l|H|lns. (4.24)

j>k
Assumption 1 (Summary of assumptions). We summarize the assumptions on

the self-adjoint Hilbert-Schmidt operator H as follows for ease of reference:

1. H is a solution operator under the same assumptions as F in Equation (4.4),
with corresponding Green’s function kernel G.

2. The domain of G is hierarchically partitioned with N, ~ 3log,(1/e) levels
and chromatic number bounded by 6.

3. For e > 0 sufficiently small, H; has numerical rank k < k. = M log(1/€)4*,

where M > 0 1s a constant.

The following proposition gives a sufficient condition on the magnitude of the
sketch perturbations to apply the perturbation estimate for the randomized SVD

derived in Section 4.2.3.

Proposition 4.4.1 (Perturbed randomized SVD error). Let the target tolerance
0 < e <1 be sufficiently small and H; be the restriction of H to an admissible do-

main X XY . Suppose that sketching H; using a quasimatriz €2; with k+k. columns
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sampled i.i.d. from GP(0, Ky) returns a perturbed sample Z = H,Qu+E, where the
norm of the perturbation quasimatriz E satisfies || E|lns < 7,1/2\/mg1+5||HHHS,
for some § > 0. Then, under the condition that ||$2;1|/ns > )\1’7,1/265/2, the ran-
domized SVD constructs an approzimation H; of H; using k+ k. input-output pairs
satisfies

1H; — Hillus = O(ey/ke/ )| H s,

with probability > 1 — e~* where k < k. = Mlog(1/e)**!. Here, Q;; = V*Q; €
RFx(k+ke) where V4 is the quasimatriz containing the first k right singular functions

Of Hz

Proof. The proof relies on the deterministic error bound in Proposition 4.2.3 for
the randomized SVD with perturbed inputs. Here, one must control the decay
rate of the kth singular value of H;, denoted by oy, by providing a lower bound
to ensure that the matrix ¥,E; in Equation (4.13) has small norm so that one
can perform a Taylor expansion of the pseudo-inverse. In the following, we argue
that if the tail of the singular values of H; decays exponentially fast, then o} must
contribute to a fraction of the norm of H;. For a given 0 < ¢ < 1, by combining [18,
Thm. 2.8] and the Eckart—Young-Mirsky theorem for Hilbert—Schmidt operators,
there exists k < k. = M log(1/¢)?*! such that H; has numerical rank k. Let 3, be
the diagonal quasimatrix containing the singular values oj,1 > ogy9 > -+ > 0 of

H;. We let k < k. be the unique integer satisfying the following two inequalities:
IDallfis < €I Hlfs and o + [[Z2llis > €1 H |lis. (4.25)

We aim to apply the perturbation analysis argument of Section 4.2.3 for the ran-
domized SVD. We therefore must be able to estimate the term || 3" E}||gs, where

Y1 is the diagonal matrix containing the k largest singular values of H;. We
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apply the randomized SVD with a target rank of k and an oversampling pa-
rameter of k., resulting in k + k. sketches of H; such that E; = UjE satisfies
|Billns < 1Bllus < %/ *VEFEe ™| Hllus < V2Mry/ log(1/e) % € 47|| H|lys.

Then, we derive a lower bound on oy to show that |2 FE||gs converges to zero

as € goes to zero. We consider the following two cases:

L If o > €|H|us/vV2, then |7 us < V2k/e||H|lus, and we have
IS B s < 2M~, 2 log(1/e)4+1ef,

2. Otherwise, if o}, < €||H|lus/v/2, then Equation (4.25) implies that

2
€
> o> EHHH%S. (4.26)

j>k
We apply [18, Thm. 2.8] and the Eckart—Young-Mirsky theorem again with

the accuracy €/2 to obtain a k' < k.o = M log(2/e)*™ < 2471k, such that

2
€
"o < Sl (427)

J>k

We then combine Equations (4.26) and (4.27) to obtain the following lower
bound on oy:

% 2
€
Kop > g ol = g o — g ol > ZHHH%{S

j=k+1 >k >k

In the end, we find that |3, Ey||us < 2d/2+2M3/2fy,1/2 log(1/€)3(@d1)/2¢

In both cases, we showed that |27 Ey|lus = o(||€2i1]lus). Then, we can perform a
first order expansion for € sufficiently small to obtain the randomized SVD bound

(see Section 4.2.3 and eq. (4.22)):
| Hi = Hillus = Ok )l [H s,

which holds with probability > 1 — e*. We note that the error due to the
projection step is negligible since we assumed this error is smaller than the target

tolerance. n
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Proposition 4.4.1 guarantees that one can apply the randomized SVD perturba-
tion analysis whenever the magnitude of the perturbation is smaller than the target
randomized SVD accuracy. We will now analyze the effect of the accumulation of
errors in the peeling algorithm on the randomized SVD accuracy at the higher hi-
erarchical levels. Following Proposition 4.2.5, the peeling algorithm introduces an
accumulation of errors because admissible blocks from previous hierarchical levels
perturb the sketches at the current level. To counterbalance this effect, we em-
ploy the randomized SVD at the first level with a higher target accuracy €; = €",
where r > 1 is an exponent to be determined, and progressively decrease the tar-
get accuracy €; at hierarchical levels 1 < L < N, such that ¢ < -+ < ey, to
reach a relative error between the approximant and the Green’s function of at most
¢/log(1/€) on each admissible subdomain X x Y C Q x Q of the partition. Let
kr, < k., be the target randomized SVD rank at level 1 < L < N.. We introduce

the following covariance quality measure for the peeling algorithm:
1<L<N¢ | X1 xYpis admissible

' = min { min /ykL’XLXYL}‘ (4.28)

We consider the following probability events, which provide bounds on the jth ran-

dom quasimatrix at level L, Q(Lj), sampled from GP(0, Ky;) (see Equation (4.23)):

N. N@) N. N@)
g = () N {192 s < 8k oK)} Ba = () () {1923 > MeTe},
L=1 j=1 L=1 j=1

(4.29)
where § = 1/(N, — 1), and Q(Lj,)1 is the matrix containing the inner products of the
first right singular vectors of G restricted to the admissible domain X x Y and
the random functions in Q(Lj) (see Section 4.4). We analyze the probability that
Aq and Bg occur in Section 4.4.1. Then, Proposition 4.4.2 estimates the required

exponent r and decay rate of the target accuracy.

Proposition 4.4.2 (Adaptive rate of the target accuracy). Let 0 < e < 1 suf-
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ficiently small and select the target accuracy for the randomized SVD at level

1 < L < N, as follows:
€L = O(kzﬂrgl(l/(mfl)qfl)7 € =€,

where r = (d + 2) log(log(1/€)) + log(1/T.), and k., = M log(1/e;)*t. The factor
I'c is defined as the minimum of the covariance quality ., over all hierarchical
levels. Then, conditioning on Aq, Bq, and assuming that the randomized SVD
succeeds on each admissible block, the error between the Green’s function and its
approzimant G returned by Algorithm 5 using the randomized SVD and the peeling

on each admissible domain X XY C €2 x ) of the hierarchical partition.

Proof. Let 1 < L < N, be a hierarchical level and denote by €&, the absolute
error between the Green’s function and its approximant on each of the admissible
domains at the previous levels 1 < ¢ < L — 1. According to Corollary 4.3.1,
the approximation error of the perturbed sketches (randomized SVD sketch and

projection sketch) at level L are bounded by E; and Ef as
1ZL = Zullr < EL, (4.30a)

L—-1
By =v2(61 - 30Cka Y 277 & (4.30b)
/=1

=V2E; 1 +V2(6% — 3)C\/ke €1, (4.30c)
127 — Z{|le < BY, (4.30d)
i L—-1—¢
Ef =V2(6" =3k, > 272 & (4.30¢)
(=1
= V2EY | +V2(6% — 3k ér_1, (4.30f)
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where C' = 2v/2 tr(K)'/2kY? following Equation (4.29). Note that we bounded the
target rank k at level ¢ by the initial largest target rank k., since we start the

peeling algorithm with the smallest target accuracy € = €¢; < .-+ < ey.. Then,

Equation (4.30) yields
max{Ey, E’} <V2max{E;_i, B |} 4+ 4(67 — 39) tr(K)?ke ey, (4.31)

Now, following Proposition 4.4.1, one can apply the randomized SVD perturba-
tion analysis whenever the sketch perturbations are asymptotically smaller than
the target accuracy. That is, if £ and EY satisfy max{FEp, EY} = r/? ede; for
some § > 0. The target randomized SVD accuracy, €, and resulting absolute ap-

proximation error, €, are related by the following equation (see Proposition 4.4.1):
e, = Oy, Per) = O(KLPT ey, (4.32)

where k., = M log(1/er)?*t < k,, and vo"* < T2, Combining Equations (4.31)
and (4.32) yields
o (\/565 +4(67 — 39) tr(K) V2K T

€, —
66

€L1> O(K3PT e Pepq). (4.33)
Therefore, after iterating Equation (4.33) over 1 < ¢ < L, we obtain the fol-
lowing estimate for the target randomized SVD accuracy at level L: ¢, =
O(k:gl(Lfl)/?F;(Lfl)e_(L_l)‘sel). Moreover, the initial randomized SVD target rank is
bounded by k., = M log(1/e;)4™! = Mrdtllog(1/e)?t! since €; = €” by definition.
Finally, with a choice of § = 1/(N, — 1), at the final level N, ~ log(1/¢)/(21og 2),

the absolute accuracy satisfies
En. = O (Er71k3N6/2F7N6) — 0 (67«—1 T1az3 13 1og (key )+log(1/Te )])
€ €1 €
Then, we select r such that €y, = O(¢/log(1/e)), i.e.,

3 3
—-1—-—1 M——d 1)1
" >3 108(M) — 15 (d + 1) log(r)-

T3+ Dlog1o8(1/0) — 5o log(1/1.) > 1+ 25 cAUL)

(4.34)
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We then choose r = (d+2) log(log(1/¢)) +1og(1/T"¢) so that Equation (4.34) holds

for e sufficiently small, which concludes the proof. n

Proposition 4.4.2 estimates the randomized SVD target accuracy, €r, at each hi-
erarchical level needed to recover the Green’s function to within €/ log(1/¢) relative
error. One can then provide an upper bound on the number of input-output pairs
needed by Algorithm 5 to approximate the Green’s function on each admissible

domain.

Corollary 4.4.3 (Number of input-output pairs). Assume that the randomized
SVD 1is successful on each admissible block of the Green’s function up to level
N.. Then, the total number of input-output pairs required to approximate each off-

diagonal block of the Green’s function to within relative error €/log(1/e€) is bounded

by O(log(1/€)42[log(log(1/€)) + log(1/T)]¢*1) as e — 0.

Proof. Following Proposition 4.4.2, we choose a target rank and an oversampling
parameter for the randomized SVD bounded by k., < k., = Mlog(1/e;)*!
at each hierarchical level. Moreover, for a given level 1 < L < N, the
randomized SVD requires a number of input-output pairs that is bounded by
4k, x(Gr) < 4 x 6%k, to approximate the Green’s function on all the level-L ad-
missible subdomains (see Section 4.4). Then, the total number of input-output

pairs after N, ~ log(1/¢)/(2log2) hierarchical levels is bounded by

N <4 x 6Nk, = O(r*ttlog(1/e)?+?)

= O(log(1/€)"**[log(log(1/€)) + log(1/T )] ).
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Probabilistic error analysis

The previous section provided an upper bound on the number of input-output
pairs required by Algorithm 5 to construct an approximant to the Green’s function,
conditionally upon the success of the randomized SVD at each hierarchical level. In
this section, we provide a lower bound on the probability of success of Algorithm 5.
We begin with the following lemma (see [33, Lem. 4] for a proof), which gives a
Chernoff-type bound [47] for the HS-norm of the random input functions. This
controls the constant C' in Proposition 4.2.5 to bound the norm of the sketch error

during peeling.

Lemma 4.4.4 (Chernoff bound for Gaussian processes). Let Qx«y be a random
quasimatriz with £ > 1 i.4.d. columns in L*(Y) for X x Y C Q x Q, with each
column following a Gaussian process GP(0, Ky), where Ky is defined in Equa-

tion (4.21). For all s > 1,
¢
P{[| v lfis < €2 tr(K)} > 1= |se™ 02|

where tr(K) = tr(Ky) is the sum of the eigenvalues of the kernel K.

We can then bound the norm of the random quasimatrices used in the peeling
algorithm of Section 4.4.1 with Lemma 4.4.4 and estimate the probability of the

event Ag defined in Equation (4.29).

Proposition 4.4.5 (Global upper bound of the forcing terms). Let 1 < L < N,
be a hierarchical level and 1 < j < N < 6424 where NP s the number of
admissible domains at level L. Let Q(Lj) be a random quasimatriz used at level L of

the peeling algorithm with i.i.d. columns defined in Section 4.4. Then,

N. N()

] 1 —log(1/€)¢
P(Aa) =P [ () () {1900 1Bs < Sk, 6(K) } | > 1 pemonttro”,

L=1 j=1
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Proof. Let ki, < k., be the target rank at level L such that the quasimatrix Q(Lj)
has kg, + k., columns, where k., = M log(1/e;)*"! is the oversampling parameter.

Applying Lemma 4.4.4 for s > 2 yields

€

j kp+ke k
IP{HQ(If)Hf{S < (kL + ke, ) s> tr(K)} >1- [36—<82_1>/2] sy [86_@2_1)/2} |

as ke < k., for 1 <L < N, and tr(K) = tr(Ky). We denote by Ag) the event

N. N()
AQ = () N {1991 < (kr + ke, )5 tx(K) }
L=1 j=1

We can compute a lower bound for IP’(A&S )) using the independence of the random

samples from the Gaussian process as

N. N(@)
P(AG)) = [T T P {102 s < (ke + k)5 (k) }
L=1 j=1
(Ne+1)
> <1 — [se*(stl)/z} k€>6d2d o (4.35)

> exp {6d2d<Ne+1> log (1 _ e—ke[<s2—1>/z—log<s)1> } 7

where k[(s? —1)/2 — log(s)] — oo as € — 0 since (s — 1)/2 > log(s) for s > 2.
Let s = 2, k. = M log(1/e)%™, and define the constant C; = M[3/2 — log(2)] > 0

such that
log (1 — e~ kel3/2-108@)) — 100 (1 e O log(1/6)d“> > e~ Crleall/)™ (4 36)

where we used the inequality log(1 — u) > —u/(1 — u) > —2u for |u| < 1/2.
Moreover, since N, ~ log(1/¢€)/(21log2) (see Equation (4.9)), there exists a constant
C5 > 0 such that 6724N+1) < Cye24 for sufficiently small €. Therefore, combining

Equations (4.35) and (4.36) yields

]P’(Ag)) > exp {—026_01 log(l/g)d+1+2d10g(1/6)} > exp {_ie—log(l/e)d}
> 1 _ Loto1/0¢

- )
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where we used the fact that Cye=C1log(l/e? +2dlog(1/e) < eilog(l/e)d/él for sufficiently

small €, and the inequality e™* > 1 — u for |u| < 1. We then obtain the following

bound,
N. N 1
‘ o
P LO”Q {HQ(LJ)H%{S§4(7€L+/€6L)tr([()} > 1_16 log(1/e)?

Finally, we note that bounding HQ(LZ) % by 4(kz + k., ) tr(K) implies the inequality

||Q%)||%{S < 8ke, tr(K), because ky, < ke, < ke,, which achieves the proof. O

The next lemma gives a lower bound on the Frobenius norm of a matrix with

i.i.d. columns sampled from a multivariate Gaussian distribution.

Lemma 4.4.6 (Chernoff lower bound). Let Q; € R¥** be a random matriz with
¢ >k > 1, where each column is sampled from a multivariate Gaussian distribution

with mean zero and covariance matriz C € R¥**. Then, for 0 < ¢ < 1 we have
2 —log(c)+c—1 —t/2
B(|fs > A(C)O) = 1 [c 7",

where A\ (C) is the smallest eigenvalue of C.

Proof. Let Z = ||Q||4g = tr(A), where the scatter matrix A = Q,9; follows
the Wishart distribution W;,(C,¢) with scale matrix C € R¥*. 'We denote the
eigenvalues of C by A\ (C) > --- > A\ (C). Following [127, Sec. 3|, the moment

generating function of Z is
E[e?] = det(I — 2tC) /2.

Let ¢ > 0 and t < 0, using Markov’s inequality we have

ot 42
P(Z < c\p(C)l) = P(eZ/M(C) > elet) < det (I - C) et
Ae(C)

_ 674% log det (17%0>+tc] (437)

< e—z[g log(1—2t)+tc]

)
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where the last inequality comes from the following relation:

k
log det (1 — Aljtc)c) = ;log (1 — 2tik((g>)) > klog(1 — 2t).

We then choose t = 1 — k/c to minimize the right-hand side of Equation (4.37),

which yields

IP)(Z < C/\k(c)g) < |:6log(k/c)+(c/k—1)} —tk/2 < [elog(c)—l—l—c}ﬁ/Q‘

We can now estimate the probability of Bg in Equation (4.29) using
Lemma 4.4.6.

Proposition 4.4.7 (Global lower bound of the forcing terms). Let 1 < L < N,
be a hierarchical level and 1 < j < NI < 692 where N&E) s the number of
admissible domains at level L. Let Q(Lj) be a random quasimatriz used at level L
of the peeling algorithm with 1.i.d. columns defined in Section 4.4 and Qg:j,)1 be the
matriz containing the inner products with right singular vectors of G restricted to
the corresponding admissible domain (see Section 4.4). Then,

N. N@)

' 1 — 10, Ed
P(Bo) =P | () () {I0Es = MeT} | 21— oo,

L=1 j=1

where 6 = 1/(N. — 1) (see Proposition 4.4.2).

Proof. et 1 < L < N, 1 <75 < N® | and Q(Lj,)l € Rbex(krtkey) he the random
matrix associated with the quasimatrix Q(Lj). Let 0 < ¢ < 1, following Lemma 4.4.6,

we have

P <||Q(Lj,)1”2HS > C/\1FE> > 1 — ehellos(@)—ct1/2
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since A\, (C)(k + ke, ) > M and kp, + k., > k.. Therefore, choosing ¢ = € yields

N. N@)
P(Ba) =P | () () {I100)11Es = e}
L=1 j=1

6d2d(Ne+1)

> (1 _ eke[félog(l/e)fe‘erl]/Q)

> exp {6d2d(N6+1) log <1 _ eke[—élog(l/e)—e‘5+1}/2>}

> exp {_6d2d(N€+1)+16k€[—6log(l/e)—e‘;+1]/2} ’

where we used the inequality log(l — u) > —2u for |u| < 1/2. Let Cy > 0 be a

constant such that 642¢Nt1) < Che=24 for sufficiently small €. Then,

]P(BQ) > exp {_202€2d log(1/€)—M log(1/€)4t1 (5 log(1/e)+€’—1) }

1 y 1 y
> _Zotoa(i/at L s g L —tes1/0)
= eXp { 46 = 46 y

where we used the fact that 20262d1°g(1/6)*Mlog(l/e)dH(Mog(l/e)*ﬁg*l) < eilog(l/ﬁ)d/él

for sufficiently small €, and the inequality e™* > 1 — u for |u| < 1. O

We combine Proposition 4.4.5 and the probability bounds for the Hilbert—
Schmidt randomized SVD (cf. Section 4.4) to obtain a global probability bound

for the algorithm that uses the peeling procedure with the randomized SVD.

Proposition 4.4.8 (Probabilistic bound). Let 0 < € < 1 be sufficiently small.
There is a randomized algorithm that constructs an approximation to the Green’s
function using N = O(log(1/e)*?[log(log(1/€)) +1og(1/T )] input-output pairs
{(f;,u;)}iL, such that

~ €
G-Gd < —||G 4.38
| z2(xxy) < Tog(1/¢) 1G22 @x9), (4.38)

holds on all admissible domains X x Y in the hierarchical partition of G with N,

levels with probability > 1 — e~ lee(1/9",
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Proof. We first note that Equation (4.38) holds if the randomized SVD is successful
at all the admissible blocks of the hierarchical partition of the Green’s function.

Therefore, if £ denotes the following event:

& ={IIG - G|lz2xxv |G| 2(axq), for all admissible domains X x Y},

) = ml
then we have P(E.) > P(NY<,AL), where Ay, is the event that all the applications
of the randomized SVD are successful for the admissible domains in the level
1 < L < N, of the hierarchical partition. Since the probability of success of the
randomized SVD depends on the norm of the random input vectors due to the

peeling procedure, we condition on the event Ag N Bg, where again Ag and Bg

are defined in Equation (4.29), to obtain

Ns
(ALl Aan BQ> P(Aq N By). (4.39)

PE&)>P (
L=1

By Propositions 4.4.5 and 4.4.7, we have the inequalities P(Ag) > 1 — e~ 1081/ /4

and P(Bg) > 1 — e 108(/9" /4. We therefore focus on deriving a lower bound for

]P)(ﬂ][\jezlAL ‘ Aq N BQ)

Let 2 < L < N, be a hierarchical level. As in Section 4.4.1, due to the peeling
procedure and accumulation of the perturbation errors, the probability of success
of the randomized SVD bound given by Proposition 4.4.1 on the admissible blocks
at level L depends on the success of the randomized SVDs at all previous levels
1<(<L—1 Ifp,=P(NL A | Aqg N Bg) denotes the probability of success

of the randomized SVD at each level up to L given Ag N Bg, we can estimate py,
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using conditional probability as follows:

L L-1 L-1
pL:IF’(ﬂA[ | AQOBQ) :P<AL| ﬂAg,AgﬂBg)P(ﬂ AZ|AQQBQ>
=1 =1 =1
(4.40)
L-1
=P (AL | ﬂ Ag, AQ N BQ) pPrL—1, (441)
=1
where p; = P(A4; | AoN Bg). We can now use the HS randomized SVD probability
bound (see Equation (4.22)) to derive a lower bound for p;. First, denote by N
the number of admissible domains at level L, and consider the event B} that the
approximation of G obtained by the randomized SVD on the ith admissible domain

X x Y with target accuracy €, > 0 satisfies Equation (4.22), i.e.,
By, = {116 = Gllzz(xv) < O (KT 261) | Gllzanen | -

This is an application of the randomized SVD with a target rank of k;, < k., and
an oversampling parameter of k., > k., where k. = M log(1/e)?*!. Therefore,
using the HS randomized SVD probability bound (see Equation (4.22)), we have
L1
P (Bz | m Ag, Aq N BQ) >1- G_ke. (442)
=1
Moreover, combining Equations (4.40) and (4.42), and using Boole’s inequality for
the union of events yields

N(D) L-1

pr="P ﬂ By, | mAZ,AQﬂBQ Pr-1

i=1 (=1

N&) L—1
=|1-P UB“ﬂAe,AQﬂBQ PrL—1
i=1 =1 (4.43)

IV

N&L) L-1
1-— Z P (BzL ’ m A[,AQ N BQ> Pr—-1
i=1 /=1

> (1 - N(L)e_ke)pL—b
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where Bi denotes the complementary event of B} such that P(B} | N Ay, Ag N
Bq) < e7*, and p; > 1 — NWe=* by Equation (4.42). Iterating Equation (4.43)

over 1 < L < N, gives the following probability bound:

Ne
pr. > [[(1 - NPek), (4.44)

L=1

where the number of admissible domains at level L is bounded by N < 6424F,

Therefore, we take the logarithm of Equation (4.44) to determine a lower bound

on log(pn.),

log(pw, ) Zlog (1- )

yoyo M

L=1 1=1

o gdig—ike Ne - Gl the id(Net]) _ (4.45)
S _ QZdL — _ - ‘
= Z i Z Z 7 2id _ 1

=1 L=1 =1

O ~dicgid(Ne+1) ,—ike
)

- {2
=1

Here, we used the Taylor series of log(1 — u) for |u| < 1. Moreover, for sufficiently
small €, we have 642¢(NetDe—he < () ¢=de=Mlog(1/)™ o1 some constant Cf > 0.

Finally, taking the exponential of Equation (4.45) gives,

PN, > 1 — Cle—de—Mlog(l/e)d+1 —1— Ole—log(l/e)[Mlog(l/E)d—d} >1— le—log(l/e)d
€ — — 2 )
for e sufficiently small. We conclude with Equation (4.39) as
1 2
P(&) > pn.P(Ao N Ba) > (1 — Ee_log(l/e)d) > 1 — ¢ losl/9

where we used P(Aq N Bg) > P(Aq) + P(Bq) — 1. O

We note that the bound given by Equation (4.38) on the probability of failure
of the algorithm decays super-algebraically with respect to the accuracy e and is

illustrated in Fig. 2 of the main text.
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4.4.2 Global error in the spectral norm

Let F: L?(Q2) — L*(Q) be the Hilbert-Schmidt integral operator associated with

the Green’s function of the elliptic operator £ in three dimensions such that

F(f)[x] = /QG(:c,y)f(y) dy, felL*Q),ze.

Previous works [33, 33] have expressed the error between the learned and exact
Green’s functions either in the L?norm or L!'-norm by exploiting the connection
between the Hilbert-Schmidt norm of the integral operator F and the L?-norm of
the Green’s function, since ||F||us = ||G||12(axq). As observed in Section 4.4.1, the
peeling algorithm employed in this work introduces a perturbation error on the
sketch of the Green’s function that depends on the previous hierarchical levels. In
particular, relative errors on admissible domains from the past hierarchical levels
add up during the procedure. Hence, the algorithm introduced in Section 4.2.2,
which is based on peeling and the randomized SVD, only guarantees a relative

error of log(1/€)'e on each admissible domain X x Y C Q x Q, i.e.,

IG — G|l r2xxy) < log(1/€) €| Gl r2xny- (4.46)

However, since the number of admissible domains increases exponentially with
the hierarchical levels N,, measuring the error in the L?-norm on the entire do-
main would significantly deteriorate the error bound, and therefore the number
of input-output pairs required to approximate G within €. To circumvent this
issue, we exploit the properties of the operator norm of Hilbert—Schmidt opera-
tors. In this section, we prove the following proposition, which provides an error
bound expressed in the operator norm for the Green’s function approximated by

Algorithm 5. The proof is deferred to the end of the section.

Proposition 4.4.9 (Approximation error in the HS operator norm). Let F :
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L3(Q2) — L*(Q) be the Hilbert-Schmidt operator associated with the Green’s func-
tion G of the elliptic operator L in three dimensions. Let G : Q@ x Q — R be
the kernel constructed by Algorithm 5 and F its associated Hilbert—Schmidt integral

operator, defined as

F(f)la] = / Clen) f()dy, e L3Q). xeQ.

Then, ||F — F|l> < €||F||us.

We remark that Proposition 4.4.9 implies that the following equation holds for
any f € L*(Q):

< ellGllzaxa | fll 22 @)
L2(Q)

/Q (G~ C)f(y) dy

Therefore, obtaining a relative error in the operator norm between the exact and
learned Green’s functions guarantees that the range of the Hilbert—Schmidt oper-
ator F, i.e., the solution operator associated with the partial differential operator
L, is well approximated. Additionally, expressing the error in the operator norm
aligns with the methodology employed by current machine learning techniques for
learning solution operators associated with PDEs, such as DeepONets [113, 172]
and neural operators [99, 108]. In particular, they measure the approximation error
of the solution operator on a set of testing pairs. This is equivalent to estimating
the error in the spectral norm on the finite dimensional subspace spanned by the
fj- We emphasize that measuring the approximation error in the spectral norm
is relevant to the setup of state-of-the-art deep learning techniques. We begin by
recalling a property for the maximum singular value of an HS operator (analogous

to block diagonal matrices).

Lemma 4.4.10 (Operator norm of block diagonal HS operators). Let G, Gy :
QxQ — R be two kernels such that Supp(G1) C Dy x Dy and Supp(Ga) C D3 x Dy,
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where D1 N Dy = (0 and Do N Dy = (. Let F, Fy, and Fy be the Hilbert-Schmidt
integral operators associated with the kernels G1 + G, G1, and G, respectively.

Then, [[F|l2 = max{[|Fy[lz, [IF2l2}.

Proof. We start the proof by showing that the first inequality ||F|2 >
max{||Fy||2, [|F2]]2} holds:

[Fllz=sup  |IF(/)llr2 =  sup  [[F(f)llz2)
||f||L2(Q):1 Hf||L2(Q):1’

Supp(f)CD2

= sup ||Fi(f)ll2(py)
1£1l22(py)=1

= |IF1][2,

where we identified the operator F; with the operator defined on D; x D,
since Supp(G1) C D; X Dy. The same argument applies to Fy so that ||F|l2 >
max{||F1[|2, [[F2l2}. For the other inequality, let f € L*(Q) such that || f||2q) = 1,
and define f; = f|p, and fy = f|p, as the restrictions of f to the domains Dy and

Dy, respectively. Then,

1ilZaoy + ol = /D A(@)Pdz + /D o) dz
24
< / F(@)]? da

= [1flZ20) = 1.
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Therefore, we have

2

Fle = | [ @+ @Cnswa|

— /DGl(-,y)fl(y)dy—l—/ Ga(+y) fo(y) dy

D, L2(Q)

2 2

+
L2(Dy)

= [IFs(fOllZ2(py) + IF2(f2)lI22ny)

< IFull2N Al 2o + IR0 £l 22y

_ /D Gi( ) f1(y) dy

/D Gal-y) foly) dy

L2(D3)

Taking the supremum of both sides over all possible f € L*() yields the second

inequality as

IFI15 < max{[[Fall3, [IF2153 (1 f1l1Z2(0,) + 1 fallZ2(p,) < max{[IFl3, [[Fal[5}-

Lemma 4.4.10 immediately generalizes to an arbitrary sum of Hilbert—Schmidt

integral operators with disjoint kernel supports.

Corollary 4.4.11 (Spectral norm of sums of HS operators). Let n > 1
and Gi,...,G, : Q@ x Q — R be n kernels such that Supp(G;) C Cp x
Dy, ..., Supp(Gy) C C,x D, where D;ND; =0 and C;NC; =0 for1 <i+# j <n.
Let F: L*(Q) — L*(Q) be the Hilbert-Schmidt integral operator associated with the
kernel Y7 Gi, and F; be the Hilbert-Schmidt integral operator associated with the

kernel G; for 1 <i <mn. Then, ||F|l2 = maxj<;<y, ||Fill2-

Proof. The proof follows directly from Lemma 4.4.10 by induction. In par-
ticular, we consider the HS integral operators associated with the two kernels

H, = Z?;ll G; and Hy, = G,, and apply Lemma 4.4.10. O

213



We are now ready to prove Proposition 4.4.9.

Proof of Proposition 4.4.9. Let G : © x Q — R be the kernel constructed by
Algorithm 5 such that the error with the Green’s function G satisfies

G- ¢l log(1/€) 7 e||G|lr2(axn), if X x Y is an admissible domain,
— Gllrzxxy) =

€|G 2x0) otherwise.
We apply Corollary 4.4.11 to compute an upper bound on the operator norm of
the HS operator associated with the kernel G — G. The procedure consists of
decomposing the kernel into a sum of kernels over the number of hierarchical levels
and colored admissible domains (see Section 4.3), such that each element in the
sum is a block diagonal kernel whose norm can be estimated by Corollary 4.4.11.
As an illustration, we assume for simplicity that the kernel H = G — G is written

in the weakly admissible hierarchical form with L = 2 levels as

Hll H12 HQ
Hng Hl4
H - )
1 Hy Hyp

where the green blocks have HS-norm bounded by log(1/¢) '€||G||ns while the red

blocks have HS-norm bounded by €||G||us. Then, we can estimate the operator
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norm of the associated Hilbert—Schmidt operator by decomposing H as

0 0 0 Hyp
H, 0
0 0 HS 0
H = +
0 0 0 Hy
HY 0 12
0 0 HfY 0
H 0
11 0
0 Hu
+
0 Hﬂ 0
0 Hyu

Hence, the norm of the individual components in the sum are bounded by the
norm of each block following Corollary 4.4.11, and the norm of the HS operator
associated with H is the maximum of the norms of the components. Therefore, in

this simple example, we have

| Hll2 < ||Hall2 + max{||H1zll2, || Hazll2} + max{[[Hi1||2, || Hiall2, (| Hall2, || Haall2}-

In the strongly admissible case with N, ~ log(1/€)/(2log2) levels, we decom-
pose the operator J# :=F —F as

Ne X(GL)

j
H = Hdiag + Z Z Z%pug,(mxyﬁ,(m,
L=1 j=1 i=1
where J#};,g denote the non-admissible part of the operator J# and X f (5 Y/ (L)
is an admissible domain at level L colored by 1 < j < x(Gp). By construction,
for a fixed 1 < L < N, and 1 < j < x(GL), the restrictions of the kernel of
J to the domains {Xij’(L) X Y;-j’(L)}lSignj have disjoint support. Hence, applying

Corollary 4.4.11 and using the property that the operator norm is bounded by the
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HS-norm yield,
Ne x(Gr)
1)z < | Hdingllz + Y > max U] oy ll2}

1<i<n;
L=1 j=1

< 6%||F|lus + 6%||F||us

S 2 % 6d€HFHHS

Here, we used the fact that N, < log(1/e) for sufficiently small ¢, and x(Gr) <
6. Finally, without loss of generality, we can rescale the target accuracy e in
Algorithm 5 to € := ¢/(2 x 6%) by increasing the number of input-output pairs by

a constant factor, which concludes the proof. m

Methods

In this section, we describe the deep learning experiments used to generate Fig. 1 of
the main text. We compare the performance of three neural network architectures,
namely DeepONet (DON) [113], Fourier Neural Operator (FNO) [108], and Green’s
function learning (GreenLearning) [30], at approximating the solution operator
associated with the two-dimensional Poisson equation defined on the domain 2 =

0, 1]? with homogeneous Dirichlet boundary conditions:
—V?u = f, uloq = 0. (4.47)

These methods learn an approximant F to the solution operator F associated
with Equation (4.47), represented by a neural network (NN). Our main moti-
vation is to study the behavior of these PDE learning techniques as the number
of training data varies. Hence, we want to understand why specific neural net-
work approaches are data-efficient and others are not. We reproduce the setup

of [114] that performs a fair comparison between FNO and DON and provide
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details of the experiments below. The code is publicly available on GitHub at

https://github.com/NBoulle/pde-learning.

Neural networks architecture. The FNO architecture is a succession of 4
Fourier layers, which perform convolutions in the Fourier space using the fast
Fourier transform (FFT), with the ReLU activation functions. The DON em-
ployed in this work has a much larger number of trainable parameters and consists
of a product of a “branch network”, which is a convolution NN with two 2D convo-
lution layers, and a “trunk network”, which is a standard fully connected NN with
4 hidden layers and 128 neurons per layer. GreenLearning enforces prior knowledge
of the solution operator associated with Equation (4.47) by approximating directly
the associated Green’s function. Solutions to Equation (4.47) are predicted by in-
tegrating the NN representation of the Green’s function against the forcing terms
using a trapezoidal rule. We employ a rational neural network [34] with 4 hidden
layers and 50 neurons per layer. Rational NNs offer theoretical and practical ad-
vantages over ReLU NNs, as they can capture the singularities of Green’s function
located along the diagonal [34, 30]. DON is implemented in TensorFlow [1] using
the DeepXDE library [115], while FNO and GreenLearning are implemented in
PyTorch [140]. The deep learning experiments were performed on a workstation

with a GPU (NVIDIA GeForce RTX 3080 Ti).

Training and testing datasets. We train the three neural networks on pairs of
training data {(f;,u;)}}_,, where we vary N between 2 and 1000. In Fig. 1 of the
main text, we report the resulting approximation error ||F — F||, for N < 200 to
visualize the exponential convergence rate before the plateau due to discretiza-

tion errors. Here, |[F — F|» is approximated by the mean relative error on
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the testing dataset, which consists of Niy = 200 pairs of input-output data

{(f(test) u(test) ) }?geft . as

J L]

HF IEH N 1 Ntest ||U/§-t65t) . F'Vy(f](test))HLQ([oJP)
_ 9 RS E '
N

test =1 ’|u§test) ”LQ([O:”Q)

For consistency, we train the different networks ten times and report the mean
and standard deviation of the testing errors in Fig. 1. Following [114, 108], the
forcing terms are sampled from the Gaussian process GP(0, (—A + 9I)72?) with
zero Neumann boundary conditions on the Laplacian. In particular, we sample
1200 forcing terms from the Gaussian process and obtain the associated solutions
by solving numerically the Poisson equation. Then, we perform a training/testing
split of 1000/200. When we vary the size of the training dataset, we randomly
select a portion of the 1000 training pairs to train the models and evaluate them
on the 200 testing pairs to avoid train/test contamination. Equation (4.47) is
solved on a 421 x 421 uniform grid, which is then downsampled to a 29 x 29 grid

when training and testing the NNs.
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CHAPTER 5
TRANSPOSE-FREE LINEAR ALGEBRA MOTIVATED BY
ADJOINT-FREE OPERATOR LEARNING

This chapter! centers on transpose-free numerical linear algebra, which has several
motivations, the first of which is adjoint-free PDE learning. In the context of lin-
ear PDEs, the adjoint operator is essentially a dual operator that can sometimes
be interpreted as the operator that arises when changing the direction of time or
reversing the direction of space in the original PDE. The adjoint operator arises
frequently in linear sensitivity analysis. In practice, acquiring data from the ad-
joint operator can be impossible when the underlying PDE is unknown. From a
theoretical point-of-view, previous studies mostly focused on learning the solution

operator of self-adjoint elliptic PDEs [35, 32| in divergence form defined as
Lu = —div(A(x)Vu) = f, € QCR? (5.1)

where the coefficient matrix A is symmetric and satisfies the uniform ellipticity
condition. However, non-self-adjoint PDEs arise naturally when considering time-
dependent problems such as the heat equation or advection-diffusion equation, i.e.,
Lu = —div(A(x) Vu) + c(x) - Vu. In this context, it seems essential to require
a solver for the adjoint to obtain information about the left and right singular
functions of the PDE [33]. Curiously, there is a lack of emphasis in practical works
on the need for adjoint equation solvers, as many methods seem to succeed without

them. To understand the phenomenon of adjoint-free operator learning, we turn

IThis chapter contains an excerpt from [31] that describes bounds for transpose-free low-rank
approximation. I contributed ideas and proofs for these results, working closely with Nicolas
Boullé, Sam Otto, and Alex Townsend. Sam Otto derived much of the adjoint-free operator
learning theory, which is not included in this thesis to keep the focus on numerical linear algebra.
Nicolas Boullé performed the numerical experiments. This chapter also contains a result on the
necessity of the transpose action for least squares problems, which have not yet been published
and was developed in collaboration with Michiel Hochstenbach.
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to the discrete version of the problem, which boils down to what information can

be recovered about a matrix from only forward matrix-vector products.

A second motivation for transpose-free linear algebra arises from the fact that in
many settings, it is not natural to access matrix-vector products with the transpose.
For example, in ordinary differential equations, a matrix may be an approximated
Jacobian from finite differences [43]. In other cases, a particular storage format
for a matrix, like a sparse format, may lend itself better to multiplication on
one side than on the other. In compressed sensing, physical reasons allow one
to sample linear combinations of columns but not rows [158]. Finally, in inverse
problems arising in imaging, the operators A and A" are implemented in two

different packages; see, e.g., [87] for more details on the unmatched transpose.

In the following sections, we consider transpose-free low-rank recovery and least
squares problems. First, we show that low-rank approximation is fundamentally
limited when one does not have access to the transpose, and we quantify the
extent to which this holds when one knows in advance that the matrix is close
to symmetric. Then, we demonstrate one cannot solve a least squares problem
using only sketches from the right by showing that the problem is not uniquely

determined by this information.

5.1 Transpose-free low-rank recovery

Let A : H — H' be an operator between Hilbert spaces. Suppose that one can
only access A via the forward and adjoint queries f — Af and g — A"g, where
f € H and g € H' are inputs. We consider the problem of approximating A

efficiently from data, using as few inputs {f;}2Y, as possible. In this paper, we ask
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the following question:

Is it possible to recover A when one can only query A, and not A'?
As a toy example, consider the discrete problem of recovering an N x N rank-one
matrix A = uwv', where u,v € RY. The randomized SVD [85] and generalized

Nystrom [130, 167] methods recover A in just two queries: one with A, and one

T T

with AT. However, if one cannot query A", one can only observe uv'z = (v’ x)u.
Therefore, to recover A, one needs N matrix-vector products with A. Thus, in

general, the action of the adjoint is essential to efficient low-rank matrix recovery.

The situation is more complicated for other classes of structured matrices.
Consider the recovery of an N x N Toeplitz matrix 7' from matrix-vector products.
Unlike in the low-rank case, this can be done using just two matrix-vector products
with T Te; and Tey, where e; € R™ is the ith elementary basis vector. In this
case, access to the action of T'" is not required, even though 7 is not symmetric.
These examples suggest that depending on what prior information is known about

the matrix, the adjoint may or may not be needed in a recovery algorithm [84].

The infinite-dimensional generalization of the matrix recovery problem arises
naturally in operator learning [36]. Learning mappings between function spaces
has widespread applications in science and engineering, as one can use data to
either efficiently approximate existing scientific models or even discover new ones
entirely. Moreover, just as low-rank matrices arise naturally in data science [169],
operators that occur in physics also have known mathematical properties. Thus,
to be as efficient and accurate as possible, operator learning techniques seek to

exploit prior knowledge about the operator.

This section aims to bridge the gap between the theoretical requirement for the

adjoint in PDE learning and its omission in practice by providing theoretical guar-
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antees on operator learning in the adjoint-free setting. Our goal is to understand
when and why neural network models can recover operators without access to data
about the adjoint operator. To this end, we provide a thorough characterization
of various contexts where one can leverage additional assumptions to quantify the

accuracy of the adjoint-free reconstruction.

In the finite-dimensional setting of low-rank matrix recovery, we prove that the
quality of the reconstructed matrix is fundamentally limited without access to the
adjoint. However, we show that the quality of the approximation improves when
we have more information about the left and right singular vectors. This suggests
that no clever technique from linear algebra can be leveraged in the analogous

adjoint-free operator learning problem unless we have prior information.

This section is organized as follows. We begin in Section 5.1.1 with motiva-
tional examples for analyzing the sample complexity of non-self-adjoint operator
learning. Then, in subsequent sections, we gradually strengthen the assumptions
about the operator we wish to learn and analyze the quality of our reconstruction
in each case. In Section 5.1.2, we consider the finite-dimensional case of a low-
rank operator recovery problem. Given additional information about how close an
unknown low-rank matrix is to symmetric, we provide lower and upper bounds
(see Theorems 5.1.3 and 5.1.4) on the size of the set of possible matrices satisfying

given sketching constraints.
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5.1.1 Motivational Examples of Non-Self-Adjoint Opera-

tor Learning

As a first motivational example for the analysis of non-self-adjoint operators, we
consider the problem of estimating the sample complexity of learning parabolic

PDEs (generalizing the heat equation) in the following form:
Pu = —div(A(z,t)Vu) = f(z,t), z€Q,te€[0,T], 0<T < oo,

where 2 C R? is a bounded spatial domain with Lipschitz smooth boundary and
A(z,t) € R™ is a symmetric positive definite matrix with bounded coefficient
functions satisfying the uniform parabolicity condition. Here, we are interested
in estimating the number of training pairs {(f,u)} needed to learn the solution
operator associated with P, i.e., the Green’s function [68], to within a target
tolerance € > 0. The authors of [33] construct an algorithm that provably converges
to the solution operator at an algebraic rate with respect to the number of training
pairs. However, a key assumption required to approximate the solution operator

is that one can evaluate the adjoint P* of the parabolic operator defined as
Pru = —u;, — div(A(z,t) Vu).

In this work, we ask whether the requirement for the adjoint is an essential assump-
tion and why neural operators do not require the adjoint in practical applications.
A second example emerges from the stationary convection-diffusion equation with

variable coefficients in the form:
Lu = —div(A(z)Vu) +c-Vu, z€QcCR? (5.2)

where the lower order coefficient vector ¢ contains functions in LP(2) for some

p > d [97]. Here, one can interpret £ as a perturbation of the self-adjoint partial
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differential operator L defined in Equation (5.1). In particular, the magnitude of
c influences the difference between the solution operator and its adjoint, and our

ability to approximate it from training pairs of source terms and solutions.
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Figure 5.1: Green’s functions learned by a rational neural network (top row) along
with the absolute error with the exact Green’s function (bottom row) for the
stationary convection-diffusion equation, with coefficients (a) ¢ = 0, (b) ¢ = 5, and
(c) ¢ = 10.

We perform a deep learning experiment to approximate Green’s function as-
sociated with the one-dimensional stationary convection-diffusion equation with

homogeneous Dirichlet boundary conditions on © = [0, 1]:

d? d
S W) = e =0, el (5:3)

We employ a rational neural network [34] to approximate the Green’s function
associated with Equation (5.3) using the Green’s function learning technique in-
troduced by [30]. We sample 25 random functions from a Gaussian process with
squared-exponential kernel and length-scale parameter ¢ = 0.03 and solve Equa-
tion (5.3) using a Chebyshev spectral collocation method implemented in the Cheb-

fun software system [63]. The source terms f and solutions u are then sampled on
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a uniform grid with 200 points, and the neural network is trained in the Tensor-
Flow library [1] using a combination of Adam [98] and L-BFGS [38] optimization
algorithms. The learned Green’s function is then evaluated at a higher resolution
on a 400 x 400 grid and compared with the analytical expression for the exact

Green’s function given by:

(1 —e@D)(1 — e~)
c(l —e©)

(—1+e") (e —e )
c(l —e©)

G(r,y) = H(r —y)+ H(y — ),

where H is the Heaviside step function.
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Figure 5.2: (a) Relative errors for learning the Green’s function of the advection-
diffusion equation. The graph displays the mean error over ten runs, along with
error bars representing the first and third quartiles. (b) Relative errors of the
Green’s function after training using input-output pairs sampled on a grid with
resolution s = 200 (dashed line) and evaluated at lower and higher resolutions. (c)-
(d) Evolution of the loss function after training and relative error as the magnitude
of the perturbation increases. The black line in (d) represents the linear least
squares approximation and achieves R? = 0.8.
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We report in Figure 5.1(a-c) the learned Green’s functions of the stationary
convection-diffusion equation (5.3) with respective convection parameters ¢ = 0,
¢ =5, and ¢ = 10, along with the absolute error with the exact Green’s function in
the bottom row. We observe that even though the difference between the Green’s
function and its adjoint increases between ¢ = 0 and ¢ = 10, the rational neural
network can approximate the Green’s function within 0.3 — 0.5% relative error.
Additionally, the approximation errors are mainly located around the diagonal
x = y of the domain [0, 1]? (see the bottom row in Figure 5.1), where the Green’s

function has derivative discontinuity.

In Figure 5.2, we study the dependence of the error on the size of the training
dataset, the spatial grid resolution, and the convection coefficient ¢. To do this, we
approximate the Green’s function associated with Equation (5.3) using 25 training
pairs sampled on a grid with resolution s = 200 and report the relative error when
evaluating the Green’s function at different resolutions from s = 10 to s = 400.
Similar to the Fourier neural operator [99], the rational neural network is capable
of zero-shot super-resolution, even when learning highly non-self-adjoint operators,
as the approximation error does not degrade when testing the network at a higher

resolution.

The relative error plotted in Figure 5.2(a) for different convection coefficients
shows two distinct regimes as the size of the training dataset is increased. There
is an initial exponential decay of the error up to 10 training pairs, followed by a
stagnation at small relative error. These results agree with previous experiments
performed in [32] and suggest that one can approximate non-self-adjoint operators
with few training data using deep learning. However, our experiments show that

the plateau in relative error increases with the magnitude of the convection coeffi-
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cient ¢, suggesting that there is a systematic component of the error that increases

with the non-self-adjointness of the operator we seek to learn.

To study the systematic error introduced by non-self-adjoiness, we progressively
increase the magnitude of the perturbation in Equation (5.3) and report the cor-
responding loss function after training and relative errors for the learned Green’s
function in Figure 5.2(c)-(d). Using a linear least squares regression (R?* = 0.78),
we observe that the relative error increases linearly with the magnitude of the
perturbation. At the same time, the loss function after training remains relatively
small between 107¢ and 107°. The discrepancy between the magnitude of the
loss function and the relative error is because the loss function is a relative mean-
squared error, while the error reported in Figure 5.2(d) is measured as a relative
L2-error between the exact and learned Green’s functions. Finally, we observe
in Figure 5.2(d) that the variance of the errors also increases with the perturba-
tion magnitude. These numerical experiments motivate our theoretical analysis
of learning non-self-adjoint solution operators associated with PDEs in the rest of
the paper. Moreover, these numerical results lead us to introduce an adjoint-free
operator learning method that provably converges with the size of the training

dataset, and therefore does not suffer from the plateau observed in Figure 5.2(a).

5.1.2 Reconstruction of Low-Rank Matrices under Sketch-

ing Constraints

In this section, we analyze a finite-dimensional variant of the main problem. Exist-
ing sample complexity bounds for learning Green’s functions of linear PDEs, which

consider self-adjoint elliptic PDEs [35, 32] or parabolic PDEs [33], assume access
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to the adjoint operator. The proofs of these results exploit randomized numerical
linear algebra techniques, such as the randomized singular value decomposition
(SVD) [85, 120, 29|, to construct low-rank approximants of the Green’s function
on well-separated subdomains. This motivates our investigation into the analogous

problem of adjoint-free recovery of low-rank matrices from matrix-vector products.

The randomized SVD is an algorithm that computes a near-best low-rank ap-
proximant to a matrix F' € R™*" from matrix-vector products with a random input
matrix X € R™° using a two-stage procedure. First, one sketches the matrix F' at
X toobtain Y = FX and orthonormalizes Y to form a basis (), which approximates
the range of F. Then, one constructs the approximant F' = QQ*F = QF*Q)*
by sketching the adjoint, F*, of F. In a landmark paper, [85] showed that the

approximant F is a near-best approximant to F' with high probability.

If F' is too large to be stored or given as a streaming model [129, 49, 180],
F = Hi+Hy+Hs+- - -, one might not be able to view the matrix twice as in the ran-
domized SVD [120]. Several single-view algorithms have been proposed to compute
an approximate SVD of F'| which visit the matrix only once, such as the Nystrom
method [134, 74, 107, 167]. However, to our knowledge, every low-rank approxi-
mation algorithm based on sketching requires access to F'T [120, 84]. This leads
to a natural question: is there an algorithm that constructs a low-rank approxi-
mant to F' without its adjoint? Recently, this question was answered negatively.
It was proven that there are infinitely many rank-k matrices F' satisfying the same
matrix-vector products FX =Y and F'W = Z, where X € R™* W ¢ R™F2_if
min(ky, ko) < k and max(ky, ke) < n [84]. This result extends to complex-valued
matrices, so one needs k queries to F and F'" each for the matrix recovery prob-

lem to have a unique solution. Even if one has as many as n — 1 matrix-vector
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products with F' and none with F'', F is not uniquely determined. Thus, this
section considers the space of these infinitely many possible rank-k matrices when

the recovery problem is underspecified and does not have a unique solution.

We aim to understand how close one can get to recovering an unknown low-rank
matrix F' € C"" from matrix-vector products with an input matrix X € C"**,
i.e., without access to its adjoint. It has already been shown that when one does
not have access to F'T, the possible row spaces of a matrix satisfying the same
sketch constraints as F' can be arbitrarily far apart in the Riemannian metric on
the Grassmannian manifold [137]. Thus, we assume some additional structure on

our space of possible matrices, using the following notion of near-symmetry.

Definition 5.1.1 (Near-symmetry). Let F' € C"*" be a rank-k matriz with singu-
lar value decomposition F = UpSpVy . We say that F is 0-near-symmetric if its
left and right singular subspaces are d-close, i.e., there exists a k X k orthogonal
matrix () such that

1Us Ve = Qll2 < 6.

We show that one cannot recover an accurate low-rank approximant to /' unless
F' is near-symmetric. This analysis indicates that the adjoint is essential for low-

rank recovery algorithms.

Reconstruction of Near-Symmetric Matrices

We consider an unknown rank-k matrix F € M, (C) with singular value decom-
position F' = UpSrpV, and aim to construct an approximant A to F satisfying
the sketch constraint AX = F X, where the test matrix X € C"** has linearly

independent columns and rank(FX) = k. By construction, we have k < s < n.
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Almost every matrix X € C"** with respect to the Lebesgue measure satisfies the
condition rank(F'X) = k [137, Lem. 2.4], meaning that the queries almost surely
reveal the rank of F' and its range. In randomized numerical linear algebra, the
test matrix X is typically chosen to be a random matrix following a standard
Gaussian distribution [120], but other random embeddings, such as subsampled
trigonometric transforms [181] or coordinate samplings [177, 164, 101, 74], may

also be used.

We assume that F' is §-near-symmetric (see Definition 5.1.1), but we only have
access to partial information regarding the symmetry of F', namely that F' is e-
near-symmetric for some ¢ > §. To quantify the resulting uncertainty about F,
we study the set of possible matrices one could recover given this prior knowledge.

We denote this set

“x = {A € M,(C): rank(A) = k, AX = FX, 3Q € O(k), [[UsVa — Q|2 < €},
(5.4)

where A = US4V, is the singular value decomposition of A, O(k) is the group
of k x k orthogonal matrices, and || - |2 denotes the spectral norm. This set might
be nonempty even when € < 4, but to ensure that F' € Q% y, we must have

€ > mingeow) [|UpVr — Q||2- The minimum exists because O(k) is compact.

Remark 7 (Low-rank recovery algorithms and . y). Given some tolerance e,
Q% x 15 the set of e-near-symmetric matrices that can be returned by any low-rank
recovery algorithm when approximating F, such as the randomized SVD [85, 120]
or the Nystrém method [134]. One can find a symmetric approximation in the set

using Nystrém method by querying A in place of A*.

The size of (% y is measured by its diameter in the spectral norm and deter-

mines the maximum accuracy of any reasonable reconstruction. If the diameter

230



is large, one cannot estimate F' accurately, as one cannot distinguish between
any candidate matrix in Q% . This is because any matrix in Qf y satisfies the
sketching constraint and is near-symmetric. On the other hand, a small diameter
guarantees the fidelity of the reconstruction. We aim to bound the size of Q% ,
i.e., determine how far apart any two matrices in 2% y can be from each other,
with respect to €, which measures our prior knowledge of F’s symmetry. We first

provide an upper bound on the diameter of the set 2 .

The upper bound relies on a preliminary lemma. Lemma 5.1.2 provides an
orthogonal change of basis, bringing a matrix U with orthonormal columns close
to another matrix V' in the spectral norm sense. The difference is bounded by
the proximity of U*V to an orthogonal matrix. For the rest of this section, o«
and o, respectively denote the largest and smallest nonzero singular values of a

matrix.

Lemma 5.1.2. Let U and V be two n X k matrices with orthonormal columns

and UTV = Q;X2Q] € C** be a complete SVD. Then, the orthonormal matriz

Qo = QuQT satisfics

V —UQyl?=2 i — U V) =201 =0, (U'V)).
IV —UQol3 (Q:I(g;g:]IIQ ||2) (1= 0uin(UV))

Proof. We first consider the SVD of the matrix U*V as U*V = Q2@ and intro-
duce the orthonormal matrix Qo = Q,Q, . Let d = ming, grg—; |Q@—U*V |2 denote

the distance between the k& x k matrix U*V and the set of orthogonal matrices.

In general, from a result for unitarily invariant norms [70, Thm. 1], if A is a

square matrix with |[|A||s < 1 and has complete SVD A = UXV*, then

min —Allpg=1—0nin(A 5.5
Jmin Q- Al (4) (55)
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is achieved by Q = UV*. Applying Equation (5.5) to U*V yields a characterization
of d with the smallest singular value of U*V as oy (U*V) =1 —d. Let v € R*
be a unit vector, then v = Vz and u = UQyx have norm 1 because U and V
have orthonormal columns. Moreover, u'v = 2" Q U "Vz = 27 Q,Q Q;XQ )z =
' Q. XQr > 0pin(UTV) = 1 — d, with equality when x = Q,e;. Using similar
triangles in the (u,v)-plane, we readily obtain

l—u'v  Jlu—vl

lo—off 27

which implies that|| Ve —UQoz||* = ||[v—u||* = 2(1—u"v) < 2d, with equality when
x = Qrey. Finally, taking the supremum over z, [V — UQol[5 = sup,. =1 [V —

UQoz||* = 2d, which concludes the proof. O]

We are now ready to state Theorem 5.1.3, which provides an upper bound on

the diameter of the set Qf  defined in Equation (5.4).

Theorem 5.1.3 (Upper bound). Let 0 < 6 < e < 1, FF € M,(C) be a d-near-
symmetric rank-k matriz, and X € C"** be a test matriz with s > k orthonormal
columns such that rank(FX) = k. Let F' = UyXoVy be a slim SVD of F, and
introduce the constant ¢ = 0pax(X* Vo) /Omin(X*V0)2. If c(\/z—i- \/ﬁ) <1, then

02(\/2_6%-\/%)
1—0(\/2_€+\/2—5) '

sup  [|[A = B[y < 4|[FX||;

ABEQS,

Proof. Recalling the X has orthonormal columns and letting & = X X*V}, we
observe that

F = Fo(Vyo) V.

This is easily verified using the SVD of F'. We note that V;® = Vi XX*V, is
invertible because rank(FX) = rank(F') = k.
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Suppose that A € Q% and let A = Us¥sV} be a slim SVD. Then A =
Fo(V;®)~'Vx, as one can verify using the SVD of A and the identity F® =
A®. For any invertible k£ x k matrix @ (later on @) will be orthogonal), A =

Fo(QV;®)~'QV;. By the triangle inequality,

1 = Allz < | F@l2]|(V5®)~H2l[VaQ" = Vollz + [ FR[2) (V5 @)™ — (QVA®) 2.
(5.6)
We use a perturbation argument to show that V;® is invertible, to choose (), and

to bound each term in the above equation.

By Lemma 5.1.2 and Equation (5.5), there exist orthogonal matrices @y and
Q4 satistying ||Vy — UpQoll < V28 and ||[Vy — UxQ 4| < v/2¢. Since Range(U,) =
Range(Uy) there is an orthogonal matrix @ such that UsQ4 = UpQ. Letting

Q = QuQ we obtain

IVaQ* = Vollz = [Va = VaQll2 < [[Va — UaQall + [U6Q — VoQuQl2 < v2e + V25

(5.7)
A classical perturbation bound for the difference between the inverse of two ma-
trices S and T is [96, Ch. 1, Eq. 4.24]

1S =TT 15
L— IS = T|l2| T2

1S~ =T <

Applying this with S = QV ® and T' = VP gives

(V2e + v/20) | ||| (V5 @)~ 13
1 — (V2e + V20) ||| (Vg @)~

HQVA®) ™ — (Vy@) !, <
where
1(QVE®) — (Vi ®@)[l2 < [VaQ* — Vollal| @12 < (V2¢ + v/23)]| @,

by Equation (5.7). A quick computation shows that

Tmax (X*V0)

[2011(V52) 7l = X Vollll (V5 XX Vo) le = 22 emms =
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and that [|[F®[s < ||FX|2]|[X*Voll2 = ||FX]2]|®]2. The condition that c(v/2e +
\/ﬁ) < 1 ensures that both QV;® and V;® are invertible. Using these results in

Equation (5.6) and collecting terms yields

IF = Allz < [FX2(v2¢ + V20)

o 1—c(\/Z+x/%)]
*(v/2e + v/26)
1 — ¢(V2e + V20)

Applying the triangle inequality ||A—B|ls < [[F'—Al[2+ || F—Bl|y with A, B € Q%

< 2|F Xl

completes the proof. O

To lower bound the diameter of % y, we must show the existence of two
matrices in the set that are at least some distance apart. We generate these
matrices by perturbing F. Our argument makes use of the gap between € and ¢,

reflecting the gap in our prior knowledge about the near-symmetry of F'.

Theorem 5.1.4 (Lower bound). Let 0 < § < e < 1, F € M,(C) be a d-near-
symmetric rank-k matriz, and X € C"** be a test matriz with k < s < n or-
thonormal columns such that vank(F'X) = k. Then, the diameter of Qf x is lower

bounded as follows:

sup ||[A— Bl >2 ( (5.8)

ABEQ,

Omin(F)? arccos(1 — €) — arccos(1 — §)
Omax(F) ) m/2 4 arccos(1 — €) — arccos(1 — §)

Proof. We begin the proof by selecting a matrix F € M, (C), satisfying EX = 0

and

IEll; = (amin(F)) arccos(1 — €) — arccos(1 — 0) (5.9)

Omax(F) ) m/2 + arccos(1 — €) — arccos(1 — §)’
which is well defined since € > §. The constraint FX = 0 is satisfied by choosing
the rows of E in Range(X)*, which is nontrivial because s < n. Letting B =

F(I 4+ E) = UpXVy, we aim to show that B € Qf . First, we observe that
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Range(B) = Range(F'), that is Range(Ug) = Range(Ur), because Range(B) C
Range(F') and k = rank(F) > rank(B) > rank(BX) = rank(FX) = k. Following

Equation (5.5), we must show that
1-— O-min(U;VB) S €.

The identity o;(ULVg) = cos(0;(Ug, Vp)), where ;(Up, Vg) denotes the ith prin-

cipal angle between subspaces Range(Up) and Range(Vg) (see [26]), yields
1-— Umin(U;VB) =1- cos(@max(UB, VB)),

because x — cos(z) is a decreasing function over the interval [0, 7/2]. Therefore,
it suffices to show that 0. (Up, V) < arccos(1 — €). Thanks to the main result of
[144], the largest principal angle .« is a unitarily-invariant metric on the Grass-
mannian consisting of k-dimensional subspaces of R™. In particular, it satisfies the

triangle inequality:
Omax(Us, VB) = Onax(Ur, VB) < Omax(Ur, Vi) + Omax(VE, V).
Combining the assumption on F' and Equation (5.5), we have
1 =0 < 0min(Up Vi) = c08(Omax(Ur, Vi) = Omax(Ur, Vi) < arccos(1 — §),
as 0 — arccos(f) is a decreasing function. Therefore,
Omax(Up, Vi) < arccos(1 — §) + Opax(Vr, Vp).
Using Wedin’s theorem [174], we obtain

emax(vFv VB) S g Sin(emax(VFa VB))

< SlIsin(©(Vi, Vi)

(7/2)0rmax (F) | E |2
Omin(F) — UmaX(F)”E”27

<
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which means that

(7/2)0max (F) | £ |2
Umin(F) - o-max(F>||E||2'

Omax(Up, V) < arccos(1 — §) +

Inserting the expression for || E||s given by Equation (5.9) yields €yax(Ug, Vi) <
arccos(1 — €), which shows that B € Q% y. Since the same argument shows that

F(I — E) € Q% x, we obtain a lower bound on the diameter as follows:

(F)2 o B
diam( %,X>Z2(Umm(F)) arccos(1 — €) — arccos(1 — §)

Omax(F') ) m/2 + arccos(1 — €) — arccos(1 — §)

which concludes the proof. O

Remark 8 (Orthonormal test matrices). Almost every test matric X € C***
(with respect to the Lebesque measure) has linearly independent columns. Thus,
these columns can be orthonormalized using the Gram—Schmidt process. Therefore,
without loss of generality, we can assume that the test matrix in Theorems 5.1.3
and 5.1.4 has orthonormal columns. More formally, if X € C"™* is a matriz
with linearly independent columns, recovering a matriz A from the matriz-vector
products AX =Y is equivalent to recovering AQ =Y R, where X =QRisa QR
factorization. Thus, our results extend to the general matrix recovery model from

matriz-vector products.

Remark 9. (Sharpness for symmetric F' and areas for improvement) There are
limitations to our upper and lower bounds on the diameter of Q% y that we hope will
be resolved by future works. First, our upper bound becomes infinite as € increases
to a finite value, whereas our lower bound saturates as € is increased. On the other
hand, our lower bound vanishes when ¢ = &, while the upper bound takes a positive

value. Despite these issues, when F' is symmetric, i.e., when 6 = 0, our bounds

yield
2c !t arccos(1 — ¢) 4| FX ||V 2¢
O(Ve) = < su A—Blly < ————— = 0(\e),
(ve) /2 + arccos(l —€) — A,Begl):)%’x | =< 1 —cVv2e (ve)

236



as € = 0, meaning that they are asymptotically sharp in this regime. Sharpening
our bounds when F' is asymmetric is particularly challenging because little is known
about the properties of Q5 x. To our knowledge, our work is the first to define such

a set, and we hope that future works will investigate this set more thoroughly.

The upper and lower bounds reveal that the uncertainty about F' given queries
of its action is directly related to the uncertainty about the symmetry of its left
and right singular subspaces. For example, our ability to recover a symmetric
rank-k matrix using £ < s < n queries is fundamentally limited by our prior
knowledge about the proximity of Range(F’) and Range(F*) because there are
many asymmetric matrices with the same rank that satisfy the same sketching
constraints. As described above, generic n X s test matrices X are capable of
revealing the range of F', meaning that the uncertainty about F really comes from
a lack of prior knowledge about the range of F*. This highlights why the action of
the adjoint is essential for efficient matrix recovery without any prior information

about an operator’s symmetry, or more generally about the range of its adjoint.

5.2 Non-uniqueness of orthonormal least-squares

Suppose we are given the least-squares problem Qx = b, where () € R™*" has
orthonormal columns. If one has access to matrix-vector products with both @
and Q', one need only compute Qb = z, so only one matrix-vector product is

needed.

However, suppose one has access to matrix-vector products with (), but not
Q'. We demonstrate that this is not enough information to uniquely determine the

least squares problem. We construct another least squares problem, By = b, where
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the solution y always at least some distance from x, and B is also well-conditioned.

Proposition 5.2.1. Let (Q € R"™"™ have orthonormal columns, b € R™, and
x € R"™ such that Qv = b. Let X € R™*, where k < n, be a query matriz with
orthonormal columns such that © & col(X). Then there exists a constant § > 0,
a matriz B € R™ ", and a vector y € R™ such that QX = BX, By = b, and

ko(B) <2, but ||z —y|| =6 > 0.

Proof. We denote the columns of X as x1, ..., zy, and the outputs of matrix-vector
multiplication as Qx; = y1,...,Qxr = yi. Let v € R™ be a unit vector such that
v' X = 0. Generically we have that vz # 0, as we assumed that x ¢ col(X). (If
v'x # 0, this is a fortunate situation in which we queried with input vectors whose
span contains the solution we are looking for; for this reason this is not further

considered.) Let § be any constant such that § [v"z| > 6 > 0 and 6 #.

Define the matrix B as follows: B = Q + %ylvT =QU+ %xlvT). Because 1

and v are unit vectors, ||3 z1v" || = 1. we can bound ks(B) using Weyl’s inequality:

3 1
Umax(B) < 5 and Jmin(B) > 5 — K,Q(B) < 3.

Also, B also has linearly independent columns and QX = BX by construction.
It remains to compute the solution y to By = b. To do so, we write the QR
decomposition of B in terms of (). By the rank-one update formula for the QR
decomposition, we have that B = ()1 R;, where

Q1 =QJyy- - J1Gy--- Gy and Ry = G;_l . --GlTH1
and Hy = J| ---J, (I + jzv"). Here, G; and J; are Givens rotations. The
solutions to the least squares problems Qx = b and By = b are given by
z=Q",

y=R{'Q{b=H{'Gy+ GuGyy - GLJ - J Qb= H{' ) - J,QT.
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Further simplifying H; ! using the equation for H, yields

Y= (JlT ce J;Lr_1<[ —+ %xﬂ)—r))iljl—r e JJ—lQTb — ([ + %xlv—r)fl QTb
1. T
51V
= I—2—> o= (I—-1z,0")Q"b
< 1+ %UT$1 Q ( 21:1@ ) Q
by the Sherman—Morrison formula for the inverse of a rank-one update to a matrix

and the fact that v € null(X).

We can now use these equations for x and y to bound their distance.

lz =yl = |Q"6 = (I = 3210") Q"0

= H%xIUTQTbH = % HJ}l’UTJ}H = % |UTJI| >0 > 0.

We assume that ¢ col(X). If z € col(X), then the solution to the least
squares problem for both A and B satisfying the same matrix-vector products
must be z, i.e., y = x. This is because one got very lucky and queried @) with
vectors z; whose span contains x. Algorithmically, after performing k& matrix-
vector products to obtain (X, one would notice that b is a linear combination of

n

the output vectors, ie., b= " Qr; = Qr = x =) ., a;z; by linearity.

In short, this result implies that one cannot solve a least squares problem using
only forward matrix-vector products. Moreover, the result is independent of the

algorithm or inputs used.
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CHAPTER 6
CONCLUSIONS

Many important numerical linear algebra routines are designed for matrix-free
setting, as fast matrix-vector products are often computationally efficient in the
presence of structure, and randomized sketching is an increasingly common tool
in numerical linear algebra. Moreover, exciting applications to PDE learning have
also motivated new problems in structured matrix recovery and approximation
from matrix-vector products. In this work, we laid a foundation for structured
matrix recovery by deriving algorithms and theory for many of these tasks. This
framework dovetails nicely with a new focus in our broader linear algebra commu-

nity on stability in randomized numerical linear algebra.

We began with the general notion of query complexity in Chapter 2, and con-
sidered the recovery and approximation problems for several common matrix struc-
tures, such as tridiagonal, symmetric, Toeplitz, Hankel, low-rank, and sparse. We
proceeded to consider the important class of hierarchical matrices, which accu-
rately approximate the solution operators of some PDEs. We resolved the open
question of whether one can guarantee the success of peeling-type algorithms, as
well as demonstrated hard matrix cases for some of these algorithms in Chapter 3.
Peeling algorithms have been observed to work very accurately in practice, how-
ever to the best of our knowledge, ours is the first theoretical guarantee for the
accuracy of peeling when the matrix of interest does not have exact hierarchical
structure. We also extended peeling to an infinite-dimensional analogue in Chap-
ter 4, and provided a theoretical guarantee for the sample complexity of recovering
Green’s functions corresponding to uniformly elliptic PDEs. This result justi-

fies the observed data-efficient phenomenon one encounters in operator learning.
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Finally, in Chapter 5, we removed the assumption of access to matrix-transpose-
vector products, and reconsider what is possible to learn about a matrix with only
forward access to queries. We quantified the importance of the transpose in the

problem of low-rank approximation and least-squares problems.

Many open problems remain in this area, and the present work mentions sev-
eral future directions worth investigating. Within numerical linear algebra, the
transpose-free setting of Chapter 5 raises the question: which linear algebra tasks
fundamentally require the transpose, and which do not? We may also ask how
important the structure of the inputs is to matrix recovery, and if one can derive
similar guarantees when one cannot choose freely choose inputs, which may be
closer to the application of the PDE learning setting. Input-output pairs from
e.g., Krylov methods are also worth studying. More broadly, one hopes to better
understand the query complexity of different matrix families by resolving: what is
the largest class of structured matrices that has low query complexity? Finally, it
remains to close a theoretical gap between recovery and approximation. For a fixed

class of matrices, do these problems require about the same number of queries?

In the realm of operator learning, there many more questions to consider. It
would be ideal to derive lower bounds for the sample complexity of different PDE
learning problems. Lower bounds from the hierarchical matrix setting do not im-
mediately extend to this case because not every hierarchical matrix corresponds
to the Green’s function of a PDE. Resolving this connection amounts to solving
an inverse problem, i.e., understanding how the off-diagonal blocks of a hierarchi-
cal matrix correspond to the coefficients of a PDE. One may also investigate the
perturbation theory for Green’s functions to determine how to perturb one hierar-

chical matrix in a particular way to get another which corresponds to a different
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PDE. This is also related to the question of whether PDE discovery (i.e., coefficient

discovery) is a strictly harder problem than learning a solution operator.

Hierarchical matrix techniques should also extend to the more challenging prob-
lem of hyperbolic PDE learning. This problem is significantly harder than elliptic
PDE learning, which we considered in Chapter 4, because the hierarchical struc-
ture of the Green’s function is not known in advance. Recent work has employed
a strategy for testing each block individually for low-rank structure, and then

6 in the sample com-

recovering one low-rank block at a time, resulting in an e~
plexity [171]. One hopes to exploit ideas from peeling, where many blocks are
recovered simultaneously, to dramatically reduce this constant. This also moti-

vates a related problem in numerical linear algebra, where one may wish to find a

near-optimal hierarchical partitioning of a given matrix.

Finally, thus far, theory for operator learning techniques have been restricted
to the setting of linear operators. Next, we must tackle the question of whether
one can provide guarantees or rigorous algorithms for the task of nonlinear PDE

learning.

Matrix recovery and operator learning are conceptually closely related, and in-
teresting phenomena in one area may motivate fascinating problems in the other.
For example, the data-efficiency of elliptic PDE learning led us to work to under-
stand the stability of the peeling algorithm, an important tool in numerical linear
algebra. As each of these fields evolves, many more intriguing questions are bound
to arise. We see the present work as laying a foundation of algorithms and theory

that will equip us to tackle these future problems.
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