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ABSTRACT

Transformers, powered by self-attention, have become foundational across
modalities due to their scalability through parallelism. However, many real-
world tasks—from byte-level language modeling to retrieval and reasoning—
demand processing extended contexts, often spanning tens of thousands of
tokens. The quadratic complexity of Transformers during training and linear
KV-cache growth at inference makes them computationally prohibitive for such
tasks, necessitating the exploration of more efficient architectures. Linear-time
recurrent models and hybrid architectures, which combine linear recurrence
with local attention, have emerged as promising alternatives to address these
challenges.

This thesis investigates two interconnected dimensions of long-context mod-
eling: the development of scalable architectures and the interpretability of their
underlying recurrence mechanisms. In the context of scalable architectures, we
adapt the Mamba linear recurrent byte-level sequence modeling, tackling the
computational challenges posed by extended sequence lengths. By introducing
speculative decoding that combines subword drafting with byte-level verifica-
tion, we demonstrate that token-free models can achieve subword-like inference
speedups while maintaining robustness to noise and generalization over long
sequences.

On the interpretability front, we focus on hybrid models like Recurrent-
Gemma, where recurrent hidden states serve as memory to bridge local attention
windows. Using sparse autoencoders, we extract interpretable features from

these recurrent states to explore their role in retaining long-range information.



Through tasks such as long-context passkey retrieval, we reveal how these
mechanisms facilitate extended context dependencies and offer insights into the
memory of these fixed-memory models.

Through these contributions, this thesis advances the understanding and
development of architectures that combine scalability and interpretability for

long-context modeling.
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CHAPTER 1
INTRODUCTION

Sequence-to-sequence models, which transform sequential data into rich
semantic representations capturing the structure of the input, have achieved
significant advancements across various complex data modalities. These include
natural language processing, time-series analysis, genomics, speech, and audio
(Sutskever et al., 2014; Oord et al., 2016; Ismail Fawaz et al., 2019; Brown et al.,
2020). Their applicability has even extended to non-sequential modalities, such as
images, by recasting them as sequences (Dosovitskiy et al., 2021). These models
rely on foundational mechanisms like convolution (in convolutional neural
networks), recurrence (in recurrent neural networks), or attention (Vaswani et al.,

2017) (in Transformers).

While all these model classes have significantly advanced machine learning,
Transformers, with attention at their core, stand out as particularly impactful to-
day. Recent advancements in modern hardware, access to massive computational
resources, and large-scale training data have enabled Transformer-based models
to excel as versatile multi-taskers (Brown et al., 2020; Rae et al., 2022; Hoffmann
et al.,, 2022; Team et al., 2024a; Touvron et al., 2023; Team et al., 2024b; Team, 2024;
Dubey et al., 2024; OpenAl et al., 2024). For instance, GPT-4 (OpenAl et al., 2024)
can debug code and explain the fixes in natural language (Bubeck et al., 2023),
Stable Diffusion models (Rombach et al., 2022) generate realistic images from
text prompts, and AlphaFold (Jumper et al., 2021) predicts 3D protein structures

with remarkable accuracy.

The tremendous success of Transformers can largely be attributed to their

scalability, both in model and data. This is evident in their progression from



BERT (Devlin et al., 2018), trained on 3.3B tokens in 2018, to Llama-405B (Dubey
et al., 2024), trained on 15T tokens in 2023. Their ability to model long-range
dependencies efficiently and their inherent parallelizability have driven these
advancements. However, as Transformers have grown larger and deeper, equip-
ping them with longer-context capabilities is challenging. This limitation arises
from the quadratic time and memory complexity of global attention with respect
to sequence length, which constrains their effectiveness in handling extremely
long sequences. Furthermore, the linear growth of key-value (KV) cache with

sequence length makes Transformers slow at inference.

To address these limitations, linear recurrence models'—including state space
models (Gu et al., 2022a; Mehta et al., 2023; Wang et al., 2023; Smith et al., 2023;
Fu et al., 2022; Poli et al., 2023; Gu and Dao, 2024; Dao and Gu, 2024), linear
recurrent models (Peng et al., 2023; Orvieto et al., 2023; De et al., 2024; Botev et al.,
2024; Beck et al., 2024; Feng et al., 2024; Peng et al., 2024), and linear attention
models (Katharopoulos et al., 2020; Yang et al., 2024; Qin et al., 2024; Katsch,
2024)—have emerged as compelling alternatives. By maintaining and evolving a
(large) hidden state with fixed memory, these models enable efficient linear-time
sequence modeling, making them well-suited for tasks requiring long-context
processing without the quadratic overhead of attention-based methods. A key
innovation in modern recurrent models is the introduction of an input-dependent
state-transition matrix and gating the hidden state, thus allowing the model to
selectively filter out irrelevant context while retaining and processing critical
information indefinitely (Cirone et al., 2024). This design marks a departure from

traditional recurrence mechanisms like LSTMs (Hochreiter and Schmidhuber,

"While subtle distinctions exist between various model families within linear recurrence
frameworks, we use the term “linear recurrence models” to refer broadly to those that employ
the linear evolution of hidden state memory.



1997) and GRUs (Cho et al., 2014), which rely on non-linear recurrence of the
hidden state. In contrast, these newer models maintain linearity in the hidden
state while incorporating potentially non-linear transformations of the input.
This approach not only boosts expressive power but also supports efficient
parallelization on GPUs during training, through parallel scans (Martin and
Cundy, 2018; Smith et al., 2023). These attention-free models have demonstrated
competitive performance with Transformers across a variety of modalities and at

scale, suggesting their potential as a promising avenue in advancing sequence

modeling (De et al., 2024).

Given these advances, the large fixed-state memory of recurrent models,
which remains independent of context length, is of particular interest to us. This
fixed-state memory allows recurrent models to handle long-context tasks with
linear complexity, making them a natural fit for scenarios requiring efficient

long-context processing and retrieval.

1.1 Dissertation overview

This thesis focuses on two primary objectives:

¢ In Chapter 2, we demonstrate the viability of token-free language modeling
using linear recurrent models. A key insight in this work is that, whether
processing subwords or bytes, the underlying recurrent model must com-
press a similar amount of information into its hidden memory, making

such models particularly well-suited for this task.

¢ In Chapter 3, we investigate the role of recurrence in long-context retrieval.

Building on recent advances in mechanistic interpretability, we utilize



sparse autoencoders to extract orthogonal features that correspond to the
recurrent memory. We then identify key features responsible for guiding
long-context retrieval, providing a deeper understanding of how recurrence

facilitates information retention over long sequences.

The overarching theme of this thesis revolves around harnessing and un-
derstanding linear recurrent models to efficiently handle long-context tasks,
particularly in language modeling. Through both establishing their capabilities—
such as in byte-level modeling—and exploring the mechanistic underpinnings
of recurrence, this work seeks to outline the strengths and limitations of these
models. We envision this thesis to be a useful tool in analyzing, and perhaps

developing, future architectural advances.

1.2 Owur contributions

1.2.1 Byte-level language modeling

Byte-level modeling offers robustness to text corruptions and advantages in
multilingual and multimodal contexts, but it is computationally expensive due
to the 4x longer sequence lengths. Without representational compression, this
challenge is particularly pronounced in Transformers, which scale quadratically
at training and linearly at inference with respect to sequence length. To address
this, Chapter 2 introduces MambaByte, a token-free selective state space model,
an application of the Mamba recurrence (Gu and Dao, 2024) to byte sequences.
While Mamba alleviates significant modeling and efficiency bottlenecks during

training by evolving a large hidden state memory independent of context length,



inference remains slow as it still requires generating one byte at a time. To
improve inference efficiency, Chapter 2 also presents an adaptation of speculative

decoding for byte-level models, enabling subword-like speedups at inference.

We conduct careful benchmarking in both compute-matched and parameter-
matched settings against several state-of-the-art Transformer subword and byte
models, as well as evaluate other token-free capabilities of MambaByte. While
our results suggest a promising future for token-free modeling, they also high-
light the strengths of recurrent models in tasks that require efficient information

compression and long-context modeling.

1.2.2 Role of recurrence in long-context retrieval

While Chapter 2 establishes the impressive capabilities of MambaByte in mod-
eling long contexts, in Chapter 3 we attempt to understand the internal mecha-
nisms of these linear recurrent networks that enable the model to utilize infor-
mation from arbitrary locations within the input. Specifically, we focus on the
passkey retrieval abilities of RecurrentGemma-9B (Botev et al., 2024; De et al.,
2024), an efficient linear recurrent model with remarkable long-context capabili-
ties. Motivated by the question: what is contained in the hidden state when the
model can or cannot retrieve the passkey?—we employ sparse autoencoders to

extract and analyze features from the recurrent hidden states.

Chapter 3 identifies several key features that guide the model’s associative
recall. These features offer insights into how recurrence facilitates the retention
and retrieval of distant information. While further research is needed to assess

the generalizability of our findings, we believe that uncovering these features is



an important step toward understanding the limitations of recurrent models in
long-context retrieval. Future designs of recurrent models should incorporate
strategies that promote the retention of these features over extended context

spans, thereby improving performance in long-context retrieval scenarios.

It is worth noting that some recent works have already explored the
expressiveness—or lack thereof—of linear recurrent models in studying spe-
cific toy tasks (Jelassi et al., 2024) and in examining their limitations within the
framework of formal language theory (Merrill et al., 2024). Compared to these
studies, which outline interesting failure cases, we focus on understanding how
these large-scale models succeed in practical scenarios, such as associative recall

in long-context retrieval.



CHAPTER 2
MAMBABYTE: TOKEN-FREE SELECTIVE STATE SPACE MODEL

[This chapter is adapted from joint work with Junxiong Wang, Jing Nathan Yan,
and Alexander M. Rush entitled “MambaByte: Token-free selective state space

model” (Wang et al., 2024a).]

This chapter introduces MambaByte, a token-free state space model (SSM) for
modeling long byte-sequences. MambaByte outperforms other byte-level models
over several datasets and shows competitive results with subword Transformers
while being significantly robust to text corruptions, thus serving as a promising
tokenization alternative. Due to their recurrent nature, SSMs enable significantly
faster text generation to Transformer models. We further improve the genera-
tion efficiency through speculative decoding using subword drafting and show
MambaByte to achieve to achieve a decoding efficiency similar to the subword
Mamba, making byte models practical. Our findings establish the possibility of

token-free language modeling in future large models.

2.1 Introduction

When defining a language model, a base tokenization is typically used—either
words (Bengio et al., 2000), subwords (Schuster and Nakajima, 2012; Sennrich
et al., 2015; Wu et al., 2016; Wang et al., 2020), or characters (Gao et al., 2020a). Of
these, subword tokenization has been the most popular choice, as it achieves a
natural compromise between training efficiency and the ability to handle out-of-
vocabulary words. However, several works, e.g., Xue et al. (2022), have noted

issues with subword tokenizers, such as a lack of robustness to typos, spelling



and capitalization variations, and morphological changes.

Modeling byte sequences, i.e., mapping from raw data to predictions without
any intermediate tokenization, offers an alternative approach with less inductive
bias (Choe et al., 2019; Al-Rfou et al., 2019; Clark et al., 2022; Tay et al., 2022; Xue
et al.,, 2022; Yu et al., 2023). Compared to subword models, byte-level language
models can generalize more easily across orthographic and morphological vari-
ants. Of course, modeling text as bytes means that the resultant sequences are
significantly longer than their subword counterparts. This change pushes the

modeling and efficiency issues upstream into the architecture itself.

These issues are particularly pronounced for autoregressive Transformers
(Vaswani et al., 2017), which dominate language modeling (Brown et al., 2020;
Touvron et al., 2023). Due to the quadratic nature of attention, Transformer effi-
ciency scales poorly for long (byte) sequences (Zhang et al., 2022). Researchers
have compressed the internal Transformer representation to work with long se-
quences, for instance, developing length-aware modeling approaches (Dai et al.,
2020; Nawrot et al., 2023), where groups of tokens are merged within the in-
termediate layers. The MegaByte Transformer (Yu et al., 2023) is of particular
relevance, which uses compression in the form of fixed-size patches of bytes as a
subword analog in combination with a byte-level decoder. These methods lower

computational costs! but change the modeling behavior to match the data.

In this work, we propose MambaByte, a byte-level language model without
representational compression. The model is an application of the recently intro-
duced Mamba architecture (Gu and Dao, 2024). Mamba builds off the approach
pioneered by state space models (S§SMs) (Gu et al., 2022a; Gupta et al., 2022;

'However, our experiments (see Figure 2.1) indicate that patching can also lower the model
performance compared to the standard Transformer.
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Figure 2.1: Benchmarking byte-level models with a fixed parameter budget.
Language modeling results on PG19 (8, 192 consecutive bytes), comparing the
standard Transformer (Vaswani et al., 2017; Su et al., 2021), MegaByte Trans-
former (Yu et al., 2023), gated diagonalized S4 (Mehta et al., 2023), and Mam-
baByte. (Left) Model loss over training step. (Right) FLOP-normalized training
cost. MambaByte reaches Transformer loss in less than one-third of the compute
budget.

Gu et al., 2022b; Smith et al., 2023; Fu et al., 2022) by introducing a selection
mechanism that has been shown to be nearly as effective as Transformers for
discrete data. Our key observation is that, unlike Transformers, Mamba has a
(large) fixed-sized memory state that is independent of context length, roughly
analogous to a large recurrent neural network hidden state. This naturally re-
moves a major modeling and efficiency issue for byte-level language modeling

without requiring specialized architectures such as global patching.

Even with effective training, byte-level models still suffer from the challenge
of efficient decoding, as generating one character at a time requires running the
language model in serial one byte at a time. To improve the inference efficiency,

we propose an adaptation of speculative decoding (Leviathan et al., 2023; Chen



et al., 2023; Xia et al., 2023) to byte-level models. The approach uses a fast
subword model for autoregressive drafting, followed by byte-level verification.
While this approach could be applied to any byte-level model, it is particularly
efficient for SSM-style models since the byte-level verification step can use the

same parallel scan code path that makes these models efficient to train.

Experiments compare MambaByte to Transformers, SSMs, and MegaByte
(patching) architectures in a fixed parameter and fixed compute setting on several
long-form language modeling datasets. Figure 2.1 summarizes our main findings.
Compared to byte-level Transformers, MambaByte achieves better performance
faster and is significantly more compute-efficient. We also compare MambaByte
with tokenized subword baselines using Transformers and SSMs, and find that
MambaByte is competitive in loss while also demonstrating improved robust-
ness in handling subword noise, such as input text corruptions. Through our
speculative subword drafting and byte-level verification approach, we show that
MambaByte can be run as fast as the subword Mamba for text generation. We
believe these results validate the potential for tokenizer-free models as a practical

alternative to subword Transformers for language modeling.

2.2 Background: Mamba state space model

Method: Selective SSMs. SSMs model the evolution of a hidden state across
time through a first-order differential equation. Linear time-invariant SSMs
(Gu et al., 2022a; Gupta et al., 2022; Gu et al., 2022b; Smith et al., 2023) have
shown promising results in deep learning across several modalities. However,

Gu and Dao (2024) have recently argued that the constant dynamics of these
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approaches lack input-dependent context selection in the hidden state, which
may be necessary for tasks such as language modeling. To this end, they define
the time-varying continuous state dynamics for a given input z(¢) € R, hidden

state h(t) € R", and output y(¢) € R at time ¢ as:

%Ef) = AR(t) + B(t)z(t); y(t) = C(t)h(1), 2.1)

which is parameterized by a diagonal time-invariant system matrix A € R™*"

and time-dependent input and output matrices B(t) € R"*! and C(t) € R**".

To model discrete-time sequences, the continuous-time dynamics in (2.1)
must be approximated through discretization. This results in a discrete-time
hidden state recurrence with new matrices at each timestep, A, B, and C, such

that

hlk] = Alk|h[k — 1] + B[k]z[k]; y[k] = C[k]h[k]. (2.2)

Observe that (2.2) resembles a linear version of a recurrent neural network
and can be applied in this recurrent form during language model generation. The
discretization requires a timestep, A[k], for each input position, corresponding to
treating x[k] = x (t)) for ¢, = Zle A[j]. The discrete-time matrices A, B, and C

can then be computed from Alk].

Architecture: Mamba. In Mamba, the SSM terms are input-selective, i.e., B, C,

and A are defined as functions of the input z[k] € R%:
Alk] = softplus(Wa(Wgz[k])); B(tx) = Wrx[k], (2.3)

where Wi € R (C is similarly defined), Wa € R*" and Wg € R"™? (for some

r < d) are learnable weights, and softplus ensures positivity. Note that the
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SSM parameters A, B, and C are identical for each input dimension d, but the
timesteps A are distinct; this results in a hidden state size of n x d per timestep k.
(See Appendix A.5 for an illustration of how Mamba models discrete sequences

and other specifics on discretization and selectivity.)

Mamba embeds this SSM layer into a full neural network language model.
Specifically, the model utilizes a stack of gated layers inspired by the previous
gated SSM (Mehta et al., 2023). Figure A.1 (right) in Appendix A.2 shows the

Mamba architecture combining the SSM layer with a gated neural network.

Implementation: Parallel scans for linear recurrences. At training time, we
have access to the entire sequence z, allowing us to compute the linear recurrence
more efficiently. Smith et al. (2023) demonstrated the use of work-efficient
parallel scans (Blelloch, 1990) for efficiently computing the sequential recurrence
in linear SSMs. For Mamba, we first map the recurrence to a sequence of L
tuples, with e, = (Ay, by,) := (A[k], B[k]z[k]), then define an associative operator
e such that e; e ¢, = (ApA;, Axb; + b;). Finally, we apply a parallel scan to
compute the sequence [(A[1], h[1]), (A[2]A[1], h[2]), .. .]. In general, this requires
O(T,log,(L)) time, using L /2 processors, where T, is the cost of a matrix-matrix
multiplication. Noting A to be a diagonal matrix, the linear recurrence can
be computed parallelly in O(nlog,(L)) time and O(nL) space. A parallel scan

with a diagonal matrix is also efficient in operation, requiring O(nL) FLOPs.

(Appendix A.4 details parallel scans.)
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2.3 Methods

2.3.1 Modeling long byte-sequences

MambaByte is an application of the Mamba architecture to byte-level language
modeling. Our main observation is that unlike Transformers, whose memory
scales linearly in sequence length, Mamba maintains a large fixed-size memory
state, which makes it suitable for direct byte-level modeling. Formally, an m-layer
Mamba model, each with a hidden state i(t) € R™=<*? efficiently maintains and
evolves a memory of m X ngaee X d floats. Noting that the Mamba hidden state
memory size is independent of input context length, L, processing subword
sequences or byte sequences requires the underlying model to compress roughly
L bytes in its fixed hidden state memory, irrespective of the input representa-
tion. In all but extreme cases, m X ngate X d > L, leaving enough space of a
hidden state h(t) to encode L. information. Therefore, if Mamba can be used
for tokenized models, MambaByte should enable modeling byte-level sequences
without the need for length-compression trade-offs (Dai et al., 2020; Nawrot et al.,

2023; Yu et al., 2023).

Utilizing a fixed-sized memory representation may also help avoid quadratic
dependencies and improve generalization. While Transformers are designed to
capture long-range dependencies, researchers have noted that the sheer number
of potential interactions in a long byte-level sequence can dilute the model’s
focus, making it challenging to capture crucial dependencies amid a vast number
of less relevant ones (Tworkowski et al., 2024). Bytes level information is much
more granular, thus necessitating the model to learn from a much larger context

to make meaningful predictions.
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Figure 2.2: Speculative decoding through subword drafting and byte-level
verification. The green subwords are suggestions made by the smaller subword
(Mamba) model Mubword, Whose associated bytes fell in the top-3 autoregressive
candidates of the byte-level verifier (MambaByte) model Mypy. The red and
blue bytes are the rejections and corresponding corrections made by the verifier
model. (Two steps shown using the prompt: “the cat”.)

Finally, training Mamba for long byte-sequences has an inherent computation
benefit at scale. The computational cost for Mamba at training is O(L), while
even compressed models such as MegaByte (Yu et al., 2023) have a complexity

of O(L2. /p® + Lewp) for a patch size p. Even with a large patch size of L'/3, the
ctx p gep

ctx 7

4/3)

ctx /°

resulting complexity is O(L

2.3.2 Speculative decoding through subword drafting

While MambaByte is computationally efficient at training, it encounters chal-
lenges in decoding, primarily because each byte is processed sequentially. To
mitigate this sequential bottleneck, we propose a adaptation of speculative decod-

ing through subword drafting and byte-level verification. Our observation is that
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most inference steps do not require the granularity of byte-level decoding and
can benefit from faster subword drafting. Consequently, we can train token-free
models, which are known to be robust to noise, and simulate subword-model-
like generation, which is significantly faster. We decompose every decoding
iteration into two steps: draft using a smaller subword (Mamba) model, then
verify and correct using a larger byte-level (MambaByte) model, as illustrated in

Figure 2.2.

The subword Mamba model, Mgupbword, drafts m subwords autoregressively
while recording the associated hidden states at each timestep. The drafted
subwords are converted to bytes, fed to the byte-level MambaByte model, Myyte,
and verified using a parallel scan. We then find the bifurcation byte position c, the
furthest position in the byte sequence verified to be in the top-3 autoregressive
candidates of M. We also find the subword bifurcation position associated
with ¢, i.e., the largest position of the subword whose bytes are all verified to
be correct. Drafted bytes after position c are discarded. Noting that the drafter
is tokenized, while the verifier is token-free, we cannot just correct for b..4, i.e.,
one byte after the bifurcation position, and continue drafting—this causes issues
with drafting, especially if the tokenizer cannot find the newly updated partial
subword in its pre-trained vocabulary. To avoid the possibility of the corrected
partial subword being marked as out-of-vocabulary, we use the verifier model to
generate bytes autoregressively until a boundary byte (e.g., space) is generated.
The final decoded tokens include the verified drafted subwords and the corrected
subword generated by the byte-level model. We cache the final hidden state
from the MambaByte verifier and the bifurcation hidden state from the subword
Mamba model for the next iteration. For completeness, we provide the algorithm

for speculative decoding through subword drafting in Appendix A.7.
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To enable resuming during the parallel scan, we extended the fast CUDA
kernel from Mamba (Gu and Dao, 2024), allowing verification to restart from the

mismatched position instead of beginning from the start.

2.4 Experimental setup

FLOPs per

Expt Models train byte

Medium- MegaByte-758M+262M : 1.02:1
scale MambaByte-353M

Large- MegaByte-1.3B+350M :  0.54 : 1
scale MambaByte-972M

MegaByte-1.3B+218M :  0.40: 1
MambaByte-972M

Table 2.1: Relative training FLOPs by model size. MegaByte models use a patch
size of 8.

Our experiments compare MambaByte to a range of other tokenizer-based
and token-free Transformers and SSMs. All our models employ the same training
recipes. We utilize a set of diverse long-form text datasets: PG19 (Rae et al.,,
2020), Stories (Trinh and Le, 2018), Books (Gao et al., 2020b), ArXiv (Gao et al.,
2020b), and Code (Gao et al., 2020b). We consider models of different sizes: for
MambaByte, this is indicated by the number of parameters in the model; for
MegaByte, which is the primary baseline used, size is indicated by the number
of parameters in the patched model and the unpatched generation head. Dataset
sizes and average document lengths are included in Appendix A.1; model details

are given in Appendix A.2.

Performance comparison across architectures requires care. To this end, we

consider two settings: compute-matched and parameter-matched. This setup is
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necessary as the default MegaByte Transformer employs a global module that
works with 8 x-patched representations of the input, thus using 8x fewer feed-
forward FLOPs per byte than a raw Transformer, while having significantly more
parameters. Table 2.1 shows the MegaByte and MambaByte model sizes em-
ployed in our experiments. The (forward pass) FLOPs computation for various
model architectures and the associated hyperparameters employed are detailed

in Appendix A.2.

All MambaByte models were trained using the open-source Mamba code
base.? At training, we shuffle the documents and use contiguous sequences of
8,192 bytes (one per document), starting from a random position. We enable
mixed precision training using BF16 for training efficiency at scale. The optimizer,

learning rate scheduler, and other training details are specified in Appendix A.3.

2.5 Results

2,51 Language modeling performance

Table 2.2 shows language modeling performance in bits per byte (BPB) across
each dataset. For this experiment, the MegaByte-758M+262M and MambaByte
models use the same number of FLOPs per byte (see Table 2.1). We observe Mam-
baByte to outperform MegaByte consistently across all datasets. Furthermore,
MambaByte outperforms MegaByte with 0.63x less compute and training data.
Additionally, MambaByte-353M also outperforms byte-level Transformer and

PerceiverAR.

nttps://github.com/state-spaces/mamba.
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Bytes Test BPB |

Byte-level model Context trained

PG19 Stories Books ArXiv Code
Transformer-320M 1,024 80B 1.057 1.064 1.097 0.816 0.575
Perceiver AR-248M 8,192 80B 1.104  1.070 1.104 0.791 0.546
MegaByte-758M+262M 8,192 80B 1.000 0.978 1.007 0.678 0.411
MambaByte-353M 8,192 30B* 0.930 0.908 0.966 0.663 0.396

Table 2.2: Medium-scale token-free experiments. MegaByte-758M+262M (patch:
8) and MambaByte-353M use the same FLOPs per byte. (The BPB for Trans-
former, PerceiverAR, and MegaByte are from Yu et al. (2023).)

1604|
1404|
1204|
1004|

80|

Word-level PPL

60|

40
8,192

20-r T T T T T T
0 5K 10K 15K 20K 25K 30K
Byte position in sequence

MambaByte-353M

S4D-368M
MegaByte-193M+177M (patch: 8)
MegaByte-193M+177M (patch: 4)
Transformer-361M

Figure 2.3: Length extrapolation. All models are trained with 8, 192-long byte
sequences. MambaByte can extrapolate to much longer sequences without
performance degradation.

Figure 2.1 further explores this relationship by looking at models with the
same number of parameters. The graphs indicate that for MegaByte models of the
same parameter size, models with less input patching perform better, but when
compute-normalized, they perform similarly. In fact, a full-length Transformer,
while slow in an absolute sense, also performs similarly to the MegaByte model

when compute-normalized. In contrast, switching to the Mamba architecture
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significantly improves both the compute usage and the model performance.

Following these findings, Table 2.3 compares a larger version of these models
on the PG19 dataset, both with and without tokenization. For this experiment,
we compare MambaByte-972M with MegaByte-1.3B+350M and other byte-level
models, as well as several state-of-the-art subword models. (The conversion from
BPB and subword-level perplexity to word-level perplexity (PPL) is detailed in
Appendix A.6). We find that MambaByte-972M, even just trained for 150B bytes,
outperforms all the byte-level models and achieves competitive performance

with subword models.

Figure 2.3 records another interesting aspect of MambaByte: its ability to
extrapolate to significantly longer sequences (at least 4 x longer than the training
length) compared to other byte-level Transformer and SSM baselines, suggesting
that MambaByte can effectively refine the recurrent hidden state for significantly
longer sequences. As expected, limited by the position embeddings, Transformer

models don’t extrapolate beyond the training length.

2.5.2 Token-free capabilities

To control for the benefits of the Mamba architecture, we retrained a subword
Mamba-1.03B model in a compute-matched setting (see Table 2.3). Interestingly,
the (subword) Mamba and MambaByte perform similarly at the same parameter
size and training compute. As previously mentioned, these models effectively
have the same memory capacity despite significant differences in the input se-
quence length. We also find that Mamba achieves near-optimal performance

more efficiently than MambaByte, though not 4x faster as expected, but 2.2x
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Effective

(#Layers) Model Vocab gge;;t‘e,:)dx bytes S’;‘lﬂ g;?i
trained
(36) Transformer-XL (Rae et al., 2020) 32K 2,048/4,096 400B 455 36.3
(36) Compressive (Rae et al., 2020) 32K 2,048/2x2,048 400B 434 33.6
(22) Routing-490M (Roy et al., 2021) 82K 32,768 330B - 332
(60) PerceiverAR-975M (Hawthorne et al., 2022) 32K 8,192 1.68T 459 28.9
(24) Block-Recurrent-1.3B (Hutchins et al., 2022) 32K 4, 096/recur. — - 26.5
(48) Mamba-1.03B 32K 8,192 600B* 40.1 33.9
(—) Transformer-320M (Yu et al., 2023) 256 8,192 400B 816 694
(—) PerceiverAR-248M (Yu et al., 2023) 256 8,192 400B  119.1 88.8
(24+24) MegaByte-1.3B+350M (Yu et al., 2023) 256 8,192/patch: 8 400B 42.8 36.4
(48) MambaByte-972M 256 8,192 150B* 39.6 33.0

Table 2.3: Large-scale experiment on PG19. The observed BPB scores are con-
verted to word-level PPL for comparison with past works.

(Top.) Comparison with subword models.

(Bottom.) All the byte-level models are compute-matched.

Mamba-1.03B and MambaByte-972M are evaluated using 4 x longer context and
a sliding window of 16, 384 bytes. MambaByte-972M significantly outperforms
other byte-level models and is competitive with state-of-the-art subword models.
(Accompanying citation indicates the work from which the corresponding result
was taken; fields marked — are unknown.)

faster. Furthermore, the perplexity for Mamba-1.03B does not improve signifi-
cantly beyond 150B training bytes, consistent with the observations made by Rae
et al. (2020). Given the similar performance of Mamba and MambaByte, we can

further explore downstream capabilities.

Modeling longer contexts. From Figure 2.4, we note that Mamba and Mam-
baByte show impressive extrapolation capabilities for sequences up to 64 x longer
than the training length. We hypothesize that MambaByte shows slightly better
length extrapolation than the subword Mamba because MambaByte models 4 x
longer sequences at training despite both models processing the same effective

number of bytes per training sequence.
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Figure 2.4: Long context experiment. Table 2.4: Synthetic noise experi-

Length extrapolation using a sliding ments. Degradation of Mamba-1.03B

window of Ly /2. and MambaByte-972M under varied
noise settings.

Synthetic noise experiments. We employ the synthetic noise benchmark from
Xue et al. (2022) to test model robustness; additional details about the noise
settings are noted in Appendix A.8. We process the input text in the PG19 test set
into chunks of 100 space-separated words and inject noise into every odd-indexed
chunk while retaining the text in the even-indexed chunk unaltered. Table 2.4
shows the degradation of word-level PPL with noise injection, measured on even-
indexed chunks. We observe that Mamba performance degrades significantly
in the presence of noise compared to MambaByte across all noise conditions,
indicating that tokenized vocabulary fundamentally limits subword models. This
effect is pronounced in specific noise settings such as antspeak (every character is
capitalized and padded with spaces) and character swapping (consecutive bytes
are swapped). Our findings align with those observed by Xue et al. (2022) in that
byte-level models are significantly more resilient to accidental and adversarial

spelling errors than subword models.
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Bytes Test Generation

Model trained Context BPB ' time (s) +
Transformer-350M 80B 1,024 1.064 132
MegaByte-1.3B+218M 80B 8,192 0.991 93
MegaByte-1.3B+218M - 8,192 - 265
MambaByte-972M 75B* 8,192  0.883 29

w/ sliding window (2x bytes) 0.863 58
MambaByte-1.6B - 8,192 - 36

Table 2.5: Generation speed benchmarking. Speed to generate 8, 192 bytes; fields
marked — are unknown. (Upper) The BPB on PG19 and generation time for the
Transformer and MegaByte are taken from Yu et al. (2023). (Lower) MegaByte
and MambaByte run on the same hardware; we use the available open-source
MegaByte implementation here.

2.5.3 Generation efficiency

Autoregressive inference in Transformer models requires caching the entire con-
text, which can significantly affect the generation speed. MambaByte does not
suffer from this bottleneck as it maintains a single hidden state per layer that
evolves with time, enabling constant time per generation step. Table 2.5 com-
pares the text generation speeds of MambaByte-972M and MambaByte-1.6B with
MegaByte-1.3B+350M on an A100 80GB PCle GPU. While MegaByte significantly
reduces the generation cost through patching, we observe MambaByte to be
2.6x faster in a parameter-matched setting due to its use of recurrent generation.

Appendix A.9 includes more information about the generation process.

Generation via subword speculation. Table 2.6 shows the inference speedup
using speculative decoding through subword drafting, averaged across 100
prompts generated using common phrases in the PG19 dataset. We use a Mamba-
110M model as the drafter, and the subwords are generated using greedy decod-

ing. We observe that through speculative subword drafting, MambaByte can
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Relative , Log-odds

Model Context speedup T ratio T
MambaByte-972M 8,192 1x 1.0
Mamba-1.03B 2,048 2.8% 0.10
MambaByte-972M 8,192 2.6 0.89

w/ Mamba-110M speculation

Table 2.6: Generation speed with subword speculation. Empirical results for
speeding up inference from the MambaByte-972M model. Speed was measured
in generating 8, 192 bytes; the drafter drafts three subwords per iteration and the
verifier accepts if the drafted bytes were in its top-3 candidates.

achieve a decoding speed nearing that of the subword Mamba. Furthermore, to
assess the faithfulness of our speculative decoding approach, we use a greedy-
decoded MambaByte-972M generation as the reference candidate for a given
prompt. We report the ratio of the log-likelihood of generating the reference can-
didate to the log-likelihood of MambaByte generating the speculative-decoded
sequence, which is averaged across all prompts. From Table 2.6, we observe our
speculative decoding approach to be more faithful to MambaByte-972M than the
subword Mamba-1.03B.

2.6 Further related work

Token-free language models. Tokenization has been fundamental to language
modeling and vital in enhancing model efficiency and understanding. Several
algorithms have been proposed to address tokenization issues, including sizeable
vocabulary size and handling out-of-vocabulary tokens: Byte-Pair Encoding
(Sennrich et al., 2015), WordPiece (Schuster and Nakajima, 2012; Devlin et al.,
2018), and SentencePiece (Kudo and Richardson, 2018). The recent shift towards

character (Tay et al., 2022; Ma et al., 2020; Mielke and Eisner, 2019) and byte-level
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(Yuetal., 2023; Xue et al., 2022; Belouadi and Eger, 2022) modeling aims to achieve
token-free preprocessing, thereby facilitating improved model adaptability and

domain transferability in language modeling and multilingual processing.

Attention-free models. Attention-free models offer enhanced computational
and memory efficiency and are increasingly adapted for several language pro-
cessing tasks, including autoregressive language modeling. Models such as 54
(Gu et al., 2022a) and its subsequent variants (Gupta et al., 2022; Gu et al., 2022b)
have demonstrated promising outcomes in subword-level language modeling.
Gated SSM architectures such as GSS (Mehta et al., 2023) and BiGS Wang et al.
(2023) incorporated a gating mechanism into SSMs for (bidirectional) language
modeling. The recently introduced Mamba model (Gu and Dao, 2024) posits
that the unchanging dynamics of these methods fail to incorporate input-specific
context selection within the hidden state, which might be crucial for tasks like
language modeling. Mamba has been shown to outperform Transformers across
model sizes and at scale. Alternatively, several other sub-quadratic model archi-
tectures (Yang et al., 2024; De et al., 2024; Arora et al., 2023, 2024; Fu et al., 2024a)
have also been proposed. Beyond language modeling, SSMs and Mamba have
been applied in other modalities, including images (Yan et al., 2024), audio (Goel

et al., 2022), and bioinformatics (Schiff et al., 2024).

Speculative decoding for fast inference. Speculative decoding (Spector and
Re, 2023; Leviathan et al., 2023; Chen et al., 2023; Xia et al., 2023) has emerged
as a promising approach to accelerate the inference of large language models,
specifically Transformers. The core idea is to use a smaller draft model to specu-

latively generate candidate tokens, which the larger target model then verifies.
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Leviathan et al. (2023); Chen et al. (2023) proposed a rejection sampling scheme to
improve the inference quality. Spector and Re (2023) restructured the candidate
tokens into a tree to enable more efficient verification. Additional approaches
also investigated trained draft models (Bhendawade et al., 2024; Chen et al., 2023;
Liu et al., 2023) and training-free draft models (He et al., 2023; Yang et al., 2023; Fu
et al., 2024b). While previous methods employ drafter and verifier models with
the same underlying tokenization scheme, this paper proposes using a smaller
subword Mamba model as the speculative drafter and a larger MambaByte as

the byte-level verifier.

2.7 Conclusion

In this chapter, we introduced MambaByte, a token-free SSM for modeling long
byte-sequences. MambaByte outperforms other byte-level models over several
datasets and shows competitive results with subword Transformers while being
significantly robust to text corruptions, thus serving as a promising tokenization
alternative. Due to their recurrent nature, SSMs enable significantly faster text
generation to Transformer models. We further improve the generation efficiency
through speculative decoding using subword drafting and show MambaByte
to achieve to achieve a decoding efficiency similar to the subword Mamba,
making byte models practical. Our findings establish the possibility of token-free

language modeling in future large models.
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CHAPTER 3
MECHANISTIC INSIGHTS INTO RECURRENT MEMORY FOR
LONG-CONTEXT MODELING

[This chapter is based on ongoing joint work with Johannes Knittel, Hendrik

Strobelt, and Alexander M. Rush.]

In Chapter 2, we investigated the extrapolation capabilities of MambaByte,
demonstrating its ability to predict tokens in contexts at least 64 x longer than
those seen during training. This highlights its exceptional capacity for long-
context modeling, which is critical for tasks like repository-level code under-
standing (Bairi et al., 2024), autonomous agents (Weng, 2023), and long-history
dialog modeling (Mazumder and Liu, 2024). In this chapter, we exclusively
focus on understanding the internal mechanisms that enable such capabilities.
Specifically, we aim to dissect the role of the recurrent memory in facilitating

long-context retrieval.

3.1 Introduction

The ability to process and generate text based on rich contextual information is
crucial for several reasons. Longer contexts provide models with more informa-
tion to condition their outputs, resulting in more accurate, contextually relevant,
and up-to-date responses. Moreover, long-context modeling enhances in-context
learning by allowing the incorporation of more examples or instructions within
the input (Chevalier et al., 2023; Agarwal et al., 2024; Lee et al., 2023). To explore
these capabilities at scale, we study RecurrentGemma-9B, a high-performing

linear recurrent model designed for long-sequence tasks (Botev et al., 2024). Our
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investigation focuses on the passkey retrieval task (Mohtashami and Jaggi, 2023;
Samuel, 2024), in which the model must identify and retrieve a passkey embed-
ded within a long context. This task serves as a foundational benchmark for
advanced long-context applications that interleave retrieval and reasoning in a

multi-step fashion (Kuratov et al., 2024).

In this chapter, we are motivated by the specific question of what the recurrent
memory encodes during successful or failed passkey retrievals. To this end, we
experiment with k-sparse autoencoders (Makhzani and Frey, 2014; Gao et al.,
2024) to analyze features within RecurrentGemma hidden states. Inspired by
prior work demonstrating that sparse autoencoders can uncover causally relevant
and interpretable features (Bricken et al., 2023; Cunningham et al., 2023; Marks
etal., 2024; Lieberum et al., 2024), we aim to identify features that enable or guide
recall beyond the local attention window. Understanding how certain features
impact retrieval performance may reveal key limitations of recurrent models in

handling long-context tasks.

Our experiments show promising results. Despite not explicitly training the
sparse autoencoder to model recurrence, we identify several spanning features,
with some extending over three times the length of the local attention window.
These features seem to capture long-range dependencies within the hidden
states. Furthermore, we pinpoint specific features that play a crucial role in
successful passkey retrieval, providing insight into how the model’s memory
supports recall. The discovery of these “retrieval” features provides valuable
insight into the limitations of recurrent models for long-context retrieval. Our
tindings could guide the design of future recurrent architectures by emphasizing

the promotion of such features, potentially through architectural adjustments
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or targeted training strategies that enhance the model’s ability to retain and

leverage long-range dependencies for more effective retrieval and recall tasks.

3.2 Background

3.2.1 RecurrentGemma

Architecture. RecurrentGemma-9B is a medium-scale hybrid model that com-
bines local sliding-window attention of 2, 048 tokens with gated linear recurrence.
This architecture effectively balances the strengths of both components: local
attention excels at modeling the recent past, while the recurrent layers propagate
information across longer sequences. In contrast to standard Transformers with
global attention, where the KV cache scales with sequence length, Recurrent-

Gemma maintains fixed state sizes.

Since we are only interested in the recurrent memory of RecurrentGemma,
we provide a technical overview of the real-gated linear recurrent unit (RG-LRU),
which serves as the token-mixing component of the model. For additional details
on the model’s specifics, we refer the reader to De et al. (2024). At timestep £,
the recurrence in an RG-LRU unit for an input z[k] € R? and h[k — 1] € R?is

formulated as:

hlk] = alk] ® hlk — 1] + /1 — a[k]? © (i[k] © x[k]),

where the gates are defined as:

r[k] = oc(Wazlk]); ilk] = c(Wox[k]); alk] = exp(—cr[k] © softplus(A)).
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Here, c is a scalar-valued constant set to 8, o denotes the sigmoid function,
and A € R? is a learnable vector representing the eigenvalues of the state-
transition matrix. The weight matrices W, and W, are block-diagonal, each
containing n blocks of size R¥"*4/". The recurrence gate, r[k], allows the model
to effectively discard the input at timestep k, while preserving all information
from the previous history, h[k — 1]. Such gating allows the model to achieve

super-exponential memory by reducing the influence of uninformative inputs.

Long-context retrieval abilities. De et al. (2024) demonstrate that hybrid mod-
els trained on synthetic copy tasks can achieve retrieval and copying capabilities
well-beyond the local attention window. Since RecurrentGemma was trained
on sequences of 8,192 tokens—4 x longer than the length of the local attention
window—we expect long-context reasoning abilities to emerge naturally in the

model, without requiring explicit fine-tuning on specialized (synthetic) tasks.

3.2.2 TopK sparse autoencoders

Recent studies have shown that a significant portion of language model acti-
vations can be expressed as sparse, linear combinations of vectors, where each
vector represents a meaningful feature (Mikolov et al., 2013; Olah et al., 2020;
Elhage et al., 2022; Gurnee et al., 2023; Nanda et al., 2023; Park et al., 2024).
Sparse autoencoders have proven to be an effective unsupervised method for
discovering these feature vectors, with prior research demonstrating their ability
to uncover interpretable features (Bricken et al., 2023; Cunningham et al., 2023;
Gao et al., 2024; Marks et al., 2024; Adly Templeton et al., 2024; Lieberum et al.,
2024).
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Building on the approach by Gao et al. (2024), we use a k-sparse autoencoder
(Makhzani and Frey, 2014) to model hidden state activations. The TopK activation
function retains only the £ largest latent values, setting the rest to zero. This
approach offers a Pareto improvement on the sparsity-reconstruction frontier
compared to ReLU-based autoencoders that rely on an L; penalty to enforce

sparsity.
For an input activation, z, the encoder and decoder reconstruct x as follows:

Z = TOpK(WenC(«T - bpre) + benC)7

T = Wec + bprea

where the encoder matrix We,. € R™*? latent bias be,e € R™, decoder weight
matrix Wyee € R, and pre bias bpre € R¢. The columns of Wy.., denoted
fj for j = 1,...,n, represent the dictionary of features into which the sparse

autoencoder decomposes z.

3.2.3 Passkey retrieval task

To understand the long-context behavior of RecurrentGemma, we employ
the passkey retrieval task, where the model is required to retrieve and output a
specific passkey embedded within the input tokens. A six-digit passkey (ranging
from 100, 000 to 999, 999) is inserted at varying depths, both within and outside
the local attention window, across multiple trials. A generation is deemed
correct if it matches the exact passkey, establishing a trivial baseline accuracy of
1/900, 000. Figure 3.1 illustrates an example, highlighting key regions of interest.
(The specific prompts used for the task are provided in Appendix B.1.) To ensure

that any correct answer is genuinely retrieved from the context, we confirm the
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Some magic number is hidden in the following text.
Make sure to memorize it.
I will quiz you about the magic number afterwards.
Once upon a time
The magic number is 888888.

live happily ever after.
Q: What is the magic number in the provided text?
A: The magic number in the provided text is

888888.

Figure 3.1: Passkey retrieval task. This task examines how the model retrieves a
passkey embedded within a long context. The instruction tokens, highlighted in
blue, guide the model to memorize the passkey. The passkey itself is revealed
in the sentence highlighted in yellow. The question, within the local attention
window, is shown in green, prompting the model to recall the passkey. Finally,
the model’s response, shown in red, displays the retrieved passkey.

passkey to be irrelevant to the given long context. This guarantees that, when a
correct answer is generated, it is copied from the context rather than drawn from

the model’s internal knowledge.

Easy passkey task. We also introduce an adaptation of the standard passkey
task, where the passkey is a single token from the model’s vocabulary. For
simplicity, we set this passkey to a single-digit magic number (from 0 to 9)." The
trivial baseline accuracy for this task is 1/10, suggesting that the model might
simply guess the number to achieve a correct result. However, when considering
aggregate performance for all digits, this probability drops to (1/10)'°, which is
extremely low. That said, this is still an easier task compared to the previous one,

as the model only needs to generate a single token.

'We also experimented with using a single magic word instead of a number. However, retrieval
performance for magic words was significantly worse than for magic numbers, even when the
magic word was within the local attention window. We do not explore this further, but speculate
that this may be due to prompt sensitivity.
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3.3 Methods

3.3.1 Establishing long-context retrieval abilities

We first evaluate the long-context retrieval capabilities of RecurrentGemma on
the passkey task and the easy passkey task, focusing on the model’s performance
when the passkey is placed beyond the local attention window of 2, 048 tokens.
In the easy passkey task, we further explore whether prior knowledge that
the passkey is a single digit improves the model’s retrieval accuracy. These
experiments aim to identify the model’s strengths and limitations, pinpointing
specific scenarios of passkey depth and context length to guide subsequent

analysis.

For both tasks, explicit instructions are provided, directing the model to
memorize the passkey and indicating that it will be queried later. We do not
evaluate scenarios where the passkey is introduced without such instructions,
as recurrent models naturally prioritize storing information deemed relevant.
Without explicit guidance to retain an otherwise irrelevant passkey, the model is

likely to allocate memory to other contextual information.

3.3.2 Analyzing sparse autoencoder features

In cases where the model fails to retrieve the passkey, we aim to answer a key
question: Is the magic number unavailable by the time it reaches the local atten-
tion window because the recurrent mechanism fails to retain that information?

Or does the recurrent state effectively pass the information, but the local attention

32



mechanism struggles to utilize it, being distracted by other competing tokens

(e.g., numbers) within the window?

To investigate this, we analyze features extracted by a k-sparse autoencoder
trained on the recurrent hidden states. The goal is to identify the specific features

that facilitate successful recall of the passkey beyond the local attention window.

Spanning features in recurrent memory. We adopt a generalized feature-
centric approach, focusing on analyzing the top-1 feature associated with all the
training tokens. We treat these features as binary indicators—either present or
not—disregarding the activation values. This simplification allows us to concen-
trate on the occurrence and continuity of features rather than their activation

values.

A significant aspect of our analysis is the identification of spanning features,
i.e., features that remain active across multiple consecutive tokens. These are
of particular interest because they may hold the key to capturing long-context
dependencies. Specifically, we seek spanning features that originate before the
local attention window and extend into it, as such features could play a criti-
cal role in bridging the gap between long-context information in the recurrent
state and the model’s local attention mechanism. While interpretability of these
features remains an important consideration, our immediate focus is on uncov-
ering whether such spanning features exist and understanding their potential

connection to long-context recall.

It is important to emphasize that the autoencoder training process does not
explicitly account for the sequential nature of data, treating each hidden state

activation vector independently. If spanning features emerge, they likely reflect
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the ability of recurrent hidden states to implicitly encode past context, suggesting
that RecurrentGemma’s recurrence mechanism inherently structures the hidden

states to support such features, even without explicit constraints.

We also explore whether specific tokens promote the emergence of spanning
features. For example, a token like “$”, which marks the start of KTgXmath code,
could trigger a feature that remains active until the end of the code sequence.
This exploration aligns with our passkey tasks, where we aim to identify features
triggered by the “passkey” (the key information) that remain active until the
needle is retrieved, or at least for a significant portion of the subsequent context.
Since our goal is to establish evidence of such behavior, we manually select tokens
for investigation. However, we note that this process can be easily automated to

identify tokens that promote such features.

Identifying features for needle retrieval. Evidence of spanning features and
tokens that promote such features suggests that the sparse autoencoder latents
can capture aspects of recurrent memory capable of retaining and transmitting
information across long contexts. However, this does not directly demonstrate
that needle information is being retained or propagated across the context. To
address this, we shift to a more prompt-centric analysis, revisiting the easy
passkey task, which focuses on tracking features associated with a single-token
passkey. This shift enables us to go beyond analyzing just the top feature, as our
focus is no longer on global feature behavior across all contexts. This is crucial
because the top-1 feature might be more closely tied to the specific properties of
the token rather than to long-context memory. Consequently, for all experiments

in this analysis, we expand our investigation to the top-128 features.
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To keep the analysis manageable, we focus on the following features of

interest:

* Features appearing in both the passkey sentence and the response: Intu-
itively, we expect these features to be associated with the passkey value, or

that the passkey appears after the mention of “magic number”.

* Features appearing in the passkey sentence and the first token within the
local attention window: Analyzing these features helps verify whether
the passkey information is successfully passed into the attention window.
This analysis is made possible by the nature of the easy passkey task,
which involves a single-token passkey. As a result, the sliding attention
window remains stationary, allowing us to focus on the first token within

the window.

* Features appearing in both the passkey sentence, the first in-attention-

context token, and the response.

This tiered approach is crucial because the “circuit” responsible for retaining
the needle information across long contexts may involve multiple interacting fea-
tures. Simply considering the common features between the prompt, the needle,
the attention context, and the response could result in a limited set of features
that span the entire context, potentially overlooking the specific behaviors that
drive successful retrieval. By breaking down the analysis into distinct steps, we
can gain a deeper understanding of how different features contribute to success-
tul long-context retrieval. We analyze these common features independently
from the recall task to identify those that may signal the presence of the passkey,
exhibit long-span behavior, or, ideally, selectively span to effectively transmit the

needle information across long contexts.
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Next, we specifically analyze the behavior of these features in successful vs.
unsuccessful retrievals. Additionally, we look for any other features that exhibit
distinct behavior in these two scenarios, potentially revealing additional factors
that contribute to retrieval success or failure. To narrow the focus, we limit our
investigation to features that commonly activate between the passkey sentence
and the first in-attention-context token. This is based on a simplistic, though
not entirely unreasonable, assumption that, once the recurrence has success-
fully passed the information into the local attention window, the recurrence has

essentially succeeded.

3.4 Experimental setup

3.4.1 Passkey retrieval task

All passkey retrieval tasks follow a consistent template: instruction tokens, fol-
lowed by filler context tokens, the passkey sentence (inserted at various depths),
additional filler context tokens, and the final question, which is placed within
the local attention window (as illustrated in Figure 3.1). We use Paul Graham

essays as filler context, following the setup in (Hsieh et al., 2024).

For the passkey task, we perform greedy sampling of 20 tokens from Recur-
rentGemma, and for the easy passkey task, we sample 5 tokens. We evaluate
RecurrentGemma on the passkey task across 50 random trials. For the easy

passkey task, we conduct 10 trials, one for each digit in the passkey.
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3.4.2 Sparse autoencoder

Dataset and modeling specifics. To enable hardware-efficient training, we
adapt the fast Triton kernels for sparse matrix multiplications from the OpenAl
sparse autoencoder open-source codebase’. We train a 131K-latent (32x the
recurrent dimension) k-sparse autoencoder with £ = 32 using layer-30 RG-
LRU activations (before gating with the GeLU branch, see Figure 3.2) from
RecurrentGemma-9B, generated using 339M tokens from The MiniPile dataset
(Kaddour, 2023), a clean, deduplicated subset of The Pile corpus (Gao et al.,
2020b). Note that this differs from most previous works (Engels et al., 2024;
Gao et al., 2024; Adly Templeton et al., 2024; EleutherAl, 2024), which focus on
autoencoders trained on residual stream activations. The choice of layer-30 is
based on Gao et al. (2024, Appendix F.1), where the authors suggest that using a
layer between the 3/4-th and 5/6-th depth captures many features without being
specialized for next-token prediction. To enable greater parallelism, we train
with a large batch size of 32, 768, keeping all other hyperparameters as specified
in (Gao et al., 2024).

Training loss. The training loss follows the formulation in Gao et al. (2024),
consisting of two components: the reconstruction error as mean-squared loss
and auxiliary loss that models the reconstruction error using top-£.ux (typically
top-512) dead latents. A latent is considered “dead” if it has not activated for

the past 10M tokens. Let 2’ be the reconstruction using the top-£..y dead latents,

https://github.com/openai/sparse_autoencoder
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Figure 3.2: Location of the sparse autoencoder. The autoencoder is applied to
the stream before gating with GeLU. This choice is motivated by our focus on
analyzing the capabilities of the (gated) linear recurrence in facilitating long-
context modeling.

then, the training loss is defined as:

£ = o = ally+a (e = 7) = Waee'[),
—_——— ~ ~ _
Lmse Laux

for some constant «, typically 1/32.

In line with Gao et al. (2024), we initialize Wy, as WL _ to help reduce the

number of dead latents. Consequently, only about 2% of the latents (i.e., 2, 688
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latents) were found to be dead in our trained autoencoder.

Infrastructure: Storing features. To facilitate scalable and generalizable feature
analysis beyond manual inspection, we extracted the top-1 feature for all 339
million training tokens. However, this process revealed significant bottlenecks:
storing features as compressed pickle files and performing linear scans were
both slow and resource-intensive, making traditional methods impractical for
such a large dataset. To overcome these challenges, we used DuckDB (Raasveldt
and Miihleisen, 2019) to store all extracted features in a flat database structure
with indexing on feature indices for fast querying. This approach reduced disk
space usage and enabled efficient analyses with minimal RAM and memory

requirements, allowing us to explore features at scale systematically.

3.5 Results

3.5.1 Long-context retrieval performance

Figure 3.3 illustrates the retrieval performance of RecurrentGemma-9B on the
passkey task. The model performs well within the local attention window but
shows a significant decline in retrieval success when the needle is placed beyond
this window, even within the training length of 8, 192 tokens. We hypothesize
that this limitation arises because the model lacked the need for robust retrieval
capabilities during training. This could explain why toy models explicitly trained
for copy tasks, such as those in De et al. (2024), perform better. Alternatively,

it may stem from the limitations of the underlying linear recurrence, which
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Figure 3.3: Long-context passkey retrieval evaluation. We evaluate the retrieval
of six-digit passkeys (spanning more than one token) embedded at varying
depths within the document across 50 randomized trials.

The portions of the heatmap highlighted within the green boxes represent in-
stances where the passkey is located within the local attention window. Notably,
unlike toy models (see De et al. (2024, Section 6.2)), RecurrentGemma'’s perfor-
mance significantly degrades when retrieving passkeys located outside the local
attention window. This degradation becomes more pronounced as the sequence

length increases and the passkey is positioned farther from the local attention
window.

struggles to retain the needle for really long contexts.

Figure 3.4 further investigates this behavior on the easy passkey task. As
expected, the model retrieves the needle accurately when it is within the local
attention window. However, even when the prompt explicitly mentions a single-

digit magic number, it still fails to retrieve the needle effectively beyond the local

window.
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(a) Retrieval using the same prompt as (b) Retrieval was performed using a modified
the passkey task, without mentioning passkey prompt, explicitly mentioning that the
that the magic number is a single digit. magic number is a single digit.

Figure 3.4: Long-context easy passkey retrieval evaluation. We evaluate the
retrieval of a single-digit passkey (spanning exactly one token) across 10 trials,
one for each digit. (Left.) When using the standard passkey prompt for this
easier task, we observed retrieval errors where the model incorrectly generated
multiple digits. (Right.) To simplify the task further, we explicitly note that the
magic number is a single digit.

3.5.2 Features promoting long-context retrieval

Does the sparse autoencoder uncover spanning features? Our investiga-
tion revealed that approximately 5% of the total features (6, 673 features) were
spanning features, collectively capturing over 23M spans. Many of these fea-
tures were interpretable: for example, sae.32x/45941 detected the phrase
videos from our team”, while sae.32x/40432 consistently activated for “fea-
tured_button_text}}”. Other features captured broader semantic patterns, such
as sae.32x/5103, which identified measurements in recipe contexts, as shown
in Figure 3.5. On average, span lengths were about 13.06 tokens. Notably,

sae.32x/97553 was the longest spanning feature, extending continuously
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oven to 400 degrees.

2. In a large bowl combine dry ingredients. Add butter,
Directions

In a medium bowl, whisk together chili sauce, fish
Instructions:

1. In a small bowl, dissolve yeast in warm water

1 teaspoon salt

Directions

In a large bowl, cream together butter and sugar. Beat in
oven to 350F. In a medium bowl, combine lime and orange
Instructions

In a large saucepan over medium-high heat, warm the oil.
Heat 1 Tablespoon o0il over in a large saute pan.

Add onions, red peppers,

In a large bowl, sift together flour, cornstarch, baking

Figure 3.5: Feature that measures quantities in recipes. We identify the to-
kens with the highest activation for the feature sae.32x/5103, then randomly
sample and display a subset along with a few surrounding tokens for context.
Observe that the feature activates for “large saucepan,” but not for “medium-
high heat.”

over 8, 170 ETgXtokens.

Next, we investigate specific tokens that promote spanning features, focusing
on two particular tokens: “.” and “$”. For the “.” token, we observed that
the next token is often associated with feature sae.32x/44363, which can be
interpreted as a start-of-sentence feature (see Figure 3.6.) When this feature is
active, it indicates the beginning of a new sentence. However, we caution against
making inferences about the start of a sentence based solely on the absence of
this feature, as this could be misleading. Next, we examine the “$” token. We
find that the two features most frequently associated with the “$” token are also
associated with the token that follows it. Feature sae.32x/97553 is associated

with the “$” token in IXTEX code and spans the longest token span. The second

most frequent feature, sae.32x/24863, is triggered when the “$” symbol is
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Problems. The angio. However,. One should. The greatest
There are. A systematic. Useful terminology
There are)

There are. User

These kinds. The tables
Transaction-. Transaction-. Such queries.
In the.

A temporal. Various kinds.
Using Undo
An undo. When an. The undo. If the. Over time. One of.
A_feature. The
temporal. A flashback. The temporal.
There were. Aa a. Flashback queries.

Figure 3.6: Feature sae.32x/44363 indicates the start of a sentence. Note that
this does not mean this feature is triggered every time a new sentence begins,
but rather that when this feature is activated, it indicates the start of a sentence.

used in code, and remains active for a significantly long span. These observations
suggest that the “$” token may promote spanning features, triggering them to

remain active over an extended context.

From these analyses, it is evident that some of the features identified by the
sparse autoencoder can span remarkably long context lengths, often extending
well beyond the boundaries of the local attention window. Furthermore, specific
tokens, such as “.” and “$”, appear to play a role in triggering feature spanning,

activating features that persist over extended contexts.

Can we identify features responsible for needle retrieval? Now, we turn
our attention to investigating specific features that promote or guide passkey
recall. (An analysis comparing raw hidden memory activations in this context is
presented in Appendix B.2.) Among the features analyzed, the following stand

out as particularly significant:
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Figure 3.7: Feature sae.32x/26161 passes the needle to attention. This feature
has been identified as the key mechanism for holding and passing the needle
to the local attention window. The feature values are visualized for a context
length of 6, 827 tokens, with the needle (indicated in yellow) placed at a depth
of 0.5. We find similar patterns across other context lengths and needle depths,
suggesting a robust role for this feature in maintaining the needle’s state.
Prompt tokens, prepended to the context to instruct the model to memorize a
specific magic number, are highlighted in blue. The local attention window is
highlighted in green.

e Features sae.32x%/2052 and sae.32x/120035: These features activate

at both the passkey position and when the magic number is later retrieved
in the response, suggesting that they encode some representation of the
magic number. However, their activation is not entirely exclusive to the nee-
dle. They occasionally spike for other tokens in the sequence, implying that
these features might capture broader contextual or semantic information

rather than being uniquely tied to the magic number.

Feature sae.32x/26161: This feature emerges as one of the most critical
for the retrieval task. It consistently activates for instruction tokens that
ask the model to memorize a specific magic number. Additionally, it
becomes increasingly active as tokens approach the local attention window
boundary, and again when the magic number is retrieved. Figure 3.7 shows
the activation pattern of this feature for an example with successful retrieval.
Another feature, sae.32x/24992, exhibits similar behavior but appears

to be less consistent and reliable compared to sae.32x/26161.
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(b) The model fails to retrieve the single-digit magic number.

Figure 3.8: Feature sae.32x/26161 for successful vs. unsuccessful retrieval.
We plot the activation values of the feature over time to analyze activation
differences. The prompt tokens are highlighted in blue, and the local attention
window is marked in green. For both (3.8a) and (3.8b), the context length is set
to 8,192 tokens, with the needle placed at a depth of 0.75. The feature exhibits
similar activation patterns for both successful and unsuccessful retrieval cases.

Next, we analyze the behavior of these features in scenarios of successful
magic number retrieval compared to instances where the model fails to retrieve
the correct value. However, contrary to our expectations, all the features iden-
tified before showed similar activation patterns for both successful and unsuc-
cessful retrievals. This lack of differentiation suggests that the features identified
while contributing to the retrieval task, may not be directly influencing the re-
trieval success. For example, in Figure 3.8, we illustrate the activations of feature
sae.32x/26161, which we previously identified as being responsible for pass-
ing needle information to attention. Despite its consistent activation across both
successful and unsuccessful retrievals, we observed no clear distinction in its

behavior based on retrieval success.

Next, we examine features that consistently activate differently for successful

vs. unsuccessful retrievals by focusing on those that commonly activate be-
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Figure 3.9: Feature sae . 32x/22518 for successful vs. unsuccessful retrieval.
We plot the activation values of the feature over time to analyze activation
differences. The token types and their corresponding color coding are marked in
(3.9a). For both (3.9a) and (3.9b), the context length is set to 8, 192 tokens, with
the needle placed at a depth of 0.75. The feature exhibits a clear distinction in its
activation patterns for successful vs. unsuccessful retrieval.

tween the passkey and the first in-attention-context token. Our analysis provides
compelling evidence that feature sae.32x/22518 is critical for promoting re-
trieval success. Figure 3.9 demonstrates that this feature is closely tied to passkey
remembrance. Its activation at the first token within the local attention win-
dow serves as a key signal that the passkey information has been successfully
transmitted. In contrast, for unsuccessful retrievals, sae.32x/22518 reliably
activates for the needle tokens but fails to activate at the first token within the
local attention window. This behavior suggests that the needle information was
not adequately carried forward into the attention window, leading to retrieval
failure. This distinction highlights the role of sae.32x/22518 in facilitating

successful retrieval.
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3.6 Further related work

We omit a discussion of alternate attention models here; for a comprehensive

review of related work in that domain, please refer to Section 2.6.

Long-context retrieval benchmarks. Frontier Transformers have made signifi-
cant strides in handling longer contexts (OpenAl et al., 2024; Anthropic, 2024;
Georgiev et al., 2024). Noting that this work does not directly aim to improve
the long-context capabilities of models but instead seeks to understand what
is stored in the hidden memory of recurrent models to facilitate long-context
retrieval, we find it more relevant to highlight related benchmarks rather than

focusing on models designed for long-context tasks.

The Long Range Arena (Tay et al., 2020) is one of the earliest benchmarks used
to evaluate models’ ability to process long contexts across various modalities.
More recent benchmarks, such as LongBench (Bai et al., 2024), L-Eval (An et al.,
2023), and LooGLE (Li et al., 2024), include several downstream tasks explicitly
designed to assess models’ capabilities in understanding and generating lengthy
contexts. In addition to assessing model performance on downstream tasks,
benchmarks like the passkey retrieval task (Mohtashami and Jaggi, 2023) and the
needle-in-a-haystack task (gkamradt, 2024) evaluate the ability to retrieve specific
key information embedded in long filler contexts. For our study, we focus on
variants of the passkey retrieval task rather than the needle-in-a-haystack test,
as the latter requires an external model to assess the correctness of the retrieved

information, which can be unreliable depending on the evaluation model.

More recently, Zhang et al. (2024a) proposed benchmarks extending long-
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context evaluation beyond 100K tokens. Notably, Chen et al. (2024); Zhang et al.
(2024a) identify that linear recurrent models suffer significant performance drops
when the context length substantially exceeds their training length. In this work,
we explore RecurrentGemma within its training length of 8, 192 tokens, leaving

the exploration of longer contexts for future research.

Mechanistic interpretability. Mechanistic interpretability (Olah et al., 2020)
seeks to reverse engineer and explain the inner workings of models, often
through discovering and describing circuits (Wang et al., 2022; Hanna et al.,
2023; Conmy et al., 2023; Marks et al., 2024), or by investigating whether certain
behaviors can be traced to individual neurons or are represented in a more dis-
tributed fashion (Dalvi et al., 2019; Durrani et al., 2020; Bau et al., 2020; Elhage
et al., 2022; Gurnee et al., 2023; Adly Templeton et al., 2024).

Recent studies show that sparse autoencoders can extract an overcomplete
teature basis from language models (Yun et al., 2023; Bricken et al., 2023; Cunning-
ham et al., 2023), with several sparse autoencoders trained on small open-source
models (Marks, 2023; Bloom, 2024; Mossing et al., 2024). Rajamanoharan et al.
(2024) and Taggart (2024) proposed using different activation functions to ad-
dress activation shrinkage in ReLU sparse autoencoders. Building on this, Team
et al. (2024b) trained and released the weights of GemmaScope: a comprehensive
open suite of JumpReLU autoencoders (Rajamanoharan et al., 2024) trained on
activations across all layers of Gemma models. Braun et al. (2024) trained sparse
autoencoders on downstream KL divergence rather than reconstruction error.
Gao et al. (2024) trained TopK sparse autoencoders on GPT-2 and GPT-4, and
released scaling laws to facilitate optimal training. Most of these prior works

focus on sparse autoencoders trained on residual streams in Transformers. To
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the best of our knowledge, we are the first to analyze recurrent hidden memory

using sparse autoencoders.

In addition to feature extraction, other interpretability approaches such as
steering vectors (Li et al., 2023; Turner et al., 2023), probing (Belinkov, 2022), and

causal tracing (Sharma et al., 2024) have also been explored.

3.7 Conclusion

In this chapter, we investigated the ability of RecurrentGemma to retrieve in-
formation embedded within long contexts. Our findings reveal that while the
model performs well within the local attention window, its ability to retrieve
information deteriorates significantly when the passkey resides beyond this
boundary. By leveraging a k-sparse autoencoder, we identified specific features
in the recurrent hidden states that promote successful needle retrieval. These
features provide valuable insight into the internal dynamics of long-context

modeling, suggesting a potential pathway for improving recurrent models.

Future work. While our discovery of retrieval-promoting features is promising,
it relies heavily on manual inspection, which limits the robustness and gener-
alizability of our findings. Future work should focus on developing stronger
evaluation techniques to systematically assess the roles of these features. Two

potential directions include:

e Causal interventions to introduce controlled modifications to the activation

patterns of specific features to steer the model’s behavior and directly test
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their roles in retrieval tasks.

* Injecting noise to the recurrent hidden states or input sequences to ana-
lyze the behavior and robustness of retrieval features under perturbed

conditions.

By advancing our understanding of feature behavior and their causal relation-
ships to retrieval success, we can refine the design of recurrent models to enable

more reliable and effective long-context processing.
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CHAPTER 4
CONCLUSION

One key advantage of linear recurrent models over Transformers is their
linear computational complexity with respect to sequence length, enabling faster
inference for long sequences. This thesis examines the long-context capabilities
of these models in two ways: by applying them to byte-level language modeling,
which inherently involves 4 x longer sequences, and by investigating the features
associated with the hidden memory of these recurrent models to uncover those

that promote or guide associative recall.

We conclude this dissertation by discussing promising directions for future

work inspired by these themes.

Enhancing recurrent model capacity. While linear recurrent models demon-
strate impressive capabilities in modeling byte sequences, the situation shifts
when considering long-context retrieval. In Chapter 3, we observed that although
toy models with RG-LRU units trained on specific copy tasks perform well on
in-context learning tasks involving copy and recall, RecurrentGemma'’s perfor-
mance significantly degrades on the long-context passkey retrieval task when
the passkey is moved outside the local attention window. These observations
align with findings from Jelassi et al. (2024); Merrill et al. (2024); Chen et al.
(2024); Zhang et al. (2024a). Despite having a constant-sized hidden memory—
however large—linear recurrent models face inherent limitations: while they can
process inputs of arbitrary length, there is an upper bound to the information
their states can represent. Notably, Chen et al. (2024) identify this upper bound
as a contributing factor to the inability to forget the earliest tokens, leading to

inefficiencies in long-context tasks. They propose a few training-free strategies to
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mitigate this limitation, albeit with some trade-offs in computational efficiency.
Additionally, Cirone et al. (2024) emphasize the importance of introducing non-
diagonal state transition matrix to unlock greater expressive power in state space
models. These findings underscore the need recurrence architectures that enable

dynamic scaling of memory capacity.

As an aside, while this work focuses on identifying features that promote
or guide retrieval, an adjacent topic of interest could involve analyzing when
instruction tokens are forgotten within the hidden state. Such forgetting could
lead to the premature loss of passkey tokens, highlighting another critical area

for improving long-context memory retention.

Understanding recurrence in distilled models. Recent advancements have
highlighted the potential of distilling existing Transformers into linear recurrent
models to achieve faster inference (Kasai et al., 2021; Zhang et al., 2024b; Mer-
cat et al., 2024; Bick et al., 2024; Wang et al., 2024b; Zhang et al., 2024c). These
approaches enable powerful language models to operate with linear-time com-
plexity and constant-memory generation. Two promising research directions
emerge in this context: (a) evaluating the performance of these distilled models
in context retrieval tasks relative to their base Transformer architectures, and
(b) investigating whether sparse autoencoders can uncover spanning features in
these distilled models, indicating long-term information retention, similar to the
features identified in this work, even when the autoencoders were not explicitly

trained for this purpose.

Recurrence in instruction-tuned vs. standard variants. Our latest experiments

revealed that the instruction-tuned variant, RecurrentGemma-9B-IT, demon-
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Figure 4.1: Long-context passkey retrieval evaluation using RecurrentGemma-
9B-IT. We evaluate the retrieval performance of six-digit passkeys (spanning
more than one token) across 100 random trials. Compared to the standard
RecurrentGemma-9B model (see Figure 3.3), the instruction-tuned version
demonstrates significantly improved retrieval effectiveness for passkeys beyond
the local attention context.

strates significantly better performance in retrieval tasks compared to the stan-
dard RecurrentGemma-9B (see Figure 4.1). This enhancement is likely due to the
framing of the retrieval task as an explicit instruction to locate a specific passkey
within a long context, aligning closely with the capabilities fine-tuned during
instruction training. Given RecurrentGemma-9B-IT’s impressive performance,
analyzing its activations through sparse autoencoders could yield valuable in-
sights into the features that guide its long-context retrieval capabilities. Such an
investigation might uncover whether instruction tuning alters the representation
of information in the recurrent memory and, if so, which features are responsible

for the observed improvements.

Beyond this, comparing the features extracted from RecurrentGemma-9B-IT
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with those from the standard variant could help isolate the impact of instruction
tuning. Such comparative analysis would also clarify whether instruction tun-

ing inherently improves associative recall or simply better aligns the model’s

behavior with task-specific goals.
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APPENDIX A
APPENDIX FOR CHAPTER 2

A.1 MambaByte training data specifics

Total bytes Total docs Bytes/doc

PG19 11.74G 28,752 4,082,210
Stories 34.18G 948, 247 36,045
Books 108.38G 196, 640 551,179
ArXiv 60.27G 1,264, 405 47,665
Code 677G 56, 626, 342 11,958

Table A.1: Text dataset statistics. The total bytes, total documents, and the mean
document size (bytes per document) for each dataset.

We benchmark our results on various long-form text datasets. The PG19
dataset (Rae et al., 2020) is an extensive collection of full-length English books
(written before 1919) from the Project Gutenberg online library. The PG19 dataset
is ideal to test for long-distance context modeling (Gao et al., 2020b). The Stories
dataset (Trinh and Le, 2018) is a subset of the CommonCrawl] data used for
commonsense reasoning and language modeling. The Books dataset (Gao et al.,
2020b) is another collection of English books. The ArXiv dataset (Gao et al.,
2020b) comprises technical publications in IXTEX from the arXiv online archive.
Finally, the Code dataset (Gao et al., 2020b) is a large dataset of publicly available
open-source code (under Apache, MIT, or BSD licenses). Dataset statistics are

tabulated in Table A.1.

For the PG19 dataset, we employ the train, validation, and test data splits
as indicated by Rae et al. (2020). For Stories, Books, ArXiv, and Code datasets,
we randomly sample 40M consecutive bytes for testing and the rest to train

MambaByte.
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A.2 Compute-constrained modeling
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Figure A.1: SSM model network architectures. (Left) Gated-54D block adapted
from Mehta et al. (2023); (right) Mamba SSM block. (¢ indicates GELU activation
(Hendrycks and Gimpel, 2016), and ¢ indicates Swish activation (Ramachandran
etal., 2017).)

As noted earlier, we evaluate and benchmark MambaByte in a compute-
controlled setting. To this end, we estimate the FLOPs per byte incurred by
various byte-level model architectures. We parameterize the architectures using
hyperparameters n (n,/n;) number of (global/local) layers, dimension d (d,/d;)
of the (global/local) residual stream, expansion factor e of linear layers, patch
size p in MegaByte, state dimension 7, in SSMs, 1D convolution kernel size
k, and low-rank projection dimension r in Mamba. We also include L. bytes
in the input context. Detailed component-wise compute counts for the forward

pass are included in Table A.2.
For the medium-scale language modeling experiments (Table 1, §5 of Yu et al.
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Model Component FLOPs per byte

Transformer Multi-head attention 2n(4d? 4 2Lewd)
(Vaswani et al., 2017) Pointwise feed-forward 2n(2ed?)
Embedding projection 2
MegaByte! Global transformer model 2ng(4d% + 2dy L /p + 2ed2) [p
(Yu et al., 2023) Global-to-local projection 2dyd,
Local transformer model 2ny(4d} + 2pd; + 2ed})
Linear projections 2n(3ed* + d?)
(Cl;j?;icl_esi].)l, left) Kernel via Vandermonde v(A)  n(ayed(ngate + Lew) 1083 (Nstate + Letx) / Letx)
S4D SSM with convolution n(as log(Lew)ed + ed)
Element-wise gating ned
Linear projections 2n(3ed?)
Pre-SSM 1D convolution 2nked
A, B, C from input = 2n(2edr + 2ednsate)
MambaByte Discretization, pre-scan: A, Bx  n(3ednsgae)
(Figure A.1, right) Recurrence w/ parallel scan  n(edngite)
Output: y = Ch + Dz 2nednggate + ned
Element-wise gating ned

Table A.2: Compute (forward pass) estimates for various byte-level language
models. Embedding, de-embedding, and sub-leading terms such as biases,
nonlinearities, and layer norms are omitted. (o, indicates an implementation-
specific constant scaling term.)

(2023)), Yu et al. (2023) employ the MegaByte-758M+262M model, with a context
length of 8, 192 and patch size of 8, trained for 80B bytes. As shown in Figure A.2,
MambaByte-353M (n = 53, d = 1,024, e = 2) and MegaByte-758M+262M use
the same total compute in FLOPs; hence, we employ the MambaByte-353M to
benchmark against MegaByte-758M+262M in Table 2.2 of §2.5.

For the PG19 scaling experiment (Table 2, §5 and Appendix D.3 of Yu et al.
(2023)), Yu et al. (2023) use MegaByte-1.3B+350M (context length of 8,192 and
patch size of 8) trained for 400B bytes to benchmark the observed word-level per-
plexity against several state-of-the-art subword models. Owing to our hardware
limitations, we train MambaByte-972M (n = 48, d = 1,792, e = 2) and control
for the total compute used (see Figure A.2 to view the associated computational

costs). All the model sizes and associated hyperparameters employed in this
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Figure A.2: Computational cost for different model architectures at different
scales. All models use a context length of 8,192, and MegaByte architectures use
a patch size of 8.

work are tabulated in Table A.3.

Model Parameters Hyperparameters
n d
Lo Others
(ng/m) ~ (dg/di) ~©
Transformer 320M (Yu etal., 2023) 29 1,024 4 1,024 heads: —
350M (Yu et al., 2023) 24 1,024 4 1,024 heads: 16
361M 28 1,024 4 8,192 heads: 16
PerceiverAR 248M (Yu et al., 2023) 17 1,024 4 8,192 latents: 1,024
MesaBte  193MH177M! 14/14 1,024/1,024 4 8,192 p = 4,8; heads: 16/16
BAPYIC  758M+262M (Yu etal., 2023) 14/18 2,048/1,024 4 8,192 p = 8; heads: 16/16
1.3B+218M (Yu etal, 2023) 24/15 2,048/1,024 4 8,192 p = 8; heads: 32/—
1.3B+350M (Yu etal, 2023) 24/24 2,048/1,024 4 8,192 p = 8; heads: 32/16
Gated-S4D  368M 26 1,024 4 8192 ngge = 64
353M 53 1,024 2 8,192 k = 4; ngae = 16;7 = 64
MambaByte -\, 48 1,792 2 8,192 k = 4: ngaee = 16,7 = 112
1.6B 48 2,304 2 8,192 k= 4: ngae = 167 = 144

Table A.3: Model hyperparameters. We report the model size and associated
hyperparameters for all the models employed in this study. (Accompanying
citation indicates the work from which the associated configuration is noted;
fields marked as — are unknown.)

'We used the open-source implementation: https://github.com/lucidrains/MEGABY
TE-pytorch.
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A.3 Training recipes used in MambaByte

All the models in this study were trained using an AdamW optimizer with
£ =(0.9,0.95). We used a linear learning rate warm-up (for the first 500 steps)
followed by cosine annealing. Keeping consistent with MegaByte training (Yu
et al., 2023), we used a batch size of 48 across all our experiments. Additionally,

we do not use dropout with any of our models.

For the experiments in Figure 2.1, we conducted a hyperparameter search
using peak learning rates of 0.0002, 0.0006, and 0.0008 and clipped the gradient
norm to 1.0 for all the models. The best-observed performance curve for each
model is reported in Figure 2.1. Furthermore, we use an improved Transformer
recipe that uses RMSNorm instead of LayerNorm, rotary positional encodings

(Su et al., 2021), and linear terms without bias (same as Yu et al. (2023)).

In our medium-scale experiments shown in Table 2.2, we set the peak learning
rate to 0.0004 and clipped the gradient norm to 0.1. We trained the MambaByte-
353M for a total of 80K steps, equivalent to 80,000 x 48 x 8,192 ~ 30B bytes.

In the large-scale experiment on PG19, we use a similar setting to that in
the medium-scale experiments: the peak learning rate is set to 0.0004, and the
gradient norm is clipped to 0.1. The MambaByte-972M is trained for 380K steps,
equivalent to 380,000 x 48 x 8,192 ~ 150B bytes.
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A.4 Parallel scan for linear recurrences

The parallelization of scan operations has been well explored Ladner and Fischer
(1980); Lakshmivarahan and Dhall (1994); Blelloch (1990), with several scientific
computing libraries containing optimized routines. In this section, we detail the
use of a parallel scan for linear recurrence in §2.2 as a specific application of a

more generalized setting in §1.4 of Blelloch (1990).

To compute a linear recurrence h[k] = Ah[k — 1] + Bx[k] for a sequence of

length L, let us define L initial elements e;., such that:
ex = (Ar, br) == (A, Bx[k]), (A.1)

where A;, A € R™", B € R™!, and z[k], by € R". These initial L elements are

precomputed before the scan.

Now, the binary associative operator e to use on the linear recurrence is

defined as:

€; ®Ck = (AkAj, Akbj + bk) (AZ)

Associativity of the operator. Note that the binary operator shown above in

(A.2) is associative:

e;®(e;oe;) =e; o (ApA;, Arb; + by)
= ((AxAj)Ai, ApAjbi + (Agbj + b))
= (Ar(A;A:), Ae(A;bi + bj) + br)
= (A;A;, Ajb, + b)) e ey

= (61' [ 6]') ®CL.

60



Illustration of linear recurrence using the operator. Using the binary associa-
tive operator in (A.2), we can see how the linear recurrence h[k] = Ah[k — 1] +

Bx[k] can be computed. By setting h[0] = 0, we have:

h[1] = Bz[1];
h[2] = ABz[1] + Bz[2];

h[3] = A°Bz[1] + ABz[2] + Bx[3];

h[k] = A 'Ba[1] + A *Bx[2] + - - - + ABx[k — 2] + Ba[k — 1].

Algorithm 1 Blelloch work-efficient parallel (inclusive) scan on a PRAM (for an
array of L elements, using a binary operator ).

procedure REDUCE([eq, €2, ..., er], o)
ford=1,...,log,(L) do
fori=1,..., L in increments of 2¢ in parallel do
ke i+l — 1 i+20l -1
B L ep —ej o€

procedure DOWNSWEEP([ey, e, ..., €], ®)

er < (I,O)
for d =log,(L),...,1do
fori=1,..., L in increments of 2¢ in parallel do
k—i+2¢0—1;ji4+21 -1
temp < ¢;
€ < €k

e < e, o temp

procedure SCAN([eq, ea,...,¢er], ®)
REDUCE([eq, €3, ..., er], ) > L — 1 e computes.
all_reduced_out + ey, > Last element of the inclusive scan.
UPSWEEP([eq, €2, ..., €], @) > L — 1 e computes, L — 1 swaps.
return ey, . .., er,all_reduced_out| > Shift one to the left, append all-

reduced output.

Blelloch work-efficient parallel scan Blelloch (1990) for a given array of L

elements e;.;, using the binary operator in (A.2) is shown in Algorithm 1. We
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initialize e;.;, using (A.1) and run a parallel scan in Algorithm 1. For illustrative

purposes, let L = 4; now we run the reduce phase as follows:

es = (A, Bx[3]).
ey ea o (e50es)

= ey o ((A, Bz[3]) o (A, Bz[4]))

— (A%, ABx[1] + Bz[2)) » (A°, ABx[3] + Bz[4))

— (A", A°Ba[1] + A°Bx[2] + ABx[3] + Bz[4]).

Next, we store e, above (as all-reduced output) for later, then set e, = (I, 0)

and run the down sweep phase as follows:

ez < (1,0);e4 < (1,0) @ (ZQ,Ex[l] + Bz[2]) = (ZQ,EID] + Bz[2]).
e1 + (1,0);e5 < (I1,0) o (A, Bx[1]) = (A, Bz[1]).
es « (A°, ABx[1] + Bz[2)); e + (A°, ABz[1] + Bz[2]) o (4, Bz[3))

= (A° A’Bz[1] + ABx[2] + Bz[3)).

To generate an inclusive scan, we shift the resulting array one to the left and
insert the all-reduced output to the end. As a result, we have the output elements

of the parallel scan, 714, as:
ri = ey = (A, Bx[1]) = (4, h[1));
ry = e3 = (A", ABx[1] + Bz[2)) = (A°, h[2]);
rs=e, = (A, A’Ba[l] + ABz[2] + Bx[3]) = (A", h[3]);

re = (A", A°Ba[1] + A°Bz[2] + ABz[3] + Bz[4]) = (A", h[4)).
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Observe that the second entry by, of r;, = (Ay, b;) corresponds to the desired

hlk].

Efficiency of a parallel scan. From Algorithm 1, we note that the scan operation
can be performed in O(7, log, (L)) time using L /2 processors, where T, is the cost
of computing e; e ¢;. T, depends on the structure of A; for a general 4, T, is
dominated by the cost of matrix-matrix multiplication, O(n?*). Hence, the overall

cost of a parallel scan for an L-length sequence and a general A is O(n?log,(L)).

Furthermore, for F, FLOPs per e compute, we note the parallel scan to incur
O(F,L) FLOPs, making the work-efficient parallel scan theoretically efficient for
a tractable F,. For a general A, Algorithm 1 results in O(n®L) FLOPs.

A.5 Discretization and selection in Mamba

Discretization has deep connections to continuous-time systems, which allows for
desirable properties such as model normalization (Orvieto et al., 2023; Gu et al.,
2023) and resolution invariance (Nguyen et al., 2022). In this section, we review
how zero-order hold discretization of Mamba selective SSM can be viewed as a
generalization of the gating mechanism in recurrent networks. An illustration of

the Mamba SSM discretization and illustration is depicted in Figure A.3.

Zero-order hold discretization. For a given input z(¢) € R, system matrix

A € R™", and input matrix B € R™*!, the differential equation for a continuous-
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Figure A.3: Illustration of the Mamba SSM. (a) The discrete-time input z[k],
along with input-selective A[k]. (b) The continuous-time signal z(¢). (c) Mathe-
matically, the SSM transforms the continuous-time z(t) through an n-dimensional
hidden state (here, n = 4) using parameters A and B(¢), which is then mapped to
the output y(¢) using C(t). (d) Practically, we compute y[k]| using a discrete-time
parallel scan at the steps defined by A[k] and discrete-time matrices A[k], B[k],
and C[k]. Atinference, we run the recurrence directly.

time LTI SSM,, as noted in §2.2, can be written as:

exp(—At) (%Ef) — Ah(t)) = exp(—At)Bx(t)
= exp(—At)%gf) — exp(—At)Ah(t) = exp(—At)Bx(t)
= %exp(—At)h(t) = exp(—At)Bx(t).
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By integrating from 0 to s, we get the following integral form:

exp(—As)h(s) — h(0) = /Os exp(—At)Bx(t)dt

= h(s) = exp(As) (h(O) + /OS exp(—At)B:v(t)dt) : (A.3)

To discretize the above continuous-time LTI SSM, we sample the system at
equispaced intervals with sampling frequency A: z[k] = z(kA) and assume a
zero-order hold, i.e., z(t) is constant between samples: z(kA + &) = z(kA) = z[k]

forany £ € [0, A). Now, by letting s = (k + 1)A, (A.3) can be simplified as:
(k+1)A
hlk + 1] = exp(A(k + 1)A) (h(O) + / exp(—At)Bx(t)dt)
0

=exp(A(k+1)A) (h(O) + /lCA exp(—At)Bx(t)dt +

/ e exp(—At)B:c(t)dt)

A

— exp(AA) (exp(AkA) (h(O) + /OkA exp(—At)Bas(t)dt)) +

(k+1)A
exp(A(k + DA) /k | exp(-A)Balo)ds
(k+1)A
= exp(AA)h[k] + exp(A(k + 1)A) /m exp(—At)Bxz(t)dt.

Now, from the zero-order hold assumption, we realize that x(t) € [kA, (k +

1)A) is constant; hence,

(k+1)A

hlk + 1] = exp(AA)h[k] + exp(A(k + 1)A) (/ exp(—At)dt) Bz k]

A

(k+1)A

exp(A((k + 1)A — t))dt) Bulk].
A

= exp(AA)h[k] + (/k

Finally, we simplify the above integral by variable substitution. By using
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v=(k+1)A —tand dv = —d¢, we have:

Bk + 1] = exp(AA)A[K] — ( / 0 exp(Av)dv) Balk

— exp(AA)R[K] — (A‘1 exp(Av) OA) Balk
= exp(AA) hlk] + A (exp(AA) — 1) B z[k].
—— N -~ _

A B

Hence, the matrices of the associated discrete SSM are:2

A =exp(AA); B=A'exp(AA)-1)B; C=C; D=D.

Selection mechanics and gating in recurrent networks. Gu and Dao (2024)
note that a selective SSM can be realized as a gated recurrence by setting A =
softplus(z(x)) = softplus(Wa(Wgz)) (as indicated in (2.3) of §2.2). By letting

A =—-1,B =1,and n = 1, the authors observe:

A =exp(AA) B=A"(exp(AA)-1)B
= exp(—log(1 + exp(z(x)))) =1—exp(AA)
1

= TrepG@) = o(z(x)).

Using A and B from above in the discrete recurrence (2.2), the selective SSM

takes the form of a 1D gated recurrence:

hlk] = (1 — o(2(x))) h[k — 1] + o(z(x))z[k]. (A.4)

2In Mamba (Gu and Dao, 2024), B is discretized through a simplified Euler (as opposed to
zero-order hold) discretization from empirical observations of A being more important than B,
and the performance does not change significantly with simplification on B.
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It is interesting to note from (A.4) that ima_, h[k] = z[k] and lima 0 h[k] =
hlk — 1]: a large A (A — oo) denotes the evolution of the system to focus only
on the current input and forgetting the state. In contrast, a small A (A — 0)

represents a transient input being ignored.

Selectivity of A, B, and C matrices. Gu and Dao (2024) argue that since the
system matrix A only affects the model through A, i.e., A = exp(A A). Hence,

the selectivity in A is sufficient to ensure selectivity in A.

While the selectivity in A enables selectivity in the input matrix B, Gu and
Dao (2024) hypothesize that making B and C selective (in addition to A) would
allow for more fine-grained control based on the content z[k] and evolving

context h[k].

A.6 Evaluation metrics for byte-level models

Subword-based language models (Vaswani et al., 2017; Hawthorne et al., 2022;
Hutchins et al., 2022) report their performance in word or subword-level PPL,
while byte-level language models (Xue et al., 2022; Yu et al., 2023) report theirs in
BPB. To facilitate meaningful comparisons, we report performance in BPB when
benchmarking against byte-level models and word-level PPL when comparing to
token-level models.® This section details the conversion from BPB and subword-

level PPL to word-level PPL.

Irrespective of the underlying segmentation, the amount of information /(D)

3Unless stated otherwise, we use PPL to report word-level (not subword-level) perplexity.
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Lp Lg Ly Lg/Lw Lg/Lw

Train 11,677,824,216 2,914,582,573 1,973,048,393  5.92 1.48
Validation 17,733,002 4,357, 506 3,007,061 5.90 1.45
Test 41,289,101 10, 282, 006 6,965,511 5.93 1.48

Table A.4: PG19 dataset statistics. Split-wise UTF-8 encoded byte Lp,
SentencePiece-tokenized subword Lg, and space-separated word Ly, counts
in the PG19 dataset. (The byte count includes the newline character.) We also
indicate the associated bytes per word Lg /Ly, and subwords per word Lg/Lyy.

in a given dataset D is constant. Simply put,

I(D) = Ly bits per word = Lg bits per subword = Ly bits per byte  (A.5a)

» —In(D;model)
B In(2) ’

(A.5b)

where Ly, Lg, and Lp are the length of the dataset in words, subwords, and
bytes, respectively. From (A.5), we observe:

—In(D;model)/Lg  lbyte

BPB = n(2) ~ @)

where /fpy. is the observed byte-level negative log-likelihood loss (computed

using In). From (A.5), we also note the following conversion from BPB to word-

level PPL:
—In(D;model)/ Ly _ EBPB _ 2 loyte
Lgp Lgp
= PPL =exp ( —lpyte | = exp | — In(2) BPB | .
Ly Ly

Similarly, we can compute word-level PPL from the observed subword-level

negative log-likelihood loss {sybword as:

L
PPL = €Xp (L_Sgsubword) .
w

For the PG19 dataset, we train MambaByte-972M to minimize BPB over the

training data and report word-level PPL on the test data. In our medium-scale
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benchmarking experiments, for (subword) Mamba-1.03B, we trained a 32K-
subword vocabulary using the SubwordTextEncoder from the t £ds package
in TensorFlow, the same as Rae et al. (2020). Split-wise values of Lg/Ly and

Lg /Ly for the PG19 dataset are tabulated in Table A.4.

A.7 Speculative decoding through subword drafting

Algorithm 2 above outlines our speculative decoding approach: the smaller
subword draft model drafts m subwords at a time, which are then verified at a

byte-level by a larger MambaByte model.

A.8 Synthetic noise settings for evaluating byte-level models

To confirm the robustness of MambaByte to input text corruptions, we employ

the following synthetic noise settings adapted from Xue et al. (2022):

1) Drop: Bytes are dropped with a pre-set probability.

2) Repetition: Bytes are repeated one to three times (with equal likelihood).
3) Antspeak: Every character is capitalized and padded with spaces.

4) Uppercase: Characters are converted to uppercase with a pre-set probability.

5) Random case: Every character is set to a random case.

In addition to these five settings, we include the character swap setting, where

consecutive bytes are swapped with some probability.
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Algorithm 2 Speculative decoding iteration with subword drafter and byte-level
verifier and corrector. (We use b to indicate a drafted byte, while b denotes a
corrected byte.)
Inputs: Mgpword, Moyte, prefix subwords sy, previous Mgpword hidden state
fiprev, previous My hidden state hyrey, draft block size m, verify model toler-
ance n.
> Sample m draft subwords 5;s from Mgpwora autoregressively and record
the hidden states £;s at each timestep. <
hO — hprev
forj=1,...,mdo
L q;(x), by < Msubword(S1:¢ + 511, Itj—1)
$; ~ qj(x)
bi.v, br., < bytes(sy.;), bytes(51.,,) > Get bytes for both prefix and drafted sub-
words.
> Run M,y in parallel to verify the drafted bytes, while recording the associ-
ated hidden states h;s. N
(pl(‘r)ahl)a"')(pn(x)vhn> <_~ -
Mbyte(blzt’7 hprev)7 Mbyte(blzt’ + bl); ey Mbyte(él:t’ + bl:n—l)
> Find the bifurcation position ¢ such that b,.. drafted bytes all fall in top-/3
candidates of My, while l~)c+1 does not. N

¢ ¢ min <{Z |1 <i<n,rank, (b;) >} U {n})
d < min ({j|1 < j <m, cumsum(len(51.,,))[j] > ¢} U {m}) > Find associated
subword bifurcation position.

> Starting from be (and using h.), sample corrected bytes b;s from Mypyte au-
toregressively until a boundary byte (e.g., space) is obtained. <

be < bu: k < 0
while b, , is not a boundary byte do

k< Fk+1 X

]?c—l—k('r)ﬂ heyr < Mbyte(bc+k—1, Peyr-1)

besk ~ p (:L‘)
return generated bytes bi. + BC+1:C+;€, Myt last hidden state heyr, Msubword
hidden state /. as cache to restart from.

A.9 PG19 generation samples generated by MambaByte

This section includes a few sample generations from the MambaByte-972M
trained on the PG19 dataset. We use Nucleus sampling with p = 0.98 (Holtzman

et al., 2020) and generate continuations for a total of 8,192 bytes (including the
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given context prefix). Furthermore, we chose the same test set prefixes used in
Appendix F of Rae et al. (2020). We observe that the model is able to continue
the dialogue in the style of the prefix and effectively recall the character names

over hundreds of bytes.

Baby Mine by Margaret Mayo

Context (487 bytes):

CHAPTER1

Even in college Alfred Hardy was a young man of fixed ideas and high

ideals and proud of it.

His friend, Jimmy Jinks, had few ideas and no ideals, and was glad of

it, and before half of their first college term had passed, Jimmy

had ridded himself of all such worries as making up his own mind or
directing his own morals. Alfred did all these things so much better,
argued Jimmy, furthermore, Alfred LIKED to do them—Jimmy owed it to his

friend to give him that pleasure.

MambaByte-972M:

It was not that Alfred really considered his friend an ideal husband,
but Jimmy admitted that it looked differently. And, too, it was all

there was to life.
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And on went Alfred, through long years of honest comradeship and
unblushing promises and bubbling kindness. In his heart he had long since
forgotten Jimmy and his friendship, since he realized the superiority of

Jimmy’s ideal, if of any one’s.

It was to be expected that Prince William would fall a victim. Perhaps

he was a modified betting man, and then had thrown over Nature and his
team-mates, as a victim to ridicule or a follower of hazardous ways.

It was then that Prince William went back into society, perhaps sought

an interview with Miss La Roche, and learned that he had been the victim
of romance death, and a suicide, and had been endowed with an ab-
surd roman

cross. Whatever it was, he saw in it the myth of Alfred’s heroic deeds or
the myth of a yellow dog in the market plate. It sobered him gradually.
He became nearly a convert, and it was Alfred who, in bid-
ding Miss Rossiter

good-by, said that he would never forget her, and never would be
friendly with his friend’s family. It was not till now that Miss La Ross
realized that a really good life results in an excellent impulse, but the
sequel proved the truth of Miss La Ross’s predictions. One night, a year
before Prince William’s death, when she was wearing a diamond star in her
hair, and admiring it, she heard Jimmy’s front door open in the hall,

and, turning round to look through the open doorway, in came Jimmy, and
after that where Jimmy went Alfred would sometimes go to the house next
door, and they went over this now, and ever since Miss La Ross’s spirit

had been there, and Jimmy had often insisted that a marriage should be
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accomplished in some ancient house-"And we will found a family of our

own," said Jimmy, "a for some distant house in this great Belgium."

The days went on and it was a glorious spring morning. Early in March a
thick autumn rain had fallen on the house in New York and the leafless
trees looked weird and strange, and the wind roared like a crested wave
of fire. In the afternoon the thunder roared and soon an occasional

gray drizzle eddied about the wet streets and the city glow and tint
began to merge into a world of pink and red and amber and purple and

sunset colors.

The low ceiling pillars had covered their treasures of gold and gems, and
the great stained-glass windows in dreamily gentle, half-lights, had
arranged themselves in red and gold stripes of magic tints. Even though
the delicate color scheme had had its disappointments once, it had
certainly affected one hour in this room as well as ten months later and

longer stays at least would have done.

To-day a soft South wind had drifted through the open door, and a sudden
east wind had driven open the French windows of Miss La Ross’s bedroom,
and it rained in pure flames between the ceiling and boarded floor.

Alfred’s room was fragrant with his presence.
"... A little singing bird

That, living in a cage, demands a friend

Whose cool-blooded lure can warm the heart with love
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To a fluttering, wounded thing.
As in a pathetic garden, so in the hall room.
It was cold, to-day. Already the rooms seemed overheated. The curtains
were already half drawn.
She shivered.
"Mid-winter, to-day," thought Alfred, watching the sweep of Ann’s white
shoulder and patting her thin cotton frock. "Seven there were of days.
And seven is yet untold gone. Fine, fine day, by Christ! Come out of this
old soot, and we'll fly... Away. God rest his soul from hell, if ever such

a devil crawled this broad, raw earth.... Where are you, Ann?"

Ann waited and trembled, she knew not why, for a sharp voice was asking

suddenly for the check book in her hand.

"Get me change enough to pay for lunch for Jimmy," Alfred chided.

Before the one empty chair on the hall table and under the curtains lay

a crashing pile of ready money. "And the window shades are closed," added Alfred.

"It won’t shut out the rain," smiled Ann.
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"But he won't care," protested Ann.

Alfred laid a strong withdrawing hand on the fair golden hair for a

moment.

"It’s all right," he coaxed. "Without a cent behind them to-day we can put

in four thousand and close the bottom against a falling price like this."

He was holding up the window sill six inches.

While he stood she whispered:

"I'm only lucky to save the day."

"He helps you without a reward," Alfred said.

"He’s kind... and darned bad."

Ann noted dangerous things that afternoon.

"You could sing and play?" she asked.

"No, no!" insisted Alfred. "I CAN'T play and sing. The room is cold. It’s

warm within."

Alfred was changing clothes when he had that lucky escape, and Alfred
momentarily forgot his debt. Ann laid the bill she had placed on the
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table, and when she had gone Alfred had not even looked at it, and it was
the act she saw in that frame of mind, remembering it, that made her put

it back again.

Now Alfred was thoroughly cold and temperamental, and when he probed an
obligation that he had just been trying to shift on the other fellow,

he was more easily reminded. When Jimmy, cold and hungry, had wormed his
way into his room that day at dinner, and been halted at his close chair

by the soup stove, the young man’s gaze had fixed furiously to the

platter of gold and had immediately started on the other food with an
intensity of expression that had awakened Jimmy’s appreciation of the

hot day of purposes and had aroused even Ann’s observant sense.

Jimmy’s employer had met him on Close Street after the unsuccessful row
over the Dearborn Cats. Jimmy, who was not naturally an observant boy,
had tried to keep in the line of his employer’s movements and tell Alfred
his employer just what he did for a living, but all Alfred’s energy had
vanished, and on sundry occasions he had caught Jimmy’s eye, and once he
had promptly appeared to mere assiduous examination of the window.
Employer’s Jimmy had been dexterous enough, subdued, but his dexterity

and subtlety and sagacity had not failed.

As one in employment was a most elusive proposition in this crafty world
of facts, just then Alfred had found a perfect driftwood, and so had met
and accepted and stood in the way of Jimmy’s castigation and re-

proach. That
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is to say, he had saved Jimmy from seeing any of his own real qualities,
and the critics, he had been asked in Jimmy’s more frequent matinees to
erase Alfred’s sneer and snip off his coat, and he had instantly become a
mental picture of Jimmy Dean’s assistant to the lawyer and the

college professor.

It was Jimmy’s reckless impetuousness, not his single fearless single
energy, that had led Ann through the door at sight of Ann, that had
electrified the tremendous audience, not her own act or attitude.

Jimmy had thought still of the boy as a fellow mortal, now his master had

gone.

That was a satisfactory driftwood, of Jimmy.

That evening Ann’s maid had gone into the bedroom where Jimmy was and had
said again that he looked very tired, and as Ann assigned as a reason his
long face, it was not impossible to conclude that he was suffering from

a formal ache.

But, as she had only managed a nap and had been rather silent when away
from Jimmy, Ann determined that the tired-out and worn-looking man must
be tired, too, and she secretly determined that at breakfast to-morrow

she would place in his hands all the evidence she could imagine against

Jimmy, as pertaining to the unsolved mystery of Jimmy Dean’s friend.
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CHAPTER II

That afternoon Jimmy was taken into the professor’s home to dinner.

Wonderful Dean’s Hal

The Diary of Samuel Pepys

Context (826 bytes):

June 1st. Having taken our leaves of Sir W. Batten and my Lady, who are
gone this morning to keep their Whitsuntide, Sir W. Pen and I and Mr.
Gauden by water to Woolwich, and there went from ship to ship to give
order for and take notice of their forwardness to go forth, and then to
Deptford and did the like, having dined at Woolwich with Cap-
tain Poole at

the tavern there. From Deptford we walked to Redriffe, calling at the
half-way house, and there come into a room where there was infi-
nite of new

cakes placed that are made against Whitsuntide, and there we were very
merry. By water home, and there did businesses of the office. Among
others got my Lord’s imprest of L1000 and Mr. Creed’s of L10,000 against
this voyage their bills signed. Having wrote letters into the country and

read some things I went to bed.

MambaByte-972M:
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2nd. Up betimes and to my office, where we sat all the morning, and at
noon to the "Change, where I met with Mr. Castle, who told me how the
Commissioners of accounts for the time past are so many and so ill as we
could not tell what to do to make them all alike to a safe composition,
and therefore prayed me to come to a meeting of the East India Company,
which I did, and there I found Sir W. Batten, and Sir ]J. Minnes, and Sir
John Chichly, and Mr. Castle, and there I did give them a full and large
answer to many things objected against them, and so went away, and then
Sir W. Batten and I to the Coffee-house, where we did not speak to any

body, but sat talking till 9 at night, and so home and to bed.

3rd. Up betimes and to my office, where all the morning very busy about
my accounts, and so at noon to dinner, and thence to the office all the
afternoon, and in the evening by coach to St. James’s, and there find Sir
W. Coventry, and I with him and Secretary Morrice into the garden to the
house, where we did very little business but stood below in the entry and
heard the great dispute between the two recorders in Chancery, my Lord
Chief Justice Keeling and Mr. de Lyne, who is a cunning fellow and very
much craft in his humour. But the judges pretty well where they are, and
so did discourse and talk together of heat till supper, and after supper

did discourse together about the same matter, and so to bed.

4th. Up betimes, and to the office, where all the morning, and at noon
home to dinner, and then to the office again, and there all the afternoon
till night, and then home to my wife, and after supper to bed, my eyes

being bad.
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5th. Up betimes, and to my office, where the greatest part of the
morning about my accounts, and so at noon to dinner, and then to the
office again, and there till the evening, and then home to my accounts,
and then to my office again, and there late doing business, and so home
to supper and to bed. This day I hear that Sir W. Pen is come unexpected

from Portsmouth to towne, after being absence all these years.

6th (Lord’s day). Up betimes, and an hour with my wife in her chamber
about putting things and other right as to our house to my account, which
I do, and then with her to church, and then home, and dined with my wife,
and so to walk a little in the garden, and then to my office, and there
down by water to Deptford, where we did not go on the wall as T have been

accustomed, and there took in Shish

[Shish, an old oarsman. A short coarse fishing-net, such as the

Irish carry their fish on.]

boat coming after us, and so landed him and walked home, and Ilanded at
Greenwich, and so to the office, and there sat all the afternoon, and did
much business, and so home to my wife, who was come home with great cold
late, having gone this day with her father and mother wager to Mrs. Browne

to the Bath, and after supper to bed, my eyes being bad.

7th. Up betimes, and to my office, where to our morning’s work again,

and then home to dinner, and after dinner abroad with my wife to the
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New Exchange, by the way calling at Mr. Harper’s, at whice, seeing the
tfashion, I went in, and there did give her my French grammar, which she

likes well, and so to the Cross Keys at the Strand end, and there drank

and parted, and I to my Lord Crew’s, and there dined with him, and had a
good dinner, and good company; among others, my good friend Mr. Howe, with
whom very good discourse all dinner time. After dinner to the office,

and there till late both with Captain Taylor and Harman and I did draw up
some new things for them in order to our consultation tomorrow, and so

home and to bed.

8th. Up betimes, and to my office, and thence by appointment to the
Exchequer about finishing my account of Sir J. Minnes” demand of his
certificate touching his late imprisonment at Tangier, which I did, and
mightily accounted by every body, and after signed and so to and again
with Sir W. Warren, who dined with me, and was very well pleased with my
account a’ I have done in it, and so away, and I to the office, where we

sat all the morning, and at noon dined alone with Sir W. Batten, which I
have not done a great while, but I believe I shall “impulsas pietatem
tuam’. After dinner to the office again, and then staid late at my

office, and so home to supper and to bed. This afternoon Sir J. Minnes
sent to me to come to him to Sir R. Ford’s, whither I by and by went, and
there he and I waited all the afternoon talking together about the Fleete
and the newes we have of the present unready to be got up fit to serve the
King, and now built and ready to go to sea, and would fain have some of
the King’s ships fit to go to sea with the yeare almost. At last we broke

up and I away to Sir R. Ford, and there sat and talked about an ancient
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volume of newes out of the Harleian Collection, wherein the im-
posthume is,

and the manner of it, and the custome of putting it up and down in the
cabinets of people that are sicke, which is very good. He told me the

whole occasion of it, and how it was read before the Duke of Yorke and
many of the Commissioners of the Navy, and how he being there was called
to the King and did give and gave them his Royall thanks for their care

and diligence in the care of the Navy, and that he did enlarge to them of

the services and commands then expected from the King, that he would have
bestowed upon them (notwithstanding the indignity which he did them) had
they proceeded against him in the Navy Board, which he did move in the
business of the prizes. He told me that it is believed that the King will

not have the Duke of Yorke to succeed him in the command in the Narrowgan,
which he and his commanders did intend to have done, and that he did die
with a discontent that he must be called to the Council of State, and that
there is no intention of his having that charge any more, as they told his
Majesty he hath done. He told me that the Duke of Bucking-
ham is dead, and

that there is another great man, they call Hollis,

[Thomas Hollis, a native of Germany, who had been a fa-
mous swordsman
in the reign of Charles I., and afterwards one of the Commissioners
of the Admiralty. He was knighted and received a pension of L500 per

annum for life from the Crown. He died in 1669, aged 80.]
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which is very strange, but I fear the child will be too much for him. He
tells me he is certain that the Queene hath married somebody, and that he
is sure that the King will never know who it was, for he did take notice

to him that the Duke of Yorke did speak well of her to him, and that he
did say that he would look after her, but that he was a man at all taken
with the King’s beauty, and did see her little short thick parts, and the
motions of her eyes, and that he did not think she was a hand-
some woman.

He says that the King did tell him that he did think that there was some
command laid upon the ships that they should not go about or stay for the

Queene, that he would not take that upon to the Navy

The Patrol of the Sun Dance Trail by Ralph Connor

Context (1, 059 bytes):

High up on the hillside in the midst of a rugged group of jack pines the
Union Jack shook out its folds gallantly in the breeze that swept down
the Kicking Horse Pass. That gallant flag marked the headquarters of
Superintendent Strong, of the North West Mounted Police, whose special
duty it was to preserve law and order along the construction line of the

Canadian Pacific Railway Company, now pushed west some scores of miles.

Along the tote-road, which ran parallel to the steel, a man, dark of
skin, slight but wiry, came running, his hard panting, his streaming
face, his open mouth proclaiming his exhaustion. At a little trail that

led to the left he paused, noted its course toward the flaunting flag,
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turned into it, then struggled up the rocky hillside till he came to the
wooden shack, with a deep porch running round it, and surrounded by
a rustic fence which enclosed a garden whose neatness illustrated a
characteristic of the British soldier. The runner passed in through the

gate and up the little gravel walk and began to ascend the steps.

MambaByte-972M:

Indescribable and yet unconscious was this man. All his being rose to

a sense of the security that was about him as he walked onwards swiftly
between rows of young firs of Canadian growth. He swung impulsively by
the gap of a gate and paused. Then the clangour of an alarum bell from

a city clock was sharply repeated with its deep and terrible sound.

This bell not only announced the desire of the inhabitants of the
intervening concession lines to their work, but it also warned from the
further side of the high boundary constructed by the late engineer of

the West Mounted Police the abrupt and rapid career of another man. The

pistol had fallen, and the runner was searching for another.

The solicitor buried his face in his hands.

"In God’s name, man!" he ejaculated. "How do I know? Haven't I just

found one?"

He had rung the bell, and now fell back among the shadows and the rough

bushes. The sound startled him. He stood transfixed a moment before he
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looked about him.

"There’s only one man knowing where that tote-road goes." He still held
his breath and then listened. ""Tis where the first news comes from,

and-oh, I see! There’s my boy."

He waited a moment. Then once more he passed along the gap and descended
the rocky little to the more sheltered spot where the new

buildings stood.

He was an under officer in that high branch of the service known as the
Union League, and a short sharp beat was his upon the white drilling of
bashi-bazouks. With the sounding of another great bell of a church

close at hand he moved quickly round to the other side of the buildings.
As he approached, however, he took from his pocket a thin black silk
neckerchief. It was damp and stained with the blood of dead men. He laid
it in the hands of a slim girl, with the limpid blue eyes of the Canadian

Saskatchewan.

"What’s that for?" he demanded.

She looked as if there had been something she desired to say, then left

the agitated conclusion unfinished. Her eyes sought his in the pathetic
wistfulness of a child, then suddenly fell. For the hurt he had done her
was not a wound incurred in battle. It was merely a little scratch in

the hand, and let alone that, in a manner of speaking, it was all she
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had. The blood of a man is always more significant than that of a

scratch on the bark of a tree, and a pressure of the earth leaves a

deeper mark on a man’s arm. With a sigh the runner removed the blood
stain and turned his face towards the sound again. He walked half across
the open grass from which he had sprung. From his ample form to the far-
distant leaping folds of his drilling trousers he had trailed a forked

stick, and so to the girl.

In a few seconds he came back.

"It’s me, pardner, Superintendent Strong. It’s me I'm goin” down from the
Soo, for the job I had in Mexico after I came out here. I'm connected

with the Canadian Pacific Railway and they’re hunting up a man who did
have a finger wounded by a Canadian rock. I'm sendin’ the little flag
with her." He emphasised the word "flag." A rough skin mark, furrowed in
a straight line down his left cheek, marked the place of the scar and
brought him to a sudden stop. His eyes were on the scrolled letters

above his head.

"I'm going down to get it. I've got to get it to the bottom, anyway, for

divil a bit of paper they’ll let me have at British Columbia. Oh, God!"

He raised his voice. In a moment he had departed. In a few minutes he
had rejoined the girl. They rejoined the solicitor and returned with him
to an open space before the meeting place of the railway company. As they

gathered round a table spread with an untasted meal the solicitor spoke.
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The railroad company was working out from British Columbia to Montreal.

"In our fight we had it hard," he said. "The northern route to League
Island was blocked, we could not reach there to recruit. We had to look
for a northern route, for there was none. At first the league flag of

Ottawa was given up. That was only till October. Then a young man on the
ground from London came to us. He’d been in the runner’s service along
the whole line from Montreal. He was headed for Canada on the
telegraph. Two of us had to flag him as soon as we set out from here.

He had been over that ground about fifty times before, and knew the
whole road well for forty miles. The head of us did not know it

till he came to the junction where the main line crosses the north line

of the United States. We took that name on the tin to test him."

"What was the corporation over there for?" said the solicitor. "I remember,
I remember. It occupied a part of the big Kelvin mine. I was helping get
the first claim post run by the Union League at the time I was there.

He was out hunting coal. He came down one day to see the coal pits about
the ground. On the way he was stopped and accused of raising a rebellion,
and was arrested and taken to the Soo, where he was made to give

evidence in a certain case that had been laid before him."

"And what was the precise cause of the complaint?" asked the runner.

"Well, it wasn’t a case at all, it was a fact. That’s all," explained the

constable.
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"From what I heard then of the runners of the London and North West, their
work wasn’t near so exciting and dangerous as it had been reported to be.
Also it was the work of others, others still, and they were arrested.

They was a young feller and a girl married over two years ago, and he was

shot."

"Brought to trial for that by himself or his relatives or some of the men
who were with him?" There was a puzzled, gentle expression on the face of
the railway superintendent. He was of much higher rank, for he had not

been present at the trial of the accused. He glanced up at the runner.

"Arrested?" The bit of food in his mouth was working like a millstone in
the Soo employer’s breast. Then, as though unconsciously to himself, his
lips said "yes" instead of "no," and he added instead, "and sworn to it.
That’s as far as you've got, pardner. Anything else, sir?" He was watch-
ing the

silent figure with intense desire to see his face and to know what he

felt. It did not come, and he settled himself in his chair with a sigh.

"That was short work. They marched the young feller up here, and give him
the Canadian division. It was the station sergeant-inspector from the
Canadian line sending down from headquarters to show he was all right and
not having heard anything against him. And if you don’t know that it’s not
the worst of the testimony we have to give, pardner. It wasn’t the best.

The fact is the young man was getting three weeks’ sentence at the time."
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"That was only a month ago,” broke in the businesslike run-
ner, who had been

preparing himself for a full report. "What had he done? Tell us?"
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APPENDIX B
APPENDIX FOR CHAPTER 3

B.1 Passkey retrieval experiments

Some special magic number is hidden within the following
articles.

Make sure to memorize it.

I will quiz you about the magic number afterwards.

{Sprefix_lines}

The special magic number is {$passkey}.

{$suffix lines}

Question: What is the special magic number mentioned in
the provided text?

Keep your response short and direct. Don’t include
information outside the articles or repeat your
findings.

Answer: The special magic number mentioned in the provided

text is

Figure B.1: Prompt used in the standard passkey task. The passkey is a six-
digit random number sampled from 100, 000 to 999, 999. A model’s generation
is considered correct only if it matches the passkey exactly. Additionally, for
a passkey zzxx, other representations such as zzxz.0 or z, zxz are considered
equivalent.

We adapt the prompts for our passkey experiments from Samuel (2024).
RecurrentGemma was prompted using the templates shown in Figure B.1 for the
standard passkey task and in Figure B.2 for the easy passkey task. All generations
were sampled using greedy sampling. Following the approach of Hsieh et al.
(2024), we prepend and append lines, adapted from Paul Graham'’s essays, which
are sentence-segmented and concatenated to achieve the desired total sequence

length.
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Some special single-digit magic number is hidden within
the following articles.

Make sure to memorize it.

I will quiz you about the special single-digit magic
number afterwards.

{$prefix lines}

The special magic number is {$passkey}.

{$suffix_ lines}

Question: What is the special single-digit magic number
mentioned in the provided text?

Keep your response short and direct. Don’t include
information outside the articles or repeat your
findings.

Answer: The special single-digit magic number mentioned in

the provided text is

Figure B.2: Prompt used in the easy passkey task. The passkey is a single digit
random number from 0 to 9. Similar to the passkey task, a model’s generation is
considered correct only if it matches the passkey exactly.

B.2 Distinguishing retrieval success using hidden state neurons

Given that the passkey task provides a clear target for identification, a natural
question arises: does it suffice to focus on changes in activations, or do the
features uncovered by sparse autoencoders offer a more insightful and efficient
way to track the model’s behavior? To address this, we analyze the changes in
hidden states over time for both successful and unsuccessful retrievals, seeking
patterns or differences in how the model’s internal state evolves during the

retrieval process. An example of this analysis is shown in Figure B.3.

As shown, simply tracking the activation values may not be sufficient to
distinguish a successful retrieval from an unsuccessful one. We do not explore
more carefully engineered approaches for analyzing raw hidden state activations

in this work. For instance, techniques like comparing the similarity between the
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(b) The model fails to retrieve the single-digit magic number.

Figure B.3: Activation changes for successful vs. unsuccessful retrieval. We
plot value of ||h[k] — h[k — 1]||2 over time to examine activation differences. The
prompt tokens, prepended to the context to instruct the model to memorize
a specific magic number embedded in the text, are highlighted in blue. The
local attention window, covering the latest 2, 048 tokens from the response, is
highlighted in green. For both (B.3a) and (B.3b), the context length is set to
5,120 tokens, with the needle placed at a depth of 0.2. Simply inspecting the raw
activation changes may not be sufficient to distinguish between successful and
unsuccessful retrieval.

hidden state of the passkey and the final response tokens, or training probes to
classify whether the context contains the haystack, could offer additional insights.

However, these avenues are left for future work.
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