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The two-body problem in general relativity has been the focus of intense observational and
theoretical interest in recent years, especially as gravitational-wave astronomy has begun deliv-
ering on its long promised potential. A wide variety of approaches, valid in different regimes,
have been used to understand the dynamics of binaries: numerical relativity , the post-Newtonian
approximation, the post-Minkowskian approximation, the small mass ratio approximation,
and the effective one-body framework, which synthesizes information from the other ap-
proaches. The success of future gravitational wave observations (both future ground and
space based) depends on our ability to model the fundamental physics of two-body systems
and produce accurate waveform templates that are used in the matched filtering techniques
that these observatories employ.

An issue that arises in the study of two-body systems is whether one can define dissipative
and conservative sectors of the dynamics for which the conservative sector admits a Hamilto-
nian description. Such a description would unlock the full power of Hamiltonian methods
to study integrability and chaotic motion, obtain new gauge invariant quantities and better
understand the effect of resonant orbits. In this thesis, we show that such dissipative and
conservative sectors can be defined in the limit where one of the bodies is much smaller than
the other, and derive a Hamiltonian description to linear order in the mass and spin of the
secondary. We also extend this result to second order, in the context of a scalar toy model of
the gravitational interaction.

In deriving these results, we develop two useful theoretical tools. First, we show that a
broad class of dynamical systems, defined by non-local in time action principles, can be recast
as local Hamiltonian systems to all orders in the non-locality. Second, we develop a reformu-
lation of the dynamics of bodies with strong self-interactions which shows that their motion
is equivalent to that of bodies with negligible self-interactions, albeit in a renormalized or
effective external field.
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In the present small treatise, I set forth some matters of
great interest for all observers of natural phenomena to look
at and consider. They are of great interest, I think, first,
from their intrinsic excellence; secondly, from their absolute
novelty; and lastly, also on account of the instrument by the

aid of which they have been presented to my apprebension.

Galileo Galilei

Preliminaries

Newtonian mechanics can solve the two-body problem but not the three-body problem; gen-
eral relativity can solve the one-body problem but not the two-body problem; and quantum
gravity cannot even solve the one-body problem”. Itis the goal of this thesis to get us one step

closer to ruining the joke by allowing general relativity to describe two-body dynamics in all

*I thank Professor Avery Broderick for telling me this joke.



its glory, as once Kepler and Newton did.

The two-body problem concerns the motion of two compact objects under their mutual
gravitational attraction. Although we have been watching two-body systems move in the
night sky since humanity first put its eyes on the celestial movements of the sun, moon, and
planets, the first observations that led to their detailed understanding were made in the 17th
century. Around 1609, Galileo Galilei observed the Moon’s mountains and Jupiter’s four
biggest satellites with the aid of the recently developed refracting telescope. Before these ob-
servations, the prevalent model for the cosmos was the Ptolemaic model, where every celestial
object rotates around the earth in complex orbits. The observation of moons orbiting other
planets, as well as the phases of Venus and the retrograde motion of inner and outer planets
were the first conclusive observations that began to settle the heliocentric debate. At almost
the same time, Johannes Kepler was writing his Astronomia Nova, where he first presented
two of his laws of planetary motion. With the aid of Tycho Brahe’s observations, he was the
first one to describe the shapes of planetary orbits and to provide accurate calculations for
their periods. But it was not until Isaac Newton’s Principia, published in 1687, that a full
solution to the problem was derived. In Newtonian mechanics, the two-body problem is
elegantly solved by applying Newton’s laws of motion and his law of universal gravitation.
In modern treatments, the dynamics of the two-body system are simplified by utilizing its
symmetries, effectively reducing it to a single-body problem. This reduction leads to closed-
form solutions, such as circular or elliptical orbits, which obey the planetary laws of motion
previously set forth by Kepler. Despite their apparent simplicity, two-body systems are the
archetypal problem in both classical and quantum physics. After all, the atomic model that

kickstarted quantum mechanics is nothing more than the quantum (and electromagnetic)



analog of the classical two-body problem.

However, the advent of general relativity introduced new complexities to the two-body
problem, such as nonlinear interactions and energy loss due to gravitational radiation. Be-
cause of these complexities, the problem cannot be solved analytically in full generality. Nu-
merical relativity has made great strides in recent years and is now a key tool for integrating
gravitational wave signals from binary systems [5]. However, numerical relativity is limited
in its ability to simulate binaries in regimes where the number of orbits becomes large, such
as the regime of wide orbital separations or the limit where one body is much smaller than
the other. Therefore, there is strong motivation for improving our analytic understanding
of these regimes, which are based on a variety of approximations.

The first approximation schemes were already present in the work of Einstein, who ex-
panded his equations to linear order in the inverse speed of light squared to calculate the per-
ihelion precession of Mercury’s orbit [6]. Although this constituted the first use of the post-
Newtonian approximation, its foundations were more rigorously laid by Subrahmanyan Chan-
drasekhar and his collaborators [7—11] in the 1960s. This work also had its own limitations
due to the inability of the approximation method used to describe radiating fields in the far
zone. A more modern treatment of the post-Newtonian expansion was later developed ([1 2]
and references therein) , where the approximation is matched onto a post-Minkowskian ex-
pansion in powers of Newton’s constant G at large distances from the sources.

The two-body problem in general relativity has received intense observational and theo-
retical interest in recent years, as gravitational-wave astronomy has begun to deliver on its
long-promised potential [13-15]. The first direct detection of gravitational waves in 2015

by the Laser Interferometer Gravitational-Wave Observatory (LIGO) marked the beginning



of gravitational wave astronomy. The LIGO project was conceived in the 80’s but it was
not until 2002 that the first runs started. It took thirteen more years of technical improve-
ments to get a detection. LIGO, along with the Virgo detector in Italy and KAGR A in Japan,
focuses on high-frequency gravitational waves (10 — 1000 Hz) from stellar-mass compact
objects. The upcoming Laser Interferometer Space Antenna (LISA) will instead target low-
frequency gravitational waves (107* — 10~ Hz) from supermassive black holes, as well as
other sources [16, 17]. The success of future gravitational wave observations (both future
runs of LIGO/Virgo/ KAGRA and the first runs of LISA) depends on our ability to model
the fundamental physics of two-body systems and produce accurate waveform templates that

are used in the matched filtering techniques that these observatories employ.

* % %

This chapter’s goal is to provide the context necessary for the remainder of this thesis. In
Section 1.1, we provide order-of-magnitude estimates of the intensity and frequency of grav-
itational waves coming from different types of sources and review the method of matched
filtering. In Section 1.2, we begin our exploration of two-body dynamics by studying the
effect of self-fields in Newtonian gravity. In Section 1.3, we discuss the obstacles that arise
in general relativity when trying to solve the two-body problem. We end this chapter with a

discussion of the questions addressed by this thesis.

1.1 Gravitational wave astr onomy

Theintensity of a gravitational wave coming from a distant binary system can be estimated us-

ing Newtonian gravity supplemented by the quadrupole formula for the leading order grav-



itational wave emission. The first order metric perturbation then scales as

GQ
b x ;7 (I.I)

where Q1is the second time derivative of the source’s quadrupole moment and 7is the distance

from the source. The quadrupole moment Q can be approximated by

Q ~ Enon-sph,kim (I -2')

where Eqon-ph kin is the non-spherical piece of the kinetic energy. By the virial theorem, the

kinetic energy must be comparable to the gravitational energy of the system so that

Gmlmz

E x ,
L

(1.3)

where 7, and m, are the masses of each object in the two-body system. The size L of the sys-
tem will get smaller as the orbit radiates energy away. We can estimate the smallest separation

as the sum of the Schwarzschild radii of both objects

2GM o

Lclosest X - (I 4)
C

Combining equations (1.1), (1.2), (1.3) and (1.4) we get that the metric perturbation is

hoc S (1.5)
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where u is the reduced mass of the system

mym;

1“:

)
my + my

For systems with a reduced mass close to a solar mass M, the metric perturbation is

b ~ 10~ ** for Hubble distances » ~ 3000Mpc,

h ~ 107" for outer region of Milky Way » ~ 200kpc.

Next, we move on to the frequency range of gravitational waves. For binary systems with
orbital frequency f, emitted gravitational waves contain all integer multiples of f.,. The
greatest contribution comes from f ~ 2f., because most of the radiation comes from the

quadrupole moment of the system. Using Kepler’s law, the orbital period will approximately

be
L3
% ~ . 1.6
GMtOt ( )
This means the orbital frequency will be
1/2
GM.,,
fr —( L;/;) . (1.7)
The strongest signals will be emitted at the closest approach Losess = % and therefore
have a frequency of
S M
o ~ 10*Hz-—-2. (1.8)
f GM o Mo

Hence, the frequency of the gravitational waves will be inversely proportional to the total



mass M, of the binary system, as opposed to their amplitude, which depends on the reduced

mass u«.

1.1.1 EXPERIMENTAL FREQUENCY RANGES

High-frequency sources 1Hz < f < 10°Hz

Gravitational waves have a natural upper bound at approximately f ~ 10*Hz. From equa-
tion (1.8), we know that the maximum frequency is inversely proportional to the total mass.
The most intense gravitational waves are emitted by compact systems so detectable signals
must come from systems more massive than the Chandrasekhar limit (approximately 1.444,)

which sets the upper limit

£<10°Hz (1.9)

The lower bound at 1Hz is not related to the physics of the gravitational waves, but to the
sources of noise that affect the experiments. Ground-based experiments face an insurmount-
able amount of noise coming from gradients in Earth’s gravitational potential and vibrational

noise. Using eq. (1.8) we see that the typical sources that fall in the high-frequency band are
* Coalescence of binary neutron star systems.
* Coalescence of Stellar-mass (M < 1000A4) black holes.
* DPulsars.

Low—frequency sources 10 *Hz < f < 1Hz
This frequency range is defined entirely by the limitations of the gravitational-wave exper-

iments we can do. As we explained in the previous subsection, ground-based experiments



won’t be able to detect gravitational waves with frequencies lower than 1Hz, which is why
the low-frequency range is the domain of detectors flown in space, either in Earth orbit or in-
terplanetary orbit. The lower bound at 10~ *Hz is defined by expected difficulties in isolating
the spacecraft from cosmic rays, solar winds and solar radiation pressure. Typical sources in

this range of frequencies are
* Supermassive black hole binaries.
* Extreme mass-ratio inspirals: stellar-mass black holes into supermassive black hole.

There are two more frequency bands accessible to observations: The very-low-frequency
band range at 107"Hz < f < 10~ *Hz in which gravitational waves have recently been de-
tected by pulsar timing observations [ 18] and the extreme-low-frequency range at 10 *Hz <
f< 10~®Hz, which is the target of indirect search for gravitational waves with the cosmic
microwave background. In this thesis, we will focus on the low-frequency band -the domain
of the LISA mission- and the high-frequency band- the domain of ground-based detectors
like LIGO.

1.1.2 WAVEFORM TEMPLATES AND MATCHED FILTERING

In most gravitational-wave detectors, the amplitude of most expected signals is near or even
below the detector’s instrumental noise threshold. Despite this, these signals can still be re-
liably identified if their waveform corresponds closely to a predicted or modeled waveform
[19]. To achieve this identification, a technique known as matched filtering is employed,
which involves comparing the incoming data with a library of known gravitational wave

templates. A straightforward example of this type of filter is the Fourier transform, which



acts as a matched filter for a constant-frequency signal. In this process, the noise power in
the data is distributed across the spectrum, whereas the signal’s power is focused at a single
frequency. This concentration enhances the signal’s detectability. The end goal of a good
portion of present day research in the two-body problem is to produce waveforms that are

accurate enough to detect gravitational waves and extract information from them.
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Figure 1.1: Example of a Inspiral-merger-ringdown waveform from the numerical-relativity simulation SXS:BBH:0305 [20]
which models the detected gravitational wave signal GW150914. The horizontal axis is the real time. The blue thin curve
is a gravitational wave template for the "4” mode. The red thick curve shows the "match”, i.e. the accumulation of the
(normalized) signal-to-noise ratio. (Plot taken from [21])

1.2 Motion of self-gravitating bodies

in Newtonian mechanics

We commence our study of the physics of two-body systems by considering the motion of
self-gravitating extended objects in Newtonian gravity. Our observations in this simple sce-

nario will set the scene for most of the work in this thesis.



Following [22], we consider an inertial frame (¢, ') and study the dynamics of a massive
object which is extended but has a finite size, so that at any instant 7, its mass density p(z, x)
has support on a compact region ¥, C M. The object’s center-of-mass acceleration 4.,

obeys Newton’s equation

a, (t) = — /Jo(t, x)V'p(t, x)d’x (1.10)

The gravitational field ¢(x) is the sum of some external field ¢_ plus the object’s self-field
@, Which is sourced by p
v2¢self = 4mp (r.rr)

and determined by equation (1.11) plus suitable boundary conditions. The external field is
possibly sourced by some other mass distribution but it is a vacuum solution on the object’s

compact SllppOI't

V2o

5, =0 (r.12)

ext

Equation (1.11) can be solved using a Green function

1

)= ey

(r.13)

This Green function satisfies two properties that are important in later chapters: It is fully
symmetric and it vanishes when the points are infinitely separated.

We are interested in the effect of the self-field on the equations of motion. Plugging equa-

I0



tion (1.13) into (1.10) we get

a. = —/Jo(t, x)\Vip_ (v)d’x — /ﬁ(t,x)ﬁ(t,x')ViG(x,x’)d3xd3x’. (1.14)

In units where Gy = 1, the first term on the right hand side of equation (1.14) -the exter-

2
ext?

nal force- must be proportional to mAM/L? , where M and L, are the mass and distance
associated with the external field and m is the mass of the object. The second term, which
represents the self-force, must be proportional to m* [ L*, where L is the lengthscale of the
object. We are interested in the regime where the details of the body’s composition decouple
from its equations of motion. Physically, this happens when the size of the object L is small
compared to all other lengthscales in the system. If this is the case, we can do a multipole

expansion of the mass density p, where we replace it by a “skeleton”, made up of multipole

moments living on the object’s worldline 2,

plx) = md(x — z,) + Z[‘”"'“”Vﬂl oV, 0(x — z). (1.15)

n=1

The nth multipole moment scales as 72.L”, so they tend to zero as we take L — 0. However,
the second term in equation (1.14) does not appear to be well-behaved in this limit, since it
scales as m?/L?. Luckily, it vanishes before taking any limits: The product p(z, x) X p(¢, %)
is symmetric under exchange of x and x’ but the gradient of the Green function is antisym-
metric. Alternatively, this can also be thought of as a consequence of Newton’s law of action

and reaction. We conclude that motion is determined by an effective field

o(t,x) = p(t,x) — / G(x,x )p(t,x')dV’ (1.16)
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which is simply the external field ¢_ . The effective field is a renormalized field which is ob-
tained by subtracting the self-field of the compact object from its retarded field. Because it is
a homogenecous solution (cf. Equation (1.12)), it is independent of L and therefore finite in
the limit Z — 0.

We have proven that there exists an effective external field that governs the motion of ex-
tended objects in Newtonian physics. In the context of general relativity, a new dimension-
less parameter, Gm / Lc, measures the compactness of the object, while the parameter L/ Ly,
governs the strength of extended-object or tidal effects, as we described in the preceding para-
graphs. Itis possible to obtain a finite self-force by taking both 72 and L to zero in a self-similar
manner that keeps Gm / Lc fixed [23].

The result derived here, in the context of Newtonian gravity, encapsulates the spirit of
the framework we develop in Chapter 3. In that context, the effects of the self-field do not
vanish, but can be absorbed into the renormalization of the compact object’s mass density
and stress-energy tensor. The statement becomes: There exists a renormalized description of
the compact object in which it moves under the influence of an effective external field which

is a vacuum solution.

1.3 The two-body problem in General Relativity

There are a series of obstacles that arise when one tries to extend the results of the previous

section to general relativity. We list the most apparent complications below:

* Due to the nonlinearity of Einstein’s equations, the gravitational field cannot be split

into a piece sourced by each body. This makes it difficult to identify the self-field of the

I2



body of interest, which is the piece we subtracted in Section 1.2 to obtain an effective

gravitational field with a finite point-particle limit.

* Another consequence of the nonlinear nature of gravity is that point particles are ill-
defined objects in general relativity. After all, a point object with finite mass should
collapse into a black hole. This makes a naive perturbative analysis of gravity in the

point-particle limit useless past linear order.

* Orbiting masses radiate gravitational waves and lose energy over time. Because of this,
the dynamics of the system is wildly different at different moments in the inspiral pro-
cess. This feature makes it difficult to have one closed form equation describe the com-
plete evolution of the system and is the reason why we need different approximation

schemes for each stage of the inspiral.

These obstacles are related to many open questions in the study of the dynamics of binary

systems, some of which are the focus of this thesis.

Questions addressed in this thesis

Can the results of Section 1.2 on the effect of self-fields on the dynamics of self-gravitating objects
be generalized to curved spacetimes?

This question is related to the existence of a generalized equivalence principle. Originally,
the equivalence principle states that test point particles move along geodesics of the external
spacetime geometry, regardless of their internal properties. This principle doesn’t hold for
test extended objects, since they experience tidal forces that perturb their motion in ways that

depend on their particular inner composition. However, it remains true that the tidal forces

13



are caused by the external gravitational field, since test objects don’t produce self-fields. An
even stronger statement, which is sometimes called generalized equivalence principle, is that
self-gravitating extended objects move as test extended objects in an effective external field. In
other words, there’s a way to absorb their self-fields into their stress-energy tensor, such that
their renormalized multipolar momenta evolve under the influence of an effective external
field. This is the main result of chapter 3. It holds to any order in a perturbation expansion
in powers of the scalar charge density p. However, it does depend on the existence of a series
of n-point functions whose existence hasn’t been proved past linear order, except in a few

simplified toy models.
% % %

Can the dynamics of binary systems of self-gravitating objects be split into conservative and dis-
sipative sectors to any order in perturbation theory?
This question will have different answers depending on the approximation scheme used.
Newtonian gravity, for example, is purely conservative, so this question is trivial. The post-
Newtonian expansion starts to produce dissipative effects at O(1/¢>). At this order, there is
still a clear split and a Hamiltonian describing the conservative dynamics can be found. The
question is more subtle at O(1/c*) because the interaction becomes nonlocal in time. This
means that the force depends not only on the position of the objects locally, but also on their
complete past history. Then, even if a conservative/dissipative split is possible, it is not clear
that a local Hamiltonian for the conservative dynamics exists.

These issues are addressed in chapter 4, where we prove the existence of a local Hamilto-
nian description for a general class of theories with nonlocal interactions. In particular, we ap-

ply this result to obtain a local Hamiltonian description of the conservative post-Newtonian

14



dynamics up to O(1/c*). In chapter s, we apply the proof of chapter 4 to the small mass-
ratio expansion and obtain the local Hamiltonian description of the conservative piece of the
two-body dynamics up to first order in the mass ratio and spin of the small object. We then
obtain a local Hamiltonian description of the conservative piece of the dynamics in a scalar

toy model, to second order in the scalar charge.
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Dos cuerpos frente a frente
son a veces dos olas

y la noche es océano.

Dos cuerpos frente a frente
son a veces dos piedras

y la noche desierto.

Dos cuerpos frente a frente
son a veces raices

en la noche enlazadas.

Review of the Self-Force Formalism

2.1  Context

Dos cuerpos frente a frente
son a veces navajas

y la noche reldmpago.

Dos cuerpos frente a frente
son dos astros que caen

en un cielo vacio.

Octavio Paz

This chapter is concerned with the dynamics of extreme mass-ratio inspirals. These describe
the orbits of two-body systems with a small object of mass 7 (the secondary) orbiting a more

massive object of mass M (the primary). They abound in nature, in the form of stellar-mass

16



black holes or neutron stars that have been captured into inspiral orbits around super massive
black holes with masses between 10° and 10°M;, [24]. The starting point of the self-force
formalism is to analyze the dynamics perturbatively in the mass ratio ¢ = m /M. At zeroth
order, the secondary behaves as a test particle moving along a geodesic of the background
metric determined by the primary. At first order, we include the effect of secondary’s own
mass 7, so its gravitational field acts as a perturbation of the background geometry. The
interaction between the secondary and its own gravitational field gives rise to an acceleration
with respect to the background geometry, described by the gravitational self-force.

The self-force formalism was first developed in the context of flat spacetime electromag-
netism. The orbits of test charges are straightforwardly derived from Maxwell’s equations,
but it wasn’t until the work of Lorentz, Abrahams, Poincaré, and Dirac [25] that the motion
of self-interacting charges was understood. The interaction of electric charges with their own
electromagnetic fields is responsible for the radiation-reaction force, which turns the bound
orbits of test particles into slowly radiating inspirals. In 1960, DeWitt and Brehme [26] gen-
eralized Dirac’s result to curved spacetimes, and their calculation was corrected by Hobbs
[27] several years later. The gravitational self-force was first calculated in 1997, when Mino,
Sasaki, and Tanaka [28] derived an expression for the acceleration of self-gravitating masses
to linear order in the mass of the secondary (which vanishes in the limit of test particles); the
same equations of motion were later obtained by Quinn and Wald [29] using an axiomatic
approach. This resultis now known as the MiSaTaQuWa equation and constitutes a founda-
tional part of the self-force formalism [30]. The second-order contribution to the self-force
was later studied and derived in [31-36], where more advanced techniques were developed

to deal with some problems that arise at that order, as we will see later in this chapter.
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This chapter is organized as follows. In Section 2.2, we review the derivation of the elec-
tromagnetic self-force in flat spacetimes. In Section 2.3, we generalize these results to curved
spacetimes. We review the Detweiler-Whiting treatment of the linear self-force, where a sin-
gular solution is subtracted from the retarded solution to create an eftective field. The effec-
tive field satisfies the vacuum field equations so the divergence of the retarded solution along
the geodesic is avoided. In Section 2.4, we move on to the gravitational self-force and de-
scribe the downfalls of using naive perturbation theory for point particles. We later explore
the role that self-fields play in these complications. In Section 2.5, we derive the first-order
equations in Lorentz gauge and find a solution for the metric perturbation in terms of a re-
tarded Green function. Finally, in Section 2.6, we review the two-timescale method and the

effect of resonances on the dynamics of extreme mass-ratio inspirals.

2.2 Electromagnetic self-force in flat spacetime

Consider a charged point particle moving along a geodesic z(7) with 4-velocity #* = ”il—z:.
Maxwell equations are

V’F,, = 47, (2.12)

ViFy =0 (2.1b)

where /¥ is the current density of the charged particle. Its dynamics are governed by the
Lorentz force

mit, = f,; + qFaﬂ%ﬂ (2.2)
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where #* is the 4-acceleration, F,p = 0,45 — 0pA, is the Maxwell tensor and f;’“ is an external

force. The 4-potential 4, is constructed from the retarded Green’s function as

A, (3 [o(2)]) = / G [ 2’ a7 (2.3)

Here, we use primed indices to distinguish tensors evaluated at z(7’). Just as we saw with self-
fields on Newtonian gravity, if we evaluate 4, (x) along particle’s worldline then the Green
function gets evaluated at coincidence and the self-force diverges. However, the particle’s in-
teraction with it’s own field is what causes it to radiate energy away, which is the phenomenon
we are interested in. An alternative would be to consider extended objects instead, but then
we would need to model the internal dynamics as well. The question we face is: How do
we regularize the 4-potential so that it still describes the radiation-reaction process without
diverging along the worldline? Dirac’s solution [25] was to calculate energy and momen-
tum fluxes through a worldtube around the charge’s particle and relate them to its worldline.
Instead of following that derivation, we will explain a prescription for obtaining the same
result. Given retarded and advanced Green functions G:f}, (x,x") it is easy to construct a time

symmetric Green function as

1
G[i/ = E(G;FV, + G{;/) (2.4a)

Here we use C for conservative, which we will justify below. The retarded solution describes a
situation with no incoming radiation, i.e., a solution that vanishes at . The advanced solu-
tion describes a situation with no outgoing radiation, i.e., a solution that vanishes at . The

conservative solution, on the other hand, describes equal amounts of incoming and outgoing
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radiation. It follows from this picture that the conservative Green function does not exert a
radiation-reaction force on the particle. This can alternatively be understood by virtue of
ny, being invariant under time reversals. Nonetheless, retarded, advanced and conservative
fields are all sourced by the charged particle and are divergent in the same way. It is possible
then to construct a regular 2-point function” by subtracting the conservative solution from
the retarded one
Gy =G, — Gy,
1, (2.5)
:E (G/w’ - G/w’) :
The regular 2-point function is nothing but the dissipative 2-point function; the antisym-
metric combination of retarded and advanced solutions (which is why we use a D instead
of the probably more intuitive R for regular). The dissipative field Af is a homogeneous
solution and behaves smoothly as we get close to the worldline.

We are presented with four different 2-point functions, retarded, advanced, conservative
(or Coulomb/singular) and dissipative (or radiative/regular). When we generalize this ap-
proach to curved spacetimes, there will be a distinction between conservative and singular
fields. Similarly, dissipative and regular fields will not be the same either. This is just a feature
of flat spacetimes.

The domain of each 2-point function is represented on figure 2.1. The retarded Green
function G (x,«’) vanishes unless the source is at a position " on the past lightcone of x.

The advanced Green function G~ (x, x’) is the exact opposite: It vanishes unless «’ lies on the

future lightcone of x. The conservative and dissipative 2-point functions have support on

*Notice that we restrict the use of the term ”Green function” to solutions to the field equations sourced by
a delta function. More general constructions can satisfy the homogeneous equation instead, in which case we
use the term ”2-point function”, which encompasses both scenarios.
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Figure 2.1: Relevant points for the retarded field A/j' (left), advanced field A; (middle), and conservative and dissipative
fields Ag and A/It) in flat spacetime. A;' at the point 4* depends on the state of the particle at the retarded point z‘fet =
2 (Tret), where the particle’s worldline intersects x*’s past light cone. A; at x* depends on the state of the particle at the
advanced point z/,:dv = 2*(7.4v), where the particle’s worldline intersects 4*’s future light cone. Both Ag and A[? each
depend on the state of the particle at both z‘fet and z‘:dv (Image taken from [37]).

both the future and past ligthcones of x. From this picture, it is clear that the conservative
and dissipative solutions are not causal: The retarded (advanced) Green function has sup-
port on the past (future) lightcone, but the conservative and dissipative fields will depend
on the position of the particle at both the retarded 2*(7;;) and advanced z*(7,q,) times. It is
only when we evaluate the them along the worldline that both points converge at the present
position of the particle, thus making the field causal.

If we replace the retarded field (2.3) in equation (2.2) by the dissipative field
Af(x) = / G[ﬁ, [x,2(7)] u’dr. (2.6)
we get regularized equations of motion

mit, = [‘Xt + quﬂuﬁ. (2.7)
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This equation is now well defined along the worldline, since FP is constructed from the reg-
ular 4-potential 4”. Furthermore, it can be shown [25] that the radiation-reaction force in
Equation (2.7) can be expressed as

2q2

mity = [y + 3 (’ZW + ”#”V) ity (2.8)

which is known as the Abraham-Lorentz-Dirac equation. This equation has some problem-

atic behavior, such as runaway solutions, due to the dependence on the first derivative of the

acceleration. A solution [30] is to apply a reduction-of-order procedure where #* is replaced
—1dfext

by m ™= to the lowest order in g. The equation becomes

. Xt 24° X
mit, = f,, + 3im(77/” + uﬂuy)f; '+ 0(q") (2.9)

which is now well-behaved.

2.3  Generalization to curved spacetimes

A similar approach to that used by Dirac was later developed by DeWitt and Brehme for
curved spacetimes [26]. However, the prescription used in the previous section, where we
replace the retarded field by the symmetric half retarded plus advanced field no longer works.
The reason is that in a curved background, electromagnetic waves can scatter off the curvature
of spacetime and effectively travel slower than the speed of light so the retarded (advanced)
Green function now has support inside the past (future) lightcone, as well as on it (See figure

2.2).
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Figure 2.2: Relevant points for the retarded and advanced fields A/j' and A; in curved spacetime. A;' at the point &*
depends not just on the state of the particle at the retarded point on x*’s past light cone, but also on the particle’s state at
all points within the past light cone. Analogously, A; depends on the state of the particle at all points on and within x*’s
future light cone.

This means that the conservative and dissipative fields we constructed in the previous sec-
tion now depend on the position of the particle arbitrarily far into the past and future light-
cones. In consequence, they are not causal even at the coincidence limit. A new prescription
for deriving the electromagnetic self-force in curved spacetimes was developed by Detweiller
and Whiting [38], who proposed the existence of a new 2-point function /,,» which satisfies

the following properties:

* H

(%, %) is a homogeneous solution,
* Itis symmetric under exchange of arguments: H,,/ (x, %) = H,,(«/, x),

* It agrees with the retarded Green function when x lies in the chronological future of

§s Hyy(x,4') = G;,(x,x’) forx € I (x).

* By reciprocity, it must also be true that A, (x, ) agrees with the advanced Green

function when x lies in the chronological past of ¥': H,,/(x,%) = G, (x, %) forx €
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I ().

We then define the singular Green function

1
G,y = E(G;;, + G,y — Hy). (2.10)

The last two properties of H,,,, guarantee that the singular field vanishes for timelike separa-
tions, since H,,,» will match either the retarded or advanced Green function, depending on

the ordering of x and x’. The singular Green function satisfies the following properties.
* Itsatisfies the field equations OGE, (x, &) = —47d 8% (x — &),
* Itis symmetric under exchange of arguments,
* It vanishes for timelike separations.

We can now build the regular retarded/advanced 2-point function

+R _ ~t S
G, =G, — G, -
+ — 2.11
+[G), — G, ] + Hy
5 :

The addition of H,,,» cancels the advanced solution to make the regular retarded field depend
on the history of the particle only in the past of 2,4y, which becomes causal in the coincidence
limit, as can be seen in figure 2..3.

The equations of motion for a point charge can now be derived following the follow-
ing prescription, now known as the Detweiler-Whiting regularization scheme. Start with

a charged point particle and derive its equations of motion. Then regularize the retarded
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Figure 2.3: Relevant points for the singular and regular fields A/f and A[f in curved spacetime. Ai depends on the state
of the particle at all points on and outside x*’s past and future light cones. A;f depends on the state of the particle at the
advanced point 25y, = 2*(7,q,) and at all prior points 2(7 < Tog-

solution by subtracting the singular field. The resulting equations are

D
__ Xt Ry
mo ity = u +q uv u, (Z.IZ)

dr

where F[:';’R is derived from the 4-potential A;“R constructed with the regularized retarded
2-point function (2.11). By solving for the regularized retarded field [30], the equations of

motion can be expressed as

D t 2D ext 1 v o /
mE””(T) =/ +4* (g tu,m,) (37}%% + ER lul) —i-Zqzu/‘/ V.G [2(7), 2(7) ] u* d7.

(2.13)

Here, R, is the Ricci tensor and we used the same reduction-of-order procedure to get the
first derivative of the external force in the second term on the right hand side. The last term
is the zail integral, which goes up 7~ = 7 — ¢ to avoid the singular behavior of the retarded

Green’s function at coincidence.
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In flat spacetime the Ricci tensor is zero and the tail term vanishes since the Green function

is zero in the domain of integration, so we recover Equation 2.7. In curved spacetimes, the

self-force does not vanish even in the absence of an external force. The tail integral tells us that

the charged particle interacts with radiation emitted earlier and coming back after scattering

off spacetime curvature. This means that the self-force is fundamentally nonlocal in time,

since its value at present time depends on the complete past history of the particle’s worldine.

We will go back to this idea again and again in this thesis. Although the self-force is nonlocal

in time, the leading-order interaction in ¢ can be simplified by replacing the worldline z(7’)

in the tail integral by the geodesic going through that position at each time. This effectively

makes the self-force local in time, up to higher-order corrections.

* % %

From the regular retarded and advanced 2-point functions, we can construct regular con-

servative and dissipative 2-point functions by adding or subtracting them

C,R
G/lV/

(%, +')

R —R
G, (x,') + G, (x,2)

2
1 /
ZHW/ (2, 2), (2.14a)
R —R
G;,, (x,2) — GW, (x,x')
2
G (x, ) — G (x,«
(26, 2) § o (% )' (2.14b)

Notice that the new 2-point function H,, is exactly the regular conservative 2-point func-

tion. In flat spacetime, we set H,,; = 0, which is why the regular retarded 2-point function is

simply the dissipative 2-point function: There is no conservative piece of the regular 2-point
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function. Similarly, notice that the regular dissipative 2-point function did not require a reg-
ularization at all, since the singular 2-point functions of the retarded and advanced Green
functions cancel out! This is sometimes used as a “radiative” approximation where one ne-
glects conservative effects and focuses on the dissipative self-force, in order to avoid having to
deal with regularizations.

It is not clear whether the 2-point function H,,/(x,x’) exists for general curved spacetimes,
although some solutions have been obtained for simplified examples and only in the convex
neighborhood of x [30]. In chapter 3, we develop a different approach to regularize the re-

tarded field and relax some conditions on the singular Green function.

2.4 Gravitational self-force

We now move on to the gravitational self-force and describe its conceptual differences with
the electromagnetic case. The first difference is that general relativity is a nonlinear theory,
which introduces the necessity for some type of approximation scheme. The second differ-
ence, which is related to the first, is that its nonlinearities make the concept of a point par-
ticle ill-defined. In the electromagnetic case, we could understand point charges as the limit
where an extended object shrinks to zero size. In general relativity, however, this procedure
will create a black hole before the size of the object reaches zero. As we will see in this section,
point-particle sources still make sense in linearized gravity, but it is complicated to generalize
those results to second order. The third difference is that, in the electromagnetic case, the
field equations and the laws of motion for the particle could be formulated independently
(i.e., the action functional could be varied independently with respect to the 4-potential or

the particle’s worldline). In general relativity, the laws of motion for the point mass follow

27



from energy-momentum conservation, which is itself a consequence of the field equations.
In other words, once the Einstein equation is satisfied, applying a gradient to it shows that
the divergence of the stress-energy tensor must also be conserved. The dynamics of a point
mass must, therefore, be formulated with care. We will describe a formal approach to this
problem in Subsection 2.5.2

A rigorous derivation of the first order gravitational self-force experienced by a point par-
ticle orbiting a black hole was first introduced by Gralla and Wald [23], which we summarize
below. In order to understand their approach, let us first consider a stellar-mass extended
object of mass 7 orbiting a supermassive black hole of mass 4. The metric tensor g,, will

satisfy the Einstein equation

87G
Gulgl = — Tw|g m] (2.15)

C

where G, = R, — %Rg/w is the Einstein tensor and we are using m to denote the matter de-
grees of freedom of the secondary. Equation (2.15) plus the equations for the matter degrees
of freedom m will fully determine the evolution of the inspiral. There exist various defi-
nitions for the center-of-mass worldline of the secondary object [39], whose evolution will
depend both on the external metric sourced by the primary object and the internal dynamics
of the secondary. We are interested in a limit in which the evolution of the secondary’s world-
line decouples from its internal dynamics. As we discussed in Section 1.2, the dimensionless
parameter that governs the strength of the extended-body effects relative to the external force
is L/ Ley.. There is also a parameter, Gm /cL, that measures the compactness of the secondary
and the strength of the divergent (i.e. Coulomb-like) piece of its self-field. Thus, in order to

neglect the internal dynamics of the secondary, while keeping the influence of its self-field
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finite, we must take the limit where both its mass 7z and its characteristic length L go to zero
at the same rate. This corresponds physically with a situation where the mass and size of the
secondary are much smaller than the mass of the secondary and the distance to it, respectively.

Although it would seem sufficient to solve Einstein equations perturbatively in the mass
of the secondary, this approximation does not work globally. The reason is that a metric
perturbation sourced by the secondary will still be order unity in its vicinity. In other words,
the gravitational field of a compact object cannot be treated as a perturbation, atleast not close
to that object. Instead, there will be a double expansion of the metric tensor: In the region far
from the secondary, the metric will be dominated by the gravitational field of the primary plus
asmall perturbation sourced to the secondary. In the region close to the secondary, the metric
tensor will be dominated by the gravitational field of the secondary plus a small perturbation
sourced by the primary. This is known as a matched asymptotic expansion of the metric
tensor [37].

Gralla and Wald considered a secondary object with mass and size that scale with a parame-
ter A. Then, there exists a one-parameter family of solutions g,,(4) to the Einstein field equa-
tions. This family of solutions returns the external metric sourced by the primary at 4 = 0,
when we shrink the secondary to zero size and mass g,,,(1 = 0) = &, - However, there exists
a e-dependent diffeomorphism y/(¢) that “zooms” into the secondary by rescaling distances
by a factor of 1/e. The limit A — 0 at a fixed distance 7 = /¢ will take the one-parameter
family of metric tensors g,,(1) to the internal metric sourced by the secondary. The limit
of small 1 is known as the outer expansion, while the rescaled limit is the inner expansion.
Both expansions should agree in some buffer, intermediate region, which means they can be

matched, order by order. To zeroth order in 1, the secondary moves on a geodesic of the ex-
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ternal geometry. To leading order in A, the deviation from geodesic motion is sourced by the
first-order self-force.

In this thesis, we will not use this formal derivation of the gravitational self-force. Instead,
we will follow a prescription to derive the same result, which is the gravitational analogous of

the Detweiler-Whiting regularization scheme utilized in Section 2.3.

2.5 Detweiler-Whiting regularization scheme

We start by expanding the metric tensor in powers of the mass ratio ¢ = m /M
Zu(x) = g/ﬁ‘;) (x) + ehf(}y) (x) + 2210[(43,) (x)+.... (2.16)
If we plug eq. (2.16) into the Einstein tensor, we get
Gole] = G lg) + G, [10] + 236, [5] + PG [10]} + OE)  (217)

where 0G,,, represents the linear terms in the expansion while 9°G,, represents quadratic
terms that schematically look like 9h0h + h0*h. Next, we'll assume that the stress-energy

tensor of the secondary is that of a point particle

(x) = m/u/‘(z‘)u”(z‘)é‘[‘[x, 2(7)]dr. (2.18)
Here, 2(7) is the worldine of the particle and #* = ‘% is its 4-veocity. The covariant delta

function is 8 (x, y) = 8*(x — y)/ /2 The stress-energy tensor can be expanded in powers of
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¢ through its dependence on the metric tensor
1, = 575‘12 + 527&:2/) +... (2.19)

At zeroth order we get

Gy [g(o)] =0 (2.20)

which determines the background metric. At first order we get

G,

li24

[/o(l)} = %;Yﬁ) (2.21)

This equation admits solutions that can be expressed as integrals of Green functions over the

background metric.

2.5.1 SOLUTION TO LINEARIZED EINSTEIN EQUATIONS

The first-order field equations (2.21) present an immediate problem. The linearized Bianchi
equation makes the gradient of the left hand side vanish, so we get V¥ YXV) = 0, Since V,,
is a covariant derivative respect to the background metric, this forces the worldline to be a
geodesic of the unperturbed spacetime. Therefore, although we can get a first-order metric
perturbation, the particle won’t be affected by it!

One way to circumvent this problem [28-30, 38] is known as “gauge relaxation”. First,
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we impose the Lorenz gauge

1 -
LF [17(1)} = (gj(lg)gz) - Egj(/g)gjzo))vybﬁ) (2.22)

=0.

Using the trace reversed field 1798,) = b/glv) -1 g/(fi) g?g) bilﬂ), we get that Equation (2.21) splits

into two equations

167G

£ [/_9(1)} = —TTlg) (2.232)
V/‘I_a}%) =0 (2.23b)

where the wave operator is
BB = (¢ g7 V2 + 2R ). (2.24)

Equation (2.23a) by itself has solutions for any source worldline. It is only when the Lorenz
gauge condition (2.23b) is imposed, that the equations are equivalent to the linearized Ein-
stein equations and geodesic motion is enforced. Therefore, if one solves the Lorenz-gauge
form (2.23a) of the linearized Einstein equations while simply ignoring the Lorenz gauge con-
dition that was used to derive them, one allows for the possibility of non-geodesic motion.
The gauge relaxation procedure produces an equation inequivalent to the original. How-
ever, deviations from geodesic motion are expected to be small and so the Lorenz gauge vi-
olation should likewise be small. Solving Equation (2.23a), we get the metric perturbation

as a functional of an unspecified worldline. At this point, we can apply the Lorenz gauge
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condition and recover that the worldline is a geodesic, not on the background spacetime, but
on the perturbed metric tensor. We should clarify that, while the gauge-relaxation method
produces the correct answer, it is largely ad hoc and does not come with a clear justification.
If one wanted a first-principles derivation of the self-force, the method of matched asymp-
totic expansions explained in the beginning of the Section provides a much clearer picture.
However, Gralla and Wald’s method expands not only the metric tensor, but the worldline
itself. Therefore, the first-order self-force determines the evolution of a deviation vector that
describes how the actual worldline deviates from geodesic motion. Therefore, while this ap-
proach is a much more rigorous derivation, it eventually breaks down as the deviation vector
becomes large after a radiation-reaction time.

We now proceed with solving Equation (2.23a). The first-order stress-energy tensor is

v = /mu”u”z?z* [x,2(7)]d (2.25)

=¢©

That is: We evaluate the stress-energy tensor from equation (2.18) on the background solu-
tion to get its first-order piece. The solution to equation (2.23a) is

/;K(j,)(x; [z(7)]) = m/GJr [, z(zj)]u"‘,uﬁ/df’ (2.26)

uve' B
4 7=¢(©

where G:m , is the retarded Green function for the wave operator £,,. Notice that the solu-

‘6
tion for the first-order metric perturbation is a function of a spacetime point x and a func-
tional of an undefined worldline (7). This will lead to an integro-differential equation for

z(7) that should be solved self-consistently. The first-order metric perturbation diverges for

x = z(7) due to the singular nature of the retarded solution close to its source. This is a
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problem because that is precisely where we intend to evaluate the metric perturbation once
we write down the equations of motion for the point particle.

The Detweiler-Whiting prescription explained in Section 2.3 can be used in the case of
linearized gravity by simply adding two more indices to all the 2-point functions and replacing
the wave equation by the linearized Einstein equations. We assume the existence of a 2-point

function H,,,,¢ (x, ) [38] satisfying

* H,,p(x,x') is a homogeneous solution,

* Itis symmetric under exchange of arguments: H,,,p (%, ') = Hyp,,(«, %),

* It agrees with the retarded Green function when x lies in the chronological future of

s Hypp (%, %) = G;,(x,x’) forx € I ().

* By reciprocity, it must be also true that /. (x, «') agrees with the advanced Green

function when x lies in the chronological past of ¥':H,,.p (v, ') = G, (x,') for

x €I ().
We can then construct a singular Green function

G;;a/[g’ (x7xj> +G, (xﬂxj) - H/zm’[@' (x7x/)

Gim//;' (x,2) = #m,ﬁlz (2.27)

and finally construct a regularized 2-point function

G (e, ) =G (v, 4) — G 2 (2, %)

‘um’{@/ ym’,@l uve ( 8)
— 2.2
G;;zz/ﬂ' (.X', .X") - G;wo/ﬂ' (.X', x/) + Hym’ﬂ’ (.X‘, x,) .

2
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The detweiler-Whiting regularization scheme consists in replacing the retarded Green func-
tion in in Equation (2.26) by the regularized retarded 2-point function. the regularized met-
ric perturbation hg) is now smooth along the worldline and is well-suited for a study of the

dynamics of the linear self-force.

2.5.2 FIRST-ORDER EQUATIONS OF MOTION

With the regular Green function, we can now write down an expression for the first-order

self-force experienced by a point particle of mass 2. The particle’s 4-velocity #* = ‘Z—z: satisfies
. . . . R
the geodesic equation for the effective metric g(o) + 43
Du*
p =0 (2.29)
7 le=go 8,

where 2 =

= u*V is the covariant derivative with respect to the regular-
dz | g=g(0)+hf}y £ ‘g:g(o)-Fbﬁ) p s

ized metric. This equation can be expanded to linear order to obtain the covariant derivative

respect to the background metric on the left hand side and the self-force on the right

Du*

1 .
dT _E (h‘uv;l + b‘u v - bl;[u + bvlfuﬁ”‘u)%yul -+ 0(52)
O (2.30)

= F(z,u; [2(7)]).

Here, F¥ is the force per unit mass but we use the term force for short and every instance
of b on the equation above is supposed to be the linear order retarded regularized metric
perturbation hg:) & but we omitted the labels for clarity.

The self-force, as presented in equation (2.30), is a function of the present position and

4-velocity and a functional of the particle’s past worldline z(7). This is because the metric
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perturbation bﬁ) is sourced by the particle’s own path (See equation (2.26)). This makes
the equation of motion an integro-differential equation that must be solved self-consistently.
The functional dependence can be simplified by a reduction-of-order procedure. The equa-
tions of motion are valid to linear order in the mass ratio, so any higher-order corrections
to the particle’s worldine will be second order. Therefore, we can order-reduce the metric

perturbation and evaluate it on the zeroth-order worldline

/

/oﬁ) W(x; Z,4) = /G+’R , [x, z0)(7; 2, u)}u‘z‘o)(zj;z,u)u‘f;)(zj;z,u)dzJ (2.31)

pra'B

where z(0)(7'; 2, #) means the zeroth-order geodesic with initial conditions (2, #). The first-
order metric perturbation is now a function of a space-time point x and a function of initial

data (2, %), up to corrections quadratic in the mass ratio.

2.5.3 PROBLEMS WITH THE DETWEILER-WHITING REGULARIZATION SCHEME AT SEC-

OND ORDER

The second-order Einstein equation is

] = 870 _ g6, [h0] (2.32)

&

oG,

144

Physically, this means that the first-order correction H ) acts as a source for the second-order
correction #). The first-order metric perturbation #Y is sourced by the small particle’s mo-
tion and it will generally scale as ) ~ /7 near the particle’s worldline. This means the
first term on the right hand side is not well defined, since its integrand scales as ) (x)3* (x)

which diverges in the distributionally ill-defined manner 3(r). Similarly, the second source
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term on the right hand side will scale as 8°G,,, [h("] ~ ObW BN ~ m?/r*. This divergence
is too strong to be integrated as a source. Because of these issues, if we want to proceed to
second-order corrections and beyond, we must deal with the finite size of the small object
directly.

We should clarify that the method of matched asymptotic expansions explained in the
beginning of this chapter does work at second order and has been successfully used to derive
the second-order self-force. What we show here is that the “naive” prescription to derive
the self-force starting from a perturbative expansion of the metric tensor and a point-particle
source breaks down at second order. In Chapter 3, we will develop a formalism to derive the
Detweiler-Whiting regularization scheme from first principles and extend it to any order in

perturbation theory, in the context of a scalar toy model.

2.6 Adiabatic inspirals

The discussion in the previous sections was concerned with obtaining an expression for the
instantaneous self-force experienced by a point-particle source. A different goal is to find the
best way to model the complete inspiral of the two-body system, in a way that remains accu-
rate after times longer than the radiation-reaction time. One such way is the two-timescale
method, first applied to EMRIs by Flanagan and Hinderer in [40]. The key insight used in
the two-timescale method is the realization that extreme mass-ratio inspirals have two very
distinct timescales: The orbital time 7,4, o M and the radiation-reaction time 7,4 < M/ze.
The phase of the inspiral evolves on the short orbital timescale but the "conserved quantities”
slowly radiate away in the much longer radiation-reaction time. The two-timescale method

is then used to model the inspiral over long timescales. The correction to geodesic motion
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created by the self-force, as derived in the previous section, cannot be treated as small over
the entire inspiral time. Instead, the two-timescale method uses action-angle variables in or-
der to obtain a set of coordinates in which one subset (the angle variables) evolves on the
orbital timescale, and another subset (the action variables) evolves on the radiation reaction
timescale.

Consider a small secondary with mass 7 orbiting a Kerr black hole of mass 1. To ze-
roth order in 72/ M, the secondary follows a geodesic of the Kerr background. Geodesic mo-
tion in a Kerr spacetime is integrable, so we can use action-angle variables (4, ]#). Here,
7" = (¢',9",9°,9°) is a set of angle variables associated with Boyler-Lindquist coordinates
and the action variables /, = (E/m, L,/m,Q/m?* M, a) are the energy per unit mass, an-
gular momentum per unit mass, Carter constant per unit mass squared, and mass and spin
of the primary black hole. In this section, we use Greek letters from the beginning of the
alphabet for angle variables (thatis, 2 = 0,1, 2, 3) and Greek letters from the middle of the

alphabet for action variables (thatis, x = 1, 2, 3, 4, 5). The geodesic evolution of the action-

angle variables is given by

dﬂz
L - w0, (2339)
dJ,
ZE— . .33b
e (2.33b)

Here, 7 is proper time. Once we include the effects of the secondary’s own gravitational field,

we get a self-force on the right-hand side of equation (2.33). Schematically, it would look like
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this

d a

dqf = &) +epla)) + gzg?l)(q’]) +0(&), (2.342)
d

% = 5G/9) (a./) + EZG}(;)(q,]) + 0(&%). (2.34b)

Here, we use uppercase latin indices for @ = (4", 4°) to indicate that the self-force cannot
depend on ¢’ or ¢% due to the time and axial Killing vectors on the Kerr background. We
assume that the self-force terms g1, g(2), G, and G@ are known, although their specific
form is not important here.

Now, we provide an ansatz for the time-dependence of the action-angle variables. First, we

define the slow time variable

Q
I
o
h

(2.35)

The slow-time variable 7 increases by O(1) after the proper time 7 increases by a radiation-
reaction time o< 1/¢, hence its name. We’ll also define a fast-parameter variable ¥*, which

will be related to an orbital phase. The ansatz for the action-angle variables is

9" (7,¢) = Zsjq‘é)(‘l’,%), (2.36a)
Julme) = > (Y, 7). (2.36b)

The order s in this expansion has its own naming convention, which differs from the naive
perturbative expansion that we did in the beginning of this chapter. We will call the zeroth-
order solutions the adiabatic solution. The following orders will be called post-r-adiabatic

and so on. This reason behind this will become clear once we derive the adiabatic solution.
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The derivative of the phase variable ¥ respect to proper time determines its own angular

frequency, which we must obtain by solving the equations of motion

AS

F(%’ S) EQQ(%, E)
% i (2.37)

=940
s=0
This equation can be integrated to get an expansion for the phase variable ¥
- 1 - - -
V(5.6) = (@) + ¥y () + 9 (2) + 0(E) (238)

where we defined

ﬁx) = /Q‘E‘j)(%)d%. (2.39)

Note that we are doing an expansion in powers of the mass ratio at fixed slow time, and not
at fixed time 7. This is the key of the two-timescale method, taking the limit ¢ — 0 at fixed
slow time 7 = &7 pushes 7 to infinity, which is why this approximation scheme applies to the
full inspiral and not just a snapshot of it, as the Gralla/Wald approach.

Next, we want our ansatz to satisfy some properties. The phase variable should behave
like a phase, which means that the angle variables /, should be periodic on ¥ and the angle

variables ¢* should evolve 27 after the phase variable ¥ evolves by 27z. These conditions can
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be expressed as

JOHY + 27k, 7) = JO(Y,7) (2.402)
VY + 25k 7) = 2k 1 O, F) (2.40b)
g (Y + 27k, 7) = 4Y*(¥ +27,7), fors> 1. (2.40c)

Here, £ is a vector of integers. The periodicity of the phase variable ¥ is useful to define

average and secular pieces of the action-angle variables. We define the average of /) as

TV = V(Y7

o (2.41)
27 27 2.41
ASIN / AV (¥, 7).

1
(27)*
Then, we can split the solution for the action variables into secular and oscillatory pieces

O, 7) = TO() + 1) (Y, 7) (2.42)

where / is the oscillatory piece, which averages to zero by definition. A similar procedure

applied to the angle variables yields
q90,(Y,7) =¥ + Q) (7) +4(,, (¥, 7) (2.43)

where Q is the average piece of ¢* and g is its oscillatory piece. Finally, we will choose the

integration constants that arise from equation (2.39) to fix

4(5(0,7) = 0. (2.44)
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2.6.1 ADIABATIC SOLUTION

All that is left now is to plug our ansatz into equation (2.34). To zeroth order in ¢, we get

dqiy, (Y, 7)
(ONEE 8
AP 0 = “)[/(0)}’

dﬁmﬂﬂﬂﬂ _
IV O

Equation (2.45b), can be solved using a Fourier expansion of the action variables
- 0) /~\ 7k
JOY.7) =Y @Y.
Kk
Plugging this into equation (2.45b), we get

Z [Z'Q’?O)kﬁ]ﬂoi(%)e’k'\y =0.

k

It follows that

@ =0

(2-452)

(2.45b)

(2.46)

(2.47)

(2.48)

for all vectors of integrers k except for k = 0 and for those non-zero k which satisfy the

resonance condition

.
Qs = 0.

(2.49)

A resonance occurs in any multi-periodic orbit when the ratio of two frequencies becomes

a small rational number. We will discuss more about resonances in Section 2.6.2. For now,

let us assume that there are no resonances. Then, all k # 0 coeflicients of /) must vanish,
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which means that

JO (Y,7) = j(o)(%) (2.50)

Moving on, now we insert the expansion (2.43) into equation (2.45b) and Fourier expand

the oscillatory piece of g(g) to get
o+ Zk: 10 ke 0y k(DT = o[ TOR)]. (251)
The k£ = 0 Fourier mode of this equation gives
05 (7) = w[TV%(7]. (2.52)

The k # 0 Fourier modes imply that g()x = 0 by an argument similar to the one used in

Equation (2.47). By equation (2.43), we are left with
90)(Y,7) =Y + Q) (7). (2.53)

Finally, since we set ¢(0)(0, 7) = 0, we must have Q(¢y(7) = 0.

Note that we still do not know how to determine the evolution of the averaged action
variable 7. In order to do so, we must go to linear order. Plugging our ansatz for the
action variables in equation (2.34b) to linear order in ¢, we get

s AP (¥,7)  dTON(7)
© b dz

= GP(Y, JY) (2.54)
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Taking an average of this equation respect to ¥, the first term vanishes and we get

dj#(O)(%)

= = (@gY) (2:55)

which tells us that the evolution of the averaged action varaible is determined by the averaged
self-force.

The adiabatic solution is then given by

dq,

q(d—)r(f) = a)[j(o)(%)] (2.56a)
47, ) Wy 70

D = (g (2560

Physically, we are letting the angle variables evolve as if moving along a geodesic, but we are
letting the action variables that determine the geodesic evolve slowly under the averaged self-
force. This is the reason why this is called the adiabatic order. An important insight coming
from this analysis is that the adiabatic motion is determined by the dissipative piece of the self-
force, but not its conservative piece. This is because the conservative self-force comes from a
symmetric 2-point function, which averages to zero. This extends to the following orders as
well: The adiabatic order needs only the averaged first-order dissipative self-force, the post-
1-adiabatic order needs the averaged second-order dissipative self-force and the secular pieces
of the first-order dissipative and conservative self-force, and so on. This analysis breaks down

over resonances, which we discuss next.
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2.6.2  TRANSIENT RESONANCES

The 6D phase space of a test particle orbiting around a Kerr black hole is parametrized by
three angle variables (4", 4%, 47) and their corresponding action variables (E, L,, Q), which
are the energy, angular momentum and Carter constant, respectively. Phase space is foli-
ated by 3-tori parametrized by the angle variables, with each tori labeled by the action vari-
ables. Different action variables /, produce different frequencies »*(/) for each angle variable.
Generic values for /, will produce orbits that cover the torus ergodically. However, if the ac-
tion variables are such that the ratio between any two frequencies becomes a rational number,
then the orbits will loop back on themselves and never cover the torus. This feature dramati-
cally affects the two-timescale method. The average of any function of ¢ along a generic orbit
will eventually cover the full torus and therefore be insensitive to initial conditions, which is a
desirable property of averages. However, during a resonance, even the averaged variables are
highly sensitive to the initial data. This can induce errors at an order in ¢ that is not accounted
for if resonances are neglected. Because of this, the action variables can start depending on
the fast phase variable ¥ before including post-1-adiabatic effects. In what follows, we pro-
vide an estimation of how big is the effect of resonances and paint a schematic picture of the
physical process by which they arise.
Consider the Fourier series of the first-order self-force GS) (g*.])

G (gD =D G, (2.57)

ky
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where the index 4 = 7, 6. Now, let’s expand the phase 474, around some fixed time 7,

kaq’ (7) = kaq’ (7o) + ke’ (70) (7 — 70) + ki (70) (7 — 70)2 +... (2.58)

For generic orbits, the second term is non vanishing and dominates the exponential in Equa-
tion (2.57). This term increases by O(1) after a time 7 /Q#MA x O(1). In other words, the
exponential oscillates on a timescale much shorter than the radiation-reaction time and thus
the modes £? # 0 of the self-force average to zero. However, in a resonant mode, the second
term vanishes and the third term dominates the exponential. The second term increases by

O(1) after a time 7 \//;—M o 1/4/e. This time is much longer than the orbital timescale

and therefore the resonant modes dominate the exponential for a long time and do not av-
erage to zero. The change in the action variables will be A/ ~ ¢GWAr =~ \/e. This means

that:

* Resonances add half-integer powers to the ansatz (2.36). If we include resonant effects,
there will be contributions to the action-angle variables that scale as £/2, /% and so

on. These will have resonant modes as sources and will vanish outside of resonances.

* The conservative self-force can produce order /2 corrections during resonances. The
reason why we only need the dissipative self-force for the adiabatic solution is because
the conservative piece of the self-force averages to zero. This is no longer true over a res-
onant orbit, and resonant modes of the conservative self-force can drive the evolution

of the action variables at an order /2 above the adiabatic order.
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All Cretans are liars!

—Epimenides, a Cretan

Nonperturbative approach to self-force:

Scalar Casc (Adapted from [1])

3.1 Context

As we discussed in Chapter 2, the point-particle limit of the self-force presents some com-

plications beyond linearized gravity. Although these obstacles have been overcome through
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the use of puncture schemes and matched asymptotic expansions [31-36], the Detweiler-
Whiting regularization prescription to subtract a singular field from the retarded field does
not have a generalization past linearized gravity. In this chapter, we present an alternative
derivation of the second-order self-force that embraces a different philosophy. Instead of
tackling point particles head on, we will describe the dynamics of extended objects. The use
of finite sized objects avoids any difficulties associated with self-field divergences encountered
in the limit of small objects. The key idea is to define appropriate renormalizations already
for finite bodies, before taking any limits to zero size. We will define a nonperturbative field
redefinition that takes the physical field to an effective one, which has a unique, well-defined
point-particle limit. To linear order in the mass or charge of the body, this field redefinition
is essentially equivalent to the subtraction of the singular Green function described in Equa-
tion (2.11). The field redefinition formalism was invented by Harte and has been extensively
developed by him and collaborators [22, 41-43]. The goal of this chapter is to extend the
field redefinition formalism to all orders in the mass or charge in the simplified context of a
nonlinear scalar field model. In Section 3.2, we present the framework for a general class of
theories with matter degrees of freedom coupled to a scalar field. We assume that the mat-
ter has extended but finite support on a worldtube and derive equations for the evolution
of its energy, momentum, angular momentum, and center-of-mass charge. In Section 3.3,
we define the field redefinition that takes the physical scalar field to an effective one, which
is finite in the point-particle limit. In Section 3.4, we expand the field redefinition in powers
of the scalar density to parametrize it in terms of a series of n-point functions. We then de-
rive perturbative constraints for them, up to any order in the scalar density. In Section 3.5,

we do a multipole expansion of the scalar density, where we replace it by a series of multi-
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pole moments times derivatives of delta functions. This replaces the extended object by a
“structured” point-particle: A world-line equipped with a series of multipole moments, to
any order in the distance to the worldline. If we neglect all higher multipole moments, we
recover the point-particle description of the dynamics, which is governed by an effective self-
force. Finally, in section 3.6, we apply this formalism to a particular nonlinear scalar theory

in flat spacetime.

3.2 General framework

We consider the motion of a finite-sized object coupled to a nonlinear scalar field in a four-
dimensional spacetime with fixed metric g,;. This system is a simplified toy model for the
motion of a body under its gravitational self-force.

Such a system can be described by an action functional of the form

S= SmL'fa ¢7gab] + S¢[¢7gab]- (31)

Here S, is the action for the scalar field @, and the matter action S, depends on one or more
matter fields y = (y,,...,y,)> and contains any terms that couple the matter fields to the
scalar field. We assume that the matter fields y are nonzero only inside a worldtube B which
is spatially compact, whereas the scalar field ¢ is long ranged. We will assume that both terms
in the action (3.1) are individually covariant. In other words, if ¢ : M — A is any difteo-

morphism on the spacetime manifold A1, we assume that

Smloet, 70, 7egat] = Smlts @5 ga]: (3:2)
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where 7, is the pullback, and similarly for S,. We use the mostly positive metric tensor signa-

ture.

3.2.1 CONTINUUM EQUATIONS OF MOTION

Varying the action (3.1) with respect to @ gives the scalar field equation of motion, which we

can write as

Eolpl = p, (3.3)

where

. 1 98, 1 a8, (5.0
= ——, = 3.4
P e LT e

The quantity p is a function of the matter fields y and of @, and is the charge density for the

scalar field. Similarly the matter field equations of motion obtained from the action (3.1) are

oS
— =0. .

5 (3-5)
Finally we define the matter and scalar field stress energy tensors in the usual way *

2 8 .28

G T = ———8,, (3.6)
/_g‘ 3&“/ ¢ /—_g é\gﬂy 4

where g is the determinant of the metric g,,. Diffeomorphism invariance then implies con-

servation of the total stress energy tensor

Vu(T% + T5) = 0. (3.7)

*We assume that the matter stress energy tensor T4 vanishes when x = 0, so that it has compact spatial
support. This assumption excludes certain kinds of coupling terms in the action Sy,.
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We now argue that the stress energy conservation equation (3.7) can be rewritten in the
form

Vi Ty = =,V (3.8)

This follows from the diffeomorphism invariance (3.2) of the matter action, specialized to a

linearized diffeomorphism parameterized by a vector field £:

PR PAY aS,
0=205, = /d4x {—sz + =00 + — g, | - (3.9)
5;( 4 5@ @ é\g;w g/‘

Using the equation of motion (3.5), the linearized field variations dp = £,0 = £V, and
0w = Lr g = Vif, + V£, and the definitions (3.6) and (3.4) we get

0= /d4x\/—_g [—Joéﬂvf@ + Yﬁv#[y} : (3.10)

Now integrating by parts, taking é;t to be of compact support to enable throwing away the

boundary term, and using the fact that  is otherwise arbitrary yields the result (3.8).

3.2.2 EQUATION OF MOTION FOR THE BODY

We next define the bare linear and angular momenta of the body and their evolution equa-
tions. Renormalized versions of these quantities will be defined in Sec. 3.3 below.
We start by choosing a spacelike foliation of spacetime specified by a coordinate s : M —

R, with leaves . Specializing to flat spacetime, we define the generalized momentum to be
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the linear map on Killing vector fields &

Pe(s) :/z mfﬂd&, (3.11)

At fixed s, this is is a linear map from the space of Killing fields into R, and may therefore
be viewed as a vector in the ten-dimensional space dual to the space of Killing fields. Note
that in curved spacetimes where there may not exist any Killing vector fields, there is a ten-
dimensional space of generalized Killing vectors given a choice of representative worldline,
which takes its place in these expressions [22, 44]. With this generalization, there are addi-
tional gravitational forces (at quadrupole and higher order) as well as scalar ones.

The equation of motion for the body is obtained by differentiating the generalized mo-

mentum (3.11), which yields [22, 44]

d
d—P;(:) = / V(T &,)dS = —/ﬁgff;@d& (3.12)
S h p

where dS = z*‘dS# with # any vector field with #V,s = 1. Here the second equality uses the

conservation equation (3.8) and the Killing equation V(,£,) = 0.

3.3 Field redefinition

For test bodies with negligible self-fields, it is possible to simplify the generalized force in Eq.
(3.12) by Taylor expanding the field ¢ about some representative worldline, thus obtaining
a multipole expansion. More generally, this is not possible, essentially due to the objects

self-field varying over the object in a manner not well approximated by a Taylor expansion.
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Moreover, it is generally difficult to take a point particle limit, as the self-field diverges in
this limit. As explained in section 3.1, a general strategy for circumventing this difficulty is to
demonstrate that the self-field does not contribute to the integral (3.12), and to subtractit off
from the physical field, leaving an external or effective field. While this approach is standard
in Newtonian gravity, it is more subtle to define an appropriate notion of effective field in rel-
ativistic theories. For linear theories, the details have been worked out in Refs. [22, 44], and
the scheme is closely related to Detweiler-Whiting regularization. Here we aim to generalize
this framework to nonlinear theories.

Specifically, we seek to define some effective fields p and @, which will in general be nonlocal

nonlinear functionals of the physical fields’ pand @:

Plx) =plxp, ], ox) = p(xp, 2. (3.13)

The mapping (3.13) can be viewed as a change of coordinates on the off-shell field configura-
tion space. In order for this transformation to be useful we will require it to satisty four key

properties:
1. The transformation should transform covariantly under diffeomorphisms.
2. The form (3.12) of the equation of motion for the body should be preserved.

3. Appropriate locality and causality conditions should be satisfied.

TMore precisely, our coordinates on field configuration space are (x1+- -2 @) and pis the local function
of these coordinates given by Eq. (3.4). However, assuming that p and ¢ are functionally independent, we can
find new coordinates of the form (¥, ..., ¥5_;,2; ®). In this sense, we can regard p as one of the independent
field variables. The transformations we discuss in this section keep (7,, . .., 7_,) as well as g fixed.
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4. The effective scalar field @ should have a smooth point particle limit, defined in a suit-

able sense.

In the remainder of this section we discuss these four requirements in detail. We will
demonstrate the existence of a large class of transformations that satisify properties 1, 2 and
3. We will also conjecture that transformations exist that additionally satisty property 4, and
present some circumstantial evidence in favor of this conjecture. In specific models this exis-
tence question reduces to the existence of #-point generalizations of the Detweiler-Whiting
2-point function that satisfy some conditions which we specity.

Transformations which satisty properties 1 through 4 need not be unique in order to be
useful. Non-uniqueness will not affect the form of point particle equations of motions, but
can affect the form of corrections due to spin and tidal couplings (analogous to the choice
of spin supplementary condition in the Mathisson-Papapetrou-Dixon equation of motion).

See References [22, 41—44] for further discussion of this issue.

3.3.1 COVARIANCE CONDITION

Although the transformation will in general be nonlocal and nonlinear, we require that it

satisfy

ﬁ[a'*ﬁ, J*p] = G'*JB[p? @]7 @[J*ﬁ’ai*¢} = J*@Iﬁv ¢]7 (3-14)

for any diffeomorphism o : M — M.

3.3.2 PRESERVATION OF THE FORM OF THE EQUATION OF MOTION

We next describe a general prescription for transformations that preserve the form (3.12) of

the equation of motion, albeit with a renormalized version of the momentum appearing on
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the left hand side. The key idea is to make use of a modified splitting of the total action (3.1)

into two terms. We define

Sm=S8Sa+ W, S;=8,—W (3.15)

S:Sm+§¢. (3.16)

We also rewrite the action in terms of the effective fields p, @. If we can choose the field
redefinitions and the new splitting in such a way that the new scalar action S, depends only

on ¢ and not on p,

A

Sp = 8,10, gu), (3.17)

then the derivation given in Sec. 3.2 of the equation of motion (3.12) starting from the action
continues to be valid* for the hatted variables. Explicitly we obtain by rewriting Eqs. (3.4),
(3.6) and (3.12) that

V#T‘” = —pV'p (3.18)

and

d - U
d—Pf(f) = —/ﬁff@d& (3.19)
x) s,

A key point is that even though the new actions 3'm and 3’¢ are nonlocal functionals of the fields g and 9,
locality is not used in the derivation of Sec. 3.2.
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where the renormalized or effective variables are defined as

Pes) = / iﬁ’fud&, (3.20a)
E:
- 23
P 3 (3.20b)
V=g %G|, .
bp
. 1S, (3.200)
p o= —— | 3.20C
V=g e

Next, we explain how to choose the functional W and the field redefinitions (3.13) in order

to satisty the required conditions (3.17) and (3.20c). We take W to be of the form

W= VV[/O> ¢>g/w] - /d4x\/—_gp¢ (3.21)

for some covariant functional 7. Substituting this into the second of Egs. (3.15), taking a

variation at fixed g,, and making use of the definition (3.4) to get rid of the variation respect

to @ gives
. 1 oW 1 ow
0S5, = /d/*x\/—g {(@ - ——) dp— ——00| . (3.22)
’ Vg % V=g 99
We next define the field redefinition in terms of /¥ by
1 ow,.
p=—"—=—"lp. 0. 8wl (3.23)
VR P

Here, derivatives of Wp, 9, g,,] are taken while keeping all other arguments fixed. Inserting

Equation (3.23) into Equation (3.22), we see that the requirement (3.17) is satisfied. Fur-
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thermore, combining Equations (3.20c) and (3.22), yields the relation .

1 oW
p = T — s Aa V]' (32‘4)

Equations (3.23) and (3.24) together define a mapping from (p, @) to (¢, @), which can be
inverted to obtain the mapping from physical variables (p, @) to effective variables (¢, @).
This inversion is carried out explicitly in Section 3.4 below in a perturbative expansion.

To summarize, we have shown that any covariant functional WJp, 2, g/,,,] gives rise to a
transformation which satisfies conditions 1 and 2 discussed above, given by Egs. (3.23) and
(3.24). The renormalized stress energy tensor is given by combining Egs. (3.15), (3.20b) and
(3.21) and is

. 2 oW

T5 =T — pog” + —+—. (3.25)
N

We note that our class of transformations include a subclass of local transformations of

the form

o = bp), (3.26a)
= L .26b
P 7 (o)’ (3.26D)

where / is a monotonic function. These special transformations are given by choosing

W= / e/ =goh \(3), (3.27)

and leave the stress energy tensor and splitting (3.1) unchanged, from Egs. (3.25), (3.15) and

(3.21). Another important subclass is given by the condition that the transformation reduce
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to the identity when p = 0, z¢. p[0, @] = 0and ¢[0, @] = @. This condition is equivalent to

Wip, 9,80) = /dx\/_gﬁ¢+0(ﬁ (3.28)

We note that the transformation given by Equations (3.23) and (3.24) is a type II functional

canonical transformation which preserves the symplectic form

/dl’x\/—g@ﬁ/\ op (3.29)

on the field configuration space. It is not related to the physical symplectic form which
is defined on the on-shell subspace of the field configuration space. We can alternatively
parametrize the transformation as a type III canonical transformation as follows. Instead

of the form (3.21) of the functional W, we choose

—W]p, g1 + / diey/~gpo. (3.30)

Inserting this definition into the second action functional in Equation (3.15) and taking a

variation at fixed g,, gives

S

135S, 10w .
~—)dp— (¢~ 3ﬁ)3ﬁ — pop (3.31)

N ¢§5¢

33¢:/dx\/_[(
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We now define the field redefinition

1 oW

7 = T o A; ) 7/]7 (3323)
1 oW .

L = L07 @u@uf]' (3.32b)

V& 9P
Inserting this into equation (3.31), we see that the second term vanishes identically, and the
first term vanishes when we make use of the definition (3.4). The condition (3.17) is thus sat-

isfied and the rest of the argument proceeds as previously. The type III generating functional

W and the type II generating functional /7 are related by

W=+ / die/2lpp + 3] (3.33)

from Equations (3.21) and (3.30).

3.3.3 LOCALITY CONDITION

We now discuss the conditions we impose on the field redefinition (3.13) in order to make
the description in terms of the effective field have certain locality properties. These properties
are weaker than the usual criterion that the Lagrangian is a local functional of the fields.

Let B be the worldtube in spacetime where the stress-energy tensor 7% and the density
p are nonvanishing. For two points x and y, we denote by ¥(x, y) the geodesic segment that
connects x to y (or segments if there is more than one geodesic connecting them). We then
define the convex geodesic hull C(R) of any region R to be the smallest region containing R

for which any two points x, y € C(R), the geodesic y(x, y) is also contained in C(R). Then,
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we express the locality condition as

T%(x) = O forx ¢ C(B). (3-34)

In other words, the effective stress energy tensor must vanish outside the convex geodesic
hull of the support of the physical stress-energy tensor. This condition guarantees that the
effective description of the system will remain localized to a compact spatial neighborhood
of the physical system. Also, the equations of motion for the effective variables (3.18) guar-
antee that if Tﬁf has compact support, then the effective charge density » must have the same

support

plx) = 0forx ¢ C(B), (3.35)

assuming the gradient of ¢ is nonvanishing. In section 3.4.1, we prove that the condition

(3.35) implies that

5¢(x) = orx an
(3¢U))ﬁ—0f € Bandy ¢ C(B). (3.36)

This means that the effective field @ on the worldtube is constructed from the physical field

@ in the vicinity of the worldtube.

3.3.4 CAUSALITY CONDITION

In this section, we discuss the conditions that we impose on the field redefinition (3.13),
which are motivated by considerations of causality. While the underlying theory is man-
ifestly causal, the dynamics in the effective variables can have an apparent acausality due to
the nonlocality in the field redefinition. We would like to ensure that this apparent acausality

is suppressed in the limit when the size of the body becomes small.
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The causality condition can be expressed as follows. Take 7 variational derivatives of the
generating functional W]p, @, ¢,,] with respect to the charge density p evaluated at different

points x;, X3, . . . , X,. Then, the causality condition is

3 Wle, @, gus) if any subset of the points {xy, ..., x, }
e =0 (3.37)
dp(xr) - - Ip(a) =0 is timelike to its complement.
In other words, if the set of points {xi,...,x,} can be partitioned into two subsets such

that the separation between any point in the first subset and any point in the second subset
is timelike, then the left hand side of equation (3.37) must vanish. This is a perturbative
statement and should be applied to all 2 < » < N with N being the order in p in which
we are expanding the dynamics. In section 3.4.2 below, we will show that when the locality
condition 3.34 is assumed, the causality condition 3.37 on the type II generating functional

is equivalent to a similar condition for the type III generating functional W[ﬁ, ?, 0]

if any subset of the points {x1, ..., x,}

is timelike to its complement.

S Wp, 9,4
o) 3|,

We also show that these conditions imply a constraint on the dependence of the effective field

@ on the physical charge p at fixed physical field @, namely

if any subset of the points {x, ..., x,}

=0 (3.39)
is timelike to its complement.

(x50, 05 )
o)l |,

Equation (3.39) is easier to understand physically, so now we turn to discuss the interpreta-
tion and motivation for this condition. First, note that the on-shell physical field ¢ satisfying

Equation (3.3) will be a functional of the scalar density p, satisfying some boundary condi-
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tions (i.e., retarded, advanced, etc.). We are interested in field redefinitions under which the
effective field @ preserves said causality in the point-particle limit. Importantly, we will allow
the effective field  to depend acausally on the scalar density p as long as that dependence is
suppressed in the point-particle limit.

Second, the effective field ¢ can always be expressed as

p=9- s (3.40)
where the S field @, is defined as the difference between the physical and effective fields. The
name S-field is chosen to show the fact that in a point particle limit this field will have a sin-
gular limit, like the physical field @, while the effective field ¢ will be finite®. It is clear from
Equation (3.40) that the S-field will be responsible for any acausalities in the effective field @.
In other words, if the S-field were exactly local in p, then the on-shell effective field ¢ would
automatically have the same causality as the on-shell physical field @. This explains why the
derivatives in condition (3.39) are taken at fixed physical field @: They are equivalent to taking
derivatives with respect to the S-field, constraining its acausality.

In Section 3.4.2 below, we show that in a perturbative expansion in powers of the scalar

density p, the condition (3.37) implies that up to O(p”) the variational derivative

2p(x.0, 2]

————— = 0 whenever x and y are separated by more than 7 light-crossing times.

%)

(3.41)

This forces @ to be independent of p in the distant past/future to any finite order in perturba-

$The “S” can also stand for Self-field, since the field redefinition’s goal is to generalize the Detweiler-Whiting
renormalization scheme, where the self-field of a point-particle is subtracted from its physical field.
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tion order. Furthermore, the point-particle limit will collapse the worldtube B of the object
into a worldline z(7), making the light-crossing time vanish. Therefore, the effective field ¢
at any position z(7) in the worldline, will not have acausal dependence in p, at fixed @. Re-
quirements of this general kind have previously been imposed on the definition of effective

fields and effective 4-momenta in References [41, 43].

3.3.5 SOURCE-FREE CONDITION FOR EFFECTIVE FIELD

We would like to impose that the effective scalar field @ be source free, as has normally been
done in previous work [38]. This would entail specializing the field redefinition to ensure

that

5¢[¢H¢:¢[p,¢] = &Elp] —p- (3.42)

This condition is imposed oft-shell, so that p and @ are allowed to vary independently. When

we go on-shell and impose the equation of motion (3.3), the condition reduces to

5¢[¢] |¢:¢[P7¢] = 0. (343)

Thus the effective field ¢ satisfies the same equation of motion as the original field, but with
a vanishing source. This ensures that the effective field varies slowly over the object, and
remains finite in the point particle limit, enabling a simple derivation of the point particle
self-force.

Rather than imposing the source-free condition (3.42), we shall, in fact, impose the weaker

condition

Elol ‘;o:gp[p@] — &olol +p = Slel- (3.44)
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Here, S is a smooth source satistying certain properties which we discuss further below. The

on-shell version of this condition is

Eolell sy g = Sel- (3.45)

The reason for imposing this weaker condition is as follows. For linear theories, in even space-
time dimensions, it can be shown that the source-free condition (3.43), as well as our locality

and causality conditions can be satisfied if one chooses the field redefinition to be

b(x.p. ) = plx) — / AV, Gow (). (3.46)

In addition, this two-point function Gpy (x, y) mustsatisfy Gpw (x, y) = Gpw(y, x), Gpw(x,y) =
0 for timelike separations and it must be a Green function for the equation of motion with a
delta function source. Two-point functions that satisfy these conditions are called Detweiler-
Whiting Green functions [30, 38]. They are known to exist in spacetimes where the metric

is analytic [26]. A general procedure to compute them using a kind of series expansion called

the Hadamard series is known (See Appendix A), and when this series converges,a DW Green
function will exist [26]. However, the series does not always converge, and in general a DW
Green function may not exist [45].

Nevertheless, one can proceed by using instead of Gpw an approximate version of it ob-
tained by truncating the Hadamard series to some finite order. Such a truncated 2-point
function will yield effective fields that give the correct self-force in the point-particle limit,
and so they are all that are needed in practice. They satisfy inhomogeneous equations of

motion with additional source terms that vanish in the coincidence limit x — y. In the non-
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linear context, our condition (3.44) is a natural generalization to the condition satisfied by

the truncated version of the DW Green functions in linear theories.

3.4 Weak nonlinearity expansion

In the remainder of this chapter, we will restrict attention to weakly nonlinear systems, that
is, systems for which effects that are nonperturbative in the charge density p can be neglected.
We will model these systems using expansions in powers of p. In this section, we will consider
such expansions of the field redefinition (3.13) oft-shell, without imposing the equations of
motion. In later sections we will specialize to on-shell configurations.

We make the assumption (3.28) that the field transformation reduces to the identity when
p — 0, from which it follows that the generating functional /7 can be expanded as the

functional Taylor series

. L= 1 .
WIp, %gab] = /deJ@—I—ZZ/dVl...angn(xl,...,xn;Q,gw]ﬁl...ﬁn. (3.47)
n=2

Here, dV; = d*x;\/—g(x;), P= ,(x;) and G, are some symmetric z-point functions which
are functionals of the effective field ¢ and metric g,,. For brevity we will not show explicitly

from now on the dependence of G, on @ and g,,. Substituting into the canonical transfor-
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mation formulae Equations (3.23) and (3.24), and (3.25) we obtain

p(x) = gb(x)+Z/dV1...an_IQn(x,xl,...,xn_l)ﬁl...Jon_l, (3.48a)
plx) = +Z /dV1 AV Gua(x1, . x05%) p o p, (3.48b)

() = Yﬁ’(x)—i-zz/dVl AV, Ty, %5 %) py - p,, (3.48¢)
n=2

where we have defined

1
gn,m(x7~--axn;y7"'7_ym) = xa"'axn)a (3493)
1 1 \/W%D(% \/WWW 1
Yi.. Ym 5 5
N C TS TR %,). (3.49b)

@ggm@l \/W U e

We can also compute the field redefinition perturbatively starting from the type III generating

tunctional 7. We assume an expansion of the form

L . 1 . . .
WL0,¢,gW]:/dVﬂo¢—Z;/dVl...angn((xl,...,xn;¢,gwl,ol...ﬁn, (3.50)
n=2

for some symmetric n-point functions G,, functionals of ¢ and g,,. Substituting these gen-

erating functional into the canonical transformation formulae (3.32) we obtain

o(x) = o(x) —Z/dVl---an1én(x,x17~--,xn1;¢,gyu]ﬁ1--~ﬁn1,(3-51a)

. 1 ; -
plx) = ﬁ—zz/dV1...anQnJ(xl,...,xn;x)ﬁl...ﬁn. (3.51b)
n=2
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where (jml is defined by an equation analogous to Equation (3.49a). By comparing the ex-
pansions (3.47) and (3.50) for the type II and III generating functionals and expanding per-
turbatively in the density, we can relate the sets of n-point functions G, and Gn The first few

relations are

gz(x1,xz)[¢] = gz(x17x2)|¢ 0 (3.522)

Q3(x1,x2,x3)[¢] = g3(x1,x2,x3)|¢ o (3.52b)
1

— E/dV 92,1(3617962, )Qz(x x3)|

p=p
1
N E/dV' G, %3, 4)Ga (o xz)‘¢ 2

— /dV G122, 20354 ) Go (o, 21) |,

p=p "

We can also solve perturbatively for the effective fields in terms of the physical fields by

expanding in powers of the density. Starting from Equation (3.48) this yields
P gmnp Y g q y

ZdVl dVG (%, 205 o X 15 @y GuolPy - -, - (3.53)

Here, the n-point functions G, are symmetric in their last z — 1 arguments but not in all #
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arguments. The first few of these n-point functions are

g2<x1, xz) [@] = gz(xh xz)

e (3.542)

Q3(x1,x2,x3)[¢] = g3(x1ax27x3>|¢:¢ (3.54b)

1
B E/dV G (21, %23 ) Ga (o, x3)

1

B E/dV' Ga 1 (%1, %3, %) G (¥, 32)

p=p

p=p"

3.4.1 LOCALITY CONSTRAINT ON THE N-POINT FUNCTIONS

We now turn to evaluating the constraints on the z-point functions G, that arise from im-
posing the locality condition (3.34). From equation (3.48c), itis clear that the effective stress-

energy tensor T* will vanish outside the convex geodesic hull of B if we impose

T, 25) = Owheny & C({x1, ..., x.}). (3-55)

Here, C({x1,...,x,}) is the convex geodesic hull of the set of points {x,...,x,}. Asex-
plained in Section 3.3.3, the locality condition (3.34) for fie guarantees the locality of p, by
the effective equations of motion V, 7% = —pV’. Therefore, using equation (3.48b) we
get

Gui(x1, .. %,;9) = Owheny & C({x,...,%,}). (3.56)

In other words, the n-point functions G, must be guasi-local functionals 9 of the metric

and the effective field. Combining Equation (3.512) and the relation (3.52), we see that the

A function fthat takes 7 spacetime points xy, . . . , x,, as arguments is a quasi-local functional of another
function g if its dependence on g is restricted to a region locally constructed from its arguments.
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variational derivative of @ with respect to @ at fixed p, is constructed from G, ;. It is then

straightforward to show that (3.56) implies (3.36), using the expansion (3.52).

3.4.2 CAUSALITY CONSTRAINT ON THE N-POINT FUNCTIONS

By inserting the expansion (3.21) into the causality condition (3.37), we find that the condi-

tion constraints the n-point functions

if any subset of the points {x;, ..., x,}

is timelike to its compliment.

Similarly, the causality condition (3.38) is equivalent to

if any subset of the points {x;, . .., x, }

gn(x17-'~7xn) :0 (358)
is timelike to its compliment.

Finally, the condition (3.39) is equivalent to

. if any subset of the points {x1, ..., x,}

Galx1,...,%,) =0 (3-59)
is timelike to its compliment.

In this section we show that conditions (3.37), (3.38) and (3.39) are equivalent, with the aid
of graph theory.

First, we define causality graphs. Recall that a graph is a finite set of vertices, each pair of
which may or may not be connected by an edge. Given n points {x;, . . ., x, } in spacetime, we
define the associated causality graph & (x;, . . ., x,,) by taking the vertices to be the spacetime
points and by linking with edges any pairs of points that are timelike separated. This graph is

simple (at most one edge between any two vertices) and undirected (the edges have no sense
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of direction).

The condition (3.57) on the n-point function G, is equivalent to the requirement that the
vertices of the causality graph &(xy, ..., x,) can be partitioned into two subsets for which
every vertex in the first subset is linked to every vertex on the second. Simple undirected
graphs with this property are called joined graphs [46]. Joined graphs can be characterized as
follows. A spanning subgraph of a graph is a subgraph which contains all the vertices of the
original graph. A bipartite graph is a graph where vertices can be divided into two disjoint
sets, such that each edge connects an element of the first set to an element of the second set. A
complete bipartite graph is one where every element of the first set is linked to every element
of the second set. Finally, it can be shown that a simple undirected graph is joined if and only
if it contains a spanning complete bipartite subgraph. We can therefore rewrite the causality

condition (3.57) as

Gu(x1,...,%,) =0 if &(xy,...,x,) contains a spanning complete bipartite graph.

(3.60)
The conditions (3.58) and (3.59) can be rewritten similarly. All complete bipartite graphs
with up to five vertices are shown in Table 3.1. The causality graph &(x;, . . ., x,) contains
a spanning complete bipartite graph when there is a subset of points located “so far away”
that they become timelike to all others. In this sense, the causality condition prevents the
dependence of the effective field @ on the charge density being too spread out, although it
allows greater separations as we go to higher orders in the scalar density. In Appendix D, we
discuss a stronger causality condition, which is nonperturbative but also creates constraints

potentially too restrictive to be satisfied by the field redefinition.
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Number of vertices Complete bipartite graphs

n=3 ./\

SR
- A &

Table 3.1: List of complete bipartite graphs up to # = 5 vertices.

We now describe how this condition applies to the n-point functions with » — 2,3, 4.
At each order 7, we need to enumerate the number of nontrivial ways that the set of points
{1, ..., x,} can be partitioned into disjoint subsets. For » = 2 there is only one way, 2 =

1 4 1 and the causality condition reduces to

Ga(x1,%2) = 0if x1, x, are timelike separated. (3.61)

For n = 3, there is also only one way 3 = 1 + 2, and the condition reduces to

G5 (1,22, x3) = 0 if at least two points are timelike separated. (3.62)

For n — 4, there are two ways, 4 = 1 + 3 and 4 = 2 + 2, and the condition is

if either there is one point timelike
G4(x1,%2,x3,%4) = 0 to the other three, or there is a pair (3.63)

of points timelike to the other pair.
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We now turn to the derivation of the result described in Section 3.3.4, which stated that
the conditions (3.37), (3.38) and (3.39) are equivalent when we assume the locality condition
(3.34). Given an n-point function G, that satisfies the constraint (3.57), let us investigate
what the corresponding constraint for G, is. From the relations (3.52) that relate the two
sets of n-point functions, it is sufficient to show that the correction terms in those equations
vanish when the graph & (x;, . . . , x,,) satisfies the properties discussed above.

Let us look at the term

%/92,1(x1,x2;)’)gz()/,x3)dVy- (3.64)

If the points x1, x, and x3 form a causality graph & (1, x5, x3) which is joined, then that graph
must have a spanning complete bipartite graph. It follows that there must be two timelike
pairs (See table 3.1). Any causality graph containing the pair (x1, x,) will make the first factor
in (3.64) vanish due to the causality constraint in G, ;. Now, consider the only other option,
where (x1, x3) and (x2, x3 ) are timelike pairs. Since x; is timelike to both x; and x,, x; mustalso
be timelike to y, since the locality condition (3.56) forces y to lie on the geodesic connecting
x; and x,. This makes the second factor G (7, x3) vanish. The same argument can be used
for the other two correction terms in equation (3.52). It follows that whenever there are two
timelike pairs, both G, (x1, %2, x3) and G5 (x1, %2, x3) vanish. Furthermore, similar arguments
can be made for all the correction terms relating Gn to G, at any order z. The key is that
the causality condition involves bipartite complete graphs. Then, if the arguments on the
first term in the integrand are not timelike (which would make it vanish), then they must
be timelike to the arguments of the other term, thus making that one vanish by the locality

condition. This argument can also be applied to the correction terms that relate the n-point
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functions G, defined by (3.50) to G,. Therefore, the constraint (3.57) guarantees that the
causality condition (3.39) holds.
Finally, we turn to the derivation of the result discussed in Section 3.3.4 above, that the

causality conditions (3.37) or (3.38) imply that the quantity

Ip(x; 0, 2l
Pp(»)
vanishes when x and y are inside the support B of p and when x and y are separated in time

by more than n light-crossing times, when working to order O(¢”). From Equation (3.54),

we find

00 (;
p%é 2l _ Z/dVl AV, ,G, (%, 9, %1, o X2)p P (3.65)

We now make use of the fact that the n-point function G, satisfies the condition (3.59). We
assume thatxand ylie in the worldtube B and we focus on the term involving G, (2,9, %1, . .., Xp—2).
Without loss of generality, we can assume that the points &y, . . . , %, lie in BB, otherwise the

term vanishes. Consider now the partition of {x, y, x1, . . ., x,—» } into {y} and {x, , x1, . . ., x,_» }.
By our assumption, y must be spacelike related to atleast one of {x, , x1, . . ., x,_» }, otherwise

we have a spanning complete bipartite subgraph, which forces G, tovanish. If yis spacelike re-

lated to x, then x and y are separated by at least one light-crossing time and the result follows.

If instead y is spacelike separated from one of {x, ..., x,_,}, we relabel the points to call

the point x, so y is spacelike related to x;. Consider next the partition of {x, y, %1, ..., x,-2}

into {y, x } and {x, x5, ..., x,_»}. In order to avoid a complete spanning bipartite subgraph,

we need either a) y is spacelike separation from one of {x,x,, ..., x,_,}, or b) x; is spacelike

73



separated from one of {x5, . .., x,_»}. In either case, we relabel the points to make the new
point x,, and we consider the partition {y, x;, x,} and {x, x3, ..., x,_»}. Proceeding in this
way, the end result that maximizes the allowed temporal displacement between x and y has y
spacelike separated from ux;, x; spacelike separated from x;,... x,_3 spacelike separated from
¥,— and x,_, spacelike separated from x. This corresponds to x and y being separated by at

most 2 — 1 light-crossing times, when we use the expression for ¢ that includes terms up to

O(p”_1>.

3.4.3 DIFFERENTIAL EQUATIONS FOR THE N-POINT FUNCTIONS gn

In this subsection we use the source-free condition (3.44) to obtain a set of differential equa-
tions that the n-point functions G, must satisfy. It will be convenient to rewrite that condi-

tion treating @ and p as the independent variables

Eolpl — Eplplo.pll +p = Slpl. (3.66)

Next, we recall the definition of the S-field ¢ from Equation (3.40). The expansion of the

self-field in powers of density is

o4@.p)(x) = Z /dV1 o dV 1 G, X, X Qo -, (3.67)
n=2

We parametrize the expansion in powers of density of the source S|p] as

S(x;ﬁ] = Z/de...an{)n(x,xz,...,xn;g/w]pz...ﬁn. (3.68)
n=2
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We now insert the definitions and expansions (3.40), (3.67) and (3.68) into the condition
(3.66), expand in powers of p at fixed ¢ and equate the coefficients of successive powers of p.

In expanding the functional £;, we make use of the definition

1 "Eplp(x)]
EW (xixy, ... xalp) = ? . (3.69)
p 5% P ) . —g(m,) dp() - - 9p(x,)
This results in the series of equations for the n-point functions
/ EN (x,2) G, 9)dVy = 8*(x,9) — 02(, ), (3.70a)

1
/5;1)(x;x1)g3(x1,y,z)dVl = —E/dVldegéz)(x;xbxz) X

X gz(xb)’)gz(xzvz) - 53(367}’72); (3.70b)

where 9% (x,y) = 8*(x — y)/ \/% . Note that although the definition (3.69) of the func-
tionals 5;”) involves only the physical field @, they are evaluated at @ = @ in Equation (3.70).
Explicit versions of these equations for a specific model is given in Section 3.2 below.

We now discuss the existence and uniqueness of n-point functions G, that satisty the
Equations (3.70) as well as the locality and causality conditions (3.37) and (3.56). Consider
first Equation (3.70a) in the case with vanishing source 4, = 0. This equation says that
G, is a Green function for linearized solutions. It must also satisfy the symmetry condition
G>(x,y) = Ga(y, x) from the definition (3.21) together with the causality condition that it
vanishes for timelike separations. As discussed in Section 3.3.5 above, these three conditions

on a 2-point function are called the Detweiler-Whiting conditions [30]. In certain cases, the
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three conditions determine a unique 2-point function, called the Detweiler-Whiting Green
function. In certain other cases, when the Hadamard solution fails to converge, it is not
known whether any 2-point function satistying the conditions exists. For that reason, one
can use instead as a 2-point function the quantity obtained from a version of the Hadamard
expansion procedure, truncated at a finite order. In this case, there is a non-zero smooth
source term 4, on the right hand side of Equation (3.70a), a specific local functional of the
background fields ¢ and g,, [43] I Such truncated versions of the Detweiler-Whiting Green
function are often used in practice to compute self-forces [37]. They also automatically sat-
isty our locality constraint (3.56) because of the nature of the Hadamard construction [42].

Turn next to the corresponding situation for the 3-point function Gs, which is much less

well understood currently. We would like to impose on G5 the following conditions

* Symmetry under interchange of any pair of arguments (From the definition (3.21)).

Our locality condition (3.56).

Our causality condition which for z = 3 reduces to the requirement that Gs(x, y, 2)

should vanish whenever any two pairs of its arguments are timelike separated.

Satisty Equation (3.70b).

We conjecture that for analytic background fields ¢ and g,,, unique 3-point functions exist
which satisfy the four conditions, just as for » = 2 with Detweiler-Whiting Green functions.

One piece of circumstantial evidence in support of this conjecture is that in Minkowski space-

[ 2-point functions which obey linearized equations of motion with a source consisting of a sum of a delta
function and a smooth source are called parametrices, instead of Green functions. Thus, truncated Detweiler-
Whiting 2-point functions are parametrices.
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times, 3-point functions do exist which satisfy the first three requirements and the equation

0Gs(x,,2) = Ga(x, )G (x, 2) (3.71)

similar to Equation (3.70b). Perhaps some generalization of the Hadamard construction can
be found to define this 3-point functions. More generally, for arbitrtary smooth g,, and @, it
seems clear that one must allow a source like 35 on the right hand side of Equation (3.70b),
since they are already necessary for n = 2.

In the remainder of this chapter, we will assume the existence of a 3-point function satis-

tying all four requirements and will express our results in terms of this 3-point function.

3.4.4 ON-SHELL EXPANSION OF THE PHYSICAL FIELD

Our discussion so far in this chapter has been off-shell, in the sense that the scalar field ¢ and
the matter density p were treated as independent variables. Now, we will consider retarded
solutions to the field equations, so that @ becomes a functional of p. Inserting the retarded
solution into the self-force expression 3.19 will enable us to compute the self-force solely in
terms of the effective density and to then take the point-particle limit (See Section 3.5 below).

We start by writing the physical density as

p=£p (3.72)
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with ¢ < 1, where ¢ is a formal expansion parameter and p is independent of . Then, the

physical and effective fields are expanded as

p(x) = p(x) + Y _ p™e" (3.73a)
px) = p(x) + > p"e (3.73b)

where @ is a background scalar field, independent of the matter density. This means that @
is a homogeneous solution, at least in the vicinity of the object, although it might be sourced
by some other charge density far away.

Furthermore, we introduce the following notation for derivatives of the n-point functions

G, evaluated on the background field @

1 "Gy (%1, ..y %)
V=g0) -/ —gOn) 9P01) - - 9 (n)

Gn,m(xla"'axn;yla"'vym) = : (374)

p=0

Similarly, we expand the functional dependence of the source terms 3, with respect to @ as

( ) 1 Q\mén(xl,...,xn) ( )
Snm\ X1y« o 5 Xns Y1y o oy Ym) = ’ —~ 3.75
Vg —glm) 9201) - 00(0) |5
The equations of motion get a similar expansion
1 3"Eolp(x)] (%)
E™ Xy XL, e Xy) = ? (3.76)
p (%% ) V—gx) ... /—g(x,) dp(x) ... 0p(xa) |5

Substituting the expansion (3.73a) into the equations of motion (3.4) and making use of the
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2)

definition (3.69) shows that the physical fields @, o), ), ... obey

Eslg] = 0 (3.772)
/ES)(x;y)p(l)(y)dVy = plx) (3.77b)
/ EY (x9)0P() = —% / Av,dv.E (x.y,2)0" (0)eM(z)  (3.77¢)

We write the retarded solutions of these equations for the physical field as

o(x) = p(x) + 5/ Gy (x,x)pdV' + & / Gy (x,« , X" g dV'dV" + ... (3.78)

Here, G5 (x,«’) is the retarded Green function for the differential operator £; and G is a
retarded 3-point function that can be written in terms of G5 and Eg) using Equation (3.77¢)

as

Gy (x,9,2) = /dV’dV”dV’"G;(x, x’)Eg‘) (5" "G (& y) G (4" 2) (3.79)

We also expand the equations (3.70) for the n-point functions G, around @ to obtain similar
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equations for the background n-point functions G, ,,

[ B sm)Galomn )V = F () —ssa(ar) (5.80)

/ D (5)G ol AV = — / AVidV,E (31, ) Goo(31,9) Gapl2,2)
— o(x0.2), (3.80b)

/ EY (x,2)Gop(m,p,2)dVy = — / AVE? (x;31,7) Goo (31, y) — 521(x, 7, 2)3.80¢)

Unlike equations (3.70), equations (3.80) are evaluated on a fixed background field ¢ and
therefore can be solved order by order.

We now take the expansion (3.51a) of the effective field ¢ in terms of @ and p, rewrite the
n-point functions G, in terms of G, using Equation (3.54), write the physical field ¢ in terms
of the physical density p using the retarded solution (3.78), and finally write p in terms of the

effective density p using Equation (3.48b). The result is

o(x;.0] = p(x) + / G (x, &) AV + / G (e, o, X)PR AV AV + ... (3.81)
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where we have defined the on-shell retarded regularized n-point functions

G;_“R(xl,xz) = Gy (%1,%2) — Gaol(x1,%2) (3.822)
G;’R(xl,xzﬁ%) = G;(thz,ﬁ%) — G30(x1,%2,%3) (3.82b)
1

— E/G;’R(xb)’)Gzﬂxzax3>)’)dVy

1
— z/G;’Ro/,xz)Gz,l(xhx%y)dV}/

1
— E /G;’R@,%)Gz,l(xbxzd’)dVy

Here, R stands for regularized. The effective 2-point function G, " is a generalization of the
Detweiler-Whiting regularized 2-point function that we obtained in Section 2.5 after sub-
tracting the singular field from the retarded Green function. As discussed in Section 3.3.5,
G * is the 2-point function one would obtain by truncating the Hadamard expansion used
to solve the source-free equations of motion (3.44). It instead solves the Equation (3.43).
Similarly, the effective 3-point function G;' Risa generalization of the Detweiler-Whiting
prescription to second order in the charge density. We assume that the 3-point function
G;,0(x, y, z) satisfying our symmetry, causality, locality and source-free conditions exists such

R . . . .
that G5 ™ exists and determines the self-force up to second order in the density.

3.5 Point-particle limit

In this section, we return to the equation of motion of the body in terms of the effective
fields p and @. Since these fields remain finite in the point-particle limit where the size of

the body becomes small, we can use multipole expansions [41] to derive the general form of
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the equations of motion of the body. As discussed in Chapter 1 of this thesis, this form is
identical to an equation of motion of a test body with no self-interactions. We then take the
point-particle limit (discarding all the body’s mass and spin multipole moments except for the
monopole) to derive a point-particle equation of motion in terms of the n-point functions
defined in Section 3.4.4 above.

We start by picking a representative worldline y# within the body, with tangent vector .
This worldline is often chosen to be a suitably-defined center-of-mass worldline, but for our
purposes it can be left unspecified. Next, we note that the effective generalized momentum
75;(5) of the body given by Equation (3.20a) is a linear function of the Killing vector &. Since
Killing vector fields are determined by their value and their anti-symmetrized first derivative

atany point, we can define quantities 5“(s) and 8 = §t#1(s) by the relation

~

PHs) = () + 55 (V£ (3.83)

These quantities are the effective momentum and angular momentum of the body with re-

spect to the worldline y,. The time derivative of Equation (3.83) is

d A DZA){‘ 1 “oaBiy 1D v N3YY
TP = L(= - = SRGS) + VA8 = ) (3.84)

Here, we used the Killing equation V(,£,) = 0and V,V £, = —wa &p. 1f the right hand
side of Equation (3.19) were zero, corresponding to no net force, then Equation (3.84) would

give the Mathison-Papapertrou-Dixon equations for a spinning object with 4-momentum p*
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and spin tensor S*

Dp 1 ey

% = ER{x[@szﬂVﬂ (3.852)
D. o

ZSM = ZIDL“)/I}. (3.85b)

These equations must be supplemented with a spin supplementary condition [47] to fix
choice of representative worldline. This amounts to fixing the freedom in picking the ref-
erence frame from which we measure angular momentum. More generally, if there is a non-
zero effective generalized force .7:}(5) = %75;(5), then we can define an effective force F*(s)

and effective torque NP (5) = NI (s) by a relation analogous to Equation (3.83)

~ ~

) = FOLG,) + ;M 6V.E0) (5.56)

Comparing with Equation (3.84) now gives the general equation of motion

Dp* 1 ens s

— = RS+ 8
7 SR SV + F, (3.87a)
D. . A

5 = 2pk57) + N (3.87b)
S

We next move on to obtaining an expression for P in the point-particle, where we neglect
the spin $* and torque N¥ from the right hand side of Equation (3.87). We use the on-shell

expansion of the effective field, given by equation (3.81). Plugging the expansion (3.81) into
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the equations of motion (3.19) we obtain

5P = [ g | [avipecr o)~ [ [ararpect e ) 0p)
bR s %

(3.88)
We now perform covariant Taylor expansions of the Green functions G} **, G5 * and back-
ground field @ about y, and express the results in terms of the charge multipoles defined in
(3.90) below. Recall that in a curved spacetime, the covariant form of the Taylor expansion

of a function f{x) around a point x; is

Ax) = Z o™ (%0, X) n' 7 (x50, ) Vi - Van)ﬂx)\x:xo . (3.89)

n=0

Here, o(x1, x,) is Synge’s worldfunction (See Appendix A), and ¢* is the derivative respect to
its first argument, which turns out to be proportional to the tangent vector to the geodesic
connecting x; and x,. We now define the effective scalar charge multipoles of the object at

position y, along the worldline by

R ANy ,x)...0%(y,x
le...an(f):/z (7/5’ ) <7/5’ >J6(x)d5 (3-90)

n!

We also define the monopole as

s = /zﬁ(x)dS- (3.91)

For generic scalar models, the scalar charge might not be conserved. However, in the spirit of
using this as a toy model for the gravitational self-force, we assume that g, is independent of
5.

In the point-particle limit, the contribution of all the multipoles will be suppressed rela-
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tive to that of the monopole (3.91), and so we drop all these higher-order multipoles. This
approximation is equivalent to simply evaluating the expression with p chosen to be a delta
function concentrated on the representative worldline. Comparing with the decomposition

(3.86), we obtain for the effective force

F(x;9] = —qV*p — QZV” / G;’R(x, y,)ds — éSV” / G;“R(x, 7}.}/},)0,’&415' +... (3.92)

Here, the covariant derivatives only act on the first argument of each n-point function. In the
point-particle limit, the 4-momentum becomes parallel to the tangent vector to the worldline,
and specializing the parameter s to be the proper time gives p* = mj#, yielding from Equation
(3.87) setting S# =0

g(mf“) =F. (3.93)

Equation (3.93) can be simplified in the following way. First, apply the covariant time deriva-
tive to the mass 7 and the 4-velocity 3. Second, contract the equation with another 4-

velocity and use the fact that 4-acceleration and 4-velocity are perpendicular. We then get

D i

57 =1 (3.94)

Plugging this equation back into Equation (3.93) we get the equation for the 4-acceleration
D v wen\
m— 3 = (¢ +7#7)F (3.95)

Equation (3.95) constitutes the main result of this chapter: A finite, point-particle, effective

self-force that describes the motion of self-interacting objects to third order on their effective
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charge g. This method can be extended to any order in g. Notice that the equations of motion
(3.95) are nonlocal in time. In other words, the self-force that drives the evolution of the path
7, is itself a functional of it. In Chapter 4 we study the dynamics of nonlocal systems such as
these.

This framework is also well suited for a simplified study of tidal effects for self-interacting
extended objects. We leave this for future work. In the remainder of this thesis, all scalar
charge multipoles are set to zero, although we go back to analyze the effect of the spin tensor

in the conservative dynamics in Chapter s.

3.6 Application to nonlinear scalar field theory in flat space-

time

In this section, we specialize the discussion so far presented in the chapter to a nonlinear scalar

theory described by the action principle

Sle, @] = S,lp] + / d'x\/—¢ [—%g”vmv@ —Vip) —po| - (3.96)

The field operator (3.4) that determines the field equations is

Eolp] = 0o — V(o) (3.97)
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so the physical field ¢ and the effective field ¢ satisfy

Op—V(e) = p (3.982)
Op—V(p) = S (3.98b)

We obtain the solution for the retarded physical field in terms of retarded two and three point

functions, as defined in Equation (3.78). Equation (3.79) reduces to

G;_(x, x/7x”> - %/ V<3) [@@)]G;(x,y)G;(y,x’)G;r(y,x”)dVy (3.99)

Similarly, the differential equations (3.70) for the #-point functions G, reduce to

A

D.Go(x,9) = 3*(x,9) — 32(%,9), (3.1002)
. 3¢z
ng3(x,y, Z) = wgz(%}/)gz(% Z) (3-100b)
- 53(x7y7z)

where we defined D, = [J, — V" [(x)]. Equation (3.80) becomes

Dszp(xa)’) = 54(367)/) - 62(’@)’)7 (3'1013)
_ VO [o(x
D.G;(x,y,2) = %Glo(x,y)Gzyo(x, z) — 33(x,7,2) (3.101b)
D.Goy(x,y;2) = VO [2(x)] Gao(x, 9)8* (%, 2) (3.1010)
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where we defined D, = O, — V" [@(x)} . The functions G, o and G, ; are determined if we
use the Hadamard construction truncated at second order. If a solution to Equation (3.101b)
satisfying all other conditions can be found, then Equation (5.5 4) determines the regularized

second-order self-force for a nonlinear scalar field theory in flat spacetime.
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El tiempo es la sustancia de que estoy becho.
El tiempo es un rio que me arrebata, pero yo soy el rio;
es un tigre que me destroza, pero yo soy el tigre;

es un fuego que me consume, pero yo soy el fuego.

Jorge Luis Borges

Hamiltonian formulation of conservative

IlOfllOC&l in time dynamical SYStemS (Adapted from [2])

4.1 Introduction

In this chapter, we study a class of finite-dimensional dynamical systems with non-local-in-

time interactions. Such systems can be described in terms of action functionals of paths in
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phase space, where the action contains multiple integrals with respect to time. Their equa-
tions of motion are integro-differential equations as opposed to the ordinary differential
equations characteristic of Hamiltonian dynamical systems. A simple example of such an

integro-differential equation is

x(t) = flx, 1) + /°° Kz, ¢ )x(¢)dr . (4.1)

Here f{x, ¢) is the local piece of the force and the integral is a non-local-in-time force thatis a
functional of the position x(#'). The equations of motion (3.95), encountered in the previous
chapter, are an example of this type of dynamics.

Non-local-in-time interactions generally arise when one ”integrates out” some of the de-
grees of freedom of a system, giving rise to a non-local interaction between the remaining
degrees of freedom. Our motivation for studying such systems is to understand the conser-
vative/dissipative split of the self-force dynamics obtained in Equation (3.95) in the previ-
ous chapter. Non-local interactions are not unique to the small mass-ratio approximation,
they appear at 4PN order in post-Newtonian approximations of two-body dynamics as well
[12, 48, 49]. They are also useful for the description of cracks and other non-local deforma-
tions on materials [50]. Non-local-in-time interactions are sometimes parametrized in terms
of frequency dependent coefficients, such as the electric permittivity and susceptibility [51].
They also appear in Fokker-Wheeler-Feynman electrodynamics [52].

In the case of ordinary differential equations obtained from a Hamiltonian system, stan-
dard existence and uniqueness theorems [ 5 3] state that the space of solutions can be parametrized
by initial data, i.e. points in phase space. When non-local-in-time interactions are included,

however, it is not clear how to obtain a simple parametrization of the space of solutions [54].

90



However, as is well known, when non-local-in-time interactions are treated perturbatively,
the resulting dynamics can be cast as a local dynamical system, order by order. However, it
is less well known under what circumstances this local dynamical system admits a Hamilto-
nian description at each order. In this chapter, we derive the existence of such Hamiltonian
description for a broad class of non-local-in-time action principles (Equation (4.8) below).

This chapter is organized as follows: In section 4.2, we introduce a broad class of nonlocal
in time dynamical systems and derive their equations of motion. We then treat the non-
localities perturbatively to obtain local equations of motion order by order. In Section 4.3,
we prove that the local dynamics admits a local Hamiltonian description to any order in the
perturbations. We provide explicit expressions for the Hamiltonian and symplectic form up
to '™ order in terms of the (A — 1) Hamiltonian flow. In Section 4.4, we prove that, up
to any order in perturbation theory, there exists a diffeomorphism on phase space that puts
the symplectic form into canonical form. We then apply this result up to second order and
give explicit expressions for the diffeomorphism and the resulting Hamiltonian. Section 4.5
specializes to the dynamics of binary systems in the post-Newtonian approximation, where
non-local effects start at fourth order [48, 49]. In previous work by the author of this thesis
[3, 4] (See Section 5.3), the conservative piece of the dynamics of a binary system in the small
mass ratio regime was recast as a local Hamiltonian system to first order in mass-ratio. The
results in this chapter generalize the methods used in Refs. [3, 4] to a more general class of
non-local systems and to arbitrary high orders in perturbation theory.

The formalism of this chapter is an extension of work done by Llosa and Vives in [54].

The relation between their work and the results of this chapter is discussed in Appendix C.
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4.2 Dynamical systems described

by non-local action principles

We start this section by reviewing the description of phase-space flows. Consider a phase

space I with coordinates

QA = (4" )

(4.2)

and a symplectic form Q¢ = Jp, A dg*. We define a flow on phase space X;(Q) : R xT' — T

which takes any point Q € T'into X,(Q) € I. The flow is required to be the identity map at

s=0

and to satisfy the composition rule

X (X(Q) = Xi4+(Q),

(4.3)

(4.4)

foralls,s € R. A flow X,(Q) on phase space will be determined by a vector field ¥ = V49,

according to

]

If we specialize equation (4.5) to s = 0 we get

4x;(Q)
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so the flow is determined by its derivative ats = 0. Throughout this chapter, we will parametrize
and characterize flows by their derivatives (4.6) ats = 0 with the understanding that the full
flows are obtained by solving equation (4.5).

We will consider dynamical systems described by non-local action functionals of paths X;

of the form

Six) = / P — / Ho(X)ds + S,/X]. (47)

Here, Hy(Q) is a local Hamiltonian function on phase space and the non-local piece of the

action is
N .
SuX] = —Z—”/dxl...dxngn(Xﬂ, ey X5 = Sy Sy — 1), (4.8)
n=2 n

where G, is some n-point function G, : I” x R*™" — R. Here ¢, is a formal expansion
parameter used to keep track of orders in the non-local action and N is a finite but otherwise
arbitrary positive integer. Note that because the n-point function G, is integrated n times,
the non-local action will automatically pick out its fully symmetric piece, so that without loss

of generality we can assume that G, satisfies

gn(an s 7)(5,1;0'1% s 70'1;1) = gn()(:pla SR :pn;€p1p27 e 70-P1Pn) (49)

forall (s, ...,s,). Here o;; = s;—s; for shortand {p:} isany permutation of the integers from
1 to n. We will also assume that the n-point functions satisfy asymptotic fall-off conditions
given in detail in equation (4.15) below.

We will write the equations of motion in terms of a function ®(Q, ¢, [X]) which isalocal
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function of two points Q and Q' in phase space in its first two arguments and a functional of

a trajectory X, which passes through Q' ats = 0 in its last argument. The definition of ® is

(0,0, X)) = Zg,,/dsz...d;ngn(Qij(Q/), X (@), 050). (4.10)

The equations of motion are obtained by varying the action functional (4.7) with respect to
the trajectory X. The variation of the nth term in the non-local piece will give 7z contributions
with derivatives acting on each of the first # arguments of G,. From the property (4.9), it
follows thatall these contributions coincide, so we can add them up. The final resultis a factor
of 7 times the derivative with respect to the first argument of ®. The resulting equations of

motion are

L dxt [0 0
Qg Rl @HO(Q) + @Q(QQ/, [X1) o (4.11)

Here, the notation Q' = Q = X, means that the derivative of ® with respect to Q is taken,
and then the result is evaluated at Q = Q' = X, and the third argument of @ is evaluated on

the path X, thatstartsats’ = s.

4.2.1 LOCALDYNAMICAL SYSTEMS OBTAINED BY TREATING NON-LOCALITIES PERTUR-

BATIVELY

Equation (4.11) is an integro-differential system of equations for the trajectories X; on phase
space, as opposed to a differential system of equations that depend locally on a point Q, as
is the case for Hamilton’s equations derived from action principles without non-localities.

Because of this property, solutions will generally not be parametrized by initial data Q. In
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fact, the space of initial data required to determine solutions of integro-differential systems
of equations can be, in general, infinite dimensional and require derivatives of ¥ and p, with
respect to time of all orders [54].

However, if we take the non-local contribution to the action to be small we can treat the
problem perturbatively. We define a sequence of phase space flows X\)(Q) by induction as
follows. The zeroth order flow X(*)(Q) is generated by the Hamiltonian Hy, with all non-
local terms in equation (4.11) dropped. Then, we can evaluate the functional dependence of

@ in equation (4.11) on the zeroth order flow and define the first order low XV (Q) by

= gt g @]

0 5
QAB

5s=0

This process can be repeated to any desired order to define the N order flow in terms of the

(N —1)™ flow as

0
s=0 8QA

0 5
‘Q’AB

st @I )

=0

001

Equation (4.13) is a set of ordinary differential equation which determines the V'™ flow, once
the (N — 1)* flow is specified. Hence all the flows are determined by induction®.

The flow determined by equation (4.13) agrees with the exact flow determined by equation
(4.11) up to corrections of order O(el' x &8 x - - - x &%) with S 4, = N'+1. For simplicity,

when we expand the Hamiltonian and symplectic form explicitly bellow, we will introduce a

*As is well known, perturbative expansions of this form can break down after long timescales when there
are dissipative effects present. Here, we are concerned only with conservative dynamics and so we can neglect
this issue.
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formal expansion parameter ¢ such that
O = Ol x & x -+ x &F) Zqz N +1. (4.14)

We will also assume that the sequence of flows X*\) Q) are such that the n-point functions G,
introduced in the non-local action principle in equation (4.8) satisfy the following property:
Foranyj € {1,2,...,n} and with all 5, with £ # j fixed, the limit when 5; — %00 of the
n-point function G, evaluated on the flow X\ is zero

lim G, (X<N) ,XJ(JN),...,XJ(;M);SZ—51,...,.&-—51,...,5,1—51) =0. (4.15)

sji—=E00

4.3 Local Hamiltonian description

In this section, we will obtain alocal Hamiltonian description for the A/ % order flow, in terms
of the (A — 1)™ order flow, which we assume to be known. We define the Hamiltonian and
symplectic form in this subsection and derive their equivalence to the system (4.13) in the
next subsection.

Given a phase space flow X;(Q) and a point Q in I, we define a function

0
an /d51 s, (st )85 G(X,(Q) -, X, (Q); 5251, - -+, 52—51)

where

sgn(si) —sgn(s,) — -+ — Sgn(fn)_
2

2G1,.0,5,) =

96



Here the partial derivative notation 0/0s; indicates that the derivative acts only on the explicit
dependence of the n-point function on s; in its last # — 1 arguments and not on the implicit
dependence that arises through X; .

We now define the local Hamiltonian function in terms of the (A — 1)™ flow as

HNM(Q) = Hy(Q) + @™ (Q) + ¥ (Q), (4.18)

where
OM(Q) = @(Q, Q, [xM1]), (4.192)
YN(Q) = ¥(Q, [xN)). (4.19b)

We also define a new function of # points on phase space as

KSZN)(Ql,...,Qn) :gn/dsl...dsn;((sl,...,Jn)gn(Xle_l)(Ql),...,Xg\/_l)(Qn);sz—sl,.

(4.20)

Note that the subscript 7 labels the number of arguments in the n-point function G, while
the superscript (N') denotes an object constructed from the (N — 1)™ order flow and con-

tains terms of order O(¢") and lower. Using the definition (4.20) we define the local sym-
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plectic form

QAWM = q,+ AW, (4.21a)
Q= 9pﬂ N 09", (4.21b)
205 (Q Z Z —— K (Q, Q) (4.210)
n=2 m=2 an aQB {Q]}:Q
where {Qj} = Q means that we evaluate at coincidence Q; = Q, = -+ = Q, = Q. Here,

brackets denote antisymmetrization Q45 = % (Q a5 — O BA).

Both V) and Q™) can be expanded perturbatively using the formal expansion parame-

ter (4.14) as

N

HN) = Hy + Z & HY! (4.222)
r=1
N

oM =0, + ) saql (4.22b)

r=1

where a superscript [7] indicates a term that is exclusively O(¢"), as opposed to a superscript

(N) which indicates a term that contains contributions of order O(¢") and lower.

4.3.1 DERIVATION OF HAMILTON FORMULATION

In this subsection we will prove that the Hamiltonian function (4.18) equipped with the

symplectic form (4.21) reproduces the perturbative local dynamical system (4.13) up to cor-
rections of order O(£V11).

The Hamiltonian function (4.18) equipped with the symplectic form (4.21) determines
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the low
AXN)
ds

_ 9
s=0 aQA

First, note that since we want the equations of motion to be accurate up to corrections of

0y + 405 Hy+ O 4y (4.23)

order O(¢V*+1), we can drop higher order corrections in the second term in the left side of

equation (4.23)

LX) XN
AQfy) = = A0y = +0(N) (4.24)
ds | _, ds |_,

where we replaced XV with XV since AQ™) is O(¢). We will calculate the first term in

the right hand side of equation (4.24) in a series of steps. First, the contraction A Qgg) AXN Y /g ‘ —o

will have two pieces coming from the antisymetrization of the indices 4B in equation (4.21c).

The first one is

AXWN-1B

7 (4.25)

x[ o KMN(Q,...,0,)

0Q10Q, @)=0

The derivative of XV "% is evaluated at Q but we are allowed to move it inside the brackets
and evaluate it at Q,,,, since the bracket is evaluated at coincidence { Q;} = Q. Using property
(4-4), the contraction dX?/ds|_, 0/0QF acting on any function AX,(Q),s) will create a

total derivative d/ds, minus a correction 0/0s due to the explicit time dependence of f

axt o - d _
X@f@(s(@#) = A FXoraQ), s)

As=0 26
791 (4.26)

= LZ - a]f(X;(Q)N)‘
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Using the identity (4.26) in equation (4.25) we get

0 d 0
{@/djl"'djnz(-fl,”wjn) [d;_m — @}X

_ _ (4.27)
X gn(Xflj\[_l)(Ql), e ,anN_l)(Qn);sz — Sy Sy —sl)}

{91=0

We integrate by parts the total derivative d /ds,,, use property (4.15) to throw away boundary

terms, relabel 5,, <+ 5; and use the properties (4.9) and

d +d(s;) forj=1
%X(JI’ e ,5;1) == (42‘8)
/ —d(5) forj=2,...,n

to get

9 o o
[@/dn...d;ﬂgn@l,xy Q1) .. XND(Qssmr - 150) (429)

{Q1=0

Note that once we sum over 7 and 7 this term will give the 7z — 1 last derivatives of the n-point

function G, in equation (4.10), which can be expressed as

9 /[N -1
{@Q(Q’ Q, [X< )]) oo ) (4.30)

. . . ! . . .
where the prime index in Q¢ means that the derivative acts on Q' but not Q. Regarding the

term proportional to the partial derivative 9/0s,,in equation (4.27), note that we can pull
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thesum ) >” _, from equation (4.21c) inside K to get

[%/dq...dsn;((sl,...,sn)[—i%]x

X gn()_(flj\/_l)(Ql), . ,Xfﬂjv_l)(Qn);fz — Sy Sy —51)]

, {9}=0 (4.31)
aQA /dfl d.fn Jla"‘ )851
« gn(jfff\[_l)(Q1), . ,Xf,fv_l (Qn);sz — Sy, Sy _51)]{Q}Q

where we used a chain rule to replace the derivatives respect to all the s, with a derivative
respect to si.

Now, we move on to the other piece of the contraction AQ;/;/) AXN-Y d5| coming

s=0

from the antisymmetrization of indices 4B in equation (4.21c)

d)_fj(N —1)B
B ds
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The contraction once again will give a total derivative d /ds; minus a correction 0/0s; due to
the explicit time dependence on K. Integrating by parts the total derivative recovers equation

(4.29). The term proportional to the partial derivative is

0 0 N1 — (N1
[@/dﬁ'“djﬂ)((jb"wjn)a_hgﬂ(Xi/v_)(Q1>7"'7Xj<jv )(Qn);fz_ﬁ,-'~75n_51)]Qﬂ”.Q'
(4.33)

Now we apply the sum over 7 to this last term and add it to the term in equation (4.31) to

create a derivative 04 acting on every argument of K. Putting equations (4.29), (4.31) and
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(4.33) together we get that

AXW)

N
AQYY -

0 _
- {T‘D(Q, QXN +a,Y(Q) + 0. (4.34)

s=0 QA Q’:Q

Plugging this into equation (4.23) we see that the first term on the right hand side of equa-

tion (4.34) cancels all the extra derivatives respect to the last (n-1) arguments of the n-point

function in 0,® in equation (4.23). The last term in the right hand side of equation (4.34)

cancels the term 9, Y™ in equation (4.23) and we recover equation (4.13) up to corrections

of order O(€N+1) as desired.

4.4 Alternative formulation of local Hamiltonian system

In this section we prove that, up to any orderin ¢y, &,, . . . , &,, there exists a diffeomorphism in
phase space that puts the symplectic form (4.21) in canonical form. We then apply this result
up to second order and give explicit expressions for the diffeomorphism and the resulting
Hamiltonian. We use boldface ¥ = V49, for vectors and tildes & = w AdQA for 1-forms.
Indices will be raised and lowered by contraction with the first index on the zeroth order
symplectic form Q 4.

We consider a one-parameter family of diffeomorphisms ¢(¢) : I' — T’ that transform the

N order Hamiltonian system (Qo + AQW) HV)) to an equivalent Hamiltonian system

($,Q0 + ¢,00W) 6 HM) (4.35)
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where ¢_is the pullback” defined by the diffeomorphism ¢(e).
We now specialize the diffeomorphism ¢ to make the new Hamiltonian system take the
form (Qq, ¢, HN)), i.e. to make the transformed symplectic form coincide with the original

zeroth order symplectic form
¢*Q(N) = Q)+ 0(5/\/+1). (4.36)

First, note that we can express the perturbation (4.21) to the symplectic form AQOW) a5an

exact form. We define the 1-form

gV = IZ[ QAK(N Q17"'7Qn)] (4.37)

{Q}=0

such that the perturbation to the symplectic form is

a0 (Q) = (@),

= 0,80 — 9,&N).

(4.38)

N
The 1-form f Vs sourced by the (A — 1)™ order flow and is accurate up to corrections of

order O(sV*). Plugging equation (4.38) into the symplectic form (4.21) we get

QW) =, + d?N) + O, (4-39)

TAs is well known, these transformations can be seen from a passive or an active viewpoint. The passive
viewpoint considers the transformation to be a coordinate transformation, keeping all fields fixed. The active
viewpoint considers the transformation as a field redefinition instead, with all coordinates unchanged. Both
viewpoints are equivalent, but in this chapter we adopt the active viewpoint for clarity.
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Now, consider a one-parameter family of diffemorphisms ¢(z) : I' — I'. We parametrize this

diffeomorphism up to order A" by N vector fields ; with7 = 1,..., N as
3(e) = Dy (V) 0 Dy (M) 0 0 Dy (e) [1 + O(N)] (4.40)

where the mapping Dy(¢) moves any point ¢ units along the vector field £ The pullback ¢_

can be expressed in terms of Lie derivatives as

52 53
¢, = 1+ 533;1 + ngglgﬁgl + ZSEQEBZISB;I
+ 5233;2 + 5333;13;2 (4-41)

—1—5358;34—...

We want this diffeomorphism to make the symplectic form coincide with Qg up to N'*" order,
as in equation (4.36). Combining equations (4.36) and (4.41) and inverting the pullback

perturbatively, we can invert equation (4.36) to get

22 53
Q(N) = QO — 532;‘190 + EQQ&Z;}QO - g&ig’lggggﬂo
(4.42)
— £3$;2Q0 + 5335233;1 Q — 53353(20 + ...

We expand the 1-form (4.37) in powers of the formal parameter ¢ defined in equation (4.14)
N
~(N) 3 7]
Y > e ¢ (4.43)
r=1
?r] : : 2N ) - : .
where £ is the piece of of order O(¢") and can be obtained by expanding the flow
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XN=D(Q) in the definition (4.20) and plugging the expansion back into equation (4.37).

We plug the expansion (4.43) into (4.39) and then into equation (4.42) and equate coefhi-

cients of powers of ¢ on both sides to obtain

~ 1}

L Q= —d? , (4.44a)
22} 1

SBZZQO = —dé + 532;1&3;1 Qy, (4.44b)
~[3] 1

3{390 = —dg + ggzgfglﬂo — ggggggg‘lﬂo, (4.44¢)

Using Cartan’s magic formula and the fact that the symplectic form Q, is closed, we can

prove that the Lie derivative of the zeroth order symplectic form . with respect to any vector

field V'is exact
gVQO - l'VdQ() + d(l'VQQ)

= d(iyQ,) (4.45)
=dV.
Here 7pw is the interior product, which contracts ¥ with the first entry of any differential

form it acts on. In the last line of equation (4.45) we used the zeroth order symplectic form

to lower the index V3 = V4 QY. Using identity (4.45), equation (4.442) becomes

iz = —dt". (4.46)
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From the definition of gin (4.37) we obtain the solution

o
1 XN: 9 ( ) (4-47)
—_ 0 [— .0, .
27— 1og¢ R {Q1=0
Now, we use the identity (4.45) in equation (4.44b) to get
- - 1 -
Az, — —dE" + Sz,
s { . (4.48)
= —dE" v d(52:8).
A solution of this equation for the second order vector field is
1 .
524 — Qngng’z) — EQ,{)M (5‘5;1{1)3. (4.49)

It is easy to see that using equation (4.44) and the identity (4.45) and the fact that exterior
derivatives and Lie derivatives commute, we can find solutions for the vector fields £ that
parametrize the diffeomorphism ¢(¢) up to any order.

4.4.1 'TRANSFORMED SECOND ORDER HAMILTONIAN

We now compute the transformed Hamiltonian function (4.3 5) starting with the expression

(4.18) for the N'™ order Hamiltonian ™) and specializing to second order for simplicity.
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The second order Hamiltonian will be expressed in terms of following functions

CD(Z)(Q) = @(Q’ Q> [)_((1)])’ (4-503)
Y*(Q) = v(Q, [xV]) (4-50b)

where the right hand side terms were defined in equations (4.10), (4.16) and (4.19). Both
@ and ¥ in equations (4.50a) and (4.50b) have contributions of order O(¢) and O(¢?).
We now specialize the order of the expansion of the diffeomorphism (4.40) to second order.

Its action on the Hamiltonian will produce a new Hamiltonian H? = ¢*H(2) given by
A 1
HY = (1 + 8y + %y, + 552513;1 Sgévl) H® +0(). (4.51)

We can simplify this expression using the results (4.47) and (4.49) for {; and £;. We can also

use equation (4.43) to regroup efé] + 525[42} = 5(42) + O(&?). The result is

. 1 ~
O = B0 — g0,H%) = S04 (2, &) ) 0 (452)
4.52
1

+ Ef’é)@A <f'(32)83H(2)> + O(£3>.

In order to calculate A we’ll make frequent use of the equation of motion (4.34), specialized

to N = 2, which becomes

X(I)B o 3
ro) % = [—,GD(Q, o, [X“)D} +YP(Q) + 0. (453)
ds | _, [0Q 00 4
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We’ll also use

axh4 1
£y = 0% 4y (4.54)

which can be derived from equation (4.47) using techniques similar to the ones in subsection
4.3.1 (See, for example, equation (4.25)).
The first correction in equation (4.52) is fé) 0,4H® . We use the equations of motion (4.23)

to replace 9,H® by Q/(f];djf(l)g /ds

X(l

f aAH(Z f (‘Q'f)ﬁ!B—’_AQAB) s

+0() (4-55)
Now, we use identity (4.54) for the first term and identity (4.53) for the second term to get

Sy H = 20 1 )

G, (4.56)

®(Q. 0, X)) + &)oY + 0(2).

+ &)
oQ" =0

The second correction term in equation (4.52) is more involved, let’s simplify it first. Using

Cartan’s magic formula we can write

Lo b)) = ey A2

= 7z, AQ®

(4.57)

where we used equation (4.38) to replace d;t(z) by the correction to the symplectic form

AQ®@. Next, we use the equations of motion to replace 3,H? by QY d}ii(l)g + O(¢?*). Com-
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bining this with equation (4.57), the second term in equation (4.52) becomes

1 dxP
_ngBf(Cz)AQCBQZDT- (4.58)
Now, we use identity (4.53) to rewrite this as
55(42) @‘D(Q’Q  [X]) + 280 04Y 7 (Q) + 0(s,). (4-59)
Q=0
The last term in equation (4.52) is
1
55(42) 0,4(£0)0H?). (4.60)

Again, we use Hamilton’s equations to replace 9pH?) = Q%CX;—fC + O(£?). We then use
identity (4.54) to get
1

1
Eﬁz)aA(zq)(z) + \Y(Z)> (4.61)

Combining equations (4.56), (4.59) and (4.61) and plugging them into equation (4.52), the
final expression for the new Hamiltonian is
HO — g+ to@ _Lg 5 o
) 4@

1 0 /[yl
+3% @@ Q|+ 0@

Note that the third and fourth terms include contributions of order O(¢*) which could be

discarded without affecting the accuracy of the result.
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4.5 Application: Binary systems in the post-Newtonian ap-

proximation

The motion of binary systems in general relativity can be studied in the post-Newtonian ap-
proximation, where their dynamics is expanded in powers of 1/c*. A term of order 1/c*" is
called PN in the literature. In [55], Damour, Jaranowski and Schifer give an explicit expres-
sion for the 4PN non-local Hamiltonian* of two non-spinning point particles with phase
space coordinates QY = (x,, p,) and masses m, with 2 = 1,2 and boldface representing
3-vectors. Following the notation of this chapter, we use X, for a trajectory in phase space

parametrized by s. Their result is

Heon(Q, [X]) = Hepon(Q) + HN(Q) + Hiph " (Q, [X]) (4.63)

where H. pn gathers all the contributions of order 3PN or less and Hfﬁ?ﬁ% gives the local
piece of the 4PN Hamiltonian. We’ll focus on the last term, which is written in terms of

the quadrupole moment

I(x,) = Z m, (x;x’ﬂ — %5’7|xﬂ‘2) (4.64)
i © T.(X,
o) = s [ ar (565

*In a follow-up paper [56], the same authors utilize an (infinite-)order-reduction of the nonlocal dynamics
to a local dynamical system. This procedure is similar to the one carried in section 4.2.1 and, similarly, doesn’t
result in a Hamiltonian system. Instead, the procedure determines a pseudo-Hamiltonian dynamical system

(see appendix C for details).



where C is a normalization factor whose value is not important here. Hipr is the non-
local or tail” piece of the 4PN Hamiltonian. The non-locality arises from the integral over
the full trajectory X,. In equation (5.1) of [55], they also derive a non-local contribution to

the action principle from which H’:gﬁlocal can be derived, which is

(X))
=7

1 77
SulX] = —=C / drdr (4.66)
C

Note thatin equations (4.65) and (4.66) we are dropping the regularization prescription used
in [57] to take care of the ultraviolet divergences of Hzgﬁlocal that occur at the coincidence
limit 7 — 7/. The regularization can be reapplied after a local Hamiltonian is obtained.

We now show that the dynamical system (4.63) can be cast as a local Hamiltonian system

by using the results of Section 4.3. We define a two-point function

(@) 75(Q:)

7]

gZ(Qh Q27 J) = C (467)

such that the non-local action in (4.66) takes the form of equation (4.8). Following the
steps of section 4.3, we can evaluate the functional dependence of the non-local Hamiltonian
(4.65) on the 0PN flow X%, which is the Newtonian solution to the equations of motion.
It is not necessary to include corrections of order 1/ & or higher in the flow, since that would
give corrections to the Hamiltonian at sPN and higher.

It follows that the non-local Hamiltonian H<,pn admits a local Hamiltonian description

up to O(1/¢*), with Hamiltonian function and symplectic form given by the results in section

(4.3).



If some new truth, O Friend! thy toil discover,

If thine eyes first by some fair form be blest,

Love it for what it is, and as a lover

Gaze, or with joy receive thine bonoured guest:

The new-found Thought, set free, awhile may bover

Gratefully near thee, but it cannot rest.

Sir William Rowan Hamilton

The conservative sector of the dynamics

Of binary SYStemS (Adapted from [3, 4])

5.1 Context

This chapter applies the results of chapter 4 to obtain the conservative sector of the dynamics

of binary systems in the small mass-ratio regime. As we discussed in chapter 2, we would like



to define a splitting of the self-force that acts on a small body into conservative and dissipative
pieces. The former modifies the orbital parameters, while the latter drives the inspiral through
the emission of radiation. To linear order in the mass ratio, there is a well-known standard
definition of a splitting determined by selecting the symmetric or antisymmetric piece of the
Green function (cf. Equation (2.14)). Prior to the results presented later in this chapter and
published in References [3, 4], it was not known whether the conservative dynamics admits a
Hamiltonian description, although partial results were obtained in Reference [58]. The main
obstacle to deriving a Hamiltonian description is the functional dependence of the self-force
on the past worldline of the particle, since a Hamiltonian function should be a local function
on phase space. Furthermore, there are several natural candidate definitions for a splitting of
the self-force into conservative and dissipative pieces. In this chapter, we argue for one of these
definitions and show that the corresponding conservative dynamics is Hamiltonian [3, 4].

The two ingredients necessary to derive this result are: 1) the second order equations of
motion (3.95) derived in chapter 3 in terms of the regular field ¢ and 2) the perturbative
local Hamiltonian description of non-local dynamics derived in Chapter 4.

The chapter is organized as follows. In Section 5.2, we give the definition of pseudo-
Hamiltonian descriptions of dynamical systems, and explain their relation to the non-local
action principles used in Chapter 4. In section 5.3, we derive the Hamiltonian description
of the conservative gravitational self-force in static spacetimes, to linear order in the mass ra-
tio. We analyze resonant orbits, the possible breakdown of integrability, and the first law of
binary black hole mechanics. In Section 5.4, we extend those results to include linear-in-spin
effects. In section 5.5, we consider a body coupled to a long-ranged, self-interacting scalar

field, as a toy model for general relativity. First, we specify a unique prescription prescription
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for defining conservative and dissipative sectors of the dynamics to second order in the body’s
charge, using the formalism of Chapter ??. Second, we use the results of Chapter 4 to show

that the conservative sector is Hamiltonian.

5.2 Pseudo-Hamiltonian description of dynamical systems

We define a psendo-Hamiltonian dynamical system to consist of a phase space I', a closed, non-
degenerate two form Q 45 and a smooth pseudo-Hamiltonian function X : I' x I' = R, for

which the dynamics are given by integral curves of the vector field

0
vA = QAB@ H(Qv Q/>|Q/:Q7 (5‘1)

where Q/#Q 5 = 8% and Q? are coordinates on T.

Systems described by equationslike (4.13) can be described in terms of a pseudo-Hamiltonian

function, firstdefined in Reference [3]. We now detail the relation between pseudo-Hamiltonians

and the formalism developed in chapter 4. Although pseudo-Hamiltonians are not necessary
to derive the results in the following sections, they provide a simple language to understand
the self-force corrections to the Hamiltonian.

The perturbative local dynamical systems derived in Subsection 4.2.1 are examples of pseudo-
Hamiltonian systems which are perturbations of a Hamiltonian system. The symplectic form

and pseudo-Hamiltonian up to N order are

Qu = Qous (5.22)

HN(Q,Q) = Hy(Q)+ @(Q @, [XN1]), (5.2b)
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where @(Q, Q', [X]) is defined in equation (4.10). We repeat its definition here

O(Q,0Q,[X]) = ZE” /a’sz o ds, G (0. X, (D), X (Q )12y ) (543)

The local equations of motion (4.23) are obtained by plugging the pseudo-Hamiltonian sys-
tem (5.2) into equation (5.1).

In chapter 4, we derived pseudo-Hamiltonian equations of motion from a non-local action
principle. However, pseudo-Hamiltonians can be used in a broader context and need not be
derived from a variational principle. In such cases, the n-point functions G, that appear in the
definition (5.3) of @(Q, Q', [X]) need not be fully symmetric (cf. property (4.9)). A pseudo-
Hamiltonian system obtained by starting from equations (5.2b) and (5.3 ), without imposing
that the n-point functions obey the symmetry property (4.9), can include dissipative effects
[59]. In the context of the first-order gravitational self-force, for example, we can constructa
pseudo-Hamiltonian using the retarded Green function, which encodes both dissipative and
conservative effects, as opposed to the time-symmetric Green function, which only describes

the conservative piece of the dynamics.

5.3 Gravitational case:

Linear order in the mass ratio

We start by explaining how the motion of a particle under the action of its conservative first-
order gravitational self-force can be cast as a pseudo-Hamiltonian, as defined in Section s.2.

For the zeroth order geodesic motion we use phase space coordinates (x*, p,) with sym-
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plectic form Q¢ = dp, N dx* and Hamiltonian”

HO = - _gfw(x)P/z - (5'4)

The time parameter 7 associated with this Hamiltonian is then proper time normalized with
respect to g,;, while the conserved value of —H, is the mass of the particle.

For first-order motion, consider a particle at location »* with an initial 4-momentum Du-
Writing @' = («/, ), we denote by" ¢, (Q') = [v*(7'), pz(7’)] the geodesic with initial data

Q'. From this geodesic we can compute the Lorenz gauge metric perturbation

v 1 v uv
#6Q) = e [ A O ()
=& PPy
Here, the conservative regularized Green’s function G’gﬁ;77 is the average of the retarded and
advanced Green’s functions, regularized according to the Detweiler-Whiting prescription
[30, 38]. The conservative forced motion of the particle is then equivalent at linear order to

geodesic motion in the metric g,, + 4,,, where Q' is held fixed when evaluating the geodesic

/t?/}
equation and then evaluated at Q' = Q[37, 38].
We can therefore obtain a pseudo-Hamiltonian description of the dynamics by replacing

the metric g,,(x) in Eq. (5.4) with g,,(x) + by, (x, Q') (See Appendix B.3 for a derivation

of the first-order equations of motion from this pseudo-Hamiltonian). Expanding to linear

*This differs from the Hamiltonian of [58] in that it includes a square root, which is necessary to make
G(Q, Q') symmetric in Eq. (5.7) below.
TOur index conventions are unadorned indices for the point Q = (x, p), primed indices for the point / =

(«/,2"), and barred indices for ¢_, (Q').
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order in /,,, we getjc

H(Q.Q) = H(Q) +< [ 6[0.4,()]dr. (5.6)
where the 2-point function is

G2 (x, 2 \puppu

G(Q? Q,) - = :
2N/ =g paps\) —& 7 prps

The proof of chapter 4 requires that the 2-point function (5.7) is fully symmetric and de-

(5.7)

cays to zero as we take its arguments to infinity. The symmetry condition is immediately
satisfied, since we constructed G(Q, Q) from the conservative piece of the retarded regu-
larized 2-point function. Furthermore, recall that chapter 4 derives Hamiltonian dynamics
from an action principle. Therefore, the symmetry condition will be automatically satistied
for any G(Q, Q') we plug into the non-local action principle (4.8), since the action principle
picks its symmetric piece due to double integration in the affine parameter s. In other words,
deriving the equations of motion from a non-local action principle only gives conservative
dynamics. The second condition will be satisfied if the retarded Green function falls off at

late times. This is known to be true for scalar fields in a class of stationary space times [60],

*Similar constructions work for scalar and electromagnetic self-forces. For a particle endowed with
a scalar charge 4 and electromagnetic charge ¢ we replace the initial Hamiltonian expression (5.4) with
— \/—gf"’(pﬂ —ed,)(p, — ed,) — q®. The expression (5.7) gets replaced by —¢*Gy(x,x’) in the scalar case,

where G, is the scalar Green’s function, and with

leld (2, x) Pulr
V=g pap\) —g" parp

’
in the electromagnetic case, where G* is the Lorenz gauge electromagnetic Green’s function.
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while for black holes it is a lore of the field that perturbations decay at late times as a power
law [61]. This decay was shown for the Weyl scalars in black hole spacetimes by Barack [62],
and it is also generally believed to be true for tensor perturbations, although it has not yet
been established rigorously; see Refs. [63, 64] for recent developments.

Then, it follows from the results of Chapter 4 (cf. Section 4.3) that the linear gravitational
self-force admits a local Hamiltonian description. Furthermore, there is a coordinate change,
defined in Section 4.4 of chapter 4, such that the symplectic form takes canonical form and

the Hamiltonian, given by Equation (4.62), is

H(Q) = —\/ —gl5,paps + €1 (Q) (5.8)

where the first order Hamiltonian is

Q) = ;5 [ 610.4.(Q]7. (59)

5.3.1 SPECIALIZATION TO MOTION NEAR A BLACK HOLE

We now specialize to the motion of a particle orbiting a Kerr black hole. In this context, it is
useful to derive an explicit form for the Hamiltonian in action angle variables.

We use the variables (¢%,7.) = (4',9",4°, 9% jijrjo> Jo) defined in Refs. [40, 65], de-
formed via the coordinate transformation defined in Section 4.4 of chapter 4. In these vari-
ables the symplectic form is QO = dj, A dg” and the full Hamiltonian from equation (s.8)
is

H = Hy(j.) + Hi(q" . a)- (5.10)
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The zeroth order geodesic motion is given by ¢*(7) = 4§ + Q§(/)7, j. = const, where
Qf = 0H,/0j, are the zeroth order frequencies.

We now fix a value 7 of the conserved quantity —H, which is the mass of the particle to
leading order. For describing motion on the mass shell ' = —m it will be convenient to

define rescaled versions of the symplectic form and Hamiltonian,
QAB:QAB/WL, [:]:H/m (s5.11)

This rescaling preserves Hamilton’s equations. Using the fact that under the transformation
(¥, pu) — (¢, 5p,) withs > 0 we have (4%, 7.) — (¢, 5.) [40], Ho — sHy and Hy — & H,

[cf. Eq. (5.7)], the dynamical system can be written as

Q:d]a/\dq"‘, ﬁ:ﬁg(ﬁ+mﬁ1(q,ﬁ, (5.12)

where J, = j,/m.

Motion on this mass shell can be described in terms a 6 dimensional Hamiltonian system,
which can be derived from the 8 dimensional system (5.12) as follows [53]. Because of the
symmetries of the Kerr background the Hamiltonian is independent of 4/, H = H(q',])
where 4 = (4", 4°,4?). Consider paths in the 9-dimensional extended phase space (g, /, )
that join an initial point (g1, /i, 71) to a final point (g,, />, 72). Paths that extremize the line
integral of the Poincaré-Cartan one form [ [J,dq* — H(q',])d7], with 3% = 97 = 0 at the
endpoints, satisfy the 8-dimensional Hamilton equations of motion [53]. We now restrict to

paths lying within the surface # = —1. Within this surface we can solve for ; = —h(g’,/;)
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in terms of the other parameters from the equation

Hlg',—h(g" ). J] = —1, (5.13)

where J; = (/,, /s, /,)- The line integral now reduces to

/ [jl-dqf _ hdqf] +(r— 7). (5.14)

The second term is a constant and the first term is an extremum under the variation of paths
[4°(4),]:(¢")] that connect the two endpoints for which d7° = 0. Hence, we obtain a 6-
dimensional Hamiltonian system with Hamiltonian b(4’, /;), time parameter ¢‘ and sym-
plectic form dJ; A dg'. By combining Eqs. (5.11) and (5.13) it follows that the Hamiltonian

can be expanded as

b(q’}]z) = bo(/i) + 7”191(41'7]5) + O(mz)- (s.15)

where by and b, are given by [:]0(—}]0 J;) = —land by = H, (4°, —ho.J:) ] Q4. The zeroth
order frequencies are now wj) = dhy/JJ; = Qf/ Q.
The Hamiltonian perturbation 4, is independent of ¢? due to the symmetry of the Kerr

background, and can be expanded in Fourier modes® on the torus parameterized by q =

STt is possible to obtain an explicit formula for the coefficients /; i starting from a Fourier expansion of the
function (2.28) in action angle variables

G(q,], qujl) _ /d&) Z e_l.w(qt_qf )—im(q®—4° )gz‘kq-‘rl-k/.q/ GMWka/ (]7/)

m.k k'

Combining this with Egs. (5.8), (5.13), (5.15) and (5.16) gives

T
b = W ; Gwm(k/2+l/2)(k/2*]/2) (]”]l."[t’]l')’
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(q".4°): L
h(a)= Y., Y (). (5-16)

ky=—00 kg=—00

5.3.2 APPLICATION: INTEGRABILITY OF DYNAMICS

We now turn to discussing some applications. Since the motion is Hamiltonian, one can ask
whether it is also integrable. It will be integrable to linear order if and only if all the resonant

mode amplitudes vanish, that is,
hik(;) =0 whenever k- wo(/;) =0, k # 0. (s.17)

This is easy to see, since under a linearized canonical transformation with generating function
G(q,/;) = > explik-q] Gk (J;) we have by — by +i(k- o) Gk. Thus choosing Gy (J;) =
—ih1k(J;) /K - wo yields by = 0 for all nonzero k and thus an integrable system?, and this
choice is possible without divergences only when the condition (5.17) is satisfied. Conversely,
if the system is integrable there must exist perturbed versions /; 4- 79/, of the action variables
which have vanishing Poisson brackets with the Hamiltonian by 4 mb,, which yields at linear

order the relation

kibix = (k- wo)dfix (5.18)

between Fourier components, enforcing the condition (5.17).
An alternative version of the integrability condition (5.17) is that the average of the con-

servative time derivative of the Carter constant Q(/;) over any orbit on any resonant torus

where we sum over all pairs of integers 1 = (/,, /) for which k, + /. and kg + /5 are even, and we evaluate at
Jo = —ho(J;}) and at w = maf + (k — 1) - wy /2.

9The resulting Hamiltonian coincides with that found by Ref. [58], who excluded resonances.

I21



should vanish. Computing a time derivative using Eqgs. (s.15) and (5.16) gives dQ/dr =
QL (0Q/d)dJ:/dg = —iQ4(0Q/I):) >\ kibike™ L. Now using q(7) = qp + Qo7, writ-
ing the resonant vectors as k = Nko = N(», —p, 0) for integers N and taking an orbit
average gives”

d 0Q  9Q\ + '
<d_§> = —iQ) (na_]Q —PO_JQ5> Nz_:ooNblNkO ¢, (5.19)

where g,es = ko - qo = 19 — qu; is the resonant combination of the phases. The left hand
side vanishing for all g, is equivalent to all the resonant amplitudes /; ni, vanishing.

Flanagan conjectured in Ref. [66] that the linear integrability condition (5.17) is satisfied
in Kerr, based on the fact that enhanced symmetries present in the post-Newtonian limit
enforce this condition. However, this was a weak argument since it is possible for symmetries
to be present only near the boundary of phase space that corresponds to the post-Newtonian
limitand notin the interior. Indeed, in past years Nasipak and Evans have shown numerically
that (dQ/dz) = 0 fails for conservative scalar self-forces in Kerr on resonances [67, 68]. The
gravitational self-force case is presumably similar, although this will need to be confirmed
numerically (see Ref. [69]).

If the gravitational case is indeed non-integrable, the qualitative consequences for the con-
servative dynamics are well understood in general contexts from the theory of weakly per-
turbed Hamiltonian systems [53, 70]. They have been explored in the context of tidal and

other perturbations to extreme mass ratio inspirals in Refs. [71-74]. Suppose we focus at-

IWe neglect in this calculation the coordinate transformation from Section 4.4, used to put the symplectic

form into canonical form, because under J; — J; + 3J; we have J; — J; + «/,09];/Oq’ and the resonant Fourier
components of the correction evaluated on a resonant torus vanish.
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tention on one resonant torus /; = /7 and neglect the effect of other resonances. First, away
from this torus the invariant tori /; = constant are deformed [cf. Eq. (5.18)] but preserved
(as predicted by the KAM theorem [53]). Second, within a shell of width J; — Ji ~ /m the
dynamics is altered: In the 7 — 0 limit the resonant torus is destroyed and replaced by a
number of islands of size ~ /7 in phase space within which the motion is integrable™ [74].
One can define action angle variables within each island, but they do not join continuously
onto the global action angle variables. At finite 7 chaotic regions develop within the shell.
Third, motion that starts within the shell is confined to remain within it by the surrounding
surviving invariant tori, since the system is effectively two dimensional (/, is conserved) [70].
There are no large excursions to J; — /i ~ O(1), unlike in higher dimensions.

When one considers the full O() dynamics with the dissipative component of the self
forceincluded, the non-integrable mode coefficients by i can drive transient resonances which
give O(y/m) kicks to the action variables /; [66], and also sustained resonances in which the
orbit evolves along a non-adiabatic path in the space of parameters /; maintaining the con-
dition k - wo(/;) = 0 [75]. However neither of these are smoking gun signatures of the
breakdown of integrability, since both can be produced when b = 0 by the oscillatory
dissipative components of the self force [75].

Non-integrability would also complicate the dynamics away from the resonant islands
in phase space. If one computes the dynamics using the linear prescription described af-
ter Eq. (5.17) for eliminating the oscillatory terms in the Hamiltonian (5.15), ignoring the

divergences, the resulting fractional errors caused by the nearest strong resonance scale as

**This can be seen explicitly in the description of the near-resonance dynamics derived by van de Meent, Eq.
(18) of Ref. [75], dropping the dissipative terms (the first term on the right hand side and half of the oscillatory
terms); the solutions consist of rotational or librational (islands) motions, depending on the energy.
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~ m?|buc|*(J — J*) ~*. It is possible to achieve smaller errors ~ 72®| by |*(/ — J*) ¢ by using
a second order canonical transformation to eliminate the oscillatory terms in (5.15) from A
through O(m?), at the price of a more complicated description of the dynamics. In either

case the errors become of order unity in the vicinity of the resonant islands.

5.3.3 APPLICATION: FIRST LAW OF BINARY BLACK HOLE MECHANICS

In the absence of resonances, our Hamiltonian (s5.10) directly yields a version of the first law,
asin Ref. [58]. We eliminate all g dependent terms in (5.10) using a canonical transformation
as described after Eq. (5.17). We regard H as a function H = H(j,, My, Spn) of the action
variables 7, and of the irreducible mass A4;, and spin Sy, of the large black hole. Taking a

variation and using H=—-m gives

‘ OH OH
—om = Q', + Q' + —— My, + —— S, )
m j; + Q'0f; + oM. + 5 bh (5.20)

where Q% = 0H/0j, are the frequencies accurate to subleading order in 7. Identifying —,
as the orbital energy E, dividing by ), and adding the variation of the background black hole

mass Mn (M, Son) gives

N My, + E) = 20m + @' j; + 2on0Mirr + QipndSin- (5.21)

Here z = 1/Q' is the redshift invariant, o’ = Q'/Q/, 2, = OMyy /OMie +20H | DM, and

Quh = OMy /OSn + 20H/ OSpy. Equation (s5.21) yields a form of the first law for binaries'™

"TEquation (5.21) is not quite the conventional form of the first law beyond the leading order in 7. The
conventional form would require the quantity My, 4 E on the left hand side to coincide with the Bondi mass
to O(m*), whereas it is known to coincide only to O(m) [76]. Additionally we have identified the on-shell
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to subleading order in 2.

This derivation of the first law required the integrability assumption (5.17). We now ex-
plain how the first law would break down if that assumption is violated as discussed above.
The first law requires a labeling of time-averaged orbits by some smooth set of parameters.
However, when (5.17) is violated integrable motions near a resonance fall into different types
that are disconnected from one another. Within an island one can define new action angle
variables é",]}, but these cannot join smoothly onto the deformed action-angle variables out-
side the islands. Thus, the best one can hope for is set of distinct first laws, one for each
disconnected component of integrable motion. Also the number of such components is for-
mally infinite, since the resonances are dense in phase space. In practice only the few reso-
nances for which the order |&,| + |4/ is not large will be significant: the width of an island
scales as ~ /m|bix| [75] which will go exponentially to zero as the order increases, assuming

the Hamiltonian is a smooth function on the torus.

5.-3.4 APPLICATION: GAUGE INVARIANT OBSERVABLES

Gauge invariant observables such as invariant redshifts, frequencies of innermost stable cir-
cular orbits, etc. have proven enormously useful for cross checks between different compu-
tational methods [37]. The simple form (5.8) of our Hamiltonian may be helpful for com-
puting such observables, since one expects the complicated phase space coordinate transfor-
mation that makes the symplectic form canonical not to be relevant for gauge invariant ob-

servables.

value of the Hamiltonian with minus the particle mass 7, and this relation can have a correction to subleading
order in . Nevertheless, our form is sufficient to illustrate the difficulties caused by non-integrability, which
are generic for all forms of the first law.
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For generic orbits, non-integrability of the dynamics would impede the definition of such
observables. For example one can no longer label orbits by their three fundamental frequen-
cies of motion. However new gauge invariant observables do arise in this context, the res-
onant amplitudes by themselves, for which the action-angle variables are defined geometri-
cally at zeroth order [40] and which at first order are invariant under linearized phase space co-
ordinate transformations. These observables are not accessible from within post-Newtonian
or post-Minkowski theory, but could be useful for comparisons between self-force theory

and numerical relativity.

5.4 Gravitational case:

Linear-in-spin conservative effects

We now discuss how to include linear-in-spin effects in the Hamiltonian description of the
conservative self-force. We will follow the same steps of the previous section: 1) Express the
dynamics of a test spinning point-particle in terms of a Hamiltonian function, 2) Replace
the background metric on the zeroth order Hamiltonian by the effective metric, 3) Expand
the Hamiltonian to linear order in the mass ratio to obtain the first order correction to the
Hamiltonian, which will be nonlocal and 4) Use the results from chapter 4 to obtain a local

Hamiltonian description.

5-4.1 HAMILTONIAN DESCRIPTION OF THE MOTION OF A SPINNING TEST PARTICLE

The motion of an extended body in general relativity, neglecting self gravity, can be reduced to

the motion of a point particle of mass z endowed with a series of mass and current multipole
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moments [39, 44, 77, 78]. If we restrict ourselves to the pole-dipole approximation, where
only the mass and spin are included, the dynamics are given by the well-known Mathisson-

Papapetrou-Dixon (MPD) equations [47, 79, 80]

1
Vip = —ER{WW”S“/Z, (5.22a)
V.St = 2p%4. (5.22b)
Here
dx*
= (5:23)

is the 4-velocity of the particle, S is its spin tensor, p, is its 4-momentum, V, = #*V,, is
the covariant derivative respect to proper time 7, and R,,,g is the Riemann tensor. The set
of equations (5.22) and (5.23) comprises 14 equations for 17 independent unknowns x*(7),
u#*(7), p.(7) and S%(7). Hence the dynamical system is not yet completely specified. This
incompleteness arises because of the freedom to choose different definitions of the center-of-
mass worldline ¥(7) of the extended body [81, 82]. A definition can be chosen by imposing

a so-called spin supplementary condition of the form
5V, =0, (5-24)

for some timelike vector Vs.
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In this section, we use the Tulczyjew-Dixon spin supplementary condition [47, 77]

S”ﬂpﬁ:O,

which reduces the MPD equations to

dx 1 1
= = P, — =R, S 4+ O(S*
- #g*‘,v MMP” +0(57)
1 v
Vipe = _ZRMAS” P+
1
Tﬁkﬂ,aﬂswﬁkwﬂpﬁﬁ? + 0(S)
1
V.S = —;u[dsﬂ10uﬁS“VRW+O(s4).

Here we have defined the particle mass

1=\ =g pape-

(5-25)

(5.26a)

(5.26b)

(5.26¢)

(5-27)

We now consider the effect of keeping only terms linear in spin in the context of extreme

mass ratio inspirals, where the spin scales as §' o [uz. The non-linear terms in spin would

induce changes Ax = ¢ X &, Ap = X £ and AS = y* X ¢ over the inspiral time A7 ]%2

s

These are all smaller than the effect of the conservative piece of the gravitational self-force and

thus can be ignored. Keeping only linear terms in spin, we get
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dx* 1, (s.282)
-~ - Z 2
g ‘ug‘ y 2 5.204
1 V4
Vup# = —ZR#Vﬂ[gsu‘gp (SZSb)
V,,S’“E = 0. (5.28¢)

We note that the spin supplementary condition (5.25) is not preserved by the dynamics (5.28).
This arises because we are working to linear order in spin. In this paper we shall adopt the
equations (5.28) as the definition of the dynamical system we are working with, even though
this definition is formally inconsistent with the spin supplementary condition from which
it was derived. The inconsistency is higher order in spin and so can be safely ignored for our
purposes.

Let I'; denote the phase space consisting of the bundle over spacetime with coordinates
(x*, p,, ). As is well known, there exists a Hamiltonian function and a Poisson bracket
structure on I'; that give rise to the dynamical system (5.28) [83-88]. The Poisson brackets

are

{x, 2} = 0, (5.292)
{=*pt = &, (5.29b)
{pup} = —%RmﬂS“ g (5.29¢)
{x*, 8%} = 0, (5.29d)
{s,p} = —T39% -0 5%, (5.29¢)
{57, 5%) = 2451 —2gg"k (5.29f)



and the Hamiltonian H, is

Hy(x,0,5) = —\/—&"Dup»- (5.30)

It will be convenient to make a change of coordinates on phase space to simplify the form
(5.29) of the Poisson brackets [89]. We choose an arbitrary orthonormal basis ey, = ¢f0,
for0 < A < 3, withe, - es = 7,, the Minkowski metric with signature (—1,1,1,1). We
use upper case Greek indices for orthonormal basis indices and lower case Greek indices for
spacetime indices. We define the dual basis e* = c’/{\‘dx*“ by 6’;62# = 9%, and the components

of the spin connection by

WuAs — €Aﬁva€£- (531)
We define new phase space coordinates («*, 7., S*') by

1
T, = pd—iwaAze/;eéS/”, (5.322)

AS A S qu
o= e, (5.32b)
In these new coordinates the only non-vanishing Poisson brackets are

W=} = &, (5-332)

{SGH’SFA} _ 2;7®[ASF]H . 2;7H[ASF]®. (5.33b)

Substituting the coordinate change (5.32) into the Hamiltonian (5.30) and linearizing in spin

130



gives the form of the Hamiltonian in these coordinates

(g*‘Vﬁ/,wV@nS@H

N (5-34)

Hy(x,7,8) = —\/—g“m,7, +

It will also be convenient to define a new mass parameter 7 related to the norm of the new

m= | —g¥n,mp, (5-35)

which is related to our previously defined mass (5.27) by m = u + O(S). In the following

momentum 4-vector

sections we will expand the Hamiltonian of the system in powers of 7 and S, by counting

SAH

factors of 7, and . Using this counting the first term in the Hamiltonian (5.34) is O(m)

while the second one is O(S).

Although the Hamiltonian function (5.34) and Poisson structure (5.33) give rise to the
dynamical system (5.28) on I';, the dynamical system is not Hamiltonian since the Poisson
structure (5.33) is degenerate. The degeneracy is due to the existence of two Casimir invari-

ants [85, 86]

1 =

St = ggrzanrzS“a (5.36a)
1 =

Sy = 5’7r2’73n5ru$2n7 (5-36b)

which satisfy {S., F} = {S,,F} = 0 for any function F on phase space. Denote by y*
abstract coordinates on T, the Poisson structure can be written as a tensor Q5. and its de-
generacy implies that a symplectic form Q 4 satistying Q 45 QB¢ = 5? does notexist. Thus,

I', is a Poisson manifold but not a symplectic manifold.
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We can overcome this difficulty and obtain a true Hamiltonian description of the dy-
namics as follows, following [85, 86]. Fix values S, and S, of the Casimirs, and consider
the corresponding submanifold I of T,. Denoting by Q4 abstract coordinates on T, and by
74 = y4(QP) the embedding map. There exists an invertible Poisson structure Q** on T

whose pushforward
Oy 0B
QAB — é%ﬂjﬂg (537)

to I'; coincides with the Poisson structure (5.33). It follows that the dynamical vector field
oA = QBOgH, on T, is the pushforward v 8)/“4 / 8Q’4 of the Hamiltonian vector field v =
Q439 H, on T, where H, is the pullback of Hj to I' (below we will drop the bar). Thus, the
dynamics restricted to I' is Hamiltonian and I' is a symplectic manifold.

We now review the construction of the nondegenerate Poisson structure on I' [86]. We
specialize to the region of I’ where S > 0 and §? = 0. This is true for any spin supple-

mentary condition S% ’fz = 0 where the vector /3 is time-like ¥[86]. We define coordinates

¥Note that in this case we know that the spin supplementary condition is not preserved by the equations of
motion given by equation (5.28). However the conditions on S2and S2 still are, since they are Casimir invariants
and thus commute with all functions in phase space, including the Hamiltonian.
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{o, 7y 00,6, f’g} on this patch of T by the relations

B = Xcoso, (5-382)
S = Xsino, (5-38b)
s = p, (5-38¢)
S = Yp,singcoso+ Yp_cos¢sing + XZcos o, (5.38d)
§2 = Zogsingsina’—)jogcosgcoso*—i—XZsina, (5-38€)
$® = Zp — XYsing, (5-38f)
with
52 52 2
X=\[pt=pt Y=\|1-5——, Z=-. (5-39)
: VA A

We define a Poisson structure on this patch of " by

{Ju%} = 1, (5.40a)
{sp}t = 1, (5-40b)
{7} = 9, (5-40¢)

with all other brackets vanishing. This is equivalent to the symplectic form = dp_A do +
djog Nds + dm, N dx*. One can check that the pushforward of the Poisson structure (5.40)
using the embedding (5.38) and (5.39) gives the Poisson structure (5.33).

To summarize, the Hamiltonian system on the twelve dimensional phase space I' is given
by the Poisson brackets (5.40), and by the Hamiltonian (5.34) expressed in terms of the co-

ordinates {x*, 7,0, p_, g,Jog} using the map (5.38) and (5.39).
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5-4.2 PSEUDO-HAMILTONIAN DESCRIPTION OF THE MOTION OF A SELF-GRAVITATING

SPINNING PARTICLE

In the previous subsection, we defined phase-space coordinates Q4 = («*, Ty TPy 6 f’g) on
I', with symplectic form (5.40) and Hamiltonian (5.34). The equations of motion (5.28) give
the dynamics to zeroth order in self-gravity, but contain effects first order in spin.

For the first-order motion, consider a particle at location ** with initial 4-momentum p,/
and initial spin SN [here the spin variable SN should be understood to be a shorthand
for the four variables 7, , ¢, p, defined in Eq. (5.38)]. Writing Q = (&, @u/,SAlz/), we
denote by ¢_(Q') = [x*(7), mz(7'), $2%(7)] the solution to the zeroth order motion and
spin evolution (5.28), where 7’ is proper time. We can compute from this zeroth order motion
ametric perturbation as follows. Inserting the stress energy tensor of a spinning point particle

given by Eq. (9) of Ref. [90] into the linearized Einstein equation gives the Lorenz gauge

retarded regularized metric perturbation

(7)) ps(7
b‘“ /dsz/zV/Lv — T/)]Pﬂ( )7 ( )
\ & P
vavy P’(TI)K%ESAE
- [ @GR ()
_gla'])jpa

Here barred indices indicate quantities that are evaluated at *(7’), and V; acts only on the
second argument of the Green’s function. The factor of |/ —p? could be evaluated either at
&% or at &%, since it is conserved by the dynamics (5.28); we choose the latter for later conve-

nience. Note that we are using the retarded regularized 2-point function so that the metric

perturbation 4 is really the effective metric perturbation. Now it is known that the self-forced
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and self-torqued motion of the spinning particle is given at linear order by evaluating the
equations of motion (5.28) in the metric g,, + b,,, where  is held fixed when evaluating
the equations and then evaluated at Q' = Q [90]. It follows that we can obtain a pseudo-

Hamiltonian description of the dynamics by making the replacements

gw(x) — gw(x) + bz w(’@ Q,)a (5.422)
1 /
ex = en — 5 & bl Q) (5-42b)

in the Hamiltonian (5.34) and expanding to linear order. Here the perturbation to the or-
thonormal basis is chosen to maintain orthonormality. Note that in order to apply the re-
sults of chapter 4, we must use the form (5.34), (5.40) of the dynamical system for which
the symplectic form is constant and so not modified by the substitutions (5.42), rather than
the original form (5.29), (5.30). This is because the formalism of chapter 4 is tailored for
non-local corrections to the Hamiltonian function, while keeping the symplectic form Q,
unperturbed.

To complete the pseudo-Hamiltonian formulation of the dynamics, we need to write the
pseudo-Hamiltonian in terms of the phase space variables (x*, 7,, Sps). We start by writing
the metric perturbation (5.41) in terms of the new momentum variable (5.32a) and expand-

ing to linear order in spin, which gives

Po(x, Q) = b (x, Q) + b (%, Q), (5-43)
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where

# / ZA 7z (7 ) w5 ()
W@ Q) = [d?G[x, x(f)]ma (5-442)
/ L 7a0,505°
(x, Q) = fd?JGﬂff; [x,x(r’)]\/T%
(7' )egyefy SO (')
+1 [d? G [x,x(f)]%- (5.44b)
— 7fi7f§

8
bis)

— [ de V6T 5, 1(7)]

Below we will need the metric perturbation #*” accurate to O(m) and O(S), and we can ne-
glect O(m?), O(mS) and O(S?) contributions. Hence in the expressions (5.44) it is suffi-
cient to use the geodesic worldline rather than the solution to Egs. (5.28) which incorporates
O(S) corrections to the worldline. We next make the replacements (5.42) in the Hamiltonian

(5.34). This yields the pseudo-Hamiltonian

g#Vﬁ#wVQHS@H h‘w(x? Ql)ﬂ‘uﬂ'u
2 Fmm | 2 gomm,
b‘zu/(x’ Q/)”/szGHSQH 4 g’“”@w”ée‘fibv[a;ﬁ]S@H

2\/—g"m,m, 2, /—g"n,m, (5-45)

1 b/“’(x, Ql)ﬂ‘uﬂ'yﬂf}a)ﬁj\@SA@
4 |: _ gd”ﬂfﬂ 3/2 ’

HHQ, Q) = —\ /¢ m,m, +

where we used that the perturbation to the spin connection is dw, a1 = eﬁ%bﬂ[ﬂ;ﬂ].

As an aside, we can verify as follows that the the pseudo-Hamiltonian (5.45) with sym-
plectic form (5.40) gives the correct dynamics for a spinning particle under the effect of the
first order gravitational self-force. Using Eq. (5.1) we obtain for the equations of motion

V.u* = a* and V,8 = N¥, where the self-acceleration 4* and self-torque N*” are given
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@ = _% (¢ + | [2h3pis — by |0
1 1, "
- %Rﬂdﬁy[l - Ebf(}}/)%p%y}% Sgy
1 m m P
+ % [g’“’ + ”#”V} [2197(/(&),/3);/ o biﬂ;?/}/} u S)@V’ (546&)
N = sl g — ], (5.46b)

and where the metric perturbation 4,, has been evaluated at Q' = Qafter the derivatives have
been taken. These equations agree with those of Ref. [90]. They can also be obtained by
making the substitutions (5.42) in the equations of motion (5.28). As discussed in the intro-
duction, we keep only terms of order O(m?) , O(S) and O(mS) in the self force, and O(m.S)
in the self-torque, which explains why we have replaced /;, with b;y(m) [cf. Eq. (5.44a)] in

some of the terms in (5.46).

5-4.3 HAMILTONIAN FORMULATION OF THE CONSERVATIVE MOTION OF A SELF-GRAVITATING

SPINNING PARTICLE

In this subsection we show that the motion of a spinning point particle under the action of
the first order conservative self force is Hamiltonian, by combining the pseudo-Hamiltonian
formulation of the motion derived in Sec. 5.4.2 with the general result of Chapter 4. To do
this, we need to read off the function G(Q, Q) in phase space defined by Egs. (5.3), and verify
that it satisfies the right symmetry and fall-off conditions.

We start by specializing to the conservative sector of the dynamics. As described in section

5.3 in the nonspinning case, this is achieved by replacing in the pseudo-Hamiltonian (5.45)
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the regularized retarded Green’s function G with the average Gy of the retarded and
advanced Green’s functions, regularized in the same way, and replacing the metric perturba-

tion A, with its conservative piece b[f;R. Note that this Green’s function obeys the symmetry

property
Gorl (w,4) = G (o ). (5-472)

Next, by comparing the pseudo-Hamiltonian given by Eqs. (5.43) and (5.45) with the gen-

eral form given by Egs. (5.2b), and (5.3), we obtain for the function G(Q, Q') on phase space

1 »
G(Q,Q) = ZNN/ —ZWyﬁvzﬁfﬂg/G/éﬁzaj(x,x’)

4
—ZWFWVS@/H,WFI&),/@/H/G@?Q (x,%")

1T v /
—27Z'ﬁ/7Z'UJS® W#wV@HGQR (x,x)
/ ! '
—|—27r#7ry7rﬁ/€@/a/eé,S® = Vl/Gng; (2, %)

4
+27y 7 WﬂegveéS olly, Gg’; (2, %)
N? o y1r SO G (e,
—N T, T, T Ty T80 gy cr (%4)

— N7y 7y 7,7, o0l o SO G/‘C%ﬁ/ (x, x’)} , (5.48)

where

1 1
N=——=—, N=—Ffr——ru—. (5-49)

N e /_go'f”ﬂ,%j

Because of the symmetry property (s.47a) of the Green’s function, the function (5.48) satis-

fies the required symmetry property. It also satisfies the required fall-off conditions, for the



same reasons discussed in section 5.3.
It now follows from the results of chapter 4 that the dynamical system (5.46) admits a

Hamiltonian description. The Hamiltonian function is

g“”ﬂﬂa),,@nS@H
2 _g/wﬂ‘uﬂv

H(Q) = —/—¢"m,m, +

+ H,(Q) (s-50)

where the self-force correction is

1(Q) = 5 [ 610.6.(Q]a7 (5:51

and the 2-point function G(Q, Q') is given by equation (s5.48). The symplectic form is given

by (5.40), in the phase-space coordinates discussed in section 4.4.

5.5 Scalar case:

Second order in the scalar charge

Recall thatin Section 3.5, we derived the second-order point-particle effective scalar self-force,
given by equation (3.95). To second order in the scalar charge g, the equations of motion for

a point-particle with mass 72 and worldline Y, is

mz—f“ = (¢ + ) Va0 (5.52)
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where the effective field is

p(x) =p+4 / Gy (., )ds + 3 / Gy (x, 7, 7,)dsdd" + 0(5). (5-53)

We specialize to a flat spacetime and a nonlinear potential model, as described in section 3.6.

Then, the effective two and three point functions are

G (x, ) = Gf(x,#) — Gyo(x, %) (5-542)
Gy () = / VOp(IGF (4,2)G, (0,4 )GE (3, )dAV, - (5.54b)
— G370(x,x,x )

- [ 6 )Gl A a,
— /G;’R(y,x')GzJ(x,x”,y)dV},
- /G;7R()/7x/l)G2,1<x7x/7y)dVvy

Here, we are combining equations (3.82) and (3.99) and repeating them in this section for
simplicity. Just like in the previous two sections, we will analyze the motion perturbatively,
and replace the functional dependence on an unspecified worldline for the solution to the
previous order. Equation (5.52) can then be derived from the following pseudo-Hamiltonian
system. We choose phase-space variables Q¢ = (x*, p,), a symplectic form Q = dp, Adx* and

define the solution to equation (5.52) to zth order as ') (Q), where Qis the initial conditions
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of the solution. Then, we can define a pseudo-Hamiltonian function

H(Q, Q) =~ \/—g”pup, + 4P(x)+

(s-55)
+éz / GZDR [x7 7/5/1)(QI)]615/ + 93 / G;’R [x7 7:(’0)<Q/)7 7/_51(/))(Q//)]d5/d5//.

Note that this pseudo-Hamiltonian, written in terms of the n-point functions (5.54) pro-
duces the full, retarded dynamics (See Appendix B.4 for a derivation of the equations of mo-
tion from this pseudo-Hamiltonian). As discussed in chapter 4, a pseudo-Hamiltonian of
this kind is equivalent to a Hamiltonian description if the n-point functions are fully sym-
metric. This property gives a prescription for selecting the conservative sector of the self-
force. We expand the retarded Green function in terms of the conservative and dissipative

2-point functions

G+ G~

G¢ = T (5.56a)
Gt -G~

G’ = — (5.56b)

Then, the symmetric piece of the effective 2-point function is

GC’R(xv x/> - Gc(xv x/) - GZ,O(x7 x,)' (5-57)

This is equivalent to the rule that conservative dynamics can be derived by replacing the re-
tarded Green function by its symmetric piece.

At second order, this is no longer true. The symmetric piece of the effective 3-point func-
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tion is

G;™ R (2,2, ") = /V<3 G (y, %) G (9, 4) G (y,«")dV,
+3 [ PO ROICE G NG D),
— Gso(x, &/, 2")

_/GC’R()/,x)Gz,l(x’,x",y)dVy
/GCR()/ G21 X, X ,_)’)d
- / GO (y,5") G (v, 9)dV,

Notice that the second term is the only term that is fully symmetric under the exchange of

(5-58)

arguments that involves the dissipative 2-point function.

At this point, we invoke another property of conservative systems, which is not related to
the proof of Chapter 4: Conservative systems must be time-reversal invariant. A time-reversal
transformation can be applied by exchanging retarded and advanced Green functions. This
transformation preserves the conservative 2-point function G butit flips the sign of the dis-
sipative 2-point function G. Since there are three powers of the dissipative 2-point function

on the second term in equation (5.58), we conclude that this term violates time-reversal in-
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variance. Therefore, the conservative regularized 3-point function is given by

G5t ) = 5 [ PO [p0)IG 006 )6,
— Gso(x, &, &)
- [ Gt A, (59
- [ 65000 Gaslw )

_ / G (9, 5") G (3,4, )V,

We see that conservative dynamics can be obtained by the prescription to replace every re-
tarded Green function with its symmetric piece, as was the case with the linear-order self-
force.

We conclude that the unique prescription to select the conservative piece of the self-force is
to pick the n-point functions which are symmetric under exchange of arguments and invari-
ant under time-reversal transformations. The conservative sector defined by this prescription

is then Hamiltonian.
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Conclusion

This thesis was guided by two questions. First, how do we study the dynamics of binary
systems when their self-interactions are strong? Second, is it possible to split the dynamics
into conservative and dissipative sectors and, if so, is there a Hamiltonian formulation of the
former? These questions play a fundamental role in our understanding of binary systems

and are important if we want to model gravitational-wave production accurately.
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In Chapters 1 and 2, we reviewed the history of binary system dynamics and derived a
series of basic results in the small mass-ratio approximation. We studied the gravitational self-
force and discussed the issues that arise at second order when a naive perturbative expansion
is carried to second order. The main obstacles to study extreme mass-ratio inspirals were
connected to the point-particle limit of systems with strong self-fields.

In Chapter 3, we developed a nonperturbative method to study self-interacting extended
objects in scalar theories. Our approach produced renormalized equations of motion, where
the object’s self-field is reabsorbed into an effective charge density and stress-energy tensor
such that the object behaves as a test body moving in an effective external field. This approach
provides a clean split between self and external fields and presents us with a physically mo-
tivated picture to understand the regularization schemes usually used in the self-force com-
munity. The description of extended objects as effective test objects in an external field could
be useful to study tidal effects in the strong-gravity regime, where non-linearities usually blur
the distinction between external and self-fields. This is an interesting avenue for future work.

The approach developed in Chapter 3 produced nonlocal equations of motion, in the
sense that the self-force is a functional of the complete history of the object. This was the
starting point of Chapter 4, where we proved that a certain class of non-local dynamical sys-
tems admits a local Hamiltonian description. The proof can be applied iteratively to any
order in perturbation theory and is useful in the context of the self-force formulation, as well
as the post-Newtonian expansion. We applied the proof to 4PN dynamics and derived a local
Hamiltonian description, something that was not clearly understood in the literature before.

Finally, in Chapter s, we applied the results of Chapter 4 to the self-force problem. We

derived the local Hamiltonian description of the gravitational self-force to linear order in
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mass and spin. We used its Hamiltonian formulation to study integrability, resonant orbits,
and the first law of binary black hole dynamics. We found that if the Fourier components of
the self-force are nonvanishing over the resonant frequencies of the zeroth-order phase space,
then integrability is broken.
In future work, it would be interesting to extend the non-perturbative approach of Chap-
ter 3 to self-interacting systems to the gravitational case and to derive the gravitational second-
order self-force this way. After this, it should be straightforward to apply the results of Chap-
ter 4 to obtain its Hamiltonian formulation. Furthermore, our study of self-interacting ex-
tended objects is well suited for an application to tidal effects and their imprints on the gravitational-

wave production of binary systems.



General Theory of bitensors

In this appendix, we follow the Living Reviews article [30] for some useful aspects on the the-
ory of bitensors in curved spacetimes. We finish the appendix with an explicit construction

of the 2-point parametrices introduced in Chapter 3, which follows the work in Ref. [43].
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A.1  Synge’s Worldfunction

One of the most useful bitensors is Synge’s worldfunction o(x1, x,). Given a segment of a
geodesic 2z, parametrized by A, with initial and final points x; = 2, and x, = z;,, Synge’s

worldfunction is

1 & dz* dz’
ol :) = 5 (%2 —zl)/2 Go(22) 5 A2 (A1)

Synge’s worldfunction is therefore half the squared geodesic distance between its arguments.
It is defined only when x; is in the normal convex neighborhood of x4, as this guarantees the
uniqueness of the geodesic that connects them.

The world function o(xy, x,) can be differentiated with respect to either argument. We use
numbered indices to represent derivatives respect to the corresponding argument, such that
0y = 00/0x{" and o, = Jo/0x5?. This notation extends to any number of derivatives, for
example,

Teriar == vdzvﬂlvwla<xl7x2) (A.2)

is a rank (0, 2) tensor on its first argument and a 1-form on its second argument.
The first derivative of Synge’s worldfunction is proportional to the tangent vector along

the geodesic connecting its two arguments

dz"
O, <x17x2> = (12 - ll)gzxz(@ 5 (A-3)
2 dA
The derivative with respect to the other argument satisfies o, (1, %) = —0,, (%1, %2). From



this identity it follows that

gﬂlﬂlamo-ﬂl = 20—7 (A4)

and
Ayt =" (Ass)

and similarly for the other argument.
The coincidence limit of Synge’s worldfunction and its derivatives can also be calculated.
Given a bitensor F(x, ), we denote the coincidence limit by [F] = F(x,x). Then, the coin-

cidence limit of the world function and its derivatives is

[o] =0, (A.6a)

0] = [02,] =0, (A.6b)
[0, ) = — gut> (A.6¢)

(08, ] =L, - (A.6d)

A.2 Hadamard 2-point functions

Consider the singular two-point functions discussed in Chapter 3. A singular two-point
function G(x,x’) is symmetric in its arguments, vanishes for timelike separations and sat-
isfies some differential equation. We discussed Green functions, whose equations are ex-
actly sourced by a delta function; and parametrices, whose equations are only approximately

sourced by a delta function. In this section, we review the construction of Green functions
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and parametrices. The Hadamard ansatz for such a 2-point function is
G(x,x') = Ulx,2')0(0) + V(x,x")6() (A7)

where U(x, &) and V(x, x) are two smooth biscalars and 7is Synge’s worldfunction connect-
ing x and &’. Fixing x as the base point, U(x, x’) is the direct piece of the 2-point function,
which has support on the lightcone emanating from x, while V(x, ') is the tail piece, which
has support only outside the lightcone.

We can derive equations for U(x, x’) and V{(x, x’) for a nonlinear potential model in curved

spacetime using the equation for the singular 2-point function
[D n /e(;p)} Glx, ') = 3(x,+). (A.8)

Here,D = U + k(). We use () as the nonlinear potential as opposed to () to distin-
guish the potential from the tail term V{x, ). @ is the background scalar field. We now plug
the ansatz A.7 into Equation 3.6. Using known properties of delta and Heaviside functions
(See [30] for a detailed derivation), we obtain a series of differential equations and boundary

conditions for U(x, x') and V(x, x’). The direct term satisfies

2U(x1,%2) ,0" + (72, — 4) Ulsr, x5) = 0, (A.92)

(U] =1. (A.ob)



These two equations uniquely determine U(x1, x, ). The solution is
U(.X‘],xz) = AI/Z(Xl,xz) (A.IO)
where A(xy, x,) is the van Vleck determinant [30]. The tail piece satisfies

DV(Xl,Xz) = O, (AI Ia)

{(¢, —2)V+20"V,,} _, = —DUl_,. (A.11b)

The first equation tells us that V(x,x’) is a homogeneous solution. The second equation
provides boundary conditions along the lightcone, determined by & = 0.

Note that the direct term is independent of the nonlinear potential #(@). The explanation
is that the direct piece Ul(x, x") describes radiation traveling from x; to x, without dispersion.
In contrast, the tail term V{x, ') describes the effect of radiation that is scattered off the

nonlinear potential so that x and «’ need not be light-like.

A.3 Hadamard Expansion and Parametrices

In this section, we solve the equations for ¥{x, x') usinga Hadamard expansion [43]. Itis not
guaranteed that the expansion will always converge. However, a truncated solution which
approximately solves Equation (A.11) can always be found, in which case G(x, x’) is not a
Green function, but a parametrix instead. We also specialize to flat spacetimes, such that

# =4and U= 1.



A Hadamard expansion is a series in powers of o/(x;, x>)

Vix,x) = Y Vylw, )0 (1, 2,). (A2)
=0

In the following steps, we will truncate this sum to a finite order P. Plugging Equation (A.12)

into Equation (A.11a), we get

DV(xi,32) = Y o {2(p + 1)e*0, V1 + DV, + 2(p + V)pVpis + 4(p + 1) Vi1 }
=0
(A.13)
where all indices represent tensors on x, and we omit the notation &, for short. Setting DV =

0 we get a series of equations for each V,

70, +p+2| Vypy = DV, (A.14)
a p pt1 — 2(10 + 1) . -14
This equation is of the form
[Gﬂaa‘i‘K]ﬂxhxz) = Floy, %,). (A.1s)
Given a geodesic y(s; x1, x2) with endpoints
7(05x1, ) = i, (A.16a)
YLz, x) = x, (A.16b)



Wwe can express ¢ as

7 [, 7(5)] = S (A.17)
Then, it holds that
d _
7 {flx, y(5)]s"} = 5" Fla, 7(5)]. (A.18)
Therefore, we obtain a solution
1 DV, [xl (8521 xz)}
_ +1 y4 ) ) )
V;Jrl(xl,xz) = /0 g 20+ 1) ) (A.19)

If we can find an expression for V5, then Equation (A.19) gives us all 7/, for p > 0. We now
use the boundary condition 4.114. Since it is evaluated on the lightcone, all V, with p > 0

vanish and the boundary condition becomes
L,
OﬂaaVo‘l— V():—E/C (@) (A.ZO)

This is of the same form as Equation A.15, so we get

1

Vo1, 20) = —5/0 k' [@[7(;; xl,xz)H ds. (A.21)

Equations (A.19) and (A.21) fully determine the tail term V{x;, x,). However, it is not clear
that the Hadamard expansion (A.12) converges. If we truncate the sum at a finite order P,

then the tail term satisfies 2 "modified” homogeneous equation

DV{(xy, %) = 3(x1, %) (A.22)
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where the extra source term is determined by the last term on the sum

3(x1, %) = " DVp. (A.23)

Furthermore, as long as we truncate the sum at a high enough order P, this source term will
correspond to a high multipolar moment and will drop oft any finite, low-order Multipolar

expansion.
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Derivation of equations of motion

B.1 Covariant techniques for phase-space variations

In this section, we review a set of useful techniques for phase-space variations. We follow
conventions from Justin Vines’ thesis [91].

Consider a biscalar function of position and 4-velocity, such as a Lagrangian L(x, x). The

IS5



variation of L is

8L 8L

There is a way to explicitly make this variation covariant. We add and subtract an extra term

toget
oL _, 0L
oL = o 4 T g
o T O
L oL oL
= | — T = T B.
- rww}sxua o3¢ + 27T 00| (B.2)

oL
= VLo + 5o D

where we defined the horizontal covariant derivative acting on a biscalar on configuration

space
~ . oL ., 0L
V.L(x, %) = Eiakd Pﬁu% (B.3)
and the usual covariant derivative
D, =2V, (B.4)

The horizontal derivative satisfies a series of useful properties. When acting on a tensor it can

be generalized by replacing the first derivative by a covariant one

) o
G, = g, pr, I (B.5)

v 83'00

Also, when acting on a tensor £, (x)%* contracted with a 4-velocity it goes through becoming



a covariant derivative

v, [Fa(x)x“} - gﬁ:% ~¥TF,
- [5e -male ®9
= Vi

We can also apply D) to a scalar function in configuration space. We get

oL . OL
Dillor ) = ¥ 55 + 350
oL oL oL
_ ‘u o V _P .o _/O ey B'
W o —F T + } [xf’ + I x“} B (B.7)
w4 a2t
Ox*

where the aceleration is defined in the usual way as

2" = Dyit. (B.8)

A similar construction can be built for biscalars in phase space. Consider a Hamiltonian

function H(x, p). A variation on phase space is

OH OH
o — o
) o ox* + o, 0P
o0H , OH oOH "
o TP, }M‘—i— o [% T 0 (B.9)
~ oOH
= V, Hox* + —A
“ ap‘u Pﬂ
where we defined the covariant variation
Ap, = 9p, — pal,, 0" (B.10)
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which is the variation that the 1-form p experiences due to the coordinate change: the first
term is the explicit change in its coordinates p, and the second term is the change in the basis
¢* due to the change in position Ax*.

We use the symbol @# for horizontal derivatives in configuration and phase space. The

distinction is clear from context.

B.2 Geodesic Motion

In this section, we derive the equations of motion of a free-falling point particle using the
Lagrangian and Hamiltonian formulations. We then discuss the differences between using

the “square-root” Hamiltonian and the "quadratic” Hamiltonian.

B.2.1 LAGRANGIAN FORMULATION

Consider a point particle with mass 7 following a geodesic x(4) on a manifold with metric

tensor g,;. The action principle is

S = —m/dr
dx* dx”

(B.rr)
= —m/ _g‘wﬁﬁdl

Here, 7 is proper time respect to the metric tensor g,, and A is an arbitrary time parameter.

Using the techniques from section B.1, the Euler-Lagrange equations are

D dx* dx*

EE_KE:O, (B.12)



where x measures the failure of A to be an affine parameter on the geodesic x

L d [ dede -
T e oo 3
Suwvay ai

The key feature of the "square-root” Lagrangian is that it is explicitly reparametrization in-

variant. Indeed, choosing proper time 7 as the parametrization, we get 4 / — gW‘Z—": % =1land

the Euler-Lagrange equations become

Ddx

Jrde 0, (B.14)

which is the usual geodesic equation written in terms of proper time.
An alternative Lagrangian formulation can be obtained by giving up reparametrization

invariance. We use instead the "quadratic” Lagrangian

=" d’ dx” (B.15)
=8 A 15
The equations of motion are
D dx*
= _ B.
dr dr 0 (B.16)

In other words, this Lagrangian formulation is not reparametrization invariant and is written
directly in terms of proper time.
B.2.. HAMILTONIAN FORMULATION

It is not possible to derive a Hamiltonian formulation from the ”square-root” Lagrangian,

using a Legendre transformation. This is because reparametrization invariance fixes # = 0
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identically. We are left with two options, the first one is to derive a Hamiltonian formula-

tion from the "quadratic” Lagrangian. The Legendre transformation yields the Hamiltonian
function

2m
where m is a constant parameter. Hamilton equations are
dx “
— = P_’ (B.18a)
dr m
D
PPe ), (B.18b)
dr

The main problem with this formulation is that the 4-moment s constraint by the mass-shell
equation pz = —m?.

An alternative is to give up the Legendre transformation altogether and start directly from
the Hamiltonian function

H=—\/=g"pup»- (B.19)
Hamilton equations are then

A P
—_— = —— (B.20a)
dr N2

D

P _ ), (B.20b)
dr

Now, the 4-momentum is not constraint by the mass parameter 7. Its norm p?* is preserved

by the dynamics, but we are free to pick any mass-shell.

In more technical terms, the generated by the "quadratic” Hamiltonian (B.17) are con-
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straint to a submanifold of phase space, determined by the mass-shell condition pz = —m?.

The ”square-root” Hamiltonian gives dynamics on the full phase space, and the dynamics
produces phase-space trajectories that preserve the norm of the 4-momentum, determined
by the initial conditions. In any case, both formulations give up reparametrization invari-
ance and give the equations of motion directly written in proper time. This is a feature of
Hamiltonian formulations and the role of the Hamiltonian function as the generator of time

translations.

B.3 First-order gravitational self-force in Hamiltonian for-

mulation

Consider a point-particle moving along a geodesic z, on an effective spacetime given by the
metric tensor

&7 = gu + b+ O(). (B.21)
The metric perturbation sourced by a point particle is [92]

dz
huy(%; 2, p]) = /G/m/ﬂ/ (x,2)p" %da". (B.22)

We use the ”square-root” Hamiltonian formulation for the effective metric and expand to

linear order in ¢ to obtain a nonlocal Hamiltonian

1
H= —/ _g{w])‘upv — Ez\/tb‘uvpypv. (BZ})

—gPupy
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Next, define phase-space variables Q! = (x*, ) and use the zeroth order solutions to express
the metric perturbation in terms of phase-space variables only. We define the zeroth-order
Hamiltonian flow by ¢_(Q) = (#*, p;) where barred indices mean that the variable is a zeroth

order solution which depends on some initial condition Q. The metric perturbation is

hu(x%,Q') = /GW//;/ (x, @)Ld@'. (B.24)

Plugging the metric perturbation (B.24) back into the nonlocal Hamiltonian function, we

get a pseudo-Hamiltonian function

HQ.Q) =~ ¢ [ o v7) ——LLEL s oy
2\/=8"pubr\) —5°F papy
From the last term on the right hand side, we can read the 2-point function G(Q, Q') from
equation (5.7) in section s.3.
Using the covariant techniques from section B.1 and defining m = | /—g“p,p, for short,

Hamilton equations are

A S SVINY & . (B.26a)
do m m 2mmm
Dpﬂ _ ¢ P

= Zhﬂ/??!‘ - (B.26b)

Plugging Equation (B.26a) into Equation (B.26b) and keeping only terms first order in ¢, we
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get

D

D, dx 7nbwdwd% A d  m, dx daf dx d
do

il WG N oo T T, s,
da) 52 “ do do m “ do do 52 “Y do do do do (B.27)

(m

The ”square-root” Hamiltonian gives equations of motion written in terms of proper time,
which means that ¢ is proper time respect to the effective metric ¢f. We want to obtain

equations of motion in terms of proper time respect to the background metric 7. These

parameters relate by
do 1_¢ dx* dx” (B.28)
dr~ 27 dr de’ *
This means that we are allowed to replace oby 7 on any term which is already order O(¢), since
the error will be O(?). Furthermore, comparing Equation (B.28) with the geodesic equation
in an arbitrary time parameter (B.12), we see that the derivative of 72 on the left hand side of
equation (B.27) will provide exactly the factor of «x that relates proper time respect to the

background metric and the effective metric. We can therefore rewrite all terms with respect

to the background proper time 7, such that all factors of 72 cancel out and we get

Du

1. . 1
= 25190‘2;‘%“% — g/ff““;ﬂu“u‘g — sibaﬂ;yu“uﬂu'yu#, (B.29)

where we defined the 4-velocity with respect to background proper time

Equation (B.29) is the correct first-order self-force, first introduced in Equation (2.30).



B.4 Second-order scalar self-force in Hamiltonian formu-

lation

In section 3.5, we derived the second-order equations of motion for a scalar point particle

with mass 7 and scalar charge ¢

D .
d—(’mf”) =—g"V,p

T

where the effective field is

o(x; 2] = @(x) +é/ Gy (x, 20 )d7 +92/G;“R (%, 20, 200 ) A7 d7”

and the mass satisfies

dm R
E = u“V#Q

Plugging Equation (B.32) into (B.30), we get

D .
mﬁ = — (g"”’ + w“u”) V,o.

(B.30)

(B.31)

(B.32)

(B.33)

We are interested in the dynamics up to cubic order in g, which corresponds to the second-

order self-force. We define z(Q) to be the first-order solution, with initial conditions Q“ =



(2, ). In this section, we prove that the pseudo-Hamiltonian

H(Q, Q) = —\/—g"bupsp + 40+ 7 / Gy * [x,2(Q))]d?
+@3/G;’R [%,2.(Q),2:(Q)]d7 d7"

returns the equations of motion (B.30). Hamilton equations are

A

dr —gCpapp

D /
D o -V, [ @ Qe

- 7V, / G 3, 2(Q), 2w (Q) dde.

(B.34)

(B.352)

(B.35b)

Defining m = \/—g*p.p, and plugging equation (B.35a) into (B.3 5b), we recover the Equa-

tions of motion (B.30).



Alternative description of non-local

dynamical systems

C.1  Relation to the work of Llosa and Vives

Llosaand Vives [ 5 4] consider non-local-in-time action principles in configuration space (¥*, &%),

which they describe as a non-local Lagrangian L[x] which is a functional of x. In Chapter 4
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we instead consider an action functional of a phase-space trajectory Q! = (x*, p,,). Further-
more, they do not carry the perturbative expansion of the non-localities explicitly but rather
leave the non-local piece of the action principle unspecified. This affects their final results
in two ways. First, their expressions for the local Hamiltonian and symplectic forms depend
on functional derivatives of the action functional. Second, without using a perturbative ex-
pansion of the nonlocalities, the space of initial data for the Hamiltonian flow is not defined.
They assume that an order reduction procedure to make the dynamics local exists and instead
work with this unspecified space of initial data. In this paper, we expand the nonlocal-in-time
piece of the action functional as a series of integrals of N-point functions, which allows us to
derive a simpler local Hamiltonian and symplectic form, expressed explicitly in terms of inte-
grals of said N-point functions, evaluated on points in the unperturbed phase space, which
constitutes our space of initial data. Although it is possible that the results of Section 4.3
could be obtained from results in their work, our results are derived using a different method
and provide a simpler and more streamlined framework for studying nonlocal-in-time per-

turbations to all orders. Sections 4.4 and 4.5 are entirely original results.



Strong causality condition

The causality condition (??) is not entirely satisfactory because it is intrinsically perturbative,
as opposed to the locality condition (3.35), which doesn’t require a perturbative expansion
of the generating functional. One might be tempted to impose a stronger condition

9p(x; 6, @]

————— = 0 for timelike (x, (D.1)
50) (%,7)
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which we call strong causality condition. This would have two advantages: First, it is nonper-
turbative. Second, the nonlocality in time of the dependence of the effective field @ on the
physical charge density p is limited to one light-crossing time into the causal past/future. This
contrasts with the 7 light-crossing times obtained for the weaker causality condition (3.37),
used in the body of the chapter.

However, condition (D.1) also imposes a constraint
G,(x1, ... ,x,) = 0if there’s at least one timelike pair, (D.2)

which is much stronger than the constraint (3.57). The constraint (D.2) is probably too
strong, in the sense that it may not be possible to find any n-point functions which satisfy i,
together with the rest of our requirements. In particular, the constraint (D.2) implies some
non-trivial identities which must be satisfied by the lower order n-point functions G,,. From

Equation (3.52b), we find that when (1, x, ) is timelike, we must have

1 1
93(x1,x2,x3) = 5/92,1(361,963;}’)92()’7952)61% + 5/92,1(3627963;)’)920’7301)61% (D.3)
timelike
It seems unlikely that 3-point functions exist which satisfy this requirement as well as our
other assumptions. For this reason we use the weaker causality condition (??) in the body of

the thesis.
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