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The two-body problem in general relativity has been the focus of intense observational and
theoretical interest in recent years, especially as gravitational-wave astronomyhas begundeliv-
ering on its long promised potential. Awide variety of approaches, valid in different regimes,
havebeenused tounderstand thedynamics ofbinaries: numerical relativity , thepost-Newtonian
approximation, the post-Minkowskian approximation, the small mass ratio approximation,
and the effective one-body framework, which synthesizes information from the other ap-
proaches. The success of future gravitational wave observations (both future ground and
space based) depends on our ability to model the fundamental physics of two-body systems
and produce accurate waveform templates that are used in the matched filtering techniques
that these observatories employ.

An issue that arises in the study of two-body systems is whether one can define dissipative
and conservative sectors of the dynamics for which the conservative sector admits aHamilto-
nian description. Such a description would unlock the full power of Hamiltonian methods
to study integrability and chaotic motion, obtain new gauge invariant quantities and better
understand the effect of resonant orbits. In this thesis, we show that such dissipative and
conservative sectors can be defined in the limit where one of the bodies is much smaller than
the other, and derive a Hamiltonian description to linear order in the mass and spin of the
secondary. We also extend this result to second order, in the context of a scalar toy model of
the gravitational interaction.

In deriving these results, we develop two useful theoretical tools. First, we show that a
broad class of dynamical systems, defined by non-local in time action principles, can be recast
as local Hamiltonian systems to all orders in the non-locality. Second, we develop a reformu-
lation of the dynamics of bodies with strong self-interactions which shows that their motion
is equivalent to that of bodies with negligible self-interactions, albeit in a renormalized or
effective external field.
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In the present small treatise, I set forth some matters of

great interest for all observers of natural phenomena to look

at and consider. They are of great interest, I think, first,

from their intrinsic excellence; secondly, from their absolute

novelty; and lastly, also on account of the instrument by the

aid of which they have been presented to my apprehension.

Galileo Galilei

1
Preliminaries

Newtonianmechanics can solve the two-bodyproblembut not the three-bodyproblem; gen-

eral relativity can solve the one-body problem but not the two-body problem; and quantum

gravity cannot even solve the one-body problem*. It is the goal of this thesis to get us one step

closer to ruining the joke by allowing general relativity to describe two-body dynamics in all

*I thank Professor Avery Broderick for telling me this joke.
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its glory, as once Kepler and Newton did.

The two-body problem concerns the motion of two compact objects under their mutual

gravitational attraction. Although we have been watching two-body systems move in the

night sky since humanity first put its eyes on the celestial movements of the sun, moon, and

planets, the first observations that led to their detailed understanding were made in the 17th

century. Around 1609, Galileo Galilei observed the Moon’s mountains and Jupiter’s four

biggest satellites with the aid of the recently developed refracting telescope. Before these ob-

servations, the prevalentmodel for the cosmoswas the Ptolemaicmodel, where every celestial

object rotates around the earth in complex orbits. The observation of moons orbiting other

planets, as well as the phases of Venus and the retrograde motion of inner and outer planets

were the first conclusive observations that began to settle the heliocentric debate. At almost

the same time, Johannes Kepler was writing his Astronomia Nova, where he first presented

two of his laws of planetary motion. With the aid of Tycho Brahe’s observations, he was the

first one to describe the shapes of planetary orbits and to provide accurate calculations for

their periods. But it was not until Isaac Newton’s Principia, published in 1687, that a full

solution to the problem was derived. In Newtonian mechanics, the two-body problem is

elegantly solved by applying Newton’s laws of motion and his law of universal gravitation.

In modern treatments, the dynamics of the two-body system are simplified by utilizing its

symmetries, effectively reducing it to a single-body problem. This reduction leads to closed-

form solutions, such as circular or elliptical orbits, which obey the planetary laws of motion

previously set forth by Kepler. Despite their apparent simplicity, two-body systems are the

archetypal problem in both classical and quantum physics. After all, the atomic model that

kickstarted quantum mechanics is nothing more than the quantum (and electromagnetic)
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analog of the classical two-body problem.

However, the advent of general relativity introduced new complexities to the two-body

problem, such as nonlinear interactions and energy loss due to gravitational radiation. Be-

cause of these complexities, the problem cannot be solved analytically in full generality. Nu-

merical relativity has made great strides in recent years and is now a key tool for integrating

gravitational wave signals from binary systems [5]. However, numerical relativity is limited

in its ability to simulate binaries in regimes where the number of orbits becomes large, such

as the regime of wide orbital separations or the limit where one body is much smaller than

the other. Therefore, there is strong motivation for improving our analytic understanding

of these regimes, which are based on a variety of approximations.

The first approximation schemes were already present in the work of Einstein, who ex-

panded his equations to linear order in the inverse speed of light squared to calculate the per-

ihelion precession ofMercury’s orbit [6]. Although this constituted the first use of the post-

Newtonian approximation, its foundationsweremore rigorously laidbySubrahmanyanChan-

drasekhar and his collaborators [7–11] in the 1960s. This work also had its own limitations

due to the inability of the approximation method used to describe radiating fields in the far

zone. Amoremodern treatment of the post-Newtonian expansionwas later developed
(
[12]

and references therein
)
, where the approximation is matched onto a post-Minkowskian ex-

pansion in powers of Newton’s constantG at large distances from the sources.

The two-body problem in general relativity has received intense observational and theo-

retical interest in recent years, as gravitational-wave astronomy has begun to deliver on its

long-promised potential [13–15]. The first direct detection of gravitational waves in 2015

by the Laser Interferometer Gravitational-Wave Observatory (LIGO) marked the beginning
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of gravitational wave astronomy. The LIGO project was conceived in the 80’s but it was

not until 2002 that the first runs started. It took thirteen more years of technical improve-

ments to get a detection. LIGO, alongwith theVirgo detector in Italy andKAGRA in Japan,

focuses on high-frequency gravitational waves (10 − 1000 Hz) from stellar-mass compact

objects. The upcoming Laser Interferometer Space Antenna (LISA) will instead target low-

frequency gravitational waves (10−4 − 10−1 Hz) from supermassive black holes, as well as

other sources [16, 17]. The success of future gravitational wave observations (both future

runs of LIGO/Virgo/ KAGRA and the first runs of LISA) depends on our ability to model

the fundamental physics of two-body systems and produce accuratewaveform templates that

are used in the matched filtering techniques that these observatories employ.

∗ ∗ ∗

This chapter’s goal is to provide the context necessary for the remainder of this thesis. In

Section 1.1, we provide order-of-magnitude estimates of the intensity and frequency of grav-

itational waves coming from different types of sources and review the method of matched

filtering. In Section 1.2, we begin our exploration of two-body dynamics by studying the

effect of self-fields in Newtonian gravity. In Section 1.3, we discuss the obstacles that arise

in general relativity when trying to solve the two-body problem. We end this chapter with a

discussion of the questions addressed by this thesis.

1.1 Gravitational wave astronomy

The intensity of a gravitationalwave coming fromadistant binary systemcanbe estimatedus-

ing Newtonian gravity supplemented by the quadrupole formula for the leading order grav-
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itational wave emission. The first order metric perturbation then scales as

h ∝ G
c4
Q̈
r

(1.1)

where Q̈ is the second time derivative of the source’s quadrupolemoment and r is the distance

from the source. The quadrupole momentQ can be approximated by

Q̈ ≈ Enon-sph,kin, (1.2)

where Enon-sph,kin is the non-spherical piece of the kinetic energy. By the virial theorem, the

kinetic energy must be comparable to the gravitational energy of the system so that

E ∝ Gm1m2

L
, (1.3)

wherem1 andm2 are the masses of each object in the two-body system. The size L of the sys-

temwill get smaller as the orbit radiates energy away. We can estimate the smallest separation

as the sum of the Schwarzschild radii of both objects

Lclosest ∝
2GMtot

c2
. (1.4)

Combining equations (1.1), (1.2), (1.3) and (1.4) we get that the metric perturbation is

h ∝ G
c2
μ
r
. (1.5)
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where μ is the reduced mass of the system

μ =
m1m2

m1 +m2
,

For systems with a reduced mass close to a solar massM⊙, the metric perturbation is

h ∼ 10−22 for Hubble distances r ≈ 3000Mpc,

h ∼ 10−17 for outer region of MilkyWay r ≈ 200kpc.

Next, we move on to the frequency range of gravitational waves. For binary systems with

orbital frequency forb, emitted gravitational waves contain all integer multiples of forb. The

greatest contribution comes from f ≈ 2forb, because most of the radiation comes from the

quadrupolemoment of the system. Using Kepler’s law, the orbital periodwill approximately

be

T2 ∼ L3

GMtot
. (1.6)

This means the orbital frequency will be

f ∼
(
GMtot

)1/2
L3/2 . (1.7)

The strongest signals will be emitted at the closest approach Lclosest =
2GMtot

c2 and therefore

have a frequency of

fmax ∼
c3

GMtot
∼ 104Hz

M⊙

Mtot
. (1.8)

Hence, the frequency of the gravitational waves will be inversely proportional to the total
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massMtot of the binary system, as opposed to their amplitude, which depends on the reduced

mass μ.

1.1.1 Experimental frequency ranges

High-frequency sources 1Hz < f < 104Hz

Gravitational waves have a natural upper bound at approximately f ∼ 104Hz. From equa-

tion (1.8), we know that the maximum frequency is inversely proportional to the total mass.

The most intense gravitational waves are emitted by compact systems so detectable signals

must come fromsystemsmoremassive than theChandrasekhar limit (approximately 1.4M⊙)

which sets the upper limit

f ≤ 104Hz (1.9)

The lower bound at 1Hz is not related to the physics of the gravitational waves, but to the

sources of noise that affect the experiments. Ground-based experiments face an insurmount-

able amount of noise coming fromgradients in Earth’s gravitational potential and vibrational

noise. Using eq. (1.8) we see that the typical sources that fall in the high-frequency band are

• Coalescence of binary neutron star systems.

• Coalescence of Stellar-mass (M ≤ 1000M⊙) black holes.

• Pulsars.

Low-frequency sources 10−4Hz < f < 1Hz

This frequency range is defined entirely by the limitations of the gravitational-wave exper-

iments we can do. As we explained in the previous subsection, ground-based experiments
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won’t be able to detect gravitational waves with frequencies lower than 1Hz, which is why

the low-frequency range is the domain of detectors flown in space, either in Earth orbit or in-

terplanetary orbit. The lower bound at 10−4Hz is defined by expected difficulties in isolating

the spacecraft from cosmic rays, solar winds and solar radiation pressure. Typical sources in

this range of frequencies are

• Supermassive black hole binaries.

• Extreme mass-ratio inspirals: stellar-mass black holes into supermassive black hole.

There are two more frequency bands accessible to observations: The very-low-frequency

band range at 10−7Hz < f < 10−4Hz in which gravitational waves have recently been de-

tected bypulsar timing observations [18] and the extreme-low-frequency range at 10−18Hz <

f < 10−15Hz, which is the target of indirect search for gravitational waves with the cosmic

microwave background. In this thesis, we will focus on the low-frequency band -the domain

of the LISA mission- and the high-frequency band- the domain of ground-based detectors

like LIGO.

1.1.2 Waveform templates and matched filtering

In most gravitational-wave detectors, the amplitude of most expected signals is near or even

below the detector’s instrumental noise threshold. Despite this, these signals can still be re-

liably identified if their waveform corresponds closely to a predicted or modeled waveform

[19]. To achieve this identification, a technique known as matched filtering is employed,

which involves comparing the incoming data with a library of known gravitational wave

templates. A straightforward example of this type of filter is the Fourier transform, which
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acts as a matched filter for a constant-frequency signal. In this process, the noise power in

the data is distributed across the spectrum, whereas the signal’s power is focused at a single

frequency. This concentration enhances the signal’s detectability. The end goal of a good

portion of present day research in the two-body problem is to produce waveforms that are

accurate enough to detect gravitational waves and extract information from them.

0 0.2 0.4 0.8 1 1.20.6
Time [s]

-0.4

1

0.8

0.6

0.4

0.2

0

-0.2
NR GW waveform
Match

Figure 1.1: Example of a Inspiral‐merger‐ringdown waveform from the numerical‐relativity simulation SXS:BBH:0305 [20]
which models the detected gravitational wave signal GW150914. The horizontal axis is the real time. The blue thin curve
is a gravitational wave template for the ”+” mode. The red thick curve shows the ”match”, i.e. the accumulation of the
(normalized) signal‐to‐noise ratio. (Plot taken from [21])

1.2 Motion of self-gravitating bodies

in Newtonian mechanics

We commence our study of the physics of two-body systems by considering the motion of

self-gravitating extended objects in Newtonian gravity. Our observations in this simple sce-

nario will set the scene for most of the work in this thesis.
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Following [22], we consider an inertial frame (t, xi) and study the dynamics of a massive

object which is extended but has a finite size, so that at any instant t, its mass density ρ(t, x)

has support on a compact region Σt ⊂ M. The object’s center-of-mass acceleration aicm

obeys Newton’s equation

aicm(t) = −
ˆ

ρ(t, x)∇iφ(t, x)d3x (1.10)

The gravitational field φ(x) is the sum of some external field φext plus the object’s self-field

φself, which is sourced by ρ

∇2φself = 4πρ (1.11)

and determined by equation (1.11) plus suitable boundary conditions. The external field is

possibly sourced by some other mass distribution but it is a vacuum solution on the object’s

compact support

∇2φext

∣∣
Σt
= 0 (1.12)

Equation (1.11) can be solved using a Green function

G(x, x′) =
1

|x− x′|
. (1.13)

This Green function satisfies two properties that are important in later chapters: It is fully

symmetric and it vanishes when the points are infinitely separated.

We are interested in the effect of the self-field on the equations of motion. Plugging equa-

10



tion (1.13) into (1.10) we get

aicm = −
ˆ

ρ(t, x)∇iφext(x)d
3x−

ˆ
ρ(t, x)ρ(t, x′)∇iG(x, x′)d3xd3x′. (1.14)

In units where GN = 1, the first term on the right hand side of equation (1.14) -the exter-

nal force- must be proportional to mM/L2
ext, where M and Lext are the mass and distance

associated with the external field and m is the mass of the object. The second term, which

represents the self-force, must be proportional to m2/L2, where L is the lengthscale of the

object. We are interested in the regime where the details of the body’s composition decouple

from its equations of motion. Physically, this happens when the size of the object L is small

compared to all other lengthscales in the system. If this is the case, we can do a multipole

expansion of the mass density ρ, where we replace it by a “skeleton”, made up of multipole

moments living on the object’s worldline zs

ρ(x) → mδ(x− zs) +
∞∑
n=1

Ia1...an∇a1 . . .∇anδ(x− zs). (1.15)

The nth multipole moment scales asmLn, so they tend to zero as we take L → 0. However,

the second term in equation (1.14) does not appear to be well-behaved in this limit, since it

scales asm2/L2. Luckily, it vanishes before taking any limits: The product ρ(t, x) × ρ(t, x′)

is symmetric under exchange of x and x′ but the gradient of the Green function is antisym-

metric. Alternatively, this can also be thought of as a consequence of Newton’s law of action

and reaction. We conclude that motion is determined by an effective field

φ̂(t, x) = φ(t, x)−
ˆ

G(x, x′)ρ(t, x′)dV′ (1.16)
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which is simply the external field φext. The effective field is a renormalized field which is ob-

tained by subtracting the self-field of the compact object from its retarded field. Because it is

a homogeneous solution (cf. Equation (1.12)), it is independent of L and therefore finite in

the limit L → 0.

We have proven that there exists an effective external field that governs the motion of ex-

tended objects in Newtonian physics. In the context of general relativity, a new dimension-

less parameter, Gm/Lc, measures the compactness of the object, while the parameter L/Lext

governs the strength of extended-object or tidal effects, as we described in the preceding para-

graphs. It is possible to obtain a finite self-force by taking bothm andL to zero in a self-similar

manner that keepsGm/Lc fixed [23].

The result derived here, in the context of Newtonian gravity, encapsulates the spirit of

the framework we develop in Chapter 3. In that context, the effects of the self-field do not

vanish, but can be absorbed into the renormalization of the compact object’s mass density

and stress-energy tensor. The statement becomes: There exists a renormalized description of

the compact object in which it moves under the influence of an effective external field which

is a vacuum solution.

1.3 The two-body problem in General Relativity

There are a series of obstacles that arise when one tries to extend the results of the previous

section to general relativity. We list the most apparent complications below:

• Due to the nonlinearity of Einstein’s equations, the gravitational field cannot be split

into a piece sourced by each body. Thismakes it difficult to identify the self-field of the
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body of interest, which is the piece we subtracted in Section 1.2 to obtain an effective

gravitational field with a finite point-particle limit.

• Another consequence of the nonlinear nature of gravity is that point particles are ill-

defined objects in general relativity. After all, a point object with finite mass should

collapse into a black hole. This makes a naive perturbative analysis of gravity in the

point-particle limit useless past linear order.

• Orbiting masses radiate gravitational waves and lose energy over time. Because of this,

the dynamics of the system is wildly different at different moments in the inspiral pro-

cess. This featuremakes it difficult to have one closed form equation describe the com-

plete evolution of the system and is the reason why we need different approximation

schemes for each stage of the inspiral.

These obstacles are related to many open questions in the study of the dynamics of binary

systems, some of which are the focus of this thesis.

Questions addressed in this thesis

Can the results of Section 1.2 on the effect of self-fields on the dynamics of self-gravitating objects

be generalized to curved spacetimes?

This question is related to the existence of a generalized equivalence principle. Originally,

the equivalence principle states that test point particles move along geodesics of the external

spacetime geometry, regardless of their internal properties. This principle doesn’t hold for

test extended objects, since they experience tidal forces that perturb theirmotion inways that

depend on their particular inner composition. However, it remains true that the tidal forces
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are caused by the external gravitational field, since test objects don’t produce self-fields. An

even stronger statement, which is sometimes called generalized equivalence principle, is that

self-gravitating extended objectsmove as test extended objects in an effective external field. In

other words, there’s a way to absorb their self-fields into their stress-energy tensor, such that

their renormalized multipolar momenta evolve under the influence of an effective external

field. This is the main result of chapter 3. It holds to any order in a perturbation expansion

in powers of the scalar charge density ρ. However, it does depend on the existence of a series

of n-point functions whose existence hasn’t been proved past linear order, except in a few

simplified toy models.

∗ ∗ ∗

Can the dynamics of binary systems of self-gravitating objects be split into conservative and dis-

sipative sectors to any order in perturbation theory?

This question will have different answers depending on the approximation scheme used.

Newtonian gravity, for example, is purely conservative, so this question is trivial. The post-

Newtonian expansion starts to produce dissipative effects at O(1/c5). At this order, there is

still a clear split and a Hamiltonian describing the conservative dynamics can be found. The

question is more subtle at O(1/c8) because the interaction becomes nonlocal in time. This

means that the force depends not only on the position of the objects locally, but also on their

complete past history. Then, even if a conservative/dissipative split is possible, it is not clear

that a local Hamiltonian for the conservative dynamics exists.

These issues are addressed in chapter 4, where we prove the existence of a local Hamilto-

niandescription for a general class of theorieswithnonlocal interactions. Inparticular, we ap-

ply this result to obtain a local Hamiltonian description of the conservative post-Newtonian
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dynamics up to O(1/c8). In chapter 5, we apply the proof of chapter 4 to the small mass-

ratio expansion and obtain the localHamiltonian description of the conservative piece of the

two-body dynamics up to first order in the mass ratio and spin of the small object. We then

obtain a local Hamiltonian description of the conservative piece of the dynamics in a scalar

toy model, to second order in the scalar charge.
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Dos cuerpos frente a frente

son a veces dos olas

y la noche es océano.

Dos cuerpos frente a frente

son a veces dos piedras

y la noche desierto.

Dos cuerpos frente a frente

son a veces raíces

en la noche enlazadas.

Dos cuerpos frente a frente

son a veces navajas

y la noche relámpago.

Dos cuerpos frente a frente

son dos astros que caen

en un cielo vacío.

Octavio Paz

2
Review of the Self-Force Formalism

2.1 Context

This chapter is concerned with the dynamics of extreme mass-ratio inspirals. These describe

the orbits of two-body systems with a small object of massm (the secondary) orbiting a more

massive object of massM (the primary). They abound in nature, in the form of stellar-mass
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black holes or neutron stars that have been captured into inspiral orbits around supermassive

black holes with masses between 106 and 109M⊙ [24]. The starting point of the self-force

formalism is to analyze the dynamics perturbatively in the mass ratio ε = m/M. At zeroth

order, the secondary behaves as a test particle moving along a geodesic of the background

metric determined by the primary. At first order, we include the effect of secondary’s own

mass m, so its gravitational field acts as a perturbation of the background geometry. The

interaction between the secondary and its own gravitational field gives rise to an acceleration

with respect to the background geometry, described by the gravitational self-force.

The self-force formalism was first developed in the context of flat spacetime electromag-

netism. The orbits of test charges are straightforwardly derived from Maxwell’s equations,

but it wasn’t until the work of Lorentz, Abrahams, Poincaré, andDirac [25] that themotion

of self-interacting chargeswas understood. The interaction of electric chargeswith their own

electromagnetic fields is responsible for the radiation-reaction force, which turns the bound

orbits of test particles into slowly radiating inspirals. In 1960, DeWitt and Brehme [26] gen-

eralized Dirac’s result to curved spacetimes, and their calculation was corrected by Hobbs

[27] several years later. The gravitational self-force was first calculated in 1997, when Mino,

Sasaki, and Tanaka [28] derived an expression for the acceleration of self-gravitating masses

to linear order in the mass of the secondary (which vanishes in the limit of test particles); the

same equations of motion were later obtained by Quinn and Wald [29] using an axiomatic

approach. This result is now known as theMiSaTaQuWa equation and constitutes a founda-

tional part of the self-force formalism [30]. The second-order contribution to the self-force

was later studied and derived in [31–36], where more advanced techniques were developed

to deal with some problems that arise at that order, as we will see later in this chapter.
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This chapter is organized as follows. In Section 2.2, we review the derivation of the elec-

tromagnetic self-force in flat spacetimes. In Section 2.3, we generalize these results to curved

spacetimes. We review the Detweiler-Whiting treatment of the linear self-force, where a sin-

gular solution is subtracted from the retarded solution to create an effective field. The effec-

tive field satisfies the vacuum field equations so the divergence of the retarded solution along

the geodesic is avoided. In Section 2.4, we move on to the gravitational self-force and de-

scribe the downfalls of using naive perturbation theory for point particles. We later explore

the role that self-fields play in these complications. In Section 2.5, we derive the first-order

equations in Lorentz gauge and find a solution for the metric perturbation in terms of a re-

tarded Green function. Finally, in Section 2.6, we review the two-timescale method and the

effect of resonances on the dynamics of extreme mass-ratio inspirals.

2.2 Electromagnetic self-force in flat spacetime

Consider a charged point particle moving along a geodesic z(τ) with 4-velocity uα ≡ dzα
dτ .

Maxwell equations are

∇νFμν = 4πJμ (2.1a)

∇[μFνρ] = 0 (2.1b)

where Jμ is the current density of the charged particle. Its dynamics are governed by the

Lorentz force

mu̇μ = fextμ + qFαβuβ (2.2)
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where u̇μ is the 4-acceleration, Fαβ = ∂αAβ−∂βAα is theMaxwell tensor and fextμ is an external

force. The 4-potential Aμ is constructed from the retarded Green’s function as

Aμ(x; [z(τ)]) =
ˆ

G+
μν′
[
x, z(τ′)

]
uν′dτ′. (2.3)

Here, we use primed indices to distinguish tensors evaluated at z(τ′). Just as we sawwith self-

fields on Newtonian gravity, if we evaluate Aμ(x) along particle’s worldline then the Green

function gets evaluated at coincidence and the self-force diverges. However, the particle’s in-

teractionwith it’s ownfield iswhat causes it to radiate energy away, which is the phenomenon

we are interested in. An alternative would be to consider extended objects instead, but then

we would need to model the internal dynamics as well. The question we face is: How do

we regularize the 4-potential so that it still describes the radiation-reaction process without

diverging along the worldline? Dirac’s solution [25] was to calculate energy and momen-

tum fluxes through a worldtube around the charge’s particle and relate them to its worldline.

Instead of following that derivation, we will explain a prescription for obtaining the same

result. Given retarded and advanced Green functionsG±
μν′(x, x′) it is easy to construct a time

symmetric Green function as

GC
μν′ =

1
2
(
G+

μν′ + G−
μν′
)

(2.4a)

Here we useC for conservative, whichwewill justify below. The retarded solution describes a

situationwith no incoming radiation, i.e., a solution that vanishes atℐ−. The advanced solu-

tion describes a situationwith no outgoing radiation, i.e., a solution that vanishes atℐ+. The

conservative solution, on the other hand, describes equal amounts of incoming and outgoing
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radiation. It follows from this picture that the conservative Green function does not exert a

radiation-reaction force on the particle. This can alternatively be understood by virtue of

GC
μν′ being invariant under time reversals. Nonetheless, retarded, advanced and conservative

fields are all sourced by the charged particle and are divergent in the same way. It is possible

then to construct a regular 2-point function* by subtracting the conservative solution from

the retarded one
GD

μν′ =G+
μν′ − GC

μν′

=
1
2
(
G+

μν′ − G−
μν′
)
.

(2.5)

The regular 2-point function is nothing but the dissipative 2-point function; the antisym-

metric combination of retarded and advanced solutions (which is why we use a D instead

of the probably more intuitive R for regular). The dissipative field AD
μ is a homogeneous

solution and behaves smoothly as we get close to the worldline.

We are presented with four different 2-point functions, retarded, advanced, conservative

(or Coulomb/singular) and dissipative (or radiative/regular). When we generalize this ap-

proach to curved spacetimes, there will be a distinction between conservative and singular

fields. Similarly, dissipative and regular fields will not be the same either. This is just a feature

of flat spacetimes.

The domain of each 2-point function is represented on figure 2.1. The retarded Green

function G+(x, x′) vanishes unless the source is at a position x′ on the past lightcone of x.

The advancedGreen functionG−(x, x′) is the exact opposite: It vanishes unless x′ lies on the

future lightcone of x. The conservative and dissipative 2-point functions have support on

*Notice that we restrict the use of the term ”Green function” to solutions to the field equations sourced by
a delta function. More general constructions can satisfy the homogeneous equation instead, in which case we
use the term ”2-point function”, which encompasses both scenarios.
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Figure 2.1: Relevant points for the retarded field A+
μ (left), advanced field A−

μ (middle), and conservative and dissipative

fields AC
μ and AD

μ in flat spacetime. A+
μ at the point xμ depends on the state of the particle at the retarded point zμret =

zμ(τret), where the particle’s worldline intersects xμ’s past light cone. A−
μ at xμ depends on the state of the particle at the

advanced point zμadv = zμ(τadv), where the particle’s worldline intersects xμ’s future light cone. Both AC
μ and AD

μ each

depend on the state of the particle at both zμret and z
μ
adv (Image taken from [37]).

both the future and past ligthcones of x. From this picture, it is clear that the conservative

and dissipative solutions are not causal: The retarded (advanced) Green function has sup-

port on the past (future) lightcone, but the conservative and dissipative fields will depend

on the position of the particle at both the retarded zμ(τret) and advanced zμ(τadv) times. It is

only whenwe evaluate the them along the worldline that both points converge at the present

position of the particle, thus making the field causal.

If we replace the retarded field (2.3) in equation (2.2) by the dissipative field

AD
μ (x) =

ˆ
GD

μν′
[
x, z(τ′)

]
uν′dτ′. (2.6)

we get regularized equations of motion

mu̇μ = fextμ + qFDαβuβ. (2.7)
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This equation is now well defined along the worldline, since FD is constructed from the reg-

ular 4-potential AD. Furthermore, it can be shown [25] that the radiation-reaction force in

Equation (2.7) can be expressed as

mu̇μ = fextμν +
2q2

3
(
ημν + uμuν

)
üμ (2.8)

which is known as the Abraham-Lorentz-Dirac equation. This equation has some problem-

atic behavior, such as runaway solutions, due to the dependence on the first derivative of the

acceleration. A solution [30] is to apply a reduction-of-order procedure where üμ is replaced

bym−1 df
μ
ext
dτ to the lowest order in q. The equation becomes

mu̇μ = fextμν +
2q2

3m
(
ημν + uμuν

)
ḟextμ + O(q4) (2.9)

which is now well-behaved.

2.3 Generalization to curved spacetimes

A similar approach to that used by Dirac was later developed by DeWitt and Brehme for

curved spacetimes [26]. However, the prescription used in the previous section, where we

replace the retarded field by the symmetric half retarded plus advanced field no longer works.

The reason is that in a curvedbackground, electromagneticwaves can scatter off the curvature

of spacetime and effectively travel slower than the speed of light so the retarded (advanced)

Green function now has support inside the past (future) lightcone, as well as on it (See figure

2.2).
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Figure 2.2: Relevant points for the retarded and advanced fields A+
μ and A−

μ in curved spacetime. A+
μ at the point xμ

depends not just on the state of the particle at the retarded point on xμ’s past light cone, but also on the particle’s state at
all points within the past light cone. Analogously, A−

μ depends on the state of the particle at all points on and within xμ’s
future light cone.

This means that the conservative and dissipative fields we constructed in the previous sec-

tion now depend on the position of the particle arbitrarily far into the past and future light-

cones. In consequence, they are not causal even at the coincidence limit. A new prescription

for deriving the electromagnetic self-force in curved spacetimes was developed by Detweiller

andWhiting [38], who proposed the existence of a new 2-point functionHμν′ which satisfies

the following properties:

• Hμν′(x, x′) is a homogeneous solution,

• It is symmetric under exchange of arguments: Hμν′(x, x′) = Hν′μ(x′, x),

• It agrees with the retarded Green function when x lies in the chronological future of

x′: Hμν′(x, x′) = G+
μν′(x, x′) for x ∈ I+(x′).

• By reciprocity, it must also be true that Hμν′(x, x′) agrees with the advanced Green

function when x lies in the chronological past of x′: Hμν′(x, x′) = G−
μν′(x, x′) for x ∈
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I−(x′).

We then define the singular Green function

GS
μν′ =

1
2
(
G+

μν′ + G−
μν′ −Hμν′

)
. (2.10)

The last two properties ofHμν′ guarantee that the singular field vanishes for timelike separa-

tions, since Hμν′ will match either the retarded or advanced Green function, depending on

the ordering of x and x′. The singular Green function satisfies the following properties.

• It satisfies the field equations□G μ
Sν′(x, x′) = −4πδμν′δ

4(x− x′),

• It is symmetric under exchange of arguments,

• It vanishes for timelike separations.

We can now build the regular retarded/advanced 2-point function

G±,R
μν′ = G±

μν′ − GS
μν′

=
±
[
G+

μν′ − G−
μν′
]
+Hμν′

2
.

(2.11)

The addition ofHμν′ cancels the advanced solution tomake the regular retarded field depend

on the history of the particle only in the past of zadv, which becomes causal in the coincidence

limit, as can be seen in figure 2.3.

The equations of motion for a point charge can now be derived following the follow-

ing prescription, now known as the Detweiler-Whiting regularization scheme. Start with

a charged point particle and derive its equations of motion. Then regularize the retarded
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Figure 2.3: Relevant points for the singular and regular fields AS
μ and AR

μ in curved spacetime. AS
μ depends on the state

of the particle at all points on and outside xμ’s past and future light cones. AR
μ depends on the state of the particle at the

advanced point zμadv = zμ(τadv) and at all prior points z(τ < τadv.

solution by subtracting the singular field. The resulting equations are

m
D
dτ

uμ = fextμ + qF+,R
μν uν, (2.12)

where F+,R
μν is derived from the 4-potential A+,R

μ constructed with the regularized retarded

2-point function (2.11). By solving for the regularized retarded field [30], the equations of

motion can be expressed as

m
D
dτ

uμ(τ) = fextμ +q2
(
gμν+uμuν

)( 2
3m

Dfνext
dτ

+
1
3
Rν

λuλ
)
+2q2uμ

ˆ τ−

−∞
∇[μGν]λ′

[
z(τ), z(τ′)

]
uλ

′
dτ′.

(2.13)

Here, Rμ
ν is the Ricci tensor and we used the same reduction-of-order procedure to get the

first derivative of the external force in the second term on the right hand side. The last term

is the tail integral, which goes up τ− ≡ τ − ε to avoid the singular behavior of the retarded

Green’s function at coincidence.
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In flat spacetime theRicci tensor is zero and the tail term vanishes since theGreen function

is zero in the domain of integration, so we recover Equation 2.7. In curved spacetimes, the

self-force does not vanish even in the absence of an external force. The tail integral tells us that

the charged particle interacts with radiation emitted earlier and coming back after scattering

off spacetime curvature. This means that the self-force is fundamentally nonlocal in time,

since its value at present time depends on the complete past history of the particle’s worldine.

We will go back to this idea again and again in this thesis. Although the self-force is nonlocal

in time, the leading-order interaction in q can be simplified by replacing the worldline z(τ′)

in the tail integral by the geodesic going through that position at each time. This effectively

makes the self-force local in time, up to higher-order corrections.

∗ ∗ ∗

From the regular retarded and advanced 2-point functions, we can construct regular con-

servative and dissipative 2-point functions by adding or subtracting them

GC,R
μν′ (x, x

′) =
G+,R

μν′ (x, x′) + G−,R
μν′ (x, x′)

2

=
1
2
Hμν′(x, x′), (2.14a)

GD,R
μν′ (x, x

′) =
G+,R

μν′ (x, x′)− G−,R
μν′ (x, x′)

2

=
G+

μν′(x, x′)− G−
μν′(x, x′)

2
. (2.14b)

Notice that the new 2-point function Hμν′ is exactly the regular conservative 2-point func-

tion. In flat spacetime, we setHμν′ = 0, which is why the regular retarded 2-point function is

simply the dissipative 2-point function: There is no conservative piece of the regular 2-point
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function. Similarly, notice that the regular dissipative 2-point function did not require a reg-

ularization at all, since the singular 2-point functions of the retarded and advanced Green

functions cancel out! This is sometimes used as a ”radiative” approximation where one ne-

glects conservative effects and focuses on the dissipative self-force, in order to avoid having to

deal with regularizations.

It is not clear whether the 2-point functionHμν′(x,x’) exists for general curved spacetimes,

although some solutions have been obtained for simplified examples and only in the convex

neighborhood of x [30]. In chapter 3, we develop a different approach to regularize the re-

tarded field and relax some conditions on the singular Green function.

2.4 Gravitational self-force

We now move on to the gravitational self-force and describe its conceptual differences with

the electromagnetic case. The first difference is that general relativity is a nonlinear theory,

which introduces the necessity for some type of approximation scheme. The second differ-

ence, which is related to the first, is that its nonlinearities make the concept of a point par-

ticle ill-defined. In the electromagnetic case, we could understand point charges as the limit

where an extended object shrinks to zero size. In general relativity, however, this procedure

will create a black hole before the size of the object reaches zero. As wewill see in this section,

point-particle sources still make sense in linearized gravity, but it is complicated to generalize

those results to second order. The third difference is that, in the electromagnetic case, the

field equations and the laws of motion for the particle could be formulated independently

(i.e., the action functional could be varied independently with respect to the 4-potential or

the particle’s worldline). In general relativity, the laws of motion for the point mass follow
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from energy-momentum conservation, which is itself a consequence of the field equations.

In other words, once the Einstein equation is satisfied, applying a gradient to it shows that

the divergence of the stress-energy tensor must also be conserved. The dynamics of a point

mass must, therefore, be formulated with care. We will describe a formal approach to this

problem in Subsection 2.5.2

A rigorous derivation of the first order gravitational self-force experienced by a point par-

ticle orbiting a black hole was first introduced by Gralla andWald [23], which we summarize

below. In order to understand their approach, let us first consider a stellar-mass extended

object of mass m orbiting a supermassive black hole of massM. The metric tensor gμν will

satisfy the Einstein equation

Gμν
[
g
]
=

8πG
c4

Tμν
[
g,m

]
(2.15)

whereGμν = Rμν − 1
2Rgμν is the Einstein tensor and we are using m to denote the matter de-

grees of freedom of the secondary. Equation (2.15) plus the equations for the matter degrees

of freedom m will fully determine the evolution of the inspiral. There exist various defi-

nitions for the center-of-mass worldline of the secondary object [39], whose evolution will

depend both on the external metric sourced by the primary object and the internal dynamics

of the secondary. We are interested in a limit inwhich the evolution of the secondary’s world-

line decouples from its internal dynamics. As we discussed in Section 1.2, the dimensionless

parameter that governs the strength of the extended-body effects relative to the external force

is L/Lext. There is also a parameter,Gm/cL, that measures the compactness of the secondary

and the strength of the divergent (i.e. Coulomb-like) piece of its self-field. Thus, in order to

neglect the internal dynamics of the secondary, while keeping the influence of its self-field
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finite, we must take the limit where both its massm and its characteristic length L go to zero

at the same rate. This corresponds physically with a situation where the mass and size of the

secondary aremuch smaller than themass of the secondary and the distance to it, respectively.

Although it would seem sufficient to solve Einstein equations perturbatively in the mass

of the secondary, this approximation does not work globally. The reason is that a metric

perturbation sourced by the secondary will still be order unity in its vicinity. In other words,

the gravitational fieldof a compact object cannotbe treated as aperturbation, at least not close

to that object. Instead, therewill be a double expansion of themetric tensor: In the region far

from the secondary, themetricwill be dominatedby the gravitational field of the primary plus

a small perturbation sourced to the secondary. In the region close to the secondary, themetric

tensor will be dominated by the gravitational field of the secondary plus a small perturbation

sourced by the primary. This is known as a matched asymptotic expansion of the metric

tensor [37].

Gralla andWald considered a secondary object withmass and size that scale with a parame-

ter λ. Then, there exists a one-parameter family of solutions gμν(λ) to the Einstein field equa-

tions. This family of solutions returns the external metric sourced by the primary at λ = 0,

when we shrink the secondary to zero size andmass gμν(λ = 0) = gextμν . However, there exists

a ε-dependent diffeomorphism ψ(ε) that “zooms” into the secondary by rescaling distances

by a factor of 1/ε. The limit λ → 0 at a fixed distance r̃ = r/ε will take the one-parameter

family of metric tensors gμν(λ) to the internal metric sourced by the secondary. The limit

of small λ is known as the outer expansion, while the rescaled limit is the inner expansion.

Both expansions should agree in some buffer, intermediate region, which means they can be

matched, order by order. To zeroth order in λ, the secondary moves on a geodesic of the ex-
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ternal geometry. To leading order in λ, the deviation from geodesic motion is sourced by the

first-order self-force.

In this thesis, we will not use this formal derivation of the gravitational self-force. Instead,

we will follow a prescription to derive the same result, which is the gravitational analogous of

the Detweiler-Whiting regularization scheme utilized in Section 2.3.

2.5 Detweiler-Whiting regularization scheme

We start by expanding the metric tensor in powers of the mass ratio ε = m/M

gμν(x) = g(0)μν (x) + εh(1)μν (x) + ε2h(2)μν (x) + . . . . (2.16)

If we plug eq. (2.16) into the Einstein tensor, we get

Gμν
[
g
]
= Gμν

[
g(0)

]
+ εδGμν

[
h(1)

]
+ ε2

{
δGμν

[
h(2)

]
+ δ2Gμν

[
h(1)

]}
+O(ε3) (2.17)

where δGμν represents the linear terms in the expansion while δ2Gμν represents quadratic

terms that schematically look like ∂h∂h + h∂2h. Next, we’ll assume that the stress-energy

tensor of the secondary is that of a point particle

Tμν(x) = m
ˆ

uμ(τ)uν(τ)δ4
[
x, z(τ)

]
dτ. (2.18)

Here, zμ(τ) is the worldine of the particle and uμ ≡ dzμ
dτ is its 4-veocity. The covariant delta

function is δ4(x, y) ≡ δ4(x− y)/√g. The stress-energy tensor can be expanded in powers of

30



ε through its dependence on the metric tensor

Tμν = εT(1)
μν + ε2T(2)

μν + . . . (2.19)

At zeroth order we get

Gμν
[
g(0)

]
= 0 (2.20)

which determines the background metric. At first order we get

δGμν
[
h(1)

]
=

8πG
c4

T(1)
μν . (2.21)

This equation admits solutions that can be expressed as integrals of Green functions over the

background metric.

2.5.1 Solution to linearized Einstein equations

The first-order field equations (2.21) present an immediate problem. The linearized Bianchi

equation makes the gradient of the left hand side vanish, so we get ∇μT(1)
μν = 0, Since ∇μ

is a covariant derivative respect to the background metric, this forces the worldline to be a

geodesic of the unperturbed spacetime. Therefore, although we can get a first-order metric

perturbation, the particle won’t be affected by it!

One way to circumvent this problem [28–30, 38] is known as “gauge relaxation”. First,
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we impose the Lorenz gauge

Lμ[h(1)] = (
gμρ(0)g

σγ
(0) −

1
2
gγμ(0)g

ρσ
(0)

)
∇γh(1)ρσ (2.22)

= 0.

Using the trace reversed field h̄(1)μν = h(1)μν − 1
2g

(0)
μν g

αβ
(0)h

(1)
αβ , we get that Equation (2.21) splits

into two equations

Eμν[h̄(1)] = −16πG
c4

Tμν
(1) (2.23a)

∇μh̄(1)μν = 0 (2.23b)

where the wave operator is

Eμν[h̄(1)] = (
gμρ(0)g

σν
(0)∇2 + 2Rμρνσ)h̄(1)ρσ . (2.24)

Equation (2.23a) by itself has solutions for any source worldline. It is only when the Lorenz

gauge condition (2.23b) is imposed, that the equations are equivalent to the linearized Ein-

stein equations and geodesic motion is enforced. Therefore, if one solves the Lorenz-gauge

form (2.23a) of the linearizedEinstein equationswhile simply ignoring theLorenz gauge con-

dition that was used to derive them, one allows for the possibility of non-geodesic motion.

The gauge relaxation procedure produces an equation inequivalent to the original. How-

ever, deviations from geodesic motion are expected to be small and so the Lorenz gauge vi-

olation should likewise be small. Solving Equation (2.23a), we get the metric perturbation

as a functional of an unspecified worldline. At this point, we can apply the Lorenz gauge
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condition and recover that the worldline is a geodesic, not on the background spacetime, but

on the perturbed metric tensor. We should clarify that, while the gauge-relaxation method

produces the correct answer, it is largely ad hoc and does not come with a clear justification.

If one wanted a first-principles derivation of the self-force, the method of matched asymp-

totic expansions explained in the beginning of the Section provides a much clearer picture.

However, Gralla and Wald’s method expands not only the metric tensor, but the worldline

itself. Therefore, the first-order self-force determines the evolution of a deviation vector that

describes how the actual worldline deviates from geodesic motion. Therefore, while this ap-

proach is a muchmore rigorous derivation, it eventually breaks down as the deviation vector

becomes large after a radiation-reaction time.

We now proceed with solving Equation (2.23a). The first-order stress-energy tensor is

Tμν =

ˆ
z
muμuνδ4

[
x, z(τ)

]
dτ
∣∣∣∣
g=g(0)

. (2.25)

That is: We evaluate the stress-energy tensor from equation (2.18) on the background solu-

tion to get its first-order piece. The solution to equation (2.23a) is

h̄(1)μν (x; [z(τ)]) = m
ˆ
γ
G+

μνα′β′
[
x, z(τ′)

]
uα′uβ

′
dτ′

∣∣∣∣∣
g=g(0)

(2.26)

whereG+
μνα′β′ is the retarded Green function for the wave operator Eμν. Notice that the solu-

tion for the first-order metric perturbation is a function of a spacetime point x and a func-

tional of an undefined worldline z(τ). This will lead to an integro-differential equation for

z(τ) that should be solved self-consistently. The first-order metric perturbation diverges for

x = z(τ) due to the singular nature of the retarded solution close to its source. This is a
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problem because that is precisely where we intend to evaluate the metric perturbation once

we write down the equations of motion for the point particle.

The Detweiler-Whiting prescription explained in Section 2.3 can be used in the case of

linearized gravityby simply adding twomore indices to all the 2-point functions and replacing

the wave equation by the linearized Einstein equations. We assume the existence of a 2-point

functionHμνα′β′(x, x′) [38] satisfying

• Hμνα′β′(x, x′) is a homogeneous solution,

• It is symmetric under exchange of arguments: Hμνα′β′(x, x′) = Hα′β′μν(x′, x),

• It agrees with the retarded Green function when x lies in the chronological future of

x′: Hμνα′β′(x, x′) = G+
μν′(x, x′) for x ∈ I+(x′).

• By reciprocity, it must be also true thatHμνα′β′(x, x′) agrees with the advanced Green

function when x lies in the chronological past of x′:Hμνα′β′(x, x′) = G−
μν′(x, x′) for

x ∈ I−(x′).

We can then construct a singular Green function

GS
μνα′β′(x, x

′) =
G+

μνα′β′(x, x
′) + G−

μνα′β′(x, x
′)−Hμνα′β′(x, x′)

2
(2.27)

and finally construct a regularized 2-point function

G+,R
μνα′β′(x, x

′) = G+
μνα′β′(x, x

′)− GS
μνα′β′(x, x

′)

=
G+

μνα′β′(x, x
′)− G−

μνα′β′(x, x
′) +Hμνα′β′(x, x′)

2
.

(2.28)
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The detweiler-Whiting regularization scheme consists in replacing the retarded Green func-

tion in in Equation (2.26) by the regularized retarded 2-point function. the regularized met-

ric perturbation h(1)R is now smooth along the worldline and is well-suited for a study of the

dynamics of the linear self-force.

2.5.2 First-order equations of motion

With the regular Green function, we can now write down an expression for the first-order

self-force experiencedby a point particle ofmassm. The particle’s 4-velocityuμ = dzμ
dτ satisfies

the geodesic equation for the effective metric g(0) + hR(1)

Duμ

dτ

∣∣∣∣
g=g(0)+hR

(1)

= 0 (2.29)

where D
dτ

∣∣
g=g(0)+hR

(1)
= uμ∇μ

∣∣
g=g(0)+hR

(1)
is the covariant derivative with respect to the regular-

ized metric. This equation can be expanded to linear order to obtain the covariant derivative

respect to the background metric on the left hand side and the self-force on the right

Duμ

dτ

∣∣∣∣
g=g(0)

= − 1
2
(
hμν;λ + hμλ;ν − h ;μ

λν + hνλ;ρuρuμ
)
uνuλ + O(ε2)

= Fμ(z, u; [z(τ)]).

(2.30)

Here, Fμ is the force per unit mass but we use the term force for short and every instance

of h on the equation above is supposed to be the linear order retarded regularized metric

perturbation h(1)+,R but we omitted the labels for clarity.

The self-force, as presented in equation (2.30), is a function of the present position and

4-velocity and a functional of the particle’s past worldline z(τ). This is because the metric
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perturbation hR(1) is sourced by the particle’s own path (See equation (2.26)). This makes

the equation ofmotion an integro-differential equation thatmust be solved self-consistently.

The functional dependence can be simplified by a reduction-of-order procedure. The equa-

tions of motion are valid to linear order in the mass ratio, so any higher-order corrections

to the particle’s worldine will be second order. Therefore, we can order-reduce the metric

perturbation and evaluate it on the zeroth-order worldline

hR(1) μν(x; z, u) =
ˆ

G+,R
μνα′β′

[
x, z(0)(τ′; z, u)

]
uα′(0)(τ

′; z, u)uβ
′

(0)(τ
′; z, u)dτ′ (2.31)

where z(0)(τ′; z, u)means the zeroth-order geodesic with initial conditions (z, u). The first-

order metric perturbation is now a function of a space-time point x and a function of initial

data (z, u), up to corrections quadratic in the mass ratio.

2.5.3 ProblemswiththeDetweiler-Whitingregularization schemeat sec-

ond order

The second-order Einstein equation is

δGμν
[
h(2)

]
=

8πG
c4

T(2)
μν − δ2Gμν

[
h(1)

]
(2.32)

Physically, this means that the first-order correction h(1) acts as a source for the second-order

correction h(2). The first-order metric perturbation h(1) is sourced by the small particle’s mo-

tion and it will generally scale as h(1) ∼ m/r near the particle’s worldline. This means the

first term on the right hand side is not well defined, since its integrand scales as h(1)(x)δ4(x)

which diverges in the distributionally ill-defined manner 1
rδ(r). Similarly, the second source
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term on the right hand side will scale as δ2Gμν
[
h(1)

]
∼ ∂h(1)∂h(1) ∼ m2/r4. This divergence

is too strong to be integrated as a source. Because of these issues, if we want to proceed to

second-order corrections and beyond, we must deal with the finite size of the small object

directly.

We should clarify that the method of matched asymptotic expansions explained in the

beginning of this chapter does work at second order and has been successfully used to derive

the second-order self-force. What we show here is that the “naive” prescription to derive

the self-force starting from a perturbative expansion of the metric tensor and a point-particle

source breaks down at second order. In Chapter 3, we will develop a formalism to derive the

Detweiler-Whiting regularization scheme from first principles and extend it to any order in

perturbation theory, in the context of a scalar toy model.

2.6 Adiabatic inspirals

The discussion in the previous sections was concerned with obtaining an expression for the

instantaneous self-force experienced by a point-particle source. A different goal is to find the

best way to model the complete inspiral of the two-body system, in a way that remains accu-

rate after times longer than the radiation-reaction time. One such way is the two-timescale

method, first applied to EMRIs by Flanagan and Hinderer in [40]. The key insight used in

the two-timescale method is the realization that extreme mass-ratio inspirals have two very

distinct timescales: The orbital time torb ∝ M and the radiation-reaction time trad ∝ M/ε.

The phase of the inspiral evolves on the short orbital timescale but the ”conserved quantities”

slowly radiate away in the much longer radiation-reaction time. The two-timescale method

is then used to model the inspiral over long timescales. The correction to geodesic motion
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created by the self-force, as derived in the previous section, cannot be treated as small over

the entire inspiral time. Instead, the two-timescale method uses action-angle variables in or-

der to obtain a set of coordinates in which one subset (the angle variables) evolves on the

orbital timescale, and another subset (the action variables) evolves on the radiation reaction

timescale.

Consider a small secondary with mass m orbiting a Kerr black hole of mass M. To ze-

roth order inm/M, the secondary follows a geodesic of the Kerr background. Geodesic mo-

tion in a Kerr spacetime is integrable, so we can use action-angle variables (qα, Jμ). Here,

qα = (qt, qr, qθ, qφ) is a set of angle variables associated with Boyler-Lindquist coordinates

and the action variables Jμ = (E/m,Lz/m,Q/m2,M, a) are the energy per unit mass, an-

gular momentum per unit mass, Carter constant per unit mass squared, and mass and spin

of the primary black hole. In this section, we use Greek letters from the beginning of the

alphabet for angle variables (that is, α = 0, 1, 2, 3) and Greek letters from the middle of the

alphabet for action variables (that is, μ = 1, 2, 3, 4, 5). The geodesic evolution of the action-

angle variables is given by

dqα

dτ
= ωα(J), (2.33a)

dJμ
dτ

= 0. (2.33b)

Here, τ is proper time. Once we include the effects of the secondary’s own gravitational field,

we get a self-force on the right-hand side of equation (2.33). Schematically, it would look like
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this

dqα

dτ
= ωα(J) + εgα(1)(q, J) + ε2gα(2)(q, J) + O(ε3), (2.34a)

dJμ
dτ

= εG(1)
μ (q, J) + ε2G(2)

μ (q, J) + O(ε3). (2.34b)

Here, we use uppercase latin indices for q = (qr, qθ) to indicate that the self-force cannot

depend on qt or qφ due to the time and axial Killing vectors on the Kerr background. We

assume that the self-force terms g(1), g(2), G(1), and G(2) are known, although their specific

form is not important here.

Now, we provide an ansatz for the time-dependence of the action-angle variables. First, we

define the slow time variable

τ̃ = ετ. (2.35)

The slow-time variable τ̃ increases by O(1) after the proper time τ increases by a radiation-

reaction time ∝ 1/ε, hence its name. We’ll also define a fast-parameter variable Ψα, which

will be related to an orbital phase. The ansatz for the action-angle variables is

qα(τ, ε) =
∞∑
s=0

εsqα(s)(Ψ, τ̃), (2.36a)

Jμ(τ, ε) =
∞∑
s=0

εsJ(s)μ (Ψ, τ̃). (2.36b)

The order s in this expansion has its own naming convention, which differs from the naive

perturbative expansion that we did in the beginning of this chapter. We will call the zeroth-

order solutions the adiabatic solution. The following orders will be called post-1-adiabatic

and so on. This reason behind this will become clear once we derive the adiabatic solution.
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The derivative of the phase variable Ψ respect to proper time determines its own angular

frequency, which we must obtain by solving the equations of motion

dΨα

dτ
(τ̃, ε) ≡Ωα(τ̃, ε)

=
∞∑
s=0

Ωα
(s)(τ̃)

(2.37)

This equation can be integrated to get an expansion for the phase variable Ψ

Ψα(τ̃, ε) =
1
ε
ψα
(0)(τ̃) + ψα

(1)(τ̃) + εψα
(2)(τ̃) + O(ε2) (2.38)

where we defined

ψα
(s) ≡

ˆ
Ωα

(s)(τ̃)dτ̃. (2.39)

Note that we are doing an expansion in powers of the mass ratio at fixed slow time, and not

at fixed time τ. This is the key of the two-timescale method, taking the limit ε → 0 at fixed

slow time τ̃ = ετ pushes τ to infinity, which is why this approximation scheme applies to the

full inspiral and not just a snapshot of it, as the Gralla/Wald approach.

Next, we want our ansatz to satisfy some properties. The phase variable should behave

like a phase, which means that the angle variables Jα should be periodic on Ψ and the angle

variables qα should evolve 2π after the phase variable Ψ evolves by 2π. These conditions can
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be expressed as

J(s)α(Ψ + 2πk, τ̃) = J(s)α(Ψ, τ̃) (2.40a)

q(0)α(Ψ + 2πk, τ̃) = 2πkα + q(0)α(Ψ, τ̃) (2.40b)

q(s)α(Ψ + 2πk, τ̃) = q(s)α(Ψ + 2π, τ̃), for s ≥ 1. (2.40c)

Here, kα is a vector of integers. The periodicity of the phase variable Ψ is useful to define

average and secular pieces of the action-angle variables. We define the average of J(s)α as

J (s)(τ̃) = ⟨J(s)(Ψ, τ̃)⟩Ψ

=
1

(2π)4

ˆ 2π

0
dΨ0 . . .

ˆ 2π

0
dΨ3J(s)(Ψ, τ̃).

(2.41)

Then, we can split the solution for the action variables into secular and oscillatory pieces

J(s)μ (Ψ, τ̃) = J (s)
μ (τ̃) + Ĵ(s)μ (Ψ, τ̃) (2.42)

where Ĵ is the oscillatory piece, which averages to zero by definition. A similar procedure

applied to the angle variables yields

qα(s)(Ψ, τ̃) = Ψα +Qα
(s)(τ̃) + q̂α(s)(Ψ, τ̃) (2.43)

where Q is the average piece of qα and q̂ is its oscillatory piece. Finally, we will choose the

integration constants that arise from equation (2.39) to fix

q(s)(0, τ̃) = 0. (2.44)
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2.6.1 Adiabatic solution

All that is left now is to plug our ansatz into equation (2.34). To zeroth order in ε, we get

dqα(0)(Ψ, τ̃)
dΨβ Ωβ

(0) = ω
[
J(0)

]
, (2.45a)

dJ(0)μ (Ψ, τ̃)
dΨβ Ωβ

(0) = 0. (2.45b)

Equation (2.45b), can be solved using a Fourier expansion of the action variables

J(0)μ (Ψ, τ̃) =
∑
k

J(0)μ k(τ̃)e
ik·Ψ. (2.46)

Plugging this into equation (2.45b), we get

∑
k

[
iΩβ

(0)kβ
]
J(0)μ k(τ̃)e

ik·Ψ = 0. (2.47)

It follows that

J(0)μ k(τ̃) = 0 (2.48)

for all vectors of integrers k except for k = 0 and for those non-zero k which satisfy the

resonance condition

Ωβ
(0)kβ = 0. (2.49)

A resonance occurs in any multi-periodic orbit when the ratio of two frequencies becomes

a small rational number. We will discuss more about resonances in Section 2.6.2. For now,

let us assume that there are no resonances. Then, all k ̸= 0 coefficients of J(0) must vanish,
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which means that

J(0)(Ψ, τ̃) = J (0)(τ̃). (2.50)

Moving on, now we insert the expansion (2.43) into equation (2.45b) and Fourier expand

the oscillatory piece of q(0) to get

Ωα +
∑
k

[
iΩβ

(0)kβ
]
q̂α(0) k(τ̃)e

ik·Ψ = ω
[
J (0)(τ̃)

]
. (2.51)

The k = 0 Fourier mode of this equation gives

Ωα
(0)(τ̃) = ω

[
J (0)α(τ̃

]
. (2.52)

The k ̸= 0 Fourier modes imply that q̂(0)k = 0 by an argument similar to the one used in

Equation (2.47). By equation (2.43), we are left with

q(0)(Ψ, τ̃) = Ψ +Q(0)(τ̃). (2.53)

Finally, since we set q(0)(0, τ̃) = 0, we must haveQ(0)(τ̃) = 0.

Note that we still do not know how to determine the evolution of the averaged action

variable J (0). In order to do so, we must go to linear order. Plugging our ansatz for the

action variables in equation (2.34b) to linear order in ε, we get

Ωβ
(0)

dJ(1)μ (Ψ, τ̃)
dΨβ +

dJ (0)
μ (τ̃)
dτ̃

= G(1)
μ (Ψ,J (0)) (2.54)
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Taking an average of this equation respect to Ψ, the first term vanishes and we get

dJ (0)
μ (τ̃)
dτ̃

= ⟨G(1)
μ (Ψ,J (0))⟩ (2.55)

which tells us that the evolution of the averaged action varaible is determined by the averaged

self-force.

The adiabatic solution is then given by

dqα(0)(τ)
dτ

= ω
[
J (0)(τ̃)

]
(2.56a)

dJ (0)
μ (τ̃)
dτ̃

= ⟨G(1)
μ (Ψ,J (0))⟩ (2.56b)

Physically, we are letting the angle variables evolve as if moving along a geodesic, but we are

letting the action variables that determine the geodesic evolve slowly under the averaged self-

force. This is the reason why this is called the adiabatic order. An important insight coming

from this analysis is that the adiabaticmotion is determinedby the dissipative piece of the self-

force, but not its conservative piece. This is because the conservative self-force comes from a

symmetric 2-point function, which averages to zero. This extends to the following orders as

well: The adiabatic order needs only the averaged first-order dissipative self-force, the post-

1-adiabatic order needs the averaged second-order dissipative self-force and the secular pieces

of the first-order dissipative and conservative self-force, and so on. This analysis breaks down

over resonances, which we discuss next.
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2.6.2 Transient resonances

The 6D phase space of a test particle orbiting around a Kerr black hole is parametrized by

three angle variables (qr, qθ, qφ) and their corresponding action variables (E,Lz,Q), which

are the energy, angular momentum and Carter constant, respectively. Phase space is foli-

ated by 3-tori parametrized by the angle variables, with each tori labeled by the action vari-

ables. Different action variables Jμ produce different frequenciesωα(J) for each angle variable.

Generic values for Jα will produce orbits that cover the torus ergodically. However, if the ac-

tion variables are such that the ratio between any two frequencies becomes a rational number,

then the orbits will loop back on themselves and never cover the torus. This feature dramati-

cally affects the two-timescale method. The average of any function of q along a generic orbit

will eventually cover the full torus and therefore be insensitive to initial conditions, which is a

desirable property of averages. However, during a resonance, even the averaged variables are

highly sensitive to the initial data. This can induce errors at an order in ε that is not accounted

for if resonances are neglected. Because of this, the action variables can start depending on

the fast phase variable Ψ before including post-1-adiabatic effects. In what follows, we pro-

vide an estimation of how big is the effect of resonances and paint a schematic picture of the

physical process by which they arise.

Consider the Fourier series of the first-order self-forceG(1)
μ (qA, J)

G(1)
μ (qA, J) =

∑
kA

G(1)
μ kA(J)e

iqAkA , (2.57)
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where the index A = r, θ. Now, let’s expand the phase qAkA around some fixed time τ0

kAqA(τ) = kAqA(τ0) + kAωA(τ0)
(
τ− τ0

)
+ kAω̇A(τ0)

(
τ− τ0

)2
+ . . . (2.58)

For generic orbits, the second term is non vanishing and dominates the exponential in Equa-

tion (2.57). This term increases by O(1) after a time τ ∝ 1
kAωA

∝ O(1). In other words, the

exponential oscillates on a timescale much shorter than the radiation-reaction time and thus

the modes kA ≠ 0 of the self-force average to zero. However, in a resonant mode, the second

term vanishes and the third term dominates the exponential. The second term increases by

O(1) after a time τ ∝ 1√
kAω̇A

∝ 1/
√
ε. This time is much longer than the orbital timescale

and therefore the resonant modes dominate the exponential for a long time and do not av-

erage to zero. The change in the action variables will be ΔJ ≈ εG(1)Δt ≈
√
ε. This means

that:

• Resonances addhalf-integer powers to the ansatz (2.36). Ifwe include resonant effects,

there will be contributions to the action-angle variables that scale as ε1/2, ε3/2 and so

on. These will have resonant modes as sources and will vanish outside of resonances.

• The conservative self-force can produce order
√
ε corrections during resonances. The

reason why we only need the dissipative self-force for the adiabatic solution is because

the conservative piece of the self-force averages to zero. This is no longer true over a res-

onant orbit, and resonant modes of the conservative self-force can drive the evolution

of the action variables at an order
√
ε above the adiabatic order.

46



All Cretans are liars!

—Epimenides, a Cretan

3
Nonperturbative approach to self-force:

Scalar case (Adapted from [1])

3.1 Context

As we discussed in Chapter 2, the point-particle limit of the self-force presents some com-

plications beyond linearized gravity. Although these obstacles have been overcome through
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the use of puncture schemes and matched asymptotic expansions [31–36], the Detweiler-

Whiting regularization prescription to subtract a singular field from the retarded field does

not have a generalization past linearized gravity. In this chapter, we present an alternative

derivation of the second-order self-force that embraces a different philosophy. Instead of

tackling point particles head on, we will describe the dynamics of extended objects. The use

of finite sized objects avoids any difficulties associatedwith self-field divergences encountered

in the limit of small objects. The key idea is to define appropriate renormalizations already

for finite bodies, before taking any limits to zero size. We will define a nonperturbative field

redefinition that takes the physical field to an effective one, which has a unique, well-defined

point-particle limit. To linear order in the mass or charge of the body, this field redefinition

is essentially equivalent to the subtraction of the singular Green function described in Equa-

tion (2.11). The field redefinition formalism was invented byHarte and has been extensively

developed by him and collaborators [22, 41–43]. The goal of this chapter is to extend the

field redefinition formalism to all orders in the mass or charge in the simplified context of a

nonlinear scalar field model. In Section 3.2, we present the framework for a general class of

theories with matter degrees of freedom coupled to a scalar field. We assume that the mat-

ter has extended but finite support on a worldtube and derive equations for the evolution

of its energy, momentum, angular momentum, and center-of-mass charge. In Section 3.3,

we define the field redefinition that takes the physical scalar field to an effective one, which

is finite in the point-particle limit. In Section 3.4, we expand the field redefinition in powers

of the scalar density to parametrize it in terms of a series of n-point functions. We then de-

rive perturbative constraints for them, up to any order in the scalar density. In Section 3.5,

we do a multipole expansion of the scalar density, where we replace it by a series of multi-
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pole moments times derivatives of delta functions. This replaces the extended object by a

“structured” point-particle: A world-line equipped with a series of multipole moments, to

any order in the distance to the worldline. If we neglect all higher multipole moments, we

recover the point-particle description of the dynamics, which is governed by an effective self-

force. Finally, in section 3.6, we apply this formalism to a particular nonlinear scalar theory

in flat spacetime.

3.2 General framework

We consider the motion of a finite-sized object coupled to a nonlinear scalar field in a four-

dimensional spacetime with fixed metric gab. This system is a simplified toy model for the

motion of a body under its gravitational self-force.

Such a system can be described by an action functional of the form

S = Sm[χ, φ, gab] + Sφ[φ, gab]. (3.1)

Here Sφ is the action for the scalar field φ, and the matter action Sm depends on one or more

matter fields χ = (χ1, . . . , χN), and contains any terms that couple the matter fields to the

scalar field. We assume that the matter fields χ are nonzero only inside a worldtube B which

is spatially compact, whereas the scalar field φ is long ranged. Wewill assume that both terms

in the action (3.1) are individually covariant. In other words, if σ : M → M is any diffeo-

morphism on the spacetime manifoldM, we assume that

Sm[σ∗χ, σ∗φ, σ∗gab] = Sm[χ, φ, gab], (3.2)
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where σ∗ is the pullback, and similarly for Sφ. We use the mostly positive metric tensor signa-

ture.

3.2.1 Continuum equations of motion

Varying the action (3.1) with respect to φ gives the scalar field equation of motion, which we

can write as

Eφ[φ] = ρ, (3.3)

where

Eφ =
1

√−g
δSφ
δφ

, ρ = − 1
√−g

δSm
δφ

. (3.4)

The quantity ρ is a function of the matter fields χ and of φ, and is the charge density for the

scalar field. Similarly the matter field equations of motion obtained from the action (3.1) are

δSm
δχ

= 0. (3.5)

Finally we define the matter and scalar field stress energy tensors in the usual way *

Tμν
m =

2
√−g

δ
δgμν

Sm, Tμν
φ =

2
√−g

δ
δgμν

Sφ, (3.6)

where g is the determinant of the metric gμν. Diffeomorphism invariance then implies con-

servation of the total stress energy tensor

∇μ(Tμν
m + Tμν

φ ) = 0. (3.7)

*We assume that the matter stress energy tensor Tμν
m vanishes when χ = 0, so that it has compact spatial

support. This assumption excludes certain kinds of coupling terms in the action Sm.
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We now argue that the stress energy conservation equation (3.7) can be rewritten in the

form

∇μTμν
m = −ρ∇νφ. (3.8)

This follows from the diffeomorphism invariance (3.2) of the matter action, specialized to a

linearized diffeomorphism parameterized by a vector field ζμ:

0 = δSm =

ˆ
d4x

[
δSm
δ χ

δχ +
δSm
δ φ

δφ +
δSm
δ gμν

δgμν
]
. (3.9)

Using the equation of motion (3.5), the linearized field variations δφ = ℒζφ = ζμ∇μφ and

δgμν = ℒζ gμν = ∇μζν +∇νζμ and the definitions (3.6) and (3.4) we get

0 =

ˆ
d4x

√
−g

[
−ρζμ∇μφ + Tμν

m∇μζν
]
. (3.10)

Now integrating by parts, taking ζμ to be of compact support to enable throwing away the

boundary term, and using the fact that ζμ is otherwise arbitrary yields the result (3.8).

3.2.2 Equation of motion for the body

We next define the bare linear and angular momenta of the body and their evolution equa-

tions. Renormalized versions of these quantities will be defined in Sec. 3.3 below.

We start by choosing a spacelike foliation of spacetime specified by a coordinate s : M →

R, with leaves Σs. Specializing to flat spacetime, we define the generalized momentum to be
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the linear map on Killing vector fields ξa

Pξ(s) =
ˆ
Σs

Tμν
m ξμdSν, (3.11)

At fixed s, this is is a linear map from the space of Killing fields into R, and may therefore

be viewed as a vector in the ten-dimensional space dual to the space of Killing fields. Note

that in curved spacetimes where there may not exist any Killing vector fields, there is a ten-

dimensional space of generalized Killing vectors given a choice of representative worldline,

which takes its place in these expressions [22, 44]. With this generalization, there are addi-

tional gravitational forces (at quadrupole and higher order) as well as scalar ones.

The equation of motion for the body is obtained by differentiating the generalized mo-

mentum (3.11), which yields [22, 44]

d
ds
Pξ(s) =

ˆ
Σs

∇μ(Tμν
m ξν)dS = −

ˆ
Σs

ρℒξφ dS, (3.12)

where dS = tμdSμ with tμ any vector field with tμ∇μs = 1. Here the second equality uses the

conservation equation (3.8) and the Killing equation∇(μξν) = 0.

3.3 Field redefinition

For test bodies with negligible self-fields, it is possible to simplify the generalized force in Eq.

(3.12) by Taylor expanding the field φ about some representative worldline, thus obtaining

a multipole expansion. More generally, this is not possible, essentially due to the objects

self-field varying over the object in a manner not well approximated by a Taylor expansion.
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Moreover, it is generally difficult to take a point particle limit, as the self-field diverges in

this limit. As explained in section 3.1, a general strategy for circumventing this difficulty is to

demonstrate that the self-field does not contribute to the integral (3.12), and to subtract it off

from the physical field, leaving an external or effective field. While this approach is standard

inNewtonian gravity, it ismore subtle to define an appropriate notion of effective field in rel-

ativistic theories. For linear theories, the details have been worked out in Refs. [22, 44], and

the scheme is closely related to Detweiler-Whiting regularization. Here we aim to generalize

this framework to nonlinear theories.

Specifically, we seek todefine some effective fields ρ̂ and φ̂, whichwill in general benonlocal

nonlinear functionals of the physical fields† ρ and φ:

ρ̂(x) = ρ̂(x; ρ, φ], φ̂(x) = φ̂(x; ρ, φ]. (3.13)

Themapping (3.13) can be viewed as a change of coordinates on the off-shell field configura-

tion space. In order for this transformation to be useful we will require it to satisfy four key

properties:

1. The transformation should transform covariantly under diffeomorphisms.

2. The form (3.12) of the equation of motion for the body should be preserved.

3. Appropriate locality and causality conditions should be satisfied.
†More precisely, our coordinates on field configuration space are (χ1, . . . , χN, φ), and ρ is the local function

of these coordinates given by Eq. (3.4). However, assuming that ρ and φ are functionally independent, we can
find new coordinates of the form (χ̃1, . . . , χ̃N−1, ρ, φ). In this sense, we can regard ρ as one of the independent
field variables. The transformations we discuss in this section keep (χ̃1, . . . , χ̃N−1) as well as gab fixed.
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4. The effective scalar field φ̂ should have a smooth point particle limit, defined in a suit-

able sense.

In the remainder of this section we discuss these four requirements in detail. We will

demonstrate the existence of a large class of transformations that satisify properties 1, 2 and

3. We will also conjecture that transformations exist that additionally satisfy property 4, and

present some circumstantial evidence in favor of this conjecture. In specific models this exis-

tence question reduces to the existence of n-point generalizations of the Detweiler-Whiting

2-point function that satisfy some conditions which we specify.

Transformations which satisfy properties 1 through 4 need not be unique in order to be

useful. Non-uniqueness will not affect the form of point particle equations of motions, but

can affect the form of corrections due to spin and tidal couplings (analogous to the choice

of spin supplementary condition in the Mathisson-Papapetrou-Dixon equation of motion).

See References [22, 41–44] for further discussion of this issue.

3.3.1 Covariance condition

Although the transformation will in general be nonlocal and nonlinear, we require that it

satisfy

ρ̂[σ∗ρ, σ∗φ] = σ∗ρ̂[ρ, φ], φ̂[σ∗ρ, σ∗φ] = σ∗φ̂[ρ, φ], (3.14)

for any diffeomorphism σ : M → M.

3.3.2 Preservation of the form of the equation of motion

We next describe a general prescription for transformations that preserve the form (3.12) of

the equation of motion, albeit with a renormalized version of the momentum appearing on
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the left hand side. The key idea is to make use of a modified splitting of the total action (3.1)

into two terms. We define

Ŝm = Sm + W̃, Ŝφ = Sφ − W̃ (3.15)

for some covariant functional W̃, so that

S = Ŝm + Ŝφ. (3.16)

We also rewrite the action in terms of the effective fields ρ̂, φ̂. If we can choose the field

redefinitions and the new splitting in such a way that the new scalar action Ŝφ depends only

on φ̂ and not on ρ̂,

Ŝφ = Ŝφ[φ̂, gμν], (3.17)

then the derivation given in Sec. 3.2 of the equation ofmotion (3.12) starting from the action

continues to be valid‡ for the hatted variables. Explicitly we obtain by rewriting Eqs. (3.4),

(3.6) and (3.12) that

∇μT̂μν = −ρ̂∇νφ̂ (3.18)

and
d
ds
P̂ξ(s) = −

ˆ
Σs

ρ̂ℒξφ̂ dS, (3.19)

‡A key point is that even though the new actions Ŝm and Ŝφ are nonlocal functionals of the fields ρ̂ and φ̂,
locality is not used in the derivation of Sec. 3.2.
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where the renormalized or effective variables are defined as

P̂ξ(s) =

ˆ
Σs

T̂μν
m ξμdSν, (3.20a)

T̂μν
m =

2
√−g

δŜm
δgμν

∣∣∣∣∣
φ̂,̂ρ

, (3.20b)

ρ̂ = − 1
√−g

δŜm
δφ̂

∣∣∣∣∣
gμν ,̂ρ

, (3.20c)

Next, we explain how to choose the functional W̃ and the field redefinitions (3.13) in order

to satisfy the required conditions (3.17) and (3.20c). We take W̃ to be of the form

W̃ = W[ρ, φ̂, gμν]−
ˆ

d4x
√

−gρφ (3.21)

for some covariant functionalW. Substituting this into the second of Eqs. (3.15), taking a

variation at fixed gμν and making use of the definition (3.4) to get rid of the variation respect

to φ gives

δŜφ =

ˆ
d4x

√
−g

[(
φ − 1

√−g
δW
δρ

)
δρ− 1

√−g
δW
δφ̂

δφ̂
]
. (3.22)

We next define the field redefinition in terms ofW by

φ =
1

√−g
δW
δρ

[ρ, φ̂, gμν]. (3.23)

Here, derivatives ofW[ρ, φ̂, gμν] are taken while keeping all other arguments fixed. Inserting

Equation (3.23) into Equation (3.22), we see that the requirement (3.17) is satisfied. Fur-
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thermore, combining Equations (3.20c) and (3.22), yields the relation .

ρ̂ =
1

√−g
δW
δφ̂

[ρ, φ̂, gμν]. (3.24)

Equations (3.23) and (3.24) together define a mapping from (ρ, φ̂) to (ρ̂, φ), which can be

inverted to obtain the mapping from physical variables (ρ, φ) to effective variables (ρ̂, φ̂).

This inversion is carried out explicitly in Section 3.4 below in a perturbative expansion.

To summarize, we have shown that any covariant functional W[ρ, φ̂, gμν] gives rise to a

transformation which satisfies conditions 1 and 2 discussed above, given by Eqs. (3.23) and

(3.24). The renormalized stress energy tensor is given by combining Eqs. (3.15), (3.20b) and

(3.21) and is

T̂μν
m = Tμν

m − ρφgμν +
2

√−g
δW
δgμν

. (3.25)

We note that our class of transformations include a subclass of local transformations of

the form

φ̂ = h(φ), (3.26a)

ρ̂ =
ρ

h′(φ)
, (3.26b)

where h is a monotonic function. These special transformations are given by choosing

W =

ˆ
d4x

√
−gρh−1(φ̂), (3.27)

and leave the stress energy tensor and splitting (3.1) unchanged, from Eqs. (3.25), (3.15) and

(3.21). Another important subclass is given by the condition that the transformation reduce
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to the identity when ρ = 0, i.e. ρ̂[0, φ] = 0 and φ̂[0, φ] = φ. This condition is equivalent to

W[ρ, φ̂, gμν] =
ˆ

d4x
√

−gρφ̂ + O(ρ2). (3.28)

We note that the transformation given by Equations (3.23) and (3.24) is a type II functional

canonical transformation which preserves the symplectic form

ˆ
d4x

√
−gδρ ∧ δφ (3.29)

on the field configuration space. It is not related to the physical symplectic form which

is defined on the on-shell subspace of the field configuration space. We can alternatively

parametrize the transformation as a type III canonical transformation as follows. Instead

of the form (3.21) of the functional Ŵ, we choose

W̃ = −Ŵ[ρ̂, φ, gμν] +
ˆ

d4x
√
−gρ̂φ̂. (3.30)

Inserting this definition into the second action functional in Equation (3.15) and taking a

variation at fixed gμν gives

δŜφ =

ˆ
d4x

√
−g

[( 1
√g

δSφ
δφ

+
1
√g

δŴ
δφ

)
δφ −

(
φ̂ − δŴ

δρ̂
)
δρ̂− ρ̂δφ̂

]
(3.31)
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We now define the field redefinition

φ̂ =
1
√g

δŴ
δρ̂

[ρ̂, φ, gμν], (3.32a)

ρ =
1
√g

δŴ
δφ

[ρ̂, φ, gμν]. (3.32b)

Inserting this into equation (3.31), we see that the second term vanishes identically, and the

first term vanishes whenwemake use of the definition (3.4). The condition (3.17) is thus sat-

isfied and the rest of the argument proceeds as previously. The type III generating functional

Ŵ and the type II generating functionalW are related by

W = −Ŵ+

ˆ
d4x

√
−g

[
ρφ + ρ̂φ̂

]
(3.33)

from Equations (3.21) and (3.30).

3.3.3 Locality condition

We now discuss the conditions we impose on the field redefinition (3.13) in order to make

the description in terms of the effective field have certain locality properties. These properties

are weaker than the usual criterion that the Lagrangian is a local functional of the fields.

Let B be the worldtube in spacetime where the stress-energy tensor Tμν
m and the density

ρ are nonvanishing. For two points x and y, we denote by γ(x, y) the geodesic segment that

connects x to y (or segments if there is more than one geodesic connecting them). We then

define the convex geodesic hull C(R) of any region R to be the smallest region containing R

for which any two points x, y ∈ C(R), the geodesic γ(x, y) is also contained in C(R). Then,
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we express the locality condition as

T̂μν
m (x) = 0 for x /∈ C(B). (3.34)

In other words, the effective stress energy tensor must vanish outside the convex geodesic

hull of the support of the physical stress-energy tensor. This condition guarantees that the

effective description of the system will remain localized to a compact spatial neighborhood

of the physical system. Also, the equations of motion for the effective variables (3.18) guar-

antee that if T̂μν
m has compact support, then the effective charge density ρ̂must have the same

support

ρ̂(x) = 0 for x /∈ C(B), (3.35)

assuming the gradient of φ̂ is nonvanishing. In section 3.4.1, we prove that the condition

(3.35) implies that (
δφ̂(x)
δφ(y)

)
ρ
= 0 for x ∈ B and y /∈ C(B). (3.36)

This means that the effective field φ̂ on the worldtube is constructed from the physical field

φ in the vicinity of the worldtube.

3.3.4 Causality condition

In this section, we discuss the conditions that we impose on the field redefinition (3.13),

which are motivated by considerations of causality. While the underlying theory is man-

ifestly causal, the dynamics in the effective variables can have an apparent acausality due to

the nonlocality in the field redefinition. Wewould like to ensure that this apparent acausality

is suppressed in the limit when the size of the body becomes small.
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The causality condition can be expressed as follows. Take n variational derivatives of the

generating functionalW[ρ, φ̂, gμν]with respect to the charge density ρ evaluated at different

points x1, x3, . . . , xn. Then, the causality condition is

δnW[ρ, φ̂, gμν]
δρ(x1) . . . δρ(xn)

∣∣∣∣
ρ=0

= 0
if any subset of the points {x1, . . . , xn}

is timelike to its complement.
(3.37)

In other words, if the set of points {x1, . . . , xn} can be partitioned into two subsets such

that the separation between any point in the first subset and any point in the second subset

is timelike, then the left hand side of equation (3.37) must vanish. This is a perturbative

statement and should be applied to all 2 ≤ n ≤ N with N being the order in ρ in which

we are expanding the dynamics. In section 3.4.2 below, we will show that when the locality

condition 3.34 is assumed, the causality condition 3.37 on the type II generating functional

is equivalent to a similar condition for the type III generating functional Ŵ[ρ̂, φ, gμν]

δnŴ[ρ̂, φ, gμν]
δρ̂(x1) . . . δρ̂(xn)

∣∣∣∣∣
ρ=0

= 0
if any subset of the points {x1, . . . , xn}

is timelike to its complement.
(3.38)

We also show that these conditions imply a constraint on the dependence of the effective field

φ̂ on the physical charge ρ at fixed physical field φ, namely

δn−1φ̂(x1; ρ, φ, gμν]
δρ(x2) . . . δρ(xn)

∣∣∣∣∣
ρ=0

= 0
if any subset of the points {x1, . . . , xn}

is timelike to its complement.
(3.39)

Equation (3.39) is easier to understand physically, so now we turn to discuss the interpreta-

tion andmotivation for this condition. First, note that the on-shell physical field φ satisfying

Equation (3.3) will be a functional of the scalar density ρ, satisfying some boundary condi-
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tions (i.e., retarded, advanced, etc.). We are interested in field redefinitions under which the

effective field φ̂ preserves said causality in the point-particle limit. Importantly, we will allow

the effective field φ̂ to depend acausally on the scalar density ρ as long as that dependence is

suppressed in the point-particle limit.

Second, the effective field φ̂ can always be expressed as

φ̂ = φ − φS, (3.40)

where the S field φS is defined as the difference between the physical and effective fields. The

name S-field is chosen to show the fact that in a point particle limit this field will have a sin-

gular limit, like the physical field φ, while the effective field φ̂ will be finite§. It is clear from

Equation (3.40) that the S-field will be responsible for any acausalities in the effective field φ̂.

In other words, if the S-field were exactly local in ρ, then the on-shell effective field φ̂ would

automatically have the same causality as the on-shell physical field φ. This explains why the

derivatives in condition (3.39) are taken at fixedphysical fieldφ: They are equivalent to taking

derivatives with respect to the S-field, constraining its acausality.

In Section 3.4.2 below, we show that in a perturbative expansion in powers of the scalar

density ρ, the condition (3.37) implies that up toO(ρn) the variational derivative

δφ̂(x; ρ, φ]
δρ(y)

= 0 whenever x and y are separated by more than n light-crossing times.

(3.41)

This forces φ̂ to be independent of ρ in the distant past/future to any finite order in perturba-
§The “S” can also stand for Self-field, since the field redefinition’s goal is to generalize theDetweiler-Whiting

renormalization scheme, where the self-field of a point-particle is subtracted from its physical field.
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tion order. Furthermore, the point-particle limit will collapse the worldtube B of the object

into a worldline z(τ), making the light-crossing time vanish. Therefore, the effective field φ̂

at any position z(τ0) in the worldline, will not have acausal dependence in ρ, at fixed φ. Re-

quirements of this general kind have previously been imposed on the definition of effective

fields and effective 4-momenta in References [41, 43].

3.3.5 Source-free condition for effective field

We would like to impose that the effective scalar field φ̂ be source free, as has normally been

done in previous work [38]. This would entail specializing the field redefinition to ensure

that

Eφ[φ]
∣∣
φ=φ̂[ρ,φ] = Eφ[φ]− ρ. (3.42)

This condition is imposed off-shell, so that ρ and φ are allowed to vary independently. When

we go on-shell and impose the equation of motion (3.3), the condition reduces to

Eφ[φ]
∣∣
φ=φ̂[ρ,φ] = 0. (3.43)

Thus the effective field φ̂ satisfies the same equation of motion as the original field, but with

a vanishing source. This ensures that the effective field varies slowly over the object, and

remains finite in the point particle limit, enabling a simple derivation of the point particle

self-force.

Rather than imposing the source-free condition (3.42), we shall, in fact, impose theweaker

condition

Eφ[φ]
∣∣
φ=φ̂[ρ,φ] − Eφ[φ] + ρ = S[ρ]. (3.44)
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Here, S is a smooth source satisfying certain properties which we discuss further below. The

on-shell version of this condition is

Eφ[φ]
∣∣
φ=φ̂[ρ,φ] = S[ρ]. (3.45)

The reason for imposing this weaker condition is as follows. For linear theories, in even space-

time dimensions, it can be shown that the source-free condition (3.43), as well as our locality

and causality conditions can be satisfied if one chooses the field redefinition to be

φ̂(x; ρ, φ] = φ(x)−
ˆ

dVyGDW(x, y)ρ(y). (3.46)

In addition, this two-point functionGDW(x, y)must satisfyGDW(x, y) = GDW(y, x),GDW(x, y) =

0 for timelike separations and it must be a Green function for the equation of motion with a

delta function source. Two-point functions that satisfy these conditions are calledDetweiler-

Whiting Green functions [30, 38]. They are known to exist in spacetimes where the metric

is analytic [26]. A general procedure to compute them using a kind of series expansion called

theHadamard series is known (SeeAppendixA), andwhen this series converges, aDWGreen

function will exist [26]. However, the series does not always converge, and in general a DW

Green function may not exist [45].

Nevertheless, one can proceed by using instead of GDW an approximate version of it ob-

tained by truncating the Hadamard series to some finite order. Such a truncated 2-point

function will yield effective fields that give the correct self-force in the point-particle limit,

and so they are all that are needed in practice. They satisfy inhomogeneous equations of

motion with additional source terms that vanish in the coincidence limit x → y. In the non-
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linear context, our condition (3.44) is a natural generalization to the condition satisfied by

the truncated version of the DWGreen functions in linear theories.

3.4 Weak nonlinearity expansion

In the remainder of this chapter, we will restrict attention to weakly nonlinear systems, that

is, systems for which effects that are nonperturbative in the charge density ρ can be neglected.

Wewill model these systems using expansions in powers of ρ. In this section, wewill consider

such expansions of the field redefinition (3.13) off-shell, without imposing the equations of

motion. In later sections we will specialize to on-shell configurations.

Wemake the assumption (3.28) that the field transformation reduces to the identity when

ρ → 0, from which it follows that the generating functional W can be expanded as the

functional Taylor series

W[ρ, φ̂, gab] =

ˆ
dVρφ̂ +

∞∑
n=2

1
n

ˆ
dV1 . . . dVn Gn(x1, . . . , xn; φ̂, gμν] ρ1 . . . ρn. (3.47)

Here, dVj = d4xj
√

−g(xj), ρj = ρ(xj) and Gn are some symmetric n-point functions which

are functionals of the effective field φ̂ and metric gμν. For brevity we will not show explicitly

from now on the dependence of Gn on φ̂ and gμν. Substituting into the canonical transfor-
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mation formulae Equations (3.23) and (3.24), and (3.25) we obtain

φ(x) = φ̂(x) +
∞∑
n=2

ˆ
dV1 . . . dVn−1 Gn(x, x1, . . . , xn−1) ρ1 . . . ρn−1, (3.48a)

ρ̂(x) = ρ(x) +
∞∑
n=2

1
n

ˆ
dV1 . . . dVn Gn,1(x1, . . . , xn; x) ρ1 . . . ρn, (3.48b)

T̂μν
m (x) = Tμν

m (x) +
∞∑
n=2

1
n

ˆ
dV1 . . . dVn J

μν
n,1(x1, . . . , xn; x) ρ1 . . . ρn, (3.48c)

where we have defined

Gn,m(x1, . . . , xn; y1, . . . , ym) =
1√

−g(y1)
δ

δφ̂(y1)
. . .

1√
−g(ym)

δ
δφ̂(ym)

Gn(x1, . . . , xn), (3.49a)

J μ1ν1...μmνm
n,m (x1, . . . , xn; y1, . . . , ym) =

1√
−g(y1)

δ
δgμ1ν1(y1)

. . .
1√

−g(ym)
δ

δgμmνm(ym)
Gn(x1, . . . , xn). (3.49b)

Wecan also compute thefield redefinitionperturbatively starting from the type III generating

functional Ŵ. We assume an expansion of the form

Ŵ[ρ̂, φ, gμν] =
ˆ

dVyρ̂φ −
∞∑
n=2

1
n

ˆ
dV1 . . . dVnĜn

(
(x1, . . . , xn; φ, gμν

]
ρ̂1 . . . ρ̂n, (3.50)

for some symmetric n-point functions Ĝn, functionals of φ and gμν. Substituting these gen-

erating functional into the canonical transformation formulae (3.32) we obtain

φ̂(x) = φ(x)−
∞∑
n=2

ˆ
dV1 . . . dVn−1 Ĝn(x, x1, . . . , xn−1; φ, gμν] ρ̂1 . . . ρ̂n−1,(3.51a)

ρ(x) = ρ̂−
∞∑
n=2

1
n

ˆ
dV1 . . . dVnĜn,1(x1, . . . , xn; x)ρ̂1 . . . ρ̂n. (3.51b)
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where Ĝn,1 is defined by an equation analogous to Equation (3.49a). By comparing the ex-

pansions (3.47) and (3.50) for the type II and III generating functionals and expanding per-

turbatively in the density, we can relate the sets of n-point functions Gn and Ĝn. The first few

relations are

Ĝ2(x1, x2)[φ] = G2(x1, x2)|φ̂=φ , (3.52a)

Ĝ3(x1, x2, x3)[φ] = G3(x1, x2, x3)|φ̂=φ (3.52b)

− 1
2

ˆ
dV′ G2,1(x1, x2; x′)G2(x′, x3)|φ̂=φ

− 1
2

ˆ
dV′ G2,1(x1, x3; x′)G2(x′, x2)|φ̂=φ

− 1
2

ˆ
dV′ G2,1(x2, x3; x′)G2(x′, x1)|φ̂=φ .

We can also solve perturbatively for the effective fields in terms of the physical fields by

expanding in powers of the density. Starting from Equation (3.48) this yields

φ̂(x) = φ(x)−
∞∑
n=2

dV1 . . . dVnG̃n(x, x1, . . . , xn−1; φ, gμν]ρ1 . . . ρn−1. (3.53)

Here, the n-point functions G̃n are symmetric in their last n − 1 arguments but not in all n
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arguments. The first few of these n-point functions are

G̃2(x1, x2)[φ] = G2(x1, x2)|φ̂=φ , (3.54a)

G̃3(x1, x2, x3)[φ] = G3(x1, x2, x3)|φ̂=φ (3.54b)

− 1
2

ˆ
dV′ G2,1(x1, x2; x′)G2(x′, x3)|φ̂=φ

− 1
2

ˆ
dV′ G2,1(x1, x3; x′)G2(x′, x2)|φ̂=φ .

3.4.1 Locality constraint on the n-point functions

We now turn to evaluating the constraints on the n-point functions Gn that arise from im-

posing the locality condition (3.34). From equation (3.48c), it is clear that the effective stress-

energy tensor T̂μν
m will vanish outside the convex geodesic hull of B if we impose

J μν
n,1(x1, . . . , xn; y) = 0 when y /∈ C

(
{x1, . . . , xn}

)
. (3.55)

Here, C
(
{x1, . . . , xn}

)
is the convex geodesic hull of the set of points {x1, . . . , xn}. As ex-

plained in Section 3.3.3, the locality condition (3.34) for T̂μν
m guarantees the locality of ρ̂, by

the effective equations of motion∇μT̂
μν
m = −ρ̂∇νφ̂. Therefore, using equation (3.48b) we

get

Gn,1(x1, . . . , xn; y) = 0 when y /∈ C
(
{x1, . . . , xn}

)
. (3.56)

In other words, the n-point functions Gn must be quasi-local functionals ¶ of the metric

and the effective field. Combining Equation (3.51a) and the relation (3.52), we see that the
¶A function f that takes n spacetime points x1, . . . , xn as arguments is a quasi-local functional of another

function g if its dependence on g is restricted to a region locally constructed from its arguments.
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variational derivative of φ̂ with respect to φ at fixed ρ̂, is constructed from Gn,1. It is then

straightforward to show that (3.56) implies (3.36), using the expansion (3.52).

3.4.2 Causality constraint on the n-point functions

By inserting the expansion (3.21) into the causality condition (3.37), we find that the condi-

tion constraints the n-point functions

Gn(x1, . . . , xn) = 0
if any subset of the points {x1, . . . , xn}

is timelike to its compliment.
(3.57)

Similarly, the causality condition (3.38) is equivalent to

Ĝn(x1, . . . , xn) = 0
if any subset of the points {x1, . . . , xn}

is timelike to its compliment.
(3.58)

Finally, the condition (3.39) is equivalent to

G̃n(x1, . . . , xn) = 0
if any subset of the points {x1, . . . , xn}

is timelike to its compliment.
(3.59)

In this section we show that conditions (3.37), (3.38) and (3.39) are equivalent, with the aid

of graph theory.

First, we define causality graphs. Recall that a graph is a finite set of vertices, each pair of

whichmay ormaynot be connected by an edge. Givennpoints{x1, . . . , xn} in spacetime, we

define the associated causality graphG(x1, . . . , xn) by taking the vertices to be the spacetime

points and by linking with edges any pairs of points that are timelike separated. This graph is

simple (at most one edge between any two vertices) and undirected (the edges have no sense
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of direction).

The condition (3.57) on the n-point functionGn is equivalent to the requirement that the

vertices of the causality graph G(x1, . . . , xn) can be partitioned into two subsets for which

every vertex in the first subset is linked to every vertex on the second. Simple undirected

graphs with this property are called joined graphs [46]. Joined graphs can be characterized as

follows. A spanning subgraph of a graph is a subgraph which contains all the vertices of the

original graph. A bipartite graph is a graph where vertices can be divided into two disjoint

sets, such that each edge connects an element of the first set to an element of the second set. A

complete bipartite graph is one where every element of the first set is linked to every element

of the second set. Finally, it can be shown that a simple undirected graph is joined if and only

if it contains a spanning complete bipartite subgraph. We can therefore rewrite the causality

condition (3.57) as

Gn(x1, . . . , xn) = 0 ifG(x1, . . . , xn) contains a spanning complete bipartite graph.

(3.60)

The conditions (3.58) and (3.59) can be rewritten similarly. All complete bipartite graphs

with up to five vertices are shown in Table 3.1. The causality graphG(x1, . . . , xn) contains

a spanning complete bipartite graph when there is a subset of points located “so far away”

that they become timelike to all others. In this sense, the causality condition prevents the

dependence of the effective field φ̂ on the charge density being too spread out, although it

allows greater separations as we go to higher orders in the scalar density. In Appendix D, we

discuss a stronger causality condition, which is nonperturbative but also creates constraints

potentially too restrictive to be satisfied by the field redefinition.
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Number of vertices Complete bipartite graphs

n = 2

n = 3

n = 4

n = 5

Table 3.1: List of complete bipartite graphs up to n = 5 vertices.

We now describe how this condition applies to the n-point functions with n − 2, 3, 4.

At each order n, we need to enumerate the number of nontrivial ways that the set of points

{x1, . . . , xn} can be partitioned into disjoint subsets. For n = 2 there is only one way, 2 =

1+ 1 and the causality condition reduces to

G2(x1, x2) = 0 if x1, x2 are timelike separated. (3.61)

For n = 3, there is also only one way 3 = 1+ 2, and the condition reduces to

G3(x1, x2, x3) = 0 if at least two points are timelike separated. (3.62)

For n− 4, there are two ways, 4 = 1+ 3 and 4 = 2+ 2, and the condition is

G4(x1, x2, x3, x4) = 0

if either there is one point timelike

to the other three, or there is a pair

of points timelike to the other pair.

(3.63)
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We now turn to the derivation of the result described in Section 3.3.4, which stated that

the conditions (3.37), (3.38) and (3.39) are equivalentwhenwe assume the locality condition

(3.34). Given an n-point function Gn that satisfies the constraint (3.57), let us investigate

what the corresponding constraint for Ĝn is. From the relations (3.52) that relate the two

sets of n-point functions, it is sufficient to show that the correction terms in those equations

vanish when the graphG(x1, . . . , xn) satisfies the properties discussed above.

Let us look at the term

1
2

ˆ
G2,1(x1, x2; y)G2(y, x3)dVy. (3.64)

If the points x1, x2 and x3 form a causality graphG(x1, x2, x3)which is joined, then that graph

must have a spanning complete bipartite graph. It follows that there must be two timelike

pairs (See table 3.1). Any causality graph containing the pair (x1, x2)will make the first factor

in (3.64) vanish due to the causality constraint in G2,1. Now, consider the only other option,

where (x1, x3) and (x2, x3) are timelike pairs. Since x3 is timelike toboth x1 and x2, x3must also

be timelike to y, since the locality condition (3.56) forces y to lie on the geodesic connecting

x1 and x2. This makes the second factor G2(y, x3) vanish. The same argument can be used

for the other two correction terms in equation (3.52). It follows that whenever there are two

timelike pairs, both Ĝ3(x1, x2, x3) and G3(x1, x2, x3) vanish. Furthermore, similar arguments

can be made for all the correction terms relating Ĝn to Gn at any order n. The key is that

the causality condition involves bipartite complete graphs. Then, if the arguments on the

first term in the integrand are not timelike (which would make it vanish), then they must

be timelike to the arguments of the other term, thus making that one vanish by the locality

condition. This argument can also be applied to the correction terms that relate the n-point
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functions G̃n defined by (3.50) to Gn. Therefore, the constraint (3.57) guarantees that the

causality condition (3.39) holds.

Finally, we turn to the derivation of the result discussed in Section 3.3.4 above, that the

causality conditions (3.37) or (3.38) imply that the quantity

δφ̂(x; ρ, φ]
δρ(y)

vanishes when x and y are inside the support B of ρ and when x and y are separated in time

by more than n light-crossing times, when working to order O(ρn). From Equation (3.54),

we find

δφ̂(x; ρ, φ]
δρ(y)

= −
∞∑
n=2

ˆ
dV1 . . . dVn−2G̃n(x, y, x1, . . . , xn−2)ρ1 . . . ρn−2 (3.65)

We nowmake use of the fact that the n-point function G̃n satisfies the condition (3.59). We

assume that x and y lie in theworldtubeB andwe focuson the term involving G̃n(x, y, x1, . . . , xn−2).

Without loss of generality, we can assume that the points x1, . . . , xn−2 lie inB, otherwise the

termvanishes. Considernowthepartitionof{x, y, x1, . . . , xn−2} into{y} and{x, , x1, . . . , xn−2}.

By our assumption, ymust be spacelike related to at least one of{x, , x1, . . . , xn−2}, otherwise

wehave a spanning complete bipartite subgraph,which forces G̃n to vanish. If y is spacelike re-

lated to x, then x and y are separated by at least one light-crossing time and the result follows.

If instead y is spacelike separated from one of {x1, . . . , xn−2}, we relabel the points to call

the point x1, so y is spacelike related to x1. Consider next the partition of {x, y, x1, . . . , xn−2}

into {y, x1} and {x, x2, . . . , xn−2}. In order to avoid a complete spanning bipartite subgraph,

we need either a) y is spacelike separation from one of {x, x2, . . . , xn−2}, or b) x1 is spacelike
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separated from one of {x2, . . . , xn−2}. In either case, we relabel the points to make the new

point x2, and we consider the partition {y, x1, x2} and {x, x3, . . . , xn−2}. Proceeding in this

way, the end result that maximizes the allowed temporal displacement between x and y has y

spacelike separated from x1, x1 spacelike separated from x2,... xn−3 spacelike separated from

xn−2 and xn−2 spacelike separated from x. This corresponds to x and y being separated by at

most n − 1 light-crossing times, when we use the expression for φ̂ that includes terms up to

O(ρn−1).

3.4.3 Differential equations for the n-point functions Gn

In this subsection we use the source-free condition (3.44) to obtain a set of differential equa-

tions that the n-point functions Gn must satisfy. It will be convenient to rewrite that condi-

tion treating φ̂ and ρ as the independent variables

Eφ[φ̂]− Eφ[φ[φ̂, ρ]] + ρ = S[ρ]. (3.66)

Next, we recall the definition of the S-field φS from Equation (3.40). The expansion of the

self-field in powers of density is

φS[φ̂, ρ](x) =
∞∑
n=2

ˆ
dV1 . . . dVn−1Gn(x, x1, . . . , xn−1; φ̂]ρ1 . . . ρn−1. (3.67)

We parametrize the expansion in powers of density of the source S[ρ] as

S(x; ρ] =
∞∑
n=2

ˆ
dV2 . . . dVn𝓈n(x, x2, . . . , xn; gμν]ρ2 . . . ρn. (3.68)
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We now insert the definitions and expansions (3.40), (3.67) and (3.68) into the condition

(3.66), expand in powers of ρ at fixed φ̂ and equate the coefficients of successive powers of ρ.

In expanding the functional Eφ, we make use of the definition

E (n)
φ (x; x1, . . . , xnlφ) ≡

1√
−g(x1) . . .

√
−g(xn)

δnEφ[φ(x)]
δφ(x1) . . . δφ(xn)

. (3.69)

This results in the series of equations for the n-point functions

ˆ
E (1)
φ (x; x1)G2(x1, y)dV1 = δ4(x, y)− 𝓈2(x, y), (3.70a)

ˆ
E (1)
φ (x; x1)G3(x1, y, z)dV1 = − 1

2

ˆ
dV1dV2E (2)

φ (x; x1, x2)×

× G2(x1, y)G2(x2, z)− 𝓈3(x, y, z), (3.70b)
...

where δ4(x, y) ≡ δ4(x− y)/
√

−g(x). Note that although the definition (3.69) of the func-

tionals E (n)
φ involves only the physical field φ, they are evaluated at φ = φ̂ in Equation (3.70).

Explicit versions of these equations for a specific model is given in Section 3.2 below.

We now discuss the existence and uniqueness of n-point functions Gn that satisfy the

Equations (3.70) as well as the locality and causality conditions (3.37) and (3.56). Consider

first Equation (3.70a) in the case with vanishing source 𝓈2 = 0. This equation says that

G2 is a Green function for linearized solutions. It must also satisfy the symmetry condition

G2(x, y) = G2(y, x) from the definition (3.21) together with the causality condition that it

vanishes for timelike separations. As discussed in Section 3.3.5 above, these three conditions

on a 2-point function are called the Detweiler-Whiting conditions [30]. In certain cases, the
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three conditions determine a unique 2-point function, called the Detweiler-Whiting Green

function. In certain other cases, when the Hadamard solution fails to converge, it is not

known whether any 2-point function satisfying the conditions exists. For that reason, one

can use instead as a 2-point function the quantity obtained from a version of the Hadamard

expansion procedure, truncated at a finite order. In this case, there is a non-zero smooth

source term 𝓈2 on the right hand side of Equation (3.70a), a specific local functional of the

background fields φ̂ and gμν [43] ‖. Such truncated versions of the Detweiler-Whiting Green

function are often used in practice to compute self-forces [37]. They also automatically sat-

isfy our locality constraint (3.56) because of the nature of the Hadamard construction [42].

Turn next to the corresponding situation for the 3-point function G3, which is much less

well understood currently. We would like to impose on G3 the following conditions

• Symmetry under interchange of any pair of arguments (From the definition (3.21)).

• Our locality condition (3.56).

• Our causality condition which for n = 3 reduces to the requirement that G3(x, y, z)

should vanish whenever any two pairs of its arguments are timelike separated.

• Satisfy Equation (3.70b).

We conjecture that for analytic background fields φ̂ and gμν, unique 3-point functions exist

which satisfy the four conditions, just as for n = 2withDetweiler-WhitingGreen functions.

Onepiece of circumstantial evidence in support of this conjecture is that inMinkowski space-
‖2-point functions which obey linearized equations of motion with a source consisting of a sum of a delta

function and a smooth source are called parametrices, instead of Green functions. Thus, truncated Detweiler-
Whiting 2-point functions are parametrices.

76



times, 3-point functions do exist which satisfy the first three requirements and the equation

□G3(x, y, z) = G2(x, y)G2(x, z) (3.71)

similar to Equation (3.70b). Perhaps some generalization of theHadamard construction can

be found to define this 3-point functions. More generally, for arbitrtary smooth gμν and φ̂, it

seems clear that one must allow a source like 𝓈3 on the right hand side of Equation (3.70b),

since they are already necessary for n = 2.

In the remainder of this chapter, we will assume the existence of a 3-point function satis-

fying all four requirements and will express our results in terms of this 3-point function.

3.4.4 On-shell expansion of the physical field

Our discussion so far in this chapter has been off-shell, in the sense that the scalar field φ and

the matter density ρ were treated as independent variables. Now, we will consider retarded

solutions to the field equations, so that φ becomes a functional of ρ. Inserting the retarded

solution into the self-force expression 3.19 will enable us to compute the self-force solely in

terms of the effective density and to then take the point-particle limit (See Section 3.5 below).

We start by writing the physical density as

ρ = ερ̄ (3.72)
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with ε ≪ 1, where ε is a formal expansion parameter and ρ̄ is independent of ε. Then, the

physical and effective fields are expanded as

φ(x) = φ̄(x) +
∞∑
n=1

φ(n)εn (3.73a)

φ̂(x) = φ̄(x) +
∞∑
n=1

φ̂(n)εn (3.73b)

where φ̄ is a background scalar field, independent of the matter density. This means that φ̄

is a homogeneous solution, at least in the vicinity of the object, although it might be sourced

by some other charge density far away.

Furthermore, we introduce the following notation for derivatives of the n-point functions

Gn evaluated on the background field φ̄

Gn,m(x1, . . . , xn; y1, . . . , ym) ≡
1√

−g(y1) . . .
√

−g(ym)
δmGn(x1, . . . , xn)
δφ̂(y1) . . . δφ̂(ym)

∣∣∣∣
φ̂=φ̄

. (3.74)

Similarly, we expand the functional dependence of the source terms 𝓈n with respect to φ̂ as

sn,m(x1, . . . , xn; y1, . . . , ym) =
1√

−g(y1 . . .
√

−g(ym)
δm𝓈n(x1, . . . , xn)
δφ̂(y1) . . . δφ̂(yn)

∣∣∣∣
φ̂=φ̄

(3.75)

The equations of motion get a similar expansion

E(n)
φ̄ (x; x1, . . . , xn) ≡

1√
−g(x1) . . .

√
−g(xn)

δnEφ[φ(x)](x)
δφ(x1) . . . δφ(xn)

∣∣∣∣
φ=φ̄

. (3.76)

Substituting the expansion (3.73a) into the equations of motion (3.4) andmaking use of the
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definition (3.69) shows that the physical fields φ̄, φ(1), φ(2), . . . obey

Eφ̄[φ̄] = 0 (3.77a)ˆ
E(1)
φ̄ (x; y)φ(1)(y)dVy = ρ̄(x) (3.77b)
ˆ

E(1)
φ̄ (x; y)φ(2)(y) = − 1

2

ˆ
dVydVzE(2)

φ̄ (x; y, z)φ(1)(y)φ(1)(z) (3.77c)

...

We write the retarded solutions of these equations for the physical field as

φ(x) = φ̄(x) + ε
ˆ

G+
2 (x, x′)ρ̄′dV′ + ε2

ˆ
G+

3 (x, x′, x′′)ρ̄′ρ̄′′dV′dV′′ + . . . (3.78)

Here, G+
2 (x, x′) is the retarded Green function for the differential operator Eφ̄ and G+

3 is a

retarded 3-point function that can bewritten in terms ofG+
2 andE(2)

φ̄ using Equation (3.77c)

as

G+
3 (x, y, z) =

ˆ
dV′dV′′dV′′′G+

2 (x, x′)E
(2)
φ̄ (x′; x′′, x′′′)G+

2 (x′′, y)G+
2 (x′′′, z) (3.79)

We also expand the equations (3.70) for the n-point functions Gn around φ̄ to obtain similar

79



equations for the background n-point functionsGn.m

ˆ
E(1)
φ̄ (x; x1)G2,0(x1, y)dV1 = δ4(x, y)− s2,0(x, y), (3.80a)

ˆ
E(1)
φ̄ (x; x1)G3,0(x1, y, z)dV1 = − 1

2

ˆ
dV1dV2E(2)

φ̄ (x; x1, x2)G2,0(x1, y)G2,0(x2, z)

− s3,0(x, y, z), (3.80b)ˆ
E(1)
φ̄ (x; x1)G2,1(x1, y, z)dV1 = −

ˆ
dV1E(2)(x; x1, z)G2,0(x1, y)− s2,1(x, y, z)(3.80c)

...

Unlike equations (3.70), equations (3.80) are evaluated on a fixed background field φ̄ and

therefore can be solved order by order.

We now take the expansion (3.51a) of the effective field φ̂ in terms of φ and ρ̂, rewrite the

n-point functions Ĝn in terms ofGn using Equation (3.54), write the physical field φ in terms

of the physical density ρ using the retarded solution (3.78), and finally write ρ in terms of the

effective density ρ̂ using Equation (3.48b). The result is

φ̂(x; ρ̂] = φ̄(x) +
ˆ

G+,R
2 (x, x′)ρ̂′dV′ +

ˆ
G+,R

3 (x, x′, x′′)ρ̂′ρ̂′′dV′dV′′ + . . . (3.81)
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where we have defined the on-shell retarded regularized n-point functions

G+,R
2 (x1, x2) = Gret

2 (x1, x2)− G2,0(x1, x2) (3.82a)

G+,R
3 (x1, x2, x3) = G+

3 (x1, x2, x3)− G3,0(x1, x2, x3) (3.82b)

− 1
2

ˆ
G+,R

2 (x1, y)G2,1(x2, x3, y)dVy

− 1
2

ˆ
G+,R

2 (y, x2)G2,1(x1, x3, y)dVy

− 1
2

ˆ
G+,R

2 (y, x3)G2,1(x1, x2, y)dVy

Here, R stands for regularized. The effective 2-point functionG+,R
2 is a generalization of the

Detweiler-Whiting regularized 2-point function that we obtained in Section 2.5 after sub-

tracting the singular field from the retarded Green function. As discussed in Section 3.3.5,

G+,R
2 is the 2-point function one would obtain by truncating the Hadamard expansion used

to solve the source-free equations of motion (3.44). It instead solves the Equation (3.43).

Similarly, the effective 3-point function G+,R
3 is a generalization of the Detweiler-Whiting

prescription to second order in the charge density. We assume that the 3-point function

G3,0(x, y, z) satisfying our symmetry, causality, locality and source-free conditions exists such

thatG+,R
3 exists and determines the self-force up to second order in the density.

3.5 Point-particle limit

In this section, we return to the equation of motion of the body in terms of the effective

fields ρ̂ and φ̂. Since these fields remain finite in the point-particle limit where the size of

the body becomes small, we can use multipole expansions [41] to derive the general form of
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the equations of motion of the body. As discussed in Chapter 1 of this thesis, this form is

identical to an equation of motion of a test body with no self-interactions. We then take the

point-particle limit (discarding all the body’smass and spinmultipolemoments except for the

monopole) to derive a point-particle equation of motion in terms of the n-point functions

defined in Section 3.4.4 above.

We start by picking a representative worldline γμs within the body, with tangent vector γ̇
μ
s .

This worldline is often chosen to be a suitably-defined center-of-mass worldline, but for our

purposes it can be left unspecified. Next, we note that the effective generalized momentum

P̂ξ(s) of the body given by Equation (3.20a) is a linear function of the Killing vector ξμ. Since

Killing vector fields are determined by their value and their anti-symmetrized first derivative

at any point, we can define quantities p̂μ(s) and Ŝμν = Ŝ[μν](s) by the relation

P̂ξ(s) = p̂μ(γs)ξμ(γs) +
1
2
Ŝμν(γs)∇μξν(γs). (3.83)

These quantities are the effective momentum and angular momentum of the body with re-

spect to the worldline γs. The time derivative of Equation (3.83) is

d
ds
P̂ξ(s) = ξμ

(Dp̂μ

ds
− 1

2
R μ

αβν Ŝ
αβγ̇νs

)
+∇μξν

( 1
2
D
ds
Sμν − p̂[μγ̇ν]s

)
. (3.84)

Here, we used the Killing equation∇(μξν) = 0 and∇α∇μξν = −R β
μνα ξβ. If the right hand

side of Equation (3.19)were zero, corresponding to nonet force, thenEquation (3.84)would

give theMathison-Papapertrou-Dixon equations for a spinning object with 4-momentum p̂a
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and spin tensor Sab

Dp̂μ

ds
=

1
2
R μ

αβν Ŝ
αβγ̇νs , (3.85a)

D
ds
Ŝμν = 2p̂[μγ̇ν]s . (3.85b)

These equations must be supplemented with a spin supplementary condition [47] to fix

choice of representative worldline. This amounts to fixing the freedom in picking the ref-

erence frame from which we measure angular momentum. More generally, if there is a non-

zero effective generalized force F̂ξ(s) = d
dsP̂ξ(s), then we can define an effective force F̂μ(s)

and effective torque N̂μν(s) = N̂[μν](s) by a relation analogous to Equation (3.83)

F̂ξ(s) = F̂μ(s)ξμ(γs) +
1
2
N̂μν(s)∇μξν(γs) (3.86)

Comparing with Equation (3.84) now gives the general equation of motion

Dp̂μ

ds
=

1
2
R μ

αβν Ŝ
αβγ̇νs + F̂μ, (3.87a)

D
ds
Ŝμν = 2p̂[μγ̇ν]s + N̂μν. (3.87b)

We next move on to obtaining an expression for F̂μ in the point-particle, where we neglect

the spin Ŝμν and torque N̂μν from the right hand side of Equation (3.87). We use the on-shell

expansion of the effective field, given by equation (3.81). Plugging the expansion (3.81) into
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the equations of motion (3.19) we obtain

d
ds
P̂ξ(s) = −

ˆ
Σs

dSρ̂ℒξφ̄−
ˆ
Σs

ˆ
dV′ρ̂ρ̂′ℒξG+,R

2 (x, x′)−
ˆ
Σs

ˆ
dV′dV′′ρ̂ρ̂′ρ̂′′ℒξG+,R

3 (x, x′, x′′)+O(ρ̂3)

(3.88)

We now perform covariant Taylor expansions of the Green functions G+,R
2 , G+,R

3 and back-

ground field φ̄ about γs, and express the results in terms of the charge multipoles defined in

(3.90) below. Recall that in a curved spacetime, the covariant form of the Taylor expansion

of a function f(x) around a point x0 is

f(x) =
∞∑
n=0

σα1(x0, x) . . . σαn(x0, x)
n!

∇(α1 . . .∇αn)f(x)
∣∣
x=x0

. (3.89)

Here, σ(x1, x2) is Synge’s worldfunction (See Appendix A), and σa is the derivative respect to

its first argument, which turns out to be proportional to the tangent vector to the geodesic

connecting x1 and x2. We now define the effective scalar charge multipoles of the object at

position γs along the worldline by

Îα1...αn(s) =
ˆ
Σs

σα1(γs, x) . . . σ
αn(γs, x)

n!
ρ̂(x)dS. (3.90)

We also define the monopole as

q̂s =
ˆ
Σs

ρ̂(x)dS. (3.91)

For generic scalar models, the scalar charge might not be conserved. However, in the spirit of

using this as a toy model for the gravitational self-force, we assume that q̂s is independent of

s.

In the point-particle limit, the contribution of all the multipoles will be suppressed rela-
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tive to that of the monopole (3.91), and so we drop all these higher-order multipoles. This

approximation is equivalent to simply evaluating the expression with ρ̂ chosen to be a delta

function concentrated on the representative worldline. Comparing with the decomposition

(3.86), we obtain for the effective force

Fμ(x; γ] = −q̂∇μφ̄ − q̂2∇μ
ˆ

G+,R
2 (x, γs)ds− q̂3∇μ

ˆ
G+,R

3 (x, γs.γs′)dsds
′ + . . . (3.92)

Here, the covariant derivatives only act on the first argument of each n-point function. In the

point-particle limit, the 4-momentumbecomesparallel to the tangent vector to theworldline,

and specializing theparameter s to be theproper time gives p̂μ = mγ̇μ, yielding fromEquation

(3.87) setting Ŝαβ = 0
D
ds
(
mγ̇μ

)
= Fμ. (3.93)

Equation (3.93) can be simplified in the followingway. First, apply the covariant time deriva-

tive to the mass m and the 4-velocity γ̇μ. Second, contract the equation with another 4-

velocity and use the fact that 4-acceleration and 4-velocity are perpendicular. We then get

D
ds
m = −γ̇μF̂

μ. (3.94)

Plugging this equation back into Equation (3.93) we get the equation for the 4-acceleration

m
D
ds
γ̇μ =

(
gμν + γ̇μγ̇ν

)
F̂ν. (3.95)

Equation (3.95) constitutes the main result of this chapter: A finite, point-particle, effective

self-force that describes themotion of self-interacting objects to third order on their effective
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charge q̂. Thismethod canbe extended to anyorder in q̂. Notice that the equations ofmotion

(3.95) are nonlocal in time. In other words, the self-force that drives the evolution of the path

γs is itself a functional of it. In Chapter 4 we study the dynamics of nonlocal systems such as

these.

This framework is also well suited for a simplified study of tidal effects for self-interacting

extended objects. We leave this for future work. In the remainder of this thesis, all scalar

charge multipoles are set to zero, although we go back to analyze the effect of the spin tensor

in the conservative dynamics in Chapter 5.

3.6 Application tononlinear scalar field theory inflat space-

time

In this section, we specialize the discussion so far presented in the chapter to a nonlinear scalar

theory described by the action principle

S[ρ, φ] = Sρ[ρ] +
ˆ

d4x
√

−g
[
− 1
2
gμν∇μφ∇νφ − V(φ)− ρφ

]
. (3.96)

The field operator (3.4) that determines the field equations is

Eφ[φ] = □φ − V′(φ) (3.97)
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so the physical field φ and the effective field φ̂ satisfy

□φ − V′(φ) = ρ, (3.98a)

□φ̂ − V′(φ̂) = S(x). (3.98b)

We obtain the solution for the retarded physical field in terms of retarded two and three point

functions, as defined in Equation (3.78). Equation (3.79) reduces to

G+
3 (x, x′, x′′) =

1
2

ˆ
V(3)[φ̄(y)]G+

2 (x, y)G+
2 (y, x′)G+

2 (y, x′′)dVy (3.99)

Similarly, the differential equations (3.70) for the n-point functions Gn reduce to

D̂xG2(x, y) = δ4(x, y)− 𝓈2(x, y), (3.100a)

D̂xG3(x, y, z) =
V(3)

[
φ̂(x)

]
2

G2(x, y)G2(x, z) (3.100b)

− 𝓈3(x, y, z)
...

where we defined D̂x = □x − V′′[φ̂(x)]. Equation (3.80) becomes

D̄xG2,0(x, y) = δ4(x, y)− 𝓈2(x, y), (3.101a)

D̄xG3,0(x, y, z) =
V(3)

[
φ̄(x)

]
2

G2,0(x, y)G2,0(x, z)− 𝓈3(x, y, z) (3.101b)

D̄xG2,1(x, y; z) = V(3)[φ̄(x)]G2,0(x, y)δ4(x, z) (3.101c)
...
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where we defined D̄x = □x − V′′[φ̄(x)]. The functions G2,0 and G2,1 are determined if we

use theHadamard construction truncated at secondorder. If a solution toEquation (3.101b)

satisfying all other conditions can be found, then Equation (5.54) determines the regularized

second-order self-force for a nonlinear scalar field theory in flat spacetime.
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El tiempo es la sustancia de que estoy hecho.

El tiempo es un río que me arrebata, pero yo soy el río;

es un tigre que me destroza, pero yo soy el tigre;

es un fuego que me consume, pero yo soy el fuego.

Jorge Luis Borges

4
Hamiltonian formulation of conservative

nonlocal in time dynamical systems (Adapted from [2])

4.1 Introduction

In this chapter, we study a class of finite-dimensional dynamical systems with non-local-in-

time interactions. Such systems can be described in terms of action functionals of paths in
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phase space, where the action contains multiple integrals with respect to time. Their equa-

tions of motion are integro-differential equations as opposed to the ordinary differential

equations characteristic of Hamiltonian dynamical systems. A simple example of such an

integro-differential equation is

ẍ(t) = f(x, t) +
ˆ ∞

−∞
K(t, t′)x(t′)dt′. (4.1)

Here f(x, t) is the local piece of the force and the integral is a non-local-in-time force that is a

functional of the position x(t′). The equations ofmotion (3.95), encountered in theprevious

chapter, are an example of this type of dynamics.

Non-local-in-time interactions generally arise when one ”integrates out” some of the de-

grees of freedom of a system, giving rise to a non-local interaction between the remaining

degrees of freedom. Our motivation for studying such systems is to understand the conser-

vative/dissipative split of the self-force dynamics obtained in Equation (3.95) in the previ-

ous chapter. Non-local interactions are not unique to the small mass-ratio approximation,

they appear at 4PN order in post-Newtonian approximations of two-body dynamics as well

[12, 48, 49]. They are also useful for the description of cracks and other non-local deforma-

tions on materials [50]. Non-local-in-time interactions are sometimes parametrized in terms

of frequency dependent coefficients, such as the electric permittivity and susceptibility [51].

They also appear in Fokker-Wheeler-Feynman electrodynamics [52].

In the case of ordinary differential equations obtained from a Hamiltonian system, stan-

dard existence anduniqueness theorems [53] state that the spaceof solutions canbeparametrized

by initial data, i.e. points in phase space. When non-local-in-time interactions are included,

however, it is not clear how to obtain a simple parametrization of the space of solutions [54].
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However, as is well known, when non-local-in-time interactions are treated perturbatively,

the resulting dynamics can be cast as a local dynamical system, order by order. However, it

is less well known under what circumstances this local dynamical system admits a Hamilto-

nian description at each order. In this chapter, we derive the existence of such Hamiltonian

description for a broad class of non-local-in-time action principles (Equation (4.8) below).

This chapter is organized as follows: In section 4.2, we introduce a broad class of nonlocal

in time dynamical systems and derive their equations of motion. We then treat the non-

localities perturbatively to obtain local equations of motion order by order. In Section 4.3,

we prove that the local dynamics admits a local Hamiltonian description to any order in the

perturbations. We provide explicit expressions for the Hamiltonian and symplectic form up

toN th order in terms of the (N − 1)th Hamiltonian flow. In Section 4.4, we prove that, up

to any order in perturbation theory, there exists a diffeomorphism on phase space that puts

the symplectic form into canonical form. We then apply this result up to second order and

give explicit expressions for the diffeomorphism and the resulting Hamiltonian. Section 4.5

specializes to the dynamics of binary systems in the post-Newtonian approximation, where

non-local effects start at fourth order [48, 49]. In previous work by the author of this thesis

[3, 4] (See Section 5.3), the conservative piece of the dynamics of a binary system in the small

mass ratio regime was recast as a local Hamiltonian system to first order in mass-ratio. The

results in this chapter generalize the methods used in Refs. [3, 4] to a more general class of

non-local systems and to arbitrary high orders in perturbation theory.

The formalism of this chapter is an extension of work done by Llosa and Vives in [54].

The relation between their work and the results of this chapter is discussed in Appendix C.
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4.2 Dynamical systems described

by non-local action principles

We start this section by reviewing the description of phase-space flows. Consider a phase

space Γ with coordinates

QA = (qμ, pμ), (4.2)

and a symplectic formΩ0 = δpμ ∧ δqμ. We define a flow on phase spaceXs(Q) : R× Γ → Γ

which takes any pointQ ∈ Γ into Xs(Q) ∈ Γ. The flow is required to be the identity map at

s = 0

X0(Q) = Q, (4.3)

and to satisfy the composition rule

Xs(Xs′(Q)) = Xs+s′(Q), (4.4)

for all s, s′ ∈ R. A flow Xs(Q) on phase space will be determined by a vector fieldVVV = VA∂A

according to
dXA

s (Q)
ds

= VA[Xs(Q)]. (4.5)

If we specialize equation (4.5) to s = 0 we get

dXA
s (Q)
ds

∣∣∣∣
s=0

= VA(Q), (4.6)
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so theflow is determinedby its derivative at s = 0. Throughout this chapter,wewill parametrize

and characterize flows by their derivatives (4.6) at s = 0 with the understanding that the full

flows are obtained by solving equation (4.5).

We will consider dynamical systems described by non-local action functionals of paths Xs

of the form

S[X] =
ˆ

pμdqμ −
ˆ

H0(Xs)ds+ Snl[X]. (4.7)

Here, H0(Q) is a local Hamiltonian function on phase space and the non-local piece of the

action is

Snl[X] = −
N∑

n=2

εn
n

ˆ
ds1 . . . dsnGn(Xs1 , . . . ,Xsn ; s2 − s1, . . . , sn − s1), (4.8)

where Gn is some n-point function Gn : Γn × Rn−1 → R. Here εn is a formal expansion

parameter used to keep track of orders in the non-local action andN is a finite but otherwise

arbitrary positive integer. Note that because the n-point function Gn is integrated n times,

the non-local actionwill automatically pick out its fully symmetric piece, so that without loss

of generality we can assume that Gn satisfies

Gn(Xs1 , . . . ,Xsn ; σ12, . . . , σ1n) = Gn(Xsp1 , . . . ,Xspn ; σp1p2 , . . . , σp1pn) (4.9)

for all (s1, . . . , sn). Here σij = sj−si for short and {pi} is any permutation of the integers from

1 to n. We will also assume that the n-point functions satisfy asymptotic fall-off conditions

given in detail in equation (4.15) below.

Wewill write the equations ofmotion in terms of a function Φ(Q,Q′, [X])which is a local
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function of two pointsQ andQ′ in phase space in its first two arguments and a functional of

a trajectory Xs which passes throughQ′ at s = 0 in its last argument. The definition of Φ is

Φ(Q,Q′, [X]) =
N∑

n=2

εn
ˆ

ds2 . . . dsnGn
(
Q,Xs2(Q′), . . . ,Xsn(Q′); s2, . . . , sn

)
. (4.10)

The equations of motion are obtained by varying the action functional (4.7) with respect to

the trajectoryX. The variation of the nth term in the non-local piecewill given contributions

with derivatives acting on each of the first n arguments of Gn. From the property (4.9), it

follows that all these contributions coincide, sowe can add themup. Thefinal result is a factor

of n times the derivative with respect to the first argument of Φ. The resulting equations of

motion are

Ω0
AB

dXB
s

ds
=

[
∂

∂QAH0(Q) +
∂

∂QAΦ(Q,Q′, [X])
]
Q′=Q=Xs

. (4.11)

Here, the notationQ′ = Q = Xs means that the derivative of Φ with respect toQA is taken,

and then the result is evaluated atQ = Q′ = Xs, and the third argument of Φ is evaluated on

the path Xs′ that starts at s′ = s.

4.2.1 Localdynamicalsystemsobtainedbytreatingnon-localitiespertur-

batively

Equation (4.11) is an integro-differential system of equations for the trajectories Xs on phase

space, as opposed to a differential system of equations that depend locally on a point Q, as

is the case for Hamilton’s equations derived from action principles without non-localities.

Because of this property, solutions will generally not be parametrized by initial data Q. In
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fact, the space of initial data required to determine solutions of integro-differential systems

of equations can be, in general, infinite dimensional and require derivatives of xμ and pμ with

respect to time of all orders [54].

However, if we take the non-local contribution to the action to be small we can treat the

problem perturbatively. We define a sequence of phase space flows X̄(N )
s (Q) by induction as

follows. The zeroth order flow X̄(0)
s (Q) is generated by the Hamiltonian H0, with all non-

local terms in equation (4.11) dropped. Then, we can evaluate the functional dependence of

Φ in equation (4.11) on the zeroth order flow and define the first order flow X̄(1)
s (Q) by

Ω0
AB

dX̄(1)B
s (Q)
ds

∣∣∣∣
s=0

=
∂

∂QAH0 +

[
∂

∂QAΦ(Q,Q′, [X̄(0)])

]
Q′=Q

. (4.12)

This process can be repeated to any desired order to define theN th order flow in terms of the

(N − 1)th flow as

Ω0
AB

dX̄(N )B
s (Q)
ds

∣∣∣∣
s=0

=
∂

∂QAH0 +

[
∂

∂QAΦ(Q,Q′, [X̄(N−1)])

]
Q′=Q

. (4.13)

Equation (4.13) is a set of ordinary differential equationwhich determines theN th flow, once

the (N − 1)th flow is specified. Hence all the flows are determined by induction*.

The flowdeterminedby equation (4.13) agreeswith the exact flowdeterminedby equation

(4.11) up to corrections of orderO(εq11 ×εq22 ×· · ·×εqNN )with
∑N

n=1 qi = N+1. For simplicity,

when we expand the Hamiltonian and symplectic form explicitly bellow, we will introduce a

*As is well known, perturbative expansions of this form can break down after long timescales when there
are dissipative effects present. Here, we are concerned only with conservative dynamics and so we can neglect
this issue.
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formal expansion parameter ε such that

O(εN+1) ≡ O(εq11 × εq22 × · · · × εqNN ) ,
N∑
n=1

qi = N + 1. (4.14)

Wewill also assume that the sequence of flows X̄(N )
s (Q) are such that then-point functionsGn

introduced in the non-local action principle in equation (4.8) satisfy the following property:

For any j ∈ {1, 2, . . . , n} and with all sk with k ̸= j fixed, the limit when sj → ±∞ of the

n-point function Gn evaluated on the flow X̄(N )
s is zero

lim
sj→±∞

Gn
(
X̄(N )
s1 , . . . , X̄(N )

sj , . . . , X̄(N )
sn ; s2 − s1, . . . , sj − s1, . . . , sn − s1

)
= 0. (4.15)

4.3 Local Hamiltonian description

In this section, wewill obtain a localHamiltonian description for theN th order flow, in terms

of the (N − 1)th order flow, which we assume to be known. We define the Hamiltonian and

symplectic form in this subsection and derive their equivalence to the system (4.13) in the

next subsection.

Given a phase space flow Xs(Q) and a pointQ in Γ, we define a function

Ψ(Q, [X]) =
1
2

N∑
n=2

εn
ˆ

ds1 . . . dsn χ(s1, . . . , sn)
∂

∂s1
G(Xs1(Q) . . . ,Xsn(Q); s2−s1, . . . , sn−s1)

(4.16)

where

χ(s1, . . . , sn) =
sgn(s1)− sgn(s2)− · · · − sgn(sn)

2
. (4.17)
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Here thepartial derivative notation∂/∂s1 indicates that the derivative acts only on the explicit

dependence of the n-point function on s1 in its last n− 1 arguments and not on the implicit

dependence that arises through Xs1 .

We now define the local Hamiltonian function in terms of the (N − 1)th flow as

H(N )(Q) = H0(Q) + Φ(N )(Q) + Ψ(N )(Q), (4.18)

where

Φ(N )(Q) = Φ(Q,Q, [X̄(N−1)]), (4.19a)

Ψ(N )(Q) = Ψ(Q, [X̄(N−1)]). (4.19b)

We also define a new function of n points on phase space as

K(N )
n (Q1, . . . ,Qn) = εn

ˆ
ds1 . . . dsn χ(s1, . . . , sn)Gn

(
X̄(N−1)
s1 (Q1), . . . , X̄(N−1)

sn (Qn); s2−s1, . . . , sn−s1
)
.

(4.20)

Note that the subscript n labels the number of arguments in the n-point function Gn while

the superscript (N ) denotes an object constructed from the (N − 1)th order flow and con-

tains terms of order O(εN ) and lower. Using the definition (4.20) we define the local sym-
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plectic form

Ω(N ) = Ω0 + ΔΩ(N ), (4.21a)

Ω0 = δpμ ∧ δqμ, (4.21b)

ΔΩ(N )
AB (Q) =

[
N∑

n=2

n∑
m=2

∂2

∂Q[A
1 ∂Q

B]
m
K(N )

n (Q1, . . . ,Qn)

]
{Qj}=Q

(4.21c)

where {Qj} = Qmeans that we evaluate at coincidence Q1 = Q2 = · · · = Qn = Q. Here,

brackets denote antisymmetrization Ω[AB] =
1
2

(
ΩAB −ΩBA

)
.

BothH(N ) and Ω(N ) can be expanded perturbatively using the formal expansion parame-

ter (4.14) as

H(N ) = H0 +
N∑
r=1

εrH[r] (4.22a)

Ω(N ) = Ω0 +
N∑
r=1

εrΔΩ[r] (4.22b)

where a superscript [r] indicates a term that is exclusively O(εr), as opposed to a superscript

(N )which indicates a term that contains contributions of orderO(εN ) and lower.

4.3.1 Derivation of Hamilton formulation

In this subsection we will prove that the Hamiltonian function (4.18) equipped with the

symplectic form (4.21) reproduces the perturbative local dynamical system (4.13) up to cor-

rections of orderO(εN+1).

The Hamiltonian function (4.18) equipped with the symplectic form (4.21) determines
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the flow [
Ω0

AB + ΔΩ(N )
AB

] dX̄(N )
s

ds

∣∣∣∣
s=0

=
∂

∂QA

[
H0 + Φ(N ) + Ψ(N )

]
. (4.23)

First, note that since we want the equations of motion to be accurate up to corrections of

order O(εN+1), we can drop higher order corrections in the second term in the left side of

equation (4.23)

ΔΩ(N )
AB

dX̄(N )
s

ds

∣∣∣∣
s=0

= ΔΩ(N )
AB

dX̄(N−1)
s

ds

∣∣∣∣
s=0

+ O(εN+1) (4.24)

where we replaced X̄(N ) with X̄(N−1) since ΔΩ(N ) isO(ε). We will calculate the first term in

the righthand sideof equation (4.24) in a series of steps. First, the contractionΔΩ(N )
AB dX̄(N−1)

s /ds
∣∣
s=0

will have twopieces coming from the antisymetrization of the indicesAB in equation (4.21c).

The first one is

dX̄(N−1)B
s

ds

∣∣∣∣
s=0

×
[

∂2

∂QA
1 ∂QB

m
K(N )

n (Q1, . . . ,Qn)

]
{Qj}=Q

. (4.25)

The derivative of X̄(N−1)B
s is evaluated atQ but we are allowed to move it inside the brackets

and evaluate it atQm, since the bracket is evaluated at coincidence {Qj} = Q. Using property

(4.4), the contraction dX̄B
s /ds|s=0 ∂/∂QB acting on any function f(X̄s(Q), s) will create a

total derivative d/ds, minus a correction ∂/∂s due to the explicit time dependence of f

dX̄A

ds
∂

∂QA f
(
X̄s(Q), s

)
=

d
dΔs

∣∣∣∣
Δs=0

f
(
X̄s+Δs(Q), s

)
=

[
d
ds

− ∂

∂s

]
f
(
X̄s(Q), s

)
.

(4.26)
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Using the identity (4.26) in equation (4.25) we get

{ ∂

∂QA
1

ˆ
ds1 . . . dsn χ(s1, . . . , sn)

[ d
dsm

− ∂

∂sm
]
×

× Gn
(
X̄(N−1)
s1 (Q1), . . . , X̄(N−1)

sn (Qn); s2 − s1, . . . , sn − s1
)}

{Qj}=Q
.

(4.27)

We integrate by parts the total derivative d/dsm, use property (4.15) to throw away boundary

terms, relabel sm ↔ s1 and use the properties (4.9) and

d
dsj

χ(s1, . . . , sn) =


+δ(s1) for j = 1

−δ(sj) for j = 2, . . . , n
(4.28)

to get

[ ∂

∂QA
m

ˆ
ds2 . . . dsnGn(Q1, X̄(N−1)

s2 (Q2) . . . , X̄(N−1)
sn (Qn); s2, . . . , sn)

]
{Qj}=Q

. (4.29)

Note that oncewe sumovern andm this termwill give then−1 last derivatives of the n-point

function Gn in equation (4.10), which can be expressed as

[
∂

∂QA′ Φ(Q,Q′, [X̄(N−1)])

]
Q′=Q

, (4.30)

where the prime index inQA′ means that the derivative acts onQ′ but notQ. Regarding the

term proportional to the partial derivative ∂/∂smin equation (4.27), note that we can pull
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the sum
∑n

m=2 from equation (4.21c) insideK to get

[ ∂

∂QA
1

ˆ
ds1 . . . dsn χ(s1, . . . , sn)

[
−

n∑
m=2

∂

∂sm

]
×

× Gn
(
X̄(N−1)
s1 (Q1), . . . , X̄(N−1)

sn (Qn); s2 − s1, . . . , sn − s1
)]

{Qj}=Q

=
[ ∂

∂QA
1

ˆ
ds1 . . . dsn χ(s1, . . . , sn)

∂

∂s1
×

× Gn
(
X̄(N−1)
s1 (Q1), . . . , X̄(N−1)

sn (Qn); s2 − s1, . . . , sn − s1
)]

{Qj}=Q

(4.31)

where we used a chain rule to replace the derivatives respect to all the sm with a derivative

respect to s1.

Now, we move on to the other piece of the contraction ΔΩ(N )
AB dX̄(N−1)

s /ds
∣∣
s=0 coming

from the antisymmetrization of indices AB in equation (4.21c)

− dX̄(N−1)B
s

ds

∣∣∣∣
s=0

×
[

∂2

∂QA
m∂QB

1
K(N )

n (Q1, . . . ,Qn)

]
{Qj}=Q

. (4.32)

The contraction once again will give a total derivative d/ds1 minus a correction ∂/∂s1 due to

the explicit time dependence onK. Integrating by parts the total derivative recovers equation

(4.29). The term proportional to the partial derivative is

[ ∂

∂QA
m

ˆ
ds1 . . . dsn χ(s1, . . . , sn)

∂

∂s1
Gn
(
X̄(N−1)
s1 (Q1), . . . , X̄(N−1)

sn (Qn); s2−s1, . . . , sn−s1
)]

Qn=···=Q
.

(4.33)

Now we apply the sum overm to this last term and add it to the term in equation (4.31) to

create a derivative ∂A acting on every argument of K. Putting equations (4.29), (4.31) and
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(4.33) together we get that

ΔΩ(N )
AB

dX̄(N )
s

ds

∣∣∣∣
s=0

=

[
∂

∂QA′ Φ(Q,Q′, [X̄(N−1)])

]
Q′=Q

+ ∂AΨ(N )(Q) + O(εN+1). (4.34)

Plugging this into equation (4.23) we see that the first term on the right hand side of equa-

tion (4.34) cancels all the extra derivatives respect to the last (n-1) arguments of the n-point

function in ∂AΦ in equation (4.23). The last term in the right hand side of equation (4.34)

cancels the term ∂AΨ(N ) in equation (4.23) andwe recover equation (4.13) up to corrections

of orderO
(
εN+1) as desired.

4.4 Alternative formulation of local Hamiltonian system

In this sectionwe prove that, up to any order in ε1, ε2, . . . , εn, there exists a diffeomorphism in

phase space that puts the symplectic form (4.21) in canonical form. We then apply this result

up to second order and give explicit expressions for the diffeomorphism and the resulting

Hamiltonian. We use boldface VVV = VA∂A for vectors and tildes ω̃ = ωAdQA for 1-forms.

Indices will be raised and lowered by contraction with the first index on the zeroth order

symplectic form ΩAB.

We consider a one-parameter family of diffeomorphisms ϕ(ε) : Γ → Γ that transform the

N th order Hamiltonian system (Ω0 + ΔΩ(N ),H(N )) to an equivalent Hamiltonian system

(ϕ∗Ω0 + ϕ∗ΔΩ
(N ), ϕ∗H

(N )) (4.35)
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where ϕ∗ is the pullback
† defined by the diffeomorphism ϕ(ε).

We now specialize the diffeomorphism ϕ to make the new Hamiltonian system take the

form (Ω0, ϕ∗H
(N )), i.e. to make the transformed symplectic form coincide with the original

zeroth order symplectic form

ϕ∗Ω
(N ) = Ω0 + O(εN+1). (4.36)

First, note that we can express the perturbation (4.21) to the symplectic form ΔΩ(N ) as an

exact form. We define the 1-form

ξ(N )
A = − 1

2

N∑
n=2

[ ∂

∂QA
1
K(N )

n (Q1, . . . ,Qn)
]
{Qj}=Q

(4.37)

such that the perturbation to the symplectic form is

ΔΩ(N )
AB (Q) =

(
dξ̃

(N ))
AB

= ∂Aξ(N )
B − ∂Bξ(N )

A .

(4.38)

The 1-form ξ̃
(N )

is sourced by the (N − 1)th order flow and is accurate up to corrections of

orderO(εN+1). Plugging equation (4.38) into the symplectic form (4.21) we get

Ω(N ) = Ω0 + dξ̃
(N )

+ O(εN+1). (4.39)
†As is well known, these transformations can be seen from a passive or an active viewpoint. The passive

viewpoint considers the transformation to be a coordinate transformation, keeping all fields fixed. The active
viewpoint considers the transformation as a field redefinition instead, with all coordinates unchanged. Both
viewpoints are equivalent, but in this chapter we adopt the active viewpoint for clarity.
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Now, consider a one-parameter family of diffemorphisms ϕ(ε) : Γ → Γ. We parametrize this

diffeomorphism up to orderN byN vector fields ζi with i = 1, . . . ,N as

ϕ(ε) = DζN (ε
N ) ◦ DζN−1(ε

N−1) ◦ · · · ◦ Dζ1(ε)
[
1+ O(εN+1)

]
, (4.40)

where the mappingDζ(ε)moves any point ε units along the vector field ζ. The pullback ϕ∗

can be expressed in terms of Lie derivatives as

ϕ∗ = 1+ εℒζ1 +
ε2

2
ℒζ1ℒζ1 +

ε3

6
ℒζ1ℒζ1ℒζ1

+ ε2ℒζ2 + ε3ℒζ1ℒζ2

+ ε3ℒζ3 + . . .

(4.41)

Wewant this diffeomorphism tomake the symplectic formcoincidewithΩ0 up toN th order,

as in equation (4.36). Combining equations (4.36) and (4.41) and inverting the pullback

perturbatively, we can invert equation (4.36) to get

Ω(N ) = Ω0 − εℒζ1Ω0 +
ε2

2
ℒζ1ℒζ1Ω0 −

ε3

6
ℒζ1ℒζ1ℒζ1Ω0

− ε3ℒζ2Ω0 + ε3ℒζ2ℒζ1Ω0 − ε3ℒζ3Ω0 + . . .

(4.42)

We expand the 1-form (4.37) in powers of the formal parameter ε defined in equation (4.14)

ξ̃
(N )

=
N∑
r=1

εrξ̃
[r]

(4.43)

where ξ̃
[r]

is the piece of ξ̃
(N )

of order O(εr) and can be obtained by expanding the flow
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X̄(N−1)
s (Q) in the definition (4.20) and plugging the expansion back into equation (4.37).

We plug the expansion (4.43) into (4.39) and then into equation (4.42) and equate coeffi-

cients of powers of ε on both sides to obtain

ℒζ1Ω0 = −dξ̃
[1]
, (4.44a)

ℒζ2Ω0 = −dξ̃
[2]
+

1
2
ℒζ1ℒζ1Ω0, (4.44b)

ℒζ3Ω0 = −dξ̃
[3]
+ ℒζ2ℒζ1Ω0 −

1
6
ℒζ1ℒζ1ℒζ1Ω0, (4.44c)

...

Using Cartan’s magic formula and the fact that the symplectic form Ω0 is closed, we can

prove that theLie derivative of the zeroth order symplectic formΩ0with respect to any vector

fieldVVV is exact
ℒVVVΩ0 = iVVVdΩ0 + d

(
iVVVΩ0

)
= d

(
iVVVΩ0

)
= dṼ.

(4.45)

Here iVVVω̃ is the interior product, which contracts VVV with the first entry of any differential

form it acts on. In the last line of equation (4.45) we used the zeroth order symplectic form

to lower the indexVB = VAΩ0
AB. Using identity (4.45), equation (4.44a) becomes

dζ̃1 = −dξ̃
[1]
. (4.46)
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From the definition of ξ̃ in (4.37) we obtain the solution

ζA1 =ΩAB
0 ξ[1]B

=− 1
2
ΩAB

0

N∑
n=2

[ ∂

∂QB
1
K(1)

n (Q1, . . . ,Qn)
]
{Qj}=Q

.
(4.47)

Now, we use the identity (4.45) in equation (4.44b) to get

dζ̃2 = −dξ̃
[2]
+

1
2
ℒζ1dζ̃1

= −dξ̃
[2]
+ d

( 1
2
ℒζ1 ζ̃1

)
.

(4.48)

A solution of this equation for the second order vector field is

ζA2 = ΩAB
0 ξ(N ,2)

B − 1
2
ΩAB

0
(
ℒζ1 ζ̃1

)
B. (4.49)

It is easy to see that using equation (4.44) and the identity (4.45) and the fact that exterior

derivatives and Lie derivatives commute, we can find solutions for the vector fields ζi that

parametrize the diffeomorphism ϕ(ε) up to any order.

4.4.1 Transformed second orderHamiltonian

We now compute the transformedHamiltonian function (4.35) starting with the expression

(4.18) for theN th order Hamiltonian H(N ) and specializing to second order for simplicity.
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The second order Hamiltonian will be expressed in terms of following functions

Φ(2)(Q) = Φ(Q,Q, [X̄(1)]), (4.50a)

Ψ(2)(Q) = Ψ(Q, [X̄(1)]) (4.50b)

where the right hand side terms were defined in equations (4.10), (4.16) and (4.19). Both

Φ(2) and Ψ(2) in equations (4.50a) and (4.50b) have contributions of orderO(ε) andO(ε2).

Wenowspecialize theorder of the expansionof thediffeomorphism (4.40) to secondorder.

Its action on the Hamiltonian will produce a newHamiltonian Ĥ(2) = ϕ∗H
(2) given by

Ĥ(2) =

(
1+ εℒζ1 + ε2ℒζ2 +

1
2
ε2ℒζ1ℒζ1

)
H(2) + O(ε3). (4.51)

We can simplify this expression using the results (4.47) and (4.49) for ζ1 and ζ2. We can also

use equation (4.43) to regroup εξA[1] + ε2ξA[2] = ξA(2) + O(ε3). The result is

Ĥ(2) = H(2) − ξA(2)∂AH
(2) − 1

2
ΩAB

0

(
ℒξ(2) ξ̃(2)

)
B
∂AH(2)

+
1
2
ξA(2)∂A

(
ξB(2)∂BH

(2)
)
+ O(ε3).

(4.52)

In order to calculate Ĥwe’ll make frequent use of the equation of motion (4.34), specialized

toN = 2, which becomes

ΔΩ(2)
AB

dX̄(1)B
s

ds

∣∣∣∣
s=0

=

[
∂

∂QA′ Φ(Q,Q′, [X̄(1)])

]
Q′=Q

+ ∂AΨ(2)(Q) + O(ε3). (4.53)
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We’ll also use

ξ(2)A
dX̄(1)A

ds
=

1
2
Φ(2) + Ψ(2) (4.54)

which can be derived from equation (4.47) using techniques similar to the ones in subsection

4.3.1 (See, for example, equation (4.25)).

Thefirst correction in equation (4.52) is ξA(2)∂AH(2). Weuse the equations ofmotion (4.23)

to replace ∂AH(2) by Ω(2)
ABdX̄(1)B/ds

ξA(2)∂AH
(2) = ξA(2)

(
Ω0

AB + ΔΩ(2)
AB
)dX̄(1)B

ds
+ O(ε3) (4.55)

Now, we use identity (4.54) for the first term and identity (4.53) for the second term to get

ξA(2)H
(2) =

1
2
Φ(2) + Ψ(2)

+ ξA(2)

[
∂

∂QA′ Φ(Q,Q′, [X̄(1)])

]
Q′=Q

+ ξA(2)∂AΨ
(2) + O(ε3).

(4.56)

The second correction term in equation (4.52) is more involved, let’s simplify it first. Using

Cartan’s magic formula we can write

ℒξ(2) ξ̃(2) = iξ(2)dξ̃(2)

= iξ(2)ΔΩ
(2)

(4.57)

where we used equation (4.38) to replace dξ̃(2) by the correction to the symplectic form

ΔΩ(2). Next, we use the equations ofmotion to replace ∂AH(2) byΩ0
AB

dX̄(1)B

ds +O(ε2). Com-
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bining this with equation (4.57), the second term in equation (4.52) becomes

− 1
2
ΩAB

0 ξC(2)ΔΩCBΩ0
AD

dX̄(1)D

ds
. (4.58)

Now, we use identity (4.53) to rewrite this as

1
2
ξA(2)

[
∂

∂QA′ Φ(Q,Q′, [X̄(1)])

]
Q′=Q

+
1
2
ξA(2)∂AΨ

(2)(Q) + O(ε3n). (4.59)

The last term in equation (4.52) is

1
2
ξA(2)∂A

(
ξB(2)∂BH

(2)). (4.60)

Again, we use Hamilton’s equations to replace ∂BH(2) = Ω0
BC

X̄(1)C

ds + O(ε2). We then use

identity (4.54) to get
1
2
ξA(2)∂A

( 1
2
Φ(2) + Ψ(2)). (4.61)

Combining equations (4.56), (4.59) and (4.61) and plugging them into equation (4.52), the

final expression for the newHamiltonian is

Ĥ(2) = H0 +
1
2
Φ(2) − 1

4
ξA(2)∂AΦ

(2)

+
1
2
ξA(2)

[
∂

∂QAΦ(Q,Q′, [X̄(1)])

]
Q′=Q

+ O(ε3).
(4.62)

Note that the third and fourth terms include contributions of order O(ε3) which could be

discarded without affecting the accuracy of the result.
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4.5 Application: Binary systems in the post-Newtonian ap-

proximation

The motion of binary systems in general relativity can be studied in the post-Newtonian ap-

proximation, where their dynamics is expanded in powers of 1/c2. A term of order 1/c2n is

called nPN in the literature. In [55], Damour, Jaranowski and Schäfer give an explicit expres-

sion for the 4PN non-local Hamiltonian‡ of two non-spinning point particles with phase

space coordinates QA = (xa,pa) and masses ma with a = 1, 2 and boldface representing

3-vectors. Following the notation of this chapter, we use Xs for a trajectory in phase space

parametrized by s. Their result is

H≤4PN(Q, [X]) = H<4PN(Q) +Hlocal
4PN(Q) +Hnon-local

4PN (Q, [X]) (4.63)

where H<4PN gathers all the contributions of order 3PN or less and Hlocal
4PN gives the local

piece of the 4PN Hamiltonian. We’ll focus on the last term, which is written in terms of

the quadrupole moment

Iij(xa) =
2∑

a=1

ma

(
xiaxja −

1
3
δij|xa|2

)
(4.64)

as

Hnon-local
4PN (Q, [X]) =

1
c8
C
...
I ij

(Q)
ˆ ∞

−∞
dτ

...
I ij

(
Xτ
)

|τ|
(4.65)

‡In a follow-up paper [56], the same authors utilize an (infinite-)order-reduction of the nonlocal dynamics
to a local dynamical system. This procedure is similar to the one carried in section 4.2.1 and, similarly, doesn’t
result in a Hamiltonian system. Instead, the procedure determines a pseudo-Hamiltonian dynamical system
(see appendix C for details).
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where C is a normalization factor whose value is not important here. Hnon-local
4PN is the non-

local or ”tail” piece of the 4PN Hamiltonian. The non-locality arises from the integral over

the full trajectory Xτ. In equation (5.1) of [55], they also derive a non-local contribution to

the action principle from whichHnon-local
4PN can be derived, which is

Snl[X] = − 1
c8
C
ˆ

dτdτ′
...
I ij(Xτ

) ...
I ij

(
Xτ′

)
|τ− τ′|

. (4.66)

Note that in equations (4.65) and (4.66)we are dropping the regularization prescription used

in [57] to take care of the ultraviolet divergences of Hnon-local
4PN that occur at the coincidence

limit τ → τ′. The regularization can be reapplied after a local Hamiltonian is obtained.

We now show that the dynamical system (4.63) can be cast as a local Hamiltonian system

by using the results of Section 4.3. We define a two-point function

G2(Q1,Q2, σ) = C
...
I ij(Q1

) ...
I ij

(
Q2

)
|σ|

(4.67)

such that the non-local action in (4.66) takes the form of equation (4.8). Following the

steps of section 4.3, we can evaluate the functional dependence of the non-localHamiltonian

(4.65) on the 0PN flow X̄(0), which is the Newtonian solution to the equations of motion.

It is not necessary to include corrections of order 1/c2 or higher in the flow, since that would

give corrections to the Hamiltonian at 5PN and higher.

It follows that the non-local HamiltonianH≤4PN admits a local Hamiltonian description

up toO(1/c8), withHamiltonian function and symplectic formgivenby the results in section

(4.3).
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If some new truth, O Friend! thy toil discover,

If thine eyes first by some fair form be blest,

Love it for what it is, and as a lover

Gaze, or with joy receive thine honoured guest:

The new-found Thought, set free, awhile may hover

Gratefully near thee, but it cannot rest.

Sir William RowanHamilton

5
The conservative sector of the dynamics

of binary systems (Adapted from [3, 4])

5.1 Context

This chapter applies the results of chapter 4 to obtain the conservative sector of the dynamics

of binary systems in the small mass-ratio regime. As we discussed in chapter 2, we would like
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to define a splitting of the self-force that acts on a small body into conservative and dissipative

pieces. The formermodifies theorbital parameters, while the latter drives the inspiral through

the emission of radiation. To linear order in the mass ratio, there is a well-known standard

definition of a splitting determined by selecting the symmetric or antisymmetric piece of the

Green function (cf. Equation (2.14)). Prior to the results presented later in this chapter and

published inReferences [3, 4], it was not knownwhether the conservative dynamics admits a

Hamiltoniandescription, althoughpartial resultswere obtained inReference [58]. Themain

obstacle to deriving aHamiltonian description is the functional dependence of the self-force

on the past worldline of the particle, since aHamiltonian function should be a local function

on phase space. Furthermore, there are several natural candidate definitions for a splitting of

the self-force into conservative anddissipativepieces. In this chapter,we argue for oneof these

definitions and show that the corresponding conservative dynamics is Hamiltonian [3, 4].

The two ingredients necessary to derive this result are: 1) the second order equations of

motion (3.95) derived in chapter 3 in terms of the regular field φ̂ and 2) the perturbative

local Hamiltonian description of non-local dynamics derived in Chapter 4.

The chapter is organized as follows. In Section 5.2, we give the definition of pseudo-

Hamiltonian descriptions of dynamical systems, and explain their relation to the non-local

action principles used in Chapter 4. In section 5.3, we derive the Hamiltonian description

of the conservative gravitational self-force in static spacetimes, to linear order in the mass ra-

tio. We analyze resonant orbits, the possible breakdown of integrability, and the first law of

binary black hole mechanics. In Section 5.4, we extend those results to include linear-in-spin

effects. In section 5.5, we consider a body coupled to a long-ranged, self-interacting scalar

field, as a toymodel for general relativity. First, we specify a unique prescription prescription
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for defining conservative and dissipative sectors of the dynamics to second order in the body’s

charge, using the formalism of Chapter ??. Second, we use the results of Chapter 4 to show

that the conservative sector is Hamiltonian.

5.2 Pseudo-Hamiltonian description of dynamical systems

Wedefine a pseudo-Hamiltoniandynamical system to consist of a phase space Γ, a closed, non-

degenerate two formΩAB and a smooth pseudo-Hamiltonian functionH : Γ× Γ → R, for

which the dynamics are given by integral curves of the vector field

vA = ΩAB ∂

∂QB H(Q,Q′)|Q′=Q , (5.1)

where ΩABΩBC = δAC andQA are coordinates on Γ.

Systemsdescribedby equations like (4.13) canbedescribed in termsof apseudo-Hamiltonian

function, first defined inReference [3]. Wenowdetail the relationbetweenpseudo-Hamiltonians

and the formalism developed in chapter 4. Although pseudo-Hamiltonians are not necessary

to derive the results in the following sections, they provide a simple language to understand

the self-force corrections to the Hamiltonian.

Theperturbative local dynamical systemsderived inSubsection4.2.1 are examples ofpseudo-

Hamiltonian systemswhich areperturbationsof aHamiltonian system. The symplectic form

and pseudo-Hamiltonian up toN th order are

ΩAB = Ω0AB, (5.2a)

H(N )(Q,Q′) = H0(Q) + Φ(Q,Q′, [X̄(N−1)]), (5.2b)
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where Φ(Q,Q′, [X]) is defined in equation (4.10). We repeat its definition here

Φ(Q,Q′, [X]) =
N∑

n=2

εn
ˆ

ds2 . . . dsnGn
(
Q,Xs2(Q′), . . . ,Xsn(Q′); s2, . . . , sn

)
. (5.3)

The local equations of motion (4.23) are obtained by plugging the pseudo-Hamiltonian sys-

tem (5.2) into equation (5.1).

In chapter 4,wederivedpseudo-Hamiltonian equationsofmotion fromanon-local action

principle. However, pseudo-Hamiltonians can be used in a broader context and need not be

derived froma variational principle. In such cases, the n-point functionsGn that appear in the

definition (5.3) of Φ(Q,Q′, [X]) need not be fully symmetric (cf. property (4.9)). A pseudo-

Hamiltonian systemobtained by starting from equations (5.2b) and (5.3), without imposing

that the n-point functions obey the symmetry property (4.9), can include dissipative effects

[59]. In the context of the first-order gravitational self-force, for example, we can construct a

pseudo-Hamiltonian using the retardedGreen function, which encodes both dissipative and

conservative effects, as opposed to the time-symmetric Green function, which only describes

the conservative piece of the dynamics.

5.3 Gravitational case:

Linear order in the mass ratio

We start by explaining how the motion of a particle under the action of its conservative first-

order gravitational self-force can be cast as a pseudo-Hamiltonian, as defined in Section 5.2.

For the zeroth order geodesic motion we use phase space coordinates (xμ, pμ) with sym-
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plectic form Ω0 = dpμ ∧ dxμ and Hamiltonian*

H0 = −
√
−gμν(x)pμpν. (5.4)

The time parameter τ associated with this Hamiltonian is then proper time normalized with

respect to gab, while the conserved value of−H0 is the mass of the particle.

For first-order motion, consider a particle at location xμ′ with an initial 4-momentum pμ′ .

Writing Q′ = (x′, p′), we denote by† ϕτ′(Q
′) = [xμ̄(τ′), pμ̄(τ′)] the geodesic with initial data

Q′. From this geodesic we can compute the Lorenz gauge metric perturbation

hμν(x;Q′) =
1√

−gμ′ν′pμ′pν′

ˆ
dτ′Gμν μ̄ν̄

C,R [x, x′(τ′)]pμ̄(τ′)pν̄(τ′). (5.5)

Here, the conservative regularized Green’s function Gμν μ̄ν̄
C,R is the average of the retarded and

advanced Green’s functions, regularized according to the Detweiler-Whiting prescription

[30, 38]. The conservative forced motion of the particle is then equivalent at linear order to

geodesic motion in the metric gμν + hμν, whereQ′ is held fixed when evaluating the geodesic

equation and then evaluated atQ′ = Q [37, 38].

We can therefore obtain a pseudo-Hamiltonian description of the dynamics by replacing

the metric gμν(x) in Eq. (5.4) with gμν(x) + hμν(x,Q′) (See Appendix B.3 for a derivation

of the first-order equations of motion from this pseudo-Hamiltonian). Expanding to linear

*This differs from the Hamiltonian of [58] in that it includes a square root, which is necessary to make
G(Q,Q′) symmetric in Eq. (5.7) below.

†Our index conventions are unadorned indices for the pointQ = (x, p), primed indices for the pointQ′ =
(x′, p′), and barred indices for ϕτ′(Q

′).
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order in hμν, we get‡

H(Q,Q′) = H0(Q) + ε
ˆ

G
[
Q, ϕτ′(Q

′)
]
dτ′, (5.6)

where the 2-point function is

G(Q,Q′) = −
Gμν μ′ν′

C,R (x, x′)pμpνpμ′pν′

2
√

−gλσpλpσ
√

−gλ′σ′pλ′pσ′
. (5.7)

The proof of chapter 4 requires that the 2-point function (5.7) is fully symmetric and de-

cays to zero as we take its arguments to infinity. The symmetry condition is immediately

satisfied, since we constructed G(Q,Q′) from the conservative piece of the retarded regu-

larized 2-point function. Furthermore, recall that chapter 4 derives Hamiltonian dynamics

from an action principle. Therefore, the symmetry condition will be automatically satisfied

for anyG(Q,Q′)we plug into the non-local action principle (4.8), since the action principle

picks its symmetric piece due to double integration in the affine parameter s. In other words,

deriving the equations of motion from a non-local action principle only gives conservative

dynamics. The second condition will be satisfied if the retarded Green function falls off at

late times. This is known to be true for scalar fields in a class of stationary space times [60],
‡Similar constructions work for scalar and electromagnetic self-forces. For a particle endowed with

a scalar charge q and electromagnetic charge e we replace the initial Hamiltonian expression (5.4) with
−
√
−gμν(pμ − eAμ)(pν − eAν) − qΦ. The expression (5.7) gets replaced by −q2Gsc(x, x′) in the scalar case,

whereGsc is the scalar Green’s function, and with

−
e2Gμμ′(x, x′)pμpμ′√

−gλσpλpσ
√
−gλ′σ′pλ′pσ′

in the electromagnetic case, whereGμμ′ is the Lorenz gauge electromagnetic Green’s function.
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while for black holes it is a lore of the field that perturbations decay at late times as a power

law [61]. This decay was shown for theWeyl scalars in black hole spacetimes by Barack [62],

and it is also generally believed to be true for tensor perturbations, although it has not yet

been established rigorously; see Refs. [63, 64] for recent developments.

Then, it follows from the results of Chapter 4 (cf. Section 4.3) that the linear gravitational

self-force admits a localHamiltonian description. Furthermore, there is a coordinate change,

defined in Section 4.4 of chapter 4, such that the symplectic form takes canonical form and

the Hamiltonian, given by Equation (4.62), is

H(Q) = −
√

−gαβ(0)pαpβ + εH1(Q) (5.8)

where the first order Hamiltonian is

H1(Q) =
1
2

ˆ
G
[
Q, ϕτ′(Q)

]
dτ′. (5.9)

5.3.1 Specialization to motion near a black hole

We now specialize to the motion of a particle orbiting a Kerr black hole. In this context, it is

useful to derive an explicit form for the Hamiltonian in action angle variables.

We use the variables (qα, jα) = (qt, qr, qθ, qφ, jt, jr, jθ, jφ) defined in Refs. [40, 65], de-

formed via the coordinate transformation defined in Section 4.4 of chapter 4. In these vari-

ables the symplectic form is Ω = djα ∧ dqα and the full Hamiltonian from equation (5.8)

is

H = H0(jα) +H1(qα, jα). (5.10)
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The zeroth order geodesic motion is given by qα(τ) = qα0 + Ωα
0(j)τ, jα = const, where

Ωα
0 = ∂H0/∂jα are the zeroth order frequencies.

We now fix a valuem of the conserved quantity−H, which is the mass of the particle to

leading order. For describing motion on the mass shell H = −m it will be convenient to

define rescaled versions of the symplectic form and Hamiltonian,

Ω̂AB = ΩAB/m, Ĥ = H/m. (5.11)

This rescaling preserves Hamilton’s equations. Using the fact that under the transformation

(xμ, pμ) → (xμ, spμ)with s > 0 we have (qα, jα) → (qα, sjα) [40],H0 → sH0 andH1 → s2H1

[cf. Eq. (5.7)], the dynamical system can be written as

Ω̂ = dJα ∧ dqα, Ĥ = Ĥ0(J) +mĤ1(q, J), (5.12)

where Jα = jα/m.

Motion on this mass shell can be described in terms a 6 dimensional Hamiltonian system,

which can be derived from the 8 dimensional system (5.12) as follows [53]. Because of the

symmetries of the Kerr background the Hamiltonian is independent of qt, Ĥ = Ĥ(qi, J)

where qi = (qr, qθ, qφ). Consider paths in the 9-dimensional extended phase space (q, J, τ)

that join an initial point (q1, J1, τ1) to a final point (q2, J2, τ2). Paths that extremize the line

integral of the Poincaré-Cartan one form
´
[Jαdqα − Ĥ(qi, J)dτ], with δqα = δτ = 0 at the

endpoints, satisfy the 8-dimensionalHamilton equations ofmotion [53]. We now restrict to

paths lying within the surface Ĥ = −1. Within this surface we can solve for Jt = −h(qi, Ji)
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in terms of the other parameters from the equation

Ĥ[qi,−h(qi, Ji), Ji] = −1, (5.13)

where Ji = (Jr, Jθ, Jφ). The line integral now reduces to

ˆ [
Jidqi − hdqt

]
+ (τ2 − τ1). (5.14)

The second term is a constant and the first term is an extremum under the variation of paths

[qi(qt), Ji(qt)] that connect the two endpoints for which δqi = 0. Hence, we obtain a 6-

dimensional Hamiltonian system with Hamiltonian h(qi, Ji), time parameter qt and sym-

plectic form dJi ∧ dqi. By combining Eqs. (5.11) and (5.13) it follows that the Hamiltonian

can be expanded as

h(qi, Ji) = h0(Ji) +mh1(qi, Ji) + O(m2). (5.15)

where h0 and h1 are given by Ĥ0(−h0, Ji) = −1 and h1 = Ĥ1(qi,−h0, Ji)/Ωt
0. The zeroth

order frequencies are now ωi
0 = ∂h0/∂Ji = Ωi

0/Ωt
0.

The Hamiltonian perturbation h1 is independent of qφ due to the symmetry of the Kerr

background, and can be expanded in Fourier modes§ on the torus parameterized by q =

§It is possible to obtain an explicit formula for the coefficients h1k starting from a Fourier expansion of the
function (2.28) in action angle variables

G(q, J, q′, J′) =

ˆ
dω

∑
m,k,k′

e−iω(qt−qt
′
)−im(qφ−qφ

′
)eik·q+ik′·q′

Gωmkk′(J, J′).

Combining this with Eqs. (5.8), (5.13), (5.15) and (5.16) gives

h1k =
π

(Ωt
0)

2

∑
m,l

Gωm(k/2+l/2)(k/2−l/2)(Jt, Ji, Jt, Ji),
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(qr, qθ):

h1(q, Ji) =
∞∑

kr=−∞

∞∑
kθ=−∞

eik·qh1k(Ji). (5.16)

5.3.2 Application: Integrability of dynamics

We now turn to discussing some applications. Since the motion is Hamiltonian, one can ask

whether it is also integrable. It will be integrable to linear order if and only if all the resonant

mode amplitudes vanish, that is,

h1k(Ji) = 0 whenever k · ω0(Ji) = 0, k ̸= 0. (5.17)

This is easy to see, since under a linearized canonical transformationwith generating function

G(q, Ji) =
∑

k exp[ik ·q]Gk(Ji)we have h1k → h1k+ i(k ·ω0)Gk.Thus choosingGk(Ji) =

−ih1k(Ji)/k · ω0 yields h1k = 0 for all nonzero k and thus an integrable system¶, and this

choice is possiblewithout divergences onlywhen the condition (5.17) is satisfied. Conversely,

if the system is integrable there must exist perturbed versions Ji+mδJi of the action variables

which have vanishing Poisson brackets with theHamiltonian h0+mh1, which yields at linear

order the relation

kih1k = (k · ω0)δJik (5.18)

between Fourier components, enforcing the condition (5.17).

An alternative version of the integrability condition (5.17) is that the average of the con-

servative time derivative of the Carter constant Q(Ji) over any orbit on any resonant torus

where we sum over all pairs of integers l = (lr, lθ) for which kr + lr and kθ + lθ are even, and we evaluate at
Jt = −h0(Ji) and at ω = mωφ

0 + (k− l) · ω0/2.
¶The resulting Hamiltonian coincides with that found by Ref. [58], who excluded resonances.
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should vanish. Computing a time derivative using Eqs. (5.15) and (5.16) gives dQ/dτ =

Ωt
0(∂Q/∂Ji)dJi/dqt = −iΩt

0(∂Q/∂Ji)
∑

k kih1keik·q. Now using q(τ) = q0 +Ω0τ, writ-

ing the resonant vectors as k = Nk0 = N(n,−p, 0) for integers N and taking an orbit

average gives‖

〈
dQ
dτ

〉
= −iΩt

0

(
n
∂Q
∂Jr

− p
∂Q
∂Jθ

) ∞∑
N=−∞

Nh1Nk0 eiNqres , (5.19)

where qres = k0 · q0 = nqr0 − pqθ0 is the resonant combination of the phases. The left hand

side vanishing for all qres is equivalent to all the resonant amplitudes h1Nk0 vanishing.

Flanagan conjectured in Ref. [66] that the linear integrability condition (5.17) is satisfied

in Kerr, based on the fact that enhanced symmetries present in the post-Newtonian limit

enforce this condition. However, this was a weak argument since it is possible for symmetries

to be present only near the boundary of phase space that corresponds to the post-Newtonian

limit and not in the interior. Indeed, in past yearsNasipak andEvans have shownnumerically

that ⟨dQ/dτ⟩ = 0 fails for conservative scalar self-forces in Kerr on resonances [67, 68]. The

gravitational self-force case is presumably similar, although this will need to be confirmed

numerically (see Ref. [69]).

If the gravitational case is indeed non-integrable, the qualitative consequences for the con-

servative dynamics are well understood in general contexts from the theory of weakly per-

turbed Hamiltonian systems [53, 70]. They have been explored in the context of tidal and

other perturbations to extreme mass ratio inspirals in Refs. [71–74]. Suppose we focus at-
‖We neglect in this calculation the coordinate transformation from Section 4.4, used to put the symplectic

form into canonical form, because under Ji → Ji + δJi we have J̇i → J̇i + ωj
0∂δJi/∂qj and the resonant Fourier

components of the correction evaluated on a resonant torus vanish.
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tention on one resonant torus Ji = J∗i and neglect the effect of other resonances. First, away

from this torus the invariant tori Ji = constant are deformed [cf. Eq. (5.18)] but preserved

(as predicted by the KAM theorem [53]). Second, within a shell of width Ji − J∗i ∼
√
m the

dynamics is altered: In the m → 0 limit the resonant torus is destroyed and replaced by a

number of islands of size∼
√
m in phase space within which themotion is integrable** [74].

One can define action angle variables within each island, but they do not join continuously

onto the global action angle variables. At finitem chaotic regions develop within the shell.

Third, motion that starts within the shell is confined to remain within it by the surrounding

surviving invariant tori, since the system is effectively two dimensional (Jφ is conserved) [70].

There are no large excursions to Ji − J∗i ∼ O(1), unlike in higher dimensions.

When one considers the full O(m) dynamics with the dissipative component of the self

force included, thenon-integrablemode coefficientsh1k candrive transient resonanceswhich

give O(
√
m) kicks to the action variables Ji [66], and also sustained resonances in which the

orbit evolves along a non-adiabatic path in the space of parameters Ji maintaining the con-

dition k · ω0(Ji) = 0 [75]. However neither of these are smoking gun signatures of the

breakdown of integrability, since both can be produced when h1k = 0 by the oscillatory

dissipative components of the self force [75].

Non-integrability would also complicate the dynamics away from the resonant islands

in phase space. If one computes the dynamics using the linear prescription described af-

ter Eq. (5.17) for eliminating the oscillatory terms in the Hamiltonian (5.15), ignoring the

divergences, the resulting fractional errors caused by the nearest strong resonance scale as

**This can be seen explicitly in the description of the near-resonance dynamics derived by van deMeent, Eq.
(18) of Ref. [75], dropping the dissipative terms (the first term on the right hand side and half of the oscillatory
terms); the solutions consist of rotational or librational (islands) motions, depending on the energy.
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∼ m2|h1k|2(J− J∗)−4. It is possible to achieve smaller errors∼ m3|h1k|3(J− J∗)−6 by using

a second order canonical transformation to eliminate the oscillatory terms in (5.15) from h1

through O(m2), at the price of a more complicated description of the dynamics. In either

case the errors become of order unity in the vicinity of the resonant islands.

5.3.3 Application: First law of binary black hole mechanics

In the absence of resonances, ourHamiltonian (5.10) directly yields a version of the first law,

as inRef. [58]. We eliminate all q dependent terms in (5.10) using a canonical transformation

as described after Eq. (5.17). We regard H as a function H = H(jα,Mirr, Sbh) of the action

variables jα and of the irreducible mass Mirr and spin Sbh of the large black hole. Taking a

variation and usingH = −m gives

−δm = Ωtδjt +Ωiδji +
∂H
∂Mirr

δMirr +
∂H
∂Sbh

δSbh, (5.20)

where Ωα = ∂H/∂jα are the frequencies accurate to subleading order inm. Identifying−jt

as the orbital energyE, dividing byΩt, and adding the variation of the background black hole

massMbh(Mirr, Sbh) gives

δ(Mbh + E) = zδm+ ωiδji + zbhδMirr +ΩbhδSbh. (5.21)

Here z = 1/Ωt is the redshift invariant, ωi = Ωi/Ωt, zbh = ∂Mbh/∂Mirr+z∂H/∂Mirr and

Ωbh = ∂Mbh/∂Sbh+ z∂H/∂Sbh. Equation (5.21) yields a form of the first law for binaries††

††Equation (5.21) is not quite the conventional form of the first law beyond the leading order in m. The
conventional form would require the quantityMbh + E on the left hand side to coincide with the Bondi mass
to O(m2), whereas it is known to coincide only to O(m) [76]. Additionally we have identified the on-shell
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to subleading order inm.

This derivation of the first law required the integrability assumption (5.17). We now ex-

plain how the first law would break down if that assumption is violated as discussed above.

The first law requires a labeling of time-averaged orbits by some smooth set of parameters.

However, when (5.17) is violated integrablemotions near a resonance fall into different types

that are disconnected from one another. Within an island one can define new action angle

variables q̃i, j̃i, but these cannot join smoothly onto the deformed action-angle variables out-

side the islands. Thus, the best one can hope for is set of distinct first laws, one for each

disconnected component of integrable motion. Also the number of such components is for-

mally infinite, since the resonances are dense in phase space. In practice only the few reso-

nances for which the order |kr| + |kθ| is not large will be significant: the width of an island

scales as∼
√
m|h1k| [75] whichwill go exponentially to zero as the order increases, assuming

the Hamiltonian is a smooth function on the torus.

5.3.4 Application: Gauge invariant observables

Gauge invariant observables such as invariant redshifts, frequencies of innermost stable cir-

cular orbits, etc. have proven enormously useful for cross checks between different compu-

tational methods [37]. The simple form (5.8) of our Hamiltonian may be helpful for com-

puting such observables, since one expects the complicated phase space coordinate transfor-

mation that makes the symplectic form canonical not to be relevant for gauge invariant ob-

servables.
value of the Hamiltonian with minus the particle massm, and this relation can have a correction to subleading
order inm. Nevertheless, our form is sufficient to illustrate the difficulties caused by non-integrability, which
are generic for all forms of the first law.
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For generic orbits, non-integrability of the dynamics would impede the definition of such

observables. For example one can no longer label orbits by their three fundamental frequen-

cies of motion. However new gauge invariant observables do arise in this context, the res-

onant amplitudes h1k themselves, for which the action-angle variables are defined geometri-

cally at zeroth order [40] andwhich at first order are invariant under linearizedphase space co-

ordinate transformations. These observables are not accessible fromwithin post-Newtonian

or post-Minkowski theory, but could be useful for comparisons between self-force theory

and numerical relativity.

5.4 Gravitational case:

Linear-in-spin conservative effects

We now discuss how to include linear-in-spin effects in the Hamiltonian description of the

conservative self-force. We will follow the same steps of the previous section: 1) Express the

dynamics of a test spinning point-particle in terms of a Hamiltonian function, 2) Replace

the background metric on the zeroth order Hamiltonian by the effective metric, 3) Expand

the Hamiltonian to linear order in the mass ratio to obtain the first order correction to the

Hamiltonian, which will be nonlocal and 4) Use the results from chapter 4 to obtain a local

Hamiltonian description.

5.4.1 Hamiltonian description of the motion of a spinning test particle

Themotionof an extendedbody in general relativity, neglecting self gravity, canbe reduced to

themotion of a point particle of mass μ endowed with a series of mass and current multipole
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moments [39, 44, 77, 78]. If we restrict ourselves to the pole-dipole approximation, where

only the mass and spin are included, the dynamics are given by the well-known Mathisson-

Papapetrou-Dixon (MPD) equations [47, 79, 80]

∇uuupμ = − 1
2
RμναβuνSαβ, (5.22a)

∇uuuSαβ = 2p[αuβ]. (5.22b)

Here

dxμ

dτ
= uμ (5.23)

is the 4-velocity of the particle, Sαβ is its spin tensor, pμ is its 4-momentum, ∇uuu = uα∇α is

the covariant derivative respect to proper time τ, and Rμναβ is the Riemann tensor. The set

of equations (5.22) and (5.23) comprises 14 equations for 17 independent unknowns xμ(τ),

uμ(τ), pμ(τ) and Sαβ(τ). Hence the dynamical system is not yet completely specified. This

incompleteness arises because of the freedom to choose different definitions of the center-of-

mass worldline xμ(τ) of the extended body [81, 82]. A definition can be chosen by imposing

a so-called spin supplementary condition of the form

SαβVβ = 0, (5.24)

for some timelike vectorVβ.
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In this section, we use the Tulczyjew-Dixon spin supplementary condition [47, 77]

Sαβpβ = 0, (5.25)

which reduces the MPD equations to

dxμ

dτ
=

1
μ
gμνpν −

1
2μ3

RσραβSσμpρSαβ + O(S4) (5.26a)

∇uuupμ = − 1
2μ

RμναβSαβpν +

1
4μ3

RμναβSαβRσρδγSσνpρSδγ + O(S5) (5.26b)

∇uuuSαβ = − 1
μ
u[αSβ]σuρSμνRσρμν + O(S4). (5.26c)

Here we have defined the particle mass

μ =
√

−gαβpαpβ. (5.27)

We now consider the effect of keeping only terms linear in spin in the context of extreme

mass ratio inspirals, where the spin scales as S ∝ μ2. The non-linear terms in spin would

induce changes Δx = μ× ε, Δp = μ× ε3 and ΔS = μ2× ε over the inspiral time Δτ ∝ M2

μ .

These are all smaller than the effect of the conservative piece of the gravitational self-force and

thus can be ignored. Keeping only linear terms in spin, we get
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dxμ

dτ
=

1
μ
gμνpν (5.28a)

∇uuupμ = − 1
2μ

RμναβSαβpν (5.28b)

∇uuuSαβ = 0. (5.28c)

Wenote that the spin supplementary condition (5.25) is notpreservedby thedynamics (5.28).

This arises because we are working to linear order in spin. In this paper we shall adopt the

equations (5.28) as the definition of the dynamical systemwe are working with, even though

this definition is formally inconsistent with the spin supplementary condition from which

it was derived. The inconsistency is higher order in spin and so can be safely ignored for our

purposes.

Let Γs denote the phase space consisting of the bundle over spacetime with coordinates

(xμ, pν, Sαβ). As is well known, there exists a Hamiltonian function and a Poisson bracket

structure on Γs that give rise to the dynamical system (5.28) [83–88]. The Poisson brackets

are

{xμ, xν} = 0, (5.29a)

{xμ, pν} = δμν , (5.29b)

{pμ, pν} = − 1
2
RμναβSαβ, (5.29c)

{xμ, Sαβ} = 0, (5.29d)

{Sαβ, pμ} = −ΓαμρSρβ − ΓβμρSαρ, (5.29e)

{Sμν, Sαβ} = 2gμ[βSα]ν − 2gν[βSα]μ, (5.29f)
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and the HamiltonianH0 is

H0(x, p, S) = −
√

−gμνpμpν. (5.30)

It will be convenient to make a change of coordinates on phase space to simplify the form

(5.29) of the Poisson brackets [89]. We choose an arbitrary orthonormal basis eeeΛ = e α
Λ∂α

for 0 ≤ Λ ≤ 3, with eeeΛ · eeeΣ = ηΛΣ, the Minkowski metric with signature (−1, 1, 1, 1). We

use upper case Greek indices for orthonormal basis indices and lower case Greek indices for

spacetime indices. We define the dual basis eΛ = eΛμdxμ by eΛμe
μ
Σ = δΛΣ , and the components

of the spin connection by

ωαΛΣ = eΛρ∇αe
ρ
Σ . (5.31)

We define new phase space coordinates (xα, πα, SΛΠ) by

πα = pα −
1
2
ωαΛΣ eΛμ eΣν Sμν, (5.32a)

SΛΣ = eΛμ eΣν Sμν. (5.32b)

In these new coordinates the only non-vanishing Poisson brackets are

{xμ, πν} = δμν , (5.33a)

{SΘΠ, SΓΛ} = 2ηΘ[ΛSΓ]Π − 2ηΠ[ΛSΓ]Θ. (5.33b)

Substituting the coordinate change (5.32) into theHamiltonian (5.30) and linearizing in spin
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gives the form of the Hamiltonian in these coordinates

H0(x, π, S) = −
√

−gμνπμπν +
gμνπμωνΘΠSΘΠ

2
√

−gμνπμπν
. (5.34)

It will also be convenient to define a new mass parameterm related to the norm of the new

momentum 4-vector

m =
√

−gαβπαπβ, (5.35)

which is related to our previously defined mass (5.27) bym = μ + O(S). In the following

sections we will expand the Hamiltonian of the system in powers of m and S, by counting

factors of πμ and SΛΠ. Using this counting the first term in the Hamiltonian (5.34) isO(m)

while the second one isO(S).

Although the Hamiltonian function (5.34) and Poisson structure (5.33) give rise to the

dynamical system (5.28) on Γs, the dynamical system is not Hamiltonian since the Poisson

structure (5.33) is degenerate. The degeneracy is due to the existence of two Casimir invari-

ants [85, 86]

S2∗ =
1
8
εΓΣΞΠSΓΣSΞΠ, (5.36a)

S2◦ =
1
2
ηΓΣηΞΠS

ΓΞSΣΠ, (5.36b)

which satisfy {S∗, F} = {S◦, F} = 0 for any function F on phase space. Denote by yA

abstract coordinates on Γs, the Poisson structure can be written as a tensor ΩAB, and its de-

generacy implies that a symplectic formΩAB satisfyingΩABΩBC = δAC does not exist. Thus,

Γs is a Poisson manifold but not a symplectic manifold.
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We can overcome this difficulty and obtain a true Hamiltonian description of the dy-

namics as follows, following [85, 86]. Fix values S◦ and S∗ of the Casimirs, and consider

the corresponding submanifold Γ of Γs. Denoting by QA abstract coordinates on Γ, and by

yA = yA(QB) the embedding map. There exists an invertible Poisson structure ΩAB on Γ

whose pushforward

ΩAB =
∂yA

∂QA
∂yB

∂QBΩ
AB (5.37)

to Γs coincides with the Poisson structure (5.33). It follows that the dynamical vector field

vA = ΩAB∂BH0 on Γs is the pushforward vA∂yA/∂QA of theHamiltonian vector field vA =

ΩAB∂BH̄0 on Γ, where H̄0 is the pullback ofH0 to Γ (below we will drop the bar). Thus, the

dynamics restricted to Γ is Hamiltonian and Γ is a symplectic manifold.

We now review the construction of the nondegenerate Poisson structure on Γ [86]. We

specialize to the region of Γ where S2◦ ≥ 0 and S2∗ = 0. This is true for any spin supple-

mentary condition Sαβfβ = 0 where the vector fβ is time-like ‡‡[86]. We define coordinates

‡‡Note that in this case we know that the spin supplementary condition is not preserved by the equations of
motion given by equation (5.28). However the conditions on S2◦and S2∗ still are, since they areCasimir invariants
and thus commute with all functions in phase space, including the Hamiltonian.
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{xμ, πμ, σ, ρσ, ς, ρς} on this patch of Γ by the relations

S23 = X cos σ, (5.38a)

S31 = X sin σ, (5.38b)

S12 = ρσ, (5.38c)

S01 = Yρσ sin ς cos σ + Yρς cos ς sin σ + XZ cos σ, (5.38d)

S02 = Yρσ sin ς sin σ − Yρς cos ς cos σ + XZ sin σ, (5.38e)

S03 = Zρσ − XY sin ς, (5.38f)

with

X =
√

ρ2ς − ρ2σ , Y =

√
1− S2◦

ρ2ς
− S2∗

ρ4ς
, Z =

S2∗
ρ2ς
. (5.39)

We define a Poisson structure on this patch of Γ by

{σ, ρσ} = 1, (5.40a)

{ς, ρς} = 1, (5.40b)

{xμ, πν} = δμν , (5.40c)

with all other brackets vanishing. This is equivalent to the symplectic form = dρσ ∧ dσ +

dρς ∧ dς + dπμ ∧ dxμ. One can check that the pushforward of the Poisson structure (5.40)

using the embedding (5.38) and (5.39) gives the Poisson structure (5.33).

To summarize, the Hamiltonian system on the twelve dimensional phase space Γ is given

by the Poisson brackets (5.40), and by the Hamiltonian (5.34) expressed in terms of the co-

ordinates {xμ, πμ, σ, ρσ, ς, ρς} using the map (5.38) and (5.39).
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5.4.2 pseudo-Hamiltonian descriptionof themotionof a self-gravitating

spinning particle

In the previous subsection, we defined phase-space coordinatesQA = (xμ, πμ, σ, ρσ, ς, ρς) on

Γ, with symplectic form (5.40) andHamiltonian (5.34). The equations ofmotion (5.28) give

the dynamics to zeroth order in self-gravity, but contain effects first order in spin.

For the first-order motion, consider a particle at location xμ′ with initial 4-momentum pμ′

and initial spin SΛ′Σ′ [here the spin variable SΛ′Σ′ should be understood to be a shorthand

for the four variables σ, ρσ, ς, ρς defined in Eq. (5.38)]. Writing Q′ = (xμ′ , πμ′ , SΛ
′Σ′
), we

denote by ϕτ′(Q
′) = [xμ̄(τ′), πμ̄(τ′), SΛ̄Σ̄(τ′)] the solution to the zeroth order motion and

spin evolution (5.28),where τ′ is proper time. Wecan compute fromthis zerothordermotion

ametric perturbation as follows. Inserting the stress energy tensor of a spinning point particle

given by Eq. (9) of Ref. [90] into the linearized Einstein equation gives the Lorenz gauge

retarded regularized metric perturbation

hμν(x,Q′) =

ˆ
dτ′Gμν μ̄ν̄

+,R [x, x̄(τ
′)]

pμ̄(τ′)pν̄(τ′)√
−gλ̄σ̄pλ̄pσ̄

−
ˆ

dτ′∇ρ̄G
μν μ̄ν̄
+,R [x, x̄(τ

′)]
pμ̄(τ′)eΛ̄ν̄e

ρ̄
Σ̄S

Λ̄Σ̄√
−gλ̄σ̄pλ̄pσ̄

. (5.41)

Here barred indices indicate quantities that are evaluated at xμ̄(τ′), and∇ρ̄ acts only on the

second argument of the Green’s function. The factor of
√

−ppp2 could be evaluated either at

xμ or at xμ̄, since it is conserved by the dynamics (5.28); we choose the latter for later conve-

nience. Note that we are using the retarded regularized 2-point function so that the metric

perturbation h is really the effectivemetric perturbation. Now it is known that the self-forced
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and self-torqued motion of the spinning particle is given at linear order by evaluating the

equations of motion (5.28) in the metric gμν + hμν, where Q′ is held fixed when evaluating

the equations and then evaluated at Q′ = Q [90]. It follows that we can obtain a pseudo-

Hamiltonian description of the dynamics by making the replacements

gμν(x) → gμν(x) + hR μν(x,Q′), (5.42a)

e μΛ → e μΛ − 1
2
e ν
Λ gσμ hνσ(x,Q′) (5.42b)

in the Hamiltonian (5.34) and expanding to linear order. Here the perturbation to the or-

thonormal basis is chosen to maintain orthonormality. Note that in order to apply the re-

sults of chapter 4, we must use the form (5.34), (5.40) of the dynamical system for which

the symplectic form is constant and so not modified by the substitutions (5.42), rather than

the original form (5.29), (5.30). This is because the formalism of chapter 4 is tailored for

non-local corrections to the Hamiltonian function, while keeping the symplectic form Ω0

unperturbed.

To complete the pseudo-Hamiltonian formulation of the dynamics, we need to write the

pseudo-Hamiltonian in terms of the phase space variables (xμ, πν, SΛΣ). We start by writing

the metric perturbation (5.41) in terms of the newmomentum variable (5.32a) and expand-

ing to linear order in spin, which gives

hαβ(x,Q′) = hαβ(m)(x,Q
′) + hαβ(S)(x,Q

′), (5.43)
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where

hαβ(m)(x,Q
′) =

´
dτ′Gαβμ̄ν̄

+,R
[
x, x̄(τ′)

] πμ̄(τ′)πν̄(τ′)√
−ḡρ̄σπρ̄πσ̄

, (5.44a)

hαβ(S)(x,Q
′) =

´
dτ′Gαβμ̄ν̄

+,R
[
x, x̄(τ′)

] πμ̄ων̄Θ̄Π̄SΘ̄Π̄√
−ḡρ̄σπρ̄πσ̄

−
´
dτ′∇ρ̄G

αβμ̄ν̄
+,R

[
x, x̄(τ′)

] πμ̄(τ′)eΘ̄ν̄e
ρ̄
Π̄S

Θ̄Π̄(τ′)√
−ḡρ̄σπρ̄πσ̄

+ 1
2

´
dτ′Gαβμ̄ν̄

+,R
[
x, x̄(τ′)

] πμ̄πν̄πρ̄ωρ̄Λ̄Θ̄SΛ̄Θ̄[
−gσ̄λ̄πσ̄πλ̄

]3/2 . (5.44b)

Below we will need the metric perturbation hμν accurate to O(m) and O(S), and we can ne-

glect O(m2), O(mS) and O(S2) contributions. Hence in the expressions (5.44) it is suffi-

cient to use the geodesic worldline rather than the solution to Eqs. (5.28) which incorporates

O(S) corrections to theworldline. We nextmake the replacements (5.42) in theHamiltonian

(5.34). This yields the pseudo-Hamiltonian

H+,R(Q,Q′) = −
√

−gμνπμπν +
gμνπμωνΘΠSΘΠ

2
√
−gμνπμπν

−
hμν(x,Q′)πμπν

2
√

−gμνπμπν

−
hμν(x,Q′)πμωνΘΠSΘΠ

2
√

−gμνπμπν
+

gμνπμeαΘe
β
Πhν[α;β]SΘΠ

2
√

−gμνπμπν

− 1
4
hμν(x,Q′)πμπνπρωρΛΘSΛΘ[

− gσλπσπλ
]3/2 ,

(5.45)

where we used that the perturbation to the spin connection is δωμΛΠ = eαΛe
β
Πhμ[α;β].

As an aside, we can verify as follows that the the pseudo-Hamiltonian (5.45) with sym-

plectic form (5.40) gives the correct dynamics for a spinning particle under the effect of the

first order gravitational self-force. Using Eq. (5.1) we obtain for the equations of motion

∇uuuuμ = aμ and∇uuuSμν = Nμν, where the self-acceleration aμ and self-torque Nμν are given
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by

aμ = − 1
2
[
gμλ + uμuλ

][
2hλρ;σ − hρσ;λ

]
uρuσ

− 1
2m

Rμ
αβγ
[
1− 1

2
h(m)
ργ uρuγ

]
uαSβγ

+
1
2m

[
gμν + uμuν

][
2h(m)

ν(α;β)γ − h(m)
αβ;νγ

]
uαSβγ, (5.46a)

Nμν = u(ρSσ)[μgμ]λ
[
2hR(m)

λρ;σ − h(m)
ρσ;λ

]
, (5.46b)

andwhere themetric perturbation hμν has been evaluated atQ′ = Q after the derivatives have

been taken. These equations agree with those of Ref. [90]. They can also be obtained by

making the substitutions (5.42) in the equations of motion (5.28). As discussed in the intro-

duction, we keep only terms of orderO(m2) ,O(S) andO(mS) in the self force, andO(mS)

in the self-torque, which explains why we have replaced hμνR with hμνR (m) [cf. Eq. (5.44a)] in

some of the terms in (5.46).

5.4.3 Hamiltonianformulationoftheconservativemotionofaself-gravitating

spinning particle

In this subsection we show that the motion of a spinning point particle under the action of

the first order conservative self force is Hamiltonian, by combining the pseudo-Hamiltonian

formulation of the motion derived in Sec. 5.4.2 with the general result of Chapter 4. To do

this, we need to read off the functionG(Q,Q′) in phase space defined byEqs. (5.3), and verify

that it satisfies the right symmetry and fall-off conditions.

We start by specializing to the conservative sector of the dynamics. As described in section

5.3 in the nonspinning case, this is achieved by replacing in the pseudo-Hamiltonian (5.45)
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the regularized retarded Green’s function Gμν μ̄ν̄
+,R with the average Gμν μ̄ν̄

C,R of the retarded and

advanced Green’s functions, regularized in the same way, and replacing the metric perturba-

tion hμν with its conservative piece hC,Rμν . Note that this Green’s function obeys the symmetry

property

Gμνα′β′
C,R (x, x′) = Gα′β′μν

C,R (x′, x). (5.47a)

Next, by comparing the pseudo-Hamiltonian given by Eqs. (5.43) and (5.45)with the gen-

eral form given by Eqs. (5.2b), and (5.3), we obtain for the functionG(Q,Q′) on phase space

G(Q,Q′) =
1
4
NN′

[
− 2πμπνπρ′πσ′G

μνρ′σ′
C,R (x, x′)

−2πμπνSΘ
′Π′πρ′ωσ′Θ′Π′Gμνρ′σ′

C,R (x, x′)

−2πρ′πσ′SΘΠπμωνΘΠG
μνρ′σ′
C,R (x, x′)

+2πμπνπρ′eΘ′σ′e λ′
Π′SΘ

′Π′∇λ′G
μνρ′σ′
C,R (x, x′)

+2πρ′πσ′πμeΘνe λ
ΠSΘΠ∇λG

μνρ′σ′
C,R (x, x′)

−N′ 2πμπνπα′πβ′πρ′ω
ρ′

Θ′Π′SΘ
′Π′Gμνα′β′

C,R (x, x′)

−N2πα′πβ′πμπνπρω
ρ
ΘΠS

ΘΠGμνα′β′
C,R (x, x′)

]
, (5.48)

where

N =
1√

−gαβπαπβ
, N′ =

1√
−gρ′σ′πρ′πσ′

. (5.49)

Because of the symmetry property (5.47a) of the Green’s function, the function (5.48) satis-

fies the required symmetry property. It also satisfies the required fall-off conditions, for the
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same reasons discussed in section 5.3.

It now follows from the results of chapter 4 that the dynamical system (5.46) admits a

Hamiltonian description. The Hamiltonian function is

H(Q) = −
√

−gμνπμπν +
gμνπμωνΘΠSΘΠ

2
√

−gμνπμπν
+H1(Q) (5.50)

where the self-force correction is

H1(Q) =
1
2

ˆ
G
[
Q, ϕτ′(Q)

]
dτ′ (5.51)

and the 2-point functionG(Q,Q′) is given by equation (5.48). The symplectic form is given

by (5.40), in the phase-space coordinates discussed in section 4.4.

5.5 Scalar case:

Second order in the scalar charge

Recall that in Section3.5,wederived the second-order point-particle effective scalar self-force,

given by equation (3.95). To second order in the scalar charge q̂, the equations of motion for

a point-particle with massm and worldline γs is

m
Dγ̇μ

ds
= −q̂

(
gμν + γμγν

)
∇νφ̂(x) (5.52)
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where the effective field is

φ̂(x) = φ̄ + q̂
ˆ

G+,R
2 (x, γs′)ds

′ + q̂2
ˆ

G,R
3 (x, γs, γs′)ds

′ds′′ + O(q̂3). (5.53)

We specialize to a flat spacetime and a nonlinear potential model, as described in section 3.6.

Then, the effective two and three point functions are

G+,R
2 (x, x′) = G+

2 (x, x′)− G2,0(x, x′) (5.54a)

G+,R
3 (x, x′, x′′) =

1
2

ˆ
V(3)[φ̄(y)]G+

2 (x, y)G2(y, x′)G+
2 (y, x′′)dVy (5.54b)

− G3,0(x, x′, x′′)

−
ˆ

G+,R
2 (x, y)G2,1(x′, x′′, y)dVy

−
ˆ

G+,R
2 (y, x′)G2,1(x, x′′, y)dVy

−
ˆ

G+,R
2 (y, x′′)G2,1(x, x′, y)dVy.

Here, we are combining equations (3.82) and (3.99) and repeating them in this section for

simplicity. Just like in the previous two sections, we will analyze the motion perturbatively,

and replace the functional dependence on an unspecified worldline for the solution to the

previous order. Equation (5.52) can thenbe derived from the followingpseudo-Hamiltonian

system. We choose phase-space variablesQA = (xμ, pν), a symplectic formΩ = dpμ∧dxμ and

define the solution to equation (5.52) tonth order as γ(n)s (Q), whereQ is the initial conditions
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of the solution. Then, we can define a pseudo-Hamiltonian function

H(Q,Q′) =−
√
−gμνpμpν + q̂φ̄(x)+

+q̂2
ˆ

G+,R
2

[
x, γ(1)s′ (Q

′)]ds′ + q̂3
ˆ

G+,R
3

[
x, γ(0)s′ (Q′), γ(0)s′′ (Q

′′)
]
ds′ds′′.

(5.55)

Note that this pseudo-Hamiltonian, written in terms of the n-point functions (5.54) pro-

duces the full, retarded dynamics (See Appendix B.4 for a derivation of the equations of mo-

tion from this pseudo-Hamiltonian). As discussed in chapter 4, a pseudo-Hamiltonian of

this kind is equivalent to a Hamiltonian description if the n-point functions are fully sym-

metric. This property gives a prescription for selecting the conservative sector of the self-

force. We expand the retarded Green function in terms of the conservative and dissipative

2-point functions

GC =
G+ + G−

2
(5.56a)

GD =
G+ − G−

2
(5.56b)

Then, the symmetric piece of the effective 2-point function is

GC,R(x, x′) = GC(x, x′)− G2,0(x, x′). (5.57)

This is equivalent to the rule that conservative dynamics can be derived by replacing the re-

tarded Green function by its symmetric piece.

At second order, this is no longer true. The symmetric piece of the effective 3-point func-
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tion is
Gsym,R

3 (x, x′, x′′) =
1
2

ˆ
V(3)[φ̄(y)]GC(y, x)GC(y, x′)GC(y, x′′)dVy

+
1
2

ˆ
V(3)[φ̄(y)]GD

2 (x, y)GD
2 (x′, y)GD

2 (x′′, y)dVy

− G3,0(x, x′, x′′)

−
ˆ

GC,R(y, x)G2,1(x′, x′′, y)dVy

−
ˆ

GC,R(y, x′)G2,1(x, x′′, y)dVy

−
ˆ

GC,R(y, x′′)G2,1(x, x′, y)dVy.

(5.58)

Notice that the second term is the only term that is fully symmetric under the exchange of

arguments that involves the dissipative 2-point function.

At this point, we invoke another property of conservative systems, which is not related to

theproof ofChapter 4: Conservative systemsmust be time-reversal invariant. A time-reversal

transformation can be applied by exchanging retarded and advanced Green functions. This

transformation preserves the conservative 2-point functionGC but it flips the sign of the dis-

sipative 2-point functionGD. Since there are three powers of the dissipative 2-point function

on the second term in equation (5.58), we conclude that this term violates time-reversal in-
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variance. Therefore, the conservative regularized 3-point function is given by

GC,R
3 (x, x′, x′′) =

1
2

ˆ
V(3)[φ̄(y)]GC(y, x)GC(y, x′)GC(y, x′′)dVy

− G3,0(x, x′, x′′)

−
ˆ

GC,R(y, x)G2,1(x′, x′′, y)dVy

−
ˆ

GC,R(y, x′)G2,1(x, x′′, y)dVy

−
ˆ

GC,R(y, x′′)G2,1(x, x′, y)dVy.

(5.59)

We see that conservative dynamics can be obtained by the prescription to replace every re-

tarded Green function with its symmetric piece, as was the case with the linear-order self-

force.

We conclude that the unique prescription to select the conservative piece of the self-force is

to pick the n-point functions which are symmetric under exchange of arguments and invari-

ant under time-reversal transformations. The conservative sector defined by this prescription

is then Hamiltonian.
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6
Conclusion

This thesis was guided by two questions. First, how do we study the dynamics of binary

systems when their self-interactions are strong? Second, is it possible to split the dynamics

into conservative and dissipative sectors and, if so, is there a Hamiltonian formulation of the

former? These questions play a fundamental role in our understanding of binary systems

and are important if we want to model gravitational-wave production accurately.
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In Chapters 1 and 2, we reviewed the history of binary system dynamics and derived a

series of basic results in the small mass-ratio approximation. We studied the gravitational self-

force and discussed the issues that arise at second order when a naive perturbative expansion

is carried to second order. The main obstacles to study extreme mass-ratio inspirals were

connected to the point-particle limit of systems with strong self-fields.

In Chapter 3, we developed a nonperturbative method to study self-interacting extended

objects in scalar theories. Our approach produced renormalized equations of motion, where

the object’s self-field is reabsorbed into an effective charge density and stress-energy tensor

such that the object behaves as a test bodymoving in an effective external field. This approach

provides a clean split between self and external fields and presents us with a physically mo-

tivated picture to understand the regularization schemes usually used in the self-force com-

munity. The description of extended objects as effective test objects in an external field could

be useful to study tidal effects in the strong-gravity regime, where non-linearities usually blur

the distinction between external and self-fields. This is an interesting avenue for future work.

The approach developed in Chapter 3 produced nonlocal equations of motion, in the

sense that the self-force is a functional of the complete history of the object. This was the

starting point of Chapter 4, where we proved that a certain class of non-local dynamical sys-

tems admits a local Hamiltonian description. The proof can be applied iteratively to any

order in perturbation theory and is useful in the context of the self-force formulation, as well

as the post-Newtonian expansion. We applied the proof to 4PNdynamics and derived a local

Hamiltonian description, something that was not clearly understood in the literature before.

Finally, in Chapter 5, we applied the results of Chapter 4 to the self-force problem. We

derived the local Hamiltonian description of the gravitational self-force to linear order in
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mass and spin. We used its Hamiltonian formulation to study integrability, resonant orbits,

and the first law of binary black hole dynamics. We found that if the Fourier components of

the self-force are nonvanishing over the resonant frequencies of the zeroth-order phase space,

then integrability is broken.

In future work, it would be interesting to extend the non-perturbative approach of Chap-

ter 3 to self-interacting systems to the gravitational case and to derive the gravitational second-

order self-force this way. After this, it should be straightforward to apply the results of Chap-

ter 4 to obtain its Hamiltonian formulation. Furthermore, our study of self-interacting ex-

tendedobjects iswell suited for an application to tidal effects and their imprints on the gravitational-

wave production of binary systems.
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A
General Theory of bitensors

In this appendix, we follow the LivingReviews article [30] for some useful aspects on the the-

ory of bitensors in curved spacetimes. We finish the appendix with an explicit construction

of the 2-point parametrices introduced in Chapter 3, which follows the work in Ref. [43].
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A.1 Synge’s Worldfunction

One of the most useful bitensors is Synge’s worldfunction σ(x1, x2). Given a segment of a

geodesic zλ parametrized by λ, with initial and final points x1 = zλ1 and x2 = zλ2 , Synge’s

worldfunction is

σ(x1, x2) =
1
2
(
λ2 − λ1

) ˆ λ2

λ1
gμν

(
zλ
)dzμ
dλ

dzν

dλ
dλ. (A.1)

Synge’s worldfunction is therefore half the squared geodesic distance between its arguments.

It is defined only when x2 is in the normal convex neighborhood of x1, as this guarantees the

uniqueness of the geodesic that connects them.

Theworld function σ(x1, x2) can be differentiatedwith respect to either argument. We use

numbered indices to represent derivatives respect to the corresponding argument, such that

σα1 ≡ ∂σ/∂xα11 and σα2 ≡ ∂σ/∂xα22 . This notation extends to any number of derivatives, for

example,

σα1β1α2 ≡= ∇α2∇β1∇α1σ(x1, x2) (A.2)

is a rank (0, 2) tensor on its first argument and a 1-form on its second argument.

The first derivative of Synge’s worldfunction is proportional to the tangent vector along

the geodesic connecting its two arguments

σα2(x1, x2) =
(
λ2 − λ1

)
gα2β2

dzβ2
dλ

. (A.3)

The derivative with respect to the other argument satisfies σα1(x1, x2) = −σα2(x1, x2). From
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this identity it follows that

gα1β1σα1σβ1 = 2σ, (A.4)

and

σα1;β1σ
β1 = σα1 (A.5)

and similarly for the other argument.

The coincidence limit of Synge’s worldfunction and its derivatives can also be calculated.

Given a bitensor F(x, x′), we denote the coincidence limit by [F] = F(x, x). Then, the coin-

cidence limit of the world function and its derivatives is

[σ] =0, (A.6a)

[σα1 ] = [σα2 ] =0, (A.6b)

[σα1β1 ] =− gα1β1 , (A.6c)

[σα2β2 ] =gα2β2 . (A.6d)

A.2 Hadamard 2-point functions

Consider the singular two-point functions discussed in Chapter 3. A singular two-point

function G(x, x′) is symmetric in its arguments, vanishes for timelike separations and sat-

isfies some differential equation. We discussed Green functions, whose equations are ex-

actly sourced by a delta function; and parametrices, whose equations are only approximately

sourced by a delta function. In this section, we review the construction of Green functions
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and parametrices. The Hadamard ansatz for such a 2-point function is

G(x, x′) = U(x, x′)δ(σ) + V(x, x′)θ(σ) (A.7)

whereU(x, x′) andV(x, x′) are two smooth biscalars and σ is Synge’s worldfunction connect-

ing x and x′. Fixing x as the base point, U(x, x′) is the direct piece of the 2-point function,

which has support on the lightcone emanating from x, whileV(x, x′) is the tail piece, which

has support only outside the lightcone.

We can derive equations forU(x, x′) andV(x, x′) for a nonlinear potentialmodel in curved

spacetime using the equation for the singular 2-point function

[
□+ k(φ̄)

]
G(x, x′) = δ(x, x′). (A.8)

Here,D̄ = □ + k(φ̄). We use k(φ) as the nonlinear potential as opposed to V(φ) to distin-

guish the potential from the tail termV(x, x′). φ̄ is the background scalar field. We now plug

the ansatz A.7 into Equation 3.6. Using known properties of delta and Heaviside functions

(See [30] for a detailed derivation), we obtain a series of differential equations and boundary

conditions forU(x, x′) andV(x, x′). The direct term satisfies

2U(x1, x2),α2σα2 +
(
σα2α2 − 4

)
U(x1, x2) = 0, (A.9a)

[U] = 1. (A.9b)
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These two equations uniquely determineU(x1, x2). The solution is

U(x1, x2) = Δ1/2(x1, x2) (A.10)

where Δ(x1, x2) is the van Vleck determinant [30]. The tail piece satisfies

D̄V(x1, x2) = 0, (A.11a){(
σα2α2 − 2

)
V+ 2σα2V;α2

}
σ=0 = −D̄U|σ=0 . (A.11b)

The first equation tells us that V(x, x′) is a homogeneous solution. The second equation

provides boundary conditions along the lightcone, determined by σ = 0.

Note that the direct term is independent of the nonlinear potential k(φ). The explanation

is that the direct pieceU(x, x′) describes radiation traveling from x1 to x2 without dispersion.

In contrast, the tail term V(x, x′) describes the effect of radiation that is scattered off the

nonlinear potential so that x and x′ need not be light-like.

A.3 Hadamard Expansion and Parametrices

In this section, we solve the equations forV(x, x′) using aHadamard expansion [43]. It is not

guaranteed that the expansion will always converge. However, a truncated solution which

approximately solves Equation (A.11) can always be found, in which case G(x, x′) is not a

Green function, but a parametrix instead. We also specialize to flat spacetimes, such that

σαα = 4 andU = 1.
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AHadamard expansion is a series in powers of σ(x1, x2)

V(x1, x2) =
∞∑
p=0

Vp(x1, x2)σp(x1, x2). (A.12)

In the following steps, wewill truncate this sum to a finite orderP. Plugging Equation (A.12)

into Equation (A.11a), we get

D̄V(x1, x2) =
∞∑
p=0

σp
{
2(p+ 1)σα∂αVp+1 + D̄Vp + 2(p+ 1)pVp+1 + 4(p+ 1)Vp+1

}
(A.13)

where all indices represent tensors on x2 andwe omit the notation α2 for short. Setting D̄V =

0 we get a series of equations for eachVp

[σα∂α + p+ 2]Vp+1 = −
D̄Vp

2(p+ 1)
. (A.14)

This equation is of the form

[
σα∂α + κ

]
f(x1, x2) = F(x1, x2). (A.15)

Given a geodesic γ(s; x1, x2)with endpoints

γ(0; x1, x2) = x1, (A.16a)

γ(1; x1, x2) = x2, (A.16b)
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we can express σα as

σα
[
x1, γ(s)

]
= s

dγα

ds
. (A.17)

Then, it holds that
d
ds

{
f
[
x, γ(s)

]
sκ
}
= sκ−1F

[
x1, γ(s)

]
. (A.18)

Therefore, we obtain a solution

Vp+1(x1, x2) = −
ˆ 1

0
sp+1 D̄Vp

[
x1, γ(s; x1, x2)

]
2(p+ 1)

. (A.19)

If we can find an expression for V0, then Equation (A.19) gives us all Vp for p > 0. We now

use the boundary condition A.11b. Since it is evaluated on the lightcone, all Vp with p > 0

vanish and the boundary condition becomes

σα∂αV0 + V0 = − 1
2
k′′(φ̄). (A.20)

This is of the same form as Equation A.15, so we get

V0(x1, x2) = − 1
2

ˆ 1

0
k′′

[
φ̄
[
γ(s; x1, x2)

]]
ds. (A.21)

Equations (A.19) and (A.21) fully determine the tail termV(x1, x2). However, it is not clear

that the Hadamard expansion (A.12) converges. If we truncate the sum at a finite order P,

then the tail term satisfies a ”modified” homogeneous equation

D̄V(x1, x2) = 𝓈(x1, x2) (A.22)
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where the extra source term is determined by the last term on the sum

𝓈(x1, x2) = σPD̄VP. (A.23)

Furthermore, as long as we truncate the sum at a high enough order P, this source term will

correspond to a high multipolar moment and will drop off any finite, low-order Multipolar

expansion.
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B
Derivation of equations of motion

B.1 Covariant techniques for phase-space variations

In this section, we review a set of useful techniques for phase-space variations. We follow

conventions from Justin Vines’ thesis [91].

Consider a biscalar function of position and 4-velocity, such as a Lagrangian L(x, ẋ). The
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variation of L is

δL =
∂L
∂xμ

δxμ +
∂L
∂ẋμ

δẋμ. (B.1)

There is a way to explicitly make this variation covariant. We add and subtract an extra term

to get

δL =
∂L
∂xμ

δxμ +
∂L
∂ẋμ

δẋμ

=
[ ∂L
∂xμ

− ẋνΓρνμ
∂L
∂ẋρ

]
δxμ +

∂L
∂ẋμ

[
δẋμ + ẋνΓμνρδxμ

]
= ∇̃μLδxμ +

∂L
∂ẋμ

Dλδxμ

(B.2)

where we defined the horizontal covariant derivative acting on a biscalar on configuration

space

∇̃μL(x, ẋ) =
∂L
∂xμ

− ẋνΓρνμ
∂L
∂ẋρ

(B.3)

and the usual covariant derivative

Dλ = żν∇ν (B.4)

The horizontal derivative satisfies a series of useful properties. When acting on a tensor it can

be generalized by replacing the first derivative by a covariant one

∇̃μTα1...αn = ∇μTα1...αn − ẋνΓρνμ
∂Tα1...αn

∂ẋρ
. (B.5)

Also, when acting on a tensor Fα(x)ẋα contracted with a 4-velocity it goes through becoming
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a covariant derivative
∇̃μ

[
Fα(x)ẋα

]
=

∂Fα
∂xμ

ẋα − ẋνΓρνμFρ

=
[∂Fα
∂xμ

− ΓραμFρ
]
ẋα

= ∇μFαẋα

(B.6)

We can also applyDλ to a scalar function in configuration space. We get

DλL(x, ẋ) = ẋμ
∂L
∂xμ

+ ẍμ
∂L
∂ẋμ

= ẋμ
[ ∂L
∂xμ

− ẋνΓρνμ
∂L
∂ẋρ

]
+
[
ẍρ + Γρνμẋνẋμ

] ∂L
∂ẋρ

= ẋμ∇̃μL+ aμ
∂L
∂ẋμ

(B.7)

where the aceleration is defined in the usual way as

aμ = Dλẋμ. (B.8)

A similar construction can be built for biscalars in phase space. Consider a Hamiltonian

functionH(x, p). A variation on phase space is

δH =
∂H
∂xμ

δxμ +
∂H
∂pμ

δpμ

=
[∂H
∂xμ

+ pαΓαμν
∂H
∂pν

]
δxμ +

∂H
∂pμ

[
δpμ − pαΓαμνδxμ

]
= ∇̃μHδxμ +

∂H
∂pμ

Δpμ

(B.9)

where we defined the covariant variation

Δpρ = δpρ − pαΓαμρδxμ (B.10)
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which is the variation that the 1-form p̃ experiences due to the coordinate change: the first

term is the explicit change in its coordinates pμ and the second term is the change in the basis

ẽμ due to the change in position Δxμ.

We use the symbol ∇̃μ for horizontal derivatives in configuration and phase space. The

distinction is clear from context.

B.2 Geodesic Motion

In this section, we derive the equations of motion of a free-falling point particle using the

Lagrangian and Hamiltonian formulations. We then discuss the differences between using

the ”square-root” Hamiltonian and the ”quadratic” Hamiltonian.

B.2.1 Lagrangian formulation

Consider a point particle with massm following a geodesic x(λ) on a manifold with metric

tensor gab. The action principle is

S = −m
ˆ

dτ

= −m
ˆ √

−gμν
dxμ

dλ
dxν
dλ

dλ.
(B.11)

Here, τ is proper time respect to the metric tensor gab and λ is an arbitrary time parameter.

Using the techniques from section B.1, the Euler-Lagrange equations are

D
dλ

dxμ

dλ
− κ

dxμ

dλ
= 0, (B.12)
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where κmeasures the failure of λ to be an affine parameter on the geodesic x

κ ≡ 1√
−gμν dx

μ

dλ
dxν
dλ

d
dλ

√
−gμν

dxμ

dλ
dxν
dλ

. (B.13)

The key feature of the ”square-root” Lagrangian is that it is explicitly reparametrization in-

variant. Indeed, choosing proper time τ as the parametrization, we get
√
−gμν dx

μ

dτ
dxν
dτ = 1 and

the Euler-Lagrange equations become

D
dτ

dxμ

dτ
= 0, (B.14)

which is the usual geodesic equation written in terms of proper time.

An alternative Lagrangian formulation can be obtained by giving up reparametrization

invariance. We use instead the ”quadratic” Lagrangian

L =
m
2
gμν

dxμ

dτ
dxν

dτ
. (B.15)

The equations of motion are
D
dτ

dxμ

dτ
= 0. (B.16)

In other words, this Lagrangian formulation is not reparametrization invariant and is written

directly in terms of proper time.

B.2.2 Hamiltonian formulation

It is not possible to derive a Hamiltonian formulation from the ”square-root” Lagrangian,

using a Legendre transformation. This is because reparametrization invariance fixesH = 0
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identically. We are left with two options, the first one is to derive a Hamiltonian formula-

tion from the ”quadratic” Lagrangian. The Legendre transformation yields theHamiltonian

function

H =
gμνpμpν
2m

(B.17)

wherem is a constant parameter. Hamilton equations are

dxμ

dτ
=

pμ

m
, (B.18a)

Dpμ
dτ

= 0. (B.18b)

Themain problemwith this formulation is that the 4-moment is constraint by themass-shell

equation p2 = −m2.

An alternative is to give up the Legendre transformation altogether and start directly from

the Hamiltonian function

H = −
√

−gμpμpν. (B.19)

Hamilton equations are then

dxμ

dτ
=

pμ√
−gμνpμpν

, (B.20a)

Dpμ
dτ

= 0. (B.20b)

Now, the 4-momentum is not constraint by the mass parameterm. Its norm p2 is preserved

by the dynamics, but we are free to pick any mass-shell.

In more technical terms, the generated by the ”quadratic” Hamiltonian (B.17) are con-
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straint to a submanifold of phase space, determined by the mass-shell condition p2 = −m2.

The ”square-root” Hamiltonian gives dynamics on the full phase space, and the dynamics

produces phase-space trajectories that preserve the norm of the 4-momentum, determined

by the initial conditions. In any case, both formulations give up reparametrization invari-

ance and give the equations of motion directly written in proper time. This is a feature of

Hamiltonian formulations and the role of theHamiltonian function as the generator of time

translations.

B.3 First-order gravitational self-force inHamiltonian for-

mulation

Consider a point-particle moving along a geodesic zσ on an effective spacetime given by the

metric tensor

geffμν = gμν + εhμν + O(ε2). (B.21)

The metric perturbation sourced by a point particle is [92]

hμν(x; [z, p]) =
ˆ

Gμνα′β′
(
x, zσ′

)
pα′

dzβ′

dσ
dσ′. (B.22)

We use the ”square-root” Hamiltonian formulation for the effective metric and expand to

linear order in ε to obtain a nonlocal Hamiltonian

H = −
√

−gμνpμpν − ε
1

2
√
−gμνpμpν

hμνpμpν. (B.23)
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Next, define phase-space variablesQA = (xμ, pμ) and use the zeroth order solutions to express

the metric perturbation in terms of phase-space variables only. We define the zeroth-order

Hamiltonian flowbyϕσ(Q) =
(
xμ̄, pμ̄

)
where barred indicesmean that the variable is a zeroth

order solution which depends on some initial conditionQ′. The metric perturbation is

hμν(x,Q′) =

ˆ
Gμνα′β′

(
x, x̄σ′

) pᾱ′pβ̄
′√

−gα′β′pᾱ′pβ̄′
dσ′. (B.24)

Plugging the metric perturbation (B.24) back into the nonlocal Hamiltonian function, we

get a pseudo-Hamiltonian function

H(Q,Q′) = −
√

−gμνpμpν − ε
ˆ

Gμνα′β′
(
x, x̄σ′

) pμpνpᾱ′pβ̄
′

2
√

−gμνpμpν
√

−gα′β′pᾱ′pβ̄′
dσ′ (B.25)

From the last term on the right hand side, we can read the 2-point function G(Q,Q′) from

equation (5.7) in section 5.3.

Using the covariant techniques from section B.1 and definingm =
√

−gμνpμpν for short,

Hamilton equations are

dxμ

dσ
=

pμ

m
− ε

pν

m
hμν −

ε
2
pμ

m
pα

m
pβ

m
hαβ (B.26a)

Dpμ
dσ

=
ε
2
hαβ;μ

pαpβ

m
(B.26b)

Plugging Equation (B.26a) into Equation (B.26b) and keeping only terms first order in ε, we

162



get

D
dσ

(
m
dxμ

dσ
)
= ε

m
2
h ;μ
αβ

dxα

dσ
dxβ

dσ
− εmhμα;β

dxα

dσ
dxβ

dσ
− ε

m
2
hαβ;γ

dxα

dσ
dxβ

dσ
dxγ

dσ
dxμ

dσ
. (B.27)

The ”square-root” Hamiltonian gives equations of motion written in terms of proper time,

which means that σ is proper time respect to the effective metric geffab . We want to obtain

equations of motion in terms of proper time respect to the background metric τ. These

parameters relate by
dσ
dτ

= 1− ε
2
hμν

dxμ

dτ
dxν

dτ
. (B.28)

Thismeans thatwe are allowed to replace σ by τon any termwhich is already orderO(ε), since

the errorwill beO(ε2). Furthermore, comparing Equation (B.28)with the geodesic equation

in an arbitrary time parameter (B.12), we see that the derivative ofm on the left hand side of

equation (B.27) will provide exactly the factor of κ that relates proper time respect to the

background metric and the effective metric. We can therefore rewrite all terms with respect

to the background proper time τ, such that all factors ofm cancel out and we get

Duμ

dτ
= ε

1
2
h ;μ
αβ u

αuβ − εhμα;βu
αuβ − ε

1
2
hαβ;γuαuβuγuμ, (B.29)

where we defined the 4-velocity with respect to background proper time

uμ ≡ dxμ

dτ
.

Equation (B.29) is the correct first-order self-force, first introduced in Equation (2.30).
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B.4 Second-order scalar self-force in Hamiltonian formu-

lation

In section 3.5, we derived the second-order equations of motion for a scalar point particle

with massm and scalar charge q̂

D
dτ

(
muμ

)
= −gμν∇νφ̂ (B.30)

where the effective field is

φ̂(x; z] = φ̄(x) + q̂
ˆ

G+,R
2 (x, zτ′)dτ′ + q̂2

ˆ
G+,R

3
(
x, zτ′ , zτ′′

)
dτ′dτ′′ (B.31)

and the mass satisfies
dm
dτ

= uμ∇μφ̂. (B.32)

Plugging Equation (B.32) into (B.30), we get

m
Duμ

dτ
= −

(
gμν + uμuν

)
∇νφ̂. (B.33)

We are interested in the dynamics up to cubic order in q̂, which corresponds to the second-

order self-force. We define zτ(Q) to be the first-order solution, with initial conditionsQA =

164



(xa, pa). In this section, we prove that the pseudo-Hamiltonian

H(Q,Q′) = −
√

−gabpapb + q̂φ̄ + q̂2
ˆ

G+,R
2

[
x, zτ′(Q′)

]
dτ′

+ q̂3
ˆ

G+,R
3

[
x, zτ′(Q′), zτ′′(Q′)

]
dτ′dτ′′

(B.34)

returns the equations of motion (B.30). Hamilton equations are

dxμ

dτ
=

pmu√
−gαβpαpβ

(B.35a)

Dpμ
dτ

= −q̂∇μφ̄ − q̂2∇μ

ˆ
G+,R

2
[
x, zτ′(Q′)

]
dτ′ (B.35b)

− q̂3∇μ

ˆ
G+,R

3
[
x, zτ′(Q′), zτ′′(Q′)

]
dτ′dτ′′.

Definingm =
√
−gabpapb and plugging equation (B.35a) into (B.35b), we recover the Equa-

tions of motion (B.30).
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C
Alternative description of non-local

dynamical systems

C.1 Relation to the work of Llosa and Vives

Llosa andVives [54] considernon-local-in-time actionprinciples in configuration space (xμ, ẋμ),

which they describe as a non-local Lagrangian L[x] which is a functional of x. In Chapter 4
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we instead consider an action functional of a phase-space trajectoryQA = (xμ, pμ). Further-

more, they do not carry the perturbative expansion of the non-localities explicitly but rather

leave the non-local piece of the action principle unspecified. This affects their final results

in two ways. First, their expressions for the local Hamiltonian and symplectic forms depend

on functional derivatives of the action functional. Second, without using a perturbative ex-

pansion of the nonlocalities, the space of initial data for theHamiltonian flow is not defined.

They assume that an order reduction procedure tomake the dynamics local exists and instead

workwith this unspecified space of initial data. In this paper, we expand the nonlocal-in-time

piece of the action functional as a series of integrals of N-point functions, which allows us to

derive a simpler local Hamiltonian and symplectic form, expressed explicitly in terms of inte-

grals of said N-point functions, evaluated on points in the unperturbed phase space, which

constitutes our space of initial data. Although it is possible that the results of Section 4.3

could be obtained from results in their work, our results are derived using a different method

and provide a simpler and more streamlined framework for studying nonlocal-in-time per-

turbations to all orders. Sections 4.4 and 4.5 are entirely original results.
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D
Strong causality condition

The causality condition (??) is not entirely satisfactory because it is intrinsically perturbative,

as opposed to the locality condition (3.35), which doesn’t require a perturbative expansion

of the generating functional. One might be tempted to impose a stronger condition

δφ̂(x; ρ̂, φ]
δρ̂(y)

= 0 for timelike (x, y) (D.1)
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which we call strong causality condition. This would have two advantages: First, it is nonper-

turbative. Second, the nonlocality in time of the dependence of the effective field φ̂ on the

physical charge density ρ is limited to one light-crossing time into the causal past/future. This

contrasts with the n light-crossing times obtained for the weaker causality condition (3.37),

used in the body of the chapter.

However, condition (D.1) also imposes a constraint

Ĝn(x1, . . . , xn) = 0 if there’s at least one timelike pair, (D.2)

which is much stronger than the constraint (3.57). The constraint (D.2) is probably too

strong, in the sense that it may not be possible to find any n-point functions which satisfy it,

together with the rest of our requirements. In particular, the constraint (D.2) implies some

non-trivial identities which must be satisfied by the lower order n-point functions Gn. From

Equation (3.52b), we find that when (x1, x2) is timelike, we must have

G3(x1, x2︸︷︷︸
timelike

, x3) =
1
2

ˆ
G2,1(x1, x3; y)G2(y, x2)dVy +

1
2

ˆ
G2,1(x2, x3; y)G2(y, x1)dVy (D.3)

It seems unlikely that 3-point functions exist which satisfy this requirement as well as our

other assumptions. For this reason we use the weaker causality condition (??) in the body of

the thesis.
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