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A hybrid automaton consists of a finite automaton interacting with a dynamical
system. Hybrid automata are used to model embedded controllers and other sys-
tems that consist of interacting discrete and continuous components. A hybrid
automaton is rectangular if each of its continuous variables x satisfies a nondeter-
ministic differential equation of the form a < Ccll—jf < b, where a and b are rational
constants. Rectangular hybrid automata are particularly useful for the analysis
of communication protocols in which local clocks have bounded drift, and for the
conservative approximation of systems with more complex continuous behavior.
We examine several verification problems on the class of rectangular hybrid
automata, including reachability, temporal logic model checking, and controller
synthesis. Both dense-time and discrete-time models are considered. We identify
subclasses of rectangular hybrid automata for which these problems are decidable

and give complexity analyses.



An investigation of the structural properties of rectangular hybrid automata is
undertaken. One method for proving the decidability of verification problems on
infinite-state systems is to find finite quotient systems on which analysis can pro-
ceed. Three state-space equivalence relations with strong connections to temporal
logic are bisimilarity, similarity, and language equivalence. We characterize the
quotient spaces of rectangular hybrid automata with respect to these equivalence

relations.
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Chapter 1

Introduction

In toasters and airplanes, cameras and automobiles, digital computers are being
used to control continuous processes.! Concomitant with the proliferation of com-
puter technology is the need for formal verification techniques that can be used to
find errors in computer-controlled devices. Computer-assisted techniques are the
most useful: not only can they be used to check existing devices, but they can be
integrated into computer-aided design systems. When verification tools are used
during the design process, errors can be corrected before faulty physical devices
are built.

We study hybrid systems—systems with both digital and analog components—
and more specifically, the rectangular hybrid automaton, a mathematical model of
hybrid systems. Our main focus is on the complexity of verification problems. We

first consider the reachability problem:

'Indeed, the ubiquitous computing initiative aims at putting computer chips into most every-
day devices.



Given a rectangular hybrid automaton A and a sel of unsafe system

states, determine whether A can ever enter an unsafe state.

Next we address the more general problem of verifying properties of rectangular

hybrid automata expressed in temporal logic:

Given a rectangular hybrid automaton A and a formula ¢ of temporal

logic, determine whether A satisfies ¢.
To a lesser extent we consider the control problem:

Given a rectangular hybrid automaton A and a sel of unsafe system
states, find a feedback controller for A such that, in the closed-loop

system, no unsafe state can be reached.

One method for proving the decidability of verification problems on infinite-
state systems is to find finite quotient systems on which analysis can proceed.
Three state-space equivalence relations with strong connections to temporal logic
are bisimilarity, similarity, and language equivalence. We characterize the quotient

spaces of rectangular hybrid automata with respect to these equivalence relations.

1.1 Historical Background

1.1.1 Model Checking

The classical work of Hoare on proving the correctness of sequential computer
programs uses an essentially syntactic method [Hoa69]. The basic unit is the Hoare

triple, which consists of a precondition, a program instruction, and a postcondition.



A triple is valid if whenever the program state satisfies the precondition, execution
of the program instruction leads to a program state satisfying the postcondition.
By assigning a valid triple to each program instruction, a proof outline is built,
from which properties true during execution and at program termination can be
inferred.

Model checking is a semantic approach to program verification. Rather than
applying proof rules to program text, the denotation (or model) of a program is
analyzed. Generally, the denotation of a program is a labeled graph, which may be
infinite. When the model of a program is a finite graph, many verification problems
are decidable. Thus the verification of such systems can proceed algorithmically
and automatically, rather than by theorem-proving. The beauty of model checking
is that many algorithms are essentially finite-state.

Hoare’s assertional technique for proving safety properties was extended to
parallel programs by Owicki and Gries [OGT76]. To prove liveness properties (such
as “every request is eventually satisfied”) of concurrent systems, Pnueli intro-
duced temporal logic, a modal logic that takes into account the time-dependence
of events [Pnu77,Pnu81]. Temporal logic can express many common program re-
quirements, such as termination, deadlock-freedom, invariance, and liveness. A
more powerful system, the p-calculus, which adds a least fixpoint operator to
propositional logic, was studied by Pratt [Pra81] and Kozen [Koz83].

This early work concentrated on proof techniques for proving system correct-
ness. Other investigations focused on the relative expressiveness of different tem-

poral logics [GPSS80,L.am80,BMP83,Wol83,EH86] and the complexity of the sat-



isfiability problem [ES84,EH85,.LPZ85,SE89]. The most important idea was to
consider the verification of finite-state systems, rather than infinite-state systems,
such as the systems defined by traditional Turing Machines. It was quickly shown
that the model-checking problems for various temporal logics were decidable on
finite-state systems [CES86,5C85]. Moreover, for Computation Tree Logic (CTL),
the model-checking problem was shown to be tractable (in fact, solvable in time
linear in the size of the system and the size of the formula to be verified). The de-
cision procedure was implemented, and systems with several hundred states could
be verified in seconds [CES86]. This was the first automatic model checker for
temporal logic.

The number of states of a concurrent system grows exponentially with the
number of parallel system components. Therefore algorithms whose running times
are linear in the number of states are too slow to be used on practical problems.
In particular, one must avoid explicitly constructing the model of a program to
be verified. Instead, sets of program states can be represented intensionally, as
the characteristic sets of logical formulas. Verification algorithms can manipu-
late formulas to simulate operations on state sets. This technique is known as
symbolic model checking. Symbolic model checking can be applied to the entire u-
calculus [BCM™92], and consequently to temporal logics as well. Using the binary
decision diagram data structure of Bryant [Bry86], McMillan developed the sym-
bolic model checker SMV for the p-calculus which has verified (and found errors
in) enormous systems [McM93,CGH*93] (in 1992 [BCM192], systems with 102

states were advertized; by now, the exponent of 20 has been left far behind).



1.1.2 Hybrid Automata

Arguably the most successtul model of real-time systems is the timed automaton
of Alur and Dill [AD94]. A timed automalon is a finite automaton equipped with
a finite number of precise clock variables (variables z satisfying the differential
equation Ccll—’tg = 1). Timed automata make very good models for communication
protocols in which local clocks are assumed not to drift [WZ92]. As we shall
see, timed automata can also be used in the verification of systems with drifting
clocks [OSY94,HW95, HKPV95]. The model checking of temporal logic is com-
putable on timed automata [ACD90], though intractable (PSPACE-complete for
CTL and linear temporal logic). It was soon realized that the symbolic approach
could be of great value for model checking infinite-state systems. Henzinger et
al. developed a symbolic model checking technique for timed automata [HNSY94].
Symbolic model checkers for timed automata include HyTECH [Ho95, HHW95],
KronNos [DOTY96], VERITI [Won94], UpPAAL [BLLT96], HSIS [Bal94], and
TIMED CoOSPAN [AK96].

A natural generalization of the timed automaton is the hybrid automaton, in
which the behavior of the continuous variables can satisfy arbitrary differential
equations [ACHH93,NOSY93]. Since the behavior of hybrid automata can be arbi-
trarily complex, much research has been devoted to the identification of verification
problems and subclasses of hybrid automata for which these problems are decid-
able [M0090,NOSY93,BES93,KPSY93,.MP93a,ACHH93,ACH93,AHH96,BER94a,
BER94b,MV94,PV94 HK94,AFH94,BR95,LPY95,HH95,Hen95, HKP V95, HHK95,

AMP95a]. This is the focus of Chapters 3-5 and 8 of this dissertation.



Symbolic model checking techniques have been extended to the class of linear
hybrid automata—in which the first time derivatives of the continuous variables sat-
isfy linear relationships—by Halbwachs et al. and Alur et al. [HRP94a,ACH"95,
AHH96]. These algorithms are implemented in the model checker HYTECH of
Henzinger et al. [Ho95,HHW95] and the model checker POLKA of Halbwachs et
al. [HRP94b]. However, for linear hybrid automata, simple model checking prob-
lems are undecidable: even the reachability problem for linear hybrid automata
is equivalent to the halting problem for Turing Machines. Thus the model check-
ing “algorithms” are actually semidecision procedures at best. Nevertheless, the
algorithms terminate on a wide variety of interesting examples.

A rectangular hybrid automaton (RHA) is a finite automaton equipped with a
finite set of drifting clocks. Thus RHA are a natural generalization of timed au-
tomata, and a specialization of linear hybrid automata. The subclass of initialized
RHA (in which, essentially, the bounds on the drift of each clock do not change)
is of especial interest, because the reachability problem for initialized RHA is de-
cidable. This was proven by Puri and Varaiya [PV94]. They show that when all
variable tests are non-strict (i.e., of the form z; < ¢ rather than z; < ¢), that
the dense-time reachability problem is reducible to the discrete-time reachability
problem. In this dissertation, we extend this result from the finitary condition
of reachability to the infinitary condition of divergent language emptiness, for
initialized RHA with bounded nondeterminism. Bounded nondeterminism is es-
sentially the restriction that all discontinuous jumps in continuous variable values

be bounded a priori. As a corollary, we show that on this class of automata, the



model checking problem for linear temporal logic with the fairness condition of
time divergence can be solved in polynomial space.? We also study RHA in the
context of discrete time. A rectangular hybrid automaton is positive it all slopes
are nonnegative and variables are tested only against nonnegative constants. In
discrete time, the reachability problem is decidable for positive RHA. Moreover,
the model checking problem for a richer temporal logic (CTL*, which subsumes

both linear temporal logic and CTL) is proven to be decidable in polynomial space.

1.1.3 Synthesis and Control
More difficult than model checking is the synthesis problem:

Given a partially specified system A and a requirement ¢, complete the
definition of A in such a way that ¢ is satisfied, or determine that no

such completion exists.

Notice that model checking is the special case in which the given system A is
already completely specified. This problem has been studied for several decades

by researchers in both computer science and control theory.

Church’s Problem

In the context of computing, the basic question was posed by Church [Chu63].
Let ¥y and X; be finite alphabets, and let L be a regular subset of (¥ x ¥1)“.

Consider the infinite game ' in which two players, Players 0 and 1, take turns,

2Since the model checking problem for linear temporal logic on finite systems is already
PSPACE-hard, it is PSPACE-complete for initialized RHA with bounded nondeterminism.



Player ¢ picking a letter from ¥;. If the resulting infinite sequence is an element
of L, then Player 0 wins. Because the set L is regular, one of the players has
a winning strategy. A regular strategy for (G is a strategy based upon a finite
automaton with output (Player ¢ feeds the move of Player 1 — ¢ into the finite
automaton M, and plays the letter that is output by M as his move). Church’s
Problem is to determine whether either player has a regular winning strategy, and
if so, to synthesize a finite automaton realizing the strategy. It was proven by Biichi
and Landweber that the winner of G always has a regular winning strategy, and
that this strategy can be computed [BL69]. A simpler proof using tree automata
was given by Rabin [Rab72].

Suppose we wish to determine whether there exists a program P which interacts
with an “environment” F in such a way that the combined system satisfies a given
requirement ¢ expressed in linear temporal logic (LTL). The interaction of the
program with the environment can be considered to be a two-player game in which
the object of the program is the satisfaction of ¢. Call a program admissible if it
implements a winning strategy for this game. Suppose further that the behavior
of the environment can be specified by a finite automaton M. Let L be the
set of pairs of infinite sequences (a, #) such that 3 is accepted by M and («, )
satisfies ¢. Because every property expressible in L'TL is regular, the language L is
regular. Therefore the solution to Church’s problem can be used to to determine
whether any admissible program exists. Moreover, if there exists an admissible
program, then there exists a finite-state admissible program. This is the work of

Rosner and Pnueli, who applied these ideas to synchronous, asynchronous, and



distributed environments [PR89a,PR89b,PRI0]. Further work along these lines,
dealing with realizable specifications in the context of fairness, appears in [ALW89,
AMO94,Var95]. Wong-Toi and Dill used this approach to automatically synthesize
processes and schedulers when the environment and admissible processes are timed
automata (and therefore infinite-state) [WD90]. A different approach to synthesis

based upon satisfiability testing appears in [CE81,Wol82].

Supervisory Control of Discrete Event Systems

Control theorists have studied finite (and infinite) automata under the rubric of
discrete event systems. In the framework of Ramadge and Wonham [RWS8Th,
WRSB7,RW87a,RW89|, a supervisor for a finite automaton M consists of a finite
automaton with output, where the output specifies a subset of events (letters,
transition labels) that may be taken by M. Certain events, deemed uncontrollable,
may not be prevented from occurring. The objective is to find a supervisor such
that the closed-loop system is deadlock-free, and the finitary language of the closed-
loop system is (1) a subset of a given language L, but (2) as large as possible.
When M is deterministic and L is given by a deterministic finite automaton, this
problem may be solved in polynomial time. Cieslak et al. considered this problem
in the context of incomplete information [CDFV8§].

Extensions of the Ramadge-Wonham approach to the control of the infinitary
behavior of discrete event systems were made by Thistle and Wonham [TW94a,
TW94b, Thi95], and Ramadge [Ram89]. The introduction of discrete time was

made in [GR88,BH88,0W89,BW94|. Dense time was introduced by Wong-Toi and
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Hoffmann in [WH91,HW92a|, who synthesized supervisors for timed automata.

Symbolic methods for the computation of supervisors were developed by Hoff-
man and Wong-Toi [HW92b]. Maler et al. gave simple procedures for the sym-
bolic computation of supervisors for the control of the infinitary behavior of dis-
crete and timed systems, for specifications given as automaton acceptance condi-
tions [MPS95,AMP95b]. In this formulation, a supervisor is a strategy for winning
an infinite game played on the graph of system states. McNaughton shows how to
calculate the winning strategy for any game defined by a Muller acceptance con-
dition on a finite automaton [McN93]. His proof uses the later appearance record
that Gurevich and Harrington used to complement tree automata [GH82].

In Chapter 8 of this dissertation, we solve a controller synthesis problem for

rectangular automata in the discrete time domain.

1.1.4 Simulation

Two of the basic tools that we use to establish our results are the concepts of
simulation [MilT1] and bisimulation [Par81], which are fundamental to the study
of process algebra. A simulation is a relation =< between the state spaces of two
systems, such that whenever ¢ < r and ¢ can perform an action o leading to
a state ¢/, r can perform action o leading to a state r’ such that ¢’ < r'. A
bisimulation requires both < and <! to be simulations.

Simulation is a basic notion in refinement calculi [AL88,GSSL.94,Sie95]. A
“concrete” system (' is considered to implement an “abstract” system A if the

abstract system simulates the concrete system. A behavior is a sequence of system
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actions. Trivially, if C' implements A, then every behavior of C' is a behavior of A.
More deep are theorems that play the role of the converse [AL88]. Here is one
that can be simply stated: if every behavior of C' is a behavior of A, then there
exists a system B such that B simulates C' and A backward-simulates B (roughly
speaking, A backward-simulates B if A simulates B when the transition relations
of the two systems are reversed) [LV95].

Simulation and bisimulation have deep connections to temporal logic. Consider
the set of bisimulations between a given system A and itself. The union of all such

_bzs

bisimulations is again a bisimulation, which we denote by = Browne et al.

_bzs

showed that for any two states ¢ and r of A, ¢ =%* r iff ¢ and r satisfy the

same formulas of CTL (or CTL*). The union of all simulations on A is again a

_szm

simulation, which we denote <4. Let = _3“" be defined by ¢ = riff ¢ <4 r

and r =<4 ¢. The equivalence relation E%m is known as similarity. For similarity,
the theorem analogous to the above holds for the universal fragment of CTL (or
CTL*) [BBLS92,DGG93].

It follows that CTL model checking (resp., universal CTL model checking) can
be performed on the quotient system A/E%s (resp. A/=%™). These quotient sys-
tems can be computed symbolically for any transition system in which boolean
operations and the predecessor operation for each action are computable [BFH90,
DHWO92 HHK95]. If the bisimilarity quotient system A/_b” is finite, then su-
pervisor synthesis can be computed symbolically with a guarantee of termina-

tion [Hen95]. We show that the same holds if the similarity quotient system

A/Eféfm is finite, provided that a simple technical condition holds. We show that
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every two-dimensional rectangular hybrid automata with uniform dynamics has
finite similarity quotient, and that consequently controller synthesis in dense time

is computable for this class of automata.

1.1.5 Other Approaches to Hybrid Verification
Real-Time Temporal Logics

Various extensions to temporal logic have been proposed for the specification of
real-time requirements. One natural approach is based upon the use of a flexi-
ble clock variable T', giving the global system time, and first-order quantification
for rigid variables over the time domain [PdR82]. An approach advocated by
Koymans, Vytopil, and de Roever (and many others) is the introduction of new
temporal operators which refer to time explicitly [KVdR83,KdR85,Koy90]. One of
the more useful logics of this sort is MITL, for which the model checking problem
is decidable on timed automata [AFH96]. Another variant of this approach is the
age operator I' of Manna and Pnueli [MP93b]. The interpretation of I'(¢) is the
length of time that ¢ has remained continuously true. A fragment of a monadic
second-order logic that is expressively equivalent to timed automata was discovered
by Wilke [Wil94]. This fragment subsumes both MITL and propositional linear
temporal logic augmented with the age operator, and can be used to prove the
decidability of satisfiability for these logics. Another approach to real-time spec-
ification uses multiple flexible real-time specification variables in a propositional

context [ACD93,HNSY94]. For purposes of automatic verification, this is the most
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useful approach: the KRONOS system verifies the logic TCTL (an extension of

CTL with specification clock variables) on timed automata.

Deductive Approaches

Schneider et al. augment proof outlines with timing and other information about
continuous variables [SBM92,FS94]. Hooman developed another extension of Hoare
logic for the specification and derivation of correct real-time programs [Hoo91,
Hoo94|. The duration calculus of Zhou et al. provides an interval-based temporal
logic for specifying system properties and a proof calculus for proving system prop-
erties [ZHR91]. Duration properties such as “the gas burner leaks no more than
five minutes out of any given hour” are easily expressible in the duration calculus.
Bouajjani et al. provide a translation from a subclass of the duration calculus into
linear hybrid automata [BLR95]. Abadi and Lamport [AL92] extend Lamport’s
Temporal Logic of Actions (TLA) [Lam91] to real time using a global clock as
in [PdR82] above. TLA can also be used to reason about hybrid systems [Lam93].
In both the duration calculus and TLA, systems and properties are expressed in the
same formal language. It follows that in either formalism, proving that a system
satisfies its requirement reduces to proving the validity of an implication. Lynch et
al. introduced the formalism of /O automata, graphs in which edge labels model
communication, and developed a simulation-based verification methodology [LT87,
LV95]. Real time was introduced into the model in [LV92,GSSL.94], and recently,
more general continuous behavior has been considered [LSVW96]. To admit com-

positional reasoning, a notion of environment-freedom is introduced, which bars
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an 1/0 automaton from constraining its environment. Environment-freedom is
defined in terms of a game between an I/O automaton and its environment. Thus

games are useful for verification as well as for synthesis.

Methods from Control Theory

[saacs inaugurated the study of differential games, in which two players control
continuous variables to some end—often there is a pursuit motif, one player at-
tempting to intercept the other [Isa65]. Pontryagin et al. further developed this
theory, and called it optimal control [PBGM62]. Given a continuous system tak-
ing a continuous control and a cost function f on system trajectories, the basic
problem of optimal control is to find a control function such that the trajectory of
the controlled system minimizes f.

While many physical systems can be profitably modeled as linear (the con-
trol of these systems being well understood), many cannot. The solution of these
inherently nonlinear problems seems to require switching, that is, adequate con-
trollers require a discrete structure as well as a continuous structure. Such hybrid
controllers (in the discrete time domain) were investigated by Sontag in [Son81].

An approach to hybrid controller design based upon relaxed variational meth-
ods has been developed by Nerode, Kohn, et al. [NK93a,NK93b,GKN94, KNRY95,
KNRO96]. Instead of obtaining the optimal control for a given cost function, an ap-
proximately optimal solution (within a given tolerance of the optimal) is obtained
as a chattering approximation to the optimal control. The resulting controller is

a finite automaton which samples the continuous system state at a fixed rate, and
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supplies control based upon its measurement.

1.2 This Dissertation

The objective of the author has been to provide a comprehensive account of the
theory of rectangular hybrid automata as it now stands.> To meet this objective,
two technical chapters containing previous work have been required. Both dense
and discrete time domains are considered, though the bulk of the work (Chapters

3-7) assumes a dense time domain.

1.2.1 Summary

Chapter 2 contains basic material on transition systems, simulation and bisimu-
lation, temporal logic, and control, as well as the definition of rectangular hybrid
automata.

Chapter 3 contains the proof of Henzinger et al. [HPV94] of the theorem of
Puri and Varaiya [PV94], which states that the reachability problem is decidable
for the class of initialized RHA. The proof is based on a translation from initialized
RHA into timed automata.

Chapter 4 consists of several undecidability results, which together show that
the class of initialized RHA is a maximal class for which the reachability problem is

decidable. When either rectangularity or initialization is relaxed, the reachability

3We have not treated the work of Henzinger and Ho [HH95] or Puri et al. [PBV96] on the
approximation of nonlinear hybrid automata by rectangular hybrid automata.
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problem becomes undecidable for automata in which only one continuous variable
is not a precise clock.

Chapter 5 is concerned with the model checking problem for linear temporal
logic under the fairness condition of time divergence. The condition of bounded
nondeterminism is identified, and it is shown that the translation from rectangular
hybrid automata into timed automata is divergent language-preserving for the
class of initialized RHA with bounded nondeterminism. It follows that the model
checking problem for linear temporal logic under the fairness condition of time
divergence is PSPACE-complete on this class of automata.

Chapter 6 is concerned with the bisimilarity and similarity quotient systems
of RHA. It is easy to show that even in two dimensions, bisimilarity degenerates
to equality on many RHA. However, every positive 2D RHA has finite similarity
quotient. It follows that the control problem for invariance for 2D RHA is decidable
in deterministic exponential time. Our most surprising result is Theorem 6.2.1,

4 gimulation

which states that in three or more dimensions, the only synchronous
is the equality relation. In four or more dimensions, the asynchronous similarity
quotient degenerates to equality.

Chapter 7 is concerned with the finitary language equivalence problem, which
asks under what conditions two vectors x,y € R" cannot be distinguished (in
terms of reachability) by any rectangular automaton with a given fixed continuous

dynamics. A sufficient condition for language equivalence may be derived from

the translation from RHA into timed automata, using previously known theory

4We distinguish between synchronous semantics, in which time is treated as a visible action,
and asynchronous semantics, in which time is invisible.
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of timed automata. A more precise study of the class C of automata that are
targets of the translation uncovers a special property. Every clock variable z of an
automaton 7' € C is either (1) only bounded from above by edge guards, or (2) only
bounded from below by edge guards. The language-equivalence quotient for these
one-sided timed automata is coarser than the language-equivalence quotient for
the class of all timed automata by a multiplicative exponential factor. The upshot
is a superior sufficient condition for language equivalence. Interestingly, language
equivalence for one-sided timed automata coincides with asynchronous similarity;
bisimilarity is finer. For a second time, the analysis of similarity provides results
that may not be obtained using bisimilarity. The remainder of the chapter is
devoted to finding necessary conditions for language equivalence.

Chapter 8 contains a study of RHA in the discrete time domain, in which the
theory is not displeasing. Positive RHA have finite bisimilarity quotients, even
when uninitialized. It follows that on the class of positive RHA in discrete time,
the CTL* model checking problem is PSPACE-complete, and the control problem
for invariance is EXPTIME-complete. When positivity or rectangularity is re-
laxed, the reachability problem becomes undecidable. In addition, the reachability
problem is decidable for initialized RHA. Thus the two incomparable class of posi-
tive RHA and initialized RHA are both maximal classes for which the reachability

problem is decidable in discrete time.
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1.2.2 Attribution

The author is responsible for at most one theorem in Chapters 2-3. Thereafter, all
unattributed theorems are due to the author and his collaborators. The main re-
sults of Chapters 4 and 5 appeared first in [HKPV95], or will appear in the journal
version [HKPV] of that article. The work on two-dimensional rectangular hybrid
automata in Chapter 6 appeared in [HHK95]. The case of three or more dimen-
sions, as well as the study of one-sided timed automata in Chapter 7, appeared
in [HK96]. The final section of Chapter 7, as well as the whole of Chapter 8, receive

their first publication in this dissertation.

1.2.3 Notation and Mathematical Conventions

The set of all subsets of a set S is denoted by P(5). The set of infinite sequences of
elements of S is denoted by S“, and the set of finite sequences (strings) of elements
of S is denoted by S*. The number of elements of a finite set S is denoted by |5].
The set of real numbers is denoted by R, the set of rational numbers is denoted
by @Q, the set {0,1,2,...} of natural numbers is denoted by N, and the set of
integers is denoted by Z. Sequences and strings are usually denoted by symbols
with a short line above, as in . The elements of ¢ are 09,01, ... Occasionally, for
ease of notation, we begin with o1. The length of a string ¢ is denoted by |a]|.
When defining a symbol by an equation, we use the symbol =4.¢. For example,
R>0 =def {2 € R | 2 > 0}, and similarly Nsg =ger {n € N | n > 0}. Technical

terms are set in italic type when defined. For example, a vector is an element of R”,
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for some n € N5g. Vectors are written in boldface type. For any given n € Ny,
1, is the vector (1,1,...,1), and 0, is the vector (0,0,...,0); usually we omit the

subscript n. Components of vectors are written in italic type. Thus if x € R",

then x = (z1,x2,...,2,). When subscripts are applied to boldface characters, as
in X1,X2,..., each x; is a vector. We also use superscripts to denote sequences of
vectors, as in x',x2, ... Floors and ceilings of vectors are taken componentwise, so

for x € R", |x] = ([z1], [x2],..., |za]) and [x] = ([21], [22],. .., [2n]).

We have occasion to use the A notation for function specification. For exam-
ple, Az.z? is the function mapping each element in its domain (specified in the

surrounding text) to its square. Given two relations R C A x Band 5 C B x C,
S o R =ge {(a,c) € Ax C|3be B.(a,b) € R and (b,c) € S}.
The domain of a relation R is the set
dom R =g {a | 3b. (a,b) € R}.

Given an equivalence relation ~ on a set S, the set of equivalence classes of ~ is

denoted by S/~.



Chapter 2

Rectangular Hybrid Automata

This chapter contains basic material on transition systems, simulation, tempo-
ral logic, and controller synthesis, as well as the definition of rectangular hybrid

automata.

2.1 Transition Systems

We use transition systems, which are graphs with labels on both the vertices and

the edges, as our basic semantic model.

2.1.1 Reachability and Effectiveness

Definition 2.1.1 A transition system S = (Qs,Ys, —s, Q% 1ls, Eg) consists of
a set Qg of states, a set ¥ g of events, a multiset —g C Qg X ¥g X Qg called
the transition relation, a set Q% C Qg of initial states, a finite set Ilg of atomic

propositions, and a salisfaction relation Eg5C Qg X Ilg. We omit the subscripts

20
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from the components of S whenever it will not cause confusion. We write ¢ % ¢'
instead of (¢,0,¢') € —, and ¢ |= 7 instead of (¢,7) € .

The transition system S is finite if () is finite. A region is a subset of ). We
say S is deadlock-free if for every state ¢ € @, there exist a state ¢ € Q and a
label o € ¥ such that ¢ -5 ¢'.

We say that the atomic proposition 7 is true in state q, or q salisfies w, if
q = ©. We write II(q) for the set {x € Il | ¢ | 7} of all atomic propositions true
in state g. An atomic formula « is a boolean combination of atomic propositions.
We extend the satisfaction relation to atomic formulas by induction: ¢ | —a iff it
is not the case that ¢ F a; g F a1 V agifl ¢ = oy or ¢ E az; g F a1 A ag iff

q = a1 and g [ az. Define [o] =¢er {¢ € Q@ | ¢ =} =
Example 2.1.2 Consider the deadlock-free transition system
S1 = (Z,{a,b}, —,{0}, {even, odd, div3}, =)

depicted in Figure 2.1, where m % n iff m is odd and m 4+ 1 = n; m 2 iff m s
even and m+ 2 = n; m = even iff m is even; m |= odd iff m is odd; and m | div3

iff m is divisible by 3. It follows that m | even A div3 iff m is divisible by 6. m

Definition 2.1.3 Let S be a transition system. For each event o € X, the o-

predecessor operator Pre? : P(Q) — P(Q) is defined by

Pre?(R) =qef {¢ € Q | Ir € R.qiw“}.
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Figure 2.1: The transition system Sy

Define Pre(R) =gef Ugex Pre?(R), and Pre*(R) =gef Uney Pre™(R).Y The o-
successor operator Post” : P(Q) — P(Q) is defined analogously: Post” (R) =qef
{¢g € Q| 3Ir € Ror5q}. Further define Post(R) =gef Ugex Post’(R), and

Post*(R) =det Uney Post"(R). m

Example 2.1.4 For the transition system S; from Example 2.1.2, Pre®([even]) =

[odd], Pre([even]) = [even], Pre([even]) = Z, and Pre([odd]) = Pre®([odd])

Pre®(Jodd]) = 0. m

Definition 2.1.5 Let S be a transition system. A region R C @) is reachable if
Post*(Q°)NR # 0, or, equivalently, if Pre*(R)NQ° # (). A state ¢ € Q is reachable

if the singleton {¢} is reachable. m

Example 2.1.6 For the transition system Sj from Example 2.1.2, the set [odd]

is not reachable, while every nonnegative even integer is reachable. m

Definition 2.1.7 The reachabilily problem for a class C of transition systems is

stated in the following way:

THere Pre” denotes the n-fold composition of Pre, rather than the n-predecessor operator
(treating n as an event). Numbers are indeed events for rectangular automata, but we trust that
this dual usage of the superscript will not cause confusion.
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Given a transition system S € C and an atomic proposition = € I,

determine whether [x] is reachable. m

Definition 2.1.8 A theory 7 for a transition system S consists of a set F D 11
of elements called formulas, a formula ¢g € F, and a map [-]7: F — P(Q) such

that

1. for every atomic proposition 7 € II, [#]7 = [x],

2. for all formulas ¢1, ¢2 € F, the three expressions ¢1 A @2, ¢1 V 2, 7¢ are
formulas, with [¢1 A do]l7 = [d1]7 N [¢2]7, [¢1 V 27 = [d]7 U [42]7,
and [~¢1]7 = Q \ [¢1] 7,

3. the set {¢ € F | [¢]7 = 0} is recursive,

4. [¢olT = Q°,
5. for each event o € X, there exists a computable map Pre? : F — F such

that [Pre?(¢)]7 = Pre”([¢] 1) for all ¢ € F.

By (1) and (2), the map [-]7 is an extension of [-] from the set of atomic formulas
to F, and so we omit the subscript from [-]7.

A transition system S is effective if there exists a theory for S. m

Proposition 2.1.9 The reachability problem for the class of effective transition

systems is recursively enumerable.

Proof. Put ¢y = m, and ¢py1 = Vyex Pre?(¢n). Then [1,] = Pre™([x]) for each
n € N. By definition, [#] is reachable iff [¢g A t,] # 0 for some n € N. By (3)

above, the test [¢o A 1,] # 0 is computable. m
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2.1.2 Languages

We define the language of a transition system in a way that takes both state
labels and action labels into account. This facilitates the correspondence between

temporal logics, simulation, and language equivalence.

Definition 2.1.10 The w-language of R in S, denoted L¥(R,S), is the set of
pairs of infinite words (P,5) € P(Ils)® x X% such that there exists an infinite
sequence g of states with (1) II(g;) = P; for all i € N, (2) ¢; 2 ¢;31 for all i € N,
and (3) qo € R. The w-language of S, denoted L¥(S), is L*(Q",S). Two states
q and r are w-language equivalent if L*({q},S) = L*({r},S). The language of R
in S, denoted L(R,S), is the set of pairs of finite words (P,o) € P(Ilg)* x X%
with |P| = ||+ 1 and such that there exists an finite sequence ¢ of states with (1)
(g;) = P; for all 0 < i < [P, (2) ¢; 2 giy1 for all 0 < i < |P]—1, and (3) ¢0 € R.

The language of S, denoted L(S), is L(Q%,S). m

We use no acceptance condition. Later, for transition systems with time events,
we will define the divergent language, which requires the sum of the durations of

the time steps in an infinite word to diverge.

2.1.3 Simulation and Bisimulation

Definition 2.1.11 Let S be a transition system. We say that a binary relation ~
on () respects satisfaction if ¢ ~ r implies that for every atomic proposition 7,
q | 7 iff r = 7. Let ~ be such an equivalence relation that respects satisfaction.

A ~-block is a union of ~-equivalence classes. For regions R, R C @, and an
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Figure 2.2: The simulation condition

event o € ¥, define R %3 R'iff RN Pre?(R') # 0. The quotient system S/ is the

transition system
(Q/~8, =3.Q"/~, 1L ),

where |; is defined by R|;7r iff ¢ = 7 for all (equivalently, for some) ¢ € R. m

Definition 2.1.12 Let S be a transition system. A simulation on S is a binary
relation < on @ such that (1) < respects satisfaction, and (2) whenever ¢ < r and

¢35 ¢, there exists a state ' € @ such that ¢/ <+ and r S>¢'. m
Condition (2) is called the simulation condition. 1t is depicted in Figure 2.2.

Definition 2.1.13 Let S be a transition system. The union of all simulations

on S5, denoted =g, is a reflexive, transitive simulation on S. We say that r simulates

qif ¢ <g r. Define the binary relation Efgim on ) by ¢ Egjm riff ¢ <g rand r <gq.

Since =g is reflexive and transitive, the binary relation Efgim is an equivalence
_sim

relation, called similarity. We say that ¢ and r are similar if ¢ =§™ r. The

quotient system S/Egim is the similarity quotient of S. m
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Figure 2.3: Transition system Sy; Similarity quotient; Bisimilarity quotient

Example 2.1.14 Consider the transition system S2 depicted in the left frame of

Figure 2.3. There is one atomic proposition, 7. States satisfying 7= are labeled

with 7. The similarity quotient system SZ/Zgim is given in the middle frame of the
P2

figure. m
The next proposition is easy to prove.

Proposition 2.1.15 Lel S be a transition system and lel ¢ and r be stales of S.

If the two states ¢ and r are similar then they are w-language equivalent. m

Definition 2.1.16 Let S be a transition system. A region R C @ is upward-closed

under stmulation if ¢ € R and ¢ <g r impliesr € R. m

Proposition 2.1.17 The reachability problem is decidable for the class of effective

transition systems with finite similarity quotient.

Proof. Let S be a transition system and let 7 be an atomic proposition of S. Put
bo = m, and &ny1 = &n V Vgex Pre?(€n). Then [r] is reachable iff [¢o A &,] # 0
for some n € N. We show by induction that each [{,] is upward-closed under

simulation. For the base case, [£] = [x] is upward-closed because <g respects
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satisfaction. Inductively, if &, is upward-closed, ¢’ € [¢,], ¢ = ¢', and ¢ <g r, then
there exists a state r’ such that r %' and ¢ <g r'. Since [£,] is upward-closed,
it follows that r' € [¢,]. Since every upward-closed set is a =%™-block, it follows
that ([£n])nex is an increasing sequence of =¢™-blocks. If there are only finitely
many =5"-blocks, then [¢] = [€k41] for some k € N, and [x] is reachable iff
[do N Ex] # 0. The test [€x] = [€xa1] is computable by conditions (2) and (3) in

the definition of theory. m

Definition 2.1.18 Let S be a transition system. A bisimulation on S is a sym-

metric simulation on S. The union of all bisimulations on S, denoted Egis, is a

bisimulation on S. The bisimulation Egis is called bistmilarity. We say that ¢

and r are bisimilar if ¢ Egis r. The quotient system S/Egis is the bisimilarity

quotient of S.

Example 2.1.19 The bisimilarity quotient system Sg/Egz'm is given in the right
2

frame of Figure 2.3. m

It is sometimes necessary to restrict the state space of a transition system to

the set of reachable states in order for the (bi)similarity quotient to be finite.

Definition 2.1.20 The reachable restriction of a transition system S is the tran-
sition system (Post*(Q%),Ys, —s,Q% Ils, [Es), where —g and =g are suitably

restricted to Post™(Q%). m

Most theorems about systems with finite (bi)similarity quotient carry over to
systems whose reachable restriction has finite (bi)similarity quotient, since the

unreachable states rarely play any role.
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2.1.4 Temporal Logic

System requirements are often expressed in temporal logic. In this section, we
describe several logics used for this purpose, define their model checking problems,

and give the basic complexity results that we use in later chapters.

Definition 2.1.21 Let C be a class of transition systems and let £ be a logic or
a fragment of a logic. The model checking problem for L on C is stated in the

following way:

Given a transition system S € C and a formula ¢ of L, determine

whether all initial states of S satisfy ¢. m

CTL*

CTL* is a branching-time temporal logic that subsumes both linear temporal logic

and computation tree logic.

Definition 2.1.22 Let S be a transition system and let ¢ be a state of S. A
computation from ¢ is an infinite sequence k = googqio1 ... € (Q U X)¥ such that
g0 = ¢ and ¢; = giqq for every i € N. Let k = qyogq1071 ... be a computation. For
each ¢ € N, k! is the suffix of & beginning with ¢;. Thus k! = Gi0iGi410i+1 --- 18 a

computation from ¢;. m

Definition 2.1.23 Let S be a deadlock-free transition system. The formulas of

CTL* on S are defined inductively as follows:

Atomic Formulas. The atomic formulas of CTL* are the atomic formulas of S.
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State Formulas. Every atomic formula is a state formula. Given two state for-
mulas yj and y2, and a path formula &, the following five expressions are

state formulas: —x1, x1 V x2, X1 A X2, 3¢, VE.

Path Formulas. Every state formulais a path formula. Given two path formulas

&1 and &2, and a label o € X, the following six expressions are path formulas:

&1, 61V &2, 6 A &, @6, iU, W .

The two sorts of formulas require two satisfaction relations.

Definition 2.1.24 We define a satisfaction relation |=5 between states of S and
state formulas, and a satisfaction relation |=, between computations of S and path
formulas. See Figure 2.1.4. (The boolean connectives are handled in the usual way,
e.g, q Es x1 N x2iff ¢ |Es x1 and ¢ =5 x2, so we omit them from the figure.)
We say that state ¢ satisfies the state formula y iff ¢ =5 x, and computation &

satisfies the path formula £ iff k =) (. m

Definition 2.1.25 A CTL* formula y is in normal form if in y negations are
applied only to atomic formulas. If y is in normal form and does not contain the

J operator (resp. the V operator) then y is universal (resp. existential). m

Theorem 2.1.26 [BCG88,BBLS92,DGG93] Let S be a transilion system and

let ¢ and r be states of S.

1. If g Egis r, then q and r satisfy the same state formulas of CTL*.

2. Ifq Efgim r, then q and r satisfy the same universal state formulas of CTL*.
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q Es iff ¢ | «, for an atomic formula «

q Es 3¢ iff  there exists a computation k from ¢ with & =) £

q Es V¢ iff for every computation & from ¢, k |=p &

K Ep X iff gy Es x, for a state formula x, where k£ = ggo0qi07 ...
K Ep @F iff k!'=¢ and 09 = 0, where k = googqion .. .,

kEp&Uéy it In e Nok" = & and Vm < n. k™ =, &
kEp EWE T K|y EiUE or Ve Nok" |5, &

Figure 2.4: CTL* semantics

3. If the bistmilarity quotient of S s finile, then ¢ Egis r iff ¢ and r satisfy the
same state formulas of CTL*.
4. 1If the similarity quotient of S s finile, then ¢ Egjm r iff ¢ and r satisfy the

same universal state formulas of CTL*. m

Theorem 2.1.27 . The model checking problem for CTL* on finite transition

systems is PSPACE-complete [CES86].

2. The model checking problem for CTL* on finite transition systems can be
solved in space O(m(m +logn)?), where m is the length of the formula and

n is the size of the transition system. [Kup95].

We will apply the second part of Theorem 2.1.27 to show that the model check-
ing problem for the universal fragment of CTL* on positive two-dimensional rect-

angular hybrid automata can be solved in polynomial space.
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Using the translation from CTL* into the p-calculus [EL86], the following

Corollary can be proven.

Corollary 2.1.28 1. The model checking problem for C'TL* is decidable on the

class of effective transition systems with finite bisimilarity quotient.

2. The model checking problems for the universal and existential fragments of
CTL* are decidable on the class of effective transition systems with finite

similarity quotient.

Definition 2.1.29 Let S be a transition system A fairness condition is a set F of
computations of S. The semantics of CTL* with fairness condition F is defined as
in Figure 2.1.4, except that the 4 and V operators quantify over the computations

mF.m

When the fairness condition F is defined in one of the usual ways (as an uncon-
ditional, weak fairness (justice), or strong fairness (compassion) condition [MP92]),

then the complexity of the model checking problem for CTL* does not change.

Linear Temporal Logic

Linear temporal logic (LTL) is a sublogic of CTL* which only takes into account

the set of computations of a state, and not the whole tree of computation.

Definition 2.1.30 The formulas of LTL are those state formulas of CTL* of the

form V¢, where the path formula ¢ does not contain the 4 or V path quantifiers. m

We have the following simple proposition.
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Proposition 2.1.31 Let S be a deadlock-free transition system, and let q and r
be states of S. If ¢ and r are w-language equivalent, then they satisfy the same

formulas of LTL. m

Theorem 2.1.32 1. The model checking problem for LTL on finite transition

systems is PSPACE-complete [SC85].

2. The model checking problem for LTL on finite transition systems can be solved
in space O((m + logn)?), where m is the length of the formula and n is the

size of the transition system. [VW86]. m

We will apply the second part of Theorem 2.1.32 to show that the model check-
ing problem for L'TL under the fairness condition of time divergence on initialized
rectangular hybrid automata with bounded nondeterminism can be solved in poly-

nomial space.

2.1.5 Control

Definition 2.1.33 Let S be a transition system. A control map is a function
k: ) — Y such that for all ¢ € @), there exists an r € () such that qﬁ(—qgr. The

closed-loop system is the transition system
R(S) =der (@, 3, =, Q" 11, [5),
where ¢ ¢' iff ¢ 5 ¢’ and k(q) = 0. m
If S is not deadlock-free, then this definition of control map is rather onerous

(no control map exists), and requires slight modification. The present definition is

sufficient for our purposes.
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Definition 2.1.34 The control decision problem for a class C of transition systems

is stated in the following way:

Given a transition system S € C and an atomic proposition = € I,
determine whether there exists a control map k such thal [z] is not

reachable in the closed-loop system k(S).

If such a control map & exists, we say that [x] is avoidable. Controller synthesis

further requires the construction of the control map & when [r] is avoidable. m

Proposition 2.1.35 [Hen95,AMP95b] The control decision problem is co-r.e.

for the class of effective transition systems.

Proof. Let S be an effective transition system, let (F, ¢o,[-]) be a theory for S,

and let 7 € Il be an atomic proposition. Define a map n: F — F by

n(¢) = /\ (Pre?(¢) vV —Pre?(true)).

oex

The region [n(¢)] is the set of all states that no control map can keep out of [¢]
at the next transition. Put ¢y = 7, and ¢p41 = ¥ V n(thn). It follows that the
control decision problem is answered in the affirmative iff [¢g A ¢,] = 0 for all

neN m

Proposition 2.1.36 [Hen95] The control decision problem is decidable for the
class C of effective transition systems with finite bisimilarity quotient. Moreover,

controller synthesis for C s computable.

Proof. In the notation of the proof of Proposition 2.1.35, ([ts] )nen is an increasing

sequence of Egis—blocks. The reachability algorithm terminates because there are
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only finitely many Egis—blocks, and so Y41 = ¥ for some k. Controller synthesis
is accomplished by first computing the bisimilarity quotient [BFH90,Hen95], and
then choosing for each bisimulation equivalence class R an event ¢ € ¥ such that
Pre?([v ) N R=0.m

This theorem may be generalized to systems with finite similarity quotients, if

the domain of each % is the set of states satisfying an atomic formula.

Definition 2.1.37 A transition system S is standard if for each o € ¥, there

exists an atomic formula « such that Pre?(Q) = [o]. m

Theorem 2.1.38 The control decision problem is decidable for the class C of stan-
dard, effective transition systems with finite similarity quotient. Moreover, con-

troller synthesis for C is computable.

Proof. Suppose S is a standard, effective transition system with finite similarity
quotient. In the notation of the proof of Proposition 2.1.35, we show by induc-
tion that each [+,] is upward-closed under simulation, and therefore a Essim—block.
Thereafter the proof proceeds as for Proposition 2.1.36. First, [¢] = [#] is triv-
ially upward-closed. Next, suppose [t¢,] is upward-closed, ¢ € [ton41], and ¢ <g r.
If g € [tbn] then r € [t),] by the inductive hypothesis. Otherwise, let o € ¥ be an
event. Either ¢ ¢ Pre”(Q) or g € Pre? ([tn]). If ¢ ¢ Pre?(Q), then r ¢ Pre?(Q)
because ¢ =g r, =g respects satisfaction, and S is standard. If ¢ € Pre?([¢n]),
then there exists a state ¢’ € [1,] such that ¢ % ¢'. Since ¢ <g r, there exists a

state ' such that r %= ' and ¢' <g r'. Since [¢),] is upward-closed, it follows that

r' € [vn]. Thus r € [tp41]- m
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2.2 Rectangular Hybrid Automata

2.2.1 Syntax

Definition 2.2.1 An n-dimensional rectangle is a subset B of R" that is a carte-
sian product [[;— B; of (possibly unbounded) intervals, all of whose finite end-

points are rational numbers. The set of all n-dimensional rectangles is denoted

by By,. =

Definition 2.2.2 An n-dimensional rectangular automaton® A consists of the fol-

lowing components:

Control graph. A finite directed multigraph (V4, F4), representing the discrete

component of the system.

Invariants. A function inv: V4 — By, mapping each vertex to its invariant, an
n-dimensional rectangle. The invariant of vertex v specifies the allowable

continuous states while control is in v.

Activity rectangles. A function act4 : V4 — B, mapping each vertex to its
activity rectangle. The activity rectangle act 4(v) constrains the continuous

behavior of A while control is in vertex v.

Initial conditions. A function init4 : V4 — B, mapping each control mode to

its initial condition.

?For the sake of brevity, we use the term “rectangular automaton” rather than “rectangular
hybrid automaton” in the main text.
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Discrete actions. Functions prequard 4 : Ea — By, updateq: Eq — 215-0m},
and postguard 4 : F4 — B,. These functions specify the conditions under
which edges in the control graph may be traversed, and the effects of these

transitions.

Events. A finite alphabet ¥ 4 of events, and a function event 4: K4 — ¥ 4 assign-

ing an event to each edge.

We usually suppress the subscript on the components of A. Thus a rectangular

automaton A is a tuple
(V, E,inv, act, init, prequard,, update, postguard, ¥, event).

An n-dimensional rectangular automaton with silent moves differs in that the func-
tion event 4 maps E4 into X7, where ¥ = ¥ 4 U {7} augments ¥ 4 with the silent

event T € X 4. M

2.2.2 Semantics

A state of a rectangular automaton consists of a discrete part and a continuous
part. The initial function init specifies a set of initial automaton states: when the
discrete state begins at v, the continuous state must begin in init(v). The functions
prequard, postquard, and update constrain the behavior of the automaton state
during edge steps. The edge e = (v, w) may be traversed only if the discrete state
resides at v and the continuous state lies in preguard(e). For each ¢ ¢ update(e), the
ith coordinate of the continuous state is not changed and must lie in postguard(e);

(recall that postguard(e); is the projection of the rectangle postguard(e) on its ith
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coordinate). For each ¢ € update(e), the ith coordinate of the continuous state is
nondeterministically assigned a new value in postguard(e);. The invariant function
inv and the activity function act constrain the behavior of the automaton state
during time steps. While the discrete state resides at vertex v, the continuous
state nondeterministically follows a differentiable trajectory within inv(v), and its
first derivative remains within act(v). A rectangular automaton with silent moves

may traverse 7-edges during time steps.

Definition 2.2.3 Let A be an n-dimensional rectangular automaton, with or
without silent moves. A state (v,x) of A consists of a discrete part v € V and a
continuous part x € R” such that x € inv(v). The state space Q4 of A is the set
{(v,x) € V xR" | x € inv(v)} of all states of A. A subset of )4 is called a zone.
Each zone Z C @4 can be uniquely decomposed into a collection U,cy{v} x [Z]s
of sets [Z], C R™, one for each vertex v. The zone 7 is closed (resp. bounded, com-
pact), if each [7Z], is closed (resp. bounded, compact). The zone Z is rectangular
if each [Z], is a rectangle. The zone Z is mullirectangular if it is a finite union of
rectangular zones. The state (v,x) of A is initial if x € init(v). The initial zone

Q% C @ 4 1s the set of all initial states of A. m
Both the state space Q4 and the initial zone QY are rectangular zones.

Definition 2.2.4 Let A be arectangular automaton, with or without silent moves.
For each edge ¢ = (v,w) € E, we define the binary edge-step relation = on Q4
by (v',x)5 (w')y) iff (1) o' = v and w' = w, (2) x € preguard(e) and y €

postguard(e), and (3) for each ¢ ¢ update(e), x; = y;. Hence x and y differ only
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at coordinates in the update set update(e). For each event o € X7, we define the
binary jump relation = on Q4 by (v,x) % (w,y) iff (v,x) 5 (w,y) for some edge

e € I with event(e) = o.

For each ¢ € R, we define the relation L on @4 by (v,x) =X (w,y)iff (1) v=1w
and (2) either t =0 and x =y, or t > 0 and ¥== € act(v). Notice that due to the

convexity of rectangles, (v,x) EY (w,y) iff there is a smooth function f: [0,{] —

inv(v) with f(0) = x, f(t) =y, and for all s € (0,1), f(s) € act(v). Hence the
continuous state may evolve from x to y via any smooth trajectory satisfying the
constraints imposed by inv(v) and act(v). If A does not have silent moves, then we
define the time-step relation L tobe = . If A has silent moves, then the time-step
relation 5 is defined by ¢ 1 q' iff there exists an integer m > 1, nonnegative reals
!

t1,...,tm, and states ¢1, ..., g2m—2 such that q%qliqggqgi ;qzm_zt:’"?q

and t =310 ;. m

A rectangular automaton A defines several transition systems over the state
space Q4 and subsets of the transition relation — . In Chapter 8, we study
discrete-time semantics, in which time steps are only allowed to have duration 1.
There we use the discrete-time transition system of A, for which the set of events
is XU {1}. In Chapter 5, we study divergent-language emptiness in the context of
dense time. There we use the timed transition system, for which the set of events
is ¥ UR>g. In Chapter 7, we study finitary language equivalence. There we use
the time-abstract transition system, for which the set of events is ¥ U {time}. The

time event subsumes all real-valued time durations.
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2.2.3 Graphical Display Language

It is often convenient to give the continuous variables names a, b, ¢, ... instead of
referring to them by their coordinates. If the variable a corresponds to the zth
coordinate, we write act(v)(a) instead act(v);, etc. When using this conventions,
the set update(e) is a set of variable names, rather than a set of coordinates. In
figures, we annotate each vertex with its activity function, and sometimes with its
invariant. For example, if act(v)(a) = [3,5], act(v)(b) = [4,4], inv(v)(a) = (1,7],
and inv(v)(b) = (—o0,0], we write “a € [3,5]”, “h =47, “1 < a <7, and
“b < 07 inside of v. Often however, we give the invariant in the text and omit it
from the figure. Edges are annotated with event labels and guarded commands. A
guarded command v defines regions prequard(t) and postguard(z), and an update

set update(t)), in a natural manner. For example, if ¢ is the guarded command
a<bAb=4 — b:=T; c:€]0,5],

then prequard(y)(a) = (—o0,5], prequard(+)(b) = [4,4], and preguard(y)(c) = R;
update(v) = {b,c}; postquard(yp)(a) = R, postquard(yp)(b) = [7,7], and finally
postquard(i)(c) = [0, 5).

Example 2.2.5 Consider, for instance, the 2D rectangular automaton A of Fig-
ure 2.5. The set of events of A is {01, 09, 03,04}. Suppose ¢ refers to the first coor-
dinate, and d to the second. Then act 4(v1) = [1,3]x[~3,2] and act 4(va) = [1,3] %
[1,2]. If edge ¢; is labeled with event oy, then prequard(e;) = (—o0, 5] x (—o0, —3],
update(e;) = {1}, and postguard(e;) = {4} x R. Similarly, prequard(es) =

[—3,00) X (—o0, —2|, update(esz) = {1}, and postguard(ez) = [-2,—1] x R.m
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Figure 2.5: The initialized rectangular automaton A

2.2.4 Triangular Automata

Rectangular automata only allow comparisons between continuous variables and
rational constants. This can be generalized to allow comparisons between the val-
ues of the continuous variables. The result is the class of triangular automata.
Generally speaking, all interesting questions about triangular automata are unde-
cidable. We use triangular automata in several places to show that rectangular

automata are the most general class for which a given question is decidable.

Definition 2.2.6 An n-dimensional triangle is a subset A of R™ that is the in-
tersection of a rectangle B with a finite number (zero or more) half spaces of
the form {x € R" | z; < z;} or {x € R" | 2; < z;}, where ¢ and j can vary

through {1,...,n}. =

Definition 2.2.7 A triangular automaton has the same components as a rectan-
gular automaton, except that for each vertex v € V', and each edge e € F, the sets
init(v), inv(v), act(v), prequard(e), and postguard(e) need only be triangles, and

not necessarily rectangles. m
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Every rectangle is a triangle, and so every rectangular automaton is a triangular

automaton.

2.2.5 Basic Definitions

In this section we collect a few definitions which are used throughout this disser-

tation.

Definition 2.2.8 The size of a rectangular automaton A is its length as a string
when all rational constants are written in binary notation. A rectangle B C R” is

written as a list of the endpoints of its projections:
(inf By,sup By, ..., inf By, sup By),

with special encodings for oo and —oo, and a list of bits specifying, for each ¢,

which of the endpoints of the B; belong to B;. m

Definition 2.2.9 A rectangle B is integral if all of its finite endpoints are integers.
A rectangular automaton A, with or without silent moves, is integral if for every
v € V and every e € F, the rectangles init(v), inv(v), act(v), prequard(e), and

postquard(e) are integral. m

Definition 2.2.10 A triangular automaton A is positive if for every vertex v € V,
and every edge e, the triangles inv(v), act(v), prequard(e), and postguard(e) are
contained in the positive orthant R%,. m

Definition 2.2.11 A rectangular automaton A is closed (resp. bounded, com-
pact) if all init(v), inv(v), act(v), prequard(e), and postquard(e) are closed (resp.

bounded, compact). m
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Definition 2.2.12 Let h be a natural number. A triangle B C RY is h-definable
if for each 1 < ¢ < n, either B; C [0, k] or (h,00) C B;. A triangular automaton A
is h-definable if for all v € V and all e € K, init(v), inv(v), act(v), prequard(e),

and postguard(e) are h-definable triangles. m

Definition 2.2.13 Let B be an n-dimensional rectangle, and let J C {1,...,n}
be a set of coordinates. Say J = {ji,...,Jr}, where j; < jo < -+ < jr. The
projection of B onto .J, denoted B[, is the |.J|-dimensional rectangle Hle Bj,.

For a vector x € R”, x[; is the vector (z;,,2j,,...,z;,). ®

Definition 2.2.14 Let A be an n-dimensional rectangular automaton, and let
J C {1,...,n} be a nonempty set of coordinates. The projection of A onto .J is
the |.J|-dimensional rectangular automaton A[; defined from A by replacing each
inv(v), init(v), act(v), preqguard(e), and postguard(e) by its projection onto .J, and

replacing each update(e) with update(e)N.J. m



Chapter 3

Reachability: Decidability

The reachability problem, which asks whether a system can ever enter a given set
of states, is the most basic problem in program verification. In this chapter we
prove the theorem of Puri and Varaiya [PV94], which states that the reachability

problem is decidable for the class of initialized rectangular automata.

3.1 The Time-Abstract Transition System

Definition 3.1.1 Let A be a triangular automaton, with or without silent moves.
Let T4 = {my | v € V4}, and define (w,x) =4 7, iff v = w. Define the binary
time

relation "¢ on Qa by (v,x) = (w,y) iff (v,x) N (w,y) for some t € R>q.

The triangular automaton A defines the time-abstract transition system

S8 =aer (Qa,Sa U {time}, —,Q%, 4, =) m

43
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Definition 3.1.2 Let A be a rectangular automaton. A state (v,x) € Q)4 or zone
7 C Q4 1s said to be reachable if it is reachable in the time-abstract transition

system Sﬁbs. ]

Definition 3.1.3 The dense-time reachability problem for a class C of triangular

automata is stated in the following way:

Given a triangular automaton A € C and a rectangular zone Z C
Q a4, determine whether Z is reachable in the time-abstract transition

system Sﬁbs. ]

Timed Automata

The most important subclass of rectangular automata is the class of timed au-
tomata [Alu91,ACD93,AD94], in which every continuous variable is a precise clock.
The time-abstract transition systems of timed automata have finite bisimilarity
quotients. It follows that the reachability and control problems for timed au-
tomata are decidable. Moreover, the divergent language emptiness problem for

timed automata is also decidable.

Definition 3.1.4 A rectangular automaton A has deterministic updates if (1) the
set of initial states QY is finite, and (2) for every edge ¢ € E, and every 7. if

i € update(e) then postguard(e); is a singleton. m

Condition (2) requires that assignments to the continuous variables be deter-

ministic.
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Definition 3.1.5 A mullirate automaton is a rectangular automaton M with de-
terministic updates such that there exists a vector s € R” with act(v) = {s} for

every vertex v € V. If s = 1, then M is a timed automaton. m

Thus each continuous variable x of a timed automaton satisfies the differential

equation Ccll—f = 1.

Theorem 3.1.6 [AD94] For every timed automalon T, with or without silent
moves, the reachable restriction of the time-abstract transition system S%bs has

finite bisimilarity quotient.

Proof Sketch. Without loss of generality, assume that 7' is integral. Since the set
of initial states of T is finite, assignments are deterministic, and each continuous
variable has positive slope, there exists a k& € Z such that for every reachable
state (v,x), #; > k for all <. It suffice to assume k = 0, so that 7" is positive. Let
T be h-definable. Define (v,x) = (w,y) iff v = w, x ~T#h y and for all 7 and j
with z;,2; < h, |z;i — zj] = |y; — y;|. Then = is a bisimulation on the reachable

restriction of S#%. The number of equivalence classes of = is O(|V|(2m+2)"n!?). m

Corollary 3.1.7 [ACHH93,NOSY93] For every mullirate automaton M, with
or without silent moves, the reachable restriction of the time-abstract transition

abs

system S/ has finite bisimilarity quotient.

Proof Sketch. Given a multirate automaton M, we define a timed automaton 7'
for which the time-abstract transition systems Sf{}” and Sﬁj are isomorphic. Let

actyr(v) = {s} for each vertex, and assume for simplicity that each s; is nonzero.
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For a rectangle B, define a(B) = {y € R" | 3x € B.Vi.y; = {t}. Let Ty have
the same control graph as M, put acty,, (v) = {1} for all v € V', and replace every
other rectangle B appearing in the definition of M by a(B). The timed automaton

Ty has the desired properties. m

Theorem 3.1.8 [AD94] The reachability problem is PSPACE-complete for the

class of multirate automata with silent moves.

Proof. let M be a multirate automaton. By the proofs of Theorem 3.1.6 and
Corollary 3.1.7, the number of bisimulation equivalence classes of the reachable
restriction of the time-abstract transition system Sf{f‘g is singly exponential in the
size of M. (This also depends upon encoding constants in binary (Definition 2.2.8)
rather than in unary.) Reachability can be solved in space logarithmic in the

number of equivalence classes. m

Definition 3.1.9 For a nonempty closed interval I C R, and a number z € R,
define closest(x, 1) to be the closest number to x in I. Thus if € [, then
closest(x, 1) = x; if x < min [, then closest(x, ) = min[; and if > max /, then

closest(z, 1) = max /. m

Definition 3.1.10 A multirate automaton with atiractors M has the same com-
ponents as a multirate automaton (with one restriction), but the transition relation
is defined in a different way. First, for every edge e, and every ¢, it is required that
if i ¢ update(e) then postguard(e); be closed. The edge-step relation = C Q% is

modified in the following way: for an edge ¢ = (v,w) € E, define (v',x) > (w',y)
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iff (1) ' = v and w' = w, (2) x € prequard(e), (3) y € postquard(e), and (4) for

each ¢ ¢ update(e), yi = closest(x;, postquard(e);). m

Corollary 3.1.11 The reachability problem s PSPACE-complete for the class of

multirate automata with atiractors and silent moves.

Proof. FEach edge e of a n-dimensional multirate automaton M with attractors

gn—update(e) edges in such a way that time-

can be replaced by no more than
abstract transition system of the resulting multirate automaton (without attrac-
tors) is isomorphic to the time-abstract transition system of M. For example, in
one dimension, if 1 ¢ update(e), and I is bounded, then the attractor edge e is
replaced by three conventional edges, e1, e2, and e3, where (1) prequard(e;) =
prequard(e) N (—oo,min 1), update(e1) = {1}, and postguard(e;) = {min[l}; (2)
prequard(ez) = postguard(ez) = prequard(e) N I and update(ez) = §; and (3)
prequard(es) = prequard(e) N (max [, 00), update(esz) = {1}, and postguard(ez) =

{max I'}. The size of the bisimilarity quotient remains singly exponential. m

3.2 Skewed-Clock Translation: Compact Case

Definition 3.2.1 We say a rectangular automaton A has uniform dynamics if for
all vertices v,w € V, act(v) = act(w). In this case we also say that A has uniform

activity rectangle B, where B = act(v). m
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We reduce the reachability problem for rectangular automata with uniform
dynamics to the reachability problem for multirate automata with attractors.!

We translate a given n-dimensional rectangular automaton A with uniform
dynamics into a 2n-dimensional multirate automaton N4 with attractors, such
that N4 contains all reachability information about A. In this section we make
the translation for compact A, which contains all of the main ideas. In the next,
we give the general construction, which includes much additional bookkeeping.

Let A be an n-dimensional compact rectangular automaton with uniform dy-
namics. The idea is to replace each continuous variable a of A with two multi-
rate variables (skewed clocks), ay and ay, such that if acty(v)(a) = [k, k'] then
acty,(v)(ag) = {k} and acty,(v)(au) = {k'}. Consider Figure 3.1. With each
time step, the activity of a creates an envelope, whose boundaries are tracked by
ag and a,. With each edge step, the values of ay and a, are updated so that the
interval [ay, ay] is precisely the range of possible values of a. In Figure 3.1, at time
t a transition is taken along an edge e with prequard 4(€)(a) = [m,o0). Since the
value of ay is below m at time ¢, a, 1s updated to the new value m. This update is
accomplished by using an attractor. In the following formal definition of the mul-
tirate automaton Ny, the variables y,;) and y,;) correspond respectively to the
lower and upper bound multirate variables for variable x; of A. For concreteness,

put £(z) = 2¢ — 1 and u(z) = 2u.

!The original reduction [HPV94] did not use attractors, and therefore required the on-the-fly
techniques that are still required in the general case. Attractors were introduced in [HK96] to
simplify the construction.
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ay — k'

ar =k

time

Figure 3.1: Envelope of the activity act(v)(a) = [k, ¥']

Definition 3.2.2 [HPV94] Let A be a compact, n-dimensional rectangular au-
tomaton with uniform dynamics. We assume that for each edge e = (v, w) of A,
prequard(e) C inv(v), postquard(e) C inv(w), and prequard 4(e); = postguard 4(e);
for each 7 ¢ update 4(e). If this is not the case, then we replace each guard with its
intersection with the appropriate invariant, and then replace each preguard 4(e);
and postguard 4(e); with ¢ ¢ wupdate 4(e) by their intersection preguard (e); N
postguard 4(e);.

We define a 2n-dimensional multirate automaton N4 with attractors. It has the
same observation alphabet as A, and the same control graph. The initial function

init iy, is given by
init y, (v)giy = {mininit o(v);} and init y, (v)y(;) = {max init 4(v);}.
The invariant function invy, is given by

v, (v) gy = (—oo, max inv 4(v);] and invy, (v)y) = [mininv(v)i, o).
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z €[0,10] - z:=5
ze[1,2]> <z'e[1,2]
z=7

Figure 3.2: A rectangular automaton A

The activity function acty, is defined as outlined above,

acty, (v)giy = {minact 4(v)i} and acty, (v)y i) = {max act 4(v);}.
The guards and attractors are defined in the following way. Let e € £. Define
preguardy , (€)y;) = (—oo, max preguard 4(e)i],

preguard y , (€)y(;) = [min preguard 4(e)i, o).

The update sets are the same: updatey, (¢) = update 4(e). For 1 € update(e),

postguard y , (€)g(;y = {min preguard 4(e);},
postguard y , (€)y(;) = {max prequard 4(e)i}.
For i ¢ update(e), postguardy , (e)y;) = postguard y , (€)y(iy = postguard 4(e). This

completes the definition of N4. m

Example 3.2.3 Figure 3.2 shows a typical rectangular automaton A with uniform
dynamics. Figure 3.3 gives the multirate automaton with attractors N4. Figure 3.4

shows the timed automaton with attractors Ty,. m

Definition 3.2.4 Let A be arectangular automaton, with or without silent moves.

For an edge e € E, and a zone Z C () 4, define

Post®(7) =qet {(w,y) | I(v,x) € Z.(v,%) > (w,y)}.
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z<10Ay2>20—z,y:=5

@8
I n
[N
N
L—
@ 8.
([}
N =

z<TAYy27—-z,y:=17

Figure 3.3: The multirate automaton with attractors N4

<20 Ay>0—>x:=10;y:=5

o
[E
n
[SN

@ 8.

<14 Ay>7 > z:=14;y:=7

Figure 3.4: The timed automaton with attractors Ty,

If 7 is a singleton {(v,x)}, then we write Post®(v,x) instead of Post®({v,x}). In

the analogous way define the operator Pre€. m

Lemma 3.2.5 Let A be a compact rectangular automaton with uniform dynamics.

For every reachable state (v,y) of Na, Yg(i) < Yu(i)- ®

Definition 3.2.6 Let A be a compact rectangular automaton with uniform dy-

namics. Define the map £4: Qn, — P(Q4) by

n

Ea(v,y) =aer {v} % (inva(0) O TT Ve Yui)])-

1=1

Extend {4 to P(Qn,) by £a(Z) =det Uppy)ez alv,y). ®
Our first lemma shows that the correspondence between N4 and A is properly
initialized.

Lemma 3.2.7 For every compact rectangular automaton A with uniform dynam-

ics, fA(Q(]JVA) = Q?él u

The next lemma shows that the correspondence is maintained by transitions.
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Lemma 3.2.8 Let A be a compact rectangular automaton with uniform dynamics.

For every reachable state (v,y) of Ng, and every m € £ U R>q,

Ea(Postly, (v,y)) = Posty(€a(v,y)).

1 1
Proof. Suppose 7 = 6 € R>¢. To show that {4(Postly, (v,y)) = Post3({a(v,y)),
it suffices to look at one coordinate at a time, or, equivalently, to assume that A is
one-dimensional. We do the latter, so N is two-dimensional. If Post‘]SVA(v, y,y')

is nonempty, then
Post‘]SVA(v, y,y') = {(v,y + kv + K 8)},

where act 4(v) = [k, k']. Since £a(v,y,y") = {v} x [y,y'], it is easy to see that
Posti‘(fA(v, y,y")) = {v} x (inva(v) N[y + ké,y' + k'8]). Tt follows that, as desired,
Ea(Postly, (v,y,9") = Post’y(€a(v,y,1)).

Now suppose that Post?vA(v, y,y') is empty. Inspecting the invariant invy , (v),
we find that either y + k6 > maxinv4(v) or y' + k'6 < mininv 4(v). In either case
it follows that Posti(v,y,y') = (). We have proven that fA(Postva(v,y,y')) =
Posti(fA(v,y,y')) when Post‘]SVA(v,y,y') is empty.

Now suppose 7 = e = (v, w) € E. For each 4, [y (), yu(i)) N inv(v)iN prequard(e);
is nonempty iff yy;) < max prequard4(e); and y, ;) > min preguard 4(e); (because
preguard(e) C inv(v) by assumption). Thus {a(Postly,(v,y)) is nonempty iff
Post%(€4(v,y)) is nonempty. So suppose (v,y)-— (w,z) in Na, For each i €

update(e), [z4i), zu(i)] = postguard(e);. For each ¢ ¢ update(e),

[zeiys zu(iy) = [closest(yy(), postguard 4(e)i), closest(y, ), postguard 4(e);)]

= [We(i), Yu(i)) N postguard 4(e);.
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It follows that {a(Postly,(v,y)) = Post3({a(v,y)). ®

Theorem 3.2.9 [HPV94] [For every compact rectangular automaton A with uni-

form dynamics, L(S]“Vlf) = L(Sjbs).
Proof. From Lemmas 3.2.7 and 3.2.8. =

Theorem 3.2.10 [PV94] The dense-lime reachabilily problem for the class of

compact rectangular automata with uniform dynamics is PSPACE-complete.

Proof. 1t suffices to consider the case of vertex reachability, which singles out
a vertex © € V, and asks if any state of the form (9,x) is reachable. Given A
and a rectangular zone 7 C @) 4, we define another rectangular automaton with
uniform dynamics A which has a vertex v, such that Z is reachable in Sﬁbs iff
{0} x inv 4(0) is reachable in S%bs. The automaton A differs from A only in its
control graph: V; = V4 U {0}, where & ¢ Vy, and £; = E4 U {(w,?) | w € Vy}.
The new edges are used to transfer control to © when entry to Z is detected. For
each vertex w € Va, prequard ;(w,v) = postguard ;(w,?) = [Z],. Thus whenever
7 is entered, an edge step may be taken to 0.

Therefore we assume that 7 is of the form {v} x inv4(v). By Lemmas 3.2.7
and 3.2.8, the zone Z is reachable in Sjibs iff the zone v x invy,(v) is reach-
able in Sj{]b:. The latter can be solved in polynomial space, by Corollary 3.1.11.

PSPACE-hardness follows from Theorem 3.1.8. m
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3.3 Skewed-Clock Translation: General Case

All of the main ideas are already present in the construction for compact automata:
the extension to the general case (first reported in [HPV94]) is mostly a matter of
bookkeeping. In particular, for each lower or upper bound multirate variable, one
bit is used to distinguish a strict from a non-strict bound, and another bit is used
to distinguish a finite from an infinite bound. The reader who has mastered the
previous section will, with some care and effort, be able to carry the translation
over to the general case. It is included here for completeness.

We encounter the following difficulties when the rectangular automaton A has
non-compact components. (1) For each variable z, the lower and upper bounds
represented by y, and y, may be strict or weak (non-strict). To solve this problem,
we introduce a bit called the weak/strict bit for each multirate variable. (2) Upper
and lower bounds may be finite or infinite. For this, we introduce a bit called the
finite/infinite bit for each multirate variable. The weak/strict and finite/infinite
bitvectors are encoded in the discrete state. (3) Unbounded activity rectangles
cause discontinuous jumps in upper and lower bounds. For example suppose the
variable x is assigned the value 3 by traversal of edge e = (v, w), where act(w)(z) =
[1,00). Then in M4, both yy and y, are assigned the value 3 by traversal of edge e.
But after any positive amount of time passes, the upper bound on z should be occ.
We introduce a 7-edge called a jump edge which is taken before any positive time
step. In this example, the jump edge sets the finite/infinite bit for y, to inf.

Since the result of the jump edge presupposes that some positive amount of time
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has passed, all edge transitions inherited from A are disabled until time passes.
Implementing this restriction requires a new clock z and a bit called the time
passage bit. (4) Open activity rectangles can cause a weak bound to change to
strict after any positive amount of time passes. For example, suppose in the above
case that act(w)(xz) = [1,5). Then after edge e is traversed, the upper bound on
x 1s a non-strict bound of 3. But after { > 0 time units pass, the upper bound is
a strict bound of 3 4+ 5¢. Once again, we use the jump edge to solve this problem.
When the jump edge is traversed, the weak/strict bit for y, is set to str.

Let A be an n-dimensional rectangular automaton with uniform dynamics. We
define a multirate automaton M, with attractors and silent moves. Since the
entire definition is lengthy, it is convenient to prove lemmas as soon as a sufficient
portion of the definition is complete. The definition of M4 will be given in the
text, and will not be numbered.

We first define the continuous variables of M4, then the vertex set, and then
an analogue to £4. Next the activity and invariant are defined. Then come jump
edges and edges inherited from A. Last, we define the initial zone.

For each variable x; of A, the multirate automaton M4 has multirate variables
Ye(i) and y,(;) corresponding respectively to the lower bound and upper bound
on z;. We add a zeroth coordinate to M4, so that the synchronization clock z is
given by yo in My. Thus My is (2n + 1)-dimensional. The event alphabet of M4
is that of A. The vertex set Vi, is Va x ({0,1}?")? x {0,1}. A state of M4 is a
tuple of the form (v, X, U, lp,y), where X is the vector of finite/infinite bits (fin = 0,

inf = 1), 7 is the vector of weak/strict bits bits (wk = 0, str = 1), tp is the time
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passage bit, and y € R?"*! is the continuous state.

Relating the state spaces of M4 and A

We define a map n4 : Qp, — 2Va XR”, which specifies how the variables of M 4 give
the range of possible values for the variables of A. Let ¢ = ((v, X, v, tp),y) € Qum,-
The set n4(q) is a rectangle, so each component n4(¢); is an interval, and hence
is completely specified by its infimum, supremum, and which, if any, of the latter

two 1t contains.
o If the finite/infinite bit Ay, = inf, then infns(q)i = —oc.
o If the finite/infinite bit Ay, = fin, then infna(q)i = ye().-

e The weak/strict bit V(i) determines the strictness of the lower bound: if
Ay = fin, then inf na(q) € na(q) iff vyi) = wk.
We make the corresponding definitions for the upper bound.
o If the finite/infinite bit A, ;) = inf, then supna(q)i = co.
o If the finite/infinite bit Au(iy = fin, then sup nalq)i = Yu(i)-
e The weak/strict bit V(i) determines the strictness of the lower bound: if
Au(i) = fin, then supna(q) € na(q) iff v,y = wk.

Since the lower (resp. upper) bound multirate variables do not respect the lower
(resp. upper) bounds of the invariant of A, n4(q) ¢ @ for some states g of My.

We remedy this deficiency by introducing a map 84 : Qu, — 24 defined by
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Ba(q) =det nalq) N Qa, except if yo = 0 and Ip = 1, when B4(q) =ger 0. We
make the latter adjustment because the states in which yg = 0 and tp = 1 are
only reached transiently after a jump edge before a positive time step—mo edge
inherited from A can be traversed from such a state. The upper half-space Uy,
of My is the zone of all states ¢ € Qp7, such that 34(¢) # 0. We extend 14 and
B4 to functions from 29Ma to 2Q4 by na(Z) = Ugez n14(q), and similarly for 34.
The truncation of n4 to B4 is justified by the following lemma, which follows from
the assumption that the preguard of every edge is contained in the invariant of the

source vertex.

Lemma 3.3.1 For every e € E4, and every ¢ € Uy, na(q) N prequard 4(e) # 0
iff Ba(q) N prequard 4(e) # 0. m

For the rest of this section, 7 ranges over {1,...,n}, j ranges over {1,...,2n},
v ranges over Vy, X and 7 range over {0,1}%", and {p ranges over {0,1}. So when
we quantify these variables, as in “for all v, X, U,lp,1,7”, the quantification is over

the domain just specified for each variable.

Invariants

Let I be an interval. Define the lower strictness of I by

wk, if infl € I,
strict| I =

stry if infl ¢ 1.
Define the upper strictness of I by

wk, if supl € I,
strictT I =

stry if sup I ¢ 1.
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We now define the invariant function invy;,. Let v, X, U,lp,1 be given. Then

(_007 OO)? if )‘Z(i) = anv

. o (—oo,sup inva(v)i], if Ay = fin and
o, (0, AV, Up) gy =
vyiy = strict] inva(v); = wk,

(—oo,sup inv 4(v);), otherwise.

If the finite/infinite bit Agiy 1s infinite, then the value of lower bound multirate
variable yy;) is irrelevant, so we do not constrain it. If the finite/infinite bit is
finite, then the upper bound on this interval is strict unless both the strictness
vy(;) of the lower bound multirate variable y,(;) and the upper strictness of the
invariant are both weak. The motivation for this is that if / and J are intervals,
and inf I = sup.J, then I N.J # 0 iff strict| I = sirict] J = wk. Here [ is
meant to represent the range of allowable values for z; in A, as determined by
the state of M4, and .J is meant to represent an invariant inv 4(v);. We have the

corresponding definitions for the upper bounds. Define

(_007 00)7 if )‘u(z) = ana
. o [inf inva(v)i,00), if Ay = fin and
oM, (Vs A Vs 8P )y (i) =

Vu(iy = strict] inva(v); = wk,

(inf éinv 4(v)i, 00), otherwise.

The invariant of the synchronization clock is defined so that time may not pass
if the time passage bit Ip is 0: inUMA(v,X, 7,0)9 = {0} and i?lUA[A(U,X, v,1) =

[0, 00).
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Activity rectangles

We now define the activity function actps,. For all v, X, v,lp,t,

. {inf act 4(v);}, if infact 4(v); > —o0,
QCt]WA(v7 )‘7 177 tp)ﬁ(z) =
{0}, if inf act 4(v); = —o0.
- {sup act 4(v);}, if supact 4(v); < o0,
CLCtMA(U, )‘7 177 tp)u(i) =
{0}, if sup act 4(v); = 0.

The slope of yy;y in M4 is the infimum of the allowable slopes for z; in A, unless
it is infinite. The synchronization variable is a clock: act s, (v, X, v, tp)o = {1}.

It remains to define the edges of M. The multirate automaton M4 has a
family of attractor edges for each edge of A. We say that these are inheriled
from A. In addition, the multirate automaton M4 has a set of 7-edges called jump
edges. The jump edges provide changes to bound value and strictness that are
caused by the passage of any positive amount of time. For example, an unbounded
activity always causes a discontinuous jump in the bound value. Such a jump can

only be simulated by an edge transition.

Jump edges

For all v, X, v, there is an edge from (v, X, 7,0) to (v, X', 7', 1) with silent event 7.
The target vertex components X', 7' will be defined presently. The preguard and
postguard are both {0} x R?", and so this edge can only be traversed when 39 = 0.

The update set is empty. Recall that jump edges provide changes that become
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necessary if any positive amount of time passes. These edges are taken proactively,
before any time passes: i.e., only if the synchronization clock yg has value 0. To
prevent spurious edges from being taken due to the changes made by these edges,
no edge inherited from A may be traversed until a positive amount of time has
passed, i.e., until o > 0.

The finite/infinite bitvector must be changed to account for finite bounds that

become infinite due to an unbounded activity.

inf, if infact4(v); = —o0,
Niy =

Agiy,  otherwise.
N . inf, if sup act 4(v); = oo,

Au(i)s  otherwise.
The weak/strict bitvector must be changed to account for weak bounds that

become strict due to a strict activity.

/ str, if strict] act 4(v); = str,
Veiy =
Vg(;), otherwise.
str, if strict] act 4(v); = str,
Yu(i) =
Vu(i), otherwise.

The jump edges, just defined, play the following role in M 4. Suppose an edge
inherited from A is taken. Then tp = 0. If no edge inherited from A is traversed,
then before any time may pass (since no time may pass when {p = 0), a jump edge
is traversed, setting ¢p to 1, and performing whatever bookkeeping is required for

the weak /strict and finite/infinite bitvectors. The changes made by the jump edge
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reflect the situation after some positive amount of time has passed only. Therefore
no edge inherited from A is allowed to be traversed before some time passes: if

tp =1 and yo = 0, then no inherited transitions are enabled.

Inherited edges

We now define the edges of M4 inherited from A. For each edge e = (v, w) € Ey4,
every X,D’ € {0,1}?", and every {p € {0,1}, there is a set \Il(e,x, U, lp) of edges
in M4. Each edge ¢' € U(e, X, v, 1p) has source vertex of the form (v, X, v, 1lp), and
target vertex of the form (w, X', 7',0). Notice that the time passage bit is always
cleared by €’. The event of €' is that of e: event jr, (¢') = event 4(e). The update set
is defined by update y;, (e') = {0YU{L(i) | i € update 4(e)}U{u(i) | i € update 4(e)}.
The postguard of €' is defined as in the compact case: Suppose i € update 4(e).
Then postguardMA(e')g(i) = {inf postguard 4(e);}, when the infimum is finite, and
postguard yr , (€') sy = {0} if inf postguard 4(e); = —oc (the definition in this case is
arbitrary). Similarly, postgum*dMA(e')u(i) = {sup postguard 4(e);}, when the supre-
mum is finite, and postguardMA(e')u(i) = {0} if sup postguard 4(e); = oco. If i ¢
update(e), then postguardMA(e')g(i) = postguardMA(e')u(i) = cl(postguard 4(e);),
where ¢l(I) denotes the closure of 1.

The preguards are more difficult to define, because of the requirement of up-
dating strictness. Indeed, the proper propagation of strictness information is what
requires there to be more than one edge in ¥(e, X, v, 1p). It is convenient to define

the preguards, as well as the bitvector components of the source and target vertices

of each edge ¢’ € U(e, X, v, 1p)S, by means of a logical formula ¢(e) in conjunctive



62

normal form. When 1 (e) is converted into disjunctive normal form, each disjunct
specifies an edge ¢’ by specifying the target bitvectors and a predicate on R?"+!
whose characteristic set is a rectangle. This set becomes the preguard of ¢'.

The formula (e, X, U,lp) uses the following free variables: the symbols Ye(i)
and y,(;) to refer to the continuous variables of My; the variables X and 7 refer
to the values of the finite/infinite bitvector and the weak/strict bitvector after
the edge is traversed. The formula v (e, X, U,lp) defines the set [t (e, X, v, tp)] C
(({0,1}2")2 x R2"+ of all pairs ((X, V),y) satisfying ¢(e). From [[¢o(e)] we extract
the preguard and the target values of the finite/infinite and weak/strict bitvectors.

The formula ¢ (e, X, v, tp) is a conjunction of CNF formulas 8, AAJ—; ¥i(e, X, V).
The formula g is yo = 0, and formula 61 is yg > 0 A y{, = 0. Hence an edge derived
from (e, X, 7,0) can be traversed only if the synchronization clock has value 0,
and an edge derived from ¢ (e, X, 7,1) can be traversed only if the synchronization
clock has value greater than 0. In the latter case the synchronization clock is reset
to 0.

We wish an edge of My derived from the edge family U(e, X, U, lp) to be en-
abled for traversal in state ¢ € @)y, iff the range of possible values for each z;
intersects prequard(e);, i.e., iff na(q) N preguard(e) # 0. 1t follows from the inclu-
sion of edge preguards in source vertex invariants that n4(q) N prequard(e) # § iff
Ba(q) N preguard(e) # 0. If all values are finite and all bounds are weak, then the
intersection is nonempty iff y;) < max preguard(e); and y, ;) > min preguard(e);.
This was the requirement given in the construction of N4 for compact A. Tak-

ing strictness and infinite bounds into account, we obtain the more complicated
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conditions Kguard(x, v,t, prequard(e);) and uguard(x, U,t, prequard(e);). For an in-
terval I, and 1 <1 < n, define

true, if Agiy = inf

Eguard(x, vyi, 1) = Yei) S sup L, it Ay = fin and vy = strict] I = wk

Yei) <supl, otherwise

true, if Ayiy = inf

uguard(x, v, 1) = Yul(i) = inf I, if /\u(i) = fin and Vu(s) = strict] I = wk

Yu(i) > inf I, otherwise

To understand this definition, consider the conditions under which an interval .J

intersects an interval I.

Lemma 3.3.2 Let I and J be nonempty intervals, and let ¢y and ¢, be defined

as in Figure 3.3. Then INJ # 0 iff ¢y and ¢y are true.

The formula ﬁguard(x, v,t,1) corresponds to the predicate ¢y and the formula
uguard(x, v,i, 1) corresponds to the predicate ¢,. Notice ¢y is always satisfied
if infJ = —oc. Thus Kguard(x, v,i, 1) is satisfied if Mgy = inf. If strict| J =
strictT I = wk, then ¢, is inf J < sup I. Hence the second line of the definition
of Kguard(x, v,i,1). Finally, if either strict | J = str or strictT I = str, then
¢¢ is inf J < sup . Hence the third line of the definition of Kguard(x, v, I).

Symmetrical remarks apply to uguard(x, Vi, 1) and ¢y.

Lemma 3.3.3 Let e be an edge of A, let X, 7€ {0,1}2", and for tp = 0,1, let 1y,

be the CNF' expression

Oy A\ (Eguard(x, U,i, prequard(e);) N uguard(x, v,t, prequard(e);)).
=1
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strict| J | strictT [ o¢ strict J | strict] [ Ou

wk wk inf J <sup/ wk wk sup.JJ > inf [
wk str inf.J <sup/ wk str supJ >inf [
str wk inf.J <sup/ str wk supJ >inf [
str str inf.J <sup/ str str supJ <inf [

Figure 3.5: JNT # 0 iff ¢p A dy

Then for every state ((v, X, U, tp),y) € Un,, Posty(Balq)) # 0 iff y satisfies yy.

Proof. Put q = ((v,x, U,lp),y). In the discussion following Lemma 3.3.2, we
proved that if ¢ satisfies 0, and na(q) = {v} x I, then I N prequard 4(e) # 0 iff ¢
satisfies 14,. So we may restrict attention to those states ¢ for which 54(¢) # na(q).
There are two classes of such states. First, if {p = 1 and yo = 0, then S4(q) = 0.
In this case, g does not satisfy 6, and so g does not satisfy 1. Second, there is the
class of states in which na(q) ¢ Qa, when, e.g., a lower bound multirate variable
has dropped below the infimum of the invariant. In this case, the result follows
from Lemma 3.3.1. m

We continue the construction for ¢ € update 4(e). In this case, the lower and
upper bounds on z; are assigned to the infimum and supremum of postguard 4(e);,
with corresponding assignments made to the finite/infinite, off /on, and weak /strict

bitvectors. For an interval I, and 1 <1 < n, define

Cassign(i.T) = )‘Ié(z’) = fin A 1/2(1») = strict] postguard 4(e); if inf [ # —o0,
)‘Ié(z’) =inf A 1/2(1») = sir if inf I = —oc.
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)\ii(i) = fin A 1/;(2-) = strict] postgquard 4(e); if sup [ # oo,
uassign (v, 1) = :
)\ii(i) =nf A 1/;(2») = sir if sup I = oc.

For ¢ € update 4(e), the formula t;(e, X, V) is

ﬁguard(x, U,i, prequard 4(€);) A ugum‘d(x, vy, prequard 4(e)i) A
Lassign (v, postguard 4(e);) N wassign(i, postquard 4(e);).

The remainder of the definition of ¢ (e, X, v, lp) makes no mention of any ¢ €

update(e). Define Post%}j’)\’ﬁ’tp)(q) = Ue’e\lf(e,X,ﬁ,tp) Postf{“ (¢), Recall that for a
rectangular zone Z, we have the canonical decomposition Z = U,ey{v} x [Z]o,

where [Z], C R. We have the following lemma.

Lemma 3.3.4 For every edge e = (v,w) of A, every state ¢ = ((v,x, v, lp),y) €

Unt,, and every i € update(e), ([Posty(Ba(q))]w)i = ([Ba(Post 5 ())],);. m

So far, there has been no disjunction. Disjunction is used for ¢ ¢ update(e).
This case is complicated because the strictness of a bound may change, as well
as its value. Our definitions follow once again from Lemma 3.3.2. The CNF
formulas Eadjust(x, v, 1, prequard 4(e);) and uadjust(x, v,t, prequard 4(e);) give the
conditions on yy;) and y,(;) that necessitate the various changes in strictness.

Let I be a nonempty interval. Define the formula Eadjust(x, v,1,1) to be )‘Ié(z’) =
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Aeiiy A 1/2(2») = vy(j),if inf I = —oo. Otherwise ﬁadjust(x, v,i,1) is the formula

(Agiiy = inf A )\ = fin A Z/Z() = strict] )
\Y% ()‘Z(i) = fin A yg) <inf 1 A )\m) = fin A 1/2(1-) = strict] )

vV )‘Z(z) = ﬁn A y[(i) =inf/ A VZ(i) = wk A )\Il(z) :ﬁn A 1/2(1) = St?"ictl ])

<

<

(
(i) = fin A ygy = inf I A vy = str A A’m) = fin A yg(i) = V(i)
(Aeiiy = fin A ygy > inf I A Xﬁ(i) = fin A Vé(z') = Vy(i))-
Similarly, define the formula wadjust(X, 7,7, I) to be X, (@) = M) A Vi) = Vagi) if
sup I = co. Otherwise uadjust(X, 7,4, 1) is the formula

(Auy = inf A Ny = fin A vy = strict] 1)
V (Au@i) = fin A yugiy >sap I A A' :ﬁn A VL(Z') = strict] 1)
V (A ﬁn/\yu()—sup]/\l/()—wk/\)\' ﬁn/\l/()—strictT])

V (Au(i) ﬁn/\yu()—sup]/\y()—str/\)\ ﬁn/\l/():yu(i))

(
(
(
V (Au@iy = fin A yu) <supl A )\ = fin ANV u(i) = Va(i))-
Explanation of these definitions is deferred to the next paragraph. For i ¢

update 4(e)i, the formula v;(e, X, 7, tp) is

ﬁguard(x, v,t, prequard 4(€);) A ﬁadjust(x, v,t, prequard 4(€);) A

uguard(x, U,t, prequard 4(€);) A uadjust(x, v, i, prequard 4(e);).
The Lguard and uguard conjuncts ensure that the edge can be taken iff the interval
defined by the lower and upper bounds and the finite/infinite and weak/strict bits
intersects the preguard interval prequard 4(e);. The Cadjust and uadjust conjuncts
reset the lower and upper bound values and their finite/infinite and weak/strict

bits based upon the new information learned about the value of z; if the edge e is

traversed in A.
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—

We now examine the definition of Cadjust(X, 7V, i, prequard 4(e);). 1If edge e is
traversed in A, then new information about the value of z; is obtained, namely
that it lies within preguard 4(e);. Put k = inf prequard 4(e);. If k = —oo, then
there is no new information, and so neither X nor # changes. Hence the first line
of the definition. If & > —oo, then we have several cases. If the finite/infinite bit
Agiy = inf, then the present lower bound is infinite, and so ;) must be set to
fin, yg;) must be reassigned to k, and the weak /strict bit vg(;) must be assigned
to the lower strictness of preguard 4(e); (line two). Now suppose the finite/infinite
bit Ay = fin. If yyi) < k, then again yy;) and vy, must be reset to &k and
its strictness (line three). If Ye;y = k and the strictness bit vy;) = wk, then
information is gained if the lower strictness of preguard 4(e); is str. So in this case
(line four) we require 1/2(1») = strict] prequard 4(e);. But if y, = k and the strictness
bit vy;y = str, then no information is gained; and so vy;) is not changed. Finally,
il yg(;y > k, then there is no new information, and so there are no changes (line 6).

We have proven the following lemma.

—

Lemma 3.3.5 For every edge e = (v,w) of A, every state ¢ = ((v,\, 7, tp),y) €

Unm,, and every 1 ¢ update(e),
€ /. /. v E;X;ﬁ;t ‘
([Posty(Ba(a))lw)i = (1Ba(Postyfy ™" (g)]u);.
Putting together Lemmas 3.3.3, 3.3.4, and 3.3.5, we have the following lemma.

Lemma 3.3.6 Let A be a rectangular automaton with uniform dynamics. For

—

every state g = ((v, X\, V,tp),y) € Uy, , and every edge e of A,

Post®,(B4(q)) = Ba(Post 5M)(g).
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Moreover, |P05t;‘1{[(j’)\’ﬁ’tp)(q)| < 1. That is, Postqﬂjl(j’)"ﬁ’tp)(q) is either emply or a

singleton.

Proof. The first statement follows from Lemmas 3.3.3, 3.3.4, and 3.3.5, and from
the fact that Post%{}j’)\’ﬁ’tp)(q) # () iff ¢ satisfies the predicate 1y, from Lemma 3.3.3.
For the second claim, notice that the disjuncts of ﬁadjust(x, Uy, prequard 4(e);)

are mutually exclusive, as are the disjuncts of uadjust(x, v, i, prequard 4(e);). Each

state ¢ can satisfy at most one of the disjuncts of each of these formulas. m

Initial zone

It remains to define the initial zone QY in such a way that S4(QY;,) = Q%. This
is done by setting yy;) and y,(;) at vertex v to be the infimum and supremum of the
region of Qf, associated with v. Let Z C Q4 be a rectangular zone. Fach {v} x
[Z], contributes a singleton zone {(v, A([Z],), #([Z]0),0,y([Z]s))} to lowhighZ. 1f
inf([Z]o)i = —oo, then M([Z]v)eiy = inf, v([Z]o)giy = str, and y([Z]o)s) =
0. If inf([Z]y)i # —oo, then A([Z]v)euy = fin, v([Z]v)ei) = strict] ([Z]v)i, and
y([Z))ey = (inf[Z]o)i. Similarly, if sup([Z],)i = oo, then M([Z]),u) = inf,
v([Z]o)uiy = str, and y([Z]v)y@y = 0. I sup([Z]v)i # oo, then A([Z]v),(;) = fin,
v([Z]o)uiy = strietT ([Z]v)i, and y([Z]v)u) = sup([Z]v)i- Finally, yo = 0. Now

define Q(J)WA to be lowhigh QY.

Lemma 3.3.7 Let A be a rectangular automaton with uniform dynamics. For

every rectangular zone 7 C Qa, Ba(lowhigh Z) = Z. In particular, 5A(Q(])\4’A) =

QY.
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This completes the definition of M 4. Notice that M4 has deterministic up-
dates, and so it is a multirate automaton with attractors. The automaton M4 has
exponentially many more vertices and edges than A. However, this exponential
blowup does not adversely affect the complexity of the reachability problem, be-
cause the size of the bisimilarity quotient remains singly exponential in the size

of A.

Analysis of time steps

For the remainder of this section, it will be convenient to refer to the components
of a state ¢ of M4 generically as v, X, v, lp, and y. We say “Vey in q7 or “vy
in ¢ to distinguish components of different states. Lemma 3.3.6 gives the basic
correspondence between edge steps in A and edge steps in M4. We must now
develop a correspondence for time steps. The next lemma simply says that every
reachable state of M4 that is the target of a time-step has its finite/infinite and

weak /strict bits set correctly.

—

Lemma 3.3.8 For every reachable state ¢ = ((v, A\, 0, 1p),y) € Reachyr, N Upp,

with yo > 0 and tp = 1, and for every t,
1. ifinfact g(v)i = —oo then Ay = inf; if sup act 4(v); = 0o then A,y = inf.

2. if strict | act g(v) = str, then vy, = str; if strict T act4(v) = str, then

Vu(i) = str. ®

Recall that a multirectangular zone is a finite union of rectangular zones.
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Proposition 3.3.9 For every rectangular automaton A, every mullirectangular
zone Z C Q 4, and every label 7 € R>oU X U E, Post’y(Z) ts a multirectangular

Zomne.

Proof. Since each relation 5 with ¢ € X7 is a finite union of relations = with
e € I, it suffices to prove the proposition for 7 € R>oU E. Call a zone elementary
if it is of the form {v} x R, where R is a rectangular region. Then a zone is
multirectangular iff it is a finite union of elementary zones. We show that for any
elementary zone Z' = {v} x R, Post%(7') is elementary. If 7 = (v,w) € E, then

Posty(7') = {w} x R, where

» postguard(m);, if ¢ € update(r);,

7

R;, if ¢ ¢ update(r);.
If 7 € R>g, then Post’y(Z') = {v} x R, where R is a rectangular region satisfying
inf R, = max{inf inv(v);,inf B; + 7 - inf act(v)}
and
sup R = min{sup inv(v);,sup R; + 7 - sup act(v)},

where we have used the convention that 0-0c =0-(—o0c) =0. m

The following lemma gives the time-step correspondence between A and M 4.

Lemma 3.3.10 Let A be a rectangular automaton with uniform dynamics. Then

for every reachable state ¢ € Reachyr, N Up,, and every duration t € R,

Post's(Ba(q)) = Ba(Postly,(q)).
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Moreover, |P05t§WA(q) NUp,| < 1. That is, PosthA ()N Up, is either empty or

a singleton.

Proof. The second claim is the determinism of the time-step relation. It follows
from the fact that M4 is initialized and its continuous variables are multirate
variables: they take on only one rate between initializations. Let ¢ € Uy, be a
reachable state, and let 54(¢) = {v} x B.

Case 1: | = 0. In this case Post4(84(q)) = Ba(q). Every ¢ € Postﬁ,[A(q) is
either ¢ itself, when obviously 34(¢') = Ba(q), or the target of a jump edge, when
Ba(d') = 0. Hence Post%(Ba(q)) = Ba(a) = Ba(Postly, (9))

Case 2: t > 0 and Postil(ﬁA(q)) # (. Recall from Proposition 3.3.9 that each

([Post'y(84(q))]v)i is a nonempty interval with

inf Post'y(B4(q))i = max{inf inv 4(v);,inf B; + ¢ - inf act 4(v);}, (3.1)

and
sup Post'y(84(q)); = min{sup inva(v);,sup B; + t - sup act 4(v);}. (3.2)
The strictness of the infimum is given as follows. Put Inv = inv4(v)i, Act =

act4(v);, and Try = inf B; + ¢ - infact 4(v);. If inf Inv > Try, then strict |
Post'y(Ba(q)) = strict | Inv. If inf Inv = Try, then strict | Post,(84(q)) = wk
iff strict | Inv = strict | By = strict | Act = wk. 1If infInv < Try, then
strict | Post'y(B4(q)) = wk iff strict| B; = strict] Act = wk. The strictness of
the supremum is given symmetrically.

There is exactly one state ¢' € PosthA(q). We prove B4(q") = Posty(B4(q)).
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Subcase 2a: (4(q) and act4(v) are bounded. The upper bound clock y, ;)

moves at the supremum of the allowable rates for z; in A. If this rate is positive then

sup inv 4(v); —sup B;
sup act 4 (v);

the upper bound reaches the upper boundary of inv4(v); after

units of time pass, Hence
sup 34(q") = min{sup inv 4(v);,sup B; + ¢ - sup act 4(v);},
which is the same as sup Post'(84(q));. Similarly,
inf B4(¢") = max{inf inv 4(v);,inf B; 4+ - inf act 4(v);},

which is the same as inf Posty(34(q))i. So the infimum and supremum of B4(q');
coincide with the infimum and supremum of post';(84(q))i- The question of strict-
ness remains. If sup B; + ¢ - sup act4(v); > sup invy(v);, then strictT fa(q)i =
strict T inv 4(v); = strict T Post'y(B4a(q)). The strictness is correct. Now sup-
pose sup B; + ¢ - sup act 4(v); < sup inv 4(v);. Then in state ¢', the upper bound
Yu(i) has value sup B; + ¢ - sup act 4(v);. Since ¢' is reachable, Lemma 3.3.8 im-
plies that in ¢, vy(iy = wk iff strictT Ba(q)i = strictT acta(v); = wk. A glance
at the discussion of strictness following Equation 3.2 shows that the strictness
is correct: strict Ba(q')i = strictT Post'y(84(q)). Finally, suppose sup B; + t -
sup acl 4(v); = sup inv4(v);. In this case, again we have that in ¢/, Vu(iy = whk iff
strict] Ba(q)i = strict] act 4(v); = wk. But here the definition of 34, which inter-
sects the value of n4 with the invariant, comes to the fore, resulting in a strict bound
if strict] inv4(v); = str. Therefore strict] Ba(q')i = wk iff strict] Ba(q); = strict]
act 4(v); = strictT inv z(v); = wk. The discussion of strictness following Equa-

tion 3.2 shows that the strictness is correct: strict] fa(q'); = strict] Post'y(B(q)).
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Symmetrical remarks apply to the lower bound multirate variable, and we have
completed the discussion of strictness.

Subcase 2b: [(4(¢q) is not bounded from above. In this case, inv4(v) is
not bounded from above, either, and the finite/infinite bit Au(iy 18 inf in state q.
The jump edges do not change this bit when inv4(v) is unbounded from above,
and so in state ¢/, still Au(i) 18 inf, and so sup Balq)i = oo = sup Post'y(Ba(q)).
Symmetrical remarks apply to the case of 34(¢q) not bounded from below.
Subcase 2c: act4(v)i is not bounded from above. Since ¢ > 0, A\, = inf
in ¢ by Lemma 3.3.8. So sup 84(¢')i = sup inva(v); = sup Posty(B4(q))i, with
matching strictnesses. A symmetrical argument handles the lower bound. We
conclude that B4(q')i = Post'y(84(q))i. The case of ¢ > 0 and Post!y(84(q)) # 0
is complete.

Case 3: Post'(84(q)) = 0. This means that for each coordinate i, either the
lower bound y,;) rises above the upper boundary of inv 4(v); within time ¢, or
the upper bound y,(;) drops below the lower boundary of inv 4(v); within time t.
Put bottom(i) = max{infinf4(v);,inf B; + ¢ - inf act 4(v);} (see Equation 3.1) and
top(1) = min{sup inv4(v);,sup B; + ¢ - sup act 4(v);} (see Equation 3.2). That is,
bottom (i) (resp. top(i)) would equal inf Post'y(84(q)); (resp. sup Post'y(B4(q))i), if
only Post';(84(q)); were nonempty. The fact that Post';(84(¢)); = § means that
either bottom(i) > sup inv4(v); or top(z) > inf inv 4(v);, or we have equality in
one of these two expressions with a strictness conflict. If bottom (i) > sup inv 4(v);,
then ¢ cannot take a ER transition, because any state ¢’ with qi>q' has the

lower bound clock yg;y > sup inv 4(v)i, which is impossible, since for any such
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q', sup z’n"uMA(q')g(i) = sup inv4(v); (see the definition of invy,). So in this case
PosttMA(q) = (), and so ﬁA(PosttMA(q)) = () = Post'y(B4(q)) as desired. We have a
similar deduction for top(¢) < inf inv 4(v). Now suppose bottom(¢) = sup inv 4(v);.
There are two possible strictness conflicts. (1) The invariant upper boundary is
strict. (2) The lower bound multirate variable is strict. In either case, the invariant
invy, places sup inv 4(v); out of the reach of Yy(s): the supremum of the invariant
for yy(; is sup inv 4(v)i, but the supremum is not contained in the invariant interval
(the reader is encouraged to reread the second line of the definition of invy, ). The

proof is complete. m

Theorem 3.3.11 [HPV94] For every rectangular automaton A with uniform dy-

namics, L(Sﬁ‘ﬁ) = L(S9).

Theorem 3.3.12 [HPV94] The dense-lime reachability problem for the class of

rectangular automata with uniform dynamics is PSPACE-complete.

Proof. Let A be an initialized rectangular automaton. As before, reachability
can be reduced to vertex reachability. By Lemmas 3.3.6 and 3.3.10, for every
rectangular zone Z, Posty(34(Z)) = Ba(Postyy,(Z)). Thus we may reduce the
vertex reachability problem from v to w in A to a reachability problem in M 4 from
a set of vertices of the form {v} x ({0,1}2")? x {0,1} to a set of vertices of the

form {w} x ({0,1}?")? x {0,1}. This can be solved in space
O(log((2n + 1)1 |Vag, |(k +2)*"*1)),

where k is singly exponential in the size of A; this is polynomial in the size of A.

The (exponentially large) automaton M4 need not be explicitly constructed. m
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3.4 Initialized Rectangular Automata

In this section we show that the class of initialized rectangular automata is essen-
tially equivalent to the class of rectangular automata with uniform dynamics. It
follows that the reachability problem for the former class is PSPACE-complete. In
the next section, we show that if either rectangularity or initialization is relaxed,
then even the simplest automata can encode undecidable problems. It follows that
the class of initialized rectangular automata is essentially a maximal class for which

the reachability problem is decidable.

Definition 3.4.1 [PV94] An n-dimensional rectangular automaton A is initial-
ized if for every edge e = (v,w) € E, and every 1 < ¢ < n, if act(v); # act(w);

then ¢ € update(e). m

Thus if A is initialized, then whenever the continuous dynamics of variable 2
change due to a change in control mode, the value of variable ¢ is nondeterministi-
cally reinitialized. It follows that variable 7 can be replaced with several variables,

one for each distinct act(v);.

Corollary 3.4.2 The dense-time reachability problem for the class of initialized

rectangular automata is PSPACE-complete.

Proof. Let A be an n-dimensional initialized rectangular automaton. We define
an m-dimensional rectangular automaton with uniform dynamics A’, where m <
n|V4|, with the same control graph as A, and such that {v} x R™ is reachable in A

iff {v} x R™ is reachable in A'. For each 1 < i < n,let F; = {acta(v)i | v € V},
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the set of all activity intervals for variable 2 in A. The set of variables of A’ is
indexed by {(¢,7) | 1 < ¢ <nand I € F;}. The variable (¢, 1) plays the role of
variable ¢ in the control modes v such that actz(v); = [. When act 4(v); # I, the
behavior of variable (7, I) is unconstrained.

The activity function of A’ is defined by act a(v) i1y = I for each (i, I). Suppose
I = act4(v);. Then the invariant condition inv4/(v) is defined by inv4(v); 1) =
inva(v)i. I T # act 4(v)i, then inv g (v) = R.

For each edge e = (v,v') € F, prequard 4/(e)(; 1) = preguard 4(e); if acta(v); =
I, and preguard 4 (€); 1y = R otherwise; postguard y(e)i; 1y = postguard 4(e); if
acty(v'); = I, and postguard 4(e)i 1y = R otherwise; update 4 (e) is the set of
(2, 1) such that ¢ € update 4(e) and act 4(v'); = 1.

The initial condition function of A" is defined by init 41(v); 1y = inil a(v); if
acta(v);i = I, and init o1(v)(; 1y = {0} otherwise (the latter being arbitrary). It
follows that for every vertex v € V, {v} x R" is reachable in A iff {v} x R™ is
reachable in A'. Thus the reachability problem for initialized rectangular automata

is PSPACE-complete. m



Chapter 4

Reachability: Undecidability

In the previous chapter, we showed that initialized rectangular automata form a
decidable class of hybrid automata. In this chapter, we show that they form a
maximal such class. We proceed in two steps. First, we show that without ini-
tialization, even a single two-slope variable leads to an undecidable reachability
problem. Second, we show that the rectangularity of the model must remain invi-
olate. Any coupling between coordinates, such as comparisons between variables,
brings undecidability with even a single non-clock variable. (Timed automata,
which have only clock variables, remain decidable in the presence of variable com-
parisons [AD94].) A main consequence is the undecidability of compact automata
with clocks and one stopwatch. These automata are important for the verification
of duration properties. The undecidability of the reachability problem for rectangu-
lar automata with clocks and several stopwatches was previously known [ACHH93,

KPSY93]. However several decidability results for restricted classes of automata

77
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with all but one clock presented some hope, now lost, that a limited number of

stopwatches could be accommodated [ACH93,BES93, KPSY93,BER94b)].

Definition 4.0.3 Let A be a rectangular automaton and let a be a continuous
variable of A. Variable a is a clock if for every vertex v € V, acts(v)(a) = 1.
Variable a is a skewed clock if there exists a slope s € Q\ {0, 1} such that for every
vertexv € V, act 4(v)(a) = s. Variable a is a memory cell if for every vertex v € V,
act 4(v)(a) = 0. Variable a is a two-slope variable if there exist slopes s1,s2 € Q

such that for every vertex v € V| either act4(v)(a) = s1 or actg(v)(a) = s2. ®

Definition 4.0.4 A rectangular automaton A is simple if it meets the following

restrictions:

1. Exactly one variable of A is not a clock.
2. For every vertex v, inv(v) and act(v) are compact.

3. For every edge ¢ € FE, and for all 1 < ¢ < n, if ¢ € update(e) then
postquard(e); = {0}, and if « € update(e) then postguard(e); = prequard(e);.
4. For every edge e € FE, prequard(e) is compact (and hence postguard(e) is

compact by 3).

The automaton A is m-simple if it meets restrictions 2-4, and exactly m variables

of A are not clocks. m

We use simple automata for our undecidability results. Restriction 3 allows

only deterministic variable updates, and so the nondeterminism of jumps in the
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continuous state, allowed in our model of rectangular automata, does not con-
tribute to our undecidability results. Many limited decidability results are based
on the digitization of real-numbered delays [HMP92,BES93, BER94b.PV94]. Since
the digitization technique requires closed guards and invariants, restrictions 2, 3,
and 4 imply that the technique does not generalize beyond very special cases.
Many other limited decidability results apply to automata with a single stopwatch
[ACH93,BES93, KPSY93,BER94b,BR95, Hen95]. Restriction 1 implies that these
results do not generalize either. We might also replace condition 2 with the trivial
invariant Av € V.R"™, when our proofs would require only minor modification.

All of our undecidability proofs are reductions from the halting problem for
two-counter machines to the reachability problem for simple rectangular automata.
A two-counter machine consists of a finite control and two unbounded counters.
Three types of instructions are used: branching based upon whether a specific
counter has value 0, incrementing a counter, and decrementing a counter (which
leaves unchanged a counter value of 0). In our reductions, each counter is modeled
by a clock. Counter value r (usually) corresponds to clock value sl(i—i)r, where s1
and sy are the slopes of a two-slope variable in a simple automaton, s; being the
larger. When z—; = 2, decrementing (resp. incrementing) a counter corresponds to
doubling (resp. halving) the value of the corresponding clock. Notice that since

s1 > s2, 1t is the density of the continuous domain, rather than its infinite extent,

that is used to code the potentially unbounded counter values.
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4.1 Uninitialized Automata

We show that initialization is necessary for a decidable reachability problem.

Theorem 4.1.1 For every two slopes sy,s2 € Q with sy # s, the dense-lime
reachability problem is undecidable for the class of simple rectangular automata

with one two-slope variable of slopes s1 and ss.

We first prove three lemmas that are basic to all of our undecidability proofs. In
figures of simple automata, all variables whose slopes are not listed are clocks—

they have slope 1.

Definition 4.1.2 Let W be a positive rational number. A simple rectangular

automaton A is W-wrapping if the following four conditions obtain:

1. for every clock variable a of A, and for every vertex v, inv(v)(a) = [0, W],

2. if z is the non-clock variable of A, and z takes only nonnegative slopes (i.e.,
act(v)(z) C [0,00) for each vertex v), then for each vertex v, inv(v)(z) =

[0, W - maxy,ey max act(w)(z)],

3. if z is the non-clock variable of A, and z takes only nonpositive slopes, then

for each vertex v, inv(v)(z) = [W - mingey min act(w)(z), 0],

4. if z is the non-clock variable of A, and z takes both positive and negative

slopes, then for each vertex v,

inv(v)(z) = [W - unjqel‘r/l min act(w)(z), W - max max act(w)(z)].
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A W-wrapping edge for a variable a and a vertex v with act(v)(a) = {s} is
an edge e from v to itself with preguard(e)(a) = {sW}, update(e) = {a}, and

postquard(e)(a) = {0}. m

In particular, a W-wrapping edge for a clock a is an edge e from vertex v to itself
such that preguard(e)(a) = {W}, update(e) = {a}, and postguard(e)(a) = {0}.

The invariant of a wrapping automaton forces wrapping edges to be taken
when they are enabled. We use wrapping to simulate discrete events by continuous
rounds taking W (or some multiple thereof) units of time. The wrapping edges
ensure that variables take the same values at the beginning and end of a round,
unless they are explicitly reassigned by a non-wrapping edge. This is the content
of our first lemma. We stress that in figures, we leave these wrapping conditions
implicit, in particular, we omit invariants from every figure after those regarding
the basic lemmas, and we omit wrapping edges beginning with Figure 4.7. The

wrapping technique originated in [Cer92].

Lemma 4.1.3 Wrapping. Let W be a positive rational number. Let s1 € Q,
and consider the simple W-wrapping automaton fragment of Figure 4.1, Suppose
that ¢ = v when edge ey is traversed into vy, where 0 < v < $1W if s1 > 0, and

s1W < v <0 if sy <0. Then the next time es is traversed out of vy, again ¢ = 7.

Proof. Figure 4.2 contains a time portrait illustrating the proof for W = 4 and
s1 = 1. The markings eq, e2, and e3 along the time axis show at which points these
edges are traversed. We give the proof for s; > 0. In order for e3 to be taken in

the future, the following series of steps must occur: 1) ey is traversed; 2) exactly
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Figure 4.2: Proof of the Wrapping Lemma for W =4, s1 =1

i(Wsl — ~) units of time elapse, after which ¢ has value Wsy, and a has value
i(WSI —7); 3) the wrapping edge e is traversed, after which ¢ has value 0, and
a has value i(W& —7); 4) exactly W — i(Wsl —q) = % units of time elapse,
after which a has value W and ¢ has value v. m

By only allowing clocks ¢ and d to wrap simultaneously, we can check if the

two have the same value.

Lemma 4.1.4 Equality. Let W be a positive rational number. Consider the
simple W-wrapping automaton fragment of Figure 4.3, in which all variables are
clocks. Suppose that ¢ = v and d = 6 when edge ey is traversed into vy, where
0 <~,6 <W. Then edge e3 can later be traversed iff v = 6, and the next time e3

is traversed, both ¢ and d have value v (= 6). m



Figure 4.4: Assignment lemma: performing the assignment d := i—fc

Similarly, by assigning skewed clock d to 0 at the same time as wrapping skewed

clock ¢ to 0, we perform the assignment d := z—fc, where ¢ = s1 and d = so.

Lemma 4.1.5 Assignment. Let W be a positive rational number. Let s1,s2 € Q,
s1 # 0, and consider the simple W-wrapping automaton fragment of Figure 4./.
(In Figure 4.4, it is assumed that si,so > 0. If s1 < 0, replace ¢ < s1W by
¢ > s1iW in the figure. If so < 0, replace d < soW by d > soW in the figure.)
Suppose that ¢ = ~ when edge ey is traversed into vy, where 0 < v < s1W of
s1 >0, and s;W < v <0 if s1 < 0. Then the next time e3 is traversed, ¢ = v and

d=2~.m

S1

Proof of Theorem j.1.1. We reduce the halting problem for two-counter machines

to the reachability problem for simple wrapping rectangular automata with a two-
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slope variable taking slopes s; and s3. Let M be a two-counter machine with
counters C' and D. Let a, b, ¢, and d be clocks, and let z be a two-slope variable
of slopes s1 and ss.

Case 1: s1 > s > 0 or s; < s < 0. Our automaton is W-wrapping, where
W may be chosen to be any number larger than s;. We encode the values of the
counters ' and D in the values of the clocks ¢ and d, respectively. We encode
counter value r by clock value |s;[({#)". The relationships ¢ = |51|(§—f)c and
d = |31|(j—f)D hold when a = 0 or @ = W (except when more than one time
interval of duration W is needed to simulate one computation step). The test
C = 0 is implemented by two edges e; and ez, where prequard(ei)(c) = [s1, s1]
(corresponding to C' = 0) and preguard(e2)(c) = [0, s3] (corresponding to C' # 0).
Decrementing a counter corresponds to first checking if it is zero as above, and if

not, then multiplying the corresponding clock value by j—; This is implemented
by two assignment lemma constructions in series as in Figure 4.5. In the first,
z = s71; it performs z := syc. In the second, z = s9; it performs ¢ := 51—22 The
bottom portion of Figure 4.5 contains a time portrait showing the operation of
the decrementation fragment with W = 4, sy = 2, and s3 = 1. Incrementing a
counter corresponds to multiplying the corresponding clock value by z—f It is done
by reversing these assignments, as in Figure 4.6. First z := syc is performed, and
then ¢ := iz The bottom portion of Figure 4.6 contains a time portrait showing
the operation of the incrementation fragment with W =4, s; = 2, and sy = 1.

Case 2: sp = 0. In the remaining figures, we omit the wrapping edges required for

the clock d. The construction is insensitive to the sign of s;. The encoding of the
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time

Figure 4.5: Counter decrement: multiplying ¢ by z—}) using the two-slope variable z

two-counter machine is given by counter value r corresponding to clock value 2!,
We use wrapping constant 4. Decrementing a counter corresponds to doubling the
corresponding clock. The doubling procedure is given in Figure 4.7. The idea is
to perform z := sjc using the assignment lemma, then to put z = 0 until ¢ reaches
W again, and then to put z = s; so that when a reaches W, z = 2517, where ~ 1s
the original value of ¢. Then perform ¢ := iz with the assignment lemma. The
lower portion of the figure gives a time portrait illustrating the operation of the
fragment for s; = 2. Halving ¢ requires two auxiliary clocks x and y. First, a value
is guessed in z. Then y := 2z is performed using the above doubling procedure.
Then ¢ = y is checked by the equality lemma, and if this succeeds, then ¢ := z is

performed using the assignment lemma.

Case 3: sy < 0 < s1. First suppose [s2] < |s1]. We use clock value 51(%)T
to encode counter value r. The wrapping constant W can be any number larger

than s;. But now we use two synchronization clocks a and b. Clock ¢ is synchro-
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Figure 4.6: Counter increment: multiplying ¢ by j—f using the two-slope variable z

nized with a, and clock d is synchronized with 6. The relationship ¢ = 51(%)0

holds when @ = 0 or a = W, and the relationship d = 31(%)17 holds when b6 = 0

or b =W. To multiply ¢ by é—;, we first perform z := syc¢ and reset ¢ to 0. Then
we put Z = s9, and when z reaches 0, we reset a to 0. At this point ¢ = é—})ﬂ,

where « is the original value of ¢. See Figure 4.8. The bottom portion of the figure
contains a time portrait for W =4, s; = 2, and sy = —1. To multiply ¢ by z—f,
simply reverse the slopes of z. l.e., perform z := ss¢, reset ¢ to 0, then put z = s;
and when z reaches 0, reset a to 0. See Figure 4.9. The bottom portion of the
figure contains a time portrait for W =4, s; = 2, and s2 = —1.

If [s2] > |s1], we use clock value |32|(|§—;|)T for counter value r, which simply
switches the roles of multiplying by |§—3| and multiplying by % Finally, suppose

sy = —s1. In this case we use clock value 2'=" for counter value r, and the

wrapping constant is 4. Again we use separate synchronization clocks for ¢ and d.



Figure 4.7: Doubling ¢ using variable z taking slopes 0, s1

To double ¢, perform z := sj¢, and then put 2z = —sy, resetting a when z reaches 0.
See Figure 4.10, which gives the construction, and also a time portrait for s; = 3.
Halving ¢ is done by nondeterministically guessing the midpoint of the interval of
time between ¢ = 4 and @ = 4. The guess is checked by starting z at value 0, giving
z at slope s; for the first half, and slope —sj for the second half. If z returns to 0
at the same instant that a reaches 4, the guess was correct. See Figure 4.11, which

gives the construction and a time portrait for s; =5, W =4. m

4.2 Non-Rectangular Automata

A slight generalization of the invariant, activity, preguard, postguard, or update
function leads to the undecidability of rectangular automata, even under the strin-

gent restrictions of simplicity and initialization.
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Figure 4.8: Multiplying ¢ by % when s9 < 0 < 57

8

€1 €2. €3'°4  time

Figure 4.9: Multiplying ¢ by S—f when s9 < 0 < 57

8

Assignment updates

The update function can be generalized to allow the value of one variable to
be assigned to another variable. An assignment updale assigns to each edge e
both an update set update(e) C {1,...,n} and an assignment function assign(e):
{1,...,n} = {1,...,n}. The edge-step relation - is then redefined as follows:
(v,X) 5 (w,y) iff e = (v,w), x € prequard(v), y € postguard(w), and for all

i & update(e), y; = Tussign(i)- Using assignment updates and one skewed clock,
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Figure 4.10: Doubling ¢ when s9 = —s1
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Figure 4.11: Halving ¢ when s9 = —s3

or assignment updates and one memory cell, the proof of Theorem 4.1.1 can be

duplicated. The latter gives a new proof of a result from [Cer92].

Corollary 4.2.1 For every slope s € Q\ {0,1}, the dense-ltime reachability prob-
lem is undecidable for the class of simple (initialized) rectangular automata with

one skewed clock of slope s (resp. one memory cell) and assignment updates.

Proof. First assume s > 0. With assignment updates, it is simple to multiply the
value of the clock ¢ by s when a skewed clock z of slope s is available. Simply use
the assignment lemma to perform z := s¢, and then use an assignment update to

perform ¢ := z. To divide ¢ by s, do the reverse: use an assignment update to
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perform z := ¢, and then use the assignment lemma to perform ¢ := %z We give
the construction in Figure 4.12, along with a time portrait for s =3, W = 4.

Now assume s < 0 and s # —1. We use one synchronization clock a for clock e,
and another synchronization clock b for clock d, as in the proof of Theorem 4.1.1
for s < 0. To multiply ¢ by |s|, perform z := sc¢ by the assignment lemma, and
then perform a := z; ¢ := 0 with an assignment update. If v was the original value
of ¢, then after this sequence a = sy and ¢ = 0. After sy time units pass, a = 0
and ¢ = sv. See Figure 4.13, which includes the construction and a time portrait
for s = =2, W = 4. To divide by |s|, perform z := ¢;¢ := 0 with an assignment
update, and then ﬁ time units later when z reaches 0 (and ¢ reaches ﬁ), perform
a := 0. The constructions for s = —1 are similar.

When s = 0, we have a memory cell, which we refer to as m. We use clock value
2177 for counter value r. The doubling procedure is given in Figure 4.14. Simply
assign m := ¢ when a¢ = 0, then wait for ¢ to reach 4 and then assign ¢ := m.

When a reaches 4, ¢ has twice its original value. Halving is done by guessing and

checking, as in Case 2 of Theorem 4.1.1. m

Triangular preguards, postguards, and invariants

Using triangular preguards only, or triangular postguards only, or triangular in-

variants only, reachability is undecidable for simple rectangular automata.

Definition 4.2.2 A rectangular automaton with triangular prequards (resp. post-
guards; invariants; activity rectangles) is a triangular automaton A such that all

triangles appearing in the definition of A are rectangles, except possibly for the



€1 €2 €3 time

Figure 4.12: Multiplying by s > 0 with assignment updates and a skewed clock of

slope s

prequard(e) (resp. postguard(e); inv(v); act(v)). m

Corollary 4.2.3 For every slope s € Q\ {0,1}, the dense-lime reachability prob-
lem is undecidable for the class of simple (initialized) rectangular automata with

one skewed clock of slope s and triangular prequards (resp. postguards; invariants).

Proof. Triangular preguards, postguards, or invariants allow comparisons between
the variables of the form z = y. This allows an assignment update y := z to
be simulated by the unguarded reset y := 0 followed later in time by the test
y = z. It follows that the constructions of Corollary 4.2.1 can be implemented
with triangular preguards, postguards, or invariants replacing assignment updates.
We give an example multiplication construction (performing ¢ := s¢) for triangular
invariants and s = 2 in Figure 4.15. The “c = 2” inside of the rightmost vertex

indicates the triangular invariant. m



92

e eg €3 v,A"'e‘itime

Figure 4.13: Multiplying by |s| with assignment updates and a skewed clock of

slope s < 0

€1 €2 €3
time

Figure 4.14: Doubling with assignment updates and a memory cell

Triangular activity rectangles

Using three variables and a uniform triangular dynamics, we can simulate the

behavior of the two-slope clock from Theorem 4.1.1.

Corollary 4.2.4 The dense-time reachability problem is undecidable for the class
of 3-simple rectangular automata with triangular activity rectangles and uniform

dynamics.
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Figure 4.15: Doubling with triangular invariants and a skewed clock
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Figure 4.16: Doubling with the triangular activity 1 <z <y <z <2

Proof. For this proof we use three variables z,y, z with global triangular activity
1 <z <y <z <2. The doubling construction is given in Figure 4.16. The variable
y will actually take only slopes 1 and 2; the former is accomplished by resetting
z to 0 when a wraps to 0, and then later testing a = 4 A z = 4; similarly the
latter is accomplished by resetting = to 0 when a wraps to 0, and then later testing
a=4 A x =8. In this way, the two-slope variable constructions of Theorem 4.1.1

can be duplicated. m



Chapter 5

Linear Temporal Logic

A drawback of transition system semantics for hybrid automata is the existence
of infinite computations during which only a finite amount of time passes. Such
computations do not correspond to any real-world behavior, and therefore must
be ignored when a system is verified. We turn to the model checking problem
for linear temporal logic, under the fairness condition of time divergence. On the
class of multirate automata, this problem is PSPACE-complete. The translation
from a rectangular automaton A with constant dynamics into the multirate au-
tomaton M 4 is language-preserving, but in general does not preserve the divergent
language (which is the divergent subset of the w-language). By obtaining a con-
dition on A under which the translation is divergent language-preserving, we a
obtain class of RHA for which the LTL model checking problem under divergence
is PSPACE-complete. This condition is called bounded nondeterminism. It essen-

tially requires that for any bounded zone Z C 4, and any 7 € £ URy>, that

94
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Post™(7) be bounded.

For this chapter, we fix a rectangular automaton A with uniform dynamics, a
nonempty set 1l of atomic propositions of interest, and a satisfaction relation | C
Q) 4 x Il depending only on the vertex of a state. That is, for every = € 1I, and all
states (v,x),(w,y) € @4, if v = w then (v,x) = 7 iff (w,y) E 7. Extend [= to

@m, by defining (v, X, U, lp,y) = 7 iff (v,x) = 7 for some x.

5.1 The Divergent Language
Definition 5.1.1 Let B be either A or M 4. We define the timed transition system
Sk =det (@B,34UR>0, =, Q%11 [5)

(whose dependence on Il and = is suppressed) and the unlabeled timed transition

system

Sg —def (QB;EB U RZ(Ja —, QOB7H7 |:) u

In the timed and unlabeled timed transition systems, time steps of each dura-

tion ¢ € Ryg are distinguished.

Definition 5.1.2 A timed word is a pair (P, 7) of infinite sequences where P; C II
and m; € ¥4 URxg for all # € N. A timed edge word is a pair (P, @) of infinite
sequences where P; C Il and w; € F4 UR> for all ¢ € N. The timed word (resp.
timed edge word) (P, 7) is divergent if ¥-{r; | m; € R>o} = co. For a timed (edge)
word p = (P,7), and a k € N, the k-prefiz of p, denoted by plg, is the pair of

strings (PoPy -+ Py, mom1 - Fg—1). W



96

Definition 5.1.3 Let B be either A or M 4. Let Z C Qg be a zone. The divergent

language of Z in B is the set
LY%(Z, B) =gt {(P,7) € L¥(Z,5%) | (P,7) is divergent}.

The divergent language of B, denoted L (B), is L (QY%, B). The divergent edge

language of Z in B is the set
EL™(Z,B) =4t {(P, @) € L*(Z,5%) | (P, &) is divergent}.
The divergent edge language of B, denoted Ede(B), is Ede(Q%, B). =

Thus the divergent (edge) language of 7 in B is the set of divergent timed

(edge) words in the w-language of S% (S5).

Definition 5.1.4 The divergent language emptiness problem for a class C of rect-

angular automata is stated in the following way:

Given a rectangular automaton A € C, determine whether Ld“’(A) is

emply. A

Theorem 5.1.5 [AD94] The divergent language emptiness problem for the class

of multirate automata with attractors and silent moves is PSPACE-complete. m

While Lemmas 3.3.7, 3.3.6, and 3.3.10 imply that M4 and A generate the same
finite timed words (i.e., L(S%[A) = L(S%)), the multirate automaton M4 may
generate divergent timed words that A does not, so that L#*(My) # L% Y(A).
For example, consider the timed automaton C' in Figure 5.1, with initial zone

7 = {v} x (—=00,0], The divergent timed word ((II(v))¥,(1c)%) is not an element
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C M (schematic):

Figure 5.1: L4(C) C L4 (M¢)

of Ldi”(C), because for any initial value y of the continuous variable x, at most
ly| time units can pass before = becomes positive and the o-edge is disabled.
However, since Z is unbounded, in M¢ the lower finite/infinite bit Ag(1) remains
at inf on time steps and o steps. Therefore ((II(v))¥,(10)%) is an element of
Ldi”(M(;). Consider the schematic picture of M¢ in Figure 5.1, in which continuous
variables, guarded commands, the weak/strict bits, and the finite/infinite bit for
the upper bound multirate variable are suppressed. The multirate automaton M4
has the divergent computation (vy = vy 2 vy %)%, where we have suppressed the
continuous state. This is due to the unboundedness of the initial zone. Similar
behavior is exhibited in automata with unbounded postguards. The definition of

bounded nondeterminism, found below, precludes both.

Definition 5.1.6 An n-dimensional rectangular automaton A has bounded non-

determinism if (1) for every vertex v, init(v) and act(v) are bounded, and (2)



98

for every edge e, and every ¢ € {1,...,n}, if 1 € update(e), then postguard(e); is

bounded. m

Note that bounded nondeterminism does not imply finite branching. It merely
ensures that the successor of a bounded region is bounded.

We prove that if A has bounded nondeterminism, then L%V(A) = L% (My,).
The main theorem states that if A has bounded nondeterminism then the divergent
language L% (A) is limit-closed. Le., if every finite prefix of the timed word (P, 7)
is an element of L(Z,S%), then (P,7) € L% (Z, A). From this it follows that
LU (A) = L% (M ). We first give the result for A with the stronger requirement of
compact nondeterminism, because the proof of the main theorem for this restricted
case is a simple consequence of the fact that a decreasing sequence of nonempty

compact set has nonempty intersection. Thereafter we proceed to the general case.

5.2 Compact Nondeterminism

The first proposition gives a basic property of compact zones that is inherited from

Euclidean space.

Proposition 5.2.1 Let A be a rectangular automaton, and let (Z;)ien be a de-
creasing sequence of nonempty compact zones of A. Then the intersection ey Zi

15 nonemply.

Proof. This follows from the corresponding statement for compact subsets of R",

and the fact that Vy is finite. m
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Definition 5.2.2 A rectangular automaton A has compact nondeterminism if it

is closed and has bounded nondeterminism. m

We show that rectangular automata with compact nondeterminism define limit-
closed divergent languages. The following two technical lemmas are used to estab-

lish the compactness of all zones that are used in the proof of the main theorem.

Lemma 5.2.3 Let A be a rectangular automaton with compact nondeterminism.
For every compact mullirectangular zone Z C Q) 4, and every w € Ry U Ey4, the

zone PostF(7) is compact and multirectangular. m

Lemma 5.2.4 Let A be a rectangular automaton with compact nondeterminism.
For every pair of compact multirectangular zones Z,7' C Qa, and every @ €

R>oU Ey, the zone Pre%(Z') N Z is compact and multirectangular. m

Note the asymmetry of the two lemmas. The intersection of Pre%(Z') with the
compact zone 7 is required for compactness, because preguards of automata with
compact nondeterminism are only required to be closed, not compact. The next
lemma gives the meat of the limit-closure argument, showing that if all prefixes of
a timed edge word may be generated from a given zone Z, then in fact there is an

element of Z from which each prefix may be generated.

Lemma 5.2.5 Let A be a rectangular automaton with compact nondeterminism,
and let 7 C Q4 be a compact multirectangular zone. Suppose T is a timed edge
word such that for every k € N, 7 € L(Z, Sg) Then there exists a state ¢ € Z

such that for every k € N, 7, € L({q},5%).
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Proof. Put 7 = (P,=). For each k € N, define

Ji =qer {a € Z | Post3°71""F({q}) # 0}.

T, T

Each Jj is nonempty because each Post (7) is nonempty. Also, Jx D Jri1
for every k. We claim each .J; is compact. If so, then the sequence (Jg)rey is a
decreasing sequence of nonempty compact sets. Hence the intersection Nj—, Ji is
nonempty. An element of the intersection is the requirement of the lemma.

We now establish the claim that each .Ji is compact. By Lemma 5.2.3, for
each k € N, the zone Post5°™""*(Z) is compact and multirectangular. Hence
by Lemma 5.2.4, Jp = Z N Pre5* "1 (Post5°V "7k (7)) is compact as well. m

The following main theorem establishes the limit-closure of L% (Z, A) for all
rectangular automata A with compact nondeterminism, and all compact multi-

rectangular zones 7.

Theorem 5.2.6 Let A be a rectangular automaton with compact nondeterminism,
and let Z C Q4 be a compact multirectangular zone. Suppose p is a timed word
such that for every k € N, plx € L(Z,5%). Then there exisls a stale ¢ € Z such

that p € LY ({q}, A).

Proof. Put p = (P,7). By Kénig’s lemma, there exists a timed edge word
7 = (P, @) such that event(w;) = m; for all w; € E, and 7} € L(Z,5%) for every
keN.

Let Zy = Z. By Lemma 5.2.5, there exists a state gy € Zp such that for every

k >0, Posty°""" ™" ({qo}) # 0. Let Z; = Post5°({qo}). The zone Z; is com-

w

pact and multirectangular, and for each k > 1, Post%'™*"**(Z;) is nonempty.
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So by Lemma 5.2.5, there exists a state ¢ € Z; such that for each & > 1,
Post 5%k ({g1}) is nonempty. Proceed inductively in this manner, with Z;41 =

Postj:{({qj}) compact and multirectangular, and ¢;41 € Zj41 given by Lemma

5.2.5, such that for each & > 7 + 1, Post?“wﬂ?“wk({qj_|_1}) # (. Then
R TR R R
Therefore (P, ) € Ede(Z, A), and consequently (P,7) € LY (Z,A). m

Theorem 5.2.7 For every rectangular automaton A with uniform dynamics and

compact nondeterminism, LY (A) = LY (My).
Proof. The inclusion L% (A) C L**(M ) is immediate from Lemmas 3.3.7, 3.3.6,

and 3.3.10. For the reverse, put Z = QY, and suppose

wq w1 Wy
qo—q1—q2—

in M4, where qo € lowhighZ. Then there exist states ¢, € Upy,, k=0,1,2...,in

the upper half space of M4 such that

§ WO W1 o} W2
9o —4q1 — 42— ",

where ¢ € lowhighZ, and TI(q;) = I1(g;) for each i € N. Define @' € (E4 UR>q)¥
by @} = @y if @ € R>o, and @}, = e if @y, is an edge of My derived from the edge
e of A by an edge family (e, X, v,tp). Then by Lemmas 3.3.7, 3.3.6, and 3.3.10,
for each k,

POStZOwl'"wk(Z) — ﬁA(POStzjf[(LwL..wk(lowhith)) D) 5A({q;c+1}) 7§ @

By Theorem 5.2.6, there exists a state ¢ € Z such that (P,&@') € ELdiU({q}, A).m



102

Corollary 5.2.8 The divergent language emptiness problem for the class of ini-

tialized rectangular automata with compact nondeterminism is PSPACE-complete.

Proof. By Theorems 5.2.7 and 5.1.5, and the proof of Corollary 3.4.2, using the
fact that M4 need not be explicitly constructed in order to check the emptiness of

its divergent language. m

5.3 Bounded Nondeterminism

Let A be a rectangular automaton. Recall that L(S%) is the set of infinite
timed words generated by A that are not necessarily divergent. Notice that if A
has compact nondeterminism, then L*(S%) is limit-closed. This is no longer
the case if A only has bounded nondeterminism. Consider, for example, the
timed automaton D in Figure 5.2. Every finite prefix of the infinite timed word
p = ((H(v))”,a'%a%a%a---) is generated by a finite computation of D, and yet
p & Le(S%).

However, we show that Ldi”(A), the set of divergent timed words generated
by A, is limit-closed for all rectangular automata A with bounded nondeterminism.
That is, whenever every finite prefix of a timed word p in which the time steps sum
to infinity can be generated by A, then the infinite sequence p can be generated
by A. The proof of limit-closure is greatly complicated by the lack of an analogue to
Proposition 5.2.1 for bounded regions. The limit-closure of Ldi“(A) is now proven
by a detailed case analysis of the activity function.

The following technical lemma is used to establish the boundedness of all zones
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Figure 5.2: The need for time divergence

appearing in the proof of limit-closure.

Lemma 5.3.1 Let A be a rectangular automaton with bounded nondeterminism.
For every bounded multirectangular zone Z C Q 4, and every w € RyoU Ey4, the

zone PostF(7) of w-successors of 7 is bounded and multirectangular. m

The next lemma gives the heart of the proof of limit-closure. It says that for
1-dimensional A with uniform bounded activity interval, Ldi”(A) is limit-closed

with respect to timed edge words without updates of the continuous state.

Lemma 5.3.2 Let 7 be a finite sel of nonemply intervals, and let R, Act be
bounded intervals. Lel (1;)ren be a sequence of posilive real numbers with Y32t =
oo, and let (Iy)ren be a sequence of intervals such that Iy = R, and for every k > 1,
I, is the intersection of one or more members of I. Suppose for each k € N, there
is a finite sequence xg,T1,...,xE of real numbers such that for all 0 < j < k,
z; € I, and for each 0 < j < k, W € Act. Then there is an infinile sequence

(xk)ken such that for each k € N, z € Iy and % € Act.
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Proof. Consider a continuous variable z, initialized nondeterministically to some
value in R, and with € Act. Call a finite sequence xg, z1,...,x} k-admissible if
forall 0 < j <k, z; € Ij, and for each 0 < j <k, % € Act. Call an infinite
sequence (1 )rey admissible if for each k € N, 2, € I}, and % € Act.

Case 1: 0 ¢ Act. Suppose Act C (¢,0), where ¢ > 0. The case of Act C
(—o0, €) is handled symmetrically. Let & be larger than all of the finite endpoints
of the intervals in Z. The point here is that the speed of z is bounded below
by €, and so that once W time has passed, no matter what the initial value
of =, the value of x will be greater than all of the finite bounds defining intervals
from Z. Let m be large enough so that Zzl:_ol 1, > W We claim that for
every zg € R for which there exists an m-admissible finite sequence xg, z1,. .., Tn,
there is in fact an admissible infinite sequence (x)rey extending zg, z1,..., Tm.
By assumption, for every & € N, a k-admissible sequence exists. For any such
sequence Yo, Y1, - ., Yk, it must be that y; > h for each 7 > m. It follows that since
7 is finite, and every I; is an intersection of elements of Z, that for every k& > m,
I O (h,00). Since Act contains some € > 0, any m-admissible finite sequence

xp,x1,...,T, can be extended to the admissible infinite sequence

L0y TLyeensTm,y Tm T+ ﬁtmyxm + e(tm + tm-l—l)v s

Case 2: 0 = inf Act. The case of 0 = sup Aet is handled symmetrically.
Among the [; are only finitely many distinct intervals, because there are only
finitely many intersections of the finitely many elements of Z. Let W be the set

{I ¢ R | I = I, for infinitely many ¢}. Then N W # 0, because Act N(—oc,0) =0,
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so x can never descend from an /; to an [; all of whose elements are less than
those of I;. Let mj be large enough so that for every k € N, I, 11 € W, and
moreover that for every W € W, there is a k < my with I = W. lLe., my
is large enough so that all elements of W have been met in the past, and only
elements of W will be met in the future. Let ms > mj be large enough so that
all elements of W are represented among Iy, 41, ... I;my—1. Let zg,z1,..., 2y, be
an mp-admissible sequence. Then z,,, € MW, because z cannot decrease, each
element of W contains at least one of the x; with 7 < mj, and each element of
W contains at least one of the z; with m; < . If 0 € Act, then the infinite

sequence xg,1,...,rs is admissible. If 0 ¢ Act, then z,, < supOW. Let

»my
6 = (supW) — &pm,. For each ¢ > my, let ¢; be so that 0 < ¢ < tﬁzl Then the
infinite sequence

Z0,Z1,---5Tmq,Tmy + 6m1—|—1t'm1—|—17 Tmq + 6m1+1tm1—|—1 + 6m1—|—2tm1—|—27 e

is admissible.

Case 3: 0 is in the interior of Act and (MW # (. Since 0 is in the
interior of Act, every trajectory can be slowed down to give another trajectory.
Let my be as in the previous paragraph. Since 0 € Act, whenever an (m; + {)-
admissible finite sequence terminates in (W, it can be extended to an admissible
infinite sequence by repeating the last state ad infinitum. Such an (m; + {)-
admissible sequence terminating in (| W exists, because there exist Wi, Wy € W
with inf Wi = inf MW (with same strictness) and sup Wy = sup W (with same

strictness). Any (m + {)-admissible finite sequence with ¢ large enough so that
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both Wy, Wy each appear twice in Iy41, ..., [p4e—1 must have m < ¢ < k with
z; € Wi and zp € Wy, By slowing down the trajectory, MW can be reached: if
z; > sup(W and z; < inf W, then for some j with ¢ < 7 < k, z; > sup\W
and zj41 < supW. By letting y be any number such that z;41 <yandy € NW,
the infinite sequence

TO,T1yeees Ty Ty Y

is admissible.

Case 4: 0 is in the interior of Act and NW = 0. Let Wy, W5 € W be
such that every element of Wj is greater than every element of Ws. Let m; be as
in the previous two paragraphs. Let m1 < p1 < g1 < p2 be so that I,, = I,, = W
and I, = Wa. Let zg,21,...,2p, be pr-admissible. We will first show that for
every k € N, there is a k-admissible finite sequence starting from zy. This is
obvious for k < pa, so suppose k > pa2. Let yo,y1,...,yr be k-admissible. We now
have three cases.

Subcase 4a: z, = y,,. In this case zo,21,...,Zp;, Ypi+1, Ypy 425 -+ -, Yk 15
k-admissible sequence.

Subcase 4b: z,, <y, . If z,, < y4, then by slowing down, the z; sequence
can meet up with the y; sequence somewhere along the descent from Wy to Wa.
If x4, > yq4, then for some p1 < 3 < ¢q1, z; < y; and z;41 > y;41. Since

yj+t17—y] € Act and J:’thli_z] € Act, and
J J

Yj+41 — Y5 < Yj+1 — Tj < Tj41 — Ty,
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it must be that y]+t17—$] € Act. Hence the finite sequence
7

Loy L1y ey Ty Yg4+1, Y5425, Yk

is k-admissible.

Subcase 4c: z,, > y,,. If 24 < yq, then by slowing down, the z; sequence
can meet up with the y; sequence somewhere along the descent from Wy to Wa.
So suppose 4, > yq,. Now if z,, > yp,, then by slowing down, the z; sequence
can meet up with the y; sequence somewhere along the ascent from Wy to Wj.
If zp, < yp,, the the y; sequence must cross the z; sequence as above, and the
same To,T1,...,%5, Yj41,Yj4+2,- .., Yk construction provides a k-admissible finite
sequence beginning with zg. The subcase of z,, > y,, is complete.

It remains to construct an admissible infinite sequence. Let xyg € R be such
that for every k € N, there is a k-admissible finite sequence starting with zg. Let
Ry be the set of tp-successors of zg, i.e., Ry = {y € R | % € Act}. Then
Ry is bounded by Lemma 5.3.1. So applying what we have already proven to
Ry, the time sequence Ak.tgy1, and the interval sequence Ag.[lx4q, there is an
1 € Ry such that for every k, there is a k-admissible (with respect to Ak.tgyq
and Ap.lpyq) sequence beginning from z;. Continuing inductively, we form an
admissible sequence beginning at zy. m

Now the proof of the main theorem consists of reducing to one dimension,

eliminating updates, and applying Lemma 5.3.2.

Theorem 5.3.3 Let A be a rectangular automaton uniform dynamics and bounded

nondeterminism, and let Z C Q)4 be a bounded rectangular zone. Suppose p is a
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divergent limed word such thal for every k € N, ply, € L(Z,S%). Then there exists

a state ¢ € 7 such that p € L% ({q}, A).

Proof. 1t suffices to prove the proposition for 1-dimensional A, for each com-
ponent of a computation of a multi-dimensional A is independent of the other
components—that is, an n-dimensional automaton A has the computation & in
the unlabeled timed transition system SE iff each of the n 1-dimensional automata
defined by restricting A to one continuous component has the corresponding com-
ponent sequence of £ as a computation of its unlabeled timed transition system.
Henceforth we assume that A is 1-dimensional.

Put p = (P, 7). By Konig’s lemma, there exists a timed edge word 7 = (P, @)
such that event(w;) = m; for all @; € E, and 7] € L(Z, Sk) for every k € N.

If there exist infinitely many k& with 1 € update(wy,), then by stringing together
the pieces in between the updates, 7 € Ede({q}, A) for every state ¢ € Z such
that Post®®1"%k(q) £ () for some k with 1 € update(wy). So assume that 1 €
update(wy,) for only finitely many k. It now suffices to assume that 1 € update(wy,)
for no k. Because if kmax = max{k € N | 1 € update(wy)}, then by proving the
theorem with Post™0®1" Fkmax(7Z) in place of Z, and Ap.(Prp.1+kmax+ps T1+kmax+p)
in place of p, the result for Z and p follows by picking any ¢ € Z such that
Post®0%1 " @kmax ({¢}) is nonempty. The proposition now follows from an applica-
tion of Lemma 5.3.2, where the set 7 of intervals is the set of all nonempty values
of inv 4, prequard 4, and postguard 4. m

As Theorem 5.2.7 follows from Theorem 5.2.6, so the next theorem follows from

Theorem 5.3.3.
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Theorem 5.3.4 For every rectangular automaton A with uniform dynamics and

bounded nondeterminism, LU (A) = LY (M ,). m

Theorem 5.3.5 The divergent language emptiness problem for the class of initial-

ized rectangular automata with bounded nondeterminism is PSPACE-complete. m

5.4 LTL Model Checking

We can now state and solve the model checking problem for linear temporal logic
under the fairness condition of time divergence on the class of initialized rectangular

automata with bounded nondeterminism.

Definition 5.4.1 A computation Kk = qo7mpq171 ... of the timed transition sys-

tem S is divergent if Y {m; | 7 € R0} = 0. ®

Definition 5.4.2 A computation k£ = qymog171 ... of the time-abstract transition
system Sﬁbs is divergent if there exists a divergent computation x = ¢(w(¢i7] ...
of the timed transition system S% such that for every ¢ € N, (1) ¢} = ¢i, (2) if

7 € X4 then 7} = 7, and (3) if 7; = time then 7} € R>o. ®

Definition 5.4.3 The model checking problem for linear temporal logic under time

divergence for a class C of rectangular automata is stated in the following way:

Given a rectangular automaton A € C and a formula ¢ of linear tem-
poral logic over the time-abstract transition system Sﬁbs, let F be the

fairness condition consisting of all divergent computations of Sjbs. De-
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termine whether all initial states of A satisfy ¢ under the fairness con-

dition F. m

See Definition 2.1.29 for the definition of satisfaction under a fairness condition.
An equivalent formulation is the following: if ¢ = V¢, determine whether every

divergent computation x of Sf}lbs from an initial state satisfies .

Theorem 5.4.4 [AD94] The model checking problem for linear temporal logic un-
der time divergence on the class of multirate automata with attractors is PSPACE-

complete.

Proof. PSPACE-hardness follows from the PSPACE-hardness of the reachability
problem. Let M be a multirate automaton with attractors. Let ¢ be a formula of
linear temporal logic. There exists a Biichi automaton B-, of size singly exponen-
tial in the length of ¢, such that the w-language of B is the set of computations
that do not satisfy ¢ [VW86]. There exists another Biichi automaton By, of size
singly exponential in the size of M, such that the w-language of B is the set of
divergent computations of M [AD94]. It follows that the language of the product
automaton By x B4 is nonempty iff M does not satisfy ¢. The size of the prod-
uct singly exponential in the size of (M, ¢). Since the nonemptiness problem for
Biichi automata may be solved on-the-fly in nondeterministic logarithmic space
(see Theorem 2.1.32), the emptiness of By x B4 may be determined in space

polynomial in the size of (M, ¢). m

Theorem 5.4.5 The model checking problem for linear temporal logic under time

divergence on the class of initialized rectangular automata with bounded nondeter-
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minism is PSPACKE-complete.

Proof. By the proof of Corollary 3.4.2, the model checking problem for initial-
ized rectangular automata may be reduced to the model checking problem for
rectangular automata with uniform dynamics. The latter result follows from The-
orems 5.3.4 and 5.4.4, using (1) the fact that the size of the bisimilarity quotient
of My is singly exponential in the size of A, (even though My itself is singly expo-
nential in the size of A), (2) the fact that M4 need not be explicitly constructed
in order to check the emptiness of By, x B-4 in the proof of Theorem 5.4.4, and

(3) there is at most one silent move during any time step in M4. m



Chapter 6

Simulation Equivalence

For infinite-state systems, such as rectangular automata, finding finite quotient
spaces 1s often essential to the decidability of verification problems. In this chap-
ter we study the similarity and bisimilarity quotient systems of the time-abstract
transition systems of rectangular automata with uniform dynamics. We prove that
bisimilarity degenerates to equality in two or more dimensions. Then we show that
every two-dimensional positive rectangular automaton with closed uniform dynam-
ics has finite time-abstract similarity quotient. In this case, similarity coincides
with the intersection of the region equivalence relations defined by the extremal
slopes. Next, we give our most surprising result: there exists a three-dimensional
rectangular automaton A with uniform dynamics such that the only simulation on
the time-abstract transition system Sibs is the equality relation. Last, we define
the asynchronous transition system of a rectangular automaton, and show that

asynchronous similarity degenerates to equality in four or more dimensions.

112
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6.1 2D

6.1.1 Bisimilarity

Theorem 6.1.1 [Hen95] There exislts a two-dimensional rectangular automa-
ton A with uniform dynamics such that the equality relation is the only bisimulation

on the time-abstract transition system Sﬁbs.

Proof. The automaton A has only one vertex, v. Each variable drifts between
slopes 1 and 2: act(v) = [1,2]?. The state space is essentially the unit square:
inv(v) = [0,1]%. Every state is an initial state: init(v) = [0,1]%. There are four
edges. The first two, e;, ¢+ = 1,2, test for z; = 1, and perform no assignments:
update(e;) = 0, preqguard(e) = postguard(e)y = {1} x [0,1], and preguard(es) =
postguard(e)z = [0,1] x {1}. The second two, e, i = 1,2, reset the ith compo-
nent: update(el) = {i}, preguard(e’) = [0,1]2, postguard(e}) = {0} x [0,1], and
postguard(el) = [0,1] x {0}. Each edge is its own label.

A simple algorithm for computing the bisimilarity quotient of a systems main-
tains a partition R of the state space [BFH90]. The partition is refined when-
ever there exist Ry, Ry € R and an event 7 such that both Ry N Pre™(R2) and
R1\ Pre™(Ry) are nonempty. In this case, Ry is split into these two parts. When
no more splitting is possible, the bisimilarity quotient has been computed.

We show that every two distinct points of S4 are eventually put into different
partition elements. Since there is only one vertex, we use [0, 1]? as the state space
for S4 to simplify the notation. The first action of the algorithm is to use Pre' to

split [0,1]% into {1} x[0,1] and [0,1) x [0, 1]. Next both classes are intersected with
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Figure 6.1: The only bisimulation is equality

Pre®? = [0,1]x{1}. Then Pre"™®{1}x]0, 1) is split off, and then Pre"™¢[0,1)x {1}.
Thus far, our algorithm has computed the partition shown in the second square
of Figure 6.1. Now Pre®t and Pre®® refine the partition as shown in the third
square of the figure. At this point, the unit square has been subdivided into four
squares of side length % Further execution of BisimApprox subdivides each of
these four squares into four squares of side length i. We show the subdivision of
the lower left-hand corner in the fourth and fifth squares of Figure 6.1. In the sixth
through eighth squares, we continue until the the unit square has been divided into
sixteen squares of side length i. It follows that not only does the algorithm fail
to terminate, but every point is separated from every other point. Thus the only

bisimulation on Sy is equality. m

6.1.2 Similarity

The analysis of two-dimensional rectangular automata requires some concepts from

the theory of multirate automata that previously have only been touched upon.
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Figure 6.2: Region equivalence on the plane

Definition 6.1.2 Define the region equivalence relation ="9 on R™ by x =™ u
iff x| = [u], [x] = [u], and for all 1 < 4.5 < n, |z; — 2;] = [u; — ui|]. See

Figure 6.2. m

Definition 6.1.3 For y € R"” and s € N2, define s™'y to be the n-vector

(y1/51, -, Yn/Sn). For a set R C R", define s™!R =gt {s7 'y |y € R}. m

If M is a multirate automaton M with activity rectangle {s}, then by scaling

1

by s™", we can convert M into a timed automaton. Applying Theorem 3.1.6, we

obtain a bisimulation on the time-abstract transition system Sﬁfs.

Definition 6.1.4 Let ¢ be the least common multiple of the coordinate values of

the vector s € NZ;. We define the skewed region equivalence relation =g on R”

by y =7y iff £(s7ly) =" U(s7ly'). m

Theorem 6.1.5 [NOSY93,ACHH93] For every n-dimensional integral mulli-
rate automaton M with uniform activily rectangle {s}, the equivalence relation
defined by (v,x) ~ (w,y) iff v =w and x =7 y is a bisimulation on the time-

abstract transition system Sﬁ‘}”. ]
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Figure 6.3: Skewed region equivalence =g, where so = 251

Theorem 6.1.6 For every two-dimensional positive rectangular automaton A with
closed uniform activity rectangle, the time-abstract transition system Sf}lbs has finite

similarity quotient.

Proof. By redefining the time unit, it suffices to assume that all of the rational
rectangles defining A are integral. There exist integers a;,b; € N, ¢ = 1,2, such

that for every vertex v € V/,
act(v) = [a1, b1] X [az, ba].

We assume ay,as > 0, a similar analysis applies if this is not the case. The

continuous dynamics of A are thus completely specified by the nondeterministic

: . on 4T2 < raz b2y W, b by itive i
differential equation o € [51 , 01]' We assume that as and o are positive integers.

Again, similar analysis applies if this is not the case. Let p be the vector (b1, a2),
and let q be the vector (a1, b2). We show that if y =p y' and y =¢7 y’, then for
every vertex v € Vy, (v,y) Eg’gzs (v,y").

Let v € V be any vertex. For a rectangle B C R? and y € [0,1])?, define
coneB(y) =gqer {y' € [0,12 |y =y Vv 36 > 0. y’T—y € B}. Put cone(y) =ger

coneaCt(”)(y). The set cone(y) is the set of all time-step successors of y in the
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u above y

y

y € cone(u)/ Y belowy

Figure 6.4: cone(y) splits the unit square into four pieces

unit square. The cone of y splits the unit square into four pieces, as depicted in
Figure 6.4. Define ray®*(y) = {y + és | 6 > 0}, the ray of slope s beginning at y.
Define ubelowy iff u ¢ cone(y) \ rayP(y) and rayi(u) N cone(y) # 0. Define
uabovey iff u ¢ cone(y) \ rayd(y) and rayP(u) N cone(y) # 0. Then for all
u,y € [0,1]%, either u € cone(y), y € cone(u), u below y, or u above y.

We define a transition system on the unit square that encapsulates the behavior
of A. Let S be the transition system ([0,1]%,Xg, —,[0,1]% 11, £). There are four
atomic propositions: 1 = {7go, 701, 710, 711}. The satisfaction relation is defined
by y = mi; iff y; = j. Thus the atomic propositions distinguish between the four
corners, the four sides of the square without their endpoints, and the interior of
the square. Thus for each of the atomic propositions 7;; there exists an integral
rectangle BY C [0, 1] such that BY = {(z,y) € [0,1]? | (z,y) |= 7i;}. Equivalence
with respect to the atomic propositions is equivalent to equivalence with respect to

inclusion in all integral rectangles. For each pair 7;; and 7 of atomic propositions,
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and each subset U of {1,2}, there is an event o(m;;, U, 1) € Xg, corresponding to
an edge ¢ in a rectangular automaton with prequard(e) = BY, postguard(e) = B*,

and update(e) = U. There is one additional edge label, time. Thus

Ys = {time} U{o(mi;, U, me) | mij, mpe € 1L, U C {1,2}}.

o(mij,U,mre)
H

The transition relation is defined by y time y' iff y' € cone(y), and y
it y E mij, ¥ |E 7ke, and for each 1 ¢ U, y; = y..

An integral unit square is a subset of the plane of the form [k, k+ 1] x [¢, £ + 1],
where k,/ € N. If < is a simulation relation on S, it follows that the relation
<! defined on Q4 by (v,y) =<' (V,y')if v =v andy — |y|] 2y — [¥] is a
simulation on S4%. For suppose (v,y) =<' (v,u). If (v,y) time (v,y'), then there
exist yo, ...,y such that y = yo,y = yi, and for each ¢, (v,y;) time (v,yi+1) and
yi and y;4+1 lie in the same integral unit square [k;, k; + 1] x [¢;, ¢; + 1]. If we put
y: = yi — (ki li), then for each i, y: € [0,1]%, and y! time Yigp in S, It follows
that there exist ug, ..., u} such that u = ug + [ko, {o], and for each i, u, time Uiyl
in S. If u; =gt U, + [ki, 4], then (v,u;) time (v,ui41) for each ¢. It follows that
(v, 1) "2 (v, uy) and (v,y") = (v, uy).

If (v,y)> (v',y') for some e € E, then y € prequard(e), y' € postguard(e),
and for each i ¢ update(e), y; = yi. Put U = update(e), and let [k, k+1] x [(, 04 1],
[k k' + 1] x [¢',¢' + 1] be integral unit squares containing y and y' respectively.
Let 75, m;7j» be the atomic propositions such that BY = preguard(e) — (k,{) and

o(m;; ,U,?rl-/]»/)
H

B = postguard(e)— (k' £'). 1t follows that y — (k, () y'— (k' 0'). Since

O'(TFZ']',U,TFZ'/J'/) ,
— u

y —(k,0) 2 u—(k,0), there exists a u’ — (k', ') such that u— (k, ()
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(K',¢"). Then (v,u) > (v',u'), and (v',y") =’ (v',0).

We have proven that every simulation < on S extends naturally to a simula-
tion =<' on Sﬁbs. By cutting off the simulation at h, where A is h-definable, we
obtain a coarser simulation =", If the similarity quotient of S is finite, then the re-
lation <% is a simulation relation on Sibs such that if we define (v, y)EfS?m”(v', y')
iff (v,y) <% (v',y') and (v',y") =% (v,y), then Efgimll is an equivalence relation
with finite quotient no coarser than the similarity quotient of Sj‘lbs. It follows that
Sibs has finite similarity quotient.

We now proceed to find a simulation relation on S. Define the relation < on

the unit square [0,1]* by y < u iff the following four conditions obtain:

1. Either uabovey and u =p? y, or ubelowy and u =47 y, or u =7 y and

__reg
u =q Y.

2. Fore=1,2, k=0,1, u; = kiff y; = k.
3. uz > yo implies (0,uz) =p? (0,y2), and uz < y2 implies (0,u2) =¢7 (0, y2).
4. uy > y1 implies (u1,0) =47 (y1,0), and uy < y1 implies (u1,0) =p? (y1,0).

We prove that < is a simulation relation on S. The main idea is that if u is

above y, then to match a time transition from y, a move at minimum slope should

be made from u. If u =p? y, then an appropriate minimal slope time transition

can be selected. Similarly, if u is below y, then a time transition from y should
__reg

be matched by a time transition from u at maximum slope; if u =q~ y, then an

appropriate maximum slope time transition is available.
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We use one basic fact: if u =p? y, u2 > y2, and uy < 1, then conditions 2-4
hold between y and u.

Suppose y < u. Notice that for each 7;; € II, y = 7; iff u |= 7i; by condi-
tion (2). It remains to show that < has the simulation property. Suppose y time y'.
If y' € cone(u), then u e y' as well. So assume y' ¢ cone(u). The proof is
broken into cases, based upon which disjunct of (1) is satisfied. Suppose u above y
and u =p7 y. In this case, u abovey’ as well. We show that there exists a § > 0
such that y' < u’, where u’ = u + ép.

An equivalence classes of =7 is an interior region if it is open, and a boundary
region otherwise. Interior regions are bounded by lines of slope (0,1), (1,0), or p.
Boundary regions are either points, or line segments of slope (0,1), (1,0), or p. It
suffices to suppose that the line segment between y and y’ contains points from
at most two =p¥ equivalence classes, and if y lies in an interior region, and y' lies
in a boundary region R, then y' is the only point in the intersection of R with
the line segment from y to y’. If not, then the transition from y to y' is broken
into several time transitions, each with the above property; then a time transition
from u is defined in a stepwise manner.

If y lies in an interior region, and y' lies in a boundary region R, it follows from
u =p7 y that there exists exactly one § > 0 such that u + ép € R. In this case
condition (1) holds between y and u’ =4 u+46, because u’ above y' and u' =9 y'.
Condition (2) holds because =% respects equivalence up to the propositions in II.
If R is a point or a vertical or horizontal line segment, then conditions (3) and (4)

hold immediately. Finally it is not possible for R to be a line segment of slope p,
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because u =7 y and the equivalence classes of =57

are convex.

Unless y' = y (in which case we choose u' = u), it is not possible for y and
y' to lie in the same boundary region. This would require y' =y + §'p for some
8’ > 0, which would further require that y = u + §"p for some § € R, which is
contrary to supposition.

Suppose y lies in a boundary region R and y' lies in an interior region. Case: R
is vertical. In this case u1 = y1 and ugy > ya. Iy, > ug, pick § so that u' =4, u+dép
satisfies u, = y}. Then u' above y' and by the convexity of =p7-equivalence classes,
u =57 y'. It follows from the basic fact that y' < u'. If y} < ug, the § can be
chosen to be sufficiently small so that the basic fact establishes y' < u'.

Case: R is horizontal. In this case, the interior region R' containing y' is a
right triangle with hypotenuse of slope p. In this case uy = y2 and uy < y;. Pick
§ so that v} = y}. Tt follows from the shape of R’ that u’ =p? y', and then from
the basic fact that y' < u'.

The remaining case, in which R is a line segment of slope p, is impossible,
because it implies that u € cone(y) or vice versa, contrary to supposition.

Finally, suppose y and y' lie in the same interior region R. Case: uy > yh. In
this case put u’ =gor u. Then u above y’. If u; < yq, then vy <y, so by the basic
fact, y' < u. Otherwise u; > y1. By (4), (u1,0) =¢7 (y1,0). Since y1 < v} < uy,
and since the =¢Y-equivalence classes are convex, condition (4) is satisfied between
y' and u. Satisfaction of condition (3) follows from the fact that u =57 y’. Thus

y' = u. Case: uz < yh. Let § be such that v}, = y). It follows from the basic

remark that y' < u'.
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This completes the analysis of me {ransitions for the case of u =p? y and
u abovey. The case of u =¢? y and u below y is symmetrical. In the final case,
u=py' u=q?y', and u € cone(y). Suppose y time y' and y' ¢ cone(u). There
are three cases: (a) on the line segment between y and y' there exists a point y*
such that u € rayP(y*), (b) on the line segment between y and y' there exists a
point y* such that u € rayd(y*), (c) neither (a) nor (b). If (a), then u below y*
and u =¢¥ y*. In this case u’ is picked as detailed above to counter a move from
y* to y'. If (b), then u above y* and u =57 y*, and again, u’ is picked as detailed
above to counter a move from y* to y'. If (c), then u =p? y' and u =¢? y’, and
conditions (2)-(4) hold between u and y' Thus u' is chosen to be u.

Then either u = y* 4+ ép or u = y* + é6q for some 6 > 0. If the former, use
pick u’ according to the strategy for a move from y* to y,

o(mj,U, )
H

Now suppose y y', where 7;;, 73 € Il and U C {1,2}. The existence

o(mij,U,Tpe)
H

of a u’ such that u u' is guaranteed by conditions (3) and (4), and the

fact that if (0, z) =7 (0, 2') for some slope vector s, then for every w € [0, 1] there
__reg

exists a w' € [0, 1] such that (w,z) =7 (v',2') and (v, 2') | 7 iff (w,2) E 7 for

allmrell. m

Corollary 6.1.7 The model-checking problem for the universal fragment of CTL*,
on the time-abstract transition system of a positive two-dimensional rectangular au-

tomaton A with closed uniform activity rectangle, can be solved in space polynomial

in the size of A.
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Proof. By the proof of Theorem 6.1.6, there is a singly exponential number of
equivalence classes in the similarity quotient of a rectangular automaton of the
specified class. Inclusion in PSPACE follows from the fact that CTL* model-
checking can be performed on-the-fly in space logarithmic in the size of the system
(Theorem 2.1.27). m

Since the universal fragment of CTL* subsumes linear temporal logic, the
model-checking problem is already PSPACE-hard on finite graphs, and so the
problem is PSPACE-complete for positive 2D rectangular automata with closed

uniform activity rectangle.

Corollary 6.1.8 The control decision problem, on the time-abstract transition
system of a positive two-dimensional rectangular automaton A with closed uniform

activity rectangle, can be solved in ltime exponential in the size of A.

abs

Proof. By Theorem 2.1.38. To make the time-abstract transition system S§

standard, we add one atomic proposition 7p for every h-definable integral rectan-
gle, where A is h-definable. Put (v,x) |= 7p iff x € B. The proof of Theorem 6.1.6

already takes these new atomic propositions into account. m

6.2 3D and Beyond

6.2.1 Synchronous Analysis

Theorem 6.2.1 There exists a three-dimensional rectangular automaton A with

uniform dynamics such that the equality relation is the only simulation on the
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time-abstract transition system Sﬁbs.

Proof. The rectangular automaton A has a single vertex. Therefore we ignore the
discrete part of the state, and think of a state of A as a vector in R3. The activity
rectangle of A is {1} x {1} x [1,2]. The invariant rectangle of A is the unit cube
[0,1]3. For each of the finitely many triples k = (B, U, B'), where B, B' C [0, 1]? are
integer-bounded rectangles, and U C {1,2,3}, the rectangular automaton A has
an edge e, (from the sole vertex to itself) with prequard(e,) = B, update(es) = U,
postguard(e,) = B', and event(ex) = k. Thus the set of events coincides with this
finite set of triples. Call this set G.

The proof proceeds by proving that no element from a set B is simulated by any
element from the set ', and vice versa. To prove this, we give a finite sequence g
of guarded commands that can be executed by every element of B in such a way
that the resulting state is not simulated by any state that can be produced by
executing g from any element of C'. Then we do the reverse.

We refer to the three coordinates as z, y, and z. Put S = Sf}}bs. It suffices
to show that for all vectors (z,y, 2), (z',y', 2') in the unit cube [0,1]?, (z,y,2) =g
(z',y',2") implies (z,y,z) = (2',y,2'). We do so in several steps. First we show
that for every n, if z < 2% and z' > 2% then (z,y,2) As (¢',y',2") and (2',y', 2") As
(z,y,z). We prove the analogous results for y and z simultaneously by induction.
Second, we extend these results from numbers of the form ZL" to every dyadic
rational zin € [0,1]. The theorem then follows from the density of the dyadic

rationals.



125

Rather than writing out the triples explicitly, we save space by using a tra-
ditional guarded command notation. For example, z = 1 — 2 := 0 denotes the
triple ({1} x R x R, {3},R x R x {0}). We define X to be the guarded command
true — x := 0, and similarly define Y and Z. For a guarded command ¢ represent-
ing the triple &, Define L byuduifuuin A (which is equivalent to u <% u’).
Again to save space, we write T instead of the abstract time label time. So u N

yme

iff u'8°u iff u = u or there exists a time ¢ € Rsg with HIT_H e {1} x {1} x[1,2].

Given a predicate ¢(z,y,z) with free variables in {z,y, 2z}, we define
[¢] =det {u € [0, 1]3 | ¢lx := uy;y := ug; z := ug| is true}.

If ¥(x,y,z) is another such predicate, and g € G U {T'}, define [6] % [¢] iff for
every u € [¢], there exists a u’ € [¢/] such that u u’. Extend the definition
of % to strings g € (G U {T})* in the natural way. Concatenation is denoted
by a semicolon, so ¢;¢' is a string of length two. Define Postz([¢]) to be the
set {u’ € [0,1]* | Ju € [[qb]]ui u'} of g-successors of elements of [¢]. If no
element of [¢] is simulated by any element of [¢], we write [¢] As [¢]. We say

that three predicates ¢, ¢, and 0 with free variables in {z,y, z} are synchronously

distinguishable if [of As [B] for all a # 5 € {¢,¢,0}.

We prove by induction that for all n > 1,

1

o I(n): z< 2%, xr = ZL”’ and z > 55 are synchronously distinguishable,

e 2(n): y< 2%, y = 2%, and y > 2% are synchronously distinguishable,

e 3(n): z< 2%, z= 2%, and z > 5 are synchronously distinguishable.
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In fact we prove that 1(n+1) A 2(n+1) A 3(n) implies 1(n+2) A 2(n+2) A 3(n+1),
which makes the base case somewhat lengthy. Since z and y occupy symmetrical
positions, we prove results for x only, and refer to the = result when a y citation
is needed.

A) [z < 3] As [z > 3]

Y, Z;Tz=1Az=1
[+ < %]] Sine [true], but Posty.z.r.p=1n=1([z > %]]) = (.

B).[z>1] As[0<z < 1]
[[:l? > %]] Y;Zz};zzl

from A).

[y < 1], but Posty,z.7.=1([z < 3]) C [y > 3]. Thus B) follows

C). 1(1) and 2(1): immediate from A) and B).
D). [z < 3] s [z > 1]
[[Z§ %]]X;Yg;zzl

from 1(1).

[z = %]], but Postx.y.1..=1([z > %]]) Clz< %]] Thus D) follows

B). = > 2] £s [= < 2]
[z > 2y] XTp=1 [y < 3], but Postx.r,.—1([2 < 2y]) C [y > 3]. Thus E) follows
from 2(1).
%21‘2% ﬁg[[:z:<i]]:
T

[
1 17Y57; 1 1
[zze=3] = [r=3 A z2<5 Az22] but

1 1 1
Posty,z,p([r < Z]]) N[z = 5 N2 >2y] C [z > 5]]-

Thus F) follows from 1(1), D), and E).
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G). [z < 1] As [z > 1:

Y, 7T
[+ <] =

G) follows from 1(1) and F).

[ =1 Ay > 1] but Posty,z0([x > ) N[z = 3] C [y < 1]. Thus

H). 1(2) and 2(2): immediate from F), G), 1(1), and 2(1).

D). [z> %]] ﬁs [z < 3]
T [z < 4]] but Post xyT,.=1([z < 2]]) C [z > 4]]. Thus 1) follows

J) 3(1): immediate from D) and 1I).

The proof of the base case is complete. Recall that the induction step consists of
proving that 1(n + 1) A 2(n 4+ 1) A 3(n) implies 1(n 4+ 2) A 2(n+2) A 3(n +1).
The proof of this step is a slight variant of the proof of the base case. Assume

In+1) A2(n+1) A 3(n).

K). [ < 7241 #s [ > 53]
XYT
[ < 5] "5 [z = 52 A 2 < 5], but
1 1
POStX;Y;T([[Z > Qn—l—l]]) m[[ 211—1—1]] - [[ > n]]

Thus K) follows from 1(n + 1) and 3(n).

L). [ > @ > ] s [z < 7
Y, 7T
[[2n1+12$22n1+2]] — [[l’:znlﬁ/\zgﬁ/\ZZQy]]’bUt

1
/\zZQy]]C[[z>2n+1]].

1 1
POStY;Z;T([[SZZ < 2n+2]]) N [[x = on Tl

Thus L) follows from 1(n + 1), E), and K).
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M). [& < ger] 25 e > —]]

Y, 7T
[[‘7;S 2n+2]] — [[:L’—

- - 2n1+2]]7 bUt

POSty;Z;T([[{E >

1 1 1
2n+2]])ﬂ [« = W]] Cly< Wﬂ'
Thus M) follows from 1(n + 1) and L).

N). I(n + 2) and 2(n + 2): immediate from L), M), 1(n + 1) , and 2(n + 1).

0). [37 > 2z > 3

mn + ]]ﬁs [[Z < 2n+1]]
X

[[2%2222,}“]] [[:z:< s Az = 5], but

Postxya([= < 2%]]) N[z = Qin]] o> 2%]].
Thus 0) follows from 3(n) and N).
P). 3(n +1): immediate from K), 0), and 3(n).
The induction is complete; 1(n), 2(n), and 3(n) hold for all n > 1.

We prove that the following three conditions hold for every dyadic rational zin €
[0, 1]:

k

I(k,n): z < Ziﬂv T = 57, and z > 2% are synchronously distinguishable,

T(k,n): y< zi”’ y = 2%, and y > ZL” are synchronously distinguishable,
I1I(k,n): z < zin, z = ziﬂv and z > ZL” are synchronously distinguishable.

The argument for general dyadic rationals is now straightforward by induction
on the denominator. The base case is supplied by 1(1), 2(1), and 3(1), the syn-

chronous distinguishability of x = 0, 0 < < 1, and z = 1, and the synchronous
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distinguishability of z = 0, 0 < z < 1, and z = 1. Let I(n) = /\Z;% I(k,n),
Il(n) = /\Z;% I1(k,n), and I11(n) = /\Z;% I11(k,n). Assume I(n), Il(n), and
ITI(n). If kis even, then I(k,n+1), [1(k,n+1), and IT1(k,n+1) follow immedi-
ately from the induction hypothesis, because in this case a(k,n + 1) is equivalent

to a(k/2,n) for a € {I,11,111}. So suppose k is odd.

k;—l k k
Q). [+ > 2 > zaer] 25 [[:c < 2m]]-
kil YiZT
2T 2 ]] [z = 2n+1]] but
k S !
Posty, z.r([r < Wﬂ) N[z = 5 Wﬂ'

Thus Q) follows from I(n) and 2(n + 1).

R). [z < 52+ s [z > 321

YZT
[[:ES 2n+1]] [['I:

> 2,1%]], but
k L= 1
POSZLY;Z;T([[SIZ > W]]) N [[CL‘ 211 ]] C [[y < 2n+1]]'

Thus R) follows from I(n) and 2(n + 1).

S). ](n + 1): immediate from Q), R), and I(n).

) [[ 2 2 zn]il—l]] ﬁs [[Z < zn%]]
k X;Y;T k+1
[[ 2 2 2nk+1]] - [[Z 2n+2]] but
k kL 1
Thus T) follows from I71(n) and 1(n + 2).
U). [z < 5257] 25 [z > 5257
X; YT kil
[[Z < 2n+1]] [[Z = 2271 = zn%]]v but
k+1 1
Postx,y,r([z > W]D Nz = 22 2n+1]]-
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Thus U) follows from [11(n) and 1(n + 1).
V). ITI(n + 1): immediate from T), U), and I71(n).
The induction is complete.

Finally suppose (z,y,2) # (2,9, 2'), where (z,y,2), (z',y',2") € [0,1]%. If = < &'

with z < 2% < z' (resp.

&

(resp. x > '), then there is a dyadic rational 55

x> 2% > z'). By I(k,n), (z,y,2) A5 (2',y',2"). Similar remarks apply to y # ¢'

orz# 7. m

6.2.2 Asynchronous Analysis

By Theorem 6.2.1, there is no hope of finding a finite similarity quotient on the
time-abstract transition system of a rectangular automaton in three or more di-
mensions. In this section we define the asynchronous transition system S3°" of
a rectangular automaton A, for which simulation relations are necessarily coarser
than on the time-abstract transition system Sﬁbs. Time is treated as a silent action
in the asynchronous transition system. We prove that in four or more dimensions,

the simulation equivalence relation on S3™" degenerates to equality. In the next

chapter, the asynchronous transition system is applied to give a positive result.

Definition 6.2.2 Let A be arectangular automaton, with or without silent moves.
Let T4 = {my | v € V4}, and define (w,x) 4 7, iff v = w. For each event
o € %, define the binary relation % on Q4 by (v, x)~%(w,y) iff there exists a state

(v',x") € Q4 and a time ¢ > 0 such that (v,x) BN (v',x") and (v',x') % (w,y). The
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rectangular automaton A defines the asynchronous transition system

SU =ger (Qa,2,~, Q% T4, [=a). m

Theorem 6.2.3 [Hen95] There exislts a two-dimensional rectangular automa-
ton A with uniform dynamics such that the equality relation is the only bisimulation

on the asynchronous transition system S5™".

Proof. Similar to the proof of Theorem 6.1.1. m

Since every time predecessor of a point simulates that point, equality is never
the only simulation on the asynchronous transition system of a rectangular au-
tomaton. Nevertheless, asynchronous simulation equivalence coincides with equal-
ity. The proof of the next theorem is similar to the proof of Theorem 6.2.1, but it

is slightly more complicated due to the lack of synchrony.

Theorem 6.2.4 There exists a four-dimensional rectangular automaton A with
uniform dynamics such that simulation equivalence on the asynchronous transition

system SV coincides with equality. m

Proof. The rectangular automaton A has a single vertex. Therefore we ignore the
discrete part of the state, and think of a state of A as a vector in R*. The activity
rectangle of A is {1}? x [1,2]. The invariant rectangle of A is the unit cube [0, 1]%.
For each of the finitely many triples k = (B,U, B'), where B, B' C [0,1]* are
integer-bounded rectangles, and U C {1,2,3,4}, the rectangular automaton A has
an edge e, (from the sole vertex to itself) with prequard(e,) = B, update(es) = U,
postguard(e,) = B', and event(ex) = . Thus the set of events coincides with this

finite set of triples. Call this set G.
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Put B = {1}3 x [1,2], and S = STY". For a guarded command g representing
the triple x, Define % by uwdbu’ iff utu'.

We refer to the four coordinates as w, x, y, and z. For example,z =1 — z:=0
denotes the guarded command (R x {1} x R xR, {4},R?x {0}). Given a predicate

é(w, x,y,z), define
[6] =der {u € [0,1]* | d[w := u1;x = uo; y := u3; 2 := uy] is true}.
If ) is another predicate on [0, 1]*, and ¢ is a guarded command, define [[qb]]«g»[[g/)]] iff

for every u € [¢], there exists a u' € [¢] such that uu'. Extend the definition of
< to strings ¢ € G* in the natural way. Concatenation is indicated by a semicolon.
Define

Post;([6]) =aer {0’ €0, 1]" | Ju € [¢]. udu'}
of asynchronous g-successors of elements of [¢]. If no element of [[¢] is simulated by
any element of [¢/] in the asynchronous transition system S, we write [¢] As [¢].

We say that three predicates ¢, ¢, and § with free variables in {w,z,y,2} are

asynchronously distinguishable if [a]] As [B] for all a #£ 5 € {¢,1,0}.
We first prove by induction that for all n > 1,
o I(n): Foralla # b€ {w,z,y},a < 5 ANb=0,a=5 Ab=0,and
a > 2% A b= 0 are asynchronously distinguishable,
e 2(n): Forallb € {w,z,y},z < 2%/\620,2: %Abzﬂ,andz> 2in/\bzo

are asynchronously distinguishable.

In fact we prove that 1(n+ 1) A 2(n) implies 1(n +2) A 2(n 4 1). It then follows

quickly that for every dyadic rational zin € [0,1],
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e 3(k,n): Foralla%be{w,x,y},a<zin/\b:(),azzin/\b:(),and

a > zin A b= 0 are asynchronously distinguishable,

e 4(k,n): For all b € {w,z,y}, z < Zi” Ab=0 2= Ab=0, and

z > 2% A b =0 are asynchronously distinguishable.
Finally, we prove that for every dyadic rational 2% € [0,1],

e 5(k,n): For all a € {w,z,y}, [a < ZL"]] 25 [a > Zin]]’

o 6(k,n): [z < 2] £5 [z > &].
It follows from the density of the dyadic rationals that asynchronous simulation
equivalence coincides with equality.

Since w, x, and y occupy symmetrical positions, we only prove results for one
(usually z), and refer to this proof when a symmetrical result is needed. We write

W for the guarded command true — w := 0, and similarly for z, y, and z.

A [z <3 Az=0]£s [z > 1]:

W.,Yz=1Az=1
[= ~

B.[t>2Ay=0]As[z<3 Ay=0]

IN
pO| =

A z=10] [true] but Postw.y.g=1a z=1([z > %]]) = ().

W,Zz=1—2:=0
~>

[>1Ay=0] [y <3 A z=0], but

1 1
Postw;z;zzl_),z;zo([[w < 5 ANy = 0]]) C [[y > 5]]

Thus B) follows from A).

C)la<iny=01ZAs[z>1ny=0]

W.Z,z=1—z:=0
~>

[+<1Ay=0] [y >4 A z=0], but

1 1
Posty; z;a=1—w=0([z > 5 Ay =0]) Cly <5 Ae=0]
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Thus C) follows from B).
D). 1(1): immediate from B) and C).
E). [1222>2y>0] A5 [0 <z <2y <1]:

[1>z>2>0]" 07" [y < L A e =0], but

1
POStW;X;z:1—>:B::0([[O <z < 2y < 1]]) - [[y > § N x= 0]]
Thus E) follows from C).

F). [e<iAa=0]Z2s[z> 3]

[[Z < Az = OHVV;Y;Zf;—w::O

O | =

[x >3 A y=0]but

1 1
Postyw,y z=1—y:=0([z > 5]]) Clz< B Ay =0].

Thus F) follows from B).

Q). [

O | =

>z>tAy=0]4s[z< 1 Ay=0]

W.ZW 1
Z Zz Z ~ Tr =

Ay =0]

DO | —

[

but

Postw,r;z;w([[:z:<%/\yz()]])ﬁ[[:z::%/\w:O/\lzzZQyZO]]C[[Z>%]].

Thus G) follows from 1(1), E), and F).

H.[t<iAy=0]ZAs[z>1Ay=0]

1 1 1
PostW;Z;W([[;L’>Z/\y:()]])ﬁ[[:z/’:§/\w:()]]C[[y<Z/\w:0]].
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Hence H) follows from 1(1) and G).
). 1(2): immediate from G), H), and 1(1).

N le>FANa=0]4s[z<F Az=0]:

[[Z > % Az — OHVV;Y;Z?;—W::O

[« <1 A y=0] but
1 1
Postw.y z=1—y:=0([2 < 5 ANz=0])C[z> n Ay =0].
Thus J) follows from 1(2).

K). 2(1): immediate from F) and J).

This completes the base case. We now turn to the induction step. Assume that

I(n +1) and 2(n) hold.

L). [[zgzn%/\y:()]]ﬁg[[z>2n%/\y:0]]:

but

1 1 1
POStﬂ/;X;Y([[Z>ﬁ/\y:O]])m[[z:Q—n/\y:()]]C[[:E<ﬁ/\y:0]].

Thus L) follows from 1(n 4 1) and 2(n).

M).[[2n1+12:1;22n1+2 /\y:()]]ﬁg[[m<2n%/\y:0]]:
w,z,w

[ 2> s Ay=0] "%

[r=5m A1>2>2y>0A 2 < 527 A w=0],

butPostW;Z;W([[;L’<2n%/\y:()]])ﬂ[[x:#/\sz/\lZZZQyZO]]isa

subset of [z > # A w = 0]. Thus M) follows from 1(n + 1), E), and L).
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N). [z < 5z Ay =0] £s [z > g2z Ay =0]:

W,Z:W 1 1
2 _

Ny=0~ =g A 292 5

[[:1;§ on+2 A w:()]]a

butPostW;Z;W([[:l:>2n%/\y:()]])ﬂ[[:z::#/\w:()]]C[[y<2n%/\w:0]].

Thus N) follows from 1(rn + 1) and M).
0). 1(n + 2): immediate from M), N), and 1(n + 1).

P).[[ZLHZZZ#/\y:()]]ﬁg[[z<2n%/\y:0]]:

WXW 1 1

A w = 0],

but Postw. x.w([z < 2”% ANy=0])NJz= ZL" ANw=0]Cly> 2,1% A w = 0].

Thus P) follows from 2(n) and 1(n + 2).
Q). 2(n + 1): immediate from L), P), and 2(n).

The proof of 1(n) and 2(n) for all n is complete. The truth of 3(k,n) and 4(k,n)
follows by the same argument used to prove [(k,n), I1(k,n), and I1I(k,n) in the
proof of Theorem 6.2.1, except that the case of 2% = 1 must be handled differently.

R).Ja=1Ab=0]As[a<1 A b=0]:

al/\bO

[a=1Ab=0] [true], but Posty—1 pp=o(fa <1 A b=10]) = 0.

S).la<1Ab=0]As[a=1Ab=0]: Givenx € [a <1 A b=0], let n be large

¢:=0;a=1—b=0
~

enough so that a < 1 — 5. Then x [c> 55 A b=0] but
1
POStc::O;a:l—J):O(a =1 ANb= 0) N [[C > 2_71 Ab= 0]] = (.

Thus 3(2",n) and 4(2",n) follow from 1(n) and 2(n) respectively.
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We omit the inductive step of the proof of 3(k,n) and 4(k,n), and turn to 5(k,n)
and 6(k,n).

T). [z < &] £s [z > &]:
[+ < 2%]]«};[@ < zin Ay = 0], but Posty(z > zin) C [z > 2% Ay = 0]. Thus

5(k,n) follows from 3(k,n).

U). [ < £] 25 [ > &1
[z < %ﬂgﬂz < 2% Ay = 0], but Posty(z > zin) Clz> 2% Ay =0]. Thus 6(k,n)

follows from 4(k,n). m



Chapter 7

Language Equivalence

In this chapter we consider the following question:

Let C be the class of all n-dimensional closed integral rectangular au-
tomata with uniform activity rectangle R. Given two vectors x,y € R"”,

under what conditions is it the case that for every automaton A € C,

and every vertex v € Vua, L({(v,x)}, ijy") = L({(v,y)}, Sisyn)_g

This is the finitary discrete-language equivalence problem. In two dimensions,
the results of Section 6.1 may be applied to obtain an exact characterization of
language equivalence. For three or more dimensions, we derive sufficient conditions
for language equivalence in Section 7.3, and necessary conditions in Section 7.4;
We do not obtain an exact characterization, although if the activity rectangle is a
cube, then the necessary conditions and sufficient conditions are quite close.

An easy sufficient condition may be derived from the translation from A into N4

(see Section 3.2). Since this translation is language-preserving, it follows that x

138



139

and y are language equivalent with respect to the class C above iff (x,x) and (y,y)
are language equivalent with respect to the class of multirate automata with at-
tractors. The latter can be decided using the proof of Theorem 3.1.6.

We derive improved sufficient conditions by observing that the multirate au-
tomaton N4 is one-sided, meaning that each continuous variable is either exclu-
sively bounded from above, or exclusively bounded from below, by preguards. The
one-sidedness of N4 is inherited by the timed automaton T'y,. We study the class
OTA of one-sided timed automata, and find that language equivalence with re-
spect to OTA is coarser than language equivalence with respect to the entire class

of timed automata.

7.1 Definitions

We use the following convention:

Convention 7.1.1 In this chapter, all rectangles and all rectangular automata

are assumed to be integral. m

In particular, our convention applies to the activity, invariant, guard, and pre-

guard rectangles defining a rectangular automaton.

Definition 7.1.2 Let C be a class of n-dimensional closed rectangular automata
with uniform activity rectangle R. For x,u € R", we write x jﬁmg u if for every
automaton A € C, and every vertex v € Vy, L((v,x),S% ") € L((v,u), 5.
We write x %ﬁmg u if x jﬁmg u and u jlcang x. This equivalence relation is

known as language equivalence with respect to C.
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Definition 7.1.3 Let C be a class of n-dimensional closed rectangular automata
with uniform activity rectangle R. For x,u € R", we say that u synchronously
simulates x, and we write x jscyn u, if for every automaton A € C, and every vertex

v € Vy, (v,%x) jsgbs (v,u). We write x zgyn uif x <¢_uand u <6 x. This

—syn —Ssyn

equivalence relation is known as synchronous simulation equivalence with respect
to C.

Similarly, we say that u asynchronously simulates x, and we write x ﬁSSyn u,

if for every automaton A € C, and every vertex v € Vy, (v,x) jsjsyn (v,u). We

. NC . C C . . . .
write X Ry Wil x 250 uand u =5, x. This equivalence relation is known as

asynchronous simulation equivalence with respect to C. m

Definition 7.1.4 Let C be a class of n-dimensional closed rectangular automata

with uniform activity rectangle R. For x,u € R", we say that u and x are

c

synchronously bisimilar, and we write x =g u, if for every automaton A € C,

and every vertex v € Vy, (v, x) Egggbs (v,u). This equivalence relation is known as
synchronous bisimulation equivalence with respect to C. We say that u and x are

asynchronously bisimilar, and we write x = u, if for every automaton A € C,

asyn

and every vertex v € Vy, (v,x) Egi&gsyn (v,u). This equivalence relation is known
A

as asynchronous bisimulation equivalence with respect to C. m

7.2 One-Sided Timed Automata

Definition 7.2.1 Define the region equivalence relation =9 on R™ by x =™ u

iff | x| = |u], [x| = [u],and for all 1 <¢,5 <n, |z; —zi] = |uj —u;|. ®
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Theorem 7.2.2 [AD94] Language equivalence with respect to the class of all inte-

gral timed automata with attractors coincides with the region equivalence relation. m

Definition 7.2.3 Let T be an n-dimensional timed automaton with attractors.
We say that coordinate ¢ is an upper-bounded clock if for each edge e € FE7 and
each vertex v € Vp, prequard(e); and inv(v); (which are intervals) are unbounded
from below. This means that the ¢th coordinate of the continuous state of T is
constrained by guards and invariants only from above. We say that coordinate j is
a lower-bounded clock if for each edge e € E7, and each vertex v € Vg, preguard(e);
and inv(v); are unbounded from above. This means that the jth coordinate of
the continuous state of 7' is constrained by guards and invariants only from below.
The timed automaton T is upper-bounded (resp. lower-bounded) if each coordinate
is an upper-bounded (resp. lower-bounded) clock. The timed automaton 7' is
one-sided if every coordinate is either an upper-bounded clock or a lower-bounded

clock. m

Theorem 7.2.4 Let R C R" be a compact rectangle. For every vector z € R",
there exist vectors x,y € R" such that for every closed rectangular automaton A
with uniform activity rectangle R, there exists a 2n-dimensional one-sided timed

automaton Ts with attractors such that for every vertex v, L((v,z),S3Y") =

L((v, (x,¥)), S7,"")-

Proof. The construction of N4 from A as given in Definition 3.2.2 requires that A
be compact, but this requirement was made for ease of exposition. When the activ-

ity rectangle R of A is compact, it is easy to extend the construction to closed A.
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The theorem then follows from Theorem 3.2.9 and the proof of Corollary 3.1.7.
Let R =T1i[ci, d;], and let X be the least common multiple of {¢1,d1,...,cn,dn}.

Then x = (21%,...,271%) and y = (21%7_”7%%)_ -

Definition 7.2.5 A guarded command is a triple ¢ = (B, U, B'), where B, B' C
R" are closed rectangles, and U C {1,...,n}. The guarded command ¢ defines the
binary relation jump, on R" by (x,x') € jump, iff (1) x € B, (2) for each 1 € U,
z; € B!, and (3) for each ¢ ¢ U, zi = closest(z;, B}). The guarded command ¢
defines the binary relation delayed, on R" by (x,x') € delayed , iff there exists an
x" € R" such that (1) (x",x') € jump, and (2) there exists a time ¢ € Rxq such

that X" =x+t1. m

A guarded command (B, U, B') should be interpreted as an edge € in a timed
automaton with attractors, where preguard(e) = B, postguard(e) = B', and
update(e) = U. Then (x,x') € jump,, iff (v,%x) 5 (w,x'), where e = (v,w). The
delayed, relation uses the asynchronous transition relation: (x,x') € delayed,,
iff (v,%x)5(w,x'). Thus simulation with respect to a class C of timed automata
with attractors is really just simulation with respect to the infinite set of events

consisting of all guarded commands appearing in C.

Definition 7.2.6 A guarded command (B, U, B') appears in the timed automa-
ton with attractors 7' if there exists an edge e € Ep with prequardyp(e) = B,

i

postquardp(e) = B', and updatep(e) =U. m

We begin the analysis of one-sided timed automata by first considering au-

tomata whose clocks are all of the same type. For a vector x € R” and a time
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t >0, define x + ¢ to be the vector (z1 +¢,...,xn +1).

7.2.1 Upper-Bounded Timed Automata

For the class of upper-bounded timed automata, language equivalence and both
types of simulation equivalence coincide, while both types of bisimulation equiva-

lence are much finer. The latter two coincide with region equivalence.

Proposition 7.2.7 Let C be the class of upper-bounded closed integral timed au-
tomata with attractors. For all x,x" € R™, the following four conditions are equiv-

alent:

NC ! . . ] . .
® X Rl X (i.e., clock vectors x and x' are language equivalent with respect
to C),
o X zgyn x' (i.e., clock vectors x and x' are synchronously simulation equivalent

with respect to C),

asyn X (i-€., clock vectors x and X' are asynchronously simulation equiv-

%

o X

alent with respect to C),

In two or more dimensions, synchronous and asynchronous bisimulation equiva-

lence with respect to C coincide with region equivalence.

Proof. Call a guarded command upper-bounded if it appears in some T' € C. Every
guard B of an upper-bounded guarded command is of the form [[;;(—oc,qi],

where each ¢; € Z U {oc}. It follows that x € B iff x < q coordinatewise. Thus
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for any upper-bounded guarded command g = (B, U, B'), the domain of Jump, is
{x e R" | x < q}. Put x < x'iff [x'] < [x]. Then x < x' iff for every upper-
bounded guarded command g, x € dom delayed, implies x' € dom delayed ;. Thus
X jﬁmg x" implies x < x'. On the other hand, < is a synchronous simulation.
For suppose x < u. If (x,x') € Jump,, let u’ be the unique vector such that
(u,u’) € jump, and for each i € U, u; = z}. Then [u'] < [x']. Time actions of
duration 0 preserve the simulation: for every ¢t > 0, [u+0] < [x+¢]. This proves
the equivalence of the four conditions in the statement of the proposition.

Since region equivalence is a synchronous bisimulation, it suffices to show that
asynchronous bisimulation equivalence coincides with region equivalence. Suppose
b %gsyn u. Sincex %ﬁsyn u, it follows from the above that [x]| = [u]. Suppose that
|x] # |u]. Without loss of generality, suppose z; < u; and u; € Z. Consider the
upper-bounded guarded command ¢ traditionally denoted by the expression z; <
u; — zj := 0, where z; refers to the ith clock variable, and j # 2. There is a unique
u' such that (u,u’) € delayed,. Let x' = x[z; := 0]. Then (x,x') € delayed,. We
claim x' gsyn u’. This is because for small enough ¢ > 0, [z} +t] = [z; + 1] = u;
and [;z:; +¢] = 1; but for every ¢' > 0, [u} +t'| > u;, and for ¢ =0, (u; +1' =0.
Thus if ¢' is the trivial guarded command (R, (), R"), then (x',x' +1) € delayed ,
but no delayed ;-successor of u’ is asynchronously bisimulation equivalent to x’ 4.
We have proven by contradiction that [x| = [u]. To complete the proof, we show
that the fractional parts of the coordinates of x and y must have the same relative

order. Suppose |zj — z;| > |uj — u;|. Then because [x| = [u] and |x| = [u],

the fractional part of x; is greater than the fractional part of z;, while the reverse
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holds for u; and u;. Thus there exists a time ¢t > 0 (namely, [z;] —z; + € for small
enough ¢€) such that for every time ¢’ > 0, [x +¢] # [u+']. Thus again there is a
delayed ;-successor of x that is not asynchronously bisimulation equivalent to any

delayed y-successor of u. m

7.2.2 Lower-Bounded Timed Automata

For the class of lower-bounded timed automata with attractors, the asynchronous
notions of equivalence collapse to the universal relation, while the synchronous

equivalences are much finer.

Proposition 7.2.8 Let C be the class of lower-bounded closed integral timed au-

tomata with attractors.

1. Language equivalence, asynchronous simulation equivalence, and asynchro-
nous bisimulation equivalence with respect to C coincide with the universal

relation R™ x R"™.

2. Clock veclors y,y' € R™ are synchronously simulation equivalent with respect
toCiff [y] = [¥'].

3. In two or more dimensions, synchronous bisimulation equivalence with re-

spect to C coincides with region equivalence.

Proof. Call a guarded command lower-bounded if it appears in some T' € C. Every
guard B of a lower-bounded guarded command is of the form H?Zl[p]‘, o0), where

each p; € ZU {—oc}. It follows that y € B iff y > p coordinatewise. Thus
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for any lower-bounded guarded command g = (B, U, B'), the domain of Jump, is
{y € R" | y > p}. But since for any y there is a { > 0 such that y +¢ > p, the
domain of delayed, is R™. This proves (1).

Let C be the class of all lower bounded timed automata. To prove (2), put
y 2y iff [y| < |y']. Then y <y"iff for every lower bound guarded command g,
y € dom jump, implies y' € dom Jump,. Thus y <Syn y' implies y < y'. On the
other hand, < is a synchronous simulation. Forify < v, then (a)if (y,y’) € Jumpg,
then [y'] < [v'|, where v' is the unique vector such that (v,v') € jump, and
vl = yi for ¢ € U, and (b) for every time ¢ > 0, there exists a time ¢’ > 0 such that
ly +¢] < |v+t'|. This proves (2). The proof of (3) is almost identical to the

proof of the last assertion of Proposition 7.2.7. m

7.2.3 One-Sided Timed Automata

Let T be an (n + m)-dimensional one-sided closed integral timed automaton with
attractors, and with n upper-bounded clocks and m lower-bounded clocks. After
suitable rearrangement, we can assume that coordinates 1 through n are upper-
bounded clocks and that coordinates n+1 through n+m are lower-bounded clocks.
Then for each guarded command guardy(e) = (B, U, B'), it follows that the guard

B is of the form
n m
H - Qz H Py, X
1=1 7=1

where each ¢; € ZU{oo} and each p; € ZU{—oc}. So we represent preguards B of
one-sided timed automata by pairs of vectors (q,p) € (ZU{o0})" x (ZU{—oc})™.

We call such preguards and the guarded commands they comprise one-sided. We
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write a vector u € R"™™ as the pair (x,y), where x = (u1,...,u,) € R" and
Y = (Un+1,...,Un+m) € R™. We use the notational convention that ¢ ranges over

{1,...,n} and j ranges over {1,...,m}.

Definition 7.2.9 The binary relation <1 on R"*™ is defined by (x,y) =<1 (x',y’)

iff [x'] < [x] and Vi.Vj. [y} —2;] > [y; —xi]. =

Put (x,y) =~ (x,y")iff (x,y) =1 (¥',¥') and (X', y") <1 (x,y). The difference
between region equivalence and ~sj-equivalence is that the latter only considers
the relative order of fractional parts of upper-bounded clocks with respect to the
fractional parts of lower-bounded clocks. The relative order of the fractional parts
of two different lower-bounded clocks (or two different upper-bounded clocks) is

irrelevant to /21-equivalence.
Lemma 7.2.10 For every one-sided guarded command g = ((q,p),U, B'),
dom delayed, = {(x,y) € R"*™ | x < q and (Vi)(Vj)[p; — ¢i < y; — @]}

Proof.

dom delayed, = {(x,y
= A

(x,y) € R"™™ | (3t = 0)[(x,y) + ¢ € dom jump,|}
(x,y)
= {(x,y) ER"™™ | x < q and max;p; — y; < min; ¢; — 7;}
(x,y)
(x,¥)

x,y) € R"™™ | (3t > 0)[(x +¢) < qand (y+1) > p]}

?

= {(x,y) €R™™ | x < qand (Vi)(Vj)lp; — ; < ¢i — xi]}

= {(x,y) e R""™ | x < qand (Vi)(Vj)[p; —¢i <y; —z]}.m
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Lemma 7.2.11 For all (x,y),(x,y') € R"™™ (x,y) =<1 (X, y') iff for every one-
sided guarded command g = (B,U,B'), (x,y) € dom delayed, implies (x',y'") €

dom delayed .

Proof.  Suppose (x,y) =1 (x,¥'). Let g = ((q,p),p). Since (x,y) =1 (X, ¥'),
[x'] < [x] < q, and for each ¢ and j, y}» — x> ly; — xi] > pj — qi. The only if
now follows from Lemma 7.2.10.

We now prove the if. Case 1: [x'| £ [x]. Let B be the one-sided guard
([x],(=00,...,—0)), and let ¢ = (B,0,B). Then (x,y) € dom delayed, and
(x",y') ¢ dom delayed,. Case 2: |y — zi] < |y; — xi]. Let ¢i,p; € Z be
such that p; — ¢ = |y; — ;] and z; < ¢;. Let B be the one-sided guard
((00,...,00,¢i,00,...,00)(—00,...,—00,pj, —00,...,—)),and let g = (B, , B).

By Lemma 7.2.10, (x,y) € dom delayed,, and (x',y') ¢ dom delayed ,. m

Synchronous Analysis.

It is not the case that (x,y) =<1 (x',y') implies that for every one-sided guarded
command g, (X,y) € dom jump, implies (x',y") € dom Jump,. For this we need

the additional condition that |y'] > |y].

Definition 7.2.12 The binary relation <2 on R"*™ is defined by (x,y) <3 (x',y’)

iff (x,y) =1 (X,y") and [y'] > |y]. m

In order to prove that <5 is a synchronous simulation, we need a few basic

lemmas about differences of floors and ceilings.

Lemma 7.2.13 For all a,b€e R, |a| — [b] > [a —b]. m
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Lemma 7.2.14 For all a,b € R, [a] —[b] > [a —b]. m
Lemma 7.2.15 For all a,b€ R, |[a —b] > |a] — [b]. m

Proposition 7.2.16 The relaltion <9 is the largest synchronous simulation on
R™ ™ with respect to the class of one-sided closed integral timed automata with

attractors.

Proof. Let C be the class of one-sided closed integral timed automata with at-
tractors. From the proofs of Propositions 7.2.7 and 7.2.8 we know that (x,y) jscyn
(u,v) implies both [u] < [x] and |v| > |y]|. That (x,y) jscyn (u,v) implies
Ve V. [vj—u;] > |y; —u;] follows from Lemma 7.2.11. For if |v; —u;| < |y; —u;],
then there exists a guarded command g such that (x,y) € dom delayed, and
(u,v) ¢ dom delayed,. Thus there exists a time ¢ > 0 such that for all ¢ > 0,
(x+t,y+1) gyn (u+t,v+1). We have proven that jgynC =<9, so if =5 is a
synchronous simulation, then it is the largest.

We now show that <3 is a synchronous simulation. Suppose (x,y) <2 (u,Vv).
Analysis of time transitions is simple. For { € R, let B be the one-sided guard
([x+1], [y +1t]), and let g = (B, 0, B). Since (x,y) € dom delayed ,, it follows from
Lemma 7.2.11 that (u,v) € dom delayed, as well. Thus there exists a t' € Rxg
such that u + ¢ < [x +¢] and v +¢ > |y + ¢]. For the final requirement,
L(oj +1') = (ui + )] = [vj —ui] = [yj —xi] = [(y; +1) = (zi +1)]. Therefore
(x+t,y+1t) =2 (ut+t,v+1).

Analysis of guarded command transitions is more difficult. Let ¢ = (B, U, B')

be a one-sided guarded command, and suppose ((x,y),(x,y')) € Jump,.  Let
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(u',v') be the unique vector such that (1) ((u,v),(u',v")) € jump,, (2) for each
i € U, ut = |z}], and (3) for each j € U, v} = [yﬂ We will show that (x',y") =<9
(u',v').

First we show that [u'] < [x']. For i € U, [u}] < [2}] because u} = [z}].
For ¢ ¢ U, u} = closest(ui, B!) and z} = closest(x;, B}). If u; < z; it follows that
ut < !, and therefore that [ul] < [z}]. So suppose u; > ;. Since u < [x], we
have [z;] > u; > z;. Case 1: x; € Bl. Since z; ¢ Z it follows that [z;] € B!, and
therefore that u; € Bl. Therefore z} = z; and u} = u;, and so [u}] < [z!]. Case
2: x; ¢ B, u; € Bl. It follows that v} = u; = [z;] = min B} = 2}, so [u}] = [z}].
Case 3: x;,u; ¢ Bi. In this case either min B! > u; > z;, or max B} < z; < u;. In
either case, =, = ul, and so [u}] = [z}].

It follows by symmetry that [v'] > [y'].

Finally we show Vi.V;. \_v"? —ul] > \_y; —z%]. Case 1: i,j € U. Here v"i > y}

and ul < zl, so \_v; —ut] > \_y; — 2] follows immediately. Case 2: 1 € U, j ¢ U.

Here u} € Z, and u; = |x}]. Therefore
i —wi] = [oj] —wi > |y;] — i = [y5] — 23] > Ly — 2],

where the first inequality follows from |v'| > [y’], and the last inequality follows

from Lemma 7.2.13. Case 3: ¢ ¢ U, j € U. Here v"i = (yﬂ Therefore
v — wi] = vj = [ui] = [y5] = Twi] = [y5] — [2i] > ) — =il

where the second inequality follows from [u'] < [x], and the last inequality

follows from Lemma 7.2.14. Case 4: ¢,5 ¢ U. If 2} € Z, then

i — 2l = Lysl — i < Lyj) — Tui] < Loj) = [wi] < Lo —wil,



151

where the first inequality follows from [u'] < [x'], the second follows from |[v'| >

ly'|, and the third follows from Lemma 7.2.15. If y} € Z, then
lyj — il =y — [23] < — [ui] < [of] = [ui] < Lo —ui,
with the same attributions as above. So suppose ;L’;»,y; ¢ Z. Since 1,5 ¢ U, it
follows that z! € B! and y; € B}, and so z = z; and y; = y;. Subcase A: u; € B!
and v; € B}. Here u} = u; and v} = vy, SO [v"? —ui] = |vj —ui] > |y; —wi] =
ly;—i]. Subcase B:w; € Bj and v; ¢ Bj. Since [|y;], [y;]] C B} and [v;] > [y;],
>

it follows that v; > [y;] = [yﬂ, and therefore that v} (yﬂ Thus

Wi — il > y5] — il > Lly;] =[] = T3] =[] = Ly — =i,
where the last inequality follows from Lemma 7.2.14. Subcase C: u; ¢ B! and

v; € B}. Since [|z;], [z;]] C B} and [u;] < [z;], it follows that u; < |z;] = |2}],

2

and therefore that v} < |z}]. Thus
loj — i) > [v] — 23] ] = Lvj) — 23] = lvj) — L23) > L) — 23,

where the last inequality follows from Lemma 7.2.13. m

Asynchronous Analysis.

It turns out that synchronous simulation equivalence is more discriminating than
asynchronous simulation equivalence. The latter coincides with language equiva-

lence.

Proposition 7.2.17 The relation =i is the largest asynchronous simulalion on
R™ ™ with respect to the class of one-sided closed integral timed automata with

atllractors.
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Proof. We show that <7 is an asynchronous simulation. That it is the largest fol-
lows from Lemma 7.2.11. Suppose (x,y) =1 (u,v) and ((x,y), (x',y")) € delayed,,.
We must show that there exists a (u’,v') € R"*™ such that ((u,v),(u’,v)) €
delayed,, and (x',y') =1 (0, v').

There exists a t > 0 such that ((x+¢,y+1),(x,y')) € jump,. Let h be any one-
sided guarded command with guard ([x+t], |[y+1]). Then (x,y) € dom delayed,,.
By Lemma 7.2.11, (u,v) € dom delayed;, as well. Therefore there exists a time ¢’ >
0 such that (u+t',v+1t') € dom jumpy,. Then [u+t] < [x+1], [v+i]| > |y+1],
and for all ¢ and j, [(v;+t')—(ui+t")| = [vj—ui] > |y;—xi] = [(y;+1)—(zi+1)].
So (x+t,y+1) <2 (utt,v+1t). It follows that there exists a (u’,v') such that
(u+t,v+1), (W, v)) € jump, and (x',y') <2 (u',v'). Immediately from the

definitions follow ((u,v), (u',v')) € delayed , and (x',y') <1 (u',v'). m

Theorem 7.2.18 Let C be the class of closed integral one-sided timed automata

with attractors. For all (x,y),(x',y") € R"t™ the following are equivalent:
e (X,y) %ﬁmg (x',y") (i.e., clock vectors (x,y) and (x',y') are language equiv-
alent with respect to C),

e (X,y) zgsyn (x',y") (i.e., clock vectors (x,y) and (x',y') are asynchronously

stmulation equivalent with respect to C),
o [ [x]| =[], and
2. Yee{l,...,n}.Vye{l,...,m}. ly; — x| = Ly"? —xh].

Moreover, (x,y) =5 (X', y") iff (x,y) =5, (X',¥') and [y] = [y']. Synchronous

~syn ~asyn

and asynchronous bisimulation equivalence with respect to C coincide with region
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equivalence.

Proof. The equivalence of the first three statements follows immediately from
Proposition 7.2.17 and Lemma 7.2.11. The characterization of synchronous sim-
ulation equivalence is a restatement of Proposition 7.2.16. The characterizations
of synchronous and asynchronous bisimulation equivalence follow from Proposi-

tion 7.2.7 and the fact that region equivalence is a synchronous bisimulation. m

Size of the Language Equivalence Quotient.

The coarseness of an equivalence relation on R” is measured by the number of
equivalence classes per unit volume. Let Regions(n) be the number of region
equivalence classes on n dimensions where all clocks are constrained to lie in the
interval (0, 1), and let OneSidedRegions(n) be the number of language equivalence
classes for one-sided timed automata with n/2 upper-bounded clocks and n/2
lower-bounded clocks, where all clocks are constrained to lie in the interval (0,1),
as defined by Theorem 7.2.18. These classes are called regions and one-sided
regions respectively. While the region equivalence of (x,y) and (x',y') requires
that the relative ordering of the fractional parts of each pair of coordinates be
identical for the two vectors, one-sided region equivalence only requires the same
relative ordering of the fractional parts of pairs of coordinates for which one is a
lower-bounded clock and one is an upper-bounded clock. It follows that one-sided
region equivalence is considerably coarser than region equivalence.

Figure 7.1 illustrates the difference between regions and one-sided regions. Any

one of the following four conditions bars the vectors (x,y) and (x',y’) from being
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T2

!
v1 Yp

! !
v2 ¥, Ty
z3

!

Figure 7.1: Vectors (x,y) and (x',y') are one-sided region equivalent but not region
equivalent
region equivalent: (1) x1 > z3 but 2} = 2, (2) y1 > y2 but ¥} < v), (3) 23 > 24
but z§ < 2, and (4) y1 > x4 but y} = 2. However, the relative order of
the fractional parts of two upper-bounded clocks (or two lower-bounded clocks)
is irrelevant to one-sided region equivalence. Therefore (1), (2), and (3) do not
prevent the one-sided region equivalence of the two vectors. Nor does condition
(4) prevent it, because |y; —z4] = |y} —2}]. The two vectors are in fact one-sided
region equivalent.

Using characterizations of Regions(n) and OneSidedRegions(n) in terms of Stir-
ling numbers of the second kind (see, e.g., [GKP89]), we show that, while the num-

ber of one-sided regions is still exponential, it is less than the number of regions

by a multiplicative exponential factor.

Regions(2n) .
Theorem 7.2.19 OneSidedRegions(2n) — Q(Qn)

Proof. Let S;' be the number of ways to partition a set of n elements into &
subsets, and let C}' be the number of k-element subsets of a set with n elements.
Each region in (0,1)*" defines a partition of {1,...,2n} into k subsets, where each

subset defines a set of coordinates with the same value, and a permutation of the
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partition classes, giving the relative ordering of these values. Therefore
2n
Regions(2n) = SEEL,
k=1

Each one-sided region with an upper-bounded clock having the highest value de-
termines a partition of the upper-bounded clocks into &k subsets, and a permutation
thereof. The upper-bounded clock partition is interleaved with a partition of the
lower-bounded clocks into k or & — 1 subsets. The same analysis applies if a lower-

bounded clock has the highest value. It follows that

OneSidedRegions(2n) = 23 7_(SE)*k1? + 257, SPSP_ k!(k —1)!
< A(SD, SPRY?

= 4Regions(n)?.

Therefore OneSidedRegions(2n) = O(Regions(n)?). Since every pair of n-dimen-
sional regions can be used to form a distinct 2rn-dimensional region by placing one

“on top” of the other Regions(2n) Cg". Now C’g" — (@n)! (2n)! = Q((zn)zn), and

? Regions(n)? = n!2 e

n!=0(n(%)"). So

Regions(2n) _
OneSidedRegions(2n)

7.3 Sufficient Conditions

From Theorems 7.2.2 and 7.2.4, and the proof of Corollary 3.1.7, we obtain the

following basic sufficient condition for language equivalence.
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Corollary 7.3.1 Let R =TI} lck,dr], and let X be the least common multiple of

{e1,d1, ..., cnydy}. For all x,x' € R", if
1. Vie{l,...,n}. [;L'Z%W = (:L';%L and

2. Vi,je{l,....n}

o lojg—wid] = g —ald],
o |22 —wigl =252 —wig ),
R Ll’]d%» $ZCZAZJ = Lx;dij—w 71,
o Lrg —wid] = lajd — ol

then x and x' are language equivalent with respect to the class of closed integral

rectangular automata with uniform activity rectangle R. m
Using Theorem 7.2.18, we obtain a much better sufficient condition:

Theorem 7.3.2 Let R = [1j_q[ck,dr] be an integral rectangle, and let and let A

be the least common mulliple of {c1,d1,...,cn,dyp}. For all x,x" € R", if

then x and x' are language equivalent with respect to the class of closed integral

rectangular automata with uniform activity rectangle R.

Proof. From Theorems 7.2.4 and 7.2.18. m
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7.4 Necessary Conditions

In this section, we fix an activity rectangle R = [Ti,[ci, d;], where ¢; > 1 for each 1.
Put A =lem {e1,d1,...,¢cn,dn}. Let C be the class of closed rectangular automata

with uniform activity rectangle R.

Convention 7.4.1 All indices in this section range over {1,...,n}. Thus in an
expression such as Yii,..., 0, J1,. .., Jm- ¢, the quantification is over all (k + m)-
vectors of elements of {1,....n}. ®

To derive necessary conditions for language equivalence, we need only deter-

ministic assignments.

Definition 7.4.2 An integer guarded command on R" is a pair g = (B, p) where
B is a closed integral n-dimensional rectangle and p is a partial function from
{1,...,n} to Z. The set of all integer guarded commands on R" is denoted by G,.
Define the binary relation jump, on R" by (x,u) € jump, iff u; = p(z) for all
i € dom p and u; = z; for all ¢ ¢ dom p. Define the binary relation delayedf
on R” by (x,u) € alel'ayealéZ iff either (x,u) € jump, or there exist a y € R" and
at € Ryg such that ¥7% € R and (y,u) € Jump,. For a string g = g1---¢gs € G,

of guarded commands, define delayedg = delayedi 0---0 delayedﬁ. ]

Convention 7.4.3 When dealing with integer guarded commands, it is conve-
nient to refer to a closed rectangle B = [[i[pi,¢] as the pair (p,q) € (Z U

{—=00})" X (Z U {oc})". Thus the integer guarded command (B, p) is written

(p,q,p). =
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Proposition 7.4.4 For every integer guarded command g = (p,q,p),

A A A

A
dom delayedf ={xeR"|x<q and ‘v’i.‘v/j.pid— — ¢
1 Cy i Cy

Proof.

dom delayedl = {x € R"| 3t >0.Yi.[pi,qi] N (zi + t[ci, di]) # 0}
= {xeR"| I >0.Vi.p; < z; + td; and ¢; > z; + lc;}
= {xeR"|3t>0.Vi. g5 < < L5}
= {xER"|x§qand‘v’i.‘v’j.pid;fi§qjc;;j}
= {x € R"|x <qand Vi.Vj. pic; — ¢;di < zic; — x;d;}
= {XER"|X§qand‘v’i.Vj.pid%—qj%§ iT :L’]C} ]
Lemma 7.4.5 Let x € R, m,n € Ny, and g = ged (m,n). For every h € Z and

every € > 0, there exist p,q € Z such that < eq and pm — qn = hg.

Proof. By elementary properties of greatest common divisors, there exist p', ¢’ € Z
such that p'm — ¢'n = hg. For alli € N, (p' +in)m — (¢' +im)n = p'm — ¢'n = hg.
By the property of Archimedes, there exists an iyp € N with z < €(¢' + igm). Put

p=yp +ignand ¢ =¢' +ipm. m

Definition 7.4.6 For distinct indices ¢1,..., 2%, 71, .., Jm, define

A
Dy

A
ylbdm =g ged (—— T

1

Definition 7.4.7 For k € Z, define |-|;: R — Z and [-]z: R — Z by |z] =

max{¢k |7 € Z and 1k < z} and [z]; = min{ik |t € Z and 1k > z}. m
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Lemma 7.4.8 Vi.Vj # i.Vx € R". 39 € Gy. [x € dom delayed A ¥x' € R™.

A A A A
Ll’;d—z - :E*I’gjﬁ < Lhd—l — :l:]gjvlj = x' ¢ dom delayedf].

Proof. Let ¢ # j and x € R" be given. By Lemma 7.4.5, there exist p;,q; € Z

. . A A A A — N

such that z; < ¢; and p;3 — ¢; 2 = |vig — 25 ;. Put py = —oo for p # 1,
% 7 2 7 1

and ¢, = oo for v # i. Let g be the integer guarded command (p,q,?). By

Proposition 7.4.4, x € dom delayedf. But for every x' as above, x;% — x;% <
p,‘% — qj%, since the latter is a multiple of 'yf Thus by Proposition 7.4.4 again,
i j

x' ¢ dom delayedf. |
Notice that Lemma 7.4.8 fails for ¢ = j, because p; < ¢; is necessary for a
guarded command (p,q,#). Lemma 7.4.5 cannot be extended to furnish p < ¢

along with its other consequences.

Corollary 7.4.9 Vi.Vj #:.Vx € R".3g € G!.[x € dom delayedg A Vx' e R™

A A
WZW ¥l = (xigw o = x ¢ dom delayedl;],

Proof. Let x € R". Let u; = 0 and uj, = xj for all £ # ¢. Apply Lemma 7.4.8

to u to produce the integer guarded command g. Let ¢’ be the integer guarded

R

gs S0 X €

command (R", {(¢,0)}). Then (x,u) € jump, and u € dom delayed

dom delayedf/g. But for any x' as above, and any u’ such that (x',u’) € delayed ;,

;A A A A

Luz’d—i —Uj—,J%Jj = —[ch—jhg < —(l’jc—jhg < —(l'jc—jhg = [uz’d—i —UJC—J,J%J-

By definition of ¢, u’ ¢ delayedf. Thus x' ¢ dom delayedgg. [ ]
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Definition 7.4.10 For k,m > 1, let ©(k,m) be the sentence

Y distinet i1,. ..,k j1.- . jm. VX € R".3g € Gp. [x € delayed] N ¥x' € R™.

R
Lxélﬁ -l %j inim < | d? chj j%“ ..... jm = x' ¢ dom delayed;],
1

where the distinct modifier specifies |{¢1, ..., 1%, Jiy- -, Jm }| = k+m. For k,m > 1,
let Y(k,m) be the sentence
Y distinet 11, ... 0 91,5 Jm- VX ER™. g € G, [x € delayecﬂz A
AT A ! R
vx' e R" [z ]16]1}7“ ,,,,, im > (J:hcjlhh ..... im = X ¢ dom delayed |.m

Corollary 7.4.11 O(1,1) A T(1,1).
Proof. Lemma 7.4.8 is O(1,1), Corollary 7.4.9is T(1,1). m
Lemma 7.4.12 Vk,m > 1.0(k,m) = O(k + 1,m).

Proof. Let k,m be given, and suppose x € R". Since

)\ ]1; a]m )
d' 7712; ;Lk-l-l

a1

]1a ;]m —
721; ;zk—l—l ng (

it follows from Lemma 7.4.5 that there exist p;»l,q}l € Z such that x]’lcf\f <

]1; ;]m . ! ]1a ;]m —_ . A A . .
q]1712 1k+1 and pil d» - qﬂ%? lk+1 - Lxll d. ]10 J J1raim Put Piy = p117
al B i1 ’Yzl ..... ipt1
- — y y R— ]1; ;]m .71 . a a
and p; = —oc for @ # 1. Put ¢, = [q;,7;," i AW and ¢; = oo for j # ji.

Let ¢’ be the guarded command (p, q, {(i2,0)}). By the proof of Proposition 7.4.4

applied to rectangles with rational endpoints), there exists a u € R" such that
(app g p :

(x,u) € delayed L and uj, 2 . qh'yf;’ ’1‘7;11 Let g be the string of integer guarded
commands obtained by apphcation of ©(k,m) to 2,...,%+1,J1,--.,Jm and u.
Then
A A A A
L:U;»l— — :1:"7»1 — | rim < T — i —] 1im = 'Y ¢ dom delayed;{/g
di, Cyy~ Tit,ipgn di, J1 i ihg
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For if (x/,u’) € delayed /, then u] = > qh’ﬂ;’ wJm by the proof of Proposition

k417
7.4.4. Thus
1A 1A 1A
e S [ e B
12 d; JLej A ylLmodm J1cj A ylLmodm
2 ! '}/22 ..... Zk-}-l ! 712 ..... Zk-}-l
_ ]1; a]m
< q]l’YZ?a alk-l-l
A :
S [ ]16] J,yh ~~~~~ Jm
29,00y Zk-l—l
_ A A ) .
= [uzZW—uh?Jvh ..... jm -
2 1 29,0 Zk-l—l

By definition of g, u’ ¢ delayedg. [ ]
Lemma 7.4.13 Vk,m > 1.0(k,m) = O(k,m+1).

Proof. Similar to the proof of the previous lemma. Let the indices be given,

and let x € R"™. Let p;»l,q}l € Z be such that z;, < ¢; and pglfyff”:.'."’gkmﬂ —
A .. A A : 2, Jmt1 di
Gy = L:L'”di ]10]1J idme - Pub pip = [p”’y”’ i ~] and p; = —oo for

¢ # 1. Put ¢, = q}l and ¢; = oo for j # ji. Let ¢’ be the guarded command

(p,4.{(J2,0)}). Then there exists a u € R" such that (x,u) € delayedf/ and

Uj, d > p”’yff” SImAL e g be the string of integer guarded commands obtained

by application of ©@(k,m) to i2,...,%k41,J1,---,Jm and u. Then
A A A A R
inld— - :L‘;l —J Predmg1 < Lrlld— — Ty —J Plredmel = x' ¢ dom delayedg/g

11 cjl 71'1 ..... ip 11 C]1 01,0y ip

For if (x,u) € delayed i, then u”d < p”'y:f’ ’Z]:H'l Thus

A A

! . ]‘7a a]ﬂ’L-I-l R _ . . .

Luil d _uj2 . J ]'2 ~~~~~ ]m+1 <p11’711’ azk S Lull d u]z ] J J25--4 'Jm+1'
11 c]2 ’Yll ..... Zk 1

By definition of g, u’ ¢ delayedg. [ ]

Lemma 7.4.14 Vk,m > 1.0(k,m) = YT(k,m).
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Proof. As Corollary 7.4.9 follows from Lemma 7.4.8. Let the indices and x € R"
be given. Let ¢’ be the integer guarded command (R", {(i1,0)}). Let (x,u) €
Jump . Let g be the string of integer guarded commands obtained by application

of O(k,m) to u. Then x € dom delayedf/g. However if (x',u') € delayedf/ and

P’E}lﬁW J1sim > (l’jlﬁhjl ..... im, then

By definition of g, u' ¢ dom delayedg. [ ]
Lemma 7.4.15 Vk,m > 1.0(k,m) A T(k,m).
Proof. By induction, from Lemmas 7.4.8, 7.4.12, 7.4.13, and 7.4.14. m

Theorem 7.4.16 Let C be the class of closed integral rectangular automata with

uniform integral activity rectangle R = [[1—[ci, di], where ¢; > 1 for each i. Let A

C !

be the least common mulliple of {c1,dy, ..., cn,dp}. For all x,x' € R", x Nang X

implies that for all distinct 11,..., 0,915+, Im,

A 1A A A
2. |zt A — J1im = | T; 1
L lldil ]10]1J7i11 7777777 ”:n L 1 d ]10] J,Ylll 7777777 l;n

Proof. Immediate from Lemma 7.4.15. m

Compare Theorem 7.4.16 with Theorem 7.3.2. In two dimensions, when R =
[¢, d]? is a square, then the necessary condition of Theorem 7.4.16 coincides with the
exact condition for simulation equivalence given in Theorem 6.1.6. This provides
a second proof that synchronous simulation equivalence coincides with language

equivalence in this case.
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7.5 Activity Cubes

When the activity rectangle is a cube, the necessary conditions and sufficient con-
ditions are quite close. Activity cubes are useful for modeling systems with drifting

clocks in which the clock drift is uniform.
Definition 7.5.1 A cube is a rectangle of the form [¢,d]", where ¢,d € R. m

Corollary 7.5.2 Let R = [¢,d]" be an integral cube with n > 2, and let C be the

class of closed integral rectangular automata with uniform activity rectangle R. For

C

! n ~
all x,x' € R", x Alang

x' implies that

1. Vie{l,...,n}. (:clﬁ = (:c'%w, and

?

2. Vdistincet 1,5 € {1,...,n}. Lg;]% _ Q;ZAJ — L‘I;% - a;"AJ.

Proof. Put A = lem {¢,d}. The corollary is immediate from Theorem 7.4.16,
using the fact that ged (%, %) =1.m

Looking at Theorem 7.3.2 as applied to cubes, we see that the only difference
is in the quantification over 7, j in (2): for the sufficient condition we have Vi, j;

for the necessary condition we have Vdistinct ¢, 5.



Chapter 8

Discrete Time

The theory of rectangular automata in the discrete time domain is particularly
pleasing. The discrete-time reachability problem is PSPACE-complete for the class
of positive rectangular automata. But if either positivity or rectangularity is re-
laxed, then it is easy to code undecidable problems into discrete-time reachability
problems. Therefore the class of positive rectangular automata lies at the boundary
of decidability.

Every positive rectangular automaton A has finite bisimilarity quotient: for
n-dimensional, h-definable, integral A, the number of states in the bisimilarity
quotient of the discrete-time transition system of A is no greater than |V|(h+2)".
From this follows the PSPACE-completeness of the reachability problem and the
CTL* model-checking problem. Moreover, the discrete time domain admits a
compelling version of the control problem, which is EXPTIME-complete.

We use the following convention:

164
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Convention 8.0.3 In this chapter, we assume for convenience that all rectangles
and all rectangular automata are integral. However, all of the complexity results

that we derive apply unchanged to non-integral rectangular automata. m

8.1 The Discrete-Time Transition System

Definition 8.1.1 Let A be a triangular automaton. Let 14 = {7, | v € V4},
and define (w,x) [Ea 7 iff v = w. The triangular automaton A defines the

discrete-time transition system

SN =det (Qa, X U{1}, =, Q% 14, =4). m

Notice that time steps of duration 1 only appear in the discrete-time transition
system. The time step relation L reduces to a very simple form: for states
(v,%),(v,y) € Qa, (v,x) 4 (v,y) iff y —x € act(v).

In discrete time, rectangular automata cannot distinguish between two vectors
y and z whose integer parts are the same, so long as the components of the two
vectors having integral values coincide. More precisely, two states of a rectangular
automaton are bisimilar if they have the same discrete part, and if the floors and

ceilings of their continuous components coincide.

Definition 8.1.2 Define the discrete equivalence relation ~$* on R by = ~%% y

iff |z] = |y| and [z] = [y]. Define ~%* on R™ by x ~% y iff z; ~%% y; for all

1<7<n.m
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Lemma 8.1.3 For all x,y € R”, x ~%* y iff for every rectangle B C R", x € B

ffye B.m
Proof. By Convention 8.0.3. m

Definition 8.1.4 Let A be an n-dimensional rectangular automaton. The equiv-

dis

S z.m

alence relation =4 on Q4 is defined by (v,y) =4 (w,2) iff v = w and y ~

Theorem 8.1.5 For every rectangular automaton A, the equivalence relation =4

1s a bistmulation on S}j.

Proof. Suppose (v,x) =4 (v,y) and (v,x) 5 (w,x'). First assume that 7 € ¥. In
this case there exists an edge e = (v, w) such that event(e) = 7, x € prequard(e),
x' € postguard(e), and for each 7 ¢ update(e), x; = z}. Define y' by y: = y; for
i ¢ update(e), and y; = z} for ¢ € updale(e). By Lemma 8.1.3, y € preguard(e)
and y' € postguard(e) N inv(w). It follows that (v,y) = (w,y").

Next suppose # = 1. Then x' —x € act(v). We must show that there exists
a vector y' € inv(v) such that y' —y € act(v) and y' ~%* x' (notice that by

dis

2% x' implies y' € inv(v)). We do this one coordinate at a time.

Lemma 8.1.3, y' ~
If x; € Z then y; = x; because x N,Czlis y. So put yi = x}, when y! —y; = 2} — x; €
act(v);. If x; ¢ Z then |z;| < zi,y; < [x;]. The set act(v); is an interval, say with
endpoints a,b € Z (it is easy to extend the argument to the case of unbounded
act(v);). Thus act(v); contains the open interval (a,b), and z} € [z;+a,z;+b]. We
show that there exists a number ¢ € (a,b) such that y; + ¢ Nfis zi. Since a,b € Z
and ; ths xj, it follows that y; + a ths xi+aand y; + b Ni“s z; +b. Thus the

closed interval [y; + a,y; + b] intersects the same ~%-equivalence classes as does
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[z; + a, z; + b]. Since neither y; + a nor y; + b is an integer, the same holds true for
the open interval (y; + a,y; + b). Therefore there exists a number ¢ € (a, b) such
that y; + ¢ Nfis a:'L ]

For h-definable positive automata, all continuous values greater than h are

indistinguishable.

Definition 8.1.6 Let A € Nsj. Define the equivalence relation ~%*h on the
positive orthant R%; by y ~%ish 7 iff for each 1 < i < n, either y; ~%* z; or both

y; and z; are greater than /. m

Lemma 8.1.7 For all x,y € R%,, x ~3sh v iff for every h-definable rectangle

BCRiy,xeBiffyeB. =

Theorem 8.1.8 For every n-dimensional, h-definable, positive rectangular au-

tomaton A, the bisimilarity quolient of S has no more than |V4|(2h +2)" stales.

Proof. Define the equivalence relation =4 on Q4 by (v,x) =4 (w,y)iff v = w and

x ~%sh v We show that E;? is a bisimulation on S4. Suppose (v,x) Ef (v,y)
and (v,x) % (w,x'). First assume that o € X. In this case there exists an edge
e = (v,w) such that event(e) = o, x € preguard(e), x' € postguard(e), and for
each i ¢ update(e), x; = x}. Define y' by yi = y; for i ¢ update(e), and y; = z} for
i € update(e). By Lemma 8.1.7, y € preguard(e) and y' € postguard(e) N inv(v').
It follows that (w,y) 2 (v',y').

Next suppose that o = 1. Then x' — x € act(v). Recall the definition of

projection (Definitions 2.2.13 and 2.2.14) from Chapter 2. Let J C {1,...,n} be
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the set of coordinates j such that z; < h. Then x[; Nfljf y[7. By Theorem 8.1.5,

there exists a vector y’ € R” such that
1 .
L (v,y17) = (v, ¥'l;) in Al
2. %'y~ y'ly, and

3. foralli ¢ J,y, —y; € act(v);.

Now for y € J, ?:; ~{fis y}, and for ¢ ¢ J, zi,y: > h because A is posilive. It
follows that x' ~%#» y' and therefore that (v,x') E;? (v,y'). By Lemma 8.1.7,
y' € inv(v), and so (v,y) > (v,y").

Thus E;? is a bisimulation on S4. The number of Ef—equivalence classes is

Val(2h+2)" . m

8.2 Reachability

The discrete-time reachability problem asks whether a given rectangular zone is
reachable in the discrete-time transition system of a given rectangular automaton.
For positive rectangular automata, this problem is PSPACE-complete, but for
the entire class of rectangular automata, and for the class of positive triangular
automata, the problem is undecidable. Thus the positive rectangular automata
form a maximal class for which the reachability problem is decidable. Another
such class (incomparable with the class of positive rectangular automata), is the
class of initialized rectangular automata. The decidability of this class follows from

arguments presented in Chapter 3.
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Definition 8.2.1 The discrete-time reachability problem for a class C of triangular

automata is stated in the following way:

Given a triangular automaton A € C and a rectangular zone Z C
Qa, determine whether Z is reachable in the discrete-time transition

system S m

8.2.1 Decidability

Due to the finite bisimilarity quotient, the discrete-time reachability problem is

decidable for the class of positive rectangular automata,

Theorem 8.2.2 The discrete-time reachability problem s PSPACE-complete for

the class of positive rectangular automata.

Proof. PSPACE-hardness follows from the PSPACE-hardness of discrete-time
reachability on the subclass of timed automata [Alu91]. We now prove inclusion
in PSPACE. Given A and Z C Q) 4, let Aand b€ V; be defined as in the proof of
Theorem 3.2.10, so that Z is reachable in S} iff {6} X inv ;() is reachable in Sﬁ.
The number of states in the bisimilarity quotient of Sﬁ is singly exponential in the
size of A and Z. It follows that the reachability of {0} x inv ;(0) in Sfi can be
computed in space polynomial in the size of A and Z. m

Using the construction of Chapter 3 of the multirate automaton M4, which is

independent of the time domain, we obtain the following proposition.

Proposition 8.2.3 [PV94] The discrete-time reachability problem for the class

of initialized rectangular automata is PSPACFE-complete. m
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8.2.2 TUndecidability

In this section we show that both conditions, positivity and rectangularity, are
required for a decidable reachability problem. It follows that the class of posi-
tive rectangular automata is a maximal class for which the discrete-time control

problem is decidable.

Theorem 8.2.4 The discrete-time reachability problem is undecidable for the class

of rectangular automata.

Proof. We reduce the halting problem for two-counter machines, which is known
to be undecidable [HUT79], to the reachability problem on the class of rectangular
automata. A two-counter machine M consists of a finite control, and two counters,
Co and C, which range over the natural numbers. The machine M can perform
three operations: increment a counter, decrement a counter (if the counter is
nonzero), and test whether a counter has value 0, branching according to the
result of the test. The machine M halts if it enters its final state ¢;.

Given M, we define a rectangular automaton A and a control mode vy such that
vy is reachable iff M halts. The rectangular automaton A is three-dimensional. It
is convenient to number the coordinates 0, 1, and 2. Variables 0 and 1 represent
the two counters. Variable 2 is used to keep track of time: for every vertex v € Vjy,
act(v)y = {1}. Thus variable 2 is a precise clock. To increment variable 7, we use
a vertex v in which act(v); = {1} and act(v)1—; = {0}. Using variable 2 and an
invariant, we can force exactly one time unit to pass in this vertex. See Figure 8.1.

To test if C; = 0, we use a vertex v in which act(v)y = act(v); = {0}, along with
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z9 =0

Figure 8.1: Incrementing z;
z; =0
e1

z; 21
€2

Figure 8.2: Testing x; = 0

two outgoing edges e; and es, where preguard(er); = {0} and prequard(es); =
[1,00). See Figure 8.2. Finally, to decrement variable i, we first test to make
sure it is greater than 0, and then we use a vertex v in which act(v); = {—1}
and act(v)i—; = {0}. See Figure 8.3. By encoding the current state of M into
the control modes of A, we may find a control mode vy of A with the desired

property. B

Theorem 8.2.5 The discrete-time reachability problem is undecidable for the class

of positive triangular automata.

Proof. Again we use a reduction from the halting problem for two-counter ma-
chines. Due to positivity, we cannot decrement by using a slope of —1. The con-
struction requires a fourth continuous variable, variable 3. The value of counter C}
corresponds to the difference between variable ¢ and variable 3. To increment vari-

able ¢, we use a vertex v in which act(v); = 1 and act(v)1—; = act(v)z =0, as in the
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z9:=0 zz =1

Figure 8.3: Decrementing x;

Figure 8.4: Using a triangle to test z; =0

proof of Theorem 8.2.4. To test if C; = 0, we use the triangles {x € R*| z; = 23},
and {x € R*| z; > 23} as preguards (it is possible to avoid the strict comparison
x; > x3 by the introduction of a fifth variable). See Figure 8.4. To decrement vari-
able ¢, we use a vertex v in which act(v); = {0} and act(v)1—; = act(v); = {1}.

See Figure 8.5. m

8.3 CTL* Model Checking

Definition 8.3.1 A computation k = qymoq171 ... of the discrete-time transition

system S% is divergent if 7; = 1 for infinitely many 7. m

Definition 8.3.2 The discrete-time model checking problem for CTL* under time

divergence for a class C of rectangular automata is stated in the following way:
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x9 :=0 z9 =1

Figure 8.5: Decrementing z; using only nonnegative slopes

Given a rectangular automaton A € C and a state formula ¢ of CTL*
over the lime-abstract transition system S, lel F be the fairness condi-
tion consisting of all divergenl compulations of S%. Determine whether

all initial states of A satisfy ¢ under the fairness condition F.m

Theorem 8.3.3 The discrete-time model checking problem for C'TL* under time

divergence for the class of positive rectangular automata is PSPACFE-complete.

Proof. By Theorems 8.1.8 and 2.1.27. Divergence in discrete time can be detected
by a Biichi acceptance condition. m
If desired, specification variables can be added to the logic, as in the logic

TCTL [ACD93).

8.4 Controller Synthesis

A natural control model for real-time systems involves a controller that samples
the system state once per time unit, and then issues a command based upon its
measurement. Given a rectangular automaton A, we define the transitions system

Sc(A), on which any control map behaves in this manner.
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Definition 8.4.1 With a rectangular automaton A we associate the control tran-

sition system

Sc(A) =qer (Qa x {control, time}, X U {1}, =, Qo x {control}, 14, '),
where ((v,x),\) E' 7 iff (v,x) [E4 7, and the relation = is defined by
o ((v,x), control) = ((w,y), time) iff (v,x) % (w,y) in Sy, for ¢ € %,
e ((v,x),time) 2 ((w,y), control) iff (v,x) R (w,y)in S4. m

Thus in the control transition system Sc(A), the controller and the system take

turns. First the controller specifies an edge step, and then one time unit passes in

a time step.

Definition 8.4.2 Let C be a class of triangular automata. The discrete-time con-

trol decision problem on C is stated in the following way:

Given a triangular automaton A € C and a vertex v € V, delermine
whether there exists a control map & on Sc(A) such that in the closed-

loop system k(Sc(A)), the region

{(v',y) € Qa | v' = v} x {control, time}
1s not reachable.

If such a control map & exists, we say that v is avoidable, if not, then v is un-
avoidable. Discrete-time controller synthesis further requires the computation of

the control map x, when v is avoidable. m
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We solve the discrete-time control decision problem for positive rectangular
automata by finding a rectangular automaton Control(A) such that Sig*ontml(A) is

isomorphic to S¢(A), and then applying Proposition 2.1.36 and Theorem 8.1.8.

Theorem 8.4.3 On the class of positive rectangular automata, the discrete-time
control decision problem is EXPTIMFE-complete, and discrete-time controller syn-

thesis is computable in EXPTIME.

Proof. Let A be a positive, n-dimensional rectangular automaton. We define an
(n 4 1)-dimensional rectangular automaton Control(A) with the following compo-

nents:

Control graph. Identical to that of A: Viognrera) = Va and Ecopirena) = Ea-
Invariants. For every vertex v, inv conproi(4)(v) = inva(v) x [0,1].

Activity rectangles. For every vertex v, acl gonirora)(v) = act a(v) x {1}.
Initial conditions. For every vertex v, init conyror(a)(v) = tnit 4(v) x {1}.

Discrete actions. For every edge e, preguard coppo14y(€) = prequard 4(e) x {1},

updateControl(A)(e) = updateA(e) U {n + 1}7 and pOStgua?‘dControl(A)(e) =

postguard 4(e) x {0}.
Events. Identical to those of A: X ¢,niro1(4) = X4 and event goppro ) = €vent a.

Continuous component n + 1 of Control(A) is an auxiliary variable, which we will
call ¢, that is used to force time steps and edge steps to alternate. The initial

condition of each vertex specifies ¢ = 1. The invariant of each vertex specifies
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0 < ¢ <1, and the activity of each vertex specifies that % = 1. Thus initially, no

time step is enabled, and so an edge step must be taken. The preguard of each
edge e specifies ¢ = 1, and the postguard specifies ¢ = 0. Thus after e is traversed,
¢ = 0, and so no edge is enabled. Then, after a time step of duration 1, ¢ = 1,
time steps are disabled, and edge steps are enabled. Thus time steps of duration 1
alternate with edge steps in Sig*ontrol(A)'

It follows that the map o : Qconirora) — Qa X {control, time} defined by

a(v,y,0) = (v,y, time) and a(v,y,1) = (v,y, control) is an isomorphism between

N

the transition systems SContrOl

(4) and S¢(A). Therefore it suffices to solve control
problems on the former rather than the latter. By Theorem 8.1.8, the bisimilar-
ity quotient of SNControl(A) has O(|V|(2h + 2)"*1) equivalence classes, where A is
h-definable. By the proof of Proposition 2.1.36, the control decision problem and
controller synthesis can be computed in time polynomial in the number of bisim-
ulation equivalence classes. Therefore the discrete-time control decision problem
and controller synthesis can be solved in exponential time.

EXPTIME-hardness follows a reduction from the halting problem for alternat-
ing Turing Machines using polynomial space [CKS81]. Let M be an alternating
Turing Machine using space p(k), and let s be an input word. We assume strict
alternation between AND and OR branches. The set of states of M is the disjoint
union U = Ug U Uy U {uy}. The set Uy is the set of AND-branching states, the set
Uy is the set of OR-branching states, and wuy is the unique accepting state, from

which there is no further computation. Each transition ¢ of M consists of a source

state u € U; (¢ € {0,1}), a symbol o from the alphabet ¥ of M, and a list of
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triples (uj, 05,d;)jer, where u; € Ui_; is a target state, o; € ¥ is written on the
current tape cell, and d; € {—1,1} gives the direction moved by the tape head. If
u € Uy, then all of the triples must produce accepting computation trees for M to
accept its input. If v € Uy, then M accepts its input if some triple produces an
accepting computation tree.

We define a positive rectangular automaton A with a vertex uy such that M
accepts s iff uy is unavoidable. The rectangular automaton A uses p(|s|) variables
T1, .-, Tp(|s)); one to store the contents of each tape cell. The set of vertices of A is
{upbU(U x{1,...,p(|s])}). For states of the latter form, the first component gives
the state of M, and the second gives the position of the tape head. The activity
rectangles are defined by act 4(v) = {0} for every vertex v. Thus L, transitions
have no effect and henceforth we ignore them. This allows us to assume that the
tape alphabet of M is {0,1,2,...,k} for some k, where 0 is the “blank” tape
symbol. The correspondence that is maintained in the translation is this: the ith
continuous component holds the contents of the ith tape cell. The initial condition
is defined by init(u,i) = 0 except if u is the initial state ug of M and ¢ = 1, when
init(ug, 1) = HL‘il{Sj} A /\p(|s|) {0}. This initializes the correspondence. The

J=lsl+1
invariant conditions are trivial: inv(u,?) = R;((LSD for all v and «.
For every transition ¢ = (u, 0, (uj,0},d;);e7) of M, and every 1 <1 < p(|s|), we
define in A one edge ¢ ; for each j € J. If u; is the accepting state uy, then edge
et,; has source vertex (u,%) and target vertex uy. Otherwise edge e;; has source

(u,7) and target (uj,t+ dj) (we assume that some coding scheme is used in M so

that the tape head never “falls off” the edge of the tape). The guards and update
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set are defined by preguard 4(eq ;) = R x {0} x Rp(lsh =1 update (e ;) = {1}, and
postquard 4(e; ;) = R =1 x {o;} x RPUSD=2 Thus the correspondence is maintained:
when o is written on the ¢th tape cell, the value of the ith continuous component
changes to o;. If u € Uy is an AND state, then event 4(e; ;) = (¢, 7). lf uw € Uy is
an OR state, then event 4(e; ;) = 0.

Thus in automaton states corresponding to AND configurations of M, a con-
trol map chooses which of the available transitions to take. In automaton states
corresponding to OR configurations of M, only one event is available, and so the
control map is powerless. A control map x that witnesses the avoidability of uy is
also a witness for the rejection of s by M. It follows that M accepts input s iff uy
is unavoidable. m

The discrete-time reachability problem is trivially reducible to the discrete-
time control problem, because control mode v is reachable in automaton 7' iff v is
unavoidable in the automaton 7' defined by replacing the event alphabet of T' by
the singleton {0}, and adding idling edges e, = (v,v) to each vertex v € V, where

prequardy(ey) = postguard;(ey) = R™ and updates(e) = 0.

Corollary 8.4.4 The discrete-time control decision problem is undecidable both on

the class of rectangular automata and on the class of positive triangular automata.



Chapter 9

Future Work

The main gap in the theory of rectangular hybrid automata as presented in this
dissertation is an adequate statement of, and solution to, the dense time controller
synthesis problem. One natural model, used in the work of Nerode and Kohn, is
for the controller to sample the continuous state once every A time units. We used
this model in the discrete-time case, where there was no mystery as to the proper
value for A. In dense time, successively smaller values for A can be analyzed until
either an adequate controller is found or A becomes too small to be of practical
value. Another model for dense-time control allows the controller to react arbi-
trarily quickly, as in the differential games of Isaacs. The creation of a satisfactory
model of this sort is greatly complicated by the requirement of time divergence. In
particular, if a sequence-based semantics is used, the controller must be prevented
from issuing an infinite number of controls actions in a finite amount of time.

The hybrid automaton is a very synchronous formalism for the specification
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of hybrid systems, because the invariants and guards of a hybrid automaton can
force events to occur at precise time instants. Exact measurements drive the
undecidability results of Chapter 4, and all of the undecidability results for hybrid
automata of which the author is familiar. A similar problem is encountered in the
real-time logic MITL, which introduces time-bounded temporal operators of the
form O, 4 to propositional linear temporal logic. The formula Gp, 3¢ is true in
the present iff ¢ is true at some instant between a and b seconds in the future. The
satisfiability problem for this logic is decidable iff the case of @ = b is disallowed.! Tt
may be that a more asynchronous model would have more pleasant computational

characteristics.

IMITL (without @ = b) can still express exact timing properties: the formula Ola,01¢ A Opa 5y~
is true at present iff the next time that ¢ is true is in exactly b seconds.
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