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Recent advances in synthesis of nanoparticles with anisotropic interactions and sequence-

controlled oligomers with diverse chemistries have enabled the rational design of novel 

nanomaterials for applications in photonics, plasmonics, catalysis, and next-generation 

computer chips. Designing such functional nanomaterials requires fundamental understanding 

of the complex interplay between the entropic and enthalpic forces. Molecular simulations 

techniques have provided us with a tool to elucidate such complex behaviors in systems with 

intricate interactions and external stimuli; thus, revealing many nontrivial correlations between 

molecular design of the building block and the resulting complex morphologies having 

interesting properties. In this thesis, I will demonstrate how entropic forces, which are 

sometimes overlooked during design strategies, can be used to assemble structures with target 

properties, where in some scenarios we can pave an efficient kinetic pathway and in other cases 

we can promote compatibility and mixing homogeneity between the components.  

 

The first part of the thesis examines my recent work on nanoparticle assembly kinetics, where 

we validate that mesophases with intermediate entropies, such as nematic, rotator, and micro-

segregated phases can enhance crystallization rates from the disordered phase. Such design 

rules can be used to steer the assembly away from phenomena like polymorphism and 

vitrification. Further, I have detailed the computational and experimental efforts that we 

undertook to provide evidence of a novel “mosaic-like” mesophase orderings in the monolayer 

systems, that could potentially act as a switch between hexagonal and square structures. The 

last study describes the industrial collaborative project that was focused on developing a 

computational framework using atomistic models to rank polymer and salt chemistries with 
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enhanced homogeneity to improve the quality of the features printed through extreme 

ultraviolet light processing.  

 

Overall, the findings in my work can guide future studies for ‘reverse engineering’ target 

structural properties by predicting suitable system design parameters and explore unique 

spectral responses of structures having complex morphologies. 
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PREFACE 

 

This dissertation highlights the competition between entropic and enthalpic forces while 

engineering nanoscale interactions during the design of functional nanomaterials. Recent 

advances in experimental techniques and computational models have allowed us to improve the 

bottom-up design strategy, where the interaction of the molecular building blocks can be tuned 

to obtain complex morphologies with unique properties.  

In the context of bulk assembly of nanoparticles, a challenge still exists to optimize and control 

the crystallization pathways by circumventing routes that could potentially poison the growth 

of crystal nuclei from solutions. Advances in molecular simulation methods and computational 

capabilities have allowed us to investigate these complex kinetic pathways with a large-scale 

system size. Therefore, providing an understanding on how the competition between enthalpy 

and entropic contributions at the microscopic level can engender order at the macroscale. In 

pursuit of designing an efficient roadmap for the nanoparticle crystallization pathways, many 

previous studies have shown that hard-faceted particle shapes like perfect cubes, prolate 

gyrobifastigia, and truncated octahedra can readily access their corresponding crystal structures 

due to the presence of the partially ordered mesophases that act as a steppingstone during the 

crystallization process. However, the above conclusions are based on empirical evidence and 

there is a lack of understanding on how developing a particular ordered state, for e.g. rotator or 

nematic mesophases, can accelerate the crystallization process. Chapter 1 elucidates the role of 

metastable mesophases on the crystallization kinetics by quantifying the kinetic free energy 

barriers and transition rates using molecular simulations, and Markovian and transition state 

theory. Hence, providing direct proof validating the conjecture proposed in F. A. Escobedo, 

Soft Matter, 2014,10, 8388-8400, that mesophases provide a fast lane for crystallization. 
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The formation of mesophase ordering is not only constrained to the bulk system but can be 

accessed in both two-dimensional (2D) and quasi-2D systems that could have potential 

applications in thin film technology. In chapters 2 and 3, we used Monte Carlo simulations and 

experiments in a wedge-cell to address the question that whether a system can be designed to 

dynamically bridge the ubiquitous hexagonal and tetragonal lattice symmetries. 

 

In Chapter 2, we revealed a re-entrant melting transition in a single component confined 

monolayer assembly, where an intervening disordered Flipped-Unflipped (FUN) phase, having 

mixture of both flipped and unflipped orientations, is sandwiched between a fourfold tetratic 

and sixfold triangular solid phases. Complementary experiments were conducted with 

photolithographically fabricated cylindrical microparticles confined in a wedge cell. I was 

fortunate to have had the opportunity to conduct experiments and publish our work in 

collaboration with Prof. Abraham Duncan Stroock, Prof. Tobias Hanrath, and Prof. Itai Cohen 

groups. The soft-repulsive wall model explored in this study exemplifies how tunable particle-

wall interactions can provide an experimentally viable strategy to dynamically bridge the 

flipped and unflipped states. Our work with the hard and soft confinement model is also 

expected to guide future experimental and modeling efforts to control particle orientation 

behavior in monolayers using external forces other than slit confinement.  

 

Chapter 3 is authored by me and Prof. Fernando Escobedo, where we report a novel mosaic 

state in a binary mixture system that manifests a non-homogenous packing that resembles 

patches having hexagonal order intermingled with other patches having square order. The dual 

characteristics of the mosaic state have distinct ordered structures that could potentially be 

leveraged for specialty applications with switchable hexagonal-square packings, e.g., to 

fabricate synthetic Chameleon skin, optical switches, and optical biosensors.  

 

Overall, the structures reported in both 2D and quasi-2D systems arise from the balance 

between two competing entropic forces, namely packing entropy that favors like-particle 

contacts and mixing entropy favoring random contacts between the components, that allow for 

the coexistence of domains having distinct lattice symmetries.   
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In pursuit of downsizing the transistor components to a sub-10nm length scale, several 

experimental and computational efforts are focused on designing chemically amplified resists 

with a blend of ionic salt and an acid-sensitive polymer medium that have high molecular 

uniformity, and minimal stochastic defects. Chapter 4 is an attempt to quantify the stochastic 

defects present in the photoresist systems. It focuses on developing a computational framework 

using atomistic models to efficiently screen ionic photoacid generators and polymer photoresist 

chemistries with enhanced homogeneity (or higher mixing entropy) to improve the quality of 

the features created through extreme ultraviolet light processing. This work was carried out in 

collaboration with Intel.  

 

The thesis is organized into self-contained chapters, which have been published or in the 

process of preparation for future publication in a peer-reviewed journal. Each chapter stands 

alone, with its own numbering for references, equations, figures, tables, and supplementary 

material.  
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CHAPTER 1: Mesophases as steppingstones to enhance crystallization kinetics in 

nanoparticle self-assembly 

 
B. P. Prajwala and Fernando Escobedoa*  

a
 Robert Fredrick Smith School of Chemical and Biomolecular Engineering, 

Cornell University, Ithaca, New York  

 

Abstract 

 

Manipulation of kinetic pathways is essential to self-assemble nanoparticle building blocks into 

complex ordered structures, as the formation of intermediate metastable states could either 

facilitate or hinder the crystallization of a target symmetry. Molecular simulations, and 

Markovian and transition state theory are used to validate our conjecture that intermediate 

mesophases with partial structural ordering can accelerate crystallization kinetics. Using 

representative models, it is shown that mesophases with intermediate entropies, such as 

nematic, rotator, and micro-segregated phases, enhance the overall crystallization rate. This 

enhancement occurs by effectively splitting a larger isotropic-to-crystal free energy barrier into 

two smaller barriers corresponding to isotropic-to-mesophase and mesophase-to-crystal 

transitions, with mesophase macrostates being more favorable than microscopic fluctuations. 

This effect depends on the interfacial energies between the isotropic, mesophase, and crystal 

which determine the barrier for the isotropic-to-crystal composite-cluster pathway. Our results 

illustrate the applicability of our conjecture, providing guidance to nanoparticle designs to 

achieve efficient crystallization pathways.  
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1. Introduction 

  
Over the past decades, engineering molecular interactions of nanoparticle (NP) building blocks 

to control their bottom-up assembly into complex functional nanomaterials has been a focal 

point of many experimental and computational studies. These nanomaterials have attracted 

interest for diverse applications in devices used for information storage,1–3 photonics,4–7 

sensors,8–10 and plasmonics.11,12 Despite the current synthetic capabilities to systematically fine-

tune NP interactions for assembling them into targeted lattice symmetries,13,14 a grand challenge 

remains to control and optimize the crystallization pathways from an isotropic dispersion to the 

crystalline structure, thereby, circumventing routes leading to undesirable kinetically trapped 

metastable states.  

Observations from our previous studies15,16 led us to conjecture that for hard-NP systems 

expected to form a crystal (C) upon gradual concentration of the isotropic (I) phase, the ordering 

transition occurred more readily if an intermediate mesophase (M) having global partial 

ordering preceded the fully crystalline phase. Such was the case for perfect cubes and truncated 

octahedra having M states like liquid crystal (MLC) and plastic solid/rotator (MR) phases, 

respectively.15 In contrast, Gyrobifastigium (GBF) a shape that does not have a M and forms a 

space-filling ABCD type crystal (CABCD), tends to get trapped in a dense “glassy” state.15 

Similar observations apply to other oblate and prolate shapes,17,18 where the particles able to 

form a MLC more readily crystallized upon densification. Complementary to the above instances 

of entropy-driven self-assembly, recent investigations19–21 have demonstrated that tuning the 

NP-NP energetic interactions can also lead to the formation of M intermediates that facilitate 

assembly of the C phase. For example, mixture of silicates and structure directing agents 

(SDAs)22,23 have been found to mediate the nucleation of porous Zeolite crystal (CZ) through a 

metastable double-gyroid mesophase (MG). Similar strategies have been posited in various 

experimental and simulation models, for example, when investigating the crystallization of 

triblock Janus particles,20 DNA-functionalized NPs,29 and globular proteins,30,31 revealing the 

presence of pre-existing amorphous and dense liquid macro-clusters that facilitate the growth 

of the stable crystal nucleus within them. The aforementioned examples provide empirical 

evidence that M acts as a steppingstone for a two-step crystallization process, lowering the I →
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M → C transition free energy barriers, β∆G∗, as depicted in Figs. 1a and 1b, where β= 1/kbT, kb 

is Boltzmann’s constant, T is temperature, and the degree of supersaturation, DSS, is the 

difference in chemical potential between I and C phases: 

DSS= |β∆μIC| = |βμI  − βμC|,   (1)  

Modulating the NP design parameters and DSS influences the characteristics of the M basin by 

varying stability, entropy (S, depictable as the basin’s width or curvature radius), and its 

position along the reaction coordinate relative to the I and C basins (Figs. 1c to 1e). NP-NP 

directional binding interactions can be designed to favor the formation of certain crystalline 

motifs whereas entropic forces can favor structures that enhance motion along selected degrees 

of freedom, e.g., to lead to the emergence of M and faster two-step crystallization processes. 

However, there is an incomplete understanding of what makes the M state kinetically beneficial 

(as some intermediates could become kinetic traps) and a lack of direct quantification of any 

such benefit through, e.g., the estimation of β∆G∗and transition rates involving the I, M, and C 

phases. Note that while a simplified one-dimensional free-energy landscape like that in Fig. 1 

provides a qualitative guide, a proper description of phase transitional pathways for most 

systems requires a multidimensional representation as exemplified later (in Figs. 2 and 5). 
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Figure 1| Free energy landscape features and kinetics. Qualitative free energy, βG 

profiles as a function of reaction coordinate, λ for I (black), C (blue), and M (red) phases. 

Basins depicting the phases are shown as parabolas where the well depth and width (or 

curvature radius) represents its G and basin entropy, S, respectively. A larger (or smaller) 

configurational S correlates to a wider (or narrower) basin in a 1D λ region since S ~ -p(λ) 

ln p(λ); where p is the probability distribution function of λ values for a given basin: 𝑝(𝜆)  

~ 𝑒−𝛽𝐺(𝜆). The degree of supersaturation, DSS between I and C is kept constant. (a) and 

(b) illustrate rough estimation of kinetic barrier, β∆G∗ for I → C, I → M, and M → C 

transitions from the intersection of the corresponding basin branches. The presence of M 

(red solid curve) splits the I → C barriers into smaller I → M, and M → C barriers. As 

reference, the M basin is shown to have similar well depth as the I basin with its λ position 

and S (well-width) being intermediate between those of I and C. (c-e) Illustrate the effect 

on β∆G∗ due to the variations (depicted as dashed red curves) in the M basin’s (c) vertical 

position, (d) width, and (e) lateral position. 

 

To elucidate the role of M on the crystallization kinetics, we employed rigorous simulation 

techniques and theory to validate our previously proposed hypothesis16 which henceforth will 

be referred to as our “conjecture”. This conjecture posits that the presence of a M having 

macroscopic translational, orientational, or topological partial ordering like in MLC, MR, and 

MG provides a “fastlane” for the I → C transition (Figs. 2). The validity of the above conjecture 

is expected to apply to various classes of systems having intermediate-ordered phases between 

I and C like in densified-amorphous,21,24 polycrystalline,19,25 and micro-segregated phases like 

the lamellar (MLAM), cylinder,26 and bicontinuous phases (like the MG). The underlying 
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heuristic in the conjecture is that the crystallization rate should be enhanced when a high free 

energy nucleation barrier between I → C is “split” into two smaller barriers corresponding to 

I → M  and M → C  transitions (Figs. 1a to 1b). Hence, the M would act as a structural template 

that lowers the bulk and interfacial free energy to ease the nucleation of the crystal structure. 

This sequential formation of increasingly stable phases, illustrated in Fig. 2, is consistent with 

the heuristic Oswald’s rule of stages27,28 which states that the nucleating phase is not the most 

stable phase at the target conditions but rather the metastable phase closest in free energy to the 

parent phase. 

 

 

Figure 2| Illustration of free energy landscape, and nucleation barriers. 2D landscape using 

order parameters (OPs) that resolve the I, M, and C basins for NP systems in a single-step (blue 

dotted arrow) and two-step (green solid arrow) pathways toward crystallization. Cartoons with 

squares depict M state as being a local transient microstate or a macrostate en route to the C 

phase. The free energy barrier β∆GIC
∗  for I → C at a given DSS is split into two smaller barriers 

corresponding to I → M and M → C transitions with β∆GIM
∗

 and β∆GMC
∗  barriers, respectively, 

where β = 1/kbT. The 2D landscape can be adapted to represent the lamella/double-gyroid (M) 

and crystal lamella/Zeolite (C) structures by using suitable translational OPs as coordinates.    
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In this work, we chose to test our conjecture using both athermal and thermal NP model 

testbeds, namely, gyrobifastigia (GBF), Truncated cubes (TC), and binary coarse-grained 

mixtures that form distinct crystalline phases and, more crucially, exhibit different types of M 

intermediates (and associated I → M → C transition pathways). As indicated earlier, while 

regular hard GBFs did not spontaneously crystallize upon concentrating the I phase, recent 

computational work17 has shown that by increasing the particles’ aspect ratio, AR, an 

intermediate nematic mesophase (MN) occurs before spontaneous formation of CABCD (a 

multilayered, space tessellating, body center tetragonal lattice similar to the Beta-Sn 

structure32). In contrast to this assembly route where orientational degrees of freedom freeze in 

M, the “octahedra-like” TC family exhibits a transition pathway where translational degrees of 

freedom first partially freeze to engender MR having body centered cubic (BCC) order, which 

then transforms into a rhombohedral Bravais Minkowski crystal (CMink).
33 In this MR → CMink 

transition the increase in orientational ordering is coupled with a slight shearing of the lattice 

from BCC to CMink. Thirdly, we investigated an AB mixture model which forms a lamella 

mesophase (MLAM), with stacks of alternate disordered monolayers of A and B components, 

that transitions into a layered crystal (CLXA). Lastly, we simulated a TS mixture of coarse-

grained particles representing silica-like (T) and SDA (S) that was already alleged to conform 

with our conjecture where the MG network directs the growth of CZ. Overall, the above testbeds 

allow us to conveniently tune the geometric and interaction parameters to study the kinetics 

associated with both I → C and I → M → C transitions. While such a tunability is not generally 

feasible, it can be realized in some experimental systems by transient changes brought about by 

NP swelling,34,35 external electric fields or chemical triggers,36,37 so that after crystallization, 

the original target state of the NPs could be restored. 

 

For our simulations, we selected GBFs with AR = 2.7 and TC with vertex truncation, s = 0.90 

to be henceforth referred to as GBF27 and TC90, respectively (see Fig. 3). In the case of AB 

and TS mixtures, we selected the interaction parameters developed by Kumar et. al.,26 and 

Bertolazzo et. al.,22 respectively. While many other NP design parameter combinations and 

conditions could be used, these choices were made for convenience in computing the target 

quantities. Umbrella sampling (US) using standard and hybrid Monte Carlo simulations were 
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performed to estimate the free energy barriers, β∆G∗, to nucleate the critical cluster with size, 

nc between I, M, and C phases. The size of the clusters, n, was detected using local translational, 

orientational (I4), and nematic (P2) order parameters (OP), while global translational and 

orientational OPs were used to identify the spontaneous transition between the phases of 

interest.15,38–40 Using the predicted β∆G∗values, we estimated the speed-up factor, Sup, defined 

as the ratio of the rate of crystallization of the two-step process, 𝑘I→M→C, to the single-step 

transition, 𝑘I→C by using our theoretical rate expression [see equation (8) in Methods Section] 

derived by adopting a Markovian framework for a process undergoing a serial transition among 

I, M, and C states; values of Sup > 1 would be consistent with our conjecture. We also estimated 

transition rate constants as the reciprocal mean first-passage time numerically calculated from 

the Fokker-Planck equation applied to the nucleation free-energy curves. More information on 

simulation model parameters, protocols, and details on OPs and DSS calculations can be found 

in the Methods Section and supplementary information (SI).   
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Figure 3| Simulation snapshots for two-step transition assembly of GBF27, TC90, AB, and 

TS models. Testbeds undergoing two-step transitions: (a-c) I →  MN → CABCD for prolate 

gyrobifastigium GBF27, (d-f) I →  MR → CMink for truncated cubes TC90, (g-i) I →  MLAM →

 CLXA for AB mixture, and (j-k) I →  MG → CZ for TS mixture of silicates (T) and structure 

directing agent (S). Packing fraction, 𝜙, Temperature, T (K), and relevant global order 

parameters (OP) for each phase are shown. (a-f) Particles are colored based on local P2 or I4 OP 

values as indicated by color bars. (g-i) Assembly of A (magenta) and B (white) components 

showing disordered and crystalline lamella structures upon I phase cooling. (j-l) T and S 

particles are colored based on amorphous (grey), double-gyroid (green), and Zeolite (red) order. 

(Inset) Distribution of the bond unit vectors with darker red regions showing higher density of 

points on the sphere. 
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2. Results 
 

2.1  Phase behavior and characteristics of I, M, and C phases 

 

The equation of state and metrics of the relative stability between the I, M, and C phases for 

GBF, TC, AB, and TS models, are detailed in Sec. IV of the SI. Our calculations show that all 

M phases have entropy values, 𝑆M, intermediate between those of the I and C phases (see Table 

S3 and Fig. S11), consistent with intermediate structural ordering, as corroborated by the OPs.  

For GBF27, Figures 3a to 3c show representative snapshots along with the global average 

packing fraction, 𝜙 and 𝑃2
g
 values estimated for the I, MN, and CABCD phases obtained from 

unbiased simulations. As a visual guide for changes in ordering, we colored the particles based 

on their local orientational order and plotted the density scatter of the unit bond vectors (BV) 

connecting a particle and its neighbors (see Sec. IIIB3 in the SI for more details on OP color 

scheme). Movie S1 shows the spontaneous I → MN → CABCD transition tracked by local 

orientational order upon compressing the supersaturated I phase. The color map of Fig. 3a also 

shows the local alignment of GBFs along the long axis (also shown using the distribution in 

Fig. S9). This reveals that microscopic pre-nucleation motifs present in I act as potential loci 

for the formation of MN. The particle alignment in MN is stronger than in I but weaker than in 

CABCD (Figs. 3b and 3c). In MN, the local regions of translationally ordered BV induce facet-

facet contacts between already aligned particles that facilitate the crystallization into CABCD. 

For TC90, the I phase showed transient, translationally ordered MR-like motifs as revealed by 

dense but diffused regions in the BV plot (Fig. 3d). MR gained global translational order upon 

compression attaining Q6~ 0.41 (close to the ideal BCC signature of 0.511) and showed distinct 

BCC peaks in the BV plot (Fig. 3e). Additionally, MR has weak global orientational ordering 

(𝐼4
g
) and small grains of orientationally aligned particles as detected by the local orientational 

OP. During the MR → CMink transition, the particles give up their rotational degrees of freedom 

to pack into the CMink lattice with high Q6 and 𝐼4
g
 values (see Fig. 3f and Movie S2 with particles 

color-coded by local orientational OP). 

For the AB mixture, Figures 3g to 3i illustrate the I →  MLAM → CLXA transitions observed 

during cooling. The translational ordering is detected using average bond-order parameters, 𝑞̅𝑙 
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(where l= 2, 6, or 8). MLAM has high 𝑞̅2 value for each component, indicating layering of A and 

B particles, while its low 𝑞̅6 and diffused BV plot for all particles suggests weak intralayer and 

interlayer translational ordering of components. Upon further cooling, the particles gain 

translational order and transition into the CLXA phase.  

For the TS model, Figures 3j to 3l show the I →  MG → CZ transitions upon cooling. The MG 

network is characterized by high 𝑞̅8 of S particles and the ordering of T particles in CZ is 

indicated by high 𝑞̅6 and distinct peaks in the BV plot. MG is an unusual mesophase in that the 

ordering occurs in only one of the components (S); indeed, the T particles are disordered in the 

MG porous structure while having slightly higher local density than the I phase (Figs. 3k and 

S6a). At low temperatures, the CZ phase is stable, where the T particles order into the zeolite 

structure while the S particles remain mobile in the MG network (Figs. 3l and S6e).   
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Figure 4| Nucleation free energy barriers and near-critical nuclei morphologies. (a, e, i, 

m) Free energy barriers, β∆G∗, estimated at different DSS for GBF27, TC90, AB, and TS 

models during single-step (I → C) and two-step (I → M and M → C) transitions. (Black dashed 

line) β∆GSum
∗  is the sum of I → M and M → C barriers. (b-c/f-g/j-k/n-o) Simulated near-critical 

nuclei of M in I → M and of C for M → C for GBF (b)-(c), TC90 (f)-(g), AB mixture (j)-(k), 

and TS model (n)-(o). The critical nucleus size, nc, and the corresponding DSS values are 

shown, with particles colored based on P2 (b-c) and P4 (f-g) OP values as per the color side 

bars. The corresponding M and C nuclei formed by (j, k) A (magenta) and B (white), and (n,o) 

T (red) and neighboring S (green) particles are shown. (d, h, l, p) Composite cluster pathway 

consisting of C nuclei (red) surrounded by clusters of M-like particles (cyan) formed during 

single-step I → C transition. I phase particles are not shown for clarity.  

 



 

 15 

2.2 M lowers the crystallization barrier 

Figure 4 shows the variation in β∆G∗at different DSS (Eq. 1) for GBF27, TC90, AB, and TS 

systems undergoing a I → C and I → M → C transitions. The complete β∆G∗profiles as a 

function of nucleus size n for different transitions and DSS are shown in Figs. S12 to S20.  

For GBF27 (Figs. 4b-4d), we observe that the barrier associated with gaining orientational 

ordering in I → M is ~28% lower than that for gaining translational ordering in M → C , and the 

latter being ~55-65% lower than that for the I → C for the simulated DSS, hence providing 

support our conjecture (Fig. 4a). For I → M, we find a loosely packed nematic nucleus with 

grains having high and intermediate particle alignment with respect to a global director, whereas 

for M → C and I → C we observe a compact elongated ABCD crystal nucleus having a distinct 

solid-nematic interface (see Figs. 4b to 4d and Sec. IIIB3 in the SI for OP color scheme). For 

comparison, we also estimated the single-step crystallization barriers for GBFs with AR = 2.6 

(denoted GBF26) where MN does not occur spontaneously; the results are discussed in Sec. VB 

in the SI. 

For TC90 (Figs. 4e-4g), we estimated that the translational ordering barrier for I → M is about 

4-8 times higher than that for rotational ordering attained during M → C transition. At low DSS, 

β∆GI→C
∗ ~ 1.7 β∆GI→M

∗ , in line with our conjecture, whereas for high DSS values, the I → M and 

I → C transitions exhibit similar barriers (Fig. 4e), indicative of comparable kinetics. At these 

conditions, M is nearly unstable (see Fig. S10b) and the low M → C barriers indicate a spinodal-

like transition. Figure 4f shows a compact M nucleus with no orientational order with respect 

to a global director, while figure 4g reveals a C cluster having orientationally aligned particles 

forming a central core with sparse branches. 

For the AB model (Figs. 4i-4k), the I → M barrier associated with layering of particles is 40-

80% larger than the M → C barrier, where the particles within each layer are crystallized (Fig. 

4i). For all the simulated DSS, β∆GI→C
∗ > β∆GI→M

∗ , conforming with our conjecture. We observe 

compact elongated M and sparse C cluster morphologies during I → M (Fig, 4j) and I → C (Fig. 

4k) transitions. At high DSS where M is nearly unstable (see Fig. S10c), the trends are similar 

to those for TC90 where the barriers between I → M and I → C become comparable.  

For the TS model, Figs. 4m-4o show results that, as purported,22 are consistent with our 

conjecture, but the I → C barrier is only about 3-4kbT higher than M → C barrier, suggesting 
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that the single-step I → C transition could be favorable for larger DSS. For the DSS conditions 

examined, the barrier associated with the formation of M network for I → M transition is ~5-

6kbT smaller than the barrier for forming M → C nucleus (Fig. 4m). Figures 4n and 4o illustrate 

the near-critical cluster morphologies depicting the M and C nuclei with disordered and ordered 

T particles during I → M and M → C transitions, respectively. 

The single step β∆GI→C
∗  can be generally expressed as,  

                     β∆GI→C
∗ = β∆GSum

∗ +β∆GIMC
∗ ,                                       (2) 

where β∆GSum
∗  is the sum of I → M and M → C barriers with near-critical cluster sizes formed 

at their respective DSS: 

      β∆GSum
∗  = β∆GI→M

∗ +β∆GM→C
∗ ,              (3) 

and β∆GIMC
∗  is a correction term for non-additivity. Interestingly, our simulations find that for 

all systems and conditions studied, the growth of the C nucleus during I → C transition occurs 

via a composite cluster pathway, where it is largely enclosed by a local microscopic M domain 

(see Fig. 4). In such a scenario, the composite-cluster theory predicts that41,42 

          β∆GIMC
∗  = 4𝜋𝑅2𝛾eff e

−(R−r)
𝜉⁄
        (4) 

which accounts for the interaction range between I-M and M-C interfaces formed by the local 

M domain; here, 𝑅 and 𝑟 are the radii of the composite and crystalline cluster, respectively, ξ 

is the range of interaction, and 𝛾eff is the spreading parameter, which is related to the interfacial 

surface energies, γ, between phase pairs,  

           𝛾eff = 𝛾IC − 𝛾IM − 𝛾MC,        (5) 

For the simulated DSS range, our results encompass cases where β∆GI→C
∗  is equal to, greater 

than, and less than β∆GSum
∗  as shown by the dashed black lines in the plots of Fig. 4. For GBF27, 

β∆GI→CABCD

∗ ~β∆GSum
∗  indicating that 𝛾eff ~ 0 and since  𝛾IMN

< 𝛾MNCABCD
 (as predicted by 

classical nucleation theory, CNT, in Fig. S22a), it follows that  𝛾IMN
< 𝛾MNCABCD

< 𝛾ICABCD
. 

Since interfaces with the lowest  will tend to be favored when I, M, and C phases are present, 

the MN domains would not be localized around the GBF27 crystal nucleus but will extensively 

infiltrate the I phase, as seen in Fig. 4d. For TC90, β∆GI→CMink

∗ > β∆GSum
∗  and thus 𝛾eff > 0 at 

low DSS, and since 𝛾IMR
> 𝛾MRCMink

(see Fig. S22b), it follows that 𝛾MRCMink
< 𝛾IMR

<

𝛾ICMink
. Therefore, the lower γ between MR and CMink will favor the wetting of a compact CMink 
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nucleus by a tight, thin layer of MR particles as shown in Fig. 4h (similar to the case of NaCl 

nucleation from solution where the solid cluster is wetted by amorphous domains41). For the 

AB and TS models, we find that β∆GI→C 
∗ < β∆GSum

∗ , implying 𝛾eff < 0, and since 𝛾MC < 𝛾IM (as 

per Turnbull’s43 correlation, see Table S4), then 𝛾IC may or may not be larger than 𝛾MC or 𝛾IM 

(i.e. 𝛾IC, 𝛾MC < 𝛾IM). Unlike the TC90 case, the M cluster may not uniformly spread around a 

C nucleus partially wet by I, but rather grow uncorrelated with the C nucleus size, as seen in 

Figs. 4l and 4p.  The growth of the C nucleus of different sizes is shown in the SI Sec. V. 

Overall, our results suggest that although the concurrent local M fluctuations aid in the growth 

of C nuclei, it is the serial nature of the I → M and M → C macroscopic events (as pertinent to 

our conjecture) that provides the most unambiguous kinetic benefit as supported by our 

theoretical analysis encapsulated by Eq. (8) below.  

 

 

 

Table 1| Speed-up, Sup ratios for GBF27, TC90, AB, and TS models. Comparison of rates, 

k and 𝑘′ associated with a single I → C and two-step I → M → C transitions at different DSS 

ranges. Predicted range of the spreading parameter, γeff for different models are indicated. 𝐷𝑜 

is the constant rate of attachment of particles to the cluster. 

 

 

 

 

 

 

2.3 Transition speed-up for two-step process 
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Our theoretical expression, embodied by Eq. (8) comparing the single-step and two-step rates, 

predicts that the two-step transition rate will be larger as long as β∆GI→C
∗ >

 max (β∆GI→M
∗ , β∆GM→C

∗ ), provided that the exponential factor (in CNT-like rate equations) is 

the dominant contributor to the transition rate values (i.e., large β∆G∗’s, small DSS). We also 

estimated the relative transition rates, 𝑘′ using Eq. (10) to capture the effect of the entire 

nucleation free-energy profiles (and not just β∆G∗). Table 1 shows the variation in the speed-

up factor, Sup =
𝑘I→M→C

𝑘I→C
 and 𝑘′ between single-step and two-step transitions at different DSS 

conditions. Qualitatively, the trends observed in Sup values are comparable to the ratios in 𝑘′ 

between transitions. In general, one would expect Sup to increase when: (i) the difference, ∆
∗ =

β∆GI→C
∗ − max (β∆GI→M

∗ , β∆GM→C
∗ ) is larger, or, (ii) β∆GIMC

∗  (from Eq. (2)) is larger, which 

implies (as per Eq. (4)) that (iii) eff is more positive. For GBF27, the I → C barrier splitting 

results in a Sup~ 1012 at low DSS where ∆
∗ ≈ 28.5kbT, whereas Sup drops to ~106 for a larger 

DSS where ∆
∗ ≈ 16kbT. For DSS ~ 0.1, we estimated that the kinetic prefactors have a minimal 

effect on Sup since their magnitudes for all the transitions were similar (see Sec. IIB in the SI). 

For TC90, we estimated a very high Sup value ~1047 for low DSS due to the large ∆
∗ ≈110kbT; 

however, Sup decreases very quickly with increasing DSS, reaching a value of Sup~10 where 

∆
∗ ≈ 3kbT. For the AB and TS models, the values corresponding to Sup and the ratio in 𝑘′ are 

smaller: at low DSS they range from 103 to 10 , suggesting that the difference is due to the 

smaller ∆
∗ ≈ 8-3𝑘𝑏𝑇; and at high DSS, Sup~10 with comparable 𝑘′ (similar to TC90) indicating 

that the single-step pathway competes with the two-step transition. Overall, the trends predicted 

for Sup and eff can be relevant to other systems exhibiting transition intermediates, e.g., for the 

TS-λ Zeolite model “B” proposed by Bertolazzo et. al.22 we estimate Sup~107 for conditions 

where eff ≥ 0.  
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Figure 5| Schematic roadmap of 2D free energy landscape and pathways between I and 

target C phase. The gray region represents the section of landscape where a mesophase M 

basin can enhance the crystallization rate. M1 and M2 have distinct characteristics defined by 

the reaction coordinates (RC). M1/M2 would depict a rotator solid/nematic phase if RC1 and 

RC2 correspond to translational and orientational OPs, respectively. If C is a porous 

Zeolite/ordered lamella crystal, the double-gyroid/lamella mesophase could be represented by 

M2 with translational OPs defining RC1 and RC2. The roadmap shows cartoons for distinct 

scenarios where the kinetic barrier, β∆GI→M1
∗  (or β∆GI→M2

∗ ) is higher (or lower) than β∆GM1→C
∗  

(or β∆GM2→C
∗ ). C correspond to a polymorph with very large β∆GC′→C

∗  transition barrier.  
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3. Discussion 
 

Overall, our simulations and theoretical framework predict that the crystallization rate from the 

supersaturated I phase is significantly enhanced when the system undergoes a two-step global 

transition with M having an intermediate structural and entropic order between the I and C 

phases, thus providing a quantitative validation of our conjecture. Our results indicate that the 

effective interfacial energy between I, M, and C phases influences the single-step I → C 

crystallization kinetics, thus providing a potential guide for designing NPs that leverage two-

step I → M → C process.  

The kinetic benefit of a two-step I → M → C crystallization route is more predictable when M 

occurs as a macrostate (at low DSS) rather than localized transient microscopic fluctuations (at 

high DSS). This relates to the topology of the free energy landscape, e.g., the relative depth of 

M basin and the pathways connecting the basins. The optimal crystallization pathway, whether 

through microscopic or macroscopic M intermediates, reflects the time scale of its occurrence, 

which depends on DSS and NP model parameters that controls the depth and relative location 

of the I, M, and C free energy wells in the OP landscape (Figs. 1b to 1e). Figuratively, the 

barriers involved in the I → M → C process will need to climbed more times if M is confined to 

be transient microscopic fluctuations compared to the two-step process where M is a 

macroscopic state or forms a large enough domain to fully encompass critical sized nuclei of 

the C phase, with the two barriers thus being crossed serially (as reflected in our treatment in 

Eqs. 7-8).  

Importantly, if a system is designed to engender a M state with an intermediate macroscopic 

entropy or OP values between I and C phases, then the I → C barrier is likely to be broken down 

into smaller I → M and M → C barriers. Generally, the max(β∆GIM
∗ , β∆GMC

∗ ) is reduced when 

the metastable M basin is positioned ~halfway between I and C basins along a good reaction 

coordinate with a well-depth lower than I and an entropy larger than C.  In our simulations, we 

kept DSS constant in probing the different barriers to allow direct comparisons; in practice, 

however, once the M state is reached, one could change the DSS (through, e.g., changes in 

pressure or temperature) to expedite its transition toward the C phase. Such an approach would 

of course be in order if M is first stable for I → M at DSS1 and then M is metastable for M → C 

at DSS2.  
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In the examples examined, we show that the dimensionless ratio, β∆GI→M
∗ β∆GM→C

∗⁄  < 1 for 

GBF27 and TS models, whereas it is > 1 for TC90 and AB models. This indicates that the 

barrier to nucleate MN and MG order from the I phase is lower than that to nucleate a 

translationally ordered MR and MLAM phases, suggesting that a wider free energy well 

associated with larger entropy in MN and MG would be kinetically beneficial during 

crystallization (as depicted in Fig. 1d).15 

Many systems that undergo I → C ordering transitions are known to be able to access a 

competing ordered phase, say C, which could in principle act as a productive intermediary as 

the M phase described here (Fig. 5). However, the known problem of polymorph selection, e.g., 

suggests that such C phases can act more as a poisonous than a catalytic pathway to the 

attainment of the target C phase by trapping the system in a deep (metastable) well. Hence the 

key question is: What heuristics can help identify a putative M as a favorable kinetic 

intermediate for attaining the C phase? Generally, the M should not be a fully ordered crystal 

or else the M → C transition would require a costly process of destruction and reconstruction of 

crystalline order. But even a partially ordered M may not necessarily lie in a productive pathway 

toward the target C phase; e.g., a recent kinetic study for TCs with s = 0.527 revealed the 

formation of an “orientationally” salt-like polymorph that sidetracks the rotator → crystal 

nucleation pathway.47 In the case of longer rods, the formation of a multilayered stacked smectic 

phase can be suppressed by nematic spinodal instabilities.48 A qualitative heuristic for a 

productive M is that it should attain part of the order that the I phase requires to form C, without 

incurring in any ordering that steers it away from the C basin. Quantitatively, this could be 

ascertained (without performing expensive free energy calculations) by the analysis of 

appropriate OPs to track how different types of structural order evolve as the system goes from 

I → M → C as depicted in Fig. 5. Crucially, this may require the availability of multiple high-

quality OPs to resolve the structural relations between I, M, and C. A complementary and 

cheaper guide to attain Sup> 1 is to look for designs with a more positive spreading parameter 

eff. Our conjecture, embodying a more specialized rule that complements the widely employed 

Ostwald’s rule of stages, should be tested in a broader class of systems44–46 that can engender 

an intermediate M en route to the C phase, whose basin position may be tuned to lie in a region 

in the OP landscape that enhances the crystallization rate (as depicted in Figs. 1 and 5). 



 

 22 

 

Online Methods 

a. Theoretical rate estimation 

Consider a Markovian process with sequential transitions among states I (essentially reflective 

state), M, and C (absorbing state) such that going from I to C involves a two-step process with 

an intermediate metastable M state (see Figs. 1a and 1b). The mean first passage time 𝜏I→M→C 

from I to C states through the M intermediate can be obtained from: 

 
𝜏I→M→C = 𝜏I + 〈time for M → I → M events〉 + 𝜏M→C       (6)  

 

where 𝜏I is the mean first escape time from state I, 𝜏M→C is the mean first passage time from M 

to C, and the 2nd term is the average time associated with all possible recurrent M → I → M 

transitions (before the M → C  transition happens). All these terms can be evaluated in terms of 

the single-step transition rates 𝑘𝑖→𝑗 as shown in SI Sec. IIA. The total rate, 𝑘I→M→C can be 

described as the reciprocal of 𝜏I→M→C with the result given as, 

              𝑘I→M→C =
𝑘I→M×𝑘M→C

[𝑘I→M+𝑘M→C+𝑘M→I]
                              (7) 

where 𝑘𝑖→𝑗 is the individual transition probability per unit time to go from i to j (and i, j = I, M, 

or C). According to CNT, the transition rate, 𝑘𝑖→𝑗 ∝  exp (−β∆G𝑖→𝑗
∗ ) where β∆G𝑖→𝑗

∗  is the free 

energy barrier associated with the first-order transition from state i to j for a given degree of 

supersaturation, |β∆μIC| (see Fig. S3). Assuming the pre-exponential factors in the transition 

rates have a similar order of magnitude and their differences are small compared to those of the 

exponential terms (which are often used as a surrogate rate constants), we can express Eq. 7 as,  

𝑘I→M→C ≈
exp(−β(∆G∗

I→M−∆G∗
M→C))

[exp(−β∆G∗
I→M)+exp(−β∆G∗

M→C)+exp(−β∆G∗
M→I)]

       

and since 𝑘I→C ∝ exp (−β∆GI→C
∗ ) , then, 

Sup= 
𝑘I→M→C

𝑘I→C
≈

exp(β(∆G∗
I→C −∆G∗

I→M −∆G∗
M→C))

[exp(−β∆G∗
I→M)+exp(−β∆G∗

M→C)+exp(−β∆G∗
M→I)]

              (8) 

To estimate the effect of kinetic prefactors, A on the speed-up factor, Sup, we performed pseudo-

dynamic MC simulations to track the attachment rate of the critical nucleus, 𝑓𝑛𝑐
 (see SI Sec. 

IIB for more details and modified version of Eq. (8)). These calculations were carried out for 

GBF27 as testbed, using 2916 particles at P* = 6.44 and |β∆μIC|~ 0.10.  
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To account for the effect of the entire nucleation free-energy profiles (shown in Figs. S12 to 

S20), we numerically estimate τ(𝑛𝑐) up to the transition state derived from the Fokker-Planck 

equation,49,50  

τ (𝑛𝑐)= ∫
1

𝐷𝑜
 𝑑𝑦 𝑒[𝛽𝐺(𝑦)]𝑛𝑐

0
∫ 𝑑𝑧

𝑦

0
𝑒[−𝛽𝐺(𝑧)]    (9) 

where 𝐷𝑜 is the constant rate of attachment of particles to the cluster and the relative rate for 

barrier-crossing for different transitions is expressed as, 

             𝑘′= 
1

2𝜏(𝑛𝑐) 
                                                                               (10)  

where 𝜏I→M→C= 𝜏I→M+𝜏M→C and the τ values at critical conditions are reported in Table S5 in 

the SI.  

 

b. Estimating kinetic barriers 

Nucleation barriers between I, M, and C phases, were found using umbrella sampling (US) 

using standard MC for hard particle models and hybrid MC simulations for the AB and TS 

mixtures. The size of the largest cluster detected using clustering-based on local translational 

and orientational OP was used as the reaction coordinate to bias sampling in a particular 

window of OP values. The translational order was calculated based on the coordinates of the 

particles’ center of mass, and the orientational order was based on all the particle orientation 

unit vectors for TCs and only the long axis unit vector for GBFs (see Fig. 3).  

The reaction coordinate was partitioned into overlapping windows with rigid reflective walls at 

their respective boundaries. The equilibrium probability distribution of different cluster sizes, 

P(Nn)=〈𝑁𝑛〉/N within the US windows were collected during the simulations and the Gibbs free 

energy was determined using: β∆G = − ln𝑃(𝑁𝑛) where Nn is the average number of clusters 

with n particles.  β∆G∗is the free energy corresponding to the critical cluster size nc. Each US 

windows was run for at least 2.0 × 106 MC and 105 HMC cycles. More details on the simulation 

protocols, OPs used to detect the clusters for different transitions are given in the supplementary 

information (SI) Secs. IIIA, and IIIB.   
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c. Simulation models and protocols to map phase diagrams  

The GBFs and TCs are defined by pair-wise excluded volume interactions where the overlap 

between the particles is checked using the Gilbert-Johnson-Keerthi (GJK)51 algorithm. We 

tuned the aspect ratio, AR= 
ℎ

𝜎
  in GBFs (where h is the GBF height and 𝜎 is the length of the 

square base) and vertex truncation, s, in TCs to explore the region of phase space where the 

intermediate M state was reportedly observed.17,33 The equation of state for I, M, and C phases 

was mapped by carrying out compression and expansion simulations in the isobaric-isothermal 

(NPT) ensemble. We varied the reduced pressure, 𝑃̂= PL3/kbT, and estimated the average 

packing fraction, ϕ= NVp/V of the particles, where N is the number of particles, V is the system 

volume, Vp is the volume of each particle, T is temperature, and L is the length scale set as 𝜎 

for GBF and √𝑉𝑝
3  for TC. Compression/expansion runs were carried out with 1728/1210 GBFs 

and 2744/2574 TCs. At each pressure step, we performed 3 ×106 MC cycles with the last 1.5 

× 106 cycles used for production runs, where each MC cycle consisted of N translational, N 

rotational, N/10 flip, and 2 volume moves. Longer runs with 6 ×106 MC cycles were carried 

out at conditions near first-order transitions. For GBFs, the coexistence pressure, 𝑃̂𝑐𝑜𝑒𝑥 between 

I-MN and I-CABCD phases in the equation of state were estimated using interfacial pinning 

(IP)52,53 simulations where the coexisting phases of interest were simulated in an elongated 3D 

periodic box. The coexistence conditions between I-MR, and MR-CMink for TCs were obtained 

from a previous study.33  

For the TS model, the two- and three-body interaction parameters for T and S components were 

obtained from Bertolazzo et. al.22 We performed molecular dynamics (MD) simulations using 

LAMMPS software54 (stable August 3rd 2020 version) in NPT ensemble using Nosé-Hoover55,56 

thermostat and barostat with a damping time of 1 and 5 ps, respectively. The Verlet algorithm 

with 4 fs timestep was used to integrate the equations of motion. The pressure was set to 0 atm 

and the I, MG, and CZ phases were mapped by varying T using a total of 16,337 beads with 74% 

network former T-particles and 26% structure directing S-particles.  

The AB mixtures were modeled using the two-body interaction parameters of Kumar et. al.26 

We performed MD simulations in NPT ensemble with 13824 particles, comprising of a 50-50 

mixture of A and B. The pressure was set to 0 and the timestep to 0.05fs. The Nosé-Hoover 

thermostat and barostat had a damping time of 0.025 and 0.125ps, respectively.    
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The coexistence conditions between I-MLAM, MLAM-CLXA, I-MG, and MG-CZ are discussed in 

Sec. IC in SI. Using equation of state data, we estimated the difference in chemical potentials, 

(β𝜇𝑖 − β𝜇𝑗(𝑃̂))= ∫ 𝑣𝑖 − 𝑣𝑗𝑑𝑃̂
𝑃̂

𝑃̂𝑐𝑜𝑒𝑥
 and the entropies, (𝑠𝑖 − 𝑠𝑗)/𝑘𝑏= β(𝑢𝑖 − 𝑢𝑗) + 𝑃̂ (𝑣𝑖 − 𝑣𝑗) 

where i, j = I, M, or C, β𝜇𝑖 − β𝜇𝑗(𝑃̂𝑐𝑜𝑒𝑥) = 0, 𝑣 is the reduced specific volume per particle, μ 

and u is the chemical and total potential energy per particle, respectively. 

More details on the models, interaction parameters, simulation protocols for mapping phase 

behavior, and IP calculations can be found in the supplementary information (SI) Secs. IA, IB, 

and IC.  
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I. Simulation model and protocols  

 
A. Simulation Models 

A1. Hard particle systems  

We simulated gyrobifastigia (GBF) and truncated cubes (TC) defined by the pair-wise excluded 

volume interactions, U(rij), given as, 

      𝑈(𝑟𝑖𝑗) = {
∞, if 𝑟𝑖𝑗 < 𝑟𝑖𝑗

𝑚𝑎𝑥

0, otherwise
                  (S1) 

where, rij is the distance between the particle center of mass, 𝑟𝑖𝑗
𝑚𝑎𝑥 is the maximum rij distance 

beyond which overlap cannot occur.  

For GBFs, we varied the aspect ratio, AR= 
ℎ

𝜎
  (where h is the GBF height and 𝜎 is the length of 

the square base) to explore the region of phase space having single and two-step transitions. 

The AR for regular gyrobifastigium is √3 and the AR values were tuned by varying the edge 

length of the triangular facets while fixing the dimensions of the square base.  

In the case of TC, we tuned the vertex truncation to induce the two-step transition. The vertex 

truncation was constructed using a simple mathematical expression as reported in a previous 

study1 that relates the truncation parameter, s with the location of vertices and diameter of the 

circumcircle, 𝜎 defining the shape with unit volume.  
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A2. TS mixture model  

We simulated a mixture of coarse-grained particles representing silica-like (T) and structure 

directing agents (S) developed by Bertolazzo et. al.2 The composition was fixed with 74% 

network former T and 26% structure directing S. Interaction potential energy, U between all 

particles is modeled with the SW potential3 defined as, 

𝑈 = ∑ ∑ 𝑈2(𝑟𝑖𝑗) + ∑ ∑ ∑ 𝑈3(𝑟𝑖𝑗, 𝑟𝑖𝑘, 𝜃𝑖𝑗𝑘)𝑘>𝑗𝑗≠𝑖𝑖𝑗>𝑖𝑖       (S2) 

Where the two-body term, 𝑈2(𝑟𝑖𝑗) is given by, 

𝑈2(𝑟𝑖𝑗) =  𝐴𝑖𝑗𝜀𝑖𝑗 [𝐵𝑖𝑗 (
𝜎𝑖𝑗

𝑟𝑖𝑗
)

𝑝𝑖𝑗

− (
𝜎𝑖𝑗

𝑟𝑖𝑗
)

𝑞𝑖𝑗

] exp (
𝜎𝑖𝑗

𝑟𝑖𝑗 − 𝑎𝑖𝑗𝜎𝑖𝑗
)         (S2′) 

And the repulsive three-body term, 𝑈3(𝑟𝑖𝑗, 𝑟𝑖𝑘, 𝜃𝑖𝑗𝑘), 

𝑈3(𝑟𝑖𝑗, 𝑟𝑖𝑘, 𝜃𝑖𝑗𝑘)

=  𝜆𝑖𝑗𝑘 𝜀𝑖𝑗𝑘 [cos 𝜃𝑖𝑗𝑘

−  cos 𝜃0 ]
2
exp (

𝛾𝑖𝑗𝜎𝑖𝑗

𝑟𝑖𝑗 − 𝑎𝑖𝑗𝜎𝑖𝑗
) exp (

𝛾𝑖𝑘𝜎𝑖𝑘

𝑟𝑖𝑘 − 𝑎𝑖𝑘𝜎𝑖𝑘
)  (S2′′) 

Where 𝑟𝑖𝑗 and 𝑟𝑖𝑘 are the distances and 𝜃𝑖𝑗𝑘 is the angle formed by i, j, and k particles. a𝜎 defines 

the cutoff for SW potential. The interaction potential for T particles is represented with the 

monoatomic water model4 parameters having both two-body attractive and three-body 

repulsive terms. The S particles have only a two-body term of the SW potential defining the 

isotropic S-S and S-T interactions. Masses of T and S components were set as 28.15 g/mol. 

Table S1 shows the values of SW interaction parameters that are listed according to LAMMPS 

software5 input file format.  
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Table S1. SW parameters for particle interactions. The parameters A= 7.049556277, B= 

0.6022245584, p=4.0, q=0.0, a=1.8, 𝛾=1.2, and  

𝐜𝐨𝐬 𝜽𝟎 = -0.333333333 for all the interactions. 

Interacting 

particles 

𝜀 

(kcal/mol) 

𝜎 (Å) a 𝜆 

S-S-S 0.68 5.13 1.8 0.0 

S-S-T 0.0 5.13 1.8 0.0 

S-T-S 0.0 5.13 1.8 0.0 

T-S-S 1.6 5.13 1.8 0.0 

S-T-T 1.6 5.13 1.8 0.0 

T-S-T 0.0 5.13 1.8 0.0 

T-T-S 0.0 5.13 1.8 0.0 

T-T-T 12.378 2.7275 1.8 23.15 

  

 

A3. AB mixture model  

The Kumar-Molinero model6 for the binary mixture of A and B particles interacting through 

pair potentials modeled with two-body Stillinger-Weber (SW)3 is given as,  

𝑈(𝑟𝑖𝑗) =  7.049556277𝜀 [0.6022245584 (
𝜎

𝑟𝑖𝑗
)

4

−  1] exp(
𝜎

𝑟𝑖𝑗 − 𝑎𝜎
)         (S3) 

Where 𝑟𝑖𝑗 is the distance between particles i and j, 𝜀 is the attraction well depth, 𝜎 is the size of 

the particles, and 𝑎=1.8 defines the cutoff of the interaction potential. Masses of A and B 

components are 1 g/mol. The sizes and interaction strengths of AA and BB were fixed as: 𝜎AA= 

𝜎BB=1 and 𝜀AA= 𝜀BB=1 kcal mol-1. The unlike particles have 𝜀AB= 1.45 kcal mol-1 and  

𝜎AB/𝜎AA= 1.08.  
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B. Protocol for mapping phase diagram 

B1. GBF and TC systems 

To map the phase diagram for the bulk assembly of GBFs and TCs, we performed standard 

Metropolis Monte Carlo (MC) algorithm in an isothermal-isobaric (NPT) ensemble in a 

periodic box where N is the total number of particles, V is the volume, and P is the pressure 

(see Fig. S2). We first mapped the equation of state by varying the dimensionless pressure, 𝑃̂= 

PL3/kbT, and estimating the average packing fraction, ϕ= NVp/V, where Vp is the volume of each 

particle, T is temperature, 𝐿 is the particles’ length scale which was set as 𝜎 and √𝑉𝑝
3  for GBF 

and TC, respectively, and kb is the Boltzmann’s constant. We performed a stepwise expansion, 

and compression runs to map the isotropic (I), nematic/rotator mesophase (MN/MR), and 

ABCD/Minkowski crystal (CABCD/CMINK) branches of the phase diagram. The initial 

configurations for the compression runs were the I phase and for the expansion runs we used 

the densest C structure predicted using Floppy Box Monte Carlo algorithm.7 To minimize finite 

size effects, we selected the initial system size having a minimum of 10 particles per layer in 

all three dimensions. Each MC cycle consisted of N translational, N rotational, N/10 flip, and 2 

volume moves. All moves obey detailed balance and the step size for the translational, 

rotational, and volume moves are adjusted to have acceptance probabilities of 0.4, 0.4, and 0.3. 

Volume moves attempt isotropic changes in the box volume during compression runs, while 

the shape of the box is changed (anisotropic moves) during the expansion runs. Since the rotator 

(MR) structure observed in TC assembly is translationally ordered, we carried out anisotropic 

box moves for both compression and expansion runs. We incorporated flip moves that attempt 

to randomly orient a chosen particle in a plane that is perpendicular to its current orientation. 

The three-unit vectors defining the particles’ orientation were randomly selected. The flip move 

was particularly important for simulating GBFs with different ARs as the standard rotational 

moves do not effectively sample the long axis orientation states. 

 

 

 

 

 



 

 34 

B2. TS mixture system 

For the TS model, we performed molecular dynamics (MD) simulations using LAMMPS 

software5 (stable August 3rd 2020, version) in NPT ensemble using Nosé-Hoover8 thermostat 

and barostat with a damping time of 1 and 5 ps, respectively. For all simulations, we used 4 fs 

timestep to integrate the equations of motion with the velocity Verlet algorithm. The pressure 

was set to 0 atm, where isotropic box volume move was performed.   

We prepared the isotropic (I) amorphous phase by initializing the T and S components on a 

cubic lattice (without overlaps) in a large periodic cubic box and then equilibrating for 40 ns at 

800 K where I phase is stable. Using the final configuration at 800 K, we then performed two 

independent simulations where a 4 ns linear ramp was used to cool to 636 K and 600 K. Finally, 

we carried out an equilibration run for 40-50 ns to obtain double-gyroid mesophase (MG) at 636 

K and Zeolite crystal (CZ) at 600 K, respectively.   

Using the above equilibrated I, MG, and CZ configurations at 800 K, 636 K, and 600 K, 

respectively, we mapped the phase diagram using 10 K cooling and heating step sizes and 40 

ns equilibration at each temperature (see Fig. S2).  

B3. AB mixture system 

The AB mixtures were modeled using the two-body interaction parameters developed by 

Kumar et. al.6 We performed MD simulations in NPT ensemble with 13824 total particles, 

comprising of a 50-50 mixture of A and B. The pressure was set to 0 and 0.05fs timestep was 

used to integrate the equations of motion. The Nosé-Hoover thermostat and barostat with a 

damping time of 0.025 and 0.125ps, respectively is used in the simulations. 

We follow the protocol described in Sec. B2 to prepare the initial I phase configuration at 350 

K. We then cooled the system to 325 K and used 5-10 K cooling steps to further cool it to 290 

K. Below 290 K, the system transitioned directly to the ordered lamella (CLXA) phase and each 

temperature step was equilibrated for 107 MD cycles. 

The CLXA transitions to the disordered lamella mesophase (MLAM) at 325 K and the MLAM 

transitions to I phase at 345 K. The MLAM obtained at 325 K is used to map the mesophase 

branch in the phase diagram.  

Each temperature step was equilibrated for 107 MD cycles. Figure S2 shows the phase diagram 

for the AB model.     
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C. Estimating coexistence conditions for GBF, TC, AB, and TS mixture systems 

Table S2 shows the coexistence conditions for phases observed in the GBF, TC, AB, and TS 

mixture models. The coexistence, 𝑃̂𝑐𝑜𝑒𝑥 values between I-MR, and MR-CMink phases for s= 0.90 

TC system were obtained from a previous study.1 In the case of TS model, the coexistence 

temperatures were roughly estimated from the transition regions in the phase diagram (see Fig. 

S8e). We predicted 645 K and 700 K as the coexistence temperatures (Tcoex) at which MDG-CZ 

and I-MDG, respectively coexist, which is 10 K and 16 K below the values reported by 

Bertolazzo et. al.2 For AB model, we obtained the Tcoex to be 320 K and 312 K for I-MLAM and 

MLAM-CLXA, respectively. 

For GBF system, we performed interfacial pinning (IP)9,10 calculations using MC simulations 

where the coexisting phases I and II of interest were simulated in an elongated 3D periodic box. 

The protocol for preparing the initial configuration for the IP simulations are as follows: 1) 

single phase configuration of GBF crystal (CABCD) or nematic (MN) phase assembled using the 

compression runs with the system size N=1728 was selected, 2) the simulation box was 

replicated and elongated in one of the dimensions (say the z-axis) such that the slant plane 

formed by the GBFs in CABCD and MN structures are in contact with the I phase. The interfacial 

free energy of the slant plane in the GBF crystal structure were estimated in a previous study11 

and was found to be lesser compared to (100) and (001) planes. The box length in the z-axis 

was selected to accommodate an equal number of particles in the individual coexisting phases, 

3) NVT simulations were performed for replicated N particles in the box that melts to form the 

two-phase interfacial system.  

The initial configuration generated from the above protocol is then used to run a biased NPzT 

simulations for 6 ×106 MC cycles where the box dimension along z was allowed to fluctuate 

and the xy cross sectional area was kept constant. A harmonic potential, U(𝛺) = 
𝑘𝑠

2
(𝛺 − 𝑎)2 is 

used to pin the two-phase interfacial system where 𝛺 is the value of the order parameter (OP) 

used to distinguish phases I and II, ks is the spring constant, and a is the average of 𝛺𝐼 and 𝛺𝐼𝐼 

OP values corresponding to phases I and II, respectively. Using 〈𝛺〉 calculated from the last 1.5 

× 106 production cycles, we estimated the free energy difference, β∆𝜇𝐼−𝐼𝐼 using, 
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     𝛽(𝜇𝐼 − 𝜇𝐼𝐼) =  −
β 𝑘𝑠 (𝛺𝐼−𝛺𝐼𝐼)

𝑁
 [〈𝛺〉 − 𝑎]               (S4) 

where β = 1/kbT (kb is Boltzmann’s constant). In this study, we used specific volume, 𝜐 = 
𝑉

𝑁 𝑉𝐺𝐵𝐹
 

as the OP where V is the box volume, and 𝑉𝐺𝐵𝐹 is the volume of a GBF particle. The ks value 

for the spring was set as 10000 for all the simulations. 𝜐 is a cheap OP to compute on-the-fly 

and was found to be effective in pinning the interfaces between I and MN or CABCD phases due 

to the differences in the packing densities. The P*coex corresponds to the values where β∆𝜇𝐼−𝐼𝐼 

~0 (see Fig. S1a). Figures S1b to S1d show the final two-phase configurations after 

equilibration run in the IP simulation.  

  
Fig S1: Interfacial pinning simulation results for GBF26 and GBF27 systems. (a) The chemical 

potential difference between I and M/C phases at different reduced pressures, 𝑃̂ for aspect 

ratios, AR= 2.6 and 2.7 are shown. The dotted line marks the coexistence, 𝑃̂𝑐𝑜𝑒𝑥 conditions and 

the representative two-phase simulation snapshots for (b) AR= 2.6 and (c,d) AR= 2.7 at 

coexistence after equilibration are also shown.    
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Table S2. Coexistence 𝑷̂𝒄𝒐𝒆𝒙 for TC, and GBF systems and Tcoex for AB and TS mixture 

model. I- Isotropic, MN- Nematic, CABCD- ABCD crystal, MR- Rotator, MG- Double-gyroid, 

CZ- Zeolite, MLAM- disordered lamella, CLXA- ordered lamella.   

System Coexisting Phases Condition (𝑷̂𝒄𝒐𝒆𝒙/ Tcoex) 

GBF27 I-MN 6.36 

I-CABCD 6.28 

GBF26 I-CABCD 6.56 

TC90 I-MR 9.5 

MR-CMink 10.25 

AB model I-MLAM 320 K 

 MLAM-CLXA 312 K 

TS model I-MG 700 K 

MG-CZ 645 K 
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 C1. Equation of state 

 
Fig. S2: Variation in 𝑃̂ vs. 𝜙 and potential energy vs. temperature for GBF, TC, AB, and TS 

model systems. (a-d) Hard particle systems showing compression and expansion run for 

GBF27, GBF26, TC90, and octahedra with s=1.0. (e, f) Cooling and heating run for AB and TS 

model systems. Legends show the markers for the compression and expansion (or cooling and 

heating) runs. The coexistence condition between I-C phases, I-M, and M-C phases are marked 

with dotted black, solid black, and dashed green lines, respectively. The variation in global Q6, 

𝐼4
g
 , and 𝑃2

g
 order parameters for different phases are shown.  
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D. Protocol for estimating kinetic barriers 

We performed umbrella simulations (US) using standard NPT-MC12 to estimate the kinetic 

barriers for GBF and TC systems. We carried out unbiased simulations at the desired conditions 

to estimate kinetic free energy barriers, β∆G for the initial range of windows. The largest cluster 

size is then selected to launch the simulations in the next umbrella window. Within each 

window, we performed unbiased simulations where any configuration outside the window was 

rejected. To reduce the computational costs, we compute the cluster size, n every 2 MC cycles. 

The window sizes were incremented with steps of 10-20 cluster sizes. At lower degree of 

supersaturation, DSS= |β∆μIC| between 0.07 and 0.10, we used steps of 2-5 cluster sizes for the 

initial windows and then the window size was changed to 10-20 as the slope of the β∆G becomes 

less steep. We simulated system sizes with 1728 and 2916 GBFs, and 2744 and 5488 TCs. Each 

window was equilibrated for 2-3 × 106 cycles and the production statistics were taken from the 

last 5-8 ×105 cycles.  

In the case of AB and TS mixture models, we performed hybrid NPT-MC (HMC) 

simulations13,14 where each HMC move consisted of either a MD run or volume move. 80% of 

the total HMC moves consisted of 100 microcanonical (NVE) MD steps and the remaining 20% 

attempted to change the system’s volume isotropically based on the standard NPT MC run. 

Every NVE MD simulation started with a configuration whose momenta was randomly 

generated from a Maxwell-Boltzmann distribution at the temperature of interest. The final 

configuration after MD steps was accepted or rejected based on the Metropolis acceptance 

criteria: min(1, 𝑒−𝛽∆H), where ∆H is the change in the system’s Hamiltonian, H which is the 

sum of potential and kinetic energies. The timestep and volume step size was tuned by 

increasing/decreasing by 5% every 1000 and 5000 HMC steps, such that the MD and volume 

move acceptance is about 60% and 30%, respectively. The HMC simulations were carried out 

using python 2.7.16 and LAMMPS software5 (stable August 3rd 2020, version). The python 

wrapper class for LAMMPS (PyLAMMPS) was installed using the instructions detailed in 

https://github.com/palmergroup/hmcwithlammps. To perform umbrella simulations, we 

adopted a protocol similar to TC and GBF systems where any configuration outside the 

umbrella window was rejected. For all the transitions, the cluster size, n was computed every 5 

HMC cycle except for I → MG where we computed n every 10 HMC cycle since the order 

https://github.com/palmergroup/hmcwithlammps
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parameters to identify MG phase is computationally expensive. Each HMC cycle consists of 

either an NVT or a volume move.   

For the AB model, the US window widths and step sizes were varied for different transitions 

and temperatures mainly to constrain the formation of macroscopic MLAM during I → CLXA 

transition. For I → CLXA transition at 300 K, we used US window width of 20 with n increment 

by 1 (up to cluster size <= 10) and 2 (for cluster size >= 20). At 295 K and 290 K, n is increment 

by 1 and the width of US window width is set as 3 to constrain the formation of macroscopic 

MLAM. For I → MLAM, we used the n step sizes of 3 and 6 up to 30 and after 30, the step size 

was increased to 10 and for MLAM → CLXA, we used a fixed step size of 20. We used a US 

window width of 300 for I → MLAM and MLAM → CLXA transitions. 

In the case of TS model, the US windows were incremented by steps of 10 cluster sizes to 

estimate the barrier for I → CZ and MG → CZ transitions, respectively. For I → MG, we used 

50 as the step size for the umbrella window. In all cases, we set the US window width of 300, 

except for the I → CZ transition where we used US window width of 50 in the initial 0 and 10 

cluster size window to constrain the direct I → MG transition. The TS system comprises a total 

of 16,337 beads with 74% network former T-component and 26% structure directing S-

component. 

Finally, we use the kinetic free-energy barrier, β∆G∗ corresponding to the critical cluster with 

size, nc for comparison across different simulated conditions and systems. The free energy curve 

was obtained by averaging the statistics obtained by dumping the n value every 50 and 100 

HMC steps for TS and AB models, respectively. Each window was equilibrated for 1-2 × 105 

HMC cycles and the production statistics were taken from the last 0.5-1 ×105 HMC cycles. The 

configuration having overlapping n value with the neighboring window after 104 cycles is used 

to progress the US simulations.  
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II. Theoretical rate estimation 
 

A. Derivation of mean first passage time for two-step transition 

 

 
Fig. S3: Schematic representing mean first passage of the Markovian process going sequentially 

between states 0, 1, 2, and 3. M (or 2) is the intermediate state between I (or 1) and C (or 3). 0 

is the reflecting bound with very high energy and C (or 3) is the absorbing state.  𝑘𝑖→𝑗 (i, j= 0,1, 

2, or 3) are the transition rates. 

 

Consider states i and j (where i, j=1, 2, or 3) that undergoes a two-step process (Fig. S3). Here 

1= Isotropic, 2= Mesophase, and 3= Crystal states. Let’s consider first the mean escape time 

from state j, 𝜏𝑗, given that it can access neighboring states i and m only: 

𝜏𝑗 = 𝑝𝑗→𝑖𝜏𝑗→𝑖 + 𝑝𝑗→𝑚𝜏𝑗→𝑚 = 𝑝𝑗→𝑖𝜏𝑗→𝑖 + (1 − 𝑝𝑗→𝑖)𝜏𝑗→𝑚 = 𝜏𝑗→𝑚 + 𝑝𝑗→𝑖(𝜏𝑗→𝑖 − 𝜏𝑗→𝑚)       

(S5) 

 
Where 𝑝𝑗→𝑖,𝑚 are the corresponding split probabilities, which for 𝑝𝑗→𝑖  can be estimated as: 

   𝑝𝑗→𝑖 =
𝑘𝑗→𝑖

𝑘𝑗→𝑖+𝑘𝑗→𝑚
=

𝜏𝑗→𝑖 
−1

𝜏𝑗→𝑖 
−1 +𝜏𝑗→𝑚 

−1 =
𝜏𝑗→𝑚

𝜏𝑗→𝑖+𝜏𝑗→𝑚
      (S6) 

   

and substituting this expression into Eq. S5, we obtain after simplification: 

  

   𝜏𝑗 = 2𝜏𝑗→𝑚𝜏𝑗→𝑖 (𝜏𝑗→𝑚 + 𝜏𝑗→𝑖)⁄        (S7) 

 

This relation shows when 𝜏𝑗→𝑚 𝜏𝑗→𝑖⁄ → 0 or 𝑘𝑗→𝑖 𝑘𝑗→𝑚⁄ → 0  then: 

 

 𝜏𝑗 = 2𝜏𝑗→𝑚         (S8) 
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Hence, for a process started at state j = 1 as illustrated in Fig. S3, the average time for the system 

to escape state 1 (regardless of its destination state m) is 𝜏1 as given by Eq. S8. 

Case 1. If the system is going “directly” from 1 to 3 one would write: 

    𝜏1 = 2𝜏1→3        (S9) 

 

Case 2. If the system is going from 1 to 3 via an intermediate state 2. We could write that the 

mean first passage time from 1 to 3 is: 

 

𝜏1→2→3 = 𝜏1 + 〈time for 2 → 1 → 2 events〉 + 𝜏2→3  (S10) 

 

Where the 2nd term is the average time associated with all possible transitions 2→1→2 

transitions. To evaluate this term, let 𝑝2→1
(𝑛)

 be the probability of the 2→1 transition happening 

n successive times, then Eq. (S10) can be written as: 

          𝜏1→2→3 = 𝜏1 + ∑ 𝑝2→1
(𝑛)

(𝜏2→1 + 𝜏1)
∞ 
𝑖=1 + 𝜏2→3     (S11) 

 

 Since transitions are Markovian, one can write:  𝑝2→1
(𝑛)

= (𝑝2→1)
𝑛, and hence: 

 

𝜏1→2→3 = 𝜏1 + (𝜏2→1 + 𝜏1)∑ 𝑝2→1
𝑛∞ 

𝑖=1 + 𝜏2→3 = (𝜏2→1 + 𝜏1)∑ 𝑝2→1
𝑛∞ 

𝑖=0 − 𝜏2→1 + 𝜏2→3  (S12) 

 

 

which simplifies upon using the geometric summation formula to: 

 

   𝜏1→2→3 = (𝜏2→1 + 𝜏1)
1

1−𝑝2→1
− 𝜏2→1 + 𝜏2→3     (S13) 

 

the split probability 𝑝2→1 can be estimated as: 

 

   𝑝2→1 =
𝑘2→1

𝑘2→1+𝑘2→3
=

𝜏2→1 
−1

𝜏2→1 
−1 +𝜏2→3 

−1 =
𝜏2→3

𝜏2→1+𝜏2→3
   (S14) 

 

Substituting (S14) into (S13) and simplifying: 

 

𝜏1→2→3 = (𝜏2→1 + 𝜏1)
𝜏2→1 + 𝜏2→3

𝜏2→1
− 𝜏2→1 + 𝜏2→3 

   𝜏1→2→3 = 𝜏1 +
𝜏2→3

𝜏2→1
(𝜏2→1 + 𝜏1) + 𝜏2→3     
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Or                        

   𝜏1→2→3 = 𝜏1 (1 +
𝜏2→3

𝜏2→1
) + 2𝜏2→3    (S15) 

 
𝜏1 can be estimated from a relation analogous to Eq. (S9) as 𝜏1 = 2𝜏1→2, and substituting this 

into (S15): 

   𝜏1→2→3 = 2 [𝜏1→2 (1 +
𝜏2→3

𝜏2→1
) + 𝜏2→3]   (S16) 

 
The speed-up factor can then be estimated from Eqs. (S16) and (S9) as: 

 

   
𝑘1→2→3

𝑘1→3
=

𝜏1

𝜏1→2→3
≈

𝜏1→3

𝜏1→2(1+
𝜏2→3
𝜏2→1

)+𝜏2→3

    (S17) 

 

which is the main result where as indicated before one can convert average transition times 

𝜏𝑖→𝑗 into transition probabilities per unit time between two states as  𝑘𝑖→𝑗~𝜏𝑖→𝑗
−1 . 

 

B. Protocol for estimating kinetic prefactors 

In this section, we present the protocol used to estimate the kinetic prefactors for GBF27 system 

with 2916 particles undergoing I → M, M → C, and I → C transitions at 𝑃̂ = 6.44 and 

|β∆μICABCD
| ~0.10. We estimated kinetic prefactor, A for different transitions to understand its 

effect on the speed-up factor, Sup defined as,  

 

 

where 𝑘I→C and 𝑘I→M→C is the single and two step transition rates, respectively. A= 𝜌 𝛧 𝑓𝑛𝑐
; 

where Zeldovich factor, 𝛧 = √
1

2𝜋
 |

𝜕2βΔG∗

𝜕𝑛2 |
𝑛c

 , 𝑓𝑛𝑐
 is the average attachment rate of the critical 

nucleus, nc, and ρ is the number density.15  

The values of 𝛧 shown in Fig. S4 are estimated by fitting the nucleation free energy profile,  

β∆G vs. 𝑛 obtained from the umbrella simulation calculations with a third-order polynomial 

function and taking the double derivative of the function at the top of barriers with nc= 155, 

490, and 160 for I → CABCD, I → MN, and MN → CABCD transitions, respectively (see Fig. S4). 

To estimate 𝑓𝑛𝑐
 for different transitions, we performed pseudo-dynamic MC simulations where 

the translational and rotational steps sizes are selected such that the average translation and 

Sup= 
𝑘I→M→C

𝑘I→C
≈

𝐴I→M 𝐴M→C exp((∆G∗
I→C −∆G∗

I→M −∆G∗
M→C))

 𝐴I→C [𝐴I→M exp(−∆G∗
I→M)+𝐴M→C exp(−∆G∗

M→C)+𝐴M→I exp(−∆G∗
M→I)]

     (S18) 
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rotational acceptance is ~80%. The attachment rate, 𝑓𝑛𝑐
 = 

1

2
 
〈∆𝑛2(NMC)〉

NMC
  where NMC is the number 

of MC cycles and the mean square deviation (MSD) of the cluster size, 〈∆𝑛2(NMC)〉= 

〈(𝑛(NMC) − 𝑛𝑐)
2〉. We track the MSD for 15 independent configurations at the top of the 

barrier by measuring the cluster size for every 100 cycles. Each configuration was simulated 

for 105 MC cycles. The slope of the average MSD vs. NMC is calculated to obtain 𝑓𝑛𝑐
. The A in 

units of DL/σ5 for I → CABCD, I → MN, and MN → CABCD transitions were estimated as 1.1 × 

10-6, 6.5 × 10-7, and 4.3 × 10-6, respectively where DL is the long-time diffusion coefficient, 

and 𝜎 is the length of the square base in GBF27. We assume that the 𝐴I→M= 𝐴M→I while 

calculating the Sup in Eq. S18 and also shown later in Fig. S21.   

 

Fig S4: The mean squared deviation (MSD) of the cluster size, 〈∆𝑛2(NMC)〉 as function of MC 

cycles for (a) I → CABCD, (b) I → MN, and (c) MN → CABCD transitions. The cluster size was 

measured and averaged over 100 cycles. The slope of the average MSD vs. NMC (red dashed 

line) is twice the attachment rate, 𝑓𝑛𝑐
. The estimated Zeldovich factor, 𝛧 values for the 

corresponding transitions are also shown.  
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III. Local and global order parameters (OPs) 

 

A. Translational Bond OPs 

 

A1. OP to identify MR and CMink phases in TCs 

 
Distribution of the translationally ordered clusters with different sizes, n was determined using 

local bond order (BO) parameter proposed by Steinhardt et al.16 The local BO is effective for 

US simulations as they provide a metric that indicates the degree of crystallinity irrespective of 

the crystalline structure. This ensures that the system evolves naturally to their inherent ordered 

structure during the US simulations. The local BO parameter for particle i, ql,m(i), is defined as, 

    𝑞𝑙,𝑚(𝑖) =  
1

𝑁𝑏(𝑖)
 ∑ 𝑌𝑙,𝑚(𝛳𝑖,𝑗, 𝜙𝑖,𝑗)

𝑁𝑏(𝑖)
𝑗=1                            (S19) 

where 𝑁𝑏(𝑖) is the number of neighbors of particle i, 𝑌𝑙,𝑚(𝛳𝑖,𝑗, 𝜙𝑖,𝑗) are the spherical harmonics 

with polar and azimuthal angles calculated between particle, i and neighbors, j (ϵ 𝑁𝑏(𝑖)). l is 

the symmetry index and m ranges from -l to l. We used l=  6 (or q6) to study the nucleation of 

TCs as it has been shown to be an effective reaction coordinate for MR and Minkowski crystal 

(CMink) phases.17,18 The neighbors of particle i were identified based on the cutoff distance, rc<= 

1.74 for TCs with s= 0.90, which is ~1.2 times the first peak of the radial distribution function, 

g(r) (see Fig. S5a). The translation correlation function of q6 in Eq. S19 can be obtained by 

using,19 

𝑑6(𝑖, 𝑗) =  
∑ 𝑞6,𝑚(𝑖) 𝑞6,𝑚

∗ (𝑗)6
𝑚=−6

(∑ |(𝑞6,𝑚(𝑖))
2

|
2

6
𝑚=−6 )

1/2

(∑ |(𝑞6,𝑚(𝑗))
2

|
2

6
𝑚=−6 )

1/2
               (S20) 

Where * denotes the complex conjugate between q6 of particles i and j and we consider particles 

satisfying d6(i,j)> 0.70 as translationally connected. We estimated the number of translationally 

connected particles, ξc from the central particle, i and the environment around i is considered 

solid-like if ξc>= 7. After detecting all the solid-like particles, we cluster them based on spatial 

proximity using a recursive clustering algorithm that identifies clusters of different sizes. Our 

choice of the tunable parameters such as rc, d6, and ξc were based on our earlier study18 that was 

successful in capturing the free energy barriers for I → MR and I → CMink transitions for 
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octahedra and TC family. 

To characterize the phases while mapping the phase diagram, we calculated the global, Q6 value 

defined as,  

    Q6= [
4𝜋

2𝑙+1
 ∑ |∑ 𝑞6,𝑚(𝑖)𝑁

𝑖=1 |
2𝑙

𝑚=−𝑙 ]

1

2
    (S21) 

where N is the number of particles.  

 

Fig S5: Comparing radial distribution functions, g(r*) for (a) TC90 and (b) GBF27 particles in 

I, MR, MN, CABCD, and CMink phases. The corresponding packing fractions, ϕ for different phases 

are indicated. The neighbor cutoff distance, rc
∗ (a) <=1.74 for TC90 and (b) <=3.5 for GBF27 

(blue dashed line) are used for US simulations. Representative configurations of particle dimers 

within rc
∗ are also shown. (a) The orientation unit vectors of the particles in MR phase show 

weak colocalized orientational ordering with discrete but connected orientational states. 

 

 

A2. OPs to distinguish amorphous (I), MG, and CZ phases 

 
To identify the different phases formed by the TS mixture model, we followed the recipe 

proposed by Bertolazzo et. al.2 that uses the average local BO parameters 𝑞̅𝑙 defined by Lechner 

et. al.20 as, 

     𝑞̅𝑙= √
4𝜋

2𝑙+1
 ∑ |𝑞̅6𝑚(𝑖)|2𝑙

𝑚=−𝑙     (S22)   

and,  
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     𝑞̅𝑙𝑚(𝑖)= 
1

𝑁𝑏(𝑖)
 ∑ 𝑞𝑙𝑚(𝑘)

𝑁𝑏(𝑖)
𝑘=0     (S23)   

where 𝑁𝑏(𝑖) is the total number of particles, k neighboring central particle, i within a cutoff 

distance, rc. 𝑞𝑙𝑚(𝑘) is the local BO parameter defined in Eq. S19. The notations in Eqs. S22 

and S23 are defined in Sec. A1.   

The proposed recipe distinguishes I, MG, and CZ phases based on the local ordering attained by 

T and S particles. The details are as follows.  

To identify CZ order, we compute 𝑞̅6 of T particles (or 𝑞̅6
𝑇) that are not four-coordinated with rc 

<= 11.2 Å. The coordination number of T particles (excluding contribution from S-components) 

are calculated with a nearest neighbor cutoff of 4 Å. The Zeolite crystal order is detected by 

considering T particles that are within 8.6 Å of T’s with 𝑞̅6
𝑇> 0.08. We used 𝑞̅6

𝑇> 0.09 at 655 K 

to avoid the formation of the competing lamella-like motifs.   

Since both CZ and MG phases have ordered S particles, we distinguish between them by 

considering T particles (excluding the ones already detected with Zeolite order) that are within 

5.7 Å of S-component having gyroid signature. The gyroid network formed by S-component 

was identified by computing 𝑞̅8 (or 𝑞̅8
𝑇) and 𝑞̅10 (or 𝑞̅10

𝑇 ) for S beads with rc <=16.42 Å and 

selecting all S’s having 𝑞̅8
𝑇> 0.035 or 𝑞̅10

𝑇 > 0.02. 

The remaining T and S particles that are neither identified as Zeolite nor gyroid are 

characterized as amorphous.  

Using the above protocol, we can obtain the fraction of T particles belonging to I, MG, and CZ 

phases. For hybrid MC US simulations, we construct spatially connected clusters of T’s having 

MG, and CZ signatures using the second nearest neighbor cutoff of 6 Å (see Fig. S6a). Figures 

S6b to S6d show the evolution of the fraction of T particles in the largest cluster identified as 

CZ and MG in the I phase while carrying out an independent unbiased MD runs at 636 K, 620 

K, and 600 K.  At 636 K and 600 K, we observed a spontaneous I→MG and I→CZ transitions, 

respectively and at 620 K, we observed a two-phase system containing both MG and CZ clusters.   
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Fig S6: Comparing (a) radial distribution functions, g(r) of T-component particles in CZ, MG, 

and I phases at 600 K, 636 K, and 700 K. The distance cutoff used for clustering algorithm is 

also shown. (b-d) Evolution of fraction of T particles in the largest cluster identified for CZ and 

MG phases at 636 K, 620 K, and 600 K. (e) Mean square displacement of T and S particles in 

MG and CZ phases at 636 K (dashed line) and 600 K (solid line), respectively. 
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A3. OPs to distinguish I, MLAM, and CLXA phases 

 

We used d6 and 𝑞̅2
𝐴/𝐵

 OPs (Eqs. 20 and 22) to estimate the cluster sizes for I → MLAM, MLAM 

→ CLXA, and I → CLXA transitions.  The CLXA ordered particles were identified using d6(i,j)> 

0.53, where i and j are neighboring particles considering both A and B components within radial 

cutoff, rc < 1.25 Å. The CLXA particles have number of connections, ξc >=6 and the lamella 

ordering is identified with 𝑞̅2
𝐴/𝐵

> 0.4221 between the AA and BB components with rc < 1.45 Å. 

Figure S7 shows the radial distribution function and the distributions of d6(i,j) and ξc for CLXA 

and MLAM phases at 300 K. The particles having MLAM order were identified with ξc <6 

(conditions that do not satisfy the CLXA order) but 𝑞̅2
𝐴/𝐵

> 0.42 such that the A and B particles 

have lamella ordering. Since the barriers are higher for I-CLXA transition, we used a slightly 

relaxed ξc(>= 5) criterion to identify CLXA cluster. For all the transitions, the spatially connected 

clusters were constructed using the nearest neighbor cutoff of 1.25 Å. 

 

Fig S7: Comparing (a) radial distribution functions, g(r) between AB and AA/BB components 

in MLAM and CLXA and (b,c) the distributions of the local d6 values and the number of 

connections, ξc between all particles for MLAM and CLXA phases at 300 K.  
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B. Orientational order parameters to identify mesophases and 

crystal structures in GBF and TC systems 

 
B1. Local and global I4 

 
To capture the kinetic barriers for two-step: I→MR and MR → CMink, and single-step: I → CMink 

transitions, we used the I4 orientational OP that estimates the particle orientation relative to an 

arbitrary reference coordinate frame.22,23 Similar to q6 (in Sec. IIIA), the spherical harmonics 

function in I4 is defined as 𝑌4,𝑚(Ө𝑖 , 𝜙𝑖) with symmetry index 4 and Ө𝑘  and 𝜙𝑘 are the angles 

associated with individual particle’s axes. The local I4 for particle i is defined as, 

    𝐼4,𝑚(𝑖) =  
∑ 𝑌4,𝑚(Ө𝑘,𝜙𝑘)3

𝑘=1

√∑ |∑ 𝑌4,𝑚(Ө𝑘,𝜙𝑘)3
𝑘=1 |

24
𝑚=−4

                       (S24) 

The dot product for two particles i and j within cutoff rc<= 1.74 is calculated using,  

    𝑑4(𝑖, 𝑗) = ∑ 𝐼4,𝑚(𝑖) 𝐼4,𝑚
∗ (𝑗)4

𝑚=−4         (S25) 

where * implies a complex conjugate. Similar to q6 OP, solid-like particles are identified and 

clustered using ξc>= 7 along with d4(i,j) > 0.70 condition. In addition to using only I4 for US 

simulations, we also used I4 in conjugation with q6 (Eqs. S19 and S20) to simulate the kinetic 

barriers between I→MR with d4(i,j) < 0.70 and d6(i,j) > 0.70; and MR→ CMink with d4(i,j) > 0.70 

and d6(i,j) > 0.70. 

To estimate the global order, we calculated 𝐼4
g
 defined as,  

    𝐼4
g
= [

4𝜋

2𝑙+1
 ∑ |∑ 𝐼4,𝑚(𝑖)𝑁

𝑖=1 |
2𝑙

𝑚=−𝑙 ]

1

2
        (S26) 

where N is the number of particles.  

 

 B2. Local and global P2  

 
For studying the nucleation of GBFs, we used the P2 orientational OP to evaluate the cluster 

sizes with high degree of alignment along the long axis of the GBFs. The local correlation 

between two particles i and j is given as, 

     𝑃2(𝑖, 𝑗) = 
3cos2 𝜃𝑖𝑗 −1

2
        (S27) 

where 𝜃𝑖𝑗 is the angle between the particles’ long-axis vectors. The neighbor cutoff, rc was set 
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at 3.5 which is ~1.21× √1 + 𝐴𝑅2 where AR= 2.6 or 2.7 (see Fig. S5b). The optimal threshold 

P2(i, j) values for I → MN, MN → CABCD, and I → CABCD transitions were estimated as 0.60, 

0.945, and 0.91, respectively, by comparing the cumulative distributions of P2(i, j) in the 

homogenous phases (see Figs. S8a to S8c). Figure S9 shows the P2(i, j) histograms comparing 

the I and MN phases confirming the presence of pre-ordered nuclei in the I phase.  

For all the transitions, we used ξc>= 5 as the threshold and to test the sensitivity we also used 

ξc>= 7. The ξc values were obtained by comparing the histograms in I, M, and C shown in Figs. 

S8d to S8f. Overall, by fixing the parameter values of rc, ξc constant and by tuning the P2(i, j) 

values, we were able to control the reaction coordinate paths between I, MN, and CABCD phases 

in our US simulations. As shown in Fig. S8d, ξc =7 is close to the average number of 

connections found in the nematic phase.  

To characterize the phases while mapping the phase diagram, we calculated the global 𝑃2
g
 value 

by averaging the local P2 over all the particles. 

     

 

Fig S8: Probability distributions of (a-c) the local P2 correlation and (d-e) the number of ordered 

connections, ξc for I, MN, CABCD phases. The corresponding packing fractions, ϕ for different 

phases are indicated. The intersection value of the two local P2 curves are also indicated. 
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Fig S9: Distribution of local P2 correlation values between GBF27 particles i and neighbor j in 

I and MN phases. The corresponding densities of the phases are indicated. Wider local P2 

distribution observed in I phase indicates preordering of clusters.    

 

B3. OP color scheme for visualization 

 

To visualize the inherent order in the I, M, and C phases for the GBF and TC systems shown in 

Fig. 3 in the main text, we colored the particles based on the local orientational I4 and P2 (Eqs. 

S24 and S27) calculated using the protocol detailed in Sec. IIIB. The rainbow color scheme 

reveals the signature of local orientational ordering due to spontaneous fluctuations in the 

supersaturated I and M phases. To detect translational ordering, the unit bond vectors (BV) 

connecting the particle and its first-nearest neighbors are plotted on the surface of the sphere. 

The points are colored based on density of points scattered on the sphere surface with a gradient 

from yellow (low) to red (high).  

In the TS mixture model, the T and S components identified as amorphous are colored grey. 

The S-particles having double-gyroid order are colored green and the T-particles identified as 

having Zeolite order are colored red (see Fig. 3 in the main text). The distinction between 

amorphous, double-gyroid, and Zeolite orders are made based on the recipe detailed in Sec. 

IIIA2. The CZ and MG cluster are represented by dynamic bonds identified with a cutoff of 4 Å 

and 6Å, respectively. The BV plots were obtained by identifying the unit bond vectors joining 

the particles that are not four-coordinated (see Sec. IIIA2) with rc <= 11.2 Å.  

For the AB mixture system, the A and B components are colored as magenta and white, 

respectively. The inter and intra-layer translational ordering is observed in the BV plot which 



 

 53 

is obtained by plotting the unit bond vectors joining the particles with rc <= 1.45 Å. 

Figure 4 in the main text shows the critical nucleus predicted from umbrella sampling 

simulations for I → M and M → C, and the composite cluster for I → C transitions.  For GBF 

and TC systems, the particles are colored based on P2 (Eq. S27) and P4 order parameters, 

respectively. The P4 function is defined as, 

𝑃4 = max
𝑛

1

14𝑁
∑ (35 cos4(𝑢𝑖. 𝑛⃗ ) − 30 cos2(𝑢𝑖. 𝑛⃗ ) + 3)𝑖  (S28) 

where 𝑢𝑖 is the unit vector of the particle and the director unit vector, 𝑛⃗  maximizing the P4 

function was obtained by following the recipe mentioned by John et. al.23 The 𝑛⃗  was calculated 

for the particles in the critical nucleus. In the case of TC, all the particle axes were used for P4 

calculations. For GBFs, the dot product between particle’s long-axis vectors and 𝑛⃗  were used 

to estimate the P2 values. The above coloring metric was also used to visualize the interfaces 

between I-MN and I-CABCD in the interfacial simulations for GBFs (see Fig. S1). 

In the TS mixture model, the particles in the critical nuclei having I, MG, CZ characteristics 

shown in Fig. 4 in the main text are identified using the clustering recipe detailed in Sec. IIIA2. 

The T-particles having double-gyroid, and zeolite orders are colored red and represented by 

dynamic bonds identified with a cutoff of 4 Å. To visualize the gyroid network formed by S-

particles (colored green), we used 5.7 Å as the distance cutoff to identify the S-particles 

neighboring the T’s in MG and CZ nuclei. The S particles are represented as isosurface density 

map.  
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IV. Thermodynamics properties for GBF, TC, and TS model system 

 

        B. Free energy calculations 

 

Fig. S10: Phase diagrams for GBF27, TC90, and TS systems. Chemical potential, βμ for I, MN, 

MR, CABCD, and CMink phases at different reduced pressures, P* in (a) GBF27, (b) TC90, and (c) 

TS mixture systems using βμIC
𝑃̂𝑐𝑜𝑒𝑥 and βμIM

𝑃̂𝑐𝑜𝑒𝑥 as the reference condition at the corresponding 

coexistence pressure, 𝑃̂𝑐𝑜𝑒𝑥. The supersaturated conditions where the umbrella sampling (US) 

simulations are performed are marked with cyan circles. The inset in (b) shows the intersection 

region of CMink free-energy curve with I and MR. We used Second order polynomial to 

extrapolate the M branch in TS, AB, and TC90 models to estimate the approximate |βΔμ| 

between I, M, and C phases.  
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For GBF27, our compression simulations revealed a two-step mechanism where the I phase 

transitions to MN at 𝑃̂> 6.52 before crystallizing to CABCD at 𝑃̂> 6.60 (see Fig. S8a). Using the 

equation of state (see Fig. S2a), we calculated the variation in chemical potentials, βμ shown in 

Fig. S10a for I, MN, and CABCD phases using βμIC
𝑃̂𝑐𝑜𝑒𝑥 as a baseline to compare the stability of 

phases at different 𝑃̂ values. We estimated that the I phase has the lowest βμ (and therefore 

higher stability) compared to MN and CABCD up to I-CABCD coexistence point at 𝑃̂𝑐𝑜𝑒𝑥(I-CABCD) 

~ 6.26, with corresponding packing densities, 𝜙I~ 0.468 and 𝜙CABCD
~ 0.605 (shown in Fig. 

S10a). This explains the hysteresis observed between the compression and expansion branches 

in the equation of state where CABCD phase melts directly to the I phase at 𝑃̂< 6.0 and 𝜙< 0.592. 

For 𝑃̂> 6.26, the CABCD phase has the lowest βμ values compared to both I and MN and the βμ 

of MN is higher compared to both I and CABCD until the crossover is reached at 𝑃̂𝑐𝑜𝑒𝑥(I-MN) ~ 

6.36 with  𝜙I~ 0.471 and 𝜙MN
~ 0.508. For 𝑃̂> 6.36, MN occupies a metastable free energy well 

located closer to the I phase (with 0 <|β∆μIM|< 0.04) than to the CABCD phase (with 0.05 

<|∆μMC|< 0.12). As a comparison to GBF27, we also mapped the equation of state for GBF26 

where we observed a direct single-step transition from I→CABCD with 𝑃̂𝑐𝑜𝑒𝑥(I-CABCD) ~ 6.56 

(see Fig. S2b). 

The phase diagram and the equation of state for TC90 system with I, MR, and CMink phases are 

shown in Fig. S2c and Fig. S10b, respectively. In addition to presenting a different M 

intermediate compared to GBF27, the 𝑃̂𝑐𝑜𝑒𝑥(I-CMink) which is ~10.0 occurs before the 𝑃̂𝑐𝑜𝑒𝑥(MR-

CMink) ~10.25.  Therefore, MR is metastable only for the narrow range of 10.25 <𝑃̂< 10.75, after 

which it crystallizes to the CMink phase. The coexistence densities for transitions involving the 

I, MR and CMink are shown in Fig. S2c. For comparison, we also mapped the equation of state 

obtained from the compression runs for the perfect octahedra (s=1.0) case where the MR phase 

was not observed (see Fig. S2d).   

The free energy profile for the AB system is similar to TC90, where MLAM is metastable for T 

ranging between 300 K to 320 K and becomes unstable for T<300K (see Fig. S10c). The I phase 

is metastable between 320 K to 290 K and transitions directly to CLXA on further cooling the 

system below 290 K.  
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Figures S2f, S6, and S10d show the metastable and stable branches for I, MG, and CZ phases 

and the corresponding variation in the total potential energies and fraction of T particles in MG, 

and CZ phases during heating and cooling runs for the TS model system. We observed that the 

MG phase is stable between 645-700 K, and the I→MG transition occurred spontaneously after 

30 ns equilibration run. At T<645 K, the CZ phase is stable compared to I and MG phases and 

we observed a spontaneous I→CZ transition at 600 K (see Figs. S10c and S6d). 

 

C. M state has intermediate entropy values between I, and C 

phases 

 
Table S3. Thermodynamic properties of coexisting phases, i-j for GBF27, TC90, and TS model 

systems. P*
coex and Tcoex are the coexistence pressure and temperature, respectively. 𝑣 is the 

specific volume per particle reduced with particle length scale as discussed in Sec. IB1. In the 

case of AB and TS models, unit length scales are used. u is the potential energy per particle in 

units of kbT. 𝑠/kb is the entropy per particle. i and j are the phases under study. 

Shape Coexisting 

phases (i-j) 

𝑷̂𝒄𝒐𝒆𝒙 

/Tcoex 

𝒗̂𝒊 

 

𝒗̂𝒋 

 

βui 

 

βuj 

 

(𝒔𝒊- 𝒔𝒋)/𝒌𝒃=  

β(𝒖𝒊 − 𝒖𝒋) 

+𝑷̂𝒄𝒐𝒆𝒙(𝒗̂𝒊 − 𝒗̂𝒋) 

GBF27 I-CABCD 6.28 2.88 2.23 - - 4.10 

I-MN 6.36 2.86 2.66 - - 1.27 

MN-CABCD 6.25 2.73 2.24 - - 3.06 

TC90 I-CMink 10.05 1.97 1.68 - - 2.91 

I-MR 9.5 2.0 1.92 - - 0.76 

MR-CMink 10.25 1.88 1.65 - - 2.36 

TS 

model 

I-MG 700 K - - -13.82 -14.12 0.30 

MG-CZ 645 K - - -15.65 -15.81 0.164 

AB 

model 

I-MLAM 320 K - - -7.19 -7.82 0.63 

MLAM-CLXA 312 K - - -7.87 -8.23 0.36 
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Fig. S11: Entropy difference between I, M, and C phases in (a) GBF27, (b) TC90, (c) AB, and 

(d) TS model systems. 
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V. Umbrella sampling results 

 
A. Nucleation free energy barriers and stepwise growth of CABCD nuclei in a 

single-step I → C pathway for GBF27 

 

  
Fig. S12: Nucleation free energy barriers predicted using umbrella sampling for GBF27 at 

different degree of supersaturation, |β∆μICABCD
| (or reduced pressure, 𝑃̂) during I → MN, 

MN→CABCD, I → CABCD transitions. The order parameters used to identify different cluster sizes 

are described in Sec.III B2. Solid and dashed lines are simulated with ξc >=5 and 7, respectively. 

1728 and 2916 (insets) particles are used for calculations.    
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Fig. S13: (a) Nucleation free energy barriers for GBF27 at |β∆μICABCD

|~ 0.10 (or reduced 

pressure, 𝑃̂= 6.44) during I → CABCD transition. A1 and A2 show the representative snapshot 

of CABCD nucleus with local microscopic (A1) and macro clusters (A2) of MN. The order 

parameters used to identify different cluster sizes are described in Sec.III B2. MN particles were 

identified using 0.60 <P2(i, j) < 0.91 and ξc >=5 for clustering; CABCD particles were identified 

with P2(i, j) > 0.91 and ξc >=7.  
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B. GBF26 has higher I→CABCD free-energy barriers compared to GBF27 

 

 
Fig. S14: Single-step I→CABCD free-energy barriers for (a) GBF26 and GBF27, and (b) the 

nucleation free-energy profiles for GBF26 at different degree of supersaturation, |β∆μICABCD
| 

(or reduced pressure, 𝑃̂). The equation of state mapped for GBF26 and GBF27 systems are 

discussed in Secs. IB and IC. 
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C. Nucleation free-energy barriers and growth of Cmink nuclei in a single-step  

I → C pathway for TC90 

 

 
Fig. S15: Nucleation free energy barriers predicted using umbrella sampling simulations for 

TC90 at different degrees of supersaturation, |β∆μICMink
| (or reduced pressure, 𝑃̂) for I → MR, 

MR → CMink, I → CMink transitions. The order parameters used to identify different cluster sizes 

are described in Secs. III A and B1. System sizes of 2744 (solid curves) and 5788 (dashed 

curves) particles were simulated. Inset in (b) shows the free energy profiles plotted with a 

different scale.    
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Fig. S16: (a) Nucleation free energy barriers for TC90 at |β∆μICMink

|~ 0.14 (or reduced pressure, 

𝑃̂= 10.5) during I → CMink transition with 5488 particles. A1 and A2 show the representative 

snapshot of CMink nucleus with local microscopic clusters (A1 and A2) of MR. I4 in conjugation 

with q6 were used to identify different cluster sizes are described in Sec.III A1 and B1. The MR 

and CMink particles were identified using d4(i,j) < 0.70 and d6(i,j) > 0.70 and d4(i,j) > 0.70 and 

d6(i,j) > 0.70, respectively. For both cases we selected ξc >=7.  
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D. Nucleation free-energy barriers and growth of CLXA during I → CLXA 

transition for AB mixture model 

 

 
Fig. S17: Nucleation free energy barriers predicted using umbrella sampling simulations for 

AB model at different degrees of supersaturation, |β∆μICLXA
| (or temperature, T) for I → MLAM, 

MLAM → CLXA, I → CLXA transitions. The order parameters used to identify different cluster 

sizes are described in Sec. III A3. Insets show the free energy profiles for MLAM → CLXA 

transition.    
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Fig. S18: (a) Nucleation free energy barriers for AB model at |β∆μICLXA

|~ 0.091 (or temperature, 

T= 300 K) during I → CLXA transition. A1 and A2 show the representative snapshot of CLXA 

nucleus with local microscopic clusters (A1 and A2) of MLAM. The criterion to identify different 

clusters are described in Sec. III A3.  
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E. Nucleation free-energy barriers and growth of CZ nucleus during I → CZ 

transitions for TS mixture model 

 

 
Fig. S19: Nucleation free energy barriers predicted using umbrella sampling simulations for TS 

mixture model at different degrees of supersaturation, |β∆μICZ
| (or temperature, T) for I → MG, 

MG → CZ, I → CZ transitions. The order parameters used to identify different cluster sizes are 

described in Sec. III A2. 
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Fig. S20: (a) Nucleation free energy barriers for AB model at |β∆μICZ

|~ 0.036 (or temperature, 

T= 636 K) during I → CZ transition. A1 and A2 show the representative snapshot of CZ nucleus 

with local microscopic clusters (A1 and A2) of MG. The OP to identify different clusters are 

described in Sec.III A2. The MG and CZ clusters are represented by dynamic bonds within a 

distance cutoff of 4 Å. 

 

 

 

 

 

 

 

 

 

 



 

 67 

F. Speed-up factor for different models 

 

 
Fig. S21: Speed-up, Sup ratios for GBF27, TC90, AB, and TS models. Comparison of rates 𝑟̇ 

associated with a single I → C and two-step I → M → C transitions for GBF27 (circles), TC90 

(diamonds), and TS mixture (triangles) models at different DSS using Eq. (3). Hexagram 

marker shows Sup for GBF27 at DSS~ 0.10 accounting for the kinetic prefactors. 

  

G. Estimation of interfacial surface energies 

 

Table S4: Interfacial surface energy, γ and enthalpy differences between the phases of interest 

at 636 K and 300 K for TS and AB models, respectively. Turnbull empirical correlation24 is 

used to estimate γij  = λ ΔHij (𝜈𝑗)
−2

3  (NA)
−1

3  N−1, where λ= 0.405 is empirically determined 

constant, ΔHij is the enthalpy difference between the phases i and j, 𝜈𝑗 is the molar volume of 

the phase j.  NA and N is the Avogadro’s number, and the total number of particles, respectively. 

We used 28.0855 g/mol for estimating molar volume for TS and AB systems. The γ values for 

I-GYR and GYR-ZEO are qualitatively similar those reported by Bertolazzo et. al.2 

Model Transition 

phases (i-j) 

Temperature, K γij, mJ/m-2 υj (m
3/mol) ΔHij 

(kJ/mol) 

TS I-GYR 636 9.6 3.47×10-5 34759.793 

GYR-ZEO 636 6.4 3.46×10-5 23039.698 

AB I-LAM 300 22.7 1.38×10-5 37731.121 

LAM-LXA 300 12.3 1.385×10-5 20465.914 
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Fig. S22: Variation in interfacial free energy, γ for different reduced pressure, 𝑃̂ between phases 

of interest in (a) GBF27 and (b) TC90 systems. γ is estimated using approximate classical 

nucleation theory, where γ= √(27 4)βΔG∗|β∆μ|2⁄3
.  

 

H. Mean first passage time for different transitions 

 

Table S5: Mean first passage time, τ for models with I → C, I → M, and M → C transitions at 

their respective |β∆μIC| conditions. 𝐷𝑜 is the constant rate of attachment of particles to the 

cluster. 

Model |β∆μIC| Do𝜏IC Do𝜏IM Do𝜏MC 

GBF 0.08 4.42×1030 6.5×1011 6.0 ×1017 

0.155 2.2×1019 1.65×108 2.5×1010 

TC 0.14 5.72×10116 2.35×1051 4.3×1017 

0.69 2.34×1029 9.60×1028 1.64×104 

AB 0.091 1.34×1017 1.63×1014 5.2×109 

0.213 2.80×108 1.70×108 3.7×108 

TS 0.036 7.30×1010 7.60×107 3.15×109 

0.0194 3.70×1011 1.50×108 1.16×1010 
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Abstract 

 
The entropy-driven monolayer assembly of hexagonal prisms and cylinders was studied under 

hard slit confinement. At the conditions investigated, the particles have two distinct and 

dynamically disconnected rotational states: unflipped and flipped, depending on whether their 

circular/hexagonal face is parallel or perpendicular to the wall plane. Importantly, these two 

rotational states cast distinct projection areas over the wall plane that favor either hexagonal or 

tetragonal packing. Monte Carlo simulations revealed a re-entrant melting transition where an 

intervening disordered Flipped-Unflipped (FUN) phase is sandwiched between a fourfold 

tetratic phase at high concentrations and a sixfold triangular solid at intermediate 

concentrations. The FUN phase contains a mixture of flipped and unflipped particles and is 

translationally and orientationally disordered. Complementary experiments were conducted 

with photolithographically fabricated cylindrical microparticles confined in a wedge cell. Both 

simulations and experiments show the formation of phases with comparable fraction of flipped 

particles and structure, i.e., the FUN phase, triangular solid, and tetratic phase, indicating that 

both approaches sample analogous basins of particle-orientation phase-space. The phase 

behavior of hexagonal prisms in a soft-repulsive wall model was also investigated to exemplify 

how tunable particle-wall interactions can provide an experimentally viable strategy to 

dynamically bridge the flipped and unflipped states. 

 

Keywords: Anisotropic colloids, re-entrant phase transition, monolayer confinement, self-

assembly 
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1. Introduction 

 
Assemblies of colloidal particles have promising functional applications as active constituents 

of photovoltaic devices [1], optical films [2], and catalysts [3]. Recent advances in the synthetic 

and fabrication approaches of faceted sub-micron particles with different shapes have spurred 

interest in using these particles as basic building blocks for the assembly of targeted complex 

structures. The type of order and symmetry of these structures can be tuned by controlling such 

properties as particle geometry [4,5], interparticle interactions (e.g., chemical patchiness) [5], 

depletion forces [6–8], and external fields including hard/soft wall confinement [9–13]. 

Entropic and external forces play a crucial role in the assembly of nanoparticles, and their 

interplay is being systematically delineated by studies that focus on the effects of each driving 

force separately. 

A large variety of superstructures arises when polyhedral colloidal particles are assembled at 

fluid interfaces [14] or inside confined geometries such as within parallel hard plate/wedge 

cell [10,15], spherical [16,17], or square cavities [18]. The confinement effects can drastically 

change the phase behavior of the system and be dominant when only a few particle layers can 

be accommodated along at least one direction. For hard spheres, for example, in contrast to the 

single isotropic to crystal phase transition in the bulk, a rich phase behavior was observed when 

confined between two parallel hard plates as the plate separation was varied to only 

accommodate one-to-a-few particle layers [9]. Numerous computational and experimental 

investigations have been carried out to explore the phase transitions in slit confinement with a 

variety of particle shapes, including members of the truncated cubes family [10], spherical or 

mushroom caps [12,19], hard rectangles [20], hard rods [18], hard platelets [21], and 

dimers [13,22,23]. The results from these studies have provided an understanding of the 

combined effects of particle anisotropy and confinement length. An interesting attribute 

associated with the parallel slit confinement model is that it allows access to the two-dimension 

(2D) and quasi-2D behavior by just altering the confinement separation: The phase behavior 

can drastically change depending on the particles’ accessibility to rotational and translational 

states across the gap.  

This work is focused on mapping the thermodynamic phase behavior of two anisotropic convex 

shaped particles; namely, hexagonal prisms (HPs), and cylinders (CYLs), under parallel slit 
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confinement with hard and soft-repulsive walls. The geometry of these shapes is such that the 

flipped and unflipped particle orientations cast two different projected areas and shapes (Fig. 

1) against the confinement wall. The flipped and unflipped orientations corresponds to the 

particle with its side parallel and perpendicular to the wall plane, respectively (see Fig. 1). Using 

the hard confinement model, this scenario imposes a hindrance to the different possible 

rotational and translational states that the particles can populate during self-assembly. By 

carefully choosing the confinement and the particle dimensions, we can create disconnected 

regions in the rotational phase space between the flipped and unflipped orientations that causes 

a non-ergodic dynamic behavior in the system. In simulations, we overcome this dynamic 

broken ergodicity by using unphysical specialized Monte Carlo (MC) moves that effectively 

sample all regions of phase space. These MC moves allow particles to transition between 

flipped and unflipped states, akin to changing the “type” of particle in a two-component system, 

categorized by the projected 2D geometry: hexagon ↔ rectangle for the HPs, and disk ↔ 

rectangle for the CYLs. Crucially, the transition between these two orientations also provides a 

mechanism to switch between structures with different packing symmetry and/or lattice 

spacing. The hexagonal projections of unflipped HPs exhibit a KTHNY-type [24] phase 

transition with a continuous fluid-hexatic transition and a continuous hexatic-solid 

transition [25]. Likewise, the disk-shaped projections of the unflipped CYLs have a first-order 

fluid-hexatic transition and a continuous hexatic-solid phase transition [26]. In contrast, the 

rectangular projections of flipped HPs and CYLs exhibit a two-stage KTHNY transition with 

the continuous fluid-tetratic and a continuous tetratic-tetratic solid transitions [27]. The tetratic 

and hexatic phases are partially ordered phases characterized by a short-range translational 

order and quasi-long ranged bond orientational order. The tetratic solid phase has long-range 

translational and bond orientational order. 

A challenge associated with the assembly of anisotropic particles in confinement lies in the 

ability to sample their equilibrated quasi-2D positions and orientations. A “soft” confinement 

model is proposed in this work as a way to overcome the broken ergodicity by allowing the 

system to dynamically (and experimentally) bridge the flipped and unflipped particle 

orientations, but tunable external fields could also be used to control the confinement forces. 

For instance, application of external electric fields has proven to be an effective approach to 
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manipulate particle assemblies where the relative polarizability of the particle and the solvent 

medium controls the particle position, and the relative polarizability of each particle axis 

controls the particle orientations [28]. For bulk 3D system, a switching transition between the 

body-centered cubic crystal to a partially ordered plastic crystal structure was achieved for 

charged rod-like colloidal particles by tuning the electric field [29]. A wide range of structures 

with hexagonal and tetratic-like symmetries and string fluids were obtained for platelets 

subjected to varying electric field strengths and confinement separations that allowed particles 

to access flipped and unflipped orientations [30].  

Our simulations predict a re-entrant transition for the HPs and CYLs in hard confinement where 

an intervening disordered phase occurs between two solid phases: a high-density tetratic phase 

and a low-density triangular solid (1∆) phase. We termed this disordered phase as the Flipped-

Unflipped (FUN) phase due to the mixture of flipped and unflipped orientations, high particle 

mobility, and significant degree of disorder. Indeed, the FUN phase has local clusters of flipped 

and unflipped particles with incompatible footprint areas that are distributed randomly 

throughout the simulated domain. At narrow separations, we observed a first order transition 

between the tetratic phase and the 1∆ phase for both HPs and CYLs. In our athermal system, 

different phases result from the interplay between pressure × volume contributions to the free-

energy, which generally favors denser structures at high pressures, and the particles’ rotational 

and translational contributions to the entropy which strongly depend on gap separation. By 

varying the density and confinement separation, we can tune regions of phase space accessible 

to the dispersion with our MC moves and experimental preparation (see below). MC 

simulations were also carried out for polydisperse CYLs in hard confinement to allow 

comparison of the predicted structures with tetratic, FUN, and 1∆ phases obtained 

experimentally by assembling fabricated CYLs in a wedge cell confinement. The consistency 

in the structural characteristics of the assembled phases obtained in experiments and simulations 

is attributed to both methods being able to comprehensibly sample the accessible orientational 

phase space. Particles in the wedge confinement cell are able to dynamically explore their 

flipped and unflipped states at wide separations, and as they migrate to the narrow separations, 

rearrange laterally to pack more densely; particles in the MC simulations are able to ergodically 

sample both orientational states through specialized moves at all conditions. Thus, experiments 



 

 76 

and simulations produce assembled phases that have similar fraction of flipped/unflipped 

particles although not necessarily at the exact same confinement conditions (i.e., 

concentrations), hence providing comparable access to a variety of otherwise disconnected 

regions of phase space. The re-entrant FUN phase was also observed for HPs simulated in a 

soft confinement model where a finite transition barrier allows dynamic switching between 

flipped and unflipped orientations.  

The outline of this paper is as follows. Section II details the hard and soft confinement models, 

simulation method, and the experimental protocol to fabricate the CYL colloids and assembling 

them in the wedge cell confinement. Section III describes various order parameters used to 

characterize the phase transitions. Sections IVA/IVB present summary/detailed description of 

the phase behavior of HPs and CYLs under hard wall confinement, Section IVC discusses the 

effect of size dispersity and a comparison between the simulated and experimental structures, 

and Section IVD presents simulation results for HPs under the soft confinement model. Finally, 

Section V presents closing remarks and an outlook of our study.  

 

2. Methodology 

 
2.1 Simulation model and protocol 

Simulations of N hard anisotropic particles under parallel plate confinement were carried out 

using the standard Metropolis Monte Carlo algorithm in an isothermal-isobaric (NPT) 

ensemble. Figure 1 shows the hard wall and soft confinement models that corresponds to a case 

without and with a soft layer of varying thickness, a*=a/σ, where σ is the height of the particle. 

The scaled plate separation is H*= H/σ, where H is the distance between the hard walls. We 

simulated a range of H* values (imposing periodicity in XY plane) that accommodates only a 

single particle layer. The aspect ratio of the particles, R= b/σ is fixed by varying the 

characteristic length b, where b = 2s for HPs and b= d for CYLs. s is the edge length of the 

hexagonal face in the HP and d is the diameter of the circular face in the CYL. The R values 

chosen for the hard confinement model are 2 for HPs and 1.574 for CYLs and the phase 

behavior was mapped for H*= 1.0-1.9 for HPs and H*= 1.582-1.61 for CYLs. We observed a 
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quasi-2D phase behavior at H* > 1.74 for HPs and H* > 1.574 for CYLs, where the plate 

separations are such that the particles can access both flipped and unflipped orientations. The 

range of H* values chosen is such that the flipped and unflipped orientations are dynamically 

disconnected (see Sec. I in the supplementary information, SI). The two orientations are 

distinguished based on the |𝑢⃗ . 𝑧 | values where 𝑢⃗  is the principal orientation unit vector of the 

particle and 𝑧  is the unit vector in z direction (see Fig. S1 in the SI). When flipped the 𝑢⃗  is 

parallel to the wall and perpendicular to the wall when unflipped (see Fig.1). For the soft 

confinement model, we set R= 1.82 and H* = 1.95 to allow for the dynamic (or continuous) 

rotation of the HPs between the flipped and unflipped orientations. The R values for the HPs 

and CYLs are chosen such that they satisfy two geometric constraints: (i) The particles can 

access both flipped and unflipped orientations at the confinement separations that only allows 

formation of monolayers; (ii) The unflipped orientation projects a larger hexagonal/circular area 

compared to the rectangular area projected by the flipped orientation. The R values chosen for 

our study are just representative but we expect similar trends in phase behavior for HPs and 

CYLs with other R values that satisfies both geometric constraints.     

The R values of the HPs and CYLs are chosen such that it satisfies two conditions: (i) The HPs 

and CYLs can access both flipped and unflipped orientations at the confinement separations 

that allows only formation of monolayer structures. (ii) The unflipped orientation has a larger 

hexagonal/circular projected area compared to the rectangular area projected by the flipped 

orientation.     
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Fig. 1. Schematic of slit-confinement simulation model with (a,b) hard and (c) soft-repulsive 

walls. H* is the separation between the hard walls scaled with respect to the height of the 

particle σ. The flipped (in red) and unflipped (in green) orientations and 2D projected 

geometries are shown for (a) HPs, and (b) CYLs. The particle’s principal orientation unit vector, 

𝑢⃗ , is parallel/perpendicular to the XY plane when flipped/unflipped. s is the edge length of the 

hexagon face in HP, d is the diameter of the circular face in CYL. In (c) a* is the thickness of 

the soft layer scaled with respect to σ.  

 

We consider excluded volume interaction with the pair potential between the particles, U(rij), 

given as, 

𝑈(𝑟𝑖𝑗) = {
∞, if 𝑟𝑖𝑗 < 𝑟𝑖𝑗

𝑚𝑎𝑥

0, otherwise
                  (1) 

where, rij is the distance between the particle center of mass, 𝑟𝑖𝑗
𝑚𝑎𝑥 is the maximum rij distance 
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beyond which overlap cannot occur. The overlap between the particles is checked using the 

Gilbert-Johnson-Keerthi (GJK) algorithm [31]. The hard and soft repulsive potentials, U(ri), 

between the particle and the hard walls and between the particle and a soft-grafted layer is given 

by, 

     𝑈(𝑟𝑖) = {

∞,    if   𝑉𝑜,ℎ𝑤(𝑟𝑖) ≠ 0 

𝛽𝑉𝑜,𝑠𝑤,    if   𝑉𝑜,𝑠𝑤(𝑟𝑖) ≠ 0

0,    otherwise

               (2) 

where, ri is the particle center of mass position, Vo,hw and Vo,sw are the volumes of the particle 

that overlap with the hard walls and soft grafted layer. In this simple soft repulsive potential 

model, a presumed grafted layer exists with tunable hardness modulus, β*= β𝜎3, and thickness 

a*. Because of the particle shape anisotropy, the wall-particle interaction potential will depend 

in a complex way on not only the particle-wall distance but also the particle orientation. Model 

(2) above can be seen as a first approximation to a soft repulsive potential where the energy 

required to deform the soft grafter layer is proportional to the particle volume that overlaps with 

(and pushes out) the soft layer. The 3D simplices was constructed to compute Vo,sw using the 

particle vertices and centroid [32]. The overlap between each particle and the hard walls was 

detected using separating axis theorem [33].  

For the hard confinement model, stepwise expansion/compression runs were carried out at each 

H* value by equilibrating the system at each pressure step. These runs were used to map the 

phase behavior along the solid and liquid branches to detect any hysteresis present between 

expansion and compression. For the soft confinement model, we studied the phase behavior for 

HPs at H*= 1.95 for varying a* and β by performing compression runs and following the same 

procedure used for the hard confinement model. The dimensionless pressure is P*= Pσ3/kbT, 

where T is temperature and kb is Boltzmann’s constant. The equation of state was mapped by 

varying P* and calculating the volume fraction, ϕ= NVp/V, where Vp is the volume of each 

particle, N is the number of particles and V is the system volume. To minimize finite size effects, 

we choose the initial system size to have a minimum of 15-35 particles per layer along X and 

Y dimensions. For the hard confinement model, 1254 and 1352 HPs were used for compression 

and expansion runs, and 1024 CYLs for both compression and expansion runs. For the system 

with soft confinement, 1254 HPs were used. We mapped the high-density solid branch of the 

phase diagram with the expansion runs and the intermediate and lower density branch with the 
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compression runs. At any H*, the initial configuration for the compression runs is the isotropic 

phase and for the expansion runs is the densest crystal phase simulated using Floppy Box Monte 

Carlo algorithm [34].  

At each pressure step, we perform 3 ×107 MC cycles with the last 5 × 106 cycles used for 

production runs, where each MC cycle consisted of N translational, N rotational, N/10 flip, N/10 

two-particle in-plane rotation and 2 volume moves.  All move sets obey detailed balance and 

the step size for the translational, rotational, and volume moves are adjusted to have acceptance 

probabilities of 0.4, 0.4, and 0.2. We incorporated flip moves that attempt to randomly orient a 

chosen particle in a plane that is perpendicular to its current orientation. The flip move was 

particularly important for our hard confinement model having broken dynamic ergodicity, as it 

helps to access the flipped and unflipped orientations that are difficult to sample with standard 

rotational moves. The two-particle in-plane moves improve ergodic sampling for high-density 

solid phases and were implemented as follows. First, two particles are chosen, the first 

randomly and the second its closest neighbor. Next, these particles are rotated in the XY plane 

about their combined center of mass (using z-component unit vector) by 90° 

(clockwise/anticlockwise)  [22]. The move is accepted if: (i) the second particle is still the 

closest to the first one to maintain reversibility, and (ii) no overlap is incurred. Volume moves 

attempt changes in XY box area and shape (anisotropic moves) during the expansion runs, while 

only changes in XY area during compression runs.  

 

2.2 Experimental protocol for fabrication of colloidal CYLs 

We used a photolithographic procedure to fabricate colloidal CYLs from an epoxy-based 

negative photoresist, SU-8 2001 series, which provides high-throughput of different colloidal 

shapes within narrow size polydispersity [35,36]. The fabrication process includes three key 

steps: (i) Spin coating of the photoresist on top of a sacrificial Omnicoat layer on a 100 mm 

silicon substrate. The thickness of the photoresist layer controls the height of the particles, σ. 

(ii) Exposure of the photoresist to ultraviolet light (i-line) through a Cr photomask with round 

holes to control the diameter, d of the particles. (iii) Development of the photopatterned resist 

layer and release of the particles by dissolution of the Omnicoat layer. The particles were then 

washed with DI water and suspended in an aqueous solution of Tergitol NP70, a non-ionic 
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surfactant that adsorbs on the surface of the particles and provides a steric barrier holding the 

particles outside the vdW attraction regime to prevent irreversible aggregation [35,37]. The 

thickness of the NP70 layer and the zeta potential of the particles were estimated by Badaire et 

al. [37] to be 8.2 ± 3.3 nm and -21.0 ± 6.2 mV, respectively. This route generated particles 

with d = 1.56 ± 0.08 μm and σ = 0.96 ± 0.06 μm and the suspension concentration ~ 4.5 × 108 

particles/ml. The size dispersity, sd and sσ in diameter and height were measured using the SEM 

micrographs and estimated to be 0.05 and 0.06, respectively. A more detailed description of the 

fabrication procedure and particle characterization is given in Sec. II of the SI. The suspension 

was transferred to a 10 ml glass vial and mixed with a small amount of fluorescein dye (2 

mg/ml) to enable confocal imaging. Finally, the CYLs were assembled in the wedge cell 

confinement to study the organization of the particles using fast confocal microscopy (see Sec. 

IID in the SI).  

 

3. Order parameters 

 
3.1 Cubatic orientation order parameter 

 
The global orientational order was measured using the cubatic order parameter, P4, which is 

defined as, 

〈𝑃4〉 =  max
𝒏

1

𝑁
 ∑𝑃4(𝑢𝑖⃗⃗  ⃗ . 𝑛⃗ )

𝑖

 

= max
𝒏

1

8𝑁
 ∑(35 cos4𝜃𝑖(𝑛⃗ ) − 30 cos2𝜃𝑖(𝑛⃗ )  + 3)

𝑖

          (3) 

 

where 𝑢𝑖⃗⃗  ⃗ is the principal orientation vector of the particle and the 𝑛⃗  is the director that 

maximizes 〈𝑃4〉. 𝑛⃗  is found using the numerical recipe reported in [38] which yields two 

orthogonal directors, 𝑛1⃗⃗⃗⃗ , 𝑛2⃗⃗⃗⃗  and the corresponding values of 〈𝑃41〉, 〈𝑃42〉 in decreasing order of 

magnitude,  used to gauge the in-plane and out-plane alignment of the flipped and unflipped 

particles. 
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3.2 Bond orientational order parameter 

 

The local n-fold bond orientational order, 𝛷𝑛(𝒓𝒌) for each k particle is given by, 

 

𝛷𝑛(𝒓𝒌) =  
1

𝑁𝑘
 ∑ exp(𝑖𝑛𝜃𝑗𝑘)               (4)

𝑘
𝑗=1   

 

where i = √−1 and 𝜃𝑗𝑘 is the angle between the vector connecting particle k with its neighbor j 

and a fixed reference vector. 𝑁𝑘 is the number of nearest neighbors of particles k. For n= 6, 𝑁𝑘 

was calculated via Voronoi tessellation, while for n= 4, the four closest neighbors were used to 

avoid the degeneracy in the Voronoi construction [39]. Note that the 𝛷𝑛(𝒓𝒌) are evaluated 

considering the center of mass coordinates of the particles projected on the 2D plane of the slit 

confinement. 

To analyze the correlation length of the local bond order parameters, we compute the n-fold 

local bond orientational correlation function given by,  

 

            𝑔𝑛(𝑟) =  〈𝛷𝑛(0) 𝛷𝑛
∗(𝒓)〉                           (5) 

 

where * indicates the complex conjugate of 𝛷𝑛(𝒓) for the particle at a distance 𝑟 from the 

reference particle.  

 

3.3 Translational and rotational mobility analysis 

 

We tracked particle mobility by carrying out NVT ensemble simulations of the equilibrated 

phases at different densities with a fixed set of translation and rotation moves using fixed step 

size that yield acceptance probabilities between 85%-95% to mimic pseudo diffusive particle 

dynamics. The translational mobility coefficient, μm is defined as the mean square displacement 

over Ns MC cycles, 

𝑅𝑠 = 
∑ ∑ |∆𝑟(𝑗+𝑠,𝑗)

𝑖 |
2𝑁𝑀𝐶−𝑁𝑠

𝑗=0
𝑁
𝑖=1

𝑁(𝑁𝑀𝐶 − 𝑁𝑠)
                     (6) 
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where ∆𝑟(𝑗+𝑠,𝑗)
𝑖  is the center of mass displacement of the ith particle between the jth and (j+s)th 

MC cycles, and NMC is the total number of MC cycles in the simulation. μm quantifies the 

average in-plane local translational fluctuations for the phases under study. The rotational 

mobility is gauged by the autocorrelation function of particle orientation vectors over the MC 

cycles, defined as,  

𝜃𝑠 = 
∑ ∑ 𝑢𝑗

𝑖⃗⃗  ⃗. 𝑢𝑗+𝑠
𝑖⃗⃗ ⃗⃗ ⃗⃗  ⃗𝑁𝑀𝐶−𝑁𝑠

𝑗=0
𝑁
𝑖=1

𝑁(𝑁𝑀𝐶 − 𝑁𝑠)
                      (7) 

where, 𝑢𝑖⃗⃗  ⃗ is the principal orientation vector of particle i, and Ns is the number of MC cycles 

over which the axes alignment is measured.   

  

 

4. Results and discussions 

 

4.1  Brief overview of the phase diagram under hard confinement 

 
Figure 2 shows the quasi-2D behavior of HPs and CYLs that was mapped by tracking ϕ for 

different phases found at 1.74 < H* < 1.9 for HPs and 1.581 < H* < 1.61 for CYLs, where the 

available space only allows the formation of a monolayer. At these plate separations both HPs 

and CYLs can access the flipped and unflipped orientations that have distinct projected 

footprints on the confinement planes. The flipped HPs and CYLs cast a smaller rectangular area 

and hence at the highest concentrations pack into the tetratic solid (TS) and partially ordered 

tetratic phase which are structurally similar to those of hard rectangles at 2D-close packing [27]. 

The forbidden region encloses inaccessible state points at higher packing fractions due to wall 

overlap (see Figs. 2a and 2b) and the boundary between the TS and the forbidden region 

represents the packing fraction of the densest structure predicted from the Floppy Box Monte 

Carlo algorithm [34]. The TS is classified into Uniaxial (Uni-TS) and Biaxial (Bi-TS), based 

on the alignment of the orientation 𝑢⃗  of the flipped particles. At intermediate concentrations, 

the unflipped orientations project a larger hexagonal and circular areas for the HPs and CYLs, 

respectively, thus forming 2D phases consistent with the assembly of hard hexagons [25] and 

hard disks [26]. At 1.8 < H* < 1.865 and 0.375 < ϕ < 0.535 for HPs and at 1.581< H* < 1.605 
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and 0.458 < ϕ < 0.614 for CYLs, we observed an interesting re-entrant melting transition where 

the intervening disordered FUN phase occurs between the tetratic phase at high concentrations 

and the 1∆ phase at the intermediate concentrations. We observed a continuous tetratic→FUN 

phase transition and a first order FUN phase →1∆ phase transition. The FUN phase has local 

clusters of flipped and unflipped particles that are randomly distributed throughout the system 

and the particles have relatively high translational and rotational mobility. At H* > 1.865 for 

HPs and H* > 1.605 for CYLs, the 1∆ phase disappears and the FUN phase transitions to the 

isotropic (I) phase upon expansion, where any ordering signature disappears as the flipped 

particles reached ~30% at the lower concentrations. The FUN phase is hence an extension of 

the I phase but with higher concentration of flipped particles and forms a continuous boundary 

with the I phase at 1.865 < H* < 1.9 for HPs and at 1.605 < H* < 1.61 for CYLs (see Fig. 2). 

Figure 3 show the equilibrated snapshots, 2D structure factor plot, and 𝑢⃗  distribution plot of the 

tetratic, FUN, and 1∆ phases for the HPs at H*= 1.84 and CYLs at H*= 1.595. The change in 

the structural symmetry from fourfold to disorder to hexagonal symmetry can be observed with 

the concentration of the flipped particles. The 2D structure factor was defined as, 𝑆(𝒌) =

 
1

𝑁
〈[∑ cos(𝒌. 𝒓𝒊)

𝑁
𝑖=1 ]2 + [∑ cos(𝒌. 𝒓𝒊)

𝑁
𝑖=1 ]2〉, where k= (2п nx/Lx, 2п ny/Ly) with integers nx and 

ny chosen so that the wave vector k corresponds to the Bragg peak for the particles position ri.  
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Fig. 2. Quasi-2D phase diagram for (a) HPs and (b) CYLs under hard wall confinement for 

varying H* and ϕ. The dashed black line indicates a continuous boundary between the FUN 

and I phases. In (a) the dotted black line marks boundary between the Uni-TS and Bi-TS phases. 

Symbols: 1∆ = triangular solid phase, I = isotropic phase, Bi-TS = biaxial tetratic solid, Uni-TS 

= uniaxial tetratic solid, FUN = disordered phase with the mixture of flipped and unflipped 

particles, and coex= two-phase coexistence region. The forbidden region encloses inaccessible 

state points.     

 
For the HPs, the hexatic and 1∆ phases occurred at H* > 1.74 and 0.35 < ϕ < 0.48, where the 

phase regions narrow with increasing H* and disappear at H* ~ 1.865. For the CYLs, the 1∆ 
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phase region was observed for 0.46 < ϕ < 0.53 and H* < 1.605. The HPs exhibit a 2D phase 

behavior for H* < 1.74 and is discussed in Sec. III of the SI. We expect the CYLs to also exhibit 

the 2D phase behavior associated with hard disks  [26] for H* < 1.574.  

 

Fig. 3. Equilibrium structures of (a-c) HPs at H* = 1.84 and (d-f) CYLs at H* = 1.595 under 

hard confinement over different ranges of ϕ. Representative snapshots are shown with insets 

for the structure factor and 𝑢⃗  distribution plots. Flipped particles are colored red or blue if most 

or least aligned with the in-plane P4 director. Unflipped particles are colored green. Single 

particle 𝑢⃗ ’s are also depicted in x axis.    

 

The following section IV.B provides a more detailed description of the characterization and 

properties of the different phases in Fig. 2. 
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4.2 Phase behavior of HPs and CYLs in hard confinement model 
 

4.2.1 The (Uni- and Bi-) TS phases form at the highest densities 

 

For the HPs at ϕ > 0.6 and 1.74 < H* < 1.9 shown in Fig. 2a, we observed two sub-phase TS 

regions: Uni-TS and Bi-TS phases. The transition boundary between these phases was 

determined using the cubatic orientational order parameters P41 and P42 [defined in Eq. (3)]. 

Figure 4a shows the equation of state with P* vs. ϕ for HPs at H*= 1.84 (filled circles for 

compression and filled squares for expansion), where the Uni-TS phase formed at the higher 

concentration transitions into the Bi-TS phase upon expansion at ϕ~ 0.662 and P*~ 12.4. We 

observed a sharp drop in the values of P41 from 1.0 and a rise in the P42 from 0.375 that flattens 

to 0.66 < P41 < 0.71 and 0.62 < P42 < 0.63 as the system transitions from the Uni-TS to the Bi-

TS that was observed at 0.576 < ϕ < 0.662. This drop indicates that the percolating network of 

the orientationally aligned cluster of the flipped particles present in the Uni-TS dissolves into 

the Bi-TS where the size of clusters is about a few particles across and are randomly distributed 

along the two XY perpendicular directors (see Fig. S11 in the SI). The varying length scales of 

the coexisting clusters having perpendicular alignment along the XY plane suggests that the 

Uni-TS Bi-TS transition is continuous. The analysis using the positional pair-correlation, 

g(r*), and fourfold local bond orientational correlation functions, g4(r
*) [defined in Eq. (5)], 

shows that both Uni-TS and Bi-TS have long-range translational and fourfold bond 

orientational order (see Fig. S12 and Sec. ID in the SI describing the associated square lattice 

structure construction). We note that the mixed bi-orientational states in the Bi-TS is stabilized 

by the transition between degenerate in-plane orientations of the flipped particles (sampled by 

the two-particle MC moves) that increases the mixing entropy, with grain boundaries 

contributing to increase the local free-volume. At higher ϕ, the free energy is minimized by 

enhancing the packing efficiency (manifested as PV < 0) that drives the system to the more 

uniformly aligned columnar structure of the flipped particles in the Uni-TS. 
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Fig. 4. Equation of state, P* vs. ϕ, showing the compression and expansion runs for (a) HPs at 

H* = 1.84 and (b) CYLs at H* = 1.595. Dotted lines mark approximate phase boundaries. The 

variation of cubatic order parameters P41 and P42 with ϕ is also shown. Phase symbols as in 

caption of Fig. 2.  

 

For CYLs, the tetratic phase precedes the Uni-TS (see Fig. 2b) instead of the Bi-TS whose 

inherent square lattice structure cannot be realized with the CYL aspect ratio adopted here. The 

Uni-TS and the tetratic phase occurred at 0.66 < ϕ < 0.768 and 0.565 < ϕ < 0.674, respectively 

for 1.582< H*<1.61. For the H*= 1.595 case shown in Fig. 4b, the Uni-TS transitions into the 

tetratic phase at ϕ ~ 0.663 and P* ~ 7.88. However, the tetratic phase in the range of 0.627 < ϕ 

< 0.663 close to the Uni-TS→tetratic transition boundary has P41 and P42 characteristics similar 

to those of the Bi-TS. For the HPs, the tetratic phase occurred at 1.77 < H* < 1.9 and 0.466 < 
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ϕ< 0.612, where a continuous transition from the Bi-TS to the tetratic phase was observed upon 

expansion. To distinguish the tetratic phase from the Uni-TS and Bi-TS, we examined g4(r
*) 

and g(r*) selecting the −¼ exponent value as threshold to align with the KTHNY theory 

prediction for the scaling parameter lower-bound for the fluid to tetratic phase transition [25]. 

For the tetratic phase occurring at (H*= 1.84, ϕ = 0.534) for HPs and at (H*= 1.595, ϕ = 0.627) 

for CYLs, g4(r
*) reveals a long-ranged order with the exponent value > −¼, while g(r*) shows 

short range translational order with a quick decay of peak amplitude with distance (see Figs. 5 

and S13). The long-range translational order in the tetratic phase is disrupted by the delocalized 

defects created by the weaker alignment of the local flipped particle clusters hence lowering 

the values of P41 < 0.66 and P42 < 0.63 compared to the Bi-TS for HPs and the Uni-TS phase 

for CYLs (see Fig. 4). This misalignment of the flipped particles and associated grain 

boundaries between fourfold clusters with biaxial orientation creates more free volume for the 

unflipped particles to occupy. Upon expanding the tetratic phase to ϕ = 0.507 for HPs and to ϕ 

= 0.576 for CYLs, P41 and P42 drop to moderate values in the range 0.44-0.52 as more particles 

attain the unflipped orientations, further destroying the translational order and the orientational 

alignment of the flipped particles, while still retaining the quasi-long ranged g4(r
*) order. 

 



 

 90 

 
Fig. 5. Bond orientational correlation functions g4(r*) and g6(r*) of different phases for (a,b) 

1352 HPs at H*= 1.84 and (c, d) 1024 CYLs at H*= 1.595 under hard confinement. r* is the 

scaled radial distance. Phase symbols as in Fig. 2. The black dashed lines indicate algebraic 

decay of the orientational correlation with exponent −¼ corresponding to the KTHNY theory 

prediction for the tetratic phase.  

 

4.2.2 The FUN phase reenters into the 1∆ solid on expansion 

As the tetratic phase transitions to the FUN phase, the P41 shows an inflection at (ϕ = 0.507, 

H*= 1.84) for HPs and at (ϕ = 0.576, H*= 1.595) for CYLs (see Fig. 4). After the inflection 

point, P41 (or P42) in the FUN phase continues to increase (or decrease) with decreasing ϕ as 

more particles attain the unflipped orientation that disrupts the orientational order of the flipped 

particles. This indicates that the disorder observed in the FUN phase occurs due to the presence 

of clusters of flipped and unflipped particles randomly distributed throughout the system. On 

further expanding the FUN phase to ϕ < 0.43 for HPs and to ϕ < 0.510 for CYLs, the 

concentration of unflipped particles increases thus forming local solid-like clusters having 

sixfold bond orientation order that eventually nucleate the 1∆ phase. The distribution plots of 
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𝑢⃗  shown in Fig. 3 indicate that the concentration of the particles with unflipped orientation 

increases upon expansion. To rule out the possibility that the FUN phase is a two-phase mixed 

state that lies within a two-phase coexistence region having metastable tetratic and 1∆ phases 

with incomplete melting of solid clusters, we performed an NVT ensemble interfacial simulation 

at H*= 1.84 and ϕ ≈ 0.45 with N = 9600 HPs. The initial configuration for this simulation 

consisted of a well-separated two-phase state within an elongated box, with the high-density 

Bi-TS at ϕ ≈ 0.60 at one side, and the I phase formed at low-densities at the other side. We 

found that regardless of the initial conditions, the interface between the two phases vanished 

and the system ended up forming the FUN phase (see Movie 1). The FUN phase showed short-

range orientational order in g4(r
*) and g6(r

*), and short-range translational order in g(r*) that 

transitions to the 1∆ phase with long range g6(r
*) and pronounced peaks persisting over long 

distances for g(r*) which is indicative of solid-like behavior (see Figs. 5 and S13). The g(r*) 

function also shows an increase in the lattice spacing for the 1∆ phase compared to the tetratic 

phase at higher concentrations.  

 

4.2.3 The FUN and 1∆ phases have distinct pseudo dynamical signatures. 

 

To analyze and compare the dynamical properties of the FUN phase with the tetratic and 1∆ 

phases, we carried out the “pseudo dynamic” Monte Carlo simulations in the NVT ensemble 

(see Sec. IIIc for details). We thus obtained the translational mobility coefficient, μm and the 

rotational autocorrelation function of the particle orientation 𝑢⃗  for the tetratic, FUN, and 1∆ 

phases at different ϕ values for HPs at H*= 1.84 and CYLs at H*= 1.595 (see Fig. 6). The μm 

values for different phases were estimated from the mean square displacement plots shown in 

Fig. S14 in the SI. As the system transitions from the tetratic to the FUN phase, μm increases 

and the rotational autocorrelation function of 𝑢⃗  changes from a roughly linear to a fast 

exponential decay. The higher mobility in the FUN phase can be attributed to the incompatible 

footprint area between the flipped and unflipped particle that precludes efficient packing 

between local clusters. Overall, we observed that the μm for the FUN phase and the tetratic 

phase closer to the tetratic-FUN phase boundary was higher for HPs than those for CYLs, likely 

due to the HP facets creating more local free volume for the particles to both translate and rotate. 
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As the FUN phase transitions to the 1∆ phase, μm drops as expected, indicating that the 1∆ phase 

has low XY translational mobility. The particles have higher μm in the I phase compared to the 

FUN phase for both HPs and CYLs. To compare the pseudo dynamical properties at different 

ϕ, we rescaled the MC step with the acceptance rates and the maximum step sizes and observed 

a higher translational and rotational mobility of the HPs and CYLs in the FUN phase compared 

to the tetratic and 1∆ phases (see Fig. S15). Similar behavior was observed by fixing the 

translational and rotational acceptance ratios that determines the maximum steps sizes of the 

particles. We note that by fixing maximum translational and rotational step sizes in the pseudo 

dynamic simulations we qualitatively compare the local free volume available for the particle 

in different phases. More detailed analysis is required to compare the MC time scale with the 

Brownian time scale that couples both translational and rotational trajectories and account for 

the effects of confinement on the rotation of the biaxial particle shapes in a monolayer.    
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Fig. 6. Dynamic properties of the simulated phases. (a) Variation of translational mobility 

coefficient, μm with ϕ and (b) 𝑢⃗  rotational autocorrelation function vs. Monte Carlo (MC) cycles 

for 1352 HPs at H*= 1.84 and 1024 CYLs at H*= 1.595. In (a) the coexistence region is shown 

as a solid black line, and the tetratic is represented with filled and open blue diamonds for the 

HPs and CYLs, respectively. The FUN phase is shown as cyan crosses and the 1∆ phase as 

green circles. The dotted black line represents the isotropic phase. In (b) the tetratic (blue), FUN 

(cyan), and 1∆ (green) phases are shown as solid lines for HPs at ϕ= 0.564, 0.478, 0.405, and 

as dashed lines for CYLs at ϕ= 0.627, 0.515, 0.484, respectively. 
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Interestingly, the HP 1∆ phase at ϕ= 0.405 reveals an exponential decay of the orientation 𝑣  

(parallel to the hexagonal face) with simulation time, albeit the 𝑣  distribution shows discrete 

sixfold clustering due to the rotational symmetry of the hexagonal facets (see Fig. S16 in the 

SI). This suggests that through local coordinated motions, HPs are able to dynamically explore 

all the sixfold rotational states despite being connected by low probability intermediate states. 

Accordingly, the HP 1∆ phase can also be classified as having  discrete rotator-like 

characteristics given the dynamic particle rotations (connecting a discrete set of orientations) 

which are similar to the slow hopping motions observed in the 1∆ phase for corner-rounded 

hexagons [40]. We note that, in our confinement model with perfect HPs, the 1∆ phase formed 

at intermediate ϕ having significant free volume to allow collective rotational and translational 

motions. 

 

4.2.4 Greater confinement increases fraction of flipped particles. 

 

To understand the effect of confinement on the relative proportion of flipped and unflipped 

particles, we computed the variation of the fraction of flipped particles, ff, with ϕ for different 

H* values (see Fig. 7). ff is the average fraction of particles that satisfies the criterion |𝑢⃗ . 𝑧 |< 0.7 

(see Sec. I in the SI). As expected, the tetratic phase has the higher proportion of flipped 

particles with ff > 0.84 for HPs and ff > 0.75 for CYLs for all plate separations. At H*= 1.8 and 

0.535 < ϕ < 0.585 for HPs and at H*= 1.582 and 0.614 < ϕ < 0.646 for CYLs, the tetratic → 

FUN phase transition disappears, and a direct tetratic→1∆ phase transition occurs upon 

expansion (see Sec. IVD in the SI for more details). The lower density 1∆ phase, having higher 

fraction of the unflipped particles with ff ranging between 0.01-0.1, must be stabilized by gains 

in translational entropy along the z-axis (i.e., the z-translational entropy) to overcome the loss 

in packing entropy. In our athermal system, the associated pressure × volume (PV) “enthalpic” 

contribution to the free energy acts as a knob that controls the strength of the packing entropy 

that optimizes local packing arrangement of the particles. At higher pressures, the free energy 

is minimized by enhancing the P∆V< 0 effects with the tetratic phase whose tightly packed 

flipped particles have low entropy associated with their restricted translational and orientational 

degrees of freedom. Note, however, that an efficient packing does allow gains in particle 
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vibrational motion (and associated) entropy compared to dense but jammed configurations. The 

tetratic phase disappears at H* ~ 1.77 for the HPs and a direct Bi-TS to 1∆ phase transition 

occurs for 1.74 < H* < 1.77 (Fig. 2a). At higher plate separations, more free volume is available 

for the flipped and unflipped particles, and the FUN phase is observed for H* ~ 1.84 with 0.48 

< ff < 0.85 for HPs and for H*~ 1.595 with 0.44 < ff < 0.76 for CYLs. We posit that the FUN 

phase engenders when there is a competition between the z-translational entropy that favors the 

presence of unflipped particles and the entropic packing that favors “flipped-flipped” and 

“unflipped-unflipped” contacts, resulting in clusters of both flipped and unflipped particles 

randomly distributed throughout the system. We observed a drop in the ff values on expanding 

the FUN phase since the unflipped particles have then more z-translational and rotational 

degrees of freedom which take over the packing entropy and result in the 1∆ phase at lower 

density. Figure S24 in the SI shows the increase in the spread of the z-particle distribution 

functions during the expansion run as the system undergoes tetratic→FUN and tetratic→1∆ 

phase transitions. At H*= 1.9 for HPs and H*= 1.61 for CYLs, the FUN phase transitions 

directly into the I phase upon expansion at ff ~ 0.3 without crossing the stable 1∆ phase regions, 

with the persistent high fraction of flipped particles impairing the formation of the 1∆ phase. 

At lower concentrations, we observed a slight increase in the fraction of flipped particles in the 

HP hexatic phase which eventually transitions to the I phase (see Fig. 7a).   
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Fig. 7. Variation of the fraction of flipped particles ff with ϕ for (a) HPs and (b) CYLs at different 

H*. Solid and dashed black lines represent the coexistence region and the I phase, respectively. 

The tetratic, FUN, hexatic, and 1∆ phases are represented by blue diamonds, cyan crosses, red 

triangles, and green circles, respectively. 

 

5. Size polydisperse CYLs in hard confinement: model and experiment 

 
5.1. Size polydispersity can suppress 1∆ monolayer phase and reentrant behavior 

 
In this section, we explore the effects of size polydispersity on the re-entrant phenomenon of 

CYLs using MC simulations under the hard confinement model, and compare these results with 

experimental structures obtained from assembling the fabricated CYLs in a wedge cell 

confinement. The wedge cell allows us to access phases with varying concentrations of flipped 

particles occurring at different confinement heights. Compression runs were carried out to 

obtain the phases at different ϕ and H* values for different degrees of polydispersity (see Sec. 
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IC for simulation details). We fixed sσ = 0.06 and sd = 0.01 and 0.02 to probe whether the 

tetratic→FUN→1∆ phase transition is resilient to size imperfections. Note that the phase 

behavior at narrow plate separations is sensitive to the variation in sd since the diameter 

dimension affects the fraction of particles that can access the flipped orientation observed in 

the FUN and tetratic phases. For sd= 0.02 and sσ = 0.06, the re-entrant phenomenon disappears 

and the tetratic → FUN→ I phase transition persists (see Fig. S25 in the SI). Although the 

nominal sd estimated using SEM micrographs is 0.06, the actual sd estimated from the confocal 

images for the FUN phase at ϕ~ 0.50 was about 0.026 (see Fig. S6a). This decrease in the size 

dispersity is likely due to the fractionation process that occurs as the particles sediment into the 

narrower monolayer confinement separations.  

Figure 8 shows the simulated snapshots, S(k) plots, and the experimental confocal images for 

the tetratic, FUN, and 1∆ phases for the CYLs at different densities. The structure factor pattern 

changes from fourfold tetratic order → no order → sixfold order as the system transitions from 

tetratic → FUN→ 1∆ phase.  The simulated and experimental confocal images of the different 

phases occurred at the conditions indicated by the square and star markers in Fig. 9a that shows 

the variation of ff with ϕ for CYLs with sd = 0.01 and sσ = 0.06 at different H*.  The H* values 

in the simulations were chosen such that with our MC moves more than 80% of the particles 

can attain the flipped orientation at higher densities thus forming the tetratic phase. The tetratic 

phase was observed at ff > 0.75 for 1.646 H* 1.670 (see Fig. 9a). At H*= 1.646, the re-entrant 

FUN phase occurs at ϕ < 0.576 and ff < 0.75 and was stable up to ϕ = 0.48 and ff = 0.3 before 

transitioning into the 1∆ phase with ϕ = 0.46 and ff =0.08. For H* > 1.646, the 1∆ phase 

disappears at lower densities and the FUN phase transitions directly to the I phase. The 

experimental ff values reported in Fig. 8 were obtained by manually counting the flipped and 

unflipped particle orientations from the confocal images with 38.6 μm × 37.6 μm field area. 

The two orientations were distinguished based on the difference in the projected area and 

geometry. We estimated a total count of about 720, 620, and 540 particles in the tetratic, FUN 

and 1∆ phases, respectively. The volume of each particle was calculated using <d> and <σ> 

obtained from the SEM micrographs. The experimental ϕ were roughly estimated by using the 

average particle diameter <d> as the gap size; since the true experimental confinement gap is 

likely greater than the <d>, the reported ϕ values can be seen as an upper bound for the tetratic 
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and FUN phases. The experimental values thus estimated are ϕ~ 0.60 and ff ~ 0.94 for the tetratic 

phase, ϕ~ 0.50 and ff ~ 0.74 for the FUN phase, and ϕ~ 0.44 and ff ~ 0.06 for the 1∆ phases. 

Note that the ff value obtained for the FUN phase lies very close to the predicted tetratic-FUN 

phase boundary in Fig. 9a. Unflipped  flipped transitions through thermal fluctuations are 

crucial in the experiments to access the FUN and tetratic phases. For the fabricated CYLs with 

dimensions <d> and <σ> and density mismatch ∆ρ between the solvent and the particle, we 

indeed estimated a barrier for unhindered unflipped→flipped rotation to be less than kbT (i.e., 

∆Ug ~ 0.4 kbT as shown in Sec. IIC and Fig. S6b in the SI).  
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Fig. 8. Simulated (left) and confocal (right) images for CYLs under hard confinement 

exhibiting tetratic, FUN, and 1∆ structures with the indicated  and ff values. Insets show the 

structure factors. Simulated phases have N= 1254 and polydispersity sd = 0.01 and sσ = 0.06. 

Flipped and unflipped particle are colored red and cyan. (Right) The flipped and unflipped 

particles have different projected geometry and area. The yellow dashed lines show the local 

column clusters. The tetratic, FUN, and 1∆ phases have 740, 620, and 540 particles within a 

38.6 μm × 37.6 μm field area. Lateral schematics represent how sampling of flipped↔unflipped 

states is accomplished in MC simulations via flip moves (left) and in the wedge confinement 

cell via migration of flipped and unflipped particles from wide to narrow separations (right).  
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Fig. 9. (a) Variation of ff with ϕ for CYLs with sd = 0.01 and sh = 0.06 at different H* values. 

Black lines represent the coexistence (solid) and I phase (dashed) regions. The tetratic, FUN, 

hexatic, and 1∆ phases are represented by blue diamonds, cyan crosses, red triangles, and green 

circles, respectively. The star (red) and square (blue) markers indicate the experimental and 

simulated state points for the tetratic and FUN phases. (b,c) Percentage of column clusters 

having different number Nc of flipped particles in column stacks.  
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5.2 Simulation and experimental phases have similar structural signatures 

To investigate the similarities between the experimental and simulated phases, we analyzed the 

static and dynamic structural properties of the tetratic and FUN phases. The static properties 

were examined using the local orientational clustering order parameter, Pi (rc) =  
1

𝑛
 ∑ cos 𝜃𝑖𝑗

𝑛
𝑗 , 

where j identifies flipped particles within the distance cutoff, rc ~ 1.25σ from the position of the 

flipped particle i, n is the number of nearest neighbors, θij is the angle between the orientations  

𝑢⃗ 𝑖 and 𝑢⃗ 𝑗 . We set the threshold for Pi (rc) as 0.7 and identified the number of particles, Nc, 

forming a continuous network of flipped column clusters. The length of the column clusters in 

the confocal images were estimated by visual counting. Figure 9b and 9c show the percentage 

of columns having Nc values ranging between 2 and 7 for the tetratic and FUN phases. To 

compare with experimental phases having similar ff values, we used the simulated tetratic phase 

at ϕ = 0.587 and ff = 0.90 and the FUN phase at ϕ = 0.577 and ff = 0.73. The column length 

distributions from experiment and simulation agree within 10%. The tetratic/FUN phase has 

about 16%/8% of Nc= 4 columns and 9%/3% of Nc= 5 columns. The tetratic phase also has a 

higher percentage of longer columns with Nc > 5 and a smaller percentage of short columns 

with Nc< 3 than the FUN phase. This indicates that as ff decreases from 0.90 to 0.73 the long 

columns found in the tetratic phase break up into shorter columns in the FUN phase, destroying 

the fourfold features in the system. To probe the dynamic properties of the tetratic and FUN 

phases, we carried out pseudo dynamic NVT simulations and observed a slower decay in the 

rotational correlation function for the tetratic phase compared to the FUN phase (see Fig. S26 

in the SI). Movie 2 in the SI shows the experimental tetratic phase with a well packed bi-

orientational structure having more restricted rotational movement than the FUN phase shown 

in Movie 3, where the particles have more local free volume to rotate and translate. Note that 

the assemblies in Movies 2 and 3 the particle’s motion exhibits Brownian characteristics.   

Although the experimental and simulated structures of the FUN phase have similar static and 

dynamical properties, the experimental ϕ is lower, which could partially be due to the additional 

interparticle repulsive force created by the particle coating’s negative zeta potential as reported 

in Sec. IIB. Moreover, it is likely that the experimental structures examined had not reached the 

(denser) equilibrated ϕ and could be kinetically arrested. Indeed, both the ‘equilibrium’ FUN 

and tetratic phases found in simulation are only reproducibly attainable regardless of history if 
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the particles’ flipped and unflipped states are ergodically accessed, which could not have 

happened at the corresponding wall separations in the experiments. This indicates that the FUN 

and tetratic structures we observe in experiments originated when the flipped and unflipped 

particles occurring at wider wall separations (and lower ) migrated to the narrower separations 

where the particles’ rotational states were trapped but still had in-plane translational degrees of 

freedom to form more compact structures (see schematics in Fig. 8).  Hence both MC 

simulations (with its unphysical flip moves) and the wedge-cell experiments (with its gradual 

narrowing and migration of large particle ensembles) provide a comprehensive sampling of all 

possible particle “initial states” which can then seed dense structures that “fall” into different 

basins of phase space. 

 

6. Bridging rotational phase space using soft-repulsive wall model 

 
The re-entrant melting transition observed for the HPs and CYLs under the hard confinement 

model is associated with the broken ergodicity that results by the disconnected rotational phase 

space between the flipped and unflipped orientations. As an approach to dynamically bridge 

the gap between the two rotational states and transform the intermediate forbidden states into 

low-but-finite probability states, we implement a soft confinement model with a soft repulsive 

layer coating at the bottom wall (see Sec. IIA for details). By tuning the softness and thickness 

of a repulsive layer coating, we can control the positional penalty of the particles along the z-

axis to find conditions where the reentrant phenomenon observed for the hard confinement 

scenario can be practically realized. We studied the phase behavior of HPs with R= 1.82 at H*= 

1.95 which allows for dynamic flipping of the particles. The phase transitions were mapped for 

varying values of the soft layer thickness, a*, and its modulus parameter, β*. 

Figure 10a shows the phase transition sequences observed for the soft confinement model at 

different values of soft layer parameters, β* and a*. The different types of phase transition 

sequences were identified by mapping them onto the global phase diagram for the hard wall 

confinement at varying H* values shown in Fig. 2a (whose HPs have R= 2):  

(i) For a*= 0.72 and β* < 6.5, we observed the phase sequence corresponding to the 

tetratic→ FUN→ I  transition. By decreasing a*, the β* required to attain the 

tetratic→ FUN→ I transition expectedly increases.  
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(ii) For any value of a*, increasing β* pushes the phase behavior into  tetratic→ FUN→ 

1∆ phase transition  

(iii) Further increasing β* leads to a direct tetratic →1∆ transition. Figure S27 shows the 

equation of state and the correlation functions for a*= 0.45 and β*= 17.3, where the 

FUN phase occurred within the range of 0.421 < ϕ < 0.467.  

(iv) Further increasing β* leads to the 1∆→ hexatic phase transition, having 2D phase 

behavior since then the soft layer is rather “hard” and the effective wall separation 

effectively corresponds to the hard confinement model having 2D phase behavior.  

  

Fig. 10. (a) Different types of phase transition sequences observed using soft confinement 

model for varying β* and a*. (b) Rotational free energy FR at different rotational states for the 
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FUN phase with ϕ= 0.439 at H*= 1.84 under hard confinement and ϕ= 0.432 at H*= 1.95, β* 

= 17.3 and a* = 0.45 under soft confinement. 𝑢⃗  is the unit vector perpendicular to the flat 

particle face and 𝑧  is the unit vector in the z direction.  

    

To gauge if the FUN phase is experimentally viable with the soft confinement model, we 

estimated the transition barrier between the unflipped and the flipped rotational states by 

calculating the rotational free energy, FR = -kbT ln(P(|𝑢⃗ . 𝑧 |)), where P(|𝑢⃗ . 𝑧 |) is the probability 

of occurrence of the indicated rotational state, kb is the Boltzmann constant and T is the 

temperature. We compared the FR between the hard and soft confinement models at the 

conditions where the intermediate FUN phase was observed; namely at ϕ= 0.432 and H*= 1.84 

(see Sec. IVB Fig. 3) for the hard confinement model and at ϕ= 0.440, β* = 17.3 and a* = 0.45 

for the soft confinement model. Figure 10b shows the estimated flipped ↔ unflipped particle 

transition barrier as 8.6 kbT indicative of events with infrequent but experimentally accessible 

time scales of the order of 1 hr (estimated by correcting the unhindered rotational tumbling time 

of microparticles in water [41]). The interaction between the particles and walls and the ensuing 

particle-rotation barrier can be manipulated based on the soft layer material, e.g., by tuning the 

grafting density and the length of grafted polymers [42,43].  

 

7. Final remarks and outlook 

 
In summary, we explored the quasi-2D (monolayer) phase behavior of hard HPs and CYLs in 

slit-pore confinement where the flipped and unflipped orientational states of the particles are 

dynamically disconnected. Phases with diverse structural order can be realized by coupling the 

anisotropy associated with particle shape with the restriction of the entropic degrees of freedom 

of these particles imposed by external potentials like slit confinement. Through specialized MC 

moves that ergodically sample both orientational states, our simulations mapped out the 

thermodynamic phase behavior. By varying the separation of the plates, one can effectively 

tune the z-translational entropy of the particles and hence control the fraction of particles that 

can access the flipped or unflipped orientations. The chosen particle shapes are such that their 

footprint changes significantly in area and packing symmetry (i.e., from hexagonal to tetratic) 

as they go from unflipped to flipped orientations. This unique combination of confinement 



 

 105 

effect and particle’s orientation creates an interesting re-entrant transition where an intervening 

disordered FUN phase occurs between two solid phases, namely, a tetratic phase (favored by 

hard rectangles) and a 1∆ phase (favored by hexagons). The FUN phase has randomly 

distributed local clusters of flipped and unflipped particles whose incompatible footprint areas 

create more free volume for the particles to rearrange. The tetratic → FUN phase transition is 

continuous while the FUN phase → phase transition is first order. At narrow separations, a first 

order transition is observed between the tetratic phase and the 1∆ phase for both HPs and CYLs. 

Fast confocal image analysis of fabricated CYLs assembled at different densities inside a 

wedge-cell was used to identify structures consistent with the FUN phase, the 1∆ phase and the 

tetratic phase found by simulating particles with 1% and 6% dispersity in diameter and height, 

respectively. The comprehensive sampling of the accessible orientational phase space afforded 

by the simulations and experiments resulted in phases having similar fraction of 

flipped/unflipped particle states and structure, albeit at slightly different conditions. 

Importantly, our approaches are relevant to practical (often non-equilibrium) processes used to 

form materials: our simulations were able to unveil near equilibrium states that actually 

emerged at the end of the non-equilibrium process of filling a wedge cell with a colloidal 

dispersion. To illustrate alternative, close-to-equilibrium approaches that overcome the broken 

dynamic ergodicity inherent to the hard confinement, we also proposed a soft confinement 

model wherein the barrier for the flipped ↔ unflipped transition is large enough to allow the 

formation of the same phases seen for hard confinement, but not so large to preclude such 

transitions from occasionally taking place.  

An alternative approach to control the flipped ↔ unflipped transitions rates and experimentally 

bridge the flipped and unflipped orientations would be to use a pre-programmed hard wall 

actuator that periodically increases and restores the original confinement gap. This time-

dependent position of the hard walls could be tuned such that the fraction of time in the large 

separation is small enough to avoid large structural changes (like bilayer formation) but long 

enough to allow particle flips. Yet another approach to externally control spatial confinement 

is by using external electric/magnetic fields that allows for micro-manipulation of positions and 

orientations of electrically/magnetically active particles to drive the complex assembly of 

macrostructures [28,44]. The tunable external potential in the above systems allows control of 
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the fraction of flipped/unflipped particles and can hence provide similar conditions to reproduce 

the intriguing re-entrant phase behavior observed in our models. The re-entrant phase behavior 

unveiled in this work for the HPs and CYLs stems from the duality in the projected geometries 

when the orientation of a particle changes its flip state. In this context, it would be interesting 

to investigate how the different entropic forces responsible for the re-entrant behavior are 

affected by varying the aspect ratio of the particles. A re-entrant phase behavior akin to the one 

described in this work is likely to be associated with concomitant changes in optical properties 

that could be leveraged to devise photonic band gap crystals [45–47] and optical switches [48]. 

This unique phase behavior can also provide a template for designing reconfigurable colloidal 

materials where an external stimulus is used to change the confinement gap and allow the 

particles to access the flipped and unflipped orientations on command [49,50]. Such an actuator 

would allow to modulate the structure in the system to have sixfold, fourfold or no symmetry.  
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SUPPLEMENTARY INFORMATION 

 

Re-entrant transition as bridges for broken ergodicity in confined colloidal 

hexagonal prisms and cylinders 

B.P. Prajwal1, Jen-Yu Huang1, Meera Ramaswamy2, Tobias Hanrath1, Itai 

Cohen2, Abraham D. Stroock1, Fernando A. Escobedo*,1  

1Department of Chemical and Biomolecular Engineering, Cornell University, Ithaca, New York 14853, USA 

2Department of Physics, Cornell University, Ithaca, New York 14853, USA 

 

1. Simulation methods 

 

A. Potential of mean force 

 

The metric for gauging the anisotropic behavior of the hexagonal prisms (HPs) and cylinders 

(CYLs) under the influence of hard wall confinement was obtained from: 

𝑃𝑀𝐹(𝑧) = −𝑘𝑏𝑇 ln (〈𝑒
−𝑈(𝑧)

𝑘𝑏𝑇⁄
〉)   (S1) 

where kb is Boltzmann’s constant, T is temperature, U(z) is the potential energy of interaction 

between the hard walls and particle centered at z position, and  denote ensemble average. The 

PMF was calculated by placing a particle with random orientation at different z positions 

between the hard walls and checking for any overlap between the particle and the walls. For 

each z value, we sampled 105 random particle orientations to calculate the average Boltzmann’s 

factors in Eq. S1. The calculation was repeated for 103 different z positions between the walls. 

Figure S1 shows the PMF for HPs and CYLs for the ranges of plate separations, H* where the 

solid-solid and solid-disordered-solid transitions were observed for the hard confinement model 

(see main text for details). As expected, the PMF profile is symmetric about the center of the 

plate separation located at 0, with higher probabilities for particles to reside near that center 

where more free volume is available to access rotational states i.e., flipped and unflipped states. 

Away from the slit center, the PMF profile tends to diverge as particles encounter a more 

restrictive space and only unflipped states are accessible.   
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Fig. S1 (color online). Potential of mean force for the HPs and CYLs at different plate 

separations, H*. The dashed lines represent the hard wall boundaries.  

 

To obtain the correlation between the particle orientations and the z positions of the center of 

mass of the particle, we calculate the two-dimensional (2D) histogram of the scaled z positions 

and |𝑢⃗ . 𝑧 | where 𝑢⃗  is the particle’s principal orientation unit vector and 𝑧  is the z direction unit 

vector. Figure S2 shows the probability distribution of the flipped and the unflipped orientation 

regions for the plate separations where the two orientation states are dynamically disconnected. 

At 1.8 < H* < 1.9 for HPs and 1.582 < H* < 1.61 for CYLs, we observed that the unflipped 

orientations are more favorable compared to the flipped orientations at lower concentrations 

since the former can access more z-positions and rotational states. We note that the PMF 

calculations and 2D histogram analysis carried out in this section pertain to the infinitely dilute 

limit. 
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Fig. S2 (color online).  Two-dimensional histogram of the scaled z positions and the 

orientations of the HPs (Top panel) and CYLs (bottom panel). 𝑢⃗  is the principal orientation unit 

vector that is perpendicular to the flat face of the particle. 𝑧  is the z direction unit vector. The 

unflipped and flipped regions are marked. The scale bar indicates the probability of occurrence 

of each state.  

 

B. Floppy Box Monte Carlo method 

 

In the scenario where a predictable densest crystal phase cannot be achieved by simple 

compression runs of large systems, we adopted the Floppy Box Monte Carlo algorithm [1] to 

predict the densest crystal phase. Using this algorithm, we simulated systems with a small 

number of particles (typically N < 12) in an isothermal-isobaric (NPT) ensemble, where all the 

moves were accepted or rejected based on the Metropolis criterion, allowing for changes in the 

box XY-dimensional area and shape during the volume move attempts. Initially, systems with 

4, 6, and 8 particles are equilibrated at low pressures for 3 × 106 MC cycles and the 

subsequently compressed with small pressure steps until reaching a high pressure, P* = 8000. 

We perform 30-50 such compression runs with different random number seeds and initial 

configurations, and the final densest crystal phase is determined from its relative occurrence 
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frequency in different compression runs. The structure thus obtained was used as the unit cell 

to construct larger systems, whose stability is further tested by using NPT simulations with 

anisotropic volume moves.  

 

C. Size polydisperse mixture of CYLs in hard confinement 

 

We considered “quenched” size polydispersity wherein the size distribution was discretized and 

fixed in an NPT ensemble simulation. Compression runs were carried out to obtain the phases 

at different ϕ and H* values for different degrees of polydispersity in height, sσ and diameter, 

sd. The polydispersity in d and σ, was estimated by, 

𝑠𝑎
2 =

〈𝑎2〉

〈𝑎〉2
− 1                 (S2) 

where a is the characteristic length that corresponds to d and σ. P* = P〈𝜎〉3/kbT and H*=H/〈𝜎〉, 

where 〈𝜎〉 is the average height of the CYLs obtained from SEM micrographs. We fixed sσ = 

0.06 and sd = 0.01 and 0.02 to closely match the polydispersity observed in experiments. The 

desired polydispersity in sd and sσ were imposed in the initial random configuration by randomly 

selecting the sizes of 1254 particles from a Gaussian distribution with <di>= 1.625 and <σi>= 

1.0, and standard deviation δ (see Fig. S3). Each MC cycle consists of N translation, N rotation, 

N/10 flip, N/10 swap, N/10 two-particle in-plane move and 2 isotropic volume moves, where N 

is the total number of particles. A swap move randomly chooses a particle pair and swap their 

positions while preserving the orientation. Each pressure run consisted of 107 MC cycles with 

last 5 × 106 cycles used as production runs.  
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Fig. S3 (color online). Sample size distributions for different nominal polydispersities, , in 

diameter and height for 1254 CYLs. sd and sσ are the size dispersity parameters in the diameter 

and height of the particle. The shaded region represents the actual distribution attained in the 

quenched polydisperse configuration while the lines are the ideal Gaussian distribution curves 

 

 

 

D. Construction of square lattice from the flipped HP particle 

orientations 

  
To reveal the inherent square lattice in the Uni-TS and Bi-TS phases formed by the HPs with 

aspect ratio, R= 2, we followed the construction detailed in Ref. [2]. The geometric construction 

of the square lattice from the HP particle is depicted in Fig. S4. We construct the C2 points 

which are a unit distance from the center of mass C1 using the orientation 𝑣  and −𝑣  of the 

flipped particle (𝑣  is parallel to the hexagonal face of the particle).  For example, for the flipped 

particle with 𝑣 = (1,0,0) or (0,1,0) orientations, the projected domino in the XY plane can be 

split into two squares with centroids C2. Using this construction, we can detect the long-range 

translational or bond-orientational order in the Uni-TS and Bi-TS solid phases.     
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Fig. S4 (color online).  Square lattice construction from the flipped HP particle with R= 2. The 

points C2 are at a unit distance from the center of mass, C1. 𝑣  is the orientation vector of the 

flipped particle that is parallel to the flat face of the particle. 𝑢⃗  is the principal orientation vector 

of the flipped particle that is perpendicular to the flat face of the particle. The right panel shows 

the square lattice constructed by splitting the domino projection on the XY-plane: Blue and red 

indicate particle with 𝑣  = (1,0,0) and (0,1,0) orientations, respectively.    

 

 

 

 

2 Experimental protocol 

 

A. Materials 

SU-8 2001 negative photoresist, Omnicoat, SU-8 developer and Remover PG were purchased 

from Microchem corp (www.microchem.com). Tergitol NP70 was obtained from Dow 

Chemical (www.dow.com). Isopropyl alcohol (IPA) was purchased from Sigma-Aldrich 

(www.sigmaaldrich.com). Fluorescein dye (ACROS organics). 100 mm silicon wafer. 24 × 60 

mm micro cover glass (www.vwr.com). 2 × 3 in. microscope slides. Epoxy Adhesives 

(HARDMAN). Norland UV optical glue. UV 365 nm lamp 4 WATT (Analytik Jena US). 

    

 

 

 

http://www.microchem.com/
http://www.dow.com/
http://www.sigmaaldrich.com/
http://www.vwr.com/
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B. Detailed fabrication process and suspension preparation 

 

1) Silicon wafer preparation: The silicon wafer was dehydrated by heating on a hotplate at 

150°C for 30 minutes.  

2) Spin coating of a sacrificial layer of Omnicoat:  

a. 4 ml of Omnicoat was applied as a centered and circular puddle on the silicon 

wafer.  

b. The Omnicoat spreading used 500 rpm (at 100 rpm/s acceleration) for 10 secs 

and coating used 3000 rpm (at 300 rpm/s acceleration) for 30 secs.    

c. The wafer was then placed on a vacuum hotplate at 200°C for 1 min to remove 

the solvent. The wafer was cooled to ambient temperature before proceeding to 

the step 3. 

3) Spin coating of SU-8 2001 layer:  

a. 5 ml of SU-8 2001 resist was applied as a centered and circular puddle on the 

silicon wafer. 

b. To obtain ~ 1 μm layer of the SU-8 2001 resist, spreading was done with 500 

rpm (at 100 rpm/s acceleration) for 20 secs and coating with 3000 rpm (at 300 

rpm/s acceleration) for 30 secs. The backside of the wafer was carefully cleaned 

by wiping with an acetone-wetted wipe.  

c. Soft bake: After spinning, the wafer was placed on a levelled vacuum hotplate 

at 65°C for 2 mins and 95°C for 3 mins to remove the solvent and densify the 

layer. To ensure uniform heating of the SU-8 layer, we placed the wafer on a 

pre-heated quartz disk on the hotplate.  

4) Exposure of the wafer through a Chromium-on-glass photomask with round holes using 

5X stepper (GCA Autostep 200 DSW i-line 365 nm Wafer Stepper). A pattern with 

3000 × 3000 arrays of circular holes with diameter ~ 8.6 μm was generated on the Cr 

photomask using the Heidelberg Mask Write-DWL2000. The exposure time, and the 

lens focus in the 5X stepper machine were optimized to obtain the final diameter, d and 

parallel side walls in the cylindrical particles. The exposure time and focus were set as 

0.22 secs and -1.4 μm, respectively.       
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5)  Post-exposure bake of the SU-8 layer: the wafer was placed on a vacuum hotplate at 

65°C for 2 mins and 95°C for 3 mins to cross link the exposed photoresist. The wafer 

was cooled to ambient temperature before proceeding to the next step. 

6) Development of the SU-8 layer: The wafer was placed in a ~100 ml of SU-8 Developer 

for 1 min with manual gentle agitation. It was then carefully rinsed with IPA and 

immersed into a dish of IPA. If a white film persists, the wafer was developed for more 

time in a fresh SU-8 developer. The wafer was then rinsed carefully with DI water, IPA, 

and finally dried with nitrogen. Steps 1-6 were repeated for 10 wafers to obtain high 

concentration of particle suspension. 

7) Release of the particles via dissolution of the sacrificial layer: The developed wafers 

were individually placed in a clean crystallization dish containing 100 mL of Remover 

PG and sonicated for 2 mins in an ultrasonic cleaner (Branson CPX5800H). The wafers 

were rinsed in Remover PG after sonication.   

8) Suspension preparation: 20 ml suspension of cylinders in Remover PG was placed in 

50 ml polypropylene centrifuge tubes. Centrifugation (Beckman Coulter Allegra X-12) 

was performed for each tube at 3000 rpm for 5 mins. The supernatant was discarded in 

each tube, and the particles were redispersed by sonication and a vortex mixer in 5 ml 

DI water. The 5 ml suspensions were then combined in one 50 ml centrifuge tube. The 

following procedure was repeated three times with DI water: (i) Centrifugation at 3000 

rpm for 5 mins, (ii) removal of the supernatant, and (iii) redispersion of the particles in 

10 ml DI water by sonication and a vortex mixer. Using the same procedure, the 

particles were then washed twice with IPA and three times with aqueous solution 

containing 75 μM (0.015 wt %) of Tergitol NP70. The volume was finally adjusted to 

~ 5 ml, which corresponds to a particle concentration ~ 4.5 × 108 particles/ml and the 

suspension was transferred to a 10 ml glass vial. The sample was observed under optical 

microscopy after 24 hrs to check for any aggregation. Finally, the stable dispersed 

suspension was mixed with a small amount of fluorescein dye (2 mg/ml) to enable 

imaging.   
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C. Characterization of particles 

 

Figure S5 a and b shows asymmetric features at the edges of the particles: the edges on the flat 

end in contact with the Omnicoat layer was sharp compared to the more rounded edges in the 

opposite face. A small sample of particles dispersed in DI water was deposited on a silicon 

wafer and imaged by SEM (Zeiss Supra 55VP or Zeiss Ultra 55) and the distribution of the 

height, σ and diameter, d of the particles was measured from 190 sample images (Fig. S5 c and 

d). We obtained the sd and sσ values from the distribution as 0.05 and 0.06, respectively. We 

also measured the zeta potential as ~ -50.9 ± 5.14 mV for the released particles in DI water 

using a light scattering tool (Malvern Zetasize Nano-ZS) and the measured value matches with 

the zeta potential of the “rough” cylinder particles [3]. The reported density of SU-8, ρp is 1200 

kg/m3. To understand the effect of the density mismatch between the CYL lithoparticles and 

water solvent on the orientation of the particle, we estimated the energy of the particle, Ug using, 

 

    
𝑈𝑔

𝑘𝑏𝑇
= 

∆𝜌 𝑉𝑝 𝑔  

4.11×103  (
〈𝑑〉

2
sin 𝜃 +

〈𝜎〉

2
cos 𝜃)            (S3) 

 

where ∆ρ = ρp - ρwater (kg/m3), Vp is the particle volume (μm3), g is the gravitational acceleration 

(m/s2), and θ is the orientational angle between the unit vector perpendicular to the flat particle 

face and the unit vector in the z direction. We estimated a low transition barrier ∆Ug ~ 0.4 kbT 

between unflipped and flipped orientations (see Fig. S6).  
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Fig. S5 (color online). Size distribution of particles with aspect ratio ~1.62 (a-b) obtained from 

scanning electron micrographs and (b-c) structure of the SU-8 2001 CYL lithoparticles. (a-b) 

The red curves are fits to the data using a Gaussian distribution with d = 1.56 ± 0.08 μm and σ 

= 0.96 ± 0.06 μm. (c) Arrow (red) shows the curved edge of the particle. (d) The end-to-end 

arrangement of the flipped particles show variation in particle diameter and height.  
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Fig. S6 (color online). (a) Distribution of the particle diameter, d obtained from the confocal 

images of the FUN phase at ϕ= 0.5. The red curves are fits to the data using a Gaussian 

distribution with d = 1.55 ± 0.04 μm and sd= 0.026. (b) The energy, Ug, of the single particle at 

different rotational states accounting for the density mismatch between the CYL lithoparticle 

and water solvent (see Eq. S3). The orientational angle θ is the angle between the unit vector 

perpendicular to the flat particle face and the unit vector in the z direction.  

 

D. Sample preparation 

 
Wedge cell confinement was assembled using 24 × 60 mm coverslips with a 2 × 3 in. 

microscope slide that provides mechanical support. The coverslips were cleaned in aqueous 

NaOH solution for at least 30 mins and thoroughly washed in DI water. A coverslip was glued 

to the microscope slide using Norland UV adhesive that was cured with 365 nm UV lamp. Two 

rows of spacer dots (cured UV adhesive) were deposited near the top of the supported coverslip 

and another coverslip was overlaid. On the opposite end, pressure was applied to create a zero-

height separation edge. This edge along with the two other sides were sealed with epoxy, 

leaving the top edge open for particle injection. Particle suspension was injected into the cell 

via a micropipette tip and was sealed with epoxy. To sediment the particles into the quasi-2D 

regions, the confinement cell was tilted at ~ 60° for at least 48 hrs. After sufficient densification, 

the cell was laid flat for another 48 hrs to equilibrate and the structures in the quasi-2D regions 

were examined using the Zeiss LSM 5 LIVE confocal microscope.   
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3 2D phase behavior 

 

A. Hexagonal prisms 

 

 

 

Fig. S7 (color online). Global phase diagram for hexagonal prisms at varying hard wall plate 

separation, H*, and volume fraction, ϕ. The I, 1∆, and hexatic phase boundaries are shown. 1∆ 

denotes the triangular solid and I is the isotropic phase, respectively. The forbidden region 

denotes the inaccessible state points in the phase diagram.  

 

Figure S7 shows the phase behavior for the hard confinement model at narrow ranges of plate 

separation, 1.0 < H* < 1.74. The phases observed are similar to those of hard hexagons in a 2D 

plane, where the system transitions from the isotropic (I) phase to a triangular (1∆) solid phase 

with an intermediate hexatic phase upon increasing the volume fraction, ϕ [4]. Figure S8a 

shows the equation of state for H*= 1.1. As the I phase is compressed to P* >2.0 and 0.605 < 
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ϕ < 0.631, the particles assemble into a partially ordered structure with the characteristics of the 

hexatic phase (Ψ6 = 0.4-0.65) and no four-fold order (Ψ4 ≈ 0). The global bond order value, Ψn 

where n=6 or 4, is obtained by calculating 〈|
1

𝑁
∑ 𝛷𝑛(𝒓𝑵)𝑁

𝑖=1 |〉 where 𝛷𝑛(𝒓𝑵) is the local n-fold 

bond orientational order of N particles. At P*= 2.33 and ϕ= 0.610, the analysis using the six-

fold bond orientation correlation (g6(r*)) and pair correlation (g(r*)) functions shown in Fig. 

S8b and S8c indicates that the hexatic phase has short ranged translational order, with quickly 

decaying of g(r*) peaks, and quasi-long ranged six-fold orientational order, with a g6(r*) 

decaying algebraically with exponent −¼. By further increasing P*, the system assembles into 

a solid structure forming the 1∆ solid phase that has both long-ranged g(r*) peaks and long-

ranged g6(r*) correlation function with 𝛹6 = 0.7-0.98. Figure S9 shows snapshots and 

associated structure factors, which display six-fold patterns due to the hexagonal order in the 

hexatic and 1∆ solid phase.  Overall, our analysis suggests that the hexatic→1∆ solid transition 

follow the continuous KTHNY mechanism [5]. However, a rigorous analysis using simulations 

of much larger systems would be required to establish the mechanism more definitely and 

accurately map the boundaries of these transitions. 
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Fig. S8 (color online): Equation of state and correlation functions for N= 1254 hexagonal 

prisms obtained by compression runs for H* = 1.1. (a) Variation of P*, Ψ6, and Ψ4 as a function 

of volume fraction, ϕ. Bond orientational correlation function, g6(r*) (b), and radial distribution 

function, g(r*) (c) corresponding to the hexatic and 1∆ phases. The dashed line indicates the 

algebraic decay with exponent −¼ (b) and − 1
3⁄  (c) corresponding to the KTHNY theory 

prediction for the hexatic phase and 1∆ solid phase, respectively.  
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Fig. S9 (color online): Snapshots for left I (P* = 1.88, ϕ = 0.57), center: hexatic (P* = 2.33, ϕ 

= 0.610), and right: 1∆ solid phase (P* = 2.36, ϕ = 0.631) for a system of N = 1254 hexagonal 

prisms, including the corresponding structure factor, S(k). Particles are colored based on the 

local Φ6 values shown in the color bar atop.  

 

At H*= 1.1 and ϕ= 0.627, the z-coordinate distribution is quite narrow, reflecting a small leeway 

in the z-direction (Fig. S10). As H* is increased (1.2 < H* < 1.74), the distributions become 

broader since the system increases configurational entropy by exploring positions available in 

the z-direction. These larger fluctuations along the z-axis occur even at higher concentrations 

due to the misalignment of particles within the monolayer. All the distributions shown in Fig. 

S10 are unimodal and the large fluctuations indicate that the particles have large local 

displacement modes similar to vibrational normal modes, which is a key contributor to the free 

energy of hard-core solids.  
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Fig. S10 (color online): Z-coordinate particle distribution for the crystal structures at H* = 1.1 

(a), 1.2 (b), 1.5 (c), and 1.7 (d). The dotted lines show the bounds of accessible states. (Insets) 

Snapshots showing misalignment of particles along the z-axis.  
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4 Quasi-2D phase behavior for monodisperse HPs and CYLs 
 

A. Uni-TS phase →Bi-TS phase transition at H*= 1.84 for HPs in hard confinement 

 

 

Fig. S11 (color online): Equilibrium snapshots of (a) Uni-TS and (b) Bi-TS phases for 1352 

HPs at H* = 1.84 for the  ranges indicated. Insets show the structure factor, and the 

orientational 𝑢⃗  distribution plots. The diffused peaks observed in the structure factor plot of the 

Uni-TS phase is attributed to the sliding/defects between the layers containing the flipped 

particle. Uni-TS/Bi-TS indicate the uniaxial/biaxial tetratic solid phase. 
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Fig. S12 (color online): Correlation functions of the Uni-TS and Bi-TS phases for 1352 HPs at 

H*= 1.84 under hard confinement. Bond orientational correlation, g4(r*) and positional pair-

correlation, g(r*) functions are shown, where r* is the scaled radial distance.  

 

B. Translational and rotational mobility for HPs at H*= 1.84 and CYLs at H*= 1.595 

 

 

 
Fig. S13 (color online): Mean square displacement for (a) HPs and (b) CYLs against Monte 

Carlo cycles for the tetratic phase, FUN phase, and 1∆ phases. 
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Fig. S14 (color online): 𝑣  rotational autocorrelation function against Monte Carlo cycles for 

1352 HPs for the 1∆ phase at ϕ= 0.405, P*= 2.44 and H*= 1.84. The 𝑣  distribution plot in the 

inset shows discrete sixfold symmetry.  
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C. Direct tetratic→1∆ phase transition for HPs at H*= 1.8 and CYLs at H*= 1.582 

 
 

 

Fig. S15 (color online). Equation of state, P* vs. ϕ, showing the compression and expansion 

runs for (a) HPs and (b) CYLs at H* = 1.8 and 1.582, respectively. Dotted lines mark the 

approximate phase boundaries. For the HPs, compression/expansions used 1254/1352 particles. 

For the CYLs, the compression and expansion state points were obtained using 1024 particles. 

The variation of the cubatic order parameters, P41 and P42, and translational mobility coefficient 

(scaled by a factor of 10-5), μm, are also shown. 1∆ = triangular solid phase, Uni-TS/Bi-TS = 

uniaxial/biaxial tetratic solid phase, and FUN = disordered phase with a mixture of flipped and 

unflipped particles.  
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Fig. S16 (color online): Correlation functions for hexagonal prisms under a hard confinement 

separation, H* = 1.8. (a, b) Bond orientational correlation functions, g4(r*) and g6(r*), (c) pair-

correlation function g(r*) for the Bi-TS, tetratic and 1∆ solid phases. r* is the scaled radial 

distance. 
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Fig. S17 (color online): Correlation functions for CYLs under hard confinement separation, H* 

= 1.582. (a, b) Bond orientational correlation functions, g4(r*) and g6(r*), (c) pair-correlation 

function g(r*) for the Bi-TS, tetratic and 1∆ solid phase. r* is the scaled radial distance. 
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Fig. S18 (color online). Equilibrium structures of (a-c) HPs and (d-f) CYLs under hard 

confinement for different ranges of ϕ at H* = 1.8 and 1.582, respectively. Representative 

snapshots, structure factor, and the 𝑢⃗  distribution plots for the stable phases are shown as insets. 

The flipped particles are colored based on the alignment with the P4 in-plane director, where 

red and blue are the most and least aligned particles. The unflipped particles are colored green. 

Single particle 𝑢⃗ ’s are also depicted in x axis. I = isotropic phase.    
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Fig. S19 (color online): Mean square displacement (a) and rotational autocorrelation function 

for all three particle axes (b), (c), (d) against Monte Carlo Cycles for Bi-TS, tetratic, and 1∆ 

solid phases at a hard plate separation, H* = 1.8. 
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D. Tetratic→FUN→I phase transition for HPs at H*= 1.9 and CYLs at 

H*= 1.61 

 

 

 
Fig. S20 (color online). Equation of state, P* vs. ϕ, showing the compression and expansion 

runs for (a) HPs and the (b) CYLs at H* = 1.9 and 1.61, respectively. Dotted lines mark the 

approximate phase boundaries. For the HPs, compression/expansion runs used 1254/1352 

particles. For CYLs, the compression and expansion state points were obtained using 1024 

particles. The variation of cubatic order parameters, P41 and P42, are also shown. 1∆ = triangular 

solid phase, Uni-TS/Bi-TS = uniaxial/biaxial tetratic solid phase, and FUN = disordered phase 

with a mixture of flipped and unflipped particle states.  
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Fig. S21 (color online): Correlation functions for (a, b) HP and (c, d) CYL at H*= 1.9 and 1.61, 

respectively. (a, c) Bond orientational correlation functions, g4(r*) and g6(r*), and (c) pair-

correlation function g(r*) for the Bi-TS, FUN, tetratic and 1∆ solid phases. r* is the scaled 

radial distance.  
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E. z-particle distribution function for HPs at H*= 1.84 and 1.8 and CYLs at 

H*= 1.595 and 1.582 

 

 
Fig. S22 (color online): Z-coordinate distribution function for (a, b) HPs and (c, d) CYLs under 

different hard plate separation for the tetratic, FUN, and 1∆ phases.  
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5 Size polydisperse mixture of CYLs under hard confinement 

 

 

A. Rotational autocorrelation function 

 

               
Fig. S23 (color online): Rotational autocorrelation function against Monte Carlo cycles of the 

orientational vector 𝑢⃗  for 1254 CYLs with sd = 0.01 and sσ = 0.06 at H*= 1.025. 
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B. Phase behavior for sd = 0.02 and sσ = 0.06 

 

 
Fig. S24 (color online): Variation of ff with ϕ for CYLs with sd = 0.02 and sh = 0.06 at different 

H* values. Black lines (dashed) represent the I phase regions. The tetratic and FUN phases are 

represented by blue diamonds, cyan crosses, respectively. 
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6 Soft confinement model with HPs 

 

 

 
Fig. S25 (color online): (a) Equation of state, P* vs. ϕ, showing the expansion runs for the HPs 

at H*= 1.9 and soft layer parameters β = 17.3 and a* = 0.45. 
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Fig. S26 (color online): Equilibrium structures of HPs under soft confinement at H*= 1.9 and 

soft layer parameters β = 17.3 and a* = 0.45. Representative snapshots and the structure factor 

for the stable phases are shown as insets. The flipped particles are colored based on the 

alignment with the in-plane P4 director, where red and blue are the most and least aligned 

particles. The unflipped particles are colored green. 1∆ = triangular solid phase, I = isotropic 

phase, and FUN = disordered phase with a mixture of flipped and unflipped particle states.    
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Abstract 

Monte Carlo simulations were used to study the assembly of model binary mixtures whose pure 

components have either distinct or similar crystal order symmetry. Specifically, we simulated 

mixtures of hard disks with either squares or hexagons, where the components have size ratios 

that optimize their co-assembly into compositionally disordered solids. For the disks+squares 

mixture, along with the enhanced regions of solid miscibility, we report a novel continuous-

looking transition from the disk-like to the square-like behavior that occurs through a region 

that seamlessly bridges the regions of hexatic phase of disks and the tetratic phase of squares, 

which we term the mosaic (M) state. For the equimolar composition, this M state is bound by 

the isotropic phase at low pressures and by the hexatic-tetratic (two-phase) macro-phase 

segregated region above a critical transition pressure. Our analysis showed that the M state lies 

in the vicinity of the critical point, manifesting local compositional fluctuations that give rise 

to micro-phase segregated regions of interspersed square-rich four-fold and rhombic lattice 

symmetry, and disk-rich six-fold clusters, that coexist across the system. The M state is 

characterized by a short-ranged translational order and an algebraic decay of the correlation 

functions for six-fold and four-fold orientational order. A finite size scaling analysis was used 

to evaluate the dependence of the local compositional susceptibility with the system size to 

extract the critical exponent associated with the M→two-phase transition. For the 

disks+hexagons mixture, a fully mixed hexatic phase was observed for all compositions.  
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1. Introduction 
 

Recent advances in the synthesis [1–3] and fabrication [4,5] of faceted sub-micron particles 

with different shapes have spurred interest in their use as building blocks for the assembly of 

targeted complex structures. Several tunable parameters like particle shape [6,7] and inter-

particle interactions  [7,8], allow the design of a wide range of morphologies having enhanced 

optical characteristics for potential applications in nanophotonics [9,10], sensing [11], and 

catalysis [12–14]. Towards designing such materials, recent efforts have focused on predicting 

phase behavior using theory  [15,16] and simulation [6,17–21] for hard polyhedral particles in 

the bulk (3D) and in monolayers (2D), where the formation of ordered structures entirely 

depends on the entropic forces encoded in the particle shape. In particular, several experimental 

protocols leveraging slit confinement or interfacial pinning  [22,23] can be deployed to 

assemble monolayers from different readily synthesizable nano- and micro-sized polyhedral or 

polygonal particles for applications in thin-film optical and electronic devices  [24–28].  

Single-component hard-particle superstructures arise at sufficiently high concentrations due to 

packing entropy manifesting as effective entropic bonds between the constituent particles. Pure 

systems of squares have been predicted to exhibit a Kosterlitz-Thouless-Halperin-Nelson-

Young (KTHNY) [29–32] behavior, wherein the transition is continuous between both 

isotropic fluid and tetratic phase and tetratic and solid phases [21]. Simulation results reported 

for the melting behavior of hard disks suggest that the transition occurs in two steps with a first-

order fluid-hexatic transition and a continuous hexatic-solid phase transition [33]. The tetratic 

and hexatic phases are partially ordered phases characterized by a short-range translational 

order and quasi-long ranged bond orientational order. 

By mixing particles of different shapes, we can access a wider variety of superstructures having 

a combination of the constituents’ physical properties. For example, ordered superstructures 

have been predicted for binary mixtures of hexagons+squares, squares+triangles, 

hexagons+triangles with and without enthalpic patchiness encoded in their facets [34]. The 

phase behavior of binary mixtures strongly depends on the relative size ratios and contents of 

the components. This correlation was observed, e.g, in a size-bidisperse system of hard disks, 

where the liquid-hexatic-solid transition changes to a first order liquid-solid transition upon 

increasing the composition of the small disks  [35]. For binary mixtures of parallel hard squares 
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having disparate sizes, a fluid-solid phase-separated state was found with small and large 

squares forming the fluid and solid phases, respectively [36]. These predicted phase transitions 

reflect the interplay of mixing and packing entropy. At very high pressures, packing entropy 

dominates over mixing entropy leading to strong segregation of the components into their 

respective stable structures, separated by an interface. An interesting attribute associated with 

the phase separation of mixtures is the occurrence of critical behavior, the point where the two 

phases converge to become a single phase; this critical point can be approached either from the 

single or the two-phase region. The critical behavior associated with phase transitions is driven 

by the divergence in the magnitude of (otherwise local) compositional or density fluctuations 

as the critical point is approached. Critical phenomenon has been observed in a wide range of 

systems like colloid-polymer mixtures  [37,38], active and passive colloid mixtures  [39,40], 

and also in biophysical systems such as multi-component lipid bi-layers, and lipid 

monolayers [41,42]. 

In the context of a fundamental understanding of crystalline and partial ordering in 2D systems, 

the assembly of micro- and nanoparticles on hexagonal and square-lattice arrays [21,43] is well 

established and has been widely studied; however, much less is known about whether and how 

a system can be designed to gradually bridge these two types of ubiquitous lattice symmetries. 

In this work, we tackle this question by studying the entropy-driven assembly of binary 

mixtures of hard disks with squares using Monte Carlo simulations, where the components have 

size ratios that optimize their co-assembly into compositionally disordered solids. For 

reference, we also studied mixtures of disks and hexagons which, in contrast to disks and 

squares, exhibit pure-component solid phases and partially ordered phases with similar 

hexagonal lattice symmetry. 

The disks+squares mixture with optimized size ratio was found to exhibit broad ranges of 

compositions where crystalline (with hexagonal and square order) and partially ordered phases 

(with hexatic and tetratic order) exist. Around the equimolar composition, a novel mosaic (M) 

state was observed having locally ordered microscopic clusters with square-rich four-fold and 

rhombic (RB) lattice symmetry, and disk-rich six-fold symmetry, that are distributed randomly 

throughout the simulated domain. The microscopic ordering of the four-fold and six-fold 

domains found in the M state are associated with the local compositional fluctuations that occur 
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in the region closer to the hexatic-tetratic critical point. This coexistence of finite clusters of 

two different symmetries over a finite range of conditions (pressures and compositions) can be 

seen as a small region that lies in the vicinity of the critical point, associated with the interplay 

of the hexatic and tetratic phases observed for the disk-rich and square-rich systems, 

respectively. For the binary mixtures of hexagons and disks, the hexatic phase is observed for 

all compositions since the individual pure-components have similar order-disorder transition 

behavior and lattice symmetry. 

 

2. Methods 

 
2.1  Exchange free energy calculation 

We explored the phase behavior of 2D hard binary mixtures of disks+squares and 

disks+hexagons, when the components have size ratios that optimize their co-assembly into 

solid solutions. The size ratio is defined as ξ = σ/a where σ = disk diameter and a = polygon 

edge length. For this purpose, we adopted the exchange free-energy method [44] to predict  

values which tend to maximize the range of compositions and packing fractions where 

substitutionally disordered solid solutions occur. This general approach was recently introduced 

and applied to 3D mixtures of spheres and polyhedra. The method is based on finding the  

value that minimizes an exchange free-energy (∆Fx) metric, which is obtained by adding the 

excess chemical potentials associated with substituting one particle in each pure host solid by 

a guest particle:  

                            ∆𝐹𝑥 =  𝜇𝑒𝑥
𝑠1 (ℎ𝑜𝑠𝑡 → 𝑔𝑢𝑒𝑠𝑡) +  𝜇𝑒𝑥

𝑠2 (ℎ𝑜𝑠𝑡 → 𝑔𝑢𝑒𝑠𝑡)                            (1)                           

where 𝜇𝑒𝑥
𝑠𝑖  is the reduced excess chemical potential (in units of thermal energy) associated with 

a single-particle host-to-guest mutation in pure host phase 𝑠𝑖 (i = 1 or 2). 𝜇𝑒𝑥
𝑠𝑖  is also a mixing 

free energy at infinite guest dilution (see connection in Supplementary Information, SI, Sec. I) 

and hence by minimizing ∆Fx i.e., the “cost” for host-guest substitutions in both solid phases, 

mixing entropy and substitutionally disordered solution behavior are enhanced. 

∆Fx was found by using the unoptimized Bennett’s formula, resulting in, 

         ∆𝐹𝑥  ≈ − ln {
〈𝑃𝑎𝑐𝑐

𝑠1 (1 →2)〉

〈𝑃𝑎𝑐𝑐
𝑠1 (2 →1)〉

 
〈𝑃𝑎𝑐𝑐

𝑠2 (2 →1)〉

〈𝑃𝑎𝑐𝑐
𝑠2 (1 →2)〉

},                                                              (2)  

where 〈𝑃𝑎𝑐𝑐
𝑠𝑖 (𝑖 → 𝑗)〉 (or 〈𝑃𝑎𝑐𝑐

𝑠𝑖 (𝑗 → 𝑖)〉) is the average acceptance probability of virtually 
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mutating one particle of type i (or j) into a particle of type j (or i) in phase 𝑠𝑖 at pressure, pm  [44]. 

pm is the smallest pressure at which both pure components are solid phases for a given ξ. To 

estimate the pm value, we selected the isotropic→tetratic transition as the relevant condition for 

the squares since the tetratic phase is a partially “ordered” phase that is stable for a broad range 

of densities (see SI Sec. II). In the case of disks and hexagons, since the hexatic phase region is 

narrow and heterogeneous, we choose the conditions for the hexatic→triangular solid (1∆) 

phase transition (had we chosen the isotropic-hexatic transition pressure instead would have 

made no difference). To compute ∆Fx for different ξ, we used system sizes of 5040 particles for 

the disks+squares system and 6400 particles for the disks+hexagons system. Figure 1a shows 

the results for ∆Fx vs. ξ for the hard-core mixture of disks+squares. The minimum of ∆Fx occurs 

for ξ = 1.04, which, coincidentally corresponds to ξ where the pure disks and pure squares have 

equivalent order-disorder transition pressure (ODP)  [45]. A relatively flat profile is observed 

for ∆Fx between ξ  1.04 and ξ  1.2 (noting that ξ  1.13 corresponds to the shapes having 

equal area), with differences < 0.2 kbT. This region occurs when the product of the exchange 

probabilities, shown in the inset of Fig. 1a, are maximized. We choose ξ = 1.1 as the 

representative optimal value expected to promote the formation of regions with substitutionally 

disordered solid solutions (i.e., for the disk-rich and square-rich solid solutions), being quite 

near to ξ = 1.04 at the ∆Fx minimum. Similar calculations were performed for the 

disks+hexagons mixture shown in Fig. 1b. We observed the ∆Fx minimum for ξ = 1.82 

(corresponding to equal-area shapes and quite close to ξ = 1.84 prescribed by the equal-ODP 

rule  [45]). The difference in ∆Fx values is < 0.6 kbT for 1.6 < ξ < 2.0, indicating a relatively 

wide range of ξ expected to promote substitutionally disordered solid solutions.   
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Fig. 1 (color online). Variation of the exchange free energy, ∆Fx, with component size ratio,  

= σ/a, for the hard-core mixture of (a) disks and squares and (b) disks and hexagons (σ = 

diameter of disk, a = polygon edge length). The  values corresponding to equal footprint area 

and equal order-disorder transition pressure (ODP) are indicated. Curves are shifted so that the 

minimal value corresponds to ∆Fx = 0. The inset shows the average exchange probabilities 𝑃𝑎𝑐𝑐 

for mutating a host particle into a guest particle in the two solid phases (s1-disks (1), s2- squares 

or hexagons (2)) which are used to estimate ∆Fx.  
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2.2  Bond orientational order parameter 

 
For 2D monolayer structures, the local n-fold bond orientational order, 𝛷𝑛(𝒓𝒌) for each k 

particle is given by, 

 

                                    𝛷𝑛(𝒓𝒌) =  
1

𝑁𝑘
 ∑ exp(𝑖𝑛𝜃𝑗𝑘)

𝑘
𝑗=1                                               (3) 

 

where i is the imaginary number and 𝜃𝑗𝑘 is the angle between the vector connecting particle k 

with its neighbor j and a fixed reference vector. 𝑁𝑘 is the number of nearest neighbors of 

particles k. For n= 6, 𝑁𝑘 was calculated via Voronoi tessellation, while for n= 4, the four closest 

neighbors were used to avoid the degeneracy in the Voronoi construction [46]. The global six-

fold and four-fold bond order parameter is then obtained by, 

 

                                       〈𝛹𝑛〉 =  〈
1

𝑁
 ∑ 𝛷𝑛(𝒓𝒌)

𝑁
𝑘=1 〉                                                    (4) 

 

To analyze the correlation length of the local bond order parameters, we compute the n-fold 

local bond orientational correlation function given by,  

 

                                      𝑔𝑛(𝑟
∗) =  〈𝛷𝑛(0) 𝛷𝑛

∗(𝒓)〉                                                     (5) 

 

where * indicates the complex conjugate of 𝛷𝑛(𝒓) for the particle at a distance 𝒓 from the 

reference particle.  

 
2.3 Mapping of pressure-composition phase diagram 

At each selected composition of a mixture, we used hard-particle Monte Carlo (MC) 

simulations in the isothermal-isobaric NPT ensemble and serial compression runs with small 

pressure steps, ∆P* = 0.4, starting from a low-density disordered state. We simulated systems 

with sizes in the range 8000 N  11203 to estimate equation of state data and approximate 

phase boundaries; e.g., for the hexatic and tetratic phases. Each pressure step entailed 107 MC 

cycles with the last 2.5 × 106 cycles used for analysis, where each cycle includes N translations, 
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N rotations, N/2 swaps and 2 volume moves. A swap move randomly chooses a particle pair of 

different species (disk and polygon) and swap their positions while preserving the orientation 

of the polygon. Swap moves are imperative to speed-up the equilibration of the systems 

allowing particles to explore phase space far from their original positions [47]. All trial moves 

were accepted according to the Metropolis criterion, rejecting any overlaps between two disks, 

two polygons (via Gilbert-Johnson-Keerthi algorithm [48]) or a disk and a polygon (via the 

separating axes theorem [49]). The step size for the translational, rotational and volume moves 

are tuned to target acceptance probability values of 0.4, 0.4, 0.3, respectively.  

We verified the formation of solid solutions by mapping the pressure-composition phase 

diagram for the binary mixtures with the optimized components size ratio ξ values (1.1 for 

disks+squares and 1.82 for disks+hexagons mixtures). The phase boundaries were identified by 

analyzing the local correlation of the six-fold and four-fold bond-orientational (see Sec. II B for 

details) and the positional order parameters.  

At high pressures, the disks+squares mixture phase-separate into their respective nearly pure 

component solid phases. The regions where the two phases coexist were mapped based on the 

results from interfacial simulations (see SI Sec. III). Most interfacial simulations were carried 

out at the equimolar global composition, with additional runs performed for other compositions 

to better map out the two-phase coexistence boundaries. Results are reported in dimensionless 

quantities for distance, r* = r/a, reduced pressure, P* = Pa2/kbT  and area fraction/density, 𝜂 =

 𝑁𝐴𝑝 𝐴⁄ , where 𝑃 is pressure, kb is Boltzmann’s constant, 𝑇 is temperature, 𝑁 is the total 

number for particles, 𝐴 is the total area of the system, and 𝐴𝑝 is the area occupied by the 

particles. 
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2.4 Analysis of critical and near critical point behavior in disks+squares system 

Finite size scaling (fss) analysis was used to locate the critical point and extract the critical 

exponents associated with the hexatic-tetratic phase transition. As the critical point is 

approached the correlation length and the susceptibility, χ, both diverge following a power law. 

The fss analysis provides a way to extrapolate the diverging properties obtained in finite box 

size simulation to the thermodynamic limit. In this study, we carry out the fss analysis for the 

squares+disks mixture with = 1.1 to obtain the critical point and extract the critical exponents 

at the equimolar composition. The analysis is done for N= 10000 particles and at each value of 

P*, the square simulation box with side length, Lb is divided into 𝑁𝑏 × 𝑁𝑏 (where 𝑁𝑏=1, 2,…) 

sub-cells of linear dimension, L (= Lb/𝑁𝑏  )  [49]. We note here that the fluctuation observed in 

L at each P* due to area-changing moves was less than 1%. We measure the susceptibility χ as 

a function of P* for each sub-cell width L, using the fluctuation relation given by [39],  

 

                                       𝜒(𝑃∗) =  𝐿2 〈(𝑆 − 〈𝑆〉)2〉                                          (6) 

 

where the local order parameter, S= 𝑥𝑠𝑞
𝐿 − 𝑥𝑑

𝐿,  𝑥𝑠𝑞
𝐿  and 𝑥𝑑

𝐿 are the compositions of squares and 

disks within the sub-cell of width L. The χ for the bimodal distribution observed in the two-

phase region is evaluated by assuming a mixture model of two normal distributions [39].  We 

note here that the local compositional fluctuations gauged using the fss analysis are akin to 

those that would be observed in a grand canonical ensemble. The sub-cell sizes are carefully 

chosen such that the length L, assuming L≥ ℇ (where ℇ is the correlation length), provides a 

reasonable statistical measure of the local compositional fluctuations.  

We also performed large scale simulation of the M state that occurs near the critical point to 

obtain the long-ranged characteristics of the six-fold and four-fold bond-orientational order 

parameters. To achieve this, we followed the scale-up protocol described in Ref. [21]. First, we 

equilibrated the equimolar disks+squares mixture with ξ= 1.1 and N= 6400 particles in the NPT 

ensemble at P*= 14.9 starting from a random initial particle configuration in a square box. The 

final equilibrated structure with the target density is replicated 2×2 times to obtain the initial 

configuration with N= 25600 particles for the second equilibration run in the isochoric (NVT) 

ensemble. In the final stage, the equilibrated structure is again replicated to reach the target 
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system size with N= 102400 particles and equilibrated in the NVT ensemble. At every stage, the 

equilibration runs were carried out for 107 MC cycles. Results are reported in dimensionless 

quantities for distance, r* = r/a, reduced pressure, P* = Pa2/kbT  and area fraction/density, 𝜂 =

 𝑁𝐴𝑝 𝐴⁄ , where 𝑃 is pressure, kb is Boltzmann’s constant, 𝑇 is temperature, 𝑁 is the total 

number for particles, 𝐴 is the total area of the system, and 𝐴𝑝 is the area occupied by the 

particles. 

 

3. Results and discussions 
 

The area fraction-composition and pressure-composition (Figs. 2a and b) phase diagrams 

exhibit broad stable regions of substitutionally disordered square-rich 1□ (square lattice) and 

disk-rich 1∆ (triangular lattice) solid solutions along with the hexatic (in disk-rich region) and 

tetratic (in square-rich region) phases. The disk-rich 1∆ solid phase dissolves up to 30% of 

squares which do not have any orientational preference and are randomly distributed throughout 

the underlying 1∆ lattice sites (Fig. S3 in SI Sec. V). In the square-rich side, the 1□ solid phase 

dissolves up to 26% of disks and is preceded by regions of tetratic and I (isotropic) phases at 

lower pressures. For η < 0.836 and P* < 19 and for all 𝑥𝑠 values, we observed two main phase 

transitions: I → hexatic and hexatic → 1∆ solid in the disk-rich region (xs < 0.3) and I → tetratic 

and tetratic → 1□ solid in the square-rich region (xs > 0.74). The transitions from the I phase to 

the ordered 1∆ (or 1□) solid, occurring through an intermediate hexatic (or tetratic) phase, are 

analogous to the well-studied phase transitions in the systems of pure monodisperse hard-disks 

(or hard-squares). The tetratic phase formed by the pure squares (𝑥𝑠=1.0) is stable over a range 

~ 8.25 < P* < 15.4 and 0.72 < η < 0.832  [21] that is wider than the 7.59 < P* < 7.68 and 0.716 

< η < 0.72 [33,51] range of the hexatic phase formed by pure disks (𝑥𝑠=0), a difference that can 

be attributed to the defects being more delocalized in the tetratic phase [21].  
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FIG. 2 (color online). Area-composition and pressure-composition phase diagram for mixtures 

of disks+squares (a and b) and disks+hexagons (b and c) at their corresponding optimal 

component size-ratio ξ = σ/a of 1.1 and 1.82, respectively. In (a and b) the white dot indicates 

the critical point at equimolar composition and the yellow and grey-shaded area corresponds to 

the M state and two-phase coexistence region, respectively. In (a) the tie lines in the two-phase 

regions are shown as dashed lines. The insets in (a) and (b) shows the I, hexatic and 1∆ regions 

as xs→0.  The symbols 1∆, 1□, and I denote the triangular solid, square solid, isotropic phase, 

respectively and M indicates the mosaic state. 

 

Figure 2a and b also shows that, with increasing molar fraction of squares (disks) in the disk-

rich (square-rich) region, the range of η and P* where the hexatic (tetratic) phase is stable 

increases significantly compared to the pure disk (square) system. This increase in the stability 

region for the hexatic phase with 𝑥𝑠 suggests that the squares accentuate the hexatic behavior 

as it persists even for up to P* ~ 16.2, which is approximately twice the pure-disk hexatic → 
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1∆ solid transition pressure of P*≈ 7.68. The tetratic phase is stable up to P*≈ 18.9 with 

increasing disk concentration, which is about 1.2 times the pure-square tetratic → 1□ solid 

transition pressure, P* ≈ 15.4. This increase in the stability regions of the hexatic and tetratic 

phases with the content of the guest component is attributable to the increased concentration of 

topological defects created by the dissimilarly shaped particles residing in the host-solid lattice. 

These defects tend to destroy the quasi-long-range positional correlation in the solid phases in 

favor of the corresponding partially ordered phases.  

The disks and hexagons form a ‘compatible’ mixture system since both pure components form 

the hexatic and 1∆ ordered phases. As shown in Figs. 2c and d, this enables a high mixing 

affinity that leads to the formation of a 1∆ solid solution for the entire range of hexagon 

compositions, xh. The hexatic phase was stable for all compositions within the narrow range of 

2.70 < P* < 2.77 and 0.708 < η < 0.72  in the disk-rich and 2.64< P* < 2.73 and 0.68 < η < 0.71 

in the hexagon-rich regions. We identified the boundaries between the hexatic phase and 1∆ 

solid solution by analyzing the positional pair-correlation and six-fold bond orientational 

correlation functions (see Sec. VIII and Fig. S14 in the SI for details). We note here that two-

1∆ phase-separated states are likely to occur at pressures much larger than those simulated here, 

and reach conditions where packing entropy would overtake the mixing entropy that favored 

the 1∆ solid-solution state. Note that for the pure disk limit in the disks+squares and 

disks+hexagons diagrams shown in Figs. 2b and 2d, the stability P*-range of the hexatic phase 

is numerically different because P* values are reduced with respect to the corresponding 

polygon edge lengths (i.e., P* = Pa2/kbT), rather than the disk diameter. The rest of this section 

is devoted to analyzing the highly non-trivial results of the disks+squares mixture only.  

Figures 2a and b shows a peculiar continuous transition between the disk-like and the square-

like behaviors over a range of square molar fractions, 0.48 < xs < 0.53, 14.5< P* < 15.72 and 

0.779< 𝜂 < 0.791. We assign this region bridging the hexatic and the tetratic phases as the 

mosaic (M) state. Along increasing P* or  at the equimolar mixture composition, the M state 

is sandwiched between the I and (hexatic-tetratic) two-phase regions and precedes the critical 

point (see Fig. 3a). The I → M transition occurs at P*= 14.5 and η ≈ 0.779. As the critical point 

is reached at P*= 15.72 and η= 0.791 from the M state, we observed that the distribution width 

of the local order parameter, S (see Fig. 3b) increases, indicating that the fluctuations of the 
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local composition grow giving rise to the micro-domains of square-rich tetratic and disk-rich 

hexatic phases. At P*= 15.84 and η= 0.793, the distribution of S changes from unimodal to 

bimodal indicating the onset of a two-phase coexistence state containing macro-segregated six 

and four-fold ordered domains within the given simulation box size. We used this incipient 

bimodal state (for the equimolar system at P*= 15.84) to estimate the approximate 𝑥𝑠 values of 

the two coexistence phases near the lower bound of the two-phase coexistence boundary shown 

in Figs. 2a and b. We expect a relatively flat boundary closer to the mixture critical point where 

the composition of the two coexisting phases converge.       

 

FIG. 3 (color online). Critical behavior of the equimolar disks+squares mixture with  = 1.1 

and N = 10000. (a) Equation of state, P* vs. η; the star marks the critical point at P*= 15.72 

and η= 0.791 and the vertical solid lines mark approximate boundaries between the I phase-M 

state and (hexatic-tetratic)-(1∆-tetratic) two-phase regions. (b) Distribution of the local order 

parameter, S for states along the M→hexatic-tetratic two-phase transition, obtained by using 

8×8 sub-cells (of dimension L).  (c) Local compositional susceptibility, χ, measured as a 

function of P* for different sub-cell lengths, L. Approximate phase boundaries are shown. (d) 

Relation between the maximum local compositional susceptibility, χm, and L on a logarithmic 

scale. The error bar indicates the fluctuations observed in L and the dashed line is a fit with the 

critical exponent value, 
𝛾

𝜐
 = 1.33. I = isotropic phase, M = mosaic state and a = square side 

length. 
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The critical point shown in Fig. 3a was estimated as follows. Using fss analysis, we measured 

the local compositional susceptibility, χ [see Eq. (6)] for different system sizes to gauge the 

local compositional fluctuation as shown in Fig. 3c and observed that the χ value diverges as 

the critical point is approached from either the M state or the two-phase region. Movie 1 in SI 

shows a sample simulation at the estimated critical point. The criteria for identifying the square-

rich tetratic (red) and disk-rich hexatic (blue) phases in Movie 1 are discussed in Sec. VI and 

Fig. S8 in the SI. We quantitatively evaluate the dependence of the maximum local 

compositional susceptibility, 𝜒𝑚 with the sub-cell size, L as shown in Fig. 3d and estimated the 

critical exponent 
𝛾

𝜐
= 1.33±0.01 by using the scaling relation, 𝜒𝑚 ∝ 𝐿

𝛾

𝜐. The power-law scaling 

nature of the local compositional susceptibility with the system size observed at the critical 

point reflects that the I→M→ (hexatic-tetratic) two-phase behavior is consistent with the 

continuous phase transition having critical exponents belonging to the Ising universality class. 

The 
𝛾

𝜐
 value, however, is inconsistent with the two-dimensional Ising universality class 

(
𝛾

𝜐
=1.75), a difference that could reflect the nature of hexatic and tetratic phases at coexistence. 

However, at least part of this deviation can also be attributed to some of the limitations of our 

computational approach, e.g., the moderate range of sub-cell size, L used in our analysis. While 

much larger L values can allow detection of longer-range correlations of the composition within 

the sub-cells, much longer runs and specialized moves would be required to address the critical 

slowing down behavior that ensues as the critical point is approached. While our analysis is 

based on the variations of a single order parameter (S), field mixing with a second order 

parameter into an ordering operator (via suitably chosen nonuniversal scaling factors) may 

allow matching to the universal Ising distribution of the ordering operator at criticality  [52–

54]; such an approach, however, would require simulations in a semigrand isobaric ensemble 

to allow extensive sampling of global density and composition fluctuations in a finite-size 

system [55–57]. Further investigation into studying the phase transition behaviors using the 

classical XY spin model systems could also provide additional insights on characteristics of the 

system as the critical point is approached [58]. 

The near-critical point fluctuations of the local composition observed in the M state region 

engenders distinctive local structural properties. To characterize and distinguish the M state 
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from the hexatic and tetratic phases, we examined the six and four-fold local bond-orientational 

correlation functions, g6(r
*) and g4(r

*) [defined in Eq. (5)] and the pair correlation function, 

g(r*) (see Fig. 4) for xs= 0.5. At P*= 14.9 and η = 0.783, the M state showed algebraic decay of 

both g6(r
*) and g4(r

*) with an exponent value < −¼, and short-range layering (liquid-like 

behavior) of g(r*). We selected the −¼ exponent value as threshold to align with the KTHNY 

theory prediction for the scaling parameter lower-bound for the fluid to (n-fold)-atic phase 

transition (where n= 4 or 6). The M state has a long-ranged g6(r
*) and g4(r

*) orientational order 

compared to the I phase at P*= 13.7 and η= 0.770, where we observed a quick decay in the 

g6(r
*) and g4(r

*) peaks. The large-r behavior of the g6(r
*) and g4(r

*) shows algebraic decay 

exponents, η6 and η4 for the M state that lie within the range ~ -0.4 < η6 < -0.25 and -0.55 < η4 

< -0.25, respectively; whereas for the I phase  g4(r
*) decays exponentially and g6(r

*) decays 

algebraically with η6= -0.6 (see Fig. 4c). The six-fold ordering is stronger than the four-fold 

ordering in the M state due to the contribution from the RB clusters in the square-rich regions. 

This continuous change in the correlation of the g6(r
*) and g4(r

*) orientational order from I→M 

signals a significant change in the size of the network of six and four-fold clusters, which 

correlates with the sharp growth of χ as the M state region is crossed (en route to the critical 

point) for all sub-cell sizes, L (Fig. 3c). This leads to the formation of ordered micro-domains 

with both hexagonal-like and square-like structural motifs suggesting that the disks and squares 

have comparable proclivity to form stable six-fold and four-fold connections, respectively, that 

coexist across the system. Figure 5 shows that the algebraic decay of g6(r
*) and g4(r

*) 

orientational order of the M state is sustained even for a larger system size, a result that 

correlates with the observation that χ increases with sub-cell size, L (see Fig. S12 in SI), 

indicative that the local compositional fluctuations of the M state increase with system size. 

The M state was also observed for xs=0.49 and 0.52 (see Sec. VI Fig. S10 in SI). As we 

approached the disk-rich (or the square-rich) region, we observed the hexatic (or tetratic) phase 

with quasi-long ranged g6(r
*) (or g4(r

*)) orientational order (see Fig. 2a and b). Results similar 

to those in Fig. 4 are shown in Fig. S11 for the transitions I → hexatic at xs= 0.45 and I → 

tetratic at xs= 0.55. Although the M state was observed within a narrow xs range between 0.48 

and 0.53, the hexatic (or tetratic) phase region at xs= 0.45 (or 0.55) and P* > 15.3 (or P* > 14.9) 

also shows concomitant characteristics of the M state where both g6(r
*) and g4(r

*) orientational 
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order functions decay algebraically along with large values of χ (see SI Fig. S11).  

 

FIG. 4 (online color). Selected properties of equimolar disks+squares mixture with  = 1.1 and 

N = 10000. (a, b) Bond orientational order correlation functions for the I phase and the M state: 

g4(r
*) (a) and g6(r

*) (b). The black dashed and solid lines indicate algebraic and exponential 

decay of the orientational correlation with exponent −1
4⁄  and −1 12⁄ , respectively. The algebraic 

decay exponent values η4 and η6 corresponding to the green and blue dashed lines shown in (a 

and b) for the I phase and M state are reported in table (c). (d) 2D pair correlation functions 

shifted uniformly to distinguish peaks for the phases and conditions indicated (by pressures 

P*). I = isotropic phase, M = mosaic state.   
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Fig. 5 (color online). Bond orientational order functions g4(r

*) (a) and g6(r
*) (b) for the M state 

of equimolar disks+squares mixture with  = 1.1 for N= 10000 and 102400 particles. The 

dashed and solid lines indicate algebraic and exponential decays with exponent −1
4⁄  and −1

12⁄ , 

respectively. 

 

Figures 6a and 6d (inset) show configurations of the M state and the two-phase coexistence 

state at P*= 14.9 and η= 0.783, and P*= 16.5 and η = 0.80, respectively. The clusters of six-

fold and four-fold ordered domains are shown by coloring the particles based on the local values 

of Φ6 (Fig. 6b) and Φ4 (Fig. 6c). For the M state, the coloring reveals a complementary 

correlation between the disk-rich regions with high six-fold clusters and square-rich regions 

with high four-fold ordered clusters, that are randomly distributed throughout the simulated 

domain. We also detected regions of RB order formed by squares with high local values of Φ6. 

To test that the M state is not just a system that has become kinetically arrested en route to 

macro-phase separation, we simulated a system started at a state of complete phase separation 

of squares and disks at P*=14.9, and confirmed that the macro-domains gradually disintegrated 
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to form the M state micro-domains. Movie 2 in the SI shows this transition for an equimolar 

mixture with N= 39712 particles. Overall, our analysis indicates that the M state is indeed a 

near-critical state having a heterogeneous microstructure resembling a “mosaic” of different 

ordered micro-domains which locally resemble tetratic/RB-like and hexatic-like regions. 

 

 

Fig. 6 (color online). Local bond orientational and compositional order for the equimolar 

disks+squares mixture with  = 1.1 and N = 10000. (a)-(c) correspond to the M state at η= 0.783 

where the particles are colored based on type (a) and the local values of Φ6 (b) and Φ4 (c). Each 

snapshot represents a ~1/10th section of the entire simulation box. (d) Approximate phase 

boundaries and local composition parameters, fc
sq and fc

d, as a function of area fraction, η. The 

inset shows a representative snapshot of two-phase coexistence state at η = 0.8. I = isotropic 

phase, M = mosaic state.  

 

To understand the mechanism associated with the I → M transition, we computed the local 

composition parameters, 𝑓𝑐
𝑠𝑞

 and 𝑓𝑐
𝑑 to detect the correlation between the local compositional 

heterogeneity and the presence of ordered domains formed by squares and disks (see Fig. 6d). 
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Parameters 𝑓𝑐
𝑠𝑞

 and 𝑓𝑐
𝑑 are the average fraction of the like-shaped nearest neighbors to a square 

and disk, respectively (normalized such that particles with all like-shaped neighbors 

corresponds to 1). For the I phase, the average values of both 𝑓𝑐
𝑠𝑞

 and 𝑓𝑐
𝑑 are close to a well-

mixed value of 0.5, reflecting the overall equimolar composition. Upon compression, both 𝑓𝑐
𝑠𝑞

 

and 𝑓𝑐
𝑑 increase gradually in the M state (for η > 0.78), and then more steeply as the hexatic-

tetratic two-phase separated region is reached (η > 0.791). The loss of the particles’ local 

compositional mixing observed in the M state compared to the I phase, reveals that the entropic 

bonding [59,60], which favors contacts between like-shaped particles, becomes sufficiently 

strong to seed the formation of disk-rich six-fold and square-rich four-fold micro-domains. The 

grain boundaries around these micro-domains contain particles with both 𝑓𝑐
𝑠𝑞

 and 𝑓𝑐
𝑑 values 

close to 0.5, which can be viewed as compositional “defects” contributing to the structural 

disorder in the M state. The migration of these defects was monitored at η= 0.783 using “pseudo 

dynamic” Monte Carlo simulations in the NVT ensemble. Movie 3 in the SI shows that, 

although the migration of these defects is restricted to the grain boundary regions, their 

compositions decorrelate much faster compared to particles inside ordered domains (see Fig. 

S8c Sec. VI of SI). This suggests that both the growth of ordered M domains from the I state, 

and the slow restructuring of the M domain patterns would be mediated by the accrual of local 

rearrangements at the grain boundaries. The compositional defects  observed in the M state are 

expected to be correlated with the topological defects typically observed in the melting 

transition of two-dimensional solids. 

The growth of the six-fold and four-fold ordered domains during the I → M transition was 

tracked by performing a cluster analysis. The protocol used to identify such clusters is described 

in the SI Sec. IV. The fraction of particles belonging to the largest four-fold and the largest six-

fold clusters increased as the system transitions from the I phase to the M state (see Figs. 7a 

and 7b). In the M state, these largest n-fold (where n= 4 or 6) cluster tend to form a loose, 

interconnected network that is randomly distributed percolating the simulation box as shown in 

the snapshots in Fig 7. While we expect the n-fold clusters to form a percolating network at the 

critical point, we observed that the six-fold clusters also percolated the sample at the M state, 

likely due to the finite size effects. In the I phase in contrast, the largest n-fold clusters are 

isolated and much smaller. We also observed a higher fraction of particles in the six-fold 
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clusters compared to the four-fold clusters as the local RB order formed in the square-rich 

region also contributes to the six-fold symmetry (see Sec.VI Fig.S9 in SI). The fractal nature of 

the six-fold and four-fold clusters is consistent with a continuous phase transition. Figure 8 

shows the relative orientational angle between the largest six-fold and the largest four-fold 

clusters in selected states of the I phase, M and (hexatic-tetratic) two-phase regions (see Sec. 

IV in SI). As the system transitions in the sequence I → M → (hexatic-tetratic) two-phase, the 

orientational correlation between the neighboring six-fold and four-fold ordered clusters 

increases (|6-4| → 0), consistent with the growing correlation length of bond-ordering in the 

whole system and indicative of the preferential alignment of the particles between the square-

rich and disk-rich domains.  

 

 

Fig. 7 (color online). Growth of the four-fold and six-fold ordered domains for the equimolar 

disks+squares mixture with  = 1.1 and N= 10000 for I phase (at P*=13.7) and the M state (at 

P*=14.9). Distribution function of the fraction of particles belonging to the largest four-fold (a) 

and six-fold (b) clusters. Representative snapshots for the I and M states are labelled as I-4 and 

M-4 for four-fold clusters and I-6 and M-6 for six-fold clusters. The particles belonging to the 

first, second, third, and fourth largest clusters are colored in yellow, green, magenta and blue, 

respectively. 
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Fig. 8 Relative orientational angle between the largest six-fold and the largest four-fold clusters 

for representative I (blue), M (orange), and two-phase (green) states. I = isotropic phase, M = 

mosaic state.   

 

Unlike most other near-critical point phenomena described in the literature, particle energetics 

play no role in the underlying phase transition and it is hence instructive to discuss entropy 

effects. The overall mixing entropy of the M state, while lower than that in the I phase (where 

nearly ideal mixing occurs), must be significant. Indeed, while limited mixing happens at the 

length scale of individual particles inside clusters (as in the solid solutions) and at the grain 

boundaries, ‘random’ mixing also occurs at the length scale of the six-fold and four-fold 

ordered clusters due to the local compositional fluctuations near the critical point that scale in 

proportion to the correlation length of the ordered clusters. The result is a system with transient 

but well-defined micro-phase segregated regions which is quite distinct to the macro-phase 

segregated state observed above the critical pressure.  

In our athermal system, pressure and the associated pressurevolume (PV) “enthalpic” 

contribution to the free energy, act as the knob that controls the strength of the packing entropy 

that optimizes local particle arrangements and its interplay with mixing entropy. At low 

pressure, the local compositions are uncorrelated and the interparticle coupling is weak, with a 

neighboring site to a square or disk being indistinctly occupied by another square or disk (quasi 
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random distribution). At higher pressure, compositional correlations and coupling is strong due 

to the loss in mixing entropy, favoring the formation of denser, orientationally aligned six-fold 

(disk-rich) and four-fold (square-rich) clusters that minimize the free energy by enhancing PV 

< 0 effects. Note that a more efficient packing is typically associated with a gain in vibrational 

motion (and associated entropy) of individual particles. The M state observed in this work thus 

engenders when there is a close balance between the packing entropy favoring optimal packing 

of the particles and the mixing entropy favoring contact between unlike particles. 

We posit then that the M state behavior engenders when, at a suitable range of compositions 

and densities, the two competing entropic forces, namely, entropic bonding favoring like-

particle contacts and mixing entropy favoring random contacts, are in such a close balance that 

are able to coexist by attaining a “compromise” state exhibiting both segregated like-particle 

domains and random mixing of those domains. As the M state is compressed to a higher density, 

the entropic cost of unlike contacts overpowers any gain in mixing entropy, leading (upon 

crossing a critical point) to the phase separation of the individual components into disk-rich and 

square-rich ordered phases. Conceptually, the transitions I → M → two-solid-phases with 

pressure for an equimolar mixture could be seen as the coarsening in the correlation length of 

the ordered domains, which goes from being very short ranged (I phase), to mesoscopic (M 

state) to macroscopic (two-phase state). 

To underscore the significance of the optimal component size ratio, ξ, we also simulated phase 

diagrams for other ξ values for the disk+square mixture. We varied the ξ values by ± 27% from 

the representative optimal value of 1.1 so that the associated ∆Fx values are significantly higher 

than those in the relatively flat region for 1.04 < ξ < 1.2 (see Fig. 1). Specifically, Fig. 9 shows 

results for ξ = 0.8 and 1.4 for which, unlike the ξ = 1.1 case in Fig. 2, no M state region was 

detected. In both cases, the stability region of the hexatic phase is much narrower compared to 

the ξ = 1.1 case. Furthermore, while for the ξ = 1.1 case both the disk-rich and square-rich 

phases and solid solution regions are large and comparable in size (giving the phase diagram a 

symmetric look), those regions become very asymmetric for the other ξ  values; i.e., the hexatic 

and 1∆ regions are small, especially for the ξ = 0.8 case. These results clearly show that a system 

with a (near) optimal choice of ξ promotes the stability of ordered phases with substitutional 

disorder over wider ranges of composition and pressure and, by construction of  ∆Fx [see Eq. 
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(1)], it does so in a way that both pure-component ordered phases are similarly represented (see 

Sec. VII). Arguably, the microscopic substitutional symmetry favored by a minimal ∆Fx gets 

translated into a macroscopic symmetry in the substitutionally disordered solids and partially 

ordered phases in the phase diagram.  

 

 

Fig. 9 (color online). Area fraction-composition phase diagrams for disks (diameter σ) and 

squares (side edge a) with different size ratios, ξ = σ/a. Top: ξ = 0.8, bottom: ξ = 1.4. The tie 

lines in the two-phase regions are shown as dashed lines. 1∆ = triangular solid, 1□ = square 

solid, and I = isotropic phase.  
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4. Final Remarks and Outlook 

 

In summary, for the crystal-symmetry incompatible mixture of disk+squares with optimized 

size ratio  ( = 1.1), we mapped the pressure-composition phase diagram which revealed broad 

ranges of compositions and pressures where the hexagonal solid and hexatic phase (favored by 

disks) and square solid and tetratic phase (favored by squares) form. Moreover, we identified a 

distinctive M state that resides near the critical point for the hexatic-tetratic phase coexistence 

region and is characterized by randomly distributed, persistent micro-domains corresponding 

to four-fold and six-fold regions. In contrast, for the crystal-symmetry compatible mixture of 

disks and hexagons with optimized size ratio ( = 1.82), the corresponding phase diagram shows 

that a 1∆ solid solution and the hexatic phase form over the entire range of compositions. 

While the competition between 1∆/hexatic and 1□/tetratic ordering is not uncommon in 2D or 

quasi-2D systems, structures resembling the M state have only been seen under very restrictive 

conditions. For example, cuboctahedral nanoparticles pinned at 2D fluid-fluid interfaces have 

been observed to transition from a hexagonal to a square lattice only as transient, non-

equilibrium states (e.g., as surface ligands are removed and particles bond through their <100> 

facets) [61]. 2D simulations of hard rounded squares [62] of a particular degree of roundedness 

have predicted the formation of a “polycrystalline” phase with a patchy-domain structure 

loosely reminiscent to that of the M state. Through the rounding of square-corners, such a 

system provides a physical interpolation (in a single-component system) between disks and 

squares to reach a state where the entropic tendencies towards the formation of hexagonal and 

square lattices are in close balance, like that achieved in the M region by our disks+squares 

binary mixture.  

The M state found in the disks+squares mixture could display interesting optical phenomenon 

such as critical opalescence since the near-critical point fluctuations of the local composition 

cause the sizes of both four-fold and six-fold symmetry domains to fluctuate over large length 

scales. Alternatively, the dual structural symmetric property observed in the M state could be 

leveraged for specialty applications, e.g., to fabricate a synthetic Chameleon skin [63], optical 

switches [64], or optical biosensors [65]. Indeed, the M state can be seen as a phase with 

pervading seeds of both hexatic and tetratic phases, whose global order could then be readily 

biased (through a suitable external field) to switch between one phase and the other. The 
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methods used and principles unveiled in this work should be general and applicable to many 

other athermal mixtures.    
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SUPPLEMENTARY INFORMATION 

 

Bridging hexatic and tetratic phases in binary mixtures through near-

critical point fluctuations 

B.P. Prajwal and Fernando A. Escobedo* 

 

I. Relation between Fx and mixing free-energy and mixing entropy 

 

Let solid solution s1 have 𝑁𝑠1 total particles and N2 particles of the guest component 2, and 

hence a composition x2:  

𝑥2 = 𝑁2 𝑁𝑠1
⁄       (S1) 

and likewise, the solid solution s2 has 𝑁𝑠2 total particles and N1 particles of guest component 1, 

so that,  

𝑥1 = 𝑁1 𝑁𝑠2
⁄        (S2) 

At the temperature (T) and pressure (P) of interest, the mixing free energy per particle 

associated with both solutions in going from the pure solids to the mixed states is: 

Δ𝑔mixing =
1

𝑁𝑠1

{Δ𝐺𝑠1}mixing
+

1

𝑁𝑠2

{Δ𝐺𝑠2}mixing
   (S3) 

   Δ𝑔mixing = [𝑔𝑠1
(𝑥2) − (1 − 𝑥2)𝑔𝑠1

0 − 𝑥2𝑔𝑠2
0 ] + [𝑔𝑠2

(𝑥1) − (1 − 𝑥1)𝑔𝑠2
0 − 𝑥1𝑔𝑠1

0 ] (S4) 

where 𝑔𝑠𝑖

0 is the free-energy per particle of pure solid 𝑠𝑖 (for i = 1 or 2), and 𝑔𝑠𝑖
() is the free-

energy of solid solution si with composition “” of the guest species. 

Since we do not know a-priori what compositions the solid solutions can attain, we evaluate 

Δ𝑔mixing at the most conservative and convenient compositions, namely, at infinite dilute 

conditions where  x2 → 0 and x1 → 0; in such a case Eq. (S4) reduces to: 

 

Δ𝑔𝑚𝑖𝑥𝑖𝑛𝑔
∞ = [𝑔𝑠1

(𝑥2→0) − 𝑔𝑠1
0 ] + [𝑔𝑠2

(𝑥1→0) − 𝑔𝑠2
0 ]  (S5) 
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To evaluate 𝑔𝑠1
(𝑥2→0), consider the expansion:  

 

  𝑔𝑠1
(𝑥2→0) ≈ 𝑔𝑠1

0 + (
𝜕𝑔𝑠1

0

𝜕𝑥2
)
𝑇,𝑃,𝑁𝑠1

𝑑𝑥2 = 𝑔𝑠1
0 + (

𝜕𝑔𝑠1
0

𝜕𝑁2
)
𝑇,𝑃,𝑁𝑠1

𝑑𝑁2 

 

where Eq. (S1) was used to transform the last term above. Since N2 is an integer variable, the 

partial derivative can be approximated by a finite difference such that for N2 = 1 − 0 = 1: 

 

 𝑔𝑠1
(𝑥2→0) − 𝑔𝑠1

0 =
[𝑔𝑠1

(𝑁2=1)−𝑔𝑠1
(𝑁2=0)]

𝑇,𝑃,𝑁𝑠1

𝛿𝑁2
𝛿𝑁2 = [𝑔𝑠1

(𝑁2 = 1) − 𝑔𝑠1
0 ]

𝑇,𝑃,𝑁𝑠1

 

 

Using this result and a similar expression for 𝑔𝑠2
(𝑥1→0), Eq. (S5) becomes: 

 

Δ𝑔𝑚𝑖𝑥𝑖𝑛𝑔
∞ = [𝑔𝑠1

(𝑁2 = 1) − 𝑔𝑠1
0 ]

𝑇,𝑃,𝑁𝑠1

+   [𝑔𝑠2
(𝑁1 = 1) − 𝑔𝑠2

0 ]
𝑇,𝑃,𝑁𝑠2

  (S6) 

or: 

Δ𝑔𝑚𝑖𝑥𝑖𝑛𝑔
∞ = [𝛿𝑔𝑠1]𝑇,𝑃,𝑁𝑠1

+ [𝛿𝑔𝑠2]𝑇,𝑃,𝑁𝑠2
    (S7) 

where  denotes a property change corresponding to the single guest-particle compositional 

change indicated in Eq. (S6). Each term inside a bracket in Eq. (S6) or (S7), upon multiplication 

by  = 1/kBT, corresponds to the reduced excess chemical potential associated with 

“exchanging” (or mutating) a host particle of the pure phase into a guest particle, as defined in 

Eq. (1) of the main text and hence: 

 

   𝛽Δ𝑔𝑚𝑖𝑥𝑖𝑛𝑔
∞ =  𝜇𝑒𝑥

𝑠1 (1 → 2) +  𝜇𝑒𝑥
𝑠2 (2 → 1)           (S8) 

showing that  Δ𝐹𝑥 = 𝛽Δ𝑔𝑚𝑖𝑥𝑖𝑛𝑔
∞ .  

 

The equations above can be rewritten by splitting the Gibbs free-energy into its enthalpic (H) 

and entropic (S) components; e.g., the counterpart for Eq. (S3) is: 

 



 

 176 

Δ𝑔mixing =
{Δ𝐻𝑠1}mixing

𝑁𝑠1

+
{Δ𝐻𝑠2}mixing

𝑁𝑠2

−
𝑇

𝑁𝑠1

{Δ𝑆𝑠1}mixing
−

𝑇

𝑁𝑠2

{Δ𝑆𝑠2}mixing
 

 

 and for Eq. (S7): 

 

Δ𝑔𝑚𝑖𝑥𝑖𝑛𝑔
∞ = [𝛿ℎ𝑠1  + 𝛿ℎ𝑠2]mixing  − 𝑇[𝛿𝑠𝑠1 + 𝛿𝑠𝑠2]mixing  (S9) 

 

where h and s are enthalpy and entropy per particle. In Eq. (S9) the conditions of constant T, P 

and number of particles have been omitted for simplicity, and the subscript “mixing” made 

explicit as a reminder of the operation implied by each . For an athermal mixture like the ones 

studied in this work, Eq. (S9) can be simplified to: 

 

 Δ𝐹𝑥 = 𝛽Δ𝑔𝑚𝑖𝑥𝑖𝑛𝑔
∞ = 𝛽𝑃 [𝛿𝑣𝑠1 + 𝛿𝑣𝑠2]mixing

− 1
𝑘𝐵

⁄ [𝛿𝑠𝑠1 + 𝛿𝑠𝑠2]mixing  (S10) 

 

 

where v is specific volume. Just like molecular simulations are implemented to evaluate Fx 

(see Sec. III below), simulations can also be used to evaluate the first term in Eq. (S10); this 

would allow us to isolate and indirectly evaluate the mixing entropy term in Eq. (S10). 

However, the volume changes (v) associated with such minor compositional changes will be 

rather small unless the components were to have considerably different sizes; hence, assuming 

that the 2nd term in Eq. (S10) is dominant: 

 

    Δ𝐹𝑥  ≈ −1
𝑘𝐵

⁄ [𝛿𝑆𝑠1 + 𝛿𝑆𝑠2]mixing    (S11) 

 

which indicates that minimizing Fx would tend to maximize the mixing entropy at the dilute 

limit of the guest component in each of the two solid phases. This minimal Fx can be seen as 

a predictor, or a metric for a first-order extrapolation, of the mixing free-energy behavior at 

finite guest compositions. 
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II. Estimating pm for calculating Fx 

For the mixture with components i and j, the relationship between ξ of the components and the 

corresponding pure component order disorder transition pressure (ODP), Pt
k (where k= i or j) 

is: 

𝑃𝑡
𝑖

𝑃𝑡
𝑗
= 𝑘 𝜉2              (𝑆12) 

where k is the ratio of the ODPs when ξ= 1 (see Table S1). The relevant reduced pressure values 

of the pure components used in the exchange free energy calculations are reported in Table S2.   

   

Table S1. Representative values of ξ and pressure, pm, used in the exchange free energy 

calculation for the disks+squares and disks+hexagons mixtures.  Pt
 disk and Pt

 polygon are the 

pressures at the isotropic→tetratic transition for pure squares and the hexatic→triangular solid 

(1∆) transition for pure disks and pure hexagons. The reference polygon edge length is a = 2.   

  

Mixture ξ pm = max(Pt
 disk, Pt

 polygon) 

 

 

disks+squares 

1.0 2.325 (2.325, 2.125) 

1.04 (equal ODP) 2.125 

1.1 2.125 (1.921, 2.125) 

1.13 (equal area) 2.125 (1.821, 2.125) 

 

disks+hexagons 

1.7 0.804 (0.804,0.687) 

1.82 (equal area) 0.702 (0.702,0.687) 

1.84 (equal ODP) 0.687 

1.9 0.687 (0.644,0.687) 
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Data for pure polygons and disk 

Table S2. Equation of state data for pure polygons and disk systems from the literature [1,2]. 

The pure component reduced pressures PL* and corresponding densities η for the ordered 

phases were used in the ∆Fx calculations. The range of densities for the relevant phases is also 

shown. 

Shape Phase Density, η PL* (η) 

Square tetratic 0.72-0.832 17 (~0.722) 

Hexagon hexatic 0.686-0.708 10.9 (~0.713) 

Disk hexatic 0.716-0.720 9.3 (~0.721) 

 

     

III. Interfacial simulation method 

To test the relative stability of the phases near the transition region, we used interfacial 

simulations, where the box dimension was at least five times more elongated along one 

direction compared to the other perpendicular directions. A longer axis (say the x-axis) 

facilitated the formation of distinct two-phase regions under coexistence conditions, with the 

interfaces normal to the long axis. The box cross-sectional length (perpendicular to the long 

axis) was carefully chosen to accommodate pre-equilibrated unit cells of both distinct crystal 

phases, having at least 25-30 particle layers to minimize the finite-size effects. We allowed 

fluctuations in the box dimension along the x-axis only, using volume moves in the NPxT 

ensemble [3]. To estimate the average equilibrium compositions of the individual phases in the 

interfacial simulations, we used a histogram method [4] where the simulation box was divided 

into sub-cells along the long axis and the compositions in each of the sub-cells was computed. 

An optimal sub-cell size was chosen (at least 5σ) such that each sub-cell gives a reasonable 

local estimate of the single-phase compositions. The resulting composition histogram obtained 

showed two peaks (Fig. S1) corresponding to the two phases in the box and the compositions 

of the individual phases was estimated by a simple weighted average of the appropriate peak 

(excluding the interfacial region). 
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Fig S1 (color online). Distribution function of the (a) average square molar composition in the 

sub-cells constructed for the two-phase system obtained from the NPxT Interfacial simulation 

for the disks+squares mixture at P*= 18.9 and N= 4345 (2170 disks+ 2175 squares). The two 

peaks obtained correspond to the square compositions of the individual phases. (b)  Snapshot 

showing the two-phase regions with the 1□ (square solid) in the leftmost region and 1∆ 

(triangular solid) in the rightmost region.  

 

IV. Order parameters for structure determination 

Cubatic order parameter 

To determine global orientational order of the squares in the disks+squares mixtures we 

measure the cubatic order parameter, P4, which is defined as, 

                         𝑃4 = 1 (16𝑁)⁄  ∑ (35|𝒖𝒊𝒋.  𝒏|
4
− 30|𝒖𝒊𝒋.  𝒏|

2
+ 3 )𝑖𝑗                 (𝑆13) 

where 𝒖𝒊𝒋 is the unit vector along the axis j of square i and n is the unit vector that maximizes 

P4 (normalized such that perfect order corresponds to 1). The director n is found by using the 

numerical recipe reported in  [5].  
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Local compositional autocorrelation function 

We analyzed the variation of the square composition, 𝑳𝑪𝒔𝒒 in the local environment of 

each particles over the Monte Carlo (MC) cycles in the mosaic (M) state using the 

autocorrelation function, 𝛾𝑠 defined as, 

    𝛾𝑠 = 
∑ 𝜽̂𝑗 . 𝜽̂𝑗+𝑠 

𝑁𝑀𝐶−𝑁𝑠
𝑗=0

𝑁𝑀𝐶 − 𝑁𝑠
        (𝑆14) 

where 𝜽̂ = 
𝑳𝑪𝒔𝒒− 〈𝑳𝑪𝒔𝒒〉

‖𝑳𝑪𝒔𝒒−〈𝑳𝑪𝒔𝒒〉‖
 ,  𝑳𝑪𝒔𝒒 − 〈𝑳𝑪𝒔𝒒〉 = {𝑥1 − 𝑎̅, 𝑥2 − 𝑎̅, 𝑥3 − 𝑎̅,… , 𝑥𝑁 − 𝑎̅},  𝑎̅ =

 
∑ 𝑥𝑖

𝑁
𝑖=1

𝑁
  and 𝑥𝑖 is a local composition defined as the fraction of particles that are squares within 

the cutoff distance, rc~ 1.7𝜎 from the position of particle i. 𝑁𝑠 is the number of MC cycles over 

which the variation of 𝑳𝑪𝒔𝒒 is measured, 𝑁𝑀𝐶 is the total number of MC cycles, and N is the 

number of particles. We performed these calculations with NVT ensemble simulations using 

only “pseudo dynamic” translation and rotation moves. The step size for these moves was kept 

constant and small, corresponding to an average acceptance probability between 75 and 80 %.  

 

Cluster analysis 

For an equimolar disks+squares mixture, we tracked the growth of the six-fold and four-fold 

ordered domains associated with the I → M → (hexatic-tetratic) two-phase transition. To 

perform this analysis, we adopted the clustering method reported in Ref. [6] that used the local 

order parameter to study the nucleation and growth mechanism of complex ordered structures 

like the lamellar, cylinder and the alternating gyroid phases. We identified the particles 

belonging to the six-fold and four-fold clusters by estimating the correlation between the 

neighboring particles i and j using the dot product of the n-fold local bond orientational vectors 

defined as, 

𝑑𝑝,𝑛(𝑖, 𝑗) =   𝛷𝑛(𝑖) 𝛷𝑛
∗(𝑗)              (𝑆15) 

where * indicates the complex conjugate. The correlations, 𝑑𝑝,6 and 𝑑𝑝,4 are computed for all 

neighboring pairs (i, j) within the cutoff distance, rc~ 1.7𝜎 from the position of particle i. Figure 

S2a shows the frequency histogram of 𝑑𝑝,6 and 𝑑𝑝,4 for both hexatic and tetratic phases. The 

hexatic phase was simulated at xs= 0.3, P*= 14.1, η= 0.773 and the tetratic phase was simulated 

at xs= 0.8, P*= 12.1, η= 0.782. To categorize the two neighboring particles i and j into hexatic-
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like and the tetratic-like connections, we set the threshold 𝑑𝑝,6
𝑐  and 𝑑𝑝,4

𝑐  as 0.33 and 0.31, 

respectively (where the cumulative 𝑑𝑝,6 and 𝑑𝑝,4 distributions for the hexatic and tetratic phases 

intersect). We then checked the number of connections per particle which were tetratic-like, 

Nc,4, and hexatic-like, Nc,6,  for both the tetratic and hexatic phases. Figure S2b and S2c show 

the cumulative distribution functions for Nc,6 and Nc,4 obtained by considering 𝑑𝑝,6> 0.33 and 

𝑑𝑝,4> 0.31, respectively. Using this distributions, we estimated a second threshold parameter, 

ℇc,6 (or ℇc,4) such that if Nc,6(i) (or Nc,4(i))  > ℇc,6 (or ℇc,4)   then the particle i is considered hexatic-

like (or tetratic-like). Based on the distributions shown in Fig. S2b and S2c, we set ℇc,6 and ℇc,4 

as 4. The particles identified as hexatic-like and tetratic-like were clustered based on the 

nearest-neighbor cutoff condition where rc~ 1.7𝜎. Using this clustering protocol, we determined 

the four largest six-fold and four-fold ordered domain. We also computed the relative 

orientational alignment between the largest six-fold and the largest four-fold clusters by 

estimating the |𝜃6 − 𝜃4|= |
arg(𝛹6

𝑁𝐿)

6
 −

arg(𝛹4
𝑁𝐿)

4
|, where 𝛹𝑛

𝑁𝐿 (where n= 6, 4) is the n-fold bond 

orientational vector of the largest n-fold ordered clusters containing NL particles.  
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Fig S2 (color online). (a) Cumulative distributions of the correlation function 𝑑𝑝,6 and 𝑑𝑝,4 for 

the hexatic phase at xs= 0.3, P*= 14.1, N= 8569, and the tetratic phase at xs= 0.8, P*= 12.1, 

N=11203. (b,c) Distributions showing the number of connections per particle for the hexatic 

and tetratic phases. Two particles are considered to be connected if their correlation function 

𝑑𝑝,6 and 𝑑𝑝,4  is greater than 0.33 and 0.31, respectively. The particles having Nc,6 ≥ 4 and Nc,4 

≥ 4 are defined as possessing tetratic-like and hexatic-like connections.   
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V. Phase behavior of disks+squares mixture  

Equation of state (EoS) for 20% and 80% square compositions 

EoS curves for 𝑥𝑠= 0.2 and 0.8 are shown in Fig. S3, where the state points were obtained using 

compression runs starting from a low-pressure I phase. To characterize the structural difference 

between the I phase and the tetratic or hexatic phase, we calculated the global six-fold (𝛹6) and 

four-fold (𝛹4) bond orientational order parameters. For the 𝑥𝑠= 0.2 case (Fig. S3a), both 𝛹6  

and 𝛹4 ~ 0 at low η, demarking the I phase, and upon compression 𝛹6 increased significantly 

for  η > 0.72, indicating the onset of six-fold order in the system. The 𝛹4 values remained low 

for the entire range of the I and hexatic phases, indicating low four-fold order. For the 𝑥𝑠= 0.8 

case (Fig. S3b), the 𝛹4 values increased for η > 0.737, indicating the formation of four-fold 

order in the system.  
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Fig. S3 (color online). Equation of state (EoS) for (a) 20% and (b) 80% squares composition in 

the disk + square mixture with  = 1.1 (optimal) size ratio. The EoS curves (continuous curve 

+ circles in blue) were obtained for (a) 90000 and (b) 11203 particle system. Approximate phase 

boundaries are also marked. The pressure 𝑃∗, bond orientational order parameters 𝛹6 

(diamonds) and 𝛹4 (squares) are shown as a function of area fraction, η. The symbols 1∆, 1□, 

and I denote the triangular solid, square solid and isotropic phase, respectively. 

 

 

Analysis to identify hexatic-solid and tetratic-solid transition boundaries 

The global values of 𝛹6  and 𝛹4 only detect the presence of the four-fold or six-fold clusters in 

the system that are aligned to the global 𝛹4 and 𝛹6 orientational director vector. To identify the 

existence of the hexatic (or tetratic) phase and mark their phase boundaries with the solid phase, 

we analyzed the trends in local positional and bond orientational distribution functions using 

the 2D histogram of positional pair-correlation function, 𝑔(∆𝒙∗, 0) and bond orientational 

correlation function, 𝑔𝑛(𝑟
∗), where n= 6 or 4 [1,2]. 𝑔(∆𝒙∗, 0) was obtained by orienting the 
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∆𝒙∗ axis of each configuration with the global 𝛹6 or 𝛹4 orientational director vector. We carried 

out MC simulations in the NPT ensemble for systems with 𝑥𝑠= 0.2 and 0.8 having 9000 and 

11203 particles, respectively. Figure S5a shows 𝑔(∆𝑥∗, 0) and 𝑔6(𝑟
∗) for the hexatic and 1∆ 

solid phases. We observed that at η = 0.737, the peaks in 𝑔(∆𝑥∗, 0) decay rapidly after 10σ 

indicating a short-range translational order, while the corresponding 𝑔6(𝑟
∗) orientational 

correlation function is long-ranged. These characteristics are consistent with hexatic phase 

behavior. At η = 0.756, 𝑔(∆𝑥∗, 0) decays algebraically with an exponent ≈ −1
3⁄  while 𝑔6(𝑟

∗) 

decays negligibly, indicators of quasi-long-range translational and six-fold bond orientational 

order in the system. Thus, the positional order increases gradually with density from the hexatic 

phase at η = 0.737 to a 1∆ solid phase at η = 0.756, where the 𝑔(∆𝑥∗, 0) function crosses over 

to a power-law behavior whose ≈ −1
3⁄  exponent marks the stability limit of the solid phase in 

the KTHNY scenario. Figure S4b shows snapshots and associated structure factors, which 

display six-fold patterns due to the hexagonal order in the hexatic and 1∆ solid phase. To 

corroborate these conclusions, we obtained the 2D pair correlation histogram [2] for the 

configurations in Fig. S5. They show that the positional order peaks persist for the 1∆ solid 

throughout the simulation domain at much longer length scales (~ 50σ) for η = 0.756, while the 

peaks disappear for the hexatic phase at ~ 10σ for η = 0.737.  
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Fig. S4 (color online): Correlation functions obtained from MC-NPT simulations for the 20% 

squares (80% disks) mixture composition with  = 1.1 and N = 9000 particles. (a) Bond order 

𝑔6(𝑟
∗) and 2D pair 𝑔(∆𝑥∗, 0) correlation functions for the hexatic, and triangular solid (1∆) 

phases corresponding to η = 0.737, and 0.756, respectively. The dashed-line indicates the 

algebraic decay with exponent ~−1
3⁄  (the KTHNY theory prediction for hexatic-solid 

transition). (b) Snapshots, structure factors, and scatter plots for the orientation unit vectors of 

squares for the hexatic (left) and 1∆ (right) phases. The snapshots represent only a section of 

the entire simulated phase.   
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Fig. S5 (color online). 2D positional pair-correlation histograms for a single configuration (N 

= 9000) at different sections along the x-axis. Top panel: hexatic phase at P*= 10.1, η = 0.737, 

where the peaks disappear at length scales greater than ~10σ indicating short-range positional 

order. Bottom panel: triangular solid (1∆) phase at P*= 11.7, η = 0.756, where the positional 

order is sustained for a length scale of ~ 50σ. The scale bar indicates the intensity of the peaks.  

 

Similar analyses were carried out to obtain the tetratic to 1□ solid phase boundary for the 

square-rich region with 𝑥𝑠 = 0.8 (see Fig. S6). At the density η = 0.787, 𝑔(∆𝑥∗, 0) decayed 

quickly for ∆𝑥∗ > 5σ indicating short-range positional order but 𝑔4(𝑟
∗)  is long-ranged, 

indicative of the tetratic phase. For the 1□ solid phase at η = 0.831, 𝑔(∆𝑥∗, 0) decays 

algebraically with an exponent ≈ −1
3⁄  indicating quasi-long range positional order, and  𝑔4(𝑟

∗) 

shows long-range four-fold orientational order. The 2D pair correlation histogram also shown 

in Fig. S7 confirms a transition from short-range (tetratic) to long-range (1□ solid) positional 

order. Figure S6b shows representative snapshots and structure factors, which display four-fold 

patterns indicative of square order in the tetratic and 1□ solid phase. Overall, these trends 

suggest that the hexatic→1∆ solid and tetratic→1□ solid transitions follow the continuous 

KTHNY mechanism. However, a rigorous analysis using simulations of much larger systems 
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would be required to more definitely establish the mechanism and map the boundaries of these 

transitions. 

 

 

 

 

Fig. S6 (color online). Correlation functions obtained from MC-NPT simulations for the 80 % 

squares (20% disks) mixture with N = 11203 and  = 1.1. (a) Bond order 𝑔4(𝑟
∗) and 2D pair 

𝑔(∆𝑥∗, 0) correlation functions for the tetratic phase at η = 0.787 and square solid (1□) phase 

at η = 0.831. The dashed-line indicates an algebraic decay with exponent ~−1
3⁄  corresponding 

to the tetratic-solid transition predicted by the KTHNY theory. (b) Snapshots and structure 

factor for the tetratic (left) and 1□ (right) phases. The snapshots show only a section of the 

entire simulated phase.   
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Fig. S7 (color online). 2D positional pair-correlation histograms (N = 11203) for a single 

configuration at different sections along the x-axis. Top panel: tetratic phase at P* = 12.5, η = 

0.787, where the peaks become blurred at larger length scales indicating short-range positional 

order. Bottom panel: square solid (1□) phase at P* = 17.7, η = 0.831, where sharper peaks are 

observed for a longer length scales ~ 50 σ. The scale bar indicates the intensity of the peaks.  

 

 

 

VI. Characteristics of the mosaic (M) state 

 

Local compositional analysis 

The well-mixed isotropic (I) phase transitions into the M state upon compression, where the 

contribution from the entropic bonding gives rise to the formation of disk-rich hexatic and 

square-rich tetratic/rhombic micro-domains in the system. The clustering of the like-shaped 

particles is shown in Fig. S8a by analyzing the square composition, 𝑳𝑪𝒔𝒒, in the local 

environment of each particle. We observed regions of ‘defective’ particles having 𝑳𝑪𝒔𝒒 near 0.5 
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occupying mainly the grain boundaries. We analyzed the migration of these defects using the 

local square compositional autocorrelation function, 𝛾𝑠 (defined in Eq. S14 Sec. IV) for the 

particles that were tagged as defective and, for comparison, for the particles that belongs to the 

six and four-fold ordered (not defective) micro-domain clusters (Fig. S8a). To evaluate 𝛾𝑠 over 

the Monte Carlo (MC) cycles, the particles were categorized as defective and not defective for 

the initial configuration (MC cycle= 0) and such categorization was retained throughout. We 

observed a slower decay in the local square compositions with MC cycles for the particles 

belonging to the ordered clusters compared to the defective particles (Fig. S8c). This behavior 

can also be seen in the Movie 3. 

 

 

 

Fig. S8 (color online). Representative snapshots, (a) and (b), and local square compositional 

autocorrelation function, 𝛾𝑠, (c), of the M state at P*= 14.9 and η = 0.783 for the equimolar 

disks+squares mixture with N = 10000 particles. 𝛾𝑠 is shown for the defective particles and the 
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particles that belongs to the ordered clusters. (a) The particles (i = 1 to N) are colored based on 

the local square composition, 𝑥𝑖, that is estimated within 1.7σ from the particle’s position. Red, 

green, and blue particles have 𝑥𝑖> 0.52, 0.48 < 𝑥𝑖 < 0.52 and 𝑥𝑖  < 0.48, respectively. Fitted 

exponential decay curve is shown as dashed lines along with the corresponding time constant, 

𝜏 value (in units of MC cycles).  

 

Identifying rhombic (RB) clusters  

To further detect any underlying ordered domains in the system, we plot in Fig. S9a the global 

𝛹6
𝑠𝑞

 for squares and 𝛹4
𝑑 for disks. The global 𝛹6

𝑠𝑞
 and  𝛹4

𝑑 values are evaluated by calculating 

the average of the n-fold (where n= 4 or 6) local bond orientational order, 𝛷6
𝑠𝑞

for squares and 

𝛷4
𝑑 disks in the system. 𝛹6

𝑠𝑞
 increased from a low value to an intermediate value in the M state 

region while 𝛹4
𝑑 remained constant with a low value throughout. This is due to the formation 

of oblique rhombic (RB)-like lattice domains by the square particles as corroborated by the 

lattice angle distribution function (see Fig. S10b). At P*= 14.9 and η = 0.783, the lattice angle 

distribution function exhibits a broad peak with the lattice angles populated similarly over the 

75⁰-105⁰ range, which bracket the limiting angle value of 80.435⁰ [7] for RB order. This 

distribution function also shows significant number of particles having close to 90⁰ (and 180⁰) 

lattice angles, indicative of tetratic-like ordered domains. Since the M state forms at 

intermediate pressures, local RB order likely arises from the squares having enough free volume 

to rotate and translate within the tetratic-like ordered domains. At P*= 17.3 and η = 0.807, the 

system phase separated into tetratic and 1∆ crystal structures, and 𝛹6
𝑠𝑞

 decreases sharply while 

the global 𝛹4 values increase as the lattice angle distribution of 1□ phase forms a single peak 

centered at 90⁰ (see Fig. S9b).  Note also that the scatter plot obtained for the square orientation 

vectors in the M state (see Fig. S9a) shows weak four-fold orientational order, which can also 

be detected by the higher P4 (see Eq. S13 Sec. IV) values compared to the I phase. 
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Fig. S9 (color online). Equation of state (a) and lattice angle distribution function (b) for 

equimolar disks + squares mixture with  = 1.1 (optimal) size ratio. The equation of state curves 

(continuous curve and circles in blue) is for N= 10000 particles. The 𝛹4
𝑑, 𝛹6

𝑠𝑞
 and 𝑃4 order 

parameters are plotted as a function of area fraction, η. The lattice angles for the RB clusters 

are calculated with the vectors obtained using the coordinates of the four nearest neighbors of 

the central square particles [7].   
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Local bond orientational functions, 𝒈𝟒(𝒓
∗) and 𝒈𝟔(𝒓

∗) at xs = 0.49 and 0.52 

 

 

Fig. S10 (color online). Bond orientational order functions g4(r
*) and g6(r

*) for the I, hexatic, 

and M state with N = 10000. The orientational correlation functions are shown for 𝑥𝑠= 0.49 

(a,b) and 0.52 (c,d). The dashed and solid lines indicate algebraic and exponential decay of the 

orientational correlation with exponent −1
4⁄  and −1 12⁄ , respectively. I= isotropic phase; M= 

mosaic state.   
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Local bond orientational functions, 𝒈𝟒(𝒓
∗) and 𝒈𝟔(𝒓

∗) at xs = 0.45 and 0.55 

 

Fig. S11 (color online). Bond orientational order functions g4(r
*) and g6(r

*) for the I, hexatic, 

and tetratic phases. The orientational correlation functions are shown for 𝑥𝑠= 0.45 (a,b) and 

0.55 (c,d). The dashed and solid lines indicate algebraic and exponential decay of the 

orientational correlation with exponent −1
4⁄  and −1 12⁄ , respectively. (e) Variation of 

susceptibility χ with P* at different global square composition, 𝑥𝑠 evaluated for the single-phase 

region. Solid lines represent the hexatic phase, M state, and tetratic phase region for 𝑥𝑠= 0.45, 

0.5, and 0.55, respectively. The dashed lines correspond to the I phase. For clarity, the 

maximum χ is not shown at 𝑥𝑠= 0.45 and 0.55.  The χ values are obtained by using 8×8 sub-

cells and N = 10000 particles. I = isotropic phase; M = mosaic state.   
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Finite size scaling analysis of the M state 

  

Fig. S12 (color online). Relationship between the local compositional susceptibility, χ and the 

sub-cell size, L for the M state of equimolar disks+squares mixture with  = 1.1 and N = 102400 

particles. a = square side. 
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VII. Data for disks+squares mixtures of different size ratios 

 

 

Fig. S13 (color online). Pressure-composition phase diagrams for disks (diameter σ) and 

squares (side edge a) with different size ratios, ξ = σ/a. Top: ξ = 0.8, bottom: ξ = 1.4. 1∆ = 

triangular solid, 1□ = square solid, and I = isotropic phase.  
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Table S3. Simulation data for disks+squares mixture at three different size ratios. ∆𝑂𝐷𝑃 =

 𝑂𝐷𝑃4 − 𝑂𝐷𝑃6, where 𝑂𝐷𝑃𝑥 is the reduced pressure of individual components at I → (n-

fold)atic (where n= 4 or 6) transition. 𝑃𝑐𝑜
∗  is the minimum pressure where the two phases coexist. 

𝑃𝑀
∗  indicates the stable range of pressure values for the M state. 𝑥𝑠

1∆ and 𝑥𝑠
1□ shows the 

maximum difference in the square compositions where the disk-rich and square-rich solid 

solution regions are stable. 

Size ratio ∆ODP 𝑷𝒄𝒐
∗  𝑷𝑴

∗  𝒙𝒔
𝟏∆ 𝒙𝒔

𝟏□ 

0.8 ≈ -6.06       16.9            -         0.01         0.22 

1.1 ≈ 0.67       15.7      14.5-15.7         0.3         0.26 

1.4 ≈ 3.57       7.7            -         0.14         0.13 

 

 

 

VIII. Phase behavior of disks+hexagons mixture  

 

Analysis to identify hexatic-solid transition boundaries at equimolar composition 

Figure S14a shows 𝑔(∆𝑥∗, 0) and 𝑔6(𝑟
∗) for the hexatic and 1∆ solid phases. We observed that 

the hexatic phase is stable within a narrow range of pressures, P*, and density, η. At η = 0.706, 

the peaks in 𝑔(∆𝑥∗, 0) decay rapidly after 10σ indicating short-range translational order while 

𝑔6(𝑟
∗) is long-ranged. At η = 0.718, 𝑔(∆𝑥∗, 0) decays algebraically with an exponent ≈ −1

3⁄  

while 𝑔6(𝑟
∗) is long-ranged, indicators of quasi-long-range translational and long-range six-

fold bond orientational order in the system. Figure S14b shows snapshots and associated 

structure factors, which display six-fold patterns due to the hexagonal order in the hexatic and 

1∆ solid phase. The equation of state curves for xh= 0.5 are shown in Fig. S14c, where we 

observed a first-order like transition from the I phase to hexatic phase and a continuous-like 

transition from hexatic phase to 1∆ solid phase. To characterize the structural difference 
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between the I phase and the hexatic phase, we calculated the global six-fold (𝛹6) bond 

orientational order parameters. Upon compressing the I phase, 𝛹6 increased significantly for  η 

> 0.706 indicating the onset of six-fold order in the system.  

 

  

 

 

 

 

Fig. S14 (color online). Correlation functions and equation of state obtained from MC-NPT 

simulations for the 50% hexagons (50% disks) mixture with N = 8100 and  = 1.82. (a) Bond 
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order 𝑔6(𝑟
∗) and 2D pair 𝑔(∆𝑥∗, 0) − 1 correlation functions for the hexatic phase at η = 0.706 

and 1∆ phase at η = 0.715. The dashed-line indicates an algebraic decay with exponent ~−1
3⁄  

corresponding to the hexatic-solid transition predicted by the KTHNY theory. (b) Snapshots 

and structure factor for the hexatic (left) and 1∆ (right) phases. The snapshots show only a 

section of the entire simulated phase. (c) The pressure, P*, bond oriental order parameters 𝛹6 

(diamonds) are shown as a function of area fraction, η. Approximate phase boundaries are also 

marked. The symbols 1∆, and I denote the triangular solid, and isotropic phase, respectively.  
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Abstract 

This work advances a computational framework to probe the molecular inhomogeneities that 

occur in chemically amplified photoresists intended for extreme ultraviolet (EUV) lithography. 

Atomistic molecular dynamics simulations were used to probe the effect of ionic and steric 

interactions on the dispersibility of photoacid generators (PAGs) in the polymer medium before 

EUV exposure, as poor dispersibility is a potential source of post-exposure feature roughness. 

The PAGs studied include ionic salts containing Triphenyl sulfonium (TPS) cation with 

trifluoromethane (TFMeS), nonafluorobutane (NFBuS), perfluorophenyl (PFPS) and 

adamantyltetrafluoroethyl (ATFEtS) sulfonate anions, and a nonionic naphthalimide sulfonate 

PAG. The model photoresists studied are sequence-defined polypeptoids, poly(tert-butyl 

methacrylate) (PtBMA) and poly(4-hydroxy styrene) (PHS) homopolymers and alternating 

copolymers thereof. The dissociation free-energy of isolated single and dimer PAGs in the 

different polymers indicates that PHS segments provide a better solvation environment for ionic 

PAGs than PtBMA segments and that the nonionic naphthalimide PAG has the highest 

dispersibility, while TPS-TFMeS solvates better than the bulkier TPS-NFBuS and TPS-

ATFEtS salts.  The dissociation free-energies were consistent with a trend of increasing PAG 

clustering in less polar media at high PAG concentrations (7 to 36 wt%), and of increasing 

dipole moments for PAGs in less polar implicit solvation media as estimated from density 

functional theory. Both simulations and infrared spectroscopy on the copolymer provide 

evidence of hydrogen bonded carbonyl groups whose prevalence diminishes upon the addition 
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of ionic PAGs. For TPS-TFMeS loadings between 25-29 wt%, our analysis revealed short 

string-like salt clusters in PHS homopolymer, large globular clusters in PtBMA homopolymer, 

and a heterogenous distribution of string-like and globular PAG aggregates in the alternating 

copolymer. In the case of polypeptoids with similar chemistries, the aggregation tendency of 

ionic PAGs depends on the sequence of side groups attached to the backbone atoms. For all 

PAG loadings, TPS-ATFEtS and TPS-NFBuS PAGs exhibited the highest extent of 

aggregation. In the case of polypeptoids with similar chemistries, the aggregation tendency of 

ionic PAGs depends on the sequence of side groups attached to the backbone atoms. Altogether, 

the advocated methodology is a potentially effective tool to rank and identify polymer and PAG 

chemistries with improved compatibility and mixing homogeneity. 

 

1. Introduction 

 

In the context of semiconductor manufacturing, downsizing the transistors in a circuit to sub-

10 nm scales has been a key goal to attain the next level of device performance. Extreme 

ultraviolet (EUV) lithography has proven to be one of the promising tools to achieve such small 

device features by exposing chemically amplified resists (CAR) to EUV short-wavelength light 

sources 1–3. These photoresists are a complex blend of components that includes the acid-

sensitive polymer, photoacid generator (PAG), and photo decomposable quencher (PDQ). 

Chemical inhomogeneities in these mixtures are an aggravating factor that increases the 

likelihood of stochastic defects during lithography and decreasing inhomogeneity is one way to 

decrease defectivity. As target critical dimensions continue to shrink, understanding the 

dispersibility of PAGs and PDQs in the polymer base is important to minimize defects that may 

arise from PAG agglomerates which may affect line edge roughness (LER) and stochastic 

defects 4,5. Many experimental 6–14  and molecular modeling 6,14–19 studies have mostly 

concentrated on the processes occurring during and post EUV exposure, e.g., to track chemical 

reactions that induce acid generation and estimate their effect on feature resolution and defects. 

Stochastic defects are inherent in the processing of photoresists even in the pre EUV exposure 

conditions where the intermolecular interactions among the polymer base, PAGs, and PDQs 

can lead to nano-segregated domains whose sizes are in the same order of magnitude as that of 
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the desired sub-10 nm features. Recent experimental work has begun to probe such intrinsic 

PAG inhomogeneities at a 10-15 nm feature scale in a photoresist film through a technique 

termed massive cluster secondary ion mass spectroscopy 20–24.  

In this work, we focus on understanding the complex interactions between PAGs and polymer 

medium that occur at the pre EUV exposure conditions and examine the inherent 

inhomogeneities that may arise in the chemically amplified photoresist blend after spin coating 

and soft bake process (see Figure 1a). We hypothesize that predicting the solvation behavior of 

PAGs at infinite dilution, mainly single and dimer PAGs can provide a relative metric of 

dispersion quality in the polymer medium, i.e., how homogenously PAG disperses at high 

concentrations. To validate our hypothesis and also characterize the near-equilibrium nano 

structural organization of the PAGs in photoresists, we probed the affinity of ionic and nonionic 

PAG candidates in polypeptoids, poly(4-hydroxy styrene) (PHS) and poly(tert-butyl 

methacrylate) (PtBMA) homopolymer and the alternating copolymer therefrom (see Figure 1b) 

using atomistic molecular dynamics (MD) simulations. The PAG candidates chosen for this 

study are: ionic PAGs containing triphenyl sulfonium (TPS) cation with trifluoromethane 

sulfonate (TFMeS), nonafluorobutane sulfonate (NFBuS), perfluorophenyl sulfonate (PFPS), 

and adamantyltetrafluoroethyl sulfonate (ATFEtS) anions, and nonionic naphthalimide 

sulfonate PAG (see Figure 1c). The selected polymer and PAG chemistries are representative 

of commercially available chemically amplified resists and of recent studies focused on the 

complex reactions occurring in photoresists exposed to EUV radiation 13,14,25–27. By choosing 

the above PAG chemistries, with their varying steric and ionic interactions, we are able to assess 

their effect on the interplay between PAG-PAG and polymer-PAG interactions. 

The PHS-PtBMA alternating copolymer, wherein PHS and PtBMA segments are maximally 

interspersed and hence have minimal compositional segregation, was chosen for study as a 

limiting realization of realistic random copolymers. The random copolymer structure is 

representative of the polymers used in commercially available CAR materials which are 

typically comprised of a polar component like hydroxystyrene and a less polar deprotectable 

acrylic ester component. By probing the solvation behavior of PAGs in the homopolymers and 

their alternating copolymer media, our simulations provide the basis for understanding PAG 

aggregation in realistic random copolymer photoresists where PAGs will encounter local 
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environments intermediate between the extreme cases of homopolymer rich domains and 

alternating copolymer domains. To understand the intrinsic tendency of segregation between 

PHS and PtBMA chemistries we also analyzed the inhomogeneities present in both 

homopolymer blends and block copolymer. Using simulations and Fourier transform infrared 

(FTIR) spectroscopy experiments, we provide evidence of the hydrogen bonding interactions 

between PHS and PtBMA segments in the copolymer media. 

To quantify the relative strengths of the polymer-PAG and PAG-PAG interactions, we 

implemented an enhanced umbrella sampling technique to calculate the potential of mean force 

(PMF) of single and dimer PAG dissociation in the different polymers. The dissociation free 

energy of a PAG, △G, as obtained from the PMF, provides a direct measure of the solvation 

quality of the media wherein higher dissociation free energy indicates larger aggregation 

tendency, i.e., poor PAG solvation quality. △G values are not system-size dependent and can 

be used to estimate the dissociation rate, kd of PAGs at infinite dilution through the Eyring 

equation’s kd ∝ exp(-△G/kbT) where T is the temperature and kb is the Boltzmann constant. 

The trends observed for △G in different polymers were also validated by (i) estimating dipole 

moments of the associated salts in implicit and explicit polymer solvation medium using 

Density Functional Theory (DFT), and (ii) simulating concentrated PAG systems using MD. 

Overall, the trends observed for the high concentration PAG simulations with different PAG 

chemistries validate our hypothesis that △G obtained at the super dilute conditions can be used 

to predict the concentrated-PAG dispersion quality in the polymer media. The results from the 

PAG concentrated simulations also provide insights on the local hydrogen bonding interactions 

and how the local PAG solvation environment determines the shape and size of the PAG 

clusters. Using Flory-Huggins polymer solution theory, we also study the effect of temperature 

on the dispersibility of PAGs in different polymer media. 

The outline of this paper is as follows. Section II details our overall simulation strategy, and 

methodology for PMF and dipole moment calculations using MD and DFT. Section IIIA 

present results quantifying heterogeneity in the polymer matrix without PAGs and provide 

evidence for hydrogen bonding between PHS and PtBMA, Section IIIB discusses the trends in 

dissociation free energies and solvation behavior of single and dimer PAGs in homopolymer 

and alternate copolymer media, and Section IIIC presents results for high PAG concentrations. 
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Finally, Section IV presents closing remarks and an outlook of our study.  

 

 

 

Figure 1. Representation of chemically amplified photoresist and chemical structures of 

simulated photoresist components. (a) Illustration of nonhomogeneous distribution of ionic 

PAGs (yellow and red spheres) in the polymer base (blue) after spin coating and soft bake. (b) 

Repeating units of n-mer PHS and PtBMA homopolymers, alternating and diblock copolymers. 

The polar oxygen and hydroxyl groups are colored red. (c) Ionic and nonionic PAG chemistries 

selected for this study. PHS = poly(4-hydroxy styrene), PtBMA = poly(tert-butyl methacrylate), 

TPS = triphenyl sulfonium, TFMeS = trifluoromethane sulfonate, NFBuS = nonafluorobutane 

sulfonate, PFPS= perfluorophenyl sulfonate, ATFEtS = adamantyltetrafluoroethyl sulfonate.  

 

2. Methodology 

 
2.1 Overall simulation strategy 

In principle, simulations performed with random PHS-PtBMA copolymers at the 

experimentally relevant temperatures and PAG concentrations would provide a direct probe of 

PAG aggregation behavior. In practice, this is not a suitable strategy because: (i) The polymer 
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would be below its glass transition temperature, Tg where segmental mobility and relaxation 

are greatly arrested, (ii) statistics on PAG cluster sizes and morphologies would not be very 

reproducible and hence only be of qualitative value, and (iii) results would exhibit high 

variability depending on sequence used in the random copolymer. We addressed these issues 

as follows. First, we conducted all production simulations at 600 K (well above the polymers’ 

Tg’s) to allow timely thermal relaxation of the solvation environment around PAGs which 

would be expected to occur during the photoresist processing steps prior to EUV exposure. 

Second, we obtained the PAG dissociation free energy, △G, from simulations at very dilute 

conditions, as these provide a distinct, quantitative, reproducible, and efficient metric that 

captures the solvation quality of the medium (i.e., lower G indicating better solvation). We 

hypothesize that these △G’s can fully capture the association tendencies of PAGs at high 

concentration. We then tested such a hypothesis by performing concentrated PAG simulations 

(also at 600 K) which although very expensive and largely qualitative, can corroborate the 

trends predicted by △G. Third, by studying the well-defined alternating copolymer and the pure 

PHS and PtBMA polymers, we systematically probe the effect of the different limiting local 

environments that would be present in a random copolymer.  

 

2.2 Molecular dynamics simulation model 

In this study, we used an all-atom MD simulation to model the complex interactions within the 

photoresist components. We parameterized the interactions in PHS, and PtBMA homopolymers 

and copolymers, and different PAG chemistries (see Figures 1b and 1c) using optimized 

potentials for liquid simulations-all atom (OPLS-AA) 28–33. We also modelled the polymer 

tacticity by adding an improper dihedral harmonic constraint to maintain the relative 

stereochemistry of adjacent chiral centers of pendant groups within the polymer chain. A 

detailed list of bonded and nonbonded parameters for all the polymer and PAG chemistries 

simulated is provided in Sec. I of the supplementary information (SI). The OPLS-AA model 

has been previously used to efficiently study the nano-scale structures, conformations, and 

dynamics of syndiotactic, isotactic, and atactic PMMA polymer melts within a classical 

description 29,34. We parameterized the interactions in polypeptoid sequences using Chemistry 

at Harvard Macromolecular Mechanics (CHARMM) forcefield. We also incorporated the 
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correction factor in the Berthelot mixing rule between Hydrogen and Fluorine atoms to 

accurately describe the interactions of fluorinated compounds 24,35. All MD simulations were 

performed in a cubic periodic box using Large-scale Atomic/Molecular Massively Parallel 

Simulator (LAMMPS 29th September 2021 version) open source package 36. The timestep, δt 

for velocity-Verlet integration in both isothermal-isochoric (NVT) and isothermal-isobaric 

(NPT) simulations was set to 1 fs. The Nosé-Hoover thermostat and barostat37–39 damping 

parameters were set to 0.1 ps and 1 ps, respectively. The compositions of alternating and diblock 

copolymers were fixed at 50% PHS and 50% PtBMA segments (see Figure 1b). Unless stated 

otherwise, all simulations with homopolymers and copolymers consist of 70 molecules of 12-

mer polymer chains. The chosen length of the polymer was similar to the average length used 

in experiments26,40,41 and simulations15,18,42. Figure S2 shows the simulated polymer chain 

structures in this work. In all the bulk homopolymer and copolymer simulations, the end-to-end 

distance between the terminal backbone carbon atoms of the chains is within 20-23 Å which is 

less than half the simulation box length that ranges between 58-60 Å. Figure S2 shows the 

simulated polymer and polypeptoid chain structures in this work. 

To validate the forcefield, we estimated Tg for the homopolymers and alternating copolymer. 

These simulations were carried out by first generating a well equilibrated disordered initial 

configuration at 600 K (above Tg) by following a rigorous protocol mentioned in Sec. IIA in 

the SI. The generated configuration was then cooled from 600 K to 300 K in 25 K steps and 3 

ns equilibration per step in an NPT ensemble at fixed pressure of 1 bar. The Tg values were 

estimated as the point where the trend of specific volume vs. temperature exhibits a change in 

slope or an inflexion34,43–45. We simulated isotactic, syndiotactic, and atactic PtBMA 

homopolymers to study the effect of tacticity on Tg values. Figure S9 in Sec. IIB in the SI shows 

the predicted Tg values and the mobility of polymer chains below and above Tg. We find that 

the simulated Tg for PtBMA is between 380-470 K depending on tacticity, with the observed 

trend being similar to experimental values of PMMA polymers where the Tg decreases going 

from syndiotactic to atactic to isotactic34. We also find that the Tg value for  atactic PHS 

homopolymers is ~450 K (within the experimental range: 410 K-470 K46,47) and for atactic 

alternating copolymers is ~440 K. 

We also analyzed the effect of segmental blocking at 300 K that can contribute to the nano-
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segregations or heterogeneity in the polymer only medium (without PAGs). To compare the 

structural heterogeneity in PHS-PtBMA blends, alternating, and diblock copolymers we used 

the Ripley’s K-function analysis 48 that provides both an extent-of-clustering parameter, K(r) 

and a clustering length scale:  

    K(𝑟) =  
1

ρ𝑁
 ∑ ∑ 𝐼(𝑟)𝑁

𝑗=1, 𝑗≠𝑖
𝑁
𝑖=1                         (1) 

where ρ=N/V is the number density and N is the number of PHS or PtBMA atoms in a 

simulation box volume, V in Å3. I(r) is the number of PHS or PtBMA atoms present within the 

sample volume of radius r. If atom positions were homogenously distributed (following a 

Poisson distribution), the values of K(r) would vary as ~4/3𝜋r3
, and positive or negative 

deviations from this ideal scenario indicates clustering or dispersion of atoms, respectively. 

Simulations for analyzing polymer heterogeneity were carried out with atactic diblock and 

alternating copolymers and 140 molecules for equimolar blend of atactic 6-mer PHS and 6-mer 

PtBMA (see Figure S2). 

 

2.3 Dissociation and aggregation simulations 

The free energy for dissociation of a single PAG, △GS, and a PAG dimer, △GD, in the polymer 

medium was estimated as the difference between the maximum and minimum free energy 

values (representing the dissociated and associated states, respectively) from the PMF curve 

found via the umbrella sampling technique (US). To improve the sampling of configurations 

across different US windows we implemented the Hamiltonian Replica Exchange (HREX) 49 

method at constant temperature and pressure; this required a modification of the LAMMPS 

source script. We simulated one and two PAG molecules in atactic alternating copolymer, and 

atactic homopolymers of PHS and PtBMA. To validate our PMF methodology, we also 

simulated the dissociation of TPS-TFMeS PAG in a nonpolar 12-mer atactic polystyrene (PS) 

homopolymer, which is expected to give the highest △G compared to the other polymers 

studied in this work (see Figure S2h for PS chain structure). The probability distributions 

obtained for the series of umbrella windows are combined using the weighted histogram 

analysis method (WHAM) and error bars were computed using the bootstrapping technique 

50,51. For the (cation-anion dissociation) PMF of a single ionic PAG, we chose the distance, rSO 
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between the center of masses of the sulfur atom in TPS cation and the oxygen atoms in TFMeS, 

NFBuS, and ATFEtS anions as the reaction coordinate that separates the associated and 

dissociated states for single PAG. A similar reaction coordinate was used to study the 

dissociation of electron attached TPS-TFMeS PAG in vacuum 15. For the PMF of PAG dimers, 

we selected the center of mass distance, rPAGscom between the two PAGs as the reaction 

coordinate. The simulated system sizes were large enough to avoid any unphysical long ranged 

coulombic interactions with the periodic images when the PAGs are dissociated. More details 

on the protocol for implementing HREX simulations are provided in Sec. IIC in the SI. PMF 

calculations for PAG singlets and dimers in vacuum were also performed to understand the 

effect of the polymer medium on dissociation.  

To probe the aggregation tendency of PAGs at high concentrations, we simulated mixtures of 

50, 100, 150, and 200 PAGs in 140 12-mers of atactic alternating copolymer, and 

homopolymers of PHS and PtBMA. These choices correspond to PAG concentrations ranging 

between 7 to 36 wt% which align with experimental PAG loadings 13,25. We also probed the 

variation in the extent of hydrogen bonding interactions between PHS and PtBMA due to the 

presence of PAGs in the alternating copolymers. To obtain representative structures at different 

PAG loadings, we followed a rigorous equilibration routine which includes a series of energy 

minimization, compression/decompression, and annealing steps 52–54 (see Sec. IID in the SI for 

more details). These steps were particularly important to achieve near-equilibrium structures 

by minimizing local kinetic traps or defects (like void pockets). The consistency of the results 

for all PAG loadings was checked by simulating three MD runs with different initial 

configuration and random seeds to initialize the atomic trajectories. 

 

2.4 Estimating dipole moments using ab initio calculations 

We computed the dipole moment, D of a single associated PAG molecule in different implicit 

solvation environment using a polarizable continuum model (PCM) 55–57 in the open source 

GAMMES package 58. PCM captures the effective electrostatic interactions between a 

continuum (or implicit) dielectric solvent and a quantum mechanical description of a solute 

molecule (i.e., a PAG).  We selected benzyl methanol and butyl acetate implicit solvation 

models with the dielectric constant of 12.5 and 5, respectively, as they closely match the 
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pendant group chemistries in PHS and PtBMA homopolymers. These solvent models include 

the quantum mechanical density of the PAG for electrostatic calculations56. For the PHS-

PtBMA alternating copolymer, we used the explicit polymer environment around the associated 

TPS-TFMeS PAG to estimate the dipole moment. The protocol for these calculations is 

described in the SI Sec. IIE. 

 

 

2.5 Resist formulation and FTIR measurements 

Two resists were prepared by spin-casting onto bare silicon wafers and subjected to pre-

exposure baking at 110℃ for 1 minute. The first resist consisted of pure 40:60 random 

copolymer of PHS-PtBMA, while the other consisted of the same copolymer with a 20wt% 

TPS-PFPS PAG loading. We obtained the spectral intensities of the C=O stretching bands for 

the two resists through transmission IR spectra. These IR spectra were compared to quantify 

the effect of PAGs on hydrogen bonding between PHS and PtBMA segments. 

 

3. Results and discussions 
 

3.1 Quantifying heterogeneity in the polymer matrix without PAG 

In this section, we study the intrinsic nano segregation of PtBMA and PHS segments within the 

polymer matrix (in the absence of any PAGs) for alternating copolymer, diblock copolymer, 

and blend systems, as any such segregation can be a factor contributing to the ensuing 

heterogeneity in the distribution of PAGs. Indeed, the structure of the polymer and the 

compatibility of its pendant group chemistries largely influences the solvation and post-EUV 

activation of PAGs, which is one of the crucial steps that controls LER in the final features.  
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3.1.1 Copolymers minimize spatial heterogeneity 

Figures 2a to 2c show the structures for the simulated systems at 300 K. Visually, the level of 

segregation for the blend system, which shows well-defined PtBMA and PHS domains, is larger 

than that for the alternating copolymer, with the diblock copolymer showing an intermediate 

level of domain segregation. For the alternating copolymer, we observed smaller nanodomains 

of PHS and PtBMA rich segments that are randomly distributed throughout the simulation box. 

These observations are consistent with the estimated Flory’s mixing parameter of 𝝌N = 7.3 for 

the PHS and PtBMA polymers from the Hildebrand-Scott equation, which is close to the 

(𝝌N)ODT = 10.5 59,60 (for the symmetric diblock copolymer) indicating that the PHS and PtBMA 

are moderately incompatible. 

Figure 2d shows the variation of Ripley’s K(r) values (see Eq. 1) with the sample radius, r for 

the diblock and blend systems relative to the alternating copolymer system (Kalt(r)), chosen as 

reference, because in that case the PHS and PtBMA segments are nearly well dispersed (see 

Figure S10 in Sec. III in the SI). The blends have higher relative K values indicating higher 

clustering of PHS and PtBMA atoms with a well-defined interfacial boundary while the diblock 

has expectedly lower values indicative of increased spatial homogeneity relative to the blends. 

In both blend and diblock cases, we observed a higher K(r)-Kalt(r) values for PHS compared to 

PtBMA indicating that the PHS segments have higher packing density (higher number of atoms 

in a given volume) compared to PtBMA segments. The r values corresponding to the maximum 

K(r)-Kalt(r) mark the correlation lengths of the cluster domains. For the blends we estimated an 

average PHS and PtBMA cluster domain size of ~18.0 Å which is greater than the average end-

to-end distance of PHS and PtBMA chains (i.e., ~13.5 Å). For the diblock copolymer system, 

the characteristic domain length scale is between 11.5-12.0 Å that roughly corresponds to the 

average end-to-end distance of the chains (see Figure S11 in Sec. IV in the SI), with a small 

depletion (K(r)-Kalt(r) <0) zone of PHS and PtBMA segments at r > 20 Å which suggests 

segregated domains like in the blend system (although at smaller length scale). 
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Figure 2. Simulation snapshots for PHS-PtBMA (a) alternating, (b) blend, and (c) diblock 

systems at 300 K. The cubic simulation box length is between 54-58 Å. The PHS and PtBMA 

atoms are colored blue and light orange, respectively. (d) Ripley’s K-function analysis for PHS 

(blue) and PtBMA (light orange) segments in the blend (dashed lines) and diblock copolymer 

(solid lines). The effective K-function values are estimated relative to the alternating 

copolymer. 
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3.1.2 Hydrogen bonding between PHS and PtBMA segments enhance matrix 

homogeneity 

We probed hydrogen bonding interactions between the polar groups in PHS and PtBMA 

segments in the copolymer media as these are experimentally detectable by IR spectroscopy. 

We identified the hydrogen bonds by estimating the spatial time averaged density, ρg(r), 

between H-H atoms in the phenol groups, H-O atoms in the phenol and carbonyl groups, 

respectively (see Figure 3a and Figure S12a in Sec. V in the SI). This analysis indicates that the 

nearest neighbor distance between H-O atoms in the phenol and carbonyl groups is about 1.9 

Å and closer than the H-H distance (~2.5 Å) between the phenol groups. The presence of 

hydrogen bonded carbonyl groups was corroborated through FTIR measurements where we 

observed two distinct C=O stretching bands at 1720 cm-1 and 1696 cm-1 for the PHS-PtBMA 

random copolymer film (see Figure 3b). Figure 3c and Figure S12b in the SI show a simulation 

snapshot of hydrogen bonding in the alternating copolymer matrix; similar interactions were 

observed in the diblock copolymer. Due to the proximity of PHS and PtBMA segments in the 

alternating copolymers, we estimated ~ 37% increase in the concentration of H-O interactions 

between the phenol and carbonyl groups as compared to the diblock case (see Figure 3a). This 

increase in the H-O interactions improves mixing between PHS and PtBMA segments in their 

respective nanodomains, countering the aggregation tendency between like-polymer segments 

(PHS-PHS and PtBMA-PtBMA). 
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Figure 3. (a) Time averaged density, ρg(r), obtained from MD simulations between H-O atoms 

(blue) in phenol and carbonyl groups, and between H-H atoms (red) in phenol groups for the 

structure formed by diblock (solid lines), and alternating (dotted lines) copolymers at 300 K. 

(b) IR spectra for random copolymers showing two distinct C=O stretching bands at 1720 cm-

1 and 1696 cm-1 for PHS-PtBMA film (red). (c) Local environment for alternating copolymer 

shows hydrogen bonding between phenol groups in the PHS segments (blue) and between H-

O atoms in PHS phenol and PtBMA carbonyl groups (light orange); functional group carbon, 

hydrogen, and oxygen atoms are colored gray, white, and red, respectively. The boxed letter A 

marks the hydrogen bonding. 

 

3.1.3 Dissociation free energies of single and dimer PAGs 

The PAG dissociation free energy for a single PAG △GS, and dissociation free energy for a 

dimer, △GD, depend on the interplay of two main opposing forces: (i) Cation-anion attraction 

in a single PAG or PAG-PAG attraction in a PAG dimer, and (ii) interactions between PAG 

and polymer that promote PAG solvation and dissociation. In this section, we probe the relative 

strength of the above competing interactions by extracting △GS and △GD from the PMF in 

different polymer media and use them to understand the key interactions in the PAG solvation 
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environment. The △GS and △GD barriers are shown in Figure 4 with their numerical values 

provided in Table S36 and the PMF curves in Sec. VI of the SI. 

 

 

 

Figure 4. Dissociation free energy of single, △GS (a) and dimer, △GD (b) for TPS-TFMeS 

(black circles), TPS-NFBuS (red triangles), TPS-ATFEtS (blue squares), and nonionic 

naphthalimide (magenta hexagons) sulfonate PAGs in vacuum, polypeptoids sequences (Seq1 

and Seq2), PHS-PtBMA alternating copolymer, and homopolymers of PS, PHS, and PtBMA. 

Error bars are from bootstrapping technique.  

 

3.2 Single and dimer PAGs in vacuum have the highest ionic bond strengths  

We first estimated the association strengths of the PAG singlet and dimer without any influence 

of the solvation medium, i.e., in vacuum. We found that the △GS and △GD for ionic TPS-
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TFMeS, TPS-NFBuS, and TPS-ATFEtS PAGs are between 38-40 kcal/mol and 13-15 

kcal/mol, respectively (see Figure 4). As expected, △GS is much greater (~2.5-3.0 times) than 

△GD due to the strong electrostatic interactions between cation’s TPS sulfur and the anion’s 

sulfonate oxygen that stabilize the associated state. Since the nonionic naphthalimide PAG has 

the least electrostatic strength to associate, its △GD values were about 75% smaller than those 

of the ionic PAG dimers. The PMF profiles for the single and dimer PAGs are shown in Figures 

S13 and S14 in Secs. V1A and VIB in the SI. The profiles for the single ionic PAGs show two 

potential wells roughly at rSO distances of 3.5-4.0 Å and 5.0-5.3 Å, respectively, with a 

difference between well depths less than 0.5 kcal/mol, indicating that both states have similar 

likelihood. The associated PAG structure at the first and second wells have different 

orientations of the TPS cation relative to the anion (see Figure S13 for representative MD 

snapshots). In the first 3.5-4.0 Å well, the closeness of the TPS sulfur and sulfonate oxygen 

atoms causes the TPS phenyl rings to orient away from the anion, whereas in the second 5.0-

5.3 Å well hydrogen bonding between sulfonate oxygen and TPS hydrogen atoms pull the TPS 

phenyl rings towards the anion. These two associated configurations closely match the isolated 

PAG associated structures predicted using DFT methods 15,61,62.  

 

3.3. Low polar media and bulky ionic PAGs favor associated dimer state 

 

PAG dissociation in polymer media yields △GS and △GD barriers that are 8-32 kcal/mol and 

3-15 kcal/mol smaller than those in vacuum, respectively (see Figure 4). This bond strength 

reduction occurs due to the favorable electrostatic interactions between the polar groups in the 

polymer and PAG that facilitate dissociation. Figures S15 and S16 in the SI show the full PMF 

profiles for single and dimer PAGs in PHS and PtBMA homopolymers and alternating 

copolymer media.  

For ionic PAGs both △GS and △GD in pure PHS are lower than those in pure PtBMA, while 

they have intermediate values in the alternating copolymer. This indicates that the polar 

hydroxyl groups in PHS are more effective than the less polar carbonyl groups in PtBMA in 

facilitating cation-anion or PAG-PAG dissociation. Ionic PAGs have the highest △GD values 

ranging between 4.6-5.5 kcal/mol with a deeper potential well in PtBMA homopolymer. In the 

alternating copolymer and PHS homopolymer, the bulky TPS-ATFEtS PAG has the highest 
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△GD value, the smaller TPS-TFMeS PAG has the lowest, and the TPS-NFBuS PAG has an 

intermediate △GD value. The dissociation strengths of single and dimer TPS-NFBuS PAGs in 

polypeptoid sequences are comparable to the PHS homopolymer indicating the polar nature of 

peptoid backbones. Slightly lower PAG strength for the single TPS-NFBuS PAG case suggests 

that the polypeptoid with sequence 2 is more polar compared to sequence 1. Our PMF 

calculations capture the screening effect of bulky hydrophobic side groups on the electrostatic 

interactions between the ionic PAG and polar hydroxyls in PHS. This screening is more 

pronounced in dimers, compared to a single PAG, due to the doubling in the number of side 

groups in the associated state.  

For the nonionic naphthalimide PAG, the dimer dissociation has hardly any energetic cost (i.e., 

△GD < 0.6 kcal/mol) in all the media tested (see Figures 4b and S16a). The PMF profiles show 

a relatively flat profile for rPAGscom> 12.5 Å in PtBMA homopolymer and for 7.5 Å< rPAGscom 

<15 Å in PHS homopolymer and the alternating copolymer with the interactions becoming 

repulsive for smaller rPAGscom values, indicative of a tendency to disfavor PAG aggregates. We 

observed a very small increase (less than 0.6 ± 0.3 kcal/mol) in △GD for PHS homopolymer 

and the alternating copolymer, likely due to relative orientations between the naphthalimide 

rings that allow more favorable interactions with the PAG polar groups (see Figure S16b). 
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Figure 5. Solvation calculations for associated single PAGs in alternating copolymer. (a) Time 

average nearest distances, rNE from MD simulations between anion (circle)/cation 

(square)/nonionic (triangle) sulfur atoms in a single PAG and functional-group carbon atoms in 

PHS (solid blue lines) and PtBMA (dashed orange lines). Error bars are also shown. 

Representative snapshot of a TPS-TFMeS PAG (b) and a nonionic PAG (c) surrounded by PHS 

and PtBMA segments. The associating atoms are encircled, and the red arrows show the 

hydrogen bonding interaction. 

 

 

 

3.4 Hydrogen bonding interactions mediate solvation of PAG by PHS polar groups 

 

The competing hydrogen bonding interactions between the PAG and the polar groups in PHS 

and PtBMA segments were probed by estimating the average nearest distance, rNE between 

sulfur atoms in PAG and carbon atoms in the hydroxyl and carbonyl groups of the alternating 

copolymer. Figure 5 shows these statistics as obtained from the last 3 ns of a 10 ns NPT 

simulation of the associated PAG singlet corresponding to the first PMF well (corresponding 

probability distributions are shown in Figure S17). Figure 5a shows that the rNE between sulfur 
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atom in TFMeS, NFBuS, and ATFEtS anions and the hydroxyl group is ~ 4.5-4.6 Å 27 which 

is lower than the rNE between the anion sulfur and carbonyl group that ranges between 7.5-8.0 

Å. Given the strong anion-cation attraction and co-localization, a similar trend was observed 

for the TPS cation where the TPS-hydroxyl distance is about 2.0-3.0 Å shorter than the TPS-

carbonyl distances. Also, the bulkiness of the tertiary butyl groups in the PtBMA pendant chains 

tends to screen the electrostatic interactions between negatively charged oxygen atoms in the 

carbonyl group and positively charged sulfur atoms in the TPS cation. We observed similar 

trends for rNE whether the associated PAG state was taken to be at the first PMF well (at rso ~ 

3.6-4.3 Å) or the second well (at rso ~ 5.5-6.2 Å, see Figure S18).  

For the single nonionic PAG in the alternating copolymer, we observed that the rNE distance for 

sulfur-hydroxyl is larger compared to the ionic PAG cases, indicating a comparatively weaker 

tendency to hydrogen bond with the PHS hydroxyl groups. The difference between sulfur-

hydroxyl and sulfur-carbonyl rNE distances is about ~1.4 Å which is about half that for the ionic 

PAG cases implying that the nonionic PAGs have almost no preference for interacting with 

either PHS or PtBMA polar groups. Figures 5b and 5c show sample configurations depicting 

the interactions between the sulfonate oxygen and PHS hydroxyl groups for the single 

associated TPS-TFMeS PAG and single nonionic PAG.  
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Figure 6. Solvation of associated dimer PAGs in alternating copolymer. (a) Composition of 

PHS atoms within 8 Å radial distance around sulfur and terminal difluorinated carbon of 

TFMeS, NFBuS, ATFEtS, and nonionic dimer PAGs. The dashed line indicates the bulk PHS 

composition. (b-e) Representative simulation snapshots showing the local environment (< 10 

Å) of dimer PAGs (green). The atomic color scheme is shown at the bottom.  

 

3.5. Bulky PAGs with hydrophobic side group hinder solvation by polar PHS segments 

 

Although the sulfonate oxygen in the ionic PAGs has a relatively stronger attraction towards 

the PHS hydroxyl group than the PtBMA carbonyl group, changing the PAG side group 

chemistry affects the effective solvation environment around the PAG. To understand this 

effect, we calculated the composition of PHS atoms excluding the hydrogens bonded to carbons 

in the alternating copolymer within 8 Å radial distance around the polar sulfur and hydrophobic 

terminal difluorinated carbon (CF2) groups in the PAG associated (see Figure 6a). The 

compositions were averaged over the last 3 ns from 10 ns NPT simulation run.  
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As shown in Figure 6a, smaller TPS-TFMeS PAG had ~68-74% of PHS atoms around the polar 

sulfonate and hydrophobic CF2 groups which is about 1.4-1.5 times the bulk composition. In 

contrast, making the anions bulkier with hydrophobic side groups in TPS-NFBuS and TPS-

ATFEtS PAGs, leads to a ~10-20% and 12-37% decrease in the composition of PHS atoms 

around the sulfonate and CF2 groups, respectively. Since any change in the solvation-shell PHS 

composition is accompanied by the opposite change in PtBMA composition, these results 

indicate that having a hydrophobic bulky side group in PAGs allows them to be better solvated 

by the more hydrophobic PtBMA groups (like t-butyls and chain backbone) than by the more 

polar PHS segments. A complementary analysis based on the local densities of PHS and 

PtBMA segments is given in the SI (Figure S19). Overall, the trends observed in the solvation 

behavior for different ionic PAGs aligns with the predicted △GS and △GD trends where we see 

a higher drop in dissociation barrier from PtBMA to PHS homopolymers for TPS-TFMeS as 

compared to TPS-NFBuS and TPS-ATFEtS (see Figure 4).  

For the nonionic PAG, the dimer has similar preference for (mixes equally well with) both PHS 

and PtBMA, exhibiting a similar solvation shell peaking at ~10-12 Å (see Figures S19a and 

S19b in the SI) and also compositions close to the bulk. Figures 6b to 6e show representative 

snapshots of associated ionic PAGs and nonionic PAG dimers solvated by PHS and PtBMA 

segments. We can visually discern that the number of PtBMA atoms increases in the solvation 

shell for the bulkier TPS-ATFEtS and TPS-NFBuS as compared to the smaller TPS-TFMeS, 

while for nonionic PAG dimers, both PHS and PtBMA atoms participate in the solvation shell.   

 

3.6. Validating the PMF framework using MD and DFT methods 

 

As a first test of the proposed PMF methodology, we estimated △GS and △GD from HREX 

MD simulations for TPS-TFMeS PAG in PS homopolymer where we expect a higher barrier 

compared to PHS and PtBMA homopolymers. The results in Figure 4 and Figure S20 in the SI 

show an increase of about 15.5 kcal/mol and 4 kcal/mol in △GS and △GD barriers, respectively, 

compared to the PtBMA homopolymer. This suggests that PS segments in any polymer medium 

will hinder the dispersibility of ionic PAGs, which is consistent with reported experimental 

observation of a higher fraction of perfluoro ionic PAG aggregates in a polymer containing PS 

and/or acrylic segments 20,63.  
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In the second consistency test, we calculated the effective dipole moment of the single nonionic 

and associated ionic PAGs in implicit and explicit solvation medium from DFT methods (see 

Sec. IIE for more details) where a higher dipole moment in low-polar solvation medium would 

be expected to correlate with higher △GD barriers from HREX MD simulations. A similar trend 

was also observed in a salt-doped polymer electrolyte system where decreasing the polymer 

polarity led to the formation of larger Li-TFSi aggregates64. 

 

 

Figure 7. Dipole moments from DFT implicit-solvation model for the single associated ionic 

and nonionic PAGs in benzyl methanol (blue) and butyl acetate (light orange). The chemical 

structures of the solvent media are shown. 

 

Figure 7 shows the variation of dipole moment for the ionic PAGs in the implicit benzyl 

methanol and butyl acetate solvation medium. Note that besides embodying similar pendant 

group chemistries in PHS and PtBMA, benzyl methanol and butyl acetate also have a contrast 

in polarities similar to the PHS and PBA homopolymers whose dielectric constants for 1kHz 

and room temperature are 9.5 and 4.4, respectively 65,66. Figure 7 shows that the dipole moment 

of the ionic PAGs is higher in the implicit butyl acetate medium (> 3 D) than in benzyl methanol 

(< 2 D). This aligns with the trends observed for △GD (Figure 4b) where the ionic PAGs were 

found to have higher △GD in PtBMA than in PHS homopolymer. We also captured the effective 

change in the dipole moment for PAGs with bulky hydrophobic groups where we estimated an 

increase of ~10% and 65% in the dipole moment in the more polar benzyl methanol for TPS-
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NFBuS and TPS-ATFEtS compared to TPS-TFMeS (see Figure 7). The dipole moment in the 

alternating copolymer, calculated with explicit chains around a single associated TPS-TFMeS 

PAG, was found to have an intermediate value compared to those of the homopolymers (see 

Figure S21 in the SI). 

For the nonionic PAG, we observed an overall decrease in dipole moment compared to the ionic 

PAGs for both benzyl methanol and butyl acetate media (see Figure 7) corroborating the 

observed decrease in △GD barriers. Although the PMF for the nonionic PAG is barrier-less, we 

observed a higher dipole moment (~1.4 D) in butyl acetate than in benzyl methanol (~0.5 D). 

 

4. High PAG concentrations in homopolymers and alternating copolymer 

 

 

 

Figure 8. Fraction, XL of (a-c) ionic and (d) nonionic sulfonate PAGs in the largest cluster for 

different PAG wt% loadings in PHS (cyan square), PtBMA (orange circle) homopolymers, and 

alternating copolymer (magenta triangle). Error bars are also shown.  

4.1 PAG aggregation at high concentrations follows trends predicted by △GD  
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To validate our hypothesis that the trends observed in super dilute △GD can be correlated to the 

PAG aggregation behavior at high concentrations, we carried out simulations for 7-36 wt% 

PAG systems as described in Sec. IID in the SI. We evaluated the extent of PAG aggregation 

by grouping the centers of mass of anion and cation for the ionic PAGs and the PAG molecule 

for the nonionic PAG within the cutoff distance, rc and recursively constructed the connected 

clusters till all the centers of mass are accounted for. For ionic PAGs, we chose rc values of 7.25 

Å, 8.3 Å, and 8.5 Å for TPS-TFMeS, TPS-NFBuS, and TPS-ATFEtS, respectively, which 

correspond to the minimum after the first peak in the radial density distribution of anions and 

cations (see Figure S22a). For the nonionic PAG, we selected rc of 9.5 Å corresponding to the 

position of first peak in the PAG center of mass radial density distribution function (see Figure 

S22b).  

Figure 8 shows representative fractions of PAGs in the largest connected cluster, XL for 

different PAG loadings. For the ionic PAGs, we observed that for any PAG loading the XL 

value is higher in PtBMA homopolymer than in PHS homopolymer, having an intermediate 

value for the alternating copolymer (see Figures 8a to 8c). In the PtBMA homopolymer, XL 

increased sharply for ionic PAG loadings > 15-20 wt% and reached up to values between 0.6-

0.9 at the highest PAG loading. For TPS-TFMeS PAG, we observed a relatively flat profile 

with XL< 0.25 in the PHS homopolymer and alternating copolymer media. For the bulky TPS-

NFBuS and TPS-ATFEtS PAGs, the size of the largest cluster increased with increasing PAG 

loading for all polymers and at concentrations between 30-35wt%, XL varied between 0.5-0.6 

even in the PHS homopolymer. 

Representative simulation snapshots show the four largest clusters for the mixtures containing 

200 TPS-TFMeS (Figures 9a-9c), 200 TPS-NFBuS (Figures 9d-9f), and 200 nonionic (Figures 

9g-9i) PAGs in 140 polymer molecules (note that this fixed molar composition generates 

slightly different wt% PAG loadings). The snapshots for TPS-ATFEtS PAG are shown in 

Figure S23 in the SI. It is seen that TPS-TFMeS forms small PAG clusters in pure PHS that are 

distributed randomly throughout the simulation box; in contrast, it forms a large PAG 

segregated cluster in pure PtBMA. The bulky TPS-NFBuS and TPS-ATFEtS PAGs, having a 

stronger tendency to form dimers, form large percolating networks of PAG aggregates in all the 

polymer media. Nonionic PAGs in homopolymer and alternate copolymer media form well 
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dispersed small-size clusters with XL ≤ 0.1 for all PAG concentrations (see Figure 8d).  

 

Figure 9. Representative simulation snapshots of cubic periodic box showing the first (red), 

second (green), third (purple), and fourth (yellow) largest PAG clusters formed in a mixture of 

(a-c) TPS-TFMeS (25-29 wt%), (d-f) TPS-NFBuS (31-35 wt%), and (g-i) nonionic 

naphthalimide sulfonate (28-33 wt%) PAGs in PHS homopolymer, alternating copolymer, and 

PtBMA homopolymer. The polymer chains are not shown for clarity. The fraction, XL of PAGs 

in the largest red cluster and box dimension are also shown. 

 

 

 

4.2 PAG aggregation, solubility, and effect of temperature 
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Our high PAG concentration results from Sec. C1 allows us to roughly estimate the limiting 

solubility of PAGs in different polymer media; these data can be used to parameterize an 

equation of state model to estimate, e. g., the effect of temperature on the dispersibility of PAGs. 

We illustrate this approach using the Flory-Huggins (FH) theory for polymer solutions67–69 for 

the case of TPS-NFBuS PAG in PHS and PtBMA homopolymers and their alternating 

copolymer. Accordingly, first the PAG solubility limit, XPAG was estimated from MD 

simulation data at 600 K as the PAG composition where XL ~ 0.5 (see Figure 8b)  and used to 

obtain an effective Flory’s  parameter for the polymer-PAG pair at hand; the resulting FH 

model is then used to calculate the phase boundaries at different temperatures above Tg (> 430 

K) (see Sec.VIIC in the SI for details). 

Figure 10 shows the binodal and spinodal TPS-NFBuS composition bound for varying 

temperature for the different polymers. We expectedly find that in all cases the predicted 

stability range of the well mixed (or the two-phase) region becomes narrower (or wider) with 

decreasing temperature. The range of PAG loading in the well-mixed stable region is widest for 

PHS (6-15 wt%), narrowest for PtBMA (1-3 wt%), and intermediate for the alternating 

copolymer (3-8 wt%)  (see Figure 10). These differences reflect a larger effective FH  

parameter between the PAG and the different polymers (see Table S39 in the SI), consistent 

with the clustering trends in Figure 8b. Increasing PAG loadings near or beyond the spinodal 

boundary increases the segregation tendency (or XL) resulting in percolating networks of PAG 

aggregates (see Figure 8b, Figure 9d-9f, and Figure 10). We note here that the phase boundaries 

in Figure 10 are sensitive to the choice of XPAG and the empirical models that correlate χ with 

temperature (see Sec.VIIC in the SI); however, the qualitative trends of PAG solubility in 

different polymer media will remain unchanged. Phase diagrams for other aggregating PAGs 

can be similarly generated (e.g., from the data in Figures 8a and 8c) and expected to show trends 

similar to those in Figure 10. 
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Figure 10. Temperature-PAG loading phase diagrams obtained using Flory-Huggins theory for 

a mixture of TPS-NFBuS PAG with (a) PHS, (b) alternating copolymer, and (c) PtBMA. The 

shaded regions separated by the binodal (solid line) and spinodal (dashed lines) boundaries 

indicate mixtures that are in well-mixed (stable mixing), metastable mixing, and segregated 

(unstable mixing) states. 
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4.3 Ionic PAGs screen the hydrogen bonding interactions between PHS and PtBMA 

 

Our solvation analysis for the single ionic PAGs in Sec. III B3 showed stronger interactions 

between the PAG ions and PHS polar groups that could significantly affect the number of 

hydrogen bonding interactions between PHS and PtBMA segments at high PAG 

concentrations. To understand this effect, we analyzed the spatial distribution between H-O 

atoms in the phenol and carbonyl groups for different PAG loadings in the alternating 

copolymer. We focused on H-O atoms as any screening of the interactions between them can 

reduce local mixing of PHS and PtBMA segments and foster nanosegregation. 

Figure 11a shows the spatial density obtained from MD simulations between phenol and 

carbonyl groups in alternating copolymer with and without TPS-PFPS PAGs at 600 K. By 

increasing the PAG loadings from 10 to 31 wt%, the density of hydrogen bonded carbonyls at 

~2 Å decreased from 12% to 45% compared to the PAG-free case (a similar behavior was 

observed for TPS-TFMeS, TPS-NFBuS, and TPS-ATFEtS as shown in Figure S25 in the SI). 

This decrease in the concentration of hydrogen bonded carbonyls is consistent with the FTIR 

spectra for the random copolymer wherein the two distinct peaks (at 1720 cm-1 and 1696 cm-1) 

for the pure system merges with the primary C=O peak at 1718 cm-1 when mixed with 20wt% 

TPS-PFPS (see Figure 11b).  
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Figure 11. Variation in the concentration of hydrogen bonds between hydroxyl and carbonyl 

groups in copolymer media. (a) Time averaged density, ρg(r), obtained from MD simulations 

between H-O atoms in phenol and carbonyl groups for the structure formed by alternating 

copolymers with (solid lines) and without (dashed lines) TPS-PFPS PAGs at 600 K. (b) IR 

spectra for PHS-PtBMS random copolymer film with (solid line) and without (dashed line) 

TPS-PFPS PAGs. The corresponding PAG loadings in wt% for simulations and experiments 

are shown. 
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4.4 Local solvation environment influences shape and size of the TPS-TFMeS PAG 

clusters 

 

Although our solvation analysis for single/dimer TPS-TFMeS PAG showed their strong affinity 

towards the PHS segments, the presence of multiple PAGs at high concentrations shifts the 

balance to favor PAG-PAG contacts over polymer-PAG interactions. Figure 12 shows 

representative snapshots of the largest PAG clusters solvated in different polymers at PAG 25-

29 wt% loadings. We observe a string-like network containing 15 ion pairs ~50 Å long in the 

PHS homopolymer and a segregated cluster with 140 ion pairs in the PtBMA homopolymer 

(see Figures 12a and 12c). For the alternating copolymer, the PAGs form a heterogenous 

structure with 51 ion pairs that spans the entire simulation box length of ~ 80 Å (see Figure 9b) 

with both string-like and globular aggregates likely reflecting the inhomogeneous solvation 

provided by PHS and PtBMA segments (see Figure 12b). Similar trends were observed for the 

other ionic PAGs. 

 

Figure 12. Representative simulation snapshots showing structures of the largest PAG cluster 

(red) along with the solvating PHS (blue) and PtBMA (orange) segments in different polymers. 

For simplicity, only PHS phenols and PtBMA ester groups within 8Å radial distance from the 

clustered PAG atoms are shown. The PAG loadings are between 25-29 wt%. 
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5. Conclusions and Outlook 

 
Using atomistic models and molecular dynamics simulations, we demonstrated that the 

dissociation free-energy of dilute PAGs can be used as a predictive tool to rank different 

polymers and PAG chemistries to identify photoresist components with improved compatibility 

and mixing homogeneity. The performance of EUV resists at the post-exposure stage depends 

on the number and size of the PAG aggregates present within the photoresist at the pre-exposed 

conditions i.e., after spin coating and baking. If the PAG molecules are aggregated, i.e., 

heterogeneously distributed in the polymer medium, then post exposure of such a resist would 

lead to nonuniform acid production and partially deprotected regions with suboptimal or 

unexpected dissolution behaviors that may nucleate defects25.  

We first analyzed the inherent inhomogeneities present in the polymer matrix (without PAGs) 

using the Ripley’s K-function method where we observed that the PHS and PtBMA blends have 

higher level of segregation with well-defined PtBMA and PHS domains compared to the 

diblock and alternating copolymer. These results highlight the appeal of alternating (at best) or 

random (at least) copolymers as a way to minimize compositional segregation. Our analysis of 

simulation structures and FTIR experiments revealed hydrogen bonding interactions between 

the PHS and PtBMA segments, which are expected to promote some level of mixing and matrix 

homogeneity.  

Our PMF calculations for single and dimer ionic TPS-TFMeS, TPS-NFBuS, and TPS-ATFEtS 

PAGs predicted a lower PAG dissociation barrier in PHS homopolymer compared to PtBMA 

homopolymer, with an intermediate value for the alternating copolymer. This indicates that the 

polar hydroxyl groups in PHS aid PAG dissociation, while the less polar PtBMA segments 

allow for more PAG association. In pure PHS, our study also showed that the presence of bulky 

hydrophobic side groups in TPS-NFBuS, and TPS-ATFEtS screen the electrostatic interactions 

with the polar hydroxyl groups and hence increases the △GD by a factor of 2-4 compared to 

that for the smaller TPS-TFMeS PAG. For nonionic napthalimide PAG, we predicted a barrier-

less dissociation with relatively flatter PMF profiles in both PHS and PtBMA homopolymers 

and alternating copolymer media indicating a higher dispersibility compared to the ionic PAGs. 

The trend of higher △GD in less polar media was correlated with a higher effective dipole 

moment for PAGs in less polar solvation media as found from implicit and explicit solvent DFT 
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calculations. 

We also performed MD simulations that validated our hypothesis that the pairwise △GD at 

super dilute conditions can predict the multibody PAG association at high PAG concentrations. 

We observed that for PAG loadings between 7-36wt% the ionic PAGs have larger aggregates 

in PtBMA homopolymer compared to PHS homopolymer, and intermediate values in the 

alternating copolymer. Through simulations and FTIR experiments, we showed that the number 

of hydrogen bonded carbonyls between PHS and PtBMA decreases with increasing ionic PAG 

concentration. Our simulations also captured the effect of hydrophobic side groups on PAG 

aggregation, showing that for TPS-ATFEtS and TPS-NFBuS PAG loadings between 28-35wt% 

the aggregates form a large percolating network spanning the entire simulation box in the 

polymers tested. Using the FH theory, we estimated that by decreasing the temperature from 

600 K to 430 K, the solubility range of TPS-NFBuS PAGs in polymer media is reduced by ~60-

70%. For the smaller TPS-TFMeS and at concentrations ranging between 25-29wt%, we 

observed short string-like clusters dispersed randomly in pure PHS while a large segregated 

PAG cluster in pure PtBMA. In the alternating copolymer medium, we observed a heterogenous 

distribution of string-like and globular TPS-TFMeS aggregates reflecting the inhomogeneous 

solvation environment of PHS and PtBMA segments. The nonionic PAGs had the least 

aggregation among all the PAGs studied with less than 10% of PAGs in the largest clusters for 

all concentrations in different polymer media. 

Overall, the systematic computational methodology developed in this study can be used to build 

more complex molecular models with polymer + PAG + PDQ mixtures under different 

preparation conditions and PAG/PDQ concentrations. Such tools could also be applied to 

understand PAG aggregation tendencies in other promising photoresist polymer chemistries, 

including polymer-bound PAG or sequence-defined peptoid photoresists40,41. Work on such 

more complex systems in bulk and in thin photoresist films with thickness ~15 nm is currently 

under way. In realistic processing scenarios where the system is cooled relatively fast and the 

system’s dynamics slow down approaching its Tg, the system’s structure will be largely arrested 

in a state representative of a melt state. Our simulations were intended to characterize those 

melt-like states, which could be used as the starting point for studies at sub-Tg conditions. 

Indeed, the simulated nanostructures of PAG clusters and solvating polymer segments from this 
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work can be used as an input to DFT models to study the PAG activation due to the post 

exposure secondary electron attachment- a key step during acid generation 13,18. Our increasing 

understanding and detailed modeling of the pre-EUV exposure characteristics of the photoresist 

nanostructures can pave future modeling efforts to examine post exposure behaviors like acid 

evolution and diffusion, dissociation of PAGs, structure evolution upon polymer degradation, 

and finally LER after development. 

 

Supporting Information  

The document contains more details on the OPLS forcefield parameters, protocols for MD and 

ab initio calculations. Supporting simulation results for polymer media with and without PAGs 

at dilute and high concentrations are also discussed. The LAMMPS scripts can be accessed 

using the following link: https://github.com/escobedo-lab/Hamiltonian-Replica-Exchange 
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1 Forcefield parameters 

 
We model the interactions in polymer chains, polymer-photoacid generator (PAG) molecules 

using the all-atom optimized potentials for liquid simulations (OPLS-AA) parameters. This 

force field contains components for constraining bonds, angles, and dihedrals within a molecule 

and incorporates non-bonded interactions such as coulombic and dispersion forces for each 

atom. The OPLS potential energy function, Utotal in kcal/mol is given by equation, 

Utotal = ∑ 𝐾𝑟 (𝑟 − 𝑟𝑜)
2

𝑏𝑜𝑛𝑑𝑠  + ∑ 𝐾𝜃 (𝜃 − 𝜃𝑜)
2

𝑎𝑛𝑔𝑙𝑒𝑠 + ∑
1

2
 𝐾𝑛 [1 + (−1)𝑛+1  cos(𝑛𝜙)]4

𝑛=1  

+Kω (𝜔 − 𝜔𝑜)
2+  ∑ 4 𝜀𝑖𝑗𝑖>𝑗 [(

𝜎𝑖𝑗

𝑟𝑖𝑗
)
12

− (
𝜎𝑖𝑗

𝑟𝑖𝑗
)
6

] +
𝐶 𝑞𝑖𝑞𝑗

𝜀 𝑟𝑖𝑗
  when 𝑟𝑖𝑗 < 𝑟𝑐                     (1) 

where, Kr (kcal mol-1Å-2), Kθ (kcal mol-1 rad-2), Kn (kcal/mol), and Kω (kcal/mol) are the 

constants for harmonic bonds, harmonic angles, opls dihedral, and improper dihedral equations, 

respectively. r (Å) and θ (degrees) are the distance and angle between the bonded atoms and ro, 

θo are the corresponding equilibrium constants. 𝜙 (degrees) is the dihedral angle and ωo 

(degrees) is the equilibrium improper angle. εij (kcal/mol) and σij (Å) are the Lennard-Jones 

(LJ) dispersion energy and distance parameters between atoms i and j, respectively, with unlike-

pair parameters estimated based on the geometric mixing rules. The coulombic pairwise 

interaction parameters, qi, and qj are the atom charges, C is an energy-conversion constant, and 
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ε is the dielectric constant set to 1.0. rij (Å) is the distance between atoms i and j and rc is the 

cutoff for LJ and coulombic interactions. All molecular dynamics (MD) simulations were 

carried out in LAMMPS 1 real units. The corresponding units for each input parameter in Eq. 1 

are defined in LAMMPS (more information in lammps.sandia.gov). The OPLS-AA bonded and 

nonbonded forcefield parameters were obtained from literature sources (details provided in Sec. 

IA and Sec. IB) that use ab initio quatum chemical calculations to optimize the parameters for 

organic and ionic liquid systems. The developed parameters have also been validated by 

comparing experimental thermodynamics and physical properties such as heats of vaporization 

and densities.  

A. Bonded and non-bonded interaction parameters for polymer chains 

Figures S1 and S2 show the chemical structures of the poly(4-hydroxy styrene) (PHS) and 

poly(tert-butyl methacrylate) (PtBMA) segments along with the atom labels used for defining 

the bonded and non-bonded parameters in the simulation. The segmental parameters can be 

used to construct the alternating, diblock, or random copolymers. The forefield parameters for 

PHS and PtBMA atoms listed in Tables S1 to S5 were obtained from Jorgensen et. al. 2, Chen 

et.al 3, Price et. al. 4 . In the case of PtBMA segments, the tortional parameters for the ester side 

group were obtained from Chen et. al 3 as the rotation of the ester group were compared with 

experiments. For all other atoms including PHS segments, the tortional parameters were 

obtained from Jorgensen et. al. 2  where the rotational energy profiles from ab initio calculations 

were used for comparison. The charges and Lennard-Jones parameters were optimized by 

comparing the conformational dynamics/energetics, and liquid properties 2–4. 
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Figure S1. Chemical structures of (a-c) PHS, and (d-e) PtBMA segments showing atom labels. 

C, CA, CT, CT1-CT4 = carbon; HC, HA, HB = hydrogen; O, OA, OS = oxygen.  
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Figure S2. Simulated polypeptoid, PHS and PtBMA polymer structures. (a-c) isotactic, 

syndiotactic, and atactic PtBMA homopolymer structures. (d) Atactic PHS homopolymer. (e,f) 

Atactic PHS-PtBMA alternating and diblock copolymers. (g) Atactic PS homopolymer. (h) 

Atactic 6-mer PtBMA and 6-mer PHS blend structures. (i,j) Polypeptoids with identical 

chemistries but different sequence. Atom colors: carbon = gray, hydrogen = white, Oxygen = 

red. 
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Table S1. Nonbonded LJ and columbic parameters 

Atom type εi (kcal mol-1) σi (Å) qi (e
-) 

HC 0.030 2.50 0.045 

CT/CT2 0.066 3.50 -0.135 

CT1 0.066 3.50 0.055 

CA 0.070 3.55 -0.115 

CA1 0.070 3.55 0.165 

HA 0.030 2.42 0.115 

OA 0.170 3.07 -0.585 

HB 0.0 0.0 0.435 

CT3 0.051 3.20 0.0 

C 0.105 3.75 0.51 

O 0.210 2.96 -0.43 

OS 0.170 3.00 -0.33 

CT4 0.066 3.50 0.25 

 

Table S2. Bonded potential parameters 

 

Bond type Kr (kcal mol-1Å-2) ro (Å) 

CT-CT/CT1-CT2/CT3-CT2/CT-CT4 368.0 1.539 

CT-HC/CT1-HC/CT2-HC 331.0 1.090 

CT-CT1/CT-CT3 300.0 1.549 

CT1-CA 317.0 1.510 

CA-CA/CA-CA1 469.0 1.400 

CA-HA 367.0 1.080 

CA1-OA 450.0 1.364 

OA-HB 553.0 0.945 

CT1-C 326.0 1.517 

C-O 968.0 1.209 

C-OS 471.0 1.360 

OS-CT4 342.0 1.446 

 
Table S3. Bending potential parameters 

 

Angle type Kθ (kcal mol-1 rad-2) θo (degrees) 

HC-CT-HC/HC-CT2-HC 35.0 109.5 

HC-CT-CT/HC-CT-CT1/HC-CT1-CT/HC-CT1-

CT2/HC-CT2-CT1/HC-CT-CT3/HC-CT-CT4/HC-CT2-

CT3 

35.0 109.5 

HC-CT1-CA 35.0 109.5 

CT-CT1-CA/CT2-CT1-CA 63.0 114.0 
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HA-CA-CA 35.0 120.0 

CA-CA-CA/CA-CA1-CA 63.0 120.0 

CA-CA1-OA 70.0 120.0 

CA1-OA-HB 35.0 113.0 

CT-CT-CT1/CT1-CT-CT1/CT-CT4-CT/CT-CT-

CT3/CT3-CT-CT3/CT1-CT-CT3 

89.5 113.3 

CT-CT1-CT/CT-CT1-CT2/CT-CT3-CT2/CT-CT3-

C/CT2-CT3-C/CT-CT3-CT 

87.0 109.5 

CT3-C-O 63.3 125.6 

CT3-C-OS 74.5 111.4 

O-C-OS 126.5 123.0 

C-OS-CT4 84.8 116.40 

OS-CT4-CT 50.0 109.5 

 

Table S4. Dihedral potential parameters 

 

Dihedral type K1  

(kcal 

mol-1) 

K2 

(kcal 

mol-1) 

K3 

(kcal 

mol-1) 

K4  

(kcal 

mol-1) 

HC-CT-CT-HC/HC-CT-CT1-HC/HC-CT-CT2-HC/ 0.0 0.0 0.300 0.0 

HC-CT-CT1-CA/HC-CT2-CT1-CA 0.0 0.0 0.462 0.0 

HC-CT1-CA-CA 0.0 0.0 0.0 0.0 

CT1-CA-CA-HA/CT1-CA-CA-CA 0.0 7.25 0.0 0.0 

HA-CA-CA-CA/HA-CA-CA1-CA/HA-CA-CA-CA1 0.0 7.25 0.0 0.0 

CA-CA-CA-CA/CA-CA1-CA-CA/CA-CA-CA1-CA/CA-

CA-CA-CA1 

0.0 7.25 0.0 0.0 

HA-CA-CA1-OA 0.0 7.25 0.0 0.0 

CA-CA1-OA-HB 0.0 1.682 0.0 0.0 

CT-CT1-CA-CA/CT2-CT1-CA-CA 0.0 0.0 0.0 0.0 

HC-CT-CT-CT1/HC-CT-CT1-CT2/HC-CT2-CT1-CT/HC-

CT-CT1-CT/HC-CT-CT-CT3 

0.0 0.0 0.366 0.0 

CA-CA-CA1-OA 0.0 7.25 0.0 0.0 

HA-CA-CA-HA 0.0 7.25 0.0 0.0 

HC-CT-CT3-CT2/HC-CT2-CT3-CT/HC-CT-CT4-CT/HC-

CT2-CT3-CT2/HC-CT-CT3-CT 

0.0 0.0 0.366 0.0 

HC-CT-CT3-C/HC-CT2-CT3-C 0.0 0.0 -0.10 0.0 

 CT-CT3-C-O/CT2-CT3-C-O 5.20 0.1 -5.10 0.0 

CT-CT3-C-OS/CT2-CT3-C-OS 1.61568 0.0 0.0 -1.61568 

O-C-OS-CT4 0.0 5.124 0.0 0.0 

CT3-C-OS-CT4 4.669 5.124 0.0 0.0 

OS-CT4-CT-HC 0.0 0.0 0.468 0.0 

CT-CT-CT1-CT/CT-CT1-CT-CT1/CT1-CT-CT1-CT2/CT-

CT1-CT-CT3/CT1-CT-CT3-CT/CT-CT3-CT-CT1/CT3-

CT-CT1-CT 

1.74 -0.157 0.279 0.0 



 

 248 

CT-CT-CT3-CT/CT-CT3-CT-CT3/CT2-CT3-CT-

CT3/CT3-CT-CT1-CT2/CT1-CT-CT3-CT2 

1.74 -0.157 0.279 0.0 

 

Table S5. Improper dihedral potential parameters 

 

Improper dihedral type Kω 

(kcal 

mol-1) 

ωo 

(degrees) 

CA-CT-CT1-CT/HC-CT-CT1-CT/CA-CT-CT1-

CT2/HC-CT-CT1-CT2/C-CT-CT3-CT/CT2-CT-CT3-

CT/C-CT-CT3-CT2/CT2-CT-CT3-CT2 

300.0 109.5 

 

B. Bonded and non-bonded interaction parameters for PAGs 

In this section, we provide the forcefield parameters for the PAGs shown in Figs. S3 to S8. The 

OPLS parameters for triphenyl sulfonium (TPS) cation with charge +1, 

adamantyltetrafluoroethyl sulfonate (ATFEtS) and  anion with charge -1.0, and nonionic 

naphthalimide sulfonate were obtained from LigParGen (http://zarbi.chem.yale.edu/ligpargen/) 

5,6. The structures were first optimized in Avogadro software (version 1.2.0) 7 before generating 

the parameters from the LigParGen server 5. Note that the LigParGen database provides 

forcefield parameters using the CM1A 8 partial atomic charge model for condensed-phase 

simulations. For charged molecules, LigParGen database does not scale the CM1A charges by 

a factor of 1.14 which is typically done for neutral molecules. This scaling factor is obtained by 

minimizing the errors for predicting condensed-phase properties such as free energies of 

hydration, densities, and heats of vaporization. For trifluoromethane sulfonate (TFMeS) and 

nonafluorobutane sulfonate (NFBuS) anions with charge -1.0, the OPLS parameters were 

obtained from Lopes et. al. 9 and Gouveia et. al. 10, respectively. The parameters for both 

TFMeS and NFBuS were validated through ab initio calculations and reproducing crystal 

structures and liquid-state densities. The OPLS parameters for hexafluoro benzene were 

obtained from Tinker distribution and phenyl sulfonate anion from LigParGen server were used 

to parameterize the bonded and nonbonded interactions for perfluorophenyl sulfonate (PFPS) 

anion with charge -1.0.  
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B1. Interaction parameters for TPS cation 

 

Figure S3. (a) Chemical structure of TPS cation along with the atom labels. (b) TPS cation 

structure after 10 ns MD simulations in vacuum using OPLS forcefield. CA1-CA18 = carbon 

(gray), HA1-HA18 = hydrogen (white), S- sulfur (yellow). TPS = triphenyl sulfonium. 

Table S6. Nonbonded LJ parameters for S, CA, and HA atom types 

Atom type εi (kcal mol-1) σi (Å) 

HA 0.030 2.42 

CA 0.070 3.55 

S 0.355 3.60 

 

Table S7. Atom charges 

Atom type qi (e
-) 

HA1 0.1627 

CA1 -0.0561 

HA2 0.1645 

CA2 -0.1181 

HA3 0.1462 

CA3 -0.0614 

CA4 -0.1958 

HA5 0.1525 

CA5 -0.0531 

HA6 0.1626 

CA6 -0.1247 

S 0.4609 

CA7 -0.1962 

HA8 0.1525 

CA8 -0.0541 

HA9 0.1622 

CA9 -0.1245 
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HA10 0.1648 

CA10 -0.0558 

HA11 0.1628 

CA11 -0.1184 

HA12 0.1465 

CA12 -0.0601 

CA13 -0.196 

HA14 0.1468 

CA14 -0.0608 

HA15 0.1642 

CA15 -0.1181 

HA16 0.1629 

CA16 -0.0562 

HA17 0.1626 

CA17 -0.1242 

HA18 0.1526 

CA18 -0.0537 

 

 

Table S8. Bonded potential parameters between S, CA, and HA atom types 

 

Bond type Kr (kcal mol-1Å-2) ro (Å) 

CA-HA 367.0 1.08 

CA-CA 469.0 1.40 

CA-S 250.0 1.76 

 

Table S9. Bending potential parameters between S, CA, and HA atom types 

 

Angle type Kθ (kcal mol-1 rad-2) θo (degrees) 

HA-CA-CA 35.0 120.0 

CA-CA-CA 63.0 120.0 

S-CA-CA 85.0 119.4 

CA-S-CA 62.0 104.2 

 

Table S10. Dihedral potential parameters between S, CA, and HA atom types 

 

Dihedral type K1 (kcal 

mol-1) 

K2 

(kcal 

mol-1) 

K3 

(kcal 

mol-1) 

K4 (kcal 

mol-1) 

HA-CA-CA-CA/HA-CA-CA-HA/CA-CA-CA-CA 0.0 7.25 0.0 0.0 

CA-CA-S-CA 0.0 0.60 0.0 0.0 

S-CA-CA-CA/S-CA-CA-HA 0.0 7.25 0.0 0.0 
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B2. Interaction parameters for TFMeS 

 

Figure S4. (a) Chemical structure of TFMeS anion showing atom labels. (b) TFMeS anion 

structure after 10 ns MD simulations in vacuum using OPLS forcefield. CF = carbon (gray), F 

= fluorine (green), S- sulfur (yellow), O- oxygen (red). TFMeS = trifluoromethane sulfonate. 

Table S11. Nonbonded LJ and coulombic parameters 

Atom type εi (kcal mol-1) σi (Å) qi(e
-) 

F 0.0599 2.95 -0.16 

CF 0.0659 3.50 0.35 

S 0.25 3.55 1.02 

O 0.21 2.96 -0.63 

 

Table S12. Bonded potential parameters 

 

Bond type Kr (kcal mol-1Å-2) ro (Å) 

CF-F 441.80 1.323 

S-O 637.07 1.442 

CF-S 235.42 1.818 

 

Table S13. Bending potential parameters 

 

Angle type Kθ (kcal mol-1 rad-2) θo (degrees) 

F-CF-F 93.33 107.1 

F-CF-S 82.93 111.8 

CF-S-O 103.96 102.6 

O-S-O 115.79 115.3 

 

 

Table S14. Dihedral potential parameters 

 

Dihedral type K1 (kcal mol-1) K2 (kcal mol-1) K3 (kcal mol-1) K4 (kcal mol-1) 

F-CF-S-O 0.0 0.0 1.451 0.0 
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B3. Interaction parameters for NFBuS 

 
Figure S5. Chemical structure of NFBuS anion showing atom labels. (b) NFBuS anion 

structure after 10 ns MD simulations in vacuum using OPLS forcefield. CF, CF1, CF2 = carbon 

(gray), F, F2 = fluorine (green), S- sulfur (yellow), O- oxygen (red). NFBuS = nonafluorobutane 

sulfonate. 

 

Table S15. Nonbonded LJ and coulombic parameters 

Atom type εi (kcal mol-1) σi (Å) qi(e
-) 

F 0.0530 2.95 -0.12 

F2 0.0530 2.95 -0.2 

CF 0.0659 3.50 0.36 

S 0.25 3.55 1.18 

O 0.20 3.15 -0.68 

CF1 0.0659 3.50 0.24 

CF2 0.0659 3.50 0.26 

 

Table S16. Bonded potential parameters 

 

Bond type Kr (kcal mol-1Å-2) ro (Å) 

CF-F/CF1-F/CF2-F2 366.835 1.332 

S-O 637.054 1.455 

CF2-S 235.42 1.792 

CF-CF1/CF1-CF1/CF1-CF2 267.93 1.529 

 

Table S17. Bending potential parameters 

 

Angle type Kθ (kcal mol-1 rad-2) θo (degrees) 

F-CF-F/F2-CF2-F2/F-CF1-F 76.93 109.1 

F2-CF2-S 82.90 111.7 

CF2-S-O 103.96 104.4 

O-S-O 115.79 114.0 

CF1-CF2-S 69.64 113.3 

F-CF-CF1/F-CF1-CF1/F-CF1-CF2/F2-CF2-CF1 49.93 109.5 

CF-CF1-CF1/CF1-CF1-CF2 58.292 112.7 
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Table S18. Dihedral potential parameters 

 

Dihedral type K1 

(kcal 

mol-1) 

K2 

(kcal 

mol-1) 

K3 

(kcal 

mol-1) 

K4 

(kcal 

mol-1) 

F2-CF2-S-O 0.0 0.0 0.3466 0.0 

CF-CF1-CF1-CF2 6.6191 0.9476 1.387 2.12 

F2-CF2-CF1-CF1/F-CF1-CF1-CF/F-CF-CF1-CF1/F-CF1-

CF1-CF2 

0.3 0.0 0.4 0.0 

F-CF-CF1-F/F-CF1-CF1-F/F-CF1-CF2-F2 -2.5 0.0 0.25 0.0 

S-CF2-CF1-CF1 -3.85 -0.479 0.1833 0.0 

S-CF2-CF1-F 0.0 0.0 0.330 0.0 

CF1-CF2-S-O 0.0 0.0 0.333 0.0  

 

B4. Interaction parameters for ATFEtS 

 
Figure S6. Chemical structure of ATFEtS anion showing atom labels. (b) ATFEtS anion 

structure after 10 ns MD simulations in vacuum using OPLS forcefield. C1-C10, CF1, CF2 = 

carbon (gray), F1, F2 = fluorine (green), S= sulfur (yellow), O = oxygen (red), H2-H10 = 

hydrogen (white). ATFEtS = adamantyltetrafluoroethyl sulfonate. 
 
Table S19. Nonbonded LJ parameters for S, C, CF, H, O, and F atom types  

Atom type εi (kcal mol-1) σi (Å) 

C/CF 0.066 3.50 

H 0.03 2.5 

S 0.25 3.55 

O 0.170 2.96 

F1/F2 0.06 2.90 
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Table S20. Atom charges 

Atom type qi (e
-) 

C1 -0.0675 

C2 -0.1487 

C3 -0.0958 

H2 0.0877 

C10 -0.148 

C7 -0.0978 

H10 0.0703 

C8 -0.1386 

H8 0.1164 

C4 -0.1465 

H3 0.0764 

C5 -0.0965 

H4 0.0681 

C6 -0.1483 

H7 0.0881 

H6 0.0715 

C9 -0.1458 

H5 0.0776 

H9 0.0935 

CF1 0.2213 

CF2 -0.1864 

S 1.2758 

O -0.5889 

F1 -0.1517 

F2 -0.1321 

 

 
Table S21. Bonded potential parameters between S, C, CF, H, O, and F atom types 

 

Type Kr (kcal mol-1Å-2) ro (Å) 

C-C/C-CF/CF-CF 267.93 1.529 

C-H 340.0 1.090 

S-CF 340.0 1.770 

S-O 700.0 1.440 

CF-F 367.0 1.360 

 

 

 

 

 

Table S22. Bending potential parameters between S, C, CF, H, O, and F atom types 
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Type Kθ (kcal mol-1 rad-2) θo (degrees) 

C-C-C/C-C-CF/C-CF-CF 58.35 112.7 

H-C-C 37.5 110.7 

S-CF-CF 50.0 114.7 

O-S-CF 74.0 108.9 

C-CF-F/S-CF-F/F-CF-CF 50.0 109.5 

H-C-H 33.0 107.8 

F-CF-F 77.0 109.1 

O-S-O 104.0 119.0 

 

 
Table S23. Dihedral potential parameters between S, C, CF, H, O, and F atom types 

 

Type K1 (kcal 

mol-1) 

K2 

(kcal 

mol-1) 

K3 

(kcal 

mol-1) 

K4 (kcal 

mol-1) 

C-C-C-C/C-C-C-CF/C-C-CF-CF/C-C-C-CF 1.30 -0.2 0.2 0.0 

C-CF-CF-S 1.262 -0.198 0.465 0.0 

CF-CF-S-O/F-CF-S-O/C-C-CF-F/C-CF-CF-F 0.0 0.0 0.0 0.0 

H-C-C-C/H-C-C-H/H-C-C-CF 0.0 0.0 0.30 0.0 

F-CF-CF-S 0.0 0.450 0.0 0.0 

F-CF-CF-F -2.50 0.0 0.250 0.0 
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B5. Interaction parameters for PFPS 

 

 

Figure S7. Chemical structure of PFPS anion showing atom labels. (b) PFPS anion structure 

after 10 ns MD simulations in vacuum using OPLS forcefield. CA1, CA = carbon (gray), F = 

fluorine (green), S = sulfur (yellow), O = oxygen (red). PFPS = perfluorophenyl sulfonate. 
 

Table S24. Nonbonded LJ parameters for CA, S, F, and O atom types  

Atom type εi (kcal mol-1) σi (Å) 

CA/CA1 0.07 3.55 

F 0.061 2.85 

S 0.25 3.55 

O 0.17 2.96 

 
                                            Table S25. Atom charges 

Atom type qi (e
-) 

CA 0.13 

CA1 -0.4041 

F -0.13 

S 1.3118 

O -0.6359 

 

 

 

Table S26. Bonded potential parameters between CA, CA1, F, S, and O atom types 

Atom type qi (e
-) 

CA 0.13 

CA1 -0.4041 

F -0.13 

S 1.3118 

O -0.6359 
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Table S27. Bonded potential parameters between CA, CA1, F, S, and O atom types 

 

Type Kr (kcal mol-1Å-2) ro (Å) 

S-O 700.0 1.44 

S-CA1 340.0 1.77 

CA1-CA/CA-CA 469.0 1.40 

F-CA 420.0 1.354 

 

Table S28. Bending potential parameters between CA, CA1, F, S, and O atom types 

 

Type Kθ (kcal mol-1 rad-2) θo (degrees) 

O-S-O 104.0 119.0 

O-S-CA1 74.0 107.2 

S-CA1-CA 85.0 119.4 

F-CA-CA 80.0 120.0 

CA-CA-CA 63.0 120.0 

 

Table S29. Dihedral potential parameters between CA, CA1, F, S, and O atom types 

 

Type K1 (kcal 

mol-1) 

K2 

(kcal 

mol-1) 

K3 

(kcal 

mol-1) 

K4 (kcal 

mol-1) 

O-S-CA1-CA 0.0 0.0 0.0 0.0 

S-CA1-CA-CA/S-CA1-CA-F/F-CA-CA-F/CA-CA-CA-

CA/CA1-CA-CA-CA/CA-CA1-CA-CA/F-CA-CA-CA/F-

CA-CA1-CA/F-CA-CA-CA1 

0.0 7.25 0.0 0.0 
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B6. Interaction parameters for nonionic naphthalimide sulfonate PAG 

 
Figure S8. (a) Chemical structure of nonionic naphthalimide sulfonate showing atom labels. 

(b) Nonionic PAG structure after 10 ns MD simulations in vacuum using OPLS forcefield. C1-

C12, CF1-CF4 = carbon (gray), F1-F4 = fluorine (green), N = nitrogen (blue), S= sulfur 

(yellow), O1-O4 = oxygen (red), H1-H12 = hydrogen (white). 

 
Table S30. Nonbonded LJ and coulombic parameters 

Atom type εi (kcal mol-1) σi (Å) qi (e
-) 

C2 0.076 3.55 -0.0155 

C1 0.07 3.55 -0.1779 

C6 0.07 3.55 -0.0673 

H1 0.03 2.42 0.1715 

C5 0.08 3.50 -0.0737 

H6 0.03 2.42 0.1632 

C4 0.08 3.50 0.0393 

C3 0.08 3.50 -0.1672 

H2 0.03 2.42 0.1899 

C7 0.07 3.55 -0.0688 

C8 0.07 3.55 -0.1762 

H7 0.03 2.42 0.1629 

C9 0.076 3.55 -0.0122 

H8 0.03 2.42 0.1713 

C10 0.08 3.50 -0.1635 

H9 0.03 2.42 0.1904 

C11 0.07 3.55 0.6423 

N 0.17 3.25 -0.6673 

C12 0.07 3.55 0.6519 

O1 0.21 2.96 -0.3577 

O2 0.21 2.96 -0.3720 
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O3 0.14 2.90 -0.2082 

S 0.25 3.55 1.3572 

O4 0.17 2.96 -0.4561 

CF1 0.066 3.50 -0.1423 

CF2 0.066 3.50 0.1583 

CF3 0.066 3.50 0.1671 

F1 0.06 2.90 -0.0698 

F2 0.06 2.90 -0.0914 

F3 0.06 2.90 -0.0937 

CF4 0.066 3.50 0.3979 

F4 0.06 2.90 -0.1238 

 
Table S31. Bonded potential parameters 

 

Bond type Kr (kcal mol-1Å-2) ro (Å) 

C1-C2/C2-C3/C8-

C9/C9-C10 

427.0 1.433 

C1-C6/C7-C8 469.0 1.400  

C1-H1/C6-H6/C7-

H7/C8-H8 

367.0 1.080 

C6-C5/C5-C7 469.0 1.404 

C5-C4/C4-C10/C3-C4 520.0 1.370 

C2-H2/C9-H9 412.52 1.050  

C3-C11/C10-C12 447.0 1.419  

C11-N/C12-N 418.0 1.388  

C11-O1/C12-O2 570.0 1.229  

N-O3 467.3 1.320  

O3-S 293.97 1.660  

S-O4 700.0 1.440  

S-CF1 340.0 1.770  

CF1-CF2/CF2-

CF3/CF3-CF4 

267.93 1.529  

CF1-F1/CF2-F2/CF3-

F3/CF4-F4 

367.0 1.360  

 

 

 

 

 

 

 

 

 



 

 260 

Table S32. Bending potential parameters  

 

Angle type Kθ (kcal mol-1 rad-2) θo (degrees) 

C6-C1-C2/C7-C8-C9 70.00 124.00 

H1-C1-C2/H8-C8-C9 64.51 118.99 

C1-C6-C5 63.00 120.00 

H6-C6-C1/H7-C7-C5/H8-

C8-C7/H1-C1-C6/C5-C6-

H6/H7-C7-C8 

35.00 120.00 

C6-C5-C4/C5-C4-

C3/C10-C4-C3/C7-C5-C4 

85.00 117.30 

C1-C2-C3/C1-C2-H2/C8-

C9-H9/C10-C9-H9/C3-

C2-H2/C8-C9-C10 

60.00 122.26 

C6-C5-C7 85.00 134.90 

C5-C7-C8 63.00 120.00 

C5-C4-C10 85.00 134.00 

C2-C3-C11/C9-C10-C12 77.27 119.73 

C3-C11-N/C10-C12-N 70.00 111.30 

C4-C10-C12/C4-C3-C11 85.00 119.20 

C3-C11-O1/C10-C12-O2 80.00 128.80 

C11-N-O3/C12-N-O3 63.00 112.40 

N-O3-S 69.51 114.54 

O3-S-O4/O3-S-CF1 78.67 104.36 

S-CF1-CF2 50.00 114.70 

CF1-CF2-CF3/CF2-CF3-

CF4 

58.35 112.70 

S-CF1-F1/CF1-CF2-

F2/CF2-CF3-F3/CF3-

CF4-F4/F2-CF2-CF3/F1-

CF1-CF2/F3-CF3-CF4 

50.00 109.50 

F2-CF2-F2/F4-CF4-

F4/F3-CF3-F3 

77.00 109.10 

N-C11-O1/N-C12-O2 80.00 120.60 

C4-C10-C9/C4-C3-C2 70.00 124.00 

O4-S-CF1/ 74.00 108.90 

C11-N-C12 70.00 126.40 

O4-S-O4 104.00 119.00 
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Table S33. Dihedral potential parameters 

 

Dihedral type K1 (kcal 

mol-1) 

K2 

(kcal 

mol-1) 

K3 

(kcal 

mol-1) 

K4 

(kcal 

mol-

1) 

C5-C6-C1-C2/C5-C7-C8-C9/H7-C7-C8-H8/C9-C10-C4-C3/H7-

C7-C5-C4/H8-C8-C7-C5/C8-C9-C10-C4/C7-C5-C4-C3/C3-C4-

C10-C12/C5-C6-C1-H1/H6-C6-C5-C4/C5-C4-C10-C9/H1-C1-

C2-C3/H1-C1-C6-H6/C6-C5-C4-C3/C5-C4-C3-C11/H1-C1-C2-

H2 

0.0 7.25 0.0 0.0 

C6-C5-C4-C10/C7-C5-C4-C10/C5-C4-C10-C12/H6-C6-C1-

C2/C11-C3-C4-C10/C2-C3-C4-C5/H8-C8-C9-H9/H7-C7-C5-

C6/H8-C8-C9-C10/C1-C2-C3-C4/H7-C7-C8-C9/C1-C2-C3-

C11/CF1-CF2-CF3-CF4/H6-C6-C5-C7/C2-C3-C4-C10 

0.0 7.25 0.0 0.0 

C1-C6-C5-C4/C6-C5-C7-C8/C2-C3-C11-N/C9-C10-C12-N/C4-

C5-C7-C8/C4-C10-C12-N/C2-C3-C11-O1/O1-C11-C3-C4/C1-

C6-C5-C7/C9-C10-C12-O2/C4-C10-C12-O2/C4-C3-C11-N 

0.0 7.00 0.0 0.0 

C6-C1-C2-C3/C7-C8-C9-C10 1.241 3.353 -0.286 0.0 

C11-N-O3-S/C12-N-O3-S 3.0 3.0 0.0 0.0 

N-O3-S-O4 0.75 0.0 0.0 0.0 

O3-S-CF1-CF2/CF1-CF2-CF3-F3/CF2-CF3-CF4-F4/O4-S-CF1-

CF2/O3-S-CF1-F1/O4-S-CF1-F1/CF2-CF3-CF4-F4/F1-CF1-

CF2-CF3/O4-S-CF1-F1/F2-CF2-CF3-CF4 

0.0 0.0 0.0 0.0 

S-CF1-CF2-CF3 1.262 -0.198 0.465 0.0 

S-CF1-CF2-F2/S-CF1-CF2-F2 0.0 0.450 0.0 0.0 

C11-N-C12-O2/C10-C12-N-C11/C3-C11-N-C12/O1-C11-N-

C12 

0.0 4.90 0.0 0.0 

H9-C9-C10-C12/C6-C1-C2-H2/C7-C8-C9-H9/H2-C2-C3-

C11/H2-C2-C3-C4/H9-C9-C10-C4 

0.0 0.0 -0.372 0.0 

F2-CF2-CF3-F3/F2-CF2-CF3-F3/F1-CF1-CF2-F2/F4-CF4-CF3-

F3/F3-CF3-CF4-F4 

-2.5 0.0 0.25 0.0 

O2-C12-N-O3/O1-C11-N-O3 0.0 6.603 0.0 0.0 

C10-C12-N-O3/O3-N-C11-C3 0.0 14.0 0.0 0.0 

N-O3-S-CF1 -0.75 0.0 0.0 0.0 
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7 Protocols for molecular dynamics and ab initio calculations 

 
A. Protocol for generating an unbiased initial configuration at 600 K 

To generate a representative initial configuration, we first placed the polymer chains on a grid 

in a very large cubic box (~50 times the expected final volume) with periodic boundary 

conditions applied in all directions and simulated at high temperature (1000 K) to randomize 

the system for 1 ns in an isothermal-isochoric (NVT) ensemble using Nose-Hoover thermostat 

with damping parameter of 0.1 ps. During this process, coulombic interactions are turned off 

and the LJ cutoff is set to 12 Å. Relaxation and decorrelation from the starting configuration 

was facilitated by using the LAMMPS fix adapt procedure for 1 ns that turns off the LJ 

interactions (while retaining the bonded interactions) and ramps them back to normal strength. 

After this step, we equilibrated the system with both coulombic and LJ interactions including 

long-ranged LJ tail corrections (setting 12 Å as cutoff) at 1000 K using Nose-Hoover thermostat 

and barostat (NPT ensemble) for 1.0 ns. We then further equilibrated the system for 1 ns by 

adding the pppm model with 10-5 error tolerance for coulombic interactions. After generating a 

dense configuration at 1000 K, a stepwise cooling is performed at 100 K/ns in the NPT 

ensemble until 600 K is reached. The system is relaxed at 600 K by further equilibrating for 5 

ns in the NPT ensemble. The pressure was set to 1 atm for all the NPT runs and the timestep to 

1 fs for the velocity-Verlet integration, checking the conservation of atomic linear momentum 

(px, py, pz) every 5 ps during all the simulation stages. The Nosé-Hoover thermostat and barostat 

damping parameters were set to 0.1 ps and 1 ps, respectively.  

 

B. Glass transition temperature and mean square displacement of the polymer media 

 
Figures S9c and S9d track the mean square displacement (MSD) of the polymer atoms at 600 

K (well above Tg) and 400 K (below Tg) and as expected we observed a significant drop in the 

MSD values with a flatter profile at longer times for all the polymers at 400 K compared to the 

MSD values at 600 K. We also observed that the drop in MSD values is larger in PHS than in 

PtBMA. These MSD trends hint towards nano structural differences (e.g., in local packing of 

the chains or the available free volume) of the atactic PHS, and PtBMA homopolymers, and 

PHS-PtBMA alternating copolymer chains as the system is cooled below Tg.  
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Figure S9. Glass transition temperature (Tg) estimation and MSD analysis for the PHS and 

PtBMA homopolymers, and PHS-PtBMA alternating copolymer. (a,b) Specific volume as a 

function of temperature during gradual cooling of polymers with different tacticity. The 

experimental Tg values for PtBMA and PHS (from https://www.polymerdatabase.com/ archive 

accessed on 18th March 2023) are also shown. Dotted lines are two-piece linear functions whose 

intersection marks the Tg. MSD vs. simulation time is shown at (c) 600K (above Tg) and (d) 

400 K (below Tg). 

 

C. Protocol for Hamiltonian replica exchange (HREX) simulations 

The free energy or the potential of mean force (PMF) for dissociation of a single and dimer 

PAGs with and without the polymer medium was estimated using umbrella sampling (US) 

withing a HREX framework. HREX is intended to improve the sampling of the configurational 

space in different US windows by allowing windows to swap configurations and thus escaping 

https://www.polymerdatabase.com/
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possible configurational traps. The HREX method allows for swapping of configurations 

belonging to neighboring umbrella sampling replica windows based on the Metropolis 

acceptance criterion, Pacc. For windows, i = 1 and 2, for example, Pacc = min {1, exp(-β1[U(k1, 

r1
ref, r2) – U(k1, r1

ref, r1)]- β2[U(k2, r2
ref, r1) – U(k2, r2

ref, r2)])} where β1= β2= 1/kbT and U(ki, ri
ref, 

ri)= 
1

2
 ki (ri- ri

ref)2 is a harmonic spring potential with parameters, ki and ri
ref, and ri (= rSO or 

rPAGscom) is the reaction coordinate distance. The replica swap move was attempted every 0.2 ps 

by randomly selecting an odd or even replica pairing. We fixed the value of ki for all i windows 

to be 15 kcal/(mol·Å2) and the ri
ref is varied with 0.5 Å increments from 3.0 Å to 22.5 Å for 

single PAG and 5.0 Å to 20.5 Å for dimer PAG simulations. The choice of ki’s and the spacing 

between each replica windows determine the neighboring window swap acceptance rate, and 

we selected the spring parameters such that the swap acceptance rate for all HREX simulations 

is between 15-30%. In each ith reaction coordinate window, a harmonic bias potential, U(ri)= 
1

2
 

k (ri- ri
ref)2 is applied to keep the system close to the reference separation distance ri

ref. In the 

case of ionic PAG dimer HREX simulations, we included an additional harmonic bias potential 

with k= 15 kcal/(mol·Å2) between the cation and anion to constrain rSO distance in the 

associated PAGs at different rPAGscom values. Note that the equilibrium rSO distance for each 

associated ionic PAG in the dimer calculations is obtained from the single ionic PAG PMFs 

where the first potential well was observed (see Figure S13 and Table S37 in Sec. VI for 

numerical values). 1 fs timestep is used in all the HREX simulations. 

We first performed the HREX simulations for the single and dimer PAG molecules in vacuum 

using NVT ensemble at 600 K in a very large periodic box (~1000 Å) with distance cutoff for 

the LJ and coulombic interactions set to 50 Å (disregarding long ranged columbic interactions). 

We then relaxed the initial configurations by equilibrating them for 10 ns in their respective 

replica windows (without any swaps). After the equilibration step, we performed the HREX 

simulations. Due to small number of degrees of freedom present in the vacuum simulations, we 

used a Langevin thermostat with 1 ps as the damping parameter and conserved the linear (px, 

py, pz) and angular (Lx, Ly, Lz) momentums of all the atoms for every 2 ps during the simulation.  

The HREX simulations were also performed at 600 K in NPT ensemble for single and dimer 

PAGs in atactic PHS-PtBMA alternating copolymer, and atactic homopolymers of PS, PHS, 

and PtBMA. The Nosé-Hoover thermostat and barostat damping parameters during the runs 
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were set to 0.1 ps and 1 ps, respectively. The LJ and coulombic cutoffs were set at 12 Å and 

included long-ranged LJ tail corrections and a coulombic pppm model with 10-5 error tolerance. 

First, the equilibrated configuration for the PAG-free polymer is obtained by following the 

protocol described in Sec. IIA. We then inserted an associated single or a dimer PAG obtained 

from the vacuum HREX simulations with random orientation at a random location in the 

polymer-containing simulation box, and the entire structure was minimized to avoid any 

unphysical overlaps. Using the minimized structure, we then generated more reliable initial 

configurations for each umbrella window in the HREX simulations by performing series of 

energy minimization, and annealing cycles for a total of 9 ns (see Table S34). The HREX 

simulations for single and dimer PAGs were performed for 5 ns and 6 ns, respectively and 

sampled values for the corresponding reaction coordinate distances for each window were 

dumped for every 1 ps. The probability distribution obtained for the series of windows from the 

last 2.5 ns for single PAG and 3 ns for PAG dimer simulations are eventually combined with 

the weighted histogram analysis method (WHAM) 11 to compose the PMF curve. The atomic 

linear momentum (px, py, pz) was conserved for every 2 ps in the HREX simulations and 5 ps 

in the annealing runs. The consistency of the PMF profiles was checked by performing two 

independent HREX runs with different initial configurations and different random seeds for 

atom trajectories and replica exchanges. 

Table S34. Equilibration stages to generate initial configurations for the single and 

dimer HREX simulations. All simulations are performed at 1 atm and 1 fs timestep. The 

temperature is ramped over the entire duration of the heating and cooling stages. 

 

Stage Simulation time 

(ns) 

Temperature 

(K) 

Energy minimization - - 

NPT 0.5 600 

NPT (heating) 1.0 600→800 

NPT 2.0 800 

NPT (cooling) 1.0 800→600 

NPT 0.5 600 

Energy minimization - - 

NPT (heating) 1.0 600→800 

NPT (cooling) 1.0 800→600 

NPT 2.0 600 
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D. Protocol for PAG concentrated simulations in polymer medium 

Mixtures with 140 molecules of a given polymer and 50, 100, 150, and 200 PAG molecules are 

placed on a grid in a very large cubic periodic box (~ 50 times the expected final volume). We 

performed NVT simulations at 1000 K for 1 ns using Nose-Hoover thermostat with a damping 

parameter of 0.1 ps. The coulombic interactions are turned off during this stage to help the 

random disperse the PAG molecules and polymer chains in the large box. We used the 

LAMMPS fix adapt function that ramps up the LJ interactions (while retaining the bonded 

interactions). The LJ interaction cutoff was set to 12 Å. Note that the ionic PAGs are completely 

dissociated at this stage. After this step, we performed an energy minimization, and the 

minimized structure was simulated at 600 K and 1 atm in the NPT ensemble for 1 ns with both 

coulombic and LJ interactions set to 12 Å cutoff including LJ tail corrections. We then added 

the pppm model with 10-5 error tolerance for coulombic interactions and performed a series of 

stages containing minimization, annealing, compression, and decompression runs for 9 ns (see 

Table S35). During all the stages, the timestep was set at 1 fs and the atomic linear momentum 

(px, py, pz) was conserved for every 5 ps. The total simulation time is 11 ns and the statistics for 

the cluster analysis and local hydrogen bonding interactions are obtained from the 

configurations that dumped every 10 ps during the last 3 ns. 
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Table S35. Equilibration stages for PAG concentrated simulations. Temperature is 

ramped over the entire duration of the heating or colling stages. Total simulation time 

is 9 ns.  

 

Stage Simulation Time 

(ns) 

Temperature 

(K) 

Pressure 

(atm) 

Energy minimization - - - 

NPT 0.5 600 1 

NPT (compression) 0.5 600 1→4000 

Energy minimization - - - 

NPT 0.5 600 4000 

NPT (decompression) 0.5 600 4000→1 

NPT (heating) 1.0 600→800 1 

NPT (cooling) 1.0 800→600 1 

NPT (compression) 0.5 600 1→4000 

NPT 0.5 600 4000 

NPT (decompression) 0.5 600 4000→1 

Energy minimization - - - 

NVT 0.5 600 - 

NPT 3.0 600 1 

 
E. Protocol for estimating dipole moment using ab initio methods 

The protocol for the dipole moment calculation in implicit solvent model is as follows: (i) The 

geometry of the associated PAG structure obtained from the vacuum HREX MD simulations is 

optimized (see Sec. IIC) using the R-B3LYP 6-31++G(d,p) basis set. The net charge of the 

PAG is set to 0 and the multiplicity of the electron state to 1. (ii) The resulting optimized 

structure was then used to carry out the energy minimization run with benzyl methanol and 

butyl acetate implicit solvent model.  

For estimating dipole moment of TPS-TFMeS PAG in the explicit polymer environment, we 

selected the polymer atoms in the first solvation shell around the associated TPS-TFMeS PAG 

from a MD equilibrated structure and chose the distance cutoffs from the PAG center of mass 

such that similar number (~10) of hydroxyl and carbonyl groups were included for the 

calculations. We then minimized the energy of the structure using the R-B3LYP 6-31G(d) basis.  
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8 Heterogeneity analysis in alternating copolymer medium 

 

Figure S10. Ripley’s K-function analysis for PHS (blue) and PtBMA (light orange) segments 

in the alternating copolymer. The effective K values are estimated relative to ideal scenario 

where the atoms are homogenously distributed. 

 

9 End-to-end distance of PHS and PtBMA segments in blend and 

diblock copolymer systems 

 

 
Figure S11. End-to-end distance, rE-E of PHS and PtBMA segments in (a) blend and (b) diblock 

copolymer systems. The average rE-E is 13.5 Å for PHS and ~13.7 Å for PtBMA in the blend 

(a), and ~12.7 Å and 12.0 Å, in the diblock copolymer (b). The distances are calculated between 

the head and tail carbon atoms of the chain.  
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10 Hydrogen bonding between PHS segments in alternating and diblock 

copolymers 

 

 

 
Figure S12. (a) Time averaged density, ρg(r), obtained from MD simulations between H-H 

atoms (blue) in phenol groups for the structure formed by diblock (solid lines), and alternating 

(dotted lines) copolymers at 300 K. (b) Local environment for alternating copolymer showing 

hydrogen bonding between phenol groups in the PHS segments (blue); functional group carbon, 

hydrogen, and oxygen atoms are colored gray, white, and red, respectively. The boxed letter B 

marks the hydrogen bonding. 
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11 PMF results for single and dimer ionic and nonionic PAGs at 600 K 

 

Table S36. Numerical values of dissociation free energy (in kcal/mol) of single, △GS, 

and dimer, △GD, PAGs in vacuum (polymer-free medium), homopolymers, and 

alternating copolymer from HREX simulations. Error bars are estimated using 

bootstrapping technique.  

 

△GS in kcal/mol for single PAGs 

PAG chemistry Vacuum 

 

PS 

homopolymer 

 

PtBMA 

homopolymer 

 

Alternating 

PHS-

PtBMA 

copolymer 

 

PHS 

homopolymer 

 

TPS-TFMeS 40.2±0.2 29.7±0.4 14.2±0.5 10.9±0.4 8.1±0.4 

TPS-NFBuS 39.5±0.3 - 11.8±0.3 10.1±0.4 8.8±0.4 

TPS-ATFEtS 37.8±0.4 - 11.2±0.4 9.8±0.3 8.8±0.3 

△GD in kcal/mol for dimer PAGs 

PAG chemistry Vacuum PS 

homopolymer 

PtBMA 

homopolymer 

Alternating 

PHS-

PtBMA 

copolymer 

PHS 

homopolymer 

TPS-TFMeS 13.3±0.4 8.9±0.4 4.9±0.3 1.2±0.4 0.63±0.3 

TPS-NFBuS 13.5±0.3 - 4.6±0.3 2.8±0.3 1.45±0.3 

TPS-ATFEtS 14.6±0.4 - 5.5±0.2 3.4±0.3 2.5±0.3 

Nonionic 

naphthalimide 
3.5±0.3 - 0.0±0.3 0.4±0.3 0.58±0.3 
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A. Dissociation free energy profiles and simulation snapshots of single ionic 

PAGs at 600 K in vacuum 
 

 
Figure S13. (a) PMF in kcal/mol and kbT at 600K for dissociation of single ionic TPS-TFMeS 

(black solid line), TPS-NFBuS (red dashed line), and TPS-ATFEtS (blue dotted line) PAGs in 

vacuum. rso is the distance between TPS sulfur and center of mass of oxygen atoms in the 

sulfonate anion. (b-d) Snapshots of the associated PAG configuration with rso corresponding to 

the minimum of first and second potential wells. The boxed numbers 1 and 2 indicate the 

potential wells in (a) and the corresponding PAG configurations in (b-d). Note that the 

difference in PMF values between states 1 and 2 is less than 0.5 kcal/mol. Atom colors: carbon 

= gray, hydrogen = white, sulfur = yellow, oxygen = red, and fluorine = green.  
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B. Dissociation free energy profiles and simulation snapshots of dimer ionic and nonionic 

PAGs at 600 K in vacuum 

 

 
Figure S14. (a) PMF in kcal/mol and kbT at 600K for dissociation of dimer ionic TPS-TFMeS 

(black solid line), TPS-NFBuS (red dashed line), and TPS-ATFEtS (blue dotted line), and 

nonionic naphthalimide PAGs in vacuum. rPAGscom is the center of mass distance between 

associated PAG-1 and PAG-2. (b-e) Snapshots of the dimer PAG configurations. For the ionic 

PAGs, the rso values for PAG-1 and PAG-2 correspond to the minimum of the first potential 

wells. Atom colors: carbon = gray, hydrogen = white, sulfur = yellow, oxygen = red, fluorine 

= green, nitrogen = blue. 
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C. Dissociation free energy profiles for single and dimer ionic PAGs at 600 K in 

homopolymer and copolymer media 

 

 
Figure S15. PMF profiles in kcal/mol and kbT at 600K for dissociation of single and dimer 

PAGs. (a,b) TPS-TFMeS, (c,d) TPS-NFBuS, and (e,f) TPS-ATFEtS in PHS (blue) and PtBMA 

(orange) homopolymers, and alternating copolymer (magenta). The shaded regions represent 

the error bars. 
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Table S37. Approximate rso values at the first, rFW (Å) and second, rSW (Å) well minima 

from the single ionic PAG PMFs in Figs. S13, S15, and S20. Note that difference in 

PMF values between rFW and rSW is less than 1.5 kcal/mol. 

 

PAG 

chemistry 

Vacuum PS 

homopolymer 

PtBMA 

homopolymer 

Alternating 

PHS-

PtBMA 

PHS 

homopolymer 

 rFW 

(Å) 

rSW 

(Å) 

rFW 

(Å) 

rSW 

(Å) 

rFW 

(Å) 

rSW 

(Å) 

rFW 

(Å) 

rSW 

(Å) 

rFW 

(Å) 

rSW 

(Å) 

TPS-

TFMeS 

3.5 5.0 3.56 5.2 3.62 5.25 3.65 5.5 4.2 6.0 

TPS-

NFBuS 

3.5 5.1 - - 3.63 5.5 4.2 5.6 4.0 5.8 

TPS-

ATFEtS 

3.9 5.3 - - 4.2 5.85 4.3 6.2 4.5 6.0 

 
Table S38. Approximate rPAGscom (Å) values at the first well minimum from the dimer 

ionic and nonionic PAG PMFs in Figs. S14, S15, and S20. Simulations were not 

performed for the unfilled columns under PS homopolymers.   

 

PAG 

chemistry 

Vacuum PS 

homopolymer 

PtBMA 

homopolymer 

Alternating 

PHS-

PtBMA 

PHS 

homopolymer 

TPS-TFMeS 6.25 7.0 7.0 8.0 0 

TPS-NFBuS 8.15 - 9.0 9.0 9.0 

TPS-ATFEtS 8.0 - 9.0 9.2 9.2 

Nonionic 

naphthalimide 

9.0 - 0 10.0 10.0 
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D. Dissociation free energy profiles for dimer nonionic PAGs and preferred orientations 

between associated dimer PAGs at 600 K in homopolymer and copolymer media 

 
Figure S16. (a) PMF profiles in kcal/mol and kbT at 600K for dissociation of dimer nonionic 

naphthalimide PAG in PHS and PtBMA homopolymers and alternating copolymer. (b) 

Probability distribution of the relative orientations between the dimer PAGs in vacuum, 

alternating copolymer, and PHS homopolymer mediums. 𝑢𝑙⃗⃗  ⃗ (l = 1 or 2) is the unit vector 

perpendicular to the naphthalimide rings. The statistics are obtained at PMF minima where 

rPAGcom is 9 Å for vacuum and 10 Å for both alternating copolymer and PHS homopolymer.  
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E. Probability distribution of the nearest distances from the anion and cation of the single 

associated PAG to the PHS and PtBMA functional groups 

 

 
Figure S17. Probability distribution of the closest distances from the sulfur atoms in anion and 

cation to the phenol (blue) and carbonyl (light orange) functional groups in the alternating 

copolymers.  The calculations correspond to single associated TPS-TFMeS, TPS-NFBuS, and 

TPS-ATFEtS PAGs where the rso distance is 3.6-4.3 Å (position of first PMF well shown in 

Figure S14 and Table S37).  
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Figure S18. Probability distribution of the closest distances from the sulfur atoms in anion and 

cation to the phenol (blue) and carbonyl (orange) functional groups in the alternating 

copolymers.  The calculations correspond to single associated TPS-TFMeS, TPS-NFBuS, and 

TPS-ATFEtS PAGs where the rso distance is 5.5-6.2 Å (position of second PMF well shown in 

Figure S14 and Table S37).  
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F. Solvation density of PHS and PtBMA atoms around associated dimer PAGs  

We analyzed the spatial densities of PHS and PtBMA segments excluding the hydrogen atoms 

connected to carbon in the alternating copolymer at different radial distances, r, from the center 

of mass (COM) of dimer associated PAG states (see Figure S19). We observed that the effective 

interaction distance between dimer PAG and the polar PHS segments is larger compared to that 

for the smaller TPS-TFMeS PAG case. This is confirmed by the decrease in density of PHS 

segments in the first solvation shell (r < 10 Å) as compared to the TPS-TFMeS PAG case. The 

change in PtBMA solvation density is evident where more PtBMA atoms populate at solvation 

distances less than 8.5-9.0 Å for TPS-NFBuS and TPS-ATFEtS as compared to the TPS-

TFMeS (see Figs. S19a and S19b). 

 
Figure S19. Density of (a) PHS and (b) PtBMA atoms away from the center of mass of dimer 

associated TPS-TFMeS, TPS-NFBuS, TPS-ATFEtS, and nonionic PAGs.  
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G. Dissociation free energy profiles for TPS-TFMeS PAG at 600 K in vacuum, PS and 

PtBMA homopolymer mediums 

To validate the PMF methodology, we compared the dissociation free energy of single and 

dimer TPS-TFMeS PAG in vacuum, and in both PS and PtBMA homopolymers. As expected, 

we observed that the dissociation barrier increases with decreasing polarity (or dielectric 

constant) of the medium.  

 
Figure S20. PMF profiles in kcal/mol and kbT at 600 K for dissociation of single, △GS, and 

dimer, △GD, TPS-TFMeS PAG in vacuum (black), PS (green), and PtBMA (orange) 

homopolymers. The shaded regions represent the error bars. 

 

H. Estimating Dipole moment of single associated TPS-TFMeS PAG in explicit 

alternating copolymer medium 

 
Figure S21. (a) Variation of the dipole moment, D for associated TPS-TFMeS PAG system in 

explicit alternating copolymer. (b) Configuration showing associated TPS-TFMeS PAG 

(circled) solvated by PHS and PtBMA segments. Atom colors: carbon = gray, hydrogen = 

white, sulfur = yellow, oxygen = red, and fluorine = green. 
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12 Results for high concentration PAGs in homopolymer and alternating 

copolymer media  

 
A. Radial density distribution function for the ionic and nonionic PAGs 

 
Figure S22. Time averaged density, ρg(r), of the (a) anion and cation centers of mass in PtBMA 

homopolymer for ionic PAGs, and (b) center of mass of nonionic naphthalimide PAG in PHS 

and PtBMA homopolymers. The wt% is calculated based on 200 PAGs in 140 12-mers of PHS 

and PtBMA.   
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B. TPS-ATFEtS PAG clusters in PHS and PtBMA homopolymers and alternating 

copolymer media 

 

 
Figure S23. Representative simulation snapshots of cubic periodic box showing the first (red), 

second (green), third (purple), and fourth (yellow) largest PAG clusters formed in a mixture of 

TPS-ATFEtS PAGs in (a) PHS homopolymer, (b) alternating copolymer, and (c) PtBMA 

homopolymer media. The polymer chains are not shown and the corresponding TPS-ATFEtS 

concentrations are between 32-36wt%. The fraction, XL, of PAGs in the first largest cluster 

(red) along with the simulation box dimension are also shown. (d) Chemical structure of TPS-

ATFEtS PAG. 
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C. Phase diagrams for mixture of TPS-NFBuS PAG in PHS and PtBMA homopolymers 

and alternating copolymer media 

 

To construct a phase diagram for the mixture of PAG and polymer, we start with the Flory-

Huggins equation12,13 for the mixing free energy, △Fmix, of polymer solution,  

△Fmix = kbT [
𝜙

Np
 ln 𝜙 + (1 − 𝜙) ln(1 − 𝜙) +  𝜒 𝜙(1 − 𝜙)]            (2) 

where, kb, 𝜙, and Np are the Boltzmann constant, composition of polymer in the mixture, and 

number of lattice sites occupied by each polymer chain, respectively. The Flory interaction 

parameter, χ is represented as: χ = △E/kbT, where T is temperature, and △E is the difference in 

pairwise interaction energies between the components in a mixture and components in pure 

states.  

The binodal phase boundary is determined by numerically solving the following equations 

derived from the common tangent of the free energy (Eq. 2) at polymer compositions 𝜙α1 and 

𝜙α2 that corresponds to two equilibrium coexisting phases,14 

                                  (
𝜕△Fmix

𝜕𝜙
)
𝜙=𝜙𝛼1

    =    (
𝜕△𝐹𝑚𝑖𝑥

𝜕𝜙
)
𝜙=𝜙𝛼2

 (3) 

            𝜙α1 (
𝜕△Fmix

𝜕𝜙
)
𝜙=𝜙𝛼1

- (△ Fmix)𝜙=𝜙𝛼1    =    𝜙α2 (
𝜕△Fmix

𝜕𝜙
)
𝜙=𝜙𝛼2

- (△ Fmix)𝜙=𝜙𝛼2  (4) 

The spinodal boundary is determined by equating second derivative of △Fmix to zero, leading 

to 

                χs= 
1

2
 [

1

Np𝜙
+

1

1−𝜙
]                   (5) 

The critical points (𝜙c, χc) in the phase diagram are determined by using,  

                𝜙c = 
1

1+√Np
 and χc= 

1

2
 [

1

√Np
+ 1]

2

      (6) 

To estimate the effective Np occupied by 12-mer PHS and PtBMA homopolymer and 

alternating copolymer chain, we calculate the ratio between the molar volumes of polymer chain 

and associated TPS-NFBuS PAG. We approximate Np to the nearest integer value (see Table 

S39). Simulated polymer chain molecular weights and bulk densities of pure TPS-NFBuS 

PAGs, PHS and PtBMA homopolymers and alternating copolymer media at 600 K and 1 atm 

are also provided in Table S39. Figure S24 shows the χ vs PAG composition phase diagram for 

the homopolymers and alternating copolymer.  
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To construct the temperature vs PAG composition phase diagram, we first estimated TPS-

NFBuS PAG solubility limit, XPAG (vol%) from MD simulation data for different PAG loadings 

at 600 K (Table S39) where the XPAG values correspond to concentration with 50% of PAGs 

present in the largest aggregated cluster. We note that the PAGs which are not part of the largest 

clusters also form nanocluster domains that are randomly distributed throughout the mixture. 

At XPAG, the segregation tendency between polymer and PAG is high which indicates that the 

mixture is in a metastable state between the binodal and spinodal boundaries of the two-phase 

region. For concreteness, we assume that the XPAG estimated from the MD data approximates 

the onset of the spinodal region in the phase diagram (see points 1, 2, and 3 in Figure S24a). 

Using this assumption, we estimated △E at 600 K from: △E= χskbT, where χs is the spinodal 

interaction parameter corresponding to XPAG in different polymer media (see Table S39 for 

values). We then construct the temperature-composition phase diagram by extrapolating the 

estimated fit parameter for different temperatures. 

 

Table S39. Physical properties and parameters estimated at 600 K for constructing phase 

diagram for mixture of TPS-NFBuS PAG in PHS and PtBMA homopolymers and alternating 

copolymer media. kb= 0.0019858 kcal/ (mol K). Densities (g/cc) and PAG solubility limit, XPAG 

(vol%) are obtained from simulations. χs is the spinodal interaction parameter corresponding to 

XPAG values.  

 

Polymer/PAG Density 

(g/cc) 

Molecular 

weight 

(g/mol) 

Np XPAG 

(vol%) 

χs △E 

(kcal/mol) 

PHS 0.974 1471.9 3 29 1.96 2.33 

Alternating 

copolymer 

0.923 1604.2 4 22 2.43 2.90 

PtBMA 0.844 1736.4 5 15 3.45 4.11 

TPS-NFBuS 1.267 562.5 - - - - 
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Figure S24. Phase diagrams estimated from Flory-Huggins theory, showing variation of 

interaction parameter, χ for different TPS-NFBuS PAG loadings (wt%) in PHS and PtBMA 

homopolymers, and alternating copolymer media. State points 1 (PtBMA), 2 (alternating), and 

3 (PHS) correspond to the PAG solubility limit, XPAG estimated from MD simulations at 600 

K.  
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D. Hydrogen bonding interactions in alternating copolymer at high PAG concentration 

MD simulations at 600 K 

 

 
Figure S25. Variation in density, ρg(r), of hydrogen bonding interactions between hydroxyl 

and carbonyl groups in alternating copolymer medium with (solid lines) and without (dashed 

lines) (a) TPS-TFMeS, (b) TPS-NFBuS, and (c) TPS-ATFEtS at 600 K. The corresponding 

PAG loadings in wt% is shown. 
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