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Abstract

The theory of classical vector—valued extremal processes is extended to super—eztremal processes,
Y = {Y:, t > 0}. Atanyt > 0, Y, is arandom upper semicontinuous function on a locally compact,
separable, metric space T. General path properties of Y are discussed and it is shown that Y is
Markov with state-space US(T). For each t > 0, Y; is associated.

For compact, metric T, we consider the argmaz process M = {M;, t > 0}, where M; = {re
T,Y:(r) = VeerYi(()}. M is a closed set-valued random process, and its path properties are
investigated in this general setting. We also study super extremal processes Y, which have for each

t > 0, Y; a.s. continuous.
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1 Introduction

In this paper, the classical theory of multivariate extremal processes is extended to function
space ( i.e. upper semicontinuous functions ) valued extremal procésses. A super—eztremal process
Y = {Y;,t > 0}, has the property that for each t > 0, Y; is a random element of US(T), the
space of non-negative, real-valued, upper semicontinuous ( usc ) functions on a locally compact,
separable metric space T. Alternatively, Y may be viewed as a sup-measure valued random process
( cf. Vervaat(1988) ) with the super-extremal process as its sup-derivative valued process. When
T is a compact, metric space, the argmaz process M = {M,,t > 0}, is defined as M; = {Tr € T :
VeerYi(€) = Ya(r)}, for each ¢t > 0, and for each ¢ > 0, M; is a random element of F(T'), the space
of closed subsets of T'. |

Our original interest in these processes arose from investigations into extensions of static random
utility models of continuous choice ( see Resnick and Roy(1991), and the references therein ) to
dynamic models. In the context of dynamic continuous choice, T' represents the set of alternatives,
Y, is interpreted as the random utility at time ¢ for elements of T, and M; is the random set of
utility maximizing alternatives. In this paper, we develop the properties of Y and M in a general
setting, and applications to dynamic choice modeling are taken up in Resnick and Roy(1991).

The paper progresses as follows. The topological preliminaries for the space US(T) are set
up in section 2. In section 3, the super-extremal process Y is defined and its path properties
are developed. We find that many of the properties of finite-dimensional vector valued extremal
processes generalize quite nicely to the infinite dimensional case of super—extremal processes. In
particular, Y is Markov, has a version in D((0, o0), US(T)), and for each ¢ > 0, Y, is sup—infinitely
divisible ( cf. Norberg(1986) ). Then in section 4, with T' compact metric, the path properties of the
argmax process M are developed. For future applications to optimization models, general conditions

for M, to be a singleton set are provided. Miscellaneous results about Y and Yy, in different settings



are collected in section 5. In Section 5.1, we show that sup-infinitely divisible random elements of
US(T) ( e.g. Y. ) are associated. In Section 5.2, with T' compact, metric, we construct super-—
extremal processes X, such that for each ¢ > 0, X, is a random element of C(T'), the space of
non-negative continous functions over T. We find that X has a version in D((0, o), C(T)). Finally
in section 5.3, we demonstrate that for each ¢t > 0, Y, has a spectral representation. Appendix A.I
verifies the measurability requirements for some sets utilized in the paper, and A.II describes the
Hausdorff metric and stochastic convergence on F(T').

An index to the notation used in this paper is in Appendix A.III. Note that inequalities on
functions and vectors should be interpreted componentwise. Hence f < g means f(r) < g(7), Vr €

T, f V g means the function f V g(r) = f(r) V g(7) with domain T

2 The Super—-Extremal Process

Suppose (Q2,.4,P) is a complete probability space, and T is a locally compact, separable
metric space, with countable dense subset D7, and metric d. B(T) denotes the Borel c—algebra
on T. US(T) is the space of upper semicontinuous functions from T + [0, cc], endowed with the
sup-vague topology ( cf. Vervaat(1988) ). The sup-vague topology has basis sets of the form

{fevsm : \ ft)<s}

te K

{fevsm : \ 5@t)>z)

teG
where K € K(T'), the compact subsets of T', and G € G(T'), the open subsets of T'.

Henceforth, for any measurable B C T and f € US(T') we use the notation

fY(B) := Vrep f(1)

For f € US(T), fV is a regular mazitive capacity( cf. Norberg(1986) ) or sup-measure ( cf. Ver-



vaat(1988) ). By regular we mean that
FY(B) = VkcafY(K) = Aa>8f¥(G); G€G(T), K € K(T).

Convergence in the sup—vague topology ( denoted by sup-K convergence ) is defined as follows : For

{fa}, fEUS(T), fa — fsup-K iff

lim sup £ (K)

IN

fY(K), K € K(T)

liminf f¥ (G)

v

Y (G), Geg(T)

B(US(T)) denotes the usual Borel o-algebra on US(T), i.e. the o-algebra generated by open
sets. US(T) is compact, separable and metrizable ( cf. Dolecki, Salinetti, and Wets(1983), Nor-
berg(1986) ). Let USo(T) = US(T) — {0}, i.e. US(T) punctured by removal of the function
identically zero on T. Obviously, USo(T) is not compact.

For € > 0 and B C T define
B2¢ = {f e US(T) : f¥(B) > ¢}.

The usual method of proving compactness for a set 4 C USo(T) is to check whether A is closed
in US(T) and AN {0} = ¢. It is easily observed that K 2¢ gatisfies these criteria. The set B>¢
is defined similarly with obvious modifications. For K € K(T), K¢ is measurable and relatively
compact in USo(T'). We observe that if T' is not compact, then T2¢ need not be closed in T'. As an
example, let T = [0,00) and let F(z) = 1 —e%, z > 0 and set f(z) = eF(z), so that fY(T) =e.
Define

gn(-’”) - f(x)l[n,oo)(x)

so that each gn is usc on T. We claim g, — 0 in US(T), since for compact KclollcT

limsup g, (K) < limsupg, ([0,1]) =0

n—00 n—00



and for any open set G C T, liminfp_.o gy (G) > 0. So gn € T2¢ ( since g¥(T) = fY(T) = € ),
gn — 0, but since 0Y(T) = 0, we have 0 ¢ T'2¢.
If (2,A,P) is a complete probability space, we say that the map ¢ : @ — US(T) is a random

usc function if it is a random element of (US(T), B(US(T))). This means £~(B(US(T))) C .A.

3 Construction of the Super—Extremal Process

We begin with a definition of a super—extremal process. Start by letting

N = Z E(tr,me)
k>1

be a Poisson random measure (PRM) on [0, 00) x USo(T) with mean measure u (see, for example,

Resnick (1987)) such that y is Radon ( finite on compact sets ) on [0, 00) x USp(T). We assume for

allt >0
n([0,f] x {f € US(T): fY(K)=00}) = 0, VK € K(T) (1)
p([0,t] x USH(T)) = oo (2
s({trx) = 0. 3)

The PRM N is time-homogeneous, if there exists a Radon measure v on USo(T), such that for
A € B(USo(T))

u([0,1] x A) = tr(A).

and v satisfies the analogues of (1) and (2) above.
Define the super—eztremal process Y = {Y,,t > 0} by
Y¢ = v Nk (4)
tkst
( cf. Resnick(1987) ). pu is often called the sup-Levy or ezponent measure of Y. As shown below

in Theorem 2.1, the super—extremal process Y is for fixed ¢ > 0, a T—indexed stochastic process



Y, = {Yi(r), 7 € T}, which is a random element of the function space USo(T'). Also define
Y, = v k-
s<tp <t
For B € B(T), the process YV (B) = {Y;¥(B),t > 0} is a classical univariate extremal process, since
v =\ (B3
<t

and

> ety @)

k>1

is a PRM on [0, 00) x (0, 0o] with mean measure of [0, ] x (z, 00] = p([0,t] x {f € USo(T) : f¥(B) >
z}) ( cf. Resnick(1987, pp.180) ).

The following theorem collects some facts about the super—extremal process Y = {Y:,t > 0}.
Following Whitt(1980), for a topological space S, let D((0, ), S) denote the space of functions with
domain (0, cc) and range S, which are right continuous and have left limits in S. Give D((0, o0), S)

the Skorohod—-J; topology when S is a separable metric space.
Theorem 3.1 Y = {Y,,t > 0} i3 a super-eztremal process. Then

(a) There exists Q. with P[Q.] = 1, such that for any fizedt > 0 andw € Qu, 7 — Yi(r,w) i3 usc in
7. A version of {Y,,t > 0} ezists ( also called {Y,t > 0} ) such that for each fizedt > 0, Y,
is a random element of US(T). Furthermore for any B € B(T), Y,¥(B) is a random variable.

For any fited t > 0, (1,w) — Yi(r,w) is B(T) x A/B((0,00)) measurable.
(b) Y is stochastically continuous in the sup—vague topology.

(c) There is a version of Y which is a random element of D((0,00), US(T)). The map (t,w) —

Y:(w) is B((0,00)) x A/B(US(T)) measurable.



(d) Y = {Y¢, t > 0} is Markov with state-space USo(T) and its transition probabilities are deter-

mined by (0 <s<t, heUS(T), Ki e K(T), z; >0,i=1,...,m }:

PIYY(K:) < ziyi=1,...,m|Y, = h]

_ o, hV(K;) > zi, somei€ {1,...,m}
T exp(—p((s,t] x {f: fY(K) < zipi=1,...,m}¢)) otherwise

Proof(a): Since T is a locally compact, separable metric space, there exists a sequence of compacta

K; C K(T) such that K; C K2, T T, where K?,, denotes the interior of K;;;. Since for every

5K ]?-‘ is compact, for € > 0 we have for a fixed positive integer m
E[N([0,m] x K7)] = u([0,m] x K7°) < oo

This implies for any 7 > 0

P[N([0,m] x K?") < o0] = 1. (5)

Consequently for all n > 0, the sets Qn':'j) = {w: N(w, [0,m] x KJ?-"—I) < co} satisfy P[Qf,”';)] = 1.
For fixed t € [0, m] and w € ﬂn,,-Q,(,""j) we show 7+ Y;(7,w) is usc. Fix 79 € T. Then there exists
Jjo such that 7o € K A and to show upper semicontinuity we consider two cases.

Case 1 : If Yi(mp,w) > 0, then there exists no such that ¥;(ro,w) > ngl. Since w € ﬁnQS:";.) -

QS:;D it follows that

limsupY;(r,w) = limsup'\/ (T, w)
o T g <t
= limsup \/ m(r,w) | V \/ (7, w)
T-+To
Y (Kjg @) zng t Y (Kjgr@leng
| 1<t te<t
< limsup \/ m(r,w) | Vgt
T—+To v ) -
"k (KJ'D ’“)2"0

tp <t



Since w € QS::,),'Q’ we deduce that v{n,‘{(Kjo,w)Zn;l,tkgt}”k(°1‘*’) is the maximum of finitely many

functions in USo(T') and hence is in USo(T'). Thus

limsup Y;(r,w) < \/ m(0,w) | Vgt < \/ nk(7T0,w) V ng?t

T—To
Y (Kjg)png test

tp <t

= Yi(ro,w)V n(','1 = Y (70,w)

since no was chosen to satisfy Y;(7o,w) > ngt.

Case 2 : Suppose Y;(rp,w) = 0 where w € ﬂ,.,jﬂf"j;-). Then for any n

lim sup ¥ (7, w) < V  mw) [ vat <l
T—Tg ",Y(Kjg>“’)2“—l
te<t

and since n is arbitrary limsup, _,,, Y:(7,w) = Yi(70,w) = 0.

For either Case 1 or Case 2, we have shown for w € ﬂn,jﬂf:z.) =: Q(m)

lim sup ¥i(r,w) < Yi(ro,w).

T—To
Hence for any t € (0,m], 7 — Yi(r,-) is usc with probability one. So on . = NS, 2™ we have
for any ¢t > 0, that 7 — Y;(7,w) is usc and since P[§.] = 1, we have proved the first part of (a).

Since
Ve {f: fY(K)<e}]l=[1V(K) <z]=[N(0,¢] x {f: f(K) 2z} =0] € A

we have for fixed t > 0, Yi(-) is a random element of US(T). Also from the completeness of
the probability space and Proposition 3.2, Norberg(1986), we conclude for B € B(T), ¥;¥(B) is a
random variable. The B(T) x .A/B((0, 00)) measurability of Y, for fixed ¢ > 0 is justified in Resnick

& Roy(1991).



(b) Let t, — ¢t > 0 and we need to show Y, P Y, in the sup—vague topology. Equivalently we
need to show that for any subsequence {t,»} C {tn}, there exists a further subsequence {¢,:} C {t,»}
such that Y,”, — Y almost surely. Let Ko C K(T') be a countable collection of compacta such that
T is locally K¢ in the sense of Vervaat(1988), section 3; i.e. for any 7 € T and any open G 5 7 there
exists K € K¢ such that 7 € Ko C K C G. Also let Gy be a countable base in T. From Theorem

5.3, Vervaat(1988) it suffices to check that almost surely
(%, (G), Y\, (K)), K € Ko, G € Go) — (V' (G), VY (K)), K € Ko, G € Go)- (6)

However, since for B € B(T), Y.V(B) = {Y;Y(B),t > 0}} is a one-dimensional extremal process, we

have that Y,V (B) is stochastically continuous ( cf. Resnick(1987),page 180 ) Hence
((YV(G)ﬂ YV(K))v K € KO, G S gO)

is a stochastically continuous R® valued stochastic process. So given {t,«}, there exists {tn/} C
{tan} such that in R* we have (6) holding almost surely. This suffices for the desired result.
(c) We first check that almost all paths of {Y;, > 0} are right-continuous in the sup—vague

topology. Observe that for each 7 € T, Y,(r) is non—decreasing in s so for each ¢ > 0
liirtlY,(r) =: Y4 (1)

exists. By Vervaat(1988, pp.18), Yiy = {Yi4(r), 7 € T} is in US(T) and Y, — Y4 as. in
the sup—vague topology, and for any K € K(T'), with probability one, ¥,Y(K) — Y% (K). Let Ko
be countable and locally T. Since {Y,Y(K),u > 0} is a one-dimensional extremal process, it is
right continuous on a set Qx of measure 1 so that {(¥Y,u > 0), K € Ko} is right continuous on

NrekoStx = Qn, which is a set of probability 1. So on Qn

ligl(Y,V(K), K € Ko) = (YY(K), K € Ko)



and thus

P[(YV(K), K € Ko) = (Y} (K), K € Ko), ¥t > 0] = 1.
From the definition of upper semicontinuity we conclude P[Y; = Y.4,Vt > 0] = 1 which gives the
desired right continuity.

We now show left-hand limits exist. For s, 1 t, define the random sup-measure ( G € G(T') )
rL@) = VY@

( cf. Vervaat(1988), Theorem 6.2(a) ). Let Y;_ be the random sup-derivative of ¥;Y, so that
P[Y;. € US(T)] = 1 ( cf. Vervaat(1988), section 11). Since ¥,Y — Y;Y in the vague topology on
the space of sup-measures ( cf. Vervaat(1988), section 3 ), we get that Y,, — Y,_ in the sup—vague
topology on US(T).

The joint measurability statement in (c) follows as usual from right—continuity.

Now modify Y on a P-null set such that ¢ — Y(w) is in D((0,00),US(T)) forallw € 2. Y, is
a random element of US(T), for any ¢ > 0, and Y (w) is in D((0, 00), US(T')) for all w € Q2. Since
the Borel o—field on D((0, c0), US(T)) coincides with the Kolmogorov o—field on D((0, ), US(T))
generated by the finite-dimensional ( co-ordinate ) projection maps on D((0,00),US(T)) ( cf.
Whitt(1980, Lemma 2.7) ), we get that Y is a random element of D((0, o), US(T)).

(d) For0<s<t

Y=Y, VY,

where Y, and Y,; are independent. Hence Y = {Y,¢ > 0} is Markov with state space U So(T).

The transition probabilities are obtained by noting

PYV(K;)<ziyi=1,...,m|Y, =h] = PRY(K;) VY (Ki) < ziyi=1...,m]. e

Remark 3.1: Let € be a random element of US(T). Then & is sup-infinitely divisible iff for each

n > 1, there exists an i.i.d collection {£;}*.,, of random elements of US(T'), such that 4 VI &



( cf. Norberg(1986) ). Then from the definition of the super-extremal process in (4), and Theorem
6.1, Norberg(1986), it follows that for each ¢ > 0, Y is sup—infinitely divisible.
Remark 8.2: The following distributional formulae can be derived from the definition of the

super—extremal process Y :

(i) Forany t >0, {G;}}-, €G(T) and z; >0, j=1,...,n

P[({¥(G)) < i}l = exp(—p ([0,1] x U=y {f € USo(T) : £¥(G;) > 2;}))-

=1
(ii) For h € USo(T) and t > 0
P[Y, < h] = exp(—p([0,?] x {f < h}°])
( The fact that {f < h}® € B(US(T)) may be readily checked, and is left to the reader ).

(iii) For G € G(T), (¥;Y(G),t > 0) is a one—dimensional extremal process and hence for 0 < t; <

e.<tpandz; >0,1=1,...,n

PI{YY(G) < z:}]

i1

= (~Al0t1]x (FEUSO(T):¥ (G)>Almyz: 1) o (~nl(t1,t2) X (FEUSo(T):f VY (G)> ATegi}]) |

. .e(“'l-‘[(‘n-l-ptn]x{fEUSO(T):fV(G)>1'n}D
4 The Argmax Process

In this section, T is a compact metric space with metric d, and we have a fixed version
of the super—extremal process Y = {Y;¢ > 0} defined in (4), which is a random element of
D((0,00), US(T)). Recall F = F(T) is the class of closed subsets of T', and note that F(T') = K(T).
F(T) is given the Fell or hit-miss or vague topology, by declaring the following collection as sub-
basis sets of the topology :

{FeF(T) : FNK = ¢}, ()

10



(FeF(T) : FAG# ¢} (8)

for K € K(T), G € G(T). Since T is compact, this topology coincides with the topology generated
by the Hausdorff metric, dir ( see definition in Appendix A.IT ) on F(T) ( cf. Vervaat(1988) ).
F(T) is a compact, metric space in the vague topology. Convergence of sequences in the vague
topology has the following characterization : For {Fy}n>1, F € F(T), Fn vaguely converges to F,

- v .
ie. F, = Fasn— oo iff

FNK=¢ = F,NK =¢eventually, K € K(T) (9)

FNG#¢ = F,NG# ¢eventually, G € G(T). (10)

Equivalently, Fp = F iff dg(Fyn, F) — 0.

The upper topology ( cf. Castaing and Valadier(1977), Vervaat(1988) ) on F(T'), is generated
by taking the collection of sets in (7) above as sub-basis. Convergence in the upper topology is
characterized by (9) above, and denoted by Fy, Y, F. Equivalently F,, = F iff d*(Fy, F) — 0,
where d*(Fy, F2) = sup,¢p, d(z, F2) is the upper Hausdorff distance Cf. A.II). From the definition,
we have d*(Fy, F3) < € means Fy C F§, where F§ is the e-swelling or neighborhood of F;. Thus
we always have F,, = T, so limits are not unique and the upper topology is not Hausdorff. Call a
function H : § — F(T) ( where S is a separable metric space ) upper continuous iff H is continuous

with respect to the upper topology on F(T') : for any sequence s, — s in S, K € F(T)
H(s)NK = ¢ = H(sa) N K = ¢ eventually, (11)

which is equivalent to the sets {s € S : H(s) N K = ¢} being open in S. Finally we note that if
e €T, n >0, we have {r,} 5 {7} iff d(7a,7) — 0.
Similarly, the lower topology on F(T) is generated by taking the collection in (8) above as sub—

basis. Convergence in the lower topology is characterized by (10) above, and is denoted by F, LF.

11



Then F, - F iff di(Fn, F) — 0, where d; is the lower Hausdorff distance ( cf. Appendix (A.II) ).

Analogously, we say H is lower continuous iff for any sequence s, — sin S, G € G(T)
H(s)NG # ¢ = H(s,) NG # ¢ eventually, (12)

which is equivalent to the sets {s € S : H(s) N G # ¢} being open in S. Therefore H is vaguely
continuous iff H is upper and lower continuous. In Castaing and Valadier(1977), upper ( lower )
continuous functions were called upper ( lower ) semicontinuous.

Let B(F(T)) be the Borel o—algebra generated by the open subsets of F(T). A random element
of (F(T), B(F(T))) is a random (closed) set( cf. Castaing and Valadier(1977), Vervaat(1988) ) .

The argmaz functional Ay is defined on US(T') to be

Av(f) = {reT:f(r)=f'(T)} (13)
= {reT:f(r) 2 fY()} (14)
= fUYT), o). (15)

From (15) and the upper semicontinuity of f we see that Ay(f) is closed ( cf. Resnick and

Roy(1991) ). Furthermore Ay is B(US(T))/B(F(T)) measurable since for K € K(T')

AJHYF:FNEK = ¢} {f: Av(f)NK = ¢} =: K

{f: fY(K) < FY(T)}

il

U {F: /&) <r}n{f: £Y(T) > r}

r€EQ4
where @4 is the set of non-negative rational numbers. Since this expresses A7 {F: FNK = ¢} as

a countable union of open sets in US(T) we have A7 {F : FN K = ¢} is open and

(K = AFYF:FNK +# ¢}

{feUS(T): Av(f)NK # ¢}

12



is closed in US(T). So we get that the argmax functional Ay on US(T) is upper continuous. This

is noted for future reference in the lemma below.

Lemma 4.1 Let Ay : US(T) — F(T) be the argmaz functional defined above in (18-15). Then Ay

18 upper conlinuous.

In general, the sets {f € US(T) : Av(f) € K} =: K®) ( K € F(T) ) are not closed ( see
Appendix A.L1 ) implying that the sets {f € US(T) : Av(f) NG # ¢} ( G € G(T) ) are not open.
Thus in general, Ay is not lower continuous. Consider the following example. Let f, be a sequence

of functions defined on T' = [0, 1] by

falz) = 1/2, z€1[0,1/2)

Il

1/2+41/n, z € [1/2,1],

and set f(z) = 1/2,Vz € [0,1]. So {fa}a>1, f € US(T) and as n — oo, f, | f in the sup—vague
topology. Then

A ={z:faw) = \ fal®)} =[1/2,1] € F(T),Vn,

y€[o,1}

and Av(f) = {z : f(2) = Vyeoy fW)} = [0,1] € F(T). Av(fa) does not vaguely converge to
Ay(f) and in fact, for all n, the Hausdorff lower distance between Ay (fn) and Ay(f) is 1/2. Note
that Ay (fs) converges to Ay(f) in the upper topology.

For a super—extremal process Y = {Y;,t > 0} ( cf. section 2.1 ) define the set-valued process
M = {M,,t > 0} by

M, := Av(Yy). (16)
M is called the argmaz process. Here are the basic facts about M.
Theorem 4.1 M = {M,,t > 0} is the argmaz process of a super—extremal process Y = {¥;,t > 0}.
(a) For eacht > 0, M, is a random element of F(T').

13



(b) M is right upper continuous in F(T') with probability one.
(¢) M is B(0,0) x A/B(F(T)) measurable.
(d) M is stochastically upper continuous.

Proof: For (a), see Resnick and Roy(1991, section 2). From Lemma 4.1, and Theorem 3.1, we
get (b) and (d). Also from Theorem 3.1(c), we know that Y is B((0, 00)) x A/B(US(T)) measurable.
Since for any K € K(T), the set K(2) = K(>) U K(=) € B(US(T)) ( see Appendix A.I ), we get

{(t,w): My(w) N K # ¢} = {(t,w) : Ye(w) € K2} € B((0, 00)) x A,

which is (c). e

From Theorem 4.1, we know that M : (0, 00) x Q — F(T) is B((0, 00)) x A/B(F(T))— measurable.
Hence there exists a measurable selection, i.e. a measurable function m : (0,00) x  — T which is
B((0, o0)) x A/B(T')-measurable and for P-a.a. w € Q,

mt(w) (S Mg((.d).

(cf. Castaing and Valadier(1977, IIL.6) ). Thus the selection process m = {m;,t € (0,00)} is a
measurable stochastic process, which P—a.s. picks out elements in M.

Define US(T)srne to be the functions in U Se(T") which achieve their maxima at a unique point

inT:
USM)sing = |J{F €USH(T): fY(T) = f(r) > f(),¥ 7' € T—{r}}
reT
= | J{f €US(T): Av(f) = {r}}.
T7€T

To check that this set is measurable, let { B(dm, rn)} be closed balls covering T', with centres d,, € Dy

and rational radii r,. Then

USMsivel*= |J U Bldm,ra)® € BUST)), (17)
rn€Q4y dm€DT
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where B(dm, )& = {f : Av(f) N B(dm,Ta) # ¢, Av(f) N B(dm,70)° # ¢}. Since B(dm,r,,)(=) €

B(US(T)) ( see A.L3 ), we have US(T)sing € B(US(T)).

From the measurability of Y ( cf. Theorem 3.1 ), and (17) above

Y Y([US(T)sinc]®) € B((0,00)) x A,

and its projection into €2

Projn (Y_l([US(T)SINg]c)) = U{w : (t,w) € Y"l([US(T)stG]C)}
t>0

is A-analytic ( cf. Dellacherie and Meyer(1978,II1.13) ). The probability space ({2, A, P) is complete,

implying

Proj, (Y- H[US(T)sing]9)) = U{w : My(w) is not singleton } € A.
t>0

( cf. Dellacherie and Meyer(1978,II1.33) ). Therefore the set

= ﬂ{w : My(w) is singleton } (18)

>0
[ Projq (Y-Y([US(T)sinec]9))]© € A. (19)

SINGF(T)

Also, for any fixed t > 0,

Y N (US(T)sive) (20)

SING;F(T) (t)
{w : My(w) is singleton} € A. (21)

I

When M is P-a.s. singleton, its path properties are nicer as is described in the next theorem.
Theorem 4.2 Suppose P[SINGx(1)] = 1; i.e. with probability 1, M, is singleton for allt >0
Then

(a) M is right continuous in F(T') with probability one.

15



(b) M is stochastically continuous.

Furthermore for w € SING#(r) :
(c) There is only one measurable selection process m(w) = {m(w), t > 0}.
(d) {m(w), t > 0} is right continuous and finally
(e) m i3 stochastically continous.

Proof : (a) Define Q4. := {w : M(w) is right upper continuous} whence P[Q,4.] = 1. Then for
w € QrucNSIN G x(T), we know that M(w) is right upper continuous, i.e. fort, | ¢, d* (M, (w), My(w)) —
0. But since M;(w) and {M;, (w)} are all singleton, d* = d; = dy ( see A.Il). Thusdy(M,, (w), My(w)) —
0, which is the desired conclusion.

(b) From Theorem 4.1(d), M is stochastically upper continuous, and therefore if t, — t and any
e>10

= lim P[d*(M;,, M) > €] = lim P[dn(Ms,, M) > .
-t 00 o~ 00

(c) For w € SING#(T) we have for all t > 0, My(w) = m(w).
(d) and (e) : For single point sets, convergence with respect to d* or dy is equivalent to point—

wise convergence. e

Remark 4.1: In general, if singleton sets in F(T') upper converge to a possibly multivalued limit
in F(T'), then it does not imply that the selections converge, when treated as T—valued functions :

Let T = [—1, 1] and define a sequence in F([—1, 1]) as follows,

o= {~1}, if nis odd,
" {1} if n is even,

and F = {~1,1} € F([-1,1]). Then d*(F,,F) — 0 but di(F,, F) = 2, all n. No matter how the

selections m,, m are defined, it is never true that m, — m.
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However it is true, that if a sequence of singletons in F(7') vaguely upper or lower converge to
a singleton limit in F(T), then that sequence is vaguely convergent in F(T'), and the corresponding

selections are convergent as T-valued functions.

Now we characterize super-extremal processes whose usc sample paths ( at each ¢ > 0 ) have
unique maxima. This will facilitate the construction of optimization models in applications where

it is often useful to have singleton sets of parameters maximizing a random objective function.

Theorem 4.3 Suppose M = {M;,t > 0} is the argmaz process of a super—eztiremal process Y =

{Y:,t > 0} with ezponent measure y satisfying for every t that the measure on (0, o]

p([0,t] x {f e US(T): f¥(T) € -})
13 atomless. Then

(a) P-almost surely M, is singleton for allt > 0, i.e. P[SING z(1)] = 1, if and only if

p([0, 00) x [US(T)sinel®) = 0.

(b) M, is P-a.s. singleton for any t > 0, i.e. P[SINGz(1)(t)] = 1, if and only if

p({o, t} X [US(T)SING]C) = 0 in which case P[ﬂzsgSING}-(T)(S)} =1.
Proof: (a) Suppose first that p([0,00) x [US(T)sing]¢) = 0. Then for any ¢ > 0,
P[A] = P[N([0,t] x [US(T)sing]®) =0] =1

and we may write on [N([0,%] x [US(T)sing]¢) = 0] that

Y¢ = \/ |V \/ Nk

1<t (T)s e St (Thge
n€US(T)sinG ne€US(T)sInG

17



so that on the set Se(t) = [N([0,t] x {f : fY(T) > €}) > 0] we have

Y= V Mk

St (T)se
e €US(T)siNG

and the maximum is over a finite number of functions. Note

ISEP[SG('*)] = HmP[N([0,¢] {F:9(T)>€}) > 0]

P[N([0,t] x USo(T)) > 0] = 1.
The condition that u([0,t] x {f € US(T) : f¥(T) € -}) be atormless guarantees
P[C] =Pl (T) # ' (T), V k, I with t; Vt; < t] = L.
Sofor0<é<t
P[Ns<s<t{M, is singleton}] = P[Ns<,<e{M, is singleton} N S¢(6) N C N A] + g<(6)

where g¢(6) < P[5.(6)°] — 0 as € | 0. On S¢(6) N C N A we have for any s € [6,1] that Y, is the
maximum of a finite number of functions, each having a unique maximum and such that no two of

these functions have the same maximum. So

S(§)ncnAc () [M, is singleton] = (| SINGx(z)(s)
§<s<t §<s<t

and since P[Sc(6)] — 1 as € | 0 we get P[N5<,<:SINGx(1)(s)] = 1. Letting first &6 | 0 and then
t — oo yields P[SING x(r)] = 1 as desired.

Conversely, suppose P[SINGx(r)] = 1. For any t > 0 and any closed ball Bjn = B(dm,7ra) C T,
with centre d,, € D7 and rational radii r,, the sets BS), BSS), B € B(US(T)) (see A.L1-AL3).

Then, for any By, € K(T') and any t > 0, define the random variables

'Xt(B1(n>n)) = VtzStnlv(T)l[meBszz}v (22)

18



X(BG) = Ve (D1, ep@p (23)
X(BE) = V! (D1, cpey (29)
The complete randomness of the PRM N, implies that Xt(B£n>,,) )y Xt(B,(,f,.)) and Xt(BS,,:n) ) are
independent. Also the atomless condition on p ensures that no two of the random variables
X:(BR?), X:(BS)) and X,(BS)) are equal with probability one.
Since P[SING x(r)] = 1, implies for any t > 0, P[SINGz(7)(t)] = 1, from Eddy and Trader(1982),
we get for any Bmn € K(T)

P[M; N Bmn # 6] = P[M; C Bpual-

This implies

0 = P[X(B)) > X:(BX)) vV X (B

= / e~#({FEBRYLY (T)>aD) o= me ({1 €BLQ:SY (T)>a)) g~ m{FEBITYS Y (T)>2))]
(0,00)

- _/ e—ut({fevso(r)sz(T)>z})d[,,t({f c B,(:‘,,) : fY(T) > z}))-
(0,00)

Since p({f € USo(T) : fY(T) > z}) € [0,00) and is monotone, non-increasing in z, any = > 0

implies p:({f € BE) fY(T) >z, all z € (0,00)}) = 0. Therefore

Hz( U U B,(,,:n))
rn€Q4 dm€DT
Yo > wm(BE)H=0,

rn€Q4 dm€DT

pe([US(T)sinG]%)

IA

whence p([US(T)srng]¢) = 0 for any fixed ¢t > 0. Then
p([0,8] x [US(T)sing)®, any t > 01 = p( | {{0,4] x [US(T)stne] Y]
t€(0,00)

and from monotone convergence
= lim /Lt({US(T)SING}C) =0.
tfoo
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The proof of (b) proceeds as above, but for a fixedt > 0. o

Remark 4.2: Note Theorem 4.3(b) characterizes sup-infinitely divisible random elements of
US(T) with atomless sup-Levy measures which have singleton argmax sets.
Remark 4.8: The atomless condition on the exponent measure in Theorem 4.3 cannot be weak-

ened to get our characterization for singleton M,. Consider the following example. Define

1—t, 0<t<1,
&) = { 0, otherwise

so that f € US((—o0,00)). Let No = Y_; €(t,,jx) be a PRM on [0,1] x {1,1/2,1/3,...} with mean
measure po([0,¢] x B) = (¢t A 1)v(B) where v places mass 1 on each point {1,1/2,1/3,...}. Define

N = Y 4 €(tu,jn+#(-—tx)) 50 that N is a PRM on [0, 00) x US([0, 2]) with mean measure

w([0,t] x ) = // Lio,1n1)(8)dsv(dy).
{G.y)y+f(-—0)€ }
Note u([0,] x [USsing([0,2))]°) = 0. However Y1 =\, 10k + f(- — t&)) and M; = {tr : jr =
thSljz} so that

P[SING r(1)(1)] P[M; is singleton]

1
[Me

P[No([0,1] x (1/k,1]) = 0, No([0, 1] x {1/k}) = 1]

b
i

1

e
T—eD

I
M8

~
1

1
Finally we show that the joint evolution of (M, YV (T)) is Markov.

Theorem 4.4 Y is a super-eziremal process, and M i3 the F(T)-valued process defined above.

Then the process {(M;,Y,Y(T)),t > 0)} is Markov.

Proof: Note that for s,t > 0

v o [ (M, YN(T) i YY(T) > V440 (T)
(Moo, ¥e4o(T) = { (Mieya, Ypo(T)) i ¥Y(T) < Y4, (T)
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where Mg,H,, = {T H y’t,t—{-o(T) = Yt\,/H-s(T)} If .th (T) P },tYH'J(T) then M¢+, = Mg U {1" H Y}V (T) =

Yi,t44(7)}, so in this case
(Mg, Y%, (T)) = (M U {7 : ¥;Y(T) = Yoy, (1)}, Y'(T))
So we conclude that (Mi4,,Y%,(T)) can be written as a function of (M,Y;") and quantities

independent of (M;,Y;¥) and the Markov property follows. e

5 Complements

5.1 Dependence Properties

Here we note that for a super—extremal process Y, defined by (4), for each ¢t > 0, Y, is
associated. T is a locally compact, separable metric space. US(T") is partially ordered with respect to
the ordering defined by pointwise comparisons i.e. f,g € US(T), then f < ¢ iff f(7) < g(7), Vr € T.

Definition: Suppose X is a random element of a partially ordered, locally compact, separable,

metric space space E. Then X is associated iff for monotone, non-decreasing functions g; : £ —

R,i=1,2 (ie. if fi, f2 € E, fi < fa then gi(f1) < gi(f2), i=1,2),
Cov(g1(X), g2(X)) > 0.

( cf. Esary, Proschan, Walkup(1967), Lindqvist(1988) )

We recall from Burton and Waymire(1985), that the PRM N = Y, €(s;,n,) o0 E = [0, 00) X
USo(T) ( cf section 3 ) is associated. We show that Y, is associated by showing that it is an
appropriately defined monotone function of N ( cf. Resnick(1987) ). To do this define a partial

order on My(E), the space of point measures on E, as follows : For u,v € M,(E)
p<viff u(A) <v(A), VA € B(E).
For any m = 3" £(tx,0,) € Mp(E), and any fixed t > 0, define a map T; : My(E) — USo(T) by
Tim = Vi, <tbk-
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Then Y(w) = T;N(w) is a monotone function of the associated random element N. Since non-
decreasing functions of associated processes on partially-ordered spaces ( eg. US(T) ) are associated
( cf. Resnick (1987), Lindqvist(1988) ), we get Y, is associated. It follows easily that for any
collection of sets B; € B(T),i = 1,...,n, the random vector (¥;Y(B1),...,Y;¥ (By) is associated.

In particular, the argument above shows that sup—infinitely divisible processes in US(T) or

equivalently, infinitely divisible random sup—measures are associated.
5.2 Super—Extremal Processes and Continuity

In optimization models with uncertainty, it is often assumed that the objective function has
continuous realizations over a compact set. Therefore, here we construct super—extremal processes
which live on C(T'), the space of bounded, non-negative, continuous functions on T. We assume
T is a compact, metric space, with countable dense subset Dy, and metric d. C(T) is given the

uniform topology, generated by the metric

dc(f5 g) = fgg | f(T) - g(T) l, f’g € C(T)

C(T) is Polish in the uniform topology, and finite-dimensional open sets form a base for this topology.
We denote by B(C(T)), the usual Borel o-algebra on C(T), i.e. the o—algebra generated by open
sets. Let Co(T") = C(T') — {0}, i.e. C(T") punctured by removal of the function identically zero on

T.

In this setting, we proceed with the definition of a super—extremal process. Suppose

N = Z E(tr,bx)

k>1
is a PRM on [0, 00) x Co(T") with Radon mean measure p on [0, o) x Co(T'), satisfying for all ¢ > 0
the analogues of (1), (2), (3)
P[0l x {f€C(T): f'(T)=00}) = 0 (25)
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p([0,8] x Co(T)) = o0 (26)

p({t} x) = 0. (27)

Since in general, for K € K(T), the sets {f € C(T) : fY(K) > €} are not compact in the uniform

topology, we require that p satisfy an additional condition, which is for any € > 0, K € K(T'), t > 0
p([0,t] x {f €C(T): fY(K) 2 €}) <00 (28)

( cf. Gine, Hahn, Vatan(1990) ). Sometimes we write p;(-) = p([0,] x -).

The super—eziremal process X = {X;,t > 0} is defined as

Xe:=\ & (29)
tx <t

( cf. (4), section 3.1 ). We show below that for fixed t > 0 X, = {X;(r),7 € T}, is a random

element of C(T).
As before, we note for B € B(T), the process XV(B) = {X)/(B),t > 0}, defined by X;/(B) :=

v . . N
Vi.<t &% (B) is a classical univariate extremal process.

Theorem 5.1 X = {X;,t > 0} is a super—eztremal process defined in (29). Then

(a) There ezists Q. with P[Q.] = 1, such that for any fized t > 0 and w € Q, 7 — Xy(1,w) is
continuous in 7. A version of {X;,t > 0} ezists ( also called {X;,t > 0} ) such that for each
fized t > 0, X, is a random element of C(T). Furthermore for any B € B(T), X/ (B) i3 a

random variable and for any fizedt > 0, (1,w) — X (1,w) is B(T) x A/B((0,00)) measurable.

(b) There is a version of X which is a random element of D((0, c0), C(T)). The map (t,w) > X(w)

is B((0,00)) x A/B(C(T)) measurable.

(€) X is stochastically continuous in the uniform topology.
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(d) X = {Xi, t € (0,00)} is Markov with state-space Co(T) and its transition probabilities are

determined by (0<s<t, geCo(T), n €T, z; >0,i=1,...,m ) :

PXi(n) < ziyi= 1,...,m{X, =g¢]

_Jo g(m) > z;, somei€ {1,...,m}
exp(—p((5,t] X {f: f(r) < ziyi=1,...,m}¢)) otherwise ‘

Proof(a): Almost-sure continuity of the paths of X, is proved by steps similar to those in the proof
of Theorem 3.1(a). We sketch the argument.

From (28), for positive integers m and n, E[N([0, m] x T2" )] = pm(T2""") < 00, which implies
P[N((0,m] x T2 ") < oo] = 1. Consequently for all n, the sets Q™ .= {w: N(w,[0,m]xT2""") <
oo} satisfy P[QY™)] =

For any t € [0,m] , we need to show that 7 + X;(7) is a.s. continuous. Fix 7o € T, and
distinguish two cases: X:(r0,w) > 0, and X;(70) = 0. When X;(70,w) > 0, an argument exactly as
in Theorem 3.1(a), with T replacing Kj,, shows that for w € Q. := N3 Nn o™, r— Xi(r,w) is
usc, and since P[Q.] = 1, for any ¢t > 0,X, is a.s. usc. Since the pointwise suprema of continuous
functions are lower semicontinuous ( Isc ), we get X, is both usc and lsc on €. and hence continuous.

Forany z; >0, €T, i=1,...,m

Xee ({F: f(m) <@}l = ﬂX‘(r.)<x, € A,

i=1
which implies for fixed ¢ > 0, X;(-) is a random element of C(T). Then it follows that for B €
B(T), X/ (B) is a random variable.
The B(T) x A/B((0, 00)) measurability of X, for fixed ¢t > 0, follows from continuity.
(b) Initially, we check that almost all paths of {X;,t > 0} are right-continuous in the uniform
topology. Theorem 3.1(c) tells us that for ¢, | ¢, X, — X, a.s. in the sup-vague topology. Since T is
compact, and X is a.s. continuous, from Theorem 7.2, Vervaat( 1988 ) and Theorem 1, Beer( 1982 )

we conclude X, — X, uniformly with probability one, which gives the a.s. right-continuity of X.
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Now consider the existence of left-hand limits. Since for any fixed 7 € T, {Xi(7),t > 0} is

monotone, for w € §Q,, and any t > 0 with s, Tt define
X (ryw) = \/ X, (r,w).
sn<t

Then X;— = {X;-(r), 7 € T} is a.s. lsc, since the pointwise suprema of continuous functions is Isc.
From Theorem 3.1(c), we know that there exists a random usc function Y- such that X, T Y,
a.s. in the sup—vague topology. Set Q,, = {w : X,,(w) T Yi—(w),sup —K} so that P{Q,] = 1.
Then for w € Q. N Q,yv1, using the definition of Y;_ as a sup—derivative ( cf. Theorem 3.1(c) ), for
any K € K(T), we have

Y)Y (K,w)= V V X, (nw) = \/ V X, (r,w) = V X (r,w) = X, (K,w).

sa<t r€K reK sa<t rekK
Therefore we may conclude P[X)_(K) = Y,“.(K), V K € K(T)] = 1 which implies P[X;- = Y,_] =
1. Therefore X;_ is a.s. continuous, and since it is bounded, Dini’s lemma implies that X, converges
uniformly to X;.. with probability one.

Finally, proceeding as in the proof of Theorem 3.1(c), one finds that X has a version which is a
random element of D((0, c0), C(T)).

The joint measurability of X follows from right—continuity.

(c) Let t, — t > 0, we need to show X; F X, in the uniform topology. Stochastic continuity
from the right follows from the a.s. right continuity of X in (b) above. From the left, for any ¢, T ¢,
an argument similar to that in Theorem 3.1(b), shows that X, F X, in the inf-vague topology ( cf.
Dolecki, et.al.(1983) ) on the space of non-negative lsc functions on T. Hence for any subsequence
{Xe .} C {X:,}, there exists a further subsequence {X; ,} C {X¢_,} such that X; , T X, almost
surely in the inf-vague topology. Since X; € Co(T), Theorem 1, Beer(1982), adapted to monotone
increasing sequences of lsc functions inf-vague convergent to a bounded, continuous function implies

X: , T X, uniformly, with probability one and the left stochastic continuity of X follows.
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(d) These are deduced as in Theorem 3.1(d). e

Remark 5.2.1: Note that for each t > 0, X, is a sup-infinitely divisible random element of C(T)
( cf. Gine, et.al(1990) ).
Remark 5.2.2: For the super—extremal process X above, the theory for the corresponding argmax

process, M. := Ay(X;), may be developed along the lines of section 4.
5.3 Spectral Representations

Now we show that the function space approach of the previous sections, to super extremal pro-
cesses has an equivalent spectral function construction (cf. Balkema, de Haan, Karandikar(1990)).
Set Ry = [0,00). T is a locally, compact separable metric space. Lebesgue measure on the product

o-algebra B(R4) x B(R.), is denoted by A% below.

Theorem 5.2 Y i3 a super—eziremal process defined by (4), with sup—Levy measure p. Then let
N’ = 34 €(up,vn) With points in RL be PRM(A?). There exists a measurable function f := R3 —
Ry x USo(T), such that

po= A2of-1l,
Writing
f(u, v) = (fi(u, v), f2(u, v))

we have that the process Y' = {Y},t > 0} defined by
Yii=  \  faw) (30)
fl(uh"k)st

satisfies Y' £ Y and has a version in D((0,00),US(T)). For eacht > 0, Y} is a sup-infinitely

divisible random element of U So(T).
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Proof: Since A? and p are o—finite, there exist measurable partitions {Un x Vo332, of R%, and

{W, x Ba}3%, of Ry x USo(T) such that for each n
w(Wn x By) = A3(Upn x Vp) < o0.

Also Ry x USo(T') is a locally compact, separable metric space, which has cardinality of the contin-
uum. Therefore Ry x U So(T) and R2 are measurably isomorphic ( cf. Dellacherie and Meyer(1978),

Appendix I11.80, Dudley(1989), Chapter 13 ). So for each n there exists a Borel isomorphism
f,=Up xV, — W, x By
( cf. Dudley(1989), Chapter 9), such that for any W x B € B(Wy) x B(Bx)
w(W x B) = A} (f7{(W x B)).

Define

f=(fuf2):= Y falw.xva

n=1

and then f is a measurable isomorphism from R% onto R4 x USo(T) satisfying p = A2 o =1 If N

is PRM(A?) then N’ o f~1is PRM(A2 o f~1 = y) (Resnick (1987)).

So given a A2-measurable function g : RZ — Ry x USo(T), such that the measure Mog?
+

satisfies the analogues of (1), (2) and (3), one may always construct a super extremal process by the
definition given in (3@).
Finally, for completeness, we give spectral representations for some of the models described in

sections 4 and 5.2, for compact, metric T, in the corollary below.

Corollary 5.1 (a) Y is a super-eztremal process defined by (4) and suppose P[SINGz)] = 1.

Then the construction yields

A2({(u,v) : fo(u) € [US(T)sine]}) = 0.
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In this case, for each fized t > 0, the argmaz functional of the process Y' defined in (3Q),

Av(Y?}), 13 a.s. singleton for every t > 0.

(b) Suppose X = {X;,t > 0} is a super—eziremal process defined by (29), with sup-Levy measure
0. Then there ezists a measurable function f = (f1,f2) : R2 — Ry x Co(T), satisfying
0=2Mof"1 and a PRM N. = ¥} €(u,,v.) with points in R2 and mean measure A2 o -1,
such that the process X' = {X},t > 0} defined by

Xi=\ fam) (31)

Ji(ukv)<t

satisfies X' 4 X, and has a version in D((0, 00), C(T)). For each t > 0, X; is a sup-infinitely

divisible random element of Co(T).

Proof: (a) follow from the definitions, Theorem 4.3, and Theorem 5.2 above. For (b), it suffices to
note that C’O(T) is an uncountable, separable, metric space and then the results follow as in Theorem

5.2, using the facts about X collected in Theorem 5.1. ¢

6 Concluding Remarks

Here we have developed the properties of super—extremal processes Y and their argmax pro-
cesses M for the general case of sup-infinitely divisible Y;. In Resnick and Roy(1991), for applica-
tions to choice models, super-extremal processes with max-stable Y,’s are constructed. The argmax

process M in the latter setting, representing the random set of optimal alternatives, turns out to

have several interesting properties.
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7 Appendix

(A.I) Measurability : T is a compact, metric space. Recall from section 4 that the argmax

functional Ay is B(US(T))/B(F(T)) measurable. Hence for any K € K(T)
(AL1) K&) = {feUS(T): Ay(f) C K} € B(US(T))

(AL2) KO = {feUS(T): Av(f)N K = ¢} € BUS(T))

(A.L3) K&) = [K>)y K € BUS(T)).

(A.II) The Hausdorff Metric and Convergence in Probability for Random Sets :
T is compact with metric d. The Hausdorff metric on F(T) ( = K(T) ) is defined as follows :

For F1, F; € F(T), set

d*(Fy,F,) = sup d(z,F;) = sup mf d(z,y) (32)
zEF zeF, YEF
d(Fy, F) = d*(Fa, F) = sup d(z, Fy) = sup lélf d(z, y). (33)
F, yEF,

Then the Hausdorff distance between Fy and F; ( cf. Castaing and Valadier(1977) ) is

dH(Fl,Fz) :du(Fl,Fg)le(Fl,Fg). (34)

In general, neither d“ nor d; are metrics, since

(1) du(Fl,Fz)ZO # F1=F2
(2) d*(F1, F3) # d*(F3, F1)  in general,

with analogous statements for d;. For singleton Fy, F € F(T), d*(F1, F2) = di(Fy, Fp) = dy(F1, Fy).
Also the functions dg, d*, d; : F(T) x F(T) — [0, 00), are continuous in the vague, upper and lower
topologies on F(T) x F(T), respectively. Since F(T) is separable, they are jointly measurable for
the product o—algebra. Thus for random sets F' and K, the distances, du(F, K), d*(F,K), and

di(F, K) are random variables.
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A sequence of random sets {F,} € F(T) converges in probability to a random set F € F(T)

iff dg(Fn, F) E 0 and likewise the sequence upper converges in probability iff d*(F,, F) —1—)~» 0. The

usual criterion for convergence in probability is applicable : F, ( upper ) converges in probability iff

for every sequence {n''} there exists a further subsequence {n'} C {n"} such that ( d*(Fn., F) — 0)

du(Fpi, F) — 0 P-as.

(A.III) Summary of Notation :

*

Zy =1{1,2,...}; Q4 = set of positive rationals.
Dy = countable dense subset of T'.

{B(dm;7n)}imeny = {Bmn}ameny = collection of closed balls covering T’ with centres d,, € Dp
T€EQ+ ra€Q+

and rational radii r,.

G(T), K(T), F(T) = collection of all non-empty open, compact, and closed subsets, respectively

of T.

Go, Ko, Fo = countable basis for the vague topology on G(T), K(T'), F(T'), respectively.
US(T) = space of non-negative real valued usc functions on 7.

USo(T) =US(T) — {0}

C(T) = space of bounded, non-negative real valued continuous functions on T

Co(T) = C(T) — {0}

1= function identically equal to 1 on T.

fY(B) :=Vzep f(r), f € US(T).

{f < g} =Urer{f €US(T): f(r) > g(7)}
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o T2¢ = {f e US(T): f¥(T) 2 e} = {f < el}

o B2 ={f e US(T): f'(B) > ¢}, B € B(T).

o Av(f)={reT: f(r)=f' (D}, f € US(D).

o US(T)sing = Urer{f € USo(T) : Av(f) = {r}}-

o KC) = {f € US(T): fY(K) > f(s),¥s € K} = {f : Av(f) € K}, K € K(D).
o K() = {feUS(T): fY(K) < (D)} ={f : Av(f) C K°}, K € K(T).

o K& = [KC)UKQF = [4y(f) N K # ¢]N[Av(f) N K # 6], K € K(T).

o p([0,8] x ) = pe(-); pl(5,8] X *) = par()-

o [f,g]={h€USHT): f(r) <h(r) < g(r),Y T €T}, fg €USo(T) and f < g.
o ‘B denotes convergence in probability.

o ‘2 denotes equality in distribution.
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