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ABSTRACT

The fqllowing relations héve been demonstrated in this paper: an in-
‘complete block design with property A in the Kurkjian-Zelen Sense, is a
balanced factorial experiment in the Shah éense which in turn is a partially
balanced incomplete block design having a 'ﬁinary number association scheme"'

and conversely; likewise, a rectangulér design which has property A in’

 columns and property B in rows in the Zelen-Federer sense, is a balanced

factorial rectangular experiment which in turn is a partially'balanced
rectangular design, and conversely. The establishment of these relations
is useful in comstructing block and row-column designs which are partially

balanced and in constructing fractional replicates which are balanced.

1. INTRODUCTION AND SUMMARY

Kurkjian and Zelen [1963] introduced a structural prope}ty;‘which ﬁag
designated as Property A, of the (block) incidence matrix N agsociated iiﬁh a .

class of block and direct product experiment designs. Extending this idea,

Zelen and Federer [196h] introduced two structural properties, which were
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designated as Property A and Property B, associated with experiment designs‘
for two-way elimination of heterogeneity, such as a k-row by b-column rectan-
gular experiment design, and direct product designs. Property A is associated
with the column (block) incidence matrix N and Property B is associated with
the row incidence matrix ¥. In the péper by Paik and Federer [1971], the in-
complete block designs (IBD) possessing Property A were designated as PA type
incomplete‘bloék designs and likewise, those two-way elimination of hetero-
geneity designs possessing both Property A and Property B were designated és
PAB type designs. Aléo, these authors showed that, under factorial structure,
PA type incomplete block designs are "balanced factorial experiments (BFE)", as
defined by Shah [1960], and are partiallytbalanced incomplete block (PBIB) de-

signs, with relevant parameters.

In this paper, we show that every BFE is a PA type incomplete block design
but a PBIB design is not always a-balénced factorial incomplete block design
(BFIBD) nor‘a PA type incomplete block design. We define a "binary number
association scheme (BNAS)" and obtain & condition for which a PBIB design is &
BFIBD or a PA type IBD. Also, we define n-ary partially balanced block (NPBB)
designs which‘may_have a spécified treatment appearing an arbitrary number of

times in a block, and discuss some properties of NPBB designs.
The relationships discussed herein may be summarized as follows:

(i) (PA and PB) 5 PAB

(ii) BFE 5 PA & (NPBB with BNAS)

(iii) PBIB without BNAS is not a BFE

(iv) PBIB - NPBB but not convérsely

(v) BFIBD 5 (PBIB with BNAS)

(vi) (PA type IBD) 5 (PBIB with BNAS)

(vii) PAB & (NPBB in rows and in columns)

(viii) PAB - balanced factorial rectangular experiment (BFRE), but not

conversely.




2. PRELIMINARIES

The following notatior (after Kurkjian and Zelen [1963]) will be used:

1m : mixl column vector having all elements unity,

— ' . . s .
Jml‘ 1,m1 1mi g miXmi matrix with all elements unity,
: n x . ) . | .
Im! m, Xm, identity matrix,
'M"H if x, = 0]
M= & R Mi = xpiI -d
. I ifx =1 . St
L mt 1 . ] : .'.(..,,»"
‘ R : , -
ML if s, =0t . 1, ifx, =0
5 ™ 1 Mt = ‘ .
D i= < . y i .
if 5, =1 . : ' =.
met if »61 _ Mi if x, 1

The dlrect product or Kronecker product, of Mxi and de will be- written

as MXNSMXS and in general, the jo:.nt dlrect product of n Mxi (i=1, 2,...,n) willv -
n

be written as m"t
i=1

~ Let there be v treatments, each replica.ted r times in b blocks of k blots o

each. ILet N = |In, j”’ 1=1,2,...,v; 3—1,2,...,'b be the incidence mtrix of the

design, where n, ( =0,1 2,. ..,) is equal to the number of "times the 1th

th

treat-

ment occurs in the j " block. The model assumed is

(2.1) | yij =p g+ bj + ei‘j,

~where y, ; is.the yield of the plot in the 3% block to which the il treatment

is applled, o is the overall effect, ty is the effect of the ith trea.tnent ;
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‘bj is the effect of the jth block, and eij is the experimental erfdr} The

 yield of all the plots of the j " block and t, be a solution for t, in the nor-

| F, has m, levels for i=1,2,...,n, thére being v = nm, treatments. Kurkjian

."case, we obtain the follow1ng solution for equation . (2 2):

effects p, t, bj’ are assumed to be fixed constants, while the error eij's'aré ‘

assumed to be independent normal variates with mean zero and variance o2. Iet

‘I'i be the total yield of all plots having the ith treatment, Bj be the total .

A

mal equations. Further, denote the column vectors (T

l) 2) ")T)' Bb))

(tl’ 57" tv)" and (tl’t2""’tv)' by T, B, and t and E respectively. Tt is

known that the reduced normal equations for intra-block estimates of treatment

effeéts are

(2.2) Ct = Q

where

(2.3) - ¢ =rI_ - W', and
(2.4) 3 - Q=" - khvg

The matrix C defined in (2.3) will be called the C-matrix of the design. The .

‘ -~ + + - :
solution of (2.2) i8 t = C Q, where C is a generalized inverse of C.

Consider a factorial experiment with n factors F 2,.a.,F s Where factor _

i
1—1
and Zelen [1963] introduced a structural property of the design which was re-
lated to the block (or column) incidence matrix N of the design. This structur-
al property was termed Property A and.méy be defined as follows: A block design

will be said to have Property A, or will be called a PA type block design, if

. n -
. n
a) NN' = z | £ h(ai,se,.,.,s ). n@ns
. : s=0 51+52+...+5n—s | i=1-

where 8, =0 or 1 for i=1,2,...,n, and h(al,sa,...,a ) are constanta. In this
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i=1

r\.fe(xl,.xg, .. .,xn)

n
(2.5) t= 7 z
s=1 | ¥1Tpt S

o ~

where e(xl,x . .,xn) is the efficiency factor associated with the estima.te'of 4

27"
generalized interaction F);" F‘? .. F; » and

(2'6) re(xl)x21”‘)xn)

n-1

}E z g(al,ae,...,a )

(l x! )8
S.45 +.. .45 = 1=1 :
n N

$ (1~
(l xia.)
12

 for g(0,0,...,0) = 1 - lh(o o,...,o), g(&l,bz,...,s ) = ’%p(al,sa,...,sn) if
(81’82’ "’5 )# O L ‘ )
. ‘ ) n ' )
" In a k-row by b-column rectangular experiment design with v = =« m, treat-

i=1
ments being re‘nllcated r tmes each, suppose the column incidence matrix N has

Property ‘A and the row incidence matrix N of the experiment design has Prope_rty ‘

B as introduced by Zelen and Federer [196L4], i.e.,

_ - .
(B) W= }E ' z Exs Byreeesby) GD ¢
5.%5 +...+5n—s i=1 =

s=0 12
where 3(81,82,. . .4,8n) are constants, then the kxb rectangular design will be
said to have Property A and P:operfy B or will be called a PAB type kXb rectan-
gular design. It is known that, in a kxb recta.ngtila’r design with v treatments
being replicated r times each, the reduced normal equations for estimating the

treatment effects may be writtenvas



(2.7) | ’ =0,

where(
~ l , ~rw !

(2.8) ¢ =rI - NN - %‘NN + Jv(r/v), and
~ Cm l - ~

(2.9) Q=71 - B - AR +1 (&/v),

where R = (Rl’ R2, ""Rk) ' RS = total yield of all the plots of the sth

row; g = total yield of all the pldts in the experiment. The solution of

(2.7) is t = € Q, where C 1is a generalized inverse of matrix C. In the PAB

type design,

\ | 7
n o ™ ®Ix Mx’ ' L '
~ i=1
(2.10) cC = z < z
: O TVB(X.,X, ge-e,X ) -
s=1 xl+x2+...+xn~s 1’72 n
where vV \
f .
(2.11) r@(xl,xg’, ces ,xn)
n-1 »
520 81+82+.,.+8n ] T i= 1 .
for £(0,0,...,0) = r il{n(o 0,...,0) - l*’n(o 0,...,0), g(sl,az,...,a )

= -fa(5),8,---,8,) - #(51’82’

....,'sn) if (51,.52,...,sn) £FO .

Paik and Federer [1971] have proved thet PA type incomplete block
designs are BFE and PAB type recta.ngular designs achieve "complete balancé'f |
over each of the in'tera.ctions in the sense of the followlng definitions

given by Shah [1960]:

Definition 2.1. (Sha.h'). ~ "Complete balance" is achieved over an interaction

if and only if all the normelized contrasts belonging 'co the sme 1nte‘ractiv

are estimated with the same variance.



De-finition 2.2. (Shah). An experiment will be called & bqlanced factoritl

experiment (BFE) , if the following conditlons are satlsfied.

(a). Each of the treatments is replicated the same number of times. _

(b). Each of the blocks has the same number of plots.

(¢c). Estimates of contrasts belonging to diﬁ:erent interactions are
uncorrelated with each other.

(d). "Complete balance" is achieved over each of the interactions.

Shah [1960] proved that a BFE is a PBIB design with relevant pa.remetei"s.

with relevant parameters. Also, a PAB type rectangular design is g,.,“ba.h.nced‘ 1

factorial rectangular experiment (BFRE).

3. BAIANCED FACTORTAL EXPERIMENTS AND PA TYPE BIOCK DESIGNS

We shall prove that every BFE is a PA type block design. Coz;aider a

BFE.in n factors, i Fn at ml,mz; ooy levels 'respectively, with . '

F )Py
each treatment combinatidn replicated r times in b blocks' of k plota. each,
n .

there being v = nlmi t;reztments. Let ]:.q"qﬁ ..q,’ where 94y is 0 or 1 for.

: i =1,2,...,0n, be & v X (m -l)qi matrix formed by a complete set of

i=1

n ’ 8
o (m 21)% normalized orthogonal vectors forming the generalized 1n'ber&ction T

1=1 o o |
pﬁ}ﬁ“ﬁ...ﬁgn then uging the results of Shah [1958 1960] and Pnik and Federer' .

2

[1971], the C-mstrix defined in (2 2) is uniquely represented e.nd given by

n

(3.1)  c=r Z ' 5 e(ql,qe,...,qn) ST
. - s=1 l/qll'qg'*" ﬂn‘s 9%, ‘h%-uq, ?

which can also be written as
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;;
n » - .
A A S 0(ay50y0 - 0 )L %80 oSy,
| e=1 @ TET T, |
i,j = 1,2,.._.,"\}, i

14
where the ffql’qa""’q") are the elements of L L'
ij . Qdper-rq; U 9%--->9,

corresponding to the ith row and ,jth column. Under the assumed model (2.1),
the variance-covariance matrix of a contrast set corresponding to the gen-

eralized interaction F?Ll Fge...an will be

(3'3) : ) Ug/re(ql;q?)"‘an)In T
N ™ (mi-l) 4
i=1 "~
and since representation of the matrix C is unique, i.e., if L " and
‘ G dp--es9,
- , n
LZ a4 q are two matrices formed by two sets of = .(mi-l)qi normalized
1 « s ® n . v - %

i=1
orthogonal vectors f’oixﬂing the generalized 'intera'ction Fcil Fg' ’ F:ﬂ sy then

* #*,

A L - ! V =T, L .
(3.4) %ds---q, Qdp---q, B9, %de--9,-

- 3 . v ' =
Define P; to be an mix(m:.L 1) matrix such that P.P/ Im, .y and im!Pi - 0

for i=1,2,...,n, and define, for i=1,2,...,n,

(3.5) > — 1 ifq, =0
R o
Pl = -
1 .
‘,Pi’ 'ifgi='1.
v
Let _
: f1 3
(3'6) : I-* = ﬂ@P?'!.-
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n

: then L igavX = (m.—l)u‘f matrix formed by a coﬁq)lete get of
. %% j=1 * o
n
n (mi-l)qi normalized orthoconal vectors and we obtain:
i=1 '
' - n n .
¥* *, _ a a
. L I —(n@P.tX n &plt)
(3-7) G dz---9; w29y j=1 Y Mi=1 %

T ®Pqi (Pq’) )
i=1

and fro_m’(’j.s) ~
.2"..J ’A if qi =
q, (pd4Y =

1 ) _
Im1 a‘—Jm‘, if ¢ =1,

v

Now, from (3.1), (3.%), (3.7) and (2.3), we obtain:

n
T"

(3.9) NN kr(n®1 'u
1— —~

ST, p¥ se(qi,qe---,qni)'

+qg+ .o =

q, (pd
rrl@P ‘(P‘)}>

and from (3.8), we know that the incidence matrix N has Property A.

Theorem 3.1. Every BFE is a PA'txge block design and conversely.

Example 3.1. 1In a BFE with v = mlmé,

Q
1]

2 |
| 2

< q. d, \ '

rp{ _Blapdp) m & 50}

g=1 q‘l 1= .

{0(0,1)P5(80) 'sp, P} + 9(1,0)P1P1®P2(P )" + o(1,1)PP 16P pj
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@D
—~

O
|..4
N’
/ll\
8
1

'—-l
~—~
(e )
—~
=
M
o
N
TN

ro(1, 1)1 ,<e(l 0) e(l 1)) x(eto 21 _ o1, l))J éI

1/6(1 1 - 9(011) - 6(1,0) J s
1 > mlm2 mlm2 m m,

m . m,

Hence, g(0,0) = re(1,1), g(0,1) = r(e(:'oi - e(l‘,l))’: and g(1,0) =r(%;_~_1_)
' -2 ' : o 1

- %%l‘—l-l> Then, we obtain:
oomy _

1

re(1,1) = £(0,0), 8(1,0) = £(0,0) + mg(0,1),

and

re(0,1) = g(0,0) + m,g(1,0).

4. BATANCED FACTORIAL EXPERIMENTS AND PBIB m'iéfrcms'

Consider e BFE with n factors as de‘sérﬁibedfin section 3. Tw‘or A‘trve‘at.-zv‘- :
ments are'pipz-f..p thassociates . wheré Py = 1, if -’c’-’he ith fa.ctor occurs
at the same level in both the treatments and p, = 0 otherwise, Lo

i ,‘plpa»._k., p
will denote the number of times ’chese t*ea.tments occur together in bl

Then we have

(h'l)r njplp8 .. zo{pl -l'p:8 o s .+p —s 1(m -1)1 pi}



. This association is called the "binary number association scheme (BNAS)".

Note: The sbove association scheme was defined by Shah [1960], but the
association scheme was not named. Also, the association scheme could be
cé.lled the "factorial association scheme" but Srivastava and Anderson [1971]
ha%re.used the name "factorial association scheme" in Multidimensional

Partially Balanced designs in a more general sense.

In the above BFE, suppose that model (2.1) is assumed. Using (2.3)

and (3.2), let

n _ _
v L = At N z : (€T TR
(k.2) C=rI 1th = | ), {q1+---qn=s e\(rql,qe,...,qn)fij 29 ,Q,,”,
Ts=1 ., | .
s 1,J=1,2,...,V,
. | (@ 5055059, ) « % *, "
where £.22%2!""24n/ i35 the element of L L corresponding
. ij ) | , CRL PO W I PRS- _

to the i'® row and 5P colum. Shah [1958] showed that f%l’%’ %) ge-

pends only on the associates, say plpg- .o Pn’ between the ith and ,ji?h treat-
n - n - '
ment. Iet us denote this by fq, where p = £ D ot h, a= Zaq o™ h,
P p=1 2 T op=1 B

p=ms= 21'1 denotes all levels equal (1 = 3j), and fi is a diagoné,l element.

Then, from (k.2)

m
Q.. F = g( 4
rz equ =T - i, where eq e(ql,qg,...,qn) such that

Q=1
n
n-h
1= R
h=1
‘and
® S i
v, D
(4.3) rbequ' " Pié.m,

q:
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n

' . n
h = such that = Ep 2
Y erevxp P1Pp- - Py ? h=lPh

times two‘pth associate treatments occur together.

-h and'xé eqnaiaithétnﬁﬁberbo

From (4.3), we obtair the following expression:

0 1
0 1
T fl' ’ fl; 8 "1
1
()'I'-)'I') r E . k)
0 1
Lfm fm Tt ﬁz _%ml _me

=

where Am = r-rk, fg = = for p=0,1,...,m, and QO is a dummy parameter al-

v
~ways equal to zero, introduced to simplify the inverse relation. Shah

[1958] also obtained the following relation for (4.L):

n

(4.5) rirzrl&?i(l)-g = - 2,
» = l_ 1 - - | PR _ N " :
where Fi(l) = mi(l mi _l>1 _e_ = (eol el;.a‘;gem)‘ 9&-n-d l = (xo,kl,aoo,km) .

Since 6, =0, Qm = r-rk, equation (4%.4) can be written as:

- l - ~ = s =
fo fg e fg. 91 xo
1 ‘ .
fl f?- cee f']li 92 )\l
. » : : . _ l .
(4.6) r SREEEI I P Bt ~S EER B
1
B £ .. ft;:J 4, | A\p-1
_r-rk_

For convenience, let us denote this as fbliows:

: rF*Q%;= - %ﬁi».
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~golution for § . Furthermore, if the above PBIB design is connected, none

Cfrom (4.4).

Consider a PBIB design having parameters v = m,, b, r, k, and
1*1 ,
V2 VERRRYE W then we may obtain equation (4.6) for the unimown variables

8176y, 8, Suppose

(%.7) | Q(F ) =e(F, ‘L) = m, ,

where p(F') denotes thé rank of the matrix F*,: theﬁ we may obtain a unique
of 85 i=1,2,...,m, are zero. Hence, the above PBIB design is a balanced

factorial incomplete block design (BFIBD) and is a PA type incomplete block

design. Now, we proceed to-prove relation (4.7). That p(F*) =m, is clear

Next, since f;‘ only depends upon the pth associates between two treat-

ments in the I"qLcl’ where p replaces (pl,pe, ..,p ) and q replaces

n.
n-h n-h
ql’ qg,...,gn) such that p = hg ph2 and q = h§ 92 respectively, the
number of £ in any row or column of the LqLé is np or. nplpau.b and gsince
1, (L L ) = 0, we have
: m
(4.8) z n_pfg =0 for g=1,2,...,m,
p:
or -
: m-1 . ,
: : a__ _ |
(4.9) o Lngle-gl foraslzom
p=0
Also, it is known that
.m-1
- (4.10) R Zn A = r-rk.

p=0




Thus, from (4.9) and (4.10), we have proved that p(F*) = o(F¥, 1).

Theorem 4.1. Every BFIBD is a PBIB with BNAS and conversely. Algo, every

 PA type IBD is a PBIB with BNAS. and conversely. -

1
In a PBIB design with v = m m,, each of the \
. -i:lvl qiq"°'q.n

or 1, does not always have a unique value, i.e., a PBIB design does not al-

for all q = 0

ways have a "binary number association scheme".

Example 4.1. v =2%5, r =2, k=4, b =5.

o’
o'
o
-F‘d
o'

1 2 ' 5
(00) (&) {2y [y T703)
(o1)  (10)  (13)  (02) = (11)
(02) (11) (o1) (10) (13)

(o)  (12) (1)

(03) (00)

This design is a triangular PBIB design with two associate classes. How-
ever, if we consider the BNAS, we may find KOO =1lor O, *01 = 1, and

Xll = 6, so the above PBIB design is not a BFE.

5. n-ary PARTIALLY BATANCED BIOCK DESIGNS (NPBB DESIGNS)

In the clagsical BIB design or PBIB design, no tre#tment appears. more
than once in a block. However, ﬁe may wish to apply some treatments more
than once in a block. In such‘caseé, the following definition of n-ary
partially balancedvblock designs (NPBB (see Tocher [1952])) may be usefui

for application.

Definition 5.1. (i). The experimental material is divided into b blocks

of k units each, some treatments may appear n,. = 0,1,2,...,n-1 = & specified

13

number, times in the same block.

(i1).- All trestments will be replicated the seme mumber (say r) of times in

the same number (say q) of blocks.




(1ii) There can be established a relation of association bétween eny twﬁ*'ﬂ
treatments satisfiying the following requirements.

(a). Two treatments are either first associates, second associates,...,

th . |
or u agsociates.
.th . .
(b). Each treatment has exactly n, i associates (i=1,2,..:.,u).
(¢). Given any twc treatments which are ith agssociates, the number of

treatments common to the ﬁth associate of the first and kth associate of

(9

the second is pgk and is independent of the pair of treatments we start

R ! i .
with. Also Pix = Py (i, 3, ¥ = 1,2,...,u).

(iv). Two treatments which are e associates occur together the same number
(say li).Of times. For example, if two treatments, t and t' say, are ith

associates and they are replicated r, ., and r ‘times in the jth block

b tJ t']
respectively, and r = £ r . for t = 1,2,...,v, then

j=1 %3

b
Ay T Zrtjrt’j
J=1

is constant as long as two treatments t énd t' are ith assoclates. If
A = 12 = .. = xu = constant, the design may Be called an n-ary balanced
block design (NBB design). ‘ ‘

2
tJ

b
(v). PR
J=1

The following relation between the paremeters will hold:

is constant for t = 1,2,...,v.

(1). vr =Dbk

(2). n, +n, te..dm = vl

Suppose that the t° treatment is replicated ¥, times in the 3°°

J
‘block, then the tth treatment appears together with others rtJ(k-rtJ)-timea

in the same block, and ), = Zrtjrt‘j times. with each of its ith associates
3 _




if treatments t and t' are i l associstes. So,

Hence, we obtain:

(3). nlkl + ngxo oot nuxh = rk-r .

Also, .

5 5 : 5 nj4l ifi=3

() le ij pju nj if 1 % J
i _ J
(5)‘ nipjk .njplk °
. . n ‘.
Now we define a BNAS for an NPBB design having v = = m, treatments
i=1 '

applied in b blocks of k plots of each. In a factorial system of n factors

F 2""’Fn at m,, ,...,mh'levels respectively, the two treatments are the

Pipe"'pnth associates, where p; = 1, if the ith_factor occurs at the same

level in both treatments and p, = O otherwise; A will denote the

1 Dg Py 0
number of times these treatments occur together in the same blocks. Suppose

t : : .
two treatments t and t' are DyDp---P, h associates and these treatments are

replicated r, . and T times in the jth‘block‘respectively, then

b
N : .
(5.1) ' App...p, T L TeTey
N . » j=1

th
If : does not depend upon a particular pair of p.p,-.-P :
*Iﬁfh"' n ' P ’ - 172 n :

b

aésociates and ifr= 2 rtj is a constant for t = 1,2,...,v, then the above'
j:l )

block desgign is an NPBB design with respect to the "binary nuﬂberAasgociation,"

scheme".
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Any contrast belonging to the generalized interaction F%iFgﬂ'Fg‘in ;

‘ the above design is estimated with variance

(5.2) ' 02/ re (00 - 50,

where q; ijs 0 or 1, then the relation between 6's and A's is

‘ N _
(5'3) T T ®Fi(l)'§- = - k%— ,
' i=1
where
| 1 /1 -1
(S‘LI') . . Fi(l) - ;1;-(1 mi _l 2.

6= (90’91’ "":em‘)': and A= (10:11:""Km)fy

WhereA §, and X, stand for 8(a,,9,5 ¢+ +>qy) and Aoy Dy - - D, such that

n n

q= Z4g 2" ang p= ZP el respectively and 8, = O and
h _-h ! 0
h=1 | h=1 .
b . . : " "

A = Dxo -rk=T -rk. B
"o i

Now we conclude the following: -

Theorem 5.1. Any NPBB design having BNAS is a BFE and is

i®
=
B
e
5

[¢)

=

design, and conversely. .

Example 5.1. ansider the following block design having v = 2X3, r = k4,

® | k=8,a;n_§ib=3:




v. | (00), (20), (01), (00), (113, (12), (00), (10).
b2 (o1), (113, (00), (11), (02), (10), (12), (O1).

b (02), (12), (12), ‘1¢i, (00), {(01), {11), (02).

In this design, treatment (00) is a (l,O)th assc~iate with treatments (01)
and (02); a (O,l\th asscciate with treatment (10); and a (O,O)th associate

. ‘ ’ ~Y a3 = =
with treatments (11) and (12). Since r(OO),l 2, r( 1,

00),2 = Y F(00),3

and r( = 1, then xlO = 5, and s;nce

01),1 = I T(o1),2 = % T(o1),3
r(10),1 - % T(10),2 T b T(u0),3 = b themrgy = 6, and lastly, since

=2, = 1, then ) Also, we obtain £ = 6

' =1, r, r .
*(11),1 = & (a1, (11),3 00 =2
and %y, = 6 - 32 = - 26. Hence, the above design is an NPBB design with

. ! '
=2x3, r = L, x =8, b= 3 and Aoo = 05 A1 = 6’}*10 =5, 111 = - 26, is

an NBFE, and is a PA type block design. §

6. PAB TYPE RECTANGUIAR DESIGNS AND n-ary

PARTIAILY BAIANCED RECTANGUIAR DESIGNS

Con51der a kXb rectangular design in n factors Fl, ,...,F at m ,m2,
a 2 1

REP. W levels having v= mm treatments and each treatment being replicated
j=1 *

r times. Suppose that the des1gn is & BFE with respect to columns (a PA type

column design) and any contrast belonging to the generalized interaction

Fa Fql---Fqn is estinated with variance

1
oz/re(ql,qz,...,qn)3 where qi =0or lforis= 1,2,..4,n
or
v n
v—| .
C 2 - ) n-h ’
(6.1) o /reqf where ¢ = ) q,2 s

h=1

then we may obtain the parameter vector ) from the folloﬁing relation:




n

r on & (1)g=-1,
i=1 1

where g = (O, PR ;' oand A = (xo,zl,,..,xm_l r-rk)'. Also, suppoée
3

I

that the design is an. HBFE with respect tc rows. or a PA type row design, 7
and ariy contrast belongzing to generalized interaction th Fgﬁ Fi'n is

estimated with variance

oz/r'é'(ql,qe,...,qn), where g, = O or 1 for i = 1,2,...,n,

or "
o

N n-h_
L9425
h=]

(6.2) _02/f§é, where q =

then, we may obtain the pa"rameter vector,z from the following relation:

n

.‘ - | T R ®F1(1)E = -

i=1

iy

It

Y

~ ~ , -~ - ¥*
where § = (”"51’“."31:1)" % L STEERFY VPE -rk) "’

In the above kXb rectangular design (from 2.8),

¥om, - B B0 (2)
3 (o, ) e Lo, ) - o, - B

Then,  the T-matrix can be written as follows:

m . m m
~ - A < '
C=Zr9LL+ rd LL' -~r L L
| oty * L Tty “ g
q=1 q=1 q=1
m

W

T ~ . '
r + - 1L L
L (Gq eq )qq
g=1

@ (6.1)




m

3%

re L T
z eqqq ’
g=1

I

n
where 8 =0 +® -land i is a v X (m.-1)% (g, = O or 1 and
q q aq SR i=1 1 1

n n

q=2= qh2n—n) matrix formed by a complete set of = (mi--l)qi normalized
h=1 - i=1
orthogonal vectors forming the generalized interaction }‘31Fg° .o Fgﬁ Hence,

the above design is a balanced factoral kXb rectangular experiment and is a

PAB typ. kXb rectangular icsign. We now state the following theorem:

Theorem 6.1. If the design is an NPBB having BNAS with respect to rows and

also to columng, then the design is BFRE and i

a PAB type rectangular design.

From theorem 5.1 and the definition of a PAB type rectangular design,

we obtair;:

Theorem 6.2. Every ‘PAB type rectangular design is an NPBB rectangular design

having BNAS with respect to rows and to columns, and conversely.

Remark: A BFRE is not always a PAB type rectangular design nor an NPEB
design having BNAS with respect to both rows and columns (see Kshirsager

[19571).

Example 6.1. Consider the design in Example 5.1 as a 3x8 rectangular
arrangement.
(1). With respect to columhs, v=2ox3, r=U4 k=3, b=28, and Ao = 2

=0, A\, = 2, and');ll = -8,

A1 10

Using the formula given by Shah [1960],

m

1 m,-1 1\ -
= - . 3 ‘
8 P i:l@(}(mi) % , where G(mi) ( 1 l)




- - - -1 - -
2 1 2 1 2 0
1 -1 1 -1 1 0 i 1
1=
i B - | P 2/3
1 -1 -1 1 -8 . 2/3
- -l b -d - -
Hence,
re(0,1) =

L, re(1,0) = 8/3, and re(1,1) = 8/3 .

(2), With respect to rows, v = 2%x3, r = 4, k =8, b = 3, and XOO =5,

kOl =6, *10 =5, and A T -26.

Tn this case

2 1 2 1 5 ] 0
. 1 -1 1 -1 1 5 15/16
S 2 -1 ¢ )
2 -1 2 1 5 1
1 -1 -1 1 -26 L 1
Hence,
r5(0,1) = 15/4, - rg(1,0) =4, and r§(1,1) = 4

(3). From (1) and (2), the above design is a "balanced factorial 3x8

4

rectangular experiment" and is a PAB type rectangular design having the

following efficiency factors:

6% (0,1) = 15/16, @"(1,0) = 2/3, and 0"(1,1) = 2/3 .
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