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Entanglement is a unique feature of quantum mechanics. Over the years, we have

understood bipartite entanglement a lot more, while our understanding of mul-

tipartite entanglement has lagged. In this work, we aim to fill some gaps in this

knowledge. Firstly, we provide a quantum algorithm to test whether a given mul-

tipartite state is multipartite entangled or multipartite separable. To develop this

separability test, we start with a separability test for the bipartite scenario using

the quantum steering effect. Our separability test consists of a distributed quan-

tum computation involving two parties: a computationally limited verifier, who

prepares a purification of the state of interest, and a computationally unbounded

prover. We then modified the separability test to get a variational quantum steer-

ing algorithm (VQSA), implementable on quantum computers that are available

today. We then simulate our VQSA on noisy quantum simulators and find favor-

able convergence properties on the examples tested. We extend our separability

test to the multipartite scenario by using the appropriate definitions.

We expect that multipartite entanglement will find use in quantum network

scenarios. Quantum networks consist of various quantum technologies, spread

across vast distances, and involve various users at the same time. Certifying the

functioning and efficiency of the individual components is a task that is well stud-



ied and widely used. However, the power of quantum networks can only be re-

alized by integrating all the required quantum technologies and platforms across

numerous users. In this work, we demonstrate how to certify the distillable entan-

glement available in multipartite states produced by quantum networks, without

relying on the physical realization of its constituent components. We do so by

using the paradigm of device independence.

Finally, we introduce multipartite intrinsic non-locality as a method for quanti-

fying resources in the multipartite scenario of device-independent (DI) conference

key agreement. We prove that multipartite intrinsic non-locality is additive, con-

vex, and monotone under a class of free operations called local operations and

common randomness. As one of our technical contributions, we establish a chain

rule for two variants of multipartite mutual information, which we then use to

prove that multipartite intrinsic non-locality is additive. This chain rule may be

of independent interest in other contexts. All of these properties of multipartite

intrinsic non-locality are helpful in establishing the main result: multipartite in-

trinsic non-locality is an upper bound on secret key rate in the general multipartite

scenario of DI conference key agreement.
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CHAPTER 1

INTRODUCTION

It has always been a little hard to wrap one’s head around entanglement, be

it bipartite or multipartite. The implications of the existence of entangled states

have been a subject of interest since the introduction of the EPR paradox [4]. We

got a better understanding of entanglement through Bell’s theorem [5], which

provided us with the theoretical tools necessary to develop experiments to test

whether entanglement could be explained by classical physics. Such a test was

first performed using the Clauser-Horne-Shimony-Holt inequality [6]. Such ex-

periments contributed greatly to our understanding of quantum mechanics and

earned Alain Aspect, John Clauser, and Anton Zeilinger the Nobel Prize for

Physics in 2022.

Over the years, we have understood bipartite entanglement a lot more, but our

understanding of multipartite entanglement is just catching up. Part of the incen-

tive to understand multipartite entanglement comes from the rise of quantum

networks. Potential uses for quantum networks include quantum computers con-

nected together for distributed computing tasks [7, 8], a collection of quantum sen-

sors that implement a joint measurement on a system of interest [9, 10, 11, 12], or a

number of distant nodes that transmit quantum states among themselves [13, 14].

To realize the full potential of quantum networks, the efficient production and dis-

tribution of multipartite entanglement is essential [15]. Hence, a thorough under-

standing of multipartite entanglement is essential for the development of future

1



applications of quantum technologies.

1.1 Preliminaries

We begin by recalling some important definitions that will be used throughout

this thesis. They are as follows.

Definition 1 The quantum state of a system A is described by a density operator, ρA,

which is a unit trace, positive semi-definite operator acting on the Hilbert spaceHA.

The set of all linear operators acting on HA is denoted by L(HA). We shall denote

the identity operator as IA. The set of all density operators acting onHA is denoted

by D(HA).

Definition 2 A quantum channelNA→B : L(HA)→ L(HB) is a completely positive trace

preserving linear map characterized by a set of finitely many Kraus operators, {Kx}x∈X,

such that

NA→B(YA) B
∑
x∈X

KxYAK†x (1.1)

for every linear operator YA ∈ L(HA), where Kx is a positive semi-definite operator for all

x ∈ X and
∑

x∈X K†x Kx = IA.

Definition 3 A measurement of a quantum system of A is described by a positive

operator-valued measure (POVM) {Πx}x∈X, where Πx is a positive semi-definite operator

for all x ∈ X and
∑

x∈XΠx = IA.

2



A physical observable O has a corresponding Hermitian operator acting on the

underlying Hilbert space. O has a spectral decomposition as follows:

O =
∑

λ∈spec(O)

λΠλ (1.2)

where spec(O) is the set of distinct eigenvalues of O and Πλ is a POVM element

corresponding to λ. A measurement of O is described by the POVM {Πλ}λ∈spec(O).

The expected value ⟨O⟩ of the observable O when the state is ρ is given by

⟨O⟩ B Tr[O ρ] =
∑

λ∈spec(O)

λ Tr[ρΠλ]. (1.3)

A binary observable is an observable with exactly two distinct eigenvalues. Com-

mon examples of binary observables are the 2x2 Pauli matrices, σx, σy, and σz,

with eigenvalues +1 and –1.

Definition 4 A quantum instrument is a collection of completely positive trace non-

increasing maps {Ex}x∈X where

Ex(ρ) B
Ex ρ E†x

Tr[Ex ρ E†x]
, (1.4)

Ex is a positive semi-definite operator for all x ∈ X and
∑

x∈X E†xEx = I.

Now, we move on to discussing the basics of multipartite entanglement and

introducing the problems we address via this thesis.

3



1.2 Multipartite Entanglement

To discuss multipartite entanglement, we need to start by defining bipartite en-

tanglement. To this end, we must recall what a separable or unentangled state

is. A bipartite quantum state σAB of two spatially separated systems A and B is

separable (unentangled) if it can be written as a probabilistic mixture of product

states [16]:

σAB B
∑
x∈X

p(x)ψx
A ⊗ ϕ

x
B, (1.5)

where {p(x)}x∈X is a probability distribution, and ψx
A and ϕx

B are pure states. The

idea here is that the correlations between A and B can be fully attributed to a

classical, inaccessible random variable with probability distribution {p(x)}x∈X. Any

bipartite state that is not a separable state is an entangled state.

Similarly to how we need bipartite separable states to define bipartite entan-

glement, we need to understand multipartite separable states to understand mul-

tipartite entanglement. For simplicity, we shall refer to a multipartite state con-

sisting of M parties an M-partite state. An M-partite state ρA1···AM ∈ D(HA1···AM ) ≡

D(HA1 ⊗ · · · ⊗ HAM ) is fully separable if it can be written as

ρA1···AM =
∑
x∈X

p(x)ψx,1
A1
⊗ · · · ⊗ ψx,M

AM
(1.6)

where ψx,i
Ai

is a pure state for every x ∈ X and i ∈ {1, . . . ,M} and {p(x)}x∈X is a

probability distribution. Moving forward, M-SEP will denote the set of all ρA1···AM ∈

D(HA1···AM ) such that ρA1···AM is fully separable.

4



Unlike in the bipartite scenario where an entangled state is simply one that

is not separable, the definition of a multipartite entangled state is a bit more nu-

anced. To highlight this nuance, we will look at two examples of states consisting

of just three parties. First, consider the following state:

|00⟩AB + |11⟩AB
√

2
⊗
|0⟩C + |1⟩C
√

2
. (1.7)

It is clear that such a state cannot be written in the form described in (1.6) and one

could argue that it is a tripartite entangled state. Let us split the three systems into

two groups, say AB and C. We call such a splitting a bipartition. The state above

is separable on the bipartition AB and C. Now, consider the state,

|000⟩ABC + |111⟩ABC
√

2
. (1.8)

It is clear that such a state cannot be written in form described in (1.6). Moreover,

regardless of the bipartition, the state shared is not separable. We call such states

genuinely tripartite entangled.

In general, one could split the M parties of a multipartite state into k ≤ M

groups. This is called a k-partition. An M-partite state is said to be k-separable if,

on some k-partition, k ≤ M, the state is separable. An M-partite state is genuinely

multipartite entangled if the state is not k-separable for all k ≤ M.

No discussion about entanglement can be complete without an overview of

Local Operations and Classical Communication (LOCC) channels. A channel

L→A1...AM→A′1...A
′
M

is said to one-way LOCC channel from A1 to A2 . . . AM if it can be

5



written as

L→A1...AM→A′1...A
′
M
B

∑
x∈X

Ex
1, A1→A′1

⊗ N x
2, A2→A′2

⊗ · · · ⊗ N x
M, AM→A′M

(1.9)

where x ∈ X is a classical message publicly communicated to all parties, Ex
1 is a

quantum instrument and N x
i is a quantum channel for all x ∈ X and i ∈ {2, . . . ,M}

[17]. We can define one-way LOCC from any Ai to the other parties similarly. An

LOCC channel LA1...AM→A′1...A
′
M

is then just a composition of finitely many one-way

LOCC channels. LOCC channels are important to our discussion about entan-

glement because such channels cannot be used to produce entangled states or

increase the amount of entanglement shared between distant parties [18].

Though above definitions of the bipartite and multipartite entanglement are

straightforward to write down, but it is a different matter to formulate an algo-

rithm to decide if a general state is separable; in fact, it has been proven to be

computationally difficult in a variety of frameworks [19, 20, 21, 22, 23]. Intuitively,

deciding the answer requires performing a search over all possible probabilis-

tic decompositions of the state, and there are too many possibilities to consider.

Regardless, determining whether a general state ρAB is separable or entangled,

known as the separability problem, is a fundamental problem of interest rele-

vant to various fields of physics, including condensed matter [24, 25, 26], quan-

tum gravity [27, 28, 29, 30, 31], quantum optics [32], and quantum key distribu-

tion [33, 34]. In quantum information science, entanglement is the core resource

in several basic quantum information processing tasks [33, 35, 36], making the

separability problem essential in this field as well.
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Part of the challenge in using entangled states for various tasks is that they are

hard to produce and maintain faithfully on any physical platform. The utility of

entangled states drops off dramatically the further they are from being perfectly

or maximally entangled. Therefore, assessing the quality of entangled states pro-

duced becomes an important task, thus motivating the problem of quantifying

entanglement [13, 37, 38, 18], in addition to deciding whether entanglement is

present. We tackle the task of deciding whether a state is entangled in Chapter 2

of this thesis.

1.3 Device Independence

A problem that is related to the separability problem is the issue of testing whether

the state shared between two distant parties is the maximally entangled state, i.e.,

∣∣∣Φ+〉 = |00⟩ + |11⟩
√

2
. (1.10)

We can use the CHSH game [6] to do this. Consider two distant parties, Alice and

Bob, who share a bipartite state and can perform two measurements on their share

of the bipartite state. We denote Alice’s choice of measurement by x ∈ {0, 1} and

their outcomes by a ∈ {0, 1}. Similarly, we denote Bob’s choice of measurement by

y ∈ {0, 1} and their outcomes by b ∈ {0, 1}. In each round of the game, Alice and

Bob receive their shares of the bipartite state. We choose x and y independently

and uniformly at random, perform the corresponding measurement, and record

the outcomes a and b. After all the rounds of the game, they use public communi-
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cation to share all values of a, b, x, and y and calculate the probability with which

win (a, b, x, y) = 1, where win (a, b, x, y) is defined as follows:

win (a, b, x, y) =


0, if a ⊕ b , x ∧ y

1, if a ⊕ b = x ∧ y
, (1.11)

⊕ is the binary XOR operation, and ∧ is the binary AND operation. If the bipartite

state Alice and Bob share is a separable state, the winning probability can be 3/4 at

most. On the other hand, if Alice and Bob share a maximally entangled state, then

the maximum winning probability is (2+
√

2)/4 ≈ 0.85. If all systems involved are

qubits, then the measurement choices that achieve the maximum winning proba-

bility are, for Alice, σx basis and σz basis, and for Bob, σx + σz basis and σx − σz

basis. Here σx and σx are the 2 x 2 Pauli matrices.

For the CHSH game to be a test for the maximally entangled state, the win-

ning probability of (2 +
√

2)/4 would need to imply that the underlying state is

a maximally entangled state. This is indeed true. It has been shown that if the

maximum winning probability is achieved then the underlying state is indeed the

maximally entangled state, up to local isometries [39, 40]. In addition, the mea-

surements applied to achieve this winning probability are equivalent to the qubit

basis measurement mentioned above [39, 40]. Both of these results put together

are known as self testing of the maximally entangled state.

An implication of self testing is that Alice and Bob, without know anything

about the state they share or the measurement they are applied on the state, they

can infer both the state and measurement applied from the winning probability
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of the CHSH game. They need not trust any claim about the state being dis-

tributed or the measurements being applied. This is the principle behind device-

independence. In the general M-partite scenario, device-independence looks like

this. Suppose that all parties A1, . . . , AM are given a share of a multipartite quan-

tum state ρA1···AM , which is distributed to them by a possibly unknown entity.

Each party also has access to a black box with which they can interact classically.

For each classical input, the corresponding black box applies a positive operator-

valued measure (POVM) on its respective share of the multipartite state. After the

application of the POVM, the box outputs a classical value that is recorded by the

corresponding participant. The parties can use the results of the measurements to

complete certain tasks of their choosing. If they use only the inputs and outputs

from the black box to complete their task, they will have completed the task in-

dependent of the underlying physical realization of the measurement and states

shared among them.

For the M-partite device independent protocols, we are looking to self-test the

Greenberger–Horne–Zeilinger (GHZ) state. The tripartite GHZ state is defined as

follows:
|000⟩ + |111⟩

√
2

. (1.12)

There are several multipartite generalizations of the CHSH game. In this work, we

will look at two generalizations in particular: parity-CHSH game [3] and Mermin–

Ardehali–Belinskii–Klyshko (MABK) inequality [41, 42, 43].

The parity-CHSH game [3] is defined using a winning condition very similar to
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that of the CHSH inequality (1.11). As before, we denote Alice’s and Bob’s choice

of measurement by x, y ∈ {0, 1} and their outcomes by a, b ∈ {0, 1}, respectively. We

denote Charlie’s choice of measurement by z = 1 and their outcomes by c ∈ {0, 1}.

The winning condition, win(a, b, c, x, y, z), is defined as follows:

win (a, b, c, x, y, z) =


0, if a ⊕ b , x ∧ (y ⊕ c)

1, if a ⊕ b = x ∧ (y ⊕ c).
(1.13)

The probability of win(a, b, c, x, y, z) = 1 is equal to cos2(π/8) ≈ 0.85 if the underly-

ing state shared by Alice, Bob, and Charlie is the GHZ state, as defined in (1.12).

The MABK inequality [41, 42, 43] is defined as follows. Let xi denote an input

to the i-th measurement device, and let ai denote the outcome of a measurement,

where i ∈ {1, . . . ,M} and M is the number of parties involved. We can then define

the MABK inequality as follows.

Definition 5 Let Ôi
0 and Ôi

1 be binary observables for all i ∈ [M]. The M-partite MABK

operator, KM, is defined by the following recursion relation:

KM B
1
2
F (KM−1,KM−1, ÔM

0 , Ô
M
1 ), (1.14)

K2 B
1
2
F (Ô1

0, Ô
1
1, Ô

2
0, Ô

2
1), (1.15)

where KM−1 is obtained from KM−1 by exchanging Ôi
0 and Ôi

1 for all i ∈ [M] and

F (B̂0, B̂1, Ĉ0, Ĉ1) B B̂0 ⊗
(
Ĉ0 + Ĉ1

)
+ B̂1 ⊗

(
Ĉ0 − Ĉ1

)
. (1.16)

The M-partite MABK inequalities are then defined for all M ≥ 2 as

2
4−M

2

∣∣∣∣Tr
[
KM ρÂ[M]

]∣∣∣∣ ≤ 2
m−M+3

2 , m ∈ [M]. (1.17)
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The MABK inequalities are such that a violation of the inequalities for m = 1

proves that at least two parties are entangled, the violation of the inequalities for

m = M − 1 proves genuine M-partite entanglement, and the case where m = M

gives an upper bound (tight) on what is achievable by quantum mechanics. In

this work, we are interested in m = M − 1 and m = M, which correspond to

βM B 2
4−M

2

∣∣∣∣Tr
[
KM ρÂ[M]

]∣∣∣∣ ∈ [2, 2
√

2]. (1.18)

The CHSH inequality corresponds to

β2 B 2
∣∣∣∣Tr

[
K2 ρÂ[2]

]∣∣∣∣ ∈ [2, 2
√

2]. (1.19)

For our purposes, we need to turn the MABK inequality into a game. This

can be done using the procedure outlined in [44]. By unraveling the recursion

in (1.14)–(1.15), we can rewrite the M-MABK operator as

KM = 2−2⌊ M
2 ⌋

∑
x∈{0,1}M

(−1) f (x)
⊗
i∈[M]

Ôi
xi
, (1.20)

where xi ∈ {0, 1} is the ith bit of x and f : {0, 1}M → {0, 1,⊥} is a function such that

(−1)⊥ = 0 by convention.

For the MABK game, the M parties have two measurement settings each, de-

noted by xi ∈ {0, 1}, and all measurements have two possible outcomes, denoted

by ai ∈ {0, 1}. Then the winning condition for the MABK game is as follows [45]:

win(x[M], a[M]) B


1, if

⊕M
i=1 ai = f (x[M])

0, else
, (1.21)
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where f is defined by the M-MABK operator in (1.20). The minimum and max-

imum winning probabilities when the underlying state is genuinely multipartite

entangled are respectively as follows [45]:

pmin B 22⌊ M
2 ⌋−M−1 + 2⌊

M
2 ⌋−

M
2 −2, (1.22)

pmax B 22⌊ M
2 ⌋−M−1 + 2⌊

M
2 ⌋−

M
2 −

3
2 . (1.23)

Note that when M is even,

pe
min =

3
4

and pe
max =

2 +
√

2
4

. (1.24)

Similarly when M is odd,

po
min =

2 +
√

2
8

and po
max =

1
2
. (1.25)

Now that we have seen that we can test for multipartite entanglement by mak-

ing minimal assumptions on the state preparation or the measurement device at

hand, it is natural to ask if there are any tasks we can complete without chang-

ing the minimal assumptions too much. The answer, of course, is yes. Here, we

discuss two such tasks: quantum conference key agreement, in Chapter 4 and cer-

tification of multipartite distillable entanglement, in Chapter 3. In the following

section, we provide a brief introduction to quantum conference key agreement

and entanglement distillation.
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1.4 Conference Key Agreement and Entanglement Distillation

Quantum conference key agreement (QCKA) is the generalization of the task of

quantum key distribution (QKD) to more than two parties [46] (see [47] for a re-

view). In QKD, the task is to share perfectly correlated, uniformly random secret

key between two parties. In QCKA, the task is to share perfectly correlated, uni-

formly random secret between all M parties involved, where M ≥ 3. The ideal

conference key for the tripartite scenario can be expressed mathematically as fol-

lows:

ΦLALBLC E = 2−k
2k∑

l=1

|l⟩⟨l|LA
⊗ |l⟩⟨l|LB

⊗ |l⟩⟨l|LC
⊗ ωE, (1.26)

where ωE is the state possessed by the eavesdropper, which is independent of the

key shared between the three parties, and k is the length of the conference key.

There are a wide variety of protocols to generate conference key agreement

using quantum resources. All such protocols rely on the inherent correlations

present in multipartite states, such as the GHZ state (1.12). Examples include the

multiparty six-state protocol [46, 48], multiparty BB84 protocol [49], and prepare-

and-measure implementations [46, 49]. In Chapter 4, we will focus on bounds on

device-independent conference key agreement [3, 50].

For many information theoretic tasks, be it conference key agreement or tele-

portation, entanglement is a prerequisite. But, as mentioned in earlier, entangle-

ment is difficult to produce and maintain. Many protocols require very specific en-

tangled states, such the maximally entangled state (1.10) or the GHZ state (1.12).
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For now, let us look at only the bipartite scenario. If, due to some decoherence

process, we were left with some copies of a less-than-ideal entangled state, can

we use these copies to “distill” maximally entangled state, |Φ+⟩.

More precisely, we want to transform the state ρAB into a maximally entangled

state between Alice and Bob with a Schmidt rank of d, which can be written as

follows: ∣∣∣Φ+〉
ÂB̂
=

1
√

d

d−1∑
i=0

|i⟩Â |i⟩B̂ . (1.27)

While performing such a transformation, we cannot allow for all possible quan-

tum channels. This leads to trivial results, as the preparation of the maximally

entangled state would also be allowed. Hence, we restricted to performing only

local operations and classical communication (LOCC) channels. We shall denote

an LOCC channel as LAB→ÂB̂. The error in this transformation is quantified by the

distillation error, expressed as:

perr(L; ρAB) B 1 − F
(∣∣∣Φ+〉〈Φ+∣∣∣

ÂB̂
,LAB→ÂB̂(ρAB)

)
(1.28)

= 1 −
〈
Φ+

∣∣∣
ÂB̂
LAB→ÂB̂(ρAB)

∣∣∣Φ+〉
ÂB̂

(1.29)

An entanglement distillation protocol for ρAB is defined by the pair (d,L),

where d ∈ N and L is an LOCC channel. Further, an entanglement distillation

protocol for ρAB is called a (d, ε) protocol, ε ∈ [0, 1], if perr(L; ρAB) ≤ ε.

The one-shot ε-distillable entanglement is the largest d that can be extracted

from ρAB among all (d, ε) protocols. Formally, the one-shot ε-distillable entangle-
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ment of ρAB, denoted by Eε
D(ρAB), is defined as

Eε
D(ρAB) = sup

(d,L)

{
log2 d : perr(L; ρAB) ≤ ε

}
, (1.30)

where the optimization is over all d ≥ 1 and all LOCC channels LAB→ÂB̂ and d is

the dimension of both Â and B̂. The asymptotic distillable entanglement is defined

in terms of the following limit:

ED(ρAB) B inf
ε∈(0,1)

lim inf
n→∞

1
n

Eε
D(ρ⊗n

AB). (1.31)

In Chapter 3, we generalize these notions to the general M-partite setting and

discuss how one can certify multipartite distillable entanglement.

1.5 Introduction to Variational Quantum Algorithms

A variational quantum algorithm (VQA) is an optimization technique can be real-

ized on today’s quantum computers. The general structure of VQAs allows them

to be used for a wide-variety of applications and to be tailored to run on various

kinds of quantum computer [51]. Let’s briefly review the general structure of a

VQA.

To begin, we find a loss function L that encodes the solution of the problem.

Then, pick an ansatz i.e. a set of quantum operations that are parameterized by

a set of continuous or discrete parameters, Θ, that can be optimized over. Using

the quantum computer, we estimate L(Θ). Then, we use a classical optimizer to
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update Θ so as to find

Θ∗ = arg min
Θ
L(Θ). (1.32)

This quantum-classical loop is what allows VQAs to tackle a variety of optimiza-

tion problems. However, VQAs cannot be broadly applied to any sort of opti-

mization. The loss function L(Θ) must be one that can be estimated on today’s

noisy intermediate scale quantum computers [51].

As an example, consider the problem of finding the ground state of a given

HamiltonianH . The task is to find a pure state such that |ψ⟩ such that

|ψ⟩ = arg min
|ϕ⟩
⟨ϕ| H |ϕ⟩ . (1.33)

We can choose an ansatz that approximates the set of all possible states by picking

a suitable set of unitary circuits U(Θ), parameterized by Θ and apply it to some

initial state, say |0⟩. Then, we can use a quantum computer to estimate the energy

of the state ⟨0|U†(Θ)HU(Θ) |0⟩ = ⟨ϕ(Θ)| H |ϕ(Θ)⟩. Then, we use a classical optimizer

to update Θ so as to find

Θ∗ = arg min
Θ
⟨ϕ(Θ)| H |ϕ(Θ)⟩ . (1.34)

The minimum energy calculated using the ansatz U(Θ) will always be greater than

the true minimum energy or,

min
|ϕ⟩
⟨ϕ| H |ϕ⟩ ≤ min

Θ
⟨ϕ(Θ)| H |ϕ(Θ)⟩ . (1.35)

This is due to fact that, as Θ is varied, U(Θ) can reach only a subset of all possible

unitary operations and hence U(Θ) |0⟩ can only express a subset of all possible

states.
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The structure of the loss function L(Θ) amenable to VQAs is similar to (1.33).

The loss functions that VQAs can optimize are either expectations of quantum op-

erators or function of expectations of quantum operators [51]. This is because the

current noisy intermediate-scale quantum computers only allow for the estima-

tion of such loss functions.

The choice of ansatz can also be tailored to the quantum computer at one’s dis-

posal [51]. The ansatz may also be chosen such that it respects any symmetry that

is inherent to the problem being considered [52, 53]. Any ansatz being considered

will subject to a trade-off between the set of quantum states that it can express

and the amount of training required to optimize the loss function [54, 55]. These

problems are also often encountered in classical optimization.

Another commonly encountered issue with variational quantum algorithms is

the emergence of barren plateaus or vanishing gradients as the number of qubits

increases [56, 54]. However, recent results have shown that this problem can be

mitigated by switching from a global reward function to a local reward func-

tion [57].

We will use variational quantum algorithms as part of our test for separability

in Chapter 2.
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CHAPTER 2

SCHRÖDINGER AS A QUANTUM PROGRAMMER: ESTIMATING

ENTANGLEMENT VIA STEERING

2.1 Introduction

As we discussed in Chapter 1, Section 1.2, we want to test whether a given state

is entangled and to quantify its entanglement content experimentally. A rudi-

mentary approach employs state tomography to reconstruct the density matrix

and check whether the matrix represents a state that is entangled [58, 59]. How-

ever, the computational complexity of this method scales exponentially with the

number of qubits, thus prohibiting its use on larger states of interest. With the

rapid development of quantum computers of increasing size, it is already infeasi-

ble to perform tomography to estimate the density matrices describing the states

of these computers. It is even more daunting to address the separability prob-

lem using various well-known one-sided entanglement tests [60, 61, 62, 63]. This

leaves us to seek out alternative methods for addressing the separability prob-

lem, and one forward-thinking direction is to employ a quantum computer to do

so [21, 22, 23, 64].

An approach for addressing the separability problem, which we employ here,

involves the quantum steering effect, originally discovered by Schrödinger [65,

66]. The idea of steering is that if two distant systems are entangled, distinct prob-
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abilistic ensembles of states can be prepared on one system by performing distinct

measurements on the other system. To describe this phenomenon more precisely,

we can employ some elementary notions from quantum mechanics. Let ψCD be a

pure state of two distant quantum systems C and D, and let ρC = TrD[ψCD] be the

reduced state of the system C. Then by performing a measurement on the system

D, it is possible to realize a probabilistic ensemble {(p(z), ψz
C)}z of pure states on the

system C that satisfies ρC =
∑

z p(z)ψz
C. Moreover, for each possible probabilistic

decomposition of ρC, a measurement acting on D can realize this decomposition.

Steering has been a topic of interest in recent years, with applications to quantum

key distribution [67, 68], quantum optics [69, 70], and the foundations of quantum

mechanics [71, 72].

As suggested above, we can make a non-trivial link between the separability

problem and steering, which offers a quantum mechanical method for approach-

ing the former. To see it, recall that a purification of the separable state σAB in (1.5)

is a pure state φRAB that satisfies TrR[φRAB] = σAB, and consider that one such choice

of the state vector |φ⟩RAB in this case is as follows:

|φ⟩RAB =
∑
x∈X

√
p(x) |x⟩R ⊗ |ψx⟩A ⊗ |ϕ

x⟩B, (2.1)

where {|x⟩R}x∈X is an orthonormal basis. Purifications are not unique, but all other

purifications of σAB are related to the one in (2.1) by the action of a unitary opera-

tion on the reference system R [73]. By inspecting (2.1), we see that the systems A

and B can be steered into the probabilistic ensemble {(p(x), ψx
A ⊗ ϕ

x
B)}x∈X of product

states by performing the projective measurement {|x⟩⟨x|R}x∈X on the reference sys-
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tem R of φRAB. This leads to an idea for testing separability in the general case. If a

purification of a general state ρAB is available and the state ρAB is indeed separable,

then one can a) try to find the unitary that realizes the purification in (2.1) and b)

perform the measurement {|x⟩⟨x|R}x∈X on the reference system R. After receiving

the outcome x, one can finally test whether the reduced state is a product state.

As we will see in more detail later, the basic idea outlined above is at the heart

of our method to test whether a state is separable. Additionally, this approach

leads to a quantum algorithm and complexity-theoretic statements for quantify-

ing the amount of entanglement in a state. We thus provide a meaningful connec-

tion between steering, entanglement, quantum algorithms, and quantum compu-

tational complexity theory, which has not been observed hitherto.

In this chapter, we expand on the abovementioned idea to develop various sep-

arability tests using the quantum steering effect. Our separability test for mixed

states consists of a distributed quantum computation involving two parties: a

computationally unbounded server, called a prover, which can, in principle, per-

form any quantum computation imaginable, and a computationally limited client,

called a verifier, which can perform time-efficient quantum computations (see Fig-

ure 2.2). We prove Theorems 1 and 2, which state that the acceptance probabilities

of our algorithms, in the ideal case, are directly related to a bonafide entangle-

ment measure, the fidelity of separability. We also employ concepts from quan-

tum computational complexity theory [74, 75] to understand how difficult this test

is to perform. Our second contribution results from a modification of our sepa-
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rability test. In an attempt to design a practical algorithm, we replace the prover

with a combination of parameterized unitary circuits and classical optimization

techniques to perform the necessary computation. This results in a variational

quantum steering algorithm (VQSA) that approximates the aforementioned sepa-

rability test (see Figure 2.3). The concept of quantum steering is again at the heart

of our VQSA, just like the test for separability that it approximates. Interestingly,

we prove that the acceptance probability of both tests is related to an entangle-

ment measure called fidelity of separability [37, 38]. We also generalize our sep-

arability test and VQSA to the multipartite setting, using appropriate definitions

of multipartite separability.

Next, we report the results of simulations of the VQSA on a quantum simu-

lator and find that they show favorable convergence properties. In light of the

limited scale and error tolerance of near-term quantum computers, we develop

semidefinite programs (SDPs) to approximate the fidelity of separability using

positive-partial-transpose (PPT) conditions [60, 61] and k-extendibility [62, 63] to

benchmark the results obtained from our VQSA. As variational quantum algo-

rithms (VQAs), in general, are prone to encountering barren plateaus [56], we

also explore how we can mitigate this issue for our algorithms by making use of

the ideas presented in [57].

Our approach is distinct from recent work on quantum algorithms for esti-

mating entanglement. For example, VQAs have been used to address this prob-

lem by estimating the Hilbert–Schmidt distance [76], by creating a zero-sum game
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using parameterized unitary circuits [77], by employing symmetric extendibility

tests [64], by estimating logarithmic negativity [78], and using the positive map

criterion [78]. VQAs have also been used to estimate the geometric measure of

entanglement of multiqubit pure states [79]. The work of [80] is the closest related

to ours, but the test used there requires two copies of the state of interest and con-

trolled swap operations for each run of the algorithm, while our VQSA does not

require either. In contrast, we introduce a paradigm for VQAs involving parame-

terized mid-circuit measurements, which is the core of our method for estimating

entanglement, and we suspect that this approach will be helpful in future work

for a wide variety of VQAs. Furthermore, as we show in Theorems 1 and 2, the

acceptance probabilities of our algorithms, in the ideal case, are directly related to

a bona fide entanglement measure, the fidelity of separability.

2.2 Quantum Interactive Proof for Fidelity of Separability

To gain intuition about the separability test for mixed states, let us formulate a

simple test for the separability of pure states. From (1.5), we can see that a pure

bipartite state φAB is separable if it can be written in product form, as

φAB = ψA ⊗ ϕB, (2.2)

where ψA and ϕB are pure states. The test we develop below is important because

it will reappear as part of the test for separability in the general case, along with

quantum steering. Additionally, our approach slightly differs from the standard
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approach for testing entanglement of pure states, which employs two copies of

the state in a swap test [81, 82, 23]. Instead, our approach requires only a single

copy of the state.

Our pure-state separability test consists of a distributed quantum computa-

tion involving a prover and a verifier (see Figure 2.1). The computation starts

with the verifier preparing the pure state ψAB. The prover sends the verifier the

pure state ϕA′ in register A′. (We note that the prover can send a mixed state; how-

ever, the maximum acceptance probability of the test is achieved by a pure state.

Hence, without loss of generality, the prover should send a pure state.) The ver-

ifier then performs the standard swap test [83, 84] on A and A′ and accepts if the

measurement outcome is zero. In the standard model of quantum computational

complexity [74, 75], the prover attempts to get the verifier to accept the swap test

with as high a probability as possible. Thus, in this scenario, the prover selects ϕA′

to maximize the overlap between the reduced stated ψA B TrB[ψAB] and ϕA′ . The

maximum acceptance probability is then equal to

max
ϕ

Tr[(Πsym
A′A ⊗ IB)(ϕA′ ⊗ ψAB)]

=
1
2

(
1 +max

ϕ
Tr[FA′A(ϕA′ ⊗ ψA)]

)
(2.3)

=
1
2

(
1 +max

ϕ
Tr[ϕAψA]

)
=

1
2

(
1 + ∥ψA∥∞

)
, (2.4)

where FA′A is the unitary swap operator acting on systems A′ and A, the projector

Π
sym
A′A B

1
2 (IA′A + FA′A) projects onto the symmetric subspace of A′ and A, and ∥ψA∥∞

is the spectral norm of the reduced state ψA (equal to its largest eigenvalue). Since

∥ψA∥∞ = 1 if and only if ψA is a pure state and this occurs if and only if ψAB is a
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Figure 2.1: Pure-state separability test: The verifier has the pure state ψAB

of interest. The prover (indicated by the dotted box) sends the
verifier a pure state ϕA′ , who then performs the standard swap
test on systems A′ and A. As mentioned in (2.4), the acceptance
probability is equal to 1

2 (1 + ∥ψA∥∞).

product state, it follows that the maximal acceptance probability is equal to one if

and only if ψAB is a product state.

We now introduce our test for the separability of mixed states. Recall that a

bipartite state is separable or unentangled if it can be written in the form given

in (1.5), where |X| ≤ rank(σAB)2 [16, 85].

Our separability test for mixed states consists of a distributed quantum com-

putation involving a prover and a verifier. The computation (depicted in Fig-

ure 2.2) begins with the verifier preparing a purification ψRAB of ρAB. The veri-

fier sends the system R to a quantum prover, whom, in our model, we restrict

to performing entanglement-breaking channels. The prover thus performs an

entanglement-breaking channel on the reference system R and sends a system A′
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Figure 2.2: Test for separability of mixed states. The verifier uses a uni-
tary circuit Uρ to produce the state ψRAB, which is a purification
of ρAB. The prover (indicated by the dotted box) applies an
entanglement-breaking channel ER→A′ on R by measuring the
rank-one POVM {µx

R}x and then, depending on the outcome x,
prepares a pure state from the set {ϕx

A′}x. The final state is sent
to the verifier, who performs a swap test. Theorem 1 states that
the maximum acceptance probability of this interactive proof
is equal to 1

2 (1+ Fs(ρAB)), i.e., a simple function of the fidelity of
separability.

to the verifier. An entanglement-breaking channel ER→A′ can always be written as

a measure-and-prepare channel [86], as follows:

ER→A′(·) =
∑
x∈X

Tr
[
µx

R(·)
]
ϕx

A′ , (2.5)

where {µx
R}x∈X is a rank-one positive operator-valued measure (POVM) and {ϕx

A′}x∈X

is a set of pure states. (Due to the above measure-and-prepare decomposition of

an entanglement-breaking channel, we can alternatively think of the prover as be-
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ing split into two provers, a first who is allowed to perform a general quantum

operation, followed by the communication of classical data to a second prover,

who then is allowed to perform a general operation before communicating quan-

tum data to the verifier. However, we proceed with the single-prover terminology

in what follows.) By performing the measurement portion of the entanglement-

breaking channel, the prover has, in essence, steered the verifier’s systems A and

B to a certain probabilistic ensemble of pure states. After steering the verifier’s

system, the prover sends system A′ to the verifier using the preparation portion

of the entanglement-breaking channel. The verifier finally performs a swap test

on systems A and A′ and accepts if and only if the measurement outcome of the

swap test is zero. The standard model in quantum computational complexity the-

ory [74, 75] is that the prover is always trying to get the verifier to accept the

computation: in this scenario, the prover steers the verifier’s systems A and B to

an ensemble that has maximum overlap with a product-state ensemble and then

sends an appropriate state to pass the swap test with the highest probability pos-

sible.

The maximum acceptance probability of the distributed quantum computation

detailed above is equal to

max
E∈EBR→A′

Tr
[(
Π

sym
A′A ⊗ IRB

)
ER→A′ (ψRAB)

]
, (2.6)

where Πsym
A′A is the projector onto the symmetric subspace of the A′ and A systems,

and EBR→A′ denotes the set of all entanglement-breaking channels with input sys-

tem R and output system A′. We state in Theorem 1 below that the maximum
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acceptance probability in (2.6) can be expressed as a simple function of the fidelity

of separability of ρAB, the latter defined as [37, 38]

Fs(ρAB) B max
σAB∈SEP(A:B)

F(ρAB, σAB), (2.7)

where SEP(A : B) denotes the set of separable states shared between Alice and Bob

and F(ρ, σ) B
∥∥∥√ρ√σ∥∥∥2

1
is the fidelity of the states ρ and σ [87]. The fidelity of

separability is also known as the maximum separable fidelity [21, 22, 23]. We now

state two important properties of Fs(ρAB).

Proposition 1 ([88]) For a state ρAB, the following formula holds

Fs(ρAB) = max
{(p(x),ψx

AB)}x

∑
x

p(x)Fs(ψx
AB) : ρAB =

∑
x

p(x)ψx
AB

 , (2.8)

where the pure-state ensemble {(p(x), ψx
AB)}x satisfies

∑
x p(x)ψx

AB = ρAB, all ψx
AB are pure,

and

Fs(ψAB) = max
|ϕ⟩A,|φ⟩B

|⟨ψ|AB|ϕ⟩A ⊗ |φ⟩B|
2. (2.9)

Proposition 2 ([88]) For a bipartite state ρAB, the following equality holds

Fs(ρAB) = max
{(p(x),ψx

AB)}x

∑
x

p(x)
∥∥∥ψx

A

∥∥∥
∞

: ρAB =
∑

x

p(x)ψx
AB

 . (2.10)

With these definitions and properties, we state the first key theoretical result of

this chapter:

Theorem 1 For a pure state ψRAB, the following equality holds:

max
E∈EBR→A′

Tr
[(
Π

sym
A′A ⊗ IRB

)
ER→A′ (ψRAB)

]
=

1 + Fs(ρAB)
2

, (2.11)

27



where Fs(ρAB) is the fidelity of separability of the state ρAB = TrR[ψRAB].

Proof. Recall that an entanglement-breaking channel can be rewritten as [86]

ER→A′(·) =
∑

x

Tr[µx
R(·)]ϕx

A′ , (2.12)

where {µx
R}x is a rank-one POVM and {ϕx

A′}x is a set of pure states. Then we find,

for fixed ER→A′ , that

Tr[Πsym
A′AER→A′(ψRAB)] =

1
2

Tr[(IA′A + FA′A)ER→A′(ψRAB)] (2.13)

=
1
2

(1 + Tr[FA′AER→A′(ψRAB)]) . (2.14)

So let us work with the expression Tr[FA′AER→A′(ψRAB)]. Consider that

Tr[FA′AER→A′(ψRAB)] = Tr

FA′A

∑
x

TrR[µx
RψRAB] ⊗ ϕx

A′

 (2.15)

= Tr

FA′A

∑
x

p(x)ψx
AB ⊗ ϕ

x
A′

 (2.16)

= Tr

FA′A

∑
x

p(x)ψx
A ⊗ ϕ

x
A′

 (2.17)

=
∑

x

p(x)⟨ϕx|Aψ
x
A|ϕ

x⟩A, (2.18)

where

p(x) B Tr[µx
RψRAB], (2.19)

ψx
AB B

1
p(x)

TrR[µx
RψRAB]. (2.20)

Thus, the acceptance probability for a fixed entanglement-breaking channel is

given by

Tr[Πsym
A′AER→A′(ψRAB)] =

1
2

1 +∑
x

p(x)⟨ϕx|Aψ
x
A|ϕ

x⟩A

 . (2.21)
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After optimizing over every element of EBR→A′ , which denotes the set of all

entanglement-breaking channels with input system R and output system A′, and

realizing that optimizing over measurements in ER→A′ induces a pure-state decom-

position of ρAB and optimizing over preparation channels in ER→A′ gives the spec-

tral norm of ψx
A, we arrive at the claimed formula for the acceptance probability,

when combined with (2.8) and (2.10):

max
E∈EBR→A′

Tr[(Πsym
A′A ⊗ IRB)ER→A′(ψRAB)] =

1 + Fs(ρAB)
2

. (2.22)

This concludes the proof.

With this theorem, we have established a separability test for mixed states. We

can now discuss the implementation of our separability test for mixed states on

today’s quantum computers.

2.3 Variational Quantum Steering Algorithm for Fidelity of Sep-

arability

We want to point out two important aspects of our separability test from Sec-

tion 2.2. First, note that, in the real world, no computationally unbounded quan-

tum prover is available to provide the ideal states required for the tests. The other

important point is that the swap test at the end of the computation essentially

leads to a measure of overlap between the state of the verifier’s system and the

state provided by the prover.
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Figure 2.3: Quantum part of the VQSA to estimate the fidelity of separabil-
ity Fs(ρAB). The unitary circuit Uρ prepares the state ψRAB, which
is a purification of ρAB. The parameterized circuit WR(Θ) acts on
R to evolve ψRAB to another purification of ρAB. The following
measurement, labeled “steering measurement,” steers the sys-
tems AB to be in a pure state ψx

AB if the measurement outcome x
occurs. Conditioned on the outcome x, the final parameterized
circuit U x

A(Θx) and the subsequent measurement accepts with a
maximum probability of Fs(ρAB).

Taking both these points into consideration, we modify the computational sce-

nario in Figure 2.2 to a) measure the necessary overlaps directly and b) make use

of quantum variational techniques [51] (parameterized unitary circuits and clas-

sical optimization of parameters) to approximate the actions of a computationally

unbounded prover. The resulting procedure also tests and quantifies the separa-

bility of a given state by estimating its fidelity of separability. This procedure is

a different quantum variational technique called a variational quantum steering

algorithm (VQSA). As can be seen in Figure 2.3, quantum steering is at the core of

the VQSA via the use of a parameterized mid-circuit measurement.
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Our VQSA is structured as follows. Let ρAB denote the state for which we

want to estimate the fidelity of separability, and let ψRAB be a purification of it,

which results from the action of the unitary operator Uρ on the all-zeros pure

state |0⟩⟨0|. Once we have ψRAB, we can attempt to access all possible pure-state

decompositions {(p(x), ψx
AB)}x∈X of ρAB by acting on the system R with unitary op-

erations. We use the first parameterized unitary WR(Θ). To ensure that we have

a sufficient number of measurement outcomes (to cover the possible case when

|X| = rank(ρAB)2), we can prepare some ancillary qubits in the all-zeros state of a

system R′ and act with W on R and R′. However, without loss of generality, these

extra qubits can be grouped as part of an overall reference system, relabeled as R.

After the action of WR(Θ), the reference system is measured in the standard

basis, and based on the outcome x, the post-measurement state of the system AB

is a pure state ψx
AB. We then estimate the maximum eigenvalue of the reduced

state ψx
A: this can be accomplished by performing a parameterized unitary U x

A(Θx),

based on the outcome x, on the reduced state ψx
A, measuring all qubits of A in the

computational basis, and accepting if the all-zeros outcome occurs.

Using a hybrid quantum-classical optimization loop, we can maximize the ac-

ceptance probability to estimate the value of the fidelity of separability. The quan-

tum part of this VQSA is summarized in Figure 2.3.

Theorem 2 If the parameterized unitary circuits involved in the quantum part of the

VQSA, summarized in Figure 2.3, can express all possible unitary operators of their re-
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spective systems, then the maximum acceptance probability of the quantum circuit is equal

to Fs(ρAB).

Proof. To prove the above statement, let us track the state of the VQSA at the

points indicated in Figure 2.4.

• At Step (1), the unitary Uρ prepares the pure state ψRAB. This is a specific

initial purification of ρAB.

• At Step (2), we apply the parameterized unitary circuit WR(Θ) to ψRAB. Ex-

panding WR(Θ)|ψρ⟩RAB in terms of the standard basis {|x⟩}x leads to

WR(Θ)|ψ⟩RAB =
∑
x∈X

√
q(x)|x⟩R|φx⟩AB. (2.23)

• At Step (3), the measurement outcome x occurs with probability q(x), and

the state vector of registers A and B becomes |φx⟩AB.

• At Step (4), depending on the measurement outcome x, we apply the pa-

rameterized unitary circuit U x
A(Θx) to register A. The state vector is now

U x
A(Θx)|φx⟩AB.

• At Step (5), we trace over B and measure A in the standard basis. We accept

when we get the all-zeros outcome. The acceptance probability is then equal

to ∑
x∈X

q(x) ⟨0|U x
A(Θx)φx

A
(
U x

A
)†
|0⟩ =

∑
x∈X

q(x) ⟨ϕx|Aφ
x
A|ϕ

x⟩A, (2.24)

where we have defined |ϕx⟩A B
(
U x

A

)†
|0⟩.
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• Maximizing the acceptance probability corresponds to maximization over

the parameters of WR(Θ) and U x
A(Θx).

• Maximization over the parameters of WR is a maximization over all possible

pure-state decompositions of ρAB.

• Maximization over the parameters of U x
A(Θx) is a maximization of ⟨ϕx|φx

A|ϕ
x⟩,

which yields the value
∥∥∥φx

A

∥∥∥
∞

.

• The maximum acceptance probability is equal to

max
{(p(x),ψx

AB)}x

∑
x

p(x)
∥∥∥φx

A

∥∥∥
∞

: ρAB =
∑

x

p(x)ψx
AB

 , (2.25)

which is in turn equal to Fs(ρAB), by (2.8) and (2.10).

This concludes the proof.

This proves that the maximum acceptance probability equals Fs(ρAB) if the pa-

rameterized unitary circuits express all possible unitary operators acting on their

respective systems. However, we note that any ansatz employed for the param-

eterized unitary circuits has limited expressibility. As such, the maximum accep-

tance probability obtained via the VQSA, in principle, will also be closer to the

actual value of Fs(ρAB) if we use a more expressive ansatz.
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Figure 2.4: VQSA to estimate the fidelity of separability Fs(ρAB). The uni-
tary circuit Uρ produces the state ψRAB, which is a purification of
ρAB. The parameterized circuit WR(Θ) acts on R to evolve ψRAB to
another pure-state decomposition of ρAB. The following mea-
surement steers the system AB to be in a pure state ψx

AB if the
measurement outcome x occurs. Conditioned on the outcome
x, the final parameterized circuit U x

A(Θx) and the subsequent
measurement estimates

∥∥∥ψx
A

∥∥∥
∞

.

2.4 Generalization to Multipartite Fidelity of Separability

We now generalize our VQSA to measure the fidelity of separability of multipar-

tite states in the following fashion.

A multipartite state ρA1···AM ∈ D(HA1···AM ) ≡ D(HA1 ⊗ · · · ⊗ HAM ) is separable if it

can be written as

ρA1···AM =
∑
x∈X

p(x)ψx,1
A1
⊗ · · · ⊗ ψx,M

AM
(2.26)

where ψx,i
Ai

is a pure state for every x ∈ X and i ∈ {1, . . . ,M}. Let M-SEP denote the

set of all ρA1···AM ∈ D(HA1···AM ) such that ρA1···AM is separable.
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For the multipartite case of the distributed quantum computation, the veri-

fier prepares a purification ψ
ρ
RA1···AM

of ρA1···AM . The prover applies a multipartite

entanglement-breaking channel on R, which can be written as:

ER→A′1···A
′
M−1

(·) =
∑
x∈X

Tr[µx
R(·)]

(
ϕx,1

A′1
⊗ · · · ⊗ ϕx,M−1

A′M−1

)
, (2.27)

where {µx
R}x is a rank-one POVM and {ϕx,i

A′i
}x,i is a set of pure states. The prover sends

systems (AM−1)′ ≡ A′1 · · · A
′
M−1 to the verifier. (Here again, we can think of the prover

as actually being split into M provers, a first who performs the measurement {µx
R}x

and communicates the outcome x to M−1 other provers, the ith of whom prepares

the state ϕx,i
A′i

and sends it to the verifier, for all i ∈ {1, . . . ,M−1}.) Finally, the verifier

performs a collective swap test on these systems and the systems A1 · · · AM, as

depicted in Figure 2.5. The acceptance probability of this distributed quantum

computation is given by

max
E∈EBM−1

Tr[Πsym
(AM−1)′AM−1ER→(AM−1)′(ψRAM−1)], (2.28)

where Πsym
(AM−1)′AM−1 is the projection onto the symmetric subspace of systems (AM−1)′

and AM−1 and EBM−1 denotes the set of multipartite entanglement-breaking chan-

nels defined in (2.27). This leads to the following theorem, which generalizes

Theorem 1 to the multipartite case:

Theorem 3 For a pure state ψRAM ≡ ψRA1···AM , the following equality holds:

max
E∈EBM−1

Tr[Πsym
(AM−1)′(AM−1)ER→A′1···A

′
M−1

(ψRAM )] =
1
2

(
1 + Fs(ρA1···AM )

)
, (2.29)

where the multipartite fidelity of separability is defined as

Fs(ρA1···AM ) B max
σA1 ···AM∈M−SEP

F(ρA1···AM , σA1···AM ). (2.30)
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Figure 2.5: Test for separability of multipartite mixed states. The veri-
fier uses a unitary circuit Uρ to produce the state ψRA1A2A3A4 ,
which is a purification of ρA1A2A3A4 . The prover (indicated
by the dotted box) applies an entanglement-breaking channel
ER→A′1A′2A′3

on R by measuring the rank-one POVM {µx
R}x and

then, depending on the outcome x, prepares a state from the
set {ϕx,1

A′1
⊗ ϕx,2

A′2
⊗ ϕx,3

A′3
}x. The final state is sent to the verifier, who

performs a collective swap test. Theorem 3 states that the max-
imum acceptance probability of this interactive proof is equal
to 1

2 (1 + Fs(ρA1A2A3A4)), i.e., a simple function of the multipartite
fidelity of separability.

Proof. The circuit diagram is given in Figure 2.5. The verifier prepares a purifi-

cation ψρRA1···AM
of ρA1···AM . The prover applies a multipartite entanglement-breaking

36



channel on R, which can be written as

ER→A′1···A
′
M−1

(·) =
∑

x

Tr[µx
R(·)]

(
ϕx,1

A′1
⊗ · · · ⊗ ϕx,M−1

A′M−1

)
, (2.31)

where {µx
R}x is a rank-one POVM and {ϕx,i

A′i
}x,i is a set of pure states. The prover

sends the systems (AM−1)′ = A′1 · · · A
′
M−1 to the verifier. Now, the verifier performs a

collective swap test on A1 · · · AM, as depicted in the final part of the circuit diagram

in Figure 2.5. The acceptance probability of this interactive proof system is thus

given by

max
E∈EB

Tr[Πsym
(A1···AM−1)′A1···AM−1

ER→(A1···AM−1)′(ψRA1···AM )], (2.32)

where

Π
sym
(A1···AM−1)′A1···AM−1

:=
1
2

(
I(A1···AM−1)′A1···AM−1 + F(A1···AM−1)′A1···AM−1

)
(2.33)

is the projector onto the symmetric subspace of A′ and A and F(A1···AM−1)′A1···AM−1 is a

tensor product of individual swaps FA′i Ai , for i ∈ {1, . . . ,M − 1}. That is,

F(A1···AM−1)′A1···AM−1 =

M−1⊗
i=1

FA′i Ai . (2.34)

Then we find, for fixed ER→A′1···A
′
M−1

, that

Tr[Πsym
(A1···AM−1)′(A1···AM−1)ER→A′1···A

′
M−1

(ψRA1···AM )]

=
1
2

Tr[(I(A1···AM−1)′(A1···AM−1) + F(A1···AM−1)′(A1···AM−1))ER→A′1···A
′
M−1

(ψRA1···AM )] (2.35)

=
1
2
+

1
2

Tr[F(A1···AM−1)′(A1···AM−1)ER→A′1···A
′
M−1

(ψRAM )] (2.36)

=
1
2
+

1
2

Tr

F(A1···AM−1)′(A1···AM−1)

∑
x

Tr[µx
R(ψRAM )]ϕx,1

A′1
⊗ · · · ⊗ ϕx,M−1

A′M−1

 , (2.37)

=
1
2
+

1
2

Tr

F(A1···AM−1)′(A1···AM−1)

∑
x

p(x)(ψx
A1···AM

)ϕx,1
A′1
⊗ · · · ⊗ ϕx,M−1

A′M−1

 , (2.38)
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=
1
2
+

1
2

∑
x

p(x) Tr
[(
ϕx,1

A1
⊗ · · · ⊗ ϕx,M−1

AM−1

)
ψx

A1···AM−1

]
, (2.39)

where

p(x) B Tr[µx
RψRAM ], (2.40)

ψx
A1···AM

B
1

p(x)
TrR[µx

RψRAM ]. (2.41)

For a given x, let us simplify Fs(φA1···AM ) as defined in (2.30),

Fs(φA1···AM ) = max
{|ϕi⟩Ai}

M
i=1

∣∣∣⟨φ|A1···AM |ϕ
1⟩A1 ⊗ · · · ⊗ |ϕ

M⟩AM

∣∣∣2 (2.42)

= max
{|ϕi⟩Ai}

M
i=1

∣∣∣⟨ϕ1|A1 ⊗ · · · ⊗ ⟨ϕ
M |AM |φ⟩A1···AM

∣∣∣2 (2.43)

= max
{|ϕi⟩Ai}

M−1
i=1

∥∥∥⟨ϕ1|A1 ⊗ · · · ⊗ ⟨ϕ
M−1|AM−1 ⊗ IAM |φ⟩AM

∥∥∥2

2
(2.44)

= max
{|ϕi⟩Ai}

M−1
i=1

Tr[(|ϕ1⟩⟨ϕ1|A1 ⊗ · · · ⊗ |ϕ
M−1⟩⟨ϕM−1|AM−1 ⊗ IAM )φA1···AM ] (2.45)

= max
{|ϕi⟩Ai}

M−1
i=1

Tr[(|ϕ1⟩⟨ϕ1|A1 ⊗ · · · ⊗ |ϕ
M−1⟩⟨ϕM−1|AM−1)φA1···AM−1]. (2.46)

The first two equalities are from the definition and a rewriting. The third equal-

ity follows from the variational characterization of the Euclidean norm of a vec-

tor. Noting the form in (2.46) and applying the maximization over entanglement-

breaking channels of the form described in (2.27) to (2.39), we arrive at the desired

claim in (2.29).

We can then use the generalized test of separability of mixed states to develop

a VQSA for the multipartite case. See Figure 2.6. This involves replacing the

collective swap test in Figure 2.5 with an overlap measurement, similar to how

we got Figure 2.3 from Figure 2.2.
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Figure 2.6: VQSA to estimate the multipartite fidelity of separability
Fs(ρA1A2A3A4). The unitary circuit Uρ prepares the state ψRA1A2A3A4 ,
which is a purification of ρA1A2A3A4 . The parameterized cir-
cuit WR(Θ) acts on R to evolve the state to another purifica-
tion of ρA1A2A3A4 . The following measurement, labeled “steering
measurement,” steers the remaining systems to be in a state
ψx

A1A2A3A4
if the measurement outcome x occurs. Conditioned

on the outcome x, the final parameterized circuits U x,1
A1

(Θx
1),

U x,2
A2

(Θx
2), and U x,3

A3
(Θx

3) are applied, and the subsequent measure-
ment accepts with a maximum probability of Fs(ρA1A2A3A4).

2.5 Benchmarking Semidefinite Programs

Since our algorithms will be running on near-term quantum computers with lim-

ited scale and error tolerance, we develop semidefinite programs (SDPs) to bench-

mark the results from our VQSA because the ideal outcomes can be estimated

classically for small numbers of qubits. Our benchmarks F̃1
s (ρAB, k) and F̃2

s (ρAB, k)

are based on the positive partial transpose (PPT) and k-extendibility hierarchy. We
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present the details in subsections 2.5.1 and 2.5.2.

2.5.1 First Benchmarking SDP F̃1
s

In this subsection, we detail the derivation of our first benchmarking SDP F̃1
s ,

based on the SDP for fidelity [89]. Let ρAB and σAB be bipartite states. The SDP for

the root fidelity
√

F(ρAB, σAB), which makes use of Uhlmann’s theorem [87], is as

follows:

√
F(ρAB, σAB) = max

XAB∈L(HAB)

 Re[Tr[XAB]] :

ρAB XAB

X†AB σAB

 ≥ 0

 , (2.47)

where L(HAB) is the set of all linear operators acting on the Hilbert spaceHAB.

We would ideally like to include a maximization over the set of all separable

states, but it is well known to be computationally challenging to optimize over

this set [19, 20]. Furthermore, it is not generally possible to characterize the set of

separable states using semi-definite constraints [90]. Instead, we approximate the

set by constraining σAB to have a positive partial transpose (PPT) [60, 61] and be

k-extendible [62, 63], since all separable states satisfy these constraints. Let F̃1
s (ρAB)
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denote the resulting quantity, the square root of which is defined as follows:

√
F̃1

s (ρAB, k) B max
XAB∈L(HAB),
σABk≥0



Re[Tr[XAB]] :ρAB XAB

X†AB σAB1

 ≥ 0,

Tr[σABk] = 1,

σABk = PBk(σABk),

TB1··· j(σAB1··· j) ≥ 0 ∀ j ∈ {1, . . . , k}



, (2.48)

where Bk ≡ B1 · · · Bk, the notation TR denotes the partial transpose map acting

on the system R, and PBk denotes the channel that performs a uniformly random

permutation of systems B1 through Bk.

Proposition 3 The following bound holds for a bipartite state ρAB:

Fs(ρAB) ≤ F̃1
s (ρAB, k) ≤ 1 −

 √1 − Fs(ρAB) − 2

√
|B|2

k

(
1 −
|B|2

k

)
2

. (2.49)

Proof. Due to the containment discussed above, note that

Fs(ρAB) ≤ F̃1
s (ρAB, k). (2.50)

An opposite bound on F̃1
s (ρAB, k) in terms of Fs(ρAB) is as follows:

√
1 − Fs(ρAB) ≤

√
1 − F̃1

s (ρAB, k) + 2

√
|B|2

k

(
1 −
|B|2

k

)
, (2.51)

which can be rewritten as in (2.49):

F̃1
s (ρAB, k) ≤ 1 −

 √1 − Fs(ρAB) − 2

√
|B|2

k

(
1 −
|B|2

k

)
2

. (2.52)
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It is a consequence of [91, Theorem II.7’], the triangle inequality for sine dis-

tance [92], and the Fuchs-van-de-Graaf inequalities [93]. Indeed, consider that,

F̃1
s (ρAB, k) = max

σAB∈EXT-PPTk
F(ρAB, σAB) (2.53)

≤ max
σAB∈EXTk

F(ρAB, σAB), (2.54)

where EXT-PPTk denotes the set of σAB being optimized over in (2.48) and EXTk

is the set of k-extendible states. Now recall that for all ωk
AB ∈ EXTk (see [91, Theo-

rem II.7’] and also just above [91, Theorem II.2] for their norm convention)

min
σAB∈SEP(A:B)

1
2

∥∥∥ωk
AB − σAB

∥∥∥
1
≤

2 |B|2

k
, (2.55)

the sine distance obeys the triangle inequality [92]:

√
1 − F(ω, τ) ≤

√
1 − F(ω, ξ) +

√
1 − F(ξ, τ), (2.56)

and the Fuchs-van-de-Graaf inequality [93]:

1 −
√

F(ω, τ) ≤
1
2
∥ω − τ∥1 , (2.57)

where ω, τ, and ξ are states. If 1
2 ∥ω − τ∥1 ≤ ε, the latter implies that

1 −
√

F(ω, τ) ≤ ε ⇔
√

1 − F(ω, τ) ≤
√
ε (2 − ε). (2.58)

Letting σk
AB be an optimal choice in (2.54) and σ′AB an optimal choice for

minσAB∈SEP(A:B)
1
2

∥∥∥ωk
AB − σAB

∥∥∥
1
, this implies that

min
σAB∈SEP(A:B)

√
1 − F(ρAB, σAB) ≤

√
1 − F(ρAB, σ

′
AB) (2.59)

≤

√
1 − F(ρAB, σ

k
AB) +

√
1 − F(σ′AB, σ

k
AB) (2.60)
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≤

√
1 − F(ρAB, σ

k
AB) + 2

√
|B|2

k

(
1 −
|B|2

k

)
. (2.61)

Rearranging and applying (2.53)–(2.54), we arrive at the claimed inequality

in (2.51).

2.5.2 Second Benchmarking SDP F̃2
s

In this subsection, we detail the derivation of our second benchmarking SDP F̃2
s ,

which is an SDP that approximates (2.6) in the main text. Consider a version of the

distributed quantum computation that led to (2.6) where, instead of restricting the

prover to only entanglement-breaking channels, we insist that the prover sends

back k systems labeled as A1 · · · Ak. Then, the verifier randomly selects one of the k

systems and performs a swap test on the A system of the state ψRAB. This random

selection is conducted so that the prover output is effectively reduced to that of an

approximate entanglement-breaking channel. Note that the resulting interactive

proof is in QIP(2). More specifically, the acceptance probability of this interactive

proof system is given by

max
PR→A′1 ···A

′
k

Tr[Πsym
A′APR→A′(ψRAB)], (2.62)

where

PR→A′ B
1
k

k∑
i=1

TrAk′
1 \Ai
◦PR→A′1···A

′
k
, (2.63)
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and P is an arbitrary channel. Observing that PR→A′ is a k-extendible channel [94,

95, 96, 97], it follows that

max
PR→A′1 ···A

′
k

Tr[Πsym
A′APR→A′(ψRAB)] = max

Ek
R→A′∈EXTk

Tr[Πsym
A′AE

k
R→A′(ψRAB)], (2.64)

where EXTk denotes the set of k-extendible channels. These are defined by

Ek
R→A′(ρS R) ∈ EXTk(S : A′) for every input state ρS R, where EXTk(S : A′) denotes the

set of k-extendible states. Hence, the quantity in (2.64) is an upper bound on (2.6),

and it is given by the following SDP:

max
ΓE

k

RA′k
≥0


Tr[Πsym

A′A TrR[TR(ψRAB)ΓE
k

RA′1
]] :

TrA′k[ΓE
k

RA′k
] = IR,

ΓE
k

RA′k
= PA′k(ΓE

k

RA′k
)


, (2.65)

where ΓEk

RA′ is the Choi operator of Ek and PA′k is the channel that randomly per-

mutes the systems A′k. We can add further PPT constraints to this SDP, which is

still an upper bound on (2.6) and leads to our second benchmark F̃2
s (ρAB, k):

1
2

(1 + F̃2
s (ρAB, k)) B max

ΓE
k

RA′k
≥0



Tr[Πsym
A′A TrR[TR(ψRAB)ΓE

k

RA′1
]] :

TrA′k[ΓE
k

RA′k
] = IR,

ΓE
k

RA′k
= PA′k(ΓE

k

RA′k
),

TA′1··· j
(ΓE

k
RA′k ) ≥ 0 ∀ j ∈ {1, . . . , k}


(2.66)

where the map TR is the partial transpose map acting on the system R.

The following theorem indicates how F̃2
s approximates Fs(ρAB).

Proposition 4 The following bound holds for a bipartite state ρAB:

Fs(ρAB) ≤ F̃2
s (ρAB, k) ≤ Fs(ρAB) +

4 |A|3 |B|
k

. (2.67)
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Proof. Since every entanglement-breaking channel is k-extendible, we trivially

find that

1 + Fs(ρAB)
2

= max
E∈EB

Tr[(Πsym
A′A ⊗ IRB)ER→A′(ψRAB)] (2.68)

≤ max
Ek

R→A′∈EXT-PPTk

Tr[(Πsym
A′A ⊗ IRB)Ek

R→A′(ψRAB)] (2.69)

=
1 + F̃2

s (ρAB, k)
2

, (2.70)

where EXT-PPTk denotes the set of channels satisfying the constraints in (2.66).

Consider the following bound for a k-extendible state ωk
AB [91, Theorem II.7’] (see

also just above [91, Theorem II.2] for their norm convention):

min
σAB∈SEP(A:B)

1
2

∥∥∥ωk
AB − σAB

∥∥∥
1
≤

2 |B|2

k
. (2.71)

We can use it and the result of [98, Lemma 7] to conclude that

min
E∈EB

1
2

∥∥∥Ek − E
∥∥∥
⋄
≤

2 |R| |A′|2

k
. (2.72)

Then consider that, for every fixed choice of Ek
R→A′ ∈ EXT-PPTk, there exists an

entanglement-breaking channel E satisfying

1
2

∥∥∥Ek − E
∥∥∥
⋄
≤

2 |R| |A′|2

k
. (2.73)

Then we find that

Tr[(Πsym
A′A ⊗ IRB)Ek

R→A′(ψRAB)]

≤ Tr[(Πsym
A′A ⊗ IRB)ER→A′(ψRAB)] +

2 |R| |A′|2

k
(2.74)

≤ max
E∈EB

Tr[(Πsym
A′A ⊗ IRB)ER→A′(ψRAB)] +

2 |R| |A′|2

k
(2.75)
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=
1 + Fs(ρAB)

2
+

2 |R| |A′|2

k
. (2.76)

Since the inequality holds for every Ek
R→A′ ∈ EXT-PPTk, it follows that

max
Ek

R→A′∈EXT-PPTk

Tr[(Πsym
A′A ⊗ IRB)Ek

R→A′(ψRAB)] ≤
1 + Fs(ρAB)

2
+

2 |R| |A′|2

k
. (2.77)

This concludes the proof after recalling that |R| ≤ |A||B|, observing that |A| = |A′|,

and performing some simple algebra.

Remark 4 Although the correction term in the upper bound in Proposition 4 decreases

with increasing k, it is clear that, for it to become arbitrarily small, k needs to be larger

than |A|3|B|, which is exponential in the number of qubits for the state ρAB. Thus, this ap-

proach does not lead to an efficient method for placing the fidelity of separability estimation

problem in QIP(2) or even QIP.

2.6 Examples

We now present an example simulation of our VQSA to demonstrate that it can

estimate the fidelity of separability. For our first example, we take the state of

interest ρAB to be a (3/4,1/4) probabilistic mixture of two maximally entangled

states, |Φ+⟩ =
√

1/2(|00⟩ + |11⟩) and |Φ−⟩ =
√

1/2(|00⟩ − |11⟩), so that

ρAB =
3
4
|Φ+⟩⟨Φ+| +

1
4
|Φ−⟩⟨Φ−|. (2.78)

Systems R, A, and B of the purification of ρAB contain one qubit each. See Fig-

ure 2.7 for the results. We use the benchmarks and VQSA to estimate the fidelity
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Figure 2.7: Fidelity of separability calculated for a (3/4,1/4) classical mix-
ture of |Φ+⟩ and |Φ−⟩ using our VQSA (blue line). The algorithm
converges to 0.93, which agrees with the value obtained using
the benchmarks F̃1

s and F̃2
s .

of separability as ≈ 0.93. We evaluate these benchmarks for different levels of the

k-extendibility hierarchy. See Section 2.7 for more examples and Section 2.9.1 for

details about the code we developed.

As a second example, we consider a state consisting of four qubits. Let us

consider the four-qubit state |ψ⟩ defined as follows:

1
√

2

(
|0⟩A1 |0⟩A2 |0⟩B1 |0⟩B2 + |1⟩A1 |1⟩A2 |1⟩B1 |1⟩B2

)
, (2.79)

where A consists of two qubits A1 and A2 and B consists of two qubits B1 and B2.

We then pass A1 and A2 through a qubit depolarizing channel defined as Dp(ρ) B
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Figure 2.8: Fidelity of separability calculated for the state ρ̃AB as specified
in (2.80) using our VQSA (blue line) and F̃1

s (orange line).

(1− p)ρ+ pI/2 where p = 0.7. So, the final state under consideration can be written

as

ρ̃AB B (Dp,A1 ⊗Dp,A2 ⊗ IB1 ⊗ IB2) (|ψ⟩⟨ψ|) . (2.80)

We can then use our VQSA to estimate the fidelity of separability for ρ̃AB and

compare the result against the previous SDP benchmarks. See Figure 2.8 for the

results.
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2.6.1 Local Reward Function

An essential issue with variational quantum techniques, such as VQAs, is the

emergence of barren plateaus or vanishing gradients as the number of qubits in-

creases [56]. However, recent results have shown that this problem can be miti-

gated by switching from a global reward function to a local reward function [57].

In our case, a global reward function is one in which we measure all the qubits

that constitute the system A, as done in the approach discussed in Theorem 2. An

example of a local reward function involves selecting a qubit in the system A at

random to measure in the computational basis and recording the outcome, accept-

ing if the result equals zero. Our proposed local reward function can be used to

obtain upper and lower bounds on our initial global reward function, following

the approach of [99, Appendix C]. Local functions have also been used recently to

avoid barren plateaus in VQAs when estimating the geometric measure of entan-

glement for pure states [100].

We develop a local reward function as an alternative to the global reward func-

tion considered above, i.e., the acceptance probability in Theorem 2. The accep-

tance probability in Theorem 2 can be considered a global reward function be-

cause it corresponds to the probability of measuring zero in every register. As

indicated in [57], it is helpful to employ a local reward function to mitigate the

barren plateau problem [56], which plagues all variational quantum algorithms.

Let us define the local and global reward functions. Let Zi be the event of
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measuring zero in the i-th register. We then set the local reward function to be the

probability of measuring zero in a register chosen uniformly at random; that is, it

is given by the following:

L ≡
1
n

∑
i

Pr(Zi) . (2.81)

The event of measuring all zeros is given by
⋂

i Zi, and the probability that this

event occurs is G ≡ Pr(
⋂

i Zi), which is what we used in Theorem 2 as the global

reward function.

We are interested in determining inequalities related to the global and local

reward functions, and the following analysis employs the same ideas used in [99,

Appendix C]. Using DeMorgan’s laws, we find that

Pr

⋂
i

Zi

 = Pr

⋃
i

Zc
i

c = 1 − Pr

⋃
i

Zc
i

 . (2.82)

We can then use the union bound to conclude that

Pr

⋂
i

Zi

 = 1 − Pr

⋃
i

(Zi)c

 ≥ 1 −
∑

i

Pr((Zi)c) . (2.83)

Finally, consider that

G = Pr

⋂
i

Zi

 (2.84)

≥ 1 −
∑

i

Pr
(
Zc

i
)

(2.85)

=
∑

i

Pr(Zi) − (n − 1) (2.86)

= nL − (n − 1) (2.87)

= n(L − 1) + 1. (2.88)
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We can also derive an upper bound on the global reward function in terms of

the local reward function. Recall the following inequality, which holds for every

set {A1, A2, . . . , An} of events:

Pr

⋃
i

Ai

 ≥ 1
n

∑
i

Pr(Ai) . (2.89)

Setting Ai = Zc
i , we get

Pr

⋃
i

Zc
i

 ≥ 1
n

∑
i

Pr
(
Zc

i
)
. (2.90)

Using DeMorgan’s laws, we obtain the desired upper bound as follows:

G = Pr

⋂
i

Zi

 ≤ 1 −
1
n

∑
i

(1 − Pr(Zi)) (2.91)

=
1
n

∑
i

Pr(Zi) = L. (2.92)

In summary, we have established the following bounds:

n(L − 1) + 1 ≤ G ≤ L, (2.93)

so that G = 1 if and only if L = 1. Since we always have G ∈ [0, 1], the lower bound

is only nontrivial if L is sufficiently large, i.e., if L ≥ 1 − 1
n .

We provide simulations of the local reward function in Section 2.7, indicating

that the local reward function can also be used to estimate the fidelity of separa-

bility of a given state.
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(a) Fidelity of separability calculated for a ran-
dom product state using the local reward func-
tion of the VQSA and benchmarked by F̃1

s .
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(b) Fidelity of separability calculated for a ran-
dom entangled state using the local reward
function of the VQSA and benchmarked by F̃1

s .

Figure 2.9: Fidelity of separability estimated using the local reward func-
tion of the VQSA and benchmarked by F̃1

s .

2.7 Further Simulations and Details

For our simulations, we use the Qiskit Aer simulator and Qiskit’s Simultaneous

Perturbation Stochastic Approximation (SPSA) optimizer to perform the classical

optimization. The jitters in the fidelity values between iterations of the VQSA can

be attributed to the shot noise in estimating the acceptance probability using the

Qiskit Aer simulator, as well as the fact that the SPSA optimizer we have used to

perform the classical optimization is itself a stochastic algorithm.

The input states and parameterized unitaries were generated using the hard-

ware efficient ansatz (HEA) [101] for all the simulations in our work. The HEA

consists of several layers, each composed of two parameters per qubit per layer,

specifying rotations about the x- and y-axes. After each layer of rotations is a se-

ries of neighboring qubit CNOT gates. When using the HEA to generate the input
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states, we keep the rotation angles fixed, thus leading to a fixed input state. For

the parameterized unitaries, the rotation angles are parameters and are optimized

over.

In Figure 2.9(a), we report simulation results after generating a random bipar-

tite product state, with each partition containing two qubits. We remove all the

CNOT gates from the HEA that generates the input state ρ to guarantee a prod-

uct state. We calculated the fidelity of separability using both the local reward

function of the VQSA and the benchmark F̃1
s , the latter discussed in Section 2.5.1.

In Figure 2.9(b), we do the same for a random bipartite state with the partitions

A and B containing two qubits and one qubit, respectively, and three qubits in the

reference system.

We generated all parameterized unitary circuits in the following fashion. We

used the Qiskit Aer simulator and Qiskit’s Simultaneous Perturbation Stochastic

Approximation (SPSA) optimizer to perform the classical optimization. All other

details can be found in Table 2.1. The local reward function of the VQSA requires

more classical processing (like picking a qubit at random to measure) and seems

to require more iterations to reach the correct value. However, these downsides

are outweighed by the fact that it is less susceptible to the emergence of barren

plateaus. More details about the local cost function can be found in Section 2.6.1.
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Figure No. of Qubits State ρAB Layer Count

2.7 R = 2, A = 1, B = 1 (3/4)|Φ+⟩⟨Φ+| + (1/4)|Φ−⟩⟨Φ−|
WR no. of layers = 2
U x

A no. of layers = 2

2.8 R = 4, A = 2, B = 2
(Dp,A1 ⊗Dp,A2 ⊗ IB) (|ψ⟩⟨ψ|) WR no. of layers = 4

|ψ⟩ = 1
√

2

(
|0⟩A1 |0⟩A2 |00⟩B + |1⟩A1 |1⟩A2 |11⟩B

)
U x

A no. of layers = 4

2.9(a) R = 3, A = 2, B = 2 Random product state using HEA [101]
WR no. of layers = 4
U x

A no. of layers = 4

2.9(b) R = 3, A = 2, B = 2 Random entangled state using HEA [101]
WR no. of layers = 4
U x

A no. of layers = 4

Table 2.1: Details of all VQSA simulations.

2.8 Quantum Computational Complexity Considerations

Our final result is regarding the computational complexity of estimating the fi-

delity of separability Fs(ρAB). The complexity-theoretic approach allows us to

classify the separability problem based on its computational difficulty. Analy-

ses of this form can be effectively conducted within the framework of quantum

computational complexity theory [74, 75].

In the paradigm of complexity theory [102], a complexity class is a set of com-

putational problems that require similar resources to solve. If a complexity class A

is contained within another class B, then some problems in B could require more

computational resources than problems in A. To effectively characterize the diffi-

culty of a class of problems, we pick a problem that is representative of the class

or complete for the class. A problem h is considered complete for a complexity
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class A if h is contained in the class and the ability to solve the problem h can be

extended efficiently to solve every other problem in A.

To tackle the question posed about the computational complexity of estimat-

ing the fidelity of separability, we define QIPEB(2) to be the complexity class con-

taining problems that can be solved using a prover restricted to applying only

entanglement-breaking channels, which processes a quantum message received

from the verifier and sends back a quantum message to the verifier. Thus, esti-

mating the fidelity of separability of a given state then falls within QIPEB(2), as

seen from Figure 2.2. To fully characterize this novel complexity class, we provide

a complete problem for it. We establish that, given quantum circuits to generate

a channel NA→B and a state ρB, estimating the following quantity is complete for

QIPEB(2):

max
{(p(x),ψx)}x,{φx}x,
ρB=

∑
x p(x)ψx

B

∑
x

p(x)F(ψx
B,NA→B(φx

A)), (2.94)

where {(p(x), ψx)}x is a pure-state ensemble and {φx}x is a set of pure states.

2.8.1 Complexity Class QIPEB(2)

In this subsection, we establish a complete problem for QIPEB(2), and then we in-

terpret this problem in Remark 7. See [74, 75] for further background on quantum

computational complexity theory. Let us first define the complexity class QIPEB(2).

Let A =
(
Ayes, Ano

)
be a promise problem, and let a, b : N → [0, 1] and p be polyno-

mial functions. The verifier V is described by a polynomial-time generated family
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of quantum circuits. The prover P is a family of arbitrary entanglement-breaking

channels that naturally interface with a given verifier. Then A ∈ QIPEB(2)(a, b) if

there exists a two-message verifier with the following properties:

1. Completeness: For all x ∈ Ayes, there exists a prover P that causes the verifier

V to accept x with probability at least a(|x|).

2. Soundness: For all x ∈ Ano, every prover P causes the verifier V to accept x

with probability at most b(|x|).

In the above, acceptance is defined as obtaining the outcome one upon measuring

the decision-qubit register.

Problem 5 Given are circuits to generate a channel NG→S and a state ρS . Fix α and β

such that 0 ≤ α < β ≤ 1. Decide which of the following holds:

Yes: f (NG→S , ρS ) ≥ β, (2.95)

No: f (NG→S , ρS ) ≤ α, (2.96)

where

f (NG→S , ρS ) B max
{(p(x),ψx)}x,{φx}x

∑
x

p(x)F(ψx
S ,NG→S (φx

G)) :
∑

x

p(x)ψx
S = ρS

 (2.97)

with the optimization being over every pure-state decomposition of ρS as
∑

x p(x)ψx
S = ρS .

Also, {φx}x is a set of pure states.

Theorem 6 Problem 5 is a complete problem for QIPEB(2).
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Proof. The main idea behind the proof is to show that the acceptance probability

of a general QIPEB(2) problem can precisely be written as f (NG→S , ρS ). This implies

that an arbitrary QIPEB(2) problem can be reduced to an instance of Problem 5,

and we argue at the end how this also implies that Problem 5 can be reduced to

an instance of a problem in QIPEB(2).

Consider a general interactive proof system in QIPEB(2) that begins with the

verifier preparing a bipartite pure state ψRS , followed by the system R being sent

to the prover, which subsequently performs an entanglement-breaking channel.

The verifier then performs a unitary VR′S→DG and projects onto the |1⟩⟨1| state of

the decision qubit. Indeed, the acceptance probability is given by

max
E∈EB

Tr[(|1⟩⟨1|D ⊗ IG)VR′S→DG(ER→R′(ψRS ))], (2.98)

where VR′S→DG is the unitary channel corresponding to the unitary operator

VR′S→DG. By reasoning similar to that in (2.12), (2.19), and (2.20), we find that

ER→R′(ψRS ) =
∑

x

p(x)ϕx
R′ ⊗ ψ

x
S , (2.99)

so that the acceptance probability is equal to

max
{(p(x),ψx)}x,
{ϕx}x,∑

x p(x)ψx
S=ψS

Tr

(|1⟩⟨1|D ⊗ IG)V

∑
x

p(x)ϕx
R′ ⊗ ψ

x
S


= max
{(p(x),ψx)}x,
{ϕx}x,∑

x p(x)ψx
S=ψS

∑
x

p(x) Tr
[
(|1⟩⟨1|D ⊗ IG)V

(
ϕx

R′ ⊗ ψ
x
S
)]
, (2.100)

where we have used the shorthandV ≡ VR′S→DG. Consider that, for all x,

Tr
[
(|1⟩⟨1|D ⊗ IG)V

(
ϕx

R′ ⊗ ψ
x
S
)]
= ∥⟨1|D ⊗ IG)V |ϕx⟩R′ ⊗ |ψ

x⟩S ∥
2
2 (2.101)
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= max
|φx⟩G
|⟨1|D ⊗ ⟨φx|G)V |ϕx⟩R′ ⊗ |ψ

x⟩S |
2 (2.102)

= max
|φx⟩G

Tr
[
V†(|1⟩⟨1|D ⊗ |φx⟩⟨φx|G)Vϕx

R′ ⊗ |ψ
x⟩⟨ψx|S

]
(2.103)

= max
|φx⟩G

Tr
[
WG→R′S (|φx⟩⟨φx|G)ϕx

R′ ⊗ |ψ
x⟩⟨ψx|S

]
, (2.104)

where the isometric channelWG→R′S is defined as

WG→R′S (·) B (VR′S→DG)†(|1⟩⟨1|D ⊗ (·)G)VR′S→DG, (2.105)

and the corresponding isometry WG→R′S as WG→R′S B (VR′S→DG)†|1⟩D. Then, the

acceptance probability is given by

max
{(p(x),ψx)}x,
{ϕx}x,{φ

x}x


∑

x p(x) Tr
[
WG→R′S (|φx⟩⟨φx|G)ϕx

R′ ⊗ |ψ
x⟩⟨ψx|S

]
:∑

x p(x)ψx
S = ψS

 . (2.106)

Since the optimization over ϕx
R′ is arbitrary, we can also write

max
|ϕx⟩R′

Tr
[
WG→R′S (|φx⟩⟨φx|G)ϕx

R′ ⊗ |ψ
x⟩⟨ψx|S

]
= max
|ϕx⟩R′
|⟨ϕx|R′ ⊗ ⟨ψ

x|S WG→R′S |φ
x⟩G|

2 (2.107)

= ∥IR′ ⊗ ⟨ψ
x|S WG→R′S |φ

x⟩G∥
2
2 (2.108)

=
(
⟨φx|G (WG→R′S )† IR′ ⊗ |ψ

x⟩S

)
(IR′ ⊗ ⟨ψ

x|S WG→R′S |φ
x⟩G) (2.109)

= ⟨φx|G (WG→R′S )† (IR′ ⊗ |ψ
x⟩⟨ψx|S ) WG→R′S |φ

x⟩G (2.110)

= Tr
[
(IR′ ⊗ |ψ

x⟩⟨ψx|S ) WG→R′S |φ
x⟩⟨φx|G (WG→R′S )†

]
(2.111)

= Tr[|ψx⟩⟨ψx|SNG→S (|φx⟩⟨φx|G)], (2.112)

where we define the channel NG→S as

NG→S (·) B TrR′[(VR′S→DG)†(|1⟩⟨1|D ⊗ (·)G)VR′S→DG]. (2.113)
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Then, we find that the acceptance probability is given by

max
{(p(x),ψx)}x,
{φx}x,∑

x p(x)ψx
S=ψS

∑
x

p(x) Tr[|ψx⟩⟨ψx|SNG→S (|φx⟩⟨φx|G)] = max
{(p(x),ψx)}x,{φx}x∑

x p(x)ψx
S=ψS

∑
x

p(x)F(ψx
S ,NG→S (φx

G)).

(2.114)

This concludes the proof of the first part.

To see how this implies that Problem 5 can be realized in QIPEB(2), note that the

circuit preparing the state ρS prepares a purification and traces over the reference

system, and the circuit to generate NG→S is realized by adjoining an environment

system in the state |0⟩⟨0|, performing a unitary, and tracing over the environment.

So we let the verifier prepare the purification of ρS and this plays the role of ψRS

above, and the channelNG→S can be realized precisely as in (2.113) with appropri-

ate substitutions.

Remark 7 The quantity in (2.97) can be interpreted as follows: Given a channel N and

a source state ρ, calculate the largest average ensemble fidelity attainable in reproducing

the source at the output of the channel. This means it is necessary to find the ensemble

decomposition {(p(x), ψx)}x of ρ as well as a set {φx}x of encoding states that lead to the

largest ensemble fidelity (and this is what is left to the prover). This criterion is similar

to one used in Schumacher data compression [103], but this seems more similar to the

setting of the source-channel separation theorem [104], in which the goal is to transmit an

information source over a quantum channel. The channel N here could consist of a fixed

encoding E, noisy channelM, and fixed decoding D, (i.e., N = D ◦M ◦ E) and then the

goal is to test how well a given fixed scheme (E,D) can communicate a source ρ over a
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channelM, according to the ensemble fidelity criterion.

Remark 8 We can write the expression in (2.97) alternatively as

Eq. (2.97) = max
{(p(x),ψx)}x,∑
x p(x)ψx

S=ρS

∑
x

p(x)
∥∥∥(NG→S )†(ψx

S )
∥∥∥
∞
, (2.115)

where (NG→S )† is the Hilbert–Schmidt adjoint of the channel NG→S . Employing the ab-

breviations ψx
S ≡ |ψ

x⟩⟨ψx|S and φx
G ≡ |φ

x⟩⟨φx|G, this follows because

max
{(p(x),ψx)}x,
{φx}x,∑

x p(x)ψx
S=ψS

∑
x

p(x) Tr[ψx
SNG→S (φx

G)]

= max
{(p(x),ψx)}x,
{φx}x,∑

x p(x)ψx
S=ψS

∑
x

p(x) Tr[(NG→S )†(ψx
S )φx

G] (2.116)

= max
{(p(x),ψx)}x,
{φx}x,∑

x p(x)ψx
S=ψS

∑
x

p(x) max
{φx}x

Tr[(NG→S )†(ψx
S )φx

G] (2.117)

= max
{(p(x),ψx)}x,∑
x p(x)ψx

S=ρS

∑
x

p(x)
∥∥∥(NG→S )†(ψx

S )
∥∥∥
∞
. (2.118)

If we define the function

gN (ρ) B
∥∥∥(NG→S )†(ρS )

∥∥∥
∞
, (2.119)

then the function in (2.115) is known as the concave closure of gN (ρ) and has been studied

in other contexts in quantum information theory [105, Section 2]. It has an interesting

dual formulation, as demonstrated in [105, Eq. (15)]. Given the observation in (2.115),

we can thus conclude that, given circuits to realize the channel N and state ρ, estimating

the concave closure of the function gN (ρ) within additive error is a complete problem for

QIPEB(2).
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Remark 9 Employing the reasoning from Remark 8, we find that the acceptance proba-

bility in (2.22) is equal to the concave closure of the following function:

f (ρAB) B
∥∥∥Πsym

AA′ (ρAB ⊗ IA′)Π
sym
AA′

∥∥∥
∞
, (2.120)

where we used the fact that the state ρS from Remark 8 is ρAB and the map NG→S from

Remark 8 is

N(σAA′B) = TrA′[Π
sym
AA′σAA′BΠ

sym
AA′ ], (2.121)

with adjoint

N†(ωAB) = Πsym
AA′ (ωAB ⊗ IA′)Π

sym
AA′ . (2.122)

Observe that the map ρAB 7→ Π
sym
AA′ (ρAB ⊗ IA′)Π

sym
AA′ is proportional to that used in a 1 → 2

universal cloning machine [106, Eq. (17)]. If ρAB is pure, so that we write it as ψAB, then

the following inequality holds:

∥∥∥Πsym
AA′ (ψAB ⊗ IA′)Π

sym
AA′

∥∥∥
∞
≤

∥∥∥Πsym
AA′

∥∥∥
∞
∥ψAB ⊗ IA′∥∞

∥∥∥Πsym
AA′

∥∥∥
∞
≤ 1, (2.123)

where we applied the multiplicativity of the spectral norm. Thus, the concave closure of

f (ρAB) satisfies f (ρAB) ∈ [0, 1]. Furthermore, from Lemma 1 below, we know that

∥∥∥Πsym
AA′ (ψAB ⊗ IA′)Π

sym
AA′

∥∥∥
∞
=

1
2

(
1 + ∥ψA∥∞

)
, (2.124)

showing the consistency of the claim just above (2.120) with Theorem 1 and Eqs. (2.8)

and (2.10) in the main text. If ρAB is a pure product state, so that we can write it as

ρAB = ϕA ⊗ φB, then we have that

∥∥∥Πsym
AA′ (ϕA ⊗ φB ⊗ IA′)Π

sym
AA′

∥∥∥
∞
=

∥∥∥Πsym
AA′ (ϕA ⊗ IA′)Π

sym
AA′

∥∥∥
∞
, (2.125)
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and the spectral norm on the right-hand side of (2.125) is achieved by choosing the vector

|ϕ⟩A ⊗ |ϕ⟩A′ , so that

(⟨ϕ|A ⊗ ⟨ϕ|A′)Π
sym
AA′ (ϕA ⊗ IA′)Π

sym
AA′ (|ϕ⟩A ⊗ |ϕ⟩A′)

= (⟨ϕ|A ⊗ ⟨ϕ|A′)(ϕA ⊗ IA′)(|ϕ⟩A ⊗ |ϕ⟩A′) (2.126)

= 1. (2.127)

Lemma 1 For a pure state ψAB, the following equality holds:∥∥∥Πsym
AA′ (ψAB ⊗ IA′)Π

sym
AA′

∥∥∥
∞
=

1
2

(
1 + ∥ψA∥∞

)
, (2.128)

where ψA ≡ TrB[ψAB].

Proof. Consider that

∥∥∥∥(Πsym
AA′ ⊗ IB

)
(|ψ⟩⟨ψ|AB ⊗ IA′)

(
Π

sym
AA′ ⊗ IB

)∥∥∥∥
∞

=
∥∥∥∥(|ψ⟩⟨ψ|AB ⊗ IA′)

(
Π

sym
AA′ ⊗ IB

)
(|ψ⟩⟨ψ|AB ⊗ IA′)

∥∥∥∥
∞
. (2.129)

Now consider that

(|ψ⟩⟨ψ|AB ⊗ IA′)
(
Π

sym
AA′ ⊗ IB

)
(|ψ⟩⟨ψ|AB ⊗ IA′)

= (|ψ⟩⟨ψ|AB ⊗ IA′)
( IAA′ + FAA′

2
⊗ IB

)
(|ψ⟩⟨ψ|AB ⊗ IA′) (2.130)

=
1
2

(|ψ⟩⟨ψ|AB ⊗ IA′) +
1
2

(|ψ⟩⟨ψ|AB ⊗ IA′) (FAA′ ⊗ IB) (|ψ⟩⟨ψ|AB ⊗ IA′) . (2.131)

Then writing the Schmidt decomposition of |ψ⟩AB as |ψ⟩AB =
∑

i
√
λi|i⟩A|i⟩B, we find

that

(|ψ⟩⟨ψ|AB ⊗ IA′) (FAA′ ⊗ IB) (|ψ⟩⟨ψ|AB ⊗ IA′)
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=
∑

i,i′, j, j′

√
λiλi′ (|ψ⟩⟨i|A⟨i|B ⊗ | j⟩⟨ j|A′) (FAA′ ⊗ IB)

(
|i′⟩A|i′⟩B⟨ψ|AB ⊗ | j′⟩⟨ j′|A′

)
(2.132)

=
∑

i,i′, j, j′

√
λiλi′ (|ψ⟩⟨i|A⟨i|B ⊗ | j⟩⟨ j|A′)

(
| j′⟩A|i′⟩B⟨ψ|AB ⊗ |i′⟩⟨ j′|A′

)
(2.133)

=
∑

i,i′, j, j′

√
λiλi′ |ψ⟩⟨i| j′⟩A⟨i|i′⟩B⟨ψ|AB ⊗ | j⟩⟨ j|i′⟩⟨ j′|A′ (2.134)

=
∑

i

λi|ψ⟩⟨ψ|AB ⊗ |i⟩⟨i|A′ (2.135)

= |ψ⟩⟨ψ|AB ⊗
∑

i

λi|i⟩⟨i|A′ (2.136)

= |ψ⟩⟨ψ|AB ⊗ ψA′ . (2.137)

Then

(|ψ⟩⟨ψ|AB ⊗ IA′)
(
Π

sym
AA′ ⊗ IB

)
(|ψ⟩⟨ψ|AB ⊗ IA′)

=
1
2

(|ψ⟩⟨ψ|AB ⊗ IA′) + |ψ⟩⟨ψ|AB ⊗
1
2
ψA′ (2.138)

= |ψ⟩⟨ψ|AB ⊗
1
2

(IA′ + ψA′) , (2.139)

and we conclude that

∥∥∥∥(Πsym
AA′ ⊗ IB

)
(|ψ⟩⟨ψ|AB ⊗ IA′)

(
Π

sym
AA′ ⊗ IB

)∥∥∥∥
∞

=

∥∥∥∥∥|ψ⟩⟨ψ|AB ⊗
1
2

(IA′ + ψA′)
∥∥∥∥∥
∞

(2.140)

=
1
2

(
1 + ∥ψA′∥∞

)
(2.141)

=
1
2

(
1 + ∥ψA∥∞

)
. (2.142)

This concludes the proof.
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2.8.2 Placement of QIPEB(2)

By placing the problem of estimating the fidelity of separability in the class

QIPEB(2), we establish results that link quantum steering and the separability

problem to quantum computational complexity theory. Furthermore, we show

that the complexity class QIPEB(2) contains QAM [107] and QSZK [108]. It also

follows, as a direct generalization of the hardness results from [21, 22], that the

problem of estimating the fidelity of separability is hard for QSZK and NP. All

of the aforementioned complexity classes are considered to be, in the worst case,

out of reach of the capabilities of efficient quantum computers. See Figure 2.10

for a detailed diagram. However, following the approach of [109], we can try

to solve some instances of problems in these classes using parameterized circuits

and VQAs.

2.8.3 QAM ⊆ QIPEB(2)

First, recall that QAM consists of the verifier selecting a classical letter x uniformly

at random, sending the choice to the prover, who then sends back a pure state ψx

to the verifier, who finally performs an efficient measurement to decide whether

to accept the computation [107]. Note that QAM contains QMA [107].

To see the containment QAM ⊆QIPEB(2), consider that the verifier’s first circuit

in QIPEB(2) can consist of preparing a random classical bitstring in a system R.
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QSZK QAM

QMA

BQP

QIPEB(2)QIP (2)

Figure 2.10: Placement of QIPEB(2) relative to other known complexity
classes. The complexity classes are organized such that if a
class is connected to a class above it, the complexity class
placed lower is a subset of the class above. For example,
QIPEB(2) is a superset of both QSZK and QAM.
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The verifier sends system R to the prover. Then, the prover’s action amounts to

preparing some state that gets returned to the verifier. The rest of the protocol

then simulates a QAM protocol.

2.8.4 QSZK ⊆ QIPEB(2)

Quantum statistical zero-knowledge (QSZK) consists of all problems that can be

solved by the interaction between a quantum verifier and a quantum prover,

such that the verifier accumulates statistical evidence about the answer to a de-

cision, but does not learn anything other than the answer by interacting with the

prover [110, 108]. A complete problem for this class is quantum state distinguisha-

bility, in which the goal is to decide whether two states ρ0 and ρ1, generated by

quantum circuits, are far or close in trace distance [110]. This is a nice problem

for understanding the basics of the QSZK complexity class: the interaction be-

gins with the verifier picking one of the states uniformly at random, recording

the choice as a bit x, and then sending the chosen state ρx to the prover over a

quantum channel. The prover can then perform the optimal Helstrom measure-

ment [111, 112] to distinguish the states, which has success probability equal to

psucc B
1
2

(
1 +

1
2
∥ρ0 − ρ1∥1

)
. (2.143)

The Helstrom measurement leads to a decision bit y, which the prover sends back

to the verifier over a quantum channel (here, a single classical bit channel would

suffice). The verifier then accepts if x = y, and the probability that this happens is
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equal to psucc. By repeating this protocol a polynomial number of times and invok-

ing the error-reduction protocol from [110], it follows that the verifier can make

the completeness and soundness probabilities exponentially close to one and zero,

respectively, to have essentially zero error probability in the final decision about

whether the states are near or far in trace distance. Finally, the interaction has a

“zero knowledge” aspect because the verifier only learns the bit of the prover and

nothing about how to distinguish the states.

Since quantum state distinguishability is a complete problem for QSZK and

the interaction described above can be performed in QIPEB(2), the containment

QSZK ⊆ QIPEB(2) follows.

2.9 Conclusion and Discussion

In this chapter, we detailed a distributed quantum computation to test the sep-

arability of a quantum state that, at its core, uses quantum steering. This test

demonstrated a link between quantum steering and the separability problem. The

acceptance probability of this distributed quantum computation is directly related

to an entanglement measure known as the fidelity of separability. Using the test’s

structure, we also showed computational complexity-theoretic results and estab-

lished a link between quantum steering, quantum algorithms, and quantum com-

putational complexity. By replacing the prover with a parameterized circuit, we

modified this distributed quantum computation to develop our variational quan-
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tum steering algorithm (VQSA), a novel kind of variational quantum algorithm

that uses quantum steering to address the problem of estimating the fidelity of

separability. This algorithm allows for the direct estimation of the fidelity of sepa-

rability without the need for state tomography and subsequent approximate tests

on separability. Our algorithm is not unitary due to the mid-circuit measurement

on system R and the consequent conditional operation applied on system A. This

is an important distinction from most VQAs, which do not use a parameterized

mid-circuit measurement. We also discuss multipartite generalizations of both

our separability test and VQSA. Finally, we simulated our VQSA using the noisy

Qiskit Aer simulator [113], which showed favorable convergence trends and was

compared against two classical SDP benchmarks.

Our VQSA has applications beyond entanglement quantification on a sin-

gle quantum computer. We can also think of our VQSA as a distributed vari-

ational quantum algorithm for measuring the entanglement of a bipartite state.

See [114, 115, 116] for previous instances of distributed VQAs. Indeed, our algo-

rithm can be executed over a quantum network, in which each node has quantum

and classical computers capable of performing VQAs. The initial part of the algo-

rithm distributes R to Rob, A to Alice, and B to Bob, who are all in distant locations.

Then, Rob performs the parameterized measurement and sends the outcome over

a classical channel to Alice, who performs another parameterized measurement.

They can repeat this process to assess the quality of the entanglement between

Alice and Bob. This interpretation is even more interesting regarding quantum

networks for the multipartite case, in which the classical data gets broadcast from
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Rob to all the other nodes except the last one.

VQSAs can tackle other problems involving quantum steering, like maximiz-

ing the pure-state decompositions of quantum states. This technique may also

be helpful in estimating other entanglement measures that involve optimizing

over the set of separable states. By applying the insights of [88, Appendix A]

and our approach here, it is clear that VQSAs will also help estimate maximal

fidelities associated with other resource theories, such as the resource theory

of coherence [117]. More broadly, we suspect that the paradigm of parameter-

ized mid-circuit measurements and distributed variational quantum algorithms

will help address other computational problems of interest in quantum infor-

mation science and physics, given recent advances in experimental implemen-

tations [118, 119, 120, 121].

2.9.1 Software

All of our Python source files are available with the arXiv posting of [122]. We

performed all simulations using the noisy Qiskit Aer simulator. The Picos Python

package [123] was used to invoke the CVXOPT solver [124] for solving the SDPs,

and the toqito Python package [125] was used for carrying out specific operations

on the matrices representing quantum systems.
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CHAPTER 3

DEVICE-INDEPENDENT CERTIFICATION OF MULTIPARTITE

DISTILLABLE ENTANGLEMENT

3.1 Introduction

Quantum networks may become a reality within the near future and have the po-

tential to open up several avenues of applications. Potential uses for quantum

networks include quantum computers connected together for distributed com-

puting tasks [7, 8], a collection of quantum sensors that implement a joint mea-

surement on a system of interest [9, 10, 11, 12], or a number of distant nodes that

transmit quantum states among themselves [13, 14, 47]. To realize the full poten-

tial of quantum networks, the efficient production and distribution of multipartite

entanglement is essential [15].

To distribute multipartite entanglement over large distances, one can choose

two basic approaches. The first approach involves distributing bipartite entangle-

ment between each of the nodes and then using local operations and classical com-

munication to convert the global state into a desired multipartite state [126, 127].

The alternate method involves producing the multipartite state of interest at a sin-

gle location [128] and distributing the resulting state via quantum channels to the

intended recipients. Whichever procedure one might employ, it is important to

study the associated success probability and quality of entanglement yielded by
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these procedures.

This point raises the question: how can we certify or guarantee that a min-

imum amount of entanglement is produced by a certain procedure or method?

This question becomes more interesting when we recall that quantum networks

may have components based on different architectures: for example, supercon-

ducting qubits for computing [129, 130, 131], trapped ions [132] or solid-state

qubits [133] for memory, photons for communication [128], and so on. Hence,

we need to adopt a framework of certification that is independent of the con-

stituent parts of the quantum network, thus bringing us to device-independent

(DI) protocols.

The general interest in DI protocols [134, 135] stems from the fact that one can

test and verify the amount of entanglement in a state using only classical inputs

and outputs, along with classical communication. DI protocols are based on vari-

ous self-testing results [39, 136, 137, 138], the first of which were developed in [39].

(See [139] for a review.) Most importantly, such protocols are agnostic to the un-

derlying mechanics and specifics of the state being tested. As such, and relevant

to the present chapter, DI protocols are suitable for the certification of multipartite

entanglement in quantum networks, especially ones that contain elements with

dissimilar underlying technologies.

There has been a lot of recent interest in device-independent protocols in-

volving more than two parties, including investigations into Bell-type inequali-

ties [140, 141] and their application toward DI conference key agreement, involv-
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ing achievable rates [3, 50] and upper bounds on key-agreement rates [142, 143].

However, little attention has been paid toward the device-independent certifica-

tion of multipartite distillable entanglement. Multipartite entanglement distilla-

tion is an important step to ensure that we are using states that are as close as

possible to ideal states.

In this chapter, we provide a lower bound on the certifiable rate of one-shot

multipartite distillable entanglement in a device-independent setting. The mul-

tipartite Greenberger–Horne–Zeilinger (GHZ) state is the basic entanglement re-

source that is critical to maximizing the utility of quantum networks for appli-

cations like quantum sensing [9, 10, 11, 12], multi-party quantum communica-

tion [13, 14, 47], and distributed quantum computation [7, 8]. It is vital to distill

GHZ states from less-than-perfect multipartite states that are available to the par-

ties in a quantum network, while using only minimal additional resources like

local operations and classical communication (LOCC). To maximize the utility of

every copy of an available multipartite state, we need to look at the one-shot dis-

tillable entanglement of the state shared by the quantum network. The device-

independent setting means that all the conclusions are drawn from only the clas-

sical inputs and outputs of the protocol, along with the assumption of the com-

pleteness and correctness of quantum mechanics [39, 136, 137]. In other words, the

conclusions hold true regardless of the precise inner workings of the experimental

devices.

In more detail, we extend DI entanglement distillation certification from the
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bipartite scenario [144] to the multipartite scenario. In what follows, we first

give a detailed description and definition of what we mean by DI multipartite

entanglement distillation. In Section 3.2, we define a DI, M-partite entanglement

distillation certification protocol, which consists of completeness and soundness

conditions. In Section 3.3, we provide a detailed description of a proposed proto-

col. Our proposed protocol is centered around the Mermin–Ardehali–Belinskii–

Klyshko (MABK) inequality [41, 42, 43], which is critical to proving the complete-

ness condition. We show in Section 3.4 that the proposed protocol is complete.

Thereafter, in Section 3.5, we proceed to proving that it is sound, by making use of

the entropy accumulation theorem [145] and the structure of the MABK inequal-

ity [45].

3.2 Definitions and Setup

In this section, we provide several definitions that we use throughout the rest of

the chapter, including the GHZ orthonormal basis, the one-shot multipartite dis-

tillable entanglement of a multipartite quantum state, an entanglement distillation

certification protocol, and basic entropies.

Definition 6 The GHZ orthonormal basis for the set of M-qubit states is composed of the

following 2M states:

|ψv,u⟩ B
1
√

2
[|0, u⟩ + (−1)v|1, ū⟩] , (3.1)
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where v ∈ {0, 1}, while u ∈ {0, 1}M−1 and ū = 1⊕u are M−1 bit strings, with 1 the all-ones

bit vector of size M − 1.

The one-shot multipartite distillable entanglement of a state quantifies the

amount of multipartite entanglement that we can distill from a single copy of the

state. It is defined formally as follows:

Definition 7 (Multipartite distillable entanglement) Let ε ∈ [0, 1]. The one-shot

distillable M-partite entanglement Eε
D(ρA[M]) of a multipartite state ρA[M] ≡ ρA1···AM is de-

fined as

Eε
D(ρA[M]) B sup

d∈N,
L∈LOCC

{
log2 d : F

(
LA[M]→Â[M]

(ρ),Φd
Â[M]

)
≥ 1 − ε

}
, (3.2)

where the optimization is over every LOCC channel LA[M]→Â[M]
, the fidelity is defined as

F(ρ, σ) B
∥∥∥√ρ√σ∥∥∥2

1
, and Φd

Â[M]
≡ |Φd⟩⟨Φd|Â[M]

is an M-party, rank-d GHZ state, with

|Φd
Â[M]
⟩ B

1
√

d

d−1∑
i=0

|i⟩A1 · · · |i⟩AM . (3.3)

The asymptotic distillable entanglement is defined in terms of the following limit:

ED(ρA[M]) B inf
ε∈(0,1)

lim inf
n→∞

1
n

Eε
D(ρ⊗n

A[M]
). (3.4)

Since our goal is to quantify multipartite distillable entanglement in a device-

independent setting, we want to be able to make statements about the aforemen-

tioned quantity that hold regardless of the physical systems involved. In other

words, we want to bound this quantity in a device-independent setting.
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Let us take a closer look at what this means. To begin with, suppose that all

parties A1, . . . , AM are given a share of a multipartite quantum state ρA1···AM , which

is distributed to them by a possibly unknown entity. Each party also has access to

a black box with which they can interact classically. For each classical input, the

corresponding black box applies a positive operator-valued measure (POVM) on

its respective share of the multipartite state. After the application of the POVM,

the box outputs a classical value that is recorded by the corresponding participant.

The parties can use the results of the measurements to complete certain tasks of

their choosing. If they use only the inputs and outputs from the black box to com-

plete their task, they will have completed the task independent of the underlying

physical realization of the measurement and states shared among them. This is

the idea behind device independence.

We now define what we mean by a device-independent (DI) protocol for certi-

fying a rate of one-shot distillable multipartite entanglement. Our definition for a

DI M-partite entanglement distillation certification (DIMEC) protocol is based on

the definition of a DI entanglement certification protocol in [144], defined therein

for two parties.

Definition 8 (DIMEC protocol) Let n ∈ N, let εsmo, εsnd, εcmp ∈ [0, 1], and let r ≥ 0

be a threshold M-partite distillation rate. Furthermore, let Shonest be a set of “honest”

states, each of which is denoted by ϕhonest. Let Dhonest be the set of “honest” measurement

devices. Let P be a protocol employing only multipartite LOCC, which, upon being given

a state σ ∈ D
(⊗M

i=1H
⊗n
Ai

)
, creates a state ρ ∈ D

(⊗M
i=1H

⊗n
Ai

)
. Let ρ|Ω denote the final state
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conditioned on the protocol not aborting.

A protocol P is said to be a DI M-partite entanglement distillation certification

(DIMEC) protocol if the following conditions hold:

1. Noise tolerance (completeness): The probability that P aborts when applied on

ϕhonest ∈ Shonest using a measurement device fromDhonest is at most εcmp.

2. Entanglement certification (soundness): For every source σ and measurement de-

vice, either En,εsnd
D (ρ|Ω) ≥ r or P aborts with probability greater than 1 − εsmo when

applied on σ.

To design a protocol and show that it satisfies all the conditions in Definition 8,

we need to use some information-theoretic quantities. Here we recall the defi-

nitions of von Neumann entropy, coherent information, and smooth conditional

max-entropy.

Definition 9 The von Neumann entropy H(A)ρ of a state ρA is defined as follows:

H(A)ρ B −Tr[ρA log2 ρA]. (3.5)

Definition 10 The coherent information I(A⟩B)ρ of a bipartite state ρAB is defined as

follows:

I(A⟩B)ρ B H(B)ρ − H(AB)ρ = −H(A|B)ρ, (3.6)

where H(B)ρ is the von Neumann entropy of ρB = TrA[ρAB] and H(A|B)ρ B H(AB)ρ −

H(B)ρ is the quantum conditional entropy of the state ρAB.
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Definition 11 ([146]) The smooth conditional max-entropy of a bipartite state ρAB is de-

fined for all ε ∈ (0, 1) as

Hε
max(A|B)ρ B inf

ρ̃∈D≤
Hmax(A|B)ρ, (3.7)

where

D≤ B {ω ≥ 0 : Tr[ω] ≤ 1}, (3.8)

ρ̃ is such that
√

1 − F(ρ, ρ̃) ≤ ε, Hmax(A|B)ρ B supσB
log2 F(ρAB, IA ⊗ σB), and F(ρ, σ) B∥∥∥√ρ√σ∥∥∥2

1
is the fidelity.

3.3 Device-Independent Multipartite Entanglement Certifica-

tion Protocol

Before introducing our proposed DIMEC protocol, first we need to discuss the

MABK inequality [41, 42, 43]. Let xi denote an input to the ith measurement de-

vice, and let ai denote the outcome of a measurement, where i ∈ {1, . . . ,M} and

M is the number of parties involved. We can then define the MABK inequality as

follows.

Definition 12 Let Ôi
0 and Ôi

1 be binary observables for all i ∈ [M]. The M-partite MABK

operator, KM, is defined by the following recursion relation:

KM B
1
2
F (KM−1,KM−1, ÔM

0 , Ô
M
1 ), (3.9)

K2 B
1
2
F (Ô1

0, Ô
1
1, Ô

2
0, Ô

2
1), (3.10)
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where KM−1 is obtained from KM−1 by exchanging Ôi
0 and Ôi

1 for all i ∈ [M] and

F (B̂0, B̂1, Ĉ0, Ĉ1) B B̂0 ⊗
(
Ĉ0 + Ĉ1

)
+ B̂1 ⊗

(
Ĉ0 − Ĉ1

)
. (3.11)

The M-partite MABK inequalities are then defined for all M ≥ 2 as

2
4−M

2

∣∣∣∣Tr
[
KM ρÂ[M]

]∣∣∣∣ ≤ 2
m−M+3

2 , m ∈ [M]. (3.12)

The MABK inequalities are such that a violation of the inequalities for m = 1

proves that at least two parties are entangled, the violation of the inequalities for

m = M − 1 proves genuine M-partite entanglement, and the case where m = M

gives an upper bound (tight) on what is achievable by quantum mechanics. In

this work, we are interested in m = M − 1 and m = M, which correspond to

βM B 2
4−M

2

∣∣∣∣Tr
[
KM ρÂ[M]

]∣∣∣∣ ∈ [2, 2
√

2]. (3.13)

The CHSH inequality corresponds to

β2 B 2
∣∣∣∣Tr

[
K2 ρÂ[2]

]∣∣∣∣ ∈ [2, 2
√

2]. (3.14)

For our purposes, we need to turn the MABK inequality into a game. This

can be done using the procedure outlined in [44]. By unraveling the recursion

in (3.9)–(3.10), we can rewrite the M-MABK operator as

KM = 2−2⌊ M
2 ⌋

∑
x∈{0,1}M

(−1) f (x)
⊗
i∈[M]

Ôi
xi
, (3.15)

where xi ∈ {0, 1} is the ith bit of x and f : {0, 1}M → {0, 1,⊥} is a function such that

(−1)⊥ = 0 by convention.
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For the MABK game, the M parties have two measurement settings each, de-

noted by xi ∈ {0, 1}, and all measurements have two possible outcomes, denoted

by ai ∈ {0, 1}. Then the winning condition for the MABK game is as follows [45]:

win(x[M], a[M]) B


1, if

⊕M
i=1 ai = f (x[M])

0, else
, (3.16)

where f is defined by the M-MABK operator in (3.15). The minimum and max-

imum winning probabilities when the underlying state is genuinely multipartite

entangled are respectively as follows [45]:

pmin B 22⌊ M
2 ⌋−M−1 + 2⌊

M
2 ⌋−

M
2 −2, (3.17)

pmax B 22⌊ M
2 ⌋−M−1 + 2⌊

M
2 ⌋−

M
2 −

3
2 . (3.18)

Note that when M is even,

pe
min = 3/4 and pe

max = (2 +
√

2)/4. (3.19)

Similarly when M is odd,

po
min = (2 +

√
2)/8 and po

max = 1/2. (3.20)

Based on the MABK game defined above, we propose Protocol 1. There are

two types of rounds in Protocol 1: a testing round, where the parties play the

MABK game and record the result, and a storage round, where the parties simply

store the state they receive in a quantum memory. At the beginning of each round,

we choose between these types uniformly random. The main result of this chapter

is that Protocol 1 is a DIMEC protocol, satisfying the requirements of Definition 8,

and we state this result formally in Theorem 18.
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Protocol 1: : DIMEC protocol based on the MABK game

Arguments:

M – untrusted measurement device, with inputs and outputs in the set

{0, 1}

n ∈ N+ – number of rounds

γ – the probability of conducting a test

ωexp – expected winning probability in the MABK game

δest ∈ (0, 1) – width of the statistical confidence interval for the estima-

tion test

Ai, j indicates a classical register belonging to the i-th party and j-th

round.

1: For every round j ∈ [n], do steps 2-10:

2: Let ϕ j denote the multipartite state produced by the source in this

round.

3: Set Ai, j, Xi, j,W j =⊥ for all i ∈ [M].

4: Choose T j = 1 with probability γ and T j = 0 with probability 1 − γ.

5: If T j = 1:

6: Choose inputs Xi, j ∈ {0, 1} uniformly at random.

7: Measure ϕ j usingMwith the inputs Xi, j and record outputs Ai, j ∈ {0, 1}.

8: Set W j = 1 if the MABK game is won and W j = 0 otherwise.

9: If T j = 0:

10: Keep ϕ j in the registers
⊗m

i=1 Âi, j.

11: Abort if W B
∑n

j=1 χ(T j = 1) W j < (ωexpγ − δest) · n.
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3.4 Completeness

In this section, we show that Protocol 1 is complete. To prove the completeness

condition in Definition 8, we need to show that our protocol applied to an arbi-

trary ϕhonest ∈ Shonest aborts with only a small probability. We prove this result in

the following theorem.

Theorem 10 The following bound holds:

εcmp ≤ exp
(
−2nδ2

est

)
, (3.21)

implying that the probability that Protocol 1 aborts for ϕhonest ∈ Shonest is no larger than

exp
(
−2nδ2

est

)
.

Proof. Protocol 1 aborts when W, the estimator for the MABK game winning prob-

ability, is not high enough. This happens when the MABK violation is not large or

if the number of samples is not sufficiently large. Whenever ϕhonest ∈ Shonest and the

rounds are independent and identically distributed (IID), i.e., an honest imple-

mentation, the sequence
(
χ(T j = 1) W j

)
j=1

is a sequence of IID random variables.

Using Hoeffding’s inequality [147], we conclude that

εcmp = Pr
(
W ≤ (ωexpγ − δest) · n

)
≤ e−2nδ2

est , (3.22)

completing the proof.
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3.5 Soundness

In this section, we prove the soundness of Protocol 1. To do so, we need to show

that the protocol ensures a minimum amount of multipartite distillable entangle-

ment or aborts with high probability. First, we briefly discuss a protocol to distill

multipartite entanglement from a mixed state. We will use this achievable rate of

multipartite distillable entanglement to prove the soundness of Protocol 1.

Consider the following setting: a pure state ψA1···AM BR is held by M + 2 parties,

with the ith sender holding Ai, for i ∈ {1, . . . ,M} C [M], one receiver holding B, and

a reference system holding R, which serves as a purifying system. Additionally,

Alice-i and Bob share a maximally entangled state Φ(ci)A′i B
′
i
of Schmidt rank ci ∈ N,

and so the initial overall state is

ψA1···AM BR ⊗ Φ(c1)A′1B′1
⊗ · · · ⊗ Φ(cM)A′M B′M . (3.23)

Multiparty state merging is an LOCC protocol that transforms this initial state to

ψÂ1···ÂM B̂R ⊗ Φ(d1)A′′1 B′′1
⊗ · · · ⊗ Φ(dM)A′′M B′′M , (3.24)

such that all of the systems Â1 · · · ÂM B̂ are in Bob’s possession. (For details, see

Section 6.3 of [148].) If ci > di, then the protocol consumes log2 ci − log2 di ebits

shared between Ai and B. If ci < di, then the protocol produces log2 di− log2 ci ebits,

which are shared between Ai and B (recall that the term “ebit” is synonymous with

the standard Bell pair). If the protocol distills ebits between each Alice, A1 · · · AM,

and Bob B, then they can apply LOCC to convert several copies of their ebits into

multipartite GHZ states.
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For a one-shot realization of the entire process of using LOCC to convert

ψA1···AM BR into a GHZ state, we need only understand the one-shot behavior of the

state merging step. The theorem needed for the state merging step is as follows:

Theorem 11 (Theorem 6.15 of [148]) Given the setting above, quantum state merging

can be achieved successfully, in the sense that the fidelity constraint in (3.2) holds, for

ε = 8 · 3M/2
√
ε′ ∈ (0, 1), if for all K ⊆ [M] such that K , ∅,

∑
k∈K

(log2 dk − log2 ck) ≤ −Hε′

max(AK |AKc B)ψ + 2 log ε′. (3.25)

Using the above theorem and the steps elucidated earlier, we conclude the

following:

Theorem 12 (Theorem 9 of [149]) Let ρA1···AM be a state held by m parties. The follow-

ing is an achievable rate for GHZ distillation under LOCC:

max
k∈[M]

{
min

K⊆[M]\k

I(AK⟩A[M]\K)ρ
|K|

}
, (3.26)

where I(A⟩B)θ is the coherent information of a state θAB.

The statement above gives a bound only on the asymptotic rate of GHZ distil-

lation from mixed states. For our purpose, we require a lower bound on 1
n Eε

D(ρ⊗n
A[M]

).

The following proposition gives such a bound by making use of the developments

of [148, 149].
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Proposition 5 Let ρA1···AM be held by m parties. Fix ε′ > 0 such that ε B 8 · 3M/2
√
ε′ ∈

(0, 1). Then the following is an achievable one-shot rate for GHZ distillation under LOCC;

i.e.,
1
n

Eε
D(ρ⊗n

A[M]
) ≥ max

k∈[M]

{
min

K⊆[M]\k

−Hε′

max(AK |A[M]\K)ρ
|K|

}
+

2 log ε′

M − 1
. (3.27)

Proof. To achieve this one-shot rate, we can use the protocol outlined in [149,

Theorem 9] but without time sharing. Time shared decoding is replaced with si-

multaneous decoding, as the former is not possible in the one-shot setting. We

obtain achievable rates for the one-shot case by replacing coherent information

in (3.26) with the conditional smooth max-entropy. This leaves us with an expres-

sion commensurate with (3.25) in Theorem 11.

3.5.1 Entropy Accumulation Theorem (EAT)

To certify that a minimum amount of multipartite entanglement can be distilled

from the states left over at the end of n rounds of Protocol 1, we need to lower

bound −Hε
max

(
A⊗n

K |A
⊗n
[M]\K

)
ρ⊗n

. Since this is a finite-length protocol, and we are in-

terested in a smooth entropic quantity, we can use Entropy Accumulation Theory

(EAT) to obtain a rate r in terms of the desired error constants. To apply EAT, one

needs to define “EAT channels,” which describe the sequential process under con-

sideration, and max-tradeoff functions. In our case, the sequential process results

from our protocol for the certification of multipartite entanglement distillation.
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For a sequential process like our protocol, the most restrictive relation between

the rounds is to assume that they are IID. However, such a restriction is arguably

too strong for the device-independent scenario. Entropy accumulation theory al-

lows for a more general relation between the rounds of our protocol. This is en-

capsulated in the following definition of EAT channels.

Definition 13 (EAT channels [145]) An EAT channel N j : R j−1 → R jO jS jW j, for j ∈

[n], is a CPTP map, such that, for all j ∈ [n]:

1. W j is a finite-dimensional classical system. S j and R j are arbitrary quantum sys-

tems.

2. Given an input state σR j−1 , the output state σR jO jS jW j = N j

(
σR j−1

)
has the property

that one can perform a quantum instrument on the systems O jS j (in the stateσO jS j),

obtain the classical register W j, and discard it, without changing the state σO jS j .

That is, for the instrument T j : O jS j → O jS jW j describing the process of obtaining

W j from O j and S j, it holds that (TrW j ◦T j)
(
σO jS j

)
= σO jS j .

3. O j is a finite-dimensional quantum system of dimension dO j .

If the rounds are not IID, then we cannot consider a round of the protocol to

be completely independent of the preceding rounds. In other words, we cannot

use the additivity property of the quantities under consideration. To resolve this,

entropy accumulation theory requires that a special function, associated with our

protocol, be found. This special function is called the max-tradeoff function.
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To define max-tradeoff functions, we need to clarify some notation, which

we will use henceforth. Given a value w = (w1, . . . ,wn) ∈ Wn, where W is a fi-

nite alphabet, we denote by freqw the probability distribution overW defined by

freqw(w̃) B |{ j |w j=w̃}|
n for w̃ ∈ W. If τ is a state classical on W, we write Pr [w]τ to

denote the probability that τ assigns to w. Now, we move on to the definition of

max-tradeoff functions.

Definition 14 (Max-tradeoff function [145]) LetN1, . . . ,Nn be a family of EAT chan-

nels. LetW denote the common alphabet of W1, . . . ,Wn. A concave 1 function fmax from

the set of probability distributions p overW to the real numbers is called a max-tradeoff

function for {N j} j if it satisfies

fmax(p) ≥ sup
σ

{
H

(
O j

∣∣∣S j

)
N j(σ)

: TrR jO jS j[N j(σ)] = p
}
, (3.28)

for all j ∈ [n], where the supremum is taken over all input states of N j for which the

marginal on W j of the output state is the probability distribution p.

The statement of the EAT, relevant for the smooth max-entropy, is given below

(see [145, Theorem 4.4] and Eq. (A.2) of [150, Appendix A]).

Theorem 13 ([145, 150]) Let N j : R j−1 → R jO jS jW j for j ∈ [n] be a sequence of EAT

channels as in Definition 13, τOS W =
(
TrRn ◦Nn ◦ · · · ◦ N1

)
(τR0) the final state, Ω an event

1Let Ω̂ be a set of frequencies defined via freqw(w̃) ∈ Ω̂ if and only if w̃ ∈ Ω. We can consider
concave functions, in contrast to affine ones [145], since the event Ω defined in the current work
results in a convex set Ω̂.
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defined over Wn indicating acceptance, Pr[Ω]τ the probability of acceptance given the

underlying state τ, and τ|Ω the final state conditioned on Ω.

Let εsmo ∈ (0, 1). For fmax a max-tradeoff function for {N j} j, as in Definition 14, and

all t ∈ R such that fmax
(
freqw

)
≤ t for all w ∈ Wn for which Pr [w]τ|Ω > 0, the following

holds:

Hεsmo
max (O|S )τ|Ω ≤ nt + v

√
n , (3.29)

where dOi denotes the dimension of Oi and

v B 2
(
log2(1 + 2dOi) + ⌈∥▽ fmax∥∞⌉

) √
1 − 2 log2(εsmo · Pr[Ω]τ). (3.30)

It has been shown that Theorem 13, the generalized entropy accumulation

theorem, holds regardless of whether the sequence of channels {N j} j satisfies a

Markov-chain condition [150, Appendix A]. Note that the original entropy accu-

mulation theorem [145] does require such a Markov-chain condition.

3.5.2 EAT Channels

In this subsection, we prove that Protocol 1, for all j ∈ [n], satisfies the conditions

for EAT channels,N j : R j−1 → R jO jS jW j as outlined in Definition 13. This is a nec-

essary condition for the application of the entropy accumulation theorem [145].

Consider Condition 1 of Definition 13. We can think of R j as a source dis-

tributing the states across the network. As far we are concerned, it is an arbitrary
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quantum system. W j is the classical register associated with determining whether

the MABK game has been won. W j is finite dimensional, as it can take only three

values. S j consists of all the systems involved in the protocol, except for the sys-

tem Â[M′], j for some M′ ∈ [M − 1].

For Condition 2 of Definition 13, we can see that W j is determined using only

the classical values Ai, j and Xi, j and does not affect the classical and quantum reg-

isters.

Finally, we are left with Condition 3 of Definition 13. Checking these condi-

tions is more involved. First, we note that Protocol 1 makes use of the MABK

inequality, which involves two inputs and two outputs for all parties involved.

This allows us to apply Jordan’s lemma on every party. Now, we recall Jordan’s

lemma [151]:

Theorem 14 (Lemma 4.1 in [151]) Let Ô0 and Ô1 be two Hermitian operators with

eigenvalues −1 and +1. Then there exists a basis in which both operators are block di-

agonal, in blocks of dimension 2 × 2 at most.

For each party Ai and for every round j, we can reduce the associated binary

observables Ôi, j
0 and Ôi, j

1 to a block-diagonal form in a suitable local basis using

Theorem 14. The block-diagonal form is as follows:

Ôi, j
0 =

⊕
di, j

Odi, j

0 =
⊕

di, j

σ
di, j
y , (3.31)
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Ôi, j
1 =

⊕
di, j

Odi, j

1 (3.32)

=
⊕

di, j

(
cos

(
αdi, j

)
σ

di, j
y + sin

(
αdi, j

)
σ

di, j
x

)
. (3.33)

Let Πdi, j denote the projection onto the di, jth block. If we act with the projec-

tion Πdi, j on ρÂ[M], j
, then we obtain the index di, j of the corresponding Jordan block.

Hence, after the application of the projection, the system possessed by each party

is a two-dimensional system. This is true of Âi, j especially, which satisfies Condi-

tion 3. After party i performs the measurement {Πdi, j}di, j for round j, for all i ∈ [M],

the post-measurement state is as follows:(⊗M
i=1Πdi, j

)
ρÂ[M], j

(⊗M
i=1Πdi, j

)
Tr

[(⊗M
i=1Πdi, j

)
ρÂ[M], j

] ⊗

 M⊗
i=1

|di, j⟩⟨di, j|

 . (3.34)

Note that the first M quantum registers on the left have been reduced to qubit

registers.

Using these projections, we produce Protocol 2. Protocol 2 is a device-

dependent version of Protocol 1 but has the same winning probability as Pro-

tocol 1. This is due the fact that, regardless of the value of T j and for any

d j = d1, j · · · dM, j, the underlying state can thought of as being in the following

state [152, Theorem 1]:

ρ̃d j B
∑

u∈{0,1}M−1

[
λ

d j

0,u|ψ0,u⟩⟨ψ0,u| + λ
d j

1,u|ψ1,u⟩⟨ψ1,u| + isd j
u

(
|ψ0,u⟩⟨ψ1,u| − |ψ1,u⟩⟨ψ0,u|

) ]
, (3.35)

where i2 = −1, sd j
u , λ

d j

0,u ∈ [0, 1], and ψ0,u, ψ1,u are defined in Definition 6. Hence, the

projective measurement detailed earlier will neither change the winning probabil-

ity nor the amount of multipartite entanglement produced by the source. (This is
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true for any two-input two-output, or (M, 2, 2), full-correlator Bell inequality [152,

Theorem 1], like the MABK inequality we consider here.)

We will use Protocol 2 only to make statements about the soundness of Proto-

col 1. First, we need to clarify some notation. As before, the index i will denote

the party, and the index j will denote the round of the protocol. Â[M] [n] refers to

all the quantum registers Âi, j possessed by the respective parties at the end of the

protocol before conditioning on the outcome of the protocol. A[M] [n] refers to the

classical registers Ai, j containing the inputs of the protocol used by the parties in

each round, regardless of the T j of said rounds. D[M] [n] contains the results of the

Jordan block projection Di, j performed in each round of the protocol. X[M] [n] refers

to the classical registers containing output Xi, j from all the rounds of the protocol.

For convenience, we shall refer to A[M] [n], D[M] [n], and X[M] [n] together as (ADX)[M] [n].

W and T refer to the classical registers containing W j and T j, respectively, from all

the rounds of the protocol.

3.5.3 Max-Tradeoff Function

In this section, we obtain a max-tradeoff function that satisfies Definition 14. We

are interested in finding an upper bound on the following quantity:

sup
σ

H
(
Â[M′], j

∣∣∣Â[M′+1,M], j (ADX)[M], j T j

)
N j(σ)

, (3.36)

for all j ∈ [n] and M′ ∈ [M − 1], where the supremum is taken over all input

states of N j for which the marginal on W j of the output state is the probability
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Protocol 2: : DIMEC protocol based on the MABK game

Arguments:

M – untrusted measurement device, with inputs and outputs in the set

{0, 1}

n ∈ N+ – number of rounds

γ – the probability of conducting a test

ωexp – expected winning probability in the MABK game

δest ∈ (0, 1) – width of the statistical confidence interval for the estima-

tion test

Ai, j indicates a classical register belonging to the i-th party and j-th

round.

1: For every round j ∈ [n], do steps 2-11:

2: Let ϕ j denote the multipartite state produced by the source in this

round.

3: Set Ai, j, Xi, j,W j =⊥ for all i ∈ [M].

4: Choose T j = 1 with probability γ and T j = 0 with probability 1 − γ.

5: If T j = 1:

6: Choose inputs Xi, j ∈ {0, 1} uniformly at random.

7: Measure ϕ j usingMwith the inputs Xi, j and record outputs Ai, j ∈ {0, 1}.

8: Set W j = 1 if the MABK game is won and W j = 0 otherwise.

9: If T j = 0:

10: Apply projections described in (3.34).

11: Keep ϕ j in the registers
⊗m

i=1 Âi, j.

12: Abort if W =
∑n

j=1 χ(T j = 1) W j < (ωexpγ − δest)n.
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distribution p. Henceforth, we shall refer this set of states as

Σp B
{
σ

∣∣∣N j(σ)W j = p
}
. (3.37)

We will first simplify (3.36). Note that the following equality holds:

∑
x

p(x)H(A|B)ρx = H(A|BX)ρ̃, (3.38)

where {p(x)}x is a probability distribution, {ρx
AB}x is a set of states, ρ̃ABX B∑

x p(x)ρx
AB ⊗ |x⟩⟨x|, and {|x⟩}x is an orthonormal basis. Using this, we find that

sup
σ∈Σp

H
(
Â[M′], j

∣∣∣Â[M′+1,M], j (ADX)[M], j T j

)
N j(σ)

=

sup
σ∈Σp

[
Pr(T j = 0)H

(
Â[M′], j

∣∣∣Â[M′+1,M], j (ADX)[M], j

)
N0

j (σ)

+ Pr(T j = 1)H
(
Â[M′], j

∣∣∣Â[M′+1,M], j (ADX)[M], j

)
N1

j (σ)

]
, (3.39)

where N0
j (σ) corresponds to the state when T j = 0, and N1

j (σ) corresponds to the

state when T j = 1. Note that T j = 1 corresponds to a round where we apply

measurements to play the MABK game and each Âi, j is in a deterministic state for

all i ∈ [M]. This implies that

H
(
Â[M′], j

∣∣∣Â[M′+1,M], j (ADX)[M], j

)
N1

j (σ)
= 0. (3.40)

Hence,

sup
σ∈Σp

H
(
Â[M′], j

∣∣∣Â[M′+1,M], j (ADX)[M], j T j

)
N j(σ)

=

(1 − γ) sup
σ∈Σp

H
(
Â[M′], j

∣∣∣Â[M′+1,M], j (ADX)[M], j

)
N0

j (σ)
. (3.41)
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To calculate an upper bound on the above quantity, we will use the fact that

the conditional entropy is concave [153]:

∑
x

p(x)H(A|B)ρx ≤ H(A|B)ρ̄, (3.42)

where the notation is the same as in (3.38) and ρ̄AB B
∑

x p(x)ρx
AB. We will also make

use of the bipartition between systems represented by the vertical bar in (3.36),

which means that we can make use of local operations with respect to this bipar-

tition. Given a particular D[M], j at the end of the j-th round of Protocol 2, the state

ρ̃d j in (3.35) has a simple structure in the GHZ basis. We can rewrite the GHZ

basis, from Definition 6, in the following fashion:

|ψv,u,w⟩ ≡
1
√

2
[|w, u⟩ + (−1)v|w̄, ū⟩] , (3.43)

where v ∈ {0, 1}, while u ∈ {0, 1}M−M′ and ū = 1 ⊕ u are M − M′ bit strings, and

w ∈ {0, 1}M
′ and w̄ = 1 ⊕ w are M′ bit strings.

Within the partition denoted by u, we can choose one qubit to be the control

qubit, u1, and then apply CNOTs on all the other qubits. We apply a similar set of

operations on the partition denoted by w with the first qubit containing w1 as the

control qubit. These operations transform the M-partite GHZ basis states into the

following state:

1
2

(|u1,w1⟩ + (−1)v|ū1, w̄1⟩) ⊗ |u2 · · · uM′⟩ ⊗ |w2 · · ·wM−M′⟩, (3.44)

where ui,wi ∈ {0, 1}. The above state is a Bell-basis state between the control qubits

containing u1 and w1. After the CNOTs, as described above, are applied on the
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state ρ̃d j in (3.35), there are still off-diagonal terms in the resulting state. To make

the final state diagonal in the Bell basis, we use the following twirling channel

[154]:

T (ρ) =
1
4

(
ρ + (X ⊗ X) ρ (X ⊗ X) + (Y ⊗ Y) ρ (Y ⊗ Y) + (Z ⊗ Z) ρ (Z ⊗ Z)

)
. (3.45)

Now that we have simplified the underlying state, we make the following obser-

vation about the MABK inequality.

Lemma 2 An M-partite MABK inequality (3.12) is equivalent to the CHSH inequality

within any bipartition consisting of M′ parties on one side and the M − M′ other parties

on the other side such that, for some Ô[M−M′+1]
0 and Ô[M−M′+1]

1 ,

KM =
1
2
F

(
KM−M′ ,KM−M′ , Ô

[M−M′+1]
0 , Ô[M−M′+1]

1

)
. (3.46)

Proof. We know that, for all M ≥ 3

KM =
1
2
KM−1 ⊗

(
ÔM

0 + ÔM
1

)
+

1
2
KM−1 ⊗

(
ÔM

0 − ÔM
1

)
, (3.47)

and

KM =
1
2
KM−1 ⊗

(
ÔM

0 + ÔM
1

)
+

1
2
KM−1 ⊗

(
ÔM

1 − ÔM
0

)
. (3.48)

It is then clear that

KM−1 =
1
2
KM−2 ⊗

(
ÔM−1

0 + ÔM−1
1

)
+

1
2
KM−2 ⊗

(
ÔM−1

0 − ÔM−1
1

)
, (3.49)

Let

VM B
∣∣∣∣Tr

[
KM ρÂ[M]

]∣∣∣∣ = 1
2

∣∣∣∣Tr
[{
KM−1 ⊗

(
ÔM

0 + ÔM
1

)
+KM−1 ⊗

(
ÔM

0 − ÔM
1

)}
ρÂ[M]

]∣∣∣∣ . (3.50)
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From [45, Theorem 2], we know be relabeling KM−1 as Ô1
0, KM−1 as Ô1

1, ÔM
0 as Ô2

0,

and ÔM
1 as Ô2

1, for M′ = 1

VM =
1
2

∣∣∣∣Tr
[
F

(
KM−1,KM−1, ÔM

0 , Ô
M
1

)
ρÂ[M]

]∣∣∣∣ . (3.51)

We need to show the same for 1 ≤ M′ ≤ M − 1. Let us start with M′ = 2. By

substituting (3.49) in (3.47), we get

KM =
1
4

(
KM−2 ⊗

(
ÔM−1

0 + ÔM−1
1

)
+KM−2 ⊗

(
ÔM−1

0 − ÔM−1
1

))
⊗

(
ÔM

0 + ÔM
1

)
+

1
4

(
KM−2 ⊗

(
ÔM−1

0 + ÔM−1
1

)
+KM−2 ⊗

(
ÔM−1

1 − ÔM−1
0

))
⊗

(
ÔM

0 − ÔM
1

)
(3.52)

=
1
4
KM−2 ⊗

((
ÔM−1

0 + ÔM−1
1

)
⊗

(
ÔM

0 + ÔM
1

)
+

(
ÔM−1

1 − ÔM−1
0

)
⊗

(
ÔM

0 − ÔM
1

))
+

1
4
KM−2 ⊗

((
ÔM−1

0 + ÔM−1
1

)
⊗

(
ÔM

0 − ÔM
1

)
+

(
ÔM−1

1 − ÔM−1
0

)
⊗

(
ÔM

0 + ÔM
1

))
(3.53)

=
1
2
KM−2 ⊗

(
ÔM−1

0 ⊗ ÔM
1 + ÔM−1

1 ⊗ ÔM
0

)
+

1
2
KM−2 ⊗

(
ÔM−1

1 ⊗ ÔM
0 − ÔM−1

0 ⊗ ÔM
1

)
.

(3.54)

Relabelling ÔM−1
1 ⊗ ÔM

0 as Ô[M−1]
0 , and ÔM−1

0 ⊗ ÔM
1 as Ô[M−1]

1 , we get

VM =
1
2

∣∣∣∣Tr
[
F

(
KM−2,KM−2, Ô

[M−1]
0 , Ô[M−1]

0

)
ρÂ[M]

]∣∣∣∣ . (3.55)

Now, we have shown that the proposition is true for M′ = 1 and M′ = 2. We can

now use induction to show that our proposition holds for all 1 ≤ M′ ≤ M − 1. Let

assume that for some M′ = m, the following hold:

KM =
1
2
KM−m ⊗

(
Ô[M−m+1]

0 + Ô[M−m+1]
1

)
+

1
2
KM−m ⊗

(
Ô[M−m+1]

0 − Ô[M−m+1]
1

)
(3.56)

and

VM =
1
2

∣∣∣∣Tr
[
F

(
KM−m,KM−m, Ô

[M−m+1]
0 , Ô[M−m+1]

1

)
ρÂ[M]

]∣∣∣∣ . (3.57)
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where, KM−m is defined in (3.9), and Ô[M−m+1]
0 and Ô[M−m+1]

1 are observables similar

to those in (3.55) involving parties M − m + 1, . . . ,M. We know that

KM−m =
1
2
KM−m−1 ⊗

(
ÔM−m

0 + ÔM−m
1

)
+

1
2
KM−m ⊗

(
ÔM−m

0 − ÔM−m
1

)
. (3.58)

By substituting (3.58) in (3.56), we get

KM =
1
4
KM−(m+1) ⊗

((
ÔM−m

0 + ÔM−m
1

)
⊗

(
Ô[M−m+1]

0 + Ô[M−m+1]
1

))
+

1
4
KM−(m+1) ⊗

((
ÔM−m

0 − ÔM−m
1

)
⊗

(
Ô[M−m+1]

0 − Ô[M−m+1]
1

))
+

1
4
KM−(m+1) ⊗

((
ÔM−m

0 + ÔM−m
1

)
⊗

(
Ô[M−m+1]

0 − Ô[M−m+1]
1

))
+

1
4
KM−(m+1) ⊗

((
ÔM−m

0 − ÔM−m
1

)
⊗

(
Ô[M−m+1]

0 + Ô[M−m+1]
1

))
(3.59)

=
1
2
KM−(m+1) ⊗

(
ÔM−m

0 ⊗ Ô[M−m+1]
1 + ÔM−m

1 ⊗ Ô[M−m+1]
0

)
+

1
2
KM−(m+1) ⊗

(
ÔM−m

1 ⊗ Ô[M−m+1]
0 − ÔM−m

0 ⊗ Ô[M−m+1]
1

)
.

(3.60)

Therefore,

VM =
1
2

∣∣∣∣Tr
[
F

(
KM−(m+1),KM−(m+1), ÔM−m

1 ⊗ Ô[M−m+1]
0 , ÔM−m

0 ⊗ Ô[M−m+1]
1

)
ρÂ[M]

]∣∣∣∣ . (3.61)

Hence, by strong induction, we have proven our proposition.

Given the above operations and Lemma 2, we can use a prior result from [144,

Lemma 14] to obtain our max-tradeoff function. We can replace the CHSH viola-

tion β2 in (3.14) with the multipartite MABK violation βM in (3.13) for our case. We

restate [144, Lemma 14] for convenience.
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Lemma 3 (Lemma 14 of [144]) For every Bell-diagonal state σÂB̂ that can be used to

violate the CHSH inequality with violation β2 ∈ [2, 2
√

2], the following inequality holds:

H(Â|B̂) ≤ 2h2

(
1
2
−

β2

4
√

2

)
− 1, (3.62)

where h2(p) B −p log2 p − (1 − p) log2(1 − p) is the binary entropy function and β2 is

defined in (3.14).

These lemmas can be applied to Protocol 2 in the following manner. Using

Lemma 2 and Lemma 3, we find that

sup
σ∈Σp

H
(
Â[M′], j

∣∣∣Â[M′+1,M], j (ADX)[M], j T j

)
N j(σ)

≤ (1 − γ)
(
2h2

(
1
2
−

βM

4
√

2

)
− 1

)
, (3.63)

where βM is defined in (3.13). Using (3.63), we can state the following theorems.

Theorem 15 For all M′ ∈ [M] with M even and ω ∈ [pe
min, pe

max] as defined in (3.19),

respectively, let Σp (defined in (3.37)) be such that the winning probability is strictly

greater than ω (i.e., p(1)/γ > ω). Then,

sup
σ∈Σp

H
(
Â[M′], j

∣∣∣Â[M′+1,M], j (ADX)[M], j T j

)
N j(σ)

≤ (1 − γ) · ge(ω), (3.64)

where γ is defined in Protocol 1,

ge(ω) B 2h2

(
1
2
−

2ω − 1
√

2

)
− 1, (3.65)

and h2(p) is the binary entropy function.

Proof. When M is even, the MABK game winning probability and the MABK

violation in (3.12) are related as follows [45]: βM = 8ω− 4. Substituting βM = 8ω− 4

in (3.63), we get the required result.
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Theorem 16 For all M′ ∈ [M] with M odd and ω ∈ [po
min, po

max] as defined in (3.20),

respectively, let Σp (defined in (3.37)) be such that the winning probability is strictly

greater than ω (i.e., p(1)/γ > ω). Then,

sup
σ∈Σp

H
(
Â[M′], j

∣∣∣Â[M′+1,M], j (ADX)[M], j T j

)
N j(σ)

≤ (1 − γ) · go(ω), (3.66)

where γ is defined in Protocol 1,

go(ω) B 2h2

(
1
2
−

4ω − 1
2

)
− 1, (3.67)

and h2(p) is the binary entropy function.

Proof. When M is odd, the MABK game winning probability and the MABK

violation in (3.12) are related as follows [45]: βM = 8
√

2ω − 2
√

2. Substituting

βM = 8
√

2ω − 2
√

2 in (3.63), we get the required result.

These theorems serve as the basis for our max-tradeoff function. Using Theo-

rems 15 and 16 to define a max-tradeoff function for all p with p(1)/γ ∈ [ pmin, pmax].

Define a function f in the following fashion: when M is even

f (p,M) B


(1 − γ) · ge

(
p(1)
γ

)
p(1)
γ
∈

[
0, pe

max
]

γ − 1 p(1)
γ
∈

[
pe

max, 1
] , (3.68)

and when M is odd,

f (p,M) B


(1 − γ) · go

(
p(1)
γ

)
p(1)
γ
∈

[
0, po

max
]

γ − 1 p(1)
γ
∈

[
po

max, 1
] , (3.69)
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From Theorems 15 and 16, we know that any choice of fmax(p,M) that is differ-

entiable and satisfies fmax(p,M) ≥ f (p,M) for all p will be a valid max-tradeoff

function for our EAT channels. Since the derivatives of f in (3.68) and (3.69) at

p(1)/γ = pe
max and p(1)/γ = po

max, respectively, are infinite, we now choose a func-

tion fmax(p,M) such that ∥∇ fmax(p,M)∥∞ is finite. Let

fmax(p, pt,M) B


f (p,M) p(1) ≤ pt(1)

a(pt) · p(1) + b(pt) p(1) > pt(1)
, (3.70)

where pt is a probability distribution over {0, 1,⊥},

a(pt) B
∂

∂p(1)
f (p,M)

∣∣∣∣∣
p(1)=pt(1)

, and (3.71)

b(pt) B f (pt) − a(pt) · pt(1). (3.72)

It follows from the definition of fmax(p,M) that fmax(p,M) is differentiable and,

for all pt, ∥∇ fmax(·, pt,M)∥∞ ≤ a(pt). Furthermore, as f is a concave function,

fmax(p, pt,M) ≥ f (p,M) for all p. Thus, fmax(p, pt,M) is a max-tradeoff function.

3.5.4 Applying the EAT

We can finally apply the EAT, stated in Theorem 13, to derive an upper bound on

the conditional smooth max-entropy. By obtaining the exact form of fmax, we have

the calculated t on the right-hand side of (3.29). We need to calculate (3.30). We

know that the dimension of all quantum registers involved is two, which means
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that dOi = 2M′. From (3.70), we get ∥▽ fmax∥∞ ≤ a(pt). According to Condition 2 in

Definition 8, for soundness, we require that, for every source ϕ and measurement

device, Protocol 1 either certifies a minimum amount of GHZ entanglement or

aborts with probability greater than 1−εsnd when applied on σ. So, the probability

of Protocol 1 not aborting is negligible i.e., Pr[Ω]τ ≤ εsnd. Also, note that εsmo is

chosen such that the fidelity constraint in (3.2) is satisfied. When Protocol 2 does

not abort, we can define the following quantity, which corresponds to the right-

hand side of (3.29):

η(ωexpγ − δest, pt, εsmo, εsnd,M′,M) B

n · fmax

(
ωexpγ − δest, pt,M

)
+ 2
√

n
(
log2(1 + 2M′) + ⌈a(pt)⌉

)
×

√
1 − 2 log2 (εsmo · εsnd), (3.73)

where ωexpγ − δest is the minimum acceptable p(1) as outlined in Step 12 of Pro-

tocol 2. We still have one free variable pt. We can optimize over pt to get the

following equation.

ηopt

(
ωexpγ − δest, εsmo, εsnd,M′,M

)
B

min
pt:pmin<

pt (1)
γ <pmax

η
(
ωexpγ − δest, pt, εsmo, εsnd,M′,M

)
. (3.74)

Finally, we can state the following:

Theorem 17 For every source and all measurement devices in the setting detailed earlier,

let ρ be the state generated using Protocol 2,Ω the event that Protocol 2 does not abort, and

ρ|Ω the state conditioned on Ω. Then, for all 8 · 3M/2√εsmo, εsnd ∈ (0, 1), either Protocol 2
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aborts with probability greater than 1 − εsnd or

Hεsmo
max

(
Â[M′],[n]

∣∣∣Â[M′+1,M],[n] (ADX)[M],[n] T
)
ρ|Ω
< ηopt

(
ωexp, εsmo, εsnd,M′,M

)
, (3.75)

where ηopt is defined in (3.74).

Proof. In Subsection 3.5.2, we showed that Protocol 2 consists of EAT channels

(defined in Definition 13). In Subsection 3.5.3, we derived the appropriate max-

tradeoff function (as defined in Definition 14). Hence, using Theorem 13, the claim

follows.

Now, we have all the ingredients to show that Protocol 1 is sound.

3.5.5 Soundness

In this subsection, we show that Protocol 1 is sound. To do this, we need to bound

the quantity in (3.27) in a device-independent manner. We use the preceding the-

orems to obtain this bound and certify the multipartite entanglement distillation

rate from a source. This brings us to our final theorem, which is as follows.

Theorem 18 Fix εsmo > 0 such that ε B 8 · 3M/2√εsmo ∈ (0, 1). For all εsnd, εcmp, ε ∈

(0, 1), Protocol 1 is a DIMEC protocol with

1. Noise tolerance (completeness): The probability that Protocol 1 aborts when ap-

plied on ϕhonest ∈ Shonest using a measurement device from Dhonest is at most
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εcmp ≤ exp
(
−2nδ2

est

)
, as shown in Theorem 10.

2. Entanglement certification (soundness): For every source σ and measurement de-

vice, either Protocol 1 aborts with probability greater than 1 − εsnd when applied on

σ or

Eε
D(ρ|Ω) ≥

−ηopt

(
ωexp, εsnd, εsmo,M − 1,M

)
M − 1

+
2 log εsmo

M − 1
, (3.76)

where ηopt is defined in (3.74).

Proof. Using Theorem 17, we get

−Hεsmo
max

(
Â[M′],[n]

∣∣∣Â[M′+1,M],[n] (ADX)[M],[n] T
)
ρ|Ω
≥ −ηopt

(
ωexp, εsmo, εsnd,M′,M

)
, (3.77)

Notice that all our prior analysis is agnostic to what i ∈ [M] is assigned to which

specific party involved. Also recall that M′ ∈ [M − 1]. Hence,

−Hεsmo
max

(
ÂK,[n]

∣∣∣Â[M]\K,[n] (ADX)[M],[n] T
)
ρ|Ω
≥ −ηopt

(
ωexp, εsmo, εsnd,M′,M

)
, (3.78)

where K ⊆ [M]\k for some k ∈ [M].

This bound holds regardless of the individual elements that constitute K. We

can then use the above inequality to obtain a lower bound on the quantity in (3.27).

Hence, we get

max
k∈[M]

 min
K⊆[M]\k

−Hεsmo
max

(
ÂK,[n]

∣∣∣Â[M]\K,[n] (ADX)[M],[n] T
)
ρ|Ω

|K|

 + 2 log εsmo

M − 1

≥ max
k∈[M]

 min
K⊆[M]\k

−ηopt

(
ωexp, εsnd, εsmo, |K|,M

)
|K|

 + 2 log εsmo

M − 1
. (3.79)
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The optimizations involved can be solved since ηopt(εsnd, εsmo, |K|,M) depends only

on |K|, leading to

Eε
D(ρ|Ω) ≥

−ηopt

(
ωexp, εsnd, εsmo,M − 1,M

)
M − 1

+
2 log εsmo

M − 1
, (3.80)

which concludes the proof.

We plot also −ηopt(ωexp)/n(M − 1) for M = 4 and γ = 0.5 up to leading order in

Figure 3.1.
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Figure 3.1: Plot of −ηopt(ωexp)/n(M − 1), defined in (3.74), for M = 4 and
γ = 0.5 up to leading order in n for ωexp ∈ [pe

min, pe
max] defined

in (3.19). The solid line corresponds to −ηopt(ωexp)/n(M− 1). The
dashed line corresponds to −ηopt/n(M − 1) = 0. The quantity
−ηopt(ωexp)/n(M − 1) represents the amount of multipartite dis-
tillable entanglement that can be certified per round by Proto-
col 1 as function of ωexp.
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3.6 Conclusion

In this chapter, we defined a DI, M-partite entanglement distillation certification

protocol consisting of completeness and soundness conditions. We then proposed

a protocol and showed that it is indeed a DI multipartite entanglement distillation

certification protocol. Specifically, we proved that Protocol 1 is indeed a DI mul-

tipartite entanglement distillation certification protocol. Our proposed protocol is

centered around the MABK inequality [41, 42, 43], which is critical to proving the

completeness and soundness conditions. To prove the soundness condition, we

used the entropy accumulation theorem [145], the structure of the MABK inequal-

ity [41, 42, 43], and the multipartite entanglement distillation protocols and rates

described in [148, 149].
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CHAPTER 4

MULTIPARTITE INTRINSIC NON-LOCALITY AND

DEVICE-INDEPENDENT CONFERENCE KEY AGREEMENT

4.1 Introduction

In principle, quantum key distribution (QKD) can produce a secret key secured

by the laws of physics [155, 33, 156]. In the device-dependent setting of QKD, it is

assumed that the devices possessed by Alice and Bob are perfectly characterized

and trusted; i.e., the measurements applied, and the states used are assumed to

be known and certified. However, after several experiments implementing QKD

protocols, researchers have found this assumption to be too restrictive.

To combat our reliance on some of these strong assumptions underpinning

QKD, several scenarios have been developed with varying degrees of trust in the

measurements and states used. In QKD, if the measurements, states, or devices

possessed by one of the parties are not trusted, the scenario is called one-sided

device-independent QKD [157, 158]. If all devices involved are deemed to be un-

trustworthy, the scenario is called device-independent QKD [159, 160, 161, 34].

Researchers have established upper bounds on the secret key agreement ca-

pacity for all the scenarios described above [162, 163] (see also [164]). The ba-

sic idea behind these upper bounds comes from a classical information measure

called intrinsic information [165]. Intrinsic information inspired the squashed-
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entanglement upper bound for device-dependent QKD [166, 162], and squashed

entanglement in turn inspired the development of quantum intrinsic non-locality

[163] and quantum intrinsic steerability [167]. These latter quantities serve as

upper bounds for device-independent QKD and one-sided device-independent

QKD, respectively, as shown in [163]. Along with being upper bounds on the per-

formance of certain cryptographic tasks, these quantities are also resource quanti-

fiers for Bell non-locality and steerability, respectively.

Here, we go beyond device-independent QKD and Bell non-locality for two

parties and address device-independent (DI) conference key agreement [3, 50] and

multipartite non-locality. Conference key agreement is the task of distributing se-

cret key among more than two users, as encountered in the context of quantum

networks. Part of the interest in this task comes from the fact that a protocol

based on genuinely multipartite entangled states can achieve higher rates of con-

ference key agreement than a protocol based on a combination of bipartite entan-

gled states [46]. Just as Bell non-locality is the key resource for DIQKD, one would

expect multipartite non-locality to be the key resource in DI conference key agree-

ment.

Here, we propose a resource quantifier for multipartite non-locality called

multipartite intrinsic non-locality. We base instances of this resource quantifier

on total correlation and dual total correlation [168] (see also [169, 170]), which

generalize mutual information to the multipartite case. Total correlation and dual

total correlation have previously been used to establish upper bounds on entan-
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glement distillation and secret key agreement capacities of quantum broadcast

channels [171]; see [169] for its use in establishing an upper bound on distillable

secret key and distillable entanglement of a multipartite state. We use multiparite

intrinsic non-locality to derive upper bounds on the ultimate rate at which device-

independent (DI) conference key agreement is possible.

To show that our quantity is indeed a useful upper bound, it is necessary to

prove that it is additive. In order to prove additivity (and other useful properties)

of multipartite intrinsic non-localities, we establish a chain rule for total corre-

lation and dual total correlation of two rounds of the conference key agreement

protocol in Section 4.7. The chain rule for total correlation expresses the total

correlation of two rounds of the conference key agreement protocol as the sum

of total correlation terms related to the individual rounds of the conference key

agreement protocol and other information theoretic quantities. These additional

information-theoretic quantities are expressed in terms of conditional mutual in-

formation. For these, we derive a chain rule for total correlation and dual total

correlation that meets the aforementioned criteria and holds for all finite M. Such

a broadly applicable chain rule is not obtained in [163].

In what follows, we first discuss no-signaling and quantum correlation and

then proceed to no-signaling and quantum extensions. After that, we define a

quantum tripartite intrinsic non-locality, which is based on tripartite total correla-

tion, and prove that it is indeed additive, convex, and monotone under local op-

erations and common randomness. We then define the multipartite intrinsic non-
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localities using total correlation and dual total correlation, starting by defining

and discussing multipartite intrinsic non-locality based on total correlation and

then moving on to the one defined in terms of dual total correlation. We establish

important identities (our chain rule) for total correlation and dual total correlation

that allow us to use arguments similar to those presented for the tripartite scenario

to prove that the multipartite intrinsic non-localities, presented in this chapter, are

additive, convex upper bounds on the device-independent conference key agree-

ment capacity in the general M-partite case. Then, we give a general overview of

device-independent conference key agreement for the tripartite case and define

the DI conference key agreement capacity. Finally, we show that tripartite intrin-

sic no-locality is an upper bound on DI conference key agreement capacity for the

tripartite situation and provide arguments to show that multipartite intrinsic non-

locality upper bounds the M-partite DI conference key agreement capacity, for all

finite M.

As other contributions, we calculate upper bounds on both quantum tripartite

intrinsic non-localities using eavesdropper attacks similar to those from [163] and

[2], which were used to calculate upper bounds on quantum intrinsic non-locality.

We plot quantum tripartite intrinsic non-locality versus parity-CHSH violation

under these attacks, and we compare these to previously calculated lower bounds

from [3]. We also consider a noise model in which each share of the tripartite state

passes through a qubit depolarizing channel. We plot quantum tripartite intrinsic

non-localities versus the depolarizing parameter pdep for this noise model and

compare them to the lower bound from [3].
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The rest of this chapter is structured as follows. Section 4.2 discusses no-

signaling constraints, no-signaling extensions, and quantum extensions, focusing

especially on the tripartite case. Section 4.3 contains the definition of tripartite

intrinsic non-locality and proves that it is additive using a chain rule, which we

derive here. Sections 4.7 and 4.8 generalize tripartite intrinsic non-locality and

all of its properties to the multipartite case using total correlation and dual to-

tal correlation, respectively, and generalizations of the aforementioned chain rule.

Section 4.9 introduces a general form of a DI conference key agreement protocol

and its associated capacity. Then, we show that tripartite intrinsic non-locality is

an upper bound on the tripartite device-independent conference key agreement

capacity. Section 4.10 contains some examples of our upper bound calculated un-

der various attacks by an eavesdropper. Section 4.11 contains our conclusions and

possible directions for future work.

4.2 Correlations, No-Signaling Conditions, and Quantum Exten-

sions

First, let us define the types of correlations that we are concerned with in this

chapter: no-signaling correlations and quantum correlations. Let us begin by dis-

cussing no-signaling correlations.

No-signaling conditions impose constraints on correlations, which imply that
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parties sharing the correlation cannot use it alone to communicate; i.e., no party

can infer the input choices of another party based solely on their own outputs

[172]. On a technical level, no-signaling conditions imply that tracing over subsets

of outputs of a correlation results in tracing over the corresponding inputs [173].

These conditions are relevant in our scenario as it is necessary to verify that the

correlations observed are from the state and measurement choices shared by the

participants and not from classical communication when the input choices are

made. Compliance with no-signaling conditions can be enforced by imposing

space-like separation between measuring parties or constructing other barriers to

prevent communication.

No-signaling conditions for the tripartite scenario are as follows:∑
a

p(a, b, c | x, y, z) =
∑

a

p(a, b, c | x̄, y, z) = p(b, c | y, z) ∀x, x̄,

∑
b

p(a, b, c | x, y, z) =
∑

b

p(a, b, c | x, ȳ, z) = p(a, c | x, z) ∀y, ȳ,

∑
c

p(a, b, c | x, y, z) =
∑

c

p(a, b, c | x, y, z̄) = p(a, b | x, y) ∀z, z̄. (4.1)

The set of all correlations that satisfy the above three conditions in (4.1) are called

no-signaling correlations. The no-signaling conditions above can also equiva-

lently be expressed in terms of conditional mutual information as follows:

I(X; BC |YZ)ρ = I(Y; AC | XZ)ρ = I(Z; AB | XY)ρ = 0, (4.2)

where

ρABCXYZ =
∑

a,b,c,x,y,z

q(x, y, z) p(a, b, c | x, y, z) |abcxyz⟩⟨abcxyz|ABCXYZ , (4.3)
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p(a, b, c | x, y, z) is a no-signaling correlation, and the conditional mutual informa-

tion of random variables K, L, and M is defined as

I(K; L |M) B H(KM) + H(LM) − H(M) − H(KLM), (4.4)

where H denotes the entropy. It suffices to take the input distribution q to be

uniform. Note that the conditions in (4.1) imply the following ones, by tracing

over two of the outputs, rather than just one:

I(YZ; A | X)ρ = I(XZ; B |Y)ρ = I(XY; C |Z)ρ = 0. (4.5)

Now we move on to quantum correlations. Consider the following scenario:

Alice, Bob and Charlie are given a share of a tripartite quantum state ρÂB̂Ĉ that is

distributed to them by a possibly unknown entity, and each party has access to a

black box with which they can interact classically. For each classical input, the cor-

responding black box applies a positive operator-valued measure (POVM) on its

respective share of the tripartite state. After the application of the POVM, the box

outputs a classical value that is recorded by the corresponding participant. The

correlation that is obtained using the aforementioned process is of the following

form:

p(a, b, c | x, y, z) = Tr
(
[Π(x)

a ⊗ Π
(y)
b ⊗ Π

(z)
c ] ρÂB̂Ĉ

)
, (4.6)

where {Π(x)
a }a, {Π(y)

b }b, and {Π(z)
c }c are POVMs. Correlations of the form described

in (4.6) are called quantum correlations. Quantum correlations are a subset of no-

signaling correlations. This fact can easily be seen in the example analysis below:∑
a

p(a, b, c | x, y, z) =
∑

a

Tr
(
[Π(x)

a ⊗ Π
(y)
b ⊗ Π

(z)
c ] ρÂB̂Ĉ

)
(4.7)
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= Tr
(
[I ⊗ Π(y)

b ⊗ Π
(z)
c ] ρÂB̂Ĉ

)
(4.8)

= Tr
(
[Π(y)

b ⊗ Π
(z)
c ] ρB̂Ĉ

)
(4.9)

= p(b, c | y, z). (4.10)

Since we are looking at non-locality for the sake of a cryptographic task, it is

necessary that we delineate the power that the eavesdropper possesses. We do

so by allowing the eavesdropper to possess either a no-signaling extension or a

quantum extension. No-signaling extensions are extensions of a correlation that

obey the above no-signaling constraints and can be expressed as follows:∑
a

p(a, b, c | x, y, z) ρabcxyz
E =

∑
a

p(a, b, c | x̄, y, z) ρa,b,c,x̄,y,z
E ∀x, x̄,

∑
b

p(a, b, c | x, y, z) ρabcxyz
E =

∑
b

p(a, b, c | ȳ, x, z) ρa,b,c,ȳ,x,z
E ∀y, ȳ,

∑
c

p(a, b, c | x, y, z) ρabcxyz
E =

∑
c

p(a, b, c | z̄, y, x) ρa,b,c,z̄,y,x
E ∀z, z̄. (4.11)

A type of no-signaling extension, in which we are interested, are quantum

extensions. Here, the eavesdropper is in possession of a system E that extends the

state ρÂB̂Ĉ shared by Alice, Bob, and Charlie in the sense that the extension state

ρÂB̂ĈE satisfies ρÂB̂Ĉ = TrE[ρÂB̂ĈE]. A quantum extension of a correlation is defined

as follows:

ρABCEXYZ

=
∑

a,b,c,x,y,z

q(x, y, z) |abcxyz⟩⟨abcxyz|ABCXYZ ⊗ TrABC

[(
Π(x)

a ⊗ Π
(y)
b ⊗ Π

(z)
c ⊗ IE

)
ρÂB̂ĈE

]
=

∑
a,b,c,x,y,z

q(x, y, z) |abcxyz⟩⟨abcxyz|ABCXYZ ⊗ p(a, b, c | x, y, z)ρabcxyz
E . (4.12)
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Notation 1 Henceforth, we employ the shorthand

[abcxyz]ABCXYZ ≡ |abcxyz⟩⟨abcxyz|ABCXYZ , (4.13)

for the sake of brevity.

The above no-signaling constraints and extensions, as well as quantum exten-

sions, can be generalized to any multipartite scenario using the basic principle

behind the no-signaling constraints. Appropriate no-signaling constraints apply

when considering correlations involving multiple parties. Only after we have

considered the no-signaling constraints can we begin to speak about what non-

locality is and quantifying non-locality. To proceed, we need to define a quantity

that can serve as a quantifier for multipartite non-locality.

4.3 Tripartite Intrinsic Non-Locality and its Properties

4.3.1 Conditional Total Correlation

In this subsection, we review the conditional total correlation and its properties

[168] (see also [170, 169]), before defining our non-locality quantifier. We will

discuss dual total correlation and its related non-locality quantifier in Section 4.8.

Total correlation is an M-partite generalization of mutual information. Con-

ditional total correlation is the conditional version of total correlation, and it has
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previously been used in various multipartite scenarios in quantum information

[170, 169, 171, 174]. Conditional total correlation of a multipartite state ρA1···AM E is

defined as

I(A1; · · · ; AM | E) B
M∑

i=1

H(Ai | E) − H(A1 · · · AM | E), (4.14)

where H(A | E) B H(AE) − H(E), and H(A) B −Tr[ρA log2 ρA]. The chain rule for the

bipartite conditional mutual information is as follows:

I(A; BC | E) = I(A; B |CE) + I(A; C | E). (4.15)

There exist chain rules for conditional total correlation [168, 169, 174], which are

as follows:

I(BA1; A2; · · · ; AM | E) = I(A1; A2; · · · ; AM | BE) +
M∑

i=2

I(B; Ai | E), (4.16)

I(A1; · · · ; AM | E) =
M−1∑
j=1

I(A j; A j+1 · · · AM | E). (4.17)

Let ρA1···AM E and σA1···AM E be multipartite states, for which each of the subsystems

A1, . . . , AM are finite-dimensional. Suppose that 1
2 ∥ ρ − σ ∥ 1 ≤ ε, where ε ∈ [0, 1].

Then the following uniform continuity bound holds [175, Eq. (60)]:

| I(A1; · · · ; AM | E)ρ − I(A1; · · · ; AM | E)σ | ≤ 2ε log2 dimHA1···AM−1 + Mg(ε), (4.18)

where

g(ε) B (ε + 1) log2(ε + 1) − ε log2 ε. (4.19)

Conditional total correlation obeys data processing under local channels [169]:

I(A1; · · · ; AM | E)ρ ≥ I(Â1; · · · ; ÂM | E)ω, (4.20)
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where

ωÂ1···ÂM E B
(
N

(1)
A1→Â1

⊗ · · · ⊗ N
(M)
AM→ÂM

) (
ρÂ1···ÂM E

)
, (4.21)

andN (i)
Ai→Âi

is a channel, for i ∈ {1, . . . ,M}. We now define a first version of tripartite

intrinsic non-locality.

Definition 15 Let p(a, b, c | x, y, z) be a no-signaling correlation. Tripartite intrinsic non-

locality (TINL) of p is defined as

N(A; B; C)p B
1
2

sup
q(x,y,z)

inf
ρABCXYZE

I(A; B; C | EXYZ)ρ, (4.22)

where q(x, y, z) is a probability distribution for the inputs of Alice, Bob, and Charlie and

ρABCXYZE is a no-signaling extension of the state shared by Alice, Bob, and Charlie, given

by

ρABCXYZE =
∑

a,b,c,x,y,z

q(x, y, z) p(a, b, c | x, y, z) [abcxyz]ABCXYZ ⊗ ρ
abcxyz
E . (4.23)

Definition 16 Quantum tripartite intrinsic non-locality (QTINL) of a quantum corre-

lation p(a, b, c | x, y, z) is defined as

NQ(A; B; C)p B
1
2

sup
q(x,y,z)

inf
ρABCXYZE

I(A; B; C | EXYZ)ρ, (4.24)

where q(x, y, z) is a probability distribution for the inputs of Alice, Bob, and Charlie and

ρABCXYZE is a quantum extension, as in (4.12), of the state shared by Alice, Bob, and

Charlie, given by

ρABCXYZE =
∑

a,b,c,x,y,z

q(x, y, z) p(a, b, c | x, y, z) [abcxyz]ABCXYZ ⊗ ρ
abcxyz
E . (4.25)
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The rest of this section is structured as follows. In Section 4.3.2, we derive

the chain rule that will help us prove further theorems about tripartite intrinsic

non-locality and quantum tripartite intrinsic non-locality. In Section 4.3.3, we

prove that tripartite intrinsic non-locality and quantum tripartite intrinsic non-

locality are additive. Additionally, we prove important properties of tripartite

intrinsic non-locality and quantum tripartite intrinsic non-locality, such as con-

vexity and monotonicity under local operations and common randomness in Sec-

tions 4.4 and 4.5, respectively. We also prove in Section 4.6 that tripartite intrinsic

non-locality and quantum tripartite intrinsic non-locality vanish for local tripartite

correlations. These results are important from a resource-theoretic perspective.

4.3.2 Chain Rule for Tripartite Conditional Total Correlation

Before we can prove additivity and other important properties of tripartite intrin-

sic non-locality, we need to establish a chain rule for the conditional total correla-

tion of two rounds of the conference key agreement protocol:

I(A1A2; B1B2; C1C2 | E). (4.26)

We will resolve this quantity into a sum of conditional total correlation terms

related to the individual rounds of the protocol and other information theoretic

quantities that depend on both rounds. These extra information-theoretic quan-

tities are expressed as conditional mutual information quantities. Later in Theo-

rem 27, we establish a general multipartite version of this chain rule.
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Theorem 19 For every state ρA1B1C1A2B2C2E, the following equality holds:

I(A1A2; B1B2; C1C2 | E)ρ = I(A1; B1; C1 | EA2B2C2)ρ + I(A2; B2; C2 | E)ρ

+ I(C1; A2B2 | EC2)ρ + I(A1; B2C2 | EA2)ρ + I(B1; A2C2 | EB2)ρ. (4.27)

Proof. Consider that, by applying definitions and the chain rule for conditional

entropy,

I(A1A2; B1B2; C1C2 | E)

= H(A1A2 | E) + H(B1B2 | E) + H(C1C2 | E) − H(A1A2B1B2C1C2 | E) (4.28)

= H(A2 | E) + H(A1 | EA2) + H(B2 | E) + H(B1 | EB2) + H(C2 | E) + H(C1 | EC2)

− H(A2B2C2 | E) − H(A1B1C1 | EA2B2C2) (4.29)

= I(A2; B2; C2 | E) + H(A1 | EA2) + H(B1 | EB2) + H(C1 | EC2) − H(A1B1C1 | EA2B2C2).

(4.30)

Then consider that

H(A1 | EA2) + H(B1 | EB2) + H(C1 | EC2) − H(A1B1C1 | EA2B2C2)

= H(A1 | EA2) + H(B1 | EB2) + H(C1 | EC2) − H(A1B1C1 | EA2B2C2)

+ H(A1 | EA2B2C2) − H(A1 | EA2B2C2) + H(B1 | EA2B2C2) − H(B1 | EA2B2C2)

+ H(C1 | EA2B2C2) − H(C1 | EA2B2C2) (4.31)

= I(A1; B1; C1 | EA2B2C2) + H(A1 | EA2) − H(A1 | EA2B2C2)

+ H(B1 | EB2) − H(B1 | EA2B2C2) + H(C1 | EC2) − H(C1 | EA2B2C2) (4.32)

= I(A1; B1; C1 | EA2B2C2) + I(A1; B2C2 | EA2) + I(B1; A2C2 | EB2) + I(C1; A2B2 | EC2).

(4.33)

This concludes the proof.
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4.3.3 Additivity

In this section, we prove that tripartite intrinsic non-locality is additive. This is

indeed essential for the tripartite intrinsic non-locality to be a useful upper bound

on DI conference key agreement capacity.

Theorem 20 (Additivity of TINL) Let p(a1, a2, b1, b2, c1, c2 | x1, x2, y1, y2, z1, z2) be a

no-signaling correlation for which no-signaling constraints hold for all parties. For ex-

ample, the no-signaling constraints for Alice are as follows:

∑
a1

p(a1, a2, b1, b2, c1, c2 | x1, x2, y1, y2, z1, z2)

=
∑

a1

p(a1, a2, b1, b2, c1, c2 | x̄1, x2, y1, y2, z1, z2) ∀x1, x̄1, (4.34)

∑
a2

p(a1, a2, b1, b2, c1, c2 | x1, x2, y1, y2, z1, z2)

=
∑

a2

p(a1, a2, b1, b2, c1, c2 | x1, x̄2, y1, y2, z1, z2) ∀x2, x̄2. (4.35)

Suppose that similar constraints hold for Bob and Charlie as well. Let t(a1, b1, c1 | x1, y1, z1)

and r(a2, b2, c2 | x2, y2, z2) be no-signaling correlations corresponding to the marginals of

p. Then the intrinsic non-locality is superadditive, in the sense that

N(A1A2; B1B2; C1C2)p ≥ N(A1; B1; C1)t + N(A2; B2; C2)r. (4.36)

If

p(a1, a2, b1, b2, c1, c2 | x1, x2, y1, y2, z1, z2) = t(a1, b1, c1 | x1, y1, z1)r(a2, b2, c2 | x2, y2, z2),

(4.37)
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then the intrinsic non-locality is additive in the following sense:

N(A1A2; B1B2; C1C2)p = N(A1; B1; C1)t + N(A2; B2; C2)r. (4.38)

No-signaling constraints like (4.34)–(4.35) can in principle be enforced by a party

performing parallel measurements shielded from each other, such as Alice record-

ing a1 and a2 at separate locations between which communication is not possible.

The stronger product assumption in (4.37) cannot be enforced in this way, but the

condition will hold in the natural setting of sequential experimental trials in which

an i.i.d. assumption is made.

Proof of Theorem 20. We first prove that tripartite intrinsic non-locality is su-

peradditive in the sense of (4.36), and then we prove it is subadditive when (4.37)

holds. Additivity when (4.37) holds then follows as a consequence.

First, let us prove superadditivity. To begin, let us consider states that arise

from embedding an arbitrary no-signaling extension of p(a1, a2, b1, b2, c1, c2 | x1, x2, y1, y2, z1, z2)

into the following quantum state:

ζA1B1C1A2B2C2EX1X2Y1Y2Z1Z2 =∑
a1,b1,c1,a2,b2,c2,
x1,y1,z1,x2,y2,z2

q(x1, y1, z1, x2, y2, z2) p(a1, b1, c1, a2, b2, c2 | x1, y1, z1, x2, y2, z2)

[a1b1c1a2b2c2x1y1z1x2y2z2]A1B1C1A2B2C2X1X2Y1Y2Z1Z2 ⊗ ρ
a1b1c1a2b2c2 x1y1z1 x2y2z2
E . (4.39)

We define the states τ and γ to be the following arbitrary no-signaling extensions

of t and r, respectively:
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τA1B1C1EX1Y1Z1 =
∑

a1,b1,c1,x1,y1,z1

q(x1, y1, z1) t(a1, b1, c1 | x1, y1, z1)

[a1b1c1x1y1z1]A1B1C1X1Y1Z1 ⊗ ρ
a1b1c1 x1y1z1
E , (4.40)

and

γA2B2C2EX2Y2Z2 =
∑

a2,b2,c2,x2,y2,z2

q(x2, y2, z2) r(a2, b2, c2 | x2, y2, z2)

[a2b2c2x2y2z2]A2B2C2X2Y2Z2 ⊗ ρ
a2b2c2 x2y2z2
E . (4.41)

Now, we use the chain rule from Theorem 19 to conclude that

I(A1A2; B1B2; C1C2 | EX1X2Y1Y2Z1Z2)ζ

= I(A1; B1; C1 | EX1X2Y1Y2Z1Z2A2B2C2)ζ + I(A2; B2; C2 | EX1X2Y1Y2Z1Z2)ζ

+ I(A2B2; C1 | EX1X2Y1Y2Z1Z2C2)ζ + I(B2C2; A1 | EX1X2Y1Y2Z1Z2A2)ζ

+ I(A2C2; B1 | EX1X2Y1Y2Z1Z2B2)ζ (4.42)

Since conditional mutual information is always non-negative, we conclude that

I(A1A2; B1B2; C1C2 | EX1X2Y1Y2Z1Z2)ζ

≥ I(A1; B1; C1 | EX1X2Y1Y2Z1Z2A2B2C2)ζ + I(A2; B2; C2 | EX1X2Y1Y2Z1Z2)ζ . (4.43)

The state ζA1B1C1A2B2C2EX1X2Y1Y2Z1Z2 is a valid no-signaling extension of t with exten-

sion systems EX2Y2Z2A2B2C2, and the state ζA2B2C2EX1X2Y1Y2Z1Z2 is a valid no-signaling

extension of r with extension systems EX1Y1Z1. So we conclude that

I(A1A2; B1B2; C1C2 | EX1X2Y1Y2Z1Z2)ζ

≥ I(A1; B1; C1 | EX1X2Y1Y2Z1Z2A2B2C2)ζ + I(A2; B2; C2 | EX1X2Y1Y2Z1Z2)ζ (4.44)
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≥ inf
ext. in (4.40)

I(A1; B1; C1 | EX1Y1Z1)τ + inf
ext. in (4.41)

I(A2; B2; C2 | EX2Y2Z2)γ. (4.45)

Since the state ζA1B1C1A2B2C2EX1X2Y1Y2Z1Z2 is an arbitrary no-signaling extension of p,

we conclude that

inf
ext. in (4.39)

I(A1A2; B1B2; C1C2 | EX1X2Y1Y2Z1Z2)ζ

≥ inf
ext. in (4.40)

I(A1; B1; C1 | EX1Y1Z1)τ + inf
ext. in (4.41)

I(A2; B2; C2 | EX2Y2Z2)γ. (4.46)

By optimizing over product input probability distributions, we have that

sup
q(x1,y1,z1)q(x2,y2,z2)

inf
ext. in (4.39)

I(A1A2; B1B2; C1C2 | EX1X2Y1Y2Z1Z2)ζ

≥ sup
q(x1,y1,z1)

inf
ext. in (4.40)

I(A1; B1; C1 | EX1Y1Z1)τ+

sup
q(x2,y2,z2)

inf
ext. in (4.41)

I(A2; B2; C2 | EX2Y2Z2)γ. (4.47)

Hence, by optimizing the left-hand side over all input probability distributions,

we conclude that

N(A1A2; B1B2; C1C2)p ≥ N(A1; B1; C1)t + N(A2; B2; C2)r. (4.48)

This concludes the proof of superadditivity (i.e., the proof of (4.36)).

Let us prove subadditivity when (4.37) holds; i.e., let us prove that

N(A1A2; B1B2; C1C2)p ≤ N(A1; B1; C1)t + N(A2; B2; C2)r. (4.49)

Consider the following quantum embeddings:

ζA1B1C1A2B2C2EX1X2Y1Y2Z1Z2 =
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∑
a1,b1,c1,a2,b2,c2,
x1,y1,z1,x2,y2,z2

q(x1, y1, z1, x2, y2, z2)t(a1, b1, c1 | x1, y1, z1)r(a2, b2, c2 | x2, y2, z2)

[a1b1c1a2b2c2x1y1z1x2y2z2]A1B1C1A2B2C2X1X2Y1Y2Z1Z2 ⊗ ζ
a1b1c1 x1y1z1a2b2c2 x2y2z2
E (4.50)

ρA1B1C1A2B2C2X1X2Y1Y2Z1Z2E1E2 =∑
a1,b1,c1,a2,b2,c2,
x1,y1,z1,x2,y2,z2

q(x1, y1, z1, x2, y2, z2)t(a1, b1, c1 | x1, y1, z1)r(a2, b2, c2 | x2, y2, z2)

[a1b1c1a2b2c2x1y1z1x2y2z2]A1B1C1A2B2C2X1X2Y1Y2Z1Z2 ⊗ ρ
a1b1c1 x1y1z1
E1

⊗ ρ
a2b2c2 x2y2z2
E2

, (4.51)

τA1B1C1EX1Y1Z1 =∑
a1,b1,c1,x1,y1,z1

q(x1, y1, z1) t(a1, b1, c1 | x1, y1, z1) [a1b1c1x1y1z1]A1B1C1X1Y1Z1 ⊗ ρ
a1b1c1 x1y1z1
E1

,

(4.52)

and

γA2B2C2EX2Y2Z2 =∑
a2,b2,c2,x2,y2,z2

q(x2, y2, z2) r(a2, b2, c2 | x2, y2, z2) [a2b2c2x2y2z2]A2B2C2X2Y2Z2 ⊗ ρ
a2b2c2 x2y2z2
E2

.

(4.53)

All the extensions above are no-signaling extensions. Consider that

inf
ext. in (4.50)

I(A1A2; B1B2; C1C2 | EX1X2Y1Y2Z1Z2)ζ

≤ I(A1A2; B1B2; C1C2 | E1E2X1X2Y1Y2Z1Z2)ρ. (4.54)

Using the chain rule from Theorem 19, we find that

I(A1A2; B1B2; C1C2 | E1E2X1X2Y1Y2Z1Z2)ρ
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= I(A1; B1; C1 | E1E2X1X2Y1Y2Z1Z2A2B2C2)ρ + I(A2; B2; C2 | E1E2X1X2Y1Y2Z1Z2)ρ

+ I(A2B2; C1 | E1E2X1X2Y1Y2Z1Z2C2)ρ + I(B2C2; A1 | E1E2X1X2Y1Y2Z1Z2A2)ρ

+ I(A2C2; B1 | E1E2X1X2Y1Y2Z1Z2B2)ρ. (4.55)

We can write I(A2C2; B1 | E1E2X1X2Y1Y2Z1Z2B2)ρ as follows:

I(A2C2; B1 | E1E2X1X2Y1Y2Z1Z2B2)ρ

= H(A2C2 | E1E2X1X2Y1Y2Z1Z2B2)ρ − H(A2C2 | E1E2X1X2Y1Y2Z1Z2B2B1)ρ (4.56)

=
∑

x1,y1,z1,x2,y2,z2

p(x1, y1, z1, x2, y2, z2) [ H(A2C2 | E1E2B2)ηx1y1z1 x2y2z2

− H(A2C2 | E1E2B2B1)ηx1y1z1 x2y2z2 ], (4.57)

where, due to the no-signaling constraints on p, t, and r, we can write

η
x1y1z1 x2y2z2
B1A2B2C2E1E2

=
∑

b1

t(b1 | y1) [b1] ⊗ ρb1y1
E1
⊗

∑
a2,b2,c2

r(a2, b2, c2 | x2, y2, z2) [a2b2c2] ⊗ ρa2b2c2 x2y2z2
E2

,

(4.58)

and

η
x1y1z1 x2y2z2
A2B2C2E1E2

=
∑

a2,b2,c2

r(a2, b2, c2 | x2, y2, z2) [a2b2c2] ⊗ ρa2b2c2 x2y2z2
E2

⊗ ρE1 , (4.59)

where

ρ
b1y1
E1
=

∑
a1,c1

t(a1, b1, c1 | x1, y1, z1) ρa1b1c1 x1y1z1
E1

, (4.60)

ρE1 =
∑

a1,b1,c1

t(a1, b1, c1 | x1, y1, z1) ρa1b1c1 x1y1z1
E1

. (4.61)

From the above definitions, we can conclude that

H(A2C2 | E1E2B2B1)ηx1y1z1 x2y2z2 = H(A2C2 | E1E2B2)ηx1y1z1 x2y2z2 . (4.62)
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Hence,

I(A2C2; B1 | E1E2X1X2Y1Y2Z1Z2B2)ρ

= H(A2C2 | E1E2X1X2Y1Y2Z1Z2B2)ρ − H(A2C2 | E1E2X1X2Y1Y2Z1Z2B2)ρ = 0. (4.63)

The quantities I(B2C2; A1 | E1E2X1X2Y1Y2Z1Z2A2)ρ and I(A2C2; B1 | E1E2X1X2Y1Y2Z1Z2B2)ρ

are equal to zero using similar arguments. This leads to the following conclusion:

inf
ext. in (4.50)

I(A1A2; B1B2; C1C2 | EX1X2Y1Y2Z1Z2)ζ

≤ I(A1A2; B1B2; C1C2 | E1E2X1X2Y1Y2Z1Z2)ρ

= I(A1; B1; C1 | E1E2X1X2Y1Y2Z1Z2A2B2C2)ρ + I(A2; B2; C2 | E1E2X1X2Y1Y2Z1Z2)ρ

= I(A1; B1; C1 | E1X1Y1Z1)τ + I(A2; B2; C2 | E2X2Y2Z2)γ, (4.64)

where the last line follows from the structure of the state in (4.51) and the fact that

the extension is a no-signaling extension. Since the no-signaling extensions τ and

γ are arbitrary, we conclude that

inf
ext. in (4.50)

I(A1A2; B1B2; C1C2 | EX1X2Y1Y2Z1Z2)ζ

≤ inf
ext. in (4.52)

I(A1; B1; C1 | EX1Y1Z1)τ + inf
ext. in (4.53)

I(A2; B2; C2 | EX2Y2Z2)γ. (4.65)

Now optimizing over arbitrary input probability distributions, we find that

sup
q

inf
ext. in (4.50)

I(A1A2; B1B2; C1C2 | EX1X2Y1Y2Z1Z2)ζ

≤ sup
q

inf
ext. in (4.52)

I(A1; B1; C1 | EX1Y1Z1)τ + sup
q

inf
ext. in (4.53)

I(A2; B2; C2 | EX2Y2Z2)γ. (4.66)

Hence,

N(A1A2; B1B2; C1C2)p ≤ N(A1; B1; C1)t + N(A2; B2; C2)r. (4.67)
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Putting together (4.48) and (4.67), we have established additivity (i.e., we have

proven (4.38)).

Theorem 21 (Additivity of QTINL) Let p(a1, a2, b1, b2, c1, c2 | x1, x2, y1, y2, z1, z2) be a

quantum correlation for which no-signaling constraints hold for all parties. For example,

the no-signaling constraints for Alice are as follows:

∑
a1

p(a1, a2, b1, b2, c1, c2 | x1, x2, y1, y2, z1, z2)

=
∑

a1

p(a1, a2, b1, b2, c1, c2 | x̄1, x2, y1, y2, z1, z2) ∀x1, x̄1, (4.68)

∑
a2

p(a1, a2, b1, b2, c1, c2 | x1, x2, y1, y2, z1, z2)

=
∑

a2

p(a1, a2, b1, b2, c1, c2 | x1, x̄2, y1, y2, z1, z2) ∀x2, x̄2. (4.69)

Suppose that similar constraints hold for Bob and Charlie as well. Let t(a1, b1, c1 | x1, y1, z1)

and r(a2, b2, c2 | x2, y2, z2) be quantum correlations corresponding to the marginals of p.

Then the quantum intrinsic non-locality is superadditive, in the sense that

NQ(A1A2; B1B2; C1C2)p ≥ NQ(A1; B1; C1)t + NQ(A2; B2; C2)r. (4.70)

If

p(a1, a2, b1, b2, c1, c2 | x1, x2, y1, y2, z1, z2) = t(a1, b1, c1 | x1, y1, z1)r(a2, b2, c2 | x2, y2, z2),

(4.71)

then the quantum intrinsic non-locality is additive in the following sense:

NQ(A1A2; B1B2; C1C2)p = NQ(A1; B1; C1)t + NQ(A2; B2; C2)r. (4.72)
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Proof. The proof follows by using similar techniques as Theorem 20 and by taking

appropriate quantum extensions.

4.4 Convexity

Convexity of tripartite intrinsic non-locality is another important property be-

cause convex combinations of no-signaling correlations are also valid no-signaling

correlations. This is also the case for quantum correlations [176].

Theorem 22 (Convexity of TINL) Let t(a, b, c | x, y, z) and r(a, b, c | x, y, z) be two no-

signaling correlations, and let λ ∈ [0, 1]. Let p(a, b, c | x, y, c) be a mixture of the two

correlations, defined as

p(a, b, c | x, y, c) = λ t(a, b, c | x, y, z) + (1 − λ)r(a, b, c | x, y, z). (4.73)

Then,

N(A; B; C)p ≤ λN(A; B; C)t + (1 − λ)N(A; B; C)r. (4.74)

Proof. Consider the quantum embeddings of arbitrary no-signaling extensions of

t, r, and p:

τABCEXYZ =
∑

a,b,c,x,y,z

p(x, y, z)t(a, b, c | x, y, z)[abcxyz]ABCXYZ ⊗ τ
abcxyz
E , (4.75)

γABCEXYZ =
∑

a,b,c,x,y,z

p(x, y, z)r(a, b, c | x, y, z)[abcxyz]ABCXYZ ⊗ γ
abcxyz
E , (4.76)
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and

ζABCEXYZ =
∑

a,b,c,x,y,z

p(x, y, z)p(a, b, c | x, y, z)[abcxyz]ABCXYZ ⊗ ρ
abcxyz
E

=
∑

a,b,c,x,y,z

p(x, y, z){(λ)t(a, b, c | x, y, z) + (1 − λ)r(a, b, c | x, y, z)}

× [abcxyz]ABCXYZ ⊗ ρ
abcxyz
E . (4.77)

A particular no-signaling extension of (4.77) is as follows:

ρABCEXYZΛ =
∑

a,b,c,x,y,z,λ

p(x, y, z){(λ)t(a, b, c | x, y, z)[a, b, c, x, y, z]ABCXYZ ⊗ τ
abcxyz
E ⊗ [0]Λ

+ (1 − λ)r(a, b, c | x, y, z)[abcxyz]ABCXYZ ⊗ γ
abcxyz
E ⊗ [1]Λ}. (4.78)

Consider then

inf
ext. in (4.77)

I(A; B; C | EXYZ)ζ

≤ I(A; B; C | EXYZΛ)ρ (4.79)

= (λ)I(A; B; C | EXYZ)τ + (1 − λ)I(A; B; C | EXYZ)γ (4.80)

≤ (λ) inf
ext. in (4.75)

I(A; B; C | EXYZ)τ + (1 − λ) inf
ext. in (4.76)

I(A; B; C | EXYZ)γ. (4.81)

The first inequality holds because we picked a particular no-signaling extension.

The second inequality holds due to the convexity of the individual terms in the

definition of conditional total correlation. Since τ and γ are arbitrary no-signaling

extensions of t and r, and optimizing over arbitrary input probability distribu-

tions, we find that

sup
q

inf
ext. in (4.77)

I(A; B; C | EXYZ)p
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≤ (λ) sup
q

inf
ext. in (4.75)

I(A; B; C | EXYZ)t + (1 − λ) sup
q

inf
ext. in (4.76)

I(A; B; C | EXYZ)r. (4.82)

This concludes the proof.

Theorem 23 (Convexity of QTINL) Let t(a, b, c | x, y, z) and r(a, b, c | x, y, z) be two

quantum correlations, and let λ ∈ [0, 1]. Let p(a, b, c | x, y, c) be a mixture of the two

correlations, defined as

p(a, b, c | x, y, c) = λt(a, b, c | x, y, z) + (1 − λ)r(a, b, c | x, y, z). (4.83)

Then,

NQ(A; B; C)p ≤ λNQ(A; B; C)t + (1 − λ)NQ(A; B; C)r. (4.84)

Proof. Consider the following quantum extensions of t, r, and p:

τABCEXYZ =
∑

a,b,c,x,y,z

q(x, y, z)t(a, b, c | x, y, z)[abcxyz]ABCXYZ ⊗ τ
abcxyz
E , (4.85)

γABCEXYZ =
∑

a,b,c,x,y,z

q(x, y, z)r(a, b, c | x, y, z)[abcxyz]ABCXYZ ⊗ γ
abcxyz
E , (4.86)

ζABCEXYZ =
∑

a,b,c,x,y,z

q(x, y, z)p(a, b, c | x, y, z)[abcxyz]ABCXYZ ⊗ ρ
abcxyz
E . (4.87)

Let τÂB̂Ĉ be a quantum state that, along with the POVMs characterized by {Π(x)
a }a,

{Π
(y)
b }b, and {Π(z)

c }c, yield the correlation t(a, b, c | x, y, c). Let τÂB̂ĈE be a quantum ex-

tension of τÂB̂Ĉ. Similarly, let γÂB̂Ĉ be a quantum state that, along with the POVMs

characterized by {Λ(x)
a }a, {Λ(y)

b }b, and {Λ(z)
c }c, yield the correlation r(a, b, c | x, y, z). Let

γÂB̂ĈE be a quantum extension of γÂB̂Ĉ. Then, a particular quantum state that real-

izes the correlation p(a, b, c | x, y, z) is the following:

ρÂB̂ĈA′B′C′ = λτÂB̂Ĉ ⊗ |000⟩⟨000|A′B′C′ + (1 − λ)γÂB̂Ĉ ⊗ |111⟩⟨111|A′B′C′ . (4.88)
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Then,

p(a, b, c | x, y, z) = Tr
[
Π(x)

a ⊗ Π
(y)
b ⊗ Π

(z)
c ⊗ |000⟩⟨000|A′B′C′ (ρÂB̂ĈA′B′C′)

]
+

Tr
[
Λ(x)

a ⊗ Λ
(y)
b ⊗ Λ

(z)
c ⊗ |111⟩⟨111|A′B′C′ (ρÂB̂ĈA′B′C′)

]
, (4.89)

where it is understood that Alice is measuring σZ on her system A′, Bob is mea-

suring σZ on B′, and Charlie is measuring σZ on C′, in addition to the other mea-

surements on their systems A, B, and C. Now, consider the following quantum

extension of ρABCA′B′C′ ,

ρÂB̂ĈA′B′C′ = λτÂB̂ĈE ⊗ |0000⟩⟨0000|A′B′C′E′ + (1 − λ)γÂB̂ĈE ⊗ |1111⟩⟨1111|A′B′C′E′ . (4.90)

Furthermore, consider the following particular quantum extension of ζABCEXYZ:

ρABCXYZEE′ =
∑

a,b,c,x,y,z

p(x, y, z){(λ)t(a, b, c | x, y, z)[a, b, c, x, y, z] ⊗ τabcxyz
E ⊗ [0]E′

+ (1 − λ)r(a, b, c | x, y, z)[a, b, c, x, y, z] ⊗ γabcxyz
E ⊗ [1]E′}.

Then following similar arguments given in the proof of Theorem 22, we obtain

NQ(A; B; C)p ≤ λNQ(A; B; C)t + (1 − λ)NQ(A; B; C)r. (4.91)

This concludes the proof.
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4.5 Monotonicity under Local Operations and Common Ran-

domness

Local Operations and Common Randomness (LOCR) is the set of free operations

within the setup of conference key agreement. These free operations are chosen so

that they are consistent with the prerequisites of the parity-CHSH game [3], which

are similar to those of the CHSH game [177, 178]. By common randomness, we

mean that all parties have access to a common random variable and an instance

that is made available to all parties before each round of the protocol. Using this

common randomness, all parties can perform local operations and pre- and post-

processing on their inputs and outputs. LOCR can be applied to an input distri-

bution pi(a, b, c | x, y, z) to arrive at an output distribution p f (a f , b f , c f | x f , y f , z f ) as

follows:

p f (a f , b f , c f | x f , y f , z f ) =
∑

a,b,c,x,y,z

O(L)(a f , b f , c f | x f , y f , z f , a, b, c, x, y, z)

pi(a, b, c | x, y, z)I(L)(x, y, z | x f , y f , z f ), (4.92)

where

O(L)(a f , b f , c f | x f , y f , z f , a, b, c, x, y, z) =
∑
λ2

p(λ2)OA(a f | a, x, x f , λ2)

× OB(b f | b, y, y f , λ2)OC(c f | c, z, z f , λ2), (4.93)

and

I(L)(x, y, z | x f , y f , z f ) =
∑
λ1

p(λ1)IA(x | x f , λ1)IB(y | y f , λ1)IC(z | z f , λ1). (4.94)
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The bipartite case has been considered previously in [179]. In the above equa-

tions, OA, OB, OC, IA, IB, and IC are the pre-agreed local operations, and λ1 and λ2

represent the common randomness shared between the parties before and after

obtaining the outputs from the initial correlation, respectively.

Theorem 24 (Monotonicity under LOCR) Let pi(a, b, c | x, y, z) be a no-signaling cor-

relation, and let p f (a f , b f , c f | x f , y f , z f ) result from the action of local operations and com-

mon randomness on pi(a, b, c | x, y, z), as described in (4.92). Then,

N(Ai; Bi; Ci)pi ≥ N(Ai; B f ; C f )p f . (4.95)

Proof. Consider the following respective no-signaling extensions of p f (a f , b f , c f | x f , y f , z f )

and pi(a, b, c | x, y, z):

ζA f B f C f EX f Y f Z f =
∑

a f ,b f ,c f ,x f ,y f ,z f

q(x f , y f , z f )p f (a f , b f , c f | x f , y f , z f )

[a f b f c f x f y f z f ]A f B f C f EX f Y f Z f ⊗ ζ
a f ,b f ,c f x f ,y f ,z f

E , (4.96)

and

τABCEXYZ =
∑

a,b,c,x,y,z

q(x, y, z)pi(a, b, c | x, y, z)[abcxyz]ABCEXYZ ⊗ ρ
abcxyz
E . (4.97)

Let us embed p f (a f , b f , c f | x f , y f , z f ) in the following quantum state:

ρA f B f C f X f Y f Z f =
∑

a f ,b f ,c f ,x f ,y f ,z f

q(x f , y f , z f )
∑

a,b,c,x,y,z

∑
λ2

p(λ2)OA(a f | a, x, x f , λ2)

OB(b f | b, y, y f , λ2)OC(c f | c, z, z f , λ2)pi(a, b, c | x, y, z)
∑
λ1

p(λ1)IA(x | x f , λ1)IB(y | y f , λ1)
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IB(y | y f , λ1)IC(z | z f , λ1)[a f b f c f x f y f z f ]A f B f C f X f Y f Z f . (4.98)

A particular no-signaling extension of this state is as follows:

ρABCA f B f C f EXYZX f Y f Z fΛ1Λ2

=
∑

a f ,b f ,c f ,x f ,y f ,z f

q(x f , y f , z f )
∑

a,b,c,x,y,z

∑
λ2

p(λ2)OA(a f | a, x, x f , λ2)OB(b f | b, y, y f , λ2)×

OC(c f | c, z, z f , λ2)pi(a, b, c | x, y, z)
∑
λ1

p(λ1)IA(x | x f , λ1)IB(y | y f , λ1)IB(y | y f , λ1)×

IC(z | z f , λ1)[abcxyza f b f c f x f y f z f ]ABCA f B f C f XYZX f Y f Z f ⊗ ρ
abcxyz
E ⊗ [λ1λ2]Λ1Λ2 .

(4.99)

Now let us begin with the following inequality:

inf
ext. in (4.96)

I(A f ; B f ; C f | EX f Y f Z f )ζ ≤ I(A f ; B f ; C f | EX f Y f Z fΛ1Λ2)ρ. (4.100)

The above inequality holds for a specific choice ρABCA f B f C f EXYZX f Y f Z fΛ1Λ2 of a no-

signaling extension of p f (a f , b f , c f | x f , y f , z f ). Using data processing of conditional

total correlation under local channels, we find that

I(A f ; B f ; C f | EX f Y f Z fΛ1Λ2)ρ ≤ I(AXX fΛ2; BYY fΛ2; CZZ fΛ2 | EX f Y f Z fΛ1Λ2)ρ.

(4.101)

Since X f ,Y f ,Z f , and Λ2 are classical copies of themselves, it follows that

I(AXX fΛ2; BYY fΛ2; CZZ fΛ2 | EX f Y f Z fΛ1Λ2)ρ

= I(AX; BY; CZ | EX f Y f Z fΛ1Λ2)ρ. (4.102)

Since none of A, X, B, Y , C, and Z depend on Λ2, we conclude that

I(AX; BY; CZ | EX f Y f Z fΛ1Λ2)ρ = I(AX; BY; CZ | EX f Y f Z fΛ1)ρ. (4.103)
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Hence,

inf
ext. in (4.96)

I(A f ; B f ; C f | EX f Y f Z f )ζ ≤ I(AX; BY; CZ | EX f Y f Z fΛ1)ρ. (4.104)

Using (4.27), we find that

I(AX; BY; CZ | EX f Y f Z fΛ1)ρ = I(A; B; C | EX f Y f Z fΛ1XYZ)ρ

+ I(X; Y; Z |YEX f Y f Z fΛ1)ρ + I(YZ; A | XEX f Y f Z fΛ1)ρ

+ I(XZ; B |YEX f Y f Z fΛ1)ρ + I(XY; C |ZEX f Y f Z fΛ1)ρ. (4.105)

The information-theoretic quantities I(YZ; A | XEX f Y f Z fΛ1)ρ, I(XZ; B |YEX f Y f Z fΛ1)ρ,

and I(XY; C |ZEX f Y f Z fΛ1)ρ are equal to zero due to the no-signaling constraints

elucidated in (4.5) and the structure in (4.94) of the local box IL. The information-

theoretic quantity I(X; Y; Z |YEX f Y f Z fΛ1)ρ is equal to zero due to (4.94). The struc-

ture of ρ implies that all the terms are equal to zero, except for the first term. So,

inf
ext. in (4.96)

I(Ai; B f ; C f | EX f Y f Z f )ζ ≤ I(A; B; C | XYZEX f Y f Z fΛ1)ρ (4.106)

= I(A; B; C | XYZE)τ, (4.107)

where the equality is a consequence of the structure of ρABCEXYZX f Y f Z fΛ1 . Since τ is

an arbitrary no-signaling extension of pi, we conclude that

inf
ext. in (4.96)

I(Ai; B f ; C f | EX f Y f Z f )ζ ≤ inf
ext. in (4.97)

I(A; B; C | XYZE)τ. (4.108)

By optimizing over arbitrary input probability distributions, we conclude that

sup
q

inf
ext. in (4.96)

I(A f ; B f ; C f | EX f Y f Z f )p f ≤ sup
q

inf
ext. in (4.97)

I(A; B; C | XYZE)pi , (4.109)

which is the desired inequality in (4.95).
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Theorem 25 (Monotonicity of QTINL under LOCR) Let pi(a, b, c | x, y, z) be a quan-

tum correlation, and let p f (a f , b f , c f | x f , y f , z f ) result from the action of local operations

and common randomness on pi(a, b, c | x, y, z), as described in (4.92). Then

NQ(Ai; Bi; Ci)pi ≥ NQ(Ai; B f ; C f )p f . (4.110)

Proof. First, let us embed p f (a f , b f , c f | x f , y f , z f ) in a quantum state:

ζA f B f C f X f Y f Z f =∑
a f ,b f ,c f ,x f ,y f ,z f

q(x f , y f , z f )p f (a f , b f , c f | x f , y f , z f )[a f b f c f x f y f z f ]A f B f C f X f Y f Z f , (4.111)

where q(x f , y f , z f ) is an arbitrary probability distribution for x f , y f , and z f .

The set Q of quantum correlations is closed under the action of local opera-

tions and common randomness, implying that p f (a f , b f , c f | x f , y f , z f ) ∈ Q. Since

p f (a f , b f , c f | x f , y f , z f ) is also a quantum correlation, we know that there exists an

underlying state ζÂ f B̂ f Ĉ f
and POVMs {Π(x f )

a f }a f , {Π
(y f )
b f
}b f , and {Π(z f )

c f }c f such that

p f (a f , b f , c f | x f , y f , z f ) = Tr
[(
Π

(x f )
a f ⊗ Π

(y f )
b f
⊗ Π

(z f )
c f

)
ζÂ f B̂ f Ĉ f

]
. (4.112)

An arbitrary quantum extension of the state ζA f B f C f X f Y f Z f is given by

ζA f B f C f EX f Y f Z f =
∑

a f ,b f ,c f ,x f ,y f ,z f

q(x f , y f , z f )p f (a f , b f , c f | x f , y f , z f )

[a f b f c f x f y f z f ]A f B f C f EX f Y f Z f ⊗ ζ
a f ,b f ,c f x f ,y f ,z f

E , (4.113)

where

ζ
a f ,b f ,c f x f ,y f ,z f

E =
1

p f (a f , b f , c f | x f , y f , z f )
Tr

[(
Π

(x f )
a f ⊗ Π

(y f )
b f
⊗ Π

(z f )
c f ⊗ I

)
ζÂ f B̂ f Ĉ f E

]
, (4.114)
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and ζA f B f C f E is an quantum extension of ζA f B f C f . Now, we know that

p f (a f , b f , c f | x f , y f , z f ) =
∑

a,b,c,x,y,z

O(L)(a f , b f , c f | x f , y f , z f , a, b, c, x, y, z)

pi(a, b, c | x, y, z)I(L)(x, y, z | x f , y f , z f ), (4.115)

as well as the facts that I(L)(x, y, z | x f , y f , z f ) and O(L)(a f , b f , c f | x f , y f , z f , a, b, c, x, y, z)

are local correlations. Therefore, there exist separable states ζXYZ and ρÂ f B̂ f Ĉ f
, along

with POVMs that result in the correlations I(L) and O(L). That is,

I(L)(x, y, z | x f , y f , z f ) = Tr
[(
Π

(x f )
x ⊗ Π

(y f )
y ⊗ Π

(z f )
z

)
ζXYZ

]
, (4.116)

and

O(L)(a f , b f , c f | x f , y f , z f , a, b, c, x, y, z) = Tr
[(
Π

(x f ,a,x)
a f ⊗ Π

(y f ,b,y)
b f

⊗ Π
(z f ,c,z)
c f

)
ρÂ f B̂ f Ĉ f

]
.

(4.117)

Furthermore, we know that the correlation pi(a, b, c | x, y, z) is a quantum correla-

tion. Thus, there exists an underlying state ζÂB̂Ĉ and POVMs {Π(x)
a }a, {Π(y)

b }b, and

{Π
(z)
c }b such that

p(a f , b f , c f | x f , y f , z f ) =∑
a,b,c,x,y,z

Tr
[ (
Π

(x f ,a,x)
a f ⊗ Π

(y f ,b,y)
b f

⊗ Π
(z f ,c,z)
c f ⊗ Π

(x f )
x ⊗ Π

(y f )
y ⊗ Π

(z f )
z ⊗ Π(x)

a ⊗ Π
(y)
b ⊗ Π

(z)
c

)
(
ρÂ f B̂ f Ĉ f

⊗ ζXYZ ⊗ ζÂB̂Ĉ

) ]
. (4.118)

Since ζXYZ is a separable state, we can write it as ζXYZ =
∑
λ1

p (λ1) ζλ1
X ⊗ ζ

λ1
Y ⊗ ζ

λ1
Z . Let

ζXYZΛ1 =
∑
λ1

p (λ1) ζλ1
X ⊗ ζ

λ1
Y ⊗ ζ

λ1
Z ⊗ [λ1]Λ1 be a particular quantum extension of ζXYZ.
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Similarly, let ρÂ f B̂ f Ĉ fΛ2
be a quantum extension of ρÂ f B̂ f Ĉ f

and ζÂB̂ĈE an extension

of ζÂB̂Ĉ. A particular quantum extension of the state in (4.113) is given by

ρA f B f C f EX f Y f Z fΛ1Λ2 =
∑

a f ,b f ,c f ,x f ,y f ,z f

p(x f , y f , z f )q f (a f , b f , c f | x f , y f , z f )×

[a f b f c f x f y f z f ]A f B f C f X f Y f Z f ⊗ ρ
abcxyz
E ⊗ [λ1λ2]Λ1Λ2 , (4.119)

where

ρ
a,b,c,x,y,z
E =

1
p(a, b, c, | x, y, z)

Tr
[(
Π(x)

a ⊗ Π
(y)
b ⊗ Π

(z)
c ⊗ I

)
ζÂB̂ĈE

]
, (4.120)

which then gives

ρABCA f B f C f EXYZX f Y f Z fΛ1Λ2

=
∑

a f ,b f ,c f ,x f ,y f ,z f

q(x f , y f , z f )
∑

a,b,c,x,y,z

∑
λ2

p(λ2)OA(a f | a, x, x f , λ2)OB(b f | b, y, y f , λ2)×

OC(c f | c, z, z f , λ2)pi(a, b, c | x, y, z)
∑
λ1

p(λ1)IA(x | x f , λ1)IB(y | y f , λ1)IB(y | y f , λ1)×

IC(z | z f , λ1)[abcxyza f b f c f x f y f z f ]ABCA f B f C f XYZX f Y f Z f ⊗ ρ
abcxyz
E ⊗ [λ1λ2]Λ1Λ2 .

(4.121)

Then, following arguments similar to that given in Theorem 24, we obtain the

desired inequality in (4.110).

4.6 Local Hidden-Variable Models

In this section, we show that tripartite intrinsic non-locality and quantum tri-

partite intrinsic non-locality vanish for tripartite correlations that admit a local
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hidden-variable model. A tripatite correlation admits a local hidden-variable

model if it is of the following form [173]:

p(a, b, c | x, y, z) =
∑
Λ

pΛ(λ)p(a | x, λ)p(b | y, λ)p(c | z, λ), (4.122)

where λ is a local hidden variable. If a distribution admits such a model, then

the model can be reformulated so that all the factor distributions p(a|x, λ), p(b|y, λ),

and p(c|z, λ) are deterministic with probabilities equal to either zero or one. In

this case, using the classical information λ and the input settings of x, y, and z, an

eavesdropper can deduce the outcomes a, b, and c with certainty. Hence, tripartite

intrinsic non-locality and quantum tripartite intrinsic non-locality should vanish

for local tripartite correlations.

Theorem 26 (TINL & QTINL for local correlations) Tripartite intrinsic non-locality

and quantum tripartite intrinsic non-locality vanish for every distribution p(a, b, c | x, y, z)

having a local hidden-variable model, i.e., N(A; B; C)p = 0 and NQ(A; B; C)p = 0.

Proof. Consider the following no-signaling extension of p(a, b, c | x, y, z):

ζABCEXYZ =
∑

a,b,c,x,y,z

q(x, y, z)p(a, b, c | x, y, z)[abcxyz]ABCXYZ ⊗ ρ
abcxyz
E . (4.123)

A particular no-signaling extension of p(a, b, c | x, y, z) is

ρABCEXYZ =
∑

a,b,c,x,y,z,Λ

pΛ(λ)q(x, y, z)p(a | x, λ)p(b | y, λ)p(c | z, λ)[abcxyz]ABCXYZ ⊗ [λ]E

=
∑
Λ

pΛ(λ)ρλABCXYZ ⊗ [λ]E (4.124)
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where,

ρλABCXYZ =
∑

a,b,c,x,y,z

q(x, y, z)p(a | x, λ)p(b | y, λ)p(c | z, λ)[abcxyz]ABCXYZ . (4.125)

Then, it follows that

inf
ext. in (4.123)

I(A; B; C | EXYZ)ζ ≤ I(A; B; C | EXYZ)ρ =
∑
Λ

pΛ(λ)I(A; B; C | XYZ)ρλ

(4.126)

From inspection of (4.125), we conclude that I(A; B; C | XYZ)ρλ = 0. Therefore, we

obtain the first desired claim: N(A; B; C)p = 0. One can see that NQ(A; B; C)p = 0 by

considering the appropriate quantum extensions.

4.7 Multipartite Intrinsic Non-Locality

We now generalize the tripartite case to the multipartite case. Henceforth, we de-

note the ith input to the measurement device by xi, and we denote the outcome

of a measurement by ai, where i ∈ {1, . . . ,M} and M is the number of parties in-

volved. Now, we can define multipartite intrinsic non-locality, using conditional

total correlation, for a no-signaling correlation as follows:

Definition 17 Let p(a1, . . . , aM | x1, . . . , xM) be a no-signaling correlation. Multipartite

intrinsic non-locality of p is defined as

N(A1; · · · ; AM)p B
1

M − 1
sup

q(x1,...,xM)
inf

ρA1 ···AM X1 ···XM E
I(A1; · · · ; AM | EX1 · · · XM)ρ, (4.127)
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where q(x1, . . . , xM) is a probability distribution for the inputs of the Alices, and the state

ρA1···AM X1···XM E is a no-signaling extension of the state shared by the Alices, given by

ρA1···AM X1···XM E =
∑

a1,...,aM ,x1,...,xM

q(x1, . . . , xM)p(a1, . . . , aM | x1, . . . , xM)

[a1, . . . , aM, x1, . . . , xM]A1···AM X1···XM ⊗ ρ
a1,...,aM ,x1,...,xM
E . (4.128)

We define quantum multipartite quantum intrinsic non-locality, based on con-

ditional total correlation, for a quantum correlation as follows:

Definition 18 Multipartite quantum intrinsic non-locality of p(a1, . . . , aM | x1, . . . , xM),

a quantum correlation, is defined as

NQ(A1; · · · ; AM)p B
1

M − 1
sup

q(x1,...,xM)
inf

ρA1 ···AM X1 ···XM E
I(A1; · · · ; AM | EX1 · · · XM)ρ, (4.129)

where q(x1, . . . , xM) is a probability distribution for generating the inputs used by the

Alices and ρA1···AM X1···XM E is a quantum extension of the state shared by the Alices, given by

ρA1···AM X1···XM E =
∑

a1,...,aM ,x1,...,xM

q(x1, . . . , xM)p(a1, . . . , aM | x1, . . . , xM)

[a1, . . . , aM, x1, . . . , xM]A1···AM X1···XM ⊗ ρ
a1,...,aM ,x1,...,xM
E . (4.130)

We now derive a chain rule for the quantity I(A1,1A1,2; · · · ; Ai,1Ai,2; · · · ; AM,1AM,2 | E)

similar to that in Theorem 19. In doing so, we generalize (4.27) to every fi-

nite M such that we can prove additivity and other relevant properties of mul-

tipartite (quantum) intrinsic non-locality. Let us define [M] B {1, 2, . . . ,m} and

A{i,...,M}, j ≡ Ai, j · · · AM, j.
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Theorem 27 For every multipartite state ρA1,1A1,2···Ai,1Ai,2···AM,1AM,2E, the following equality

holds:

I(A1,1A1,2; · · · ; Ai,1Ai,2; · · · ; AM,1AM,2 | E) =

I(A1,2; · · · ; AM,2 | E) + I(A1,1; · · · ; AM,1 | EA[M],2) +
M∑

i=1

I(Ai,1; A[M]\{i},2 | EAi,2). (4.131)

Proof. By applying definitions and the chain rule for conditional entropy, we find

that

I(A1,1A1,2; A2,1A2,2; · · · ; AM,1AM,2 | E)

=

M∑
i=1

H(Ai,1Ai,2 | E) − H(A1,1A1,2A2,1A2,2 · · · AM,1AM,2 | E) (4.132)

=

M∑
i=1

[
H(Ai,2 | E) + H(Ai,1 | EAi,2)

]
−

[
H(A1,2A2,2 · · · AM,2 | E) − H(A1,1A2,1 · · · AM,1 | EA1,2A2,2 · · · AM,2)

]
(4.133)

= I(A1,2; A2,2; · · · ; AM,2 | E) +
M∑

i=1

H(Ai,1 | EAi,2) − H(A1,1A2,1 · · · AM,1 | EA[M],2). (4.134)

Continuing, we find that

M∑
i=1

H(Ai,1 | EAi,2) − H(A1,1A2,1 · · · AM,1 | EA[M],2)

=

M∑
i=1

[
H(Ai,1 | EAi,2) − H(Ai,1 | EA[M],2) + H(Ai,1 | EA[M],2)

]
− H(A1,1A2,1 · · · AM,1 | EA[M],2) (4.135)

=

M∑
i=1

I(Ai,1; A[M]\{i},2 | EAi,2) + I(A1,1; A2,1; · · · ; AM,1 | EA[M],2). (4.136)
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This concludes the proof.

Now, let us note that if we consider the particular case when M = 3, we recover

the exact form obtained earlier in (4.27). Then, we can extend the arguments pre-

sented for the tripartite case to obtain additivity, convexity, and monotonicity un-

der LOCR for multipartite intrinsic non-locality and multipartite quantum intrin-

sic non-locality, primarily due to the structure of (4.131) producing similar terms

for every finite M.

4.8 Dual Multipartite Intrinsic Non-Locality

Until now, we have defined multipartite intrinsic non-locality based on condi-

tional total correlation. As noted earlier, total correlation is just one possible gen-

eralization of mutual information that has found uses in quantum information.

Dual total correlation is another M-partite generalization of mutual information,

first introduced in [180, 181]. Both total correlation and dual total correlation re-

duce to mutual information in the bipartite scenario. Since a distinction between

total correlation and dual total correlation would only arise in the multipartite

scenario, it is worthwhile to discuss the multipartite intrinsic non-locality based

on conditional dual total correlation to note the differences in quantities that arise

and compare the two quantities.

In this section, we discuss multipartite intrinsic non-locality based on dual to-
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tal correlation. Conditional dual total correlation is the conditional version of dual

total correlation, and it has been previously used in various multipartite scenarios

in quantum information [169, 182]. Conditional dual total correlation of a state

ρA1···AM E is defined as

Ĩ(A1; · · · ; AM | E) B
m∑

i=1

H(A[M]\{i} | E) − (m − 1)H(A1 · · · AM | E). (4.137)

The chain rule for conditional dual total correlation is as follows:

Ĩ(BA1; A2; · · · ; AM | E) = Ĩ(A1; A2; · · · ; AM | BE) + I(B; A2 · · · AM | E). (4.138)

We now define the multipartite intrinsic non-locality based on conditional dual

total correlation, and we refer to it as dual multipartite intrinsic non-locality:

Definition 19 Dual multipartite intrinsic non-locality of a no-signaling correlation

p(a1, . . . , aM | x1, . . . , xM) is defined as

Ñ(A1; · · · ; AM)p B sup
q(x1,...,xM)

inf
ρA1 ···AM X1 ···XM E

Ĩ(A1; · · · ; AM | EX1 · · · XM)ρ, (4.139)

where q(x1, . . . , xM) is a probability distribution for the inputs of the Alices, and the state

ρA1···AM X1···XM E is a no-signaling extension of the state shared by the Alices, given by

ρA1···AM X1···XM =
∑

a1,...,aM ,x1,...,xM

q(x1, . . . , xM)p(a1, . . . , aM | x1, . . . , xM)

[a1, . . . , aM, x1, . . . , xM]A1···AM X1···XM ⊗ ρ
a1,...,aM ,x1,...,xM
E . (4.140)

We define dual multipartite quantum intrinsic non-locality for a quantum cor-

relation as follows:
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Definition 20 Dual multipartite quantum intrinsic non-locality of p(a1, . . . , aM | x1, . . . , xM),

a quantum correlation, is defined as

ÑQ(A1; · · · ; AM)p B sup
q(x1,...,xM)

inf
ρA1 ···AM X1 ···XM E

Ĩ(A1; · · · ; AM | EX1 · · · XM)ρ, (4.141)

where q(x1, . . . , xM) is a probability distribution that generates the inputs used by the

Alices and ρA1···AM X1···XM E is a quantum extension of the state shared by the Alices, given by

ρA1···AM X1···XM =
∑

a1,...,aM ,x1,...,xM

q(x1, . . . , xM)p(a1, . . . , aM | x1, . . . , xM)

[a1, . . . , aM, x1, . . . , xM]A1···AM X1···XM ⊗ ρ
a1,...,aM ,x1,...,xM
E . (4.142)

We now derive a chain rule for the quantity Ĩ(A1,1A1,2; · · · ; Ai,1Ai,2; · · · ; AM,1AM,2 | E)

similar to that in Theorem 19. In doing so, we generalize (4.131) to conditional

dual total correlation and every finite M, such that we can prove additivity and

other relevant properties of dual multipartite (quantum) intrinsic non-locality.

Theorem 28 For every multipartite state ρA1,1A1,2···Ai,1Ai,2···AM,1AM,2E, the following equality

holds:

Ĩ(A1,1A1,2; · · · ; Ai,1Ai,2; · · · ; AM,1AM,2 | E) = Ĩ(A1,2; · · · ; AM,2 | E)

+ Ĩ(A1,1; · · · ; AM,1 | EA[M],2) +
M∑

i=1

I(A[M]\{i},1; Ai,2 | EA[M]\{i},2). (4.143)

Proof. By applying definitions and the chain rule for conditional entropy, we find

that

Ĩ(A1,1A1,2; A2,1A2,2; · · · ; AM,1AM,2 | E)
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=

M∑
i=1

H(A[M]\{i},1A[M]\{i},2 | E) − (m − 1)H(A1,1A1,2A2,1A2,2 · · · AM,1AM,2 | E) (4.144)

=

M∑
i=1

[
H(A[M]\{i},2 | E) + H(A[M]\{i},1 | EA[M]\{i},2)

]
− (m − 1)

[
H(A1,2A2,2 · · · AM,2 | E) − H(A1,1A2,1 · · · AM,1 | EA1,2A2,2 · · · AM,2)

]
(4.145)

= Ĩ(A1,2; A2,2; · · · ; AM,2 | E)

+

M∑
i=1

H(A[M]\{i},1 | EA[M]\{i},2) − (m − 1)H(A1,1A2,1 · · · AM,1 | EA[M],2). (4.146)

Continuing, we find that
M∑

i=1

H(A[M]\{i},1 | EA[M]\{i},2) − (m − 1)H(A1,1A2,1 · · · AM,1 | EA[M],2)

=

M∑
i=1

[
H(A[M]\{i},1 | EA[M]\{i},2) − H(A[M]\{i},1 | EA[M],2) + H(A[M]\{i},1 | EA[M],2)

]
− (m − 1)H(A1,1A2,1 · · · AM,1 | EA[M],2) (4.147)

=

M∑
i=1

I(A[M]\{i},1; Ai,2 | EA[M]\{i},2) + Ĩ(A1,1; A2,1; · · · ; AM,1 | EA[M],2). (4.148)

This concludes the proof.

For the particular case of M = 3, the expression in (4.143) reduces to

Ĩ(A1A2; B1B2; C1C2 | E) = Ĩ(A2; B2; C2 | E) + Ĩ(A1; B1; C1 | EA2B2C2)

+ I(B1C1; A2 | EB2C2) + I(A1C1; B2 | EA2C2) + I(B1A1; C2 | EB2A2). (4.149)

One can use the above equation to establish additivity of dual multipartite in-

trinsic non-locality for the tripartite case. Then, we can extend the arguments

presented for the multipartite intrinsic non-locality to obtain additivity, convex-

ity, and monotonicity under LOCR for dual multipartite intrinsic non-locality and

144



dual multipartite quantum intrinsic non-locality, primarily due to the structure of

(4.143) producing similar terms for every finite M.

4.9 Device-Independent Conference Key Agreement Capacity

In this section, we define a general form of a tripartite device-independent con-

ference key agreement protocol and its associated capacity. We shall then upper

bound this capacity using tripartite intrinsic non-locality. Here, we show details

of the definition for the case in which the eavesdropper possesses a no-signaling

extension of the underlying correlation, and then we remark how the definition

can be modified to the case in which the eavesdropper is restricted by quantum

mechanics.

Let n ∈ Z+, R ≥ 0, and ε ∈ [0, 1]. Let p(a, b, c | x, y, z) be the correlation of the de-

vice shared by Alice, Bob, and Charlie. We define an (n,R, ε) device-independent

conference-key-agreement protocol as follows:

• Alice, Bob, and Charlie generate the input sequences xn, yn, and zn to their

devices according to the probability distribution qXnYnZn(xn, yn, zn). The device

is used n times, and the distribution qXnYnZn(xn, yn, zn) is independent of the

eavesdropper. For round j ∈ {1, . . . , n}, Alice inputs x j and obtains the output

a j; Bob inputs y j and obtains the output b j; Charlie inputs z j and obtains the

output c j. The distribution for the inputs and outputs can be embedded in
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the state σAnBnCnXnYnZn , defined as

σAnBnCnXnYnZn =
∑

an,bn,cn,xn,yn,zn

qXnYnZn(xn, yn, zn)pn(an, bn, cn | xn, yn, zn)

× |anbncnxnynzn⟩⟨anbncnxnynzn|AnBnCnXnYnZn , (4.150)

where pn(an, bn, cn | xn, yn, zn) is the n-fold independent and identically dis-

tributed extension of p(a, b, c | x, y, z). The joint state held by Alice, Bob,

Charlie, and Eve is an arbitrary no-signaling extension σAnBnCnXnYnZnE of

σAnBnCnXnYnZn , as defined in (4.11).

• Alice performs a local channel LA
An→MACA

, with CA denoting a classical reg-

ister that is publicly communicated from Alice to Bob and Charlie, and MA

denotes a classical local memory register that is not used for public commu-

nication. The register C̄A is a classical register held by Eve, which is a copy

of CA. Similarly, Bob performs a local channel LB
Bn→MBCB

, with CB denoting

the classical register that is publicly communicated from Bob to Alice and

Charlie, and MB denotes a classical local memory register that is not used

for public communication. The register C̄B is a classical register held by Eve,

which is a copy of CB. Charlie performs a local channel LC
Cn→MCCC

, with CC

denoting the classical register that is publicly communicated from Charlie

to Bob and Alice, and MC denotes a classical local memory register, which

is not used for public communication. The register C̄C is a classical register

held by Eve, which is a copy of CC. The registers CA, CB, and CC (public com-

munication) are used for parameter estimation. If the parameters are found

to be outside of a predetermined range, the protocol is aborted and no secret
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key is agreed upon.

• Alice then performs the decoding channel DA
MACACBCC→LA

to obtain her fi-

nal key system LA. Bob performs the decoding channel DB
MBCACBCC→LB

to

obtain his final key system LB. Charlie performs the decoding channel

DC
MCCACBCC→LC

to obtain his final key system LC. This protocol yields a state

ωLALBLC EXnYnZnC̄AC̄BC̄C that satisfies

1
2

∥∥∥ΦLALBLC EXnYnZnC̄AC̄BC̄C − ωLALBLC EXnYnZnC̄AC̄BC̄C

∥∥∥ 1 ≤ ε, (4.151)

where

ΦLALBLC EXnYnZnC̄AC̄BC̄C = 2−nR
2nR∑
l=1

|l⟩⟨l|LA
⊗ |l⟩⟨l|LB

⊗ |l⟩⟨l|LC
⊗ ωEXnYnZnC̄AC̄BC̄C . (4.152)

A general protocol of the above form is depicted in Figure 4.1. A rate R is

achievable for a device characterized by a correlation p if there exists an (n,R−δ, ε)

device-independent conference key agreement protocol for all ε ∈ (0, 1], δ > 0,

and sufficiently large n. The maximum achievable rate is denoted by DI(p) and is

called the DI conference key agreement capacity.

These definitions can easily be modified to the case in which the eavesdropper

is restricted by quantum mechanics. The main modification is that the underlying

correlation is a quantum correlation, and the eavesdropper is allowed to possess

a quantum extension of it. We denote the resulting capacity by DIQ(p).

It is straightforward to generalize everything stated above to the case of a mul-

tipartite correlation p(a1, . . . , aM | x1, . . . , xM).
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LOPC

Figure 4.1: General schematic for device-independent conference key
agreement. The POVMs {Π(x)

a }a, {Π(y)
b }b, and {Π(z)

c }c are available
to Alice, Bob, and Charlie, respectively. The eavesdropper is in
possession of the quantum and classical information in system
E. LOPC stands for local operations and public communica-
tion and is used by Alice, Bob, and Charlie to distill the final
conference key.

In [3], a lower bound on conference key agreement rate was established for a

particular protocol. In this chapter, we are trying to address a different question

that can be answered regardless of any particular choice of protocol. We are con-

cerned with the no-signaling or quantum correlations that characterize the devices

used for device-independent conference key agreement. The question we want to

answer is as follows: given a correlation p(a, b, c | x, y, z), produced by a device, what is

a non-trivial upper bound on the conference key agreement rate that can be extracted from
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this device with any possible protocol?

We answer this question for independent and identically distributed (i.i.d.)

devices, which means, in each round of the protocol, the device is characterized

by the correlation p(a, b, c | x, y, z). The inputs within each round of the protocol

can be correlated, but not across rounds. This i.i.d. assumption is not a drawback

as we are interested in calculating upper bounds on conference key agreement

rates: if we show that a correlation can certify no more than a certain limit of

key rate against an eavesdropper restricted to i.i.d. attacks, then the correlation

certainly cannot certify more than this limit against an eavesdropper without such

a restriction.

4.9.1 Upper Bound on DI Conference Key Agreement Capacity

Now, we prove that tripartite intrinsic non-locality is indeed an upper bound on

the DI conference key agreement capacity.

Theorem 29 The tripartite intrinsic non-locality N(A; B; C)p is an upper bound on the

device-independent conference key agreement capacity of a device characterized by the

no-signaling correlation p(a, b, c | x, y, z) and sharing no-signaling correlations with an

eavesdropper:

DI(p) ≤ N(A; B; C)p. (4.153)
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Proof. The states Φ, ω, and σ are given in the definition of device-independent

conference key agreement in Section 4.9. Using (4.151) and (4.18), we find that

2nR = I(LA; LB; LC | EXnYnZnC̄AC̄BC̄C)Φ (4.154)

≤ I(LA; LB; LC | EXnYnZnC̄AC̄BC̄C)ω + ε̃. (4.155)

where ε̃ = 4εnR + 3g(ε) and g(ε) is defined in (4.19). Using data processing of con-

ditional total correlation for LA, LB, and LC under the local channelsDA
MACACBCC→LA

,

DB
MBCACBCC→LA

, andDC
MCCACBCC→LA

, we conclude that

2nR ≤ I(LA; LB; LC | EXnYnZnC̄AC̄BC̄C)ω + ε̃ (4.156)

≤ I(MACACBCC; MBCACBCC; MCCACBCC | EXnYnZnC̄AC̄BC̄C)ω + ε̃. (4.157)

Now, since C̄B is a copy of CB and C̄C is a copy of CC, we conclude that

H(MACACBCC | EXnYnZnC̄AC̄BC̄C) = H(MACA | EXnYnZnC̄AC̄BC̄C). (4.158)

A similar manipulation can be applied to H(MBCACBCC | EXnYnZnC̄AC̄BC̄C) and

H(MCCACBCC | EXnYnZnC̄AC̄BC̄C), giving us

2nR ≤ I(MACACBCC; MBCACBCC; MCCACBCC | EXnYnZnC̄AC̄BC̄C)ω + ε̃

≤ I(MACA; MBCB; MCCC | EXnYnZnC̄AC̄BC̄C)ω + ε̃. (4.159)

Using (4.16) and ignoring the negative terms that arise, we find that

2nR ≤ I(MACA; MBCB; MCCC | EXnYnZnC̄AC̄BC̄C)ω + ε̃

≤ I(MACAC̄A; MBCBC̄B; MCCCC̄C | EXnYnZn)ω + ε̃

= I(MACA; MBCB; MCCC | EXnYnZn)ω + ε̃. (4.160)
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Using data processing of conditional total correlation on MACA, MBCB, and MCCC,

2nR ≤ I(MACA; MBCB; MCCC | EXnYnZn)ω + ε̃

≤ I(An; Bn; Cn | EXnYnZn)σ + ε̃. (4.161)

Using the fact that the no-signaling extension applied in the protocol in Section 4.9

is arbitrary,

2nR ≤ inf
ext.

I(An; Bn; Cn | EXnYnZn)σ + ε̃ (4.162)

Using ε̃ = 4εnR + 3g(ε),

2(1 − 2ε)nR ≤ inf
ext.

I(An; Bn; Cn | EXnYnZn)σ + 3g(ε). (4.163)

Taking the supremum over all input distributions,

2(1 − 2ε)nR ≤ sup
q

inf
ext.

I(An; Bn; Cn | EXnYnZn)σ + 3g(ε). (4.164)

Using additivity (see Theorem 20),

2(1 − 2ε)nR ≤ sup
q

inf
ext.

I(An; Bn; Cn | EXnYnZn)ρ + 3g(ε) (4.165)

= n · sup
q

inf
ext.

I(A; B; C | EXYZ)ρ + 3g(ε) (4.166)

=⇒ 2(1 − 2ε)R ≤ sup
q

inf
ext.

I(A; B; C | EXYZ)ρ +
3
n

g(ε). (4.167)

Taking the limit n→ ∞ and then ε→ 0, we conclude that

DI(p) ≤ N(A; B; C). (4.168)

This concludes the proof.

Using similar techniques and taking appropriate quantum extensions estab-

lishes the following:
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Theorem 30 The quantum tripartite intrinsic non-locality NQ(A; B; C)p is an upper

bound on the device-independent conference key agreement capacity of a device character-

ized by the quantum correlation p(a, b, c | x, y, z) and sharing quantum correlations with

an eavesdropper:

DIQ(p) ≤ NQ(A; B; C)p. (4.169)

All the steps (i.e., data processing and additivity) in the proof of Theorem 29

can be easily extended to apply to multipartite intrinsic non-locality, dual mul-

tipartite intrinsic non-locality, and their respective quantum counterparts. This

leads to the following theorems:

Theorem 31 The multipartite intrinsic non-locality N(A1; · · · ; AM)p is an upper bound

on the device-independent conference key agreement capacity of a device characterized by

a no-signaling correlation p(a1, . . . , aM | x1, . . . , xM) and sharing no-signaling correlations

with an eavesdropper:

DI(p) ≤ N(A1; · · · ; AM)p. (4.170)

Theorem 32 The multipartite quantum intrinsic non-locality NQ(A1; · · · ; AM)p is an up-

per bound on the device-independent conference key agreement capacity of a device char-

acterized by a quantum correlation p(a1, . . . , aM | x1, . . . , xM) and sharing quantum corre-

lations with an eavesdropper:

DIQ(p) ≤ NQ(A1; · · · ; AM)p. (4.171)
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Theorem 33 Dual multipartite intrinsic non-locality Ñ(A1; · · · ; AM)p is an upper bound

on the device-independent conference key agreement capacity of a device characterized by

a no-signaling correlation p(a1, . . . , aM | x1, . . . , xM) and sharing no-signaling correlations

with an eavesdropper:

DI(p) ≤ Ñ(A1; · · · ; AM)p. (4.172)

Theorem 34 Dual multipartite quantum intrinsic non-locality ÑQ(A1; · · · ; AM)p is an

upper bound on the device-independent conference key agreement capacity of a device

characterized by a quantum correlation p(a1, . . . , aM | x1, . . . , xM) and sharing quantum

correlations with an eavesdropper:

DIQ(p) ≤ ÑQ(A1; · · · ; AM)p. (4.173)

4.10 Evaluating Quantum Tripartite Intrinsic Non-Locality

In this section, we evaluate quantum tripartite intrinsic non-locality for vari-

ous examples. While evaluating the quantum tripartite intrinsic non-locality, we

should consider the actions of an eavesdropper, who is in possession of an exten-

sion of the underlying quantum state shared by Alice, Bob, and Charlie. We note

here that all source files needed to generate the plots in this section are available

with the arXiv posting of [142].

An eavesdropper, Eve, of a DIQKD protocol is allowed access to a quantum

extension system of the state shared between Alice and Bob prior to public com-
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munication of measurement settings. Eve is also assumed to be in possession of

copies of all classical communication exchanged by Alice and Bob, as well as all

local hidden variables that can be attributed to the correlations that Alice and Bob

share. We also assume that the state and black boxes received by Alice and Bob

are in fact supplied by Eve herself.

For DI conference key agreement protocols, we assume that Eve has access to

all the same quantum and classical information as in DIQKD but sourced from

all the participants of the DI conference key agreement protocol. Eve can then

use this collected information to reduce the key agreement rate. Any procedure

employed by Eve to reduce the key agreement rate is known as an attack.

The first attack that we consider is a modification of the attack for DIQKD used

in [163], which was helpful for calculating an upper bound on quantum intrinsic

non-locality. We use the RMW18 Protocol [3] for all further calculations. First,

suppose that the underlying state is as follows:

ρÂB̂Ĉ = (1 − p) |GHZ⟩⟨GHZ|ÂB̂Ĉ + p
IÂB̂Ĉ

8
, (4.174)

where |GHZ⟩ B ( |000⟩ + |111⟩) /
√

2. Alice’s measurement choice x = 0 corre-

sponds to σZ, and x = 1 corresponds to σX. Bob’s measurement choice y = 0

corresponds to (σZ − σX)/
√

2, the choice y = 1 corresponds to (σZ + σX)/
√

2, and

the choice y = 2 corresponds to σZ. Charlie’s measurement choices are σZ when

z = 0 and σX when z = 1. This leads to a quantum correlation q(a, b, c|x, y, z).

Using the Bell inequality corresponding to the parity-CHSH game [3, 50], the
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Figure 4.2: Key rate versus parity-CHSH violation S . The orange line is an
upper bound on quantum tripartite intrinsic non-locality com-
puted for the attack described in (4.179), the blue line is an up-
per bound on quantum tripartite intrinsic non-locality for the
correlation parameterized by S using a multipartite generaliza-
tion of the attack in [1, 2], and the green solid line is the lower
bound for the state in (4.174) calculated from [3].

parity-CHSH violation S is as follows:1

S =
√

2(1 − p). (4.175)

We see that ρÂB̂Ĉ produces a local correlation when the parity-CHSH violation is

less than or equal to one or, equivalently, when p ≥ 1 − 1/
√

2. Let qS p(a, b, c | x, y, z)

denote a quantum correlation with parity-CHSH violation S p. For ε ≤ p ≤ 1 −

1
√

2
, we can think of the correlation qS p(a, b, c | x, y, z) as a convex combination of

1The calculations for all S , pwin, and plots are in the Mathematica files included with the arXiv
posting of [142].
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qS ε(a, b, c | x, y, z), which is non-local, and q
S

1− 1√
2
(a, b, c | x, y, z), which is local, in the

following fashion:

qS p(a, b, c | x, y, z) = (1 − α(ε))qS ε(a, b, c | x, y, z) + α(ε)q
S

1− 1√
2
(a, b, c | x, y, z), (4.176)

where

α(ε) =
p − ε

1 − 1
√

2
− ε

. (4.177)

For local correlations, quantum tripartite intrinsic non-locality is equal to zero.

Hence, using Theorem 23, we conclude that

NQ(A; B; C)qS p ≤ (1 − α(ε))NQ(A; B; C)qS ε . (4.178)

By considering the trivial extension for qS p(a, b, c | x, y, z), we obtain

NQ(A; B; C)qS p ≤ min
0≤ε≤p

sup
q(x,y,z)

(1 − α(ε))I(A; B; C)qS ε . (4.179)

The lower bound is calculated using the probability of winning the parity-CHSH

game, given by

pwin =
1
2
+

(1 − p)

2
√

2
. (4.180)

We then plot this quantity against the parity-CHSH violation S in Figure 4.2.

The second attack on the RMW18 Protocol [3] that we consider is a multipar-

tite generalization of the attack on DIQKD first proposed in [1], in the context of

a lower bound. It has also been used in [2] for evaluating an upper bound on
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DIQKD. It can be thought of as a particular way of achieving a desired parity-

CHSH violation S and quantum bit error rate (QBER) Q. In the multipartite gen-

eralization, we consider the following state:

1 −C
2

(ZÂ ⊗ ZB̂ ⊗ ZĈ)(|GHZ⟩⟨GHZ|ÂB̂Ĉ)(ZÂ ⊗ ZB̂ ⊗ ZĈ)+
1 +C

2
|GHZ⟩⟨GHZ|ÂB̂Ĉ, (4.181)

which results from the action of collective dephasing on the GHZ state, and which

is purified by the following state vector:√
1 −C

2

(
|000⟩ − |111⟩

√
2

)
ÂB̂Ĉ

⊗ |0⟩E +

√
1 +C

2

(
|000⟩ + |111⟩

√
2

)
ÂB̂Ĉ

⊗ |1⟩E . (4.182)

Alice’s measurement choice x = 0 corresponds to σZ, and x = 1 corresponds

to σX. Bob’s measurement choice y = 0 corresponds to (σZ + CσX)/
√

1 +C2, the

choice y = 1 corresponds to (σZ − CσX)/
√

1 +C2, and y = 2 corresponds to σZ.

Charlie’s measurement choices are σZ when z = 0 and σZ when z = 1. The parity-

CHSH violation S is given by S =
√

1 +C2. To generate key, Alice and Charlie

measure σZ and Bob, with probability 1 − 2Q, measures σZ and, with probability

2Q, assigns a random bit. This gives us a QBER of Q. The post-measurement state

is as follows:

1 − Q
2

(
|000⟩⟨000| ⊗ ρ+E + |111⟩⟨111| ⊗ ρ−E

)
+

Q
2

(
|001⟩⟨001| ⊗ ρ+E + |110⟩⟨110| ⊗ ρ−E

)
,

(4.183)

where

ρ±E =
1
2

 1 +C ±
√

1 −C2

±
√

1 −C2 1 −C

 . (4.184)
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Figure 4.3: The blue line is the plot of tripartite intrinsic non-locality as
function of pdep for the stateD⊗3( |GHZ⟩⟨GHZ|) using the attack
leading to (4.179). The gold line indicates the lower bound cal-
culated from [3].

Note that for the state in (4.174), the parity-CHSH violation S and QBER Q are

related as follows: Q = 1
2 (1 − S

√
2
). After we apply this relation between S and

Q, we get a correlation that is parameterized by S . We then calculate an upper

bound on quantum tripartite intrinsic non-locality as a function of S and plot it

versus S in Figure 4.2. It is important to note that this parameterized correlation

is not convex in the parameter S , as required by (4.73); so if such a curve is not

convex to begin with, Theorem 23 cannot be invoked to produce a lower, convex

curve that is also an upper bound on the quantum tripartite non-locality for the

parameterized correlations.
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A common qubit noise model is the depolarizing channel, described as

D(ρ) B (1 − pdep)ρ + pdep
I
2
. (4.185)

We can then consider a more realistic noise model given by ρÂB̂Ĉ =

D⊗3( |GHZ⟩⟨GHZ|). For this state, we can consider the attack leading to (4.179)

using the parity-CHSH violation S , given by

S =
(1 − pdep)3

√
2

+
(1 − pdep)2

√
2

. (4.186)

The lower bound from [3] is calculated using the probability of winning the parity-

CHSH game, given by

pwin =
1
2
+

(1 − pdep)3

2
√

2
+

p(1 − pdep)2

4
√

2
. (4.187)

We plot quantum tripartite intrinsic non-locality against pdep in Figure 4.3.

Here we note that tripartite intrinsic non-locality based on dual total correla-

tion provides the exact same upper bounds when calculated using the attack in

(4.179). For the other examples we have studied, tripartite intrinsic non-locality

based on conditional dual total correlation gives worse upper bounds than multi-

partite intrinsic non-locality based on conditional total correlation.

4.11 Conclusion

In this chapter, we defined multipartite intrinsic non-localities using conditonal

total correlation and conditional dual total correlation, and we proved that these
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quantities are indeed additive and convex upper bounds on the DI conference key

agreement capacity. These multipartite intrinsic non-localities are also monotone

under local operations and common randomness. A key technical contribution is

our derivation of the chain rule for conditional total correlation and conditional

dual total correlation, which are applicable to all correlations and may be of inde-

pendent interest beyond their applications to conference key agreement.

We can also see from Figure 4.2 that there is a significant gap between the up-

per and lower bounds on tripartite DI conference key agreement, so that there is

room for improvement. We also want to find new attacks specific to DI confer-

ence key agreement to improve the upper bound further and bring it closer to

the lower bound. One can also look at convex combinations of various attacks on

DI conference key agreement, as shown for DI quantum key distribution in [183].

Deriving a different multipartite intrinsic non-locality using another information

quantity may also be of interest to improve the upper bound.

For future work, we are interested in pursuing more novel DI conference key

agreement protocols beyond the one presented in [3]. Specifically, one can look

for protocols that have more than one measurement setting in the key generation

phase because such protocols require lower detector efficiency for DI quantum

key distribution, as shown in [184]. We could also investigate other Bell inequali-

ties presented in [50] in order to find better protocols.
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CHAPTER 5

CONCLUSION AND OPEN QUESTIONS

In this thesis, we have explored a few important aspects of multipartite en-

tanglement. The main themes we dealt are as follows: testing multipartite entan-

glement, certification of multipartite distillable entanglement, and upper bounds

on conference key agreement. In analyzing these tasks, we drew inspiration from

their bipartite counterparts and gained a better understanding of multipartite en-

tanglement as a whole.

In Chapter 2, we explored how we can test whether a given state is entangled

or not. We began by developing a test for bipartite pure states. We then use this

test as the basis for a separability test for bipartite mixed states that uses a compu-

tationally limited verifier and a computationally unbounded prover. The prover

in our analysis is restricted to performing only entanglement-breaking channels.

To adapt our separability test to state-of-the-art quantum computers, we replace

the prover with parameterized unitary circuits and classical optimization tech-

niques giving us, Variational Quantum Steering Algorithms (VQSAs). VQSAs

are charaterized by the inclusion of mid-circuit measurement, allowing for opti-

mizations over pure state decompositions of mixed states. We also simulate our

VQSA on noisy quantum simulators. We also develop semi-definite programs to

benchmark the performance of our VQSA. We then extend our separability test

to the multipartite scenario by modifying the test in accordance with the defini-

tions of multipartite entanglement. We also discuss the computational complexity
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of performing our separability test. To do this, we introduced a new complex-

ity class, QIPEB(2), and discussed its relationship with other known complexity

classes. With this work, we showed a link between entanglement, steering, quan-

tum algorithms, and quantum complexity classes.

From here, we consider it an important open question in quantum computa-

tional complexity theory to place a non-trivial upper bound on the class QIPEB(2).

As indicated in Remark 4, an approach using the known quantum de Finetti the-

orem from [91, Theorem II.7’] does not appear to be helpful for this task.

In Chapter 4, we develop a technique to quantify resources for device inde-

pendent conference key agreement, a multipartite generalization of quantum key

distribution. Our method, multipartite intrinsic non-locality, is additive, convex,

and a monotone under the class of free operations, we call, local operations and

common randomness. We show that multipartite intrinsic non-locality is an upper

bound on the conference key agreement rate in the device independent scenario.

To prove these important properties, we derive a chain rule for two variants of

multipartite mutual information. The two variants of multipartite mutual infor-

mation we use are multipartite generalizations of conditional mutual information.

We then dsicuss DI conference key agreement protocols and calculate the tripartite

intrinsic non-locality for these protocols and compare them against known lower

bounds.

It is still an open question whether either multipartite intrinsic non-locality is

indeed a monotone of genuine multipartite Bell non-locality. It is also easy to see
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that multipartite intrinsic non-locality is equal to zero for correlations that can be

described by a local hidden variable common to all parties involved. However,

multipartite intrinsic non-locality is not known to be equal to zero for correlations

that fail to be genuinely multipartite nonlocal as defined in [185], such as (for

instance) tripartite correlations that can be decomposed into a convex mixture of

correlations that are each only bipartite nonlocal.

Finally, we can also look at securing device-independent conference key agree-

ment using just computational assumptions. There have already been attempts at

securing DI quantum key distribution and self testing under computational as-

sumptions based on the learning with errors problem [186, 187]. It may be in-

teresting to extend this analysis to the multipartite scenario of DI conference key

agreement.

Finally, we discussed how to certify multipartite distillable entanglement in

a quantum network. Since the constituent components of a quantum network

may vary widely in their underlying technologies, we propose that this certifica-

tion must be device independent. In Chapter 3, we define multipartite distillable

entanglement and device-independent multipartite distillable entanglement cer-

tification protocol. A device-independent multipartite distillable entanglement

certification protocol must consist of a completeness condition and a soundness

condition. Our proposed certification protocol is based on the MABK inequal-

ity [41, 42, 43]. We showed that this protocol is complete and sound. To show

soundness, we used the entropy accumulation theorem [145], the structure of the
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MABK inequality [41, 42, 43], and the multipartite entanglement distillation pro-

tocols and rates described in [148, 149].

For future works, we are interested in using other Bell-type inequalities that

involve more than two binary measurements or measurements that have more

than two outcomes. In this work, we have focused entirely on GHZ states while

leaving out the W state. The W and GHZ states are not interconvertible using

LOCC alone [188]. Hence, our analysis here for GHZ states does not immediately

apply to W states, but it is an interesting extension. It is also worth noting that

there are infinitely many classes of genuinely multipartite entangled states that

involve four or more parties [189]. It will be interesting to see what a unified

certification protocol for such classes of states might look like.

We also note that our results are centered around a protocol based on state

merging [148, 149]. One could always consider another protocol that does not

involve state merging. An approach that does not rely on the equivalence between

Bell inequality and MABK inequality may be necessary for this scenario.
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Winter. Everything you always wanted to know about LOCC (but were

afraid to ask). Communications in Mathematical Physics, 328(1):303–326,

March 2014.

[18] Ryszard Horodecki, Pawel Horodecki, Michal Horodecki, and Karol

Horodecki. Quantum entanglement. Reviews of Modern Physics, 81(2):865–

942, June 2009. arXiv:quant-ph/0702225.

[19] Leonid Gurvits. Classical deterministic complexity of Edmonds’ problem

and quantum entanglement. In Proceedings of the Thirty-Fifth Annual

ACM Symposium on Theory of Computing, pages 10–19, San Diego, Cali-

fornia, USA, June 2003. arXiv:quant-ph/0303055.

[20] Sevag Gharibian. Strong NP-hardness of the quantum separability prob-

lem. Quantum Information and Computation, 10(3):343–360, March 2010.

arXiv:0810.4507.

167



[21] Patrick Hayden, Kevin Milner, and Mark M. Wilde. Two-message quantum

interactive proofs and the quantum separability problem. In Proceedings

of the 18th Annual IEEE Conference on Computational Complexity, pages

156–167, Palo Alto, California, USA, June 2013.

[22] Patrick Hayden, Kevin Milner, and Mark M. Wilde. Two-message

quantum interactive proofs and the quantum separability problem.

Quantum Information and Computation, 14(5 & 6):384–416, April 2014.

arXiv:1211.6120.

[23] Gus Gutoski, Patrick Hayden, Kevin Milner, and Mark M. Wilde. Quan-

tum interactive proofs and the complexity of separability testing. Theory of

Computing, 11(3):59–103, 2015. arXiv:1308.5788.

[24] Luigi Amico, Rosario Fazio, Andreas Osterloh, and Vlatko Vedral. Entan-

glement in many-body systems. Reviews of Modern Physics, 80(2):517–576,

May 2008. arXiv:quant-ph/0703044.

[25] Marcus Cramer, Martin B. Plenio, and Harald Wunderlich. Measuring

entanglement in condensed matter systems. Physical Review Letters,

106(2):020401, January 2011. arXiv:1009.2956.

[26] Nicolas Laflorencie. Quantum entanglement in condensed matter systems.

Physics Reports, 646:1–59, August 2016. arXiv:1512.03388.

[27] Tadashi Takayanagi. Entanglement entropy from a holographic viewpoint.

Classical and Quantum Gravity, 29(15):153001, June 2012.

168



[28] Sougato Bose, Anupam Mazumdar, Gavin W. Morley, Hendrik Ulbricht,

Marko Toroš, Mauro Paternostro, Andrew A. Geraci, Peter F. Barker, M. S.

Kim, and Gerard Milburn. Spin entanglement witness for quantum gravity.

Physical Review Letters, 119(24):240401, December 2017. arXiv:1707.06050.

[29] Chiara Marletto and Vlatko Vedral. Gravitationally induced entangle-

ment between two massive particles is sufficient evidence of quantum ef-

fects in gravity. Physical Review Letters, 119(24):240402, December 2017.

arXiv:1707.06036.

[30] Xiao-Liang Qi. Does gravity come from quantum information? Nature

Physics, 14(10):984–987, 2018.

[31] Brian Swingle. Spacetime from entanglement. Annual Review of

Condensed Matter Physics, 9(1):345–358, 2018.

[32] Claude Fabre and Nicolas Treps. Modes and states in quantum

optics. Reviews of Modern Physics, 92(3):035005, September 2020.

arXiv:1912.09321.

[33] Artur K. Ekert. Quantum cryptography based on Bell’s theorem. Physical

Review Letters, 67(6):661–663, August 1991.

[34] Umesh Vazirani and Thomas Vidick. Fully device-independent quantum

key distribution. Physical Review Letters, 113:140501, September 2014.

arXiv:1210.1810.

169



[35] Charles H. Bennett and Stephen J. Wiesner. Communication via one-and

two-particle operators on Einstein-Podolsky-Rosen states. Physical Review

Letters, 69(20):2881, November 1992.

[36] Charles H. Bennett, Gilles Brassard, Claude Crépeau, Richard Jozsa, Asher

Peres, and William K. Wootters. Teleporting an unknown quantum state

via dual classical and Einstein-Podolsky-Rosen channels. Physical Review

Letters, 70(13):1895, March 1993.

[37] Vlatko Vedral, Martin B. Plenio, M. A. Rippin, and Peter L. Knight. Quanti-

fying entanglement. Physical Review Letters, 78(12):2275–2279, March 1997.

arXiv:quant-ph/9702027.

[38] Vlatko Vedral and Martin B. Plenio. Entanglement measures and pu-

rification procedures. Physical Review A, 57(3):1619–1633, March 1998.

arXiv:quant-ph/9707035.

[39] Dominic Mayers and Andrew Yao. Self testing quantum apparatus.

Quantum Information and Computation, 4(4):273–286, July 2004.

[40] Matthew McKague, Tzyh Haur Yang, and Valerio Scarani. Robust self-

testing of the singlet. Journal of Physics A: Mathematical and Theoretical,

45(45):455304, October 2012.

[41] M. Ardehali. Bell inequalities with a magnitude of violation that grows

exponentially with the number of particles. Physical Review A, 46:5375–

5378, November 1992.

170



[42] N. David Mermin. Extreme quantum entanglement in a superposition of

macroscopically distinct states. Physical Review Letters, 65:1838–1840, Oc-

tober 1990.

[43] A. V. Belinskiı̆ and D. N. Klyshko. Interference of light and Bell’s theorem.

Physics-Uspekhi, 36(8):653, August 1993.

[44] R. Cleve, P. Hoyer, B. Toner, and J. Watrous. Consequences and limits

of nonlocal strategies. In Proceedings. 19th IEEE Annual Conference on

Computational Complexity, pages 236–249, 2004.

[45] Jérémy Ribeiro, Gláucia Murta, and Stephanie Wehner. Fully device-

independent conference key agreement. Physical Review A, 97:022307,

February 2018.

[46] Michael Epping, Hermann Kampermann, and Dagmar Bruß. Large-scale

quantum networks based on graphs. New Journal of Physics, 18(5):053036,

May 2016. arXiv:1504.06599.

[47] Gláucia Murta, Federico Grasselli, Hermann Kampermann, and Dagmar

Bruß. Quantum conference key agreement: A review. Advanced Quantum

Technologies, 3(11):2000025, November 2020.

[48] Dagmar Bruß. Optimal eavesdropping in quantum cryptography with six

states. Physical Review Letters, 81:3018–3021, October 1998.

[49] Federico Grasselli, Hermann Kampermann, and Dagmar Bruß. Finite-key

171



effects in multipartite quantum key distribution protocols. New Journal of

Physics, 20(11):113014, November 2018.

[50] Timo Holz, Hermann Kampermann, and Dagmar Bruß. A genuine mul-

tipartite Bell inequality for device-independent conference key agreement.

Physical Review Research, 2:023251, May 2020. arXiv:1910.11360.

[51] Marco Cerezo, Andrew Arrasmith, Ryan Babbush, Simon C. Benjamin, Sug-

uru Endo, Keisuke Fujii, Jarrod R. McClean, Kosuke Mitarai, Xiao Yuan,

Lukasz Cincio, and Patrick J. Coles. Variational quantum algorithms.

Nature Reviews Physics, 3(9):625–644, August 2021. arXiv:2012.09265.

[52] Bryan T. Gard, Linghua Zhu, George S. Barron, Nicholas J. Mayhall,

Sophia E. Economou, and Edwin Barnes. Efficient symmetry-preserving

state preparation circuits for the variational quantum eigensolver algo-

rithm. npj Quantum Information, 6(1):10, January 2020.

[53] Matthew Otten, Cristian L. Cortes, and Stephen K. Gray. Noise-

resilient quantum dynamics using symmetry-preserving ansatzes, 2019.

arXv:1910.06284.

[54] Zoë Holmes, Kunal Sharma, M. Cerezo, and Patrick J. Coles. Connect-

ing ansatz expressibility to gradient magnitudes and barren plateaus. PRX

Quantum, 3:010313, January 2022.

[55] Jirawat Tangpanitanon, Supanut Thanasilp, Ninnat Dangniam, Marc-

Antoine Lemonde, and Dimitris G. Angelakis. Expressibility and trainabil-

172



ity of parametrized analog quantum systems for machine learning applica-

tions. Physical Review Research, 2:043364, December 2020.

[56] Jarrod R. McClean, Sergio Boixo, Vadim N. Smelyanskiy, Ryan Babbush,

and Hartmut Neven. Barren plateaus in quantum neural network training

landscapes. Nature Communications, 9(1):4812, 2018. arXiv:1803.11173.

[57] Marco Cerezo, Akira Sone, Tyler Volkoff, Lukasz Cincio, and Patrick J.

Coles. Cost function dependent barren plateaus in shallow parametrized

quantum circuits. Nature Communications, 12(1):1791, March 2021.

arXiv:2001.00550.

[58] J. P. Home, M. J. McDonnell, D. M. Lucas, G. Imreh, B. C. Keitch, D. J. Szwer,

N. R. Thomas, S. C. Webster, D. N. Stacey, and A. M. Steane. Deterministic

entanglement and tomography of ion–spin qubits. New Journal of Physics,

8(9):188–188, September 2006. arXiv:quant-ph/0603273.

[59] Matthias Steffen, M. Ansmann, Radoslaw C. Bialczak, N. Katz, Erik Lucero,

R. McDermott, Matthew Neeley, E. M. Weig, A. N. Cleland, and John M.

Martinis. Measurement of the entanglement of two superconducting qubits

via state tomography. Science, 313(5792):1423–1425, September 2006.

[60] Asher Peres. Separability criterion for density matrices. Physical Review

Letters, 77(8):1413–1415, August 1996. arXiv:quant-ph/9604005.

[61] Michal Horodecki, Pawel Horodecki, and Ryszard Horodecki. Separabil-

173



ity of mixed states: necessary and sufficient conditions. Physics Letters A,

223(1-2):1–8, November 1996. arXiv:quant-ph/9605038.

[62] Reinhard F. Werner. An application of Bell’s inequalities to a quantum state

extension problem. Letters in Mathematical Physics, 17(4):359–363, May

1989.

[63] Andrew C. Doherty, Pablo A. Parrilo, and Federico M. Spedalieri. Complete

family of separability criteria. Physical Review A, 69(2):022308, February

2004. arXiv:quant-ph/0308032.

[64] Margarite L. LaBorde, Soorya Rethinasamy, and Mark M. Wilde. Test-

ing symmetry on quantum computers. Quantum, 7:1120, September 2023.

arXiv:2105.12758.

[65] Erwin Schrödinger. Die gegenwärtige situation in der quantenmechanik.

Die Naturwissenschaften, 23(50):844–849, December 1935.

[66] Erwin Schrödinger. Discussion of probability relations between sepa-

rated systems. Mathematical Proceedings of the Cambridge Philosophical

Society, 31(4):555–563, October 1935.

[67] Daniel Cavalcanti and Paul Skrzypczyk. Quantum steering: a review

with focus on semidefinite programming. Reports on Progress in Physics,

80(2):024001, December 2016. arXiv:1604.00501.

[68] Roope Uola, Ana C. S. Costa, H. Chau Nguyen, and Otfried Gühne. Quan-

174



tum steering. Reviews of Modern Physics, 92(1):015001, March 2020.

arXiv:1903.06663.

[69] Shuheng Liu, Dongmei Han, Na Wang, Yu Xiang, Fengxiao Sun, Mei-

hong Wang, Zhongzhong Qin, Qihuang Gong, Xiaolong Su, and Qiongyi

He. Experimental demonstration of remotely creating Wigner negativity

via quantum steering. Physical Review Letters, 128(20):200401, May 2022.

arXiv:2204.11552.

[70] Marie Ioannou, Bradley Longstaff, Mikkel V. Larsen, Jonas S. Neergaard-

Nielsen, Ulrik L. Andersen, Daniel Cavalcanti, Nicolas Brunner, and

Jonatan Bohr Brask. Steering-based randomness certification with squeezed

states and homodyne measurements. Physical Review A, 106(4):042414, Oc-

tober 2022. arXiv:2111.06186.

[71] Bernhard Wittmann, Sven Ramelow, Fabian Steinlechner, Nathan K. Lang-

ford, Nicolas Brunner, Howard M. Wiseman, Rupert Ursin, and An-

ton Zeilinger. Loophole-free Einstein–Podolsky–Rosen experiment via

quantum steering. New Journal of Physics, 14(5):053030, May 2012.

arXiv:1111.0760.

[72] Meng Wang, Yu Xiang, Qiongyi He, and Qihuang Gong. Detection of

quantum steering in multipartite continuous-variable Greenberger-Horne-

Zeilinger–like states. Physical Review A, 91(1):012112, January 2015.

[73] Michael A. Nielsen and Isaac L. Chuang. Quantum Computation and

Quantum Information. Cambridge University Press, 2000.

175



[74] John Watrous. Quantum computational complexity. Encyclopedia of

Complexity and System Science, 2009. arXiv:0804.3401.

[75] Thomas Vidick and John Watrous. Quantum proofs. Foundations

and Trends in Theoretical Computer Science, 11(1–2):1–215, March 2016.

arXiv:1610.01664.

[76] Mirko Consiglio, Tony John George Apollaro, and Marcin Wieśniak. Varia-
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