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Entanglement is a unique feature of quantum mechanics. Over the years, we have
understood bipartite entanglement a lot more, while our understanding of mul-
tipartite entanglement has lagged. In this work, we aim to fill some gaps in this
knowledge. Firstly, we provide a quantum algorithm to test whether a given mul-
tipartite state is multipartite entangled or multipartite separable. To develop this
separability test, we start with a separability test for the bipartite scenario using
the quantum steering effect. Our separability test consists of a distributed quan-
tum computation involving two parties: a computationally limited verifier, who
prepares a purification of the state of interest, and a computationally unbounded
prover. We then modified the separability test to get a variational quantum steer-
ing algorithm (VQSA), implementable on quantum computers that are available
today. We then simulate our VQSA on noisy quantum simulators and find favor-
able convergence properties on the examples tested. We extend our separability
test to the multipartite scenario by using the appropriate definitions.

We expect that multipartite entanglement will find use in quantum network
scenarios. Quantum networks consist of various quantum technologies, spread
across vast distances, and involve various users at the same time. Certifying the

functioning and efficiency of the individual components is a task that is well stud-



ied and widely used. However, the power of quantum networks can only be re-
alized by integrating all the required quantum technologies and platforms across
numerous users. In this work, we demonstrate how to certify the distillable entan-
glement available in multipartite states produced by quantum networks, without
relying on the physical realization of its constituent components. We do so by
using the paradigm of device independence.

Finally, we introduce multipartite intrinsic non-locality as a method for quanti-
fying resources in the multipartite scenario of device-independent (DI) conference
key agreement. We prove that multipartite intrinsic non-locality is additive, con-
vex, and monotone under a class of free operations called local operations and
common randomness. As one of our technical contributions, we establish a chain
rule for two variants of multipartite mutual information, which we then use to
prove that multipartite intrinsic non-locality is additive. This chain rule may be
of independent interest in other contexts. All of these properties of multipartite
intrinsic non-locality are helpful in establishing the main result: multipartite in-
trinsic non-locality is an upper bound on secret key rate in the general multipartite

scenario of DI conference key agreement.
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CHAPTER 1
INTRODUCTION

It has always been a little hard to wrap one’s head around entanglement, be
it bipartite or multipartite. The implications of the existence of entangled states
have been a subject of interest since the introduction of the EPR paradox [4]. We
got a better understanding of entanglement through Bell’s theorem [5], which
provided us with the theoretical tools necessary to develop experiments to test
whether entanglement could be explained by classical physics. Such a test was
first performed using the Clauser-Horne-Shimony-Holt inequality [6]. Such ex-
periments contributed greatly to our understanding of quantum mechanics and
earned Alain Aspect, John Clauser, and Anton Zeilinger the Nobel Prize for

Physics in 2022.

Over the years, we have understood bipartite entanglement a lot more, but our
understanding of multipartite entanglement is just catching up. Part of the incen-
tive to understand multipartite entanglement comes from the rise of quantum
networks. Potential uses for quantum networks include quantum computers con-
nected together for distributed computing tasks [7, 8], a collection of quantum sen-
sors that implement a joint measurement on a system of interest [9, 10, 11, 12], or a
number of distant nodes that transmit quantum states among themselves [13, 14].
To realize the full potential of quantum networks, the efficient production and dis-
tribution of multipartite entanglement is essential [15]. Hence, a thorough under-

standing of multipartite entanglement is essential for the development of future



applications of quantum technologies.
1.1 Preliminaries

We begin by recalling some important definitions that will be used throughout

this thesis. They are as follows.

Definition 1 The quantum state of a system A is described by a density operator, p,,

which is a unit trace, positive semi-definite operator acting on the Hilbert space H,.

The set of all linear operators acting on H, is denoted by L(H,4). We shall denote
the identity operator as I4. The set of all density operators acting on H, is denoted

Definition 2 A quantum channel Ny_,p : L(H4) — L(Hp) is a completely positive trace
preserving linear map characterized by a set of finitely many Kraus operators, {K,}iex,

such that

Nass(Ya) = > KYaK] (1.1)
xeX

for every linear operator Y, € L(H,), where K, is a positive semi-definite operator for all

xeXand ¥ x KiK, = 1,.

Definition 3 A measurement of a quantum system of A is described by a positive
operator-valued measure (POVM) {Il,} ex, where 11, is a positive semi-definite operator

forall x e X and Y x 11, = I4.



A physical observable O has a corresponding Hermitian operator acting on the
underlying Hilbert space. O has a spectral decomposition as follows:
0= Z ATI, (1.2)
Aespec(0)

where spec(O) is the set of distinct eigenvalues of O and I, is a POVM element
corresponding to 1. A measurement of O is described by the POVM ({I1,} 1espec(0)-

The expected value (O) of the observable O when the state is p is given by
(0) = Tr[Op] = Z A TrlpTL,]. (1.3)

Aespec(0)

A binary observable is an observable with exactly two distinct eigenvalues. Com-
mon examples of binary observables are the 2x2 Pauli matrices, o, oy, and o,

with eigenvalues +1 and -1.

Definition 4 A quantum instrument is a collection of completely positive trace non-
increasing maps {E,},ex where

_ EwpE]l
" Tr[E.pEll

X

(1.4)

E, is a positive semi-definite operator for all x € X and ¥, .x E\E, = 1.

Now, we move on to discussing the basics of multipartite entanglement and

introducing the problems we address via this thesis.



1.2 Multipartite Entanglement

To discuss multipartite entanglement, we need to start by defining bipartite en-
tanglement. To this end, we must recall what a separable or unentangled state
is. A bipartite quantum state 045 of two spatially separated systems A and B is
separable (unentangled) if it can be written as a probabilistic mixture of product

states [16]:

Tan = ) POV, ® ¢}, (1.5)

xeX
where {p(x)},ex is a probability distribution, and ¢ and ¢} are pure states. The

idea here is that the correlations between A and B can be fully attributed to a
classical, inaccessible random variable with probability distribution {p(x)}ex. Any

bipartite state that is not a separable state is an entangled state.

Similarly to how we need bipartite separable states to define bipartite entan-
glement, we need to understand multipartite separable states to understand mul-
tipartite entanglement. For simplicity, we shall refer to a multipartite state con-
sisting of M parties an M-partite state. An M-partite state p4,..a,, € D(Ha,..a,) =

D(Hyp, ® ---® Hy,,) is fully separable if it can be written as

Paray = ) PO @@y (1.6)
xeX
where zpj;’f is a pure state for every x € X and i € {1,..., M} and {p(x)},ex is a

probability distribution. Moving forward, M-SEP will denote the set of all py,...4,, €

D(Hy,..a,,) such that py, .., is fully separable.



Unlike in the bipartite scenario where an entangled state is simply one that
is not separable, the definition of a multipartite entangled state is a bit more nu-
anced. To highlight this nuance, we will look at two examples of states consisting

of just three parties. First, consider the following state:

00)45 + 11145 10)c +1D)c
V2 V2o

It is clear that such a state cannot be written in the form described in (1.6) and one

(1.7)

could argue that it is a tripartite entangled state. Let us split the three systems into
two groups, say AB and C. We call such a splitting a bipartition. The state above

is separable on the bipartition AB and C. Now, consider the state,

[000)4pc + [111)45¢
V2

It is clear that such a state cannot be written in form described in (1.6). Moreover,

(1.8)

regardless of the bipartition, the state shared is not separable. We call such states

genuinely tripartite entangled.

In general, one could split the M parties of a multipartite state into k < M
groups. This is called a k-partition. An M-partite state is said to be k-separable if,
on some k-partition, k < M, the state is separable. An M-partite state is genuinely

multipartite entangled if the state is not k-separable for all k < M.

No discussion about entanglement can be complete without an overview of
Local Operations and Classical Communication (LOCC) channels. A channel

Ly . 4 issaid to one-way LOCC channel from A; to A,...Ay if it can be
1AM =8 Ay



written as

LY donyonr, = Z Eaonr ON 4, n, @ O Niy . (1.9)

xeX

where x € X is a classical message publicly communicated to all parties, & is a
quantum instrument and N} is a quantum channel for all x € X and i € {2,..., M}
[17]. We can define one-way LOCC from any A; to the other parties similarly. An
LOCC channel Ly, 4,-a4:..4;, is then just a composition of finitely many one-way
LOCC channels. LOCC channels are important to our discussion about entan-
glement because such channels cannot be used to produce entangled states or

increase the amount of entanglement shared between distant parties [18].

Though above definitions of the bipartite and multipartite entanglement are
straightforward to write down, but it is a different matter to formulate an algo-
rithm to decide if a general state is separable; in fact, it has been proven to be
computationally difficult in a variety of frameworks [19, 20, 21, 22, 23]. Intuitively,
deciding the answer requires performing a search over all possible probabilis-
tic decompositions of the state, and there are too many possibilities to consider.
Regardless, determining whether a general state p,z is separable or entangled,
known as the separability problem, is a fundamental problem of interest rele-
vant to various fields of physics, including condensed matter [24, 25, 26], quan-
tum gravity [27, 28, 29, 30, 31], quantum optics [32], and quantum key distribu-
tion [33, 34]. In quantum information science, entanglement is the core resource
in several basic quantum information processing tasks [33, 35, 36], making the

separability problem essential in this field as well.



Part of the challenge in using entangled states for various tasks is that they are
hard to produce and maintain faithfully on any physical platform. The utility of
entangled states drops off dramatically the further they are from being perfectly
or maximally entangled. Therefore, assessing the quality of entangled states pro-
duced becomes an important task, thus motivating the problem of quantifying
entanglement [13, 37, 38, 18], in addition to deciding whether entanglement is
present. We tackle the task of deciding whether a state is entangled in Chapter 2

of this thesis.

1.3 Device Independence

A problem that is related to the separability problem is the issue of testing whether

the state shared between two distant parties is the maximally entangled state, i.e.,

|00y + [11)

We can use the CHSH game [6] to do this. Consider two distant parties, Alice and

|0*) = (1.10)

Bob, who share a bipartite state and can perform two measurements on their share
of the bipartite state. We denote Alice’s choice of measurement by x € {0, 1} and
their outcomes by a € {0, 1}. Similarly, we denote Bob’s choice of measurement by
y € {0, 1} and their outcomes by b € {0, 1}. In each round of the game, Alice and
Bob receive their shares of the bipartite state. We choose x and y independently
and uniformly at random, perform the corresponding measurement, and record

the outcomes a and b. After all the rounds of the game, they use public communi-



cation to share all values of g, b, x, and y and calculate the probability with which

win (a, b, x,y) = 1, where win (a, b, x, y) is defined as follows:

0, ifa®@b#xAy
win (a, b, x,y) = , (1.11)

I, ifa®b=xAy

@ is the binary XOR operation, and A is the binary AND operation. If the bipartite
state Alice and Bob share is a separable state, the winning probability can be 3/4 at
most. On the other hand, if Alice and Bob share a maximally entangled state, then
the maximum winning probability is (2 + V2)/4 ~ 0.85. If all systems involved are
qubits, then the measurement choices that achieve the maximum winning proba-
bility are, for Alice, o, basis and o, basis, and for Bob, o, + o basis and o, — o,

basis. Here o, and o, are the 2 x 2 Pauli matrices.

For the CHSH game to be a test for the maximally entangled state, the win-
ning probability of (2 + V2)/4 would need to imply that the underlying state is
a maximally entangled state. This is indeed true. It has been shown that if the
maximum winning probability is achieved then the underlying state is indeed the
maximally entangled state, up to local isometries [39, 40]. In addition, the mea-
surements applied to achieve this winning probability are equivalent to the qubit
basis measurement mentioned above [39, 40]. Both of these results put together

are known as self testing of the maximally entangled state.

An implication of self testing is that Alice and Bob, without know anything
about the state they share or the measurement they are applied on the state, they

can infer both the state and measurement applied from the winning probability



of the CHSH game. They need not trust any claim about the state being dis-
tributed or the measurements being applied. This is the principle behind device-
independence. In the general M-partite scenario, device-independence looks like
this. Suppose that all parties Aj,...,Ay are given a share of a multipartite quan-
tum state pa,..s,, which is distributed to them by a possibly unknown entity.
Each party also has access to a black box with which they can interact classically.
For each classical input, the corresponding black box applies a positive operator-
valued measure (POVM) on its respective share of the multipartite state. After the
application of the POVM, the box outputs a classical value that is recorded by the
corresponding participant. The parties can use the results of the measurements to
complete certain tasks of their choosing. If they use only the inputs and outputs
from the black box to complete their task, they will have completed the task in-
dependent of the underlying physical realization of the measurement and states

shared among them.

For the M-partite device independent protocols, we are looking to self-test the
Greenberger-Horne-Zeilinger (GHZ) state. The tripartite GHZ state is defined as

follows:
|000) +|111)
—\5 )

There are several multipartite generalizations of the CHSH game. In this work, we

(1.12)

will look at two generalizations in particular: parity-CHSH game [3] and Mermin-

Ardehali-Belinskii-Klyshko (MABK) inequality [41, 42, 43].

The parity-CHSH game [3] is defined using a winning condition very similar to



that of the CHSH inequality (1.11). As before, we denote Alice’s and Bob’s choice
of measurement by x,y € {0, 1} and their outcomes by a, b € {0, 1}, respectively. We
denote Charlie’s choice of measurement by z = 1 and their outcomes by ¢ € {0, 1}.

The winning condition, win(a, b, ¢, x,y, 2), is defined as follows:

0, ifa®b+#xA(ydc)
win(a, b, c, x,y,z) = (1.13)
I, ifa®db=xA(y®c).

The probability of win(a, b, c, x,y,z) = 1 is equal to cos?(r/8) ~ 0.85 if the underly-
ing state shared by Alice, Bob, and Charlie is the GHZ state, as defined in (1.12).

The MABK inequality [41, 42, 43] is defined as follows. Let x; denote an input
to the i-th measurement device, and let q; denote the outcome of a measurement,
where i € {1,..., M} and M is the number of parties involved. We can then define

the MABK inequality as follows.

Definition 5 Let O} and O’ be binary observables for all i € [M]. The M-partite MABK
operator, Ky, is defined by the following recursion relation:

1

Ky = ET(WM—lﬂ_(M—l, oy, oM, (1.14)
| U
K, = E9?(0}), 0,,0;,07), (1.15)

where Ky, is obtained from Ky, by exchanging O} and O for all i € [M] and
?(éo, El, éo, él) = EO ® (CO + él) + El ® (éo — él) . (116)

The M-partite MABK inequalities are then defined for all M > 2 as

m-M+3

Tr[(KMpA[M]” <2"¥% e Ml (1.17)

4-M
ZT

10



The MABK inequalities are such that a violation of the inequalities for m = 1
proves that at least two parties are entangled, the violation of the inequalities for
m = M — 1 proves genuine M-partite entanglement, and the case where m = M
gives an upper bound (tight) on what is achievable by quantum mechanics. In

this work, we are interested in m = M — 1 and m = M, which correspond to

Bm = 2¥

TH{ Ko o || € 2.2 V21, (1.18)
The CHSH inequality corresponds to

€[2,2V2]. (1.19)

By =2 ‘Tr[‘Kz PA[Z]]

For our purposes, we need to turn the MABK inequality into a game. This
can be done using the procedure outlined in [44]. By unraveling the recursion
in (1.14)—(1.15), we can rewrite the M-MABK operator as

Ku =225 3" /() 0L, (1.20)
xe{0,1}M i€[M]
where x; € {0, 1} is the ith bit of x and f : {0, 1} — {0, 1, L} is a function such that

(-1)* = 0 by convention.

For the MABK game, the M parties have two measurement settings each, de-
noted by x; € {0, 1}, and all measurements have two possible outcomes, denoted

by a; € {0, 1}. Then the winning condition for the MABK game is as follows [45]:

1, if @f‘;{l a; = f(X[M])

0, else

win(x[M], a[M]) = (121)

11



where f is defined by the M-MABK operator in (1.20). The minimum and max-
imum winning probabilities when the underlying state is genuinely multipartite

entangled are respectively as follows [45]:

Prmin 1= 22311 ol31mE 2 (1.22)

Prmax 1= 22 EM1 gl B (1.23)

Note that when M is even,

2+ V2
Puin =7 and  pi = +4\/_. (1.24)
Similarly when M is odd,
2+ V2 1
P = +8‘/_ and  ph, = 5. (1.25)

Now that we have seen that we can test for multipartite entanglement by mak-
ing minimal assumptions on the state preparation or the measurement device at
hand, it is natural to ask if there are any tasks we can complete without chang-
ing the minimal assumptions too much. The answer, of course, is yes. Here, we
discuss two such tasks: quantum conference key agreement, in Chapter 4 and cer-
tification of multipartite distillable entanglement, in Chapter 3. In the following
section, we provide a brief introduction to quantum conference key agreement

and entanglement distillation.
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1.4 Conference Key Agreement and Entanglement Distillation

Quantum conference key agreement (QCKA) is the generalization of the task of
quantum key distribution (QKD) to more than two parties [46] (see [47] for a re-
view). In QKD, the task is to share perfectly correlated, uniformly random secret
key between two parties. In QCKA, the task is to share perfectly correlated, uni-
formly random secret between all M parties involved, where M > 3. The ideal
conference key for the tripartite scenario can be expressed mathematically as fol-
lows:

2k

Oprpcr =27 ) XL, © XL, ® X, © wr, (1.26)

=1

where wg is the state possessed by the eavesdropper, which is independent of the

key shared between the three parties, and & is the length of the conference key.

There are a wide variety of protocols to generate conference key agreement
using quantum resources. All such protocols rely on the inherent correlations
present in multipartite states, such as the GHZ state (1.12). Examples include the
multiparty six-state protocol [46, 48], multiparty BB84 protocol [49], and prepare-
and-measure implementations [46, 49]. In Chapter 4, we will focus on bounds on

device-independent conference key agreement [3, 50].

For many information theoretic tasks, be it conference key agreement or tele-
portation, entanglement is a prerequisite. But, as mentioned in earlier, entangle-
ment is difficult to produce and maintain. Many protocols require very specific en-

tangled states, such the maximally entangled state (1.10) or the GHZ state (1.12).
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For now, let us look at only the bipartite scenario. If, due to some decoherence
process, we were left with some copies of a less-than-ideal entangled state, can

we use these copies to “distill” maximally entangled state, |®*).

More precisely, we want to transform the state p,5 into a maximally entangled
state between Alice and Bob with a Schmidt rank of d, which can be written as
follows:

e
9= ZO] i) 1. (1.27)
While performing such a transformation, we cannot allow for all possible quan-
tum channels. This leads to trivial results, as the preparation of the maximally
entangled state would also be allowed. Hence, we restricted to performing only
local operations and classical communication (LOCC) channels. We shall denote
an LOCC channel as £,;_, ;3. The error in this transformation is quantified by the

distillation error, expressed as:

Pere(Ls pan) = 1 = F (|0 XD ;. Lagis(oan)) (1.28)

= 1= (D, Lap-asan) |©F) 45 (1.29)

An entanglement distillation protocol for psp is defined by the pair (d, L),
where d € N and £ is an LOCC channel. Further, an entanglement distillation

protocol for pap is called a (d, €) protocol, € € [0, 1], if per(L; pan) < €.

The one-shot e-distillable entanglement is the largest d that can be extracted

from p,p among all (d, &) protocols. Formally, the one-shot e-distillable entangle-
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ment of p,p, denoted by E?(p4p), is defined as
E7(0ap) = suLp {log, d : per(L; pan) < €}, (1.30)
.0
where the optimization is over all d > 1 and all LOCC channels £,;_, ;3 and d is
the dimension of both A and B. The asymptotic distillable entanglement is defined

in terms of the following limit:

SIS B
Ep(pap) = inf lim inf - Ep(p}p). (1.31)

In Chapter 3, we generalize these notions to the general M-partite setting and

discuss how one can certify multipartite distillable entanglement.

1.5 Introduction to Variational Quantum Algorithms

A variational quantum algorithm (VQA) is an optimization technique can be real-
ized on today’s quantum computers. The general structure of VQAs allows them
to be used for a wide-variety of applications and to be tailored to run on various
kinds of quantum computer [51]. Let’s briefly review the general structure of a

VQA.

To begin, we find a loss function £ that encodes the solution of the problem.
Then, pick an ansatz i.e. a set of quantum operations that are parameterized by
a set of continuous or discrete parameters, ©, that can be optimized over. Using

the quantum computer, we estimate £(0®). Then, we use a classical optimizer to
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update O so as to find

Q" = arg rrgn L(0). (1.32)
This quantum-classical loop is what allows VQAs to tackle a variety of optimiza-
tion problems. However, VQAs cannot be broadly applied to any sort of opti-

mization. The loss function £(®) must be one that can be estimated on today’s

noisy intermediate scale quantum computers [51].

As an example, consider the problem of finding the ground state of a given

Hamiltonian H. The task is to find a pure state such that [) such that

) = arg nljﬁi)n (Pl H |g) . (1.33)

We can choose an ansatz that approximates the set of all possible states by picking
a suitable set of unitary circuits U(®), parameterized by ® and apply it to some
initial state, say |0). Then, we can use a quantum computer to estimate the energy
of the state (0| UT(@)HU(®) |0) = (¢(®)| H |#(®)). Then, we use a classical optimizer

to update ® so as to find
©" = argmin(¢(©)| H ¢(0)) . (1.34)

The minimum energy calculated using the ansatz U(®) will always be greater than

the true minimum energy or,
min (¢ H¢) < min($(©)] H ¢(©)) . (1.35)

This is due to fact that, as @ is varied, U(®) can reach only a subset of all possible
unitary operations and hence U(0)|0) can only express a subset of all possible

states.
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The structure of the loss function £(®) amenable to VQAs is similar to (1.33).
The loss functions that VQAs can optimize are either expectations of quantum op-
erators or function of expectations of quantum operators [51]. This is because the
current noisy intermediate-scale quantum computers only allow for the estima-

tion of such loss functions.

The choice of ansatz can also be tailored to the quantum computer at one’s dis-
posal [51]. The ansatz may also be chosen such that it respects any symmetry that
is inherent to the problem being considered [52, 53]. Any ansatz being considered
will subject to a trade-off between the set of quantum states that it can express
and the amount of training required to optimize the loss function [54, 55]. These

problems are also often encountered in classical optimization.

Another commonly encountered issue with variational quantum algorithms is
the emergence of barren plateaus or vanishing gradients as the number of qubits
increases [56, 54]. However, recent results have shown that this problem can be
mitigated by switching from a global reward function to a local reward func-

tion [57].

We will use variational quantum algorithms as part of our test for separability

in Chapter 2.
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CHAPTER 2
SCHRODINGER AS A QUANTUM PROGRAMMER: ESTIMATING
ENTANGLEMENT VIA STEERING

2.1 Introduction

As we discussed in Chapter 1, Section 1.2, we want to test whether a given state
is entangled and to quantify its entanglement content experimentally. A rudi-
mentary approach employs state tomography to reconstruct the density matrix
and check whether the matrix represents a state that is entangled [58, 59]. How-
ever, the computational complexity of this method scales exponentially with the
number of qubits, thus prohibiting its use on larger states of interest. With the
rapid development of quantum computers of increasing size, it is already infeasi-
ble to perform tomography to estimate the density matrices describing the states
of these computers. It is even more daunting to address the separability prob-
lem using various well-known one-sided entanglement tests [60, 61, 62, 63]. This
leaves us to seek out alternative methods for addressing the separability prob-
lem, and one forward-thinking direction is to employ a quantum computer to do

so [21, 22,23, 64].

An approach for addressing the separability problem, which we employ here,
involves the quantum steering effect, originally discovered by Schrodinger [65,

66]. The idea of steering is that if two distant systems are entangled, distinct prob-
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abilistic ensembles of states can be prepared on one system by performing distinct
measurements on the other system. To describe this phenomenon more precisely,
we can employ some elementary notions from quantum mechanics. Let y¢p be a
pure state of two distant quantum systems C and D, and let pc = Trp[ycp] be the
reduced state of the system C. Then by performing a measurement on the system
D, it is possible to realize a probabilistic ensemble {(p(z), ¥%.)}. of pure states on the
system C that satisfies pc = . p(zx)yi.. Moreover, for each possible probabilistic
decomposition of pc, a measurement acting on D can realize this decomposition.
Steering has been a topic of interest in recent years, with applications to quantum
key distribution [67, 68], quantum optics [69, 70], and the foundations of quantum
mechanics [71, 72].

As suggested above, we can make a non-trivial link between the separability
problem and steering, which offers a quantum mechanical method for approach-
ing the former. To see it, recall that a purification of the separable state 045 in (1.5)
is a pure state gg4p that satisfies Trr[¢ras] = 0 ap, and consider that one such choice
of the state vector |¢)r4p in this case is as follows:

hras = D VPO IR @ 1004 @ 6, 2.1)

xeX

where {[x)g}cx is an orthonormal basis. Purifications are not unique, but all other
purifications of 045 are related to the one in (2.1) by the action of a unitary opera-
tion on the reference system R [73]. By inspecting (2.1), we see that the systems A
and B can be steered into the probabilistic ensemble {(p(x), ¥} ® ¢})} ex of product

states by performing the projective measurement {|xXx|g}.cx on the reference sys-
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tem R of ggap. This leads to an idea for testing separability in the general case. If a
purification of a general state p,z is available and the state p,z is indeed separable,
then one can a) try to find the unitary that realizes the purification in (2.1) and b)
perform the measurement {|xXx|z}.ex On the reference system R. After receiving

the outcome x, one can finally test whether the reduced state is a product state.

As we will see in more detail later, the basic idea outlined above is at the heart
of our method to test whether a state is separable. Additionally, this approach
leads to a quantum algorithm and complexity-theoretic statements for quantify-
ing the amount of entanglement in a state. We thus provide a meaningful connec-
tion between steering, entanglement, quantum algorithms, and quantum compu-

tational complexity theory, which has not been observed hitherto.

In this chapter, we expand on the abovementioned idea to develop various sep-
arability tests using the quantum steering effect. Our separability test for mixed
states consists of a distributed quantum computation involving two parties: a
computationally unbounded server, called a prover, which can, in principle, per-
form any quantum computation imaginable, and a computationally limited client,
called a verifier, which can perform time-efficient quantum computations (see Fig-
ure 2.2). We prove Theorems 1 and 2, which state that the acceptance probabilities
of our algorithms, in the ideal case, are directly related to a bonafide entangle-
ment measure, the fidelity of separability. We also employ concepts from quan-
tum computational complexity theory [74, 75] to understand how difficult this test

is to perform. Our second contribution results from a modification of our sepa-
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rability test. In an attempt to design a practical algorithm, we replace the prover
with a combination of parameterized unitary circuits and classical optimization
techniques to perform the necessary computation. This results in a variational
quantum steering algorithm (VQSA) that approximates the aforementioned sepa-
rability test (see Figure 2.3). The concept of quantum steering is again at the heart
of our VQSA, just like the test for separability that it approximates. Interestingly,
we prove that the acceptance probability of both tests is related to an entangle-
ment measure called fidelity of separability [37, 38]. We also generalize our sep-
arability test and VQSA to the multipartite setting, using appropriate definitions

of multipartite separability.

Next, we report the results of simulations of the VQSA on a quantum simu-
lator and find that they show favorable convergence properties. In light of the
limited scale and error tolerance of near-term quantum computers, we develop
semidefinite programs (SDPs) to approximate the fidelity of separability using
positive-partial-transpose (PPT) conditions [60, 61] and k-extendibility [62, 63] to
benchmark the results obtained from our VQSA. As variational quantum algo-
rithms (VQAs), in general, are prone to encountering barren plateaus [56], we
also explore how we can mitigate this issue for our algorithms by making use of

the ideas presented in [57].

Our approach is distinct from recent work on quantum algorithms for esti-
mating entanglement. For example, VQAs have been used to address this prob-

lem by estimating the Hilbert-Schmidt distance [76], by creating a zero-sum game
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using parameterized unitary circuits [77], by employing symmetric extendibility
tests [64], by estimating logarithmic negativity [78], and using the positive map
criterion [78]. VQAs have also been used to estimate the geometric measure of
entanglement of multiqubit pure states [79]. The work of [80] is the closest related
to ours, but the test used there requires two copies of the state of interest and con-
trolled swap operations for each run of the algorithm, while our VQSA does not
require either. In contrast, we introduce a paradigm for VQAs involving parame-
terized mid-circuit measurements, which is the core of our method for estimating
entanglement, and we suspect that this approach will be helpful in future work
for a wide variety of VQAs. Furthermore, as we show in Theorems 1 and 2, the
acceptance probabilities of our algorithms, in the ideal case, are directly related to

a bona fide entanglement measure, the fidelity of separability.

2.2 Quantum Interactive Proof for Fidelity of Separability

To gain intuition about the separability test for mixed states, let us formulate a
simple test for the separability of pure states. From (1.5), we can see that a pure

bipartite state p45 is separable if it can be written in product form, as

Yap = Ya Q ¢p, (2.2)

where ¢, and ¢5 are pure states. The test we develop below is important because
it will reappear as part of the test for separability in the general case, along with

quantum steering. Additionally, our approach slightly differs from the standard
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approach for testing entanglement of pure states, which employs two copies of
the state in a swap test [81, 82, 23]. Instead, our approach requires only a single

copy of the state.

Our pure-state separability test consists of a distributed quantum computa-
tion involving a prover and a verifier (see Figure 2.1). The computation starts
with the verifier preparing the pure state 5. The prover sends the verifier the
pure state ¢4 in register A’. (We note that the prover can send a mixed state; how-
ever, the maximum acceptance probability of the test is achieved by a pure state.
Hence, without loss of generality, the prover should send a pure state.) The ver-
ifier then performs the standard swap test [83, 84] on A and A" and accepts if the
measurement outcome is zero. In the standard model of quantum computational
complexity [74, 75], the prover attempts to get the verifier to accept the swap test
with as high a probability as possible. Thus, in this scenario, the prover selects ¢4
to maximize the overlap between the reduced stated v, := Trg[yag] and ¢4.. The

maximum acceptance probability is then equal to
max Tr[(IT3 ® Ip)(a ® Yap)]
1
=3 (1 + max Tr[Faa(da lﬁA)]) (2.3)

1 1
=5 (1 + max Tf[¢A¢A]) =5 (1 + Walle) » (2.4)

where F4 4 is the unitary swap operator acting on systems A’ and A, the projector
I = % (Iya + Faa) projects onto the symmetric subspace of A” and A, and ||yl

is the spectral norm of the reduced state ¥, (equal to its largest eigenvalue). Since

llall, = 1if and only if ¥, is a pure state and this occurs if and only if Y45 is a
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Figure 2.1: Pure-state separability test: The verifier has the pure state 45
of interest. The prover (indicated by the dotted box) sends the
verifier a pure state ¢4, who then performs the standard swap
test on systems A’ and A. As mentioned in (2.4), the acceptance
probability is equal to (1 + [[¥all,,)-

product state, it follows that the maximal acceptance probability is equal to one if

and only if y45 is a product state.

We now introduce our test for the separability of mixed states. Recall that a
bipartite state is separable or unentangled if it can be written in the form given

in (1.5), where |X| < rank(c45)* [16, 85].

Our separability test for mixed states consists of a distributed quantum com-
putation involving a prover and a verifier. The computation (depicted in Fig-
ure 2.2) begins with the verifier preparing a purification ygap of pap. The veri-
fier sends the system R to a quantum prover, whom, in our model, we restrict
to performing entanglement-breaking channels. The prover thus performs an

entanglement-breaking channel on the reference system R and sends a system A’
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Figure 2.2: Test for separability of mixed states. The verifier uses a uni-
tary circuit U” to produce the state yg45, which is a purification
of pap. The prover (indicated by the dotted box) applies an
entanglement-breaking channel &g_4 on R by measuring the
rank-one POVM {u;}, and then, depending on the outcome x,
prepares a pure state from the set {¢7,},. The final state is sent
to the verifier, who performs a swap test. Theorem 1 states that
the maximum acceptance probability of this interactive proof
is equal to %(1 + F(pap)), i.e., a simple function of the fidelity of
separability.

to the verifier. An entanglement-breaking channel &g, can always be written as
a measure-and-prepare channel [86], as follows:

Ern() = ) Trlur()] 6 (2.5)

xeX

where {u}}ex is a rank-one positive operator-valued measure (POVM) and {#}, }vex
is a set of pure states. (Due to the above measure-and-prepare decomposition of

an entanglement-breaking channel, we can alternatively think of the prover as be-
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ing split into two provers, a first who is allowed to perform a general quantum
operation, followed by the communication of classical data to a second prover,
who then is allowed to perform a general operation before communicating quan-
tum data to the verifier. However, we proceed with the single-prover terminology
in what follows.) By performing the measurement portion of the entanglement-
breaking channel, the prover has, in essence, steered the verifier’s systems A and
B to a certain probabilistic ensemble of pure states. After steering the verifier’s
system, the prover sends system A’ to the verifier using the preparation portion
of the entanglement-breaking channel. The verifier finally performs a swap test
on systems A and A’ and accepts if and only if the measurement outcome of the
swap test is zero. The standard model in quantum computational complexity the-
ory [74, 75] is that the prover is always trying to get the verifier to accept the
computation: in this scenario, the prover steers the verifier’s systems A and B to
an ensemble that has maximum overlap with a product-state ensemble and then
sends an appropriate state to pass the swap test with the highest probability pos-
sible.

The maximum acceptance probability of the distributed quantum computation

detailed above is equal to

max Tr[(HZy,f\l ® IRB) Eroar (l//RAB)] ; (2.6)

SEEBR_)A/

sym

where IT},, is the projector onto the symmetric subspace of the A’ and A systems,
and EB_,4 denotes the set of all entanglement-breaking channels with input sys-

tem R and output system A’. We state in Theorem 1 below that the maximum
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acceptance probability in (2.6) can be expressed as a simple function of the fidelity

of separability of p4p, the latter defined as [37, 38]

Fy(oap) = max  F(pap,0ap), (2.7)

o 45€SEP(A:B)
where SEP(A: B) denotes the set of separable states shared between Alice and Bob
and F(p,0) = || VP \/E”? is the fidelity of the states p and o [87]. The fidelity of
separability is also known as the maximum separable fidelity [21, 22, 23]. We now

state two important properties of F(p4g).

Proposition 1 ([88]) For a state pap, the following formula holds

Fy(pap) = (X {Z POOFYap) * pap = Zp(x)l/’AB}’ (2.8)
PX)Yap
where the pure-state ensemble {(p(x), ¥ x)} satisfies Y, p(xX)W, = pag, all Y, are pure,
and
Fy(Yap) = Jnax [(Wlasldda © )l (2.9)

Proposition 2 ([88]) For a bipartite state pag, the following equality holds

Fy(pap) =  max {Zp(x)llmllm pan = Zp(x)m} (2.10)

{0},

With these definitions and properties, we state the first key theoretical result of

this chapter:

Theorem 1 For a pure state yigag, the following equality holds:

1+ Fy(pap)

max Tf[(HA a4 ® IRB) Eroar (wRAB)] > )

SGEBR A’

(2.11)
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where F (pag) is the fidelity of separability of the state pap = Trr[¥ras].

Proof. Recall that an entanglement-breaking channel can be rewritten as [86]

Eron() = ) Trlux(g}, (2.12)
where {13}, is a rank-one POVM and {¢7,}, is a set of pure states. Then we find,
for fixed Ex_, 4/, that

Ssym 1
Tr[HA}iASR—)A/ (Yrap)] = 5 Tr[(Iya + Fara)Er—a (Yran)] (2.13)

1
=3 (1 + Tr[F o' aEr—a (Yran))) - (2.14)

So let us work with the expression Tr[F s 4Er—a (Wrap)]. Consider that

THF B Wrns)] = | P D Trrlpireas] © ¢ (2.15)
- D PO ® ) (2.16)
= Tr'FA/AZpu)wz ® ¢l (217)
= " pEXG WAl (2.18)
where x
p(x) = Trlugyrasl, (2.19)
Yap = z% Trrlugrasl- (2.20)

Thus, the acceptance probability for a fixed entanglement-breaking channel is
given by
sym 1 X X X
T3 )] = 5| 1+ D PO w316 |- (2.21)
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After optimizing over every element of EBg_, which denotes the set of all
entanglement-breaking channels with input system R and output system A’, and
realizing that optimizing over measurements in &x_,4 induces a pure-state decom-
position of p,z and optimizing over preparation channels in E¢_,4- gives the spec-
tral norm of ¢}, we arrive at the claimed formula for the acceptance probability,
when combined with (2.8) and (2.10):

1+ Fy(pap)

max Tr[(HZy/rX ® Irp)Er—a (Wran)] = 5

SGEBRHA’

(2.22)

This concludes the proof. m

With this theorem, we have established a separability test for mixed states. We
can now discuss the implementation of our separability test for mixed states on

today’s quantum computers.

2.3 Variational Quantum Steering Algorithm for Fidelity of Sep-

arability

We want to point out two important aspects of our separability test from Sec-
tion 2.2. First, note that, in the real world, no computationally unbounded quan-
tum prover is available to provide the ideal states required for the tests. The other
important point is that the swap test at the end of the computation essentially
leads to a measure of overlap between the state of the verifier’s system and the

state provided by the prover.
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Figure 2.3: Quantum part of the VQSA to estimate the fidelity of separabil-
ity Fy(pap). The unitary circuit U” prepares the state /g4, which
is a purification of p4. The parameterized circuit Wx(®) acts on
R to evolve yr4p to another purification of psp. The following
measurement, labeled “steering measurement,” steers the sys-
tems AB to be in a pure state ¥ , if the measurement outcome x
occurs. Conditioned on the outcome x, the final parameterized
circuit U}(0") and the subsequent measurement accepts with a
maximum probability of F(o4s).

Taking both these points into consideration, we modify the computational sce-
nario in Figure 2.2 to a) measure the necessary overlaps directly and b) make use
of quantum variational techniques [51] (parameterized unitary circuits and clas-
sical optimization of parameters) to approximate the actions of a computationally
unbounded prover. The resulting procedure also tests and quantifies the separa-
bility of a given state by estimating its fidelity of separability. This procedure is
a different quantum variational technique called a variational quantum steering
algorithm (VQSA). As can be seen in Figure 2.3, quantum steering is at the core of

the VQSA via the use of a parameterized mid-circuit measurement.
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Our VQSA is structured as follows. Let psp denote the state for which we
want to estimate the fidelity of separability, and let yz4p be a purification of it,
which results from the action of the unitary operator U” on the all-zeros pure
state [0X0]. Once we have Y45, We can attempt to access all possible pure-state
decompositions {(p(x), ¥} z)}rex Of pap by acting on the system R with unitary op-
erations. We use the first parameterized unitary Wg(®). To ensure that we have
a sufficient number of measurement outcomes (to cover the possible case when
|X| = rank(pap)?), we can prepare some ancillary qubits in the all-zeros state of a
system R’ and act with W on R and R’. However, without loss of generality, these

extra qubits can be grouped as part of an overall reference system, relabeled as R.

After the action of Wg(®), the reference system is measured in the standard
basis, and based on the outcome x, the post-measurement state of the system AB
is a pure state ¢} ,. We then estimate the maximum eigenvalue of the reduced
state y;: this can be accomplished by performing a parameterized unitary U} (©%),
based on the outcome x, on the reduced state ¢}, measuring all qubits of A in the

computational basis, and accepting if the all-zeros outcome occurs.

Using a hybrid quantum-classical optimization loop, we can maximize the ac-
ceptance probability to estimate the value of the fidelity of separability. The quan-

tum part of this VQSA is summarized in Figure 2.3.

Theorem 2 If the parameterized unitary circuits involved in the quantum part of the

VQSA, summarized in Figure 2.3, can express all possible unitary operators of their re-

31



spective systems, then the maximum acceptance probability of the quantum circuit is equal

to Fy(pap).

Proof. To prove the above statement, let us track the state of the VQSA at the

points indicated in Figure 2.4.

At Step (1), the unitary U prepares the pure state yrap. This is a specific

initial purification of psg.
At Step (2), we apply the parameterized unitary circuit Wx(®) to ygrap. Ex-
panding Wg(®)|y”)rap in terms of the standard basis {|x)}, leads to

We@W)ras = ), NaC)rlean. (2.23)

xeX

At Step (3), the measurement outcome x occurs with probability ¢(x), and

the state vector of registers A and B becomes |¢*)45.

At Step (4), depending on the measurement outcome x, we apply the pa-
rameterized unitary circuit U;(®") to register A. The state vector is now
UL (@9)lg")as.

At Step (5), we trace over B and measure A in the standard basis. We accept
when we get the all-zeros outcome. The acceptance probability is then equal

to

D, OLUZOY¢; (UD10) = D () (¢'lagile")a, (2.24)

xeX xeX

where we have defined |¢p*), = (Uj)T |0).
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* Maximizing the acceptance probability corresponds to maximization over

the parameters of Wi(®) and U} (©").

* Maximization over the parameters of Wy is a maximization over all possible

pure-state decompositions of psg.

* Maximization over the parameters of U;(0®) is a maximization of (¢*|¢}|¢*),

®y

which yields the value |

¢ The maximum acceptance probability is equal to
max > p(0)|leill. : pas = D PO, (2.25)
{ewwiph |3 x

which is in turn equal to F(pap), by (2.8) and (2.10).

This concludes the proof. m

This proves that the maximum acceptance probability equals F(p45) if the pa-
rameterized unitary circuits express all possible unitary operators acting on their
respective systems. However, we note that any ansatz employed for the param-
eterized unitary circuits has limited expressibility. As such, the maximum accep-
tance probability obtained via the VQSA, in principle, will also be closer to the

actual value of F,(psp) if we use a more expressive ansatz.
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Figure 2.4: VQSA to estimate the fidelity of separability F,(osp). The uni-
tary circuit U produces the state Y45, which is a purification of
pag- The parameterized circuit Wx(0) acts on R to evolve ygap to
another pure-state decomposition of ps. The following mea-
surement steers the system AB to be in a pure state i, if the
measurement outcome x occurs. Conditioned on the outcome
x, the final parameterized circuit U;(®*) and the subsequent
measurement estimates ”‘/’f\”m'

2.4 Generalization to Multipartite Fidelity of Separability

We now generalize our VQSA to measure the fidelity of separability of multipar-

tite states in the following fashion.

A multipartite state pa,..a,, € D(Ha,..a,) = D(Ha, ® --- ® H,,,) is separable if it

can be written as

Pty = 9 POOUS @+ @y (2.26)

xeX

where wj;’f is a pure state for every x € X and i € {1,..., M}. Let M-SEP denote the

setof all pa,..a,, € D(Ha,..a,) such that py,..4,, is separable.
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For the multipartite case of the distributed quantum computation, the veri-
fier prepares a purification ¢}, ., of p4,.a,. The prover applies a multipartite

entanglement-breaking channel on R, which can be written as:

Entyn, () = Y TGO (8 ©-- @ 837, (227)

xeX

where {u}}, is a rank-one POVM and {¢f";i}x,l- is a set of pure states. The prover sends
systems (AM-1y = A} ---A), | tothe verifier. (Here again, we can think of the prover
as actually being split into M provers, a first who performs the measurement {1}
and communicates the outcome x to M —1 other provers, the ith of whom prepares
the state ¢f"; and sends it to the verifier, for all i € {1, ..., M—1}.) Finally, the verifier
performs a collective swap test on these systems and the systems A;---Ay, as
depicted in Figure 2.5. The acceptance probability of this distributed quantum

computation is given by

8;’1}::1]?}\)4(71 Tr[HEZﬁ—l)/AM—I8R—>(AM“)’ (IJIRAM—I)], (228)
where Hfﬁ,ly w1 18 the projection onto the symmetric subspace of systems (AY~"Y

and AM~! and EB,,_; denotes the set of multipartite entanglement-breaking chan-
nels defined in (2.27). This leads to the following theorem, which generalizes

Theorem 1 to the multipartite case:

Theorem 3 For a pure state Yyran = Yga,..a,,, the following equality holds:

1
sym _
Sg]::‘:lBaA)/I(_l Tr[H(AM—I)/(AM—I)SR%A'1~~~A;‘471 (wRAM)] - E (1 + FS(pA]"'AM)) ] (2'29)

where the multipartite fidelity of separability is defined as

Fs(pA1~'~AM) = max F(pAl..‘AM, O'Al...AM). (230)

T A,y EM—SEP
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Figure 2.5: Test for separability of multipartite mixed states. The veri-
fier uses a unitary circuit U” to produce the state Yga, a,4:4,,
which is a purification of ps ,4,4,- The prover (indicated
by the dotted box) applies an entanglement-breaking channel
8R_>A/] a4, ON R by measuring the rank-one POVM {uz}, and
then, depending on the outcome x, prepares a state from the
set {¢f",ll ® ¢f",22 ® ¢f",j }.. The final state is sent to the verifier, who
performs a collective swap test. Theorem 3 states that the max-
imum acceptance probability of this interactive proof is equal
to %(1 + F(pa,a,454,)), 1.€., @ simple function of the multipartite
fidelity of separability.

Proof. The circuit diagram is given in Figure 2.5. The verifier prepares a purifi-

cation ¢, ., Of pa,..a,. The prover applies a multipartite entanglement-breaking
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channel on R, which can be written as
Entyon () = Y, THlGON (83 ©- - @ 837, 2.31)

where {3}, is a rank-one POVM and {¢j§’f }vi is a set of pure states. The prover
sends the systems (AY~')y = A} --- A}, _| to the verifier. Now, the verifier performs a
collective swap teston A - - - Ay, as depicted in the final part of the circuit diagram

in Figure 2.5. The acceptance probability of this interactive proof system is thus

given by
. Tr[H?XTII'AM—I)’AI gy OR— Aty WRA )], (2.32)
where
T yany, = %(I(Al...AMI),AI...AMI + Flayedp 1y ArAyr) (2.33)

is the projector onto the symmetric subspace of A’ and A and F4,..4,, ,ya,-4,., 1S @

tensor product of individual swaps F A forie{l,...,M—1}. Thatis,
M-1
F(Al"'AM—l)/Al"‘AM—l = ® FA;Ai- (234)
i=1
Then we find, for fixed Eponrar, s that

sym
Tr[H(AynAM,])’(Al ...AML])(CJ»R—>A’1~--A;\,171 (wRAlmAM)]

1
=35 Tr[(I(Al"'AM—I)/(AI"'AM—I) + F(Al"'AM—I),(Al"‘AM—I))SR—’A,I"'A;W,I(wRAl"'AM)] (235)

2
1 1
= 3 + 2 TI'[F(AI...AMfl)'(Al...AMfl)SR—>A’l---A;W_1(wRAM)] (2.36)
1 1 X X x, M~
= E + 5 Tr F(A1~-~AM_1)’(A|-"AM—1) ; Tr[,uR(l//RAM)]‘pA,;l ®: B ¢A’;WA/[_1 1] ’ (237)
= 1 + 1Tr F, , Z P o @@ M (2.38)
) 2 (Ar-Ap-1) (A1+Ap-1) Ar-Ap /YAl Ay :
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- % + % Z p(x) Tr[((/)f{ll Q- ® ¢f{§fl) ‘//f\r--AM_]] ’ (2.39)

where
p(x) = Trlpryran], (2.40)
1
Yp ny = e TrrlugWran]. (2.41)

For a given x, let us simplify F(¢4,..4,) as defined in (2.30),

F(pa-ay) = o, el an|®'a, @ - @ 16, [ (242)
[)a; §:2,
= max (¢!l & ® (@"1a, o), | (2.43)
{|¢i>Ai}i=l
_ 2
= max [(@'h @ @ @" lay, ® Layldasl, (2.44)

{|¢i>Ai }i:l

= Te[(16' X' 14, @ -+~ @ 6" X" ayy s @ Lay)paray ] (2:45)
164, 112,

= Te[(1' X' 14, @ -+~ @ 16" X" a1 (2.46)
1694, 11,

The first two equalities are from the definition and a rewriting. The third equal-
ity follows from the variational characterization of the Euclidean norm of a vec-
tor. Noting the form in (2.46) and applying the maximization over entanglement-
breaking channels of the form described in (2.27) to (2.39), we arrive at the desired

claim in (2.29). =

We can then use the generalized test of separability of mixed states to develop
a VQSA for the multipartite case. See Figure 2.6. This involves replacing the
collective swap test in Figure 2.5 with an overlap measurement, similar to how

we got Figure 2.3 from Figure 2.2.
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Figure 2.6: VQSA to estimate the multipartite fidelity of separability
F(pa,a,454,)- The unitary circuit U” prepares the state Yga, a,4,4,,
which is a purification of p4,4,4,4,. The parameterized cir-
cuit Wr(®) acts on R to evolve the state to another purifica-
tion of pa, 4,4,4,. The following measurement, labeled “steering
measurement,” steers the remaining systems to be in a state
Yh arna, if the measurement outcome x occurs. Conditioned

on the outcome x, the final parameterized circuits Uj’ll((i)’{),

U f;f(@g), and U gf(@g‘) are applied, and the subsequent measure-
ment accepts with a maximum probability of F(p4,4,4,4,)-

2.5 Benchmarking Semidefinite Programs

Since our algorithms will be running on near-term quantum computers with lim-
ited scale and error tolerance, we develop semidefinite programs (SDPs) to bench-
mark the results from our VQSA because the ideal outcomes can be estimated
classically for small numbers of qubits. Our benchmarks F L(oap, k) and F- 2(0ag, k)

are based on the positive partial transpose (PPT) and k-extendibility hierarchy. We
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present the details in subsections 2.5.1 and 2.5.2.

2.5.1 First Benchmarking SDP F ;

In this subsection, we detail the derivation of our first benchmarking SDP F 1
based on the SDP for fidelity [89]. Let psp and o 45 be bipartite states. The SDP for

the root fidelity VF (0aB, 0ap), which makes use of Uhlmann’s theorem [87], is as

follows:
pap  Xap
VF(0ap,04p) = max Re[Tr[X45]] : >0 ¢, (2.47)
XapeL(Hap) XT o
AB AB

where L(H,p) is the set of all linear operators acting on the Hilbert space Hyp.

We would ideally like to include a maximization over the set of all separable
states, but it is well known to be computationally challenging to optimize over
this set [19, 20]. Furthermore, it is not generally possible to characterize the set of
separable states using semi-definite constraints [90]. Instead, we approximate the
set by constraining o 45 to have a positive partial transpose (PPT) [60, 61] and be

k-extendible [62, 63], since all separable states satisfy these constraints. Let F 1(0aB)
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denote the resulting quantity, the square root of which is defined as follows:

Re[Tr[X45]] :
X
PAB AB >0,
— X o
VF pan. k) = max A AR , (2.48)
XA?T&;@EZ(?B)’ Trloap] = 1,
Oap: = Ppi(Tapt),
TB]..,j(O-ABl,..j) = 0 v] € {1’ ey k}

where B* = B, --- By, the notation Tk denotes the partial transpose map acting
on the system R, and #p denotes the channel that performs a uniformly random

permutation of systems B, through By.

Proposition 3 The following bound holds for a bipartite state pp:

2

= B (, IBP
Proof. Due to the containment discussed above, note that
Fy(pap) < F (pap, k). (2.50)

An opposite bound on F 1(0aB, k) in terms of F(p4p) is as follows:

2 2
V1= F,(0an) < N1 = Flpag. k) + 24 /% (1 - %) (2.51)

which can be rewritten as in (2.49):
2

Floap. k) <1 - (2.52)

B |BI?
VI=Fioan) =23/ (1=~
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It is a consequence of [91, Theorem IL7’], the triangle inequality for sine dis-

tance [92], and the Fuchs-van-de-Graaf inequalities [93]. Indeed, consider that,

~ 3
F(pag, k) = UABGIE%?T)_(PPTk F(pag,oaB) (2.53)
< UAILE%))ET,( F(pAB’ O'AB), (254)

where EXT-PPT; denotes the set of 045 being optimized over in (2.48) and EXT;
is the set of k-extendible states. Now recall that for all wi 3 € EXTy (see [91, Theo-

rem II.7’] and also just above [91, Theorem II.2] for their norm convention)

O'ABElglEiPl;l(A:B)% ||a)f,3 - UAB||1 = %Blz (2.55)
the sine distance obeys the triangle inequality [92]:
V1 = F(w,7) < {1 = F(w,&) + \1-F(,1), (2.56)
and the Fuchs-van-de-Graaf inequality [93]:
1~ VFw,7) < 3o~ (257)

where w, 7, and £ are states. If % llw — 7ll; < &, the latter implies that

1- VF(w,1)<e & \/1—F(w,T)S \/8(2—8). (2.58)

Letting o, be an optimal choice in (2.54) and o7, an optimal choice for

min,, ,csep:5) 3 ||w’j, 5 — 0 as||,, this implies that
in  NT=Flpan.oan < 1 = Floan.o" 2.59
GABEI%QA:B) V (0B, O aB) (0B, 0y p) (2.59)

< \/l—F(pAB,O'ﬁB)+ \/1—F(0';B,0"/§B) (2.60)
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B (| _ 18I
< \/l—F(pAB,O-f‘B)'Fz 7(1—7 . (261)
Rearranging and applying (2.53)-(2.54), we arrive at the claimed inequality
in (2.51). m

2.5.2 Second Benchmarking SDP F 2

In this subsection, we detail the derivation of our second benchmarking SDP F f,,
which is an SDP that approximates (2.6) in the main text. Consider a version of the
distributed quantum computation that led to (2.6) where, instead of restricting the
prover to only entanglement-breaking channels, we insist that the prover sends
back k systems labeled as A - - - A;. Then, the verifier randomly selects one of the &
systems and performs a swap test on the A system of the state /g4p. This random
selection is conducted so that the prover output is effectively reduced to that of an
approximate entanglement-breaking channel. Note that the resulting interactive
proof is in QIP(2). More specifically, the acceptance probability of this interactive

proof system is given by

max  Tr{IT Proa (Wran)], (2.62)
Proal -4,
where
_ 1 &
i=1
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and % is an arbitrary channel. Observing that Pr_ is a k-extendible channel [94,

95, 96, 97], it follows that

max TI'[HZX?%R_,A/ (l//RAB)] maX TI'[HZ%?S;_)A,((//RAB)], (264)

Prot-a) ko EEXTy

where EXT; denotes the set of k-extendible channels. These are defined by
&k 1 (psr) € EXT(S : A’) for every input state psr, where EXTi(S : A”) denotes the
set of k-extendible states. Hence, the quantity in (2.64) is an upper bound on (2.6),

and it is given by the following SDP:

Tr(IT,} TrR[TR(¢RAB)FRA 11

O B TS 269
RATK™
rﬁ;/l\ = PA/k(l—‘RA/I\)
where T, is the Choi operator of & and P4« is the channel that randomly per-

mutes the systems A’*. We can add further PPT constraints to this SDP, which is

still an upper bound on (2.6) and leads to our second benchmark F: 2(0ap, k):

Tr[Hgym TI'R[TR(l//RAB)rRA 11

_ Tru[TE ] =
%(1+F§(pAB,k)): max A R (2.66)

> &F &F
re20 I = PanTs, 0,

TA’I/(F RA/k) > 0 v] c {1’ B ,k}

where the map T is the partial transpose map acting on the system R.

The following theorem indicates how F2 approximates F,(op).

Proposition 4 The following bound holds for a bipartite state psp:

414 |B

F(pap) < F?(PAB,k) < Fy(oap) + r

(2.67)
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Proof. Since every entanglement-breaking channel is k-extendible, we trivially

find that
1+ F, svm
# = max Tr[(HAy,A ® Irp)Er—n (YraB)] (2.68)
EcEB
< max  Tr[(1})) ® Irp)Ex 4 (Yras)] (2.69)
&, 4 EEXT-PPTy
1+ F2(pap. k)
_ s ’ 2.7
UL (2.70)

where EXT-PPT, denotes the set of channels satisfying the constraints in (2.66).
Consider the following bound for a k-extendible state ! ; [91, Theorem IL.7’] (see

also just above [91, Theorem II.2] for their norm convention):

1

. 2|BP?
min -
o 4B€SEP(A:B) 2

||(,()1];B - O'AB”l < T (271)

We can use it and the result of [98, Lemma 7] to conclude that

2|R| A’
< "kl '. (2.72)

min % & -&

E€EB

Then consider that, for every fixed choice of Sfe € EXT-PPT,, there exists an

—A’

entanglement-breaking channel & satisfying

2 |R||A’]?
< llkl '. (2.73)

gt -¢&

1
5|
Then we find that

Te[(I5)} ® Ixp)Eksp Wran)]

o 2|R| A’}
< Tr[(T})) ® Irp)Er—n (Wran)] + | lkl | (2.74)
wm 2|RIIA’)?
< max Tr[(IT}) ® Irp)Eron (Wrap)l + allladl (2.75)

k

&EeEB
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_ 1+ Flpap)  2IR| AP

2.7
5 . (2.76)
Since the inequality holds for every &%, ,, € EXT-PPT}, it follows that
wm 1+F, 2|R||A')
max  Tr[(I127 ® Igp)Ex_ 4 (Yran)] < L) + Rl . (2.77)

k
&k _, , €EXT-PPT; 2 k

This concludes the proof after recalling that |R| < |A||B], observing that |A| = |A|,

and performing some simple algebra. m

Remark 4 Although the correction term in the upper bound in Proposition 4 decreases
with increasing k, it is clear that, for it to become arbitrarily small, k needs to be larger
than |AP|B|, which is exponential in the number of qubits for the state pap. Thus, this ap-
proach does not lead to an efficient method for placing the fidelity of separability estimation
problem in QIP(2) or even QIP.

2.6 Examples

We now present an example simulation of our VQSA to demonstrate that it can
estimate the fidelity of separability. For our first example, we take the state of
interest psp to be a (3/4,1/4) probabilistic mixture of two maximally entangled

states, |®*) = V1/2(]00) + [11)) and [®~) = +/1/2(]00) — |11)), so that
3 1
PaB = Z|CD+X‘D+| + Z|CD_X(D_|- (2.78)

Systems R, A, and B of the purification of p,z contain one qubit each. See Fig-

ure 2.7 for the results. We use the benchmarks and VQSA to estimate the fidelity

46



© o o
N 00 O

o
o

—— VQSA
Fl k=3
—— FZ k=2

Fidelity Estimate

o
U

©
I

o
w

0 100 200 300 400 500
Iterations

Figure 2.7: Fidelity of separability calculated for a (3/4,1/4) classical mix-
ture of |®*) and [®~) using our VQSA (blue line). The algorithm
converges to 0.93, which agrees with the value obtained using

the benchmarks F! and F2.

of separability as ~ 0.93. We evaluate these benchmarks for different levels of the
k-extendibility hierarchy. See Section 2.7 for more examples and Section 2.9.1 for

details about the code we developed.

As a second example, we consider a state consisting of four qubits. Let us
consider the four-qubit state [i/) defined as follows:
1
V2

where A consists of two qubits A; and A, and B consists of two qubits B, and B,.

(10)4,10)4,10)5,10)5, + [1)4,11)4,11}5,11}5,) , (2.79)

We then pass A, and A, through a qubit depolarizing channel defined as D,(p) :=
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Figure 2.8: Fidelity of separability calculated for the state g,z as specified
in (2.80) using our VQSA (blue line) and F! (orange line).
(1-p)p+ pl/2 where p = 0.7. So, the final state under consideration can be written

as
Pag = (Dpa, @ Dypa, ® g, ® Ip,) (WX) . (2.80)

We can then use our VQSA to estimate the fidelity of separability for p4s and

compare the result against the previous SDP benchmarks. See Figure 2.8 for the

results.
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2.6.1 Local Reward Function

An essential issue with variational quantum techniques, such as VQAs, is the
emergence of barren plateaus or vanishing gradients as the number of qubits in-
creases [56]. However, recent results have shown that this problem can be miti-
gated by switching from a global reward function to a local reward function [57].
In our case, a global reward function is one in which we measure all the qubits
that constitute the system A, as done in the approach discussed in Theorem 2. An
example of a local reward function involves selecting a qubit in the system A at
random to measure in the computational basis and recording the outcome, accept-
ing if the result equals zero. Our proposed local reward function can be used to
obtain upper and lower bounds on our initial global reward function, following
the approach of [99, Appendix C]. Local functions have also been used recently to
avoid barren plateaus in VQAs when estimating the geometric measure of entan-

glement for pure states [100].

We develop alocal reward function as an alternative to the global reward func-
tion considered above, i.e., the acceptance probability in Theorem 2. The accep-
tance probability in Theorem 2 can be considered a global reward function be-
cause it corresponds to the probability of measuring zero in every register. As
indicated in [57], it is helpful to employ a local reward function to mitigate the

barren plateau problem [56], which plagues all variational quantum algorithms.

Let us define the local and global reward functions. Let Z; be the event of
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measuring zero in the i-th register. We then set the local reward function to be the
probability of measuring zero in a register chosen uniformly at random; that is, it
is given by the following:

1
L=~ Z Pr(Z). (2.81)

The event of measuring all zeros is given by (), Z;, and the probability that this
event occurs is G = Pr("; Z;), which is what we used in Theorem 2 as the global

reward function.

We are interested in determining inequalities related to the global and local
reward functions, and the following analysis employs the same ideas used in [99,

Appendix C]. Using DeMorgan’s laws, we find that

Pr(O z,-) = Pr[[u z]] =1- Pr(u z;‘] . (2.82)

We can then use the union bound to conclude that

Pr[ﬂ z,-) —1- Pr(U(Z,-)C) >1- Z Pr((Z))°). (2.83)

i i

Finally, consider that
G = Pr[ﬂ zi) (2.84)

i
i

>1- Y Pr(Z) (2.85)
= > PrZ) - (n-1) (2.86)
=nL-(n-1) (2.87)
=n(L-1)+1. (2.88)
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We can also derive an upper bound on the global reward function in terms of

the local reward function. Recall the following inequality, which holds for every

set {A;,A,,...,A,} of events:

1
P A2 - ) Pr(A).
U] Zew
Setting A; = Z{, we get

Pr(U z;‘] > % > Pr(Z).

Using DeMorgan’s laws, we obtain the desired upper bound as follows:

1

G = Pr(ﬂ Zi] <1- % Z (1 - Pr(Z,))

= % Z Pr(Z) = L.

In summary, we have established the following bounds:

nL-1)+1<G<L,

(2.89)

(2.90)

(2.91)

(2.92)

(2.93)

so that G = 1 if and only if L = 1. Since we always have G € [0, 1], the lower bound

is only nontrivial if L is sufficiently large, i.e., if L> 1 - 1.

We provide simulations of the local reward function in Section 2.7, indicating

that the local reward function can also be used to estimate the fidelity of separa-

bility of a given state.
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Figure 2.9: Fidelity of separability estimated using the local reward func-
tion of the VQSA and benchmarked by F!.

2.7 Further Simulations and Details

For our simulations, we use the Qiskit Aer simulator and Qiskit’s Simultaneous
Perturbation Stochastic Approximation (SPSA) optimizer to perform the classical
optimization. The jitters in the fidelity values between iterations of the VQSA can
be attributed to the shot noise in estimating the acceptance probability using the
Qiskit Aer simulator, as well as the fact that the SPSA optimizer we have used to

perform the classical optimization is itself a stochastic algorithm.

The input states and parameterized unitaries were generated using the hard-
ware efficient ansatz (HEA) [101] for all the simulations in our work. The HEA
consists of several layers, each composed of two parameters per qubit per layer,
specifying rotations about the x- and y-axes. After each layer of rotations is a se-

ries of neighboring qubit CNOT gates. When using the HEA to generate the input
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states, we keep the rotation angles fixed, thus leading to a fixed input state. For
the parameterized unitaries, the rotation angles are parameters and are optimized

over.

In Figure 2.9(a), we report simulation results after generating a random bipar-
tite product state, with each partition containing two qubits. We remove all the
CNOT gates from the HEA that generates the input state p to guarantee a prod-
uct state. We calculated the fidelity of separability using both the local reward

function of the VQSA and the benchmark F!, the latter discussed in Section 2.5.1.

In Figure 2.9(b), we do the same for a random bipartite state with the partitions
A and B containing two qubits and one qubit, respectively, and three qubits in the

reference system.

We generated all parameterized unitary circuits in the following fashion. We
used the Qiskit Aer simulator and Qiskit’s Simultaneous Perturbation Stochastic
Approximation (SPSA) optimizer to perform the classical optimization. All other
details can be found in Table 2.1. The local reward function of the VQSA requires
more classical processing (like picking a qubit at random to measure) and seems
to require more iterations to reach the correct value. However, these downsides
are outweighed by the fact that it is less susceptible to the emergence of barren

plateaus. More details about the local cost function can be found in Section 2.6.1.
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Figure No. of Qubits State pag Layer Count
o Wk no. of layers = 2
27 |R=2,A=1,B=1 (3/4)| D XD + (1/4)|0- XD
U; no. of layers = 2
08 R=d4, A=2 B=2 1(Z)p,Al ® D)4, ® L) (WX Wk no. of layers = 4
¥ = ~5 (1004, 10)4,100)5 + 1104, 11)4,111)5) | U} no. of layers = 4
Wk no. of 1 =4
29(a) | R=3,A=2,B=2| Random product state using HEA [101] R 110, OF AYEIS
U no. of layers = 4
) Wk no. of layers = 4
29() | R=3,A=2,B=2 | Random entangled state using HEA [101]
U; no. of layers = 4

Table 2.1: Details of all VQSA simulations.

2.8 Quantum Computational Complexity Considerations

Our final result is regarding the computational complexity of estimating the fi-
delity of separability F (psp). The complexity-theoretic approach allows us to
classify the separability problem based on its computational difficulty. Analy-
ses of this form can be effectively conducted within the framework of quantum

computational complexity theory [74, 75].

In the paradigm of complexity theory [102], a complexity class is a set of com-
putational problems that require similar resources to solve. If a complexity class A
is contained within another class B, then some problems in B could require more
computational resources than problems in A. To effectively characterize the diffi-
culty of a class of problems, we pick a problem that is representative of the class

or complete for the class. A problem # is considered complete for a complexity
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class A if & is contained in the class and the ability to solve the problem & can be

extended efficiently to solve every other problem in A.

To tackle the question posed about the computational complexity of estimat-
ing the fidelity of separability, we define QIPgg(2) to be the complexity class con-
taining problems that can be solved using a prover restricted to applying only
entanglement-breaking channels, which processes a quantum message received
from the verifier and sends back a quantum message to the verifier. Thus, esti-
mating the fidelity of separability of a given state then falls within QIPgg(2), as
seen from Figure 2.2. To fully characterize this novel complexity class, we provide
a complete problem for it. We establish that, given quantum circuits to generate
a channel N,_; and a state pj, estimating the following quantity is complete for
QIPgg(2):

{(p(x)%{mzp(x)Fwﬁ,NAﬁB(soz)), (2.94)

PB=Xx P(x)lﬂ;; .

where {(p(x),¥")}, is a pure-state ensemble and {¢*}, is a set of pure states.

2.8.1 Complexity Class QIPgp(2)

In this subsection, we establish a complete problem for QIPgg(2), and then we in-
terpret this problem in Remark 7. See [74, 75] for further background on quantum
computational complexity theory. Let us first define the complexity class QIPggp(2).
LetA = (Ayes,Ano) be a promise problem, and let a,5 : N — [0, 1] and p be polyno-

mial functions. The verifier V is described by a polynomial-time generated family
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of quantum circuits. The prover P is a family of arbitrary entanglement-breaking
channels that naturally interface with a given verifier. Then A € QIPgg(2)(a, b) if

there exists a two-message verifier with the following properties:

1. Completeness: For all x € Ay, there exists a prover P that causes the verifier

V to accept x with probability at least a(|x|).

2. Soundness: For all x € A,,, every prover P causes the verifier V to accept x

with probability at most b(|x]).

In the above, acceptance is defined as obtaining the outcome one upon measuring

the decision-qubit register.

Problem 5 Given are circuits to generate a channel Ng_s and a state ps. Fix a and

such that 0 < a < 8 < 1. Decide which of the following holds:

Yes:  f(Ngos,ps) = P, (2.95)

No:  f(Ng-s.ps) < a, (2.96)

where

Neoos, = Fs, Noos (@) : = 2.97
fNoos.ps) = max {Z POFWE, Noos (95) lepu)ws ,DS} (2.97)
with the optimization being over every pure-state decomposition of ps as 3, p(X)¢§ = ps.
Also, {¢*}, is a set of pure states.

Theorem 6 Problem 5 is a complete problem for QIPgg(2).
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Proof. The main idea behind the proof is to show that the acceptance probability
of a general QIPgg(2) problem can precisely be written as f(Ng_s, ps). This implies
that an arbitrary QIPgg(2) problem can be reduced to an instance of Problem 5,
and we argue at the end how this also implies that Problem 5 can be reduced to

an instance of a problem in QIPgg(2).

Consider a general interactive proof system in QIPgg(2) that begins with the
verifier preparing a bipartite pure state yg, followed by the system R being sent
to the prover, which subsequently performs an entanglement-breaking channel.
The verifier then performs a unitary Vgs_ps and projects onto the [1X1| state of

the decision qubit. Indeed, the acceptance probability is given by

gé%g Tr[([1X1|p ® I6)Vr's-pc(Er—r (Wrs))], (2.98)

where Vgs_,pc is the unitary channel corresponding to the unitary operator

Vr's—pg- By reasoning similar to that in (2.12), (2.19), and (2.20), we find that

ErrWrs) = ), PO O S, (2.99)

so that the acceptance probability is equal to

max TIr
{(p()¥H)}x,
3
2 PXWrg =Yg

(1X11p ® )V [Z p)gy © wé)

- Tr[(11X1 I = ®Us)], (2.100
max Zp(x) (11X 1lp ® I6)V (¢5 ®Y3)], (2.100)
{¢%),, *
2 PO =s

where we have used the shorthand V = Vi .s_,ps. Consider that, for all x,
Tr[(11X1lp ® I6)V (3 @ ¥35)] = [[K1lp ® I6) VI r @ W)sll3 (2.101)
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= max K1l ® (') VIgw ® sl (2.102)

= max Tr| V'(1X1lp @ l¢"X¢" o)V @ "Xy ls | (2.108)

= max Tr[We_rs (0" Xe" l6)dr ® W Xer'ls], (2.104)

le¥)G

where the isometric channel W_,r s is defined as
Weors() = Vrs-pe) (11X1p ® ()6)Vrrs—po (2.105)

and the corresponding isometry Ws_rs as Woors = (Vesope)'|1)p. Then, the

acceptance probability is given by

» PO Tr| W ks (9 X o) ® W Xyls | -
max 2xP [ G-rs (" X¢'l6)Pr ® W Xy S] . (2.106)
[AREN S POV = Us

Since the optimization over ¢y, is arbitrary, we can also write

max Tr[ We_rs (0" X¢ o) dr © W Xerls ]

60w

= max (¢l ® @'ls Wooreslp ol (2.107)
= lle ® (W'ls W s el (2.108)
= ((¢'lc Woors) In @ 4D ) (ke ® ('ls Woes D) (2.109)
= (¢"lc Woors)' Up ® W Xuls) Woorsle®Ye (2.110)
= Tr| (I ® WX 'ls) WorsleXe'le Wors)'| (2.111)
= Trlly " X' Is Nos ("X 6], (2.112)

where we define the channel Ng;_s as
Nios () = Tre[(Ves—pe) (1X1lp ® ()6) Vs —pcl- (2.113)
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Then, we find that the acceptance probability is given by

max > p(o) el X s Noos (9 Xe )] = max " pOF W3, Naos (@5)):
(PO}, {(PCY e )

feh, * Topwg=ps  *
2x PO =5

(2.114)

This concludes the proof of the first part.

To see how this implies that Problem 5 can be realized in QIPgg(2), note that the
circuit preparing the state pg prepares a purification and traces over the reference
system, and the circuit to generate N;_s is realized by adjoining an environment
system in the state |0X0|, performing a unitary, and tracing over the environment.
So we let the verifier prepare the purification of pg and this plays the role of ys
above, and the channel N;_,5 can be realized precisely as in (2.113) with appropri-

ate substitutions. =

Remark 7 The quantity in (2.97) can be interpreted as follows: Given a channel N and
a source state p, calculate the largest average ensemble fidelity attainable in reproducing
the source at the output of the channel. This means it is necessary to find the ensemble
decomposition {(p(x), ")}, of p as well as a set {¢*}, of encoding states that lead to the
largest ensemble fidelity (and this is what is left to the prover). This criterion is similar
to one used in Schumacher data compression [103], but this seems more similar to the
setting of the source-channel separation theorem [104], in which the goal is to transmit an
information source over a quantum channel. The channel N here could consist of a fixed
encoding &, noisy channel M, and fixed decoding D, (i.e., N = D o Mo &) and then the

goal is to test how well a given fixed scheme (&, D) can communicate a source p over a
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channel M, according to the ensemble fidelity criterion.

Remark 8 We can write the expression in (2.97) alternatively as

Eq. (297)=  max Zp<x>||<Ncﬁs>*<ws>llw (2.115)
pr(x)ws—ps

where (Ng—s)" is the Hilbert—Schmidt adjoint of the channel Ng_,s. Employing the ab-
breviations Yy = WXy "|s and ¢, = |@*X¢*lg, this follows because
T >
(ohax Z P Tr[Yrs Nos (96)]

")
Z)c P(x)lﬂs =ys

_ Te{(Noo)' 2.116
B, Zp(x) M(Nos ) (05 )05 (2.116)
pr(ﬁ)'ﬁs =y

= T Nos)' 2.117
{(p?g&}};}s) ZP(X) maX I'[( G S) ('705)90(;] ( )
pr(ﬁ)lbs =Yg

= max 37 p) [Neus) Wil (2.118)
SepE=ps ¥

If we define the function

gn(p) = ||(NG=s)"(os)||, - (2.119)

then the function in (2.115) is known as the concave closure of gn(p) and has been studied
in other contexts in quantum information theory [105, Section 2]. It has an interesting
dual formulation, as demonstrated in [105, Eq. (15)]. Given the observation in (2.115),
we can thus conclude that, given circuits to realize the channel N and state p, estimating
the concave closure of the function gx(p) within additive error is a complete problem for

QIPgp(2).
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Remark 9 Employing the reasoning from Remark 8, we find that the acceptance proba-

bility in (2.22) is equal to the concave closure of the following function:

floan) = || (0an ® LOTL (2.120)

where we used the fact that the state ps from Remark 8 is pap and the map Ng_s from

Remark 8 is

N(oanp) = Tra I SoansIT} 1, (2.121)
with adjoint

N (wap) =TT} (wap ® LI (2.122)

Observe that the map pap > 117 oy o (oap @ LT a1 proportional to that used ina 1 — 2
universal cloning machine [106, Eq. (17)]. If pap is pure, so that we write it as yap, then

the following inequality holds:
||Hsym(¢AB ® IA/)Hsym”m ||Hi\yAr?||m Wap @ Lall ||HZT||OO <1, (2.123)

where we applied the multiplicativity of the spectral norm. Thus, the concave closure of

f(pap) satisfies f(pap) € [0, 1]. Furthermore, from Lemma 1 below, we know that

showing the consistency of the claim just above (2.120) with Theorem 1 and Egs. (2.8)

I Wap ® LI = < (1 +Walls) (2.124)

and (2.10) in the main text. If pap is a pure product state, so that we can write it as

PaB = G4 ® @p, then we have that

I (64 ® @5 ® LT || = |

0 (ga ® LOIEY| (2.125)
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and the spectral norm on the right-hand side of (2.125) is achieved by choosing the vector
|)a ® |@)ar, SO that

({(@la ® (DAL} (P4 & LNILY (1904 @ | ar)
= ((Pla ®(Dla)(Pa @ Ly)(|d)a ® ) a) (2.126)

= 1. (2.127)

Lemma 1 For a pure state Y, the following equality holds:

T2 Wap © LOTE| L = (1 +wally). (2.128)

where Y5 = Trp[Yag).

Proof. Consider that

(053" © 15) (wXwlas @ 1) (37 © 1)

= [|owxvtas © 1) (T ® 1) Quxwas © )| (2:129)

Now consider that

(WX las ® L) (T ® 1) (WXl © La)

s+ Faa
= (WXas ® Ln) (%

1 1
=3 (Y Xerlap ® 1a) + 2 (1Y Xtrlap ® 1a) (Fan @ Ip) (W Xlap ® Ly) . (2.131)

® IB) WXz ® L) (2.130)

Then writing the Schmidt decomposition of [} as [Y)ap = > VAili)aliys, we find
that

(W Xtlap ® Lar) (Fan ® Ip) (W Xlap ® 14)
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= Z VA (W Xilalilg ® 1jXjlar) (Faa ® Ig) (1) ali" Y5 las ® 1/ X |ar)

Lt

= Z VA (WXiladilp ® 17X jla) (17 )ali") sl ag & i X j'|ar)

i’y

= > VUK a5 Wlas © LXK 1
i, ],

~ Z A Xilan ® liXila

= Y XYlap ® Z AdliXila

= [y X¢lap ® Yar.

Then

(WX las ® Io) (T37" @ I5) (WX ihlas ® L)
1 1
= 5 (Il X¥lap ® Ip) + W Xlap @ ElﬁA'
1
= [y X¥lap ® 3 Ly +Ya),

and we conclude that

(M35 1) (wxwias @ 1) (035 © 1)

1
= HWXWAB ® 2 Iy +Yra)

1
=3 (1 + Warll)

1
=3 (I +lalls) -

This concludes the proof. m
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2.8.2 Placement of QIPgg(2)

By placing the problem of estimating the fidelity of separability in the class
QIPgp(2), we establish results that link quantum steering and the separability
problem to quantum computational complexity theory. Furthermore, we show
that the complexity class QIPgg(2) contains QAM [107] and QSZK [108]. It also
follows, as a direct generalization of the hardness results from [21, 22], that the
problem of estimating the fidelity of separability is hard for QSZK and NP. All
of the aforementioned complexity classes are considered to be, in the worst case,
out of reach of the capabilities of efficient quantum computers. See Figure 2.10
for a detailed diagram. However, following the approach of [109], we can try

to solve some instances of problems in these classes using parameterized circuits

and VQAs.

2.83 QAM C QIP:(2)

First, recall that QAM consists of the verifier selecting a classical letter x uniformly
at random, sending the choice to the prover, who then sends back a pure state ¢,
to the verifier, who finally performs an efficient measurement to decide whether

to accept the computation [107]. Note that QAM contains QMA [107].

To see the containment QAM C QIPgp(2), consider that the verifier’s first circuit

in QIPgg(2) can consist of preparing a random classical bitstring in a system R.
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QIP (2) QIPEg(2)

QSZK QAM

QOMA

/

Figure 2.10: Placement of QIPgg(2) relative to other known complexity
classes. The complexity classes are organized such that if a
class is connected to a class above it, the complexity class
placed lower is a subset of the class above. For example,
QIPgg(2) is a superset of both QSZK and QAM.

BQP
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The verifier sends system R to the prover. Then, the prover’s action amounts to
preparing some state that gets returned to the verifier. The rest of the protocol

then simulates a QAM protocol.

2.8.4 QSZK C OIPgz(2)

Quantum statistical zero-knowledge (QSZK) consists of all problems that can be
solved by the interaction between a quantum verifier and a quantum prover,
such that the verifier accumulates statistical evidence about the answer to a de-
cision, but does not learn anything other than the answer by interacting with the
prover [110, 108]. A complete problem for this class is quantum state distinguisha-
bility, in which the goal is to decide whether two states p, and p,, generated by
quantum circuits, are far or close in trace distance [110]. This is a nice problem
for understanding the basics of the QSZK complexity class: the interaction be-
gins with the verifier picking one of the states uniformly at random, recording
the choice as a bit x, and then sending the chosen state p, to the prover over a
quantum channel. The prover can then perform the optimal Helstrom measure-

ment [111, 112] to distinguish the states, which has success probability equal to

1 1
suce = & 1+ = - . 2.14
p 5 ( + 5 lloo pl“l) (2.143)

The Helstrom measurement leads to a decision bit y, which the prover sends back
to the verifier over a quantum channel (here, a single classical bit channel would

suffice). The verifier then accepts if x = y, and the probability that this happens is
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equal to psuc. By repeating this protocol a polynomial number of times and invok-
ing the error-reduction protocol from [110], it follows that the verifier can make
the completeness and soundness probabilities exponentially close to one and zero,
respectively, to have essentially zero error probability in the final decision about
whether the states are near or far in trace distance. Finally, the interaction has a
“zero knowledge” aspect because the verifier only learns the bit of the prover and

nothing about how to distinguish the states.

Since quantum state distinguishability is a complete problem for QSZK and
the interaction described above can be performed in QIPgg(2), the containment

QSZK < QIPgg(2) follows.

2.9 Conclusion and Discussion

In this chapter, we detailed a distributed quantum computation to test the sep-
arability of a quantum state that, at its core, uses quantum steering. This test
demonstrated a link between quantum steering and the separability problem. The
acceptance probability of this distributed quantum computation is directly related
to an entanglement measure known as the fidelity of separability. Using the test’s
structure, we also showed computational complexity-theoretic results and estab-
lished a link between quantum steering, quantum algorithms, and quantum com-
putational complexity. By replacing the prover with a parameterized circuit, we

modified this distributed quantum computation to develop our variational quan-
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tum steering algorithm (VQSA), a novel kind of variational quantum algorithm
that uses quantum steering to address the problem of estimating the fidelity of
separability. This algorithm allows for the direct estimation of the fidelity of sepa-
rability without the need for state tomography and subsequent approximate tests
on separability. Our algorithm is not unitary due to the mid-circuit measurement
on system R and the consequent conditional operation applied on system A. This
is an important distinction from most VQAs, which do not use a parameterized
mid-circuit measurement. We also discuss multipartite generalizations of both
our separability test and VQSA. Finally, we simulated our VQSA using the noisy
Qiskit Aer simulator [113], which showed favorable convergence trends and was

compared against two classical SDP benchmarks.

Our VQSA has applications beyond entanglement quantification on a sin-
gle quantum computer. We can also think of our VQSA as a distributed vari-
ational quantum algorithm for measuring the entanglement of a bipartite state.
See [114, 115, 116] for previous instances of distributed VQAs. Indeed, our algo-
rithm can be executed over a quantum network, in which each node has quantum
and classical computers capable of performing VQAs. The initial part of the algo-
rithm distributes R to Rob, A to Alice, and B to Bob, who are all in distant locations.
Then, Rob performs the parameterized measurement and sends the outcome over
a classical channel to Alice, who performs another parameterized measurement.
They can repeat this process to assess the quality of the entanglement between
Alice and Bob. This interpretation is even more interesting regarding quantum

networks for the multipartite case, in which the classical data gets broadcast from
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Rob to all the other nodes except the last one.

VQSAs can tackle other problems involving quantum steering, like maximiz-
ing the pure-state decompositions of quantum states. This technique may also
be helpful in estimating other entanglement measures that involve optimizing
over the set of separable states. By applying the insights of [88, Appendix A]
and our approach here, it is clear that VQSAs will also help estimate maximal
fidelities associated with other resource theories, such as the resource theory
of coherence [117]. More broadly, we suspect that the paradigm of parameter-
ized mid-circuit measurements and distributed variational quantum algorithms
will help address other computational problems of interest in quantum infor-
mation science and physics, given recent advances in experimental implemen-

tations [118, 119, 120, 121].

2.9.1 Software

All of our Python source files are available with the arXiv posting of [122]. We
performed all simulations using the noisy Qiskit Aer simulator. The Picos Python
package [123] was used to invoke the CVXOPT solver [124] for solving the SDPs,
and the togito Python package [125] was used for carrying out specific operations

on the matrices representing quantum systems.
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CHAPTER 3
DEVICE-INDEPENDENT CERTIFICATION OF MULTIPARTITE
DISTILLABLE ENTANGLEMENT

3.1 Introduction

Quantum networks may become a reality within the near future and have the po-
tential to open up several avenues of applications. Potential uses for quantum
networks include quantum computers connected together for distributed com-
puting tasks [7, 8], a collection of quantum sensors that implement a joint mea-
surement on a system of interest [9, 10, 11, 12], or a number of distant nodes that
transmit quantum states among themselves [13, 14, 47]. To realize the full poten-
tial of quantum networks, the efficient production and distribution of multipartite

entanglement is essential [15].

To distribute multipartite entanglement over large distances, one can choose
two basic approaches. The first approach involves distributing bipartite entangle-
ment between each of the nodes and then using local operations and classical com-
munication to convert the global state into a desired multipartite state [126, 127].
The alternate method involves producing the multipartite state of interest at a sin-
gle location [128] and distributing the resulting state via quantum channels to the
intended recipients. Whichever procedure one might employ;, it is important to

study the associated success probability and quality of entanglement yielded by
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these procedures.

This point raises the question: how can we certify or guarantee that a min-
imum amount of entanglement is produced by a certain procedure or method?
This question becomes more interesting when we recall that quantum networks
may have components based on different architectures: for example, supercon-
ducting qubits for computing [129, 130, 131], trapped ions [132] or solid-state
qubits [133] for memory, photons for communication [128], and so on. Hence,
we need to adopt a framework of certification that is independent of the con-
stituent parts of the quantum network, thus bringing us to device-independent

(DI) protocols.

The general interest in DI protocols [134, 135] stems from the fact that one can
test and verify the amount of entanglement in a state using only classical inputs
and outputs, along with classical communication. DI protocols are based on vari-
ous self-testing results [39, 136, 137, 138], the first of which were developed in [39].
(See [139] for a review.) Most importantly, such protocols are agnostic to the un-
derlying mechanics and specifics of the state being tested. As such, and relevant
to the present chapter, DI protocols are suitable for the certification of multipartite
entanglement in quantum networks, especially ones that contain elements with

dissimilar underlying technologies.

There has been a lot of recent interest in device-independent protocols in-
volving more than two parties, including investigations into Bell-type inequali-

ties [140, 141] and their application toward DI conference key agreement, involv-
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ing achievable rates [3, 50] and upper bounds on key-agreement rates [142, 143].
However, little attention has been paid toward the device-independent certifica-
tion of multipartite distillable entanglement. Multipartite entanglement distilla-
tion is an important step to ensure that we are using states that are as close as

possible to ideal states.

In this chapter, we provide a lower bound on the certifiable rate of one-shot
multipartite distillable entanglement in a device-independent setting. The mul-
tipartite Greenberger-Horne—Zeilinger (GHZ) state is the basic entanglement re-
source that is critical to maximizing the utility of quantum networks for appli-
cations like quantum sensing [9, 10, 11, 12], multi-party quantum communica-
tion [13, 14, 47], and distributed quantum computation [7, 8]. It is vital to distill
GHZ states from less-than-perfect multipartite states that are available to the par-
ties in a quantum network, while using only minimal additional resources like
local operations and classical communication (LOCC). To maximize the utility of
every copy of an available multipartite state, we need to look at the one-shot dis-
tillable entanglement of the state shared by the quantum network. The device-
independent setting means that all the conclusions are drawn from only the clas-
sical inputs and outputs of the protocol, along with the assumption of the com-
pleteness and correctness of quantum mechanics [39, 136, 137]. In other words, the
conclusions hold true regardless of the precise inner workings of the experimental

devices.

In more detail, we extend DI entanglement distillation certification from the
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bipartite scenario [144] to the multipartite scenario. In what follows, we first
give a detailed description and definition of what we mean by DI multipartite
entanglement distillation. In Section 3.2, we define a DI, M-partite entanglement
distillation certification protocol, which consists of completeness and soundness
conditions. In Section 3.3, we provide a detailed description of a proposed proto-
col. Our proposed protocol is centered around the Mermin—Ardehali-Belinskii-
Klyshko (MABK) inequality [41, 42, 43], which is critical to proving the complete-
ness condition. We show in Section 3.4 that the proposed protocol is complete.
Thereafter, in Section 3.5, we proceed to proving that it is sound, by making use of
the entropy accumulation theorem [145] and the structure of the MABK inequal-
ity [45].

3.2 Definitions and Setup

In this section, we provide several definitions that we use throughout the rest of
the chapter, including the GHZ orthonormal basis, the one-shot multipartite dis-
tillable entanglement of a multipartite quantum state, an entanglement distillation

certification protocol, and basic entropies.

Definition 6 The GHZ orthonormal basis for the set of M-qubit states is composed of the

following 2™ states:
1

N [0, u) + (=D"|1,@)], (3.1)

W/v,u) =
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where v € {0, 1}, while u € {0, 1}~ and i = 1@u are M — 1 bit strings, with 1 the all-ones

bit vector of size M — 1.

The one-shot multipartite distillable entanglement of a state quantifies the
amount of multipartite entanglement that we can distill from a single copy of the

state. It is defined formally as follows:

Definition 7 (Multipartite distillable entanglement) Let ¢ € [0,1]. The one-shot

distillable M-partite entanglement E7(pa,,) of a multipartite state py,, = pa,..a, 1S de-
fined as

Ep(on) = sup {logyd s F( Lyt @), 04, )2 12}, (32)
£éroce

where the optimization is over every LOCC channel Ly, _,4,,, the fidelity is defined as
F(p,o) = ||\p Vo

?, and d)gwl = | DYDY iy 18 an M-party, rank-d GHZ state, with

| !
=—= D 14 - [Day- (3.3)
\/C_l ; A A
The asymptotic distillable entanglement is defined in terms of the following limit:

Ep(pay,) = 1r(1)f1)11m inf — E (pAW] (3.4)

Since our goal is to quantify multipartite distillable entanglement in a device-
independent setting, we want to be able to make statements about the aforemen-
tioned quantity that hold regardless of the physical systems involved. In other

words, we want to bound this quantity in a device-independent setting.
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Let us take a closer look at what this means. To begin with, suppose that all
parties A;,..., Ay are given a share of a multipartite quantum state pj,..4,,, which
is distributed to them by a possibly unknown entity. Each party also has access to
a black box with which they can interact classically. For each classical input, the
corresponding black box applies a positive operator-valued measure (POVM) on
its respective share of the multipartite state. After the application of the POVM,
the box outputs a classical value that is recorded by the corresponding participant.
The parties can use the results of the measurements to complete certain tasks of
their choosing. If they use only the inputs and outputs from the black box to com-
plete their task, they will have completed the task independent of the underlying
physical realization of the measurement and states shared among them. This is

the idea behind device independence.

We now define what we mean by a device-independent (DI) protocol for certi-
tying a rate of one-shot distillable multipartite entanglement. Our definition for a
DI M-partite entanglement distillation certification (DIMEC) protocol is based on
the definition of a DI entanglement certification protocol in [144], defined therein

for two parties.

Definition 8 (DIMEC protocol) Let n € N, let ggno, Esna, Ecmp € [0, 11, and let r > 0
be a threshold M-partite distillation rate. Furthermore, let S™™ be a set of “honest”
states, each of which is denoted by ¢""'. Let D" e the set of “honest” measurement
devices. Let P be a protocol employing only multipartite LOCC, which, upon being given

a state o € D(@Zl 7—(;?{_”), creates a state p € Z)((X)fz1 7—(2”). Let pq denote the final state
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conditioned on the protocol not aborting.

A protocol P is said to be a DI M-partite entanglement distillation certification

(DIMEC) protocol if the following conditions hold:

1. Noise tolerance (completeness): The probability that P aborts when applied on

ghonest € Shonest ysing a measurement device from DM is at MOSt Eep.

2. Entanglement certification (soundness): For every source o and measurement de-
vice, either E},"(piq) > r or P aborts with probability greater than 1 — &4y, when

applied on o

To design a protocol and show that it satisfies all the conditions in Definition 8,
we need to use some information-theoretic quantities. Here we recall the defi-
nitions of von Neumann entropy, coherent information, and smooth conditional

max-entropy.

Definition 9 The von Neumann entropy H(A), of a state p, is defined as follows:

H(A), = — Tr[ps 10g, pal. (3.5)

Definition 10 The coherent information 1(A)B), of a bipartite state pap is defined as
follows:

I(A)B), = H(B), - H(AB), = ~H(AIB),, (3.6)

where H(B), is the von Neumann entropy of pp = Tralpag]l and H(A|B), = H(AB), —

H(B), is the quantum conditional entropy of the state pp.
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Definition 11 ([146]) The smooth conditional max-entropy of a bipartite state pap is de-
fined forall € € (0, 1) as
Hy(AIB), = Inf Hinox(AIB),, (3.7)
ped<

where

Do ={w>0:Trlw] <1}, (3.8)

p is such that \J1 — F(p,p) < & Huax(A|B), = sup,, 10og, F(pap, 14 ® o), and F(p, o) =
|vB V| is the fidelity.

3.3 Device-Independent Multipartite Entanglement Certifica-

tion Protocol

Before introducing our proposed DIMEC protocol, first we need to discuss the
MABK inequality [41, 42, 43]. Let x; denote an input to the ith measurement de-
vice, and let a; denote the outcome of a measurement, where i € {1,..., M} and
M is the number of parties involved. We can then define the MABK inequality as

follows.

Definition 12 Let O} and O', be binary observables for all i € [M]. The M-partite MABK

operator, Ky, is defined by the following recursion relation:

1 — Avp A

Ky = ET(WM—lﬂ(M—l, 03/1, 0]1‘4), (3.9)
1 A1 A1 A A

K, = ET(OJ), 01,05, 07), (3.10)
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where Ky_1 is obtained from Ky, by exchanging O} and O, for all i € [M] and
T(Eo, El, é(), él) = Eo ® (éo + él) + El ® (é() - é]) . (311)
The M-partite MABK inequalities are then defined for all M > 2 as

4-M
2 2

Te| Ky pA[M]” <2"¥2 e M. (3.12)

The MABK inequalities are such that a violation of the inequalities for m = 1
proves that at least two parties are entangled, the violation of the inequalities for
m = M — 1 proves genuine M-partite entanglement, and the case where m = M
gives an upper bound (tight) on what is achievable by quantum mechanics. In

this work, we are interested in m = M — 1 and m = M, which correspond to

Bm = ZLTM

Tt Ko pA[MJ]’ € [2,2V2]. (3.13)
The CHSH inequality corresponds to

pr = 2|Ti| %Ko ps, || € 12,2 V21, (3.14)

For our purposes, we need to turn the MABK inequality into a game. This
can be done using the procedure outlined in [44]. By unraveling the recursion
in (3.9)—(3.10), we can rewrite the M-MABK operator as

Ky =272L7] Z (=)@ @ o, (3.15)
xe{0,1}M i€[M]
where x; € {0, 1} is the ith bit of x and f : {0, 1} — {0, 1, L} is a function such that

(=1)* = 0 by convention.
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For the MABK game, the M parties have two measurement settings each, de-
noted by x; € {0, 1}, and all measurements have two possible outcomes, denoted
by a; € {0, 1}. Then the winning condition for the MABK game is as follows [45]:

L if P, ai = fCxu)

0, else

(3.16)

Win(.X[M], a[M]) =

where f is defined by the M-MABK operator in (3.15). The minimum and max-
imum winning probabilities when the underlying state is genuinely multipartite

entangled are respectively as follows [45]:

Prmin = 22 F ML 4 L35 2 (3.17)
Pama = 223V ol F s (3.18)
Note that when M is even,
Pon=3/4 and  p. =2+ V2)/4. (3.19)
Similarly when M is odd,
Pow =2+ V2)/8 and ph, =1/2. (3.20)

Based on the MABK game defined above, we propose Protocol 1. There are
two types of rounds in Protocol 1: a testing round, where the parties play the
MABK game and record the result, and a storage round, where the parties simply
store the state they receive in a quantum memory. At the beginning of each round,
we choose between these types uniformly random. The main result of this chapter
is that Protocol 1 is a DIMEC protocol, satisfying the requirements of Definition 8,

and we state this result formally in Theorem 18.
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1:

2:

9:

10:

11:

Protocol 1: : DIMEC protocol based on the MABK game

Arguments:

M — untrusted measurement device, with inputs and outputs in the set
{0, 1}

n € N, —number of rounds

y — the probability of conducting a test

wexp — €Xpected winning probability in the MABK game

dest € (0, 1) — width of the statistical confidence interval for the estima-
tion test

A;;j indicates a classical register belonging to the i-th party and j-th

round.

For every round j € [n], do steps 2-10:
Let ¢/ denote the multipartite state produced by the source in this
round.
SetA;;,X;;,W;=1forallie [M].
Choose T; = 1 with probability y and T; = 0 with probability 1 —y.
IfT;=1:
Choose inputs X; ; € {0, 1} uniformly at random.
Measure ¢’ using M with the inputs X; ; and record outputs 4; ; € {0, 1}.
Set W; = 1 if the MABK game is won and W, = 0 otherwise.
IfT;,=0:
Keep ¢/ in the registers X A, ;.
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3.4 Completeness

In this section, we show that Protocol 1 is complete. To prove the completeness
condition in Definition 8, we need to show that our protocol applied to an arbi-
trary ¢t € Shorest aborts with only a small probability. We prove this result in

the following theorem.
Theorem 10 The following bound holds:

Eemp < exp(—2n6% ). (3.21)
implying that the probability that Protocol 1 aborts for ¢homest € Stonest is no larger than

exp(—2n(5§st).

Proof. Protocol 1 aborts when W, the estimator for the MABK game winning prob-
ability, is not high enough. This happens when the MABK violation is not large or
if the number of samples is not sufficiently large. Whenever ¢"" € S"" and the
rounds are independent and identically distributed (IID), i.e., an honest imple-
mentation, the sequence ()((Tj =1 Wj)j:1 is a sequence of IID random variables.

Using Hoeffding’s inequality [147], we conclude that
Eemp = PI‘(W < (WexpY = Gest) - n) < e—2n6§m’ (3.22)

completing the proof. m
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3.5 Soundness

In this section, we prove the soundness of Protocol 1. To do so, we need to show
that the protocol ensures a minimum amount of multipartite distillable entangle-
ment or aborts with high probability. First, we briefly discuss a protocol to distill
multipartite entanglement from a mixed state. We will use this achievable rate of

multipartite distillable entanglement to prove the soundness of Protocol 1.

Consider the following setting: a pure state y/4,...4,,8& is held by M + 2 parties,
with the ith sender holding A;, fori € {1,..., M} =: [M], one receiver holding B, and
a reference system holding R, which serves as a purifying system. Additionally,
Alice-i and Bob share a maximally entangled state ®(c;)a/ B, of Schmidt rank ¢; € N,

and so the initial overall state is
Ya-ausr ® Plc)ap ® - ® D(cm)ay, b, (3.23)
Multiparty state merging is an LOCC protocol that transforms this initial state to
WA hybr ® Pd)argy ® -+ @ O(dy)ay, sy, (3.24)

such that all of the systems A,---AyB are in Bob’s possession. (For details, see
Section 6.3 of [148].) If ¢; > d;, then the protocol consumes log, ¢; — log, d; ebits
shared between A; and B. If ¢; < d;, then the protocol produces log, d; —log, c; ebits,
which are shared between A; and B (recall that the term “ebit” is synonymous with
the standard Bell pair). If the protocol distills ebits between each Alice, A; --- Ay,
and Bob B, then they can apply LOCC to convert several copies of their ebits into

multipartite GHZ states.
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For a one-shot realization of the entire process of using LOCC to convert
Wa,.-a,r into a GHZ state, we need only understand the one-shot behavior of the

state merging step. The theorem needed for the state merging step is as follows:

Theorem 11 (Theorem 6.15 of [148]) Given the setting above, quantum state merging
can be achieved successfully, in the sense that the fidelity constraint in (3.2) holds, for
£=28-3"2+/g’ €(0,1), if for all K C [M] such that K # 0,
z:(log2 di — log, ¢;) < —HE, (Ax|AgB), +2log . (3.25)
keK

Using the above theorem and the steps elucidated earlier, we conclude the

following:

Theorem 12 (Theorem 9 of [149]) Let pg,..a, be a state held by m parties. The follow-
ing is an achievable rate for GHZ distillation under LOCC:

{ . I(AK>A[M]\K)p} (3.26)

max
ke[M]

min
KSIM\k K|

where I(A)B), is the coherent information of a state 6,p.

The statement above gives a bound only on the asymptotic rate of GHZ distil-
lation from mixed states. For our purpose, we require a lower bound on 1 E%(p%" ).
[M]

The following proposition gives such a bound by making use of the developments

of [148, 149].
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Proposition 5 Let py,..4, be held by m parties. Fix & > 0 such that & == 8 - 3¥2+fg’' €
(0, 1). Then the following is an achievable one-shot rate for GHZ distillation under LOCC;

ie.,

(3.27)

1
;EZ(p‘X’” ) > max{ min IYREE

—H, Akl Apng), +210ge3’
A ke[M] | KS[M]\k K|

Proof. To achieve this one-shot rate, we can use the protocol outlined in [149,
Theorem 9] but without time sharing. Time shared decoding is replaced with si-
multaneous decoding, as the former is not possible in the one-shot setting. We
obtain achievable rates for the one-shot case by replacing coherent information
in (3.26) with the conditional smooth max-entropy. This leaves us with an expres-

sion commensurate with (3.25) in Theorem 11. m

3.5.1 Entropy Accumulation Theorem (EAT)

To certify that a minimum amount of multipartite entanglement can be distilled
from the states left over at the end of n rounds of Protocol 1, we need to lower

bound -H;,,,

(A?"lAE@A’,;]\ K)p®n' Since this is a finite-length protocol, and we are in-

terested in a smooth entropic quantity, we can use Entropy Accumulation Theory
(EAT) to obtain a rate r in terms of the desired error constants. To apply EAT, one
needs to define “EAT channels,” which describe the sequential process under con-
sideration, and max-tradeoff functions. In our case, the sequential process results

from our protocol for the certification of multipartite entanglement distillation.
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For a sequential process like our protocol, the most restrictive relation between
the rounds is to assume that they are IID. However, such a restriction is arguably
too strong for the device-independent scenario. Entropy accumulation theory al-
lows for a more general relation between the rounds of our protocol. This is en-

capsulated in the following definition of EAT channels.

Definition 13 (EAT channels [145]) An EAT channel N; : R;_; — R;0;S ;W,, for j €
[n], is a CPTP map, such that, for all j € [n]:

1. W, is a finite-dimensional classical system. S ; and R; are arbitrary quantum sys-

tems.

2. Given an input state og,_,, the output state og,0,5,w, = N j(O-Rj_l) has the property
that one can perform a quantum instrument on the systems O;S ; (in the state oo s ),
obtain the classical register W;, and discard it, without changing the state oos .
That is, for the instrument T : O;S ; — O;S ;W; describing the process of obtaining
W, from O;and S ;, it holds that (Try, o7 ) (O'Ojs,) =00;s;

3. 0jis a finite-dimensional quantum system of dimension do,.

If the rounds are not IID, then we cannot consider a round of the protocol to
be completely independent of the preceding rounds. In other words, we cannot
use the additivity property of the quantities under consideration. To resolve this,
entropy accumulation theory requires that a special function, associated with our

protocol, be found. This special function is called the max-tradeoff function.
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To define max-tradeoff functions, we need to clarify some notation, which
we will use henceforth. Given a value w = (wy,...,w,) € W", where W is a fi-
nite alphabet, we denote by freq,, the probability distribution over ‘W defined by

M for w € ‘W. If 7 is a state classical on W, we write Pr[w], to

freq, (W) =
denote the probability that 7 assigns to w. Now, we move on to the definition of

max-tradeoff functions.

Definition 14 (Max-tradeoff function [145]) Let Ny, ..., N, be a family of EAT chan-
nels. Let ‘W denote the common alphabet of Wy, ..., W,. A concave ' function fi.x from
the set of probability distributions p over ‘W to the real numbers is called a max-tradeoff

function for {N}; if it satisfies
Jmax(p) = sup {H(0j|Sj)Nj(O_) : Trg,0,5,INj(0)] = P} , (3.28)
for all j € [n], where the supremum is taken over all input states of N; for which the

marginal on W of the output state is the probability distribution p.

The statement of the EAT, relevant for the smooth max-entropy, is given below

(see [145, Theorem 4.4] and Eq. (A.2) of [150, Appendix A]).

Theorem 13 ([145, 150]) Let N; : R;.; — R;0;S ;W; for j € [n] be a sequence of EAT

channels as in Definition 13, Togw = (Trg, oN,, o - -- o N) (t,) the final state, Q an event

Let Q) be a set of frequencies defined via freq, (W) € Q if and only if w € Q. We can consider
concave functions, in contrast to affine ones [145], since the event Q defined in the current work
results in a convex set Q.
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defined over ‘W" indicating acceptance, Pr[Q]. the probability of acceptance given the

underlying state T, and t\q the final state conditioned on Q.

Let &ymo € (0, 1). For fuax a max-tradeoff function for {N};, as in Definition 14, and
all t € R such that fr. (freq,) < t for all w € W" for which Pr[w],, > 0, the following
holds:

max

Hzme (O18),, < nt+v i, (3.29)

where do, denotes the dimension of O; and

v = 2 (logy(1 + 2do,) + TV fnaxllew]) VT = 2108, (Esmo - PrIQI). (3.30)

It has been shown that Theorem 13, the generalized entropy accumulation
theorem, holds regardless of whether the sequence of channels {N,}; satisfies a
Markov-chain condition [150, Appendix A]. Note that the original entropy accu-

mulation theorem [145] does require such a Markov-chain condition.

3.5.2 EAT Channels

In this subsection, we prove that Protocol 1, for all j € [n], satisfies the conditions
for EAT channels, N; : R;_; — R;0;S ;W; as outlined in Definition 13. This is a nec-

essary condition for the application of the entropy accumulation theorem [145].

Consider Condition 1 of Definition 13. We can think of R; as a source dis-

tributing the states across the network. As far we are concerned, it is an arbitrary
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quantum system. W; is the classical register associated with determining whether
the MABK game has been won. W; is finite dimensional, as it can take only three
values. S ; consists of all the systems involved in the protocol, except for the sys-

tem Ay ; for some M’ € [M — 1].

For Condition 2 of Definition 13, we can see that W, is determined using only
the classical values A; ; and X; ; and does not affect the classical and quantum reg-

isters.

Finally, we are left with Condition 3 of Definition 13. Checking these condi-
tions is more involved. First, we note that Protocol 1 makes use of the MABK
inequality, which involves two inputs and two outputs for all parties involved.
This allows us to apply Jordan’s lemma on every party. Now, we recall Jordan’s

lemma [151]:

Theorem 14 (Lemma 4.1 in [151]) Let Oy and O, be two Hermitian operators with
eigenvalues —1 and +1. Then there exists a basis in which both operators are block di-

agonal, in blocks of dimension 2 X 2 at most.

For each party A; and for every round j, we can reduce the associated binary
observables O and 0!’ to a block-diagonal form in a suitable local basis using

Theorem 14. The block-diagonal form is as follows:

0y =Eh oy =P o, (3.31)

d;; di;
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oY =P oy (3.32)
d;j

= @ (cos(adi, /.) o+ sin(ozd,.,j) ol ) : (3.33)

di;

Let I1;,; denote the projection onto the d; jth block. If we act with the projec-
tion Il,; on py,,, , then we obtain the index d; ; of the corresponding Jordan block.
Hence, after the application of the projection, the system possessed by each party
is a two-dimensional system. This is true of A; ; especially, which satisfies Condi-
tion 3. After party i performs the measurement {Il;, },,, for round j, for all i € [M],

the post-measurement state is as follows:

(®fv11 Hd,,)PAWJ, (
Tr[(@l 1Hd,,)PA ] [® |le><le|) (3.34)

Note that the first M quantum registers on the left have been reduced to qubit

registers.

Using these projections, we produce Protocol 2. Protocol 2 is a device-
dependent version of Protocol 1 but has the same winning probability as Pro-
tocol 1. This is due the fact that, regardless of the value of T; and for any
d; = dyj---dy,, the underlying state can thought of as being in the following
state [152, Theorem 1]:

ﬁdj = Z [ Ou|w0 uXIpO ul + /11 L,|l//1,quﬁ1,u| + ist (|W0,u)<¢1,u| - |wluxw0u|) ]9 (335)

uef0,1}M-1
where i2 = -1, 5%, /lgju € [0, 1], and vy, ¥1,, are defined in Definition 6. Hence, the
projective measurement detailed earlier will neither change the winning probabil-

ity nor the amount of multipartite entanglement produced by the source. (This is
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true for any two-input two-output, or (M, 2, 2), full-correlator Bell inequality [152,

Theorem 1], like the MABK inequality we consider here.)

We will use Protocol 2 only to make statements about the soundness of Proto-
col 1. First, we need to clarify some notation. As before, the index i will denote
the party, and the index j will denote the round of the protocol. A, refers to
all the quantum registers A, ; possessed by the respective parties at the end of the
protocol before conditioning on the outcome of the protocol. Ay, refers to the
classical registers A; ; containing the inputs of the protocol used by the parties in
each round, regardless of the T'; of said rounds. Dy, contains the results of the
Jordan block projection D; ; performed in each round of the protocol. X, refers
to the classical registers containing output X; ; from all the rounds of the protocol.
For convenience, we shall refer to Ay, Dimy a1, and Xju ) together as (ADX) s n)-
W and T refer to the classical registers containing W; and T, respectively, from all

the rounds of the protocol.

3.5.3 Max-Tradeoff Function

In this section, we obtain a max-tradeoff function that satisfies Definition 14. We

are interested in finding an upper bound on the following quantity:

sup H(AA[Mf],j|AA[Mr+1’M],j (ADX)[M],]‘ TJ) (336)

Nio)’
for all j € [n] and M’ € [M — 1], where the supremum is taken over all input

states of N, for which the marginal on W; of the output state is the probability
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1:

2:

10:

11:

12:

Protocol 2: : DIMEC protocol based on the MABK game

Arguments:

M — untrusted measurement device, with inputs and outputs in the set
{0, 1}

n € N, —number of rounds

y — the probability of conducting a test

wexp — €Xpected winning probability in the MABK game

dest € (0, 1) — width of the statistical confidence interval for the estima-
tion test

A;;j indicates a classical register belonging to the i-th party and j-th

round.

For every round j € [n], do steps 2-11:
Let ¢/ denote the multipartite state produced by the source in this
round.
SetA;;,X;;,W;=1forallie [M].
Choose T; = 1 with probability y and T; = 0 with probability 1 —y.
IfT;=1:
Choose inputs X; ; € {0, 1} uniformly at random.
Measure ¢’ using M with the inputs X; ; and record outputs 4; ; € {0, 1}.
Set W; = 1 if the MABK game is won and W, = 0 otherwise.
IfT;,=0:
Apply projections described in (3.34).
Keep ¢/ in the registers X", A; j.91

Abortif W = Z?:lX(Tj = 1) Wj < (wexpy - é‘est)n-




distribution p. Henceforth, we shall refer this set of states as

z, = {0’|Nj(0')wj = p}. (3.37)

We will first simplify (3.36). Note that the following equality holds:
D POH(AIB),« = H(AIBX);, (3.38)
where {p(x)}, is a probability distribution, {p};}. is a set of states, papx =
2 PP ® |xXxl, and {|x)}, is an orthonormal basis. Using this, we find that

sup H(A[M'],j|A[M’+1,M],j (ADX)my, Tj)

o€z, Nj(o)

sup [PT(TJ = O)H(A[M’],j|A[M’+1,M],j (ADX)[M]’j)

0
o‘eZp Nj(()’)

+ Pr(T; = DH(Awi | A 1., (ADX)iny ) ] (3.39)

M)

where N?(O') corresponds to the state when T; = 0, and N} (0) corresponds to the
state when 7; = 1. Note that 7; = 1 corresponds to a round where we apply
measurements to play the MABK game and each A, ; is in a deterministic state for

all i € [M]. This implies that

H(Awr i Aurs1n,; ADX)un,) . = (3.40)
j
Hence,
suzp H(A[Mf],j|AA[Mr+1,M]J (ADX)[M]J Tj)Nj(O') =
o€x,
(1 - ')/) sup H(AA[Mf]’j|A[M/+1’M]’j (ADX)[M]’]') (341)

o
o€z, Nj(@)
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To calculate an upper bound on the above quantity, we will use the fact that
the conditional entropy is concave [153]:

D POH(AIB),« < H(AIB);, (3.42)

X

where the notation is the same as in (3.38) and pa5 = ), p(x)p}; 5. We will also make
use of the bipartition between systems represented by the vertical bar in (3.36),
which means that we can make use of local operations with respect to this bipar-
tition. Given a particular Dy ; at the end of the j-th round of Protocol 2, the state
p% in (3.35) has a simple structure in the GHZ basis. We can rewrite the GHZ

basis, from Definition 6, in the following fashion:

W) = % [, 1) + (= 1), @] (3.43)

where v € {0,1}, while u € {0,1}"™ and & = 1 ® u are M — M’ bit strings, and

w € {0, 1} and w = 1 @ w are M’ bit strings.

Within the partition denoted by u, we can choose one qubit to be the control
qubit, u;, and then apply CNOTs on all the other qubits. We apply a similar set of
operations on the partition denoted by w with the first qubit containing w; as the
control qubit. These operations transform the M-partite GHZ basis states into the

following state:
1 e -
5 (lur, wi) + (=1) i, wi)) @ |up - - - upp) @ [wa - - Wy—pr), (3.44)

where u;, w; € {0, 1}. The above state is a Bell-basis state between the control qubits

containing u; and w;. After the CNOTs, as described above, are applied on the
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state 5% in (3.35), there are still off-diagonal terms in the resulting state. To make
the final state diagonal in the Bell basis, we use the following twirling channel

[154]:
T(p) = i(p+(X®X)p(X®X)+(Y®Y)p(Y®Y)+(Z®Z)p(Z®Z)). (3.45)

Now that we have simplified the underlying state, we make the following obser-

vation about the MABK inequality.

Lemma 2 An M-partite MABK inequality (3.12) is equivalent to the CHSH inequality

within any bipartition consisting of M’ parties on one side and the M — M’ other parties

on the other side such that, for some O~V and O+,
1 — A —_ M A A
Kot = 5T (Kot Kng-ag O, OFH). (3.46)
Proof. We know that, for all M > 3
1 AM AM 1_ AM AM
K = 5 K1 ® (O + OY) + 5K ® (0 - oY), (3.47)
and
ar 1_ AM AM 1 AM AM
(](M = 57(1\/[_1 ® (00 + 01 ) + EWM_l ® (01 - 00 ) (348)
It is then clear that
1 AM-1 AM-1 1_ AM-1 AM-1
Ku_1 = EWM_Z ® (00 + 01 ) + EV(M_Q ® (00 - 01 ) R (349)
Let

VM = ‘Tr[WM,OAWJ” = % ‘TI'[{?(M_1 ® (03/1 + 0"1]\/[) + %M—l ® (08/1 - OAIIM)}/)A[MJ]’ . (350)
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From [45, Theorem 2], we know be relabeling Ky, as O}, K1 as 0!, OM as 02,

and O as 0, for M’ =

M= %’Tr[g': (WM—I,%M—D 0Oy, OAZIW)'DA[MJ] '

(3.51)

We need to show the same for 1 < M’ < M — 1. Let us start with M’ = 2. By

substituting (3.49) in (3.47), we get

K = 1 (Ko (0F" + 0?“) + K2 ® (0" - 0?“)) & (0) + OV)
)

1 5 5 \
:E«M_2®(034—1®0M O e O)f) + «M2®(0M‘®00 -0y ® 0.

Relabelling O¥~' ® O as O}"™", and OY~' ® O¥ as O'M™Y, we get
1 — AM-11 A[M-
w =5 [T F (K2, K2, 0,08 ) o, . (3.55)

Now, we have shown that the proposition is true for M’ = 1 and M’ = 2. We can
now use induction to show that our proposition holds forall 1 < M’ < M — 1. Let

assume that for some M’ = m, the following hold:
1 A A 1— N A
7(M — Eq(M—m ® (OEM—m+1] + O[IM—m+l]) + E«M—m ® (0([)M—m+l] _ 0[1M—m+l]) (356)
and

- % 'Tr[?' (Kst—ms Ko, O 1, OM41) AWJ]| . (3.57)
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where, K,_,, is defined in (3.9), and OA([)M_'”“] and OA[IM_’"”] are observables similar

to those in (3.55) involving parties M —m + 1,..., M. We know that
1 AM—-m AM—-m 1— AM—-m AM—-m
(]<M—m = E«M_m_l ® (00 + 01 ) + EWM_m ® (00 - 01 ) (358)
By substituting (3.58) in (3.56), we get

Kis = 3 Koy ® (041 + O ) (0114 O-+1)
1w 0 (04 - 0 (081 — o)
+ %%M—wm ® ((034"” + Oi”"") ® (OABM*'"“] _ 0[1M7m+1]))

+ %%M—(mﬂ) ® ((034"” - 011\4—m) ® (OABM—HHIJ + O"%M—m+1]))

(3.59)
= %(KM—(mH) ® (034"" ® OEM_m+1] + 011”"“ ® OABM—mH])

¢ 2oy 8 (01 & O = O 6

(3.60)

Therefore,
1 - AM—-m A —m AM-m A —m
VM:5‘Tr[?’:(‘KM_(mH),‘KM_(mH),011” ®OY" 1, 04 @ 0V p; | (3.61)

Hence, by strong induction, we have proven our proposition. m

Given the above operations and Lemma 2, we can use a prior result from [144,
Lemma 14] to obtain our max-tradeoff function. We can replace the CHSH viola-
tion B3, in (3.14) with the multipartite MABK violation S8y, in (3.13) for our case. We

restate [144, Lemma 14] for convenience.
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Lemma 3 (Lemma 14 of [144]) For every Bell-diagonal state o 45 that can be used to
violate the CHSH inequality with violation 8, € [2,2 V2], the following inequality holds:

H(A|B) < 2h2(% - ﬁ—z) -1, (3.62)

42

where hy(p) == —plog, p — (1 — p)log,(1 — p) is the binary entropy function and 3, is
defined in (3.14).

These lemmas can be applied to Protocol 2 in the following manner. Using

Lemma 2 and Lemma 3, we find that

<U-y) (2;12(% - %) - 1), (3.63)

where B, is defined in (3.13). Using (3.63), we can state the following theorems.

sup H(AA[M’],j|AA[M’+1,M],j (ADX)m, Tj)

o€, N(o)

Theorem 15 For all M’ € [M] with M even and w € [p¢

m

s Dinax] s defined in (3.19),
respectively, let X, (defined in (3.37)) be such that the winning probability is strictly

greater than w (i.e., p(1)/y > w). Then,

sup H (A A a1 ADXan ; T)) N S =) 8ew), (3.64)
o€z, S

where vy is defined in Protocol 1,

I _20- 1) _1, (3.65)

ge(w) = 2h2(§ - \/z

and hy(p) is the binary entropy function.

Proof. When M is even, the MABK game winning probability and the MABK
violation in (3.12) are related as follows [45]: By = 8w —4. Substituting 8y, = 8w —4

in (3.63), we get the required result. m
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Theorem 16 For all M’ € [M] with M odd and w € [p°

0
min’ Pmax

1 as defined in (3.20),
respectively, let X, (defined in (3.37)) be such that the winning probability is strictly

greater than w (i.e., p(1)/y > w). Then,

sup H(Awr fAwsrian ADX)un, Tj),, < (=) gow), (3.66)
o€x, J
where vy is defined in Protocol 1,
I 4w-1
8o(w) = 2h2(§ - a)2 ) -1, (3.67)

and h,(p) is the binary entropy function.

Proof. When M is odd, the MABK game winning probability and the MABK
violation in (3.12) are related as follows [45]: By = 8 V2w — 2V2. Substituting
Bu = 8 V2w —2V2in (3.63), we get the required result. m

These theorems serve as the basis for our max-tradeoff function. Using Theo-
rems 15 and 16 to define a max-tradeoff function for all p with p(1)/y € [ Pmin, Pmax]-
Define a function f in the following fashion: when M is even

(1_ )e& &60’ fnax
fp. M) = neal) Seloy ], (3.68)

1 e
7_1 ?e[pmax’l]

and when M is odd,

(1-7)-g,(22) 22 €0, puy
f(p. M) = () 5rel ], (3.69)

y—1
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From Theorems 15 and 16, we know that any choice of f..x(p, M) that is differ-
entiable and satisfies fu.x(p, M) > f(p, M) for all p will be a valid max-tradeoff
function for our EAT channels. Since the derivatives of f in (3.68) and (3.69) at
p(D)/y = piax and p(1)/y = p2.., respectively, are infinite, we now choose a func-
tion fiax(p, M) such that ||V f.x(p, M)||, is finite. Let

f(p, M) p(1) < p(1)
fmax(p’ P> M) = ’ (370)

a(p;) - p(1) + b(p) p(1) > p(1)

where p, is a probability distribution over {0, 1, 1},

0
)= ——f(p, M , and 3.71
a(p:) ap(l)f(p )pa):p,u) an (3.71)
b(p:) = f(p) —a(p;) - p(1). (3.72)

It follows from the definition of f,.«(p, M) that f,.x(p, M) is differentiable and,
for all p;, ||V fmax(C> pi» M), < a(p;). Furthermore, as f is a concave function,

Jmax(P,> pi» M) = f(p, M) for all p. Thus, f.(p, pi» M) is a max-tradeoff function.

3.5.4 Applying the EAT

We can finally apply the EAT, stated in Theorem 13, to derive an upper bound on
the conditional smooth max-entropy. By obtaining the exact form of f.., we have
the calculated 7 on the right-hand side of (3.29). We need to calculate (3.30). We

know that the dimension of all quantum registers involved is two, which means
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that dp, = 2M’. From (3.70), we get ||V fnaxlle < a(p:). According to Condition 2 in
Definition 8, for soundness, we require that, for every source ¢ and measurement
device, Protocol 1 either certifies a minimum amount of GHZ entanglement or
aborts with probability greater than 1 - &, when applied on 0. So, the probability
of Protocol 1 not aborting is negligible i.e., Pr[Q], < &4q. Also, note that &gy, is
chosen such that the fidelity constraint in (3.2) is satistied. When Protocol 2 does
not abort, we can define the following quantity, which corresponds to the right-

hand side of (3.29):

n(wexpy — Oests Pts Esmo» Esnds M, M) =
1+ fax(@expY = Sests P M) + 23 (logy(1 + 2M") + Ta(p,)1)

X /1 =210g, (&mo - Ena)s (3.73)

where weyyy — ey is the minimum acceptable p(1) as outlined in Step 12 of Pro-
tocol 2. We still have one free variable p,. We can optimize over p, to get the

following equation.

’ —
Hopt (wexpy - 6esta Esmo» Esnd» M > M) -

min T] (wexpy - 665“ pl? SsmO’ Ssnd, Mla M) . (3'74)

1
Pt:Pmin< %)<Pmax

Finally, we can state the following:

Theorem 17 For every source and all measurement devices in the setting detailed earlier,
let p be the state generated using Protocol 2, Q the event that Protocol 2 does not abort, and

pia the state conditioned on Q. Then, for all 8 - 3M/% \[eguo, €ma € (0, 1), either Protocol 2
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aborts with probability greater than 1 — ggq or

A~

H€smo (A[M’],[n]

max

A[M’+1,M],[n] (ADX)[M],[n] T)p|Q < nopt(wexp’ €smo> Esnd>» M,a M) ) (375)

where 1y is defined in (3.74).

Proof. In Subsection 3.5.2, we showed that Protocol 2 consists of EAT channels
(defined in Definition 13). In Subsection 3.5.3, we derived the appropriate max-
tradeoff function (as defined in Definition 14). Hence, using Theorem 13, the claim

follows. m

Now, we have all the ingredients to show that Protocol 1 is sound.

3.5.5 Soundness

In this subsection, we show that Protocol 1 is sound. To do this, we need to bound
the quantity in (3.27) in a device-independent manner. We use the preceding the-
orems to obtain this bound and certify the multipartite entanglement distillation

rate from a source. This brings us to our final theorem, which is as follows.

Theorem 18 Fix &y, > 0 such that & := 8 - 3M% \[egn, € (0,1). For all &g, Ecmps € €
(0, 1), Protocol 1 is a DIMEC protocol with

1. Noise tolerance (completeness): The probability that Protocol 1 aborts when ap-

plied on ¢t € S"SU ysing a measurement device from D" is at most
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Ecmp < exp(—2n62 ), as shown in Theorem 10.

est

2. Entanglement certification (soundness): For every source o and measurement de-
vice, either Protocol 1 aborts with probability greater than 1 — eq,q when applied on

o or
—Topt (wexp, Esnds Esmo> M — 1, M) 2 log Esmo

E? > +
plow) 2 M-1 M-1"

(3.76)

where 1oy is defined in (3.74).

Proof. Using Theorem 17, we get

~

_Hé‘smo (A ant

max

~

A 1,m1, 0 (ADX) 1), 1m) T)pm 2 —TMopt (wexp’ Esmos Esnds M, M) , (3-77)

Notice that all our prior analysis is agnostic to what i € [M] is assigned to which

specific party involved. Also recall that M’ € [M — 1]. Hence,

_Hasmo (AK, (]

max

AA[M]\K,[n] (ADX)[M],[n] T)P|Q 2> _nopt ((Uexp’ €smo» Esnd> M/’ M) 5 (378)

where K C [M]\k for some k € [M].

This bound holds regardless of the individual elements that constitute K. We
can then use the above inequality to obtain a lower bound on the quantity in (3.27).

Hence, we get

Esmo [ A A
- —Hipx (Axpa|Angin (ADX)pnm T) o | 2102 £mo
max min +
ke[M] | KS[M]\k K| M-1

. —Topt (wexp» Esnd> €smo> |K|» M) 2 log Esmo
> max{ min +

3.79
ke[M] | KS[M]\k K| M-1 ( )
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The optimizations involved can be solved since 7oy(&snd, Esmo» 1K, M) depends only
on |K]|, leading to

—Hopt (wexp’ Esnd> Esmo» M - 1a M) 2 log Esmo

E? > +
plpa) 2 M-1 M-1"

(3.80)

which concludes the proof. m

We plot also —1opi(Wexp)/n(M — 1) for M = 4 and y = 0.5 up to leading order in

Figure 3.1.
0.151
5 0.10
5
3 0.05
&)
-
|
0.001
-0.0 , : : : :
3.75 0.77 0.79 0.81 0.83 0.85

Wexp

Figure 3.1: Plot of —np(wexp)/n(M — 1), defined in (3.74), for M = 4 and
¥y = 0.5 up to leading order in n for wey, € [P, Phae] defined
in (3.19). The solid line corresponds to —1ep(Wexp)/n(M —1). The
dashed line corresponds to —7,,/n(M — 1) = 0. The quantity
—Nopt(Wexp) /M(M — 1) represents the amount of multipartite dis-
tillable entanglement that can be certified per round by Proto-
col 1 as function of weyp.
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3.6 Conclusion

In this chapter, we defined a DI, M-partite entanglement distillation certification
protocol consisting of completeness and soundness conditions. We then proposed
a protocol and showed that it is indeed a DI multipartite entanglement distillation
certification protocol. Specifically, we proved that Protocol 1 is indeed a DI mul-
tipartite entanglement distillation certification protocol. Our proposed protocol is
centered around the MABK inequality [41, 42, 43], which is critical to proving the
completeness and soundness conditions. To prove the soundness condition, we
used the entropy accumulation theorem [145], the structure of the MABK inequal-
ity [41, 42, 43], and the multipartite entanglement distillation protocols and rates
described in [148, 149].
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CHAPTER 4
MULTIPARTITE INTRINSIC NON-LOCALITY AND
DEVICE-INDEPENDENT CONFERENCE KEY AGREEMENT

4.1 Introduction

In principle, quantum key distribution (QKD) can produce a secret key secured
by the laws of physics [155, 33, 156]. In the device-dependent setting of QKD, it is
assumed that the devices possessed by Alice and Bob are perfectly characterized
and trusted; i.e., the measurements applied, and the states used are assumed to
be known and certified. However, after several experiments implementing QKD

protocols, researchers have found this assumption to be too restrictive.

To combat our reliance on some of these strong assumptions underpinning
QKD, several scenarios have been developed with varying degrees of trust in the
measurements and states used. In QKD, if the measurements, states, or devices
possessed by one of the parties are not trusted, the scenario is called one-sided
device-independent QKD [157, 158]. If all devices involved are deemed to be un-
trustworthy, the scenario is called device-independent QKD [159, 160, 161, 34].

Researchers have established upper bounds on the secret key agreement ca-
pacity for all the scenarios described above [162, 163] (see also [164]). The ba-
sic idea behind these upper bounds comes from a classical information measure

called intrinsic information [165]. Intrinsic information inspired the squashed-
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entanglement upper bound for device-dependent QKD [166, 162], and squashed
entanglement in turn inspired the development of quantum intrinsic non-locality
[163] and quantum intrinsic steerability [167]. These latter quantities serve as
upper bounds for device-independent QKD and one-sided device-independent
QKD, respectively, as shown in [163]. Along with being upper bounds on the per-
formance of certain cryptographic tasks, these quantities are also resource quanti-

fiers for Bell non-locality and steerability, respectively.

Here, we go beyond device-independent QKD and Bell non-locality for two
parties and address device-independent (DI) conference key agreement [3, 50] and
multipartite non-locality. Conference key agreement is the task of distributing se-
cret key among more than two users, as encountered in the context of quantum
networks. Part of the interest in this task comes from the fact that a protocol
based on genuinely multipartite entangled states can achieve higher rates of con-
ference key agreement than a protocol based on a combination of bipartite entan-
gled states [46]. Just as Bell non-locality is the key resource for DIQKD, one would
expect multipartite non-locality to be the key resource in DI conference key agree-

ment.

Here, we propose a resource quantifier for multipartite non-locality called
multipartite intrinsic non-locality. We base instances of this resource quantifier
on total correlation and dual total correlation [168] (see also [169, 170]), which
generalize mutual information to the multipartite case. Total correlation and dual

total correlation have previously been used to establish upper bounds on entan-
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glement distillation and secret key agreement capacities of quantum broadcast
channels [171]; see [169] for its use in establishing an upper bound on distillable
secret key and distillable entanglement of a multipartite state. We use multiparite
intrinsic non-locality to derive upper bounds on the ultimate rate at which device-

independent (DI) conference key agreement is possible.

To show that our quantity is indeed a useful upper bound, it is necessary to
prove that it is additive. In order to prove additivity (and other useful properties)
of multipartite intrinsic non-localities, we establish a chain rule for total corre-
lation and dual total correlation of two rounds of the conference key agreement
protocol in Section 4.7. The chain rule for total correlation expresses the total
correlation of two rounds of the conference key agreement protocol as the sum
of total correlation terms related to the individual rounds of the conference key
agreement protocol and other information theoretic quantities. These additional
information-theoretic quantities are expressed in terms of conditional mutual in-
formation. For these, we derive a chain rule for total correlation and dual total
correlation that meets the aforementioned criteria and holds for all finite M. Such

a broadly applicable chain rule is not obtained in [163].

In what follows, we first discuss no-signaling and quantum correlation and
then proceed to no-signaling and quantum extensions. After that, we define a
quantum tripartite intrinsic non-locality, which is based on tripartite total correla-
tion, and prove that it is indeed additive, convex, and monotone under local op-

erations and common randomness. We then define the multipartite intrinsic non-
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localities using total correlation and dual total correlation, starting by defining
and discussing multipartite intrinsic non-locality based on total correlation and
then moving on to the one defined in terms of dual total correlation. We establish
important identities (our chain rule) for total correlation and dual total correlation
that allow us to use arguments similar to those presented for the tripartite scenario
to prove that the multipartite intrinsic non-localities, presented in this chapter, are
additive, convex upper bounds on the device-independent conference key agree-
ment capacity in the general M-partite case. Then, we give a general overview of
device-independent conference key agreement for the tripartite case and define
the DI conference key agreement capacity. Finally, we show that tripartite intrin-
sic no-locality is an upper bound on DI conference key agreement capacity for the
tripartite situation and provide arguments to show that multipartite intrinsic non-
locality upper bounds the M-partite DI conference key agreement capacity, for all

finite M.

As other contributions, we calculate upper bounds on both quantum tripartite
intrinsic non-localities using eavesdropper attacks similar to those from [163] and
[2], which were used to calculate upper bounds on quantum intrinsic non-locality.
We plot quantum tripartite intrinsic non-locality versus parity-CHSH violation
under these attacks, and we compare these to previously calculated lower bounds
from [3]. We also consider a noise model in which each share of the tripartite state
passes through a qubit depolarizing channel. We plot quantum tripartite intrinsic
non-localities versus the depolarizing parameter pge, for this noise model and

compare them to the lower bound from [3].
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The rest of this chapter is structured as follows. Section 4.2 discusses no-
signaling constraints, no-signaling extensions, and quantum extensions, focusing
especially on the tripartite case. Section 4.3 contains the definition of tripartite
intrinsic non-locality and proves that it is additive using a chain rule, which we
derive here. Sections 4.7 and 4.8 generalize tripartite intrinsic non-locality and
all of its properties to the multipartite case using total correlation and dual to-
tal correlation, respectively, and generalizations of the aforementioned chain rule.
Section 4.9 introduces a general form of a DI conference key agreement protocol
and its associated capacity. Then, we show that tripartite intrinsic non-locality is
an upper bound on the tripartite device-independent conference key agreement
capacity. Section 4.10 contains some examples of our upper bound calculated un-
der various attacks by an eavesdropper. Section 4.11 contains our conclusions and

possible directions for future work.

4.2 Correlations, No-Signaling Conditions, and Quantum Exten-
sions
First, let us define the types of correlations that we are concerned with in this

chapter: no-signaling correlations and quantum correlations. Let us begin by dis-

cussing no-signaling correlations.

No-signaling conditions impose constraints on correlations, which imply that
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parties sharing the correlation cannot use it alone to communicate; i.e., no party
can infer the input choices of another party based solely on their own outputs
[172]. On a technical level, no-signaling conditions imply that tracing over subsets
of outputs of a correlation results in tracing over the corresponding inputs [173].
These conditions are relevant in our scenario as it is necessary to verify that the
correlations observed are from the state and measurement choices shared by the
participants and not from classical communication when the input choices are
made. Compliance with no-signaling conditions can be enforced by imposing
space-like separation between measuring parties or constructing other barriers to

prevent communication.

No-signaling conditions for the tripartite scenario are as follows:

> plabelxy, =) plab.cl %y, =pb.elys Vx5

a

Zp(a,b,CIx,y,z) = Zp(a,b,dx,y,z) =pla,clx,z) Vy,y,
b b

Zp(a, b,clx,y,z) = Zp(a,b,dx,y, Z) = pla,blx,y) Vz,Z. 4.1)

The set of all correlations that satisfy the above three conditions in (4.1) are called
no-signaling correlations. The no-signaling conditions above can also equiva-

lently be expressed in terms of conditional mutual information as follows:

1(X; BC| YZ)p = I(Y;AClXZ)p = I(Z;ABlXY)p =0, (4.2)
where
PABCXYZ = Z q(x,y,2) p(a,b,c|x,y,z) labcxyzXabcxyz|apexyz » (4-3)
a,b,c,x,y,z
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pla,b,c|x,y,z) is a no-signaling correlation, and the conditional mutual informa-

tion of random variables K, L, and M is defined as
I(K;L| M) := HKM) + HILM) — H(M) — H(KLM), (4.4)

where H denotes the entropy. It suffices to take the input distribution ¢ to be
uniform. Note that the conditions in (4.1) imply the following ones, by tracing

over two of the outputs, rather than just one:

I(YZ;A|X), = I(XZ; B|Y), = I(XY;C|Z), = 0. (4.5)

Now we move on to quantum correlations. Consider the following scenario:
Alice, Bob and Charlie are given a share of a tripartite quantum state p;5¢ that is
distributed to them by a possibly unknown entity, and each party has access to a
black box with which they can interact classically. For each classical input, the cor-
responding black box applies a positive operator-valued measure (POVM) on its
respective share of the tripartite state. After the application of the POVM, the box
outputs a classical value that is recorded by the corresponding participant. The
correlation that is obtained using the aforementioned process is of the following

form:
pla.b,c|x,y.2) = Te(MY ST @ 1V psze ). (4.6)

where {I1%"},,, {H,(Jy)}b, and {I1¥}. are POVMs. Correlations of the form described
in (4.6) are called quantum correlations. Quantum correlations are a subset of no-

signaling correlations. This fact can easily be seen in the example analysis below:

> plaboelxy,z) =Y TP @ I @ 9] pizc) (4.7)
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= Tr([I 1) ® 191 p5¢) (4.8)
= Tr([11) ® 1¥] pe) (4.9)

= p(b,cly,2). (4.10)

Since we are looking at non-locality for the sake of a cryptographic task, it is
necessary that we delineate the power that the eavesdropper possesses. We do
so by allowing the eavesdropper to possess either a no-signaling extension or a
quantum extension. No-signaling extensions are extensions of a correlation that

obey the above no-signaling constraints and can be expressed as follows:
Z pla,b,c|x,y,2) p‘gb”yz = Z pla,b,c|x,y,2) p‘;’b’c’x’y’z Vx, X,
Z pla,b,c|x,y,2) par = Z pla,b, c|3,x,2) p vy, 3,
b b

D pabclxy.py™ = ) plab.elZy.0p P Vaz (411

Cc Cc

A type of no-signaling extension, in which we are interested, are quantum
extensions. Here, the eavesdropper is in possession of a system E that extends the
state p;p¢ shared by Alice, Bob, and Charlie in the sense that the extension state
pipcr satisfies pgpe = Trelpiper]l. A quantum extension of a correlation is defined

as follows:

PABCEXYZ

Z q(x,y,7) labcxyzXabexyzlapexyz ® TrABC[(HEf) ® sz) ¥ e ]IE) Pi g@E]

a.b,c.x,y.z

D 4.y, d)labexyzXabexydapexyz ® pla, b, x,y, Dpp . (4.12)

ab,c.x,y.z

112



Notation 1 Henceforth, we employ the shorthand

labcxyzlapexyz = labexyzXabexyzlapexyz » (4.13)

for the sake of brevity.

The above no-signaling constraints and extensions, as well as quantum exten-
sions, can be generalized to any multipartite scenario using the basic principle
behind the no-signaling constraints. Appropriate no-signaling constraints apply
when considering correlations involving multiple parties. Only after we have
considered the no-signaling constraints can we begin to speak about what non-
locality is and quantifying non-locality. To proceed, we need to define a quantity

that can serve as a quantifier for multipartite non-locality.

4.3 Tripartite Intrinsic Non-Locality and its Properties

4.3.1 Conditional Total Correlation

In this subsection, we review the conditional total correlation and its properties
[168] (see also [170, 169]), before defining our non-locality quantifier. We will

discuss dual total correlation and its related non-locality quantifier in Section 4.8.

Total correlation is an M-partite generalization of mutual information. Con-

ditional total correlation is the conditional version of total correlation, and it has
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previously been used in various multipartite scenarios in quantum information
[170, 169, 171, 174]. Conditional total correlation of a multipartite state p4,..4, £ is

defined as

M
I(Ag; -+ ; Ay |E) = ) H(A;|E) = H(A; -+ Ay | E), (4.14)
i=1

where H(A |E) .= H(AE) — H(E), and H(A) := —Tr[p4 log, pa]. The chain rule for the

bipartite conditional mutual information is as follows:
I(A; BC|E) = I(A; B|CE) + I(A; C | E). (4.15)

There exist chain rules for conditional total correlation [168, 169, 174], which are

as follows:
M
I(BA{;Ay; -+ Ay | E) = 1(A1; Ay, -+ Ay | BE) + ZI(B;AJE), (4~16)
i=2
M-1
IAs 3 AwE) = ) I(AjAjyr -+ Ay | E). (4.17)

=1
Let pa,..aye and o4, .4, be multipartite states, for which each of the subsystems

Ay, ..., Ay are finite-dimensional. Suppose that % lo—ocll; <& where ¢ € [0,1].

Then the following uniform continuity bound holds [175, Eq. (60)]:
[ I(Ay; - 5AMIE)y = I(A1; -+ 5AMI E)o | < 2elog, dim Hy,..x,, , + Mg(e),  (4.18)
where
g(e) = (e+ 1)log,(e+ 1) —elog, . (4.19)
Conditional total correlation obeys data processing under local channels [169]:

IAy;- Ay E), 2 Ay s Ay | E),, (4.20)
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where

) 1 M
WA AyE = (NQILAI ® - ® N;ML AM) (04,-4y) (4.21)
and NXL i isa channel, fori € {1, ..., M}. We now define a first version of tripartite

intrinsic non-locality.

Definition 15 Let p(a, b, c| x,y, z) be a no-signaling correlation. Tripartite intrinsic non-

locality (TINL) of p is defined as

1
N(A;B;C), = > sup inf [(A;B;C|EXYZ),, (4.22)

q(x,y,z) PABCXYZE
where q(x,y, z) is a probability distribution for the inputs of Alice, Bob, and Charlie and

pagcxyze 18 a no-signaling extension of the state shared by Alice, Bob, and Charlie, given

by

PABCXYZE = Z q(x,y,z) p(a, b, c|x,y,2) l[abcxyzlapcxyz ® pz”‘”‘y <. (4.23)
a,b,c,x,y.z
Definition 16 Quantum tripartite intrinsic non-locality (QTINL) of a quantum corre-

lation p(a, b, c|x,y,z) is defined as

1
No(A;B;C), .= = sup inf I(A;B;C|EXYZ),, (4.24)

q(x,y,7) PABCXYZE
where q(x,y, z) is a probability distribution for the inputs of Alice, Bob, and Charlie and
Pagcxyze 1S a quantum extension, as in (4.12), of the state shared by Alice, Bob, and

Charlie, given by

PABCXYZE = Z q(x,y,z) pla,b,c| x,y,z) [abcxyzlapcxyz ® P?;bcxyzo (4.25)

a,b,c,x,y,z
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The rest of this section is structured as follows. In Section 4.3.2, we derive
the chain rule that will help us prove further theorems about tripartite intrinsic
non-locality and quantum tripartite intrinsic non-locality. In Section 4.3.3, we
prove that tripartite intrinsic non-locality and quantum tripartite intrinsic non-
locality are additive. Additionally, we prove important properties of tripartite
intrinsic non-locality and quantum tripartite intrinsic non-locality, such as con-
vexity and monotonicity under local operations and common randomness in Sec-
tions 4.4 and 4.5, respectively. We also prove in Section 4.6 that tripartite intrinsic
non-locality and quantum tripartite intrinsic non-locality vanish for local tripartite

correlations. These results are important from a resource-theoretic perspective.

4.3.2 Chain Rule for Tripartite Conditional Total Correlation

Before we can prove additivity and other important properties of tripartite intrin-
sic non-locality, we need to establish a chain rule for the conditional total correla-

tion of two rounds of the conference key agreement protocol:
I(A1Ay; B1By; CCL | E). (4-26)

We will resolve this quantity into a sum of conditional total correlation terms
related to the individual rounds of the protocol and other information theoretic
quantities that depend on both rounds. These extra information-theoretic quan-
tities are expressed as conditional mutual information quantities. Later in Theo-

rem 27, we establish a general multipartite version of this chain rule.
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Theorem 19 For every state pa,p,c,a,8,c,, the following equality holds:
I(A1A2; B1 By, C1 (| E)p =I(A1; By, C, |EA232C2)p + 1(Ay; By; Gy | E)p

+ I(Cy; AxB; | ECz)p + I(A1; BoCy | EAz)p + I(B1; AyCy | EBz)p. (427)

Proof. Consider that, by applying definitions and the chain rule for conditional
entropy,
1(A1Az; B1By; C1CL | E)
= H(A\Ay |E) + H(B1B, | E) + H(C,C, | E) — H(A1A,BB,C G, | E) (4.28)
= H(A>|E)+ H(A, | EAy) + H(B, | E) + H(B| | EB,) + H(C, | E) + H(C, | ECy)
— H(A,B,C, | E) — H(A1B,C, | EA,B,C») (4.29)
= 1(A2; By; Co|E) + H(A | EAy) + H(B, | EB,) + H(C, | EC,) — H(AB,C, | EA, B, ().

(4.30)

Then consider that
H(A,|EAy) + H(B1 | EBy) + H(C1 | ECy) — H(A1B\Cy | EA, By ()
= H(A| |EAy) + H(BI|EBy) + H(C | ECy) — H(A1B,C | EA2 B ()
+ H(A | EA2B,Cy) — H(A| EA2B,Cr) + H(B1 | EA2BCy) — H(B1 | EA2 By ()
+ H(C, | EAy,B,C,) — H(C, | EA;B,C») (4.31)
=1(A1; B1;C | EA2BCy) + H(A | EAy) — H(A | EA, By ()
+ H(By|EB,) — H(B, | EA,B,C,) + H(C, | EC,) — H(C, | EA, B,C3) (4.32)
=1(A1; B1; C1 | EA2ByCo) + I(Ay; BoCo | EAy) + 1(B1; Ay Co | EB) + I(Cr5 Ay By | EC).

(4.33)

This concludes the proof. m
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4.3.3 Additivity

In this section, we prove that tripartite intrinsic non-locality is additive. This is
indeed essential for the tripartite intrinsic non-locality to be a useful upper bound

on DI conference key agreement capacity.

Theorem 20 (Addlthity of TINL) Let p(a1 ,ao, l’)] , bz, C1,Cp | X1, X2,Y1,Y2, 215 Zz) be a
no-signaling correlation for which no-signaling constraints hold for all parties. For ex-
ample, the no-signaling constraints for Alice are as follows:
Z plai, az, by, by, ¢y, 2| X1, %2, Y1, 2,21, 22)
ai
= Z plai,az, b1, by, c1, ol X1, X2, ¥1,¥2,21,22) - Yoxu, X, (4.34)
ay
Zp(ab as, bla b29 C1,C2 | -xly-x29ylay29zl7z2)
az

:Zp(al,az,bl,bz,cl,cz|X1,J_Cz,y1,)’2,Z1,Zz) Vxp, Xp. (4.35)

az
Suppose that similar constraints hold for Bob and Charlie as well. Let t(ay, by, ¢y | x1,y1,21)
and r(as, by, ¢2| X2, y2, 22) be no-signaling correlations corresponding to the marginals of

p. Then the intrinsic non-locality is superadditive, in the sense that
N(A1Az; B1B,; C1Cy), 2 N(Ay; Bi; Ch); + N(Az; By, C),. (4.36)
If

p(alaaZa bl9b27 C1,C2 x17x27y1’y25Z19Z2) = t(ahbl’ C1 |x1a)’1,Zl)r(a2,b2, 02|x2,y2,Z2),

(4.37)
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then the intrinsic non-locality is additive in the following sense:

N(A1Ay; B1By; C1C2), = N(Ay; By Cy); + N(Az; By, Co),. (4.38)

No-signaling constraints like (4.34)—(4.35) can in principle be enforced by a party
performing parallel measurements shielded from each other, such as Alice record-
ing a, and a, at separate locations between which communication is not possible.
The stronger product assumption in (4.37) cannot be enforced in this way, but the
condition will hold in the natural setting of sequential experimental trials in which

an ii.d. assumption is made.

Proof of Theorem 20. We first prove that tripartite intrinsic non-locality is su-
peradditive in the sense of (4.36), and then we prove it is subadditive when (4.37)

holds. Additivity when (4.37) holds then follows as a consequence.

First, let us prove superadditivity. To begin, let us consider states that arise
from embedding an arbitrary no-signaling extension of p(ay, a,, b1, by, c1, ¢z | X1, X2, Y1, Y2, 21, 22)

into the following quantum state:

{AlBl ClA2ByCLEX\ Xo Y\ Y2212, =

Z q(x1,¥1,21, X2, Y2, 22) play, by, c1, a2, by, ca | X1, y1, 21, X2, Y2, 22)

ay,by,¢1,a2,b2,¢2,
X1,Y1531,X2,Y2,22

arbicrazbrcrx1y121%2y222
[albl6102b202x1y1Zlx2y2Z2]AlB|C1A2B2C2X1X2Y|YzZlZz ® Pg . (4~39)

We define the states 7 and y to be the following arbitrary no-signaling extensions

of t and r, respectively:
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TABICIEX\Y\Z, = Z q(X1,Y1,Zl)f(al,bl,Cl |X1,)’1,Zl)

ar,by,c1,x1,y1,21

ajbicix1y1z1
laibicixiyizilasiexivizy ® Pg . (4.40)

and

YarBrCrEXaYaZy = Z q(x2,¥2,22) r(az, by, c2 | X2, ¥2,22)
az,b2,¢2,x2,y2,22

arbrcrx2y222
[a2b2¢2%2Y220] 458,02 %122, ® P . (441)

Now, we use the chain rule from Theorem 19 to conclude that

I(A1Ay; B1By; C,C | EX 1 X, Y YZZIZZ)(
=I(A; B;; C | EX| X, Y, YZZIZZAZBZC2)§ + 1(Ay; By; Co | EX 1 X5 Y Yzzlzz)g
+ 1(AyBy; Cy | EX( X0 Y Y2 2, 2,Cr)p + I(ByCos Ay | EX X0 Y1 Y2 21 2,A5),

+ 1(A2Cy; By | EX\ Xo Y\ Y22, 2, B)), (4.42)
Since conditional mutual information is always non-negative, we conclude that

I(A1A2; B1By; C\Co | EXi Xo Y\ Y220 7,),
> I(Ay; By CL | EX Xo Y\ Y22, 2,A0 By Co) + 1(Ag; By Co | EX X0 Y\ Y02, 2),. (4.43)
The state £a,5,c,4,8.0,Ex, 5,71 1,22, 18 @ valid no-signaling extension of ¢ with exten-
sion systems EX,Y,7Z,A,B,C,, and the state {4,5,c,£x,x,1,1,2,2, 15 a valid no-signaling
extension of r with extension systems EX,Y,Z,. So we conclude that
I(A1Ay; BBy, C,C, | EX XY Yzzlzz)g

> I(A1; Bi; C | EX\ Xo Y\ Y22, 2,A0B,Ch) s + 1(Ay; By CL | EX\ Xo Vi Y2 2,2,),  (4.44)
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> inf )I(Al;Bl;CllEXlYlZl)T+ inf )I(Az;BZ;CZlEXZYzZQ)y.

" ext.in (4.40 ext. in (4.41

(4.45)

Since the state {4,5,c,4,8,0,Ex, %, v, 1,212, 1S an arbitrary no-signaling extension of p,

we conclude that

inf  I(A1As; B1By; CiCL | EX Xo Y Y220 2),
ext. in (4.39) >

ext. in (4.40 ext. in (4.41

By optimizing over product input probability distributions, we have that

sup inf I(AlAz; Ble; C] C2 | EX1X2Y1 Yzlez)g

Gr1,y1,20)q(x2,y2,22) Xt in (4.39)

= sup inf  I(A;B;;Cy | EX Y\ Z))+
q(x1,1,21) ext. in (4.40)

sup inf )I(AQ,Bz,CZ |EX2Y2ZQ)7.

q(x2,y2,22) Xt in (441

> inf )I(AI;BI;CllEXIYIZOT-F inf )I(AZ;BQ;CzlEXZYZZZ)),.

(4.46)

(4.47)

Hence, by optimizing the left-hand side over all input probability distributions,

we conclude that
N(A1Ay; B1By; C1C2), =2 N(Ay; By Cy); + N(Az; By, Co),.
This concludes the proof of superadditivity (i.e., the proof of (4.36)).
Let us prove subadditivity when (4.37) holds; i.e., let us prove that
N(AAy; B1By; C1Cy), < N(Ay; By; Ch) + N(Az; By; Cy),.

Consider the following quantum embeddings:

§A131C1A232C2EX1X2Y1 VCYAVS) =

121

(4.48)

(4.49)



Z q(x1,¥1, 21, X2, y2, 22)t(ay, by, ¢ | x1,y1, 21)r(az, by, c2 | X2, y2, 22)

ay,by.c1.az,b2,c2,
X1V1,21,X2,Y2,22

arbicix1y1ziabacaxayrza
laibicrasbacax1y121%0y222]4,B,C1 A B CoX o1 V2125 © L (4.50)

PA|BIC1A2B,CoX 1 Xo Y\ Yo Zi ZoEV\Ey =

§ q(x1,¥1, 21, X2, y2, 22)t(ay, by, ¢ | x1,y1, 20)r(az, by, c2 | X2, y2, 22)
ay,by,c1,a2,b2,¢2,
X1,Y1531,X2,Y2,22

aibicixiyizi arbrc2x2y222
[a1D1c1a2b2¢2x1y121%0Y222] A1 B, C A B X1 Xo 11 122120 @ P, ® P, ., (4.51)

TABICLEX\\Z) =
aibicixiyizi
Z q(x1,y1,20) Hay, by, ey 1 x1,y1, 20 larbicixiyizila, sexniz ® P, )
a1,b1,¢1,X1,1,21
(4.52)
and
YAyBrCrEX2Y2Z, =

arbrcrx2y222
Z q(x2,¥2,22) 1(a2, ba, €2 | X2, y2, 22) [A2D202X0Y2 201 48,0 %, 122, @ Pk, .

az,b2,¢2,%2,2,22

(4.53)

All the extensions above are no-signaling extensions. Consider that

inf I(AlAz;Ble;Clcz|EX1X2Y1Yzzlzz)g
ext. in (4.50)
< I(A1A2; B1By; CCh | E1EX X X0 Y Yzzlzz)p- (4.54)

Using the chain rule from Theorem 19, we find that

I1(A1Ay; B1By; C\Cy | E\EX X\ X0 Y1 Y02, 7,),
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= I(A1; By; C | E\E2 X1 X7 Y YZZIZZAZBZCZ)p +1(A2; Bo; Gy | E1 EX X1 X0 Yy Yzzlzz)p
+ [(A2By; C1 | E\Ex X\ Xo Y1 Y221 25 Cr)p, + I(B2Cos Ay | EVEX X1 X Y1 Y221 2,A),

+ 1(A2Co; By | E\EX X Xo Y Yo 202, By),. (4.55)
We can write I(AzCz, B | E\E, X1 XY, YZZIZZBZ)p as follows:
1(A2Co; Bi | E\EXX X0 Y1 Y2217, By),

= HA,C | E\Ex X Xo Y\ Y2 2,25B)), — H(AYCH | EVEX X Xo Y1 Y2 2,2, B,By), (4.56)

= Z P(X1,¥1, 21, X2, Y2, 22) [ H(A2C2 | ElEsz)nm’lzwzyzZz

X1Y1,21,X2:Y2522
- H(A2C2 | E1EszBl)nxlylzlxz.vzzz ], (457)

where, due to the no-signaling constraints on p, t, and r, we can write

b byc
My, = ) M1 D [b1@py" ® . ras, by, 215,32, 2) [asbacs] @ pi> =2,
by

az,br.co

(4.58)
and
X1Y121%2Y222 b b arbrcax2y222 4.59
MAsByCoE By — r(az, by, c2| %2, y2, 22) [a2bac2] ® p, ® PE; > (4.59)
az,by,c2
where
lelyl — Z ay, by, |xl,yl’zl)paEllblclxwm, (460)
ai,Ci
PE, = Z H(ay, by, c |Xl,yl,Zl)PZ'Ib]clxlym- (4.61)
ay,by,cy
From the above definitions, we can conclude that
H(AyCy | E\Ey By By )ypiniaiansa = H(A2Co | EVEyBy) vz . (4.62)
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Hence,

I(A>Cy; By | E\EX X1 X0 Y1 Y2 2,7,B)),

= H(A)Co | E\Ex X\ Xo Y\ Y2202, By),, — H(A,Co | EVEx X\ Xo Y1 Y2 2,2, B,), = 0. (4.63)

The quantities I(BzCz, A1 | E1E2X1X2 Y1 YZZIZZAZ)/) and I(AzCz; Bl | E1E2X1X2 Y1 YQZIZZBz)p

are equal to zero using similar arguments. This leads to the following conclusion:

inf I(A]Az;BlBQ;C1C2|EX1X2Y1 YQZ]ZQ)(
ext. in (4.50) 7

< I(A1Ay; B1By; C\Co | E1 EX X X5 Yy YZZlZZ)p
= I(A1; By; C | E\E2 X1 X0 Y YzzlzzAszcz)p + 1(Ay; By; Gy | E\EX X X0 Y Yzzlzz)p

=I1(A1; Bi; Ci | Ei X1 Y1Z1): + 1(Ay; By; Gy | E2X2Yzzz)y, (4~64)

where the last line follows from the structure of the state in (4.51) and the fact that
the extension is a no-signaling extension. Since the no-signaling extensions r and

y are arbitrary, we conclude that

inf  I(A1As; B1By; CiCL | EX\ X0 Y Y220 2,),
ext. in (4.50) ’

< inf I(AI;BI;CllEXllel)T+ inf )I(AQ;BZ;CzlEX2YQZz)y. (465)

ext. in (4.52) ext. in (4.53

Now optimizing over arbitrary input probability distributions, we find that

sup inf I(AlAz;BlBQ;C1C2 |EX1X2Y1 YZZIZZ)g
g extin (4.50)

< sup inf I(Al, Bi; Cl | EX, YIZI)T + sup inf I(Az, B5; C2 | EXzYzZz)),. (4:66)
g extin (4.52) g extin (4.53)

Hence,

N(A1Ay; BBy, C1Cy), < N(Ay; By; Ch); + N(Ay; By, Cy),. (4.67)
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Putting together (4.48) and (4.67), we have established additivity (i.e., we have

proven (4.38)). =

Theorem 21 (Additivity of QTINL) Let p(ai, az, by, by, c1,cal X1, X2, ¥1, 2,21, 22) be a
quantum correlation for which no-signaling constraints hold for all parties. For example,
the no-signaling constraints for Alice are as follows:

Zp(dl,az,bl, by, c1, ¢ | X1, X2, Y1, Y2, 21, 22)

ai

= Zp(alaa29bl9b2a C1,C2 )_ClaXZayl’yZaZIaZ2) VX1,)_CI, (468)

ap

Zp(al,az,bl,bz,cl,cz|X1,X2,y1,y2,21,22)

az

= Z p(ala ay, b19 bZa C1,C2 | xla-)_CZaybyZ’ ZlaZZ) VX2, )_CZ- (469)

az
Suppose that similar constraints hold for Bob and Charlie as well. Let t(a,, by, ¢y | x1,y1,21)
and r(az, by, ¢3 | X2, ¥2,22) be quantum correlations corresponding to the marginals of p.

Then the quantum intrinsic non-locality is superadditive, in the sense that

No(A1Az; B1By; C1C2), 2 No(Ayr; By Cy); + No(Az; By, Co),. (4.70)
If
plai,az, by, bo, cy,col X1, X2, Y1, 32,21, 22) = Hay, by, ey | X1, y1, 201(az, ba, ¢2 | X2, ¥2, 22),
4.71)
then the quantum intrinsic non-locality is additive in the following sense:
No(A1Ay; BBy, C1Cs), = No(Ay; Bi; Ch): + No(Az; By, Cy),. (4.72)
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Proof. The proof follows by using similar techniques as Theorem 20 and by taking

appropriate quantum extensions. m

4.4 Convexity

Convexity of tripartite intrinsic non-locality is another important property be-
cause convex combinations of no-signaling correlations are also valid no-signaling

correlations. This is also the case for quantum correlations [176].

Theorem 22 (Convexity of TINL) Let t(a,b,c|x,y,z) and r(a,b,c|x,y,z) be two no-
signaling correlations, and let 1 € [0,1]. Let p(a,b,c|x,y,c) be a mixture of the two

correlations, defined as
pla,b,c|x,y,c)=At(a,b,c|x,y,2) + (1 — Dr(a,b,c|x,y,2). (4.73)
Then,

N(A;B;C), < AN(A; B;C), + (1 = A)N(A; B; C),. (4.74)

Proof. Consider the quantum embeddings of arbitrary no-signaling extensions of

t, r,and p:
_ abexyz
TABCEXYZ = Z p(x,y, DHa, b, clx,y, D)labcxyzlapexyz ® T s (4.75)
a,b,c,x,y,z
_ abexyz
YABCEXYZ = Z p(x,y,2r(a,b,c| x,y, 2)labcxyzlapcxyz ® Yy > (4.76)
a,b,c,x,y,z
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and

{ABCEXYZ = Z p(x, y, Z)p(a, b,c | X, Z)[abcxyZ]ABCXYZ ®paEbcxyz
a,b,c,x,y,z
= Z p(x,y, Z){(/l)t(a, b,c|x,y, Z) + (1 — /l)r(a’ b’clx’y’ Z)}
a,b,c,x,y,z
x [abexyzZlapexyz ® Py - (4.77)

A particular no-signaling extension of (4.77) is as follows:

PABCEXYZA = Z p(x,y, ){(Di(a,b,c| x,y,2)la,b,c, x,y, Zlapcxyz ® TaEbcxyZ ® [0]a
a,b,c,x,y,z,A

+ (1 = r(a, b, c|x,y, 2)abexyz]apexyz ® Vzbcxyz ® [1]A}. (4.78)
Consider then

inf )I(A; B;C|EXYZ),

ext. in (4.77
< I(A; B;C | EXYZA), (4.79)
= (DI(A; B;C| EXYZ), + (1 - DI(A; B;C | EXYZ), (4.80)

<) inf I B CIEXYZ) + (1= 0 inf  I(A; B;C|EXYZ), (4.81)

ext. in (4.75 ext. in (4.76)

The first inequality holds because we picked a particular no-signaling extension.
The second inequality holds due to the convexity of the individual terms in the
definition of conditional total correlation. Since T and y are arbitrary no-signaling
extensions of ¢ and r, and optimizing over arbitrary input probability distribu-

tions, we find that

inf I(A;B;C|EXYZ
sgp ot 4.77) ( | iz
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<(D)sup inf )I(A; B;C|EXYZ),+(1 —AQ)sup inf 0 I(A; B;C|EXYZ),. (4.82)

g extin (4.75 g ext.in (4.7

This concludes the proof. m

Theorem 23 (Convexity of QTINL) Let #(a,b,c|x,y,z) and r(a,b,c|x,y,z) be two
quantum correlations, and let A € [0,1]. Let p(a,b,c|x,y,c) be a mixture of the two

correlations, defined as
pla,b,clx,y,c) = At(a,b,c|x,y,2) + (1 = Dr(a, b, c| x,y,2). (4.83)
Then,

No(A; B;C), < AN@(A; B; C), + (1 = A)Ny(A; B; C),. (4.84)

Proof. Consider the following quantum extensions of ¢, r, and p:

TABCEXYZ = Z q(x,y,2)H(a, b, c|x,y, 2)[abcxyzlapcxyz ® Ti;””“", (4-85)
a,b,c,x,y,z
_ abexyz
YABCEXYZ = Z q(x,y,2)r(a, b,c|x, v, 2)labcxyzlapexyz ® YE s (4.86)
a,b,c,x,y,z
_ abcexyz
{ABCEXYZ = Z q(x,y,2)pla,b,c|x,y, 2)[abcxyzlapcxyz ® Pg . (4~87)
a,b,c,x,y,z

Let 7430 be a quantum state that, along with the POVMs characterized by {Hﬁf)}a,
{Hg)}b, and {I19},, yield the correlation #(a, b, c| x,y, c). Let 7430 be a quantum ex-
tension of 7;3+. Similarly, let y 43¢+ be a quantum state that, along with the POVMs
characterized by (A, {Ag’)}b, and {A®},, yield the correlation r(a, b, c| x,y,z). Let
Yiser be a quantum extension of y;5-. Then, a particular quantum state that real-

izes the correlation p(a, b, c| x,y, z) is the following:

Piscanc = ATape ® [000X0001y 5o + (1 = Dyaze ® MTIXT |4 pcr - (4.88)
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Then,

pla.b,c|x,y.2) = TP @ I @ 1P ® [000X000]y e (Pazenme)|+

Ti{AY © AY ® A9 ® (111X Lype Oasennc)|. (4.89)

where it is understood that Alice is measuring o, on her system A’, Bob is mea-
suring oz on B’, and Charlie is measuring o, on C’, in addition to the other mea-
surements on their systems A, B, and C. Now, consider the following quantum

extension of pagcapc,
pABCA’B’C' = /ITABC'E ® |OOOOXOOOO|A/B/C/EI + (1 - /l),}/AABéE ® |1111X]‘1]‘1|A'B’C/E’ . (4.90)

Furthermore, consider the following particular quantum extension of {sgcexyz:

PABCXYZEE' = Z Py, N Dt(a, b, c| x,y,2)la, b, ¢, x,y,2] ® T @ [0]
a,b,c,x,y,z
+ (1 =r(a,b,clx,y,2)[a,b,c,x,y,z] ® 721’”” R [1]g).
Then following similar arguments given in the proof of Theorem 22, we obtain

No(A; B;C), < AN(A; B; C), + (1 — )Ny(A; B; C),. (4.91)

This concludes the proof. =
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4.5 Monotonicity under Local Operations and Common Ran-

domness

Local Operations and Common Randomness (LOCR) is the set of free operations
within the setup of conference key agreement. These free operations are chosen so
that they are consistent with the prerequisites of the parity-CHSH game [3], which
are similar to those of the CHSH game [177, 178]. By common randomness, we
mean that all parties have access to a common random variable and an instance
that is made available to all parties before each round of the protocol. Using this
common randomness, all parties can perform local operations and pre- and post-
processing on their inputs and outputs. LOCR can be applied to an input distri-
bution p;(a, b, c|x,y,z) to arrive at an output distribution ps(ay, by, cslxs,ys,25) as
follows:
prag,be,crlxp,yezp) = Z O ays, by, crlxp,yp 2, a0 b, ¢, %, 9, 2)
ab.cxyz

pia,b,clx,y, I (x,y, 21 x5, y1,27),  (4.92)

where

Oas, by cplxp,yp 25, a,b, ¢, X,y,2) = Z p(A2)0q4(aysla, x, xp, A2)
A2

X Og(bs|b,y,ys, A2)Oc(crlc, 2,27, A2), (4.93)

and

1“(x,y,z| Xp, Y, 2f) = Z PN (x| xp, A yy, Az 25, A1), (4.94)
A1
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The bipartite case has been considered previously in [179]. In the above equa-
tions, Oy, Og, Oc, 14, I, and I are the pre-agreed local operations, and 4, and 4,
represent the common randomness shared between the parties before and after

obtaining the outputs from the initial correlation, respectively.

Theorem 24 (Monotonicity under LOCR) Let pi(a, b, c|x,y, z) be a no-signaling cor-
relation, and let ps(as, by, cyl xs,ys, 2r) result from the action of local operations and com-

mon randomness on pi(a, b, c|x,y,z), as described in (4.92). Then,

N(A; Bi; Ci)p, 2 N(Ais B Cy)p, - (4.95)

Proof. Consider the following respective no-signaling extensions of p(ay, by, cs| X7, ys,25)
and pi(aa ba ¢ | XY, Z):
CArB/CrEX Y2y = Z q(xp, yp 2P sag, by, crl X,y s, 25)
apbpcrXpyeas

by, Vs
lasbrerxsyrzrla sicex, vz, @ {Zf PRI (4.96)

and

TABCEXYZ = Z q(x,y,2)pi(a, b, c|x,y, 2)[abcxyzlapcexyz ®P%bcxyz- (4.97)
a,b,c,x,y,z
Let us embed p(as, by, crlxys,y¢, 2¢) in the following quantum state:

pacxyz = L qGpypz) Y, D p()0alarla,x, xp, do)

apbr.crxpyyzy ab,c,xyz Az

Op(bs|b,y,ys, 12)Oc(crlc, 2,25, A2)pila, b, c| x,y,2) Z PADIA(x | xp, A)Ip(y | ys, A1)
A1
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Ig(y1ys, Al |z, ADlagbrcrxpyrzsla e x vz, (4.98)

A particular no-signaling extension of this state is as follows:

PABCA;B;CrEXYZX Y Zy A1 Ay

= Z q(x¢, Y5, 25) Z Z P(A2)0a(asla, x, x, 22)Op(bs | b, y,ys, A2)X

apby.cpxpyyzy abcxyz

Oc(crlc,z,zp, A2)pila, b, c| x,y,2) Z PADIA(x [ xp, AIB(Y |y, AB(Y |y s, A1)X

A1

abcxyz

Ic(z|zy, A)labexyzasbrcrxyyrzplapcassicixvzx vz, ® Py - @ [Aidz]aa,-

(4.99)

Now let us begin with the following inequality:

ext. in (4. T '

The above inequality holds for a specific choice papca,s,c,exvzx,v,z,a,n, Of @ NO-
signaling extension of ps(as, by, cr|xys, vy, 25). Using data processing of conditional

total correlation under local channels, we find that

I(Af; Bf; Cf | EXfoZfAlAz)p < I(AXXfAz, BYYfAz; CZZfAz | EXfoZfAlAz)p.
(4.101)

Since Xy, Y;,Z;, and A, are classical copies of themselves, it follows that

I(AXXfAz, BYYfAQ, CZZfA2 | EXfoZfA]Az)p

= I(AX; BY;CZ|EX;Y,;Z;AAy),. (4.102)
Since none of A, X, B, Y, C, and Z depend on A,, we conclude that

I(AX; BY; CZ| EX;Y;Z;A\Ay), = I(AX; BY; CZ | EX;Y/Z;Ay),. (4.103)
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Hence,

ext. in (4. )

Using (4.27), we find that

I(AX, BY, CZlEXfoZfA])p = I(A,B, C | EXfoZfA]XYZ)p
+I1(X;Y;Z| YEXfoZfA])p +I1(YZ,A| XEXfoZfA])p

+ I(XZ; B\YEX,Y;Z;A\y), + I(XY;C | ZEX;Y,Z;Ay),. (4.105)

The information-theoretic quantities I(YZ; A | XEX;Y;Z;\),, (XZ; BI|YEX Y Z A1),
and I(XY;C|ZEX;Y;Z;\,), are equal to zero due to the no-signaling constraints
elucidated in (4.5) and the structure in (4.94) of the local box I;. The information-
theoretic quantity I(X; Y; Z| YEX;Y;Z;A,), is equal to zero due to (4.94). The struc-

ture of p implies that all the terms are equal to zero, except for the first term. So,

ext. in (4. ) ’

= I(A; B;C| XYZE)., (4.107)

where the equality is a consequence of the structure of pascexyzx,v,z.a,- Since 7 is

an arbitrary no-signaling extension of p;, we conclude that

inf  I(A;B;;C/lEX;Y;Z), < inf _I(A; B;C|XYZE).. 41
ot miaog AP B CH N EX Y2 < | k) 1 | ) (4.108)

By optimizing over arbitrary input probability distributions, we conclude that
sup inf  I(Ay; By; Cr|EXfYiZs),, <sup inf )I(A;B;CIXYZE),,I., (4.109)
q

g ext.in (4.96) ext. in (4.97

which is the desired inequality in (4.95). m
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Theorem 25 (Monotonicity of QTINL under LOCR) Let pi(a, b, c|x,y, z) be a quan-
tum correlation, and let p(ay, by, cy|xg,ys, 25) result from the action of local operations

and common randomness on pi(a, b, c|x,y,z), as described in (4.92). Then

No(Ai; Bi; Cy)p, 2 No(Ai; By Cp)p, (4.110)

Proof. First, let us embed p/(ay, by, cs | xs,ys, 2¢) in @ quantum state:

CArBiCiXpYzy =

Z q(xp, v, 2p)ps(ar, by, cpl xp, vy zplarbrcpxsyzelassic xyyzy,  (4.111)
apbyp.crxpyrzs

where q(x;,ys,z7) is an arbitrary probability distribution for x;, y;, and z;.
The set Q of quantum correlations is closed under the action of local opera-
tions and common randomness, implying that p(as, by, cslxs,yr,2¢) € Q. Since
prlas, by, crlxs,y5,2¢) is also a quantum correlation, we know that there exists an

underlying state ¢ 3 ¢,and POVMs {Hf;;f N . {Hg_f N ., and {Hf;f . , such that
) ) o @)
prlag by,crlxpypzp) = T (06 @ I, @ T1) 44 5., | - (4.112)

An arbitrary quantum extension of the state {4, 5,c,x,v,z, is given by

éuAfocfEXfozf = Z qxp,yrzp)prlar, by, crlxe, yr, z2y)
agbp.crxpyyey

"b CIXEYEZF
lagbycrxpyrzsla,siciex vz, ® LI (4.113)

where

éﬂﬂbf’cfxf!yf’zf _ 1
e =
pf'(af" bf, Cr | Xrs Yfs Zf)

(xr) ) (zf)
(I @ 1, © 11 © 1) 4,4 c,e], (4114)
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and {4 /B;C,E 1S an quantum extension of £y B, NOW, we know that

prlag, by crlxp,yp,2p) = Z 0"(ay, by, crlxs,yr2s,a,b,¢,x,y,2)

ab,cxy.z

pi(a’ b’ c | X, Y, Z)I(L)(x’ ¥,z | .Xf, yf’ Zf)’ (4115)

as well as the facts that I'”(x, y, z| x7,y7, z7) and OY(ay, by, cr| x4, y5, 250 a, by ¢, X, , 2)
are local correlations. Therefore, there exist separable states {xyz and p; BCpr along

with POVMs that result in the correlations /) and O'¥). That is,
IDCx,y, 21 %7 yp.2p) = T (L7 @ 1) @ 1) £xyz (4.116)
and

(Xf,a,%) rb.y) (zf,6,2)
0ay,by.crlxp, vy, 20 a6, %,y,2) = Tr[(Ha/ ®I, " ® I~ )PA(,B,-@]-
(4.117)
Furthermore, we know that the correlation p;(a, b, c|x,y,z) is a quantum correla-
tion. Thus, there exists an underlying state ;3 and POVMs T, {H;y N, and

(119}, such that

P(af, bf, Cr | xf,)’f,Zf) =

Z Te| (11, @ 11, Meng el oI oI @ 1Y @ 1Y @ 1Y)

a,b,c,x,y,z
(PA,-Bféf ® {xyz ® éAiaé) ] (4.118)
Since {xy; is a separable state, we can write it as {xyz = X, p (A1) ¢ f(l ® {;‘ ® {é‘. Let

Ixyza, = 2, P (A1) (f(‘ ® §;11 ® {;1 ® [A1]a, be a particular quantum extension of {xyz.
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Similarly, let pj 3 .¢,4, b€ @ quantum extension of p; 3¢, and {jzep an extension
of {;3¢. A particular quantum extension of the state in (4.113) is given by
DA[B/CrEX Y ZpA Ay = Z Pxr,yrzp)qr(ar, by, cpl Xp, yr, 2p)X
apby.crxpyrzs

lasbrcrxryrzsla,sicx,v,z, ® P%bcxyz ® [A142]A0,» (4.119)

where

ab,cxy,z _ 1
E pla,b,c, | x,y,2)

Tr|(I° @ 1T © 119 @ I) 40 | (4.120)
which then gives

PABCA;B;CrEXYZX;Y;ZsAiAs

= Z q(xp,yr.25) Z Z P(A2)0x(asla, x, xp, 12)Op(bs | b,y,yr, A2)X

ag,bp.Cr.xpyraf a,b,c,x,yz Ao

Oc(cyrle,z,zp, A2)pila, b, c| x,y,2) Z PADLA(x | xp, ADI(Y |y, ARV [y 5, A1)X
A1

abexyz

Ic(z|zy, A)labexyzasbrcyxyyrzplapcassicixvzx vz, ® Py - @ [Aidz]aa,-
4.121)

Then, following arguments similar to that given in Theorem 24, we obtain the

desired inequality in (4.110). m

4.6 Local Hidden-Variable Models

In this section, we show that tripartite intrinsic non-locality and quantum tri-

partite intrinsic non-locality vanish for tripartite correlations that admit a local
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hidden-variable model. A tripatite correlation admits a local hidden-variable

model if it is of the following form [173]:

pla,b,clx,y,z) = Z pa(Dplalx, Opb|y, Hp(clz, ), (4.122)
A

where A is a local hidden variable. If a distribution admits such a model, then
the model can be reformulated so that all the factor distributions p(alx, 1), p(bly, 2),
and p(c|z, 1) are deterministic with probabilities equal to either zero or one. In
this case, using the classical information A and the input settings of x, y, and z, an
eavesdropper can deduce the outcomes a, b, and ¢ with certainty. Hence, tripartite
intrinsic non-locality and quantum tripartite intrinsic non-locality should vanish

for local tripartite correlations.

Theorem 26 (TINL & QTINL for local correlations) Tripartite intrinsic non-locality
and quantum tripartite intrinsic non-locality vanish for every distribution p(a, b, c|x,y, z)

having a local hidden-variable model, i.e., N(A; B; C), = 0 and Ny(A; B; C), = 0.

Proof. Consider the following no-signaling extension of p(a, b, c|x,y, 2):

CABCEXYZ = Z q(x,y,2)p(a, b, c| x,y, 2)abcxyzlapcxyz ®P%bcxyz. (4.123)
a,b,c,x,y,z
A particular no-signaling extension of p(a, b, c|x,y,z) is

PABCEXYZ = Z paDg(x,y, 2)plalx, Yp(b|y, D)p(cl|z, Dlabexyzlapexyz ® [AE
a,b,c,x,y,z,A

= Z p/\(/l)pfxBCXYZ ® [Ae (4.124)
A
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where,

Papcxrz = Z q(x,y,2)pa|x, Yp(b|y, Hp(c|z, Dlabexyzlapexyz. (4.125)
a,b,c,x,y,z
Then, it follows that

inf _ I(A; B;C|EXYZ); < I(A; B;C| EXYZ), = Z pA(DI(A; B;C|XYZ),,
ext. in (4.123) ’ =

(4.126)

From inspection of (4.125), we conclude that I(A; B; C | XYZ),, = 0. Therefore, we
obtain the first desired claim: N(A; B; C), = 0. One can see that Ny(A; B; C), = 0 by

considering the appropriate quantum extensions. m

4.7 Multipartite Intrinsic Non-Locality

We now generalize the tripartite case to the multipartite case. Henceforth, we de-
note the ith input to the measurement device by x;, and we denote the outcome
of a measurement by a;, where i € {1,..., M} and M is the number of parties in-
volved. Now, we can define multipartite intrinsic non-locality, using conditional

total correlation, for a no-signaling correlation as follows:

Definition 17 Let p(a,,...,au| X1, ..., xu) be a no-signaling correlation. Multipartite

intrinsic non-locality of p is defined as

NA; - 5An)p = sup inf IAy; - AN T EX - - X)ps (4.127)

M - 1 q(x1 xp) PAL-Ay Xy Xy E

.....
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where g(xy, ..., xy) is a probability distribution for the inputs of the Alices, and the state

DA, -AyX,-XyE 18 4 n0-signaling extension of the state shared by the Alices, given by

PA—AyX,XyE = Z q(x17-'-’xM)p(al’-'-7aM|-x]"-'7-xM)

AL yees A X 5o X,
[al,...,aM,xl,...,xM]Al...AMXI...XM®pE M M, (4128)

We define quantum multipartite quantum intrinsic non-locality, based on con-

ditional total correlation, for a quantum correlation as follows:

Definition 18 Multipartite quantum intrinsic non-locality of p(ai,...,am | x1,...,Xy),

a quantum correlation, is defined as

No(Ay;--- 3Ay)y = —— sup inf 1A AN EX - Xy, (4129)

M1 GOX1sornsxa) PAL-AY X X ) E
where q(xi,...,xy) is a probability distribution for generating the inputs used by the

Alices and pa,..a, x,-x,E 15 @ quantum extension of the state shared by the Alices, given by

PA|-AyX,-XyE = Z qxi, ..., xpm)plan, ..., ap | xi,. .., Xp)

AL e s M X 5eees X
[al,...,ClM,)Cl,...,XM]AI...AMXI...XM®pE] M- M. (4130)

We now derive a chain rule for the quantity 1(A; 1A ;- - ;Ai1Aizs - s AuiAuz | E)
similar to that in Theorem 19. In doing so, we generalize (4.27) to every fi-
nite M such that we can prove additivity and other relevant properties of mul-

tipartite (quantum) intrinsic non-locality. Let us define [M] = {1,2,...,m} and

.....
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Theorem 27 For every multipartite state pa, a, A, Az-AwiauaE, the following equality

holds:

I(A1 1A+ 5 AA - s AMIAM2 | E) =

M
I(A1 ;5 5 AMa | E) + I(A 1+ 5 Am | EA ) + Z IAi 13 Apapn2 | EAp). (4.131)

i=1

Proof. By applying definitions and the chain rule for conditional entropy, we find

that

I(A1,1A1,2;A2,1A2,2;"' ;AM,lAM,2|E)

M
= Z H(Ai1Aip | E) — H(A11A12A21A25 - Ay Amp | E) (4.132)
=1

M
= > [H(Ai2| E) + H(A; | EA;)]
i=1
- [H(A1,2A2,2 e AM,Z | E) - H(AI,IAZ,I o 'AM,l |EA1,2A2,2 o AM,Z)] (4133)

M
= I(A123 Aso; -+ s Aua | E)+ ) H(Aiy | EAip) = H(Ay 1 Asy -+ Ayt | EApuyo). (4134)
i=1

Continuing, we find that

M
D H(Ai | EA) = H(A1As -+ Auy | EApy2)

i=1

M
= > [H(Ai | EAip) = H(Ai1 | EApna) + H(Ai | EApn2)]
i=1

—H(A 1Ay - Ami | EAp2) (4.135)

M
= Z IAi 1 Apin2 | EA2) + T(A 5 A -+ - 5 A | EApn 2)- (4.136)
P
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This concludes the proof. m

Now, let us note that if we consider the particular case when M = 3, we recover
the exact form obtained earlier in (4.27). Then, we can extend the arguments pre-
sented for the tripartite case to obtain additivity, convexity, and monotonicity un-
der LOCR for multipartite intrinsic non-locality and multipartite quantum intrin-
sic non-locality, primarily due to the structure of (4.131) producing similar terms

for every finite M.

4.8 Dual Multipartite Intrinsic Non-Locality

Until now, we have defined multipartite intrinsic non-locality based on condi-
tional total correlation. As noted earlier, total correlation is just one possible gen-
eralization of mutual information that has found uses in quantum information.
Dual total correlation is another M-partite generalization of mutual information,
first introduced in [180, 181]. Both total correlation and dual total correlation re-
duce to mutual information in the bipartite scenario. Since a distinction between
total correlation and dual total correlation would only arise in the multipartite
scenario, it is worthwhile to discuss the multipartite intrinsic non-locality based
on conditional dual total correlation to note the differences in quantities that arise

and compare the two quantities.

In this section, we discuss multipartite intrinsic non-locality based on dual to-
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tal correlation. Conditional dual total correlation is the conditional version of dual
total correlation, and it has been previously used in various multipartite scenarios
in quantum information [169, 182]. Conditional dual total correlation of a state

Oa,-AyE 18 defined as

[(A;;- s An | E) = ) H(Apm | E) = (m = DH(A; -+ Ay | E). (4.137)
i=1
The chain rule for conditional dual total correlation is as follows:

I(BA{;As; -+ Ay |E) = (A Ag; -+ 3 Ay | BE) + I(B; Ay - - - Ay | E). (4.138)

We now define the multipartite intrinsic non-locality based on conditional dual

total correlation, and we refer to it as dual multipartite intrinsic non-locality:
Definition 19 Dual multipartite intrinsic non-locality of a no-signaling correlation
play,...,ayl|x1, ..., xy) is defined as
N(Aﬁ <3 Ay)p = sup inf T(Al;”' sAM | EXy - Xy)p, (4.139)
q(x1,..0xpp) PAT- Ay X)Xy E

where q(x, ..., xy) is a probability distribution for the inputs of the Alices, and the state

PA-AyX-XyE 1S @ no-signaling extension of the state shared by the Alices, given by
pAl'“AMX1"~XM = Z q(-xlﬁ"'5xM)p(a19'~~9aM|-xla-'~axM)

AL e s @M X 5eees X
[a],...,ClM,)Cl,...,XM]AI...AMXI...XM®pE] M- M, (4140)

We define dual multipartite quantum intrinsic non-locality for a quantum cor-

relation as follows:
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Definition 20 Dual multipartite quantum intrinsic non-locality of p(ai, ..., ap | X1, ..., Xyu),

a quantum correlation, is defined as
NQ(AI; <3 Ap)p = sup inf T(Al; S AMIEX) - Xu)ps (4.141)
q(x1,..0xpp) PAT Ay X1 Xy E
where q(xi, ..., xy) is a probability distribution that generates the inputs used by the

Alices and pa,..a, x,-x,E 15 @ quantum extension of the state shared by the Alices, given by
PA-AyX-Xy = Z q(xi, ..., xp)plai, ..., apm | X1, .., Xpr)

A1 yees @M X 5o XM
[Cll, Y 57 3.5 T XM]AI"'AMXI“'XM ®pE . (4142)

We now derive a chain rule for the quantity ﬁAl,lAl,z; 3 AAL s AMIAM2 | E)
similar to that in Theorem 19. In doing so, we generalize (4.131) to conditional
dual total correlation and every finite M, such that we can prove additivity and

other relevant properties of dual multipartite (quantum) intrinsic non-locality.

Theorem 28 For every multipartite state pa, a, ,.a, 4i2-AyiauaE, the following equality

holds:
T(AI,IAI,Z; ce ;Ai,lAi,z; T ;AM,lAM,2|E) = T(AI,Z; ce ;AM,2|E)

M
+ I(Al,l; te ;AM,l |EA[M],2) + Z I(A[M]\{i},l;Ai,z | EA[M]\{i},z)- (4~143)

i=1

Proof. By applying definitions and the chain rule for conditional entropy, we find

that

T(A1,1A1,2;A2,1A2,2; 3 AmiAmn | E)
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M
= HApmia A2 | E) — (m — DH(A1A1 2421420 - Ay 1Amp | E) (4.144)
i=1

1l
—_

[H(Apmia | E) + HApmia | EApnyi2)]

—(m—1)[H(A124A22 - Aua | E) — H(A11Azy -+ - Ama | EA1 A0 - - - App)] (4.145)

= T(ALZ;AZ,Z;"‘ ;AM,2|E)

M
+ > HApnyia | EApa ) — (m = DH(A A -+ Ay | EApgo). (4.146)
i=1

Continuing, we find that

M
Z HApmvia | EApmi2) — (m— 1)H(A 1Az - A | EAn )
P

[H(Apmina | EApmi2) — HApmaa | EAwn2) + HApvi | EApn2)]

1l
—

—(m—DH(A1Az1 - Api | EAp ) (4.147)

M
= Z TApm LG A2 | EApgi2) + 1A LG A - 5 Au | EA D 2)- (4.148)
i=1

This concludes the proof. m

For the particular case of M = 3, the expression in (4.143) reduces to

T(AIAZ; B\By;CiCL|E) = 7(A2§ By; G |E) + T(A1§ B1;C1 | EA2 By ()
+ I(Blcl;Az | E32C2) + I(A1C1;32 | EAZCZ) + I(B]Al; C2 | EB2A2) (4149)
One can use the above equation to establish additivity of dual multipartite in-
trinsic non-locality for the tripartite case. Then, we can extend the arguments

presented for the multipartite intrinsic non-locality to obtain additivity, convex-

ity, and monotonicity under LOCR for dual multipartite intrinsic non-locality and
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dual multipartite quantum intrinsic non-locality, primarily due to the structure of

(4.143) producing similar terms for every finite M.

4.9 Device-Independent Conference Key Agreement Capacity

In this section, we define a general form of a tripartite device-independent con-
ference key agreement protocol and its associated capacity. We shall then upper
bound this capacity using tripartite intrinsic non-locality. Here, we show details
of the definition for the case in which the eavesdropper possesses a no-signaling
extension of the underlying correlation, and then we remark how the definition
can be modified to the case in which the eavesdropper is restricted by quantum

mechanics.

Letne Z*,R > 0,and ¢ € [0, 1]. Let p(a, b, c| x,y, z) be the correlation of the de-
vice shared by Alice, Bob, and Charlie. We define an (n, R, €) device-independent

conference-key-agreement protocol as follows:

¢ Alice, Bob, and Charlie generate the input sequences x", y", and z" to their
devices according to the probability distribution gx»yz(x",y", z"). The device
is used n times, and the distribution gx»yz:(x",y",z") is independent of the
eavesdropper. For round j € {1,...,n}, Alice inputs x; and obtains the output
a;; Bob inputs y; and obtains the output b;; Charlie inputs z; and obtains the

output ¢;. The distribution for the inputs and outputs can be embedded in
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the state o pngicnxnynzn, defined as
n 7 n n n n n n n n
T Anpncnxnynzn = Z gxnynz (X", Y, 2P (@, b, " | X, Y, )
arbt et xtyn 2t

X |a"b"c"x"y" 7" Xa"b" " X"V 7" | gngrenxnynzn s (4.150)

where p"(a",b",c"|x",y",7") is the n-fold independent and identically dis-
tributed extension of p(a,b,c|x,y,z). The joint state held by Alice, Bob,
Charlie, and Eve is an arbitrary no-signaling extension o arg:cnxnynzig Of

O pAngncrxnynzn, A4S defined in (411)

Alice performs a local channel £} with C,4 denoting a classical reg-

T—>MaCp’
ister that is publicly communicated from Alice to Bob and Charlie, and M,
denotes a classical local memory register that is not used for public commu-

nication. The register C, is a classical register held by Eve, which is a copy

B

of Cs. Similarly, Bob performs a local channel Ly, ,,, ..,

with Cy denoting
the classical register that is publicly communicated from Bob to Alice and
Charlie, and Mj denotes a classical local memory register that is not used
for public communication. The register Cj is a classical register held by Eve,
which is a copy of Cp. Charlie performs a local channel £, _,,, ., with Cc
denoting the classical register that is publicly communicated from Charlie
to Bob and Alice, and M. denotes a classical local memory register, which
is not used for public communication. The register Cc is a classical register
held by Eve, which is a copy of C¢. The registers C4, Cp, and Cc (public com-

munication) are used for parameter estimation. If the parameters are found

to be outside of a predetermined range, the protocol is aborted and no secret
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key is agreed upon.

Alice then performs the decoding channel 2} to obtain her fi-

MsCsCpCc—Ly
nal key system L,. Bob performs the decoding channel D}, .~ _, to
obtain his final key system Lg. Charlie performs the decoding channel

DS, c.cacet, tO obtain his final key system L¢. This protocol yields a state

W LgLeEX"Y"Z"CACpCo that satisfies

1

2 || ¢)LAL3LcEX"Y”Z"CACBCC - wLALBLcEX”Y"Z"CACBCC” 1 < &, (4‘151)

where

Z"R

Oy yrepxmmzcycace =27 Y Xl ® UXllz, ® UXlz, ® Wpxyzrc,cuce (4:152)
I=1

A general protocol of the above form is depicted in Figure 4.1. A rate R is

achievable for a device characterized by a correlation p if there exists an (n, R, &)

device-independent conference key agreement protocol for all £ € (0,1], 6 > O,

and sufficiently large n. The maximum achievable rate is denoted by DI(p) and is

called the DI conference key agreement capacity.

These definitions can easily be modified to the case in which the eavesdropper

is restricted by quantum mechanics. The main modification is that the underlying

correlation is a quantum correlation, and the eavesdropper is allowed to possess

a quantum extension of it. We denote the resulting capacity by DIy(p).

It is straightforward to generalize everything stated above to the case of a mul-

tipartite correlation p(a,...,au | x1, ..., Xy).
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Figure 4.1: General schematic for device-independent conference key
agreement. The POVMs {1, {H;y 1, and {T19}, are available
to Alice, Bob, and Charlie, respectively. The eavesdropper is in
possession of the quantum and classical information in system
E. LOPC stands for local operations and public communica-
tion and is used by Alice, Bob, and Charlie to distill the final
conference key.

In [3], a lower bound on conference key agreement rate was established for a
particular protocol. In this chapter, we are trying to address a different question
that can be answered regardless of any particular choice of protocol. We are con-
cerned with the no-signaling or quantum correlations that characterize the devices
used for device-independent conference key agreement. The question we want to
answer is as follows: given a correlation p(a,b,c|x,y,z), produced by a device, what is

a non-trivial upper bound on the conference key agreement rate that can be extracted from
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this device with any possible protocol?

We answer this question for independent and identically distributed (i.i.d.)
devices, which means, in each round of the protocol, the device is characterized
by the correlation p(a,b,c|x,y,z). The inputs within each round of the protocol
can be correlated, but not across rounds. This i.i.d. assumption is not a drawback
as we are interested in calculating upper bounds on conference key agreement
rates: if we show that a correlation can certify no more than a certain limit of
key rate against an eavesdropper restricted to i.i.d. attacks, then the correlation
certainly cannot certify more than this limit against an eavesdropper without such

a restriction.

4.9.1 Upper Bound on DI Conference Key Agreement Capacity

Now, we prove that tripartite intrinsic non-locality is indeed an upper bound on

the DI conference key agreement capacity.

Theorem 29 The tripartite intrinsic non-locality N(A; B; C), is an upper bound on the
device-independent conference key agreement capacity of a device characterized by the
no-signaling correlation p(a,b,c|x,y,z) and sharing no-signaling correlations with an

eavesdropper:

DI(p) < N(A; B; C),,. (4.153)
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Proof. The states @, w, and o are given in the definition of device-independent

conference key agreement in Section 4.9. Using (4.151) and (4.18), we find that

2nR = I(LA; LB; LC | EXnYnZnCACBéc)(p (4154)

< I(Ls; Lg; Lc | EXnYnZnCACBéc)w + &. (4155)

where & = 4enR + 3g(¢) and g(¢) is defined in (4.19). Using data processing of con-
ditional total correlation for L4, Lg, and L. under the local channels %ACACBCm Ly

and D¢ we conclude that

MCCACBCC—>LA’

.Z)B

MpCaCpCc— Ly’

2nR < I(LA, Lp; LC | EXnYnZnCAégéc)w +& (4156)

< I(MACACBCC; MBCACBCC; MCCACBCC | EX”Y”Z”CACBéc)w + E&. (4157)
Now, since Cp is a copy of Cp and C¢ is a copy of Cc¢, we conclude that
H(M4CsCpCe | EX"Y"Z"CACsC¢) = HMAC4 | EX"Y"Z"C4CCe). (4.158)

A similar manipulation can be applied to H(MzCaCpCc | EX"Y"Z"C4CpCc) and

H(MCCACBCC | EX”Y”Z”CAégéc), glvmg us

2nR < I(MACACBCC; MBCACBCC; McCACBCC | EX”Y”Z”CACBCC)w +&

< I(MACA, MpCp; MCCC | EX"Y”Z”CACBCC)w + E&. (4159)
Using (4.16) and ignoring the negative terms that arise, we find that

2nR < I(MACA, MpCp; McCc | EXnYnZnCACBéc)w + &
< I(MACACA; MBCBCB; McccCC | EXnYnZn)w + &

= I(M,Cy; MgCy: McC | EX"Y"Z"),, + &. (4.160)
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Using data processing of conditional total correlation on M,Cy, MgCp, and M:Ce,

2nR < I(MACA; MpCp; MCCC | EXnYnZn)w + &

< I(A"; B"; C"| EX"Y"Z"), + &.

(4.161)

Using the fact that the no-signaling extension applied in the protocol in Section 4.9

is arbitrary,
2nR < inf I(A"; B'; C" | EX"Y"Z"), + &
Using & = 4enR + 3g(e),
2(1 = 2e)nR < g}tf I(A"; B";C"|EX"Y"Z"), + 3g(&).
Taking the supremum over all input distributions,
2(1 —2e)nR < sgp ier)(lth(A”; B";C"|EX"Y"Z"), + 3g(&).
Using additivity (see Theorem 20),
2(1 —2&)nR < sgp }erxltf I(A"; B";C" | EX"Y"Z"), + 3g(¢)
=n-: sgp&f[(A; B;C|EXYZ), + 3g(e)
= 2(1-2¢)R< sgp irgl(A;B; C|EXYZ), + %g(s).
Taking the limit n — oo and then ¢ — 0, we conclude that
DI(p) < N(A; B; C).

This concludes the proof. m

(4.162)

(4.163)

(4.164)

(4.165)
(4.166)

(4.167)

(4.168)

Using similar techniques and taking appropriate quantum extensions estab-

lishes the following:
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Theorem 30 The quantum tripartite intrinsic non-locality Ny(A; B;C), is an upper
bound on the device-independent conference key agreement capacity of a device character-
ized by the quantum correlation p(a,b,c|x,y,z) and sharing quantum correlations with

an eavesdropper:

DIy(p) < Ny(A; B; C),,. (4.169)

All the steps (i.e., data processing and additivity) in the proof of Theorem 29
can be easily extended to apply to multipartite intrinsic non-locality, dual mul-
tipartite intrinsic non-locality, and their respective quantum counterparts. This

leads to the following theorems:

Theorem 31 The multipartite intrinsic non-locality N(Ay;--- ;Ay), is an upper bound
on the device-independent conference key agreement capacity of a device characterized by
a no-signaling correlation p(ay, . ..,ay | X1, ..., xy) and sharing no-signaling correlations

with an eavesdropper:

DI(p) < N(Ay; -+ ; Ap),p. (4.170)

Theorem 32 The multipartite quantum intrinsic non-locality No(Ay; - - - 5 An), is an up-
per bound on the device-independent conference key agreement capacity of a device char-
acterized by a quantum correlation p(ay,...,ay | X1, ..., xy) and sharing quantum corre-

lations with an eavesdropper:

Dly(p) < No(Ais- -+ 5 Am)p. (4.171)

152



Theorem 33 Dual multipartite intrinsic non-locality NA;-- 1 Ay) » 1s an upper bound
on the device-independent conference key agreement capacity of a device characterized by
a no-signaling correlation p(ay, ...,ay | X1, ..., xy) and sharing no-signaling correlations

with an eavesdropper:

DI(p) < N(A1; -+ 5 Ap)p. (4.172)

Theorem 34 Dual multipartite quantum intrinsic non-locality No(A,;--- ; Ay), is an
upper bound on the device-independent conference key agreement capacity of a device
characterized by a quantum correlation p(ay,...,amu|x1,...,xy) and sharing quantum

correlations with an eavesdropper:

Dlg(p) < No(Ar; -+ 3 Ap),. (4.173)

4.10 Evaluating Quantum Tripartite Intrinsic Non-Locality

In this section, we evaluate quantum tripartite intrinsic non-locality for vari-
ous examples. While evaluating the quantum tripartite intrinsic non-locality, we
should consider the actions of an eavesdropper, who is in possession of an exten-
sion of the underlying quantum state shared by Alice, Bob, and Charlie. We note
here that all source files needed to generate the plots in this section are available

with the arXiv posting of [142].

An eavesdropper, Eve, of a DIQKD protocol is allowed access to a quantum

extension system of the state shared between Alice and Bob prior to public com-
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munication of measurement settings. Eve is also assumed to be in possession of
copies of all classical communication exchanged by Alice and Bob, as well as all
local hidden variables that can be attributed to the correlations that Alice and Bob
share. We also assume that the state and black boxes received by Alice and Bob

are in fact supplied by Eve herself.

For DI conference key agreement protocols, we assume that Eve has access to
all the same quantum and classical information as in DIQKD but sourced from
all the participants of the DI conference key agreement protocol. Eve can then
use this collected information to reduce the key agreement rate. Any procedure

employed by Eve to reduce the key agreement rate is known as an attack.

The first attack that we consider is a modification of the attack for DIQKD used
in [163], which was helpful for calculating an upper bound on quantum intrinsic
non-locality. We use the RMW18 Protocol [3] for all further calculations. First,

suppose that the underlying state is as follows:

Tina
pabe = (1 = ) IGHZXGHZ 35¢ + p==, (4.174)

where |GHZ) = (|000) + |111))/ V2. Alice’s measurement choice x = 0 corre-
sponds to 0z, and x = 1 corresponds to ox. Bob’s measurement choice y = 0
corresponds to (o7 — ox)/ V2, the choice y = 1 corresponds to (o7 + ox)/ V2, and
the choice y = 2 corresponds to 0. Charlie’s measurement choices are oz when

z =0and ox when z = 1. This leads to a quantum correlation g(a, b, c|x, y, 2).

Using the Bell inequality corresponding to the parity-CHSH game [3, 50], the
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Figure 4.2: Key rate versus parity-CHSH violation S. The orange line is an
upper bound on quantum tripartite intrinsic non-locality com-
puted for the attack described in (4.179), the blue line is an up-
per bound on quantum tripartite intrinsic non-locality for the
correlation parameterized by § using a multipartite generaliza-
tion of the attack in [1, 2], and the green solid line is the lower
bound for the state in (4.174) calculated from [3].

parity-CHSH violation S is as follows:'
S = V2(1 - p). (4.175)

We see that p;3e produces a local correlation when the parity-CHSH violation is
less than or equal to one or, equivalently, when p > 1 -1/ V2. Let gso(a, b, c| x,v,z)

denote a quantum correlation with parity-CHSH violation S”. Fore < p < 1 -

%, we can think of the correlation gs,(a, b, c|x,y,z) as a convex combination of

IThe calculations for all S, pwin, and plots are in the Mathematica files included with the arXiv
posting of [142].
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gs=(a, b, c|x,y,z), which is non-local, and ¢ ,_ = (a,b,c|x,y,z), which is local, in the
s 2

following fashion:
qu(a’ b’ & | X, ¥, Z) = (1 - a((‘z‘))QSE(% ba Cc | X, Y, Z) + Q(S)CISF% (a’ b’ c | X, Y, Z)’ (4176)
where

a(e) = 1”%‘9. (4.177)

V2
For local correlations, quantum tripartite intrinsic non-locality is equal to zero.

Hence, using Theorem 23, we conclude that
No(A; B; C)y,, < (1 —a(e))Np(A; B; Oy, - (4.178)
By considering the trivial extension for gs,(a, b, c| x,y, z), we obtain

No(A; B; C)4,, < min sup (1 — a(e))I(A; B; C)y. . (4.179)

O<e<p q(x,,2)
The lower bound is calculated using the probability of winning the parity-CHSH

game, given by

1 d-p)
pwin—_+ .
2 22

We then plot this quantity against the parity-CHSH violation S in Figure 4.2.

(4.180)

The second attack on the RMW18 Protocol [3] that we consider is a multipar-
tite generalization of the attack on DIQKD first proposed in [1], in the context of

a lower bound. It has also been used in [2] for evaluating an upper bound on
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DIQKD. It can be thought of as a particular way of achieving a desired parity-
CHSH violation § and quantum bit error rate (QBER) Q. In the multipartite gen-

eralization, we consider the following state:

1-C 1+C
T(ZA ®Zy R Ze)IGHZXGHZ| 456 )(Z; ® Z ® Z¢) + >

IGHZXGHZ|; 5, (4.181)

which results from the action of collective dephasing on the GHZ state, and which

is purified by the following state vector:

[1—C (000) — |111>) /1+C(|OOO)+ |111))
® |0)p + ® [I)p. (4182
2 ( V2 ABC ) 2 V2 ABC . ( )

Alice’s measurement choice x = 0 corresponds to o, and x = 1 corresponds

to ox. Bob’s measurement choice y = 0 corresponds to (o7 + Cox)/ V1 + C?, the
choice y = 1 corresponds to (oz — Coy)/ V1 +C2, and y = 2 corresponds to o.
Charlie’s measurement choices are oz when z = 0 and o when z = 1. The parity-
CHSH violation S is given by § = V1 + C2. To generate key, Alice and Charlie
measure oz and Bob, with probability 1 — 20Q, measures o, and, with probability
2(Q, assigns a random bit. This gives us a QBER of Q. The post-measurement state

is as follows:

1 -
—Q(|000x000|®pg+ |111x111|®p;5)+%(|001x001|®pg+ 1110X110| ® p7),

2
(4.183)
where
1| 1+C +V1 -C?
0F = 5 . (4.184)
+ V1 -C? 1-C
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Figure 4.3: The blue line is the plot of tripartite intrinsic non-locality as
function of pgep for the state D% (|GHZXGHZ)|) using the attack
leading to (4.179). The gold line indicates the lower bound cal-
culated from [3].

Note that for the state in (4.174), the parity-CHSH violation § and QBER Q are
related as follows: Q = 1(1 - %). After we apply this relation between S and
O, we get a correlation that is parameterized by S. We then calculate an upper
bound on quantum tripartite intrinsic non-locality as a function of § and plot it
versus S in Figure 4.2. It is important to note that this parameterized correlation
is not convex in the parameter S, as required by (4.73); so if such a curve is not
convex to begin with, Theorem 23 cannot be invoked to produce a lower, convex
curve that is also an upper bound on the quantum tripartite non-locality for the

parameterized correlations.

158



A common qubit noise model is the depolarizing channel, described as

I
D) =1 - pdep)p + pdepi- (4185)

We can then consider a more realistic noise model given by pise =
D®(|GHZXGHZ|). For this state, we can consider the attack leading to (4.179)
using the parity-CHSH violation S, given by

_ (1 - pdep)3 + (1 - pdep)2

V2 V2

The lower bound from [3] is calculated using the probability of winning the parity-

S

(4.186)

CHSH game, given by

l + (1 - pdep)3 + p(l - pdep)2
2 2V2 av2

We plot quantum tripartite intrinsic non-locality against pqep in Figure 4.3.

(4.187)

Pwin =

Here we note that tripartite intrinsic non-locality based on dual total correla-
tion provides the exact same upper bounds when calculated using the attack in
(4.179). For the other examples we have studied, tripartite intrinsic non-locality
based on conditional dual total correlation gives worse upper bounds than multi-

partite intrinsic non-locality based on conditional total correlation.

411 Conclusion

In this chapter, we defined multipartite intrinsic non-localities using conditonal

total correlation and conditional dual total correlation, and we proved that these
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quantities are indeed additive and convex upper bounds on the DI conference key
agreement capacity. These multipartite intrinsic non-localities are also monotone
under local operations and common randomness. A key technical contribution is
our derivation of the chain rule for conditional total correlation and conditional
dual total correlation, which are applicable to all correlations and may be of inde-

pendent interest beyond their applications to conference key agreement.

We can also see from Figure 4.2 that there is a significant gap between the up-
per and lower bounds on tripartite DI conference key agreement, so that there is
room for improvement. We also want to find new attacks specific to DI confer-
ence key agreement to improve the upper bound further and bring it closer to
the lower bound. One can also look at convex combinations of various attacks on
DI conference key agreement, as shown for DI quantum key distribution in [183].
Deriving a different multipartite intrinsic non-locality using another information

quantity may also be of interest to improve the upper bound.

For future work, we are interested in pursuing more novel DI conference key
agreement protocols beyond the one presented in [3]. Specifically, one can look
for protocols that have more than one measurement setting in the key generation
phase because such protocols require lower detector efficiency for DI quantum
key distribution, as shown in [184]. We could also investigate other Bell inequali-

ties presented in [50] in order to find better protocols.
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CHAPTER 5
CONCLUSION AND OPEN QUESTIONS

In this thesis, we have explored a few important aspects of multipartite en-
tanglement. The main themes we dealt are as follows: testing multipartite entan-
glement, certification of multipartite distillable entanglement, and upper bounds
on conference key agreement. In analyzing these tasks, we drew inspiration from
their bipartite counterparts and gained a better understanding of multipartite en-

tanglement as a whole.

In Chapter 2, we explored how we can test whether a given state is entangled
or not. We began by developing a test for bipartite pure states. We then use this
test as the basis for a separability test for bipartite mixed states that uses a compu-
tationally limited verifier and a computationally unbounded prover. The prover
in our analysis is restricted to performing only entanglement-breaking channels.
To adapt our separability test to state-of-the-art quantum computers, we replace
the prover with parameterized unitary circuits and classical optimization tech-
niques giving us, Variational Quantum Steering Algorithms (VQSAs). VQSAs
are charaterized by the inclusion of mid-circuit measurement, allowing for opti-
mizations over pure state decompositions of mixed states. We also simulate our
VQSA on noisy quantum simulators. We also develop semi-definite programs to
benchmark the performance of our VQSA. We then extend our separability test
to the multipartite scenario by modifying the test in accordance with the defini-

tions of multipartite entanglement. We also discuss the computational complexity
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of performing our separability test. To do this, we introduced a new complex-
ity class, QIPgg(2), and discussed its relationship with other known complexity
classes. With this work, we showed a link between entanglement, steering, quan-

tum algorithms, and quantum complexity classes.

From here, we consider it an important open question in quantum computa-
tional complexity theory to place a non-trivial upper bound on the class QIPgg(2).
As indicated in Remark 4, an approach using the known quantum de Finetti the-

orem from [91, Theorem I1.7'] does not appear to be helpful for this task.

In Chapter 4, we develop a technique to quantify resources for device inde-
pendent conference key agreement, a multipartite generalization of quantum key
distribution. Our method, multipartite intrinsic non-locality, is additive, convex,
and a monotone under the class of free operations, we call, local operations and
common randomness. We show that multipartite intrinsic non-locality is an upper
bound on the conference key agreement rate in the device independent scenario.
To prove these important properties, we derive a chain rule for two variants of
multipartite mutual information. The two variants of multipartite mutual infor-
mation we use are multipartite generalizations of conditional mutual information.
We then dsicuss DI conference key agreement protocols and calculate the tripartite
intrinsic non-locality for these protocols and compare them against known lower

bounds.

It is still an open question whether either multipartite intrinsic non-locality is

indeed a monotone of genuine multipartite Bell non-locality. It is also easy to see
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that multipartite intrinsic non-locality is equal to zero for correlations that can be
described by a local hidden variable common to all parties involved. However,
multipartite intrinsic non-locality is not known to be equal to zero for correlations
that fail to be genuinely multipartite nonlocal as defined in [185], such as (for
instance) tripartite correlations that can be decomposed into a convex mixture of

correlations that are each only bipartite nonlocal.

Finally, we can also look at securing device-independent conference key agree-
ment using just computational assumptions. There have already been attempts at
securing DI quantum key distribution and self testing under computational as-
sumptions based on the learning with errors problem [186, 187]. It may be in-
teresting to extend this analysis to the multipartite scenario of DI conference key

agreement.

Finally, we discussed how to certify multipartite distillable entanglement in
a quantum network. Since the constituent components of a quantum network
may vary widely in their underlying technologies, we propose that this certifica-
tion must be device independent. In Chapter 3, we define multipartite distillable
entanglement and device-independent multipartite distillable entanglement cer-
tification protocol. A device-independent multipartite distillable entanglement
certification protocol must consist of a completeness condition and a soundness
condition. Our proposed certification protocol is based on the MABK inequal-
ity [41, 42, 43]. We showed that this protocol is complete and sound. To show

soundness, we used the entropy accumulation theorem [145], the structure of the
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MABK inequality [41, 42, 43], and the multipartite entanglement distillation pro-

tocols and rates described in [148, 149].

For future works, we are interested in using other Bell-type inequalities that
involve more than two binary measurements or measurements that have more
than two outcomes. In this work, we have focused entirely on GHZ states while
leaving out the W state. The W and GHZ states are not interconvertible using
LOCC alone [188]. Hence, our analysis here for GHZ states does not immediately
apply to W states, but it is an interesting extension. It is also worth noting that
there are infinitely many classes of genuinely multipartite entangled states that
involve four or more parties [189]. It will be interesting to see what a unified

certification protocol for such classes of states might look like.

We also note that our results are centered around a protocol based on state
merging [148, 149]. One could always consider another protocol that does not
involve state merging. An approach that does not rely on the equivalence between

Bell inequality and MABK inequality may be necessary for this scenario.
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