
CHAPTER XI. 

NON-PLANE llfOTI01V 

§ 62.-THE SCREW. 

IN the preceding chapters ,ve have limited ourselves 
almost entirely to the consideration of mechanisms in which 
only plane motions occur. These form by far the largest and 
rnost important class with which the engineer has practic­
ally to deal. We have now to notice some of the principal 
non-plane n1otions utilised in machinery, and shall in the 
first instance examine those conditioned by the use of the 
screw and nut, F'ig. 261.1 

In § 2 we have already noticed the characteristics of 
screw motion, or t,vist ; and in § 1 o ,ve have seen that 
this motion could be completely constrained by the ordinary 
screw and nut, a pair of elements which we c1assed among
the lower pairs because of its surface contact. Familiar 
and important as this pair is, there is hardly an instance in 
,vhich it is used for the sake of its o,vn characteristic 
helical motion. With scarcely an exception the scre"v 
rnotion is resolved into its two components, rotation and 

�- A more general investigation of screw n1otion in mechanismc;, ?f
;§ tch this is the simplest (and a very special) case, will be found in 
" 68.to 70. 
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translation, and these two motions are employed separately 
on different linU of the chain containing the screw. :Fig. 262 
sho-n the most familiar illustration of thit. The screw fonns 

part of the link a of a three-link chain. The link carries 
also a turning element or pin, which is paired with ,, and r, 
in turn, form, :i sliding pair with the outside of the nut b. 

The motion of a relatively to , is a rotation,' that of/, ,e 
lhat 1uitablc collar, puunt uy endlon� ,notioO

of 0 \� �-r,..... upposed 
1 
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latively to ca translation. The motion of a relatively to b 
is twist, but this is the one of the three motions of ,vhich no 
use is made under ordinary circumstances. 

If the mean radius, or pitch radius, of the screw be called 
r, and the pitch p, then any point of the scre,v at a radius 
r will move through a distance 2 1r r relatively to the link c, 
while b only moves through a distance p relatively to the 

same link. hAny sue .point ·11w1 2 .,,. rmove -- . rtimes as 1ast 
p 

(relatively to c) as b, and any force applied at it, in its 
2direction of motion, ,vill balance a resistance -:r r times 

p 
greater than itself to the motion of b along c. As such a 
force can be readily caused to act at some radius R very 
greatly larger than r, without any alteration in the value of 
P, the screw presents the possibility of attaining in a small 

2 v Rcompass a very large "mechanical advantage," . We 
p

shall see in the next chapter how very seriously this apparent 
advantage is reduced by unavoidable frictional resistances. 

Fig. 263 shows a screw press, which is in reality exactly 
the same chain as the last figure with the link b fixed. The 
relative motions of the links remain exactly as before, but 
the twist of the link a becomes more obvious, as it occurs 
relatively to the fixed link. In such a case the driving 
effort upon a cannot remain in  the same plane (as in the 
last case), but must change its position axially as the scre\v 
goes bodily down or up. Unless, however, the screw be 
moved by hand, in which case such a change . of position
does not require to be considered, means are taken to keep 
the driving effort always in one plane, so that again the 
actual screw motion does not come into practical considera• 
tion. Thus the arrangement of  Fig. 264 is often used, in 
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,vhich c is the fixed link, but b carries the screw instead of 
the nut, and a the nut instead of the scre,v. The screwed 
part of b merely slides in c, and the link a, ,vhich is pre­
vented by shoulders from having an endlong motion, takes 
externally the form of a belt·pulley or a spur-,vheel, which can 
be driven in the usual way. It is hardly necessary to point 
out that the interchange of the forms of screw and nut­
external and internal screws-n1ake no rnore change in the 
mechanism than the interchange of eye and pin in a turning 
psir, or slot and block in a sliding pair. 
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In the mechanisms formerly considered ,ve had only to 
deal ,vith forces acting in, or parallel to, one plane. All 
other forces or force components were, by hypothesis, 
balanced as they appeared by stresses in the links (p. 7)· 
Here, however, it happens almost invariably that effort and 
resistance act in different planes. The effort in most cases 
(as in the last figure for instance) acts in a plane normal to 

the axis of the screw, while the. resistance acts in a plane 
passing through that axis, very often, indeed, acting directly 
in its line. In any case we have still, exactly as before, the 
condition that all force components tending to cause motions 
which �.,.e incompatible ,vith those permitted by the connec-
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tion between the links, are entirely balanced by stresses in 
those links. 

In the plane mechanisms hitherto studied we have as� 
sumed tacitly that the smallest force acting on any link, and 
acting in such a direction as to move that link, would moYe 
the whole n1echanism. Apart from friction, this is strictly 
true, and under the same conditions it is tru� ,vith scre\v 
mechanisn1s. also. But here, as we shall see later on, the 
effect of friction is n1uch n1ore serious than where there are 
only pin-joints or even ordinary slides. vVith a scre,v of 
ordinary proportions, and \vorking with ordinary lubrication, 
no effort, ho,vever great, acting 0:1 the nut in the direction 
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of the axis of the screw, could cause rotation of the screw. 
\\·e therefore obtain here a condition, sometimes of great 
Practical convenience, differing essentially from any with 
which we have had hitherto to do, namely, that as regards 
effort and resistance the mechanism is non-reversible. But 
as this condition depends entirely on frictional resistances 
its further examination must be deferred. 1 

We shall now notice briefly a few of the principal 
n1echanisn1s in which scre,vs are used. 

The three-link chain shown in Fig. 265 finds several 
applications; it is commonly known as a differential · 

1 See§ 74 
I I 
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11crew chain .. The link a consist.!I of two screw elements, 
of different pitches; 6 carries the nut for one of these 
clements, and ( for the other, an<l 6 and ( are themscil'es 
connected by a slide. Let us write p, for the pitch of a in,, 
and/', for its pitch in 6. Then if ( be fixed. as is usually the 
case, each complete turn of a will cause it to move through 
a dilllance p, relatively to(, and (simultan�ously) through a 
distance p. relatively to b. The corresponding motion of} 
relatively to , will be the difference or the sum of p, and 
p., according to whether the two screws are of the same or 
of opJ>O$itc han<ls. In the fii;ure they are of the 53me 
hand, and the motion of 6 relatively to , for one tum of 

the screw is equal to A- p,. The mechanism is therefore 
equivalent to that of Fig.. 262, with a screw whose pitch lW 
P,-p,. But this quantity may be excessively small, much 
smaller than it would be practicable to make the pitch of 
an ordinary screw, and in this way the "ditferenti.11 • 
arrangement m.�y enable U5 to get a mechanical advantage 
much greater than could conveniently be otherwise obtained 

p,-J,
In the chain of Fig. 266 the link 6 canie! two screw elements 

of different pitches, with which a and, are p,aired. The CO"· 

http:ditferenti.11


THE SCREW, ..,, 
nection between a and, is a tum(ng pair. If heree be fixed, 
the motion of I, relatively to it must be twist, but its rotation 
must be as much slower than that of a a s p. is less than p., 

Thus in one tum of a the link I, receives an a:-<ia\ motion 
of p., while at the same time its whole motion (relatively to 
c) is a twist whose pitch is p.. It must therefore have made 

only the fraction 1 of a complete turn. In a similar way 

1he relati,·e motions of the other links can be examined, 
their static rdntions following most easily, as before, from 
their relative velocities, 

Fig. 267 sho11'S another three-link chain, but in this case 
all the pairs are screw pairs. 1f any one (as c) be fixed, 
the motions of both the others relativcl)' to it, as  well as to 
each other, are all helical. All the three mechanisms to be 
obtained from this chain are kinematically the same. The 
chain, which is given by Reuleaux, does not seem to ha,·e
found any applications as yd in practical work, for the 
reason, no doubt, that so few uses exist in machinery for 
helical motions. 

There are a number of mechanisms of a more practirnl 
kind in which a single screw-pair is used with a number of 
other links, ,·ery often with the special intention of fixin,g 
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the mcchanism,e1:,. of preventing any motion of its links 
except by the action of those forces which cause the screw 
to rotate. Thisfixing,eu ha.sebecnealreadyemcntioned, is a 
consequence of friction.al resistances, whose nature and 

magnitude have to be discussed in another chapter. Fi£$­
:68 and 269eshow two such chains, theeb.ttcr an arrange­
menteofeNasmyth's foreaedividing machinc. lneneitherc.,.5C 
do the problems connected with the chains pr�ot any 
diffic;nlty; the thrust or axial pressure of the screw being 

onceefound,eit can be taken as a known force, acting on a 
link of a plane chain, and so de.alt with by the method! 
already discussed 

The $tCcrmg gear shown in Fig. ,;o differs from thC 
other screw mechanisms examined in having a double 

http:neitherc.,.5C
http:friction.al
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thread c,it on the screw, so that i t  can work with two half 
nuts, one right and one Jeft-h:rn<led, moving one forwards, 
while it simultaneously draws the other backwards. It is, 
in fact, only a modilied form of the mechanism of Fig. 2 7 1 ,  
where the two screws and nuts are complete and f>Cp!irate. 

The worm and worm-wheel, Fig. 272 ,  form together one 
of the most familiar combinations containing a screw. We 
shall see in § 69 that the mechanism shown in the figure is 
essentially a very special c:m:: of screw-wheel gearing, the 
wonn being really a screv,;-whed of one, two, &c., teeth, 
according as i t  is a single- or dou\Jle-, &c. , threaded. Looking 

at the mechanism !ll present, however, merely as we ha\"e 
been looking at the other screw-trains mentioneri, we see 
that the pitch circle of the wheel receives from the screw 
simply the axial component of its motion, exactly as does 
the link b in Fig. 262. The pitch of the teelh of the wheel 
15 the s.1me as the pitch of the screw he!ix, if it be single-
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threaded, or half that pitch if it be double-threaded, and so 
on. Each complete revolution of the screw therefore carries 
the wheel round through the angle corresponding to one 
tooth if the screw be single-threaded, two teeth if i t  be 
double-threaded, &c., exactly as if the worm were (as it essen­
tially is) a wheel of one, t,vo, &c., teeth. The mechanical 
advantage of the combination, for a resistance at a radius 
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FIG. 272. 

equal to that of the wheel, is exactly equal to that of the 

screw press noticed above, or--. ut ere not anonIy c 
p 

r be increased, but also the radius at which the resistance 
acts can often be conveniently made very much less than . 
that of the wheel, as shown, for instance, by the dotted 
circle. By means of these three links, therefore, a very 
large mechanical advantage can be gained with the use of 
very few links and in a very small space.1 In order that the 

1 As to the relative diameter of the worm and ,vheeJ, and of the twist 
axodes to which they correspond, see § 69. 
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worm-wheel and worm may gear properly together, it 
is often assumed that the teethi· of the former must 
be themselves portions of helices having a tangent, in 
the middle plarie of the wheel, coincident with the 
pitch tangent of the worm-thread. The curvature of • 
such helices being exceedingly small in such a small fraction 
of their pitch as is represented by the breadth of the worm­
wheel, the teeth are usually made straight, and simply inclined 
at an angle equal to the pitch-angle ( or angle ,vhose tangent 
is P ) to the position they would occupy in the spur-

2 7r r 
wheel. If pressure were transmitted from the worm to the 
wheel always in the middle plane of the latter, this approxi­
mation ,vould be reasonably accurate. The point of contact, 1 

however, traverses the wheel-tooth from side to side, and 
(especially if the teeth are hollowed out as sketched to the 
right of Fig. 2 72 ), this causes irregularities of a kind similar 
to those mentioned on p. r 2 r ,  in the motion transn1itted. 
This matter has been examined by Professor \,V. C. U nwin, 
who has given, in his Ele1nents of Machine Desi'gn,2 the only 
satisfactory investigation of it ,vhich ,,·e have seen published. 

If it is not essential that the axes of the worm and wheel 
should be at right angles, the arrangement adopted by
Mr. Sellers, of Philadelphia, offers many constructive con­
veniences (Fig. 273). Here the angle between the axes 

°1
•
s made less than 90 by an amount exactly equal to the 

pitch angle of the screw. This turns the worm-wheel into a 
spur-wheel (a screw-wheel of infinite pitch), its teeth being
Paral lel to its axis. This combination, with reasonably
Well.formed teeth, runs with �xceedingly little friction. 

• In screw gearing contact occurs at a point on each tooth, not along 
a hne (see§ 69). 

2 P. 296, &c. , in the fifth edition. 

1 
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The t\vist-axis, which takes the place, in such combinations 
as these, of the virtual axis of rotation of plane 1nechanisms, 
as well as of those non-plane mechanisms which are to be 
examined in §§ 63 to 66, will be found discussed in § 68. 

Fie. 273. 

§ 63.-CONIC CRANK TRAINS. 

IN § 2 we mentioned plane, spheric, and screw motions 
as the three principal cases ,vith which ,ve had to deal in 
machinery. Before looking at the more general n1otions 
coming under the third head, it will be convenient to 
examine those of the second. Let PQ, Fig. 2 74, be a splzeric 
section of any body having spheric motion (p. 1 5), and p and 
q the paths (on the surface of the sphere) of the points P 
and Q respectively. We can find a virtual axis for the 
motion of the body by a method exactly similar to that 
used for plane motion (p. 40). \Ve can, nan1ely, consider 
P as moving for the instant along a great circle a touching
p in P, and Q along a great circle /3, touching q in Q.
Drawing great- circles a1 and /31 normal to a and /3, \Ve may 
say that the instantaneous motion of P is equivalent to a 
rotation about any diameter of a1, and that of Q equivalent to 
arotation about any diameter of /3

1
. But a1 and /31, being

great circles on· the same sphere, must have one diameter 
(here SS1) in common. The body PQ has therefore for 
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its instantaneous motion a simple rotation about SS1, ,vhich 
becomes its virtual ax£s. Taking other positions of P and 
Q ,ve can obtain other virtual axes, and the locus of these 
axes will again be an axode (p. 52  ). The axode ,vill here, 
however, consist of a number of lines all passing through 
the same point 0, the centre of the sphere, so that it will 
be a cone instead of (as for plane motion) a cylinder. In 
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FIG. 274. 

general, of course, the cone ,vill be non-circular, just as the 
cylindrical �xode was non-circular, except in the special cases 
where the centrodes were circular, as on pages 1 1 9  and 146. 
The curvens, which is the locus of the points S, the inter­
sections of the virtual axes with the spheric surface, has 
some of the properties of the centrode. }!'or the relative 
{spheric) motions of any two bodies, for instance, me�sured 



490 THE MECHANICS OF MACHINERY. [CHAP. XI. 

on the same sphere, there are two such curves, which touch 
each other always in one point, and that point is the point
S, which, along with the centre 0, determines the position 
of the virtual axis.1 The two curves roll upon one another, 
as the bodies to which they correspond move, exactly as 
do the centrodes in plane motion. But we cannot speak of 
such a point as S as a virtual centre, for the different points 
in PQ are not points in a plane passing through S, and their 
virtual motions are not rotations about any one such point, 
but about different points in the line SO. The motion, 
therefore, when reduced to its lowest ter1ns, is a rotation 
about an axis, for which axis a point can not be substituted, 
as formerly in § 7. 

Let a, b, and c, be any three bodies each having spheric 
motion relatively to the other. For these motions there 
,vill be three virtual axes, which we may call Aa "' A,u, and 
Abe respectively. The theorem of the three virtual centres 
(p. 7 3)  is here represented by a theorem as to these axes, 
which may be stated thus : If any three bodies, a, b, 
and c, have spheric motion, their three virtual 
axes, Aab, Anc, and Abe, are three lines in one plane. 

\Ve have already seen that these three lines must all pass
through one point, 0. The simplest proof of this theorem 
is one corresponding to that formerly given, namely, the 
follo\vingh: 2 The line Abe is a line belonging to both the 

1 As the same constn1ction gives us the points /; and S1 simultaneously, 
and as there is no kinematic difference between them, we may indeed 
say that each curve is a double one, having two similar �nd equal parts 

placed oppositely on the sphere. But as these t\vo part� are precisely
similar and equal, and as either one of them by itself, along with tJ�e 
given centre O of the sphere, is sufficient to detern1ine the axode, it 15 

unnecessary to trouble ourselves to consider more than the one curve 
s, or point S, which happens in any construction to be the wore 
convenient.

2 If a figure "·ould make it easier for the student to follow this st�� 
ment, Fig. 30 can be used, taking the paper as a projection of a spheri 
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bodies b and c. As a line in the former it is turning, rela­
tively to a, about Aab' It must therefore be moving in a 
plane at right angles to the plane containing the lines Aab 
and Abe• As a line in c, it is turning, relatively to a, about 
Aac- It must therefore be moving in a plane at right angles 
to the plane containing the lines Aae and Abe- It can be 
moving only in· one direction at one time, so that two 
planes ,vhich both pass through it, and are both normal to 
that direction, must coincide. The planes Aab A0e, and 
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.A.ac Abe, therefore coincide, and the three lines A11.Tn Aac, and 
Abe are three lines in one plane. \Ve shall find ccnsiderable 
Use for this theorem later on. 

Referring again to Fig.· 2 74, it will be noticed that the 
Paths p and q \vere assumed quite arbitrarily. They may
be, for instance, circles on the surface of the sphere, as 
sketched in Fig. 275. In that case they might be constrained 
by the use of links MP and NQ, pivoted at M and N 
surface, and the points Oab, &c., as the traces on that surface of the 
aJtes Aab, &c. 
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tesp.-ctively on ax ... passing through O. If the ,ph�re 
cMryingtheseeax«ebee•upposed fixed,etheeth«:elinkseMP, 
PQ, and QN form along with it a four-lmk me<:b:1T1ism in 
..-hich the motions are completely con,traine<!. But the 
s!tap, of the hnks is immaterial (p. 66), so thate "'" may 
omitetheespheteeitself,econnect,Vand N by a har as inethe 
01hcreca.scs, and wcgct thefour.Jinkchaine•hown in Fig.e2 76  
Herc the  essential rna11er is that theefourea.:cs o( thee1>.1irs 
ofclernemseshould allep•nethrough the same point 0. In 
the case of plane motion the axes were pa,allel, the point 

O w"" infinitely distant. In  the case of spheric motion. 
then, we may consider that ,..e have simply brought the 
point of inters,:,c1ioneof the axe, nearer,e,·i1hout changing 
anything else. Comparing the �hain here shown with that 
of Fig. 25, p. 6 1 ,  it  will be seen that it  i, altered in no 
othererespecl. It stilleconains four !it,ks, connected bf 
four turning pairs, and the relative length• of the link• 
are nearly the same.' In both cases., i f  d be fixed,e� will 

i, �-�1�h:,=1i1::�i�f.."�.:������� :;;,r;;�o"':J7':b�� 
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swing and a rotate, so that the. new mechanism may be 
looked at as simply the old one bent round, so as to bring 
the point of intersection of its four axes to some near 
position. For this reason we can still call such a mechan­
ism a lever�crank, but ,ve shall call it a conic lever­
crank, to distinguish it from the former plane one. 

Some characteristic points about these conic mechanisms 
require notice before ,ve proceed to examine them. In 
the first place the relative lengths of the links are no longer 
matters of simple linear measurement (for the actual con­
structive links are not lines on the surface of a sphere), 
but depend on the angles respectively subtended by them. 
Moreover, no link can subtend an angle greater than a 
right angle. For if MON, Fig. 275, had been greater than 

°90 , we could have used Hi instead of N, and MOHi. 
°would have been less than 90 . We have the same possi­

bility for every link� for we have already seen that to every 
point, P, Q, &c., there corresponds another on the opposite
side of the sphere, having an exactly sin1ilar path (p. 490).
Hence every link may be said to have either of t\\'O angular 
lengths, as a and 180° -a, one of which is the supplement 
of the other. The motions are not affected by which of 
these lengths are used, but to avoid confusion in speaking 
of them it is generally convenient to state the length which 

°is less than 90 . The constructive appearance of the 
mechanism, on the other hand, is so much changed by 
such alterations as often to place considerable initial diffi­
culties in the way of identifying or understanding it. Thus 
it is at first sight difficult to recognise Fig. 277,  and still 
rnore Fig. 278, as being mechanisms not merely similar to, 

more intelligible. The links may, just as before, be of any convenient 
shape or dimensions, straight or curved, so long as only the axes of the 
elements occupy their proper positions. 
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but absolutely identical with, that shown in Fig. 27  5. But 
examination will show that no change whatever has been 
made, except the substitution of links subtending the sup­
plementary angles, (in Fig. 277  + 180°) as just mentioned. 

In Fig. 279  a conic mechanism is shown, in which two 
links, c and d, are made each to subtend a right angle. 
The constructive form of d is made different from that of c,
that the motions may be realised more easily, but there is 
no kinematic difference between them. It ,viii be noticed 
that if d be fixed we have a mechanism in which the point 
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3 moves al,vays in a great circle at right angles to one of 
the axes of d (the vertical one in the figure) and in the 
plane of the other (the horizontal one in the figure). The 
link a rotates as before, and the link c still swings or re­
ciprocates, its• .end-point 3 moving always in the same plane, 
as we have just seen. The motion of the link b corre· 
spends exactly, in consequence, to that of the connecting· 
rod in the ordinary slider-crank chain (Fig. 26) ; it might
be described accurately enough as a connecting�rod working
round a corner I 
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By expanding 1 the pair 4 in Fig. 2 7 9, and bringing it 
down to the level of the plane 3 r, the link b becomes ex­
ternally a slider working in a curved slot ined (Fig. 280), and 
the identity of the mechanism with the slider-crank becomes 
obvious, even on the surface. It may be said to be simply 
a slider-crank bent round, exactly as in the former case we 
had a lever-crank bent round. The right-angled links of the 
conic train correspond to the infinite links of the plane 
train ; motion along a great circle corresponds to motion 
along a straight line. 
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The positions of the virtual axes of the links in a conic 
chain correspond exactly to their positions in the plane 
chains. For clearly if the points P and Q (Fig. 274) are 
constrained in their motion by two rotating or oscillating
links, the lines a1 and {31, at right angles to the point-paths, 
must be the centre lines of those links, and the point S, 
Which fixes the virtual axis of PQ, lies at their join. 

1 See § 52. 
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Hence, exactly as in the case of plane chains, the virtual 
axis 1 of either pair of opposite links is the join 

· of the planes of the other two : 2 the virtual axis 
for any pair of adjacent links is the join of their 
own planes, and is a permanent axis. Thus in 
Fig. 28 r ,  SO is the virtual axis for b and d, and TO for a 
and c, and for adjacent links, 1 0 is the virtual axis for a 
and d, 2 0 for b and a, &c. · The same lettering is used in 

/ I 
I 

,,,
.. --•!-� ..I ...-,',_ . 

/ b l  2 -·- •-• I 

°FIG. 28o. 

Fig. 282, to sho,v ho,v these axes come in the conic slider· 
crank. It will be there seen how the linear velocities of 
the points 2 and 3 ,vill be equal when S2 = S3, and ho,v 
SO ,vill coincide ,vith 40 when the crank is in its mid­
pos1tlon. In this position S2 will be at its shortest 
( = 90 ° - a) an_d S3 at its longest ( = 90c) ; therefore for 
this position of the mechanism (crank in mid-position) there 

1 We 11ave a1ready stated the reasons which compel us here to state 
the proposition thus instead of ·with the use of the word centre, iis 
formerly. 

:,i Compare the theorem on p. 72 and the construction shown in 
Figs. 29 and 3 I. 
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. vcl. 3,vill be the n1aximum value o f the ratio -----, h. h w 1c cor­vei. 1 2 

. vel. crosshead . . .responds to the ratio . 1n an ordinary engine.ve1. crank-pin 
There will be two positions, one on each side of the 
middle, when Sz and S3 are equal, and where therefore 
vel. 2 = vel. 3. If the link b subtends a right angle as well 
as the links c and d, these two l)ositions ,vill be symmetrical 
to the mid-position, other,vise they ,vill be unsymmetrical. 
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FIG, 261. 

As the virtual axes can be found in this ,vay for any
conic 1nechanism, all the kinematic and kinetic prob­
lems which we could solve by their help in connection
,vith plane mechanisms can be similarly solved here. Such 
a�ditional difficulties as there are arise chiefly from the
difficulty of recognising the mechanisms under most
elaborate constructive disguises, and from tl1e unavoidable 
necessity of drawing ellipses where formerly straight lines 
were sufficient. vVe shall now proceed to examine two or
three of the principal practical applications of conic chains, 

K K 
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and to ,vork out in connection with them problems si1nilar 
to those which we have already solved with plane mechan­
isms. The methods of treatment and solution given in  
the next two sections will be such as are applicable to any 
conic trains, although actually applied here only to special 

, 

..••• 
C 

§ 64.-THE " UNIVERSAL JOINT." 

PROBABLY the 1nost familiar example of a conic crank 
train occurring in practical work is the Hooke's coupling or 
Universal joint, sho,vn in Figs. 283 to 285, of \\'hich the 
first shows the joint in a form more or less resembling that 
com1nonly used in construction, ,vhile the two others show· 
it in the si:hen1atic for1n adopted in the last section, and 
show the link a alternatively made to subtend an acnte 

.angle and its supplement. Corresponding links and pairs 
are noted by the same letters or numbers in the t,vo figures. 
The chain consists of four Jinks connected by turning pairs, 
,vhose axes all meet in one point 0. Three of the links-

.· 
, 
, ..: . ,-_,.j 
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• b, r, and d-subtend each a right angle, the fourth,a, the fixed 
link, subtends some much larger or (p. 493) smaller angle. 
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In Fig. 283, the pairs I and 2 of a are placed, as they are 
usually in construction, on opposite sides of the mechanism. 
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In Fig. 285 they are sho\vn on the same side, and it ,vill be 
seen from this skctcl1 that the mechanism is sho\vn in a 

K K 2 



500 THE MECHANICS OF MACHINERY. [CHAP. xr. 

position corresponding to those on the lower side of Fig. 
55 (p. 1 1 1 ). We have already seen that the change from an 
angle to its supplement is without influence on the motions 
occurring in the mechanism, and does not, therefore, con­
stitute any real difference between them. The links b and 
d are little altered in appearance, but in Fig. 283, for the sake 
of securing additional steadiness in the mechanism, both ends 
of 3 and 4 are _paired to c, and not only one, as in Figs. 284 
and 285. Lastly, the link c is transformed (like d in Fig. 282) 
into the shape of a cross, paired at 3 and 4 with the double­
sided forks of b and d. Kinematically it is equally a link 
carrying two elen1ents of turning pairs (pins or eyes), witl1 
their axes at right angles to each other, whether it have the 
form shown in Fig. 284 or be made as the cross of Fig. 283. 

If we take an ordinary lever-crank, and fix the short link 
a (as in Fig. 55,  p. 1 1 1, for instance), we obtain a mechan­
ism commonly kno\vn as a " drag-link coupling." The links 
b and d revolve on parallel axes, the one driving the other 
through thei" drag-linki" c. If the mechanism is a parallelo­
gram (Fig. 43), so that c= a and b = d, the t,vo revolving
links are turning always with the same angular velocity, but 
the mechanism has two change-points (p. 147). \iVith the 
ordinary proportions of links, b and d turn with constantly
varying velocity ratio, as we have seen in connection ,vith 
Fig. 55. When the lever-crank is turned into a s1ider�crank, 
and the link a again fixed, we get the '' quick-return '' 
n1echanism of Fig. 1 2 6. Here again b and ,l revolve, 
and the one drives the other through the link c with 
constantly varying angular Yelocity ratio. \Vhen, lastly, 
the lever-crank is turned into a conic chain, and the link a 
fixed, \\'e obtain the mechanisn1 before us, ,vhich moves in 
precisely the same fashion, and is similarly used for the 
transmission of rotation from one shaft to another. The 
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links b and d rotate, and the one drives the other through 
the intervention of the link c. Here, again, both driving 
and driven shafts haYe their bearings in a, the fixed link, 
but they are now angled to each other instead of being 
parallel. The angular velocity ratio transmitted is a con­
stantly varying one. The Hooke's joint is in effect a drag­
link coupling between shafts whose axes are not parallel, 
but meet in a point at a finite distance. 

It follows from the construction of the mechanism that 
the planes of b and d are . at right angles to each other four 
ti1nes in eacl1 revolution (this can be seen at once from the 
figures follo,ving), and at these instants the two shafts are 
revolving with the same velocity. The links b and d thus 
make quarter-revolutions in the same time. Between these 
positions the angular velocity ratio varies very n1uch, and 
varies the more the greater the angle between the shafts. This 
variation is so great as to make the mechanism practically 
unusable unless the angle subtended by the link a (i.e. the 
angle between the shafts) be small ; while if a be made 
= 90° , the n1echanism ceases to be moveable at all. 

The first problem in connection ,vith the universal joint 
1s the finding of the position of d for any given position 
of b (we may suppose b the driving an<l d the driven shaft), 
the next problem is to find their relative velocities in any 
given position, and the last to find the corresponding 
relations between effort and resistance. 

Before going on with these problems it is necessary to 
find where the virtual axes of the mechanism lie. They 
are shown in Fig. 286, in which four planes are drawn in­
stead of the four bars, in order to make the intersections 
more clearly visible. The planes are placed exactly in the 
position of the links of the three last figures, the actual 
position of the links of Fig. 285 being duplicated by dark 
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li11cs on the edges of the planes. The pl:,.neeof the link a, 
the vertical circle, is taken as coinciding with the plane of 
the paper. The three axes Ae.., Ae..., a11d A.., (see p. 490) 
arc therefore three lines in the plane of the paper. A., 
and A"'eare the axes of the shafts,eand arc therefore known 
A.,. i3 the join of the planes of the crosse(the linke,) and 
thee�hafts (the link a). The axes Ae.,, A,,,, and Ae.., areagain 
all in one plane. The two first-named arc the arms of th;, 
cross, the last we have just found. The plane containing 

th;,meis,eofecourse,etheeplaneeofetheecross. Thceaxiseofethc 
cross , rclati>·ely to the fo:e,;\ link a, A.,, is the only one the 
drawing of which offers some difliculty. Its position is, as 
we know, the join of the pL-incs of /, ard ,I, the two forks. 

A,. lies :dong with A., and A., in the plane of the fork Ii, 

and along with A"' and Ad b the plane of the fork ,I. 
For the sake of showing how completely the same the 
whole matter is with that which we examined in connection 
with pl�� motion, the corresponding plane mechanism is 
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drawn in Fig. 287, in corresponding position to Fig. 286, and 
its six virtual centres marked. 

A most obvious difference between the plane and the 
spheric mechanisms is felt as soon as any attempts. is made 
to handle then1 on paper. Any number of positions of the 
plane mechanism could be dra,vn at on<;e, without the 
slightest difficulty, as soon as ever the lengths of the links 
were given. vVit11 the spheric mechanism, on the other 
hand, although it is easy to dra,v the chain in the positio11
of Fig. 288 and in a position 90° fro1n it, to draw it in any
other position is not so simple a matter, and, indeed, can­
not be done without projection in t,vo planes. This does 
not indicate in any ,vay that these mechanisms belong to a 
higher order (§ 59), but follows simply from the fact that the 
non-plane motions cannot be fully represented on paJJer
without projection in t,vo planes. 

We shall no,v proceed with our first problem : the finding 
of the position of the whole mechanism when that of any 
one link is given. The link b, which ,ve may consider as a 
driving shaft, is generally the one ,vl1ose position is given. 
\Ve shall first see how to find correSJ)onding positions of the 
links d and c, the former being tl1e more important.

In Fig. 288 is shown a Universal joint dra,vn, as before, so 
that the plane of the paper coincides ,vith that of the two 
shafts, that is, of tl1e link a. The fork b starts from a 
vertical position, the plane of d is at right angles to the 
vertical plane. In the side view, :F'ig. 289, the two axes of 
the link c appear vertical and horizontal, as 01V and ON. 
The ellipse 1i, which is the projection (in Fig. 289) of the 
path of the point N ( or 4), must be drawn first. Let tl1e 
link b move through any angle, /3, so that OM takes up the 
position OM The arm ON must al\vays appear, in Fig.r
289, to be at right angles to OM, and tl1e projected path 
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of N has already been drawn, so that the point Hi can be 
found at once. N1ON (Fig. 289) is the projection only, on 
the plane of the paper, of the real angle moved through 
by ON (i.e. by the fork d) in a plane inclined at an angle 
0 to the plane of the paper. The real angle is there­
fore to be found by turning back the one plane upon
the other, which is done if ,ve turn back the ellipse M3N;N
until it coincides with the circle M3MN. 1'he point N1
then comes to .1v;, so that N20N, or a, is the real angle 
moved through by d, while b is turning through the angle /3. 
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FIG. 283. Fie. 28g. 

The point N; is always the point of the circle beyond Ni,
and the angle NOHi is always equal to the angle /3. We 
have thus solved the first part of our problem, the finding
of the position of one shaft ,vhen that of the other is given. 
It can easily be seen from the construction that ( as h� 
been already mentioned) the t\\'O shafts make quarter turns 
in the same time, although their velocities vary very much 
,vithin each quadrant. Thus, when OM reaches OM3, the 
projection of the position of ONwill be ON;, and the real 
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angle, as well as the projected angle, turned through by 
0N will be a right angle. 

Algebraically, using the symbols of the last two figures, 

COSlV. 2 o·.COS 

If we wish not only to find the position of d, but also to 
draw the mechanism in its new position, we may proceed as 
follows (Figs. 290 and 291) :-we know that in the projection, 
F'ig. 290, the one arm of the cross must always appear to 
lie along the line 1n and the other along the line n, the one 
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at right angles to the axis of b and the other at right angles 
to the axis of d. We can therefore project the points Mi and 
Ni from Fig. 291 at once on to these lines, at M2 and N2• 
(The other ends of the cross arms can of course be marked at 

1once, at points equidistant from 0, at M'2 and N2). The 
fork of b will then appear as part of an ellipse, whose semi­
axes are OM2 and OB, and the fork of d as an ellipse whose 
semi-axes are ON; and OD; they are so shown in the 
figure. 

We have thus been able to draw the links of the 
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mechanism in their right relative positions. Before we can go 
further ,ve n1ust, as ,ve know, find the six virtual axes which 
belong to the n1echanism. Four of these we have already :
found in Fig. 290, the four corresponding to the four pairs 
of adjacent links, the lines b, d, 1n, and n in the figure. The 
first t\VO lie in the plane of the paper, the last two are 
inclined to it at angles made determinate by Fig. 289. The 
t,vo axes of opposite links, Abd and Aao have still to be found. 
The first of these is at the join of the planes of c and a, as 
shown in Fig. 286. It is therefore a line in the plane of the 
paper in Fig. 290, and in  a plane (asp) at right angles to the 
paper in Fig. 2 9 1 .  It ish. probably most easily found by
taking both a and c as circular plane figures, and finding 
their intersection. 1'he projection of c in Fig. 29 r will be · . ;­
an ellipse whose semi-axes are 0� and ON;_. It ish· only
necessary to dra.,v as much of this ellipse as ,vill give us 
the point C1, ,vhere it cuts the plane p. This point can 
then be projected to the a circle in Fig. 290, and so gives us 
C2, the line C2 0C'2 being the line we require, the intersec-
tion of the planes of c and a of the cross and the shafts. 
(This line is also the axis of the c ellipse sketched in Fig.
290, and formerly in Fig. 286, which passes through the four 
points, �' M'2, N'2, and M2, and has, like the others, the 
point O for its centre. ) 

The virtual axis of a relatively to c is the join of the 
planes of the two forks b and d, as shown in Fig. 286. It 
can here be easily found, ,vithout the aid of the second view, 
by drawing the fork ellipses until they cut each other (as 
both are projections of great circles on the saree sphere 
they 1nust cut somewhere) in the point S. The line SOS is 
the required axis Aac-

Having now the means of drawing the virtual axes as ,vell as 
the links of the mechanism, we can proceed to problems con-



THE '' UNIVERSAL JOINT." 

nected with the relative velocities of its different links. Angular 
velocities are here of so much greater importance than linear 
velocities that we 1nay confine ourselves to them. rfhe method 
to be used forsfindingthesrelativesangularsvelocities of t\vO links 
-say b and d, the two shafts-is essentially identical with 
that employed in the similar case ,vith plane motion ,vhich 
was illustrated in Fig. 45, p. 99. \Ve require, first, the three 
virtual axes, Aa1,, Aad, and A0d (a being the fixed link), which 
,ve have just found, and which we kno,v to be three lines in 
the plane of the paper in Figs. 288 or 290. The axis A1,d 

being a line common to the t,vo bodies b and d, any point £n 
it n1ust have the same linear velocity relatively to a, which­
ever body it may be considered to belong to. But each 
body is turning, relatively to a, about a kno,vn fixed axis, 
Aao for b, and Aad for d. 1'he angular velocities of the 
bodies are therefore inversely proportional to the radii, 
measured from these axes, of any one point in their com­
mon line. The similar case for plane motion was stated on 
pp. 96 and 97, § 15. \Ve then required to find three virtual 
centres-the fixed point of each link and the common point 
of the two links-and these three points \\"ere in one line. 
Here ,ve require, similarly, to find three virtual axes-the 
fixed axis of each link and their common axis-and these 
three lines are in one plane. Formerly ,ve said th:it the 
virtual centre of the t,vo moving bodies ,vas a point ,vhich 
had the same linear velocity in each. Now we can say that 
the virtual axis of the two moving bodies is a line all of 
whose points have the same linear velocities in each.1 

The necessary constructions are therefore essentially the same 
as formerly, differing only because projection on two planes 

This a!so might, of �ourse, have been equally said �fore; but forrf:eas?ns wluch ,vere explained we preferred to express .1t 1n the former ash1on. 

1 
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is here required, while formerly everything could be sho,vn 
upon one plane only. 

Having found the three lines Aab, Aad, and Aba, as in Fig. 
292, which simply duplicate the axes found in Fig. 290, we 
have only to measure the distances of any point, as C, in 
A0" from Aa1; and Aad ; these distances being respectively 
CB and CD in the figure. They can be measured directly, as 
all the lines with ,vhich ,ve are here concerned are lines in 
the plane of the paper. The angular velocities of the links 

Aab 

b and d are, therefore, inversely proportional to the dis­
tances CB and CD, that is, 

angular vel. b _ CD-,angular vel. d CB 
Algebraically this ratio is equal to 

tan a. + cot a 
- ·· · -·· -- -- --- ' tan /3 + cot fJ · 

using the nomenclature for the angles employed in Fig. 289 
above. The limiting values of this ratio are cos () ,vhen OM 

1(Fig. 289) js in the plane of a, and ,vhen ON is in the 
cos (:j 

plane of a, the angle 0 being the angle bet,veen the shafts. 
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At one position within each quadrant the two shafts have for 
an instant the same ve]ocity,1 and as ,ve have already seen, 
they make quarter-revolutions in the same time, so that tl1e 
111ean value of their angular velocity ratio is unity. 

,:vere it desired to find the relative angular velocities of c 
and one of the other links, say b, a problem which 1nay 
occasionally occur in s01ne 1nodern machines, it can be 
found in a precisely similar manner. First, the three axes 
Aab, Aao and Abe are found ; they all lie (see Fig. 286) in 
the plane of the fork b. 1'hen the distances are measured 
from any point in Abe to the other two axes, and the cal­
culation made exactly as in the last case. The only addi­
tional con1 plication is that the plane of b is not; as ,ve have 
drawn the mechanism, the plane of the paper, and has to 
be turned do,vn into it, about Aa6 (exactly as ,ve did on 
p. 504), before the distances can be measured.2 A figure
drawn like Fig. 286 ,vill generally make the position of the 
virtual axes quite clear and intelligible, although their 
position may be a little difficult to realise in looking at the 
mechanism itself; it may often be worth ,vhile, therefore, 
in ,vorking })Tactical problems with these mechanisms, to 
use such a figure for ref ere nee. 

The only problems ,vhich now remain to be · considered 
respecting the class of mechanisms of \vhich ,ve have been 
taking the universal joint as representative, are those in­
volving the static or kinetic balance of forces in them. 
The general problem which was treate<l for plane motion 
in § 40, the finding of the force whicl1 must act in a given
direction at any point of any link in order to balance a given
force acting at any point in any other link, can be solved here
by the same general and direct method ,vhic11 was employed 

1 See the curves of velocities in Fig. 307, § 65.
2 An example of this calculation occurs in § 65. 
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before. The application of this n1ethod is practically trouble­
some, ho,vever, because of the an1ount of projection it 
involves. It is n1ore convenient, and for many purposes 
sufficient, to suppose all forces to be acting through the two 
moving ,·irtual axes in the mechanism which are also per­
manent axes, namely (if a be the fixed link} the axes AP>c 

and A,d• In order to do this, it is only necessary to divide 
the magnitude of each force by the alteration of radius. 
This will be clear fron1 Fig. 293, where, for the sake of 

•/b 

FJG, 293. 

clearness, a plane 1nechanism is drawn. Instead of taking 
the force /4 at B1, it is shifted parallel to itself to C ( which 

is here Ot,,), and is taken as/'1, = /4 X it. Similarly ./4 is 

taken as acting at D ( = O,d} instead of at Di, and its mag­
ADnitude is supposed changed to f'd = /4 x z. Forces 

. AD 
acting on c at any other points than Cor D can in the same 
way be reduced to either of those points ; thus fc may be 

replaced by/',.h= le X �!- It is generally most convenient 

to perforn1 this reduction arithmetically. It is not always 
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quite so easy to see what the distances BBu BC, &c., are 
in the conic mechanisms as in the plane, and Fig. 294 is there­
fore drawn to correspond to the last one, but for a conic 
train. Here a force /4 acting on d in any direction at .D1, 

may be replaced by a force I'd, acting in a parallel direction 
at D, and equal to/4 x �i- Similarly any force /4acting on 
b in any direction at B1 may be replaced by a force j'b acting 

in a parallel direction at C, and equal to./4 x 1:}%- The 

case is not quite so sin1ple here ,vith forces on the link c. 

-�Aab::-',De
: b 

+Br 

FIG, 294. 

Any force fc at C1 1nay be replaced by a force /'c acting 

at C, and equal to fc X �f2• But the radii C1C2 and 
3

CC3 are not parallel (although their projections are), so that 
these distances cannot be measured on the paper, their 
real lengths n1ust be found by projection. Further, the 
new force f'c cannot be taken as parallel to Jc, but only as 
making the san1e angle to OC that fc made to OC1• In this 
case, as also in cases \Vhere such points as B1 or D1 do not _he actually in the planes of the forks, it is more convenient 
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to treat the force in the way described in the follo,ving 
paragraphs, before transferring it to another point. 

In dealihg with plane mechanisms, we assumed that the 
forces in action were always in the plane of the mechanism. 
Any coniponents ,vhich they had normal to that plane ,vere 
balanced by the profiles (p. 54) of the elemen_ts, which 
rendered impossible all motions not parallel to the plane. 
In the plane itself ,ve virtually resolved the force at any point 
into components parallel and normal to the direction in 
which the point was moving. The parallel component had 
to be balanced by other external force or fore es, the normal 
component was balanced by the stresses in the links. Con­
sidering the force as acting on a body at so1ne particular 
point, its tendency to turn the body about its virtual centre, 
or 11101nent about the virtual centre (p. 269 ), was equal to the 
product of its component parallel to the direction of motion 
of the point and the virtual radius of the point. If the 
question were merely of the 1noment of the force upon the 
body, without reference to its action at any particular point 
in the force line, we saw that it ,vas ·unnecessary to resolve 
the force in its own plane. The moment ,vas simply equal 
to the whole magnitude of the force multiplied by the 
virtual radius of the force line-that is, its perpendicular 
distance from the virtual centre. 

'fhese simple matters have been repeated here that they 
may be the more distinctly before us in their applications to 

spheric motion, with which we have now to deal. 1'he 
links in a conic mechanism have at each instant just the 
same sort of motion as those of a plane mechanism-each 
link, namely, is in rotation about a determinate axis. But 
these axes, so far as they are non-permanent or instant· 

asaneous, are continually shifting their direction as ,vell 
their position. The direccion of the plane nor1nal to the 
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axis-or plane of effective force, as we may call it-is there­
fore continually changing, and even at any one instant, as 
the axes of the different links are not parallel, the planes
for the different links are not parallel, instead of being, as 
.before, all coincident. This difference introduces some 
new complexity into the problems ; but if it only be borne 
in mind, the whole of the last paragraph 1nay be taken as ap­
plying equally to spheric and to plane mechanisms. Two or 
three illustrations may be given here ; they will serve to show 
the essential identity of the problems as well as to illustrate 
their superficial differences. 

•• 

' 

· 

·-·-· 

• 
I' ' o---�·-·-·- - -·-·e-·-·-·-·-·e

---·-----·---•-'- ·-·---· -·-·-----

FIG, 295. FrG. 296. 

A forcefi, given by two projections in  Figs. 295 and 296, 
a
• 
cts on one of the forks of a universal joint. Resolving 

1?to /2 and /3 in Fig. 295, we find at once /4 as the projec-
tion of the nett turning force, and /4 as the component in
the direction of the axis. The latter causes axial pressure
or thrust in the bearings, but causes no n1otion of the fork,
and is therefore negligible so far as motions are concerned. 
The plane of the paper in the second vie\v, Fig. 296, is a 
Plane at right angles to the axis, and is therefore the plane 

L L 
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in which effective forces act. The projection of Ji in this 
plane, namelyf1, gives the real length ofJi. If our object 
is merely to find the turning moment, we have it at once as 
/'i X OF. But if ,ve wish to know more completely what 
is occurring, we must resolve f'i in the direction of motion 
of the point R, at which it really acts, and normal to that 
direction, £.e., into /4 and fs. The effective turning moment 
is then/4 X OR (which is, of course,= /'i X OF), and the 
component ./2 is the magnitude of the side pressure in the 
bearing. 

\Ve get nothing essentially different from this if the given 
force act upon the cross (the link c, Fig. 283) instead of upon 
b or d. vVe have only to choose the position of the planes 
of projection so that they bear the same relation to the 
virtual axis of c (Aoc, Fig. 286) as the planes of Figs. 295 and 
296 bear to the axis of b, Aab' One of them, namely, should 
contain the axis, and the other be at right angles to it. 

It ,vill be seen that in neither case have we done more 
tl1an, or differently from, what we should have done with a 
simple " turning pair," if only the force in action had not 
lain in a plane at right angles to its axis. 

We may no,v assume that ,ve have to deal only ,vith 
forces resolved in the direction of motion of the points on 
,vhich they act, and, further (as we have always tacitly 
assumed in connection with plane motion), that the force 
so resolved may be taken as acting in any plane normal to 
its virtual axis, 1 so that it may be shifted, if necessary, 
parallel to the virtual axis to any extent. With these as­
sumptions ,ve can procoeed to look at such cases of the 

1 Forces acting on different points of the link may, therefore, first be 
each resolved in planes at right angles to the virtual axis and normal to 
such planes, and then the resolved parts in the parallel planes may be a!}
added together or otherwise treated, so far as motion is concerned, as 1 

they were all in one plane. 
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static balance of forces as we considered in §§ 38 to 41 for 
plane mechanisms. For the balance of forces en any one 
link we may either si1nply balance moments, as on p. 285, 
or may proceed by resolution through the virtual axis, as on 
p. 280, whichever happens to be most convenient. It is not 
necessary to give any example of this. For the balance of 
forces on different links, whether adjacent or non-adjacent, 
it is frequently n1ost simple to determine the relative angulari. 
velocities of the links, and to calculate the balanced fore es 
from these, remembering that the turning moments on any 
links which are in static equilibrium must have magnitudes 
inversely proportional to the angular velocities of the links. 
Suppose, for example, that b and d, the two shafts, are the 
t,vo links concerned, and that their angular velocities for 
the instant are v� and 11d respectively, the ratio between those 
quantities being found as on p. 508. Leth be the resolved 
part (as /4 in Fig. 296) of the forces acting on b, and tending
to cause its rotation, and r,, be the radius of/4 (as OR in 
Fig. 296), then (using similar lettering for forces, &c., on 
d) we must l1ave 

and /4 -:: j,,. 'Vu. :!!.
v"' r"

The force ./4 thus cal�ulate<l is the force which, acting in a 
Plane normal to Aa4, the virtual axis of d, and at a distance
r4 from that axis, will balance the force/,, acting in exactly
similar fashion on b. If the real force on d is not acting in
the plane mentioned, but at some angle 8 to it, the whole 
magnitude of the force must be /" , while it will have a 

cos 8component equal to /4 tan 8 acting along the direction of
the axis A04, and causing axial thrust in the bearings of the 
tnechanism. 

L L l 
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For the purpose of finding the variation of balanced resist­
ance and making a diagram such as Fig. 146, p. 3 2 1 ,  as we 
shall presently do, this method is all that is required. But 
for designing a machine it may be insufficient,-we may 
require to ,vork through the intermediate link c in order to 
find the stresses to which it is subject in transmitting the 
driving effort from b to d. Suppose, for exan1ple, that a 
known force acts at the point 3, Fig. 288, and in the direc­
tion of its motion, let it be required to find the force in 
the line 43 necessary to balance it, which ,vould, of course, 
be the stress in a straight bar connecting-rod coupling those 

I ' ' ' 
I'•' 
I 

F,o. 297. 

points. In Figs. 297 and 298, the points 11£ and .A£1 are the 
two projections of 3, and N and N1 the t,vo projections of 4, 
their positions corresponding to those before determined and 
sketched in Fig. 288, and the planes of projection being 
arranged as before. The given force on M (in the plane of 
Fig. 298) isfi, and this force can be resolved (in that plane) 
into /2 in the given direction N'i,M1, and /2 through the 
virtual axis. /3 is balanced by the pressure of the shaft. .  
aga�nst its bearings. /2, or P1M1, is the projection, in  thes. 
given plane, of the force required to balance ft. �n Fig. 297 
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PM is the projection of the same force. The real length of 
this force can be found by turning it down in the usual 
way, namely, by setting off P1P'i equal to PP'. The real 
value of the pressure acting along the line MU is thus 
found to be M1P\. 

In § 16, Figs. 55 and 56, we gave a diagram of relative 
angular velocities of a11 ordinary drag-link coupling, and in 
the same section, p. 1 r3, it was pointed out that the chain•
of Figs. 32 or 53, with the link a fixed, gave also a coupling
('' Oldham's ") for l)arallel shafts, but one which transmitted 
a constant velocity ratio equal to unity, instead of a varying 
one. 'fhat mechanism was one witl1 three infinitely long
links (based on the slider-erank ,vith infinitely long <;on­
necting-rod, §§ 1 2  and 5z), and was one, therefore, corre­
sponding exactly to the Hooke's joint, with its three right
angled links. Turned into a conic train, however, the 
velocity ratio transmitted is no longer constant, although (as 
also with the mechanism of Fig .s.55) its 111ean value is unity.
Its value varies very greatly at different parts of the stroke. 
A diagram of velocities will be found in the next section in 
connection with the engines based upon this mechanisn1,
which are there examined. 

§ 65.--DISC ENGINES. 

IT is now some sixty years since some inventive mind,
longing for novelty, found out that any such conic chain as 
we have examined in § 63 could be made available as a 
steam engine. From the form then given to the link b the 
engine was called a disc engine, and this na1ne has been 
subsequently applied generically to the large number of 
stean1 engines which have been founded on conic mechan­
isms. The real nature of these mechanisms was practically 
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unrecognisable until the kinerr.atic analysis of Reuleaux 
appeared, and Reuleaux himself was the first to point out 
its application to them, and their essential identity with 
certain familiar plane mechanisms-ground over which we 
have followed hin1 in §§ 63 and 64. In his book 1 he 
examines and analyses a number of those forms of disc 
engines which had been proposed 11revious to· its publica­
tion, and there is no need that we should go over the same 
ground. None of the forms which he describes were sucl1 
as to give any promise of practical success, and probably.
not a single one of these older forms still survives. Lately
however, some other forn1s of disc engine have been 
devised, in which the one advantage of such engines, the 
high speed, has been n1ade the· most of, and the several 
disadvantages have been, by careful design, 1nuch reduced. 
Of these recent disc engines we shall examine in this section 
the two latest, each of which appears tohave possible future 
practical usefulness, for high speed driving, before it. One is 
the invention of Mr. Beauchamp Tower. It has been already 
used to a considerable extent for electric lighting purposes. 
It will be found described in a paper by Mr. R. H. Heenan, 
published in the Proceedings of the Institution of Mechanical 
Engineers for 1885. The second is the invention of Mr. 
John Fielding-it has appeared for the first time at the 
International Inventions Exhibition of 1885. ./\ description 
of it has been published in the Engineer for June, 1885,
and in Engineering for July 31st, 1885. .,

The Tow.er engine, called by its inventor the "isphericali'' 
engine, is based directly on the mechanism of the universal 
joint. It consists, that is, of a conic crank train of four 
links, three of them subtending right angles, the fourth 
subtending a smaller angle, which in this case is always 

Kine1natics of Jl,fachinery, pp. 384-399, and plates xxviii.-xxxi. 1 
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made 45° . This short link is the fixed one, and takes the 
form of a c�osed spherical chamber carrying two shaft 
bearings. The links b and d are alike, each of them has 
for one element a sl1aft working in a bearing in a. For the 
rest, each is made externally in the shape of a sector of a 
sphere subtending (at least in its ideal form) an angle of 
90° ; that is, a quarter of a solid sphere. The link c, the 
cross of the universal joint, becomes a disc piston, pivotted 
or hinged to the inner edges of the two sectors by two pins,
which are, of course, at right angles to each other. Both 
the shafts b and a� are caused to rotate by the action of the 
steam ; the rotation of one of them (b), which is called the 
main shaft, is kept as uniform as possible by a fly-wheel, 
and this shaft is the only one to which the resistance is 
applied. The other shaft (d) is called the dummy shaft ; its 
speed of rotation is allowed to vary continually, as the 
velocity ratio varies, with different positions of the two shafts ; 
but this is no practical drawback because no \vork is  t'lken 
off this shaft directly. 

Apart from constructional details, the Tower engine is 
represented by Figs. 299 to 302, which show it in four 
different positions, one-eighth of a revolution apart, so that 
Fig. 302 represents a position three-eighths of a revolution 
in advance of that of Fig. 299. 'fhe starting position, 
Fig. 299, is identical ,vith that of the universal joint in 
Fig. �88 of the last section, and the identity of the �wo 
mechanisms \vill be clear ,vithout any further explanation. 
The direction of rotation of the shafts is shown by the 
arro\\·s. 'fhe figures make it easy to understand the working
of the mechanism as an engine. The disc c divides the 
sphere al\vays into t\VO equal parts, hen1ispheres. Half of 
each of these parts is occupied by the sectors, b on the one 
side, d on the other. Let us look at the left-hand half 
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alone in . the first place, the space in which the d sector 
moves. In Fig. 299 the face D2 of the sector is close 
against the lower half, C2, of the disc and fills the lower 
half of the hemisphere, the upper half, between C1 and D1,

being empty. As the position changes to that of Fig. 300,

all three links move round, as we kno,v ; but, relatively to 
each other, the sector and disc turn about the pivot connect• 
ing them, whose axis is, of course, Acd• The sector swings 
a,vay from the <lisc, so as to leave a space between C2 and 
.D2, and diminish (by an exactly corresponding volume) the 
space bet,veen D1 and C1• In Fig. 301 the whole mechanism 
has made a quarter of a revolution. The pin connecting 
c and d, formerly at right angles to the plane of the pa.per 
(Fig. 299), no,v lies in that plane ; the disc itself lies in a 
plane at right angles to the paper. Relatively to the disc the 
sector d has turned through 45° , so that it occupies no,v the 
centre of its hemisphere, the spaces bet,veen C2 and D2 and 
between C1 and D1 being equal. The lower half of Fig. 301,
(which is a plan projected from the upper half), shows this 
position clearly. Another eighth of a turn of b brings the 
mechanism to the position of Fig. 302. Here the space 
between C2 and .D2 has become nearly as much as that 
0ng1nally between D1 and C1, and has come to the upper
side, while the originally large space has been continually
diminishing. The sum of the two spaces must always be 
equal to one quarter the whole capacity of the sphere.
:Another eighth of a turn of b would bring the mechanism 

. into a position precisely the same as that of Fig. 299, as far 
as appearance goes, but with C1 and D1 close against each 
Other in the lower part of the casing, and D2 and C2 at 
right angles in the upper part, the ,vhole mechanism having
Illade half a turn. Another half-turn would bring the 
mechanism back to the position of Fig. 299, the space 
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between D2 and C2 now gradually diminishing and that 
between D and gradually increasing. If, when the1 C1 

mechanism is in the position of Fig. 299, any fluid under 
pressure (the fluid in the To\ver engine is of course stea111 ) 
be admitted to the space between C2 and D2, and if, at the 
same time, any portion of such fluid as may be already 
between C1 and D1 be allowed free escape, the pressure of 
the fluid ,vill force the two surfaces apart, and by so doing 
cause d to turn relatively to c and compel the whole me­
chanism, consequently, to move i-n the manner ,ve have just 
noticed. If steam be the ,vorking fluid it can be "cut off,'' 
as in an ordinary engine, at any point before the half revo­
lution is completed, i.e. at any point before the space to 
,vhich it is admitted reaches its maximum volume of one 
quarter the vclume of the sphere. After cut off, the steam 
can go on expanding, as the volume of its chamber in­
creases, just exactly as the steam in a cylinder goes on ex­
panding after cut off as the piston moves forward. At half 
a revolution the steam occupies its n1aximum volume-the 
piston has, in effect, reached the end of its stroke. During 
the next half revolution an opening is provided by which 
the steam can pass away-exactly as during the return 
stroke of an ordinary stean1 piston, until at the end of one 
whole revolution the whole steam is exhausted, the exhaust 
passage closed and the admission port opened again for 
another stroke. On the left side of the disc c this whole cycle 
of processes is gone through twice in every revolution, once 
on each side of the sector d. At the same time the same 
changes go on in the same revolution, on the opposite side 
of the disc, once on each side of the sector b. During each 
revolution, therefore, the steam is alternately allowed to 
occupy, and expelled from, four spaces, each equal in volume 
to one quarter the sphere. If, therefore, there were no 
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expansion-that is, if steam were admitted to each space
during half a revolution-the volume of steam used per 
revolution would be exactly equal to the volume of the 
�phere, a statement which at first sight is apt to appear
paradoxical. This condition is not altered very greatly even 
when .the sectors and disc are made in their practical con­
structive forms, for although the -disc c has to be of consi­
derable thickness, to allow for steamtight packing round its 
edge, the .faces of the sectors are reduced by an exactly
corresponding amount. The space taken up by the joints 
(or hinges, as 1v1r. Tower calls them) is, ho\vever, per-
111anently unavailable as steam space, and in an engine
intended for ,vorking at a very high speed this space is not
•
inconsiderable.i1 

In lvfr. Tower's engine the link a is made the " cylinder " 
and the link c the " piston," an arrangement probably first 
adopted, although in a much cruder form, by Lariviere and 
Braith\\1aite, about 1868.2 

Mr. Fielding has adopted, in his disc engine, the plan of 
lllaking the links b and d the " cylinders," keeping c still as 
.the piston, and in this respect, although hardly in any other,
(apart from its kinematic identity), his engine resembles 
that of 'raylor and Davies, patented in 1836.3 The prin­
�iple of the Fielding engine, apirt altogether fro1n any
�onstructive details, is shown in Fig. 303, which is sketched 
in such a \vay as to be readily compared with the Tower 
engine, as well as the mechanisms sketched in the last 
section. The angle of 45" between b and d, ,vhich is con­
venient for the Tov�·er engine, would here be inconvenient, 
and is made only half as great, namely, 2 2 · 5°. The link d 

hi In the dra\\1ings of a spherical engine of 8 inches diameter these 
�ges _are shown as 1nuch as I f  inches in diameter.

Kinematics o.f Afachinery, p. 393, plate xxx. 

1 
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carries two short cylinders, which, from their shape, we may 
1 D1 and D2• "fhe link b is precisely 

similar in shape, the figure shows one of its cylinders only,
which lies directly in front of the other in the position 
shown. The link c carries four corresponding " ring­
pistons,'' C1 and C2 on the d side and t,vo other3 on the b 
side. These pistons work steam tight in the cylinders with 
ordinary packing rings, and no other steam packing of any 

flG. 303. 

complexity is required, a point which seems most advan· 
tageous. If the n1otions of the engine be followed up as 
we followed those of the Tower engine it will be seen that 
in each revolution of the engine each piston makes one 
con1plete stroke into and out of its cylinder. 2 A very in­
teresting point about this engine is that although the pin 

1 This type of cylinder was first introduced by l\1r. Fielding, we 
believe, in some of Mr. 1'weddell's hydrciulic riveting machines. 

2 Mr. Fielding hns made some of his engines " con1pound,'' by
n1aking one pair of the cylinders Jarger than the other, and ingeniously
arranging the valves so as to work these as low-pressure cylinders in the 
usual way. 
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joints between b and d and the link c are still used, they
have become kinematically unnecessary. The pistons C1
and C2 are simply an expanded form (§ 5 2) of the solid 
of revolution necessary for the turning pair whose axis is 
Acd, and similarly the cylinders and pistons connecting c and 
b form really a turning pair, ,vith axis A6c, connecting these 
two links. It may .perhaps be found possible, presently,
to dispense with the pin joints altogether, and make the 
pairing of piston and cylinder accurate and steady enoughi. 
to serve instead. 

In § 64 we worked out a number of static problems in 
connection with the universal joint, which of course apply
equally to such modifications of the same mechanism as we 
are now examining. It is worth while, however, to go
further than this, and make a complete exan1ination of the 
engine kinematically, such as we made of some plane 
mechanisms in Chapter IX. We shall do this with the 
Tower engine. Once the method of ,vorking is thoroughly
Understood the student will not find it a difficult matter to 
make a similar analysis of the working of any other engine
of the same or similar type. Our object shall be to find 
the turning effort ( or moment) due to the action of the 
steam upon the main shaft (the link b) in a sufficient number 
of different positions to allo\\r us to represent it by a curve.
We shall assume (as with an ordinary engine) that the speed
of the main shaft is kept practically constant by a fly-wheel 
or its equivalent, and shall find the resistances due to the 
accelerations (positive or negative) of the dummy shaft and 
sector (link d) and the disc or piston (link c). vVe can then 
Put these together to find the real effective moment on the 
�ain shaft (as formerly in § 47), from which the nece�sary
size of the fly-wheel can be determined as before, and the 
Whole working of the engine properly analysed. 



526 r·HE M ECHANICS OF MACHINERY. [CHAP. XI. 

,ve know, in the first place, that apart from friction the 
,vork in foot-pounds done on the main shaft per revolution 
must be numerically equal to the whole volun1e filled with 
steam per revolution,1 in cubic feet, multiplied by the mean 
pressure of the stean1 in pounds per square foot. This 
product, multiplied by the number of revolutions per
minute and divided by 33,000, gives, of course, the horse­
power. In an eight-inch Tower engine the volume of steam 
used per revolution is about 244 cubic inches, and if we 
take the pressure as 100 pounds per square inch, continued 
throughout the whole stroke (i.e. without expansion), we get
the work done per revolution as 

244 
X 100 >< 144 = 2030 foot-pounds, 1 7 28 

which, at 1000 revolutions per minute, corresponds to over 
6::> horse-po,ver. \Ve shall use these figures later on as a 
check on our detailed working. The non-expansive ,vorking 
is only assumed as a simplification. In the Tower engine 
described in 11:r. Heenan's paper the steam was cut off at 
about half-stroke, and we shall sho\v later on the effect of 
an early cut-off in the distribution of effort. 

The steam pressure which drives the engine acts between 
the sector and the disc. In any given position of the 
engine two quadrants have steam pressure in them, as we 
have seen, one between c and d, and one between c and 
b. In Fig. 299, p. 5 20, let us assume that steam is 
just entering between c and d at the lower side of the 
engine, and that there is steam also in the space shown to 
the right of the disc between c and b.. It may save tro�ble 
if we call these spaces the d-space and the b-space respect· 
ively. In each case the steam pressure is normal to the 

• 
1 This is ideally, as we have seen, the whole volume of the sphere ill

the Tower engine. 
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surface on which it acts, and distributed uniformly over it. 
By calculation we find that the actual area on which the 
steam is acting is about 1 7 ·7 square inches, and that the 
radius of the centr� of gravity of that area is about 2 ·2 

i
•
nches. The total pressure on the piston is therefore 1 7 70 

Pounds. Instead of taking this pressure as acting at its 
real radius, it will be convenient to suppose it to act at a 
radius equal to the radius of the sphere ( )ee p. 5 1 1). We 
rnay tl1erefore consider that ,ve are dealing with a pressure 

of 1 770 x :.:.3 or iI1 all 970 pounds, at a radius of 4 inches. 
4·0 

Adopting this simplification we may consider the pressure in 
the d-space all concentrated at the point N, and the pressure
•in the b-space all concentrat�d at the point M, and amount-
•
1ng in each case to 970 pounds. The point N is a point 
on the axis A0c, and is therefore a point of b, the main shaft 
itself, as well as of the disc ,. The point M is a point on 
the axis Acd, and is therefore a point of d, the dummy shaft, 
as well as of the disc c. It is m:.ich more convenient, for 
geometrical reasons, to consider these points as belonging
to b and d respectively, than as belonging to c, and we shall 
accordingly do so. It will be noticed in such views as Figs.
Joo and 302 that the projection of the point N lies always 
upon a line at right angles to the axis of b, and that of the 
Point M always upon a line at right angles to the axis of d. 
1'he real directions of the pressures must always be at right

·angles respectively to the lines joining N and M to 0, the 
centre of the sphere. 

The resultant pressure of the steam in the b-space acts
always, as can readily be seen, in the plane of the main 
shaft, and therefore has no moment about it directly. It is, 
therefore, most convenient to determine first its turning
effort upon the link d, and from this find the moment 
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upon /, by the -use of the (previously calculated) angular 
velocity ratio of band d (see below, Figs. 306-7 ). The result­
ant pressure of the steam in the d-space acts always, in the 
same fashion, through the axis of d, but it has a moment 
about the axis of b in all positions except those which 
correspond to the " dead points," that is the beginning and 
end of the stroke. \-Ve shall therefore first determine the 
action of the steam in the d space in turning round b ,· the 
necessary construction is shown in F'igs. 304 and 305. 

3 

--i-:--r B -�� __ ..,__  --·-- ------------···--·--- - n_ 

�
c 

/ FIG. 305. 

8 1  

--- ..--· --
----------- ---------- ·--- ---- - --- .42 

1'aking (sa:Y) twelve equidistant positions of b (Fig. 305), we 
1nust first determine, by simple projection, the corresponding 
positions of the point N, which are numbered o to 1 1  in 
Fig. 304. At  position o ,ve have a " dead point." The 
pressure at N acts in the plane of the paper, and therefore 
i-n the plane of the axis of b, about which, therefore, it can 
have no moment. To find tl1e turning effort on b at any other 
position ,ve can have recourse to some such construction as 
the follo\ving, which is \\'orked out for position 2. The 
position of N is known to be that of the point 2 in Fig. 305. 
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The resultant pressure acting upon it is at right-angles to 
the line joining 2 to the centre point 0, and is at the same 
tin1e a line in the plane containing the axis of the shaft dand 
the line 02 or ON(compare Fig. 300, p. 520). \Ve can make 
this plane coincide with the plane of the paper by simply
turning it about the axis of d. The corresponding position
of the point 2 is found at once by drawing 2B (Fig. 304) at 
right-angles to the axis of d, the point B being on the circle. 
The pressure \\'ill then be represented by a line AB in the 
plane of the paper and at right-angles to OB, which is of 
course the projection of 02. If the effect of the accelera­
tion of the different masses is not to be considered the line 
AB may be set off to represent the pressure on the disc 
(either total or per square inch) on any convenient scale 
,vhatever. If, however, the accelerative resistances are to be 
taken into account it is most convenient to work them out 
first, and use the same scale for piston-pressure as has been 
Used for them. In this case the line AB will represent the 
equivalent to the total pressure on the piston at its peri­

•pheral radius, or, in this instance, 970 poun<ls. (The
scales used here are all shown on the figures.) 'tVe have 
no,v to turn back the plane, with AB in it, so that the point

·.B con1es to 2, and find where A will come. This is easily
done ; continue BA until it cuts the axis of d (the line 
about which the plane ,vas turned) in S, and join S to 2 .  

\�e kno\v then that the projection of A must lie upon the 
line S2, and we know also that it must lie upon a line
througl1 A at right-angles to the axis-it is therefore at once
found to be Ar The line A1 2 is therefore the projection in
the plane of the paper in Fig. 304 of the whole steam­
pressure with which we are dealing. The plane of the
Paper is a plane containing the axis of b. What we wish to 
find is the component of AB al right-angles to that axis ; it 

M �I 
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therefore only remains to project A12 upon a plane at right 
angles to that axis, and our problem is solved. The plane 
of Fig. 305 is, as we kno,v, at right-angles to b. vVe have 
already in that figure the projection of the point 2. We 
know that the real direction of the pressure lies in a l)lane 
at right-angles to the radius Oz. Its projection jn Fig. 305 
must therefore be a line at right-angles to that radius, and 
the position of A2 can be found at once by projection from 
A1• We have, therefore, as the solution of our problem, 
that the pressure acting between the sector d and the piston 
c, when the link b, or main shaft, is in the position 2, is 
equivalent to a force A22 acting at a radius 02, or (what is 
the same thing) that the turning moment on b, due to the 
steam-pressure, is 02 x A22. By precisely similar construc­
tion C1 can be found as the turning effort on b for position 
r ,  and if the pressure on the piston is constant (as we have 
assumed for the present) throughout the stroke, the turning
effort at 5 is the same as at 1, and at 4 the same as at z. 
For the effort at position 3-as the lines corresponding to 
BA and 2A1 are parallel to each other and to OS,-it only is 
necessary to set off the pressure magnitude along OS, and 
project at once to D3. 

It is hardly necessary to point out that there is no neces­
sity whatever for constructing Fig. 305 separately from Fig. 
304, as has been done for clearness' sake. In practice 
one circle may conveniently be made to serve the purposes 
of both figures. It may also be noticed that if the pressures 
at points 4 and 5 differ from those at points 2 and 1, it is 
still not necessary to make separate constructions for them,
The construction shown for position 2, for instance, will 
serve equally for 4, if instead of AB (Fig. 304) there be set 
off a distance corresponding to the new pressure, and the 
corresponding point projected into Fig. 305 instead of Ar 
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A diagran1 of turning effort, similar to the diagram of 
crank-pin effort formerly drawn (Fig. 155), can now be made 
for this engine by setting off a base-line representing on any
scale the length of the path of the point N-i.e. equal to the 
circumference of the circle in Fig. 305, dividing it into twelve 
equal parts, and setting up at each one, as an ordinate, the 
corresponding pressure C1, A22, D3, &c. ,fhis is done in 
Fig. 306, I, where the.sin1ilar curve from 6 to 1 2  is put to 
complet� the revolution. 

\Ve have seen that we cannot find directly the turning
effort on b, due to the steam-pressure between b and c,
because that pressure has no direct tendency to turn b, and 
does so only because it turns d, and this rotation cannot 
occur without the simultaneous rotation of b. It is unneces­
sary to make any further construction to find the turning
effort on d due to this steam-pressure in the b space, for it 
must be precisely the same as the effort on b due to the 
Pressure in the d space, ,vhich we have just found. 
�emembering only that 3 and 9 are now the dead points
Instead of o and 6 (as can be seen at once from Figs. 299 
and 301 ), we may therefore set out the turning effort on d 
at once, as in Fig. 306, II, using the same ordinates as those 
We have just found for the line bb in the same figure. To 
combine the two diagrams, however, so as to find the total 
turning effort on b, we cannot simply add the two ordinates 
together (as we should do if they were diagrams for the two 
cylinders of an ordinary engine), for the angular velocities 
of b and d are, as ,ve kno\v, very different, so that a given 
effort on d may be equivalent to an effort of very different 
rnagnitude, although in a corresponding position, on b. We 
must, therefore, find first the angular velocity ratio between 
b and d for each of the twelve positions of b, by one of the 
Inethods of the last section (p. 508), and it is convenient to 
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plot these out in a diagram, as in Fig. 307, I. Here any 
height is taken to represent the (assumed constant) angular 
velocity of b, and the calculated or constructed angular 
velocities of d are set off on the same scale ( the lines in the 
figure are marked v0 and Va respectively). It will be found 
convenient for some purposes to represent the angular velo­
city of b by a length equal to that of four of the divisions 
or, 1 2, 23, &c., on the base line. It will be noticed that 
only four different values of the angular velocity of d have 
really to be found, the rest are all duplicates of these, the 
velocity at 4, 8, and 10 being the same as at 2, that at 5, 7 ,
and r I the same as at 1 ,  &c. 

It would not be right, however, to take now any or-
dinate of the d curve, and sim1)ly multiply it by the ratio 
L � ve! �' and add the ordinate so found to the ordinate of
!_ :  ve 
the b curve directly above it. For although the ordinate of 
the d curve at o, for instance, gives the turning effort on d 
which is contemporaneous with the dead point of b, the 
ordinate of the d curve at I does not give the turning effort 
on d contemporaneous with the ordinate of b at 1,  and the 
angular velocity ratio bet,veen the shafts at I in Fig. 307 . 
Contemporaneous points must first be found by the method 
of the last section (p. 504), and marked on the base line of 
curveid, I, II, III, IV, &c. To find the real effort on b 
at position 1, due to pressure transmitted to it from d 
through c, it is only necessary to take the ordinate of the d 
curve at I, multiply it by the angular velocity ratio at 1, and 
add the product to the ordinate of the b curve at 1 .  This 
may perhaps be most rapidly done as follows :-Carry the 
ordinate at I back to 1, as I T. Set off along the base 
line distances equal to the angular velocities rP and I Q  in 
Fig. 307. (If the dimension for the velocity of b has been 

,, 
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chosen as recommended above, it will be unnecessary to 
measure and set off 1P, because it will be always equal to 
the length of four of the equal base line divisions already

• drawn. ) 1 5  in Fig. 306, II, will thus stand for the velocity
of b, and 1S ( = 1 Q in Fig. 307) for the velocity of d. 
Drawing SR parallel to 5T we obtain 1 R, the required
pressure on b in position 1 , for by similar triangles 1R = 1 T x 

1 S 
= pressure on d x L : 

ve! !· Carrying out. this con• 
1 5  L � ve 

struction for a sufficient number of points in d, we obtain 
the ordinates which are plotted out as a ne,v curve d1d1 in 
Fig. 306, III. Lastly, adding together tl1e ordinates of b 
and d1, \Ve get the curve t t (IV), whose ordinates represent
the total turning efforts on b at a radius equal. (in this case)
to four inches, the pressure scale being, of course, still the 
sarne as that used originally in Fig. 305. 

Going on now to the direct consideration of the effect of 
acceleration in the engine, we notice at once the general
resemblance of the problem to that of § 47. We have here 
again three moving links, one of which rotates with a velocity
assumed to be sensibly uniform. Of the other two one 
(the link d) moves about a fixed axis 1 with certain large
changes of velocity, which ,ve have now completely de­
tennined and diagrammed. The remaining link here, the
disc c, has n1otions analogous in certain important points
to those of the connecting rod in an ordinary engine,
Which corresponds to it in being the link which transmits 
motion to the main shaft of the engine. Both are links 
Which not only undergo varying accelerations, but
for which also the accelerations occur about varying 

1 s The " reciprocating parts " of an ordinary steam engine are in the 
d�

rne condition, but the axis about which they turn is an infinitely
1stant one. 
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axes.1 The angular velocity of c relatively to b can be 
found in precisely the san1e manner as that in which we 
have found (p. 508) the angular velocity of d relatively to b. 
vVe find, namely, the position of the line Abe, which is . 
common to b and c; choosing any convenient point in that 
line, ,ve find its distances from Aac and Aab respectively ; 
we then say that the angular velocities of the two bodies 
are inversely as these distances. vVe thus know, without 
any construction, that for positions o and 6 ,  where Aac coin­
cides with Aad, the link c n1ust have the same angular 
velocity as the link d, and that for positions 3 and 9, where 
Aac coincides with Aa0, the link c must have the same 
angular velocity as the link b. The former ,vill be the 
maximum, the latter the minimum, value of the angular 
velocity ratio of c to b, and the value of the for1ner we 

already know (p. 508) to be 1 
, or I ·41, ,vhile the value 

cos450 

of the latter is unity. The intermediate points in  the curve 
on Fig. 307, JI. have been found by the following construc­
tion, which is analogous to that of Fig. 292, already given. 
The three virtual axes which ,ve require are Aab, Aac, andAbc' 
We have already seen (Figs. 286 and 290) ho,v to find the 
position of each. In Fig. 308 they are respectively re­
presented (in position 2 of b) by the lines OP, OQ and 
OR. These three lines are in one plane (p. 490), and the 
points P, Q, and R lie all in one circle. 1'he real relative 
position of the axes is therefore obtained at once by simply 
turning down the plane about OP until it coincides with 
the plane of the paper, so that Q comes to Q1 and R to 

1 The motion of the disc has its most exact repTesentative in  plane
mechanisms by the motion of the link c in  the chain of Fig. 32, sup·
posing it converted into a mechanism of which a is the fixed link, a 
mechanism on which innumerable rotary engines have been based. 

, ,,,..... 
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L: vel c OR1 I.R1• \Ve then have at once -=---- = -- ---- .
L- vel b ::3Re1 cos POQ

It will be noted that, just as in tl1e upper curve in Fig. 306,
the twelve points on the curve of angular velocity of c require 
only the calculations of four different ordinates, and of these 
,ve kno\v one (for positions o and 6) to be equal to an 
ordinate of the former curve, and another ( for positions 3 
and 9) to be equal to unity.1 

The t\VO curves of velocity ,vhic11 we have now dra,vn may
be considered as curves dra,vn on a tinze_ base (p. 1 94), for the 
equal absciss.:e 01,  1 2 ,  23, &c., correspond to equal n1otions 

-� , 

, ' , ' , . 

, 

'R1 

FIG. 308. 

of a body -(b) whose velocity is uniforn1, and therefore to 
equal intervals of time. If ,ve take the engine as making 
1000 revolutions per 1ninute, one revolution occupies 0·06 
second, and each of the t,velve divisions of the base line 
corresponds, therefore, to 0.005 second. Using the method 
given in § 28, p. 194, for finding the acceleration fron1 a given 
Velocity curve on a time base, we can now draw the curves
of Fig. 307, III., of ,vhich dd represents the acceleration of 

For positions o and 6, the angle POQ = (J (the angle between the�afts) = 45° , and cos POQ = 0·707e; for position 3 and 9 the angle OQ :::: o, and cos POQ = 1. 

1 
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the link d, cc that of the link c, and ss the sum of the two 
accelerations. Ordinates above the axis are positive, that is, 
they correspond to an increasing velocity, ordinates below the 
axis are negative, corresponding to a decreasing velocity.

We know that acceleration curves can be read off at once 
as curves of force or (in this case) pressure (p. 339). \Ve have 
only, therefore, to determine the scale on ,vhich our curves 
may be so read in order to con1pound them with the 
pressure curves of Fig. 306. We saw in § 3 r that 

f r t = 'l1a I, 
where/ ,vas the force which, applied at radius r for a time t 
could produce an angular velocity Va in a body ,vhose 
moment of inertia about its virtual axis (from which also 

r was measured) was I. The angular acceleration a = 'l',Ht 
so that/ r = a I, orf = a I  

In the diagrams as dra,vn in Figs. 306 and 307 the 
angular velocity of b is represented by a height of one 
inch. The assumed velocity of 1ooo revolutions per 

minute = 1000 X �: = 105 angular units (per second), 

so that the scale of angular velocity is 105 units per
inch. Four divisions on the time scale (i.e. the distance 
04, &c.) are made equal to one inch, so that the 
ti1ne scale is 0·02 second per inch. Each time 
interval being �Ao second, the acceleration scale 1 is 
( 1 o 5 X 200) = 2 1 ,ooo units per inch. The value of I for tl1e 
sector d (the units being feet and pounds) is about 0·02, 

and r, the radius at which we have assumed the pressure to 
act, is � foot. \Ve have, therefore,/h= a X 3 x ·02 = ·06 a, 
so that the force scale is 2 1 ,000 x ·06 = I 260 pounds per 

1 See p. 199. 

, 
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inch.i1 It has been already (p. 529) pointed out that it is 
convenient to calculate this scale before setting o_ff the piston
pressures (Fig. 306), and use it for them. Ifthis has not been 
done the ordinates ss of the total acceleration curve must be 
reduced to the scale used for Fig. 306 before being further 
used. 

The scale of the accelerations of c differs from that of d 
because of the different value of I. Approximately the 
value of the mo1nent of inertia of c is half as great as that 
of d, or 0·01, so that the acceleration ordinates derived direct 
from the c curve (Fig. 307, II) have to be halved before being
set off in Fig. 307,  III. This has been done before plotting
them in the curves shown. It has to be noticed that the 
value of I for the disc c is 11ot a constant quantity, for the 
virtual axis (about which I is to be measured) does not 
occupy a constant position in the body. This case is al­
together analogous to that of the connecting rod discussed 
1n § 49. The error caused by assuming the value ofI to be 
constant is too small to be of any importance to us, and we 
have therefore neglected it. Practically a very reasonable 
approximation to the result is obtained by making the same 
assumption about the link c that is commonly made about 
the connecting rod of a steam-engine, namely, that half its 
mass shares the motion of the main shaft, and has therefore 
no acceleration, and that the other half may be taken as part
of the mass of the link d, and as sharing its accelerations.
If this approximation were used in the present case it would 
give a total acceleration about,} f as great as that found by 
our more exact method. The saving of trouble by the 

1 It will be noticed that the pressures we are here dealing w�th aretofal_pressures at an assumed radius, not pressures reduced to unit area
0 piston and mean radius. 'fhe reduction can easily be done (see 
p. 527) if required 
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omission of the construction of Fig. 308, and the curve 
Fig. 307, If, is of course considerable. 

Going back now to Fig. 306, V, we have in the curve 1n111 

the sum of the ordinates of the curve tt above it, and of the 
curve ss in Fig 3 07, III, ( the t,vo curves being supposed to 
be dra\.vn on the san1e pressure scale). The extraordinary 
result of the accelerative resistances ,ve see at once. 
\Vhereas, without them the driving effort was fairly uniform, 
the ratio of maximum to minimum being about 1·5, when 
,ve take into account the accelerations at 1000 revolutions 
per minute this ratio is increased to about 3·4 .h. The dotted 
curve t

1
t1 shows the variation of nominal driving effort, if 

the steam were cut off at about ¼ stroke, and nn the real 
effort under the same conditions at 1000 revolutions per 
minute, the ratio just mentioned being increased from about 
t,vo to over twenty. Large as these alterations are, it will be 
seen, from the table on p. 352, how much larger changes 
,vould be produced in any engine of the ordinary type if it 
,vere run at anything like the san1e number of revolutions 
per minute. The advantage here is no doubt mainly due 
to the fact that the links which oscillate or swing relatively
to each other are both in continued rotation relatively to the 
fixed link. 'fhus, although the reciprocating motion is 
not really done away with, one of its most serious drawbacks 
is obviated-the reciprocating links do not come to rest,
relatively to the fixed link, twice in  every revolution, as do 
the piston and rod, &c., of an ordinary engine. 

As a c:heck on the working and diagrarnming the 1nean 
effective turning effort ought to be measured from the curve 
in Fig. 306, V. It should be, and in this case is, equal to 
the known n1ean steam pressure at 4 inches radius, or 
here 970 pounds, which corresponds to 2030 ft.-pounds per
stroke. 
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The ,vorking out of a Fielding engine may proceed in 
Precisely the same way as that which has been employed
for the Tower engine. I t  is not necessary here to say 
anything further than that this engine has the advantage, 
fron1 the point of view of steady running, that the angle
bet,veen the shafts is much less than in the spherical engine, 
22°·5 instead of 45° being used. This makes the ratio of 
maximum to mini1num angular velocity cf the dummy shaft 

( co: '20 ), only 1 · 1 7  instead of 2. Supposing the masses of 
the rotating parts to be the same in both engines, the re­
sistances due to acceleration at any given speed will be about 
l of the amount of those just diagrammed. But at the 
same time an engine of the Fielding type has a net volume 
for steam less than that of a To,ver engine (both being of 
the same external diameter) in somewhere about the same 
ratio. The enormous effective volume of the latter engine
depends essentially, as we have seen, on the use of a large
�ngle bet,veen the shafts, and this unavoidably entails 
irregularities of driving effort due to the great accelerative 
resistances, which have to be rendered as unimportant as 
Possible by the use of sufficiently heavy rotating masses 
(flywheel or its substitute) upon the driving shaft. 

§ 66.-BEVEL GEARING. 

IF ,ve treat the spur wheel chains of Chapter VI. as ,ve
have just treated the linkwork mechanisms of the earlier
chapters-if, namely, we transform the plane into spheric
tnotion, by bringing the point of intersection of the axes to 
a finite distance, we obtain the type of ,vheel gearing known 
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· asi bevel gearing.1 It is possible to reproduce, in this 
form, all the spur wheel chains, simple, compound, annular, 
or epicyclic. Practically, however, very little use is made 
of any of these changed mechanisms, except the sin1plest 
of all, ,vhich is shown in Fig. 309, and which is directly
derived from the spur wheel train of Fig. 58, p. 1 I 7, by 
inclining its shafts at an angle (in this case 45°) to each 
other. \-Ve have just the same characteristics here as for­
merly ,vith the spur wheel train ; the one shaft drives the 
other with a constant velocity ratio, but in the opposite 
sense to that in which it is itself rotating. The portions of 
the surfaces of the cylindric axodes, which ,ve saw to be 

formerly the pitch surfaces, are now replaced by portions of 
the conic axodes. The motion of the toothed bevel 
wheels corresponds to that of the rolling of the conic pitch 
surfaces, just as formerly the motion of the spur wheels 
corresponded to the rolling of the cylindric pitch surfaces. 
We form teeth on the former for exactly the same reason as 
we did on the latter ; and the actual transmission of motion 
is acco_mpanied by the sliding on one another of these teeth, 
exactly as we saw formerly. 

Under these circumstances it is not necessary for us to 
say more than a very few words about this form of non.. 

1 If a pair of bevel wheels are of the sa� size they are often called 
,nitre wheels. 
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plane motion. It will be noticed at once that just as the 
links in the conic chains had no dimensions which could 
Properly be called their lengths (p. 493), so here the wheels 
have no one special diameter.s1 \.Vheels of the most various 
diameters may transmit the same velocity ratio bet,veen the 
same two shafts. Thus let a and b (Fig. 3 10) be the axes of 
two shafts intersecting in 0, between ,vhich it is desired to 
transmit a known velocity ratio. Let this ratio be such that 
ang. vel. b O A · · ·any c1rc es wit = --. Draw a out t b he point o l hang. ves. 1 a OB 
radii OA and OB ; througl1 A dra,v a parallel to the axis 

a 'P Q 'J,f 

' 

F1G. 310. FIG, 311. 

a, and through B to the axis b. Call the point where these 
Parallels intersect M, and join MO. Then MO is the line
of contact of the two pitch cones, which can, therefore, be at 
once drawn. Any pair of frustra of these may be used for 
the wheels, for the ratio MT between their radii must 

MS 
always be the same, and must always be equal to ��-

The finding of the shape of the teeth for bevel wheels 

f1 

Conventionally the largest pitch diameter of a bevel wheel is spoken 
0 as the diameter of the wheel. 
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involves no difficulty. Let O (Fig. 3 1 1 )  be the vertex for such 
a wheel, MS its radius, and S1S2 the required depth of tooth.1 

\Ve may treat the spheric surface S2SS1 as if it ,vere itself a 
part of a cone with vertex at P ( OSP= 90°) complementary 
to the pitch cone. This cone can be developed by drawing 
circles through S2, S, and S1 ,vith J) for a centre. If the circle 
SS' be n0\V used as a pitch circle, and teeth drawn on it (see 
§ 18) with the right depth in the usual way, the profiles of 
these teeth will be the profiles required. The corresponding 
profiles for the inner sides of the teeth can be found by 
developing the cone TQ in exactly the same fashion. It is 
hardly necessary to point out that all lines along the teeth, 

FIG. 312. FIG. 313. 

such as S1 T1, .52 .J;, &c., 1nust pass through O as ,vell as 
the line ST on the pitch surface. Annular bevel ,vheels, 
although they are kinematically quite correct, are rarely, if 
ever, used. They come out at once from the construction 
of Fig. 310, if only the point Ai, at the opposite end of the 
diameter, be used instead of A. In the event of the angle 
MiOS1 being equal to the angle .. 41 0S1, the annular ,vheel 
becomes a disc or flat wheel, as shown in  Fig. 3 r 2, ,vhich 
may often be a quite convenient arrangen1ent of gearing. 
Fig. 3 13, which corresponds to J:is"' ig. 3 1  o, shows the double 

1 Determined mainly by considerations of strength, &c., such as �ill 
be found discussed in Chap. ix. of Proft:ssor U nwin's E!e1ne11ts ofMachine 
Desi n, &c.g
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construction in this case. It will be noticed that, for any
given sense of rotation of b, the shaft a will be driven by· 
the flat ,vheel in the opposite sense to that in  which it would 
be driven by the cone wheel, which is, of course, the essential 
characteristic of an annular train. 

I t  is comparatively easy to n1ake correctly shaped patterns
for the teeth of bevel wheels, and the shape of the bevel 
tooth, ,vhen the wheel is cast, ,vill be fairly near the shape
of the pattern. But if  it is required that the profiles of the 
teeth should be really accurate, they n1ust be, as ,vith spur 
gearing, 11zaclzined, and this operation is one presenting some 
Practical difficulties. The most recently devised machine 
for · this purpose, a very ingenious one, is probably that of 
11r. Bilgram, described in Engineering, vol. xl. 1>. 2 1 ,  the 
Principle of which will repay examination. 

§ 67.-THE BALL AND SOCKET JOINT. 

THE familiar con1bination known as the Ball and 
Socket Joint is not, as might be at first sight supposed, a 
Pair of elements. It does not constrain any relative motion
between the bodies which i t  connects ; it only permits the 
0ne to have spheric motion, in any direction, relatively tc,
the other. It c�nnot, therefore, be used as the sole connec­
tion between tvv-o bodies in a mechanism or machine unless 
the relative motions of those bodies be completely con­
strained by what ,ve have called chain closure (p. 410), or.its equivalent In that case it forms, essentially, an example
of reduction (p. 403). 'fhe links connected by the ball and 
socket joint could not be directly connected by any one 
10�er pair, but might be connected with the use of lower
Pairs only if one or more links were inserted between them, 

N N 
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exactly as in the cases �xamined in § 53. The ball and 
socket joint, however, could not be replaced by plane links ; 
its motion is spheric, and the links which it virtually re­
places would have to form some part of a spheric combina­
tion. The ball joint has, of course, surface contact, but as 
it is not a pair of elements this is no contradiction to the 
statement on page 57, that none but lower pairs of elements 
had surface contact. 

Fig. 3 r4 shows a mechanism which has occasionally found 
application, and which belongs to a class which will be 
n1entioned in § 70. It is a simple chain, each link having 

. 
' . 
' : 

e 

. . .  
,

. .. .. .' ' • ••' .• ,: 
t!! ;. . 

; I' .. ' .' ;  .' .. .: : ,.,.' : ,,. • ' .. . .t :� Hr--
FIG. 314. FIG. 315. FIG. 316. 

only two elements. It contains seven links, each paired 
to its neighbour by a turning pair. The axes of three 
pairs, namely, be, cd, and de, pass through one point, an 
arrangement which so constrains the relative motion of b 
and e that the axes of these two links always intersect, and 
always intersect in the sa,ne point. The motion of b rela· 
tively tose is therefore a spheric motion about that point If 
we wish to dispense with the links c and d we may proceed 
as in § 53, by forn1ing on b a suitable element, and finding 
its envelope on e. If we choose for the element a sphere 
whose centre is at the join of the axes of b and e, its 
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envelope on the latter link will obviously be simply a corre­
sponding hollow sphere, and the mechanis1n, so reduced, \vill 
take the form of Fig. 3 15. The motions of the remaining 
links are here sufficient to constrain the relative motions of 
b and e, and the ball joint becomes in this very special case 
available for use as a higher pair. The motion of c relatively 
to a is also such that a certain line on c (namely, the axis of 
the pair be) always passes through the same point on a. We 
might, therefore, on1it b, and pair c to a (as in Fig. 3 16) by 
a ball joint. By doing this, however, the chain l)ecomes 
unconstrained, for the link a can be rotated without trans­
mitting any motion to the rest of the chain, the ball joint 
being incapable of trans1nitting rotation about its own centre. 
The investigation of the conditions under which a ball joint 

, can be used in a reduced chain without destroying its con­
strainn1ent does not present any great difficulties, but the 
case is one which occurs so seldom that we shall not here 
enter into it. 

§ 68.-HYPERBOLOIDAL OR SKEW GEARING. 

THERE remains yet to be noticed a class of mechanisms 
having non-plane motions, but con1ing under none of the 
categories hitherto examined in -this chapter. These me• 
chanisms may contain only turning pairs (as for example the 
one illustrated in the last section), or they may contain 
also screws or cams or higher pairing of any kind. Their 
characteristic is that some or all of their links have, relatively 
to some of the other links, a general scre,v motion, for whicl1 
reason we may give them the generic name of general 
screw mechanisms. By general screw motion is meanJ 
a twist which bears the same relation to simple screw motion 

"N N 2 
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that rotation about an instantaneous axis bears to rotation 
about a permanent axis. A body having such a motion is 
at each instant t,visting relatively to (say) the fixed link. 
But both pitch and axis of twist may, and often do, vary 
from instant to instant. There is here neither virtual centre 
nor virtual axis, neither centrode nor axode, cylindric or 
conic. The motion cannot be represented as a rotation, 
or by a rolling of two surfaces of any kind. For any two 
bodies having general screw motion relatively to each other, 
it is always possible (but son1etimes extremely difficult) to 
find a line that is common to both the bodies for the instant; 
and about and upon "'·hich each is simultaneously tur11ing 
and sliding, at the instant, relatively to the other. Such a 
line may be called the axis of virtual twist, or simply the 
twist-axis, of the two bodies. As an axis, it may be said 
to be a line common to the two bodies, but it is not a 

common line in the same sense as the virtual axis of rotation, 
for as a line in one body it slides along its own direction 
relatively to the other body. The complete series of twist· 
axes for the relative motions of two bodies, that is, the loci 
of these axes, form a pair .of ruled surfaces (twist-axodes)
,vhich may be properly looked upon as the general case of 
the simpler axodes of plane and spheric motion. As the bodies 
move, successive lines on these surfaces come into coin­
cidence, and the motion of the one body relatively to the 
other is always a twisting about the coincident line, exactly
as in plane motion there is al .. vays a rotation about the 
coincident line of the two axodes. 

A detailed study of these mechanisms-a subject in which 
comparatively very little work l1as yet been done-would 
take up an amount of space altogether out of proportion to 
their importance, for their applications in practical machinery 
are comparatively few, and their complexities, from anything 
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likc a egcnera\epolnteofe,·ie"",eareeveryegreat. Weeshal\here 
not attempt any such complete examination (perhaps we 
may have some future opportunity of dealing with theesub­
iect), but shall merely mention a few of the principal 
examples whi<:h occur in actual work. The simplest of these 
cases occuu where the twist is the same for each twist-axis, 
and of these ClLIC!I the simplest again is no doubt the one 

(anaJogous toespur andebc,·clwheelgu.ring)e""hereethetwist 
Uodcs arc used directly,ealteredeonly by being toothed,efor 
the transmission of rotation bctwceneshartswhoseeaxC$croSS,
but do not meet, each other. Gearing ofetbis kind (an 
example of which is shown in Fig. 3 1 7) is �no,.-n :i5 skew 
Wheel gearing, the wheels being often called, from their 
quasi-conical form, skew bevel wheels. Thetwist-ru:odes,
frus1ra of whi<:h corrC$pond to thc pi1che&urfacn of theesJ..ew 
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bevel wheels, are hyperboloids of revolution whose axes are 
the axes of the shafts and which have always one coincident 
line or generator in a position corresponding to the coinci­
dent line of the pitch surfaces of spur wheels. The position
of this line must be such that the distances of every point in 
it from the two axes must be inversely proportional to the 
required angular velocities of the wheels, and it can be 
found in the following manner. Let SA and SB (Fig. 318) be 
projections of two crossed axes a and b, both parallel to, the 
plane of the paper, so that the common normal to the two 
axes passes through Sand is norn1al to the plane of the paper . 

.· 
,,,,,

-..... 

F1G. 318. 

Let the angular velocity ratio of b to a be given, and let it be 
required to find the generator for the (hyperboloidal) pitch
surfaces of skew bevel wheels which will transmit this ratio. 
The angle ASB must first be divided by S V so that 
V M _.:. ang. vel. b, which can be done exactly as described 
V N ang. vel. a 
for bevel wheels in § 66, Fig. 3 1 0. Then SVis the projection 
of the required generator, which lies in a plane parallel to 
that of the paper as drawn. Drawing through V a  line at 

VAright angles to S V, we have at once -- as the constant·VB 

• 
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and ·v,, =-= VM. SA _ 

But 

SB = VM 
Va VN. SB 
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ratio of the distance of every point in the generator from the 
axes a and b, and therefore the required ratio bet\\·een the 
radii (_or diameters) of a and b, which are no longer pro­
portional themselves to the velocity ratio. 

It requires now to be proved that skew wheels with this 
diametral ratio ,vill transmit the required velocity ratio. 
Draw SAi, S V,., and SB1 at right angles to SA, S V, and SB 
respectively, and consider the contact between the pitch 
surfaces upon the normal to the shafts, i.e. upon the line 
through S and normal to the plane of the paper. The 
direction of the line of contact is S'fl, and both wheels must 
have the same velocity normal to that direction.1 Drawing 
A1B1 parallel to SV, we obtain at once SA1 and SB1 as the 
Peripheral velocities of a and b respectively, on any scale 
0n which SVi represents their common velocities in its own 
direction. The angular velocities of the two wheels must 
he directly as their peripheral velocities and inversely as 
their rad ii, or 

1.-1,, _ SB1 ra SB 1·a _ VA SB 
= 0- .!):41 . sA · - VB.

'Va 
'rt, Tt, SA 

VA SA VB SB 
= and so that 

VM SV' VN 
= 

SV 
YA VM. ..SA 
vB Y JV. .)'JJ' 

.S'A. J/N' 
Which is the required ratio with which we started. 

Any pair of corresponding sections of the hyperboloids 
tnay be used for pitch surfaces, two pairs being shown in 

1 
Or put otherwise, instead of the two wheels . having the same peri- · Pher3:I velocity, as with spur gearing, they have dijjermt peripheral_

;z;oc�t1es� but these different velocities must have equal components along
direction Si,;. 
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the figure. The directions of the flanks of the teeth on the 
pitch surfaces must correspond to the directions of the 
generator. Frequently frustra of tangential cones are em­
ployed in this gearing instead of f rustra of the hyperboloids. 
In that case the shape of the tooth profiles is obtained by 
designing them in the way described for bevel wheels on 
p. 544.1 If sections from the throats of the hyperboloids 
be chosen, the teeth may be made of uniform section right 
across, like those of spur wheels, but, of course, skewed at 
the proper angle. The ratio between the numbers of teeth 
in the ,vheels must be proportional (inversely) to their in­
tended velocity ratio, and not proportional directly to their 
diameters. 1"he pitch of the teeth on the t\.VO wheels, 
measured circumferentially, is of course different. If SVi_ 
be the normal pitch (i.e. the pitch measured at right angles 
to the face of the tooth), which is the same in botli 1vheels, 
then SB1 must be the circumferential pitch of b and SA1 

of a. 
If the perpendicular distance between the shafts be I, then 

the diameters of the two pitch surfaces at the throats, or 
smallest parts, are respectively, 

VA VBt. for a, and I.s for b. 
AB AB 

At any other places the dian1eters can be found from the 
data in the figure by the ordinary projective constructions. 

If the distance SVi represent on any scale the common 
J)eripheral velocity of the two wheels normal to the direc­
tion of the twist axis, then the distances ViB1 and ViA1 repre­
sent on the same scale their velocities of sliding along that axis. 
The velocity with which each one slides relatively to the 
other is therefore B1 + V'i_A1, or B1Ai - This corresponds,V1 

1 A more exact approximation will be found in Der Consln,c/,:11r,
third edition, p. 452, or fourth edition, p. 553. 
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of course, to the axial cornponent of the twisting motion of 
the axodes. In this, the simplest case of general scre,v 
rnotion which we have in machinery, the magnitude of the 
twist (which may be expressed conveniently enough as the 

.
ratio �:) is the same for each twist axis, as we have already

,
noticed. 

\Ve may consider that spur wheels are the special case df 
�kew wheels where SB coincides in direction with SA, and 
Where, therefore, B1A1 = 0. Looking at matters in this 
Way, we see that the teeth of skew wheels must have the 
same rubbing action in planes normal to their lines of con­
tact (i.e. normal to SV) as ordinary spur wheels, and in 
addition a rubbing action in the direction of those lines. As 
all such action involves the expenditure of work in over­
coming the frictional resistances which the surfaces off er to 
sliding one on the other, the frictional losses in skew wheel 
gearing are necessarily considerably greater than in spur 
gearing. More will be said about this matter in the next 
chapter. 

A skew-,vheeli. train may, of course, contain an annular 
,vheel, or it may be made epicyclic by fixing one of the 
Wheels instead of the fran1e. Practically an annular skew 
Wheel would be so troublesome to make that we are not
likely to see one, especially as it is al1,vays possible (as we
have seen with bevel wheels) to alter the sense of rotation 
transmitted without the use of an annular wheel. There is 
no particular difficulty about making an epicyclic skew train, .
but no occasion seems yet to have occurred for using one. 
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§ 69.-SCREW WHEELS. 

IF we desire to drive two crossed shafts, one fron1 the 
other, by a pair of wheels whose teeth can always touch each 
other along a straight line, we have no alternative but to use 
the skew wheels described in the last section. We must, 
moreover, use for their pitch surfaces hyperboloids generated 
by the revolution of one particular line (fixed as we fixed SJI 
in Fig. 3 18) for each particular angular position of the shafts 

FIG. 319. 

and velocity ratio to be transmitted. If, ho,vever, we are con· 
tent to transmit motion through teeth which touch each other 
on one point only 1 at each instant, we have a much larger 
choice of _possibilities. Thus if in }'ig. 3 19, SA and SB 
are again projections of the axes of crossed shafts (drawn in 
the same way as in Fig. 318, § 68), we may take any line 
SV between SA and SB, or in coincidence with either of 
them, as the common tangent at S to scre\v lines drawn on 
cylindrical surfaces which have a and b as their axes, and 

1 In one point (for each pair of teeth), speaking kinematically onlY• 
Physically, of course, the point becomes a small but undefined area. 
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which touch at some point on the normal through S. If on 
sucl1 cylinders, or slices of tl1em, we build up helical teeth 
corresponding to the assumed tangent, we shall have what 
are called screw wheels, each wheel being, in effect, a 
Portion of a many-threaded screw. 

If the tangent SV be taken in the sar£1e position as that 
of the coincident line in skew wheels, the pitch diameters of 
the screw wheels, for a given velocity ratio, will be the same 
as those of the throats of the corresponding hyperboloids. 
In this case the screw wheels will differ very little in appear­
ance fron1 the skew ,vheels. In the former, however, the 
faces of the teeth will be helical instead of straight, and in 
actual working, contact between any pair of teeth will begin 
on one side, pass through the point S, and end on the other 
side, instead of taking place simultaneously all across the 
teeth. 

For any given velocity ratio, whether the common tangent • 
1n mid-position be taken as mentioned in the last paragraph 
or not, the hyperboloids having a coincident generator, as
found in § 68, will remain the twist-axodes for the motion 
transmitted by the wheels, no matter what the diameters of 
the latter may be. These diamtters are easy to find in any
case. Let 17 be any point upon the (arbitrarily chosen)
common tangent S V, and BA a line through V normal to 
.SV. Then we have already proved (p. 55 r) that (using the 
same symbols as before) 

Ya vb SA - Vo sin y 
--

Yb Va.,5'.B - Va. Slll"f1 .Ir, then, SV coincide with SB (Fig. 320), y = 90c, and 
Y1 :::::: 90° -a., and the ratio between the diameters of the 
"-'heels is greater than the velocity ratio, a condition in itself _disadvantageous. The teeth on b are here parallel to its axis, 
as in a spur wheel. If SV bisect the angle ASB (Fig. 321 )  
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y = y1, and the diametral ratio corresponds, as with spur 
wheels, to the velocity ratio. This is the condition of mini­
mum friction. I f  S V coincide with SA (Fig. 32 2) the teeth 

° on the a wheel are parallel to its axis, the angle 'Y = 90 -a 
°and = 90 , and the diametral rati� is less than they1 

velocity ratio. Intermediate positions have, of course, cor­
responding characteristics. I f  V be nearer B than A, the 
diametral ratio is greater than the velocity ratio, and vice 

A 

.--
. 

·. - :;.:..: 

FIG. 320. FIG. 321. Frc. 322. 

In the most common case of scre,v wheels occurring in 
practice, the angle a, between the shafts, is a right angle, 
and the velocity ratio transmitted is large. In this case. the 
combination becomes the worm and worm-,vheel (Fig. 323), 
which we have already looked at ins§ 62 from another point 

°of  view. I f  ,ve ,vere here to make 'Y = 90 , the pitch of 
the helix on a ,vould become = o, and that on b = � • 

° If  we were to make y1 = 90 , the pitch on a would become 
= � and on b = o. In neither case, therefore, ,vould the 
mechanism work. In practice y is made some small angle, 

°and (as y + y
1 = 90 ) y

1 
is a much larger one. A very 

large velocity ratio can therefore be transmitted by a pair of 
screw wheels ( as the worm and wheel really are) of  much 

• 
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must = 80°, the value of In such a case 

SCREW WHEELS. 

= 10° , y1
smaller diametral ratio. Thus, for example, if y 

s�
• 
n 'Y 

= 0·17  5.sin y1
be transmitted by a worm and whee1any velocity ratio r can 

Whose diameters are in the ratio of ( 0 · 17  5 r) to each other. 
This is, of course, a great practical convenience. If a pair
of skew wheels were used under similar conditions, with a 
value of r of 50, their diametral ratio "'ould have to be 50,
•
instead of 0·1 7 5 x 50, or 8 ·75. 

In both cases equally the number of teeth in the wheels 
must be proportional to the velocity-ratio transmitted, but 
With screw wheels the number of teeth means the number 
0f threads i,t the screzv, for that is the real number of 
teeth that would be shown by any section of the wheel 
normal to its axis. A single-threaded screw, such as is often 
Used for a worm, if cut by a plane at right angles to its axis, 
Would show only one toot11 and one space-it is in reality a 
one-toothed wheel. A double-threaded screw, similarly, is 
equivalent to a wheel of two teeth, and so on. 

The pitch of screw wheels has to be determined in the 
same way as that of skew wheels. The pitch efthe teeth, 
measured at right angles to the common tangent, must be 
the same in both wheels, or in ,vheel and worm, but this 
q?antity must not be confused with the pitch of the screu! 
lz�es. The real pitch of the teeth in screw wheels is the
distance represented by the spaces between the lines in Figs.
320 and 322  of this section. This is determined from the 
normal pitch exactly as on p. 552,  and we do not concern our­
selves at all with the relation between this (circumferential) 
quantity and the ( axial) pitch of the helices on which the
threads are formed, which is in these cases always a very
much larger distance. In the case of the worm of Fig. 3 23,
the case is, however, reversed. Taken as a single�threaded 
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!'Crew, or onc·toothed screw wheel, the pitch of its tooth is 
equal to its cirwrnference, while the pitch of the hefo, 
or distance from one convolution to the next, measured 
axially, is a much smallff quantity. It is the former, or 
tooth-pitch,ewhich is given by the calculation on p. 552. In 
this particular case, ho,.·ever, it is the helical pitch which i• 
the visible thing, and theereal nature of theeworm as a screw 
whed is sometimc,i obscured by the confusion between the 
two pitches. In this particular case the circumferential 

pitch of the worm wheel is equal to the axial pitch of the 
worm helix ifeit be single thro,aded, to half that pitch ifeit 
be double threaded, :mde$0eon. 

We have already rno,ntioned (p. 487) the Sello,n worfll 
gearing, in which the shafts are set at an angle less than 
90° by anearnount equal to y, $0 that y1 .. .., svecoineiding 
with SA. In this cue the teeth of the wheel, like thosc of 
the wheel in Fig. p:,elicepar.11lcl to its axis; thcewhee\ in 
fact simply become�, or m:ty become, a spur wheel, and its 

http:MAC!ll:.ER
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construction is correspondingly simplified. The form of the 
teeth of worm wheels has already been mentioned in § 62. 

We have stated on p. 554 that the tangent line of screw 
Wheels may be taken anywhere between SB and SA. 
�inematically it may be taken outside these limits also, but 
1n this case the friction due to the sliding of the teeth (see 
p. 553) becomes excessively great, without counterbalancing 
advantage of any other kind. 

Longitudinal sliding of the teeth on one another produces 
additional friction in scre,v wheels ( as compared ,vith spur
or bevel ,vheels) exactly as in skew wheels, but not to the 

Satne extent, the area of surface in contact being n1uch 
8tnaller (see p. 554). In both cases also the obliquity of
the pressure causes end thrust in the journals of one or both
of the shafts. This is often more serious in screw than in
skew gearing, because of the greater obliquity. If the shafts 
are parallel, this difficulty can be got over by the use of the 
double-helical wheels of Fig. 324, which were mentioned
ini ·§ 19 (p. 13 1 ). These wheels, although they are used 
With parallel shafts, are real screw wheels ; the contact of 
the teeth is a point contact only, and not a line contact,
and there is always contact in at least one pair of points 
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along the pitch line. They present certain practical diffi­
culties in manufacture, but these have been long ago over­
come, and very large numbers of them are used on the 
Continent, and also by some English makers. The small sur­
face of contact makes them work very ''isweetlyi" if the teeth 
are reasonably well formed. It will be noticed that their 
relative motion is represented simply by the rolling of 
cylindrical pitch surfaces, or axodes, as with spur wheels, 
and not by the twisting together of hyperboloidal surfaces, 
as in the case of screw wheels "·ith crossed axes or ske,v 
bevel ,vheels. The cylindrical pitch surfaces here sho,v
themselves at once as being a special case of the hyperboloidal 
surfaces. 

§ 70.-GENERAL SCREW MECHANISMS. 

THERE remain to ·be mentioned general screw mechan­

isms (seeip. 547) of a much more complex kind than the 
hyperboloidal or screw wheels of the last two sections. Of 
such mechanisms two have been already illustrated in Figs.
314 and 3 r5 in § 67, a third is shown in Fig. 3 2  5. Of these a 
modification of Fig. 3 r 4 has found actual, if not very practical, 
application in n1achines. The other two have not, so far as 
we know, had any practical applications. A general in­
vestigation into their conditions of constrainment, or 
determination of the twist-axodes of the different links, does 
not appear as yet to have been made. Such a determination 
is not very difficult in the case of Figs. 3 14 and 3 15, where 
also the mechanism can be drawn in any position, without 
any difficulty, by the ordinary constructions of orthographic 
proje�tion. With Fig. 3 24, however, these constructions 
alone do not enable the motions of the mechanism to be 
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We may here summarise briefly the conditions of motion 
"hich we have found to exist in the elements of mechanisms 
;i.nd in the mechanisms themselves. The turning pair, 
first of al\, gi>-es us a simple rotation about a fixed and 
i>etrnancnt (p. 47) axis at a finite distance, and we sa"· 
1ha.t the motion of the sliding pair was merely the special 
case in which the axis of rotation (equally fixed and per• 
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manent) was at infinity. The screw pair gives us motion 
about a fixed and permanent twist-axis, the magnitude of the 
twist being also constant. It 1night be considered to include 
the former pairs as special cases, the one ( turning pair) 
where the pitch of the t\\1ist had become zero, and the other 
(sliding pair) where the rotation of the twist had become 
zero. Passing from elements to chains or n1echanisms, we 
find that for mechanisms having plane motion, the virtual 
motion of every link is a rotation about a fixed (permanent 
or instantaneous) axis, at a finite distance or at infinity. In 
this case, also, all the virtual axes are parallel, so that all 
planes parallel to the plane of motion cut the axode in 
similar and equal curves or centrodes, and ,ve can always 
substitute any one of these curves for the axode (that is, 
deal with the virtual centre instead of the virtual axis), 
without impairing the accuracy or con1pleteness of our 
solutions. In the case of mechanisn1s having spheric 
motion, the virtual motion is still a rotation about an axis, 
but the axodes are cones instead �f cylinders. Plane 
sections of these axodes are not, in general, of any value to 
us. A pair of axodes for the relative motions of any two 
bodies have a common vertex, and represent the motion of 
the bodies by rolling on one another,1 exactly as do the 
cylindric axodes in the former case. Any sphere which ba.5 , 
its centre at the vertex of such a pair of axodes, cuts theill 
both in a pair of spheric sections which roll upon one 
another as the bodies move, and which touch each other ill 
a point (as S in Fig. 274), ,vhich determines, along with the 
centre of the sphere, the virtual axis. 1'his point of contact is 
not, however, a virtual centre, as the bodies do not, virtual1f 
or otherwise, rotate about it, and these spheric sections of 

1 The proof of the rolling is exactly the same as that given in § 9 {of
plane centrodes, and does not need to be written out again in full. 
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the conic axodes are not, therefore, really centrodes. No 
virtual centres, in the sense in which we have defined these 
points, exist for spheric motions, and the sets of lines each 
containing three virtual centres are replaced by sets of 
planes each containing three virtual axes. \\"ith general 
screw mechanisms, lastly, neither virtual axis nor centre 
exist, the virtual n1otion is no longer a simple rotation of 
any kind, but as t,vist is already reduced to its lowest terms. 
It may be noticed that in dealing ,vith twist as we did in 
§ 62, looking separately at _its two con1ponents, rotation and 
sliding, we virtually resolved it into a pair of rotations, one 
about the axis of the screw, and the other about an axis at 
right angles to it and in the same plane, but at an infinite 
distance. No particular convenience, however, for our 
Purposes, comes from this way of looking at the matter. 
We have found three different cases of screw motion to 
Occur ino ur ,vork. The regular twist of the screw pair is 
the first, where the twist-axis is pern1anent and where the 
lllagnitude of the twist is constant. The cases (skew wheels 
and screw wheels) examined in §§ 68 and 69 come next, 
. and bear the same relation to the scre,v pair that the 
tnotions of a spur-,vheel chain (omitting all consideration of 
the teeth in both cases) bear to those of a turning pair. The 
twist-axis, namely (for one or more pairs of links), becomes 
an instantaneous instead of a permanent axis. But the 
tnagnitude of the twist is constant, so that the hyperboloids 1 

being given, and the value of the t\vist, the motions are as 
fully, if not q�1ite as simply, determined as those of rotating 
bodies ,vhose centrodes are known. This determinateness 
has nothing to do with the hyperboloidal for1n of the twist-

It will be remembered that it is these surfaces, the twist-axodes, and 
;t the helical surfaces or their base cylinders, which really deter-n 

0 0 2 

1 
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axodes, but depends on the constancy of the hvist. So long 
as this condition exists, the relative screw motion of two 
bodies may be geometrically represented by the loci of their 
twist-axes as completely as the relative plane motion of two 
bodies can be by their centrodes. In the third case of 
general screw mechanisms, however, the case specially dealt 
with at the commencement of this section, the value of the 
t,vist differs with each twist-axis, and varies quite in­
dependently of the change of position of the axis. The 
motions of the mechanism do n_ot seem, in this case, to be 
determinate by aid of the tvvist axodes alone, geometrically, 
but to require also for their . determination some expression 
for the rate of change of the magnitude of the twist itself. 
It is perhaps fortunate for engineers that problems of this 
kind have not yet made their appearance in practical ,vork. 
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	11crew chain .. The link a consist.!I of two screw elements, of different pitches; 6 carries the nut for one of these clements, and ( for the other, an<l 6 and ( are themscil'es connected by a slide. Let us write p, for the pitch of a in,, and/', for its pitch in 6. Then if ( be fixed. as is usually the case, each complete turn of a will cause it to move through a dilllance p, relatively to(, and (simultanŁously) through a distance p. relatively to b. The corresponding motion of} relatively to , will be the
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	nection between a and, is a tum(ng pair. If heree be fixed, the motion of I, relatively to it must be twist, but its rotation ., Thus in one tum of a the link I, receives an a:-<ia\ motion of p., while at the same time its whole motion (relatively to 
	must be as much slower than that of a asp. is less than p
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	the mcchanism,e1:,. of preventing any motion of its links except by the action of those forces which cause the screw to rotate. Thisfixing,eu ha.sebecnealreadyemcntioned, is a consequence of resistances, whose nature and 
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	onceefound,eit can be taken as a known force, acting on a link of a plane chain, and so de.alt with by the method! already discussed 
	The $tCcrmg gear shown in Fig. ,;o differs from thC other screw mechanisms examined in having a 
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	thread c,it on the screw, so that it can work with two half nuts, one right and one Jeft-h:rn<led, moving one forwards, while it simultaneously draws the other backwards. It is, in fact, only a modilied form of the mechanism of Fig. 271, where the two screws and nuts are complete and f>Cp!irate. 
	Figure
	The worm and worm-wheel, Fig. 272, form together one of the most familiar combinations containing a screw. We shall see in § 69 that the mechanism shown in the figure is essentially a very special c:m:: of screw-wheel gearing, the wonn being really a screv,;-whed of one, two, &c., teeth, according as it is a single-or dou\Jle-, &c., threaded. Looking 
	Figure
	at the mechanism !ll present, however, merely as we ha\"e been looking at the other screw-trains mentioneri, we see that the pitch circle of the wheel receives from the screw simply the axial component of its motion, exactly as does the link bin Fig. 262. The pitch of the teelh of the wheel 15 the s.1me as the pitch of the screw he!ix, if it be single
	-

	.. 
	486 THE MECHANICS OF MACHINERY. [CHAP. XI. 
	threaded, or half that pitch if it be double-threaded, and so on. Each complete revolution of the screw therefore carries the wheel round through the angle corresponding to one tooth if the screw be single-threaded, two teeth if it be double-threaded, &c., exactly as if the worm were (as it essen­tially is) a wheel of one, t,vo, &c., teeth. The mechanical advantage of the combination, for a resistance at a radius 
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	worm-wheel and worm may gear properly together, it is often assumed that the teethi· of the former must be themselves portions of helices having a tangent, in the middle plarie of the wheel, coincident with the pitch tangent of the worm-thread. The curvature of • such helices being exceedingly small in such a small fraction of their pitch as is represented by the breadth of the worm­wheel, the teeth are usually made straight, and simply inclined 
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	wheel. If pressure were transmitted from the worm to the wheel always in the middle plane of the latter, this approxi­mation ,vould be reasonably accurate. The point of contact, however, traverses the wheel-tooth from side to side, and (especially if the teeth are hollowed out as sketched to the 2 72 ), this causes irregularities of a kind similar to those mentioned on p. r 2 r, in the motion transn1itted. This matter has been examined by Professor \,V. C. U nwin, who has given, in his Ele1nents of Machine 
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	The t\vist-axis, which takes the place, in such combinations as these, of the virtual axis of rotation of plane 1nechanisms, as well as of those non-plane mechanisms which are to be examined in §§ 63 to 66, will be found discussed in § 68. 
	Fie. 273. 
	§ 63.-CONIC CRANK TRAINS. 
	IN § 2 we mentioned plane, spheric, and screw motions as the three principal cases ,vith which ,ve had to deal in machinery. Before looking at the more general n1otions coming under the third head, it will be convenient to examine those of the second. Let PQ, Fig. 2 74, be a splzeric section of any body having spheric motion (p. 15), and p and q the paths (on the surface of the sphere) of the points P and Q respectively. We can find a virtual axis for the motion of the body by a method exactly similar to th
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	say that the instantaneous motion of P is equivalent to a rotation about any diameter of a1, and that of Q equivalent to arotation about any diameter of /3. But a1 and /31, beinggreat circles on· the same sphere, must have one diameter (here SS) in common. The body PQ has therefore for 
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	instantaneous motion a simple rotation about SS, ,vhich becomes its virtual ax£s. Taking other positions of P and Q ,ve can obtain other virtual axes, and the locus of these axes will again be an axode (p. 52 ). The axode ,vill here, however, consist of a number of lines all passing through same point 0, the centre of the sphere, so that it will be a cone instead of (as for plane motiona cylinder. In 
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	general, of course, the cone ,vill be non-circular, just as the cylindrical xode was non-circular, except in the special cases where the centrodes were circular, as on pages 119 and 146. The curvens, which is the locus of the points S, the inter­ns of the virtual axes with the spheric surface, the properties of the centrode. }!'or the relative ) motions of any two bodies, for instance, me�sured 
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	on the same sphere, there are two such curves, which touch each other always in one point, and that point is the pointS, which, along with the centre 0, determines the position of the virtual axis.The two curves roll upon one another, as the bodies to which they correspond move, exactly as do the centrodes in plane motion. But we cannot speak of such a point as S as a virtual centre, for the different points in PQ are not points in a plane passing through S, and their virtual motions are not rotations about
	1 

	Let a, b, and c, be any three bodies each having spheric motion relatively to the other. For these motions there ,vill be three virtual axes, which we may call A"' A,u, and Ae respectively. The theorem of the three virtual centres 
	a 
	b

	(p. 7 3) is here represented by a theorem as to these axes, which may be stated thus : If any three bodies, a, b, and c, have spheric motion, their three virtual axes, A, A, and A, are three lines in one plane. \Ve have already seen that these three lines must all passthrough one point, 0. The simplest proof of this theorem is one corresponding to that formerly given, namely, follo\vingh: The line Ais a line belonging to both th
	ab
	nc
	be
	the 
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	be 
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	As the same constn1ction gives us the points/; and Ssimultaneoulyand as there is no kinematic difference between them, we may indesay that each curve is a double one, having two similar Łnd equal pplaced oppositely on the sphere. But as these t\vo partŁ are precissimilar and equal, and as either one of them by itself, along with tJŁgiven centre O of the sphere, is sufficient to detern1ine the axode, unnecessary to trouble ourselves to consider more than the one s, or point S, which happens in any constructi
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	If a figure "·ould make it easier for the student to follow this Łment, Fig. 30 can be used, taking the paper as a projection of a spher
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	bodies band c. As a line in the former it is turning, rela­tively to a, about Ab' It must therefore be moving in a plane at right angles to the plane containing the lines Ab and Abe• As a line in c, it is turning, relatively to a, about Aac-It must therefore be moving in a plane at right angles to the plane containing the lines Ae and Ae-It can be moving only in· one direction at one time, so that two planes ,vhich both pass through it, and are both normal to that direction, must coincide. The planes Ab A0e
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	.A.ac Abe, therefore coincide, and the three lines A11.Tn Aac, and be are three lines in one plane. \Ve shall find ccnsiderable for this theorem later on. 
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	Use 

	Referring again to Fig.· 274, it will be noticed that the Paths p and q \vere assumed quite arbitrarily. They mayfor instance, circles on the surface of the sphere, as in Fig. 275. In that case theymight be constrained y the use of links MP and NQ, pivoted at M and N 
	b
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	ske
	tched 
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	and the points Oab, &c., as the traces on that surface of the aJtes A, &
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	ace, 
	ab
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	tesp.-ctively on ax ... passing through O. If the ,phŁre cMryingtheseeax«ebee•upposed fixed,etheeth«:elinkseMP, PQ, and QN form along with it a four-lmk me<:b:1T1ism in ..-hich the motions are completely con,traine<!. But the s!tap, of the hnks is immaterial (p. 66), so thate"'" may omitetheespheteeitself,econnect,VandNbyaharasinethe 01hcreca.scs,andwcgct thefour.Jinkchaine•howninFig.e276 Herc the essential rna11eris that theefourea.:cso( thee1>.1irs ofclernemseshould allep•nethrough the same point 0. In th
	Figure
	Ow"" infinitely distant. In the case of spheric motion. then, we may consider that ,..e have simply brought the point of inters,:,c1ioneof the axe, nearer,e,·i1hout changing anything else. Comparing the Łhain here shown with that of Fig. 25, p. 61, it will be seen that it i, altered in no othererespecl. It stilleconains four !it,ks, connected bf four turning pairs, and the relative length• of the link• are nearly the same.' In both cases., if d be fixed,eŁ will 
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	swing and a rotate, so that the. new mechanism may be looked at as simply the old one bent round, so as to bring the point of intersection of its four axes to some near position. For this reason we can still call such a mechan­ism a lever�crank, but ,ve shall call it a conic lever­crank, to distinguish it from the former plane one. 
	Some characteristic points about these conic mechanisms require notice before ,ve proceed to examine them. In the first place the relative lengths of the links are no longer matters of simple linear measurement (for the actual con­structive links are not lines on the surface of a sphere), but depend on the angles respectively subtended by them. Moreover, no link can subtend an angle greater than a right angle. For if MON, Fig. 275, had been greater than 
	°
	90, we could have used Hi instead of N, and MOHi. 
	°
	would have been less than 90 . We have the same possi­bility for every link� for we have already seen that to every point, P, Q, &c., there corresponds another on the oppositeside of the sphere, having an exactly sin1ilar path (p. 490).Hence every link may be said to have either of t\\'O angular lengths, as a and 180-a, one of which is the supplement the other. The motions are not affected by which of these lengths are used, but to avoid confusion in speaking of them it is generally convenient to state the 
	° 
	of 

	°
	is less than 90. The constructive appearance of the 
	mechanism, on the other hand, is so much changed by such alterations as often to place considerable initial diffi­culties in the way of identifying or understanding it. Thus is at first sight difficult to recognise Fig. 277, and still Fig. 278, as being mechanisms not merely similar to, 
	it 
	rnore 

	more intelligible. The links may, just as before, be of any convenient shape or dimensions, straight or curved, so long as only the axes of the elements occupy their proper positions. 
	Figure
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	but absolutely identical with, that shown in Fig. 27 5. But examination will show that no change whatever has been made, except the substitution of links subtending the sup­plementary angles, (in Fig. 277 + 180) as just mentioned. 
	°

	In Fig. 279 a conic mechanism is shown, in which two links, c and d, are made each to subtend a right angleThe constructive form of d is made different from that of c,that the motions may be realised more easily, but there is no kinematic difference between them. It ,viii be noticed that if d be fixed we have a mechanism in which the point 
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	FIG. 277. 
	3 moves al,vays in a great circle at right angles to one of the axes of d (the vertical one in the figure) and in the plane of the other (the horizontal one in the figure). The link a rotates as before, and the link c still swings or re­ciprocates, itsend-point 3 moving always in the same plane, 
	• 
	.

	as we have just seen. The motion of the link b corre· spends exactly, in consequence, to that of the connecting· rod in the ordinary slider-crank chain (Fig. 26); it mightbe described accurately enough as a connectingŁrod workinround a corner I 
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	By expanding the pair 4 in Fig. 2 7 9, and bringing it down to the level of the plane 3 r, the link b becomes ex­ternally a slider working in curved slot ined (Fig. 280), and the identity of the mechanism with the slider-crank becomes obvious, even on the surface. It may be said to be simply a slider-crank bent round, exactly as in the former case we had a lever-crank bent round. The rightangled links of the conic train correspond to the infinite links of the plane train ; motion along a great circle corres
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	The positions of the virtual axes of the links in a conic correspond exactly to their positions in the plane chains. For clearly if the points P and Q (Fig. 274) are strained in their motion by two rotating or oscillatingthe lines aand {31, at right angles to the pointbe the centre lines of those links, and the fixes the virtual axis of PQ, lies at their 
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	See § 52. 
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	Hence, exactly as in the case of plane chains, the virtual axisof either pair of opposite links is the join 
	1 

	· of the planes of the other two : the virtual axis for any pair of adjacent links is the join of their own planes, and is a permanent axis. Thus in Fig. 28 r, SO is the virtual axis for b and d, and TO for a and c, and for adjacent links, 1 0 is the virtual axis for a and d, 2 0 for b and a, &c. · The same lettering is used in 
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	Fig. 282, to sho,v ho,v these axes come in the conic slider· crank. It will be there seen how the linear velocities the points 2 and 3 ,vill be equal when S2 = S3, and ho,v SO ,vill coincide ,vith 40 when the crank is in its mid­pos1tlon. In this position S2 will be at its shorte(= 90 -a) an_d S3 at its longest ( = 90) ; therefore this position of the mechanism (crank in mid-position) there 
	of 
	st 
	° 
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	for 

	We 11ave a1ready stated the reasons which compel us here to stthe proposition thus instead of ·with the use of the word centreformerly. 
	1 
	ate 
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	:,i Compare the theorem on p. 72 and the construction shown in Figs. 29 and 3 I. 
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	,vill be the n1aximum value o the ratio -----, h. h w 1c cor­
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	. vel. crosshead .
	. . 

	responds to the ratio . 1n an ordinary engine.
	ven There will be two positions, one on each side of the middle, when Sz and S3 are equal, and where therefore vel. 2 = vel. 3. If the link b subtends a right angle as well as the links c and d, these two )ositions ,vill be symmetrical to the mid-position, other,vise they ,vill be unsymmetrical. 
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	FIG, 261. 
	the virtual axes can be found in this ,vay for anyc 1nechanism, all the kinematic and kinetic prob­which we could solve by their help in connectionplane mechanisms can be similarly solved here. Such �ditional difficulties as there are arise chiefly from theof recognising the mechanisms under mostconstructive disguises, and from tl1e unavoidable of drawing ellipses where formerly straight nt. vVe shall now proceed to examine two the principal practical applications of conic chains, 
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	and to ,vork out in connection with them problems si1nilar to those which we have already solved with plane mechan­isms. The methods of treatment and solution given in the next two sections will be such as are applicable to any 
	conic trains, although actually applied here only to special 
	, 
	..••• C 
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	PROBABLY the 1nost familiar example of a conic crank train occurring in practical work is the Hooke's coupling Universajoint, sho,vn in Figs. 283 to 285, of \\'hich the first shows the joint in a form more or less resembling that com1nonly used in construction, ,vhile the two others show· it in the si:hen1atic for1n adopted in the last section, and show the link a alternatively made to subtend an acn
	PROBABLY the 1nost familiar example of a conic crank train occurring in practical work is the Hooke's coupling Universajoint, sho,vn in Figs. 283 to 285, of \\'hich the first shows the joint in a form more or less resembling that com1nonly used in construction, ,vhile the two others show· it in the si:hen1atic for1n adopted in the last section, and show the link a alternatively made to subtend an acn
	PROBABLY the 1nost familiar example of a conic crank train occurring in practical work is the Hooke's coupling Universajoint, sho,vn in Figs. 283 to 285, of \\'hich the first shows the joint in a form more or less resembling that com1nonly used in construction, ,vhile the two others show· it in the si:hen1atic for1n adopted in the last section, and show the link a alternatively made to subtend an acn
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	angle and its supplement. Corresponding links and pare noted by the same letters or numbers in the t,vo figureThe chain consists of four Jinks connected by turning ,vhose axes all meet in one point 0. Three of the links
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	• b,r, and d-subtend each a right angle, the fourth,a, the fixed link, subtends some much larger or (p. 493) smaller angle. 
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	I and 2 of a are placed, as they are ally in construction, on opposite sides of the mechanism. 
	In 
	Fig. 283, the pairs 
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	In Fig. 285 they are sho\vn on the same side, and it ,vill be seen from this skctcl1 that the mechanism is sho\vn in a 
	K K 2 
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	position corresponding to those on the lower side of Fig. 55 (p. 111). We have already seen that the change from an angle to its supplement is without influence on the motions occurring in the mechanism, and does not, therefore, con­stitute any real difference between them. The links b and dare little altered in appearance, but in Fig. 283, for the sake of securing additional steadiness in the mechanism, both ends of 3 and 4 are _paired to c, and not only one, as in Figs. 284 and 285. Lastly, the link c is 
	If we take an ordinary lever-crank, and fix the short link a (as in Fig. 55, p. 111, for instance), we obtain a mechan­ism commonly kno\vn as a "drag-link coupling." The links band d revolve on parallel axes, the one driving the other through thei" drag-linki" c. If the mechanism is a parallelo­gram (Fig. 43), so that c= a and b = d, the t,vo revolvinglinks are turning always with the same angular velocity, but the mechanism has two change-points (p. 147). \iVith the ordinary proportions of links, b and d t
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	links b and d rotate, and the one drives the other through the intervention of the link c. Here, again, both driving and driven shafts haYe their bearings in a, the fixed link, but they are now angled to each other instead of being parallel. The angular velocity ratio transmitted is a con­stantly varying one. The Hooke's joint is in effect a drag­link coupling between shafts whose axes are not parallel, but meet in a point at a finite distance. 
	It follows from the construction of the mechanism that 
	the planes of b and d are. at right angles to each other four 
	ti1nes in eacl1 revolution (this can be seen at once from the 
	figures follo,ving), and at these instants the two shafts are 
	revolving with the same velocity. The links b and d thus 
	make quarter-revolutions in the same time. Between these 
	positions the angular velocity ratio varies very n1uch, and 
	varies the more the greater the angle between the shafts. This 
	variation is so great as to make the mechanism practically 
	unusable unless the angle subtended by the link a (i.e. the 
	between the shafts) be small ; while if a be made 
	angle 

	= 90, the n1echanism ceases to be moveable at all. 
	° 

	The first problem in connection ,vith the universal joint 
	1s the finding of the position of d for any given position 
	of b (we may suppose b the driving an<l d the driven shaft), 
	the next problem is to find their relative velocities in any 
	n position, and the last to find the corresponding 
	give

	tions between effort and resistance. 
	rela

	Before going on with these problems it is necessary to 
	where the virtual axes of the mechanism lie. 
	find 
	They 

	are 
	shown in Fig. 286, in which four planes are drawn stead of the four bars, in order to make the intersections more clearly visible. The planes are placed exactly in the position of the links of the three last figures, the actual position of the links of Fig. 285 being duplicated by dark 
	in­
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	li11cs on the edges of the planes. The pl:,.neeof the link a, the vertical circle, is taken as coinciding with the plane of the paper. The three axes Ae.., Ae..., a11d A.., (see p. 490) arc therefore three lines in the plane of the paper. A., and A"'eare the axes of the shafts,eand arc therefore known A.,. i3 the join of the planes of the crosse(the linke,) and theeŁhafts (the link a). The axes Ae.,, A,,,, and Ae.., areagain all in one plane. The two first-named arc the arms ofth;, cross, the last we have j
	Figure
	th;,meis,eofecourse,etheeplaneeofetheecross. Thceaxiseofethc cross ,rclati>·ely to the fo:e,;\ link a, A.,, is the only one the drawing of which offers some difliculty. Its position is, as we know, the join of the pL-incs of/, ard ,I, the two forks. A,. lies :dong with A., and A., in the plane of the fork Ii, and along with A"' and Ad b the plane of the fork ,I. For the sake of showing how completely the same the whole matter is with that which we examined in connection with plŁŁ motion, the corresponding p
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	Figure
	5°3 

	drawn in Fig. 287, in corresponding position to Fig. 286, and its six virtual centres marked. 
	A most obvious difference between the plane and the spheric mechanisms is felt as soon as any attempts. is made to handle then1 on paperAny number of positions of the plane mechanism could be dra,vn at on<;e, without the slightest difficulty, as soon as ever the lengths of the links were given. vVit11 the spheric mechanism, on the other hand, although it is easy to dra,v the chain in the positio11of Fig. 288 and in a position 90fro1n it, to draw it in anyother position is not so simple a matter, and, indeed
	. 
	° 

	We shall no,v proceed with our first problem : the finding the position of the whole mechanism when that of any link is given. The link b, which ,ve may consider as a driving shaft, is generally the one ,vl1ose position is given. shall first see how to find correSJ)onding positions of the ks d and c, the former being tl1e more important.
	of 
	one 
	\Ve 
	lin

	In Fig. 288 is shown a Universal joint dra,vn, as before, so the plane of the paper coincides ,vith that of the two shafts, that is, of tl1e link a. The fork b starts from a ical position, the plane of d is at right angles to the vertical plane. In the side view, :F'ig. 289, the two axes of the link c appear vertical and horizontal, as 01V and ON. ellipse 1i, which is the projection (in Fig. 289) of the the point N ( or 4), must be drawn first. Let tl1e move through any angle, /3, so that OMtakes up the OMT
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	of N has already been drawn, so that the point Hi can be found at once. NON (Fig. 289) is the projection only, on the plane of the paper, of the real angle moved through by ON (i.e. by the fork d) in a plane inclined at an angle 0 to the plane of the paper. The real angle is there­fore to be found by turning back the one plane uponthe other, which is done if ,ve turn back the ellipse MN;Nuntil it coincides with the circle MMN. 1'he point Nthen comes to .1v;, so that N0N, or a, is the real angle moved throug
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	The point N; is always the point of the circle beyond Ni,and the angle NOHi is always equal to the angle /3. We have thus solved the first part of our problem, the findingof the position of one shaft ,vhen that of the other is given. It can easily be seen from the construction that ( as hŁ been already mentioned) the t\\'O shafts make quarter turnin the same time, although their velocities vary very much ,vithin each quadrant. Thus, when OM reaches OM3, the projection of the position of ONwill be ON;, and t
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	angle, as well as the projected angle, turned through by 0N will be a right angle. 
	Algebraically, using the symbols of the last two figures, 
	COS
	lV
	2 
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	COS 
	If we wish not only to find the position of d, but also to draw the mechanism in its new position, we may proceed as follows (Figs. 290 and 291) :-we know that in the projection, F'ig. 290, the one arm of the cross must always appear to along the line 1n and the other along the line n, the one 
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	angles to the axis of b and the other at right angles axis of d. We can therefore project the points Mi and Ni from Fig. 291 at once on to these lines, at Mand N• other ends of the cross arms can of course be marked 
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	right 
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	the 
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	mechanism in their right relative positions. Before we can go further ,ve n1ust, as ,ve know, find the six virtual axes which belong to the n1echanism. Four of these we have already 
	:found in Fig. 290, the four corresponding to the four pairs of adjacent links, the lines b, d, 1n, and n in the figure. The first t\VO lie in the plane of the paper, the last two are inclined to it at angles made determinate by Fig. 289. The Abd and Ahave still to be found. 
	t,vo axes of opposite links, 
	ao 

	Figure
	The first of these is at the join of the planes of c and a, as shown in Fig. 286. It is therefore a line in the plane of the paper in Fig. 290, and in a plane (asp) at right angles to the paper in Fig. 291. It ish. probably most easily found bytaking both a and c as circular plane figures, and finding their intersection. 1'he projection of c in Fig. 29 r will be · an ellipse whose semi-axes are 0Ł and ON;_. It ish· onlynecessary to dra.,v as much of this ellipse as ,vill give us the point C, ,vhere it cuts 
	.;­
	1

	C, the line C0C'being the line we require, the intersec
	2
	2 
	2 
	-

	tion of the planes of c and a of the cross and the shafts. (This line is also the axis of the c ellipse sketched in Fig.290, and formerly in Fig. 286, which passes through the foupoints, Ł' M'2, N'2, and M2, and has, like the others, the point O for its centre.) 
	r 

	The virtual axis of a relatively to c is the join of the planes of the two forks b and d, as shown in Fig. 286. can here be easily found, ,vithout the aid of the second viewby drawing the fork ellipses until they cut each other (aboth are projections of great circles on the saree sphethey 1nust cut somewhere) in the point S. The line SOS is the required axis A
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	Having now the means of drawing the virtual axes as ,vell the links of the mechanism, we can proceed to problems 
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	nected with the relative velocities of its different links. Angular velocities are here of so much greater importance than linear velocities that we 1nay confine ourselves to them. rfhe method to be used forsfindingthesrelativesangularsvelocities of t\vO links -say b and d, the two shafts-is essentially identical with that employed in the similar case ,vith plane motion ,vhich was illustrated in Fig. 45, p. 99. \Ve require, first, the three virtual axes, A, A, and A0(abeing the fixed link), which have just 
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	. 
	is here required, while formerly everything could be sho,vn upon one plane only. 
	b, A, and Aa, as in Fig. 292, which simply duplicate the axes found in Fig. 290, we have only to measure the distances of any point, as C, in 0" from Aand A; these distances being respectively CB and CD in the figure. They can be measured directly, as all the lines with ,vhich ,ve are here concerned are lines in the plane of the paper. The angular velocities of the links 
	Having found the three lines A
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	using the nomenclature for the angles employed in Fig. 289 above. The limiting values of this ratio are cos () ,vhen 
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	At one position within each quadrant the two shafts have for an instant the same ve]ocity,and as ,ve have already seen, they make quarter-revolutions in the same time, so that tl1e 111ean value of their angular velocity ratio is unity. 
	1 

	,:vere it desired to find the relative angular velocities of c and one of the other links, say b, a problem which 1nay occasionally occur in s01ne 1nodern machines, it can be found in a precisely similar manner. First, the three axes Ab, Aand Aare found; they all lie (see Fig. 286) in the plane of the fork b. 1'hen the distances are measured from any point in Ato the other two axes, and the cal­culation made exactly as in the last case. The only addi­tional con1 plication is that the plane of b is not; as ,
	a
	a
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	be 
	be 
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	. 504), before the distances can be measured.A figuren like Fig. 286 ,vill generally make the position of the virtual axes quite clear and intelligible, although their position may be a little difficult to realise in looking at the mechanism itself; it may often be worth ,vhile, therefore, ,vorking })Tactical problems with these mechanisms, to use such a figure for ref ere nee. 
	p
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	The only problems ,vhich now remain to be· considered especting the class of mechanisms of \vhich ,ve have been ing the universal joint as representative, are those in­volving the static or kinetic balance of forces in them. general problem which was treate<l for plane motion in § 40, the finding of the force whicl1 must act in a givendirection at any point of any link in order to balance agivenacting at any point in any other link, can be solved same general and direct method ,vhic11 was 
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	See the curves of velocities in Fig. 307, 6.An example of this calculation occurs in §65. 
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	before. The application of this n1ethod is practically trouble­some, ho,vever, because of the an1ount of projection it involves. It is n1ore convenient, and for many purposes sufficient, to suppose all forces to be acting through the two moving ,·irtual axes in the mechanism which are also per­manent axes, namely (if a be the fixed link} the axes Aand A,d• In order to do this, it is only necessary to divide the magnitude of each force by the alteration of radius. This will be clear fron1 Fig. 293, where, fo
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	clearness, a plane 1nechanism is drawn. Instead of taking the force /4 at B, it is shifted parallel to itself to C ( which 
	1

	is here O,), and is taken as/'= /4 X it. Similarly ./4 
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	taken as acting at D (= O,d} instead of at D, and its mag­AD
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	THE ,� UNIVERSAL JOINT'' quite so easy to see what the distances BBu BC, &c., are the conic mechanisms as in the plane, and Fig. 294 is there­fore drawn to correspond to the last one, but for a conic train. Here a force /4 acting on din any direction at .D, may be replaced by a force I'd, acting in a parallel direction D, and equal to/4 x �i-Similarly any force /4acting on bin any direction at B1 may be replaced by a force j'acting 
	Figure
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	in a parallel direction at C, and equal to./4 x 1:}%-The 
	case is not quite so sin1ple here ,vith forces on the link c. 
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	FIG, 294. 
	Any force fc at C1 1nay be replaced by a force /'c acting 
	at C, and equal to fc X Łf• But the radii CCand 
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	are not parallel (although their projections are), so that distances cannot be measured on the paper, their lengths n1ust be found by projection. Further, the f'cannot be taken as parallel to Jc, but only as the san1e angle to OC that fc made to OC• In 
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	to treat the force in the way described in the follo,ving paragraphs, before transferring it to another point. 
	In dealihg with plane mechanisms, we assumed that the forces in action were always in the plane of the mechanism. Any coniponents ,vhich they had normal to that plane ,vere balanced by the profiles (p. 54) of the elemen_ts, which rendered impossible all motions not parallel to the plane. In the plane itself ,ve virtually resolved the force at any point into components parallel and normal to the direction in which the point was moving. The parallel component had to be balanced by other external force or fore
	'fhese simple matters have been repeated here that they may be the more distinctly before us in their applications spheric motion, with which we have now to deal. 1'he links in a conic mechanism have at each instant just the same sort of motion as those of a plane mechanism-each link, namely, is in rotation about a determinate axis. But these axes, so far as they are non-permanent or insta
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	nt· 
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	aneous, are continually shifting their direction as ,vell their position. The direccion of the plane nor1nal to the 
	Figure
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	axis-or plane of effective force, as we may call it-is there­fore continually changing, and even at any one instant, as the axes of the different links are not parallel, the planesfor the different links are not parallel, instead of being, as .before, all coincident. This difference introduces some new complexity into the problems; but if it only be borne in mind, the whole ofthe last paragraph 1nay be taken asap­plying equally to spheric and to plane mechanisms. Two or three illustrations may be given here
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	FIG, 295. FrG. 296. 
	A forcefi, given by two projections in Figs. 295 and 296, aon one of the forks of a universal joint. Resolving ?and /3 in Fig. 295, we find at once /4 as the projecthe nett turning force, and /4 as the component indirection of the axis. The latter causes axial pressurein the bearings, but causes no n1otion of the therefore negligible so far as motions are concerned. The plane of the paper in the second vie\v, Fig. 296, is a Plane at right angles to the axis, and is therefore the plane 
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	in which effective forces act. The projection of Ji in this plane, namelyf, gives the real length ofJi. If our object is merely to find the turning moment, we have it at once as X OF. But if ,ve wish to know more completely what is occurring, we must resolve f'i in the direction of motion of the point R, at which it really acts, and normal to that direction, £.e., into /4 and fs. The effective turning moment is then/4 X OR (which is, of course,= /'i X OF), and the component ./2 is the magnitude of the side 
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	\Ve get nothing essentially different from this if the given 
	force act upon the cross (the link c, Fig. 283) instead of upon 
	b or d. vVe have only to choose the position of the planes 
	of projection so that they bear the same relation to the 
	virtual axis of c (A, Fig. 286) as the planes of Figs. 295 and 
	oc

	One of them, namely, should 
	296 bear to the axis of b, A
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	contain the axis, and the other be at right angles to it. 
	It ,vill be seen that in neither case have we done more 
	tl1an, or differently from, what we should have done with a 
	simple "turning pair," if only the force in action had not 
	lain in a plane at right angles to its axis. 
	We may no,v assume that ,ve have to deal only ,vith 
	forces resolved in the direction of motion of the points on 
	,vhich they act, and, further (as we have always tacitly 
	assumed in connection with plane motion), that the force 
	so resolved may be taken as acting in any plane normal to 
	its virtual axis, so that it may be shifted, if necessary, 
	1 

	parallel to the virtual axis to any extent. With these 
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	sumptions ,ve can procoeed to look at such cases of 
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	Forces acting on different points of the link may, therefore, first be each resolved in planes at right angles to the virtual axis and norsuch planes, and then the resolved parts in the parallel planes may be !}they were all in one plane. 
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	Figure
	static balance of forces as we considered in §§ 38 to 41 for plane mechanisms. For the balance of forces en any one link we may either si1nply balance moments, as on p. 285, or may proceed by resolution through the virtual axis, as on 
	p. 280, whichever happens to be most convenient. It is not necessary to give any example of this. For the balance of forces on different links, whether adjacent or non-adjacent, it is frequently n1ost simple to determine the relative angularielocities of the links, and to calculate the balanced fore es from these, remembering that the turning moments on any links which are in static equilibrium must have magnitudes inversely proportional to the angular velocities of the links. Suppose, for example, that b a
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	For the purpose of finding the variation of balanced resist­ance and making a diagram such as Fig. 146, p. 321, as we shall presently do, this method is all that is required. But for designing a machine it may be insufficient,-we may require to ,vork through the intermediate link c in order to find the stresses to which it is subject in transmitting the driving effort from b to d. Suppose, for exan1ple, that a known force acts at the point 3, Fig. 288, and in the direc­tion of its motion, let it be required
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	F,o. 297. 
	Figure
	points. In Figs. 297 and 298, the points 11£ and .A£1 are the two projections of 3, and N and Nthe t,vo projections of 4, their positions corresponding to those before determined and sketched in Fig. 288, and the planes of projection being arranged as before. The given force on M (in the plane of Fig. 298) isfi, and this force can be resolved (in that plane) into /2 in the given direction N'i,M1, and /2 through the 3 is balanced by the pressure of the shaft
	1 
	virtual axis. /
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	agaŁnst its bearings. /2, or P1M1, is the projection, in 
	thes. 

	given plane, of the force required to balance ft. Łn Fig. 297 
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	PM is the projection of the same force. The real length of this force can be found by turning it down in the usual P'equal to PP'. The real value of the pressure acting along the line MU is thus found to be MP\. 
	way, namely, by setting off P
	1
	i 
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	In § 16, Figs. 55 and 56, we gave a diagram of relative angular velocities of a11 ordinary drag-link coupling, and in 1 r3, it was pointed out that the chain
	the same section, p. 

	•
	of Figs. or 53, with the link a fixed, gave also a coupling('' Oldham's ") for )arallel shafts, but one which transmitted a constant velocity ratio equal to unity, instead of a varying one. 'fhat mechanism was one witl1 three infinitely longlinks (based on the slider-erank ,vith infinitely long <;on­necting-rod, 12 and 5z), and was one, therefore, corre­onding exactly to the Hooke's joint, with its three rightangled links. Turned into a conic train, however, the city ratio transmitted is no longer constant,
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	is now some sixty years since some inventive mind,ing for novelty, found out that any such conic chain have examined in §63 could be made available as engine. From the form then given to the link b engine was called a disc engine, and this na1ne has been subsequently applied generically to the large number of stean1 engines which have been founded on conic mechan­isms. The real nature of these mechanisms was practically 
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	unrecognisable until the kinerr.atic analysis of Reuleaux appeared, and Reuleaux himself was the first to point out its application to them, and their essential identity with certain familiar plane mechanisms-ground over which we have followed hin1 in §§ 63 and 64. In his book he examines and analyses a number of those forms of disc engines which had been proposed 11revious to· its publica­tion, and there is no need that we should go over the same ground. None of the forms which he describes were sucl1 as t
	1 

	.
	not a single one of these older forms still survives. Latelyhowever, some other forn1s of disc engine have been devised, in which the one advantage of such engines, the high speed, has been n1ade the· most of, and the several disadvantages have been, by careful design, 1nuch reduced. Of these recent disc engines we shall examine in this section the two latest, each of which appears tohave possible future practical usefulness, for high speed driving, before it. One is the invention of Mr. Beauchamp Tower. It
	.,

	The Tow.er engine, called by its inventor the "isphericali'' engine, is based directly on the mechanism of the universal joint. It consists, that is, of a conic crank train of four links, three of them subtending right angles, the fourth subtending a smaller angle, which in this case is alway
	s 

	Kine1natics of Jl,fachinery, pp. 384-399, and plates xxviii.-xxxi. 
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	Figure
	' 
	made 45. This short link is the fixed one, and takes the 
	° 

	form of a cŁosed spherical chamber carrying two shaft bearings. The links b and d are alike, each of them has for one element a sl1aft working in a bearing in a. For the rest, each is made externally in the shape of a sector of a sphere subtending (at least in its ideal form) an angle of 90; that is, a quarter of a solid sphere. The link c, the cross of the universal joint, becomes a disc piston, pivotted or hinged to the inner edges of the two sectors by two pins,which are, of course, at right angles to ea
	° 

	Apart from constructional details, the Tower engine is esented by Figs. 299 to 302, which show it in four different positions, one-eighth of a revolution apart, so that Fig. 302 represents a position three-eighths of a revolution in advance of that of Fig. 299. 'fhe starting position, 
	repr

	Fig. 299, is identical ,vith that of the universal joint in Fig. Ł88 of the last section, and the identity of the Łwo mechanisms \vill be clear ,vithout any further explanation. The direction of rotation of the shafts is shown by the 'fhe figures make it easy to understand the workingmechanism as an engine. The disc c divides the al\vays into t\VO equal parts, hen1ispheres. Half of h these parts is occupied by the sectors, b on the one on the other. Let us look at the left-hand half 
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	alone in . the first place, the space in which the d sector moves. In Fig. 299 the face Dof the sector is close against the lower half, C, of the disc and fills the lower half of the hemisphere, the upper half, between Cand D,being empty. As the position changes to that of Fig. 300,all three links move round, as we kno,v ; but, relatively to each other, the sector and disc turn about the pivot connect• Acd• The sector swings a,vay from the <lisc, so as to leave a space between Cand .D, and diminish (by an e
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	between Dand Cnow gradually diminishing and that between Dand gradually increasing. If, when the
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	1 1 mechanism is in the position of Fig. 299, any fluid under pressure (the fluid in the To\ver engine is of course stea111) and D, and if, at the same time, any portion of such fluid as may be already 1 and Dbe allowed free escape, the pressure of the fluid ,vill force the two surfaces apart, and by so doing cause d to turn relatively to c and compel the whole me­chanism, consequently, to move i-n the manner ,ve have just noticed. If steam be the ,vorking fluid it can be "cut off,'' as in an ordinary engin
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	expansion-that is, if steam were admitted to each spaceduring half a revolution-the volume of steam used per olution would be exactly equal to the volume of the 
	rev

	�phere, statement which at first sight is apt to appearparadoxical. This condition is not altered very greatly even when .the sectors and disc are made in their practical con­uctive forms, for although the -disc c has to be of consi­derable thickness, to allow for steamtight packing round its edge, the .faces of the sectors are reduced by an exactlycorresponding amount. The space taken up by the joints (or hinges, as 1v1r. Tower calls them) is, ho\vever, per111anently unavailable as steam space, and in an e
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	In lvfr. Tower's engine the link a is made the "cylinder " athe link c the "piston," an arrangement probably first pted, although in a much cruder form, by Lariviere and Braith\\aite, about 1868.
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	Mr. Fielding has adopted, in his disc engine, the plan of g the links band d the "cylinders," keeping c still as piston, and in this respect, although hardly in any other,rt from its kinematic identity), his engine resembles that of 'raylor and Davies, patented in 1836.The prin­
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	Łiple of the Fielding engine, apirt altogether fro1n any
	Łuctive details, is shown in Fig. 303, which is sketched in such a \vay as to be readily compared with the Tower engine, as well as the mechanisms sketched in the last The angle of 45" between b and d, ,vhich for the TovŁ·er engine, would here be inconvenientmade only half as great, namely, 2 2·5°. The 
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	carries two short cylinders, which, from their shape, we may Dand D• "fhe link b is precisely 
	1 
	1 
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	similar in shape, the figure shows one of its cylinders only,which lies directly in front of the other in the position shown. The link c carries four corresponding "ring­pistons,'' Cand Con the d side and t,vo other3 on the b side. These pistons work steam tight in the cylinders with ordinary packing rings, and no other steam packing of any 
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	complexity is required, a point which seems most advan· tageous. If the n1otions of the engine be followed up we followed those of the Tower engine it will be seen that in each revolution of the engine each piston makes oncon1plete stroke into and out of its cylinder. A very teresting point about this engine is that although the 
	as 
	e 
	2 
	in­
	pin 

	This type of cylinder was first introduced by l\1r. Fielding, we believe, in some of Mr. 1'weddell's hydrciulic riveting machines. 
	1 

	Mr. Fielding hns made some of his engines "con1pound,'' bn1aking one pair of the cylinders Jarger than the other, and ingenioarranging the valves so as to work these as low-pressure cylinders in usual way. 
	2 
	y
	usly
	t
	he 
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	s between b and d and the link c are still used, theyave become kinematically unnecessary. The pistons CCare simply an expanded form (§ 52) of the solid revolution necessary for the turning pair whose axis is cdand similarly the cylinders and pistons connecting c and form really a turning pair, ,vith axis A6c, connecting these two links. It may .perhaps be found possible, presently,dispense with the pin joints altogether, and make the pairing of piston and cylinder accurate and steady enoughiserve instead. 
	joint
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	and 
	2 
	of 
	A
	, 
	b 
	to 
	. 
	to 

	In §64 we worked out a number of static problems in nection with the universal joint, which of course applyqually to such modifications of the same mechanism as we now examining. It is worth while, however, to gother than this, and make a complete exan1ination of the ine kinematically, such as we made of some plane hanisms in Chapter IX. We shall do this with the wer engine. Once the method of ,vorking is thoroughlyUnderstood the student will not find it a difficult matter to make a similar analysis of the 
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	,ve know, in the first place, that apart from friction the ,vork in foot-pounds done on the main shaft per revolution must be numerically equal to the whole volun1e filled with steam per revolution,in cubic feet, multiplied by the mean pressure of the stean1 in pounds per square foot. This product, multiplied by the number of revolutions per33,000, gives, of course, the horse­power. In an eight-inch Tower engine the volume of steam used per revolution is about 244 cubic inches, and if we 100 pounds per squa
	1 
	minute and divided by 
	take the pressure as 

	X 100 >< 144 = 2030 foot-pounds, 
	2
	4
	4 

	128 
	7

	1000 revolutions per minute, corresponds to over 6::> horse-po,ver. \Ve shall use these figures later on as a check on our detailed working. The non-expansive ,vorking is only assumed as a simplification. In the Tower engine described in 11:r. Heenan's paper the steam was cut off at about half-stroke, and we shall sho\v later on the effect of an early cut-off in the distribution of effort. 
	which, at 

	The steam pressure which drives the engine acts between the sector and the disc. In any given position of the engine two quadrants have steam pressure in them, as we have seen, one between c and d, and one between c and 
	b. In Fig. 299, p. 520, let us assume that steam just entering between c and d at the lower side of the engine, and that there is steam also in the space shown the right of the disc between c and b.. It may save troŁble if we call these spaces the d-space and the b-space respect· ively. In each case the steam pressure is normal to th
	is 
	to 
	e 

	• 
	1 
	This is ideally, as we have seen, the whole volume of the sphere ill
	the Toweengine. 
	r 
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	urface on which it acts, and distributed uniformly over it. By calculation we find that the actual area on which the am is acting is about 177 square inches, and that the 2·2 inches. The total pressure on the piston is therefore 1770 Pounds. Instead of taking this pressure as acting at its radius, it will be convenient to suppose it to act at a radius equal to the radius of the sphere ( )ee p. 511). We rnay tl1erefore consider that ,ve are dealing with a pressure 
	s
	ste
	·
	radius of the centrŁ of gravity of that area is about 
	•
	r
	eal 

	of 1770 x :.:.3 or iI1 all 970 pounds, at a radius of 4 inches. 
	·0 
	4

	Adopting this simplification we may consider the pressure in d-space all concentrated at the point N, and the pressure
	the 

	the b-space all concentratŁd at the point M, and amount
	•
	in 
	-

	•
	in each case to 970 pounds. The point N is a point 
	1
	ng 

	the axis A, and is therefore a point of b, the main shaft as well as of the disc ,. The point Mis a point on axis A, and is therefore a point of d, the dummy shaft, well as of the disc c. It is m:.ich more convenient, for etrical reasons, to consider these points as belongingand d respectively, than as belonging to c, and we shall rdingly do so. It will be noticed in such views as Figs.and 302 that the projection of the point N lies always a line at right angles to the axis of b, and that of the Malways upo
	o
	n 
	0c
	it
	self, 
	the 
	cd
	as 
	g
	eom
	to 
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	o 
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	pon 
	Point 
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	·
	respectively to the lines joining N and M to 0, the 
	ang
	les 

	of the sphere. 
	cen
	tre 

	resultant pressure of the steam in the b-space acts
	The 

	can readily be seen, in the plane of the main 
	al
	way
	s, 
	as 

	shaft, and therefore has no moment about it directly. It is, 
	therefore, most convenient to determine first its turning
	effort upon the link d, and from this find the moment 
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	upon /, by the -use of the (previously calculated) angular velocity ratio of band d (see below, Figs. 306-7 ). The result­ant pressure of the steam in the d-space acts always, in the same fashion, through the axis of d, but it has a moment about the axis of b in all positions except those which correspond to the "dead points," that is the beginning and end of the stroke. \-Ve shall therefore first determine the action of the steam in the d space in turning round b ,· the necessary construction is shown in F
	3 
	..,__ -·------------···-·--
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	FIG. 305. 
	81 ---..--· -----------------------·-----------.42 
	1'aking (sa:Y) twelve equidistant positions of b (Fig. 305), we 1nust first determine, by simple projection, the corresponding positions of the point N, which are numbered o to 11 Fig. 304. At position o ,ve have a "dead point." The pressure at N acts in the plane of the paper, and therefore i-n the plane of the axis of b, about which, therefore, it can have no moment. To find tl1e turning effort on bat any otheposition ,ve can have recourse to some such construction 2. position of N is known to be that of 
	in 
	r 
	as 
	the follo\ving, which is \\'orked out for position 
	The 
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	The resultant pressure acting upon it is at right-angles to 2 to the centre point 0, and is at the same tin1e a line in the plane containing the axis of the shaft dand the line 02 or ON(compare Fig. 300, p. 520). \Ve can make this plane coincide with the plane of the paper by simplyrning it about the axis of d. The corresponding positionthe point 2 is found at once by drawing 2B (Fig. 304) at ht-angles to the axis of d, the point B being on the circle. The pressure \\'ill then be represented by a line AB in
	the line joining 
	tu
	of 
	rig
	cou
	tio
	AB 
	(eit
	,vh
	tak
	first, 
	Used 
	equiv

	•
	ral radius, or, in this instance, 970 poun<ls. (Theused here are all shown on the figures.) 'tVe have to turn back the plane, with AB in it, so that the point
	phe
	scal
	es 
	no,
	v 

	·
	con1es to 2, and find where A will come. This is easilycontinue BA until it cuts the axis of d (the line which the plane ,vas turned) in S, and join S to 2. \�e kno\v then that the projection of A must lie upon the S2, and we know also that it must lie upon a A at right-angles to the axis-it is therefore at oncebe Ar The line A2 is therefore the projection of the paper in Fig. 304 of the whole steam­with which we are dealing. The plane plane containing the axis of b. What we wish to the component ofAB al ri
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	therefore only remains to project A2 upon a plane at right angles to that axis, and our problem is solved. The plane of Fig. 305 is, as we kno,v, at right-angles to b. vVe have already in that figure the projection of the point 2. We know that the real direction of the pressure lies in a l)lane at right-angles to the radius Oz. Its projection jn Fig. 305 must therefore be a line at right-angles to that radius, and the position of Acan be found at once by projection from AWe have, therefore, as the solution 
	1
	2 
	1• 
	2
	1 
	is 

	It is hardly necessary to point out that there is no neces­sity whatever for constructing Fig. 305 separately from Fig304, as has been done for clearness' sake. In practicone circle may conveniently be made to serve the purposes of both figures. It may also be noticed that if the pressures at points 4 and 5 differ from those at points 2 and 1, it still not necessary to make separate constructions for them,The construction shown for position 2, for instance, wiserve equally for 4, if instead of AB (Fig. 304)
	. 
	e 
	is 
	ll 
	set 
	the 
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	A diagran1 of turning effort, similar to the diagram of nk-pin effort formerly drawn (Fig. 155), can now be made this engine by setting off a base-line representing on anyscale the length of the path of the point N-i.e. equal to the umference of the circle in Fig. 305, dividing it into twelve equal parts, and setting up at each one, as an ordinate, the esponding pressure C1, A2, D3, &c. ,fhis is done in Fig. 306, I, where the.sin1ilar curve from 6 to 12 is put to ompletŁ the revolution. 
	cra
	for 
	circ
	corr
	2
	c

	\Ve have seen that we cannot find directly the turningeffort on b, due to the steam-pressure between b and c,because that pressure has no direct tendency to turn b, and does so only because it turns d, and this rotation cannot ur without the simultaneous rotation of b. It is unneces­to make any further construction to find the turningrt on d due to this steam-pressure in the b space, for it must be precisely the same as the effort on b due to the ure in the d space, ,vhich we have just found. 
	occ
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	ary 
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	membering only that 3 and 9 are now the dead pointsd of o and 6 (as can be seen at once from Figs. 299 and 301 ), we may therefore set out the turning effort on d at once, as in Fig. 306, II, using the same ordinates as those We have just found for the line bb in the same figure. To combine the two diagrams, however, so as to find the total turning effort on b, we cannot simply add the two ordinates together (as we should do if they were diagrams for the two cylinders of an ordinary engine), for the angular
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	plot these out in a diagram, as in Fig. 307, I. Here any height is taken to represent the (assumed constant) angular velocity of b, and the calculated or constructed angular velocities of d are set off on the same scale ( the lines in the figure are marked vand Va respectively). It will be found convenient for some purposes to represent the angular velo­city of b by a length equal to that of four of the divisions or, 12, 23, &c., on the base line. It will be noticed that only four different values of the an
	0 

	It would not be right, however, to take now any or
	-

	dinate of the d curve, and sim1)ly multiply it by the ratio 
	!Ł' and add the ordinate so found to the ordinate of
	L Ł 
	ve

	!_: ve 
	the b curve directly above it. For although the ordinate of the d curve at o, for instance, gives the turning effort on d which is contemporaneous with the dead point of b, the ordinate of the d curve at I does not give the turning efforon d contemporaneous with the ordinate of b at 1, and the I in Fig. 307Contemporaneous points must first be found by the method of the last section (p. 504), and marked on the base line of curveid, I, II, III, IV, &c. To find the real effort on b 1, due to pressure transmitt
	t 
	angular velocity ratio bet,veen the shafts at 
	. 
	at position 
	add the product to the ordinate of the b curve at 
	ordinate at I back to 
	IQ 
	in 

	,, 
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	chosen as recommended above, it will be unnecessary to measure and set off 1P, because it will be always equal to length of four of the equal base line divisions already
	the 

	• drawn.) 15 in Fig. 306, II, will thus stand for the velocityb, and 1S ( = 1 Q in Fig. 307) for the velocity of d. Drawing SR parallel to 5T we obtain 1R, the requiredressure on b in position 1,for by similar triangles 1R = 1T x 
	of 
	p

	1 S 
	= pressure on d x L : !!· Carrying out. this con• 
	ve

	L Ł ve 
	15 

	ction for a sufficient number of points in d, we obtain 
	stru

	1d1 in 
	the 
	ordinates which are plotted out as a ne,v curve d

	306, III. Lastly, adding together tl1e ordinates of b 
	Fig. 

	d, \Ve get the curve t t (IV), whose ordinates represent
	and 
	1

	total turning efforts on b at a radius equal(in this case)
	the 
	. 

	four inches, the pressure scale being, of course, still the 
	to 

	e as that used originally in Fig. 305. 
	sarn

	Going on now to the direct consideration of the effect of 
	eleration in the engine, we notice at once the general
	acc

	mblance of the problem to that of§ 47. We have here 
	r
	ese

	three moving links, one of which rotates with a velocity
	ag
	ain 

	ed to be sensibly uniform. Of the other two one 
	ass
	um

	(the link d) moves about a fixed axis with certain large
	1 

	changes of velocity, which ,ve have now completely de­
	tennined and diagrammed. The remaining link here, the
	has n1otions analogous in certain important points
	dis
	c 
	c, 

	se of the connecting rod in an ordinary engine,
	to 
	tho

	corresponds to it in being the link which transmits 
	Whi
	ch 

	to the main shaft of the engine. Both are links 
	moti
	on 

	not only undergo varying accelerations, but
	Whi
	ch 

	h also the accelerations occur about 
	fo
	r 
	whic
	varying 

	1 
	s Th"reciprocating parts " of an ordinary steam engine are in the 
	e 

	rne 
	rne 
	d
	Ł

	condition, but the axis about which they turn is an infinitely

	nt one. 
	1
	sta
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	axes.The angular velocity of c relatively to b can be found in precisely the san1e manner as that in which we have found (p. 508) the angular velocity of d relatively to b. vVe find, namely, the position of the line Abe, which is common to b and c; choosing any convenient point in that and Arespectively; we then say that the angular velocities of the two bodies are inversely as these distances. vVe thus know, without coin­cides with A, the link c n1ust have the same angular velocity as the link d, and that 
	1 
	. 
	line, ,ve find its distances from A
	ac 
	ab 
	any construction, that for positions o and 6, where A
	ac 
	ad
	ac 
	a0

	already know (p. 508) to be , or I ·41, ,vhile the value 
	1 

	cos45
	0 

	of the latter is unity. The intermediate points in the curve on Fig. 307, JI. have been found by the following construc­tion, which is analogous to that of Fig. 292, already given. b, Ac, andAbc' We have already seen (Figs. 286 and 290) ho,v to find the position of each. In Fig. 308 they are respectively re­presented (in position 2 of b) by the lines OP, OQ and OR. These three lines are in one plane (p. 490), and the points P, Q, and R lie all in one circle. 1'he real relative 
	The three virtual axes which ,ve require are A
	a
	a

	position of the axes is therefore obtained at once by simply 
	turning down the plane about OP until it coincides with the plane of the paper, so that Q comes to Q1 and R 
	to 

	1 
	The motion of the disc has its most exact repTesentative in planemechanisms by the motion of the link c in the chain of Fig. 32, sup·posing it converted into a mechanism of which a is the fixed link, mechanism on which innumerable rotary engines have been based. 
	a 
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	Figure
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	L: vel c ORI
	1 

	.R• \Ve then have at once -=----= ------.
	1

	L-vel b ::3Recos POQwill be noted that, just as in tl1e upper curve in Fig. 306,the twelve points on the curve of angular velocity of c require only the calculations of four different ordinates, and of these kno\v one (for positions o and 6) to be equal to an ordinate of the former curve, and another ( for positions 3 and 9) to be equal to unity.
	1 
	It 
	,
	ve 
	1 

	The t\VO curves of velocity ,vhic11 we have now dra,vn mayconsidered as curves dra,vn on a tinze_ base (p. 194), for the 01, 12, 23, &c., correspond to equal n1otions 
	be 
	equal absciss.:e 

	-Ł , , ' , ' , . , 
	'R1 
	FIG. 308. 
	a body -(b) whose velocity is uniforn1, and therefore to l intervals of time. If ,ve take the engine as making revolutions per 1ninute, one revolution occupies 0·06 nd, and each of the t,velve divisions of the base line ponds, therefore, to 0.005 second. Using the method 
	of 
	equa
	10
	00 
	s
	eco
	co
	rres

	in §28, p. 194, for finding the acceleration fron1 a given curve on a time base, we can now draw the curves307, III., of ,vhich dd represents the acceleration of 
	g
	iven 
	Vel
	ocity 
	of 
	Fi
	g. 

	Fpositons o and 6, the angle POQ = (J (the angle between the
	or 
	i

	afts) , and cos POQ = 0·707e; for position 3 and 9 the angle 
	Ł
	= 
	45
	° 

	Q :::: o, and 
	O
	cos POQ 
	= 
	1. 
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	the link d, cc that of the link c, and ss the sum of the two accelerations. Ordinates above the axis are positive, that is, they correspond to an increasing velocity, ordinates below the axis are negative, corresponding to a decreasing velocity.
	We know that acceleration curves can be read off at once as curves of force or (in this case) pressure (p. 339). \Ve have only, therefore, to determine the scale on ,vhich our curves may be so read in order to con1pound them with the pressure curves of Fig. 306. We saw in § 3 r that 
	fr t = 'la I, 
	1

	where/ ,vas the force which, applied at radius r for a time t Va in a body ,vhose moment of inertia about its virtual axis (from which also 
	could produce an angular velocity 

	r was measured) was I. The angular acceleration a = 'l',H
	t 
	so that/ r = a I, orf = 
	aI 

	In the diagrams as dra,vn in Figs. 306 and 307 the angular velocity of b is represented by a height of one inch. The assumed velocity of 1ooo revolutions per 
	minute = 1000 X Ł: = 105 angular units (per second), 
	so that the scale of angular velocity is 105 units perinch. Four divisions on the time scale (i.e. the distance 04, &c.) are made equal to one inch, so that the ti1ne scale is 0·02 second per inch. Each time interval being ŁAo second, the acceleration scale is ( 1 o 5 X 200) = 21,ooo units per inch. The value of I for tl1e sector d (the units being feet and pounds) is about 0·02, and r, the radius at which we have assumed the pressure to act, is Ł foot. \Ve have, therefore,/h= a X 3 x ·02 = ·06 a, so that t
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	inch.iIt has been already (p. 529) pointed out that it is convenient to calculate this scale before setting o_ff the pistonpressures (Fig. 306), and use it for them. Ifthis has not been done the ordinates ss of the total acceleration curve must be educed to the scale used for Fig. 306 before being further used. 
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	omission of the construction of Fig. 308, and the curve Fig. 307, If, is of course considerable. 
	Going back now to Fig. 306, V, we have in the curve 1n111 the sum of the ordinates of the curve tt above it, and of the curve ss in Fig 3 07, III, ( the t,vo curves being supposed to be dra\.vn on the san1e pressure scale). The extraordinary result of the accelerative resistances ,ve see at once. \Vhereas, without them the driving effort was fairly uniform, the ratio of maximum to minimum being about 1·5, when ,ve take into account the accelerations at 1000 revolutions per minute this ratio is increased to 
	1
	1 

	As a c:heck on the working and diagrarnming the 1nean effective turning effort ought to be measured from the curve in Fig. 306, V. It should be, and in this case is, equal to the known n1ean steam pressure at 4 inches radius, or here 970 pounds, which corresponds to 2030 ft.-pounds perstroke. 
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	§ 66.] BEVEL GEARING. 
	The ,vorking out of a Fielding engine may proceed in Precisely the same way as that which has been employedthe Tower engine. It is not necessary here to say anything further than that this engine has the advantage, n1 the point of view of steady running, that the angleeen the shafts is much less than in the spherical engine, ·5 instead of 45being used. This makes the ratio of maximum to mini1num angular velocity cf the dummy shaft 
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	asibevel gearing.It is possible to reproduce, in this form, all the spur wheel chains, simple, compound, annular, or epicyclic. Practically, however, very little use is made of any of these changed mechanisms, except the sin1plest of all, ,vhich is shown in Fig. 309, and which is directly1 I 7, by inclining its shafts at an angle (in this case 45) to each other. \-Ve have just the same characteristics here as for­merly ,vith the spur wheel train; the one shaft drives the other with a constant velocity ratio
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	derived from the spur wheel train of Fig. 58, p. 
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	Figure
	formerly the pitch surfaces, are now replaced by portions of the conic axodes. The motion of the toothed bevel wheels corresponds to that of the rolling of the conic pitch surfaces, just as formerly the motion of the spur wheels corresponded to the rolling of the cylindric pitch surfacesWe form teeth on the former for exactly the same reason as we did on the latter ; and the actual transmission of motion is acco_mpanied by the sliding on one another of these teeth, exactly as we saw formerly. 
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	Under these circumstances it is not necessary for us say more than a very few words about this form of non.. 
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	If a pair of bevel wheels are of the saŁ size they are often called 
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	,nitre wheels. 
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	e motion. It will be noticed at once that just as the ks in the conic chains had no dimensions which could Properly be called their lengths (p. 493), so here the wheels e no one special diameter.s\.Vheels of the most various meters may transmit the same velocity ratio bet,veen the e two shafts. Thusletaand b (Fig. 310) be the axes of shafts intersecting in 0, between ,vhich it is desired to transmit a known velocity ratio. Let this ratio be such that 
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	through B to the axis b. Call the point where these intersect M, and join MO. Then MO is the linentact of the two pitch cones, which can, therefore, drawn. Any pair of frustra of these may be used 
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	involves no difficulty. Let O(Fig. 311) be the vertex for such a wheel, MSits radius, and SSthe required depth of tooth.\Ve may treat the spheric surface SSSas if it ,vere itself a part of a cone with vertex at P ( OSP= 90) complementary to the pitch cone. This cone can be developed by drawing circles through S, S, and S,vith Jfor a centre. If the circle SS' be n0\V used as a pitch circle, and teeth drawn on it (see § 18) with the right depth in the usual way, the profiles of these teeth will be the profile
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	such as S1 T1, .52 .J;, &c., 1nust pass through O as ,vell athe line STon the pitch surface. Annular bevel ,vheelsalthough they are kinematically quite correct, are rarely, ever, used. They come out at once from the constructii, at the opposite end of diameter, be used instead of A. In the event of the angMiOS1 being equal to the angle .. 41 0S1, the annular ,vhe2, ,vhicmay often be a quite convenient arrangen1ent of gearinFig. 3 13, which corresponds to J:isig. 31 o, shows the doub
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	onstruction in this case. It will be noticed that, for anyensense of rotation of b, the shaft a will be driven by
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	the flat ,vheel in the opposite sense to that in which it would be driven by the cone wheel, which is, of course, the essential racteristic of an annular train. 
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	It is comparatively easy to n1ake correctly shaped patternsthe teeth of bevel wheels, and the shape of the bevel tooth, ,vhen the wheel is cast, ,vill be fairly near the shapethe pattern. But if it is required that the profiles of the th should be really accurate, they n1ust be, as ,vith spur earing, 11zaclzined, and this operation is one presenting some ical difficulties. The most recently devised machine this purpose, a very ingenious one, is probably that 11r. Bilgram, described in Engineerin, vol. xl. 1
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	THE familiar con1bination known as the Ball and et Joint is not, as might be at first sight supposed, a of elements. It does not constrain any relative motioneen the bodies which it connects; it only permits the to have spheric moton, in any direction, relatively tc,other. It c�nnot, therefore, be used as the sole connec­between tvv-o bodies in a mechanism or machine unless relative motions of those bodies be completely ned by what ,ve have called chain closure (p. 
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	exactly as in the cases �xamined in § 53. The ball and socket joint, however, could not be replaced by plane links; its motion is spheric, and the links which it virtually re­places would have to form some part of a spheric combina­tion. The ball joint has, of course, surface contact, but as it is not a pair of elements this is no contradiction to the statement on page 57, that none but lower pairs of elements had surface contact. 
	Fig. 3 r4 shows a mechanism which has occasionally found application, and which belongs to a class which will be n1entioned in § 70. It is a simple chain, each link having 
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	only two elements. It contains seven links, each paired to its neighbour by a turning pair. The axes of three pairs, namely, be, cd, and de, pass through one point, an arrangement which so constrains the relative motion of b and e that the axes of these two links always intersect, and always intersect in the sa,ne point. The motion of b rela· tively tose is therefore a spheric motion about that point we wish to dispense with the links c and d we may proceeas in § 53, by forn1ing on b a suitable element, and
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	envelope on the latter link will obviously be simply a corre­sponding hollow sphere, and the mechanis1n, so reduced, \vill take the form of Fig. 315. The motions of the remaining links are here sufficient to constrain the relative motions of band e, and the ball joint becomes in this very special case available for use as a higher pair. The motion of c relatively to a also such that a certain line on c (namely, the axis of the pair be) always passes through the same point on a. We might, therefore, on1it b,
	is 

	, can be used in a reduced chain without destroying its con­strainn1ent does not present any great difficulties, but the case is one which occurs so seldom that we shall not here enter into it. 
	§ 68.-HYPERBOLOIDAL OR SKEW GEARING. 
	THERE remains yet to be noticed a class of mechanisms having non-plane motions, but con1ing under none of the categories hitherto examined in -this chapter. These me• chanisms may contain only turning pairs (as for example the illustrated in the last section), or they may contain also screws or cams or higher pairing of any kind. Their characteristic is that some or all of their links have, relatively to some of the other links, a general scre,v motion, for whicl1 n we may give them the generic name of gene
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	that rotation about an instantaneous axis bears to rotation about a permanent axis. A body having such a motion is at each instant t,visting relatively to (say) the fixed link. But both pitch and axis of twist may, and often do, vary from instant to instant. There is here neither virtual centre nor virtual axis, neither centrode nor axode, cylindric or conic. The motion cannot be represented as a rotation, or by a rolling of two surfaces of any kind. For any two bodies having general screw motion relatively
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	likcaegcnera\epolnteofe,·ie"",eareeveryegreat. Weeshal\here not attempt any such complete examination (perhaps we may have some future opportunity of dealing with theesub­iect), but shall merely mention a few of the principal examples whi<:h occur in actual work. The simplest of these cases occuu where the twist is the same for each twist-axis, and of these ClLIC!I the simplest again is no doubt the one 
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	(anaJogoustoespurandebc,·clwheelgu.ring)e""hereethetwist Uodcsarc used directly,ealteredeonlyby being toothed,efor the transmission of rotation bctwceneshartswhoseeaxC$croSS,but do not meet, each other. Gearing ofetbis kind (an example of which is shown in Fig. 317) is Łno,.-n :i5 skew Wheel gearing, the wheels being often called, from their quasi-conical form, skew bevel wheels. Thetwist-ru:odes,frus1raofwhi<:hcorrC$pondtothcpi1che&urfacnoftheesJ..ew 
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	bevel wheels, are hyperboloids of revolution whose axes are the axes of the shafts and which have always one coincident line or generator in a position corresponding to the coinci­dent line of the pitch surfaces of spur wheels. The positionof this line must be such that the distances of every point in it from the two axes must be inversely proportional to the required angular velocities of the wheels, and it can be found in the following manner. Let SA and SB (Fig. 318) be projections of two crossed axes a 
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	Let the angular velocity ratio of b to a be given, and let it be required to find the generator for the (hyperboloidal) pitchsurfaces of skew bevel wheels which will transmit this ratio. The angle ASB must first be divided by S V so that 
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	of the distance of every point in the generator from the a and b, and therefore the required ratio bet\\·een the adii (_or diameters) of a and b, which are no longer pro­ortional themselves to the velocity ratio. 
	r
	atio 
	axes 
	r
	p

	It requires now to be proved that skew wheels with this diametral ratio ,vill transmit the required velocity ratio. Draw SAi, S V,., and SBat right angles to SA, S V, and SB respectively, and consider the contact between the pitch surfaces upon the normal to the shafts, i.e. upon the line ough S and normal to the plane of the paper. The ction of the line of contact is S'fl, and both wheels must ve the same velocity normal to that direction.Drawing A1B1 parallel to SV, we obtain at once SAand SBas the Periph
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	the figure. The directions of the flanks of the teeth on the pitch surfaces must correspond to the directions of the generator. Frequently frustra of tangential cones are em­ployed in this gearing instead of f rustra of the hyperboloids. In that case the shape of the tooth profiles is obtained by designing them in the way described for bevel wheels on 
	p. 544.If sections from the throats of the hyperboloids be chosen, the teeth may be made of uniform section right across, like those of spur wheels, but, of course, skewed at the proper angle. The ratio between the numbers of teeth in the ,vheels must be proportional (inversely) to their in­tended velocity ratio, and not proportional directly to their diameters. 1"he pitch of the teeth on the t\.VO wheels, measured circumferentially, is of course different. If SVi_ be the normal pitch (i.e. the pitch measur
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	If the perpendicular distance between the shafts be I, then the diameters of the two pitch surfaces at the throats, or smallest parts, are respectively, 
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	At any other places the dian1eters can be found from the data in the figure by the ordinary projective constructions. 
	If the distance SVi represent on any scale the common J)eripheral velocity of the two wheels normal to the direc­tion of the twist axis, then the distances ViBand ViArepre­sent on the same scale their velocities of sliding along that axis. The velocity with which each one slides relatively to the other is therefore B+ V'i_A, or BA-This corresponds
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	A more exact approximation will be found in Der Consln,c/,:11r,third edition, p. 452, or fourth edition, p. 553. 
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	course, to the axial cornponent of the twisting motion of the axodes. In this, the simplest case of general scre,v rnotion which we have in machinery, the magnitude of the wist (which may be expressed conveniently enough as the 
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	§ 69.-SCREW WHEELS. 
	IF we desire to drive two crossed shafts, one fron1 the other, by a pair of wheels whose teeth can always touch each other along a straight line, we have no alternative but to use the skew wheels described in the last section. We must, moreover, use for their pitch surfaces hyperboloids generated by the revolution of one particular line (fixed as we fixed SJI in Fig. 3 18) for each particular angular position of the shafts 
	Figure
	FIG. 319. 
	and velocity ratio to be transmitted. If, ho,vever, we are con· tent to transmit motion through teeth which touch each otheon one point only at each instant, we have a much largechoice of _possibilities. Thus if in }'ig. 3 19, SA and SB are again projections of the axes of crossed shafts (drawn the same way as in Fig. 318, § 68), we may take any linSV between SA and SB, or in coincidence with either of them, as the common tangent at S to scre\v lines drawn cylindrical surfaces which have a and bas their axe
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	In one point (for each pair of teeth), speaking kinematically onlY• Physically, of course, the point becomes a small but undefined area. 
	1 

	§ SCREW WHEELS. 55S 
	69.
	] 

	which touch at some point on the normal through S. If on cl1 cylinders, or slices of tl1em, we build up helical teeth esponding to the assumed tangent, we shall have what called screw wheels, each wheel being, in effect, a Portion of a many-threaded screw. 
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	If the tangent SV be taken in the sar£1e position as that the coincident line in skew wheels, the pitch diameters of screw wheels, for a given velocity ratio, will be the same those of the throats of the corresponding hyperboloids. this case the screw wheels will differ very little in appear­ce fron1 the skew ,vheels. In the former, however, the es of the teeth will be helical instead of straight, and in al working, contact between any pair of teeth will begin one side, pass through the point S, and end on 
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	mid-position be taken as mentioned in the last paragraph not, the hyperboloids having a coincident generator, asin 68, will remain the twist-axodes for the motion smitted by the wheels, no matter what the diameters latter may be. These diamtters are easy to find in be any point upon the (arbitrarily chosen)tangent S V, and BA a line through V normal to .SV. Then we have already proved (p55 r) that (using the symbols as before) 
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	y = y, and the diametral ratio corresponds, as with spur wheels, to the velocity ratio. This is the condition of mini­mum friction. If S V coincide with SA (Fig. 32 2) the teeth 
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	In the most common case of scre,v wheels occurring in practice, the angle a, between the shafts, is a right angle, and the velocity ratio transmitted is large. In this case. the combination becomes the worm and worm-,vheel (Fig. 323), which we have already looked at ins§ 62 from another poin
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	n the wheels nsmitted, but screw wheels the number of teeth means the number f threads i,t the screzv, for that is the real number of ny section of the wheel ngle-threaded screw, such as is often Used for a worm, if cut by a plane at right angles to its axis, Would show only one toot11 and one space-it is in reality a toothed wheel. A double-threaded screw, similarly, is alent to a wheel of two teeth, and so on. 
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	pitch of screw wheels has to be determined in the way as that of skew wheels. The pitch efthe teeth, ed at right angles to the common tangent, must e in both wheels, or in ,vheel and worm, but this must not be confused with the pitch of the screu! ŁThe real pitch of the teeth in screw wheels is therepresented by the spaces between the lines in 3322 of this section. This is determined from exactly as on p. 552, and we do not concern at all with the relation (circumferential) and the ( axial) pitch of the hel
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	!'Crew, or onc·toothed screw wheel, the pitch of its tooth is equal to its cirwrnference, while the pitch of the hefo, or distance from one convolution to the next, measured axially, is a much smallff quantity. It is the former, or tooth-pitch,ewhich is given by the calculation on p. 552. In this particular case, ho,.·ever, it is the helical pitch which i• the visible thing,andtheereal natureoftheewormasascrew whed is sometimc,i obscured by the confusion between the two pitches. In this particular case the 
	Figure
	pitch of the worm wheel is equal to the axial pitch of the worm helix ifeit be single thro,aded, to half that pitch ifeit be double threaded, :mde$0eon. 
	We have already rno,ntioned (p. 487) the Sello,n worfll gearing, in which the shafts are set at an angle less than 90° byanearnount equal toy,$0 thaty1 .. ..,svecoineiding with SA. In this cue the teeth of the wheel, like thosc of the wheel in Fig. p:,elicepar.11lcl to its axis; thcewhee\in fact simply becomeŁ, or m:ty become, a spur wheel, and its 
	Figure
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	struction is correspondingly simplified. The form of the h of worm wheels has already been mentioned in § We have stated on p. 554 that the tangent line of screw Wheels may be taken anywhere between SB and SA. 
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	Łinematically 
	Łinematically 
	Łinematically 
	it may be taken outside these limits also, but this case the friction due to the sliding of the teeth (see 
	1
	n 


	. 
	. 
	p

	553) becomes excessively great, without counterbalancing antage of any other kind. 
	adv



	Longitudinal sliding of the teeth on one another produces itional friction in scre,v wheels ( as compared ,vith spuror bevel ,vheels) exactly as in skew wheels, but not to the 
	add

	Figure
	extent, the area of surface in contact being n1uch r (see p. 554). In both cases also the obliquity ofpressure causes end thrust in the journals of one or bothshafts. This is often more serious in screw than ingearing, because of the greater obliquity. If the shafts parallel, this difficulty can be got over by the use of the helical wheels of Fig. 324, which were mentioned
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	·19 (p. 131). These wheels, although they are used parallel shafts, are real screw wheels; the contact of is a point contact only, and not a line contact,there is always contact in at least one pair of points 
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	,
	along the pitch line. They present certain practical diffi­culties in manufacture, but these have been long ago over­come, and very large numbers of them are used on the Continent, and also by some English makers. The small sur­face of contact makes them work very ''isweetlyi" if the teeth are reasonably well formed. It will be noticed that their relative motion is represented simply by the rolling of cylindrical pitch surfaces, or axodes, as with spur wheelsand not by the twisting together of hyperboloidal
	, 
	l 

	§ 70.-GENERAL SCREW MECHANISMS. 
	THERE remain to ·be mentioned general screw mechan­isms (seeip. 547) of a much more complex kind than the hyperboloidal or screw wheels of the last two sections. Of such mechanisms two have been already illustrated in Figs.314 and 3 r5 in§ 67, a third is shown in Fig. 32 5. Of these modification of Fig. 3 r 4 has found actual, if not very practicaapplication in n1achines. The other two have not, so far we know, had any practical applications. A general investigation into their conditions of constrainment, d
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	Figure
	We may here summarise briefly the conditions of motion "hich we have found to exist in the elements of mechanisms ;i.nd in the mechanisms themselves. The turning pair, first of al\, gi>-es us a simple rotation about a fixed and i>etrnancnt (p. 47) axis at a finite distance, and we sa"· 
	1h
	a.t the motion of the sliding pair was merely the special case in which the axis of rotation (equally fixed and per• 
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	manent) was at infinity. The screw pair gives us motion about a fixed and permanent twist-axis, the magnitude of the twist being also constant. It 1night be considered to include the former pairs as special cases, the one ( turning pair) ist had become zero, and the other (sliding pair) where the rotation of the twist had become zero. Passing from elements to chains or n1echanisms, we find that for mechanisms having plane motion, the virtual motion of every link is a rotation about a fixed (permanent or ins
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	The proof of the rolling is exactly the same as that given in 9 {ofplane centrodes, and does not need to be written out again in full. 
	§
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	conic axodes are not, therefore, really centrodes. No virtual centres, in the sense in which we have defined these points, exist for spheric motions, and the sets of lines each containing three virtual centres are replaced by sets of planes each containing three virtual axes. \\"ith general screw mechanisms, lastly, neither virtual axis nor centre exist, the virtual n1otion is no longer a simple rotation of any kind, but as t,vist is already reduced to its lowest terms. may be noticed that in dealing ,vith 
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	notions of a spur-,vheel chain (omitting all consideration of the teeth in both cases) bear to those of a turning pair. The twist-axis, namely (for one or more pairs of links), becomes instantaneous instead of a permanent axis. But the nitude of the twist is constant, so that the hyperboloids given, and the value of the t\vist, the motions are as if not qŁ1ite as simply, determined as those of rotating is ,vhose centrodes are known. This determinateness thing to do with the hyperboloidal for1n of the twist-
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	It will be remembered that it is these surfaces, the twist-axodes, and ;helical surfaces or their base cylinders, which really deter-
	t 
	the 
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	axodes, but depends on the constancy of the hvist. So long 
	as this condition exists, the relative screw motion of two 
	bodies may be geometrically represented by the loci of their 
	twist-axes as completely as the relative plane motion of two 
	bodies can be by their centrodes. In the third case of 
	general screw mechanisms, however, the case specially dealt 
	with at the commencement of this section, the value of the 
	t,vist differs with each twist-axis, and varies quite in­
	dependently of the change of position of the axis. The 
	motions of the mechanism do n_ot seem, in this case, to be 
	determinate by aid of the tvvist axodes alone, geometrically, 
	but to require also for their . determination some expression 
	for the rate of change of the magnitude of the twist itself. 
	It is perhaps fortunate for engineers that problems of this 
	kind have not yet made their appearance in practical ,vork. 
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