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The probability density function (PDF) method provides &gant solution to the
closure problems of the highly-nonlinear chemical souecens. The instantaneous veloc-
ity, temperature and species concentrations are replacadigh-dimensional joint PDF.
Higher-order moments can be computed from this joint PDRwvél@r, since the PDF
model lacks two-point information, the effects of molecutsixing have to be modeled.
Since the qualitative shape of the PDF is sensitive to thengimodel, especially when
molecular mixing plays an important role, an accurate dpgon of mixing is critical to
PDF methods. Because molecular mixing is a multi-scalega®ca spectral model is
most desirable for it can naturally introduce all the lengtid time scales. However, it
has difficulties in closing the chemical source term. A newdei@iming at exploiting
the advantages of the PDF framework and the spectral reyieg®e in a complementary
way is derived. The eddy damped quasi-normal Markovian (EDPmodel is chosen to
provide the spectral information, and the stochastic sheiing model (SSMM) based on
the EDQNM model is able to supply the fine-grained joint PDedbcity and scalars. A
Monte Carlo scheme is used to advance the notional pariitiggectral space. The La-
grangian statistics predicted by SSMM are in good agreemihtdirect numerical sim-
ulation (DNS). However, violation of the scalar bounds goaehallenge to the SSMM.
An effective modification, called “zeroth” mode, has beeagmsed for an isotropic ho-
mogeneous system. Comparisons of the bounded SSMM haverznwith DNS and
they are in overall good agreement. Another work done inttiesis is the development
of the EDQNM model for turbulent reacting fields, its comparn with DNS data and its

application to study effects of different critical dimensiess parameters such as Reynolds



number, Schmidt number and Damkohler number.
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CHAPTER 1
INTRODUCTION

Turbulent transport and mixing play an important role in malsciplines such as
chemical engineering, geosciences and biology. The cl&s=synolds Averaged Navier-
Stokes (RANS) modeling for turbulent flows can be extendestudy turbulent mixing
of scalars (e.g., temperature or chemical concentrati@m)erning equations are usually
derived in physical space over the domain of interest widppr boundary and initial con-
ditions.”* However, a closure problem is inevitable in this method. dllyua “gradient
diffusion” hypothesis is employed to achieve the closur.dtmple convection-diffusion
problems, this method can yield satisfactory res(itslowever, when it comes to turbu-
lent reacting flows, such as combustion in gas turbineseisiindustrial furnaces, rocket
engines, etc., the system becomes much more complicated thespresence of chemical
reactions. Chemical source terms are generally highlyineat functions of temperature
and scalar concentrations, making the conventional mowgiestre extremely inapplica-

ble.

An attractive alternative is the probability density funat(PDF) method. It replaces
a set of instantaneous variables which determines the tdar@amical/hydrodynamic state
of a reacting system (like velocity, temperature and/orpositions) with a joint probabil-
ity density function, by means of which the reaction souecet and nonlinear convection
terms are treated exact¥).The PDF method has received significant attention since-its i
ception, especially in the form of the Lagrangian PDF metffol has been widely used
to study different turbulent reacting systems. Recentistubdave demonstrated the ef-
fectiveness of the PDF method to calculate the complex im@at interactions between
turbulence and chemical reactiorts#°-48.67.84owever, since the the joint PDF is usu-

ally a one-time, one-point function, its evolution equatiteeds a closure approximation



for molecular diffusive fluxes, which depend on the gradienit scalars that cannot be
computed in terms of the joint PDF. Moreover, since chenrieattions require mixing to
proceed down to molecular scales, for flames containingfsgignt turbulence-chemistry
interactions, the accuracy of PDF model calculations seligt only on an accurate repre-

sentation of the chemistry, but also on the accuracy of théngimodel®

The mixing of scalars is inherently a multi-scale processvblves a large number of
interactions among eddies of different sizes. AccordintheoObukhov’ and Corrsif®
theory, mixing proceeds in a manner analogous to the caswfatiebulent kinetic en-
ergy from large scales to small scales. Based on this ide&eotional mixing models
assume the characteristic time scale of mixing is propoali®o the integral time scale
of turbulence, estimated to B€/e, whereK is turbulent kinetic energy angis is the
energy dissipation rate. However, this does not accounthierbroad range of length
and time scales of turbulence. Besides, reactions canestdbp spatial gradients of the
scalars thus enhancing the mixing rate. Failure to reptében‘local reaction rate” will
lead to inaccurate predictions in many situations. Morgoreaction intermediates are
often formed in the thin reaction zones, thus the mechanismixing and reaction of
these intermediates is substantially different from whatasthe stable fuel and air. The
conventional single-point mixing models fail to adequatehpture these more complex

mixing scenarios.

Another important phenomenon that single-point mixing elsccannot account for
is differential diffusion, a process that decorrelatesedént scalars due to their distinct
molecular diffusivities? Differential diffusion originates from small scales an@geeds
to large scales via an inverse cascade. Generally it is drina at large Reynolds num-
bers, since large scales and small scales are widely segaoaly small scales are affected

by the effect of differential diffusion and large scales srgensitive to it. Therefore the



effect of differential diffusion is usually ignored by inkimg the “unity Schmidt num-
ber” approximation. However both experimetté®:"2and direct numerical simulations
(DNS)*3:82 have demonstrated that differential diffusion persisnest high Reynolds

numbers.

Subramaniam and Popeidentified the following eight features of an idea mixing

model:

1. mean scalar concentrations are not directly affectedikinm

2. mixing causes the monotonic decrease of the eigenvafitbe govariance matrix
(qfaq{B), wheregy, is the fluctuation in the concentration of speaiesanda, 3 run

over the entire species domain
3. all scalars obey the bounds imposed by initial and boynctamditions
4. the model satisfies the invariant properties of lineaitgl independence
5. the joint composition PDF relax to a joint normal disttiba eventually
6. the model should account for differential diffusion
7. the model should include the influence of the length sa#lesalar fields

8. the model should account for the influence of reaction oangi

The goal of this research is to develop a new mixing modeldddtesses as many of
these criteria as we can. The model will be based on the PD#efrark, but will incor-
porate aspects of the spectral representation of scalangnixn particular, the spectral
model known as the eddy damped quasi-normal Markovian (ER§dNodel will be used
to develop a new mixing model for the PDF equations. In théi@es below we provide
a review of PDF modeling (single-point and two-point) and BEDQNM model. There is
also a simple and straightforward illustration of the ergeeach model satisfies in Table

1.1.



Table 1.1: This table lists the models in the order they aseudised in Sections
1.1,1.2 and 1.4. The diamond symbol indicates that the nsadisifies
the corresponding criterion proposed by Subramaniam apd.Fo

Model 1 2 3 4 5 6 7 8
IEM o o o o
PSP o o o o

Particle Interaction] < o o o

Langevin o | ¢ o | ¢
Binomial o o | o | o | ©
Mapping Closure | < o | o o
Joint PDF o o | o | o | ¢
LSR o o o | o | © o
SSMM o o o | o o o o

1.1 Single-Point PDF Mixing Models

The PDF framework is well known for its capability of formaltlosing the nonlinear
chemical reaction source terms and those associated wdthtikee thermal emission.
However, molecular mixing, which involves two-point s&tits, must be modeled. Since
the qualitative behavior of PDF is strongly affected by thi@ing model, an inaccurate
mixing model will cause the PDF to lose its major strength, the formally closed source
terms may not be accurately predicted, especially when hmggdiffusion-dominated
flames such as flames near blow-out, where the reaction rnatefeundly affected by lo-
cal fluctuations in the rate of mixing. A most simple exampldlustrate the importance

of mixing model is the scalar mixing in homogeneous turbcéenvhere the scalar's PDF



P(@,t) is evolved by molecular mixing only ar{@,t) is governed by

2
PO D 9POY] = 5 T X@OP@Y] ()

where(- | @) indicates an expectation conditionedpr= @, X(¢,t) = (2D vy- vy | @) is
the expected conditional scalar dissipation, dhid the scalar diffusivity. The scalar PDF
P(@,t) lacks the information required to calculate the inheretvtly-point quantity on the
right-hand side of Eq. (1.1), hence it must be modeled. Tladitguof the mixing model is

critical to accurately describing this process.

Below is a brief review of the existing one-point mixing mésie

1. Interaction by Exchange with the Mean (IEM) 83 IEM model (also known as the
linear mean-square estimation (LMSE) modls based on the idea that molecular
mixing reduces scalar fluctuations and in the phase spacesde instantaneous

scalar values to approach their local mean. The model ysiadks the form below

[o—(W)]
K/e

1
<@V2‘M(P>:—§C(p

(1.2)
whereCy is the mechanical-to-scalar time scale ratio usually assuas a constant
with a value near 2. In fact the performance of IEM model deseon this speci-
fied value ofC(p.6 The IEM model is the most widely used because it is simple to
implement and it will not violate the scalar bounds set byitfigal and boundary
conditions. It also can be easily extended to multiple ssaknd it obeys the lin-
earity and independence principles. However, a seriowgldrek of the IEM model

is its inability to describe the evolution of the scalar PQdfrectly, i.e., the initial

PDF shape is preserved and does not relax to a Gaussiabutisini, which violates

criterion 5.

2. Parameterized Scalar Profile (PSP) modeMeyer and Jenmf->! developed a

model for molecular diffusion in PDF methods by construgtatatistical distribu-



tions of one-dimensional scalar profiles at the diffusivelss. These profiles are
assumed to be self-similar and are characterized by a nushparameters. The re-
sulting model equations are simple, similar to the IEM mobelvever PSP models
are able to predict the evolution of joint PDF of inert scaltar a joint Gaussian. It
is able to produce accurate results at a relatively low caatmnal cost. It can be
extended to multiple scalars. However, PSP models onhlftii® weak localness
requirement. By “localness” it means mixing is restrictedydo nearest neighbors
in composition space. The PSP models also violate the ligesard independence

criterion. The effect of reaction on PSP models has yet tdumied.

. Particle interaction models Frost!, Popé? and Janicka et &® proposed non-
linear integral representations of the PDF molecular partan terms of products
of probabilities at two different states. These models ¢smlae interpreted in terms
of interactions of particles in composition space. Curlsdal'! can be recovered
as a special case of this model. A difficulty these models emmmon is that
higher moments diverge in time, causing the PDF to not toxrelea Gaussian at
long times. Pop? developed an improved version of Curl’s model by introduc-
ing the age distribution to the particle population so that resulting higher-order
cumulants approach zero. Kos3fyshowed the short-time limit of the non-linear
integral model reduces to IEM. Particle interaction mode¢salso readily extended

to multiple scalars.

. Langevin Model Popé* proposed to use a diffusion process (Wiener process) to
simulate stochastically the incremental changes of theposition field. Model
parameters were obtained by matching decay rate of scaianga to experiment
measurements. An advantage of this model is the capabiliglaxing an arbitrary
shaped initial PDF to Gaussian. However, the unboundedeaftuiener process

leads to violation of the bounds of scalars.



5. Binomial model Binomial model§! are a combination of IEM and a random con-
tribution that preserves the bounds of a single scalar. ollgih at long times they
lead to a Gaussian PDF, the evolution is not continuous ia,tand the extension of
the model to multiple scalars is difficult because one statenund depends on the

others’.

6. Mapping closure The mapping closure meth&8® makes predictions in better
agreement with DNS than earlier models due to its sound ¢tieat foundations.
This is the first model to satisfy localness. This propertyeis/ important to a mix-
ing model when applied to a diffusion flame test problem byridoand Pope?®
However, there are difficulties in extending mapping clestar multiple reactive
scalars since the mappings are not unique and expensivertpute® Subrama-
niam and Pop€ developed a new mixing model to deal with mixing and reac-
tion simultaneously, in which the change in particle conmjpms is determined by
particle interaction along the edges of a Euclidean mininspanning tree(EMST)
constructed in composition space. It succeeded as an extesfthe mapping clo-
sure particle model to multiple scalars. An essential featf the EMST model
is the “localness”. A superior performance over existingdele was found when
EMST model was applied to the diffusion flame test problem.weler, EMST
model again violates the linearity and independence prieciLater, the “multiple
mapping condition” method was developed by Klimenko andé3d address this
shortcoming. This model, which combines the principleshaf mapping closure
and the conditional moment closure, has been applied tgpnemixed flames in
combination with large eddy simulation (LES) by KlimenkbThis model is lo-
cal, bounded, satisfies the linear and independent pracold it is able to evolve
the PDF to a Gaussian in appropriate limits, however, it oanapture differential

diffusion.



In general the inherent assumption shared by all singletpoixing models is that the
mechanical-to-scalar time scale ratio is constant. Thisx@vn to be violated when the
integral length scale of the scalar is different from thathef velocity1+2°:80.85To address
this shortcoming, multi-point, multi-time information rsi.be introduced. An effort made

to fix this issue has led to a class of two-point mixing modet&fly reviewed below.

1.2 Two-point Mixing Models

1. Joint scalar/scalar-gradient PDFThe joint PDF of scalar and the scalar gradient,
P(@, v), provides a partial remedy to some limitations of the sirggent mixing
models, although it still requires statistics for higheder derivative that must be
modeled. Meyers and O’Bri@A modeled the unclosed term with one that relaxes
the scalar to its mean. However it didn’t correctly reprédba evolution of scalar
PDF from a non-Gaussian initial condition. Gao and O’Bffeshowed that the PDF
of the scalar gradient conditioned on the scalar is nearlys&Gan. This motivated
them to use a Gram-Charlier expansion R§v @ | @) with coefficients found from
DNS. Alternatively the conditional dissipation ratép,t) can be expressed in terms
of a two-point PDFP(q(x1), ®(X2)). Kuo and O’Brier?® investigated the closure of
this equation for a stochastically distributed reactamtargoing self-diffusion and a
non-linear reaction using levlev’s closutélt yielded the correct initial evolution of
the single-point PDF, among other desirable propertiesvéyer, it remains unclear

how levlev’s closure is affected by reactions, which moditige scalar gradients.

2. Mapping closure Popé® tried to extend the mapping closure principles to close
the joint PDF ofg and vg. However certain encumbrances exist at this level. For
example, the closure implies that for a scalar field with GausPDF, the PDF of

the derivatived@/0x; is also Gaussian, whereas it is known thap| is log-normal



through DNS* The fact that mapping closure is hard to extend to multipteass

is another hindrance.

3. Lagrangian Spectral Relaxation (LSR) modelLSR model is used to account for
the effect of the change in the spectral distribution of tt&la on the scalar dis-
sipation rate. Fox and YeuR® developed a hybrid strategy which combines the
LSR model for the mean scalar spectitft® with a Fokker Planck equation for
the PDFL>'16 The prediction of several Eulerian and Lagrangian statisire in
good agreement with DNS for both decaying and stationarys&an scalar. How-
ever, further closure assumptions for conditional scalssigation rate are required
when extended to non-Gaussian fields. And since LSR islgtaclocal closure
to the spectral evolution equation, it does not inhererdigtare differential diffu-
sion.”? These effects were incorporated empirically by introdgainodel coeffi-
cients which are explicit functions of Reynolds number aldhe Schmidt num-
bers!® This overcomes the shortcoming with differential diffusiof LSR model.
However, to bring that capability into the PDF model, theckastic differential

eguations governing the evolution of the PDF have to be rsulie.

Besides these two-point models, there is a linear eddy o) 31-69which provides
a full range of lengthscales representation of mixing byuogty the description of the
scalar field to one spatial dimension. A key feature of LEMhattconvection is mod-
eled as random rearrangement events of the scalar field alding, while the molec-
ular diffusion is accounted for explicitly. The LEM modelheeceived a wide range
of applications and overall accurate representations rutent mixing have been ob-
tained32:3349."0However, an unavoidable consequence of the reduced orendiomal
formulation is the introduction of discontinuous derivas, which will slow falloff of the
scalar fluctuation intensity in the dissipation range. Tdet that LEM was based on scal-

ings applicable to high-Reynolds number turbulent flow almmpromises its performance



at low-to-moderate Reynolds numbers.

As noted above, our goal is to incorporate a spectral reptaten into the PDF mixing
model. There are a number of spectral models that descrédarsnixing adequately;
however, this work has focused on the EDQNM closure. Belowewiew the relevant

EDQNM literature.

1.3 EDQNM Model

Spectral models consider the evolution of second-order embsrof the Fourier transform
of the velocity and scalar fields. The nonlinear convectesms lead to higher-order mo-
ments that must be closed. It is the closure of these termsid¢fime each of the spectral
models. Whereas molecular mixing must be modeled withirPD& framework, these
linear terms are closed within a spectral model. As speantels naturally introduce
the broad range of length and time scales found in turbulemisfl and they can treat
molecular diffusion exactly, they provide a natural franoekvto address criteria 6 8

of Subramaniam and Pope. The predictions of spectral madelsemarkably insensi-
tive to the modeling of the higher-order terms that are rasfde for scalar transfer from
low to high wavenumbers, leading to many successful sgentrdels in the literaturg®

However, only a few of them can be regarded as true spectalids, defined here as
formalisms that can be generalized to circumstances beyms# originally considered
in their development. Rigorous spectral theories such gsadraian history direct inter-
action approximation (LHDIAJ’ and test field model (TFM} are extremely computa-
tionally intensive (rivaling, and even exceeding the cotapanal expense of DNS), and
hence are not appropriate for a practical mixing model. @mother end, shell modéisre

simpler in mathematical form, but with a focus mainly on dreeéle phenomena such as
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intermittency instead of global statistics. The EDQNM thestrikes a favorable balance
between rigor and relative ease of computation. It pocesdtesthe requisite properties
such as spectral positivity, Kolmogorov inertial ranged anergy equipartition for invis-
cid flows. Therefore we choose EDQNM theory as the backboniaéostochastic mixing
model that will be developed in this study. The name of theheeveals the three major
assumptions that were made in its derivation, namely guasiality, eddy-damping, and

the Markovian approximation.

The quasi-normal assumption was first proposed to modaliembvelocity field in-
dependently by Choliand Millionshtchikov®? It is essentially a moment closure to ap-
proximate the #h-order moments in the governing equations af-8rder moments. By
assuming the fluctuations have a joint-normal distribyttbe 4h-order moments can be
approximated by

(abcd) ~ (ab)(cd) + (ac)(bd) + (ad) (bc) , (1.3)

wherea, b, candd are assumed to be joint-normal random variables with zeanmghese
variables stand for any combination of velocity or scalactflations in the EDQNM the-
ory. However early attempts of applying the quasi-normalagption yielded negative
energy spectra over a range of wavenumbers, which is notiqaty8-°8 To overcome
this flaw and compensate for the cumulants that are inhgreetjlected by Eq. 1.3,
Orszag? introduced eddy-damping to reduce the unphysical growth@®d-order mo-
ments. With this correction, the EDQNM model is able to pcedin energy spectrum
with the classical Kolmogorov scaling in the inertial rangehe limit of infinitely large
Reynolds number. However, this eddy-damping hypothesiseatannot eliminate the
“negative energy spectrum” problem completely. Orszagpsed a second correction in
the same work commonly referred as Markovianization whlchieates the unrealizabil-
ity problem. A Markov process is a stochastic process whoged evolution depends

only on the current state of the system and not on the histoityad systen?368.71This
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assumption together with the other two enables an analytitsgration of the evolution
equation for the BI-order moment and yields an explicit expression for ttte &der mo-
ment of interest. While it is certainly not necessary to nthkeMarkovian approximation
from a closure point of view, Orsz&§showed that it is precisely this approximation that
guarantees the positive definiteness of the energy spettineonghout its temporal evolu-

tion.

EDQNM has been found to be able to predict turbulent energgtspin fair agreement
with experimen$? and DNS# It has been widely accepted and used to study different
aspects of turbulent flows. Turner and Pfaterived an EDQNM closure for magnetic-
hydrodynamic turbulence and achieved a realizable modehfe kind of flow. Lesieur
and Ossia* used EDQNM theory to study the asymptotic behavior of thegnspectrum
and backscatter at various wavenumbers in a three-dimeadsgotropic turbulent flow
with very high Reynolds number. And due to its capability obgerly predicting the
cascading of turbulent energy, EDQNM has been used to pravidalidate subgrid scale

models in large eddy simulations (LES§°4

In addition, EDQNM theory has been extended to study turiiul@xing problems.
Mixing of isotropic scalars with and without forcing was rewed with this theory by
Lesieur®? Later, Herr and Collin® extended the EDQNM framework to study the mix-
ing of a scalar under the presence of mean gradient and elt&ixcellent agreement
with DNS. Ulitsky and coworkers also extended EDQNM thearynultiple scalars with
and without mean gradient$:”® Some corrections were made to ensure the model’s re-
alizability, and the resulting model is able to capture aetightial diffusion as expected.
Orlandi and Antoni&° studied the dependence of a passive scalar on the Reynalds an
Schmidt numbers in decaying isotropic turbulence usingg@@NM model. It also has

been recently used to provide subgrid scale models forymssalars in LES.
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The application of EDQNM model to turbulent reacting flows laéso been well docu-
mented. Tsai and O’Briel used a physical space EDQNM model to study an isothermal
homogeneous turbulent reacting flow and obtained good agmetewith DNS data with
respect to the governing parameters as Reynolds numbeni@atumber and Damkohler
number. Ulitsky and Collin§’ studied the propagation of a premixed turbulent flame with
EDQNM and found that the length scales where wrinkling offtame interface occurred
decrease as the size of inertial subrange increases, vehitfiicult to capture by single-
point models. EDQNM has also been applied to study unprashbx®olecular chemical
reaction by Vaithianathan et &. The model is able to capture the correlations between

reactants and product quantitatively well when compared @NS.

To sum up, EDQNM has many important extensions and apmitcatsince its birth,
and we believe it can be used in more practical situationgserbe and predict mixing

of inert and reacting scalars in turbulent flows.

1.4 Obijective and Outline

The PDF method provides an elegant and effective solutidghealosure problems that
arise from averaging or filtering the highly nonlinear cheahsource terms and the terms
that correspond to other one-point physical proces$$émwever, it requires a closure
assumption for the mixing term. An ideal mixing model shob&lable to represent the
information of the wide range of length and time scales erdbddn turbulent flows. In

this sense a spectral mixing model is most desirable bedankerently introduces all the

scales, while it has difficulties with the highly nonlinedeenical source terms. This then
motivates the idea to derive a hybrid model that exploitsatieantages of each modeling

framework in a complementary way. The EDQNM model has beesamhto provide the
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spectral component of the hybrid model.

The main structure of this thesis consists of three papess,of which have been

published and the third will be submitted shortly.

Chapter 2 is the published paper entitled “Eddy damped en@snal Markovian
theory for chemically reactive scalars in isotropic tugnde’®® which presents a new
EDQNM model for an isothermal bimolecular reaction in artrigpic homogeneous sys-
tem. The derived model is first validated with DNS, then a pegtaic study is performed
to investigate the dependence of the scalar fields on threertant dimensionless param-
eters: Reynolds number, Schmidt number and Damkohler eunibalso demonstrates
that this model is able to capture the phenomenon of diftexlediffusion well. This pa-
per proves that EDQNM can be applied to study turbulent negfiows and establishes a

base on which we can further develop the stochastic vergitreanodel.

A second paper entitled, “Stochastic shell model for tughtiimixing of multiple
scalars with mean gradients and differential diffusiéf’is presented in Chapter 3. It
shows the development of a stochastic shell mixing modédW@Bbased on EDQNM the-
ory for multiple non-reacting scalars with the presencerofarm mean scalar gradients.
The Langevin equations derived in this paper are proven gidiestically consistent with
the EDQNM model. The model is implemented as an ensemble tajrad “particles”,
each carrying velocity and scalar concentration distatatcross the “spectral shells” that
are evolved according to the independent Langevin equatidime model predicts La-
grangian characteristics for the velocity and scalar fighdgood qualitative agreement
with DNS by Yeung® This paper mainly builds a bridge between the EDQNM model
and the PDF method.

The third paper entitled, “Bounded stochastic shell modetdrbulent mixing of mul-

14



tiple scalars with distinct diffusivities”, corrects theonel so that the scalar bounds are
preserved. The paper begins with a DNS study of the influehiteanitial PDF and spec-
tral distribution of scalar fields. It demonstrates the imi@oce of the spectral distribution
on the mixing rate, as suggested by Viswanathan &t tilat “the passive scalar variance
decay rate is uniquely determined by the wavenumber of itialiscalar fluctuations rela-
tive to the turbulence integral length scale”, which supgptre inherent assumption made
in EDQNM theory. The problem with the bounds originates friova random terms. The
problem is corrected by introducing a new so-called “zératbde. The zeroth mode is
used to cancel the residual advection resulting from thdaanterms, such that advec-
tion within each particle is precisely conservative. THim&ates the problem with the

bounds. The paper then shows extensive comparisons of rpitkttions with DNS.
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CHAPTER 2
EDDY DAMPED QUASI-NORMAL MARKOVIAN THEORY FOR
CHEMICALLY REACTIVE SCALARS IN ISOTROPIC TURBULENCE  *

Abstract The eddy damped quasi-normal Markovian (EDQNM) theory hesenlap-
plied to the mixing of three scalars undergoing an isothé&rienolecular chemical re-
action of the form:A+ B — C, with a reaction rate constant that is independent of the
scalar concentrations. The model is an extension of the Wwgaithianathan, Ulitsky
and Collins Proc. Combust. Ins29:2139-2146, 2002) to allow for unequal initial molar
concentrations of the reactant species and differencémimblecular diffusivities of the
three scalars, thereby enabling the effect of differemtitilision to be studied. Compar-
isons of the model with results from direct numerical sintiolas are in good agreement
for the low-order statistics considered here. The modelakss used to explore the effect
of the parameters (Reynolds number, Schmidt number and Blaletknumber) on the
scalar statistics. The results show that differentialudiitbn effects decrease with increas-
ing Reynolds number, as has been observed for non-reaciat@s. However, statistics
involving the product species (e.g., cross correlatiorffmments pac andpgc) have the op-
posite trend with Damkohler number, which raises the qoesif the role of differential
diffusion for the intermediate species in a turbulent flamlegre the unity Lewis number
assumption is often invoked on the basis of the high Reynalofsber even though the

Damkohler number too is quite large.

*Originally published as: Y. Xia, Y. Liu, T. Vaithianathanéh. Collins, Physics of Fluids22, 045103,
(2010). The format is adapted to meet the requirement otlleisis.
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2.1 Introduction

Chemically reactive scalars must be brought into moleatdatact before the chemical
reaction can proceed. As a result, the overall rate of r@adtir an initially unmixed sys-
tem will be controlled by the mixing rate and the intrinsiceafical reaction rate. In the
limit of an infinitely fast or infinitely slow reaction, the xing or the chemistry will be
the controlling (rate limiting) rate for the system, resjpety. However, in many practical
circumstances, including most turbulent combustion Bses, the two rates are nearly
in balance leading to an overall rate that is determined by tomplicated and coupled
interaction. One successful framework for modeling thi/fabupled process is the prob-
ability density function (PDF) approach, which replaces thstantaneous scalar fields
with a high-dimensional joint probability that describée distribution of states that oc-
cur at each point in the fluid. The PDF method has the greatnéalga of rendering the
chemical source terms in the scalar equation closed, imdigpe of their complexity®
Furthermore, other nonlinear couplings, such as thoseciaded with radiative thermal
emission for example, are also closed within this framew&rk® However, while these
source terms are formally closed, molecular mixing, whistolves two-point (i.e., higher
order) statistics, must be modeled. Moreover, the quadgdiehavior of the PDF is con-
trolled by the mixing model; thus, the major strength of tiiEthat is the closed source

terms, is lost if the mixing model is not effective.

Mixing results from the stretching and folding of scalarlddoy turbulent eddies of
different scale, causing the breakup of the blobs untimdtely molecular mixing dissi-
pates the scalar fluctuations. This conceptual picture &fngican be well represented
by a spectral model, which decomposes the scalar fluctiwgatigo amplitudes associ-
ated with different wavenumbers. Classical scaling argumset forth by Kolmogorot?,

Obukhov?® and Corrsi? established that the scalar spectrum should have the foljpw
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form in the so-called inertial-convective subrange:
Eg(k) = Be %k %2, 2.1)

whereEg(K) is the three-dimensional scalar spectrums the energy dissipation rate,
X is the scalar dissipation rate afidis a universal constant (according to the theory).
Equation (4.1) provides a good model for inertial range uretgiilibrium conditions;
however, scalars undergoing a chemical reaction may naewalan equilibrium, and

even if they do it will not be the same as for the purely mixiage.

The eddy damped quasi-normal Markovian (EDQNM) théériz a spectral clo-
sure procedure that has been used to model a range of turlfioenspectra, includ-
ing the isotropic energy spectrdnt® anisotropic turbulencé??2 passive scalar mix-
ing®19:17.23.24 and even premixed flame propagatitft? In earlier work, we extended
the model to multiple scalars; however, the formal EDQNMgedure led to a formula-
tion that was not realizable without correcting the eddy piexg terms3® The resulting
model was found to be in good agreement with direct numesicaulations (DNS), in-
cluding capturing the relative motion of the scalars andabsociated reduction in their

cross correlation due to differential diffusicn.

In this paper, we have extended the EDQNM closure to the daseoaeactants un-
dergoing an isothermal, bimolecular reaction in homogasgisotropic turbulence. This
system (and the closely related series-parallel readtimsbeen investigated using DNS
by several investigator§811.15.20.25Thjs paper presents a generalization of the model
given in Ref3” in two ways: (i) the model can be applied to scalars with aabjt mole
fractions (the previous model was limited to equal moletfoars of the reactant species);
and (i) the molecular diffusivities of the reactant and gurot species can be arbitrarily

set, thereby allowing the effects of differential diffusito be investigated.
The paper is organized as follows. The EDQNM spectral eqnatare derived in
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Section 2.2. Comparisons of the prediction of the EDQNM nhedth DNS are given
in Section 2.3 followed by a full parameter study of the effefcdifferential diffusion in

Section 2.4. Conclusions from the study are presented itndBe®. 6.

2.2 Derivation of EDQNM Model

2.2.1 Governing Equations

We consider reactant species in solution at trace condmmtsahat undergo an isothermal,
irreversible, bimolecular reactiod + B — C. Assuming constant molecular properties,

the governing equation for each scalar is as fol®ws

Opu(x,t) 9 o P (x,t)
3 +0—Xj [uj (X, ) @u (X,t)] = Dy o 0%

+j~((pA(X7t)(ﬂ3(X7t) ) (22)

wheregq (X,t) is the concentration of one of the three reacting spedeB:or C, uj(x,t)

is the local fluid velocity obtained from the Navier-Stokegiation, Dy is the molecular
diffusivity of speciesu relative to the solvent speciersjs the reaction rate constant, and
z= —1 for reactants( is A or B), z= 1 for the productd is C). Note that we use Greek

letters to signify arbitrary species, and hence the sunamatnvention does not apply.

We introduce the Reynolds decompositign,= (@) + ¢, , where(q) is the ensem-
ble average angy, is the fluctuating component. For an isotropic turbulenbe,rhean
velocity field (u) always can be set to 0 according to Galilean invariafcEhen taking

the ensemble average of EqQ. (2.2) yields the mean scalatiegua

2 ~
Al s S totd o) = n T (g octdb ()
Hoatx ) (0s(.1) ] 23)
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Due to the assumption of homogeneity, all of the spatiaMdéries of the mean quantities

vanish, simplifying Eq. (3.5) to

%qfw =2k [ (qn) (98) + (9h0B) | - (24)

Subtracting Eq. (3.5) from Eq. (2.2) yields the governingagpn for the scalar fluctuation

og,(x,t) 0%t (,
%a(tx J + a_xj [Uj(X,t)([fa(X,t)} = Daia(fgg)((jt)
ﬂz [ (dA(X7t)(dB(X7t) + (dA(X7t) <(PB> + q{B(Xat) <(pA> - <(qu{B> } ’ (2-5)

which is the starting equation for the EDQNM model. To sifypthe nomenclature,

hereafter we suppressn the arguments for the variables, although it remains iradpl

The only term in Eq. (2.4) that requires modeling is the sdeorder momen{@,@g).
Rather than modeling this term directly, we introduce thectqal correlation function

B(k)

BAA(k) BAB(k) BAC(k)
B(k)=| BAB(k) BBB(k) BBC(k) |, (2.6)
BAC(k) BBC(k) BCC(k)

whereBP(k)3(k +p) = 3[ (¢h(K) @ () + (¢ (K)@f(P)) ], B(k) = (2m)*8(K), B(k) is
the three-dimensional Dirac delta functiag,(k) is the Fourier coefficient off, (x), and
@; (k) is the complex conjugate qf, (k). Tensor invariance theory applied to a homoge-
neous isotropic system yields tHatk) = 2 B(k), wherek is the magnitude of vectd. It

is common to define the scalar spectrum as

such that correlations such &g,¢@g) and the dissipation ratge; can be obtained from

integrals of the spectrum

(Gheh) = | EPPdk. (2.8
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Xa = D (06, - ) = 2 /Ow K2E (K) dk. 2.9)

Closing Eq. (2.4) requires a transport equation for thetsplecorrelation functiorB (k).

2.2.2 Exact Spectral Equations

Applying the Fourier transform to Eq. (2.5) yields

Bﬁ@akz} = —ik| ff% 3(p'+q' —k) dp'dqy
+2K f f Oh(a)e(P)S(p' + o —k) dp/dy
+2K] gl (k) (@) + G (k) (@a) — (Ghe)B(K) ],  (2.10)

wherei = y/—1 is the imaginary numbedp =dp/(2m)® andqu is analogously defined.
We can construct the equation 8¥*(k) by multiplying the equation fog, (k bycp([3
summing the result with the equation quﬂg(p) multiplied by @ (k) and averaging. It

leads to the following exact equation for the correlationtnraB (k)

C;'i’ (KD +¥)-B+B- (KD+¥") = 2f 3(p+q—k)M(k,p,q)dpdg

advectlon

- ZRffs(pm—k)C(k,p,q>dApqu(,2-11)
h reaction

where

D 0 0 kige)  kign) O

D= 0 D5 0 [, Y= kig) kiga) 0 |- (2.12)
0 0 o —kigs) —k(ga) 0

The terms on the right hand side of Eq. (2.11) are higherraordements that must be
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modeled. The advection term takes the form
MPB(p.k,a)+MIB(p.a k) MIC(p.k.a)+MIC(p.g.K)

M']-A‘A(p,k,q) j s 5 i ik j " 5
BC BC
M (k,p,q) = —k; Sym ME(p,k,q) L PRAMTRA)
Sym Sym ¥C(p,k,q)
(2.13)
where Symiimplies elements required to construct a symmetric matrix
MiPkp.a) = { (Uf(k)eh(P)e(a) }'™, (2.14)
and ‘Im’ implies the imaginary part of a complex variable €Tieaction term in Eq. (2.11)
is defined as
di (d1+d2)/2 —(d1+d3)/2
C(k,p,a)=| sym e} —(dp+dg)/2 | (2.15)
sym sym ¢
where
AAB ABB_ ~ABB ABC |, ~ABC
+CPA Cha +C Clo-+C
g = So0Cw  GatCio o GactCwc 0
2 2 2
wq = (e (OdP)e@) 1™ (2.17)

and ‘Re’ means the real part of a complex variable. Closupeagmations foM (k,p,q)

andC(k,p,q) will be discussed in the next two sections.

2.2.3 EDQNM Closure for M(k,p,q)

In this section, we apply the EDQNM formaligfito model the higher-order correlations
in the advection term. In contrast to the case of a singlesdiald 1 this procedure here
leads to aoupledsystem of ordinary differential equations for the tripleretations. The

quasi-normal approximation for the velocity-scalar ctatien M (k, p,q) is

dM(k,p,q)

o =A-M(k,p,q) +M(k,p,q)-AT+ M (k,p,q), (2.18)
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where

_A+2E<<PB> Kgs) 0
= i A2k
A=l —kigs) —H® 0 |, (2.19)
kgs) kg -3
MAB(p k,q)+M"B(p.q.k MAS(p.K.q)+MA(p.q.k
MAA(p,k,q) A PLATATRA 2GRk ATPak)
BC BC
M(k,p,q) = —ki Sym MEB(p,k,q) M, (p,kg);g\x[l pak) |
Sym Sym MEC(p,k,q)
(2.20)
(2.21)

A

R(p) is the energy spectrum defined BYp)Pim(p)d(K +p) = (Uj(K)uyn(p)), Pim(p) =
Ojm — Pj Pm/P? is the projection operatodnm is the Kronecker delta function andis an

inverse timescale that has been determined to satisfy #tieability conditior?>

A = omP 4+ omp (< p) +v (KR4 pP+ ) . (2.22)

The eddy damping coefficients ar@1 = cu2 = 0.36, anduk (similarly for uP andpd)

is obtained in the way suggested by Pouquet Pal.

k
K K4R(K)dK . (2.23)

_ 1 /
Ve Jo
Note thatX has units of inverse time, it increases monotonically kiéimd asymptotically

approaches the inverse Kolmogorov time scédgy)'/2, at largek.

The Markovian approximation neglects the effects of theetdapendence of the spec-
tra (on the right hand side of Eq. (2.18)) on the evolutiorhef triple correlations. Under

this assumption, the linearity of the equation allows andital solution forM (k,p,q)

M (k,p,q) = /O tdsexp[(t —s)A]M (k,p,q)exp(t —s)AT], (2.24)
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where ‘exp’ denotes the matrix exponentfaand we have assumed that initially all triple
correlations are zero (i.eM (k,p,q)|t=o = 0) . SubstitutingM from Eq. (2.21) into
Eqg. (2.24), we obtain

2N2 .
M(k,p,q) = ds{ exp(t —s)A|B(k) exp(t —s)A’]

+ eXp[(t— S)AJB(a) expl(t—S)ATTIR(p)3(k+p+q).  (2.25)

HereN is twice the area of the triad formed by tkg, g vectors. Note that when evaluat-
ing the time integral in Eq. (2.25), matricAsandB(k) are treated as independent of time
due to Markovian approximation. Consequently the matrpagentials can be evaluated
analytically. The above form of the EDQNM closure expligiluarantees (k) will be a

positive semi-definite matrix (i.e., is realizabR).

2.2.4 EDQNM Closure for C(k,p,q)

Based on the definition given in Eq. (2.17), the governingatiqu forcggg can be derived
from the transport equation fag, (k). However, the coupling is not as straightforward
as forM(k,p,q). For example, the equation f@2® involves i, C&P and CHSS.

Although CA2? is one of the terms that appears in f@ematrix, the other termCg®3

does not. Ultimately, this makes it necessary to generatal&@neous equations for the
: : AAB AAB ~AAB ~ABB ABB (ABB AAA BBB

following 8 correlations: an» Coak* Ckpg » Coka » Cakp » andC,” for the

reactants alone, and more equations when we consider tlaqtrgpecies. The complete

set of equations is summarized in the appendix for compésten

To reduce the computational effort, we take a different apph. First, we define two

new matricesP(k,p,q) andN(k,p,q) (the mathematical definitions are given in Tables
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2.1 and 2.2) and derive their evolution equations

w = U, -P(k,p,q)+P(k,p,q)-Ul +2(k,p,q), (2.26)
w = X-N(k,p,q) +N(k,p,q)- X" +A((k,p,q) (2.27)

where the definitions for all of the tensors in this sectiom @bulated in Tables 2.1 and

2.2. The analytical solutions of the equations are then

P(k,p,a) = /Otdsexp[(t—S)U+]T(k,p,Q) expl(t —s)U}], (2.28)

Nkpa) = [ dsexpl(t-sX|A(kpa)expit-9XT . (229

The equation foC(k,p,q) is then

dC(k,p,q)

gt~ Y- Clkp.a)+Clk,p,a)- UL+ C(k,p,q) (2:30)

with the analytical solution

C(k,p,q) = /Otdsexp[(t—s)u_]c(k,p,q) exp[(t—s)UT] . (2.31)
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Table 2.1: This table lists the definitions of all the matsiskown in the process
of the closure o€C. Here Matrixl is a 3x 3 identity matrix, coefficients
Ac, f1, f2 and f3 are defined in Table 2.2.

Matrix Definition
1 1 -1
E 1 1 -1
-1 -1 1
—3(Ac+ 2k(qa)) —k(@n) 0
X —k(gs) —3(Ac+2kiga)) O
k(@s) k(@n) —3Ac
u- X — 3[(@n) + (gg)]
Uy X+ 5[(a) + (¢8)] |
BBB(p)+BBB(Q);BAB(p)+BAB(Q) BAA(p)+BAA(Q);BAB(p)+BAB(q) 0
o BBB(p)+BBB(q);BAB(p)+BAB(q) BAA(p)+BAA(q)42rBAB(p)+BAB(q) 0
_ [B®E(0)+B*¥(q)+B*(p)+B"(q) |  _ [B*(p)+B(q)+B®(p)+B*%(q)
2 2 0
BBB(p)+BBB(Q)£BAB(p)fBAB(Q) BAB(p)+BAB(Q)£BAA(p)fBAA(q) 0
>, BBB(p)+BBB(q);BAB(p)—BAB(q) BAB(p)+BAB(q);BAA(p)—BAA(q) 0
_ [B%2(p)+B%P(q)—B"®(p)-BP(q) ]  _ BAB(p)+BAB(q)—BAA(p)—BAA(q)w 0
2 2
CHAIL L Lot e s i
dhep) || om  EEE GRS | cpg
~Chge-cgee
sym sym —bok 9.
2(K,p,0) —2k E
cran o tGoae Coae Gl
kpg 2 2
AAC__ ~AAB
N(k,p,q) C(k,p,a)— [ Sym (s Spa oo
AAC
Sym Sym —CIDqk
A(K,p,q) —2K[®,B (k) + B(K) DI ] — 2k f2E — 2k(dDa)P(k, p,q)
—2K[®1B(K) + B(k)®] ]
C(k,p,q) - - -
—2K H1E — 2k(®a)P(k, p,q) +k[(®Pg) — (Pa)IN(K,p,q)

35




Table 2.2: This table lists the definitions of the coefficgekxt, f1, f2 and f3, the
arbitrary coefficientc is set to 0.36 to agree with the coefficient used
in the expression foM (k,p,q).

Coefficient Definition
Ac Ce(HP + H + ) +v (K + p*+ )
f1 B*(p)BP%(q) + B*(q)B®(p) + 2B*%(p)B*®(q)
‘) B*(p)B"%(q) + BV()B*®(p) + B*®(p)B®®(q) + B"%(q)B®%(p)
—B(p)B®®(q) — B*(0)B®(p) — 2B*%(p)B"(q)
by B*(p)B®®(a) +B*(q)B"®(p) +-2B"%(p)B*®(q)

—2[B*(p)B*8(q) + B*(q)B*E(p)]

2.2.5 Numerical Update of the EDQNM equations

Equation (2.11) can be rewritten in the following form

dB
H:H-B+B-11T+r, (2.32)

wherel is a positive semi-definite matrix comprising the right harde of Eq. (2.11) and
IT is defined as

n=—(KD+Ww). (2.33)

The mathematical form of Eq. (2.32) guarant®esmains positive semi-definite; how-
ever, time stepping errors can lead to a loss of that propenplying the scalar statistics
may not satisfy the Cauchy-Schwartz realizability constsa Hence the time update of

the EDQNM equation must be carefully devised.

A numerical scheme developed by Vaithianathan and Cdfliesuld be used to pre-
serve the positive definitenessi®fk). However, due to the smooth behavior of the matri-

ces, a much simpler first order scheme can be designed basdubokward Euler update.
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Discretizing Eqg. (2.32), we obtain

Bn+1 - Bn

At =1IIn-Bny1+ Bn+1‘HI‘|‘Fn- (2.34)

Here, subscripts andn+ 1 denote the quantities are evaluated at titpesandt, respec-

tively. Rearranging Eq. (2.34) we get an algebraic Lyapusgquatiorf
Aty — 1] Bny1 4 Bnya - [AtH,— 21]T = —Bo— AT, (2.35)

wherel is the 3x 3 identity matrix. Sincd3, — O (zero matrix) as1 — oo, the analytical

solution to the above equation can be writtef as
Bni1= / ds exps(AtIT, — 51)]{Bn + At} exps(AtT, — 31) 7). (2.36)
0

The exponentials can be evaluated analytically if the eigemes of (AtHn— %I) are
known. Since this is only a 3 3 matrix, the eigenvalues are calculated at each time

step. By this updating scheme, the positive semi-defindenématrixB(k) is preserved.

2.3 Comparison with Direct Numerical Simulations

In this section, we compare the predictions of the EDQNM nhedth direct numer-
ical simulations (DNS) performed in a cube of length ®ith 128° grid points. The
DNS is similar to previous studies performed in our group.(ederr et al® or Vaithi-
anathan et af’). The turbulent kinetic energy was made stationary by faydhe first
two wavenumbers in a manner similar to Eswaran and Pofe initial velocity field
and forcing were fixed for all of the simulations. The energg&drum was obtained by
averaging the instantaneous spectrum over 40 large eduyerrtimes. Scalar fields were
not introduced until the velocity fields reached a statlycstationary state after about 20

eddy turnover times. The reactant fields were initializetth\aipre-specified spectrum, but
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following the method of Eswaran and Pdpso that they were nearly unmixed initially.
The scalar fields were updated using the second-order, bo@sérving finite volume
scheme developed by Kurgonov and TadforThe parameters used in the comparison

are summarized in Table 2.3.

Table 2.3: Parameters used in DNS and EDQNM calculationseDsional pa-
rameters are based on arbitrary units. Hens fluid viscosity, € is

dissipation rateyyms is turbulence intensityl, = ﬁzms O°° @dk is the
integral length scaleT = L/ums is the large eddy turn-over time,
Ra = umd/v is Reynolds number based on integral scalég. is
the initial scalar mean concentratiagl,is the initial root mean square
of the scalar fluctuatiorpag is the initial cross correlation coefficient
andLy/L is the initial ratio of the integral length scale of the scata

that of the turbulent kinetic energy.

Simulation| v € |ums| L T |Ra | (@ | @ | @& | pas | Ly/L
DNS 0.015(/0.21|0.87| 1.03| 1.18| 60 | 2.66| 0.91| 0.91| -0.99| 0.25

EDONM | 0.015| 0.22| 0.87| 0.88| 1.01| 51 | 2.66| 0.91| 0.91| -0.99| 0.28

In the EDQNM calculations, we did not solve for the energycspan, but substituted
the stationary energy spectrum from the DNS, thus elimmggdiny error associated with
the EDQNM prediction of the energy spectrum, particulakgrthe forced wavenumbers.
This allows us to focus on the performance of the scalar epsatWe matched the initial
scalar spectra and updated them using the EDQNM model gessenSection 2.2. We
ran six different combinations of Schmidt numbeBs(= v/ ?y) to analyze the effect of
differential diffusion. They will be referred to as Case$1see Table 2.4). However,
comparisons with DNS will be done for Cases 1 and 2 only. Wendetfie Damkohler
number as the ratio of the turbulence time scale to the iritie scale of the chemical
source term, the latter being defined @$klga) |i—o). For the fluid time scale we have the
option of using the large eddy turnover tinfepr the Kolmogorov time,, = \/\ﬁ hence

we define two Damkohler numbers &a = k(@a)|—oT andDay = k(@a)|t—0 1/V /€. The
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Figure 2.1: Comparison of the mean concentration of (aja@&a and (c) prod-
uctC between DNS and the EDQNM model for Case 1 vidth= 3.1.
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Figure 2.2: Reactant autocorrelations (a and b) and craosslations (c and d) for
Cases 1 (aandc) and 2 (b and dPat= 3.1. Solid lines are DNS
and dashed lines are the EDQNM model.

comparisons are made Bt = 3.1, which corresponds tba, = 0.7. Figure 2.1 shows
a comparison of the mean concentratiogs) and (qc) for Case 1 (noté@s) = (@a) for
this case). The agreement is excellent; note that simileremgent was achieved for the

other comparisons (not shown).

Table 2.4: Combinations of Schmidt numbers for the 6 caseawe

Case~ | 1 2 3 4 5 6
se | 1|33 3|4
Sg 11| % | 1|1 Z
Se 111 %] 3% |1
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Figure 2.3: Product/reactant cross correlations (a anddbpeoduct autocorrela-
tions (c and d) for Cases 1 (a and c) and 2 (b and @eat 3.1. Note
that for Case 1@\@-) = (@:¢%) thus only the former is shown.

Figure 2.2 shows the autocorrelations and cross corrakbbthe reactant species for
Cases 1 and 2. The EDQNM model again gives very good predgfar Case 1 without
differential diffusion. The error is slightly larger for €a 2, but the predictions are still

reasonably good.

A more stringent test of the model is shown in Fig. 2.3, whiek bomparisons of the
product—reactant cross correlations and product-praalutcicorrelations. This is the first
prediction of its kind for a spectral-based model. We not the magnitude of the peak
of the cross correlation for Case 1 (Fig. 2.3a) is well presticbut the timing of the peak is
not well captured, with the EDQNM model predicting a timelsgaughly half that of the

DNS. Interestingly, the agreement for the case with diffget diffusion (Case 2) is much
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better. The EDQNM model is able to capture the differencdénstign of(@,qf-) versus
(@59), which arises solely due to differential diffusion. Thattise fact that specie&
diffuses at four times the rate of specB&ndC causes a break in the symmetry of the
cross correlations, as shown in Fig. 2.3b. The fact that EDI@g\able to correctly capture
that break in symmetry is encouraging that the modified clpuocedure developed by
Ulitsky and Collins®® is robust. The autocorrelations shown in Figs. 2.3c and BeRe
similar trends as those of the cross correlations. OncenaB&IQNM captures the peak

in the autocorrelation for Case 1, but the timing is less eatetthan was found for Case 2.

Note that no attempt was made to adjust any of the EDQNM pasm& improve
the agreement with the DNS. In particular, we do not attempiptimize the coefficients
to improve the agreement for this chemically reacting systas this might degrade the
model’s performance for the simpler case of pure mixing.®hly new parameter that is
not set by previous studies is the eddy damping coefficier@{&, p,q), cc, which we set

to 0.36 to agree with the coefficient fit (k, p, q).

2.4 Parameter Study

Given the reasonably good comparisons with DNS shown in@e2t3, it is now possible

to use the model to investigate how differential diffusidfeets the scalar statistics as
a function of the parameters. For simplicity we employ a Paecsum?® with three
different values of the Reynolds number. Table 2.5 givesransary of the flow and
scalar parameters. We simulated the combination of Schmaiaibers given in Table 2.4
at Damkohler number®a = 0.01, 0.1, 1 and 3, for a total of 72 different cases. (Note
that the Kolmogorov scale Damkohler numiigay, = Da/[T /1], whereT /1, is given

in Table 2.5.) For space reasons we cannot show all of thétsebut we will show a
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selection of results that highlight the important effedtdifferential diffusion. The scalar
means for reactan®&s andB were initially (@a) = (@g) = 2.5, while the scalar fluctuations

were precisely anti-correlated, i.gg(x,t) = —@,(X,t), implying a correlation coefficient,

_ (PaG)
o (o) &30

of pag = —1, corresponding to a perfectly unmixed condition. To ass83n quantifying

the effect of differential diffusion, we define three paraens

N = (Gad)/(Gadh) (Case 2 only (2.38)
o= (Ghat) — (Ghtk) . (Case 2 only (2.39)
v = (‘dA%>Case 5— <(P(A%>Case 1 (2.40)

Note by definition A = 1, =0 and¥ = 0 in the absence of differential diffusion.

Table 2.5: Summary of velocity and initial scalar paraneterthe parametric
study. Ry = u2,<+1/15/ve is the Reynolds number based on the Taylor
microscale and) = v¥/4/e%/4 is the Kolmogorov length scale. Note
that the statistics for scal&@ are not shown because they are identical
to those ofA (with B perfectly anti-correlated t8). See the caption for
Table 2.3 for definitions of the other parameters.

Velocity v € |ums| L T Ry | L/N | T/tq | (@a) | @y | PaB | Lo/L
R\1 1x103|0.3|0.78| 1.05| 1.34| 137 138 23 25 125] -1 | 0.62

Ry 4x10%|0.3|0.80|1.01 1.27|225|265| 35 | 25 |25| -1 | 0.64

Ry3 2x107%(0.3/0.80|{0.99|1.24|324| 439 | 48 | 25 |25| -1 | 0.66

2.4.1 Single-point Statistics

Figure 2.4 shows the time evolution fGpa) and(@c). According to Eq. (2.4), the mean

concentration is determined by the correlation covaridgkeg), which, as we will show,
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(b)

Figure 2.4: The mean concentration of speciesA(and (b)C for Cases 1, 2, 3
and 6 as indicated &la =1 (Day, = 1/23) andRy;.
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Figure 2.5: Cross correlation coefficients for Cases 1 ard)2iag atDa =1 and
the indicated Reynolds number (note tiis, = 1/23 and 1/48 for
Ry\1 andRy 3, respectively); (bpas atRy; and the indicated Damkohler
numbers Da, = 1/23 and 323 for Da= 1 and 3, respectively); (c)
pac andppc at Da = 1 and the indicated Reynolds number; and (d)
pac andpgc atRy; and the indicated Damkodhler number.

is affected by differential diffusion. This explains theriedions in{(@a) and (@) among

the four cases shown in Fig. 2.4.

Ulitsky et al.3°> considered the effects of differential diffusion in the abse of chem-
ical reaction. In their study, the scalars were initiallyfpetly correlated, and they cal-
culated the change in correlation as the system mixed. ocdle of equally diffusive
scalars (equivalent to Case 1 in this study), the correlatmefficient will not change in
time. The same would be true here for the initially anti-etated scalars. Figure 2.5

shows the evolution of the cross correlation coefficientlases 1 and 2. If we consider
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the evolution ofpag for Case 1 in Fig. 2.5a (solid line), we can conclude immedyat
that the short-time behavior must be due to the chemicatiogacThe cross correlation
increases because locally specfeand B are both consumed by the chemical reaction
causing the local scalar fluctuation of the two species thhbesame (negative) and hence
better correlated. Eventually as the reactants are depéeie the chemical reaction rate
approaches zero, the correlation coefficient returns tmitisl value of -1. We also see
the effect of Reynolds number on Case 1 is very weak. For Casieeiffusivity for
speciesA is four times that for specids, introducing the effects of differential diffusion.
The initial behavior ofpag is only weakly affected by differential diffusion; howeyer
beyond the peak &f'T ~ 1, there is a pronounced effect of differential diffusion.plar-
ticular, the asymptote approached at long times is apdgrarfunction of the ratio of
diffusivities. Furthermore, with increasing Reynolds rhenthe asymptote approaches
-1, indicating the effects of differential diffusion areninished with increasing Reynolds
number, which is consistent with our earlier findidgas well as those of othefd.Fig-
ure 2.5b shows the effect of the Damkodhler number on theetairon coefficient. With

a change irDa from 1 to 3, we see the peak in the correlation coefficient adsmeases
from -0.75 to nearly -0.4, indicating, not surprisinglyetaffect of the chemical reaction
is enhanced. At long times the curves approach an asymiatéstindependent of the

Damkohler number.

Figure 2.5c and d show the cross correlation coefficientedet the reactants and
product speciespac and pgc. For Case 1, these curves are, by symmetry, equal and
hence we do not show both curves. The curves start at zero escahie negative as
specie<L is produced. This can be explained by the fact that both spécandB are
consumed to produdg, and hence they are anti-correlated. Once again, for Caseskev
the dependence on the Reynolds number is relatively weagreas the minimum value

decreases with increasing Damkohler number. The curve€dse 2 with differential
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diffusion show rather complex behavior. In the early stagbsen chemical reaction is
dominant, they are similar to Case 1; however, for mixingesnbeyond /T ~ 1 we see
pac andppc deviate strongly from each other, with neither curve logkanall like Case 1.
SpeciesB (the slower diffusiving species) has a much higher corigatith the product
species at long times than specfesWe attribute this to species being able to diffuse
from the pockets of high concentration deeper into the i@aaone than specidd As
a consequence, a portion of the reaction zone will contaiexaess of specieB and
hence the reaction in that region will be limited by spededs species\ is consumed
and specie€ is produced, they will be anti-correlated, whereas the exof specie8
will produce a positive correlation with speci€s This effect of differential diffusion is
diminished with increasing Reynolds number, while withreasing Damkohler number
it is enhanced. Unlikpag, at long times the asymptotic behaviorgj- andpgc are both

strong functions of the Reynoldsd Damkodhler numbers.

An alternative measure of the effect of differential diffus on the reactant species
is the variable/\ (see Eq. 2.38), which is shown in Fig. 2.6. Recall that 1 in the
absence of differential diffusion, hence its value abovieyus a measure of its effect.
With increasing Reynolds number or Damkohler number we/sée diminished. The
effect of Reynolds number is consistent with the resultsgméed above; however, the
trend with Damkohler number is contrary to the earlier d®n The rapid diffusion of
speciedA into speciedB causes\ to increase, but reaction consumes the limiting reagent,
which in this case is specigs since it has the higher diffusivity. Thus, increasing the

reaction rate will diminish\.

Figure 2.7 shows the parametéras a function of time (see Eq. 2.39). This func-
tion would be zero in the absence of differential diffusieng(, for Case 1). We see

that its value decreases with increasing Reynolds numbeinbreases with increasing
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Figure 2.6: Evolution of\ = (@:¢5)/(h@),) for Case 2 at: (apa= 1 and the
indicated Reynolds number (note tHa&, = 1/23, 1/38 and ¥45
for Ry1, Ry2 and Ry3, respectively); and (bR,; and the indicated
Damkdhler number (note thXa, = 0.01/23,01/23, 1/23 and 323
for Da= 0.01, 0.1, 1 and 3, respectively).
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Figure 2.7: Evolution of = (gs@-) — (@p¢) for Case 2 at: (apa= 1 and the
indicated Reynolds number (note tHa&, = 1/23, 1/38 and ¥45
for R\, R\2 and Ry3, respectively); and (bRy; and the indicated
Damkohler number (note thXa,, = 0.01/23,01/23, 1/23 and 323
for Da=0.01, 0.1, 1 and 3, respectively).
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Damkohler number. It is apparent that all of the differahtiiffusion statistics involving
the product species are enhanced by increases in the cheeaicaon rate. The effect of
a higher diffusivity for the product species is shown in A for Case 5 (diffusivity of
specie< is four times that of speciesandB). We see similar trends as were found for

in Fig. 2.7.

2.4.2 Scalar Spectra

Figure 2.9 shows the evolution of the three autocorrelagfmectra under the influence of
differential diffusion (Case 2). Two salient features carobserved. First, the autocorrela-
tion spectra for the reactamsandB are nearly identical at low wavenumbers, but differ at
high wavenumbers (small scales), which shows that diftexkdiffusion originates from
small scales. Second, the reactant spectra peak at wavenom whereas the product
spectrum is peaked at a higher wavenumber, which impli¢ghbaroduct is produced at
smaller scales. In this non-premixed system, pro@uist predominantly produced in the
thin reaction zone between the reactants, and then it dgftesvards the reactants, making
the mixing of reactant and product species a small-scalegrhenon, which is captured

well by the EDQNM model.

The cross-correlation spectra are given in Fig. 2.10 fore€dsand 2. We see that
the cross correlation spectrum for the reactants is vefgréifit from the cross correlation
spectra for each reactant with the product. Ef& spectra, both for Cases 1 and 2,
are peaked at small wavenumbers initially, while B spectra, are peaked at higher
wavenumbers for the reasons discussed above. The difeeydretween Cases 1 and 2

also occur at high wavenumbers, where molecular effectsast important.

The evolution of th&*C in time is shown in Fig. 2.11; the inset shows the wavenumber

50



(@)

0.025—

0.020—

9* 0.015—

0.010—

0.005—

0.000—£-

(b)

- Da=0.01
---Da=0.1
i \ — Da=1
0.06— H -.-.. Da=3

0.04—

Figure 2.8: Evolution o = (hk) case 5— (Palk:)case 1at: (@)Da=1 and the
indicated Reynolds number (note tHa&, = 1/23, 1/38 and ¥45
for Ry1, Ry2 and Ry3, respectively); and (bR,; and the indicated
Damkohler number (note thXa, = 0.01/23,01/23, 1/23 and 323
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Figure 2.9: Autocorrelation spectra for Case 2 vibéh= 1 (Da,, = 1/23) andR);
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Figure 2.10: Cross correlation spectra for Cases 1 and 2 Datk- 1 (Da, =

1/23) andR,; at timet/T = 0.25. The solid lines are for Case 1 and

the dashed lines are for Case 2.
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associated with the peak in the spectrkgn Notice that the peak in the spectrum moves
to lower wavnumbers with time. This inverse cascade sugglestintegral length scale of
the autocorrelation of the product species is increasitlg tivne due to the mixing by the
turbulent eddies. As the EDQNM model is a non-local speatiadiel, it is able to capture

all of these dynamics well.

2.5 Conclusions

In this paper, we have developed a spectral closure for rscaladergoing an isother-
mal bimolecular reaction in a homogeneous, isotropic tiertuflow. The model uses
EDQNM theory to close the nonlinear turbulent transponnteand the reaction terms.
Since EDQNM is a non-local model that inherently represatitef the scales present
in a turbulent reacting system, it has the distinct advantagdescribing the inter-scale
dynamics of mixing, and is capable of capturing differdndiéusion. The new model

presented here also is able to capture the scales of theqgirsplecies as they initially
are formed in the gaps between the reactant species andyasitheutward. And since

reaction is a complicated multi-scale phenomenon, thebiliiyi of the EDQNM model

to represent all of the scales involved in the mixing andtteagrocess gives it certain

advantages over single-point mixing models.

We made comparisons of the EDQNM model with DNS of two scalaaswere ini-
tially nearly unmixed. The mean concentrations of both #eetant and product species
were in excellent agreement with the DNS. Moreover, the EMXNodel was able to
predict higher-order statistics such as the scalar crasslations. Reactant—product cross
correlations(@, @) and(@;¢) were in agreement in terms of the magnitude, but the time

scale for their variation was not that well predicted. Hoemrvthe effects of differential
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Figure 2.11: Evolution of th€—C autocorrelation spectrum for Case widla =1
andR,; and at the times indicated on the graph. Inset shows the loca-
tion of the peak in the spectrukg as a function of time. The integral
length scale of the scalar is related to the inverse of thastity.

diffusion, which led to{@, @) > 0 and(@;¢) < O, were well captured by the theory, even

though we did not adjust any of the constants in the model.

We also did a parametric study of the dependence of diffedadiffusion on Reynolds
number, Schmidt number and Damkohler number. From ouulzlons, we observed
that differential diffusion decreases with increasing iRags number. The effect of dif-
ferential diffusion on the reactant species also decreaghsncreasing Damkohler num-
ber; however, statistics involving the product speciesva&tban increasing trend with in-
creasing Damkohler number. These results are quite densisith the previous studies.
Moreover, they suggest that differential diffusion may berenimportant with interme-
diate species under fast chemistry conditions (i.e., higlmkibhler number), as is often

found in turbulent combustion under practical conditions.

We showed several auto- and cross-correlation spectradee<1 and 2. We ob-

serve that differential diffusion, a molecular phenomenm®mitiated at high wavenumbers
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and moves to lower wavenumbers through an inverse cascatthtichally the EDQNM
model predicts the product species are formed at a smalér 8tan the reactant species.
This manifests in the model as a peak in the spectra invoti@groduct species at higher
wavenumbers than the reactant-species spectra. Turleuleec causes the peak to move
towards lower wavenumbers, as the action of the eddies gseiyely mixes the product
species throughout the domain. The EDQNM spectral transpodel is able to capture

these complex dynamics without adjustment of any of therpaters.

This paper is a step towards a multi-scale mixing model walaveloping. Here we
have focused on a simple reaction (isothermal, bimolecakstion) because it allowed us
to implement the EDQNM model without introducing furthempapximations (since the
nonlinearities are quadratic). Eventually we plan to rekas restriction, but our approach
is systematic. We can use the present model to analyze tl&rapdistribution of the
reaction term. This will prove invaluable in developing ttlesure for the more general

source term.

Acknowledgments

This work was supported by the National Science Foundatoieugrant CTS-0121573.

55



APPENDIX

General Equations for C(k,p,q)

The equations for the 3rd-order moments due to reactionuemensirized as below:

o N ~
S hct 2Kige) + kigw) | AP =GP Kiam) A K(0) (AP + CASB) (2.41)

y ) B ) )
gt T Ac+2K(en) +k(gs) | G’ = Gipa — K(0a)Ciggy — k(@) (G + Cigp ) (2:42)

d ~ ~ ~
{ﬁ+?\c+3k(<08>] Cipg = Gapg — K(0n)Clggg — k(@a) (Chaie+Cg),  (2.43)

d - ~ ~
{a +)\C—|—3k<(PA>} Coa = Goa —k(9e)Cly —k(9e) (Coge+Calp), (2.44)

| o ) )
{a +Ac+k<<pA>+k<<pB>} (CARC+CHED) = G+ e — 2k(0e)Cha — 2K (@) G
+ kge) (CHRE+CHED)
+ k(on) (ChGT+Chip ) (2:45)
d ~ ~
{ SiHAct 2k<<p3>] CHIC =GP —K{om) (CHRC+ C450)

+ k(gna)Chae+k{@s)Cpers (2.46)

o N
9 nc | — B~

dt
+ k(ge)Clme+k(pa)Cong (2.47)
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CHAPTER 3
STOCHASTIC SHELL MODEL FOR TURBULENT MIXING OF MULTIPLE
SCALARS WITH MEAN GRADIENTS AND DIFFERENTIAL DIFFUSION  *

Abstract In this paper, we develop a shell model for the velocity analasccon-
centrations that, by design, is consistent with the eddyp#amhmuasi-normal Marko-
vian (EDQNM) model for multiple mixing scalars. We reviewethealizable form of the
EDQNM model derived by Ulitsky & Collins (2000), which forntke basis for the shell
model. The equations governing the velocity and scalarivglach shell are stochastic
ordinary differential equations with drift and diffusioartns chosen so that the veloc-
ity variance, velocity—scalar cross correlations, andieseacalar cross correlations within
each shell precisely match the EDQNM model predictions.S8qoently, shell averages
can be thought of as a representation of the discrete thneerdional spectrum. An ad-
vantage the shell model has over the original EDQNM equatisnhat the sum of each
realization over the shells is a model for the fine-graineuhtjvelocity/scalar probability
density function (PDF). Indeed, this provides some of thdivation for the develop-
ment of the model. We cannot exploit this feature in the presaudy of the mixing of
two scalars with uniform mean gradients, as the PDF is a {daissian throughout (and
hence the correlation matrix completely defines the distidim). The model is capable of
predicting Lagrangian correlation functions for the sgadaalar dissipation and velocity.
We find the predictions of the model are in good qualitativeeament with direct numer-
ical simulations by Yeung (2001). Eventually we will apphetshell model to scalars that
are initially highly non-Gaussian (e.g., double delta fimt) and observe the relaxation
towards a Gaussian. As the shell model contains informaitiche spectral distribution of

the scalar field, the relaxation rate will depend upon thgtleand time scales of the tur-

*Originally published as: Y. Xia, T. Vaithianathan and L. @, Flow, Turbulence and Combustion
(2010). The format is adapted to meet the requirement othieisis.
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bulence and the scalar fields, as well as the molecular diffies of the species. The full

capabilities of the PDF predictions of the model will be thbject of a future publication.

3.1 Introduction

Probability density function (PDF) methods are widely utmdthe computational mod-
eling of turbulent flame¥:17:26:34.3%nd other chemically reactive systethsin the com-
position PDF method, the local temperature and speciesotrations are replaced by a
high-dimensional joint PDF that describes the local disition of thermochemical states
of the fluid. The PDF has the great advantage of renderingdlal single-point moments
of the temperature and composition such as the chemicatstenms and radiation emis-
sior?®2° independent of their complexity. However, as the PDF dostanly single-point
information, the molecular mixing term, which involves tpoint information, must be
modeled. For example, the evolution of the scalar FE)E,t), in homogeneous turbulence

is governed by
oP(ct) 10*
ot 20c?

[Xx(c,t)P(c,t)]=0, (3.1)

wherex(c,t) = (2D0¢- Og|@= c) is the average scalar dissipation rate conditioned on the
scalar concentration, a quantity that cannot be computed the scalar PDF and hence

must be modeled.

Developing an accurate closure for the mixing term in the RQé&ation is critical, as
even the qualitative shape of the PDF is sensitive to thisalrogl Hence, the reliability of
the model to predict even the closed chemical source tersts neavily on the quality of
the mixing model. This is especially true when modeling flamear blow-out conditions
(e.g., flames that are either chemically rich or lean, orckiometric flames at high gas

velocities), where local fluctuations in the mixing can puaidly affect the reaction raté
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Subramaniam & Pop€ (see also Pop¥) identified eight features of an ideal mix-
ing model: (i) mean scalar concentrations are not direé¢tgcted by mixing; (ii) mixing
causes the monotonic decrease of the eigenvalues of theamea matrix(¢¢;), where
@ is the fluctuation in the concentration of tife species, and and j run over allN
species in the system; (iii) all scalars should satisfy ldstimposed by initial and bound-
ary conditions; (iv) the model should satisfy the invariamroperties of linearity and
independence; (v) the joint composition PDF should relavatads a joint normal at long
times; (vi) the model should account for differential dgfan resulting from differences
in the scalar molecular diffusivities; (vii) the model shdaccount for the influence of the
length scales of the scalar fields; and (viii) the model sti@gicount for the influence of
reaction on mixing. A mixing model that satisfies all eightemia has yet to be developed,
although several satisfy different subsets of these @it€dne important example is the
interaction by exchange with the mean (IEM) model develdpgdopazd, which has
been used widely in PDF calculations. IEM assumes that tieeofamixing is controlled
by the integral time scale of the turbulence, which is usuapresented by? /e, where
¢? is the kinetic energy of the turbulence ani the turbulent kinetic energy dissipation
rate. IEM satisfies criteria (i)—(iv); however, it cannoegict the changes in the shape of
the PDF in homogeneous turbulence. Furthermore, the asgumtipat the mechanical-to-
scalar time-scale ratio is constant is known to not be vahénvthe integral length scale
of the scalar is different than that of the enétdy*° Indeed, our earlier study showed
that predictions for the rate of mixing of the product spediased on this assumption can

result in errors greater than an order of magnitude at highl@éler numbers.

The problems with the IEM model can be traced to the lack odrmftion about
the spectrum of length and time scales of the turbulence ealdrs. A partial remedy
is found by considering the joint PDF for the scalar and scgtadient,P(c,c). The

equation for this PDF requires statistics for higher-omienvatives that must be closed.
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Meyers & O'Brier® closed this equation by replacing the unclosed term by oag th
relaxes the scalar to its mean. However, the solution todtisation did not correctly
represent the evolution of the scalar PDF from a non-Gaussitial condition. Gao &
O’Brien'* analyzed some of the properties of the joint PDF and showetttte PDF
of scalar gradient conditioned on the scalar is nearly Gansmotivating them to use a

Gram-Charlier expansion fé(Cc|c) with coefficients found from DNS.

Alternatively, the conditional dissipation raggc,t) can be expressed in terms of a
two-point PDFP(c(x1),c(x2)). Kuo & O’Brien?® investigated the closure of this equation
for a stochastically distributed reactant undergoing-d#ttision and a nonlinear reaction
employing levlev's closuré. Apart from reproducing many desirable properties such as
coincidence, separation and reduction of the two-point Ribd-a single-point PDF, they
showed that the equation for the two-point PDF yielded theeot initial evolution of
the single-point PDF. However, there has been no investigat how turbulence, which

modifies the scalar gradients, affects the efficacy of lévigosure.

Fox & Yeung'? developed a hybrid strategy that combined the Lagrangiectsg re-
laxation (LSR) model for the mean scalar spectPdftwith a Fokker—Planck equation for
the PDF 8. The LSR model was used to account for the effect of changtispectral
distribution of scalar on the scalar dissipation rate. Tloeleh captured several Eulerian
and Lagrangian statistics in good accord with DNS for a decgyGaussian scalar; how-
ever, the extension of the modeling to non-Gaussian fietylsmes further closure assump-
tions for the conditional scalar dissipation rate. Fumhere, as the LSR model is strictly
a local closure to the spectral evolution equation, it dagsmherently capture differential
diffusion, which aries due to differences in the molecuiéudivities of the scalar®#2:51
The model brings in these effects empirically by introdgcmodel coefficients that are

explicit functions of the Reynolds number and of all the Saiimumbers®. This enables
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the spectral model to capture some of the effects of diftexkdiffusion, but in order to
bring that capability into the PDF model, the stochastitedéntial equations that govern
the evolution of the PDF would have to be multi-scale, anrmsiten they are planning for

the future.

We adopt a “shell-model” approach, in which each realizatbh the velocity and
scalar concentrations are decomposed into wavenumbes lmarghells. The evolution
of the velocity and scalar within each shell, for each redion, is governed by a stochas-
tic differential equation. Averages within a particulareBithen can be thought of as
loosely defining a spectrum for the energy or scalar fluacbnati The approach has a
long history dating back to the so-called GOY model devetoipe Gledzet® and Ohk-
itani & Yamada?. The reader is referred to the excellent review by Biferdte more
information on how shell models have been used to analyzentiigfractal energy cas-
cade and small scale intermittency. In our approach, the ©iBEthe shell model are
stochastic differential equations that are derived tsgathe eddy damped quasi-normal
Markovian (EDQNM) theory’-33 EDQNM is computationally the least expensive of the
family of two-point statistical closures with nonlocal @nactions (e.g., direct interaction
approximatior?). It has been shown to predict the energy specirand scalar transport
well1820:31.48ncluding small-scale phenomena such as differentigision**°without
introducing additional modeling assumptions. Hybrid amhes that couple EDQNM to
the mapping closufe® have yielded some succéds Here we formulate a Langevin
equation for each shell that produces statistics consiatiémthe EDQNM equation. The
approach is based on the one used by Ulitsky & Cofffndut is extended to the case
of scalars with mean gradients. It is somewhat reminiscettieolarge-eddy-simulation
closure developed by She & Jackéénin which they modeled the ‘implicit’ (missing)
modes in spectral space as a linear damping of the ‘exp{reisolved) modes, such that

the rate of removal of energy from a particular mode is propoal to the energy in that
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mode. However, their model discretizes the three-dimeasmavevector space, whereas
we are performing a much more severe truncation to wavenusiia#is in order to gain

the efficiency required for a general purpose mixing model.

The goal of this paper is to present the derivation of thehststic shell model and
verify its consistency with the EDQNM theory. Additionagllywe show how the model
will be used to determine the evolution of the joint scalaFP&lthough we leave the full
exploration of this aspect of the model to a future publaati The paper is organized
as follows. The governing equations for the velocity andascas well as the EDQNM
closure for the relevant spectra are summarized in 83.2suhastic shell model is then
developed in 83.3. Comparisons between the EDQNM and stakehpredictions are
given in 83.4 followed by a discussion of Lagrangian statsspredicted by the model in

83.5 and conclusions in §3.6.

3.2 Governing Equations and Summary of EDQNM Models

3.2.1 Governing Equations

Assuming constant molecular properties, the governinggjs for each scalar and for

velocity field are as follows

aui
v 0, (3.2)

ou Ay 1dp 0%
ot Yax Toax Vo (3:3)

J
? 9 92
;r;aﬂi P _ 5

) 3.4
X 6Xi2 (3.4)

whereu; is fluctuating velocity,p is pressurep is fluid density,v is kinematic viscosity,

@u(X,t) is concentration of scalax, and Dy is the molecular diffusivity of species
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relative to the solvent species. Note that Greek lettersfgigrbitrary species, and hence
the summation convention does not apply to them. In thisystwe will consider the
mixing of two scalars, labeled andB (corresponding tor = A anda = B); however, the

method can be generalized to an arbitrary number of scalars.

For the sake of simplicity, we align the scalar mean gragievith thexs direction.
Although under this circumstance the correlations invadvihe scalar fields are no longer
isotropic, they remain homogeneous. Introducing the Rie\gabecompositiongf, = @y —
(@y) (we assume the mean velocity) = 0 without loss of generality), we can derive the

equations governing the mean and fluctuating scalar fields

@ 0, (3.5)
o, AU b
(;':“ + (3):{“) — Dy a)‘(‘;a gl (3.6)

wherel ¢ = d{@y)/dxz is the constant mean gradient of spedes

For completeness, we provide a summary of the EDQNM equafionthe energy

spectrum, velocity-scalar cross correlation spectrurd tha scalar-scalar spectrum.

3.2.2 EDQNM Model for Energy Spectrum

The energy spectrum is derived from the two-point Reynoltiess Rj(x1,X2) =

(Uui(x1)uj(x2)). The reciprocal Fourier transform relations for the Regsaltress aré

Rij(ka p) ://Rij(Xl,Xz)ei(k.lerp'XZ)XmdXz, (3.7)
Rij (X1, X2) ://Rj(k, p)e(kxa+PX)didp (3.8)

wheredk = dk/(2m)3, anddpis defined by analogy. (Note that we have suppressed the

explicit dependence of all correlations on time to simpliig nomenclature.) We assume
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the velocity statistics are isotropic, and further negleeteffect of helicity, allowing us to

reduce the two-point Reynolds stress to

A

Rij(k, p) =R(K)P;j(k)d(k+p), (3.9)

where the projection operat#; (k) = &;; — kikj /k2, 3(k+ p) = (2r)33(k + p), 8(k+ p)
is the three-dimensional Dirac delta function amdis the Kronecker delta function. The

turbulence intensityy, is related tdR(k) by

3., [KRK, [
u _/0 i dk_/o Eu(K)dk, (3.10)

whereE, (k) = k?R(k)/(21%) is the turbulent energy spectrum.

The EDQNM model transport equation fBg(k) can be written as follows

[§+mmﬂa®:m®, (3.11)
where

T = [ [ OFWE(pE(ddpda. (3.12)

MK = e+ [ [ e, Euadpda, (3.13)

Vi = %;w—f% (3.14)

Vo = %gqu%, (3.15)

ORI = %ﬁ, (3.16)

e = 2hu+w+uﬁ+w¥+ﬁ?+¥% (3.17)

the constant; = 0.36 to ensure that at infinite Reynolds number the energy spact

obeys the Kolmogorov inertial range scalingnd the frequencyy is defined a¥
1 I(k"‘R K')dK 3.18
Mk = ﬁ'{ /0 (K)dK . (3.18)
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The wave vector&, p andq compose a closed triad (i.&k+ p+ g = 0), and the coeffi-

cientsx, y andz denote the cosines of its interior angles.

pa_K-p -

X = = , 3.19
Pq 2pq ( )
B k‘q_pZ_kZ_qZ
y = kg 2kq , (3.20)
B k‘p_qZ_kZ_pZ
i el (3.21)

The integrals in Egs. 3.12 and 3.13 are over all possibleedldsads that can be con-

structed for wave vectdk.

3.2.3 EDQNM Model for the Scalar-Velocity Cross-Correlaton Spec-

trum

The two-point velocity-scalar cross correlation for spsci is defined ag)¥ (x1, x2) =

(Uj(X1)@, (x2)). The reciprocal Fourier transforms are given by

Qkp) = [ [ Qf(xaxe)e PR gl (3:22)
Qxaxe) = [ [ Qi pexsPe) dkap. (3.23)
The presence of the mean scalar gradients reduces the sgnohite scalar fluctuations
from isotropic to axisymmetric about tlxg axis. Thus, the only nonzero component of the

cross correlation vector i85 (x1,x2) (andQ§(k, p)). Taking advantage of homogeneity,

axisymmetry, and the continuity relationship yieléis

Q% (k, p) = Q(K) (1~ 2)d(k+p) , (3.24)

wherepiis the cosine of the angle between the wave vek@nd the direction of the mean
gradient, i.e.p = k- e3/k, wherees is the unit vector pointing irxs direction. The single-

point scalar flux, defined &35 = (usz¢y), is related to an integral of the cross correlation
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spectrum as follows
/ 3n2Q°‘ k= / ES(K) (3.25)
whereES (k) = k?Q° (k) /3rP.

Based on the standard EDQNM closure procedure, Herr€tdgrived the following

integro-differential equation fdgg (k)
a a
[at +(V+ @a)kﬂ ES(K) = —ToEu(k) + TS (k) (3.26)
where
_ / / dpdgx
A
@-krpq{ ~OFPT g [H1Eu(K)Ey(p) + HaEu(K)Ey(@) + HEu(p)Eu()]
+HAEL(PIEG(K) + HSEU(KIES (@) + HeEu(PIEG ) + HIEL(KIEG ) |
2

+Ee$'°"{ — OF®T o [HEU(K)Eu(p) + Eu(K)Eu(a) + JEu(p)Eu(0)]

+J4E4(Q)EQ(K) + IsEu(p)EQ(Q) + J6Eu(a)Eq(P) + J7Eu(Pp) ES(IO} (3.27)

kPG
1—eWr
G)#pq _ o (3.28)
Hr
WP = (it Mp) + Cablg + V(K + PP+ ) (3.29)

with the coefficients; = 0 andcs = 1.03. The dependence on the angleancels out of
the equation. The definitions of the geometric factdysH; andJ;—J; are summarized in

Table 3.18.
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Table 3.1: This table lists the definitions of the coefficsgior theQ® (k) equation.
Herex, y andz are the cosines of angles between the wave ve&qos
and g, which forms a closed triad (see Eq. (3.21)), &hés twice the
area of the triad, given by? = 7 (k+ p+q)(k+ p—a)(k+q—p)(p+

q—k).
Name Expression Name Expression
| FE(FR) | b | FR(F )

3.2.4 EDQNM Model for the Scalar-Scalar Correlation Spectum

The scalar auto- and cross-correlation can be written geilgr as B®®(xq, x2) =
((da(xl)cdﬁ(xz)), wherea andp can represent species A or B, i.B%®(x1,xy) is a rep-
resentation oB*\(x1,X2), BAB(x1,x2) = BBA(x2,x1) and BBB(xy, x2). The reciprocal

Fourier transforms are then given by

BB (k, p) = //B‘:"B X1, Xp)e  (KX1+PX2) iy, dx, | (3.30)

BYB(x1, X2) = //B“B (k, p)g(<Xa+PX2) dikdp . (3.31)
Again, homogeneity and axisymmetry leads to the followiglgtion

BY®(k, p) = 2B%P(k, ) 3(k + p) . (3.32)
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The scalar correlatiofy, @) is related taBB(k, u) by

o rl
(@) = 2—7112 /O /_ B (k id i (3.33)

The dependence & (k, ) on the anglgu can be explicitly represented by a Legendre
polynomial series inu'°, and becausB®?(k, ) is an even function ofi, only the even-

order powers of the series are non-zero, which yields
B (k, 1) = _;B%B(sz(u) . (3.34)
1=

As the 4" and higher-order terms have no source, and are initializeeo, the infinite

series can be formally truncated after the second term
1
B (k 1) = Bg"(K) + 5 (30 ~ 1)B"(K) . (3.35)

The first term accounts for the isotropic spectrum and thersaccounts for anisotropy
introduced by the mean scalar gradient. Herr éfdbund that the anisotropy was driven

primarily by the source term, and theref(B%B(k) ~ —BgB(k), implying

3
BB (k,p) = (- 1%)By (k) . (3.36)
Thus Eqg. (3.33) becomes
1 (o) (o]

(@) = F/0 B2 (k)k2dk = /0 ESP (k)dk, (3.37)
whereESP (k) = k2BJP (k) /T2 The final EDQNM equation foESP (k) is (see Ref* for
details)

2
o+ (Dot Q)B)kz} Eg’ (k) = —TaE5(K) —pES(K) + TP (K) , (3.38)
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where

TB“B(k)=//Adpdqx

e&kqpkq{eaqkrarg [F1Eu(K)Bu(P) + F2Eu(K)Bu(0) + FeBu(P) Eu(@)]
o [FaEu(PIEB () + FSE(QE(p) + FeEu(IEB (@) + FEu(P)ER(0)|
5T [FAE(PIES(K) + FsEL(KER(P) + FoEu(KER(0) + FE(P)ES(0)] }

+e&k“qu{e£quarg [G1Eu(K)Bu(P) + GoBu(K)Eu(@) + GBu(p) Eu(q)]
5T [GAEUPIES(K) + GsEUES(P) + GsEuKIES() + GrE(PIEG(@)]
—5Ta [GeE(ER(K) + GsEu(KER(P) + GsEu(KIER(@) + GrEW(PIER (@) }

+00 [M1ES()EG (p) + MoE(K)ES(a) + MsE (p)E(a)

+M4Eu(P)ESP(K) + MsEu(PESP(a) | | (3.39)
_ kpoy
1— e M
okpd o (3.40)
Hm

1t e’”K/Ipqt—e’“‘krlp/q/t Kpg p.k/p'q’
@kqu/ o _ ,1 / u',i,,pq M'?ﬂquﬁp’ o s Hm T . (3.41)

U'l? P 1e it — P kpg _ Kpd

ykpd —te ) Hv = Mr

P9 = Capl+ Cs(Hp -+ M) + V(KR + P2+ P) . (3.42)

The coefficients andcs are set to B6, and the other coefficienis—, G1—G7 and

M1—Ms are given in Table 3.2.
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Table 3.2: Definitions of the coefficients for tB&? (k) equation. Here, y, zand
N are defined as in Table 3.1.

Name Expression Name Expression Name Expression
AR IERETCEO I I ETICE
s ¥aGn) | e | Wa(E-R) | | R

3.3 ‘Shell Model for the Velocity and Scalar Fields

‘Shell’ models are based on a discrete representation ahtke-dimensional wave vector
space in concentric spherical shells of radiys= koA"1, wheren is an integern =
1,2,--- N+ 1 andA is the intershell ratio. The wavenumber range of the modkd is
k < koAN with a shell distribution that is logarithmic, which enablihe model to span
a broad range of scales with a moderate valubl.ofThe discrete form of the EDQNM
model can be solved on a logarithmic grid as well (see for g@tamesieu?’ for details),
providing the necessary inputs to the shell model. In thctiee, we derive stochastic
differential equations (SDESs) for real variablagt) and¢f(t) (a = A or B), which are

the fluctuations associated with shell The SDEs are defined such that an ensemble of
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realizations of these variables satisfies the followingtrehships

(Un(t)um(t)) = dnmEu(kn,t) , (3.43)
(Un(t)@in(t)) = dnmEJ (kn, 1) (3.44)
(@ OE()) = SnmEg’ (n, ) . (3.45)

3.3.1 Langevin Equation for the Velocity

The SDE forun(t) takes the form of an Ornstein—Uhlenbeck process

dUn(t) 4+ Au(kn)Un(t)dt = r1(ke) AW (1) (3.46)

Whered\/\Al] (t) is a vector-valued Wiener process increment satisfyingpeddence and

the standard time correlation, i.e.,
(AW () dWE (5)) = Brmrd(t — 5)dsdit.

If we multiply Eq. 3.46 byum(t) and average based on Ito calcifitjswve can derive the

following differential equation

5 2| Eull) =k 3.47)

Comparing this equation with the discrete form of Eq. (4w8),find that for consistency
rf(kn) = Tu(kn) - (3.48)

However, Eq. (4.8) reflects a decaying energy spectrum witloocing, while in our study
we will consider a statistically stationary turbulent flo the stationary case, the time

derivative is zero, and hence we can redef%(«kn) as follows

rf(kn) = 2\u(kn)Eu(kn) (3.49)

with E,(kn) being the desired stationary energy spectrum Jaiiki,) retains the definition
given in Eq. (3.13).
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3.3.2 Langevin Equations for the Scalar Fields

We introduce two stochastic equations for the scalar cdretgons

dgh(t) + MK ER()dt = —T atn(t)dt -+ ra(kn)dWEY (t)

+r3(kn) AW (1) (3.50)
dgB(t) + A3 (ka)GB(t)dt = —Tgun(t)dt-+ra(ky)dWaY 1)

+rs(k) WA (1) +Te(kn)dVAD(E) . (3.51)

wheredwW" (1), dwe? (t) and awg® (t) are independent Wiener process increments (i.e.,
(Wl (t)dwi(s)) = 0 for i # j). Relationships for the coefficiendg(kn), Ag(kn), and

ra(kn)—6(kn) are derived below.

Multiplying Eq. (3.50) byun(t), summing the result with the product of Eq. (3.46) and

@h\(t), and averaging using Ito calculus yields

0

{a +Au(kn) +A$<kn)} EQ(kn) = ~T AEu(kn) +ra(kn)ra(kn) . (3.52)

Performing the analogous operations on Egs. (3.46) and)(giélds

[g (k) +Af;<kn>} ES(ky) = —TeBulk) +rakralk) . (3.53)

Comparing Egs. (3.52) and (3.53) with the discrete form of BR6), we see that for

consistency

M) = (V+Da)KE—Ay(kn) , (3.54)
Ao(kn) = (V+DB)kG—Au(kn) , (3.55)
ri(k)ra(kn) = TE(ka) (3.56)
ri(kn)ra(kn) = TS (Ka) - (3.57)
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Using the same procedure, we derive scalar auto- and coossation equations

{%*2)‘{3("“)} Bg (k) = —2raBQ(kn) +13(kn) +r3(kn) , (3.58)
{%* 2A<Bp<kn)} EBB(ky) = —2M8EB(kn)+r3(ke) +12(kn) +12(ke) , (3.59)
E“@Wﬂ)“@(kﬂ ER%(kn) = —TAES(kn) —MeE(kn)

+r2(kn)ra(kn) +r3(ka)rs(ka) . (3.60)

Comparing these equations to the discrete version of E2Q)4ields

r3(kn) +r3(kn) = 2| Ng(kn) — DakE| EQAn) + T8 A(kn) . (361)
r3(kn) + rB(kn) + rB(kn) = 2 [A3(ke) — DkE| BB (ko) + TEB(e) . (3.62)

r2(Kn)ra(kn) +ra(kn)rs(kn) =
[N (k) + AB (ko) — (Da-+ D)KE] EAB(ke) + T2k (3.63)

3.3.3 Numerical Implementation

The ‘shell’ model consists of the SDEs for the velocity (seg £46) and scalars (see
Egs. 3.50 and 3.51) that will be advanced for an ensembleabfations. We refer to each
realization as a ‘particle’ that is designated by an inteéggexm=1,2,--- ;M, whereM is
the total number of realizations. We will augment the nonheice given in the previous
section to include the particle (or realization) number; ggample, we definemn(t) to
be the random velocity in th@" shell of themi" particle at timet. Each particle obeys the

same equations, but is an independent realization of thettem. Spectral expectations
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are then approximated by ensemble averages as follows

1 M

Bullo) = 5 3 Unal) (3.64)
LM

Eak) = & 21Um,n(t)<0%,n(t), (3.65)
M

=58 00) = g 3 ool (3.66)

which approach the expectation in the lifWlt— co. The initial conditions for the scalars
were set to zero, i.eqf;, ,(0) = (pﬁ1,n(0) =0, for allmandn. The turbulent velocities, being

stationary, were initialized as follows
1/2
Um’n(O) — Eu (kn) Nm’n[o, 1] , (367)

whereNmn[0,1] is an independent Gaussian random number with zero meanrand u

variance. The initial velocity is consistent with the spalxtelationship given in Eq. (3.64).

In order to advance the shell model equations (Eqgs. 3.46,&h8 3.51), we must first
evaluate the coefficienis,(ky), )\@(kn) and)\(Bp(kn), as well ag1(ky)—re(kn). The first three
are given as explicit functions of the spectra and knownfmefts (see Egs. 3.13, 3.54
and 3.55). At every instant in time, the spectra can be rénoted from the ensemble
of realizations ofumn(t), ¢fn(t) and ¢f} (t), per Egs. (3.64)~(3.66). The coefficients
ri1(kn)—rs(kn) can be calculated by recognizing that for each shell thevialig relation

holds

ri(ka) O 0 ri(kn) ra(kn) ra(kn)
ra(kn) ra(kn) O |- 0 ra(kn) rs(ka) | =A,
ra(kn) rs(kn) re(kn) 0 0 re(kn)
whereA is the followingsymmetrianatrix
Au(k)Bulkn)  TA(kn) TS (kn)
A= Sym RHS Eq(3.61) RHS Eq(3.63) | , (3.68)
Sym Sym RHS EQ(3.62)
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For space purposes, we use ‘Sym'’ to refer to symmetric elenodéthe matrix, and ‘RHS’
refers to the ‘right hand side’ of the specified equation. Ag gan see, the coefficients
r1(kn)—s(kn) form the lower triangular Cholesky decomposition of the syetric matrix
A, which exists so long as this matrix remains positive deilite., with positive real

eigenvalues). This is a realizability constraint that igs§@d by the EDQNM modéf46.

The stochastic differential equations that constitutestiedl model were updated using
a 3/2—order schenie To illustrate the approach, the numerical update for Eg:§)3can

be written as follows

Un(t +A8) = Un(t) — Au(kn) Eu'nm ¥ §u"n<t>} A+i (kN[0 VAT, (3.69)
where

Un(t) = n(t) — Shu(kn)un(AL (3.70)

un(t) = u’n(t)+gr1(kn)% (Nl[o,1]+%r\|2[o,1])m’t , (3.71)

andN;[0,1] andN[0, 1] are two independently chosen Gaussian random numbers (zero

mean and unit variance). The same numerical update was utelgs. (3.50) and (3.51).

3.3.4 Probability Density Function

Although not the focus of the present study, we would likeampout that the stochastic
shell model, in addition to modeling the energy, scalar andsspectra through averages
within each shell, also provides a model for the PDF of scahat velocity fluctuations.

We arrive at these relationships by first recalling that lgiqapint second-order moments
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can be determined from the spectra as shown below

(@R = n:EQ%kn), (3.72)
(dg) = nﬁlEEE‘(kn), (3.73)
(Gath) = nzlEéE‘(kn), (3.74)
(ugp) = nifé(kn), (3.75)
(ugh) = nzlEc%(kn) (3.76)

Alternatively, we could arrive at a particle based velooitygcalar fluctuation by summing

over the wavenumber shells as shown below fomtHeparticle

ut) = iumm(t), (3.77)
N

@(t) = Zlcpﬁn,na), (3.78)
N

@(t) = Zlcpﬁ‘n,na), (3.79)

which can be thought of as a single representation of thegiiagved PDR*. The corre-
lations obtained from the PDF are consistent with those fileenspectral shell represen-

tation. This can be easily demonstrated for the varianckeeofélocity by recognizing

, 1 MN 2 N[ M ,
(U = = Um,n(t) = — U, (t)| .
M mzl n=1 nzl M rer mn
pa;ﬁcle spgztral

The ‘particle’ and ‘spectral’ representations of the vaca are the same because the ve-
locity in each shell is independent, i.€Umn(t)Uy v (t)) = 0 for m= m and/orn=n'.
More generally, the single-point joint velocity—scalarPat is generated by binning the
individual particle values fou, ¢, and@; has auto- and cross-correlation statistics that are

consistent with the spectral representation. In light efithtial condition for the velocity
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Figure 3.1: Evolution of (a) the scalar auto- and crossetations and (b) the
velocity—scalar cross correlations (turbulent scalar)flpredicted by
the EDQNM model (solid lines) and stochastic shell mixingdalo
(dashed lines) as a function of time, normalized by the ladey
turnover timeT. Aside from the statistical fluctuations in the latter
due to the finite size of the ensemble, the agreement is extell

and scalars in the present study, the joint PDF for the vigl@rd scalars will remain a
joint Gaussian for all times; hence for the example in thiglgt the PDF is completely
determined by the correlation matrix. However, this needoedahe case, and for circum-
stances in which the initial scalar PDF is non-Gaussianstibehastic shell mixing model

will provide a model for the evolution of the PDF.

3.4 Comparison of EDQNM and Shell Model

Numerical experiments of the stochastic shell mixing madsie carried out using a Pao

spectrum for the velocity defined as follows

Eu(kn) = Ce?/30 > exp [—gc«nw} , (3.80)
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EDQNM model (solid lines) and stochastic shell mixing model
(dashed lines). The specific spectra are indicated on thpdgra

82



where the constai@ = 1.5, the dissipation rate was setge- 0.18, the kinematic viscos-
ity wasv = 0.015, implying the Kolmogorov length scale wgs= v¥/4/e1/4 = 0.0658.
These parameters produced a turbulence with a root meanesfiuetuating velocity of
(W?)1/2 = 0.68, integral length scale = 1.3, large eddy turnover tim& = 1.92 and
Reynolds number (based on the integral length sda&)= 60. The Schmidt numbers
(Sa = Vv/Dy) for the two diffusing species were set &y = 1.0 andSg = 0.5. The
calculations were performed wi = 10°, N = 64, kg = 1 andkes = 64, implying a shell
ratioA = 1.067. The scalars were initially set to zero, iggy,n(0) = @&, ,(0) = 0.

Figure 3.1 shows the comparison between the EDQNM modellaérnsemble av-
erages of the stochastic shell model. The single-point tiftsswere obtained from
Egs. (3.72)—(3.76) using both the EDQNM prediction for thecrum (solid lines) and
the stochastic shell mixing model prediction for the speat{dashed lines). As you can
see, aside from the statistical fluctuations in the stoahsisell model due to the finite size
of the ensemble, the agreement is excellent. Comparisotiedpectra themselves are

given in Fig. 3.2, and the agreement is once again excellent.

3.5 Lagrangian Statistics from Shell Model

We determined in 83.4 that the shell model reproduces tlygesiime statistics predicted
by EDQNM. Because we are evolving primitive variables focteparticle, it is possible
to predict Lagrangian correlation functions in time. Fdoittary statistically stationary
variablesX(t) andY (t) associated with each particle, we define the correlatioatfon as

(X(s)Y(s+1))
(X2) (Y?)

whereX andY stand for the species concentratign(Greek letterst andp signify species

pP(X,Y;t)

, (3.81)

AorB), velocityu’, concentration difference= @ — ¢, or the local scalar dissipation rate
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0.5.

84



X ()= —2Dy 5N K2 [(mm(t)} ?. Note that we first ran the shell model until all the scalar
statistics reached a statistically stationary state lefonstructing the various correlation

functions defined by Eq. (3.81).

The shell model predictions for the Lagrangian statistressammarized in Fig. 3.3.
We can compare the qualitative trends with the direct nuraésimulation (DNS) study
by Yeung?? In particular, Fig. 3.3(a), (b) and (c) can be compared eetypely with
Figs. 10, 13 and 7 from ReX. The relative behavior between the autocorrelation fancti
for the scalar and scalar dissipation are in good qualgatgreement with Yeung’'s DNS.
Moreover, the trend with the Schmidt number, albeit weak]ss captured by the model;
that is, the scalar with the higher diffusivity (scalar Brdgs more quickly than the slower
diffusiving scalar, whereas the opposite tend is obsergetht scalar dissipation rate, all
in accord with the DNS. The cross correlation curves showfign 3.3(b) look similar
to Yeung's DNS. For example, they have a qualitatively sasamédsymmetry at the origin
(t/T = 0). The major difference is with the sharpness of the cureastn= 0. The shell
model generates a discontinuity in the slope of the coioglaturves at = 0 that arises
from the Wiener process. The velocity-scalar correlatisimawvn in Fig. 3.3(c) likewise
are in qualitative agreement with the DNS, except near tiggrnorWe consistently find
the peak (largest negative value) in the correlation ocatirs- 0, whereas the peak in the
DNS is shifted td /T > 0. The model inherently cannot capture this feature. Nbeéss,
the overall performance of the model is encouraging consigave are not tuning any

adjustable parameters.
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3.6 Conclusions

The main objective of this paper has been the developmentnafna‘shell’ model for
the velocity and multiple scalar species based on the EDQN&driyy. The equations
governing the velocity and scalar within a shell take on ai@aar form of the Ornstein—
Uhlenbeck SDE, with drift and diffusion terms chosen so #msemble averages of scalar—
scalar auto- and covariances, and velocity—scalar cowaggaare precisely those predicted
by the EDQNM theory. We use a generalized form of the EDQNMthé¢hat has been
shown to be realizabfé, enabling this advancement. The resulting equations arersh
to reproduce the EDQNM predictions to within the statidteyaor resulting from the fi-
nite size of the ensemble. To further test the model, we coenlpagrangian correlation
functions involving the scalar concentrations, scalasigation rate and velocity fluctua-
tions along the particle paths and compare them to DNS by gRurDverall the results
are in good qualitative agreement, reproducing the cotrentls with the scalar Schmidt
number, for example. However, the stochastic nature of theéaileads to a discontinuity
in the slope of the correlation functiontat 0, a result of the Wiener process in the model
equation. This discontinuity is not consistent with the DRISFortunately the resulting

errors are important only at small timesl < 1.

The stochastic shell model has the advantage of predi¢tengrobability density func-
tion (PDF) of the scalar fluctuations, when the velocity andtalar are summed over the
shells. Indeed, this development is a step towards a newnghixiodel for the PDF that
takes into account spectral information for the velocity analar fields. The spectral in-
formation is embedded in the distributions across the shélbr example, scalars with
identical PDFs, but different length scales will mix at difnt rates because the spectral
distributions will be different. Such a dependency is nailgaeproduced by traditional

single-point closures that contain no scale informatiomrtltfermore, we have demon-
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strated that the shell model takes into account differediffusion at a level equivalent to
the EDQNM theory, which previously has been shown to reptedunumber of key fea-
tures in agreement with direct numerical simulatith&inally, we note that the stochastic
nature of the model ensures that the scalar fluctuationsreldk towards a Gaussian at
long times. Placing the stochastic shell model in the cardéSubramaniam & Pope’s
eight requirements for a sound mixing model, the stochastedl model automatically
satisfies: (i), (i), (iv), (v), (vi), and (vii). The issue tiie bounds (iii) is a challenge for all
stochastic mixing models, including this one, and we defaher discussion of this point
until a future publication. The issue of the effect of cheamhieaction (viii) has been real-
ized; however, only for simple bimolecular reactions uphis poinC. The generalization

of the method for more complex chemistry remains an impodpan challenge.
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CHAPTER 4
BOUNDED STOCHASTIC SHELL MODEL FOR TURBULENT MIXING OF
MULTIPLE SCALARS WITH DISTINCT DIFFUSIVITIES

Abstract In the paper by Xia et al. (2010), we derived a stochastid sfiging model
(SSMM) for turbulent mixing of multiple scalars with mixedfdsivities. The framework
uses a Monte Carlo scheme to advance notional particlesrtbe¢ with the fluid, and
have scalar concentrations that are subdivided into “shiblat loosely represent a spectral
decomposition of the scalar fluctuations. The varianceiwigach shell is equivalent to
the scalar spectrum evaluated at the corresponding waverui@mall-scale phenomena
such as differential diffusion and the dependence of mixanghe scalar length scale
are captured by the inherently spectral nature of the mo#&ekthermore, the sum of
the scalar over shells for each notional particle simubbaiséy provides a fine-grained
representation of the joint scalar probability densitydiion (PDF). This aspect of the
model was introduced, but not fully explored in the earliaper, which focused on scalar
fluctuations arising from a uniform mean gradient. At theelesf this model, the scalar
PDF reduces to a joint Gaussian. In this study, we explorem@mplex mixing scenarios,
including the initial double delta function, which ariseBem two streams are broughtinto
sudden contact. This introduces two important complexitieat are the focus of this
paper. The first is the shape changes to the PDF that resuteascalar PDF relaxes
into a Gaussian form. The second is due to the bounds ther snakt satisfy. Monte
Carlo schemes inherently violate bounds; we modify the rheadlas to ensure the bounds
are satisfied by nearly all of the particles. Extensive campas between the SSMM
predictions and direct numerical simulations (DNS) are enfd two decaying scalars
(with different diffusivities) in forced, isotropic turlbence. Overall the agreement is very
good. Additionally, we test a conjecture made in derivingg 88MM, namely that the rate

of mixing of a scalar is a function of its spectrum, but noHB3F. Using DNS, we contrast
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the mixing rate of two scalars with identical PDFs, but dif& spectra against two scalars
with identical spectra, but different PDFs. We concluderfrthis comparison that the
mixing rate is sensitive to the spectrum, but not the PDFujppsrt of the assumption

used to derive the SSMM.

4.1 Introduction

There are a multitude of frameworks for studying the mixihgaalars by turbulence, each
designed to address different aspects of the process. Theftgreatest significances to
this study are: (i) the spectral analysis of the auto- andscamrrelations of the scalar

fields; and (ii) the joint composition probability densityriction (PDF).

In the classical picture of mixing, turbulent eddies, tlgbuhe actions of stretching
and folding, break up large-scale inhomogeneities (blobghe scalar field into smaller
and smaller scales until ultimately molecular mixing disges the remaining scalar fluc-
tuations, homogenizing the system. The rates of stretcimbfolding depend upon the
length and time scales of the eddies. While a formal anabyfsikis process is not fea-
sible due to the closure problem, this conceptual pictungrofressive granularity of the
scalar by the action of the turbulence can be captured byarapenodel, which decom-
poses the scalar fluctuations into wavenumbers that loesehgspond to inverse length
scales. Classical scaling arguments set forth by Kolmogdt@bukhov?? and Corrsir?
established the scalar spectrum should have the following in the so-called inertial-
convective subrangé®

Eg(k) = Be~1/3xk /3, (4.1)

whereEg(k) is the three-dimensional scalar spectrars the energy dissipation ratejs
the scalar dissipation rate afids a presumed universal constant. The argument assumes

a constant flux of scalar fluctuations through the inerta@ivective subrange equal to the
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scalar dissipation rate, which effectively links smalélecdissipation to the larger-scale

eddies that control the flux.

The PDF representation replaces the local concentratisceddirs by the joint distribu-
tion of scalar fluctuations. PDF methods are particulatiaative for chemically reactive
systems;3:16.17.25,.33.345 the chemical source terms are closed in this represamta-
gardless of their complexity. However, the molecular mixiasponsible for the evolution
of the PDF is not closed and hence must be modeled. For exathplevolution of the

scalar PDFP(c,t), in homogeneous turbulence is governed by

aP(c,t) N 10%
ot 20c?

[Xx(c,t)P(c,t)]=0, (4.2)

wherex(c,t) = (2D0¢- Og|@= c) is the average scalar dissipation rate conditioned on the
scalar concentration, a quantity that cannot be computed the scalar PDF and hence
must be modeled. Recognizing the PDF is a single-pointssi@tthe modeled term can

be thought of as providing two-point informatida.

Both paradigms of mixing provide complementary informatid he spectrum inher-
ently provides two-point information about the scalar fiattd can represent derivatives
of arbitrary (even) order as weighted integrals of the spett however, it only contains
information about second-order moments. The PDF framewaorkontrast, can evalu-
ate arbitrary-order moments through weighted integrathefPDF, but only at a single
point. It is natural to think of combining these two desaops of the scalar field so as
to exploit the strengths of each representation. MeyersBden?® derived a two-point
PDF equation with this in mind, and closed the equation byapg the unclosed term
by one that relaxes the scalar to its mean. However, theigoltd this equation did not
correctly represent the evolution of the scalar PDF fromma@Gaussian initial condition.
Gao and O’Bried® analyzed some of the properties of the joint PDF and showadtile

PDF of scalar gradient conditioned on the scalar is nearlys&an, motivating them to
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use a Gram-Charlier expansion f{Ic|c) with coefficients found from DNS. Fox & Ye-
ung'* developed a hybrid strategy that combined the Lagrangiactsyl relaxation (LSR)
model for the mean scalar spectrtim?with a Fokker—Planck equation for the P&
The LSR model was used to account for the effect of changégiggectral distribution of
scalar on the scalar dissipation rate. The model capturedtaeEulerian and Lagrangian
statistics in good accord with DNS for a decaying, Gaussiatas; however, the extension

of the modeling to non-Gaussian fields requires furtheryamsl

In an earlier study, Xia et &° developed a novel hybrid approach called the stochas-
tic shell mixing model (SSMM) that uses a Monte Carlo schemadvance the velocity
and scalar concentrations on notional particles that haea subdivided into wavenum-
ber bands or ‘shells.” Averages across the particles of ¢tatas co-variance within each
shell can be thought of as defining the scalar covariancdrspecwhereas the sum of
concentrations over the shells of an individual particlevpies a single realization of
the fine-grained PDB3 Coefficients in the SSMM were chosen so that the spectra match
the eddy damped quasi-normal Markovian (EDQNM) spectradeh®’ which in earlier
work has been shown to predict single-point and spectratts in good agreement with
DNS.18.39.40.44There are several inherent strengths of the model relatigéingle-point
closures. First, as molecular mixing is explicitly accahfor, the model can describe
molecular-driven processes such as differential diffusi®econd, the spectral decompo-
sition provides length scale information that, for examplkws the mixing rate to depend

upon the integral length scale of the scalar, a phenomenonrkio be true*3

The model was first applied to the mixing of scalars with umifanean gradient&
In this scenario, the model predicts a joint Gaussian PDRlfaime, so the main feature
of the model was that it captured the covariance matrix ately. Additionally, we com-

puted Lagrangian time correlations for the same flow andddbem to be in qualitative
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agreement with direct numerical simulations (DNS) in theréiture?®

There are two aspects of the model that were not consideretabgt al*°: (i) the
ability of the model to describe the evolution of an inityallon-Gaussian PDF (the double
delta function being an important examflgand (i) whether the model can be made to
obey the scalar bounds, a challenge for any stochastic ghixiodel. We address both
guestions in this study. Additionally, we investigate aharent assumption in the model,
namely that the mixing rate depends upon the scalar specbutmot its PDF. To test
this hypothesis, we investigate four mixing cases with DN, in which the PDFs are
matched, but the spectra are different, and two in which pleetsa are matched, but the
PDFs are different. From this study we conclude that therapion made in the model is
valid. The remainder of the paper is devoted to comparisetwden the model and DNS
of isotropic mixing of scalars with initial PDFs that are rigadouble delta functions.
We use the algorithm by Eswaran and Pbpe create the initial condition, and study the
evolution of the PDF towards a Gaussian, making detailedeasisons between the model

predictions and the DNS.

The paper is organized as follows. The governing equationthé velocity and scalar
are givenin Sec. 4.2, along with a summary of the EDQNM moteé bounded SSMM is
then presented in Sec. 4.3. Section 4.4 contains the DN$ studparing the significance
of the scalar spectrum and its PDF on mixing. The result supploe assumption made in
the SSMM. Comparisons of the predictions of the SSMM with Di&given in Sec. 4.5,

followed by the conclusions in Sec. 4.6.
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4.2 Governing Equations and EDQNM Model Summary

4.2.1 Governing Equations

This paper focuses on the mixing of two passive scafaiand B in a homogeneous
isotropic system, where the mean velocity and scalar cdrad@ns are set to O without
loss of generality. Under the assumption of constant médeqroperties, the govern-

ing equations for fluctuating velocity and scalar concentratiag, for speciesu are as

follows:*
ouj(x)
O (4.3)
oui(x) Olui(x)uj(x)]  1ap(x)  8%ui(X)
o 0Xj +B x o (44)
0gu(X) | AUi(X)@u(x)] 0% (x)
o + % = Dy PV (4.5)

1

wherep is pressurep is fluid densityy is kinematic viscosityDy is the molecular diffu-
sivity of speciesu relative to the solvent species. Note that we use Greekddtiesignify
arbitrary species, i.eq = A or B, and that there is no summation over repeated Greek

suffixes.

The next two sections provide concise summaries of the ED@dlhtions for the
turbulent energy and scalar spectra, respectively. Refdetr et al'® and Xia et al*® for

the detailed derivations of the equations.

*To simplify the nomenclature we suppress the explicit dedpace of all variables on time.
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4.2.2 EDQNM Model for Energy Spectrum

For homogeneous isotropic turbulence, the energy spedglfk) is all that is required
to specifyRjj (k, p), which is the Fourier transform of the two-point velocityregation
Rij (X1, X2) = (Ui(X1)uj(x2)). The formal relationship is

21PE(K)

@ Pi(d(k+p). (4.6)

Rij(k,p) =

where P (k) is the projection operator defined & (k) = & — kikj/k?, 8(k+ p) =
(2m)38(k + p), 8(k+ p) is the three-dimensional Dirac delta function aigdis the Kro-
necker delta function. The energy spectrinik) is related to the turbulence intensity as

follows

—u _/ Eu(K (4.7)

The transport equation fd,(k), closed by EDQNM theory, can be written as

9
5+ 209| Eul = [ [ SHPVAELPIEL@) dpdg (4.9)
where

MK) = k4> //@ P, Ey(q) dpdq, (4.9)

3K?
Vi = 2—q<xy—z3>, (4.10)

_ 3
Vo = 2—q<xy—z3>, (4.11)

y 1
ofpd = @’ (4.12)
UPY =y (Mt Hp -+ M) + V(R + P2+ ) (4.13)

The constant; is set to 036 to ensure that the energy spectrum obeys the Kolmogorov

inertial range scaling at infinite Reynolds numbemd the frequencyy is defined a®®

_i k /4 /
= /Ok R(K)dK . (4.14)
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The triangle under the integral symbols in Egs. (4.8) an@)) (#idicates an integration over
all the possible closed triads composed by the wave vektgrandq (i.e.,k+ p+q=0)
for each wave vectok, and the coefficients,y andz are the cosines of its interior angles

pa_K-p -

X = = R 4.15
Pq 2pq ( )

B k_q_pZ_kZ_qZ

_ kp_#-K-p’
2 = o A (4.17)

4.2.3 EDQNM Model for the Scalar Correlation Spectrum

The scalar correlation spectrudi®(k, p) is the Fourier transform of the two-point scalar
correlationB®® (x4, x2), wherea and can denote speciésor B. Under the homogeneous
isotropic assumption, the expression BS#(k, p) can be simplified to

2m2ESP (k)

S S(k+p) . (4.18)

Bk, p) =

Scalar correlationgp, @) are related to the scalar spectrum by

<cpa<pB>:/°° ESP (k) dk. (4.19)

The final EDQNM equation for scalar spectra@® (k) is4®
Bt (@a+@[;)k2+2)\(p(k)} Ea’ (k) = T%(k), (4.20)

where

= / / okPIM,EL(p) dpda, (4.21)
T9B (K / / OkPIM,E, (p)ESP(g)d pda, (4.22)
SV 1;7;% (4.23)
WP = Copt + Ca(pp + Hg) + V(K + P2+ ?) | (4.24)
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3N?q 3N%k

M 2p%q

N2 = 2 (k- p+)(k+ p—a)(k+ - p)(p+a—K) . (4.26)

The constants, andcsz are set to (B6.

4.3 Langevin Model

The Langevin model proposed here is based on a discretesegpation of the three-
dimensional wave vector space in spherical shells of rakius koA\""1, wheren =
1,2,....N+1, andA is the inter-shell ratio. We choose a logarithmic shell ritisttion
so that the model can span a broad range of scales with eveeratedalues oN. The
Langevin models are stochastic differential equationsg§§Oor real variables,(t) and
¢f(t), which stand for the fluctuations associated with shelfhey are defined such that

an ensemble of their realizations satisfies

(Un(t)um(t)) = SnmEu(kn,t), (4.27)

EORD) = SnmEgP(kn,t) . (4.28)

whereE,(k,t) and Egﬁ(k,t) develop in accordance with the EDQNM model [Egs. (4.8)
and (4.20), respectively]. Her&,(ky,t) and Egﬁ(kn,t) refer to the energy variance and
scalar covariance contained within the finite shell, or egjently they are the integrals
of the respective spectri,(k,t) and ESB(k,t), over the shell. (Note that we distinguish
between the energy and scalar spectra and the equivaleglyeragiance and scalar co-

variance by the argument.)
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4.3.1 Langevin Equation for the Velocity

The velocity in each shell satisfies an Ornstein-Uhlenbeokgss
dun(t) + Au(kn)Un(t)dt = ro(kn) VA (1) , (4.29)
wheredW,” (t) is a vector-valued Wiener process increment which satisfies
(WY (1) AW (s)) = Bnmd(t — S)dsdt. (4.30)

Multiplying both sides of Eq. (4.29) by (t) and averaging based on Ito calcultiswe

obtain

5+ 2l Eul) = 1), (4.31)

Comparing this equation with Eq. (4.8§(ks) is determined to be

Fke) = [ | ©4"MEL(P)EL@)dpda. (432)

However, Eqg. (4.8) depicts a decaying energy spectrumgewsif study uses a statistically

stationary turbulent flow, which leads to the following mideti definition ofro(ky)
r§(kn) = 2Au(kn) Eu(kn) - (4.33)

HereE,(Kk) is supplied from the stationary energy spectrum from the DINSs eliminat-

ing any error associated with the prediction of the energaespm.

4.3.2 Stochastic Shell Mixing Model (SSMM)

We propose two similar SDEs for the spectral coefficientheffluctuating scalar concen-

trations

def(t) + [DakZ + Ag(kn)] @h(t)dt = ra(k)dWA' (1), (4.34)
dgB(t) + [Dek + Ag(kn) | GB(t)At = ra(kn) VA (t) + r3(kn) VAT (), (4.35)
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where W/’ (t), dwi (t) and dwWe? (t) are mutually independent Wiener process incre-
ments, i.e.,(d\/\A”(t)d\/\A”(t)) =0 fori # j. Again, by means of Ito calculus, we can get

the explicit expressions far (k,)—3(kn) summarized belot#

i) = Tk, (4.36)
rikn)ra(kn) = T%(kn), (4.37)
r5(kn) = T°%(kn) —r3(kn) . (4.38)

4.3.3 Bounded Stochastic Shell Mixing Model (BSSMM)

A common weakness shared by almost all Monte-Carlo basethgnedgorithms for
scalars is their potential to violate the scalar bounds seddy the initial and boundary
conditions. The SSMM model proposed above suffers from éineesshortcoming. This
is evident in Fig. 4.1 (b), which shows the PDF for sca#latt* = 0 andt* = 0.6 (details
of the initialization of the model are given in Section 4 &heret* =t/T, andT is the
large eddy turn over time. Notice that the SSMM predictiartfe PDF at /T = 0.6 (line
with dots) extends beyond both bounds (indicated by theécatines). The PDF from the
DNS (details of DNS are given in Section 4.4), in contrasggloot violate the bounds,
as shown in Fig. 4.1 (a). The issue can be seen more clearig.id R, which shows the
extrema of the scalar concentrations as a function of tinfe &xtrema predicted by the
SSMM model go well outside the bounds over the first eddy tventime, and then re-
main relatively constant thereafter, whereas the extremtné DNS are decaying to zero
with time. The level of these violations of the bounds coutdl Ime tolerated in a reacting

system, where they would imply excess reactant or negatmeantrations.

The problem arises from the random terms, which are an iedsgble component of

the model because they ensure the PDF relaxes to a Gauss@naHong times. Advec-
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Figure 4.1: A comparison of the PDF of scafaatt® = 0 (solid lines in all three
plots) andt* = 0.6 (lines with dots in all three plots). Plot (a) is from
DNS, (b) is from the SSMM, (c) is from the BSSMM. In all plots,
the vertical lines indicate the initial bounds of sca®awhich are the
same as in plot (b) and (c), but slightly different in plot ¢aje to the
mismatch between DNS and the model initializations.

tion by the Navier-Stokes velocity is conservative, whictplies the scalar concentration
of a Lagrangian fluid particle should not be affected by atlwac While the modeling
of advection in the SSMM conserves the scalar variamcaveragdi.e., when averaged
over the population of particles), it does not conserve treentration for each particle.
As a consequence, particle concentrations can wandedeuts bounds imposed by the

initial and boundary conditions.

Restoring the conservation principle on a per particlesbasiuld eliminate the prob-

lem with the bounds. To achieve this goal, we introduce antiatdl “zeroth” mode to
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Figure 4.2: Comparison of the extrema of scafarfrom DNS, SSMM and
BSSMM. Solid lines represent the results from DNS, dotteddiare
from SSMM, dashed lines are from BSSMM. The initial scalagcsp
trum peaks aks = 2 with S = 1.

the shellsgf]. The zeroth mode is designed to capture the residual saacton that vi-
olates the conservation principle. Including the zerotldenim the definition of the scalar

concentration for a particle yields

N N
W)= 5 HO+E = 5 RO 4.39)
where the zeroth modes for scalarandB, respectively satisfy
d(t) = —wAcpA<t>dt+n§1[M(kn)cpﬁ(t)dt—r1<kn>dw£”<t> . (a40)
deB(t) = —wB(PB(t)dtJrni Mol B0t —ra(kn)dWi )
—ra(kn)dVA? ()] . (4.41)

wa and wg are coefficients with units of inverse time that are defineldve Incorpo-

rating the governing equations for the scalars [Eqs. (4aBd) (4.35)], we can derive an
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expression for the resulting change in the scalar fluctoatio

N

dpa(t) = —waga(t)dt— 5 Dakigh(t)dt, (4.42)
n=1
N

des(t) = —we@e(t)dt— Y Dekieh(t)dt. (4.43)
n=1

Multiplying by 2@a(t) on both sides of Eq. (4.42) and taking the ensemble averatpsyi

N
WB) — a—2en ) -2 5 DAL (4.44)
n=1

N

wherexa =2 5 Dak2ESA(kn) is the dissipation rate of scal& The above equation is
n=1

derived assuming the scalar concentration in each sheltlepiendent of the others. The

exact equation for the scalar variance in isotropic tunbcges

d{@q) _
5 tA = —XaA- (4.45)

Comparing Eqs. (4.44) and (4.45) allows us to determinedb#icientwa for consistency

S 1 Ka () ‘

wa = —Da (4.46)
(@)
Applying the same procedure to scalar B yields
N 2
Wg = _@BM ) (4.47)

(%)

The additional term we added to the zeroth mode governingtems [first term on the
RHS of Egs. (4.40) and (4.41)] has a form similar to the ctadsnteraction by exchange
with the mean (IEM) model proposed by Villermaux and Deviltd. In that model, the
frequenciesos andws are prescribed in terms of the turbulence frequeyey K, whereK

is the turbulent kinetic energg,is the energy dissipation rate a@gis a model parameter
to be specified which is usually set to 2. With the SSMM, thesm$ compensate for the
residual (non-conservative) advected scalar, storedarzéinoth mode, which originates

from the random terms. In that sense the model is fully piesdr with no unspecified
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coefficients. Moreover, unlike IEM, the SSMM relaxes the RBDBR Gaussian distribution

at long times.

The performance of the BSSMM model is shown in Figs. 4.1(c) 42. As may
be seen, the addition of the zeroth mode has greatly redineeddcurrence of scalar
concentrations outside of the bounds. Moreover, the exdneradicted by the BSSMM
model decay to zero in reasonable agreement with the DN& tdat at early times, the
BSSMM model still yields a slight violation of the bounds (peularly the lower bound).
The violation at early times is due to the way in which the P@E heen initialized. No
attempt was made to control the initial conditional scaligsigation rate, and hence at
short times the scalar can still violate the bounds. Neeéels, the benefits of the zeroth
mode at longer times are clear, and hence hereafter all noadilations will be done

with the BSSMM model.

It should be noted that other tests of the bounds exist fotiphelscalars. McDer-
mott and Popé® introduced the “joint boundedness” concept, which statesdnserved
passive scalars with equal diffusivities, the convex h@ikhlbcompositionsp, (t) cannot
expand with time, i.e., the convex hull at tigemust be a subset (contained within) the
convex hull at time; for anyt, > t;. The test is not applicable to this study for two rea-
sons: (i) under the specific initial conditions we used, t@t/ex hull” in thepa—@s phase
space corresponds to a straight line that cannot be evdlbgtthis criterion; and (ii) the
scalar diffusivities in the test we ran were not equal, antheguarantees are not applica-
ble. As part of future work, we would like to consider a moragel initial condition to

more completely apply the McDermott and Pope test.
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4.3.4 Numerical Implementation

The SDEs [Eq. (4.29), (4.34), (4.35), (4.40) and (4.41)]tfee velocity and scalars are
advanced for an ensemble of realizations. Each realizaédioaferred to as a ‘particle’
indexed by integem=1,2,---,M, whereM is the total number of realizations. It is
convenient to introduce an additional index to represeaiptticle number, i.e¢f, h(t)
indicates the scalar concentration in tifeshell of them™ particle at time. Each particle

obeys the same governing equation, although each realzatindependent.

We update the SDEs using @Border schemé.Using Eq. (4.34) to illustrate the

approach, the numerical update takes the form

it 5) =) ~ [P+ Mgl)] | 30080 0) + 50| Atk 1 VAT,

(4.48)
where
Gan(®) = Ghalt) — 5 [DARR + Aglkn)] dhnlt) A (4.49)
" / 3 1 1
G0 = a0+ 5ratk) {5 MO+ 01|} VAT (@50)

andN1[0, 1] andN|0, 1] are two independent standard normal random numbers (zeno me

and unit variance).

Particle statistics are obtained by summing over the wawdreus

Um(t) = %um,n(t), (4.51)
n=1
N

() = ;qﬁ,n(t), (4.52)

which can be considered as a single representation of theyfiieed PDF3 Spectral
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expectations are approximated by the ensemble averagelosssf

M
k) = g 3 Vhal) (4.59)

M
£P0) = i 3 o) (459

which approach the expectations in the liit— . As demonstrated by Xia et 4f, the

‘particle’ and ‘spectral’ representations of the variaace consistent.

4.4 DNS Study of Mixing

As mentioned in Section 4.1, an inherent assumption maderinidg the SSMM is that
the rate of mixing depends upon the scalar spectrum, buttei®DF. The assumption
originates from the EDQNM theory, which does not conside®BDF of the scalar field(s)

in advancing the spectruA:19:27:3949n this section, we test this assumption using DNS.

The DNS is of isotropic turbulence within a periodic cubeefdth atwith 128° grid
points. The fluctuating velocity and pressure fields areinbthby solving Egs. (4.3) and
(4.4) using a pseudospectral fluid code that was recentlgldged in our groug. The
isotropic turbulence is made stationary by forcing the finsi wavenumbers in a manner
similar to Eswaran and PopeThe velocity field was updated for 20 eddy turnover times
to establish a stationary turbulence state. The energyrsjpegvas obtained by averaging
the instantaneous spectrum over those 20 large eddy turtimes. The resulting velocity

statistics are summarized in Table 4.1.

Once the turbulence has achieved a stationary state, wedude two fluctuating
scalarsA and B that are evolved according to Eq. (4.5). The scalar fieldsuadated
using the second-order finite difference scheme of Kurgamal Tadmof* that guaran-

tees the scalars obey the bounds imposed by the initial amadaoy conditions. A pseu-
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Table 4.1: Parameters used in DNS calculations (dimenksjpa@meters are
in arbitrary units). Note that/ is the turbulence intensityl. =

T”,zfg” @dk is the integral length scalell = 5 is the large eddy
turnover time,v is fluid kinetic viscosity,e is dissipation raterq is
the Kolmogorov length scal®q = % is Reynolds number based on
integral length scaleR), is the Reynolds number based on the Taylor

microscale, andl, is the integral length scale of the scalar fields.

u L | T Vv € n Ra | Ry | Lo(ks=2) | Lo(ks=9)

0.71/15| 21| 0.015| 0.21| 0.064| 73 | 35 0.6 0.3

(@)
0 90 80 0T
I
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o
o T T T
0.0 0.5 1.0 1.5 2.0

t*

Figure 4.3: Comparison of scalar variance for cases | ($iokgj and Il (solid line
with circles) as a function of dimensionless timie=1t/T.

dospectral calculation of the scalar fields will not obey tlend$® without introducing
other nonlinear mapping®. The mean concentration of both scalars are set to zero, i.e.,
(@) = (@g) = 0. We are interested in controlling both the initial scalpectrum and its
PDF. Scalar® andB are initialized identically and hence are perfectly catet—they
differ only in their mass diffusivities, or equivalentlydain Schmidt numbers, whei®g
andSg are 1 and}—1 respectively, allowing us to investigate the effects ofetténtial dif-
fusion.2:37:39:40Applying the initialization procedure developed by Eswasad Popé,

it is possible to independently manipulate the initial acapectrum and its PDF. Using

this procedure we produced four separate cases. In casddll, #me scalars are initial-
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Figure 4.4: Comparison of evolution of the scalar PDFs fgesd and Il at times:
@)t*=0, (b)t* =0.19, (c)t* = 0.38, (d)t* = 0.95. The initial PDFs
for the two cases are nearly identical, but the scalar spectrpeaked
atks = 2 (solid line) andks = 9 (line with circles), respectively.

ized with PDFs that are nearly double delta functions, betsttalar spectra are peaked at
wavenumbers 2 and 9, respectively. The comparison of thesedses will capture the
dependence of the mixing on the scalar spectrum. CasesdINamvolve scalars that
have nearly identical spectra, but the PDF of case lll is et#bdelta function and case
IV is Gaussian. The comparison of these two cases will cepghe dependence of mixing

on the PDF.

Figure 4.3 shows a comparison of the evolution of the scalaarnces for cases | and
Il as a function of dimensionless timé=1t/T. It is apparent that the variance for case
I, initialized with the peak in the spectrum at higher wawsber (smaller scale), decays
more quickly than case I. The result is consistent with thesital experiment of Warhatft
and Lumley*3, which showed the same in wind tunnel measurements of teyerfluc-

tuations, as well as the DNS by Eswaran and Poffée evolution of the PDF in time is
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Figure 4.5: Comparison of scalar spectra for cases | andtlimas: (a)t* = 0,
(b)t*=0.1, (c)t* =0.95, (d)t* = 1.4. Solid and lines represent the
scalar field withks = 2 and the dashed lines are fQr= 9.

shown in figure 4.4. Consistent with the variance, we obstratthe PDF undergoes a
more rapid transformation to a near Gaussian shape for tdses interesting to note that
the PDF shape changes for the two cases are similar, and sogrbe peak in the initial
spectrum mainly changes the time scale for those transfansa but not the transforma-

tions themselves.

The evolution of the two scalar spectra in time are showngn45. Itis apparent that,
while initially the spectral shapes are quite differengytievolve into a self-similar shape
after roughly one eddy turnover time. This is seen more lgléar~ig. 4.6, which shows
the two spectra at timeg = 1.6 normalized by their instantaneous variance. Aside from
the difference in variance the two spectra are nearly idehtiThe fact that the spectra
relax into a self-similar shape implies the effect of thdiatiscalar spectrum ultimately
decays away and the subsequent self-similar decay lawsswdtethe large eddy turnover

time of the energy spectrum.
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Figure 4.6: Scalar spectrum normalized by its variance &ses | and Il at* =
1.6. Solid line represents the scalar field with= 2 and the dashed
line is forks = 9.

25 3.0

Figure 4.7: Comparison of the evolution of the scalar vaxgafor cases Ill and
IV. Solid line represents the scalar field initialized witd@uble-delta
PDF and the solid line with circles represents scalar fieiiblized
with a Gaussian PDF.

The equivalent results for cases Ill and IV are shown in Mgé.and 4.8. Despite the
fact that the initial PDFs are completely different, we dae tate of decay of the scalar
variances is nearly identical. Apparently the scalar spects primarily controlling this
rate. The PDFs initially are very different; however, overd they evolve into nearly the

same Gaussian shape. The spectra, which were initializadyridentically, remain so
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Figure 4.8: Comparison of the scalar PDF for cases Il and finges: (a)t* =0,
(b)t* =0.19, (c)t* = 0.28, (d)t* = 0.95. Solid lines represent the
scalar field initialized with a double-delta PDF and thedbhes with
circles represent scalar field initialized with a GaussiBif.P

throughout the decay process (see Fig. 4.9). The resultedttdy support the assump-
tion made in deriving the SSMM that the mixing rate is preduwenitly controlled by the

scalar spectrum, at the low value of the Reynolds numberdered in this study.

4.5 Model Comparisons

In this section, we compare the predictions of the boundddN$odel to the DNS on

two scalar fields whose initial spectra peakkat= 2 (i.e., case Il in Section 4.4) and
ks =9 (i.e., Case Il in Section 4.4). The inputs to the model aeestiationary turbulent
kinetic energy spectrum, and the initial scalar spectraRDBs. To eliminate any errors
associated with the EDQNM prediction of the turbulent kinenergy spectrum, particu-

larly over the forced wavenumbers, we substitute the spectibtained from the DNS for
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Figure 4.9: Comparison of the scalar spectra for cases Hll&nat times: (a)
t*=0, (b)t*=0.19, (c)t* =0.28, (d)t* = 0.95. Solid lines represent
the scalar field initialized with a double-delta PDF and tbkddines
with circles represent scalar field initialized with a Gaas$?DF.

Eu(kn).

To initialize the scalar concentrations, we must determﬁ]]@(O) such that

1 M 2
= 2(0)| =E&R%Kn) , 4.55
v 2 |#ha(0)] =ER%) (4.55)
and the PDF of
N
@a(0) =Y hn(0) (4.56)
n=1

matches the initial PDF of scald [note that scalaré&\ and B are initialized to be ex-

actly the same, hence we focus the discussion on the inditadn of scalat’A with the

understandingf, ,(0) = ¢y, ,(0)].

The algorithm to generate the desired initial condition igimty based on the “ac-
ceptance/rejection” method by von Neum&finwhich is a commonly used technique to

generate observations from a distribution, especiallynMie form of the distribution
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makes sampling difficult. Instead of sampling directly frohe target distribution, an
instrumental distribution which is easier to sample is ysedl the samples drawn are

probabilistically accepted or rejected.

The procedure to determirqﬁ,jn(O) is outlined below:

1. Generate a set af} with variance consistent witEg"(k,) from DNS for each
n=12--- N, le.,
Un = /BB (Kn)n (4.57)

whereds, (2, - ,{N are independent standard Gaussian random variables with ze

mean and unit variance, i.&(0,1).

2. Calculate the particle based scalar fluctuatipgn= SN _, wA. Note that the PDF of
Wa, 9(Wa), is Gaussian since, is a linear combination of independent Gaussian

random variables.
3. Generate a uniformly distributed random variabte U (0, 1).

4. Ifu< %, accept by settingfy, ,(0) = @B ,(0) = Y5; otherwise reject (discard)
WA and return to step 1. Heri{a) denotes the target PDF ag(iyia) represents

the known instrumental distribution. The const@ris defined as su gq”jAAg

5. Repeat the above steps uMilsamples of the distribution have been completed.

In the above example the two scalars are initialized to betgxthe same, however this
need not be the case with the above initialization procediifee number of total sam-
ples of the instrumental distribution required to genethtedesired number of samples
with the target distribution depends on the valu€ofThe largeiC is, the more unlikely
the acceptance criterion becomes, and hence the largerenwhBamples required for

each acceptance. Since the target distribution (here aftdaielta” distribution) is being
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Figure 4.10: Comparison of the scalar variances and cowaitor (a)ks = 2 and
(b) ks = 9. Lines are the DNS results and symbols are the SSMM
predictions for:(@3) (circles), (@) (diamonds) and@a@s) (stars).

generated based on sampling from a Gaussian instrumentathe ofC is quite large
[C ~ O(10%)]. This leads to a long computation time required to initialthe scalar field.
Even though the “acceptance/rejection” method is adedigatgenerating the desired
spectrum and PDF, it eventually will be desirable to seek aenedficient initialization

algorithm.

We advance the particle concentrations using the numeaigakithm described in
Section 4.3.4. Fig. 4.10 shows a comparison of the DNS ancehmddictions for the
single-point auto- and cross-correlations of the scalatdttions, i.e.{@:@g), as a func-
tion of time for both fields withks = 2 andks = 9. The agreement between the model and
DNS is very good for all three curves in both figures, suppgragur claim that the SSMM
captures the effects due to variations in the moleculausifity, initial length scale of the

scalar, and differential diffusion.

A comparison of the spectral predictions of the SSMM with B¢S are shown in
Fig. 4.11 and Fig. 4.12. While there are some discrepanthespverall agreement is
very good. Moreover, the moderately large discrepancibggatwavenumbers are mainly

due to the finite difference scheme used in the DNS, which ieuseis responsible for
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Figure 4.11: Comparison of the scalar autocorrelationtspéar ks = 2 at times:
(@t* =0, (b)t* =0.09, (c)t* = 0.38, (d)t* = 0.76. Solid lines are
the DNS results; dashed and dotted lines are the SSMM piealict
for ESA(k) andEEB(k), respectively.

the flattening of the spectrum at high wavenumbers. Theréea @vidence from the
agreement of the cross correlation spectrum that the med=pturing the effects due
to differential diffusion. For example, the model predittat the effects due to differ-
ential diffusion begin at high wavenumbers (small scales)) evolves towards the lower
wavenumbers in time due to the transfer processes. Thisnsstent with the generally
accepted view of differential diffusioff31:36.46.4The comparisons of the model spectral
predictions with DNS folks = 9 are shown in Figs. 4.13 and 4.14. It is evident that the

model captures the faster mixing of the scalar in good ageeémith the DNS.

Figures 4.15 and 4.16 show a comparison of the model predietnd DNS for the
time evolution of the PDF of scala’s and B, respectively. The first thing to note is
that the modified PDF model satisfies the bounds, confirmie@gproach we have taken

in introducing the zeroth mode to account for the residuakation resulting from the
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Figure 4.12: Comparison of the scalar cross-correlatiectsa forks = 2 at times:
@t*=0, (b)t* =0.09, (c)t* =0.38, (d)t* = 0.76. Solid lines
are the DNS results and dashed lines are the SSMM prediation f
E55(K).

random terms (see Section 4.3.3). We see that the modelreaptwch of the shape
changes in the PDFs. The main discrepancy between the modi@IdS lies in the rate
the PDF changes from “bimodal” to “unimodal”. In both cagbss transition occurs more
rapidly in the DNS than the model predicts. Apparently thedeled drift of the particle
concentrations towards the center of the PDF is a bit too.slbiws may be related to
distribution of dissipation rates, which are known to beragpnately log normal, but
are predicted to be chi-squared by the SSMM. This is inhdrettite use of a Langevin
formulation to advance the scalar concentrations. Negbr$is, the model captures the
effect of the molecular diffusivities, as can be seen in tiffer@nces in the evolution of
scalarsA andB. Figures 4.17 and 4.18 show the corresponding PDHs;fer9. We again
see the model is able to capture the effect of the reducedheaegle for the scalar on the
mixing process. In summary, the model captures a substaotigon of the dynamics in

good accord with the DNS.
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Figure 4.13: Comparison of the scalar autocorrelationtspéar ks = 9 at times:
(@)t*=0, (b)t* =0.09, (c)t* = 0.38, (d)t* = 0.76. Solid lines are
the DNS results; dashed and dotted lines are the SSMM pi@alict
for ESA(k) andEEB(K), respectively.

4.6 CONCLUSIONS

We have developed a modified form of the stochastic shellngixnodel (SSMM) that
takes into consideration the bounds of the scalar. The me#s a Monte Carlo scheme
to advance scalar concentrations of notional particlesatgesubdivided into wavenumber
shells. In this manner, the model inherently carries infatron about the scalar spectrum
(distribution by shell) and PDF (distribution by particld) unique aspect of the model is
that it explicitly and separately accounts for advectionh®y/fluid velocity and scalar dis-
sipation. Because dissipation is computed explicitly,rtfuglel can account for molecular
effects associated with the scalar diffusivity, includafiferential diffusion. An inherent
weakness of Monte Carlo algorithms for the scalar is theicglly do not obey the scalar

bounds. The native form of this model suffers from the sanogtsbming. We eliminate
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Figure 4.14: Comparison of the scalar cross-correlatiectsa forks = 9 at times:
@t*=0, (b)t* =0.09, (c)t* =0.38, (d)t* = 0.76. Solid lines
are the DNS results and dashed lines are the SSMM prediation f

E5°(K).
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Figure 4.15: Evolution of the PDF for scalar A with= 2 at times: (a}* =0, (b)
t*=0.19, (c)t* =0.76, (d)t* = 1.6. Solid lines are the DNS results
and lines with circles are the SSMM model.
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Figure 4.16: Evolution of the PDF for scalar B wkh= 2 at times: (a}* = 0, (b)
t*=0.19, (c)t* =0.76, (d)t* = 1.6. Solid lines are the DNS results
and lines with circles are the SSMM model.
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Figure 4.17: Evolution of the PDF for scalar A with=9 at times: (a}* =0, (b)
t*=0.19, (c)t* =0.76, (d)t* = 1.6. Solid lines are the DNS results
and lines with circles are the SSMM model.
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Figure 4.18: Evolution of the PDF for scalar B wikg= 9 at times: (a}* =0,
(b)t* =0.09, (c)t* =0.19, (d)t* = 0.38. Solid lines are the DNS
results and lines with circles are the SSMM model.

this problem by introducing an additional “zeroth” mode fioe scalar. This zeroth mode
is used to precisely subtract off the residual advectioultieg from the random terms so
that the model is precisely conservative for each partaiminating the problem with the
bounds. The zeroth mode has no means for dissipation, heme¢sw introduce a decay
term similar in form to the mixing term in the IEM mod&IThe coefficients are chosen so
that the rate of decay of the scalar variances equal thenatigecay rates in the absence
of the zeroth mode. The resulting model is therefore selsmpent to second order, and

bounded.

An inherent assumption in the model is that mixing is com#aby the scalar spectrum
and not its PDF. We test this conjecture using DNS of scafeatsttave been initialized in
pairs so as to match the spectra, but not the PDF and vice. vEngaresults of the study
confirm the conjecture, lending further support to the modébwever, since the DNS

study here is made at a relatively low Reynolds numBgr 35), the results may depend
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more strongly on this parameter. As part of the future work&,w¥l run DNS at higher

Reynolds number to investigate how sensitive the resudtscathis parameter.

We then make detailed comparisons between the SSMM predscand the DNS.
Overall the results are in very good agreement. The modelapthe effects of dif-
ferential diffusion to the single-point statistics and #pectra. However, the model does
consistently over predict the time required for the inlyiddimodal PDF to relax to a uni-
modal (near Gaussian) shape. Apparently the implied driftescalar fluctuation towards
zero is too slow in the model. Nevertheless, the overallgperdnce of the model is quite
good and provides an important basis for future mixing mad&he next step in the ad-
vancement of the model will be to consider an inhomogeneacaigsusfield. This will be

the topic of a future paper.
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CHAPTER S5
SUMMARY AND FUTURE WORK

The PDF method provides an excellent modeling strategyulyshe complexity of tur-
bulent mixing of inert or reacting scalars. However, molacdiffusion, a very important
phenomenon which is the fundamental mechanism for scalansq has to be modeled in
the PDF framework. An inaccurate description of moleculiusion can severely under-
mine the performance of the PDF methodology. To properly@hatblecular mixing, a
full spectrum of length (and time) scales needs to be pravidiais thesis is all about how
to realize this idea. An EDQNM spectral model is chosen askbzmne based on its good
performance on studying of turbulence. The ultimate go#d isombine the strengths of
the spectral model and the PDF method to provide a betterigéen of complicated tur-
bulent mixing/reacting systems. The modeling processdeswn three different aspects

as summarized below:

5.1 EDQNM Model for Reactive Flows

In Chapter 2, an EDQNM model for two initially unpremixed c&nts undergoing an
isothermal, bimolecular reaction with constant reactiates in homogeneous isotropic
turbulent flow is developed. The model predictions are ammby comparing with direct
numerical simulations (DNS). Overall, the EDQNM model iseato capture the mixing
rates and reaction rates reasonably well. An excelleneageat is achieved for the mean
concentrations of both the reactants and the product. Iigttker statistics, such as the
second-order scalar auto- and cross- correlations, akenalbgood agreements with DNS
as well. However, the time scale for reactant-product aodysct-product correlations is

not well predicted.

132



A parametric study is also made to investigate the effectiftdrent dimensionless
parameters such as Reynolds number, Schmidt number anddénkumber on dif-
ferential diffusion. It is observed that the effect of driatial diffusion decreases with
increasing Reynolds numbers, but it does not vanish eveergthigh Reynolds num-
bers. Damkohler numbers play a different role in differ@rdiffusion with regard to the
reactants and the product. The statistics involving puaetests decrease with increas-
ing Damkohler numbers, however, the statistics relatgoréoluct species increase with
increasing Damkohler numbers. It suggests that diffekdiffusion may be more impor-

tant with intermediate species in fast-rate chemistry.

The study of the evolution of scalar correlation spectreatévthat differential diffu-
sionis initiated at large wavenumbers (i.e., small scalad)moves to lower wavenumbers
through an inverse cascade. A close check of the spectrasghaithe product species is
formed at a smaller scale than the reactants. This sugdegtEDQNM model has suf-
ficient flexibilities to account for the complex dynamics afking and chemical reaction,

even with the discrepancies in predicting the time scalethiproduct.

Collectively the results suggest that the EDQNM model, daible to inherently rep-
resents all the scales present in a turbulent reactingray$ias a distinct advantage over
single-point mixing models. If a PDF mixing model can pravgpectral information at
the same time, a better description of turbulent mixing igeeted. This is indeed the
fundamental idea behind some recent attempts in the literéab bring PDF and spectral
models togethér?>, as well as the ultimate goal of the work in this thesis. Qutiyethe
model is restricted to a simple reaction, however, theigtgtns can be relaxed since the

approach is systematic.
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5.2 Stochastic Shell Mixing Model for Scalar Fields with Unform

Mean Gradients

In Chapter 2, the realizable EDQNM model for a single scal#in & uniform mean scalar
gradient in homogeneous turbulent fibig first extended to multiple scalars, then a shell
model in the form of Langevin equation is derived over thégpkctrum for scalar fields.
By design this shell model is consistent with EDQNM model.eTdrift and diffusion
terms in the Langevin equations of velocity and scalarsiwigach shell are carefully cal-
ibrated so that the ensemble averages of velocity variaoedar fluxes and scalar-scalar
correlations precisely match the EDQNM predictions. Theivation of the development
of this stochastic shell mixing model (SSMM) is that the suneach realization over the
shells supplies a model for the fine-grained velocity-ggaiat PDF. It has been shown
that the results from the SSMM are able to reproduce the EDQ@XMictions to within
statistical errors due to finite size of the ensemble. A campa of Lagrangian correlation
functions involving the scalar concentrations, scalasigetion rate and velocity fluctua-
tions along particle paths with the DNS results by Yeliigyshown. Overall the results
are in good qualitative agreement, despite a discontinmitpie slope of the correlation
functions att = 0, which is due to the nature of Wiener processes adopteceimtidel

equations. However, the resulting errors are important ansmall times.

The development of the stochastic shell model is an impbstap towards a new mix-
ing model for the PDF method. The spectral information is edded in the distributions
across the shells, and a fine-grained joint PDF can be eatrdgt summing all the real-
izations over the shells. Differential diffusion is takemd account at a level equivalent
to EDQNM theory. The nature of the Langevin model ensures¢haxation toward a

Gaussian from any initial scalar distributions in the long.r However, violation of the
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bounds of the scalars raises a challenge for all stochastiel®s, including this one.

5.3 Bounded Stochastic Shell Mixing Models

A stochastic shell mixing model for turbulent mixing of mple scalars with distinct

diffusivities is derived. A Monte Carlo scheme is used toatbe the scalar concentra-
tions and velocities of each notional particle which carrgpectral distribution across
themselves. Thus both spectral information and fine-gdgjoi@t PDFs are inherently ex-
pressed. However, an inevitable weakness of Monte Carlariligns for scalars is that
the bounds are not obeyed. An additional “zeroth” mode idhiced for the scalars,
which precisely subtracts off the residual advection reeddy the random terms in the
governing Langevin equations while reproducing the deedg by introducing a decay
term similar to the expression of IEM model. The resultingdelas therefore bounded
and consistent to second order. Detailed comparisons batthe bounded SSMM predic-
tions and DNS data are given respectively for two scalardielth different scalar length

scales. An overall good agreement has been achieved exagghe model predicts a
lower rate for the initially bimodal PDF to relax to a unimbgaape than the DNS. The
bounded SSMM model shows the capability of capturing thectsfof differential diffu-

sion to scalar spectra and therefore the statistics. Hepeevides an important basis for

future mixing models.

A DNS study of the dependence of scalar mixing on the initcsral distribution
and PDF has also been performed. Since there is an inhesamhpgon in the SSMM
model that mixing depends on scalar spectra instead of iEs Pils conjecture is tested by
comparing the DNS results which have been initialized withdame spectra but different

PDFs, and vice versa. The assumption has been validatee lpggtlts of this DNS study
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(at a low Reynolds number), confirming the underlying batth® SSMM model.

5.4 Future Work

A test of the underlying assumption of the new stochastidl shiging model should be
made by DNS at higher Reynolds numbers, as mentioned in &pAnd a new initial
condition (i.e., scalaA and scalaB are not linearly dependent initially) is to be generated
for BSSMM to check the joint boundedness (the shrinking efdbnvex hull in thepa—@s

phase space) whehandB have equal molecular diffusivities.

Besides, although the violation of the bounds has been @diyentroducing an ad-
ditional zeroth mode for isotropic homogeneous fields, maas open for the inhomo-
geneous system. Further extension of the SSMM needs to be @omore realistic
problems, such as mixing in a scalar fields with varying meadignts, or general three-
dimensional system. As a result, the boundedness probleetsto be taken care of in the

corresponding statistically equivalent stochastic madel

Reaction, on the other side, poses another challenge. Thg stithin this thesis
focused only on simple reactions while realistic combustiovolves more complicated
chemical reactions. When it is applied to more complicateenustry, simplifications
have to be found for treating the coupling between mixing emeimical reaction so the

model is meaningful both theoretically and computationedipractical applications.

Another issue is since the stochastic model employs Moare@articles to perform
the calculation, the computational cost and accuracy habe balanced, especially when
it is extended to a three-dimensional practical problenn.example, the number of parti-

cles used in a three-dimensional realistic CFD calculasarsually significantly less than
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the one used in this work (10000 particles used in calculations performed in Chapter 3
and 4 ) and can induce significant statistical errors. Onsiplesway to partially over-

come this problem is to use a more accurate estimation ofrsppeat each local grid point

by using variance reductién

Spectral information about velocity and scalar fields areahways readily available
in CFD codes. How to construct the spectral information Basethe known quantities
such as turbulent kinetic energy and dissipation rate hasoylee explored. The better
the spectrum represents the real flow, the better chancésgfonodel to be successful. A

good starting point could be the model spectrum proposedpg®
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