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Let p be an odd prime and g a power of p. By the celebrated theorem of Khare
and Wintenberger (previously Serre’s conjecture), an absolutely irreducible odd
2-dimensional Galois representation p : Gg — GL.(F,) (satisfying favorable
conditions) lifts to a characteristic zero Galois representation associated to a
Hecke eigencuspform. Hamblen and Ramakrishna prove the analog of (the
weak form of) Serre’s conjecture for residually reducible 2-dimensional Galois
representations. A higher dimensional generalization of their result is proved
in chapter 3. Let p : Gg — GSp,, (F,) be a reducible and indecomposable Galois
representation which is unramified outside a finite set of primes S and whose
image lies in a Borel subgroup. It is shown that if p satisfies some additional con-
ditions, it lifts to characteristic zero Galois representation which is geometric in
the sense of Fontaine-Mazur.

In chapter 4 we examine the problem of lifting a two dimensional Galois
representation p : Gg s — GLy(F,) to a cuspidal Hida Family which is isomor-
phic to the Iwasawa algebra A via the weight-space map. This was achieved
for an odd, ordinary and absolutely irreducible p by Ramakrishna in [26] for a
suitable choice of auxiliary local deformation conditions. We show that if p is
reducible and indecomposable, one may indeed lift p to a Hida family T such
that the image of the weight space map contains a congruence class of weights
in Spec A modulo p*. This Hida family is in some sense close to Spec A, more

precisely, we show that it represents a deformation functor which is arranged to



have a hull isomorphic to Spec A (this isomorphism is not via the weight-space
map). In chapter 5 we apply results of Hamblen-Ramakrishna to construct some
special Galois extensions. For every prime p > 5 for which a certain condition
on the class group Cl(Q(y,)) is satisfied, we construct a p-adic analytic Galois
extension of the infinite cyclotomic extension Q(s,~) with some special ram-
ification properties. In greater detail, this extension is unramified at primes
above p and tamely ramified above finitely many rational primes and its Galois
group over Q(uye) is isomorphic to a finite index subgroup of SLy(Z,) which
contains the principal congruence subgroup. For the primes 107,139,271 and
379 such extensions were first constructed by Ohtani and Blondeau. The strat-
egy for producing these special extensions at an abundant number of primes
is through lifting two-dimensional reducible Galois representations which are

diagonal when restricted to p.
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CHAPTER 1
INTRODUCTION

1.1 Galois Representations associated to Modular forms

The absolute Galois group of the rational numbers Gg = Gal(Q/Q) encodes
information pertaining to arithmetic and geometric objects of interest in number
theory. Class field theory provides an explicit description of the abelianization
of Gg and thereby, the collection of all abelian number field extensions of Q. On

the other hand, p-adic Galois representations

p:Go — GLn(Qp)
capture deep geometric and automorphic phenomena.

At each prime v, let G, := Gal(Q,/Q,) and fix an injection ¢, : Q — Q,. With
respect to ¢,, the local Galois group G, is identified with a decomposition group
contained in Gg. Let I, C G, denote the inertia subgroup of G, and o, € G,
a choice of Frobenius element. A Galois representation p is unramified at v if
I, C ker p. At a prime v where p is unramified, the element p(c,) is well-defined.

At a prime v at which p is unramified, denote by
ch,(p, X) :=det(1 — p(0,)X)
the characteristic polynomial of p ata v.

The prototypical interesting examples of Galois representations are those as-
sociated to elliptic curves and certain modular forms. Let £ be an elliptic curve

defined over Q and E[p"] C E(Q) its p"-torsion subgroup. The p-adic Tate mod-



ule of an elliptic curve E is the inverse limit
T,E :=lm Ep"] ~ 7, ® Z,

where the inverse limit is taken w.r.t the multiplication by p maps. The Galois
group Gg acts naturally on the 7, F, which induces the p-adic Galois represen-
tation

PEp - GQ — Athp (TpE ®Zp Qp) 1) GLQ(@p)

Associated to a normalized Hecke eigencuspform f is its p-adic Galois rep-
resentation
Py Go = GLa(Qy).
This too depends on a choice of an embedding Q < @,. Suppose that
f = Y251 wg" modular w.rt I'i(N) and with weight £ > 2 and nebentype-
character e. Then for any choice of prime p, the p-adic Galois representation

pyp is unramified at all primes [ { Np and
chy(psp, X) =1 —a; X + e()IF X2

Here, the coefficients of chy(p;,, X) are viewed in Q, via the chosen embed-
ding. Galois representations associated to elliptic curves and eigencuspforms
satisfy certain characteristic properties, namely, they are geometric in the sense

of Fontaine and Mazur [6], see Definition 1.1.1.

Let ¢ € Gg denote complex-conjugation. A Galois representation p : Gg —

GLy(Q,) is said to be odd if det p(c) = —1 and even if det p(c) = 1.

Definition 1.1.1. A continuous and irreducible Galois representation p : Gg —

GL,(Q,) is said to be geometric if:

1. pis unramified at all but finitely many primes,



2. pisodd,

3. pia, is de-Rham.

The third condition is a p-adic Hodge theoretic condition, see [3, chapter 6].
Geometric Galois representations are expected to arise from the étale cohomol-
ogy of varieties defined over the rational numbers. Fontaine and Mazur conjec-
tured that a 2-dimensional geometric Galois representations p : Gg — GL2(Q,)
is modular, i.e. is the p-adic Galois representation attached to a Hecke eigen-
cuspform. Most cases of the Fontaine-Mazur conjecture for GL,/g have been

settled by Taylor [29], Skinner-Wiles [20], Kisin [14] and others.

The celebrated Modularity theorem of Wiles et al. asserts, among other
things, that an elliptic curve defined over QQ coincides with an eigencuspform.
More precisely, there is an eigencuspform f of weight 2 with Q-coefficients such

that at all primes p, the p-adic Galois representations

pfvp = pEvp

Given a p-adic representation p, there is a choice of basis the underlying vector
space such that p : Gg — GLy(Z,) is the reduction p : Gg — GLy(F,), referred
to as the residual representation. The semi-simplification of p does not depend
on the choice of basis. When speaking of the residual representation we shall
therefore implicitly assume that p : Gg — GLa(Z,). The perspective introduced
by Mazur and adopted by Wiles is to view a p-adic Galois representation in a

p-adic family of Galois deformations of a fixed residual representation p. There is

a universal Galois representation

P G — GLo(R,)



lifting p such that p coincides with a Z,-valued point on Spec R,. The key step
in the proof of Wiles’ theorem is to show that the universal deformation ring R,
is isomorphic to a certain localized Hecke algebra T. It is not hard to deduce

from this that p arises from an eigencuspform.

1.2 Reducible Galois representations

Closely related to the Fontaine-Mazur conjecture is Serre’s conjecture. The con-
jecture predicts when a two dimensional residual representation p : Go —
GLy(F,) is the residual representation of a characteristic zero representation as-

sociated to an eigencuspform. Serre’s conjecture was proved by Khare and Win-

tenberger.

Let [ be a prime and G := G, identified with the decomposition subgroup
of Gg of the prime [. For ¢ > 0, let G; denote the i-th ramification subgroup of
Go. Let V; denote the underlying Galois module of p. The Artin conductor of p

denoted Art p is prescribed by
Artp =[]
!

where the product runs over all prime numbers !
1 . G,
The Serre level of p is the prime to p part of the Artin conductor of p and is

denoted by N.

Theorem 1.2.1. (Khare-Wintenberger [13]) Let p > 5 be a prime number and let p :

Gg — GLo(F,) be an odd two-dimensional continuous Galois representation. Suppose



further that p is irreducible. Then p lifts to the characterisitic zero Galois representation

py arising from a Hecke eigencuspform f as depicted

GLQ(ZD)

>

Go T) GLa(F,).

Furthermore, an eigenform f may be chosen so as to have level equal to the Serre level

of p.

The statement that p lifts to a characteristic zero Galois representation arising
from an eigencuspform is/was referred to as the weak form of Serre’s conjec-
ture. The additional requirement that the level may be optimized as well is
referred to as the strong form. The key ingredient in the proof of the strong
form is Ribet’s Level Lowering theorem [22]. Ribet showed that if f is an eigen-
cuspform such that p = p; is irreducible, then there exists an eigencuspform g
of level N; such that p, = p. Thus it was known that the strong form of Serre’s

conjecture is a consequence of the weak form and Ribet’s theorem.

The p-adic representation p; associated to an eigencuspform f is irreducible,
the residual representation py may on the other hand be reducible. This happens
when the eigencuspform f exhibits a congruence with an Eisenstein series. Such
congruences provide insight into the eigenspaces of the mod p class group of
Q(pp). Such considerations led Ribet to establish the converse to Herbrand’s
theorem [21]. It is natural to investigate analogs of Serre’s conjecture to the case
when p is reducible. More precisely, if p : Gg — GLQ(IF’p) is an odd, reducible
Galois representation, under what conditions can one lift p to a characteristic

zero representation arising from an eigencuspform?



The Fontaine-Mazur conjecture for residually reducible Galois representa-

tions was established by Skinner and Wiles.

Theorem 1.2.2. (Skinner and Wiles [20]) Suppose that p : Gg — GLy(Q,) is a con-

tinuous Galois representation, irreducible and unramified outside a finite set of primes.

*
Suppose also that there is a character ¢ such that p ~

0 1
Assume further that:

1. QOrGP 7é 1,

3. det p = Yx*! where x is the p-adic cyclotomic character, k > 2, 1) is a finite

order character and det p is odd.

Then p comes from an eigencuspform.

Thus, if some favorable conditions are satisfied, any geometric Galois rep-
resentation p : Gg — GLy(Z,) for which p is reducible arises from an eigen-
cuspform. Hamblen and Ramakrishna prove the analog of the weak version of

Serre’s conjecture for residually reducible Galois representations p.

Theorem 1.2.3. (Hamblen-Ramakrishna [9]) Let p be an odd prime and F a finite field

* _
of characteristic p. Let S be a finite set of primes and p = v : Ggs = GLo(IF)

0 1
be a reducible and odd Galois representation. Assume that the following conditions are

satisfied:

1. pis indecomposable, i.e. the extension class x € H'(Gq.s, F(p)) is nontrivial,



2. ?#1,
3. o # x, X * where y is the mod p cyclotomic character,

4. the IF,-span of the image of v is all of IF,

5. pia, is not unramified of the form

Then there is a finite set of primes X disjoint from S and a characteristic zero geometric
lift p : Gosux — GLo(W(F)) which is ordinary at p. The Galois representation p

arises from a p-ordinary eigencuspform.

The method of Hamblen and Ramakrishna is an adaptation of Ramakr-
ishna’s lifting strategy which had previously been applied in the residually irre-
ducible case (cf. [23] and [25]). Via a Galois theoretic argument, it is shown that
p lifts to a characteristic zero geometric Galois representation which satisfies the
hypotheses of Theorem 1.2.2. As a result, the representation p indeed arises
from an eigencuspform. It should be noted that in order to obtain a geometric
lift of p, the method of Hamblen-Ramakrishna necessitates adjoining a finite set
of auxiliary primes X to the set at which p is ramified. As a result, Theorem
1.2.3 only establishes the weak version of Serre’s conjecture in the residually re-
ducible setting. Ribet’s level lowering theorem stipulates that p be absolutely

irreducible in order for the level to be optimized.

The isomorphism class of a reducible representation

@ x
: GQS — GLQ(FP)

ke
I

coincides with the global cohomology class

« € H'(Go,s, Fy(9))-



Denote the mod-p class group of Q(,) by C := Cl(Q(y,)) ® F,, it decomposes
into eigenspaces w.r.t the Gal(Q(y,)/Q)-action. Letting y : Gal(Q(u,)/Q) — F

denote the mod-p cyclotomic character,

C= E_BC(X’J

where C(Y') = {2z €C | g-z = X'(9)z}. Associated to any F,-quotient of C(Y") is

a cohomology class x € H'(Gg (1, F,(x*)) and associated Galois representation

which is unramified when restricted to Gg(,,). Vandiver’s conjecture states that
if i is even, the eigenspace C(x") = 0. If i is odd, the the eigenspace C(x") is
expected to be at most one-dimensional. There is however no known absolute
bound on the dimension of the eigenspaces C(x"). A level lowering result in the

spirit of Ribet’s theorem shall shed considerable light on such questions.

The organization of this thesis is as follows. Chapter 2 reviews some nota-
tion and facts pertaining to the deformation theory of Galois representations. In
chapter 3, a higher dimensional analog of Theorem 1.2.3 is presented. In chapter
4, certain p-adic families of Galois representations referred to as Hida families
are constructed. It is shown that on prescribing specific local conditions on our
deformations, one can construct a Hida-line of deformations of a reducible Ga-
lois representation 5 : Gg — GLy(F,). This construction sheds light on the
question of representability the functor of Galois deformations which satisfy lo-
cal conditions which are not representable. This is a feature of the deformation
theory of residually reducible Galois representations. In chapter 5 we apply the
results of Hamblen-Ramakrishna to construct certain special Galois extensions

of Q(fp) which satisfy some interesting ramification conditions.



CHAPTER 2
PRELIMINARIES ON DEFORMATION THEORY

Let IF, be a finite field of characteristic p containing ¢ elements. Denote by
O = W(F,) the ring of Witt vectors of IF,. This may be identified with the val-
uation ring of the unramified extension of Q, with residue field F,. The uni-
formizer of O is p. Let G be a smooth group scheme over O such that the con-
nected component containing the identity G’ is a split reductive group. In this
manuscript, G shall be taken to be GL;, or more generally, GSp,,,. In this chap-
ter, let S be a finite set of prime numbers containing p and p : Gg s — G(F,)
be a Galois representation. As notation suggests, p is unramified at all primes
v ¢ S. The discussion is motivated by the weak version of Serre’s conjecture for
p. Namely, one is interested in showing that if p satisfies some favorable condi-
tions, then it lifts to a characteristic zero geometric Galois representation in the

sense of Fontaine-Mazur

Gg —— G(F).
p
For an introduction to the deformation theory of Galois representations the

reader may refer to [15].

Let ¥ be a finite set of primes containing the set of primes S. Denote by Qs
the maximal extension of Q unramified at all primes v ¢ ¥. By maximality, Qy, is
a Galois extension of Q, set Gg »» := Gal(Qyx/Q). At each prime number v, denote
by G, = Gal(Q,/Q,) and I, C G, be the inertia subgroup. Let o, € G, /I, be

the Frobenius element and let 7, € I,, be a choice of a generator for pro-p tame



inertia. Let Cp be the category of Noetherian coefficient-algebras over 0. An
O-algebra A € Cp is a complete Noetherian local O-algebra equipped with an

isomorphism of O-algebras A/m, = F.

Definition 2.0.1. Let A € Cp be a coefficient ring equipped with the residual isomor-
phism A : Ajmy = T, let X : G(A) — G(F) be the homomorphism induced by \.

o An A-lift (or lift to G(A)) of p is a continuous representation p : Gg — G(A)
such that p = ) o p.

e Two A-lifts p and p' are strictly equivalent if there exists ¢ € ker \ such that and
cpct = .

o An A-deformation of p is a strict equivalence class of A-lifts of p.

We point out that if p and p’ are strictly equivalent, then p is unramified
(resp. tamely ramified) at a prime v if and only if p’ is unramified (resp. tamely
ramified) at v. Therefore, it makes sense to say that the deformation class of
p is unramified (resp. tamely ramified) at v. Denote by Def;s;(A) the set of
A-deformations that are unramified at all primes outside . The association

A — Def;5,(A) defines a covariant functor Def;5; : Co — Sets.

Assume that the component group G /G is finite étale with order coprime
to p. Let F [e] := F,[X]/(X?) € Co be the ring of dual-numbers, where € := X
mod (X?) satisfies ¢ = 0. It is equipped with the mod-e map X : F [¢] — F,. The

Lie-algebra of G’ is denoted by g has the following functor of points description:
g = ker{G(F,[d]) 2 GU(F,)}.

Let Adp be the F,[Ggl-module with underlying space g equipped with the

10



adjoint-action; if X € gand g € G,

g- X = plg)Xp(g)~".

Let it : Gg s — A be the map from G to its maximal abelian quotient A. Denote
the kernel of ;1 by G, and g, the Lie-algebra of G,. Let Ad’p be the F,[Gql-
submodule of Ad p with underlying vector space g,. When G = GL,, the Lie-
algebra g is the space of n xn-matrices with entries in F,. A matrix A is identified
with Id,, +€A € g. On the other hand, 1 is the determinant and g,, is identified
with n x n matrices with trace-0 having entries in IF,. Cohomology classes asso-
ciated to Ad p and Ad° j can be related to infinitesimal deformations of a given

Galois representation. We introduce the notion of a small extension.

Definition 2.0.2. Let f : R — S be a surjective map in Co, the map f is said to be a

small extension if

o the maximal ideal mp, of R is principal,

o the map f identifies S with R/I where I is an ideal in Rand I - mp = 0.

Denote by 7 the composite 7 := po pand let ¢ : Gg g — GL;(O) be a choice
of a Galois character lifting ©. Let v be a prime number and p, := pjq,. Let Def;,
be the functor of deformations of p, and Deffoé: the subfunctor of deformations

of p, with similitude character v, := ¥, .

Definition 2.0.3. A subfunctor C, of Def, or Defp@: is called a deformation condition
if following conditions (1) to (3) stated below are satisfied; if (4) is also satisfied then C,

is said to be a liftable deformation condition,

1. Cy,(F,, 1d) = p,.

11



2. Let Ry and Ry be in Co, p1 € Cy(Ry) and py € C,(Rs). Let I be an ideal in
Ry and I, an ideal in Ry such that there is an isomorphism o : Ry/I, = Ry/I;
satisfying

Oé(pl mod [1) = P2 mod IQ.

Let Rg be the fibred product
Ry = {(r1,72) | a(ry mod I,) = 1, mod I}

and py X, pa the induced Rs-representation, then py X, p2 € C,(Rs).

3. Let R € Co with maximal ideal mp. If p € F(R) and p € C,(R/m},) for all

n > 0 it follows that p € C,(R). In other words, the functor C, is continuous.

4. For every small extension f : R — S the induced map f, : C,(R) — C,(5) is

surjective.

The infinitesimal deformations Def;, (F,[e]) and Def‘p@: (IFle]) are in bijection with
Def,, (F,[e]) = H'(G,, Ad p)

and

Def’" (F,[e]) = H'(G,,Ad’ p)

respectively. Any deformation ¢ € Def; (IF,[e]) coincides with a cohomol-
ogy class X € H'(G,,Adp) such that o = p,(Id+eX). The character ¢, :
G, — GL;(F,[€]]) factors through the map induced by the structure morphism
GL1(O) — GL;1(F[e]). It is easy to see that ¢, is really ¢ o 77,, where ¢ is the inclu-
sion of GL;(F,) — GL;(F,[¢]) and 7, := v),. Deformations ¢ € Def;, (F,[¢]) are
those for which

[LO 0 =10T1. (2.1)

12



Expressing 0 = p(Id +eX) for a cohomology class X € H'(G,, Adp), it may
be shown that the property 2.1 is equivalent to the requirement that X &
HY(G,,Ad’ p).

Let f : R — S be a small extension and ¢ a choice of a generator of I.
Associated to a deformation pos € Def;, (5) is an obstruction-class O(og) €
H?*(G,, Ad p) associated to the problem of lifting gs to or € Def;, (R). The class
O(og) is non-zero if and only if there exists a deformation g of gs. There al-
ways exists a set theoretic lift 7 : Ggy, — G(R) of pg, the obstruction class is the

cohomology class represented by the 2-cocycle

(91,92) — 7(9192)7(92)_17(91)_1.

It is obvious that this class is trivial when 7 may be chosen to be a group-
homomorphism. Suppose that there exists a deformation oz of os. Then the set
of such deformations is an H'(G,, Ad p)-torsor. Any other deformation ¢}, may
be represented as ¢, = og(Id +tX), where X € H'(G,, Ad p). This discussion
carries over to global deformations of p. Let o5 € Def; 5, (.5), the obstruction to
lifting o5 to or € Def;x(R) is a global cohomology class O(ps) € H*(Ggx, Ad p).
If the obstruction class is zero, there exists a deformation o of o5 and set of de-
formations gp is an H'(Gg .y, Ad p)-torsor. Likewise, the obstruction to lifting
0s € Def}iz(S) to or € Defif’z(R) is a class O(pg) € H?(Ggx, Ad’ p) and the set

of deformations gg is an H!(Gg x, Ad’ p)-torsor.

* %
Set B = for the Borel consisting of upper-triangular matrices and

0 =*
let N C B be the unipotent subgroup of B and n its Lie algebra over F. Let v

be a character lifting 7. Associated to a deformation condition C, C Def%;’ is its

tangent space N, := C,(F,[¢]). The tangent space N, is an F-vector subspace of

13



Def}" (F,[e]) = HY(G,,Ad" p).
Definition 2.0.4. A deformation condition C, with tangent space N, is balanced if

dim H°(G,, Ad" p) + dimn ifv = p,
dim N, =

dim H°(G,, Ad" p) otherwise.

Denote by NV;- the annihiliator of V, with respect to the local Tate pairing
HY(G,,Ad’ p) x H'(G,,Ad" p*) — F,.

In our applications, we shall assume that there exist balanced liftable defor-
mation conditions at each prime v € ¥. In order to motivate this terminol-

ogy we are led to a discussion on the Selmer group associated with the data

N = {NU}UEZ-

Definition 2.0.5. The Selmer group associated to N is defined by local conditions

H)\(Ggs, Ad° p) := ker {Hl(G@,E, Ad’p) — EB HY(G,,Ad" p) /J\/'v} .

vEX

The dual Selmer group is defined by the local conditions N'*

HY. (Gox, Ad° %) = ker {HI(G@,E, Adp") » @ H'(G,, Ad" p") /NUL} .

vEY

The Selmer data N is said to balanced if V, is balanced for each v € Y. The
dimension of the Selmer group H}(Ggx, Ad’ p) is denoted by h}(Gg s, Ad’ p).
Likewise, the dimension of the dual Selmer group H},, (Gg,s, Ad” p*) is denoted
i (Gos, Ad” p*). The following is a direct consequence of a formula due to

Wiles (cf. [16, Theorem 8.7.9]).

Proposition 2.0.6. If \ is balanced,

h(Gos, Ad” p) — i (Gom, Ad” ) = 0.

14



CHAPTER 3
GENERALIZATION TO HIGHER DIMENSIONS

It is natural to investigate if the 2-dimensional lifting theorem of Hamblen
and Ramakrishna generalizes to higher dimensional Galois representations.
The prospect of generalizing this lifting result leads us to examine higher di-
mensional Galois representations with image in a smooth subgroup-scheme G
of GL,,. Assume that G is defined over W(F,) such that G’ is a split connected
reductive group. Suppose B C G is a choice of a Borel containing a split torus
and p is a homomorphism

p:Gg— G(F,).
Let g denote the Lie-algebra of the adjoint group G** over F,. The F,-vector

space g acquires an adjoint Galois action
Adoﬁ : GQ — AHth (g)

Denote by Ad” p the Galois module with underlying vector space g. It is imper-
ative that p is odd. For an element i € G(F,), denote by (Ad” )" the subspace of
Ad° p fixed by h. We observe that

dim(Ad® p)" < dim G —dimB.

The representation p is odd if equality is achieved for the image of complex con-
jugation ¢, i.e.

dim(Ad° 5)”© = dim G — dim B.. (3.1)

In particular, the group G must contain an element 4 = p(c) for which equality

3.11is achieved. Such an element is said to induce a split Cartan-involution.

When n > 2, the general linear group GL,(F,) contains no such element.

Hence there are no odd representations for the group GL,,(F,) whenn > 2. On
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the other hand, the general symplectic group GSp,, (F,) does contain elements
which induce split Cartan involutions. In [18], Patrikis generalized Ramakr-
ishna’s lifting theorem to representations with big image in GSp,, (F,). Further

generalizations were obtained by Fakhruddin, Khare and Patrikis in [4] and [5].

We assume that our representation has image in GSp,,,(F,) for n > 2. Asso-
ciate to a commutative W(IF,)-algebra R, a non-degenerate alternating form on

R?" prescribed by the matrix

The group of general symplectic matrices GSp,,(R) consists of matrices X
which preserve this form up to a scalar i.e. satisfy X*JX € R*-J. The similitude
character v : GSp,, (R) — R* is defined by the relation X'JX = v(X) - J. The
space Ad" 5 is an F,[Gg s]-module with underlying space sp,,,(F,). The Galois
action is prescribed by

g9-X =p(g)Xp(g)™
where g € Gg g and X € sp,,(F,). Let B(F,) be the Borel subgroup consisting of

matrices
C CD

§enH™
where C' € GL,(F,) is upper triangular, D € GL,,(F,) is symmetric and £ € R*.

M=

Denote by U; C B be the unipotent subgroup.

Let p : Gg,s = GSp,,(F,) be a continuous Galois representation with image
in B(F,). Composing p with the similitude-character 7 defines a Galois character
denoted by <. Denote by 7 C GSp,,, the diagonal torus and e, ; € GLj,(FF,) the
matrix with 1 in the (4, j)-position and 0 in all other positions. Set t for the F,-

span of Hy,...,H,, where H; := €;; — epyint+i. Let Lq,..., L, € t* be the dual
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basis of Hy, ..., H,. An integer linear combination X of L4, ..., L, is viewed as
character on the torus 7 (F,), which is trivial on the center of GSp,,,(F,). Via the
natural quotient map B — 7, a character on 7 induces a character on B. The

character on B induced by ) is denoted by
wy : B(F,) — F.
Associated to w, is the Galois character
U)\:onﬁ:GQ7s—>IF;<.

Let ”1” be a formal symbol for the trivial linear combination of L4, ..., L, and

set 0, equal to the trivial character. The roots ® = ®(Ad’ p, t) are specified by

® ={£2L,,...,+£2L,}
U{£(L;+L;) |1 <i<j<n}
U{£(L; = L;) |1 <i<j<n}
The choice of the Borel B C GSp,, prescribes the following choice of simple
roots A = {\; | i = 1,...,n}, with \; :== L; — L;; for i < n and \, := 2L,.
The root 2L, = 2 (2?2—11 Ai) + A is the highest root and the unique root of height
2n—1. Denote by b and n the Lie subalgebras of Ad° s corresponding to the Borel

and unipotent subgroups respectively. Set x for the mod-p cyclotomic character

and c for complex conjugation.

Theorem 3.0.1. Let p : Gg,s — B(F,) be a Galois representation of the form:
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w1 ok % * * *
Yok * * *
On * * *
p:
—1-
Y1 R
1
* Py K
1=
* * e O R

and let S be a finite set of primes which contains p. Assume that the following conditions

are satisfied:

1. p> 2n,

2. pisodd, ie dim(Ad°p)”© = dimn.

3. The image of p contains the unipotent subgroup U, (F,).

4. Both the following conditions on the distinctness of the characters {c,} are satis-

fied:
(a) For \, N € ® U {1} such that A # X, o is not a Gal(F,/F,)-twist of o .
(b) Moreover for \,\' € & U {1} not necessarily distinct, o is not a
Gal(FF,/IF,)-twist of xo.
5. For each of the roots \ € ®, the F,-linear span of the image of o in F, is IF,.
6. Ateachprimev € S such that v # p, there is a liftable local deformation condition

C, with tangent space N, of dimension

dim N, = h°(G,, Ad° p).
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7. Tilouine’s reqularity conditions (REG) and (REG)* are satisfied, i.e.

H°(G,,Ad° p/b) = 0 and H°(G,, (Ad" 5/b)(X)) = 0.

Let k be a fixed choice of a lift of the character k. Then 3 a finite set of auxiliary primes
X disjoint from S and a lift p
GSpy, (W(F,))

7
p//// ‘/

1%
GQ,SUX — GQ,S — GSPQn(]Fq).

for which

1. pisirreducible,
2. pis p-ordinary,
3. vop=k&,

4. for v € S\{p}, the restriction to the decomposition group p,c, € C,.

The lift p is geometric in the sense of Fontaine and Mazur. For A € ®, setting
A = —X in condition (4), we have that 03 # 1. Note that the conditions also
imply that oy # y, x~'. This is reminiscent of the condition ¢? # 1 of Hamblen-
Ramakrishna. It is a consequence of Tilouine’s regularity conditions that the
ordinary deformations of p;q, constitute a liftable deformation condition C, for

which the tangent space N, has dimension:

dim N, = h°(G,, Ad’ p) + dimn.
For a discussion on the ordinary deformation condition and Tilioune’s regular-
ity conditions, the reader may refer to [19, section 4]. With reference to condition

(6), the reader may consult [19, sections 4.3 and 4.4] for examples of such defor-

mation conditions.
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3.1 Notation

In this short section, we summarize some notation used in this chapter.

e For an [F-vector space M, set dim M := dimp, M.

e At every prime v, choose an embedding ¢, : Q — Q,. The absolute Galois
group G, = Gal(Q,/Q,) is identified with the decomposition group of the

prime dividing v determined by ¢,.

o Let ¢, ; denote the 2n x 2n square matrix with coefficients in I, with 1 in

the (i, j)-th position and 0 at all other positions.

e Thespace Ad’ pis an F,[Gg s]-module with underlying space sp,,, (F,). The

Galois action is prescribed by

9-X =p(9)Xp(g)™

where g € Gg g and X € sp,, (F,).

e The space of diagonal matrices in Ad° 5 is denoted by t. Let Hy,..., H, be
the basis of t defined by H; := e;; — €, nti- Let Ly, ..., L, € t" be the dual

basis.
o Let ® be the set of roots of sp,, (F,) and Ay, ..., \, € ® be the simple roots

defined as follows

L; — Li+1 fori<n
)\i =

2L, fori =n.

Let A be the simple roots {\;,..., A\, }. Let " and &~ denote the positive

and negative roots respectively.
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For \ € ®, let sp,,(FF,)\ be the \ root-subspace. Denote (Ad° p), the sub-
space of Ad" 5 corresponding to sp,,,(F,)x. For A € ®, let X, be a choice
a root vector generating the one-dimensional space (Ad’ p),. For instance

when n = 2, we may choose root vectors as follows,

0 1 0

Xop, = , Xop, = ;

and XLl—Lg =

X =
Ly1+Lo 0 0

0 -1 0
For A € &7, we may choose X, to be the transpose of X_,.

Let A be a root. There is a unique presentation of A = > a;\;, where «; are
all non-negative or all non-positive. The height of X is defined by ht(\) :=
>, a;. For instance, the root 2L; = 2 (Z;:ll Ai) + A, has height equal to

2n — 1. Every other root has height less than 2n — 1.

For any integer k, let (Ad" p) be the F,[Gq s]-submodule defined by

(Ad° o) := EP (A" p)a.
hiash

Set b := (Ad’p)p and n := (Ad’ p);.
Associated with any root ) is a Galois character denoted by o, : Gg,5 — F*
obtained by composing p with the character induced on B(F,) by the root

A. Denote by o the trivial character and set ht(1) = 0. For A € ® U {1}, we

have that

g+ X\ — 0x(9) X € (AQ° p)ne(y41-

Let @ C Ad’p be an F,[Gq s]-submodule, the oy, -eigenspace of Q is the
F,[Gg,s]-submodule defined by Q,, = QN (Ad° p)ar,. Likewise, if P C
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Ad" 5* is an F,[Gg s]-submodule, the Yoo, -eigenspace Py,,, is defined by

021,

Pyoy,, ={veE P |v(X)=0for X € (Ad° p) _onia}-

e For k > 1, let U, C B(F,) be the exponential subgroup generated by

exp((Ad° p);.). The group U, is the unipotent subgroup of B(F,).

e Throughout, i’ will be an abbreviation for dim H’. For instance,

h'(G,, Ad° p) is an abbreviation for dim H(G,, Ad° p).

e Let M be an F [Gg]-module, let IT1% (M) consist of cohomology classes f €
H'(Gg,s, M) such that f,g, =0 forallv € S.

3.2 The General Lifting Strategy

Let o be a Galois representation g : Gg — GLy(FF,) which is irreducible, odd
and unramified outside finitely many primes. Ramakrishna in [23] and [25]
showed that if p satisfies additional conditions, it lifts to a Galois representation
o which is geometric in the sense of Fontaine and Mazur. In other words, o is
odd, unramified outside finitely many primes and ¢;q, is de Rham. This geo-
metric lifting theorem provided evidence for the weak version of Serre’s con-
jecture before it was proved by Khare and Wintenberger. The geometric lifting
construction was adapted to the reducible setting in [9]. The main result of
this manuscript is a higher dimensional generalization of the lifting theorem of
Hamblen-Ramakrishna. The basic strategy involves successively lifting p to a

characteristic zero irreducible geometric representation p by successively lifting
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Pm to Pm+1
GSp,, (W(F,)/p™*)

21

-,

Pm+1 m
o GSpy, (W(F,)/p™)

-,

. Pm
Go,sux — GSpy,, (Fy).

Definition 3.2.1. Let C be the category of coefficient rings over W(F,) with residue
field F,. The objects of this category consist of local W(IF,)-algebras (R, m) for which

e R is complete and Noetherian,

e R/wm is isomorphic to F, as a W(FF,)-algebra. The residual map
»:R—TF,

is the composite of the quotient map R — R/m with the unique isomorphism of

W (F,)-algebras R/m = F,.

A morphism F : (Ry,my) — (R2,my) is a homorphism of local rings which is also
a W(FF,)-algebra homorphism. Letting ¢; : R; — T, denote residual map to F,, it is
further required that F' be compatible with ¢, and ¢o, i.e. ¢o o F' = ¢1. Recall that k is

a fixed choice of lift of k. Let k., denote the restriction of k to G,

Let v be a prime and R € C. Denote by ¢* : GSp,,,(R) — GSp,, (F,) the group
homomorphism induced by the residual homomorphism ¢ : R — F,. We say

that pr : G, — GSp,,(R) is an R-lift of p¢, if ¢* 0 pr = pi,, i-e. the following
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diagram commutes

2
G, —— GSp,,,(F,).
P1G,
Further, we shall require that the similitude character of py coincides with the

composite of x, with the homomorphism W(F,)* — R* induced by the struc-

ture map.
Two lifts pr and p’; are said to strictly-equivalent if there is
A € ker{GSpy, (R) “ GSpy, (F,)}

such that pr = Apj A~!. A deformation is a strict equivalence class of lifts. Let
Def,(R) be the set of R-deformations of p;g,. The association R +— Def,(R)
defines a covariant functor

Def, : C — Sets.

The tangent space Def,(F,[e]/(e?)) naturally acquires the structure of an F,-
vector space and is isomorphic to H*(G,, Ad® ). Under this association, a coho-

mology class f is identified with the deformation (Id +¢f)pc,

For m € Zs,, the deformations Def,(W(F,)/p™) are equipped with action
of the cohomology group H'(G,,Ad’p). For o,, € Def,(W(F,)/p™) and f €
HY(G,,Ad’ p), the twist of g,, by f is defined by the formula (Id +p™~'f)o.
The set of deformations g,, of a fixed g,,_1 € Def,(W(F,)/p™ ') is either empty

or in bijection with H'(G,, Ad° p).

Definition 3.2.2. We say that a sub-functor C, of Def, is a deformation condition if (1)
to (3) below are satisfied. If condition (4) is satisfied, C,, is said to be liftable.
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1. First, we require that C,(F,) = {pc, }-

2. For Ry and Ry be C, let py € C,(Ry) and py € C,(R3). Let I, be an ideal in

Ry and I, an ideal in Ry such that there is an isomorphism o : Ry/I} = Ry/I;

satisfying
Oé(pl m0d[1) = P2 modlg.

Let R3 be the fibred product
Rg = {(7’1,7“2> ’ Oé(?”lﬂ’lOdIl) = ’f’ngd]Q}

and p3 the Rs-deformation induced from p, and ps. Then ps satisfies C,(R3).

3. Let R € C with maximal ideal mp. If p € Def,(R) is such that p mod m}

satisfies C, for all n € Z>, then p also satisfies C,,.

4. Let R € C and I an ideal such that [.mp = 0. For p € C,(R/I), there exists

p € Cy(R) such that p = p mod I.

Let C, be a local deformation condition at the prime v. By Schlessinger’s

theorem, there is a universal deformation

pu G, — GSpy, (R,),
i.e., puv represents C,. The functor C, is liftable if and only if the deforma-
tion ring R, is smooth. The tangent space N, := C,(F,[¢]/(¢?)) is identified
with a subspace of H'(G,,Ad"p). The action of N, on Def,(W(F,)/p™) stabi-

lizes C,(W(F,)/p™). In other words, if 9, € C,(W(F,)/p™) and f € N,, then

(Id+p™ " f)om € Co(W(Fy)/p™).

It is assumed that each prime v € S\{p} is equipped with a liftable local defor-

mation condition C, such that
dim N, = h°(G,, Ad° p).
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The reader may consult [19, sections 4.3 and 4.4] for examples of such defor-
mation conditions. The deformation condition C, is the ordinary deformation
condition. Since we have assumed that Tilouine’s regularity conditions are sat-
isfied (cf. [19, section 4.1]), C, is liftable and the tangent space N, has dimension
equal to
dim N, = h°(G,, Ad’ p) + dimn,

see [19, Proposition 4.4]. We allow the successive lifts p,, to be ramified at a set
of primes S U X. Each auxiliary prime v € X is equipped with a liftable sub-
functor C, of Def, which is not a deformation condition in the sense of Definition
3.2.2. In fact, the deformation problem C, is not representable. These auxiliary
primes are referred to as trivial primes and were introduced by Hamblen and
Ramakrishna in the two-dimensional setting [9, section 4]. We use a higher di-
mensional generalization due to Fakhruddin, Khare and Patrikis [4, Definition
3.1]. Ateach trivial prime v there is a subspace N, of H'(G,,, Ad’ p) of dimension
h%(G,, Ad° p) which behaves like a versal tangent space. For m > 3, the action
of N, on Def(W(F,)/p™) stabilizes C,(W(F,)/p™). However, this is not the case

for m = 2.

Let X be a finite set of trivial primes disjoint from S. For v € S U X, set
Nt C HY(G,, Ad° p*) to be the orthogonal complement of N, with respect to the

non-degenerate Tate pairing
HY(G,,Ad° p) x H'(G,,Ad’ p*) — H*(G,,F (X)) = F,.
Set Now = 0 and N3 = 0. The Selmer-condition N is the tuple {N, }oesuxuioo}

and the dual Selmer condition N* is {N;},esuxufo}- Attached to N and N+

are the Selmer and dual-Selmer groups:

ressy Hl GU, Ado 0
H ) (Gg,sux, Ad° p) = ker {Hl((}@,sux7 Ad p) Xy @ ( . p) }
veESUX v
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and

Hy1 (Go,sux, Ad° p) = ker {Hl(GQ,SuX, Ad’ %) Isux, @

veESUX

H'(G,, Ad° p*)
N

respectively. The following formula is due to Wiles (see [16, Theorem 8.7.9]):

hi(Ga,sux, Ad° p) — hjei (Gosux, Ad® o) = hP(Gg, Ad° p) — h%(Gg, Ad° 5%)

+ ) (dmAN, - k%G, Ad" ) .

vESUXU{co}

(3.2)

Since p is odd, one has that h°(G,, Ad” p) = dim n. It follows from the above for-
mula that the dimensions of the Selmer group and dual Selmer group coincide,
ie.

hr(Go,sux, Ad° p) = hj.. (Gg,sux, Ad° p%).

The Selmer and dual Selmer groups fit into a long exact sequence called the
Poitou-Tate sequence. We only point out that the cokernel of resg, x injects into
H}\, L (Ssux,Ad° p*)Y. In particular, if the Selmer group is zero, then so is the
dual Selmer group, in which case the restriction map resgyx is an isomorphism.
Since the spaces N, at a trivial prime v stabilize lifts only past mod p?, it be-
comes necessary to produce a mod p? lift p; of p before applying the general
lifting-strategy. All deformations p,, discussed in this paper will have simili-

tude character equal to  mod p™.

The three main steps are as follows:

1. first it is shown that there is a finite set of trivial primes X; disjoint from S
such that the representation p lifts to a mod p? representation p, which is

unramified outside S U X;.
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2. On adapting the methods of Khare, Larsen and Ramakrishna from [11], it
is shown that there is a finite set of trivial primes X, D X; disjoint from S

and a mod p? lift p3 of p; which satisfies the following conditions

e p3 is irreducible, i.e. does not contain a free rank one Galois stable

W(F,)/p3-submodule.
e It is unramified outside S U Xo.

o The lift p3 is also arranged to satisfy conditions C, at each prime v €

S U Xo.

3. At this stage, all that remains to be shown is that the set of primes X, may
be further enlarged to a set of trivial primes X which is disjoint from S

such that the Selmer group H}/(Gg.sux, Ad° p) is equal to zero.

The rest of the argument warrants some explanation. Since the Selmer group
is zero, the map resgyx is an isomorphism. Suppose for m > 3 and p,, is a mod
p™ lift of p3 which is unramified outside S U X and satisfies the conditions C, at
each prime v € SUX. We show that p,, may be lifted to p,,1 which satisfies the
same conditions. Since the dual Selmer group is zero, so is 1T} (Ad° 5*), and
it follows from global-duality that I11%, (Ad" p) is zero. Since local condition C,
is liftable, there are no local obstructions to lifting p,,. The cohomological ob-
struction to lifting p,, to p,,+1 is a class in 1112 (Ad° p) and hence is zero. As a
result, p,, does lift one more step to p,,+1. In order to complete the inductive ar-
gument, it is shown that p,,;, satisfies the conditions C,. After picking a suitable
global cohomology class z € H'(Ggsux,Ad" p) and replacing p,, 1 by its twist
(Id 4+p™2) pm+1, this may be arranged. At each prime v € S U X, there is a coho-
mology class z, € H'(G,, Ad’ p) such that the twist (Id +p"2,) pim1 ', satisfies

C,. Since we assume that m > 3, we have that N, stabilizes C,. For v € SUX, the
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elements z, are defined modulo N,,. Since resgyx is an isomorphism, the tuple

(2) € @ HY(G,,Ad" p)

veESUX No

arises from a unique global cohomology class z which is unramified outside
S U X. After replacing p,,+1 by (Id4+p™2)pp+1, it satisfies the conditions C, at

each prime v € S U X. This completes the inductive lifting argument.

3.3 Preliminaries

In this section, we prove a number of Galois theoretic results which will be
applied in later sections. Let M be a finite abelian group with Gg-action and £
be a number field. Denote by E(M) the extension of E cut out by M. In other
words, it is the Galois extension of £/ which is fixed by the kernel of the action of
Ggon M. Let My, ..., Mj, be finite abelian groups on which Gg acts. Denote by
E(M, ..., M;) the composite of the fields E (M) --- E(My). Let K = Q(p, i)
and L := Q(p) and set G’ := Gal(K/Q) and G := Gal(L/Q). Let F' be the subfield
Q({pi}1<i<n, k) of L. Denote by N’ := Gal(K/F(u,)) and N := Gal(Q(L/F'). The

groups GG, G’, N and N’ are depicted in the following field diagram

Q(p, 1p)

W7 N
\/
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Condition (3) of Theorem 3.0.1 asserts that the image of p contains U, (F,). There-
fore N may be identified with p(N) = U;(F,). In particular the abelianization
N may be identified with U, (F,)/U,(F,). Since N is a p-group and [F(p,) : F]
is coprime to p, it follows that Q(p) and F(u,) are linearly disjoint over F. It
follows that N is canonically isomorphic to N’. The inclusion of 7 into B is a
section of the quotient map B — 7. This induces a semi-direct product decom-
position B = U; x 7. Let 77 be the intersection of the image of p with 7. The
group G may be identified with the image of p. It is easy to see that G has a

semi-direct product decomposition G ~ p(G) = Uy (F,) x T".

Lemma 3.3.1. Suppose 0 < |k| < 2n—1, there is an isomorphism of IF[Gq,s|-modules

(A p)1/(Ad® p)ps1 ~ € Fylon).
ht\=k

On the other hand,
(Ad° p)o/(Ad® p)1 = b/n > t.

Proof. Let A be of height k. Let X € (Ad" p),, we observe that
plg)- X - plg)™ = ox(9)X  mod (Ad”p)ess.

Likewise, for X € b, the conjugation action on X modulo n is trivial. O

Fori=1,...,n,setd,; = 1ifi = j and 0 otherwise. Likewise, for roots A and

7, set dy , toequal 1if A = v and 0 otherwise. Denote by X} and H the elements
of Ad” p* which are defined by the following relations:
XX (Xy) =05 and X3 (H;) = 0,
H (X)) =0and H;(H;) = 0, .

The element H; € Ad’ p* should not be confused with L; € t*. Let (Ad° 5*); be

the span of H;, ..., H and (Ad° p*)y,, the span of X*,. Let P be a Galois-stable
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subgroup of Ad” 5*. Associated to P are its eigenspaces for the action of 5~!(7).
For A € ® U {1}, set Py,, to be the intersection of P with (Ad” p*)s,,. Likewise,
associate to a Galois stable subgroup ) C Ad’ p, an eigenspace Q,, . Define Q; to

be the intersection  Nt. For A € ®, denote by Q,, the intersection @ N (Ad° p),.

The representation p factors through G. Let T be the subgroup of G’ consist-
ing of g such that p(g) € 7. For A € ® U {1}, T acts on Py,, by the character yo,
and on ()., by the character o,. Since the characters o) are assumed to distinct,

it is easy to see that
Py, ={p € P|t - p=xox(t)pfort € T}

Qoy, ={q € Q|t-q=o0i(t)gfort € T}.

The order of T is coprime to p, hence Maschke’s theorem asserts that any fi-
nite dimensional IF,[G']-module M decomposes into a direct sum M = §_»M.,
where 7 is a character of T and M. is the T-eigenspace M, := {m € M|g-m =
7(g)m}. Thus, we have the next Lemma, which follows from the discussion

above.

Lemma3.3.2. 1. Let P C Ad° p* be a Galois-stable subgroup. As an abelian group,

P decomposes into a direct sum of subgroups P = @D, cp,11y Pros-

2. Let Q C Ad" p be a Galois-stable subgroup. Then Q decomposes into a direct sum

of subgroups () = @,\@ug} Qo -

Set the height of the formal symbol ”1” to be equal to zero. Fix a total order
on ® U {1} such that ht(\) < ht(y) if A <.
Lemma 3.3.3. 1. Let P bea non-zero Galois stable subgroup of Ad° p*. Then Py,, L

is equal to (Ad” %)y,
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2. Let Q be a non-zero Galois stable subgroup of Ad® p. Then Qo 1S equal to
(Ad”p)

O2L4°

Proof. 1t follows from Lemma 3.3.2 that P decomposes into €D, cq,(1) Pror- By
condition (5) of Theorem 3.0.1, the image of o5, spans F,. Since y, takes values
in )Y, the same is true for the image of yo3.,. Therefore, if Py, ., is not zero,

then Py,,, = (Ad° 7") 5o .- Suppose by way of contradiction that Py = 0.

o214

Then we may choose v € ® U {1} such that:

o P)‘(UW?AO/

o Py, =0forall A > .

By assumption, v is not the maximal root 2L,. There exists v, € ¢ such that the
difference p := v, —~yisin ®*. This can be shown by considering all possibilities

for ~:

1. v =1, then let u = v, be any positive root,

2. y=2L;fori>1,theny=1L;  — L;and v, = L,_1 + L;,
3. y=-2L;fori>1,thenpy=0L;, 1+ Liand vy, =L; 1 — L;,
4. v = =211, then y= L1+ Lyand v, = — L1 + Lo,

5. y=L;+L;fori<j,theny=L;— L;and v, = 2L,,

6. y=—-L;—Ljfori <j,theny=L;,— L;and v, = —2L;,

7.v=L;—L;fori# j,theny= L; + L;jand v, = 2L;.

By condition (3) of Theorem 3.0.1, the root subgroup U, is contained in the im-

age of p. Let g € Gg be such that p(g) # Id and p(g9) € U,. Letp € Py, be
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a non-zero element. We show that the projection of g - p to P, is non-zero.

X0v1
Express j(g) as e=X := 37! %, where X € (Ad’p),. For Y € (Ad°p)y, the
following identity is well known (see [8, Exercise 3.9.14]):

2n—1

g7 Y = ye N = etxy) = Y L)
=Y +[X, Y]+ %[X, (X, Y]] + %[X, X, (X, Y]+ ...

Note that p is a positive root and hence,
g Y =Y =[X,Y] mod (Ad° p)ne(u)+h+1-
Note that since —v; + 4 = —7 is a root,

[(Ad” p) i, (Ad° )] = (Ad” ),

(cf. [10, p. 39]). Letting Y run through an appropriate basis of Ad’ p, it follows
from the above identity that g- p — p can be expressed as a sum a + b where a # 0
isin Py, and b € @,.,, Py, In particular, this shows that the projection of

g p to Py, is non-zero.

Since y; = p+ v and p € %, the height of 7, is strictly larger than the height
of 7. As a result, 71 > 7. Therefore, the subgroup Py, = 0. This contradiction
shows that v = 2L, and Py,,, # 0. This concludes part (1). The proof of part

(2) is similar and is left to the reader. O]

For A € ® U {1}, set

Lif A € A,
N, =

0 otherwise.

Lemma 3.3.4. Let A € ®PU{1} and o, the associated character. The following assertions

are satisfied:
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1. dim Hom(N,F,(0))9/N = Nj.
2. dim Hom(N',F,(0,)")¢"/N" = 0.

3. Fork # 1,
H'(G, (A" )1 /(A" )1s1) = 0.

On the other hand,

RY(G, (Ad° p),/(Ad" p);) = dim t.
4. Forall k, h'(G", ((Ad° p)i/(Ad° p)is1)*) = 0.

Proof. By condition 3 of Theorem 3.0.1, N may be identified with U,(F,). The

abelianization N is

Ui /Us(Fy) =~ @Fq(av)-

YEA

By condition (5) of Theorem 3.0.1, any G/N equivariant map F' : F,(o,) —

[Fy(oy) is determined by the image of any nonzero element, hence
dim Hom(F, (o), Fy(ox))¢/N < 1.
We have that

F(oy(91)04(92)) = 0x(91)or(g2) F(1) = F(04(91)) F(0(g2)) F'(1).

Since the image of 0, spans IF, it follows that F'is a scalar multiple of an element
of Gal(F,/F,). By assumption, if A # ~, the characters o, and o, are not equal

up to a twist of Gal(F,/F,). Therefore,

. F,ifo) =0,
Hom(F (o), Fy(or)) N =
0 otherwise,

and part (1) follows this.
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Observe that N’ is isomorphic to N and G’/N’ is the Galois group
Gal(Q({yi}, R, x)/Q). By condition (4), the characters ¢, and o} = yo_, are not
equivalent up to a twist of Gal(F,/F,). Part (2) follows via the same reasoning

as part (1).

The order of G/N is coprime to p. By inflation-restriction and part (1)
dim (G, (Ad° p)i/(Ad” p)is1)
= dim Hom(N, (Ad° p)/(Ad® p)gy1) /N

= Z dim Hom(N, ]Fq(UA))G/N

AED ht(N)=k

= ) N

AED, ht(N)=k
It follows that if k& # 1,
HY(G, (A p)p/(Ad° p)gsr) = 0
and that
(G, (Ad? p)1/(Ad® p)s) = #A =n = dim t.

This concludes part (3).

The order of G'/N' is coprime to p. Therefore, by inflation-restriction,
dim H'(G', (Ad° p)i/(Ad® p)k11)
= dim Hom(N', (Ad° p)i/(Ad’ p)yr) /Y

— Z dim Hom(N’, ]Fq<0-/\)*)G//N/
AED, ht(\)=k

=0.
This concludes the proof of part (4). O
Definition 3.3.5. Let (Ad° p)} C Ad° p* be the subspace of Ad° p* consisting of f €
Ad° p* for which fiad0p), =0
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Remark 3.3.6. For k > —2n + 1, the submodule (Ad° p)i- # 0 and by Lemma 3.3.3,
(AQ” D) xop,, = (Ad” p);

k,xoar, Xo2L "

Lemma 3.3.7. Let k be an integer,

1. H'(G,Ad° p/(Ad° p)i,) = 0and H'(G', Ad° p/(Ad° p)i) = 0,

2. HY(G',(Adp)}) = 0.
Proof. We begin with the proof of part (1). Consider the case when £ < 1. By
part (3) of Lemma 3.3.4, fori <1,

HY(G, (A" p)i1/(Ad° p);) = 0.
and hence there is an injection
HY(G,Ad° p/(Ad” p);) — H'(G, Ad° p/(Ad” p);-1).

We deduce that H'(G, Ad" p/(Ad" p);) = 0.

Next consider the case k£ > 1. Associated to

0— (Ad"p)1/(Ad° p)x — Ad° p/(Ad° p)i — Ad° p/(Ad°p); — O

is the long exact sequence in cohomology. It follows from 3.3.3 that any non-
zero submodule of Ad" 5/(Ad" 5), has a non-trivial oy, eigenspace for the T-
action. As a consequence, H°(Gg, Ad’ 5) = 0. Further, it has been shown that

HY(G,Ad° p/(Ad° p);) = 0. It suffices to show that
dim H°(G, Ad° p/(Ad° p)1) > dim H' (G, (Ad® p)1/(Ad° p)i).

Condition (4) of Theorem 3.0.1 stipulates that for A € ®, 0 isnotequal to o, = 1.

Therefore for: <0,

H(G,(Ad° p)ia/(Ad°p))) = @D H°(G,Fy(o,)) =0.

hty=i—1
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For 7 < 0, we deduce that

H(G, (A p)i/(Ad” p)1) = H'(G, (AL’ p)ir /(A" p)1).
Composing these isomorphisms we have that

(A p)o/(Ad” p)1 = H(G, (Ad” p)o/(Ad® p)1) = H'(G, Ad” p/(Ad” p)y).
We have deduced that
RO(G, Ad° p/(Ad° p)1) = dim(Ad" p)o/(Ad° p); = dim t.

By Lemma 3.3.4 part (3),

I (G, (Ad° p)1/(Ad” p)2) = dim t = h%(G, Ad” p/(Ad” p)s).
By Lemma 3.3.4, for i > 2, we have that

HY(G, (Ad° p)i/(Ad® p)iy1) = 0,
and it follows that ' (G, (Ad° p),/(Ad° p);,) = 0. Hence it follows that
WG, (Ad° p)1/(Ad° p)x) < BH(G, (Ad® p)1/(Ad° p)a). (3.3)
Conclude that
(G, (A p)1/(Ad” p)i) < h(G,Ad° p/(Ad° p)y).

Therefore we conclude that H*(G, Ad° p/(Ad° p)x) = 0.

Since [L : K] is coprime to p, from a direct application of inflation-restriction

it follows that H'(G’, Ad° p/(Ad" p),.) = 0. We have proved part (1).
Consider the short exact sequence
0= (Ad°p)iny — (Ad” p)i” = ((Ad”p)i—1/(Ad p)i)" — 0
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and the associated sequence in cohomology. By Lemma 3.3 .4,
HY(G', (A" p)i—1/(Ad° p);)") =0
from which we deduce that
HY(G', (A" p)iy) — HY(G', (A D))
is a surjection for all 7. As
(Ad” )Ly, 1 = (A® p/(Ad® p) 211)" = 0

we deduce that H'(G’, (Ad" p);-) = 0. O

For v in H'(Gg, Ad° 5*), the restriction ¢g,, : Gx — Ad’p* is a homomor-
phism since the action of Gx on Ad° p* is trivial. Set K;, O K be the extension
cut out by ¢, i.e. K, is the smallest extension of K which is fixed by the kernel of
Via,- Identify Gal(K,/K) with ¢(Gg) C Ad° p* and let J,, C K, be the subfield
for which Gal(Ky/Jy) ~ ¥(Gk)xe,,, - Likewise for f in H'(Gg, Ad" p) denote by
Ly, the extension of L cut out by f. Set K; to be the composite of L; with K.
Since p 1 [K : L], we have that Gal(K;/K) ~ Gal(L;/L).

Lemma 3.3.8. Let J 2O S be a finite set of primes. Let f € H'(Gg.7, Ad" p) and
Y € H'(Go,7, Ad" p) be a non-zero cohomology classes. Then the following assertions

are satisfied:

1. Ly 2 L (equivalently, Ky 2 K),

2. Ky 2 Jy, in particular, Ky 2 K.

Proof. For part (2), recall that Lemma 3.3.7 asserts that H'(G’,Ad°p*) = 0.

Therefore, the restriction v, is not zero. This shows that K, 2 K. That K,
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strictly contains .J,, is a direct consequence of Lemma 3.3.3. Part (1) also follows

from Lemma 3.3.7. O]

Lemma3.39. 1. Let P C Ad°p* be a nonzero Galois-stable subgroup and p :

P — Ad° p* denote the inclusion. We have that

Homg (P, Ad’ )¢ = F, - tp.

2. Let Q@ C Ad° p be a nonzero Galois-stable subgroup and v : Q — Ad° 5 denote

the inclusion. We have that

Homg, (Q,Ad’ p*)¢ =F, - 1o.

Proof. We prove part (1), the proof of (2) is similar. Let &' = ® U {1} and m :=
#&'. Enumerate & = {v1,...,7vn}, so that v; > ~; if i < j. The root 7, is the
highest root 2L, and +,, is —2L;. Let W, be the G’-submodule of Ad° 5* defined
by

Wi = (@(Ado p*)xm]) :

J<i

Setting P, = P N W;, Lemma 3.3.2 asserts that

P=(H Py, and P, = (EB PX%> .

€D/ J<i

Let ¢ € Hom(P, Ad" 5*)%, we show that there exists 3 € F, such that ¢ = Bip.

Note that P, = Py, L, 1s G'-stable. For p € P;, we have that

g9(p) = ¢(gp) = X(9)7+,(9)p(p).

We show that p(p) € (Ad" 5*) 50 = W,. Assume that ¢(p) # 0 and set F; := 0.

~

Suppose that i is such that p(p) € P, and ¢(p) is not in P,_;, we show thati = 1.
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Express ¢(p) = z; + z;,_1, where z; € (Ad° ﬁ)xw and z;_, € W,_;. Suppose ¢ # 1,

then there exists g be such that o, (g) # 0.,(g). We have that

9¢(p) = X(9)0~,(9)Ti + g - Ti1,

Since go(p) = ¢(gp) we deduce that

(03:(9) = 031 (9))x:i = 03, (9) Ty — g - Tima € Winy,

This is a contradiction since z; ¢ W,_;. Therefore i is equal to 1. By Lemma
3.3.3, P, is equal to W;. Note that IV, is a one dimensional F,-vector space. By
condition (5) of Theorem 3.0.1, the F,-span of the image of o5, is equal to F,.
Since the image of y is in F, it follows that the image of xo3;, is equal to F,.
Therefore, the restriction of ¢ to P, = W, must be F,-linear. Let 5 € I, be such

that ¢(p) = fp forall p € P,.

Next, we show that by induction on i, that ¢ is given by multiplication by

on P;. Letp € Py, and g € T. We have that
9(p) = x(9)o-.(9)p
and we deduce that

©(gp) = X(9)a+,(9)w(p) = X(9)0,(9)¢(P)-

Suppose by way of contradiction, ¢(p) ¢ W;. Let j > i be such that ¢(p) € W;
and p(p) ¢ W,_;. It follows from conditions (3) and (4) of Theorem 3.0.1, that
there exists g € T such that o.,(g9) # 0,,(g9). Express p(p) = z; + x;_1, where

z; € (Ad P*)xo,, and z;_1 € Wj_1. We have that

g0(p) = x(9)0-,(9)x; + g - xj—1 = @(gp) = X(9)04.(9)(x; + xj_1).



We have that

X(9)(04,(9) — 04.(9))x; = X(9)0y,(9)Tj-1 — 9 - 71

is contained in W;_;. This is contradiction, we deduce that ¢(FP;) C W,. We
show that ¢(p) = Bp for p € P, and this shall complete the inductive step.
Write ¢(p) = 2 + 2, where z; € (Ad° ,6*);(% and z;_; € W;_;. Letg € T, we

have that

©(gp) = ©(X(9)0+.(9)p) = X(9)0,(9)e(P) = X(9)0+,(9)zi + X(9)0+,(9)2i-1.

We have that

990(]7) =0-2+9-%-1= 5((9)0%- (g)zz +9g- 2.

Therefore, we deduce that

g Zi-1= X(g)%(g)zi—L

We show that z;_; = 0. If z;_; # 0, there exists k < i be such that z;_; € W}, and

21 & Wy_y. Write z_; = wy 4+ wy_; where w;, € (Ad° P )xo . and wy_; € Wi_1.

Let g € T be such that 0.,(g) # 0., (g). Comparing gy(p) with ¢(gp) we deduce
that wy, is contained in W_;. This implies that z;_; = 0 and therefore, ¢(p) =
z € (Ad° P )xo,,- Let h € Go, write h - p = x(h)o,,(h)p + a, where a € P;_;. By
inductive hypothesis, ¢(a) = fa. We have h - z; = ¢(h - p) = x(h)o,,(h)z; + Ba.

We deduce

Wz = Bp) = x(h)ov, (h)zi + Ba — B(x(h)on, (h)p + a) = Xx(h)ox, (k) (2 — Bp).

The Galois stable module P' generated by (z; — 8p) is contained in Py, . Since
i > 1, we have that P'y,,, = 0 and therefore Lemma 3.3.3, asserts that P’ = 0.
We conclude that ¢(p) = z; = pp. This concludes the induction step and the

proof of the result. O
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Corollary 3.3.10. 1. Let P, and P, be Galois-stable subgroups of Ad° 5* such that
there is an isomorphism ¢ : Py = Py of Galois modules. Then P, = P, and ¢ is

multiplication by a scalar.

2. Let Q and Q, be Galois-stable subgroups of Ad" p such that there is an isomor-
phism ¢ : Q1 = Qo of Galois modules. Then QQ = Qo and ¢ is multiplication

by a scalar.

Proof. We prove part (1), part (2) is identical. Let tp, : P, — Ad° p* be the inclu-
sion. By Proposition 3.3.9, the two inclusions ¢p, and ¢p, o ¢ are the same upto a

scalar. The assertion follows. O]

Let Q be a G-submodule of Ad’ p, by Lemma 3.3.2, the projection of @ to

(Adl0 p)—ar, equals Q,_, ., - For convenience of notation, let () _»;, denote @, _, L

Lemma 3.3.11. Let Q be a Galois-stable submodule of Ad° p for which Q o1, # 0, then
Q= Adp.

Proof. Let P := {y € Ad°p* | v(z) = Oforz € Q}. The assumption on Q
implies that Py,,, # (Ad® 5*) 50, ., - Since the image of Yoy, spans Fy, Py,,, #
(Ad" P )xosy, implies that Py,,, = 0 By Lemma 3.3.3, P = 0, and therefore,
Q = Ad"p. O
Lemma 3.3.12. 1. The fields K = Q(p, jt,) and Q(u,2) are linearly disjoint over
Q(1p)-
2. Let J D S be a finite set of prime numbers, ¢x, ..., € H (Gq,z, Ad° p*) and
set Kj := Ky, for j = 1,...,t. Then the composite K, --- K, and Q(j,>) are

linearly disjoint over Q(f,).
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Proof. Suppose by way of contradiction that Q(u,) € K. Set V =
Gal(K/F(p,2)) and A := G'/N’' = Gal(F(u,)/Q). Forn € N'® and g € A,
let 7 and g be lifts of n and g to N’ and G’ respectively. The action of A on N’ is
induced by conjugation, defined by ¢ - n := gng~' mod [N’, N']. The groups N
and N’ are isomorphic and the image of p is assumed to contain U, (F,) (condi-
tion 3 of Theorem 3.0.1). The quotient N'/V = Gal(F(u,2)/F(11,)) ~ IF,. Since £
is an abelian extension of Q, the action of A on the quotient N'/V is trivial. Let
7 : G' = F, denote the quotient map. The restriction of 7 to N’ factors through
an A-equivariant map 7’ : N — F,. As an A-module, N'** ~ @, Fy(0)).
It follows from condition 4 of Theorem 3.0.1 that o, # ¥ ! for A € ®. As
a result, the restriction of 7 to N’ must be trivial. Hence 7 factors as a map
A = G'/N" — F,. Therefore = must be zero since the order of A is prime to p.
This is a contradiction since the quotient map = is surjective. Therefore, Q(,2)

is not contained in K. This concludes the proof of part (1).

Set ; tobe K;...K; and K := K. Setting £/ := Q(p,2), it suffices to show
that K; N E = K;_; N E. We begin with the case j = 1. For ¢ € H'(Gq.7, Ad" 5*),
regard Gal(K,/K) as an F [G']-module, where the Galois action is induced via
conjugation. The G’-module P, := Gal(K,/K) is identified with ¢, (Gg). Let
@1 C P, be the G’'-stable subgroup defined by @, := Gal(K; /(K1 N E) - K). The
action of G’ on P, /Q; = Gal((K; N E) - K/K) is trivial. By Lemma 3.3.2, the
quotient P /); decomposes into subgroups

P/Qi= D (Psor/(@Q1)xor
AEDU{1}
The characters o, # Y~ ! and hence P, = Q;. We have thus shown that K, N E =
KnE.
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Let P; be defined by P; := Gal(K;/K;_1). The G'-module P; is isomorphic to
Gal(K;/K; N K1) € ¥;(Gg) € Ad° p.

Let (), be the G'-stable subgroup Gal(K;/(K; N E) - K;_1) and note that the G’
action on P;/Q); is trivial. Invoking the same argument as in the case when
j =1, we have that P; = ; and hence £; N E = K;_; N E. This completes the

proof. O

Definition 3.3.13. 1. Let M, and M, be F,[G'|-modules. We say that M, is unre-
lated to M, if for every IF,|G'|-submodule N of M;,

Hom(N, M,)¢ = 0.

2. Let L be a finite extension of K such that L is Galois over Q and Gal(L/K) is an
IF,-vector space. Let M be an F,[G'|-module. We say that L is unrelated to M if
Gal(L/K) is G'-unrelated to M. Here, the G'-action on Gal(L/K) is induced via

conjugation (let x € Gal(L/K) and g € G, pick a lift g of g, set g - © := gzg~!).
Proposition 3.3.14. Let J 2 S be a finite set of prime numbers and
1/}07 R Jwt S Hl(GQm77AdO ﬁ*)

be linearly independent over F,. Set K; :== Ky, andlet L, ..., Ly be a (possibly empty)
set of Galois extensions of Q. Assume that L; contains K and Gal(L;/K) is an F -
vector space for i = 1,... k. Suppose that L, is unrelated to Ad° p* fori=1,... k.
Denote by L the composite Ly - - - Lg. If the set {L1, ..., Ly} is empty, set L = K. The
field K is not contained in the composite of the fields K, - - - K, - L.

Proof. Let K denote the composite of the fields K;, ..., K;. If K is contained in
K- L, theny, ... v, € H(Gal(K - £/Q), Ad® 5*) and hence

K (Gal(K - £/Q), Ad°5*) > ¢ + 1.
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Hence it suffices to show that
hl(Gal(lC . ,C/@),Ad0 p*) <t.

First we show that

h!(Gal(£/Q), Ad° 5*) = 0.

Denote by £, the composite of the fields L; --- L; and set £, := K. Note that
Gal(L;/L;_1) is isomorphic to Gal(L;/L; N £;_1), which is an F,[G’]-submodule
of Gal(L;/K). Since L, is unrelated to Ad° 5%,

Hom(Gal(£;/Li_1), Ad® 5*)¢" = 0.
Hence the inflation map
HY(Gal(£:_1/Q), Ad° p*) 25 HY(Gal(L;/Q), Ad® 5)

is an isomorphism. We deduce that H!(Gal(£/Q),Ad’p*) is isomorphic to
H'(G', Ad° p*) and hence, is zero.

Let C; denote the composite K - - - K; and K, denote K. Note that Gal(K; -
L/K;_1 - L) is an F,[G']-submodule of Gal(K;/K), and hence, of Ad” 5*. Lemma

3.3.9 asserts that
dim Hom(Gal(K; - £/K;_1 - £),Ad° )% < 1.
Therefore, by inflation-restriction,
RY(Gal(K; - £/Q), Ad° 5*) < h(Gal(K,_y - £/Q), Ad° 5*) + 1.

Consequently, we deduce that h!(Gal(K - £/Q),Ad° p*) < t and the proof is

complete. O

Lemma 3.3.15. Let J D S be a finite set of primes.
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1. Let f € H(Gg.7, Ad° p), then the extension K ; is unrelated to Ad° p*.

2. Let M be a nontrivial quotient of Ad° p* and n € H*(Gg.7, M) be non-zero. Let
K, be the field extension of K cut out by 1. The field K, is G'-unrelated to Ad" p*.

Proof. Let Q be a G’-submodule of Ad’p, Lemma 3.3.2 asserts that Q =
@Aeq,u{l} Qs,. On the other hand, Ad° p* = G}Veq)u{l}(Ad0 0" )50, It follows from

condition (4) of Theorem 3.0.1 that
Hom(Q,,, (Ad° p*)z..,)" = 0.
As a result, Hom(Q, Ad° 5*)¢" = 0 and hence part (1) follows.

For part (2), it suffices to show that M is unrelated to Ad° p*. Since M is
a non-trivial quotient of Ad° p*, it follows from Lemma 3.3.3 that the Yooy, -
eigenspace of M is zero. Let N C M be a G’-submodule and f : N — Ad" 5* be
a homomorphism. The oy, -eigenspace of f(V) is zero, hence by Lemma 3.3.3,

the map f = 0. O

Lemma 3.3.16. Let L+, ..., Lyand K, ..., K; be Galois extensions of Q which contain

K. Assume that:

o Gal(L;/K) and Gal(K;/K) are finite dimensional F,-vector spaces.

e As a G'-module, Gal(L;/K) is isomorphic to a subquotient of Ad’ p for i =
...,k

e As a G'-module, Gal(K;/K) is isomorphic to a subquotient of Ad° p* for i =
1,...,L

Then the composite L - - - Ly, is linearly disjoint from K, ..., K.
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Proof. The order of T is coprime to p, hence Maschke’s theorem asserts that any

finite dimensional F,[G’']-module M decomposes into a direct sum
M =@, M,.
Here, 7 is a character of T and M. is the T-eigenspace
M, :={m e Ml|g-m = 7(g9)m}.

The action of G’ on Gal(L;/K) and Gal(K;/K) is induced by conjugation. By
assumption, Gal(L;/K) is isomorphic to a subquotient of Ad” 5, i.e. there exist
G’-submodules Q; C Q- of Ad" 5 such that Gal(L;/K) ~ QQ2/Q. By Lemma
3.3.2, the module ); decomposes into T-eigenspaces
Qi = @ (Qi)tf)\

Ae@U{1}

for i = 1, 2. Therefore, the quotient Gal(L;/K ) decomposes into
Gal(Li/K) = @B (Gal(Li/K)),,

AedU{1}
where (Gal(L;/K))s, = (Q2)s,/(Q1)s, is the o)-eigenspace for the action of T
on Gal(L;/K). Likewise, Gal(K;/K) decomposes into

Gal(K;/K) = P (Gal(K;/K))x,.
Ae@U(1}
Let £ be the composite L, - - - Lj, and K be the composite K - - - K;. Letting £,

be the composite L, - - - L;, filter £ by

The Galois group
Gal(ﬁz//lz_l) >~ Gal(LZ/Ll N Ei—l)
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is a G’-submodule of Gal(L;/K). Hence the characters for the action of T on
Gal(L;/L;_1) are each of the form ¢,. Similar reasoning shows that the charac-
ters for the action of T on Gal(K/K) are each of the form yo,. Set £ = KN L and
M = Gal(E/K). Being a quotient of Gal(L/K), M decomposes into eigenspaces

for the action of the torus

M= P M,

A€PU{1}
Since M is a quotient of Gal(IC/K),

M= P M,

~yedU{1}
It is assumed that the image of o) spans F, and that o, is not a Gal(F,/F,) twist

of xo.,. Hence, it follows that
Hom(Fq(o), Fq(iav))T =0.

Therefore, Hom(M, M) = 0 and in particular, the identity map is zero. This
implies that C N L = K. O

3.4 Deformation conditions at Auxiliary Primes

We introduce the auxiliary primes v and the liftable deformation problem C, at

V.
Definition 3.4.1. A prime number v is a trivial prime if the following splitting condi-

tions are satisfied:

e G, Ckerp,

e v=1 mod pandv Z1 mod p*
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In other words, a prime number v is trivial if it splits in Q(p, 1,) and does
not split in Q(y,2). By Lemma 3.3.12, Q(p, 1,,) does not contain Q(y,2). This is a
Chebotarev condition, i.e. defined by a finite union of sets that are defined by
applying the Chebotarev density theorem. Therefore, the set of trivial primes

has positive Dirichlet density, in particular, it is infinite.

Let v be a trivial prime. The deformations of the trivial representation p;q,
are tamely ramified. The Galois group of the maximal pro-p extension of Q,
is generated by a Frobenius o, and a generator of tame pro-p inertia 7,. These
satisfy the relation o,7,0,' = 7. We define the deformation functor C,. The
functor C, will be liftable, however, it will not be a deformation condition. Let
a be a root which shall be specified later. The root-subgroup U, C GSp,, is
the subgroup generated by the image of the root-subspace (sp,,), under the
exponential map. We let Z(U,,) be the subgroup of GSp,,, consisting of elements

which commute with U,.

Definition 3.4.2. [4, Definition 3.1] Let DS consist of the deformation classes of lifts o

such that

1. o(oy,) € T -Z(U,) and o(1,) € U,,
2. under the composite
T-Z(U,) = T/(T NZ(Uy,)) = GLy
o(oy,) maps to v.

Remark 3.4.3. When n = 1 and « is the positive root of sly, the deformation functor

DS consists of o such that there exists x and y such that

v ox 1y
o(o,) =c and o(1,) =
01 0 1
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Here c is equal to (1(a,) /v)z.

We shall denote by the kernel of « restricted to t by t,. Since the action of G,
on Ad° 5 is trivial,

HY(G,,Ad" p) = Hom(G,, Ad° p).

Let P be the subspace of H'(G,, Ad° p) consisting of ¢ such that
¢(0,) € to + Cent((Ad° p)a)

¢(r,) € (A’ p)a

Let ® denote the subset of roots 3 such that [(Ad" 5),, (Ad° p)s] # 0 and let S°
consist of ¢ such that ¢(0,) € P sca(Ad’ p)s and ¢(7,) = 0. Recall that X, is a

choice of root vector for «.

Definition 3.4.4. 1. Let v be a trivial prime which is unramified mod p* in our

lifting arqument. Set o = 2L, and C, = C}" consist of deformations
o' = (Id+X o)o(ld+X o)™
where o € DS Associated to C, is the space

Ny =N = (Id+X_o)(P* + S (Id +X_o) "

2. Let v be a trivial prime which will be ramified mod p? in our lifting arqument. Let

a = —2Ly and C, = CI*™ = D% is the space N,, = NI*™ defined by
N, :=Ps+ 8.

Lemma 3.4.5. Let v be a trivial prime and C, = C!'". Let f € N,, express f(o,) =
> vea XN+ >or aiHy Write X o1, = cepqr1 and Xop, = dey 1. We have that

asr, 7& —(Cd)ilal.
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Proof. Set g := (Id+X_51,) ' f(Id+X_51,) and express g(o,) = > \co 1 Xa +
So"  b:H;. Observe that b; = 0 since g € P2/ + S§2F1. We have that

g(oy) = (Id =X _op,) f(o,)(Id +X 21,) = f(0u) + c[f(00), €nt1,1] — aar,cdX op,

and hence it follows that b; = a; + cdasr,. Thus we have shown that a; #

—cdang . O

Lemma 3.4.6. [4, Lemma 3.2, 3.6] Let v be a trivial prime (for which either C, = C,*™

or CI'" is the chosen deformation condition) and X € N,

1. dim N, = dim Ad" 5 = h°(G,, Ad® p).

2. Let m > 3and p,, € C,(W(F,)/p™), then

Id+p" ' X)pm € C,(W(F,)/p™).

3. The deformation functor C, is liftable.

Prior to lifting p to characteristic zero, we show that p lifts to p, after increas-
ing the set of ramification from S to S U X;. One may choose a set theoretic 7 of

p as depicted
GSpa, (W(E,)/p?)

Go,sux, —5 GSpy,, (F,)

such that the composite v o 7 = ¢ mod p?. The obstruction class

O(p)1sux, € H' (Gsux,, Ad’ p)

is represented by the 2-cocycle

(glv 92) = 7_(9192)7_(92)_17'(91)_1.
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The residual representation p lifts to a representation p, ramified only at
primes in S U X; if and only if this obstruction is zero. For v € S, the local
representation p,q, satisfies C, which is a liftable deformation condition (by as-
sumption) and thus lifts to mod p?. The residual representation p is unramified
at each prime v € X; and thus it is easy to see that pq, lifts to mod p? for v € X;.
As a consequence, O(p);sux; is contained in II1% - (Ad’ p). We will show that a

set of finitely many trivial primes X, can be chosen so that
]-H%uxl (Ado p)=0.

For such a choice of X, there is a deformation p

GSps, (W(F,)/p?)

> |

Go,sux, — GSpy,, (Fy).

Proposition 3.4.7. Let M denote the finite set of Gg-modules defined by

M :={(Ad°p)/(Ad® )y, | —2n +1 < k < 2n —1}
U{(Ad’p)i, | —2n+ 1<k <2n—1}.
There is a finite set T D S such that T'/S consists of only trivial primes such that for

all M e M,
ker{ H' (G, M) = € H'(Gu, M)} =0 (3.4)

weT\S

and so in particular,
I}(M) = 0.
Proof. We show that 7" can be chosen for which
15 (Ad” p*) = 0,
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the argument for any M € M isidentical. For 0 # ¢ € H'(Gg,s, Ad’ p*), let Ky D
Q(Ad" p*) be the field extension cut out by . By Lemma 3.3.8, the extension K
is not equal to Q(Ad" 5*). The extension K (11,2) is linearly disjoint with K, over
K. By Lemma 3.3.12, K(11,2) is not contained in K and K (p,2) N Ky = K. Asa
result, there is a nonempty Chebotarev class of primes which split in K and are
non-split in Ky and K (y,2). If v is such a prime, it must be a trivial prime since
it splits in K and is non-split in Q(1,2). On the other hand, since v is non-split
in K, deduce that v, # 0. We may therefore choose a finite set of primes 7'

such that

e T is finite,
e T\ S consists of only trivial primes,

o ker{H'(Gor,Ad’p*) = @,ems H'(Gu, Ad® p*)} = 0.

The set of trivial primes X; := 7'\ S.

3.5 Lifting to mod p*

By Proposition 3.4.7, there is a finite set of primes 7" containing S such that 7'\ 'S
consists of trivial primes and IIT}%.(Ad° p*) = 0. Let X, be the set of trivial primes
T\S. At each prime v € X}, set C, be the liftable deformation problem C". By

Global-duality, I112(Ad° p) = 0 and thus the cohomological obstruction to lifting
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p to a representation ¢,

GSp,, (W(IF,)/p?)
V l
Gor ——— GSPzn(IFq)

P (3.5)
vanishes. Let v € T, recall that the set of W(F,)/p? lifts of pjg, is an
HY(G,, Ad° p)-torsor. Therefore there exists z, € H'(G,,Ad"p) such that the
twist (Id +2z,p)(2|q, satisfies C,. Further, for v € X;, the class z, may is chosen
so that this twist is unramified. We show that there is a set IV of at most two

trivial primes such that on increasing the set 7' to Z = T'UW there exists a global

cohomology class h € H'(Gg.z, Ad° p) such that

° h[Gv =z forvelT,

® hg, €Cl*™forveW.

Further, letting p, be the twist p, = (Id +hp)(,, each local representation p;q,
satisfies C, for v € Z. As a consequence, the obstruction class O(ps) is in
I11%(Ad° p). Since Z contains T, the group I11%(Ad° p) is zero. As a result, p,
must lift to a W (F) /p3. Assume that there is no such class / for a set IV such that
#W < 1. It is shown that there is a pair of trivial primes vy, v, ¢ T such that W
can be chosen to be equal to {v;, v2}. The set of trivial primes X, is then chosen

to be Z\S. For v € W, choose C, to be equal to C;*™.

Proposition 3.5.1. Let T be as in Proposition 3.4.7 and 1 be a nonzero element in

HY(Ggr,Ad° p*) and let W C H'(Ggr, Ad° p*) be a subspace not containing 1.
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Then, there exists a trivial prime v such that

Yia, 7 0
Bic, = 0 forall B € W.

Moreover we may choose v so that v does not split completely in the xoo,-eigenspace

of Gal(K/ K) when viewed as a Galois submodule of Ad° p*.

Proof. Let {¢1,...,%¢,} be a basis of W and denote by the composite F' :=
Ky

1

-+ Ky,. Set P = Gal(Ky/K) and let J C Ky be the field fixed by Py,,, -
Since ¢» # 0 by Lemma 3.3.7 it follows that P # 0. As a consequence of Lemma
3.3.3 of Theorem 3.0.1 we deduce that Py,,, # 0and in particular, J C K. We

will show that F'N K, C J. First we show how the result follows from this.

Set L=F K, =Ky, Ky, - K;. We consider the following field diagram,

L=F- Ky

N

Ky
/

\ 7 Q)

FNK,

|
Q(4p)-

By Lemma 3.3.12, the intersection Q(s,2) N K = Q(p,). In fact, Lemma 3.3.12

asserts that ' N Q(p,2) = Q(p,). Therefore there is a prime v which is

1. splitin Gal(F/Q),

2. nonsplit in Gal(Q(zy2)/Q(1y)),

3. nonsplit in Gal(Ky/J).
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Since K = Q(p, 1) is contained in F, the prime v is a trivial prime. Since v splits
in Gal(F'/Q), we have that 1;;, = 0 fori = 1,...,r. Since v does not split in
Gal(K,/K), we have that ¢, # 0.

We begin by showing that K, is not contained in F'. This is equivalent to the

assertion that F' - K, # F. By inflation-restriction,
h'(Gal(L/Q), Ad° p*) = h(Ggr, Ad” p*) > r + 1.

It suffices to show that h!(Gal(F/Q), Ad” 5*) < r. We show by induction on i
that

RY(Gal(Ky, - - Ky, /Q),Ad° p*) < 4.

Lemma 3.3.7 asserts that /'(G’ Ad° 5*) = 0 and hence by inflation-restriction,
H'(Gal(Ky, /Q),Ad" 5*) ~ Hom(P;, Ad° 7).
Lemma 3.3.9 asserts that
dim Hom(P;, Ad® 5")¢ < 1
and hence the case i = 1 follows.
For the induction step, set F; = Ky, - - - K, and
P, := Gal(F;/F;_1) ~ Gal(Ky, /Ky, N F;_1).
Lemma 3.3.9 asserts that
dim Hom(P;, Ad® 5*)¢" < 1
from which we see from inflation-restriction

h'(Gal(F;/Q),Ad’ p*) < hY(Gal(F;_,/Q),Ad° p*) + 1.
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We conclude that L # F and thus we have deduced that K, N F' # K. Set
Q = Gal(Ky/Ky N F), by Lemma 3.3.3,

Q)?Ule = (Ado ﬁ*)iﬁle = P)_(0'2L1'
We deduce that K, N F' is contained in J. This completes the proof. O

Definition 3.5.2. Let J be a set of trivial primes that contains the set S and v ¢ J be

a trivial prime. Denote by W ; and W%,  the maps defined by

Y H' (Gog, (Ad° p)k) —5 €D H' (Gu, (A p)1)
weJ

and
U HY (Gggugy, (Ad° p)k) =5 €D H' (Gu, (Ad’ p)).
weJ
Let 7, be a generator of the maximal pro-p quotient of the tame inertia at v, denote by
7, H (Gg,zuqey, (Ad° p)i) — (Ad° D)y,
be the evaluation map defined by

Ty o(f) = f (7).

Lemma 3.5.3. Let T be a set of trivial primes as in Proposition 3.4.7 that contains the
set S and k an integer. Suppose v ¢ T is a trivial prime with the property that for all
B € HY(Gr, (Ad° p);), the restriction 3iq, = 0. The following are exact:

0 — ker Uk, 2, er \I/%U ™, (Ad° p) — 0, (3.6)
. 71—k’
0 — H'(Gr, (Ad° p)x) 25 HY(Groge, (AA® p)i) =5 (Ad®p)e — 0. (3.7)

Further, the image of Y is equal to the image of V.

Proof. Clearly the composite of the maps is zero and (3.6) is exact in the middle.

Denote by res, the restriction map:

res, : H'(Grupy, (Ad° p);) — HY (G, (Ad° p)}).
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By assumption, H'(Gr, (Ad° p);) and ker res, are equal. By the local Euler char-

acteristic formula and local duality,
I (Go, (A p)i) — B%(Go, (Ad” p)i)
= h*(Gy, (Ad° p)i) = h°(Gy, (A’ p);) = dim Ad” p.
By Wiles” Formula (3.2),
dim ker \If%v = dim ker W%, + dim ker res, —h*(Gr, (Ad° p);)
+h! (G, (Ad” p)5) = h7(Go, (Ad” p)7)
= dim ker U%. + dim(Ad° p)y,

and the exactness of (3.6) follows. The exactness of (3.7) follows by the same

arguments. Therefore,

dimim ¥r, =h'(Gruge, (Ad° p)i) — dimker ¥r,

=h'(Gr, (Ad" p);,) — dimker U7 = dimim .

Let M be an F,[G,]-module which is a finite dimensional F,-vector space.

The cup product induces the map

HY(Gy, M) x H'(Gy, M*) = H*(G,,Fy(x)) = F,
taking f, € H'(G,, M) and f, € H'(G,, M*) to inv,,(f1 U f3) € F,. Define the
non-degenerate pairing

(@Hl(ew,AdOp)> X (@Hl(ew,AdO ,5*)) — T,

weT weT

defined by aUb =) . invy(a, U by). Denote by Ann((zy)wer) the annihilator
of the tuple (z,)wer. If the tuple (2, )wer is not zero, then Ann((zy)wer) is codi-

mension one. Recall that we assume that (2, ),er does not arise from a global
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class unramified outside 7. This implies that ¥~ (Ann(z,),er) has codimen-
sion one in H'(Gy,Ad’ p*). Set (Ad’p)_ oz, for the F, span of the root vector
X—2L1-

Proposition 3.5.4. Let T' be as in Proposition 3.4.7. There exists a Chebotarev class |

of trivial primes v such that

1' /BTGU = Ofor ﬂll 5 € H1<GQ,Ta (Ado :a)rl)for d 2 —2n + 2/

2. there exists an B, basis {1, 1, ..., 0, } of H (G, Ad° p*) such that

o {ty,..., 0.} is a basis of Ui (Ann(zy)wer)

e g, # 0and ¢, =0 forall j > 1.

Furthermore, there is, for each v € |, an element ) e H 1(GTU{D}, Ad° p) such that

L) ‘Gw = 2,

forallw e T and

A (7,) € (Ad 7) -2, \{0}. (3.8)

Proof. First, we analyze condition (1). By Lemma 3.3.3, we have that (Ad° p)
is the direct sum of subgroups (Ad’ P)ixo, for A € @ U {1} with ht(\) > d. By
condition 4 of Theorem 3.0.1, the characters o, # Y !. Let Q be Galois stable
submodule of Ad” 5*. It follows from Lemma 3.3.2 that
(Ad°77)a/Q = €D (A 7")axon/ Qo
du{1}
Hence there is no proper Galois stable submodule Q of (Ad° p) for which the

Galois action on (Ad° p)%/Q is trivial. Hence the splitting conditions imposed by
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condition (1) are independent of the non-splitting condition in Q(y,2) imposed

by the fact that trivial primes are not 1 mod p?.

Analyze the non-splitting condition of v in K, imposed by condition (2).
By Lemma 3.3.8, we have that K, # K. Identify P := Gal(K,/K) with
Y(Gg) C Ad° p* and by Lemma 3.3.3, the Proy, = (Ad" P )xosr,- On invoking
Proposition 3.5.1 we deduce that these conditions are satisfied by a Chebotarev

class of trivial primes v.

Therefore, conditions (1) and (2) are satisfied independently by Chebotarev
classes. They may be simultaneously satisfied by a Chebotarev class. To show
this, note that the splitting conditions in (Ad" 5*)4 = D> JAd° p)axo, are
independent of the non-splitting condition of v in Py,,, . This follows since the

characters o, are all distinct by assumption.

We show that h(*) exists as specified. Let d > —2n + 1, a trivial prime v for
which condition (1) is satisfied, by Lemma 3.5.3, the image of

VAN (Go,rufw} (Ad° p)a) — @ H'(Gu, (Ad° p)a)

weT
is the same as the image of
\Il%ﬂ; : HI(GQ,Tu (Ado ﬁ)d) — @ HI(GU}’ (Ado ﬁ)d)
weT

For a trivial prime v for which condition (2) is satisfied, it follows from an ap-

plication of Wiles” formula (3.2) that the image of the map

Ur, : H' (Gorugy, Ad’ p) — @D H' (G, Ad” p)

weT

is greater than that of the map

Uy - H' (Gor, Ad” p) — @ H' (G, Ad” p).

weT
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We deduce the existence of h) € H'(Ggrugy, Ad° p) satisfying the specified
properties. Since the image of Uy, is greater than the image of ¥y, there is a

class g in H'(Ggruqwy, Ad° p) such that Uz, (g) ¢ Image(¥r). Let
W1 = Image(\I/T) + ]Fq . qu,v(Q)

and

Wy :=Image(Vr) + F, - (20)wer-

The argument in [9, Proposition 34] applies verbatim to imply that W, = W,

and so we deduce the existence of h(*) € H! (Go,1u{v} Ad’ p) for which
h%’é)w = Zw [Gw
for all w € T. As we have observed,
Image(V;*"*?) = Image(W;2"*?)

since h(*) ¢ ITmage(VU7) it follows that h(*)(7,) is not contained in (Ad® p)_g, 2.
Invoking Lemma 3.5.3, we deduce that on adding a suitable linear combination

of elements to h(*) from ker U4, for d > —2n+ 1, we modify the class ") so that
h(r,) € (Ad” p)—or, \{0}
as required. O

Lemma 3.5.5. Let [ be the Chebotarev class of trivial primes in the Proposition 3.5.4

and ¢ € F,(x) be a nontrivial element. There exists an F -independent set

[ xeoyu{n”,. .. .n®}

contained in H'(Gqrugey, Ad’ p*), satisfying the following properties:

1. 0" € H'(Ggrup, (Ad° p)ik, ) where h = ht()),
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2. n” € HY(Gorugey, (A p)T),
3. 77§\U)(T,U) = CX*,
4. n{(r,) = CH;,

5. the images of the elements ng”) are a basis for the cokernel of the map

H'(Gor,Ad’ p*) = H' (Ggrugwy, Ad° p¥).

Proof. As T is chosen such that ITI}.((Ad° p)i*) = 0 for all k € Z, Wiles’ formula

(3.2) asserts that
W (Gorugey: (Ad” p)i;) — dim I3, ((Ad” p)i )
=h' (G, (Ad” p)y) — dim IT7.((Ad” p);)
+01 (G, (Ad” p)ic) = B2(Go, (A p);).
The dual to (Ad’p); is Ad”p/(Ad°p),..  Proposition 3.4.7 asserts that

I1%(Ad° 5/(Ad° p)x) = 0. On applying the local Euler characteristic formula

and Tate duality we have that
PGy, (A p)e) " = h°(Go, (A p)i)T) = 1¥(Ge, (Ad” ) ") = dim(Ad® ).

For the last equality, note that ¢, = 1 since v = 1 mod p and that the action

on (Ad° p))* is trivial. It follows that
I (Garugy, (Ad” p)i) = h'(Gor, (Ad” p)y) + dim(Ad” p);
and the evaluation map at 7,
HY(Gorugy, (Ad i) — (Ad” p)ic
induces a short exact sequence
0 — H'(Gar. (Ad°5)}) — H'(Grupy, (A p)) — (A )t — 0.

The assertion of the Lemma follows. ]
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Let v a trivial prime in the Chebotarev class [ of Proposition 3.5.4. For A € ®,

denote by Kﬁ”) = Kn<”) and fori = 1,...,n, set KZ.(”) = Kn@). When there no
A i

cause for confusion, set K = Kiv) and K; = Ki(v). Let J; € K; and J, C K,

denote Jm@ and Jn(;) respectively. If £ = K; (resp. K)), denote by Jx the sub-

extension J; (resp. Jy). Set F(*) to denote the collection of fields consisting of

K i(”) fori=1,...,nand K §”) for A € ®. Let F| be the collection of fields:

e Ky, from Proposition 3.5.4 on which Chebotarev conditions define I,

e Kj as 3 runs through all cohomology classes H'(Ggr, (Ad° 5*);), where

[ >—-2n+1,

o K(f,2).

Associate to a set of trivial primes A = {vy,..., v} in |,
Fai= Ulef(vi), and Lg:= {Lh(v1>, c.. ,Lh(vk)}.

Lemma 3.5.6. Let A = {vy,..., v} C L

1. Let Fy € Faand F, be the composite of all the other fields in £, U F4 U F,. Then

F is not contained in F». Moreover, the intersection Fy N Fy is contained in Jp,.

2. Let Ly € L4 and Ly the composite of all the other fields in F4 U L4 U Fi. The

intersection Ly N Ly = L.

Proof. For part (1), set ¢y, ..., 1, to be a basis of H'(Gqr, Ad° p*) as in Proposi-
tion 3.5.4. The classes nj(vi) and 77&”1') fori=1,....k,j=1,....,nand A € DU {1}
are linearly independent. Enumerate these classes by 7, ..., nqgso that F} = K,,.
The other fields in 4 U Fyare K,,, - - - , K,, and the fields K3, as 3 runs through

all cohomology classes H'(Ggr, (Ad° 5*);) for I > —2n+1. By Lemma 3.3.15, the
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fields K are unrelated to Ad’ p*. Since the G’ action on Gal(K (y,2)/K) is trivial,
K (,2) is also unrelated to Ad” 5*. By Proposition 3.3.14, F} is not contained in

F, and it follows from Lemma 3.3.3 that F} N F;, C Jp,.

Assume WLOG that Ly = L,w,). The prime v, is ramified in the o_5,-
eigenspace of Gal(L;/L) and unramified in the o_,,-eigenspace of Gal(L./L).
Therefore, L; € L,. Identify Q := Gal(L;/L; N Ly) with a subgroup of
h)(GL) € Ad’p. By Lemma 3.3.11 it suffices to show that Q 57, # 0. Since
vy is unramified in L,, the image of 7,, in Gal(L,/L) lies in Gal(L;/L; N Ly).
From the fact that h("V)(7,,) is in (Ad° p) o1, \{0} we deduce that Q_,;, # 0. The

assertion (2) follows. O

Lemma 3.5.7. Let v € Land h) be as in Proposition 3.5.4. Then the Gal(Lw) /L) ~
Ad° p.

Proof. Let Q := Gal(L,w /L) C Ad®p. Since Q_y;, # 0, the assertion follows

from Lemma 3.3.11. O

Proposition 3.5.8. For a pair (vy,vs) of trivial primes in | in Proposition 3.5.4 set
h = —h") 4+ 20 and p, := (I + ph)(y. There is a pair (vy, vy) such that pyc, € Cy

forallw € T and pyc,, € C;™ fori=1,2.

Proof. For i = 1,2, we set C,, := C;™. Note that hig, = 2, forallw € T
and hence psic, € C, for all w € T. For each v € [ choose z, such that
(I + pz,)G € C)*". We show that v; and v, may be chosen so that hia,, = 2
for i = 1,2. Consider for v € [ the elements h(")(o,) and let A be the matrix

that occurs most frequently, that is, with maximal upper density. The choice

of A is not necessarily unique. Let I, = {v € [ | h¥(s,) = A}. Since
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there are finitely many choices for A, the set of primes [, has positive upper-
density. Since h(7,,) € (Ad°p)_ oz, and (, is unramified at v;, we have that
(Id +ph(7y,))C2(1y;) € U_gr,. Therefore, there are (not necessarily unique) ma-
trices C; such that if i(0,,) = Cj, we will have (Id +ph)Gq, € Cy, fori =1,2.

The values h(")(o,,) are represented in the table below:

Oy, Oy,
h) A | R
2 | E | A,

Weneed E = (A +Cy)/2and R = 24 — C,. Forv € [, let §® ¢ H'(G,, Ad® 5*)
be the cohomology class given by §(*)(c,) = X*,, and 6*)(r,) = 0. Let = be the
element that occurs most frequently among the elements inv, (6 U h(*)) among

primes v of [;. Set

[, ={v el |inv, (6@ Uur®) =z},

[, has positive upper density. Suppose we first choose v; € [,. Recall that
(1) € (Adp)_or,. By Lemma 3.3.11, the class h(*") has full rank, i.e.
h)(Gg) = Ad’p. In particular, 24 — C, is contained in A" (Gg). Choos-
ing v, such that h(*Y)(o,,) = 24 — C, is a Chebotarev condition on the splitting
of vy in L,,). We show that h(*)(c,,) is determined by how v, splits in the
Yoar,-eigenspace each of the fields in ). Since h(*?) is unramified at v;, the
values 7" (,,) and h(*?(c,,) determine (n{"" U h2))q, . Express h(*?)(o,,) =
S aa X + 0 a;Hi As "™ (1) = (X}, we see that inv,, (7" U h(*?)) deter-
mines ay. Likewise, inv,, (ngm) U h(*2)) determines a;. For v € [and )\ € ®, set zi”)
to be equal to invv(ngv) U k™). The global reciprocity law asserts that
Z invw(ng\vl) UA®)) =0, and Z invw(nf\vl) U Ay = 0.

weTU{v1,v2} weTU{v1}
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Since h%z = 2y = h%l for w € T, we deduce that

inv,, (0 URM) = = " inv, (0™ U AE) — inv,, (n\™) U A))

weT
= = i (1 U ACD) — i, () U BC)
weT

= inv,, (n&vl) U R —inv,, (nf\vl) U h(*2))
= z/(\vl) - invvz(ng\vl) U h(*2)),
Since z/(\vl) depends on v; which is fixed, the variance of the right hand side of the
equation comes from the term inv,, (7" U h(*)). The specification of A(*?)(c,,)
amounts to the specification of inv,, (nivl) U k")) for A\ € ® and inv,, (775”1) U
h() fori = 1,...,n. Set uy to be 1" (04,)(X_31,) for A € ® and set u; to be
0\ (00,)(X_op,) for i = 1,...,n. Since h("?)(r,,) is a multiple of X_,;,, we see
that
inv,, (ng\vl) U A = inv,, (162 U A¥2)
inv,, (771(7“) U Rh")) = inv,, (1;602 U ).
Since the pairing is not zero, we can choose uy such that inv,, (u,6"2) U 1))

» SO that

-----

.....

by Chebotarev conditions on the splitting of v, in the yos.,-eigenspaces of the

fields in F(1),

Suppose that for the choice of v; € [,, there is a v, € [, for which the required

conditions are satisfied:

1. the condition on the splitting of v, in L;,) which amounts to specifying

h(vl)(aw)r

2. the condition on the splitting of v, in the fields Y which amounts to

specifying h(*2)(a,,).
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Then we are done. Hence consider the case when there is no choice of v, € [,
for which the above conditions are satisfied. Let [,, be the subset of [ for which
(R,E) # (2A — Oy, %) for the choice of v;. We have thus assumed that
[, C [,,, it follows that the upper density J([,) is less than or equal to the upper

density 6([,, ).

Set £(*) to be the composite of the field L,.,) with the fields in 7*) and let
be the composite of fields in ;. We show that there is an element = € Gal(£*") -
§1/K) such that if v, is trivial prime such that the Frobenius at v, maps to z, then
ve € [and the conditions on v, are satisfied. Said differently, if 0,, = z, then
vo € \I,,. If F} is any of the fields in F 1) and Fy is the composite of the other
fields in 7 U F, Lemma 3.5.6 asserts that /; N F, C Jp,. Lemma 3.5.6 asserts
that L, is linearly disjoint over L from the composite of all fields in F**) U F;.
To construct such an element z, enumerate the fields in 7" = {E},..., E,_;}
and set Ej, := F),,). Set £, := §; and let &; be the composite Ej - - - E;, note that

&, = £V . F. Consider the filtration
EDE1D---DE DEDK.

Let zp € Gal(&/K) be an element defining I. Note that Gal(&/&) ~
Gal(E1/Ey N &) and the intersection £ N & is contained in Jg,. The condi-
tion on E;/K is on the o9y, -eigenspace Gal(E;/Jg, ). Hence z, lifts to a suit-
able z; € Gal(&/K). Repeating the process, we see that z; lifts to z;,_; €
Gal(&,_1/K) such that if 0,, = z4_1, then v, € [and h*?)(5,) = (A + C})/2.
Since Ey N &1 = K, it follows that z;,_; can be lifted to x;, € Gal(&;_1/K) such

that if o,, = z, then all conditions on v, are satisfied.

As a result, §(I\[,,) and hence,

1
2 [g(m).g[;[q/

sto) = (1 g
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For F € F1), the Galois group Gal(F/K) may be identified with a Galois sub-
module of Ad’ 5*. Hence [F : K] < ¢@m(*d°?) for F € F®) is a uniform bound
independent of v;. Similar reasoning shows that [L""" : L] < ¢4m(A4°?)_ Getting

N := (#® +n+1) - dim Ad° p, deduce that

61, ) <1—q V[F: K|

Suppose that there is a sequence of m primes ot o™ e 1, such that
it is not possible to find a second prime v, for any of the primes v, In other
words, [ € NJL, [Ugj). We show that the density of N, [v§j) approaches zero as m
approaches infinity. Since the upper density of [, is positive, we will eventually
find a pair (v;,v2). For convenience of notation, set w; := vﬁj ) and set A =
{wy,...,wy,}. Fix 1 < j < m and enumerate the fields Fs) = {F,,..., E,_1}
and set E;, = F, ;). Denote by €; := §;- £ ... £") and let C; be the subset
of Gal(¢,/K) defining the set N/_,[,,,. This means that v, € N/_,[,, if and only
if 0, € C;. We show that any element y € Gal(¢;_;/K) lifts to an element
y € Gal(€;/K) which is not in C;. This is shown by filtering &;/&,_; by

¢, :Sk D) gk—l D) 51 D 50 = ij_l,
where &; := &, E - - - E;. The argument is identical to that provided before.

As a result,
#C5 < ([€;: €;1] — D)#Cj-1.

Therefore,




Therefore, 5(N7,1,,) < (1 — ¢ V)™ (1 — ¢ V[F : K|'). Since [, has positive
upper density there is a large value of m such that [, is not contained in N}, [,,,.

This shows that a pair (v;, v2) satisfying the required conditions does exist. [

Proposition 3.5.9. For p, has as in Proposition 3.5.8. Identify Gal(K (ps)/K) with a
subset of Ad" p. The class z,, may be chosen so that the —2L,-component of py(c,,) —
Id € Ad° p is non-zero. For such a choice of z,,, Gal(K (py)/K) = Ad° p.

Proof. Recall that since v is a trivial prime, p(c,) = Id. Replacing z,, by z,, + a
for some class a € N, if necessary, one produces an element for which ps(c,) —
Id has non-zero —2L;-component. From Lemma 3.3.11, it may deduced that

Gal(K (p2)/K) = Ad" p. O

3.6 Annihiliating the dual-Selmer Group

Let p3 : Go.70fv1,003 — GSPa, (W(F,)/p?) be the lift of p obtained from the appli-
cation of Propositions 3.5.8 and 3.5.9. Recall that the Galois group Gal(K (p2)/K)
is identified with Ad° p. As a result, once it is shown that ps lifts to a characteris-
tic zero representation p, it shall follow that p is irreducible. In showing that ps
can be lifted to characteristic zero, we enlarge the set of primes Z = T'U {vy, v2}
to a finite set of primes Y such that X := Y'\\S consists only of trivial primes.
Fori = 1,2 set C,, = C;*™ and for primes v € X\{v,v2}, set C, = C}". We show
that the dual-Selmer group H},. (Gq,y, Ad” 5*) vanishes for a suitably chosen set
of primes Y. For convenience of notation, denote by W the Galois submodule

(Ad® p) 2,12 of Ad® p spanned by root spaces (Ad° p); for 3 # —2L;.

Proposition 3.6.1. Let p3 : Go1ugur e} — GSpa, (W(F,)/p?) be the lift of p obtained

from the application of Propositions 3.5.8 and 3.5.9. Let Y be a finite set of primes
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which contains Z = T U {vy, va} such that Y'\S consists of trivial primes. Suppose
f € Hy\(Gqy,Ad"p) and ¢ € Hy., (Ggy,Ad’ p*) are nonzero classes. Then there

exists a prime v ¢ Y such that

1. v is a trivial prime,

2. (Id4+X_9r,) tp2(0,)Id+X o1,) € T - Z(Uay,).
3. [ &N,

4. Big, = 0forall § € H(Ggy, W*).

5. g, # 0 and one can extend {y} to a basis Y = P, ¢a, ..., Of
HY(Gq.y, Ad" 5*) such that 1, = 0 for i > 1.

Proof. Each condition is a union of Chebotarev conditions on a number of finite
extensions J of K. Each of the extensions .J are Galois over Q with Gal(.JJ/K) an
FF,-vector space. Let g € G’ and z € Gal(J/K), define, g -  := guzg~* where g is
a lift of g to Gal(J/Q). This gives Gal(J/K) the structure of an F,[G']-module.
For each condition, we list the choices for J below as well as characters for the

T-action on Gal(J/K):

Condition J Eigenspaces of Gal(.J/K)
(1) K (py2) 1
(2) K(p2) L{oahrco
(3) Ky 1, {oa}ree
(1) | K for Be H'(Goy. W) | % {xo5i A # 2L}
(5) Ky, X {xoy '}

We show that these conditions may be simultaneously satisfied. First, we show

that each of the conditions are nonempty Chebotarev conditions (or a union
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of finitely many Chebotarev conditions). It is clear that conditions (1) and (2)
are Chebotarev conditions. Condition (3) is the complement of a Chebotarev
condition and hence a union of finitely many Chebotarev conditions. Condition
(4) requires that the prime splits in the composite of the fields /3. That condition

(5) is a nonempty Chebotarev condition follows from Proposition 3.5.4.

Next we examine the independence of these conditions. It follows from
Lemma 3.3.16 that the composite of the fields defining the first three conditions
is linearly disjoint over K from the composite of the fields defining the last two
conditions. As a result, the conditions may be treated separately from the last
two. It follows from Proposition 3.5.4 that the conditions (4) and (5) are com-
patible with each other. Therefore, it remains to show that (1),(2) and (3) may
be simultaneously satisfied. We begin with the independence of (1) and (2).
Proposition 3.5.9 asserts that Gal(K (p;)/K) = Ad’ p. Suppose that @ is a proper
G’-stable subgroup of Ad’p. Lemma 3.3.2 asserts that () decomposes into T-
eigenspaces () = D,cquq1) @0, and Lemma 3.3.11 asserts that the eigenspace
Q-2r, = Qs_, ,, must be trivial. Hence the quotient Ad° p/@Q must have a non-
zero o_yp, -eigenspace. It follows that there is no proper Galois stable subgroup
Q of Ad" 5 such that Ad” p/Q is has trivial Galois action. Since G’ acts trivially
on Gal(K (p,2)/K) it follows that K (p2) N K (p,2) = K. Thus conditions (1) and

(2) are independent.

We show that the first three conditions may be simultaneously satisfied by
considering the cases K (p,) 2 Kyand K (p,) 2 K separately. First consider the
case when K(py) 2 K;. Let r := dimg, f(Gg). Since Gal(K(p2)/K) ~ Ad" p,
if r < dimg, Ad° p the containment K(p,) D K; is proper. Since f is non-

zero, Lemma 3.3.8 asserts that Ky # K. Let Q C Gal(K(p2)/K) be the proper
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subgroup such that Gal(K(p2)/K)/Q ~ Gal(K;/K). Lemma 3.3.2 asserts that
@ decomposes into T-eigenspaces () = P,cpu(1) @on and Lemma 3.3.11 as-
serts that the eigenspace ()_3;, := Q,_, ., must be trivial. Hence the quotient
Gal(K/K) must have a non-zero o_,-eigenspace. Identify Gal(K;/K) with
f(Gg) c Ad® 5. Since r < dimp, Ad’ p, Lemma 3.3.11 asserts that f(Gg)_az, =0,

a contradiction. Hence, K (p,) O K forces equality K (ps) = K. Let
a1 = fia, : Gal(K;/K) = Ad" p

and
Qg = P21Gg - G&l(Kf/K) % Ado ,5

The composite a;a; ' is a G’-automorphism of Ad° p. It follows from Corollary
3.3.10 that a1a2_1 is a scalar a € Fy and hence oy — aas = 0. Note that it need
not be the case that Gal(K;/K) is an F,[G']-module, it is only asserted that there

exists a € F such that aja; " = a. Let v satisfy (1), (2), (4) and (5) such that
(Id +X72L1)71p2(0-v)(1d +X,2L1) S T

has non-trivial H; component. Since v is a trivial prime, o, lies in Gg. Identify-
ing ker{GSp(W(F,)/p?*) — GSp(F,)} with Ad’ p, we view ps(c,) as an element
in Ad° p. Since f(0,) = apx(0,), we see that (Id +X o1, )~ f(0,)(Id +X _51,) has
non-zero H; component and hence is not contained in ty;, + Cent((Ad° p)ar, ).
As aresult, f isnotin (Id +X o, )P (Id+X _o7,)" . It is easy to see that f is

not in V, and hence (3) is also satisfied.
We consider the case when Ky Z K(p2). Since
(K (p2) : K] = # A 5> [, < K],

K (p2) is not contained in K. It follows that K(ps) 2 K(p2) N Ky and Ky 2D
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K(p2) N Ky and thus by Lemma 3.3.3, the images of
Gal(K(p2)/K(p2) N K;) — Ad° pand Gal(K;/K(p2) N Kf) — Ad" p
contain (Ad° p),,, . If Ky € K(pa, j12), then it follows that
ditng, (Gal(K (p2, 1)/ K)oy, ) > 2dimz, (Ad p),, = 2[F, : F,).
However, Gal(K (pa, 142)/ K),,,, may be identified with

Gal(K (p2)/ K)oy, ~ (Ad° D)oy,

since K (,2) contributes to the trivial eigenspace. Hence, K; Z K(pa, j1,2). Let
v be a prime satisfying conditions (1), (2), (4) and (5). Lemma 3.3.3 asserts that
the image of

Gal(K;/K; N K(pa, py2)) — Ad’ p

contains (Ad° p),, ., and thus, we have the freedom to stipulate that the X,-
component of f(o,) be anything we like. By Lemma 3.4.5, it follows that we
may alter the X,,-component of f(o,) so that f ¢ N,. Therefore all conditions

may be satisfied and the proof is complete. O

Proposition 3.6.2. There is a finite set Y O Z such that Y'\ S consists of trivial primes
and H),, (Gqy, Ad° %) = 0.

Proof. Let Y be a finite set of primes containing Z such that Y'\\S consists of
trivial primes. If H}(Ggy, Ad’ p) # 0, we exhibit a trivial prime v not contained
in Y such that

ha(Goyupy, Ad° p) < hy(Goy, Ad” p).

Therefore, on adjoining a finite set of trivial primes to obtain the set Y such that

Y\ S consists of trivial primes and the Selmer group H}/(Ggy, Ad’ p) = 0. Since
hy(Gay, Ad? p) = hi (Ggy, Ad® p*),
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the dual Selmer group does also vanish.

Let v ¢ Y be trivial prime which satisfies the conditions of Proposition 3.6.1.

Let M be the Selmer condition

/

N,ifweY

My = HY(G,,Ad° p) if w =0

H! (G,,Ad’p)if w ¢ Y U {v}
\
Let ) be the non-zero class as in Proposition 3.6.1. Note that H},, (Gg,y, Ad° %)

contains H},, (Goyu(e}, Ad’p*) and since ¢, # 0, the element ¢ €

Hy. (Ggy, Ad° p*), but ¢ ¢ H} 1 (Goyupy, Ad° p*). In particular, we have that

Iy (G, Ad” 5%) > iy (Goyuge, Ad” 7). (3.9)

By Proposition 3.6.1 condition 4 the maps

©,: H'(Goy W) = D H' (G, W)

weyY

and

©, : H' (Goyupy. W) = P H' (G, W)
weY
have the same image, consequently,

dim ker @, — dimker ®; = h' (Ggyugy, W) — ' (Ggy, W)
= h'(G,, W) — h°(G,, W)
= 12(G,, W) (3.10)
=dim'W
=1 (Gy, W) = by (G, W).
By 3.10, we deduce that the sequence

HY(G,,W)

O—>ker(1)1 —>ker<I>2 — m

—0 (3.11)
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is a short exact sequence.

Define the maps

1(G,y, Ad°
(GQYU{U}7Ad p - @ N, p)
weyY w
and
H' (G, Ad° p)
H'(Ggy,Ad’p) — w .
(Gay p) 93 N,

From the Cassels-Poitou-Tate long exact sequence and the vanishing of

1112 (Ad° ), we deduce that the following sequences are exact

Gw, Ad .
H'(Ggyupwy, Ad° p) EB o), Hy: (Goyupey, Ad® ) = 0

weyY

HY(G,,Ad"p
HY(Ggy, Ad’p) 2% ) ( N P, H} (Goy,Ad" %) — 0.
weY w

From the assertion made in 3.9 we conclude that the difference in the dimen-
sions of images

t' = dimim®; — dimim®, > 1. (3.12)

We claim that it suffices to find dim Ad° p— ¢’ + 1 elements in ker ®3, no linear
combination of which lies in V. It follows then that the image of

HY(G,,Ad" p)
N,

ker &3 —

has dimension strictly greater than dim Ad” 5 — ¢'. From the exactness of

H'(G,, Ad" p)
N,

0 — Hi(Ggyufey, Ad° p) — ker @3 —

one may deduce that

hi(Ga.yugey, Ad” p) < dimker @3 — dim Ad® p + ¢

=h'(Gg.yufe}, Ad” p) — dim Ad° p — dim im ®,.
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Note that 111}, (Ad° ) = 0 and thus an application of Wiles’ formula (3.2) shows

that
W' (Goy, Ad® p) = Y (1 (Gu, Ad° p) — h%(Gu, Ad° p))
weyY
and
W (Goyupy Ad°p) = > (W' (Gu, Ad® p) — hO(G, Ad° ).
weYU{v}
Therefore,

hl (G@,YU{v}a Ado ﬁ) :hl (G@,Y7 Ado ﬁ) + hl (va Ado p) - hO(va Ado ﬁ)
=h'(Ggy,Ad’ p) + dim Ad° 5.
Therefore, we have that

hi(Gaoyupey, Ad” p) <h!(Ggy, Ad° p) — dim im &,
= dim ker &,
=h)(Ggy, Ad° p).
Therefore in order to complete the proof we proceed to construct dim Ad° p—#/+1

elements in ker ®; no linear combination of which lies in V,. We are in fact able

to construct dim Ad° 5 elements, which suffices since ¢t > 1.

Let Z,...,Z, be a basis of W. We observe that ker®, C ker®;. By the ex-
actness of 3.11 there exist w; € ker®, such that w;(7,) = Z; foriv = 1,... s.
We show that no linear combination of {f,wy,...,w,} lies in N,. Let Q =
cof + i, ciw; € N,. Since f is unramified at v, f(7,) = 0. On the other hand,
Q(r,) =>7_,ciZ; € W. Since Q € N,,

Q1) = c(Id +X o) Xo(Id +X_,) 7

for « = 2L; and some constant ¢. The root vectors X, and X_, are constant

multiples of e .1 and e, 111 respectively. Assume WLOG that X, = e;,+1 and
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X_o =epq11. Clearly, X2 = 0and hence (1 + X_,)~' = (1 — X_,). We see that

Q(m) =c(Id+X_,)Xo(Id —X_,)
=c(Xo+ [ X 0, Xo] = X0 XX W)
=c(e1ny1 — Hi —ent11) -
We deduce that Q(7,) = 0 since e,,;11 ¢ W. Therefore, ¢; =0 foralli =1,...,s.
As a consequence, Q = ¢of. However, f ¢ N,. It follows that ¢, = 0 and

therefore, Q = 0. Therefore no linear combination of {f,ws,...,ws} lies in N,

and this completes the proof. O

To conclude the proof of Theorem 3.0.1, we observe that on choosing an
appropriately large choice of trivial primes the dual Selmer group vanishes and
hence ps lifts to a characteristic zero representation p with similitude character
. Furthermore, p satisfies the local conditions C, at the primes v € S. Since the

image of p, contains

GSpoy(W(F,) /p?) := {GSpa (W(E,)/p?) — GSpay(Fy)}

it follows that p is irreducible.
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CHAPTER 4
LIFTING REDUCIBLE GALOIS REPRESENTATIONS TO HIDA FAMILIES

4.1 Introduction

Let p be an odd prime and g a power of p and I, denote the finite field of order
q. Recall that O denotes the ring of Witt vectors W(F,). As in the last chapter,
let x denote the p-adic cyclotomic character. Let f be a Hecke eigencuspform
with weight k£ > 2 which is p-ordinary. In other words, if p; is the p-adic Galois

representation associated to f,

Hida showed that f may be p-adically interpolated into a family of eigencusp-
forms, all ordinary at p. Such a family is called the Hida-family of f. The char-

acter x induces an isomorphism

v Gal(Qp)/Q) S Z;.

Let Q¢ denote the cyclotomic Z,-extension of Q. It is the subfield of Q(p)
fixed by j1, 1 C Z;. Let O’ be the valuation ring of a finite extension of Q,. The

Iwasawa algebra A is defined as the completed group algebra

Ao = lim O'[Gal(L/Q))

where the inverse limit runs over all finite extensions of Q contained in Q<.

Let N > 1 be coprime to p. More precisely, Hida family refers of tame level
N refers to an irreducible component T of the Hecke algebra of tame level NV, lo-

calized at a maximal ideal, with its induced algebra structure over the Iwasawa
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algebra. Attached to the p-ordinary cusp form f is its Galois representation

ps: Gg — GLa(Z,).

The Hida-family is a Galois representation
o1 Gg — GLo(T).

The eigenform f coincides with a point Spec Z,, — Spec T over the special point.

The Galois representation p; is induced from pr.

Fix an odd Galois representation p : Gg.s — GLy(IF,) which is reducible and
indecomposable. Recall that by Theorem 1.2.3, if p satisfies favorable condi-
tions there is a finite set of auxiliary primes X disjoint from S such that p lifts
to a p-adic Galois representation p which is unramified outside S U X. More-
over, p arises from a p-ordinary Hecke eigencuspform. There has been some
interest in adapting such Galois theoretic constructions to interpolate such lifts
in p-adic families of ordinary Galois representations (cf. [26]). When p is ab-
solutely irreducible, these families coincide with universal deformation rings
which represent functors of Galois deformations with prescribed local condi-
tions. However, in the residually reducible case, since the local deformation
problems at the auxiliary primes X are not representable, there is no direct ana-
log of a Galois deformation problem which is representable by a Hida family. In
this manuscript, adaptations are made to this functor of global deformations so
that there is a Hida line of Galois deformations of p which is the hull. Classical
weight points on this line coincide with Hecke eigencuspforms. This Hida-line

interpolates a large family of weights.

Let Q¢ denote the cyclotomic Z,-extension of Q and let I' = Gal(Q%*/Q).

The Iwasawa-algebra A := Ap. On fixing an isomorphism I' ~ Z,, the Iwasawa
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algebra A may be identified with the power-series ring
el

In [26] it is shown that if p is absolutely irreducible, a finite set of auxiliary
primes X disjoint from S (called nice primes) may be chosen such that there is
a Galois deformation ¢ : Gg sux — GL2(A) which is the universal deformation
of p subject to local conditions at the primes in S U X. In particular, for each
classical weight k > 2 there is exactly one Galois representation in the family
arising from an eigencuspform of weight k. The existence of a universal Hida

line has various applications in Galois deformation theory. We list two.

1. In [12], it was shown that if (' is a p-adic ring with uniformizer = and
pn : Gg = GLo(O'/7™)

is a residually irreducible and odd torsion Galois representation satisfy-
ing appropriate conditions, then indeed p,, lifts to a Galois representation
arising from an eigencuspform. The construction uses the existence of a
special Hida family of lifts isomorphic to A. It is natural to ask if such

results do extend to the residually reducible case.

2. Level lowering constructions are being implemented for certain general
classes of residually irreducible p-ordinary Galois representations [24]. In
furture work with Ravi Ramakrishna, conditional level lowering results
for residually reducible Galois representations shall be obtained. The tech-
niques used in this chapter motivate some level lowering constructions in

the residually reducible case.

Let ¢ denote the full-subcategory of finite length coefficient rings i over O with

maximal ideal mp for which p ¢ m%.
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Theorem 4.1.1. Let S be a finite set of primes containing p and p : Gg,s — GLy(F,)

. . . . . w o
be a two-dimensional Galois representation given by p = . Let c denote
0 1
complex-conjugation. Suppose further that
1. the characteristic p > 3,
2. the representation p is indecomposable,
3. pisodd, ie. detp(c) = —1, where c denotes complex conjugation,

4. the character oy;, = X, ' where2 <k <p—1,

5. ¢ia, ¢ {Xicys Xia,» 1}

6. the IF,-span of the image of ¢ is (the entirety of) IF,.

On enlarging the set of primes S we may examine a certain global deformation problem
associated with p. There exists an auxiliary finite set of primes X disjoint from S such

that for the following choices of local deformation conditions, for

1. the primes v € X are chosen to be the trivial primes of [9] and C, is the versal

local deformation condition (made explicit in Definition 4.3.2),
2. forv € S\{p} the minimal deformation condition in [23] is prescribed,

3. the deformation condition C, is the ordinary arbitrary weight deformation condi-

tion.

For the choice ® := {C, },ezux the functor of deformations De fy (cf. Definition 4.4.2)

has a hull isomorphic to (a rank 2 representation valued in) O[[U]]. There is a deforma-
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tion

~ P
-
-
-
-
P
-
-
-

p
GQ,SUX — GQS — GLQ(Fq).

for which ¢ € De fs(O|[U]]) and such that for R € &, the induced map
0" : Hom(O[[U]], R) — Defs(R)
is surjective.

Theorem 4.1.2. Let R be a coefficient ring in € with maximal ideal mp. In the context
of Theorem 4.1.1, the functor of points of the map to weight space induces on R-points
a map

Wt* : Defs(R) — Home(A, R)

whose image consists weights in the mod (pR) N m3, congruence class of weights which

coincide with the weight of the chosen lift p, modulo (pR) N m%.

Remark 4.1.3. Theorem 4.1.2 implies in particular that on O-points, the image of map
Wt* : Defs(O) — Home(A, O)

is a congruence class of weights modulo p?.

4.2 The Setup

Let p: Gg,s — GL»(F,) be such that it satisfies the conditions of Theorem 4.1.1.

Recall that k is chosen such that



and that 2 < k < p— 1. In this section we describe some of the local deformation
conditions at primes v € S. Recall that Co denotes the category of Noethe-
rian coefficient-algebras over O. Let C/ = CJ be the category of finite-length
coefficient-algebras and € C C/ be the full subcategory consisting of pairs (R, ¢)
such that the square of the maximal ideal my does not contain p. In particular, F,
is excluded from €. We shall often suppress the map ¢ for the ease of notation.

Let v € I' be a choice of topological generator of I'. For R € C and
pr : Gg = GLy(R)
a deformation of p, the weight of pg is the point
Wt(pr) : Spec R — Spec A
induced by the homomorphism of rings mapping 7" to det pr(y) — 1.

Deformations of p shall be required to satisfy certain local conditions. At
each prime v at which p is allowed to ramify, there is a suitable choice of a

functor of deformations

C,: Cf — Sets

of pig,. Fixalift ¢ : Gg,g — GL1(O) of the determinant character det p and let
Yy = Y)q,. Once C, is defined, C, shall denote the subfunctor of C, consisting of
deformations of g, with determinant +,. The functors C, and C, are required
to be representable by smooth schemes. This is the case when C, and C, are
liftable deformation conditions. Recall that a scheme is smooth if it satisfies the
infinitesimal lifting property. A deformation condition is liftable if it behaves
like the functor of points on a smooth scheme. Recall that Ad p denotes the
[F, vector space of 2 x 2 matrices over [F, on which Gg ¢ acts via the adjoint

action. Set Ad° p for the F,[Gg 5] submodule of trace-zero matrices in Ad p. The
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functor of deformations of g, is denoted Def,,.. The subfunctor of deformations
with determinant 1, is denoted by Def]. The set of infinitesimal deformations
Def,(F,[e]), resp. Def] (F,[¢]), acquires the structure of an F,-vector space and

there is a canonical isomorphism

Def,(F,[e]) = H'(G,, Adp),

resp.
Def, (F,[e]) = H*(G,,Ad’ p).
Let
N, = Cy(Fyle]) € H'(G,, Ad p)
and

N, = C,(F,[e]) € H'(G,,Ad’ p).

If C, is a deformation condition, then it is representable by a universal local
deformation

0v : Gy = GLa(R,).

This follows from an application of the Schlessinger criterion. The local defor-
mation ring R, is a coefficient ring over W (F,). Letting m, denote the maximal

ideal of R,, the space N, can be identified with the tangent space
N, =~ (m,/m2)".

The following standard fact is noted in [12, Fact 5] and proceeds from the dis-

cussion on local deformation conditions in [23].

Fact 4.2.1. For all v € S\{p}, there exists a liftable local deformation condition C, of
Steinberg-type
dim N, = h°(G,, Ad° p).
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On the other hand, C, consists of ordinary deformations of fixed determinant. The

functor C, is also a liftable deformation condition
dim N, = h%(G,, Ad’ p) + 1.

For v # p, let C, denote the unramified central twists of C,.

Along with deformation conditions at the primes v € S, there are are func-
tors C, and C, defined at an auxiliary set of primes X called trivial primes. These
functors are however not representable by schemes. We simply refer to them as
deformation problems at trivial primes. They will be introduced in detail in the

next section.

Let R — R/I be a small extension and ¢ a generator of the maximal ideal of
R. Letv € S and C, as above. Let o € C,(R) and gy := ¢ mod I. The twist of o
by a cohomology class X € N, is precribed by

exp(X @ t)o:= (Id+Xt)o.

Furthermore, the twist is a deformation of g,. The fibers of gy w.r.t the mod I
reduction map

Co(R) = Cuo(R/I)
is an \V,-pseudotorsor. Likewise, the fibers of
Co(R) = Cu(R/1)

is an ./\/'U-pseudotorsor. On the other hand, at a trivial prime (at which the de-
formation problem is versal) a similar description caries over (cf. Proposition

4.3.5).

We motivate the dimension calculations of this section. Let U C Ad’ p be the

subspace of upper triangular matrices, and U° C U be the subspace of strictly
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upper triangular matrices. The spaces U° C U are Galois submodules of Ad’ p.
Forv € §,

N, = ker{ H'(G,,U) — H*(I,,U/U")}.
In particular, NV, does not depend on .

Proposition 4.2.2. [16, Theorem 8.7.9] Suppose M is an F[Gq,s| module with finite
cardinality and Z a finite set of primes which contains S. Let L be a Selmer condition on

Z U {oo}. The dimensions of the Selmer and dual Selmer groups are related as follows

he(Goz, M) — hpi (Go,z, M)

=h"(Gg, M) — h°(Gg, M") + > (dim L, — h(Gy, M)).

veZU{oo}

Denote by hj.¢ and h}. , the dimension of H'(Ggs,Ad’p) and
H}; (Gg,s, Ad’ p*) respectively. It is a consequence of Proposition 4.2.2 that the

Selmer condition A on S is balanced, i.e.
h}\[’s - h.}\/J‘,S — O
It is shown in this section that for the Selmer condition N,

hys = hgeg=1
In order to motivative the construction of Hamblen and Ramakrishna we
emphasize the role of nice primes in the residually irreducible case. In this par-
ticular setting, there is a finite set X of auxiliary primes ¢ known as nice primes
at which there are liftable deformation conditions C,. Denote by Rx +° the
universal deformation ring with local conditions C, at all primes v € S U X.
Consider the Selmer condition N on the set of primes S U X, where at each

prime ¢ € S, the space A, is the tangent space to C,. The set of primes X may be
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chosen so as to kill the dual Selmer group, i.e such that

hys sux = 0. (4.1)
The relation
h/1\7,SuX - h/1\7i,SUX =1
is satisfied and therefore,
hk/, sux = L- (4.2)

From 4.1 and 4.2, it is shown via formal arguments that the weight space map

X —new

induces and isomorphism Rg ¢ ~ A; see the proof of [26, Theorem 2].

We return to the reducible case. In the next section, the versal deforma-
tion conditions at auxiliary primes (known as trivial primes) is discussed. Such
primes v are known as trivial primes, since G, C ker p. Hamblen and Ramakr-
ishna show that on stipulating local conditions at a finite set of trivial primes,
one may lift p to a characteristic zero representation arising from a Hecke eigen-
cuspform. As has been mentioned previously, the question of representing the
global deformation problem satisfying auxilary conditions cannot be addressed

directly since the auxiliary conditions are versal.

One feature of the deformation condition at a trivial prime v € X is that it
comes with amplified and unmodified tangent spaces. We distinguish between
amplified and unmodified tangent spaces and their associated Selmer conditions
in the case in which the weight of our deformations remain fixed. The Selmer
condition N' = {N, },esux is called the amplified Selmer condition. For v € X,
the amplified tangent space N, stabilizes C, (W (F,)/p*). The dimension of N,
forve Xis

r°(G,, Ad" p) = dim Ad° p = 3.
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It follows from Proposition 4.2.2 that

hjl\/,SUX - h}\/J-,SUX = 0.
It is shown in Corollory 4.2.7 that

— hk

1 _
hy NL SuXx

N,SUX L.

To distinguish the amplified tangent condition to one which is not modified,
we have what we call the unmodified tangent condition M = {M,},esux. For
veS set M, =N, and forv € X, M, C N, preserves C,. For v € X, the
dimension of M, is
h(G,, Ad° p) — 1 = 2.
It follows from Proposition 4.2.2 that
hi(Go,z, Ad” p) — hyu (G z, Ad° )

=Y (dim M, — h%(G,, Ad’ p))

veX
=—]X].

For the rest of this section, we collect a few facts about dimensions of the tan-

gent spaces N, in preparation for the the proof of Corollory 4.2.7. Once these

local dimension calculations are completed, the Corollory follows from a direct

application of Proposition 4.2.2.

Definition 4.2.3. 1. Forv # p,

/\711 =N, ® Hir(GU7 Fy).

2. For v = p, the tangent space N,, properly contains the direct sum of N, @
X X

H}(G,,F,). Set W = , observe that W' is stable under conjuagation

by upper triangular matrices. Set

N, = ker{HY(G,,Ad p) — H'(I,,Adp/W)}
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as the choice of tangent space at p.

N a b
Let U denote the Galois stable space of upper triangular matrices ,

0 d
we have that U = U @ F, Id. The quotient Ad 5/U = F,(»~!) has no fixed points

for the action of G, and hence H} (G,, Ad 5/U) = 0. Consequently, N, may be

identified with the subspace

N, = ker { HY(G,, U) = H' (1, 0/ W) }
of H'(G,, U).
For the decomposition

HY(C,,U) = HY(G,,U)® H'(G,,F, -1d)

let 7; and 7, denote the projection maps to H'(G,,U) and H'(G,, F, - Id) respec-

tively.
The map on restriction 7 = 7, induces an exact sequence.
1 N,
Proposition 4.2.4. The map on restriction m = 5 induces a short exact sequence

0 H(G,.F, 1d) = N, 55 HY(G,,U) - 0.

Proof. As noted earlier, N, is identified with the subspace
N, = ker {Hl(Gp, 0) — H\(1,, U/W)}

of H'(G,,U). The kernel of the projection m; : H(G,,U) — H'(G,,U) is
H'(G,,F,-1d). As a result, the kernel of 7} is the intersection H'(G,, F,-1d) NN,
which consists of unramified central classes H'(G,,F, - Id). This shows that the

sequence is exact in the middle.
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The map on the left is clearly injective. We prove that the map  is surjective.
Let f € H'(G,,U), we show that f is in the image of 7}. It suffices to show that
there exists an element f' € H'(G,,F, - Id) such that f — f' € N,, i.e. the class

f — f/ must map to zero in H'(I,,U/W).

We observe that the composite of the inclusion of F, - Id into U with the
quotient U — U/W is an isomorphism of G, modules (both spaces are fixed by
G,). We simply take f; to coincide with f modulo W w.r.t this isomorphism.

This completes the proof. O

We are able to compute the dimension of .

Proposition 4.2.5. For the dimension of H*(G,, U) we are to consider two cases

2 if pia, is indecomposable
h1<GP7 U) =

3 otherwise if pc, is a sum of characters
in other words,
h'(G,,U) =2 + h°(G,, Ad’ p).
Consequently, dimension of N, is
dim N, =hl (G, F, - 1d) + r'(C,,U)
=3+ h%(G,, Ad° p)

=2+ h°(G,, Ad p).

Proof. We will make use of the cohomology sequence associated with the short

exact sequence

0—=U"—=U-—=U/U"—0.

From the isomorphism U" ~ F,(¢) and the fact that ¢, # 1, )Zfép. The assump-
tions on ¢, ensure that H?(G,, U°) = 0. From the Euler characteristic formula

we have that H'(G,, U") is 1 dimensional.
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From the Euler characteristic formula,
hY(G,, U/U%) =2
and
h'(G,, U°) = 1.
From the long exact sequence, we have the following formula for the dimension
of H(G,,U)
h'(Gy, U) =h'(Gy, U%) + b (G, U/U) + B(G,, U) — 1

=2+ hO(Gpv U)

2if piq, is indecomposable

3 otherwise.

Condition 4 requires that ¢, = X]FI; ! where 2 < k < p—1. We first enumerate

the possibilities which arise when £ > 3.

Proposition 4.2.6. Suppose the weight k # 1,2sothat 3 <k <p—landifk =p—1

by the requirement of condition 5,

1
QD{GP 7£ X[Gp'

Let 7 = ¢\, be a product of an unramified character with x*~*. With these assump-

tions, there are the following cases to consider

1. pg, = up to twisting by an unramified character. The ordinary
1
arbitrary-weight deformation ring is smooth in 4 variables and

dim/\~/'p =4,
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hO(GP’ Ad ﬁ) - 2a

or,

T %
2. pa, = is indecomposable in which case, the ordinary arbitrary-

1
weight deformation ring is smooth in 3 variables and

dim /\N/'p =3,
h(G,, Adp) = 1.
Proof. There is an unramified character n : G, — F such that 7 = n)’(’fgpl. It
follows from the assumptions on k and ¢ that the characters 7, 7x¢, and T)ZF(;lp
are all nontrivial. In both cases we compare the ordinary deformation prob-

lem to the upper triangular deformation problem. Observe that Ad 5/U can be

identified with F (77 1).
Since 7 # 1, we have that H.(G,, Ad 5/U) = 0 and consequently
Ny = ker{H'(G,,U) = H'(1,,U/W)}

~ ko ok
where we recall that W C U consists of matrices

0 0

In both cases C, can be derived from the upper triangular deformation prob-
lem by imposing the condition that a generator of Gal(Q%°/Q) ~ Z, maps to an

upper triangular matrix for which the lower right entry is trivial.

1. In the first case, U ~ F? @ Fy(7). An application of Local-Duality implies
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that
h2(G,, U)
=h%(G,, U")
=2h%(Gy, Fy(X16,)) + h°(Gp, Fo(T7X16,))
=0.

An application of the Euler Characteristic Formula shows that

Consequently, the deformation ring of unrestricted upper triangular deforma-
tions of pig, is a power series ring in five variables. The relation imposed for
a deformation to be ordinary comes from setting the ramified part of the lower
right entry when evaluated at a topological generator of the cyclotomic exten-
sion of Q,. This restriction cuts down dimension of the tangent space by one
and corresponds to going modulo one of the variables in the tangent space. We
can take this to be a variable in a power series ring in five variables and so the
quotient is a power series ring in four variables, in particular the deformation

ring is smooth. This completes the proof of the first part.

Since the diagonal characters of U* are nontrivial and consequently
H?*(G,,U) = 0. Since we are assuming that g, is indecomposable 1°(G,, U) =
2. From the Euler characteristic formula it follows that h'(G,, U) = 4. The rest

follows just as in part 1.

The proof of Proposition 4.2.6 is more or less the same as the first two cases
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outlined in [12, Proposition 11], in which £ is prescribed to be 2. We refer to [12,

Proposition 11] for an enumeration of all the possibilities for k£ = 2.

Corollary 4.2.7. Let p be subject to the conditions enumerated in Theorem 4.1.1. Let

X be a finite set of trivial primes disjoint from S. Then

— AL

1 _
hy NL SuXx —

N,SUX L.

Proof. The dimension of the local tangent spaces at p for the full-adjoint defor-

mation problems are as follows,
dim/(foo =0
dim N, = h°(G,, Ad p) + 2
dim N, = h°(G,, Ad p) for v € S\{p}
dim N, = h°(G,, Ad p) for v ¢ S a trivial prime.

An application of Wiles” formula yields

hjl\7,SUX o hxl\ﬂ,SuX
= 1(Gg, Adp) — K*(Cg, Adp) + Y <dim/\~/§, —R(Gy, Ad p))
veESUXU{oo}
=1+ Y (diva — hO(Gy, Ad p)) (4.3)
veESUXU{oo}

= 3 — h%(Gal(C/R), Ad p)

=1.
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4.3 Versal Deformations at Trivial Primes

In this section we outline deformation problems at the primes which will con-
stitute the auxiliary primes introduced in the previous chapter. Unlike nice
primes, the deformation problems at trivial primes are only versal. Recall that a

prime v is a trivial prime if

1. G, C kerp,

2. the prime v =1 mod pbutv # 1 mod p?.

Fact 4.3.1. For a trivial prime v,

A 3ifi=0,2,
hl<Gv7Ad0 ﬁ) =
6ifi=1,
' 4ifi=0,2,
h'(Gy, Ad p) =
8ifi =1

All higher cohomology groups are zero. This follows from an application local duality
and the local Euler Characteristic formula (cf. [16]).

Let v be a trivial prime. Choose a square root of v in W (F,). Fix a basis with
respect to which p is upper triangular. Let v be a trivial prime, p;q, is tamely
ramified. Let o, be a choice of Frobenius at v and 7, a generator of the maximal
pro-p tame inertia. The maximal pro-p extension of Q, is generated by o, and 7,

which are subject to a single relation

O'UT,UO'171 =T,.

Set 1) = @x?’(*~1)/2, This is the choice of character lifting det 5 specified in [9].

We define the deformation condition C, at v by specifying the values taken on
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the elements o, and 7,. These definitions make their first appearance in Sections

4 of [9]. Fix the basis B with respect to which

Definition 4.3.2. We proceed to prescribe deformation problems at trivial primes.

o Let D, be the class of deformations of pc, containing representatives taking

UUHU(pS—pQ—l)/Q vt
0 1
Ly
Ty
0 1

with respect to a basis lifting B and insist that p* divides z.

e Separate D, into two classes, the first class of deformations are those that are
ramified modulo p?, i.e. D'*™ consists of those deformations for which p divides y

but p* does not divide y. Those that are unramified modulo p* are denoted D",

o We let D, be the deformations obtained as unramified central twists of those in

D,. In other words, deformations D, are those with a representative taking

Oy > 2
01

Ty M

where z =1 mod p, x = 0 mod p?. We emphasize that the requirement that

z =0 mod p? is an additional assumption in our setting.
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We proceed to describe a pair of spaces Q, C P ¢ H'(G,,Ad" p) such that
Q, stabilizes D, and P; stabilizes the set of mod p" deformations D, (W (F,)/p")
for N > 3. Here, * € {ram,nr} depending on whether we consider the case
when deformations are ramified mod p? or unramified mod p?. The larger space
N, has dimension equal to h°(G,, Ad’5) = 3. As discussed in the previous

section, this facilitates for a balanced Selmer condition, i.e.

1 _ 11
hN,SUX - hNi,SUX'

The key observation of Hamblen and Ramakrishna is that one may allow
ramification at a number of trivial primes X; disjoint from S so as to lift p to
an irreducible mod p?® representation p; the local constraints at the set S and the
set of trivial primes X;. At this stage, the versal deformation functors at triv-
ial primes play the exact role of the deformation conditions at nice primes. It
becomes possible to adapt Ramakrishna’s lifting argument from [23], namely,
allow ramification at a finite set of trivial primes X O X; so the dual Selmer
group H}. (Ggsux,Ad’p*) = 0. The Galois representation p; lifts to a charac-
teristic zero representation p : Gg sux — GLa(W(F,)) which is irreducible and
odd. It follows from the results of Skinner and Wiles [20] that p arises from a
Hecke eigencuspform. The reader may also refer to the modern treatments in
[28] and [19], which discuss Ramakrishna’s lifting construction in the residually

irreducible case.

The two classes of deformations (ramified mod p? and unramified mod p?)
play different roles in the deformation theoretic arguments. Trivial primes at
which deformations are ramified modulo p? are used to lift p to a mod p® rep-
resentation ps satisfying local constraints. The trivial primes at which defor-

mations are unramified modulo p* are used to kill the dual Selmer group and
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thereby lift p; to a characteristic zero rerpesentation. The reader is not required
to fully understand the role of the two choices of deformation problems to un-

derstand and appreciate the arguments in this manuscript.

We recall some notation from [9, section 4].

Definition 4.3.3. Set

0 1 0 0
fi(oy) = , filr) = )
0 0 0 0
00 0 1
faloy) = , fa(m) = )
0 0 0 0
- 0 0 - 0 0
g (U’U) = 4 g (T’U = I
10 0 0
ram 00 ram _1)31 0
g (0v> = 9 (Tv) =
10 0 L

The space Q, denotes the subspace of H'(G,,, Ad° p) spanned by f, and f,, let P* the

subspace spanned by fi, fo and g™ and P,*™ the subspace spanned by fi, f> and g*™.
Definition 4.3.4. 1. For trivial primes v whose mod p* deformations are unramified
. _ 10
M,, N, and C, to consist of conjugates by of elements of Q,, P)* and
1
Dr* respectively.
2. For trivial primes v whose mod p* deformations are ramified M., N, and C,

0 1
consist of conjugates by of elements of Q,,, P,*™ and D;*™ respectively.
0

3. In both cases, let N,,, M, and C, be the unramified central twists of N,,, M., and

C, respectively.
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Proposition 4.3.5. Let R € € a coefficient ring with maximal ideal m ( recall that it is
stipulated that p ¢ m?). For k > 1 let ny, := pRNwmF. For both ramified and unramified

mod p? deformations, the space N, ® ny, /ny.,1 preserves C,(R /0y 1) for k > 2.

Proof. Let k > 2 and g € C,(R/ny41) and let pr € ny. Consider the case when
p? divides y. Since k > 2 the assumption p ¢ m? implies that p ¢ n;, and conse-

quently, » € m. Let
0k = exp(g™ ® pr)ox = (Id + prg™)ox
we show that g}, belongs to C,(R/ny.41).

We recall that

on(o) = o |

0 1

It is easy to see that pnj, C ny4;. Since vis 1 mod pand =z € m,

. v X
(Id + prg™)ox(oy) = v® #7172
pr 1
nr 1 y
(Id+prg™)ow(ty) =
0 1

Since v # 1 mod p?, we have that % is a unit. Since the element z is divisible

by p* we have that 2% € n, ;. We see that

v

-1

0 0 v 0 0
Id+r =P =1/ Id+r (4.4)
vfl 0 pr 1 % 0
v
0 1
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and as p? divides vy, the element 2% € n;.; and as a consequence,
p Yy +

v—1

-1

=)}
()
—_

Y 0 0
Id+r Id+r
0

20 0 1 2

Next consider deformations for which p? does not divide y. The conclusion

of 4.4 remains unchanged as ¢"*"(o,) = g™ (0,). We observe that

-1

0 O 0 O
Id+r o(T) | Id+r
% 0 'ugl 0
ram 1 B % y
= (Id+prg™™)ew(r) =
0 1+ 28

(unlike in the case for which p* divides y this matrix need not be unipotent). The

case for f; and f, follows similarly. H

4.4 A Purely Galois Theoretic Lifting Construction

In [9], it is shown that there exists a finte set of trivial primes X, that are disjoint

from S such that p lifts to an irreducible mod p* representation

p3 : Go.sux, — GLa(W(F,)/p?).

Furthermore, p; satisfies the local deformation conditions C, at each prime
v € Xj. The set of trivial primes X; in particular has the property that

1%y, (Ad° p) = 0. It is then shown that the set of primes X; may be further
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extended to a finite set of trivial primes X containing X; such that h,, 0.

L Sux —
Denote by @ the collection of versal deformation problems ¢ = {CNU}UGSU x. De-

note by py := p3 mod p*.

Definition 4.4.1. A ring R € € with maximal ideal mp, is endowed with a decreasing
chain of ideals {ny };>1 defined by ny, :== pR N w%. In dealing with more than one ring

R we will use ny,(R) instead of ny.

Definition 4.4.2. For R € €, let ps r denote the deformation with image in GLy(R/ny)
induced from py by the structure map W (F,) — R. Let Defg : € — Sets be the functor
such that De fs(R) consists of deformations pr : Gg,y — GLa(R) for which

p2,r = pr  Mmod ny.

Definition 4.4.3. Let R € € have maximal ideal mp and let J an ideal in R. The map
of coefficient rings R — R/.J is said to be nearly small mgpJ = 0. It is said to be small

if it is nearly small and if J is principal.

Fact 4.4.4. Let R — R/J be nearly small and v € S. The exponential map of a pure
tensor

X®je H(G,,Adp) @, J

takes o € C,(R) to

exp(X ® 7)o = (Id+X ® J)o.

The fibers of the mod J reduction map C,(R) — C,(R/J) are H'(G,, Ad p) ®F, J

pseudotorsors.

Remark 4.4.5. Let R € €,

1. wy = pRand that ny, /vy, is an R/m ~ F  vector space.
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2. If R is a power series ring R = W (F,)[[Uy,...,U]] and k > 1, the quotient
ny./ngy1 is an B, vector space with basis representatives [pF=—PU ... U%] €

Ng/Npyr foray, ... a5, > 0,b=ay + -+ as < k, for instance,
ny/ny = Fy[p],

ny/ng = FqLPQ] © FylpUs] © - - - © Fy[pUs].

Definition 4.4.6. For R € € the structure map W (F,) — R/n3R factors through
vr: W(F,)/p* = R/ns.

Likewise, the structure map induces an inclusion in €

Br: W(E,)/p— R/n.

Before commencing with the proof of Theorem 4.1.1, let us briefly outline
the strategy. Let R := W(F,)[[U]] € € and m = (p, U) its maximal ideal. The first

step of the proof involves producing an appropriately chosen deformation

GL2(R

A l

GQSUX —> GL2 R/m)

The second step involves showing that ¢ is a versal hull in the sense of Theorem

4.1.1.

Lemma 4.4.7. Let X be the set of primes chosen as indicated at the start of this section.

Then

1 — 1
1. hN Sux = land h/\fL Sux =0,

2. 12 (Ad p) = 0.
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Proof. The set of primes X is chosen so that among other conditions satisfied,

hy 1 gux = 0. We show that it follows that hjl\7 Lsux =0 From this, it will follow
from Corollory 4.2.7 that 2. . . = 1. Recall that N, = H.L(G,,F,) ® N, at all

primes v € SU X\{p} and N, 2 H.(C,,F,) ® N,. A class

f e Hy. (Gosux, Ad p)
is represented a sum of
f=h+F
where
fi € H(Gg,sux, (Fy -1d)")

and

fz S H1<G@’5ux, Ado ,5*)

We observe that f, € H/{[ L (Gosuxs Ad° p*). At each prime v € SU X, the restric-
tion of the class f to G, is perpendicular to N, C N,. Since f1 takes values in
(F, -1d)* and N, C Ad° p, fi on restriction to G, is perpendicular to N,,. Conse-
quently, fo = f — f lies in N on restriction to G,.. We deduce that f, lies in the

dual Selmer group H},. (Gg,sux, Ad’ p*) are therefore f; = 0.

Since N, contains the unramified classes H.,(G,,F, - Id), similar reasoning

shows that f; is unramified everywhere.

Let Cl(Q(1,)) denote the class group of Q(u,) with induced Gal(Q(x,)/Q)

action. By [30][Proposition 6.16] the  isotypic component

(CHQ(up)) @ Fy) (x) = 0.

From an application of inflation-restriction we have that
H'(Go. Fy) = H'(Go, Ty (1)) ©0)/%) = Hom (G, By (1) 00
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We conclude that the unramified class f; = 0 and as a consequence, f = fi+ f> =

0.
Since hjl\ﬂ? suy = 0 we deduce in particular that Il (Ad p*) = 0. By Global
duality, ITT% (Ad p) ~ I, (Ad p*)¥ = 0. O

Proof. (of Theorem 4.1.1)

By Lemma 4.4.7, we have that h/lv Lsux = 0 and therefore, from the Poitou-

Tate long exact sequence, we get the short the short exact sequence
HY(G,,Ad o
0— H,/l\?'(GQ,ZUXa Ad @) — Hl(GQ}ZuX, Ad @) — @ % -

veZUX

0. (4.5)
Pushing forward by the map vz,
ps : Go,zux — GL2(R/ng).
By Lemma 4.4.7, the Selmer group H(Gg,zux,Ad @) is one-dimensional.
Pick a basis {g} for this Selmer group. As a vector space of R/m =T,
ny/ng = F,[p?] © F,[pU].

Set a := g ® [pU] and set o3 = exp(a)ps. Since ps satisfies @, so does p3. Since
1%« (Ad° p) and there are no local obstructions to lifting o3 to a mod p* repre-

sentation, it follows that p3 lifts to
P4 - GQ,SUX — GLQ(R/T’M)

From the surjectivity of the restriction map on the right of the the short exact

sequence 4.5, it follows that there exists a cohomology class
ﬁ(4) € Hl(GQ’SuX, Ad ﬁ) &® 114/113
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such that the twist g, := exp(8¥)p, satisfies ® and hence lifts to p;. In this
fashion, a compatible system of deformations {o}s>2 is constructed and the

passage to the inverse limit of which yields a deformation
@ . GQ,SUX — GLQ(R)

satisfying ®. It is only at the mod p® level that the deformation is modified by .
This is done so that g is a versal hull for De fs. Moreover, since n;, is contained in

pR for all k, the deformation ¢ equal p modulo p. Consequently, ¢ € Defs(R).

Next, it is shown that g represents a versal hull of Defy. Let 0 € Defs(S)

and let ms denote the maximal ideal of S and for &k > 1

n,(S) := pS Nmk.

Let

f3: R — W(Fq)/p3

be the W (F,)-algebra homomorphism in € for which f5(U) = 0 and let
w3 : R — S/n3(S)

be the composite 3 := s 0 f3 (see 4.4.6 for the definition of vs). We successively
lift 3 to amap ¢ : R — S such that 0 = §*(p). Let ¢ := @3 mod ny(S) and
set o), := 0 mod n,(5). Since 05 = g, it may be observed from the construction
of ¢ that o, = §*(p2). Suppose that for £ > 3, o4,_; and ¢j_; satisfy the relation
ok—1 = 0*(pr—1), we show that one may lift ;1 to ¢y
S/n(S)
o l (4.6)

R 2 S/ (S)
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so that o, = 9*(¢r). The lift ¢ := lglk ¢r, need not be the unique map for which

o = 0*(¢) and the deformation ¢ is only versal.

Being a formal power ring, R satisfies the infinitesimal lifting property, and

consequently, ¢, lifts to g, : R — S/ny,(S). Let
i Go,zux — GL2(S/ny,)
be the push-forward of g by g;, that is, ;. :== 0*(gx)-
Both o), and py, are deformations of o4 in De fo(S/nx(S)). There is a class
v € Hy(Goz, Adp) ® w1 (S) /n(S)

for which

ok = exp(y) e = (Id +7) -

Let G = g, (U) and v = g ® [pH| with [pH] € ny_1(S)/n(8S) (the choice of the

H is not unique). Since S € €, we note that H is in the maximal ideal of S.
Let ¢ : R — S/ni(S) be the W(F,)-algebra map which takes
U— G+ H.
We will now show that the effect of replacing g;. by ¢y, is that p, = ¢;(0) gets
replaced by o4, = exp()u. This will conclude the proof.
Recall from the construction of g that in matrix notation
0= (Id+gpU)ps = p3 + gpUp mod n3(R). (4.7)

The ideal n3(R) is generated by monomials p?, p>U, pU?. Since pH € n;,_1(S), we

have that pHG € ny(S) for any G € ms. Consequently, an application of the
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binomial theorem yields that for a monomial p*U® for whicha+b=3and a > 1
er(p"U") = p"(G + H)"
— paGb
= gk("U").

Hence ¢ (x) = gr(x) for x € nz(R). From the relation, 4.7 we deduce that as a

function to 2 x 2 matrices My(S/nx(S))

0" (pr) — i : Go,zux — Ma(S/ni(S))
evaluates to

0" (ox) — e = 0" (r) — 0" (9x)
= @r o (p3 +gppU +n3(R)) — gr o (p3 + gppU +n3(R)) .

Since ¢ (x) = gr(x) for x € nzg(R), the above may be represented as

= (p3 + gpper(U)) — (ps + gppgr(U))

=gpH.p
Consequently
0" (or) = pe +9p = pe + v = (1d +7) 11 = 0.
This completes the induction step. O

Remark 4.4.8. Having shown that for R € &, the map induced by o
¢" - Hom(Z,[[U]], R) — De fa(R)

is surjective. Howeuver, it is not injective when the p torsion in R is non-zero. We refer to

the proof of the above Theorem, the choice of the element H are not uniquely determined.
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Proof. (of Theorem 4.1.2) Let R € € and f € Home (W (F,)[|U|], R) with associated
deformation p; € Defs(R). We take note that the weight of p; is defined as the
composite

Werps s A 25 WE)U] 5 R

and that Wt(T") = det . Let Q(R) C Home(A, R) be the subset of weights which

are congruent to the weight of the prescribed deformation
Q(R) := {\ € Home(A, R) | A = Wt*p, mod (pRNm%)}.

We observe that since Wt € Q(W (F,)[|U]]), it follows that Wt*p; € Q(R). Let
A € Q(R), we show that there exists a deformation ¢* € Defs(R) with weight
Wit*o* = A. We refer to the proof of Theorem 4.1.1 to the choice of the set of
primes X, these are chosen so that the dual Selmer group of the fixed weight
Selmer conditions is zero. We fix the weight A\ and examine if p, has a deforma-
tion to Def(R). Standard techniques in deformation theory discussed in this
manuscript (cf. [9]) imply that a lift does indeed exist provided (fixed weight)
dual Selmer group

H,. (Gg,sux,Ad” p*) = 0.

This concludes the proof of Theorem 4.1.1. O
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CHAPTER 5
CONSTRUCTING CERTAIN SPECIAL GALOIS EXTENSIONS

5.1 Introduction

Let p be a prime number, the tame Fontaine-Mazur conjecture (conjecture 5a in
[6]) posits that an infinite Galois extension of a number field K whose Galois
group over K is isomorphic to a p-adic analytic group is either ramified at in-
finitely many primes or is infinitely ramified at a prime dividing p. It is natural
to ask if such extensions exist once we pass up an infinite cyclotomic exten-
sion Q(pp ). In this chapter, we show that there are abundantly many primes p
for which there exists such a Galois extension of Q(x,) whose Galois group is
isomorphic to a finite index subgroup of SL(Z,) with tame ramification above

finitely many rational primes and unramified at primes above p.

Let p > 5 be a prime and let p, denote the set of p-th roots of unity. Let
¢y € i, be a primitive p-th root of unity. Denote by H@( i) the p-Hilbert Class
field of Q(y,), we identify Gal(Hy,,, ,/Q(u,)) with the p-part of the class group

CUQ(pp))-

Associate a Galois representation to class group data. Denote by

C = Cl(Q(up)) ®F,

and x the mod p cyclotomic character. The Galois module C decomposes into

isotypic components

p—2
c =P,
=0

where

C(x')={zeC|g-z=x(g)xforall g € Gal(Q(1,)/Q)}. (5.1)
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By class field theory, an F,-line in C(x") gives rise to an extension L/Q con-
tained in the p-Hilbert Class field H(’@(“p). Since such a line is Galois stable, the
extension L is Galois over Q. Any choice of isomorphism Gal(L/Q(p,)) — F,

gives rise to an element
=i —iv) Gal(Q(pp)/Q)
B e H' (Gg,Fy(x")) ~ Hom (Ggu,), Fo(X")) S

This class does not depend on the choice of isomorphism. The class 3 coincides

with a reducible Galois representation

p: Gg — GLy(F,)

defined by p = . The representation satisfies a number of conditions:

0 1

L. picy,,, is indecomposable,

L
2. DiGgg,, = - is unramified at every prime,

3. the local Galois representation at p splits into a sum of characters pq, ~

The extension L # Q(u,) and thus the cohomology class  is non-trivial,
from which condition 1 follows. As L is contained in the Hilbert class field of
Q(up) every prime of Q(p,) is unramified in L. Condition 2 follows from this.
By class field theory the principal prime-ideal (1 — (,) is split in the Hilbert
class field of Q(yx,) and thus in L. Let E denote the completion of Q(y,) at
(1 — ¢,). One deduces that fig, € H'(Gg,F,(X")) is trivial. We observe that

the order of Gal(£/Q,) is coprime to p. From a standard argument appealing to
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the vanishing of H'(Gal(E/Q,),F,(x")) and the inflation-restriction sequence it

follows that 3, = 0. Condition 3 follows as a consequence.

We examine deformations of p with some prescribed local properties. In
particular, the local deformation condition at p should ensure that on passing
up the infinite cyclotomic extension Q(,~ ), our deformations are unramified

at primes p|p.

The construction is based on that of Hamblen and Ramakrishna. Their
method is based on a local to global deformation theoretic argument. Implicit
to this construction is a choice of a local deformation condition at each prime
at which the residual representation is allowed to ramify. Deformations of the
residual representation are to satisfy these local conditions. In particular, at p

there is a choice of a local deformation condition which is liftable and balanced.

Theorem 5.1.1. Let p > 5 be a prime and C := Cl(Q(p,)) ® F,. Suppose that there
exists an odd integer i # 1%1 such that 2 < i < p — 3 such that C(x") # 0. Let

p = be the Galois representation associated to an IF,-line in C(x"). There
0 1

exist infinitely many lifts p of p

GLy(Zy)

|

Go T) GLy(F,),

such that the following conditions are satisfied

® p(Gou,)) contains the principal congruence subgroup of SLy(Z,)

o the determinant of p is " ®~1
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® piq, is adirect sum of characters pic, = 1 ® . In particular, p is abelian at I,.

o p is unramified outside a finite set of primes.

The lift p gives rise to an extension Q(p) of Q(u,~) which is taken to be the
fixed field of kerp C Gg. This extension is unramified at primes above p. Fur-
thermore, at a prime [ # p, since the residual representation p is unramified, the
lift p is tamely ramified at all primes [ € S/{p}, we are left with the following

result.

Corollary 5.1.2. Suppose that p > 5 be a prime and i # 2> an odd integer between
2 <'i < p—3 for which the isotypic space C(\") # 0 (cf. 5.1). There are infinitely many
Galois extensions F/Q(fuye) for which

o the Galois group Gal(F/Q(pp~)) topologically isomorphic to a subgroup of

SLy(Z,) which contains the principal congruence subgroup.
e F' is unramified at primes above p and ramified above finitely many rational

primes at which it is tamely ramified.

Proposition 5.1.3. The conclusion of Corollory 5.1.2 is satisfied at any prime p such

that

1. p=5
2. pis irregular,
3. p=1 mod 4,

4. p does not divide the class number of the totally real subfield Q(u,)" C Q(up),

i.e. Vandiver’s conjecture is satisfied at p.
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This seems to indicate that there are infinitely many primes at which p the

implication of Corollory 5.1.2 is satisfied.

Such p-adic extensions F' were first constructed by Ohtani [17] and Blondeau
[1] and their methods relied on lifting suitable irreducible Galois representations
which are extraordinary at p. The construction in [17] and [1] relies on the exis-
tence of an eigenform f with companion forms (and thus extraordinary at p) such
the image of the residual representation p; contains SL,(F,). Computations for
p < 3500 show that there are precisely four primes 107,139,271 and 379 for

which such an eigenform f exists.

5.2 Lifting to Characteristic Zero

We proceed to describe the local deformation condition at p which will in par-

ticular ensure that our deformations are unramified over Q(s,~) at all primes

plp.

Definition 5.2.1. Let F, : Cz, — Sets be the functor of deformations of p which
consist of a sum of two characters, we refer deformations F, as diagonal. In greater

detail, F,(R) consists of deformations pr : G, — GL2(R) of p such that

® pig, ~ @1 @ @y where vy and @, are two characters (possibly ramified)

o detp =y (1),

The tangent space N, is defined as the set of deformations of p to the dual numbers
F,(F,le]) which has a natural structure of an IF,, vector space and is realized as a sub-

space of H'(G,, Ad" p).
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The functor F, is a liftable deformation condition. Observe that since G, acts

diagonally, the 1 dimensional space Diag(p;c,) is a summand of Ad” p\, and

).

Definition 5.2.2. Let F be a deformation condition for pic,, with tangent space N,.

Ad’pra, ~ Fp(Xia,) © Diag(pie,) ® Fp(Xid

P

e The deformation condition F is balanced if
dim N, = dim H°(G,, Ad’ p) + 1 = 2.

Proposition 5.2.3. The deformation condition F, is liftable and balanced.

Proof. That F, is liftable follows from Lemma 4.5 of [1]. We show that it is bal-

anced, i.e. we deduce that
dim N, = dim H°(G,,Ad° p) + 1 = 2.

Explicitly, A, is the set of elements X € H'(G,, Ad’ p) for which the twist p(Id+
eX) is diagonal, we deduce that N, = H'(G,, Diag(p)).

Since ig, # 1,
dim HO(Gp7 Adoﬁ)
= dim HO(Gpa Fp(xi)) + dim HO(G% ]Fp) + dim HO(Gpa Fp()%_i))

= 1.

We employ the Euler characteristic formula and local duality to compute
dim N,
dim N, = dim H'(G,, Diag(p))
=1+ dim H°(G,, Diag(p)) + dim H*(G,, Diag(p))
=1+ dim H°(G,,F,) + dim H°(G,, F,(Y))

= dim H%(G,, Ad’p) + 1 = 2.
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The assumptions on p satisfy those on the assumptions laid out on the resid-

ual representations examined in [9].

Lemma 5.2.4. The conditions stipulated in [9, Theorem 2] are satisfied by the represen-

tation p.

* ,
Proof. The reducible representation p = with ¢ = ', we recall that
0 1

i # (p—1)/2isodd and 2 < i < p — 3. We enumerate the six conditions and

show that they are satisfied:

e Condition (0) is satisfied since p # 2.

e Condition (1) requires that p is indecomposable (or in other words, not
semi-simple), this follows by construction as the extension L/Q(u,) is a

non-trivial extension.

e Condition (2) requires that ¢* # 1, or equivalently, 2i # 0 mod (p — 1)
which is satisfied.

e Condition (3) requires that ¢ # y*! which follows from the assumption on
1.

e Condition (4) is automatically satisfied since the field in question I, is F,,.

e Since i is odd, p is odd. Condition (5) requires that p that p;q, is not un-

*
ramified of the form (where * may be trivial). The integer i is

01
not divisible by p — 1 and as a consequence, this condition is satisfied.
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In the proof of Theorem 5.1.1, the following Lemma is applied in deducing
that the image of a suitably constructed lift p of p contains the principal congru-

ence subgroup of SLy(Z,,).

Lemma 5.2.5. Let p > 5 be a prime, X be a closed subgroup of SLy(Z,) and let X,
be the image of X in SLy(Z/p*Z). Suppose that X, contains the principal congru-
ence subgroup of SLy(Z/p*Z), then X contains the principal congruence subgroup of
SLy(Z,).

Proof. The proof follows from that of Lemma 3 in [27, Chapter 4, Section 3.4]

with very little modification. O

Proof. (of Theorem 5.1.1)

This result shall follow from the main result of [9] after a single modification
is made to their construction. Their method relies on the existence of a balanced
liftable deformation condition at each prime at which the residual Galois repre-
sentation is allowed to ramify. There are cohomological obstructions to lifting
a residual Galois representation which satisfies these local conditions. More
specifically if a certain Selmer group does vanish the local to global deformation
theoretic construction can be applied. On adjoining some auxiliary deformation
conditions at a finite set of trivial primes (cf. Definition 12 in [9]) the associ-
ated Selmer group can be shown to vanish (cf. Proposition 46 in [9]). Hamblen
and Ramakrishna work throughout with the ordinary deformation condition
(cf. [23] and [28]) at p. Instead, we shall prescribe the diagonal deformation con-
dition which is also a balanced and liftable deformation. This was established
in Proposition 5.2.3. The construction of Hamblen and Ramakrishna does not

in any specific way utilize the ordinary deformation condition and the diagonal
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deformation condition may as well be used in its place since this condition is
also liftable and balanced. It follows that there are infinitely many characteristic

zero deformations p satisfying the conditions of the main theorem.

In greater detail, it is a consequence of Proposition 42 of [9] that

image{p(Gq(u,~)) = SL2(Z/p°Z)}

contains the principal congruence subgroup. It follows from Lemma 5.2.5 that

P(Go(u,~)) contains the principal congruence subgroup in SLy(Z,). O

Proof. (of Corollory 5.1.2)

Let p be a lift of p satisfying the conditions of Theorem 5.1.2. We let F' be
the fixed field of p. The infinite cyclotomic field Q(y~) is the fixed field of
detp = x**”* =1, Since p(Go(u,e)) contains the principal congruence subgroup
of SLy(Z,) we see that Gal(F'/Q(11,~)) is topologically isomorphic to a subgroup

of SL(Z,) which contains the principal congruence subgroup.

The local representation p;q, is a sum of characters ¢; and ¢,, we deduce

that F' is unramified at all primes above p.

Since pay, , is unramified at all primes, it follows that at the primes at which

)

F is ramified, F' must be tamely ramified. O

Proof. (of Proposition 5.1.3)

Indeed if p is such a prime, since p is irregular, the quotient C = C1(Q(x,)) ®
F, # 0. By assumption each even eigenspace C(x*) = 0. Thus there exists an
odd integer 1 < i < p — 2 for which C(x") # 0. Since p =1 mod 4, and i is odd,

we have that i # 7%1. On the other hand, i # 1 since C(x) = 0 (cf. Proposition
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6.16 of [30]). By Herbrand'’s theorem implies that p divides the numerator of the
Bernoulli number B,,_;. Since By = % we deduce that i # p — 2 and thus lies in

therange 2 < ¢ <p—3. O]
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