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Abstract.

In this paper we examine how the matrix exponential eAt

is affected by perturbations in A. Elementary techniques using
log norms and the Jordan and Schur factorizations indicate that
eAt is least sensitive when A is normal. Through the formulation
of an exponential condition number, insight is gained into the
connection between the condition of the eigensystem of A and the

sensitivity of eAt .
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1. Introduction.

. The exponential of an nxn matrix A is defined by eAt =

:E: (At)k/k! where t » 0. The importance of this matrix func-
k=0
tion in applied mathematics is derived from the fact that it is

the unique solution to the initial value problem AX(t) = E% Xx(t),

X(0) = I . Many methods exist for computing the matrix exponen-
tial [8]. A rigorous assessment of these algorithms demands an
understanding of the sensitivity of eAt because one cannot fault

At if for that partic-

an algorithm for rendering an inaccurate e
ular A,the exponential problem was inherently "ill-conditioned".
In this paper we hope to contribute to the understanding of how

eAt is affected by perturbations in A.

Our basic approach is to investigate upper bounds for ¢ (t)
where

"e (A+E)t _ At "

Pl

(1.1) ¢(t) =

When A and E commute, the bounding of ¢(t) is trivial since

]
SAEVE | At | AE(EE ) L At (ony D (mok) (ka1
k=0

and thus

(1.2) AE=EA =>  §(t) £ §E| t o'EM

(A+E) t # eAteEt and the

If A and E fail to commute, then e
analysis of ¢(t) becomes considerably harder. It proves conven-

ient to work with the following identity which appears in Bell-



man [1]: AW‘;
t
(1.3) e(ATEIE At 4 j A(t=s)p PS4
0

Manipulation of this equation gives

(1.4) sty ¢ MEN ft\'\e"“'s’\\\\e”"'ms\\ds
“eAt“ 0

To proceed further, we must be able to bound the norm of
a matrix exponential. Some of the ways this can be done are des-
cribed in Section 2. These results are then applied to (1.4) in
Section 3 thus giving upper bounds for ¢ (t). These bhounds sug-

At

gest that e is least sensitive when A is normal and thus has a

perfectly conditioned eigensystem. The precise connection between

the eigensystem of A and the-sensitivity of eAt

is complex but
some light can be shed on the matter through the formulation of
an exponential condition number. This is what we discuss .in Sec-
tion 4.

We now summarize our notation. If chxn

denotes the set of
. nxn
nxn complex matrices and A = (aij) € C , then

*

A = (3s.)
J1
A(A) = { A ] det(a - A1) = 0}
Lal = max { Al | 2% e @'n) )
k@) = lalnaTiy (0 ¢ Aa) )
a(d) = max {Re(M)]| A e A(d) }

We have chosen to work with the 2-norm for convenience.Most of
the results we present apply with little or no modification when

other norms are used.



2. Bounding eAt .

In this section we summarize and then compare various ways

in which leAtH can be bounded.

(a) Power Series. ®

By taking norms in eAt = :Z (At)k/k! we trivially

k=0
obtain

(2.1) “eAtn < euA“t
(b) Log Norms.
Dahlquist [27] has shown that if

WA) = { ulue Aq@a*+ a)/2)}

then

(2.2) lleAtR < eu(A)t

The scalar u(A) is an example of a log norm. Because
A=vyBy ! => At.oy oBty-l

we have the following corollary to (2.2):

1

(2.3)  Aa=vyBY ' > ||PF| 4 k(y) HBIE

(c) Jordan Canonical Form.

Recall the Jordan Decomposition Theorem which states that

if A € cnxn , then there exists an invertible X ¢ ¢**P such that

R e 2

e TP
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(2.4) XA X Jml(,\l) ® ... 0 amp(,\p) = J
where \
x ¥ O
Ak s . m,_xm
(2.5) I = Jmk(Ak) = RO e ck k
O

k
The matrix X is not unique but we shall always assume that it
is chosen such that «(X) is minimized.

It is well known [7] that if the Jordan Canonical Form (JCF)

of A is specified by (2.4) and (2.5) then

(2.6) At = x[eT1t e ... 0 pt]xL
r -
where 1 £ tz/2 e tr/rl
10t :
[}
1
(2.7) Ikt = e/\.d: . "
O t
1
— -

Using the fact that Bl < q max lbijl for B e ¢¥*? it is easy to

show from (2.7) that

J, t At 34,
ledxtl ¢ mk‘ek] oénjtazmk’-l t'/3t



By taking norms in (2.6) and defining m = maxihl,...,mp} we

obtain

a(pt max tr/r!

(2.8) “eAt“ £ mk(X) e
04rem-1

(d) Schur Decomposition Bound

The Schur decomposition states that there exists a unit-

nxn

ary Q € € such that

(2.9) Q'Ag =D + N
where
N = (nij) (nij = o ’ i 7’ j)
Notice that A(A) = {Xl reees xn§ . If we substitute D for A and
N for E in (1.3) we get

t
DIt _ Dt (7 D(t=ty)y (DHN)Ey at,
0

Using this formula to expand e(D+N)t1 we obtain
(D+N)E _ Dt t D(t-ty), Dt
e = e + f e 1'Ne "1 at, +
0

tt
fft D (t-t1) oD (t1-t7) e (DN £ at,a
00

Clearly, a repitition of this process gives



n-1
(DNt _ Dt Z‘lAk(t) + R_(£)
=

where

t t _ _ _
At = [ § L., {"k=1  _Dlt-t1)gD(t1=ty)y . .. xePtk ot atg
00 0
and
L (-1 pie-ty) D(t,_1=tn)nDHNIE
R_(t) = f f f e 1’N... Ne n=-1""n’Ne n dt -°dt
n 00 0 n 9%

Now the matrix {eD(t—tl)N]'-' . [eD(tn'l_tn)N] is zero because
it is the product of n nxn strictly upper triangular matrices and

thus, Rn(t) = 0 . Hence,

n-1 t teo -
(2.10) (PNt _ Dt S (0. (Tkml DlE-t1)y... nePtw gt - --at;
k=1 0 0

By taking norms in this and noting that HeDs“ = ea(A)s (s 2 0)

the following result is obtained:

-1 k
(2.11) | eAtl) 4 LIt nZ‘ “_N,?_U
weo K

(e) Other Bounds.

For completeness we mention some other ways that bounds

for "eAt" can be obtained. By using the fact that

At 1in (1 - At

k_)m



Kato[5] has shown that if

B »z ald)

and if for all sufficiently large k

fox - a7l £ c [y-8\7k Re(V)> B

then

ePt) 2c et .

In a sense, this result replaces the problem of bounding ueAt“

with that of bounding powers of the inverse of (I - a) . We
will not pursue the analysis of “(YI - A)-k“ because the bounds

one gets are similar to the ones we already have.

Gantmacher {41 has derived some interesting bounds relating
to the "matricant" of the system A(t)X(t) = E%X(t)'xf we special-

ize his results to the constant coefficient problem we obtain

pa ntd _ At _
g5l €655 + (e 3) (e (£,5) )
" nxn ~ :
where A = laij) e € and a = maxlaij\ . From this one can
prove
o a
NePtll 2 1+ (™2 -1 ="

This result isn't much different from (2.1) because 3 < \lall ¢ nd .

e e = e s S s s g Py RT pmtA% A T e S gk e o e g S
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We conclude this section with an example to illustrate some

of the bounds given above. If
-1+6 4 -6
0 =1-§
then (2.1),(2.8),(2.11),(2.2), and (2.3) give respectively
4.
(a) ueAt“ e 25t

wy lertll

(c) “eAt” L (1 +4t) e

©

4x106.e(_1+6)t

[

(-148) ¢
@ et ¢ oL (ars?) e

2
(@ |leht|| & ael1r(-2548 )t (v = atag(1,4))

The following table compares these bounds for selected values of ¢t :

t “eAt“ Power Jordan Schur Log Norm | Log Norm
(a) (b) (c) (d) (e)

0 1.0E+00 | 1.0E+00 1.0E+00 1.0E+00 1.0E+00 1.0E+00

1.3E-01 | 1.5E+09 2.7E+04 1.4g-01 1.5E+02 3.3E-01

10 1.8E-03 | 2.5E+18 1.8E+02 1.9E-03 2.2E+04 2.7E-02
15 1.8E-05 | 5.7E+27 1.2E+00 1.9E-05 3.3E+06 2.2E-03
20 1.6E-07 | 9.0E+36 8.2E-03 1.7E-07 4.8E+08 1.8E-04
25 1.3E-09 | 1.4E+46 5.6E-05 1.4E-09 7.2E+10 1.4E-05
30 1.1E-11| 2.2E+54 3.7E-07 1.1E-11 1.1E+13 1.2E-06

We see from this example that some of the upper bounds may

fail to decay along with eAt . As is well known, the asymptotic
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behaviour of eAt depends upon the sign of a(A):

1im P =0 &  a@) <o
t=yo

Hence, the Jordan and Schur bounds (2.8) and (2.11) decay precise-
ly when eAt decays while the power series bound (2.1) grows regard-
less of the sign of a(A). The log norm bound (2.2) may or may not
exhibit the proper limiting behaviour. This is because it is pos-
sible for u(A) to be positive even though a(A) is negative as the
above example shows. However, as Strom[lo] shows, if a(A) < 0 , it
is always possible to choose Y so that u(YAY_l) < 0. The bound

(e) depicts this.

The example also shows the possible advantage of the Schur
bound to the Jordan bound when A has an ill-conditioned eigen-
system (i.e. K(X) large). However, there are examples where (2.8)
is sharper than (2.11). In general, the effectiveness of one bound
relative to another depends upon A and t. However, when A is normal,
then a(A) = p(A) in (2.2), m = k(X) = 1 in (2.8), and N = 0 in

At“ é ea (A)t

(2.11) thus implying that |le . Since we haveJleAt[\b

!ektl for all X e A(d) , “eAt“ > ea(A)t implying that

(2.12) A'a = aat . Dt LRI

At

When A is not normal, it is possible for e to grow initially

even though o (A) is negative. In this case the factor mk(X)max tj/j!
04jém-1

n-1
in(2.8) and the factor :E% IneM¥/k!  in (2.11) are necessary to
k=
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accomodate the "hump" in the graph of “eAt\\.

whether or not WePtll grows at all depends upon the sign of
a(p) =

sup leftl =1 & @ <o
t30

This result follows from (2.2) and the fact that u(A) is the der-

t“

ivative of f£f(t) = "eA at t=0 .

3. Perturbation Bounds

In this section we ostensibly substitute the results of the
previous section into (1.4). To simplify this process it is con-

venient to establish the following lemma.

Lerma 1.
If M(t) is monotone increasing on [0,®) and lle*tll ¢ M(t)ePt
for all t > 0, then

(A+E)t _ At
o(t) = leaemit - Acl < WEUE M) ?

lleAel

o8 - a(a) +lEWM(E))t

Proof.
A well known result from semigroup theory (see Kato[s,p.49§])

states that if \ePll < c ef®  for all s ¢l0,t], then

Ne@*EIS| ¢ o (B + clEl)s s efo,t]

By using the monotonicity of M(t) we thus have
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t t
FTNRESN|| e B¥EIS | g5 £ § M(t-s)eP (ES)y(r)e (BMDIIENDS 4
0

¢ tM(t)2 e(B+l‘4(t)||l-:l|)t

Hence, from (1.4) we have

t
pie) ¢ JEL [T GREms)| | BB s 4

lleREh ©

L IE It

e(B+M(t)IlEI|)t
ea(A)t

tM(t)2

from which the Lemma follows. U

It is now a simple matter to apply the results of the previous

section to obtain upper bounds for ¢(t).

Theorem 1. (See Levis[ﬁ] for a similar result.)

(3.1) o(t) < tuEN e(“A“ - a(A) +iEW)t

Proof.
By virtue of (2.1) we can apply Lemma 1 with M(t) = 1 and
g =\all. \

Theorem 2.

Proof.
By using (2.2) we can set M(t) =1 and 8 = u(A) and in-

voke Lemma 1. |



-

o A B ) RN, DA 1 - S PO TR 2 e AR e 2 e D ke et e et s e A

Theorem 3.
If the Jordan decomposition of A is given by (2.4) and (2.5),

then

(3.3) s(t) < t el M (2 SMp(BER L

where MJ(t) =m k(X) max s]/j! .
0<sst
0gjsm-1

Proof.

MJ(t) is momotone increasing and from (2.8),\\eAt‘s MJ(t)ea(A)t.

Lemma 1 is thus applicable with M(t) = MJ(t) and B = a(A). ‘

Theorem 4.

If the Schur decomposition of A is given by (2.9) then

(3.4 $(8) & £ NE| Mg(e) 2 Ms(BINENE
n-1 X

where. Mg(t) = UNEN S /k !
=0

Proof.

From (2.11), WePt) £ Mg(t) @t o1 thus the theorem fol-

lows by setting M(t) = Ms(t) and B = a(A) in Lemma 1. l

By using (2.12), the following result can be obtained as a cor-

ollary to any of theorems 2,3, or 4:

(3.5) A'A =" =y gty o timg "EVE
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We remind the reader that the ﬁpper bounds appearing in
(3.1)-(3.4) are just that - upper bounds. They are not necessarily
accurate measures of the sensitivity of eAt. However, because these
bounds are smaller when A is normal, they suggest that there is
a connection between the normality of A and the sensitivity of
eAt . We hope to shed some light on this connection in the next

section.
In the mean time, we conclude this section by mentioning

an entirely different approach to the problem of bounding ¢(t).

This approach utilizes the definition

At o1 §ezt (zI - &)L az
2mi Y,

which may be found in Mac Duffee (7] . Here T is a smooth closed
curve encircling the spectrum A(A) of A. If I also encloses
A (A+E) , then

(AMEIE _ At _1_.§ e?t(z1 - A - B)7IE(21 - 2)7? az

2Tir
One can take norms and proceed to derive an upper bound for ¢ (t).
An analysis of this type may be found in Fair and Luke [3] .
We shall not pursue the matter further,however, because the re-

sults are no better than the ones already obtained.
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4. The Exponential Condition of a Matrix.

In [9] Rice gave a general theory of condition. With this
theory it is possible to measure the sensitivity of a map f from
metric space X to metric space Y at a point A € X. In this section
we investigate the sensitivity of eAt‘by applying Rice's definitions

to the map A-—aeAt .

Before we begin, it is instructive to look at the idea of

condition in a more familiar setting. In the matrix inversion prob-

1

lem (A =AYy, «(a) = Nall 1AM is defined as the "condition of a

matrix with respect to inversion". That k (A) measures the sensitiv-

ity of A-l can be seen from the following inequality:
-1 _ -1 -
(4.1) Rl il RPN L1 R LC S R (P DY)

I a2 T ofall 1 - BElaT

It is always possible to choose E such that the above upper bound
is attained. Thus,if k(A) is large, it is possible for a small
change in A to induce a relatively large change in A_l. It is in

this senge that k(A) measures the sensitivity of the map A-—>A_l.

A

Returning to the e t problem, we now formulate a relevant

condition number consistent with Rice's theory.
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Definition.

The exponential condition of a matrix A at time t is defined

by
v(A,t) = lim vG(A,t)
§=>0
where
(A+E) t At
vs(ae) = max ue_-_e___“
[EVs sUAl s ueAt“

Geometrically, GueAt“vd(A,t)= r is the radius of the smallest‘sphere

in €™ which is centered at eAt and encloses the image of the set
{ B ] WA -BlWg< slall}l under the map B— >t . Pictorially we have
PQF# QAt

/“'*}
</

When relatively small changes in A produce relatively large changes
in eAt, vG(A,t) is large as expected. Our investigation of the

exponential condition V(A,t) begins with the following theorem.

Theorem 5.
tall

JlePEl

t
v(A,t) = ” eA(t-s)EeAs ds

max
leEn=1 "0

Proof.

Substitution of (1.3) into itself gives

o(ATE)t  _ At

(4.2) = B+C

- . e e s e e i A i e LA e o
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where
t A(t-s) As
B = 5 e E e ds
0
and
t S A(t-s) . A(s-t;) (A+E) £
c = JJ e E e 1’ Ee 1 at,ds
00

Thus, from (4.2) and the definition of vG(A,t) we have

(4.3) vs(A,t) £ max _h_B_“._ + max _._“_C_L
{Ell<§ 1Al | IEN<SYAN Aty

and
(4.4) max LI & vs(A,t)  +  max Nell
L Ellc &4Al slePEl NEll< s\All sLeAtll

By taking norms in the definition of C above we obtain

lcl & 2 el eMalt GlElle

FOVSLSNUPIPERIS P RIS S

and thus
“.s) . e ‘ 2 l\A\\zse“A“(l+s)t - wee
‘E“‘. slal\ s “ eAt“ “ eAt " =
Since
max M8l = max iell  llal) ¢ max Al tal
L Elle SYAN GleAt“ W ENe sial s uall ePEN \Ell¢ sial NEN 1Pt

t Alt-s) _ A pall
“Ex\z;a: L “ g e S} g NS ds“ =
hePEN
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we have from (4.3) that

(4.6) vg(At) £ |E!|'l‘a,=‘ l“gt QA(t=s) o As ds“ + M)

On the other hand,

t 2
max JE.‘.‘__ > max M__ = max u f eAlt-s)gp eAsds“-Lp
LERCS WAL gyt NEN =G WAL syAty qpp= 1 O le

and so from (4.4)

t
(4.7) vg(Ast) % max “ (" eA(t=s) g gAs dsn.‘.‘i‘.‘_‘ - M(9)
pEn =19 fleAtdl

The theorem now follows from (4.6), (4.7), the definition of

v(A,t), and the fact that 51im M(§) =0 .
_)

0 i

Corollary 1.
v(a,t) 3 t Al for all t >0 .

Proof.

v(A,t) > “ st eA(t-s) IAeAs ds“ fal = tlial |

Corollary 2.
If A is normal then v(A,t) = tlall

Proof.
In view of the previous Corollary, all we must show is that

when A is normal, v(A,t) & ¢t WAl. But this result follows easily
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by taking norms in the expression for v(A,t) and then using (2.12):

N

vV(A,t)

t
IEECOTTECIU EY
0

e

t .
¢ amems a@s oo WAl L o
0

eot(A)t

These corollaries tell us that when A is normal, the condition
nuﬁber V(a,t) is as small as possible. It is rather more difficult to
identify those A for which v(A,t) » t{Al. This is in contrast to the
matrix inversion problem where the ill-conditioned matrices can be

neatly characterized through the singular value decomposition.

Nevertheless, we can identify a class of problems for which
v(A,t) is inordinately large. If A is an nxn strictly upper triangular

matrix, then

n- k
At _ (at)
k=0 k!
and thus, for any matrix E,
t - n-1 n-1 3j k .
§ Alt=s)p As 50 o AdE A% j+k+l
0 j=0 k=0 (j+k+1):
R _ n-1 n-1
Hence, if {Efl =1 and A" "E A #0 ,
t 2n-1
VA, t) y “ (" R(t=s)g gAs dss hall S |al = oe™iall .
0 “eAt“ o(t )
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For such matrices, V(A,t) is large in the sense that it grows as
£0 LA\l instead of as tliA|l when A is normal. As a specific exam-
ple, suppose A = (aij) e €™ is defined by

PP
:=<l i 3 A0

a,.
13 0 otherwise

The following lower bounds to V(A,t) were computed by setting E

in the above to be enef (ek = k-th column of I) :

£ Lower Bound

for vV (A,t)
0 0.0 x 10°
3 9.7 x 10t
6 3.5 x 10°
9 3.8 x 10°
12 2.2 x 10°

Of course, in the above example. A has a defective eigensystem
(it has only one eigenvector). However, since V(A,t) is a contin-
uous function of A, we know that there are non-defective matrices

near to A with comparably large exponential condition numbers.

We want to conclude this section by establishing a result

analogous to (4.1l) . To do this we need to define the following

functions:
Q(A,t) = max V(A,s)
Ogsgt
t -As As
o) = 5 Ne2sWlePs) as
0
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The function v(A,t) can be regarded as an exponential con-
dition number of A over the interval [b,ﬁ]. We also remark that
6(A,t) is monotone increasing and that obviously 6(A,t) > t .

*
(Incidentally, 6(A,t) = t if and only if A = A\I + S where S = -8.)

Theorem 6.

If 0(A,t)||Ell< 1 then

(4.8) LBt _ At . el _Sae
I eAtu fal 1 - \Ele(a,t)
Proof.
From (1.3)
u u
e(A+E)u _ eAu - S eA(u-—s)E eAs ds + f eA(u-s)E(e(A+E)s_ eAs)ds
0 0 :
and thus
4 A (u-s) As
(A+E)u Au e E e ds
“eAuu “eAuH
u (A+E)s As
+ 1EN] Je2sllePs) le ®*EIs_ Rl
0 (Pt
e
u
¢ VENya,u) s uEn § lemPSHNePS g (s) ds
KAl 0

Let t E[O,t] be such that M = max ¢(s) . By setting t, = u in
1 0<s<t 1
the above inequality we thus obtain

M < \lﬂ v(a,t) +VEl M oA, t,)

nat
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Since v(A,tl) < J(a,t) and S(A,tl) < 0(A,t) we have

el S@,t)

¢(t) s Mg — -7
WAl 1 - o(a,t)0EN '

When A is normal we may replace G(A,t) with v(A,t) in (4.8)
and so once again we observe smaller bounds for the normal matrix

case.

5. Conclusion.

We have seen that the matrix exponential problem is rela-
tively well-conditioned when A is a normal matrix and more poorly
conditioned when A has a defective eigensystem. Perhaps a more
refined analysis would reveal a more orecise link between the .sen-

sitivity of eAt'and the structure of the eigensystem of A.
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