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Penalized splines approach has very important applications in statistics. The
idea is to fit the unknown regression mean using a high-dimensional spline ba-
sis, subject to penalization on the roughness. Such an approach avoids the strin-
gency of a parametric model and enables a considerable reduction in computa-
tional cost without a loss of statistical precision. Moreover, the idea can also be
connected with ridge regression and mixed models, thus allowing more flexible
handling of longitudinal and spatial correlation.

This thesis focuses on nonparametric and semiparametric estimation and
inference using penalized splines. First, we consider the penalized splines ap-
proach proposed by Eilers and Marx (1996), which is also called P-splines ap-
proach. We derive its asymptotic property when the number of spline basis
increases as the sample size does. For both the univariate model and the addi-
tive models, we establish the asymptotic distribution of the estimators and give
simple expressions for the asymptotic mean and variance. Such an asymptotic
theory allows P-splines estimators to be compared theoretically with other non-
parametric estimators and offers guidance for practitioners when considering
the choice of the penalty and basis functions.

Next, we turn to the global inferential problems for functional data. We
model the population mean function using polynomial splines. By utilizing
the mixed model based penalized splines approach, we treat some of the spline

coefficients as random effects with a single variance component and relate hy-



potheses of interest to tests with this variance component being zero. To take
into account the dependent structure or within subject correlation, we propose
a pseudo likelihood test statistic and derive its null distribution. This work
extends existing results on pseudo likelihood by allowing the use of nonpara-
metric smoothing (usually with a slower convergence rate). Its effectiveness
is demonstrated via simulations and the empirical application from the Sleep

Health Heart Study.
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CHAPTER 1
INTRODUCTION

Regression analysis is one of the most commonly used techniques in statistics,
whose aim is to explore the relationship between dependent and independent
variables. The most classical and simple form is linear regression, where one
tries to fit a line through the given pairs (z;,v;), ¢ = 1,...,n. Although the lin-
ear regression technique is very useful, the assumption of linearity might not
always be granted. Alternatively, one could consider nonlinear models. How-
evet, all these approaches are parametric, where the functional form is known.
They are subjected to the risk of potential model mis-specification that could

lead to inconsistent estimations of the regression coefficients.

To repair this drawback, nonparametric approaches are considered. In the
univariate case, the model is written as y; = p(z;) + €;, where conditionally
on z;, ¢; has mean zero and variance ¢%(z;), and the function form of u(z) is
unknown. Different methods are used to estimate the unknown function p(z).
One idea is to consider the data points that are near z. Intuitively, data points
that are far from = should contain little information about the value of u(z).
Hence one can estimate the mean function by running local average. This idea
can be further improved by incorporating kernel weights, which leads to the

Nadaraya-Watson kernel estimator, see Nadaraja (1964) and Watson (1964),

- _ Z?:1 Hy(z; — )y
MO = S e —a)

where Hy,(x) = H(x/h) is determined by some symmetric function H(z) and
some positive scalar h. The function H(z) is called the kernel function and A
is the bandwidth. By controlling the size of the local neighborhood, & plays

the role of smoothing and balances between model flexibility and variability.



The asymptotic property of Nadaraya-Watson estimator is discussed in Héardle
(1990) and its asymptotic bias depends on the design density, i.e. the density
of x;’s. The choice of H(x) does not affect the convergence rate of the kernel

estimation, but the choice of h does.

Improvement can be made by approximating x(z) by a locally weighted lin-
ear regression instead of a local constant. To obtain an estimate of () at a given

point z, one estimate &, and 3, by minimizing

Z{yz — 0y + ﬁx(l’z - ZE)}QH}L(ZEI' — :L‘)

With the extra parameter [3,, the local linear fit is able to reduce the asymptotic
bias without increasing the asymptotic variance. Moreover, it has the automatic
boundary correction such that the estimation at the boundary has the same con-

vergence rate as that in the interior.

Rather than fitting the mean function locally, one can consider a global ap-
proximation of the regression mean. For example, one can increase the number
of parameters in polynomial regression. However, this approach is not very
flexible and has two drawbacks. First, the observation that is far from z can
still have a large influence on the estimated /i(z). Second, the fitted curve is

extremely smooth and possesses all orders of derivatives everywhere.

Alternatively, one might model u(z) by the pth degree splines, whose pth
derivatives have discontinuity at certain locations (knots). There are two pop-
ular choices of spline bases. One is B-splines family by de Boor (1978) and the
other is the polynomial splines family. Take p = 1 as an example. The linear

B-splines bases are formed by piecewise linear functions, usually defined as,

B,El] () = K(v— kp—1)ls,_<o<wy + K(kpg1 — 0) Lo <o<np k=1,..., K +p



where s, = k/K for all k£ are equally spaced knots that record all jump loca-
tions of the first derivative. In contrast, the linear polynomial splines bases are

defined as:
Lz, (l‘ - Kl)-&-v (J: - K2)+7 R (l’ - I{K)—i-a

where (z); = max(z, 0) captures the departure from the linear function. We can
simply transform these two families from one to the other. Generally speaking,
B-splines are more numerical stable, while polynomial splines provide a more
natural connection with standard polynomial regression. In both cases, the re-
gression mean function p(x) can be expressed as a linear combination of all
spline bases once the knots are determined. The target is to estimate the spline

coefficients.

There are three approaches to spline fitting. One is to estimate all spline coef-
ficients via ordinary least squares criterion. This is the idea of regression splines.
In order to maintain the modelling flexibility, the number of spline bases should
increase as the sample size does. In practice, the choice of the number of knots
as well as their locations are important. Sophisticated algorithms on the selec-
tion as well as placement of knots have been proposed; see Turbo algorithm by
Friedman and Silverman (1989), and MARS algorithm by Friedman (1991). To
avoid the difficulty of knot selection, one might consider adopting sufficiently
many knots and introduce a penalty term to avoid overfitting. In the extreme
case when each datum point is viewed as a knot, this is equivalent to another
titting approach, smoothing splines (Wahba, 1990). The penalty is imposed on

the curvature and the approach minimizes

Z{% — () P+ A /{u@)(t)}?dt.



Without the penalty term, the naive least square criterion will interpolate the
data, thus resulting in a wiggly curve with lots of variation. By incorporating the
penalty on the roughness, we can trade off between the bias and variance. The
parameter A serves as the smoothing parameter and plays the most important
role. It can be chosen objectively by data-driven approaches. For example, one

can consider minimizing the cross validation criterion,
CVA) =n""> {yi— fun, i)},
i=1

where /i) ;(x;) is the estimator without using the ith observation. Silverman
(1984) shows that smoothing splines approach is asymptotically equivalent to

the kernel approach.

The third fitting approach is Penalized splines, which estimate the unknown
regression function by least squares plus a penalty term imposed on the spline
coefficients. This idea can be traced back at least to O’Sullivan (1986), but they
became popular after the seminal paper of Eilers and Marx (1996) and, later,
with the book by Ruppert et al. (2003). Penalized spline approach can be viewed
as a compromise between regression splines and smoothing splines. Either the
number of the knots or the penalty term can play the role of smoothing. In
practice, it is often suggested to choose a sufficiently large number of knots and
let the penalty term behaves as the key smoother to offset the risk of overfitting.
Moreover, the number of knots can be chosen much less than the sample size
without any sacrifice in the accuracy. The Penalized splines approach can hence

gain more computation efficiency over smoothing splines.

However, unlike smoothing splines, little was known about the asymptotic
property of penalized splines. This motivated our theoretical study on the P-

spline estimation proposed by FEilers and Marx (1996). Such an asymptotic the-



ory allows P-splines estimators to be compared theoretically with other non-
parametric estimators. In practice, one needs to specify the choice of the num-
ber of knots, the order of penalty and the spline basis. Our study will examine
the impact of these subjective choices on the estimated regression function, and
advocate further improvements over existing approach. All these issues will be
address in the Chapter 2, where we focus on the univariate regression model
using P-splines. Some of the results are also discussed in the papers by Li and

Ruppert (2008), and Apanasovich et al. (2010).

The techniques in univariate nonparametric regression can be similarly ex-
tended for the case when multiple predictors are present. However, there is
a high price to pay as the dimension of the covariates increases. This effect is
known as the curse of dimensionality by Bellman (1961), which refers to the
inherent sparsity of high-dimensional data. For instance, to maintain 10 data
along each of the ¢ axes, 107 data are required. Such an exponential growth de-
creases the precision of nonparametric estimation and the lack of sufficient data

drags down the application of multivariate nonparametric techniques.

Several dimension reduction techniques have hence been proposed to over-
come this caveat. One popular way is to project all covariates onto a linear space
and then fit a nonparametric curve to the linear combination. This leads to the

single-index model by Ichimura (1993),

Yi = ,U(CYT%‘) + €,

where z; = (z1,...,%;) and ¢; is zero mean. For identifiability, the norm of
the projection vector satisfies ||a|| = 1. Hérdle et al. (1993) suggest estimating
the function p(-|a) by a Nadaraya-Watson type estimator and they use cross-

validation techniques to simultaneously select the bandwidth and a.



However, this approach might not be suitable for componentwise analysis or
for direct interpretations on the marginal change, i.e. the effect of one variable
when we keep the other fixed. To repair this drawback, separable models are

considered,

q
yi=a+ Y palra) + e,
d=1

where, conditionally given x; = (41, . .. Z4,), € has mean 0. For identifiability, it
is often assumed that F{p4(X,)} = 0 for all d’s. Stone (1985) shows that additive
models avoid the curse of dimensionality and the optimal convergence rate for
nonparametric additive model is the same as as that in the univariate model.
However, if the additivity assumption is violated, for example when interaction

exists, the fitted surface is just a additive approximation to the true surface.

The most well-known estimating technique for additive models is backfit-
ting by Hastie and Tibshirani (1990), which was first proposed by Buja et al.
(1989). The idea is to iteratively update the existing estimators and the approach
has been very successful in applications. The asymptotic property of backfitting
estimation was studied in Opsomer and Ruppert (1997) and Mammen et al.
(1999). However, the final estimates may depend on the initial values or the
convergence criterion. If strong correlation exists among covariates, backfitting
might break down due to slow convergence of the iterative algorithm Jiang et al.

(2010).

Alternatively, non-iterative approach can be used to fit additive model. One
example is the marginal integration (MI) approach discussed in Newey (1994),
Tjostheim and Auestad (1994), Linton and Nielsen (1995). Unlike backfitting,
which looks for best projections of the data onto the additive space, MI estimates

the marginal effect by averaging a preliminary multivariate fit. However, the



preliminary fit might suffer a lot from sparseness of observations. Moreover, MI
is not fully efficient (Linton, 1997). As Nielsen and Linton (1998) pointed out, the
choice between MI and backfitting is reminiscent of the choice between ordinary
least squares and generalized least squares in regression. Generally speaking,
MI are better in estimating the components as opposed to that backfitting are

better in estimating the regression itself.

Since both backfitting and MI approaches have their limitation, we are go-
ing to discuss a third approach, i.e. the additive P-spline approach proposed
by Marx and FEilers (1998). This approach is non-iterative and easy to be im-
plemented, but its asymptotic property is less explored. Interestingly, we estab-
lish the connection between additive P-spline approach and local constant back-
fitting smoothing. Unfortunately, the estimator might not have oracle property,
i.e. one obtains the same asymptotic distribution of the dth component as if
the other were known. We then suggest a weighted approach to improve the

additive P-splines fitting. All these are addressed in Chapter 3.

All discussions above are mainly about nonparametric estimations. Al-
though nonparametric approach is model-free, it has several limitations. Com-
pared with parametric approach, the convergence rate of the estimator is gen-
erally slower. Moreover, it does not allow extrapolation, thus creating potential
difficulty in forecasting. Sometimes, one might suspect whether a family of
parametric or nonparametric models fit adequately the given data. This moti-
vates the idea of testing parametric versus nonparametric models. Much efforts
have been devoted to this problem. In a stimulating paper, Hardle and Mam-
men (1993) propose to test the model adequacy by measuring the L, distance

between the parametric fit and the nonparametric fit using kernel approach. An



alternative approach is to compare the sum of square residuals under the null
parametric model, see Hong and White (1995), Fan and Li (1996). Recently, Fan
et al. (2001) develop the generalized likelihood ratio test (GLRT). GLRT extends
the idea of likelihood principals by replacing the nonparametric maximum like-
lihood estimator (MLE) with a reasonable smoothed estimator. By doing so, it
avoids the difficulty in obtaining the nonparametric MLE and it also improves
the test efficiency. GLRT is a general and unified approach, but it is designed

for independent data.

An open question is how to test the adequacy of parametric models for cor-
related data. As technology advances, this question attracts more and more
attention since it is very easy to collect repeated measurements for the same
subject by high frequency sensing machine at very fine gradations in time or
space. Ramsay and Silverman (2005) term these observations as functional data.
Due to the intrinsic high dimensionality, functional data analysis relies a lot on
dimension reduction and nonparametric smoothing to extract the inherent fea-
ture and account for within correlation. Because of technical difficulties, most

studies are exploratory rather than confirmatory.

To fill in this gap, we consider global inference for functional data in Chap-
ter 4. Our tool is a mixed model based penalized splines. In particular, we
model the regression mean by the pth degree polynomial splines basis, i.e.
{Liz,....2°, (z — k)%, ..., (x — k) } for K given knots k;’s, treat the spline
coefficients as random departure from the polynomial regression and use their
variance to control the smoothness. This approach allows one to consider es-
timation and inference via the Maximum Likelihood (ML) or Restricted Maxi-

mum Likelihood (REML) principles. In particular, global inference on a polyno-



mial fit versus a general alternative, can be related to Likelihood Ratio type Tests
(LRT) on the variance components being 0. These tests are non-standard in the
sense that the parameter under the null is on the boundary of its space. The null
distribution of the LRT statistic is derived in Crainiceanu and Ruppert (2004) for
the single variance component case. However, their results are not directly ap-
plicable for functional observations. A remedy is to estimate the within subject
covariance and consider the pseudo LRT. In Chapter 4, a pseudo LRT statistic
based on a nonparametric covariance estimation is proposed and its asymptotic
null distribution is derived. Effectiveness of this approach is studied through

simulations and an empirical study.



CHAPTER 2
ASYMPTOTICS OF THE P-SPLINE ESTIMATIONS

2.1 Univariate P-splines

Suppose we have a univariate regression model
yi = p(x;) + €, i=1,...,n, (2.1)

where ¢; has mean zero and variance o?(z;). For simplicity, we assume that z; €

0, 1]. This section presents an asymptotic theory of penalized spline estimation.

Following Eilers and Marx (1996), we use the pth degree B-splines to model
the regression mean /(x) and estimate the spline coefficients using a penalized
least square criterion. To be specific, first, we calculate the pth degree B-splines
for K +p given knots using the following recursive formula proposed by de Boor

(1978):

0
BMNz) = Ly (),
KRg4+1 — T

BP(z) = LTIk gl SRR —— - 1 1EY
o) = e g )

It can easily be seen that the pth degree B-splines are piecewise polynomials
and every B,[Cp Vs positive on a domain spanned by (p + 2) knots. Second, we

express the regression mean as p(z) = ZkK:Jrlp ka,E” ](m) The coefficients b =

(bi,...,bk4p)" are then estimated by minimizing
N K+p 2 K+p
> {y -> ka,[f](xi)} +A Y {AT D)), A >0, (2.2)
=1 k=1 k=m+1

where A is the difference operator, that is, A(by) = by — by_y and A™ =

A(A™ 1) for any positive integer m. The P-spline estimator is defined as

i(z) = S P b B ().

10



As mentioned in Chapter 1, Penalized splines use less knots than a smooth-
ing splines and is more efficient in computation. Like other nonparametric ap-
proaches, the smoothing parameters, which are the penalty A* and the number
of knots K of the spline, play an important role. It is an interesting but chal-
lenging problem to tune the smoothing parameters and to derive theoretical
properties of the estimator. Yu and Ruppert (2002) and Wand (1999) discuss the
case when the number of knots is held fixed as the sample size increases. But
these approaches using a fixed K are indeed parametric. Hall and Opsomer
(2005) was the first to consider the situation when K is infinite. By assuming
a continuum of knots and give the expression for mean integrated square error
of ji(x), i.e. a knot at every z in some interval, they give a very complicated
expression for the mean integrated square error of fi(z). But their assumption
on K is too restrictive because in practice, K can converge to oo at a slower rate

without causing severe modelling bias.

Recently, Kauermann et al. (2009) considers when K can only increase at a
moderate rate. Though they do not obtain an explicit expression for the asymp-
totic bias and variance, they generalize their results for non-normal responses.
Claeskens et al. (2009) show that depending on whether K — oo at a sufficiently
tast or sufficiently slow rate, the asymptotic distribution of a P-spline is either
close to that of a smoothing spline or an OLS regression spline. Correspond-
ingly, they refer these as two scenarios. The former, i.e. the large K scenario,
is closest to current practice where a relatively large number of knots is used
and overfitting is controlled by a careful choice of A*. In contrast, the latter, i.e.
the small K scenario would require a data-based choice of K, a relatively unex-
plored but potentially interesting and important problem. In the next section,

we will focus on the large K scenario.

11



2.2 Equally Distributed Covariates

We now derive the asymptotic distribution for estimators using p-th degree
splines and m-th order penalty for arbitrary integers p and m. For simplicity, we
assume equally spaced design points and knots, i.e. z; = i/n’s and k;, = k/K’s.
This assumption will be relaxed later and we will discuss unequally spaced de-

sign points and knots in the next section.

Let B, be the n x (K + p) matrix whose (7, j)th element is Bj[-p ) (x;). Let D,, be
the (K + p —m) x (K + p) differencing matrix such that D,,b is the K +p —m
vector of mth differences of b. Define P,, = DX D,,. Let M = n/K. Without loss
of generality, we assume that it is an integer. If n/ K is not integer, the number of
data points in the last bin would be less than in other bins, but such a boundary
effect is asymptotically negligible boundary. Here the kth bin is defined to be
((k=1)/K k/K].

Note that the minimizer to (2.2) satisfies
b = (BI'B,/M + \P,) 'BYY /M, (2.3)

where A = \*/M. Denote the (k,j) element and the kth row in (B} B,/M +
AP,,)~" as v;; and vy, respectively. Let 7; be the jth element of B'Y /M. Then
by = Zf:tp vy;J;. Our goal is to approximate vy; sufficiently accurately to derive
the asymptotics of by. To avoid the boundary effect, we consider estimation at

interior points where £ satisfies k/K — x € (0, 1).

First, the term B]Y /M in (2.3) can be viewed as a binned version of Y. If
p = 0, then BE Y /M is the vector of bin averages of the Y;. If p = 1, each Y]
is split between two adjacent bins which is called linear binning by Hall and

Wand (1996). In the general case, Y; is split between p + 1 adjacent bins. We

12



will show that (B] B,/M + AP,,)~" is asymptotically equivalent to a Nadaraya-
Watson smoother matrix with 2m-th degree kernel. We see from (2.3) that the
smoothing is applied to the binned Y. Because we will let the number of bins
increase sufficiently rapidly that binning effects, e. g., binning bias, are asymp-
totically negligible, the main result will be that penalized spline estimators have
the asymptotic distributions of Nadaraya-Watson kernel estimators with equiv-
alent kernel depending only on m, not on p. As it will be shown later, the only
effect of p is that it determines the minimum rate at which the number of bins
should increase; higher values p > 1 allow the number of bins to increase more

slowly than p = 0.

Next, consider the term B! B,/M + AP,,. Notice that B, depends on the
distribution of the covariates. When z;’s are equally distributed, B} B, /M only

depends on p rather than n. Hence we can define
¥, = B'B,/M and Q,,,, = £, + AP, (2.4)

When p = 0, X, becomes the identity matrix. Let ¢ = max(m, p). Interestingly,
(2, , has a special pattern that its ith row, except the first and last g rows, has the

common form
0,...,0,wg, ..., w1,Wo, w1, ...,we0,...,0),

where wy is in the ith place. Be cautious that all w,;’s depend on both m and p,

and wy, . .. ,wy, also depend on A, though the notation does not reflect this.
We will make use of the special structure of €2, ,. Define P(z) as
P(z) = wg + we12 + -+ + wor™ + -+ - + wyz?. (2.5)
We can show that there are exactly ¢ distinct roots, say pi, ..., p, of P(x) with

13



modulus less than 1 (see Proposition 2.2.1). Let

T'L(p> = (p‘17i|7 s P 17p7 cee 7/0|K7’L‘)

I

where ‘1’ is in the ith position. Since P(p;) = 0, T;(px) is orthogonal to the
columns of (2, , except the first ¢ columns, last ¢ columns, and the jth column
for |i — j| < ¢. Because py, ..., p, are distinct, T;(p1), ..., Ti(p,) are linearly in-
dependent and we can obtain a unique linear combination, S; = >"{_, ax'T;(px),

such that

Si(Qnp)l = 1 and S;(Qn,)) =0, for 0<]i—j|<qg—1. (2.6)

? J

Therefore, S; is orthogonal to all columns of €2,, , except the ith column and the
first and last ¢ columns. Moreover, suppose i/ K — x € (0, 1) to avoid boundary
effects. Since the p;’s all have modulus less than 1, if A is chosen properly as

specified below, then

Si(Qm,p);‘F%O, for 1<j<q and K—-—q+p<j<K+p,

where ~ means the convergence is exponentially fast as n — oo, or more pre-
cisely, O(r™*)where 0 < r < 1, a > 0,7 and o do not depend on n; see Remark

2.2.1. Therefore, the estimators satisfy b; ~ SiBZ Y /M.

To derive the asymptotics of P-splines, we will relate the elements in S; to
weights provided by a specific kernel function. Instead of directly solving for
the roots p;’s and the coefficients a;’s in S;, which is not possible if ¢ > 2, we
find asymptotic approximation to these quantities as A — oo. The following

propositions originally came from Dr. Tatiyana Apanasovich.

PROPOSITION 2.2.1. We have the following conclusions.

(I) There are ¢ = max(m, p) roots of P(x) in (2.5) with modulus less than 1.

14



(II) When p < m, there are m roots converging to 1. To be specific, for k =1,...,m,

po= 1= (5)7 ot )+ o0

o + Bre 1/m
= exp{—%}—i—O(A /my, as A — oo, (2.7)

where v = \/—1 and oy, + Bya's are the roots of z*™ + (—1)™ = 0 that satisfy

ay > 0.

(III) When p > m, there are still m roots satisfying equation (2.7). In addition, there

are p—m roots, denoted as py, 11, - . ., pp converging to 0, ie., fork =1,...,p—m,
P0)) 75 -
Ptk = {¥} O R (2.8)

where 1;1, - &q,m are the roots of xP~™ + (—1)™ = 0.

REMARK 2.2.1. Suppose that X\ ~ (Kh)*™ where K is the number of knots and a ~ b
means that a/b — 1 as n — oo. Then the dominant term in log(pk) is —%ﬁ“ for
k = 1,...,m. Therefore, if h = O(n™") for some v > 0, then p& converges to 0

exponentially fast.

By approximating the coefficients a;’s in S;, we will soon show that only the
roots in equation (2.7) play an important role in deriving the kernel function
and the asymptotic property. The roots in (2.8) are asymptotically negligible.

We have the following proposition.

PROPOSITION 2.2.2. Let a4, ..., a4 be the coefficients in S; such that equation (2.6)

holds. Assume \ — oo. In either case, p < m or p > m, we have

ar + Bit

= W+O{)\_l/m}, fOI' k’: 1,...,m. (29)

Qg
In addition, if p > m,

ag = ONP/P=™)) m <k <p (2.10)
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Suppose A ~ (Kh)*™. Proposition 2.2.2 motivates us to relate S; to
Zm: o + Bxt oxp 4 — Yk + Oy
— \ 2mKh P e [

Since (i — j)/ K = Z; — Z;, we will show below that the dominant term in the jth

element of S; is asymptotically equivalent to

e Oék—FﬁkZ —(ak—i-ﬁkl)‘i‘i —.Tj’
;(QmKh>eXp{ h }

where 7; = (2i — 1)/(2K) is the center of the ith “bin,” which is the interval

<(z -1)/K,i/K ] . This allows us to connect P-spline estimators with kernel esti-
mators using a 2m-th kernel function spanned by double exponential or double
exponentially damped sin and cos functions. To be specific, consider the kernel

function

Hulz) =Y O";mﬁ” exp {—(a; + B)|z|} - (2.11)

i=1

A direct calculate show that H,,(z) satisfies that [2?*H,,(v)dz = 0 for k =
1,.. — 1 and f H,,(x)dz = 1. Furthermore we can arrange the «; + ; such
that ag; 1+ 212 and aw; + P41 are conjugates, for i < m/2. When m is odd, there
is an additional root of %™ 4+ (—1)™ = 0 equal to 1. Without loss of generality,

assume [; > 0. Then H,,(x) can be rewritten as follows: if m is even, then

m/2

Hoe) = 3 { 22 exp(-aael) con(Balel) + 2 exp(-aa ol sin(sulel) }

i=1
if m is odd, then H,,(z) equals

m—1

exp(—|z]) i Z {% exp(—auw;|x|) cos(fa;|x|) + % exp(—aw;|x|) sin(ﬁ2i|x|)} :

2m :
=1

We have the following propositions.

PROPOSITION 2.2.3. Let h = \/®™) | K. Then for nonboundary x, we have

~ .I') — nfl Zh*le<x
=1

0 Op(K o + O (KR) Y . (212)
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Together with asymptotic results for kernel estimators such as those ob-

tained by Fan (1992) or Simonoff (1998), we have the following theorem.

THEOREM 2.2.1. Assume the followings are true.

1) There exists | > 0 such that sup,, sup,,, E(|Y;|*™) < oc.

2) The variance o*(x) is continuous.

3) The regression function u(x) in model (2.1) has a continuous 2m-th derivative.
4) ey,..., €, are mutually independent.

5) The covariates satisfy x; = i/n.

Suppose that X ~ (Kh)*™ where the equivalent bandwidth is h ~ hon ™~ it for some
positive constant hy. Suppose that K ~ Kon”, where v > 2m/(4m + 1) if p = 0 or
v > (m41)/(4m+1)ifp > 1, and Ky > 0 is a constant. Let ji(z) = S o7 B,[f](x)f)k
denote the penalized estimator using a m-th order penalty and a p-th degree spline with

equally spaced knots. Then for any x € (0, 1), we have

2m

n () — p(a)} = N{B(x), U(2)},  as  n— oo,

where 3(x) = Gy (0)hg™ [ " Hy(t)dt, U(x) = hg'o*(x) [ Hy(t)dt, and =

means convergence in distribution.

2.3 Unequally Spaced Covariates

Now we want to generalize model (2.1) with unequally distributed covariates

x;’s. As mentioned in Li and Ruppert (2008), when z; are not equally distributed
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and the knots are at quantiles of x4, ..., z,, the P-spline estimator is not design-
adaptive in the sense of Fan (1992), i.e., the asymptotic bias depends on the
design density. To achieve design-adaptivity, we propose to use a weighted pe-
nalized least-square approach. Instead of using (2.2), we use b = (b, ..., bx1,)"
that minimizes a weighted and penalized sum of squares

K+p 2 K+p
Z{yt ZbB Xy } w(zy) + A Z {A™ ()}, A" > 0. (2.13)

k=m+1

The choice of the weights w(z;) will be discussed later. If w(z;) is a constant,
the minimizer yields an ordinary penalized spline estimator. Denote W as the

diagonal matrix with elements {w(z4), ..., w(z,)}. Then b solves

{BIWB, +ADLD,,} b= B'WY.

Let ny = > .7 I{rr—1 < 21 < Ki} be the number of the data in the k-th bin.
Choose the weight function such that w(z) = n; ! if = falls in the k-th bin, i.e.
(k—1)/K <z < k/K. A further calculation shows that when p = 0, B/ W B,
equals the identity matrix [, and B;;F WY =Y = (41,...,9kx), where j, is the

average of all y, in k-th bin. For higher degree splines, we have
(B'W B,);, K/B[p] (B (t)dt = 0,(1).
Let 3, and (,,, remain the same as in equation (2.4). Note that the term

K [ BY (t)B][-p} (t)dt equals the (i, j)th element in 3,. We have

1) when pis odd,

1)/2
(B;;FWBP + AP — Qup)iy = Zyi ();{+1)/2 op(n;_ ) for [i — j| < p;

(BIW By + APy — Qunp)iy = 0, for |i — j| > p.

2) when pis even,

18



(BIW By + APy, — Quuy)iy = 302 0,(niy), for i — j| < p;

j=—p/2©

(BYW By 4+ APpy — Qi p)ij = 0, for i — j| > p.

where (A); ; denotes the (7, j)th element in the matrix A. We will use these re-

sults to modify the proof of Theorem 2.2.1 and establish the following theorem.

THEOREM 2.3.1. Assume the conditions 1)—4) in Theorem 2.2.1 are true. Assume that
the empirical distribution of x; converges weakly to a distribution with density f(x) that
is continuous and positive for x € [0,1]. Let h ~ hon ™ Fm T for some positive constant
ho. Suppose that K ~ Kon", where y > 2m/(4m+1)ifp = 0or~vy > (m+1)/(4m+1)
ifp>1,and Ky > 0is a constant. Let [i(x) be the weighted penalized estimator using
a m-th order penalty and a pth degree spline with equally spaced knots. Then for any

€ (0, 1), we have

niit {f(x) — p(x)} = N {B(x),¥(z)}, as  n— oo,

0'2 x
where 3(x) = ﬁu@m) (z)hg™ [ 2™ H,p, (t)dt and U(z) = hof(( ))

REMARK 2.3.1. The asymptotic bias does not depend on the empirical distribution of

x. Therefore, the weighted P-spline estimation is design adaptive at any x in (0, 1).

24 Comparisons with O-splines

O’Sullivan (1986) introduced another class of penalized splines that are called
O’Sullivan splines or O-splines by Wand and Ormerod (2008). O-splines use the
same penalty as smoothing splines but, like P-splines, O-splines have a reduced
number of knots. For simplicity, we will focus on cubic O-splines, denoted as

Bs i(z) for j = 1,...,K + 3, as an example. Let B; be the design matrix with
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(i,7)th entry Bs ;(z;). Define the (k,k’)th element of the penalty matrix I' as
S BéQ;(x)B:gQ,z, (z)dz. Then fi,(x) = Bs(z)b is the penalized estimator using cubic
O-splines, where B3 () = {Bs1(2), ..., Bs x43(x)} and b = (Bf Bs + A\I') "' BI'Y.

When there is an interior knot at each unique z;, fi,(z) is a smoothing spline.
A detailed study on the asymptotic distribution of smoothing splines is given
by Silverman (1984). As Wand and Ormerod (2008) point out, P-splines and O-
splines are similar when the knots are equally-spaced because the differencing
penalty is equivalent to a discrete approximation to the integrated square of
the mth derivatives of the B-spline smoother. The methodology in the previous

sections can be used to derive the asymptotic distribution of O-splines.

THEOREM 2.4.1. Assume the conditions 1)-5) in Theorem 2.2.1 hold. Suppose that
A ~ (Kh)* where the equivalent bandwidth is h ~ hon™s for some positive constant
ho. Suppose that K ~ Kyn", where Ky > 0 is a constant and v > 1/3. Let ji(x) be the
penalized estimator using the cubic O-splines with equally spaced knots. Then for any

x € (0,1), we have the same conclusion for ji(x) as Theorem 2.2.1 with m = 2.

Theorem 2.4.1 shows that for interior =, P-splines and O-splines have the
same asymptotic distributions. Wand and Ormerod (2008) show, however, that
O-splines and P-splines have different finite-sample behavior at the boundaries.
The asymptotics of P-splines at the boundaries is studied by Wang et al. (2010).

For generalization and applications of O-splines, one can refer to Wahba (1990).
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CHAPTER 3
THE ADDITIVE MODELS

3.1 Additive P-splines

We now extend our study on P-splines from the univariate setting to the multi-
variate setting. We first assume that the marginal distributions of the covariates

are uniform. This assumption will be relaxed in the next section.

Consider the bivariate additive model

2

Y = o+ Zﬂd@di) + €, 1<2<n, 3.1)
d=1

where, conditionally given x; = (x1;,2%), €¢; has mean 0. For simplicity, the
domain of the covariates is set to be [0,1]2. We first consider the additive P-
splines approach proposed by Marx and Eilers (1998). Let 0 = xp < k1 < --- <
KK+p, D€ equally-spaced knots and B,[f d (z) be the pyth degree B-spline defined
on (Kg—1, Kk+p,—1)- Then we can model the dth component as,

K+pq

Z B[Pd] bdk

For identifiability, it is often assumed that E{;4(X,)} = 0 for all d’s. Corre-
spondingly, we impose the following constraints on the P-spline coefficients:

n K+pq

YN BPNwg)ba, =0, ford=1,2. (3.2)
i=1 k=1
Under this constraint, we choose &, by, that minimize

n 2 K+pg K+pa
Z {yz — 0 — Z Z bdkB[pd] l’dZ } + Z)\d Z Ambdk)Q, (33)

i=1 d=1 k=1 d=1 k=m+1
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where )} is the penalty parameter, A is the difference operator so that Abg, =
bir — bak-1, m is a positive integer, and A™ = A(A™'). Then fig(z4) =

S pa bdkBl[f ) (z4) is called the P-spline estimator for the dth component.

By taking the derivative of (3.3) with respect to o and setting it to be 0, we
have
n 2 K+pa
a=n"Y" {yz > b B (x4 } (3.4)
i=1 d=1 k=1
Because of the constraints (3.2), we have & = y. The randomness in & is of

smaller order than any nonparametric estimators and can be effectively ignored.

The objective function (3.3) now becomes

2 K+pg K+pq
Z{yz - Z Z bar B ( xd,} +Z>\d > (A"ba)? (35)

d=1  k=m+1
We now derive the minimizer of (3.5) under the constraints (3.2). Let B; be an
X (K + p) matrix with (¢, j) th entry equal to B][-p al (z4t). The design matrix
becomes (B, ..., By). LetY = (y; — 7,...,yn — §)T. Define D,, as the (K —m +
pa) X (K + p) differencing matrix satisfying
A" (b1
Db =
Am(bKer)
Let P,, = DI D,,. Denote M = n/K, \y = \;/M, C;; = BI'B;/M and V; =

BI'Y /M. Consider the following linear equations.

Cii+ P, Cio 51 Vi
~ = ) (3.6)
Can Coy + NP, bo Vs

Note that the matrix on the left hand side of equation (3.6) is singular. For any
of its solution b7 and b%, b7 + clg.,, and b} — cl.,, are also its solution for

any constant c. However, there exists a constant ¢ such that b7 + clx.,,, and
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by — clg.,, satisfy constraints (3.2). Note that this solution is unique for any

by’s. They are the estimated P-splines coefficients.

The following proposition shows that b,’s can also be obtained by the follow-
ing iterative approach A.1. For notation simplification, we use ZA)Elj ) to indicate the

estimators in the jth step.

PROPOSITION 3.1.1. Set 13510) as the zero vector. For step j + 1, update the estimates by
b = SaVa =D {SuCaaby”}, d = 1,2,
d'#d

where Sd = (Cd,d + /\de)_l and IA)Elj*) = ded — Zd,;éd{SdCddflA)g)}, d= 1, 2.

Then lim;_ I;g ) exist for all d and they satisfy (3.6) and the constraints (3.2).

Proposition 3.1.1 indicates that the P-spline estimators can be obtained by an
iterative algorithm. Motivated by the connection between P-splines and kernel
approach established in Chapter 1, we now relate Approach A.1 to the iterative

approach A.2.

1 Set ﬁg)}(xd) = 0.

2 For step j + 1, update the estimates by
1 (wa) = pated) = Y [ 0§ @ wana) oo dne ~ 5. (37)
d'#d

where

- o i Hod(wa — wai) /ha}tyi
:ud(l’d) - n-1 Z?:l Hm{(xd — Idl)/hd} ) (38)

19 wa) = atwa) = 3 [ 0 o) Floa o) Faadoa ~ 3

d'#d
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f(xq, z4) is the bivariate kernel density estimator, i.e.,

f(xa,xa) = (nhaha) ™'Y Hu{(wa = 24:)/ha} Hu{ (xa = ai) [har},

i=1
H,,(-) is the equivalent kernel defined in equation (2.11), and f(z,) is the

univariate marginal kernel density estimator of f(xz,).

We can further conclude the following.

PROPOSITION 3.1.2. Suppose that K ~ tn?, where vy > 2m/(4m+1) if ming(pg) = 0
and v > (m + 1)/(4m + 1) if ming(pa) > 1. Suppose that \;'s are chosen so that
Aa ~ (Khg)?™, where hy = K=Y+ for some constant b, Let i (x4) be defined
as in Approach A.2. Let l;fij ) be defined as in Approach A.1. Then for interior x4,

K+pq

n2m/(4m+1)( Z Bff,jBE’d](xd) _ ﬂgj)(l’d,)> P, 0,j=0,1,2,....
k=1

Mammen et al. (1999) have studied Approach A.2 and concluded that the

limit of ﬂﬁ{ ) (zq), denoted as fi4(x4), is the solution of the
() = (o)~ [ palas) en )/ fie)des ~ g
fio(2) = fio(w2) — /ﬂl(xl)f(xh 2)/ fo(2)dzy — 7,

where fi4(z4) is defined as in equation (3.8). They further derive the asymptotic
distribution of fi;(z4). Applying their results, we can conclude the same for the

P-spline estimators.

THEOREM 3.1.1. Assume the followings are true:

1) The additive model (3.1) holds.

2) For some 0 > 2 + { where { is positive, it holds that E(|y|?) < occ.
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3) The empirical distribution of {(x1;, %9}l converges weakly to a distribution
with density f(zy,x3), and that f(xy,z9) is continuous and positive on [0, 1]%

The (2m — 1)th partial derivatives of f(x1,x2) also exist and are continuous.
4) The regression function pq(x4), d = 1,2 has continuous 2mth partial derivatives.
5) The conditional variances o3(xy4) = var(y|z,) are continuous.

6) The marginal distribution of x4 is uniform.

Let hy = hln=Y4m+D) for some positive constant I, Suppose that the number of
knots satisfies that K ~ tn?, where v > 2m/(4m + 1) if ming(ps) = 0 and v >
(m+1)/(4m + 1) if ming(pg) > 1. Suppose that )\, are chosen so that Ay ~ (Khg)*™.
Use the path degree B-splines with equally spaced knots and mth order penalty to fit the

dth component and obtain the estimates [i4(x,).
Then for x € (0,1)?,

n‘“?”%{ﬂd($d) - ,Ud(md>}:>N{(hil>2mﬂd($d) /tQmHm@)dt’ Wy(za)}, (3.9)

where (B4(xy)’s are the L*(p) projections of 3(x1, xo), which equals

2 2m—1

1 m 2 g2m—i
(2m)' :ul(f )(xd> + Z Z {le;d?n — Z 'an Z:L'df(xth)}] /f(xth)7

d=1 d=1 =1

onto the space of additive functions, i.e., they minimize [{B(z1,22) — Bo —

2321 Ba(za)}2 f (@1, xa)dw1dre and they satisfy [ Ba(xq)dza =0,
Uy(x) = “lo2(zq /H2
and H,,(t) is given by (2.11),

REMARK 3.1.1. When m = 1, the bias is more than 3 _ u(gm)(xd) unless the joint
density f(x1,x2) can be expressed as [, fa(za). So the penalized spline estimator

is not design-adaptive in the sense of Fan (1992), i.e. the asymptotic bias depends on
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the design density. However, V¥ ,(x4)’s are the asymptotic variance of the oracle estima-
tors, i.e. the same as if we estimate j14(xq) with prior knowledge of all other additive

components.

3.2 Weighted P-splines

In this section, we are still considering the bivariate model (3.1), i.e. y; = a +
p1(z1;) + po(ze;) + €. Different from the above section, we do not require that

the data are marginally uniformly distributed.

We first consider using the zero degree splines to model each of these

two components, i.e., pi(r) = Z,ﬁil barBi(z). For identifiability, we assume

that Zszl bar = 0. Under this restriction, the weighted estimator &, 51 =
(1311, e BlK) and by = (1321, . BQK) are chosen to minimize
n K K 2
Z {yi S Z blkBk(CL’u) - Z bszk(SCm)} w<x1i7 x2i>
i=1 k=1 k=1
K K
A D (ATh) X Y (AT (3.10)
k=m+1 k=m+1

where \; > 0, A, > 0, A is the difference operator and m is the order of penalty.

The weighting matrix is chosen as follows: if (z1;, x9;) falls in the (k, £’)the
cell, then w(xy;, 2;) = 1/ng, where nyy is the count of data in the (k, £")th cell.
Denote i1 be the average of the (k, &")th cell. By taking the derivative of (3.10)
with respect to a and setting it to be 0, we have

K K
v=g = KKy Y e, (3.11)

k=1 k'=1

which is a weighted average of all responses. The randomness in & is of smaller

order than any nonparametric estimators and can be effectively ignored.
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Let By be an n x K matrix with (i, k) th entry equal to By(xy;). Let By be
another n x K matrix with (i, k') entry By (24) and B = [By, By). LetY =
(y1 — ¥, .-, yn — §)T. Similar as the previous section, the P-splines coefficients b
simultaneously satisfy 3" by = 0 and the following equation:

MPr Orxk
Orkxrx  AoDp )

b=B"WY,

BTWB + <

where O,k is the K x K dimensional zero matrix. We first consider the case

whenngy >0fork=1,...,Kand ¥’ =1,..., K. Relaxation of this assumption
Kk JKXK)

Jkxx  Klk
where J . i is the matrix whose elements are all 1. Denote BYWY as V. Par-

will be given later. A further calculation shows that BTWB = (

tition V into two K x 1 subvectors V; and V,. Let S; = (Ix + \P,)" " and

Sy = (Ix + X2 P,,)~'. Hence the minimizer of (3.10) simultaneously solve

by = SiVi—SiJkur/Kby

by = SoVo— SoJrxw/Kbi. (3.12)

Notice that we require Zszl by = 0 and Zgzl by = 0. Therefore, the above

equations can be further simplified as

b= SV

by = SoVs. (3.13)
Let 1, be the a x 1 column vector whose components are all 1. Note that

~ ~ ~ K K
UeVa = 15BIWY = 1TWY =3 (G — &) =0,
k=1 k=1

where the last equality holds because of equation (3.11). Hence both V; and V;
are centered. Therefore, b; and b, defined by (3.13) satisfies the constraints (3.2).

Since they also minimize (3.10), they are the weighted penalized spline estima-

tor. In contrary to last section, they can directly be obtained without using an
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iterative approach. Using the same techniques in deriving the asymptotics of
univariate P-splines, we can conclude that the asymptotic bias for the dth com-
ponent only depends on the 2mth derivatives of p4(z4). Since the use of higher
degree splines will not affect the asymptotic distribution of the estimators, we

have the following conclusions in general.

THEOREM 3.2.1. Assume conditions 1)-5) in Theorem 3.1.1.

Let hg = hin=Y/Um+) for some positive constant hly. Suppose that the number of
knots satisfies that K ~ 1n", where v > 2m/(4m + 1) if ming(ps) = 0 and v >
(m+1)/(4m + 1) if ming(ps) > 1. Suppose that )\, are chosen so that Ay ~ (Khg)*™.
Use the pqth degree B-splines with equally spaced knots and mth order penalty to fit the

dth component and obtain the estimates [iq(x4). Then for (x1,z2) € (0,1) x (0,1),

2 ) (g (24) — pa(a)) = N{(hG)*™ g™ (a) / £ Hy (1) dt, Wa(wa)}

where Uy(xq) = og(xa){hlf(zqa)} " [ HZ(t)dt and f(xq) is the marginal density for
Td, d= 1, 2.

Theorem 3.2.1 implies that the weighted P-spline estimators preserve the
requires oracle property, i.e. the estimator has the same asymptotics as if other
components are known, if the joint density f(x;, x2) is positive over the domain.
However, if the joint density does not satisfy this assumption, the weighted
approach might not be oracle. Alternatively, we suggest a two-stage approach

A.3, which uses the weighted P-spline approach as its first step.

1 Obtain the weighted P-spline coefficients estimators Bj, by using a subop-

timal penalty choice where A\, = o{(Kh)?"} and h, = o(n~1/U4m+D),
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2 Conduct a one step updated procedure by
bi = SaVa— Y (SaCyb3), (3.14)
Jj#d

where Sy = (Cyq + XaPrn) ™', Aa = (Khg)?™ and hy ~ hlyn=2m/4m+1),

Let By(zg) = {Ba(xa), ..., Bax(z4)}. Denote [i5(xy) = Bqy(z4)b5 be the P-
spline estimator using the suboptimal penalty A,. Note that equation (3.14) can
be written as

ba = SaBiW{Y = pa(Xa)} + SaBiW > {ua(Xa) — ity (Xa)},  (3.15)

d'#d d'#d
where the first term is the estimator as if all the other components are known.
Since we use an undersmooth estimator, the second term is asymptotically neg-

ligible and the two-stage estimator can achieve full efficiency.

THEOREM 3.2.2. Assume conditions 1)-5) in Theorem 3.1.1.

Suppose that the number of knots satisfies that K ~ tn", where v > 2m/(4m + 1)
if ming(pq) = 0and v > (m + 1)/(4m + 1) if ming(pg) > 1. Consider the pyth degree
B-splines with equally spaced knots and mth order penalty. Obtain the estimator fi4(xq)
by Approach A.3. Then for (x1,z2) € (0,1) x (0,1),

2D Lg(2a) = paza)} = N{(h) ™™ (x4) /thm(t)dta Va(za)}
where Uy(xq) = o3(xag){hyf(zqa)} [ HZ(t)dt and f(xq) is the marginal density for

.I'd,d: 1,2

The idea of Approach A.3 is similar to the two step approach proposed by
Linton (1997). The former uses weighted P-spline estimators while the latter

uses marginal integration in its first step. In terms of asymptotic distribution,

29



these two approaches are equivalent. In practice, we propose to use weighted
P-splines in the first step because marginal integration might not be very stable
and efficient since it seeks projection with respect to a product measure rather

than the joint (Nielsen and Linton, 1998).
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CHAPTER 4
INFERENCES UNDER LINEAR MIXED MODEL FRAMEWORK

4.1 General Methodology

We now focus on inferential problems. Consider the univariate model with re-

peated measurements, i.e.
Yij = p(tiy) Feij, i=1,...n,5 =1,...,m; (4.1)

where 1(t) is a smooth function, ¢ is the subject index and m; is the number of
observations associated with subject i. We are interested in global inference on
p(t). Examples include testing (1) whether p(t) = 0; (2) whether pu(¢) is a gth
degree polynomial. To define an alternative that is flexible enough and suitable
for testing, we express p(t) using the pth degree polynomial splines where p > ¢,

ie.
p(t) = o8 + 2, (4.2)

Where Ty = (1,t,...,tp), 2y = {(t — /ﬁ}l)ﬁ_,...,(t — K,K)}j_}, ﬁ = (ﬁo,...,ﬂp), u =
(u1,...,uk), K1,...,kk are KX given knots and K does not depend on n. The

coefficients u measures the departure of (¢) from the pth polynomial.

We consider the mixed-model based penalized splines approach. Under
this framework, we treat 3 and u as fixed effect and random effect param-
eters respectively. Let YV = (yi1,...,¥m,) and YV = (VI,....V.[)T. Simi-
larly define e based on all e;;’s. Define X; such that its jth row is z;,, and let

X = (X{,..., X7 Similarly define Z based on all z;,,’s. Then we can rewrite

model 4.1 as Y = X3+ Zu+e. Further assume that cov(e) = X for some positive
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definite matrix ¥, and

u O'ZIK 0
~ N Oktn)x1, ) (4.3)
e 0 b

where 0,,; is the s x t dimensional zero matrix. Global inferences on the mean
function y(t) can be considered via the hypothesis test on 5 and o2. In gen-
eral, define () be a subset of {0, 1,...,p}. We are interested in testing the null

hypothesis as
Hy:B3,=0 forall ¢ge@ and o2 =0 (4.4)
versus the composite alternative
Hy:3qo €@ suchthat g, # ﬁgo or o2 >0. (4.5)

Such a hypothesis can be formulated to different tests. When ) = {0,1,...,p},
we are testing whether ;(¢) = 0. When Q = {¢ + 1,...,p} for some given ¢, we
are testing whether p(t) is a gth degree polynomial. Note that if ¢ = p, @) is the
null set and we are only testing the null of zero variance of random effects, i.e.

2 _
o, = 0.

The test of (4.4) vs (4.5) is not standard because, under the null, the param-
eter o2 is on the boundary of the parameter space. Large sample properties
of LRT statistic when the true parameter value may be on the boundary of the
parameter space were first discussed in Self and Liang (1987). However, their
results of having an asymptotic 0.5x2 : 0.5x2,, null distribution might lead to
a very conservative test because one of their assumptions is violated due to the
fact that the response variable vector ¥ can not be partitioned into i.i.d. subvec-
tors under the alternative. Crainiceanu and Ruppert (2004) consider this prob-

lem and relax Self and Liang’s assumption. They derive the finite sample and
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asymptotic null distribution of the LRT when assuming the covariance ¥ is pro-
portional to the identity matrix. We now consider further extend their approach

for more complex covariance structure.

Provided that ¥ in equation (4.3) is known, we can define twice of the log-

likelihood of Y as
2log Ly (B,\) = —log(|S + AZZ1)) — (Y — XB) ' (S + 2211y — XP3),
and the LRT statistic as

LRTN = sup 2log Ly (8, A) —sup2log Ly (3, \).
HoUH 4 Hy
In practice, X is unknown. Hence we will consider the pseudo LRT, which re-

places ¥ with an estimate 3. Let A~/2 be the matrix square root of A~! for

any positive definite matrix A. By replacing ¥ with 3, we define the pseudo

loglikelihood as
2log Ly (8,A) = —log |[H\| — (Y — XB)"H (Y — XB), (4.6)
where
y =21y,  X=x12Xx = Z=%"1?Zz (4.7)

and Hy = Iy + \ZZ7. The pseudo LRT statistic to test (4.4) versus (4.5) is

pLRTy = sup 2log Ly (8, \) —sup2log Ly (5, \).
HoUH 4 Hy

Proposition 4.1.1 below derives the asymptotic distribution of the pseudo

LRT under the null hypothesis.

PROPOSITION 4.1.1. Assume the following conditions:
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(C1) The null hypothesis H defined in (4.4) is true.

(C2) The covariance matrix % = cov(e) in equation (4.3) is positive definite. Let 3. be

its consistent estimate satisfying that
a’S7a — dTEa = 0,(1) a"S e —a"v e = 0,(1), (4.8)

where a is any N x 1 non random normalized vector, and N is the sample size,

ie. the lengthof Y = (Y{,...,Y,))T.

(C3) There exists positive constants o' and o such that N~¢ X" X and N=°Z" 7 con-
verge to nonzero matrices respectively. For every eigenvalue &,y and (j, v of the
matrices N"¢ZTS 71 Z and N=¢{ZT¥1 7 — ZTS 1 X (XTY-1X) "1 XTE 17},
we have

&env — & and Gy — G,

forsome &y, ..., €k, Cu,- .., Ck, not all of which are 0.

Denote 1 the cardinality of the set () in the null hypothesis (4.4). Then

pLRTy = sup LRT(X) + Y 17, (4.9)
A>0 s
K )\ K
LRT,.(N) =Y ———w?— log(l+ A\

wy ~ N(0,¢) fork =1,...,K,v; ~ N(0,1) for j = 1,...,7, and all wy’s v;’s are

mutually independent.

REMARK 4.1.1. Condition (C2) discusses when the estimator 3> can work as well as
the true Y such that quantities defined using ¥=' can be well approximated by those
defined similarly using $~. In the special case when X; and Z; remain the same for all
i,and ¥ = I, ® ¥y where ® is the kronecker product, we can replace condition (C2) by

the following:
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(C2') That the minimum eigenvalue of ¥y is bounded away from 0. Let %, be its con-

sistent estimate satisfying that

a5t — dTS5 a = 0,(1) a’S5tey — TS5 ey = 0,(1), (4.10)

n

where a is any m x 1 non random normalized vector and eq = n=Y23" e,

REMARK 4.1.2. The assumption in condition (C3) is very mild. In the special case when
the observation time points are equally-spaced and Z is the associated design matrix
using polynomial splines with equally spaced knots (see section 4.2), we can choose
o = 1, see Crainiceanu (2003), page 70. The asymptotic null distribution of pLRT
is not standard, but can be simulated effectively by precalculating the eigenvalues &’s
and (;’s (see Algorithm A.4 below). In practice, ¥ is unknown. Lemma C.1.1 in the
Appendix indicates that we can replace &, by & and Gy by Cr, where &, and ¢, are the kth
eigenvalues of N~¢Z"%7'Z and N~°{Z"%'7Z — ZTS ' X (XTL 1 X) ' X812}

respectively.

We leave more discussions on the key condition (C2) or (C2’) later and end
this section by describing how to simulate the null distribution of pseudo LRT

using the following Algorithm A.4:

Step 1 Definea grid 0 = Ay < Ay < --- < A, of possible values for A.

Step 2 Simulate independent N (0, () random variables wy, for k =1,..., K.
Step 3 Compute LRT () in (4.9) and determine its maximizer A, on the grid.
Step 4 Compute pLRT = LRToo(Amax) + >, v}, where v;’s are i.i.d. N(0,1).

Step 5 Repeat Steps 2—4.
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4.2 Pseudo LRT for Functional Data

In this section, we will apply the pseudo LRT approach described in Section 4.1
for global inference for functional data. As we mentioned above, the pseudo
LRT approach requires that the working covariance satisfying condition (C2) or
(C2"). First, we will start with a brief overview on functional data and discuss

its covariance structure.

Functional data can be modelled as noisy repeated measurements from a col-
lection of smooth curves. Without loss of generality, we assume that the domain

is a closed time interval 7 = [0, 1]. The model is written as
yi(tiz) = pu(tiy) +mi(ti) + eitiy), (4.11)
where the noises ¢;(¢;;) are assumed to be i.i.d. N (0, 02) distributed and they are

independent of the random subject-specific deviation 7;(t). More discussions on

how to model 7;(t)’s will be provided later.

There are several approaches that investigate whether the subject-specific
deviation 7,(t) exists such as Guo (2002) and Antoniadis and Sapatinas (2007).
Though these approaches differ in their choices of the basis functions to model
ni(t), they all use the LMM framework and relate the problem to LRT for
one variance component. Provided that the subject-specific deviation exists,
there are few discussions on global inference of the overall mean function y(?).
Greven et al. (2008) consider this problem. They suggest subtracting y;(¢) from
an estimated 1);(¢), treat the rest as if generated from p(t) + ¢;(¢;;) and perform
LRT. Their approach requires that 7;(¢) approximates 7;(t) well enough for all .

But they did not justify what estimators of 7,(t)’s are good enough.
In contrast to Greven et al. (2008) approach, we consider the inferential
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problem of ;(t) by applying pseudo LRT described in section 4.1. Let e;(t) =
ni(t) + €i(t) and e;; = e;(t;;). We can rewrite the functional data model (4.11)
as Y = X0 + Zu + e. Now we will take a closer look at the term e and
discuss its covariance . Follow the idea of functional principal component
analysis (PCA), we express 7;(t) using the Karhunen-Loeve representation, i.e.
ni(t) = >, virbr(t), where 0,(t)’s are the orthogonal eigenfunctions with unit
L? norms, and ~;.’s are independent normally distributed with variance o}.
These random variables ;s are also called principal component scores and
the associated variance o}’s are the eigenvalues of the covariance function

L(t,t") =, 020(t)0(t'). Note that the jth element in e; is
eiltiy) = mi(tis) + €iltis) = D vnbh(tiy) + iltiy). (4.12)
!

Hence 3, the variance of (ey, ..., e,), is a block diagonal matrix and the (j, j')th

element of its ¢th block ¥J; is
cov{e;(ti;), eitiy)} = Tty tiyr) + 021 (ti; = Lijr). (4.13)

In the FDA literature, there are already extensive discussions on how to estimate
o2 and the covariance function I'(¢,#'), or equivalently, all of its eigenvalues o}’s
and eigenfunctions 6y(t), for example, see Rice and Silverman (1991), Yao et al.
(2005). In the coming subsections, we will further justify under what conditions,
the working covariance based on these estimates can satisfy condition (C2) or
(C2’). Since the estimating procedures differ from each other when the data are
densely observed or sparsely observed, we will separately discuss these two

situations.
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4.2.1 Dense setting

Dense design is the classical setting for functional data, where a sufficiently
large number of regularly spaced observations over individuals are available or
can be obtained after pre-processing or alignment. These observations are often
recorded by high frequency machine and can be modelled by equation (4.11).
Specifically, we assume that each subject is observed at common time points,

ie. t;j=(j—1/2)/mforj=1,...,mand m — oo.

As explained in subsection 4.2, we can conduct pseudo LRT for global infer-
ence on y(t) under the framework of LMM. This requires to construct a work-
ing covariance based on estimators of the variance o2, all eigenvalues ¢;’s and
eigenfunctions 6 (t)’s. Since the observation time points are the same for all

subjects, we can consider condition (C2’) instead of (C2).

PROPOSITION 4.2.1. Assume the following conditions for model (4.11):

(C4) There are m common design points ty,. .., t,, and m ~ Cyn® for some positive

constants C and 0.

(C5) The variance o2 > 0. The mean function u(t) and the covariance function T'(t, ')
have continuous second derivatives. Moreover, I'(t,t') has M > 1 distinct eigen-

values that are positive.

(C6) Assume that the estimated covariance converges at the rate of n®,
62— 02 =0,(n"*), and sup 10c(t) — 0:(t)] = Op(n™2),
te

forall k and 62 — 02 = O,(n™*). Moreover, « satisfies

a>3/2. (4.14)
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Then condition (C2’) holds. Further assume conditions (C1) and (C3) with o = 1.
Then the pseudo likelihood ratio test statistic pLRTy has the same asymptotic null

distribution as in Proposition 4.1.1.

REMARK 4.2.1. Condition (C5) guarantees that the covariance function I'(t,t) is
smooth, its eigenfunctions are identified, and ¥ is invertible. In practice, M is unknown
and can be chosen using AIC or BIC. As shown in Yao et al. (2005), in many simula-
tions, the number of eigenvalues M can be correctly chosen. The key assumption in
Proposition 4.2.1 is condition (C6). Equation (4.14) indicates that o must exceed some
lower bound so that the working covariance can approximate the true ¥ well enough.
Equation (4.14) can also be written as § < 2a. According to Hall et al. (2006), o« < 1/2.

Hence m has an upper bound such that m = o(n).

REMARK 4.2.2. In practice, one may have missing observations per subject. Assume
that the missingness is at random. Define Y by letting its jth component be the average
of all observed y;; and use the model Y = X 3 + Zu + €, where X and Z are the design
matrices based on ti, . .., t,,. Let n; be the number of non missing v;;. Our conclusion

still holds if n;/n — 1 for all j.

Condition (C5) imposes sparseness on the eigenvalues of the covariance. Un-
der condition (C5), we can construct ¥ using the estimated eigenvalues and
eigenfunctions obtained from functional PCA, and doing this helps us con-
trol |[£~! — ¥7!|| when m — oo at a fast rate. It is more important to bound
||S-1 — £71| than |2 — X|| itself, because quantities in the pseudo likelihood
function have the form a”%~'b and we need them to converge to a”~~'b. If
we do not assume (C5) and choose the sample covariance Sgam as the working

covariance, then standard perturbation theory [see Fan et al. (2007)] implies that
0" (St = 7 Ma = 0, (m?\/log(n)/n)
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for any ||a|| = O(1), so we require m = o(n'/*). In contrast, assuming (C5) and
using PCA, a7 (27! — ©)a = 0,(1) even when m converges to infinity faster
than n1/4. In the simulation results, 3. based on PCA performs better than Y sam-
It is possible that (C5) could be weakened by applying PCA with the number
of eigenvalues increasing with n, but this is beyond the scope of this thesis and
might not be too relevant to practice where the number of eigenvalues is usually

kept rather small.

4.2.2 Sparse setting

Another important branch in FDA is to consider observations that are sparsely
obtained. Such data can be found in e-commerce and auction bid prices (Jank
and Shmueli, 2006), growth data (James et al., 2000) and some other social and
life science studies. We still model these data using model (4.11). However, each
subject is assumed to have a finite number of observations, i.e. m; is bounded,
and the observation time points vary from subject to subject. We can view the
sparsely observed functional data as incomplete observations (with lots of miss-
ing values) from the complete data. For example, when the observation points
are uniformly distributed, we can round them to the nearest ¢, = (k — 1/2)/m,
and viewed them as if they are sampled uniformly without replacement from
(t1,...,tn) for some m that converges to infinity. Provided that m converges
to infinity fast enough, these two sampling methods are asymptotically equiva-

lent.

Similar as subsection 4.2, we can conduct pseudo LRT for global inference

on x(t) under the framework of LMM. Since the covariance function for the
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sparse functional data still satisfies equation (4.13), the working covariance in
the pseudo LRT approach can be constructed in the same way once the covari-

ance estimation I'(¢,t') is obtained. We have the following conclusions.

PROPOSITION 4.2.2. Assume the following conditions for model (4.11):

(C4’) There are m; observations for subject i and max,<;<, m; is bounded as n —
oo. The observation points are generated uniformly without replacement from

(ti,...,tm), wheret, = (k —1/2)/m and m ~ n° for some positive 6.

(C5’) The variance o2 > 0. The mean function pu(t) and the covariance function T'(t,t')
have continuous second derivatives. Moreover, I'(t,t') has M > 1 distinct eigen-

values that are positive.

(C6’) Assume that the estimated covariance converges at the rate of n®, i.e.,

5~ ot = 0,(n™). and  sup |Ai(t) — Bu(1)] = O(n™").

forall k and 62 — 02 = O,(n~*). Moreover, « satisfies a > §/2.

Then condition (C2) holds. Further assume condition (C1) and (C3) with o = 1.
Then the pseudo likelihood ratio test statistic pLRTy has the same asymptotic null

distribution as in Proposition 4.1.1.

REMARK 4.2.3. Similar as the dense setting, we require that the estimators converge
fast enough, i.e. o > 6/2. We can use Yao et al. (2005)’s approach to construct a plug-in

covariance estimator that satisfy condition (C6’).

REMARK 4.2.4. As mentioned, if the observation points are uniformly distributed, we
can round them into the nearest t;. Because of the smoothness intrinsic to functional
data (ignoring the noise), the effect of this rounding is asymptotically negligible when

m — oo at a rate faster than n®. If we relax condition (C4’) and assume that the t;;’s are
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uniformly distributed between 0 and 1, Proposition 4.2.2 still holds if the last statement
in condition (C6’) is strengthened to 6/2 < a < 0. Since 0 < 0 < 2a, we cannot
allow m to grow too fast, e.g., m = o(n*/®). Note that this differs from the dense case
where the upper bound is m = o(n). This is because the fastest convergence rates for
estimators of the eigenfunctions in the sparse case and the dense case are 2/5 and 1/2

respectively.

In summary, for both densely and sparsely observed functional data and un-
der mild conditions, using the estimated covariance achieves the same asymp-
totic null distribution of the test statistic as using the true covariance. However,
in order that the estimation errors in ¥ have an asymptotically negligible effect,

it is required that m not grow too fast.

4.3 Extensions: Multilevel FDA

A further extension in FDA is to consider longitudinally collected functional
data or so-called multilevel FDA. For example, in follow-up or panel stud-
ies, we have multiple functional data for the same subject because he/she has
follow-up exams/visits. This motivates the idea of multilevel FDA. Recent
work on this area includes multilevel functional PCA by Di et al. (2009) and Di
and Crainiceanu (2010), multilevel functional regression by Morris et al. (2008),
Staicu et al. (2010), and Greven et al. (2010). But none of them consider test-
ing whether developmental trends across visits exist. In this thesis, we address
this issue by applying the pseudo LRT approach. Before we discuss the testing
procedure, we provide a brief overview on how to model multilevel functional

data.
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4.3.1 A review on the multilevel FDA model

Let y;;s = vis(tijs) denote the jth observation for subject 7 at visit s and time ¢,
wherei =1,...,n,5 =1,...,m;;,and s = 1,...,s,. Following Di et al. (2009)

and Di and Crainiceanu (2010), we can model them as
Yis (tijs) = Us (tijs) + 75 (tijs) + Qis (tijs) + €is (tijs)a (415)

where 11,() is the visit-specific mean function, 7;(¢) and €;5(¢) are the subject-
specific and subject/visit-specific deviations respectively, and ¢;(¢) is the mea-
surement error. We assume that €;(¢;;5) are i.i.d. N(0,0?) and independent of

n;(t) and Q;4(t) that are modelled as below.

By Karhunen-Loeve expansion, we have

n(t) = S A0 1), Qu(t) =D AP0 (),
k

l

where (9,(:)’5 and 91(2)’8 are level 1 (subject) and 2 (subject/visit) eigenfunctions,

%(,1)’5 and 7(2)’

ils

s are the principal component scores. Assume that %(; )~ N(0, o21)
and 7 ~ N (0,0%) and all of them are independent. Denote the level 1 and 2

ils

covariance function as

Di(t,t) =Y a0l (000 (), Talt,t) =Y obt? ()67 (t).
k l

Di et al. (2009) and Di and Crainiceanu (2010) discuss how to estimate o2,
Ty (t, 1), To(t, ') as well as all 62,s, 6\ (t)’s, 0%, %) (t)’s using functional PCA.
In this thesis, we focus on testing whether developmental trends exist among
different visits, i.e. pi(t) = pa(t) = -+ = s (t). Our tool is to formulate the
multilevel functional data under the LMM framework and then apply pseudo

LRT.
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4.3.2 Test for equality of two curves

For simplicity, we first consider the case when each subject only has two visits
and leave the discussions for more than 2 visits in subsection 4.3.3. We are
interested in the significance test whether ps(t) =: p2(t) — p1(t) = 0. We will

separately discuss the dense design and sparse design.

First consider the dense design. When the functional data are densely ob-
served, we can subtract the function of visit 2 from that of visit 1 because
they are both observed at time (ti,...,t,). Define the pairwise difference as

Yio1 (1) = via(t;) — yir(t;) fori = 1,...,n. By model (4.15), we have
Yo (1) = pn (1) + > Vim0 () + € (t) = pon (1) + eam (1), (4.16)
I
where i, (1) = pa(t) — pa(t), i(122)1 = i(l22) - z'(l21)’ €i21(t) = €i2(t) — €1(t), and

€21 (t) = Z ’yz(l22)19l(2) (t) + €21 (t) (417)
l

After differencing, the variation in the direction of level 1 eigenfunctions is elim-
inated and the pairwise difference data can be treated as single level functional

data.

Therefore, we can adopt the procedures described in subsection 4.2.1. We
express the visit difference p,,(t) using the pth spline polynomials as (4.2), i.e.,

p21(t) = x4+ zu. Define

Y = {yio1(t1), - - yior (tm) }

and similarly define e; based on e;2;(¢;)’s. Then we can formulate model (4.16)
as Y = X[+ Zu + e. In particular, the variance ¥ is a block diagonal matrix

and the (j, j')th element of ¥; equals 2T's(t;, ;) + 2021~ ,. Proposition 4.2.1
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holds if we replace 02 by 02,, 62 by 62,, 6, by 6% and 6, by 6\ in condition (C6).
Therefore, we can apply the pseudo LRT approach to test whether the difference

21 (t) = 0.

Next consider the sparse setting, where the sample curves are only intermit-
tently or sparsely observed and the observation time points for each subject vary
from visit to visit. Correspondingly, it is meaningless to consider pairwise dif-
ferencing. Our idea is to consider the quasi residuals y;,(t;5) — fi(tis), where fi(t)
is the average of the estimated mean in both visits, i.e. fi(t) = {1 (¢) + fi2(t)}/2,
where /i4(¢) is the mean function obtained by simply smoothing all observations
obtained at the sth visit. Yao et al. (2005) derive the convergence rate of /i,(¢).

According to Kulasekera (1995), we can rewrite the model (4.15) as

Y (tij) — i(tijn) = —2 'uar(tijn) + ea(tijn),

Yir(tijo) — tije) = 27 pan(tije) + ennltija), (4.18)
where 191 (1) = pa(t) — pa(t) and e;5(t) = mi(t) + Qis(t) + €5(1).

Then we can rewrite model (4.18) under the LMM framework. We still
use the pth spline polynomials to express the visit difference p9(t). Let Tis

be the vector formed by all time points ¢;;;’s for j = 1,...,m;. Let z;,, =

iJs

(1,1&@'3, . tp ) and Ztijs = {(tijs — I€1)+, ceey (tijs — IQK)_,_}. Define Xis and Zis

» Yigs

based on wy,;, and z,,,. Let

ijs

Yi = {vir(tirn)s - -+ Yir (timg1), Yio(tin2), - - - ;yi2<timi22)}T7

and similarly define e; based on all e;(t;;5)’s. Let X; = (=X71,X%)" and
Z; = (=25, Z5)T. Then we can formulate model (4.18) as Y = X3 + Zu + e.

In particular, ¥ is a block diagonal matrix. Its ith block is of dimension
Y Yo
(mi1 + mi2) X (mi1 + my2) and can be partitioned as ( >, where the

T
Yip i

45



(j7jl) element in Eis is F1<tij87 tij’s) + Fg(tij57 tij’s) + O'?It].:tj,, and that in Eilg is

Ly (tijns tijra)-

We can follow Di and Crainiceanu (2010) to estimate I'; (¢, ') T'2(¢, ') and o2.
Let Ny =", m;sand N = N; + N,. Proposition 4.2.2 holds if we replace o7 by
0%, 01 by 63, 0i by 9,(:) and 0, by é,(f), for s = 1,2, in condition (C6’). Therefore,

we can apply the pseudo LRT approach to test whether 12 (t) = 0.

4.3.3 Test for equality of more than 2 curves

When more than 2 visits are available, inference on the developmental trend of
the visit-specific mean functions is a multiple testing problem. As an example,
we will consider the dense setting with three visits per subject. But the idea can

be similarly extended for settings with more visits.

Let po1(t) = pa(t) — pa(t) and pse(t) = ps(t) — pa(t). We are interested in
testing whether 151 (t) = p32(t) = 0. We still use the pth spline polynomials and
model ji91(t) = 28] + zeupy and pigo(t) = 289 + zrupp. Now we want to relate
the problem with tests under the linear mixed model framework. In the dense
setting, we can calculate y;1(t;) = vi2(t;) — i1 (t;) and yis2(t;) = yis(t;) — via(t;).
Let Vi = {ym(t1), .-, Yio1 (tm), Yisa(t1), - . ., Yiza(tm)}, and let YV, = n= Y237 Y.
Similarly, we can define e;9(¢;)’s as well as e;32(t;)’s, and construct e; and e,.
Let X and Z be the m x (p + 1) and m x K matrices whose jth row are
and z;, respectively. Let X}, = [, ® X and Zy, = I, ® Z, where I, is the 2 x 2

identity matrix. Then we can write the model as Y, = X, + Zpu + e, where
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B = (ﬁ[Tl], ﬁ[g})T, and u = (u[Tl], ug])T satisfying
up) Anle Orxxrx  Orxwn
up) | ~ N Operinxt; | Oxxx  Aplx  Orxw ;
e Onxx Onxx X
for some Ay > 0, Ajgp > 0, and X positive definite. To test whether ji5,(t) =

ps2(t) = 0. We define the null hypothesis as
Hy:6,=0 forq=0,...,2p+1 and A =0 and A =0, (4.19)
and the composite alternative

Hy:3dqo suchthat G, #0 or Ayj>0 orAg > 0. (4.20)

Given X is known, twice the log-likelihood of Y}, equals

—log |+ ZpTuZp | — (Yo — X68)" (Z + ZoXuZp) ™ (Yo — Xbl3),

Al Oxxr

where ¥, = ( > . The pseudo log-likelihood is defined as

Oxxx  Aplk

2 IOg EYb (67 )\[1]7 )‘[2}) = - log ’ﬁ/\[l]»)‘[Q] ’ - (}A/b - Xbﬁ)Tf{)T[ll],/\m (Yb - Xbﬁ)u

where Y}, X3, and 7, are defined as in 4.7), IEIA[I],)\M = Iy + szng, where N
is the length of Y. The pseudo LRT statistic to test (4.19) versus (4.20) is defined

as

pLRTN = Sup 2 log i)yb (ﬂ, )\[1}, )\[2]) — sup 2 log i)yb (ﬂ, )\[1}, )\[2]).
HoUH 4 Hyp

Similar as Proposition 4.1.1, we have the following results.

PROPOSITION 4.3.1. Assume the following conditions:

(M1) The null hypothesis H, defined in (4.4) is true.
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(M2) The covariance matrix % = cov(ey) in equation (4.3) is positive definite. Let 3

be its consistent estimate satisfying that
a’¥7 e — TS a = 0,(1) a’S e, — aTS e = 0,(1), (4.21)

where a is any (2m) x 1 non random normalized vector.

(M3) There exists positive constants ¢ and o such that N=¢ X' Xy, and N=¢Z[ 7,
converge to nonzero matrices. Moreover, N=°%,ZLZ, and N—°ZL 7, —
ZE Xo(XEXp) ' XE 2y, converge to two nonzero matrices A, and A, resepc-
tively. Let &,(Apy, Ajy)) be the kth eigenvalues of ¥, A1, and (,(Apj, Apg) be the

kth eigenvalues of ¥, As.

Denote 1 the cardinality of the set () in the null hypothesis (4.4). Then

pLRTy = sup LRTo(\) + Y _v2, (4.22)
A>0 =1
2K 2 2K
wi (A, A)
LRTo (M1, Aigy) = k = log{1 + &Ny, M) Y,
(A A) ZlJer(Am’Am) > log{1+ & (A, M)}

k=1 k=1

ka\[l],)\[gD ~ N{O,Ck()\[l],)\[g])}for k=1,...,2K, v~ N(O,l)forj =1,...,7,

and all wy,’s v;’s are mutually independent.

REMARK 4.3.1. The eigenvalues & (Apj, Az))’s of X, Ay are real nonnegative. This is
because they are also the eigenvalues of the semi-positive definite matrix S 2A Y2,

Similarly, all (,,(Apy, Ajg)’s are real nonnegative eigenvalues.
REMARK 4.3.2. Similarly as Proposition 4.2.1, it can be shown that (M2) holds if

condition (C4)—(C6) holds.

When simulating its null distribution in (4.22), we need to search over

(Anp, Agy).  For each pair (Apj, Ap)), we need to calculate the eigenvalues of
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> 28 Zy and £, {28 Zy, — ZF X (XTI Xy,) ' XT Zp} unless we further assume that
A) = A It takes a longer time but the computation is not very expensive since

we are only dealing with (2K) x (2K) dimensional matrix.

4.4 Simulations

We conduct simulation studies to evaluate finite sample performance of the
pseudo LRT for functional data. Consider the single level functional data, which
are generated from the model
d
vi(tij) = p(tiy) + Z YirOk (tij) + €. (4.23)
k=1

We let d = 3, 0,(t) = V2cos(2nt), Oa(t) = V/2sin(2nt), O5(t) = /2 cos(4rt). As-
sume that v;, ~ N(0,07), €;; ~ N(0,0?%) and they are independent of each other.
Wesetoi = 1,03 = 0.5 and o3 = 0.25. We consider two choices of the magnitude

of noise: 02 = 0.125 (small) and o2 = 2 (large).

441 Simulation1

We first consider the significance test of (f) = 0. We assume that the data
are densely observed and the observations are recorded at the same time for all
subjects. We set n = 200 subjects and each subject has m = 80 equally spaced
observations (j — 1/2)/m, for j = 1,...,m. For each subject, we create missing
values by randomly throwing out 10 observations. We model 4(t) using pth
spline polynomials with K equally spaced knots. We consider p = 1,3 and

K = 40. We consider three choices of the working covariance in the pseudo

49



LRT approach, where “True’ indicates the true covariance, ‘Sam’ stands for the
sample covariance, and ‘'SMOOTH' is the estimation obtained by smoothing the

sample covariance.

We use the Algorithm A.4 described below Proposition 4.1.1 to simulate the
null distribution of the test statistic. To be specific, for one set of functional data
{tij,vi(t;j)} , i =1,....,nand j = 1,...,m, generated from model (4.23), we
repeat Steps 2—4 100,000 times and then calculate the sample quantiles of the
simulated pLRT. Similar as Crainiceanu and Ruppert (2004), we find that the
maximizer of A in (4.9) is 0 in more than 99% of the simulations. Correspond-
ingly, the quantiles of the simulated test statistic is practically a x2 distribution,

with 7 being p + 1 because the coefficients 3, = - - - = 3, = 0 under the null.

Table 4.1 and 4.2 report the type I error of the pseudo LRT approach based on
1000 independent experiments with ¢? = 2 and o2 = 0.125 respectively. It seems
that the test statistic based on smooth covariance estimation performs similarly
as that using the true covariance. In both cases, the type I errors are close to the
nominal value regardless whether we model x(t) using linear or cubic splines.
However, the pseudo LRT approach using the sample covariance estimation
failed. This finding is consistent with conclusions at the end of Section 4.2.1.
Since the size of the test is seriously distorted when sample covariance is used,
we will no longer consider using it as the working covariance in our simulations

hereafter.

To calculate the power of the pseudo LRT test, we choose p(t) in model (4.23)
from two families of functions. For each family, a scalar p controls the degree of

departure from H, with p = 0 corresponding to H,. The first family consists of
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Table 4.1: Type I error of testing 1(t) = 0 based on 1000 experiments with
o2 = 2 and linear/cubic polynomial splines.

Choices of Cov a=02 a=0.1 a=0.05 a=0.01
Sam 0.64 /0.726  0.55/0.592 0.432/0.518 0.278/ 0.310
Smooth 0.210 /0.189 0.119 /0.100 0.062 /0.050 0.014/ 0.016
True 0.214/ 0.196 0.116 /0.108 0.066 /0.052 0.011 /0.014

Table 4.2: Type I error of testing 1(t) = 0 based on 1000 experiments with
0?2 = 0.125 and linear/cubic polynomial splines.

Choices of Cov a=0.2 a=0.1 a=0.05 a=0.01
Sam 0.624/0.704 0.496/0.586 0.388/0.478 0.256/0.296
Smooth 0.206/0.175 0.113/0.097 0.066/0.048 0.011/0.018
True 0.206/0.202 0.118/0.116 0.066/0.052 0.008/0.017

increasing functions
pa() = p/{1 + 0%} — 52 (4.24)
and the second family consists of concave functions
ps(z) = —pl0.5 — x[>2. (4.25)

Figure 4.1 below reports the power plot of the pseudo LRT approach based on
200 simulations with ¢ = 2. We model p(¢) by either the linear or cubic spline
polynomials, i.e. p = 1 or p = 3. We compare the pseudo LRT approach with
working covariance specified by the smooth covariance estimate and the true
covariance. As 7y increases, the deviation of 1., (t) from 0 is more obvious and

we can see that the power of the pseudo LRT test also increases. However, we
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do not find significant differences between using a smooth covariance estimate
and the true covariance, or significant differences between using linear spline

polynomials and cubic ones.
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Figure 4.1: The power plot of significance test ;.(t) = 0 based on 200 ex-
periments.

4.4.2 Simulation 2

Next we consider testing whether 4(¢) is a linear function or a general alterna-
tive. We let ;(t) = —t and use model (4.23) to generate sparsely observed data .
Unlike the dense setting, we now assume that there are n = 400 subjects. Each
subject has m; observations, where m, is randomly chosen from the discrete uni-
form distribution on {1, ..., 4}. The observation time points ¢;; for j = 1,...,m;

are uniformly distributed.

We model p(t) using cubic spline polynomials with K equally spaced knots.
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We report the results based on K = 40. We consider two choices of the work-
ing covariance in the pseudo LRT approach, where “True’ indicates the true co-
variance and ‘SMOOTH" is the estimation obtained by smoothing the sample
covariance. Similar as the dense design, we find that the quantiles of simulated
LRT using Algorithm A.4 is very close to that of the x? distribution, where 7 = 2

because (; = (3 = 0 under the null.

Table 4.3 reports the type I error after 1000 experiments. To calculate the
power, we also consider two families of functions and let u(t) be —t + p;(t),
where 15(t) is specified from either the increasing family (4.24) or the concave
family (4.25). Figure 4.2 provides the power plot based on 200 simulations. Un-
der the sparse design, we have relatively small sample size and hence p is larger
than those in Figure 4.1. However, we do not find significant differences be-

tween using smooth covariance estimation and the true covariance.

Table 4.3: Type I error of testing a linear function versus a general alterna-
tive based on 1000 experiments with 02 = 2 (¢2 = 0.125) and
cubic spline polynomials.

Cov choice a=0.2 a=0.1 a=0.05 a=0.01
Smooth 0.212 (0.195) 0.114 (0.094) 0.060 (0.049) 0.021 (0.011)
True 0.197 (0.194) 0.111 (0.091) 0.057 (0.041) 0.010 (0.009)

4.5 Sleep Heart Health Study

The sleep health heart study (SHHS) is a large-scale comprehensive multi-site

study of sleep and its correlation with health outcomes. The principal aim of
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Figure 4.2: The power plot of testing a linear function versus a general al-
ternative based on 200 experiments.

this study is to learn about the association between sleep and a variety of health-
related outcomes such as hypertension and cardiovascular disease (CVD). The
SHHS include the following: the Framingham Offspring and Omni Cohort
Studies, the Atherosclerosis Risk in Communities Study (ARIC), the Cardiovas-
cular Health Study (CHS), the Strong Heart Study, and the Tucson Epidemio-
logic Study of Respiratory Disease. Detailed descriptions of the SHHS can be
found in Quan et al. (1997), Crainiceanu et al. (2009) and Di et al. (2009).

To acquire the sleep exposure variables, subjects underwent two in-home
polysomnograms (PSGs), one at a baseline visit and one at a second visit, ap-
proximately five years later. A PSG is a quasi-continuous multi- channel record-
ing of physiological signals acquired during sleep that include the following;:
two surface electroencephalograms (EEG), right and left electroocu- lograms for
recording eye movements, leg and submentalis electromyograms, a precordial

electrocardiogram, oxyhemoglobin saturation by pulse oximetry, and thoraco-
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abdominal movement with plethysmography. In this section, we consider the

electroencephalograms (EEG) of a sample of 500 patients.

To reduce the size of the data set, we follow the descriptions in Crainiceanu
et al. (2009) and Di and Crainiceanu (2010) and transforming the EEG data to
the frequency space. After Discrete Fourier Transform (DFT) and normaliza-
tion, the raw EEG were summarized to the normalized power in some given
frequency bands in each 30 second intervals (Crainiceanu et al., 2009). We are
particularly interested in the d —power, which represents the low frequency (0.8—
4.0 Hz) neuronal activity. The é-power is a desired predictor for adverse health
outcome and it reflects the homeostatic need for sleep (Borbely and Achermann,
1999). Lower values in d-power might indicate difficulty in relaxing during
sleep. We are interested in testing whether there are differences in the mean
d-power function between these two visits and thus answer how aging affects

the mean J-power function.

Let y;;s denote the observed j—power for subject i at time ¢; in visit s. We

use the multilevel FPCA (4.15) and our model is
Yijs = Yis(t5) = ps(t;) +1:(t5) + Qis(t)) + €3js, (4.26)

where p,(t) is the visit-specific mean function, 7;(¢) and €2;,(¢) are the subject-
specific and subject/visit-specific deviations respectively, and ¢;(¢) is the mea-
surement error. Let y;; = v;;2 — 451 be the difference of delta power between two

visits. Then
Yij = p(ty) + Qlty) + €, (4.27)

where /,L(t) = /,Lg(t> — U1 (t) and Ql(t) = ng(t> — Qil (t) and €j = €52 — €ij1. We

focus on the —power associated with the first 4-hour sleep in each visit. Our
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null hypothesis is H : 111 () = p2(t), or equivalently,

Hy:u(t) =0, for 0 <t < 4. (4.28)

We conduct the pseudo LRT for this global inferential problem. We use lin-
ear splines to model the difference function x(t). We follow the idea of the first
smoothing then estimation methodology to estimate the within subject covari-
ance caused by ;(t); see also Fan and Zhang (2000), Hall et al. (2006). As sug-
gested by AIC, we select 14 eigenfunctions. We also try using only 7 eigenfunc-
tions, which is the minimum number of eigenfunctions that explain more than
95% of variations of the eigenvalues. But the results are quite similar and hence
not reported here. According to subsection 4.2.1, we calculate y;’s, the average
of y;;’s across subjects for each j, and use their loglikelihood to derive the test
statistics. Note that subjects might wake up at night, not all 5-power y;;;’s are
observed and we have y;;’s that are undefined or not available. We introduce the
indicator ¢;(¢), which equals 1 if y;5(¢;) are observed for both visits, and equals 0

otherwise.
We consider two approaches to calculate the average y;.

Approach 1-Missing at random (MAR): The idea is to treat missingness as
uninformative and only consider available responses over all individuals and

define the average as
?7]['1] =n;' Zyz'jbi(tj); Jg=1...,m, (4.29)
i=1
where n; = > | 1;(t;).
Approach 2-Nonignorable missing (NIM): The idea is to create simulated

data to replace the missing data. The simulated data are obtained by the algo-

rithm below.
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1 Let fi(t) = u(t) + Qi(t). We smooth each individual curve to obtain an

estimate f;(t).
2 Let o2 = var(e;;). We obtain its estimate 62 using method of moments.

3 We simulate y;; = fl (t) + ocw;;, where w;; is generated independently from

N(0,1).

4 We define gij = yijbi(tj) -+ Qw{l — Ll(t])}

In contrast to the MAR approach, we define the average based on the aug-

mented complete data set, i.e.,

n

7l =0 gy, =1.,m.
i=1

The test statistics for the null hypothesis in (4.28) are 16.8 and 35.6 for the
MAR and NIM approaches respectively. Although the test statistics are differ-
ent, they are both much greater than the critical value 9.4 at the level 0.01, which
is obtained based on 100000 simulation using algorithm A.4. Hence we reject H
and conclude that there are differences between the mean J-power function in
both visits. Plots of the estimating mean difference based on the MAR and NIM
approaches are provided in Figure 4.3. Following the idea of Chapter 6.4 in
Ruppert et al. (2003) with modifications to account for the covariance structure
induced by ©,(t)’s, we construct a pointwise confidence interval band for /() in
Figure 4.4. Note that penalized splines estimators has slower convergence rate
at the boundary. We truncate the first and last 15 minutes. It seems that for the
tirst three hours, both MAR and NIM approaches find that the mean §-power
function decreases in the second visit, roughly five years after the baseline visit.

However, we see different patterns with respect to the time beyond 3 hours.
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Figure 4.3: Plots of estimated difference function (the solid line) using the
MAR (left) and NIM (right) approaches.
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Figure 4.4: Pointwise Confidence Intervals for the difference function us-
ing the MAR (left) and NIM (right) approaches.
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Figure 4.5: Comparisons of the MAR (grey points) and NIM (dark points)
based on average responses from visit 1 and 2.

This motivates us to further compare the MAR and NIM approaches. We ap-
ply the idea of the NIM approach and simulate j-power for unobserved y;;;’s.
Figure 4.5 -power using MAR and NIM approach. It seems that the simulated
d-power tends to be smaller and the NIM approach has a strong decrease near
the end of the first 4 hours in the second plot, which might imply that more peo-
ple woke up near the end of the first 4 hours compared with the first visit. We
think that the data suggest y;(t) is not missing at random. The lower readings

of J-power are more likely to be censored than higher readings since the lower

d-power is associated with waking.

Since the MAR approach ignores this additional information, it might over
estimate /i5(t) near the end of the first 4 hours. Therefore, the positivity of the

difference in the mean function shows in Figure 4.4 might be spurious. In gen-
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eral, the d-power tends to go down in the second visit compared with the first
one, indicating that as humans aging, they might have more difficulty in relax-

ing during sleep.
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CHAPTER 5
CONCLUSIONS

Penalized splines approach has been a powerful tool in nonparametric and
semiparametric regression. This methodology has been widely used in practice
though its large-sample distribution theory, was less explored. In Chapter 2,
we addressed this issue and established the asymptotic distribution of P-spline
estimators, proposed by Eilers and Marx (1996), for the univariate mean regres-
sion. We then continued our study on the asymptotics of P-spline estimators
for bivariate additive models in Chapter 3. We believe that our work can simi-
larly be extended for multivariate additive models. It would also be interesting
to apply P-spline approach for nonparametric robust regression. In Chapter
4, we considered the global inferential problems, where we utilized the mixed
model based penalized splines and expressed the mean function by polynomial
splines. We applied our approach to specification tests on the mean for func-
tional data. There are several directions for future study. First, we assume that
the covariance structure is sparse, i.e., the number of eigenvalues are a finite
constant. It might be possible to relax this assumption by assuming the eigen-
values of the covariance function decay exponentially fast. Second, for densely
observed functional data, we have assumed an upper bound on the number
of observations per subject. It would be interesting to see whether this bound
can be further relaxed. Third, due to technical difficulty, we use a fixed large
number of knots to model the mean function in Chapter 4. One might consider

allowing the number of knots to increase as the sample size does.
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APPENDIX A
CHAPTER 2 OF APPENDIX

A.1 Proof of results in Chapter 2

Proof of Proposition 2.2.1 on page 14: Notice that if p is a root of (2.5), sois 1/p. If
we can prove (II) and (III), we can conclude that none of the roots of P(p) has

norm 1 and hence (I) is true.

Now we prove (I). Let p(p) = P(p) — A\(—1)™(p—1)*™, where P(p) is defined
as (2.5). Let

1
mio) = (p= 0+ (<022 and (o) = (p— 1 4+ (-1 2L,
Notice that 7, (p) have the same roots as P(p). We want to prove (2.7) by study-

ing the roots in 7, (p) and 72(p). Define
up = 1+ A" 7y, (A1)

where {¢,k = 1,...,2m} are the roots of z°™ + (—1)™ = 0. For each k, we
define a circle -, with the center u;, and the radius Cy/ A/™ where the constant

Cy will be given later. The key step is to prove that
(*) : m(p) has one and only one root, say pj, inside each v,

and hence we can conclude that p, = u, + O(A~Y/™). The justification of (*)
will be given later. Notice that ¢,k = 1,...,2m can be expressed as oy, —
Br, k =1,...,m with a;, > 0. Without loss of generality, we assume that ¢, =

—ay — P,k = 1,...,m. We assume that |p,| < 1. Hence p, = u + O(A\V/™) =
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1 — (o, + B) A~V L O(AY™) for k = 1,...,m. Equation (2.7) is true if we can

prove (%).

Since p(1) = P(1) = 1, we have 1y(ux) = 0 and each uy is the root of 72(p).
Notice that 7;s are disjoint. There is one and only one root of 7,(p) in ;. Hence
we only need to show that 7, (p) and 17,(p) have the same number of roots in 7.
We can use Rouché Theorem (stated at the end of this section) and it suffices to

check the following condition,

m(p) — m(p)| < [m2(p)|, for p on ;. (A.2)

Let C}, be a positive constant such that [p(p) — p(1)| < Cylp— 1| for [p—1| < 1/2.

Then for any p on the circle 7,

p(p) —p(1)| _ 2Chlp — 1] 20
Im(p) —m2(p)| = ’ \ < h\ T \emin/em)

2m

Since u;’s are the roots of 75(p) = 0, n2(p) = [[;Z1(p — w;). For any p on the circle
Vs

mo)] = o] TIo )
i#k

Notice that |u; — u;| dominates |p — uy| for any p on the circle 7;. We can find a

Cy
> il T e =l = | =
ik

constant C; such that,

CyCCy (p(l)

2m
n2(p)| = \i/m 5 ) , for p on 7.

where C5 =[], [« — ¢4] is a nonzero constant. Choose Cy such that C;C1Cs >

2C},. Then (A.2) is satisfied and (*) is true. Hence (II) is proved.

Now consider the case when p > m. Let p(p) = P(p) — A(—1)"pP~™(p — 1)?™.

Define

and  ny(p) = (p—1)*" + (=)™
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p(p) N pem mP(0)
Np— 12 and  72(p) = P + (—1) D

m(p) = p" "+ (=1)"
Notice that the roots of 7, (p) contain the roots of P(p) whose norms are less than
1/2, while 7} (p) contains the rest. Similarly, we want to prove (III) by studying
the roots between 7); (p) and 72(p) or those between 7} (p) and 75 (p). The proof is

very similar and we only take 7;(p) and 72(p) as an example.

Let w;, = (@)ﬁvﬁk, where 1, . .. ,Yp—m, are defined in Proposition 2.2.1.
For any F, define a circle 3;, with center at @, and radius C;/\*®~™), where C
is given later. Similar as above, 7,’s are disjoint and each of them contains one
root of 7j;(p). To prove (2.8), we want to show that 7j; (p) and 7, (p) have the same

number of roots in each 7, and it suffices to check the following condition

[m(p) — 72(p)| < 72(p) for p on . (A.3)
Let C, be a positive constant such that |p(p) — p(0)| < Cy|p| for all |p| < 1/2. For
p on the circle 7, |p| < 2{p(0)/\}*/®P=™). Hence

52(0) — a0 Cilp| + 4mp(0) o) ¢
mip m\p)l = )\‘(1 _ p)2m| - )\(p—m—f—l)/(p—m)’

for p on Ay,
where C'is a finite positive constant. Notice that @,’s are roots of 7j;(p) = 0.

erexe)
— \p—m+1)/(p—m)’

~ C.C (0 (p—m+1)/(p—m) ~ ~
)] 2 ol { o) T
ik

where C; and C, is a finite positive constant. We can choose C; such that

éléQéf > (. Therefore, (A.3) is true and (2.8) is proved. O

In Proposition 2.2.1, we conclude that P(z) has g roots and m of them satisfy
equation (2.7). Now we further show that those m roots have the following

property. This result will be used in the proof of Proposition 2.2.2.
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LEMMA A.1.1. Let ¢, be the roots of ™ + (—1)™ = 0. Let oy, + By be defined as

Proposition 2.2.1. As A — oo, for k = 1,...,m, we have

pr+1/p—2 = @u/A™ +o(AV™) ~ (o + Bra)® AT (A4)

Proof of Lemma A.1.1: Recall that
P(pr) = M=1)"(px — 1)*" + p(pr) = 0. (A.5)

By Proposition 2.7, p, — 1. Hence p], — pg =o(l)for0<j<mand 0 < j <m.

Since p(1) = 1, we have p(pr) = 1 + o(1) = pi*{1 + o(1)}. Therefore, equation

(A.5) yields that
A=D"(pe = 1) = —pi{1+o0(1)}
(px — 1) (=™ -
—— = ——+o(A). (A.6)
Py A )
Notice that ¢, for k = 1,...,m are the m roots of (—1)"*"!. Hence we can asso-

ciate p, with ¢, such that

Pe—20+1 _ i
Ok /\l/m

+ o(ATY™),

Since |px| > 0, it is equivalent to consider the root of p? — {2 + ¢/ A\Y/™ +

o(A™Y™)}p, +1 = 0. Because |pi| < 1,

2 AL/m 2 AL/m VPk
o= 224 5 /A" oAy =1 — Al/gfn) +o(A7Hem),

Comparing this with equation (2.7), we must have /¢, = o, + Fr2 + o(1). So
or = (o + Br2)? + o(1). Hence Lemma A.1.1 is proved. O

We also need the following lemmas for Proposition 2.2.2.

LEMMA A.1.2. Let zy, ..., 2y be the roots of z™ + (—1)" = 0. Then for any given 1,

H(z, —zj) =m(=1)" (A7)
JF#i
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Proof of Lemma A.1.2: The definition of z; implies that 2™+ (—1)" = [['_,(z —

7=1
z;) for any z. Take its first derivative at z;, we have
= (1)
mz""! = {H(z - z])} = 1_[(2Z — 2;). (A.8)
z=2z; i z=2z; oy
Since 2" + (—=1)™ = 0, mz""' = m(—1)""12;!. Equation (A.7) holds. O

LEMMA A.1.3. Define s;(pr) = Ti(pr)(Qmp)i_qs; for 1 < j < q— 1. Then s;(py)
does not depend on i. Moreover, for the first m roots, where equation (2.7) holds, we

have

j—1
silor) = Y _wer(pl = pp 7). (A.9)
£=0

Proof of Lemma A.1.3: Notice that the ith element of T, is 1. The (i — ¢ + j)th

element and the ith elements of (€2, ,);—4+1 are wy and w,_; respectively. Hence
si(pk) = weph + -+ w1+ wejape+ - woph T w7, (A0)
and s;(py) in fact does not depend on i. Notice that p; ' exists for k = 1,...,m.

Since P(px) =0,

Sl(ﬂk)
= wopr— (wpi! = wapc) gl Fwgapt e wopl gt
= welpr — pp ") + Plor)/px = walpr — pi ).

In general, we can add and subtract terms involving p; !, ..., p,” and conclude

(A.9) holds. 0

LEMMA A.1.4. Let s;(py) be defined as in Lemma A.1.3. Let A be the (q—1) x g matrix
whose (j, k)th element is s;(px). Let A be the (¢ — 1) x (¢ — 1) matrix obtained by
deleting the ith column of A. Then

ai/am = (—1)"""det(Ag))/det(Agny) for 1<1i<g, (A.11)

where det is the determinant operator.
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Proof of Lemma A.1.4: Recall that S; = > | axT;(px) and Si(n)]; = 0
by equation (2.6). Hence the vector (ay, ..., a,) simultaneously satisfies ¢ — 1

equations:

q
agsj(py) =0 for j=1,...,q—1 (A.12)
k=1

Notice that the vector {(—1)'det(Aq)), ..., (—1)%det(A,)} is also the solution to

(A.12) because for j =1,...,q — 1,

sj(p1) s;(pq)
) s1(p1) 51(pq)
D (—1)Fdet(Awy)si(pr) = —det | sa(pr) ... sa(py) | =0
k=1 . .
Sq-1(p1) . 54-1(pq)

Since the solutions to (A.12) span a 1-dimensional subspace, equation (A.11)

must hold. 0

LEMMA A.1.5. Let A be defined as in Lemma A.1.4. Assume that A\ — oo.

Then when 1 < m,

det(Ag)) o QG+ B .
O gy TR /my; Al
Tl = (DT o), (A13)
when i > m,
det(A(i)) —p/(p—m)+1/(2m)
— = m ™y, A.14
Tt = 00 ) (A14)

Proof of Lemma A.1.5: First consider the case when p < m. Notice that s;(p)
can be simplified as in equation (A.9). By several applications of the fact that
the determinant of a matrix is unchanged if a multiple of its kth row is added

to its k’th row for any k£ # £/, we can relate det(A(,,)) to the determinant of a
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Vandermonde matrix and conclude that

m—1

det(Agm) = Wy { L= 1o }{ TI (i1 —pi=1/p)}.

i=1 1<i<j<m-—1

The calculation of det(A;)) is similar by replacing p,, with p;. Hence

det(A(i)) B (pm — 1/pm> Hﬁgm(pm + 1/pm - Py — 1/Pj)
det(A(m)) Pi — 1/)0i Hj;éi(pi + 1/pi —Pj 1/pj>

Note that p; — 1/p; = —2(a; + Ba) A~ 1 O(A=3/2™). Moreover,

(-1

pi+1/pi = pj = 1/py = (i + Ba)* A7V — (o + B)>A7V™ + O(A2™),

Therefore, as A\ — oo,

i det(Aw) o+ B [ (0m + 800)” — (0 + 50)} 1/m
(_1> det(A(m)) - ; + Gin Hj;éi{(ai + ﬁﬂ)2 _ (Oéj T ﬁjl)Z} + O()\ )

Notice that («; + ;1) for j < m form the m roots of ™ + (—1)™ = 0. Hence

[L2o(pe +1/pe— pj —1/pj) = m(=1)"*"(ay + B2) % By choosing ¢ = m or i, we
can simplify the equations above and conclude that equation (A.13) holds when

p<m.

Now consider p > m. We still have,

det(Aw) _ (pm - l/pm> [z (P + 1/ pi — pj — 1/ ;)
det(A(m)) pi — 1/p; Hj;,si(ﬂi +1/pi — Pi — 1/pj)

(-1

When ¢ < m, we can apply the same techniques as above and conclude that

equation (A.13) still holds. By Proposition 2.2.1, if i > m or j > m,

pi+1/pi = pj = 1/p; = ON/®=™),
Hence when i > m,

o det{A(Z)} _ _
—1)im =0(\ p/(p—m)+1/(2m) .
D ey = O )

Therefore, Lemma A.1.5 holds. O
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Proof of Proposition 2.2.2 on page 15: By Proposition 2.2.1, for 1 < k < m,

K+tp 1/(2m)
i 14+ pr  agA _
aTi(pr) = a E =il g = 2 4 O{\"V/C@m)
k (Pk) k -~ Pl kl Ok o ﬁkl [ { }]

2ak)\1/(2m)
= ——+0 . A.15
g +ﬁk7f (ak> ( )

Lemma A.14 and Lemma A.1.5 imply that the dominant term in
(2a, A ™) /(o + Py1) remain the same for & = 1,...,m. Recall that S;J =
o a'Ti(pr)J = 1. When p < m, each a;,T;(p;)J must contribute m™" + o(1).
Hence we have a;, = (ap + Bx2)/(2mAYC™) 4 O(A"Y/™). When p > m,

ar = O(AP/®=m)) for k > m. Hence Proposition 2.2.2 is true. O

Proof of Proposition 2.2.3 on page 16: Note that

ZBL” Yor = M~ ZyZ{ZZB[p ) B (2:) Sk},

where Sy, = > F_ 1a,,pl,k "l Note thatif v > m, a, = O(AP/P=™). Hence

M3 u{d >, BP(2)BP (2:)a,pll ™} = O{(Kh)~2}. In other words, we

only need to consider the dominant term in S, i.e., > -, al,ka = Hm(l;,fb)

First consider the case when p > 0. Let B)(z) be the cardinal B-spline. Then

b = MUK Zh H,.( —IZKB[]) K{];{(p+1)/2}]yZ

i Zzh UH, B[p][ K{j_(p+1)/2}]yi

K
=1 j5=1
_ —1 -1 -1
l—j l—(p—l—l)/? K% v — K{j—(p+1)/2}
H _H B! .
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Note that H,, has a bounded second derivative, hence the following term

l—J l—(p+1)/2 = Ka; 7 5, (2 — K{j — (p+1)/2}
_ZZ[ Hnd Kh }}BM[ K

=1 j=1

is O{(Kh)~?}. Therefore, by, = n~' S0 | [h = H,,({=H2=Key 4 0K R) =2}y,

Applying the same technique again, we conclude that

ZB[p bk—nlz[

Hence equation (2.12) holds when p > 0.

=)+ O{(Kh) 2y

When p = 0, recall that §;, which is defined as the jth element of BpT Y /M,

satisfies Ey; = u(z;) + O(K™'). It is straight forward to show that ji(z) =

n Y W H (555 y; + O,(K ). Therefore, Proposition 2.2.3 holds. O

THEOREM A.1.1. (Rouché Theorem) Let hy and hy be analytic functions in a simply
connected domain D containing a Jordan contour C. Suppose that |hy(z) — ha(2)| <

ha(z) on C. Then hy and hy have the same number of zeros inside C.
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APPENDIX B
CHAPTER 3 OF APPENDIX

B.1 Proof of results in Chapter 3

Proof of Proposition 3.1.1 on page 23: Denote Sy = (Cyq + A\gPn)~'. First we show
by induction that forany j, j = 1,2, ...,

J

o = 2(5101252021)i_1(51‘/1_8101282‘/2)’ B.1)
=1

Al g j 3

B = Y (52051 Cia) M (SaVe — S$2:0m S VA).

=1
By definition, 3&0*) = S,;Vy and BS) = SqVy — SqCaa Sy Vy, where d # d'. Hence

(B.1) is true for j = 1.
Suppose it is true for step j. Then

B = SV — S CebY)
J
= 51V = $100{ D (5:0081C0) " (S2V2 - SHCuS1Vi) |
=1
j .
= SVi+S5.Ch 2(5202151012)2_15202151‘/1
=1
J

—51C2 2(5202151012)i_152‘/2

=1
J+1 J
= {2(5101252021 }Slvl {Z ($1C1252C)" }5101252%.
i=1 =1

Similarly,

j+1 J
by = {2(520215101)"‘1} oV — {2(8202151012)“} 52025111

=1 i=1
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Hence

bt = SV - SiCby”
J
= S51Vi+ 5.0 {2(5202151012)i_1} S2C91.51 V1

i=1

j+1
—51Ch2 {2(5202151012>i1} So Vs
i=1

J+1 A

= 2(5101252021)1_1(51‘/1 — 51C125:V4),

i=1

and
b%’“) = 2(5202151012)2_1(52‘/2 — 5505 51 V4).
i=1
Next we prove that lim;_, b&j ), d = 1,2, exist. First consider 59 U Perform

an eigen decomposition on S;C}255Cs;. Denote the eigen pairs as (uy, &), where
u; < wug < -+ < ug. Note that §; and (125,09, are both positive definite matri-
ces. From their definition, it is obvious that their eigenvalues are all between 0

and 1. Since C15 = Bf By/M, it has at most one eigenvalue that equals 1. Hence

u; # —1 and ug_; # 1. By Lemma B.1.1, we have
17 B1(S1C125:C51) = 15(B1S1B] /M) (B2S2 By /M)B; = 1] By.
Hence ux = 1 and &, = B{1,,. Since
17B,5\ Vi =17B,8,BTY /M = 1Ty =0,

we have

ég(sl‘/l - 5101252‘/1) = 15B1(51‘/1 - 5101282‘/1) = 0.

. . . K-1
Hence we can express S;V; — S1C125:V5 as a linear combination ) ;" e,&x. No-

tice that

K—-1
(5101252021)i(51‘/1 — 510129 Vh) = Z Uiekfk-
k=1
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Correspondingly, we have

j K-1 K-1 1
lim b = lim E u “lepr = E erék.
j—>OO J—00 ~ 1 - Uk

i=1 k=1 k=1

The above argument can also be used to prove the existence of lim;_,, by,

Note that the limit both satisfy equation (3.6). Moreover, since ldelAJ&j ) — 0
7.(4)

by orthogonality, so does the limit. Hence lim; ., b;’ must be the same as the

spline coefficients b,. Proposition 3.1.1 holds. 0

LEMMA B.1.1. Let Sy = (Cyq+ NaPy) ' and let 1,, be the n x 1 vector whose elements
are all 1. Then M~ B3S4BX1,, = 1,,.

Proof of Lemma B.1.1: Notice that Cyy = M 'BIB, and P, 1k, = Okip,-
Hence

MBI By, = (M BBy + X\aPo)licip,-

Multiply B;S,; on both sides. Then M ' B;S;BY Byl 1p, = Balkp,- Notice that

Bylk4p, = 1,. Hence Lemma B.1.1 is true. [

Proof of Proposition 3.1.2 on page 24: We can use induction to prove (3.9). Note
that /lg)) (q) = /lg)) (zq) = 0. Hence (3.9) holds when j = 0. Suppose it also holds
for j. Denote /i Md ( d) = ZKﬂ’ ¢ b J ) By [pa] (x4). By the definition of Approach A.1

and Proposition 2.2.3,

~ (7% xz ~(7 __2m
pi (o nhdZH ) s~ i )} + o), (B2)

Since the marginal distribution is uniform, f(z;) = 1. By standard kernel tech-

niques,

/Md/ (xa) f (x4, xar)/ fa(za)dza = n~ hyt ZHm(xd }_dedi) i) () +0,(R3™)}.
=1
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Therefore,

% ~ _ _ _ - xXr _Ii
i w0 = alea) =g —n 1hdlZHm<%> i (@an)} + op(n” 1)
d

i=1

_ xdz _(4 __2m
= nlhy! ZH — 1 (ai)} + 0p(n~ 7).

Note that we assume equation (3.9) holds for j. Denote that By(z,) =
{Bau(xq), ..., Bixip,(va)}. By Proposition 2.2.3,

P2 A (B () SV — fra(za)} 2 0.

Together with equation (B.2), we have, n2™/(m+D { 30 (z)) — 5% (z,)} £ 0. Sim-
ilarly, we can conclude that n2™/Um+D {0+ () — U+ (5 )1 2, . Therefore,

equation (3.9) holds for j + 1. Proposition 3.1.2 holds. 0

Proof of Theorem 3.2.2 on page 29: Recall that [i(z4)’s are the P-spline es-
timators using suboptimal penalty, By(zq) = {Bai(z4), ..., Bak+p,(ra)} and

fa(xq) = Bd(xd)lad, where b, is the coefficients from Approach A.3. By equation

(3.15),
fia(ra) = Balwa)SaBiW{Y =) (X9}
d'Ad
= By(za)SaBiW{Y = > pa(Xa)}
d'+d
+Ba(2a)SaBiW Y {pa(Xar) — iy (Xa)}
d'+d
= =]1 + JQ.

Note that the term J; is the univariate P-spline estimator. Hence
2D LT () = N{(R)Pul™ () / £ Hp ()t Wo(a) }.
It suffices to show that

n?™/UmD 7, = 0,(1). (B.3)
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Using the connection between additive P-spline estimators and kernel esti-

mators in backfitting, we have

ﬂi(xdﬂ = pa (Tar)
Ty — Tg m m
nh ( d - > wii€; + h3 ,Ud/ )(Id’) /t2 Hyp,(t)diH{1 4 0p(1)}

= (Jg + J4){1 + Op( )}7

where ¢, = y; — S2°_, jta(z4;) and w; is the (j, 7)th element of the diagonal
matrix W. Notice that By(z4)SgBIW.Jy = O(h?™) = o(n~=2m/(4m+1)) because of

the undersmoothing in step 1. To justify equation (B.3), it remains show that
Bd(ﬂﬁd)SngWJg = OP(H_2m/(4m+l)).

We adopt the techniques in Linton (1997). By interchanging the order of sum-
mations and using the connection between P-splines and kernel approach, we

have

(:cd)SdBTWJg

Tq — 1
= 2 ()
nhd Z hd nhs =
d — Tdi Tari — Td'y __4m
S i

_. -1 .
= n E :SJwJJEJ + op(n” 4m+1)7
=1

3

Tdi —I’d/ _ _4m
E% )%m+%m4wﬁ

where s, satisfies

uniformly in j. Therefore, By(4)SsBXW J3 = O,(n~?) = o,(n=2™/4m+1) and

Theorem 3.2.2 holds. O
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APPENDIX C
CHAPTER 4 OF APPENDIX

C.1 Proof of results in Chapter 4

Proof of Proposition 4.1.1 on page 33: Recall that the pseudo log-likelihood
log ﬁy(ﬁ, A) is defined in equation (4.6). Solving the first order condition
for 3, we get the maximum pseudo profile likelihood estimation G(\) =
(XTH'X)"'XTH Y. Let log Ly (\) be the pseudo profile likelihood when £ is

maximized out, i.e.,
2log Ly () = 2log Ly {B(X), A} = —[log |Hy| + {¥ = XBO)}Y H Y — X6V},

Let log LV be the maximum pseudo log-likelihood under the null hypothesis

(4.4). Then we can decompose LRTy into two parts, i.e.,

LRTy = sup{2log Ly (\) — 2log L (0)} 4 2{log Ly (0) — log L>V}, (C1)

A>0
where the first part corresponds to testing for A = 0 and the second part corre-

sponds to testing for the fixed effects 3, = 0 for g € Q.

Consider the first part in (C.1). Recall that Hy, = Iy + \ZZT. Define f KN
be the kth eigenvalues of N¢Z7Z for k = 1,..., K. Since ZZ" has the same
nonzero eigenvalues as ANA , we have,

K
log |Hy| = Zlog(l + ANgék,N). (C2)
k=1

According to Patterson and Thompson (1971), there exists an N x (N —p — 1)
matrix W such that WIW7 = Iy — X(X7"X)XT, WI'W = Iy_, 1, and

(Y = XSO HHY — X))y =YTWWT W)Wy, (C.3)
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We can further simplify (C.3) as
YIWWTHEW) WY =YTW(Iy_py + W ZZTW) WY

— VTWWTY - VT 2 (I + AZTWIT 2) " 2T YWY

where the second equation results from the Woodbury matrix identity (Wood-
bury, 1950). Note that —2log Ly (0) = YTWWTY. Hence
2log ZA}?()\) —2log Ly (0) = NYTWWT Z (I + NZTWWT 2) 7 ZTWw Ty
K
= “log(1+ Adw)- (C4)
k=1
Define (A;a ~ be the kth eigenvalue of N e ZTWWTZ and let U o1 be the K x K
matrix whose kth column is the eigenvectors asscociated with ék ~. Note that
ZTWWTZ = Uy diag(N - . ., N i n) Uy, and thus
(I + AZTWWT2) " = 07, ding {; - ;} i~
1+ ANeG y 1+ ANe(k N
Together with equation (C.3), we have

K ~9 K
AN® .
RN S log(14 AN%y),  (C5)

2log Ly (\) — 2log Ly (0) =  ———5%
i T 1Ny o

where w0, v is the kth component of the vector wy = N~¢/ QU§WZ TWWTY .

We want to show that the first part in (C.1) satisfies

2sup{log Ly (\) — log Ly (0)} = sup LRT e (N), (C.6)

A>0 A>0

where LRT,,()) is defined under equation (4.9). For this purpose, we define

. KON}y K .

Fy(V) =) 5 = Clog(1 4+ Néw). (C.7)
o LT ANGN T

According to equation (C.5), 2sup,-,{log Ly(\) = log Ly (0)} = SUP /> Fn(N).

Hence it suffices to show that sup,,, fn(N) = supyso LRI ()\'). This proof

consists of two steps:
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(S1) fn(X) converges weakly to LRT5(X') on the space of C[0, o0];

(52) a continuous Mapping Theorem type result holds for sup,, Fn(N).

With respect to the first step (S1), it suffices to establish the finite dimensional
convergence of fn(N) to LRT(N) and show that fy(N) is a tight sequence ac-
cording to page 54 of Billingsley (1968). Note that the definition of LRT,()\’) is
defined similarly to that of fy()\) except that it replaces (i n's, & n's and 1 v's
by (i’s, &’s and wy’s. By conditions (C2), (C3) and Lemma C.1.1 below, we can
conclude that for all k, Wy, y — wy in probability, ék N — (i in probability, and
&en = &. With the continuous mapping theorem, we establish the finite di-

mensional convergence of {fy(X,), ..., fn(\,)} to {LRTs(X,), ..., LRTs(N;)}.

To finish the proof of (S1), we need to show that fy ()’) form a tight sequence.
According to Theorem 8.3 of Billingsley (1968), it suffices to show that for every

¢’ and 7’ strictly positive, there exists 6’ and N, such that for N > N,

Lpf s 1)~ el 2 ) <. cs)

<t/ <t+8'

Since 0 < t < t' and all eigenvalues fk NS, ék ~’s are nonnegative,

B Gl 3 o L 16
T (I tCGen) (T +GN) o 1 +ten

k
K K o
A ¥ —t
< Nty + D log{l—km}

k=1 k=1

1+ téij
K K
< D duin+ )
k=1 k=1

where the last inequality uses the facts that log(1 + z) < z for x > 0, and that

(t' — t)&pn/(1 + tN79) < (' — t)év for all k. For any 2K random variables
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Aj’s, it 21251 A; > a, then there exists at least one A; > a/(2K). By Bonferroni

inequality, P(3_75, A; > a) < 327X P{A; > a/(2K)}. Hence

P{ sup |fn(t) = fn(t)] = €'}

b <t/ <t+5'

< Y Pligy 2 €/(2K8)}+ ) Pl > €'/ (2K} (C.9)

k=1 k=1

Consider the second term in (C.9). For any ¢’ and any N,

P{&.n > €'/(2K0')}
< P&y >&/(2KY), [&n — &l <&+ P&y — &l > €)
< P{E'J(2K&) < &en < &+ Y+ P& — ] > €). (C.10)
We can choose a sufficiently small ¢’ such that e’ /(2K¢") > £,+¢€', or equivalently,
§ < &/{2K (& + ¢')}, and hence the first term in equation (C.10) is 0. Let &}

satisfy inequality (C.14) below, which will be used to control the first term in

(C.9). Later we will show that there exists such a §]. Let §; satisfy

0y < k:r{linK[g'/{QK(ﬁk + &)}, (C.11)

.....

which is used to control the second term in (C.9). Let § = min(d},d5). Use the

fact that ék ~ = &. There exists V| such that when N > Ny,
P{&n > €/(2K0)} < P(|&n — &I > €) <6 /2K), k=1,... K.

Hence we conclude that the second term in (C.9) satisfies
K

> Py > €/ (2K8)} < Koy [(2K) = 6 /2. (C.12)
k=1

Next consider the first term in (C.9). Let Fy x(t) and Fj(t) be the c.d.f. of wy n

and w;. Then

. g g
Pl = m}ﬁ{l—ﬂfﬂ( m)}

g’ g’ g’
< ofi-n (Vg ) 2 (Vo) - 5o (Vi)
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Denote ' = ¢’ /(2K (). Since F, is the c.d.f. of N (0, (), we have

L= B{VETRRS)} = (VaR) ™ [ expl-s2)ds
< (Var) [ expl-a/2)is -

2 /
exp(—x'/2),
oz oP(=2/2)

where the inequality holds whenever 2’ > 1. For any given positive constants

a; and ay, asz exp(—z/a;) — 0 as ¢ — oo. In other words, for a sufficiently large

z, we have exp(—z/a;) < (agx)~'. Hence there exists a sufficiently small ¢} such

that

1 — F{\/e'/(2K8)} < &'n/(8K). (C.14)

Since ¢ < ¢7, we also have 1 — Fi.{4/¢'/(2K )} < 6(n/(8K). Since wy y = wy,

we have | Fj, y(t) — Fi(t)| — 0. Hence we can choose N, such that when N > N,

e e
F — P | =
g ( 2K56> N ( 2K56>

Combine equation (C.13), (C.14) and (C.15). We have

< 0l /(8K). (C.15)

ZP{ Wy 2 QK(;, } < 51 /2. (C.16)

Let Ny = max(Ny, N;). When N > N, equation (C.9), (C.12) and (C.16) imply
that (C.8) holds. Therefore, fy()') form a tight sequence.

Apply the same techniques as in the proof of Theorem 3 as Crainiceanu
(2003), we can similarly show the continuous Mapping Theorem type result
holds for supy fn(X) and hence SUPy/> In(N) = supysg LRT,()\'). There-
fore, we prove equation (C.6) and establish the weak convergence of the first
term in (C.1). Next we will consider the second term in (C.1) and show that
there exists i.i.d. N(0, 1) distributed v4, . .., v, such that

2log [:Y(O) — 2log LON = Z vZ, (C.17)

i=1
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where 7 is the cardinality of the set () in the null hypothesis (4.4). Note that
equation (C.17) naturally holds if 7 = 0. We only need to discuss the case when

7> 0.

Before we simplify the left hand side of equation (C.17), we introduce the
following definition. Partition 3 = (8(})8))", where ) contains all 3] for
q € Q. Similarly, partition X = (X(;)|X(2)) according to the partition of 3. We
define X, (i) = n-l2x (). For any full-rank matrix A, denote S4 = A(ATA)~*A”T.
In the special case when 7 = p + 1, X5y = X and X(;) does not exist, and we let

SX(I) be the zero matrix Oy .

Consider the term 2log L%" in equation (C.17). Note that all components in

B(2) are 0. This is a linear model Y = X(l)ﬁ(l) + ¢, and we have
2log L*N = —YT(Iy — Sg,)Y = —¢"(Iy — Sg,)é, (C.18)

where the second equation holds because (Iy — S % )X 1) = Onxn. Similarly, we

have
2log Ly (0) = —&T(Iy — S )é,

because (Iy — S¢)X = (Iy — SX)(X(1)|X(2)) = Onxn. Together with equation
(C.18), we have,

2log iy(O) — 2log LON = eT(Sg — SX(l))é- (C.19)

Note that S; — S Lo is a projection matrix. There exists a N x 7 matrix such that
WoWl =S4 — S, and WIW, = I,. Denote @& = W é. Following the proof of
Lemma C.1.1, we can conclude that ;s are asymptotically i.i.d. N(0,1) under

Hy. Therefore, equation (C.17) holds.
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Together with equation (C.6), we have
LRTp, = sup LRToo(A) + > _ 17
=1

Use the same technique in Theorem 3 as Crainiceanu (2003), we can further
conclude that sup LRT,.(\) and >_;_, v? are independent. Hence Proposition

i=1"1

4.1.1 holds. l

Before proving Lemma C.1.1, introduce a new notation ~as opposed to the
notation”. This notation indicates that the quantities is defined based on the true
covariance ¥ rather than the working covariance 3. To be specific, we mimic
the definition of Y, X, Z in equation (4.7) and let Y = ¥-/2Y, X = ©~/2X and
Z =Y"Y27 For any term A, that is defined based on Y, X and Z, we define A
by replacing }A/, X and Z with Y, X and Z. For example, we already defined 144

(see the line above equation (C.3)) such that it satisfies

A

WWT =1y, 0 — X(XTX)'XT, and WIW = Iy, 1. (C.20)
Similarly, W satisfies

WWT = Iy 1 — X(XTX) KT, and WIW =1y, (C21)
In Proposition 4.1.1, we already defined the eigenvalues (;’s and &,’s. Note
that their definitions do not contradict with the use of the notation “here. For

example, ¢, is the eigenvalue of N~2Z7%"1Z = N~2Z7Z, while we know &, is

that of N—¢ZTy"17 = N—eZT 7.

LEMMA C.1.1. Let &y be the kth eigenvalue of N=2Z7 Z and (. be the kth eigen-
value of N~¢{Z77Z — Z" X (XTX) ' X" Z}. Let 1y be defined as under equation (C.5)
and w = (wy, ..., wk)" be defined as in Proposition 4.1.1. Assume condition (C2) and

(C3) in Proposition 4.1.1. Then fork =1,..., K,

ék,N — & in probability, CA’;.@N — (%, in probability. (C.22)
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Further assume condition (C1). Then

Proof of Lemma C.1.1: Let &,y and (; v be defined as similar to &y, -
Condition (C3) implies that fk N — & and fk N — (i in probability for k =
1,..., K. Toprove (C.22), we need to show that E—& = 0p(1) and Co—Cr = 0p(1).
By Theorem 8.1-6 in Golub and Van Loan (1996), it suffices to show that

IN7¢ZT 2 — N~¢Z7Z|| = 0,(1). (C.24)

INZTWWTZ — N ZTWWT Z|| = 0,(1), (C.25)

where [[]| = /32, 5, a2

Note that N~¢27Z = N~2Z7%7'Z and N~227Z = N~¢Z"¥"'Z. Since
IN=¢ZTZ|| = O(1), condition (C2) implies that equation (C.24) holds. Similarly,

we can conclude that
INTXTX — N"¢XTX|| = 0,(1). (C.26)

By Holder’s inequality, we have ||[N=¢/2-¢/2XT7 — N=e2=d2XT7|| = o,(1).
Note that

oto oto

N=ZTWWTZ =N-2"2 — (N~ 5" ZTX) (N~ XTX)" YN~ XT2),(C.27)

and Z"W W7 Z has the same structure except that we replace”in equation (C.27)

by~ Therefore, equation (C.25) is true and thus equation (C.22) is proved.

We now prove equation (C.23). Let wy be defined similarly as wy under

(C.5). Since W satisfies (C.21),
WX =wWTww’rx = WT{]N_p_l — X(XTX)_lXT}X = WTO(N,p,l)X(erl).
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Under Hy, WTY = WT(X3 + &) = W7é and hence
Wy = N"PUL ZTWWTY = N~PUL. ZTWiwTe. (C.28)
Note that ¢ = ¥7"/2¢ ~ N(Oyx1, Iy), and
var(dy) = N UL Z"TWWIWWTZUsy = UL, (N Z"TWWTZ)U sy,

where the second equation uses the fact that W7 W = Iy. Recall that the kth
column of Uy, is the kth eigenvector of N=¢ZTWWTZ associated with {; y-.
Hence var(iy) is a diagonal matrix whose (k, k)th element is {; . By condition
(C3), C~k N — (i in probability and thus @y = w. Therefore, it suffices to show

that H’LDN — ?DNH = Op(l)-

Recall that w0 — @ = N‘Q/QU;FWZTWWTA — N‘Q/QU;fWZTWWTé. Hence we

can first show that
IN=92ZTWWTe — N~ ZTWWTe|| = o,(1). (C.29)
Note that

ZTWw'le = zT8 e — (N"5ZTSIX)(NYXTS LX) IN-T XTI e,

ZTWWTe = 775 e — (N"2 2T X)(N ¢ XTS 1 X) ' N- 5 XT5 e,

In equation (C.26) and the line below, we have shown that

oto oto

INTYXTX - N¢XTX|| = 0,(1), |[IN"5"XTZ-N"5"XTZ|| =0,(1).
Condition (C2) implies that

IN"922T57 e — N=92 275 2e|| = 0,(1) (C.30)

IN"¢/2XTS e — N=¢2XTy7e|| = 0,(1). (C.31)
Hence equation (C.29) holds.
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Recall that Uy, and Uy contain all eigenvectors of N~¢ZTWWWZ and
N—2ZTWW Z respectively. By equation (C.25) and Theorem 8.3-6 of Golub and
Van Loan (1996), ||Uy;, — Uz || = 0,(1). Since Uy, is an orthogonal matrix, we
have

IN=¢2ZTWWTe|| = HN‘Q/?U;WZTWVVTéH = ||w|| = O(1). (C.32)
Together with Equation (C.30), [|[N~¢2ZTWW7¢|| = O,(1). Hence
|l —w|| = |[N"¢*UL, Z"WW'e - N~2UL. Z"WW'e||
< 0%y — Ul N2 2711 e
H|UEL N2 Z"TWWTe — ZTWWTe)|]
= 0p(1).
Therefore, equation (C.23) is true and thus Lemma C.1.1 holds. U
Proof of Proposition 4.2.1 on page 38: Under the dense design, X; and Z;

are identical respectively, and ¥ = I, ® 3y, where the (7, j')th element of 3,

is'(¢j,t5) + 02I(t; = t;). It suffices to prove condition (C2’) holds, i.e.

a5t — a'S5 a = 0,(1) (C.33)
an]alEé/Qeo — aTZEIE(l)/QEO = 0,(1), (C.34)
where a is any m x 1 non random vector whose L, norm satisfies ||a|| = 1,

~1/2 _
€ =X, ey and ey = n—1/2 o€

Consider equation (C.33). Let G be the m x M matrix that contain the first
M eigenvectors of 3. Note that 3y = 62(1,, + GAGT). By Woodbury matrix
identity (Woodbury, 1950),

a0 = 6% a — 67%"G(ATT + GTG) TGP, (C.35)

a'Yoa =0 %a"a— o "GN+ GTG) G a. (C.36)
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Since a”a = O(1) and 6% — 6% = 0,(1), we have (6.2 — 0. 2)a”a = 0,(1). To prove

€

equation (C.33), it remains to show that for ||a|| = 1,

A A N

a"GAT + GTE) G a — a"GA™ + GTG) L GTa = 0,(1). (C.37)

Note that the (i, k)th element of G and G are 6;(t;)/+/m and 6 (t;)/+/m respec-

tively. By Holder’s inequality and condition (C6), we have
1" (G = G < [lall - [|G = G| = Oy(n"?). (C.38)

Moreover, A and A are both diagonal matrices with Ay = mai/62 and Ay =

ma?/o? respectively. Since GTG = GTG = Iy,
AT+ GTG) ™ = (A + GTG) M| = op(m ™).
Together with equation (C.38), we conclude that (C.37) as well as (C.33) holds.

Now consider equation (C.34). Since G'G = I, it suffices to show that
equation (C.34) holds when « is any column of G or when « is orthogonal to G.
First consider the case when a = G}, i.e. the ith column G. By Woodbury matrix
identity again,

"85 e = 672078 e — 672" GAT + GTG) TGS P (C39)
Let G.GT = I,, — GGT. Then

GISy's e = 672675 ey — 67°GTGA + GTG) 16Ty e
— 672GTGATY P — 672GTG(A T + GTG) ' GTEy e

6T LTS e

6200 G ATy e 162G GG e,

Recall that ¥y = 0?(I + GAGT) and A is a diagonal matrix with Ay, = mo} /o2

Hence the first M eigenvalues of 3}/? is of order /m and A, is of order m . By
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condition (C6), ||GTG.GT|| = [|(G; — G)TG.GT|| < ||Gi — Gy]| = O,(n~*). Hence
GTS7'5 e = 0,(m™ ) + 0, (n~/m) = 0,(1). (C.40)

Note that GT¥;"%¢y = O(m™/2)GT ey = 0,(1), equation (C.34) holds when a =
Gifori=1,..., M.

Next consider the case when a is orthogonal to G. Since GTa = 041, We
have a”St? = o7 and [|a”G|| = [|a7(G — G)|| = O,(n~). Since equation (C.39)

still holds if we replace all estimators with the true parameters, we have,

a' S5 e — aT S5 S e

= 672475 ¢ — 67247 G(AT + GTG)IGTS e
—ae_zaTZé/2€0 + 0 2TGAT + GTG) T GTEY e

= (62— 072)a"S e — 672" GAT + GTG)TIGTSY e + 0

€

= (6:2 =0 Y aTer — O, (n)||GTE e |

€

= 0,(n"vm) = 0,(1).

Therefore, condition (C2’) holds. Following the proof of Lemma C.1.1, we can
similarly conclude that &, y — &, in probability, ¢,y — ¢ in probability and
wy = w. Hence, the asymptotic null distribution of the pseudo LRT statistic is

the same as that in Proposition 4.1.1. Proposition 4.2.1 is true. O

Proof of Proposition 4.2.2 on page 41: Under the sparse design, X is a block
diagonal matrix, whose ith block is the m; x m; dimensional matrix ¥; and can
be written as 3; = 02([,,, + GiA;G;)", where the (j, k)th element of G, is 0, (¢)
and A, is a diagonal matrix whose (k, k)th component is 7 /2. Note that G; and
A; are defined differently from those in the proof of Porposition 4.2.1. Similarly,

we can define 3; = 62 (I, + C?i/A\iC?i)T. Partition a and e in condition (C2) into n
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vectors, with a; and e; of length m,;. We want to prove condition (C2),

Za?i;lai - Z al Y7 ta; = o,(1), (C41)
i=1 i=1
Za?i[lei - Z al Y te; = 0y(1). (C42)
i=1 i=1

First consider equation (C.41). Let p(A) be the spectral radius of any matrix
A. By Corollary 6.1.5 of Horn and Johnson (1985),

p(A) < min{supz \Aij|781}pz ’Aw‘}
7 j J i

Since ||a|| = 1, a” Aa < p(A) for any symmetric matrix A. Using condition (C6")

and the fact that m; is bounded, we conclude that
)" (7 =S e < p(BT =27 = p{ETHE - D)8 = 0,(n%) = 0,(1).

Hence equation (C.41) holds. Next consider equation (C.42). By Woodbury ma-

trix identity again,

n n n

T$h—1, _ A2 T ~2 TA (A=1 o ATAN-1AT
E a; ¥;e; = 0 E a; e; — o g a; Gi(A7 + G, G;) G e
i=1 i=1 i=1

n n n

Ty—1, _ 2 T 2 T —1 T =1 AT
E a; ¥, e; = o E a; e; — o E a; Gi(A7 + G, G;) 7 Gj e,
=1 i=1 i=1

Since ||a|| =1, Y1, al'e; = O,(1). Moreover, 62 — o2 in probability. Therefore,

(62 —a?) > al'e; = 0,(1). It remains to show that

1=1"
> al{Gi(AT + GTG) TG = Gi(AT + GGy T G ey = 0,(1).
=1
By equation (4.12), ¢; = Gy, + € = Zj‘il G'i;j7ij + €, where G is the jth column
of G;and v; = (i1, ..., 7m)T contains all principal scores for subject i. It suffices

to show thatfor j =1,..., M,

> al{Gi(AT + GTG) TG = Gi(AT + GTGY) T GGy = 0,(1), (C43)
=1

Z al {Gi(AT 4+ GTG)TIGT — GiAT + GTG)T'GT Yes = 0,(1). (C.44)

i=1
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The proof of (C.43) and (C.44) are similar. We will only demonstrate how to
prove equation (C.44) here. Since all eigenvalues and eigenfunctions are con-
sistently estimated, we only need to prove that the dominant terms on the left

hand side of equation (C.44) are all 0,(1), i.e.

Z al (G — G (AT 4+ GTG) LG e; = 0,(1) (C.45)
=1
Sl GiAT + GTG) TG — G e = 0,(1) (C.46)
=1

> al G{AT +GTG) T = (A + GG TG e = 0,(1). (C47)

i=1

The key idea is to use the fact that the observation time points are chosen from
(tl, . ,tm). If til = ti’l’ = tj, then GAZ']C’[ = GAi/k,l/ = ék(tj), where GAik,l and GAi/kJ/ are
the /th and I'th elements of G;;, and G,.. Hence we can rearrange the summation

over { into summation over j to complete the proof.

First consider equation (C.45). Let €, = (A, + GTG;)"'GT¢;. Then

> al (G =GN + GGGl

i=1
n m; M

A /

= E E E ail(Gik,l_Gik,l)‘fik
i=1 1=1 k=1

M m n m;
_ Z Z Z Z ailegk(éik,l - Gik,l)Itil:tj

k=1 j=1 i=1 I=1

M m n
- Z{ek — O(;)} Z Z azlezkft” =t; (C.48)

k=1 j=1 i=1 I=1

Define S; = > | > au€ly Iy, —,. Since M is finite, it suffices to show that
Z{ek — 0(t;)}S;]” = o(1). (C49)
By condition (C6’), sup;¢( 10x(t) — 01, (t)| = O(n~*). Hence

Z{ek nE Z 15;])? ZE(S;’). (C.50)
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Since the observation time points are sampled uniformly without replacement,
we have, t; # ty if | # I'and E(1;,—;) = . Moreover, €, ’s are independent

across ¢ and they are independent of ¢;;’s. Hence

= E{Z Z a”?l<€;k>2[tilztj} = qu{Z Z az ()’ = O(m™). (C.51)

i=1 =1 i=1 [=1
Note that equation (C.51) holds for all j. Together with equation (C.50) and

condition (C6),
Z{Qk — Oi(t)} 5,17 = O(n™**m) = o(1),
and equation (C.45) is proved.

Now we want to prove equation (C.47). Direct calculations show that

> @l G{AT +GTG) T = (A + GG TG e
=1

= ) ol Gi(AT + GG AT+ GIGi = AT = GTG) (A + GGy G e
=1
Note that its dominant term is

> alGiAT + GG T AT + GG = AT = GTG) (AT + GGG e

i=1
> a(AT 4+ GTG - A = G Gh)e (C.52)
=1

Applying the same techniques as above, we conclude that

n

> " al(Gi — Gi)'Gie; = 0,(1), Za GT(G; — Gy)e, = 0,(1).

i=1
Therefore, 3", a}(GTG; — GTG;)e, = o0,(1). Moreover, A, and A; remain the
same for all i. They are both M x M diagonal matrices whose (i, 7)th diagonal

elements are 67 /62 and o} /o2 respectively. Therefore,



Hence the term in (C.52) is 0,(1) and equation (C.47) is true. Together with
(C.45)—(C.47), we conclude that equation (C.44) holds. Therefore we conclude

that condition (C2’) holds and Proposition 4.2.2 is true. O
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