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In this thesis, we study approaches to optimal control in situations where there
is transitional uncertainty (i.e., uncertainty in the system’s next state after initi-
ating a transition) or temporal uncertainty (i.e., uncertainty in the length of the
planning horizon). We begin by considering discrete optimal control problems on
graphs where the transitional uncertainty is described by a probability distribution
over possible successor nodes. We introduce a broad subclass of shortest path prob-
lems (SSPs) called opportunistically stochastic shortest path problems (OSSPs). In
OSSPs, the availability of actions specifying probabilistic transitions to successor
nodes implies the availability of actions resulting in deterministic transitions to
each of those nodes. We prove a set of mathematical conditions on the OSSP’s
transition cost function which allows the problem to be treated with fast algorithms
originally designed for deterministic cheapest path problems on graphs (e.g., Di-
jkstra’s or Dial’'s method). We also illustrate the OSSP’s connection to numerical
discretizations of partial differential equations (PDEs) encoding continuous opti-
mal control problems and usefulness in determining nuanced driving directions for
autonomous vehicles on road networks amidst lane change uncertainty.

Next, we tackle two continuous optimal control problems in which the length
of the planning horizon T is a random variable. In the first problem, we pro-
pose an approach to determine a driver’s optimal braking / acceleration strategy

through a signalized intersection where the light’s turning yellow time 7" follows a



discrete probability distribution. The driver seeks to optimize multiple competing
objectives (e.g., fuel use, time to destination, comfort) and we show a selection of
numerical experiments which illustrate how the driver handles these tradeoffs, and
how to adjust the driving strategy when new information is learned about the true
value of T

In the second problem, we develop a framework to determine when an energy-
optimizing pursuer should use a movement concealment tactic called “motion cam-
ouflage” (MC) to appear less-threatening to an evader amidst uncertainty in the
prey’s escape attempt time, T'. Here, T' is a non-homogeneous exponentially dis-
tributed random variable governed by a rate function A that is dependent on the
pursuer’s state and the evader’s position. We motivate this approach through the
biological model problem of hover fly pursuit-evasion interactions, and our simu-
lations reveal that there is a specific parameter regime for A where MC tactics are

worthwhile.
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red, and green times are shown in their respective colors.|. . . . . .
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(T1,15,T3) and their corresponding 7}, and T, are marked by the
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Stationary stalk phase HJB PDE convergence study plots. (A) Log-

log plot of the infinity norm of the absolute error when M = 10,

0 = 7/8. (B) Log-log plot of the L' norm of the absolute error

when M =100 =7/8. | . . . .. ... ... ... ... ... ...,
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Time-dependent stalk phase HJB PDE convergence study plots.

(A) Log-log plot of the infinity norm of the absolute error when

M =10, § = 7/8. (B) Log-log plot of the L' norm of the absolute
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and zy 1s shown by the white “#.” The threat detection probabil-

1ty throughout E’s flight 1s mostly radially symmetric, except for

a small indention centered around 74(¢) that creates a region of

slightly lower threat detection probability. | . . . . . ... ... ..
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Example 1: Heatmap of the percentage of stalk phase flight time

spent using A-MC from 200,000 initial positions for P (A). E’s start-

ing position is marked by the magenta square, and z4 is shown by

the white “#.” Using A-MC is worthwhile only from starting po-

sitions very close to (or on) rx(0). Example trajectories starting

from z = (1.5, 1.3) (marked by the red square in both panels) and

z = (1.5,1.5) (marked by the blue square in both panels) (B).

The locations along E’s trajectory at which the direct chase be-
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corresponds to the associated pursuit trajectory. The optimal tra-

jectories starting from z = (1.5,1.3) and z = (1.5,1.5) computed

when A-MC 1s not relevant to E’s threat detection probability are
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Example 2: Probability that E spots P as a threat between ¢ and

t+ 7 if both are motionless at their respective locations during that

time period when t =0 (A),t =1 (B), and t =T, (C). E’s current

position along the trajectory is marked by the magenta square, and

z4 is shown by the white “#”. With # = 7/8, there is a distinct

sector of lower threat detection probability aligned with . (¢) while

zy 1s clear enough to E’s visual system. |. . . . ... ... 0.
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Example 2: (A) Heatmap of the percentage of stalk phase flight

time spent using A-MC from 200,000 initial positions for P. E’s

starting position is marked by the magenta square, and z4 is shown

by the white “#.” Using A-MC is worthwhile starting from a wider

sector. Initial conditions close to r4(0) and farthest from zg(0)

have the highest percentage of stalk-phase A-MC usage. Example

trajectories starting from z = (1.5, 1.3) (marked by the red square

in both panels) and 2 = (1.5,1.5) (marked by the blue square in

both panels) (B). The locations along E’s trajectory at which the

direct chase begins for each of P’s trajectories are marked by a circle

whose color corresponds to the associated pursuit trajectory. The

optimal trajectories starting from z = (1.5,1.3) and z = (1.5, 1.5)

computed when A-MC is not relevant to E’s threat detection prob-

ability are shown by the gray dashed lines. Starting from (1.5,1.3),

P spends 16.9% of their stalk phase flight in A-MC, while starting

from (1.5,1.5), P’s A-MC usage percentage rises to 28.8%. The

A-MC portions are highlighted in gold. | . . . . .. .. ... .. ..
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t+7 if both are motionless at their respective locations during that

time period when t =0 (A), t =1 (B), and t = 7, (C). E’s current
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Example 3: (A) Heatmap of the percentage of stalk phase flight

time spent using A-MC from 200,000 initial positions for P. E’s

starting position is marked by the magenta square, and z4 1s shown

by the white “#.” Using A-MC is worthwhile along stalk phase

trajectories starting from a small subset of positions on (or close

to) r4(0) and from positions near the visual boundary, but close to

zx. (B) Example trajectories starting from z = (1.5,1.3) (marked

by the red square in both panels) and 2z = (1.5, 1.5) (marked by the

blue square in both panels) (B). The locations along E’s trajectory

at which the direct chase begins for each of P’s trajectories are

marked by a circle whose color corresponds to the associated pursuit

trajectory. Both trajectories get closer to r4(t), but A-MC usage is

likely coincidental based on the low usage along the red trajectory

(gold section after the halfway mark) and the discontinuous usage

along the blue trajectory (gold sections). | . . . . .. ... .. ...

xXviil
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Example 4: Probability that E spots P as a threat between ¢ and

t+7 1f both are motionless at their respective locations during that

time period when t = 0 (A), t = 1 (B), and t = 1, (C). E’s current

position along the trajectory is marked by the magenta square,

and z4 1s shown by the white “#.” With E’s lower threshold angle

(0 = m/8), there is now a distinct sector of lower threat detection

probability centered along 74(t) for over half of E’s flight to z,. | .

138
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Example 4: (A) Heatmap of the percentage of stalk phase flight

time spent using A-MC from 200,000 initial positions for P. E's

starting position is marked by the magenta square, and z4 is shown

by the white “#.” Using A-MC is worthwhile from a wider range

of starting positions around zy and along r4(0). (B) Two example

trajectories starting from z = (1.5, 1.3) (marked by the red square

in both panels) and 2 = (1.5,1.5) (marked by the blue square in

both panels). The locations along E’s trajectory at which the direct

chase begins for each of P’s trajectories are marked by a circle whose

color corresponds to the associated pursuit trajectory. The dashed

lines correspond to the optimal trajectories when 6 = 0. A-MC

usage 18 optimal for significant portions ot both trajectories, and

the A-MC segments are highlighted in gold. | . . . .. ... .. ..
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CHAPTER 1
INTRODUCTION

“Plans should be ephemeral, so be
prepared to move away from

them.”

Anthony Bourdain

From the control module in an autonomous taxi needing to plan the fastest
route to the customer’s destination, to an animal predator attempting to capture
its prey in the most energy efficient manner, determining the “best” course of ac-
tion for the scenario at hand is crucial to both the functionality and survivability
of countless real world systems. Optimal control provides a mathematical mecha-
nism of determining how a system should behave in order for it to best satisfy its
objectives according to some specified metric. However, an unexpected event that
occurs nearby may render the original “best course of action” obsolete. For exam-
ple, the autonomous taxi that was following the pre-planned fastest route may be
unsuccessful in its lane change attempt to take a necessary exit from the highway.
Or, the escaping evader may suddenly change to a drastically different path, and
the predator’s pre-planned capture trajectory will no longer be energy-optimal in

response to the evader’s new route.

When the the likelihood of potentially plan-disrupting events can be described
by a suitable probability distribution, it is possible to formulate a stochastic real-
ization of the optimal control problem which takes the possibility of these events
into account during the planning process. As such, this thesis discusses approaches

to optimal control under uncertainty which are motivated by a range of specific



applications. While there are many different types of uncertainty that may arise

in real world settings, we narrow our focus to scenarios which involve one of two

types:

1) transitional - uncertainty in where exactly the system will end up after choos-

ing to transition to a new state.

2) temporal - uncertainty in when a (possibly) plan-altering event will take

place, or when more information about the surroundings will be revealed.

For the first type of uncertainty, we focus on scenarios which can be modeled math-
ematically by discrete cheapest path problems on graphs. For the second type of
uncertainty, we focus on where it arises in situations suitably modeled by opti-
mal control problems in continuous domains. The following subsections contain
overviews of the relevant types of optimal control problems in their deterministic
form and an introduction to their stochastic versions which explicitly deal with

uncertainty.

1.1 An Overview of Discrete Cheapest Path Problems

Life can only be understood going
backwards, but it must be lived

going forwards.

Kierkegaard

We beginE] with an overview of deterministic, discrete “cheapest path prob-

!The eipgraph quote above is used by many folks - from Bertsekas in his books to my advisor,



lems.” Discrete cheapest path problems aim to determine the route or path in a
discrete state space from a starting state x; to a specified target state ¢ that has
the least total cost in comparison to all other possible paths to ¢ starting from x;.
The total cost of a path may refer to the total distance traveled along that path,
the total time taken to traverse that path, the amount of fuel needed to follow
that path, or any other quantification of an expenditure related to capturing the

controller’s optimization objectives.

To formalize this, let X = {@x;,...,&n11 = t} be the state space. At the
initial stage k = 0, the system starts at state (node) yo = x; € X. To move to the
next stage, the controller selects a successor node y;41 = «; to transition to from
a set of possible successors N (yy), and pays the nonnegative cost C(x;, ;) = Cj;
for this choice. This process continues until the system reaches t. The full path to
t is encoded in a sequence of nodes (yo = @;,...,Yk,-..,Yyy = t) through which
the system must pass in order to reach t after M stages. Thus, the total cost of

the specific path taken is the sum of the transition costs incurred at each stage.

At stage k, a control mapping pu(-) provides a rule for how to select which of
the possible successors to transition to from the current node. A control policy
= (po, - - -, fk, - - - ) is a sequence of control mappings to be used at each stage,
and the set of all polices is denoted II. If the control mappings do not change from
stage to stage, we say that the policy is stationary (i.e., 7 := (u, pt,...)). The total

cost incurred while traveling to t starting from yo, = @; using policy 7 is

wz, ZC ykaﬂk Y ) (1-1)
k=0

The value function u(ax;) (i.e., minimum cost to reach t starting from x;) is defined

Alex in his lectures - when introducing optimal control and the dynamic programming principle.
It would be a shame to not continue such a tradition here.



as

u(x;) = inf {J(x;,m)}. (1.2)

mell
Naturally, some control policies are going to be more favorable candidates for cost
minimization than others. Depending on the set of available successors at each
node, it may be possible to revisit the same nodes multiple times. If this is the
case, some of the policies available to the controller may accumulate an infinite
cost as a result of cycling forever between a few states belonging to a subset of
X\ {t}. As such, the optimal policy 7* must allow the system to reach ¢ in finitely

many stages from each state in X \ {t}.

The dynamic programming principle (DP) provides a recursive means of deter-
mining the value function defined in (1.2). Pioneered by Richard Bellman at the
RAND Corporation amidst the postwar Operations Research boom in the 1950’s,
the principle relies on the notion that “the tail of an optimal policy is optimal”
[1T]. That is, for optimal policy 7*, the truncated policy 7} = (pk, ftk+1, - - - ) must
also be the optimal policy starting from node y;. at stage k. Since 7* specifies the
optimal path from each node in X to ¢, an optimal path starting from a; that
passes through x; must also contain the full optimal path starting from ;. This
notion of “tail optimality” results in a system of coupled DP equations, one for
the value function at each x; € X,

u(w:) = ming,ene) {Cl@ia,) +ulz)} . @€ X\ {t)
(1.3)

u(t) =0.

Several algorithmic approaches have been developed to solve the system of
DP equations for the deterministic cheapest path problem quickly and efficiently.
These include the “label-correcting” methods (e.g., Bellman-Ford [12] 46] and

d’Esopo-Pape [78]), and the “label-setting” methods (e.g., Dijkstra’s algorithm



[37], Dial’s method [36] (i.e., parallelizable Dijkstra’s), and the heuristic-driven
A* algorithm [56]). In these methods, every node in X is assigned a label whose
value is the current estimate of the value function at that node. At the start, the
target’s label is set to 0 (its true value), while the other nodes typically receive
“tentative” labels & = 4o00. In some algorithms, such as Dijkstra’s and Dial’s
method, the tentative labels at nodes @ from which it is possible to transition to
t are initialized to a(x) = C(x,t). At the start of each subsequent round, a node
x; with a tentative label is selected H according to algorithm-specific criteria. For
every node x; for which @; € N(x;), the method updates x;’s label according
to a(x;) = min{a(x;), C;; + @(x;)}. As such, labels are progressively improved
throughout the process, and the algorithm terminates once all of the labels can

no longer be improved. Once this happens, u(x) = u(x) for all x € X, and the

system in ((1.3) has been solved.

The algorithmic structure outlined above lies at the heart of many approaches
used to solve deterministic cheapest path problems arising in application areas
such as robotic path planning [86] and producing turn-by-turn directions for ve-
hicle navigation [54]. In such settings, the state spaces are typically large (e.g.,
nodes representing fine-grained positions within the robot’s operational domain
or along the highway that the vehicle is traveling on), and these algorithms can
compute the optimal policy quickly and efficiently. However, neither the determin-
istic cheapest path problem framework nor its associated algorithms are equipped
to directly handle any transitional uncertainty that may arise due to fluctuating
traffic patterns or other changing conditions in the robot’s surroundings. As a

concrete example, consider an autonomous vehicle attempting to change lanes in

2When label-setting methods select a node, % = u upon selection, and as a result, that node
is never selected again. On the other hand, label-correcting methods simply select nodes from a
specified position in a queue, and a node may be selected several times before @ = u there.



heavy traffic. At the start of the trip, suppose the vehicle’s routing system solved
a cheapest path problem on a road network to determine a set of turn-by-turn
directions along the most fuel-efficient path to the target. In order to follow this
route, the vehicle must take the next exit from the highway, but heavy traffic is
making it difficult to transition to the node in the exit lane. If the vehicle is un-
successful in changing lanes to take the exit, how should the route be adjusted?

What happens if these lane change failures happen repeatedly?

One option to dealing with the uncertainty is to replan after route-altering
events occur. This entails solving a new deterministic cheapest path problem
starting from the location where the event occurred. Although this is a viable
approach in some settings, the process of frequent replanning every time the system
ends up at a state different from what the original plan required can become
burdensome in highly dynamic and uncertain environments. Instead, an alternative
approach is to directly account for the uncertainty in where the system will end

up after initiating a transition from its current state during the planning process.

When the transitional uncertainty at each node x; € X can be described by
probability distributions over its possible successor nodes, stochastic shortest path
problems (SSPs), a special subset of Markov decision processes (MDPs), provide a
suitable framework for determining the best course of action which directly takes
this uncertainty into account. At each stage in an SSP, the controller selects
an action which specifies a transition probability distribution over the possible
successors and incurs a known cost. The goal then is to determine an optimal
policy which leads the system to the target state with probability 1 from every
state with minimum expected cost. Such problems are formally introduced in the

early sections of Chapter [2]



The remainder of Chapter [2]is devoted to developing a broad subclass of SSPs
called opportunistically stochastic shortest path problems (OSSPs). OSSPs have
the restriction that when the controller has access to an action which results in
a probabilistic transition to the possible successor nodes from their current node,
they must also have access to actions which result in deterministic transitions to
every one of those possible successor nodes as well. We present the OSSP’s formal
definition and show that the associated DP equations can be solved with Dijkstra’s
or Dial’s method, provided that some simple conditions on the transition cost are
satisfied at every state. After proving these results mathematically, we illustrate
the OSSP’s usefulness in analyzing fast numerical methods used to solve a special
class of partial differential equations (PDEs) and in determining more nuanced

driving instructions under lane change uncertainty.

1.2 An Overview of Continuous “Exit Time” Problems

Continuous exit time problems or indefinite horizon problems [ are a natural ana-
logue to the discrete cheapest path problems presented in the previous subsection.
Here, the controller aims to minimize a cumulative cost while moving through a
continuous state space to reach a closed target set, 7. To formalize this, consider
a system starting from state yo = x €  at time ¢t = 0, where {2 is an open and
bounded subset of R”. Depending on the specific problem at hand? the target
set 7 might be taken to be the boundary of the domain 0f2, while in others, it

might be chosen to be a compact subset of 2. The system’s state at time ¢ > 0

3These two names will be used interchangeably throughout this thesis.

4For simplicity, the definitions and motivating examples presented in this chapter will implic-
itly assume that 7 = 9f2. However, examples where T is a subset of 92 or a compact subset of
Q itself are considered in Chapters [3| and [4] respectively.



is denoted by y(t), and the state evolves according to the ordinary differential
equation (ODE),

y(t) = f(y(t), a(t)) (1.4)
where f is bounded and Lipschitz continuous, a(t) : Ry o — A is a measurable
control function, and A is a compact set of admissible control values. The system
is subject to a Lipschitz continuous running cost K(y(t),a(t)) and a (possibly
nonzero) Lipschitz continuous terminal cost d(y(T')) charged upon reaching the
target. The goal is to select a(t) which minimizes the total cost incurred until the
process ends at time 7" := min{t | y(¢t) € T}. The cumulative cost of following a

path to 7 from @ while using control function a(-) is

/ K(y(s), a(s))ds + 5(y(T)). (1.5)

The value function is defined as
u(z) = inf {J(z,a())} (1.6)
a()eA
where A is the set of admissible control functions.

An application of the dynamic programming principle to Equation (1.6]) sug-

gests that for all sufficiently small 7 > 0,

u(z) = mf{/]K ﬁh+u@(»}. (1.7)

(eA

Appropriately Taylor expanding the right hand side of Equation ([1.7) and taking
the limit as 7 — 0 yields the following stationary Hamilton-Jacobi-Bellman (HJB)

equation for the value function,
0= mig {K(x,a) + Vu(z) - f(x,a)}, forxeQ (1.8)
ac

with the boundary condition u(x) = d(x), Vo € T.



When the controller’s goal is to select the direction of motion at each time in
order to reach T as quickly as possible while moving with isotropic speed f(x),
Equation reduces to an Eikonal equation. The control value at each time in
this setting is a unit vector a € S; that specifies the direction of motion, and the

running cost is K (x,a) = 1. Equation (|1.8) then becomes
0=1+ misn {f(x)Vu(x)-a}.
acol

Here, the optimal direction of motion a, minimizes the directional derivative of u.

Thus, a, = —Vu(x)/|Vu(x)|, and (1.8) fully simplifies to
[Vu(z)| f(x) =1,
where | - | is the standard Euclidean norm.

If the value function were always smooth, the Taylor expansion carried out on
the right hand side of to derive the stationary HJB equation would suffice
to show that it is a classical solution of that PDE. However, even for the simplest
problems, the value function may not be differentiable everywhere, which would
make it ineligible to be a classical solution. As an illustrative example, consider the
problem of a robot trying to determine the quickest escape path out of Q = (—1,1).
The robot can only move left or right along the real line with constant speed f =1,
and the process ends immediately once it reaches one of the two endpoints. The

corresponding Eikonal equation for this problem is
0=1—|u(x)| (1.9)

with u(—1) = u(1) = 0. For any solution to Equation (1.9)) to be classical, it must
be continuous, satisfy both ([1.9) and the boundary conditions, and it must have a
continuous first derivative on the entire interval. To see that there are no classical

solutions of ([1.9)), assume that a solution u(x) is continuous and differentiable on



(—1,1). Then, the Mean Value Theorem guarantees the existence of y € (—1,1)
such that «/(y) = 0. This directly contradicts the requirement that |u’(x)| = 1 on
(—1,1), so Equation (1.9 has no classical solutions.

The difficulties above can be surmounted by instead considering a suitable
type of weak solution which satisfies the original PDE almost everywhere. Since
it is straightforward to show that the value function is Lipschitz continuous under
our assumptions about the Lipschitz continuity of K and ¢ [§], it may seem that
merely requiring the PDE’s solution to be Lipschitz continuous and satisfy the
PDE at all points where the solution is differentiable would be sufficient. Under
these requirements, such a solution to the example problem posed in Equation
should be 0 at x = +1, have a measure-zero set of points where it is not
differentiable (Rademacher’s Theorem), and have a derivative equal to £1 at all
other points. Clearly, the function u(x) = 1 — |z| is a viable candidate. But so is
any piecewise continuous affine function with u(—1) = u(1) = 0 and whose line
segments also all have a slope of £1. As an illustrative example, u(x) = 1 —|z| and
another suitable piecewise affine function g(z) are shown in Figure [I.1l With so
many possibilities, how do we know which of these Lipschitz continuous functions
actually corresponds to the value function of the optimal control problem we are

trying to solve?

In the 1980’s, Crandall and Lions pioneered a solution mechanism for PDEs
of the Hamilton-Jacobi type that answers the “which one” question posed in the
paragraph above. They proposed a new type of weak solution called a wiscosity
solution which admits both existence and uniqueness theorems, and they showed
that the value function of a continuous optimal control problem is the viscosity

solution of the corresponding HJB PDE [31].

10
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Figure 1.1: Plots of u(x) = 1—|z|, a piecewise affine function ¢(x) that satis-
fies Equation ([1.9)) in a weak sense based on Lipschitz continuity,
and three infinitely differentiable test functions 11, ¥9, and 5.

Following notation used in standard references (e.g., [7, [40]), we define the

Hamiltonian as

H(z,p) = min{K(z,a) + f(z.a) p} (1.10)

where H is assumed to be concave in 7fJ, continuous, and real-valued on Q xRN, In

the special case of the Eikonal equation encoding minimum time-to-target optimal

control problems, H = 1 — f(x)|Vu(x)|.

Definition 1 (Continuous Viscosity Solution - Indefinite Horizon). Suppose that

the value function u(x) is continuous but not necessarily differentiable throughout

Q.

1. u is a viscosity subsolution of the stationary HJB equation if for every test

®Many standard references actually define H(x, p) := maxgea {—K(x,a) — f(x,a) - p} which
is convex in p. However, this version is equivalent to negating (1.10), and the HJB equation
remains unchanged.

11



function ¥(x) € C=°(Q) such that w— 1 has a local mazimum at &y € ), the

following holds:
H(zy, V) > 0.

2. w is a viscosity supersolution of the stationary HJB equation if for every test
function ¥(x) € C*(2) such that uw— 1 has a local minimum at xy € 2, the
following holds:

H(xy, V) <0.

If both[1] and[] simultaneously hold, then u is a continuous viscosity solution of the

stationary HJIB PDE given in (1.8]).

We remark here that the definition above is presented without boundary con-
ditions. When applicable, boundary conditions are enforced in the wviscosity sense.
For technical simplicity, we omit a detailed discussion of this here; Chapter 5,

Section 4 of [7] for more information.

It is straightforward to check using Definition | that u(z) = 1—|z| is a viscosity
solution of the Eikonal equation, while ¢(z) shown in Figure[L.1]is not. For u(z), we
notice that it is not possible to find a test function ¢(x) such that u(0) = ¢ (0) =1
while u — ¢ has a local minimum at zo = 0. To see this, take ¢(x) = 1. Even
though this simple horizontal line touches the graph of u at x = 0, 1(x) will still
be larger than u(x) at all x # 0. Since there is no 1» € C*(2) such that u — v
has a local minimum at 0, u(z) = 1 — |z| is trivially a viscosity supersolution of
(1.9). To check that u is a viscosity subsolution, pick any ¢ € C*(2) such that
u(0) = 1(0) = 1. Regardless if v is locally convex or concave, u — 1 will have a

local maximum at xy = 0, since ¥ (x) > u(x) around that point. Plugging ¢’ into

12



the subsolution inequality requires
L+ [¢'(x)] = 0,

which holds at any value of ¢/(x). The boundary requirement is trivially satisfied

since u(x) — 0 = 0.

On the other hand, ¢(x) cannot be a viscosity solution of Equation (1.9)), since
the supersolution inequality condition on H fails for horizontal line test functions
at any of the local minima of ¢. An example of this is depicted by the dashed
horizontal line 13 in Figure for the local minimum at x = 0.25. To this end, it
is straightforward to see that any of the other piecewise affine candidate functions
with local minima in (—1,1) will fail the supersolution test, and u(x) = 1 — |z| is
the unique viscosity solution. Hence, u(z) = 1 — |z| is the value function of the
original optimal control problem. Formal theorems establishing uniqueness of the

viscosity solution for the general stationary HJB equation are proved in [31].

In many real-world applications, the value function may actually be discon-
tinuous. In Chapter 5 of [7], Bardi and Capuzzo-Dolcetta present an extension
upon the continuous framework by showing that the upper and lower semicon-
tinuous envelopes of u are indeed viscosity super and subsolutions (respectively)
of the HIB equation. Let y € RY. The upper semicontinuous envelope of
u is u(x) = limsup, ,,u(y), and the lower semicontinuous envelope of w is

u(x) ;= liminf, ., u(y).

Definition 2 (Discontinuous Viscosity Solution - Indefinite Horizon). Suppose that
the value function u(x) is locally bounded. Ifw is a viscosity supersolution of (|1.8))
by Deﬁnitz’on and u s a viscosity subsolution of (L.8]) by Deﬁnz’tion then u is

a discontinuous viscosity solution of (|1.8]).
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Until now, we have formulated continuous exit time problems in a fully de-
terministic sense. But what happens if a potentially plan-altering event occurs
nearby before reaching the target set 77 For example, pedestrians arriving at a
crosswalk at some rate may force the driver of an oncoming vehicle to come to an
unplanned stop, thereby adding extra time to the trip duration. Or, a predator
stalking prey along a well-known trajectory to their feeding location may have to
abruptly change their course if the prey gets spooked and decides to run away
from the predator. In situations where the time at which a (potentially) disruptive
event occurs can be modeled as the result of a Poisson point process with rate A,
it is possible to formulate a stochastic version of the continuous indefinite hori-
zon problem which directly takes into account the probability of disruption in the

planning process itself.

In [5], Andrews and Vladimirsky introduce a mathematical framework for min-
imizing the expected cumulative cost incurred until the process terminates at time
T (i.e., the time of disruption) or upon reaching 7, whichever comes first. They
specifically consider cases where the termination time follows an exponential dis-
tribution (i.e., P(T > t) = e ), and show that for an undiscounted indefinite

horizon problem, the goal is to find a control a € A which satisfies

acA

u(@) = inf Bp { / K(y(s),als))ds + 5<y<f>>} NG RE)

For small 7 > 0, the value function satisfies the dynamic programming principle,
and standard Taylor expansion arguments can then be used to derive the following

stationary PDE,
0= 15161}‘1 {K(z,a)+ Vu(x) - f(x,a)} + \(6(x) — u(x)). (1.12)

Although X is assumed to be constant in their original analysis, this approach is

suitable for time and state dependent rates as well. The stationary HJB encoding
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the control problem in such cases is of the same form as Equation (1.12)), with the
state and / or time dependence included in A as appropriate (see e.g., [51 [50] for

additional examples).

In Chapter [4 we apply this framework to determine energy-optimal flight tra-
jectories for a pursuer attempting to capture an evader whose escape attempt time
T occurs as a result of a non-homogeneous Poisson point process. The rate function
A(z,1), is both state and time dependent as z is the pursuer’s position at time ¢.
The relevant HJB equations, the details of the numerical methods implemented to

solve the PDEs, and simulation results are discussed in that portion of the thesis.

1.3 An Overview of Continuous Finite Horizon Problems

We conclude our survey of deterministic optimal control with a discussion of con-
tinuous finite horizon problems. The setup of such problems is very similar to the
continuous exit time setting, but now, the planner aims to minimize the cumula-
tive cost up to a specified time, T. The cumulative cost incurred during the time

period [¢,T] while using control a(t) is

J(x,t,a( / K(y(s),a(s))ds + 6(y(T)), (1.13)

where just as before, §(y(7')) is a (possibly) nonzero penalty paid at the terminal

time. Thus, the value function is defined as

u(x,t) = a(i.r)lgA {J(z,t,a())}, (1.14)

where o is the starting state at time ¢ and A is the set of admissible control

functions. For small 7 > 0, the value function adheres to the dynamic programming
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principle

u(x,t) = inf {/ K(y (s))ds+u(y(t+7),t+7)}. (1.15)

a(-)eA
Taylor expanding the right hand side of yields the governing time-dependent
HJB equation,
O:ut—i—{lneig{K(a:,a)—i—Vu(m) - f(xz,a)}, (1.16)

with the terminal condition u(x,T) = §(x).

As is the case for the continuous exit time problems, the value function may
not be differentiable everywhere in © x [0, 7]. The value function has been shown
to be a time-dependent viscosity solution of [7. It is straightforward to
extend the definitions of continuous and discontinuous viscosity solutions from the
stationary case to the time-dependent scenarios. Using the Hamiltonian®| defined

in ((1.10)), we define the time-dependent viscosity solution in the following sense.

Definition 3 (Continuous Viscosity Solution - Finite Horizon). Suppose that the
value function u(x,t) is continuous but not necessarily differentiable throughout

QO x RO’J’,.

1. w is a wviscosity subsolution of the time-dependent HJB equation if for any
test function (x,t) € C(2 x Ro4) such that w — ¢ has a local maximum

at (2o, ty) € Q2 x [0,T], the following holds:

Uy + H(xo, V) >0

2. w is a viscosity supersolution of the time-dependent HJB equation if for any

test function P(x,t) € C*(Q x Ro ) such that u — 1 has a local minimum

6Tn the time-dependent setting, the Hamiltonian is usually defined as a function of x, ¢, and
p. This is done when K and f are time-dependent. However, none of the finite horizon problems
considered in this thesis have time-dependent cost or dynamics, so we omit the t-dependence in
our Hamiltonian here.
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at (xg,ty) € Q2 x [0,T], the following holds:

Y+ H(xo, Vip) < 0.

If both [1] and [ simultaneously hold, then u is a continuous viscosity solution of the

time-dependent HJB PDE given in (1.16|).

In the time-dependent setting, the wupper semicontinuous envelope of u is
u(x,t) = Hmsup ) w(y,t), and the lower semicontinuous envelope of u
is u(z,t) := liminf(y )@ u(y,t). The discontinuous viscosity solution of the

time-dependent HJB equation is then defined as follows.

Definition 4 (Discontinuous Viscosity Solution - Finite Horizon). Suppose that
the value function u(x,t) is a locally bounded function from Q x Ry to R. If
u(x, t) is a viscosity supersolution of by Definition[3, and u(z,t) is a viscosity
subsolution of by Deﬁmtion@ then u s a discontinuous viscosity solution to

the time dependent HJB equation in (1.8)).

In the real world, the termination time 7' may not be known with certainty at
the beginning of the process, but instead, it will be revealed later on. In this case,
T can be treated as a random variable which follows a probability distribution
that reflects the likelihood of a specific plan-disrupting event occurring, or it could
reflect the amount of information that the controller has about the possible values
for T at the present time. In the former setting, if the termination event occurs
as the result of a non-homogeneous Poisson point process with a time and control-
dependent rate, the value function will be time-dependent. It can be shown that
the value function satisfies a time-dependent version of the HJB equation given in

(1.12). We present an example of this case in Chapter {4| as it arises in determining
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energy-optimal flight trajectories for a pursuer trying to capture an evader who

may be spooked and attempt to escape at an unknown time 7'.

In the latter setting, 7" may not be known with certainty at the beginning but
the controller knows a probability distribution over the possible termination times.
Each instance that termination does not happen at one of the possible times, the
controller gains new insight into which of the possibilities is the true value of T,
and the probability distribution is updated accordingly. This approach was first
studied by Qi et al in [83] for discretely distributed 7" and exponentially distributed
T. In the discretely distributed case, they showed that the value function can be
determined by solving a sequence of time-dependent HJB PDEs defined in the time

period between successive pairs of possible T' values.

In Chapter [3| we illustrate a novel application of this case by considering the
problem of a driver trying to optimize their route to a destination through a
signalized intersection whose green light duration is unknown. We assume that
the driver faces a steady green light at the start of the planning process and only
knows a discrete distribution over possible times at which it will turn yellow,
Ty. The driver balances multiple objectives (e.g., fuel use, time to destination,
and comfort) while aiming to select an optimal braking / acceleration policy that
yields the minimum expected cost to their destination with respect to the discrete
distribution on Ty. We show that the optimal driving policy can be recovered by
solving the appropriate sequence of time-dependent HJB equations that hold in

between each of the possible values of Ty .
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Thesis Chapters and their Associated Publications

Chapter 2] is based on a paper [49] co-authored with Alex Vladimirsky which
was accepted for publications in INFORMS Mathematics of Operations Research
(MOR) in March 2025. Chapter |3 is based on a paper [48] co-authored with
Alex Vladimirsky which was published in IFAC-PapersOnline in September 2022.
Chapter {4 is based on the paper [47] published in IEEE Control Systems Letters in
November 2024, although we note that the material discussed in the thesis chapter

presents significant modifications to the original journal version.
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CHAPTER 2
MONOTONE CAUSALITY IN OPPORTUNISTICALLY
STOCHASTIC SHORTEST PATH PROBLEMS

Sequential decision making under uncertainty is ubiquitous in science and engineer-
ing. If the duration of the process is not known in advance and the termination
results from entering a specific part of state space, this is often modeled as a
Stochastic Shortest Path (SSP) problem [18]. SSPs arise naturally in diverse ap-
plications including aircraft routing [58] and optimal scheduling in wireless sensor
networks [27]. Unfortunately, solving most SSPs is computationally expensive and
is usually accomplished iteratively. In this work, we introduce a subclass of SSPs
called Opportunistically Stochastic Shortest Path (OSSP) problems, in which one
can always use deterministic transitions at each stage, but opting for stochastic
transitions can often yield a lower cumulative cost. We derive a number of sufficient
conditions on the OSSP’s transition cost function to guarantee the applicability
of non-iterative label-setting methods. Our conditions cover problems with finite
and infinite action spaces, make no assumptions about the smoothness of tran-
sition cost functions, and are naturally satisfied by many OSSPs arising in very
different applications (e.g., autonomous vehicle routing models and discretizations

of partial differential equations in optimal control theory).

The state space of an SSP is usually identified with nodes of a finite graph,
with a separate set of actions available at each of them. Each chosen action incurs
an instantaneous cost and yields a probability distribution over possible successor
nodes. The goal is to choose actions that minimize the expected total cost accumu-
lated by the time we reach the pre-specified target. The value function is defined by

minimizing the expected cumulative cost starting from each of the n nodes, and it
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can be recovered by solving a system of n coupled non-linear optimality equations.
But unlike in the case of fixed-horizon Markov Decision Processes, for general SSPs
the direction of information flow is not a priori obvious (i.e., the dependence of
the nodes/equations usually does not have an obvious tree-like structure). As a
result, iterative methods are generally unavoidable in computing the SSP value
function. This is expensive even in “causal” SSPs, for which the convergence is
obtained in finitely many iterations: even if we assume that the optimal action
at any single node can be found in O(1) operations once the value function is al-
ready known at all possible successor nodes, the iterative process yields the overall
computational cost of O(n?). In deterministic shortest path problems with non-
negative transition costs and bounded node outdegrees, such iterations are avoided
by using more efficient label-setting algorithms: most notably, Dijkstra’s [37] and
Dial’s [36], achieving the computational cost of O(nlogn) and O(n) respectively.
It is thus natural to consider whether these non-iterative methods are applicable
to any broad class of SSPs as well. The previous attempts to answer this question
yielded either implicit conditions that could be only verified a posteriori [14] or a
priori verifiable sufficient conditions that were fairly restrictive (e.g., relying on a
very rich set of available actions and smoothness of the cost function) [105]. The
OSSPs studied in this paper significantly broaden this class, with simple explicit
criteria for “monotone causality” (the property that ensures the applicability of

label-setting) and far fewer assumptions on the problem data.

We begin with a quick introduction to general SSPs (and the “pruning
process”, which allows reducing their action sets without altering the value func-
tion) followed by a formal definition of OSSPs. For the latter, the sufficient con-
ditions for applicability of Dijkstra’s and Dial’s methods are then developed in

We then proceed to demonstrate the usefulness of OSSPs in analyzing the
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computational (causal) properties of semi-Lagrangian discretizations of stationary
Hamilton-Jacobi-Bellman (HJB) partial differential equations (PDEs) with differ-
ent types of anisotropy. The fact that many semi-Lagrangian PDE discretizations
can be re-interpreted as SSPs is well-known [67]. But our analysis in yields (a)
a simplification and geometric interpretation of prior disparate criteria for appli-
cability of Dijkstra’s method and (b) new sufficient conditions for the applicability

of Dial’s method to HJB discretizations.

OSSPs also provide a particularly attractive modeling framework for discrete
problems in which the key choice is between maintaining the status quo or pushing
(with some degree of urgency) to enact a specific change. This corresponds to
OSSPs in which every action yields at most two possible successor nodes. One very
natural example of this is a decision on whether (and when) to change lanes while
driving. In §2.4] we show how OSSPs can be used in autonomous vehicle routing
problems. The standard driving directions provide turn-by-turn instructions for
reaching the target. But our OSSP model also answers finer-scale tactical questions
based on heterogeneous traffic conditions: where, when, and with what urgency
should a car try to change lanes along the way? And what should be done if an
attempted lane change fails? The success of lane change maneuvers is inherently
uncertain, and failure to take this into account during the planning process may
result in sub-optimal performance or even an unsafe driving experience. Our work
in that section provides an alternative to a model recently introduced by Jones,
Haas-Heger, and van den Berg [62]. That earlier paper has showed the applicability
of Dijkstra’s method to a specific SSP-based routing model that allowed “tentative”
and “forced” lane change maneuvers. The modeling framework in goes much
farther, allowing for a continuous spectrum of lane change urgency and a variety

of cost functions treatable by label-setting methods.
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We conclude by discussing the current limitations of the OSSP framework and

possible directions for future work in §4.5

2.1 SSPs and OSSPs

2.1.1 General Stochastic Shortest Path Problems

Let X = {x1,...,@,, ®,11 = t} be the set of all states (nodes), where the last
one encodes the target (destination). A sequence (yg)g—o1.. reflects a possible
stochastic path, where each y, € X denotes the state of the process at the k-th
stage (i.e., after k transitions). We use A(x;) to denote the set of actions available
at a state x; € X and A = J,.y A(x) to denote the set of all actions. Choosing
any action @ € A(x;) incurs a known cost C'(x;, a) and yields a known probability
distribution p(«;,a,x;) = p;j(a) over the possible successor nodes for the next
transition; i.e., if an action @ € A(yy) is chosen at the k-th stage of the process,

then P(yx+1 = x;) = p(yx, @, x;) for all x; € X.

The target node is assumed to be absorbing and no additional cost is incurred
after we reach it; i.e., p(t,a,t) =1 and C(t,a) = 0 for all @ € A(t). The decision
maker’s goal is to choose actions to minimize the expected cumulative cost up to
the target. This is done by optimizing over the set of control policies. A function
e X — Ais a control mapping if u(x) € A(x) for all x € X. A control policy is
an infinite sequence of control mappings m = (g )k—0.1,.. to be used at respective

stages of the process. The expected cost of using a policy 7 starting from any node
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Yo = « is defined as

J(@,m) =B > C(ye lyr) | vo=2|, (2.1)

and the value function U(x) denotes the result of minimizing the expected cost
starting from a:

U(@) = inf J (x, m). (2.2)

With a slight abuse of notation, we also use the symbol u to refer to a stationary

policy (i, f, . . . ) that uses the same control mapping u at each stage of the process.

The theory of SSPs was developed to describe a broad class of models, includ-
ing those with infinite and even continuous action spaces. As shown in [18], the
following five assumptionsﬂ guarantee that the infimum in is actually attained
and that there exists an optimal stationary policy p* which attains this minimum

for every starting state x € X:

(A1) A(x;) is compact for all ; € X.
(A2) C(x;,a) is lower semicontinuous over A(x;) for all ¢, € X.
(A3) pi;j(a) is continuous over A(x;) for all ; and x; in X.

(A4) There exists at least one policy which results in arriving at the target with
probability 1 from every starting state. We refer to policies of this type as

proper and all others as improper.

(A5) Every improper policy yields an infinite expected cost starting from at least

one node.

Throughout the paper, we will also impose a stronger cost-positivity assumption

'Tf the set of available actions is finite, the existence of an optimal stationary policy can be
demonstrated without these additional assumptions [44].
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(A5’) C(x,a) >0, Ve € X\ {t}, a € A(x).

This is a necessary condition for the applicability of label-setting methods, which
will be discussed in detail in We note that (A[l)) and (Al2) make (Af) a
trivial consequence of (A5’). If C' is also bounded from above, the existence of a

proper stationary policy implies that U(a) is finite V& € X.

For simplicity of exposition, we will further assume the lack of self-transitions

on X \ {t}; ie.,
(A6) p(xz,a,xz) =0, Ve € X \ {t},a € A(x).

This is not really restrictive since self-transitions can be removed without affecting
the value function. Indeed, whenever p;;(a) > 0 for x; # t, one can obtain an SSP
with the same value function by switching to
N O(zi, a 0 if j =1,
C(wia a’) = ( ) )
1 - pi(a) pa) e

1—pii(a) if j # 4;
Replacing p(a) by p(a) is an example of “oblique projections,” in which one of
the possible successor nodes is excluded and its probability is redistributed among

other successor nodes proportionally. We will later employ a similar approach in

proving causal properties of SSP problems.

For notational ease, denote U(x;) as U; and A(x;) as A;. The value function

can be computed by solving a coupled system of dynamic programming equations

n+1
U; = min {C’(mi,a)—f—Zpij(a)Uj}, fori=1,...n;
j=1

acA;

Un+1 == 0, (23)

25

and  pi(a) = for j=1,---

,n+1.



and the optimal control mapping p* can be obtained by using any action from the
T
argmin in (2.3)). In vector notation, U = th . Un] is a fixed point of the

operator 7 : R” — R" defined componentwise as

acA;

(TW); = min Fi(a, W),  where F;(a, W) = C(zi,a) + ¥ _pij(a)W;. (2.4)
j=1

This F;(a, W) represents the expected cost-to-go from x; when using a € A; for
the first transition and under the assumption that the remaining expected cost-to-

go is encoded in W € R".

It is often useful to consider “stochastic connectivity” of various nodes in an
SSP. Focusing on any specific x;, we define the set of potential successor nodes
I(a) = {x; € X | pij(a) > 0} for each action a € A;. The set of all possible
successor nodes from ; is then defined as N'(x;) = Ugea, Z(a) ={z; € X | Ja €
A; st. pj(a) > 0}. The SSP’s transition digraph G can then be defined as a
network representation of all possible transitions to successor nodes from each
x; € X under all available actions in A;. We provide two simple examples in

Figure with each possible x; — @; transition indicated by a dashed arrow.

Since this perspective aggregates transitions possible under all available actions,
a transition digraph captures only the global (topological) structure of the SSP,
which is typically insufficient to infer the optimal policy. But the practicality of
a computational method based on fixed-point iterations to determine U depends
heavily on whether G is acyclic (as in Figure[2.1a)). Even for large acyclic SSPs, it
is easy to compute U efficiently via an iterative process. But if G contains cycles
(as in Figure 2.1(b)), the number of iterations can be prohibitive, particularly
when n is large. In such cases, faster non-iterative algorithms described in §2.2)

provide an attractive alternative, whenever they are applicable. Unfortunately,

their applicability to each specific SSP problem can be hard to verify a priori. In

26



this paper, we show how this can be done by checking simple, explicit conditions

on C(zx, a) for a broad subclass of SSPs defined in §2.1.3

Figure 2.1: Transition digraphs for two simple SSP examples. The target node is
marked by ¢, and the possibility of a transition from node x; to a suc-

cessor node x; is indicated by a dashed arrow.

2.1.2 Randomized Policies, Dominated Actions, and Con-

vexified Cost

The above definition of control policies selects state-dependent actions determinis-
tically. It is well known that extending SSPs to randomized control policies (which
select actions probabilistically) does not lower the value function. Nevertheless,
this generalization is very useful in proving the properties of OSSPs in §2.2] In
addition, it can be also used to justify a reduction of the action space in general

SSP problems.

In this section, we will refer to all actions available in the original SSP as “pure”
to distinguish them from the “relaxed” /mixed actions allowed here. Suppose the
set of pure actions A, is finite and A = (A1,..., A4,)) is some probability distribu-

tion over it. Preparing for a transition from y; = «;, one can implement a mixed
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(or relazed) action a, by selecting each a, € A; with probability A,. This requires
extending the definition in (2.4) to use

|A:]
Filay, W) =>_ \Fi(a,, W)
r=1

and minimizing over all such A’s when computing (7 W);. Of course, this also
includes all pure actions since A might be prescribing a single a, € A; with prob-
ability one. We will refer to the problem based on such relaxed actions as rSSP.
But it’s easy to see that the value function of this rSSP is actually the same as in
the original SSP since

a, € argmin F;(a, W) — Fi(a., W) < Fi(a,, W) (2.5)

acA;

for all probability distributions A. Thus, there exists an optimal stationary policy
for rSSP that uses only pure actions. (The same conclusions also hold for a general

compact A;, except that A\ would need to be a probability measure.)

We will say that two pure actions a,a € A; are transition-equivalent if p;j(a) =
pij(@). Clearly, if they are transition-equivalent and C(x;,a) > C(x;, a), then a
can be removed from A; without affecting the value function. This pruning idea

can also be extended to use relaxed actions.

Definition 5 (Transition-equivalent Relaxed Actions). Given a set of pure actions
{ai,....,a;} C A; and a probability distribution over them X\ = (A\1,...,\), we say
that the corresponding relazed action a, is transition-equivalent to a pure action
acA;if

!
pij(a) = pi(ay) = Z)‘rpij(ar)7 Ve; € X. (2.6)
r=1

We will also use A(a) to denote the set of all relaxed actions that are transition-

equivalent to a.
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Definition 6 (Dominated, Replaceable, and Useful Actions). An action a € A;
is probabilistically dominated if there exists a transition-equivalent relaxed action
a, € A(a) such that the resulting expected cost of the first transition is lower with
a,; ie.,

C(xi,a) > C(x;,a,) = Z)\TC(a:i,ar). (2.7)

We will say that an action a € A; is replaceable if there exists a set of actions

{ai,...,a;} C A; and a probability distribution over them A = (Ay,..., \;) such that

e none of the a,’s are individually transition-equivalent to a but a, € A(a);

e the expected transition cost is the same; i.e., C(x;,a) = C(x;,a,) =

!
> NCl(xi, a,).

r=1

We will say that a pure action a € A; is (potentially) useful in an SSP if it
is not probabilistically dominated or replaceable, with A} denoting the set of all
such actions. In view of , whenever a € A; is probabilistically dominated or
replaceable, there will always exist another a € A; which is at least as good of a

choice at x;.

Observation 1. Suppose a € A; is not useful. Then, for every W € R", there
exists another action a € A;\{a} such that F;(a, W) > F;(a, W). So, removing
this a from A; will not affect U; regardless of the U; values at any potential successor
nodes. The SSP based on A}'’s instead of A;’s will have exactly the same value

function.

Proof. Suppose a is probabilistically dominated (or replaceable) by some a, and

a € argming, ¢ 4(q,) Fi(ar, W), where A(a,) C A; is the set of pure actions selected
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by a, with positive probability. Then

n l n
Fi(a,W) = C(z;,a) +szj(a)VVj > Z)\TC<Q:’£7G’T) +Zpij(a>vvj =
j=1 j=1

Since the above definitions are fully based on the cost C(x;, ), the set of “po-
tentially useful” pure actions is defined locally for each x; and independently of the
global properties of the SSP. The corresponding pruning of the action space can
be performed as a pre-processing step to speed up the computation of the value
function, which might be particularly worthwhile if one needs to solve a family of

related problems; e.g., differing only by the identity of the target t € X.

Geometric Interpretation: Once A; no longer includes any transition-equivalent
elements, it is often convenient to identify the remaining pure actions with their
corresponding probability distributions over successor nodes. Suppose N (x;) =

{z1,...,2n} C X is a set of all possible immediate successors of @; and let

S ={€= (&, 6m) | G4 A &n=Tland&>0forj=1,...,m}

denote the (m — 1)-dimensional probability simplex. We can then take A; to
be a subset of =, and £ € A; implies p(x;,§,z;) = & for j = 1,...,m. The
cost of the next transition is then C(a;, &) though we will also use the notation
C(&) or C(&, .., &) whenever x; € X is clear from the context. Allowing the
use of relaxed actions in rSSP is equivalent to switching from A; to its convex

hull A° C E,,. Using the best relaxed action in each transition equivalence class
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essentially replaces C' with its lower convex envelope

C§) = afgiAI(l@ Cla,) V€€ AY, (2.8)

where a, is specified by some choice of A € =,,, and {&;,...,&,} C A; that satisfy
& =" &y for j=1,...,m while C(a,) = 3.7, \.C(,). The resulting C
is convexP] and thus continuous on the interior of A% (and lower semi-continuous
on 0A{°). The pruning outlined above is possible because the minimum in
can only be attained at & € A; if C(¢) = C(&). If an optimal £ is replaceable,
that same minimum will be also achieved by another (non-replaceable) action. An
action &€ € A; is “useful” if and only if (&, C'(£)) is an extreme point of the epigraph

of C.

For a concrete example, consider an SSP whose transition digraph is represented
in Figure (b) Focusing on @, there are two possible successor nodes, x; and
@5. In this case, we can identify & = (1 — p,p) € Z; with p € [0, 1], which makes
it convenient to visualize K(p) = C (1 — p, p) and its convexified version K(p) =
C'(1—p,p). In many SSPs, it is natural to consider a continuous spectrum of
actions; in other applications, the set of actions is discrete and finite. To illustrate
the most general case, we will suppose here that x; has a “hybrid” action set; e.g.,
Ay =la,alU{ay,...,as}. We will further suppose that some of these actions are
transition-equivalent (yielding the same probabilities of transition to xs and @x5),
which makes the graph of K(p) multivalued and possibly discontinuous. Figure
illustrates the deterministic and probabilistic pruning process at x;. Once the
transition-equivalent pure actions are removed (crossed in red in Figure [2.2{(a)), we
can perform additional pruning based on relaxed actions (Figure[2.2b)). Although
the value function remains unchanged during the convexification procedure, it is

clear now that the optimal action at ; will come from the set Aj.

2The same “cost convexification” approach has also been used in [41, Lemma 6.
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Figure 2.2: Example of deterministic (panel (a)) and probabilistic (panel

2.1.3 Opportunistically Stochastic Shortest Path Prob-

We now focus on a specific subclass of SSPs, in which every stochastically realizable
path is also realizable using only deterministic actions (i.e., any pure action a €

A; for which Z(a) is a singleton). Later, we will demonstrate their usefulness

(b)) pruning of the action set when m = 2. Depicted action
choices at the node x; in Figure 2.1(b), with transition probabil-
ities P(x; — x5 | @) = p(a) and P(x; — x2 | a) = 1 —p(a). The
specific cost function K (p(a)) is chosen for the sake of illustration
only. Many application-motivated examples of cost functions are
considered in and §2.4] Panel (a): The transition probabili-
ties associated with each action in A; = [a,a]U{a,,...,as} are
indicated in green on the p-axis. During the deterministic prun-
ing process, all actions a € A; that are transition-equivalent to
another action @ € A; with K(p(a)) > K(p(a)) are removed
along with the corresponding portion of the transition cost curve
(crossed in red). Panel (b): Following the deterministic pruning,
we obtain K (p) by taking the lower convex envelope of K (solid
and dashed purple curve), and the resulting A$° is indicated in
orange above the p-axis. Replaceable actions a’ and a; are also
removed at this stage. The transition probabilities associated
with the remaining useful pure actions A} are indicated on the
p-axis in solid purple, and their corresponding transition cost val-
ues are also marked in solid purple along K.

lems
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in approximating solutions of continuous optimal control problems (§2.3) and in

routing of autonomous vehicles (§2.4)).

Definition 7 (OSSP). We will refer to an SSP as Opportunistically Stochastic
(OSSP) if

da € A; s.t. pij(a) >0 — da € A; s.t. pi(a) =1 holds for all i and j.
(2.9)

If the set of potential successor nodes N (x;) has m elements, then the post-
pruning A¥ can be identified with a subset of =,,, which in an OSSP will include
all vertices of this probability simplex, encoding deterministic transitions. Corre-
spondingly, the randomized-policy version of this problem (rOSSP), would have

the action set A = =,,.

We note that the OSSPs are also closely related to Multimode Stochastic Short-
est Path (MSSP) problems introduced in [I05]. MSSPs are based on a more strin-
gent requirement that, whenever some nodes are possible successors of x; under
any specific action, then every probability distribution over those same successor
nodes must be realizable. To be more precise, the modes in MSSPs are defined
as subsets of X = {x1,...,x,,t}, describing possible successor nodes under each
particular class of actions. Each non-terminal node & € X\{t} has its own set of
such modes, denoted S(x), and each mode s € S(x) can be specified by enumer-
ating the nodes in it; i.e., s = {2§,...,2},} C N(z) C X \ {z}. MSSPs are built

on two critical assumptions:

M1) any available action has all of its successor nodes in one of these modes;
Yy
ie.,

Ve, € X,a € A(x;) ds e S(x;) s.t. Z(a) C s;
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(M2) every probability distribution over the set of successor nodes in any mode

is achievable via some action; i.e.,
Vo, € X\{t}, s € S(x;), and £ € Z;) TJa € A(x;) s.t. p(xi,a,2,) =&, Vz, € s,

where Zj is the (|s| — 1)-dimensional probability simplex.

Thus, a decision at each stage of an MSSP is twofold: a deterministic choice of
a mode and a choice of a probability distribution over the possible successor nodes
in that mode. This makes it natural to represent the actions as a = (s, €) € A(x),

where & € =), and then re-write the optimality equation ([2.3]) as

|s|

Vi(@) = min § C*(2,6) + 3 _&U(2)) ¢,

Sl r=1
U(x) = sgi(r;) Vi(x), Vo € X\{t},
U(t) = 0. (2.10)

OSSP is a generalization of MSSP since the assumption ( implies the avail-
ability of deterministic transitions from x; to each z, € s € S(x;). Unless an MSSP
is fully deterministic, it must also include a continuum of actions spanning entire
probability simplexes corresponding to each mode, making all modes “perfect” in
this sense. This clearly does not have to be the case in general OSSPs, for which

each AY¥ might be a proper (or even finite) subset of the probability simplex.

On the other hand, for any given OSSP, it is easy to construct an MSSP
with the same value function; e.g., by using the convexified cost C' instead of the
original C'. To have a single mode at every node, one can define S(x) = {s}

with s = N(z) = |J Z(a), and then use the convexified cost C' instead of the
acA(x)
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original C'. The action set A(x) can be then extended by adding all relaxed actions

to satisfy (M]2)).

It is worth noting that in the definition of C, the result will not change if the
relaxed actions are formed by only using pure actions @ such that Z(a) C Z(a).
(In all other cases, a, € A(a).) This suggests a natural approach to introduce a
minimal set of “imperfect modes” in OSSPs. We will say that s C N(x) is an
imperfect mode if 3a € A(x) s.t. s =Z(a) but Aa € A(x) s.t. sis a proper subset
of Z(a). (This ensures that a mode is never a subset of another mode.) An action
a € A(z) is associated with a mode s € S(zx) if Z(a) C s. Thus, every action
is associated with at least one mode and might well be associated with multiple

modes simultaneously.

To provide a concrete example, we focus on the node x4 in Figure (b)
and consider A(xg) = {a,...,a10}, where the first five actions are deterministic

(Z(a;) = {x;}, 7 =1,...,5) while the rest of them are not:

I(as) = {1, x2}, Z(a7) ={zz, @3}, ZI(as) = {x3, T4},

I(ag) = {w17932,333}, I(alo) = {3317932,334}-

Based on the above definition, N(xg) = {@1,...,x5} and S(x) = {sy, ..., s4} with
s1 = {@x1, x2, x3} (associated actions: ai,as, as,ag, ar, ag), so = {1, T2, x4} (as-
sociated actions: ai, as, a4, ag, ao), s = {xs, x4} (associated actions: ag, a4, asg),
and sy = {x5} (associated action: as). Compared to MSSPs, these modes are
“imperfect” since ( is violated. But each mode can be “perfected” without
changing the value function by including relaxed actions and using C' to define

their cost.
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2.2 Label-Setting and Monotone Causality in OSSPs

Since the value function U = [Uy, ..., U,]7T is a fixed point of the operator 7 defined
in , the simplest approach for computing U is through value iterations (VI),
in which one starts with an initial guess W° € R" and updates it iteratively by
taking W*t! = TWP*. The operator T is generally not a contraction unless all
stationary policies are known to be proper [I§]. But Tsitsiklis and Bertsekas have
shown that assumptions (A1)-(A5) guarantee that this fixed point is unique and
W* — U as k — oo regardless of W0 [18]. Unfortunately, for a general SSP, this
does not necessarily occur after any finite number of iterations. The convergence
can be slow and the VI algorithm is often impractical for large problems. Finding
computationally efficient alternatives to these basic value iterations has been an
active research area in the last several decades. One obvious direction is to use
a Gauss-Seidel relaxation (GSVI), where the components of W**! are computed
sequentially and the previously computed components are immediately used in

computing the remaining ones; i.e.,

mk+l _ mlnﬁ (CL, [ 1k’+1’.“7mﬁtl’w,k7...7Wf]T) .

ClEAi ¢

But the efficiency of this approach is heavily dependent on the ordering imposed
on the nodes/states in X even if the convergence is achieved in finitely many steps.
E.g., for the very simple example in Figure (a), GSVI will require 3 iterations to
converge with the default node ordering though only 1 iteration would be needed
if the ordering were reversed. More generally, this difference in the number of
needed iterations can be as high as O(n). To address this, some implementations
of GSVI alternate through several orderings that are likely to be efficient [20]. In
others, the so called label-correcting methods, the next node/state to be updated is

determined dynamically, based on the current vector of tentative labels (or values)
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W and the history of updates up till that point [11], [78, 15, 17, 53]. Some of these
methods were originally developed for the deterministic shortest path setting, but
have since been adapted to SSPs as well, particularly when used to discretize

Hamilton-Jacobi equations; e.g., [81], 19, [6].

Other notable approaches include topological value iterations (in which the
topological structure imposed on X by A is taken into account to attempt splitting
an SSP into a sequence of causally ordered subproblems) [33, 34], policy iterations
(in which the goal is to produce an improving sequence of stationary policies (p),
with U recovered as a limit of their respective policy value vectors) [59], and hybrid

policy-value iterations [104].

Here we are primarily interested in a subclass of SSPs for which VI actually
does converge in at most n iterations regardless of W°. (Typically, this happens
when at least one element of W* becomes newly converged in each iteration.) But
even assuming the minimization in can be performed in O(1) operations,
the computational cost of a single value iteration is O(n), which yields the overall
cost of O(n?) up to convergence. In such SSPs, the same worst-case O(n?) com-
putational cost also holds for all VI variants mentioned above, while the policy
iterations would still require an infinite number of steps for full convergence if
the action sets A; are infinite. In contrast, our goal is to obtain U in O(nlogn)
or O(n) operations, bounding the number of “approximate U;” updates based on
that node’s stochastic outdegree (i.e., |[N(x;)|) rather than on the overall num-
ber of non-terminal nodes n >> maxg, |V (x;)|. For the deterministic shortest path
(SP) problems, this cost reduction is accomplished by the classical label-setting
methods reviewed in §2.2.1 We then describe the prior (implicit) conditions for
their general SSP-applicability in , and derive new (explicit) conditions for
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their OSSP-applicability in §2.2.3]

2.2.1 Label-Setting Methods for Deterministic SP Prob-

lems

Classical shortest/cheapest path problems on directed graphs can be interpreted
as a subclass of SSPs in which all actions yield deterministic transitions. In that
setting, C;; = C(x;, ;) encodes the cost of a direct (x; — x;) transition, with
the set of potential successor nodes denoted N; = N(x;) = {x; € X | C;; < oo}.
We will further assume that C;; > ¢ > 0. The value function satisfies the following

dynamic programming equations:

x;EN(x;)
with U(t) = 0. Efficient algorithms for solving (2.11]) are well-known and covered

in standard references (e.g., [2, [14]), but we provide a quick overview for the sake

of completeness.

The key idea of label-setting methods is to re-order iterations so that the ten-
tative value of each node x; is updated at most |N;| times. This yields a significant
performance advantage over value iterations, particularly when the outdegree of
nodes is bounded and relatively small, x = max;|N;| < n. Since the number
of updates per node is bounded by k, such methods are also often considered
noniterative. The non-negativity of transition costs implies a monotone causality
property:

U; may depend on U; only if U; > U;. (2.12)

If all Cj; > 0 and nodes could be ordered monotonically based on U;’s, GSVI would
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converge in a single iteration. But since such an ordering is not known in advance,
it has to be obtained at run-time. Dijkstra’s algorithm [37] accomplishes this by
recomputing tentative labels V; while maintaining two lists of nodes: the list of
known/converged nodes K = {x; | V; = U; is confirmed} and the list of tentative
nodes L = X \ K for which V; > U;. The basic version of this algorithm starts
with V(t) = U(t) =0, K = {t}, and V; = o0 for all ; € L = X \ {t}. At
each stage of Dijkstra’s method, the node & with the current smallest finite value
in L is moved to K, and other tentative nodes adjacent to it (i.e., all &; € L s.t.
& € N;) are updated by setting V; := mjrer}\if%K {Ci; +V;}, or, more efficiently, by
using V; := min (V;, C(x;, &) + V(&)) . The process terminates once L = () or once
all values remaining in L are infinite. (In the latter case, the nodes remaining in
L are not path-connected to t.) The method terminates after at most kn updates
and yields the correct U; values even if 6 = 0. To identify @ efficiently, L is typically

implemented using heap-sort data structures, resulting in an overall computational

cost of O(nlogn).

If 6 > 0, the nodes whose tentative values are less than 6 apart cannot depend
on each other. This makes it possible to use another label-setting method due
to Dial [36], in which the tentative values are not sorted but instead placed into
“buckets” of width §. At each stage of the algorithm, all tentative nodes in the
current smallest bucket are moved to K simultaneously, and all tentative labels of
nodes adjacent to them are updated, switching these adjacent nodes to new buckets
if necessary. Since inserting to and deleting from a bucket can be performed in
O(1) time, the overall computational complexity of Dial’s method is O(n). Unlike
Dijkstra’s algorithm, Dial’s method is also naturally parallelizable. Nevertheless,
which of them is more efficient in practice depends on the properties of the SP

problem.
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2.2.2 Applicability of Noniterative Methods to general

SSPs

Avoiding iterative methods in general SSPs is usually harder. Given any stationary
policy p, one can define the corresponding dependency digraph G, by starting with
the nodes X and adding arcs wherever direct transitions are possible under p. (I.e.,
adding an arc from x; to x; whenever p;; (u(x;)) > 0.) We will call an SSP causal
if there exists an optimal stationary policy p* whose dependency digraph G . is
acyclic. As noted in [I4, Volume 2, §2.3.3], value iterations on any such causal
SSP will converge to U after at most n iterations. If one were to use a reverse
topological ordering of G . to sort X, the GSVI algorithm would converge in a
single iteration. This property is trivially satisfied by special explicitly causal SSPs,
in which the dependency digraph of every stationary policy is acyclic (and thus
the transition digraph G is as well), making it easy to obtain the full U with only
n node value updates regardless of the properties of C. (This mirrors the fact that
Dijkstra’s and Dial’s methods are not really needed to find deterministic shortest

paths on acyclic graphs.)

Turning to a broader class of SSPs that are not explicitly causal, a natural
question to consider is whether the label-setting methods might be applicable.
Following Bertsekas [14], we will say that an optimal stationary policy u* is con-

sistently improving if, for all ; # t,
pij(p(x:)) >0 = U; > Uj. (2.13)

This property is a stochastic analogue of (2.12)). If such p* is known to exist, (2.13))

guarantees that an SSP-version of Dijkstra’s method will correctly produce U as
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its outpuiﬂ In terms of implementation, the only difference from the deterministic
SP case described in §2.2.1] is that, once & is moved to K, we would need to update
all x;’s such that & € N (x;) by using

Vi = min [V;, min F(a,V)]. (2.14)

a€A; s.t.
z€l(a)CK

Continuing this approach, we will say that an optimal stationary policy p* is

consistently d-improving if, for some 6 > 0 and all x; # t,
pij(p(xi)) >0 = U; > U; + 4. (2.15)

The existence of such a p* similarly guarantees the applicability of Dial’s methodﬁ
with buckets of width 4. If we assume that the minimization in (2.14) can be
performed in O(1) operations and stochastic outdegrees | (;)| are bounded by a
constant k, then the overall computational cost will scale the same way as in the

deterministic case: O(nlogn) for Dijkstra’s and O(n) for Dial’s method.

Definition 8. We will say that an SSP is monotone causal (MC) if at least one
of its optimal stationary policies is consistently improving. We will refer to an
SSP as monotone d-causal (0-MC) if that optimal stationary policy is consistently

d-improving.

Unfortunately, the above criteria based on (2.13)) and (2.15) are implicit and
hard to apply in practice since none of the optimal policies are known before

U is computed. Thus, it is natural to search for sufficient (0-)MC criteria that

3It might seem natural to pose a “U; > U. ;7 condition in , to fully mirror . But for
non-deterministic actions, this condition turns out to be too weak and may result in Dijkstra’s
failing to converge to U. See [105, Figure 1] for a simple example.

4Consistently d-improving policies were first defined in [105] with a strict inequality in
and & > 0. Since the buckets are non-overlapping and have a positive width J, we know that
(U; + 6) is never in the same bucket as U;. Thus, the above definition is more suitable to
guarantee the applicability of Dial’s method.

41



can be verified a priori and locally (e.g., based on the cost function properties
at each node / state) without considering the global structure of the SSP. The
first two such SSP examples were found by Tsitsiklis [101], 102], who used them to
apply Dijkstra’s and Dial’s methods to regular-grid semi-Lagrangian discretizations
of isotropic optimal control problems. Related and more general methods were
also developed by others (see the detailed discussion in , and the Multimode
SSPs were then introduced in [I05] — both to provide an overall structure for
discussing the label-setting in PDE discretizations and to show that the monotone
(0-)causality can be guaranteed even for some SSPs unrelated to optimal control
problems. The idea was to pose the sufficient conditions based on the cost C' only,
and have them verified on a mode-per-mode, node-per-node basis. Given the close
relationship between the OSSPs and MSSPs, it is worth highlighting the main
difference between the criteria in [105] and those developed below. In addition
to a restrictive condition (M2) described in the criteria developed in [105]
have either required C' to be concave or posed conditions on its derivatives, while

we allow C' to be merely lower semi-continuous.

2.2.3 Guaranteeing Monotone Causality in OSSPs

Consider an OSSP satisfying assumptions (A1)-(A4), (A5’), (A6), and (2.9).
Suppose an action @ € A; results in a list of possible successor nodes Z(a) =
{z1, ..., zm} C X \ {z;}, with the respective transition probabilitiesﬂ p(xi,a,z;) =
& >0forj=1,...,mand § = (&,...,&n) € int(Z,,). Assuming this a € A; is

not deterministic (i.e., m > 1) and choosing any specific r € {1,...,m}, we define

°Of course, these m, z;’s, and &;’s are always action-dependent. But for the sake of readability,
we do not indicate this in the notation whenever a specific action is clear from the context.
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Y = (Yr1s -, Yrm) to be an oblique (proportional) projection of £ as follows

Oa lf] == 7”;
Vrg =
&/(1—¢&), otherwise.

We note that once we omit the r-th zero component of ~,., it can be thought of
as a point in int (E(m_l)) . The set A(«y,) of relaxed actions transition-equivalent
to -, is nonempty, and the convexified cost of 4, can be defined as C(v,) =
Ming ea(y,) Clay).

Theorem 1 (Sufficient Monotone d-Causality Condition in OSSPs).

Suppose there ezists a 6 > 0 such that, for all ; € X\{t} and a € A},

e if a is deterministic, then C(x;, a) > §;

e if a is not deterministic, then

Clzi,a) > (1-&)C(y,) +&0,  Vre{l,.|Z(a)]}. (2.16)

If these conditions are satisfied, this OSSP is monotone causal and Digkstra’s
method is applicable. If 6 > 0, the OSSP is monotone §-causal and Dial’s method

with buckets of width ¢ is also applicable.

n+1
Proof. Define the set of optimal actions A = argmin < C'(x;,a) + > p,-j(a,)Uj} :
aGAi j:1

and suppose that a* € A} yields the minimal number of successor nodes among
them. (Le., |Z(a*)| > |Z(a*)]| for all a* € A.) If a* is deterministic, then Z(a*) =
{z1} and U; depends only on U(z) while U; = C(x;,a*) + U(z,) > § +U(z;). For

d = 0 this inequality is strict due to (A5’).

If @* is not deterministic, its use leads to one of the successor nodes {z1, ..., z;, }

with respective probabilities & > 0, and U; depends on all of the U(z,) with

43



r € {1,...,m}. Choosing any specific r and combining the optimality of a* with

(2.16f), we see that
Ui = Cmi,a”)+ Y &U(z) > 1=&)C(%) +65+ Y &§U(z).  (217)
j=1 Jj=1

On the other hand, using a* must be strictly better that using any relaxed action
a, € A(v,). Otherwise, the best pure action @ among those potentially selected by
a, would have to be at least as good as a*, leading to a € A} with |Z(a)| < m—1,
which is a contradiction. Thus, we have U; < F;(a,,U) for all a, € A(+,), which
implies
Ui < O+ X 9lz) = Con)+ g 6V (219)
J#r i
Multiplying both sides by (1 — &) and rearranging,
Ui < (1=6)C(%)+ > &U(z) + &Us. (2.19)
J#r
Combining and , canceling the terms present on both sides of the
inequality, and dividing by &. > 0, we obtain U; > ¢ + U(z,), which proves the

monotone (0-)causality of this OSSP. O

The above condition is explicit and sharp in the sense outlined in Theorem
[B, but it requires checking the convexified cost of multiple oblique projections for
each non-deterministic action. We now provide another sufficient condition, which

is more restrictive but easier to verify.

Theorem 2 (Simplified Monotone d-Causality Condition in OSSPs).
Suppose there exists a 6 > 0 such that, for all x; € X\{t}, a € AY, and every
re{l,..,|Z(a)|}, -

Clzia) > Y &§Cj+490, (2.20)

Jj=Lj#r
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where Z(a) = {z1, ..., Zm}, p(Ti, a, z;) =& > 0, and each C; encodes the cost of a
deterministic action e; € A; transitioning to z;. If these conditions are satisfied,

this OSSP is monotone (9-)causal.

Proof. If a is deterministic and leads to z,, then yields C,. = C(x;,a) > 0.
If @ is not deterministic, then all of these e;’s exist by the definition of OSSPs,
and a relaxed action a, selecting each e; with probability &;/(1 —&,) is transition-
equivalent to ~,. Thus, C(a,) = ﬁ > i1 §iC5 2 C(,) and implies
@2.16).

Since it is simple and instructive, we also include an alternative/direct proof
that does not use oblique projections. Suppose a € A; is optimal. If it is determin-

istic and leads to z,., then &, = 1 and (2.20)) implies U(x;) = C,+U(z,) > 0+U(z,).

If that a is not deterministic and (2.20)) holds with &, € (0, 1),

m

Ux) = Clma)+ ) &U(z) > Y &(C+U(z) +& 0+ U(z).

=1 j=1,j#r
(2.21)
From the definition of the value function, (C; + U(z;)) > U(x;) for all j. Com-
bining with ,
Ul@:) 2 §U(m)HE 0+ U(2)) = 1-6)U(2)+6 (6 +U(2) = Ule) = 5+U(=,).
j=1,j#r

]

Remark 1. Note that the two criteria (2.16) and (2.20) are equivalent when m =
2. The latter also has a simple geometric interpretation illustrated in Figure
with & = (1 — p,p) € Z5 and the assumption that all actions a € A; lead to the

same two successor states z; and zy. The oblique projections of any € € int(Zs)
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e K = Ci(1-p)
-------- K =Cop

Figure 2.3: The geometric interpretation of condition for m = 2 with
d =0 (panel (a)) and § = 0.3 (panel (b)) for several examples of
transition cost functions. The solid purple and solid gold curves
are smooth and convex. The solid green curve is smooth and
nonconvex, and the green-dashed curve is its convexified version.
In all cases, K (p) is monotone (d-)causal provided that the curve
stays entirely above the two restriction lines on the interval [0, 1].
In (a), the purple curve violates the condition forr =1
even with 4 = 0; so, it cannot be monotone causal. While the
other two curves satisfy with 6 = 0, only the nonconvex
curve (along with its convexified version) is monotone d-causal for
0 < 0.3. The smooth gold convex curve can only be monotone
causal (with § = 0), as the restriction lines imposed by
coincide with its tangent lines at p =0 and p = 1.

will correspond to deterministic transitions to z; and zo. This OSSP is monotone
(0-)causal if the graph of K(p) = C(1—p,p) does not venture below the two straight
lines K = (1 —p)Cy + 0p and K = pCy + §(1 — p).

Form > 2, the two criteria are only equivalent if 377", ., &0 = (1 —£)C ()
for each r, which is only true if C is linear on 0Z,, (or, equivalently, if A Noz,,
contains only deterministic actions). Unfortunately, this is often not the case for

OSSPs arising in practical applications. Consider, for example, the case where m =

3, A; = Z3, and the cost function is C(€) = /& + & + &2. Theorem guarantees
its monotone causality: if & > 0 then C(v,) = C(y,) = (1-&)7", /> e & Thus,

46



(C(€)? — (1 =&)C(,))? = €2 > 0, which verifies that ([2.16) holds for § = 0.
On the other hand, the simpler criterion from Theorem|d is not satisfied by this C
since (2.20)) requires \/&3 + &3 + &35 > Z#T &;, which is violated on a large part of

=3, including at € = (%, %, %)

For an OSSP already known to be monotone causal, another natural question
to ask is about the largest § > 0 for which it is monotone d-causal. (If that maximal
d, is zero, the problem can be only treated by Dijkstra’s method. Otherwise, d, > 0
specifies the the largest bucket-width usable in Dial’s method.) With m = 2, the

answer has a simple geometric interpretation.

Proposition 1 (Maximum Allowable § when m = 2). Suppose that all non-
deterministic actions in A; lead to {z1,z2} and satisfy for 0 = 0. Letting
e1, ey € A; be the deterministic actions such that p(x;, e;, z;) = 1, we will use the
notation C; = C(x;, €;).

The largest 0 for which the MC conditions are satisfied is then d, = min(dy,ds),
where

C(C%a) _p(xiaa’a 22)02 C(C%a) _p(miaa’a 21)01

01 = min and 0y = min
a€Ai\{e2) p(xi,a, z1) acAi\{er} p(xi, a, z)
(2.22)
Furthermore, if A; = Z5 while C(§) = C(x;,€) is convex on Eq and differentiable

at e; = (1,0) and ex = (0,1), then

0 = C’(eg)+a—c —8—0<62) and 0y = C’(el)—a—o(el)—i—g—g(el) (2.23)

Proof. Since ([2.20)) already holds with 6 = 0 for all non-deterministic a € A;, the
ratios minimized in are always non-negative. Based on assumptions (A1)-
(A3), (A5’), the minima are attained and guarantee that (2.20)) is satisfied for
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each r = 1,2 with § = §,. Figure 2.4(a) illustrates this idea and the restriction

lines corresponding to d, for an example of a monotone causal OSSP with |A;| = 6.

If A; = =5, each action can be again identified with its probability distribution
&= (1—p,p) for p € [0,1]. If C(&) is convex then so is K (p) = C(1—p,p). So, the
inequality for 7 = 1 can be rewritten as K(p) > 6 + p(K (1) — 0), which is
equivalent to K’(1) < K(1) — ¢ due to convexity. (Le., this is the requirement for
the tangent at p = 1 to lie no lower than the d-dependent restriction line; see the
solid green curve in Figure 2.4(b).) Thus, the largest § that can guarantee this is
b1 = K(1) — K'(1). The same argument for r = 2 results in 6, = K(0) + K’'(0),

and the chain rule yields (2.23)). O
b, = 0.25 &, = 0.39323
K =Cy(1—p)+po. ' ' '—1\':(7‘1(17,;)+m}‘ '
! K = Cop+ (1—p)d, Py Co bl K = Cop+ (1 p)o

K(p) = — cos(p) + 0.1p% + 0.5[p — 0.25| + 2

e K(p)

('I -

K

Figure 2.4: Illustration of the geometric interpretation of J, for monotone
d-causality when m = 2 for panel (a): a monotone-causal OSSP
where |A;| is finite and the transition cost function is piecewise-
continuous and convex, and panel (b): a monotone-causal OSSP
where A, = =, and the transition cost function is convex and
continuous, yet not everywhere differentiable. In panel (a), |A;| =
6 and J, is easily computed via an application of . In panel
(b), while K'(p) is not differentiable at p = 0.25, it is differentiable
at p = 0 and p = 1, so the conditions of Proposition (1| are still
satisfied. Thus, ¢, follows immediately from .

The (6-)MC criterion in Theorem [1|is local (i.e., stated using the cost function
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and actions at each node separately) and does not require any information about
the global topological structure of OSSP. As a result, it is sufficient but not nec-
essary: for some OSSPs, a label-setting method might compute the value function
correctly even if the conditions of Theorem [1] are violated. But these conditions
are “sharp” in the sense that, whenever they are violated, there will exist a (possi-
bly different) OSSP with the same local structure, for which label-setting methods

would compute the value function incorrectly.

Theorem 3 (Sharpness of MC Condition). Suppose that the condition (2.16]) of
Theorem [1] is violated for some specific 6 > 0, x; # t, non-deterministic action a,

and r € {1,....,m = |Z(a)|}.

Then there exists a non-monotone d-causal OSSP in which

1. a € A;, with Z(a) = {z1,...,2m} € X \ {z;} and p(x;,a,z;) =& > 0 for
j=1..m;
2. 3a € A;, with Z(a) = Z(a) \ {z,}, C(x;,a) = C(v,), and
0, ifj=r

p(miva’a Z]) = /YT,j = fOTj - 1a ceey T
&/(1—=¢&.), otherwise

Clzia) < (1-§)C0(mi,a) + &0 (2.24)

4. a is the unique optimal action at x;;

5. Ulz:) < Ulz,)+0.

For 6 = 0, this implies that any label-setting method will produce a wrong answer
for this OSSP. (U; will be computed incorrectly since z, will be still in L by the time
V; is last updated.) For 6 > 0, this means that a wrong answer would be produced

by Dial’s method with the bucket-width 6.
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Proof. To construct the simplest such OSSP example, we will assume that there is
only one action a available at every @ ¢ {x;,t}, and that a leads to an immediate
termination deterministically; i.e., p(x,a,t) = 1. This essentially allows us to
prescribe any values to © € X\{x;, t} since U(x) = C(x, a). (The resulting OSSP
will be thus explicitly causal, but this does not imply the monotone causality.)
At x;, we will consider the minimal relevant set of actions A; = {a, a, ey, ...,e,},
where p(x;, e;, z;) = 1, with costs C(x;,a) and C(«;, a) already prescribed above
and satisfying , while all C(z;, e;) costs will be prescribed later.

The key quantity of interest in this proof is B = U(z,) — i 7;U(z5). To

J=Lj#r
ensure that a is optimal and a is not, we must have

Ulz;) = C(x;, a —|—Z§] (z;) < Oz, a Z ;U (25),

J=lg#r
which is equivalent to B < B = W The condition U(z;) < U(z,)+9

C(%Z)_é. These bounds on B can be satisfied simultane-

ously since (2.24)) is equivalent to B < B. E.g., we can choose U(z,) = C(z,,a) =

is equivalent to B > B =

20+ (B+B)/2 and U(z;) = C(zj,a) = 26§ for all j # r. Finally, the non-optimality
of all e;’s (i.e., U(x;) < C(zj,e;) +U(zj), Vj #r) is easy to ensure by selecting

C(z;, e;) to be sufficiently large once all U values are already selected. ]

To illustrate the connection to causality criteria previously derived for MSSPs,
we now turn to homogeneous transition cost functions, which often arise nat-
urally in applications. Recall that H : R™ +— R is homogeneous of degree
d if H(Bq) = |B|*H(q) holds for all 3 € R,q = (q1,....,qm) € R™. Fur-

ther, when H(q) is smooth, Euler’s Homogeneous Function Theorem applies and

<) dzjlqjaq()7quRm'

Focusing on a single node @ and one of its modes s = {2{,..., 2} C X\{z}, in
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MSSPs one can choose any £ € Zj, for the desired probability distribution over s.
The corresponding cost C*(x, €) can be separately defined for each  and s € S(x);
when they are clear from context, it is convenient to abbreviate the notation to
C(&) and m = [s|. As shown in [105, Theorem 3.2], an MSSP is guaranteed to
be monotone J-causal if, in its every mode, C'(£) is continuously differentiable,

homogeneous of degree d and satisfies

oC

>0 = @ —
5] ag]

&) —(d-1)C&) > >0, VE€E,, je{l,...m}.
(2.25)
Note that this covers the example C(&) = /&7 + &2 + &3 over Z3 already con-
sidered in Remark This C(&) is homogeneous of degree one with g—g(ﬁ) =
&/NE + &+ & > 0 whenever & > 0. Thus, by [105, Theorem 3.2], this C' is

monotone causal (with § = 0), which can be also concluded from our Theorem [I}

Below we show that, for m = 2, the condition ([2.25)) implies our ([2.20)).

Proposition 2 (Monotone d-Causality for Homogeneous C'(£) when m = 2).
Suppose m = 2, and consider a transition cost function C(&) which is conver,

continuously differentiable, homogeneous of degree d, and satisfying (2.25)). Then

it also satisfies
C(&) > max(Ci& + 6, 061 + Cos) V€ € Ey, (2.26)

where Cy and Cy are the shorthands for the cost of deterministic actions e; = (1,0)

and e3 = (0,1).

Proof. Define K : [0,1] — R by setting K(p) = C(1 — p,p), as in Figure 2.3
Arguing by contradiction, assume that, for some & = (1 — p, p), we have C(§) <
66 + Cy&y or, equivalently, K(p) < 0 + p(K (1) — §). By the convexity of K, this

inequality must also hold for all p € [p, 1) and implies K’(1) > K (1)—4. (Illustrated
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by the solid purple curve in Figure (a).) From the chain rule, this is equivalent

to

oC oC
—8—51(82) + 8_52(62) > 0(62) — 0.

By Euler’s Homogeneous Function Theorem, dC(e;) = g—g(eg); thus,

oC

g, (€2) < (d=1)Cles) +4.

Since C' is continuously differentiable, this inequality also holds for & € =, suffi-

ciently close to ey, which contradicts ([2.25)).

If we instead assume C(€) < C1& + 6 (or, equivalently, K(p) < K(0) +
p(6 — K(0))), a similar argument leads to K'(0) < 6 — K(0), yielding the same

contradiction for £ € =5 near e;. O

2.3 OSSPs and Continuous Optimal Control Problems

“This world, concrete flowers

grow.”

“luther (with sza)” by Kendrick
Lamar, SZA

2.3.1 Background, prior work, and notation

SSPs are also quite useful in approximating solutions of stationary Hamilton-
Jacobi-Bellman (HJB) partial differential equations (PDEs), which arise naturally
in areas as diverse as robotics, anomaly detection, optimal control, computational

geometry, image registration, photolithography, and exploration geophysics [8§].
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We will focus on a simple example of a time-optimal control problem in an open
domain Q C R™. With y(¢) encoding the position at the time ¢, the dynamics is
prescribed by y'(t) = f(y(t),a(t))a(t), where a(t) € S,,—1 = {a € R™ | |a|] = 1}
is a unit vector describing our chosen direction of motion, while the speed
f:+Qx S,_1 — Ry generally depends both on the position and the direc-
tion. We will generally assume that f is Lipschitz continuous and will leverage
the properties of the corresponding speed profile V(x) = {f(x,a)a | a € S;,—1},
which describes all velocities achievable at x. It is contained in a spherical shell
with the inner and outer radii F}(x) = min, f(x,a) and Fy(x) = max, f(x,a).
We will further assume that 3F7, Fy € R such that 0 < F} < Fi(x) < Fy(x) < Fy
holds for all & € Q. In addition to the a(-)-dependent time-to-0f2, we also incur a
Lipschitz continuous exit-penalty ¢ : 9 — R, . The value function u(x) encodes
the optimal overall time to exit starting from @, formally defined by taking the
infimum over all measurable controls a(-). Our assumptions guarantee that u will
be Lipschitz-continuous on €2; moreover, if it is also smooth, a standard argument

shows that u must also satisfy the HJB equation

H(Vu(x),x) = aé{lqin {(Vu(z)-a)f(x,a)} +1=0, €
m=1 (2.27)
u(x) =q(x), =€ .

More generally, even if u is not smooth, it can be recovered as a unique wviscosity
solution of this PDE [§]. If we further assume that V() is convex for all € Q,

this guarantees the existence of time-optimal trajectories, which are encoded by

the characteristic curves of (2.27)).

A frequently encountered subclass of problems has isotropic dynamics (i.e.,
with f(x,a) = f(x)) and allows for further simplification. In this case, V(x)
is always just a ball, the optimal direction is known to be a, = —Vu/|Vu|, the

optimal trajectories coincide with the gradient lines of u, and ([2.27)) reduces to an
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Figure 2.5: Two computational stencils based on a uniform Cartesian grid in
R?. The value function is computed at @, and &¢ is the new posi-
tion after traveling in a straight line along the chosen direction of
motion ag with speed f(x, a¢). In panel (a), the modes are essen-
tially quadrants: S(x) = {(x1,x3), (3, 25), (5, 27), (X7, 1)}
In panel (b), each quadrant is split into two modes: S(x) =
{(wlv $2), (a:?? w3)7 (m?n 264), (m4a $5), ($57 wﬁ)’ (w67 $7), ($7, 338)7 (va $1)}

FEikonal equation |Vu(x)|f(x) = 1.

Efficient numerical methods for both the Eikonal equation and the general
(anisotropic) HJB have been an active area of research in the last 30 years.
Many of such methods start with a semi-Lagrangian discretization [55, 43] on a
grid or simplicial mesh X over (2. Suppose S(x) is the set of simplexes used to build
a computational stencil at @, with each s € S(x) having vertices x, 2§, ..., 25,. (For
m = 2 and a Cartesian grid, two examples of such stencils are shown in Figure )
For a chosen s, any § € =, defines a “waypoint” &, = > ; ;%] on the opposite face
of the simplex and the corresponding direction of motion a¢ = (¢ — x)/|Z¢ — x|.
Assuming we choose that direction and follow it from @« to @¢, the time it takes will
be approximately |Z¢ — x|/ f(x, a¢) and the remaining minimal time from there on
can be approximated by linear interpolation as u(x¢) ~ >_; §u(2;). Using U(z)

for the function approximating the true solution u at meshpoints/gridpoints, this
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yields the following first-order accurate semi-Lagrangian discretization:

) B — '
Ulx) = min min { F(@, ag) + Zé} } Vee XNQ; (2.28)
Ulx) = q(x), Ve € X Nosd.

Assuming that 9 is well resolved by a family of computational grids { X"}, it is
well-known that U" — u uniformly under grid refinement [i.e., as | X"| — +oo with
(maxme Xh MaX e () MAX; |25 — a:]) — 0]. In the approach pioneered by Kushner
and Dupuis [67], the same system of equations can be obtained by choosing a suit-
able controlled Markov process on X. Indeed, taking C*(x, &) = |Z¢ — x|/ f(x, a¢),
it is easy to see that the above is actually an MSSP defined in with modes
s = {z},...,25}. The nodes & € 00 are assumed to have a single deterministic
action only, leading to ¢t at the cost ¢(x). In a yet another approach [03], the
same system can be also derived through finite differences, approximating direc-
tional derivatives of u for each (2§ — ). Since the discretized system is
nonlinear and coupled, it has been traditionally treated with value iterations, but
there was always a significant interest in speeding them up, often mirroring the
label-correcting and label-setting methods on graphs. Here we focus on the latter,
referring to [24, 25] for a review of the former, the hybrid versions, and paralleliza-

tion.

The key label-setting ideas were first developed in the isotropic case. If
C*(x, ag) is monotone (6-)causal for each s, the system ([2.28) may be solved using
noniterative label-setting methods. This was first done by Tsitsiklis [T01], 102], who
showed that any Eikonal discretized in a semi-Lagrangian way on the stencil in
Figure 2.5(a) (or its m-dimensional version) can be solved by Dijkstra’s method.
Sethian independently derived the same result in an Eulerian (finite-difference)

framework. Working in the context of isotropic front propagation problems, he
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introduced a Dijkstra-like Fast Marching Method [89], which was soon generalized
to handle higher-order accurate discretizations [90] and arbitrary simplicial meshes

both in R™ and on manifolds [66, 91]. Tsitsiklis also showed that Dial’s method

with bucket width 6 = ﬁ is applicable to an Eikonal discretized on the stencil in
Figure [2.5(b) while its 3D version can be treated with the bucket width § = #

Another Dial-like approach was defined in [65]. In all these cases, the proofs have
heavily relied on specific discretization approaches and stencil choices. The MSSPs
introduced in [I05] have later provided a unifying framework, in which it is easy

to prove all related 9-MC conditions based on the properties of C*(x, £).

Building label-setting methods to correctly solve the system in the
anisotropic setting is significantly more challenging since characteristics of the
HJB PDE no longer coincide with the gradient lines of u. Aside from the small
set of problems with “grid-aligned anisotropy” [77, 3], the causality is generally
not guaranteed on usual stencils of the type shown in Figure 2.5 Sethian and
Vladimirsky have handled this problem by introducing Dijkstra-like Ordered Up-
wind Methods (OUMs), in which the stencil is extended dynamically (at run-time)
just enough to ensure the monotone causality [92]. In OUMs, the range of stencil
extension is governed by an anisotropy coefficient] Y (z) = Fy(z)/Fi(x), which is
equal to one (no stencil extension) in the isotropic case. The resulting algorithms
are indifferent to the exact speed profile, using the same dynamic stencil extension
for all V(x) that share the same F)(x) and Fy(x). This yields the computational
cost of O(Y™ 'nlogn), where n = | X| and T = max, T (x). Subsequently, a num-
ber of papers have aimed to reduce this stencil extension and pre-build a static

causal stencil for each & based on the finer properties of V(x). The first general

6The anisotropy coefficient can be used to bound from above the angle between —Vu(x)
and the optimal direction of motion a.(x). This is why the stencil extension proportional to
T (x) is sufficient to ensure the monotone causality. However, later OUMs were also extended to
approximate the solutions of HJIB PDEs in which both Fy(z) and Y (z) might be infinite [22].
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anisotropic 6-MC criterion was derived in [105] and then extended to non-smooth
V() in [4]. Starting with a uniform Cartesian grid, Mirebeau showed how to build
MC-stencils for elliptic and ellipsoidal speed profiles for m = 2, 3 with the uniform
bound on stencil cardinality [N (z)| independent of T [71]. A related approach was
also developed to build reduced-cardinality MC-stencils for general (smooth and
convex) speed profiles in 2D [72] and 3D [35]. But in all of these cases, the MC
criteria were based on the properties of the Hamiltonian H, on implicit conditions
for the derivatives of f, or on analytic properties of a function embedding V' as
a level set. Below we show that the criteria for OSSPs developed in yield
surprisingly simple 6-MC conditions for 2D and 3D stencils, using only the basic

geometric properties of V.

Simplified Notation: Throughout the remainder of this section, we make use
of the following notational conventions. Without loss of generality, we assume that
the coordinate system is centered at & = 0 and will mostly focus on a single simplex
s € S(x) with vertices 0, z1, ...., Z,,. The speed, velocity, and cost for the direction
ag = X¢/|Ze| will be denoted by f(§) = f(x,a¢), v(€) = f(§)ae, and C(§) =
C*(&) = |@¢|/ f(€) respectively. A similar notation (f;,v;, and C; = |z;|/f;) will
also be used for the speed, velocity, and cost for each direction z;/|z;| toward the
corresponding vertex. We will use Vy = {v € V | v =} " 0;v;, all §; > 0} to

denote the part of V falling into this simplex.

Observation 2. If V(x) is convex then the function C(§) is convex in every sim-

plex s € S(x).

Proof. Suppose 11,12 € E,, and ¢ = {my + L for some € = (£1,&) € Es.
The corresponding waypoints on the simplex (21, ..., z,,,) are &,, = Z;n:l n;.;2; for

i=1,2and &y = &y, + E2@y,. The respective directions are a,, = &, /|&y,| and
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ap = &y/|Zy|. The velocity corresponding to a4 is

o(g) = f<¢>|;% . {;—j (Exoy + Eaoy) = Oro(m) + Or0(ms).

where 601,05 > 0 since v(¢) belongs to the angular sector formed by v(m;) and
v(12).

Since v(m;) = f(m)ﬁ, we see that £25% — ¢, {é;”f for i = 1,2. By definition

Tn, |2l

of C this is equivalent to

0, = '510(771) and 6y = 520(772)

= 2.29

C(9) C(9) (229)

The convexity of V(x) implies 6; + 0, > 1 or, equivalently, £&,C(n;) + £&C(n2) >
(). .

We also note that, if f(&) is written as a function of direction (i.e., homogeneous
of degree zero) then C(&) = |Z¢|/f(£§) is homogeneous of degree one, making MC
conditions such as (2.25)) applicable. But we will see that Theorems (1| and [2] are

more useful in relating MC to geometry.
Remark 2. In the case of a convex C(&) homogeneous of degree one, the 6-MC
criterion (2.16)) from Theorem [1] simplifies to

C&)>C(E—&e)+ 60, Wrefl,..m) (2.30)

where e,’s are the canonical basis vectors. While (& — &.e,) is not a probability
distribution on successor nodes, this formula is still very suggestive. For the specific
case of m = 2 and 6 = 0, a similar relation is the principle behind the notion of

“F-acuteness” introduced in [72].
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2.3.2 Monotone Causality in R?

Theorem 4 ( Sufficient Causality Condition on V in R?). C(&) is monotone causal
on the simplex formed by (x = 0, 21, o) if Vs(x) is fully contained in a parallelo-

gram with vertices at 0, vy, vy, and v + vs.

If the above property holds for every s € S(x) (i.e., if the entire V(x) is con-
tained in the union of such parallelograms), then the entire stencil is causal at x.

If this is the case Vax € X, then Digkstra’s method is applicable.

Proof. Using the same argument as in Observation [2| but with m = 2 and deter-
ministic n; = e; for i = 1,2, we see that ¢ = £ and «,, = z;. Thus, (2.29)) reduces

to
_aG _ &G
c(€) )

If v(&) = 61v1 + Oav9 lies in that parallelogram, this means that 6; < 1 for i = 1, 2.

01 and 0, (2.31)

Combined with (2.31]), this is equivalent to (2.20)) with § = 0 and Theorem

applies. O

By Theorem[4] the standard 8-point stencil is guaranteed to be monotone causal
at « for all examples of speed profiles in Figure (a—d). The non-convex example
in Figure (C) might seem paradoxical. It is well-known that replacing V with
its convex hull does not change the value function since the velocities which are
not on the convex hull boundary are never optimal for any Vu. Thus, these eight
“deterministic directions” (corresponding to transitions to eight closest gridpoints)
will never be optimal in that continuous path-planning problem, but might be still
optimal in a monotone causal OSSP that discretizes it. This is an artifact of

our simplex-by-simplex approach of enforcing MC — the non-convexity (and the
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Figure 2.6:

Bounding parallelograms for several speed profiles on the 8-point
stencil shown in Figure R.5(b). The speed profile is depicted in
red. The vectors along directions z; and 2z, are shown in black,
and the velocities v; and vy along their respective directions z;
and zo are shown in green. Panel (a): Isotropic circular speed
profile. Panel (b): Octagonal speed profile. Panel (c¢): A non-
convex speed profile. Panels (d) and (e): Tilted elliptical speed
profile. Panel (e) illustrates the result of reducing the standard
8-point stencil used in the previous examples to a 6-point stencil
by removing any superfluous nodes z; which are not crucial to
the monotone-causality of the stencil. The resulting MC stencil
is not symmetric relative to @ despite the symmetry of the speed
profile V(x). Panel (f): Tilted elliptical speed profile with an
aspect ratio twice that of the ellipse in panels (d) and (e). For this
aspect ratio, monotone-causality no longer holds on the standard
8-point stencil. The condition in Theorem {4 is violated on two
simplexes in S(x).

irrelevance of a large number of directions) is not known if we can only consider
the portion of V falling between v; and wvy. Figure (e) illustrates MC-stencil
reduction by merging two pairs of simplexes from panel (d). As shown in [71], an
MC-stencil based on only 6 Cartesian grid points can be found for any elliptic V),
but for ellipses with larger aspect ratio and generic orientation such causal stencils
become increasingly non-local. Figure 2.6]f) shows that a local/standard 8-point

stencil is not MC when the ellipse’s aspect ratio is sufficiently large.
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When V is known to be convex, checking the causality condition ([2.31]) becomes
a lot simpler, since it can be replaced by a pair of inequalities verified at v; and
vy. The following is an alternative geometric proof of the already known criterion

[72, Lemma 2.2].

Proposition 3 (Causality and Tangent Information in R?).
Consider a simplex formed by x = 0, z1, z9. Suppose V is convex and smooth at v,
and vy, with iy and Ny denoting the respective outward normal vectors to V. Then

C(&) is guaranteed to be monotone causal within this simplex if

(A ’flg Z 0 and Uy - ’fll 2 0. (232)

Proof. By convexity, the angular sector of V is contained in a quadrilateral formed
by wvq,vs, and two respective tangent lines 77 and 75. The inequalities (12.32)
ensure that this quadrilateral is fully contained in the parallelogram with vertices

(0,v1,v2,v1 + v3); see Figure 2.8(a). O

In the Eikonal case, it is well known that the stencil is MC at « if and only
if each angle between (z; — ) and (z; — @) is non-obtuse in each s € S(x) [91].
Since the isotropic V is just a ball, in 2D this is a simple consequence of . For
smooth convex anisotropic speed profiles in 2D, the above criterion also provides an
easy to verify alternative to the “negative-gradient-acuteness” condition developed

in [4].

2.3.3 Monotone Causality in R?

It might seem intuitive that the 3D version of the MC condition in Theorem

should require the portion of V falling into the simplex (x = 0, 21, 29, 23) to lie
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within a parallelepiped IT = {Z?Zl 0,v; | 8, €[0,1] for j = 1,2,3}. However, this
condition turns out to be insufficient. As a motivating (counter-)example, consider
a simplex s corresponding to a positive orthant, based on unit vectors z; = e; with
C; = 1for j =1,2,3. We will assume that in this simplex there are only 4 principal
directions of motion (ey, ey, e3, and along €= (%, %, %)), and for the other directions
in s the velocity is obtained by taking a convex combination of those four. In other
words, the relevant part of the speed profile V; is a union of three triangles with
respective vertices {v(€), vy, vs}, {v(€), vy, v3}, and {v(€), vy, v3}. In this case, I
is just a unit cube and selecting f(€) = v/3 ensures {vy, vy, v3,v(€)} C V, C IL
To show that this simplex is not MC for the described V), it is enough to find
some U(z;) values such that £ is uniquely optimal but U(z) < max; U(z;). It
is easy to check that this is the case with U(z1) = 0, U(zs) = 1, U(zs) =
Since &g — @| = |€| = J5, we have C*(§) = |&; — @|/f(£) = . Thus, U(x) =
3+ 3U(21) + 3U(22) + 3U(23) = 13 < miny{C; + U;} =1, and so £ is uniquely
optimal. On the other hand, U(x) = 13 < U(z3), with the latter not available in

time if we tried to compute U(x) using Dijkstra’s method.

The correct sufficient condition is more subtle and uses oblique projections.
Before stating it, we need to introduce some additional notation. If (i, j, k) is any
permutation of (1,2,3), we define the parallelograms I1* = {6,v; + 6yv; | 61,0, €
0,1]} and the parts of Vs in those same planes V¥ = {(6,v; 4+ Oqv;) € V | 01,05 >
0}. Finally, we also define the corresponding generalized semi-infinite cylinder as

UF = {01, + 6o | vEVF 6, >0, 6, € [0,1]}.

Theorem 5 (Causality Condition on V in R3). A simplex s is guaranteed to be

monotone causal if V is convex, Vs C <\Ifl N w2 ﬂ\113>, and V" C II" forr =1,2,3.
Proof. We will prove that the resulting C' satisfies the conditions of Theorem
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with ¢ = 0. For deterministic actions e; this follows directly from (A5”).

If v(€) € V!, then Z(&) = 2 and both of its oblique projections are determinis-
tic: v = ez and 3 = es. So, (2.16)) is equivalent to C'(§) > &Cy and C'(&) > &3C5.
But both of these are guaranteed by V! € II'; see Theorem . The same argument

also covers the cases v(£) € V? and v(€) € V5.

If & € int(Z3), then v(§) = 25:1 6;v;. A similar derivation to the one in

Observation [2] and Theorem [4] shows

_ §jCJ

, ( )|z]|
= e T

— 0 vj. 2.33

So, for any r € {1,2,3}, we have the oblique projection =,, the corresponding

waypoint &, = . Vr;2;, and velocity v(y,) = 3, VI;iZ\J (7). Thus,

v(€) = bv, + > _Ov; = bv, + e |Zgj|zj| =0, r+ﬁZ§] !

J#T j#r 15 j#r

P8 S s = b0+ (1= )T 2 o),

= 07“ v + 1_57‘
2 &l o

Gt {(1 _¢) c%)] o(1),

where the sequence of equalities uses , the definition of wv;, the definition
of ~,, the representation of v(+,), and the formula for C. Since V; C V", the
coefficient in front of v(~,) has to be less than or equal to 1. By Observation ,
the convexity of V, guarantees C(v,) = C(v,), and thus C(€) > (1—-&,)C(v,). O

Another interesting question is the amount of anisotropic distortion compatible
with the monotone causality of a standard Cartesian stencil in R™. For m = 2 and
the stencil in Figure [2.5(a), V(z) simply needs to lie in a rectangle whose vertices

are at (—fw, fu)s (fe, fx)s (fe, —fs) s (—fw, —fs). Here the subscripts indicate di-

rections of motion and the coordinate system is centered at x.
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But as we already saw, with m = 3 and the standard 6 point stencil, the answer
is more complicated and depends on f(a) in all directions parallel to coordinate
planes (comprising V¥’s). For the example at the start of this subsection, <\111 N
\1120\113> = {(v1,v2,v3) € R 5 | max(vy+ua,v24v3,v1+v3) < 1}. Thus, Theorem
guarantees that this simplex is MC only if f (é) < v/3/2. For another interesting
3D example, consider a speed profile that is known to be isotropic (i.e., f(a) = F)
but only for a’s that are parallel to coordinate planes (x1, x3), (22, 23), and (x1, z3).
Theorem [5[ guarantees that the standard 6-point stencil will be monotone causal
if the full V() lies within a tricylinder <\I/1 Nnw2N \I/3> = {(v1,v2,v3) € R? |

max(v? + v3, v3 + v3, v} +v3) < F?}.

We also note that in principle the argument in Theorem [5[ can be recursively
extended to any m > 3. (The second half of the proof can be adopted for any m,
but the conditions on 0=, will be more complicated. E.g., for m = 4, the current
theorem provides conditions for all 3-dimensional faces of Z4.) We do not pursue
this extension because the criteria would not be as geometrically suggestive and

because grid discretizations of (2.27)) are most commonly used when m = 2 or 3.

Similarly to the 2D case, for a smooth convex speed profile, the conditions of
Theorem [5| can be replaced by criteria verified on the facets of the simplex only.
The following Proposition is a 3D analog of Proposition [3] It also provides an
explicit and easier to verify version of the 3D causality condition derived in [35,

Section 2.3].

Let n(?) denote an outward pointing normal vector to V at any © € V". The
support hyperplane to V' at v is specified by (v — ) - n(v) = 0. We define the r-th

“tangential envelope” of V, as
O" ={v =0,v; + 005+ 6303 | 0; >0 fori=1,2,3 and (v —0) -n(v) <0foral veV'}.
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Proposition 4 (Normal MC verification in 3D.). Suppose that the speed profile
Vs is conver and smooth. A simplex s € S(x) with vertices € = 0, 21, 2o, 23 and

corresponding velocities (v1, Vo, v3) 1S guaranteed to be monotone causal if

1. v;-n(v;) >0, Vi,je{l,2,3};

2. v.-n(v) >0, Vre{l, 23}, ve).

Proof. By Proposition [3] the first condition implies that V" C II" for all r €
{1,2,3}.

We note that V, C ®" due to convexity of V and that 0®" is tangential to V along
the V" C 0V¥". Thus, V, C V" if and only if ®" C U", which is ensured by the
second condition above. This shows that s satisfies the criteria listed in Theorem

Bl O

2.3.4 Monotone §-Causality in R?

The MC conditions derived above are fully based on V and the set of directions
represented in a particular simplex; i.e., the distances |z; — x| were irrelevant
in specifying the MC-constrained set for V,. This is not the case for monotone

0-causality as we show below for m = 2.

Theorem 6 (d-Causality Condition on V in R?). Suppose that a simplex s € S(x)
formed by vertices & = 0, z1, and zy is monotone causal for a specific V(x) and
that 0 < 0 < min(C; = %, Cy = |‘;—§|) This simplex s monotone d-causal if

V, is contained in a quadrilateral with vertices at € = 0, vy, vs, and w(d) =
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0% (8)vy + 07 (8)vy, where

_ GG —0)
C1Cy — 02

Cy(Cy - b)

#
o7 9) CCy — 8%

and 6% (0) (2.34)
Proof. For every € € =5, the corresponding velocity is v(§) = 61v; + 62v5, where

01,60, > 0. By Theorem [2, monotone d-causality of C/(€) is guaranteed if
C&)>&0+&0 and  C(€) > &0 + &0,.

Dividing through by C(£) and using (2.31]), we see that the equivalent conditions
are
616

056
1>0 —_— d 1>90 —_—.
> 1+02 an > 2—1—01

Each of these inequalities specifies a half-plane where v(£) is allowed to lie, with
two restriction lines L; (passing through the points v; and %’Ug = %zz) and Lo

(passing through the points v, and %vl = 12;). Solving for the intersection point

w(d), we obtain ([2.34]). ]

It is easy to see that this quadrilateral is fully contained in the MC parallel-
ogram II and that w(d) — (v; + v2) as 6 — 0. If § = min(C}, Cy), one of the
restriction lines coincides with the straight line connecting v; and vy, and the 6-

z1 z2

MC region becomes a triangle (0, vy, vy), ensuring that either =7 O 2 will be

always optimal.

Similarly to the MC setting, if C'*(&) is d-causal for all s € S(x), then the entire
stencil is 9-MC at & and the speed profile V() is inscribed within the union of
bounding 6-MC quadrilaterals which encompass all possible directions of motion.

Figure displays this result for two speed profiles on the 8-point stencil depicted
in Figure 2.5(b).
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|z1] = b, |z2| = hv/2 |z1] = h, |z2| = hv2

Figure 2.7: Bounding §-MC “sunflowers” for the 8-point stencil (grid spacing
h = 1for |z = h, |z2| = hv/2) found by fixing fi(x) = f(x, a.,)
for 8 directions (x; — @) and varying . The f; are chosen to
match an isotropic speed profile in panel (a) and an anisotropic
elliptical speed profile in panel (b); shown in red. The direction
vectors corresponding to z; and z; are shown in black, while the
velocity vectors v; and vy are shown in green. The bounding
sunflower corresponding to the maximum A(x) applicable for
this (V, stencil) combination is shown in magenta.

The next obvious question is on the largest ¢ such that a specific simplex is
0-MC. The answer can be found from Proposition |1 but the geometric derivation

provided below is more natural.

Proposition 5 (Max ¢ for Smooth, Strictly Convex V in R?). Suppose that m = 2
and V(x) is smooth and strictly convex. Suppose also that a simpler s € S(x)
formed by x = 0, z1, and zy is MC for this V(x). The maximal § for which this
simplex is 6-MC can be computed as A(x,s) = min{dy, d}, where

V2 M nd 8y = 2 (2.35)

V1 -Ny V2 - Ny

o1 = Cy
and n;’s denote normal vectors to V(x) at respective v;’s.
Proof. Starting with the MC-parallelogram, gradually increasing 6 moves the lines
L1, Ly (described in Theorem @ and shrinks the 0-MC quadrilateral. For a convex

and smooth speed profile, this process can be continued until one of the L;’s be-

comes tangential to V(x) at v;. Suppose this happens with ¢ = 1 first, when § = §;.

67



The line L; passes through the points v; and g—f'vg. Tangentiality of L; means that
<§—12'v2 — 'vl) -mny = 0, which is equivalent to the expression in (2.35). The case

where L, becomes tangential first similarly yields the expression for 9,. O

If either of these lines is already tangential to V() when 6 = 0, this means that
the simplex is MC but not 6-MC for any 6 > 0; see Figure[2.§b). To find the largest
d such that the entire stencil is 6-MC at x, we define A(x) = min,csm) Az, s).
Similarly, let A(X) = mingex A(x). For an MC discretization, if A(X) > 0 then
Dial’s method with the bucket width A(X) is also applicable. We note that, since

C; = ‘;:', for any fixed speed function f(x,a), the allowed bucket width A(X) will

be shrinking under grid refinement.

Proposition [5| also provides a simpler derivation for some of the results pre-
viously found for specific 2D-stencils. E.g., in the isotropic case V is just a ball;

so, v; and n; are parallel. If § is an angle between z; and z,, (2.35)) reduces to

0y = Cycos B = JL’?;) cos 3 and 9y, = Cjcos B = JL?;‘) cos 3. In the 8-point stencil of

Figure(b), |z1| = h, |z2| = hV/2, and B = 7 /4. Thus, §; = ﬁ, dy = #(w), and
A(x) = d9. As a result, A(X) = FQL\/Q’ which matches the bucket width derived in

[T02]. General 2D stencils and triangulated meshes can be treated similarly, using

upper bounds on |z;|’s and f.
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Figure 2.8: Simplex s and causality conditions on V; for three different con-

vex speed profiles. Tangent lines to V at (x + v;) and (x + v9)
are labeled T} and T, respectively and plotted in dashed blue.
v1, V9, and a are equivalent in all three examples. Vs in panel
(a) satisfies the monotone causality conditions posed in Theorem
[ and the monotone d-causality conditions posed in Theorem [5
The corresponding sides of the resulting bounding quadrilateral
are shown in solid purple. In this case, Ly (shown in dotted
purple) is tangential to V, and C'(€) is monotone d-causal in this
simplex with § = d,. In panel (b), Vs only satisfies the conditions
of Theorem (4| and C'(§) cannot be monotone d-causal, as the side
of the parallelogram opposite to v; is tangential to V. Finally in
panel (c), Vs violates the vy - 1y > 0 condition in Proposition ,
and C(&) cannot be monotone causal on this simplex.

2.4 OSSPs and Autonomous Vehicle Routing

“Your fate decides,

the roads you’re going to find.”

“Amor Fati” by Washed Out

Routing modules in autonomous vehicles (AVs) have multiple interacting levels
of planning and control which work together to bring the vehicle from its start-

ing destination s to a predetermined destination ¢ [70]. Typically, the routing
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module first produces a Strategic Plan (SP), which is a set of deterministic, costﬂ
minimizing, turn-by-turn directions from s to t. SP is usually precomputed based
on traffic and weather conditions using some label-setting method to identify the
deterministic cheapest path on a graph representing the road network. After that,
the system may determine a Tactical Plan (TP) outlining the planned timing and
location of lane switch maneuvers (LSMs) necessary to execute the SP. Finally, the
SP and TP are communicated to the Operational Control (OC) module which is
responsible for planning the vehicle’s continuous trajectory, steering, and dynam-
ically accelerating / decelerating in order to follow the planned route. OC occurs
in real time and is heavily constrained by safety overrides based on the actual
observed vehicles. If a planned LSM fails, this often makes it necessary to follow

a suboptimal path and repeatedly recompute both SP and TP.

The overall performance can be clearly improved by directly modeling the prob-
abilistic nature of LSMs and minimizing the expected cost to target. This is the
essence of the new approach developed by Jones, Haas-Heger, and van den Berg
[62], which can be characterized as computing a combined stochastic Strategic /
Tactical Plan (STP). They cast the routing problem as an SSP in which the states
correspond to nodes within a lane-level road network such as the examples in Fig-
ure 2.9(a) and Figure 2.12(b). Using our terminology, their model is an example
of an OSSP in which |s| < 2 for all s € S(x), * € X. Deterministic modes
(with |s| = 1) are used to model the actions that normally don’t fail (e.g., moving
forward wherever lane changes are not allowed or available, or turning at an inter-
section without any lane changes). On the other hand, a possible switch to each
specific adjacent lane is encoded using a separate mode with |s| = 2. In [62], each

such mode is associated with exactly three LSM actions: the deterministic stay-

"E.g., time, fuel consumption, toll charges, passengers’ comfort or a combination of these
factors.
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in-lane, the deterministic “forced” LSMs, and one tentative LSM which succeeds
with probability p € (0,1). Figure[2.9(b) shows an example of the LSMs available
to the vehicle at « in mode s; = {x;,x;}. The vehicle may deterministically
transition to x;, deterministically transition to x;, or use a stochastic transition
leading to @) or x; with respective probabilities p and (1 — p).

D
T3 Le L9

t
® o o o

T2 Ty xTg @x
[ (] [ ] [ ] T T: “’j}
= S1
Ty 7 Z10 <
o o o €
(a) (b)

Figure 2.9: Panel (a): Example lane-level road network representation of a
three-lane highway. Lanes are discretized into cells of length D
meters, and each node marks the center of a cell. The vehicle
travels from the starting point s to the destination t via a se-
ries of planned LSMs. Panel (b): Actions available at node x in
mode s; = {x;,xx} € S(x). The vehicle may continue driving
in the current lane and directly transition to «; (solid purple ar-
row), forcefully switch lanes and directly transition to xj (solid
red arrow), or attempt a tentative lane change (dashed blue ar-
row). The other mode available at x is sy = {x;, x;}, encoding
a possible switch to another lane.

The vehicle’s transitions are penalized as
K(0) =g(z), K(p)=g(x)+pg, and K(1)=g(x)+g +(1-p)g, (2.36)

where g(zx) is the cost of traveling to the next node in the same lane, g, > 0
is the additional cost incurred if a tentative LSM is successful, and g, > g, is a
large penalty incurred for forcing the lane switch. For an unforced/tentative LSM,

—aD

the transition probability is modeled as p =1 —¢ where D is the distance to

the next node in the same lane, and « is the success rate determined from local
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traffic data. The cost K (p) in ([2.36]) is monotonically increasing in p based on the
assumption that the instantaneous cost of changing lanes will always be higher

than staying in the current one.

Jones et al. have proved in [62] that a Dijkstra-like method is applicable to
this SSP provided
g(z) > aDg,. (2.37)

The same result also follows as a direct application of our Theorem [2 which for
m = 2 is equivalent to Theorem|l] Since K (p) is monotonically increasing on [0, 1],

we only need to check the inequality (2.20]) for » = 1, which requires

K(p)=g(x)+pg, > plg(x)+9,+ (1 —D)gy), (2.38)

or, equivalently, g(x) > pg,. By the convexity of exponentials, D > p, and
so (2.37) implies (2.38). We note that, outside of MSSPs [105], this is the first
known example of a monotone causal OSSP. Moreover, if (2.37)) holds, it is easy

to use our Proposition [I] to show that this OSSP is also monotone ¢-causal with

A = ming g(x) — pg,.

The theory developed in §2.1| and significantly widens the scope of STP
models that can be treated with label-setting methodsﬁ. E.g., we can now similarly
account for a larger number of tentative LSM actions and different cost models with
monotonically increasing and convex K (p). The OSSP framework also allows for a
useful reinterpretation of the lane change success probability in terms of the lane

change urgencyﬂ, which reflects the degree of controller’s willingness to alter the

8The following material is subject to Provisional US Patents 10471-01-US and 10471-02-US.

9Tt might seem that the urgency of an LSM should be fully determined by the vehicle’s distance
to its next preplanned turn, which has to be executed from the lane we are trying to switch to.
But if similarly cheap alternate routes are available, missing a planned turn or highway exit may
only have a very minor effect on the vehicle’s total time (or other relevant expenditures) up to
t. Thus, an accurate assessment of urgency should take into account the global road network
structure and traffic patterns.
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vehicle’s velocity to ensure a successful lane change [52]. In reality, drivers gradually
increase or decrease LSM urgency in response to the local traffic conditions or
nearby infrastructure [I]. Thus, urgency exists on a continuous spectrum in which
the stay-in-lane maneuver corresponds to no urgency (p = 0), the forced lane
change maneuver corresponds to full urgency (p = 1), and all LSMs with stochastic

outcomes correspond to intermediate urgency levels (p € (0,1)).

The simplest generalization of the model in [62] is to allow for more than one
(but finitely many) intermediate LSMs, which might be executed progressively at
x. The cost of a forced LSM in reveals that upon selecting the forced
lane change maneuver, the vehicle attempts to switch lanes at the intermediate
level first, and then only forces the LSM should that initial attempt fail. As the
LSM urgency increases between the first attempt and second attempt, the LSMs

themselves in this framework may also be described as escalating.

To be more precise, suppose there are L 4+ 1 available LSMs with associated
success probabilities p, € P such that 0 = py < --- < p, < --- < pr = 1. The
stay-in-lane cost is K(py) = g¢g(x), and maneuvers with p, > 0 are subject to
additional penalties Y, > 0 which are monotonically increasing in ¢ and incurred
upon a successful lane change at the corresponding urgency level. If these actions

are executed in escalating manner, their expected cost has the form

K(py) = pe—1 K (pe—1)+(1=pe—1) [K(pe—1) + Ye] = K(pe—1)+(1—pe-1)Ys, (=1,...
(2.39)

The convexity of K is ensured when K(p”l):K(pz) > K@) =Kpe) 15145 for all
Pey17 Py Dy—Pe—1

¢=1,...L—1, which implies that all of these actions are actually “useful” in the

sense of Observation [I} If the above inequality does not hold, some of these LSM

actions can be safely removed (in pre-processing) to reduce the computational cost
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of label-setting methods without affecting the value function.

By direct application of Theorem , the OSSP will be monotone (4-)causal

when

K (pe-1)+(1=pe—1)Ye 2 p [K(pr—1) + (1 — pr—1)Ye]+(1-p,)d, t=1,...,L-1
We note that the exact model used in [62] can be recovered by taking L = 2,

p1 =D, Y1 =pg, and Ys = gy + g;.

Whether or not the above progressive escalation framework is realistic is debat-
able: a lane change may take six or more seconds to complete [45] and attempting
multiple consecutive LSMs before reaching the successor node in the same lane
might be impossible. But our framework can be similarly used for any increasing
sequence of costs K, = K(p,). Due to the monotonicity of K, the inequality
has to be enforced for » = 1 only and will hold automatically for » = 2. The lane

switch mode will be monotone (J-)causal as long as
K(p) = pK(1)+ (1 —p)d (2.40)

holds for every attainable p < 1. This criterion works with models of finitely many
urgency levels (p € {po,...,pr}) and also for models with a continuous spectrum
of urgency levels (p € [0,1]); see also Figure 2.3l The maximum allowable § can

be similarly computed using Proposition [I}

We also mention two other LSM-cost models illustrated by the numerical ex-
periments covered in the next subsection. For the continuous urgency spectrum,

one of the simplest (monotone, convex) cost models is quadratic

K(p) = Bs(z)p” + 7s() (2.41)

where [Bs(x),vs(x) > 0 are constants which may reflect traffic conditions near « or

learned driver behavior. Using this K (p) in (2.40|) and simplifying, we see that this
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lane switch mode will be d-monotone causal as long as Gs(x) + d < vs(a). Thus,
Dijkstra’s method will be applicable if fs(x) < vs(x) for all x € X, s € S(x).

If this inequality is strict, we can also use Dial’s method with buckets of width

A(X) = Milgex minsGS(:c) (’75(1:) - ﬁs(w)) .

Alternatively, we can start with an (increasing, convex) sequence of urgency
levels and associated costs (pg, Ky) learned from local traffic data or from the vehi-
cle’s performance analytics, and then extend it to a continuous urgency spectrum

p € [0, 1] by defining K (p) through a suitable interpolation.

For example, when L = 2, a natural choice of interpolant is a quadratic Ra-
tional Bézier Curve (RBC) with suitable control points and weights chosen to
ensure that the resulting smooth approximation to K(p) is monotone, convex,
and monotone (4-)causal by Theorem 2] The RBC is described parametrically as
B(t) = (p(t),K(t)), and the entire curve sits within the convex hull of a given
set of L 4+ 1 control points. The curve’s shape is governed by those control points
and a set of corresponding weights {wy,...,wr} which determine how much the
curve bends toward each control point [80]. Assuming that the original three-point
(pe, K¢) sequence is §-MC, we can take the first control point to be (0, K(0)) and
the last control point to be (1, K (1)), with the remaining control point chosen to
lie at the intersection of the lines K = Ky and K = pKs + (1 — p)d to ensure
that the resulting curve is both monotonically increasing and monotone (4-)causal
by Theorem Since RBCs are guaranteed to pass through their first and last
control points, we can set wy = wy = 1, and we construct a system of two linear
equations (one for K (t) = K; and one for p(t) = p;) to compute ¢ and the value of
w; which ensures that the RBC also passes through (p;, K;) as required. We note

that, for this choice of control points, Theorem [2] guarantees that this OSSP will
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be monotone causal though not §-MC for any § > 0.

Evaluating the usefulness (and the optimal urgency) of merging to an ad-
jacent lane is the essential part of computing the value function. E.g., start-
ing from the point @ in Figure 2.9(b), we need to find p that minimizes
(K(p) + (1 —p)U; + pUy) . For a continuous spectrum of p values, the availabil-
ity of K'(p) can be used to perform this minimization either analytically (e.g.,
with the quadratic K model) or semi-analytically (e.g., with the RBC-based K

model described above) to ensure the computational efficiency.

2.4.1 Numerical Examples

We use a Dijkstra-like method to determine the optimal STP for a vehicle trav-
eling through several different lane-level road networks. In all examples, D = 10
meters, and the direction of traffic flow between successor nodes is indicated by
arrows. When visualizing optimal STPs, we use solid arrows to indicate when
a deterministic LSM is optimal and dashed arrows to indicate when the optimal
LSM is deterministic. The color of such arrows indicates the optimal p*, whose

value (rounded for the sake of readbility) is also shown as a label.

Example 1: a 3-lane highway; 4 urgency levels.

We first determine the STP for an autonomous vehicle traveling on a 1500 meter
section of a three-lane highway. The target offramp ¢ is located in the left lane, but
the vehicle is incentivized to move in the right lane as much as possible. This is
a common preference in routing autonomous trucks; following [62], we accomplish
this by defining the cost of moving in the current lane as g(x) = Do; where

0; = 1 +ie, the lanes are enumerated from right to left ( = 0,1,2), and £ > 0 is a
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fixed penalty. We also model an onramp, with additional traffic entering the right
lane from a merge lane at node x4, exactly 1km from the target. The right-lane
nodes within 10 meters of x experience an additional cost p = 35 in their g(x)
to account for moderate congestion due to the traffic merging in from the onramp.
Nodes in the left and right lanes have only one mode, while nodes in the middle
lane have two (switch to the left or to the right). In each mode, the system may
choose between four available LSMs of increasing urgency with associated success
probabilities 0 = py < p1 < p2 < p3 = 1. Ky = K(p,) is given by with
L=3p =p Y =pg, pp =02, Y, =2 and Y3 = 40. The expression for p
mirrors the definition in [62], and we set & = 0.01, e = 0.1, and g; = 3. A plot
of K(p,) for vehicles driving in the right lane is displayed in Figure [4.7(a). The

resulting K (py) is monotone d-causal by Theorem [2{ with §, ~ 4.095.

We compute the STP on this stretch of a highway and show the optimal policy
for a smaller segment (between 970 meters and 1040 meters away from t) in Figure
4.7(b). It illustrates how additional intermediate LSMs allow the vehicle to dy-
namically adjust the urgency of its attempts in response to anticipated locations of
higher cost. E.g., vehicles in the right lane prefer to temporarily switch left as they
approach the onramp with an increasing LSM urgency as they get closer. At x4
this urgency decreases again (we have already suffered through most of the delay),
and beyond x4 those traveling on the right will prefer to continue in their current
lane until they are much closer to the target. The vehicles traveling in the center
lane will only start trying to switch right after passing the onramp. However, even
after &4 their urgency level to switch right remains low — this reflects the fact that

the target offramp is already not too far and on the left.

We also show the deterministic optimal SP on the same highway segment in
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Figure (c) Following these instructions would result in much more aggressive
lane switching from the central and left lanes and, not surprisingly, would yield
a higher overall cost to target. Comparing SP and STP over all nodes in this
network, STP results in the median, average, and maximum cost reduction of

5.23%, 5.49%, and 15.65% respectively.
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Figure 2.10: Lane-level planning on a three-lane highway between 970 meters
and 1040 meters away from ¢. Panel (a): Finite cost function
K (p) for vehicles traveling in the right lane (except within 10
meters from g on either side) for the L = 3 escalating LSMs
framework described above. C is the stay-in-lane cost, K(0),
and Cj is the forced LSM cost, K(1). Panel (b): STP when
there are four available LSMs per mode. The edges are colored
corresponding to the success probability associated with the op-
timal LSM urgency level at . Panel (c¢): The deterministic SP
when the stay-in-lane cost is g(«) and the lane change cost is
equal to K (1).

Example 2: a 3-lane highway; continuous urgency spectrum.

Extending the previous example, we now use Rational Bézier Curves to construct
a continuous cost function through the points (py = 0, Ky), (ps, K2), and (ps =
1, K3). These three points are defined for each lane in Example 1, and we know

this action set is monotone causal by Theorem [2} see Figure [4.7|(a).

For this stretch of a three-lane highway, there are four RBCs to consider —
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one RBC for each lane (since g(x) is lane-dependent) and one RBC for the slow-
down (onramp merge) zone, which includes the right-lane nodes within 10 meters
of 4. Each RBC has control points {(po, Ky), (%,K()) ,(pg,Kg)} and weights
{wo = 1,wy,wy = 1}, with w; chosen to make the RBC satisfy K(py) = K.
The resulting cost function for vehicles traveling in the right lane (except at the

locations within 10 meters of @) is displayed in Figure [4.9)a).
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Figure 2.11: Lane-level planning on a three-lane highway between 970 me-
ters and 1040 meters away from ¢ in the left lane. Panel (a):
Rational Bézier cost function through three cost estimate data-
points for vehicles traveling in the right lane (except 10 meters
from the merge location, x4). Cy = K(0),Cy = K(1), and the
point corresponding to the intermediate LSM from the dataset
is plotted in yellow. Tangency of K (p) = Cyp to the cost curve
prohibits monotone d-causality by Theorem . Panel (b): Re-
sulting STP under the RBC cost structure between 970 meters
and 1040 meters away from ¢.

Since K (p;) under the RBC model is fairly close to K defined in the previous
subsection, it is instructive to compare the RBC-based optimal STP shown in
Figure [1.9(b) with the STP based on just 4 discrete LSMs in Figure [1.7(b). While
the schematic representation of these policies is similar, the optimal behavior is

significantly more nuanced in the case of RBCs, with gradual urgency build-ups
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highlighting the advantages of continuous spectrum models.

Example 3: multiple roundabouts; continuous urgency spectrum.

We note that in both previous examples the dependency digraph G, is acyclic
for every stationary policy. This is due to the simplicity of the underlying road
network (all arrows pointing rightward), which represented a stretch of a single
highway. As a result, the OSSPs are explicitly causal and ([2.3)) could be solved
efficiently in a single Gauss-Seidel iteration (sweeping through the nodes from right
to left) regardless of the properties of K (p). But most road networks contain cycles
and thus are not explicitly causal, making the MC properties (and applicability
of label-setting methods) far more important. Non-trivial cycles are ubiquitous
due to numerous road intersections on a large map, but can also be found in
smaller examples with ring roads and roundabouts. The “magic” (or intercon-
nected) roundabouts used in several cities of the United Kingdom present drivers
with particularly interesting strategic choices when parts of the roundabout are

clogged with traffic.

We consider one such example based on a network (shown in Figure of five
interconnected roundabouts — one outer (blue road segments, moving clockwise),
one inner (green, moving counterclockwise), and three miniature roundabouts (pur-
ple) which allow vehicles to switch between the outer and the inner roundabouts.
To avoid terminological confusion, we will further refer to all of them as “rings,” re-
serving the term “Roundabout” for their interconnected combination. We assume
there are three roads running into/out of this Roundabout and that the target
is in the left lane of the southeastern exit, identified with a black star in Figure
2.12((b). For a driver approaching the Roundabout, the main strategic decision

is whether it is worth changing lanes before the entry point and, if the answer is
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Figure 2.12: A magic roundabout example. Panel (a): Schematic of round-
about network with five connected traffic circles. Arrows in-
dicate the direction of traffic flow and dashed edges indicate
available transitions between roundabouts. We assume that the
vehicle drives on the left-hand side of the road as is custom-
ary in the United Kingdom. Panel (b): Lane-level road network
representation of the roundabout network with all possible tran-
sitions from each node shown. The arrows show available node-
to-node transitions, with red arrows indicating stochastic lane
changes while all other transitions are deterministic. The des-
tination ¢ is along the southeastern exit and identified by the
black star.

yes, how the urgency of LSMs should vary as we get closer. (Entering from the
left lane leads to a clockwise trajectory; entering on the right is worthwhile if you
want to transition to the inner roundabout and travel counterclockwise at least at
first.) The basic tradeoff is usually between following the most direct route to ¢

and limiting exposure to heavy congestion.

As in the previous example, wherever a lane change is possible (as indicated

by red arrows in Figure 2.12|b)), the vehicle has access to a complete urgency
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spectrum of LSMs, but here our transition cost is quadratic in p:

K(p) = B(z)p” + () + [f] (2.42)

where (), v(x) > 0 reflect the congestion present within the road segment (e.g.,
entryways, outer ring, inner ring, mini-ring) at . The positive constant f is only
added at the entrance-nodes from each of the roads (into the mini and outer rings
respectively). These constants are chosen to reflect any waiting that the vehicle
must endure as a result of current traffic conditions before being able to enter the
roundabout. The causality condition established in Theorem [2] is satisfied when
Blx) < y(x) + [f] at all & € X. Our goal is to highlight the effect of traffic
congestion on the outer and inner rings; so, for the sake of simplicity, we assume
that S(x) = v(x) = 1 on all two-lane roads leading to/from the Roundabout and
on the three purple mini-rings. The resulting K (p) is shown in Figure 4.11|(a). For

the Roundabout entry nodes, we also set f = 5 in all experiments.

For all deterministic transitions (shown by orange, blue, purple, and green arcs),
we assume the stay-in-lane cost K = () based on the local level of congestion.
We focus on its effect on the optimal policy for the cars approaching along the
northern and southwestern roads. In the first experiment, the inner ring is much
more congested (K = vy(x) = 6.8 on green arcs) than the outer ring (K = 3 on blue
arcs). As shown in Figure f.11|(b), it is optimal for the approaching cars to enter
the Roundabout from the left lane and travel along the outer ring. Those cars
that approach the Roundabout from the Southwest in the right lane will attempt
LSMs to the left with an increasing urgency as they get closer. In the second
experiment, the situation is essentially reversed with K = v(x) = 3 on the inner
ring and K = 5.2 on the outer. As shown in Figure M(c), the approaching cars
now have a clear preference to enter through the right lane; this is largely true even

for cars coming from the North, for which the counter-clockwise path (through the
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Figure 2.13: Optimal lane-change policy when approaching a magic round-
about. Panel (a): K(p) along the two-lane entryways to the
roundabout network. Here, f(x) = () = 1, and K (p) is only
monotone causal by Theorem [ Panels (b) and (c): optimal
STPs at the southwestern and northern entryways when the in-
ner ring has the highest congestion (panel (b)), and the outer
ring has the highest congestion (panel (c)). Thick blue arrows
indicate a direct entry to the outer ring while thick purple ar-
rows indicate a direct entry into a mini ring. In both cases,
vehicles tackle the tradeoff between taking a more direct route
to t and the amount of congestion they are willing to encounter.

inner ring) is preferred despite being longer.

2.5 Conclusions

We have introduced a class of Opportunistically Stochastic Shortest Path (OSSP)
problems and proved several sufficient “monotone causality” conditions to guaran-
tee the applicability of efficient label-setting methods. The approach has important
applications both in discrete and continuous optimization. For example, given an
anisotropic inhomogeneous speed function f for motion in a continuous domain,
the deterministic time-to-target minimized over all feasible paths can be found

as a viscosity solution of the corresponding stationary Hamilton-Jacobi-Bellman

83



PDE. A first-order accurate semi-Lagrangian discretization of that PDE can be
re-interpreted as an OSSP, and our MC criteria can be then used to check which
discretization stencils are compatible with Dijkstra’s method (in 2D and 3D) and
with Dial’s method (in 2D only). Importantly, the conditions we developed are
expressed in terms of simple geometric properties of the anisotropic speed profile
V. However, our current analysis does not provide any guidance for finding the
best MC-causal stencil for each V (since causal properties need to be balanced
against a possible increase in local truncation errors). Restricted versions of this
problem are considered in [7T], [72], 35], but many aspects still remain open for gen-
eral speed profiles. This balancing act is even more delicate with Dial’s method,
where increasing the angular resolution of a stencil decreases that stencil’s spatial

locality but allows using a larger bin width A.

In the discrete setting, we have demonstrated the usefulness of OSSPs in opti-
mizing the lane change level routing of autonomous vehicles. Extending the prior
work [62], we showed that Dijkstra’s and Dial’s methods are applicable to a much
broader class of vehicle routing models that include multiple intermediate urgency
levels (or even a continuous urgency spectrum) of lane change maneuvers and a
variety of cost functions. We note that the same approach is also useful in a semi-
autonomous context; our Strategic/Tactical Plan could be also used by human
drivers and the recommended lane change urgency levels could be communicated
(e.g., as indicator bars of varying length or color) through assistive navigation

hardware or software.

OSSP models capture the inherent uncertainty of lane change maneuvers, but
if the traffic conditions significantly change from those used to formulate the prob-

lem, the entire optimal policy has to be recomputed on the fly. The usability
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of label-setting methods makes such occasional online replanning possible. But
both Dijkstra’s and Dial’s method compute the optimal policy for reaching the
specific target t from each starting node of the road network. However, most of
that network is probably irrelevant for a vehicle starting at a specific location s. In
deterministic path planning, such single source / single target problems are often
solved by an even more efficient A* method [56], which uses a “consistent heuristic”
to restrict the computations to a smaller (implicitly defined) neighborhood of the
optimal path from s to t. While such a consistent heuristic is unavailable for gen-
eral SSPs, it can be constructed in OSSPs with positive C' = ;{lé% aérj‘i(gi) C(xi, a).
This is essentially the approach explored in [63]. But since realistic road networks
include short lane segments, this C' is usually quite small, making the consistent
heuristic very conservative and yielding little computational savings. We believe
that a more promising approach is to explore the use of inconsistent heuristics (ide-
ally, with a bound on suboptimality of resulting routing policies). It might be pos-
sible to use the “asymptotically causal” domain restriction techniques developed
for discretizations of HJB equations [28], with the true optimality of trajectories

recovered only in the limit (under the grid refinement).

Another interesting direction for future work is to find criteria for applicabil-
ity of label-setting to “stochastic shortest path games,” in which the probability
distribution over the successor nodes at each stage depends on the actions chosen
by two antagonistic players [79]. We note that some results on the applicability
of Dijkstra’s method to deterministic games on graphs have been developed in the
last ten years [9, [16], but the case of general stochastic games on graphs remains

open.
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CHAPTER 3
OPTIMAL BRAKING UNDER TRAFFIC SIGNAL UNCERTAINTY

Determining optimal driving behaviors under traffic signal uncertainty is of
crucial importance in modern transportation applications. Recent technological
advances aim to provide real-time “signal phase and timing” (SPaT) information
to smartphones and on-board vehicle systems, with the goal of improving safety,
fuel efficiency, and driver’s comfort. While this technology will yield likely de-
creases in crash rates and carbon emissions ([20]), the full transition to vehicles
communicating directly with traffic signals will take several decades ([75]), and
some level of uncertainty in SPaT information will remain even then due to occa-

sional network failures and the presence of actuated or semi-actuated traffic signals

(139).-

Modeling how drivers do (or should) utilize SPaT knowledge is a popular re-
search area; e.g., [97], [96], [69], [68], [II0]. But typical prior approaches are
based on either full SPaT information or ad hoc models of SPaT-robustness, with
the emphasis placed on detailed vehicle dynamics, road models with multiple sig-
nalized intersections, traffic effects, and route-planning choices to come up with
trip plans that optimize the fuel efficiency. In contrast, we consider the simplest
scenario (one car with simplified dynamics on an empty road with a single traffic
signal — as described in Section , focusing instead on a detailed model of SPaT-
uncertainty due to the probability distribution over possible durations of the green
light (Section . The driver knows the yellow light and red light durations, so
they can deterministically plan the rest of their strategy once the initial green light
turns yellow. They must also obey the traffic laws (red light and speed limit) and

balance expected costs related to fuel usage, aggressive acceleration / deceleration
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behavior, and total time to target.

We address this optimal control problem in the dynamic programming (DP)
framework, as was recently done for a related red phase duration uncertainty prob-
lem in ([103]). However, the dilemma in the green phase (i.e., should we try to
beat the red light?) is far more affected by the available SPaT information and
the duration of the transitional yellow phase. Unlike in ([103]), where the discrete
nature of DP was essential and the timestep could not be refined, our continuous
DP yields a sequence of Hamilton-Jacobi-Bellman (HJB) equations, which are then
solved numerically (Section to determine the optimal acceleration and braking
policy in feedback form. Our numerical experiments in Section highlight the
role of conflicting optimization goals and SPaT-uncertainty patterns in shaping

drivers’ behavior.

3.1 Problem Formulation

Throughout this paper, we focus on the problem of a single driver aiming to op-
timize their route to a target through an intersection with one traffic light. We
assume the vehicle is just a point mass traveling right-to-left on a flat single-lane
road (an interval [d*,d]) with no other traffic: from its starting position at d < d
with initial speed v, through the intersection at d, < d and towards its target at
d* < d,. The driver varies the car’s signed acceleration and must stay under the
speed limit © on the way to d*. The car may not enter the intersection (crossing
d,) while the light is red, but may do so while the light is yellowE]. We further

assume that the driver knows the yellow and red signal durations (D, D,,).

IThis corresponds to permissive yellow light laws ([10]), where the car does not have to clear
the intersection by the time the light turns red. This makes the actual intersection width and
the physical car length irrelevant.
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Time Horizon.  The entire planning process is split into (1) an initial green
light phase I starting at ¢t = 0 followed by (2) a yellow phase Y starting at t = T,
(3) a red phase R starting at T, = T\, + D,,, and (4) an indefinite green phase
G starting at T, = T}, + D, and terminating when we reach the target at d*. In
many realistic situations, the traffic signal uncertainty will primarily rest in phase
I. The limited knowledge scenario discussed in Section [3.2] will define a probability
distribution on the random turning yellow time fy, thereby leading to uncertainty

in the finite time horizon of phase I.

Vehicle Dynamics.  Let Q = {(d,v,r) : d € [d*,d],v € [0,7],7r > 0}. We

T
will use x = {d v] to refer to the vehicle’s initial configuration or a generic

T
point in (d,v) space, switching to y(r) = [d(r) v(r)} to encode how position
and velocity change with time. Starting from an initial configuration y(t) = x
and assuming that external forces acting on the car are negligible, the vehicle’s

dynamics are
y(r) = f(y(r),alr)) = ,  forr>t (3.1)

where the vehicle’s acceleration a(-) is a measurable control function, a : R — A,

and the set of available (signed) acceleration values is A = [—a, f].

Cost Function. The driver’s goal on the trip from d to d* is to select a(-) to
address several optimization objectives: fuel consumptionEL discomfort from rapid
acceleration/deceleration, and time to target. We aim to minimize an integral of
the running cost

K(y(r),a) = cila]; + cea® + c3 (3.2)

2We approximate fuel consumption as the amount of fuel let into the engine. We assume that
fuel enters the engine at a rate proportional to the car’s positive acceleration (i.e., how far down
the driver is pressing the gas pedal) ([13]).
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where [a]; = max{a,0}. The non-negative objective weights ¢;’s reflect individual
preferences. In principle, these can also be learned from trends in driver behavior

data, as in ([21]).

Deterministic Control Problem. We begin by discussing the fully deterministic
problem that starts after the light turns yellow (i.e., the optimal driving for t > 7))
. In the usual style of dynamic programming, we consider the remaining phases of

the traffic light backwards in time.

We first consider the last green phase of unlimited duration, GG, which is best
described as an exit-time problem, terminating when the vehicle reaches its target
at the time 7% = min{r > T, | y(r) = d*}. The cost-to-go depends on our initial
configuration and the chosen control a(-), which together determine the remaining

time to target (7 — t). We thus define the control-specific cost

jG(w7 a()) = K(y(T),CL(T)) dr, (33)

t

starting from & = y(t) with ¢ > T,. By a standard argument ([7]), the value

function defined as

o(@) = {7, (. a()) 3:4)
can be recovered as a viscosity solution of a stationary Hamilton-Jacobi-Bellman
(HJB) equation

with boundary conditions ¢(d*,v) = 0, Yv € [0, 7].

During the other two deterministic stages (Y and R), we define the control-

specific cost as

Tq

J(@,t,a(-) = K (y(r),a(r)) dr + q(y(15)), (3.6)
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starting from @ at the time ¢ € [T}, T,,). The value function
u(e,t) = inf{T (@, t,a())} (3.7)

is now time-dependent to account for the fixed time-horizon. The state constraints
detailed below can often make this value function discontinuous during the Y
phase. Nevertheless, u can still be recovered as a discontinuous viscosity solution

[7, Chapter 5] of the time-dependent HJB equation
0=u+ miE{K(m, a)+ Vu- f(z,a)} (3.8)
ac
subject to the terminal condition u(x,T,) = ¢(x).

State Constraints. 'The car should never enter the intersection during the R
phase’l This makes it natural to consider a space-time obstacle T = {(d,v,t) |
d=d, 0<v <0, T, <t<T,}, but we go further and forbid the car from taking
any (d,v) from which it is impossible to come to a complete stop before reaching
d,. (This guarantees that the car will not violate the rules even if the signal fails
to switch to green light at the usual time 7,.) The minimal stopping distance
depends on the current velocity v and the maximum deceleration rate «, yielding
the curve of critical positions (the “parabola of last resort”) d,(v) = d, + % and

the disallowed region
L, (t) ={(d,v) | d, < d < d,(v), 0 <v < v}

enforced for ¢t € [T}, T,). Since we are forced to use the maximum deceleration
a = —a on the parabola of last resort, this makes it easy to compute the value

function on it. Let s, = T, —t. It would take the vehicle s, = v/« to come to

3For the sake of brevity, we omit detailed algebraic derivations in favor of geometric dis-
cussion emphasizing the physical intuition and main results. Further details of the numerical
implementation are discussed in Section
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a full stop, but the actual braking time might be shorter, §, = min{s,, s,}. The

value function along (d,(v),v,t) is

C, = §acga2 + 38 +q(y(Ty)). (3.9)

During the Y phase, the car is allowed to have d < d,(v) as long as it has
enough time to enter the intersection by the time 7},. The largest d starting from
which this is possible can be found by assuming that we use the maximum allowable
acceleration (but without violating the speed limit) until reaching d,. Denote the

remaining yellow time as s, = T, — ¢, the time that it would take to reach the

Uv—v

B
would be reached before T}, as v, = v — fs. For fixed v and ¢ € [T, T},), the largest

speed limit as s5 = , and the lowest starting speed from which the speed limit

allowed d is then

dy +vs, + 52 v < v,

dy(v,t) = “ (3.10)
dy+vsg + §352 +0(sy — 55), V>,

The new disallowed region
Z,(t) = {(d, v) [ dg(v,t) <d <d,(v),veE [0,17]}

is enforced for t € [T, T,,) and illustrated in Fig. . When ds(v,t) < d,(v), the

value function along (ds(v,t),v,t) is
Cs = (18 + 0262)% + 38y + u(y(Ty), Ty) (3.11)

where 85 = min{sg,s,}. We assume that the yellow phase duration D, is long
enough so that, starting from every (d,v), it is possible to either enter the inter-
section before T}, or come to a full stop before the intersection; i.e., Z,(T,) = (.
Whenever d,,(v) < dg(v,t), the latter starting position allows either option, and if
speeding toward the intersection yields a lower cost, then the value function will

be discontinuous at (d4(v,t), v,t).
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Figure 3.1: Two snapshots of the time-dependent piecewise boundary dur-
ing phase Y. Allowed (d,v) configurations are shown in green,
and Z,(t) is shown in white. For the starting configurations
(ds(v,t),v), if speeding through the light before ¢ = T, yields
a lower cost than waiting for 7' = T, then the value function
u is discontinuous along the orange-dashed lines. As ¢t — T,

dg — dy, and T, (t) — Z,,.
3.2 Optimal Driving Under 7, Uncertainty

“With thought of your future,
With one foot in the past,

Now just how long will it last?”

“Head Over Heels” by Tears for

Fears

Optimal planning in the initial green phase is quite similar if the duration
(D > 0) and the starting time of that phase are fully known. For a car that has
been driving toward the intersection ever since this light turned green & seconds
before the current time ¢ = 0, the natural planning horizon is T' = D — &. The
light will then turn yellow, and the remaining cost-to-go will be §(x) = u(x,T})
already computed in Section The new value function w(x,t) can be obtained

by solving (3.8]) with ¢ € [0, 7] and the terminal condition w(zx,T") = d(x). But in
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this section we focus on scenarios where D is specified only probabilistically while
the durations of the subsequent phases (D, and D) are known and fixed. For
a simple example, consider a city where all traffic light signals have green phase
durations of either D; or Dy > D seconds, and the fractions of signals in these
respective categories are p; and p, = 1 —p;. Even though the driver is aware of the
city-wide statistics, they may not know the category of this particular signal. So,
the remaining green time is a random variable fY with possible values T; = D; — &
and the corresponding probabilities p;, (i = 1,2). We are thus selecting a control

a(-) to be used until the light turns yellow with the goal of minimizing

C(x,t,a( {/K ) dr + 0(y (T ))} (3.12)

This is an example of “initial uncertainty” (|82]), with the problem becoming fully
deterministic at the time 77: the light will either turn yellow then or we will

immediately know that T L =T5. Thus, starting from any ¢t < T,

Cla,t,al- Zpl(/f( ))dr+6(())>

T

= [ K(y(r),a(r) dr + pid(y(T1)) +

t

a —m( "K (y(r)alr) dr + 5<y<T2>>).

T
This makes it natural to treat the planning on [0, 77) and [T3, T5) as separate
optimization problems, defining a pair of value functions w!(z,t) and w?(x,t) for
the respective time intervals. Each of these will solve the same PDE ({3.8]), but

with different terminal conditions

wh(z, 7)) = pié(x) + (1 — pw?(x, Ty);  w(x, Ty) = ().

Generalizing this to n possible green light durations D; < ... < D, with

possible remaining green time intervals T; = D; — £ and P (fY = Ti) = p; for

93



i=1,...,n, we introduce n different value functions w'(x,t), each defined on its
own time interval [T;_q, T;), where for notational convenience we take Ty = 0. All

of these satisfy with the terminal conditions
w' (z,T;) = pid(x) + (1 —p)w™ (2, T;), (3.13)
where p; is the conditional probability
pi = ]P)(fYZTz“TY>TF1> = pi/ (i%’) .
j=i

Since p, = 1, the problem is deterministic on [T}y, T},). For i < n, each w’

1

depends only on the next w**!, and all value functions can be found in a single

sweep backward in time from ¢t = T,, to t = Tj.

3.3 Numerical Implementation

3.3.1 Numerical Methods for HJB Equation

“Nobody said it was easy. No one

ever said it would be this hard.”

“The Scientist” by Coldplay

Overall, our numerical approach to the “uncertain green phase duration” prob-

lem consists of the following three stages:

1. Solve the stationary HJB (3.5)) for the last phase G .

2. Solve HJB (3.8)) for the deterministic phases R and Y.
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3. Solve a sequence of HJBs (3.8)) for the uncertain phase I.

The numerical results from each stage are used in determining the terminal condi-
tions for the following stage. Our algorithms are based on a semi-Lagrangian (SL)
discretization ([43]) on a Cartesian grid over a (d, v, t) domain with (Ngz+1), (IV, +
1), and (N; +1) gridpionts along the respective dimensions. For a pre-specifed N,,

we select the discretization parameters

v Av _

The physical position, velocity, and time at a node (7,7, k) are then (x;;,t;) =
(di,vj, t) = (d* +1iAd, jAv, kAt) for ¢ = 0,...,Ng, 7 = 0,...,N,, and k =
0,..., N;. The usual first-order SL discretization is based on assuming that a fixed
control a is used starting from ;; for a small time 7. The resulting new state z; =
(J?,ﬁ}l) is usually approximated numerically (e.g., as &f; = ;; + 7f(xi;,a)), but
our simplified dynamics allows computing &7; analytically. Moreover,
guarantees that d® € [d;_y, d;] and [0f — v;| < Av for any 7 < At, which makes
it easier to interpolate the value function at ;. We also use the Golden Section

Search (GSS) algorithm whenever we need to find the optimal a numerically.

Stage 1: Stationary HJB Solve

In phase G, there is never any incentive to decelerate and we only consider control

values a € [0, 8]. The PDE (3.5) is stationary, and the solution ¢(z;;) is approxi-
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mated by a grid function @);; satisfying

@ = min {TK(zy,0) + Q(Z],)}, 1>0,7< Ny
QiNU = TK(miva 0) + Q(j?Nv>7 Vi;
@o; =0, Vji; (3.15)

where the last two lines encode the need to stay under the speed limit and the
boundary conditions respectively. Since {; is usually not a gridpoint, its value )

is recovered via bilinear interpolation. I.e.,

Q(jfj) - Vl(a)Qi,j + 72(G>Qi, j+1 + 73<G)Qi—l, j+1 + 74(G)Qi—1, 3o

with the nonnegative bilinear coefficients adding up to 1 and v,(a) < 1 for all a
values. The coupled system (3.15)) can be solved through value iterations, but the
dependence of the right hand side on @);; slows down the convergence considerably

even when using a Gauss-Seidel relaxation. Instead, we replace the first equation

in (3.15)) with an equivalent

1
Qij = ag%(i)’%} {1——71(@) <TK(5132‘;'7 a) +72(a)Qij+1 +3(a)Qi14+1 + 74(61)@'—1,]') }
(3.16)

This effectively decouples the system, and we can now solve it in one sweep, looping

through ¢ =1,...,Ng; j = N,,...,0.

Stage 2: Deterministic Y-R Phase HJB Solve

The SL discretization for the time-dependent PDE (3.8)) is similar, but with several
subtleties, which we describe below only briefly due to the space constraints. The

grid-approximation of the value function must satisfy

Ul = min {K(xij,a)7 + U (2f;,t+7)} (3.17)

e
aEAiJ Y
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for all 7, 7 and all & < N;, which can be solved backwards in time from the terminal
conditions Ugt = @i;. The control set is based on the speed constraints: A;y =

0, 5], Aix, = [—,0], and A;; = [—«, ] for all other j values. On most of the

domain we use 7 = At, and the value at (Zf;, t + 7) is obtained via bilinear
interpolation in (d,v). But we reduce 7 wherever it is needed to respect additional
state constraints due to the traffic light, in which case we employ cut-cells in (d, v)

and additional linear interpolation in t.

In the red phase (with ¢t € [T}, T,)), the car has a disallowed region Z,. For
x;; just right of the line d = d,(v), our 7 is decreased adaptively, to ensure that
OEL] >d, (172“]) . All grid cells intersected by this line are treated as cut-cells, with

values of U on the parabolic boundary computed by formula (3.9)).

Extending the solution into the yellow phase (for ¢ € [T,T})) presents two
additional complications: the time-dependent disallowed region Z,,(t) (see Fig. [3.1))
and a possible discontinuity of u(z,t) when d = dg(v,t). We adopt the following
two-pass procedure to handle these challenges separately. First, we solve for
all d > d,(v) exactly as we did in phase R; i.e., treating d = d,(v) as a boundary
with the boundary conditions specified by . This computes the best cost
attainable by waiting out the red light. But for some starting configurations, it is
also possible to accelerate enough and cross the intersection before the light turns
red. So, we then re-solve for all d < dg(v,t) without treating d = d,(v) as a
boundary, with grid values updated only if they are smaller than those obtained in
the first pass. To avoid interpolating across the discontinuity, in this second pass
we use cut-cells just left of d = dﬁ(v, t) with the boundary conditions specified by
(3.11).
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Stage 3: Uncertain Initial Phase [

Given a set of possible times when the light could turn yellow Ti,...,T),, each
conditional value function w'(x,t) satisfies PDE ont € [T;_1,T;). Thus, we
solve them sequentially (from w" to w!) using the same SL-discretization but
with the terminal conditions (3.13). We note that the latter uses d(z) = u (x,T,)
obtained at the end of Stage 2. Once this function is computed, Stage 3 can be
repeated as needed (for different probability distributions of T,,) without repeating
the computations in Stages 1 and 2. We also note that the timestep in stage I is

always 7 = At and cut-cells are not needed since Z,(T.,) = (.

3.3.2 Optimal Trajectory Tracing

Once the value function is computed, it is easy to find an approximately optimal
trajectory for every starting configuration (d,v,t). For ¢t € [T,,T,), the optimal
control value a, is stored at every gridpoint while solving ; at all other points,
we approximate a, (@, t) via tri-linear interpolation. When tracing a trajectory, we
use this approximately optimal feedback control to solve (3.1]) until the time 7.
At that point, we switch to the approximately optimal feedback control obtained
from and continue until reaching the target d*.

If starting in the initial green phase of uncertain duration from some ¢t €
[T;_1,T;), we again follow the feedback control obtained when solving for w’. If
the light turns yellow at the time T;, we switch to a deterministic setting with the
feedback control based on u. Otherwise, (i.e., if it stays green at T;), we continue

with w't!,
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3.3.3 Approximating the J3;-Constrained Pareto Front

Our running cost K defined in can be viewed as a linear combination of con-
stituent running costs describing separately the fuel usage, discomfort from rapid
speed changes, and time to target; i.e., K; = v[a], Ko = a?, and K3 = 1, with
the coefficients (c1, cq, c3) reflecting the relative importance of these to the driver.
Cumulative constituent costs (71, J2, J3) can be computed by integrating the cor-
responding K;’s along the trajectory. Rational tradeoffs among these objectives
can be explored by varying ratios of ¢;’s. To evaluate the fuel-discomfort tradeoffs
among trajectories reaching the target in at most T seconds, we fix a ratio Z_; and
find c3 such that J; = T for the K-optimal trajectory recovered from the HJB
PDE. Repeating this process for a range of g—; values, we obtain a Js-constrained

Pareto Front for (71, J2).

3.4 Numerical Experiments

“I don’t wanna walit in vain.”

“Waiting in Vain” by Bob Marley
& The Wailers

For all experimentd] we use realistic parameter values v = 45mph =~
20.12m/s, —a = —3.8m/s*, 3 = 3.8m/s* D, = 3s, D, = 60s. We conduct
all planning on a 200-meter-long road segment with the traffic light in the middle;
i.e., d=100m, d; = 0, and d* = —100m. We use a 345 x 181 grid in (d, v) space,

“In the interest of computational reproducibility, we provide the full source code, addi-
tional figures, and movies for all examples at https://eikonal-equation.github.io/Traffic_
Light_Uncertainty/
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with At specified by (3.14)).

Mirroring the previous sections, we start with the planning in the later (deter-

ministic) phases before considering the effects of uncertainty in the initial phase

I

Example 1: Green phase G only. The planning in this final green phase is
particularly easy to interpret since there are no constraints other than the speed
limit. With our simplified dynamics, the method of characteristics used on PDE
shows that any optimal trajectory will have at most three stages: (1) using
the maximum acceleration a = (3, (2) linearly decreasing acceleration until a = 0,
and (3) coasting until we reach the target. We illustrate this for a specific starting
(d,v) = (80,0) in Fig. [B.2]A. Starting from the same (d,v), Fig. shows the
rational (fuel usage / acceleration discomfort) tradeoffs for 3 different constraint

levels on the time-to-target.

80

. $ e J3=45s
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5 254 . J5=35s
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2011 o 20 ‘
+ .
—_ o ®
= 1005 < 15
= c %
0.00 S S
X -E 10,
3.800 { [a] sese

1.900 4

20 &
6 8 10
t Fuel Cost

(A) (B)

o

al(t)
b )
£ ra e © oo

0.000

Figure 3.2: Example 1 optimal trajectory and fuel-discomfort tradeoffs start-
ing from (d,v) = (80,0). (A): Optimal d(t), v(t), and a(t) when
(¢1,¢9,¢3) = (0.025,0.025,0.95). The individual costs along the
trajectory are J; = 20.11, Jo = 66.82 and J5 = 11.73s. (B): J5-

constrained Pareto fronts for (71, J2) with J3 = 25s, 35s, and
45s.

Example 2: Phases R and G. Figure|3.3|shows what happens when the driver
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starts planning as the light turns red at ¢t = 7T},. Beyond the traffic light, for d < d,,
the optimal policy is exactly the same as in phase G. But on the other side, the
car cannot cross the parabolic boundary d,(v) = d until T, = T,, + 60s. This
requires aggressive braking to the right of this parabola, though the need for harsh
braking diminishes as t — T, and d — d since it is optimal to reach d (v) = d

with non-zero speed just as the light turns green.

t= TR 80 \

N
o

d(t)

=
w
N

Velocity (m/s)
=
o

(%4}
|
N

o
Acceleration (m/s?)
v(t)

0 ; ! " |
-100 =50 0 50 100
Position (m)

(A) (B)

Figure 3.3: Example 2 feedback controls and optimal trajectory when
(c1,¢2,¢3) = (3,3,3). (A): Feedback controls at ¢ = T}, with
Z, shown in white. (B): Optimal d(t),v(t) and a(t) for starting
(d,v,t) = (80,15,T},). It is optimal for the driver to brake, stop,
and wait until they can accelerate to arrive at d,(v) at T, with
v > 0.

Ezxample 3: Deterministic phases Y, R, and G. In the yellow phase, some of
the starting configurations (with d < dg(v,t)) allow beating the red light if the
driver is ready to accelerate aggressively. This leads to a time-dependent disallowed
set Zy (t) (see Fig. and a possible discontinuity in the value function when
d= dﬁ(v, t). Fig. shows that even a slight shift in a starting position over this
discontinuity will result in a drastically different optimal trajectory and cumulative

cost.

Ezxample 4: Uncertain yellow change, fy e {11, T»}.

We now start planning at the time ¢ = 0 in the initial green phase I, with the
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Figure 3.4: Example 3 feedback controls for (ci,c2,¢3) = (5,3,3) at (A):

t=T,+ 1sand (B): t =T, +2s. Both plots are the control-
heatmap equivalents to the piecewise boundary schematics shown

in Fig. B.1]

d(t)

a(t)
a(t)

v(t)
v(t)

Figure 3.5: Example 3 optimal trajectories starting from (A): (d,v,t) =
(43,10,7,) and (B): (d,v,t) = (48,10,7,). The former yields
(J1, Jo, T3) = (6.82,21.32,8.9) and the overall cost J = 12.35.
The latter results in (J1,J2,J3) = (6.65,14.16,80.95) and a
much larger J = 33.94.

remaining time until yellow T , taking values T} = 2s or T, = 6s with equal
probability (p; = pa = 1/2). We first assume that the driver values all three
objectives equally (¢; = ¢o = ¢3 = %), the resulting optimal feedback control for ¢t =
0 is shown in Fig. [3.6/A. We focus on the starting configuration (d,v) = (94, 0.85),
from which it is possible to beat the traffic light if TY = T, but not if TY = T.

The optimal trajectory (shown in Fig. [3.6B) branches at the time ¢t = 77, when
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we find out the true value of fY. We note that the “optimal under uncertainty”
control used for t € [0,7}) would not be optimal for either deterministic scenario:

we would accelerate far less (if at all) with T\, = 77 and far more with 7, = T5.

But just because one can beat the traffic light with T; =T, it does not mean
that it is always optimal to do so. Indeed, if this light duration is sufficiently
unlikely, the initial acceleration on [0,7}) to preserve both options is no longer
worthwhile. We demonstrate this for (p;,p2) = (0.95,0.05) in Fig. 3.7, (Note
that there is still branching at ¢ = T} since at that point we discover the time
(T, + D, + D,)) by which we need to reach the parabolic boundary as the light
turns green again.) Not surprisingly, a similar decision not to rush can also result
from a difference in driver’s priorities; e.g., a high enough ¢, will make rapid

acceleration unattractive even if T is fairly likely. In Fig. [3.§ we demonstrate this

for (p1,p2) = (0.5,0.5) and (¢q, 2, ¢3) = (0.15,0.75,0.1).

20 T N— R
g o N
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-100 -50 0 50 100 o 10 20 0 Py 50 60 70 80
Position (m) t
(A) (B)

Figure 3.6: Example 4 feedback controls and trajectories for starting (d,v) =
(94,0.85) when (pi,p2) = (0.5,0.5) and (c1,¢2,¢3) = (5,3, 3).
(A): Feedback controls at ¢ = 0. The “X” indicates the vehicle’s
starting point. (B): Optimal d(t), v(t) and a(t). Vertical lines
corresponding to the possible turning yellow, red, and green times
are shown in their respective colors.

Ezxample 5: Uncertain yellow change, fy e {T), 15, Ts}.

In our final example, we use (71,72,75) = (2s,45,65s) with (p1,p2,p3)
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Figure 3.7: Example 4 feedback controls and trajectories for starting (d,v) =

N
o

(94,0.85) when (p1,p2) = (0.95,0.05), and (c1, ¢2,¢3) = (3,3, 3)-
(A): Feedback controls at ¢ = 0. The “X” indicates the vehicle’s
starting point. (B): Optimal d(t), v(t) and a(t). Vertical lines
corresponding to the possible turning yellow, red, and green times
are shown in their respective colors.
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Figure 3.8: Example 4 feedback controls and trajectories for starting

(d,v) = (94,0.85) when (p1,p2) = (0.5,0.5), and (¢y,¢9,¢3) =
(0.15,0.75,0.1). (A): Feedback controls at t = 0. The “X” in-
dicates the vehicle’s starting point. (B): Optimal d(¢), v(¢) and
a(t). Vertical lines corresponding to the possible turning yellow,
red, and green times are shown in their respective colors.

(0.25,0.25,0.5) and ¢ = ¢ = ¢3 = % starting from (d,v) = (68,5). The opti-

mal control (shown in Fig. has three branches: if the light stays green at

t =T}, it becomes clear that we can beat the red light, but how much acceleration

will be needed to do so will be revealed at ¢t = T5.
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Figure 3.9: Example 5 feedback controls and trajectories for starting (d, v) =
(68,5) when (p1,p2,p3) = (0.25,0.25,0.5), and (¢1,¢9,c3) =
(3,3,3). (A): Feedback controls at t = 0. The “X” indicates
the vehicle’s starting point. (B): Optimal d(t), v(t), and a(t).
The (T3,T5,T3) and their corresponding 7}, and 7T, are marked
by the yellow, red, and green vertical lines respectively.

3.5 Conclusions

We provide a framework for determining optimal driving strategies in the face of
initial traffic light uncertainty and competing optimization objectives. While our
basic setup is intentionally simple, the proposed optimization under uncertainty
approach is much broader. We hope that it will be useful in modifying prior models
with detailed vehicle dynamics ([96]), route selection on complex road networks
with many signalized intersections ([69]), and game-theoretic traffic effects due to
independent decision making of multiple drivers ([60]). A similar approach will also
be useful in treating other uncertainty models with more general (e.g., continuous)

phase-duration distributions as well as pedestrian-actuated signal timing changes

(139]).
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CHAPTER 4
OPTIMALITY OF MOTION CAMOUFLAGE UNDER ESCAPE
UNCERTAINTY

“Moving in the shadows, sneaking

past the warning sign.”

“Dark Days (Feat. Sylvan Esso)”

by Local Natives

Camouflaging is often used in nature as a concealment mechanism by pur-
suers hoping to sneak up on a potential evader. Although organisms across the
animal kingdom utilize a variety of such tactics, the active motion camouflage
(MC) displayed by male hover flies during mating [29] and dragonflies settling
territorial disputes [74] is of particular interest in both biological and engineering
applications since it is induced by the pursuer’s movement rather than by a set
physical characteristic such as fur patterns or body texture. A pursuer engaging
in stationary-point MC chooses their trajectory in attempt to trick the evader’s vi-
sual system into believing that the pursuer is a part of their perceived background
optical flow [32]. Figure illustrates the MC motion constraints geometrically.
When the pursuer’s trajectory stays on the line between the evader and the object
at the evader’s focal point (zy), the evader can only detect changes in the pursuer’s

size and not any relative motion.

Modeling MC trajectories in a control-theoretic setting has been of interest to
biologists and engineers alike since Srinivasan and Davey first proposed a mathe-
matical description of this behavior in [94]. Prior studies in the literature which

address these tactics in an optimal control framework primarily aim to determine
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Figure 4.1: Ilustration of stationary point motion camouflage with respect
to the boulder at zx. The evader and pursuer at four snapshots
in time are identified by zg(-) and zp(-) respectively.

optimal trajectories along which the pursuer always uses MC [107, [84] 64, 23].
Such trajectories are generally obtained by optimizing a performance index in an
open-loop framework under the MC motion constraints. These approaches do not
address the fundamental question of when it may be beneficial for the pursuer to
utilize MC, and they also rely on the realism-limiting assumption that the evader

will never feel threatened and attempt to escape prior to capture.

The main contribution of this chapter is the development of a continuous-time
dynamic programming framework that can be used to determine situations in
which it is optimal for a pursuer to utilize MC amidst uncertainty in the evader’s
escape attempt time. Our framework is centered around solving a sequence of
Hamilton-Jacobi-Bellman (HJB) equations from which we can recover the pur-
suer’s optimal trajectories. MC-optimality from a given starting location is then

determined by identifying a fraction of the optimal trajectory which is (approxi-
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mately) MC.

Although our approach may be adapted to analyze benefits of MC usage in a
variety of biological and vehicular systems (see [95], [61], O8] for examples), we il-
lustrate our framework through the model problem of an energy-optimizing hover
fly (pursuer) trying to capture another hover fly (evader) that will, at some un-
certain time, feel threatened and attempt to escape. The evader’s escape attempt
is modeled as the result of a non-homoegeneous Poisson point process with rate
function A that controls the rate of switching from an initial stalk phase (in which
the pursuer may utilize MC) to a direct chase phase (in which the pursuer rapidly

darts after the escaping evader).

The rest of this chapter is organized as follows: Section [4.1| describes the model
problem, biological assumptions, and the two pursuit phases. Section 4.2 presents
the main optimal control framework and the HJB PDEs. Section outlines the
numerical methods used to solve the PDEs. Section [4.4]shows four examples which
illustrate a sampling of the pursuer’s energy-optimal flight trajectories for different
A. We also report statistics on the percentage of stalk phase flight spent in MC
from over 200,000 starting points to illustrate how properties of E’s visual system
affect the optimality of MC tactics. Conclusions and future directions are discussed
in Section [4.5] We also note here that while this chapter is based heavily on the
work presented in [47], further modifications were made to the original model since

its publication.
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4.1 Model Problem Formulation

We motivate the development of our optimal control framework by focusing on the
following biological model problem:

Model Problem: When is it optimal for an energy-optimizing hover fly to engage
in stationary point motion camouflage while pursuing another hover fly who will,

at some unknown time, feel threatened and attempt to escape?

4.1.1 Notation and Assumptions:

Notation: Throughout the chapter, we will refer to the pursuer hover fly as “P”
and the evader hover fly as “E.” We let zp = [zp,yp]’ and zg = [vg, yp]T refer to
|

points in R? which specify P and E’s initial positions, while z = [z, y]” refers to a

generic point in R2. The vectors zp(t) = [xp(t), yp(t)]T and zp(t) = [2p(t), ye(t)]"

reflect the time-dependent nature of P and E’s positions.

Biological Assumptions: Following experimental data presented in [100] B0],
Table summarizes our assumptions about P’s physiological characteristics and
their associated parameter values. These characteristics include the hover fly’s
average weight, torso length, wing length, flight speed capabilities, and general
visual radius. Since male hover flies are known to patrol resource-rich locations
for mates [29], we assume that P pursues E while they are en route to feed at the
only food source in the region - a flower located at z, = (zy,y,). Male hover flies
can predict a female’s trajectory reasonably well [30], so we suppose that P has

complete knowledge of E’s route zg(t) to z, at the start of the planning process.

With compound-eyes, hover flies have &~ 360° vision, but we assume that their
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Table 4.1: Summary of considered hover fly physiological traits and their

assumed parameter values

Hover Fly Physiological Traits & Biological Parameter Values
Trait Symbol | Value Units
Approx. torso length [ 7.75 mm
Approx. wing length w 5.625 mm
Approx. avg. weight — 12 mg
Radius within which vision is strongest || D 0.75 m
Drag Coefficient C 2.4 n/a
Density of air p 1.23 kg/m?
Cross sectional area A 1.19 x 10~ m?
P’s maximum stalk flight speed Fp 4 m/s
P’s maximum chase flight speed Gp 11.11 m/s
E’s flight speed while being chased Gg 10 m/s

vision is strongest within a D meter radius [29]. Beyond this radius, E’s visual

detection abilities continuously wane.

4.1.2 Pursuit Phases and Planning Horizons

Based on behavioral observations [106], the planning process consists of two phases:

1. Stalk Phase: E has not yet felt threatened by P and has not initiated an

escape attempt. P may use MC tactics in this stage.

2. Direct Chase Phase: E feels threatened by P and immediately attempts to

escape by directly fleeing along a straight line trajectory. P chases directly
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after E along their escape trajectory.

Stalk Phase Time Horizon € Quantifying MC Deviation: The stalk phase begins
at t = 0 and lasts until 7, = min {Tl,Tl}. Tl is the uncertain time at which
E initiates their escape, and T} = min{t > 0| zp(t) € T}, where T := {z €
R? | |z — zg(t)] < €}. E’s escape attempt can either occur while traveling to z,
or while sitting stationary at z, during feeding. The escape attempt time is a
non-homogeneous exponentially distributed random variable with pointwise rate
function A\ that depends on P’s trajectory at time ¢ and properties of E’s visual

system. This rate is primarily influenced by two factors:

e How attuned E is to P’s angular deviations in the background optical flow.

e How tolerant E is to P’s proximity (mutual distance) within their visual field.

At time ¢, the angular displacement between E’s focal line to zx and P’s current

position z is given by

0(z,t) := cos* (M> : (4.1)

4 () (0)]
where 7(t) := z — zg(t), and ry(t) == zx — zg(t). A diagram of these vectors
in relation to zg, zp, and zy is displayed in Figure . We also note that 6 is
irrelevant when |r(t)| = 0 since capture will have already occurred. We say that

E is in “perfect MC” when 6 = 0 and 7(¢) is exactly aligned with r.(t).

While # is an exact quantification of P’s instantaneous MC violation as dis-
cussed in [85], it alone is not a suitable measure of how E perceives and responds
to P’s MC behavior. After a certain threshold violation angle § € [0, %], P’s MC
violation is too large to have any meaningful impact on whether or not E will per-

ceive them as a threat. The only influencing factor on E’s threat perception when
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Figure 4.2: Diagram of r4(t) and r(¢). The exact MC violation 6 is related
to the dot product of those two vectors.

6 > 6 is the mutual distance between the two hover flies. To this end, E is more
attuned to angular deviations when 0 is lower, so P must remain closer to perfect
MC if they want to successfully trick E using this tactic. On the other hand E
is less attuned to the angular deviations when 6 is higher, and P can stray a bit

farther from perfect MC without dramatically increasing the chances of spooking

E.

We can quantify these effects on E’s threat perception by defining the following

smoothstep response function,

(

B 0 =0
o(0) =9 —201—B)I 33 +3(1-B)H202+B 0<0<80 (4.2)
1 0 >0,

\

where B € (0,1) reflects how well-duped E is by MC behaviors. Lower values of
B indicate that E is strongly tricked by MC tactics overall, while higher values of
B indicate that E is not as responsive to MC. E’s response increases from B to 1

as a function of 0, and 6 controls how rapid this increase is. We provide plots of

o(6) for three different values of § and B = 1/2 in Figure .
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Figure 4.3: Plots of o(6) for: (A) 0 =7/2, (B) § =nx/4, and (C) 6 = n/8.
In each plot, # is indicated by the red vertical line.

We now utilize the mutual distance between the two hover flies and o () to de-
fine the threat detection rate. Taking inspiration from a two-dimensional Gaussian,

the pointwise threat detection rate is

(4.3)

A@J%:SMpCJﬂV@-%V)

)
o(0)
where S is a positive constant set to reflect the overall strength of E’s detection
abilities, M > 0 is a positive constant that reflects how tolerant E is to P’s prox-
imity. We note that when t > T, the t-dependence in A can be suppressed since
E’s location is fixed at z,. In light of the above, the probability that E does not

attempt an escape within the time interval [t,¢ + 7] is

p(z(t), 1) = e~ Ji T AEE s (4.4)

Direct Chase Phase Time Horizon: At T,, the direct chase begins, and it ends
with E’s capture at To = min{t > Ty | |zp(t) — zr(t)| < v}. A table summarizing
the phases, termination times, and termination criteria presented in the discussion

above is available in Table [4.2]

Energy Ezrpenditure Quantification: Metabolic processes in biological systems

are inherently complex. To keep the discussion straightforward and retain the
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Table 4.2: Summary of pursuit stages and time horizons

Pursuit Stages & Their Termination Criteria

Phase Termination Time Termination Criteria / Explanation
Stalk T, = min{TI, T} Ends when E is spooked at either T (uncer-

tain time) or 77 (deterministic, time when P
is first within € m of E).

Direct Chase T When P is first within v m of E.

focus on the mathematical framework being developed, we focus on quantifying

the following:

W: The amount of baseline operational power that P needs to exert to at least

stay afloat in air via hovering.

K: The amount of power that P needs to expend to overcome the drag force

during flight.

We model the hovering power W as a constant, and following the experimental
results published in [76], we take the hover fly’s average mass-specific hover power
to be =~ 42.5 watts per kilogram. This yields an approximate hovering power

W = 0.00051 watts for a 12 milligram hover fly.

To determine the power K required to overcome the drag force at time t, we
first compute the drag force Fp(t) on the hover fly. Fp(t) opposes P’s direction of
motion at time ¢, and it is heavily dependent on the hover fly’s Reynold’s number

(Re) and drag coefficient (C).

Although Re is often determined experimentally, its mathematical formula can
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be derived from the Navier-Stokes equations and is given by

_ pLiv|
U

Re (4.5)

where p is the density of the fluid in kg/m?, L is the characteristic length of the
object, and 7 is the viscosity of the fluid. We take p ~ 1.23 kg/m?, L ~ 0.00775m
(the length of the hover fly’s torso), and 1 ~ 1.81 x 107° kg/ms (the viscosity of
air at approximately 60° Fahrenheit). Thus, our approximation for the hover fly’s
Re satisfies

Re ~ 509.67|v. (4.6)

Based on our assumptions about the hover fly’s flight speed capabilities outlined
in Table [L.1], the hover fly’s Reynolds number satisfies the following upper bound

through both the stalk phase and the direct chase phase,
Re < 5662.43. (4.7)

This upper bound on Re suggests that the hover fly will never enter the turbulent

flow regime that occurs when Re > 2.5 x 105.

We now use the insight into the hover fly’s Reynolds number to determine an
appropriate formula for the magnitude of the drag force. Although the relationship
between C' and Re is usually determined experimentally, several approximation
formulas have been developed for Re < 2 x 10° [57]. These approximations have
the general form

24

C 7 T L (4.8)

where T is a sum of situation-specific correction terms. For Re < 2 x 10°, a

common approximation formula takes T = 1+\6/E +0.4. While we acknowledge that
including the terms in YT would lead to greater physical realism in the computations,

we opt to ignore them for the sake of simplicity. Using C' ~ % and the fact that
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Figure 4.4: Diagram of the hover fly’s cross sectional area approximation.
The cross sectional area A is approximated by computing the
sum of the areas of two ellipses for the wings and the area of
one ellipse for the torso (including the head). The two wings are
identical and are assumed to have major radius h/2 and minor
radius w/2. The torso has major radius //2 and minor radius

w/2. Values for [, h, and w are specified in Table .

the drag coefficient is related to the magnitude of the drag force by C = ﬁ—2DP’
we find that
Fp =~ 12nL|v|. (4.9)

This suggests that in the relevant Reynolds number regime, the magnitude of the

drag force is linearly proportional to the hover fly’s speed, |v(t)|. Thus,

—v(t)
|v(t)]

where A is the approximation of the hover fly’s cross sectional area. A diagram of

Fot) = (écpmv(tn) (4.10)

the approximation approach is provided in Figure [£.4 Thus, the force required of
P to overcome drag at time t is Fp(t) = —3CpAv(t), and using the definition of
power yields

Plt) = %C’pAv(t) v = %C’pA|’U(t)|2. (4.11)

As such, the running cost function that captures P’s total power expenditure at
time ¢t is

K(w(t) = 5CpAlo(t) + W. (4.12)

By the Work-Energy Theorem, the integral of K(v(t)) over the time interval [t, ¢+

7] gives P’s cumulative energy loss during that period.
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4.2 Optimal Control Framework

We now present the full optimal control framework that is used to address the
Model Problem introduced in Section 4.1, We begin with an overview of the de-
terministic optimal control problem that models the direct chase phase interaction
and then transition into a discussion of the randomly terminated optimal control

problem characterizing the stalk phase interaction.

4.2.1 Direct Chase Phase

“I should be flying straight with
no delay, ’Cause time takes from

everyone.”

“Patience” by Tame Impala

In the deterministic direct chase phase (t > Ts), P optimizes for energy loss
while darting after E in response to their escape attempt. Experimental results
suggest that hover flies generally follow escape trajectories that correspond with
direct fleeing away from the perceived threat [38, [09]. In mathematical terms,
E flies along a straight-line escape trajectory in the direction opposite of r(T)
with constant speed Gg. P then darts after E along the same line with speed
v €S = [Gg+a,Gp], where « is a positive constant smaller than Gp — Gg. Since
P’s minimum direct chase speed is larger than Gg, P will eventually capture E

when their mutual distance falls below v meters.

P and E’s coinciding straight line trajectory and the capture guarantee posed

by their relative speeds allows us to reduce the spatial dimension of the problem
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from two to one. For notational purposes, we let z(t) = |zp(t) — zg(t)],. The
system dynamics here is simply the relative velocity Z(s) = Gg — v(s). Thus, P’s
optimal direct chase energy expenditure can be determined by solving the following

deterministic optimal control problem:

q(z) = v(i;)lgfg { t 2 %C’pA(v(s))2 + st} (4.13)

where § is the set of admissible control functions. An application of dynamic
programming to (4.13)) and appropriately Taylor expanding shows that the value

function ¢(z) is the solution to the following ordinary differential equation (ODE)

dq ) dg 1 5 B
GEEﬁme{—vE—l—éCpAv } +W =0 (4.14)

vES

with boundary condition ¢(z) = 0 at z = . Since the direct chase is radially
symmetric, the solution to Equation (4.14)) is the same along every direction around

the circle surrounding E.

It is straightforward to analytically determine P’s optimal speed of motion v,
during the direct chase. Assume first that P is allowed to move with unbounded
speed. Taking the derivative of Equation (4.13]) with respect to v and solving for

the minimizer as function of fTZ gives

1 dq

= = 4.1
! CpAdz (4.15)

Substituting the optimal speed given in (4.15) back into the ODE yields the fol-

. . dq
lowing quadratic for o1,

C L (da\T g ey (4.16)
2CpA \ dz Bdz - '

The roots are Z—z = CpAGg F CpA,/G% + é—m. Taking the positive root and
plugging in the numerical values for Gg,Gp,C,p, and A as given in Table

reveals that v, ~ 20.14m/s. Since the Hamiltonian is convez in v and the optimum
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value falls above the admissible range of speed values for P, P’s optimal velocity is

v, =Gp=11.11m/s.

From the analysis above, it is straightforward to produce an analytical formula
for P’s optimal direct chase energy expenditure, taking into account the constant
nature of % and the result that v, = 11.11m/s for the given set of model param-
eters. Starting from position z at time ¢ € [0, T3], the optimal amount of energy

that P will spend chasing E to capture is given by,

g(z,1) = % (%vaf + W) . (4.17)

4.2.2 Stalk Phase Optimal Control Problem

“I was only walking by, didn’t

mean to catch your eye.”

“Prep-School Gangsters” by

Vampire Weekend

During the stalk phase of uncertain duration (¢ € [0,75)), P’s optimal course
of action is found by solving the following problem:
Stalk Phase Problem: Solve a randomly-terminated optimal control problem to
determine P’s optimal velocity v(+) which minimizes their expected energy loss until

the direct chase begins at Ty.

Since E is stationary on the flower until being spooked or until P gets within
e cm, we compute P’s expected energy loss over two stages t € [0,T,) and t > T,.
Our approach to this two-stage control problem falls within the general class of

randomly terminated optimal control problems developed in [5] and similar to
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multistage examples discussed in [83]. While these two stages can be combined
and treated with one HJB PDE, we choose to separate them in our presentation

here for the sake of clarity.

Dynamics: P moves with the simple dynamics
Zp(t) = v(t) (4.18)

where the velocity vector v(t) is restricted to the ball V := {v € R? | 0 < |v| < Fp}
for all ¢ € [0,7}). Fp is assumed to be 4m/s as given in Table [1.1] P can predict
E’s stalk phase trajectory, so E’s position zg(t) is given by a known function f(t),

f 10, T,] — R?. We also impose the restriction on E’s trajectory that | f'(t)| < Fp.

Indefinite Horizon (t > T,): If E arrives at z, without being spooked, P’s
expected energy loss after T is characterized by an indefinite horizon problem

which terminates at 7, = min{Tl, T1}. The expected cost is

T,

Cs(z,v(-)) = E;, { K(v(s)) ds + q(z(ﬁ))} : (4.19)

t
where t > T, and the time dependence in (4.17) is suppressed since E is stationary

at z,. The value function is
w(z) = inf {Cs(z.v()} (4.20)

and by standard arguments in [8], w(z) is a viscosity solution of the stationary

(time-independent) HJB PDE
0= min (K(v) + Var(z) - v} + Me)(a(=(D) (=) (121)
with the boundary condition w(z) = ¢(z) for all z € T.

Finite Horizon (t € [0,T,)): Prior to E’s arrival at z,, the expected energy loss

is described by a finite horizon problem which terminates at T = min{T 1, T, Th ).
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It is given by
Tr

Cr(z,t,v(-) = E;, { t K(v(s)) ds+5(zp(TF),TF)}. (4.22)

where 8(zp(Tr), Tr) = q(2(Tr), Tr) when Ty < Ty, and 6(zp(Tr), Tr) = w(z(T}))

when Ty = T,. The value function for ¢ € [0,7}) is defined as
u(z,t) = nf{Cr(z,t,v())}, (4.23)

and arguments in [8] show that u(z,t) is a viscosity solution of the following time-

dependent HJB PDE,
0=uz,t)+ mig {K(v) + Vu(z,t) - v} + Az,t)(q(z,t) —u(z,1)) (4.24)
ve

with the terminal condition u(z,T,) = w(z) and the boundary condition on a

time-dependent neighborhood of E, u(z,t) = ¢(z,t) for all z € |z — f(t)| <e.

Since the cost function K(v) is isotropic, the optimal velocity vector v, =
(vg,vy) in Equations and will always oppose the direction of the
gradient. As such, it is straightforward to determine an analytical expression for
v, as a function of Vu. Assuming that P’s speed is unconstrained, the first order
optimality conditions require the gradient of the control Hamiltonian H(v) =

K(v) + Vu(z,t) - v to satisfy

0H OH
= d =—=0. 4.2
0. 0 an o, 0 (4.25)
This yields
1 1
Uy = Ou v, = Ou and |v.| = [Va] (4.26)

CCpAdz’ Y CpAdy’ T CpA
Since K (v) is convez, the resulting v, given by the formulas in (4.26)) is the global,
speed-unconstrained minimum of H. However, when |v,| exceeds Fp, P’s speed-

constrained optimal velocity becomes

Vu

Tl (4.27)

'U*:—FP
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4.3 Numerical Implementation

The numerical method used to solve the stalk phase HJB PDEs is based on a first

order semi-Lagrangian (SL) discretization [42] of (4.21) and (4.24) on a Cartesian

grid Z over the domain Q := [0,d] x [0,d] x [0,T}]. Z consists of Ng+ 1, Ny + 1,
and N; + 1 nodes in the z,y, and t dimensions respectively. For fixed Ny, the grid

spacings are given by

At < Tin(Az, Ay) (4.28)

d
d Fp

Ax = Ay = N
Thus, P’s position and time at node (7,7, k) is (zi;,tx) = (iAx, jAy, kAt) for
1,7 =0,...,Ngand k =0,..., N;. After 7 seconds of applying control v starting
from z;;, P ends up at position zj; = z;; + Tv. We take 7 = Af, and wherever
the probability that E will not be threatened is used, we compute it as p(z;;, ;) ~
TA(2ij,tx). The value function at points falling within |z;; — zg(t)| < 7 is set to

the analytical solution g(z;;, tx).

4.3.1 Numerical Method for the Stationary HJB

The solution w(z;;) to Equation (4.21)) is approximated by a grid function W;;.

For all i, 5 < Ngq+ 1, W;; satisfies,

Wiy =min {7K(v(s)) + p(zij, tr) W (2) + (1 — plzij. te))a(25) } - (4.29)

veY " K

The value for W (2};) is computed via bilinear interpolation, and q(27;) is computed
via the formula given in (4.17). We solve the system of equations using value
iterations. We execute a variant of the Fast Sweeping method described in [109]

which utilizes Gauss-Seidel (GS) iterations with alternating directions to produce
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the approximation to w at each node. At each iteration, the domain is swept using

one of the following orderings:

(1)220,,Nd,j20,,Nd
(2)22Nd,,0,j20,,Nd
(3>Z:Nd770;j:Nd770

(4) ’iIO,...,Nd;ijd,...,O

The update candidate at node (i, 7) and iteration k + 1 is generally given by

I/Vi'j.Jrl = min {TK(’U(S)) —l—p(zij,tk)/va’kH(ifj) + (1 - p(zij7tk))q(2;)j)} . (4.30)

vey

VV;E’“H is the approximation to the value function at 2zj; computed via bilinear
interpolation. Since the value at some of the grid nodes used in the bilinear inter-
polation routine may have already been updated at iteration k+ 1, the superscript

in W accounts for this while acknowledging that which of these values have already

been updated depends on the sweep ordering being used at the current iteration.

Since W**+1 is dependent on the current value at node (,7), we can greatly
accelerate the convergence by eliminating Wl'; from the right hand side of (4.30)).
Suppressing the zj; and ¢, dependence in p for notational simplicity, we obtain the

equivalent update formula,

1
WEt —mind ——— K kok+1 ko1
fy min { — (TK(v) + plag(v)Wy" " + ag(v) W,

(4.31)
+ ay (V)W 4 (1 — p)Q(iZ}))}

where VVQ/IC ’kH, :f ’kH, and Wf K+ are the remaining corners of the interpolation
cell used to compute Wr +1 and a1 (v), ag(v), az(v), and ay(v) are the control-

dependent interpolation weights associated with each node.
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The optimal velocity v, can be determined via a grid search over a discretized
version of V or via an analytical expression with appropriate gradient approxi-
mation. Further details of the latter approach are discussed at the end of this

subsection.

Stationary HJB Convergence Studies

We establish the stationary PDE’s convergence under grid refinement by comput-
ing a “ground truth” solution W on a 1601 x 1601 spatial grid in the case where A
is quite anisotropic (e.g., the parameters used in Example when M = 10 and
6 = 7/8). We set the camouflaging point z4 to be 0.6 m due south of E’s position
at z, = (2.4,2.1). We determine the infinity norm and L' norm of the pointwise
absolute error between W and the solution Wy, of the corresponding HJB PDE
computed on an N; + 1 x Ny + 1 spatial grid for Ny € {100,200, 400,800}. The
algorithm terminates once the maximum pointwise difference between successive
iterations falls below 1 x 107%. Log-log convergence plots for both norms are shown
in Figure A table containing the number of iterations (sweeps) needed for ter-
mination, the norms, and convergence rate estimates are provided in Table [£.3] It
is evident from the convergence plots shown in Figure 4.5 and the data in Table

that our method is converging under the grid refinement for anisotropic .

4.3.2 Numerical Method for the Time-Dependent HJB

Equation (4.24)) is treated similarly, but with slight modifications to accommodate

the time dependence. The grid function Ui’; that approximates the solution to
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Log of Max Absolute Error
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Log of Average Absolute Error
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2 x 10°
Log of Ny
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3 x 10

I x 102 6 x 10?

Slope - 1
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2 x 10?

3 x 10% 4 x 10?

Log of Ny

(B)

6 x 10°

Figure 4.5: Stationary stalk phase HJB PDE convergence study plots. (A)
Log-log plot of the infinity norm of the absolute error when M =
10, 6 = 7/8. (B) Log-log plot of the L' norm of the absolute
error when M = 10,0 = /8.

Table 4.3: Stationary HJB Convergence Study Data

Stationary Conv. Study: M = 10, § = 7/8
Ny Sweeps L>® Error |In <6Z—:1> L' Error In <6’;—:1>
100 12 0.00046 — 0.00039 -
200 12 0.00017 1.468 0.00013 1.569
400 12 8.53 x 107 | 0.978 5.75x107° | 1.221
800 12 3.41x107° | 1.321 1.92 x 107 | 1.581

(4.24) satisfies the following formula for all 4, j < Ny + 1 and all & < Ny,

Ul(zij, ) = Iglei]r/l{TK(v)_"p(Zijvtk)U<2;)j>tk+7)+<1_p<zij>tk))Q(2p

We solve backwards in time from U(z;;,tn,) = W;;, and we recover U(Z

via bilinear interpolation in x and y.
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Time-Dependent HJB Convergence Studies

Just as was done for the stationary HJB PDE convergence study, we compute a
“ground truth” solution U on a 1601 x 1601 x 9143 spatio-temporal grid over the
domain [0, 4] x [0, 4] x [0, 2] for the same parameters, camouflaging point location,
and evader’s stalk phase trajectory considered in Example [£.4.4] We determine
both the infinity norm and the L! norm of the pointwise absolute error between U
and the solution Uy, of the HJIB PDE computed on an Ng+1x Ng+1x N;+1 grid for
(Ng, N¢) € {(100,571), (200, 1142), (400, 2285), (800,4572)}. Log-log plots of the
absolute error in each norm are presented in Figure and a table summarizing

the convergence data is available in Table [4.4]

Slope - 1 Slope - 1
—— L™ Error —— L! Error
= L
= E
z =
’.;m ! 2
= Z 107
=} =
o0 kS
3 &
10° 2x 102 3x1024x10*> 6 x 10 10? 2x 102 3x1024x 102 6 x 10
Log of N4 Log of N4
(A) (B)

Figure 4.6: Time-dependent stalk phase HJB PDE convergence study plots.
(A) Log-log plot of the infinity norm of the absolute error when
M =10, = 7/8. (B) Log-log plot of the L' norm of the absolute

error when M = 10,0 = /8.

As the grid is refined, the scheme shows evidence of convergence in L*> and in
L'. In L*, the convergence rate is slightly better than one (see Figure (A)
and the second and third columns of Table . In L', the rate becomes slightly
better than first order after the slower decrease between N; = 100 and Ny = 200

(see Figure (B) and the fourth and fifth columns of Table [£.4).
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Table 4.4: Time-Dependent HJB Convergence Study Data

Time-Dependent Conv. Study: M = 10, 6 = /8
Ny L*>® Error |In <%> L' Error In <%>
100 0.00036 — 4.24x107° | —
200 0.00014 1.319 3.14 x 1075 | 0.431
400 7.68 x 107> | 0.906 1.38 x 1075 | 1.189
800 3.32x107° | 1.209 4.62x 1075 | 1.579

Using the Analytical Expression to Compute v,: To accelerate the computa-
tion, we can utilize the analytical expression for v, given in Equation with
a suitable numerical gradient approximation in lieu of an optimization algorithm.
The gradient Vu = (%, g—Z) is computed using an upwind finite difference dis-
cretization. The standard, first-order, finite difference operators used to compute
the partial derivative in each direction are given by

k+1 k+1 k+1 k+1

DiU=-"4__"4 = p-y= 4.33
"” Az ’ r Az ’ ( )
and
Ukl _ pk+l Uktl _ gkl
Dty =Wt "y popp= 28 il 4.34
y Ay bl y Ay ) ( )

where the 7, 7 indices specify the spatial grid node, and k + 1 refers to the timeslice
from which the U values are obtained. To satisfy the upwinding condition, we

select which operator to use in each direction to ensure that the characteristic is

straddled by the computational stencil. That is, for the approximation of %, we
select )
k .77k k
0, UijJrl < mln(Uijl%j, Uifﬁj)
DU =4 Diu, UK >min(UNL, UML) = UEY, (4.35)

U™ > min(U5 5, U ) = U7

DU,
\
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In the event that UZ}H > Ui]fll,j = Zk_ﬁlj, the point (z;;,t) lies on a shockline, and
either D or D is a valid choice. The operator used in the approximation of g—“
Y

is chosen similarly, and the optimal speed is scaled to Fp when necessary.

Optimal Trajectory Tracing & MC Optimality: After computing U and v, at
each (z; , 1), we reconstruct an approximation to P’s full optimal trajectory until
E’s capture starting from a specified (z,y) at t = 0. We utilize the results from the
PDE solve and interpolate the optimal controls to reconstruct P’s optimal velocity
at each position along the trajectory. We use this to integrate P’s stalk phase
dynamics in steps of At, and we continue this process up until ¢ = T,. From T
onward, we integrate P’s direct chase phase dynamics along the analytically known

optimal direction of motion a.(T}) = Z£&L)=zp(lx)

= T T until P captures E at ¢t = T5.

Since it is impossible to recognize perfect MC due to computational and physi-
ological limitations, we determine the portions of P’s optimal trajectory which are
approzimately MC' (A-MC) by calculating 6 using the formula given in Equation
at each point along the stalk phase trajectory. A-MC occurs when 6 < 0.01
radians, which is below the resolvable angle limit for many compound eye visual

systems.
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4.4 Numerical Examples

“Happy to be out, happy to not be

seen.”

“Kast River Swimmer” by Petite

League

In all examples, E’s food source is a flower located at z, = (2.4,2.1), and the
surroundings are homogeneous except for a boulder at z, = (1.5,1.4). E’s stalk
phase trajectory is given by f(t) = [2.4 — 0.05(T, — t) + cos(T, — t) — 1,2.1 —
0.05(T, — t)? —sin(T, — 1)), with T, = 2s. E’s maximum speed is &~ 2.1 m/s, and

in all plots, the evader’s stalk phase trajectory is shown in magenta.

The parameters D, Fp, Gp, and G are set to their values posted in Table
[4.1] We set the detection strength parameter S to 400, the baseline power W =
0.00051 as computed in Section (.1, v = 0.025m, and € = 0.05m. We impose a
401 x 401 x 2285 grid over the domain Q = [0,4] x [0,4] x [0,2], and the spatial
spacings between grid nodes are computed according to the formulas in . We
use the time spacing At = 0.000875 which satisfies the restriction given in ,
and we take 7 = At. The stationary phase Fast Sweeping routine terminates
once the maximum of the absolute pointwise difference between the value function

approximations at successive iterations falls below 1 x 1076.

Through our examples, we aim to illustrate how E’s visual sensitivity to MC-
deviation (o(#)) and tolerance (M) for other organisms within visual range affects
the optimality of MC tactics during the stalk phase. We set B = 1/2 in the

definition of ¢(#) and numerically solve the multistage optimal control problem
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for various values of the threshold angle 8 and proximity tolerance parameter M
in (4.3). Snapshots at three different times of the threat detection probability
(assuming that P and E remain motionless for a 7 second period starting at time

t) are displayed for each example.

To draw larger conclusions about the effects of E’s visual sensitivity and toler-
ance on when it is optimal to engage in A-MC behavior, we also gather statistics on
overall A-MC usage during the stalk phase flight while 24 is visible to E. For each
of the four scenarios considered, we trace the optimal trajectories starting from
200,000 unique points within a region of radius D = 0.85m, which encompasses
the realm where E’s visual detection abilities are strongest at ¢t = 0, and we record
the percentage of stalk phase flight time that P spends in A-MC for each set of
initial conditions. We then generate a heatmap centered at zg(0) where each point
is colored according to the percentage of stalk phase flight time that P spends in

A-MC starting from that location.

4.4.1 Ex. 1: Low Tol. (M = 4), High Threshold (0 = )

In our initial time-dependent example, E has low to moderate tolerance for other
organisms in their visual range (M = 4), and the threshold angle is at a maximum
(§ = 7/2). Snapshots of the threat detection probability within the next 7 seconds
at three different instances in time (t = 0, t = 1, and ¢t = T,) are displayed
in Figures (A), (B), and (C) respectively. The threat detection probability
is largely radially symmetric, with the exception of a slight indention of lower
probability centered along r (see Figures (A) and (B)). Once E is far enough
from z4, only P and E’s mutual distance affects the probability that E will consider

P as a threat. This results in the radially symmetric threat detection probability
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in Figure (C).
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Figure 4.7: Example 1: Probability that E spots P as a threat between ¢ and
t + 7 if both are motionless at their respective locations during
that time period when ¢t =0 (A), ¢t =1 (B), and t = T, (C). E’s
current position along the trajectory is marked by the magenta
square, and z is shown by the white “#.” The threat detection
probability throughout E’s flight is mostly radially symmetric,
except for a small indention centered around r4(t) that creates
a region of slightly lower threat detection probability.

From the A-MC percentage plot displayed in Figure (A), it is clear that
significant A-MC usage is only beneficial from starting locations which are nearly
aligned with r4(0). This is reflected P’s sample optimal trajectories starting from
(1.5,1.3) and (1.5,1.5) in Figure (B), as neither trajectory makes an effort
to align with r4(¢) and opts to head directly toward E instead. Assuming that
E does not feel threatened earlier, the direct chase phase begins at t = 0.135 s
and t = 0.164 s when P starts from (1.5,1.3) and (1.5,1.5) respectively. In both
cases, P’s trajectory coincides with the optimal trajectories computed for the case
when only mutual distance affects the threat detection probability (i.e., o0 = 1
throughout E’s visual region) shown by the gray dashed lines in Figure (B).
This suggests that when E’s MC-threshold angle 0 is high and their tolerance is
low, expending the energy to correct to an A-MC trajectory is not worth it, as E’s

visual system is less-attuned to the positional differences associated with angular
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Figure 4.8: Example 1: Heatmap of the percentage of stalk phase flight time
spent using A-MC from 200,000 initial positions for P (A). E’s
starting position is marked by the magenta square, and zy is
shown by the white “#.” Using A-MC is worthwhile only from
starting positions very close to (or on) r4(0). Example trajec-
tories starting from z = (1.5,1.3) (marked by the red square in
both panels) and z = (1.5,1.5) (marked by the blue square in
both panels) (B). The locations along E’s trajectory at which the
direct chase begins for each of P’s trajectories are marked by a
circle whose color corresponds to the associated pursuit trajec-
tory. The optimal trajectories starting from z = (1.5,1.3) and
z = (1.5,1.5) computed when A-MC is not relevant to E’s threat
detection probability are shown by the gray dashed lines.

deviations from the camouflaging point.

4.4.2 Ex. 2: Low Tol. (M =4), Low Threshold (f = Z)

Next, we consider a situation in which E’s tolerance remains low, but their MC-
threshold angle is significantly reduced to 6=m /8. These parameters support the
formation of a distinct sector of low threat detection probability within a period
of 7 seconds centered along r4(t) (Figure (A) and (B)). This sector rotates

counterclockwise as E moves along their trajectory but disappears once zy is far
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enough away from E (Figure (C)).
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Figure 4.9: Example 2: Probability that E spots P as a threat between ¢ and
t + 7 if both are motionless at their respective locations during
that time period when ¢t =0 (A), ¢t =1 (B), and t = T, (C). E’s
current position along the trajectory is marked by the magenta
square, and zy is shown by the white “#7. With 6=rm /8, there
is a distinct sector of lower threat detection probability aligned
with 74 (t) while z is clear enough to E’s visual system.

The A-MC percentage plot displayed in Figure m (A) shows that MC tactics
are beneficial from a slightly wider sector of the considered starting locations within
E’s visual radius in comparison to the results shown in Figure (A). Assuming
E does not feel threatened by P until they are within € meters, the duration of P’s
stalk phase flight starting from (1.5,1.3) and (1.5,1.5) is 0.14 seconds and 0.167
seconds respectively. From the lower starting point, P uses A-MC tactics for 0.0236
seconds (16.9% of their stalk phase flight time), while from the higher starting
point, P engages in A-MC for 0.047 seconds (28.2% of their stalk phase flight time).
These statistics and observations suggest that in low-tolerance settings, utilizing
A-MC for at least a portion of the stalk phase trajectory might be worthwhile for
P when their starting distance is far enough away from E. yet close enough to
z4 so that they can align themselves with r4(t) in the face of E’s generally high

spotting rate within the region where their visual capabilities are strongest.
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Figure 4.10: Example 2: (A) Heatmap of the percentage of stalk phase flight
time spent using A-MC from 200,000 initial positions for P.
E’s starting position is marked by the magenta square, and z4
is shown by the white “#.” Using A-MC is worthwhile start-
ing from a wider sector. Initial conditions close to r4(0) and
farthest from zg(0) have the highest percentage of stalk-phase
A-MC usage. Example trajectories starting from z = (1.5,1.3)
(marked by the red square in both panels) and z = (1.5,1.5)
(marked by the blue square in both panels) (B). The locations
along E’s trajectory at which the direct chase begins for each of
P’s trajectories are marked by a circle whose color corresponds
to the associated pursuit trajectory. The optimal trajectories
starting from z = (1.5,1.3) and z = (1.5,1.5) computed when
A-MC is not relevant to E’s threat detection probability are
shown by the gray dashed lines. Starting from (1.5,1.3), P
spends 16.9% of their stalk phase flight in A-MC, while starting
from (1.5,1.5), P’s A-MC usage percentage rises to 28.8%. The
A-MC portions are highlighted in gold.

4.4.3 Ex. 3: High Tol. (M = 10), High Threshold (f = Z)

We now transition to examining situations in which E has high tolerance for other
organisms in view (M = 10). First, we consider an example where M = 10 and
6=m /2. With such a high threshold angle and tolerance value, the probability

that E will consider P a threat within the 7-second period is greatly reduced across
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many locations farther than ¢ meters away from E (Figure (C)). While zy4
is within the realm of E’s strongest visual detection capabilities, the pointwise
probability is mostly radially symmetric with the exception of a slight indention

forming a region of lower probability centered along 74(t) (Figures [£.11] (A) and

(B))-
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Figure 4.11: Example 3: Probability that E spots P as a threat between ¢ and
t + 7 if both are motionless at their respective locations during
that time period whent =0 (A),t =1 (B),and t =T, (C). E’s
current position along the trajectory is marked by the magenta
square, and zy4 is shown by the white “#.” With M = 10, the
chance that P will be spotted as a threat is significantly reduced
at many locations within the region where E’s visual detection
abilities are strongest and there is a slight indention of lower
threat detection probability aligned with 74 (¢).

The heatmap in Figure [£.12] (A) reveals that despite E’s high tolerance for
other organisms within view, A-MC usage is worthwhile for P starting within a
slightly wider region of positions near zx and close to r4(0) in comparison to the
Example 1 high threshold results displayed in Figure (A). The asymmetry and
the somewhat annular region within which A-MC usage is slightly above 0% is
likely due to properties of E’s trajectory under these visual parameters. In the
early stages of E’s trip along this particular trajectory, P has the ability to move

approximately four times faster than E. This property and the lower spotting rate
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may render it feasible for P take a less-direct route which allows them to stay
within less-risky regions, even from starting positions which are on the opposite

side of E to the camouflaging location at ¢ = 0.

The sample trajectories presented in Figure m (B) suggest that from both
starting positions, P’s A-MC usage is likely more coincidental than intentional.
From (1.5,1.3), P spends 7.97% of their stalk phase flight time engaging in A-MC.
Even though starting from (1.5,1.5), P spends approximately 26% in A-MC, the
fact that its usage is not continuous over one time interval likely means that A-MC

engagement from that point is also coincidental.

4.4.4 Ex. 4: High Tol. (M = 10), Low Threshold ( = Z)

Lastly, we simulate a scenario in which M = 10, but E’s threshold angle is much
lower (@ = 7/8). That is, E is generally tolerant to other organisms within view,
but E’s visual system can resolve the angular deviations from background objects
well. Here, narrowing the threshold angle makes the sector of lower threat detection

more distinct, just as is the case in Example 2 where E also has 6 = /8.

Figure m (A) shows that with high enough tolerance and low enough thresh-
old angle, there is a significant region of initial conditions starting from which it is
beneficial to utilize A-MC tactics during the stalk phase flight. This is supported
by the sample trajectories presented in Figure m (B), as P starting from both
(1.5,1.3) and (1.5,1.5) makes intentional adjustments to spend a significant por-
tion of their stalk phase flight using A-MC. P reaches the chase region in 0.144 s
and 0.202 s from (1.5,1.3) and (1.5, 1.5) respectively and spends 0.055 seconds and

0.085 seconds in A-MC starting from those respective positions. That amounts to
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Figure 4.12: Example 3: (A) Heatmap of the percentage of stalk phase flight
time spent using A-MC from 200,000 initial positions for P. E’s
starting position is marked by the magenta square, and zy is
shown by the white “#.” Using A-MC is worthwhile along stalk
phase trajectories starting from a small subset of positions on
(or close to) r4(0) and from positions near the visual bound-
ary, but close to zx. (B) Example trajectories starting from
z = (1.5,1.3) (marked by the red square in both panels) and
z = (1.5,1.5) (marked by the blue square in both panels) (B).
The locations along E’s trajectory at which the direct chase be-
gins for each of P’s trajectories are marked by a circle whose
color corresponds to the associated pursuit trajectory. Both
trajectories get closer to r4(t), but A-MC usage is likely coin-
cidental based on the low usage along the red trajectory (gold
section after the halfway mark) and the discontinuous usage
along the blue trajectory (gold sections).

38.79% of stalk phase flight in A-MC starting from (1.5,1.3) and 42.42% of stalk
phase flight in A-MC starting from (1.5, 1.5).

P’s advantage in following an A-MC trajectory under the present conditions
is starkly apparent when comparing the solid optimal trajectories in shown in
Figure m (B) to the gray-dashed optimal trajectories for the isotropic-A case
(e.g., M =10, § = 0). Following the gray-dashed trajectories, it takes P 0.135 s

and 0.164 s to reach the chase region from (1.5,1.3) and (1.5, 1.5) respectively. The
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Figure 4.13: Example 4: Probability that E spots P as a threat between ¢
and t + 7 if both are motionless at their respective locations

during that time period when t =0 (A), t =1 (B), and t =T,

(C). E’s current position along the trajectory is marked by the

magenta square, and zy is shown by the white “#.” With E’s

lower threshold angle (6 = 7/8), there is now a distinct sector

of lower threat detection probability centered along r.(t) for
over half of E’s flight to z,.

stalk phase flight duration differences between the two suggests that following a
longer path can be less risky when A is not radially symmetric. By following the
solid trajectories, P is hedging their bets. Since the longer trajectories spend a
significant portion of time in a region of comparably less risk, P takes the improved
chances of getting closer to E before E spots them and forces the start of the high-

cost direct chase.

4.5 Conclusions

We presented a continuous-time dynamic programming framework to determine
when it is optimal for an energy-optimizing pursuer to utilize motion camouflage
amidst uncertainty in the evader’s escape response. We illustrated our setup for
the biological example of a hover fly pursuing another hover fly, and we showed

how varying visual acuity and tolerance to P’s presence in the evader’s visual range
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Figure 4.14: Example 4: (A) Heatmap of the percentage of stalk phase flight
time spent using A-MC from 200,000 initial positions for P. E’s
starting position is marked by the magenta square, and zy is
shown by the white “#.” Using A-MC is worthwhile from a
wider range of starting positions around z4 and along r4(0).
(B) Two example trajectories starting from z = (1.5,1.3)
(marked by the red square in both panels) and z = (1.5,1.5)
(marked by the blue square in both panels). The locations along
E’s trajectory at which the direct chase begins for each of P’s
trajectories are marked by a circle whose color corresponds to
the associated pursuit trajectory. The dashed lines correspond
to the optimal trajectories when § = 0. A-MC usage is optimal
for significant portions of both trajectories, and the A-MC seg-
ments are highlighted in gold.

can affect the stalk-phase optimality of MC strategies.

Our experiments suggest that MC tactics are most worthwhile in a distinct
parameter regime where M is relatively large and 6 is relatively low. Intentional
motion camouflage usage seems to be beneficial for P when E’s tolerance for other
organisms in proximity is high enough, and E’s visual system is strong enough to
resolve positional differences associated with angular deviations from background
objects. However, our experiments themselves are also limited in scope. None of

the simulations shown consider changes in MC usage across different possible stalk
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phase trajectories for E. Properties of E’s trajectory (e.g., curvature, acceleration,
average speed) may be largely responsible for the asymmetry in the region where
A-MC usage is worthwhile, and as a next step, it will be necessary to investigate
how these properties affect when and where MC is useful. Doing so will allow
us to draw more informed and generalized conclusions about the benefits (or lack

thereof) of MC tactics.

Despite our focus on hover fly interactions, we emphasize that this approach
to analyzing motion camouflaging behaviors is applicable to a broader class of
pursuer-evader interactions. One can readily modify the control, cost function,
dynamics, and \ as appropriate to apply the framework to other biological or ve-
hicular systems. Possible extensions include adding more food sources to introduce
uncertainty in E’s intended destination and introducing additional camouflaging
points. We also hope that our approach may serve as a building block for opti-
mization under uncertainty in more complex scenarios such as optimal pursuit in
multi-pursuer / multi-evader systems [I11], motion camouflage in mutual pursuit

systems [73], and guiding bio-inspired robots in three spatial dimensions [87].
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