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This thesis explores the BAR approach applied on various of stochastic
processing networks. The weighted-workload-task-allocation (WWTA) load-
balancing policy is known to be throughput optimal for parallel-server systems.
The first part of the thesis concerns the steady-state performance approxima-
tion of WWTA policy in heavy traffic. Instead of proving a stochastic process
limit followed by a limit interchange — a method that dominates the literature,
our method works directly with pre-limit BAR that characterizes the station-
ary distribution of each pre-limit system. Under a complete-resource-pooling
condition, we prove that WWTA achieves a “strong form” of state-space col-
lapse in heavy traffic and that each scaled workload converges in distribution
to an exponential random variable, whose parameter is explicitly given by sys-
tem primitives. Various steady-state performance measures are shown to be
approximated from this exponential random variable.

In the second part, we prove that under a multi-scale heavy traffic condi-
tion, the stationary distribution of the multi-scaled queue length process in any
generalized Jackson network has a product-form limit. Each component in the
product-form has an exponential distribution, corresponding to the Brownian
approximation of a single station queue. The “single station” can be constructed

precisely and has a good intuitive interpretation.
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CHAPTER 1
WWTA LOAD-BALANCING FOR PARALLEL-SERVER SYSTEMS WITH
HETEROGENEOUS SERVERS

1.1 Introduction

Parallel-server systems are a special class of stochastic processing networks. For
each class, jobs only need one-time service before leaving the system. We use
“N-model” as illustration and there are two architectures regarding where the
jobs are queued. In this paper, we consider the Architecture 1 (Figure 1.1): upon
arrival with rate A, the system manager immediately addresses the new job and
decides which buffer the job should be routed to. The decision rule that the sys-
tem manager applies to select the buffer is called a routing policy. Each server
has multiple classes of jobs waiting to be processed. The decision rule for the
servers to choose jobs to process is called scheduling policy. A given server pro-
cessing a given class is called an activity, associated with a buffer in the system

with different mean service rates u.

The performance of the parallel-server systems under different policies in
heavy traffic has been studied intensively for the last 20 years, see, for example,
[20], [19],[2]. They defined the heavy traffic system based on a static allocation
problem, which was a linear programming problem that minimizes the utility of
the busiest server. The parallel-server system in those papers consider the Ar-
chitecture 2 (Figure 1.2), which is different from ours in terms of where the jobs
are queued. Under their scenarios, jobs queue near the arrival, only scheduling
policy is needed when the server is going to process the next one. However,

the structure that servers working in parallel on different class jobs allows us to
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formulate the heavy-traffic analysis based on the same optimal linear program-
ming solution. The optimal solution with each element associated to one activ-
ity, indicated what proportion of time each server should allocate to its different
job classes when each server is 100% busy. Based on the optimal solution, the ac-
tivity corresponding to a non-zero proportion of optimal solution was called the
basic activity, and the activity with zero proportion was called the non-basic ac-
tivity. Assuming the unique optimal solution of static allocation problem, they
found a unique way to achieve heavy traffic. They further showed that if the
system was capable to balance the workload among the servers (i.e. servers
communicate through basic activities), then the equivalent workload formula-
tion among the servers became one-dimensional. This phenomenon was called
complete resource pooling. In this formulation, state-space collapse to one dimen-

sion was crucial to establish the heavy traffic analysis using diffusion limits.

Threshold policy ([1] and [2]) is a scheduling policy designed based on the

parallel-server system in which jobs wait near arrival and will be allocated un-
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Figure 1.3: Priority scheduling under architecture 2 is not stable

til it will be served immediately. Based on the assumption of heavy traffic and
complete resource pooling introduced above, they proved the Threshold policy
was asymptotically optimal in the heavy traffic limit. However, the Threshold
policy requires the knowledge of basic activities which meant the static alloca-
tion problem need to be solved before implementing the policy. Besides, the
structure and primitives of the parallel-server system needs to be fully explored
to build up a tree from the bottom to the root, aiming to set priority to different
activities. Furthermore, the threshold level is a hyper-parameter which needs
to be carefully chosen for each concrete issue. The WWTA (Weighed Workload
Task Allocation) policy, which we will discuss in this paper, doesn’t require the
knowledge of optimal solution of static allocation problem. The reason we intro-
duced it was for the performance analysis purpose. WWTA policy only needs

the service rate for activities and dynamic queue lengths in the system. In fact,
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Figure 1.4: WWTA is better than Maxweight - achieving shorter mean comple-
tion time

we will show that the WWTA policy make the system work efficiently, magi-
cally coordinates the servers to behave as if under the guidance of the optimal

solution in the heavy traffic, while without knowing it beforehand.

MaxWeight ([29]) is also a scheduling policy in which jobs wait near arrival
until it will be served immediately. It is usually considered in the general-
ized switch model, which includes a discrete time version of the parallel-server
model as a special case. Jobs arriving to the system wait near the arrival side,
and MaxWeight policy is applied when the servers are ready to process the next
one. According to the weighted queue length, server picks the class i job, if
the corresponding weighted queue length is the maximum. Stolyar ([29]) fur-
ther proved the state-space collapse, and the workload process converges to a

Reflected Brownian Motion.



[13] exploited the state-space collapse to derive the moment bounds. More
specifically, they used Lyapunov-drift based approach to get the upper and
lower bound for the expected steady-state queue lengths, showing that the
bounds were tight in heavy traffic limit. As an illustration, they got the moment
bounds for the single-class-multi-server systems with join-the-shortest-queue
(JSQ) routing policy and multi-class systems with MaxWeight scheduling pol-
icy. Based on the drift method, [23] used the Transform method as a generaliza-
tion to discuss the heavy traffic performance. They used the moment generating
function to show that the stationary distribution of scaled queue lengths was ex-
ponential. Unlike [13] and [23], in our discussion, we don’t need to assume the
boundedness of arrival and service process to make sure that the moment gen-
erating function exists. Instead, we utilize the Laplace transform since it always

exists for a random variable.

In the setting with 3-level data locality, [32] established the throughput op-
timality of the WWTA policy, and proved heavy traffic delay optimality given
the condition of locality and prioritized scheduling. [30] proposed Map Task
Scheduling policy that are composed of the JSQ with MaxWeight policy. Com-
paring with it, WWTA policy is shown to be superior to JSQ-MaxWeight under
some traffic scenarios([32]). In our discussion under the heavy traffic parallel-
server system, we consider more general system structure and argue by state-
space collapse in a workload version, where all moments of the maximum dif-
ference among workloads of servers are proved to be bounded in heavy traffic
limit. Another generality of this paper is the discussion of scheduling policies.
Besides prioritized scheduling used by [32], we have found out any non-idling

scheduling policies are capable to work as good companion with WWTA.



Due to the difference of classes processed by each server, an accompanying
scheduling policy need to be specified for WWTA policy to be considered simul-
taneously. But later we will show any non-idling scheduling policies are eligi-
ble, which will not put extra constraints, but giving more flexibility on the im-
plementation of WWTA policy. The freedom of the choice for scheduling policy
is entitled by good routing (WWTA) policy. As a "N-model” example shows in
Figure 1.3, MaxWeight scheduling policy under Architecture 2 is stable, WWTA
with priority scheduling policy under Architecture 1 is also stable. Here we give
the priority to the class which has faster processing time. However, assigning
the same priority for servers under Architecture 2 without routing policy makes

the system even unstable.

Since any non-idling scheduling policy is able to accompany WWTA policy,
by carefully choosing the scheduling, some performance can be improved. For
example, in Figure 1.4 under same parameter setting, when we give priority to
the jobs with faster service rate, more shorter-service-time jobs will be processed
and discharged from the system under WWTA. As a result, the average comple-
tion time is shorter under WWTA than MaxWeight. Therefore, total number of
jobs in the system under WWTA with prioritized scheduling is more likely to be
less than MaxWeight, that is, even servers work for the same time length under
two policies, WWTA picking shorter-service-time jobs means finishing larger
number of jobs first. With the help of routing policy, the scheduling side can be

optimized to achieve better performance.

As introduced in the beginning, [20] , [2] constructed static allocation prob-
lem(linear program) to define the heavy traffic of the parallel-server system.

Under the assumption that the static allocation problem had unique solution in



the heavy traffic, they also constructed the dual linear program. They showed
that one dimensional workload, unique optimal dual solution, and all servers
communicating are equivalent conditions for Complete Resource Pooling. As
[20] mentioned, it might be unnecessary to assume the uniqueness of optimal
solution of static allocation problem, while multiple optima lead to complicated
situations. In our discussion, we consider a more general case, including the
case in which the primal solution is not unique. Under the assumption that pri-
mal optimal solution might not be unique, we find out there still exists a unique
optimal dual solution under some necessary conditions. The uniqueness of dual
solution is crucial for our analysis. The sum of tail probability that each server is
idle, weighted by optimal dual solution, is proven to be precise w.r.t the load of
the system. Besides, the dual solution adjusts the WWTA routing criterion with
respect to different classes in a standardized way, which facilitate the discus-
sion of state-space collapse. What’s more, the limit of scaled sum of workload,
also weighted by optimal dual solution, is proved to be exponential random
variable, with parameters also depending on optimal dual solution. Therefore,
depending on the uniqueness of dual solution, the assumption for the definition

of heavy traffic based on primal solution can be relaxed to be non-unique.

According to the interpretation of static allocation problem, zero-value(non-
basic) elements in the optimal primal solution mean the servers should not spare
their time working on those activities in the heavy traffic. In fact, the WWTA
policy can automatically distinguish the non-basic activities in the heavy-traffic
load. As introduced later, WWTA with proper scheduling policies only require
the knowledge of service rates and current queue lengths. It is easy to find
out that expected proportion of time, Py, that each server k spare for class i,

behaving under WWTA with any non-idling scheduling policy #, actually con-



verges to the optimal solution of static allocation problem in the heavy traffic
limit. In other words, we can theoretically calculate the optimal solution to
achieve heavy traffic by solving the static allocation problem, however, pro-
vided a system where there is a way to achieve heavy trafficc WWTA with
any non-idling scheduling policy will automatically choose that optimal way
to work efficiently, without knowing the optimal solution beforehand. The ro-

bustness of WWTA policy is very appealing.

The rest of the paper has the following structure. In section 2, we formally
introduce the static allocation problem, assuming that there exists optimal so-
lution to achieve heavy traffic, and the Complete Resource Pooling condition
holds. In section 3, we introduce WWTA policy and some properties as prepa-
ration for the heavy traffic analysis. The sum of tail probabilities that each server
is idle or working on non-basic activities, weighted by optimal dual solution, is
equal to the gap between the current system load and the critical load. In section
4, we state our main results based on WWTA policy. First, we show the state-
space collapse in a workload version. In other words, all the moments of the
maximum difference among the weighted workload for each server is bounded
in the heavy traffic limit. Next, we prove that, the scaled sum of workload for
servers, weighted by optimal dual solution, converges to a one-dimensional ex-
ponential distribution. Finally, the state-space collapse help us move one step
further to get the marginal distribution of each workload. In section 5, we illus-
trate our results using an example “"W” models. Simulation is implemented to

justify our results.
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Figure 1.5: General parallel-server system

1.2 Parallel-server systems and policies

The N-model discussed in the introduction is among the simplest parallel
parallel-server systems. This paper deals with the general parallel-server sys-
tems as illustrated in Figure 1.5. In the general system with K servers and /
classes of arrivals, each arrival process is assumed to be Poisson. For class
i = 1,...,1, let A; be the arrival rate for class i arrivals. Each class i job can
be processed by any one of the servers in the set K(i) c {1,2,...,K}. After be-
ing processed by a selected server, the job leaves the system. We call it a type
J = (i, k) activity when server k processes a class i job. We assume the processing
times for type (i, k) activities are independent identically distributed exponen-
tial random variables with mean m;. Define u; = 1/my to be the service rate
for type j = (i, k) activities. We denote I(k) the set of classes that server k can

process. The total number of activities is denoted by J, which is at most 7 x K.



Each class i arrival is immediately routed to one of the servers in K(i), say,
server k € K(i). If server k is free, the job enters processing immediately. Oth-
erwise, it waits in buffer j = (i, k) until the server is ready to process the job
following a service policy to be specified below. Server k maintains multiple

buffers, one for each type j = (i, k) with (i, k) € I(k).

Weighted workload task allocation (WWTA) routing policy. We now for-
mally introduce weighted workload task allocation (WWTA) routing policy. It
is a load-balancing routing policy first proposed by [32]. Unlike JSQ routing
policy, which simply compares the queue lengths among servers in its routing
decisions, the WWTA policy compares workloads among servers in its deci-
sions. In literature, the workload of a server at time ¢ is defined to be the virtual
waiting time at time ¢, which is the waiting time of a fictitious job arriving at
the server at time ¢. In this paper, we assume the mean processing times are
observable, but not the actual processing times. Thus, the virtual waiting times
are non-observable quantities for a system manager. For our purpose, we define
workload for server k to be
Wi(2) = Z MikZit
iel(k)

where z = (zi) is the vector of job counts in the system. Here, component z; is
the number of jobs in buffer j = (i, k), including possibly the one in service. We
assume at each time ¢, the jobcount vector z is observable. The WWTA policy

routes an arriving job from class i to any server k which satisfies
argminyex mix Wi(z).

Ties are broken randomly if there are multiple servers achieving the minimum.

10



Service policies. Since there might be several buffers associated with a server,
we further need to specify a service or scheduling policy that dictates, for each
server, from which buffer to choose a job to process next. It is known that under
the WWTA routing policy, any non-idling service policy is throughput optimal;
see, for example, Section 11.8 of [11]. By non-idling we mean, each server must
be busy processing jobs whenever there are jobs waiting at its buffers. In the
following, we introduce two types of scheduling policies that will be the focus

of this study.

The first scheduling policy is the head-of-line proportional processor sharing
(HLPPS) that was studied by [4]. Under HLPPS scheduling policy, all nonempty
buffers receive service simultaneously. For class i € I(k), the proportion of uti-
lization that the server k allocates to the class at any time is

Zik

Py(z) = ,
l )y iel(k) Zik

k=1,.K (1.1)

when the jobcount vector is z = (zi). Here and later, we adopt the convention
that 0/0 = 0. Thus, when } ;) zixc = 0, server k idles. Therefore, the dynamic
service rate for buffer j = (i, k) is uxPu(z). The implementation of the HLPPS
policy does not require the knowledge of system parameters, such as arrival
rates and service rates. It also does not depend on the routing policies, but only

on the proportion of the queue sizes at each of the servers.

The allocation in (1.1) can be generalized to

CikZik

Pu(z) = o———
l Ziel(k) CikZik

, i=1,.Lk=1,.K, (1.2)

where ¢ = (ci) > 0 is a given vector of positive numbers. We call the scheduling

policy using allocation (1.2) a generalized HLPPS policy with weight ¢ = (cx).
The second type of scheduling policies is the static buffer priority (SBP) poli-

11



cies. Each SBP policy corresponds to a ranking among buffers. Given a ranking,
we use (7', k) < (i, k) denotes that buffer (7, k) has a (preemptive) higher priority
than buffer (i, k). Formally, we define the SBP scheduling policy for server k by

specifying its allocation

Pa@=1( Y =024 >0)
(7" k)<(i,k)

By ranking buffers according to the shortest meaning processing time first, the
corresponding SBP scheduling policy is shown to have superior performance in

our simulation studies.

For future usage, for each type of scheduling policy, we define Py(z)

Pi@)=1- ) Pul)= 1[2 2 = 0].

iel(k) iel(k)

It represents the proportion of unused capacity of server k. Under a non-idling

policy, X ici) zik > 0 implies that P(2) = 0.

Therefore, throughout the proof, we can use a general notation ¥ to rep-
resent those eligible scheduling policies, with corresponding individual plan
Pi(2), indicating how many efforts server k need to make on different classes.
Later on, we will keep using this general notation #, since the majority of re-
sults doesn’t rely on the specific scheduling policies, and it is easy to discuss the
system with any one of the proper scheduling policies by replacing Py(z) with

specific expression whenever needed.

1.3 Assumptions and main results

In this section, we will formally introduce two critical assumptions and main re-

sults. One assumption is the heavy traffic and the other is the complete resource

12



pooling. They are standard in literature. These two assumptions are formulated
through solutions to a linear program (LP), which was first introduced in [20].
For that, it is useful to adopt the compact notational system in [20]. Central in
that system is the concept of activities. In the setting of a parallel server system
introduced in Section 1.2, an activity j corresponds to a buffer (i, k) for a certain

job class i and a certain server k. We assume J is the total number of activities.

Define a I x J constituency matrix C and a K x J resource-consumption matrix

A as follows.

1, if activity j processes class i;

Cij =
0, otherwise.
s 1, if server k performs activity j;
kj =
0, otherwise.
Given these two matrices, each activity j = 1,...,J is uniquely associated with

a class i and a server k, allowing us to write j = (i, k). We assume J activities are

ordered from 1 to J. We denote the mean service rates of J activities by

M= (/ll,~--,,LlJ)T-

Define output matrix

R = C diag(u),

where R;; is the job departure rate from buffer (i, k) when j = (i, k) and server k

devotes all its effort on the buffer.

13



We consider the following static allocation problem:

min p
st. Rx=241
(1.3)
Ax < pe
x,p=>0

where 1 = (1,..4)7, x = (x1,...x))T, e = (1,...1)T € RX. The vector x can be re-
garded as a processing plan, with each element x; interpreted as the long-run
proportion of time that activity j is processed by its server and p interpreted as
the long-run utilization of the busiest server. As [20] considered, the minimiza-
tion problem (1.3) aims for a relatively even processing plan of allocation among
servers. Following [20], we define the following notion of balanced heavy traffic:
even under the most efficient processing plan, all servers are 100% utilized. For-

mally, we state the following assumption.

Assumption 1 (Heavy Traffic). The parallel server system is assumed to be in (bal-
anced) heavy traffic, namely, the static allocation problem (1.3) has an optimal solution

(x*, p*) that satisfies
p'=1 and Ax"=e. (1.4)

Remark 1. We do not assume linear program (1.3) has a unique solution. The unique-
ness is assumed in [20], [2], and [19]. Analysis in these papers utilized the uniqueness
property critically. Non-uniqueness of the LP solutions means that there might exist
multiple ways to allocate the time for servers, such that most efficiently, all servers can

be 100% busy.

Following [20], we define the basic activities. Note that the possible non-

uniqueness of LP solution (x*, p*), therefore, we define activity j = (i, k) is called

14



a basic activity associated with some x* if x; > 0. Otherwise, it is a called non-basic
activities associated with x*. Similarly, we consider the communicating servers

using following definition:

Definition 1. Servers k and k" are said to communicate directly, if there exists some x*,
such that both j = (i,k) and j’ = (i,k’), for some class i, are basic activities associated
with x*. We further call that such server k and server k" are neighbors. Server k and k'
are said to communicate, if there exist servers linking them that communicate directly to
each other. In other words, if server k and k' communicate, then server k is the neighbor

of the neighbors of server k'

Then we introduce our second assumption as follows:

Assumption 2 (Complete Resource Pooling (CRP)). There exist optimal solution(s)

(x*, p*) that satisfies (1.4) and all servers communicate.

Remark 2. Assumption 2 contains Assumption 1. Under Assumption 2, when we
search for basic activities to communicate all the servers, we are allowed to utilize dif-

ferent optimal solutions x*, when we find the next neighbor of the current server.

We end this section by stating two lemmas that related to the dual of LP (1.3).

The dual LP to the static allocation problem (1.3) is defined as follows:

max vA
s.t. VR<uA
(1.5)
ue < 1
u>0

where v = (vq, ..v)), u = (uy, ...ug).
Lemma 1. Under Assumption 1, the dual LP (1.5) has an optimal solution (v*,u*),
satisfying

15



(i) Y, Avi=1
(i) Yo u;=1,u; >0

(iii) If x; > 0, then pyv; = u;

Proof. Under Assumption 1, by strong duality, the dual LP also has optimal

solution (v*, u*), and the duality gap is zero. Therefore

Z]:/liv- =p" =1

i=1

~%

For the second constrain in dual LP, complementary slackness gives

Zu,’gzl

K
k=1

Furthermore, complementary slackness also gives
Ax =1 or u, =0, k=1,..K
x;=0(x; =0) or (VR);=®wA);, j=1,..J

where (VR); = uyvi, (uA); = uj. -

Lemma 2. If Assumptions 1 & 2 holds, then

(i) The optimal dual LP solution (v*,u*) is unique.

(i)) u; >0,vi >0, Vk=1,.K,i=1,..]

Proof. Under Assumptions 1 & 2, if the primal solution of static allocation prob-
lem is further assumed to be unique, this case has been fully discussed by [20].
Lemma 2(i) is one of the equivalent statements of the complete resource pooling,
and Lemma 2 (ii) is a corollary under their setting. Our proving steps, how-
ever, provide an analytical way to obtain optimal dual solution, which doesn’t

depend on the uniqueness of primal LP solution.
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Now starting with any one of the servers, k, denote u; = a > 0, and As-
sumption 2 guarantees that we can find at least one neighbor server for it. Here
suppose server k has two neighbors k, k,, as illustration, that communicate di-

rectly with server k through some classes i}, i, via basic activities:

class i
serverk —  server k

lclass in
server ky
In other words, server k — k; has basic activities (i1, k) and (i1, k), k — k, has

basic activities (is, k»), (i2, k»)

By Lemma 1, for any optimal solution x*, we notice that each x;, > 0 corre-

sponds to a basic activity with equation uuv; = u;. Therefore, we have

* *
* uk _ a * uk _ a
HMijk  Mik Hirk  Mirk
,uilkl /’liZkZ
ko % _ * o __ % —
U, = Vil = a U, = Vi,Hirk, = A
Mik HMirk

which means u; , u; for server k; and k, can be expressed as u; = a multiplied

by the ratio of some mean service rates.

Similarly, starting with server k; and k,, we can also find other neighbor
servers of them, respectively, with the help of basic activities to obtain u};, Up,-es
to express them as u; = a multiplied by ratios of some mean service rates. Even-
tually, by Assumption 2, we will go over all the servers and obtain such expres-
sion for each server. As the last step, by Lemma 1: Y5, u} = 1, we can solve

u; = a uniquely. Then each element in (v, u) can also be solved explicitly.

In the discussion above, we pick one possible i; in each step to obtain the so-

lution (v*, u*). Each choice of i; might not be unique due to the multiple choices
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of basic activities for communication. Therefore, it is likely that there are some
unused equations due to unused basic activities. While since Lemma 1 already
guarantees the existence of optimal dual solution, this (v*, u*) should satisfy the
unused equations, otherwise it is not an optimal solution. Therefore, the opti-

mal dual solution is unique.

For proving Lemma 2(ii), it is obvious that a > 0, then from the equations

utilized above, u; > 0,v: >0,Vke K, Vi€ I. O

Lemma 2 is crucial in building up the explicit performance results even un-
der the condition of non-unique optimal solutions of static allocation problem
1.3. Throughout the following discussion, we consider the system for which the
Assumptions 1 & 2 hold, i.e. the heavy traffic system that satisfies CRP condi-
tion. We have proved in Lemma 2, that optimal dual solution (v*, «*) is unique,
therefore, from now on, we will always use this unique dual solution, and we

omit superscript ”*” for simplicity.

In order to discuss the heavy traffic, we construct a sequence of parallel
server systems approaching the heavy traffic in the load. That is, each system in
the sequence is under the load such that the arrival rates are parameterized by
€

A9=2(1-6,0<e<1

with the other settings of the systems being the same. Then the load of the
sequence of systems approaches 100%, as € goes to zero. When 0 < € < 1,
the parallel-server system with the WWTA policy is proven to be throughput
optimal([11], [32]), which means the vector of queue length has stationary dis-
tribution. Therefore, we can further let Z9(c0), 0 < € < 1 be the vector of steady-

state queue length in the system w.r.t e. Throughout the paper, all of the results
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will be discussed based on this steady-state queue length Z©(co).

Theorem 3 (Limit distribution for Individual Workload). Consider a parallel-
server system that satisfies Assumptions 1 & 2. Under the WWTA policy and schedul-
ing P, the limit distribution of scaled workload for each server is one-dimensional expo-

nential distribution. Furthermore,
: () (€ d
léllrgl E(Wl(Z (oo)), WK(Z (oo))) - (U, ..,ug) X

where X is a random variable that follows exponential distribution:

K 2
D=1 uy )

1 2
i=1 Aiv;

X ~ Exponential (

In Theorem 3, the limit distribution only depend on the arrival rates A;,i =
1, ..I and unique optimal dual solution (v, u). It doesn’t depend on the specific
scheduling policy . The proof of Theorem 3 is provided in Section 1.8. The key
ingredient for proving Theorem 3 is called State-space Collapse, which will be
presented in Section 1.6. Other supporting results will be introduced in Section

1.5 and Section 1.7.

1.4 Example and Simulation

In this section we would like give a more complex model to show how to ex-
plicit obtain the limit distribution for individual workload. Also we will use
this model to compare WWTA policy under different scheduling policies with
Maxweight policy. For simplicity, we consider an example whose static alloca-
tion problem has unique solution: W model, which is described in Figure 1.6

that has three classes of jobs and two servers. We evaluate the performance in
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term of the average completion time for each job starting from arrival to leaving

in the system. Its static allocation problem is

min o
St X1+ X +x31<p
X1+ X+ X3 < o
HuXi + pioXin = 4y
H21X21 + U Xpp = Ap
H31X31 + 132 X3 = A3
We consider the following setting of parameters in the system: u;; = 8, up = 2,
w3 = 0.25, up = 025, up = 0.5, u3p = 1,4 =4, 1, = 1.3, 13 = 0.4. Then we have

unique optimal solution for static allocation problem in W model:
x;;=05,x, =0,x5, =0.5,x, =0.6,x3, =0,x3, =04,p" =1

where activities {12} and {31} are non-basic activities by definition. Therefore,
the servers communicate in this W model through activities {11}, {21}, {22}, {32}.

The optimal dual solution is also unique according to Lemma 2(i):
u =

Here we consider the W model under WWTA and HLPPS policy, applying and

Theorem 3, we can solve the individual workload as follows:

i ¢ a (425
1EIlI(I)1 eW(Z'9(0)) = X| ~ Exponennal(ﬁ)

425
lilr(r)l eW(Z'9(0)) 4 X, ~ Exponential(z)

In the simulation, we simulated a real processing system under several sys-
tem loads from 96% to 99.5%. We recorded the time for each job staying in the

system which arrived to the system and was served and discharged later. We
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Figure 1.6: W model

7

called this time as job’s “completion time”. Under each system load, we run
the system under different policies for 30 replicates each of which run for 50000
time units and plotted the average completion time with 95% confidence inter-
val. As we saw in Figure 1.7, WWTA with Prioritized scheduling and WWTA
with HLPPS has shorter completion time than the MaxWeight. The 95% con-

tidence intervals almost didn’t have overlap, which showed significant differ-

ences among the policies in terms of the mean completion time.

1.5 Preliminary Results I

As we introduce the policy assumptions and main results in the previous sec-
tion, this section will provide the fundamental framework and some general
supporting results before utilizing the State-space Collapse which will be intro-

duced in the next section. Recall that in the WWTA Routing Policy, allocation
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Figure 1.7: Policy comparison under W model

for each class i arrival, depends on the comparing criterion among the eligible
servers whoever achieve

argminegimix Wi(2).

For simplicity, we denote T(z) = myW(2). That is, when class i job comes to the
system, we route it to server k" if k' = argminiek;)Ti(z), and route it randomly
to one of those minimizers, if there are multiple servers achieve the minimum.
Then for each class i, we split the possible routing into the cases with respect to
server with index H"(z) £ argminick Ti(z). That is, if we let "1 (event)” be the
indicator function, then

Z 1(k=H@2)= 1.
keK (i)

Additionally, as discussed in the previous section, we use a general notation Pj

for any eligible scheduling #, and the proofs can be modified easily for a specific
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scheduling policy.

Welet ey = ¢; = (0, ...1,...0) be the unit vector with only the jth element being
nonzero, and we can write the generator of general parallel-server model under
the WWTA and scheduling #:

1 .
Gf@) =) 20 > [f+ew) - f@|1 (k= HO)
l;l keK(i) (16)
O uPu@[ 2 - ew) - £(2)]

k=1 iel(k)
In Lemma 1, we have discussed that if (v, u) is optimal dual solution, then each
activity satisfies u, > pyv;, and each basic activity satisfies u; = uuv;. For sim-
plicity, we denote u; — uyv; = dy, then non-basic activities generally have dy > 0.
Due to the reasons explained in the following Remark, without loss of general-
ity, throughout the paper, we denote the non-basic activities are those activities
with u; > pyv;, which means we have the following key relation:
w — dy 0 (i,k) is basic activity

HMik = , dyg = (1.7)
>0 (ik) is non-basic activity

Furthermore, we use “b” and “nb” to denote the cases corresponding to basic

and non-basic activities whenever needed.

Remark 3. Note that basic activities might not be uniquely determined due to the po-
tential non-uniqueness of x*. According to the primal-dual theory, if w, > pyv; holds
for the activity (i, k), then in any one of the optimal primal solutions, this activity (i, k)
should be non-basic with x; = 0. In other words, if there exist an optimal primal so-
lution where x;, > 0, then the activity (i, k) should satisfy w, = pyvi. These activities
with strict inequalities (equivalently, dy. > 0) bring difficulties throughout the proof of

results, therefore need extra efforts to be carefully handled. Moreover, it is worthy to

23



notice that since uy > 0, then v; > 0, these activities with dy. > 0 have smaller y; than it
should be utilized as basic activities under any primal solution, resulting in inefficient
activities. We allow the existence of such inefficient activities that has dy > 0, and we
will further show that they are actually negligible in the heavy traffic. Hence, without
loss of generality, throughout the paper, when we discuss the non-basic activities, we

mean the non-basic activities with u;, > ;.

Lemma 4. Under Assumptions 1 & 2, with the WWTA and scheduling P,

(a) Let f(z) : RY — R be a function. Suppose there exists n € N* such that |f(z)| <
C Y, Wi(z) for some C > 0 (i.e. f(z) is dominated by a polynomial function
of workload). Then the vector of steady-state queue length Z©(0),0 < € < 1
satisfies

]E[G f(z<f>(oo))] ~0

(b) As a consequence of (a), for any n € N*, AM,, > 0, when 0 < € < 1,

€ ZK: E[W,’;(Z(f)(oo))] <M,

k=1

The proof of Lemma 4 is provided in the Appendix A.1.1 and relies on the

similar discussion as [[5], Lemma 1].

The following Lemma describes the probability that servers encounter idle-
ness or non-basic activities are activated are actually bounded up to order of e.

Therefore, as € | 0, those two events are negligible.

Lemma 5. Under Assumptions 1 & 2, with the WWTA and scheduling P, the proba-

bility that each server in the system w.r.t € is idle is at most O(€), and more precisely,

K

K
> ukP( D7) = 0) + D0 duB[Pu(ZO(e0))] = €
k=1

iel(k) k=1 iel(k)
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Proof. We let f(z) = Zle Yukek() ViZik, Where v; is from optimal dual solution (v, u).

Then the generator (1.6) becomes

1

K
Gf(d) = Z A, Z H(’)(Z) Z Z HiviPi(2)

i=1 keK(z) k=1 icl(k)
= Z /l(e)v, Z Z HikviPi(z)
k=1 icl(k)

K
O Z Uy Z Py(2) + Z Z diPi(2)

I=1 ieI(k) =1 icl(k)

K
=1 Z up + Z I/tkﬂ.( Z ik = O) + Z Z dlkPlk(Z)

=1 iel(k) k=1 iel(k)
© —6+Zuk]l( Z Zik = )+Z Z di Pir(2)
icl(k) k=1 iel(k)

where (a) and (b) are by lemma 1 with notation (1.7). Then by Lemma 4(a), we

have

ZK: ukP( Z 79 (c0) = 0) + ZK: Z dikE[Pik(Z(f)(oo))] .

k=1 iel(k) k=1 iel(k)
mi
Lemma 6. Under Assumptions 1 & 2, with the WWTA and scheduling P,
A0B(k = HO(2(c0))) = yikE[Pik(Z(E)(OO))]
Furthermore, for non-basic activities (i, k) s.t. dy > 0, we have
P(k = HU)(Z(f)(oo))) = O(e) (1.8)

Proof. We denote f(z) = zi, then the generator (1.6) becomes
Gf(x) =21 (k = HO(2)) - paPu(2)
by Lemma 4(a), we have
A§E>P(k _ H(i)(Z(E)(oo))) _ ,UikE[ Pik(z(a(oo))]
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By Lemma 5, non-basic activity with dy > 0 has ]E[Pik(Z(E)(oo))] < ¢, therefore,

P(k - H@(z(f)(oo))) = 0(e), (i,k) is non-basic activity

Lemma?7. Vx>0,

l-e*<x

1.6 State-space Collapse

Denote

1
T(z) = —Wi(2),k=1,..K
Uy

then we state the result of State-Space Collapse as following, which describes

the balance of workload among the servers:

Theorem 8 (State-Space Collapse). Consider a parallel-server system that satisfies
Assumptions 1 & 2. Under the WWTA policy and scheduling P, there exists € s.t.
0 < € < &, any nth moments of max difference among the routing criterion are bounded.

i.e. there exist constants M,, > 0,n € N*, such that

(€) _ . (e) n<
E[ker{rll?% T(29(0)) — min_Ti(Z (oo))] <M,

Remark 4. Theorem 8 provides the state-space collapse in a workload version. It actu-
ally provides a much stronger state-space collapse than what we need in the discussion
of limit distribution, which only requires the 1st and 2nd moment boundedness. This is

thanks to the utilization of Laplace transform.

Before proving Theorem 8, we first introduce Lemma 9 below:
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Lemma 9.
b; < 1 k
Diciy Aivi Uk

Proof. We denote f(2) = ;) vizik, k = 1,...K. Then the generator (1.6) becomes

Gf@ = A%l (k=HQ)~ > paviPu(2)

iel(k) iel(k)
= Z /lf.f)v,-ll (k = H(i)(z)) - Z (ux — di) Pix(2)
iel(k) iel(k)

= 3 A1 (k= HOQ) - w1 - B@) + Y duPul)

i€l(k) i€l(k)

where d; comes from with notation (1.7). By Lemma 4(a), we have

> /L-v,-IP(k _ H(”(Z(E)(oo))) = /livieP(k _ H<">(z<f)(oo)))

iel(k) iel(k)
=Up — ukP( Z Zl(lf)(oo) = 0) — Z dikE[Pik(Z(e)(oo))]
iel(k) iel(k)
since 0 < P(k =H (i)(Z(f))) < 1, with Lemma 5 and Lemma 6, we have
b
=y /l,-v,P(k HO(29(e0))) + ) Z A P( = HO( z<f>(oo))) 1 0e)
iel(k) iel(k)

b
< Z Av; + O(€)

iel(k)
where as a reminder “b” and “nb” denote basic and non-basic activities, resp.

Since u; > 0,Yk=1,..K,thenlete | O,

1 < 1
—— <—
iel(k) Avi Uk

Proof of Theorem 8. Let

n+l

f(@) = ( T{Iila)%} T, (2) — ) 1’{1111[1 T:(2) — Rn+l(z)
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We recall that Ty(2) = - Yierw) ﬁzik and denote
H(z) = argmine,..xyTi(2)

L(z) = argmaxyeqi,. k) Tk(2)

where if there are multiple servers are minimizers, choose server k, if k is the
smallest index of those minimizers; if there are multiple servers are maximizers,
we choose server k, if k is the largest index of those maximizers. We first discuss
some terms in the generator. Because of the difference of basic and non-basic
activities as showed in 1.7, we put ”-b” and ”"-nb” to denote them, respectively,

in the following. Then we have

(f(z+ex) = f@)L (k= HO(2))
=(f(z + ex) — f)1 (k = HO(2),k = H(2))

+ (fz+ew) = L (k= H), k = L(2))
(1.9)

1 n+l n+1 H
- (R - —)"" - (z>)11<zk—b,k:H<z>>

Ui
+((R@) - 1 )"~ R 1 ik = nb,k = HG)k = HO@)
Uikik
= ((R(z) - uk;k ) - R”“(z)) 1(k = L(z). k = H(2), k!bi)

where k!bi means server k is the only server for class i that the activity (i, k) is
basic. Since all servers communicate, then the number of class i that has only
one basic activity is no more than /, i.e. those classes are on the margin of the
parallel-server system. Each of these classes only links to the system by one
server through basic activities, and don’t need another basic activity to link fur-
ther servers. In reality, some parallel-server systems have fewer such classes
or none. Suppose i...is be such § classes, the corresponding basic activities
link server ki, ...ks, resp. There are also other terms ruled out in the (1.9), by

discussing the corresponding events don’t exist. Then by binomial expansion,
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with Lemma 1 and notation (1.7), the generator (1.6) becomes

1 b
Gf@ =+ 1Y A% Y SR@U(k = HC)
i=1 kek(i) Yk
1 nb 1 .
—(n+1) Z A%, k;.) R @1 (k= H@k = HO©)

+(n+1)Z/1(6) ! R”(z)]l(k = L(2), k, —H(’A)(Z)k‘bz)

isks

F o+ 1)2 TRk = HQ) = (0 + 1)2 R”(z)IL( > =0k = H)

iel(k)

—(n+1) Z R"(z)Il k=LE)+@n+ 1)2 —R”(z)]l( >z =0k= L(Z))

i€l(k)

+ LR™

where we denote the terms whose order is smaller than n as LR™:

n+1

R(n) A Z/l(e) Z Z(l’l+ 1)( ) Rn+1 [(Z)ﬂ(k H(Z))
keK(i) €=2 Uikit
nb  n+l 4
* Z 10 2 (1 ) R = k= o)

keK (i) €=2 (
n+l(

4
+ Za‘d > ; : (L) R (@)1 (k = L(2), k = HO(2), k!bi)

=1 keK(i) (=2 Uik
K n+l 4+ 1 1 € et
DN Pi(R™' ™ @1(k = H())
=1 icltk) (=2 UkfLik
S+l 1 e
) Pu@R™ (@)1 (k = L(2))
=1 iclth)y (=2 UiHit
—o(R”(Z))
since
@)
1 nb
1 .
-> 29 Y ———R'1(k=H@),k=H"3Z) <0
; ! k;;i) ur(uy — dix) ( )
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(ii)

- Z ukR”(z)]l( Z zix =0,k = H(z))

ielth)
AN

=— ) — max T"(Z)]l( Zix =0,k = H(Z)) <0
Z Uy k=1,.. l;(k) k

(iii)

K
Z uikR(Z)ﬂ [Z z =0,k = L(Z)] _

i€l (k)

then the generator becomes

b

!
Gf@) <+ 1)) A% > %Rﬂ(z)ﬂ(k = H(?))

i=1 keK(@) "k

+(n+1)Z/l(E) ! R"(z)IL(k = L(2), k, = HY(2), k, 'bl)
Uge i ks (110)

K
1 n
+(n+1) ; u—kR"(z)]l(k = H() - (n+ 1) ; R @1(k = L(z))

+ LR™(z)

Now we discuss the S terms:
A0 —— L rey (ke = L(2), ky = HY @), k,\biy),  s=1,..
UgyHi gk
For sth term: First, for the only basic activity for class i, in the LP 1.3, we have
Ai, = pix,x;, . Second, since all servers communicate, the corresponding server
ks must link other classes i through basic activities xj, > 0. This means server k;

can only strictly spare partial efforts for class i;, i.e. x;, < 1. Hence 4; < pi,-

Therefore
A, 1
.1
ukx/’lixka' uk.!
. 1
1 (ks = L(z),k, = H(“')(z),ks!bis) < —Il(ks = L(z)), s=1,..S
uks/“lisks uk:
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Then there exist a;, > 0,s =1, ...
1 1
- —R'@1(k = L)) + 40 ——R"@)1 (k, = L), k, = H¥ (@), k,1biy)
Uk, T U Mgk,

— aiksR”(z)ll(ks = L(2))

We further let a;, = w, Yk # ki, ...ks, then we have a; > 0, foreach k = 1, ...K. Then

(1.10) becomes

b (€)
ic /11 Vi
SO — |R'@1(k = H()

Ltk Uy

Gf@) <~ (n+ 1)2[

~(n+1) Z —R”(z)IL(k = L(2)) + LR (2)
k

-

Now we add some terms and minus some terms, the generator becomes

Gf@<-(m+1) )| =5 R'@)1(k = HE)

=l Uj U Zzel(k) iVi

K |:Zf?e[(k) Avi 2

K
—(n+ 1)) alkR"(z)ﬂ(k = L(2)) + LR™(2)
k=1

K
ACERDY [; ~|Fen= Ho)

b
k=1 zel(k) A U

K
+e(n+1) Z Z R”(z)]l(k H())
k=

U

Since )
Ziciw Avi 2 1
2 R
uy ko Qe Aivi
p 2
Ziel(k) Avi 1
= - >0
U b
Ziel(k) Aivi
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then with Lemma 9, the generator becomes:
501
Gf(Z) <-(n+1 Z —R”(Z)]L(k — L(Z)) + LR(")(Z)
=1

R'@1(k = HR))

X 1 1
+(n+l)2[b———

= | et Aivi Mk
K b 1
+em+1) Y > AR 1k = H(2)
=il (1.11)

@)1 (k = L(2)) + LR"(2)

K

1
&Lt Z A, ZR”(z)Il (k= HE)
i=1

=—(n+ 1)(% - e%)R”(z) + LR™(2)

where a = max; g ai, u = min;_g u;. In the following, we will apply the Lemma
4(a) and utilize the Induction procedure to conclude our proof. Denote f(z) =

R"(z),Vn € N*, then by Lemma 4(a), we have

E[G f(Z(E)(oo))] _
Now taking expectation on both sides of (1.11), we have

0<—(n+ 1)(% - %)E[R"(z@(oo))] + E[LR<">(z<f>(oo))]

Whenn =1,
I nb
LRV () = > A9 k H(z) A 1(k = HR),k = HO(2)
tZ:‘ k;:‘l) (ukﬂzk)z Z:‘ k;:‘l) (Ugeptin)? ( )

S

+ Z/l(f);ﬂ( = L(2), k, = H"(2), k,\bi )

(i)
+ Z D HiPa@ sk = HG) + Z D kP )2 1(k = L(2))
k=1 iel(k) k=1 iel(k) Hik

SZZ

keK(i)

(Unix)? Z Z

=1 icl(k) k:“lk)
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) > 0 for any e satisfying 0 < € < &, we have

el
€u

There exists ¢, such that (i -
E[LR“)(z(f)(oo))]
G-d) Ai-a)

Then by Induction, suppose E [R[ (Z<E)(oo))] < M,;, 1 < ¢ < n, we therefore have

E[R(Z(E)(OO))] <

E LR(”)(Z(e)(oo))
E[RM(Z(E)(OO))] < (L (- 6%)] 2 My

To conclude, by Induction, we have Vn € N*, when 0 < € < ),

E(kl{nax T (Z2©) - rnm Tk(z<f>))
€

1.7 Preliminary Results II

In this section, all the results utilize the State-space Collapse Theorem 8 with up

to the second order moment boundedness.

Lemma 10. Under Assumptions 1 & 2, with the WWTA and scheduling P,

K

B|( D mWe(z9@))1( Y, 2 = 0)

k=1 i€l (k)

— 0(61/2)

33



Proof. We omit (c0) in Z9(e0) for simplicity.

E (i e Wie(Z) )1 (Z 79 = )]

k=1 iel(k)

[| K K
1 1
=E Uy —Z9 -yl — —2z91 ( Z\ = )}
ka iele’) Hik ka Wi z;:) Hik ,;ﬁ)
@_ [
<E max Tk(Z( ))— min Tk(Z(f))] (ZZ(E) )
ke{l €{1,.. 1)
o[ 2|12
<E|| max Tz - min Tk(Z(f)))l (Zz@ )
k €{l1,..K}

iel(k)

(C<)M”2P(ZZ(E) ) D o)
iel(k)

where (a) is by Lemma 1, (ii) and Lemma 2, (ii), (b) is by Cauchy-Schwarz In-
equality, (c) is by Theorem 8, and (d) is by Lemma 5. o

Lemma 11 (Negligibility for non-basic activities). Under Assumptions 1 & 2, with

the WWTA and scheduling P, for any non-basic activity (i, k) s.t. dy. > 0, we have

K
E [(k/z:; Uy Wk/(Z(E)(OO)))]l(k = H(i)(Z(E)(oo)))] — 0(61/2) (112)
E Pik(z“)@o))(i e Wk'(Z“)<°°>))] = 0" (1.13)
k'=1

Besides, the scaled first moment of sum of non-basic activities is also negligible:

E {2 nzb V,-ZE?(oo))

i=1 keK(i)

= 0(e'?) (1.14)

The proof of Lemma 11 is provided in Appendix A.2.1.

1.8 Proofs for Theorem 3

In this section, we first introduce the following Theorem 12, and Corollary 13.

Then the presentation for this section is planned as following: we introduce two

34



Lemmas in Sections 1.8.1 and 1.8.2 which provide crucial ingredients in proving
Theorem 12, In Section 1.8.3 we prove Theorem 12, then followed by the proof

of main result Theorem 3 in Section 1.8.4.

Theorem 12 (Limit distribution). Consider a parallel-server system that satisfies As-

sumptions 1 & 2. Under the WWTA policy and scheduling P, for each 6 < 0,

1

limE [eEH(ZLl ZkeK) Visz)(oo))] =—Q= 2
1-630, Ay

€l
that is, the limit is the Laplace transform of an exponential random variable with mean

I
m = Z Av?

i=1

Therefore, the scaled sum of queue length, weighted by optimal dual solution, converges
in distribution to an exponential random variable:
e( ZI: Z v,»Zf,f)(oo)) 4%~ Exponential(1/m), ase]0
i=1 keK(i)
Corollary 13 (Workload Version of Limit Distribution). Under the same conditions
of Theorem 12, the scaled sum of workload, weighted by optimal dual solution, converges

in distribution to random variable X, i.e.

K

e( Z uka(Z(E)(oo))) i X, aselO

k=1

where X ~ Exponential(1/m).

Remark 5. Corollary 13 is equivalent to the Theorem 12, if all the activities are basic

or having dy = 0 as in the (1.7), since by Lemma 1,

1
Z Z 1iZ9(c0) = Z iy Z —Z(f)(oo) = Z uWi(Z'9(c0))

i=1 keK(i) k=1 lEI(k)

However, if there exists non-basic activities which have dy > 0, then

2 IRZACE Z P Zukwk (290) - Z 2 % 710 o

i=1 keK(i) k=1 iel(k) Hik k=1 iel(k) Hik
(1.15)
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where the additional term due to non-basic activities(dy. > 0) makes the equivalence

nontrivial.

The proof of Corollary 13 can be found in Appendix A.3.1.

1.8.1 IngredientI for Theorem 12

Lemma 14. Under the condition of Theorem 12, for each k = 1,...K,

K

k=1 iel(k)
K
(€)
+ dyE [Pik(Z(E) (00))eZizt Zkexr (‘X’))]
K K
=y ukP[Z 79 (o) = o) ) dikE[Pik(Z(e)(oo))] +0(E?)
k=1 iel(k) k=1 icl(k)

where dy. comes from with notation (1.7).

Proof. We omit (o) in Z©(c0) for simplicity. Denote the residual difference

K

A Z wk( Y 7 =0)+ Z > B [Puz)]

iel(k) k=1 iel(k)

et(Zi leEK(')Vsz ( Z Z(E) )]

iel(k)

K
DN
k=1
K
D | Pz el T )|
=1 icl(k)
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Then we will prove A = O(e*/?):

K
Y R L
=1 i€l (k)

K

+ Z Z dikE I:Plk(Z(e)) (1 ZL 1Zke]((,) viZ 1k )

k=1 iel(k) ]
k=1 'ul zeI(k)

< e|9| Z uE
LEI(k)

(z > z@] (z

— €0 Z u B
i=1 keK(i) iel(k)

K
+ el Z D, duE P,-k(z“))(z e ui-sz(?J

k=1 iel(k) k=1 iel(h)

— €l ZK: Z dyE | Pa(Z'9) (Z Z Z(E) ]

k=1 iel(k) i=1 keK(l)

<él) ZK: B [ZK: uka(Z(E))) 1 ( Z zy = 0]
i€l(k) ]
+ €] Z Z d,E|P

Py(Z) (Z uka(Z“))]
k=1 iel(k)

L
————

< 0(63/ %)
where (a) is by Lemma 7, (b) is by Lemma 10 and Lemma 11, where either dy = 0

or di > 0 for non-basic activities. O

1.8.2 Ingredient II for Theorem 12

Lemma 15. Under the condition of Theorem 12, for each § < 0 and each i = 1, ...1,

hmE[(/l,vl - Z I/tkPik(Z(f)(oo)))eﬁ(Z{l DkeK () viZ;;)(m))] =0 (116)

€l keK(i)

Remark 6. Equivalently, lemma 15 reflects the flow balance:

limE[(/l,- _ Z /likpik(z(e)(oo)))eeﬁ(Zf:l YkeK() v,-Z}?(oo))] =0 (117)

€0 keK(i)
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The equivalence of (1.17) is straightforward because of (1.7) and Lemma 5 with 6 < 0

that

B | P29 (o)) 4T Biso )| < 4y B[ Py(29(e0))] = O( (1.18)

Proof. Throughout the proof, we omit (c0) in Z¥(c0) for simplicity. Part (1) is
trivial case with 6 = 0. In part (2) with 6 < 0, we will first show the following
e[ 37wzt
€l0 5
keKi)
is true for ¢ > 0, then we use Moore-Osgood Theorem([16]) to perform the in-
terchange of limit to prove the case with ¢ = 0, which is (1.16) that we intend to

prove.

(1) Trivial case: 6 = 0. We let f(z) = Xickq Zit, Vi € I, then the generator (1.6)

becomes

Gf@) =4 > 1(k=H@)~ > uaPu(2)

keK (i) keK (i)

=17 - Z HirPix(2)

keK (i)

by Lemma 4(a), we have

Z ,UikE[P ik(Z(E))] = A
keK (i)

taking limit and multiply v; on both sides, by (1.7), we have

Av; = lim Z (e — d)E | Pi(2)) @ lim Z wE|Pu(Z)|

keK (i) 7 kek (O]

where (a) is by Lemma 5.

(2) When 6 < 0, we let f(z) = e“(Eli Zieko i) 9 < 0, ¢; > 0, then with (1.7), the
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generator (1.6) becomes

1

Gf(Z) = Z ﬂgs) Z (ec,-ee _ 1) 669(2(:1 2keK(i) CiZik)]l (k — H(z‘)(z))
i=1 keK(i)
K
+ Z Z /JikPik(Z) (e“’"‘g — 1) eEH(Z;['=1 2keK () CiZik)
k=1 icl(k)

1

Z (E) ('IEH 59(2, 1 ZkEK(l){’IZlk)

P (Z)( —ci€t _ 1) 669(2,{:1 Dlkek () CiZik)
k=1 icl(k) Vi

By second order Taylor expansion,
ci€et 1 2 202 3
e =1+ cied + Ecie 6°+ O(e)
then since 0 < f(z) < 1, we have

I
1
Gf(z) = Z /L-(c,-eé + ch6202)e59(2521 ke €icie)

i=1

1
Z/ll Ci€ €20 + C 92) 0( 21y Skekai Cizit)

+

d; 1
kP,-k(Z)( cied + 2C 6262) (21, ek cizit) + 0(63)
iel(k) i

i=
K
k=1
1

- Z /1-0-60669(21{:1 2keK () CiZik)
i

€0(T1_; Skek) Cizik)

ix(2)e
—1 iel(k) Vi

~

Z Aic; 629669(21 1 ZkeK (i) Cthk) + — Z A C26292 59(21 IZkEK(J)(‘thk)
i=1 i=1

K
b3 30 D BT B 2y py ) Eh Bk ) 1 Oe

k: iel(k) Vi
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by Lemma 4(a), we have

Z iR e Bero 7)1 o€

K
u, — d; O
+ Z Z ~—(~cief)E [Pik(Z(E))eSG(ZLI Ziero iy )]
o1 eV

- Z Aicie 2915,[ €O(Zies Thero 2 ] Z A c26292E[ O[Sl Tiero c,-ZE?)]

(1.19)

K
%Z Z Ug — ( 2 292)E [P (Z(e))eeé‘(z, IZkEK(,)cZﬂ\ )] -0

el(k) Vi

Now rewrite (1.19) by only considering the lower order terms w.r.t e:

Z Aic;edE [ Zz | Srekin iZi )] + 0(62)

K
D3PI U e0)m [Pik<z<f>)ef(*(25=l Bt c:-zsz))] =0
=1 ek Vi

Letc; =vy(1 +1),c;=v;,i’ #i=1,..1,t > 0, and divide €6 on both sides:

/li’vi’ (E I:eeﬁ(z,(l 2keK (i) V,~Z§]f>+t DkeK() vizszlz)]
+ E AviE [ Z, | Lkeky ViZy +t Lhek) V/Z,k)]

- Z (uy, — dy)tE [Pi,k(Z(E))eEB(Z{I Tkeky ViZiy + Tkek (@) V,-'fo,Z)]
keK(i’)

— E ukE[ Z: | Zkek() ViZy, )+t2keK(i’)Vi’Z§fz):|

K
+ Z uk]E e’ Z, 12/@1((,)\712,]\ + ke )V'Z’k)ﬂ( Z Z,(]:) — 0)

k=1 ieltk)

+ Z d;E [P (Z(E))eee(zl 1 Zkekii ViZyg + Thek() Vi 'Z,k)]
=1 iel(k)

37.

=,y fE [eee(zle Sheko VS +1 Shexir) v,.,z;f;)]
U

- Z Ut [P (2 OZi Diexo vz + ZkeK(z"Wi'foZ)] + O(e)
keK (")

=0
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where we use Lemma 1 (i) and (ii) that

and Lemma 5 with following:

E 669(2{:] DlkeK () ViZ§;)+tZkEK(i’)Vi'fo,:)]l E Z_(kf) =0
L

<F( )77 =0)=00

iel(k)

K
Z Z d,E [Pik(z(f))659(2f=1 2keK (i) ViZf,f)H 2keK(i") Vi’ZE/fz,):l

k=1 iel(k)

K
<) D duB[PuZ)] = 0(e)

k=1 iel(k)
That is, we have

/li’ Vi E [eEG(ZLI D keK() ViZE,f)H ke (") Vit foz)]

_ Z iR [Pi,k(z(e))efe(Zle ZkeK(i) ViZf,f)H ZkeK(i’) Vi'fo,z)] (120)
keK (')

=0(e)

There are two cases w.r.t r > 0:

(a) If t > 0, divide ¢ on both sides of (1.20), and take € | 0. For any ¢ > 0,

we haveVi=1,...1,

. 1 .76 v, 7O

hJI:(I)lE[(/L’Vi _ § ukPik(Z(f)))efo(zi=1 ZkeK(r) VlZ,vk +1 ZkGK(I ) Vi Z,-/k) - 0 (121)

€.
keK(i)

(b) When ¢ = 0, we need to prove the following lemma:
Lemma 16. Suppose (1.21) holds for t > 0. Then it also holds when t=0.
We put the proof of Lemma 16 in Appendix A.3.2, where we use

Moore-Osgood Theorem([16]) to perform the interchange of limit.

Therefore, for each i = 1, ...I and each 6 < 0, we have

. . — . (€) eG(ZL e iVifo)) _
lgfg)lE[(/lz\/z Z ukpzk(Z ))e 1 K(i) X — 0

keK(i)
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1.8.3 Proof of Theorem 12

Proof. Let f(z) = (i Zieko ve) | g < 0, then the generator (1.6) becomes

Gf(z) = i /lz('E) Z (ev,'e(i _ 1) eO(Bi1 Bk vizie) (k — H(i)(z))

i=1 keK(i)
K
. ! oy
+ Z Z /’LikPik(Z) (evzfe _ 1) eEG(ZH ZkEK(z) Vzsz)
k=1 iel(k)

— Z /l(f) vied _ 69(2, | Skeka) Vidik )

+ Z Z - ik(Z) (ev"“’ — 1) €69(21!=1 ZkeK(i) ViZik)

k=1 iel(k) Vi

By second order Taylor expansion,

1
evieg — 1 + vieg + Evizfzgz + 0(63)

then since 0 < f(z) < 1, we have

1
} ‘ 1 /

Gf(Z) = A (V €0 + 2v 6292) 69(21':1 Dkeki) ViZik)
i=1

1
- Z A (v,-EZH + %v,-ze302) i1 Terip Vi)

)

k=1 iel(k)
1

ik(2) (v,fH + %vf6292) ek Ziexoviz) 4 O(€?)

I
Av; 69669(2f= | Skek(y Vi)

Il
—_

i

l V[EQPik(Z)eea(Zi:] Skek) Vizik)

+
k=1 iel(k)

1 1
_ Z /7.,'\/7629660(2’(:‘ 2keK () ViZik) + l Z /livl_ZGZQZeEG(ZL] ke viz;k)
2

i=1

i

i=1

1 v ;
i) Z Z e = ik (2 262 Py ) (Ths Tk 5) 4 O(E)

aw Vi
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by Lemma 4(a), we have

K
! iel(k)
K
+ el Z Z dikE I:Pik(Z(e))eég(Zz(l ZkeK (i) V,'Z}If)):l

k=1 iel(k)

- E Aijvie 29E [ Z: | 2keK(i) szk )]
1 1 (€)
1 €
+ E E /liV,-ZEZHZE [eeﬁ(Z,—=| Zkek(iy ViZy, )]

1 K
43 Z Z v 2°E [P (Z(@)e (Tt Therio V2 )] +0(E) =
1(k)

By Lemma 5, Lemma 14, and Lemma 1, we divide €6 on both sides and have

Z ukP{Z 79 = o] + ZK" D dE[Pu(Z9)] + 0
iel(k) k=1 icl(k)
1

- Z /1 VIEE [ Z’ 1 2k€K(’> vzlk ] Z V GHE [ Zz 1 ZkeK(l) VlZz(k))

=1

1 K
322 e oz e S )|
=1

iel(k)
=€+ O(€%)
I
—e]E[ eO(SL1 Sker viZip ] + Z A GQ]E[ A1 Sheko VzZ,A))]
i=1
1 < (x! ©)
1 . (7O _ . | L Z Skekay viZi
+2 ZV,EGE (Z u Py (Z') /Lv,]e 1 k ]
i=1 keK(i)
=0

Dividing € on both sides, taking limit w.r.t €, and plugging in the result of

Lemma 15, we have
1
1-6 Z Av? [imE [efe(zfﬂ Zkek() V:‘Zf,f))] -1
i=1 ') elo

i.e.
1

IimE I:eea(zt(=l ZkeK (i) ViZE,f))] =
I =02 v,

€l0
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the limit is the Laplace transform of an exponential random variable with mean

Let X be a random variable such that X ~ Exponential(1/m). Therefore,

G[ZI: Z v,-Zl.(,f)) if(, asel0

i=1 keK(i)
m|
1.8.4 Proof of Theorem 3
Proof. Denote
K K
X© 2 e( > uka(Z<f>)) - e( > uiTk(z@))
k=1 k=1
then as shown by Corollary 13, and recall that e = (1, ...1)", we have
X©e i> Xe, aselO (1.22)

Now let

[\

K K

(6) uk (e)\ _ 2 (€) ’r _

=€ E — Wi (Z'9) =€ E u,Ty(Z2'9) kK =1,.K
=1 Uk k=1 ¢

Denote Y© = (Y9, ..., Y;j))T, , then

ke{l,..K}

EK( max T}(Z¥) - min Tk(z@))]
ke{l,...K}

:eKz( max Tx(Z®)— min Tk(Z(‘)))
kefl,...K} ke{l,...K}
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since 0 < U < 1. By Theorem 8, lim SUp, o E [I’nane{l,mK} Tk(Z(E)) - minke{l,mk} Tk(Z(E))] <

M,, then we have

|X(E)e - Y® il> 0, aselO
By Markov Inequality,
(€ (€)
limP (|X - %] > a) < lim ([ )a_ W 0,Ya > 0
then
|)~((e)e _y@| 4 0, aselO (1.23)

Combining (1.22) with (1.23), by [3] (Theorem 3.1), we have
Yy®© 4 Xe, aselO

i.e.

1 1 T
E(Z u,%] (—W1 (Z9), ...EWK(Z(@)) < %e

=1 U

1
i /li"iz

where X ~ Exponential( ) Then by scaling property of exponential distri-
bution, we have

1 1 r
e(—W1 (Z©), ...—WK(Z(E))) Lox
up Uk

K M2
where X ~ Exponential ( Zic1 Y ) Therefore,

T 1,2
i=t AiV;

lim e (Wi(Z9), ... W(Z9)) & s ug) X
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CHAPTER 2
MULTI-SCALE HEAVY TRAFFIC LIMITS FOR GENERALIZED JACKSON
NETWORKS

2.1 Introduction

[24] pioneered the study of a class of queueing networks, known as open Jack-
son networks. The defining characteristics of a Jackson network are (a) all cus-
tomers visiting a service station are homogeneous in terms of service time dis-
tribution and the routing probabilities, and (b) all interarrival and service time
distributions are exponential. For a Jackson network, the queue length process
is a continuous time Markov chain (CTMC). Jackson’s pioneered contribution
is that when the traffic intensity at each station is less than one, the CTMC has
a unique product-form stationary distribution, meaning that the steady-state
queue lengths at various stations in the queueing network are independent. The
product-form result makes the computation of steady-state performance mea-

sures scalable with respect to the number of stations in the network.

When interarrival and service times distributions are general, the corre-
sponding network is known as a generalized Jackson network. For a gener-
alized Jackson network, the product-form result no longer holds in general.
Creating and justifying approximations of generalized Jackson networks have
been an active research area for more than 50 years; see, for example, [31] and
Whitt and You (2021), https://doi.org/10.1002/nav.22010. [27] and
[25] proved a functional central limit theorem, stating that the scaled queue
length process converges to a multi-dimensional reflecting Brownian motion

(RBM) under a heavy traffic condition. The class of RBMs was first developed
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in [21]. The stationary distribution of the RBM is shown to exist and is charac-
terized by a basic adjoint relationship (BAR) in [17]. However, the stationary
distribution is not of product form in general [18]. By developing an elaborate
limit-interchange procedure, [14] justified that the stationary distribution of a
generalized Jackson network is well approximated by that of the corresponding
RBM under the same traffic condition. Numerical algorithms exist to compute
the stationary distribution of an RBM in low dimension; see [10, 28]. These al-
gorithms are not scalable with respect to the number of stations. A sequential

bottleneck decomposition (SBD) method was proposed in [12].

In this paper, we prove that under a multi-scale heavy traffic condition, the
stationary distribution of the multi-scaled queue length process in any general-
ized Jackson network has a product-form limit. Each component in the product-
form has an exponential distribution, corresponding to the Brownian approxi-
mation of a single station queue. The “single station” can be constructed pre-
cisely and has a good intuitive interpretation, consistent with the bottleneck

analysis advanced in [9].

Our proof critically relies on the BAR-approach recently developed in [6]
for queueing networks with general interarrival and service time distributions.
The BAR-approach provides an alternative to the limit interchange procedure
in [14] and [8]. [7] further demonstrates the superiority of employing the BAR-
approach for multiclass queueing networks under priority service disciplines.
Here, we demonstrates that the BAR-approach is a natural approach to discover

and justify the type of results in this paper.
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2.2 Generalized Jackson Network

We first define a generalized Jackson network, following closely Section 2.1 of
[6] both in terms of terminologies and notations. There is a single class of jobs
arriving to the network which has J stations, and will exit the network in finite
time with probability one. All the jobs are homogeneous in terms of service
time and routing. The service in each station follows the first-come-first-serve
(FCFS) discipline. The external interarrival time, service time, and routing de-
cisions are assume to be independent, each of which is assumed to follow an
ii.d sequence of random variables. Let J = {1,..., J} be the set of stations. We
consider a discrete time Markov chain(DTMC) on state {0} U J with the transi-
tion constructed from the routing matrix P. Here we use {0} to denote the exit
state. This network is open, that is, the routing matrix P on 7 is assumed to be
transient or equivalently (I — P) being invertible. Upon the service completion
at one particular station, jobs either go to another station or exit the network,

following the routing matrix P.

The following definitions follow [7] closely. Define T, ; = {T, ;(i),i € N.} and
T,; =1{T,;(i),i € N,} as two i.i.d. sequences of random variables associated with
station j € J. Assume T, ,...,T. s, Ts1,...., T, are independent. Following [7],
we assume E[T, ;] = 1, E[T,;] = 1 such that T, ; and T ; are unitized. Denote by

c, ;= Var (Te,.,-(l)) and ¢; ; = Var (Ts,.,-(l)). We further assume
E[T,;]’ <o, EIT,]> < oo

Denote by «; the external arrival rate, and y; the service rate at station j. It
follows that T, ;(i)/a; represents the interarrival time between the (i — 1)th and

ith external arriving jobs at station j and 7, ;(i)/u; denotes the the ith job service
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time at station j. It is known that ¢} and ¢} ; are the squared coefficients of

variation for interarrival time and service time, respectively.

Traffic Equation. For the queueing networks, let A be the unique solution to the
traffic equation

A=a+PA, 2.1)

where P’ is transpose of P. Here the solution A is referred to as the nominal total
arrival rate to station j, including the external arrival and the arrival from other

stations. Define the traffic intensity by p = 4;/u;.

Markov process. For r > 0 and j € 7, let Z;(¢) be the number of jobs in station j,
including possibly one being in the service. Let R, (¢) be the residual time until
the next external arrival to station j. Let R, ;(t) be the residual service time for the
job being processed in the station j. If Z;() = 0, the residual service time is the
service time of next station j job, meaning R, ;() = T ;(i) for an appropriate i €
N,. We write Z(t), R.(?), R,(t) as the vectors of Z;(t), R, ;(t), and R, (), respectively.
Define

X(®) = (Z(1), Re(1), Rs(1)), 1 =2 0,

then {X(r);t > 0} is the Markov process with respect to the filtration F¥ =
{fx;t > 0} defined on the state space Z/ xR{ xR/, where F* = o-({X(u); 0 < u < 1}).
Dai (1995) proves the following assumption holds under some distributional as-

sumption on interarrival times:

Assumption 3. For each r € (0, 1), the Markov process X"(-) is positive Harris recur-

rent and it has a unique stationary distribution.
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2.3 Assumptions and Main Results

We consider a family of generalized Jackson networks indexed by r € (0, 1). We
denote by ,ui.’) the mean service rate at station j. Recall the traffic intensity at

station j, one has

Assumption 4. Multi-scale heavy traffic. We assume as r | 0, we have ,uy) — U,

and the traffic intensity for the jth station is

pg.’): 1-r, jeJ. (2.3)

That is, without loss of generality, we assume the stations have increasing order of

intensities. Heavier intensity means pE.r) — 1 fasterasr | 0.

Therefore, for each r € (0, 1), with Assumption 3, we define
X" =(z", RV, RV) (2.4)
as the steady-state random vector.

Assumption 5. For general interarrival and service time distributions, we assume each
properly scaled steady-state queue length satisfies some moment boundedness; that is,

there exist MY > 0 and j € J, such that
E|(rZ) | <MD, jeg (2.5)
forall r € (0, ry) with some ry € (0, 1).

Remark 7. Assumption 5 holds under the Poisson external arrival and exponential

service time, because Z'” is geometrically distributed with mean p” /(1 — p»). Indeed,

J

we will show in Lemma 23 that any orders of the moment of properly scaled queue length
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are bounded for each station under the exponential distribution condition. We expect
(2.5) holds under some general arrival and service distributions, such as phase-type

distributions. We leave the exploration of this claim to a future study.

Definition 2. For station j € J, we denote by {i,i < j} ¢ J and {i,i > j} C J the
set of stations that are lighter and heavier, respectively, than station j. For each i € J,
let w;; be the probability that starting state i, the DTMC will eventually visit state j,

avoiding states in {0} U {i,i > j}.
Lemma 17. (wy;,...,wy) satisfies the following equations.

Wij:Pij+ZPii’Wi’js ied. (26)

’<j

In particular,
Wijs.ooswjm) =1U - P){i<j}]_]P(:vj){i<j},
wjj = Pjj+ PG, ey = Plcji] ™ PG, fii<)y-
Proof. By the first-step method. |

Theorem 18 (Limit distribution). For 8 € R’, where R is the J-vector with each

element nonpositive,

exp [Z 0 jerﬁ.’)]

jeg

1
limE = (2.7)
rl0 1:[7 1 - djgj

2
7

T where
J

2 _ 2 2 2 2 2 2 2
o =ajc, ;i + Z aiwiicy; + Ajes (1 —wjj)™ + Z Aiwiics,
i<j >

+ Z aw;i(1 —w;;) + Z Aiwii(1 = wyj)

i<j i>j
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and 8; = A;(1 —wy;). The limit on the RHS of (2.7) is the product of Laplace transforms
of J exponential distributed random variables, with means equal to d;, j € J defined

above. Marginally, for each j € 7,
() 4
I’ij 4 Yj,

where Y is the exponential random variable with mean d;. That is, the properly scaled
steady-state queue length for each station converges in distribution to an exponential

random variable.

Corollary 19 (Limit distribution under Exponential case). Under Poission external

arrival and Exponential service time, d; = 1 for each j € J, that is

. 1
: 7] —
lrllr(l;l]E exp(é 0,r'z; ) = | | T~ (2.8)
Jj€T JeT
Furthermore, if 0; = 0,V j € J, then one has
. 1 7
; J7O | =
lrllI(I)lE exp [0 jgj r'z; ] (1 — 9) , (2.9)

which means the summation of properly scaled steady-state queue length for each station

converges in distribution to the Erlang(J, 1) distribution.

To prove Theorem 18, we first prove Corollary 19 in Section 2.4, as it sheds
light on the proof under general distribution in Section 2.5. Readers can see
it is straightforward to extend the results under exponential distribution to
more general distributions under Assumption 5. In the following, we provide
a heuristic approach to obtain the quantity d;, j € J which is interpretable and

easily applicable.
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2.3.1 Heuristic Interpretation of d;’s

We consider a 3-station generalized Jackson network as illustration and dis-
cuss d, for station 2 as an example. Any general Jackson network applies same

heuristic procedure. The routing matrix is assumed to be

0 Pi Pis
P=(pP,; 0 Py
Py Py O

(r)

Assume | —p” = r/ for j = 1,2,3. For station 2, one has

Zy(t) = Z5(0) + Ax(1) — S 2(B1(2)),

where S, = {S,(¢),t > 0} is the renewal process associated with the station 2
service, and B,(t) is the cumulative busy time of server 2 in [0, t]. Here, A5(¢) is
the cumulative number of arrivals (including both external and internal ones)

to station 2 in (0, 7]. It is

E (1) §3(B3(1) S2(Ba(1)

LW~ EW+ ) n®)+ > )+ > nlk) 2 A0,
k=1

k=1 k=1

where E (1) is the external arrival process to station j, £,(k) is the Bernoulli ran-
dom variable, which is equal to 1 if the kth departure from station j will even-
tually go to to station 2, without going through station 3. The approximation ~
would be equality if every job goes station 1 experiences no delay at all, which

can be achieved if the service time at station 1 is 0.

From Lemma 17,

E(£12(1) = P12 = wia,
E(&32(0) = Py + P31 P = wa

E(£22(0)) = P21 Pio = wo.
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Define

Ei() = Et) - ajt,

S0y =S80 —ut.

Then,
. R Ei(®) R
Ao(0) =Ex(t) + ant + ) (€12(k) = wia) + wiaEr () + wioant +
k=1
S3(B3(1) .
+ Z (&32(k) — w3) + wS3(B3(1)) + wmé”Ba(t) +
k=1
S2(Ba(1) R
£ (Enlk) = wn) + wnS2(Ba(t)) + wapty B(r).
k=1
Therefore,
Zy(1) ~ Z5(0) + ma(t) + Bat + winpsI3(1) + (1 = woo)pa Lo (D),
where
R E\® R $3(B3(1) )
() =Ex(0) + ) (€)= wi) + wiBr() + D Exalk) = wa) + winS3(Bs(1)
k=1 k=1
S2(Ba(1) R
+ ) Enl) —wn) = (1 = wn)8a(Ba()
k=1
B =as + winay + wids — (1 —wp)ud” = =r*(1 = wy)u’

I;(t) =t — B/(t) the cumulative idle time at station j.

Assume Ix(t) = 0. Z, can be modeled as a (,Bz,ag)-RBM (reflected Brownian

motion), whose stationary distribution is exponential with mean

2
92
d2 =
2|5
where o3 is the asymptotic variance of 7,
Var(n(1))
2 _ s 2 2 2 2
0, = lll)l’g f = azce’z + 01W22(1 - sz) + w12aqce’1

+ /13W32(1 — W32) + W§2/13C§’3 + /12W22(1 - W22) + (1 - ng)z/lzciz.
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Furthermore, since Z, is non-scaling queue length, then r*Z, can be modeled as

a (B2, 02)-RBM, where

A

B = % = —(1 —w)u,

which matches the theoretical results in Theorem 18, where 3, is the limit of |3|

asr | 0.

24 Proof under exponential distribution

Under the exponential distribution assumption on the interarrival and service
time, Z(-) = {Z(’)(t),t > 0} is the continuous time Markov Chain (CTMC) with
discrete state space Z/ for each r € (0, 1). Define the generator G for the CTMC
Z")(-) as following

Gf@) = ) il fere)=f@+ D, > Py fla=eP+e)-fD)|1 > 0), (2.10)

i€ JEOT ieg

where ¢ is the J-vector with jth component being 1 and 0 for all other com-
ponents, and ¢ is the J-vector of zero. The following lemma can be directly

referred to Lemma 5.1 in [7]:

Lemma 20. Let f(z) : Z] — R be a bounded function. Then the vector of steady-state

queue length Z\", r € (0, 1), satisfies the BAR

E[G f(Z(’))] =0.

The following lemma follows the similar discussion as Lemma 4 of [33] and
Lemma 1 of [5], and the proof is imbedded in the proof of Moment boundedness
in Lemma 23 (see Appendix B.1, Remark 8) by applying the same polynomial

test function f(z).
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Lemma 21. Let f(z) : Z] — R be a function. Suppose there exists n € N, such that
If@I < (Xjeg c;z;)" for some constants ¢; > 0,j € J (i.e. f(z) is dominated by a
polynomial function). Then there exists ry € (0, 1), such that the vector of steady-state

queue length Z", r € (0, ro) satisfies
E[Gf(z<’>)] 0.
Lemma 22 (Idle probability).

P(Z)=0)=1-2,/u=r.jeg.

Proof of Lemma 22. We provide a simple proof using test function with Lemma
21 directly. An alternative proof can be referred in [6] (Lemma 4.4) under gen-
eral distribution. For station k € 7, let f(z) = ¢®’(1 — P')"'z, then the generator
(2.10) can be written as a matrix form:
(1= P11 > 0) =Ygy P 1(z > 0)
Gf(z) =" (1 - P)'a—e"(1 - P)"
.U(Jr)(l = Pi)1(z; > 0) = e\ MiPis1(zi > 0)
11z > 0)
=1 -P)'A-P)a-£A-P)y'1-P)
11z > 0)
= — 1" 1z > 0).

With Lemma 21 and (2.2), taking expectation, one has

Pl
P(Z)=0)=1-PZ =0 =1- "=/~

Hy
O

Lemma 23 (Moment boundedness). For each station j € J, Vn € N*, there exists

M > 0and ry € (0, 1) such that when r € (0, ry),

E[(rZ)']1 < M.
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That is, any order moment of properly scaled steady-state queue length for each station,

is bounded.

Since Zj.r) is geometrically distributed, Lemma 23 is trivial. While here we pro-
vide a new proof in the Appendix B.1 to shed lights on the future study of proof
under the general distribution. Now consider a particular family of test func-
tions given by

f(2) = exp({6,2)),z€ R], 0 e R,

where R is the J-vector with each element nonnegative. Then the generator

becomes
Gf@) =) ai(exp(t,e”) - 1)f(2)
i€y

£ UOPy(exp8,e? — e)) - D f(2)1( > 0).
JEOWUT i€

(2.11)

Lemma 24. Let fy,(z) = exp({8(r),2)),z € RY, and 6(r) € R’ is a function of r, with

0(r) T 0as r | 0. Then the following asymptotic version of BAR for the CTMC Z"

holds:
ruy” 1B | fun (27) 12" = 0)
ory(1=P)| i |B|fun (27)] - 60y - P)
rJ'u(Jr) ,u(;)]E [fg(r) (Z(r)) ﬂ(Z;r) = 0)]

—0(r) (1 = P")diag()0(r)E | fur) (2)| = 010, asr L 0.
(2.12)

Proof of Lemma 24. Note that exp({6(r),z)) < 1 for any 6(r) € R’ and z € R], then
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with the second order Taylor expansion, the generator 2.11 becomes

Gfe 6(r) ()

= 3" B e + 2007 OB fr () + 0B

i€y

r 1o (j i 1 e i ] 0y
+ 0 D PO @ — &) + 200y (@ = e~ e0YO() (D)1 > 0)
JEOUT ieT

=0(r) @ fon(2) — 00 (1 = PO fyr(2)

1 fan(@1(z1 = 0)
+0(r) (1 - P) : (= G(6(r)))

1 fan(@)1(zs = 0)
1
+ 500 diag(@)0(r) fo(2)

1 . . . .
+3 je{%;j ; 1O PO (@ — eD) (e — eDYO(r) for(2) (£ Go(B(r)))

+ o(16(r)P).
(2.13)

With (2.1), (2.2) and (2.3) , the first order terms become:
1 fon @1z = 0)
G(6(r) =0(r)' (1 = P')(A = 1) o (2) + 6(r)' (1 = P')
15 farn(@1(zs = 0)

—ru 1 for(2)1(z1 = 0)
=0y (1= P)| | fan@ +00) (1= P)

Sk 1Y for (D)1 (z; = 0)

and the second order terms can be written as:

1
G2 (6(r)) =§9(1’)'(diag(6¥) + Q)O(r) fon (2),
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where Q is a symmetric matrix with each element defined as following;:

Qi = uﬁ’) - Z P[i,uér), ied

teg
Qij=Qji= _,u,('r)Pij —,U;r)Pji, i,jeYJd.
Define 0 to be the matrix having
07 =0, ieJ
Q) =p)Pii—uPy. i.jeT.
Denote Q" £ diag(a) + 0 — 0®. Then with (2.1), (2.3) and ; = 4; — X jeq Pijd;,

one can verify that 0V has

0 =201 Py = + Y PP, i
J€T

Q) = -2uPj. i.je.
Furthermore, it is easy to check that for any y € R/,
Y%y =0.
Therefore, one has

1
(i) = 59(0’@”9(%@)(@ = 0(r) (1 — P))diag(u)O(r) fa (2) + 0(10(r)),

where the second equality follows from —ru” + Y s rfP4,-,~,u§.r) = O(r). With
Lemma 20, we take expectation on each term above and apply bounded con-

vergence theorem to conclude the proof.

Proof of Corollary 19. We first give the following lemmas:

Lemma 25. Vx > 0,

l-e*<x forx>0

le* — 1] <eMx|  forxeR
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Lemma 26. For § € R?, we consider the jth server, j € J. Denote a J-vector by
870, j) = (616, j).....67. ),

where

Z Wkﬂ"fgg, k < ]

=)

rka + Z Wkﬂ'fgg, k> j,
>k

and {wy, k, € € I} are defined in Lemma 17. Then for each fixed 6 € R’

5.0, j) (2.14)

870, jy(1 = P') = (0,...,0,(1 = w;)r'6;, O(), .., O(")), asr 0.

Proof of Lemma 26. Denote R = 1 — P’. By the matrix form in Lemma 17, we have
the following equations:

Zwinik+Rjk:O, k<]

i<j

ZW,]R +R I_W]J

i<j

(2.15)

By construction of, §”(, j) in 2.14, 5*)(0, j)'(1 — P’) is a J-vector with kth element

as follows:
DD wieRa + Ry )r'or, k< j
t>j i<t
[6(r)(9’ '])/(1 B P’)]k = Z WUR + R I” 9] + Z (Z Wi[Rij + jo)rfeg, k = ]
i<j >+l i<t
Z ( Z wieRi + ng)rfeg, k> j.
>j i<t

With (2.15), it is easy to check that when k < j, for each £ > j,

( Z wieRix + R,gk)l’jeg =0.
i<t
Similarly, when k = j, foreach ¢ > j + 1

( Z Wl'gRij + jo)rfeg =0,

i<l
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and we have

(Z Winij + Rjj)rjgj =(1- Wjj)l’jgj.

i<j

(2.15) doesn’t support the case when k > j, while for each £ > j, we just need

and have
(Z WieRjx + R[k)rfgg = O(rj)_
i<t
Lemma 27. For e R’ and j € 7,
(1= 0)E[ exp (((0,..0, 76,, /*10,01,..."0,), Z7) )]

=E[ exp (((0,...0.0, #*16;..1,...76)), Z))| + o (D),

where o(1) - 0asr | 0.

If Lemma 27 holds, then one has

E|exp [Z ejrfzy)] = =g B|ew [Z ejrfzj.’)] +o(1)
€T Jz2
B exp Ze-rfz(.’) +o(1)
1-6,1-6, i
Jj=3
1
= .= +o(1)

and taking r | 0, which concludes the proof of Corollary 19.

The remaining work is to prove Lemma 27.

Proof of Lemma 27. We defined 6(6, j) to be a J-vector as following:

w120, + Z wier' 8, k< j
>j
% w A j+1/2 4 _
500, )= {0+ Y wier' 0 k=
>j
k L .
r0k+2wkgr 6, k>].
>k
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Then we list the following lemmas and the proofs will be provided in the end

of this section.

Lemma 28. Suppose (8, j) and 576, j) are defined by (2.14) and 2.16, respectively.

Then we have

(a)
I(1-0)E 6, j), ..., 87, j)),Z"
r j [eXp (( A L CN >)] 217)
= B|exp ({670, ). .67(0. ). Z"))L(ZY = 0)| + o(r).
(b)
B [exp (¢(8(8, j), ...,67®, j)), Z"
r [ P(< 1 J J J >)] (2.18)

= B [exp (B0, /). 870, ). ZM))LEZ = 0)] + o).
Lemma 29. Suppose 6 (6, j) and 576, j) are defined by (2.14) and 2.16, respectively.

Then we have

(a)
(1 - 6)E [exp (6, ), ..., 67, j)),Z"
DB ex (46} ! ) (2.19)
=r/(1 = 0B [exp ({(0, ... 0, 7760, 77" 0,1, ... F'0,). Z7)) | + o),
E |exp ({6, ), ..., 67, j)), Z"Y)1(Z" = 0)
[ (< 1 J J J >) J ] (2.20)
=E [exp (((0, ... 0,0, 01,1, ... 7'0)). ZV)) LZ = 0)] + o(r).
(b)
TE |exp ({8, j), ...,69(6, j)), Z"
r/E [exp ((GV (0. )). ... 570, ). Z2))] -
=r/B|exp ({(0, ..., 0,0, 70,1, .. 7/6,), Z7))| + o(+)),
E |exp ({3, j), ....87(6, )), Z™))1(Z" = 0)
|exp (¢BV(@. j G )1z, ] 222)

=B [exp (((0, ..., 0,0, 77" 0}11, ..., 0,), ZO))U(ZY = 0)] + o(+).
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Combining Lemma 28 and 29, one has

PI(1 = 6)E [exp ({(0, .., 0. 78, 7716101, .. 7'6,), 2|
(2.23)
=E [eXp (400, ..,0,0,77" )11, ... 7 0)), Z7))1(Z2) = 0)] +o(r)),

and

B [exp (((0, -, 0,0, 770501, ... 6, 2] (224)
= B[exp (0. 0.0, 6. .. 6. Z0))UZ = 0)] + o).

Note the RHS’s of 2.23 and 2.24 are the same. Dividing both sides by r/, we

therefore have

(1 -6)E|exp({(0,...,0,770,, 0,1, ... 0)),Z")
8 [exp o703 ) 029

=E [exp (((0. ... 0,0, #0111, ... 7'0)), Z7))| + o(D),

which concludes the proof. m]

Proof of Lemma 28. (a) For the jth server, let fsn,)(z) = exp((6“(6, j),z)), where
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z € R]. Then with Lemma 26, the asymptotic BAR (2.12) becomes

r,u(lr)
0 =(0, ... 0, (1 = w;)r'6;, O(), ... 0GH)| 1 |B| o (27))]

rj,u(;)

[f(s(r)(g i (Z(r)) H(Z(r) )]
= (0.0, (1 = w;rig;, OG-, ..., O(rf)) '

[fé(’)((-) i (Z(r)) ﬂ(z(r) 0)]

uﬁ”éﬁ”(e, )

(0. ....0.(1 = w;)r'6;, O(r), ..., O(r)) : E | fn.p (27)] + 00

(7)6(")(9 M,
=1 00,(1 = wiDE | frow (27)] = P 0,0 = wiDE | oy (27) 12V = 0)]

PP = wiE | froy (27)] + 00,
(2.26)

where we utilize Lemma 22 that for 6 e R/,
E[f(27) 12" =0)| <E[1Z) = 0)| =/,

and the terms with order higher than r%/ are put in o(r*). Dividing both sides

by rj,uy)ej(l — wj;), one has
P(1=0)E|foown (27)] = E| frown (27) 12D = 0)] + o). (227)

(b) For the jth server, let f5u () = exp((6”(6, j), z)). By similar argument as in

(a), one has

37, jy (1 = P') = (0,...,0,(1 = w)r’*'20,, 0G7'?), .., 0G7*'7)).
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Then the asymptotic BAR (2.12) becomes

0(r2j+1/2)
ru(lr)

=(0, ... 0, (1 = w;pri*20,, 0672), 0| 1 |E] S (27)]
rJ/J(r)
J

KB [ foy (20) 12 = 0)]
= (0.0, (1 = wjr/*1 20, 0'12), ., 0¢71?)) :

KB [ foey (27) 12 = 0)]

18,0, j)
~(0, . 0.1 = wj)r*1 20, 0G7*12), ., 0(71)) : E | fo@ (27)]

11,88, j).
=P 200,(1 = wiB | fin (27)]
- rj+1/2/13r)9j(1 — Wjj)E [f5<r>(9,j) (Z(r)) H(Zj-r) = 0)]

_ 2 "‘Y)Q?(l -w;;)E [ﬁs<r>(e,j) (Zm)] :

(2.28)
Dividing both sides by r/*'/24{”0;(1 - w;;), (2.28) becomes

PE| fiowy (27)] = B[ finey (27) LEZ = 0)] + o(r). (2.29)

O
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Proof of Lemma 29. For (a), with Lemma 25, one has

rJ]E,[ exp (<(0, ...0, rjgj, rj+19j+1, -~.r]Q]), Z(r)>)] -E [exp (<(6(1r)(9, Do 5(;)(9, j)),Z(r)>)]

= rjE[ exp (((0, 0,770,716, .17 6)), Z(r)>)-

(1 —eXp (<(Z Wlﬂfge’ Z Wj—l,frggt” Z th’rggt’, Z Wj+1,€r€9[, ooy W]_l’jrjgj, O),Z(r)>)]

> > > > j+1

< rjE[ Z W]gr[_llggerY) + ...+ Z Wj_l,gl’[_j+1|9[|rj_1Z§.?l + Z Wj[r[_jledl’jzy)
> > )

+ Z wj+],gr€_j_l|0g|rj+1Z;:)l + Wy 0P 20+ O] = 0(7*) = o(1),

> j+1

(2.30)

where the last inequality is by Lemma 23. Similarly, we have

E[ eXp (<(0, O, I"jej, I’j+19j+1, ...I”JHJ),Z(r)>)]]_(Z;.r) = 0)]
—E[ exp ({66, ). 876, j)), Z7))LZY = 0)]

= E[ eXp (<(0’ .0, ”jej, I’j+19j+1, ...I’JQJ), Z(r)>)-

(1= exp (€ wier G > Wit 00 > wier e, > win 0. a0, Z7)) 12 = 0)]

>j >j >j > j+1

= E[( Z W1gr€_1|95|rZ§’) + ...+ Z wj_l,grf_j“|95|r~/_1Z§.r_)1 + Z wjgrf_jlegler;r)

£>j =] >

£ Wi TNOAPZ, 4 L4 0) 12 = 0)] = o),

j+1
> j+1

(2.31)
where in the last equality, we apply Cauchy-Schwarz inequality, Lemma 22 and

Lemma 23 to obtain that for k € 7,

FE[FZO1(ZY = 0)] < rE[(F 20 PR = )T = 07 12) = o(r).
k j k J
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For (b), using similar discussion as (2.30 )and (2.31), one has

rJ']E[ exp (((O, ...0,0, I’j+19j+1’ --.rJQJ), Z(r)>)] -E [exp (<(5(lr)(0, Dy 5(;)(0’ s Z(r)>)]

= r/B| exp (((0,...0,0, 77" 0}, .7 0), Z") )

(1 — exp (((Wurj“/zej + Z wier Op, ., 171204 Z wicr'oy, Z Wi 0, ey, 0), Z(”))]

>j >j >j+1

< PE[wir P00z + Y w0z + T P12
>j

+ Z wjgrf_legIer;r) + Z w‘,-+1’grf_j_1|05|rj+IZ§.:)l + ...,wj_urlejlr]_lzy_)l + O]

>j > j+1

= 0 = o(r),
(2.32)

and
B[ exp (((0, 0,0, 7" 0j41, ..1760,), Z0)) L(Z) = 0)]
—E| exp (B0, . 500, 1), ZW1Z0 = 0)]
= B[ exp (((0, 0,0, /"', ..r"0,), Z0)).

(1 - exp( (lerj+l/29 + Zwlgl" 95’,.. 0 Z Wit1,eF 9[,.. 0) Z(r)>)]l(z(r) O)]

>j > j+1

< E[(lerj_l/zlejlrzgr) + Z ngr€_1|05|VZir) + ...+ wj_l,jr3/2|9j|rj_1Z§r_)l
>j

£ Wi TNOAPTZD N w0 2, + L+ O)LEZY = 0)] = o).
>j > j+1

(2.33)

2.5 Proof under general distribution

The proof under general distribution will follow closely to [7] in term of

parametrization such that one can see clearly the powerfulness of the BAR ap-
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proach on dealing with general distribution under various networks. Recall that
X", r € (0,1), is the steady-state in the rth queueing network as defined in (2.4).

The following lemma is a direct result from [6] (Lemma 4.4).

Lemma 30.

P(Z)=0)=1-2,/u=rjeg.

Following the same argument in [7], we first assume there exists a constant x > 0

such that
P(T.,()<kf=1, P{T,()<kf=1, jed. (2.34)
The condition (2.34) can be removed by truncating the residual arrival R\’ and

service time RY’ by 1/r and making minor modification as discussed in case 2 of

Section 7 [7]. We leave this task to a future research.

For 7 € R’ and ¢ € R/, we consider a special class of g that is given by

8o(x) = go(z,u,v) = exp ((0, 2),{n, u), (&, v)), (z,u,v) € Zi X Ri X Ri.

We define
Agy(x) = - —( ) - Z —(x)l > 0)

J'EJ
and n; (9]-) and ¢;(0) via
AiBeONTei(D) jeqg

teg

Then following [7] (Lemma 7.1), one has

E[Agy (X")] =

For each r € (0, 1), we further define
N0 = ami0)). £ = uE0), (2.35)
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and

20(x) = golz,u,v) = exp (46,20, Y 0@y, D EVOV),  (u,v) € ZL xR xR
€T €T

Then referring to [7] (Lemma 7.2 and 7.5), we have the following lemmas:

Lemma 31. If Assumption 3 is satisfied, then the steady-state random variable X"
follows the following BAR: for each 6 € R’ and each r € (0, 1),

S (05l (k)] + e @2 [ (x) 120> o) <0 @39

j€g €T
Lemma 32. Set

_ - 1 .

ni(05)= 0. 0i(0)) =508 Jed

EJ-(Q) = (9j - Z Pjiei),

icJ

EJ(Q) = —%Cij(ej - Z Pjigl')z — %Z Pﬂg? + %(Z le'@i)z, ] € j
i€g i€g i€g

Thenas 0 — 0,

ni(6;) = ;(6)) +7;(6) + 0(63). jeT

E0)=E@O) +EO) +o(lOF), jeJ
Proof of Theorem 18. Let

gs00.(2) = exp (670, ), 25, Y 170V O, D, D €76, D)vy),
T T
where 676, j) = (6(1r)(9, ) 6(;)(9, 7)) is defined by (2.14). For easy reference to
(2.13), we denote
G870, ) = ) it (OB | gsiep (X7)]
i€J

+ Z /’ll(r)él(r)(g)E [86(’)(9,j) (X(r)) I]_ (er) > O)] s
i€g

Ga(670, ) = ) @il OE [gs0ap (X7)] + D AE O 850y (X))
i€J icJ
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With (2.35) and Lemma 31, keeping the terms with order r*/ or smaller, the BAR

2.36 can be written as
G676, ))) + Go(676, ))) = o ().

Note that G,(6(r)) is the same as the first order term of Taylor Expansion un-
der the exponential distribution, where we define G,(6(r)) in (2.13), except that
function fy(2) is replaced by gy, (x). Then following the proof of Lemma 28,

one has
G670, )) = 0,(1 = w)E [gaoiep (X))
- rjy;r)&,-(l - W‘/‘/)E [g(;(r)(g’j) (X(r)) IL(Z;’) = O)] .
Denote §; = u{’(1 - wj;), then we have
G187, ) = rPBOE | goviey (X7)] - Bir'6/E |gsow (XV) 12 = 0)] . (2.37)
Now we consider G»(6(6, /). Denote 575 such that
N T M ~
Gz(é( (. D)= —Erzj‘g?E [85<r>(9,j) (X( ))] 0'5,

then & has the following:

52 ) 2 2
j =a;c 6j+zalcez lj_'_Z/J (Wtj ZPIZWKJ ij)

i<j i<j t<j
2 2
+ Z.Ufr) (Z szwfj) +#(r) (=P Z ijwf])
i>j <j t<j
+ Z#E”[Z Pigwei(wej — Z Pigwej — Pyj) + Pij(1 - Z Pipwe; — Pij)]
i€g <j U<j U<j
2 2 2
= c; ; + Z ic, Wi + Zﬂm (Z PlfWQ) +,U(r) S =Pji= Z Pjewe,))
i<j i>j <j l<j
+ Z,U(r) Z Pigwej(wej — wij) + Pi(1 - Wij)]
icJ l<j
2 2
=a;c e] + Z a’zcezwz; + Z:“(r) (Z PMW{’J) + :u(r) (1= WJJ)
i<j i>j <j

+ Z #5@[ Z Piwef(wej = wij) + Pyy(1 - Wij)]’

icT 0<j
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where the last term equals

Z,ugr)[ Z P,-gng(ng - W,‘j) + Pij(1 - Wij)]

=N <j
= Z,uf.’)[ Z Piwei(we; — 1) + Z Pigwei(1 = wij) + Pyj(1 - Wij)]
ey t<j t<j
= Zluf")[ Z Pifwt’j(wt’j — 1) + Wl'j(l - Wij)]
N {<j
= Z,ul(.r)[ Z Piwei(wej — 1) + wi(1 - Wij)]
i<j <j
+ Zuﬁ’)[ Z Pigwei(wej — 1)] + Zuﬁ’)wij(l - Wij)
i>j t<j iz
= Z wii(1 - wij)[ﬂ,(-’) - Z Paﬂ?)] + Z,uﬁr)wij(l — Wij)
i<j teg 2]
= Z wii(1 = wiaip!” + Z 1 wif(1 = wyj).
i<j iz

Plugging it back into 5—?, one has

~2 _ 2 2.2 (rn 2 2 (rn 2 2
) =ajc,; + Z @iC, Wij + Zﬂi ¢l Z Piwej)” + e (1= wy))

i<y > (<)
(1 = w: s (r) (r) (1 = w
+ Wz]( le)a,lp[ + H; Wl]( Wz])'
i<j i>j

Therefore,
o(r*)) =G,(8(6, ) + G2(67 (6. j))
=B 0/E | goniap (X7)] = Bir'6E | goniep (X) 1Z) = 0)

- %#JO?&?E [g5<r><e,j> (X(r))] '

Divide both sides by r/3,0,, one has
& (r)
j J MY = (r n _ j
rj(l - 0] 2EJ)E I:g(g(r)(g’j) (X )] = E I:g5(r)(9’j) (X ) ]]'(Z] = O)] + O(I’]). (238)
Now we let

8500.(2) = exp (B0, ), 23, " 0V BV, )y, Y EPE O, Pv)),

JeJ vl
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where §7(8, j) = (36, j), ....8(8, j) is defined by (2.16). Similar discussion for
(2.38) and Lemma 28 applied on g j(2) gives
B 8500, (X7)| = E 500, (X7) LZ = 0)] + o(r). (2.39)

~ &2
Denote by d; = ﬁ Referring to [7] (Lemma 7.4), we have the following lemma,

and the proof will be put in the end of this section.

Lemma 33. Suppose 6 (6, j) and 576, j) are defined by (2.14) and 2.16, respectively.

Recall Z is the steady-state queue length in X = (2", R, RY). Then we have

(a)
P(1 = 6;d))E|g500.5 (X7) | (2.40)
—rI(1 = 0,d)E| exp (((0, .0, 176,, 1771 0;01, .7 0,), Z7))| = 0(r),
E[ga(r)(g,j) (X(r)) H(Z;r) = O)]
— E [exp (((0,.0,0, #*'0,1,....F'0,), Z7))L(Z) = 0)] = o).
(2.41)
(b)

rE [ggm(@,j) (X(r))] - rjE[eXp (((O, +.0,0,77%19;,,, ...rJHJ),Z(’)))] =o(r)), (2.42)

E[g5<’)(9,j) (x") 1z = O)]

— E [exp (((0, .. 0,0, 71011, F'0,), Z7))L(Z) = 0)| = o).
(2.43)

Combining Lemma 33 with (2.38) and (2.39), the steady-state queue length Z"

in X = (20, RV, RY) satisfies

rf(l B QJC—ZJ)E [exp (((0’ . 0’ l"jej’ l’j+]9j+1 5 eees rjej)’ ZU)))] (244)
= [exp (((O, 0.0, rj+19j+1’ rlel)’z(r)»]l(zy) - 0)] +o(r7),
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(2.45)

and
PE [exp ({0, ...0,0, 70,1, ... 1'6,), Z))]
= E[exp ({(0. ... 0,0,/ 041, ... 70,), Z"))L(ZY = 0)] + 0(r7)
Note the RHS’s of 2.44 and 2.45 are the same. Dividing both sides by r/, we
0,76, 116,41, ... 7'6,), Z“)))]
(2.46)

[}

therefore have
(1 - 8;d)E|exp ({0, ...
0,0,7"10,,1,....7'0,), Z7))| + (1)

=E [exp (((0,
Readers can notices that (2.46) is the same as (2.25) except that here d; =

replacing d; = 1. Denoting by
B; £limf; = 13%1;(3”(1 —wjj) = (1 —wj)
+Zawf]cgl+/lc (1—WU) +Z/lwl] 5
i>j

hmo' = ajc, ;
l<]
m]

rl0
+ 3 amwy( = wi) + > w1 = wy)

ZA
o=

i<j i>j

concludes the proof.

and d; £
Proof of Lemma 33. For (a)(2.40), by subtracting and adding a term, we have two

summations as follows:
r(l-6.d ){ |50 (X7)| - B[ exp (4(0. .0, 776, 77*10,,1, .. 0)) Z<’>>)]}
J \Ys ),

(1 - 6;d){E
=r/(1 - 6,d >{ [g500.0 (X7)] - E [exp (0. ). ... 6760, j). Z))] }
+r(1-6,d ~){E |exp (<610, ), ... 80, ), Z7))]
| exp (4(0, .0, 76, r',1, ...rfe,),z<’>>)]}
where the second summation is the same as (2.19) except the constant d;, which

has been proved in Lemma 29. Therefore, we only need to consider the first
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summation. With Lemma 25, one has
Pl - %){E 2500, (X7)] = B [exp ({60, . ... 670, ), Z)))] }

=r/(1 - 0,d))E| exp ({8, (0. }). .... 86, ). Z"))-

(1 - exp {780, j)). Re) + (€750, ). RY))]
<r(1 = 0,d)E[(1 - exp {(n" (60, j)), Re) + V60, ), RY))]
<r/(1-0,d)Y," exp(Y}"),

where we have used

0", ), Re) + (€780, ), RY)

(66, j))| + €757, j))|)c 2y

.

and C > 0 is a constant large enough that
k/A;<C, k) <C.

From Lemma 32, one has

Y" -0, asrloO, (2.47)

J

where we use

n"(5(@, j))] = 0(r),

£7(6"16, )| = 0)
with the definition of §*(6, j) in (2.14). Therefore,
rf{E 250 (X7)] = E[exp (6, ), ... 6760, ), 27))] }

<r’Y” exp(Y\") = o(r’),
For (a)(2.41), by subtracting and adding a term, we have two summations as

follows:

{E[gém(e,j) (X)) 1Z = 0)] - E [exp (870, ). ... 670, j). Z7))1(Z" = 0)] }
+ {E |exp (<610, ). ... 870, ). Z7))1(Z? = 0)]

—E [exp (((0, ... 0,0, 0,1, F'8,), Z7))L(Z = 0) }
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where the second summation is the same as (2.20), which has been proved in
Lemma 29. Now we only consider the first summation. With Lemma 25, one

has
{E 83000 (X7) L(Z) = 0)] = E [exp (@6, ), - 670 ). Z™)) 1z = 0)] }
=E| exp ({6} (0. )). ... 67(0, ). Z))-
(1= exp {7670, ), Re) + (€780, ), RO)) 1z = 0)
<B|(1 - exp {(n"(6Y(0, ). Re) + (€760, j)), RV)})1(Z" = 0)]
<¥" exp(Y\)E[L(Z" = 0)] = Y}” exp(Y{)P(Z!" = 0) = o(r"),
where in the last equality, we use the Lemma 22 and (2.47).
Similarly, for (b) (2.42) and (2.43), we can also subtract and add a term and

combine the summation with Lemma 29 (b) (2.21) and (2.22), respectively. Then

the proof is concluded.
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APPENDIX A
APPENDIX OF CHAPTER 1

A.1 Proofs in Section 1.5: Preliminary Results I

A.1.1 Proof of Lemma 4(a)

Proof. Assume f(z) : R — R satisfy |f(z)| < CYr, W(z) for some C > 0. As
discussed in [[5] Lemma 1], a sufficient condition to ensure
]E[G f(z<f>(oo))] ~0
is given by [22] and [15], which requires
EHG(Z(f)(oo),Z(E)(oo)) f(z<f>(oo))” < o0

where G(z, 7) is the diagonal element of the generator matrix G corresponding

to state z. First, we have

6290, 20w
|-

[zlj A9 ) 1(k=H"Z) )+ EK] D, HiPu (Z@(oo))]‘
i=1

keK(z) k=1 iel(k)

i=1 k=1 lEl(k)

Therefore, by assumption, it is sufficient to show that 35, E[W,f(z(f)(oo))] <

Now let
K

V(z) =

(2),
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then by binomial expansion, the generator becomes

) S+ 1\ ,.
GV() =~ 1; ()k;,)uzl[;( , )(uk) W= )) (k= HO)

K

szzk(Z) ( (” + 1)( ! )f W=t ]
-—— (2)
k=1 icl(k) u; ; 4 Hik ¢
1

1

—— W1 (k= HOG))
i=1 keK(i) W Hik
K
-3 Y Pa) + o W)
=1 Yk iel(k)
I n K
D0 3 i (we) 1= 100) - 3 i o{wico)
— exo Vi Mik k=1 Uk
) < /l(f) 1 "
b) ; e ,2}%{}) (,uka(Z)) 2 W) + o(Wn(z))

where (a) is by (1.7), (b) is by the definition of WWTA policy. According to [11]
(Lemma 11.2), there exist a set of 1

WWTA policy satisfies 19 =

such that paraller-server system under
= DkeK() /ll.k) and i /lgl?mik < 1. Then the generator
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becomes

Zke[((:) ,k 1 " & N .
GV(z) = Z L min |- W) ; = W) + o Wi ()
1 1 &1
= Z A (—.W"(Z)) - 2 W@+ o(W)
i=1 Vi keK() Hit =1 U
() b (e) 1 nb /1('6) 1
Z Z L (2) + Zik T Wi (z)
i=1 kex() M i=1 keky) Hik (g = di
L
- Z ?W]?(Z) + O(W]?(Z))
=1 Y
1 (e) K
=) Z e W - — 7 W@ + (W)
i=1 kek(i) ik k=1
P P
+ ——Wi(@) - 2 (2)
o1 kek) Hik (g = ") : o1 kek) M
I (e)
1 /1
DI Ik S e
-1 % \kex(i)
1 nb (€) n-1
A d
+ ’_k(—kd) W' (2)
D1 keK() Hik ur(ug — dix)

where (c) is by considering basic and non-basic activities separately using (1.7)
again. Now we discuss the last term above coming from non-basic activities. We
will further show that there exist a set of /IEZ), s.t. /lglf) = 0 if activity (i, k) is non-
basic activity. By our Assumption 1, under the heavy traffic (equivalently, the
model is critical as defined in [11]), non-basic activity satisfies x, = 0 under any
(if not unique) optimal solution of static allocation problem 1.3. This means the
parallel-server system can achieve the heavy traffic without working through
any non-basic activities. Denote 1; = 2—;, then in [11] (Lemma 11.2), A; satisfies
Ai = Ve A and Y dwmiu = 1. Suppose x© satisfying the constraints in the
static allocation problem 1.3 with A; replaced by /lgf) Ai(1—€),and /l(‘) Ai(1-6).
Then /lglf) satisfies all the subcritical condition in [11] (Lemma 11.2), and /151? =0

for any non-basic activity. Furthermore, ;¢4 ﬁﬁ?mik = (1 —¢€) < 1. Therefore, we

78



use this set of 27, and the generator then becomes

1

(€)
GV(z) = Z nl—l [ Z /ll—k - 1] Wi(2) + O(W"(Z))

Uy \yexq) Hik

i=1

ﬁn—l

Z Wi(@) + o( Wi (2))
i=1

where it = max;-;__xu; > 0. Then there exists some constant ¢ > 0, such that for

YL WD) 2 enk = 1,..K,

Z Wi (2) + 0 W”(z) —ce Z Wi (z)

v 1

then 3d > 0,
1 1
GV() < —ce Y WD) + d]l( PRAGE cw)
i=1 i=1

invoking [[26], Theorem 4.3], we have

ZK: E[W,:‘(Z(E)(oo))] < 0

k=1

A.2 Proofs in Section 1.7: Preliminary Results II

A.2.1 Proof of Lemmall

Proof. 1. In (1.12), for non-basic activity (i, k), we have

B iy Wz (k= 10z )| @

(@)
<E dik

1 .

Wi(Z')1 (k = H(’)(Z(E)))] (if)

U — dig

®» [ 1 .

<E d,-ku—Wk,(Z(E))IL (k = H<’>(Z<f>))] (iii)
| K
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where (a) is by dy > 0, (b) is because when (i, k) is non-basic activity, there
must exist basic activity ik’ according to complete resource pooling as-

; — g7 i 1 (€) 1 (€)
sumption. When k = H"(Z'9), by WWTA policy, m Wi (Z'9) < " Wi (Z9). 1f
we divide both sides by v;, it becomes ﬁWk(Z“)) < u—Lka (Z©). Therefore,
(i) — (i) < (@ii) — (i) implies

0 <E|dy d—w (Z91 (k = H“)(Z“)))]
“(ur — diu

[ (1 1 .
<E |dx (?ka(Z(E)) — u—ka(Z(f))) 1 (k= H@(z(f)))]
L k

[ 1 1 .
<E|dy | max —Wk(Z(E))— min —Wk(Z(f)) 1(k=H"(Z"))
| [ kellK) uy ke(l,..K) U

2+1/2
QuE {( max_Ty(Z©) - min Tk(Z(E)))} B (k= HO(Z9))"
ke(l,...K) ke(l....K)
(1)0( 1/2)
where (c) is by Cauchy-Schwarz inequality, (d) uses Theorem 8 and

Lemma 6 ((1.8)). Therefore, we have proved for non-basic activity (i, k),

E|Wi(Z )L (k = HY(Z))| = O(e'?) (A.1)
Furthermore,
[ K
E (Z e W (z<f>))11 (k= HOZ9)
L k=1
K K
“E (Z e Wi (29 — Z e Wk(Z(E)))]l (k _ H(")(Z(E)))}
L k=1 k=1
K
+E (Z e Wk(Z(E)))]L (k= HOZ9)
k=1
(e) K K 2] 12
<E|| D W@ - Y u Wiz | (k= HOZ) /
k=1 k=1

+ ZK: uk,E[Wk(z@)ﬂ (k = H<i>(z<f>))]

k=1

(20(61/2)
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where (e) is by Cauchy-Schwarz inequality, (f) uses Theorem 8, Lemma 6

((1.8)) and A.1.

. (1.13) and (1.14) will be proved together:

Let £(z) = (X1 ek vizir)*, then the generator (1.6) becomes

Gf(2) = 22 D A“)(Z > vt (k = HO@) + Z 3 AN (k= HO)

i=1 keK(i) i=1 keK(i) i=1 keK(i)
K 1 K
2
-2 Z Z ,uikViPik(Z)( Z Z ViZik) + Z Z HikVi Pir(2)
=1 icl(k) i=1 keK(i) =1 icl(k)

By Lemma 4(a), we have

K 1
> > uE| P Y Y vz

=1 icl(k) i=1 keK(i)
1
:le Z /lEE)V,'E (ZI: Z Vizflf))ﬂ (k — H(i)(z(é))) + lZ Z /lgf)v,-ZP (k — H(i)(z(e)))
i=1 keK(i) i=1 keK(i) i=1 keK()
+s5 Z > uE [Pu(z )
k 1 iel(k)

(A.2)
Let f(z) = (Zle b KG) v,z,-k)z, i.e., we consider only the basic activities. Then

the generator (1.6) becomes

Gf(z) = 22 Z A“)v,(z Z vz,k) (k= HO) + Z Z ANV (k= HO2))

i=1 keK(i) i=1 keK(i) i=1 keK(i)
K b I b K b
2
-2 Z Z ,uikViPik(Z)( Z Zik) + Z Z Hivi Pi(2)
k=1 iel(k) i=1 keK(i) k=1 iel(k)

By Lemma 4(a), we have

i i HiviB Pik(Z(E))(i i ViZ,-(kE))

k=1 iel(k) i=1 keK(i)
b b 1 b
:ZI: 3 AE (ZI: > vz (k= HOZ )|+ % 3N A9 (k = HOZ))
i=1 keK(i) i=1 keK(i) i=1 keK(i)

K b
% Z Z ,UiijzE [Pik(Z(E))]
k=1 iel(k)

(A.3)
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Then let (A.2) — (A.3), we have

ZK] Zb piviE Pik(z‘fb(zl] > vizg)

k=1 iel(k) i=1 keK(i)
b nb
+ i D HviE Pik<z<f>)(Z[: > vz
k=1 iel(k) i=1 keK(i)
DIPIWRE DI HETRCD
i=1 keK(i) =1 keK(i)
1 b 1 nb
£ L ANE|( D D vz (k= HOZ) (A4)
i=1 keK(z) i=1 keK(i)
+ = Z Z /l(é) 2P k = H(l)(z(f)) 1 ZK: Z UirV: E lk(z(e))]
i=1 keK(i) 2 k=1 iel(k)
:Z i /1§E)Vz (le Z VIZ(E)) k H(i)(Z(E)))
i=1 keK(i) i=1 keK(i)
b nb
+ZI: 3 Az (ZI: w7 1L (k = HOZ)| + 0@
i=1 keK(i) i=1 ke (0

where the last equality is by Lemma 5 and (1.8).

Let f(z) = (XL, 2% G vizir)*, then the generator (1.6) becomes

Gf(2) :22 Zb AE%(ZI] Zb v,-zl-k) (k=HQ)+ Z Z AL (k= HO(2))

i—1 keK(i) i1 keK() i1 keK()
K nb 1 nb K nb
2
- 22 Z HikViPix(2) Z Z ViZik | + Z Z HikVi Pi(2)
Y=1 icl(k) i=1 keK(i) =1 icltk)

By Lemma 4(a), and Lemma 5 with (1.8), we have

ZI: ib: piaviB | Pa(Z') (le i Vl'Z;kE)]

i=1 keK(i) i=1 keK(i)

nb
(i Z ViZi(kE)] 1 (k — H(i)(Z(e)))

i=1 keK(i)

1 nb

- Z Z AvE

i=1 keK(i)

(A.5)

1 nb nb

= D ANP (k= HOZ')) i D v iE [Pu(Z9)]
=1

i=1 keK(i) iel(k)

=0(e)
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Now, adding (A.4) to (A.5),we have

3 3 vt Pl-k(z@)(zl] > vz Pik<z<f>)(zll 5 w7y

K
DIPWT
k=1 iel(k)

k=1 icl(k) i=1 keK(i) i=1 keK(i)
1 nb 1
:Z Z A9VE (Z Z v,-sz)]l (k= HOZ9))
i=1 keK(i) i=1 keK(i)
1 1 nb
+ > AE ( > vZ(E)) (k= HOZ))| + OCe)
i=1 keK(i) i=1 keK()

then by rearranging some terms,

DI

> vz (k= HOZ)

i=1 keK(i) i= 1 keK (i)
K nb 1

= D B P Y Y vz + 0@
k=1 iel(k) i=1 keK(i)

K 1 nb

N L DI

k=1 iel(k) i=1 keK(i)

nb

(le ViZf,f))]l (k — H(i)(z(f)))
=1

i=1 keK(i)

—ZI: Z /I(E)viE

i=1 keK(i)

=) w (ZI: \ viZf,f)) - ZK: Z dyE Pik(Z(E))(le ib: ViZf/f))
k=1 i=1 keK(i) k=1 iel(k) i=1 keK(i)
" O (z]: Zb: vzy)| - ZK:uk}E (le > vz (Z 79 = H
i=1 i=1 keK(i) k=1 i=1 keK(i) ielth)
=cE ZI: S vZ(E>) EK: Z d;E|P ,k(Z(E))(ZI: Z v,Z(E))
i=1 keK(i) k=1 icl(k) i=1 keK(i)
- Soe|(3) 3 3=
k=1 i=1 keK(i) il (k)

note that terms with dj exist only when (i, k) is non-basic activity, then we
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have

(335 v)

€E
i=1 keK(i)
nb
:ZI: > A9vE (Z > vz (k= HOZ)
i=1 keK(i) i=1 keK(i)
K nb [ K
= > 2 B | Pz 3 Wi (Z)
k;l ie;()k) k'=1 (A6)
+ Z Z HixviB lk(Z(E))( Z Z de(E))
k=1 icl(k) i=1 keK(z)
nb
. i > dyE Pik<z<f)>(z Z w7y
k=1 iel(k) i=1 keK(i)
ZukE (Z Z 7z [Z Z9 = o) +0(e)
i=1 keK(i) iel(k)

Now we discuss each term on the RHS of (A.6). The first term by 1.15 and

(1.12) becomes:

ZI“ Zb: A9vE

i=1 keK(i)

Si "Zb /lgf)vl-E

1
—

i=1 keK(i)

=0('?)

1
Z Z(E)) H@(Z(E)))
|\ =1 keK()
(Z e W (z<€>))11 (k= HOZ®))
L k=1

For the third term and the fourth term, by (A.5) and 1.15,

K nb
Z Z HixViE k(Z(E))(Z Z dsz(E))
k=1 iel(k) i=1 keK(i)
1 nb [ (] nb
=3 > AvE [Z > viZf,f))]l(k = H(Z"9))| + O(e)
i=1 keK(i) |\ i=1 keK(i)
1 nb [ K
<> > awE (Z » Wk,(z“)))]l (k= HOZ)| + 0e)
i=1 keK(i) | k=1
—0(61/2)
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and there exists C > 0,

IPIE

zk(Z(e))(Z Z vZ(E))

k=1 icl(k) i=1 keK(i)

1 nb [( 1 nb

<C)Y > AvE (Z > v,-Zl.(,f)JIL(k = H(Z))| + O(e)
i=1 keK(i) | \i=1 keK(i)
I nb [ K

<> N avE (Z » Wk,(z@))ﬂ (k= HOZ)| + 0(e)
i=1 keK(i) | k=1

:0(61/2)

where the each last equality is just proved as first term. For the fifth term,

by Lemma 10, we have

B (ZI’J D vZ<E))]1(Z 79 = ]}

| =1 keK(i) i€l(k)
K
<N wE (Zuk Wy (Z(E)))IL[Z 7O = ]]
k=1 | k=1 i€l(k)
=0(e'?)

Then (A.6) becomes

K

1 nb K nb
(e) 1/2 € €
2|(D) 20wzl < 0= 3 N B | P D ue We )
i=1 keK()) k=1 icl(k) k=1

(A7)
The LHS of (A.7) is always non-negative, therefore, we have proved the

1.13, that is, for each non-basic activity (i, k),

K
PuZ N Y ueWe(29))| = 0!
k=1
therefore, at the same time,
1 nb
E (Z Z viZE/f)) — 0(61/2)
i=1 keK(i)
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A.3 Proofs in Section 1.8

A.3.1 Proof of Corollary 13

Proof. We omit (c0) in Z©(0) for simplicity. Denote

X2 G[ZI: Z V,-Zi(ke)]

i=1 keK(i)
Them by Theorem 12,
O 4 X, aselO (A.8)

Denote
K
U 2 e [Z uka(Z(E)))
k=1

then by Lemma 11 and (1.15), the difference

1
dik Z.(e)
ik

E[U(E)—X(E)]:EE -0, aselO

i=1 kek() Mk
i.e.

- 1
€|U(E) - X© 5 0, aselO

which means

6|U(E)—X(5) iO, asel 0 (A.9)

Combining (A.8) with (A.9), we have
U® iff, asel 0
that is,

K
E(Z uka(Z(E))] 4 X, aselO

k=1
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A.3.2 Proof Lemma 16
We omit (c0) in Z©(c0) for simplicity.

Proof. For Vi=1,...I, we have

lim (/liViE [659(2{_1 Dkek (i) Vfof))] _ Z

wE [Pik(z(e))efe(zf—l Lkek () V"fo))] )
€0 keK (i)

— lim B lim | 4,v,e(Zi Seeko W2+ Siexo v
elo | 1o

- Z e P (Z'©)eZier Duko V241 Siexio "izflf)))]
keK (i)

(é) lim lim E[/liviefﬁ(z,[-ﬂ 2keK () v,-Zl.(]f)+t ke (i) ViZ:,f))
10 tl0
‘ (A.10)

_ Z ukPik(Z(E))eEH(Z{:' 2keK (i) Vt'Z;/f)'HZkEK(i) Vfo,f))]
keK (i)

(i) limlim E /L,vieee(zle DkeK (i) ViZ,-(,f)H DkeK () ViZ:]?)
tl0 €l0

1 (€) (€)
_ Z ukpik(z(f))efg(z,-:l Ykek() ViZy, 1 Ykek ) ViZy, )]
keK(i)

im0 =0
110

where (a) is by bounded convergence theorem, (b) holds by Moore-Osgood
Theorem([16]), (c) is directly by case (a), (1.21). The detailed proofs for (a), (b), (c)

are listed as follows:

(a) In this part we will show the interchange of the limit and expectation.

Since 0 < Av; < 1,0 <uy < 1,0 < Py(Z9) < 1 almost surely, then

E (/L‘Vi - Z ukpik(z(e)))eee(zleZke,((,-) ViZig +t Skekio ViZiy) <2

keK (i)
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Therefore, by Bounded Convergence Theorem, we have

E| lim | A;v; — Z w Py (Z9) eEG(ZzLIZkeK(f) ViZyg +1 Sheka viZy )
tl0 ]
keK (i)

=limE (/livi - Z MkPik(Z(E)))efe(ZLl Skek ViZig +1 Ziek ViZ )
110 X
keK (i)

(b) In this part we will show the interchange of the limit w.r.t. 7 and e.

We first introduce Moore-Osgood Theorem in [16, Theorem 2]

Theorem 34 (Moore-Osgood). Iflim,_,, f(x,y) exists point-wise for each y dif-
ferent from g and if lim,_,, f(x,y) converges uniformly for x # p then the double

limit and the iterated limits exist and are equal, i.e.

lim f(x,y) =limlim f(x,y) = limlim f(x,y)
(x.y)—(p.q) X=p y—=q y=q x—p

Let g(e, 1) be a function w.r.t e and ¢:
gi(e, 1) =Av;E [efg(zf=l Skek(n ViZip + Shekn Vizf?)]

_ Z B [Pik(z(E))eEG(ZLl Sk ViZy + Treki Vfo,f))] i=1,..1
keK (i)

Now we discuss the interchange of limit w.r.t € and ¢. First, by (1.21) ,
lim_, gi(€, 1) exists point-wise for t # 0. Next we present the following
Lemma 35 to check the second condition of Moore-Osgood Theorem, and

the proof is put in the Appendix A.3.3.

Lemma 35. lim,_, gi(€, t) converges uniformly for € # 0, for i = 1, ...I.

Then the conditions for Moore-Osgood Theorem 34 are satisfied, therefore
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the limits can be interchanged, i.e.
Av;limlimE [efg(zfl Skek ViZig + ik Vizfzf))]
€l0 110

—limlim wE [Pik (Z()eHEimt Zhero ViZiy +t aero szfzf))]
elo 110 £d
keK(i)

=Av;limlimE [eee(zjl Skerty ViZ + aekio v,-z},?)]
110 €l0

—limlim > wE | Py(Z@)eNZin ek W2+ Diero wZI-S?)]
110 €l0 ]
keK (i)

=lim0=0
tl0

A.3.3 Proof of lemma 35

Proof of lemma (35). This is to prove Vi > 0, 35; > 0, when [t - 0] < 6;, Ve # 0 being

sufficiently small, |gi(e, 1) — gi(€, 0)] < .
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Fori=1,..1,

lgi(e, 1) — gi(€,0)|

I 7€) € I 7€)
AvE [669(2,-1 2ikeK () ViZy, + Zkek(i) Vily, )] — AvE [669(2,-1 2ikeK() Vily, )]

_ Z wE [Pik(z(f))efe(z,(l 2ikeK () Vizfls)‘”Zkek(i) Vizf,f))]
keK (i)

+ Z wE [Pik(Z(f))e€9(Zf=1 Lkt v,-z,?,?)] ‘
keK (i)

1 7€) 7€)
E (/L'Vi - Z ukPik(Z(E)))€€9(2f=l Tierio V2 ) (efgv’tsz - 1)}
keK(i)

(/L'Vi - Z u Py (2 ))

keK(i)

I (€)
<E 669(2,-:1 ke ViZi )

(e Dol 1)‘

(a)
<2E

()
<2|0|te Z vE [Zf/f)]
keK(i)

(c)
<2|0|vitM,
Z¢

where (a) is by the following: 2 Ziexa ) < 1, almost surely, since 6 < 0;

0 < Pyu(Z9) < 1;and 0 < Av; < 1; 35, we = 1. (b) is by Lemma 25; (¢) is by

Lemma 4(b) with the existence of constant M, > 0. Hence, we let §; = #olel
When [f] < 6,
Ui
(€, 1) — g; ,0 SleH—<
8(6:) = (e, 00 < 2Molbl— i <7
Therefore, lim, |y gi(€, t) converges uniformly fore > 0,i =1, ...I. O
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APPENDIX B
APPENDIX OF CHAPTER 2

B.1 Proof of Lemma 23

Remark 8 (Lemma 21). Following Lemma 4 of [33] and Lemma 1 of [5], a sufficient

condition for Lemma 21 is to require that

E||Gzn (2", 2")f(Z")

<o

where G,(z, z) is the diagonal entry of the generator matrix G corresponding to the state
z. Since there exist some constant M > 0, such that
IG2z0(Z0,Z27)| < Z (a'i + Zﬂy)Pﬁ) + Z (uf-’) + Z ﬂgr)Pij) <M,
i€g JeT i€ ISUSNE

and f(z) < (X jeg cjz;)" for some n € N, it suffices to show that E[( X jcs chj.’))"] < 00,
for r € (0, ry). Following that it suffices to show there exist some constants c,d > 0 such
that for (3 jeq cjz;)" = c; with constant c; > 0,

Gf@ < —e( Y cz) +d1(( Y ei) < c.) (B.1)

€T €T

Proof of Lemma 23. Proof sketch: the proof will start with the lightest station 1
with the first moment. Then the proof will be carried over through Mathemat-
ical induction, which including two directions as follows: the first direction is
given the low order moment boundedness, to prove the high order moment
boundedness. The second direction is given the lighter station moment bound-

edness, to prove the heavier station moment boundedness.

(I) This step will prove moment boundedness by induction for station 1, that

is to show E[(rZ")"] < M\",Vn € N,,r € (0, ) for some r, € (0, 1).
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(i) Forn =1, welet f(z) = z2, then the generator 2.10 becomes

Gf(z) =12z + 1) + (1 = P1)(=2z + D1(z; > 0)

+ Y Py + D1 > 0)
ieg\{1}

11z > 0)
=2V"(1 = PHYAz; = 2¢M'(1 = P) : 2

11z > 0)

+ay + (1 = Pz > 0) + Z 1 Pyl(z; > 0)
ieg\{1}

" 11z = 0)
=2z:V'(1 = P)| : +2z:eM(1 = P)

~ru 1)1z = 0)

v +u (1= Pl >0+ Y Pyl > 0)

ieT\{1}
Dz -m’A =Py + Y PuPa] =22 Y p"Pall(z = 0)
i€J\(1} ie\{1}
+ap + 7 + Zﬂ,('r)Pil
i€y
<- 2}’Z1[/.l(lr)(1 — Pll) - Z ri_l/,tgr)Pil] + +/.l(1r) + Z,ugr)Pil,
i€F\{1} i€

where there exists r; € (0, 1) such that when r € (0, r)),
PO =Py = > P Py > 0.
ieg\{1}
Then (B.1) is satisfied, so Lemma 21 holds with n = 1. Therefore,
taking expectation on both sides gives

() (
a + + ) L P;
E[rZ(r)] < 1M+ Dieg i Pa

< M(l)
1 - r > r 1
2[#(1)(1 = P11) = Yy lllg 'Pyi]

where M" > 0 is constant which does not depend on r.
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(ii) Suppose forn = ¢, E[(rZi’))"] < Mi,l) has been proved for some constant

Mél) > 0. Now we will prove the case for n = ¢ + 1. Let f(z) = 2/*%

Using binomial expansion, the generator 2.10 becomes

Gf(2) =a1[(€ + )" + R@)] + 1”(1 = P1)( = (£ +2)z1 + R(2)1(z; > 0)

+ >0 P+ 221 + R@)Gi > 0),
i€J\(1)

where R(z) < Y, Ciz, includes the terms w.r.t z; whose powers are

lower than ¢ + 1 and C; are some constants. Then one has

(r)

Gf(2) =(€+ 2z eV (1 - P)

— u(Jr)

11z = 0)
+(£+2) e (1 - P) : +R(2)

11z = 0)

==+ (= Py = > PPy
i€\{1}

— €+ Y UOPy1GE = 0)+ R()
i€ \{1}

<= (C+ 2 1 =Py = > P E"Pa] + R@).
ieg\{1}

Since ui(1-P11) =i ri“,uf.’)Pil > 0,r € (0,r), there exists ¢ > 0, c, >

0,d > 0, such that
Gf(z) < —ci* +d1( < c).

Then (B.1) is satisfied, so Lemma 21 holds with n = ¢+ 1. Furthermore,

by induction hypothesis, there exists constant M > 0, s.t.

4
FEREZO)) = ) A ICE[0Z)Y] < M. (B.2)

i=0
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Therefore, With Lemma 21, multiply r* on both sides above, one has

E[(}’ZY))&H] < r€+1E[R(Z(r))] < M(l)

C({+ )1 =Pyy) - e \(1) r"‘lﬂﬁ”Pn] o

where MV

++1 > 0is some constant and the last inequality is by (B.2)

and take r € (0, ry).

(IT) Step (I) has proved the moment boundedness for station i = 1. Now using
induction again, Step (II) will go through the moment boundedness from
station 1 to all heavier stations. Suppose when i = m and there exists
m € (0,1), E[("Z3Y'] < M, ¥n € N,,r € (0,min, r;) has been proved.

Now leti=m + 1.

(i) Forn =1, let

f@) = @22,

where 1™V = (Wi i1, -« o Wit 1,0, ...0) with {w;;}, i, j € J defined in
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Lemma 17. Then the generator 2.10 becomes

Gf(z) =2V )™V o 4 Z a;t;

i<m+1

+%Mm@mm'§]§}ﬁ%pﬁwﬂwm@>m
0uYg e

ST S U (e + NP1 > 0)

JElOUT ieT
w1z > 0)
Sz(t(m+l)/z)t(m+l)/(1 _ PI)/l _ z(t(m+1)/z)t(m+l)/(l _ P/)

171z > 0)

+ Z a/,'t,-2 + Z Z/,tgr)Pij(t(m”)’(—e(” + e(j)))2

i<m+1 jelOluT e
—ruy’ 11z = 0)
:2(t(m+l)/z)t(m+l)/(l _ P/) + 2(l_(m+l)/z)t(m+l)/(l _ P/)
'y 191z = 0)
+ Z a;t? + Z Z,u(r)P](t(m“)/( —e + e(f)))
i<m+1 JElOUT ieT
Note the structure of /" and (1 — P’), and
0O -0 =P —Py
(m+1)r ’ 0O -+ 0 I- Pm+1,m+1 _PJ,m+l
t (l_P ) = (Wl,m+la <o Wi+, 1, 0, O)
0O --- 0 0 0
0 -0 0 0
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then one has

Gf(z) =20z >{r’"+‘ ol = Posime) = > Pt Wi

i<m+1
- Z ’”lllfr)( Z Piiw i +Pi,m+1)}

i>m+1 Jj<m+1

+ 20" (A = Pt e gy L@mar = 0)

- z(t(mH),Z)( Z Wi,m+le+1,i)ﬂ;(12rlﬂ(Zm+l =0)

i<m+1

— 2" 7)( Z (Z Wim+1 P ﬁ)uﬂ”ﬂ(z]' =0))

Jj>m+1 i<m+1

+ Z a/,t + Z ZM(’)pU(t(mH)'(_e(i) +e(j)))2

i<m+1 0uYT e
1 1
<- 2(t(m+ )/Z){'Jn+ /15,2.1[(1 - Pm+1,m+1) - Z Pm+l,iwi,m+1]
i<m+1
= Y P+ pl-,mﬂ)}
i>m+1 j<m+1

+ 20" (1 = Pt e Wy 1zmsr = 0)

+ Z a',t + Z Z'u(’)Pu(t(mH)'( e(l)+e(1)))

i<m+1 (JSYETVA

where the last two terms can be bounded by some constant C > 0:
DLt D, Y Py e+ My < C.
i<m+1 JEOWUT ieT

Plugging (2.6), the generator becomes

Gf(Z) <- 2(t(m+l)lz){rm+l (”11(1 Win+1 m+1) - Z rl,u(r)wl m+1}

i>m+1
+ 20" (1 = Pt ne oy LGt = 0) + C.

Now we choose r,,,; € (0, 1) such that as r € (0, min;<,,,,1 7;),

1
,(,2.1(1 Wm+1,m+1) - Z =m= /.lfr)Wi,mH > 0,

i>m+1

then (B.1) is satisfied, so Lemma 21 holds for (3 ;cq c;z))" = (#"*"'z)"

withn = 1.
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Therefore, one can takes the expectation on both sides and obtain

P (D wima BIZO + EIZ0, 1)

i<m+1
(1 = Prst e D B[t 20127 —0>] +$

() -m—1
m+1(1 Wit Lmt1) = Dism+1 ri=m Mi Wi,m+1

Besides, by Cauchy-Schwarz inequality,

=0)] = > winaB[Z"1(Z]), = 0)]

i<m+1

AL
=0
= e Bz e 20,

rl

m+1

E[(t(m+l)lz(r))ﬂ (Z(r)

i<m+1
= Q)+

rl

P(Z(r)

m+1

L
< ) Wi E[(7Zym

i<m+1

Z Dy 7" (m >m‘+ Z Dkt e
< Wi,m+1M 1 e mm+1M b+ Wi,m+1Mm+1 o l
I

m+1
i<m+1 i<m

where the last inequality is by Lemma 22 and induction hypothesis

at the beginning of step (II). Therefore, one has

P (Y Wi BIZO) + EIZD, 1)

i<m+1

(m )m+ m+ -
(1 - Pm+1,m+1)/~1,(12_1[wm m+1M "+ Z[<m wi, m+1M e l]

rm+1E[Z(")

m+l]
+ €
2
A pg(m+1)
2 gy,

<

(r) i—m—1,,")
m+1(l Wm+1,m+1) - Zi>m+1 re lﬂ[ Wim+1

(ii) Suppose for n = ¢, E[("*'Z") )] < M"*" has been proved. Now we

will prove the case for n = £ + 1. Let
f(Z) — (t(m+1)/z)t’+2,

where 1"V = (Wi ity .oy Wimst» 1,0, ...0) is the same as before. Then

97



with binomial expansion, the generator becomes

Gf(Z) :(f + 2)(t(m+1)/z)€+lt(m+1)/a + R(Z)

"1z > 0)
_ (f + 2)(t(m+1)lz)t’+lt(m+l)/(l _ P/)
11z > 0)
e
:(g + 2)(t(m+1)lz)f+1t(m+1)/(1 _ P/)

(D)
r'mu;

11z = 0)
+(€ + 2)(t(m+1)lz)€+1t(m+l)/(l _ P/) + R(Z),

11z = 0)

where R(z) includes the terms with (#™*1’z)",i < ¢ + 1 multiplied by
some constants and indicators. That is, there exist some constants,

C;>0,i<t+1,s.t.

R(Z) < Z Ci(t(m+1),Z)i.

i<(+1

Using the structure of #*", (1 — P’) and {w;;} in Lemma 17 again, the
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generator becomes

Gf@)=—(+ 2><t<’”+‘>'z>"+‘{r’"”uf,:ll[(l = Puctms) = D PutiWimin]

i<m+1
- Z rlﬂﬁ’)( Z Pijwjmer + Pi,m+l)} + R(2)

i>m+1 Jj<m+1

+ (€ + 2" D)1 = Pt s DI 1(zps1 = 0)

- (f + 2)(t(m+1)’2)[+1( Z Wi,m+1Pm+1,z')/1,(,2_11]-(Zm+l = O)

i<m+1

— @+ Y (Y Wi P 1z = 0)

j>m+1 i<m+1

<= (L + 2 ) ! {uf,ill(l ~Wnste) = r"‘m‘luﬁ”wi,mﬂ} +R()

i>m+1
+ (€ + 2™V D = Pt DU 1 (zmsr = 0).

: (r) i—m—1,,(r) :
Since g, (1 = Waitmi) = Dismet "1 Wimer > 0,7 € (0, minjgpy1 73),

there exists ¢ > 0,¢, > 0,d > 0, such that
Gf(Z) < _C(t(m+l)/z)(+l +d:ﬂ_((t(m+l),z)€+l < Cz)-

Then (B.1) is satisfied, so Lemma 21 holds for (3 ;cq c;z))" = (“*V'z)"
with n = € + 1. Furthermore, by induction hypothesis, there exists

constant M > 0, with Minkowskis Inequality repeatedly, one has

r(m+l)€E[R(Z(r))]

< Z Cir(m+l)(f—i)(E[( Z Wj,m+1rm+l_jer§-r))i]1/i +E[(rm+llel)i]l/i)l
i<l+1 j<m+1

<M.

r(m+l)€

Taking expectation and multiply on both sides, with Lemma 21,

one has

0+1
r(m+l)(€+l)( Z Wi,m+1E[Zfr)] +E[Zr(r21]) +

i<m+1

M+ €+ = Pt Yy 7" VE[ 20 (Z, = 0)]

(€ + 2){/1,(,:_),.1(1 - Wm+1,m+l) - Zi>m+1 ri_m_llugr)wi,mﬂ}
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Besides, by Cauchy-Schwarz inequality, taking g = 2=, one has
m+1)¢ m+1)7—7(r)\E+1 n  _
r R ZO L ZD = 0)
{+1
:}"g_mE[( Z w,-,m+1r’"Z§r)) ]1(25'2_1 = 0)]
i<m+1
m+1q &L m—
Sr[—mE[( Z Wi,m+lrmZi(r)) + ]mHP(Zr(;il — O)WT{
i<m+1

(41
f—m mr7(r) mHL m—f o Aqr
<r"E Wime1"" Z; =M,

i<m+1
where the last inequality holds under induction hypothesis and

Lemma 22. Therefore, for r € (0, min,c,,, ;), one has

m+1

f+1
E[rm+lz(r) ]£+1 Sr(m+1)(€+1)( Z Wi,m+1E[Zfr)] +E[Z’(n’11 )

i<m+1

M+ (€+2)(1 - Pm+1,m+1)ﬂ,(,:)+1 +M

< —
€+ 2 (0 = W1 ms1) = Dot PE Wi}

2 pg(m+1)
=M, > 0.

Above all, we choose ry = min{r;,i € J}, then two directions of induction go
through the boundedness for all stations and all the moments of properly scaled

steady-state queue length for each station for r € (0, r).
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