
WWTA LOAD-BALANCING FOR
PARALLEL-SERVER SYSTEMS WITH

HETEROGENEOUS SERVERS AND MULTI-SCALE
HEAVY TRAFFIC LIMITS FOR GENERALIZED

JACKSON NETWORKS

A Dissertation

Presented to the Faculty of the Graduate School

of Cornell University

in Partial Fulfillment of the Requirements for the Degree of

Doctor of Philosophy

by

Yaosheng Xu

August 2022



c© 2022 Yaosheng Xu

ALL RIGHTS RESERVED



WWTA LOAD-BALANCING FOR PARALLEL-SERVER SYSTEMS WITH

HETEROGENEOUS SERVERS AND MULTI-SCALE HEAVY TRAFFIC

LIMITS FOR GENERALIZED JACKSON NETWORKS

Yaosheng Xu, Ph.D.

Cornell University 2022

This thesis explores the BAR approach applied on various of stochastic

processing networks. The weighted-workload-task-allocation (WWTA) load-

balancing policy is known to be throughput optimal for parallel-server systems.

The first part of the thesis concerns the steady-state performance approxima-

tion of WWTA policy in heavy traffic. Instead of proving a stochastic process

limit followed by a limit interchange – a method that dominates the literature,

our method works directly with pre-limit BAR that characterizes the station-

ary distribution of each pre-limit system. Under a complete-resource-pooling

condition, we prove that WWTA achieves a “strong form” of state-space col-

lapse in heavy traffic and that each scaled workload converges in distribution

to an exponential random variable, whose parameter is explicitly given by sys-

tem primitives. Various steady-state performance measures are shown to be

approximated from this exponential random variable.

In the second part, we prove that under a multi-scale heavy traffic condi-

tion, the stationary distribution of the multi-scaled queue length process in any

generalized Jackson network has a product-form limit. Each component in the

product-form has an exponential distribution, corresponding to the Brownian

approximation of a single station queue. The “single station” can be constructed

precisely and has a good intuitive interpretation.
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CHAPTER 1

WWTA LOAD-BALANCING FOR PARALLEL-SERVER SYSTEMS WITH

HETEROGENEOUS SERVERS

1.1 Introduction

Parallel-server systems are a special class of stochastic processing networks. For

each class, jobs only need one-time service before leaving the system. We use

”N-model” as illustration and there are two architectures regarding where the

jobs are queued. In this paper, we consider the Architecture 1 (Figure 1.1): upon

arrival with rate λ, the system manager immediately addresses the new job and

decides which buffer the job should be routed to. The decision rule that the sys-

tem manager applies to select the buffer is called a routing policy. Each server

has multiple classes of jobs waiting to be processed. The decision rule for the

servers to choose jobs to process is called scheduling policy. A given server pro-

cessing a given class is called an activity, associated with a buffer in the system

with different mean service rates µ.

The performance of the parallel-server systems under different policies in

heavy traffic has been studied intensively for the last 20 years, see, for example,

[20], [19],[2]. They defined the heavy traffic system based on a static allocation

problem, which was a linear programming problem that minimizes the utility of

the busiest server. The parallel-server system in those papers consider the Ar-

chitecture 2 (Figure 1.2), which is different from ours in terms of where the jobs

are queued. Under their scenarios, jobs queue near the arrival, only scheduling

policy is needed when the server is going to process the next one. However,

the structure that servers working in parallel on different class jobs allows us to

1
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Figure 1.2: Architecture 2

formulate the heavy-traffic analysis based on the same optimal linear program-

ming solution. The optimal solution with each element associated to one activ-

ity, indicated what proportion of time each server should allocate to its different

job classes when each server is 100% busy. Based on the optimal solution, the ac-

tivity corresponding to a non-zero proportion of optimal solution was called the

basic activity, and the activity with zero proportion was called the non-basic ac-

tivity. Assuming the unique optimal solution of static allocation problem, they

found a unique way to achieve heavy traffic. They further showed that if the

system was capable to balance the workload among the servers (i.e. servers

communicate through basic activities), then the equivalent workload formula-

tion among the servers became one-dimensional. This phenomenon was called

complete resource pooling. In this formulation, state-space collapse to one dimen-

sion was crucial to establish the heavy traffic analysis using diffusion limits.

Threshold policy ([1] and [2]) is a scheduling policy designed based on the

parallel-server system in which jobs wait near arrival and will be allocated un-

2



Figure 1.3: Priority scheduling under architecture 2 is not stable

til it will be served immediately. Based on the assumption of heavy traffic and

complete resource pooling introduced above, they proved the Threshold policy

was asymptotically optimal in the heavy traffic limit. However, the Threshold

policy requires the knowledge of basic activities which meant the static alloca-

tion problem need to be solved before implementing the policy. Besides, the

structure and primitives of the parallel-server system needs to be fully explored

to build up a tree from the bottom to the root, aiming to set priority to different

activities. Furthermore, the threshold level is a hyper-parameter which needs

to be carefully chosen for each concrete issue. The WWTA (Weighed Workload

Task Allocation) policy, which we will discuss in this paper, doesn’t require the

knowledge of optimal solution of static allocation problem. The reason we intro-

duced it was for the performance analysis purpose. WWTA policy only needs

the service rate for activities and dynamic queue lengths in the system. In fact,

3



Figure 1.4: WWTA is better than Maxweight - achieving shorter mean comple-
tion time

we will show that the WWTA policy make the system work efficiently, magi-

cally coordinates the servers to behave as if under the guidance of the optimal

solution in the heavy traffic, while without knowing it beforehand.

MaxWeight ([29]) is also a scheduling policy in which jobs wait near arrival

until it will be served immediately. It is usually considered in the general-

ized switch model, which includes a discrete time version of the parallel-server

model as a special case. Jobs arriving to the system wait near the arrival side,

and MaxWeight policy is applied when the servers are ready to process the next

one. According to the weighted queue length, server picks the class i job, if

the corresponding weighted queue length is the maximum. Stolyar ([29]) fur-

ther proved the state-space collapse, and the workload process converges to a

Reflected Brownian Motion.
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[13] exploited the state-space collapse to derive the moment bounds. More

specifically, they used Lyapunov-drift based approach to get the upper and

lower bound for the expected steady-state queue lengths, showing that the

bounds were tight in heavy traffic limit. As an illustration, they got the moment

bounds for the single-class-multi-server systems with join-the-shortest-queue

(JSQ) routing policy and multi-class systems with MaxWeight scheduling pol-

icy. Based on the drift method, [23] used the Transform method as a generaliza-

tion to discuss the heavy traffic performance. They used the moment generating

function to show that the stationary distribution of scaled queue lengths was ex-

ponential. Unlike [13] and [23], in our discussion, we don’t need to assume the

boundedness of arrival and service process to make sure that the moment gen-

erating function exists. Instead, we utilize the Laplace transform since it always

exists for a random variable.

In the setting with 3-level data locality, [32] established the throughput op-

timality of the WWTA policy, and proved heavy traffic delay optimality given

the condition of locality and prioritized scheduling. [30] proposed Map Task

Scheduling policy that are composed of the JSQ with MaxWeight policy. Com-

paring with it, WWTA policy is shown to be superior to JSQ-MaxWeight under

some traffic scenarios([32]). In our discussion under the heavy traffic parallel-

server system, we consider more general system structure and argue by state-

space collapse in a workload version, where all moments of the maximum dif-

ference among workloads of servers are proved to be bounded in heavy traffic

limit. Another generality of this paper is the discussion of scheduling policies.

Besides prioritized scheduling used by [32], we have found out any non-idling

scheduling policies are capable to work as good companion with WWTA.

5



Due to the difference of classes processed by each server, an accompanying

scheduling policy need to be specified for WWTA policy to be considered simul-

taneously. But later we will show any non-idling scheduling policies are eligi-

ble, which will not put extra constraints, but giving more flexibility on the im-

plementation of WWTA policy. The freedom of the choice for scheduling policy

is entitled by good routing (WWTA) policy. As a ”N-model” example shows in

Figure 1.3, MaxWeight scheduling policy under Architecture 2 is stable, WWTA

with priority scheduling policy under Architecture 1 is also stable. Here we give

the priority to the class which has faster processing time. However, assigning

the same priority for servers under Architecture 2 without routing policy makes

the system even unstable.

Since any non-idling scheduling policy is able to accompany WWTA policy,

by carefully choosing the scheduling, some performance can be improved. For

example, in Figure 1.4 under same parameter setting, when we give priority to

the jobs with faster service rate, more shorter-service-time jobs will be processed

and discharged from the system under WWTA. As a result, the average comple-

tion time is shorter under WWTA than MaxWeight. Therefore, total number of

jobs in the system under WWTA with prioritized scheduling is more likely to be

less than MaxWeight, that is, even servers work for the same time length under

two policies, WWTA picking shorter-service-time jobs means finishing larger

number of jobs first. With the help of routing policy, the scheduling side can be

optimized to achieve better performance.

As introduced in the beginning, [20] , [2] constructed static allocation prob-

lem(linear program) to define the heavy traffic of the parallel-server system.

Under the assumption that the static allocation problem had unique solution in

6



the heavy traffic, they also constructed the dual linear program. They showed

that one dimensional workload, unique optimal dual solution, and all servers

communicating are equivalent conditions for Complete Resource Pooling. As

[20] mentioned, it might be unnecessary to assume the uniqueness of optimal

solution of static allocation problem, while multiple optima lead to complicated

situations. In our discussion, we consider a more general case, including the

case in which the primal solution is not unique. Under the assumption that pri-

mal optimal solution might not be unique, we find out there still exists a unique

optimal dual solution under some necessary conditions. The uniqueness of dual

solution is crucial for our analysis. The sum of tail probability that each server is

idle, weighted by optimal dual solution, is proven to be precise w.r.t the load of

the system. Besides, the dual solution adjusts the WWTA routing criterion with

respect to different classes in a standardized way, which facilitate the discus-

sion of state-space collapse. What’s more, the limit of scaled sum of workload,

also weighted by optimal dual solution, is proved to be exponential random

variable, with parameters also depending on optimal dual solution. Therefore,

depending on the uniqueness of dual solution, the assumption for the definition

of heavy traffic based on primal solution can be relaxed to be non-unique.

According to the interpretation of static allocation problem, zero-value(non-

basic) elements in the optimal primal solution mean the servers should not spare

their time working on those activities in the heavy traffic. In fact, the WWTA

policy can automatically distinguish the non-basic activities in the heavy-traffic

load. As introduced later, WWTA with proper scheduling policies only require

the knowledge of service rates and current queue lengths. It is easy to find

out that expected proportion of time, Pik, that each server k spare for class i,

behaving under WWTA with any non-idling scheduling policy P, actually con-

7



verges to the optimal solution of static allocation problem in the heavy traffic

limit. In other words, we can theoretically calculate the optimal solution to

achieve heavy traffic by solving the static allocation problem, however, pro-

vided a system where there is a way to achieve heavy traffic, WWTA with

any non-idling scheduling policy will automatically choose that optimal way

to work efficiently, without knowing the optimal solution beforehand. The ro-

bustness of WWTA policy is very appealing.

The rest of the paper has the following structure. In section 2, we formally

introduce the static allocation problem, assuming that there exists optimal so-

lution to achieve heavy traffic, and the Complete Resource Pooling condition

holds. In section 3, we introduce WWTA policy and some properties as prepa-

ration for the heavy traffic analysis. The sum of tail probabilities that each server

is idle or working on non-basic activities, weighted by optimal dual solution, is

equal to the gap between the current system load and the critical load. In section

4, we state our main results based on WWTA policy. First, we show the state-

space collapse in a workload version. In other words, all the moments of the

maximum difference among the weighted workload for each server is bounded

in the heavy traffic limit. Next, we prove that, the scaled sum of workload for

servers, weighted by optimal dual solution, converges to a one-dimensional ex-

ponential distribution. Finally, the state-space collapse help us move one step

further to get the marginal distribution of each workload. In section 5, we illus-

trate our results using an example ”W” models. Simulation is implemented to

justify our results.

8
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Figure 1.5: General parallel-server system

1.2 Parallel-server systems and policies

The N-model discussed in the introduction is among the simplest parallel

parallel-server systems. This paper deals with the general parallel-server sys-

tems as illustrated in Figure 1.5. In the general system with K servers and I

classes of arrivals, each arrival process is assumed to be Poisson. For class

i = 1, . . . , I, let λi be the arrival rate for class i arrivals. Each class i job can

be processed by any one of the servers in the set K(i) ⊂ {1, 2, . . . ,K}. After be-

ing processed by a selected server, the job leaves the system. We call it a type

j = (i, k) activity when server k processes a class i job. We assume the processing

times for type (i, k) activities are independent identically distributed exponen-

tial random variables with mean mik. Define µik = 1/mik to be the service rate

for type j = (i, k) activities. We denote I(k) the set of classes that server k can

process. The total number of activities is denoted by J, which is at most I × K.

9



Each class i arrival is immediately routed to one of the servers in K(i), say,

server k ∈ K(i). If server k is free, the job enters processing immediately. Oth-

erwise, it waits in buffer j = (i, k) until the server is ready to process the job

following a service policy to be specified below. Server k maintains multiple

buffers, one for each type j = (i, k) with (i, k) ∈ I(k).

Weighted workload task allocation (WWTA) routing policy. We now for-

mally introduce weighted workload task allocation (WWTA) routing policy. It

is a load-balancing routing policy first proposed by [32]. Unlike JSQ routing

policy, which simply compares the queue lengths among servers in its routing

decisions, the WWTA policy compares workloads among servers in its deci-

sions. In literature, the workload of a server at time t is defined to be the virtual

waiting time at time t, which is the waiting time of a fictitious job arriving at

the server at time t. In this paper, we assume the mean processing times are

observable, but not the actual processing times. Thus, the virtual waiting times

are non-observable quantities for a system manager. For our purpose, we define

workload for server k to be

Wk(z) =
∑
i∈I(k)

mikzik,

where z = (zik) is the vector of job counts in the system. Here, component zik is

the number of jobs in buffer j = (i, k), including possibly the one in service. We

assume at each time t, the jobcount vector z is observable. The WWTA policy

routes an arriving job from class i to any server k which satisfies

argmink∈K(i)mikWk(z).

Ties are broken randomly if there are multiple servers achieving the minimum.

10



Service policies. Since there might be several buffers associated with a server,

we further need to specify a service or scheduling policy that dictates, for each

server, from which buffer to choose a job to process next. It is known that under

the WWTA routing policy, any non-idling service policy is throughput optimal;

see, for example, Section 11.8 of [11]. By non-idling we mean, each server must

be busy processing jobs whenever there are jobs waiting at its buffers. In the

following, we introduce two types of scheduling policies that will be the focus

of this study.

The first scheduling policy is the head-of-line proportional processor sharing

(HLPPS) that was studied by [4]. Under HLPPS scheduling policy, all nonempty

buffers receive service simultaneously. For class i ∈ I(k), the proportion of uti-

lization that the server k allocates to the class at any time is

Pik(z) =
zik∑

i∈I(k) zik
, k = 1, ...K (1.1)

when the jobcount vector is z = (zik). Here and later, we adopt the convention

that 0/0 = 0. Thus, when
∑

i∈I(k) zik = 0, server k idles. Therefore, the dynamic

service rate for buffer j = (i, k) is µikPik(z). The implementation of the HLPPS

policy does not require the knowledge of system parameters, such as arrival

rates and service rates. It also does not depend on the routing policies, but only

on the proportion of the queue sizes at each of the servers.

The allocation in (1.1) can be generalized to

Pik(z) =
cikzik∑

i∈I(k) cikzik
, i = 1, ...I, k = 1, ...K, (1.2)

where c = (cik) > 0 is a given vector of positive numbers. We call the scheduling

policy using allocation (1.2) a generalized HLPPS policy with weight c = (cik).

The second type of scheduling policies is the static buffer priority (SBP) poli-

11



cies. Each SBP policy corresponds to a ranking among buffers. Given a ranking,

we use (i′, k) ≺ (i, k) denotes that buffer (i′, k) has a (preemptive) higher priority

than buffer (i, k). Formally, we define the SBP scheduling policy for server k by

specifying its allocation

Pik(z) = 1

( ∑
(i′,k)≺(i,k)

zi′k = 0, zik > 0
)
.

By ranking buffers according to the shortest meaning processing time first, the

corresponding SBP scheduling policy is shown to have superior performance in

our simulation studies.

For future usage, for each type of scheduling policy, we define P̄k(z)

P̄k(z) = 1 −
∑
i∈I(k)

Pik(z) = 1

∑
i∈I(k)

zik = 0

 .
It represents the proportion of unused capacity of server k. Under a non-idling

policy,
∑

i∈I(k) zik > 0 implies that P̄k(z) = 0.

Therefore, throughout the proof, we can use a general notation P to rep-

resent those eligible scheduling policies, with corresponding individual plan

Pik(z), indicating how many efforts server k need to make on different classes.

Later on, we will keep using this general notation P, since the majority of re-

sults doesn’t rely on the specific scheduling policies, and it is easy to discuss the

system with any one of the proper scheduling policies by replacing Pik(z) with

specific expression whenever needed.

1.3 Assumptions and main results

In this section, we will formally introduce two critical assumptions and main re-

sults. One assumption is the heavy traffic and the other is the complete resource

12



pooling. They are standard in literature. These two assumptions are formulated

through solutions to a linear program (LP), which was first introduced in [20].

For that, it is useful to adopt the compact notational system in [20]. Central in

that system is the concept of activities. In the setting of a parallel server system

introduced in Section 1.2, an activity j corresponds to a buffer (i, k) for a certain

job class i and a certain server k. We assume J is the total number of activities.

Define a I × J constituency matrix C and a K × J resource-consumption matrix

A as follows.

Ci j =


1, if activity j processes class i;

0, otherwise.

Ak j =


1, if server k performs activity j;

0, otherwise.

Given these two matrices, each activity j = 1, . . . , J is uniquely associated with

a class i and a server k, allowing us to write j = (i, k). We assume J activities are

ordered from 1 to J. We denote the mean service rates of J activities by

µ = (µ1, . . . , µJ)T .

Define output matrix

R = C diag(µ),

where Ri j is the job departure rate from buffer (i, k) when j = (i, k) and server k

devotes all its effort on the buffer.

13



We consider the following static allocation problem:

min ρ

s.t. Rx = λ

Ax ≤ ρe

x, ρ ≥ 0

(1.3)

where λ = (λ1, ...λI)T , x = (x1, ...xJ)T , e = (1, ...1)T ∈ RK . The vector x can be re-

garded as a processing plan, with each element x j interpreted as the long-run

proportion of time that activity j is processed by its server and ρ interpreted as

the long-run utilization of the busiest server. As [20] considered, the minimiza-

tion problem (1.3) aims for a relatively even processing plan of allocation among

servers. Following [20], we define the following notion of balanced heavy traffic:

even under the most efficient processing plan, all servers are 100% utilized. For-

mally, we state the following assumption.

Assumption 1 (Heavy Traffic). The parallel server system is assumed to be in (bal-

anced) heavy traffic, namely, the static allocation problem (1.3) has an optimal solution

(x∗, ρ∗) that satisfies

ρ∗ = 1 and Ax∗ = e. (1.4)

Remark 1. We do not assume linear program (1.3) has a unique solution. The unique-

ness is assumed in [20], [2], and [19]. Analysis in these papers utilized the uniqueness

property critically. Non-uniqueness of the LP solutions means that there might exist

multiple ways to allocate the time for servers, such that most efficiently, all servers can

be 100% busy.

Following [20], we define the basic activities. Note that the possible non-

uniqueness of LP solution (x∗, ρ∗), therefore, we define activity j = (i, k) is called
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a basic activity associated with some x∗ if x∗j > 0. Otherwise, it is a called non-basic

activities associated with x∗. Similarly, we consider the communicating servers

using following definition:

Definition 1. Servers k and k′ are said to communicate directly, if there exists some x∗,

such that both j = (i, k) and j′ = (i, k′), for some class i, are basic activities associated

with x∗. We further call that such server k and server k′ are neighbors. Server k and k′

are said to communicate, if there exist servers linking them that communicate directly to

each other. In other words, if server k and k′ communicate, then server k is the neighbor

of the neighbors of server k′.

Then we introduce our second assumption as follows:

Assumption 2 (Complete Resource Pooling (CRP)). There exist optimal solution(s)

(x∗, ρ∗) that satisfies (1.4) and all servers communicate.

Remark 2. Assumption 2 contains Assumption 1. Under Assumption 2, when we

search for basic activities to communicate all the servers, we are allowed to utilize dif-

ferent optimal solutions x∗, when we find the next neighbor of the current server.

We end this section by stating two lemmas that related to the dual of LP (1.3).

The dual LP to the static allocation problem (1.3) is defined as follows:

max vλ

s.t. vR ≤ uA

ue ≤ 1

u ≥ 0

(1.5)

where v = (v1, ...vI), u = (u1, ...uK).

Lemma 1. Under Assumption 1, the dual LP (1.5) has an optimal solution (v∗, u∗),

satisfying
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(i)
∑I

i=1 λiv∗i = 1

(ii)
∑K

k=1 u∗k = 1, u∗k ≥ 0

(iii) If x∗ik > 0, then µikv∗i = u∗k

Proof. Under Assumption 1, by strong duality, the dual LP also has optimal

solution (v∗, u∗), and the duality gap is zero. Therefore

I∑
i=1

λiv∗i = ρ∗ = 1.

For the second constrain in dual LP, complementary slackness gives

K∑
k=1

u∗k = 1

Furthermore, complementary slackness also gives

(Ax∗)k = 1 or u∗k = 0, k = 1, ...K

x∗j = 0(x∗ik = 0) or (vR) j = (uA) j, j = 1, ...J

where (vR) j = µikv∗i , (uA) j = u∗k. �

Lemma 2. If Assumptions 1 & 2 holds, then

(i) The optimal dual LP solution (v∗, u∗) is unique.

(ii) u∗k > 0, v∗i > 0, ∀k = 1, ...K, i = 1, ...I

Proof. Under Assumptions 1 & 2, if the primal solution of static allocation prob-

lem is further assumed to be unique, this case has been fully discussed by [20].

Lemma 2(i) is one of the equivalent statements of the complete resource pooling,

and Lemma 2 (ii) is a corollary under their setting. Our proving steps, how-

ever, provide an analytical way to obtain optimal dual solution, which doesn’t

depend on the uniqueness of primal LP solution.
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Now starting with any one of the servers, k, denote u∗k = a ≥ 0, and As-

sumption 2 guarantees that we can find at least one neighbor server for it. Here

suppose server k has two neighbors k1, k2, as illustration, that communicate di-

rectly with server k through some classes i1, i2 via basic activities:

server k
class i1
→ server k1

↓class i2

server k2

In other words, server k → k1 has basic activities (i1, k) and (i1, k1), k → k2 has

basic activities (i2, k2), (i2, k2)

By Lemma 1, for any optimal solution x∗, we notice that each x∗ik > 0 corre-

sponds to a basic activity with equation µikv∗i = u∗k. Therefore, we have

v∗i1 =
u∗k
µi1k

=
a
µi1k

v∗i2 =
u∗k
µi2k

=
a
µi2k

u∗k1
= v∗i1µi1k1 = a

µi1k1

µi1k
u∗k2

= v∗i2µi2k2 = a
µi2k2

µi2k

which means u∗k1
, u∗k2

for server k1 and k2 can be expressed as u∗k = a multiplied

by the ratio of some mean service rates.

Similarly, starting with server k1 and k2, we can also find other neighbor

servers of them, respectively, with the help of basic activities to obtain u∗k3
, u∗k4

...,

to express them as u∗k = a multiplied by ratios of some mean service rates. Even-

tually, by Assumption 2, we will go over all the servers and obtain such expres-

sion for each server. As the last step, by Lemma 1:
∑K

k=1 u∗k = 1, we can solve

u∗k = a uniquely. Then each element in (v, u) can also be solved explicitly.

In the discussion above, we pick one possible ik in each step to obtain the so-

lution (v∗, u∗). Each choice of ik might not be unique due to the multiple choices
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of basic activities for communication. Therefore, it is likely that there are some

unused equations due to unused basic activities. While since Lemma 1 already

guarantees the existence of optimal dual solution, this (v∗, u∗) should satisfy the

unused equations, otherwise it is not an optimal solution. Therefore, the opti-

mal dual solution is unique.

For proving Lemma 2(ii), it is obvious that a > 0, then from the equations

utilized above, u∗k > 0, v∗i > 0, ∀k ∈ K,∀i ∈ I. �

Lemma 2 is crucial in building up the explicit performance results even un-

der the condition of non-unique optimal solutions of static allocation problem

1.3. Throughout the following discussion, we consider the system for which the

Assumptions 1 & 2 hold, i.e. the heavy traffic system that satisfies CRP condi-

tion. We have proved in Lemma 2, that optimal dual solution (v∗, u∗) is unique,

therefore, from now on, we will always use this unique dual solution, and we

omit superscript ”∗” for simplicity.

In order to discuss the heavy traffic, we construct a sequence of parallel

server systems approaching the heavy traffic in the load. That is, each system in

the sequence is under the load such that the arrival rates are parameterized by

ε:

λ(ε)
i = λi(1 − ε), 0 < ε < 1

with the other settings of the systems being the same. Then the load of the

sequence of systems approaches 100%, as ε goes to zero. When 0 < ε < 1,

the parallel-server system with the WWTA policy is proven to be throughput

optimal([11], [32]), which means the vector of queue length has stationary dis-

tribution. Therefore, we can further let Z(ε)(∞), 0 < ε < 1 be the vector of steady-

state queue length in the system w.r.t ε. Throughout the paper, all of the results
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will be discussed based on this steady-state queue length Z(ε)(∞).

Theorem 3 (Limit distribution for Individual Workload). Consider a parallel-

server system that satisfies Assumptions 1 & 2. Under the WWTA policy and schedul-

ing P, the limit distribution of scaled workload for each server is one-dimensional expo-

nential distribution. Furthermore,

lim
ε↓0

ε
(
W1

(
Z(ε)(∞)

)
, ...,WK

(
Z(ε)(∞)

)) d
→ (u1, ..., uK) X

where X is a random variable that follows exponential distribution:

X ∼ Exponential
 ∑K

k=1 u2
k∑I

i=1 λiv2
i


In Theorem 3, the limit distribution only depend on the arrival rates λi, i =

1, ..I and unique optimal dual solution (v, u). It doesn’t depend on the specific

scheduling policy P. The proof of Theorem 3 is provided in Section 1.8. The key

ingredient for proving Theorem 3 is called State-space Collapse, which will be

presented in Section 1.6. Other supporting results will be introduced in Section

1.5 and Section 1.7.

1.4 Example and Simulation

In this section we would like give a more complex model to show how to ex-

plicit obtain the limit distribution for individual workload. Also we will use

this model to compare WWTA policy under different scheduling policies with

Maxweight policy. For simplicity, we consider an example whose static alloca-

tion problem has unique solution: W model, which is described in Figure 1.6

that has three classes of jobs and two servers. We evaluate the performance in
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term of the average completion time for each job starting from arrival to leaving

in the system. Its static allocation problem is

min ρ

s.t. x11 + x21 + x31 ≤ ρ

x12 + x22 + x32 ≤ ρ

µ11x11 + µ12x12 = λ1

µ21x21 + µ22x22 = λ2

µ31x31 + µ32x32 = λ3

We consider the following setting of parameters in the system: µ11 = 8, µ21 = 2,

µ31 = 0.25, µ12 = 0.25, µ22 = 0.5, µ32 = 1, λ1 = 4, λ2 = 1.3, λ3 = 0.4. Then we have

unique optimal solution for static allocation problem in W model:

x∗11 = 0.5, x∗12 = 0, x∗21 = 0.5, x∗22 = 0.6, x∗31 = 0, x∗32 = 0.4, ρ∗ = 1

where activities {12} and {31} are non-basic activities by definition. Therefore,

the servers communicate in this W model through activities {11}, {21}, {22}, {32}.

The optimal dual solution is also unique according to Lemma 2(i):

u∗1 =
4
5

u∗2 =
1
5
, v∗1 =

1
10

v∗2 =
2
5
, v∗3 =

1
5
,

Here we consider the W model under WWTA and HLPPS policy, applying and

Theorem 3, we can solve the individual workload as follows:

lim
ε↓0

εW1(Z(ε)(∞))
d
→ X1 ∼ Exponential

(
425
132

)
lim
ε↓0

εW1(Z(ε)(∞))
d
→ X2 ∼ Exponential

(
425
33

)

In the simulation, we simulated a real processing system under several sys-

tem loads from 96% to 99.5%. We recorded the time for each job staying in the

system which arrived to the system and was served and discharged later. We
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S1

B11

S2

B21 B22 B32B31 B12

R1 R2 R3

departure 1 departure 2

class 1
arrivals

class 2
arrivals

class 3
arrivals

λ1 = 4(1 − ε) λ2 = 1.3(1 − ε) λ3 = 0.4(1 − ε)

µ11 = 8
µ21 = 2
µ22 = 0.5 µ32 = 1

µ31 = 0.25 µ12 = 0.25

Figure 1.6: W model

called this time as job’s ”completion time”. Under each system load, we run

the system under different policies for 30 replicates each of which run for 50000

time units and plotted the average completion time with 95% confidence inter-

val. As we saw in Figure 1.7, WWTA with Prioritized scheduling and WWTA

with HLPPS has shorter completion time than the MaxWeight. The 95% con-

fidence intervals almost didn’t have overlap, which showed significant differ-

ences among the policies in terms of the mean completion time.

1.5 Preliminary Results I

As we introduce the policy assumptions and main results in the previous sec-

tion, this section will provide the fundamental framework and some general

supporting results before utilizing the State-space Collapse which will be intro-

duced in the next section. Recall that in the WWTA Routing Policy, allocation
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Figure 1.7: Policy comparison under W model

for each class i arrival, depends on the comparing criterion among the eligible

servers whoever achieve

argmink∈K(i)mikWk(z).

For simplicity, we denote Tik(z) = mikWk(z). That is, when class i job comes to the

system, we route it to server k′ if k′ = argmink∈K(i)Tik(z), and route it randomly

to one of those minimizers, if there are multiple servers achieve the minimum.

Then for each class i, we split the possible routing into the cases with respect to

server with index H(i)(z) , argmink∈K(i)Tik(z). That is, if we let ”1(event)” be the

indicator function, then ∑
k∈K(i)

1

(
k = H(i)(z)

)
= 1.

Additionally, as discussed in the previous section, we use a general notation Pik

for any eligible schedulingP, and the proofs can be modified easily for a specific
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scheduling policy.

We let eik , e j = (0, ...1, ...0) be the unit vector with only the jth element being

nonzero, and we can write the generator of general parallel-server model under

the WWTA and scheduling P:

G f (z) =

I∑
i=1

λ(ε)
i

∑
k∈K(i)

[
f (z + eik) − f (z)

]
1

(
k = H(i)(z)

)
+

K∑
k=1

∑
i∈I(k)

µikPik(z)
[
f (z − eik) − f (z)

] (1.6)

In Lemma 1, we have discussed that if (v, u) is optimal dual solution, then each

activity satisfies uk ≥ µikvi, and each basic activity satisfies uk = µikvi. For sim-

plicity, we denote uk − µikvi , dik, then non-basic activities generally have dik ≥ 0.

Due to the reasons explained in the following Remark, without loss of general-

ity, throughout the paper, we denote the non-basic activities are those activities

with uk > µikvi, which means we have the following key relation:

µik =
uk − dik

vi
, dik =


0 (i,k) is basic activity

> 0 (i,k) is non-basic activity
(1.7)

Furthermore, we use “b” and “nb” to denote the cases corresponding to basic

and non-basic activities whenever needed.

Remark 3. Note that basic activities might not be uniquely determined due to the po-

tential non-uniqueness of x∗. According to the primal-dual theory, if uk > µikvi holds

for the activity (i, k), then in any one of the optimal primal solutions, this activity (i, k)

should be non-basic with x∗ik = 0. In other words, if there exist an optimal primal so-

lution where x∗ik > 0, then the activity (i, k) should satisfy uk = µikvi. These activities

with strict inequalities (equivalently, dik > 0) bring difficulties throughout the proof of

results, therefore need extra efforts to be carefully handled. Moreover, it is worthy to
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notice that since uk > 0, then v∗i > 0, these activities with dik > 0 have smaller µik than it

should be utilized as basic activities under any primal solution, resulting in inefficient

activities. We allow the existence of such inefficient activities that has dik > 0, and we

will further show that they are actually negligible in the heavy traffic. Hence, without

loss of generality, throughout the paper, when we discuss the non-basic activities, we

mean the non-basic activities with uk > µikvi.

Lemma 4. Under Assumptions 1 & 2, with the WWTA and scheduling P,

(a) Let f (z) : RJ → R be a function. Suppose there exists n ∈ N+ such that | f (z)| ≤

C
∑K

k=1 Wn
k (z) for some C > 0 (i.e. f (z) is dominated by a polynomial function

of workload). Then the vector of steady-state queue length Z(ε)(∞), 0 < ε < 1

satisfies

E
[
G f

(
Z(ε)(∞)

)]
= 0

(b) As a consequence of (a), for any n ∈ N+, ∃Mn > 0, when 0 < ε < 1,

ε

K∑
k=1

E
[
Wn

k

(
Z(ε)(∞)

)]
≤ Mn

The proof of Lemma 4 is provided in the Appendix A.1.1 and relies on the

similar discussion as [[5], Lemma 1].

The following Lemma describes the probability that servers encounter idle-

ness or non-basic activities are activated are actually bounded up to order of ε.

Therefore, as ε ↓ 0, those two events are negligible.

Lemma 5. Under Assumptions 1 & 2, with the WWTA and scheduling P, the proba-

bility that each server in the system w.r.t ε is idle is at most O(ε), and more precisely,

K∑
k=1

ukP
( ∑

i∈I(k)

Z(ε)
ik (∞) = 0

)
+

K∑
k=1

∑
i∈I(k)

dikE
[
Pik(Z(ε)(∞))

]
= ε
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Proof. We let f (z) =
∑I

i=1
∑

k∈K(i) vizik, where vi is from optimal dual solution (v, u).

Then the generator (1.6) becomes

G f (z) =

I∑
i=1

λ(ε)
i vi

∑
k∈K(i)

1

(
k = H(i)(z)

)
−

K∑
k=1

∑
i∈I(k)

µikviPik(z)

=

I∑
i=1

λ(ε)
i vi −

K∑
k=1

∑
i∈I(k)

µikviPik(z)

(a)
=1 − ε −

K∑
k=1

uk

∑
i∈I(k)

Pik(z) +

K∑
k=1

∑
i∈I(k)

dikPik(z)

=1 − ε −
K∑

k=1

uk +

K∑
k=1

uk1

( ∑
i∈I(k)

zik = 0
)

+

K∑
k=1

∑
i∈I(k)

dikPik(z)

(b)
= − ε +

K∑
k=1

uk1

( ∑
i∈I(k)

zik = 0
)

+

K∑
k=1

∑
i∈I(k)

dikPik(z)

where (a) and (b) are by lemma 1 with notation (1.7). Then by Lemma 4(a), we

have
K∑

k=1

ukP
( ∑

i∈I(k)

Z(ε)
ik (∞) = 0

)
+

K∑
k=1

∑
i∈I(k)

dikE
[
Pik

(
Z(ε)(∞)

)]
= ε

�

Lemma 6. Under Assumptions 1 & 2, with the WWTA and scheduling P,

λ(ε)
i P

(
k = H(i)

(
Z(ε)(∞)

))
= µikE

[
Pik

(
Z(ε)(∞)

)]
Furthermore, for non-basic activities (i, k) s.t. dik > 0, we have

P
(
k = H(i)

(
Z(ε)(∞)

))
= O(ε) (1.8)

Proof. We denote f (z) = zik, then the generator (1.6) becomes

G f (z) =λ(ε)
i 1

(
k = H(i)(z)

)
− µikPik(z)

by Lemma 4(a), we have

λ(ε)
i P

(
k = H(i)

(
Z(ε)(∞)

))
= µikE

[
Pik

(
Z(ε)(∞)

)]
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By Lemma 5, non-basic activity with dik > 0 has E
[
Pik

(
Z(ε)(∞)

)]
≤ ε, therefore,

P
(
k = H(i)

(
Z(ε)(∞)

))
= O(ε), (i, k) is non-basic activity

�

Lemma 7. ∀x ≥ 0,

1 − e−x ≤ x

1.6 State-space Collapse

Denote

Tk(z) =
1
uk

Wk(z), k = 1, ...K

then we state the result of State-Space Collapse as following, which describes

the balance of workload among the servers:

Theorem 8 (State-Space Collapse). Consider a parallel-server system that satisfies

Assumptions 1 & 2. Under the WWTA policy and scheduling P, there exists ε0 s.t.

0 < ε < ε0, any nth moments of max difference among the routing criterion are bounded.

i.e. there exist constants Mn ≥ 0, n ∈ N+, such that

E
[

max
k∈{1,...K}

Tk

(
Z(ε)(∞)

)
− min

k∈{1,...K}
Tk

(
Z(ε)(∞)

)]n

≤ Mn

Remark 4. Theorem 8 provides the state-space collapse in a workload version. It actu-

ally provides a much stronger state-space collapse than what we need in the discussion

of limit distribution, which only requires the 1st and 2nd moment boundedness. This is

thanks to the utilization of Laplace transform.

Before proving Theorem 8, we first introduce Lemma 9 below:
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Lemma 9.
1∑b

i∈I(k) λivi
≤

1
uk
, k = 1, ...K

Proof. We denote f (z) =
∑

i∈I(k) vizik, k = 1, ...K. Then the generator (1.6) becomes

G f (z) =
∑
i∈I(k)

λ(ε)
i vi1

(
k = H(i)(z)

)
−

∑
i∈I(k)

µikviPik(z)

=
∑
i∈I(k)

λ(ε)
i vi1

(
k = H(i)(z)

)
−

∑
i∈I(k)

(uk − dik)Pik(z)

=
∑
i∈I(k)

λ(ε)
i vi1

(
k = H(i)(z)

)
− uk

(
1 − P̄k(z)

)
+

∑
i∈I(k)

dikPik(z)

where dik comes from with notation (1.7). By Lemma 4(a), we have∑
i∈I(k)

λiviP
(
k = H(i)

(
Z(ε)(∞)

))
−

∑
i∈I(k)

λiviεP
(
k = H(i)

(
Z(ε)(∞)

))
=uk − ukP

( ∑
i∈I(k)

Z(ε)
ik (∞) = 0

)
−

∑
i∈I(k)

dikE
[
Pik

(
Z(ε)(∞)

)]
since 0 ≤ P

(
k = H(i)(Z(ε))

)
≤ 1, with Lemma 5 and Lemma 6, we have

uk =

b∑
i∈I(k)

λiviP
(
k = H(i)

(
Z(ε)(∞)

))
+

nb∑
i∈I(k)

λiviP
(
k = H(i)

(
Z(ε)(∞)

))
+ O(ε)

≤

b∑
i∈I(k)

λivi + O(ε)

where as a reminder ”b” and ”nb” denote basic and non-basic activities, resp.

Since uk > 0,∀k = 1, ...K, then let ε ↓ 0,

1∑b
i∈I(k) λivi

≤
1
uk

�

Proof of Theorem 8. Let

f (z) =

(
max

k∈{1,...K}
Tk(z) − min

k∈{1,...K}
Tk(z)

)n+1

= Rn+1(z)
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We recall that Tk(z) = 1
uk

∑
i∈I(k)

1
µik

zik and denote

H(z) = argmink∈{1,...K}Tk(z)

L(z) = argmaxk∈{1,...K}Tk(z)

where if there are multiple servers are minimizers, choose server k, if k is the

smallest index of those minimizers; if there are multiple servers are maximizers,

we choose server k, if k is the largest index of those maximizers. We first discuss

some terms in the generator. Because of the difference of basic and non-basic

activities as showed in 1.7, we put ”-b” and ”-nb” to denote them, respectively,

in the following. Then we have

( f (z + eik) − f (z))1
(
k = H(i)(z)

)
=( f (z + eik) − f (z))1

(
k = H(i)(z), k = H(z)

)
+ ( f (z + eik) − f (z))1

(
k = H(i)(z), k = L(z)

)
=

((
R(z) −

1
ukµik

)n+1
− Rn+1(z)

)
1 (ik − b, k = H(z))

+

((
R(z) −

1
ukµik

)n+1
− Rn+1(z)

)
1

(
ik − nb, k = H(z), k = H(i)(z)

)
+

((
R(z) +

1
ukµik

)n+1
− Rn+1(z)

)
1

(
k = L(z), k = H(i)(z), k!bi

)

(1.9)

where k!bi means server k is the only server for class i that the activity (i, k) is

basic. Since all servers communicate, then the number of class i that has only

one basic activity is no more than I, i.e. those classes are on the margin of the

parallel-server system. Each of these classes only links to the system by one

server through basic activities, and don’t need another basic activity to link fur-

ther servers. In reality, some parallel-server systems have fewer such classes

or none. Suppose i1...iS be such S classes, the corresponding basic activities

link server k1, ...kS , resp. There are also other terms ruled out in the (1.9), by

discussing the corresponding events don’t exist. Then by binomial expansion,
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with Lemma 1 and notation (1.7), the generator (1.6) becomes

G f (z) = −(n + 1)
I∑

i=1

λ(ε)
i vi

b∑
k∈K(i)

1
u2

k

Rn(z)1
(
k = H(z)

)
− (n + 1)

I∑
i=1

λ(ε)
i vi

nb∑
k∈K(i)

1
uk(uk − dik)

Rn(z)1
(
k = H(z), k = H(i)(z)

)
+ (n + 1)

S∑
s=1

λ(ε)
is

1
uksµisks

Rn(z)1
(
ks = L(z), ks = H(is)(z), ks!bis

)
+ (n + 1)

K∑
k=1

1
uk

Rn(z)1
(
k = H(z)

)
− (n + 1)

K∑
k=1

1
uk

Rn(z)1
( ∑

i∈I(k)

zik = 0, k = H(z)
)

− (n + 1)
K∑

k=1

1
uk

Rn(z)1
(
k = L(z)

)
+ (n + 1)

K∑
k=1

1
uk

Rn(z)1
( ∑

i∈I(k)

zik = 0, k = L(z)
)

+ LR(n)

where we denote the terms whose order is smaller than n as LR(n):

LR(n) ,
I∑

i=1

λ(ε)
i

b∑
k∈K(i)

n+1∑
`=2

(
n + 1
`

) (
−

1
ukµik

)`
Rn+1−`(z)1

(
k = H(z)

)
+

I∑
i=1

λ(ε)
i

nb∑
k∈K(i)

n+1∑
`=2

(
n + 1
`

) (
−

1
ukµik

)`
Rn+1−`(z)1

(
k = H(z), k = H(i)(z)

)
+

I∑
i=1

λ(ε)
i

∑
k∈K(i)

n+1∑
`=2

(
n + 1
`

) (
1

ukµik

)`
Rn+1−`(z)1

(
k = L(z), k = H(i)(z), k!bi

)
+

K∑
k=1

∑
i∈I(k)

µik

n+1∑
`=2

(
n + 1
`

) (
1

ukµik

)`
Pik(z)Rn+1−`(z)1

(
k = H(z)

)
+

K∑
k=1

∑
i∈I(k)

µik

n+1∑
`=2

(
n + 1
`

) (
−

1
ukµik

)`
Pik(z)Rn+1−`(z)1

(
k = L(z)

)
=o

(
Rn(z)

)
since

(i)

−

I∑
i=1

λ(ε)
i vi

nb∑
k∈K(i)

1
uk(uk − dik)

Rn(z)1
(
k = H(z), k = H(i)(z)

)
≤ 0
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(ii)

−

K∑
k=1

1
uk

Rn(z)1
( ∑

i∈I(k)

zik = 0, k = H(z)
)

= −

K∑
k=1

1
uk

max
k=1,...k

T n
k (z)1

( ∑
i∈I(k)

zik = 0, k = H(z)
)
≤ 0

(iii)
K∑

k=1

1
uk

R(z)1

∑
i∈I(k)

zik = 0, k = L(z)

 = 0,

then the generator becomes

G f (z) ≤ −(n + 1)
I∑

i=1

λ(ε)
i vi

b∑
k∈K(i)

1
u2

k

Rn(z)1
(
k = H(z)

)
+ (n + 1)

S∑
s=1

λ(ε)
is

1
uksµisks

Rn(z)1
(
ks = L(z), ks = H(is)(z), ks!bis

)
+ (n + 1)

K∑
k=1

1
uk

Rn(z)1
(
k = H(z)

)
− (n + 1)

K∑
k=1

1
uk

Rn(z)1
(
k = L(z)

)
+ LR(n)(z)

(1.10)

Now we discuss the S terms:

λ(ε)
is

1
uksµisks

Rn(z)1
(
ks = L(z), ks = H(is)(z), ks!bis

)
, s = 1, ...S

For sth term: First, for the only basic activity for class is in the LP 1.3, we have

λis = µisks x
∗
isks

. Second, since all servers communicate, the corresponding server

ks must link other classes i through basic activities x∗iks
> 0. This means server ks

can only strictly spare partial efforts for class is, i.e. x∗isks
< 1. Hence λis < µisks .

Therefore
λis

uksµisks

<
1

uks

λis

uksµisks

1

(
ks = L(z), ks = H(is)(z), ks!bis

)
<

1
uks

1

(
ks = L(z)

)
, s = 1, ...S
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Then there exist aks > 0, s = 1, ...S

−
1

uks

Rn(z)1
(
ks = L(z)

)
+ λ(ε)

is

1
uksµisks

Rn(z)1
(
ks = L(z), ks = H(is)(z), ks!bis

)
= −

1
aks

Rn(z)1
(
ks = L(z)

)
We further let ak , uk,∀k , k1, ...kS , then we have ak > 0, for each k = 1, ...K. Then

(1.10) becomes

G f (z) ≤ − (n + 1)
K∑

k=1

∑b
i∈I(k) λ

(ε)
i vi

u2
k

−
1
uk

 Rn(z)1
(
k = H(z)

)
− (n + 1)

K∑
k=1

1
ak

Rn(z)1
(
k = L(z)

)
+ LR(n)(z)

Now we add some terms and minus some terms, the generator becomes

G f (z) ≤ − (n + 1)
K∑

k=1

∑b
i∈I(k) λivi

u2
k

−
2
uk

+
1∑b

i∈I(k) λivi

 Rn(z)1
(
k = H(z)

)
− (n + 1)

K∑
k=1

1
ak

Rn(z)1
(
k = L(z)

)
+ LR(n)(z)

+ (n + 1)
K∑

k=1

 1∑b
i∈I(k) λivi

−
1
uk

 Rn(z)1
(
k = H(z)

)
+ ε(n + 1)

K∑
k=1

b∑
i∈I(k)

λivi
1
u2

k

Rn(z)1
(
k = H(z)

)
Since ∑b

i∈I(k) λivi

u2
k

−
2
uk

+
1∑b

i∈I(k) λivi


=


√∑b

i∈I(k) λivi

uk
−

1√∑b
i∈I(k) λivi


2

≥ 0
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then with Lemma 9, the generator becomes:

G f (z) ≤ − (n + 1)
K∑

k=1

1
ak

Rn(z)1
(
k = L(z)

)
+ LR(n)(z)

+ (n + 1)
K∑

k=1

 1∑b
i∈I(k) λivi

−
1
uk

 Rn(z)1
(
k = H(z)

)
+ ε(n + 1)

K∑
k=1

b∑
i∈I(k)

λivi
1
u2

k

Rn(z)1
(
k = H(z)

)
≤ −

n + 1
ā

K∑
k=1

Rn(z)1 (k = L(z)) + LR(n)(z)

+ ε
n + 1

u2

I∑
i=1

λivi

K∑
k=1

Rn(z)1
(
k = H(z)

)
= − (n + 1)

(1
ā
− ε

1
u

)
Rn(z) + LR(n)(z)

(1.11)

where ā = max1,...K ak, u = min1,...K uk. In the following, we will apply the Lemma

4(a) and utilize the Induction procedure to conclude our proof. Denote f (z) =

Rn(z),∀n ∈ N+, then by Lemma 4(a), we have

E
[
G f

(
Z(ε)(∞)

)]
= 0.

Now taking expectation on both sides of (1.11), we have

0 ≤ −(n + 1)
(1
ā
− ε

1
u

)
E
[
Rn

(
Z(ε)(∞)

)]
+ E

[
LR(n)

(
Z(ε)(∞)

)]
When n = 1,

LR(1)(z) =

I∑
i=1

λ(ε)
i

b∑
k∈K(i)

1
(ukµik)21

(
k = H(z)

)
+

I∑
i=1

λ(ε)
i

nb∑
k∈K(i)

1
(ukµik)21

(
k = H(z), k = H(i)(z)

)
+

S∑
s=1

λ(ε)
is

1
(uksµisks)21

(
ks = L(z), ks = H(is)(z), ks!bis

)
+

K∑
k=1

∑
i∈I(k)

µikPik(z)
1

(ukµik)21
(
k = H(z)

)
+

K∑
k=1

∑
i∈I(k)

µikPik(z)
1

(ukµik)21
(
k = L(z)

)
≤

I∑
i=1

λi

∑
k∈K(i)

2
(ukµik)2 +

K∑
k=1

∑
i∈I(k)

2
(u2

kµik)
, M0
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There exists ε0 such that
(

1
ā − ε

1
u

)
> 0 for any ε satisfying 0 < ε < ε0, we have

E
[
R
(
Z(ε)(∞)

)]
≤

E
[
LR(1)

(
Z(ε)(∞)

)]
2
(

1
ā − ε

1
u

) ≤
M0

2
(

1
ā − ε

1
u

) , M1

Then by Induction, suppose E
[
R`

(
Z(ε)(∞)

)]
≤ M`, 1 ≤ ` ≤ n, we therefore have

E
[
Rn+1

(
Z(ε)(∞)

)]
≤

E
[
LR(n)

(
Z(ε)(∞)

)]
(n + 1)

(
1
ā − ε

1
u

) , Mn+1

To conclude, by Induction, we have ∀n ∈ N+, when 0 < ε < ε0,

E

(
max

k∈{1,...K}
Tk(Z(ε)) − min

k∈{1,...K}
Tk(Z(ε))

)n

≤ Mn

�

1.7 Preliminary Results II

In this section, all the results utilize the State-space Collapse Theorem 8 with up

to the second order moment boundedness.

Lemma 10. Under Assumptions 1 & 2, with the WWTA and scheduling P,

E

( K∑
k′=1

uk′Wk′
(
Z(ε)(∞)

))
1

( ∑
i∈I(k)

Z(ε)
ik (∞) = 0

) = O(ε1/2)
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Proof. We omit (∞) in Z(ε)(∞) for simplicity.

E

( K∑
k′=1

uk′Wk′(Z(ε))
)
1

( ∑
i∈I(k)

Z(ε)
ik = 0

)
=E


∣∣∣∣∣∣∣

K∑
k′=1

uk′
∑

i∈I(k′)

1
µik′

Z(ε)
ik′ −

K∑
k′=1

u2
k′

1
uk

∑
i∈I(k)

1
µik

Z(ε)
ik

∣∣∣∣∣∣∣1
( ∑

i∈I(k)

Z(ε)
ik = 0

)
(a)
≤E

[ max
k∈{1,...K}

Tk(Z(ε)) − min
k∈{1,...K}

Tk(Z(ε))
]
1

( ∑
i∈I(k)

Z(ε)
ik = 0

)
(b)
≤E

( max
k∈{1,...K}

Tk(Z(ε)) − min
k∈{1,...K}

Tk(Z(ε))
)21/2

P
( ∑

i∈I(k)

Z(ε)
ik = 0

)1/2

(c)
≤M1/2

2 P
( ∑

i∈I(k)

Z(ε)
ik = 0

)1/2 (d)
= O(ε1/2)

where (a) is by Lemma 1, (ii) and Lemma 2, (ii), (b) is by Cauchy-Schwarz In-

equality, (c) is by Theorem 8, and (d) is by Lemma 5. �

Lemma 11 (Negligibility for non-basic activities). Under Assumptions 1 & 2, with

the WWTA and scheduling P, for any non-basic activity (i, k) s.t. dik > 0, we have

E

( K∑
k′=1

uk′Wk′
(
Z(ε)(∞)

))
1

(
k = H(i)

(
Z(ε)(∞)

)) = O(ε1/2) (1.12)

E

Pik

(
Z(ε)(∞)

)( K∑
k′=1

uk′Wk′
(
Z(ε)(∞)

)) = O(ε1/2) (1.13)

Besides, the scaled first moment of sum of non-basic activities is also negligible:

εE


 I∑

i=1

nb∑
k∈K(i)

viZ
(ε)
ik (∞)


 = O(ε1/2) (1.14)

The proof of Lemma 11 is provided in Appendix A.2.1.

1.8 Proofs for Theorem 3

In this section, we first introduce the following Theorem 12, and Corollary 13.

Then the presentation for this section is planned as following: we introduce two
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Lemmas in Sections 1.8.1 and 1.8.2 which provide crucial ingredients in proving

Theorem 12, In Section 1.8.3 we prove Theorem 12, then followed by the proof

of main result Theorem 3 in Section 1.8.4.

Theorem 12 (Limit distribution). Consider a parallel-server system that satisfies As-

sumptions 1 & 2. Under the WWTA policy and scheduling P, for each θ ≤ 0,

lim
ε↓0
E

[
eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik (∞)

)]
=

1
1 − θ

∑I
i=1 λiv2

i

that is, the limit is the Laplace transform of an exponential random variable with mean

m =

I∑
i=1

λiv2
i

Therefore, the scaled sum of queue length, weighted by optimal dual solution, converges

in distribution to an exponential random variable:

ε
( I∑

i=1

∑
k∈K(i)

viZ
(ε)
ik (∞)

)
d
→ X̃ ∼ Exponential(1/m), as ε ↓ 0

Corollary 13 (Workload Version of Limit Distribution). Under the same conditions

of Theorem 12, the scaled sum of workload, weighted by optimal dual solution, converges

in distribution to random variable X̃, i.e.

ε
( K∑

k=1

ukWk

(
Z(ε)(∞)

)) d
→ X̃, as ε ↓ 0

where X̃ ∼ Exponential(1/m).

Remark 5. Corollary 13 is equivalent to the Theorem 12, if all the activities are basic

or having dik = 0 as in the (1.7), since by Lemma 1,

I∑
i=1

∑
k∈K(i)

viZ
(ε)
ik (∞) =

K∑
k=1

uk

∑
i∈I(k)

1
µik

Z(ε)
ik (∞) =

K∑
k=1

ukWk(Z(ε)(∞))

However, if there exists non-basic activities which have dik > 0, then

I∑
i=1

∑
k∈K(i)

viZ
(ε)
ik (∞) =

K∑
k=1

∑
i∈I(k)

uk − dik

µik
Z(ε)

ik (∞) =

K∑
k=1

ukWk

(
Z(ε)(∞)

)
−

K∑
k=1

∑
i∈I(k)

dik

µik
Z(ε)

ik (∞)

(1.15)
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where the additional term due to non-basic activities(dik > 0) makes the equivalence

nontrivial.

The proof of Corollary 13 can be found in Appendix A.3.1.

1.8.1 Ingredient I for Theorem 12

Lemma 14. Under the condition of Theorem 12, for each k = 1, ...K,

K∑
k=1

ukE

eεθ(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik (∞)

)
1

∑
i∈I(k)

Z(ε)
ik (∞) = 0




+

K∑
k=1

∑
i∈I(k)

dikE
[
Pik(Z(ε)(∞))eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik (∞)

)]
=

K∑
k=1

ukP

∑
i∈I(k)

Z(ε)
ik (∞) = 0

 +

K∑
k=1

∑
i∈I(k)

dikE
[
Pik

(
Z(ε)(∞)

)]
+ O(ε3/2)

where dik comes from with notation (1.7).

Proof. We omit (∞) in Z(ε)(∞) for simplicity. Denote the residual difference

∆ ,
K∑

k=1

ukP
( ∑

i∈I(k)

Z(ε)
ik = 0

)
+

K∑
k=1

∑
i∈I(k)

dikE
[
Pik(Z(ε))

]
−

K∑
k=1

ukE

eεθ(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik

)
1

( ∑
i∈I(k)

Z(ε)
ik = 0

)
−

K∑
k=1

∑
i∈I(k)

dikE
[
Pik(Z(ε))eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik

)]
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Then we will prove ∆ = O(ε3/2):

∆ =

K∑
k=1

ukE

(1 − eεθ
(∑I

i=1
∑

k∈K(i) viZ
(ε)
ik

))
1

∑
i∈I(k)

Z(ε)
ik = 0




+

K∑
k=1

∑
i∈I(k)

dikE
[
Pik(Z(ε))

(
1 − eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik

))]
(a)
≤ε |θ|

K∑
k=1

ukE


 K∑

k=1

uk

∑
i∈I(k)

1
µik

Z(ε)
ik

1
∑

i∈I(k)

Z(ε)
ik = 0




− ε |θ|

K∑
k=1

ukE


 I∑

i=1

∑
k∈K(i)

dik

µik
Z(ε)

ik

1
∑

i∈I(k)

Z(ε)
ik = 0




+ ε |θ|

K∑
k=1

∑
i∈I(k)

dikE

Pik(Z(ε))

 K∑
k=1

uk

∑
i∈I(k)

1
µik

Z(ε)
ik




− ε |θ|

K∑
k=1

∑
i∈I(k)

dikE

Pik(Z(ε))

 I∑
i=1

∑
k∈K(i)

dik

µik
Z(ε)

ik




≤ε |θ|

K∑
k=1

ukE


 K∑

k=1

ukWk(Z(ε))

1
∑

i∈I(k)

Z(ε)
ik = 0




+ ε |θ|

K∑
k=1

∑
i∈I(k)

dikE

Pik(Z(ε))

 K∑
k=1

ukWk(Z(ε))


(b)
≤O(ε3/2)

where (a) is by Lemma 7, (b) is by Lemma 10 and Lemma 11, where either dik = 0

or dik > 0 for non-basic activities. �

1.8.2 Ingredient II for Theorem 12

Lemma 15. Under the condition of Theorem 12, for each θ ≤ 0 and each i = 1, ...I,

lim
ε↓0
E

[(
λivi −

∑
k∈K(i)

ukPik
(
Z(ε)(∞)

))
eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik (∞)

)]
= 0 (1.16)

Remark 6. Equivalently, lemma 15 reflects the flow balance:

lim
ε↓0
E

[(
λi −

∑
k∈K(i)

µikPik
(
Z(ε)(∞)

))
eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik (∞)

)]
= 0 (1.17)
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The equivalence of (1.17) is straightforward because of (1.7) and Lemma 5 with θ ≤ 0

that

dikE
[
Pik

(
Z(ε)(∞)

)
eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik (∞)

)]
≤ dikE

[
Pik

(
Z(ε)(∞)

)]
= O(ε) (1.18)

Proof. Throughout the proof, we omit (∞) in Z(ε)(∞) for simplicity. Part (1) is

trivial case with θ = 0. In part (2) with θ < 0, we will first show the following

lim
ε↓0
E

[(
λivi −

∑
k∈K(i)

ukPik(Z(ε))
)
eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik +t

∑
k∈K(i′) vi′Z

(ε)
i′k

)]
= 0

is true for t > 0, then we use Moore-Osgood Theorem([16]) to perform the in-

terchange of limit to prove the case with t = 0, which is (1.16) that we intend to

prove.

(1) Trivial case: θ = 0. We let f (z) =
∑

k∈K(i) zik, ∀i ∈ I, then the generator (1.6)

becomes
G f (z) =λ(ε)

i

∑
k∈K(i)

1
(
k = H(i)(z)

)
−

∑
k∈K(i)

µikPik(z)

=λ(ε)
i −

∑
k∈K(i)

µikPik(z)

by Lemma 4(a), we have ∑
k∈K(i)

µikE
[
Pik(Z(ε))

]
= λ(ε)

i

taking limit and multiply vi on both sides, by (1.7), we have

λivi = lim
ε↓0

∑
k∈K(i)

(uk − dik)E
[
Pik(Z(ε))

] (a)
= lim

ε↓0

∑
k∈K(i)

ukE
[
Pik(Z(ε))

]
where (a) is by Lemma 5.

(2) When θ < 0, we let f (z) = eεθ(
∑I

i=1
∑

k∈K(i) cizik), θ < 0, ci ≥ 0, then with (1.7), the
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generator (1.6) becomes

G f (z) =

I∑
i=1

λ(ε)
i

∑
k∈K(i)

(
eciεθ − 1

)
eεθ(

∑I
i=1

∑
k∈K(i) cizik)1

(
k = H(i)(z)

)
+

K∑
k=1

∑
i∈I(k)

µikPik(z)
(
e−ciεθ − 1

)
eεθ(

∑I
i=1

∑
k∈K(i) cizik)

=

I∑
i=1

λ(ε)
i

(
eciεθ − 1

)
eεθ(

∑I
i=1

∑
k∈K(i) cizik)

+

K∑
k=1

∑
i∈I(k)

uk − dik

vi
Pik(z)

(
e−ciεθ − 1

)
eεθ(

∑I
i=1

∑
k∈K(i) cizik)

By second order Taylor expansion,

eciεθ = 1 + ciεθ +
1
2

c2
i ε

2θ2 + O(ε3)

then since 0 ≤ f (z) ≤ 1, we have

G f (z) =

I∑
i=1

λi

(
ciεθ +

1
2

c2
i ε

2θ2
)
eεθ(

∑I
i=1

∑
k∈K(i) cizik)

−

I∑
i=1

λi

(
ciε

2θ +
1
2

c2
i ε

3θ2
)
eεθ(

∑I
i=1

∑
k∈K(i) cizik)

+

K∑
k=1

∑
i∈I(k)

uk − dik

vi
Pik(z)

(
− ciεθ +

1
2

c2
i ε

2θ2
)
eεθ(

∑I
i=1

∑
k∈K(i) cizik) + O(ε3)

=

I∑
i=1

λiciεθeεθ(
∑I

i=1
∑

k∈K(i) cizik)

+

K∑
k=1

∑
i∈I(k)

uk − dik

vi
(−ciεθ)Pik(z)eεθ(

∑I
i=1

∑
k∈K(i) cizik)

−

I∑
i=1

λiciε
2θeεθ(

∑I
i=1

∑
k∈K(i) cizik) +

1
2

I∑
i=1

λic2
i ε

2θ2eεθ(
∑I

i=1
∑

k∈K(i) cizik)

+
1
2

K∑
k=1

∑
i∈I(k)

uk − dik

vi
(c2

i ε
2θ2)Pik(z)eεθ(

∑I
i=1

∑
k∈K(i) cizik) + O(ε3)
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by Lemma 4(a), we have

I∑
i=1

λiciεθE
[
eεθ

(∑I
i=1

∑
k∈K(i) ciZ

(ε)
ik

)]
+ O(ε3)

+

K∑
k=1

∑
i∈I(k)

uk − dik

vi
(−ciεθ)E

[
Pik(Z(ε))eεθ

(∑I
i=1

∑
k∈K(i) ciZ

(ε)
ik

)]
−

I∑
i=1

λiciε
2θE

[
eεθ

(∑I
i=1

∑
k∈K(i) ciZ

(ε)
ik

)]
+

1
2

I∑
i=1

λic2
i ε

2θ2E
[
eεθ

(∑I
i=1

∑
k∈K(i) ciZ

(ε)
ik

)]
+

1
2

K∑
k=1

∑
i∈I(k)

uk − dik

vi
(c2

i ε
2θ2)E

[
Pik(Z(ε))eεθ

(∑I
i=1

∑
k∈K(i) ciZ

(ε)
ik

)]
= 0

(1.19)

Now rewrite (1.19) by only considering the lower order terms w.r.t ε:

I∑
i=1

λiciεθE
[
eεθ

(∑I
i=1

∑
k∈K(i) ciZ

(ε)
ik

)]
+ O(ε2)

+

K∑
k=1

∑
i∈I(k)

uk − dik

vi
(−ciεθ)E

[
Pik(Z(ε))eεθ

(∑I
i=1

∑
k∈K(i) ciZ

(ε)
ik

)]
= 0

Let ci′ = vi′(1 + t), ci = vi, i′ , i = 1, ...I, t ≥ 0, and divide εθ on both sides:

λi′vi′tE
[
eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik +t

∑
k∈K(i′) vi′Z

(ε)
i′k

)]
+

I∑
i=1

λiviE
[
eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik +t

∑
k∈K(i′) vi′Z

(ε)
i′k

)]
−

∑
k∈K(i′)

(uk − dik)tE
[
Pi′k(Z(ε))eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik +t

∑
k∈K(i′) vi′Z

(ε)
i′k

)]
−

K∑
k=1

ukE
[
eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik +t

∑
k∈K(i′) vi′Z

(ε)
i′k

)]
+

K∑
k=1

ukE

eεθ(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik +t

∑
k∈K(i′) vi′Z

(ε)
i′k

)
1

( ∑
i∈I(k)

Z(ε)
ik = 0

)
+

K∑
k=1

∑
i∈I(k)

dikE
[
Pik(Z(ε))eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik +t

∑
k∈K(i′) vi′Z

(ε)
i′k

)]
=λi′vi′tE

[
eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik +t

∑
k∈K(i′) vi′Z

(ε)
i′k

)]
−

∑
k∈K(i′)

uktE
[
Pi′k(Z(ε))eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik +t

∑
k∈K(i′) vi′Z

(ε)
i′k

)]
+ O(ε)

=0
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where we use Lemma 1 (i) and (ii) that
I∑

i=1

λivi = 1,
K∑

k=1

uk = 1

and Lemma 5 with following:

E

eεθ(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik +t

∑
k∈K(i′) vi′Z

(ε)
i′k

)
1

( ∑
i∈I(k)

Z(ε)
ik = 0

) ≤ P( ∑
i∈I(k)

Z(ε)
ik = 0

)
= O(ε)

K∑
k=1

∑
i∈I(k)

dikE
[
Pik(Z(ε))eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik +t

∑
k∈K(i′) vi′Z

(ε)
i′k

)]
≤

K∑
k=1

∑
i∈I(k)

dikE
[
Pik(Z(ε))

]
= O(ε)

That is, we have

λi′vi′tE
[
eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik +t

∑
k∈K(i′) vi′Z

(ε)
i′k

)]
−

∑
k∈K(i′)

uktE
[
Pi′k(Z(ε))eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik +t

∑
k∈K(i′) vi′Z

(ε)
i′k

)]
=O(ε)

(1.20)

There are two cases w.r.t t ≥ 0:

(a) If t > 0, divide t on both sides of (1.20), and take ε ↓ 0. For any t > 0,

we have ∀i = 1, ...I,

lim
ε↓0
E

[(
λivi −

∑
k∈K(i)

ukPik(Z(ε))
)
eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik +t

∑
k∈K(i′) vi′Z

(ε)
i′k

)]
= 0 (1.21)

(b) When t = 0, we need to prove the following lemma:

Lemma 16. Suppose (1.21) holds for t > 0. Then it also holds when t=0.

We put the proof of Lemma 16 in Appendix A.3.2, where we use

Moore-Osgood Theorem([16]) to perform the interchange of limit.

Therefore, for each i = 1, ...I and each θ ≤ 0, we have

lim
ε↓0
E

[(
λivi −

∑
k∈K(i)

ukPik(Z(ε))
)
eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik

)]
= 0

�
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1.8.3 Proof of Theorem 12

Proof. Let f (z) = eεθ(
∑I

i=1
∑

k∈K(i) vizik), θ ≤ 0, then the generator (1.6) becomes

G f (z) =

I∑
i=1

λ(ε)
i

∑
k∈K(i)

(
eviεθ − 1

)
eεθ(

∑I
i=1

∑
k∈K(i) vizik)1

(
k = H(i)(z)

)
+

K∑
k=1

∑
i∈I(k)

µikPik(z)
(
eviεθ − 1

)
eεθ(

∑I
i=1

∑
k∈K(i) vizik)

=

I∑
i=1

λ(ε)
i

(
eviεθ − 1

)
eεθ(

∑I
i=1

∑
k∈K(i) vizik)

+

K∑
k=1

∑
i∈I(k)

uk − dik

vi
Pik(z)

(
eviεθ − 1

)
eεθ(

∑I
i=1

∑
k∈K(i) vizik)

By second order Taylor expansion,

eviεθ = 1 + viεθ +
1
2

v2
i ε

2θ2 + O(ε3)

then since 0 ≤ f (z) ≤ 1, we have

G f (z) =

I∑
i=1

λi

(
viεθ +

1
2

v2
i ε

2θ2
)

eεθ(
∑I

i=1
∑

k∈K(i) vizik)

−

I∑
i=1

λi

(
viε

2θ +
1
2

v2
i ε

3θ2
)

eεθ(
∑I

i=1
∑

k∈K(i) vizik)

+

K∑
k=1

∑
i∈I(k)

uk − dik

vi
Pik(z)

(
viεθ +

1
2

v2
i ε

2θ2
)

eεθ(
∑I

i=1
∑

k∈K(i) vizik) + O(ε3)

=

I∑
i=1

λiviεθeεθ(
∑I

i=1
∑

k∈K(i) vizik)

+

K∑
k=1

∑
i∈I(k)

uk − dik

vi
viεθPik(z)eεθ(

∑I
i=1

∑
k∈K(i) vizik)

−

I∑
i=1

λiviε
2θeεθ(

∑I
i=1

∑
k∈K(i) vizik) +

1
2

I∑
i=1

λiv2
i ε

2θ2eεθ(
∑I

i=1
∑

k∈K(i) vizik)

+
1
2

K∑
k=1

∑
i∈I(k)

uk − dik

vi
(v2

i ε
2θ2)Pik(z)eεθ(

∑I
i=1

∑
k∈K(i) vizik) + O(ε3)
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by Lemma 4(a), we have
K∑

k=1

ukεθE

eεθ(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik

)
1

∑
i∈I(k)

Z(ε)
ik = 0




+ εθ

K∑
k=1

∑
i∈I(k)

dikE
[
Pik(Z(ε))eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik

)]
−

I∑
i=1

λiviε
2θE

[
eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik

)]
+

1
2

I∑
i=1

λiv2
i ε

2θ2E
[
eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik

)]
+

1
2

K∑
k=1

∑
i∈I(k)

ukviε
2θ2E

[
Pik(Z(ε))eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik

)]
+ O(ε3) = 0

By Lemma 5, Lemma 14, and Lemma 1, we divide εθ on both sides and have
K∑

k=1

ukP

∑
i∈I(k)

Z(ε)
ik = 0

 +

K∑
k=1

∑
i∈I(k)

dikE
[
Pik(Z(ε))

]
+ O(ε2)

−

I∑
i=1

λiviεE
[
eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik

)]
+

1
2

I∑
i=1

λiv2
i εθE

[
eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik

)]
+

1
2

K∑
k=1

∑
i∈I(k)

ukviεθE
[
Pik(Z(ε))eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik

)]
=ε + O(ε2)

−εE
[
eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik

)]
+

I∑
i=1

λiv2
i εθE

[
eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik

)]
+

1
2

I∑
i=1

viεθE


 ∑

k∈K(i)

ukPik(Z(ε)) − λivi

 eεθ
(∑I

i=1
∑

k∈K(i) viZ
(ε)
ik

)
= 0

Dividing ε on both sides, taking limit w.r.t ε, and plugging in the result of

Lemma 15, we have1 − θ I∑
i=1

λiv2
i

 lim
ε↓0
E

[
eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik

)]
= 1

i.e.

lim
ε↓0
E

[
eεθ

(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik

)]
=

1
1 − θ

∑I
i=1 λiv2

i
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the limit is the Laplace transform of an exponential random variable with mean

m =

I∑
i=1

λiv2
i

Let X̃ be a random variable such that X̃ ∼ Exponential(1/m). Therefore,

ε

 I∑
i=1

∑
k∈K(i)

viZ
(ε)
ik

 d
→ X̃, as ε ↓ 0

�

1.8.4 Proof of Theorem 3

Proof. Denote

X̃(ε) , ε
( K∑

k=1

ukWk(Z(ε))
)

= ε
( K∑

k=1

u2
kTk(Z(ε))

)
then as shown by Corollary 13, and recall that e = (1, ...1)T , we have

X̃(ε)e
d
→ X̃e, as ε ↓ 0 (1.22)

Now let

Y (ε)
k′ = ε

K∑
k=1

u2
k

uk′
Wk′(Z(ε)) = ε

K∑
k=1

u2
kTk′(Z(ε)) k′ = 1, ...K

Denote Y (ε) = (Y (ε)
1 , ...,Y (ε)

K )T , , then∣∣∣∣X̃(ε)e − Y (ε)
∣∣∣∣

=

K∑
k′=1

∣∣∣X̃(ε) − Y (ε)
k′

∣∣∣
=

K∑
k′=1

ε

 K∑
k=1

u2
k

∣∣∣Tk(Z(ε)) − Tk′(Z(ε))
∣∣∣

≤

K∑
k′=1

[
εK

(
max

k∈{1,...K}
Tk(Z(ε)) − min

k∈{1,...K}
Tk(Z(ε))

)]
=εK2

(
max

k∈{1,...K}
Tk(Z(ε)) − min

k∈{1,...K}
Tk(Z(ε))

)
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since 0 < uk ≤ 1. By Theorem 8, lim supε↓0 E
[
maxk∈{1,...K} Tk(Z(ε)) −mink∈{1,...K} Tk(Z(ε))

]
≤

M1, then we have ∣∣∣X̃(ε)e − Y (ε)
∣∣∣ L1

→ 0, as ε ↓ 0

By Markov Inequality,

lim
ε↓0
P
(∣∣∣X̃(ε) − Y (ε)

k′

∣∣∣ ≥ a
)
≤ lim

ε↓0

E
(∣∣∣X̃(ε) − Y (ε)

k′

∣∣∣)
a

= 0,∀a > 0

then ∣∣∣X̃(ε)e − Y (ε)
∣∣∣ p
→ 0, as ε ↓ 0 (1.23)

Combining (1.22) with (1.23), by [3] (Theorem 3.1), we have

Y (ε) d
→ X̃e, as ε ↓ 0

i.e.

ε

 K∑
k=1

u2
k

 ( 1
u1

W1(Z(ε)), ...
1

uK
WK(Z(ε))

)T
d
→ X̃e

where X̃ ∼ Exponential
(

1∑I
i=1 λiv2

i

)
. Then by scaling property of exponential distri-

bution, we have

ε

(
1
u1

W1(Z(ε)), ...
1

uK
WK(Z(ε))

)T
d
→∆ X

where X ∼ Exponential
( ∑K

k=1 u2
k∑I

i=1 λiv2
i

)
. Therefore,

lim
ε↓0

ε
(
W1(Z(ε)), ...,WK(Z(ε))

) d
→ (u1, ..., uK) X

�
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CHAPTER 2

MULTI-SCALE HEAVY TRAFFIC LIMITS FOR GENERALIZED JACKSON

NETWORKS

2.1 Introduction

[24] pioneered the study of a class of queueing networks, known as open Jack-

son networks. The defining characteristics of a Jackson network are (a) all cus-

tomers visiting a service station are homogeneous in terms of service time dis-

tribution and the routing probabilities, and (b) all interarrival and service time

distributions are exponential. For a Jackson network, the queue length process

is a continuous time Markov chain (CTMC). Jackson’s pioneered contribution

is that when the traffic intensity at each station is less than one, the CTMC has

a unique product-form stationary distribution, meaning that the steady-state

queue lengths at various stations in the queueing network are independent. The

product-form result makes the computation of steady-state performance mea-

sures scalable with respect to the number of stations in the network.

When interarrival and service times distributions are general, the corre-

sponding network is known as a generalized Jackson network. For a gener-

alized Jackson network, the product-form result no longer holds in general.

Creating and justifying approximations of generalized Jackson networks have

been an active research area for more than 50 years; see, for example, [31] and

Whitt and You (2021), https://doi.org/10.1002/nav.22010. [27] and

[25] proved a functional central limit theorem, stating that the scaled queue

length process converges to a multi-dimensional reflecting Brownian motion

(RBM) under a heavy traffic condition. The class of RBMs was first developed
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in [21]. The stationary distribution of the RBM is shown to exist and is charac-

terized by a basic adjoint relationship (BAR) in [17]. However, the stationary

distribution is not of product form in general [18]. By developing an elaborate

limit-interchange procedure, [14] justified that the stationary distribution of a

generalized Jackson network is well approximated by that of the corresponding

RBM under the same traffic condition. Numerical algorithms exist to compute

the stationary distribution of an RBM in low dimension; see [10, 28]. These al-

gorithms are not scalable with respect to the number of stations. A sequential

bottleneck decomposition (SBD) method was proposed in [12].

In this paper, we prove that under a multi-scale heavy traffic condition, the

stationary distribution of the multi-scaled queue length process in any general-

ized Jackson network has a product-form limit. Each component in the product-

form has an exponential distribution, corresponding to the Brownian approxi-

mation of a single station queue. The “single station” can be constructed pre-

cisely and has a good intuitive interpretation, consistent with the bottleneck

analysis advanced in [9].

Our proof critically relies on the BAR-approach recently developed in [6]

for queueing networks with general interarrival and service time distributions.

The BAR-approach provides an alternative to the limit interchange procedure

in [14] and [8]. [7] further demonstrates the superiority of employing the BAR-

approach for multiclass queueing networks under priority service disciplines.

Here, we demonstrates that the BAR-approach is a natural approach to discover

and justify the type of results in this paper.
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2.2 Generalized Jackson Network

We first define a generalized Jackson network, following closely Section 2.1 of

[6] both in terms of terminologies and notations. There is a single class of jobs

arriving to the network which has J stations, and will exit the network in finite

time with probability one. All the jobs are homogeneous in terms of service

time and routing. The service in each station follows the first-come-first-serve

(FCFS) discipline. The external interarrival time, service time, and routing de-

cisions are assume to be independent, each of which is assumed to follow an

i.i.d sequence of random variables. Let J = {1, . . . , J} be the set of stations. We

consider a discrete time Markov chain(DTMC) on state {0} ∪ J with the transi-

tion constructed from the routing matrix P. Here we use {0} to denote the exit

state. This network is open, that is, the routing matrix P on J is assumed to be

transient or equivalently (I − P) being invertible. Upon the service completion

at one particular station, jobs either go to another station or exit the network,

following the routing matrix P.

The following definitions follow [7] closely. Define Te, j = {Te, j(i), i ∈ N+} and

Te, j = {Ts, j(i), i ∈ N+} as two i.i.d. sequences of random variables associated with

station j ∈ J . Assume Te,1, ...,Te,J,Ts,1, ...,Ts,J are independent. Following [7],

we assume E[Te, j] = 1, E[Ts, j] = 1 such that Te, j and Ts, j are unitized. Denote by

c2
e, j = Var

(
Te, j(1)

)
and c2

s, j = Var
(
Ts, j(1)

)
. We further assume

E[Te, j]3 < ∞, E[Ts, j]3 < ∞.

Denote by α j the external arrival rate, and µ j the service rate at station j. It

follows that Te, j(i)/α j represents the interarrival time between the (i − 1)th and

ith external arriving jobs at station j and Ts, j(i)/µ j denotes the the ith job service
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time at station j. It is known that c2
e, j and c2

s, j are the squared coefficients of

variation for interarrival time and service time, respectively.

Traffic Equation. For the queueing networks, let λ be the unique solution to the

traffic equation

λ = α + P′λ, (2.1)

where P′ is transpose of P. Here the solution λ is referred to as the nominal total

arrival rate to station j, including the external arrival and the arrival from other

stations. Define the traffic intensity by ρ = λ j/µ j.

Markov process. For t ≥ 0 and j ∈ J , let Z j(t) be the number of jobs in station j,

including possibly one being in the service. Let Re, j(t) be the residual time until

the next external arrival to station j. Let Rs, j(t) be the residual service time for the

job being processed in the station j. If Z j(t) = 0, the residual service time is the

service time of next station j job, meaning Rs, j(t) = Ts, j(i) for an appropriate i ∈

N+. We write Z(t),Re(t),Rs(t) as the vectors of Z j(t),Re, j(t), and Rs, j(t), respectively.

Define

X(t) = (Z(t),Re(t),Rs(t)), t ≥ 0,

then {X(t); t ≥ 0} is the Markov process with respect to the filtration FX ≡{
F X

t ; t ≥ 0
}

defined on the state space ZJ
+×R

J
+×R

J
+, whereF X

t = σ({X(u); 0 ≤ u ≤ t}).

Dai (1995) proves the following assumption holds under some distributional as-

sumption on interarrival times:

Assumption 3. For each r ∈ (0, 1), the Markov process X(r)(·) is positive Harris recur-

rent and it has a unique stationary distribution.
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2.3 Assumptions and Main Results

We consider a family of generalized Jackson networks indexed by r ∈ (0, 1). We

denote by µ(r)
j the mean service rate at station j. Recall the traffic intensity at

station j, one has

µ(r)
j = λ j/ρ

(r)
j . (2.2)

Assumption 4. Multi-scale heavy traffic. We assume as r ↓ 0, we have µ(r)
j → µ j,

and the traffic intensity for the jth station is

ρ(r)
j = 1 − r j, j ∈ J . (2.3)

That is, without loss of generality, we assume the stations have increasing order of

intensities. Heavier intensity means ρ(r)
j → 1 faster as r ↓ 0.

Therefore, for each r ∈ (0, 1), with Assumption 3, we define

X(r) =
(
Z(r),R(r)

e ,R
(r)
s
)

(2.4)

as the steady-state random vector.

Assumption 5. For general interarrival and service time distributions, we assume each

properly scaled steady-state queue length satisfies some moment boundedness; that is,

there exist M( j) > 0 and j ∈ J , such that

E
[(

r jZ(r)
j
)2J

]
≤ M( j), j ∈ J (2.5)

for all r ∈ (0, r0) with some r0 ∈ (0, 1).

Remark 7. Assumption 5 holds under the Poisson external arrival and exponential

service time, because Z(r)
j is geometrically distributed with mean ρ(r)/(1 − ρ(r)). Indeed,

we will show in Lemma 23 that any orders of the moment of properly scaled queue length
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are bounded for each station under the exponential distribution condition. We expect

(2.5) holds under some general arrival and service distributions, such as phase-type

distributions. We leave the exploration of this claim to a future study.

Definition 2. For station j ∈ J , we denote by {i, i < j} ⊂ J and {i, i > j} ⊂ J the

set of stations that are lighter and heavier, respectively, than station j. For each i ∈ J ,

let wi j be the probability that starting state i, the DTMC will eventually visit state j,

avoiding states in {0} ∪ {i, i > j}.

Lemma 17. (w1 j, . . . ,wJ, j) satisfies the following equations.

wi j = Pi j +
∑
i′< j

Pii′wi′ j, i ∈ J . (2.6)

In particular,

(w1 j, . . . ,w j−1, j)′ = [(I − P){i< j}]−1P(:, j){i< j},

w j j = P j j + P( j, :){i< j}(I − P){i< j}]−1P(:, j){i< j}.

Proof. By the first-step method. �

Theorem 18 (Limit distribution). For θ ∈ RJ
−, where RJ

− is the J-vector with each

element nonpositive,

lim
r↓0
E

exp

∑
j∈J

θ jr jZ(r)
j


 =

∏
j∈J

1
1 − d jθ j

(2.7)

with d j =
σ2

j

2β j
, where

σ2
j =α jc2

e, j +
∑
i< j

αiw2
i jc

2
e,i + λ jc2

s, j(1 − w j j)2 +
∑
i> j

λiw2
i jc

2
s,i

+
∑
i< j

αiwi j(1 − wi j) +
∑
i≥ j

λiwi j(1 − wi j)
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and β j = λ j(1−w j j). The limit on the RHS of (2.7) is the product of Laplace transforms

of J exponential distributed random variables, with means equal to d j, j ∈ J defined

above. Marginally, for each j ∈ J ,

r jZ(r)
j

d
→ Y j,

where Y j is the exponential random variable with mean d j. That is, the properly scaled

steady-state queue length for each station converges in distribution to an exponential

random variable.

Corollary 19 (Limit distribution under Exponential case). Under Poission external

arrival and Exponential service time, d j = 1 for each j ∈ J , that is

lim
r↓0
E

exp

∑
j∈J

θ jr jZ(r)
j


 =

∏
j∈J

1
1 − θ j

. (2.8)

Furthermore, if θ j = θ, ∀ j ∈ J , then one has

lim
r↓0
E

exp

θ∑
j∈J

r jZ(r)
j


 =

( 1
1 − θ

)J
, (2.9)

which means the summation of properly scaled steady-state queue length for each station

converges in distribution to the Erlang(J, 1) distribution.

To prove Theorem 18, we first prove Corollary 19 in Section 2.4, as it sheds

light on the proof under general distribution in Section 2.5. Readers can see

it is straightforward to extend the results under exponential distribution to

more general distributions under Assumption 5. In the following, we provide

a heuristic approach to obtain the quantity d j, j ∈ J which is interpretable and

easily applicable.
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2.3.1 Heuristic Interpretation of d j
′s

We consider a 3-station generalized Jackson network as illustration and dis-

cuss d2 for station 2 as an example. Any general Jackson network applies same

heuristic procedure. The routing matrix is assumed to be

P =


0 P12 P13

P21 0 P23

P31 P32 0


Assume 1 − ρ(r)

j = r j for j = 1, 2, 3. For station 2, one has

Z2(t) = Z2(0) + A2(t) − S 2(B2(t)),

where S 2 = {S 2(t), t ≥ 0} is the renewal process associated with the station 2

service, and B2(t) is the cumulative busy time of server 2 in [0, t]. Here, A2(t) is

the cumulative number of arrivals (including both external and internal ones)

to station 2 in (0, t]. It is

A2(t) ≈ E2(t) +

E1(t)∑
k=1

ξ12(k) +

S 3(B3(t))∑
k=1

ξ32(k) +

S 2(B2(t))∑
k=1

ξ22(k) , Ã2(t),

where E j(t) is the external arrival process to station j, ξ j2(k) is the Bernoulli ran-

dom variable, which is equal to 1 if the kth departure from station j will even-

tually go to to station 2, without going through station 3. The approximation ≈

would be equality if every job goes station 1 experiences no delay at all, which

can be achieved if the service time at station 1 is 0.

From Lemma 17,

E(ξ12(i)) = P12 ≡ w12,

E(ξ32(i)) = P32 + P31P12 ≡ w32

E(ξ22(i)) = P21P12 ≡ w22.
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Define

Ê j(t) = E j(t) − α jt,

Ŝ j(t) = S j(t) − µ
(r)
j t.

Then,

Ã2(t) =Ê2(t) + α2t +

E1(t)∑
k=1

(ξ12(k) − w12) + w12Ê1(t) + w12α1t +

+

S 3(B3(t))∑
k=1

(ξ32(k) − w32) + w32Ŝ 3(B3(t)) + w32µ
(r)
3 B3(t) +

+

S 2(B2(t))∑
k=1

(ξ22(k) − w22) + w22Ŝ 2(B2(t)) + w22µ
(r)
2 B2(t).

Therefore,

Z2(t) ≈ Z2(0) + η2(t) + β̂2t + w32µ3I3(t) + (1 − w22)µ2I2(t),

where

η2(t) =Ê2(t) +

E1(t)∑
k=1

(ξ12(k) − w12) + w12Ê1(t) +

S 3(B3(t))∑
k=1

(ξ32(k) − w32) + w32Ŝ 3(B3(t))

+

S 2(B2(t))∑
k=1

(ξ22(k) − w22) − (1 − w22)Ŝ 2(B2(t))

β̂2 =α2 + w12α1 + w32λ3 − (1 − w22)µ(r)
2 = −r2(1 − w22)µ(r)

2

I j(t) =t − B j(t) the cumulative idle time at station j.

Assume I3(t) = 0. Z2 can be modeled as a (β̂2, σ
2
2)-RBM (reflected Brownian

motion), whose stationary distribution is exponential with mean

d2 =
σ2

2

2|β̂2|
,

where σ2
2 is the asymptotic variance of η2

σ2
2 = lim

t→∞

Var(η2(t))
t

= α2c2
e,2 + α1w22(1 − w22) + w2

12α1c2
e,1

+ λ3w32(1 − w32) + w2
32λ3c2

s,3 + λ2w22(1 − w22) + (1 − w22)2λ2c2
s,2.
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Furthermore, since Z2 is non-scaling queue length, then r2Z2 can be modeled as

a (β̃2, σ
2
2)-RBM, where

β̃2 ,
β̂2

r2 = −(1 − w22)µ(r)
2 ,

which matches the theoretical results in Theorem 18, where β2 is the limit of |β̃2|

as r ↓ 0.

2.4 Proof under exponential distribution

Under the exponential distribution assumption on the interarrival and service

time, Z(r)(·) =
{
Z(r)(t), t ≥ 0

}
is the continuous time Markov Chain (CTMC) with

discrete state space ZJ
+ for each r ∈ (0, 1). Define the generator G for the CTMC

Z(r)(·) as following

G f (z) =
∑
i∈J

αi

[
f (z+e(i))− f (z)

]
+

∑
j∈{0}∪J

∑
i∈J

µ(r)
i Pi j

[
f (z−e(i)+e( j))− f (z)

]
1(zi > 0), (2.10)

where e(i) is the J-vector with jth component being 1 and 0 for all other com-

ponents, and e(0) is the J-vector of zero. The following lemma can be directly

referred to Lemma 5.1 in [7]:

Lemma 20. Let f (z) : ZJ
+ → R be a bounded function. Then the vector of steady-state

queue length Z(r), r ∈ (0, 1), satisfies the BAR

E
[
G f

(
Z(r)

)]
= 0.

The following lemma follows the similar discussion as Lemma 4 of [33] and

Lemma 1 of [5], and the proof is imbedded in the proof of Moment boundedness

in Lemma 23 (see Appendix B.1, Remark 8) by applying the same polynomial

test function f (z).
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Lemma 21. Let f (z) : ZJ
+ → R be a function. Suppose there exists n ∈ N+ such that

| f (z)| ≤
(∑

j∈J c jz j
)n for some constants c j ≥ 0, j ∈ J (i.e. f (z) is dominated by a

polynomial function). Then there exists r0 ∈ (0, 1), such that the vector of steady-state

queue length Z(r), r ∈ (0, r0) satisfies

E
[
G f

(
Z(r)

)]
= 0.

Lemma 22 (Idle probability).

P
(
Z(r)

j = 0
)

= 1 − λ j/µ
(r)
j = r j, j ∈ J .

Proof of Lemma 22. We provide a simple proof using test function with Lemma

21 directly. An alternative proof can be referred in [6] (Lemma 4.4) under gen-

eral distribution. For station k ∈ J , let f (z) = e(k)′(1 − P′)−1z, then the generator

(2.10) can be written as a matrix form:

G f (z) =e(k)′(1 − P′)−1α − e(k)′(1 − P′)−1


µ(r)

1
(
1 − P11

)
1(z1 > 0) −

∑
i∈J\{1} µiPi11(zi > 0)

...

µ(r)
J
(
1 − PJJ

)
1(zJ > 0) −

∑
i∈J\{J} µiPiJ1(zi > 0)


=e(k)′(1 − P′)−1(1 − P′)λ − e(k)′(1 − P′)−1(1 − P′)


µ(r)

1 1(z1 > 0)
...

µ(r)
J 1(zJ > 0)


=λk − µ

(r)
k 1(zk > 0).

With Lemma 21 and (2.2), taking expectation, one has

P(Z(r)
k = 0) = 1 − P(Z(r)

k = 0) = 1 −
λk

µ(r)
k

= rk.

�

Lemma 23 (Moment boundedness). For each station j ∈ J , ∀n ∈ N+, there exists

M( j)
n > 0 and r0 ∈ (0, 1) such that when r ∈ (0, r0),

E[(r jZ(r)
j )n] ≤ M( j)

n .
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That is, any order moment of properly scaled steady-state queue length for each station,

is bounded.

Since Z(r)
j is geometrically distributed, Lemma 23 is trivial. While here we pro-

vide a new proof in the Appendix B.1 to shed lights on the future study of proof

under the general distribution. Now consider a particular family of test func-

tions given by

f (z) = exp(〈θ, z〉), z ∈ RJ
+, θ ∈ R

J
−,

where RJ
+ is the J-vector with each element nonnegative. Then the generator

becomes

G f (z) =
∑
i∈J

αi
(

exp(〈θ, e(i)〉) − 1
)
f (z)

+
∑

j∈{0}∪J

∑
i∈J

µ(r)
i Pi j

(
exp(〈θ, e( j) − e(i)〉) − 1

)
f (z)1(zi > 0).

(2.11)

Lemma 24. Let fθ(r)(z) = exp(〈θ(r), z〉), z ∈ RJ
+, and θ(r) ∈ RJ

− is a function of r, with

θ(r) ↑ 0 as r ↓ 0. Then the following asymptotic version of BAR for the CTMC Z(r)

holds:

θ(r)′(1 − P′)


rµ(r)

1

...

rJµ(r)
J

E
[
fθ(r)

(
Z(r)

)]
− θ(r)′(1 − P′)


µ(r)

1 E
[
fθ(r)

(
Z(r)

)
1(Z(r)

1 = 0)
]

...

µ(r)
J E

[
fθ(r)

(
Z(r)

)
1(Z(r)

J = 0)
]


−θ(r)′(1 − P′)diag(µ)θ(r)E
[
fθ(r)

(
Z(r)

)]
= o(|θ(r)|2), as r ↓ 0.

(2.12)

Proof of Lemma 24. Note that exp(〈θ(r), z〉) ≤ 1 for any θ(r) ∈ RJ
− and z ∈ RJ

+, then
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with the second order Taylor expansion, the generator 2.11 becomes

G fθ(r)(z)

=
∑
i∈J

αi
(
θ(r)′e(i) +

1
2
θ(r)′e(i)e(i)′θ(r))

)
fθ(r)(z) + o(|θ(r)|2)

+
∑

j∈{0}∪J

∑
i∈J

µ(r)
i Pi j

(
θ(r)′(e( j) − e(i)) +

1
2
θ(r)′(e( j) − e(i))(e( j) − e(i))′θ(r)

)
fθ(r)(z)1(zi > 0)

=θ(r)′α fθ(r)(z) − θ(r)′(1 − P′)µ(r) fθ(r)(z)

+ θ(r)′(1 − P′)


µ(r)

1 fθ(r)(z)1(z1 = 0)
...

µ(r)
J fθ(r)(z)1(zJ = 0)


(
, G1(θ(r))

)

+
1
2
θ(r)′diag(α)θ(r) fθ(r)(z)

+
1
2

∑
j∈{0}∪J

∑
i∈J

µ(r)
i Pi jθ(r)′(e( j) − e(i))(e( j) − e(i))′θ(r) fθ(r)(z)

(
, G2(θ(r))

)
+ o(|θ(r)|2).

(2.13)

With (2.1), (2.2) and (2.3) , the first order terms become:

G1(θ(r)) =θ(r)′(1 − P′)(λ − µ(r)) fθ(r)(z) + θ(r)′(1 − P′)


µ(r)

1 fθ(r)(z)1(z1 = 0)
...

µ(r)
J fθ(r)(z)1(zJ = 0)


=θ(r)′(1 − P′)


−rµ(r)

1

...

−rJµ(r)
J

 fθ(r)(z) + θ(r)′(1 − P′)


µ(r)

1 fθ(r)(z)1(z1 = 0)
...

µ(r)
J fθ(r)(z)1(zJ = 0)

 ,
and the second order terms can be written as:

G2(θ(r)) =
1
2
θ(r)′

(
diag(α) + Q

)
θ(r) fθ(r)(z),
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where Q is a symmetric matrix with each element defined as following:
Qii = µ(r)

i −
∑
`∈J

P`iµ
(r)
` , i ∈ J

Qi j = Q ji = −µ(r)
i Pi j − µ

(r)
j P ji, i, j ∈ J .

Define Q(2) to be the matrix having
Q(2)

ii = 0, i ∈ J

Q(2)
i j = µ(r)

j P ji − µ
(r)
i Pi j, i, j ∈ J .

Denote Q(1) , diag(α) + Q − Q(2). Then with (2.1), (2.3) and αi = λi −
∑

j∈J Pi jλ j,

one can verify that Q(1) has
Q(1)

ii = 2(1 − Pii)µ
(r)
i − rµ(r) +

∑
j∈J

r jP jiµ
(r)
j , i ∈ J

Q(1)
i j = −2µ(r)

j P ji, i, j ∈ J .

Furthermore, it is easy to check that for any γ ∈ RJ,

γ′Q(2)γ = 0.

Therefore, one has

(ii) =
1
2
θ(r)′Q(1)θ(r) fθ(r)(z) = θ(r)′(1 − P′)diag(µ(r))θ(r) fθ(r)(z) + o(|θ(r)|2),

where the second equality follows from −rµ(r) +
∑

j∈J r jP jiµ
(r)
j = O(r). With

Lemma 20, we take expectation on each term above and apply bounded con-

vergence theorem to conclude the proof.

�

Proof of Corollary 19. We first give the following lemmas:

Lemma 25. ∀x ≥ 0,

1 − e−x ≤ x for x ≥ 0

|ex − 1| ≤ e|x||x| for x ∈ R
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Lemma 26. For θ ∈ RJ
−, we consider the jth server, j ∈ J . Denote a J-vector by

δ(r)(θ, j) = (δ(r)
1 (θ, j), ..., δ(r)

J (θ, j))′,

where

δ(r)
k (θ, j) ,



∑
`≥ j

wk`r`θ`, k < j

rkθk +
∑
`>k

wk`r`θ`, k ≥ j,
(2.14)

and {wk`, k, ` ∈ J} are defined in Lemma 17. Then for each fixed θ ∈ RJ
−

δ(r)(θ, j)′(1 − P′) =
(
0, ..., 0, (1 − w j j)r jθ j,O(r j), ...,O(r j)

)
, as r ↓ 0.

Proof of Lemma 26. Denote R = 1− P′. By the matrix form in Lemma 17, we have

the following equations: ∑
i< j

wi jRik + R jk = 0, k < j

∑
i< j

wi jRi j + R j j = 1 − w j j.

(2.15)

By construction of, δ(r)(θ, j) in 2.14, δ(r)(θ, j)′(1− P′) is a J-vector with kth element

as follows:

[δ(r)(θ, j)′(1 − P′)]k =



∑
`≥ j

(∑
i<`

wi`Rik + R`k

)
r`θ`, k < j

(∑
i< j

wi jRi j + R j j

)
r jθ j +

∑
`≥ j+1

(∑
i<`

wi`Ri j + R` j

)
r`θ`, k = j

∑
`≥ j

(∑
i<`

wi`Rik + R`k

)
r`θ`, k > j.

With (2.15), it is easy to check that when k < j, for each ` ≥ j,(∑
i<`

wi`Rik + R`k

)
r`θ` = 0.

Similarly, when k = j, for each ` ≥ j + 1(∑
i<`

wi`Ri j + R` j

)
r`θ` = 0,
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and we have (∑
i< j

wi jRi j + R j j

)
r jθ j = (1 − w j j)r jθ j.

(2.15) doesn’t support the case when k > j, while for each ` ≥ j, we just need

and have (∑
i<`

wi`Rik + R`k

)
r`θ` = O(r j).

�

Lemma 27. For θ ∈ RJ
− and j ∈ J ,

(1 − θ j)E
[

exp
(〈

(0, ...0, r jθ j, r j+1θ j+1, ...rJθJ),Z(r)〉)]
=E

[
exp

(〈
(0, ...0, 0, r j+1θ j+1, ...rJθJ),Z(r)〉)] + o(1),

where o(1)→ 0 as r ↓ 0.

If Lemma 27 holds, then one has

E

exp

∑
j∈J

θ jr jZ(r)
j


 =

1
1 − θ1

E

exp

∑
j≥2

θ jr jZ(r)
j


 + o(1)

=
1

1 − θ1

1
1 − θ2

E

exp

∑
j≥3

θ jr jZ(r)
j


 + o(1)

= ... =
∏
j∈J

1
1 − θ j

+ o(1)

and taking r ↓ 0, which concludes the proof of Corollary 19. �

The remaining work is to prove Lemma 27.

Proof of Lemma 27. We defined δ̃(r)(θ, j) to be a J-vector as following:

δ̃(r)
k (θ, j) ,



wk jr j+1/2θ j +
∑
`> j

wk`r`θ`, k < j

r j+1/2θ j +
∑
`> j

w j`r`θ`, k = j

rkθk +
∑
`>k

wk`r`θ`, k > j.

(2.16)
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Then we list the following lemmas and the proofs will be provided in the end

of this section.

Lemma 28. Suppose δ(r)(θ, j) and δ̃(r)(θ, j) are defined by (2.14) and 2.16, respectively.

Then we have

(a)

r j(1 − θ j)E
[
exp

(〈
(δ(r)

1 (θ, j), ..., δ(r)
J (θ, j)),Z(r)〉)]

= E
[
exp

(〈
(δ(r)

1 (θ, j), ..., δ(r)
J (θ, j)),Z(r)〉)

1(Z(r)
j = 0)

]
+ o(r j).

(2.17)

(b)

r jE
[
exp

(〈
(δ̃(r)

1 (θ, j), ..., δ̃(r)
J (θ, j)),Z(r)〉)]

= E
[
exp

(〈
(δ̃(r)

1 (θ, j), ..., δ̃(r)
J (θ, j)),Z(r)〉)

1(Z(r)
j = 0)

]
+ o(r j).

(2.18)

Lemma 29. Suppose δ(r)(θ, j) and δ̃(r)(θ, j) are defined by (2.14) and 2.16, respectively.

Then we have

(a)

r j(1 − θ j)E
[
exp

(〈
(δ(r)

1 (θ, j), ..., δ(r)
J (θ, j)),Z(r)〉)]

=r j(1 − θ j)E
[
exp

(〈
(0, ..., 0, r jθ j, r j+1θ j+1, ..., rJθJ),Z(r)〉)] + o(r j),

(2.19)

E
[
exp

(〈
(δ(r)

1 (θ, j), ..., δ(r)
J (θ, j)),Z(r)〉)

1(Z(r)
j = 0)

]
=E

[
exp

(〈
(0, ..., 0, 0, r j+1θ j+1, ..., rJθJ),Z(r)〉)

1(Z(r)
j = 0)

]
+ o(r j).

(2.20)

(b)

r jE
[
exp

(〈
(δ̃(r)

1 (θ, j), ..., δ̃(r)
J (θ, j)),Z(r)〉)]

=r jE
[
exp

(〈
(0, ..., 0, 0, r j+1θ j+1, ..., rJθJ),Z(r)〉)] + o(r j),

(2.21)

E
[
exp

(〈
(δ̃(r)

1 (θ, j), ..., δ̃(r)
J (θ, j)),Z(r)〉)

1(Z(r)
j = 0)

]
= E

[
exp

(〈
(0, ..., 0, 0, r j+1θ j+1, ..., rJθJ),Z(r)〉)

1(Z(r)
j = 0)

]
+ o(r j).

(2.22)
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Combining Lemma 28 and 29, one has

r j(1 − θ j)E
[
exp

(〈
(0, ..., 0, r jθ j, r j+1θ j+1, ..., rJθJ),Z(r)〉)]

= E
[
exp

(〈
(0, ..., 0, 0, r j+1θ j+1, ..., rJθJ),Z(r)〉)

1(Z(r)
j = 0)

]
+ o(r j),

(2.23)

and

r jE
[
exp

(〈
(0, ..., 0, 0, r j+1θ j+1, ..., rJθJ),Z(r)〉)]

= E
[
exp

(〈
(0, ..., 0, 0, r j+1θ j+1, ..., rJθJ),Z(r)〉)

1(Z(r)
j = 0)

]
+ o(r j).

(2.24)

Note the RHS’s of 2.23 and 2.24 are the same. Dividing both sides by r j, we

therefore have

(1 − θ j)E
[
exp

(〈
(0, ..., 0, r jθ j, r j+1θ j+1, ..., rJθJ),Z(r)〉)]

=E
[
exp

(〈
(0, ..., 0, 0, r j+1θ j+1, ..., rJθJ),Z(r)〉)] + o(1),

(2.25)

which concludes the proof. �

Proof of Lemma 28. (a) For the jth server, let fδ(r)(θ, j)(z) = exp(〈δ(r)(θ, j), z〉), where
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z ∈ RJ
+. Then with Lemma 26, the asymptotic BAR (2.12) becomes

0 =
(
0, ..., 0, (1 − w j j)r jθ j,O(r j), ...,O(r j)

)


rµ(r)
1

...

r jµ(r)
J

E
[
fδ(r)(θ, j)

(
Z(r)

)]

−
(
0, ..., 0, (1 − w j j)r jθ j,O(r j), ...,O(r j)

)

µ(r)

1 E
[
fδ(r)(θ, j)

(
Z(r)

)
1(Z(r)

1 = 0)
]

...

µ(r)
J E

[
fδ(r)(θ, j)

(
Z(r)

)
1(Z(r)

J = 0)
]


−
(
0, ..., 0, (1 − w j j)r jθ j,O(r j), ...,O(r j)

)

µ(r)

1 δ
(r)
1 (θ, j)
...

µ(r)
J δ

(r)
J (θ, j),

E
[
fδ(r)(θ, j)

(
Z(r)

)]
+ o(r2 j)

=r2 jµ(r)
j θ j(1 − w j j)E

[
fδ(r)(θ, j)

(
Z(r)

)]
− r jµ(r)

j θ j(1 − w j j)E
[
fδ(r)(θ, j)

(
Z(r)

)
1(Z(r)

j = 0)
]

− r2 jµ(r)
j θ

2
j (1 − w j j)E

[
fδ(r)(θ, j)

(
Z(r)

)]
+ o(r2 j),

(2.26)

where we utilize Lemma 22 that for θ ∈ RJ
−,

E
[
fθ

(
Z(r)

)
1(Z(r)

j = 0)
]
≤ E

[
1(Z(r)

j = 0)
]

= r j,

and the terms with order higher than r2 j are put in o(r2 j). Dividing both sides

by r jµ(r)
j θ j(1 − w j j), one has

r j
(
1 − θ j

)
E

[
fδ(r)(θ, j)

(
Z(r)

)]
= E

[
fδ(r)(θ, j)

(
Z(r)

)
1(Z(r)

j = 0)
]

+ o(r j). (2.27)

(b) For the jth server, let fδ̃(r)(θ, j)(z) = exp(〈δ̃(r)(θ, j), z〉). By similar argument as in

(a), one has

δ̃(r)(θ, j)′(1 − P′) =
(
0, ..., 0, (1 − w j j)r j+1/2θ j,O(r j+1/2), ...,O(r j+1/2)

)
.
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Then the asymptotic BAR (2.12) becomes

o(r2 j+1/2)

=
(
0, ..., 0, (1 − w j j)r j+1/2θ j,O(r j+1/2), ...,O(r j+1/2)

)


rµ(r)
1

...

rJµ(r)
J

E
[
fδ̃(r)(θ, j)

(
Z(r)

)]

−
(
0, ..., 0, (1 − w j j)r j+1/2θ j,O(r j+1/2), ...,O(r j+1/2)

)

µ(r)

1 E
[
fδ̃(r)(θ, j)

(
Z(r)

)
1(Z(r)

1 = 0)
]

...

µ(r)
J E

[
fδ̃(r)(θ, j)

(
Z(r)

)
1(Z(r)

J = 0)
]


−
(
0, ..., 0, (1 − w j j)r j+1/2θ j,O(r j+1/2), ...,O(r j+1/2)

)

µ1δ̃

(r)
1 (θ, j)
...

µJ δ̃
(r)
J (θ, j),

E
[
fδ̃(r)(θ, j)

(
Z(r)

)]
,

=r2 j+1/2µ(r)
j θ j(1 − w j j)E

[
fδ̃(r)(θ, j)

(
Z(r)

)]
− r j+1/2µ(r)

j θ j(1 − w j j)E
[
fδ̃(r)(θ, j)

(
Z(r)

)
1(Z(r)

j = 0)
]

− r2 j+1µ(r)
j θ

2
j (1 − w j j)E

[
fδ̃(r)(θ, j)

(
Z(r)

)]
.

(2.28)

Dividing both sides by r j+1/2µ(r)
j θ j(1 − w j j), (2.28) becomes

r jE
[
fδ̃(r)(θ, j)

(
Z(r)

)]
= E

[
fδ̃(r)(θ, j)

(
Z(r)

)
1(Z(r)

j = 0)
]

+ o(r j). (2.29)

�
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Proof of Lemma 29. For (a), with Lemma 25, one has

r jE
[

exp
(〈

(0, ...0, r jθ j, r j+1θ j+1, ...rJθJ),Z(r)〉)] − E [
exp

(〈
(δ(r)

1 (θ, j), ..., δ(r)
J (θ, j)),Z(r)〉)]

= r jE
[

exp
(〈

(0, ...0, r jθ j, r j+1θ j+1, ...rJθJ),Z(r)〉)·(
1 − exp

(〈
(
∑
`≥ j

w1`r`θ`, ...
∑
`≥ j

w j−1,`r`θ`,
∑
`> j

w j`r`θ`,
∑
`> j+1

w j+1,`r`θ`, ...,wJ−1,JrJθJ, 0),Z(r)〉)]
≤ r jE

[∑
`≥ j

w1`r`−1|θ`|rZ(r)
1 + ... +

∑
`≥ j

w j−1,`r`− j+1|θ`|r j−1Z(r)
j−1 +

∑
`> j

w j`r`− j|θ`|r jZ(r)
j

+
∑
`> j+1

w j+1,`r`− j−1|θ`|r j+1Z(r)
j+1 + ...,wJ−1,Jr|θJ |rJ−1Z(r)

J−1 + 0
]

= O(r j+1) = o(r j),

(2.30)

where the last inequality is by Lemma 23. Similarly, we have

E
[

exp
(〈

(0, ...0, r jθ j, r j+1θ j+1, ...rJθJ),Z(r)〉)
1(Z(r)

j = 0)
]

−E
[

exp
(〈

(δ(r)
1 (θ, j),..., δ(r)

J (θ, j)),Z(r)〉)
1(Z(r)

j = 0)
]

= E
[

exp
(〈

(0, ...0, r jθ j, r j+1θ j+1, ...rJθJ),Z(r)〉)·(
1 − exp

(〈
(
∑
`≥ j

w1`r`θ`, ...
∑
`≥ j

w j−1,`r`θ`,
∑
`> j

w j`r`θ`,
∑
`> j+1

w j+1,`r`θ`, ..., 0),Z(r)〉)
1(Z(r)

j = 0)
]

≤ E
[(∑

`≥ j

w1`r`−1|θ`|rZ(r)
1 + ... +

∑
`≥ j

w j−1,`r`− j+1|θ`|r j−1Z(r)
j−1 +

∑
`> j

w j`r`− j|θ`|r jZ(r)
j

+
∑
`> j+1

w j+1,`r`− j−1|θ`|r j+1Z(r)
j+1 + ... + 0

)
1(Z(r)

j = 0)
]

= o(r j),

(2.31)

where in the last equality, we apply Cauchy-Schwarz inequality, Lemma 22 and

Lemma 23 to obtain that for k ∈ J ,

rE
[
rkZ(r)

k 1(Z(r)
j = 0)

]
≤ rE

[
(rkZ(r)

k )2 j]1/(2 j)
P(Z(r)

j = 0)
j−1/2

j = O(r j+1/2) = o(r j).
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For (b), using similar discussion as (2.30 )and (2.31), one has

r jE
[

exp
(〈

(0, ...0, 0, r j+1θ j+1, ...rJθJ),Z(r)〉)] − E [
exp

(〈
(δ̃(r)

1 (θ, j), ..., δ̃(r)
J (θ, j)),Z(r)〉)]

= r jE
[

exp
(〈

(0, ...0, 0, r j+1θ j+1, ...rJθJ),Z(r)〉)·(
1 − exp

(〈
(w1 jr j+1/2θ j +

∑
`> j

w1`r`θ`, ..., r j+1/2θ j+
∑
`> j

w j`r`θ`,
∑
`> j+1

w j+1,`r`θ`, ..., , 0),Z(r)〉)]
≤ r jE

[
w1 jr j−1/2|θ j|rZ(r)

1 +
∑
`> j

w1`r`−1|θ`|rZ(r)
1 + ...+r j+1/2|θ j|Z

(r)
j

+
∑
`> j

w j`r`− j|θ`|r jZ(r)
j +

∑
`> j+1

w j+1,`r`− j−1|θ`|r j+1Z(r)
j+1 + ...,wJ−1,Jr|θJ |rJ−1Z(r)

J−1 + 0
]

= O(r j+1) = o(r j),
(2.32)

and

E
[

exp
(〈

(0, ...0, 0, r j+1θ j+1, ...rJθJ),Z(r)〉)
1(Z(r)

j = 0)
]

−E
[

exp
(〈

(δ̃(r)
1 (θ, j),..., δ̃(r)

J (θ, j)),Z(r)〉)
1(Z(r)

j = 0)
]

= E
[

exp
(〈

(0, ...0, 0, r j+1θ j+1, ...rJθJ),Z(r)〉)·(
1 − exp

(〈
(w1 jr j+1/2θ j +

∑
`> j

w1`r`θ`, ..., 0,
∑
`> j+1

w j+1,`r`θ`, ..., 0),Z(r)〉)
1(Z(r)

j = 0)
]

≤ E
[(

w1 jr j−1/2|θ j|rZ(r)
1 +

∑
`> j

w1`r`−1|θ`|rZ(r)
1 + ... + w j−1, jr3/2|θ j|r j−1Z(r)

j−1

+
∑
`> j

w j−1,`r`− j+1|θ`|r j−1Z(r)
j−1 +

∑
`> j+1

w j+1,`r`− j−1|θ`|r j+1Z(r)
j+1 + ... + 0

)
1(Z(r)

j = 0)
]

= o(r j).

(2.33)

�

2.5 Proof under general distribution

The proof under general distribution will follow closely to [7] in term of

parametrization such that one can see clearly the powerfulness of the BAR ap-

67



proach on dealing with general distribution under various networks. Recall that

Xr, r ∈ (0, 1), is the steady-state in the rth queueing network as defined in (2.4).

The following lemma is a direct result from [6] (Lemma 4.4).

Lemma 30.

P
(
Z(r)

j = 0
)

= 1 − λ j/µ
(r)
j = r j, j ∈ J .

Following the same argument in [7], we first assume there exists a constant κ > 0

such that

P
{
Te, j(1) ≤ κ

}
= 1, P

{
Ts, j(1) ≤ κ

}
= 1, j ∈ J . (2.34)

The condition (2.34) can be removed by truncating the residual arrival R(r)
e and

service time R(r)
e by 1/r and making minor modification as discussed in case 2 of

Section 7 [7]. We leave this task to a future research.

For η ∈ RJ and ξ ∈ RJ, we consider a special class of g that is given by

gθ(x) = gθ(z, u, v) = exp
(
〈θ, z〉, 〈η, u〉, 〈ξ, v〉

)
, (z, u, v) ∈ ZJ

+ × R
J
+ × R

J
+.

We define

Agθ(x) = −
∑
j∈J

∂g
∂u j

(x) −
∑
j∈J

∂g
∂v j

(x)1
(
z j > 0

)
and η j

(
θ j

)
and ξ j(θ) via

eθ jEeη j(θ j)Te, j(1) = 1, j ∈ J

e−θ j

∑
`∈J

eθ`P j` + P j0

Eeξ j(θ)Ts, j(1) = 1, j ∈ J

Then following [7] (Lemma 7.1), one has

E
[
Agθ (Xr)

]
= 0

For each r ∈ (0, 1), we further define

η(r)
j (θ j) = α jη j(θ j), ξ(r)

j (θ) = µ(r)
j ξ j(θ), (2.35)
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and

gθ(x) = gθ(z, u, v) = exp
(
〈θ, z〉,

∑
j∈J

η(r)
j (θ j)u j,

∑
j∈J

ξ(r)
j (θ)v j

)
, (z, u, v) ∈ ZJ

+ × R
J
+ × R

J
+.

Then referring to [7] (Lemma 7.2 and 7.5), we have the following lemmas:

Lemma 31. If Assumption 3 is satisfied, then the steady-state random variable X(r)

follows the following BAR: for each θ ∈ RJ
− and each r ∈ (0, 1),∑

j∈J

η(r)
j

(
θ j

)
E

[
gθ

(
X(r)

)]
+

∑
j∈J

ξ(r)
j (θ)E

[
gθ

(
X(r)

)
1

(
Z(r)

j > 0
)]

= 0. (2.36)

Lemma 32. Set

η̄ j

(
θ j

)
= −θ j, η̃ j

(
θ j

)
= −

1
2

c2
e, jθ

2
j , j ∈ J

ξ̄ j(θ) =
(
θ j −

∑
i∈J

P jiθi

)
,

ξ̃ j(θ) = −
1
2

c2
s, j

(
θ j −

∑
i∈J

P jiθi

)2
−

1
2

∑
i∈J

P jiθ
2
i +

1
2

(∑
i∈J

P jiθi

)2
, j ∈ J .

Then as θ → 0,

η j

(
θ j

)
= η̄ j

(
θ j

)
+ η̃ j

(
θ j

)
+ o

(
θ2

j

)
, j ∈ J

ξ j(θ) = ξ̄ j(θ) + ξ̃ j(θ) + o
(
|θ|2

)
, j ∈ J

Proof of Theorem 18. Let

gδ(r)(θ, j)(z) = exp
(
〈δ(r)(θ, j), z〉,

∑
j∈J

η(r)
j
(
δ(r)

j (θ, j)
)
u j,

∑
j∈J

ξ(r)
j
(
δ(r)(θ, j)

)
v j

)
,

where δ(r)(θ, j) = (δ(r)
1 (θ, j), ..., δ(r)

J (θ, j))′ is defined by (2.14). For easy reference to

(2.13), we denote

Ĝ1
(
δ(r)(θ, j)

)
=

∑
i∈J

αiη̄
(r)
i (θi)E

[
gδ(r)(θ, j)

(
X(r)

)]
+

∑
i∈J

µ(r)
i ξ̄

(r)
i (θ)E

[
gδ(r)(θ, j)

(
X(r)

)
1

(
Z(r)

j > 0
)]
,

Ĝ2
(
δ(r)(θ, j)

)
=

∑
i∈J

αiη̃
(r)
i (θi)E

[
gδ(r)(θ, j)

(
X(r)

)]
+

∑
i∈J

λiξ̃
(r)
i (θ)E

[
gδ(r)(θ, j)

(
X(r)

)]
.
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With (2.35) and Lemma 31, keeping the terms with order r2 j or smaller, the BAR

2.36 can be written as

Ĝ1
(
δ(r)(θ, j)

)
+ Ĝ2

(
δ(r)(θ, j)

)
= o

(
r2 j

)
.

Note that Ĝ1
(
θ(r)

)
is the same as the first order term of Taylor Expansion un-

der the exponential distribution, where we define G1
(
θ(r)

)
in (2.13), except that

function fθ(r)(z) is replaced by gθ(r)(x). Then following the proof of Lemma 28,

one has

G1
(
δ(r)(θ, j)

)
=r2 jµ(r)

j θ j(1 − w j j)E
[
gδ(r)(θ, j)

(
X(r)

)]
− r jµ(r)

j θ j(1 − w j j)E
[
gδ(r)(θ, j)

(
X(r)

)
1(Z(r)

j = 0)
]
.

Denote β̃ j = µ(r)
j (1 − w j j), then we have

G1
(
δ(r)(θ, j)

)
= r2 jβ̃ jθ jE

[
gδ(r)(θ, j)

(
X(r)

)]
− β̃ jr jθ jE

[
gδ(r)(θ, j)

(
X(r)

)
1(Z(r)

j = 0)
]
. (2.37)

Now we consider G2
(
δ(r)(θ, j)

)
. Denote σ̃2

j such that

G2
(
δ(r)(θ, j)

)
, −

1
2

r2 jθ2
jE

[
gδ(r)(θ, j)

(
X(r)

)]
σ̃2

j ,

then σ̃2
j has the following:

σ̃2
j =α jc2

e, j +
∑
i< j

αic2
e,iw

2
i j +

∑
i< j

µ(r)
i c2

s,i
(
wi j −

∑
`< j

Pi`w` j − Pi j
)2

+
∑
i> j

µ(r)
i c2

s,i
(∑
`≤ j

Pi`w` j
)2

+ µ(r)
j c2

s, j
(
1 − P j j −

∑
`< j

P j`w`, j
)2

+
∑
i∈J

µ(r)
i

[∑
`< j

Pi`w` j
(
w` j −

∑
`′< j

Pi`′w`′ j − Pi j
)

+ Pi j
(
1 −

∑
`′< j

Pi`′w`′ j − Pi j
)]

=α jc2
e, j +

∑
i< j

αic2
e,iw

2
i j +

∑
i> j

µ(r)
i c2

s,i
(∑
`≤ j

Pi`w` j
)2

+ µ(r)
j c2

s, j
(
1 − P j j −

∑
`< j

P j`w`, j
)2

+
∑
i∈J

µ(r)
i

[∑
`< j

Pi`w` j
(
w` j − wi j

)
+ Pi j

(
1 − wi j

)]
=α jc2

e, j +
∑
i< j

αic2
e,iw

2
i j +

∑
i> j

µ(r)
i c2

s,i
(∑
`≤ j

Pi`w` j
)2

+ µ(r)
j c2

s, j
(
1 − w j j

)2

+
∑
i∈J

µ(r)
i

[∑
`< j

Pi`w` j
(
w` j − wi j

)
+ Pi j

(
1 − wi j

)]
,
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where the last term equals∑
i∈J

µ(r)
i

[∑
`< j

Pi`w` j
(
w` j − wi j

)
+ Pi j

(
1 − wi j

)]
=

∑
i∈J

µ(r)
i

[∑
`< j

Pi`w` j
(
w` j − 1) +

∑
`< j

Pi`w` j(1 − wi j
)

+ Pi j
(
1 − wi j

)]
=

∑
i∈J

µ(r)
i

[∑
`< j

Pi`w` j
(
w` j − 1) + wi j

(
1 − wi j

)]
=

∑
i< j

µ(r)
i

[∑
`< j

Pi`w` j
(
w` j − 1) + wi j

(
1 − wi j

)]
+

∑
i≥ j

µ(r)
i

[∑
`< j

Pi`w` j
(
w` j − 1)

]
+

∑
i≥ j

µ(r)
i wi j

(
1 − wi j

)
=

∑
i< j

wi j
(
1 − wi j

)[
µ(r)

i −
∑
`∈J

P`iµ
(r)
`

]
+

∑
i≥ j

µ(r)
i wi j

(
1 − wi j

)
=

∑
i< j

wi j
(
1 − wi j

)
αiρ

(r)
i +

∑
i≥ j

µ(r)
i wi j

(
1 − wi j

)
.

Plugging it back into σ̃2
j , one has

σ̃2
j =α jc2

e, j +
∑
i< j

αic2
e,iw

2
i j +

∑
i> j

µ(r)
i c2

s,i
(∑
`≤ j

Pi`w` j
)2

+ µ(r)
j c2

s, j
(
1 − w j j

)2

+
∑
i< j

wi j
(
1 − wi j

)
αiρ

(r)
i +

∑
i≥ j

µ(r)
i wi j

(
1 − wi j

)
.

Therefore,

o(r2 j) =G1
(
δ(r)(θ, j)

)
+ G2

(
δ(r)(θ, j)

)
=r2 jβ̃ jθ jE

[
gδ(r)(θ, j)

(
X(r)

)]
− β̃ jr jθ jE

[
gδ(r)(θ, j)

(
X(r)

)
1(Z(r)

j = 0)
]

−
1
2

r2 jθ2
j σ̃

2
jE

[
gδ(r)(θ, j)

(
X(r)

)]
.

Divide both sides by r jβ̃ jθ j, one has

r j
(
1 − θ j

σ̃2
j

2β̃ j

)
E

[
gδ(r)(θ, j)

(
X(r)

)]
= E

[
gδ(r)(θ, j)

(
X(r)

)
1(Z(r)

j = 0)
]

+ o(r j). (2.38)

Now we let

gδ̃(r)(θ, j)(z) = exp
(
〈δ̃(r)(θ, j), z〉,

∑
j∈J

η(r)
j
(
δ̃(r)

j (θ, j)
)
u j,

∑
j∈J

ξ(r)
j
(
δ̃(r)(θ, j)

)
v j

)
,

71



where δ̃(r)(θ, j) = (δ̃(r)
1 (θ, j), ..., δ̃(r)

J (θ, j))′ is defined by (2.16). Similar discussion for

(2.38) and Lemma 28 applied on gδ̃(r)(θ, j)(z) gives

r jE
[
gδ̃(r)(θ, j)

(
X(r)

)]
= E

[
gδ̃(r)(θ, j)

(
X(r)

)
1(Z(r)

j = 0)
]

+ o(r j). (2.39)

Denote by d̃ j ,
σ̃2

j

2β̃ j
. Referring to [7] (Lemma 7.4), we have the following lemma,

and the proof will be put in the end of this section.

Lemma 33. Suppose δ(r)(θ, j) and δ̃(r)(θ, j) are defined by (2.14) and 2.16, respectively.

Recall Z(r) is the steady-state queue length in X(r) =
(
Z(r),R(r)

e ,R
(r)
s
)
. Then we have

(a)

r j(1 − θ jd̃ j)E
[
gδ(r)(θ, j)

(
X(r)

) ]
−r j(1 − θ jd̃ j)E

[
exp

(〈
(0, ...0, r jθ j, r j+1θ j+1, ...rJθJ),Z(r)〉)] = o(r j),

(2.40)

E
[
gδ(r)(θ, j)

(
X(r)

)
1(Z(r)

j = 0)
]

− E
[
exp

(〈
(0, ..., 0, 0, r j+1θ j+1, ..., rJθJ),Z(r)〉)

1(Z(r)
j = 0)

]
= o(r j).

(2.41)

(b)

r jE
[
gδ̃(r)(θ, j)

(
X(r)

)]
− r jE

[
exp

(〈
(0, ...0, 0, r j+1θ j+1, ...rJθJ),Z(r)〉)] = o(r j), (2.42)

E
[
gδ̃(r)(θ, j)

(
X(r)

)
1(Z(r)

j = 0)
]

− E
[
exp

(〈
(0, ..., 0, 0, r j+1θ j+1, ..., rJθJ),Z(r)〉)

1(Z(r)
j = 0)

]
= o(r j).

(2.43)

Combining Lemma 33 with (2.38) and (2.39), the steady-state queue length Z(r)

in X(r) =
(
Z(r),R(r)

e ,R
(r)
s
)

satisfies

r j(1 − θ jd̃ j)E
[
exp

(〈
(0, ..., 0, r jθ j, r j+1θ j+1, ..., rJθJ),Z(r)〉)]

= E
[
exp

(〈
(0, ..., 0, 0, r j+1θ j+1, ..., rJθJ),Z(r)〉)

1(Z(r)
j = 0)

]
+ o(r j),

(2.44)

72



and

r jE
[
exp

(〈
(0, ..., 0, 0, r j+1θ j+1, ..., rJθJ),Z(r)〉)]

= E
[
exp

(〈
(0, ..., 0, 0, r j+1θ j+1, ..., rJθJ),Z(r)〉)

1(Z(r)
j = 0)

]
+ o(r j).

(2.45)

Note the RHS’s of 2.44 and 2.45 are the same. Dividing both sides by r j, we

therefore have

(1 − θ jd̃ j)E
[
exp

(〈
(0, ..., 0, r jθ j, r j+1θ j+1, ..., rJθJ),Z(r)〉)]

=E
[
exp

(〈
(0, ..., 0, 0, r j+1θ j+1, ..., rJθJ),Z(r)〉)] + o(1).

(2.46)

Readers can notices that (2.46) is the same as (2.25) except that here d̃ j =
σ̃2

j

2β̃ j

replacing d̃ j = 1. Denoting by

β j , lim
r↓0

β̃ j = lim
r↓0

µ(r)
j (1 − w j j) = λ j(1 − w j j)

σ2
j , lim

r↓0
σ̃2

j = α jc2
e, j +

∑
i< j

αiw2
i jc

2
e,i + λ jc2

s, j(1 − w j j)2 +
∑
i> j

λiw2
i jc

2
s,i

+
∑
i< j

αiwi j(1 − wi j) +
∑
i≥ j

λiwi j(1 − wi j)

and d j ,
σ2

j

2β j
concludes the proof. �

Proof of Lemma 33. For (a)(2.40), by subtracting and adding a term, we have two

summations as follows:

r j(1 − θ jd̃ j)
{
E

[
gδ(r)(θ, j)

(
X(r)

)]
− E

[
exp

(〈
(0, ...0, r jθ j, r j+1θ j+1, ...rJθJ),Z(r)〉)]}

=r j(1 − θ jd̃ j)
{
E

[
gδ(r)(θ, j)

(
X(r)

)]
− E

[
exp

(〈
(δ(r)

1 (θ, j), ..., δ(r)
J (θ, j)),Z(r)〉)] }

+ r j(1 − θ jd̃ j)
{
E

[
exp

(〈
(δ(r)

1 (θ, j), ..., δ(r)
J (θ, j)),Z(r)〉)]

− E
[

exp
(〈

(0, ...0, r jθ j, r j+1θ j+1, ...rJθJ),Z(r)〉)]},
where the second summation is the same as (2.19) except the constant d̃ j, which

has been proved in Lemma 29. Therefore, we only need to consider the first
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summation. With Lemma 25, one has

r j(1 − θ jd̃ j)
{
E

[
gδ(r)(θ, j)

(
X(r)

)]
− E

[
exp

(〈
(δ(r)

1 (θ, j), ..., δ(r)
J (θ, j)),Z(r)〉)] }

=r j(1 − θ jd̃ j)E
[

exp
(〈

(δ(r)
1 (θ, j), ..., δ(r)

J (θ, j)),Z(r)〉)·(
1 − exp

{〈
η(r)(δ(r)

j (θ, j)
)
,Re

〉
+

〈
ξ(r)(δ(r)(θ, j)

)
,R(r)

s
〉})]

≤r j(1 − θ jd̃ j)E
[(

1 − exp
{〈
η(r)(δ(r)

j (θ, j)
)
,Re

〉
+

〈
ξ(r)(δ(r)(θ, j)

)
,R(r)

s
〉})]

≤r j(1 − θ jd̃ j)Y
(r)
j exp(Y (r)

j ),

where we have used∣∣∣∣〈η(r)(δ(r)
j (θ, j)

)
,Re

〉
+

〈
ξ(r)(δ(r)(θ, j)

)
,R(r)

s
〉∣∣∣∣ ≤ (∣∣∣∣∣η(r)(δ(r)

j (θ, j)
)∣∣∣∣∣ +

∣∣∣∣∣ξ(r)(δ(r)(θ, j)
)∣∣∣∣∣)C , Y (r)

j

and C > 0 is a constant large enough that

κ/λ j ≤ C, κ/µ(r)
j ≤ C.

From Lemma 32, one has

Y (r)
j → 0, as r ↓ 0, (2.47)

where we use ∣∣∣∣∣η(r)(δ(r)
j (θ, j)

)∣∣∣∣∣ = O(r j),
∣∣∣∣∣ξ(r)(δ(r)(θ, j)

)∣∣∣∣∣ = O(r j)

with the definition of δ(r)(θ, j) in (2.14). Therefore,

r j

{
E

[
gδ(r)(θ, j)

(
X(r)

)]
− E

[
exp

(〈
(δ(r)

1 (θ, j), ..., δ(r)
J (θ, j)),Z(r)〉)] }

≤r jY (r)
j exp(Y (r)

j ) = o(r j),

For (a)(2.41), by subtracting and adding a term, we have two summations as

follows:{
E
[
gδ(r)(θ, j)

(
X(r)

)
1(Z(r)

j = 0)
]
− E

[
exp

(〈
(δ(r)

1 (θ, j), ..., δ(r)
J (θ, j)),Z(r)〉)

1(Z(r)
j = 0)

] }
+

{
E

[
exp

(〈
(δ(r)

1 (θ, j), ..., δ(r)
J (θ, j)),Z(r)〉)

1(Z(r)
j = 0)

]
− E

[
exp

(〈
(0, ..., 0, 0, r j+1θ j+1, ..., rJθJ),Z(r)〉)

1(Z(r)
j = 0)

] }
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where the second summation is the same as (2.20), which has been proved in

Lemma 29. Now we only consider the first summation. With Lemma 25, one

has{
E

[
gδ(r)(θ, j)

(
X(r)

)
1(Z(r)

j = 0)
]
− E

[
exp

(〈
(δ(r)

1 (θ, j), ..., δ(r)
J (θ, j)),Z(r)〉)

1(Z(r)
j = 0)

] }
=E

[
exp

(〈
(δ(r)

1 (θ, j), ..., δ(r)
J (θ, j)),Z(r)〉)·(

1 − exp
{〈
η(r)(δ(r)

j (θ, j)
)
,Re

〉
+

〈
ξ(r)(δ(r)(θ, j)

)
,R(r)

s
〉})
1(Z(r)

j = 0)
]

≤E
[(

1 − exp
{〈
η(r)(δ(r)

j (θ, j)
)
,Re

〉
+

〈
ξ(r)(δ(r)(θ, j)

)
,R(r)

s
〉})
1(Z(r)

j = 0)
]

≤Y (r)
j exp(Y (r)

j )E
[
1(Z(r)

j = 0)
]

= Y (r)
j exp(Y (r)

j )P(Z(r)
j = 0) = o(r j),

where in the last equality, we use the Lemma 22 and (2.47).

Similarly, for (b) (2.42) and (2.43), we can also subtract and add a term and

combine the summation with Lemma 29 (b) (2.21) and (2.22), respectively. Then

the proof is concluded.

�
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APPENDIX A

APPENDIX OF CHAPTER 1

A.1 Proofs in Section 1.5: Preliminary Results I

A.1.1 Proof of Lemma 4(a)

Proof. Assume f (z) : RJ → R satisfy | f (z)| ≤ C
∑K

k=1 Wn
k (z) for some C > 0. As

discussed in [[5] Lemma 1], a sufficient condition to ensure

E
[
G f

(
Z(ε)(∞)

)]
= 0

is given by [22] and [15], which requires

E
[∣∣∣∣∣G (

Z(ε)(∞),Z(ε)(∞)
)

f
(
Z(ε)(∞)

)∣∣∣∣∣] < ∞
where G(z, z) is the diagonal element of the generator matrix G corresponding

to state z. First, we have∣∣∣∣∣G (
Z(ε)(∞),Z(ε)(∞)

) ∣∣∣∣∣
=

∣∣∣∣∣ −
 I∑

i=1

λ(ε)
i

∑
k∈K(i)

1

(
k = H(i)(Z(ε)(∞)

)
+

K∑
k=1

∑
i∈I(k)

µikPik

(
Z(ε)(∞)

) ∣∣∣∣∣
≤

I∑
i=1

λi +

K∑
k=1

∑
i∈I(k)

µik

Therefore, by assumption, it is sufficient to show that
∑K

k=1 E
[
Wn

k

(
Z(ε)(∞)

)]
< ∞.

Now let

V(z) =
1

n + 1

K∑
k=1

1
un−1

k

Wn+1
k (z),
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then by binomial expansion, the generator becomes

GV(z) =
1

n + 1

I∑
i=1

λ(ε)
i

∑
k∈K(i)

1
un−1

k

 n+1∑
`=1

(
n + 1
`

) (
1
µik

)`
Wn+1−`

k (z)

1 (
k = H(i)(z)

)
+

1
n + 1

K∑
k=1

∑
i∈I(k)

µikPik(z)
un−1

k

 n+1∑
`=1

(
n + 1
`

) (
−

1
µik

)`
Wn+1−`

k (z)


=

I∑
i=1

λ(ε)
i

∑
k∈K(i)

1
un−1

k µik
Wn

k (z)1
(
k = H(i)(z)

)
−

K∑
k=1

1
un−1

k

Wn
k (z)

∑
i∈I(k)

Pik(z) + o
(
Wn

k (z)
)

(a)
≤

I∑
i=1

λ(ε)
i

∑
k∈K(i)

1
vn−1

i

(
1
µik

Wk(z)
)n

1

(
k = H(i)(z)

)
−

K∑
k=1

1
un−1

k

Wn
k (z) + o

(
Wn

k (z)
)

(b)
=

I∑
i=1

λ(ε)
i

vn−1
i

min
k∈K(i)

(
1
µik

Wk(z)
)n

−

K∑
k=1

1
un−1

k

Wn
k (z) + o

(
Wn

k (z)
)

where (a) is by (1.7), (b) is by the definition of WWTA policy. According to [11]

(Lemma 11.2), there exist a set of λ(ε)
ik such that paraller-server system under

WWTA policy satisfies λ(ε)
i =

∑
k∈K(i) λ

(ε)
ik and

∑
i∈I(k) λ

(ε)
ik mik < 1. Then the generator
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becomes

GV(z) =

I∑
i=1

∑
k∈K(i) λ

(ε)
ik

vn−1
i

min
k∈K(i)

(
1
µik

Wk(z)
)n

−

K∑
k=1

1
un−1

k

Wn
k (z) + o

(
Wn

k (z)
)

≤

I∑
i=1

1
vn−1

i

∑
k∈K(i)

λ(ε)
ik

(
1
µik

Wk(z)
)n

−

K∑
k=1

1
un−1

k

Wn
k (z) + o

(
Wn

k (z)
)

(c)
=

I∑
i=1

b∑
k∈K(i)

λ(ε)
ik

µik

1
un−1

k

Wn
k (z) +

I∑
i=1

nb∑
k∈K(i)

λ(ε)
ik

µik

1
(uk − dik)n−1 Wn

k (z)

−

K∑
k=1

1
un−1

k

Wn
k (z) + o

(
Wn

k (z)
)

=

I∑
i=1

∑
k∈K(i)

λ(ε)
ik

µik

1
un−1

k

Wn
k (z) −

K∑
k=1

1
un−1

k

Wn
k (z) + o

(
Wn

k (z)
)

+

I∑
i=1

nb∑
k∈K(i)

λ(ε)
ik

µik

1
(uk − dik)n−1 Wn

k (z) −
I∑

i=1

nb∑
k∈K(i)

λ(ε)
ik

µik

1
un−1

k

Wn
k (z)

=

I∑
i=1

1
un−1

k

 ∑
k∈K(i)

λ(ε)
ik

µik
− 1

 Wn
k (z) + o

(
Wn

k (z)
)

+

I∑
i=1

nb∑
k∈K(i)

λ(ε)
ik

µik

(
dik

uk(uk − dik)

)n−1

Wn
k (z)

where (c) is by considering basic and non-basic activities separately using (1.7)

again. Now we discuss the last term above coming from non-basic activities. We

will further show that there exist a set of λ(ε)
ik , s.t. λ(ε)

ik = 0 if activity (i, k) is non-

basic activity. By our Assumption 1, under the heavy traffic (equivalently, the

model is critical as defined in [11]), non-basic activity satisfies x∗ik = 0 under any

(if not unique) optimal solution of static allocation problem 1.3. This means the

parallel-server system can achieve the heavy traffic without working through

any non-basic activities. Denote λik ,
x∗ik
mik

, then in [11] (Lemma 11.2), λik satisfies

λi =
∑

k∈K(i) λik and
∑

i∈I(k) λikmik = 1. Suppose x(ε) satisfying the constraints in the

static allocation problem 1.3 with λi replaced by λ(ε)
i = λi(1−ε), and λ(ε)

ik = λik(1−ε).

Then λ(ε)
ik satisfies all the subcritical condition in [11] (Lemma 11.2), and λ(ε)

ik = 0

for any non-basic activity. Furthermore,
∑

i∈I(k) λ
(ε)
ik mik = (1− ε) < 1. Therefore, we
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use this set of λ(ε)
ik , and the generator then becomes

GV(z) =

I∑
i=1

1
un−1

k

 ∑
k∈K(i)

λ(ε)
ik

µik
− 1

 Wn
k (z) + o

(
Wn

k (z)
)

≤ −
ε

ūn−1

I∑
i=1

Wn
k (z) + o

(
Wn

k (z)
)

where ū = maxk=1,...Kuk > 0. Then there exists some constant c > 0, such that for∑K
k=1 Wn

k (z) ≥ cw, k = 1, ...K,

−
ε

ūn−1

K∑
k=1

Wn
k (z) + o

(
Wn

k (z)
)
≤ −cε

I∑
i=1

Wn
k (z)

then ∃d > 0,

GV(z) ≤ −cε
I∑

i=1

Wn
k (z) + d1

( I∑
i=1

Wn
k (z) < cw

)
invoking [[26], Theorem 4.3], we have

K∑
k=1

E
[
Wn

k

(
Z(ε)(∞)

)]
< ∞

�

A.2 Proofs in Section 1.7: Preliminary Results II

A.2.1 Proof of Lemma 11

Proof. 1. In (1.12), for non-basic activity (i, k), we have

E

[
dik

1
uk

Wk(Z(ε))1
(
k = H(i)(Z(ε))

)]
(i)

(a)
<E

[
dik

1
uk − dik

Wk(Z(ε))1
(
k = H(i)(Z(ε))

)]
(ii)

(b)
≤E

[
dik

1
uk′

Wk′(Z(ε))1
(
k = H(i)(Z(ε))

)]
(iii)
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where (a) is by dik > 0, (b) is because when (i, k) is non-basic activity, there

must exist basic activity ik′ according to complete resource pooling as-

sumption. When k = H(i)(Z(ε)), by WWTA policy, 1
µik

Wk(Z(ε)) ≤ 1
µik′

Wk′(Z(ε)). If

we divide both sides by vi, it becomes 1
uk−dik

Wk(Z(ε)) ≤ 1
uk′

Wk′(Z(ε)). Therefore,

(ii) − (i) ≤ (iii) − (i) implies

0 <E
[
dik

dik

(uk − dik)uk
Wk(Z(ε))1

(
k = H(i)(Z(ε))

)]
≤E

[
dik

(
1
u′k

Wk′(Z(ε)) −
1
uk

Wk(Z(ε))
)
1

(
k = H(i)(Z(ε))

)]
≤E

[
dik

[
max

k∈{1,...K}

1
uk

Wk(Z(ε)) − min
k∈{1,...K}

1
uk

Wk(Z(ε))
]
1

(
k = H(i)(Z(ε))

)]
(c)
=dikE

( max
k∈{1,...K}

Tk(Z(ε)) − min
k∈{1,...K}

Tk(Z(ε))
)21/2

P
(
k = H(i)(Z(ε))

)1/2

(d)
=O(ε1/2)

where (c) is by Cauchy-Schwarz inequality, (d) uses Theorem 8 and

Lemma 6 ((1.8)). Therefore, we have proved for non-basic activity (i, k),

E
[
Wk(Z(ε))1

(
k = H(i)(Z(ε))

)]
= O(ε1/2) (A.1)

Furthermore,

E

( K∑
k′=1

uk′Wk′(Z(ε))
)
1

(
k = H(i)(Z(ε))

)
=E

( K∑
k′=1

uk′Wk′(Z(ε)) −
K∑

k′=1

uk′Wk(Z(ε))
)
1

(
k = H(i)(Z(ε))

)
+ E

( K∑
k′=1

uk′Wk(Z(ε))
)
1

(
k = H(i)(Z(ε))

)
(e)
≤E

∣∣∣∣∣ K∑
k′=1

uk′Wk′(Z(ε)) −
K∑

k′=1

uk′Wk(Z(ε))
∣∣∣∣∣2
1/2

P
(
k = H(i)(Z(ε))

)1/2

+

K∑
k′=1

uk′E
[
Wk(Z(ε))1

(
k = H(i)(Z(ε))

) ]
( f )
=O(ε1/2)
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where (e) is by Cauchy-Schwarz inequality, ( f ) uses Theorem 8, Lemma 6

((1.8)) and A.1.

2. (1.13) and (1.14) will be proved together:

Let f (z) = (
∑I

i=1
∑

k∈K(i) vizik)2, then the generator (1.6) becomes

G f (z) = 2
I∑

i=1

∑
k∈K(i)

λ(ε)
i

( I∑
i=1

∑
k∈K(i)

vizik

)
1

(
k = H(i)(z)

)
+

I∑
i=1

∑
k∈K(i)

λ(ε)
i v2

i 1
(
k = H(i)(z)

)
− 2

K∑
k=1

∑
i∈I(k)

µikviPik(z)
( I∑

i=1

∑
k∈K(i)

vizik

)
+

K∑
k=1

∑
i∈I(k)

µikv2
i Pik(z)

By Lemma 4(a), we have

K∑
k=1

∑
i∈I(k)

µikviE

Pik(Z(ε))
( I∑

i=1

∑
k∈K(i)

viZ
(ε)
ik

)
=

I∑
i=1

∑
k∈K(i)

λ(ε)
i viE

( I∑
i=1

∑
k∈K(i)

viZ
(ε)
ik

)
1

(
k = H(i)(Z(ε))

) +
1
2

I∑
i=1

∑
k∈K(i)

λ(ε)
i v2

i P
(
k = H(i)(Z(ε))

)
+

1
2

K∑
k=1

∑
i∈I(k)

µikv2
i E

[
Pik(Z(ε))

]
(A.2)

Let f (z) =
(∑I

i=1
∑b

k∈K(i) vizik

)2
, i.e., we consider only the basic activities. Then

the generator (1.6) becomes

G f (z) = 2
I∑

i=1

b∑
k∈K(i)

λ(ε)
i vi

( I∑
i=1

b∑
k∈K(i)

vizik

)
1

(
k = H(i)(z)

)
+

I∑
i=1

b∑
k∈K(i)

λ(ε)
i v2

i 1
(
k = H(i)(z)

)
− 2

K∑
k=1

b∑
i∈I(k)

µikviPik(z)
( I∑

i=1

b∑
k∈K(i)

zik

)
+

K∑
k=1

b∑
i∈I(k)

µikv2
i Pik(z)

By Lemma 4(a), we have

K∑
k=1

b∑
i∈I(k)

µikviE

Pik(Z(ε))
( I∑

i=1

b∑
k∈K(i)

viZ
(ε)
ik

)
=

I∑
i=1

b∑
k∈K(i)

λ(ε)
i viE

( I∑
i=1

b∑
k∈K(i)

viZ
(ε)
ik

)
1

(
k = H(i)(Z(ε))

) +
1
2

I∑
i=1

b∑
k∈K(i)

λ(ε)
i v2

i P
(
k = H(i)(Z(ε))

)
+

1
2

K∑
k=1

b∑
i∈I(k)

µikv2
i E

[
Pik(Z(ε))

]
(A.3)
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Then let (A.2) − (A.3), we have

K∑
k=1

nb∑
i∈I(k)

µikviE

Pik(Z(ε))
( I∑

i=1

∑
k∈K(i)

viZ
(ε)
ik

)
+

K∑
k=1

b∑
i∈I(k)

µikviE

Pik(Z(ε))
( I∑

i=1

nb∑
k∈K(i)

viZ
(ε)
ik

)
=

I∑
i=1

nb∑
k∈K(i)

λ(ε)
i viE

( I∑
i=1

∑
k∈K(i)

viZ
(ε)
ik

)
1

(
k = H(i)(Z(ε))

)
+

I∑
i=1

b∑
k∈K(i)

λ(ε)
i viE

( I∑
i=1

nb∑
k∈K(i)

viZ
(ε)
ik

)
1

(
k = H(i)(Z(ε))

)
+

1
2

I∑
i=1

nb∑
k∈K(i)

λ(ε)
i v2

i P
(
k = H(i)(Z(ε))

)
+

1
2

K∑
k=1

nb∑
i∈I(k)

µikv2
i E

[
Pik(Z(ε))

]
=

I∑
i=1

nb∑
k∈K(i)

λ(ε)
i viE

( I∑
i=1

∑
k∈K(i)

viZ
(ε)
ik

)
1

(
k = H(i)(Z(ε))

)
+

I∑
i=1

b∑
k∈K(i)

λ(ε)
i viE

( I∑
i=1

nb∑
k∈K(i)

viZ
(ε)
ik

)
1

(
k = H(i)(Z(ε))

) + O(ε)

(A.4)

where the last equality is by Lemma 5 and (1.8).

Let f (z) = (
∑I

i=1
∑nb

k∈K(i) vizik)2, then the generator (1.6) becomes

G f (z) =2
I∑

i=1

nb∑
k∈K(i)

λ(ε)
i vi

( I∑
i=1

nb∑
k∈K(i)

vizik

)
1

(
k = H(i)(z)

)
+

I∑
i=1

nb∑
k∈K(i)

λ(ε)
i v2

i 1
(
k = H(i)(z)

)
− 2

K∑
k=1

nb∑
i∈I(k)

µikviPik(z)

 I∑
i=1

nb∑
k∈K(i)

vizik

 +

K∑
k=1

nb∑
i∈I(k)

µikv2
i Pik(z)

By Lemma 4(a), and Lemma 5 with (1.8), we have

I∑
i=1

nb∑
k∈K(i)

µikviE

Pik(Z(ε))

 I∑
i=1

nb∑
k∈K(i)

viZ
(ε)
ik




−

I∑
i=1

nb∑
k∈K(i)

λiviE


 I∑

i=1

nb∑
k∈K(i)

viZ
(ε)
ik

1 (
k = H(i)(Z(ε))

)
=

I∑
i=1

nb∑
k∈K(i)

λ(ε)
i v2

i P
(
k = H(i)(Z(ε))

)
+

K∑
k=1

nb∑
i∈I(k)

µikv2
i E

[
Pik(Z(ε))

]
=O(ε)

(A.5)
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Now, adding (A.4) to (A.5),we have

K∑
k=1

nb∑
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then by rearranging some terms,
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note that terms with dik exist only when (i, k) is non-basic activity, then we

83



have
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(A.6)

Now we discuss each term on the RHS of (A.6). The first term by 1.15 and

(1.12) becomes:
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For the third term and the fourth term, by (A.5) and 1.15 ,
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and there exists C > 0,
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where the each last equality is just proved as first term. For the fifth term,

by Lemma 10, we have
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Then (A.6) becomes
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(A.7)

The LHS of (A.7) is always non-negative, therefore, we have proved the

1.13, that is, for each non-basic activity (i, k),
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A.3 Proofs in Section 1.8

A.3.1 Proof of Corollary 13

Proof. We omit (∞) in Z(ε)(∞) for simplicity. Denote
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→ 0, as ε ↓ 0

i.e.

ε
∣∣∣U (ε) − X̃(ε)

∣∣∣ L1

→ 0, as ε ↓ 0

which means

ε
∣∣∣U (ε) − X̃(ε)

∣∣∣ p
→ 0, as ε ↓ 0 (A.9)

Combining (A.8) with (A.9), we have
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→ X̃, as ε ↓ 0

that is,
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A.3.2 Proof Lemma 16

We omit (∞) in Z(ε)(∞) for simplicity.

Proof. For ∀i = 1, ...I, we have
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(A.10)

where (a) is by bounded convergence theorem, (b) holds by Moore-Osgood

Theorem([16]), (c) is directly by case (a), (1.21). The detailed proofs for (a), (b), (c)

are listed as follows:

(a) In this part we will show the interchange of the limit and expectation.

Since 0 < λivi ≤ 1, 0 < uk ≤ 1, 0 ≤ Pik(Z(ε)) ≤ 1 almost surely, then
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Therefore, by Bounded Convergence Theorem, we have
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(b) In this part we will show the interchange of the limit w.r.t. t and ε.

We first introduce Moore-Osgood Theorem in [16, Theorem 2]

Theorem 34 (Moore-Osgood). If limx→p f (x, y) exists point-wise for each y dif-

ferent from q and if limy→q f (x, y) converges uniformly for x , p then the double

limit and the iterated limits exist and are equal, i.e.

lim
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f (x, y) = lim
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Now we discuss the interchange of limit w.r.t ε and t. First, by (1.21) ,

limε→0 gi(ε, t) exists point-wise for t , 0. Next we present the following

Lemma 35 to check the second condition of Moore-Osgood Theorem, and

the proof is put in the Appendix A.3.3.

Lemma 35. limt→0 gi(ε, t) converges uniformly for ε , 0, for i = 1, ...I.

Then the conditions for Moore-Osgood Theorem 34 are satisfied, therefore
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the limits can be interchanged, i.e.
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�

A.3.3 Proof of lemma 35

Proof of lemma (35). This is to prove ∀η > 0, ∃δi > 0, when |t−0| < δi, ∀ε , 0 being

sufficiently small, |gi(ε, t) − gi(ε, 0)| < η.
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For i = 1, ...I,
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ik − 1

)
∣∣∣∣∣∣∣

≤E


∣∣∣∣∣∣∣
(
λivi −

∑
k∈K(i)

ukPik(Z(ε))
)∣∣∣∣∣∣∣

∣∣∣∣eεθ(∑I
i=1

∑
k∈K(i) viZ

(ε)
ik

)∣∣∣∣ ∣∣∣∣∣(eεθt ∑k∈K(i) viZ
(ε)
ik − 1

)∣∣∣∣∣
∣∣∣∣∣∣∣

(a)
≤2E

∣∣∣∣∣(eεθt ∑k∈K(i) viZ
(ε)
ik − 1

)∣∣∣∣∣
(b)
≤2|θ|tε

∑
k∈K(i)

viE
[
Z(ε)

ik

]
(c)
≤2|θ|vitM0

where (a) is by the following: eεθ
(∑I

i=1
∑

k∈K(i) viZ
(ε)
ik

)
≤ 1, almost surely, since θ ≤ 0;

0 ≤ Pik(Z(ε)) ≤ 1; and 0 < λivi ≤ 1;
∑K

k=1 uk = 1. (b) is by Lemma 25; (c) is by

Lemma 4(b) with the existence of constant M0 > 0. Hence, we let δi =
η

3vi M0 |θ|
.

When |t| < δi,

|gi(ε, t) − gi(ε, 0)| ≤ 2viM0|θ|
η

3viM0|θ|
< η

Therefore, limt↓0 gi(ε, t) converges uniformly for ε > 0, i = 1, ...I. �
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APPENDIX B

APPENDIX OF CHAPTER 2

B.1 Proof of Lemma 23

Remark 8 (Lemma 21). Following Lemma 4 of [33] and Lemma 1 of [5], a sufficient

condition for Lemma 21 is to require that

E
[∣∣∣GZ(r)(Z(r),Z(r)) f (Z(r))

∣∣∣] < ∞,
where Gz(z, z) is the diagonal entry of the generator matrix Gz corresponding to the state

z. Since there exist some constant M > 0, such that

|GZ(r)(Z(r),Z(r))| ≤
∑
i∈J

(
αi +

∑
j∈J

µ(r)
j P ji

)
+

∑
i∈J

(
µ(r)

i +
∑

j∈{0}∪J

µ(r)
i Pi j

)
≤ M,

and f (z) ≤ (
∑

j∈J c jz j)n for some n ∈ N+, it suffices to show that E[
(∑

j∈J c jZ
(r)
j
)n] < ∞,

for r ∈ (0, r0). Following that it suffices to show there exist some constants c, d > 0 such

that for (
∑

j∈J c jz j)n ≥ cz with constant cz > 0,

G f (z) ≤ −c
(∑

j∈J

c jz j
)n

+ d1
((∑

j∈J

c jz j
)n
< cz

)
. (B.1)

Proof of Lemma 23. Proof sketch: the proof will start with the lightest station 1

with the first moment. Then the proof will be carried over through Mathemat-

ical induction, which including two directions as follows: the first direction is

given the low order moment boundedness, to prove the high order moment

boundedness. The second direction is given the lighter station moment bound-

edness, to prove the heavier station moment boundedness.

(I) This step will prove moment boundedness by induction for station 1, that

is to show E[(rZ(r)
1 )n] ≤ M(1)

n ,∀n ∈ N+, r ∈ (0, r1) for some r1 ∈ (0, 1).
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(i) For n = 1, we let f (z) = z2
1, then the generator 2.10 becomes

G f (z) =α1(2z1 + 1) + µ1(1 − P11)(−2z1 + 1)1(z1 > 0)

+
∑

i∈J\{1}

µ(r)
i Pi1(2z1 + 1)1(zi > 0)

=2e(1)′(1 − P′)λz1 − 2e(1)′(1 − P′)


µ(r)

1 1(z1 > 0)
...

µ(r)
J 1(zk > 0)

 z1

+ α1 + µ(r)
1 (1 − P11)1(z1 > 0) +

∑
i∈J\{1}

µ(r)
i Pi11(zi > 0)

=2z1e(1)′(1 − P′)


−rµ(r)

1

...

−rJµ(r)
J

 + 2z1e(1)′(1 − P′)


µ(r)

1 1(z1 = 0)
...

µ(r)
J 1(zk = 0)


+ α1 + µ(r)

1 (1 − P11)1(z1 > 0) +
∑

i∈J\{1}

µ(r)
i Pi11(zi > 0)

≤2z1
[
− rµ(r)

1 (1 − P11) +
∑

i∈J\{1}

riµ(r)
i Pi1

]
− 2z1

∑
i∈J\{1}

µ(r)
i Pi11(zi = 0)

+ α1 + µ(r)
1 +

∑
i∈J

µ(r)
i Pi1

≤ − 2rz1
[
µ(r)

1 (1 − P11) −
∑

i∈J\{1}

ri−1µ(r)
i Pi1

]
+ α1 + µ(r)

1 +
∑
i∈J

µ(r)
i Pi1,

where there exists r1 ∈ (0, 1) such that when r ∈ (0, r1),

µ(r)
1 (1 − P11) −

∑
i∈J\{1}

ri−1µ(r)
i Pi1 > 0.

Then (B.1) is satisfied, so Lemma 21 holds with n = 1. Therefore,

taking expectation on both sides gives

E[rZ(r)
1 ] ≤

α1 + µ(r)
1 +

∑
i∈J µ

(r)
i Pi1

2
[
µ(r)

1 (1 − P11) −
∑

i∈J\{1} ri−1µ(r)
i Pi1

] < M(1)
1 ,

where M(1)
1 > 0 is constant which does not depend on r.
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(ii) Suppose for n = `, E[(rZ(r)
1 )`] ≤ M(1)

` has been proved for some constant

M(1)
` > 0. Now we will prove the case for n = ` + 1. Let f (z) = z`+2

1 .

Using binomial expansion, the generator 2.10 becomes

G f (z) =α1
[
(` + 2)z`+1

1 + R(z)
]
+ µ(r)

1 (1 − P11)
(
− (` + 2)z1 + R(z)

)
1(z1 > 0)

+
∑

i∈J\{1}

µ(r)
i Pi1

(
(` + 2)z1 + R(z)

)
(zi > 0),

where R(z) ≤
∑`

i=0 Cizi
1 includes the terms w.r.t z1 whose powers are

lower than ` + 1 and Ci are some constants. Then one has

G f (z) =(` + 2)z`+1
1 e(1)′(1 − P′)


−rµ(r)

1

...

−rJµ(r)
J


+ (` + 2)z`+1

1 e(1)′(1 − P′)


µ(r)

1 1(z1 = 0)
...

µ(r)
J 1(zJ = 0)

 + R(z)

= − (` + 2)rz`+1
1

[
µ1(1 − P11) −

∑
i∈J\{1}

ri−1µ(r)
i Pi1

]
− (` + 2)z`+1

1

∑
i∈J\{1}

µ(r)
i Pi11(zi = 0) + R(z)

≤ − (` + 2)rz`+1
1

[
µ1(1 − P11) −

∑
i∈J\{1}

ri−1µ(r)
i Pi1

]
+ R(z).

Since µ1(1−P11)−
∑

i∈J\{1} ri−1µ(r)
i Pi1 > 0, r ∈ (0, r1), there exists c > 0, cz >

0, d > 0, such that

G f (z) ≤ −cz`+1
1 + d1(z`+1

1 < cz).

Then (B.1) is satisfied, so Lemma 21 holds with n = `+1. Furthermore,

by induction hypothesis, there exists constant M > 0, s.t.

r`+1E
[
R(Z(r))

]
=

∑̀
i=0

r`+1−iCiE
[
(rZ(r)

1 )i] ≤ M. (B.2)
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Therefore, With Lemma 21, multiply r` on both sides above, one has

E
[
(rZ(r)

1 )`+1] ≤ r`+1E
[
R(Z(r))

]
(` + 2)

[
µ1(1 − P11) −

∑
i∈J\{1} ri−1µ(r)

i Pi1
] ≤ M(1)

`+1,

where M(1)
`+1 > 0 is some constant and the last inequality is by (B.2)

and take r ∈ (0, r1).

(II) Step (I) has proved the moment boundedness for station i = 1. Now using

induction again, Step (II) will go through the moment boundedness from

station 1 to all heavier stations. Suppose when i = m and there exists

rm ∈ (0, 1), E[(rmZ(r)
m )n] ≤ M(m)

n ,∀n ∈ N+, r ∈ (0,mini≤m ri) has been proved.

Now let i = m + 1.

(i) For n = 1, let

f (z) = (t(m+1)′z)2,

where t(m+1)′ = (w1,m+1, . . . ,wm,m+1, 1, 0, ...0) with {wi j}, i, j ∈ J defined in

94



Lemma 17. Then the generator 2.10 becomes

G f (z) =2(t(m+1)′z)t(m+1)′α +
∑

i≤m+1

αit2
i

+ 2(t(m+1)′z)t(m+1)′
∑

j∈{0}∪J

∑
i∈J

µ(r)
i Pi j

(
− e(i) + e( j))

1(zi > 0)

+
∑

j∈{0}∪J

∑
i∈J

µ(r)
i Pi j

(
t(m+1)′(−e(i) + e( j))

)2
1(zi > 0)

≤2(t(m+1)′z)t(m+1)′(1 − P′)λ − 2(t(m+1)′z)t(m+1)′(1 − P′)


µ(r)

1 1(z1 > 0)
...

µ(r)
J 1(zJ > 0)


+

∑
i≤m+1

αit2
i +

∑
j∈{0}∪J

∑
i∈J

µ(r)
i Pi j

(
t(m+1)′(−e(i) + e( j))

)2

=2(t(m+1)′z)t(m+1)′(1 − P′)


−rµ(r)

1

...

−rJµ(r)
J

 + 2(t(m+1)′z)t(m+1)′(1 − P′)


µ(r)

1 1(z1 = 0)
...

µ(r)
J 1(zJ = 0)


+

∑
i≤m+1

αit2
i +

∑
j∈{0}∪J

∑
i∈J

µ(r)
i Pi j

(
t(m+1)′(−e(i) + e( j))

)2
.

Note the structure of t(m+1) and (1 − P′), and

t(m+1)′(1−P′) = (w1,m+1, . . . ,wm,m+1, 1, 0, ...0)



0 · · · 0 −Pm+1,1 · · · −PJ1

...
...

...
...

0 · · · 0 1 − Pm+1,m+1 · · · −PJ,m+1

0 · · · 0 0 · · · 0
...

...
...

0 · · · 0 0 · · · 0



,
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then one has

G f (z) = − 2(t(m+1)′z)
{

rm+1µ(r)
m+1

[
(1 − Pm+1,m+1) −

∑
i<m+1

Pm+1,iwi,m+1
]

−
∑

i>m+1

riµ(r)
i

( ∑
j<m+1

Pi jw j,m+1 + Pi,m+1

)}
+ 2(t(m+1)′z)(1 − Pm+1,m+1)µ(r)

m+11(zm+1 = 0)

− 2(t(m+1)′z)
( ∑

i<m+1

wi,m+1Pm+1,i
)
µ(r)

m+11(zm+1 = 0)

− 2(t(m+1)′z)
( ∑

j>m+1

(
∑

i<m+1

wi,m+1P ji)µ
(r)
j 1(z j = 0)

)
+

∑
i≤m+1

αit2
i +

∑
j∈{0}∪J

∑
i∈J

µ(r)
i Pi j

(
t(m+1)′(−e(i) + e( j))

)2

≤ − 2(t(m+1)′z)
{

rm+1µ(r)
m+1

[
(1 − Pm+1,m+1) −

∑
i<m+1

Pm+1,iwi,m+1
]

−
∑

i>m+1

riµ(r)
i

( ∑
j<m+1

Pi jw j,m+1 + Pi,m+1

)}
+ 2(t(m+1)′z)(1 − Pm+1,m+1)µ(r)

m+11(zm+1 = 0)

+
∑

i≤m+1

αit2
i +

∑
j∈{0}∪J

∑
i∈J

µ(r)
i Pi j

(
t(m+1)′(−e(i) + e( j))

)2
,

where the last two terms can be bounded by some constant C > 0:∑
i≤m+1

αit2
i +

∑
j∈{0}∪J

∑
i∈J

µ(r)
i Pi j

(
t(m+1)′(−e(i) + e( j))

)2
≤ C.

Plugging (2.6), the generator becomes

G f (z) ≤ − 2(t(m+1)′z)
{

rm+1µ(r)
m+1(1 − wm+1,m+1) −

∑
i>m+1

riµ(r)
i wi,m+1

}
+ 2(t(m+1)′z)(1 − Pm+1,m+1)µ(r)

m+11(zm+1 = 0) + C.

Now we choose rm+1 ∈ (0, 1) such that as r ∈ (0,mini≤m+1 ri),

µ(r)
m+1(1 − wm+1,m+1) −

∑
i>m+1

ri−m−1µ(r)
i wi,m+1 > 0,

then (B.1) is satisfied, so Lemma 21 holds for (
∑

j∈J c jz j)n = (t(m+1)′z)n

with n = 1.
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Therefore, one can takes the expectation on both sides and obtain

rm+1
( ∑

i<m+1

wi,m+1E[Z(r)
i ] + E[Z(r)

m+1]
)

≤
(1 − Pm+1,m+1)µ(r)

m+1E
[
(t(m+1)′Z(r))1(Z(r)

m+1 = 0)
]
+ C

2

µ(r)
m+1(1 − wm+1,m+1) −

∑
i>m+1 ri−m−1µ(r)

i wi,m+1

Besides, by Cauchy-Schwarz inequality,

E
[
(t(m+1)′Z(r))1(Z(r)

m+1 = 0)
]

=
∑

i<m+1

wi,m+1E
[
Z(r)

i 1(Z(r)
m+1 = 0)

]
=

∑
i<m+1

wi,m+1E
[
riZ(r)

i

1(Z(r)
m+1 = 0)

ri

]
≤

∑
i<m+1

wi,m+1E
[
(riZ(r)

i )m+1] 1
m+1
P(Z(r)

m+1 = 0)
m

m+1

ri

≤
∑

i<m+1

wi,m+1M(i) 1
m+1

m+1
rm

ri = wm,m+1M(m) 1
m+1

m+1 +
∑
i<m

wi,m+1M(i) 1
m+1

m+1 rm−i,

where the last inequality is by Lemma 22 and induction hypothesis

at the beginning of step (II). Therefore, one has

rm+1E[Z(r)
m+1] ≤ rm+1

( ∑
i<m+1

wi,m+1E[Z(r)
i ] + E[Z(r)

m+1]
)

≤

(1 − Pm+1,m+1)µ(r)
m+1

[
wm,m+1M(m) 1

m+1
m+1 +

∑
i<m wi,m+1M(i) 1

m+1
m+1 rm−i

]
+ C

2

µ(r)
m+1(1 − wm+1,m+1) −

∑
i>m+1 ri−m−1µ(r)

i wi,m+1

, M(m+1)
1 .

(ii) Suppose for n = `, E[(rm+1Z(r)
m+1)`] ≤ M(m+1)

` has been proved. Now we

will prove the case for n = ` + 1. Let

f (z) = (t(m+1)′z)`+2,

where t(m+1)′ = (w1,m+1, . . . ,wm,m+1, 1, 0, ...0) is the same as before. Then
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with binomial expansion, the generator becomes

G f (z) =(` + 2)(t(m+1)′z)`+1t(m+1)′α + R(z)

− (` + 2)(t(m+1)′z)`+1t(m+1)′(1 − P′)


µ(r)

1 1(z1 > 0)
...

µ(r)
J 1(zJ > 0)


=(` + 2)(t(m+1)′z)`+1t(m+1)′(1 − P′)


−rµ(r)

1

...

−rJmu(r)
J


+(` + 2)(t(m+1)′z)`+1t(m+1)′(1 − P′)


µ(r)

1 1(z1 = 0)
...

µ(r)
J 1(zJ = 0)

 + R(z),

where R(z) includes the terms with (t(m+1)′z)i, i < ` + 1 multiplied by

some constants and indicators. That is, there exist some constants,

Ci > 0, i < ` + 1, s.t.

R(z) ≤
∑
i<`+1

Ci(t(m+1)′z)i.

Using the structure of t(m+1), (1 − P′) and {wi j} in Lemma 17 again, the
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generator becomes

G f (z) = − (` + 2)(t(m+1)′z)`+1
{

rm+1µ(r)
m+1

[
(1 − Pm+1,m+1) −

∑
i<m+1

Pm+1,iwi,m+1
]

−
∑

i>m+1

riµ(r)
i

( ∑
j<m+1

Pi jw j,m+1 + Pi,m+1

)}
+ R(z)

+ (` + 2)(t(m+1)′z)`+1(1 − Pm+1,m+1)µ(r)
m+11(zm+1 = 0)

− (` + 2)(t(m+1)′z)`+1( ∑
i<m+1

wi,m+1Pm+1,i
)
µ(r)

m+11(zm+1 = 0)

− (` + 2)(t(m+1)′z)`+1( ∑
j>m+1

(
∑

i<m+1

wi,m+1P ji)µ
(r)
j 1(z j = 0)

)
≤ − (` + 2)(t(m+1)′z)`+1rm+1

{
µ(r)

m+1(1 − wm+1,m+1) −
∑

i>m+1

ri−m−1µ(r)
i wi,m+1

}
+ R(z)

+ (` + 2)(t(m+1)′z)`+1(1 − Pm+1,m+1)µ(r)
m+11(zm+1 = 0).

Since µ(r)
m+1(1 − wm+1,m+1) −

∑
i>m+1 ri−m−1µ(r)

i wi,m+1 > 0, r ∈ (0,mini≤m+1 ri),

there exists c > 0, cz > 0, d > 0, such that

G f (z) ≤ −c(t(m+1)′z)`+1 + d1((t(m+1)′z)`+1 < cz).

Then (B.1) is satisfied, so Lemma 21 holds for (
∑

j∈J c jz j)n = (t(m+1)′z)n

with n = ` + 1. Furthermore, by induction hypothesis, there exists

constant M > 0, with Minkowskis Inequality repeatedly, one has

r(m+1)`E[R(Z(r))]

≤
∑
i<`+1

Cir(m+1)(`−i)
(
E
[
(
∑

j<m+1

w j,m+1rm+1− jr jZ(r)
j )i]1/i

+ E[(rm+1Z(r)
m+1)i]1/i

)i

≤M.

Taking expectation and multiply r(m+1)`on both sides, with Lemma 21,

one has

r(m+1)(`+1)
( ∑

i<m+1

wi,m+1E[Z(r)
i ] + E[Z(r)

m+1]
)`+1

≤
M + (` + 2)(1 − Pm+1,m+1)µ(r)

m+1r(m+1)`E
[
(t(m+1)′Z(r))`+1

1(Z(r)
m+1 = 0)

]
(` + 2){µ(r)

m+1(1 − wm+1,m+1) −
∑

i>m+1 ri−m−1µ(r)
i wi,m+1}

.
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Besides, by Cauchy-Schwarz inequality, taking q = m−`
m+1 , one has

r(m+1)`E
[
(t(m+1)′Z(r))`+1

1(Z(r)
m+1 = 0)

]
=r`−mE

[( ∑
i<m+1

wi,m+1rmZ(r)
i

)`+1
1(Z(r)

m+1 = 0)
]

≤r`−mE
[( ∑

i<m+1

wi,m+1rmZ(r)
i

)m+1] `+1
m+1
P(Z(r)

m+1 = 0)
m−`
m+1

≤r`−mE
[( ∑

i<m+1

wi,m+1rmZ(r)
i

)m+1] `+1
m+1 rm−` , M′,

where the last inequality holds under induction hypothesis and

Lemma 22. Therefore, for r ∈ (0,mini≤m+1 ri), one has

E[rm+1Z(r)
m+1]`+1 ≤r(m+1)(`+1)

( ∑
i<m+1

wi,m+1E[Z(r)
i ] + E[Z(r)

m+1]
)`+1

≤
M + (` + 2)(1 − Pm+1,m+1)µ(r)

m+1 + M′

(` + 2){µ(r)
m+1(1 − wm+1,m+1) −

∑
i>m+1 riµ(r)

i wi,m+1}

,M(m+1)
`+1 > 0.

Above all, we choose r0 = min{ri, i ∈ J}, then two directions of induction go

through the boundedness for all stations and all the moments of properly scaled

steady-state queue length for each station for r ∈ (0, r0).

�
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