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This dissertation introduces a cohesive framework for numerically comput-

ing spectral properties related to the discrete and continuous spectrum of

infinite-dimensional operators. Approximations to eigenvalues and eigenvec-

tors, spectral measures, and generalized eigenvectors are constructed by sam-

pling the range of the resolvent operator at strategic points in the complex plane.

These algorithms are developed and analyzed directly in the abstract infinite-

dimensional Hilbert space setting. They require only two essential computa-

tional ingredients: (1) solving linear equations with complex shifts and (2) tak-

ing inner products in the Hilbert space. Numerical implementations for a broad

class of differential and integral operators, leveraging state-of-the-art adaptive

spectral methods, are provided in an accompanying MATLAB package called

SpecSolve, which is demonstrated through a collection of examples.
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CHAPTER 1

INTRODUCTION

In this thesis, we introduce new algorithms to compute spectral properties of

infinite-dimensional operators, including eigenvalues and eigenfunctions asso-

ciated with the discrete spectrum, generalized eigenfunctions related to the con-

tinuous spectrum, and spectral measures. The algorithms are formulated and

analyzed in a Hilbert space setting, providing broadly applicable templates for

spectral computations in infinite-dimensional spaces. A collection of practical

MATLAB implementations for differential and integral operators, which lever-

age high-precision spectral methods and fast linear algebra, are available in the

public repository SpecSolve on GitHub [33].

Chapter 2 is focused on the classical problem of computing eigenvalues and

eigenfunctions. We propose an operator analogue of the FEAST matrix eigen-

solver [89, 116, 144] to compute discrete portions of the spectrum of a closed

operator in a target region in the complex plane. If the target eigenvalues are

well-conditioned, the operator analogue respects this and efficiently computes

them to near machine precision accuracy. The algorithm is particularly adept

at computing high-frequency modes of differential operators that possess self-

adjoint structure with respect to weighted Hilbert spaces.

Chapter 3 examines the stability of the numerical linear algebra routines that

underpin the algorithm of Chapter 2, i.e., FEAST and other contour integral

eigensolvers that target interior eigenvalues with rational filters. Remarkably,

subspace iteration with a rational filter is shown to be robust even when an

eigenvalue is near a filter’s pole. These “dangerous eigenvalues” contribute to

large round-off errors in the first iteration but are self-correcting in later itera-
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tions. For normal matrices, two iterations are enough to reduce round-off errors

to the order of machine precision. In contrast, Krylov methods accelerated by

rational filters with fixed poles typically fail to converge when an eigenvalue is

close to a pole. We conclude with a simple restart strategy that recovers full pre-

cision in the target eigenpairs for Arnoldi with shift-and-invert enhancement.

Chapters 4 and 5 develop rigorous computational tools for spectral measures

and generalized eigenfunctions of self-adjoint operators. Inspired by density-of-

states algorithms in physics and density estimation techniques in statistics, we

construct smoothed approximations of spectral measures and develop a practi-

cal framework for sampling from them in Chapter 4. The resulting algorithms

exploit regularity to accelerate convergence in the smoothing parameter. This

feature allows us to compute spectral properties to high accuracy and avoid

solving ill-conditioned linear systems, as demonstrated through careful numer-

ical experiments. Chapter 5 extends these techniques to compute generalized

eigenfunctions in a rigged Hilbert space setting. We introduce wave-packet ap-

proximations, analyze convergence in the natural dual topology, and apply the

method to study scattering modes in a 2-dimensional quantum waveguide.

The unifying theme of our work is the central role of the resolvent opera-

tor: each algorithm we develop constructs spectral properties by sampling the

range of the resolvent operator at carefully selected points in the complex plane.

We believe this framework is powerful and timely for three reasons. First, the

main computational task boils down to solving operator equations with com-

plex shifts, for which we leverage cutting-edge technology in sparse spectral

discretizations and adaptive infinite-dimensional linear algebra. Second, the

number of linear equations needed for accurate results is controlled by care-
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fully selecting complex shifts, a process naturally informed by the vibrant re-

search field of rational approximation. Third, a flurry of recent developments in

computational spectral theory reveal that the resolvent provides a robust way

to access spectral properties of infinite-dimensional operators.

Spectral theory has developed a rich and powerful repertoire of techniques

for analyzing infinite-dimensional operators over the past century. This thesis

aims to encapsulate these techniques in publicly available software so that ap-

plied mathematicians and computational scientists can probe the spectrum of

infinite-dimensional operators using robust, efficient, and user-friendly compu-

tational tools.

1.1 The eigenvalue problem

Given a linear operator Lwith domainD(L), we say that λ ∈ C is an eigenvalue

of Lwith associated eigenvector u ∈ D(L) (u , 0) if they satisfy [87, p. 172]

Lu = λu, u ∈ D(L). (1.1)

Linear operators may act on finite-dimensional spaces or infinite-dimensional

spaces. For example, whenD(L) is finite-dimensional, (1.1) reduces to the clas-

sical matrix eigenvalue problem. Throughout this thesis, we focus on differen-

tial and integral operators acting on infinite-dimensional spaces of functions.

The function spaces we are interested in are Hilbert spaces,1 a natural setting

for computational spectral theory. Given a Hilbert spaceH , we denote the inner

product by (·, ·)H and the norm by ∥ · ∥H =
√

(·, ·)H . When the Hilbert space is

1The Hilbert spaces we encounter are separable, with a countable dense subset [122, p. 69].
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clear from the context, we omit the subscript H . The inner product and norm

play key roles in both algorithms and analyses because they allow us to calculate

orthogonal projections numerically and quantify approximation errors.

Linear operators in infinite dimensions may be unbounded: D(L) need not

be all ofH . We consider operators whose domainD(L) is dense inH and whose

graph is closed in H × H .2 We say that L is closed and densely defined in H .

These two technical conditions allow us to treat important classes of unbounded

operators, such as differential operators and singular integral operators, while

leveraging key analytical tools from spectral theory [87, Ch. III § 5-6].

Note that a bounded operator B on H is closed with operator norm [87,

p. 164]

∥B∥H = sup
∥ f ∥H=1

∥B f ∥H < ∞.

Conversely, a closed operator withD(B) = H is always bounded [87, Thm. 5.20].

In what follows, all operators encountered are linear, closed, and densely de-

fined unless designated otherwise. We reserve B for bounded operators.

1.2 Why compute eigenvalues?

Trefethen and Embree [157] identify three aspects of spectral analysis that make

eigenvalues and eigenvectors so extraordinarily useful:

(1) When eigenvectors diagonalize operators, they can reduce complex problems

to a batch of much simpler scalar problems involving eigenvalues.

2The graph ofL is a linear manifold composed of pairs (u,Lu), for each u ∈ D(L) [87, p. 165].
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(2) Eigenvalues can provide insight into resonance phenomena in linear systems,

answering the question, “which inputs can produce a heightened response?”

(3) Eigenvalues often predict the asymptotic behavior of systems that evolve in

time. They answer, ”what is the dominant response to a general input?”

While these attributes are not exhaustive, the appearance of eigenvalues in dy-

namical systems, stochastic processes, optimization, statistics, and countless ap-

plications is often inextricably linked with (1)-(3).

Linear stability analysis. To illustrate how (1)-(3) often work together in

the analysis of a physical model, consider the initial boundary value problem

(IBVP) with periodic boundary conditions

ut = Lu +N(u), ut(x, 0) = g(x), u(−1, t) = u(1, t). (1.2)

Here, L and N are linear and nonlinear ordinary differential operators (with

respect to the variable x), respectively. In many instances, (1.2) supports steady-

states, traveling wave states, or other phenomena whose stability is of critical

importance in the physical problem under study [4, 95, 128]. When L is diag-

onalized by an orthogonal set of eigenvectors (see section 1.4 for a precise def-

inition), the stability analysis often reduces to determining whether or not the

eigenvalues of L are contained in one half-plane [4, 94, 128, 157].

In a typical example, liquid drops forming on a rigid substrate obey a par-

ticular form of (1.2) known as the Cahn–Hilliard equation [94]. Small environ-

mental perturbations to these droplets can be decomposed into the eigenmodes

of a fourth-order differential operator. Whether the drops persist after perturba-

tion is determined by the associated eigenvalues [95]. Eigenvalues in the right

half-plane correspond to unstable modes, i.e., perturbations which cause large
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Figure 1.1: Stability of liquid droplets. A liquid droplet’s radial profile is modeled by
the curve uss(x) (left panel), and the droplet is determined to be unstable due to the
presence of an eigenvalue of a fourth-order differential operator in the right half-plane
(right panel, red dot) [83, 95]. The color map in the right-hand panel corresponds to a
rational filter used to target unstable modes in the right half-plane and filter out stable
modes (right panel, blue dot) in the left half-plane (see section 2.6.2 of Chapter 2).

changes to the droplet profile over time. Figure 1.1 depicts the radial profile of

a symmetric droplet (left panel) and the eigenvalues that determine its stability

(right panel). We return to this problem in section 2.6.2 of Chapter 2.

1.3 The spectrum of a linear operator

The spectrum of L is defined through singular points of the resolvent [157,

p. 28]3

(L − z)−1 : H → D(L), z ∈ Θ(L). (1.3)

The resolvent function in (1.3) is a bounded inverse for all complex numbers in

the resolvent setΘ(L) = {z ∈ C : ∥(L−z)−1∥H < ∞} [87, p. 173]. The spectrum ofL

is the complement Λ(L) = C \Θ(L) and it is convenient to adopt the convention

3We highlight the similarities between finite-dimensional and infinite-dimensional eigen-

solvers in Chapters 2 and 3 by adopting conventional linear algebra notation therein and refer-

ring to (zI − L)−1 as the resolvent, where I is the identity onH .
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that ∥(L − z)−1∥H = ∞when z ∈ Λ(L) [157, p. 29].

While the spectrum of a matrix consists precisely of its eigenvalues,Λ(L) can

be empty or contain more exotic spectral types (e.g., see Figure 1.2) [41, p. 17].

This is because (L−z)−1 may fail to exist as a bounded operator in ways that have

no finite-dimensional analogue. It is helpful to classify elements in the spectrum

accordingly. Before proceeding, we note that the closed operator L − z has a

bounded inverse if and only if it mapsD(L) one-to-one and ontoH [87, p. 167].

Point spectrum. A complex number λ ∈ Λ(L) is in the point spectrum, de-

noted Λp(L), if L − λ is not one-to-one. In this case, L − λ has a nontrivial null

space: λ is an eigenvalue and any vector in the null space is an associated eigen-

vector satisfying (1.1). The dimension of the null space is called the geometric

multiplicity of λ [87, p. 173], which may be finite or infinite.

Continuous spectrum. A complex number λ ∈ Λ(L) is in the continuous

spectrum, denoted Λc(L), if L− λ is one-to-one while its range is dense in, rather

than onto, H . In this case, there is no eigenfunction u ∈ H associated with

λ. However, ∥L − λ∥H is unbounded below and there is always a sequence of

functions f1, f2, f3, . . . ∈ H such that ∥(L − λ) fn∥H → 0 as n→ ∞ [41, p. 17].4

Residual spectrum. An operator may also have residual spectrum, consisting

of points λ ∈ Λ(L) where L− z is one-to-one, but does not have a dense range in

H (and, therefore, is not onto). This phenomenon may arise, for instance, when

the domain of a differential operator is specified inappropriately by imposing

too many boundary conditions on the eigenvalue problem [157, p. 29]. We do

not consider operators with residual spectrum in the remainder of this thesis.

4In general, this sequence does not converge inH , but it may converge in a weaker topology.

This idea is intimately connected with generalized eigenvectors (see section 1.4.2).
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Figure 1.2: Spectra of shift operators. The left shift operator B : (a1, a2, a3, . . .) →
(a2, a3, a4, . . .) is bounded on l2(N): its point spectrum (blue) fills the interior of the
unit disk, i.e., eigenvalues λ with eigenvectors (1, λ, λ2, . . .). The right shift operator
B : (a1, a2, a3, . . .) → (0, a1, a2, . . .) is also bounded on l2(N): it has no eigenvectors but
residual spectrum (red) fills the interior of the unit disk. The continuous spectrum of
both operators fills the unit circle, see [157, p. 29].

An important subset of the point spectrum is the discrete spectrum, the col-

lection of isolated eigenvalues of L with finite multiplicity in the following

sense [87, p. 181]. If Γ is a rectifiable, simple closed curve enclosing one isolated

eigenvalue λ ∈ Λ(L), then the spectral projector associated with λ is [87, p. 178]

Pλ = −
1

2πi

∫
Γ

(L − z)−1 dz. (1.4)

The multiplicity of λ is the rank of Pλ, i.e., the dimension of its range in H . The

structure of the discrete spectrum and its sensitivity to bounded perturbations

is comparable to the spectrum of a matrix [87, Ch. III § 6.5]. Two fundamental

classes of infinite-dimensional operators have a purely discrete spectrum.

Compact operators. An operator K is called compact if the closure of the

set {K f : ∥ f ∥H = 1} is compact in H [122, p. 103]. Many integral operators

encountered in application are compact. For example, given a domain Ω ⊂ Rd

and a kernel K(x, y) that is square-integrable on Ω ×Ω, the integral operator

[K f ](x) =
∫
Ω

K(x, y) f (y) dy,
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is compact on L2(Ω), the space of square-integrable functions onΩ [135, Ch. 4.6].

Theorem 1.3.1. Given a Hilbert spaceH , let K : H → H be compact. Then, Λ(K) is

a countable set with no limit point other than zero and every nonzero λ ∈ Λ(K) is an

eigenvalue of K with finite multiplicity.

Proof. See the proof of [87, Ch. III Thm. 6.26]. □

Operators with compact resolvent. An operator L has a compact resolvent

if (L− z)−1 is compact for at least one z ∈ Θ(L) [87, Ch. III § 6.8]. Most differential

operators in classical boundary value problems have a compact resolvent [87,

p. 187]. For example, the resolvent of a second-order, uniformly elliptic partial

differential operator on a bounded domain Ω ⊂ R3 is a compact integral opera-

tor on L2(Ω), the space of square-integrable functions, whose kernel is called the

Green’s function [27, Ch. 6].5

Theorem 1.3.2. Given a Hilbert spaceH , let L : D(L) → H have compact resolvent.

Then, Λ(K) comprises a countable set of isolated eigenvalues with finite multiplicity,

having no finite limit point, and (L − z)−1 is compact for every z ∈ Θ(L).

Proof. See the proof of [87, Ch. III Thm. 6.29]. □

Although many differential and integral operators have purely discrete

spectra, operators with continuous spectrum also occupy an important place

in applied mathematics. Operators with non-empty continuous spectra in-

clude self-adjoint Toeplitz operators on ℓ2(N) (square summable sequences,

where N = {1, 2, ...}) [20]; differential operators on unbounded domains [150,

5Strictly speaking, the domain and any variable coefficients of the operator must also satisfy

mild regularity requirements, see [27, Ch. 6] or [54, Ch. 6].
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Ch. V] [48, Ch. XIII,Ch. XIV] or on bounded domains with singular variable

coefficients [63, 97]; and integral perturbations of multiplication operators and

Cauchy-type integral operators [56, 92]. In physical systems that scatter or ra-

diate energy, the associated operator typically has a mix of continuous and dis-

crete spectra; see the RAGE theorem for a mathematical formulation [5,53,123].

1.4 Diagonalization in infinite dimensions

In a finite-dimensional space, eigenvalue analysis is particularly effective and

natural for matrices diagonalized by an orthogonal basis of eigenvectors [157,

§ 1.1]. These are the normal matrices, which include real symmetric, complex

Hermitian, skew symmetric, and unitary matrices. A simple characterization

of normal matrices is that they commute with their adjoint.6 Real symmetric

and complex Hermitian matrices are special among normal matrices because

they are also their own adjoint. The rest of this section addresses their infinite-

dimensional analogue:

What does it mean to diagonalize a self-adjoint operator?7

It is helpful to start with the diagonalization of an n × n Hermitian matrix A.

In this case, there is an orthonormal basis of eigenvectors v1, . . . , vn for Cn such

that

v =
n∑

k=1

(v∗kv)vk, v ∈ Cn and Av =
n∑

k=1

λk(v∗kv)vk, v ∈ Cn, (1.5)

6The adjoint of a finite-dimensional matrix is its conjugate transpose [87, Ch. I § 3.6].
7Most results in this section have straightforward extensions to normal operators [122,

Ch. 13].

10



where λ1, . . . , λn are eigenvalues of A, i.e., Avk = λkvk for 1 ≤ k ≤ n. The expan-

sions in (1.5) demonstrate two key properties of the eigenvectors of A; they form

a complete orthonormal basis for Cn and they diagonalize A. The expansions are

equivalent to the more familiar matrix equations V∗V = I and A = VΛV , where

V and Λ are the usual matrices of eigenvector and eigenvalues.

We now turn to the infinite-dimensional case. Here, the adjoint ofL, denoted

L∗, is defined by the relation (g,Lu)H = (L∗g, u)H , for all u ∈ D(L) and g ∈ D(L∗).

The adjoint is closed, densely defined in H , and uniquely determined when L

is closed and densely defined [87, Ch. V § 3.1]. We say that L is self-adjoint if

L = L∗ [87, Ch. V § 3.3]. A countable set of vectors v1, v2, v3, . . . ∈ H is called an

orthonormal basis for H if the infinite series converges in the norm ∥ · ∥H [27,

§ 4.9],

f =
∞∑

k=1

(vk, f )Hvk, for all f ∈ H .

A self-adjoint operator L with purely discrete spectrum is diagonalized by an

orthonormal basis of eigenvectors in the sense of (1.5).

Theorem 1.4.1. Given a Hilbert space H , let L : D(L) → H be self-adjoint and

densely defined. If the spectrum of H comprises a countable set of isolated eigenvalues

with finite multiplicity, then there is an orthogonal basis of eigenvectors u1, u2, u3, . . . ∈

H with real eigenvalues λ1, λ2, λ3, . . . satisfying (1.1) and

f =
∑
k∈I

(uk, f )Huk, f ∈ H and Lu =
∑
k∈I

λk(uk, u)Huk, u ∈ D(L),

where I is the countable set indexing the eigenvalues of L (including multiplicities).

Proof. The proof follows from equations (3.18)-(3.22) in [87, Ch. V § 3.5]. □

The spectral theorems for compact self-adjoint operators and self-adjoint

operators with compact resolvent are special cases of Theorem 1.4.1 [27,
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§ 4.11]. Theorem 1.4.1 can also be written with the spectral projectors introduced

in (1.4), as

f =
∑
λ∈Λ

Pλ f , f ∈ H and Lu =
∑
λ∈Λ

λkPλu, u ∈ D(L). (1.6)

1.4.1 The spectral theorem

If L has non-empty continuous spectrum, then eigenfunctions of L do not form

a basis for H or diagonalize L. However, the spectral theorem for self-adjoint

operators states that the projections Pλ in (1.6) can be replaced by a projection-

valued measure E [119, Thm. VIII.6]. The measure E assigns an orthogonal pro-

jector to each Borel-measurable set such that

f =
∫
R

dE(y) f , f ∈ H and Lu =
∫
R

y dE(y)u, u ∈ D(L). (1.7)

Analogous to (1.6), E decomposesH and diagonalizes the operator L.

The spectral measure of L with respect to f ∈ H is a scalar measure defined

as µ f (Ω) := (E(Ω) f , f ), where Ω ⊂ R is a Borel-measurable set [119]. It is useful

to examine Lebesgue’s decomposition of µ f [135], i.e.,

dµ f (y) =
∑

λ∈Λp(L)

(Pλ f , f ) δ(y − λ)dy︸                          ︷︷                          ︸
discrete part

+ ρ f (y) dy + dµ(sc)
f (y)︸                  ︷︷                  ︸

continuous part

. (1.8)

The discrete part of µ f is a sum of Dirac delta distributions, supported on the set

of eigenvalues of L, and the coefficient of each δ in the sum is (Pλ f , f ) = ∥Pλ f ∥2.

The continuous part of µ f consists of an absolutely continuous8 part with

Radon–Nikodym derivative ρ f ∈ L1(R) and a singular continuous component

8We take “absolutely continuous” to be with respect to Lebesgue measure.
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λ

dµ f (λ)

Figure 1.3: Spectral measures. The spectral measure µ f of an operator with mixed spectral
types can be decomposed into atoms (shown as spikes) located at eigenvalues, an inte-
grable density (shown as smooth curve) on the absolutely continuous spectrum, and a
singular continuous component (not depicted).

µ(sc)
f (see Figure 1.3). When ∥ f ∥ = 1, the spectral measure µ f is a probability

measure.

Spectral measures of the form µ f are related to correlation in stochastic

processes and signal-processing [62, 86] [121, Ch. 7], scattering cross-sections

in particle physics [50–52], the local density-of-states in crystalline materi-

als [15, 75, 98], and many other quantities [39, 44, 91, 160, 167]. Furthermore,

through spectral measures one can compute the functional calculus of L, which

is used to solve evolution equations such as the Schrödinger equation in quan-

tum mechanics [79, 99]. We develop an algorithm to compute scalar spectral

measures of L in Chapter 4.
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1.4.2 The nuclear spectral theorem

Points in the continuous spectrum can sometimes be associated with general-

ized eigenfunctions. These objects are similar to eigenfunctions but are not in

the Hilbert space. The nuclear spectral theorem describes when a self-adjoint

operator has a complete system of generalized eigenfunctions. To make this

precise, we need to equip (i.e., rig) a Hilbert space with a suitable dense sub-

space, containing test functions, and its topological dual, containing generalized

eigenfunctions. It is helpful to begin with an illustrative example.

Multiplication by x. Consider the “multiplication by x” operator on

L2[−1, 1], defined by [Lu](x) = x u(x), for x ∈ [−1, 1]. The operator L is self-

adjoint in L2[−1, 1], the Hilbert space of real square-integrable functions on the

unit interval. The resolvent of L, with action

(L − z)−1 f = (x − z)−1 f , f ∈ L2[−1, 1],

is bounded if and only if z < [−1, 1]. Consequently, its spectrum fills the unit

interval. However, there is no square-integrable eigenfunction associated with

λ ∈ [−1, 1], because (x − λ) f = 0 if and only if f = 0 almost everywhere.

Although L has no eigenfunctions in L2[−1, 1], it does have a complete sys-

tem of generalized eigenfunctions associated with the continuous spectrum. Given

λ ∈ [−1, 1], the following distributional relationship holds∫ 1

−1
δ(y − λ)Lϕ(y) dy = λ

∫ 1

−1
δ(y − λ)ϕ(y) dy, ϕ ∈ C∞[−1, 1], (1.9)

since both sides of the equation are equal to λ ϕ(λ). Moreover, any ϕ ∈ C∞[−1, 1]

satisfies

ϕ(x) =
∫ 1

−1
δ(x − λ)ϕ(λ) dλ, [Lϕ](x) =

∫ 1

−1
λδ(x − λ)ϕ(λ) dλ. (1.10)
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In (1.9), λ and δ(λ − y) are examples of generalized eigenvalues and general-

ized eigenfunctions, respectively, of L, and the expansion in (1.10) expresses

their completeness in C∞[−1, 1]. The generalized eigenfunctions are not square-

integrable functions, but belong to the dual of the test space C∞[−1, 1].

Rigged Hilbert space. Given a Hilbert space H , a topological vector space

Φ, and a continuous inclusion map i : Φ → H with a dense range, the dual

inclusion map i∗ : H → Φ∗ is also continuous with dense range. These technical

details make it sensible to write Φ ⊂ H ⊂ Φ∗ and make the duality pairing

between Φ and Φ∗ compatible with the inner product onH , in the sense that

(ϕ, ψ)Φ,Φ∗ = (ϕ, ψ)H ,

whenever ϕ ∈ Φ ⊂ H and ψ ∈ H ⊂ Φ∗. The embedding Φ ↪→ H ↪→ Φ∗ is called a

rigged Hilbert space, which is sometimes referred to as a Gel’fand triple.

Generalized eigenfunctions. Suppose that L : D(L) → H is a self-adjoint

operator on a rigged Hilbert space Φ ⊂ H ⊂ Φ∗ such that Φ ⊂ D(L) and LΦ ⊂ Φ.

Given λ ∈ λ(L), ψλ ∈ Φ∗ is called a generalized eigenfunction of L if it satisfies

(Lϕ, ψλ)Φ,Φ∗ = λ(ϕ, ψλ)Φ,Φ∗ , for all ϕ ∈ Φ. (1.11)

The scalar λ is called a generalized eigenvalue. Note that any classical (weak)

eigenfunction u∗ ∈ D(L) with eigenvalue λ∗ is also a generalized eigenfunction.

That is, we can use the compatibility of the duality pairing and the inner product

onH to compute, for any ϕ ∈ Φ,

(Lϕ, u∗)Φ,Φ∗ = (Lϕ, u∗)H = (ϕ,Lu∗)H

= λ∗(ϕ, u∗)H = λ∗(ϕ, u∗)Φ,Φ∗ .

Now, a generalized eigenvalue λ ∈ λ(L) may have multiple associated gen-

eralized eigenfunctions, denoted {ψλ,k}mλ

k=1 for some mλ ∈ {0, 1, 2, . . . ,∞}. Let

15



M = supλ(L) mλ and consider a family of σ-finite Borel measures {µk}
M
k=1 supported

on λ(A), such that supp(µk) ⊂ {λ ∈ λ(L) : mλ ≥ k}. We say that L has a complete

system of generalized eigenpairs (with respect to {µk}
M
k=1) if any ϕ ∈ Φ can be

written as

ϕ =

M∑
k=1

∫
λ(L)

(ϕ, ψλ,k)Φ,Φ∗ψλ,k dµk(λ). (1.12)

Note that by the definition of the generalized eigenfunctions, we have

Lϕ =

M∑
k=1

∫
λ(L)

λ(ϕ, ψλ,k)Φ,Φ∗ψλ,k dµk(λ). (1.13)

When these expressions hold, the right-hand sides are equivalent to the

projection-valued measure (and direct-integral) formulation of the spectral the-

orem for general self-adjoint operators in a Hilbert space. Note that (1.10) in the

“multiplication by x” example is a special case of (1.12) and (1.13).

Nuclear spectral theorem. To ensure thatL has a complete set of generalized

eigenpairs, Φ must satisfy an additional condition: it must be a nuclear space.

Nuclear spaces are topological vector spaces with many useful features of finite-

dimensional spaces, e.g., the unit ball is precompact in a nuclear space.

A precise characterization of nuclear spaces is beyond the scope of this the-

sis; we defer the details to [59, Ch. 3]. For our purpose, it is enough to note that

smooth function spaces such as (a) C∞(M), whereM is a compact manifold, and

(b) the Schwartz space S(Rn) of functions with rapidly decaying derivatives of

all orders are nuclear spaces (when equipped with the correct topology). Their

topological duals are, respectively, the space of compactly supported distribu-

tions onM and the space of tempered distributions on Rn.

Theorem 1.4.2. Let L : D(L) → H be a self-adjoint operator on a rigged Hilbert

space Φ ⊂ H ⊂ Φ∗, where Φ ⊂ D(L) and LΦ ⊂ Φ. If Φ is nuclear, then there is an
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M ∈ {0, 1, 2, . . . ,∞} and a family of σ-finite Borel measures {µk}
M
k=1 supported on λ(L),

such that L has a complete set of generalized eigenfunctions with respect to {µk}
M
k=1. In

particular, (1.12) and (1.13) hold.

1.5 Three paradigms for computing spectra

Computational methods that target spectra of linear operators incorporate a cre-

ative blend of techniques from functional analysis, spectral theory, approxima-

tion theory, linear algebra, and numerical analysis. We introduce and develop

the key ideas relevant to our work in subsequent chapters of this thesis. Here,

we outline a broader context for infinite-dimensional spectral problems by high-

lighting three computational paradigms under active development.

Discretize, then solve. Since the development of the QR algorithm in the

1960s, computing the spectrum of an infinite-dimensional operator L is usu-

ally done in two steps: first discretize L to obtain a finite dimensional matrix

eigenvalue problem, and then solve the matrix eigenvalue problem with algo-

rithms from numerical linear algebra [45, 58, 65, 106]. Ideally, these discretiza-

tions are data-sparse to admit fast linear algebra and have eigenvalues that con-

verge rapidly to those of L (see Figure 1.4).

Infinite-dimensional linear algebra. Recently, algorithms of numerical lin-

ear algebra for solving linear systems and diagonalizing matrices have been ex-

tended to certain classes of structured infinite-dimensional matrices [32,103,104,

164]. Here, L is represented as a structured (e.g., block banded) matrix acting

on square summable sequences, after choosing a basis forH . The entries of the

matrix are usually known explicitly or generated recursively [104]. The focus is
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Figure 1.4: Eigenvalues of discretizations. The eigenvalues of [Lu](x) = −u′′(x) (black
markers) are compared with those of 100 × 100 finite difference (red) and spectral col-
location (blue) matrices (left panel). The former converge at an algebraic rate while the
latter converge super-geometrically to those of L as N → ∞, as seen in the relative error
in the computed approximation to λ5 (right panel).

on rigorously approximating spectral properties – such as eigenvalues, eigen-

vectors, and spectral measures – to a specified accuracy by “lazy evaluation,”

i.e., adaptively accessing entries from the infinite matrix.

Discretization-oblivious algorithms. The two previous paradigms both de-

pend on a matrix representation of the operator, whether finite or infinite, and

numerical approximations are constructed by manipulating entries of the ma-

trix. An alternative approach is to design algorithms that directly manipulate

L and functions in H [8, 61, 71]. For example, if L is bounded with D(L) = H ,

one may design algorithms based on operator-function products L f . Effective

implementations naturally depend on discretization (typically adaptive) to run

on a computer; however, the particular discretization used to compute L f is in

some sense superfluous (provided that associated approximation errors do not

compound).

Distinctions between these three paradigms are subtle at times, giving rise

to slight differences in emphasis, analysis, and implementation [165]. Each
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paradigm provides a helpful conceptual lens through which to view spectral

computations. The algorithms introduced in the following chapters are best

understood as “discretization-oblivious algorithms” for computing spectra of

closed operators, built on two essential computational ingredients: (1) solving

linear operator equations (L − z)u = f with complex shifts z ∈ C and (2) com-

puting inner products ( f , g)H with functions f , g ∈ H . For differential and inte-

gral operators on simple geometries, these two tasks are implemented with fast,

adaptive spectral methods that automatically resolve dense subsets of smooth

functions inH . However, all of the algorithms that we propose may be adapted

to more complicated settings, provided that one can execute these two tasks.
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CHAPTER 2

COMPUTING ISOLATED EIGENVALUES AND EIGENFUNCTIONS

This chapter1 is about computing the eigenvalues of L contained in a simply

connected region Ω ⊂ C. Throughout, we assume that the boundary ∂Ω is a

rectifiable, simple closed curve, that the spectrum Λ(L) does not intersect ∂Ω,

and that Ω contains finitely many eigenvalues counting multiplicities. To sim-

plify discussions about eigenfunctions, we assume that there are eigenfunctions

of L that form a basis for the invariant subspace of L associated with Ω. Our

framework and analyses are general, but the exposition is focused on a repre-

sentative setting for clarity: L is a linear, ordinary differential operator of even

order N. This simple context is sufficient to illustrate the attractive features of

our approach.

Motivated by mathematical software for highly adaptive computations with

functions [46], we propose the following strategy: an algorithm that solves (1.1)

by directly manipulating L at the continuous level and only discretizes func-

tions, not operators. By designing an eigensolver for L rather than interme-

diate discretizations, we are able to leverage spectrally accurate approxima-

tion schemes for functions while avoiding several pitfalls that plague spectral

discretizations of (1.1) (see [158], [60, Ch. 2], and [157, Ch. 30]). For this rea-

son, we view our proposed algorithms through the “discretization-oblivious”

paradigm. This paradigm has been applied to Krylov methods [61], iterative

eigensolvers [71], and contour integral projection eigensolvers [8] for differen-

tial operators. Related techniques for computing with operators on infinite di-

1This chapter is based on a paper with Alex Townsend [83]. I was the lead author and

developed the theory, algorithms, and software with input from Alex in our weekly meetings.

20



k

Condition number

k

Relative error

Figure 2.1: Left: The eigenvalue condition numbers [6] for 4000 × 4000 discretizations
of (2.1) obtained by collocation (blue dots), tau (red dots), Chebyshev–Galerkin (black
dots), and ultraspherical (yellow dots) spectral methods are compared to the eigen-
value condition numbers (magenta dots) of (2.1), which are preserved by the operator
analogue of FEAST. Right: The relative errors in the first 2000 eigenvalues of each spec-
tral discretization of (2.1), computed with a backward stable eigensolver [64, p. 385].
We observe fluctuations in the relative errors due to the ill-conditioning introduced by
using nonsymmetric spectral discretizations of L. In contrast, the relative errors (ma-
genta dots) in the eigenvalues computed by contFEAST, a practical implementation of
the operator analogue of FEAST (see section 2.3), are on the order of machine precision.

mensional spaces have been proposed and studied in [32, 104, 164].

As an example of the advantages of our methodology, consider the simplest

possible differential eigenvalue problem given by

− u′′(x) = λu, u(±1) = 0. (2.1)

The eigenvalues of (2.1) are λk = (kπ/2)2, for k ≥ 1, and are well-conditioned due

to the fact that the eigenfunctions form a complete orthonormal set in the Hilbert

space L2([−1, 1]) [87, p. 382]. However, spectral discretizations of (2.1) lead to

highly non-normal matrices with eigenvalues that are far more ill-conditioned

than expected. Due to this ill-conditioning, the accuracy in the computed eigen-

values can be extremely variable and difficult to predict, ranging from a few

digits to nearly full precision (see Figure 2.1). It is possible to use structure-

preserving spectral discretizations to solve (2.1) accurately [25, 129]. However,

there is a lack of literature on designing spectral discretizations of (1.1) when L
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is self-adjoint or normal with respect to an inner product other than L2([−1, 1]).

On the other hand, our solve-then-discretize methodology automatically pre-

serves the normality or self-adjointness of L with respect to a relevant Hilbert

spaceH , provided that the inner product (·, ·)H can be evaluated.

At the heart of our approach is an operator analogue of the FEAST matrix

eigensolver, which we briefly outline:

(1) We construct a basis for the eigenspace V corresponding to Ω by sampling

the range of the associated spectral projector PV.

(2) We extract an H-orthonormal basis for V with a continuous analogue of the

QR factorization [154].

(3) We perform a Rayleigh–Ritz projection [124, p. 98] of L onto V with the or-

thonormal basis in (2). We solve the resulting matrix eigenvalue problem to

obtain approximations to the eigenvalues of L in Ω.

As with the FEAST matrix eigensolver, the spectral projector PV is applied

approximately via a quadrature rule approximation. For matrices, this involves

solving shifted linear systems, while for differential operators one needs to solve

shifted linear differential equations. We solve these differential equations with

the ultraspherical spectral method, which is a well-conditioned spectral method

that is capable of resolving solutions that exhibit layers, rapid oscillations, and

weak corner singularities [103].

Critically, we discretize basis functions for V as opposed to discretizing the

differential operator L when solving (1.1). While discretizations of a normal

operator L can lead to non-normal matrices, the Rayleigh–Ritz projection de-

scribed in (3) always leads to a normal matrix eigenvalue problem when L is
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normal (see Theorems 2.2.1 and 2.2.2). In fact, we prove that using a sufficiently

good approximate basis for V does not significantly increase the sensitivity of

the eigenvalues when L is normal (see section 2.4.2 for a precise statement).

The result is a highly accurate eigensolver for normal differential operators L,

requiringO(mMN log(N)+m2N+m3) floating point operations, where m = dim(V)

and M and N are the polynomial degrees used to resolve the variable coefficients

in L and the eigenfunctions inV, respectively.

The eigensolver we develop is competitive in the high-frequency regime be-

cause it efficiently resolves oscillatory basis functions in V. Furthermore, it

handles operators that are self-adjoint or normal with respect to non-standard

Hilbert spaces. Finally, our algorithm is parallelizable like the FEAST matrix

eigensolver [116]. This work is a step towards closing the gap between the fre-

quency regimes that are accessible to computational techniques and asymptotic

methods for differential eigenvalue problems posed on higher dimensional do-

mains [13, 17].

The chapter is organized as follows. In section 2.2 we introduce an analogue

of FEAST for closed operators and show that the operator analogue preserves

eigenvalue sensitivity. In section 2.3 we discuss a practical implementation

of the operator analogue for differential operators and provide two examples

from Sturm–Liouville theory to illustrate its capabilities in the high-frequency

regime. We analyze the convergence and stability of this implementation in sec-

tion 2.4. Sections 2.5 and 2.6 develop further applications of the discretization-

oblivious paradigm, including an operator analogue of the Rayleigh Quotient

iteration and an extension of FEAST to unbounded search regions.
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Figure 2.2: FEAST uses an approximation to the spectral projector to compute the eigen-
values that lie inside Ω and project away the eigenvalues outside of Ω (left panel). The
approximate spectral projector is often interpreted as a rational map approximating the
characteristic function on Ω (right panel).

2.1 The FEAST matrix eigensolver

The FEAST matrix eigensolver uses approximate spectral projection to compute

the eigenvalues of a matrix A ∈ Cn×n in a region of interest Ω ⊂ C [89] (see Fig-

ure 2.2). It is often more computationally efficient than standard eigensolvers

when the number of eigenvalues in Ω is much smaller than n and A has data-

sparsity that allows fast shifted linear solves. The dominating computational

cost of FEAST is solving several independent shifted linear systems, but these

can be performed in parallel [89]. There are three essential ingredients to FEAST:

(i) Spectral projector. Let λ1, . . . , λm be the eigenvalues of A in Ω and letV be the

associated invariant subspace of A, i.e., AV = V. The spectral projector ontoV

is defined as

PV =
1

2πi

∫
∂Ω

(zI − A)−1 dz. (2.2)

The important fact here is that range(PV) = V and so PV is a projection onto

the invariant subspace of A [87].

(ii) Basis for V. FEAST uses the spectral projector to construct a basis for V. It
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Algorithm 1 The FEAST algorithm for matrix eigenvalue problems [116]. This
is often viewed as a single iteration that is repeated to improve the accuracy of
the computed eigenvalues and eigenvectors [144].
Input: A ∈ Cn×n, Ω ⊂ C containing m eigenvalues of A, Y : Cn×m.

1: Compute V = PVY .
2: Compute the QR factorization V = QR.
3: Compute AQ = Q∗AQ and solve the eigenvalue problem AQX = ΛX for Λ =

diag (λ1, . . . , λm) and X ∈ Cm×m.
Output: Eigenvalues λ1, . . . , λm in Ω and eigenvectors U = QX.

begins with a matrix Y ∈ Cn×m with linearly independent columns that are not

in ker(PV), then it computes Z = PVY . The columns of Z span V and a QR

factorization of Z provides an orthonormal basis, Q, forV.

(iii) Rayleigh–Ritz projection. Having obtained an orthonormal basis for V,

FEAST solves AQx = λx using a dense eigensolver [116], where AQ = Q∗AQ.

Since range(Q) = V, the eigenvalues of AQ are the eigenvalues of A that lie in-

sideΩ. When AQ is diagonalizable, the eigenvectors of A are given by ui = Qxi,

for i = 1, . . . ,m, where x1, . . . , xm are the corresponding eigenvectors of AQ.

For practical computation, FEAST approximates the contour integral in (2.2)

with a quadrature rule. Given a quadrature rule with nodes z1, . . . , zℓ and

weights w1, . . . ,wℓ, one can approximate PVY by

PVY ≈
1

2πi

ℓ∑
k=1

wk(zkI − A)−1Y. (2.3)

In this case, the eigenpairs of AQ provide approximations to the eigenpairs of A,

known as Ritz values and vectors [144]. To refine the accuracy of the Ritz values

and vectors, a more accurate quadrature rule can be used to compute PVY [144].

FEAST also refines the approximate eigenvalues and eigenvectors by applying

PV to the n × m block of approximate eigenvectors using a quadrature rule and

iterating (ii) and (iii) until convergence. This iterative refinement strategy is
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best understood as subspace iteration with a rational filter [144]; in Chapter 2,

we discover that iteration is crucial to the numerical stability of FEAST.

When the dimension m of the invariant subspace V is unknown, there are

several techniques for estimating m and selecting an appropriate value [89, 102,

144]. These techniques can be incorporated into the operator analogue of FEAST

introduced in Chapter 1 without any difficulty. Consequently, we usually as-

sume that a good upper estimate for m is known and focus on the algorithmic

and theoretical aspects of FEAST that are salient in the operator setting.

Curiously, the originally proposed FEAST algorithm does not compute an

orthonormal basis for V before performing the Rayleigh–Ritz projection [89,

116].2 However, when Q has orthonormal columns and range(Q) is an invariant

subspace of A, the eigenvalues of the small matrix Q∗AQ are no more sensitive to

perturbations than the original eigenvalues of A. This highly desirable property

can be deduced from the structure of the left and right invariant subspaces of

Q∗AQ or, alternatively, from the ϵ-pseudospectra of Q∗AQ [157, p. 382].

2.2 An operator analogue of FEAST

The FEAST matrix algorithm provides a natural starting point for an operator

analogue because it provides a recipe to construct a small matrix Q∗AQ whose

eigenvalues coincide with those of A inside Ω and have related invariant sub-

spaces. Moreover, the eigenstructure of Q∗AQ reflects the eigenstructure of A

when the columns of Q are orthonormal. As the sensitivity of the eigenvalues of

2The FEAST algorithm for non-Hermitian matrices utilizes dual bases for the left and right

eigenspaces to improve stability [89].
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A depends intimately on the structure of the associated eigenvectors, Q∗AQ may

be used to compute the desired eigenvalues of A efficiently without sacrificing

accuracy. Here, we generalize FEAST to construct a matrix whose eigenvalues

coincide with those of a closed operator inside Ω.

2.2.1 FEAST for closed operators

In place of a matrix A acting on vectors from Cn, we now consider a closed

operator L acting on functions from a Hilbert space H . As described in sec-

tion 2.1, the FEAST recipe prescribes a spectral projection to compute a basis

forV, which is then used for the Rayleigh–Ritz projection to construct a matrix

representation onV.

(i) Spectral projector. Although L may be unbounded, the resolvent (zI − L)−1

is bounded when z < Λ(L) and the spectral projector onto V may be defined

via contour integral [87, p. 178]. It is given by

PV =
1

2πi

∫
∂Ω

(zI − L)−1 dz. (2.4)

(ii) Basis forV. With the spectral projector at our disposal, we apply PV to func-

tions f1, . . . , fm inH\ker(PV) to obtain a basis of functions v1, . . . , vm forV. Or-

thonormalizing v1, . . . , vm with respect to the inner product (·, ·)H on H gives

us anH-orthonormal basis q1, . . . , qm forV.

(iii) Rayleigh–Ritz projection. To compute a matrix representation L of L on V,

the Rayleigh–Ritz projection is performed using the inner product onH . The

elements of L are given by Li j = (qi,Lq j)H for 1 ≤ i, j ≤ m. The eigenvalues of

L are precisely the eigenvalues λ1, . . . , λm ofL that lie insideΩ. The eigenfunc-
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Algorithm 2 An operator analogue of FEAST for closed operators.
Input: L : D(L)→ H , Ω ⊂ C containing m eigenvalues of L, F : Cm → H .

1: Compute V = PVF.
2: Compute V = QR, where Q : Cm → D(L) ⊂ H has H-orthonormal columns

and R ∈ Cm×m is upper triangular.
3: Compute L = Q∗LQ and solve LX = ΛX for Λ = diag[λ1, . . . , λm] and X ∈

Cm×m.
Output: Eigenvalues λ1, . . . , λm in Ω and eigenfunctions U = QX.

tions of L are recovered from the eigenvectors x1, . . . , xm of L by computing

ui =
∑m

k=1 x(k)
i qk, for i = 1, . . . ,m, where x(k)

i is the kth component of xi.

To avoid a clutter of indices, we employ the notation of quasimatrices.3 If

Q is the quasimatrix with columns q1, . . . , qm, then the matrix L whose elements

are Li j = (qi,Lq j)H in (iii) is expressed compactly in quasimatrix notation as

L = Q∗LQ. Here, Q∗ is the conjugate transpose of the quasimatrix Q so its rows

are complex conjugates of the functions q1, . . . , qm.

The analogue of FEAST for closed operators is summarized in Algorithm 2

using quasimatrix notation so that it resembles its matrix counterpart. Keep in

mind that Algorithm 2 is a formal algorithm. In general, we cannot apply the

spectral projector exactly, nor represent the basisV exactly with finite memory.

A practical implementation is discussed in section 2.3.

2.2.2 Condition number of the Ritz values

As illustrated in Figure 2.1, the eigenvalues of matrix discretizations of L can

be more sensitive to perturbations than the eigenvalues of L. The advantage of

3A quasimatrix is a matrix whose columns (or rows) are functions defined on an interval

[a, b], in contrast to matrices whose columns (or rows) are vectors [46, Ch.6].
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our FEAST approach in section 2.2.1 is that the Ritz values, i.e., the eigenvalues

of Q∗LQ, are no more sensitive to perturbations than the original eigenvalues of

Lwhen range(Q) is an invariant subspace of L (for perturbations of an invariant

subspace, see section 2.4).

To see this, let λ be a simple eigenvalue of a differential operator L. Let

u,w ∈ H satisfy Lu = λu and L∗w = λw, where λ denotes the complex conjugate

of λ. The condition number4 of λ is given by [6, Theorem 2.3]

κH (λ) =
∥u∥H∥w∥H

(w, u)H
. (2.5)

The condition number κH (λ) quantifies the worst-case first-order sensitivity of

λ to perturbations of L. For instance, if we compute λ using a backward stable

algorithm in floating point arithmetic, we expect to achieve an accuracy of at

least κH (λ)ϵmach, where ϵmach is machine precision [156, Theorem 15.1].

Theorem 2.2.1. Let L : D(L) → H be a closed and densely defined operator on a

Hilbert space H , Q : Cm → H be an invariant subspace of L satisfying Q∗Q = I, and

L = Q∗LQ. Suppose that u ∈ range(Q) satisfies Lu = λu and w satisfies L∗w = λw,

where L∗ denotes the adjoint of L and λ is a simple eigenvalue of L with condition

number κH (λ). Then,

1) LQ∗u = λQ∗u and L∗Q∗w = λQ∗w,

2) (Q∗w,Q∗u)Cm = (w, u)H , and

3) κCm(λ) ≤ κH (λ).

Proof. Denote x = Q∗u and y = Q∗w. We prove the statements of the theorem

in order. 1) Since u ∈ range(Q), we can write u = Qx. Then, L(Qx) = λ(Qx)
4Although this formula is usually associated with the condition number for a simple eigen-

value of a matrix, its proof extends to our general setting [149, Theorem 5].
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implies that Q∗LQx = λx using the fact that Q∗Q = I. For the left eigenvector, we

write w = Qy + v for some v ∈ range(Q)⊥. Rewriting the adjoint equation for w,

we find that L∗(Qy + v) = λ(Qy + v) and multiplying by Q∗ on both sides yields

Q∗L∗Qy = λy. Here, we have used the fact that Q∗L∗v = 0, which holds because

v∗LQ = 0. 2) By calculating (w, u)H = (Qy + v,Qx)H , we find that (w, u)H =

(Qy,Qx)H because v ∈ range(Q)⊥. Moreover, since Q∗Q = I we conclude that

(w, u)H = (y,Q∗Qx)Cm = (y, x)Cm . 3) We know that ∥u∥H = (Qx,Qx)H = (x, x)Cm =

∥x∥Cm and ∥w∥H = (Qy + v,Qy + v)H = ∥y∥Cm + ∥v∥H . Therefore,

∥u∥H∥w∥H = ∥x∥Cm (∥y∥Cm + ∥v∥H ) ≥ ∥x∥Cm∥y∥Cm .

Referring to 2) for equality of the inner products in the denominator, we have

κCm(λ) =
∥x∥Cm∥y∥Cm

(y, x)Cm
≤
∥u∥H∥w∥H

(w, u)H
= κH (λ),

which concludes the proof. □

Theorem 2.2.1 shows that if L is a normal operator, then u = w and we have

κCm(λ) = κH (λ) = 1. For non-normal operators, item 3) of Theorem 2.2.1 may

seem to erroneously indicate that ill-conditioning in the eigenvalues of L can be

overcome by a Rayleigh–Ritz projection. However, when L is non-normal the

spectral projector PV is an oblique projection and computing the basis Q may be

itself an ill-conditioned problem. Theorem 2.2.1 also illustrates why the opera-

tor analogue of FEAST leads to a well-conditioned matrix eigenvalue problem

when the differential eigenvalue problem is well-conditioned. By computing

anH-orthonormal basis for the Rayleigh–Ritz projection, the relevant structure

in the eigenspaces of L and L∗ is preserved. However, the first-order analysis

above is limited to simple eigenvalues.
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2.2.3 Pseudospectra of Q∗LQ

To go beyond first-order sensitivity analysis, we compare the ϵ-pseudospectra

of L and Q∗LQ. Fix any ϵ > 0 and let L : D(L) → H be a closed operator with

a domainD(L) that is dense inH . The ϵ-pseudospectrum of L is defined as the

set [157, p. 31]

Λϵ(L) = {z ∈ C : ∥(zI − L)−1∥H > 1/ϵ}. (2.6)

Here, we adopt the usual convention that ∥(zI − L)−1∥H = ∞ when z ∈ Λ(L)

so that Λ(L) ⊂ Λϵ(L). The ϵ-pseudospectrum set of L bounds the region in

which the eigenvalues of the perturbed operator L + E with ∥E∥H < ϵ can be

found [157, p. 31]. This means that Λ(L + E) ⊂ Λϵ(L). In fact, there is an equiva-

lence so that [157, p. 31]

⋃
∥E∥H<ϵ

Λ(L + E) = Λϵ(L). (2.7)

This allows us to relate the sensitivity of the eigenvalues of L and Q∗LQ by

comparing the resolvent norms ∥(zI − L)−1∥H and ∥(zI−Q∗LQ)−1∥Cm , respectively.

A useful generalization of Theorem 2.2.1 is that the ϵ-pseudospectrum of

Q∗LQ is contained in the ϵ-pseudospectrum of L. Since this holds for any ϵ > 0,

it demonstrates that the eigenvalues (even those with multiplicity) of Q∗LQ are

no more sensitive to perturbations than those of L. This inclusion result is well-

known in the matrix case where projection methods are a popular method for

approximating the ϵ-pseudospectra of large data-sparse matrices [157, p. 381].

Theorem 2.2.2. Let L : D(L) → H be a closed and densely defined operator on a

Hilbert space H . For a fixed ϵ > 0, suppose that Q : Cm → H satisfies Q∗Q = I and

that range(Q) is an invariant subspace of L. Then, Λϵ(Q∗LQ) ⊂ Λϵ(L).
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Proof. We follow the proof of Proposition 40.1 in [157, p. 382] for matrices, but

with a closed operator. Since Qx ∈ H for any x ∈ Cm, we have that

∥(zI − L)−1∥H = sup
f∈H ,∥ f ∥H=1

∥(zI − L)−1 f ∥H ≥ max
x∈Cm,∥x∥Cm=1

∥(zI − L)−1Qx∥H .

Now, when range(Q) is an invariant subspace of L and Q∗Q = I, we have that

∥(zI − L)−1Qx∥H = ∥Q∗(zI − L)−1Qx∥Cm . Because QQ∗ f = f for all f ∈ V, we can

check that Q∗(zI − L)−1Q = (Q∗(zI − L)Q)−1. Since Q∗Q = I, it follows that

∥(zI − L)−1∥H ≥ ∥(Q∗(zI − L)Q)−1∥Cm = ∥(zI − Q∗LQ)−1∥Cm .

Therefore, z ∈ Λϵ(L) whenever z ∈ Λϵ(Q∗LQ). □

The inclusion in Theorem 2.2.2 may be strict, indicating that the eigenvalues

of Q∗LQ are less sensitive than those of L. For example, this may occur when

the projection onto range(Q) targets a subset of well-conditioned eigenvalues of

L. However, we emphasize that ill-conditioning in the eigenvalues of L cannot

be overcome by a Rayleigh–Ritz projection: in general, the situation is compli-

cated [157, Ch. 40].

Theorem 2.2.2 is useful for studying the stability of Algorithm 2. If an ap-

proximate eigenvalue λ̂ of Q∗LQ is computed with an error tolerance of ϵ > 0,

then

λ̂ ∈ Λϵ(Q∗LQ) ⊂ Λϵ(L).

From this, we know by (2.7) that λ̂ is an eigenvalue of a perturbed operatorL + E

with ∥E∥H < ϵ. In other words, the operator analogue of FEAST, Algorithm 2, is

backward stable. As we see in section 2.4, Theorem 2.2.2 is also the starting point

for a stability analysis when the spectral projection is no longer exact and the

Rayleigh–Ritz projection is performed with a matrix Q̂ that only approximates

a basis for an invariant subspace of L.

32



2.3 A practical differential eigensolver

The operator analogue of FEAST requires the manipulation of objects such as

differential operators, functions, and contour integrals (see Algorithm 2). For a

practical implementation, these objects must be discretized; however, we avoid

discretizing L directly. Instead, we construct polynomial approximants to the

basis for V by approximately solving shifted linear ODEs. These polynomial

approximants are used in the Rayleigh–Ritz projection to compute the eigenval-

ues of L in Ω.

Let z1, . . . , zℓ and w1, . . . ,wℓ be a set of quadrature nodes and weights to ap-

proximate the integral in (2.4). As FEAST does in the matrix case, we approxi-

mate PV in (2.4) with a quadrature rule as follows:

P̂V =
1

2πi

ℓ∑
k=1

wk(zkI − L)−1. (2.8)

If F is a quasimatrix with columns f1, . . . , fm ∈ H , then PVF is replaced by the

approximation P̂VF = 1
2πi

∑ℓ
k=1 wk(zkI − L)−1F. Therefore, to compute P̂VF we

need to solve ℓ shifted linear ODEs, each with m righthand sides, i.e.,

(zkI − L)gi,k = fi, gi,k(±1) = · · · = g(N/2)
i,k (±1) = 0, 1 ≤ i ≤ m. (2.9)

If the quasimatrix with columns g1,k, . . . , gm,k is denoted by Gk for k = 1, . . . , ℓ,

then we have P̂VF =
∑ℓ

k=1 wkGk.

To construct a basis forV, it is important to choose F so that the columns of

V̂ = P̂VF are linearly independent and, if possible, well-conditioned. By anal-

ogy with the implementation of matrix FEAST [89, 116], we obtain the columns

of F by selecting m band-limited random functions5 on [−1, 1] [55]. When L is a

5A periodic band-limited random function on [−L, L] is a periodic function defined by a
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Algorithm 3 A practical algorithm for computing the eigenvalues of a differen-
tial operator L, which we refer to as contFEAST.
Input: L : D(L)→ H , z1, . . . , zℓ ∈ ∂Ω, w1, . . . ,wℓ ∈ C, F : Cm → H , ϵ > 0.

1: repeat
2: Solve (zkI − L)Gk = F, Gk(±1) = 0, . . . ,G(N/2)

k (±1) = 0, for k = 1, . . . , ℓ.
3: Set V̂ =

∑ℓ
k=1 wkGk.

4: Compute V̂ = Q̂R̂, where Q̂ : Cm → D(L) ⊂ H has H-orthonormal
columns and R̂ ∈ Cm×m is upper triangular.

5: Compute L̂ = Q̂∗LQ̂ and solve L̂X̂ = X̂Λ̂ for Λ̂ = diag[λ̂1, . . . , λ̂m] and X̂ ∈
Cm×m. Set F = Q̂X̂.

6: until ∥LF − FΛ̂∥H ≤ ϵ∥Λ̂∥Cm .
Output: Λ̂, Û = Q̂X̂.

normal operator and V is not orthogonal to the space of band-limited random

functions, this generically yields a linearly independent basis V̂ . We discuss

conditions for computing a well-conditioned basis in Chapter 3 and, for more

about randomized linear algebra in the infinite-dimensional setting, we recom-

mend Townsend and Boulle’s rigorous framework [21].

We now outline the key implementation details of our differential eigen-

solver:

(i) Approximate spectral projection. To compute V̂ = P̂VF, we solve the shifted

linear ODEs in (2.9) using the ultraspherical spectral method [103]. The ul-

traspherical spectral method leads to well-conditioned linear systems and is

capable of accurately resolving the functions gi,k even when they are highly

oscillatory or have boundary layers. Moreover, an adaptive QR factorization

automatically determines the degree of the polynomial interpolants needed

to approximate the functions gi,k to near machine precision [104, 105]. After

truncated Fourier series with random (e.g. standard Gaussian distributed) coefficients. In the

non-periodic setting, the Fourier series is defined on a larger interval [−L′, L′] and the domain

is then truncated [55].
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accurately resolving the functions gi,k, we can accurately compute a basis for

V provided that both the spectral projector is well-conditioned (i.e., L is not

highly non-normal) and the quadrature rule is sufficiently accurate.

(ii) Orthonormal basis. To compute an orthonormal basis Q̂ for the columns of

V̂ , we compute a QR factorization of the quasimatrix V̂ by Householder trian-

gularization [154]. The Householder reflectors are constructed with respect

to the inner product (·, ·)H so that the columns of Q̂ areH-orthonormal.

(iii) Computing Q̂∗LQ̂. To construct the matrix L̂ = Q̂∗LQ̂, we apply L to the

columns of Q̂ and then evaluate the action of Q̂∗ on LQ̂. Multiplying Q̂∗ with

LQ̂ involves taking the inner products

L̂i j = (q̂i,Lq̂ j)H , 1 ≤ i, j ≤ m, (2.10)

where q̂i denotes the ith column of Q̂. The eigenvalues λ̂1, . . . , λ̂m and eigen-

vectors x̂1, . . . , x̂m of the matrix L̂ are computed using the QR algorithm [64,

p. 385].

Critically, the inner product (·, ·)H used in the QR factorization of V̂ and the

construction of Q̂∗LQ̂ depends on the choice of the Hilbert spaceH . As long as

we can evaluate (·, ·)H , we can exploit the fact that L is self-adjoint or a normal

operator with respect to (·, ·)H so that we can accurately compute the eigenval-

ues of L in Ω (see Theorem 2.4.2). For this reason, our algorithm can accurately

compute the eigenvalues and eigenfunctions of differential operators that are

self-adjoint with respect to non-standard Hilbert spaces (see section 2.3.1).

Evaluating the inner product (·, ·)H usually means computing an integral,

which we approximate with a quadrature rule. For example, ifH = L2([−1, 1]),

( f , g)L2([−1,1]) =

∫ 1

−1
f (x)g(x) dx.

35



Given the Gauss–Legendre quadrature nodes x1, . . . , xp and weights w1, . . . ,wp

on [−1, 1], then one uses the approximation [19]

( f , g)L2([−1,1]) ≈

p∑
k=1

wk f (xk)g(xk).

A practical implementation of the operator analogue of FEAST is presented

in Algorithm 3. As with matrix FEAST, there are two approaches for improving

the accuracy of the Ritz values λ̂1, . . . , λ̂m and vectors Q̂x̂1, . . . , Q̂x̂m. The first is

to improve the accuracy of the quadrature rule in (2.8). The second is to iterate

the algorithm by replacing F by the quasimatrix Û with columns ûi = Q̂x̂i for

1 ≤ i ≤ m, repeating the process if necessary.6 For normal operators, this it-

eration generates a sequence of quasimatrices Q̂k withH-orthonormal columns

that converge to anH-orthonormal basis for the invariant subspaceV as k → ∞.

This can be viewed as a rational subspace iteration and geometric convergence

of the Ritz pairs is typical (see section 2.4).

With either refinement strategy, the accuracy of the Ritz pairs may be moni-

tored using the residual norm (see step 6 of Algorithm 3) as a proxy, just as in the

matrix case. For normal operators, the error in the eigenvalues and eigenvec-

tors computed by Algorithm 3 is typically O(ϵ), where ϵ is the threshold for the

residual norm in step 6. We defer analyses of convergence and stability for Al-

gorithm 3 to section 2.4 and Chapter 3. Additional resources on residual norm

bounds for eigenvalues and eigenvectors of matrices and extensions to closed

linear operators are found in [11, 24, 137].

6When L is non-normal the Ritz vectors Q̂x̂1, . . . , Q̂x̂m may become numerically linearly de-

pendent, which can lead to an ill-conditioned basis V̂ in susbequent iterations. The robustness

of Algorithm 3 may be improved by computing the Schur vectors v1, . . . , vm of L̂ and using the

orthonormal basis Q̂v̂1, . . . , Q̂v̂m to seed the next iteration [138].

36



In practice, when L is non-normal it may be beneficial to use a dual

Rayleigh–Ritz projection Q̂∗LLQ̂R, where the columns of Q̂R approximate an or-

thonormal basis for the target eigenspace of L and the columns of Q̂L approx-

imate an orthonormal basis for the associated eigenspace of the adjoint L∗. In

the case of matrix FEAST, the use of the dual projection leads to a non-normal

matrix eigensolver with improved robustness [89]. Although it is not difficult to

adapt Algorithm 3 to an operator analogue of FEAST that uses dual projection,

we focus on the implementation and analysis of the one-sided iteration.

Typically, solving the ODEs in (2.9) dominates the computational cost of Al-

gorithm 3. With the ultraspherical spectral method, the computational complex-

ity of solving the linear ODEs with m distinct right hand sides is O(mMN log(N))

floating point operations (flops) [103]. Here, N and M are, respectively, the

degrees of the truncated Chebyshev series needed to resolve the columns of

Gk and the variable coefficients in L to within the tolerance ϵ specified in Al-

gorithm 3. In addition to the ODE solve, the QR factorization in (ii) requires

O(m2N) flops [154], while the dense eigenvalue computation with a small m × m

matrix in (iii) takes O(m3) flops [64, p. 391]. The complexity of one iteration of

Algorithm 3 is therefore O(mMN log(N) + m2N + m3) flops.

2.3.1 Computing high-frequency eigenmodes

Algorithm 3 adaptively and accurately resolves basis functions for highly oscil-

latory eigenmodes and preserves the sensitivity of the eigenvalues of the differ-

ential operator L, so it is well-suited to computing high-frequency eigenmodes

when L is self-adjoint or normal with respect to (·, ·)H . We provide two ex-
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amples from Sturm–Liouville theory to illustrate the effectiveness of the solve-

then-discretize methodology in the high-frequency regime.

A regular Sturm–Liouville eigenvalue problem

First consider a regular Sturm–Liouville eigenvalue problem (SLEP) given by

−
d2u
dx2 + x2u = λ cosh(x)u, u(±1) = 0. (2.11)

This defines a self-adjoint differential operator with respect to the inner product

(v, u)w =

∫ 1

−1
vu cosh(x) dx. (2.12)

Consequently, (2.11) possesses a complete (·, ·)w-orthonormal basis of eigenfunc-

tions u1, u2, u3, . . . for the weighted Hilbert space Hw = {u : ∥u∥w =
√

(u, u)w < ∞}

and an unbounded set of real eigenvalues λ1 ≤ λ2 ≤ λ3 ≤ · · · .

Asymptotics for the large eigenvalues of (2.11) are given by [2]

√
λn ∼

nπ∫ 1

−1

√
cosh(x) dx

, n→ ∞. (2.13)

To accurately compute the large eigenvalues of (2.11) with Algorithm 3, we pre-

scribe circular search regions with unit radius centered at the values given by

the asymptotic formula in (2.13) (see Figure 2.3). Each search region contains

one eigenvalue.

An indefinite Sturm–Liouville eigenvalue problem

Next, we consider the following indefinite SLEP:

−
d2u
dx2 = λx3u, u(±1) = 0, (2.14)
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Figure 2.3: Left: The large eigenvalues of (2.11) are computed by contFEAST (see Algo-
rithm 3) using search regions given by asymptotic estimates for the eigenvalues (2.13).
Right: The relative difference |λ̂n − λ
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n |/λ

asy
n between the eigenvalues λ̂n computed by

contFEAST and the asymptotic values λasy
n from (2.13). The difference is compared to

an O(n−2) relative error estimate [2].

which is closely related to models of light propagation in a nonhomogeneous

material [2, 163]. Since the weight function x3 changes sign at x = 0, (2.14) has

a bi-infinite sequence of eigenvalues [7]. We index them in order as · · · ≤ λ−2 ≤

λ−1 < 0 < λ1 ≤ λ2 ≤ · · · . The asymptotics for the positive eigenvalues are given

by [3] √
λn ∼

(n − 1/4)π∫ 1

0
x3/2 dx

, λn > 0, n→ ∞. (2.15)

A similar expansion holds for the negative eigenvalues [3].

In contrast to the previous example, the indefinite weight function x3 means

that (2.14) is not immediately associated with a self-adjoint operator on a Hilbert

space. Instead, (2.14) is usually studied through the lens of a Krein space and

the eigenfunctions form a Riesz basis for the Hilbert space with the inner prod-

uct [36]

(v, u)|w| =
∫ 1

−1
vu|x|3 dx. (2.16)

We use the leading order asymptotics in (2.15) to identify search regions that

are likely to contain an eigenvalue of (2.14). Because the ultraspherical spectral
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Figure 2.4: Left: The high-frequency eigenfunction associated to λ1500 of the indefi-
nite Sturm–Liouville eigenvalue problem (2.14) computed by contFEAST (see Algo-
rithm 3). Right: The Chebyshev coefficients {ûk} in a series expansion used to represent
the eigenfunction. About 5371 Chebyshev coefficients are needed to accurately resolve
the eigenfunction. The rapid decay in the coefficients to essentially machine precision
is a good indication that the solution is fully resolved.

method used to solve the ODEs in step 2 of Algorithm 3 is efficient when applied

to ODEs with smooth variable coefficients, it is convenient to treat (2.14) as a

generalized eigenvalue problem, i.e., as L1u = λL2u, where L1u = −d2u
dx2 and

L2u = x3u. The eigenvalues of the pencil zL2 − L1 are then computed with

a straightforward generalization of Algorithm 3 that is based on the spectral

projector for the generalized eigenvalue problem, i.e.,

PV =
1

2πi

∫
∂Ω

(zL2 − L1)−1L2 dz. (2.17)

The eigenvalues and eigenfunctions are automatically resolved to essentially

machine precision because of the use of the adaptive QR solver (see Figure 2.4).

2.4 Convergence and stability

The primary consequence of the approximations introduced in Algorithm 3 is

that the spectral projector is no longer applied exactly. Therefore, the basis Q̂
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computed for the Rayleigh–Ritz projection is not an exact basis for the invariant

subspace V of L and may require further refinement. Here, we view the itera-

tive refinement procedure used in Algorithm 3 as a rational subspace iteration

applied to a normal differential operator L in order to provide a preliminary

analysis of the stability of the iteration and the sensitivity of the Ritz values.

The main results may be summarized as follows.

(i) Algorithm 3 yields a sequence of quasimatrices Q̂1, . . . , Q̂k that (generi-

cally) converge geometrically to an orthonormal basis for the eigenspace V

(see Theorem 2.4.1).

(ii) If Q̂k is a sufficiently good approximation to an orthonormal basis forV, then

the ϵ-psuedospectrum of Q̂∗kLQ̂k is contained in the 2ϵ-psuedospectrum of L

itself (see Theorem 2.4.2).

(iii) Under mild conditions on the initial quasimatrix F in Algorithm 3, the se-

quence ∥L(Q̂k − Q)∥Cm→H is uniformly bounded as k → ∞ (see Lemma 2.4.3).

Taken together, these results demonstrate that each iteration of Algorithm 3

yields uniformly consistent Ritz pairs that converge linearly to the desired

eigenpair and that the unboundedness of L does not lead to instability. Note

that this analysis does not take into account the impact of finite-precision arith-

metic or the fact that the shifted differential equations in (2.9) are not solved

exactly at each iteration (see the discussion at the end of section 2.4.1). How-

ever, (ii) ensures that the eigenvalues of the small matrix Q̂∗kLQ̂k are not much

more sensitive than the eigenvalues of L. Therefore, provided that the eigen-

value problem for L is well-conditioned and we compute a sufficiently accurate

approximation to a basis for V, then we expect that the eigenvalues computed

with Algorithm 3 provide an accurate approximation to the desired eigenvalues
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of L.

2.4.1 Rational subspace iteration for differential operators

In analogy to the matrix case [144], Algorithm 3 may be interpreted as a filtered

subspace iteration. Filtered subspace iteration is a variant of standard subspace

iteration for computing a target subset of eigenvalues of a matrix A [124, Ch. 5].

The main idea is to choose a filter function s(·) that is large on the targeted eigen-

values of A and small on the unwanted eigenvalues of A. Applying the spectral

transformation s(A),7 one uses standard subspace iteration to compute a basis

for the eigenspace of s(A) corresponding to its largest eigenvalues, i.e., the tar-

geted eigenvalues of A. With an approximate basis for the eigenspace available,

the eigenvalues and eigenvectors can be extracted with a Rayleigh–Ritz step.

From this perspective, Algorithm 3 computes the eigenvalues of L in Ωwith

the aid of a rational filter function induced by the quadrature rule in (2.8), i.e.,

s(·) is given by

s(z) =
ℓ∑

k=1

wk

zk − z
, z ∈ C \ {z1, . . . , zl}. (2.18)

The functional calculus for unbounded normal operators ensures that if λi is

an eigenvalue of L with eigenfunction ui, then s(λi) is an eigenvalue of s(L)

with eigenfunction ui [119, VIII.5].8 As the degree of the quadrature rule is in-

7A spectral transformation s(·) may be applied to A via the eigendecomposition of A, or more

generally the Jordan decomposition. For example, if A has eigendecomposition A = XΛX−1 with

Λ = diag(λ1, . . . , λn), then s(A) = X s(Λ)X−1, where s(Λ) = diag(s(λ1), . . . , s(λn)).
8The result [119, VIII.5] is stated for closed self-adjoint operators on H , however, it extends

immediately to closed normal operators on H if the spectral decomposition of a closed normal

operator [122, Theorem 13.33] is used in place of the spectral decomposition of a self-adjoint
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creased, the rational function becomes an increasingly good approximation to

the Cauchy integral

χ(z) =
1

2πi

∫
∂Ω

dw
w − z

, z ∈ C \ ∂Ω. (2.19)

Therefore, the eigenvalues of L in Ω are usually O(1) in size under the spectral

transformation s(·) while the eigenvalues outside of Ω are much smaller.

We now turn to the convergence of the iteration described in Algorithm 3,

which we interpret as a subspace iteration applied to the bounded linear oper-

ator P̂V = s(L). It is helpful to introduce the notions of the spectral radius and

a dominant eigenspace of a bounded linear operator B. The spectral radius of a

bounded linear operator B on a Hilbert spaceH is defined as [41, p. 99]

ρ(B) = max{|z| : z ∈ Λ(B)}. (2.20)

The spectral radius is useful because it characterizes the asymptotic behavior of

∥Bk∥H , in the sense that ρ(B) = limk→∞∥B
k∥

1/k
H

[41, Theorem 4.1.3]. Let V be an

invariant subspace of B associated with eigenvalues λ1 ≥ · · · ≥ λm and a spectral

projector PV. We say that B has dominant eigenspaceV if

ρ((I − PV)B) < |λm|. (2.21)

The following theorem is an extension of a convergence analysis [124, p. 119]

for matrix subspace iteration to the setting of bounded linear operators with a

dominant eigenspace. We omit the details of the proof, as they are identical to

those found in the proof of Lemma 3.1 and Lemma 3.2 of [66].

Theorem 2.4.1. LetB be a bounded linear operator on a Hilbert spaceH with dominant

eigenspaceV, defined in (2.21), having dim(V) = m. Select a quasimatrix F : Cm → H

operator. For information on the spectral decomposition of unbounded normal operators and

the associated functional calculus, see [122, Ch. 13] and [47].
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such that the columns of PVF are linearly independent and suppose the columns of

the quasimatrix Q̂k : Cm → H form an orthonormal basis for range(BkF), for k =

1, 2, 3, . . . . If u ∈ V is an eigenvector of B with eigenvalue λ, then there is a function

ûk ∈ range(Q̂k) such that

∥ûk − u∥H ≤ (|ρ/λ| + ϵk)k
∥(I − PV)Fx∥H , k = 1, 2, 3, . . . ,

where ρ = ρ((I − PV)B), ϵk → 0 as k → ∞, and u = PVFx.

Although we have neglected the effects of approximately solving the ODEs

in (2.9) and the impact of round-off errors in our brief analysis of rational sub-

space iteration for normal differential operators, we mention two recent results

for rational subspace iteration with matrices [126] and self-adjoint differential

operators [66, 67].

• For matrices, small errors made during application of the spectral projector

generally do not alter the convergence behavior of subspace iteration [126].

In this case, the sequence Q̂k no longer converges to an exact basis for V.

However, the matrices Q̂k approximate a basis for V and the approximation

error converges geometrically to a constant determined by the sizes of the

errors introduced at each iteration [126].

• For self-adjoint differential operators (closed and densely defined on H), ra-

tional subspace iteration converges to a subspace even when the resolvent

operator is discretized to solve the ODEs in (2.9) [66, 67]. The distance be-

tween the computed subspace and the target eigenspace (in a distance met-

ric between subspaces) is proportional to the approximation error in the dis-

cretized resolvent [66, 67].

We expect that similar statements hold for normal operators on H , but a rigor-
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ous and detailed convergence analysis is more subtle and beyond the scope of

this chapter.

2.4.2 A pseudospectral inclusion theorem

As range(Q̂) is not an invariant subspace of L, the ϵ-pseudospectrum of Q̂∗LQ̂

is not, in general, contained in the ϵ-pseudospectrum of L. However, if ∥Q̂ −

Q∥Cm→H is sufficiently small, then the ϵ-pseudospectrum of Q̂∗LQ̂ is contained

in the 2ϵ-pseudospectrum of L.

Theorem 2.4.2. Consider a closed operatorLwith domainD(L) that is densely defined

on a Hilbert spaceH and fix ϵ > 0. Let Q : Cm → D(L)
⋂
D(L∗) satisfy Q∗Q = I, and

let range(Q) be an m-dimensional invariant subspace of L. If Q̂ : Cm → D(L) satisfies

∥Q̂ − Q∥Cm→H

(
∥L∗Q∥Cm→H + ∥LQ∥Cm→H + ∥L(Q̂ − Q)∥Cm→H

)
<
ϵ

2
,

then Λϵ(Q̂∗LQ̂) ⊂ Λ2ϵ(L).

Proof. Consider z ∈ Λϵ(Q̂∗LQ̂). If z ∈ Λϵ(Q̂∗LQ̂) ∩ Λϵ(L), there is nothing to

prove, so assume without loss of generality that z < Λϵ(L). If we denote

RQ(z) = (zI − Q∗LQ)−1, RQ̂(z) = (zI − Q̂∗LQ̂)−1, and E = Q̂ − Q, then we have

that RQ̂(z) = [RQ(z)−1 − B]−1, where B = Q∗LE + E∗LQ + E∗LE. Employ-

ing a formula for the inverse of the sum of two matrices, we obtain RQ̂(z) =

RQ(z) + RQ(z)[I − BRQ(z)]−1BRQ(z) [77].

Now, ∥B∥Cm ≤ ∥Q∗LE∥Cm + ∥E∗LQ∥Cm + ∥E∗LE∥Cm . Since ∥E∗∥H→Cm = ∥E∥Cm→H

and ∥Q∗L∥H→Cm = ∥L∗Q∥Cm→H [87, p. 256], our hypothesis indicates that the sum

of the three terms comprising B is bounded in norm by

∥B∥Cm ≤ ∥E∥Cm→H (∥L∗Q∥Cm→H + ∥LQ∥Cm→H + ∥LE∥Cm→H ) <
ϵ

2
.
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Moreover, since z < Λϵ(L), we have that ∥RQ(z)∥Cm ≤ 1/ϵ by Theorem 2.2.2. There-

fore, ∥BRQ(z)∥Cm ≤ 1/2.

Because ∥BRQ(z)∥Cm ≤ 1/2, we may use the Neumann series to compute

(I − BRQ(z))−1 =
∑∞

k=0(BRQ(z))k. We see that RQ̂(z) = RQ(z)
(
I +

∑∞
k=1(BRQ(z))k

)
and

therefore,

∥RQ̂(z)∥Cm ≤

1 + ∞∑
k=1

1
2k

∥RQ(z)∥Cm = 2∥RQ(z)∥Cm .

Now, if z ∈ Λϵ(Q̂∗LQ̂), then ∥RQ(z)∥Cm ≥ ∥RQ̂(z)∥Cm/2 > 1/(2ϵ). By Theorem 2.2.2,

we have that ∥(zI − L)−1∥H ≥ ∥RQ(z)∥Cm . Collecting inequalities yields the result

∥(zI − L)−1∥H > 1/(2ϵ), i.e., z ∈ Λ2ϵ(L). □

A consequence of Theorem 2.4.2 is that Algorithm 3 possesses a type of

stability provided that L is uniformly bounded on the sequence E1, E2, E3, . . . ,

where Ek = Q̂k − Q for k ≥ 1. If L is uniformly bounded on {Ek}
∞
k=1, then there

is a Λ ≥ 0 such that supk≥1∥LEk∥Cm→H ≤ Λ. Applying Theorem 2.4.2, we see that

Algorithm 3 computes elements in the 2ϵ-pseudospectrum of L provided that a

basis forV is resolved to within ϵ/(2(∥L∗Q∥Cm→H + ∥LQ∥Cm→H + Λ)).

We now verify, with two mild constraints placed on the choice of the initial

quasimatrix F, that L is uniformly bounded on the sequence {Q̂k}
∞
k=1 generated

by Algorithm 3. Note that this implies that L is uniformly bounded on {Ek}
∞
k=1

because Ek = Q̂k − Q and range(Q) ⊂ D(L). The constraints on F are generically

satisfied when F is selected as in section 2.3. In the statement of the bound on

∥LQ̂k∥Cm→H , we use the notation σmin(PVF) and σmin((I − PV)F) to denote the

smallest singular values of the quasimatrices PVF and (I − PV)F, respectively.9

9The singular value decomposition of a quasimatrix A : Cm → H is the decomposition

A = UΣV∗, where U : Cm → H is a quasimatrix with H-orthonormal columns, Σ ∈ Cm×m is a

diagonal matrix with non-negative entries σ1 ≥ · · · ≥ σm, and V ∈ Cm×m is a unitary matrix [153].
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Lemma 2.4.3. Consider a closed, normal operator L with domainD(L) that is densely

defined on a Hilbert spaceH . Let P̂V be the bounded operator onH defined in (2.8) and

suppose that P̂V has a dominant eigenspace ofV (see (2.21)) with dim(V) = m. Let F,

PV, and {Q̂k}
∞
k=1 be as in Theorem 2.4.1 with B = P̂V. Suppose that P̂k

V
F (for each k ≥

1) and (I − PV)F each have linearly independent columns and that range(F) ⊂ D(L).

Then, we have that

∥LQ̂k∥Cm→H ≤ 2M∥LF∥Cm→H , k = 1, 2, 3 . . . ,

where M = max {1/σmin(PVF), 1/σmin((I − PV)F)}.

Proof. Since Q̂k is an orthonormal basis for P̂k
V

F, there is a matrix Rk ∈ Cm×m

such that P̂k
V

F = Q̂kRk. By the assumption that P̂k
V

F has linearly independent

columns, we know that Rk is invertible. We obtain that

Q̂k = P̂
k
VFR−1

k . (2.22)

We use the spectral projector PV to rewrite (2.22) as

Q̂k = P̂
k
V

(PVF + (I − PV)F) R−1
k . (2.23)

Now, range(PVF) and range((I − PV)F) are invariant under P̂V [87, p. 178].

Consequently, there are matrices D1,D2 ∈ Cm×m such that

P̂k
VPVF = PVFDk

1, P̂k
V(I − PV)F = (I − PV)FDk

2. (2.24)

Substituting (2.24) into (2.23) yields the following useful equation for Q̂k:

Q̂k =
(
PVFDk

1 + (I − PV)FDk
2

)
R−1

k . (2.25)

Applying L to both sides of (2.25) and commuting with the spectral projectors

PV and I − PV [87, p. 179], we obtain

LQ̂k =
(
PVLFDk

1 + (I − PV)LFDk
2

)
R−1

k . (2.26)
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Since range(F) ⊂ D(L), we have that ∥LF∥Cm→H < ∞. Additionally, since L is

normal, the spectral projectors have norms equal to 1 [87, p. 277]. Therefore, it

remains to find a uniform bound for ∥Dk
1R−1

k ∥Cm and ∥Dk
2R−1

k ∥Cm as k → ∞.

For brevity, we prove uniform boundedness of ∥Dk
1R−1

k ∥Cm and note that the

proof for ∥Dk
2R−1

k ∥Cm is essentially identical. We begin by commuting P̂V with the

spectral projectors in (2.24) and substituting the QR factorization of P̂k
V

F to see

that

PVQ̂k = (PVF)Dk
1R−1

k . (2.27)

Using the psuedoinverse (PVF)+ of the quasimatrix10 PVF and noting that PVF

has linearly independent columns, (2.27) implies that

Dk
1R−1

k = (PVF)+PVQ̂k. (2.28)

Now, we know that ∥PVQ̂k∥H ≤ 1, because ∥PV∥H = 1 and Q̂k has orthonor-

mal columns. We conclude that

∥Dk
1R−1

k ∥Cm ≤
1

σmin(PVF)
. (2.29)

A similar argument shows that

∥Dk
2R−1

k ∥Cm ≤
1

σmin((I − PV)F)
. (2.30)

Taking norms in (2.26) and substituting the bounds from (2.29) and (2.30), we

find

∥LQ̂k∥Cm→H ≤ ∥LF∥Cm→H

(
1

σmin(PVF)
+

1
σmin((I − PV)F)

)
. (2.31)

The lemma follows immediately from (2.31). □

10The pseudoinverse of a quasimatrix A : Cm → H may be defined via the SVD as A+ =

VΣ+U∗, where Σ+ is the diagonal matrix with entries Σ+ii = 1/σi ifσi , 0 and 0 otherwise. It is easy

to verify familiar properties from the matrix case [64, p. 290], i.e., if A has linearly independent

columns, then A+A = I and ∥A+∥H→Cm = 1/σmin(A).
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Theorem 2.4.1, Theorem 2.4.2, and Lemma 2.4.3 provide a preliminary anal-

ysis to explain why Algorithm 3 accurately computes the eigenvalues of normal

operators with a dominant eigenspaceV. Theorem 2.4.1 allows us to accurately

resolve an orthonormal basis Q for V by refining the quasimatrix Q̂k with sub-

space iteration. Lemma 2.4.3 confirms that LQ̂k does not grow without bound

as Q̂k is refined. Finally, Theorem 2.4.2 demonstrates that the eigenvalues are

computed to the expected accuracy, provided that the basis for V has been re-

solved.

2.5 An operator analogue of the Rayleigh Quotient Iteration

It is useful to have operator analogues for other eigensolvers too; particularly,

when the eigenvalues of interest are difficult to target with a pre-selected search

regionΩ ⊂ C. The Rayleigh Quotient Iteration (RQI) is a generalization of the in-

verse iteration that incorporates dynamic shifting to obtain cubic (for Hermitian

problems) or quadratic (non-Hermitian problems) convergence [109]. Given a

matrix A ∈ Cn×n and an initial vector ỹ0 ∈ Cn, RQI computes the iterates

ỹk+1 = (A − βkI)−1yk, βk = y∗kAyk, yk =
ỹk

∥ỹk∥2
, k = 0, 1, 2, . . . . (2.32)

The vectors yk typically converge to a nearby eigenvector of A, while the se-

quence βk converges to the associated eigenvalue of A [107]. In the matrix set-

ting, (2.32) is often used to compute interior eigenvalues or refine an estimate of

an invariant subspace [108, 109].

Replacing a matrix A by a differential operator L : D(L) → H , as in (1.1),

and the vectors ỹk by functions fk ∈ D(L), we obtain an operator analogue of

RQI. One needs to select an initial function f0 ∈ D(L) and solve a sequence of
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ODEs, i.e.,

(L − βkI) fk+1 = fk, fk+1(±1) = · · · = f (N/2)
k+1 (±1) = 0. (2.33)

At each iteration, the shift βk is computed from the Rayleigh Quotient ( fk,L fk)H

(in strong form) and the solution fk+1 is normalized after each iteration. Analo-

gous to the matrix setting, we observe that the operator analogue of the Rayleigh

Quotient Iteration converges cubically for self-adjoint operators and quadrati-

cally otherwise [71].

We note that block generalizations of RQI (RSQR and GRQI [1]) are also

easily extended to the differential operator setting. In this case, a sequence

of quasimatrices Q̂k with H-orthonormal columns are generated to approxi-

mate an invariant subspace of L and a Rayleigh–Ritz projection is performed

to compute approximate eigenvalues and eigenvectors. As with the operator

analogue of FEAST, Theorem 2.4.2 implies that the iteration (2.33) accurately

computes eigenvalues of normal differential operators when the basis for the

target eigenspace is sufficiently resolved.

2.5.1 Free vibrations of an airplane wing

The improved convergence rate of RQI can offer much faster computation time

than subspace iteration, often requiring only 3 or 4 ODE solves to reach an accu-

racy of essentially machine precision [71]. We now employ (2.33) for the rapid

computation of vibrational modes of an airplane wing.

An airplane wing may be crudely modeled as a thin, cantilevered beam of

50



x/L
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λ2 ≈ 178.4
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λ4 ≈ 5712

Figure 2.5: Selected free-vibration modes of an airplane wing modeled by (2.34).

length L with a linear taper. The governing equation for free vibrations is [74]

d2

dx2

(
(1 + x)

d2u
dx2

)
= λu, u(0) = u′(0) = 0, u′′(L) = u′′′(L) = 0. (2.34)

The variable coefficient 1 + x accounts for the linear taper of the wing, while the

boundary conditions on u′′ and u′′′ at x = 1 express the natural requirement that

the bending moment and shear force vanish at the endpoint.

To compute a few of the smoothest modes of (2.34) we use the eigenfunctions

wn of the cantilevered beam equation with constant coefficients, given in closed

form by [74]

wn(x) = cosh βnx − cos βnx +
cos βnL + cosh βnL
sin βnL + sinh βnL

(sin βnx + sinh βnx). (2.35)

Here βn is the nth root of g(β) = cosh(βL) cos(βL) + 1 [74]. We target a mode

of (2.34) by setting f0(x) = wn(x). Figure 2.5 shows the modes that are computed

using initial guesses w1, . . . ,w4, corresponding to the smallest four positive roots

of g(β).
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2.6 Computing eigenvalues in unbounded regions

Stability analyses of solutions to time-dependent partial differential equations

(PDEs) provide an abundant source of differential eigenvalue problems (recall

the example in section 1.2). When L is a self-adjoint or normal operator, linear

stability analysis often reduces to determining whether or not the eigenvalues

of L are contained in one half-plane [4,94,128,157]. We now show how to mod-

ify the spectral projector in (2.4) to derive a practical rational filter to compute

(finitely many) eigenvalues of L in the right half-plane.

2.6.1 A rational filter for the half-plane

Suppose that L is a normal operator with a spectrum in the left half-plane

Re(z) < 0 except for finitely many eigenvalues λ1, . . . , λm (including multiplic-

ities) such that Re(λi) > 0 for 1 ≤ i ≤ m. Denote the eigenspace associated with

λ1, . . . , λm byV and consider search regions that are semi-circles of radius R, i.e.,

ΩR = {z ∈ C : |z| < R,Re(z) > 0}, R > max1≤i≤m|λi|. (2.36)

To construct a computable spectral projector onto the right half-plane we con-

sider taking R→ ∞. We adopt the following strategy:

(i) Introduce a 1/R decay into the integrand of the spectral projector (2.4) as R→

∞, while preserving the projection ontoV.

(ii) Split the projector into an integral over the vertical part of ∂ΩR and an in-

tegral over the circular arc of ∂ΩR. By taking R → ∞, we observe that the

contribution from the circular arc goes to 0 due to the additional 1/R decay in

the integrand.
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Figure 2.6: Left: The region ΩR from (2.36) used in the derivation of the rational filter
over the right half-plane. Right: The constructed rational filter (2.40) for the right half-
plane with ℓ = 20.

(iii) Map the imaginary axis to the interval [−1, 1] and approximate the spectral

projector by a quadrature rule.

Select a ∈ R+ and consider the family of functions that are analytic in the

right half-plane defined by

PR(λ) =
1

2πi

∫
∂ΩR

(z + a)−1(z − λ)−1 dz. (2.37)

By Cauchy’s Integral Formula, we know that PR(λ) = (λ + a)−1 if λ ∈ ΩR and is

zero otherwise [134]. Taking the limit R→ ∞, we obtain

P(λ) = lim
R→∞
PR(λ) =

1
2π

∫ ∞

−∞

(iy + a)−1(iy − λ)−1 dy. (2.38)

Using functional calculus for unbounded normal operators we can extend P(λ)

to an operator-valued function P(L) [122, Theorem 13.24].11 Moreover, we have

that P(L)u = P(λ)u when Lu = λu [119, VIII.5]. Consequently, range(P(L)) = V.

Now, take the change-of-variables x = 2
π

tan−1 y in (2.38) to obtain

P(L) =
1
4

∫ 1

−1

(
i tan

(
πx
2

)
+ a

)−1 (
i tan

(
πx
2

)
I − L

)−1
sec2

(
πx
2

)
dx. (2.39)

11In [122, Theorem 13.24], Ex,y is the spectral measure of L [122, Theorem 13.33].
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Figure 2.7: Left: A droplet, uss, which is a steady-state solution to (2.41), computed
from the IVP (2.43). Right: Two rightmost eigenvalues (blue and red dots) of (2.42)
together with a log-scale colormap of the rational filter in (2.40) with ℓ = 20, which is
used in place of (2.8). The eigenvalue with a positive real part (red dot) indicates that
this steady-state droplet is unstable.

Using Gauss–Legendre quadrature nodes x1, . . . , xℓ and weights w1, . . . ,wℓ on

[−1, 1], we can approximate P(L) by

P̂(L) =
1
4

ℓ∑
k=1

wk
1 − z2

k

zk + a
(zkI − L)−1, zk = i tan

(
πxk

2

)
. (2.40)

Figure 2.6 (right) shows the derived rational filter P̂(λ) in the complex plane.

2.6.2 Stability of thin fluid films

To demonstrate the utility of the filter in (2.40), we assess the stability of the

steady-state solutions to a PDE governing the motion of a thin film of fluid sup-

ported below by a flat substrate (see section 1.2). The PDE is

ut = ∂
4
xu + ∂x(u∂xu), (2.41)

where u(x, t) is a positive, periodic function representing the thickness of the

fluid [95]. The nonlinear term models gravitational effects and substrate-fluid

interactions [95].
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A droplet steady-state uss(x) of (2.41), rescaled so that it is supported on [0, l]

with contact angle π/4, is stable if all the eigenvalues of a fourth-order differen-

tial operator are in the left half-plane. The associated differential eigenproblem

is [94]

d4u
dx4 +

d
dx

(
uss

du
dx

)
= λu, u(0) = u(l) = 0, u′′(0) = u′′(l) = 0. (2.42)

We compute the steady-state uss(x) by solving the second order nonlinear

ODE [95]
duss

dx
+

1
2

u2
ss − δ = 0, uss(0) = 0, u′ss(0) = 1. (2.43)

Here, δ is a dimensionless quantity relating the rescaled problem to the original

contact angle [95]. The length l of the droplet’s base and δ may be calculated

analytically [95].

In Figure 2.7, we show an approximation to the rescaled steady-state uss

along with the right-most eigenvalues of (2.42). Using the rational filter in (2.40)

with ℓ = 20 (the degree of the quadrature rule defining the filter) to perform the

approximate spectral projection in Algorithm 3, we are able to identify an eigen-

value of (2.42) in the right half-plane, which indicates that the droplet (see Fig-

ure 2.7 (left)) is unstable.

Techniques for selecting the dimension m of the subspaceV [89,144] are im-

portant in stability analysis as one is trying to determine the number of eigen-

values in the right half-plane. To select m, we monitor the singular values of

the matrix V̂∗V̂ after each iteration and adjust the number of basis functions by

removing columns of V̂ associated with singular values that are close to ma-

chine precision (relative to the largest singular value) [144]. This procedure

usually allows us to capture the dominant eigenspace of the filtered operator

P̂(L) that includes the target eigenspace as well as any eigenvalues clustered
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near the imaginary axis. We then determine whether there are any eigenvalues

in the right half-plane by sorting through the computed eigenvalues. However,

this strategy may break down, for instance, if there is an eigenvalue close to a

quadrature node. Additionally, the sharp decay of the filter (2.40) across the

imaginary axis is softened as |Im(z)| → ∞, which can lead to difficulties when

there are clusters of eigenvalues near the imaginary axis with large imaginary

part. In this case, one may need to take a large number of basis functions to

accurately resolve the dominant eigenvalues of P̂(L).
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CHAPTER 3

STABILITY OF CONTOUR INTEGRAL EIGENSOLVERS

This chapter1 examines the numerical stability of the FEAST matrix eigensolver

and, more generally, eigensolvers that use rational filters of the form

r(A) =
ℓ∑

j=1

ω j(z jI − A)−1, (3.1)

to target interior eigenvalues of a large matrix A ∈ Cn×n [9,70,83,88,116,127,144].

When a pole z j∗ in (2.18) is close to an eigenvalue of A, computing the product

r(A)x for some x ∈ Cn requires the numerical solution of an ill-conditioned linear

system. Consequently, round-off errors may pollute the basis computed for the

target space, and the associated eigenpairs may be computed inaccurately. We

now show that iteratively refining the eigenpairs, as in section 2.4.1, plays an

important role when such dangerous eigenvalues are present.

Throughout the chapter, ∥·∥ denotes the spectral norm of a matrix (Euclidean

norm for vectors) and A denotes an n×n diagonalizable matrix with eigenvalues

and eigenvectors satisfying Avi = λivi, for 1 ≤ i ≤ n. Except in section 3.6, we

assume that A has a complete orthonormal set of eigenvectors (i.e., A is normal),

in which case it is convenient to write the eigendecomposition of A in the form

A = V1Λ1V∗1 + V2Λ2V∗2 . (3.2)

Here, Λ1 = diag(λ1, . . . , λm) contains a set of target eigenvalues that we wish to

compute and Λ2 = diag(λm+1, . . . , λn) contains the remaining unwanted eigen-

values (usually, m ≪ n). We denote the target eigenspace by V = span(V1),
1This chapter is based on a paper with Yuji Nakatsukasa [82], who suggested this project

after we uncovered the ‘twice-is-enough’ phenomenon in a series of numerical experiments in

July 2019. I was the lead author, and I developed the main theoretical results and numerical

experiments with Yuji’s guidance during weekly meetings.
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the full eigenvalue matrix by Λ = diag(Λ1,Λ2), and the eigenvector matrix by

V = [V1 V2]. Our analysis is focused on a single dangerous eigenvalue λ lo-

cated at a distance d = |z j∗ − λ| ≪ 1 from a pole of the filter in (3.1) (we discuss

numerical experiments with clusters of dangerous eigenvalues in section 3.8).

For simplicity, we always assume that r(Λ) is invertible, that there is a

nonzero spectral gap between r(Λ1) and r(Λ2), and index the eigenvalues in or-

der of decreasing modulus under the filter so that

|r(λ1)| ≥ · · · ≥ |r(λm)| > |r(λm+1)| ≥ · · · ≥ |r(λn)|. (3.3)

Here, r(λ) =
∑ℓ

j=1 ω j(z j − λ)−1 is the scalar form of the filter in (3.1).2 Under the

ordering in (3.3), the dangerous eigenvalue is λ1. Without loss of generality, we

assume that the weight w j associated with a pole near the dangerous eigenvalue

λ1 is equal to one (by scaling r(·) if necessary). This simplifies the analysis and

usually implies that the other weights wi are also modest in size.

3.1 The power of iteration

When combined with shift-and-invert enhancement, subspace iteration and

Arnoldi are two classic iterative schemes for computing a few interior eigen-

values of an n × n matrix A. Each method constructs an orthonormal basis for a

search subspace by iteratively applying the spectral filter

s(A) = (zI − A)−1 (3.4)

to a set of vectors. Approximate eigenpairs can then be extracted from the search

subspace with a projection step, e.g., Rayleigh–Ritz. The shift z is selected to
2We refer to the scalar function r(z) and its matrix companion r(A) with the same symbol.

We always include the argument when it is necessary to clarify which we mean.

58



0 10 20 30 40 50
10

-15

10
-10

10
-5

10
0

∥Av̂i − λ̂iv̂i∥

i = 1

i = 2

k
0 5 10 15 20 25

10
-15

10
-10

10
-5

10
0

∥Av̂i − λ̂iv̂i∥

i = 1

i
=

2
k

Figure 3.1: The residuals for two approximate eigenpairs of a real-symmetric 100 × 100
matrix at iterations k = 2, . . . , 50 of Arnoldi (left) and iterations k = 1, . . . , 25 of subspace
iteration (right), both with shift-and-invert enhancement. The approximate eigenpairs
correspond to a dangerous eigenvalue (black) with |z − λ1| = 10−12 and a second target
eigenvalue (red) with |z − λ2| ≈ 0.1.

target a region of interest, and both methods typically approximate eigenvalues

of A closest to z.

In his 2001 volume on matrix algorithms for eigenvalue problems, Stew-

art noted that shift-and-invert Arnoldi encounters difficulties in floating-point

arithmetic when the shift lies too close to an eigenvalue of A [139, p. 309]. Al-

though the eigenvalue adjacent to the shift is rapidly approximated to the order

of the unit round-off u, the residuals of other computed eigenpairs stagnate near

the order of u/d, where d is the distance between the “dangerous” eigenvalue

and the shift. This phenomenon has also recently been observed in the context

of Krylov methods, where the subspace is constructed with contour integrals or

rational approximations [9].

Curiously, dangerous eigenvalues do not inflict the same stagnation in the

residuals of the other target eigenpairs during subspace iteration. Figure 3.1

compares the residuals of two target eigenpairs computed with Arnoldi (left)

and subspace iteration (right), using the shift-and-invert filter in (3.4) with
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Figure 3.2: The left panel displays the residuals for two approximate eigenpairs of a
100 × 100 real-symmetric matrix computed with the contour integral eigensolver de-
scribed in [144], as the quadrature rule approximating the contour integral is refined.
One of the target eigenvalues (i = 1, red) is a distance of 10−10 from the contour. The
right panel displays the residuals for the two approximate eigenpairs when refined via
iteration rather than quadrature rule. The quadrature rule used corresponds to a ratio-
nal filter in (3.1) with ℓ = 8.

z = 10. The approximation to the dangerous eigenvalue λ1 = 10+10−12 converges

rapidly to unit round-off accuracy in both cases. However, only subspace iter-

ation computes an approximation to the second target eigenvalue λ2 ≈ 10.1 to

unit round-off accuracy.

A similar story unfolds in Figure 3.2, where we compute two target eigen-

pairs with the contour integral eigensolver described in [144], one of them lo-

cated at a distance of 10−10 from the contour. As we refine the quadrature along

the contour, the poles of a rational filter with form (3.1) cluster near the dan-

gerous eigenvalue, and we observe the residual of the dangerous eigenpair con-

verge rapidly to unit round-off, while the residuals of the remaining target pairs

stagnate near 10−5. On the other hand, if we fix the number of quadrature points

(i.e., poles) and refine via filtered subspace iteration, the residuals of all target

eigenpairs converge geometrically to order u.

This chapter is about explaining Figures 3.1 and 3.2. We first examine how
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rational filtered subspace iteration disarms dangerous eigenvalues after the first

iteration. When A has a complete set of orthonormal eigenvectors, orthogonal

bases for the search subspace play a special role and “twice-is-enough” to re-

cover full precision in the computed iterates (see sections 3.3 to 3.5).3 In the non-

normal case, iterating on approximate eigenvectors (obtained from a Rayleigh–

Ritz step, for instance) is the key to overcoming round-off errors incurred by

the dangerous eigenvalue, while iterations based on orthogonal bases (such as

approximate Schur vectors) suffer stagnation in the remaining target eigenpairs

(see section 3.6). Our analysis generalizes that of Peters and Wilkinson [115],

who demonstrated that single-vector inverse iterations converge rapidly when

the shift is very close to an eigenvalue, to the substantially more complex case

of subspace iteration and rational filters with multiple poles.

To obtain full precision in the remaining target eigenpairs for Arnoldi and

related Krylov schemes, the prevailing consensus is to alter the rational filter

by moving or removing the offending poles [9, 139]. Unfortunately, this usu-

ally means settling for a less efficient filter or starting over with a new filter.

Informed by our analysis of subspace iteration and its immunity to dangerous

eigenvalues, we offer simple restart strategies that fix stagnation in shift-and-

invert Arnoldi (see section 3.7).
3Aspects of our analysis are similar to Parlett and Kahan’s “twice-is-enough” algorithm and

analysis for Gram-Schmidt reorthogonalization [110, pp. 107–109].
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3.2 Principle angles between subspaces

Given an n×m matrix Q0 with orthonormal columns, the simplest practical form

of subspace iteration with a rational filter, as in (3.1), computes the iterates

Xk = r(A)Qk−1, Qk = qf(Xk). (3.5)

Here, qf(Xk) denotes the orthogonal factor from a QR decomposition of Xk and

we write Sk = span(Qk). As in section 2.1, the eigenpairs of Q∗kAQk provide ap-

proximations to the target eigenpairs of A.

In practice, there are many modifications one can make to (3.5) to improve

convergence, enhance stability, or increase computational efficiency. Neverthe-

less, when A is normal, (3.5) is enough to capture both the dangers and the self-

correcting effects of eigenvalues that are close to the poles in (3.1). When A is

non-normal, iterations that incorporate the Ritz vectors when forming Qk−1 play

a special role, while other variants (including (3.5) itself) typically fail to con-

verge to full precision (see Figure 3.7). We discuss these modifications further

in section 3.6.

The principal angles between the subspaces Sk and V provide a natural

framework with which to characterize the refinement of the iterates in (3.5).

Generalizing the notion of an angle between two vectors, the principal angles

tell us how close Sk andV are in a geometric sense [18].

Definition 3.2.1. LetX andY be two m-dimensional subspaces with orthonormal bases

X and Y , respectively, and let σi(Y∗X) denote the ith singular value of Y∗X. The princi-

pal angles between X and Y are the acute angles θ1(X,Y) ≥ · · · ≥ θm(X,Y) satisfying

cos θi(X,Y) = σm+1−i(Y∗X), i = 1, . . . ,m. (3.6)
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The sine of the largest principal angle, given by sin θ1(X,Y) = ∥(I − PY)X∥,

defines a metric on the set of m-dimensional subspaces. However, the tangents

of the principal angles, which are the singular values of the matrix [169]

T (X,Y) = (I − PY)X(Y∗X)+, (3.7)

are better equipped to describe the behavior of the iterates in (3.5). In (3.7),

(Y∗X)+ denotes the Moore–Penrose pseudoinverse of Y∗X and, crucially, X need

not be orthonormal.

A subspace analogue of Theorem 2.4.1, based on the largest principal angle

between Sk andV, is easy to derive with (3.7) (c.f. [110, Thm 14.4.1]).

Theorem 3.2.2. Let normal A ∈ Cn×n and r : Λ → C satisfy (3.2) and (3.3), respec-

tively, and let Sk = span(Qk) in (3.5). If cos θ1(S0,V) > 0, then

tan θ1(Sk,V) ≤
∣∣∣∣r(λm+1)

r(λm)

∣∣∣∣ tan θ1(Sk−1,V) ≤
∣∣∣∣r(λm+1)

r(λm)

∣∣∣∣k tan θ1(S0,V). (3.8)

Proof. We prove the first inequality with a direct calculation using (3.7); the sec-

ond follows immediately by induction and the fact that cos θ > 0 when tan θ < ∞.

We compute that (I − PV)Xk = V2r(Λ2)V∗2 Qk−1 and that V∗1 Xk = r(Λ1)V∗1 Qk−1. Us-

ing the induction hypothesis that cos θ1(Sk−1,V) > 0, which implies V∗1 Qk−1 is

invertible, we obtain

(I − PV)Xk(V∗1 Xk)+ = V2r(Λ2)V∗2 Qk−1(V∗1 Qk−1)−1r(Λ1)−1. (3.9)

The theorem follows by taking norms and noting that ∥V∗2 Qk−1(V∗1 Qk−1)−1∥ =

tan θ1(Sk−1,V), ∥r(Λ2)∥ = |r(λm+1)|, and ∥r(Λ1)−1∥ = |r(λm)|−1. □

The tangents (and sines) of the principal angles play an important role in

the perturbation theory of eigenpairs and, consequently, the bounds in The-

orem 3.2.2 are useful when determining the accuracy in the computed Ritz
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Figure 3.3: The eigenvalues of a 100× 100 real-symmetric matrix overlaid on a complex
color plot of the magnitude of a rational approximation to the characteristic function on
[10, 15]. A dangerous eigenvalue is located at distance d = 10−10 from the pole at z = 10.

pairs [125, 139, 140]. For our purposes, Theorem 3.2.2 and its proof are use-

ful tools when analyzing subspace iterations subject to perturbations (see sec-

tion 3.5), because tan θ1(Sk,V) is computed directly from the iterate Xk.

3.3 Dangerous eigenvalues

When an eigenvalue of A is very close to a pole of the rational filter in (3.1),

r(A) disproportionately amplifies components in the direction of the associated

eigenvector. Given any vector x ∈ Cn, we estimate

r(A)x =
n∑

i=1

r(λi)viv∗i x =
v∗1x
deiθ v1 + O(1), as d → 0. (3.10)

(It is convenient to write the complex-valued difference between λ1 and the

nearest pole z j∗ in the polar notation z j∗ − λ1 = deiθ, with argument 0 ≤ θ < 2π.)

This amplification is precisely the reason that shift-and-invert power iterations

are so effective when the shift is close to the target eigenvalue. If we apply r(A)
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to a random vector with unit norm and normalize, the result approximates v1

with relative accuracy O(d), under the generic assumption that the random vec-

tor is not nearly orthogonal to v1. Similarly, when r(A) is applied to a random

orthonormal matrix Q0, span(r(A)Q0) contains good approximations to v1 when

∥v∗1Q0∥ is not too small.

However, the amplifying effect of a dangerous eigenvalue may cause issues

when computing the iterates in (3.5) in floating-point arithmetic. Figure 3.3

shows the eigenvalues of a 100 × 100 real symmetric matrix plotted in the com-

plex plane over the magnitude (indicated by color) of a rational filter targeting

the interval [10, 15]. The matrix has a large cluster of eigenvalues in the interval

[0, 5], where the filter has decayed to less than unit round-off, and a small set

of eigenvalues in the target region, where the filter has magnitude close to 1.

One eigenvalue of the matrix is very close to the pole at z = 10, separated by

a distance of 10−10. By Theorem 3.2.2, we expect that (in exact arithmetic) all

of the eigenvalues in the target region are resolved to accuracy on the order of

u after one iteration. However, Figure 3.4 (left) shows that only the dangerous

eigenpair has been computed accurately. The residuals of the remaining target

eigenpairs are on the order of 10−5, that is, roughly u/d.

The large residuals are best explained with a look at the computed orthonor-

mal basis Q̂1 (we denote computed quantities with a hat throughout, so Q̂1 is the

computed approximant to Q1) in the eigenvector coordinates in Figure 3.4. The

first column of Q̂1 (circular markers) looks as expected: the dangerous eigen-

vector dominates and the unwanted components are near the unit round-off

in magnitude. However, the magnitude of the unwanted components is much

larger, on the order of u/d, in the remaining columns q̂(1)
2 , . . . , q̂(1)

m . The 10th col-
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Figure 3.4: The residuals of 10 target eigenpairs of a 100 × 100 real-symmetric matrix
after one iteration of subspace iteration with the rational filter in Figure 3.3 are plotted
on the left. On the right are the eigenvector coordinates of the 1st (black circles) and
10th (red triangles) columns of Q̂1. The dangerous component and the remaining target
components dominate in columns 1 and 10, respectively. The unwanted eigenvector
components (right of dashed line) are filtered out almost entirely to order u in the 1st
column, but are orders of magnitude larger in the 10th column, with magnitude near
u/d.

umn (triangular markers in Figure 3.4) is representative of this observation. Al-

though the quality of the filter means that the unwanted components should be

on the order of u in the columns of Q̂1, they are polluted with noise on the order

of u/d in all but the first column. Consequently, the accuracy in the remaining

Ritz pairs computed from Q̂1 is also degraded to u/d.

There are two potential sources of error degrading the accuracy in Q̂1. The

first is the most obvious: round-off errors are amplified when solving the ill-

conditioned linear system associated with the dangerous eigenvalue. The sec-

ond source is more subtle: the overwhelming dominance of the dangerous

eigenvector in each column of X1 leads to an ill-conditioned basis for S1. Re-

markably, the heart of the story in Figures 3.1 and 3.2 is contained in the latter,

subtler effect and we can learn a great deal without mentioning errors incurred

while applying r(A). Of course, a thorough understanding requires a careful

treatment of the ill-conditioned linear systems and the accumulation of errors
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at each iteration. We address both points in section 3.5, where we study the con-

vergence and stability of the iteration in (3.5) when computed in floating-point

arithmetic. For now, we focus on the influence of ill-conditioning in the iterates

X1, X2, . . ., noting that round-off errors in the computed iterates have little effect

on their condition number (see section 3.5 for a full explanation).

3.3.1 Accuracy of the computed orthonormal basis

When a basis X ∈ Cn×m is ill-conditioned, small perturbations to the columns

can have a large effect on their span. This is reflected in the sensitivity of the

orthogonal factor in the QR factorization, Q = qf(X). If, for some small ϵ > 0,

X is perturbed by ∆X with ∥∆X∥ ≤ ϵ∥X∥, then there is a ∆Q such that Q + ∆Q =

qf(X + ∆X) and [78, p. 382]

∥∆Q∥ ≤ cmκ(X)∥∆X∥/∥X∥. (3.11)

Here, cm is a modest constant depending only on the dimension m and κ(·) de-

notes the 2-norm condition number of a rectangular matrix. (3.11) tells us that

when X is highly ill-conditioned, the QR factorization may be extremely sensi-

tive to perturbations. When we compute an orthonormal basis Q̂ in floating-

point arithmetic, we are not guaranteed accuracy much better than ∥Q̂ − Q∥ ≤

cmκ(X)u (at least, as long as the columns of X do not vary significantly in magni-

tude).

Because the rational filter amplifies the v1 component in each column of Q0

by 1/d in (3.5), X1 is usually extremely ill-conditioned. Intuitively, κ(X1) cannot

be much worse than |r(λ1)|/|r(λm)| and not much better than |r(λ1)|/|r(λ2)| because

v1 is present in each column with magnitude near |r(λ1)| while the rest of the
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target eigenpairs are present with magnitude at least |r(λm)| and no greater than

|r(λ2)|. Proposition 3.3.1 makes this intuition precise in the form of an upper

bound and asymptotic lower bound. The implication is that the error in the

computed orthonormal basis Q̂1 is on the order of u/d as long as the columns

of Q0 are not orthogonal to the dangerous eigenvector, as we observed in Fig-

ure 3.4.

We use the shorthand notation f (x) ≲ g(x) to denote the asymptotic relation

f (x) ≤ g(x)(1 + o(1)), as x→ 0. (3.12)

Note that this is slightly sharper than f (x) = O(g(x)), but weaker than f (x) ∼

g(x) [81, Def. 1.1-1.2].4

Proposition 3.3.1. Let normal A ∈ Cn×n and r : Λ → C satisfy (3.2) and (3.3),

respectively, and given orthonormal Q0 ∈ Cn×m, let X1 = r(A)Q0. If V∗1 Q0 has full rank,

then the condition number of X1 satisfies

∥v∗1Q0∥

d|r(λ2)|
≲ κ(X1) ≤

∣∣∣∣ r(λ1)
r(λm)

∣∣∣∣∥(V∗1 Q0)−1∥, as d → 0. (3.13)

Proof. The condition number of X1 may be written as κ(X1) = σ1(X1)/σm(X1),

where σ1(X1) ≥ · · · ≥ σm(X1) are the singular values of X1. To bound σ1(X1)

above, we substitute the spectral decomposition r(A) = Vr(Λ)V∗ into the defini-

tion of X1 and estimate σ1(X1) ≤ |r(Λ1)|∥V∗Q0∥ ≤ |r(λ1)| (recall (3.3)). To bound

σm(X1) below, we use the spectral decomposition in (3.2) to write

X1 =

[
V1 V2

] M1

M2

 , (3.14)

4This definition of f ≲ g is sharper than its common usage in the analysis of partial differ-

ential equations, where it means f ≤ Cg for some constant C > 0 [146, p. xiv].

68



where M1 = r(Λ1)V∗1 Q0 and M2 = r(Λ2)V∗2 Q0. Because V is unitary, the singular

values of X1 are precisely those of
[ M1

M2

]
. Furthermore, σm(X1) ≥ σm(M1) since

adding rows can only increase the singular values of a matrix. Finally, since

σm(M1) = ∥M−1
1 ∥
−1, we have that κ(X1) ≤ σ1(X1)∥M−1

1 ∥. We estimate that

∥M−1
1 ∥ = ∥(V

∗
1 Q0)−1r(Λ1)−1∥ ≤ ∥(V∗1 Q0)−1∥|r(λm)|−1.

Collecting the bounds onσ1(X1) and ∥M−1
1 ∥ establishes the upper bound in (3.13).

To establish the asymptotic lower bound, we apply (3.10) to r(A)Q0, obtain-

ing

X1 =

n∑
i=1

r(λi)viv∗i Q0 = v1
v∗1Q0

deiθ + O(1), as d → 0. (3.15)

Taking norms provides the asymptotic lower bound on σ1(X1). To obtain a

lower bound on σm(X1)−1, we can bound σm(X1) from above with an interlac-

ing property for singular values of matrices subject to rank one perturbations.

We rewrite (3.15) as

X1 = r(λ1)v1v∗1Q0 + Vdiag(0, r(λ2), . . . , r(λn))V∗Q0 = N1 + N2.

Now, σ2(N1) = 0 and σ1(N2) ≤ |r(λ2)| so, by interlacing [148], we obtain the

estimate

σ2(X1) ≤ σ1(N2) + σ2(N1) ≤ |r(λ2)|.

As σm(X1) ≤ σ2(X1) implies that 1/σm(X1) ≥ |r(λ2)|−1, collecting lower bounds

concludes the proof of (3.13). □

The factor ∥(V∗1 Q0)−1∥ in Proposition 3.3.1 appears naturally in connection

with subspace iteration, and we will encounter it again in section 3.5. It is

precisely the reciprocal of cos θ1(S0,V) (see Definition 3.2.1), approaching unity

when V and S0 are nearby and blowing up quadratically when they are made
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orthogonal. In Proposition 3.3.1 it indicates that X1 may suffer additional ill-

conditioning if the initial subspace S0 is accidentally chosen to be too near or-

thogonal toV.5

3.4 Twice is enough

In Proposition 3.3.1, the asymptotic lower bound in (3.13) plummets if the

columns of Q0 are taken nearly orthogonal to v1, the dangerous eigenvector.

This is because the rational filter has nothing to amplify when v1 is absent in the

columns of Q0. If v1 is present with magnitude no greater than O(d) in Q0, then

the columns of X1 are not strongly aligned along any single eigenvector and the

conditioning of X1 is likely to improve. Crucially, this intuition holds even if v1

dominates in one column but not the others. The main point is that the columns

of X1 are no longer necessarily close to a linearly dependent set.

Let us return to the example of Figure 3.3. If we print out the residual norms

of the target eigenpairs after the second iteration of (3.5), we see remarkable

improvement:

6.7997e-15 2.5942e-14 2.2680e-13 4.3433e-14 9.1978e-14

1.3716e-14 9.7045e-14 3.4121e-14 1.4594e-13 4.0235e-14

Now all the target pairs have been resolved to within 13 or 14 digits of accuracy,
5When Q0 is selected so that its entries are independent, identically distributed Gaussian

random variables, ∥(V∗1 Q0)−1∥ is roughly
√

m in expectation, but can be an order of magnitude or

so larger with nontrivial probability. A powerful workaround is to work with a slightly larger

subspace and take m larger than the number of target eigenvalues; this dramatically reduces the

probability of large ∥(V∗1 Q0)−1∥ [40].
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Figure 3.5: The structure of the iterates X̂2 and Q̂2 after the second iteration of subspace
iteration with a rational filter. On the left, the eigenvector coordinates of the 10th col-
umn of the computed orthonormal basis color-coded for dangerous component (red),
remaining target components (blue), and unwanted components (black). On the right,
the eigenvector coordinates of the 1st (black circles) and 10th (red triangles) columns
of the computed basis X̂2 with dashed line dividing target and unwanted eigenvector
coordinates.

in contrast to Figure 3.4 (left). If we examine the computed orthonormal basis

used to extract the Ritz pairs, we observe that the noise in the direction of the

unwanted eigenvectors has also been reduced to the order of u, compared with

u/d in the first iteration. Figure 3.5 (left) illustrates the composition of the 10th

column of Q̂2, which is representative of the last m − 1 columns.

The reason for the restored accuracy in the computed orthonormal basis is

that, unlike X1, the basis X2 has an even blend of the target eigenvector direc-

tions in all but the first of its columns. Figure 3.5 (right) displays the magnitude

of the eigenvector coordinates for the first (circular markers) and last (triangular

markers) columns of the computed basis, X̂2. In the first column, the dangerous

direction is effectively the only direction present, since all other components ap-

pear with relative magnitude near u. In contrast, the last column of X̂2 contains

order one components in each target direction with the unwanted directions

completely filtered out. The remaining columns of X̂2 are similar in composition

to the last. Without v1 dominating in every column, we can accurately extract
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an orthonormal basis.

The clue to the stark difference in the composition of X̂1 and X̂2 is contained

in Figure 3.4. We see that the first column of Q̂1 is dominated by the dangerous

eigenvector, up to the 9th or 10th digit. Consequently, the remaining columns

of Q̂1 are nearly orthogonal to v1. We observe this in Figure 3.4 (right), where

v∗1q(1)
10 ≈ 10−11. When the rational filter is applied to Q̂1 in the second iteration,

the amplification of v1 restores an even blend of the target eigenvectors in the

last m − 1 columns of X̂2, rather than boosting v1 above the others.

3.4.1 A well-conditioned basis

Motivated by the preceding discussion, we now examine the condition number

of the second iterate, X2, when q(1)
1 is a good approximation to v1 and, conse-

quently, all but one of the columns of Q1 are deficient in the dangerous direc-

tion. We then briefly explain the structure of the eigenvector coordinates for the

computed orthonormal basis Q̂1 observed in Figure 3.4.

To investigate how a weak presence of v1 in columns of Q1 improves the

conditioning of X2, we break the target eigenvector coordinates of Q1 into blocks,

as

V∗1 Q1 =

v∗1q(1)
1 v∗1Q̃1

Ṽ∗1q(1)
1 Ṽ∗1 Q̃1

 =
a b

c D

 . (3.16)

Here, we use Ṽ1 and Q̃1 to denote the n × (m − 1) matrices formed by removing

the first columns of V1 and Q1, respectively. When q(1)
1 closely approximates v1,

∥c∥ is small due to the orthogonality of the eigenvectors. Moreover, ∥b∥ is also

small because the columns of Q̃1 are nearly orthogonal to v1. Let us suppose that
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q(1)
1 = v1 +O(d), so that b and c are O(d) (we explain why this holds momentarily,

following Theorem 3.4.1).

After applying the rational filter to Q1, the eigenvector coordinates V∗1 X2 in-

herit a natural block structure from (3.16). Letting Λ̃1 = diag(λ2, . . . , λm), we have

that

V∗1 X2 = r(Λ1)V∗1 Q1 =

r(λ1)a r(λ1)b

r(Λ̃1)c r(Λ̃1)D

 . (3.17)

While the bottom left block remains small, with norm no greater than |r(λ2)|∥c∥ =

O(d), the entire first row is amplified by |r(λ1)| so that ∥r(λ1)b∥ ≈ ∥b∥/d.

To estimate the condition number of X2, we scale the columns of X2 with the

m × m diagonal matrix

T = diag(r(λ1)−1, 1, . . . , 1). (3.18)

This diagonal scaling does not alter span(X2) or the sensitivity of the orthonor-

mal basis, Q2 = qf(X2). (Note that scaling the columns of X1 has no effect

in Proposition 3.3.1, as the columns of X1 all have magnitude ≈ 1/d.) How-

ever, it conveniently puts the diagonal blocks in (3.17) on equal footing and

ensures that σ1(X2T ) = O(1), so that any ill-conditioning due to the danger-

ous eigenvalue is captured in the smallest singular value of X2T . This allows

us to focus on computing a lower bound for σm(X2T ) or, equivalently, an up-

per bound for 1/σm(X2T ). Just as in the proof of Proposition 3.3.1, it suffices

to bound ∥(V∗1 X2T )−1∥ from above (assuming as usual that V∗1 Q1, and therefore

V∗1 X2, has full rank).

With all of the ingredients in place, the estimate is fairly straightforward.

After the column scaling, V∗1 X2T is approximately block upper triangular. We
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have that

V∗1 X2T =

r(λ1)a r(λ1)b

r(Λ̃1)c r(Λ̃1)D

 T =

a b/(deiθ)

r(Λ̃1)D

 + O(d). (3.19)

We can apply the formula for 2 × 2 block upper triangular matrix inversion and

the fact that matrix inversion is locally Lipschitz continuous to compute (for d

sufficiently small)

(V∗1 X2T )−1 =

a
−1 −a−1D−1r(Λ̃1)−1b/(deiθ)

D−1r(Λ̃1)−1

 (I + O(d)) . (3.20)

The norm of the block upper triangular matrix in (3.20) is bounded by the sum

of the norms of the blocks, so we conclude that 1/σm(X2T ) ≤ ∥(V∗1 X2T )−1∥ = O(1)

when ∥b∥ = O(d). Estimating the norms of these blocks individually and combin-

ing with an estimate for σ1(X2T ) leads to the following upper bound on κ(X2T ).

Theorem 3.4.1 (Twice-is-enough). Let normal A ∈ Cn×n and r : Λ → C satisfy (3.2)

and (3.3), respectively, and given orthonormal Q1 ∈ Cn×m, let X2 = r(A)Q1. Let b and D

denote the blocks of V∗1 Q1 in (3.16). If D is invertible and the first column of Q1 satisfies

∥q(1)
1 − v1∥ = O(d), then ∥b∥ = O(d) and

κ(X2T ) ≤ M
((
∥b∥
d
+ 1

)
∥D−1∥

|r(λm)|
+ 1

)
+ O(d) as d → 0. (3.21)

Here, T = diag(r(λ1)−1, 1, . . . , 1) ∈ Cm×m and M = ∥b∥/d +max{1, |r(λ2)|}.

Proof. First, the hypothesis ∥q(1)
1 − v1∥ = O(d) immediately implies that |a| = 1 +

O(d) and ∥b∥ = O(d). Then, following the discussion above, it suffices to bound

∥X2T∥ and the norms of the blocks in (3.20). The condition number of X2T is

bounded above by the product of these two estimates. Since ∥r(Λ̃1)−1∥ = |r(λm)|−1,

we obtain that

1/σm(X2T ) ≤ ∥(V∗1 X2T )−1∥ ≤ 1 +
∥D−1∥

|r(λm)|

(
1 +
∥b∥
d

)
+ O(d). (3.22)
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On the other hand, we can write V∗X2T in block form analogous to (3.19), as

V∗X2T =

a b/(deiθ)

r(Λ̃)D̃

 + O(d),

where Λ̃ = diag(λ2, . . . , λn) and D̃ = Ṽ∗Q̃1 (here, Ṽ is V with first column

removed). Calculating the norm of the block diagonal component and the

off-diagonal component separately and applying the triangle inequality yields

∥X2T∥ ≤ M. Collecting with the bound in (3.22) concludes the proof. □

Theorem 3.4.1 tells us that X2 is only a simple column scaling away from a

well-conditioned basis when the first column of Q1 approximates v1 with accu-

racy O(d). Since the sensitivity (and numerical computation) of the QR factor-

ization is not affected by column scaling, the O(1) bound on κ(X2T ) in (3.21) ex-

plains why the computed orthonormal basis for S2 is accurate to unit round-off.

This line of analysis follows naturally from our observation about the eigenvec-

tor coordinates of Q̂1 in Figure 3.4 (right), but one question remains. Why is the

first column of the computed orthonormal basis such a good approximation to

v1?

The answer is that q̂(1)
1 is essentially the first column of X1 after normalization,

up to the unit round-off u. In particular, q̂(1)
1 is unaffected by the u/d errors in Q̂1

caused by ill-conditioning in X1 (see Proposition 3.3.1). These errors are concen-

trated in the later columns of Q̂1 because of the nested structure of Householder

reflections (or Givens rotations) used to make X1 upper triangular. We have that

x1/∥x1∥ = v1 + O(d) by (3.10), so we expect that q̂(1)
1 = v1 + O(d) also, as observed

in Figure 3.4.

Finally, if the orthogonal factor is computed with modified Gram-Schmidt

instead of Householder reflections or Givens rotations, the columns of Q̂1 lose
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orthogonality in proportion to the condition number of the ill-conditioned basis

X1. The consequence of this is that the block v∗1(Q̂1)(2:m) from (3.16) may be as

large as u/d instead of O(d), even though q̂(1)
1 = v1 + O(d). This may alter the

order of magnitude of κ(X2T ) when d ≪
√

u (since then, u/d ≫ d) as the balance

in Theorem 3.4.1 is disrupted. In particular, twice may no longer be enough

to correct ill-conditioning in X̂2. A similar effect is observed for non-normal

matrices in section 3.6 even when Householder reflections or Givens rotations

are employed in the QR factorizations.

3.5 Convergence and stability

So far, our analysis of dangerous eigenvalues has focused on the conditioning of

the iterates X1, X2, . . . in (3.5) and the corresponding accuracy in the computed

orthonormal bases. Indeed, this perspective explains the u/d errors observed

in the first iteration (see Figure 3.4) and provides the essential insight into the

restored accuracy observed in the second iteration (see Figure 3.5). But we

have not yet explained how the round-off errors incurred while applying the ill-

conditioned rational filter enter the picture. Nor have we discussed how these

round-off errors, together with the error in the computed orthonormal basis,

accumulate during the iterations in (3.5).

To apply the rational filter r(A) to an n × m matrix Q in practice, one solves

linear systems with a shift at each pole and takes a weighted average of the

solutions:

r(A)Q =
ℓ∑

j=1

ω jX( j), where (z jI − A)X( j) = Q, j = 1, . . . , ℓ. (3.23)
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If the linear systems are solved with a backward stable algorithm, then the com-

puted solutions X̂( j) satisfy, for each j = 1, . . . , ℓ,

(z jI − A − E j)X̂( j) = Q, ∥E j∥ ≤ γ∥A∥u. (3.24)

Here, E j is the backward error and γ is a constant, with modest dependence on

z1, . . . , zℓ and the dimension of Q, such that γu ≪ 1 for typical situations.6

Now, if we neglect errors made while forming the linear combination on the

left hand side of (3.23), then the forward error in r(A)Q can be written as7

X̂ − r(A)Q =
ℓ∑

j=1

ω j(z jI − A)−1E jX̂( j), where X̂ =
ℓ∑

j=1

ω jX̂( j). (3.25)

Due to the appearance of E j, the terms in the left hand sum are all on the order

of u except for the term corresponding to the pole near the dangerous eigen-

value, whose index we call j = j∗. In the dangerous term, (z j∗ I − A)−1 amplifies

the v1 components in the columns of E j∗ by a factor of 1/d. Similarly, the compo-

nents of v1 in the columns of Q are amplified to order 1/d in the corresponding

columns of X̂( j∗) (this is made precise by expanding (3.24) in a Neumann series).

Therefore, the relative errors in the columns of X̂ are on the order of u/d.

Thus, every time r(A) is applied in (3.5), relative errors of order u/d are ac-

crued in the columns of X̂k. On the one hand, our understanding of accuracy in

the computed orthonormal basis Q̂k (developed in sections 3.3 and 3.4) remains

6This characterization can be modified to accommodate inexact solution techniques, such

as iterative methods, but γ may be much larger, depending on the stability properties of the

particular numerical method [139, p. 339].
7For expositional clarity, we neglect round-off errors accrued when forming the linear com-

bination in the right hand side of (3.23) to focus on the effect of the ill-conditioned linear systems.

For typical choices of the weights and nodes in r(A), this amounts to discarding a term on the

order of u relative to the largest column norm of the X̂( j).
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intact, because perturbations of relative order u/d to the columns of Xk have lit-

tle effect on the leading-order estimates for κ(Xk). On the other hand, we may

wonder: what effect do such perturbations have on span(Xk) and the geometric

convergence implied in Theorem 3.2.2?

Recent analyses of subspace iteration accelerated with a rational filter sug-

gest that span(X̂k) tends to V geometrically at roughly the expected rate until a

threshold of accuracy is reached, at which point convergence plateaus [144].

This threshold is usually the same order of magnitude as the error accrued

in the subspace at each iteration, i.e., in the columns of X̂k. Similar results

have been derived for perturbations in the entries of the matrix r(A) (this work

does not consider filters explicitly) [126]. However, the evidence of the experi-

ments in Figures 3.1 and 3.2 and in section 3.4 indicates that errors in span(X̂k)

caused by dangerous eigenvalues do not prevent the Rayleigh–Ritz procedure

from finding vectors in span(X̂k) that approximate the target eigenvectors to unit

round-off accuracy. We now show that errors in X̂k caused by the dangerous

eigenvalue do not lead to early stagnation or instability in the computed iter-

ates. In the worst case, they may slow the geometric convergence rate by a

factor of roughly (1 − u/d)−1. Moreover, the iteration is stable as long as the

columns of the initial guess Q0 are not too near toV⊥ (see Figure 3.6).

3.5.1 One-step refinement bounds

The amplifying power of the dangerous eigenvalue leads to large relative er-

rors in the columns of X̂k. However, the errors possess an important quality:

the amplification is entirely in the direction of v1 so that the relative errors in
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the unwanted direction are still small. To understand how these structured per-

turbations influence Ŝk = span(X̂k), we gather the errors accrued during the kth

iteration into a perturbation to the orthonormal basis for Ŝk−1 and construct a

one-step refinement bound as in Theorem 3.2.2. Formulated precisely, we re-

place (3.5) with the perturbed form

X̂k = r(A)(Q′k−1 + Rk), Q′k = qf(X̂k). (3.26)

Note that we include any errors in the computed orthonormal factor in Rk, plac-

ing the emphasis on Ŝk = span(X̂k) = span(Q′k) rather than on span(Q̂k). This

causes no difficulty since, as we know from section 3.4, the error Q̂k − Q′k is on

the order of u for k ≥ 2. Since Q′k is an orthonormal basis, Ŝk and span(Q′k) only

differ by a term not much larger than u.

To begin, we establish the form (3.26) by way of the residuals of the linear

systems in (3.25) and study the structure of Rk. To measure the columns of Rk

relative to the columns of X̂k, it is convenient to apply the diagonal scaling

Ck = diag(∥(X̂k)i∥
−1, . . . , ∥(X̂k)m∥

−1)/
√

m, (3.27)

so that ∥X̂kCk∥ ≤ 1. We also need the majorization of the rational filter, denoted

r̃(λ) =
ℓ∑

j=1

|ω j||(z j − λ)−1|. (3.28)

As usual, r̃(Λ1) and r̃(Λ2) are the matrices when the function in (3.28) is applied

to the diagonal matrices Λ1 and Λ2. Observe that ∥r̃(Λ1)r(Λ1)−1∥ = O(1) as d → 0,

because the poles near the dangerous eigenvalue cancel.

Lemma 3.5.1. Let normal A ∈ Cn×n and r : Λ→ C satisfy (3.2) and (3.3), respectively.

Given Q ∈ Cn×m, let X̂ =
∑ℓ

j=1 ω jX̂( j) with each X̂( j) satisfying (3.24). Then, there is an

R ∈ Cn×m such that X̂ = r(A)(Q + R) and

∥PVR∥ ≤ γ1∥A∥u/d and ∥(I − PV)r(A)RC∥ ≤ γ2∥A∥u. (3.29)
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Here, γ1 = γ ∥r(Λ1)−1r̃(Λ1)∥, γ2 = γ ∥r̃(Λ2)∥, and C is the diagonal scaling in (3.27)

(with index k suppressed).

Proof. Because each X̂( j) satisfies (3.24) and X̂ =
∑ℓ

j=1 ω jX̂( j), we collect like terms

in (3.25) and compute

X̂ = r(A)Q +
ℓ∑

j=1

ω j(z jI − A)−1R( j), (3.30)

where R( j) = E( j)X̂. Note that ∥R( j)C∥ ≤ γ∥A∥u, for j = 1, . . . , ℓ, by (3.24).

We compute R directly by comparing (3.30) with X̂ = r(A)(Q + R) and noting

that we need r(A)R =
∑ℓ

j=1 ω j(z jI − A)−1R( j). Inserting the eigenvalue decomposi-

tion A = VΛV∗ into both sides and inverting r(A) = Vr(Λ)V∗, we obtain

R = Vr(Λ)−1

 ℓ∑
j=1

ω j(z jI − Λ)−1V∗R( j)

 . (3.31)

Calculating PVR and (I − PV)r(A)RC directly from (3.31) and applying the back-

ward error bounds in (3.24) to bound the residuals ∥R( j)∥ uniformly, we obtain

the bounds in (3.29). □

Lemma 3.5.1 demonstrates that the perturbations Rk in (3.26) capture the es-

sential structure of the errors in X̂k. First, Rk perturbs Q′k−1 with relative magni-

tude u/d and direction in the subspaceV. Second, r(A)Rk perturbs the columns

of Xk with relative magnitude u and direction in the subspace V⊥. We note

that ∥V∗2RkCk∥ itself is not small when the filter is very good, i.e., close to unit-

round off on the unwanted eigenvalues, as ∥r(Λ2)−1r̃(Λ2)∥ may be extremely

large. However, the forward application of the filter cancels any large factors

in r(Λ2)−1 exactly.

With Lemma 3.5.1 in hand, we can calculate a one-step refinement bound

generalizing Theorem 3.2.2 to the perturbed iteration in (3.26). While the u/d
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relative errors in X̂k are felt in the refinement factor in (3.32), they do not appear

in the additive perturbation to tan θ1(Ŝk,V). This point is crucial because, as we

show in section 3.5.2, the size of the additive term determines the threshold for

stagnation in the worst-case accumulation of errors.

Theorem 3.5.2. Let normal A ∈ Cn×n and r : Λ → C satisfy (3.2) and (3.3), respec-

tively, and let Ŝk = span(X̂k), with X̂k defined in (3.26) and Rk satisfying (3.29). If

cos θ1(Ŝk−1,V) > γ1∥A∥u/d and cos θ1(Ŝk,V) > 0, then

tan θ1(Ŝk,V) ≤
∣∣∣∣r(λm+1)

r(λm)

∣∣∣∣ tan θ1(Ŝk−1,V)
1 − αk

+ βk, (3.32)

where αk ≤ γ1∥A∥u/(d cos θ1(Ŝk−1,V)) and βk ≤ γ2∥A∥κ(X̂kCk)u/ cos θ1(Ŝk,V).

Proof. Calculating directly as in the proof of Theorem 3.2.2, we have that

T (X̂kCk,V1) = (I − PV)r(A)(Q′k−1 + Rk)Ck(V∗1 X̂kCk)−1. (3.33)

We proceed by bounding the two terms in (3.33) corresponding to Q′k−1 and Rk.

By Lemma 3.5.1, ∥(I−PV)r(A)RkCk∥ ≤ γ2∥A∥u. If X̂kCk = Q′kS k is an economy-sized

QR factorization, then the singular values of S k and X̂kCk coincide, and

∥(V∗1 X̂kCk)−1∥ = ∥S −1
k (V∗1 Q′k)

−1∥ ≤
(
σm(X̂kCk) cos θ1(Ŝk,V)

)−1
. (3.34)

Since ∥X̂kCk∥ ≤ 1, we conclude that ∥(I − PV)r(A)RkCk(V∗1 X̂kCk)−1∥ ≤ βk.

Now, rewrite (V∗1 X̂k)−1 = (V∗1(Q′k−1 + Rk))−1r(Λ1)−1 and expand

(V∗1(Q′k−1 + Rk))−1 =

I +
∞∑
j=1

(V∗1 Q′k−1)− j(V∗1Rk) j

 (V∗1 Q′k−1)−1.

The Neumann series converges absolutely because ∥V∗1Rk∥ ≤ γ1∥A∥u/d

by Lemma 3.5.1 and ∥(V∗1 Q′k−1)−1∥ = (cos θ1(Ŝk−1,V))−1 < d/(γ1∥A∥u) by hy-

pothesis; consequently, ∥(V∗1 Q′k−1)−1V∗1Rk∥ < 1. Since T (Q′k−1,V1) = (I −
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PV)Q′k−1(V∗1 Q′k−1)−1, we have

(I − PV)r(A)Q′k−1(V∗1 X̂k)−1 = r(A)(I − PV)Q′k−1(V∗1(Q′k−1 + Rk))−1r(Λ1)−1

= r(A)T (Q′k−1,V1)

I +
∞∑
j=1

(V∗1 Q′k−1)− j+1(V∗1Rk) j(V∗1 Q′k−1)−1

 r(Λ1)−1.

Because the range of T (Q′k−1,V1) is V⊥, the first factor on the right hand side is

bounded by ∥r(A)T (Q′k−1,V1)∥ ≤ ∥r(Λ2)∥ tan θ1(Ŝk−1,V). The factor in parentheses

is bounded above by
∑∞

j=0 α
j
k = (1 − αk)−1, where αk = ∥(V∗1 Q′k−1)−1∥∥V∗1Rk∥. There-

fore, we have the upper bound

∥(I − PV)r(A)Q′k−1(V∗1 X̂k)−1∥ ≤ ∥r(Λ2)∥∥r(Λ1)−1∥
tan θ1(Ŝk−1,V)

1 − αk
.

Noting that ∥r(Λ2)∥ = |r(λm+1)|, ∥r(Λ1)−1∥ = |r(λm)|−1, and collecting the bounds for

the two terms in (3.33) establishes (3.32). □

The significance of Theorem 3.5.2 is that the errors in X̂k that lie in the target

subspace V impact only the refinement rate, and do not contribute to the ad-

ditive term βk in (3.32). This worst-case scenario occurs over one iteration only

when the perturbations are aligned to maximally cancel the components of V

present in the basis Q′k−1. In fact, such errors are just as likely to align perfectly

with theV components of Q′k−1 and improve the refinement rate by (1+αk)−1, so

the impact on the geometric convergence rate implied by (3.32) is probably not

observed in practice.

On the other hand, the errors in X̂k that lie inV⊥ degrade the expected refine-

ment through the additive term βk and, due to orthogonality, have a tangible ef-

fect on the convergence of subspace iteration in floating-point arithmetic. Note

that the magnitude of βk is proportional to the condition number of the basis

X̂k after column scaling. From sections 3.3 and 3.4, we know that β1 ≈ u/d and
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βk ≈ u for k ≥ 2, provided that Ŝk and V do not become too close to orthogonal

during the iteration.

3.5.2 Stability and stagnation

According to Theorem 3.5.2, the search subspace is refined by a factor compa-

rable to Theorem 3.2.2, up to the size of the errors βk introduced in V⊥, at each

iteration. As we accumulate iterations, the errors in V⊥ are filtered out by r(A)

and, in the apt words of the authors of [144], “the dominant error term is the

one most recently introduced.” As long as cos θ1(Ŝk,V) is bounded sufficiently

far from zero for k ≥ 0, the sequences αk and βk remain stable at the order of

u/d and u (respectively) after the first iteration. In this case, we expect that Ŝk

converges geometrically towardV until a threshold of about u is reached, after

which convergence stagnates. This is what we observe in Figures 3.1 and 3.2.

If cos θ1(Ŝk,V) does become very small at some step in the iteration, then the

one-step refinement bound may not imply any refinement in the search sub-

space at all: the iteration in (3.26) is potentially unstable. With a slight change of

perspective, we now characterize the behavior of the iterates in (3.26) as k → ∞,

addressing both the stability and the threshold for stagnation in subspace re-

finement.

Let us introduce the constants ρ = |r(λm+1)|/|r(λm)|, ϵ1 = γ1∥A∥u/d, and ϵ2 =

γ2∥A∥M̂u, where M̂ is an O(1) uniform bound on κ(XkCk) for k ≥ 2 (i.e., from

Theorem 3.4.1). Consider the function

Φ(η) =
1

1 − ϵ2

(
ρ η

1 − ϵ1(1 + η)
+ ϵ2

)
. (3.35)
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Figure 3.6: The dynamics of perturbed subspace iteration from (3.36). In the left panel,
the solid line is the graph of Φ(η) and its fixed points (green circles) are marked at
the intersections Φ(η±) = η±. If tan θ1(Ŝ0,V) falls between the two fixed points (green
circles), then the tan θ1(Ŝk,V) must converge geometrically to a threshold near the lower
fixed point (see Theorem 3.5.4). In the right panel, the iterated map ϕk(η0) (circles) is
compared with the upper bound in Theorem 3.5.4 (dashed line) for k = 0, . . . , 14. For
this experiment, η0 = 100, ϵ1 = 10−5, ϵ2 = 10−14, and ρ = 10−4.

Because 1/ cos θ ≤ 1 + tan θ when 0 ≤ θ ≤ π/2, we can rewrite Theorem 3.5.2

in the form tan θ1(Ŝk,V) ≤ Φ(tan θ1(Ŝk−1,V)) when k ≥ 2. We can understand

the “worst-case” behavior of subspace iteration by studying the trajectory of

tan θ1(Ŝ0,V), for some initial subspace Ŝ0, obtained by iterating the map Φ.

Given η0 > 0, let ϕk(η0) denote the k-fold iteration of the map Φ on the point

η0, so that (letting f ◦ g denote the composition of two functions) we have

ϕk(η0) = Φ ◦ · · · ◦ Φ︸       ︷︷       ︸
k

(η0). (3.36)

We call η∗ a fixed point of Φ if Φ(η∗) = η∗ and say that η∗ is monotone attracting

for Ω ⊂ [0,∞) if ϕk(η)→ η∗ monotonically as k → ∞ for all η ∈ Ω. After applying

Φ to tan θ1(Ŝ0,V) k times, we see that (since Φ(η) is non-decreasing on 0 ≤ η <

−1 + 1/ϵ1)

tan θ1(Ŝk,V) ≤ ϕk

(
tan θ1(Ŝ0,V)

)
, (3.37)

as long as ϕ j(tan θ1(Ŝ0,V)) < −1 + 1/ϵ1 for each j ≥ 1. Consequently, the

fixed points of Φ and their attracting sets provide insight into the behavior of
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tan θ1(Ŝk,V) in the limit k → ∞, that is, about the convergence and stability of

the iteration in (3.26).

Lemma 3.5.3. Define the map Φ : [0,−1 + 1/ϵ1)→ [0,∞) as in (3.35), with constants

0 < ρ < 1 and 0 < ϵ1, ϵ2 < 1. Let

δ =
1

2ϵ1

[
1 −

ρ

1 − ϵ2
− ϵ1

(
1 −

ϵ2

1 − ϵ2

)]
, and σ =

ϵ2(1 − ϵ1)
ϵ1(1 − ϵ2)

.

If δ2 > σ, then Φ has precisely two fixed points, given by η± = δ ±
√
δ2 − σ. Moreover,

the fixed point η− is monotone attracting on [0, η+).

Proof. Starting from the fixed point equationΦ(η∗) = η∗, we multiply through by

(1 − ϵ1(1 + η∗)) and collect powers of η∗ to obtain the quadratic equation

ϵ1η
2
∗ −

[
1 −

ρ

1 − ϵ2
− ϵ1

(
1 −

ϵ2

1 − ϵ2

)]
η∗ +

ϵ2(1 − ϵ1)
1 − ϵ2

= 0. (3.38)

Applying the quadratic formula for the roots and rewriting in terms of δ and

σ concludes the fixed-point calculation. Now, the quadratic on the left hand

side of (3.38) is negative between the roots, which implies that Φ(η) > η for

0 < η < η− and Φ(η) < η for η− < η < η+. This change at each fixed point implies

that η− attracts nearby points and that η+ repels nearby points. Because Φ is

non-decreasing and has no other fixed points, we conclude that η− is monotone

attracting on [0, η+). □

Lemma 3.5.3 shows that if tan θ1(Ŝ0,V) < η+, then tan θ1(Ŝk,V) must eventu-

ally be on the order of η− or better for all sufficiently large k. Recalling that the

constants ϵ1 and ϵ2 are on the order of u/d and u, respectively, and that ρ is the

filtered spectral ratio, we estimate the size of the fixed points to be

η− ≈
ϵ2

1 − ρ
, and η+ ≈ −1 +

1 − ρ
ϵ1

. (3.39)
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Crucially, the lower fixed point η− is on the order of u, not u/d. Having es-

tablished stability properties of the perturbed iteration in (3.26), we can now

estimate the rate of convergence to the fixed point η−.

Theorem 3.5.4. Define the mapΦ : [0,−1+1/ϵ1)→ [0,∞) as in (3.35), with constants

0 < ρ < 1 and 0 < ϵ1, ϵ2 < 1. Let ϕk denote the k-fold iteration of Φ as in (3.36). If Φ

satisfies the hypotheses of Lemma 3.5.3, then given 0 ≤ η0 < η+, it holds that

ϕk(η0) ≤ ρ̃kη0 + ϵ̃2(1 − ρ̃)−1, k ≥ 1. (3.40)

Here, ρ̃ = ρ(1 − ϵ2)−1(1 − ϵ1(1 + η0))−1 and ϵ̃2 = ϵ2(1 − ϵ2)−1.

Proof. Denote ηk = ϕk(η0), for each k ≥ 1. From the definitions of Φ and ϕk

in (3.35) and (3.36), respectively, we compute that

ηk = Φ(ηk−1) = ρ̃ηk−1 + ϵ̃2 k ≥ 1. (3.41)

By hypothesis, Lemma 3.5.3 applies, so ηk → η− monotonically as k → ∞ and,

consequently, ρ̃ < 1. Therefore, we iterate (3.41) k − 1 times to obtain

ηk = ρ̃
kη0 + ϵ̃2

k−1∑
j=0

ρ̃ j ≤ ρ̃ kη0 + ϵ̃2/(1 − ρ̃).

Plugging the original parameters back in to ρ̃ and ϵ̃2 establishes (3.40). □

Thus, Theorem 3.5.4 and (3.37) demonstrate that the reduction of

tan θ1(Ŝk,V) down to the order of η− is approximately geometric with rate close

to ρ. So (accounting for the fact that the additive perturbation term is actually

on the order of u/d in the first iteration) it takes approximately 1+ log(η−)/ log(ρ)

steps for Ŝk to converge to within order u of V, as measured by the tangent of

the principal angle between the two subspaces.
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3.6 Non-normal matrices

We now consider the case of an n × n diagonalizable matrix A whose eigen-

vectors are not orthogonal. Although a straightforward extension of Proposi-

tion 3.3.1 shows that the condition number of X1 still scales, generically, like

1/d (see Proposition 3.6.1 below), the effect of a dangerous eigenvalue on sub-

sequent iterates, X2, X3, . . ., computed via (3.5) is distinct in the non-normal case

due to interactions among non-orthogonal modes. In fact, the condition num-

bers of the computed iterates do not improve during subsequent iterations un-

less approximate eigenvectors (i.e., from Ritz vectors) are incorporated into the

subspace iteration (see Algorithm 4). Even with this modification, the condi-

tion numbers may remain large after one iteration when d is very small (loosely,

when d ≪
√

u), unlike the normal case. Here, we demonstrate that κ(Xk) is typ-

ically reduced in step with the error in the Ritz vectors and that κ(Xk) ≈ (u/d)k

in the best case (i.e., when |r(λm+1)|/|r(λm)| ≈ u and the Ritz vectors are well-

conditioned at each iteration).

When A does not have an orthogonal basis of eigenvectors (but is still di-

agonalizable), the orthogonal spectral projectors viv∗i that diagonalize the filter

in (3.10) are replaced by oblique spectral projectors, so that

r(A)x =
n∑

i=1

r(λi)
w∗i x
w∗i vi

vi =
w∗1x

(deiθ)(w∗1v1)
v1 + O(1), as d → 0. (3.42)

Here, w1, . . . ,wn are the left eigenvectors of A, satisfying w∗i A = λiw∗i with ∥wi∥ = 1

for i = 1, . . . , n. Likewise, the spectral decomposition in (3.2) is replaced by

A = V1Λ1W∗
1 + V1Λ2W∗

2 , (3.43)

where the ith column of W = [W1 W2] is (w∗i vi)−1wi. With this normalization,

V and W form a biorthogonal system, meaning that W∗V = I, I being the n × n
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identity matrix. In the biorthogonal system, the dangerous eigenvalue amplifies

the w1 component in the input x along the v1 direction in the output r(A)x. Due

to biorthogonality, v1 and w1 are parallel only when v1 is orthogonal to v2, . . . , vn.

3.6.1 First iteration

To develop a sense of how non-normality impacts the conditioning of the iter-

ates, it is worthwhile to revisit the analysis of κ(X1) in Proposition 3.3.1 when

A is only diagonalizable. While the condition number of X1 is still O(1/d) as

d → 0, the constants in the bound now depend on the structure of the left and

right eigenvectors. This is because the stretching and shrinking actions of A no

longer belong solely to its eigenvalues, but can be enhanced or attenuated by in-

teractions among non-orthogonal eigenvectors. We denote the smallest singular

values of V1 and W1 by σm(V1) and σm(W1), respectively.

Proposition 3.6.1. Let diagonalizable A ∈ Cn×n and r : Λ→ C satisfy (3.43) and (3.3),

respectively, and given orthonormal Q0 ∈ Cn×m, let X1 = r(A)Q0. If U1 = qf(W1) and

U∗1Q0 has full rank, then the condition number of X satisfies

∥w∗1Q0∥/|w∗1v1|

dκ(V)|r(λ2)|
≲ κ(X1) ≤

∣∣∣∣ r(λ1)
r(λm)

∣∣∣∣κ(V)∥(U∗1Q0)−1∥

σm(V1)σm(W1)
, as d → 0. (3.44)

Proof. The steps of the proof are essentially identical to those in Proposition 3.3.1

if (3.42) and (3.43) are used in place of (3.2) and (3.10), so we emphasize the

adaptations made for non-orthogonal eigenvectors. For the largest singular

value of X1, we bound σ1(X1) = ∥r(A)Q0∥ ≤ κ(V)|r(λ1)|, since |r(λ1)| ≤ ∥r(A)∥ ≤

κ(V)∥r(Λ)∥ in the non-normal case. If we use (3.43) to decompose X1 as in (3.14),

the singular values of r(A)W∗
1 Q0 do not tell us directly about the singular val-

ues of X1 because V is not unitary. However, if Ω1R1 = V1 and Ω2R2 = V2 are
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economy-sized QR factorizations, we can decompose

r(A)Q0 =

[
Ω1 Ω2

] R1r(Λ1)W∗
1 Q0

R2r(Λ2)W∗
2 Q0

 .
SinceΩ1 andΩ2 have orthonormal columns, we apply the argument in the proof

of Proposition 3.3.1 to obtain the bound 1/σm(X1) ≤ ∥(R1r(Λ1)W∗
1 Q0)−1∥. Now, R1

has the same singular values as V1 and ∥R−1
1 ∥ = 1/σm(R1), so we have that

κ(X1) ≤
|r(λ1)|
|r(λm)|

κ(V)∥(W∗
1 Q0)−1∥

σm(V1)
. (3.45)

The upper bound in (3.44) follows by substituting the QR decomposition U1S 1 =

W1 into (3.45) and noting that ∥S −1
1 ∥ = 1/σm(W1).

A lower bound on σ1(X1) follows directly from (3.42), analogous to (3.15).

For the lower bound on 1/σm(X1), we can use (3.42) to write X1 as a rank one

perturbation of the matrix

Ñ2 = Vdiag(0, λ2, . . . , λn)W∗Q0.

We have that σ1(N2) ≤ ∥V∥∥W∗∥|r(λ2)| = κ(V)|r(λ2)|, where the equality is due

to biorthogonality, which implies that W∗ = V−1. By interlacing, we find that

1/σm(X1) ≥ 1/(κ(V)|r(λ2)|), establishing the asymptotic lower bound in (3.44). □

When A is normal, Proposition 3.6.1 reduces to Proposition 3.3.1. In the non-

normal case, ill-conditioning in the eigenvectors, reflected in κ(V), widens the

interval between the upper and lower bounds. Similarly, ill-conditioning in

the target eigenvectors, captured by the smallest singular values of V1 and W1

(since the columns of both matrices have unit norm), may further widen the

gap. On the other hand, the dangerous eigenvalue itself is ill-conditioned when

89



0 5 10 15 20 25
10

-15

10
-10

10
-5

10
0

max
i
∥Av̂i − λ̂iv̂i∥

k
0 5 10 15 20 25

10
0

10
5

10
10

10
15
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Figure 3.7: Dangerous eigenvalues of a non-normal matrix. The eigenvalues and rational
filter are identical to the setup displayed in Figure 3.3, however, this matrix has non-
orthogonal eigenvectors and the dangerous eigenvalue has been moved to distance d =
10−13 from the pole at z = 10. On the left, the maximum residual of 10 target eigenpairs
after each iteration of (3.5) (blue squares), a variant of subspace iteration based on Schur
vectors [125, ch. 5.2] (red triangles), and a variant based on approximate eigenvectors,
described in Algorithm 4 (black circles). On the right, the condition number of the
iterates ẐkDk (Dk scales the columns of Ẑk to have unit norm) decreases in step with
residuals from Algorithm 4, at a rate of about u/d per iteration.

|w∗1v1| is small.8 The left hand side of (3.44) illustrates how this may enhance

the amplifying effects of the dangerous eigenvalue, increasing the asymptotic

lower bound to d|w∗1v1|
−1. Broadly speaking, the widening gap between upper

and lower bounds indicates that our picture is blurred in the non-normal case

because the structure of the eigenvectors plays a key role. The extent of the

damage may depend on where the ill-conditioning in V is concentrated.

3.6.2 Iterating with orthonormal bases

Now that we understand the interaction between non-normality and dangerous

eigenvalues in the initial iteration, we are ready to examine subsequent itera-

tions. As in section 3.4, we focus on the coordinates of Q1 in the eigenvector

8With ∥vi∥ = ∥wi∥ = 1, the quantity |w∗i vi|
−1 is Wilkinson’s condition number for λi, measuring

the first-order sensitivity of the eigenvalue to infinitesimal perturbations in A [168, pp. 88–89].
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basis, partitioned into blocks as

W∗
1 Q1 =

w∗1q(1)
1 w∗1Q̃1

W̃∗
1q(1)

1 W̃∗
1 Q̃1

 . (3.46)

The critical observation about (3.46) is that, in contrast to the normal case, the

upper right block is not small (the lower-left block remains small). Although

the columns of Q̃1 are still nearly orthogonal to v1, the eigenvectors v1 and w1 are

only parallel in the special case that v1 is orthogonal to v2, . . . , vn. Consequently,

w∗1Q̃1 is typically O(1) and, when we compute X2 = r(A)Q1, the components

in each column of Q1 in the w1 direction will be amplified according to (3.42).

Each column of X2 will be dominated by v1 at magnitude O(1/d) and X2 is just

as ill-conditioned as X1 in the first iteration. This line of thinking seems to in-

dicate that, when r(A) is repeatedly applied to an orthonormal basis, subspace

iteration for non-normal matrices must stagnate at an accuracy of ≈ u/d due to

ill-conditioning in the iterates X1, X2, . . ..

To illustrate, we return to the experimental setup illustrated in (3.3). We se-

lect the same rational filter and a matrix with the same eigenvalues, but now

the eigenvector matrix is not orthogonal. The condition number of the eigen-

vector matrix is ≈ 102, but the target eigenvectors themselves are not far from

orthogonal. Figure 3.7 shows the maximum residual of the computed target

eigenpairs after each of the first 10 iterations of (3.5). We also compare with a

modified subspace iteration based on Schur vectors that is commonly used to

compute eigenvalues of non-normal matrices [125, ch. 5.2]. Both iterations ap-

ply the rational filter directly to an orthonormal basis for the search space and

the residuals stagnate near u/d in both cases.
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Algorithm 4 Filtered subspace iteration with Rayleigh–Ritz projection.
Input: Given A ∈ Cn×n, r : Λ→ C, and Y0 ∈ Cn×m.

1: for k = 1, 2, . . . do
2: Apply the filter Zk = r(A)Yk−1.
3: Compute orthonormal basis Qk = qf(Zk).
4: Form Ak = Q∗kAQk and diagonalize Ak = UkΘkU−1

k .
5: Set Yk = QkUk.
6: end for

Output: Approximate eigenvalue matrix Θk and eigenvector matrix Yk.

3.6.3 Iterating with approximate eigenvectors

What can we do to improve the conditioning of the iterates and the accuracy in

the target eigenpairs? Consider another common variant of subspace iteration

shown in Algorithm 4, which forms the iterates Z1,Z2, . . . by applying r(A) to

approximate eigenvectors constructed from the Ritz vectors at each iteration.

Let us partition W∗
1Y1 in the usual way,

W∗
1Y1 =

w∗1y(1)
1 w∗1Ỹ1

W̃∗
1y(1)

1 W̃∗
1 Ỹ1

 =
e f

g H

 , (3.47)

where W̃1 and Ỹ1 denote the last m − 1 columns of W1 and Y1, respectively. Now,

because the left and right eigenvectors are biorthogonal, w∗1 annihilates the re-

maining target eigenvectors v2, . . . , vm, so the upper right block f in (3.47) is

small when the columns of Y1 are a good approximation to the target eigenvec-

tors. In turn, small ∥ f ∥mitigates the amplification of v1 in the last m− 1 columns

of Z2.

Unfortunately, the behavior of approximate eigenvectors computed with (4)

may vary widely for general non-normal matrices. In exact arithmetic, their ac-

curacy will depend on the rational filter through the eigenvalues of r(A) and on

interactions among non-orthogonal eigenvectors. This can delay convergence
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and may lead to instability on a computer. In floating-point arithmetic, it is

further limited by the accuracy in the computed orthonormal basis and Ritz

vectors. Despite these difficulties, we can glean some practical insight into a

distinct feature of the non-normal setting by examining a “best-case” situation.

Let us suppose that the non-normal effects are relatively mild, that r(·) filters

out the unwanted eigenvalues to unit round-off or better (as in Figure 3.3), and

that the Ritz vectors are computed accurately at each iteration. In this regime,

the accuracy of the approximate eigenvectors Y1 is limited mainly by the accu-

racy in the computed orthonormal basis, Q̂1, and we can focus on the influence

of the dangerous eigenvalue in the second iteration (and beyond). From our

analysis of the first iteration in section 3.6.1, we expect that ∥Q̂1 − Q1∥ ≈ u/d

and, therefore, (by our assumptions on the filter and the Ritz vectors) that

∥Ŷ1 − V1∥ ≈ u/d.

Interestingly, the order of magnitude of block f in (3.47) is distinctly dif-

ferent from the analogous block b in the normal case. Instead of the per-

fect balancing between b and r(λ1) when the filter is applied (leading to per-

fectly well-conditioned columns of X2), we have the order-of-magnitude esti-

mate ∥ f ∥|r(λ1)| ≈ u/d2. In other words, v1 may still dominate each column of Z2

when d ≪
√

u, but the gap in magnitude between the v1 component and the

remaining target components in the last m − 1 columns is reduced by a factor

of u/d at the second iteration. Figure 3.7 illustrates this phenomenon in action

with the same matrix and rational filter used for the experiments in section 3.6.2.

The residuals in the target eigenpairs decrease geometrically with rate u/d (left

panel), mirroring the reduction in the condition number of the iterates Zk (after

scaling columns to have unit norm, right panel).
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Thus, for a mildly non-normal matrix with a dangerous eigenvalue at dis-

tance d ≪
√

u from a pole of r(·), two iterations are not usually enough to re-

move the adverse influence of the dangerous eigenvalue. Instead, the target

residuals and the errors in the computed orthonormal basis are often refined

in step down to the unit round-off (depending on the sensitivity of the target

eigenpairs). As in the normal case, round-off errors caused by the dangerous

eigenvalue may even go unnoticed when the rational filter is mediocre so that

the noise in the unwanted directions is dominated by poor filtering.

3.7 Restarting Arnoldi

Now that we understand the right hand side of Figure 3.1, let us examine the

stagnation of Arnoldi with shift-and-invert enhancement illustrated in the left

hand panel of the same figure. Unlike subspace iteration, which applies r(A)

iteratively to a subspace of fixed dimension, Arnoldi refines the subspace by

expanding it. Given an initial unit vector q1 ∈ Cn, shift-and-invert Arnoldi com-

putes the iterates

yk = s(A)qk−1, qk = mgsr(yk ; q1, . . . , qk−1), (3.48)

with the expression mgrs(·) indicating that yk is orthogonalized against

q1, . . . , qk−1 using modified Gram–Schmidt with full reorthogonalization [139,

pp. 307–308].

After k steps of (3.48), we have an n×k orthonormal basis Qk = [q1 · · · qk] and

we can approximate eigenpairs of A in one of two ways:

• Directly from the eigenpairs of the upper Hessenberg matrix Hk generated
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from the weights calculated during modified Gram–Schmidt [156, p.253].

• A Rayleigh–Ritz step by computing eigenpairs of Ak = Q∗kAQk.

Usually, the upper Hessenberg matrix is the method of choice because it does

not require any additional matrix-vector products. However, when a dangerous

eigenvalue is present, the upper Hessenberg matrix in the Arnoldi decomposi-

tion of s(A) typically has norm ∥Hk∥ = O(d−1): this makes the accurate calculation

of the remaining target eigenvalues challenging for standard dense solvers. To

focus on the accuracy in the computed basis Qk, we work with Ak, but we revisit

Hk at the end of this section.

In keeping with the analysis in sections 3.3 and 3.4, we can understand the

accuracy in the computed orthonormal basis Q̂k through the conditioning of the

matrix

Yk =

[
q1 · · · qk−1 yk

]
, k = 2, 3, 4, . . . . (3.49)

The matrix Qk from the Arnoldi iterations is precisely the QR factorization of Yk

obtained by orthogonalizing yk against the previous (k − 1) columns, which are

already an orthonormal set. If yk is not too closely aligned with span(q1, . . . , qk−1),

then the matrix Yk is well-conditioned, at least after a simple column scaling.

Consequently, Qk = qf(Yk) is not too sensitive to perturbations caused by round-

off in Yk, as discussed in section 3.3.1. However, if yk is closely aligned with any

of the previous columns, the smallest singular value of Yk will be close to zero

and Qk will be very sensitive to round-off in Yk.

This perspective provides an explanation for the stagnation observed in Fig-

ure 3.1. When q1 is chosen randomly, v∗1q1 is generically O(1) (as d → 0). After
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applying the shift-and-invert filter, we calculate (as usual) that

y2 = s(A)q1 =
v∗1q1

deiθ v1 + O(1).

After we orthogonalize y2 against q1 to compute q2, then for some constant h2,

we have

q2 = h2
v∗1q1

deiθ (v1 − (v∗1q1)q1) + O(1). (3.50)

In other words, q2 may not be dominated by v1, but span(q1, q2) contains approx-

imations to v1 that are accurate to O(d).

Now, note that q2 is not near orthogonal to v1 unless q1 happens to be very

closely aligned with v1. This means that the subsequent iterate y3 is also aligned

with v1, and therefore with a vector in span(q1, q2), to about order d. Conse-

quently, the matrix Y3 is ill conditioned and we expect that Q3, and in particular

q3, can only be accurate to about order u/d when computed in floating-point

precision. Moreover, q3 is not dominated by v1 and this process repeats, so that

each iterate yk is closely aligned with v1 in span(q1, q2), leading to errors in qk on

the order of u/d.

In our discussion above, note that y3 was only aligned with v1, and thus close

to span(q1, q2), because q2 was not nearly orthogonal to v1. Unlike in subspace

iteration, the dangerous direction is never rendered harmless by orthogonal-

izing directly against it! The geometric picture of the iterates y2, y3, y4, . . . be-

ing attracted to v1 as a result of q2, q3, q4, . . . not being sufficiently orthogonal to

v1 suggests an interesting fix. If we restart the Arnoldi iteration with the Ritz

approximation associated to v1 after the second iteration, the picture changes

drastically. Again, y2 is aligned with v1, but now it is orthogonalized against

q1 = v1 + O(d). The corresponding q2 may not be particularly accurate, but this

doesn’t matter much: the point is that all subsequent iterates are orthogonalized
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Figure 3.8: After restarting Arnoldi with Ritz vectors that are nearly orthogonal to the
dangerous direction, Arnoldi produces approximations to the target eigenpairs with
accuracy near the unit round-off. Both plots compare eigenpair residuals after 25 steps
of shift-and-invert Arnoldi with no restart (red circles) to eigenpair residuals obtained
after 25 total steps of shift-and-invert Arnoldi with the Ritz restart. The eigenpairs were
extracted from Q∗25AQ25 in the left panel and from the Hessenberg matrix H25 in the
right panel.

against the dangerous direction (via q1) up to order O(d). Analogous to the sit-

uation encountered in subspace iteration, the iterates y3, y4, y5, . . . , are no longer

dominated by v1 and, consequently, q3, q4, q5, . . . can be computed accurately. In

a sense, we are tricking Arnoldi into running in the orthogonal complement of

the dangerous direction.

Figure 3.8 demonstrates this restart strategy in action. As we saw earlier,

25 iterations of shift-and-invert Arnoldi leads to stagnation in 9 of the 10 target

eigenpairs. However, we can resolve all 10 target eigenpairs to unit round-off

accuracy in 25 iterations if we restart with the Ritz vector corresponding to the

dangerous direction after the second iteration. The right Ritz vector is easy to

identify: it is most closely aligned with the second iteration y2. It is worth noting

that the Ritz restart strategy seems to be equally successful when eigenpairs are

extracted from the Hessenberg matrix Hk instead of Q∗kAQk (see the right panel

in Figure 3.8).
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Figure 3.9: Convergence with multiple dangerous eigenvalues. On the left, two itera-
tions of rational subspace iteration with a high-quality filter (ℓ = 32 poles) reduce the
residuals of 15 target eigenpairs to the order of u, despite exponential clustering of the
target eigenvalues at a pole. On the right, three iterations of rational subspace iteration
with a medium-quality filter (ℓ = 8) reduce the residuals of 15 target eigenpairs geo-
metrically (see Theorem 3.5.4), with no observable interference from the exponentially
clustered eigenvalues.

3.8 Multiple dangerous eigenvalues

For simplicity, we have analyzed the case where there is only one dangerous

eigenvalue, however, other situations may arise naturally in practice. When

eigenvalues are heavily clustered, many dangerous eigenvalues may surround

a single pole at various distances. The analysis in sections 3.3 to 3.5 may be

adapted to these cases and our numerical experiments conform accordingly. To

illustrate, we generate a 200 × 200 symmetric matrix with 15 target eigenvalues

in [10, 15], and employ a filter with equally-spaced poles on a circular contour

centered at 12.5. There are two dangerous eigenvalues at 10 + 10−13, and the

other 13 target eigenvalues are clustered exponentially at the pole, taking the

values 10+ 10−i, i = 0, 1, 2, . . . , 12. Figure 3.9 shows the results with two rational

filters: one excellent and one of medium quality. Just as in sections 3.3 and 3.4,

we see that twice is enough if the filter quality is high; with a poorer filter, all

iterates beyond the first behave as if there were no dangerous eigenvalues.
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CHAPTER 4

COMPUTING SPECTRAL MEASURES

As we saw in section 1.4, operators with continuous spectra are not diagonal-

ized by their eigenfunctions alone; instead, spectral measures (c.f. section 1.4.1)

provide a useful analogue of diagonalization. Computing spectral measures is

subtle, and previous efforts have mainly focused on operators where analytical

formulas or heuristics are available (see section 4.1). In this chapter,1 we de-

velop a general framework for computing approximations to spectral measures

of operators, building on [30, 83], that only requires two capabilities:

1. A numerical solver for shifted linear equations, i.e., (L−z)u = f with z ∈ C.

2. Numerical approximations to inner products of the form (u, f )H .

Our algorithms are designed to evaluate smoothed approximations of a

spectral measure, µ f , of L with respect to f ∈ H (see section 1.4.1). This means

that we compute samples from a smooth function gϵ , with smoothing parameter

ϵ > 0, that converges weakly to µ f [16, Ch. 1]. That is,∫
R
ϕ(y)gϵ(y) dy→

∫
R
ϕ(y) dµ f (y), as ϵ ↓ 0,

for any bounded, continuous function ϕ. Approximation properties and explicit

convergence bounds are studied in sections 4.2 and 4.3.

1This chapter is based on sections 1-6 of a paper by Alex Townsend, Matt Colbrook, and

me [34]. The collaboration began during Matt’s visit to Cornell in 2018, when I proposed a

heuristic spectral density algorithm based on Stone’s formula. Matt led the development of the

convergence theory for high-order kernels, while I led the development of stable and efficient

numerical implementations for differential and integral operators. Matt has also written on

theoretical foundations in [30].
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The chapter is organized as follows. We survey applications and existing

algorithms in section 4.1, introduce our computational framework in section 4.2

and develop versions with improved convergence properties in section 4.3, and

discuss algorithmic issues and practical implementations in section 4.4.

4.1 Applications of spectral measures

Spectral measures appear in many traditional topics of applied analysis, such as

ordinary (ODEs) and partial differential equations (PDEs), stochastic processes,

orthogonal polynomials, and random matrix theory. Here, we give a brief sur-

vey of existing algorithms for computing µ f and closely related quantities.

4.1.1 Particle and condensed matter physics

Spectral measures are prominent in quantum mechanics [72, 119], where a self-

adjoint operatorL represents an observable quantity, and µ f describes the likeli-

hood of different outcomes when the observable is measured (see section 4.3.2).

In this setting, f ∈ H with ∥ f ∥ = 1 represents a quantum state. For example,

in quantum models of interacting particles, spectral measures of many-body

Hamiltonians are used to study the response of a quantum system to perturba-

tions [50]. In condensed matter physics, spatially-resolved statistical properties

of materials are analyzed using the local density-of-states2 (LDOS) of an n × n

matrix An [90, Ch. 6.4], which is the spectral measure of An taken with respect to

2This is distinct from the global density-of-states (DOS), which is formally obtained from

the LDOS via an averaging procedure [90, Ch. 6.4].
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a vector b [98]. Here, An is typically a discretized or truncated Hamiltonian and

one is interested in the thermodynamic limit n → ∞, so that An is too large to

compute a full eigenvalue decomposition.

There are two main classes of numerical methods for computing these mea-

sures. One class constructs smooth global approximations of the measure with

explicit moment-matching procedures [93,130,166], while another class exploits

a connection between the spectral measure and the resolvent operator to eval-

uate samples from a smoothed approximation to the measure [15, 51, 75]. For

example, the so-called recursion method [15,75] evaluates the resolvent of tridi-

agonal Hamiltonians using associated continued-fraction expansions. Resol-

vent techniques to compute the DOS of finite matrices also appear in the study

of random matrices and Schrödinger operators, where the connection is made

through the Stieltjes transform [12, 23].

The resolvent of an operator Lwith spectrum Λ(L) is given by [87, p. 173]

RL(z) = (L − z)−1, z ∈ C \ Λ(L). (4.1)

In section 4.2, we evaluate a smoothed approximation of µ f by evaluating the

resolvent function (RL(z) f , f ) in the upper half-plane, i.e., Im(z) > 0. Our ap-

proach is closely related to the second class of methods developed for opera-

tors in quantum mechanics. A key theme in the above moment-matching and

resolvent-based approaches is smoothing, which is introduced by convolution

with a smoothing kernel to avoid difficulties associated with the singular part of

the measure [98]. The smoothed approximations of the spectral measures that

we compute in sections 4.2 and 4.3 also have the form of Kϵ ∗ µ f , where Kϵ is a

smoothing kernel with smoothing parameter ϵ > 0.

Our framework is “discretization-oblivious,” in the sense that it directly re-
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solves the spectral measure of an infinite dimensional L, and not an underlying

discretization. This means that our algorithms do not suffer from spectral pol-

lution.3 Moreover, our framework can be used with any accurate numerical

method for solving linear operator equations and computing inner products,

making it applicable to differential, integral, and lattice operators. Achieving

a discretization-oblivious framework requires balancing refinement in the com-

putation of (RL(z) f , f ) and refinement in the smoothing parameter, which we do

in a principled way (see section 4.2.3).

4.1.2 Time evolution and spectral density estimation

Spectral measures provide a useful lens when studying processes that evolve

over time. Suppose that u : [0,T ] → H evolves over time according to the

abstract Cauchy problem

du
dt
= −iLu, u(0) = f ∈ H , (4.2)

where L is a self-adjoint operator. For example, (4.2) could describe the evo-

lution of a quantum system according to the Schrödinger equation [99]. Semi-

group theory [114] shows that the solution to (4.2) is given by the operator ex-

ponential e−iLt f . The autocorrelation function of u is of interest, i.e.,

(u(t), f ) = (e−iLt f , f ) =
∫
R

e−iyt dµ f (y), t ∈ [0,T ],

which can reveal features that persist over time [145]. This interpretation of a

time evolution process is quite flexible and can be adapted to describe many

3Spectral pollution is the phenomenon of eigenvalues of finite discretizations/truncations

clustering at points not in the spectrum of L as the truncation size increases.
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signals, u, generated by PDEs [43, 84, 132] and stochastic processes [62, 86] [121,

Ch. 7].

In certain evolution processes, µ f is referred to as the spectral density of

u [35]. The task of spectral density estimation is to recover µ f from samples of

u(t) [141, Ch. 1.5]. A popular technique used in spectral density estimation, re-

lated to statistical kernel density estimation [161, 162], reconstructs a smoothed

approximation to µ f by convolving the empirical measure (a discrete measure

supported on the observed samples) with a smoothing kernel [111, 117]. The

particular choice of smoothing kernel affects the convergence properties of the

smoothed spectral density [112].

In analogy to the variance-bias tradeoff encountered when selecting the

smoothing parameter in statistical kernel density estimation [113, 120], our

smoothed approximations, Kϵ ∗ µ f , exhibit a tradeoff between numerical cost

and smoothing (see section 4.2.3). In section 4.3, we adapt arguments from ker-

nel density estimation to determine what properties a smoothing kernel needs

to achieve a high-order of convergence in the smoothing parameter.

4.2 Resolvent-based approach to evaluate the spectral measure

The key to our framework for computing spectral measures is the resolvent of

L (see (4.1)). A classical result in operator theory is Stone’s formula, which says

that the spectral measure of L can be recovered from the jump in the resolvent

RL(z) across the real axis [142] [119, Thm. VII.13]. More precisely, if we select
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ϵ > 0 and regard RL(x+ iϵ) as a function of the real variable x, then we have that

1
2πi ((RL( · + iϵ) − RL( · − iϵ)) f , f ) = 1

π
Im((RL( · + iϵ) f , f ))→ µ f as ϵ ↓ 0. (4.3)

Here, the equality is due to the conjugate symmetry of RL(z) across the real

axis and the limit should be understood in the sense of weak convergence of

measures.

Stone’s formula is a consequence of the functional calculus identity

(RL(x + iϵ) f , f ) =
∫
R

dµ f (y)
y − (x + iϵ)

. (4.4)

By using (4.4) to rewrite (4.3), we arrive at an expression for the jump over the

real axis as a convolution of the spectral measure with the Poisson kernel, i.e.,

1
π

Im((RL(x + iϵ) f , f )) =
1
π

∫
R

ϵ

ϵ2 + (x − y)2 dµ f (y). (4.5)

The Poisson kernel is one of the most common kernels used to smooth approx-

imations of measures in particle and condensed matter physics (see the discus-

sion in section 4.1.1). WhenL has no singular continuous spectrum, substituting

the spectral measure given in (1.8) into the expression (4.5) shows that RL(x+ iϵ)

provides an approximation to both the discrete and continuous components of

the measure µ f for ϵ > 0. That is,

1
π

Im((RL(x + iϵ) f , f )) =
1
π

∑
λ∈Λp(L)

ϵ (Pλ f , f )
ϵ2 + (x − λ)2 +

1
π

∫
R

ϵ ρ f (y)
ϵ2 + (x − y)2 dy. (4.6)

The contribution from the sum in (4.6) is a series of Poisson kernels centered

at the eigenvalues and scaled by the corresponding coefficients (Pλ f , f ) for

λ ∈ Λp(L). As ϵ ↓ 0, the sum converges to a series of Dirac delta distributions

representing the discrete part of the measure in (1.8). Meanwhile, the integral

in (4.6) contributes a smoothed approximation to the Radon–Nikodym deriva-

tive ρ f .
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Motivated by (4.6), we select ϵ > 0 and approximate samples of µ f by evalu-

ating

µϵf (x) := 1
π
Im((RL(x + iϵ) f , f )) . (4.7)

From (4.3), we know that as ϵ ↓ 0 we have µϵf → µ f in the sense of weak conver-

gence of measures. Moreover, if µ f has some additional local regularity about

a point x0 ∈ R, then µϵf (x0) → ρ f (x0) as ϵ ↓ 0 (see Theorem 4.2.1). There is a

two-step procedure for evaluating µϵf (x0) at some x0 ∈ R, which is immediate

from (4.7):

1. Solve the shifted linear equation for uϵ :

(L − x0 − iϵ)uϵ = f , uϵ ∈ D(L). (4.8)

2. Compute the inner product µϵf (x0) = 1
π
Im((uϵ , f )).

In practice, the smaller ϵ >0, the more computationally expensive it is to evalu-

ate (4.7) because if x0 ∈ Λ(L) then the resolvent operatorRL(x0+iϵ) is unbounded

in the limit ϵ ↓ 0. One often computes µϵf (x0) for successively smaller ϵ to obtain

a sequence that converges to µ f (x0). For example, Richardson’s extrapolation

can improve the convergence rate in ϵ [30], which can be proven using the ma-

chinery of section 4.3.

Typically, one wants to sample µϵf at several points x1, . . . , xm ∈ R, and then

construct a local or global representation of µϵf for visualization or further com-

putations. If one wants to visualize µϵf in an interval, then we recommend eval-

uating at equispaced points in that interval. However, when one wants to calcu-

late an integral with respect to µϵf , it is better to evaluate µϵf at quadrature nodes

(see section 4.3.2). Note that if x j < Λ(L), then µϵf (x j) → 0 as ϵ ↓ 0 (for example,

see Figure 4.1).
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Although singular continuous spectrum may appear to be an exotic phe-

nomenon, it occurs in applications of practical interest. For example, discrete

Schrödinger operators with aperiodic potentials on ℓ2(Z) (such as the Fibonacci

Hamiltonian) can have spectra that are Cantor sets with purely singular contin-

uous spectral measures (see [10, 37, 38, 68, 118, 143]). When Λ(L) has a non-zero

singular continuous component, µϵf → µ f weakly as ϵ ↓ 0 and our algorithms

can compute µ f (U) (for open sets U) and the functional calculus of L.4

4.2.1 Evaluating the spectral measure of an integral operator

To illustrate our evaluation strategy, consider the integral operator defined by

[Lu](x) = xu(x) +
∫ 1

−1
e−(x2+y2)u(y) dy, x ∈ [−1, 1], u ∈ L2([−1, 1]). (4.9)

The integral operator L in (4.9) has continuous spectrum in [−1, 1], due to the

xu(x) term, and discrete spectrum in R\[−1, 1] from the integral term (a compact

perturbation [87]). Figure 4.1 (left) shows three smoothed approximations of µ f

with f (x) =
√

3/2 x, for smoothing parameter ϵ = 0.1, 0.01, and 0.001. We see the

presence of an eigenvalue near x ≈ 1.37 from a spike in the smoothed measure

that approximates a Dirac delta .

To perform the two-step procedure described above on a computer, one must

discretize the operator L, and we do this by discretizing Lwith an N ×N matrix

corresponding to an adaptive Chebyshev collocation scheme.5 While the precise

discretization details are delayed until section 4.4.2, Figure 4.1 illustrates the
4In general, it is also impossible to design a black-box method that separates the singular

continuous component of µ f from the other components. This is made precise in [30], which

uses the framework of the Solvability Complexity Index (SCI) hierarchy [28, 29, 31, 32].
5While N × N discretizations converge for Fredholm operators [85], square truncations of
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Figure 4.1: Left: The smoothed approximation µϵf for the integral operator in (4.9) and
different ϵ. The discretization sizes for solving the shifted linear systems are adaptively
selected. The dashed line corresponds to the spectral measure of the operator given by
u(x) → xu(x). Adding the compact perturbation (the integral term) alters the shape of
the measure over [−1, 1] and there is an additional eigenvalue near x ≈ 1.37. Right: The
same computation except with a fixed discretization size of N = 300 to solve (4.8). The
magnified region shows spurious high-frequency oscillations for ϵ = 0.001, an artifact
caused by the discrete spectrum of the underlying discretization.

critical role that N plays when evaluating µϵf . In particular, there are two limits

to take in theory: N → ∞ and ϵ ↓ 0. It is known that these two limits must

be taken with considerable care [30]. If N is kept fixed as one takes ϵ ↓ 0, then

the computed samples of µϵf do not converge (see Figure 4.1 (right)) because the

computed samples get polluted by the discrete spectrum of the discretization.

Instead, as one takes ϵ ↓ 0, one must appropriately increase N too. In practice,

we increase N by selecting it adaptively to ensure that we adequately resolve

solutions to (4.8) (see Figure 4.1 (left)). The precise details on how we adequately

resolve solutions are given in section 4.4.2.

spectral discretizations of operators may not always converge. Instead, one may need to take

rectangular truncations to ensure that discretizations of RL(z) f converge [30].
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4.2.2 Pointwise convergence of smoothed measures

It is known that if µ f is locally absolutely continuous with continuous Radon–

Nikodym derivative ρ f (see (1.8)), then µϵf converges pointwise to ρ f [80, p. 22].

However, under additional smoothness assumptions on µ f , it is useful to un-

derstand how rapidly µϵf converges to µ f . The connection between µϵf and the

Poisson kernel in (4.5) allows us to do this on intervals for which µ f possesses

some local regularity so that ρ f is Hölder continuous. We let Ck,α(I) denote the

Hölder space of functions that are k times continuously differentiable on an in-

terval I with an α-Hölder continuous kth derivative [54]. For h1 ∈ C
0,α(I) and

h2 ∈ C
k,α(I) we define the seminorm and norm, respectively, as

|h1|C0,α(I) = sup
x,y∈I

|h1(x) − h1(y)|
|x − y|α

, ∥h2∥Ck,α(I) = |h
(k)
2 |C0,α(I) + max

0≤ j≤k
∥h( j)

2 ∥∞,I .

Theorem 4.2.1. Suppose that the measure µ f in (1.8) is absolutely continuous on the

interval I = (x0 − η, x0 + η) for some x0 ∈ R and η > 0, let µϵf be defined as in (4.7), and

let 0 ≤ α < 1. If ρ f ∈ C
0,α(I), then

|ρ f (x0) − µϵf (x0)| = O(ϵα), as ϵ ↓ 0.

Proof. First, decompose ρ f into two non-negative parts so that ρ f = ρ1 + ρ2,

where the support of ρ1 is in I and ρ2 vanishes on (x0 − η/2, x0 + η/2). Since

ρ f (x0) = ρ1(x0) and the Poisson kernel integrates to 1, we can use the convolution

representation for µϵf (see (4.5) and (4.7)) and the commutativity of convolution

to bound the approximation error as

π|ρ f (x0) − µϵf (x0)| =
∣∣∣∣∣∫

R

ϵ

ϵ2 + y2ρ1(x0)dy −
∫
R

ϵdµ f (y)
ϵ2 + (x0 − y)2

∣∣∣∣∣
≤

∣∣∣∣∣∫
R

ϵ

ϵ2 + y2
(ρ1(x0) − ρ1(x0 − y))dy

∣∣∣∣∣ + ∫
R

ϵdµ(r)
f (y)

ϵ2 + (x0 − y)2 .

(4.10)
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Here, dµ(r)
f (y) := dµ f (y) − ρ1(y)dy is a non-negative measure with support in R \

(x0 − η/2, x0 + η/2). Since µ f is a probability measure, we have that
∫
R dµ(r)

f (y) ≤ 1,

and the second term in (4.10) is bounded via∫
R

ϵdµ(r)
f (y)

ϵ2 + (x0 − y)2 =

∫
|x0−y|≥η/2

ϵdµ(r)
f (y)

ϵ2 + (x0 − y)2 ≤
ϵ

ϵ2 +
η2

4

. (4.11)

Since ρ f ∈ C
0,α(I), standard arguments using cutoff functions [54] show that we

can choose ρ1 so that |ρ1|C0,α(I) ≤ |ρ f |C0,α(I)+Cη−α∥ρ f ∥∞,I for some universal constant

C. Consequently, we have that

|ρ1(x0) − ρ1(x0 − y)| ≤ |ρ1|C0,α(I)|y|α ≤ (|ρ f |C0,α(I) +Cη−α∥ρ f ∥∞,I)|y|α.

Substituting this bound into the first term on the right hand side of (4.10) and

combining with (4.11), yields

|ρ f (x0) − µϵf (x0)| ≤
|ρ f |C0,α(I) +Cη−α∥ρ f ∥∞,I

π

∫
R

ϵ

ϵ2 + y2 |y|
α dy +

ϵ

π
(
ϵ2 +

η2

4

) .
Calculating the integral explicitly leads to

|ρ f (x0) − µϵf (x0)| ≤
(
|ρ f |C0,α(I) +Cη−α∥ρ f ∥∞,I

)
sec

(
απ

2

)
ϵα +

ϵ

π
(
ϵ2 +

η2

4

) . (4.12)

The right hand side of (4.12) is O(ϵα) as ϵ ↓ 0, which concludes the proof. □

In Theorem 4.2.1, we see that the convergence rate of |ρ f (x0) − µϵf (x0)| as ϵ ↓ 0

depends on the local regularity of µ f . One can also show (see Theorem 4.3.2) that

|ρ f (x0) − µϵf (x0)| = O(ϵ log(1/ϵ)) if ρ f ∈ C
1(I) as well as the fact that any additional

smoothness assumptions on ρ f no longer improve the convergence rate.6 Since

our procedure is local, the convergence rate is not affected by far away discrete

and singular continuous components of µ f . However, the convergence degrades

6The logarithmic term occurs due to the non-integrability of x/(π(x2+1)). One can also show

that the error rate of O(ϵ log(1/ϵ)) is achieved if ρ f ∈ C
0,1(I) is Lipschitz continuous.
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Figure 4.2: Real part of the numerical solutions to the shifted linear equations in (4.8)
for the integral operator in (4.9) (left) and the Schrödinger operator in (4.13) (right),
with ϵ = 0.1 (yellow), ϵ = 0.05 (orange), and ϵ = 0.01 (blue). The solutions to (4.13)
are mapped to [−π, π] via x = 10i(1 − eiθ)/(1 + eiθ). We discretize using sparse, well-
conditioned spectral methods and the discretization sizes are selected adaptively to
accurately resolve uϵ(x) and uϵ(θ).

near singular points in the spectral measure because the constants in (4.12) blow

up as η → 0. While |ρ f (x0) − µϵf (x0)| = O(ϵα) in Theorem 4.2.1 is stated as an

asymptotic statement, we can also obtain explicit bounds for adaptive selection

of ϵ (see Theorem 4.3.2).

4.2.3 A numerical balancing act

To explore the practical importance of the convergence rates in Theorem 4.2.1,

we examine the numerical cost associated with solving the shifted linear sys-

tems in (4.8). When the real component of the shift is in the continuous spec-

trum of L and ϵ is small, we typically require large discretizations to avoid the

situation observed in Figure 4.1 (right). There are many potential reasons why

we require large discretization sizes as ϵ ↓ 0. Here are two illustrative examples:
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1) Interior layers. Revisiting the integral operator example in (4.9), we select

x0 = 1/2 in the continuous spectrum of L, and f (x) =
√

3/2 x. In Figure 4.2

(left), we observe that the solution uϵ(x) develops an interior layer and blows

up at x0 = 1/2 as ϵ ↓ 0. The blow-up occurs because the multiplicative term in

L − (x0 + iϵ) has a root at x0 = 1/2 when ϵ = 0, giving rise to a pole in uϵ(x). For

ϵ > 0, the pole of uϵ(x) is located at a distance of O(ϵ) away from the real axis.

A large discretization size is needed to resolve uϵ(x) for small ϵ due to the thin

interior layer in uϵ(x).

2) Oscillatory behavior. Consider the second-order differential operator given

by

[Lu](x) = −
d2u
dx2 (x) +

x2

1 + x6 u(x), x ∈ R. (4.13)

We select x0 = 0.3 in the continuous spectrum of L, and f (x) =
√

9/π · x2/(1 +

x6). In Figure 4.2 (right), we plot solutions mapped onto the domain [−π, π] by

the change-of-variables x = 10i(1 − eiθ)/(1 + eiθ). The solutions uϵ(x) are highly

oscillatory with slow decay as θ → ±π. As ϵ ↓ 0 the decay degrades and the

persistent oscillations correspond to a transition in the nature of the singular

points of (4.8) at ±∞. This means a large discretization is needed to resolve uϵ(x)

for small ϵ.

The dominating computational expense in evaluating µϵf is solving the

shifted linear systems in (4.8), and the cost of computing uϵ(x) generally in-

creases as ϵ ↓ 0. There is a balancing act. On the one hand, we wish to stay

as far away from the spectrum as possible, so that the evaluation of µϵf is com-

putationally efficient. On the other hand, we desire samples of µϵf to be good

approximations to ρ f , which requires a small ϵ > 0. Even though we use sparse,

well-conditioned spectral methods to discretize (4.8) (see section 4.4), the trade-
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Figure 4.3: Left: The relative error in the numerical approximation µϵf ,N , corresponding
to discretization size N, of the smoothed measure in (4.7) for the integral operator in (4.9)
with ϵ = 0.05, ϵ = 0.01, and ϵ = 0.005. Right: The pointwise relative difference between
the smoothed measure µϵf (x) and the density ρ f (x), evaluated at x0 = 1/2, compared
with the O(ϵ log(ϵ−1)) error bound in Theorem 4.3.2 for the integral operator in (4.9).
The relative error is computed by comparing with a numerical solution that has been
adaptively resolved to machine precision.

off between computational cost and accuracy means that the slow convergence

rate determined in Theorem 4.2.1 is a severe limitation. In Figure 4.3, we ex-

plore the discretization sizes that are needed to evaluate spectral measures with

the Poisson kernel accurately. For the integral operator in (4.9) and ϵ = 0.05,

0.01, and 0.005, we observe that we need N = 400, 1700, and 3100, respectively

(see Figure 4.3 (left)). Unfortunately, to obtain samples of the spectral measure

with two digits of relative accuracy, we require that ϵ ≈ 0.01 (see Figure 4.3).

For this example, we observe that we require N ≈ 20/ϵ for small ϵ > 0, so it

is computationally infeasible to obtain more than five or six digits of accuracy

with the Poisson kernel.

In addition to the computational cost of increasing N, the discretizations

used to solve the linear systems in (4.8) become increasingly ill-conditioned

when x0 ∈ Λ(L) and ϵ ↓ 0 (a reflection of ∥RL(x0 + iϵ)∥ = ϵ−1). This can limit the

attainable accuracy. Moreover, the performance of iterative methods, if used to

accelerate the solution of the large shifted linear systems, may also suffer. In our
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experience, the cost of increasing N is usually the limiting factor and we rarely

take ϵ < 10−2.

4.3 High-order kernels

Theorem 4.2.1 demonstrates that µϵf → ρ f pointwise in intervals for which µ f

is absolutely continuous with Hölder continuous density ρ f , where the rate of

convergence depends on the Hölder exponent of ρ f . However, even when ρ f

possesses additional regularity, the best rate of convergence for smoothed mea-

sures using the Poisson kernel is O(ϵ log(1/ϵ)). A natural question is:

“Can we use other kernels to exploit additional regularity in µ f ?”

In this section, we construct kernels that can be used to compute smoothed

measures that approximate ρ f to high-order in ϵ when ρ f is smooth. This allows

us to obtain accurate samples of µ f while avoiding extremely small ϵ and the

associated computational cost of solving the shifted linear equations in (4.8)

when the shifts are close to the real line. We use K(x) to denote a kernel for

which Kϵ(x) = ϵ−1K(x/ϵ) is an approximation to the identity, i.e., Kϵ → δ as ϵ ↓ 0

in the sense of distributions [136, Ch. 3], where δ is the Dirac delta distribution.

To gain intuition about the conditions that K(x) must satisfy so that Kϵ ∗ µ f

approximates µ f to high-order, consider an absolutely continuous probability

measure µwith density ρ supported on an interval I = (x0−η, x0+η), for some x0 ∈

R and η > 0. The following argument is common in statistical non-parametric

regression [161, 162]. Since we want Kϵ to be an approximation to the identity,

our first property is that
∫
R K(x)dx = 1. For further properties, we examine the
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approximation error

[Kϵ ∗ µ](x0) − ρ(x0) =
∫
R

Kϵ(y)(ρ(x0 − y) − ρ(x0)) dy.

Assuming that ρ ∈ Cn,α(I) for some 0 < α < 1, we can use an nth order Taylor

expansion of ρ(x0 − y) − ρ(x0) to rewrite the approximation error as

[Kϵ ∗ µ](x0) − ρ(x0) =
n−1∑
k=1

(−1)kρ(k)(x0)
k!

∫
R

Kϵ(y)yk dy +
∫
R

Kϵ(y)Rn(x0, y) dy,

where Rn(x0, y) denotes the O(|y|n) remainder term in the Taylor series and ρ(k)

is the kth derivative of ρ. The change-of-variables y → ϵy reveals that the kth

term in the series is of size O(ϵk), provided that K(y)yk is integrable. Meanwhile,

the Hölder continunity of ρ(n) shows that the term involving Rn(x0, y) is of size

O(ϵn+α) provided that K(y)yn+α is integrable and
∫
R K(y)yn dy = 0. Therefore, a

kernel that achieves an O(ϵn+α) approximation error has vanishing moments,

i.e.,
∫
R K(y)yk dy = 0 for 1 ≤ k ≤ n.

In practice, µ may not be absolutely continuous and its absolutely continu-

ous part may have a density ρ with singular points or unbounded support. As

in Theorem 4.2.1, we can deal with the general case by decomposing ρ = ρ1 + ρ2

into two non-negative parts, where ρ1 is sufficiently smooth and compactly sup-

ported on I, and where ρ2 vanishes in a neighborhood of x0. The cost of this

decomposition is a second term in the approximation error (analogous to the

second term on the right hand side of (4.10))

[Kϵ ∗ µ](x0) − ρ(x0) =
∫
R

Kϵ(y)(ρ1(x0 − y) − ρ1(x0)) dy +
∫
R

Kϵ(x0 − y) dµ(r)(y),

where dµ(r)(y) = dµ(y) − ρ1(y)dy. To ensure that this additional term does not

dominate as ϵ ↓ 0, it is necessary that the kernel K(y) decays at an appropriate

rate as |y| → ∞. This ensures that Kϵ(x0 − y) is sufficiently small on the support
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of dµ(r)(y) (see (4.11) for the decay in the Poisson kernel). Motivated by this

discussion, we make the following definition (similar to [161, Def. 1.3]).

Definition 4.3.1 (mth order kernel). Let m be a positive integer and K ∈ L1(R). We

say K is an mth order kernel if it satisfies the following properties:

(i) Normalized:
∫
R K(x)dx = 1.

(ii) Zero moments: K(x)x j is integrable and
∫
R K(x)x jdx = 0 for 0 < j < m.

(iii) Decay at ±∞: There is a constant CK , independent of x, such that

|K(x)| ≤
CK

(1 + |x|)m+1 , x ∈ R. (4.14)

It is straightforward to verify that the Poisson kernel is a first-order kernel

and the Gaussian kernel, i.e., h(x) = (2π)−1/2e−x2/2, is a second-order kernel. While

the Gaussian kernel plays an important role in DOS calculations [98] and kernel

density estimation [131], it is not as useful in our framework since the evaluation

of hϵ ∗ µ f is not immediately related to pointwise evaluations of the resolvent

(see section 4.3.1).

Since an mth order kernel, K, is an approximation to the identity, one can

show that Kϵ ∗ µ f converges weakly to µ f . Moreover, in intervals where µ f is

absolutely continuous and sufficiently regular, Kϵ ∗ µ f converges pointwise to

ρ f and the rate of convergence increases with the smoothness of ρ f , up to a

maximum of O(ϵm log(1/ϵ)).

Theorem 4.3.2. Let K be an mth order kernel and suppose that the measure µ f is

absolutely continuous on I = (x0 − η, x0 + η) for η > 0 and a fixed x0 ∈ R.

Let ρ f be the Radon–Nikodym derivative of the absolutely continuous component of

µ f , and suppose that ρ f ∈ C
n,α(I) with α ∈ [0, 1). Denote the pointwise error by

Eϵ(x) =
∣∣∣ρ f (x) − [Kϵ ∗ µ f ](x)

∣∣∣. Then it holds that
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(i) If n + α < m, then, for a constant C(n, α) depending only on n and α,

Eϵ(x0)≤
CKϵ

m

(ϵ + η

2 )m+1
+C(n, α)∥ρ f ∥Cn,α(I)

∫
R
|K(y)||y|n+αdy

(
1 + η−n−α)ϵn+α. (4.15)

(ii) If n + α ≥ m, then, for a constant C(m) depending only on m,

Eϵ(x0)≤
CKϵ

m

(ϵ + η

2 )m+1
+C(m)∥ρ f ∥Cm(I)

CK+

∫ η
ϵ

−
η
ϵ

|K(y)||y|mdy
(1 + η−m)ϵm. (4.16)

Here, CK is from (4.14).

Proof. See Appendix A.1 of [34]. □

Using (4.14) to bound |K(y)| in (4.15) and (4.16), Theorem 4.3.2 shows that,

under local regularity conditions near x0 ∈ R and for fixed η > 0, an mth order

kernel has

∣∣∣ρ f (x0) − [Kϵ ∗ µ f ](x0)
∣∣∣ = O(ϵn+α) + O(ϵm log(1/ϵ)), as ϵ ↓ 0.

The logarithmic term appears in the case that K(x)xm is not integrable. The up-

per bounds on Eϵ(x0) in Theorem 4.3.2 deteriorate as the interval of regularity

shrinks (η→ 0), which is to be expected.7

4.3.1 Rational kernels

Now that we know the necessary properties of a kernel K so that Kϵ ∗µ f achieves

high-order convergence (see Definition 4.3.1), we can develop a resolvent-based

7Similar results to Theorem 4.3.2, without the first term on the right hand side of (4.15)

and (4.16), for absolutely continuous probability measures with globally Hölder continuous

density functions are used in kernel density estimation in statistics (see, for example, [161,

Prop. 1.2]).
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approach to approximately evaluate a spectral measure more efficiently. The

key to our computational framework (see section 4.2) is the connection between

the smoothed measure and the resolvent in (4.5). This relation allows us to

compute the convolution of the measure µ f with the Poisson kernel by eval-

uating the resolvent operator at the poles of the (rescaled) Poisson kernel. In

other words, we can sample the smoothed measure by solving the shifted linear

equations in (4.8).

Using the identity in (4.4), we can build generalizations of (4.5) for convolu-

tions with rational functions. Suppose that the kernel K is of the form

K(x) =
1

2πi

n1∑
j=1

α j

x − a j
−

1
2πi

n2∑
j=1

β j

x − b j
, (4.17)

where a1, . . . , an1 are distinct points in the upper half-plane and b1, . . . , bn2 are

distinct points in the lower half-plane. We restrict K to have only simple poles to

avoid having to compute powers of the resolvent. Using (4.4), the convolution

Kϵ ∗ µ f is given by

[Kϵ ∗ µ f ](x) =
−1
2πi

 n1∑
j=1

α j(RL(x − ϵa j) f , f ) −
n2∑
j=1

β j(RL(x − ϵb j) f , f )

 . (4.18)

Our goal is to choose the poles and residues in (4.17) so that K is an mth order

kernel. Given an integer m ≥ 1, we are interested in finding the smallest possible

n1 and n2 in (4.17) so that (4.18) is as efficient to evaluate as possible.

We want K(x) = O(|x|−(m+1)) as |x| → ∞, which forces linear constraints to

hold between the α1, . . . , αn2 and β1, . . . , βn2 parameters, as follows. Generically,

K in (4.17) is a type (n1 + n2 − 1, n1 + n2) rational function, which means it can be

written as the quotient of a degree n1 + n2 − 1 polynomial and a degree n1 + n2

polynomial. In this form, the coefficient of highest power of x in the numerator
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is a multiple of
n1∑
j=1

α j −

n2∑
j=1

β j,

which must vanish for K to have sufficient decay. Under this condition, we find

that

K(x)x =
1

2πi

n1∑
j=1

α ja j

x − a j
−

1
2πi

n2∑
j=1

β jb j

x − b j
.

We can apply the same argument as before to see that when m ≥ 2, we require

that
n1∑
j=1

α ja j −

n2∑
j=1

β jb j = 0.

We repeat this process m − 1 times (each time multiplying each term in the sum

by the appropriate a j or b j) to find that K(x) = O(|x|−(m+1)) as |x| → ∞ if and only

if
n1∑
j=1

α jak
j =

n2∑
j=1

β jbk
j, k = 0, . . . ,m − 1. (4.19)

Assuming (4.19) is satisfied, the normalization and zero moment conditions

(see Definition 4.3.1 (i) and (ii)) provide us with m linear conditions on the mo-

ments of K, which can be computed explicitly via contour integration. Employ-

ing a semi-circle contour in the upper half-plane, applying Cauchy’s residue

theorem, and taking the radius of the semi-circle to infinity, we find that the

moments are given in terms of the poles and residues of K, i.e.,∫
R

K(y)yk dy =
n1∑
j=1

α jak
j =

n2∑
j=1

β jbk
j, k = 0, . . . ,m − 1,

where the second equality follows from (4.19) or closing the contour in the lower

half-plane. Therefore, the rational kernel in (4.17) is an mth order kernel pro-
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vided that the following (transposed) Vandermonde systems are satisfied:

1 . . . 1

a1 . . . an1

...
. . .

...

am−1
1 . . . am−1

n1





α1

α2

...

αn1


=



1 . . . 1

b1 . . . bn2

...
. . .

...

bm−1
1 . . . bm−1

n2





β1

β2

...

βn2


=



1

0
...

0


. (4.20)

The systems in (4.20) are guaranteed to have solutions when n1, n2 ≥ m. For

computational efficiency, we select n1 = n2 = m poles in the upper and lower

half-planes. The Poisson kernel fits into this setting with m = 1, a1 = b1 = i and

α1 = β1 = 1.

It may appear from (4.18) that we need 2m resolvent evaluations to evaluate

Kϵ ∗ µ f at a single point x. However, if the poles are selected so that b j = a j

and β j = α j, then the conjugate symmetry of the resolvent, i.e., (RL(z̄) f , f ) =

(RL(z) f , f ), reduces the number of resolvent evaluations to m. With this choice,

we find that

[Kϵ ∗ µ f ](x) =
−1
π

m∑
j=1

Im
(
α j (RL(x − ϵa j) f , f )

)
,

which is analogous to (4.7). While the properties of an mth order kernel deter-

mine the number of poles and the residues of K (see (4.20)), the locations of the

poles in the upper half-plane are left to our discretion.

Equispaced poles

As a natural extension of the Poisson kernel, whose two poles are at ±i, we

consider the family of mth order kernels with equispaced poles in the upper

and lower half-planes given by

a j =
2 j

m + 1
− 1 + i, b j = a j, 1 ≤ j ≤ m. (4.21)
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We then determine the residues by solving the Vandermonde system in (4.20).

The first six kernels are plotted in Figure 4.4 (left).

Empirically, we found that the choice in (4.21) performed slightly better than

other natural choices such as Chebyshev points with an offset +i, rotated roots

of unity or dyadic poles a j = i2− j. Dyadic poles have the advantage that if ϵ is

halved, the resolvent only needs to be computed at one additional point. The

ill-conditioning of the Vandermonde system did not play a role for the values

of m here. Moreover, equispaced poles are particularly useful when one wishes

to sample the smoothed measure Kϵ ∗ µ f over an interval since samples of the

resolvent can be reused for different points in the interval. Finally, if ϵ is found

to be insufficiently small, instead of re-evaluating the resolvent at m points, one

can add poles closer to the real axis (with a smaller ϵ) and reuse the old re-

solvent evaluations. This effectively increases m, and hence the coefficients α j

need to be recomputed. This may be computationally beneficial since the cost

of solving the Vandermonde system is typically negligible compared to the cost

of evaluating the resolvent close to the real axis.

To demonstrate the practical advantage of high-order kernels, we revisit the

examples from section 4.2 and compute the smoothed measure Kϵ ∗µ f using mth

order kernels with equispaced poles. In Figure 4.4 (right) and Figure 4.5 (right),

we observe the convergence rates predicted in Theorem 4.3.2 for the integral

operator in (4.9) and the differential operator in (4.13), respectively. While the

Poisson kernel requires us to solve linear equations with shifts extremely close

to the continuous spectrum to achieve a few digits of accuracy in our approxi-

mation to ρ f , a sixth-order kernel enables us to achieve about 11 and 9 digits of

accuracy, respectively, without decreasing ϵ below 0.01. Figure 4.5 (left) shows
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Figure 4.5: Results for the Schrödinger operator in (4.13) using mth order kernels with
equispaced poles (see (4.21)). Left: Smoothed approximations to the spectral measure.
Right: Pointwise relative error, computed by comparing with a numerical solution re-
solved to machine precision.

the increased resolution obtained when using high-order kernels for the differ-

ential operator in (4.13) with smoothing parameter ϵ = 0.1. Although using a

sixth-order kernel requires six times as many resolvent evaluations as that of

the Poisson kernel, this is typically favorable because the cost of evaluating the

resolvent near the continuous spectrum ofL increases as ϵ ↓ 0 (see section 4.2.3).
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4.3.2 Other types of convergence

Consider the radial Schrödinger operator with a Hellmann potential and angu-

lar momentum quantum number ℓ, given by [76]

[Lu](r) = −
d2u
dr2 (r) +

(
ℓ(ℓ + 1)

r2 +
1
r

(e−r − 1)
)

u(r), r > 0. (4.22)

The spectral properties of L are of interest in quantum chemistry, where the

Hellman potential models atomic and molecular ionization processes [73]. Ion-

ization rates and related transition probabilities are usually studied by com-

puting bound and resonant states of L; however, we compute this information

directly from the spectral measure.

For example, if f (r) = Ce−(r−r0)2 (where C is chosen so that ∥ f ∥L2(R+) = 1) is the

radial component of the wave function of an electron interacting with an atomic

core via the Hellmann potential in (4.22), then we can calculate the probability

that the electron escapes from the atomic core with energy E ∈ [a, b] (with 0 <

a < b) via

P(a ≤ E ≤ b) = µ f ([a, b]) ≈
∫ b

a
[Kϵ ∗ µ f ](y) dy, ϵ ≪ 1. (4.23)

The error for the approximation in (4.23) is bounded above by∣∣∣∣∣∣µ f ([a, b]) −
∫ b

a
[Kϵ ∗ µ f ](y) dy

∣∣∣∣∣∣ ≤
∫ b

a
|ρ f (y) − [Kϵ ∗ µ f ](y)| dy = ∥ρ f − Kϵ ∗ µ f ∥L1([a,b]).

This leads us naturally to the notion of Lp convergence on an interval. The

smoothed measure always converges to ρ f in L1([a, b]) when µ f is absolutely

continuous on [a, b]. However, in analogy with the pointwise results in sec-

tion 4.2.2 and section 4.3, we need to impose some additional regularity on ρ f

to obtain rates of convergence. We letWk,p(I) denote the Sobolev space of func-

tions in Lp(I) such that f and its weak derivatives up to order k have a finite Lp

norm [54].
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tion fr0(r). Right: The L1((1/2, 2)) relative error in smoothed measures for the radial
Schrödinger operator in (4.22). The relative error is computed by comparing with a nu-
merical solution that is resolved to machine precision.

Theorem 4.3.3. Let K be an mth order kernel and 1 ≤ p < ∞. Suppose that the measure

µ f is absolutely continuous on the interval I = (a − η, b + η) for η > 0 and some a < b.

Let ρ f denote the Radon–Nikodym derivative of the absolutely continuous component

of µ f , and suppose that ρI := ρ f |I ∈ W
m,p(I). Then,

∥ρI − [Kϵ ∗ µ f ]∥Lp((a,b)) ≤
CK(b − a)1/p(
ϵ + η

2

)m+1 ϵm

+C(m)CK∥ρI∥Wk,p(I)
(
1 + η−m)

log
(
1 +

b − a + 2η
ϵ

)
ϵm,

where C(m) is a constant depending only on m, and CK is from (4.14).

Proof. See Appendix A.2 of [34]. □

Theorem 4.3.3 implies the asymptotic error rate8

∥∥∥ρI − [Kϵ ∗ µ f ]
∥∥∥

Lp(I)
= O(ϵm log(1/ϵ)), as ϵ ↓ 0.

8Theorem 4.3.3 for p = 2 without the first term on the right hand side and for absolutely

continuous probability measures withWm,2(R) density function is used in kernel density esti-

mation in statistics [161, Prop. 1.5]. In this context, the L2 error is used to bound the bias term
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The L1 convergence for the approximation to the probabilities in (4.23) is shown

in Figure 4.6 (right), which agrees with the asymptotic rates implied by Theo-

rem 4.3.3.

If one wishes to compute the dynamics of the electron interacting with the

atomic core via the Hellman potential, then we need a slightly weaker form

of convergence. For instance, the time autocorrelation of the electron’s wave

function can be computed by integrating the function Ft(E) = e−iEt against the

measure µ f , so that

µ f (Ft) = (e−iLt f , f ) =
∫ ∞

−∞

e−iyt dµ f (y) ≈
∫ ∞

−∞

e−iyt [Kϵ ∗ µ f ](y) dy, ϵ ≪ 1.

Unlike the previous cases of pointwise and L1 convergence, we do not need

any additional requirements on the measure µ f , which may be singular and

have discrete components, to obtain convergence rates. Instead, we require that

the function F be sufficiently smooth. For example, if F ∈ Cn,α(R) and K is an

mth order kernel, then approximating F via convolutions and applying Fubini’s

theorem shows that

|µ f (F) − [Kϵ ∗ µ f ](F)| = O(ϵn+α) + O(ϵm log(1/ϵ)), as ϵ ↓ 0.

Finally, note that a kernel cannot be non-negative everywhere and have an

order greater than two. This is not a problem in practice since we can replace

[Kϵ ∗ µ f ](x) by max{0, [Kϵ ∗ µ f ](x)} with the same error bounds in Theorems 4.3.2

and 4.3.3.

in the mean integrated squared error. The case of L1 convergence requires a different proof

technique.
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4.4 The resolvent framework in practice

Given an mth order rational kernel, defined by distinct poles a1, . . . , am in the

upper half-plane, the resolvent-based framework for evaluating an approximate

spectral measure is summarized in Algorithm 5. This algorithm, which can

be performed in parallel for several x0, forms the foundation of SpecSolve.

SpecSolve uses equispaced poles (see section 4.3.1) by default, but users may

select other options with the name-value pair ‘PoleType’.

In practice, the resolvent in Algorithm 5 is discretized before being applied.

We compute an accurate value of µϵf provided that the resolvent is applied with

sufficient accuracy (see Figure 4.1), which can be done adaptively with a poste-

riori error bounds [30]. For an efficient adaptive implementation, SpecSolve

constructs a fixed discretization, solves linear systems at each required complex

shift, and checks the approximation error at each shift. If further accuracy is

needed at a subset of the shifts, then the discretization is refined geometrically,

applied at these shifts, and the error is recomputed. This process is repeated

until the resolvent is computed accurately at all shifts. The user may (option-

ally) specify initial and maximum discretization sizes with the name-value pairs

‘DiscMin’ and ‘DiscMax’.

SpecSolve supports three types of operators: (1) ordinary differential op-

erators, (2) integral operators, and (3) infinite matrices with finitely many non-

zeros per column. For more general operators and inner products, the user must

supply a command that solves the shifted linear equations in Algorithm 5 and a

command that evaluates the inner products, allowing a user to evaluate spectral

measures for exotic problems and employ their favorite discretization.
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Algorithm 5 A practical framework for evaluating an approximate spectral
measure of an operator L at x0 ∈ R with respect to a vector f ∈ H .
Input: L : D(L)→ H , f ∈ H , x0 ∈ R, a1, . . . , am ∈ {z ∈ C : Im(z) > 0}, and ϵ > 0.

1: Solve the Vandermonde system (4.20) for the residues α1, . . . , αm ∈ C.
2: Solve (L − (x0 − ϵa j))uϵj = f for 1 ≤ j ≤ m.
3: Compute µϵf (x0) = −1

π
Im

(∑m
j=1 α j(uϵj, f )

)
.

Output: µϵf (x0).

4.4.1 Ordinary differential operators

In SpecSolve, the function diffMeas computes samples from a smoothed

approximation to the spectral measure of a self-adjoint, regular ordinary differ-

ential operator on the real-line or on the half-line, i.e.,

[Lu](x) = cp(x)
dpu
dxp (x) + · · · + c1(x)

du
dx

(x) + c0(x)u(x), p ≥ 0, (4.24)

with the standard inner products. Here, the variable coefficients c0, . . . , cp are

smooth functions and cp , 0 on the relevant domain (real-line or half-line). Note

that L in (4.24) is not necessarily self-adjoint: the user provides the variable

coefficients c0, . . . , cp to diffMeas and must verify that L is self-adjoint.

To demonstrate, recall the Schrödinger operator defined on the real line

in (4.13). We can compute a smoothed approximation to its spectral measure

as follows.

xi = linspace(0,6,121); % Evaluation pts

f = @(x) x.ˆ2./(1+x.ˆ6) * sqrt(9/pi); % Measure wrt f(x)

c = {@(x) x.ˆ2./(1+x.ˆ6), @(x) 0, @(x) -1}; % Schrodinger op

mu = diffMeas(c, f, xi, 0.1, ‘order’, 1); % epsilon=0.1, m=1

The differential operator is specified by its coefficients c0, . . . , c2, which are in-

put as a cell array of function handles. Given evaluation points xi and function
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handle f, diffMeas computes the smoothed measure, with respect to f, us-

ing the specified smoothing parameter and kernel order (the default kernel is

m = 2). To work on the half-line, the user simply adds ‘dom’,‘half’ to the

argument list for diffMeas.

To apply the resolvent of a differential operator acting on functions on the

real line, the associated differential equation (see Algorithm 5) is automatically

transplanted to the periodic interval [−π, π] with an analytic map and solved

with an adaptive Fourier spectral method [22]. Typically, the differential equa-

tion has singular points at ±π after mapping, and the Fourier spectral method

usually converges to a bounded analytic solution [22, Ch. 17.8]. Similarly, on the

half-line, the differential equation is mapped to the unit interval [−1, 1] with an

analytic map and solved with an adaptive nonperiodic analogue of the Fourier

spectral method, which is known as the ultraspherical spectral method [103].

After solving the differential equation on the mapped domain, the inner prod-

ucts in (4.7) are computed using a trapezoidal rule (for the unit circle) [159] or a

Clenshaw–Curtis rule (for the unit interval) [155, Ch. 19].

In many applications, differential operators on the half-line may have a sin-

gular point at the origin. This makes an efficient and automatic representation of

variable coefficients somewhat subtle. For example, the radial Schrödinger op-

erator in (4.22) has a singular point at the origin for ℓ ≥ 1, and the shifted linear

equations in Algorithm 5 should be multiplied through by r2 so that subsequent

discretizations yield sparse, banded matrices [103]. In addition to diffMeas,

SpecSolve contains a small gallery of functions that sample smoothed spec-

tral measures for common operators with singular points, such as rseMeas,

which samples the smoothed measure of the radial Schrödinger operator with
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a user-specified potential.

To illustrate, we use rseMeas() to compute P(1/2 ≤ E ≤ 2) from (4.23).

normf = sqrt(pi/8)*(2-igamma(1/2,8)/gamma(1/2)); % Normalization

f = @(r) exp(-(r-2).ˆ2)/sqrt(normf); % Measure wrt f(r)

V={@(r) 0, @(r) exp(-r)-1, 1}; % Potential, l=1

[xi, wi] = chebpts(20, [1/2 2]); % Quadrature rule

mu = rseMeas(V, f, xi, 0.1, ‘Order’, 4) % epsilon=0.1, m=4

ion_prob = wi * mu; % Ionization prob

The user specifies the potential of the radial Schrödinger operator through a cell

array of function handles: V{1} is the nonsingular part of the potential, V{2}

is the variable coefficient for the r−1 Coulomb term, and V{3} is the quantum

angular momentum number that defines the coefficient for the r−2 centrifugal

term.

4.4.2 Integral operators

In SpecSolve, the function intMeas computes samples from a smoothed ap-

proximation of the spectral measure of an integral operator, acting on functions

defined on [−1, 1], of the form

[Lu](x) = a(x)u(x) +
∫ 1

−1
g(x, y) u(y) dy, x ∈ [−1, 1], u ∈ L2([−1, 1]).

We assume that the multiplicative coefficient a(x) and the kernel g(x, y) are

smooth functions (well-approximated by polynomials), and that g(x, y) = g(y, x)

so that L is self-adjoint with respect to the standard inner product. Revisiting
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the integral operator from (4.9), we can compute the smoothed measure with a

few simple commands.

xi = linspace(-2.5,2.5,501); % Evaluation pts

f = @(x) sqrt( 3/2 ) * x; % Measure wrt f(x)

a = { @(x) x, @(x,y) exp(-(x.ˆ2+y.ˆ2)) }; % Integral operator

mu = intMeas(a, f, xi, 0.1, ‘Order’, 1); % epsilon=0.1, m=1

The integral operator is specified by a cell array containing function handles

for the kernel and multiplicative coefficient. Given a smoothing parameter and

kernel order, the smoothed measure is approximated at the evaluation points

xi.

To apply the resolvent, we use an adaptive Chebyshev collocation scheme to

solve the shifted linear systems in Algorithm 5. For efficient storage and com-

putation, we exploit low numerical rank structure in the discretization of the

smooth kernels when possible [152]. We apply a Clenshaw–Curtis quadrature

rule to compute the inner products required to sample µϵf [155].
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CHAPTER 5

COMPUTING GENERALIZED EIGENFUNCTIONS

In the study of time-harmonic wave propagation, self-adjoint operators with

absolutely continuous spectra play a central role. In this setting, the abso-

lutely continuous spectrum is typically associated with a continuum of scat-

tering states. These states encode and quantify important physical behavior,

such as the transmission and reflection coefficients associated with an interface

or the effective cross-section of a scattering process, e.g., see [151, Ch. 10]. In the

language of spectral theory, scattering states may be understood as generalized

eigenfunctions of the underlying self-adjoint operator [42] (see section 1.4.2).

In this chapter, we propose a practical framework for computing gener-

alized eigenfunctions of a self-adjoint operator L on a rigged Hilbert space

Φ ⊂ H ⊂ Φ∗. Building on the methodology of the previous chapters, we con-

struct approximations to the generalized eigenfunctions of L by solving linear

operator equations with complex shifts. These approximations are naturally in-

terpreted as wave-packets with a narrow band of spectral content centered on

the target mode; we demonstrate their convergence in two relevant topologies

as the spectral bandwidth vanishes. The basic facets of the method are illus-

trated through two worked examples. We conclude with a study of scattering

modes and related phenomena in a 2-dimensional quantum waveguide.
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5.1 Wave-packet approximations

By the nuclear spectral theorem, L has a complete system of generalized eigen-

functions in Φ∗ that satisfy (1.12) and (1.13) in Chapter 1. Denote these by

ψλ,k ∈ Φ
∗ for λ ∈ Λ(L) and k ≤ Mλ, where Mλ is the multiplicity of the gener-

alized eigenvalue λ. To approximate these generalized eigenfunctions, we re-

turn to Stone’s relation between the spectral measure and the resolvent (see sec-

tion 4.2). For a convenient notation in the following sections, we always assume

that ϕ and Lϕ take real values, so that (L − z)−1ϕ − (L − z̄)−1ϕ = 2Im(L − z)−1ϕ.

By expanding the resolvent with generalized eigenfunctions rather than a

spectral measure, i.e., employing the nuclear spectral theorem in place of the

classical spectral theorem, we have (for any z < Λ(L)) that

(L − z)−1ϕ =

M∑
k=1

∫
Λ(L)

(ϕ, ψλ,k)Φ,Φ∗
λ − z

ψλ,k dµk(λ), for all ϕ ∈ Φ.

Now, pick λ∗ ∈ λ(L), ϵ > 0, and set z = λ∗ + iϵ. We calculate that

1
π

Im(L − λ∗ − iϵ)−1ϕ =
1
π

M∑
k=1

∫
λ(L)

ϵ(ϕ, ψλ,k)Φ,Φ∗
(λ − λ∗)2 + ϵ2ψλ,k dµk(λ). (5.1)

The integrals on the right hand side are convolutions of (ϕ, ψλ,k)Φ,Φ∗ψλ,k with the

Poisson kernel, taken with respect to the Borel measures µk. By analogy with

Stone’s formula for measures, the intuition behind our approach is that the con-

tribution of ψλ,k to the integral vanishes in the limit ϵ → 0 unless λ = λ∗. There-

fore, we expect that (5.1) approximates an element of the generalized eigenspace

associated with λ∗ in an appropriate sense when ϵ is small.

While the generalized eigenfunctions are distributions in Φ∗, the approx-

imation constructed from the shifted linear system in (5.1) is an element of

the test space Φ, formed from a “wave-packet” of generalized modes that is
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strongly concentrated around λ∗. Before considering convergence in two natural

topologies in section 5.1.3, we examine the wave-packet approximation scheme

through two simple, illustrative examples (see Figure 5.1).

5.1.1 Example 1: multiplication operator

First, let’s revisit the “multiplication by x” example from section 1.4.2, i.e.,

[Lu](x) = x u(x). Given ϕ ∈ C∞[−1, 1], inverting L − z directly shows that

1
π

Im(L − λ∗ − iϵ)−1ϕ =
1
π

ϵϕ(x)
(x − λ∗)2 + ϵ2 . (5.2)

Note that this is precisely (5.1) with dµk(λ) = dλ (Lebesgue measure) because

(ϕ, ψλ)Φ,Φ∗ =
∫ 1

−1
ϕ(y)δ(y − λ) dy = ϕ(λ), so the right hand side of (5.1) is

1
π

∫
λ(L)

ϵϕ(λ)
(λ − λ∗)2 + ϵ2 δ(x − λ) dλ =

1
π

ϵϕ(x)
(x − λ∗)2 + ϵ2 .

Since the Poisson kernel is an approximation to the identity, (5.2) converges to

ϕ(λ∗)δ(x − λ∗) in the sense of compactly supported distributions on [−1, 1]. This

is the projection of ϕ onto the generalized eigenfunction associated with λ∗.

5.1.2 Example 2: differential operator

Next, consider the differential operator Lu = −u′′ defined on H2(R), the space

of square-integrable functions on the real line possessing two weak square-

integrable derivatives. Then, L : H2(R) → L2(R) and we can rig L2(R) with

the dense subspace of functions in the Schwartz space S(R) and its topological

dual S∗(R), the space of tempered distributions. The spectrum of L is continu-

ous, filling the real axis, and a straightforward calculation in the Fourier domain

reveals that L has no eigenfunctions in L2(R).
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Figure 5.1: Wave-packet approximation of a generalized eigenfunction of (left panel)
the multiplication operator in section 5.1.1, corresponding to λ∗ = 0.7 and ϵ = 10−2 and
(right panel) the differential operator in section 5.1.2, corresponding to λ∗ = 5 and ϵ =
10−2. The wave-packet approximations converge in the sense of compactly supported
distributions for the multiplication operator, but converge pointwise for the differential
operator due to additional regularity in the generalized eigenfunctions.

On the other hand, we can calculate the generalized eigenfunctions ofLwith

two sequential integration-by-parts. We find that∫ ∞

−∞

e±2πikxLϕ(x) dx = 4π2k2
∫ ∞

−∞

e±2πikxϕ(x) dx,

whenever ϕ ∈ S(R). This means that the generalized eigenfunctions of L are

Fourier modes, which form a complete system as both (1.12) and (1.13) hold.

The generalized eigenvector coordinates of ϕ ∈ Φ = S(R) are closely related to

its Fourier transform ϕ̂, as

(ϕ, ψ4π2k2)Φ,Φ∗ =
∫ ∞

−∞

e−2πikxϕ(x) dx +
∫ ∞

−∞

e2πikxϕ(x) dx = ϕ̂(k) + ϕ̂(−k).

In other words, (ϕ, ψλ)Φ,Φ∗ = ϕ̂(
√
λ/2π) + ϕ̂(−

√
λ/2π).

Note that there are two generalized eigenfunctions exp(±i
√
λx) associated

with each point λ ∈ λ(L). Each generalized eigenvalue has multiplicity 2, and

M = 2 in (1.12) and (1.13). Inverting L − z explicitly in the Fourier domain and

applying the Fourier inversion theorem, we compute that

ψϵλ∗ =
1
π

Im(L − λ∗ − iϵ)−1 f =
1
π

∫ ∞

−∞

ϵ f̂ (k)
(4π2k2 − λ∗)2 + ϵ2 e2πikx dk. (5.3)
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By taking an L2(R) inner product with ϕ ∈ S(R) and applying Fubini’s theorem

to interchange the order of integration, we find that

(ϕ, ψϵλ∗)Φ,Φ∗ =
1
π

∫ ∞

−∞

ϵ f̂ (k)ϕ̂(k)
(4π2k2 − λ∗)2 + ϵ2 dk.

Because the Poisson kernel is an approximation to the identity and f̂ (k)ϕ̂(k) ∈

S(R) when f , ϕ ∈ S(R), the right hand side converges pointwise as ϵ → 0:

(ϕ, ψϵλ∗)Φ,Φ∗ → f̂
( √

λ∗
2π

)
ϕ̂

( √
λ∗

2π

)
+ f̂

(
−
√
λ∗

2π

)
ϕ̂

(
−
√
λ∗

2π

)
.

Therefore, we again have convergence in the sense of distributions, i.e.,

ψϵλ∗ → f̂
( √

λ∗
2π

)
ei
√
λ∗x + f̂

(
−
√
λ∗

2π

)
e−i
√
λ∗x as ϵ → 0. (5.4)

As before, the wave-packet converges to the projection of f ∈ Φ onto the gener-

alized eigenspace associated with λ∗, which has multiplicity two in this case.

5.1.3 Weak∗ and pointwise convergence

Given a point λ∗ in the interior of the absolutely continuous spectrum of L, we

now demonstrate that the wave-packet approximation defined in (5.1),

ψϵλ∗ =
1
π

Im(L − λ∗ − iϵ)−1 f ,

converges to a generalized eigenfunction ψλ∗ of L in the weak∗ topology on Φ∗,

provided that the generalized eigenvector coordinates are continuous at λ∗. Re-

call that ψϵ → ψ in the weak∗ topology on Φ∗ if and only if it holds that

(ϕ, ψϵ)Φ,Φ∗ → (ϕ, ψ)Φ,Φ∗ , for all ϕ ∈ Φ.

We denote the interior of the absolutely continuous spectrum of L by Λa.c.
int (L).
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Theorem 5.1.1. LetL : D(L)→ H be a self-adjoint operator on a rigged Hilbert space

Φ ⊂ H ⊂ Φ∗, where Φ is nuclear and LΦ ⊂ Φ ⊂ D(L). If ψϵλ∗ is defined as in (5.1), and

(ϕ, ψλ,k)Φ,Φ∗ is continuous at λ∗ ∈ Λa.c.
int (L) for each k = 1, . . . ,M and ϕ ∈ Φ, then

(ϕ, ψϵλ∗)Φ,Φ∗ →
Mλ∗∑
k=1

( f , ψλ∗,k)Φ,Φ∗(ϕ, ψλ∗,k)Φ,Φ∗ , as ϵ → 0, (5.5)

holds for every ϕ ∈ Φ. Here, each ψλ∗,k ∈ Φ∗ satisfies (ϕ,Lψλ∗,k)Φ,Φ∗ = λ∗(ϕ, ψλ∗,k)Φ,Φ∗ .

In the proof below, it is worth noting that approximations to the indi-

vidual generalized eigenfunction coordinates converge for almost every λ∗ ∈

Λa.c.
int (L) because Poisson integrals recover integrable functions at their Lebesgue

points [14]. In essence, weak∗ convergence requires that approximations to the

generalized eigenfunction coordinates of every ϕ ∈ Φ converge at λ∗.

Proof. To begin, we expand the duality pairing in generalized eigenfunctions, as

(ϕ, ψϵλ∗)Φ,Φ∗ =
1
π

M∑
k=1

∫
Λ(L)

ϵ( f , ψλ,k)Φ,Φ∗(ϕ, ψλ,k)Φ,Φ∗
(λ − λ∗)2 + ϵ2 dµk(λ). (5.6)

Consider each integral in (5.6) individually. It is useful to note that the Borel

measures in Theorem 1.4.2 are uniquely determined up to equivalence of mea-

sures, i.e., measures with the same measure-zero sets.1 Without loss of gen-

erality, take them to be positive and set dµk(λ) = dλ (Lebesgue measure) on

Λa.c.
int (L)

⋃
supp(µk). Recall that µk vanishes on the spectrum with multiplicity > k.

Now, let χ1 and χ2 denote the characteristic functions on Λa.c.
int (L) and its com-

plement in Λ(L), respectively. When k ≤ Mλ∗ , first observe that as ϵ → 0,

1
π

∫
R

ϵ( f , ψλ,k)Φ,Φ∗(ϕ, ψλ,k)Φ,Φ∗
(λ − λ∗)2 + ϵ2 χ1(λ) dµk(λ)→ ( f , ψλ∗,k)Φ,Φ∗(ϕ, ψλ∗,k)Φ,Φ∗ .

1This reflects the possibility of a change of measure in the integrals in (1.12) and (1.13).
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This follows because convolution with the Poisson kernel recovers integrable

functions at points of continuity [14]. By hypothesis, χ1(λ)( f , ψλ,k)Φ,Φ∗(ϕ, ψλ,k)Φ,Φ∗

is continuous at λ∗ and it is integrable as a consequence of Hölder’s inequality

and the identity ∥ϕ∥2
H
=

∑M
k=1

∫
λ(L)
|(ϕ, ψλ,k)Φ,Φ∗ |2 dµk(λ) < ∞ [57].

On the other hand, denote the distance between λ∗ and Λ(L) \ Λa.c.
int (L) by d.

Applying the identity for ∥ϕ∥2
H

and Hölder’s inequality in reverse order now,

we bound the integral over the complement of Λa.c.
int (L) by

1
π

∣∣∣∣∣∫
R

ϵ( f , ψλ,k)Φ,Φ∗(ϕ, ψλ,k)Φ,Φ∗
(λ − λ∗)2 + ϵ2 χ2(λ) dµk(λ)

∣∣∣∣∣ ≤ ϵ

π(d2 + ϵ2)
∥ f ∥H∥ϕ∥H .

The right hand side vanishes as ϵ → 0 and a similar bound holds for the integral

over λa.c.
int (L) when k > Mλ∗ . Therefore, the right hand side of (5.6) converges to

the right hand side of (5.5), which establishes the theorem. □

Although weak∗ convergence is a natural characterization of convergence in

Φ∗, generalized eigenfunctions may possess additional regularity that implies

convergence in finer topologies. An important instance of this appears in sec-

tion 5.1.2, where both generalized eigenfunctions and coordinates are continu-

ous with respect to the spectral parameter λ > 0. In this case, the wave-packet

approximations converge pointwise to elements in the generalized eigenspace.

The use of the Poisson kernel to construct a wave-packet approximation is

not particularly important, except in its connection to the resolvent of L. We

recover similar approximations if we substitute other approximations to the

identity; in particular, we can use the rational kernels developed in [34]. It is

straightforward to show that higher-order rational kernels also accelerate con-

vergence rates in this setting when the generalized eigenvector coordinates have

additional regularity in the parameter λ∗, although we do not pursue this here.
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5.2 Scattering modes in a 2-dimensional quantum device

Over the last several decades, nanoscale devices have become small enough that

quantum mechanical models play an essential role in analyzing their function-

ality [26, 96]. In a typical setup, electrons propagating at the interface of two

semiconductors are confined to a strip using large potential barriers, while cur-

rent is supplied by leads whose length is orders of magnitude greater than the

device itself [96]. Material or structural modifications to the heterogeneous in-

terface modify the electronic properties of the device by inducing variations in

the local electric field, or equivalently, potential.

The performance of these nanoscale devices can be understood by studying

the scattering modes of the (non-dimensionalized) Schrodinger operator [96]

[Lu](x, y) = −∆u(x, y) + V(x, y)u(x, y), (x, y) ∈ Ω. (5.7)

Here, ∆ = ∂2
x + ∂

2
y is the Laplacian, V(x, y) is the potential energy within the

device, and the 2-dimensional domain Ωmodels the device and lead geometry.

We consider an infinite strip Ω = R × (−1, 1), with V(x, y) supported in [−L, L] ×

(−1, 1) and two semi-infinite leads held at constant potential (without loss of

generality, shifted to zero). The confining potential outside the strip is enforced

by homogeneous Dirichlet boundary conditions along its edges, i.e., u(x,±1) = 0.

The scattering modes that characterize the electronic behavior of the device

are classical eigenfunctions of the Schrodinger operator in that they satisfy

[Lψλ,k](x, y) = λψλ,k(x, y), (x, y) ∈ Ω. (5.8)

However, because of propagation through the device leads, scattering modes

do not decay and are not square integrable. Instead, they satisfy λ-dependent
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asymptotic radiation conditions that are derived from conservation laws. Con-

sequently, numerical methods for scattering modes usually incorporate exact or

asymptotic knowledge about the solution in the leads.

In the framework of this chapter, scattering modes can also be formulated

as generalized eigenfunctions of L acting on the rigged Hilbert space D(Ω) ⊂

L2(Ω) ⊂ D∗(Ω), where D(Ω) is the space of infinitely differentiable functions

with compact support in Ω andD∗(Ω) is the corresponding dual space of distri-

butions. Going forward, we assume that V ∈ D(Ω) so that Lϕ ∈ D(Ω) whenever

ϕ ∈ D(Ω). Note that our framework does not require a priori knowledge about

ψλ,k(x, y) in the leads. (However, incorporating asymptotic information when

solving the shifted linear systems sometimes increases numerical efficiency.)

5.2.1 Free scattering modes

Before considering the influence of the potential V(x, y), it is instructive to ex-

amine the scattering modes when V(x, y) = 0 in Ω. In this case, we can calculate

them directly by separation of variables. They can be written as

ψ±n,k(x) =


exp(±2πikx) cos(πny/2), n odd,

exp(±2πikx) sin(πny/2), n even.
(5.9)

Here, k > 0 is any real number and n ≥ 1 is an integer. In other words, they

are tensor products of the scattering modes of the free particle and the bound

states of the particle in a box. The spectrum of −∆ with the specified boundary

conditions on Ω is absolutely continuous, filling the ray (π2/4,+∞).

Notice that the multiplicity of the generalized eigenspace changes as the con-

tinuous spectrum is traversed. Each point λ∗ in the spectrum is associated with
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Figure 5.2: The ϵ = 0.05 wave-packet approximations to scattering modes in (5.9) cor-
responding to λ∗ = 7 (n = 1, k ≈ 4.53) and λ∗ = 15 (n = 2, k ≈ 5.13) in the left and right
panels, respectively.

all modes in (5.9) for which λ∗ = (2πk)2 + (πn/2)2. For example, the multiplicity

is two between the two lowest transverse modes (n = 1, 2), but jumps to four

between the second and third lowest transverse modes (n = 2, 3). As usual, ±k

in the complex exponential corresponds to, respectively, right and left propa-

gating plane waves in the time domain. Two wave packet approximations to

the scattering modes in (5.9), with ϵ = 0.05, are shown in Figure 5.2.

5.2.2 Resonance phenomena

Having examined the scattering states when V(x, y) = 0, we now turn on the lo-

cal potential V(x, y) shown in Figure 5.3. The addition of a finite-range potential

does not change the location of the continuous spectrum of L, but it does dis-

tort the scattering modes. This particular choice of V(x, y) also supports several

bound states that are localized around the potential well. These bound states

are associated with eigenvalues of L below the continuous spectrum.

Now, suppose that we adjust the bias of V(x, y) relative to the leads, so that
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V(x, y)

y
x

Figure 5.3: The potential energy V(x, y) applied within the 2-dimensional quantum de-
vice.

both peaks and valleys are shifted upwards in Figure 5.3. This effectively raises

the energy of the bound states, and the corresponding eigenvalues are shifted

toward the continuous spectrum. If the energy of a state exceeds the potential

in the leads, the bound state becomes a metastable resonant state with a finite

lifetime due to the quantum phenomenon of tunneling [100]. This transition

occurs when the right-most eigenvalue collides with the continuous spectrum.

We can explore these bound states and resonance states numerically by ex-

amining the spectral measure of L with respect to a Gaussian probe. (Note that

in the rigged Hilbert space setting, the density of the spectral measure with re-

spect to f coincides with the generalized eigenvector coordinates of f on the

absolutely continuous spectrum.) The spectral measure in the left panel Fig-
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Figure 5.4: A smoothed approximation (computed with smoothing parameter ϵ = 0.1
and an order m = 3 rational kernel) to the spectral measure of L, taken with respect to a
centered Gaussian probe, reveals bound states and resonances induced by the potential
V(x, y) (left panel). The modulus of the wave-packet approximation, |ψϵλ∗(x, y)|2, shows
concentrations of probability mass on both sides of the potential barrier that reflect
prolonged interactions with the barrier, i.e., resonance.

ure 5.4 shows four distinct peaks with decreasing height and increasing width

from left to right. The two peaks with the lowest energy lie to the left of the

continuous spectrum and correspond to bound states of L, but the two peaks

on the right are located in the lower region of the continuous spectrum and

correspond to resonant states. The right panel of Figure 5.4 shows the squared

modulus of a wave-packet approximation to the scattering state associated with

the resonance peak at λ∗ ≈ 3.4.

In quantum mechanics, the physical properties of particles (or systems) are

encoded in wave functions ψ ∈ H . In the position-space representation, |ψ(x)|2

defines a probability density associated with the particle’s location [69, Ch. 1].

Scattering states cannot be directly interpreted in this manner because they are

not normalizable. However, the wave-packet approximations ψϵλ(x, y) can be

because they are elements ofH . While the unobstructed scattering states in sec-

tion 5.2.1 were completely delocalized, notice that the scattering mode associ-

ated with the resonance peak is strongly concentrated near the barrier. This
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Figure 5.5: The modulus |ψϵλ∗(x, y)|2 of two more wave-packet approximations to the left
(λ∗ = 3.2) and right (λ∗ = 3.6) of the resonance peak at λ∗ = 3.4 in Figure 5.4.

concentration reflects prolonged interactions with the potential V(x, y), which

drives the resonance phenomenon. A characteristic “lifetime” of these inter-

actions, which measures the average time a particle spends near the potential

compared with a free particle, can be estimated from the width of the resonance

peaks in the left panel of Figure 5.4 (e.g., see [100] or [49, Ch. 1]).2

Finally, note that there is a small concentration of |ψϵλ∗(x, y)|2 within the poten-

tial well. By examining other scattering modes in the vicinity of the third peak

in Figure 5.4 (left), we can probe the fine structure of the resonance phenomena.

To the left side of the peak at lower energies, the scattering modes concentrate

inside the potential well (see Figure 5.5, left). To the right side of the peak at

higher energies, the scattering modes delocalize and concentrate outside the

well (see Figure 5.5, right).

2Note that to accurately assess the width d of a peak, the smoothed measure computed with

an order m kernel must use a smoothing parameter with ϵ ≪ d1/m.
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CHAPTER 6

CONCLUSIONS

For the last 70 years, computing the spectral properties of differential and inte-

gral operators has usually meant discretizing the operator and computing spec-

tral properties of a matrix. This paradigm is flexible and integrates well with

powerful software packages for numerical linear algebra. However, relying on

the spectral properties of discretizations can degrade accuracy, pollute the spec-

trum, or altogether fail to capture infinite-dimensional phenomena related to

the continuous spectrum. In this thesis, we have explored solutions to these

shortcomings through an alternative “discretization-oblivious” paradigm.

The key ingredient in our ”discretization-oblivious” algorithms was the re-

solvent operator. By sampling its range at strategic complex nodes, we devel-

oped robust approximations to eigenvalues, generalized eigenfunctions, and

spectral measures. Computationally, we required two tasks: (1) solve shifted

linear systems and (2) take inner products. This approach pairs well with exist-

ing software systems, such as Chebfun [46] and ApproxFun [105], which encap-

sulate state-of-the-art spectral methods in a user-friendly interface. Our algo-

rithms have been implemented in a GitHub repository called SpecSolve [33].

In Chapter 2, we derived an operator analogue of the FEAST matrix eigen-

solver to solve differential eigenvalue problems without discretizing the oper-

ator. This approach exploits spectrally accurate techniques for computing with

functions while preserving key properties, like well-conditioned eigenvalues, of

L. The result is an efficient, automated, and accurate eigensolver for differential

operators that is adept in the high-frequency regime. We believe the operator

analogue of FEAST may also be useful for computing eigenvalues that cluster in
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gaps in the continuous spectrum, a challenging problem that arises frequently

in condensed matter physics and quantum chemistry, where Green’s functions

and contour integral eigensolvers have recently been applied successfully [147].

When contour integral methods like FEAST do encounter tightly clustered

eigenvalues, dangerous eigenvalues near the quadrature nodes may severely

degrade the accuracy of any floating-point computations. Chapter 3 studied

this phenomenon in detail and explained why methods that incorporate sub-

space iteration have a clear advantage here. In particular, large-round off errors

incurred during the first iteration are corrected in the second iteration when the

matrix is normal; a similar self-correction occurs for non-normal matrices, but

the situation is more complicated. This understanding of dangerous eigenval-

ues in rational subspace iteration opens the door to related questions about the

numerical stability of iterative methods for Sylvester’s equation, which often

require the solution of linear systems with ill-conditioned shifts (e.g., see [133]).

Chapters 4 and 5 introduced a systematic method to compute spectral mea-

sures and generalized eigenfunctions, two tools for studying the continuous

spectra of self-adjoint operators. Working directly with Stone’s formula in

the Hilbert space, we showed how to carefully balance adaptive discretization

and a smoothing parameter to resolve the spectral measure of the full infinite-

dimensional operator. By studying convergence in the smoothing parameter,

we overcame limitations in efficiency and accuracy associated with complex

shifts near the continuous spectrum. In the rigged Hilbert space setting, we

modified this procedure to construct wave-packet approximations to general-

ized eigenfunctions. This approximation scheme produces elements in a well-

behaved test space, requires no a priori knowledge about the generalized eigen-

144



functions, and is accompanied by a simple but rigorous convergence analysis.

Infinite-dimensional spectral problems abound in applied mathematics and

there are a few areas where the ideas behind SpecSolve are particularly well-

poised to contribute. In condensed-matter physics, the electronic properties of

topological insulators are frequently studied via spectral properties of the tight-

binding Hamiltonian. Conventional algorithms struggle in many physically in-

teresting settings, for example, when the material is disordered (c.f. Anderson

localization). In this case, the Hamiltonian has an exotic blend of continuous

and discrete spectrum which cannot be reduced using periodicity. Systems that

scatter or radiate energy in the presence of long-range interactions are another

source of challenging computational spectral problems, due to difficulties de-

termining or enforcing the correct asymptotic boundary behavior. In this case,

our (rigged) Hilbert space setting may prove advantageous as the correct be-

havior is implicit in the limit ϵ → 0 (e.g., the limiting absorption principle), but

no explicit enforcement is needed during computation (see Chapter 5).

The efficiency of SpecSolve’s resolvent-based algorithms is intimately

linked with the approximation power of rational functions. We have limited

ourselves to approximations with fixed poles, but the introduction of the AAA

algorithm has ushered in an exciting new era of practical rational approxima-

tion with adaptive pole selection [101]. Incorporating these nonlinear approxi-

mation schemes into the computational paradigm of this thesis may offer major

improvements in efficiency for operators with heavily clustered eigenvalues or

nearly singular spectral measures. However, significant mathematical advances

are needed for a rigorous understanding of their convergence properties.

Although we have focused on spectral computations, tensions between
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infinite-dimensional operators and their discretizations are not uncommon

when computing with differential and integral operators. The design of accu-

rate integrators for time-evolution PDEs and efficient iterative methods for PDE

optimization are two such areas. Once one has begun it is hard not to wonder,

where else might “discretization-oblivious” algorithms be useful?
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