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This dissertation has three chapters, the first two of them are focused on the self-similar Markov
semigroups, and the third chapter deals with the classical van Dantzig problem, which has some
connections with the self-similar Markov processes on the positive real line (R ). One of the main
focus of this thesis is the development of functional analytic theory for continuous and discrete self-
similar Markov semigroups, which are studied elaborately in Chapter 2 and Chapter 3 respectively.

Spectral theory of Markov semigroups is a fast growing literature with many applications in
the analysis of convergence rate of Markov processes, functional inequalities, analysis of linear
PDEs and many more. The Markov semigroups of our interest are self-similar, that is, they have

the following scaling property:
Pd, =d.P, Va,t>0

where d,, f(x) = f(ax) is the classical dilation operator on R . It is important to observe that the
notion of self-similarity is dependent on how one defines the dilation operator. More precisely, any
multiplicative semigroup (D, )a~0 acting on a certain subset £ of R can be thought as a dilation
operator. With this motivation in mind, in Chapter 3 we define discrete self-similar Markov chains
on Z and study their analytical properties.

Self-similar semigroups, both in continuous and discrete state spaces, are, in general, not self-
adjoint (not even normal), which is why their spectral analysis is much more involved. In this
dissertation, we exploit the concept of weak similarity and intertwining relationship whose origi-
nal motivation comes from group representation theory and functional analysis. In the context of

Markov semigroups, we say that two semigroups P : H; — H; and ) : H, — H,, where Hy, H,



are Hilbert spaces, are weakly similar if there exists a densely defined injective operator A with
dense range such that PA = AQ on a dense set. In particular, when A is a Markov kernel, the weak
similarity boils down to the intertwining relation. The earliest instance of intertwining relationship
in Markov processes goes back to E.B. Dynkin [41], where he considered bijective transformations
of Markov processes via the similarity transform of the semigroups. Later, Pitman and Rogers
[110] introduced Markov intertwining operators to prove that the distribution of the Brownian mo-
tion reflected around its running maximum coincides with the Bessel process of dimension 3. In
more recent years, Carmona, Petit and Yor [29] proved intertwining relationship among the class of
Bessel processes to derive certain distributional identities. Chapter 2 of this thesis is motivated from
the aforementioned work, where we prove weak similarity relation among the class of (log) self-
similar Markov semigroups on L?(R, ¢). Using this weak similarity relation and the self-similarity
of the self-adjoint Bessel semigroup in L(R ), we provide a spectral representation of the non-
self-adjoint self-similar Markov semigroup, and a detailed description of the spectrum including
the point, continuous and the residual spectrum. We carry out the similar program in Chapter 3
for the discrete Laguerre chain, which are obtained by a perturbation of the discrete self-similar
Markov chains. We show that both the discrete self-similar and the Laguerre chains have a gate-
way relation with their continuous analogues. This enables us to obtain the spectral representation,
hypocoercivity and hypercontractivity of the non-reversible Laguerre chains.

The final chapter of the thesis deals with the classical van Dantzig problem which can be stated
very simply as follows: find all analytic characteristic functions (of probability measure) F such
that V' F is also a characteristic function, where V F(t) = 1/F(it) for all ¢ € R. In the seminal
paper [82], E. Lukacs studied the solution to the above problem within the class of entire functions
with real zeros. Let Z;, denote the class of all such functions. After observing the fact that any
function solving the van Dantzig problem must be even, by means of analytical methods, Lukacs
obtained several closure properties of the class Z;. In this chapter, we first discuss how the class
of functions &, is related to the Riemann Hypothesis and the Lee-Yang property in statistical

mechanics. Then, we provide a new class of solutions to the van Dantzig problem, which may have



complex zeros. We point out that these functions are also the eigenfunctions of certain self-similar
Markov semigroups on R, .

All work in this thesis was done in collaboration with Pierre Patie. The work in Chapter 3 was
done with the additional collaboration with Laurent Miclo and the work in Chapter 4 was done in
collaboration with Takis Konstantopoulos. The contents of Chapter 2 — 4 have been submitted to

peer-reviewed journals as follows:

e Pierre Patie and Rohan Sarkar, Weak similarity orbit of (log)-self-similar Markov semigroups

on the euclidean space, submitted, 55pp., 2022.

e Laurent Miclo, Pierre Patie and Rohan Sarkar, Discrete self-similar and ergodic Markov

chains, The Annals of Probability, accepted, 50pp., 2022.

e Takis Konstantopoulos, Pierre Patie, and Rohan Sarkar, A new class of solutions to the van
Dantzig problem, the Lee-Yang property, and the Riemann Hypothesis, submitted, 35pp.,

2021.
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CHAPTER 1

INTRODUCTION

A Markov process on R, is called self-similar of index 1 if for all « > 0, one has the following

commutation type relation
Ptda :daPat (11)

where P = (P,)>0 is the semigroup associated with the process and d,, f (x) = f(«u) is the dilation
operator, that satisfies the semigroup property d,ds = dp for all o, 5 > 0. Self-similar processes
are ubiquitous in the theory of Markov processes and they have been studied intensively over the
last three decades, both from theoretical and applied perspectives, see e.g. [76, 24, 99]. These inter-
ests seem to be attributed to their role played in limit theorems in probability theory. This probably
also explains the appearance of self-similar Markov processes in many different studies, such as
coalescence-fragmentation [ 1], random planar maps [15], and also in the study of fractional oper-
ators [103, 106] to name but a few. Motivated by limit theorems, Lamperti [76] obtained a complete
characterization of these processes. The semigroups (P;);>o are Fellerian and sub-invariant with
respect to the Lebesgue measure on R, . As a result, they extend to strongly continuous contraction
semigroup on L%(R, ). From functional analytic point of view, it is very natural to investigate the
spectral properties of P on the Hilbert space L?(R, ). However, this question is very non-trivial
because of two reasons: firstly, these semigroups correspond to Markov processes with jumps, so
one cannot apply the theory of differential operators in such cases. Secondly, the semigroups are
non self-adjoint for which it is very difficult to develop the spectral theory. We circumvent this
issue by resorting to the concept of weak similarity (WS), whose mathematical interpretation is as
follows: an operator P is said to be weakly similar to () if there exists an injective operator A with
dense range such that

PA =AQ

on a dense domain. Note that in the case of finite dimension, the identity above reads as the

similarity of matrices. Since the injectivity is not sufficient for invertibility in infinite dimension,



one cannot expect the similarity of operators from the weak similarity, which also explains the
terminology. Nonetheless, in many circumstances, the WS relation transfers the spectrum of ()
to that of P. In particular, when A is a Markov kernel, the weak similarity relation is termed as
the intertwining relation. Our general strategy is to prove weak similarity of a non-self adjoint

semigroup with a self-adjoint one, whose spectral properties are easier to deal with.

In Chapter 2, we carry on our goal to develop an in-depth and detailed analysis of the non-
self-adjoint and non-local pseudo-differential operators (PDOs) denoted by 7 in the class of
densely defined operators in the weighted Hilbert space L2(R?, e,,), where ey (x) = M '=1)
with M € GL4(R), the group of linear invertible operators. The spectral analysis of self-adjoint
pseudo-differential operators (PDO) in Hilbert space is by now well established and has offered
many fascinating and deep ramifications in several branches of mathematics, see for example, the
monograph of Shubin [122]. However, although generic, the theory of non-self-adjoint ones is
much less understood and unified, something which seems to be attributed to the variety of phe-
nomena, such as the instability of the spectrum under small perturbation that one encounters when
studying such operators. We refer to the recent monograph of Sjostrand [124] for a thorough ac-
count on non-self-adjoint differential operators and a detailed study of their spectral asymptotic.
The first motivation to investigate this class of (non local) PDOs stems on their intimate connection
with the family of self-similar Markov processes on Ri. We shall prove that indeed the Dynkin
generator of such processes, up to the homeomorphism x — e(x), coincide, on a core that we iden-
tify, with a pseudo-difterential operator in the class .7. Resorting to the PDO representation of the
generators, we establish weak similarity, see (2.1.2) for definition, between the (log) self-similar
semigroups on R?. As a by product, we obtain several analytical properties of these semigroups
which include their spectral theory and representation, existence of point, residual and continuous
spectrum, and the integro-differential representation of the generators, which, to the best of our

knowledge, have not been explored before.

In Chapter 3, we introduce a new class of discrete self-similar Markov chains on Z,, and



explore their connection to the self-similar Markov processes on R . More precisely, we construct
a large class of continuous time Markov chains (CTMC) on Z, that also enjoy a scaling type
property like the self-similar Markov processes. Naturally, one cannot expect (1.1) to hold in this
setting, because the set of integers is not stable by the dilation operators as defined above. However,
in [84], the authors introduced the following signed Binomial kernel defined by
D,f(n) = ; <Z) o (1 — )" *f (k)

which resembles the dilation operator through the multiplicative semigroup property D3 = D,D3
for all o, 5 > 0. We adapt this notion of dilation to define the discrete self-similarity on Z . Like
in the case of continuous state space, it is intriguing to characterize the class of all discrete self-
similar Markov chains. In the aforementioned paper, the authors showed that a certain class of
birth-death chains satisfy discrete self-similarity. The first half of this chapter is devoted to finding
a way of constructing the discrete self-similar Markov chains. After proving that these Markov
chains must be upward skip-free, we establish a “gateway” relationship between the discrete and
continuous self-similar Markov processes. Consequently, we obtain an isospectral approximation
of continuous self-similar Markov processes by discrete self-similar Markov chains. In the second
half of this chapter, we investigate a class of ergodic Markov chains obtained by perturbing the the
discrete self-similar CTMCs. This idea was motivated from its continuous analogue, named as the
generalized Laguerre semigroups, studied by Patie and Savov [95]. Since the state space is discrete
and the Markov chains are non-reversible in our setup, there is no direct way to analyze the rate of
convergence to the equilibrium, hypercontractivity via the classical log-Sobolev inequalities. We
dealt this case with the help of the intertweaving relations, a concept recently introduced by Miclo

and Patie [85].

In Chapter 4, we carry out an in-depth analysis of the intriguing van Dantzig problem which
consists on characterizing the set & of analytic characteristic functions F which remains stable by
the action of the mapping V. F(t) = 1/F(it), t € R. We start by observing that the celebrated

Lee-Yang property, appearing in statistical mechanics and quantum field theory, and the Riemann



hypothesis can be both rephrased in terms of the van Dantzig problem, and, more specifically, in
terms of the set ¥, C & of real-valued characteristic functions that belong to the Laguerre-Pdlya
class. Motivated by these facts, we proceed by identifying several non-trivial closure properties of
the set Z and 7. This not only revisits but also, by means of probabilistic techniques, deepens
the fascinating studies of the set of even characteristic functions in the Laguerre-Pdlya class carried
out by Pélya [112], de Bruijn [37], Lukacs [82], Newman [90] and more recently by Newman and
Wu [91], among others. We continue by providing a new class of entire functions that belong to
the set & but not necessarily to &, offering the first examples outside the set &;. This class,
which is derived from some entire functions introduced in [102], is in bijection with a subset of
continuous negative-definite functions and includes several notable generalized hypergeometric
type functions. Besides identifying the characteristic functions, we also manage to characterize
the pair of the corresponding van Dantzig random variables revealing that one of them is infinitely

divisible. Finally, we investigate the possibility that the Riemann £ function belongs to this class.

1.1 Notations

In this section we enlist general notations adapted throughout the thesis.

Functional Spaces and operators

Let £ = RorR,. Forany k € NU {0}, we denote by C¥(E) the class of all functions defined on
F that are k-times continuously differentiable. When k = 0, we write C°(E) simply as C(E). By
Co(E), we denote the class of all continuous functions defined on F that vanishes at infinity. We
also consider the spaces CF(E), the class of all k-times continuously differentiable and bounded
functions with bounded derivatives. Finally, we denote by C2°(E), the class of all compactly
supported smooth functions on . When the functions are assumed to be smooth with all the

derivatives vanishing at infinity, we denote them by C5°(F). When FE is a discrete set, the sets



Cy(E), Co(E) have the same meaning as above, and C.(E) denotes the set of all finitely supported

functions on F.

For any two Banach spaces X;, X5, we denote by #(X;, X5) the space of all bounded linear
operators defined from X; to Xy. When X; = X, = X, we simply denote the unital algebra by
A (X). For any T' € %(H;, Hy) where H;, Hy are Hilbert spaces, the adjoint of T is denoted by T,

which is an element in #(Hs, Hy).

Complex plane, strips and analytic functions

We use C to denote the complex plane. For any —oo < a < b < oo, we use C(, ) to denote
the vertical strip {z € C; Re(z) € (a,b)}. For the horizontal strip we use the notation S, ;). In
the same manner, we use the notations C, 3}, Sy, to denote the strips including their boundaries.
Again, for —oo < a < b < 0o, we use A, to denote the class of functions that are analytic on the
strip S, 1). We use A,y to denote the class of analytic functions on S, ) that extend continuously

to the boundary of the strip. We also use the classical notation i2 = —1.

Boundedness and asymptotics of ratios

For two functions f, g defined on the complex plane, we use the following notations

f =< g means that 3¢ > 0 such that ¢! < g <ec,
f ~ g means that lim @) = 1 for some a € [0, 0o,
v=a g(x)
f(x) = O(g(x)) means that E % < 00,
f(z) = o(g(z)) means that lim % = 0.



Spectrum of operators in Hilbert spaces

For a linear operator A acting on a Hilbert space H, with identity operator /, we write Spec(A) =
{A € C; A — X isnotinvertible}, Spec,(A) = {\ € Spec(A); A — Al is not injective},
Spec.(A) = {X € Spec(A) \ Spec,(A); A — Al has a dense range} and Spec, (A) = Spec(A) \
(Spec,(A) U Spec,(A)) which corresponds to the spectrum, point spectrum, continuous spectrum
and residual spectrum of A respectively, see e.g. the monograph of Dunford and Schwartz [40,

XV.8]. Additionally, we denote the approximate point spectrum of A by
Spec,,(A) = {\ € C; 3 (vn)nz0 C Hsuch that ||v,[|g = 1, ||Av, — Avy[|n — 0}

where ||.||i stands for the norm in H.



CHAPTER 2
WEAK SIMILARITY ORBIT OF (LOG) SELF-SIMILAR MARKOV SEMIGROUPS ON
THE EUCLIDEAN SPACE

2.1 Introduction

In this chapter, we develop an in-depth and detailed analysis of the non-self-adjoint and non-local
PDOs in the class

o = {Apoltb]; ¥ € N{(R), M € GLy(R)}

of densely defined operators in the weighted Hilbert space L?(R¢, ey,), see (2.19) for definition,

and whose symbols take the form

a(wvg) = —<6(—M71w),¢(MT£)>7 w7€ € Rd (21)

where e(x) = (e*',...,e%), (.,.) is the Euclidean inner product, » = (11, ...,%4) € N4(R), a
vector of continuous definite functions defined in (2.17), and M € GL4(R), the group of d x d
invertible matrices. This includes the study of their domains, a classification scheme by weak sim-
ilarity orbit, a notion that we introduce in Section 2.1.2, the generation of Cy- positivity-preserving
contraction semigroups, the spectral theory and representation of the latter, and representation as

integro-differential operators.

Let us now describe our main results and the strategy we have implemented to get them, and,
we refer to the diagram 2.1 for a visual description of the path we have followed. Our approach
relies on the concept of weak similarity (WS) relation. More specifically, we say that the two linear

operators P, () have a WS relation if
PA = AQ on D(A) (2.2)

where A € Z(H), i.e. it is a densely defined injective linear operator with a dense range in a

Hilbert space H, and we denote its domain by D(A), see Section 2.1.2 for a refined definition. In



such case, we say that P is in the WS orbit of (). Since we shall show that, in our context, WS is

an equivalence relation, () may also be seen as a member of the WS orbit of P.

Coming back to our setting, we start by showing, by a combination of Fourier and complex
analysis, that, under very mild condition, see Remark 2.1.5 for a discussion, the class of symbols

of the form (2.1) is in the WS orbit of the self-adjoint PDO whose symbol is given by

ao(iL‘,g) = —<e(—m),’¢)0(€)>, mv& € Rda (23)

where 1, (&) = (&2, ...,&2). Let us point out that in [95], in the one-dimensional case, relying on
original factorization of some random variables, intertwining relations (this terminology means that
A'in (2.2) is a bounded Markov operator) has been obtained between self-similar semigroups on R
under some conditions on the negative definite functions 7). Although, by the isomorphism afore-
mentioned, these relations could easily be transferred to our framework, the required conditions,
which are rather restrictive, could not be relaxed. Moreover, an attempt to obtain weak similarity
relations from the representation of the infinitesimal generator as an integro-differential operator or
Dynkin characteristic operator given by Lamperti [76] also leads to some restrictive conditions such

as, at least, the requirement of analytical extension to some strip of the Lévy-Khintchine exponent.

These are the main reasons that have forced us to consider the study of these generators problem
from a different and fresh perspective by starting instead from the class of PDOs with symbols of
the form (2.1) to first characterize the WS orbit of (log)-Bessel semigroups for almost all the class of
log-Lamperti semigroups. However, this approach gives rise to several issues, such as the existence
of a Cy-contraction semigroup associated to this PDO’s, the positivity preserving property of the
latter as well as their relation to log-Lamperti semigroups. We emphasize that the latter is not a
trivial exercise as, to the best of our knowledge, there does not exist an equivalent of Volkinski’s

formula for PDO’s. We proceed by explaining the paths we follow to overcome these difficulties.

First, establishing a link between the PDO with symbol (2.3) and the Laplacian acting on the

space of symmetric functions, and, resorting to classical results from the theory of self-adjoint



operators, we show that it generates the self-adjoint Cy-contraction semigroup, on the weighted
Hilbert space L2(RY, e);), where e, is defined in (2.19), of the log-squared Bessel process, which
is also positivity preserving. Unfortunately, these classical results do not carry over to the class of

symbols of the form (2.1).

To deal with the generation of a, in general non-self-adjoint, Cy-contraction semigroup on the
same weighted L2-space, we first observe that the class of symbols of the form (2.1) is closed
under conjugation allowing us to split the analysis of this class of PDO’s into two. Then, using,
in the one-dimensional case, the WS relation mentioned above we manage to identify a core for
one of these two classes as well as the dissipativity property which guarantees the existence of a
Co-contraction semigroup. For the other remaining class, we resort to classical results from the
theory of Cy-contraction semigroup. We also manage to lift the WS relations between the PDO’s to

the level of the Cy-contractions semigroups.

Based on the WS relation and the well-known diagonalisation of the Bessel semigroup, see
e.g. [89], we proceed by giving, in Theorem 2.2.4, the spectral representation of the non-self-
adjoint Cy-contraction semigroups generated by these PDO’s. It is valid, at least, on a domain,
defined in terms of objects related to the negative definite function v, which is either the full or
a dense subset of the Hilbert space L?(R¢, e);). The integral representation is expressed in terms
of Fourier multiplier operators which are, themselves, defined in terms of the so-called Bernstein-
gamma functions associated to the Wiener-Hopf factors of the negative definite functions 1), see
(2.10) for definition. In this direction, we mention that spectral properties of some special instances
of self-similar Markov semigroups have already been studied in the literature. For instance, spectral
expansion of self-similar semigroups corresponding to fractional derivative operators have been
derived in [106], the spectral representation of the transition density of stable processes on the

half-line and related objects have been obtained in [68, 70, 71, 88].

Next, to prove the positivity preserving property, thanks again to the characterization of the

core by the WS relation, we show that each PDO coincide with the Dynkin operator of a positive



self-similar Markov process, see (2.40) for definition. The d-dimensional case is then deduced by

means of a tensorization argument combined with a similarity transform.

We proceed by characterizing the nature of the spectrum which depends on the asymptotic
behavior of the Bernstein-gamma functions, see (2.10), which we manage to reduce to easy-to-
check properties on the Wiener-Hopf factors or, directly, on the negative definite functions. The
class spans all parts of the spectrum including the point, residual, approximate or continuous ones,
which reveals the flexibility of the concept of WS in this context. It is already worth pointing out
that the spectral representation is valid on the full Hilbert space (resp. on a dense domain) when
the spectrum is the residual one (resp. point one), something which, to the best of our knowledge,

seems to have been unnoticed in the literature.

The remaining part of this chapter is organized as follows. After providing some general nota-
tions, we present our main results, including the WS orbit, the nature of the spectrum, the spectral
representation in Section 2.2. Before providing the proofs of these results in Section 4.5, we recall,
in Section 2.3 some substantial preliminary results and define some tools that will be essential in
the course of the proofs. The last Section is devoted to the detailed description of some new exam-
ples for which we express the spectral components in terms of known special functions or recently
introduced power series generalizing the later. In Figure 2.1, we provide a chart to indicate how the

main results are connected to each other.

2.1.1 Notations and preliminaries

Throughout this chapter, we denote by L?(R¢, i) the class of all square integrable functions f
with respect to the non-negative Borel measure g on RY endowed with the natural inner-product
= Jpaf(z g(x)p(dex). In particular, when p(dx) = e®Vdx (resp. p(dx) = e(z)dr =

e*dx,r € R) we denote the Hilbert space by L2(R?, e) (resp. L?(RR, ¢)). We use the notation ““1”

to indicate the orthogonality relation on Hilbert spaces.
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Theorem 2.2.1:
vap € Nj(R), VM € GL4(R) Appo[tp] € WS(Appo[tp(])

* Theorem 2.2.9(1):

Lemma 2.3.12:
) Vip € NY(R),VM € GLy(R),
Core for Appg[9], 9 € NY(R) PY[y] € Cf

A

Adjoint | for € N_ (R)

Y

Theorem 2.2.2(2):
Vap € NY(R), VM € GLy4(R), PM[gp] = et 4l¥l ¢ ¢,

Y

Theorem 2.2.2(3):
Vap € N{(R), VM € GLy(R), P} [1h] € WS(etAmolvol)

Theorem 2.2.9(2): Integro-differential
representation of A,[1)] under
conditions on ¢ € N¢(R).

Theorem 2.2.4:
Spectral representation

Y

Y

Theorem 2.2.6: Spectrum

Figure 2.1: User guide on the connection between the main results

For two Banach spaces X1, Xo, and an operator A : X; — X,, we denote by D(A) the domain

of A. We also use the set
D0(X1,Xs) = {A: D(A) C Xy — X, linear, densely defined, injective with dense range}

and we write Z(X;, Xs) to denote the set of all densely defined operators from X; to X,. When

X; = Xy = X, we use the notations Z(X) and Z(X) respectively.

Throughout this chapter, we use the notation Co(L?(R%, p)) (resp. Cf (L%(R?, u))) to denote the
set of (resp. positivity-preserving) strongly continuous semigroups on the Hilbert space L?(R?, u)
where p is o-finite measure on RY. We recall that (P;)~q € Co(L*(R%, w)) is said to be positivity-

preserving if for all ¢ > 0, P,f > 0 a.s. whenever f > 0 a.s.
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Fourier transform in L?(R? e) and multipliers

Let us denote by F*© the shifted Fourier transform defined for functions f such that /ef is integrable

as follows
Fr©) = em ! [ e Jel@)t()de = Harle). € < R 04
R4
where F is the usual Fourier transform and we recall that e(x) = ¢®% & € R, 1 = (1,1,...,1).

JF© (resp. F) is an unitary operator from L?(R¢, e) (resp. L?(R?)) into L*(R¢), which explains
the notation. Next, for a function m§ : R? — C, we define the shifted Fourier operator A :

L2(RY, e) — L%(RY, e) with multiplier m$ by

ae(€) =m§ (&) FF(€), £ e RY. (2.5)

When the multiplier m§, is analytic in the cylinder S ,,, we will use the notation my (§ + 1) =
m$, (&), which corresponds to the (shifted) multiplier associated to the classical Fourier transform.

A is a densely defined operator with domain
D(A) = {f e L*(R?,e); £ — mj (§) FF(§) € L*(RY)}. (2.6)

When m§, is a.e. non-zero, A € Zy(L?*(R?%, e)). In Subsection 2.3.4, we will discuss properties of

these operators in more details.

Continuous negative definite functions, Wiener-Hopf factorization and Bernstein-gamma

functions

Let N(R) be the class of all continuous negative definite functions defined on R, i.e. for any ¢ €

N(R) there exists a unique quadruple (1/(0), 02, b, i) such that

V(&) = ¥(0) — ibé + o2 + / (1 — €% +iy€lyy<iy) p(dy), € €R, (2.7)

R

where ¢(0) > 0,b € R, 0 > 0and p is a non-negative Radon measure such that [, (y>A1)u(dy) <

00, see e.g. [56] and [120, Chap. 4]. It is well-known that the set N(IR) is stable by conjugation,
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that is 1 € N(R) if and only if its conjugate function ¢» € N(R). Moreover, each ¢) € N(R)

admits the following analytic Wiener-Hopf factorization

(&) = ¢4 (=i)o-(i8), € € R, (2.8)

where ¢, ¢_ € B, the set of Bernstein functions, which are functions ¢ : [0, c0) — [0, c0) of the

form

o(u) = ¢(0) + du + /000(1 —e "u(dy), u=>=0, (2.9)

with ¢(0) > 0,d > 0 and v is a non-negative Radon measure such that [°(1 A y)v(dy) < oo.
Any ¢ € B can be extended analytically on C(g ) that remains continuous on iR. The Wiener-
Hopf factors ¢, and ¢_ are the Laplace exponents of the so-called ascending and descending
ladder height processes corresponding to the Lévy process associated with ). Also, existence of
jump measures in ¢, (resp. ¢_) indicates existence of positive (resp. negative) jumps of the Lévy
process determined by (2.38). Note that if 1) is of the form (2.7), it follows immediately that its

conjugate admits the factorization

U(€) = o-(~-i€)9+ (i), € €R.

For an excellent account on the Wiener-Hopf factorization of Lévy processes, we refer to [12,

Chapter VI] and [73, Chapter 6].

Next, for any ¢ € B, let us denote by W, the so-called Bernstein-gamma function associated
to ¢, that is the unique positive definite function, i.e. the Mellin transform of a positive random

variable, satisfying the functional equation
Ws(z +1) = o(2)Wy(2), 2z € C(on0), and Wy(1) = 1. (2.10)

We refer to [96] for a thorough account on this function and in particular from [96, Sec. 4], one
gets that

W is analytic and zero-free (at least) on Cyg ). (2.11)
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2.1.2 The notion of weak similarity

The cornerstone of our approach to obtain a detailed spectral theory for the semigroups generated
by AL 1] stems on its membership in the weak similarity orbit of the self-adjoint PDO App[1),]

given by (2.3), a concept that we now define. For a Hilbert space H, let us first recall that
Zy(H) = {A : D(A) C H — H linear, densely defined, closed, injective with dense range}

and note that it is not, in general, a group of operators.

Definition 2.1.1. For two Hilbert spaces Hy,Hy and A € 2(H;), B € Z(H,), we say that A is

weakly similar to B if there exists A € Zy(Hs,, Hy) such that
AN =AB on D (2.12)
with D, A(D) being dense in Hy, H; respectively, and
D cD(B)ND(A), A(D) Cc D(A) and B(D) C D(A). (2.13)
A is called a weak similarity operator.
From now on we implicitly assume (2.13) whenever we have identities of the type (2.12). In

the above definition we note that when A, B are bounded and D is a core for A, the identity (2.12)

extends to D(A).

Definition 2.1.2. Let Hy, Hy be Hilbert spaces and B € Z(H,). We define the weak similarity
orbit of Bin 9 C Z(H,;) as the set of all operators A € Z such that A is weakly similar to B. We

write
WS4(B) = {A € 2; Ais weakly similar to B}.

When 2 = 2(H,), we simply denote WS(B) = WSy (B).
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2.1.3 Standing assumptions

We now set up the assumptions and notation that will be in force throughout this chapter, and we

refer to the remarks below for discussions about their generality. Let

- i Wy, (5 +1
N, (R) = {w € N(R); |gl\ljmoo %&I{)’ > ( for some k > 0, % = O(l)} (2.14)
N_(R) = {¢ € N(R); ¥ € N, (R)} (2.15)
and
Ny(R) = N4 (R) UN_(R). (2.16)

Finally, for any d € N, d > 2, we write ¥ = (11, ...,%4) € N¢(R) where
N¢(R) = Nu(R) x ... x Ny(R) (d times) (2.17)

and, forany k = 1,...,d, (¢1(0), 0%, by, i) is the characteristic quadruplet of v, see (2.7).

Remark 2.1.3. Since for all ¢ € B, the conjugate of Wy is such that Wy (2) = Wy(2), 2 € C(g,00),
we note that if » € N_(RR) then

. . Wo (5 +1
lim [£]%|¢—(i)| > O for some k > 0 and ———=——=
jel—o0 Wi, (

justifying the notation.

Remark 2.1.4. We point out that, for ¢ € B, the condition lim [£|"|¢(i€)| > 0 has been termed as

|§|—00

the weak non-lattice property in [96, (2.29)], and in particular, it implies that
¢ is zero-free on iR \ {0}. (2.18)

Here, the weak non-lattice property is used to ensure the moderate growth of certain functions
along the lines Re(z) = a, 0 < a < 1, which plays an important role in the proof of our results. We

refer to Section 2.3.6 for more details.
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Remark 2.1.5. Although the weak non-lattice property disregards only very specific and even de-
generate cases, it seems to be the main restriction in the definition of the set N,(R) as we believe
that for any ¢» € IN(R), the ratio of its associated Bernstein-gamma functions is either bounded

from above or below.

Remark 2.1.6. We also emphasize that, in many instances, the sets N (R) and N_(RR) can be
expressed in terms of the characteristic quadruple of the negative definite function ¢) and/or in terms
of the parameters defining its Wiener-Hopf factors. For more details, we refer to Proposition 2.2.11

below.

2.2 Main results

2.2.1 The weak similarity orbits WS,

For any ¥ = (11, ...,%4) € N4(R) and M € GL4(R), the group of d x d invertible matrices, we

consider the pseudo-differential operator
Appo[1h] : D(Appg[9h]) € LA (R, ear) — L*(R?, enr)
with symbol
a(x, &) = —(e(-M"'z), p(M'E)), =, € € R,
where we have set
ey(z)=e(M'x) =M =0 g eR (2.19)

When M = Id, we simply write Appg[tp] = A [1p] and L2(R%, e) = L2(R% ey). Let us also
define
D(R) = {f € L*(R, e); Fy is entire and satisfies (2.20)}

For any compact C' C C, sup | Fy(z)| = O(e~ G RGN ¢ > (2.20)

zeC
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and we write D(RY) = @¢_, D(R). We are now ready to state our first main result.

Theorem 2.2.1. For any M € GL4(R), writing o/y; = {AM[]; ¥ € N¢(R)}, we have

WSJ&/M (APDO [1/)0]) = CQ{M

where (&) = (€2,...,&3). More specifically, for any ¥ € N¢(R) and M € GL4(R), we have

AM ) Ay ar = Ayas Appo[thy] on D(RY) 2.21)

where Ay s @ D(Ay ) C L2(R% e) — L*(RY ey) is such that Ay yf(x) = Ayf(Mx), and

Ay, is a shifted Fourier multiplier operator associated to

d 1 . 1 .
e . W¢+,k(§ - lgk) F(§ + 1fk)
i, (€ =11 Wo_ (5 +i&) T(5 —i&)

k=1

Moreover, for any 1 € N%(R), Ay v € B(L*(R%, e), L*(R?, ey)).

This theorem is proved in Subsection 2.5.3.

2.2.2 Generation of the set & of Cj-contractions semigroups and WS

Let us introduce the linear differential operator

Af(z) = Tr(Z(z)VE(z)), =xeR?, (2.22)
where Tr and V stand for the trace and the gradient respectively, and, > = >; with, for any
(01,...,04) € [0,00)% and writing & = (1, ..., z4), the diagonal matrix 3, () is defined as

1

Yo (x) = diag(ore™™, ..., 0qe”"4). (2.23)

Theorem 2.2.2. 1. The closure of (App[1p,], C°(R?)) in L*(R?, e), denoted by As[1),)], gen-
erates a self-adjoint Cy-semigroup Q € Cg (L*(R% e)). More specifically, Q restricted to
Co(RY) NL2(RY, e) extends to the Feller semigroup of the d-dimensional log-Bessel process

of dimension 2 whose generator is the closure of (Ay, C°(RY)).
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2. Forany M € GL4(R), there exists a one-to-one mapping between the set <7\ and the set
Pu = {P"[Y]; ¥ € Nj(R)} C Co(L* (R, er))

such that AY [1] = AN (1] on a dense subset, where A} [ap] is the L*(RY, e);)-generator
of P [y].

More specifically, for any 1» € N (R), Ay[¢)] is the closure of (Appo[0], Ay (C2°(R)), where
Ay € B(LA(R,e)) is defined in (2.21), and, otherwise, for any ¥ € Ny(R) \N.(R), P[] =

Pl1)]. The general case is then obtained by tensorization and isomorphism of Hilbert spaces.

3. Forany M € GL4(R), we have
WSL@]M(Q) = Pu. (2.24)
In fact, the set of weak similarity operators is a multiplicative group which entails that WS 5

forms an equivalence class, where & =\ /cqr,,w) P M-

4. For any ¥ € NY(R), we have 13M[1b] = PM[yp] € P, where 13M[1/J] stands for the
L%(RY, ey)-adjoint of PM[ap). Thus, P [1] is self-adjoint in L2(R?, ey;) if and only if
Y =1

This theorem is proved in Subsection 2.5.4.

Remark 2.2.3. When d = 1, M = 1d, the identity matrix, writing simply P[] = P[], the

identity (2.24) reads as follows

WS2(Q) = {P[]; ¥ € Ny(R)} (2.25)

where @ is the semigroup on L(R, ¢), e(x) = €%,z € R, of the log-squared Bessel process of
dimension 2. Moreover, P[¢] is the L?(R, ¢)-extension of the log-self-similar Feller semigroup as

reviewed in Section 2.3.3.
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2.2.3 Spectral representation of the class &

In this part, we use the weak similarity relation combined with the fact that (Q is diagonalisable as
it is self-adjoint in L2(IR¢, e), to obtain the spectral decomposition of the semigroups in Z2. To this

end, we denote the multiplication semigroup on L2(R%, e) by (&)=, i.e. for any ¢ > 0,
ef(y) = e HE(y), yeR’, (2.26)
where we recall that e(—y) = (e™¥', ..., e ¥%). We are now ready to state the following.

Theorem 2.2.4. Let P[] € P, for some M € GL4(R) and ¥ = (11, . .. ,1%4) € NY(R) such
that Y (§) = ¢4 k(—i&)o— k(i) forall 1 < k < dand & € R. Then, for all t > 0,

P[] = HyyeHy'y on D(H,) (2.27)

where D(H;IM) = Range(H y ) is dense in L2(R%, e), Hy yf(x) = Hyf(Mx) and Hy
being the shifted Fourier operator with multiplier denoted by mfb(é ), where

d .
e o W¢+,k(% - 1€k> . d
mw(E) _HW¢7k(1 +1€k>7 E_ (517"'7£d) € R% (228)

k=1 2

In fact,

=1 W¢+,k(% + lgk)

Under some conditions (see Proposition 2.2.11), D(HJ,IM) is the full Hilbert space and thus H:le

- W, (5 — i)
D(H'(,b,l]\/[) =qf€ LQ(Rd7eJ\/I); € = (51, s 7€d) — ffeoMfl(E) H ko2 S LQ(Rd> .

extends as a bounded operator on the entire Hilbert space. As a result, (2.27) holds on L*(R?, eyy).

This theorem is proved in Subsection 2.5.5.

Remark 2.2.5. 1t can be easily checked that the inverse of H  y is ﬁﬁ, - This implies that when
P = E, H ,, 5 1s an unitary operator, see Subsection 2.3.4. In Theorem 2.2.6(3) below, we show
that the boundedness of H :ﬁlM along with the condition mj, € L?(R¢, e) ensure the existence
of residual spectrum of the semigroup P [1)]. Hence, Theorem 2.2.4 indicates that existence of
residual spectrum, which is empty for self-adjoint linear operators, enables the semigroup to have

spectral expansion on the entire Hilbert space.
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2.2.4 About the spectra of the Cy-semigroups in &

The next result provides criteria to determine the nature of the spectrum of the family of semigroups

L.

Theorem 2.2.6. Let P [1p] € & for some M € GL4(R).

1. Forallt > 0,
e'%- C Spec(P[y).

More precisely, if my, is bounded then e®- C Specap(Piw [¢]), where m, is defined in

(2.28). If 1/m$, is bounded, then '™~ C Specap(lgiw [¥]).
2. If m¢, € L*(RY) then
%= C Spec, (P [p]) and Spec, (P []) = 0

with, for any q € R%,

pM [w]Tlanf\f(a:) = e(—tq) Tlanf‘f(az)
where T.f (z) = f(x + q), I}/ (x) = Jy(M~'x), and

e(_m/2) i{x,€). e

Jy(z) = W/Rd€< 'm$, (&)d¢

where the integral is understood in the L?-sense.

3. If1/m¢, € L*(R?) then
e~ C Spec, (P} [4]) and Spec,, (P} [¢]) = 0
with, for any g € R%, t > 0 and f € L*(R%, ey),

M M =e(— u
<Pt [w]f, TlanE >L2(Rd7ejw) — e( tq) <f7 Tlan’(,b >L2(Rd,eM) )
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4. If my, is both bounded from above and below then

Spec(Piw [Y]) = SpecC(P,fw [4]) = -, (2.29)

In particular, when PM [1] is self-adjoint, i.e. 1p = b, then (2.29) holds.

This theorem is proved in Subsection 2.5.6.

Remark 2.2.77. For the point and residual spectrum, there are plenty of natural examples, and, we
detail some of them in Sections 2.6.1 and 2.6.2. More generally, for any ¢ € B, defining
0, = lim O,(|¢]) and Oy = lim O4([¢]) (2.30)
€| —o0 &[0

B f1°/°2 ln( [¢(atil€])] ) da

where ©(J¢]) = 22

, one easily deduces from [95, Theorem 6.2(1)], that, for any

T
_ [om (2 + 15) ’ef\g|(@¢+(\sl)79¢_(Iﬁ\))‘ (2.31)
|6+ (5 +i) |

Thus, if ©,, > O, (resp. Oy > O, .), then P[¢] has point spectrum (resp. has residual spec-

§ eER,

W¢+ (% + 16)
Ws_ (3 +1€)

trum). For a proof of the last two statements and also sufficient conditions for both point and
residual spectrum in the case ©,, = @QL , we refer to Proposition 2.2.11. In Section 2.6.2, we pro-
vide examples of ¢/s for which P[¢] is non-self-adjoint and has continuous spectrum. However, in
general, though we have always e®~ C Spec(P[¢]), the weak similarity relation does not allow

to check the reverse inclusion.

Remark 2.2.8. When the function my, is polynomially bounded, i.e. there is some positive p > 0

such that
(m3,(§)] < Cp(1+ [I€]1)”

we can still have the Fourier inverse of m‘fp in the sense of Schwartz distribution, that could be used
to define the functions associated to the residual spectrum. However, the growth of my, along the
real line, being, in general, exponential, this analysis requires deeper techniques that we plan to

develop in a subsequent work.
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2.2.5 Positivity-preserving and integro-differential representation of the

generators

In this section we provide an integro-differential representation of the L?(IR¢, e, )-generator of the
semigroup P [+]. We start by introducing the following subset of L?(R?, e)
d
E = ®8 with & = Span{h.s; €, > 0} (2.32)
k=1

where b, 5 : R — R is defined by b 5(z) = e~ (2+97¢=%¢"" and @ stands for the tensor product
of the univariate functions. Next, for any ¥ = (¢1,...,1,) € NZ(R), where, forany k = 1,...d,
(¢¥x(0), 02, by, j1z) is the characteristic quadruplet of 1)y, and M € GL4(R), we consider the linear

integro-differential operator acting on smooth and well behaved functions f : R? — R as follows
AMplf(x) = Tr (MTE,(M'e)MVE(z)) + (Men(—M 'x), VE(x))

1, (f(z +y) — () — (Y, VE(@)) Ly <ny) (e(=M "), pys(dy))

= (e(—x), (0)) f(x) (2.33)
where Tr stands for the trace, ¥, is defined in (2.23), V is the gradient, b = (by,...,by),
ep(—x) = (bre ™', ... bge ") with ey(—x) = e(—x) = (e7™,...,e ). (,.)and || - ||
are the inner product and the Euclidean norm in RY respectively, and, for any B € B(R%),
py(B) = w(M'B) with u(B) = (u1(By),. .., ua(Bg)) where forall 1 < k < d, By, =
{x € R: e, € B}, (ey,...,eq) being the canonical basis of R?. Let us now introduce the follow-

ing condition regarding the Wiener-Hopf factors of 1.

Forany 1 < k < d, either/ lylpr(dy) < oo or ¢y (0) >0 (2.34)

ly[>1

W¢—,k (% + 15)
When ¢, ;(0) = 0, the integrability assumption in (2.34) combined with an application of Taylor’s

lim |¢["e 2 sup =0foralln € N (2.35)

|§] =00 1<k<d

formula imply that the operator A [+] in (2.33) is well defined on the set

C = {f ¢ C*(R?%); Vf € C}(R)}. (2.36)
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Theorem 2.2.9. Let M € GL4(R).

1. We have
Py C CJ(LZ(Rd,eM)).

More specifically, P [1], when restricted to Co(R?) N L*(R?, ey;), extends to the semi-
group of the Feller process on RY defined, for any t > 0, as Y, = MX,, where
X, = (In Xt(l), ...,In Xt(d)), the stochastic processes (X,fk))t>0, k =1,...,d, are mutu-
ally independent and each of them is a positive self-similar Feller process on (0,00), see

Section 2.3.3 for more details on these processes.

2. If ) satisfies the conditions (2.34) and (2.35), then Sff = Hf\f(g) is a core for Aj[p), and

its restriction on Sf‘f coincides with AM 1] defined in (2.33).

This theorem is proved in Section 2.5.7.

Remark 2.2.10. The condition (2.34) is needed to ensure that Ef C C, which entails that the
integro-differential operator in (2.33) is well-defined on € f\f . In order to weaken this assumption

and get that 82,4 C C2(R?Y) whenever v satisfies (2.35), one would need to develop a refined

Ws., (%*15)
W, (L+i€)

analysis of the asymptotic behavior of the ratio

2.2.6 Conditions for point or residual spectrum in terms of the Wiener-Hopf

factors
The next proposition provides some sufficient conditions on the characteristic triplet of the Wiener-
Hopf factors for the characterization of the presence of point or residual spectrum, which according

to Theorem 2.2.6, boils down to identify whether or not m,, = m,, € L*(R) for k = 1,...,d. For

¢ € B, we recall that @¢, and O, are defined in (2.30).
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Proposition 2.2.11. Let v € N(R) where (§) = ¢ (—i&)o_(if) for all £ € R with ¢pL(z) =
¢+(0) +dez+ [[7(1 — e *)vi(dy) for all z € Cpg ). Then, forall € € R,

(i) If©y4, > @¢_ and

sup{/£>0 lim |£]"7]é4 (i8)] >O}

|| =00

then i) € N (R), my, € L*(R) and my; ¢ L*(R). Table 2.1 provides sufficient conditions
expressed in terms of the characteristic triplets of ¢ and ¢_ for ©,, > @¢w where U (r) =
vy (r,00), and, for any a > 0, RV («) (resp. q-m) denotes the set of all regularly varying

(resp. quasi-monotone) functions of index «, see [ 18, Chapter I and Section 2.7]

v U W, (5+i€)
o v Y- ‘W¢ (3+i€)
0o | o vy € RV(ay), - €RV(a-), | =0 (e-e+ma)3lel)
yo Zisqm |y S0 isgm, | 0 <o <a+<1
7_€RV(a), | =0 z7
>0 0 V- y() (@) (e )
vy is g-m, 0<a<l

Table 2.1: Conditions for m,, € L*(R) when 8, > O,_

(ii) IfQ,, = @¢_, we give in Table 2.2 a set of sufficient conditions on the characteristic triplets

of 4, ¢ to ensure that my, € L*(R) and my; ¢ L*(R).

_ _ Wy (3+i¢
d, | d_ 7 v_ %‘
>0 0 |74(0) <00 =O(¢] ™) Yu >0
>0|>0|7.0) <00 |7_(0)=00|=0(¢™) Vu>0

Table 2.2: Conditions for m, € L*(R) when©,, = O,
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This proposition is proved in Section 2.3.8. We point out that the study of the asymptotic

W, (L+i€)
Wo_ (3+i€)

2
measures, is a delicate issue. Our results identify several large classes of Bernstein functions for

behavior of the ratio for any pairs of Bernstein functions, in particular any pairs of Lévy

which such estimate is attainable. We mention that, in the recent paper [87], asymptotic estimates
of this ratio when Wy, is the classical gamma function, has been obtained under other type of

conditions than ours on the tail of the Lévy measure v_.

2.3 Preliminaries and auxiliary results

In this section we gather some general facts about several ideas and tools that will be used through-
out the remaining part of this chapter, with an emphasis to the theory of shifted Fourier multipliers
and the analytical properties of certain ratios of Bernstein-gamma functions that will be important

in the sequel.

2.3.1 Fourier transforms, shifted Fourier transforms and some classical re-

sults

For any function f in L'(R) or L?(R), we denote its Fourier transform by F7, i.e.

Fi(§) = \/%/Re_ixéf(x) dr, £ € R.

As before we define F¢ the shifted Fourier transform, i.e. for any f € L?(RR, e), writing e(x) = €%,

Fi (&) = Fuer(§) (2.37)

in the L2-sense. Clearly, F° : L%(R, ¢) — L2(R) is an isometry whose inverse is denoted by F*.

Next, we mention a very useful result due to Wiener that will be frequently used.
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Theorem 2.3.1 (Wiener’s Tauberian Theorem). Let f € L*(R) be such that F; is almost every-
where (a.e.) non-zero. Then, recalling that T, f(.) = f(. + a), the set Span{t,[f;a € R} is dense

in L2(R).

This result is very standard and can be found in [18]. In the following corollary, we mention a

variant of Wiener’s theorem which will be needed in the subsequent results.

Corollary 2.3.2. Let f € L*(RR, ¢) be such that F7§ is a.e. non-zero. Then, the set {T.f;a € R} is
dense in L2(RR, e).

Proof. Note that f € L%*(R,e) implies that v/ef € L?*(R) where we recall that /ef =
f(z)e2,x € R. By means of the Wiener’s Tauberian theorem, we have that the set {T,\/cf;a € R}
is dense in L?(IR) which proves the result. We close this part with the following variant of Cauchy

contour integration formula that will also be useful later.

Lemma 2.3.3. Let f € Ay, for some v > 0 and there exists 1 < p < oo such that
lim sup / |f(z +1ib)|" dx = 0.
|z|—o0 be[0,4]

Then, one can choose a subsequence (n;) ;=1 of natural numbers such that for any 0 < b < ,

5

lim [f(z+ib) — f(z)]dx = 0.

j—oo J_ ..
g

In particular, when p = 1, fR x)dr = fR x + ib)dz for all 0 < b < 7y, and when p = oo,
lim [" [f(z+ib) — f(2)]dz =0 forall 0 < b < 7.

n—oo

Proof. Let us first assume that 1 < p < oo. From the analyticity of f in the strip Sy, and

applying the Cauchy integral formula, for any > 0 and 0 < b < 7 we have

f(z)dz=0
Rb

€T
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where R? is the rectangle formed by the points —x, x, x + ib, —x + ib. Let us estimate the integrals

on the vertical lines of R®. By Holder’s inequality, we have

b P g p L[
( / |f(i:r+iy)|dy) < ( / |f(iw+iy)|dy) <ot [+ ilay
0 0 0

where % + % = 1 with ¢ = oo when p = 1. Applying Fubini’s theorem we get

/R(/07|f(x+iy)|dy>pda:<75/07/IR,f($+1y),pd$dy<oo

which implies that there exists a subsequence (n;);>1 of natural numbers such that

~

lim |f(£n; +1iy)|dy = 0.
0

j—00

As aresult, for any 0 < b < v, lim (ffjl[f(x +ib) — f(x)] — [a f(z)dz) = 0, which proves
J—00 J nj

the lemma. When p = oo, for any 0 < b < , the integral on the vertical lines of R° goes to 0 as

x — oo. This completes the proof of the lemma for all 1 < p < oo.

2.3.2 Negative definite functions on R? and pseudo-differential operators
Negative definite functions

A function ¢ : R? — C is called negative definite if for any choice of p € N and (§,, ... §,) €

R**P_ the matrix
(w(fz) + E(ﬁ;) - ¢(5z - 6j))1<i7j<P

is non-negative Hermitian. It is a well known fact that any continuous negative definite function 1)

has the following representation

¥(€) = (0) —i(b, &) + (£, 2¢) + / (1= ¥ +i(€, y) Ly <1y) 1(dy)

Rd
where 1(0) > 0,b € R, ¥ is non-negative definite and y is a positive Radon measure such that

Jea(lyll*> A 1)p(dy) < oo. We denote the set of all continuous negative definite functions by
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N(RR%). The class N(R?) comes naturally in the study of Lévy processes. Indeed, for any (possibly
killed) Lévy process Z = (Z;);>0 on R, there is a unique ) € N(R?) such that

E[el€20] = (&) ¢ >0, £ e RY, (2.38)
and the infinitesimal generator of Z is given, for a smooth function f € S(R%), by

Liylf(x) =(VE, EVE(z)) + (b, V(z)) +/ (f(x +y) — f(z) — (y, VE(@)) Ly <1y p(dy)

Rd

— (0)f(z).

We refer the monograph of Jacob [56] for a thorough account on this set of functions and its

connection to Lévy processes.

Pseudo-differential operators and connection with Markov Processes

Let a : RY x RY — C be a function which is continuous and, for all x € R?, the mapping
&€ — a(x, &) is negative definite. From the general theory of pseudo-differential operators (PDO in
short) for Markov processes, we know that |a(x, &) < y(x)(1 + ||€||?) for all z, y being a locally

finite function. We define the following linear operator

—a(@.D)f(@) = ~20)F [ ST (E)alw.&)de . £ e SR,

where S(R?) denotes the Schwartz space on R%. Clearly, the above integral is well defined and we
say that a(x, D) is a PDO with symbol a(x,&). The class of pseudo-differential operators with
negative definite symbols plays an important role in the theory of Markov processes. Courrege [35]
showed that if (A, D(A)) is the generator of a Feller semigroup on R? such that C*(R%) C D(A),
then A is a pseudo-differential operator with symbol a(x, £) of the form
a(w> 5) = a<$> 0) - i<€a b(iB)> + <€> Q($)€> + /d\{ }(1 - €i<£’y> + i<€, y)]l{”y”gl})u(:n, dy)
R\ {0
where, for all , a(x,0) > 0, Q(x) is non-negative definite, b : RY — R? is measurable and

p(x, dy) is a Lévy measure, i.e. [o.(|ly[[* A1)u(z, dy) < co. On the other hand, if we are given a
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pseudo-differential operator with a negative definite symbol, the question of existence of a unique
Feller process corresponding to it, is more subtle. Some results in this direction can be found in [53,
Theorem 5.7], but the required conditions on the symbol a(-, -) are quite stringent. For instance,
already in the one-dimensional case, they are not satisfied by the symbol a(z, &) = e~ " () where
1 1s a continuous negative definite function. However, in Theorem 2.4.1 below, we present an
original approach based on the concept of intertwining to overcome this issue. Indeed, we will
show that under some mild conditions on %, the PDO with symbol a(x,{) = e~ *1(§) restricted on
a certain dense subset of functions, extends uniquely to the generator of a Cy-contraction positivity-

preserving semigroup on L?(R, ¢).

2.3.3 Lamperti mapping, duality, the log-transformation and generators

In his seminal paper, Lamperti [76] established a one-to-one correspondence between the class of
all Lévy processes and self-similar Feller processes on the positive real line up to their absorption
time at 0. More specifically, for any positive a-self-similar, o > 0, Feller process X = (X;(z))i>0
issued from x > 0, there is a unique Lévy process Z = (Z;)>0 issued from the origin such that,

forall 0 <t < ((z) = inf{t > 0; Xi(z) < 0},
Xi(z) = wexp(Zyz—or))

where ¢(t) = inf {s > 0; [ e? dr >t}. Almost sure finiteness of the first hitting time ¢(z)
depends on the Lévy process Z as well as its lifetime. This is known as the Lamperti mapping
and enables to associate to X a unique Lévy-Khintchine exponent and for more details, we refer
to [76, Theorem 4.1]. It is not hard to see that for any «-self-similar Feller process (X;);>o on
(0, 00), the process (th/a)@() is a 1-self-similar Feller process on (0,00). Since z ++ z'/% is
a homeomorphism on (0, c0), the corresponding semigroups are similar to each other. For a 1-
self-similar Feller semigroup P [¢)] corresponding to the Lévy-Khintchine exponent ¢, the adjoint

semigroup is also a Feller one and corresponds to the conjugate Lévy-Khintchine exponent v, see
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[13, Lemma 2]. That is, for any f,g > 0,

/R Plf@gta) de = [ J@)PTlaa) do (2.39)

This ensures that the Lebesgue measure on R, is an excessive measure for the semigroup PF[¢)]
and thus, the latter has a natural extension to L*(R, ), which we denote by P[i)]. P[¢] is a Co-
contraction semigroup on L?(IR, ) and its adjoint is P[+/]. Since our approach stems on the theory of
pseudo-differential operators which are defined on the entire real line R, we consider the logarithm
of the 1-self-similar Feller processes. Since the logarithm is a homeomorphism from (0, c0) to
R, the resultant semigroup is still similar to the original one. Due to the log-transformation, the
resulting semigroup has e(z)dr = e dx,r € R, as an excessive measure and extends to a Cy-
contraction semigroup on L?(R, ¢). Therefore, all the spectral properties remain invariant under
this log-transformation. Next, from [76], it is known that the Dynkin characteristic operator of a

1-self-similar process associated to the Lévy-Khintchine exponent ¢ is given by

Aol () = - LY(f o exp)(na), « € R (2.40)

where L[¢] is the generator of the Lévy process with Lévy-Khintchine exponent ) and the set
{f Ry = Ry fz),zf(x),22f"(x) € Cy(Ry)} C D(Ap[p]). If Ap[t)] denotes the

Dynkin characteristic operator of the log-self-similar process, then

Ap[Y]f () = e "LIY1f(x), = €R, (241)

and {f : R = R; f € C}(R)} C D(Ap[¢]). Also, for any f € S(R), from (2.41), we deduce that
Ap[t)] f = Appo[t)] f where

1
——— | e
V2T Jr

which is a PDO with symbol a(z,&) = e " (§). From now on, we only consider the log-self-

Appo[]f (z) = TH(§)Fp(§)e de

similar processes and we denote their semigroups by P[i)].
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2.3.4 Shifted Fourier multiplier operators

We recall that an operator A : L*(R, e) — L%(R, ¢) is called a shifted Fourier multiplier operator

if there exists a measurable function m§ : R — C such that, for all £ € R,

(&) = mi(§F3(8)

for all f € L*(R,e) with m§Ff € L*(R). The operator A is bounded if and only if m® is mea-
surable and essentially bounded. In this work, we use a subclass of the shifted Fourier multiplier
operators for which the multiplier is analytic on a strip. This class is introduced formally in the

following definition.

Definition 2.3.4. Let .# be the collection of all shifted Fourier multiplier operators defined on the
weighted Hilbert space L%(R, ) such that for any A € .#, there exists a function simply denoted

by m§ = my, the Fourier multiplier, defined on S ;) and that satisfies

(i) my is analytic in the strip S 1)
(i) my is zero-free on (g ;) and
i
O =ma (€45) 7@, €er @.42)

with D(A) = {f € L*(R, e); ma (£ + §) F5(€) € L2(R)}.

If f € D(A) is regular enough and the multiplier m, satisfies some integrability conditions, then

on a subspace of L%(R, ¢), A can be expressed as a classical Fourier multiplier operator on L2(R).

Proposition 2.3.5. Suppose that my extends continuously on R. Let f € D(A) be such that for

some%éygl,

(i) Fy € Ay and Fy(- +1b) € L*(R) forall 0 < b < v

(i) sup [ [ma(€ +ib)Fs (€ +ib)|* d€ < oo.
be[0,7]

€[0,y
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Then, Af € L2(R, 2*®) for any 0 < b < 7, and for all £ € R,

Fap(€ +ib) = mp (€ +1b) Fy(€ +ib). (2.43)

Proof. We first note that condition (ii) ensures that for any 0 < b < +, there exists g, € L?(R)
such that 7, (§) = ma(§ +1b) Ff(€ + ib) for all £ € R. Now, from the standard theory of Fourier

transform, it is known that for any 0 < b < v,

aa) = lim = [ mae+ T+ e

where the above convergence holds in LZ(R). Now, for each = € R, since the integrand above
satisfies the condition of Lemma 2.3.3 with p = 2, we can therefore choose a subsequence (7)1

such that forall x € Rand 0 < b < v,

\/%_ﬂ/_ j_ ma(€)Fp(€)e " d¢ — \/LQ_W/_ j_ ma (€ + 1) (€ + 1b)eSede = 0

as j — oo. Note that the first integrand above converges to go(z) and the second integral converges
to e "¢, (z) in L%(R), which implies that g,(z) = €"*go(x) for all 0 < b < 7, in particular when
b = 3. Now, from the definition of Af, it is clear that Af(z) = e_%g%(x) = go(x). The above
computation shows that g, € LQ(R, e%””) for all 0 < b < ~, which proves the first statement of the

result. By means of Cauchy-Schwarz inequality, for any 0 < b < v we have

0 2 0 0
(/ |90($)|€bxdw) </ Igo(ﬁ)Ide/ 2 dr < oo

00 2 00 0o
(/ |go(x)|eb‘”dx) < / ]go(x)|2e27””dx/ e 207020y < o0
0 0 0

which shows that Af = gy € L!(RR, e**) for all 0 < b < +. Hence, for any 0 < b < ~ one has

Fap(€+ib) = \/%_W /Rgo(x)eb‘”e_i{zdx = \/L2_77 /Rgb(aj)e_i&dx = ma(§ +1b) F;(§ + ib).

Since Af € L?(R)NL?(R, ¢**) and the right-hand side of the above equation extends continuously

to the boundary of S ), (2.43) follows for all 0 < b < 7.

Proposition 2.3.6. Any (A,D(A)) € .4 is densely defined with dense range in L*(R,e) and

o~

Feox(r) is a core.
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Proof. Let f € D(A) be such that F5(§) # 0 a.e.. Then, for any a, ¢ € R,

Fear(€) = e 5mp (€ +1/2) F7(€) = ma (€ +1/2) F, 5(€) = Fie, 1 (),

that is T,Af € Range(A). An application of Wiener’s Tauberian theorem yields that the set

Span{T,Af; a € R} is dense in L?(RR, e). Next, we observe that
D(A) = {f € L*(R,e); Fj € L* (R, (1 + |ma (£ +1/2)) d€)}. (2.44)

Since the function 1 + |my (- +1/2) |2 is locally integrable, the corresponding weighted L2-space
has C°(R) as a dense subset. Also, the graph norm of A, which is given by || f||a := || fllL2r,e) +
A f||L2(z.0)» is equivalent to the norm of L2 (R, (1 + [ma (€ +1/2)|°) d€). Thus, Féoo(my 15 dense
in D(A) with respect to the graph norm || - ||, and hence is a core of (A, D(A)). The class .# also

has some nice algebraic properties that are given in the following.

Proposition 2.3.7. The class .# forms an abelian group with respect to operator multiplication

and it is closed under adjoints.

Proof. We note that any A € .Z is injective because from (2.42), A f = 0 implies that 7§ = 0
a.e., as my (£ +1/2) # 0 a.e., which yields f = 0. From the definition, it is also clear that any oper-
ator in ./ is closed. Furthermore, any operator (A, D(A)) € .# admits an inverse (A~1, D(A™1))
which is also closed and D(A™') = Range(A) and Range(A™!) = D(A). It is easy to see that
(A1, D(A™Y)) € A with my-1 = - Also, for any two operators {(A, D(Ax))}i_;, Ar1Ay is
densely defined with my,n, = mp,my,. Clearly, (A1Ay, D(A1As)) € A . For A € 4, we claim

that /A\, the adjoint of A is the Fourier multiplier operator with multiplier my; = M. To see this, let

g € L2(R, ) be such that the map
f = <Af7 g>e = <mA ( + 1/2) ;’f;>L2(R) = <f;>mA ( + 1/2) ‘F96>L2(IR{)

is continuous. This is possible only if 777, (- +i/2) F; € L*(R), which completes the proof of the

proposition. Let .#, be the class of operators in .# with the following additional property

For all (A, D(A)) € ., |ma (€ +1/2)] < Ce*él) forall € € R, (2.45)
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where C, k are positive constants depending on A but does not depend on . Finally, we define .#
(resp. M ) to be the class of operators A in .# (resp. .#.) such that the function m, is analytic
on Sg,1) and extends continuously to Sy ;. One notes that (A, D(A)) € .# is bounded if and only
if mp(- +1/2) is bounded. We now show that Fourier multiplier operators satisfy the transitivity

property when they act as intertwining operators.

Proposition 2.3.8. Let A, B € B(L*(R,¢)) and N € .4, be such that ANf = ABf for all
f € D(A). Then BA™' f = A=Y Af forall f € D(A™Y). Similarly, if for A, B,C € Z(L*(R,e¢)),
there exist Ay, Ay € M, such that ANy = A B on D(Ay) and BAy = AyC on D(A,), then
AMiAs = AAs B on D(AsAy).

Proof. If AA = ABf on D(A), then by injectivity of A, we have BA~™* = A~'A on Range(A).

We claim that this identity can be extended to

DA™ = {f e LA(R,e); € — #(f)l/z) S LQ(R)} .

By Proposition 2.3.6, the set F& g, is a core of A~! and, we observe that Féoom) C Range(A).
Now, for any f € D(A™'), let (fu)nz0 C Féoo(w) be such thatas n — oo, f, — fand A™' f, —

A~!fin L*(R, ¢). From the given identity, we have, for all n,
BA7Yf, = ATAS,. (2.46)

Now letting n — oo and using the fact that A='A is closed, as A is bounded, we conclude that
BA7'f = A71Af for all f € D(A™!). To prove the transitivity property we consider A, B,C' €
PB(L*(R, e)) such that AA; = A;B on D(A;) and BAy = A,C on D(A,). Then, we already have
AAN Ay = AfAsBon {f € L3(R,e); f € D(Ay), Aof € D(A;)}. To extend the last identity to

the full domain
D(AAy) = {f € L2(R,e); & = my, (€ +1/2) ma, (€ +1/2) F7(€) e LA (R,e)},

we use a similar reasoning as above.
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2.3.5 Some basic facts about generators

In the theory of Markov semigroups, there are several notions for defining the generators. It depends
on the underlying Banach space and the topology one is interested about. In this article we are
concerned about the L2-generators of the Markov semigroups. The main purpose of this section
is to connect the three types of generators, namely, the Feller generator, the Dynkin characteristic
operator, and the L2-generator. We begin with the following result due to Dynkin that relates the

characteristic operator and the infinitesimal generator of a Feller process.

Lemma 2.3.9. [4], Theorem 5.5, Chapter V.3] Let (Ag, D(Ag)) and (Ap, D(Ap)) be respectively
the Feller infinitesimal generator and Dynkin characteristic operator of a Feller process with state

space E. If for some f € D(Ap), Apf € Co(E), then f € D(Af) and Apf = Apf.

The next result is about the equality of the strong and weak generator of a Markov semigroup

on a Hilbert space and the proof can be found in [109].

Lemma 2.3.10. [/09, Theorem 1.3] Let (P;);> be a Cy-contraction semigroup of bounded opera-

tors on a Banach space Y. Let (A, D(A)) and (A, D(A)) denote the weak and strong generator of

this semigroup respectively. Then, (A, D(A)) = (A, D(A)).
Finally, we have the following result that relates the Feller infinitesimal generator with the L?2-
generator of a Markov process.

Lemma 2.3.11. For a Feller semigroup (P;)i=0 with an excessive measure ¢, i.e. eP, < ¢, let
(Pt(Q))t>0 denote its L*(R, ¢)-extension. Let (Ag, D(Ag)) and (A, D(A,)) be the generators of P
and P® respectively. If f € D(Ag) NL%(R, €) is such that Az f € L2(R,¢), then f € D(A,) and
Apf = Asf.

Proof. Consider any f € D(Ar) NL%(R, ¢) such that Ar f € L*(R,¢) and g € L%(R, €). Then,
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we know that, for all t > 0, Pt(z)g € L%(R,¢) and

(POF=Dtg) o = (P = D/t e 247)

€)

Since Ay is the generator of the Feller semigroup (F;)~0, we have

12%||(Ptf_f)/t_AFf||oo:O

where || - || stands for the supremum norm in Cy(R). Since Agf € L%(R, ¢), we observe that for

any t > 0,

HPtf—f 1

L2(R,m)

t
/ PSAFde
t 0

1 t
< ;/ ||PSAFf||L2(R,a)dS < ||AFf||L2(IR,s)'
) 0

L2(R,e
Now, (2.47) implies that if ¢ € L'(R,e) N L*R,e), then lim, o (2L, g>L2(R€)

(Arf, 9)12(r)- On the other hand, since {(P.f — f)/t; t > 0} is bounded in L*(R,¢), it is

therefore weakly compact in L*(R, ). Let f* be a weak subsequential limit of (P, f — f)/t as
t — 0. Then, by (2.47) and the discussion above, we have (f*, g)r2rs) = (f, 9)r2(r,) forall g €
L'(R,e) N L3(R,¢). Since L!(R, ¢) N L*(R, ¢) is dense in L*(R, ), we infer that % — Agf
weakly for all f € D(AF) NL?(R,¢), as t — 0. Finally, invoking Lemma 2.3.10, we conclude that
Ag f is also the strong limit of (Pt(z) f—[)/t, which completes the proof. We close this section with
the following lemma that shows that the Cy-contraction semigroup generation property of operators

is preserved under the weak similarity relation.

Lemma 2.3.12. Let the closure of (B, D) be the generator of a Cy-contraction semigroup on a

Banach space X. Let (A, D(A)) be a densely defined operator on X such that
AN =AB on D (2.48)
where A € HB(X) with dense range, and A is dissipative on A(D). Then, the closure of (A, A(D))

generates a Cy-contraction semigroup on X.

Proof. We first note that D is a dense subset of X as it is a core for the generator of a Cy-

contraction semigroup on X. Next, by the Hille-Yosida Theorem, (ol — B)(D) is dense in X
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for any > 0. Since A is bounded and Range(A) is dense in X, it follows that both A(D)
and A((al — B)(D)) are dense subsets of X. Now, using (2.48), we have A((al — B)(D)) =
(aI — A)(A(D)), which shows that the latter subset is dense in X for any a > 0. Since A is also

dissipative on A(D), the proof is completed by applying the Hille-Yosida Theorem on the operator

(4, A(D)).

2.3.6 Bernstein-gamma functions and a functional equation

We recall, from (2.9), that ¢ € B can be written as ¢(z) = ¢(0) + dz + [ (1 — e *)v(dy), z €

Clo,0)» Where v is a positive measure such that [ (y A 1)v(dy) < oo and ¢(0),d > 0. Next, we

define
7 22
<z>(k>
H¢k+z , 2 € Co,00),
where 7, = lim,,_, (Zk L ¢ —Ino(n )> [ In (1 ) — —1In¢(1)|. From [96, Section 4]

and [95, Theorem 4.2], it is known that ¥/ is a solution to the functional equation

fz+1) = 0(2)f(2), f(0) =1, 2z € Cp), (2.49)

and, satisfies the following important properties.

(W1) W, is the unique positive definite solution to the above functional equation (2.49), that is it

is the unique solution in the set of Mellin transforms of probability measures on (0, 00)
(W2) W, is zero-free on C(g o) and W (z) = W (z) for all z € Cg o)
(W3) W, is analytic on Cg )

(W4) For any z = a + i§ witha > 0

’W¢(2)‘ = (1) eGs(a)=A4(2)—Ey(2) =Ry (a) (2.50)
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where G (a le In¢(u)du < alng(l + a), Ag(z) = [ In <|¢(;f+15 >du € [0, 51¢]]
and sup ]Ed,(z)\ + sup ]Rd,(a)\ < oo for all d > 0. We again refer to [96, Theorem 3.1
a>d

Ze(c(d,oo)

and Theorem 3.2] for the definition of the quantities Gy, Ay, Ey, Ry.

W is called the Bernstein-gamma function corresponding to ¢. These functions have been studied
extensively in [96]. The next proposition derives the analyticity and growth bounds on the multi-
plier functions defined in (2.28). We deal with the one-dimensional case here, which is the main

ingredient for all the results in this chapter.

Proposition 2.3.13. Let i) € N(R) be such that (&) = ¢ (—i&)p_(i€) forall ¢ € R and ¢5(§) =
&2 —iB¢, B > 0. Then, the function W : S(0,1) — C defined by

['(1+iz 4 B)Wy, (—iz)

W) = T(—iz)W,_(1+ i2)

satisfies the functional equation

WO E)(€) = W€ +1)s(e), €ER, 2.51)

and enjoys the following properties.

(1) Wf ) is analytic in the strip S(o,1y and extends continuously on S ).

(2) Let ) € N (R). Then,
sup Wéﬁ)(f +1ia)| = O(|¢]*) for some u > p. (2.52)
a€(0,1]

Remark 2.3.14. From the proof of Proposition 2.3.13, it is clear that for any v, 1y € N(R), with
1(€) = 6L (=i&)o (i€), va (&) = 67 (=i&)¢™ (i€), if we assume that

{z €iR; ¢{(2) = 0} C {0} and 6" (0) > 0,

then the solution of the functional equation

F(Y2(§) = f(€+1)vn(§) forall§ € R\ {0} (2.53)
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is given by
Wy (1) Wy (1 +18)

74 (1)(—15) w (2>(1 + 15)

f(g) = WWQ;?/&](Q =

o ¢
Also, Wita; 1] € A(oqy. In particular, taking 1), = 1, ¢y = 1, the function W (&) = %
satisfies
W(g+i) = (W) forallé € R\ {0}, (2.54)
and W € A(OJ}-

2.3.7 Proof of Proposition 2.3.13

Let ¢ be such that
(&) = ¢+ (—i€)o—(i8)

for all £ € R with ¢, ¢_ € B. Let us define the following pair of functions

Wi(2) = T % €S

W_(z) = %, forany 3 > 0and z € S(_ 1).

Now, for z € S(g,c), we have

W, (Ziz+1) oy (—iz) Wy, (—iz) _ ¢4 (—i2)

Wiz 9 = 1 Sz T(-i2) iz

W, (2)

ie. Wi(z) =Wy(z+1i) ¢+’(ifiz). Along the same vein, we have, for all 2 € S(_w0),

¢ (iz)

W_(z+1) =W_(z) ol

Next, using the property (W3) for Wy, , we deduce that W, is analytic on Sy ) and extends
continuously to the punctured line R \ {0}. On the other hand, W_ is also analytic on S(_. 1) and

extends continuously on the line R + i for any value of ¢_(0). To deal with the extension of 1V to
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the entire real line, we observe that

iz . 0, if p4(0) >0
hm = hm

¢4(—iz) 22 ¢>+()

Im(z >0 ¢>' (0) < 00, if ¢+(0) =0

and, hence W, extends continuously to Sy ). Now, we define Wf )(2) = W, (2)W_(2) for all
z € S(o,1). Clearly, the above results entail that Wf Vis analytic on S(q 1), extends continuously to
its boundary and solves (2.51). To show (2.52), by Phragmén-Lindelof principle, it is enough to
prove (2.52) when a = 0, 1 respectively. Let us deal with the case a = 1. Converting everything in

terms of the function WQE)’B ) , we note that

Wo, (1 +1I'(5 — i) (-iE)
Wy (1—i6)D(1+i€)

By Stirling asymptotic formula for the gamma function and recalling from [96, Proposition 3.1(4)]
that ¢_ (—i&) = —id_€ + o(|¢]), we get
L5 —i€)o_(~i€) _

W€ +1) =

O(J¢%). 2.55
So, it is enough to study the asymptotic behavior of the ratio %. For this, we proceed by

proving the following lemma.

Lemma 2.3.15. Forany ¢ € B, a,b > 0, and for all £ € R one has

|9(a + 1) — ¢(b+i§)[ < d(|a —b]) — ¢(0).

Thus, for any a,b > 0, as [{| — 0o, ¢(a + i) < ¢(b + i&).

Proof. Let ¢ be of the form (2.9). Then, for any a,b > 0 and £ € R, we can write

$(a+i€) — (b +1&) = d(a—b) + / (em (@t — = (HO) 1 (dy)

Now, let us assume that a < b. Applying triangle inequality to the right-hand side of the above

equality, we obtain

[6(a+i€) — ¢(b+i€)| <d(b—a) + /R (1= et M)e™u(dy) < ¢(b - a) = ¢(0).
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Since |p(a +i€)| = ¢(a) > 0 for any a > 0, from the above inequality we obtain that

‘cb a + i) ‘ ¢(la —b]) — ' (b +if) ‘ ¢(la —b]) — #(0)
o(b +i€) h o(b) o(a +i€) h ¢(a)

which completes the proof of the lemma. Now, coming back to the proof of the proposition, from

the property (W4) and using the above lemma, we obtain

Wy, (14+i§) Wy (1/2+ if)' < Ao (LHE—Ag_ (1/24i)+ Ay, (1/24i8)~ Ay, (14+i€) (2.56)
Wy (1 —i&) Wy, (1/2—i "

where f < ¢g means that L&) ¢+ (uti€)

is bounded above as |{| — oco. Since lim¢|_,q —r:

el E) = d; locally

uniformly in v > 0, from the definition of A¢ . in (2.50), we have that

2 2

where the right most integral grows at most at the order of In|{| as || — oo. On the other
hand, Ay, (1 +1f) < Ay (1/2 +1i€) for all £ € R, see [96, Theorem 3.2(1)]. Therefore, by
the boundedness of the ratio % in (2.56) along with the estimate in (2.55), it follows that
Wf ) (141i&) = O(|¢]*) for some u > [3. The case a = 0 can be handled in the similar fashion after
observing that W, (—if) = W, (1 —if)/¢L(—i) for any £ € R. Since there exists £ > 0 such

that lim |£]"|¢4(—i&)| > 0, using the similar idea as before, one can show that the following ratio
|§|—o0

W, (—i€) W, (3 +i€)
Wy (1418) Wy, (5 —if)

grows at most polynomially as || — oo. Hence, the proof of the proposition is completed by

applying the Phragmén-Lindel6f principle to the function z — (2 + 22)_%W$ )(z) in the strip
S[O,l]v ]

2.3.8 Proof of Proposition 2.2.11

From [95, Theorem 6.2(1)], we know that for any £ € R,

1 d(3)Wo(3)
W, (— + i{)‘ = ¢ lEOaED), (2.57)
‘ ’ Vo (& +ig) |
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Clearly, this proves the estimate in (2.31). When condition (i) holds, the ratio
W¢+ (% + 16)
W (5 +1i€)
decays exponentially, thanks to (2.31). Moreover, we note that lim |¢(i)| = coif d; > 0. Now,
€] o0

writing 74 (1) = v4(r, 00), [96, Theorem 3.3(2)] ensures that ifd, > 0,d_ =0and7_ € RV(«)

with 7 +— y;—ff) being quasi-monotone, then limy¢|_,o, Oy, (|£]) = 7/2 and lim¢|,o0 Oy_(|§]) =

ma/2. Whend, =d_ = 0,7 € RV(ay) and r — ﬁfa(i) are quasi-monotone, the previous
reference entails that lim ¢, O, (|{]) = Tt /2. Since o, > a—, applying (2.31) it follows that
¢ € N (R) and my € L*(R). This proves (i). To prove (ii), invoking [96, Proposition 6.2], we

know thatif d_ = 0 or 7_(0) = oo, then for any u > 0,

On the other hand, if d; > 0 and 7, (0) < oo, then

I (% +i€) ‘:oo

i el W, (5 +1i€)

|¢]—o0

whenever u > %ﬁ’“(o)

. This proves (ii).

In both of the above two cases, we note that m,, and m;; cannot be in L?(R) simultaneously as

mz(§) = 1/my,(§) forall § € R.

2.4 Proof of Theorem 2.2.1: the one dimensional case

Since the proof of this theorem is rather long, we split it into two parts and start by sketching the
main ideas. We first prove it in the one dimensional case, that is d = 1, and thus M = Id. The
general case will follow by tensorization and similarity transform techniques and it is postponed
to Section 2.5. In Theorem 2.4.1, we prove the one dimensional case where we first derive the

weak similarity relations at the level of pseudo-differential operators. Then, using the results from
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Subsection 2.3.5, we show that those pseudo-differential operators generate Markov semigroups
and lift the weak similarity relations at the level of semigroups. Subsequently, using Dynkin’s
theorem (see Lemma 2.3.9) and uniqueness of semigroups generated by operators defined on a core,
we show that these semigroups are indeed the ones corresponding to the log-self-similar Markov
processes. As a by-product of the weak similarity identity (2.60), we obtain the core and integro-
differential representation of the L?(RR, e)-generators of these semigroups, see Proposition 2.4.2,

by using some approximation techniques motivated from [96].

Recall from Subsection 2.3.2 that for 1) € N,(R), P[¢] stands for the Cy-contraction semigroup
on L?(R, e), which coincides with the log-self-similar Feller semigroup corresponding to the Lévy-

Khintchine exponent ¢, when restricted on Cy(RR). We also denote the L?(RR, e)-generator of P|[i/]

by Az[¢].

Theorem 2.4.1. (1) Lety(§) = &2, £ € R, then the closure of the operator (Appg[thg], CX(R)) in
L?(R, e) generates the log-squared Bessel semigroup Q on L*(R, ¢).

(2) For any ¢ € Ny(R), the shifted Fourier multiplier operator Ay, € M., where my,(z) =

Wy, (—iz) iz .
W(:j(l—f—iz) FF((ljiz)) forall z € S(o 1. In particular, when ¢ € N (R), Ay, € B(L*(R, e)).

(3) For any ¥ € Ny(R), we have Appo[t)] € WS(Appo[tho]). More specifically, recalling that
D(R) = {f € L*(R, e); F; is entire and satisfies (2.20)}, we have D(R) is dense in L*(R, e),

and,
APDO [w]Al/J = A’LZ)APDO [¢0] on D(R) (258)

In particular, if v € N, (R) then (2.58) holds on C°(R).

(4) If v € N_(R) then the closure of the operator (Appg[t)], Ay (C°(R))) in L*(R, e) generates
the semigroup P[] on L*(R, e). Therefore, in this case, Ay(CX(R)) is a core for Ay[¢]. In

general, for any 1) € Ny(R), we have
Ax[Y] = Appo[¢)] on Ay(D(R)) (2.59)
and Ay (D(R)) is dense in L*(R, e).

43



(5) Forany ) € Ny(R) and t > 0, we have

Pt[w]Aw = Ath on D(Aw) (260)
If Hy is the shifted Fourier multiplier operator with m,(z) = my,(2) = %’ then
(Hy,D(Hy)) € M., and, for all t > 0, we have

P[] = Hye,H,' on D(H,") (2.61)

where (e;)i>o denotes the multiplication semigroup on L?(R,e), i.e. e f(x) = e " f(x).

Note that H 1= ﬁE as they correspond to the same multiplier.

This theorem is proved in Section 2.4.1.

The item (4) in the above theorem provides us with a core for A,[¢)] when ¢» € N (R). The general
case is more involved as C2°(R) may not be included in the domain of A, when ¢ € N_(R), as
m (- 4 1/2) can grow exponentially. Although the set A, (D(R)) mentioned in item (4) is dense
in L*(R, e), it is not a core for A,[¢)] in general. To deal with this issue, we find a core for the
generator of the semigroup (e;);~0, Which consists of smooth functions with Fourier transforms
decaying exponentially fast, and also invariant under the semigroup (e;);~o. Then, by imposing
1
a mild condition on the ratio %,

of Hy defined in item (5), and their image under f{,, forms a core for A,[¢]. Additionally, we

we show that those smooth functions are in the domain

obtain the integro-differential representation of A,[)|. These results are formally stated in the next

proposition.
Proposition 2.4.2. Let 1) € Ny(R) and denote by A,[)] the L*(R, e)-generator of P[].
(1) If (&) = —id€ for some d > 0, then C°(R) is a core for A,[1)]. Otherwise, let us assume that

— . +1 W¢+ (% B 15) —Zl¢ 2
Ty i= Sup {77 eR; & " —W¢_ o if)e e L*(R) p € (0, o0]. (2.62)
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Writing, for e > 0, £(e) = Span{h.s; 8 > 0} where h.5(z) = e~ (2TITe=Be™" 1 € R the

following holds.
(a) Forall e >0, E(¢) is a dense subset of L*(R, e).
(b) Forall0 < e <mny, E(c) C D(Hy) and Ey(€) = Hy(E(€)) is a core for Ay[1)).

(2) Let 1) € Ny(R) be such that, for all n € N,

i P )

Moreover, if 1 satisfies one of the following conditions

e 2kl e LY(R). (2.63)

(i) ¢+(0) >0
(ii) fjys [ylpe(dy) < oo

then &, = |J Ey(€) is core for Ay[()]. Moreover, on &, As[1)] admits the representation as
0<e<oo

the following integro-differential operator

Aflf@) = e (0 (x) + bf (2) — (0 f(a)
n / (f(fv+y)—f(x)—yll{|y|<1}f’(x))u(dy)) (2.64)

where (1(0),b, 02, 1) is the quadruplet determining ).

This proposition is proved in Subsection 2.4.2.

Remark 2.4.3. The condition (2.62) is needed only to show that £(e) is in the domain of the
L?(R, e)-generator of P[¢)]. It is always satisfied when ¢ € N, (R). The inclusion E,(e) C D(Hy)
and the density of H,(&(e)) in L*(RR, e) is true whenever € > 0 is small enough, depending on 1,
see (2.80) and (2.81).

Remark 2.4.4. We note that the condition (2.63) is always satisfied when v € N (R). More
generally, (2.63) holds whenever ¢(§) # —id¢ and either d_ = 0, or d; > 0, or [, pu(dy) = oo,
see [96, Theorem 2.3(1)], where d.. is defined in Proposition 2.2.11, and yu is defined in (2.7).
However, when ¢y € N, (R), we will consider A, (C2(R)) as core for A,[1)], since we have a

PDO representation of A, |[1)] on this set, see (2.67), and it does not require the conditions (2i)-(2ii).
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2.4.1 Proof of Theorem 2.4.1

We begin by proving the following lemma.

Lemma 2.4.5. For any 1) € N(R), the operator Apno[V)] is dissipative on the domain Dy, = {f €
S(R) NL*(R, e); Appo[t)]f € L*(R,e)}.

Proof. For any f € D, C S(R), we have

Appo[t)] f(2) = 15‘% f) d¢ = e L[] f(x) (2.65)

ke

where L[t] is the L?(R)-generator as well as the Feller-generator of the Lévy process with Lévy-
Khintchine exponent 1), see [4, Section 3.4.1 and Theorem 3.3.3]. It is known that an operator
(L,D(L)) on a Hilbert space H is dissipative if and only if Re(Lf, f) < 0 for all f € D(L). To
check this condition for Appg[t)] on Dy C L2(R, e), we observe that, for all f € D(L),

Re(Apo[V]f, fr2m.e) = Re(L[Y]Sf, flrem) <0 (2.66)

as L[] is the L?(R)-generator of the Lévy process, hence dissipative. Thus, (App[t)], Dy) is

dissipative.

Remark 2.4.6. We point out that although the identity (2.65) relates, on the dense subset D,
Appp with the L2(R, e)- and Feller generator of a Lévy process, we can not yet conclude that Appg
coincides on this set with the L?(R, e)-generator of the log-Lamperti semigroup, as a representation
of such generator is not available. Indeed, Lamperti [76] provides only the representation of the
generator as a Dynkin operator due to the delicate application of the Volskonskii’s formula in this
context. However, under the condition (2.63) on the Wiener-Hopf factors of v, we shall show that
the Dynkin representation coincides with the Feller (and also the L*(R, ¢)) one. To deal with the
remaining cases, we will prove and use the fact that our class of PDO’s as well as the log-Lamperti

class is stable by taking the adjoint in L*(R, ¢).
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Proof of Theorem 2.4.1(1).

To prove this result, we change back to R, via the homeomorphism z — e*, which will transform

the operator (Appo[tho], C2°(R)) to

Af(r)y =rf"(r)+ f'(r), f € CX(Ry).

It is enough to show that the operator above is essentially self-adjoint with respect to C3°(R). Note
that writing F'(z,y) = f(2? + y?), one has Af(z? + y?) = $AF(x,y), where A is the Laplacian
on R2. Therefore, (A, C(R,)) coincides with the operator (A, C°(R2?) N S), where S is the set
of all radially symmetric functions on R?. Since the latter is essentially self-adjoint in L?(R?*) N S,
we conclude that (A, C°(R,)) is essentially self-adjoint in L2(R.). Thus, (Appo[tho], C=°(R)) is
closable and the closure (Appo[t/0], D(Appo[to])) is also self-adjoint. Using Lemma 2.4.5, we get
that Appo[t)o] is dissipative, so is its closure. By the theory of self-adjoint dissipative operators,

we infer that Appg[t)g] generates a Cy-contraction semigroup on L2(RR, e). On the other hand, from

Lemma 2.3.11 and Lemma 2.3.9, we observe that

As[tho] = Appo[tho] on C°(R)

where A,[1)] is the L?(R, e)-generator of the log-squared Bessel semigroup. As C>°(R) is dense
in L%(R, ¢), by uniqueness, we conclude that (Appg[tho], D(Appo[to])) generates the log-squared

Bessel semigroup (Q;):>o on L2(R, ¢).

Proof of Theorem 2.4.1(2).

1 . .
For any ¢,,¢_ € B, we claim that %F(% + i§) is always bounded with respect to &.
o 271!

Indeed, we first note that { — Wy, (% — if) is bounded since it is the Mellin transform of a
I'(1+ig)
Wo_ (5+i)

of the exponential functional associated to the subordinator with Laplace exponent ¢_, see [51,

random variable, see [95, Theorem 6.1(3)], and the ratio is also the Mellin transform

Theorem 2.2]. Now, recalling that [I'(3 +i¢)| ~ e~ 2l as [¢| — oo, the above argument entails
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that for all ¢ € R,

‘Wm (3 — 1) < Cellé

Wy (3 41i€)

which shows that A, € .Z.. In particular, when ¢» € N, (R), from (2.14) and the definition of

my,,, the mapping & — ma,, (€ +1/2) is bounded, since |I'(5 +i€)| = [[(3 — i&)| for all £ € R.
Therefore, Ay, € B(LA(R,e)) if ¢ € N (R).

Proof of Theorem 2.4.1(3).

We first prove the second statement of this item.

Proposition 2.4.7. For any i) € N (R) we have

APDU [w]Ad} = Al[)APDO [wo] on C?(R) (267)

Proof. Since the proof is quite technical, we start by outlining the main ideas of its proof. If
my,, extends continuously on Syo 1) and the conditions of Proposition 2.3.5 are met for f € C*(R)

with v = 1, then we get

‘FAPDU[w]Azpf(f + 1) = ‘F‘L[w]/\wf(f) = M, (€>¢(€)‘Ff(€)

where L[1)] is the generator of the Lévy process associated to 1. On the other hand, if one takes
$ = 0 in Proposition 2.3.13, it is expected that m,, should satisfy the same functional equation in
(2.51) with 3 = 0, given that my , (§ +1) is well defined for all § € R. As aresult, a straightforward

application of Proposition 2.3.5 would imply that

F g omolol (& 1) = ma, (§ + 1) Fagpo)f (§ +1) = ma,, (§ + 1)1 () Fr(§)

which would establish that F,,,jya of = Fa »Amo[tho] - HOWever, the continuous extension of my,

on the line R +i is not always guaranteed and this is why we perturb the operator A, by a parameter
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8 > 0, and resort to Proposition 2.3.13 to prove (2.67). To this end, we recall that 15(£) = £ —13¢
for 5 > 0 and £ € R. Also, let us define

T(1 +i2)
= ——— S —00 .
mps) (2) T+ B+i2) 2 € S(—o0,1)

Clearly, m ) is analytic and zero-free in Sy ;). Let A® be the shifted Fourier multiplier associated
to M. Since mye is bounded on the line R + i/2, A®) ¢ .# N B(L*(R,e)). We note that
for any f € C*(R), F; is an entire function. Moreover, m,ps € A(_o,1) and by the Stirling
asymptotic formula of Gamma functions, m ) is uniformly bounded on the intervals (—oo, a] for
any a < 2. Also, Fy(- + %) € L*(R) for all a < 2, and therefore by Proposition 2.3.5, it follows
that A¥) f € L?(R, e**dz) for any a < 2.

Lemma 2.4.8. For any 3 > 0 we have
Appo Wﬂ]/\(ﬁ) = A Appg [tho] on C(R)
and AP)(C*(R)) is dense in L2(R, ¢).

Proof. By the definition of the operator A/), the fact that Appg[1)o](CZ(R)) € C>(R) and

Proposition 2.3.5, we have, for any f € C°(R) and writing dé, = —eiijT%,

AP Al (0) = = [ emyon €€ ~ (€ —) =

_ (DA +i(E - i) e [P +IE ) o

_/R (IS Fr(€ 1)d§m—/R NEET Fr(§ —1)d&,
(2.68)

_ 1F<1+1€) F -z M ~

=e /R—F(/B_{_if)g}_f(g)dfx—e /[RF(1+6+15)¢6(5)Ff(§)d§x
(2.69)

= Asoo[tys] A7 f () 2.70)

where (2.69) follows by applying Lemma 2.3.3. Now, since the adjoint operator A®) is also a shifted

Fourier multiplier operator with mz) (§ +1/2) = mpe (=€ +1/2) # 0 for a.e. &, it is bounded
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and injective, which implies that the image of any dense set under A®) is dense in L?(R, ¢). This

proves the lemma. Now, let g € A®)(C®(R)), thatis g = AP f, f € C=(R), and,

Wy, (—i2)I'(1 4+ iz + B)
I'(—i2)W,_ (1 +1iz)

mye (2) = W (z) = for z € Sp.). 2.71)

From Proposition 2.3.13(1), it follows that m A(f) € Ajp. Let A(f) be Fourier operator associated
to m AP Then, A(f € /. Moreover, from our assumption that ¢» € N, (R) and the Stirling
asymptotic of the gamma function, it follows that |m AP (€+i/2)| = O(|¢|?). From Proposi-
tion 2.3.13(2), one gets that £ — m AP (§)and £ — m AP (€ + 1) have at most polynomial growth

as |£| — oo. On the other hand, from (2.68) and (2.70), one can show that
Appo[t5]g € L*(R, €) and ij[wﬁ]g(f’) = 0O(|¢|™™) foralln € N.

Hence, the mapping & +— m e (€ +1/2) Fhppopso(€) € L?(R) N L'(R), which ensures that
Apno[Y5]g € D(Aw ). Therefore, we have,

—Z
2

AL Apoo[tslg () = ¢— 5Zf§<5>Ang<£> de (2.72)
:_\/% e =m0 (22 — D Fy(z — 1) dz 2.73)
- —%Q_W i (€)1 (6 — ) F (€ — 1) de (2.74)
= \/ﬁ me (€ +1)15(§) F4(€)dE
= =T [ ©u(EFy () de
= Apno[] A g(x). (2.75)

In the computation above, the second identity follows by a change of variable which is valid since
¥ and F are entire functions, and F 4,5 (y414(§) = ¥5(§ —1)F,y(§ —1) forall § € R. (2.74) follows
from (2.73) and Lemma 2.3.3, since ¢3F, € A 1) and it decays faster than any polynomial
as || — oo, and the identity before (2.75) follows from Proposition 2.3.13(2.51) and Proposi-
tion 2.3.5. Now, recalling the definition of the shifted Fourier multiplier operator A, we note that

M \(5)MpE) = My, On S(0,1)> which implies that A, = A(f)A(ﬁ). Then, plugging in g = AP £ in the
P
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above computation along with Lemma 2.4.8, (2.67) follows. Now, coming back to the proof of

item (3), we first show the density of D(R) in L(RR, ¢). Indeed, we have the following inclusion
Span{z — e~ """, 4 € R} C D(R)

and the former set is dense in L2(]R7 e), thanks to Corollary 2.3.2. Next, to prove (2.58), we can

mimic the same technique used in the proof of Proposition 2.4.7 after justifying the following fact.

Lemma 2.4.9. For any 1) € Ny(R) and f € D(R) we have, for all u > 0,

sup
be0,1]

o (§ + 1) (€ £ ib)| = O(1g| ™) (2.76)

Proof. From (2.71) and invoking the fact that, for any b > 0,

Wy, (b+18)
Wy (b+1§)

I'(b+ i{)‘ =0(1)

we deduce that for b € {0, 1}, |m s (£ +1b)| = O(|¢|7e™€l/2) for some x > 0. Since for any
P

f € D(R), Fy is entire and supyeq 1y | F7(§ £10)| = O(e~(™/2+9)lEl) for some € > 0, the statement

of the lemma holds for b = 0,1. Finally, the estimate in (2.76) follows by a straightforward

application of the Phragmén-Lindel6f principle as in the proof of Proposition 2.3.13(2). Because

of the above lemma, the statement of Lemma 2.4.8 and the computational steps between (2.72) and

(2.75) still go through when C2°(R) is replaced by D(R). This completes the proof of item (3).

Proof of Theorem 2.4.1(4)

We show that the closure in L*(R, e) of (Appg[t)], Ay (C°(R))) generates the semigroup P[¢)].
Using the fact that Appg[t)] is dissipative and C°(R) is its core, thanks to Lemma 2.4.5 and item 1,
we get that for any a > 0, (a — Appo[thg]) (CX(R)) is dense in L*(R, ¢). Moreover, since £ +—
ma, (€ 4 1) is bounded, and Ty, (€ + §) is non-zero on R, it follows that both A, and [A\w are

bounded and injective on L*(R, e), and from this we infer that A, (al — Appo[to])(C°(R)) is
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dense in L*(R, e). Invoking Lemma 2.3.12, it follows that (Appg[t)], Ay, (C°(R))) generates a Co-
contraction semigroup on L?(R, ¢). Next, to show that this semigroup indeed coincides with P[¢],
let A5[¢] denote the L?(RR, e)-generator of P[)]. We aim to show that the two operators A»[¢)] and
Appg 1] are identical when restricted to the set of functions A, (C2°(R)). For that, we first note that
Ay(CP(R)) € CF(R) for any ¢p € N (R). This follows by observing that for any ¢ € N, (R),
f € CP(R),and u > 0,
Jim_fe]" Jup |, (€ +1b) F4 (€ + ib)| = 0.

As my,, is analytic in the strip Sy 1), Proposition 2.3.5 yields that F ,; = my,F; and hence,
A, f € CP(R) by Riemann-Lebesgue lemma. If Ap[¢)] denotes the Dynkin characteristic operator

for the log-self-similar Feller process, recalling Lamperti’s result, we get
Ap[tp]Ay = Appo[¢)] Ay on CZ(R).

From (2.72), (2.74), (2.75), we observe that for any f € C°(R), Appg[t)| Ay f € Co(R)NL3(R, €).
Therefore, by Lemma 2.3.9, denoting the generator of the Feller semigroup by Ag[¢], we have
Ay f € D(Ag[t)]). Finally, using Lemma 2.3.11, we infer that forall f € C°(R), A, f € D(A5[])

and

A2[¢]A¢f = AFW]Azpf = ADW]Awf = APDOW]Awf-

As Ay(CX(R)) is a core for Appg[t)], the closure of the operators (Appg[], Ay(CP(R))) and
(As]¢], Ay(C*(R))) must generate the same semigroup P[¢]. To finish the proof of this item,
it remains to show (2.59) and the density of A, (D(R)). We note that the set D(R) is closed under
translation, that is, if f € D(R) then 1, f € D(R) forall « € R. Since Ay, is a shifted Fourier multi-
plier, A, (D(R)) is also closed under translation. Therefore, the density of A, (D(RR)) follows from
Corollary 2.3.2. Now, from (2.58) a similar argument involving Lemma 2.3.9 and Lemma 2.3.11

as before will lead to the identity (2.59).
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Proof of Theorem 2.4.1(5).

Following the proof of item (4), we can replace Appg by A, and therefore by (2.67), for all « > 0

we have,
(al = A [¥])Ay = Ay(al — Aslto]) on CZ(R).

Recalling that the resolvent operators R, [t)] = (ol — Ay[¢])~! and Ry [wo] = (al — Asfibg]) ™1,

we get

R[] Ay = Ay Raltho] on (al — Az[th])(C(R)).

As C(R) is a core of Ay[tg], (oI — Ay[1ho])(C(R)) is dense in L%(R, €). Using the boundedness
of Ay, Ro[¢], Raltho], we have

Ra [w]AQZJ = AwRa[iﬂo] on LQ(R, 6).

Recalling that R, [¢] (resp. R,[10]) is the Laplace transform of the semigroup P[v] (resp. @), we

have
oo

/0 e P Ay fdt = Ay /0 eotQ, fdt = /0 e Ny Q, fdt

where the second equality follows from the boundedness of A,. Since ¢ — P[¢]A,f and t —
Ay Q. f are bounded functions, from uniqueness of Laplace transform, we conclude that, for almost

every t > 0,
Pi[]Ay = Ap@Q; on L*(R,e). (2.77)

By strong continuity of the semigroups, the above identity extends for all £ > 0. This proves (5). If

¥ € N_(R), then ¢ € N, (R) and taking adjoint in (2.60) and using the fact P[)] = P[¢}], we get

Qi = MP[U] <= Qi\y = A;R[Y].

From the definition of A, and A@, we note that mxi = mAE, which implies that /A\E = A;l. Hence,

using Proposition 2.3.8, we get P[¢)]Ay, = A,Q; on D(A,). To prove (2.61), we first observe that
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the semigroup (e;);>o corresponds to ¢» = 1. Thus, from (2.77), we have

GtH = HQt on L2(R, 8)

where mpy(z) = % for all z € S(,1). Noting that my (£ +1/2) = 11:8??:8 forall £ € R,

H turns out to be a unitary operator as |my (£ +1/2)| = 1 for all £ € R. Hence, () is unitary

similar to the semigroup (e;)¢o. Let us define H, = A, H. By Proposition 2.3.7, H,, € .#, with

mp,(2) = % on So,1) and D(Hy) = D(Ay). Therefore, for all f € D(H,),

B[Y]Hyf = PAHf = AyQuHf = AyHe, f = Hye,f. (2.78)

Also, My = m;H on R + % Thus, lel = I?T@, which, from (2.78) yields P,[¢)] = Hwet]:l@ on
P
D( E)'

2.4.2 Proof of Proposition 2.4.2
Proof of Proposition 2.4.2(1)

When ¢)(§) = —id¢ for some d > 0, the corresponding semigroup P[] is given by

Blylf(z) = f(In(e” + (1 +a)t)).

From the above identity, it follows that for any f € C°(R), limyo( P[¢)] f — f)/t exists in L2(RR, e)
and hence, C*(R) C D(A,[¢]). Now, trivially, P;[¢|(C°(R)) € CX(R), which shows that

C2(R) is a core for the generator of P[¢)].

For the claim (1a), we first note that for any €, 5 > 0, one has for all £ € R,

—%—e—iﬁ 1
Fi5(&) = %F (5 + e+ if) : (2.79)

Since Fy,_, is non-zero everywhere and b 3 € L*(R, e), writing § = e for a € R, the density of

& (e) follows from Corollary 2.3.2. Next, for (1b), we show that there exists d,, > 0 such that for
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all 5 > 0,
& mur, (€ +1/2) Fy (§) € L*(R) (2.80)

whenever 0 < € < d,. Since 9(£) # —id¢ for some d > 0, from [96, Theorem 2.3(1)] we know
that there exists d,, > 0 such that, for any 6; < dy < da,

W¢+ (% B 15)
Wy (5 +1€)

W¢+ (% — lf)

. 51
lim [¢] W, (% +i§)

€200

1
I'(=+i€) =0, lim [£°
(5 5)‘ Jim e

r (% + iﬁ)‘ = 00. (2.81)

Since for all § € R, F¢ (§) = Fy, , (€ +1/2) = =T (e +1i¢), by definition of H,, and using

the above estimate along with the Stirling approximation, we have for any d; < d, < 02,

lim [€[ 5 \my, (€+1/2) Fp., ()] =0, lim |27 \my, (€ +i/2) F¢, (6)| = 0.

¢l g0

Clearly, this implies (2.80) whenever 0 < e < d,, which proves that £,(¢) C D(H,). To show the
density of & (¢) in L*(R, e), let f € L%(R, e) be such that f € H,(E(e))*. Then, by the isometry

of shifted Fourier transform, we have

i
Fel {me ( + 5) B> 0} . (2.82)

Recalling that 7 g(f) = 6:/62;7:£F<€ + 1) and choosing 3 = e?, from (2.82), we get

/ e—ae—ia£me (5 + %) [(e+i)dé =0 foralla € R.
R

This implies that 75(£) = 0 a.e., which means that f = 0 a.e. This completes the proof of the

density of £, (e).

Now, it remains to show that H,(E(e)) is a core for A,[¢], and, to this end, we need the

following two lemmas.

Lemma 2.4.10. The operator (I,,L*(R,el*)), where I.f(x) = —e *f(z), is the L2(R, e)-
generator of (e;)s=0, and for any € > 0, E(e) C L2(R,el*)). Moreover, for any ¢ > 0, E(¢) is

invariant under the semigroup (e;);>o and hence it is a core of its generator.
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Proof. If f € D(I,)NL%(R, e), then lim,_,o(e; f — f)/t must exist in L?(R, ). After observing

that lim;_,o(1 — e™* ")/t = ¢ for all x € R, by Fatou’s lemma, we have

2
/R|f(a:)]2exd:c < lim (M> et dr = || If||f2@.e < oo

t—0 JR t

This shows that D(1,) C L?(R, €/*l). On the other hand, if f € L?(R, el*l), we first observe that
lim ——————"= = [ f(z) = —e~" f(2)

pointwise. Next, recalling the inequality (1 — e_tefz) /t < e @ for all t > 0, the dominated

convergence theorem yields

lim
t—0

<6tf($) — f(z)

2
; - ]ef(x)) efdr =0

which shows that L2(R, el*l) C D(1,), and therefore D(I,) = L2(R, e!*). Next, from the definition
of b s, it follows that, for any ¢, 3 > 0, h. 5 € L2(R, el*l). Hence, £(¢) C D(I.) for any € > 0.
Now, for any €, 5 > 0, e;h. 3(z) = b, g1+ By linearity of e;, £(¢) is indeed invariant. Since & () is

dense in L2(RR, e), by [44, Proposition 1.7], it is a core for the generator of (e;);0.

Coming back to the proof of the claim (1b), we have already shown in Theorem 2.4.1(5) that
P[Y|Hy = Hye, on D(Hy,) for any ¢ € Ny(R). Therefore, P;[y)| Hy(E(€)) = Hye(E(€)). By the

invariance of £(¢) under e;, we get

Bly](Hy(E(€))) © Hy(E(€)).

In other words, &, () = Hy(E(¢€)) is invariant under the semigroup P[¢)]. In the next lemma, we

show that £, (¢) C D(A5[¢]). This is where the assumption (2.62) is crucial.

Lemma 2.4.11. If ¢(§) # —id€ for some d > 0 then for any 0 < € < ny, Hy(E(€)) € D(Ay[¢])
and Ay[Y|Hy = Hyl, on E(€).

Proof. From (2.60) we know, since £(¢) C D(H,), that

PY|Hy = Hye, on E(e). (2.83)
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For any f € £(e) C D(I.), we claim that

hm H¢

eef = L 1,1y,

It is enough to prove our claim for f = h.g for 3 > 0 and 0 < € < 7. First, we recall that
ehes = Bepqe forall ¢ > 0. As Hy is a shifted Fourier multiplier operator (hence closed), it

suffices to show that the function

s, (¢4 )

converges in L2(R) as ¢ | 0. From (2.79), using the Stirling asymptotic of the gamma function, we

t

ff;je,/3+t (5) - *Fhi’ﬁ (5)]

have, as |¢| — oo,

sup

sup (B + 1)~ (e +i6)D(e + i€) | =< || Fze 3,
te(0,1]

d 1
46 -
dt be’mt( ) V2T tefo,1)

1_j
Now, recalling that my,, (§ +1i/2) = %ﬁg and invoking the condition (2.62) with the above
o (2t

bound, it follows that for all 0 < € < 7y,

i
sup/ m, (54—5)
tel0,1] JR

Hence, our claim follows from the dominated convergence theorem. Therefore, from (2.83),

2

Fe & =F ©f
t

d¢ < oo.

iy DI Hf = Hyf lim H,
t}0 t tl0

etft_f:Hw[ef

which implies that H,, f € D(A,[¢)]) and Ay[¢)|Hy f = Hyl. f for all f € £(e), which completes
the proof of the lemma. Since the set & (¢) is dense in L?(R, ¢), and invariant under P[], by [44,

Proposition 1.7]. it is a core for A, [1)].

Proof of Proposition 2.4.2(2)

We proceed by observing that the condition (2.63) implies that 6,, = oo, where ¢, is defined in

(2.81). This further implies that 7, = oo, where 7, is defined in (2.62). Let us first assume
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condition (2i), that is ¢, (0) > 0, which ensures that my;, extends continuously on Sy ;. Now,
with the bound in (2.63) and an argument involving the Phragmén-Lindelof principle as in the

proof of Proposition 2.3.13, one can establish that, for any n € N,

& sup [€+1b]"|mp, (€ +ib)Fy_, (€ +ib)| € L'(R) N L*(R).
bel0,1]

Hence, applying Proposition 2.3.5, we get Hyh. 5 € L*(R) for all ¢, 3 > 0 and
FHwhe,ﬁ = mH’d)‘Fhe,ﬁ'

Since the function on the right-hand side of the above equation decays faster than any polynomial,
we obtain that b, 3 € C3°(R). Also, from Remark 2.3.14, we have my, (£ +1) = mp,, (§)¥(§)

for all ¢ € R. Therefore, from Lemma 2.4.11, for any (3, ¢ > 0, we get

A Hybe g = H¢[ heﬁ

= \/% me €+1/2)Fh B< —1/2) df
— \e/ﬁ - my, (z +1)Fy, ,(2)e™" dz

- 3% /R ma, (§ +1)Fy, ,(§)e " de

_ ifx
\/% R g)Fbe,B (f)e df

= Appo[V]Hybhe s = Amo[¢]Hybep (2.84)

where we have repeatedly used Lemma 2.3.3 to change the line of integration. Also note that
the last equality holds as & — &2Fy shes(&) € L!'(R). Finally, by linearity of the operators, the
last identity extends to £y (€), and hence to &,. Next, to get rid of the condition ¢ (0) > 0, we
approximate ¢ by its small perturbations 1), for which we are able to apply the technique discussed
above. More formally, we define ¢,(§) = (&) + ¢, ¢ = 0. Let ¢,(§) = qﬁf)(—iﬁ)qﬁ(_q) (i€) be the
Wiener-Hopf factorization of ¢,. From [96, Lemma 7.3, (7.66)], taking v = 1 with the notation

therein, we have, for all n € N,

‘£1|1m €["e™ 31 sup (mpy, (§+1/2) —ma, (§+i/2)] =0. (2.85)
—00 1

A
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Note that with the notations of the aforementioned paper, Ny coincides with d,, in our case, which
equals oo due to (2.63). Also, we have replaced F(% +i€) in [96, (7.66)] simply by e~z ¢!, since they
are asymptotically equivalent by the Stirling approximation formula. Therefore, by the dominated

convergence theorem and Lemma 2.4.11, we get

Ao[]Hybe p(w) = Hylehep(z)

(E+1/2) Fy, (€ —i/2) e dE (2.86)

- hm/mH¢ (E+1/2) Fy., (€ —i/2) %" dE.

27‘(’ ql0

Since ¢'?(0) > 0, (2.84) yields

lim —— /me (E+1/2) Fy, (£ —i/2) " de

q¢0

q¢0

=—e"2 hm—/wq ymi,, (§)F, 5(§)e e d¢ (2.87)
= —e2 lim Amwo[tg) Hy, he s(2)-
a40

Finally, we need the following lemma to conclude the proof of this theorem.

Lemma 2.4.12. If ¢ satisfies (2ii), then, for any n € NU {0}, one has
13%(qubsﬁ)(n)(9?) = (Hybep)™ ()

ql0

lim [ FHy, bes(r, y)pu(dy) = / FHybep(w,y)u(dy)
R R

where Ff(x,y) = f(z +y) — f(x) — yLyy<y f'(2).

Proof. By definition of H,,, for any 5 > 0,

] 1 -3 1 ix . e
1;{51 Hy,bep(x) = e 2lim [ € mup,, (§+1/2) Fg ,(§) dE,
R

V2T ql0

which, by (2.85) and the dominated convergence theorem, equals

1 z i
me—ﬁ /R@‘&"me (€ +1/2) Fy, ,(§) d§ = Hybep().
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For the derivatives, we note that, forany n € N, z € R,

(Hybes)™ (2) = jQ_ﬂ [+ i/2)" ma (€+1/2) 7, (6) de

« 1
=lime 2

ql0 \ 2T
= lim(Hy,bes)™ ().
ql0

/R i, (641/2) (1 (€ +1/2))" FE(€) d

(—iz)" Wy, (1-i2) .

On the other hand, using the analyticity of the function z — (—iz)"mu, () = ;1 W, () I

Sp,1) for n > 1 and recalling Proposition 2.3.5, we get

(Hybes)™ (2) = %27 /R S (G6) g, (€) F, (€) d.

Since the modulus of the integrand above decays faster than any polynomial with respect to £, we
deduce that (H¢h€75)(”) € C3°(R) for any n > 1, and using (2.85), it is easy to see that, as ¢ — 0,

(Hp,bes)™ — (Hybeg)™ in the uniform topology. Therefore, denoting

1f(x) = / Ff (2, y)u(dy) and Dy(x) = Hy, b s(x) — Hybos(x)
we have, as ¢ — 0,

[THy,bep(x) = THybes()] = [ID4(2)|

< [ 1Due ) = Do)~ yDia)| lds) + [ 1Dyfo +) = D)l
lyl<1

ly|>1

<Dl [ tnin) + 10y | olnta) 0
S

ly|>1
by our assumption on . This proves the lemma. Therefore, using (2.86) and (2.87) and the

previous lemma, we conclude that

Az [Y]Hybes = Aro[¢)| Hybep-

By linearity of the operators, the above identity extends to &£, which completes the proof of (2).
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2.5 Proof of Theorem 2.2.1: the multidimensional case

The proof of Theorem 2.2.1 follows from Theorem 2.4.1 by a combination of tensorization and

similarity transform techniques that we first describe in the general context of semigroups.

2.5.1 Tensorization and similarity transform of semigroups and their gener-

ators
For d € N, consider the Cy-contraction semigroups P, P . P defined on the Hilbert
space L*(R,e). For each t > 0, define P; to be the tensor product of Pt(l), o ,Pt(d). It is plain

that (P;);>0 is a Co-contraction semigroup on L2(R? e) where e(z) = ®¢_,e(x) = e®V, If

(A®) D(A®)) denotes the generator of P*), k = 1, ..., d, the generator of (P,);s is given by

I®.. . QIAP 9I®... oI

B

A:

k=1
Since we could not find a proper reference regarding the core for the tensor product of generators,

we provide the result in the next lemma.

Lemma 2.5.1. ®{_ D(A®) forms a core for A. In particular, fork =1,... d, if D;, C D(A®)

are such that Dy, is a core for P, then D = ®4_, Dy, forms a core for A.

Proof. First note that ®¢_, D(A®) c D(A), and it is invariant under the semigroup P.
Therefore, the first part of the statement follows by [44, Proposition 1.7]. Next, to show that

D = ®%_,Dy is a core for A, it suffices to show that

(i) D is dense in L%(R%, e),

(ii) (oI — A)(D) is dense in L?(R%, e) for any a > 0.
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Item (i) is true since Dy, is dense in L?(RR, ) for each k = 1, ..., d. For item (ii), note that for any

o > 0, one has
d
(el —A)D)=> D@ @ (al = AV)(D}) @ - ® Dy.
k=1

Since D, is a core for A®), (al — A®))(Dy,) is dense in L?(R, €). Therefore, the set on the right

hand side of the above equation is also dense in L?(R¢, ). This proves the lemma.

Once a semigroup on L?(IR?, e) is defined, one can construct a class of semigroups via similarity
transform of the coordinates of R?. The resulting semigroup becomes similar to the original one.
More specifically, let (P;):~o be a semigroup on L%(R?, e), and for any Borel bijection g : R —

R? one can define a new semigroup by similarity transform as follows, for any ¢ > 0,
P} =d,P,d !

where d, : L?2(R%, e) — L*(R%, e,) with d,;f = f o g~! is an isometry. The semigroup (P});>o
is defined on a new L2-space, namely, L2(Rd, eg), where e is the push forward measure induced
by g. If (P})>0 is a Co-contraction semigroup, so is (P} ). Furthermore, denoting by A, A, the

generators of (P;);o, (P})¢=0 respectively, we have

Ay =dgAd; on D(Ay) = {f € L*(R% ¢y); fog e D(A)}.

2.5.2 Tensorization of Fourier multiplier operators

Since Fourier multiplier operators are closed, it is easy to define their tensor product on multi-
dimensional L? spaces. For instance, let {(Ay, D(A;))}¢_, C .# and A be the shifted Fourier

multiplier on ®¢_, D(A},) defined by

() = [ [ ma, (6 +1/2) 75 (&)
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where f = @¢_, fi, fr € D(Ag) fork =1,...,dand £ = (&, ...,&;) € R Note that in this case

J¢ stands for the multi-dimensional shifted Fourier transform, i.e.

[NJisH

Fr(©) = (n)t [ o) da

where we recall that 1 is the vector in R consisting of all 1’s. We call A the tensor product of the

Aj’s and write

The operator A is closable when restricted on ®{_,D(A},) and its closure is the shifted Fourier

multiplier operator on L?(IR¢, ) with the multiplier function

: d .
mp (5 + %1> = ]I[lm/\k (fk + %) .

When taking the tensor product of Fourier multipliers, we will always mean the shifted Fourier

multiplier operator mentioned above. Just like the one-dimensional Fourier multiplier operator,

Propositions 2.3.6, 2.3.7 and 2.3.8 hold for tensor products of shifted Fourier multiplier operator

and tensor product of bounded operators as well. Next, we prove the following lemma regarding

the core for the tensor product of Fourier multiplier operators.

Lemma 2.5.2. Let (Ay)%_, be a sequence of shifted Fourier multiplier operators on L(R, e) such

that Dy, is a core for Ay, for each k = 1,...,d. Then, D = ®%_ Dy, is a core for A = @¢_, ;.

Proof. We recall, from the proof of Proposition 2.3.6, that D, is a core for A, if and only if
Fp, is dense in L*(R, 1 + |m§, |*). Let us write m = T, (1 + Im§, |?). Then, it follows that
d
QL (R, 1+ [m§, *) = L* (R, m)
k=1

and therefore, D is dense in L2(R%, m). Since m > 1+ [[;_, |m§ > = 1 + |m%|?, this implies

that D is also dense in L*(R?, 1 + |m$ |?). Therefore, D is a core for A.
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Proposition 2.5.3. Let, foreachk = 1,...,d, Ay, By € 2(L%(R, ¢)) and (Ay, D(Ay,)) € A, and,

assume that there exists a dense subset Dy, of L*(R, e) such that A\, = A, By, on Dy. Then,
AA=AB on D (2.88)

where D = @4_ Dy, A = @4_Ax, B = ®@}_, By, and A = ®%_,Ay.. In particular, when the
Ay, Br’s are bounded operators and Dy, is a core for Ay for each k, the above identity extends to

D(A).

Proof. Since any f € D = ®¢_, D, is a linear combination of functions of the form f(x) =
Hizl fr(xg), where @ = (z1,...,24) and fr € Dy, by the definition of the tensor product of

operators, we have

AN = A(QF_ A fr) = ®f_ ARy fr. = ®4_ A By fr, = ABI, (2.89)

which proves (2.88). When Ay, By, are bounded operators, so are A and B. Moreover, if Dy, is
a core for A, for k = 1,...,d, then by Lemma 2.5.2, D = ®ﬁ:1Dk is a core for A. Therefore,
boundedness of A, B and closedness of A ensure that (2.89) extends for all f € D(A).

Proposition 2.5.4. Let v = (1,2, ... ,%q) € N4(R) such that 1,(§) = ¢4 1(—i&)p_ x(i€) and
V(&) # —id€ forany k = 1,2,...,d. Assume that M € GL4(R) and let Hf\f be defined as in
Theorem 2.2.4. Then, H?f : D(Hi\b/[) — L%(RY, e) is a linear operator which is densely defined,

closed, injective and has dense range with

D(Hﬁ‘f) = {f c L (R% ey); €= (&,...,&) — foMfl(E)H W, ’ (; lé&g) c LQ(Rd)} )

Moreover, for sufficiently small ¢ > 0, E(€) C D(Hf\f) and Ef(e) = I—Iﬁ\f(S(e)) is dense in

L2(RY, eyr) where
d
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Proof. It is enough to prove the above proposition for d = 1. The general case will follow by
tensorization and similarity transform technique. When d = 1, (2.90) follows from Section 2.3.4
and the fact that £,(€) is a core for A[¢] for sufficiently small ¢ > 0, follows from Proposi-

tion 2.4.2(1b). We are now ready to prove Theorem 2.2.1.

2.5.3 Proof of Theorem 2.2.1

Since the weak similarity operators are Fourier multiplier operators, and weak similarity is stable by
the similarity transform, it suffices to prove the theorem when M = Id. From Theorem 2.4.1(3),
it follows that for each k = 1,...,d, Appo[tx]Ay, = Ay, Arno[tlo] on D(R). Since Appg(tp] =

®ﬁ:1APDO (Y] and Ay, = ®§§:1Awk, Proposition 2.5.3 yields that
Appo[th] Ay = Ay Apno[thg] on D(R?)
where D(R?) = @¢_, D(R).

When ¢ € N (R), it means that ¢, € N (R) for each k& = 1,...,d. Therefore, Ay, €
B(L*(R,e)) foreach k = 1,...,d. Hence, Ay € B(L*(R? e)). This completes the proof of the

theorem.

2.5.4 Proof of Theorem 2.2.2

Proof of Theorem 2.2.2(1)

We first observe that Appo[th] = ®9¢_, Appg[thx] for any @ = (¢, ..., ¢%) € NY(R). Next, from
Theorem 2.4.1(1), we know that the closure (in L?(IR, €)) of (Appo[to], C°(R)) generates the log-
squared-Bessel semigroup @ on L%(R, ¢), and its restriction on Cy(R) N L?(R, ¢) extends to a

Feller semigroup on Cy(R), whose generator is the closure (in Cy(R)) of (Ag, C2°(R)). Note that
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the tensor product Q = ®¢_,(Q is generated by the closure of App[1p,] restricted on @%_, C2(R),
thanks to Lemma 2.5.1. Since ®¢_,C>®(R) C C°(R?) and both of these two sets are dense in
L2(R?, e), the closure of (Appg[1p,], C°(R?)) also generates Q. Moreover, due to tensorization,

Q € Cf (L?(R%, e)). This completes the proof of item (1).

Proof of Theorem 2.2.2(2)

For any @ = (1,19, ..., 14) € N4(R), we define
Ply] = @i, P[vi].
Clearly, P[] € Co(L2(R%, e)). Also, from Theorem 2.4.1(2.59), we infer that
A;[1h] = Apo[tp] on Ay (D(RY)). (2.91)

Since Ay(D(RY)) = ®@¢_, A, (D(R)) is the tensor product of dense subsets of L?(R, e), it is
therefore dense in L*(R?, e). Next, for M € GL4(R) and f € L?(R%, e),), let us define

PMp)f = Plp)(fo M) o M.

From the discussion in Subsection 2.5.1, it follows that P [4)] € Co(L?(R%, ey)) and A )] =

darAgfth)d -1 is its L2(RY, ey )-generator. Hence, (2.91) yields that
Ay (9] = App[p] on darAy(D(RY))

and dp Ay (D(RY)) is also dense in L?(R? e)/) as djy is an isometry between L?(R?, e)) and

L2(R¢, e). The second part of this item follows from the proof of Theorem 2.4.1(5).

Proof of Theorem 2.2.2(3)

From Theorem 2.4.1(2.60), we know that for any ¢ € N,(R), P[¢]Ay = A,Q on D(A), where

Q is the log-squared-Bessel semigroup. Let M = Id. Then, P"[v)] = ®¢_, P[] and therefore,
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using Proposition 2.5.3, we conclude that
Plip]Ay = AyQ on D(Ay)

where Ay = ®¢_, Ay, and Q = ®¢_,Q. This proves (2.24) when M = Id. The general case will

follow from the similarity transform argument.

Proof of Theorem 2.2.2(4)

Let us first assume that M = Id. Then, by tensorization, the adjoint of P[] = ®¢_, P[¢] in
L2(R¢, e) equals

Ply] = @4, Plt] = & P[] = P[P
Indeed, f’['l/)] — P[4 if and only if 1, = 1, for each k = 1,...,d. Next, we show that for any
M € GLg4(R), the adjoint of PM[4p] in L2(R?, e;,) equals P [+)]. We recall that the operator
dyr : L2(R? ey;) — L2(R?, e) defined by dy,f = f o M~! is an isometry and das = dy1. Now,
for any f, g € L2(R¢, e);) and t > 0, we have

P [l (x)g(x)en(x)de = | Piyp](fo M)(M 'x)g(x)e(M 'z) de

Rd R4

= det(M) » P[] (f o M)(y)g(My)e(y) dy

=det(M) [ Pfsp](g o M)(y)f(My)e(y) dy

R4

= | P'[Wlg(y)f(y)en(y)dy.

R4

Therefore, p" (4] = PM[1p] and PM[4)] is self-adjoint in L?(R?, e,,) if and only if 4 = ).

2.5.5 Proof of Theorem 2.2.4

Again, we assume that M = Id as the general case will follow by similarity transform. We recall

from Theorem 2.4.1(2.61) that for any k = 1,...,d, we have P[y]Hy,, = Hy,e; on D(Hy,)
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where H,, € ./ associated to

W¢+ (% B 15)

5 (©) = (€4112) = B

Since e; = ®{_, e;, applying Proposition 2.5.3 with H, = ®%_, H,,, the theorem follows.

2.5.6 Proof of Theorem 2.2.6

Let us prove this theorem for M = Id as the general case follows by the similarity transform. We
first prove items (2) and (3) followed by item (1). If mp, (- +i/2) € L?(R), there exists a unique

function J;, € L*(R, e) such that Ff = my, (- +1/2). Thus, for any f € D(H,), we have
Hd’f = J¢ * f

where * stands for additive convolution. Also, my, (-+ 4) € L*(R) implies that C*(R) C

D(Hy). Now, for any f € C°(R),

[l s 1pP@eds = ( [ Vet - y)l!f(y)\dy)Qexdx (2.92)

< [([1nute-wperae) 1swiay

ﬂmmmgééwmw<m

where the first inequality follows from Minkowski’s integral inequality. Also, for all f € C>°(R)

and g € L*(R, e),

<mewmnm@=umﬁﬁwmmm@=4(@%@—wﬂw@)émmw&w.

(2.93)

Since (2.92) yields that |J,| * | f| € L*(R, e), by Cauchy-Schwarz inequality, we have

/R/R | Sy (= 9 f () Pw]g(z)|e*dx dy < .
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Applying Fubini Theorem on the right-hand side of (2.93), for all f € C°(R) and g € L*(R, ¢),

we have

(IS = [ ( [ 2a= 0B ]()ewdx) fdy. 294

On the other hand,

< W]wa, >L2 R,e) Hwetf> >L2 (R,e)

— [ et@atare e = [ ([ o= et i) s do
—/R(/Rw— ) ) ot
(y

e® dx

) fy)e ™ " dy
_ /R ( /R Jw(x—y)g(x)exdx> Fy)e ™ dy (2.95)

where for the last identity we have invoked again Fubini Theorem. From (2.94), (2.95) and using

the density of C°(R) in L?(R, ¢), we obtain

[ 2= Pllgrer e = e [ e = gla)e da
which entails that, for all g € L*(R, ¢),

/RPt[w]TyJw(:c)g(x)ex do =e '’ /]RTyJ¢(x)g(x)ex dr.
Therefore, for all y € R,

Plilt_yJy(w) = ™" "y Jy(2).
When d > 1, m§, € L*(R?) if and only if mp, € L*(R)forall k = 1,...,d. This implies
oy, = S Py,

Therefore, if m, € L%(R?) then, for any t > 0, P[]t oIy = e WD, forall y € R,
where J, = ®¢_, J,,. Since my, is bounded, Hy is a bounded operator. Taking the adjoint of the

intertwining relation P;[v|H ., = H ,e;, we get
etH¢ = H'L,bﬁthb}
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Since Spec, (P[¢]) C Specp(ﬁt[¢]) and Spec,(e;) = (), we must have Specp(ﬁt[¢]) = 0.

Therefore, Spec, (P;[t]) = (), which concludes the proof of item (2).

Item (3) follows from item (2) by replacing P[] by P,[t)]. Now coming back to item (1),
if one of the conditions in items (2) and (3) holds, then item (1) is trivially true. We again prove
this result for d = 1 and the general case would be the routine application of tensorization and
similarity transform. Let us assume that my, (- +i/2) is bounded and not in L?(IR). We consider
¢ € C®(R),p = 0 with Suppp C (—1,1) and for any y € R, p¥%(x) = /ne(n(z —y)). We
first show that (¢¥) (when normalized to have unit norm) are approximate eigenfunctions of e,

corresponding to the approximate eigenvalue e~** . We note that, for any y € R,

— — —(z— 2
Hetwi _ete ySO%HiQ(Re) :/ne2te Y |:€7tey(6 @E-v)_1) 1] gp(n(m—y))zeﬁdx
R

L v(e—E_ 2 z
_ ot -+y/ |:€_te (e R-1) _ 1] o(x)2es da. (2.96)
R

Using dominated convergence theorem, it follows that the expression in (2.96) converges to 0 as

n tends to infinity. Also,

¥ ||lL2re) = ||¢llLzm,e) for all y € R and n > 1, which implies that
(©%)n>1 is bounded below in L?(RR, ¢). As a result, these functions, when normalized, form approx-

te™? Now, we claim that

imate eigenfunctions of e; corresponding to the approximate eigenvalue e~
the functions H,¢Y, when normalized, are approximate eigenfunctions of P[] corresponding to
e~'"". To prove this, it suffices to show that lim,, ,, Pi[t)]H,0% = e " Hye? in L?(R, e) and
{I1Hy¥%| |2 .e) }n>1 is bounded below. We first claim that ||y @Y ||r2mg,e) — 00 as n — oo. To
prove our claim, we observe that for all n > 1,

Foy(€) = e Vi F, <§ + i) :

n 2n

Therefore,
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Using the isometry of the shifted Fourier transform followed by Fatou’s lemma, we obtain

lim ||H¢¢%||i2(R,e) = lim ‘|f13w¢%|li2(R)
n—o0 n—00
. 2 . 2
=¢€Y lim my §+1 F. §+L dg
n—oo JR v 2 \n 2n
i\ 7 & i\]?
> e ) Sy L)«
e/Rme(§+2> n%o ]:w(nJrQn) ¢
. 2
1
= HsOHil(R)/ ‘me (§+ 5) d¢ = oo. (2.97)
R

With the aid of the intertwining relationship P;[)| Hy, = Hye;, it is evident that

lim || Py Hypy, — e " Hyopzge.e) = 0.
Therefore, (2.97) ensures that the sequence {H,¢?}, when normalized, are approximate eigen-
functions of P;[+)] corresponding to the approximate eigenvalue e~ . When mpy L+ %)_1 is
bounded, we have EW]HJ = Haet. Therefore, following the same argument as before, we

have ¢®- C Specap(l/D\t[@/}]). Since Spec(P,[¢]) = Spec(P,[1]), we conclude that for all ¢ > 0,
€tR7 - Pt [’l/)]

For item (4), let Pyt be self-adjoint, i.e. v = 2p. Then, for all & = 1,2...,d,
mu,, = (my wk)_l’ which means that H,, is unitary. Hence, H is unitary as well and there-

fore, Spec(P[v]) = Spec.(e;) = - forall t > 0.

2.5.7 Proof of Theorem 2.2.9

In the proof of Theorem 2.4.1(4) we have seen that for any v € N, (R), the closure of
(Appo[Y)], Ay (C(R)) generates P[t)], which is the L?(R, e)-extension of the log self-similar Feller
semigroup associated to v. By duality, ﬁ[@b] = P[y))] also corresponds to the log self-similar Feller
semigroup associated with ©». Hence, for any 1 € N,(R) and f € Cy(R) N L?(R, e) we have for

allt > 0and x € R,
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where (X;)i~0 is the self-similar Feller process associated to v. Therefore, item (1) is a direct

consequence of tensorization and similarity transform.

Item (2) again follows from Proposition 2.4.2(2) followed by tensorization, similarity trans-

form, and Proposition 2.5.4.

2.6 Examples

2.6.1 Spectrally negative self-similar processes

Let ¢ € N(R) be the Lévy-Khintchine exponent of a conservative spectrally negative Lévy process
with a non-negative mean, that is, ¢/(0) = 0,¢'(0) > 0 and p(0,00) = 0 in (2.7). Note that this
entails that the underlying Lévy process, and, hence the associated self-similar process, do not have

positive jumps. In this case, the Wiener-Hopf factorization of ¢ is

P(§) = —igo(i8), € € R,

where ¢ € B with a Lévy measure which is absolutely continuous with a non-increasing density.

I(1+iz)

Let us write my,(2) = A

. From the properties of Bernstein-gamma functions recalled in
Section 2.3.6, it is plain that m,, is analytic in the strip Sy 1) and for z € Se0), M4, (—i2) is

the Mellin transform of a positive random variable, denoted by I,,, which has finite moments of

all order strictly bigger than —1, see e.g. [98] and references therein. Therefore, |[ma, (- +1/2)|
is bounded on R, and the shifted Fourier multiplier operator A, with my  as the multiplier is
a bounded operator, and belongs to .#. Moreover, by Theorem 2.4.1(5), P[¢)]Ay = AyQ: on
L?(R,e), Q being the log-squared Bessel semigroup. In the next lemma, we show that A, is a

convolution kernel with respect to a probability measure, which is the additive convolution analogue

of [95, Theorem 7.1].
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Proposition 2.6.1. If¢(§) = —i€¢(if), £ € R, then, the operator AZ} € B(Cy(R)) where

A) f(z) = B[f (z — I)] (2.98)

is bounded and
A ey ®nL2®e) = My o, @NL2R.e)-

In particular, A}, maps Co([—o0, 00)) 10 itself.

Proof. We define Al, on C,(R) as in (2.98), where I, is such that \/%E[e—iﬂw] = my,, (§) for

all ¢ € R. It easy to see that AZ} is bounded (with respect to the supremum topology). Now, for any
f e CE(R),

T i
e"3 [T2

Ay f(x) = \/% /R e my, (§)F4(€) d§ = = (z+ %) F(2)e = dz.

This implies that
b
Ajjce®) = Ay jox®)-

By density of C>°(R) in L2(RR, ¢), the above identity ensures that

A ey @nL2®e) = Ay c,®NL2®.0)-

Proposition 2.6.2. Let ¢(§) = —ilo (i), £ € R, and define

oo

1 e’
Jy(z) = Z%(‘Unmﬁ-

(2.99)

Then, Jy is an entire function and J, € Cy([—00, 00)). Moreover, if

i\ Tl —ig)

then Jy € L2(R, e) and ©_,Jy is an eigenfunction of P[] corresponding to the eigenvalue e~

Remark 2.6.3. (i) We mention that the analytic power series Z,, defined as

Jy(2) = I, (e™e?), 2 € C,
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was introduced in [102] and a recent thorough study of this class of entire functions has been
carried out in [8]. In the latter reference, several instances of this class of power series are
provided in connection with well-known special functions. In particular, when 1(§) = &2,

then Jy, boils down to the Bessel function of index 0.

(ii) From [96, Proposition 6.2], & > |my, (£ +1/2)| = ‘% € L?(R) whenever ¢ € B§
1

or ¢, € Bgand 1(¢(0) + 72(0)) > 1. In particular, this is always satisfied when d > 0

and 71(0) = oo. However, in the proof, we do not assume any condition on ¢ except that

r(1/2-i€)
$= wammg € L(R).

Proof. Since ¢ is increasing, we have Wy;(n + 1) > ¢(1)" for all n and therefore, the series

defining .J,, converges absolutely for all = € C. Now, consider the function

= J(] (26%)

n=0
where .J; is the Bessel function of index 0. It is well-known that .J, € Cy([0, 00)) which implies
that J € Cy([—o0, 00)). Also,
A J () =E[J(x = I,)] =E | Y (=1)"—e" @ =) (1) ¢ Ele "],

— (n!)

where the interchange of the sum and expectation is justified as the series in the right-hand side is

n=0

absolutely convergent. Recalling that E[e "] = we obtain Jy, = AZJ . From Proposi-

n!
We(n+1)”
tion 2.6.1, we get that J, € Cy(|—00,00)). Now, from Theorem 2.2.6, we know that [t/ has

point spectrum when my, (- + %) € L?(R) and the eigenfunction corresponding to the eigenvalue

e'"" is given by T_, K, where K, = ]/-"\e(me (- +1)). The rest of the proof is devoted to show

—KT

that K, = Jy. Foreach s > 1, let f..(z) = ke "*e™® . Then, [ f«(z)dz = 1. From the proof of
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Theorem 2.2.6, we know that Hf, = Ky * f.. On the other hand,

oot i . .

I K
€ . : X . Z
V21 Josori Wo(l +iz)sin(—imz)['(1 + iz)

1 /oo-l-é
- V2T 7oo+%

To compute the above integral, we fix B > 0, a positive odd integer N and consider the rectan-

-
3 3

e G(2) dz.

gular contour formed by the points —B + %, B + %, B — i%, —-B — i% with clockwise orienta-

r(1+%)

tion. The poles of G, in this rectangle are {0, —i, —2i, ..., — % |i} with residues (—1)”W,

n=0,1,2,..., L%J We split the contour integral into the following four parts

. B+% ) B+4
[( ) — / eWGK(Z) dZ, [(B,)N — / elzzGK(Z) dz
— B

B+; iy
= [ e e = [0 a0
—B-ig —-B-i¥

Since the integrals Ig)N and 11(33,)1\7 are similar, we deal with only one of them, say Ig’)N. For any

fixed IV, we observe that, for large values of B,

N(1-1L+i)
Wy(1 —t +iB)sin(r(t —iB))T(1 — t +if)

T
< CNG 2H|B|.

te[_%zé}

Therefore, for fixed N, [1(32,)1\7 — 0, [1(33,)1\/ — 0as B — oo. For [1(;,)1\/ we proceed as follows. First,

we observe that

'W¢ (1 + g +i§>‘ > ’W¢ (% +i§> ’ $(1)2
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Then, for any odd natural number /V,

Naz i€
0| < ez T(1+ 4 +—)] p
'B’N'</B|W¢< T8 [sin( % ) [T+ X )]
seaay [T DL+ 5+ )
<¥our? [ e +is>| “ (2100
Ne v [N (-1 1
< CeFp(1) 3 (5) R cosh(w{)‘ e = 0 2.101)

as N — oo since K > 1 and (2.101) follows from (3.54) by Stirling approximation. Therefore,

11(94,)1\7 — 0 uniformly in B as N — oo. Finally, using the residue theorem for meromorphic

functions, we conclude that, for all z € R,

Hf) = Y (1 e

n=0

On the other hand, it is easy to see that, forall z € Rand x > 1,

Jy * () = Z(—m%em.

Therefore, K, * () = Jy * f.(z) for all z € R and ~ > 1. Finally, the proof of the proposition

will be completed by means of the following lemma.

Lemma 2.6.4. If g € L*(R, ¢) and h € Cy(R) such that g * §. = h * f. forall K > 1, then g = h

a.e.

Proof. We first recall the fact that, for any ¢ € L*(R,e), lim; o ||Tig — glle = 0 and

| TegllLem,e) = e_%||g||L2(R7ezdx) forall t € R. Now, for any x > 1, g * f, € L*(R, e) and

lo#fe—ollt= [ e (f (0 = ot dy)g "
< [e( [ -sorita) @

/ Ity9 — gllPFu(y) dy = / It sg—glPhdy.  (2102)

Next,

[irsa =gl < [ a2 s = ol (147 (1- 7))
R R
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and the right-hand side is bounded with respect to x. Hence, by applying the dominated conver-

gence theorem, one gets, as kK — 00,

/R It2g — gl12s .01 1)y — 0.

From (2.102), it follows that ||g * f. — g||L2(re) — 0 as k — oco. Hence, there exists a sequence
(ky) of positive real numbers such that as n — oo, k,, — oo such that g *f,, — g a.e. On the other
hand, for b € Cy(R), h * f.(z) = [ h(z — £)f1(y) dy — h(x) as k — oo by continuity of & and
the bounded convergence theorem. Therefore, letting x — oo on the identity g * f,, = h * f,, the
proof of the lemma follows. Using the above lemma, we conclude that K, = J;, which proves

the proposition.

2.6.2 Self-similar processes with two sided jumps
Example of a non-self-adjoint semigroup with real continuous spectrum

Consider 1) € N(R) such that ¢(&) = ¢ (—i&)p_ (i) for all £ € R and

¢i(z) =my+diz+ / (1 —=e"*)us(dy), z € Coo,
0

where my > 0,dy > 0and [7(y A 1)ps(dy) < oo. Define my = my + 11, (0+). Then, we have

the following result.

Proposition 2.6.5. Let my,dy be as above. Let U denote the tail of the measure e~ (dy). If
my < oo, §F = g5 andw — [ cos(wy)T+(y) dy is in L'(R), then, P[¢]Ay = Ay@Qy with A,

being invertible. Therefore, Spec(P;[]) = Spec,(P[1]) = e®-.

Remark 2.6.6. From Vigon’s theory of philanthropy [128], if we assume that .4 has non-increasing
density with respect to Lebesgue measure, ¢, and ¢_ are always Wiener-Hopf factors of some

Lévy-Khintchine exponent.
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To prove Proposition 2.6.5, we start by showing the following lemma.

Lemma 2.6.7. Let ¢ € B be such that m = m + 1i(0+) < oo, then

1

(Wo(a +i)| = Vd(a)Wy(a)e 2 gl 372, Va > 0, (2.103)

if and only if w — fooo cos(wy)v(y) dy € L' (R), where U is the tail of the measure e~ y(dy).

Proof. First note that, from [95, Theorem 6.2(1)], we have, for all « > 0,

Wola+i€)| = ¥ (avfé) e1E19@IED g [¢] oo

where

ciou(aleh = [ (1) o

which, from the proof of [96, Theorem 3.2], turns out to be

€]
O4(a, &) = / arg(o(a + iw)) dw. (2.104)
0

As d > 0, |p(a + i) ~ d|¢| as |€] — oo. Thus, it is enough to show that e ll9s(lE) <

€| d e 2l If 2 = a + iw, then
1
P(z) =z + d—— [ e *uldy) | = zg9(2).

Now, arg(g(z)) = arctan < E E g%) We observe that

Re(g(a+ iw)) =d + O (i) (2.105)
oo 1
tnfgfa-+iu) =5+t [Csnne ) 1o (). @100

From (2.105) and (2.106), we get

In(g(a + iw)) ~m n P fooo sin(wy)e™* u(dy) 40 ( 1 ) ‘

Re(g(a + iw)) dw Re(g(a + iw)) (2.107)
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Now, let us analyze the second term in the above expression. Using integration by parts (or, equiv-

alently, Fubini’s theorem), we have

i Jo sin(wy)ep(dy) e Jo- cos(wy)(y) dy (2.108)
Re(g(a + iw)) Re(g(a +iw)) | |

AsRe(g(a+iw)) = d+ O (), the right-hand side of (2.108) is integrable with respect to w if and

only if the function w — [~ cos(wy)v(y) dy is integrable with respect to w. Also, we observe that

Im(g(a+iw))

Re(g(atin)) 0 as w — oo implies that

In(g(a + iw))
Re(g(a + iw))

Re(g(a + iw))

. (Im(g(a —|—iw))> _ Im(glatiw)) _ (

Re(g(a + iw)) -

2
) . (2.109)

. 2
From (2.107), it is not hard to see that [ M( dw < cc. Thus, (2.108) and (2.109) yield

(
Re(g(atiw))

that

€ m
/ arctan(g(a + iw)) dw = o In €] + O(1).
0

Finally, lim,_,. Re(g(a + iw)) = d = lim,,_,o g(a + iw) > 0 implies that for large values of w,

arg(¢(a + iw)) = arg(a + iw) + arg(g(a + iw)). Therefore,
€]
€10s(a. ) = [ ang(éla+ i) du
€] &l
= /o arg(a + iw) dw + /o arg(g(a + iw)) dw + O(1)

b a b? m
= barctan (—) - §ln (1 + ;) - Eln|§] +0O(1)

a

s m
= §|§| —aln§| - €1H|f| +O(1).
Then, we conclude that

e E10p(@leh < (¢t o2l

if and only if w — [ cos(wy)v(y)dy is in L'(R). This concludes the proof of the lemma.

Now, coming back to the proof of Proposition 2.6.5 if both ¢, and ¢ _ satisfy the conditions of the

T . Wy, (31
proposition, it is easy to see, from the estimate (2.103), that & —> ‘%
—\2

below. Therefore, both A, and A;l are invertible, which concludes the proof.

‘ 1s bounded above and
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Another example with two-sided jumps

Consider ¢, ¢_ such that

I(p+a+ az)
o+ 02)

F(a(l+2))

¢+(Z) = F(ONéZ)

and ¢_(z) =

, 2 € Co00)s

where &, a € (0,1), p > 0. From [69], it is known that ¢, ¢_ € B and the Lévy measures of ¢

and ¢_ are absolutely continuous with non-increasing densities, namely, for y > 0,

1 ed
dy) = ] —d y
M-’-( y) F(l—d) (65 _1)1-{-04 Yy
1 6(1*ﬂ)y
p-(dy) = dy.

F(l — Oé) (e% — 1)1+a
Thus, from Vigon’s theory of philanthropy [128], there is a Lévy process whose Lévy-Khintchine

exponent is given by

(&) = ¢4 (=i€)o- (&), € € R.

It is immediate that the Bernstein-gamma functions corresponding to ¢_ and ¢ are given by
['(az)
(@)

Using Stirling formula for the gamma function, we know that for all « > 0 and large values of |

I'(p+ az)
I'(a+p)

W, (2) = and Wy _(z) =

€ C(O,oo)-

B

anl¢| an|¢|

> and |[W,_(a +1&)| < [¢]e@ P 3¢5

(Wi, (a+i€)] < [¢]*5 2™

Also, from the above estimates and the definitions of ¢, ,¢_, we infer that v € N(R) for any

a,a € (0,1), p > 0. From Theorem 2.2.6, the multiplier of the Fourier operator H,, is given by

1 _ W¢+(% B 16)
i (“ 5) T W (3 +i)

and therefore, £ — mp, (£ +3) € L*(R) in the following two cases: when & > « or when

a=a, p> % Similarly, the reciprocal function
1 2

= ————— € L°(R)

MH, (f + 5)

when (i’) & < «. Based on these observation, we get the following result.
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Proposition 2.6.8. (i) If @ > «, o, @« = & and p > % then e®- C Spec, (FPi[Y]) and the

eigenfunction corresponding to the eigenvalue e='*"" is given by t_,,.J,, where

Jy(z )_w(a a+p,—ea>

and W(vy,B;2) = >.0°, m% is the Wright hypergeometric function, which defines an

entire function if v > —1.
(ii) If & < a, then e™®~ C Spec, (P;[1)]) and the co-eigenfunction corresponding to e~ is given
by T_yJ; where

J5(z) = e (3, a+ 2y —ei) . (2.110)
(0% (8%

Proof. The proof will be again based on the integration of the multiplier function on a suitable

contour. Assuming the condition (i) or (ii), from the proof of Theorem 2.2.6, we know that

Jy(a) =3 F <me < 4 %)) (2).

Let us assume that & > «. Then, mp,, ( + %) € Ll(R). Therefore, by Fourier inversion we get

OO+2 —16{2) izx 00+* 1zac
Jy(x) e : dz.
\/27r —ooti Dlp+a(l+12)) \/27r oot d
Choosing the rectangular contour with vertices —R, R, R — 1 =, —R — 1 , where N is an odd
natural number, we define the integrals on the four segments as
) 1 R ) ( R— 1—
I, = — G(z)e** dz, / e dz
R \/2— / ( ) R,N \/—
3) R— 1— R— 1—
I = e dz, 1% = / e dz.
BN o / i = Vor Jopoix
. N
We note that the poles of the function G in the rectangle are {O, — —i%} with residues

m. Arguing as in the proof of Proposition 2.6.2, for any fixed N, one can show

]g)N, I}(;i)N — 0 as R — oo. On the other hand, after a change of variable,

s Lo (P T(=5 068
RN = €2 e dg
’ V2T rI(p+a+ 5 +iaf)

Nz .
€2a R relsT

"~ V2r g cosh(ma&)T(1 + ¥ +ia6)T(p+ a + 22 1 iaf)

dg.
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Using Stirling formula, we have for all £ € R,

(145 iac)| > Ta+s)
2 cosh? (ar¢)

(1
N 1+ 32 +a+p)

=

'F (p+a+N—+1 5)

2a cosh2(om§)
and, then
|](4) < €2 /°° Cosh%(émé’) cosh%(owrg) .
NS 21+ DT (p+ o+ N2y cosh(ané)

As & > «, the integral on the right-hand side is finite and hence, / }(_é)N — 0 as N — oo, uniformly

in R. Thus, invoking Cauchy integral formula, we have

oo nz

ea
ZF "“+oa+p> '

When & = a and p > 3, the function mp, (- + 1) ¢ L'(R) for p € (1, 1]. In this case, we can
use the same idea as in the proof of Proposition 2.6.2, where we have used the convolution of the
integrand with respect to a class of kernel functions {f,., x > 1} and recalling the fact (see (2.99)

with ¢ (s) = s + a + p) that

— (=" e
e R
“}%mnwm — € Co(R),

we can conclude that

n

0 o
;Fn+a+p '

When @ < a, —— (- + 1) € L?(R) and, from the proof of Theorem 2.2.6, one gets
mi,

J /Oo+2 — ZOKZ) izx
() W)
T/) V2w 0o—5 1 + lZ))
T'(p—iaz) n+p 1
The poles of the function z — 75 are {—™£i, n € NU{0}} with residues P Tz

Using the same argument as in the case & > « and Cauchy’s theorem of residues, (2.110) follows.
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CHAPTER 3
DISCRETE SELF-SIMILAR AND ERGODIC MARKOV CHAINS

3.1 Introduction

In this chapter, we first introduce continuous-time Markov processes with state space the set of all
nonnegative integers that also enjoy a scaling type property. Naturally, one cannot expect (1.1) to
hold in this setting, because the set of integers is not stable by the dilation operators as defined
above. However, in [84], the authors introduced the following signed Binomial kernel defined by

Dof(n) = En: (Z) ok (1 — )" (k)

k=0

which resembles the dilation operator through the multiplicative semigroup property D,g = D,Dg
for all o, 8 > 0, which will be proved in Proposition 3.4.1 below. Furthermore, they showed that
the linear birth-death Markov chain, see Remark 3.2.3 below for definition, satisfies the following

commutation type relation
QtIDa = IDaQat

where () is the associated semigroup. Motivated from this result, we introduce a class of
continuous-time Markov chains on Z, that satisfy the scaling property as above and are upward
skip-free, that is, at any instant the Markov chains do not jump more than one step above and name
them discrete self-similar Markov chains, see Definition 3.2.1. This class of Markov chains, to the
best of our knowledge, have not been identified before. Moreover, we want to understand their
connections with self-similar Markov processes. To this end, we resort to intertwining relationship
between Markov processes. More specifically, for two Markov semigroups P and (), we say that
they are intertwined if, for all £ > 0,

PtA - AQt

for some linear operator A. Note that when the underlying processes have different state spaces,

one lattice and the other one continuous, we use the terminology gateway relation, coined in [84],

83



to emphasize the unexpected two-sided connection between the two worlds. The term duality is
also used in a fast growing and fascinating literature on this topic related to differential operators
arising in statistical mechanics, see e.g. [5, 25, 49, 115, 58] and references therein. More gener-
ally, the concept of intertwining relation goes back to Dynkin [41] who used it to construct new
Markov semigroups from a reference one. These ideas were extended by Rogers and Pitman in
[110], leading to the characterization of Markov functions; that is, measurable maps that preserve
the Markov property. With the help of the intertwining relationship, we prove the Feller property of
the discrete self-similar Markov chains, see Theorem 3.2.6, and obtain the spectrally negative self-
similar Markov processes as the scaling limit of these Markov chains, see Theorem 3.2.6(2). The
use of intertwining relations to prove limit theorems is not new and, in fact, a general framework
was built up by Borodin and Olshanski [22], where they apply it to construct a class of Markov
chains on the Thoma cone. Unfortunately, their strategy is not applicable in our situation because
their conditions are too stringent for us, namely the set of finitely supported functions are not in-
variant with respect to the discrete self-similar Markov semigroups. Nonetheless, still resorting to
the intertwining relation, we are able to derive explicit formulas for the moments of these Markov
chains and we identify their scaling limits by the method of moments. We emphasize that there are
many instances of the appearance of positive self-similar Markov processes as the scaling limits
of models, such as coalescence-fragmentation processes, see Bertoin [1 1], random planar maps,
see Le Gall and Miermont [77]. We also mention the recent paper by Bertoin and Kortchemski
[15] where the authors introduce a class of discrete-time Markov chains whose appropriate scaling
limits are positive self-similar Markov processes. It appears that our work offers another class of
Markov chains in the domain of attraction of such self-similar Markov processes, with the addi-
tional surprising feature that the connection between the two objects goes, thanks to the gateway

relation, in both directions.

We proceed by introducing another class of ergodic Markov chains which are obtained by a lin-
ear first order perturbation of the generators of the discrete self-similar Markov chains. We name

them skip-free Laguerre chains. The motivation behind this comes from the fact that their contin-
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uous analogue are the generalized Laguerre processes, studied in [95], which are also constructed
by perturbation of the generator of self-similar processes by a linear convection term, that is a first
order differential operator with a linear coefficient. We show that they generate a class of Feller
semigroups of ergodic Markov chains which intertwine with the class of the generalized Laguerre
semigroups. Using this connection, we develop the spectral theory, including the spectrum and the
eigenvalues expansions, in the Hilbert space /2 of nonnegative integers weighted with the invariant
distributions ny of the semigroups of these non-reversible chains. As by-product, and under some
mild conditions, we prove compactness and also obtain a hypercoercivity estimate for the ¢%(n,)
convergence to equilibrium, which is given explicitly as a perturbed spectral gap inequality. This
part involves a deep theory of non-self-adjoint operators as developed in [95], see Section 3.4.11

for more details.

We continue our analysis of these skip-free Laguerre semigroups by investigating the entropy
decay to equilibrium as well as the hypercontractivity property. For self-adjoint Markov semi-
groups, these two phenomena are equivalent to the (modified) log-Sobolev inequalities. Unfortu-
nately, in our context, this relation fails due to the non-self-adjointness of the semigroups. However,
resorting to the idea of interweaving relation, introduced recently in [85], we relate the skip-free
Laguerre semigroups with the self-adjoint diffusion Laguerre semigroups and deduce, up to some
universal random time, both the entropy decay and the hypercontractivity. Finally, showing that this
random time is infinitely divisible, we develop a thorough analysis of the skip-free Laguerre semi-
groups subordinated with the associated subordinator, which generate a class of ergodic Markov

chains with two-sided jumps, for which all the results described above are obtained explicitly.

The remaining part of the chapter is organized as follows. Most of the frequently used notations
are defined in Section 3.1.1 while Section 3.2 contains all the main results. We provide some
examples in Section 3.3 and Section 3.4 is devoted to the proofs of the main results. Some aspects
of spectral theory for non-self-adjoint operators have been reviewed in Subsection 3.4.11 and the

results related to interweaving relations have been proved in Subsection 3.4.14.
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3.1.1 Notations

For any nonnegative sigma-finite measure pon R, and p € [1, oo], L?(u) denotes the L space with
weight . When p = 2, the corresponding Hilbert space is endowed with the inner product denoted
by (f,9), fR+ g(x)p(dx). When g is the Lebesgue measure, we simply write L2(;1) =
L?(R, ) associated with the inner product (-,-). If the underlying space is the set of all integers
Z., then for any nonnegative discrete measure m on Z ., we write /”(m) to denote the weighted ¢?
space on Z and for p = 2, the inner product is written as (f, g)m = > _,c;, f(n)g(n)m(n). When

m is the counting measure, we use the notation /*(Z,) = (*(m). For any measurable function

f=0o0r feLYE,p), wewrite uf = [, fdpu.

3.2 Main Results

3.2.1 Discrete dilation and discrete self-similar Markov chains

We start by introducing a transformation on C(Z ), which we name the discrete dilation operator.

For any o > 0 and f € C(Z,), we define

n

D,f(n) = :0 ( )om — Q)" (r). (3.1)

r

It should be noted that D,, is well defined on C(Z.) for all « > 0 and it is a Markov kernel when

€ [0,1]. When o > 1, D,f may not be bounded even if f is bounded. For instance, taking
f(n) = (—=1)", for any n € Z,, we have |D.f(n)| = (2a — 1)", which grows exponentially
with respect to n. The operator D shares the multiplicative semigroup property with the dilation
operator, that is, for all o, 3 > 0, we have D,s = D,Dg, see Proposition 3.4.1 below. Next, we

introduce the discrete self-similar Markov chains which are defined in terms of the operator D,,.

Definition 3.2.1. We say that the semigroup @ = (Q;);>o of a continuous-time Markov chain X
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with state space Z is discrete self-similar if for all t > 0, « € [0, 1], the following identity

QDo = Dy Qut (3.2)

holds on Cy(Z.).

In terms of the law of the Markov chain X = (X(¢,n),n € Z, )0, where X(¢,n) means
that it is issued from n, the discrete self-similarity can be interpreted by the following identity in
distribution, for any o € [0,1],¢ > 0O andn € Z,,

B(X(t,n), @) 2 X(at,B(n, a)) (3.3)

where B(n, «) is a Binomial random variable with parameter n and «, and X(¢,B(n,«))) is the

chain at time ¢ with initial law the one of B(n, ).

Next, we consider the class of triplets (m, o2, IT) such that m, c? > 0 and II is a non-negative

measure on R, that satisfies

/ (y A y*)I(dy) < oo, (3.4)
0

that is II is a Lévy measure with a finite first moment away from 0. To each of these triplets, we

associate the so-called Bernstein function defined as
(u) = m + o’u + / (1 — e ") I(y)dy (3.5)
0

where T1(y) = I1(y, 00) is the tail of the measure II. Let B denote the class of all functions of the

form (3.5).
We are now ready to introduce a class of discrete operators on Z, . For any ¢ € B associated
with the triplet (m, o2, 1I) and f € C.(Z, ), we define
Gyf(n) = o*n(0y + 0_)f(n) + (m + 0)d.f(n) + Guf(n) (3.6)

where 0.f(n) =f(n £ 1) — f(n) foralln € Z, and

1
n+1

Gnf(n) = /000 [De-uf(n+1) —f(n+ 1) + y(n + 1)04f(n)] H(dy). (3.7)

We are now ready to state our first main result.
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Theorem 3.2.2. The operator (G,, C.(Z)) generates a Feller Markov chain on Z.., denoted by

Xy = (Xy(t,n),n € Z; )10 which is self-similar, and C.(Z.) serves as a core for G.

This theorem is proved in Section 3.4.1.
Remark 3.2.3. When II = 0, Xy is the reversible linear birth-death chain with invariant measure

Fn+m+1)

Z.
I'(n+1) ) & Sy

For a detailed account on such Markov chains, we refer to [84].

Remark 3.2.4. In (3.2), we restrict & € [0, 1] as D,, is, in this case, a Markov kernel. However, since
D.pi(n) = o*pi(n), for all « > 0 and k,n € Z,, where py, is defined in (3.53) below, Theorem
3.4.8, also below, yields that for all ¢ € B and ¢t > 0, Qf]Dapk(n) = ]DaQitpk(n), where Q° is
the discrete self-similar semigroup generated by G,. This reveals that the discrete self-similarity

property also holds in a more general framework than the one given in (3.2).

A continuous-time Markov chain is called upward skip-free if it does not jump more than one
step above at any instant, that is, for any n € Z, and Il > n + 2, G(n,l) = 0 where G is the
generator of the Markov chain. It can be easily shown that the discrete self-similar Markov chain
X with generator G, is upward skip-free, see (3.34) below. In the next theorem we show the

converse claim that is any discrete self-similar Markov chains must be upward skip-free.

Theorem 3.2.5. Let X be any continuous-time discrete self-similar Markov chain on Z... Then X

is upward skip-free.

This theorem is proved in Section 3.4.2.
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3.2.2 Connections with self-similar Markov processes: gateway relation and

scaling limit

Self-similar Markov processes on the positive real line are well studied as they appear as the weak
limits of various Markov processes, see Lamperti [75]. When these processes are spectrally neg-
ative, that is, they do not have any positive jumps, and with 0 as an entrance-non-exit boundary,
Lamperti [76] showed that they are in bijection with the subset of Bernstein functions B defined in

(3.5) and moreover, the generator of these processes are of the form

Gof(z) =0’z f"(z) + (m + o) f'(x) (3.8)
o [ et (e) = F@) ¢y @y (3.9

where ¢ is defined in terms of the triplet (m, o2 I1), see (3.5) and f € CX(R,). The careful
reader will have noticed that the operator G in (3.6) is the discrete analogue of the operator G,
revealing that the former is a natural approximation of the latter. However, we provide below a
deeper connection between these class of Markov processes (operators) by establishing a gateway
relation between their semigroups, a concept introduced in [85], meaning that the connection goes
in both directions. As a by-product, we show that discrete self-similar Markov chains, after scaling

appropriately, converge to the self-similar Markov processes in the Skorohod’s .J;-topology.

Theorem 3.2.6. 1. Gateway relation. For any ¢ € B, let Q? and Q® denote the Feller semi-

groups generated by G, and G respectively. Then, for any f € Cy(Z,) andt > 0,
QYAf = AQJT (3.10)

where Af(x) = E[f(Pois(x))], Pois(z) being a Poisson random variable with parameter

xz > 0.

2. Scaling limit. For any ¢ € B, let X (resp. X = (Xy(t, ¥))i=0) be the discrete self-similar

Markov chain (resp. the positive self-similar Markov process issued from x), then, for all
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x>0,

(%X(b(nt, Lmsj)) i — (X(t, 7)), (3.11)

in Skorohod’s J-topology.

The intertwining relation (3.10) is proved in Proposition 3.4.3(1) and the scaling limit (3.11) is

proved in Section 3.4.4.

Remark 3.2.7. As mentioned to us by an anonymous referee, the gateway relationship (3.10) has

the following neat probabilistic interpretation, using the notation of item (2) above,
Xy(t, Pois(z)) 2 Pois(X,(t, ) (3.12)

which is valid for any ¢,z > 0. Using the self-similarity property of X, this identity yields, for any
fixed ¢,z > 0 and large integer n (but not for |nx]), + X (nt, Pois(nx)) @ LPois( X, (nt, nx)) @
LPois(nXy(t, x)) — X4(t, x) in distribution. Moreover, the identity (3.12) boils down when x
tends to 0 to

X,(t,0) 2 Pois(X,(t, 0))

where X, ¢(t, 0) stands for the entrance law of X, which is known to exist as m > 0, see e.g. [95].

3.2.3 Discrete Laguerre chains from discrete self-similar Markov chains

Let us now consider a perturbation of the discrete self-similar Markov chains, that is, we introduce

a new family of discrete operators on C.(Z, ) defined by
Lyf(n) = Gyf(n) + no_f(n) (3.13)

where ¢ € B and G, is defined in (3.6). Alternatively, the operator IL4 can be represented, for any

f € C.(Z,), as follows

n+1

Lof(n) = Y Ly(n, Df(D) (3.14)
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where

(

Gy(n,l) ifl #n,n—1
Ls(n,l) = § Gy(n,n—1)4+n ifl=n—1 (3.15)

Gy(n,n) —n ifl=n

\

with Gd,(n, l) = G¢5l (n) and 5l(n) = ]l{l:n}-
Theorem 3.2.8. 1. Forany ¢ € B, the operator (Ly, C.(Z.)) generates a Feller Markov semi-
group on Cy(Z.,), which we denote by K°.

2. We have, for any f € Co(Z,) andt > 0,

K/f = Q% D.f. (3.16)

3. The semigroup K® has a unique invariant distribution denoted by n, and ny(n) > 0 for all

n € Z. Moreover, n, has moments of all orders and it is moment determinate.

4. Finally, the semigroup KK? is self-adjoint in (*(ny) if and only if ¢(u) = m + o*u for some

m,o? > 0.

We have omitted the proof of the item (1) since it can be obtained by following a line of rea-
soning similar to the proof of Theorem 3.2.2 from the claims given in Proposition 3.4.11. Item (2)
is proved after this latter Proposition. The properties of the invariant distribution in item (3) are

proved in Proposition 3.4.11(2) and Proposition 3.4.12. Item (4) is proved in Proposition 3.4.11(4).

Remark 3.2.9. In Proposition 3.4.11 and 3.4.12, we provide additional properties, including several

representations, of the invariant measure n.

We name the Markov semigroup KK? (resp. the Markov chain) the skip-free Laguerre semigroup
(resp. skip-free Laguerre chain). This is motivated by the following observation. The operator Ly

can be viewed as the discrete analogue of the generalized Laguerre operator on R, studied in [95],
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and defined by

Lof(x) =Gof (x) — zf'(x)

=c’zf"(z) + (m+0* —z) f'(2) (3.17)
2 [ et @) ) 5 ag ) ) @1

where G, is defined in (3.8) and (o, 3, II) is the characteristic triplet of ¢.

We now aim to derive the spectral properties, convergence to the equilibrium and hypercontrac-

tivity phenomenon of K.

3.2.4 Spectral expansion and the spectrum of the skip-free Laguerre semi-

groups

Since the semigroup K¢ has invariant distribution n,, we can extend it on the Hilbert space ¢2(n,).

If ¢ is as in (3.5), let o1 be defined as follows

o2 ifo?>0
oy = (3.19)
1 ife?=0.

We now introduce a sequence of discrete (acting on Z ) polynomials defined, for k,n € Z,, by
k

(1+o7h) 2 ZO(_UT(I:)% (3.20)

r=

where W, (k +1) = []"_, ¢(r), W,(1) = 1 and p,(n) = F(Fﬁ”fl . Since the invariant distribution

ny has finite moments of all order, see Theorem 3.2.8(3), it is plain that, for all k € Z_, P,f’ €
(*(ny). Next, for k,n € Z,, we define

1+U‘1§ k+n—r)‘

(n—r)lr!

Vi(n) =

kA
ng(k+n—r). (3.21)
=0
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Theorem 3.2.10.  [. Spectrum. For any ¢ € B,t > 0and k € Z, V,‘f € (*(ny), and
KPP = e Mp¢, KOVY = e kv
where ]IA{f is the (2(ny)-adjoint of K{. Hence, {e™*:k € 7.} C Specp(]Kf) N Specp(]?(f),
where for an operator T, Specp(T) denotes the point spectrum of T'.
2. Biorthogonality. (P)i>o and (V9)i=o are biorthogonal sequences in (*(ny), that is, for all
k,leZy,
<sz’,V7)>n¢ = L=y

3. Spectral expansion. If 0* > 0, then, for all f € (*(n,) and t > 1 log (1 + o~2),

KYf = i et <f, V,‘f>n¢P,f. (3.22)

k=0

4. Compactness. If o> > 0, then, for all t > %log (1+072), ]K,(f> is compact and, denoting by

Spec(K?) the spectrum of K¢, we have

Spec(K{) \ {0} = Spec,(K7) = {e *;k € Z, }.

5. Transition probabilities. If (]Kf (-, )0 denotes the transition probabilities of the skip-free

Laguerre chain and o® > 0, then, for all t > $log (1 + 0~?) and n,l € Z.., we have
K{(n,1) = e *P(n)Vi ()ny(l)
k=0

where the sum on the right-hand side of the above identity converges absolutely.

This theorem is proved in Section 3.4.12.

Remark 3.2.11. It should be noted that (1) in the above theorem is different from the result in the
case of generalized Laguerre semigroups on R, their continuous analogue. Indeed, from [95,
Theorem 1.22(4)(d)], e ** € Specp(l/(\'fS ) only if k& € Z, (see (3.88) for the definition of Z,) and
ekt € Spec, (K?) if k ¢ Z4, where Spec, (IK?) stands for the residual spectrum of K. However,

for the discrete Laguerre semigroup K¢, e=* ¢ Specp(]?{g5 )forallk € Z,.
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3.2.5 Convergence to equilibrium

In Theorem 3.2.8(3) we have seen that the non-self-adjoint skip-free Laguerre chains have an
unique invariant distribution. In this section, we start by studying the rate of convergence to their
invariant distributions via spectral gap inequality, which comes as a by-product of the spectral ex-
pansion obtained in the previous theorem. We proceed with explicit rate of convergence to equilib-
rium in the ®-entropy sense, which is a consequence of a more subtle relation with the self-adjoint
birth-death Laguerre chain, namely an interweaving relation discussed in Section 3.4.14. Before
stating the result, let us introduce a few additional objects related to the Bernstein functions. For

any ¢ € B let us define
dy = min{u > 0; ¢(—u) = —o0, p(—u) = 0} € [0, o). (3.23)

If (m, 0%, 11) is the triplet associated to ¢, let us write

_ 52 I
my = lim 2 0w m+10) (3.24)

U—00 0'2 0'2

where T1(0) = [ (y, 00)dy. The quantity my is finite whenever o > 0 and TI(0) € [0, 00).

0

Next, for an open interval / C R, we say that a function ® : I — R is admissible if
4 . 1
® € C*(I) with both ¢ and — g convex. (3.25)

Given an admissible function ®, and a probability measure ;. on R, we write forany f : Ry — [

with f, ®(f) € L' (1)
Enty, (f) = p®(f) — ®(uf) (3.26)

for the so-called ®-entropy of f. When ®(z) = 22,1 = R, (3.26) is equal to Var,(f) and when
O(z) = zlogz, I = Ry, (3.26) yields the Boltzmann entropy of f with respect to x. From
Jensen’s inequality it is plain that the ®-entropy is always nonnegative. We are now ready to state

the following.
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Theorem 3.2.12. Let ¢ € B be associated with the triplet (m,c? 1) such that 0®,ds > 0 and

ﬁ(O) < 00. Then, the following holds.

1. Hypocoercive estimate. For all f € (*(n,) and t > 0, we have

(m¢ 1)(1 02) —t
< f—nufllem.- 3.27
2(ng) \/ 62(d¢5 1) ‘ H ’ ||€( g ( :

H]Kf’f ~nf

2. Entropy decay. Forall 3 > my, t > 0 and f such that f, ®(f) € (' (ng), we have
Ent?, (waf) < e ' Ent? (f) (3.28)

where, we recall that ]Kfﬂﬁf(n) = E[f (X (t+713,n)| and T4 is an infinitely divisible positive

random variable whose Laplace transform is given by

/ e UP(15 € ds) = e %W, 4 >0, (3.29)
0

with () = wlog (1+ 52) + log ((HE241 ),

Item (1) of the above theorem is proved in Section 3.4.13 and item (2) is proved in Sec-

tion 3.4.16.

Remark 3.2.13. The estimate in (1) gives the hypocoercivity, in the sense of Villani [129], for the
skip-free Laguerre semigroups. This notion continues to attract a lot of interests, especially in the
area of kinetic Fokker—Planck equations; see e.g. Baudoin [10] and Dolbeault et al. [39] and the
references therein. Unlike this literature, we are able to identify the hypocoercive constants, namely
the exponential decay rate as the spectral gap and the constant in front of the exponential, which is
greater than 1 as with 0%, d, > 0 we have my > dg, is a measure of the deviation of the spectral
projections from forming an orthogonal basis. Note that in general, the hypocoercive constants
may be difficult to identify and may have little to do with the spectrum. Results in the spirit of (1)
have already been obtained by Achleitner et al. [1], Patie and Savov [95] as well as in Patie and

Vaidyanathan [97] where a general framework based on intertwining relation is developed.
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3.2.6 Hypercontractivity

A Markov semigroup defined on the state space E' with invariant distribution p is said to be hyper-

contractive if there exists a > 0 such that

I Pellce (e py—rren g < 1

where p(t) = 1 + e’ and
I Plleze yoreen g = sup ([ Pef llueen 5,
Fillfllez e ) =1

It is readily seen that the hypercontractivity reflects the regularity of the semigroup. For self-adjoint
Markov semigroups, hypercontractivity can be interpreted in terms of their (modified) log-Sobolev
constants, see [7, Theorem 5.2.3] and references therein. Nonetheless, even for the self-adjoint
birth-death Laguerre chain, it is difficult to obtain a precise value of the (modified) log-Sobolev
constant. Using the concept of interweaving, see Section 3.4.14, we circumvent this issue, and in
fact, we are able to obtain the hypercontractivity estimates for (non self-adjoint) skip-free Laguerre

semigroups up to a random warm-up time.

Theorem 3.2.14. If 0> > 0 and ﬁ(O) < 00, then, forall f > m, = mH O gnd t >0,

o2

¢ <
‘H]KH_TB 2(ng) PO (ng)

where T3 is defined in (3.29).

This theorem is proved in Section 3.4.17.

3.2.7 Bochner subordination of skip-free Laguerre chains

In the previous two sections we have seen that Theorem 2 and Theorem 3.2.14 hold for skip-free

Laguerre semigroups up to a random warm-up or delay time denoted by t3. However, applying a
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time-change on the skip-free Laguerre chains, we can obtain a new class of skip-free Markov chains
for which the above theorems hold with a deterministic warm-up or delay time. In other words, we
obtain a new class of Markov chains (with two sided-jumps of arbitrary size) for which the quantity
Tg can be replaced by a deterministic number. Since T is an infinitely divisible random variable
with ¢3 € B as its Lévy-Khintchine exponent, one can consider the subordinator (Tts(t),¢ > 0)

(4

such that T3(1) = Ts. With an abuse of notation, we still denote this subordinator by 5. Now, let

us consider the subordinated Laguerre semigroup defined by
K)™ = / K? P(t4(t) € ds). (3.30)
0

Since lim;_,, T3(t) = oo almost surely, the semigroup K?# has the same invariant measure ny.
Below, we provide the spectral expansion, the ®-entropy convergence and the hypercontractivity

property of IK#5.

Theorem 3.2.15. Let ¢ € B be associated with the triplet (m, o? 1I).

1. Spectral Expansion. If 0> > 0 then for all § > 0, f € (*(ng) and t > % we have

Ky F =) e V), PY.
k=0
2. ®-entropy decay. If o> > 0, ﬁ(O) < oo and 3 > my, then for all admissible (see (3.25) for
definition) function ® and f such that f, ®(f) € (' (n,), we have, for all t > 0,
Ent? (]Kf‘ﬁf) < et WED1 Ep® (f)
Ild) ~ n¢

where t; = max(t,0).

3. Hypercontractivity. If c* > 0, ﬁ(O) < 0o and 3 > my, then, forall t > 0,

@18
e

~
ZQ nd, *)Eq(t) (1’l¢)

where q(t) = 1+ (1 + o 7?)",

This theorem is proved in Section 3.4.18.
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3.3 Examples

3.3.1 The discrete Laguerre chains and the Meixner polynomials

Let us consider the Bernstein function ¢(u) = o?u+m where 02 > 0,m > 0. If K? is the skip-free

Laguerre semigroup associated with ¢, then the generator is given by
(

o’n+m+o*+1 ifl=n+1
(1+0%)n ifl=n-—1
Ly (n,1) =
—(1420 M —-—m—0c*—1 ifl=n

0 otherwise.

\
From Proposition 3.4.12, the unique invariant distribution of ILy4 is given by

['(n+%+1)
I (% T 1) n!
The semigroup K? is self-adjoint in ¢?(n,) and it follows from Theorem 3.2.10 that the eigenfunc-

m
—n—-—5—1
-2

n,(n) = , N E Ly
tions P,f’ of ]Kf corresponding to its eigenvalue e~* form an orthogonal sequence in (*(n,). More

specifically, writing 8 = 73, forall k € Z,,

k

?T

— (1+O_) 22F1( —k76+1;—0'_2)

where
=T b
o F1(a, b; c; x) r—i—a (r+b)a’ (3.31)
L(r+c¢) -
r=0 ’
From [63, Equation (7)], it follows that
2
p? = -1
H llemg — ™ (8)
where for any a > 0, ¢x(a) = % Finally, for all f € ¢*(n,) and ¢t > 0, we have, in
*(ny),
Kif =Y o () e ™ (£.R2) PP
k=0 s
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3.3.2 The perturbed Laguerre skip-free chain

Consider the Bernstein function defined for m > 1 by

(u+m+1)(u+m—1) m?>—1

Om(u) = tm = +u —i—/o (1 —e")e ™dy.

Let G, be the generator of the discrete self-similar Markov semigroup associated with ¢,. Then,

according to (3.6), 0% = 1,m = ™! and I1(dy) = me~™dy. So, the infinitesimal generator Gy,
is given by
4
T (1-+m)D(n—1+2) .
DT mr2) it [0,n—2]
2 —_—
(n+1)(n+r$(n+m+1) +n ifl=n-1
G¢m(n,l): m—m ifl=n+1
D " ifl =n
(n+m)(n+m+1) m
0 ifl >n+1.

\
Now, the corresponding skip-free Laguerre chain has the generator L, given by

(

Gu(n,l) ifl £#n,n—1

Lo (n.1) = Gu(n,n—1)+n ifl=n—1

Gn(n,n) —n if l = n.
\

From Proposition 3.4.12, the unique invariant distribution of L.~ is given by

(n+m+1)I(n+m) o—(tm+1)
(m+ 1)I'(m)n!

ng,(n) =  nEZ,.

Let us compute the eigenfunctions and co-eigenfunctions of the semigroup IK?» generated by L=,

Denoting the eigenfunction (resp. the co-eigenfunction) of ]Kf‘“ corresponding to the eigenvalue
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(resp. co-eigenvalue) e+ by P,f ™ (resp. Vf‘“), we have

() = Y e )

L(r+1)

k
2

= 27 [(m+1) L (—=k,—n,m+1;—-1) — o F} (=k,—n,m + 2; —1)],
. 275 T(n+k+m)
Vf (n) = () ] (n+m+k)Fi(—k,—n,—n — k —m;2)

+oFy(—k,—n,—n —k —m+ 1;2))

where 5 [ is the hypergeometric function defined in (3.31).

3.3.3 The Beta skip-free chain

We consider the Bernstein function ¢, corresponding to a compound Poisson process with expo-

nential jumps which is defined, form > 1 and v > 0, by

u

) = = [T ey

m(u + m)
Therefore, according to (3.5), 02 = 0,m = 0, II(dy) = me ™dy and ¢,(c0) = 1. If Ly, denotes
the generator of the Laguerre semigroup corresponding to ¢, in continuous state space, we have

forall f € C*(R,),

m

Lof(e) = —of'(2) + / T (Fle ) — f(2) + yrf () ey,

x
The Bernstein-gamma function associated with ¢, is

P(m+ DI(k + 1)
m*T'(k+1+m) ’

From [95, Proposition 2.6(1)], the semigroup generated by L, admits an unique invariant measure

Vs, which is absolutely continuous with moment sequence (W, (k + 1)), and given by

1
Vg, (dr) =m*(1 —mz)" 'dz, 0 < z < -
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Now coming back to the corresponding skip-free Laguerre chain in the discrete state space, (3.70)
implies that the unique invariant distribution of its semigroup K% is

(="

T

1 oo
n¢m(n) :m ZW%(H +7r+ 1)

Z Mo+ D)I'(n+r+1)(=1)"
"l “m""T(n+r+m+1) 7l

1 F(m+ 1) 7 N 1
= n.n m. —
wTn+m+1)"" "\ ‘m

where | F7 is an hypergeometric function. Finally, from Proposition 3.4.17, the eigenfunction of

]Kf = corresponding to e~*! is given by

k k r k
P]?m(n) =272 Z(_l)r (7’) & = 223F1(_k7 —n,m+ 17 17 _m)
0

— W¢>m<7’ + 1)
where 3F(a, b, c;d; x) = r(a)?((z NE) > I T+“)§(:Isgr(r+c) £ and V,‘f‘“ is given by (3.21).

3.4 Proof of the Main Results

We begin this section with some useful facts about to the discrete dilation operator.

Proposition 3.4.1. 1. Foralla > 0andf € Cy(Z,),
doAf = AD,f (3.32)

where d, f(x) = f(ax) is the usual dilation operator on Ry and A is as in Theorem 3.2.6.
2. Forallf € C(Z;), and o, f > 0, Dysf = D, Dgf.
3. Dy =Id and forall o > 0, D! = Dy/a.

4. (De-t)i=0 (resp. (de—t)eso form a semigroup on (*(Z.) (resp. on L*(R,)) with generator
" =nd_ (resp. 0" = —x-L) with 9"A = AO" on C.(Zy).
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Remark 3.4.2. There are several analogies between the two dilation operators which make our
choice of the discrete one natural. Indeed, as its continuous analogue, the discrete dilation operator
is a multiplicative semigroup, and, the generator of its associated additive semigroup is the discrete
analogue of the continuous one, see item 4. However, unlike in the continuous case, D, does not

have bounded inverse when « € (0, 1).

Proof. The first item follows from [84, Proposition 1]. Next, we note that, for any f € C,(Z..)

and o > 0,
Daf(n)] < [(200 = 1" [|f[]oc- (3.33)
Then, (3.33) implies that both AD,f and d,Af are well defined. Now, (1) yields
AD.g = dosA = dodsgA = dyADg = AD,Dg.

Since A : Cy(Z;) — Cy(R,) is injective, see [84, Lemma 4(4))], item (2) follows. Item (3)
is a direct consequence of item (2). For item (4), it is immediate from item (2) that (ID.-¢);>o

is a translation semigroup on Cy(Z,). Moreover, from (3.32) we have that for all ¢ > 0 and

feCoZy)
de-t Af = AD -+f.
Differentiating the above identity with respect to t when f € C.(Z, ) and noting that d.—: = ¢!
one obtains that
d
O"ANf = A—D,—f,_
e =0

where we used that A is a bounded operator. However, from [84, Lemma 4.5], after observing that
A = V!, we have 9°Af = AO"f whenever f € C.(Z,). Since A is injective on C.(Z, ), we

conclude that for all f € C.(Z,.) one has

d
D, f, = of
dt =0 &=

which proves item (4).
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3.4.1 Proof of Theorem 3.2.2

It is not difficult to see that the operator Gy can be simplified as follows. We can write Gy f(n) =

7;01 G(n, 1)f(l) where

( o 1 n+1 ) B a1 .

el et t(dy) ifle [0,n 1]

Gr(n, 1) = 4 2 L (e=t0y 1 4 (n4+ 1)) TI(dy)  ifl=n+1 (3.34)

0 ifl>n+1

\

and Gri(n,n) = =3, Gu(n,1).

To show that G, is a Markov generator, we need to show that G,(n,[) > 0 for all n # [. From
the expression of G, in (3.6), it is enough to show that Gp(n,l) > 0 for all [ # n, a fact which
follows readily from (3.34). To get that G, generates a Feller semigroup on Cy(Z..), we wish to
combine Theorem 3.2 with Corollary 3.2 from [45, Chapter 8]. To this end, the following four

conditions need to be checked

: |Gy (nn)|
(1) Supn€Z+ fz—&—l <00

(i) lim, 0o Gy(n,l) =0foralll € Z,
(i) SuPnez, D ez, %}qu(n, [) < o0

(iv) sup,cz, > ez, (1 =n)Gy(n, 1) < cc.

First, we note that

r
o*(n+1)+m+Gpn,n+1) ifl=n+1
o’n + Gp(n,n — 1) ifl=n-—1
G¢(n,l) =
—20°n —o* —m+ Gn(n,n) ifl=n
Gr(n, 1) otherwise.
x
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It is plainly sufficient to check all four conditions above for Gp; merely. From the definition of
Gr(n,n), we get that, for all n € Z,,

Gur(n, ) = — /0 N . i 1 (1 Bs <” ; 1>e—ly<1 _ e—y)n—lH) M(dy)

=0

o0 1 (n
—/0 n—|—1<1_6 (+1)y+(n+1)y)ﬂ(dy).

1
Since for any y > 0, >4 (n —; >e—ly(1 — e ¥)"*1=l = 1, the above expression reduces to

Gr(n,n) = / (™ — e~ (DY _ ) TI(dy). (3.35)
0
Next, noting that
le™™ — e~ (ntl)y _ y| =

n+1
/ y(1 —e™)dr

<20+ Dy’ lyy<ay + yls1y

the integral in (3.35) is finite due to (3.4) and therefore,

fim ‘G¢>(nan)’

1

< 207 + 2/ y*TI(dy) < oo.
0

This verifies condition (i). Then, for any [ € Z. and sufficiently large n,

Guln) = [~ ("7 ) e,

When ! = 0,

1

/ Oo<1 — e Y I(dy) (3.36)
0

and clearly n — [°(1 — e7¥)"™'II(dy) is a decreasing sequence. Thus, lim,, . Gr(n,0) = 0.

When [ > 1, let us define, for alln € Z, withn > [+ 1,
1
a, = / e—ly(l _ e_y)"_H'lH(dy),
0
b, = / e V(1 — e )" I(dy).
1
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We note that both a,,, b,, are well defined if n > [ + 1. Since, foralln > [+ 1, a1 < (1 —e Hay,

we have that a,, < a;;1(1 — e 1)""=1, and thus

1
lim (n+ )an =0.
n—o0 l
On the other hand, observing that, for any y > 0,
1
lim (n i )e_ly(l )
n—00 [
1
sup (n i )ely(l —e Yyt
n>1 l
a dominated convergence argument entails that
lim <”+ 1>bn ~0
n—00 l

which verifies condition (ii). For condition (iii), we first observe that for any y > O and [, n € Z,

with [ < n + 1, the following identity

1 n+1 ' y n—1 1 n+1 i
1 —e Y)Y — — — =y (1 —Y
PR DD Ul l+1( z )e ( )
e~y — 14 (n+ 1)y
+ ( — ) + (e—ny . 6—(n+1)y . y)
holds. As a result of the above identity and invoking (3.34) one gets
n+1 n+1
n—+1 1 > _ 1 i
l—l—lGH(n’l):n—i—Z/ (1—e y—y)+n+22(1—e T (dy). (3.37)
1=0 0

=2

Since fory > 0, |1 —e ¥V —y| <y A z, using (3.4), we get

0o 1,2 00
/ [1—e™ —y|l(dy) < / %H(dy) + / yl(dy) < oo
0 0 1

and, forall2 < 7 < n+1,

/om(l_e_y)jn(dw </01 yQH(dy)Jr/lOOH(dy) < .

Therefore, condition (iii) is satisfied as well. Finally, the last condition follows since, plainly,

1 n+1 1 )
1 —_ = 1 _y— =
dim o7 2 0~ mGnlnD) = fim o [ -t =
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Therefore, G, generates a Feller semigroup on Cy(Z.) with C.(Z) as its core.

Next, to prove the discrete self-similarity property of the generated semigroup above, we need

the following.

Proposition 3.4.3. 1. Let Q% and Q? denote the Feller semigroups generated by Gy and G

respectively. Then, for any f € Cy(Z..) and for all t > 0,
QYAf = AQJT (3.38)
where we recall that Af(x) = E[f(Pois(x))] with Pois(x) a Poisson random variable with

parameter x > (.

2. The counting measure on 7., denoted by 1, is an excessive measure for the semigroup
Q®. Hence Q° can be extended uniquely to a strongly continuous contraction semigroup on

(*(Z,.), which we again denote by Q°.

3. The operator N can be extended uniquely to an operator (also denoted by A) in
B(2(Z.),L2(R,)). Keeping the same notation for the extension of Q® on L2(R.), we

have, for all f € (*(Z.,) and t > 0,
OAf = AQYT. (3.39)

Moreover, A is a quasi-affinity, that is, it is bounded, injective and has dense range.

We split its proof into several parts.

Proof of Proposition 3.4.3(1)

First, let us write
2

d
Gy =Gpo2 + G =o’r— H—+G
P mo? + G dex2+(m+a)dx+ I (3.40)

Gy =Gpo2 + Gn = (?n +m + 020, +nd_ + Gp
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where, for all f € CZ(R,),

Crf(x) =+ / T(floe ) — fa) + ya (@) (dy).

T

Let P, be the vector space of functions defined on R, which are of the form e~*P(z), P being a

polynomial. We define the linear operator V : P, — C.(Z..) as follows

dn
Vin) = = (e"f(2))(0). (3.41)
Lemma 3.4.4. Forany f € P,
G4V =VG,f.

Proof. From [84, Lemma 3], it is known that, for all f € P,,
Gm,crzvf - VGm,sz'

Thus, it suffices to prove this lemma replacing G, G, by G, G respectively. For y > 0, let
0, denote the Dirac measure at y. Taking I = J, and writing G5, and G, simply as G, G,

respectively, we get

Guf (@) = —(flae™) — f(2) + yaf'(2) (3.42)
and
(HLH (n 7 1) (1—e W) (1 —e ) ifl € [0,n—1]
Gy(n,0) = § (e — 1 4 (n + 1)y) ifl=n+1 (343)
uO ifti>n+1
with G,(n,n) being such that Y77 G,(n,l) = 0. Then, observing that Gp(n,l) =

IS Gy(n, )II(dy) as well as Guf(z) = [;°G,f(x)dy for all f € C}(Ry). We claim that it

suffices to show that, for all y > 0 and f € P,,

G,V =VG,f. (3.44)
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Indeed, when f € P,,

n+1 n+1

GuVf(n ZGHanf ZVf /an (dy)

- /0 G,V F(n)TI(dy).

On the other hand,

VGuf(n) = 4Gl )0 = 1 (¢ [~ G, smian) o)

Since P, € C;°(R, ), the above integration and differentiation can be interchanged, therefore
yielding
VGuf(n) = [ VG, fmdy).

We now proceed to show (3.44). Since P, = Span{x ezl e 7.}, it suffices to prove (3.44)
only for f(z) = hy(z) := e *a!. Now, for [ > 1

_ % [ex(l_w)xl_le-yz B R xq] 0). (3.45)

VG, h(n)
When [ € [1,n — 1], applying Leibniz rule we get

VG =Y () A0 (0 )

— dx™ dxn—m
:<z " 1) (I—1)1(1 —e¥)ntHt (3.46)
n!

_ “lyr1 _ —yyn—l+1 g
(n—l—i—l)!e (1—e) NGy (n,1).

Also, (3.45) entails

VGyh,(n) =nl(e™™(1 —e?) —y) = nlGy(n,n)

(3.47)
VG h, 1 (n) =nl(e” ™Y —nl 4 (n+ 1)y) = (n + D!Gy(n,n + 1).
Finally,
VG ho(n) = (L= 2 1)) (0) = L1 — eyt = @,y (n, 0) (3.48)
y=0 dae™ \ x n+1 y e ’
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On the other hand, foralll € Z, G,Vh;(n) = I!G,(n, ). Therefore, combining (3.46), (3.47) and

(3.48), we conclude that, for all n, [ > 0,
G,Vh(n) = VG h(n).
This completes the proof of the lemma. The next lemma is a variant of [84, Lemma 4].

Lemma 3.4.5. V : P, — C.(Z.) is bijective with inverse A\ such that Af(x) = E[f(Pois(x))] for

all f € C.(Z..). Moreover, \ extends to a bounded operator from Cy(Z.) to Cy(R.).

We also need the following useful result.

Lemma 3.4.6. For all ¢ € B, P, C D(G,) where D(G,) is the domain of the generator of the

Feller semigroup Q°.

Proof. Denoting the Dynkin characteristic operator of the semigroup Q¢ by G2, it follows
from [76, Proposition 6.1] that P, C D(GY). Also, for all f € P, GJ'f = G4f. In light of
[41, Theorem 5.5, Chapter V.3], it suffices to show that for all f € P, G, f € Cy(]0,00)). Since
any function f € P, is of the form f(z) = e *P(x) for some polynomial P, clearly G,, 2f €
Co([0,0)). Now, for any f € P,, we have

Guf(z) =+ / e ) — f(o) + yaf (2)]T(dy)

T

- /ow[fue-y) ~ fl@) — (€7 — D (@)](dy)

T @) / Tle v - 14 y)TI(dy)
= Ai(x) + As(x).

Since f € P, it implies that f’ € C([0, 00)) and therefore Ay(x) — 0 as z — oo. To deal with

A1, by means of Taylor expansion of f up to order 2 we obtain that
1 1
o[ 1o = f@) ~ (7 = Dar )| Ty
0
T 1

<? / sup |/ (O)|(1 — e~¥)2II(dy). (3.49)

0 t€le Ya,x]
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We note that any function f € P, f is either eventually increasing or decreasing, depending on
the sign of the leading coefficient of the polynomial associated with the function. Without loss of
generality, we assume that f is eventually decreasing. Since for all y € [0,1], e™¥ > e~ !, for all
large values of 2, we have sup;c.—v, , | f"(t)] < |f"(e”'x)|, as f € P, implies f” € P,. Thus, the

right-hand side of (3.49) goes to 0 as x — oo. On the other hand,

i\f(l’ey) — f(z) = (e =Dz f' (@) < X = e )| Nloc <yl e

Using the dominated convergence theorem, we obtain that

lim 2 [ [f(e¥e) — f(2) + (e — Daf (2)1(dy) = 0.

rT—00 U 1

This shows that Ay(z) — 0 as x — oo which completes the proof of the lemma. Let D(G,)
denote the domain of the Feller generator G 4. Now, coming back to the proofs of Proposition 3.4.3,

Lemma 3.4.4, Lemma 3.4.5 and Lemma 3.4.6 imply that, for all f € C.(Z),
Af € P, C D(Gy) and GgAf = AG,f. (3.50)

Since C.(Z.) is a core for the generator G, for any f € D(Gy) there exists a sequence {f,} C

C.(Z) such that ||f, — f||oc = 0 and ||G,f,, — G4f||oc — 0. Therefore, thanks to Lemma 3.4.5,
IAf, — Aflloc — 0, [[AG4f, — AGyf[lo — 0.

Thus, (3.50) entails that G4Af, converges in Cy(R;) which implies that Af € D(G,) as
(G, D(Gy)) is a closed operator, and, for all f € D(Gy),

GyAf = lim GyAf, = lim AG4f, = AG,f. (3.51)

n—o0 n—oo

Using Kolmogorov’s forward and backward equations, we get, for all f € D(G,), t > 0 and

s € [0,1],

d
= QUGN — AG,]Q7f

= 0
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which is due to (3.51) together with the fact that Q7 .f € D(G,). Integrating the above identity,
we obtain, for all f € D(Gy),
QYAf = AQJT.

Finally, using the density of D(G,) and the boundedness of the operators Q?, Q¢ and A, (3.38)

follows.

Proof of Proposition 3.4.3(2)

It is plain that, for any n € Z,

oo n

T

e '—dr =1,
0 n!

which implies that 4A = m where y is the Lebesgue measure on R, . Also, A being a positive

operator, for any f € Cy(Z, ) with f > 0, we have
mf = pAf > pQlAf = pAQYf = mQ?f
HAT = iy A t

where the second inequality in the above line holds as y is an excessive measure for Q. This

shows that m is an excessive measure for Q.

Proof of Proposition 3.4.3(3)

For any f € C.(Z,),

o0

Ml = [ (M@= [ (Z e‘x%f(n)> dr

n=0

o0 o0 . ZL’TL
< Z f(n)? /0 e Hdm
n=0

=> f(n)* = IflZez,)-
n=0

Using the density of C.(Z,) in ¢*(Z,), A extends uniquely to a bounded operator from ¢*(Z. )
to L?(R,). Finally, for any f € Cy(Zy) N (*(Z,), Af € Co(Ry) N L*(R,). Thus, for all f €
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Co(Z.) N (*(Z,), item (1) ensures that
QYAf = AQJT.

Again, using the density of C.(Z, ) in ¢*(Z,), (3.39) follows. Now, it remains to show that A

is a quasi-affinity. Boundedness of A follows from item (2), and one easily checks that, for all
fel*(Zy),
fe'e) . "
AM(z) =) e —f(n) ae.

n=0

Therefore, ker(A) = {0}, which proves the injectivity. The density of Range(A) follows by ob-

serving that A : L2(R, ) — (2(Z..), the adjoint of A, takes the following form

Af(n) = %/000 f(z)e *2"dx = E[f(Gamma(n + 1))]

where Gamma(n+1) is a gamma random variable with n+1 as the scale parameter and 1 as the rate
parameter. Approximating the L?(R ) functions by compactly supported continuous functions, it
can be shown that A is an injective operator, which proves that Range(A) is dense in L2(R.).

Hence, item (3) is proven, which completes the proof of Proposition 3.4.3.

Corollary 3.4.7. For any f : Z, — R with f > 0, we have
Q7 Af(w) = AQ7f(x)

forall z > 0.

Proof. For any nonnegative function f, we can find {f,,} C C.(Z, ) such that f,, 1 f pointwise.

Then, Proposition 3.4.3(1) yields, for all z > 0,
QP M (x) = AQY,(2).

Since A is a Markov kernel, Af, 1 Af as well. Writing Q7g(x) = E,[g(X4(t))] and Q’g(n) =

E,[g(X4(t))] and invoking the monotone convergence theorem, the proof follows.
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End of the Proof of Theorem 3.2.2

From the proof of Proposition 3.4.3(1), we already have that

QitAf = AQitf

for all f € Cy(Z, ). By a density argument, the above identity extends for all functions in Cy(Z.).
Now, for a € [0, 1], multiplying by d,, both sides of the above equation, we obtain that, for all

f E Cb(Z+),
AQPDof = QPAD,f = QVd Af = d Q% Af = d,AQ%,f = AD,QC,f

where we used the intertwining relationship between d,, and D, given in Proposition 3.4.1. By

means of the injectivity of A on Cy(Z, ), we complete the proof. O

3.4.2 Proof of Theorem 3.2.5

Let G denote the generator of the discrete self-similar Markov chain X. Then, from the definition

of the discrete self-similarity, for any a € [0, 1], we have

GD, = aD,G on D(G).

m

Recalling that, for any m,n € Z,, D,(m,n) = D,d0,(m) = (
n

)a“(l — )" "L n<m) We have,
foralll,n € Z,,

> G(n, k)(l> (1— ) =) "o (1—a)" G0 (3.52)

k>l js<n

Taking » = 0 and [ = 1 in the above equation, we obtain, for all k£ € Z,, that

> G0, k)a(l - ) = aG(0,1).

k>1
Using the fact that G(0, k) > 0 for all £ > 0, we conclude that G(0, k) = 0 for all £ > 2. We now

use an induction argument to prove that G(n, k) = 0 for all k > n + 2. Let us assume that for all
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n<Ne€Zi G(nk)=0forall k > n+ 2. Now plugging n = N,l = N + 1 in (3.52) and using
the induction hypothesis, we have
k
> G(Nk) N (1 — )N = oNHIG(N, N +1).
N+1
k>N+1
Again invoking the nonnegativity of G(NN, k) for k& # N, we conclude that G(N, k) = 0 for all

k > N + 2. This completes the induction step and therefore the theorem is proved. [

3.4.3 Factorial moments of discrete self-similar Markov chains

Let us recall that the skip-free Markov chain associated to ¢ is denoted by X,. In the spirit of the
work of Bertoin and Yor [ 14, Proposition 1(i)] on the integer moments of the continuous analogues,
we provide an explicit formula for the factorial moments of X, (¢). For z € C, we recall that

p. : Z, — C is the function defined by

I'(n+1)
. == 3.53
P=(n) I(n+1-=2) (3:53)
It is well-known that, for any n, k € Z .,
E ok
nf=>Y" p;(n) (3.54)
=0 | J
where are the Stirling numbers of second kind, see [125, p. 81].
J
Theorem 3.4.8. Foranyn,k € Z, andt > 0,
k
E\ Wy(k +1) _
E [pi(Xo(t,n))] = QF = o Ty ()t 3.55
on ()] = Qfout) = 3 () 32 i) 3.55)

=0

where, for alln € Z., Wy(n+ 1) = [[i_, ¢(k) and Wy(1) = 1.
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Proof. Defining p;(x) = 2%, from [14, Proposition 1(i)], we have, forall k € Z, and t > 0,
k
Qt(a) = EICX(0,0)] =+ 3 (7 )ok)oth = 1)+ ok — -+ )t

~ [k Wo(k+1) 1k

On the other hand, it is easy to see that, for all z > 0, Apx(z) = pr(x). Applying Corollary 3.4.7

with f = pg, yields, for all ¢,z > 0,

Qfpi(x) = QF Apr(x) = AQYpi().

Recalling that V = A~!, see [84, Lemma 4], we get

Elp (X, (1,1))] = Qfpeln) = VQimi(n) = o (Qfnila)) (0)

Finally using the expression in (3.56) together with the Leibniz rule, the result follows.

Remark 3.4.9. Using (3.54) and the above theorem, E [X’;(t, n)] can be also computed explicitly

foralln,k € Z,.

3.4.4 Proof of Theorem 3.2.6(2)

For showing the weak convergence, we need to check the following two facts. First, the tightness

property of the sequence ((Y,(t) = 1X(nt, [nz]))e=0) and the finite-dimensional convergence

of (Y,,) to X,. For the tightness property, applying [61, Theorem 16.1] together with the strong
Markov property of (Y,,), it is enough to show that Y, (h,,) R (in probability) whenever h,, — 0.
We will in fact show that E[(Y,,(h,) — x)?] — 0 as n — oco. From Theorem 3.4.8, we obtain for all
t >0,
1 1

Elp1(Xg(nt, [nz]))] = —([nz] + ¢(1)nt)

n

E[Y,(0)] = L BXo(nt, [ne])] =
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and
ELY2(1)] = Elpa(Xy(n, [na]) + py(X(n, [na])]
= (ol ]) + 202t ) + 66 + [n] + (1))

Since h,, — 0, the last two equations imply E[Y,,(h,)] — z and E[Y,?(h,)] — 2% as n — oo.

Therefore, E[(Y,,(h,) — z)?] — 0, which proves the tightness of (Y;,). Next, to get the finite-

dimensional convergence, it is enough to prove that, for all 0 < ¢; < ¢, < -+ < ¢ and
(Oélv Qg, - - ,Oék) € Z{CH
lim E [V, (6)Y,02 (L) - - Vi< (t)] = B [ X5 (b, #) X2 (tg, ) - - X 5" (b, )] (3.57)
n—oo

as the finite-dimensional distributions of X, are moment determinate. To prove the above assertion,

we need the following lemma.

Lemma 3.4.10. Foranyt > 0and k € Z,,

lim E [(Y,(t) — Xy(t,2))*] = 0. (3.58)
n— oo
Proof. From Theorem 3.4.8, it is clear that for any ¢ > 0 and k € Z, the sequence (Y,*(t)),>0

is uniformly integrable and, for each k € Z_,

E[VA(1)] = E[XE(nt, [nz))
1

(Elpr(Xg(nt, [nz]))] + o(n")) .
Therefore,

lim E[Y}(#)] = lim —E[pe(Xo(nt, [nz))

n— 00 n—00 nk

~ m <pk<Lm~J> Py (f)%pk_l<tnxJ>nltl)

=1

k : k W k+]‘ k—141 k
2 +Z< )%x = B[XE(t, 2).
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Since the random variable X, (¢, z) is moment determinate, the above identity indicates that for

eacht > 0,as n — oo,
Ya(t) 5 Xt 7).

This together with the uniform integrability mentioned above proves the lemma. Now, coming
back to the proof of the main theorem, we prove (3.57) by induction. Indeed, (3.57) is satisfied for
k = 1, thanks to Lemma 3.4.10. Moreover, if for some k& € Z, and (a1, a9, -+ , ) € Z'i (3.57)

holds, then, by an uniform integrability argument as in the proof of the lemma, one can show that

lim E [(Yno‘l(tl) YRR () — XS () - XS (tk,x)ﬂ = 0. (3.59)

n—oo
Now, writing

Mn,k = Ynal (tl) R Ynak(tk), Mk = Xgl (tl,[E) s ng(tk, l’),

for any (ay, e, -+, aprq) € ZETL, we have
) ) ) + +

k+1 k+1
RGO | RPAG m)] ‘

i=1 i=1

E

= |E [Myx Y (teg1) — Mp X3 (b, 2)] |

= |E [MypY 5 = MY 5+ (b ) 4 MY 4 (b)) — M X3t 7)) |

<y/E(M i — Mi)2JE[Y 20551 (41)] (3.60)

BB o1 (1) — X5 (i, 2))2)

In view of Lemma 3.4.10, (3.57) and (3.59), the expression on the right-hand side of (3.60) tends
to 0 as n — oo. This completes the induction step of our hypothesis, therefore proving (3.57)
for k + 1. This completes the proof of the finite-dimensional convergence of the process (Y;,),>0,

which concludes the proof of the theorem. [
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3.4.5 Intertwining of the skip-free Laguerre and generalized Laguerre semi-

groups

In this section we establish the connection between the generalized Laguerre semigroups as defined
in [95] and the skip-free Laguerre semigroups introduced therein. From Theorem 1.6(2) in the
aforementioned reference, it is known that, for any ¢ € B, the generalized Laguerre semigroup K¢
on R, has a unique invariant distribution v, that is absolutely continuous and moment determinate.
In the next result we show that the intertwining relationship in (3.38) is retained for the Laguerre
semigroups as well. In the next proposition, we use the fact that the semigroup IK? has a unique

invariant distribution denoted by n,, which is proved in Proposition 3.4.12 below.

Proposition 3.4.11. 1. Let ¢ € B, then we have, for allt > 0 and f € Cy(Z.),
KPAf = AKOf (3.61)

where we recall that Af(x) = E[f(Pois(x))].

2. ny = vy is an invariant distribution of KX, and, for alln € Z,,

1 [9(e)
n,(n) = /0 e “x"vy(x)d.

Tl

3. The Feller semigroup KK? extends uniquely to a strongly continuous Markov semigroup on

(*(ny), which is again denoted by K. Furthermore, the operator
A:Cy(Zy) — Co(Ry)
has a unique extension in B((*(n,), L?(vy)), and, for all t > 0 and f € (*(ny),
KPAf = AKOF. (3.62)
Moreover, taking the adjoint in the above identity, one gets, for allt > 0 and f € L2(1/¢),

KPR, f = Ao K7 f (3.63)
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where Ny : L2(vy) — (2(ny) is the adjoint of A, and, for all f € L*(v),

Kd)f(n) = ﬁ /000 e “x"vy(x) f(x)d. (3.64)

N n!nd)

4. K is self-adjoint in (*(ny) if and only if p(u) = o*u + m for some a*, m > 0.

Proof.Since LY = G4 + nd_ and L? = G, — x%, it suffices to show that, for all f € C.(Z,),

- x%Af(m) — A(nd)f(x). (3.65)

From [84, Lemma 23], (3.65) readily follows by considering the reverse intertwining relationship
(i.e., taking the inverse of A in (45) of the aforementioned reference). Thus, we conclude that, for
allf € C.(Z4),

LOAf = AL

The rest of the proof follows similarly as in the proof of Theorem 3.4.3(1).
Next, from the intertwining relation in (1), we deduce that, for all f € Cy(Z.,),
Vs NKOf = v, KPAf = vy Af
At Voliy Ve

implying that n, = v, A is an invariant finite measure for IK®. Now, for any n € Z,

1 o
ny(n) = vyAo, = m/ e 2" vy(x)de > 0 (3.66)
+Jo

and
Zn¢(n) = /0 vg(x)dr = 1.

Hence, n, is the invariant distribution of IK?. The uniqueness of the invariant distribution will be
proved in Proposition 3.4.12(1). To prove (3), we note that since Cy(Z. ) is dense in £*(n,) and
A Co(Zy) — Cy(Z,) is a Markov kernel, A can be uniquely extended to a bounded operator in

B(1?(ny),L%(vy)). Also, using the density of Cy(Z, ) in ¢*(n4) and item (1), the identity (3.62)
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follows. Now, to compute the adjoint /A\qs of A, let us first show that the right-hand side of (3.64) as

a function of n belongs to £*(n,). Using Young’s inequality and item (2) one has

i n¢(1n>2 (/Ooo Wz—jw(x)f(w)dw)Zn (n) < i/ﬂm e_$2—7;f2(x)y¢(x)dx

n=0

= £ lL20,)-

Now, writing f(n) = > | ——L— [ e "a" f(x)vy(x)dz, we have, for all g € (*(n,),

n=0 nlng(n)

(&P, = 3 Fgnng(n) = 3 ~g(n) / e f(a)(a)da

_ / " Ag(0)f (2)v(x)da

where the third equality is justified by Fubini theorem. This shows that /A\¢ f = f which proves
(3.64). Finally, to justify (4), we note that, for a ¢ € B, K? is self-adjoint in ¢*(n,) if and only if,

forall l,n € Z,,
L?(n, ng(n) = LI, n)ng(1). (3.67)

Since L?(n, 1) = 0 whenever [ > n + 2 and n,(n) > 0 for all n € Z, (see the proof of item (2)),
the above identity holds only if I.?(n,l) = 0 for all [ # n,n — 1,n + 1. This happens only if

d(u) = o?u + m for some o2, m > 0.

3.4.6 Proof of Theorem 3.2.8(2)

First, we recall that, for all t > 0 and f € Cy(R,), Kff = Q“b de—t f, see e.g. [95]. Then, from

et—1%e

(3.61), we have forall ¢t > 0 and f € Cy(Z.),

AKYf = KA = Q% do-oAf = Q% AD,f = AQS,_ D, .f

et—1

where we used, from the third identity onwards, successively (3.38) and (3.32). We conclude the
proof by invoking the Feller property of the semigroups as well as the injectivity of A on Cy(Z.),

see [84, Lemma 4(4))].
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3.4.7 The invariant distribution of the skip-free Laguerre semigroup

We now show that the invariant distribution ny in Proposition 3.4.11(3) is unique and provide
several useful representations. We recall that, for any ¢ € B, I, is the so-called Bernstein-gamma

function which is defined as a solution to the following functional equation
Wolz +1) =9(2)We(2) Vz € Cy, Wy(1) =

The above functional equation has a unique solution in the class of Mellin transforms of probability

measures on R, . For a detailed account of these functions, we refer to [96].

Proposition 3.4.12.  I. For all $ € B, the invariant distribution ny of K is unique and is

determined by its factorial moments

where py, is defined in (3.53).

2. Foranyn € Zy and 0 < ¢ <n +1+dy,

1 1 c+ioco
ny(n) = 9 ['(2)Ws(n — 2+ 1)dz (3.69)

where dy = min{u > 0; ¢(—u) = —o0, ¢(—u) = 0} € [0, ]

3. If0 < 0% < 1, then, foranyn € Z,

= Z (n + r+l1) (3.70)

Let us first derive the factorial moments of the skip-free Laguerre chains.

Lemma 3.4.13. Foranyt > O0and k € Z.,

K/py(n) i ( ) 1)pl(n)(f“ (1—e)", (3.71)

=
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Proof. Let us recall that Q¢ denote the spectrally negative self-similar semigroup associated to

¢, and, forany ¢t > 0, x > 0 and f > 0,
K{f(z) = Q) -ode— f(2),

and, writing py.(z) = 2%, z > 0, we have, from [14], that, for all k € Z,

Therefore,

Kipp(x) =) (k> %eﬂ (1—e)" " pia).

L (k Wek+1) _y —t\ k=l
:;(JWZ(HN (1= )" V()
B bk Wek+1) _, ey k-l
=2 (l> I/I/Z(l—i—l)e (1—e" "pu(n)

which completes the proof.

3.4.8 Proof of Proposition 3.4.12

From Lemma 3.4.13, we observe that, for all k,n € Z.,
lim K?pi(n) = Wy(k + 1).
— 00

On the other hand, recalling that Ap; = p;, where py(z) = a* and vgp, = Wy(k + 1), see [95,

Proposition 2.6(1)], we get

n¢pk = V¢Apk = l/¢pk = W¢(k‘ —+ 1)
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Now it remains to show that n, is determined by its moments. Let us write ¢,(n) = e**. Then,

applying Tonelli theorem we get

e Ny = Ze“nn¢(n) = /o e’ Z (e"z) ve(x)de = /0 ey, (2)da.
n=0

n!
n=0

Next, we have

o . o0 a__ 1)
/0 DTy (1) dr = Z We(r + 1)u

s r!
where we used the fact that f0¢(°°) 2"V (z)dr = Wy(n + 1), see [95, Proposition 2.6(1)], and thus
e, < 00 as soon as (e — 1) < o2, that is for at least any 0 < a < log(1 4+ o~2). This provides
the moment determinacy of n,. Next, to prove (2) and (3), we observe, from Proposition 3.4.14(2),

that for all n € Z,,
(o)
ny(n) = / e “x"vy(z)de.
0
Expanding the exponential function in the identity above and using a classical Fubini argument,

see e.g. [127, Section 1.77], combined with the expression (3.68) of the moment of v4, we get

1 - —z,.n 1 - (_1)T
ny(n) = m/o e “r"vy(x)dr = o ; Wy(n+1r+1) . (3.72)
where the series is absolutely convergent as soon as
tim 2EED g ) ey

To justify the contour integral representation in (3.69), we consider two cases. Assume first that

o? > 0 and we recall that for large |Im(z)|,

ID(2)] ~ Che(s) |Tm(2)[FP 251G Re(2) > 0, (3.73)

(Wy(n — 2 +1)] < Cp_pezye 2™ Re(2) <n+ 1+ dy,
where here and below Cge(-) > 0 is a constant depending only on Re(z) > 0. Note that the first
estimate is the classical Stirling formula, see e.g. [94, (2.1.8)], whereas the second bound follows

from [95, Theorem 6.2(2b)]. Therefore, the mappings z +— I'(z) and z — Wy(n — z + 1) are

both in L*(R) and holomorphic in the strip 0 < Re(z) < n + 1 + dg, see [95, Theorem 6.1(2)].
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Moreover z — Wy(n + z) and z +— I'(2) are the Mellin transform of = — z"v,(x), see [95], and
x — e %, respectively. Consequently, both of these functions are in L?(R). An application of
Parseval identity for the Mellin transform yields

1 fetioo

— F(2)Wy(n — 2+ 1)dz = / e “z"vy(x)dx,
0

2mi c—ioco
from where we easily derive the expression (3.69) for o2 > 0. Next, we consider the other case,
that is 0 = 0, which ensures that the series representation (3.72) of n4(n) is valid for all n € Z.

Then, using the facts that the mappings z — I'(z) and z — W, (n — z 4 1) are both holomorphic

in the strip 0 < Re(z) < n + 1 + dy4 and within this strip, (3.73) still holds and
(Wo(n — 2+ 1)| < Clnne(2)):

This implies that for all n € IN, the integral (3.69) is absolutely convergent and an application
of Cauchy theorem, see [94] for the detailed computation, yields that the contour integral can be

expanded as follows

1 c+ioco 0 (_l)r
5 - ['(z)Ws(n — 2+ 1)dz = ; Wy(n+1r+1) R
which completes the proof of (3.70). [

3.4.9 Intertwining between skip-free Laguerre semigroups

It has been shown in [95, Theorem 2.1] that for any ¢ € B, the generalized (non self-adjoint) La-
guerre semigroup K is intertwined with the diffusive (self-adjoint) Laguerre semigroup K (when
¢(u) = w) and the intertwining operator is a multiplicative Markov kernel corresponding to the
exponential functional of the subordinator associated with ¢. An analogous result holds for the
skip-free Laguerre semigroups as well (see Theorem 3.4.14 below), although, we prove it under
the assumption that o in (3.5) is positive. The following proposition describes the intertwining

operator I that links the semigroups corresponding to skip-free (non-reversible) and the reversible
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Laguerre chains respectively. Let P = Span {px, k € Z. } and for any ¢ € B associated with the

triplet (m, 02, 1I), let I, : P + P be defined by

Lf(n) = E[f(B(Lo,, n))] = > £(r) (”)E (17 (1= 1,,)""] (3.74)

r
r=0

withE [I} ] = % forall k € Z,, where o is defined in (3.19) and we recall that Wy (k+1) =

k
[T o(r), Wy(1) =1.
Theorem 3.4.14.  [. For any ¢ € B, we have the intertwining relation on P
K{T, = T,K (3.75)

where K7t = K¢ with ¢(u) = oyu.

2. Moreover, if 0 > 0, then 1, : (*(n,2) — (*(ny,) is a linear operator that is bounded,

injective with a dense range and for all f € (*(n,2),
1Tsflle2(ng) < Iflle2mn, o) (3.76)
where n,:2 is the unique invariant distribution of]K"Q, and, forall t > 0, f € (2 (n,2),
KIT,f = I,KS'f. (3.77)
As a consequence of the above theorem, we obtain the intertwining relationship among the class
of discrete self-similar Markov semigroups.
Corollary 3.4.15. For ¢ € B with 02 > 0, we have
QfTy = 1,Qo2
both on Cy(Z, ) and £%(Z..), where we recall that Q? (resp. Q) is the discrete self-similar semigroup
corresponding to the Bernstein function ¢ (resp. ¢(u) = u).
We need the following lemma to prove the above theorem.
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Lemma 3.4.16. Recall the definition of p, in (3.53). Then, for all k,n € Z., we have

o k!

Iypr(n) Wk +1)

px(n)

where o1 is defined in (3.19).

Proof. Recalling the definition of I; in (3.74), we have, for all k,n € Z,

Lpi(r Zpk () " (1= 1) = E [pu(B(n, L,))] (3.78)

where B denotes the Binomial random variable with the parameters written in the parentheses and
the moments of /,,, are given in (3.74). Also, invoking the definition of the discrete dilation operator

D, we can write the above quantity as

k1.1
k ok
E [pe(B(n. 1r,))) = EIDy,, px(m)] = (B ] = i ypeln)
where the last equality follows from (3.74). This proves the lemma.
3.4.10 Proof of Theorem 3.4.14
From Lemma 3.4.13 and Lemma 3.4.16, we have, forallt > Oand k € N,
kk'
KT ypp =— A K¢
t LoPk W (k;+1) t Pk
k k
Z - k\ Wy(k +1) o
W¢k+1 1) Ws(l+1)

1=0
k 1
_ kk!z —t(] _ o=tk '

On the other hand, recalling that K = K? with ¢(u) = oyu, we have

i i\ k!
LK pe =) e (1 —e ) o)™ (l) Ty Lop
=0 ’

k
- okt k[ F ol
:k‘!Ze 1 — e loh l(l>—W¢(ll—|— T

=0
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which shows that for all &k € N,

K{Topr = LK{"py

and therefore, on P,
KT, = I,IK".

To prove now (2), it is plain, from Lemma 3.4.16, that I,(P) = P. Then, under the condition
o? > 0, we have that P(I,2 € [0, 1]) = 1, see [95, Proposition 6.7] (note that I,> = o21,, where I
is the exponential functional defined in the aforementioned paper) and thus I, is a Markov operator.

By means of Holder’s inequality, one obtains, for any f € (?(n,2),
ILsflle2mg) < ILsF2[lermy) = molof™. (3.79)

Now, for all k£ € Z, using Lemma 3.4.16 and Proposition 3.4.12(1), we obtain

o k!
nylspy = Z ny(n)Iypr(n) = Z ny(n)p(n) s = 0 k! = pn,e
We(k +1)
TLEZ+ HEZ+
which shows that nylly = n,2 as ny, n,2 are moment determinate. Therefore, (3.79) entails that
I; is a bounded operator from ¢?(n,2) to ¢*(n,) when 0? > 0. Hence, by the density of P in

(*(n,2), the intertwining relation given by (3.75) extends to ¢?(n,z2). This completes the proof of

the proposition. 0

3.4.11 Hilbert sequences and spectral expansion

In this section, we introduce a few notions from non classical harmonic analysis which have been
shown recently to be central in the understanding of the spectral expansions of non self-adjoint op-
erators in Hilbert spaces, see e.g. [95]. Two sequences (Pg)x>0 and (Vi )x>o are said to be biorthog-

onal in the Hilbert space ¢*(m) if for any k,1 € Z,,

(Pr, Vi) = L=ty (3.80)
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Moreover, a sequence that admits a biorthogonal sequence will be called minimal and a sequence
that is both minimal and complete, in the sense that its linear span is dense in EQ(m), will be called
exact. It is easy to show that a sequence (Pg)x>o is minimal if and only if none of its elements
can be approximated by linear combinations of the others. If this is the case, then a biorthogonal
sequence will be uniquely determined if and only if (Py)x>o is complete. We proceed with some
basic notions related to the concept of frames in Hilbert spaces. A recent and thorough account on
these Hilbert space sequences can be found in the book of Christensen [32]. A sequence (Py)x>0 in

(*(m) is a frame if there exist A, B > 0 such that the frame inequalities
Allf 1y < D1 Prdml® < Bl 112 ey (3.81)
k=0

hold, for all f € ¢*(m). If only the upper bound exists, (Px)x>0 is called a Bessel sequence. A
frame sequence is always complete in the Hilbert space and when it is minimal, it is called a Riesz
sequence. The latter are very useful objects as they share substantial properties with orthonormal
sequences. Indeed, a Riesz sequence always admits a unique biorthogonal sequence (Vy)x>o which
is also a Riesz sequence and both together form the so-called Riesz basis. Moreover, the expansion
in terms of the Riesz basis of any element of the Hilbert space is unique and convergent in the
topology of the norm. When (Py);>o is merely a Bessel sequence, that is only the upper frame
condition in (3.81) is satisfied, then the so-called synthesis operator, that is the linear operator

S : (*(Zy) — (*(m) defined by
S: Cc = (Ck)k20 — S(Q) = chpk (382)
k=0

is a bounded operator with (operator) norm ||S||,, < V/ B, that is, the series is norm convergent for
any sequence in /%(Z. ). However, S is not in principle onto as the (Py);>( does not form in general

a basis of the Hilbert space.

Proposition 3.4.17. Let ¢ € B.

1. Foranyk € Z,, P € (*(n,), and, for any t > 0,
K{P} = e *P}.
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Moreover, Span{P?, k > 0} = P which is dense in (*(n,).

2. Assume that 0® > 0. Then, (P,f )k=0 is an exact Bessel sequence in (*(ny) with bound 1 and
forany k € 7,

<1 (3.83)

P¢
H k €2 (n(,))

3. Ifo* > 0and dg > 0. Then, ( ck(dd,)P,f)k is a Bessel sequence with, for all k € Z,
>0

=

1

<— (3.84)
2(ng) Ck(d¢)

P

where ¢, (dy) = T(k+1)I(dg+1)"

Proof. Let k € Z, then it is plain, from Proposition 1, that, as a polynomial, P,f’ € (*(ny).
Then, we recall, from [95, Theorem 7.3] (after multiplying both sides of the next identity by (1 +

afl)_g) that, forany ¢ > Oand k € Z,
K{P? = e kp?

where we have set

k

Pie) = (1407 F S0 () gy © L)

V]

r=0
Thus, since A is injective on P C ¢*(n,), the algebra of polynomials, we have A~ p,(n) = pi(n)

and thus, by linearity

AP ) = (14 o) 5 31y

_ \r) A1 _ pé
= Wolr + 1) pr(n) = Pi(n). (3.85)

Finally, we observe from the gateway relationship (3.62) and the linearity of the operators, that
AKSP? = KPAAT'PY = KPPP = e HPp? = Ae ™P?.

The injectivity of A on P yields the eigenfunction property. To complete the proof of (1), we recall
the moment determinacy of ny, stated in Proposition 3.4.12(1), which entails, from classical results

on the moment problem, the density property of the algebra of polynomials in the weighted Hilbert
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space, see [2]. Next, when 02 > 0 and ¢(u) = ou, we recall, from Example 3.3.1, that (P7 Vo is
an orthonormal sequence of eigenfunctions of K¢ * associated to the eigenvalues {e *'},-,. Now,

from Lemma 3.4.16, it is easily seen, from the definition of Pd), that, for all £ > 0,
0.2
1P =P/
Since I, € Z ((*(n,2), (*(n,)) whenever o > 0, see (3.76), it follows that, for all & > 0, one has

1Pl g < 1P ll2qm,0) < 1. (3.86)

(ng) =X

After recalling that (P7 2) k>0 is a complete orthonormal sequence in ¢?(n,z2), we observe that, for

any f € (?(ny),

(6P, = 2 (TP, | = Tl ) < e,

k=0

WE

0

byl
< |l

This shows that (P{);=o is a Bessel sequence in £?(n,). Combining item (1) with the existence of

B

a biorthogonal sequence, see (3.91) below, we get that ( P,f )k>0 is exact, which proves (2). Finally,
to prove (3), let d. = dy — € for some 0 < € < d, and define ¢4 (u) = %(dué). From [95, Lemma
10.3], it follows that ¢4, € B and

lim —¢d6 (1) = o2

U—00 u

Now, we need the following whose proof can be carried out by following a line of reasoning similar

to the one of Theorem 3.4.14.
Lemma 3.4.18. Forallt > 0,

KT, =1, K% on (ng,,2) (3.87)
where K\@7*) s the discrete Laguerre semigroup associated to ¢p(u) = o*(u + d.) and ng_,»

denotes its invariant distribution.

Then, the proof of item (1) ensures that

P (n) = (1+02) 2Fd+1i ()L)

I'(r+d.+1)

130



2
) corresponding to the eigenvalue e~ *t.

. . . de, .
is an eigenfunction of ]KE <7 Therefore, using

Lemma 3.4.18, we have that I, P;de"ﬁ) is an eigenfunction of ]K§s corresponding to the eigenvalue

e~ ¥ and, in fact,

/f) (=D)L, pr(n)

k
o2 —2\—%
L, P ) =14 o)+ 0 Y () e

oy i K\ (=1)"p,r(n
~(1+07?) Z(r)%ng(n).

[SIES

Since the sequence (N / ck(de)P,ide’Ug)> is an orthonormal sequence in ¢*(n,_,2), see [63, equa-
k>0

tion (7)] or Example 3.3.1, and I, is bounded, we deduce that (x/ck(de)P,f> is a Bessel
€ k>0

=

sequence in £2(ny) and ||P? ||, , < ———. Letting € | 0, the proof of (3) follows.

Ver(de)
Proposition 3.4.19. Let ¢ € B, and, for k € Z., Vf be defined as in (3.21). Then, the following
holds.

1. Forallk € Z,,\? € (*(ny) and, for all t > 0,
KOV = e7Ftve,

2. Forallk,l € Z,

(PLVE) =Ty,

ng
= ¢
3. If 0> > 0 and I1(0) < oo, then ((1 to ) \/CVE“—)) is a Bessel sequence in (*(ny)
R ) k0
(o I'(k4+mg+1)

where we recall that my = mJ;Q ) and x(my) = NEPESHR(ESIE

Proof. Let us recall that for ¢ € B defined by

o(u) =m + ou + / (1-— e’“y)ﬁ(y)dy,
0
one has

$(00) = lim ¢(u) = collpesg) + (ﬁ(o) n m> 1o2_0)

UuU—00
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where 0 < II(0) = f;° TI(y)dy. Finally, let kg = 00l (,2-0} + 555, and define the set

T0(0)
2000
Z, if k, = o0

Zy = (3.88)
{k€Zi; k<ky} otherwise.

When both TI(0) = oo and ¢(00) = oo, we have set % = 00. Also, the condition (3.4) on II
implies that

/000(1 A y)T(y)dy < oo
and as a consequence, ﬁ(O) < oo whenever TI(0) < oo. Thus, ks < oo only when 02 = ( and

II(0) < oo. Itis shown in [95, Theorem 5.2], that v € C$2k¢J71(R+) and in [95, Theorem 1.11]

that, for any k € Z,, Vi € L*(v,), where

(14075 e (2hwy ()
k! ve(z)

We now assume that £ € Z; and recall from [95, Theorem 8.1], that, for all £ > 0,

Vi(a) =

K{Vy = e vy,
Now, the intertwining relationship (3.63) entails that, for any ¢ > 0,
f{?K(be = Kﬂ?ﬁs\/f = €7ktK¢V£.

Let us now characterize the quantity ]A\¢V,‘f when k € Zy. From (3.64) it can be easily checked that

7\¢vg’j(n) = /A\¢1(n) = 1. Writing ¢; = 1log(1 + o7 "), for any n, k € IN we have

ko R 1 ® e (@)
eFaAVO(n) = n )/ e 'x dedx

[e%e} dk;
— (n)k! /0 dxk(e*mx")xkud,(x)dx (3.89)

_ 1 (—1)/ (k+n—7)!

ng(n) == " (k=) (=0
= efavi(n) (3.90)

ny(k+n—j)
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where we used, for the second identity, the fact that, forall y = 1,... k,

dkij dj —x_.n
(4 () 7 (") = 0.

2 20,0(00) dah
Indeed, these asymptotic behaviors are deduced easily from [95, Lemma 5.22], which states that
forany z > 0,0 < j < kand a < dg, %(zk%(x)) < Ca?*® for some constant C' > 0.
Since Ay : L2(1y) — (2(ny) is a bounded linear operator, see Proposition 3.4.11(3), we have
that V¢ = A4V? € 2(n,) and this concludes the proof of (1) when k € Z,. Now, let 02 > 0.

Then, for any £, [ € Z., we have, from Propositions 3.4.17 and the previous computation that both

P?,V? € (%(n,) and using (3.85) and (3.90), we obtain

(reve) = (PLANE) = (PEVE) =1umy @91

n, ¢ 2
where we used that (73/;‘5 , Vf) k>0 1s a biorthogonal sequence in L?(v,), see [95, Theorem 1.22(2)],
recall that with the notation of this paper, P{ = (1 + 072)"5P, and V¢ = (1 4 0722V}, This

proves (2) when o2 > 0.

Next, assume that k& ¢ Z, which implies that k, < oo and thus ¢(c0) < oco. This entails that

the following two-sided bounds hold for any n € Z
¢(0)
e ?IWy(n +1) < / e Px"vy(z)de < Wy(n+1) < ¢(o0)” (3.92)
0

where the last inequality follows since ¢ is non-decreasing. Thus, we have

Woln+1) _ g(o0)”
n! = '

n! n!

< ny(n) < (3.93)

Hence, for any k € Z, fixed, with

S =3 s (Z(—qu(“”_” n¢<k+n—j>> <.

“—~n, = = j)Hn — 5!
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we have

1
eV [fagnyy = S(R) + (

I n¢<k+n—j>>

= = ) n = 54!

k —j 2 n
< S(k) 4 ) (Z M) Z W nlg(c0)” nz <00 (3.94)
— 1l s 1) !

where the last inequality follows after observing that,

. ant+1 . (n + 1)¢(OO)2
lim = lim

where the a,,’s are the coefficient of the last series. When ¢ € B is such that ¢(u) = m + [~ (1 —
e~ I1(y)dy, let us define ¢, € B as ¢.(u) = eu+@(u) with € > 0. Then, from Proposition 3.4.12,

it follows that for small values of € and for all n € Z .,

ng, (n ;

W¢6 n+r—|—1)
n.Z

+ +1)
nlz TL r

As ¢ (u) > ¢(u) for all € and v > 0, it follows that Wy (n) > Wy(n) for all n € N. Also,

Wy, | W, pointwise as € — 0. Since, for small values of € (e.g. 0 < e < 1),

i W (r+n+1)
r!

< 00,
r=0

the dominated convergence theorem yields the following pointwise convergence as ¢ — 0,

Ny, — Ng. (395)
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Hence, for any 5,k € Z.,

lim(V}", pj)n,, =lim Z p;(n)Vy* (n)ny, (n) (3.96)
- gnz pi(n) ;H)“ © Yf;fn‘_jj;! nelkbn=g) G
+lim g p;(1) g(—l)kj G (k;;,?n_ j}) i g, (k+n—j).

In (3.97), the first term is a finite sum and therefore

hmzpy Z k_j(k(k+n_j) ny (k+n—j)

0 ~ I = 3)'7!
. (k+n—y .
:;pj<n>;<_1>k L ey T NG E)

For the second term in (3.97), we have

0o k
Z Z L k*”_” ng, (k +n—j)
k

— ) n —5)l5!

:‘0(_1 .Z Lj—)ﬁn@(;ﬁn_])

Since ng. — n, pointwise as € — 0, the distribution ng_converges to n, weakly. Also, for any

keZy,ase— 0,

Zpk n)ng (n) = Wy (k+1) = W(k +1 Zpk

Applying (3.54) on the previous identity we obtain that, for all k£ € Z, as e — 0,

Z nFng, (n) — Z nFng(n). (3.98)
n=0 n=0

Since, forany k € Z, and j < k,



uniformly with respect to j, using a dominated convergence theorem one can show that for each
J <k,
) (k + n—j)! (k —i— n— j) ‘
g%Zpy i =y (k+n - j) Zp] R ny(k+n—j).

Thus, (3.97) yields

Pe _ o
lim <vk , pj>n¢€ - <vk, p]>n¢ . (3.99)

Now, if 02 = 0, since, for any k € Z_, P,f’ € P = Span{p;,j € Z,} and the coefficient of p; in
Pf‘ converges to the same in P,ff forall j € Z,, as ¢ — 0, applying (3.99) it follows that, for all
k,leZ,

Loy =lim (PP VE) = (REVE),

where ¢.(z) = eu + ¢(u). This proves (2) for all 0 > 0 hence for all ¢ € B.

To show that V,‘f is a co-eigenfunction of IK® when o2 = 0, we proceed as follows. Proposi-

tion 3.4.17(1) and (3.91) yield that, for [,k € Z,, and t > 0,

(RIVEPY) = (VEKIPP) =™ (VL PP) = e ™y,

ng ng ng

Therefore, for all € B,t > 0 and k,[ € Z, we get
(RpvE = e viPy) =0,
ng

Since (P is dense in £2(ng), we deduce that, for all t > 0 and k € Z,,
ePRIVE = V2, (3.100)
which proves (1) for all ¢ € B.

To prove item (3), it is known from [95, Theorem 10.1(1)] (after multiplying by the factor

EVY .
2 k ) is a Bessel sequence
k=0

v ¢k (my)

(14 02)~%) that, when o2 > 0 and ﬁ(O) < 00, ((1 +07?)"
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in L2(1,). Recalling that, for any k > 0, A,V = V?, see (3.90), and A, : L2(vy) — £2(ny) is

¢
a contraction, we conclude that ((1 + 0’2)_g %) is a Bessel sequence in £?(n,) and for
Ce(Mmy k>0

allk € Z,,

NES

Vil < (14 07%)7 /e (my).

3.4.12 Proof of Theorem 3.2.10

The proof of the item (1) and (2) follows directly from Proposition 3.4.17(1) and Proposi-
tion 3.4.19(1),(2).

Finally for the proof of (3), we now assume that 0> > 0. We recall from (3.19) that o; = 02 in

this case. Then, for all f € ¢*(n,2) and ¢ > 0, the intertwining relation (3.77) yields that

KIT,f = T,KSf

— LY e (hP) P
k=0 a2

o

= e k s k2 & .
St (fpe) P (3.101)
k=0

n_>
where the second identity relies on the spectral decomposition of the reversible birth-death chain,
see Example 3.3.1 with ¢(u) = o?u, whereas the last one is justified as follows. First, since
02 > 0,1, : (*(n,2) — (*(ny,) is a bounded linear operator, and, with the help of Lemma 3.4.16
and the definition of P,f’ in (3.20), it follows that I,P7 ? = P,f . Moreover, from Proposition 3.4.17,
we have that the sequence (P,f’ )k>o is a Bessel sequence and thus its associated synthesis operator
S : (3(Zy) — (*(ny), see (3.82) for definition, is bounded. Since (P,;’Q) is an orthonormal

k>0
sequence in ¢*(n,:2), it implies that for all £ > 0,

(ekt <f,P,32> ) c ((Z,)
52/ k>0

and hence the series on the right-hand side of (3.101) is in £*(n,). Next, as noted before, we have

that ]I¢P,;’2 = P,f for all £ € Z,. Now, recalling that (P,ﬁ5 , V,‘f) k>0 is biorthogonal in ¢*(n,), see
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Proposition 3.4.19(2), we have forany [, k € Z,

(PrNE), = (LeP )~ (PEVE). Ly

As (P )= is orthonormal in £2(n,>) (hence biorthogonal to iteself), by uniqueness of biorthogo-
nal sequence we conclude that Ebe = Pk‘72 for all k € Z,. Therefore, writing g = I4f € (*(n,),

we have, forall k € Z .,

(ev8),, = (RIv0), = (nP)
ng n,2 n_ 2

Thus, from (3.101), for g € Ran(L,), the range of L, one gets
Kig = > e (g Vi) P =S
k=0 e
where the last identity serves as defining the spectral operator. Note that since (]Kf g, V,‘f>n 5 =
(g, E\{fV@% = e (g, V@nw we deduce that

o

5.8 = Z <]Kf’g, V£> P,(f.
ng

k=0
Moreover, as the closure (in ¢*(n,)) of Ran(I) is ¢*(ng), by the bounded linear transformation
theorem, K is the unique continuous extension of the continuous operator S, : Ran(I;) — £2(ng).
We now extend the domain of $; to £*(n,). First, by means of Cauchy-Schwartz inequality, we

have, for any g € (*(n4) and k € IN,

= llgllemo A Vilem,)

(8 Vn,| < lgllen) VS

£2(ny)

< el ||VE]

L2(vg)

where we used Proposition 3.4.19 and the fact that /A\(b is a bounded operator. Next, since from [95,
Theorem 10.1], we have for k large enough and all € > 0, ||V,‘f||L2(V¢) < C.(1 4 072)2¢e*, with

C. > 0, this implies that for all g € (*(n4) and ¢ > L log (14 072),

(*(e Vi) _ € C(22).

=
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Finally, the Bessel property of the sequence (P) entails that S,g € £2(n,), which completes the

proof.

For the item (4), we recall from [95, Theorem 10.1] and the proof of Theorem 3.2.10(3) that,

forall e > 0 and k € Z, there exists C. > 0 such that

Hv¢ <CO(1+02)5e* (3.102)

<[vi

2(ny) L2(vg)

whenever 02 > 0. Moreover, forall k € Z,, P,f [ 2ny) S 1. Therefore, (3.22) entails that for all

t > % log (1 + 0~2), the operator ]Kf can be approximated by the sequence of finite dimensional

operators
N
oy et <f,v$> P, N >1,
= nd)

which proves the compactness of the semigroup. Finally, for [ € Z,, let us choose f = §; in (3.22).

Then, for all 0> > 0, > 0 and n € Z,, we have
K{(n,1) = K{o(n) =Y e MPP(n)V(I)ny(1) (3.103)
k=0

where the last identity holds in 62(n¢). Now, from Proposition 3.4.17(2), we have that, for all

k,neZ.,,
k n Il¢ n)x k gz(nd)) B

while, from Jensen’s inequality and (3.102), we get, for all k,[ € Z_, that there exists a uniform

constant C,. > 0 such that for all ¢ > 0,

_onk
V(s (D)] < IV llemy) < IVEllemy) < Ce(l+072)2e™, (3.104)

Since ny(n) > 0 for all n € Z,, see (3.66), for all 1 log (1 + o~ 2) 4 € < ¢, we have

> PV (D) g (1)

< C. e < 0.
k=0 kZ:O v )

As € > ( is arbitrary, the proof of the item (5) is completed.

6

(3.105)
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3.4.13 Proof of Theorem 3.2.12(1)

From [95, Lemma 10.4], we get that

p(n) —o?*n  m+ [°1(y,00)dy
Mg = nh—{glo o? - ; o2 > de - (d¢ - e)ﬂ{d¢_€>0}'

Let us write o = % log(1 + o~2). Then, using (3.22) along with the fact that P(jZS = 1, we obtain, for

all f € (5(ny) = {g € *(ny); ngg = 0},

et (f, v¢> Py
ny

V¢
“\ / ehe (fehe ——k cr(dy)PY. (3.106)
P ce(mg) /-

Since (\ /c(dg)P? ) . is a Bessel sequence with bound 1, we obtain from the boundedness of the
>1

KOf =

8 uMg

synthesis operator, see (3.82), and (4.40) that, writing V_ﬁ = , forall f € (3(ny),

<f, e_kQV_,‘f>
ng

6—2tc1( ¢) 2gze—2(k—1)(t—g) ¢ (my)cr(dy)
a(dg) = ¢r(dg)e1(my)

Now, from the proof of [95, Theorem 1.18(3)], we know that

ck(m¢

2

o0
—2kt Ck m¢> o2k
1Ko,y <D e ‘

2

(3.107)

()
ng

(k1) (t—0) Sk ()€1 (dy) < 1 (m¢ + 2)
supe ——————— L1l <<= t>T=-lo + 0.
o1 ce(dg)er(mg) 2 B\ d,+2) "¢

Thus, using this bound, the fact that <e*k9V_;f> is also a Bessel sequence (with bound 1) in
k>1
(*(n,) and the second inequality in (3.81), we deduce from (3.107) that, for all f € ¢%(n,) and

t>T,

2t 2 C]_(
‘ (ng) = a% dg+1

¢ (d

When t < T, %%ﬁe—% > 34555 > Lasmy > dy. Therefore, (3.108) holds for all ¢ > 0

K] 7 ) < =2 |f]| (3.108)

(ng)

)) |2

as KK? is a contraction semigroup. Finally, noting that, for any f € ¢*(n,), f — nyf € ¢%(n,), the

proof of the theorem follows.
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3.4.14 Interweaving between skip-free and continuous Laguerre semigroups

Following [85], for two Markov semigroups P, P’ defined on two Banach spaces B, B’ respectively,
we say that P has an interweaving relation with P’ if there exist two Markov kernels A : B — B

and A’ : B — B/, and a non-negative random variable T such that

PA=AP on B
P'AN=AP on Band

AN = Py = [ PP(t € dt).

We call T the warm-up time or the delay and we write P <P P’ or P P Pto emphasize the
dependence on T. Note that when T = J;, is the degenerate random variable at ¢, > 0, we may

t,
simply write, when there is no confusion, P ey

When T is in addition infinitely divisible we say that P admits an interweaving relation with an

infinitely divisible warm-up time with P’ and we write P P Finally, when we also have
AN =P (3.109)

we say that there is a symmetric interweaving relation between P and P’ and we write P «~s P’
We refer to [85] for a thorough study and several applications of this concept that refines the one of

intertwining relations.

Let now K? be the skip-free Laguerre semigroup corresponding to the Bernstein function ¢
associated with the triplet (m, o2, 1), see (3.5), and K * be the diffusive Laguerre semigroup with

generator

17— o2t N x)i (3.110)
dz? dz’ '

Theorem 3.4.20. [f 02 > 0 and TI(0) = [ TI(y, c0)dy < oo, then for all § > m, = ™),

o2

K? & K°°
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where T3 is an infinite divisible random variable characterized, for any u > 0, by

o (o \"T(1+ BT (u+1)
/0 ¢ P € db) = (1+o—2) D(u+B+1)

2 u
= o ef(bﬁ(u)_
1+ 02

Before proving the theorem, let us show the following lemma.

(3.111)

Lemma 3.4.21. Let K7 be the semigroup defined as above and K be the semigroup with generator

2

d d
L=a— 4 (1—2)—.
xdx2 * :B)d:v

Then, for allt > 0,

ngd% =da Ky on L*(v)
where for o > 0, d, f(x) = f(ax) is the dilation operator on Ry and v(x)dx = e *dx,z > 0, is

the unique invariant distribution of the semigroup K.

Proof. It can be easily checked that if f is a polynomial, then
L7d. f=d. Lf (3.112)

Next, we recall from [95, Theorem 1.6(3)] that the set of all polynomials form a core for L in L?(v)

and d 1 Vg2 =V where 1,2 is the invariant distribution of K7 . Since
[ea

di :L*(v) = L (vy2)

1
o2
is an invertible operator, (3.112) extends at the level of the corresponding semigroups, which proves

the lemma.

3.4.15 Proof of Theorem 3.4.20

Let i be the self-adjoint Laguerre semigroup with the generator

L® = xd—2 +(1+5- x)i
dx? dx
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From [85, Proposition 26], it is known that, for all 3 > my,
K¢ g(@ K®)

where T is an infinitely divisible random variable with Laplace transform given by

X s (B) A+ )T (u+1)
/Oe P(t'" e ds) = TutB11) u > 0.

More precisely, for all ¢ > 0,
KP1,Bs = I,BsK”  on L?(vp)
KPPV =VaK?  on L (i)

with

Lo f () = E[f(z1,)] (3.113)

and, forallk € Z, E[] ;f] = V3 1s another multiplicative Markov kernel associated with

%1% (lc+1

the random variable Y3 whose law is determined by its moment sequence given, for all k € Z., by

Wy(k+1)
EY} =D(1+8)—2" 12
[¥s] ( ml“(k—i—l—l—ﬁ)
Finally, we have Bﬁf = ””B fo (1 + y)x)y?tev*dy,x > 0, and I¢]§5Vﬁ = Kﬁm. Now,
from Proposition 3.4.14, we know that
KT, = I,K on £2(n,2) (3.114)

where K7° = K? with #(u) = o?u. On the other hand, from Proposition 3.4.11, it is known that
KPA = AK? on (2(ny) (3.115)
and from [84, Proposition 25] along with [85, Proposition 30] and Lemma 3.4.21, we have

]th21/i02 = //iosz2 on LQ(ng)
Ko°d1 By =diBsK? L>
7 d1iBg=diBgK;” on L*(vp)

Kt(B)Vﬁ = VﬁKf on L2(V¢)
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where v,2 (resp. vg) equals v, (the invariant distribution of the semigroup K ¢, see Proposi-
tion 3.4.11(2)) with ¢(u) = o*u (resp. ¢(u) = u+ ), do f(x) = f(ax) is the dilation operator and
Ay2 - L2(v,2) — (2(n,2) is a Markov operator defined by

2(n—1) n

—~ o T —2
Ay2(n, dz) = —o(1407%) gy,
s2(n,dx) (1+0_2)nn+16 x
By transitivity of the intertwining relation, it follows that
KTyAye = IyA,2K2°  on L2(1,2) (3.116)
KoY = TKY on (*(ng) (3.117)

where T = d% ]§5V5A. Now, from (3.116) and (3.117), it remains to show that ]I¢/AX02T = ]Kfﬁ,

where T3 is defined as in the proposition.

Lemma 3.4.22. The operator 1, in (3.113) commutes with the dilation operator d. Moreover, if

02 > 0 then dy21,A = T4\ on (*(ny).

Proof. Since I, is a multiplicative Markov kernel, commutation with the dilation operator
follows readily. Now, for the intertwining relationship, by density of P = Span{px;k € Z} in

52(n¢), it suffices to show that, for all k € Z,

dGQI¢Apk = A]prk

o2k !

Wy (h+1)?

O.Qk

%(—ki!l) which proves the lemma. Coming

However, I;pi, = and d,213Apy, = dy2lypr =

back to the main proof, by an application of Lemma 3.4.21 and Lemma 3.4.22, we obtain

ATgA 2T = dpeTyAR 2 T = dyelyANped 1 BsVsA. (3.118)
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Again invoking [85, Proposition 25], we have AKUz = K

10g(1+0-—2)- WI‘ltlng 0= %log(l + 0-—2) as

before, (3.118) yields
ALY =d,21, K3 d oy BsVsA
=d,21yd 5, By KV A
=1,B5VK3,A
=K%, K5\
=AKY,
where in the last line of the above equation, we used the fact that T3 = %) + 2. By injectivity of

A, it follows that T;T = K¢ .- This proves the proposition. 0

3.4.16 Proof of Theorem 3.2.12(2)

We recall that L7 is the generator of the self-adjoint Laguerre diffusion defined in (3.110) whose
invariant distribution is v,2(z)dz = Lv(z/o?) = Le ™/ **dz, x > 0. Let us first prove the ®-
entropy decay for K * the semigroup generated by L°°, that is, for all admissible function ® and
f € LY(v,2) with ®(f) € L!(v,2) one has

Enty , (K7 f) < e 'Ent} (f). (3.119)
In Lemma 3.4.21, we have shown that the semigroups K ** and K are equivalent via the similarity
transform induced by the dilation operator d,2. We first claim that it is enough to prove the expo-
nential entropy decay in (3.119) replacing K o? by K. To see why, we note that for any o2 > 0,

f € LY(v,2) with ®(f) € L'(v,2), one has by the change of variable along with Lemma 3.4.21

that,

/Ooo O(KT f(x))vp2(x)dr = /000 %QD (tho2f (%)) v (%) dx

= /000 O(Kydyz f(x))v(z)de.
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We also observe by the change of vairable that for any f € L'(v,2), one has ® (v, f) = ®(vd,2 f).

As a result, we have
Enty , (K7 f) = Ent} (Kydy2 )

which proves our claim. Next, we state the following result regarding the exponential entropy decay

of the semigroup K generated by L.

Lemma 3.4.23. For any ® as above and f € L'(v) with ®(f) € L' (v), one has

Ent®(K,f) < e 'Ent2(f).

Proof. Since L is a diffusion operator, from [20, Equations (6) and (7)], it suffices to show that
for an admissible function ® and f € L'(v) with ®(f) € L'(v), one has the following ®-entropy

inequality
Ent? (f) < u(@"(1)0())) (3.120)

where [ is the carré-du-champ operator, see [7, Section 1.4.2] associated to L, that is, for smooth
funcitons

L(f) = L(f*) - 2fLf.
From [26, Theorem 2.1(2)] it follows that (3.120) is equivalent to the fact that the operator L
satisfies the curvature dimension condtion CD(%, 00), which is indeed true from [7, Section 2.7.3].
Hence the lemma is proved. Now coming back to the proof of Theorem 3.2.12(2), due to the
interweaving relation in Theorem 3.4.20 and the estimate in (3.119), the proof of this theorem

follows directly from [85, Theorem 8]. O

3.4.17 Proof of Theorem 3.2.14

For ergodic self-adjoint diffusion semigroups, we know from [7, Theorem 5.2.3] that the hypercon-

tractivity can be interpreted in terms of the log-Sobolev constants corresponding to the semigroups.
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Let us consider the self-adjoint Laguerre semigroup K * defined in Proposition 3.4.20. For this
semigroup, the invariant distribution is v,2(z)dzr = C%e*‘”/ *dx, x > 0, and the log-Sobolev con-

stant is

4 [o. xf(x)*Vy2(d)
cLs = inf ad

. 3.121
1eC® ) S l2g, =1 Ju, f(2)?1og(f(2)?)vo2 (d) G-12D

The numerator in the above expression is four times the Dirichlet energy associated to L°* defined
by
0.2
E.N) = ~(L7F fhy= [ af (0P (da)

Ry

It was shown by Bakry [6] that ¢, = 1. Hence, by applying [7, Theorem 5.2.3], we infer that for

allt > 0,
0.2
KT e, o) snmo,0) < 1

where p(t) = 1 + e’ and v(dz) = e *dz, x > 0. Having the above hypercontractivity estimate,

the rest of the proof follows from [85, Theorem 9] and Theorem 3.4.20. O

3.4.18 Proof of Theorem 3.2.15

First, we note that the semigroup IK®™ has the same invariant distribution n as KK?. Let us recall
that for 02 > 0, o = %log(l +o072). Ift > %, Theorem 3.2.10(3) entails that, for all s > 0 and

f € (*(n,), we have

K pogf = ) e e ™ (f,V{)n, P in £(ny). (3.122)

k=0
For ¢t > 0, let us define the random variable T5(¢) such that t5(t) = 20t + T5(t). Indeed, from

(3.29) it follows that for all ¢ > 0,

lOgE [e—u%,g(t)} _ —log (F(F(U + 5 + 1) ) )

1+ B)(u+1)
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Then, integrating both sides of (3.122) with respect to P(Ts(t) € ds) with ¢ > 1 we obtain
K™ f = / Kf P(t4(t) € ds) = / K2, ,,.f P(Ts(t) € ds)
0 0

:/OOO (Ze 2heto=ks (f /9, P¢’> P(T5(t) € ds)

k=0

S et [ <o
0

k=0
where the last equality follows due to Fubini theorem with the help of the estimates || P le2(ng) <
1, ||V¢ l2(n,) < Cee™@T) for arbitrary e > 0 and k € Z, see Proposition 3.4.17 and the proof of

Theorem 3.2.10(3). The proof of this item is concluded by recalling that, for all k € Z_,
e 2! /OO e TMP(Ts(t) € ds) = e 1),
0
For the next item, applying Jensen’s inequality we observe that, for all 3,¢ > 0,
Ent? (ﬂ{fjff) /0 h Ent?, (E{erTﬁf) P(ts(t) € ds).

Using Theorem 2, when ¢ > 0 and 8 > my, and with the right-hand side of the above inequality

is bounded above by
/ efSEntEd) (F)P(ts(t) € ds) = e*t@?(l)Entﬁd) (f).
0

This proves (2). Finally, with 153 = T3(1) chosen independent of (Tz(t));>o Which we recall is a

subordinator, we have, by the triangle inequality, that, for any f & 62(n¢),

¢Tﬂ
e

smf P(tp(t) € ds)

@P(at) 1’1¢ @I’(O‘t) (1’1¢)

_ H / K?pp0s,f P(F5(1) € ds)

s
< / HKS+2Qt+T5f
0

Invoking Theorem 3.2.14, the right-hand side of the above inequality is bounded above by

(>t (ng)

IP(:EB (t) S dS)

p(200) (n )

¥l 2o / P(%5(t) € ds) = ||l
0

which completes the proof.
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CHAPTER 4
A NEW CLASS OF SOLUTIONS TO THE VAN DANTZIG PROBLEM, THE LEE-YANG
PROPERTY, AND THE RIEMANN HYPOTHESIS

4.1 Introduction

In his seminal paper [82], E. Lukacs provided comprehensive and fascinating insights towards the

characterization of the class of functions

where
1
VF(t) = —=——,t € R,
®) F(it)
and 2, stands for the set of continuous bounded positive-definite functions, normalized to be 1 at
the origin. Note that by Bochner’s theorem, &, is the set of characteristic functions of real-valued

random variables, see e.g. [120]. This question was posed, as a prize-winning problem, by David

van Dantzig, a Dutch algebraic topologist, in Nieuw Archief voor Wiskunde.

If F € Z then the function V F is called the (van Dantzig) reciprocal of F, and also belongs to
2. This last fact entails, see Proposition 4.3.1, that any F € & admits an analytic extension on a

cross section of the complex plane including the imaginary line in its interior. We also let
Dy ={[F,VF| € P, x P,; F(it) - VF(t) = 1 forallt € R}. 4.2)

We say that F is a van Dantzig function and that [F,V F| is a van Dantzig pair. Note that the
mapping V' : ¥ — & is a multiplicative involution, thatis, VF Fo = VAV Fand Vo VF = F,

see Proposition 4.3.2 below.
The first historical instances of non-trivial van Dantzig pairs are

1 sint t t2 &2
Tz e 7. 4.
{COSt’ cosht} ’ [ t’ sinht] and [e e 2} (4-3)
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We notice that, in the last example,

is the characteristic function of a standard normal random variable for which it is immediate that

VFn(t) = 1/Fn(it) = Fn(t) and hence Fy € Zg, where
Ds ={F e P F=VF}

is the invariant set of V' or self-reciprocal elements of &. It is easy to see that, for any F € Z, the
mapping t — F(t)V F(t) is in Ys, meaning that the set Zs contains many more elements than Fy.
However, the following fact, due to Lukacs, offers an original characterization of the characteristic
function Fy

{[Fi, 7o) € Doy —log Fj € N(R), j = 1,2} = {[Fn, A}

where IN(R) is the set of negative definite functions on R, see [ 120, Chapter 4] for more information
on this set. In other words, if F and V' F are infinitely divisible then they are identical and both

equal to Fy.

Regarding the first example in (4.3), it is immediate that the mapping ¢ — cost is the character-
istic function of a random variable taking values 4-1 with equal probability, whereas ¢ — (cosh ¢)~!
is the characteristic function of a random variable with density (2 cosh(mz:/2))~!, € R. For the
second example, the mapping ¢ +— sin ¢/t corresponds to the characteristic function of a uniformly
distributed random variable on the interval [—1,1] and ¢ — ¢(sinh¢)~! to the one of an absolutely

continuous probability measure whose density is Z(1 — tanh(nz/2))?, = € R.

Another classical example, discussed at the end of Lukacs’s paper, and presented in a more

general form in [59, 50], is expressed in terms of the entire functions
Tt =Tw+Dt7"],(t), I(t) = T,(t), 4.4)
where J, is the Bessel function of the first kind of index v, and given by the pair

1 1
|:j,,, Z:| < .@2, v > —5. (45)
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The corresponding pair of random variables are described in details in [59], see also (4.65) and
Lemma 4.5.7. This set of examples turns out to be the only canonical solutions to the van Dantzig
problem available in the literature. Note that they all belong to the subclass &;, C &, originally
identified by Lukacs [82], which stands for the set of even entire characteristic functions in the
Laguerre-Polya class. That is, entire functions which are locally the limit of a series of polynomials
whose roots are all real, see Section 4.2 for further discussion on this class. Throughout, we shall

provide several ways of generating new instances in &, and also present new subclasses of 7.

We start by identifying a connection between two fundamental problems in mathematics and the
subclass ;, C &. First, we explain how the Riemann hypothesis can be equivalently formulated
by the membership of the Riemann ¢ function to the class Z;, something which, in a different
context, was observed by Roynette and Yor [117]. Similarly, the celebrated Lee-Yang property in
statistical physics, discovered first by Lee and Yang in connection to the Ising model on a finite
lattice, is also equivalent to the requirement that the partition function, viewed as a function on the
imaginary line, belongs to 71, see [55] for a thorough account on this topic. This connection relies

on the theory of Polya frequency functions developed by Schoenberg [121], see Section 4.2.

In view of its importance, we first aim to develop an in-depth analysis of the subclass Zy.
On the one hand, we adapt several substantial results that one can find in the number theory and
statistical mechanics literature to provide new information about the class Z;. Conversely, by
means of probabilistic techniques combined with the theory of entire functions, we also provide
original closure properties of the class &; which give new insights to the two aforementioned
problems. For instance, we find necessary conditions for the product of two independent random
variables to belong or to remain in &, see Theorem 4.3.13. In the same vein, in Theorem 4.3.14,
we revisit, improve and extend to the class &, a recent result due to Newman and Wu [91] regarding

the closure property of this class under locally uniform convergence.

Another objective of this chapter is to identify a new subclass, denoted by Zp, of analytic char-

acteristic functions that belong to the class &, that is, are solutions to the van Dantzig problem.

151



More specifically, to each Laplace exponent ¥ of a (possibly killed) spectrally negative Lévy pro-
cess which is positive on the interval [1/2, 00), we associate the function Jy € Zp which is defined
by
o0 )
Jo(t) =1+ ; Wt%

Since lim,,_,», ¥(u) = oo, we deduce easily that 7y defines an entire function. We refer to sections
4.4 and 4.5.2 for more information about the objects introduced here and this class of functions,
whose analysis is intimately related to the Wiener-Hopf factorization of the Laplace exponent V.
We also point out that the entire function Zy(t) = Jy(iv/t) was introduced in [102], and has
appeared in various mathematical contexts recently, in probability theory [99], in the spectral theory
of some non-self-adjoint operators [95, 107], in the study of special functions [133] and a chapter
is devoted to this class of function in the monograph [74]. Note that when ¥(n) = n(v + n) is
the Laplace exponent of a (scaled) Brownian motion with drift v > —%, then Jy boils down to the
Bessel-Clifford function 7, as defined in (4.4). The class Zp includes a wide range of other well-
known special functions such as several hypergeometric functions, the Mittag-Leffler functions,

and the Wright functions, among others, see Section 4.4.2.

Theorem 4.4.1 states that Jy € Z. Its proof relies on identifying the two random variables
whose characteristic functions are Jy and 1/Zy,Zy(t) = Jy(it), see Lemmas 4.5.8 and 4.5.7,
respectively. This is achieved by introducing a Markov operator, see (4.60), that serves on the
one hand to show that Jy 1s the characteristic function of the product of two independent random
variables (one having as characteristic function the Bessel function 7). On the other hand, it also
turns out to be an intertwining operator between two Markov semigroups, see e.g. [95] for a review
of this concept. From this fact, we deduce first that ¢ —+ Ty (+/%) is an invariant function for one
of these semigroups and then its reciprocal is the Laplace transform of a positive random variable
associated to the Markov process, from where we conclude by invoking an argument involving the
Bochner subordination of a Brownian motion. Moreover, since J, € 9r N YDp, it is natural to
wonder whether Zp C ;. This is a very delicate question as it is difficult, in general, to identify

the location of zeros of a power series. However, we manage to provide necessary conditions on
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U for Jy € Z;, that is the entire function has only real zeros. We also identify instances of entire

functions in Zp which have non real zeros, revealing that 7, C &, see Theorem 4.4.4.

The remaining part of the chapter is organized as follows. In Section 4.2, we introduce the
Lukacs class Z;, and present its connection with the Riemann hypothesis and the Lee-Yang prop-
erty. Section 4.3 is devoted to a thorough analysis of the sets & and %, including some closure
properties of &, under various mappings, and to the identification of original ways to generate new
elements in Z;,. In Section 4.4 we introduce the new subclass Zp and provide some interesting
properties. Finally, in Section 4.5, we collect the proofs of the results presented in the two previous

sections.

4.2 The Lukacs class 7;,

We start by recalling that an entire function is in the Laguerre-Pdlya class .Z<7 if it is the local
uniform limit of a sequence of polynomials with real coefficients and real zeros only. In fact, based

on ideas of Laguerre, P6lya and Schur [113] showed that ¢ is in .ZZ if and only if

o(z) = K zme €2 taz H (1 - i) e** 2 e C, (4.6)

k=1 “k
for some m € Z,, K,c,a € R, z, € R\ {0} such that >_ 1/2? < oo, and, where 2, k € IN, are

the nonzero zeros of the entire function ¢, arranged in order of nondecreasing modulus.

Lukacs was interested in even characteristic functions in the class .22 and made the obser-
vation that such functions are automatically in &, something that we explain in the sequel. Let

now

LY, ={p e LYP; piseven and ¢(0) = 1}. 4.7)

The representation (4.6) immediately gives that ¢ € Z%2 must be of the form

0 2
p(z)=e "] (1 - Z—Q) . cER, >0, Y 1/7 <o (4.8)

z
k=1 k k
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Indeed, the even functions in %2 are the functions of the form (4.6) with m = 0, K = 1 and
zeros that are symmetrically placed around 0 on the real axis, resulting in precisely the form (4.8).
Next, we mention that the order p and the exponent of convergence o of an entire function ¢ in the
Laguerre-Po6lya class are such that

0<o<p<2

log log max|; |, [¢(2)|
logr

where we recall that p = lim,_, and o = inf {& > 0; >, |2/ < oo }. Here

and throughout, we refer to the monograph of Levin [79] for information related to entire functions.

The functions in the examples (4.3) and (4.5) are all of the form (4.8). However, we emphasize
that if an entire function ¢ is of the form (4.8) then it needs not be the case that the mapping
t — @(t) is positive-definite on R. Nevertheless, Schoenberg, following Hadamard, proved that
the reciprocal of a normalized Laguerre-Pdlya entire function (non-necessarily even) is in &2,. In

particular, we have the following.

Theorem 4.2.1. [/2], Theorem 1] If ¢ is of the form (4.8) then

o0

USRI s T A 4.9
adwriak 1T +Z2 (4.9)

k=1

is the characteristic function of a symmetric Polya frequency density fp, namely,

Fiolt) = = = [ e hptais

where [p is a symmetric probability density function on R such that, foralln € N, x1 < --- < x,,

Y1 < -+ < Yy, the determinant of the matrix [fp(x; — yi.)|} =, is non-negative.

Moreover, the probability measure with density fp is infinitely divisible, that is, equivalently,

t — —log Fy,(it) € IN(R), see Kwasnicki [72, Proposition 5.3].

We point out that an easy way to see why (4.9) is a characteristic function is by a probabilistic
argument. Indeed, let N, Z;, Z,, . .. be independent random variables where N is a standard normal

and each Z; a standard Laplace random variable, that is, it has density %e"x', x € R. Then, one
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observes that the random variable
X=cVoN+) = (4.10)
j=1 i

has characteristic function (4.9). Then, relying on Theorem 4.2.1, Lukacs observed the very useful
fact that if an even characteristic function F is in the Laguerre-P6lya class then it is necessarily

solution to the van Dantzig problem. This leads us to introduce the following class.

Definition 4.2.2. Let
D, =LPNP. CD

be the Lukacs class of solutions to the van Dantzig problem.

The examples in (4.3) and (4.5) are not just in & but also in ;. Further elements of &, can be
generated by means of the mappings described in Theorem 4.3.5 below, and, also from the subclass
of & that we introduce and study in Section 4.4, see Theorem 4.4.4. We already mention that in

Section 4.3 we provide some (partial) characterizations of the class 7y .

The first appearance of this class of Laguerre-Pélya characteristic functions traces back to Pélya
[113] who, motivated by Riemann hypothesis, was interested in characterizing all (complex valued)

functions f on R such that the analytic extension of
t— / ' f(z)dw is an entire function with only real zeros. (4.11)
R

We refer to the recent paper by Newman and Wu [92] for an excellent account on Pélya’s approach
and to de Bruijn’s fascinating contributions to this problem. Theorems 4.3.10, 4.3.11 and 4.3.12
below form the adaptation of these results in the context of the van Dantzig problem. From that time
onwards, the Laguerre-Pdlya class of characteristic functions has become ubiquitous and plays a
central role in various fields of mathematics. In what follows, we describe the connection between
the class 7, and both the Riemann hypothesis, and, the Lee-Yang property that appears in some

statistical mechanics models and in Euclidean quantum field theory.
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4.2.1 The Lukacs class and the Riemann hypothesis

There is a fascinating literature describing the role played by the Riemann ( function in probability
theory, see the excellent papers [16, 17] and the references therein. In the spirit of the work of
Roynette and Yor [117, Théoreme V.3.2], we now explain how the Riemann hypothesis can be

formulated in terms of the van Dantzig problem. Consider the Riemann ¢ function

((z) = Zn_z, Re(z) > 1,

which, when extended meromorphically to the whole complex plane, has a single simple pole at
1 with residue 1 and the following zeros: the trivial ones located at the negative even integers and
the nontrivial ones lying in the critical strip 0 < Re(z) < 1. The Riemann hypothesis states that all

nontrivial zeros are located on the critical line Re(z) = 1/2. It is well-known that the function
1 —z/2
n(2) = 52z = D7 0(z/2)C(2), 2 €C,

is an entire function (because 1 — z cancels the pole of (, whereas the trivial zeros of ( cancel the
poles of the gamma function I'(z/2), located at the same places). Hence the zeros of 7 are the

nontrivial zeros of (. Moreover, it satisfies
n(z)=n1-=z2), zeC.

Performing an affine transformation on C so that the critical line maps onto the real line, we get the
Landau function

£(z) =n(3 +i2), ze€C.

The functional equation above then becomes

§(2) =€(=2), zcC

Using the standard integral expression for the gamma function and the definition of the ¢ function

one can show that

£(t) = /OO e d(z)dr, t € R, (4.12)

o0
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where

o
}: 2l Qz/2 67m265z/2) e—ane“.

3

1
It is plain that ®(z) > 0 for all z > 0. Since ¢ is even, one gets that ®(z) > 0 for all z € R.
Also, ® is integrable as [°°_ ®(x)dz = £(0) < oo, we have that the function ®/£(0) is the density
of a symmetric real-valued random variable and £/£(0) is its characteristic function. We have the

following.

Theorem 4.2.3. The function £/£(0) is in 9y, if and only if the Riemann hypothesis holds.

Proof. If the function £/£(0) is in &, then it has only real zeros which means that 1 has all
its zeros on the critical line. Hence the Riemann hypothesis holds. If the Riemann hypothesis
holds then £/£(0) is an even entire characteristic function with real zeros only. Using the result
of Proposition 4.3.3 below, we have that £/£(0) is in &;. The previous result combined with

Theorem 4.2.1 yields this reformulation.

Corollary 4.2.4. The function t — £(0)/£(it) is the characteristic function of a symmetric Pdlya

frequency function if and only if the Riemann hypothesis holds.

Further connections between the Riemann ¢ and the van Dantzig problem will be discussed in

Section 4.4.1.

4.2.2 The Lukacs class and the Lee-Yang property

Entire characteristic functions with only real zeros appear naturally in various models of statistical
mechanics and quantum field theory. We briefly state the examples taken from the excellent paper
[92]. In their pioneering works, Lee and Yang [78, 131] considered the Ising model in the presence
of an external magnetic field and discovered that the zeros, in the magnetic field variable, of the

partition function are purely imaginary. This is equivalent to the following. Let p denote the
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probability measure on {—1,1}", N € IN, defined by

p(a) = KeXims it g = (31, wy),
where, here and below, J;;, > 0 and J;;, = J;; forall j, k and K is a positive normalizing constant.
Then the partition function

Paulz) = Z eMu(x), A= (\,...\v) € RY,

xze{-1,1}V

is an entire function whose zeros are all purely imaginary. This was discovered by Lee and Yang
and refer to it as the Lee-Yang property. We emphasize that the location and distribution of the zeros
of the partition function are useful to determine substantial properties of the underlying physical
system such as phase transitions, the infinite volume limit and existence of a mass gap under an
external magnetic field. In relation to the van Dantzig problem, one observes that the mapping

t +— Pa . (it) is the characteristic function of the random variable

N
A= Z/\jl’j
7j=1

under the measure . By Theorem 4.2.1, the Lee-Yang property is then equivalent to the statement
that this characteristic function is in Z;. Generalizing the Lee-Yang result, Simon and Griffiths

[123] showed that if 11 is a symmetric probability measure' on R such that
/ " 11y(dx) < oo for all b € R and Fuo(z) # 0 forall Im(z) <0
R
then, to the probability measure

N
ps(de) = KeP 2w Jineie H,uo(dxk) x=(21,...,75) €ERY,
k=1

there corresponds the partition function

P)"“‘ﬂ <Z) - /N GZA.ml_,l,ﬂ(dw)’ )\ = (>\17 te 7/\N) S Ri\f’
R

with the property that, for all 3 > 0, the zeros of the entire function z — Py , ﬂ(z) are all purely

imaginary. Hence, the mapping ¢ — Px (it) is in Z;,. We also point out that these Lee-Yang type

n fact, a signed measure is also allowed in [123].
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theorems arise in quantum field theory, and refer again to [92] for a more detailed description. We
simply point out that an important measure in this context is the measure zio(dz) = emaxt=be® .

where @ > 0 and x,b € R. From Theorem 4.2.1, we deduce the following.

Theorem 4.2.5. A partition function P has the Lee-Yang property if and only if t — P(it) € Z.

4.3 Properties of the van Dantzig and Lukacs classes

We collect here several properties of both the classes & and &;,. We start by presenting some basic
properties that both classes share. Some of them were stated in Lukacs’ paper [82] without proof;
for sake of conciseness, we indicate the main lines of proof. Then, we move to the properties
to the Lukacs class Z;, which are of different types. Some results can be found in the number
theory or statistical mechanics literature in some form that we adapt, revisit or extend to identify
new properties for the set ;. Moreover, based on ideas coming from probability theory, we also
present original and substantial results about this set, see Theorem 4.3.13, and, we improve, in
Theorem 4.3.14, a very interesting closure property due to Newman and Wu. Let us start with the
following simple but useful result which is a reformulation of [80, Theorems A.2.1 and A.2.2, page

333].

Proposition 4.3.1. If F € & then F is a real and even function, meaning that the associated
random variables are symmetric. Moreover, F admits an analytic extension to some cross {z €

C; |Im(2)] < 21}, {z € C;|Re(z)| < 22} where z; > 0, z9 > 0. The same claims hold for V' F.

We also point out that since F is even, a theorem of Schoenberg on positive-definite radial
functions entails that the mapping ¢ — JF(+/t) is completely monotone on R, that is, it is the

Laplace transform of a non-negative Radon measure on [0, 00), see e.g. [27].

We proceed with the following the simple observation which follows readily from the previous

Proposition since V o VF(t) = 1/V F(it) = F(—t) = F(t).
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Proposition 4.3.2. The mapping V' defined by (4.2) is an involution on 9.

In other words, the set %, is closed under commutation, that is, if [F,VF] € %, then

[VF,F| € D,

Next, from the Definition 4.2.2 of &y, a first natural question is to understand whether the
Lukacs class 7}, contains all possible entire characteristic functions with only real zeros, that is,
whether there exists such an entire function of order p > 2. Here is the definitive answer to this
issue, which is, in fact, a direct consequence of a very nice result due to Gol’dberg and Ostrovs’ki
[47], see also [83, Theorem 4.4.1], regarding entire characteristic functions having only real zeros.
Note that, in these references, the statement is proven for a more general class of entire functions,

namely the ones possessing the so-called ridge property, that is, |p(2)| < |p(Im(2))].

Proposition 4.3.3. Every entire characteristic function with only real zeros belongs to the class

7.

We proceed by deriving some closure properties of the sets & and ;. First, since multipli-
cation of characteristic functions remain characteristic function as they correspond to addition of
independent random variables, we get that & is stable by multiplication and having the constant
function 1 as identity element, we obtain that it is a monoid. Similarly, since any reciprocal of a
function in &}, being the moment generating function, at least on an imaginary strip, of a Pdlya
frequency function, it remains to identify transforms that preserve the positive definiteness prop-
erty of a Laguerre-Pélya function. It is the program that we develop in the remaining part of this
section. In this spirit, there is this first closure property which follows readily since the product of
two characteristic functions in .22, that is of the form (4.8), remain an even entire characteristic

function in .£ZZ, see the item (4.3.4) above for the same property for the set Z.

Proposition 4.3.4. The sets & and 71, constitute a monoid under the operation of function multi-

plication.
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Note that the previous claim could also be interpreted as the set &;, being invariant by the
convolution of probability distributions or equivalently by taking the sum of independent random

variables. The following mappings and results were proposed by Lukacs

)
L) f(t) = 72 j:(;((é; teR, p=1,2, (4.13)

where, for a sufficiently smooth function f, we write ) (t) = 2 f(¢).

Theorem 4.3.5. [82, Theorem 4] We have, for p = 1,2, LP(LP) ¢ X2 and LV (9;) C .

The proof of this theorem relies on Laguerre’s theory, see e.g. Borel [21, Ch. 2], which provides
a closure property of the class . by differentiation. Then Lukacs showed, by analytical means,
that his mappings leave the set &, invariant. In Section 4.5 we shall provide an alternative proof

of this last fact based on probabilistic arguments.

Remark 4.3.6. (i) Since L), p = 1,2, are differential operators, we easily get that the unique
invariant of L) (resp. L®)in 2, ,i.e. LVF = F,is F(t) = e~ "/ (resp. F(t) = cos(ot),
o € R).

(ii) For any finite sequence (py, ..., p,) whose elements take values in {1, 2} we have that L") o

... o LP)(Dy) C Dy. For example, one observes that

sint

int —tcost
LW cos(t) = —~ and LY o LW cos(t) = g2e = PEOSE

13
More generally, define F,,,1(t) = LW F, (t),n > 0, with Fo(t) = cost. Thus, F, is obtained

by the n-fold application of the operator L") to the cosine function. We obtain the expression

—(2n+ )N

FETES) Re(P,(—it)ie ™)

Foy1(t) =

where (2n+1)!! = (2n+1)(2n—1)(2n—3) - - - 1 and P,, is the so-called reverse Bessel poly-
nomial, expressed in terms of the degree-n Bessel polynomial P, via P,(z) = 2" P,(1/x),
see [67]. Note that F,, — F, pointwise as n — oo and this is natural from the probabilistic

interpretation of the operator L(!), see Lemma 4.5.1.
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We proceed with the following two results that give a characterization or a partial character-
ization of the set &;. First, we have the following Lévy-Khintchine type representation which
follows readily from Theorem 4.2.1 combined with the characterization result due to Kwasnicki of

the Laplace transform of P6lya frequency densities.

Theorem 4.3.7. [72, Proposition 5.3] If F € Jy, then, forall t > 0,

F(t) = e¥r® (4.14)
where Wy (t) = —ct*— [ (H% — 1+ L) p(r)dr,c = 0and p : R — Z is an even non-decreasing
integer-valued function such that [°_ |’|’T(|T3)| dr < oo.

The next theorem, proved by Newman [90], who was, as discussed in Section 4.2.2, motivated
by problems arising in statistical physics and Euclidean field theory, characterizes a subclass of ;.
For a random variable X and a real number A such that Z, := [ fooo e’ Fx(dz) < oo, let X, denote
a random variable whose distribution Fx, is given by

1
Fx, (dz) = Z—/\eszX(dx), z €R. (4.15)

Theorem 4.3.8. [90, Theorem 1] Let X be a symmetric random variable. Then, Fx, € 9y, for all
A € Dx = {\ € R; Fxz2(—iA) < o0} D (=00, 0] if and only if either, for some x,

1
FX = 5(6350 _’_57:100)7

or Fx is absolutely continuous with respect to the Lebesgue measure with a density fx which takes

the form

N 2 _ﬁ
fx(z) = Ka?me o 2 ] ((1 + ‘”—2) e k) (4.16)
A

k=1
where K > 0 is a normalizing constant, m a nonnegative integer, o, 3 real numbers, N a nonneg-

ative integer or oo, with the ay, positive, and either o = 0, Y a;* < oo, ora >0, B+ Y a;? > 0

(the case > a; > = o is allowed).
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Remark 4.3.9. This theorem does not fully characterize the set &, as, for instance, 7, the Bessel
function of order 0, see (4.5), is in Z;, but it is the characteristic function of the arc-sine law whose
density, see (4.65), does not have the form (4.16). Another well-known function that does not
belong to Newman characterization is the function

1 itz  Az?
tl—>f>\7q>(t) = W/R@t e>\ (I)(:L‘)dl',

introduced by Pdlya, where @ is the inverse Fourier transform of the Landau function &; see (4.12).
It is well-known that

Fro € Zpifandonly if A > Apy

where Apy is the celebrated de Bruijn-Newman constant. Since, by Theorem 4.2.3, the Riemann
hypothesis is equivalent to Apy < 0, this observation has motivated an intensive research activity
on the computation of Apy. The current state of artis 0 < Apy < 0.22 and was obtained by Tao

and collaborators [126].

The following three claims are adaptation to our setting of some deep results due to Polya [112]
(the first two) and to de Bruijn [37], see also [92, sections 2.2 and 2.3]. We omit their proofs as

they follow readily from the aforementioned results combined with Theorem 4.2.1.

Theorem 4.3.10. [/ /2] Let f : R — R be the density of a symmetric random variable such that,
for some A, o > 0,

Flz) < Ae™™ > 0. (4.17)

Let ¢ : R — R, be even, real analytic, and such that [, f(x)p(x)dz = 1. Assume further that

t Fr(t) = [z e f(x)dx € Dy Then,

t—= Fr,(t) = /Reimf(x)go(x)dx € 9

if and only if the analytic extension of  is such that t — p(it) € L.

Note that the function ¢ in the above theorem is called a universal factor by Pélya. An inter-

esting and simple application of this theorem is for the entire function p(z) = e’ where A > 0.
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Indeed, using the notation of Theorem 4.3.8, if X is a symmetric random variable with an absolutely
continuous distribution whose density satisfies the bound (4.17) and for some )\ € R, ]:XA € Y;,
then Fx, € Z; forall A > ) as plainly here Dx = R. For instance, from the expression (4.65), we

deduce that, for any v < % and A > 0, the mapping
t— K, / A (4 — 22V idn € 9y (4.18)
|z|<2

where K, > 0 is a normalizing constant. However, note that since the density above when A = 0

is not of the form (4.16), by Theorem 4.3.8, there exists A < 0 such that the entire function

t Ky / A (4 — 22) V2 dy (4.19)
|z|<2
has non-real zeros.

Theorem 4.3.11. [37] Let f : [0,00) — R be the density of a positive random variable, and, for

ally > 0,

for some B, 8 > 0. Suppose that f has an analytic extension in a neighborhood of the origin. Then

the function

M(t) = / Ty )y

0

has an extension on C as a meromorphic function. If the function M has only negative zeros and

n is a positive integer, then, writing Cin = [p f(z®")dz,
t— Cn/ e f(x*)dr € I
R

Theorem 4.3.12. [92] Let f be an entire function such that its derivative f) is the limit (uniform
in any bounded domain) of a sequence of polynomials, all of whose roots lie on the imaginary
axis. Suppose further that f is not a constant, f(x) = f(—z), and f(z) > 0 for x € R and
fR e 7@ dy = 1. Then

t— /Reimef(”)dx € 9.
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As instances illustrating these results, there are the following entire functions that were derived

by Pdlya

t— K [pe" cosh(ax)e T dy,  t— K/ ¢ e~ dx and
R

trs K [, etremoatmibeiber 4o ¢ g (4.20)

where K is, in each expression, a normalizing constant, and n € N, a > 0.

We continue Pdlya’s and de Bruijn’s line of research by presenting original additional closure
properties of the set ;.. More specifically, we investigate its stability under product of independent
variables. We have already mentioned that this property is intimately connected to the concept of
intertwining relationship between Markov semigroups, as we will discuss later in this chapter. To
state it, we say that a positive linear operator A on the space of bounded borelian functions is
Markov multiplicative if there exists a random variable I with distribution function Fi, such that,

for any bounded borelian function f, writing A = Ay,

Af(t) = / f(at) Fy(da). “.21)

In the following, we identify a mapping from the set of even entire functions in #; into Z. In
other words, we provide a way of creating entire characteristic functions with only real zeros from
any even characteristic functions. We also find necessary conditions on a Markov multiplicative
operator to leave invariant the set ;. Let us now denote by .ZZ2, the class of functions in .£¥
with only strictly negative zeros and of the form

p(z) = Ke 1] (1 + Zik) e~/

k=1

with K, a € R and z;, > 0 forall k with ), _, 2, < oo.

Theorem 4.3.13.  [. Let Fp € &, be entire and even, and, assume that there exist a random

variable 1 such that for any non-negative integer n
Mi(2n)Mp(2n) = a,(n)G(n)I'(2n + 1)

where ¢(z) = " ja,(n)z" € LY and G € LP,.. Then, \Fp € 7.
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2. Let us now assume that there exist p € L2, and a random variable 1y, such that for any

non-negative integer n,

p(n) = My, (2n).

Then, AIL(@L) C Y.

Before continuing further, let us first illustrate part (1) of this theorem by an example. Let us

take p(z) = €* € £Z and then a,(n) = 4,n > 0. For instance, let D = J, where J; is the

nl’

symmetric random variable whose distribution is the arc-sine law and is recalled in (4.65) below.
Then, from (4.69), Mj,(2n) = Gl nd Fi, = Jo € 71, the Bessel function of order 0, see (4.5)

nln!

above.

Next fix b > 0 and define I, as the positive random variable with distribution Fy, (dzx) =
bi—ble_xe (%2 + 1) dxz,x > 0. Simple algebra yields that M, (2n) = @n!, and, with the previ-

ous choice of ¢, the equation My, (2n) M, (2n) = a,(n)G(n)I'(2n + 1) gives

(2n)Inl(n+b)n!  (n+ b)'

Gn) = bn!n!(2n)! b

Since G(z) = Zt% is in .£ 2, , the theorem above shows that

nn+b n b—t2 42
AIbFJo(t):Z(_1> Wﬂ = b € ! E.@L,

for all b > 0. Note that this characteristic function already appeared in [80, Example II1.8] where
the authors showed that it is not decomposable with respect to the additive convolution of proba-
bility measures. However, our approach reveals that it is decomposable with respect to the multi-
plicative one. We point out that Theorem 4.3.13 enables one to generate many new examples of
elements in 77, and, we refer to Theorem 4.5.6 where this idea is exploited and to Section 4.4.2
below, where some additional examples are provided. Another interesting aspect of the set &, is

the following additional closure property.

Theorem 4.3.14. The sets 9 and &y, are closed under locally uniform convergence.
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Note that the locally uniform convergence of characteristic functions is equivalent to the point-
wise convergence to a continuous function at 0, see [19, Theorem 3.2.1], and, by the Lévy con-
tinuity theorem, see [23, Theorem 8.28], this implies the weak convergence of the corresponding
sequence of random variables to a random variable. In other words, Theorem 4.2.5 entails that The-
orem 4.3.14 is a generalization to [91, Theorem 7] regarding the closure under weak convergence
of the set X', which is the set of symmetric probability measures F' whose characteristic function
is in .£%, and such that [, e’ (dr) < oo for some b > 0. We do not need this last condition
for our closure result. However, the result from Newman and Wu [91, Theorem 7] ensures that the

gaussian tail property for elements in &y, is preserved under weak convergence.

4.4 The new class Zp

To present the main results of this Section, we start by introducing some objects and notation. First,
with M, (R, ) denoting the set of non-negative Radon measures on (0, o), we define the mapping

1 o
U(u) = —k + au + 502u2 a / (1 =™ —urlgcy)u(dr) (4.22)
0

where k > 0,a € R, 0> > 0 and p € M, (R, ) is such that [~ inf(1,7?)u(dr) < co. We exclude
the case when o = 0, a + fol ru(dr) < Oand [;° inf(1,7)u(dr) < oo, which is seen as degenerate
in our context. This function has a nice probabilistic interpretation. Indeed, it is the so-called
Laplace exponent of a possibly killed real-valued spectrally negative Lévy process Y = (Y;):>0,
i.e. a stochastic process without positive jumps and with stationary and independent increments
starting from O and, when x > 0, it is killed at an independent exponential time of parameter x.

Moreover, we have, for any u,t > 0,

Fy,(—iu) = "™, (4.23)
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Note that under the three conditions we excluded above, Y is negative-valued and has non-
increasing sample paths. We refer to the monograph [74] for a thorough study of these processes.
It is a well established (and an easy to check) fact that the Laplace exponent W is strictly convex on

[0, 00) with

lim ¥(u) = 400 and WV is increasing on [¢, 00) where § = sup{u > 0; U(u) = 0}.  (4.24)

U—00

In fact, by convexity, we have

6 > 0 if and only if (i) &k > 0 or (ii) k = 0 and T (0T) = li?g T (u) <0 (4.25)

and a monotone convergence argument yields that UV (0) = a— [~ ru(dr) € [—oo, +00). We

are now ready to define the sets
IN = {U : R, — R of the form (4.22)}* (4.26)

and

Ny ={0eN;0<0<3}. (4.27)

Note that (4.25) entails that
¥ eNyifs=0and TV (0F) >0 (4.28)

as, in this case, # = 0. Moreover, from (4.24), one easily gets that a necessary and sufficient
condition for a function ¥ to be in Ny, is that ¥ € IN with U(3) > 0. The notation of the set Ny,
1s motivated by the following facts. On the one hand, due to the infinite divisibility of Y7, we have,
for any ¥ € IN, that z — —W(iz) € IN(R), the set of continuous and negative-definite functions on
IR. On the other hand, we now define a class of entire functions that are generated by the set Ny,

that will be shown to belong to Z.

For any ¥ € IN, we introduce the power series

o C (_1)n 2n

Note that a similar type of set, denoted by N, was introduced in Chapter 1. IN is the set of Laplace exponents of
spectrally negative Lévy processes, while IN denotes the set of all Lévy-Khintchine exponents.
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where, here and below, for a function ¢ defined on R, , we set

Wo(1) =1, Wyn+1)=]Jek), n>1

k=1
Since, from (4.24), lim %" 22— lim U(n + 1) = oo, Jy defines an entire function.
n—00 ‘I’(n+ n—o00
We also write
it) E 4.30
Tu(t) = Ju(it) Wq, CESE (4.30)

n=0

and point out that the entire function Zy (1/#) was introduced in [102] where it was shown that it
is an invariant function of some self-similar integro-differential operator. Therein, the complete
monotonicity property was identified for several of its transformations, and, we also refer to [8]
for a more recent and refined studies of this class of functions. We are now ready to introduce the

following class of entire functions
Pp = {Jy of the form (4.29) with ¥ € N }. (4.31)
Theorem 4.4.1. We have Yp C 2, and, for all ¥ € Ny,
|:j\11, I\J €D (4.32)

with
t > —log Ju(t) € N(R) but t — log Ty (t) = ¢u(t?) € N(R) (4.33)

where the function ¢y is a Bernstein function that belongs to the class B, that is, it is of the form

(4.45) below with the additional property that v — 77i(r) is non-increasing on R ;. Finally, writing

Fy(t) = jq’((:),t € R, we have Fy € Dg, that is Fy(t)Fy(it) = 1 forall t € R.

Remark 4.4.2. The random variables whose characteristic functions appear above shall be explicitly

described in Section 4.5.2.

Remark 4.4.3. Note that in [101], it is proved that the entire function j\p(\/f) has its smallest (in

modulus) zero, say z;, which is simple and located on the positive real line. On the one hand, this
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shows that 7y is not the characteristic function of an infinitely divisible variable as their character-
istic functions are zero-free, see [119]. On the other hand, z; < 0 corresponds to a singularity of

the Bernstein function ¢y. However, from Theorem 4.4.1, we get the identity, for all ¢ € R,
Ty (6) Ju(t) = e 07Dt — 1, (4.34)

which entails that the Bernstein function ¢y admits a meromorphic extension on C, but it is not
necessarily a Pick function (see the definition below). This reveals that such an identity cannot be
possible for Bernstein functions, especially for those having an essential singularity, e.g. ¢(u) =

u, 0 <a<l.

The purpose of the next result is to explain how the classes Zp and ¥, are related, which
consists on investigating the difficult issue of locating the zeros of the entire function Jy € Zp. To
state it, we recall that a Bernstein Pick function [120, p. 56] is a Bernstein function which admits
an holomorphic extension which maps the upper half-plane into its closure. We say that an entire
function (resp. Pick meromorphic function) has the 1-separation property if its sequence of zeros
(zk)k>1 (resp. and poles (px)x>1) satisfies, for all k, 21 < 2, — 1 (resp. pr = 2 — 1 > zp11). We

now introduce the set
Bp, = {¢ € B; ¢ is a Pick function having the 1 separation property}. (4.35)

Theorem 4.4.4. Let ¢ € Bp,. Then, u — V(u) = up(u) € Ny and Jy € D1, N Pp. However,

Dp Q D1, as there are V's € Ny such that Jy has at least a non-real zero.

Remark 4.4.5. In Section 4.4.2, we provide instances of the two situations presented in this theorem,
see e.g. the Bernstein functions that define the Bessel functions and the Fox-Wright functions, see
4.4.2, which both belong to ;. On the other hand there are the examples involving hypergeometric

functions and the Mittag-Leffler functions which have non-real zeros.

We proceed with the following result that shows that the Lukacs mappings, introduced in (4.13),

also leave our class Zp invariant.
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Proposition 4.4.6. Let L") p = 1,2, be the operators that were defined in (4.13) above. Then, we

have LW(Zp) C Pp. Moreover, L'®(Zp) C Z and the same remains true for their iterates.

4.4.1 The Riemann ¢ function and the class Zp

A natural and important question that arises at this stage is to understand whether the Riemann
¢ function defined in (4.12) belongs to the class Zp. Indeed, this would yield a power series
representation of this function whose coefficients would be expressed in terms of negative definite
functions offering new tools to study the location of its zeros, using for instance Theorem 4.4.4. To
this end, let us recall that the Riemann ¢ function, defined in (4.12), can be expressed in terms of

the following power series

0()=£((Va) =Y 77(;!1)&, 2 e, (4.36)

where, with F(n) = [°(logz)" x73/*0y(x) dv and f(x) = > | =™ the theta series, we have
set

n! 32(%)F(2n —2) — F(2n)
2n)! 22n—1 ’
see e.g. [48]. The question whether there exists ¥ € Ny such that Jy = & boils down to the

v(n) = ( (4.37)

existence of ¢ € By such that, for all n € N,

1 I 32(*F(2n—2) — F(2
_ont 32(5)F(2n - 2) ("), (4.38)
Wyg(n+1)  (2n)! 22n-1
which, after some easy algebra, is equivalent to show that
G(2n
¢(n+1) =~ (2n) (4.39)

8(n+ 1)G(2n +2)°

where we have set G(2n) = 64n(2n—1)% l(f(z;)z) — 1. Since this question does not seem straightfor-

ward, we investigate, instead here, whether this possibility could be excluded from the properties
that we know about elements of the class Zp and the Riemann £ function. Recalling that the latter
is an entire function of order 1 with infinite type and it is the characteristic function of the density

of a probability measure whose support is R, we have the following.
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Proposition 4.4.7. Let ¥ € Ny such that V(u) = %,u € R, with lim,_,. ¢(u) = oo, ¢ being

a slowly varying function at infinity, i.e. for every u > 0, lim;_,, % = 1. Then Jy is an entire
function of order 1 and infinite type. This condition holds when V(u) = (u — 0)p(u),0 > 0,
with ¢ a special Bernstein function, i.e. gb(u)&u) = wu, such that its conjugate Bernstein function
gg(u) = ((u). Moreover, under this condition, Jy is the characteristic function of a probability

density function whose support is R.

The first part of the Proposition follows readily from [8, Proposition 2.1], see also Proposition
4.5.4 below, where we notice that when the order is 1, with the notation of Proposition 4.5.4, W = 2
1 1
and thus the type Ty > ( lim ﬁ) f = ( lim / (n)) * = oo under the condition of the Proposition.
n—oo n—oo

The last claim is a specific instance of Lemma 4.5.8.

Remark 4.4.8. One instance when U(u) = %,u € R, with ¢ as in the Proposition is when
U(u) = ueV™, where W is the Lambert function. Indeed, it is well known that for all v > 0,

W(u)eW® = 4 and W is a complete Bernstein function that is a Bernstein function whose Lévy

W) _ 1,

measure is absolutely continuous with a completely monotone density, and lim, o 5.~

and hence it is a special Bernstein function with ") as conjugate, see [93]. Therefore ¥(u) =

2
ueW® ~ L, for large w.
nuw

4.4.2 Some examples in the class Zp

In this section, we give several specific examples of the function Jy including the modified Bessel
functions, the Mittag-Leffler functions and several type of hypergeometric functions, and refer to
[46, 64] as classical references on these functions. The interested reader can also consult the mono-
graph [120] for several examples of Bernstein functions from which one can provide additional

interesting instances of Jy.
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Bessel functions

Let U(u) = u(u + v), v > —1. We get that Wy (n + 1) = n! " and thus

T'(v+1)
= L(v+1) »
Ju(t) = ZO(_l)nﬁﬁ =T(v+ 1)t7"J, (2t) (4.40)

where .J,, stands for the Bessel function of order v. It is well-known that Jy € ;..

Confluent hypergeometric function

Let0 < a <1 <a-+band ¥(u) = ut5%. Note that, in this case o = 0, and hence the support
of the variable D, 4 is the real line. Moreover, simple algebra yields

U(u) = u1;a+u/ (I—e™)(a+b—1)e "dr.
0

I'(b+1)I'(n+2—a
We have Wy(n+ 1) = n!% and thus

Ju(t) = ;(—1)111{%::%;(22(3 - Z;t T B (b+ 1,2 — a; —t?)

where | F7 is the confluent hypergeometric function. If a+b = 2,3, .. ., then Jy € ¥, seee.g. [62,

Theorem 4]. Therein, the authors conjecture, in particular, that 7y € Z; forall a + b > 1.

Fox-Wright function

Let « € (0,1) and 8 > a, then

_, Tlutp) _ T@) [Ty,
lu) = Na(u—1)+8) T(8-a) * I'l—a) /0 (1 ) (1- 6—r/o¢>a+1d

[

yielding Wy (n + 1) = n!2=5) and thus

INC)
S L(p) " 2
D=3 () —— = Lt
where (V7 is the normalized Fox-Wright function, which is in &, by Laguerre Theorem, see
e.g. [118, Theorem 4] as the mapping z > (az+ﬁ) € LP,.
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Mittag-Leffler function

Let now a € (1,2) and 8 € (o — 1, ) and set

_ Daw+p) ol  (e—Du (% ee”
‘I’(“)_r(au+ﬁ—a)_r(5_a+1) +r(2—oz)/0 1 )(1—e—r/“)ad'

Then, Wy(n+ 1) = F(?%ﬁ) and

Folt) = (1) st = () Eans—¢)

n=0

where E, g(t) = > m is the general Mittag-Leffler function. It is well known, see [42,
Ch. 3.2], that, for 1 < a < 2, E, g have nonreal zeros. For the last 3 examples, we do not know

whether 7y € &}, or not.

The Barnes-Hypergeometric function

Let now o € (1,2), p € (0,1/a] and set

W (u) = F(@%&gu)u = u/ooo(l — e‘“")ﬁe—pr (1 . 6_7»/06)—oep—1 dr.

Observe that

G(LLY) Gn+1+p2)
G(l+pL) Gn+1,1)

Wyg(n+1) =n! (4.41)

where the Barnes G-function G(n; é) is defined as the unique log-convex solution to recurrence

equation G(n + 1; 1) = I" (an) G(n; 1), and refer to [81] for more details on this example. Then,

&, LG+ LG (L4 L)
j\lf(t)_Z(_l) G(l,é)G(n—i—l%—p,é)F

n=0
Hypergeometric function
.. 2 _ 2 .
Let o > 0, and, writing oy = 2+~ +2 V2a+4 and g = 9=va~+2 V2°‘+4, consider

\I/(u):uia(u+a1)(u+oz2).
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o I'(a+1)I'(n4+a1+1D)I(n+as+1)
It follows that Wy (n + 1) = n! TOrtat DI (e T i (as 1) and thus

. F(n+a+1D0(ag +1)ay +1) 2
Z<—1>”p(( Men DM 2D L8 p (0t Loy + Loag + 1 —£2)

Jull) = a+DI'(n+a;+1)I'(n+ay+1) n!

n=0

where ;| F; is an hypergeometric function.

Power-gamma function

Let o € (0,1), v > 0 and consider

U(u) =u(u+v)" =~ + u/ (1—e)e
0

It follows that Wy (n + 1) = n!% and thus

—~ o (y+1)
Tult) = 3= %F

4.5 Proofs

4.5.1 Proofs of Section 4.3

Proof of Theorem 4.3.5

First, resorting to the Laguerre theory, see e.g. Borel [21, Ch. 2], on the additional number of
zeros obtained by differentiating an entire function of finite genus, we get that if 7 € Z% then
ts FO(t)/t and t — FP(t) are also in L. Recall that Z;, contains even and positive definite
functions in £ that take value 1 at 0. Suppose that F is even with F(0) = 1. it is easy to see
that L® F, p = 1,2, are also even and take value 1 at 0. Hence, to show that L(p)(.@L) C 9 it

suffices to show that if F is a characteristic function then so are the L®) F, p = 1,2. One can check
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the latter by a probabilistic argument. First, recall if X is a positive random variable with finite
expectation mx (1) and distribution Fx then the random variable X(1) with distribution

mx (1)

Fxqy(dr) = Fx(dx), = > 0,

is called the size-biased version of X. Size-biasing appears frequently and naturally in probability
theory, most notably in the theory of stationary point processes on the real line and in the theory of

branching processes and random walks.

Lemma 4.5.1. Let Fx be the characteristic function of a real-valued random variable X with finite
second moment. Let X%(1) be the size-biased version of X2. Then L") Fy is the characteristic

function of the random variable

U® x /X2(1) (4.42)

where U®) is a uniform random variable on the interval [—-1,1] if p = 1 or a random variable

taking values +1 or —1 with probability 1/2 each if p = 2, and, in both cases, is taken independent

of X3(1).

Proof. We first recall that, for a random variable X, we denote its distribution function by Fy.
Then, using the definition of size-biasedness and writing X?) = U® x /X2(1) we obtain, since
the variables are independent, that

1 x?

mx(2) (/|y>|$ |y|FX(1)(dy)) dr, Fxe(dr) = mFx(l)<d$)v

where, by assumption, mx(2) = [*°_2?Fx(dz) < co. We can then directly verify that L) f(¢) =

ffooo e Fyw (dz), p = 1,2.

FX(U (diE) =

Proof of Theorem 4.3.13

First, note that if Fx € 2., then for any random variable I, A;Fx € &, as it is the characteristic
function of the random variable XI where the two random variables are considered to be indepen-

dent. Next, take Fp € &, even and entire, that is, D is a symmetric real-valued random variable
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such that, for any ¢ € R,

Folt) = S(-urEpien

n=0
Moreover, under the conditions of the item (1), that is ¢ € Z% and G € L., Laguerre’s

theorem [ 118, Theorem 4] entails that the function

f(z) =) Gnay(n)="

is an entire function with only real zeros. We made the assumption that G(n)a,(n) =
Mp(2n) M;(2n)/(2n)!. Since these are nonnegative numbers, f cannot have nonnegative zeros.

On the other hand,

AFp(t) = /R Fo(at)Fi(de) = Z<_1)nMD(2(ZL/;{lI(2n> 0

(—1)"G(n)ay(n)t*" = f(—t?)

MSH

I
o

n

where the interchange of the integral and sum is justified by a classical Fubini argument as the
series defines an entire function. Since f has only real negative zeros, it follows that A;Fp, is an
even entire function with only real zeros. Since A1 Fp is a characteristic function, itis in .. Hence

ANJp € 95

For the second one, let F € &, and thus, one has from (4.11), that F is of the form (4.8), and
thus ¢t — F(\/t) € L. Since F € Py, there exists a symmetric real-valued random variable D

such that 7 = Fp. Proceeding as above, we get, for any ¢ € R,

MFolt) = Doy R e

We apply again Laguerre’s Theorem [ 1 18, Theorem 4]. On the one hand, by assumption, there is a

function ¢ € £, such that M;(2n) = ¢(n). On the other hand, we observed above that

f(z)= Z%z” = F(V2) € 2.

n=0

Since A1 Fp(t) = f(—t?) we conclude, as above, that AjFp € Zy.
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Proof of Theorem 4.3.14

Let first (F,,),>0 be a sequence in & and assume that for all ¢ in a bounded interval, lim,,_,», F,, =

F uniformly. Then, according to the Lévy continuity theorem, see [23, Theorem 8.28], F € &,

1
Fn(t)®

and is continuous on R. Let us write, forall t € R,n > 0, G, (t) = Since by assumption,

foralln > 0,t — G,(it) € &, and, F, is real, even and non-vanishing around 0, we get that G,,

is well defined and even in a neighborhood of 0. Hence, it is the moment generating function of a

(unique) symmetric random variable. Moreover, we have, for all ¢ € R, lim,,_,., G,,(t) = G(t) =

%, and, by continuity of F and the fact that 7 (0) = 1, there exits & > 0 such that G is finite-

valued on |t| < a. According to [36, Theorem 3], G is the moment generating function of a random
variable, whose law is uniquely determined by G, see [36, Theorem 1]. Finally, its characteristic
function is plainly the mapping ¢ — G/(it) and is such that, for all t € R, F(¢)G(it) = 1, that is
Feg.

Now assume that the sequence (F,,),>o is in 2. We shall show that its locally uniform limit

F € ;. Since, foralln > 0, F,, € Z;, by Theorem 4.2.1, we have that G,, : t — #@t) is the

characteristic function of a symmetric Pdlya frequency function. As ¥, C &, from the previous

proof, we deduce that, for all ¢t € R, lim,, ,o, G,(t) = G(t) = ﬁ with G € Z,. However, the

set of Pdlya frequency functions (probability measures) is closed under weak convergence as it is
the closure, under weak convergence, of probability measures whose characteristic functions are

the reciprocal of a polynomial having only real roots, see [52, Chap. I1I, Theorem 4.1]. We obtain,

using the fact that G, is real and even for all n > 0, that the mapping t — F(t) = ﬁ € L%, and

hence F € &, N XY, = 9, which completes the proof.
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4.5.2 Proofs of Section 4.4

A Wiener-Hopf type mapping between sets of negative-definite functions

We start the proof by a one-to-one mapping, emanating from the Wiener-Hopf factorization, be-
tween the set N, and a set of Bernstein functions. This allows us to provide a representation
of the coefficients of the function in terms of a Stieltjes moment sequence that will be helpful in

identifying one of the random variables solving the van Dantzig problem.

To this end we introduce some notation. First, let us denote by B the set of Bernstein functions,
i.e. functions ¢ : (0,00) — [0, o) having derivatives of all orders such that (—1)"*'¢(™ > 0 for
all n > 1; see [120, Ch. 3] These functions are in a one-to-one correspondence with functions that
admit the so-called Lévy-Khintchine representation

2

o(u) =v+ %u + /00(1 —e “Nu(dr), u >0, (4.43)
0

where v,0 > 0 and 1 € M (R, ) such that [~ inf(1,7)u(dr) < oc. The set B is invariant under
several transformations. In particular, it is a convex cone, and, it is also stable by the action of the
semigroup of translations. Indeed, for any 3 > 0, easy algebra yields

2

out8) = 9(8) + Fut [ (1= e utdn), w0, (444)

which is plainly a Bernstein function as ¢(3) > 0 and e #"u(dr) is a Lévy measure as defined
above. We shall also need the subset B; C B which is the convex cone of Bernstein functions

which take the form
2

d(u) = v+ %u + /00(1 — e “")(r)dr (4.45)
0

where v,0 >0 and p is a non-negative and non-increasing function on R, such that
Jo~ inf(1, r)z(r)dr < co. We refer to the monograph [120] for an excellent account on all these

sets of functions.
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Next, for a Radon measure 1 on (0, 00) and 6 > 0, let

Tig(r) ::/ =9 u(ds), r>0.

Letting M, be the set of all functions fi,, where p ranges over Radon measures, such that
Jo 7 min(1, r)fzg(r)dr < co, we define, in relation to the van Dantzig problem, the following set of

Bernstein functions:
1
By = {¢ € B; u(dr) = fip(r)dr, with fiyg(r) € My, 0 <0 < 5} : (4.46)

Note first that when ¢ > 0 the function 7z, may fail to be monotone, for a suitable choice of .
Note also that when 6 = 0 we have i (r f p(ds) is simply a non-negative and non-increasing

function that satisfies the integrability condition above,meaning that B is a strict subset of B .

We have the following.

Proposition 4.5.2. 1. There exists a one-to-one mapping between the sets N4 and By. More

specifically, for any W € Ny of the form (4.22), we have, for any u > 0,
U(u) = (u—0)p(u) (4.47)

where, with vy = %Ligs0p + U (0H)[p_0y, we have set p(u) = vy + Lo%u + [7°(1

e "y (r)dr € By, Moreover, with such a notation, we have, for all z € C,

Tul2) = Joolz nzzornﬂ— Woln +1) (+:48)

2. Let us define the mapping Tsf(u) = ﬁf(u + B3). Then, (T3)s=0 form a semigroup, i.e.,
T3 0T, = Tpsr, and, for any > 0, T3(IN) C IN and T3(INy) C Ng.

3. Let us write Tf(u) = %f(u + B). Then, for any B > 6, Ts(IN) C N and for any
0<p< %, 7_-,3(11\]9) C Ng,.

Proof. Let ¥ € INpp. Then, by means of the Wiener-Hopf factorization of Lévy-Khintchine

exponents of spectrally negative Lévy process, see e.g. [74], there exists ¢ € B such that, for all
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W (u) = (u— 0)¢(u) (4.49)

where we recall that § = sup{u > 0; ¥(u) = 0}, see (4.25). In order to characterize ¢, we write

Vg =a+o%0+ fol(l — e )yru(dr) — [ e 1y(r)dr and, observe first that

o0 1 [e.e]
V(u+6) = (Ug+ / e iy (r)dr)u + 502u2 - / (1 —e ™™ —urlyoqy)e " p(dr)
1 0

1 o0
= u (79 + 500+ / (1 - e“r)eerﬂe(r)dr)
0

and, thus

which, after recalling that —0¢(0) = ¥(0) = —x and ¥ (0F) = ¢(0) if § = 0, completes the
proof of the first item as the rest follows at once. Next, the claim of item (2) in the case S = 0 is
obvious and thus we assume that 8 > 0. In [28], see also [108, Proposition 2.1], it is shown that
(75) =0 is a semigroup and the set IN is invariant under the action of the mapping 73, 3 > 0, that
is 73(IN) C IN. Thus, it simply remains to show that 73(INy) C Ny for all 5 > 0. Let ¥ € INy,.
Then, note that 730 (0) = 0, i.e. k = 0 in (4.22), and, there exists 0 < 0 < % such that U(0) = 0.
Suppose, first, that 5 > 0, then recalling that ¥ is non-decreasing on [0, co) with U(0) > 0, we get
the claim, from (4.28), by observing that (7’5\11)(1)(0) = %ﬁ) > 0. Next, assuming that 0 < 3 < 6,
one easily sees that TU (0 — ) = %\P(Q) = 0 and since 0 < § — 3 < 3, we deduce that also
75V € INp, completing the proof of this item as the semigroup property is obvious. For the last
claim, first observe that, 7 3 ¥ (u) = %}w@(u +8)+V(B)—V(5) = Taps¥Y(u) — V(S) (the last
identity serves to fix a notation), and then we know from [28, Proposition 2.2], that T35 s(IN) C IN
and we obtain the statement since W (/3) > 0 as we choose 3 > 6. Finally, if U € INp, then, from

(4.24), V¥ is positive on [%, o) and, from the preceding discussion, 7 s¥ € IN with 75@(%) =

17

3B
§+ﬁ‘1’(% +8) > 0.
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Some analytical properties of the entire functions in the class Zp

Lemma 4.5.3. Let V € Ny, and, for p = 1,2, we set Lgp ) = L®), where we recall that L®) was

defined in (4.13), and, for k = 1,2, ..., we define

Lgﬁl —_ 1?4 L( p)

1. Foranyk =1,2,..., we have
LY Ju = Trw (4.50)

where we recall that the mapping Ty, was defined in Proposition 4.5.2(2).

2. Moreover, forany k = 1,2, ..., we have
LY Ty = T 4.51)
k v 7’% ) .
where, 7_’; = 7_13 and 7_’2 = 'Tg o 7_’271, and, the mapping 'Tg was defined in Proposition

4.5.2(3).

Proof. To prove the identity (4.50), we first let £ = 1 and observe that

(1) Qn(—l)"t2” 1 -2t nt2n ot
Ty (t) = Z Weln+1) an kT 1) Wq;( )jﬂ w(t). (4.52)

n=1

Moreover, differentiating the right-hand side one more time yields

(2) —2

where we used that 75, (0) = 0, which, itself, follows by applying (4.52) to Jry. Hence
DTy = J7w. To complete the proof for p = 1, we resort to an induction argument combined

with the semigroup property of the mapping 7. Indeed, for any £ = 1, .. ., one has

L\ Je =L o L Ty = LY Trw = Ty
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On the other hand, we note that

j\l(?)(t) W;2 d Z (=" g2+l —2 Z —1)"(2n + 1)t

WT1 (n—i—I) Wq,(? — Wrw n—l—l)
-2« (=" >
— E s $2n
k—1
W\I/( )n 0 Hk 1 k.t,_% k+1\1j(k+1)
-2
= —J=— _(t
Wq/(z)jT%\I’( )

which provides the proof of the last claim for £ = 1. As above invoking an induction argument
yields
LTy =L o LY Ty = LO T, = Toaa,,
2

T1\I/

which completes the proof.

We proceed with the following result regarding the order and the type of the entire function Jy.
It is a slight refinement of a result obtained recently by Bartholmé and Patie [8] in the case 6 = 0,
and, for the entire function Zy(\/t) = Ju(iv/t), this later transformation affects simply the order
by a factor of 2. To deal with the general case 6 > 0, it is not difficult to see that both the order and
type remain the same when replacing the term n! by CT'(n+ 1 — 0),C' > 0, in the coefficients of a

power series. We left the details of the easy modification to the reader and recall that a measurable

function ¢ on R, is said to be slowly varying at infinity if, for every u > 0, lim;_, Y oNE

Proposition 4.5.4. /S, Proposition 2.1] Let V € INy. Then, Jy is an entire function of order

Py = % € [1,2] (4.53)
where ¥ = sup{a > 0; lim, .o u *¥(u) = oo} = lim lnfi) € [1,2], is its so-called
Blumenthal-Getoor lower index. Moreover, its type Ty is givzzoljy

Ty = We T Tim e —g (Lt ”"1”“”) ( Ton ZT;J)W (4.54)
where we recall that V(u) = (u — 0)p(u). In particular, py = 1 if U(u) = %, and, otherwise,

py = %, a € [1,2), if U(u) = ul(u) where, in both cases, { is a slowly varying function, and,

py = 2also if [[° ru(dr) < oo
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Useful bounds for the Bernstein-gamma functions

For a Bernstein function ¢ € B, we write z, = inf{u > 0;¢(—u) = 0} € [0,00] and e, =

sup{u > 0; [~ e*"pu(dr) < oo} € [0, oo] and set
ap = Min(zy, €y).

We also denote by IV, the so-called Bernstein-gamma function which admits the following gener-

alized Weierstrass product representation

eV o &' (k)

_ ¢(k) 2w,
Wy(2) = e ,H¢(k+z)e Q

where

n !
Yo = lim <; Zé:)) — log qﬁ(ﬂ)) :
From [96, Theorem 4.1], we know that I/ defines a zero-free and analytic function on the right-half
plane Re(z) > —e,, which admits a meromorphic extension to the right-half plane Re(z) > —ay.
We mention that when ¢(z) = z, then W, boils down to the gamma function as the infinite product
above corresponds to its Weierstrass representation and 7y, is the Euler-Mascheroni constant. This
class of functions has been thoroughly studied in the papers by Patie and Savov [95, 96]. Thereout,
it has been shown that W, € &, and it is the unique element in &2, solution to the functional
equation Wy(z+1) = ¢(2)Wy(2), W,(1) = 1. We also find in [96] the following result which will

be useful in the sequel.

Proposition 4.5.5. [96, Proposition 6.2] Let ¢ € B and write i(r) = [ p(ds),r > 0. Then, the

following estimates holds.

1. If 0* > 0 we have, for any €, a > 0 such that [ e™"fi(r)dr < 1, as [b| — oo,

I'(a +ib) L
— T | < Op| oz BB +e0)+e iss
‘ Wy (a + ib) ‘ 0] ( )
where C' > 0.

2. If 0* = O then, for any u > 0 and a > 0 fixed,

I'(a +1b) ‘ _

lim |bf" | e T
o e )

|b|]—o0

(4.56)
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Characterization and properties of the van Dantzig pair of random variables

To define the van Dantzig pair of random variables that appear in Theorem 4.4.1, we need to
introduce some notations. Let ¥ € IN and recall that it is the Laplace exponent of a spectrally
negative Lévy process Y, see (4.23). Then, according to Lamperti [76], there exists a 1-self-similar

Markov process on (0, c0) denoted by X = (X;)=0 such that
X, =e¥a, 0<t<&=inf{t>0;X, =0}, (4.57)

where A, = inf {s > 0; [ eY*du > t}. Moreover, if # = 0, i.e. the conditions (4.25) are not
fulfilled, then £ = oo almost surely and X is in fact a Feller process on [0, 00). On the other hand,
if 0 < 6 < 1, then £ is finite almost surely but there exists an unique 1-self-similar extension
of the process X which is also a Feller process on [0, c0) and with the path property to leave the
recurrent boundary point 0 continuously, see [116]. From now on, if 0 < 6 < 1, we denote
by X(¥) = (X;(¥))s=o the realization of the 1-self-similar Feller semigroup (PY);~o on [0, 00)
(that is the recurrent extension if # > 0) associated to Y and let Ty be a random variable whose
distribution is that of

inf{t > 0; X,(¥) > 1},

conditional on X(W) starting from 0. We also need to introduce the exponential functional of
a subordinator, a positive random variable which has been intensively studied over the last two

decades and refer to [108] for a nice historical account and a thorough study. Let ¢ € B and let

Iy = / e 2 dt (4.58)
0

where (Z;);>0 is a subordinator such that F, (iu) = e~?®* w,t > 0. Next, we recall, from [30],
the following expression for the integer moments of I,

n!

S )

n=20,1,..., (4.59)
and the notation of the associated Markov operator, see (4.21),

Mt = [ R, ). (4.60)
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We are now ready to state the following result which can be found in [102]. To emphasize the
role played by the concept of intertwining in the van Dantzig problem, we provide another original
proof. Intertwining, in our context, refers to the relation (4.63) below. To state the theorem, recall

the notation

To(x) =T(1 =0t T_p(2z), T_g(x)=T(1—0)t"1_g(2z),

appearing in (4.40), where J_y (respectively [_y) is the ordinary (respectively modified) Bessel

function of the first kind of order —6.

Theorem 4.5.6. [/00, Theorem 2.1] Let & € N with 0 < 0 < 1. Then, writing Ly () = Ty (\/T)
and I_o(z) = I_y(+/T), we have

A, Z o(z) = Ty(x), x>0, (4.61)

where ¢(u) = \ZE”G) € B. Moreover, Ty is a positive self-decomposable random variable, and, for

any u > 0, we have

1
To(v/u)

where ¢y is the Bernstein function defined in Theorem 4.4.1.

Fr, (i) = = e 0w (4.62)

Proof. Let ¥ € IN with 0 < 6 < 1. We recall that in [95] for the case & = 0, and in [105] for

the case 0 < # < 1, the following intertwining relation has been identified
PYAr, = A, P (4.63)

where Vy(u) = u(u — 6) € IN. Then, using successively Tonelli theorem and the identity (4.59),

we obtain that, for any z > 0,

~ > My, ( > 1 L =
A Z-o(x) = Zn'l—‘(n—i—l— nZWMH mriog® ~ @)

It is well-known that the mapping x dqf_g(a:) = f_g(qx), g > 0, is a g-invariant for the squared

Bessel semigroup PY°, that is, for all ¢ > 0, e*tht%dqf_g(x) = dqf_g(x). Now observing that
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dyA1, = A1, d,, we deduce from the intertwining relation above that

P'dZy(v) = PYd\,T o(zr) = PYAr,d,Z o(2)
== AI¢Pt\Ijedq’i-_9($) = €thI¢dqi-_g(LL’)

- eqtqu1¢f_9(:U) = €qtdqi—\p(l’),

which shows, since it is positive, that dqfq,, q > 0, is a g-invariant function for the semigroup
PY. Then, applying Dynkin’s formula to the bounded stopping Ty () = inf(Ty,t), we get, for all

t>0,
P"qu,(t)dqz\li(x) =1

where P%I; wt =0, is the semigroup corresponding to the process (X, (t))i>0. Differentiating
term by term the series f\p we observe that x — dqu, (x) is, for all ¢ > 0, non-decreasing on R, .
This allows us to invoke a dominated convergence argument, while combined with the absence of
positive jumps of X (), which entails that Xt (¥) = 1 almost surely, gives the first identity in
(4.62). The rest of the statement, that is, Ty is a positive self-decomposable variable is justified in
[102]. We are ready to state the following result that identifies the first random variable of our pair

of solutions to the van Dantzig problem.

Lemma 4.5.7. Let V € N with 0 < 0 < 1 and B = (B,);>0 be a standard Brownian motion
independent of X(V). Then, the random variable Dy = \/§BT\I, is real-valued, symmetric, and

infinitely divisible. Moreover, for any t € R,

Fs, (1) = . (4.64)

Proof. According to Theorem 4.5.6, Ty is self-decomposable and hence infinitely divisible.
Since B is a symmetric Lévy process, we have, by Bochner subordination, see [119, Theorem
30.1], that Dy is real-valued, symmetric, and infinitely divisible. Next, using the independence of
B and X(W) and hence of Ty, one gets, for any ¢ € R,

Foult) = Fr () = 05
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where the last line follows from (4.62). To characterize the second random variable, we need to

introduce the random variable J,,, v € (—oo, %), whose law is absolutely continuous with a density

f1, given by
22T(1 — v)
rT(G —v)

2 2

i, (@) = (4 — 2%) ™ 7 {jj<ay- (4.65)

We note that the characteristic function corresponding to the random variable J,, is the function
J_,(t) = I(1 — v)t¥J_,(2t); see [9, p. 38]. We are now ready to state the following which
defines a new class of random variables indexed by the whole set of Bernstein functions, and, when

restricted to the subet By gives the other set of van Dantzig variables.

Lemma 4.5.8. Let ¢ € B and define, for any v < %, the random variable

D¢7V: \/EXJ,/

where J,, is chosen independent of 1,. Then, Dy ,, is a symmetric random variable taking values in

_uzu% 1_

5 = 00). Moreover, all its even

the possibly infinite interval ( (we use the convention

moments exist and are given by

_ T@n+1)I(1-v)
C We(n+1D)(n+1-v)’

Mp, ,(2n) n=0,1,..., (4.66)

and, for any t € R, we have

Tp,, (1) = Tou(t) (4.67)

where the entire function [y, is defined as in (4.48). Moreover, the law of Dy, is absolutely
continuous with a density fp, , which is continuous on R and fp, , € CF(R\ {0}) (resp. fp,, €
CH(R\ {0}), where p = [ % (m(0F) + ¢(0)) — v — 3]) if 2 = 0 or i(0) = oo (resp. otherwise),

such that fp, ,(x) = fp,,(—x), and, foranyn € N (resp.n =0,...,p), x > 0and a > 5 +n,

L(1—wv) / e T() P2=1=20) 0 e

- T
211

M) () — (1)
fo,, (@) =(=1) . T(z—n)Wy(z —n)(z—v—n)

Proof. First, note that the symmetry property of J,, entails the one of Dy ,.. Since the support of

J, is [—2,2] and the one of I is [0, %], see e.g. [96, Theorem 2.4], we deduce readily the one of
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D,,. Being symmetric, only the even moments are non-zero and are given, for any n = 0,1, ..,
by
MD¢,V (271) = MJV (2n)./\/11¢ (n)

where we used that the random variables are independent. Using the identity (4.59) and, observing,

from the duplication formula of the gamma function, that

2 on - I'1—v) on 1 nel i
/_217 fi,(x)dx = mQ /oy (1—1y) dy

2 2

o, L(1—v)I'(n + %)

T(OC(n+1-v)

2

(1 —v)(2n)!
4.69
I'n+1—v)n! (4.69)
we derive easily the identity (4.66). Next, since, see e.g. [59, Theorem 1], for any ¢ € R,
= (=1)"T(1 —
Fy, (1) Z ) 18 (4.70)

o n—i—l—l/

and recalling, from [96], that the law of I, is absolutely continuous, the independence of I, and J,

yields, for any ¢ € R, that

Fo(t) = / R (Va i (@)da

= (1) (1 = v)My,(n) .
> T+ 1-vnl

n=0

= Jsu(t)
where to justify the interchange of sums in the third equality, we resort to a classical Fubini’s
argument whose details are described in [127, Section 1.77], and relies on the fact that the series
Js.» 18 absolutely convergent on R. For the last identity we used (4.59). Next, it is not difficult to
see that the computation (4.69) extends to any complex z such that Re(z) > —z, and, from [96,
Theorem 2.4], the expression (4.59) also extends (at least) to Re(z) > —1, to get, for Re(z) > —%,

 TEz+1I(1—v)
S Wz + D)z +1—v)
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which proves (4.66). Then, recalling the Stirling formula of the gamma function, for any a > 0 and
|b| large,
ID(a +ib)| ~ Ce P15 |p|o2 4.71)

where, here and below, C' > 0 is a generic constant, we deduce, that, for any a > —% and |b| large,

‘ T'(2a 4 1 + 2ib)

~ Clbl"~=.
F(a+1+ib)F(a+1—u+ib)' b

This combines with (4.55) when o > 0 and 7i(0") < oo, gives for any e > O and a > —1,
‘MDi (a+ ib)‘ < O]~ (FONTO) 4v—gte, (4.72)

We deduce that the mapping b +— |bJP

Mpz (a+1b)| is integrable on R whenever p <
2 (u(0") + ¢(0)) — v — 5. Then, invoking classical results on Mellin inversion, see e.g. [95, Sec-
tion 1.7.4], we get the Mellin-Barnes representation of fDi which takes the form for any z > 0

and a > %

fDi,V@):F(l_V) /a+i°° o, T(@2z-1) "

27 oo Wy(2)I'(z —v)

Next since fp, , is symmetric, we have that fp, ,(z) = z fD?b (x?),z > 0, from where we deduce

the Mellin-Barnes representation of fp, . Next, since the mapping z WF(QZ*D is meromor-

3 () (z=v)

L with a simple pole at %, an application of the residues theorem

phic on (a’,a’ + 3),0 < d’ < 1

yields

I(1—v) +r(1—y) /a’“OO e P21

o, (¥) = 2W,(LT (L —v) 2ri v Wy(2)['(z —v) :

/—ico

r(1-v)

. / 1 : —
from where we easily conclude, as @’ < 3, that lim, fp,, (v) = W, (OE )"

Moreover, by
Mellin inversion, see again [95, Section 1.7.4], and by symmetry, we get that f € Cy(R). From the
same reference and by a similar reasoning, we obtain the expression and the smoothness properties

for the successive derivatives for all n < p. The cases 0 = 0 or 77(0") = oo follow easily by means

of a similar reasoning and using (4.56) in place of (4.55).

We continue our program with the following observation which is the key step in proving Propo-

sition 4.4.6 for the L(? mapping. To state it, we recall that X (v), v € R, is the 7-length-biased
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random variable of a non-negative random variable X, if its v moment mx () is finite and

Y

mx ()

This notion was used in the proof of the Lukacs mapping defined in (4.3.5). We are now ready to

state the following.

Proposition 4.5.9. For any ¢ € B, we have Tip(u) = 5¢(u + 1) € B. Moreover, with the

notation of (4.59), we have, for any t € R,
Fir, (1) = Fr,)(t)
and, for any twice continuously differentiable function Fx € &,
LPA, Fx = A,y L Fx (4.73)

where Ap, f(t) = E [f(t\/ﬂ)} and 1, is chosen independent of X. In particular, for any k =

1,2,...,and, anyt € R, withv < 1,

LY Fo,, () = Fy o S = Fog (1), (4.74)

Proof. The first statement can be found in [28]. Then, observing that Wy 4(n + 1)

| kﬂgb(k: +1)= Wolnt2) e deduce, from (4.59), that, for any integer n,

ADICESE
ol D)W1) My (n+1)
M) = v - Womr My el @7

which yields the second claim since these random variables are moment determinate, see [30], and
the characteristic function uniquely determines the law of a random variable. Next, as Fx is twice

continuously differentiable, one gets, for any ¢ € R,

A Fx(t) = LPFy g(t)

Tt

f%()
- (2) / FOOD )
- AI¢ Fx(t)
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where for the third equality, we used that X and I, are independent and for the last one that
]-"(\;)I_(b(O) = [ afi,(x)de = ﬁ To prove the last relation, we recall that Dy, = /I5J,,

where Jg is chosen independent of I, and thus resorting to the commutation type relation (4.73),

one gets, for any ¢ € R,

LPFp, (t) = LA Fy, (1) = A,y L2 Fy, () = Aoy Fr,(t) = Fr@ymo )

II¢(1)

which provides the claim for £ = 1. Then, an induction argument gives for any £,

2 2
Ll(cJZ1]'—D¢,V(t> =1%o ng )]'_Dw(t) = L(Q)‘FJV(%) /IId)(k) = ]:JV(2I<:+2) /II¢<;€+1> (t)

which completes the proof.

End of the proof of Theorem 4.4.1

To complete the proof of Theorem 4.4.1, we take ¥ € IN4, and, recall from Proposition 4.5.2, that
there exists ¢ € By and 0 < 6 < 1 such that ¥(u) = (u — #)@(u). Then combining lemmas 4.5.7

and 4.5.8, we obtain, using the notation of the latter lemma, thatis Dy g = \/EJ 0,
.7:5@ (it)]-"quye (t)y=1, teR.

Hence [, , Fp, | form a van Dantzig pair, which completes the proof of the theorem after invok-

ing Theorem 4.5.6.

Proof of Theorem 4.4.4

We simply sketch the proof of the first claim as the detailed arguments can be found in [101]. Let
¢ € Bp,. Then, observing that Wy (n + 1) = n!Wy(n+1),n > 0, we write Fj, = W%h’ that is F}; is
a function which is analytic and zero-free on the half-plane Re(z) > z;, 21 being the largest zero of
¢ which is simple, and, at least on this former half-plane, I}, is solution to the recurrence equation

1

Fy(z). (4.76)
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From this recurrence equation, we get that z; is also a simple zero of F}, and F;, admits an analytic
extension to Re(z) > p; > 2z, due to the interlacing property. Then, the 1-separation property
entails that p; = z; — 1 is a simple pole of ¢, and, hence, p; is neither a zero nor a pole of Fj,
which, yields, by the recurrence (4.76), that F, admits an analytic extension to Re(2) > 2o = py—1.
An induction argument gives that [ is indeed an entire function with the sequence of simple zeros
(zk)k>1, Which completes the proof of the first claim by invoking Laguerre theorem [1 18, Theorem
4las Jy(z) = Z:’:O EVFstl) 20 Ror the last claim, we invoke, for instance, the Mittag-Leffler

n!

function presented in example 4.4.2 which has non-real zeros.

Proof of Proposition 4.4.6

The case p = 1 is simply the combination of Lemma 4.5.3, Proposition 4.5.2 and Theorem 4.4.1. To
prove the case p = 2, we take ¥ € IN;, and recall that Dy, g = /IJg, where U(u) = (u — 6)¢(u).

Then, using (4.68), Proposition 4.5.2 and the identity (4.74), one gets, forany £ = 1,2, ...,
L7t =LPF,, () =F (t) (4.77)
E JYU E Y Dso Jo(2Kk) /II¢(k) . .
On the other hand, using (4.51), and recalling the identity Zy (t) = Jy(e'2t), one has
LPTy =T, (4.78)
3

However, since ¥ € Ny, then % > @ and, from Proposition 4.5.2(3), the mapping u > 7?@@) =

7_'1% o 7_'2;_1\11(11) = %7_'2;_1‘11(1@ + 3) € N with 7_'2;\11(%) = 0. Then, 7_'2;\11 fulfills the require-
2

ment of Theorem 4.5.6 and hence

Frp (i) = ———
TT%W< ) Loy, (1)

which concludes the proof after invoking Lemma 4.5.7.
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