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Abstract

We give a new polynomial bound on the complexity of approximating the maximal inscribed

ellipsoid for a polytope.

Key words: maximal inscribed ellipsoid, maximal inscribed paraboloid, path-following Newton’s

method, computational complexity.



1. Introduction

Let Q be a full-dimensional polytope in R™ defined by m linear inequalities

Q={xeR"¢x<1i=1..,m} (1.1)

In this paper, we shall study the complexity of the following extremal geometric
Problem I
given a polytope (1.1) and a relative accuracy v € (0,1) in the volume, find an ellipsoid
E, contained in the polytope, such that
vol E/vol E* > 7,

where E* is the ellipsoid of maximum volume inscribed in Q.

One of the motivations for studying the complexity of Problem I is that it appears as a basic
subroutine at each iteration of the method of inscribed ellipsoids [11], which achieves relative error ¢

of minimization of an arbitrary nondifferentiable convex function F on Q in at most

6.64nln %

iterations. At each iteration of this method it is required to solve Problem I with accuracy

v = 0.99 for a current polytope localizing the set of extrema, and to evaluate F and the subgradient
of F at the center of E. Note that, similar to the method of volumetric centers by Vaidya [13], the
method of inscribed ellipsoids is an optimal method for convex programming in terms of the order of
the number of iterations. In particular, good algorithms for solving Problem I may prove useful for
developing efficient methods for decomposition and nondifferentiable convex optimization (for a similar

motivation see aso [5,9,14]).



Another useful application of vy-maximal ellipsoids is related to the fact that they give “well

rounding” affine transformations for convex bodies [6]. More precisely, it is known [11] that
pcQeattiilng (1.2

for an arbitrary n-dimensional body Q, where AE stands for the ellipsoid obtained by the

homothetic dilatation of E by a factor of A.

Extremal inscribed and circumscribed ellipsoids are also used for approximating reachability
regions for linear control problems, in optimal design [12], and in some other applications. We also

find Problem 1 interesting in itself.

In this paper we show that a y-maximal ellipsoid for a polytope (1.1) can be computed in at

most,

O(m3® In [ Lﬂﬁl} In [%}), (1.3)

1117 In,—),

arithmetical operations, where R is an a priori known ratio of the radii of two Euclidean balls, the
first of which is circumscribed about Q and the second inscribed in Q. This improves by a factor of
m the best previously known complexity bound for the problem due to Nesterov and Nemirovsky [7].
We also show that the computational cost of the mth iteration of the method of inscribed ellipsoids can
be bounded by O(m3‘5ln m In In n) operations. Note that for the method of inscribed ellipsoids one

can assume without loss of generality that 4 = 0.99, R = 3n, m = O(n In n).

The paper is organized as follows: In Section 2 we consider four computational problems of
finding extremal ellipsoids for convex polytopes and show that these problems can be reduced in linear
time to Problem 1. In Section 3 Problem I is formulated as a convex program with nonlinear

constraints. In Section 4 we describe an algorithm ElNiP that reduces the Problem I to a small number
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of special convex programming problems P with linear constraints. The number k of subproblems
P is indeed very small: k < 12 for the method of inscribed ellipsoids with n < 106 variables. In
Section 5 Algorithm ElliP is viewed in geometrical terms. It turns out that each problem P can be
interpreted as the problem of inscribing the maximal paraboloid in a polyhedral cone defined by the
pair (Q, b), where b is an interior point of the polytope Q. In Section 6 we bound the complexity of
Problem P by using the general path-following Newton’s method stated in [7]. The number of Newton
iterations of the method does not exceed O(ml/an [mR/In %}) and, though the number of unknowns
in the problem grows as n(n + 1)/2 + n = n? /2, the computational cost of one iteration can be
bounded by O(m?’) arithmetical operations. To prove the latter, we develop a system of n + m
linear equations with n 4+ m unknowns to compute the Newton direction, which is similar to but
simpler than the system suggested in [7] for the case of n(n + 1)/2 unknowns. In Section 7 we obtain
the upper bound (1.3) on the complexity of Problem I. Section 8 of the paper contains some

concluding remarks and open questions.

2. Extremal ellipsoids

Let Q be a convex body in R™. It is known that
- among the ellipsoids E, centered at a given point a € int Q and inscribed in Q, there exists a
unique ellipsoid E*(a) of maximum volume;
- there exists a unique maximal ellipsoid
E* = argmax {vol E | E C Q}
for Q [3].
Let ~ € (0,1]. An ellipsoid E, inscribed in Q, is called y-maximal for Q, if

vol E > 7. vol E*. We say that E is (7,a)-maximal for Q,if E is centered at a, E C Q, and

vol E > v - vol E*(a).



Similarly,

- among the ellipsoids, centered at a and circumscribed about Q, there exists a unique ellipsoid
Ex(a) of minimum volume;

- there exists a unique minimal ellipsoid

Ey = argmin {vol E | Q CE }.

for an arbitrary convex body Q. Moreover, the center of E, is an interior point of Q 13].

Again, let v € (0,1] be a given relative accuracy in the volume. An ellipsoid E, containing
Q, is said to be v-minimal for Q if v- vol E < vol E,. Next, E is said to be (v,a)-minimal for Q

if £ iscenteredat a, E 2 Q, and 7v- vol E < vol E,(a).

Suppose without loss of generality that Q contains the origin a = 0 as an interior point and

consider the following four computational problems.

Problem I Given v € (0,1) and a full-dimensional polytope Q in RY defined by m linear
inequalities
Q={xeR"| cirx <1,i=1,.,m}, (2.1)

find a y-maximal ellipsoid for Q.

Problem I, (“centered” version of I) Find a (7,0)-maximal ellipsoid for (2.1).

Problem C Given 7 € (0,1) and a full-dimensional polytope Q defined as the convex hull of m
points in R"
Q = conv. hull {dy,...; dm}, (2.2)

find a ~-minimal ellipsoid for Q.
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Problem Cyy (“centered” version of C) Find a (v,0)-minimal ellipsoid for (2.2).

In this section we describe five geometric transformations
= Co = Ip — I (2.3)
yielding “linear-time” reductions among the above listed computational problems. We begin with the

reduction C(n,m,vy) — Co(n—i—l, 2m, ), suggested for the case y = 1 by Titterington [12].

Suppose we wish to compute a y-minimal ellipsoid for a given n-dimensional polytope (2.2),
containing the origin as an interior point. Let us introduce a new “vertical” coordinate x 10 and

consider the (n+1)-dimensional polytope
Q' = conv. hull { % (dy, 1)yt (dm, 1)}, (2.4)

still containing 0 € R™F! as an interior point. Let E' be a (7,0)- minimal ellipsoid for Q. Then

Rn-}—l

the intersection of E' with the hyperplane M = {x € | x = 1} gives an

n+1
n-dimensional ellipsoid E which is y-minimal for Q. Indeed, E'D Q' if and only if E'nn 2 Q.

Moreover,

voln_H E’ = const(n)- voly[E'NN] - v(h)
where h > 1 is the “height” of E', and
v(h) = hn_H(h2 - 1)—11/2 > v({n+1).

In particular, if E,' is the (1,0)-minimal ellipsoid for Q', then the height of E,' equals {n+1, and

E*’ A is the minimal ellipsoid for Q. Furthermore,
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volp(By'nr) _ VOln—HE*, . _v(h)
voly (E'nr) voln+1E' v(yn+1

2
)

i.e., E'NH is v-minimal for Q.

The reverse reduction Cy(n, m, 7) — C(n, 2m, =) is simpler. In order to determine a (%y,0)-

minimal ellipsoid for (2.2), it suffices to find a v-minimal ellipsoid E for the polytope
Q4 = conv.hull {£ dy,..., &+ dm}s

and shift E to the origin. It is easy to see that the shifted ellipsoid [E + (-E)]/2 still contains the
centrally symmetric polytope Q_, and by definition this ellipsoid is (7,0) -minimal for both Q_

and Q.
Thus, the problem C is equivalent to its “centered” version.

The equivalence IO(n, m, v) & Co(n, m, 7) follows by standard polarity arguments: an

ellipsoid E is inscribed in

Q={xeR" ¢ x<1i=1..,m} (2.1)
if and only if its polar
E®={y e R? xTy <1 forallx € E}
contains the polar

Q° = conv. hull {cl,...,cm} (2.5)

of the polytope Q. If E is centered at the origin, then E® is centered at the origin as well, and

vol E - vol E® = p%,
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where pp is the volume of the unit n-dimensional Euclidean ball. Therefore E is (7,0)-maximal

for (2.1) if and only if E® is (7,0)-minimal for (2.5).

Now for the last reduction I(n, m,y ) — I(n, 2m, v): to find a (,0)-maximal ellipsoid E

for (2.1), one can compute a y-maximal ellipsoid E for the centrally symmetric polytope
Qi ={xeR &+ ciTx < 1,i=1,.., m},

and translate E to the origin.

We do not know whether there exists a reduction 1 — I, similar to the geometric reductions
(2.3); see also Question 2 in Section 8. Henceforth we focus on the computational complexity of
Problem I, the most difficult among our four computational problems. In Sections 4 and 5 we will
reduce Problem I to a small number of subproblems P, each of which can be interpreted as a problem

of the approximate computation of the maximal paraboloid inscribed in a polyhedral cone.

In most of the paper, we need the following technical assumption: Q contains the unit
Euclidean ball By = {x € R™| ||x]| € 1} and is contained in the Euclidean ball

Bp={x¢€ R™| |Ix]| < R} of a given radius R:

B, CQ C Bg. (2.6)

Note that by means of dilatations we can keep R constant in the reductions
C «~ CO = IO — I. In the reduction C — CO we have R' = | R2 4+ 1 < 2R for the polytope Q’,

see (2.4).
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3. The problem of finding the maximal inscribed ellipsoid as a convex programming problem

Problem I can be reformulated as a convex program [9,10]. This can be done as follows.

An arbitrary ellipsoid E in R™ can be given in the form E = {x| x = a + Bz, ||z|| < 1}
where a € R™ is the center of E and B isan n xn symmetric positive definite matrix. Thus E
is the image of the Euclidean unit ball {z| ||z]] < 1} shifted to the point a after the linear
transformation B. In particular, in the above representation the support function of the ellipsoid has
the form

45() = max{cTx| x € B} = cTa + B,

and its volume is given by vol E = py det B. Hence, in order to find a y-maximal ellipsoid E for

(2.1) it suffices to solve the convex program

f(B) =-1n det B — min
} (3.1)

ciTa, + | ciTB <1, i=1,..m

1)/2
with the unknowns a € R™ and B € Rn(n + 1/

, to an absolute accuracy of In % in the
functional. Here B is a symmetric positive definite matrix of order n. The convexity of f(B) on the

set of positive definite matrices is well known [2].

Letting A = Bz, (3.1) can be rewritten as

f(A) =-Indet A — min
} (3.2)

c;‘Aci <(1- ciTa,)2, i=1,..,m,

Problem (3.3) is also formulated in [5]. Note that unlike those of (3.1), the constraints of (3.2) are not
convex. However, for a fixed a (say a = 0) these constraints are linear in A. In particular, Problems

C, Cy and I can be reduced to the problem of minimizing f(A) with A subject to linear



constraints (see [1] for the case I).

The convex programming problem (3.1) can be solved by the ellipsoid method, which yields a
polynomial (but poor) bound
116(112 + m) In [Rn/In .ly]
on the number of arithmetical operations sufficient to solve Problems I and C [10,11]. For reasonable
m, this result was substantially improved by Nesterov and Nemirovsky [7]. Using a path-following

Newton’s method for minimizing the function

m
Fi=-IndetA-t > In {(1-cga)2~c;A ¢
i=1
with penalty parameter t | 0, see (3.2), they reduced the arithmetical complexity of computing a
v- maximal ellipsoid to the bound

O(m*d1n [Rm/mn 1). (3.3)

Applying the same approach to the centered version of the problem (a = 0), Nesterov and Nemirovsky
also obtained a better bound

O(m®? In [Rm/In 1)) (3.4)

on the complexity of finding a y-minimal ellipsoid for a polytope. In both cases the bound

O(m0'5ln [Rm/In %,]) on the number of Newton steps is “standard” [8]. However, in the case

a= 0, where the constraints of (3.2) are linear, the corresponding linear system for computing Newton’s
direction is simpler. In time O(mg) this system can be rewritten as a linear system in m unknowns,
and consequently, it can be solved in O(m?’) operations. For the general case, where a is not fixed,

Nesterov and Nemirovsky described a more complicated method, which requires O(m4) operations per

Newton iteration [7, pp. 163-188].
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In this paper we reduce (3.2) to a small number of subproblems

P(b)

f(A) = - In det A — min,
} (3.5)

c;rA ¢ < (1- cira)(l - cin), i=1,..m

with fixed values of b € R™. So each P(b) is a problem of minimizing f(A) with A and a subject
to linear constraints. This allows us to bring down the complexity of finding a y-maximal ellipsoid

for a polytope to a bound close to (3.4).

4. Reduction I — P

Consider the following algorithm ElliP for computing a 7-maximal ellipsoid for a polytope Q.

Step 0. Set

)

ii

[l LoD}t
st
=

3

k

ve

bk:: bO := an arbitrary interior point in Q.

Step 1. Find an approximate solution a; =a(b,) and Ay = A(by) to Problem P(b, ), see

(3.5), with absolute error & in the functional.

Step 2. Update:

1
b1 = 5(bg +ay),
k = k+1.

Go to step 1 and start a new iteration.
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Let

~v(b) = vol E¥*(b)/vol E* (4.1)

be the ratio of the volumes of the (1,b)-maximal and the maximal ellipsoids for Q. So 7(b) € (0,1)

forall b € int Q, and ¥(b) =1 ifand onlyif b= a*, where a* is the center of the maximal

ellipsoid E* for Q.
Theorem 1. Algorithm ElliP converges in at most k+1 iterations, where

x:ﬂ%&qﬁm/m%ﬂ+L (4.2)

with the ellipsoid
1/2
Er={xeRx= bn+1 + AK;/ z, ||z|] < 1}

v-maximal for Q.

Proof. Let us first show that E, C Q. By the definition of Aj (see step 1 in the description of the

algorithm) we have

c;rA,ici <(1- cira,g)(l - cirb,c), i=1,..,m.

Since

(1-cTa)(1- ¢b) < (1- T2 (4.3)

for all a, b € Q, we conclude that

a, + b
T Agey < (1-JEET 262 = (1-cTb, )2,
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see step 2. Therefore

1/2

Il cirA,{ l<1- cirb i=1,.., m.

k+1

This proves the inclusion Ex C Q, see (3.1).

To prove the y-maximality of Ej, consider the function ¢ : Q x Q — R defined as
¢(a,b) = min {f(A)] ¢] Ac, < (1 - ¢fa)(1-¢{b), i=1,.,m}.

Here f(A) =-Indet A and A is a symmetric positive definite matrix of order n. We need the

following property of ¢ : for alla, b € Q

b b #(a,a) + ¢(bb
o250, 230) < gap) < AR 20D, (4.4
The first inequality of (4.4) follows from (4.3). To prove the second inequality suppose that A

and B are the optimal matrices for (a,a) and (b,b):

f(A) = ¢(a,a), c;rAci <(1- cira)2,
} (45)

f(B) = ¢(b,b), ¢/Be; < (1 - ¢Ib)%,

We can assume without loss of generality that A and B are diagonal matrices. Multiplying the

inequalities (4.5) for each i = 1,...,m, we get

T e < (] Ac)(TBe)? < (1- a1 - Tb).
Hence,

s(ab) < ((AB)') = L [6(an) + (5D
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Observe that the first inequality of (4.4) implies that the minimum of ¢(a,b) on Q x Q is
attained at (a¥*, a*):
min {¢(a,b)]a, b € Q} = min {¢(a,a)] a € Q} = ¢(a*,a*) = f(A*) = - 2 In(vol E*/pp).

1/2
Here E* = {x € R*| x = a* + (A%) / z, ||z]| < 1} is the maximal ellipsoid for Q.

Now we can prove the inequality

vol E*

In vol E

i

L[f(AR) - f(A%)] < In 3, (4.6)
equivalent to the y-maximality of Ex. From the description of the algorithm we know that
f(Ag) < min [p(a,bi) | 2 € Q} + & < ¢(bk;bk) + 6,

see step 1. Hence

*
In YoLE" < § [9(bi, bi) - 4(a%, 2%)] + § (47)

Let

_ _ 1
= ¢(bm bn) - 05(3*, a*) =2In m,

see (4.1). From the description of ElliP and (4.4) we have

a_4+b_,a_ ,4+b
€K:¢(n12 Ktl’ n12 Kl)—qﬁ(*a*)

a,

< ¢(a, 1o b ) - ¢(a*, a%)

IA

min {§(a, b, 1)l a € Q } + 5 - 4(a*, %)

n {d)(a, )+ ¢§bn-l’ be1)

IN

;aeQ}+5-¢(a*,a*)

oy Opy) 9601

1
—?65_1‘{‘6.

The latter recurrence implies



14
Ee <2 g+ 6L+ 2 442 T coF g 4o,

Now from (4.7) and (4.1) it follows that

vol E* -K 1 3
In vol B, <2"%In 7(b0) +35 6.
Since & = % In .l),, we obtain (4.6) from (4.2). This completes the proof of the theorem. 0

Selecting by = 0 as the starting point for ElliP, we obtain from (2.6) and (4.2)

Kk < {Iog l>2—11——19-1——g] —l (4.8)
Ny

This already low upper bound on the number of iterations of the algorithm Ellip can be still
lowered in the case where the algorithm is applied as a subroutine in the method of inscribed ellipsoids
[8]. At the s-th step of this method we have a y-maximal ellipsoid E® for a polytope Q°. Next
we pass a halfspace 7° = { x € R" gST(x - 2% > 0} through the center a°® of E°, and compute a
new +v-maximal ellipsoid Esﬁlb1 for the polytope QS+1 = Q% N 7% Since Qs+1 contains the half
ellipsoid E®N 7°, we can start ElliP for QS+1 at the center b?) of the maximal ellipsoid inscribed
in the half ellipsoid E® N 7%, Clearly, the point b?) can be computed in O(n2) operations, and

7(bg) > 0.57m /2

as one can inscribe an ellipsoid E of volume 0.5 ,unn_l/ 2 in the halfball

fx € R |Ixl| < 1,x; > 0)
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(place the center of E at (n-l/ 2, 0,...,0)). In the method of inscribed ellipsoids we also fix

v = 0.99, see [11]. This yields the following bound
k+1 < 9 + log(1l + &nvm) (4.9)

on the number of subproblems P(bo),...,P(bK) that are to be solved at each step of the method

inscribed ellipsoids. In particular, &+1 < 12 for n < 106.

We show in Sections 6 and 7 that the arithmetical complexity of each problem P(b) does not

exceed (3.4). Before that, however, we shall describe a geometric interpretation of these problems.

5. Geometric interpretation

1% Paraboloids

Let % be the set of vertical paraboloids in Rn+1 tangent to the hyperplane

n+1

ﬂ:{(x,xn+1)€R lxn+1:1}.

An arbitrary paraboloid P € % can be represented in the form

P={(x ) € R 2 - a)Tal(x-a) + 1), (5.1)

where A isan n x n symmetric positive definite matrix and a € R™ is the “center” of the
. . 1/2 . .
paraboloid. We call the quantity V(P) = pp(det A) / the “volume” of P. Geometrically, V(P) is

the n-volume of the ellipsoid obtained by intersecting P with the hyperplane Xpa1 = 5/4.
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n+1

Let ¢ € R" and d € R. Consider the halfspace = in R of the form

n+1

™ = {(x, Xn+1) e R Xpal 2 ¢Tx+d}.

Clearly,

PCr ifand only if ¢cTAc < 1-d-c'a. (5.2)

Note that the constraints (5.2) are linear in A and a.

29 Shadows of paraboloids

For a point b € R™ denote by S = S(b) the projection of the paraboloid P from the point
p

(b,0) onto the hyperplane I1:

S = conv.hull{P U (b,0)} N .
We call S the “b-shadow” of P, see Fig. 1. It is easy to see that
S is a n-dimensional ellipsoid centered at the point %(a + b), (5.3)

vol S = pp([1 + ] det A)1/2. (5.4)

(a-b)TAl(a-b)
1

Indeed, x € S if and only if the ray
(b, 0) +t- (x-b, 1), t €0, c0) (5.5)
meets P, or equivalently the quadratic inequality

t > Hx-b)t-@a- b TA(x-b)e- (a-b) +1



(b,0)

Figure 1.
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has real toots t. Therefore x € S is equivalent to

yTA Y1 + €TAe) < (1 + T ly)?

with y =x-b and € = (a- b)/2. The latter inequality can be written as

yTA 0 + eTA ey - AleeTa ly < 14+ 2¢TAYy.

Since

“leeTy-1
wt ANyt
1+ E°A¢
we see that x € S if and only if
b a-b)(a-b)T_ b
(X_a~2}- )T{A—}-( 5 )( 2) }l(x_a—;— )Sl

This proves (5.3); (5.4) follows from

det (A + €€T) = (1 + €TALE). det A.

Note that (5.4) shows that the volume of any b-shadow of P exceeds the “volume”
1/2 .
pn(det A) / of P, and that the latter quantity is the linear approximation to vol S for a close

to b.
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3°. Geometric interpretation of the problem P(b)

Let Q be a given polytope in R™. Suppose that b € int Q, and consider the polyhedral
cone K(b) C R™F1 such that it has the vertex (b,0) and K(b) N M = Q. In other words, K(b) is
the union of all rays (5.5) which intersect a copy of Q placed in the hyperplane 1. If Q isgiven

by (1.1), then K(b) is defined by the following system of linear inequalities

cf(x-b)
n+l = 1 _.Ty

i

,i=1,..,m (5.6)

Now from (5.2) it follows that a paraboloid P of the form (5.1) is contained in the cone (5.6)

if and only if

ciTA ¢, <(1- ciTa)(l - cirb), i=1,..,m.

Therefore Problem P(b), see (2.5), can be interpreted as the problem of finding the maximal

paraboloid P € ? inscribed in the cone K(b).

Remark. It can be shown that for an arbitrary b € int Q such a maximal paraboloid is unique.

Note also that P C K(b) if and only if the b-shadow of P, the ellipsoid S, is inscribed in

the polytope Q.

4°. Geometric interpretation of the reduction I—P

The iterative procedure ElliP can be interpreted as follows. We select an interior point b() in
Q and inscribe a 7' “-maximal paraboloid P, in the cone K(b;). Maximizing the “volume” of

PC K(bo), we maximize the linear approximation (5.4) to the volume of its bo-shadow in Q. Next we
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move to the center by= (by+ a;)/2 of the bj-shadow of P, (see (5.3) and step 2 of ElliP), and start
1/3

the procedure anew. “Looking at Q from bl,” we inscribe a v ' -maximal paraboloid Pl in the
cone K(by) and so on. As we know from Theorem 1, the shadows S(b), S(by),... of the paraboloids

PO’ Pq,... converge in a small number of iterations to a y-maximal ellipsoid for Q. [In fact, instead of

the shadows

a, - by ) (a, - b )T
S(b) = {x € R"|(x - b )T[A} " : ) i 5 k) h- b q) < 13,

we used in the proof of Theorem 1 the smaller ellipsoids
B ={x € R(x-b_ )7 Alx-b ) < 1HCS (),

which also converge to a y-maximal ellipsoid for Q. This observation can be used to improve the

convergence of ElliP.]

6. The complexity of finding a y-maximal paraboloid for a polyhedral cone.

The change of variables

a — a-Db, (6.1)

transforms Problem P(b), see (3.5), into the following standard problem P = P(0):
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- In det A — min, (6.2)

ciTAci + cira <1, i=1,..,m

The latter problem can be solved by the barrier method, stated in Section 3 of [7] for the

general convex programming problem

f(x) — min, x € G C RN (6.3)

with a thrice differentiable convex objective function f. The method is a special Newton procedure that

follows the central path of the minimizers x(t) of the function

Fi(x) = f(x) + tg(x), t | 0.

Here g is a barrier function for the convex feasible region G.

For the applicability of the method it suffices to check the following three conditions:

1°. g is strongly self-concordant on int G # §.

By definition this means that

1.1° g: int G — R is convex and thrice differentiable;
1.2° the level sets {x € int G| g(x) < £} of g are closed in RN for each € € R;
1.3° forany x € int G and h € RN,

3/2

ID3g(x)[h,h,b]| < 2(D2g(x)[h,h]) (6.4)
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2°. g is a o-self-concordant barrier for G with some o > 1,

i.e.,
Ax) < o (6.5)
for all x € int G, where by definition

A() = min{A > 0] ¥ b € RN: [Dg()[h] | < ADZg(0m,) 2. (6.6)

3°. f is B-compatible with g for some g > 0.

This latter condition means that:

3.1°. f is lower semicontinious and convex on (G, and finite and thrice differentiable on int G;

3.2°. forall x €intG and h € RN,

1/2

ID3£(x)[h,h,h]| < B(3D28(x)[h,h])(3D?g(x)h,h]) (6.7)

Suppose that the conditions 1°-3° are satisfied. Then, given an initial point Xy € int G and

an absolute error 8 > 0, the barrier method can produce an approximate solution

x® € int G, f(xé) < min {f(x) | x € G} + 6

to the problem (6.3) in at most

1/2 o Vg(f)

Newton iterations applied to convex combinations of f and g (or of g and some linear form). Here
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{1 O(+) depends on f3;
(i1) xg € int G is the (unique) minimizer of g;
(iii) Vg(f) = sup{f(x) | x € W1/2(xg)} -inf{f(x) | x € W1/2(xg)}

is the variation of f on the ellipsoid W1 /2 (Xg), where

Wr(x) = {y € RY Dlg(x)ly - x, v - o] < 1%}

and

(iv) rx(y) = inf{t > 0] x + ' 1(y - x) € G}

is the Minkowski function of G with the pole at x.

Moreover, it is shown in [7] that under the assumption 1°

W) C G

for all x € int G.

To apply these results to our problem (6.2) we set

x = (A, a),
G = {(A,a)|(A,a) satisfies the constraints (6.2) and A
is positive definite and symmetric},
f=-1In det A,

m
g=f -;;1 In(1 - ciTa - ciTAci).

Let us first check the conditions 1° - 3°.

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)
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1°) Clearly, the conditions 1.1° and 1.2° are satisfied. The Taylor expansion of g has the form

T T

m ¢ h+c. He,
g(A + H,a+h)=gA, a)- tefAH} + )| L

i=1 1-¢ja-c¢Ag

T T 2
1 12 1o gh+eHg
+ = tr{(A""H +_§: RS S SEUS
2 { )} 2i:1l:1—cira—c;A <

T T 3
1 13 1 ¢h+c He
oot 48[ TSt [

~cla-clAc
i i
Hence we get (6.4) and 1.3

ID3g(A,)[(H,h), (H,h), (Hh)]| =

13 m Th+ ¢THe, PP
2tr{(ATH) Y+ 2 | >t
i=1

T T
1 ¢ a ciACi

= |2 tr{x%} + 2_2“:11 ¥

IN

3 o 3
2[tr{X"} + 2,211 (N
1=

< 2 (x4 2 (.i e

3/2 3/2

<ofxB + ¥ D =2 X P41 1)

j Rl

— o(D2%g(A, a) [(H, b, (5, b))*/%.

Here
X = A‘1/2HA‘1/2

T T
B Cih+CiHci

=11
1 l—ciTa-ciTAci

= (¢1a"'977[)m)7

and || - || stands for the £,-norm.

(6.14)
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2°) Let us prove (6.5) for ¢ = 2m. By the definition (6.6) of the Newton decrement A(A,a) of g
at (A, a) we have

A(A, a) = max |Dg(A, 2)[(H, h)]|
b (D2g(A,2)[(H, 1), (1, b))

13

|-tr{X} + ¢; + .. + ¥m]

X x 2w DY

<(n+ m)l/2 < (2m)1/2.

The last inequality follows from the fact that the polytope (2.1) is bounded and n +1 < m.

3/2

3%) f is 2.3 °' " - compatible with g:

ID36(A ) [(H, h), (H, h), (H, b)| = 2| tr{(A"'H)3}]

_ox®y < 2- 5 2 x 1D 1 x D)

<226 x 6 X2 + 30 v 1)

o 332302A, ), b), (I, B)ED2e(A, 2)[(H, b, (1)

To use the bound (6.8) on the number of Newton iterations we have to obtain upper bounds on

the quantities Vg(f) and 7y g(xo). We first prove the following two lemmas.

Lemma 6.1 Let xg = (Ag, ag) be the minimizer of the function g defined in (6.13). Then

1o
Ag :igl ciciT/(l - cirag - ciTAgci), (6.15)
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0=3 c/(1-cTag-cTA
‘.21 /(1 - ¢f ag - ¢; Agcy),
1=

n+m—§n: 1/(1 - cTag - ¢ Age)
- i98 "1 TENMY

1=1

wi(Ag) > (2m - max e |2

guney

where wy(+) is the minimal eigenvalue of (-).

Proof. The equations (6.15) and (6.16) are the first-order optimality conditions dg/0H =0 and

8g/0h = 0, see (6.14). Multiplying (6.15) by Ag and (6.16) by ag, we get (6.17):

T
c.ci C.a, +ccA
g g
n =tr(Ag Ag) = tr tr
(g g) {Z 1-¢f ag—cTAgc} {111—0 ag - TAgc1

T T
m . a.g -+ ¢, Agci

1 1 1 C. zlEg 1‘f§~£§(:i i::: 1

The last inequality (6.18) can be obtained as follows:

[ws(Agl " = max{xTA*glxxx e R x|l =1}

)2

max{l 11-c ag ~ T Age lf xeRY |Ix]|= 1} (by (6.15))
< (n+ m) max max {(¢/0%x € R [ x| =1} (by (6.17))

= (n+m) max | ¢ 12 < 2m - max || ¢ 112,

Lemma 6.2 Suppose that Q is contained in some Euclidean ball of radius R. Then

for all feasible points (A, a) € G, where w*(-) is the maximal eigenvalue of (-).

_ H T T
=-m+ ) 1/(1-cag-c¢ Agc,).

(6.16)

(6.17)

(6.18)

(6.19)
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Proof. From the definition of paraboloids (5.1) it follows that for any feasible point (A, a) € G the
ellipsoid E = {X € R"|(x - a)TA—l(x - a) < 1} is contained in the intersection of the cone K = K(0)
with the hyperplane Xpy1 = 5/4. Hence E can be covered by a copy of the polytope 5Q/4, and

consequently by an Euclidean ball of radius 5R/4. a

Now we can prove that

Vg(f) < 2nln (2m R max Ile; 1Ds (6.20)

see (6.9) and (6.10) for the definition of Vg(f). Indeed, (6.12) implies that we(A) > % wx(Ag) for

all (A, a)€ W1/2 (Ag, ag). Since
-nln w*(A) < f=-Indet A <-nlnw, (A),

(6.20) follows from (6.18) and (6.19).

Let us select the pair

Ay= 0.5 I/max || ¢; ||

as the starting point x for the barrier method (I is the identity matrix of order n). Since

T T 15
< AO(:i + ¢ < 3 1= 1,...,m,
and

wi(Ag) = 0.5/max || ¢; 1%,

* 25 p2
w'(Ag) < 15 RY
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we get from the definition (6.11) of the Minkowski function

1 < 4R max|c ||% 6.21
oty S 4R me g (6.21)

Letting 6 = 1In % and substituting (6.20) and (6.21) in (6.8), we see that the number of
Newton iterations of the barrier method for inscribing a v-maximal paraboloid in the cone K(0) does

not exceed

O(m**nfm R max || < ||/ 1n ). (6.22)

The arithmetical cost of one Newton iteration can be bounded by O(m3) operations, as in the
case a =0, h = 0 considered in [9]. Indeed, let F be a convex combination of g,f and some linear

form of the variables, say

F=-lndet A-7 i—z__—,m:l In (1- cira - cirA Ci) + <L,A> + <E,a>.

Here L is a given symmetric matrix of order n, ¢ is a given n-dimensional vector, and
(L,A) = tr (LA),
(a) = Ta
stands for the inner product in the Euclidean space (A,a). Then

3 m ¢ h+ ¢l He,
DF(A, a) [H, h] = - (A H) + 7 3 —g—tpl
i=1 1—cia-ciAci

+ (L,H) + (£, h)

m m
:(-A'1+L+T.ZlCiAil,H)—{-(é%-T‘ZlciAil,h),
1= 1=

where
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T _ T T _
Ci = ¢¢; and Ai =1l-c¢/a-c Aci, i=1,..,m.
Therefore both the A-component

V,=-AlsL+r 3 Alc
A™ &1 17

and the a-component

HA-1
Va=E€0+71 Y Ai ¢
i=1

of the gradient of F can be computed at any point (A,a) in O(mn2) arithmetical operations.

Furthermore,

n))2,

iv

D2F(A,0)[(Lh), ()] = (ATHALH) + 7 35 AZ((CLH) + (c
i=1

1=

and to find the Newton direction (H®, h®) of F at (A,a) one has to solve the following system of

linear equations

OD2F(A, a)[(H, h), (H, h)]

! = algal 40 3 A2 ((C H) + (e, W)} G =V
2 0 H - &l i’ 1’ 1T A
(6.23)
2
8D2F(A, a)[(H, h), (H, h mo
TR R 7 5 A0 )+ (e W g = Ve
Let
A =7 AZC, H) + (o )} i = L, (6.24)

From the matrix equation (6.23) it follows that H can be represented in the form
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m
= - . AC.A. 6.25
H=-AV,A 2 X ACA (6.25)

Treating Aq,...,Am as unknowns, we can substitute (6.25) in (6.24) and obtain the following system of

m + n linear equations in m + n unknowns A, h

2. I
A=A [ g (Ci’ AC.A) X, -

1 : J J
1
J (6.26)
Z c A = Vaa
iz 1
equivalent to the system (6.23). Since A is symmetric,
(C;y AV A) = tr(c;ef AV 4 A) = (Ac;, V5 Acy)
and
= T TAY — 2
(Ci’ ACJ-A) = tr(cici chcj A) = (ci, ch) .
Thus, letting
fi = Aci, i=1,..,m, (6.27)
(6.26) can be rewritten as
A= A2 S (e, 82N - (e, B) A+ (B, VAE)], i = 1pm
i~ i = A L AL 1P VAT T Bt
= (6.28)
m
Z Cj)\- = - Va.
j=1

Now it is easy to see that the vectors fi’ i=1,..,m and all the coefficients of the system (6.28) can be
computed in O(m3) arithmetical operations. As n < m, the system itself can also be solved in
O(m3) operations. Having found the solution (AO, hO) to the system (6.28), one can determine the

A-component of the Newton direction by the formula (6.25)

0 Ho0..7
H = - -
AVAA jzl)\ijfJ
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in O(m3) operations as well.
Remark For the case a = 0, h = 0, considered in [7], the system (6.28) turns into

m
Mmoo T IS (e, £)2A + (f, VAR, = Lyeym,
1 (1‘(%‘%))2 =1 AT A

which is simpler than the system derived in [7], see pp.175-177.
We have thus shown that the computational cost of one Newton iteration is O(m3)

arithmetical operations. Combining this fact with the bound (6.22) on the number of Newton

iterations and with (6.1), we obtain the following result.

Theorem 2. Let Q = {x € R"| c;r x < 1,i=1,..,m} be a polytope that can be covered by an
Euclidean ball of radius R, and let b € int Q. To inscribe a y-maximal paraboloid in the polyhedral

cone K(b) defined by (5.6), it suffices to perform

135 |y_mR .
o( 1 [r(b) - %]) (6.29)

arithmetical operations, where

1 max M (6.30)
r(b) Ti=l,.,m 1-¢'b’ '

Proof. [

Note that r(b) is the Euclidean distance from b to the boundary of Q. Observe also that in

1/3

Theorem 2 we can replace the adjective “y-maximal” by “y’ -maximal”.
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7. Bounding the complexity of determining a y-maximal ellipsoid for a polytope.

Theorem 3 Let Q = {x € R"| ¢ x < 1} be a polytope satisfying (2.6). To find a y-maximal

ellipsoid for Q, it suffices to perform

O(m3". 1n[§n By. m[nllnlﬁ]) (7.1)
n 7 n :77
arithmetical operations.

Proof. Applying ElliP, we reduce the problem of finding a 7-maximal ellipsoid for Q to &
subproblems P(by), P(by),-.., P(bk), each of which is the problem of finding a

~""”_maximal paraboloid inscribed in the corresponding cone K(bs) ,s = 0, 1,...,x. Here
by = 0, by, b € int Q, x < log[2n In R/In 1

is the sequence of points generated by ElliP. The condition (1.6) implies r(by) > 1, see (6.30), and by

(6.29) the complexity of P(bj) does not exceed
O(m>*® In[mR/In 1)) (7.2)

arithmetical operations. Now we have to show that the points bl,...,b,kc do not come too close to the
boundary of Q, i.e. to bound the quantities r(bl),..., r(by) from below. Since from the description of
ElliP we know that b 1= %(bs + ag), ag € int Q, and the distance function

r:int @ — R is concave and positive, we have the following trivial recurrence:

r(bg) > 1, 1(by, 1) > & r(bg).

The number x+1 of iterations of Ellip is so small that even this recurrence yields an estimate
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ln%—,

min{r(by) e 1(b)} > 27 > ool

(7.3)
sufficient for our needs. Indeed, substituting (7.3) in (6.29), we see that the upper bound (7.2) still

applies to each of the problems P(bl),..., P(bk). Multiplying (7.2) by (4.8), we get (7.1). O

Applying Ellip in the method of inscribed ellipsoids, we also obtain from (4.9) and (1.2) the
following
Corollary The complexity of the m-th iteration of the method of inscribed ellipsoids does not exceed

O(m?"5 <Inm - In In n) arithmetical operations.

Note that in the latter method one may assume without loss of generality that
m = O(n In n). This yields the bound O(n?"5 + ) arithmetical operations per iteration of the

method of inscribed ellipsoids and improves the bound 0(114'5 + ) in [7].

8. Concluding remarks and questions

1) We believe that the Newton system (6.28) needs further investigation. In particular, is it possible
to use “Karmarkar’s speed-up” to reduce the average iteration cost to O(m2‘5) arithmetical

operations?
2) Consider the following algorithm IC:
Step 0. Set

k:=10,

bk = bO := an arbitrary interior point of Q.
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Step 1. Find the minimal covering ellipsoid E, for the set of points ¢, /(1 - cirbk), i=1,...,m.

Step 2. Update:

by 11 the center of the polar of Ep

Go to 1 and start a new iteration.

Does the sequence of the polars E(O), EY,..., Eﬁ C Q converge to the maximal inscribed ellipsoid for Q7

3) We conjecture that the following “polar” versions of the problems I and C are NP-hard:
- find a y-minimal covering ellipsoid for a given polytope (2.1);
- find a y-maximal inscribed ellipsoid for a given polytope (2.2).

It is known [4] that these problems are NP-hard in the case where we consider balls instead of

ellipsoids.

4) Suppose that Q = {x € R"| cirx < 1,i=1,.,m} is arational polytope: ¢;,....cm € Z". Can
one obtain non-trivial bounds on the algebraic degrees of the entries of the maximal inscribed ellipsoid

E* = E*(Q) as functions of n?
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