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Ever since the Standard Model (SM) has been written down, countless efforts

have been made to complement/extend it with new inputs from both theoretical

and experimental sides. In this work, we provide such possible extensions from

two perspectives: phenomenology (model-building) and data analysis.

From the model-building perspective, dark matter has proven to be one of

the most robust signs we have about new physics. As such, we propose new

models involving dark matter, along with analyses of their properties and meth-

ods of probing them in experiments.

An alternative approach of discovering new physics involves the use of more

sophisticated data analysis methods based on modern machine learning mod-

els and techniques. On this front, we present works regarding improvements

towards two existing proposals - ‘Classification Without Labels’ and ‘Anomaly

Detection with Density Estimation’.
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CHAPTER 1

INTRODUCTION

The beauty of the Standard Model lies in its simplicity - it is specified only

by its gauge groups and the corresponding fermion and scalar representations

(unified by the gauge symmetry principle). Despite its simplicity and its success

in explaining much of the data we have observed in experiments (both collider

and astronomical), there remains a lot of unsatisfactory aspects and unanswered

questions. Examples include neutrino masses [1], the hierarchy problem [2], the

strong CP problem [3], and of course the nature of dark matter. There has been a

plethora of works aiming to study these missing pieces, all of which come in dif-

ferent flavours - from proposing new theoretical principles to detailed analysis

of experimental data. In this work, we present works on studying new physics,

taking both model-building and data-driven perspectives, with emphases on

dark matter-related models, and applications of machine learning.

1.1 Dark Matter

Dark matter is perhaps one of the most robust signals of physics beyond the

Standard Model (BSM)1 (in comparison to a lot of fleeting signals coming from

collider experiments). Perhaps what we know most about it is the fact that we

do not know much about it. The few things about dark matter we are more or

less sure of are that it is stable, cold (i.e. non-relativistic), collision-less, and have

zero or very small electric charge. Taking an optimistic point of view, this means

that there are a lot of rooms for various models of dark matter. In what follows
1It is worth noting that while the majority of the community believes that nature of dark

matter is not explained by the Standard Model, there are some works exploring alternative
possibilities.[4, 5]
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below we briefly summarize current evidence and searches for dark matter. For

more detailed discussion, we recommend [6].

1.1.1 Evidence of Dark Matter

The evidence of existence of dark matter primarily comes from astrophysical

and cosmological observations, with studies involving galaxy rotation curves

being one of the most important kind. [7]

Consider a rotating galaxy. By measuring the Doppler shift of, say, the hy-

drogen spectral lines of different stars in the galaxy, one is able to compute

speeds of the stars at various distances from the center of the galaxy. This is

the so-called galactic rotation curve. Theoretically, what shape of this curve

should we expect? If we assume spherical symmetry for the sake of simplicity,

one can conclude from Newton’s law of motion that the speed v(r) of a particle

at a distance r from the galactic center is given by

v(r) =

√
GM(r)

r
, (1.1)

where M(r) is the total mass enclosed within a radius r.

For a spiral galaxy, much of its (visible) mass is concentrated at the center, so

that M(r) is basically constant at large r. This in return implies that we should

expect v(r) to drop as r−1/2 at large distances. However in experiments what

was observed is that v(r) remains roughly constant, which is in stark contrast

with our expectations above. The most natural explanation of this apparent dis-

crepancy is that there exists invisible matter permeating throughout the galaxy

that we did not take into account of - dark matter.2

2Realistic experiments are of course far more complicated than the cartoon picture we
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Another, more modern, piece of evidence of the existence of dark matter

comes from gravitational lensing of galaxy clusters. Very roughly, it involves

directly measuring the total mass distribution via gravitational lensing, and

comparing it with visible matter (most of it in the form of hot gases) distri-

bution measured via X-ray spectroscopy. Once again, large discrepancies exist

between the two measurements, implying the existence of dark matter.

1.1.2 Searches of Dark Matter

Current experiments looking for dark matter include both astrophysi-

cal/cosmological experiments and collider experiments. For astrophysi-

cal/cosmological experiments, they fall under two broad categories - direct and

indirect detection.

In direct detection methods, one considers an incoming dark matter particle

colliding with a target. This collision deposits energy on the target which one

tries to measure. In experiments, the collision targets are typically either atomic

nuclei or electrons. These experiments are most sensitive (in the sense of setting

the tightest bounds on DM-matter cross-sections) when the mass of the incom-

ing dark matter particle is comparable to the mass of the target particle: when

the DM is too small, the recoil energy is too small to be detectable, while when

the DM mass is too large there are fewer collisions (assuming constant DM den-

sity). Experiments exploring this front include XENON1T and SENSEI amongst

others.

In indirect detection methods, instead of detecting recoils, the goal is to de-

sketched here, please see [8] for more details.
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tect the pair annihilation or decay of dark matter into Standard Model particles.

These particles in principle should contribute to cosmic rays one can observe

near Earth on top of contributions coming from other sources. If one has a good

model of the background sources, annihilation/decay of dark matter can be

detected as an excess over such background in the form of a ‘bump-hunting’.

Therefore, when designing these kinds of experiments, it is very important to

have both a good understanding of background, as well as enough signals (i.e.

high enough dark matter density). Examples of indirect detection experiments

include Super-Kamiokande and IceCube.

At colliders, instead of relying on pre-existing dark matter in the universe,

one aims to produce them directly in collisions of particles. Due to the obser-

vational requirement that dark matter is stable and chargeless, they must be

produced in pairs and subsequently escape the detectors, leaving their signa-

tures as missing energies just like neutrinos. On the other hand, in some models

dark matter is produced via massive mediators. These mediators can therefore

be detected through ‘bump-hunting’ techniques.

1.1.3 Types of Dark Matter Models

Due to our lack of understanding of some key properties (e.g. mass, spin) of

dark matter, there are so many different models of dark matter that it can be

difficult to classify them all. Of course, all these models must still obey the

properties we mentioned above. Here we try to list a few different popular

classes of dark matter models.
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• Axionic Dark Matter Models The (QCD) axion [9] was first proposed as

an elegant solution to the strong CP problem. Soon it was realized that

it can serve as a potential candidate of dark matter. Even though most of

the parameter space of QCD axions has been ruled out by experiments,

axion-like particles (similar to QCD axions, except that their coupling to

the Standard Model is not controlled by QCD symmetry breaking scale)

remain an attractive candidate.

• Dark Sector Models This class of models purports the existence a whole

sector of ‘dark’ particles which only communicate with the Standard

Model via a mediator (i.e. a ‘dark force’). The most typical model includes

augmenting the Standard Model gauge group with a dark U(1) via kinetic

mixing. This model is the main subject of Chapter 3.

• Weakly Interacting Massive Particles (WIMP) Models Models in this class

assume that the dark matter is charged under the electroweak gauge

group with zero electric charge, and is a color singlet. Assuming close-to-

weak-scale mass and order 1 coupling, these particles can correctly repro-

duce the thermal relic abundance of dark matter observed. This is some-

times referred to as the ‘WIMP miracle’. Unfortunately, experiments have

severely constrained WIMP models.

1.2 Machine Learning in Particle Physics

While historically model-building has been very successful, in recent years the

lack of significant discoveries has ushered another school of thought in which

one seeks to learn/discover new physics in a more data-driven approach. Ma-
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chine learning soon stand to become a very popular research topics for experi-

mentalists and theorists alike.

Particle physicists have been early adopters of machine learning methods

- the ‘Artificial Intelligence in High-Energy and Nuclear Physics’ workshop

started in 1990! Initially, these methods were employed mostly on the exper-

imental side in terms of event selections and data analysis. Over the years, their

applications have spread to more theoretical works as well. For example, they

have played a significant role in Monte Carlo simulations, which are very im-

portant for theorists studying different models.

Traditionally machine techniques can be roughly classified into being super-

vised or unsupervised. In this section, we provide a brief overview of how each

category can be applied to different aspects of particle physics.

1.2.1 Supervised Learning

In supervised learning, the goal is to perform regression or classification tasks

based on labelled data. To put it simply, imagine we have a bunch of data points

of the form (x⃗i, yi), the goal is to use to data to model a function f : x⃗ 7→ y. In the

context of particle physics, one of the most typical use cases of supervised learn-

ing is ‘b-tagging’, where each data point corresponds to a collision event, with x⃗

corresponding to the various observables built from kinematic information, and

y denotes whether the event contains a b-quark.

Traditionally, the inputs x⃗ are hand-crafted based on physically sound con-

siderations (in a process commonly referred to as ‘feature engineering’), and are
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subsequently fed to different supervised models such as boosted decision trees

and neural networks. However, with the advent of deep learning, the feature

engineering stage has been automated so the the input data consists of much

lower-level information. For example, it has been demonstrated that the result-

ing b-tagger from such an approach has about twice as much rejection rate at the

same signal efficiency compared to traditional methods! [10] The implications of

this advancement is significant: it means that the machine learning algorithms

have learnt something physically useful that us physicists were unable to figure

out. If one views this from another angle, perhaps it is possible to directly learn

physics from experimental data!

Another application more directly related to looking for new physics in-

volves anomaly detection - the idea of discerning events containing a new par-

ticle (the ‘anomaly’) from the Standard Model background. Typically, given

a BSM model, one can generate Monte Carlo samples of collider events for

both the signal and background, one can then train a specific model to detect

new particles predicted by this model. Another direction of anomaly detection

makes less assumption about the model, and is the subject of Chapter 4.

1.2.2 Unsupervised Learning

In contrast to supervised learning, in unsupervised learning we are not given

the label y of the data. Instead, the goal is to learn something useful about the

data distribution itself. The two most common objectives are clustering and

density estimation.

In clustering tasks, one seeks to group the data into different categories shar-
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ing similar properties. In the context of collider experiments, suppose one wants

to discern two underlying processes which are not modelled very well theoret-

ically. In such a case it is inadvisable to rely on Monte Carlo samples for use

in supervised learning [11]. Instead, one can first perform clustering of events

which can then be used for more downstream analysis. This way, inaccuracies

due synthetic data can be mitigated.

For density estimation tasks, the goal is to model the distribution from which

the data is drawn, and perhaps also generate new data from the learned dis-

tributions. This is very useful both experimentally and theoretically. Experi-

mentally, it can help us better model the Standard Model background, which

is essential in various searches of new particles. Theoretically, it can help re-

duce resources needed to perform Monte Carlo simulations. In particle physics,

the Monte Carlo simulation processes involve a lot of computationally-intensive

steps - from matrix element generations all the way down to parton showering

and detector response simulations. One way unsupervised learning can speed

up this process is to first generate Monte Carlo samples as one would tradition-

ally, and then build a surrogate model of the underlying data distribution. One

can then use the learned distribution to sample new events. [12]

Another way unsupervised learning can aid Monte Carlo simulations lies in

directly generating parton level events from matrix elements, where by ‘gen-

erating’ we mean sampling from the (normalized) matrix element function. In

order to improve efficiency of the generator, importance sampling is employed,

in which an algorithm seeks to approximate the given distribution function. Tra-

ditionally the VEGAS algorithm [13] (and its variants) have been the backbone

of many Monte Carlo simulation software in particle physics. However, one sig-
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nificant drawback of this algorithm is that it is not very efficient whenever the

distribution function has a complicated shape, which happens more and more

frequently as one increases the number of final state particles. In view of this

issue, there has been proposals of replacing/augmenting the existing generat-

ing algorithm with more modern machine learning models such as normalizing

flow or generative adversarial network [14, 15, 16]. These methods have been

shown to work wonderfully where the traditional algorithm fails, improving

both efficiency and accuracy of Monte Carlo simulations.
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CHAPTER 2

DARK MATTER AS A SOLUTION TO MUONIC PUZZLES

2.1 Introduction

Observational evidence for the existence of dark matter (DM) is overwhelming.

While DM comprises most of the matter in today’s universe, and contributes

about 20% of the total energy density, there is no known elementary particle

that can account for it. Many candidate theories have been proposed, extend-

ing the Standard Model (SM) of particle physics to include one or more dark

matter particles. In many theories, DM particles have potential experimental

or observational signatures going beyond the purely gravitational effects that

have been observed. However, no non-gravitational signature of DM has been

conclusively established so far.

In this paper, we propose that dark matter particles are directly responsible

for explaining a long-standing puzzle in particle physics, the proton charge ra-

dius anomaly. The value of the proton charge radius measured using Lamb shift

in muonic hydrogen [17, 18] does not agree, at about 5σ level, with the value ob-

tained from electron-proton scattering and electron hydrogen spectroscopy [19,

20]. A similar discrepancy was observed in muonic deuterium [21]. We note

that some recent data on ep scattering [22] and H spectroscopy [23, 24] are in

better agreement with muonic hydrogen results, while others [25] confirm the

discrepancy. At present, the sources of disagreement among electronic experi-

ments are not understood, and in this paper, we take the point of view that the

anomaly is real and demands an explanation in terms of Beyond-the-SM (BSM)

phenomena. (For previous works that proposed BSM explanations of the proton
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charge radius puzzle, see e.g. [26, 27, 28, 29, 30].)

The key ingredient of our proposal is the idea that loop diagrams involv-

ing light dark matter states can induce a new “quantum” force between SM

particles [31, 32]. Since the flavor structure of DM couplings to the SM is un-

constrained, it is plausible that this new force may be felt by muons but not

electrons. As will be shown below, such flavor-dependent quantum force can

account for the proton charge radius puzzle, without conflict with any existing

experimental constraints. At the same time, the dark matter particle responsible

for this force can be a thermal relic consistent with the measured cosmological

DM abundance, as well as with all known bounds on DM properties. The DM

particle is predicted to have a mass of about 1 MeV, an interesting range from

the point of view of direct detection experiments.

Another prominent experimental anomaly involving the muon is the anoma-

lous magnetic moment aµ, whose measured value differs from the SM predic-

tion by about 3σ [33, 34, 35]. While non-perturbative SM contributions may ac-

count for some or all of this discrepancy, in this paper we take the point of view

that it is real and requires a BSM explanation. It turns out that in our model, the

effect of DM loops on aµ is subdominant to the shift induced by the mediator

particles which connect DM and SM sectors. We show that this shift can indeed

account for the observed discrepancy, and demonstrate a set of parameters for

which aµ and proton charge puzzles are simultaneously solved, DM particle is

a thermal relic with correct relic density, and all experimental and observational

constraints are satisfied. It is remarkable that the simple model presented here

can account for such a diverse set of data pointing to physics beyond the SM.
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Figure 2.1: One loop diagram involving exchange of dark matter particle χ that
induces a new force between muons and protons.

2.2 Model

We introduce a DM field χ, a Dirac fermion with no SM gauge charges. DM is

coupled to the SM via two real-scalar mediator fields, a leptophilic mediator X

and a leptophobic mediator X ′. Both mediators are also SM gauge singlets. At

energies below the QCD confinement scale, where all physics relevant for this

study takes place, the interaction Lagrangian is given by

Lint = −gµ̄µX − (g′pp̄p+ g′nn̄n)X
′ − yχ̄χX − y′χ̄χX ′ , (2.1)

where µ, p and n are muon, proton and neutron fields, respectively. Throughout

this paper, we will study the regime in which both mediators are much heavier

than the DM particle, mX ,mX′ ≫ mχ, and can be integrated out, leading to an

effective Lagrangian

Leff = − yg

m2
X

χ̄χµ̄µ−
y′g′p
m2

X′
χ̄χp̄p− y′g′n

m2
X′
χ̄χn̄n+ . . . (2.2)

The quantum force between proton and muon, arising from the diagrams in

Fig. 2.1, provides a new contribution to the Lamb shift in muonic hydrogen,

resolving the proton charge radius puzzle.

12



A few comments are in order. For simplicity, we assumed that the media-

tor X (and therefore the DM) couples to muon but not to the electron. While

the flavor-dependent nature of this coupling is crucial to resolving the proton

charge radius puzzle, a non-zero value of electron coupling (for example, a plau-

sible scenario in which gℓ ∝ mℓ) can be introduced without altering the basic pic-

ture. Further, X ′ is generically expected to couple to pions and other mesons.

We do not include such couplings since they would play no role in our analy-

sis. Finally, while the interactions in Eq. (2.1) are sufficient to explain the proton

charge radius and the aµ anomaly, requiring that χ be a thermal relic with ob-

served cosmological abundance necessitates an additional interaction involving

neutrinos ν:

∆Lint = −λν̄νX, (2.3)

if neutrinos are Dirac, or its Majorana counterpart. This interaction can arise

from the operator X(HL)2 above the weak scale, and its strength is a priori un-

related to the coupling of X to charged muons which arises from the operator

X(HL)µR.

We also note that if X and X ′ were replaced with a single mediator, cou-

pled to both muons and quarks, the dominant new physics effect in muonic

hydrogen would come from a tree-level exchange of the mediator, rather than

the DM-induced quantum force. To leading order, this model would in fact be

identical to that already considered in [30].
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mχ mX mX′ g g′p g′n y y′ λ

9 MeV 25 MeV 45 MeV 4.5 · 10−4 0.01 0.01 0.5 0.5 10−4

Table 2.1: Model parameters at the benchmark point.

Figure 2.2: Fit to experimental data indicating non-SM physics (green) in the
plane of mediator particle masses, mX and mX′ , with the other parameters fixed
to the values listed in Table 2.1. Relevant experimental and observational con-
straints on DM and mediator particles are also shown; the shaded areas are
ruled out.

2.3 Results

Using the above model, we performed a fit to relevant experimental data and

observational constraints on DM properties. The results of the fit are summa-

rized in Figs. 2.2, 2.3 and 2.4. The model can explain the proton charge radius

puzzle, the aµ anomaly, and the observed DM relic density, while maintain-

ing consistency with all known experimental and observational constraints. A

sample benchmark point in the model parameter space which satisfies these re-

quirements is shown in Table 2.1. Some details of the analysis are presented

below.
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Figure 2.3: Fit to experimental data indicating non-SM physics in the plane of
DM particle mass mχ and the leptophilic mediator coupling to muons, g, with
the other parameters fixed to the values listed in Table 2.1.

Figure 2.4: Fit to experimental data indicating non-SM physics in the plane of
DM particle massmχ and the leptophobic mediator coupling to protons, g′p, with
the other parameters fixed to the values listed in Table 2.1. Relevant experimen-
tal and observational constraints on DM and mediator particles are also shown.
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Proton Charge Radius: The fact that the proton has a finite size (with radius

rp) introduces shifts in energy levels of hydrogen-like atoms [17]. In particular,

there would be a change in the energy difference between the 2S and 2P lev-

els, i.e. Lamb shift ∆ELamb. By measuring ∆ELamb, one is able to deduce the

value of rp. In our model, the extra non-SM contribution to the Lamb shift in

muonic hydrogen arises at one loop from the diagram in Fig. 2.1. In the non-

relativistic limit, this interaction can be captured by a potential between protons

and muons [32]:

V (r) = − 3

4π3r

(
yg

m2
X

)(
y′g′p
m2

X′

)
m2

χ

r2
K2(2mχr), (2.4)

where K2 is the modified Bessel function of the second kind of order 2. As a

result, there is a new contribution to ∆ELamb in muonic hydrogen, given by

∆EL = ⟨2S|V |2S⟩ − ⟨2P |V |2P ⟩

= − 3

8π3

yy′gg′p
m2

Xm
2
X′

m2
χ

a3
J (x0, a) . (2.5)

Here

J (x0, a) =

∫ ∞

x0

dx
6 (1− x) + x2

6x
e−xK2(2mχax), (2.6)

a is the Bohr radius of muonic hydrogen, and x0 ≈ (aΛQCD)
−1 is the short-

distance cutoff corresponding to the breakdown of the effective field theory

description in Eq. (2.1) at length scales below O(ΛQCD). We do not include the

additional contribution to the Lamb shift from length scales below r0, which can

only be calculated within a specific UV completion of Eq. (2.1). To estimate the

associated theoretical uncertainty, we vary the value of the cutoff by a factor of

two around the assumed central value (aΛQCD)
−1. This uncertainty is reflected

in the width of the “proton charge radius” band in Figs. 2.2—2.4. Our fit as-

sumes that this effect fully accounts for the “extra” Lamb shift measured in the
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Figure 2.5: Fit to muonic deuterium data, as well as constraints from nuclear
physics experiments, in the plan of the mediator coupling ratio g′n/g

′
p and the

DM particle mass mχ. The other parameters are fixed to the values listed in
Table 2.1.

muonic hydrogen, compared to the baseline value inferred from electronic hy-

drogen and ep scattering: ∆EL = −0.307(56) meV. This is appropriate since in

our model the electron does not couple to DM and hence is unaffected by the

new force.

Muonic Deuterium: After the proton charge radius puzzle was discovered,

there has been interest in performing similar experiments with other muonic

atoms, in particular muonic deuterium µD. It was reported that the deuteron

charge radius rd extracted from µD shows similar discrepancy from world-

averaged CODATA 2014 value [21], [20]. When comparing against spectro-

scopic values of rd that involve deuterium only (i.e. independent of rp), this dis-

crepancy is reduced to 3.6σ [36], but is still statistically significant. We therefore

17



Figure 2.6: Contribution to muon anomalous magnetic moment due to the me-
diator particle X .

require that our model produces an extra contribution to Lamb shift in µD [21]:

∆EµD
L = −0.438(59) meV. The Lamb shift in µD is due to dark matter-mediated

quantum force, and is given by

∆EµD
L = − 3

8π3

yg

m2
X

y′
(
g′p + g′n

)
m2

X′

m2
χ

a3µD
J (x0D, aµD) , (2.7)

where aµD is the Bohr radius of the muonic deuterium system, rD is the deuteron

radius, and x0D = rD/aµD. The shift depends on both g′n and g′p, while various

combinations of these couplings are constrained by nuclear physics experiments

(see below). As shown in Fig. 2.5, isospin-preserving coupling g′p = g′n is consis-

tent with both the deuteron charge radius and nuclear physics constraints.

Muon Anomalous Magnetic Moment: The leading new contribution to aµ

is given by the one-loop diagram shown in Fig. 2.6. Note that this contribution

is independent of the dark matter candidate χ itself, which only enters at the

two-loop level. The shift in aµ is given by

∆aµ =
2g2

(4π)2

∫ 1

0

dx
(1− x)2(1 + x)

(1− x)2 + x(mX/mµ)2
. (2.8)

In our fit we assume that this effect fully accounts for the experimental discrep-

ancy ∆aµ = 287(80)× 10−11, within 2 standard deviations.
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Figure 2.7: Dominant annihilation channel for χ at the time of freeze-out, if
coupling to neutrinos are absent.

Relic Density: We assume that χ is a thermal relic and that it accounts for all

of the observed cosmological DM abundance, Ωh2 = 0.120± 0.001 [37]. With in-

teractions in Eq. (2.1) and mχ ∼ O(MeV), the dominant DM annihilation chan-

nel at the time of freeze-out is χχ → 2γ, see Fig. 2.7. The leading (p-wave)

contribution to the cross section in the non-relativistic limit is given by

σ0 =
3e2

32π3

∣∣∣∣mµI(τµ)
yg

m2
X

+mpI(τp)
y′g′p
m2

X′

∣∣∣∣2. (2.9)

Here the loop function I(τf ) for a fermion f is defined by

I(τf ) =

∫ 1

0

dx

∫ 1−x

0

dy
1− 4xy

τf − xy
(2.10)

with τf = m2
f/s, where

√
s is the center-of-mass energy of the scattering process.

σ0 can be used to compute the relic density of χ [38] by solving the Boltzmann

equation numerically.

We find that the χχ → 2γ cross section is too small to provide the observed

relic density for model paramaters required to fit the proton charge radius and

aµ anomalies. A simple solution is to consider an additional annihilation chan-

nel, χχ → νν, via the interaction in Eq. (2.3). The cross section is given by

σ0 =
3
4π

(
yλ
m2

X

)2

m2
χ. Since this final state arises at tree level, it naturally dominates

over the 2γ channel. With this addition, all three constraints can be satisfied si-

multaneously, see Figs. 2.2—2.4.
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In addition to fits to the data indicating deviations from the SM, a number of

constraints from data and observations consistent with the SM have to be taken

into account:

Dark Matter Self-Scattering: Tree-level exchanges of mediator particles X

and X ′ induce DM short-range self-interactions of the form

Lself = −
(
y2

m2
X

+
y′2

m2
X′

)
(χ̄χ)2. (2.11)

DM self-scattering cross sections at low velocities are bounded by observations

of halo shapes [39, 40]: σT/mχ ≲ 1 cm2/g, where σT is the momentum-transfer

cross section defined by

σT ≡
∫

dΩ
dσχχ→χχ

dΩ
(1− cos θ). (2.12)

This constraint translates into an upper bound on the DM mass:

mχ ≲ 8π

(
y2

m2
X

+
y′2

m2
X′

)−2

× 4600 (GeV)−3. (2.13)

Dark Matter Direct Detection: Direct detection of dark matter in the MeV

mass range has been the subject of much interest recently [41, 42]. Most tech-

niques rely on detection of DM scattering on electrons. In our model, this chan-

nel is not available, since by construction DM does not couple to electrons.

However, scattering on a nucleon can occur, with cross section

σ(χN → χN) =
1

π

(
g′Ny

′

m2
X′

)2(
mχmN

mχ +mN

)2

, (2.14)

where N = n or p. For our benchmark point, this cross section is about

6 × 10−32 cm2. This is about half an order of magnitude below the strongest

current constraint from non-observation of signal due to energetic DM com-

ponent generated through collisions with cosmic rays [43, 44], shown by the
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XENON-1T curve in Fig. 2.4. MeV-scale dark matter can also be detected using

the Migdal effect [45, 46, 47, 48, 49]. However, the recent results from SENSEI

collaboration [50] are not yet sensitive enough to constrain our model.

Early-Universe Cosmology: Measurements of Cosmic Microwave Back-

gound (CMB) place strong constraints on possible reionization due to DM an-

nihilations [51]. However in our model, χ annihilation proceeds in p-wave, and

thus not subject to this constraint. CMB data together with the Lyman-alpha for-

est flux power spectrum from the Sloan Digital Sky Survey constrains the elastic

scattering of DM on baryons [52, 53]. This constraint is shown by the curve la-

beled "cosmology" on Fig. 2.2. In addition, a scenario where DM freeze-out

occurs after neutrinos decouple from the rest of the SM plasma is constrained

by the CMB bound on ∆Neff , since in this case the neutrino temperature at re-

combination would be raised relative to Tγ by the entropy transferred from the

DM. This argument imposes a lower bound mχ
>∼ a few MeV [54, 55]. A similar

bound is imposed by the success of Big-Bang Nucleosynthesis (BBN) [56, 57,

58].

Dark Matter Mediator Searches: In addition to direct searches for dark mat-

ter particles, there are many experiments looking for mediator particles pro-

duced at colliders or in a fixed-target setup [41, 42]. While most analyses present

the results in terms of bounds on dark photons, which couple to both leptons

and quarks proportional to their electric charges, the interpretation of interest

to us is in terms of leptophilic or leptophobic mediators. Leptophilic mediator

searches rely on their production via their interaction with electrons, making

them insensitive to our model. (An exception is the recently reported NA64

search for scalars produced through their coupling to photons [59]. However,
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this search does not place relevant bounds on our model, since mediator cou-

plings to photons are loop-suppressed.) Thus we only consider bounds from

leptophobic mediator searches. With sub-MeV dark matter, the most stringent

bound currently comes from the MiniBooNE experiment [42, 60], which places

a bound on the parameter Y related to dark matter annihilation cross section

(see referenced papers for the precise definition). In our model, this parameter

is given by

Y =

(
g′p
e

)2 g′p
2

4π

(
mχ

mX′

)2

. (2.15)

Note that the mediatorX ′ in our model is a scalar, while the MiniBooNE bounds

were derived using a spin-1 mediator. An order-one correction to the bound

may arise due to the differing kinematic acceptances and spin factors in the two

cases, but we do not expect it to affect our conclusions.

Nuclear Interactions: Leading non-SM contributions to nucleon-nucleon

potential are given by

VN1N2 = −
g′N1

g′N2

4πr
e−mX′r

− 3

4π3

(
y′

m2
X′

)2

g′N1
g′N2

m2
χ

r3
K2(2mχr). (2.16)

This extra potential can be probed at various nuclear physics experiments. It

turns out that the second term in VN1N2 , arising from the DM-loop exchange, is

the most relevant for our analysis, since 1/rexp ≪ mχ ≪ mX′ , where rexp is the

length scale probed by the experiments. The relevant constraints are summa-

rized in Fig. 2.5.

The binding energy difference between 3He and 3H has been well-

established to be caused by Coulomb force and charge asymmetry of nuclear

forces [61], [62], [63]. In order not to spoil this agreement, the non-SM con-
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tribution is required to be less than 30 keV [30]. It is worth noting that this

contribution is proportional to
(
g′2p − g′2n

)
, and vanishes in the isospin limit, see

Fig. 2.5.

The charge-independence breaking (CIB) scattering length is defined as

∆a =
1

2
(ann + app − 2anp), (2.17)

where aN1N2 is the scattering length between two nucleons N1 and N2. Exper-

imental and theoretical values for ∆a are known to be 5.64 ± 0.60 fm [64] and

5.6± 0.5 fm [65] respectively. Our model gives an extra contribution

δath = −3mN

π2

(
y′

mX′

)2

m2
χ

(
g′p − g′n

)2
log

(
m2

χ

Λ2

)
, (2.18)

where mN is the nucleon mass and Λ is the cut-off scale of the effective theory.

We require δath < 1.6 fm to maintain agreement between experimental and the-

oretical values of ∆a at 2σ level. This constraint again vanishes in the isospin

limit.

Scattering lengths between cold neutrons and nuclei can be measured by dif-

ferent methods, such as Bragg diffraction and the transmission method [66]. In

our model, this scattering length is given by Eq. (2.18) by replacing
(
g′p − g′n

)2
with g′2n or g′ng

′
p. By comparing the scattering lengths measured by differ-

ent methods, bounds can be placed on contributions from non-contact opera-

tors. The detailed analysis can be found in [67]. Neutron scattering places the

most restrictive nuclear-physics bound on the model in the isospin-symmetric

limit [32].
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2.4 Conclusions

In this paper we presented a simple model of MeV-scale Dirac fermion dark

matter χ coupled to nucleons and muons, but not electrons. The quantum force

due to χ loops is responsible for resolving the proton (and deutron) charge ra-

dius puzzles, while a scalar particle introduced to mediate DM-muon interac-

tions can account for the discrepancy between the SM prediction for the anoma-

lous magnetic moment of the muon and the measured value. If an additional

interaction between χ and neutrinos is postulated, the former can be a thermal

relic responsible for all of the observed DM abundance. We verified the exis-

tence of a region in the paramater space of the model where all of the above

features are obtained simultaneously, while all known experimental and obser-

vational constraints on light DM and mediators are satisfied.

New experimental data will soon be available that will test our model on var-

ious fronts. Numerous efforts, e.g. MUSE experiment [68], are under way that

will hopefully clarify the status of the proton charge radius puzzle. Anomalous

magnetic moment of the muon measurement will be improved by the Fermilab

Muon g−2 experiment [69]. Experimental exploration of MeV-scale dark matter

and dark sectors is an active and expanding area of research [41, 42]. While our

model has some amount of freedom in parameter choices, the available param-

eter space is finite and it is likely that this idea will be tested conclusively by the

upcoming experiments in the near future.
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CHAPTER 3

DARK Z AT THE INTERNATIONAL LINEAR COLLIDER

3.1 Introduction

The discovery of the Higgs boson at the Large Hadron Collider (LHC) strongly

motivates the construction of a Higgs factory: an electron-positron collider with

center-of-mass energy in the 250–500 GeV range. Several proposals are cur-

rently under consideration [70, 71, 72, 73, 74, 75, 76], and hopes are high that

at least one of them will be realized in the next one to two decades. While the

main motivation for these colliders is a comprehensive and precise study of the

Higgs, they can also search for physics Beyond the Standard Model in ways

complementary to the LHC. It is this aspect of the physics program that we fo-

cus on in this paper.

Additional gauge interactions are ubiquitous in well-motivated extensions

of the Standard Model (SM), such as grand unified theories and string theory. A

particularly simple example is an extra U(1) gauge group. When SM fermions

are charged under the extra U(1), the collider phenomenology of the correspond-

ing gauge boson, the Z ′, is very well-studied. Unfortunately, the LHC sets a

lower limit on the Z ′ mass in the multi-TeV range, precluding the possibility of

its direct production at next-generation e+e− colliders; although the Z ′ may still

be detected through its indirect effects. We focus on an equally well-motivated

scenario that has received less attention so far: the SM fermions are not directly

charged under the extra U(1). The new gauge boson, called a dark Z, can still

interact with the SM through kinetic mixing with hypercharge [77, 78, 79, 80],

as well as mass mixing induced by an extended Higgs sector [81, 82]. (If only
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hypercharge mixing is present, this boson is known as a dark photon.) Such in-

teractions are not constrained by charge quantization, and can be significantly

weaker than SM gauge couplings. We show that the current constraints from

the LHC and other experiments are consistent with models in which the dark Z

is accessible to a direct search at a realistic 250–500 GeV e+e− collider. We use

the International Linear Collider (ILC) design parameters as the collider bench-

mark in our study. Further, we extrapolate the current LHC sensitivity to the

3 ab−1 data set expected at the high-luminosity (HL)-LHC to show that there

is a large region of parameter space where the e+e− collider can make the first

observation of the dark Z.

If a particle consistent with a darkZ is discovered, the next step would be to

measure its properties, such as mass and couplings to the SM. An e+e− collider

can perform these measurements with unparalleled precision. Unlike the LHC,

a lepton collider can separately determine the darkZ couplings to left-handed

and right-handed SM fermions. These chiral couplings are crucial for discrimi-

nating between different possible models of the new particle. We use a bench-

mark dark-Z model as an illustrative example to show that a relatively short

(one or two months) dedicated run where the e+e− collision center-of-mass en-

ergy is matched to the darkZ mass can measure the couplings with percent-

level errors, unambiguously establish the presence of parity violation in the

dark-Z couplings, and probe the underlying sources of dark-Z interactions with

the SM. We show that the e+e− collider may distinguish between pure kinetic

mixing versus models with mass mixing through exotic Higgs fields. The pro-

gram of on-resonance measurements of the dark Z that we outline is a “dark”

counterpart to the precision electroweak program in the 1990s at LEP and SLC.

However, there are important differences that need to be properly taken into
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account, such as the very small intrinsic width of the darkZ compared to the

SM Z.

Before proceeding, let us make the following observation. While dark gauge

bosons have attracted much attention in recent years, a vast majority of this

work has been focused on mass scales in the MeV–GeV range [41, 42, 83]. In

contrast, we investigate much heavier dark gauge bosons with masses around

the weak scale. From a theoretical point of view, this mass is a free parameter

and any scale is equally well motivated. Part of the motivation for sub-GeV dark

photons comes from the observation that they can serve as a mediator between

the SM and a light dark matter particle, and produce a thermal relic density

of dark matter consistent with observations. The darkZ studied here cannot

play this role in a minimal model. However, slightly more complicated models

of the dark sector (e.g. involving a state directly coupled to the darkZ which

decays to the stable dark matter state as in the super-WIMP mechanism [84])

can easily accommodate the observed dark matter with a weak-scale dark Z

mediator. Thus, a comprehensive exploration of the dark sector has to include

the possibility of weak-scale dark gauge bosons, and energy-frontier colliders

offer the only way to access this regime experimentally.

The rest of the paper is organized as follows. Section 3.2 describes the the-

oretical model underlying our study. In Section 3.3 we discuss the current con-

straints on the model from precision electroweak fits and direct searches at the

LHC, as well as projected reach of future searches at the HL-LHC and the ILC. The

analysis of this section extends previous studies of dark photon phenomenology

at TeV-scale colliders [85, 86] to include the effects of mass mixing in the darkZ

model. In Section 3.4, we explore the physics potential of a short, dedicated run
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of the ILC with the center-of-mass energy at the darkZ resonance. We conclude

in Section 4.5, while the Appendix contains some of the details of our model and

its ultraviolet completion, as well as explicit formulas for the “precision darkZ”

observables.

3.2 Three-Parameter DarkZ Model

We present a model of a new spin-1 particle with both kinetic and mass mixing.

The parameters are the darkZ mass mA′ , the kinetic mixing ε, and a dimension-

less mass mixing parameter κ. The theory is a limit of a type-1 two-Higgs dou-

blet model augmented with a third electroweak-neutral dark Higgs. Refs. [87,

82] present an alternative two-Higgs doublet model that realizes the same low-

energy theory. While our model is less minimal, it cleanly separates the dimen-

sionful parameters that control the darkZ mass and mass mixing. We provide

additional details of the effective theory in Appendix A.1.

3.2.1 Kinetic Mixing: ε

We assume an Abelian ‘dark’ gauge symmetry U(1)d with gauge bosonA′
µ. Stan-

dard Model particles not uncharged under this symmetry. The gauge kinetic

terms contain a mixing term with the hypercharge boson Bµ,

Lgauge = −1

4
BµνB

µν +
ε

2cW
BµνA

′µν − 1

4
A′

µνA
′µν . (3.1)

This mixing may be generated by loops of heavy particles charged under both

Abelian groups [77, 78, 79, 80]. We normalize ε by the cosine of the Wein-

berg angle cW = cos θW so that the kinetic mixing with the electromagnetic
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field strength is ε. In what follows, we adopt the notation sW = sin θW and

tW = tan θW . We diagonalize the gauge kinetic term by transforming

B → B +
ε

cW
NA′ A′ → NA′ . (3.2)

Henceforth we set the normalization factor N−2 = 1 − ε2/c2W ≈ 1 because the

correction is of higher order in ε compared to the accuracy required for this

study.

3.2.2 Symmetry Breaking and Mass–Mixing: κ

The U(1)d and electroweak symmetry are broken by separate vacuum expecta-

tion values (vevs), vd and vEW, as well as by a mixed vev, vmix ≪ vEW. A bench-

mark UV model carries an extended Higgs sector with the following quantum

numbers:

HEW = □ 1
2
,0 Hmix = □ 1

2
,qd

Hd = 10,−qd , (3.3)

where □ or 1 refer to an SU(2)L doublet or singlet and the subscripts refer to the

U(1)Y hypercharge and U(1)d dark charges. We assume that the extended Higgs

sector potential has large enough quartic couplings relative to the dark gauge

coupling that the non-Goldstone modes decouple from the darkZ dynamics;

see Appendix A.2. (Ref. [88] studied the phenomenology of a model with a

non-decoupled scalar.)

The vevs of the Higgs fields give produce gauge boson mass terms,

L ⊃
[(

1

2
g′B − 1

2
gW 3

)
vEW√
2

]2
+

[(
1

2
g′B − 1

2
gW 3 + gdqdA

′
)
vmix√
2

]2
+

[
gdqdA

′ vd√
2

]2
.

(3.4)
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The vmix term is a mass mixing between the darkZ and Standard Model Z. The

net order parameter of electroweak symmetry breaking is v2 = v2EW + v2mix =

(246 GeV)2. The eigenvalues of the mass-squared matrix are the dark and Stan-

dard Model Z squared masses, m2
A′ and m2

Z = (91 GeV)2. The following param-

eterization of mass mixing is particularly convenient,

κ = 2qd
gd√

g′2 + g2
v2mix

v2
mass mixing parameter (3.5)

We will assume that κ ≪ 1, as is in fact required by precision electroweak ob-

servables, discussed below. Moreover, we treat κ and ε as small parameters of

the same order. Defining cδ = cos δ and sδ = sin δ, the transformation to the

mass eigenstates is thenA′

Z

 =

 cδ sδ

−sδ cδ


A′

Z


mass

δ ≈ − m2
Z

m2
A′ −m2

Z

(tW ε− κ) (3.6)

3.2.3 Interactions with Fermions

The mass mixing causes the dark and Standard Model Zs to couple to linear

combinations of the weak neutral and electromagnetic currents. We ignore

darkZ interactions to any low-mass dark sector states. If present, these sim-

ply reduce dark Z branching ratios to visible states. Standard Model fermions

are assumed to have zero charges under the U(1)d gauge group. The couplings

of an SM fermion ψ to the SM Z and its dark counterpart have the form

L ⊃ A′
µψ̄γ

µ
(
gV + gAγ5

)
ψ +

g

cW
Zµψ̄γ

µ
(
qV
Z + qA

Zγ
5
)
ψ , (3.7)

where qV,A
Z are the ψ weak neutral charges. In the absence of any mixing, the

these charges take their Standard Model values,

qV
Z,SM =

1

2
T 3 − s2WQEM qA

Z,SM = −1

2
T 3 , (3.8)
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with T 3 = ±1/2 according to the SU(2)L weight of the left-chiral ψ and QEM is

the ψ electric charge. For example, an electron has T 3 = −1/2 and QEM = −1.

Modified Z couplings. The rotation to mass eigenstates (3.6) shifts the charges

of fermions with respect to the Standard Model values,

qV
Z = (cδ + εtW sδ) q

V
Z,SM +

εe

g
cW sδ QEM qA

Z = (cδ + εtW sδ) q
A
Z,SM . (3.9)

These corrections to the Standard Model charges are second order in ε, κ≪ 1.

DarkZ couplings. The A′ vector and axial couplings to ψ are readily ex-

pressed in terms of the Standard Model Z charges,

gV = εeQEM − gr

cW
qVZ,SM gA =

−gr
cW

qAZ,SM r ≡ m2
Zκ+m2

A′εtW
m2

A′ −m2
Z

. (3.10)

These couplings arise at the linear order in ε, κ ≪ 1. Unlike its coupling to the

electric current, the dark Z coupling to the weak neutral current depends on the

relative masses of A′ and Z in the factor r.

3.2.4 Interactions with Bosons

DarkZ bosons that are at least twice as heavy as the W boson may decay to

W+W−. At higher masses, the Zh channel is also accessible. In models with

only kinetic mixing, the branching ratios for these channels are always at least

an order of magnitude smaller than those for ℓ+ℓ− [89]. However, the presence

of mass mixing dramatically changes these results and the diboson final states

can dominate, see Fig. 3.1. To the best of our knowledge, the effect of these

decay modes has not been addressed in past literature.
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Figure 3.1: The branching ratios of A′ decays into dilepton pairs ℓ+ℓ− and di-
boson pairs W+W− and Zh for different values of mass mixing κ compared to
kinetic mixing ε. For κ ≳ ε, the diboson branching ratios become large. For
large mA′ , the diboson branching ratios converge as predicted by the Goldstone
boson equivalence theorem.

The darkZ inherits its coupling to W+W− from its mixing with the W 3 com-

ponent of the Standard Model Z, (3.6). This coupling is thus −sδ times the

ZW+W− coupling. The dramatic effect on the branching ratio for non-zero mass

mixing, κ ≳ ε, can be understood as follows. Parametrically, m2
Z/m

2
A′ ≪ 1 in the

region where the darkZ decay to gauge bosons is kinematically allowed. In

the unitary gauge, the couplings of the dark Z to fermions and W+W− are of

the same order, O (κm2
Z/m

2
A′). However the spin sum for W boson final state

with momentum k contributes an enhancement of kµkν/m2
W ∼ (mA′/mW )2 for

each W compared to the fermion final states. In the ’t Hooft-Feynman gauge,

the darkZ decay to Goldstone modes is dominant in the limit mA′ ≫ mZ . The

darkZ coupling to charged Goldstones is contained in the Hmix kinetic term

and is O (κ), without the additional suppression by (m2
Z/m

2
A′) compared to the

fermion coupling.

The A′Zh coupling depends on the mixing between the neutral CP-even

Higgs-like states in HEW and Hmix, an angle called α in the two-Higgs doublet

literature. In our model, this mixing comes from integrating out the CP-even

state in Hd. In the large mA′/mZ limit, the Goldstone boson equivalence theo-
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Figure 3.2: Discovery reach for a dimuon resonance search at the ILC (col-
ored) compared to bounds from Drell–Yan production at CMS[92, 93] and AT-
LAS [94](gray shaded) for a benchmark value of the mass mixing, κ. The kink at
200 GeV is the transition between two separate recasted searches. We estimate
the high-luminosity LHC reach by rescaling the luminosity to 3000 fb−1.

rem tells us that we may replace the W± and Z final states by their eaten Gold-

stone bosons [90, 91]. In the limit where the heavy states are decoupled, see

Appendix A.2, the eaten Goldstones and the low-energy CP-even state are com-

ponents of a SU(2)L doublet and thus have the same couplings to the A′. Thus

the branching ratios to W+W− and Zh approach each other at high dark Z

mass, as shown in Fig. 3.1. There is no A′ZZ coupling by SU(2)L symmetry and

no Zhh coupling due to parity.

3.3 Experimental Constraints and the ILC Reach

This section explores the potential for a future e+e− collider, such as the ILC,

to discover a darkZ. We begin by evaluating current constraints on the model
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parameter space from precision electroweak observables and the LHC,1 as well

as estimating the likely reach of the HL-LHC. We then study the process e+e− →

γA′, followed by the decay A′ → µ+µ−, at the ILC, together with the relevant

Standard Model backgrounds. The results for a benchmark value of the mass

mixing parameter are summarized in Fig. 3.2. The main conclusion is that the

ILC can probe parameters well beyond the current bounds and the projected

HL-LHC sensitivity. Our study focuses on the mass range mA′ > 20 GeV. Below

this mass, the energy-frontier collider searches are less sensitive compared to

fixed-target, beam-dump, and other low-energy experiments [83, 42, 41].2

3.3.1 Electroweak Precision Observables

The broad agreement of electroweak precision observables with their Standard

Model values [99] limits the amount of mixing between new gauge bosons and

the Standard Model Z. Earlier work used this to constrain a dark photon model

with pure kinetic mixing [100, 85]. We generalize those analyses to the case

of both kinetic and mass mixing. In our approximation, the tree-level shift in

precision observables due to the darkZ must be within the measurement errors.

We assume that the observables are uncorrelated so that the covariance matrix is

diagonal. These approximations are sufficient for our purpose of comparing the

sensitivity of these measurements to direct searches at colliders. We focus on the

measurements made at the Z-pole and interpret the bounds as a constraint on

the kinetic mixing ε(mA′ , κ) as a function of the darkZ mass and mass mixing
1Deep inelastic scattering observations constrain the presence of a dark Z in a way that is

agnostic to its decay modes. For visibly-decaying dark Z, the projected constraints from future
electron–hadron colliders are subdominant to those from hadron colliders, both for unpolar-
ized [95] and polarized [96] electron beams.

2We note in passing that experiments using the beam dumps of a high-energy e+e− collider
such as the ILC have impressive sensitivity to lighter dark photons [97, 98].
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parameter (3.5).

The leading-order predictions of the electroweak sector of the Standard

Model contain three model parameters that need to be fixed by data. We

establish a set of reference electroweak parameters: the weak mixing angle

s2W = sin2 θW , the electroweak vev v2, and the Z coupling g2Z = g2 + g′2. We

fix the values of these parameters using the precise measurements of the fine

structure constant, Fermi constant (from muon lifetime), and Z mass:

α̂ =
e2

4π
=
g2Zc

2
W s

2
W

4π

ĜF√
2
=

1

2v2
m̂2

Z =
g2Zv

2

4
. (3.11)

Quantities with a caret (e.g. α̂) are measured quantities. One may invert (3.11) to

obtain expressions for the reference parameters in terms of the measured inputs.

In the presence of new weakly-coupled physics, the reference parameters are

shifted relative to their Standard Model values. For example, g2Z = (g2Z)
SM[1 +

O(ξ)], where ξ characterizes the new physics coupling. For our dark Z model, a

useful definition is

ξ ≡ εtW + κ≪ 1 . (3.12)

The order parameter of electroweak symmetry breaking, v2, is measured from

the muon lifetime and is unchanged from the Standard Model:

v2 =
1

√
2ĜF

. (3.13)

In the darkZ model, the Standard Model Z boson mass is shifted, see (A.1),

which then shifts the reference value of the Z coupling,

g2Z(ξ,m
2
A′) = 4

√
2 ĜF m̂

2
Z

[
1 + 2ξ2

m̂2
Z

m2
A′ − m̂2

Z

+O(ξ4)

]
. (3.14)

This shift in g2Z , in turn, shifts the reference expression for the weak mixing angle
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Observable Expression to second order in ε, κ

Z width ΓZ =

u,d,e,ν∑
f

NfΓf Γf ≡ mZ

12π

g2

cos2 θW

[(
qVZ

)2
+
(
qAZ

)2]
f

hadronic
σhad =

12π

m2
Z

ΓeΓhad

Γ2
Z

Γhad ≡ 3 (2Γu + 3Γd)
cross section

lepton ratio Rℓ =Γhad/Γe

quark ratios Rq =Γq/Γhad for q = u, d

left–right
Af = 2qV

Zq
A
Z(

qV
Z

)2
+
(
qA
Z

)2
∣∣∣∣∣
f

for f = e, u, d
asymmetry

forward–backward
AFB,f =

3

4
AeAf

for f = e, u, d
asymmetry

Table 3.1: Z-pole precision observables. The effective Z charges qV,A
Z are given

in (3.9). Nf is the number of species for each fermion f accessible in Z decays;
e.g. Nu = 3 colors × 2 flavors, Nd = 3 × 3, Ne = 3, Nν = 3. Γf is the associated
partial width.

relative to the fine structure constant (3.11),

s2W (ξ,m2
A′) =

(
1− D̂

)[
1− 4Ĉξ2

D̂(1− D̂)

m̂2
Z

m2
A′ − m̂2

Z

+O(ξ4)

]
Ĉ ≡ πα̂

√
2ĜF m̂2

Z

,

(3.15)

where D̂ ≡
√

1− 4Ĉ. In our electroweak fit we work to leading non-trivial

order in the dimensionless couplings, O(ξ2).

We fix the mass-mixing parameter κ and find the maximum allowed kinetic

mixing parameter ε as a function of the dark Z mass by performing a χ2 fit

with respect to the remaining electroweak observables [99]. For example, the W

mass is related to the Z mass by m2
W = c2Wm

2
Z . This gives an expression for the

W mass in the dark Z model,

m2
W =

1

4
g2Zv

2
(
1− s2W

)
(3.16)
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Figure 3.3: 90% confidence level constraints on the kinetic mixing parameter
from electroweak precision observables as a function of darkZ mass and for
representative values of the mass mixing parameter, κ. The relative sign be-
tween κ and ε matters so that bounds are asymmetric with respect to positive
(solid line) and negative (dashed line) values of ε. LEFT: bounds on |ε| for pos-
itive/negative values of ε shown on a log scale. RIGHT: bounds on a linear
scale, showing the allowed region (hashed) near the Z-mass where mixing is
large, (3.6).

where the dependence on the new physics parameters comes from (3.13)–(3.15).

The rest of the fit is set by the Z-pole observables in Table 3.1. Of these, only the

Z total width depends on gZ . The remaining observables are ratios that depend

on new physics parameters through the effective Z charges, (3.9), as well as the

new physics dependence of s2W in (3.15) that appears in (3.8).

We present the 90% confidence precision electroweak constraints on the ki-

netic mixing in Fig. 3.3 for fixed values of the mass mixing, κ. For the case of

dark photon, κ = 0, our results are consistent with Refs. [100, 85]. In the pres-

ence of mass mixing, the constraints depend on relative sign of ε and κ; see (3.9)

and (3.12). The constraint becomes weaker when ε and κ have the same sign,

and stronger otherwise. The dependence on the darkZ mass is the same as in

the case of dark photon: the constraint is strongest for mA′ ≈ mZ , and weakens

rapidly outside this region.
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3.3.2 Drell–Yan Production at Hadron Colliders

The Large Hadron Collider produces on-shell darkZ bosons through the Drell–

Yan process, qq̄ → A′. To evaluate the LHC reach, we focus on the dimuon

resonance search, looking for decays A′ → µµ̄. A similar reach is expected in

the di-electron channel, while the quark and tau channels have much lower

sensitivity due to large QCD backgrounds. In the region of parameter space

where mass mixing dominates, the branching ratio to muons is suppressed and

decays to W+W− and Zh become dominant; see Sec. 3.2.4. The LHC reach in

that region can be improved by searching for a resonance in boson-pair final

states. We defer this analysis to future work.

The LHC collaborations report limits on the production cross section on res-

onances decaying into a dilepton pair[92, 93, 94]. We recast these limits into

bounds on our model parameters by computing the Drell–Yan cross section us-

ing the differential parton luminosity3 for partons a and b,

dLab

dŝ
=

1

s

1

1 + δab

∫ 1

τ

dx

x
fa

(
x,
√
ŝ
)
fb

(τ
x
,
√
ŝ
)
+ (a↔ b) , (3.17)

where τ = ŝ/s is the ratio of the partonic to the proton center-of-mass collision

energies-squared. The (1 + δab)
−1 factor accounts for double counting identical

initial partons, though this is not relevant for Drell–Yan production of the darkZ

since the quark and antiquark are distinguishable. The proton–proton cross

section σpp is related to the partonic cross section σ̂ab as

σpp =
∑
ab

∫
dŝ

ŝ

dLab

dŝ
(ŝσ̂ab) =

quarks∑
f

dLff̄

dŝ
σ̂ff̄ (m

2
A′) , (3.18)

where the right-hand side sums over quark flavors f with associated antiquark

of flavor f̄ .
3We use the parton luminosities dLaā/dŝ provided by the Mathematica program

ManeParse [101] and based on the nCTEQ15 parton distribution functions [102].
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Figure 3.4: Effect of different values of κ on the LHC constraints. The vertical
axis is on a linear scale to show how the relative sign of κ and ε affects the size
of the coupling; see (3.10).

We ignore kinematic thresholds and use the narrow-width approximation in

the partonic cross section σ̂. The flavor dependence shows up in the production

cross section, which is proportional to the square of the effective couplings,

σ̂ff̄ (m
2
A′) =

[
(gV

f )
2 + (gA

f )
2
]
σ̃(m2

A′) . (3.19)

The couplings gV and gA are given in (3.10), and the rescaled cross section σ̃ is

flavor-universal.

We recast the LHC dilepton results by setting σpp(mA′ , ε, κ) < σLHC, where

σLHC is the upper limit set by LHC analyses. This straightforwardly produces the

bounds on the effective theory parameters ε and κ shown in Fig. 3.4. In the case

of pure kinetic mixing, our results are in agreement with the bounds reported

by the CMS collaboration [92]. We also extrapolate the current LHC bounds to

estimate the reach of the full HL-LHC data set with 3000 fb−1, assuming that

statistical errors dominate so that the sensitivity to new physics cross section

scales as the square root of the integrated luminosity.
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Figure 3.5: Dimuon resonance discovery reach at the ILC (Lint = 2 ab−1 at 250
GeV and 4 ab−1 at 500 GeV). Stronger reach corresponds to shaded regions
closer to ε = 0. We plot both positive and negative values of the kinetic mixing,
ε, for different values of the mass mixing, κ. The relative sign of κ and ε is sig-
nificant, as seen in the couplings (3.10) and in the asymmetry of these plots for
ε → −ε. For κ = 10−3 (red lines) at masses near 120 GeV, the ε < 0 branch has a
stronger reach than κ = 0, whereas for ε > 0 the reach is weaker than κ = 0. For
larger κ (e.g. blue lines), the mass mixing is so large that it dominates over the
kinetic mixing.

3.3.3 Resonance Search at the ILC

We examine the reach for the ILC to discover the darkZ in the radiative return

channel e+e− → γA′ → γµ+µ−. The signal rate is strongly enhanced when the

photon is collinear with the beam and hence unobservable.4 We thus calculate

the signal as on-shell e+e− → A′ production at center-of-mass squared energy xs

in the equivalent-particle approximation where the beam of energy E =
√
s/2

contains a distribution of lower-energy e± particles with energy xE < E that

account for the unobserved collinear photon of energy Eγ = (1− x)E [103, 104,

105]. (See Ref. [106] for a pedagogical introduction.) At the leading order in

QED perturbation theory, the probability of finding an e± with energy xE in the

4He et al. estimate the discovery reach for a model with pure kinetic mixing at a future lepton
collider with cuts that require the photon to be observable [89]. This is overly conservative
because a high-mass dimuon resonance is a clean signal whether or not the photon is tagged.
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beam is

fe(x) dx =
α

2π

1 + x2

1− x
ln

√
s

me

dx . (3.20)

The total signal cross section for e+e− → γ(A′ → µ+µ−) is readily expressed in

terms of the cross section for two-to-one production of the dark Z:

σ =
α

π
ln

√
s

me

∫ 1

0

dx
1 + x2

1− x
σ̂(e+e− → A′)Br(A′ → µ+µ−) . (3.21)

In the narrow-width approximation, σ̂ ∝ δ(s′−m2
A′), where s′ = xs is the center-

of-mass energy-squared of the “partonic” collision. The cross section for back-

ground events mediated by photons or SM Z bosons follows a similar formula,

except that narrow-width approximation does not hold since we will be search-

ing in regions where the photon or Z are off-shell (unless mA′ ∼ mZ). The

darkZ appears as a narrow peak in the dimuon invariant mass distribution. We

estimate the signal significance by computing S = Nsig/
√
Nbg, where Nbg is the

number of background events in the mass window centered at mA′ . The intrin-

sic width of the darkZ is very small in the region of interest due to its small

couplings. Thus the size of the mass window is controlled by muon momentum

resolution. We use ∆(1/pT ) ∼ 10−5 GeV−1 [107] in our estimates.

The ILC reach at 2σ confidence for a benchmark value of κ = 5 × 10−3

is shown as the colored lines in Fig. 3.2. This analysis demonstrates that the

ILC can serve as the discovery machine for this type of new physics. The ILC

reach significantly exceeds both the current limits and the extrapolated sensitiv-

ity of the high-luminosity LHC in the kinematically accessible regions. Fig. 3.5

presents the ILC reach for different values of the mass mixing κ. We note that

for κ = 0, our results are in agreement with the previous estimates of the dark

photon reach in Refs. [86, 108].
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Our analysis assumes unpolarized ILC beams. Depending on the model pa-

rameters, the couplings of the darkZ can depend strongly on the lepton chi-

rality, while the background does not have strong polarization dependence. In

such models, the appropriate beam polarization may further enhance the ILC

reach. However, since the chiral structure of the couplings is not known a pri-

ori, running with unpolarized beams is overall the preferred search strategy. If

a darkZ is discovered, polarized beams can be used to measure its chiral cou-

plings; we explore this in the next section.

We also note that, unlike the LHC, hadronic decays of the darkZ do not suf-

fer from large backgrounds at a lepton collider, and can be included to further

improve the ILC reach. We leave this analysis for future work.

3.4 Precision Measurements at the DarkZ Pole

Electron–positron colliders such as the ILC are an ideal laboratory to determine

the chiral couplings of a darkZ resonance. This program is analogous to the

precision measurements of the electroweak gauge bosons at LEP and SLC. To

illustrate this capability, we consider the benchmark point

mA′ = 400 GeV ε = 5× 10−3 κ = 5× 10−3 . (3.22)

A darkZ at this benchmark would be already discovered at the HL-LHC, see

Fig. 3.2. Models with slightly smaller couplings may evade the HL-LHC and

be first discovered at a 500 GeV ILC. In either case, an electron–positron col-

lider would provide the first opportunity to measure the dark Z couplings to

fermions with high precision, and to determine their chiral structure which is

crucial for model discrimination.
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Figure 3.6: ILC beam luminosity spectrum, for nominal center-of-mass energy√
s = 350.5 GeV. Dots are the simulation results from Fig. 2 of Ref. [109], while

the red line is a Gaussian fit. The Gaussian width is σ = 360 MeV. We
compare to a hypothetical Breit–Wigner distribution for a dark Z with mass
mA′ = 350.2 GeV. We choose a dark Z width ΓA′ = 5 MeV; this is 10× larger
than the expectation for the benchmark theory so that the width is visible in the
plot. Unlike typical models of O(TeV) spin-1 gauge bosons, the luminosity spec-
trum spread is much broader than the darkZ width. Vertical axis normalization
is arbitrary.

The mass of the darkZ will be measured experimentally at both the HL-

LHC and through the radiative return production in the 500 GeV ILC run dis-

cussed above. The couplings of the darkZ may be measured efficiently in a rel-

atively short period of time with a dedicated ILC run at a center-of-mass energy
√
s = mA′ . In this section, we estimate the potential of this run to measure the

darkZ couplings to charged leptons. We study the channel e+e− → A′ → µ+µ−

assuming flavor-universal couplings; this assumption is automatically satisfied

in our underlying model. The left- and right-handed couplings are defined by

gR,L =
1

2

(
gV ± gA) gR = −2.1× 10−3 gL = −9.3× 10−4 , (3.23)

and are related to the underlying theory parameters in (3.10); we give numerical

values for the benchmark point (3.22). To measure these couplings, we consider

three observables:

• The number of events, Nprod

• The forward–backward asymmetry, AFB
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• The left–right asymmetry for polarized beams, ALR.

The expressions for the two asymmetries are well-known and are summarized

in Appendices A.3 and A.4. The number of events is given by

Nprod =

∫
d
√
s
dL
d
√
s
σprod, (3.24)

σprod =
π

2

[
(1− Pe−)(1 + Pe+)g

2
L + (1 + Pe−)(1− Pe+)g

2
R

]
δ
(
s−m2

A′

)
. (3.25)

Here Pe− and Pe+ denote polarizations of the electron and positron beams, re-

spectively and dL/d
√
s is the differential luminosity of the colliding beams at

the ILC. The somewhat unusual formula for Nprod is due to the fact that intrinsic

width of the A′ is extremely small, ΓA′ ∼ 10−4 GeV for our benchmark param-

eters (3.22). The beam luminosity spectrum of the ILC in the vicinity of the

nominal center-of-mass energy can be modeled as a Gaussian with a width of

order O (1 GeV) [109], much larger than ΓA′ , as illustrated in Fig. 3.6. Treating

the Breit–Wigner resonance as a δ-function yields (3.25).

The prediction for Nprod depends sensitively on the relative location of the

Breit–Wigner resonance with respect to the peak of the luminosity spectrum.

To obtain a precise constraint on the couplings from a measurement of Nprod,

this relative location must be known to a precision ≪ 1 GeV. This is a non-

trivial requirement. The position of the peak of the luminosity spectrum will be

known at the level of 10−4Ebeam ∼ 40 MeV [110], which is sufficient. However,

prior to the dedicated on-resonance run of the ILC, the mass of theA′ will only be

measured as the location of the peak in the dimuon invariant mass distribution,

observed either at the HL-LHC or in the radiative-return sample collected at the

500 GeV ILC. In either case, the precision of the mass measurement is limited by

the muon momentum resolution, which is of order GeV. A much more precise

knowledge of the location of the Breit–Wigner peak is required.
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Figure 3.7: ILC measurement of the darkZ chiral couplings to leptons. The
ellipses correspond to 95% confidence level, assuming that the best-fit values of
the couplings match the underlying model predictions and that statistical errors
dominate. The lines represent alternative models of a narrow spin-1 resonance
that can be tested by this measurement.

To address this problem, we propose that the on-resonance run of the ILC

should begin with an inverse lineshape scan in which the “peak” center-of-mass

energy—the location of the peak of luminosity spectrum—is varied in small

steps within the A′ mass window inferred from the HL-LHC/ILC-500 data. For

example, our benchmark point (3.22) motivates
√
s = 399–401 GeV. At each

beam energy step, measure theA′ production cross section. Since the luminosity

spectrum is independently known, the m′
A can be inferred from the measured

cross sections. We estimate that with sufficient statistics at each energy step,

this method can provide an error on m′
A comparable to the peak beam energy

uncertainty, ∼ 40 MeV. After performing the inverse lineshape scan, the peak

center-of-mass energy can be chosen to match the measured m′
A and maximize

the dark-Z production rate.

Fig. 3.7 shows the expected statistical errors of the measurement of gL and gR
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gL × 105 gR × 105

Benchmark values −93.0 −210

1 month (unpolarized) ±4.0± 0.3 ±2.0± 0.8

1 month (polarized) ±3.3± 0.3 ±1.7± 0.7

2 months (polarized) ±2.3± 0.3 ±0.85± 0.7

Table 3.2: Chiral couplings gL,R for the benchmark values in (3.23) and the statis-
tical (first number) and systematic (second number) uncertainties for different
ILC run times and beam polarizations. Polarized beams assume 80% and −30%
polarizations in e− and e+ beams, respectively.

with one-month and two-month runs on the dark Z resonance. The ellipses

correspond to 95% confidence level measurement, assuming that the best-fit

values of the couplings match the underlying model predictions. Also shown

are the predictions of three alternative theoretical models of a vector resonance:

pure kinetic mixing5 (κ = 0), mass mixing only (ϵ = 0), a parity-conserving

(gL = gR). It is clear from the figure that the measurement of the chiral couplings

at the ILC can rule out all three possibilities, establishing parity violation and

proving that the underlying darkZ model has both kinetic and mass mixing.

In contrast, the LHC can only constrain the combination
√
g2L + g2R, which is not

sufficient to discriminate between alternative models.

The constraint on the couplings inferred from the total number of events

Nprod is subject to systematic errors from the uncertainties in luminosity and

peak beam energy and from the uncertainty in the measurement of the mass

mA′ . The mass is measured through the inverse lineshape scan. The expected

error is of the same order as that in the peak beam energy, δmA′ ≈ 40 MeV. The

expected overall luminosity uncertainty is (∆L/L) ∼ 4 × 10−3 [111]. We esti-

mate that these uncertainties affect the coupling determination at a level that is,

5The benchmark point is close to the κ = 0 line even though κ ∼ ε because the contribution
of κ to the chiral couplings is suppressed by m2

Z/m
2
A′ ∼ 0.05.
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at most, comparable to the statistical errors shown in Fig. 3.7. We do not include

uncertainties in the shape of the beam luminosity spectrum. The measurement

of the left-right asymmetry ALR is subject to beam polarization uncertainties.

ILC polarimeters can achieve a precision of ∼ 0.25% [112]. The effect of this un-

certainty on the coupling measurement is negligible. We collect our estimates

of the statistical and combined systematic errors of the chiral coupling measure-

ments in Table 3.2. We conclude that a dedicated run of the ILC at the darkZ

pole will yield percent-level measurement of gL and gR, providing crucial infor-

mation for discrimination among alternative models of the resonance.

3.5 Conclusions

A next-generation electron–positron collider, such as the ILC, offers unique op-

portunities to search for and characterize new physics beyond the Standard

Model. In this paper, we study a model of a new Abelian gauge boson, the

darkZ. While SM fermions are not directly charged under the new gauge group,

the darkZ can interact with the SM through both kinetic and mass mixing. If

the darkZ mass is above 10 GeV or so, energy-frontier colliders offer the best

way to search for this particle. We studied the current constraints on this par-

ticle from precision electroweak measurements and direct searches at the LHC.

This extends the previous work on the dark photon model that couples to the

SM only via kinetic mixing to the more general case when mass mixing is also

present. We evaluate the reach of the ILC, running at 250 and 500 GeV, in the

darkZ parameter space. The ILC reach covers a large part of the parameter

space unconstrained by current experiments and not accessible at the HL-LHC;

see Fig. 3.2. Thus, the ILC can serve a discovery machine in this new physics sce-
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nario. If a darkZ is discovered, the ILC offers a unique opportunity to precisely

measure its couplings to the SM fermions, including their chiral structure. We

demonstrated that a short dedicated run at the center-of-mass energy matching

the darkZ mass will achieve percent-level measurement of the chiral couplings

of the darkZ to leptons. Such a measurement can play a crucial role in model

discrimination; this is illustrated in Fig. 3.7.

The idea of using on-resonance electron-positron collisions to measure the

properties of a massive vector boson is, of course, not new: LEP-1 and SLC/SLD

used it to understand the Standard Model Z with unprecedented precision. A

new twist in the case of darkZ is its extremely small intrinsic width, which is

much smaller than the width of the beam luminosity spectrum as well as the

energy/momentum resolution of the detector for all visible decay products. In

this situation, precise measurement of the mass and couplings of the resonance

hinges on understanding the beam luminosity spectrum. Note that the small

intrinsic width of the darkZ is directly related to the smallness of its couplings

to SM fermions, which is in turn necessary for a sub-TeV resonance to avoid

precision electroweak and LHC constraints. Independently of the underlying

model, any resonance compatible with current data and kinematically accessi-

ble at the ILC will necessarily be very narrow. This motivates further studies of

on-resonance production of such narrow states at the ILC and other proposed

lepton colliders.
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CHAPTER 4

ANOMALY DETECTION IN THE PRESENCE OF IRRELEVANT

FEATURES

4.1 Introduction

Experiments at high-energy colliders, such as the Large Hadron Collider (LHC),

continue to be the primary source of information about the nature of physics

at the microscopic scales. A major task of the current and future experiments

is to search for deviations from the Standard Model (SM) of particle physics.

Traditionally, such searches are performed by assuming a particular model for

physics beyond the Standard Model (BSM), and optimizing the event selec-

tion and statistical analysis to obtain maximum sensitivity to the new physics

signal in the presence of the SM background. Increasingly, these are supple-

mented with data-driven methods which minimize model-dependent assump-

tions about the structure of deviations from the SM, with machine-learning (ML)

based approaches the primary driver of such searches [113, 114].

The enormous size and complexity of the data sets collected by collider ex-

periments currently preclude conducting a search for “anything that doesn’t

look like the SM” in the full data set at once. Even if it were possible in prin-

ciple, the dependence of collider analyses on complex simulations to interpret

measured signals would make such an approach extremely sensitive to mis-

modelling errors at all stages of the simulation chain. Instead, recent work fo-

cuses on a simpler task of anomaly detection when localized with respect to a

particular variable [115, 116, 117, 118, 119, 120, 121, 122, 123, 124, 125]. A well-

studied benchmark example, starting with the work of [115, 118], is a search
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for a dijet resonance, in which the signal jets are produced by a boosted reso-

nance decay which is imprinted in non-trivial jet substructure. ML techniques

allow for searches of anomalous events with such topology, without making

strong model-dependent assumptions about the new physics model that gives

rise to this signal. The original algorithm used the Classification Without Labels

(CWoLa) approach [126]. In this approach, events are divided into signal and

side-band regions based on the invariant mass mJJ . A neural-network (NN)

classifier is trained to discriminate between events from the signal and side-

band regions. This classifier is then applied to search for anomalous events in

the signal region. This approach requires that the features distinguishing sig-

nal and background be uncorrelated with mJJ , which is not always the case in

real-world applications. To circumvent this problem, algorithms such as AN-

ODE [119] and CATHODE [122] were developed to detect anomalies based on

probability density estimation.

A serious issue that can hinder practical applications of the ML-driven

anomaly detection methods is the rapid deterioration of performance with

growing dimensionality of data space. Typically, collider data contains some

observables (or features) that are relevant for discriminating signal and back-

ground, and a number of observables whose distribution is very similar in the

signal and background samples. In a true model-agnostic search, one rarely

has the privilege of knowing what features are important beforehand, and in-

evitably many of the included features can be irrelevant. It has been observed

that the existing algorithms for anomaly detection, in the context described

above, lose their discriminating power very rapidly as even a small number

of irrelevant features are added to the input vectors [127]. In this paper, we will

present approaches that address this issue within both the classifier-based and
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probability-density-based approaches to anomaly detection.

The algorithms on which we focus here are based on Boosted Decision Trees

(BDTs), rather than neural networks. BDTs tend to outperform neural networks

on tabular data, where they can take advantage of the preferred basis implied

by the input features [128, 129]. Additionally, given that we are working with

meaningful inputs (i.e. high level features), BDTs generally require much less

data preprocessing and computational cost compared to neural networks.

The rest of the paper is organized as follows. In Sec. 4.2, we describe the

“signal” and “background” data sets that are used in our analysis, and specify

how we model the extraneous irrelevant features. In Sec. 4.3, we present a BDT-

based classifier which uses the CWoLa approach to aid anomaly detection. We

show that before irrelevant features are added, the BDT algorithm achieves per-

formance similar to that of NN-based classifiers. However unlike the NN, the

BDT performance does not deteriorate significantly when irrelevant features are

present. In Sec. 4.4, we show how the BDT can be used as a probability density

estimator, providing a powerful tool for anomaly detection even when relevant

features are correlated with mJJ . Furthermore, this algorithm is also robust in

the presence of irrelevant features. Sec. 4.5 contains our conclusions. Techni-

cal details related to tuning of hyperparameters of the BDT algorithms are pre-

sented in Apps. B.1 and B.2, while a case study of our methods’ performance on

a dataset with mutually dependent irrelevant features is discussed in App. B.3.

In all plots in this paper, the curves showing performance of neural net-

work anomaly-detection tools are generated using code provided at https:

//github.com/HEPML-AnomalyDetection/CATHODE.
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4.2 Dataset

The signal and background events used in this study are from the LHC

Olympics 2020 R&D dataset [130]. In particular, the SM background corre-

sponds to QCD dijet events while the anomalous signal we want to detect is pro-

duced by the decayW ′ → X(→ qq)Y (→ qq). HereW ′,X and Y are hypothetical

new bosons with masses 3.5TeV, 500GeV and 100GeV respectively. All events

are produced using the Pythia8 [131] and Delphes 3.4.1 [132] Monte Carlo

generators, and jets in each event are identified using FastJet [133] using anti-

kT clustering with R = 1.

The training (plus validation) set is constructed by combining 1000 randomly

selected signal events with a sample of 1 000 000 background events. For evalu-

ation purposes, a separate test set is constructed by having 20 000 signal events

and 40 000 background events, all of which lie inside the signal region (defined

below). This test set is not used during training.

The physically motivated relevant features are based on the two highest pT

jets. They include

• mJJ : invariant mass of the two jets, which will be the resonant feature.

• mJ1 : invariant mass of the lighter jet.

• ∆mJ : absolute mass difference between the two jets’ invariant masses.

• τJ121 , τJ221 : n-subjettiness ratios [134, 135] of the two jets, defined by τ21 ≡

τ2/τ1.

Following [118, 119, 122], we define the signal region (SR) by mJJ ∈ [3.3, 3.7]

TeV, and the sideband region (SB) by mJJ ̸∈ [3.3, 3.7] TeV. Additionally, for
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the CWoLa method, we also define a short side-band (SSB) region, which extends

to both sides of the SR by 200GeV: mJJ ∈ ([3.1, 3.3] ∪ [3.7, 3.9]) TeV. These

definitions will be used throughout the rest of the paper.

However, for a model-agnostic search, one would not know a priori that the

observables above are the only features of interest and would likely not have

any principled way of excluding additional superfluous features. To simulate

such a scenario, we artificially augment the original dataset with features drawn

from Gaussian distributions, which will be considered as our irrelevant features.

We vary the number of such irrelevant features and examine how much effect

they have on anomaly detection performance. Specifically, we study the cases

of 4 and 16 irrelevant features. The first case represents the situation where

the dataset is a roughly equal mix of relevant and irrelevant features, while the

second case provides an example of a dataset dominated by irrelevant features.

4.2.1 What Do We Mean by Irrelevant?

Even though the notion of an irrelevant feature is intuitively clear, it is necessary

for us to define it more precisely. We provide here two possible characterizations

of ignorable irrelevant features, each suited to the respective anomaly detection

method considered in the text.1 Here “ignorable” means that the feature should

not matter in the limit of an infinite amount of data.

• CWoLa method:

A feature y is irrelevant if p(mJJ ∈ SR|y) = p(mJJ ∈ SR).

1The general definition of irrelevancy has been explored in [136]. The conditions stated be-
low are less general, but suffice in the context of anomaly detection.
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• Probability density estimation-based method:

A feature y is irrelevant if it is statistically independent ofmJJ and the aux-

iliary (relevant) features: p(mJJ , x1, . . . , xK , y) = p(mJJ , x1, . . . , xK) p(y).

This must hold in both the background and signal samples. Moreover,

p(y) in the signal and background samples must be identical.

In this paper, we will explore the performance of anomaly detection algo-

rithms as a function of the number of irrelevant featuresN . As a baseline model,

throughout this paper we assume that the irrelevant features yi are distributed

according to a direct product of Gaussians:

p(yi) =
N∏
i=1

1√
2π
e−y2i /2. (4.1)

A vector of N features drawn from this distribution is then tacked onto each

event in the LHCO 2020 dataset described above, with no distinction made be-

tween signal and background events. The features yi in the resulting dataset

satisfy both of the irrelevancy definitions above.

Within our baseline model, the yi’s are mutually statistically independent

among themselves. This feature is not generic, and is not expected to always

hold in realistic physics scenarios. In App. B.3 we show that our anomaly de-

tection algorithms continue to perform well when the irrelevant features are

mutually dependent.

4.2.2 Performance Metric

As is standard, we shall present performance comparisons between NNs and

our proposed methods in terms of the significance improvement characteristic (SIC)
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curve, which is obtained by plotting the significance improvement,

SIC =
ϵS√
ϵB
, (4.2)

against ϵS . Here ϵS is the fraction of correctly identified signal events (true pos-

itive rate), and ϵB is the fraction of background events incorrectly identified as

signals (false positive rate). It should be emphasized here that SIC is a mean-

ingful metric only when the analysis is statistics-limited and not systematics-

limited, and the sample is background-dominated; we shall assume that this is

the case.

4.3 CWoLa on a Tree: Classifier BDTs

In this section we compare the performance of BDT-based and NN-based

CWoLa methods in the presence of irrelevant features.2

The CWoLa hunting [115, 118] method attempts to construct the Neyman–

Pearson optimal discriminator [137] between a signal and a background where

the signal is assumed to be dominantly present in the SR. The key observation

underlying this is that if the SSB and SR have different admixtures of signal

and background, then the optimal signal-background discriminator is mono-

tonically related to the optimal SSB-SR classifier and finding one produces the

other, provided that the auxiliary features x⃗ are independent of the resonant

mass mJJ for the background. While this is a theoretical guarantee, finding an

optimal SSB-SR classifier can be difficult in practice. This is because at very low

2In [127], similar comparisons are made in the context of idealized anomaly detection, in which
perfect understanding of background is assumed. This included a more detailed, physical
model of irrelevant features, while we consider a more realistic measurement scenario. We
hence view the two studies as naturally complimentary.
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S/B ratio, SSB and SR events largely overlap in feature space with very similar

distributions, and most modern machine learning models are flexible enough

to mistake local fluctuations for actual excess of signal events (i.e., over-fitting).

This situation is particularly exacerbated in the presence of irrelevant features,

because they provide additional sources of statistical fluctuations in a higher

dimensional space.

The above consideration do not actually select for a method of approximat-

ing the SSB-SR classifier. In studies involving the CWoLa hunting method, the

classifier typically consists of a fully-connected feedforward neural network.

However, it is well-known that neural networks do not fare well with irrelevant

inputs, and this is especially so when they are applied in the CWoLa setting for

reasons above.

On the other hand, tree-based models are known to be innately robust

against irrelevant features [138, 128], an observation usually attributed to the

way they are constructed — for most tree-based models they are built by per-

forming cuts in feature space to greedily minimize metrics such as information

gain, meaning that they already have some degree of internal feature selection

built in. Here we capitalize on this empirical observation and apply BDT-based

CWoLa to a more realistic setting where inevitably there will be a lot of irrele-

vant features.

In what follows, we use xgboost as a reference BDT model to compare with

a fully-connected feed-forward NN. xgboost is chosen since it is widely con-

sidered as (one of) the state-of-the-art gradient boosting tree algorithms in terms

of speed and accuracy. For detailed descriptions of the xgboost algorithm, re-

fer to [139].
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n estimators max depth eta alpha lambda subsample
292 9 6.2× 10−3 50 74 0.75

Table 4.1: One set of xgboost hyperparameters found for the dataset without
any irrelevant features. We use default values for other hyperparameters. Refer
to App. B.1 or [139] for a more detailed discussion of these hyperparameters.

4.3.1 Training Procedures

For training the CWoLa classifiers3, we select from the raw training set events

for which mJJ ∈ [3.1, 3.9] TeV. This results in roughly 250 000 training events

with about 760 signal events in the SR, which corresponds to S/B ≈ 0.6% and

S/
√
B ≈ 2.2. Classifiers are then trained to differentiate between SR and SSB

labels.

The NN-based classifier is constructed by a fully-connected feed-forward

neural network with 3 hidden layers, each of which has 64 neurons. Rectified

Linear Unit (ReLU) activation function is used. The network is trained for 100

epochs with binary cross-entropy loss using the Adam optimizer [140] and learn-

ing rate set to 10−3. During training, only half of the dataset constructed above is

used for actual training while the other half is used for validation purposes. In

particular, the 10 epochs with the lowest validation error are used to construct

an ensemble of 10 classifiers.

For the xgboost-based classifier, we employ a 10-fold cross-validation so

that the entire training set is utilized during actual training. Specifically, we use

the cross-validation process to tune xgboost’s hyperparameters to the dataset

without irrelevant features4. Details of this procedure can be found in App. B.1.

3The data handling and training procedures are the same as in [122]. Here we summarize
them for the sake of completeness.

4This is necessary because the default hyperparameters are far too aggressive and lead to
severe overfitting.
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Figure 4.1: Performance comparisons between BDT-based (green) and NN-
based (red) CWoLa methods for dataset augmented with 0, 4, and 16 irrelevant
Gaussian features. The same xgboost hyperparameters are used to train in
all 3 cases. The solid lines represent average SIC value across a classifier en-
semble defined in the text, and the bands refer to 1 standard deviation of SIC.
It is important to note that for neural networks, the bands correspond to vari-
ability for a fixed set of hyperparameters, while for xgboost they correspond
to variability across different hyperparameters found by Bayesian optimization.
Clearly, xgboost is far more robust against the inclusion of irrelevant features
than neural networks.

Since the hyperparameter optimization procedure is stochastic, we find 10 in-

dependent sets of hyperparameters, each of which is used to train a separate

classifier and they together form an ensemble of 10 classifiers. The same set of

hyperparameters is also used to train dataset augmented with irrelevant fea-

tures. In Tab. 4.1, we show one set of hyperparameters found.
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Figure 4.2: SIC curves for the xgboost classifier with hyperparameters opti-
mized for the dataset with no irrelevant features (green), and the same classi-
fier with hyperparameters re-optimized each time more irrelevant features are
added (blue). With proper tuning, much of the original performance can be
recovered even when the dataset has a large fraction of irrelevant features. NN-
based classifier’s performance on the same datasets (red) is provided to help
guide the eye.

4.3.2 Performance Comparison

The performances of xgboost-based and NN-based CWoLa are shown in

Fig. 4.1. Both xgboost-based and conventional CWoLa perform similarly in the

absence of irrelevant features. However, when irrelevant features are present,

the performance degradation of the neural network is much more severe than

that of the BDT. In particular, in the regime of large number of irrelevant fea-

tures (relative to number of relevant ones), the neural network-based CWoLa

method becomes essentially ineffective. On the other hand, while BDTs-based

CWoLa also suffers from the presence of irrelevant features, it is far more re-

silient. In particular, even with 16 noisy features, the classifier can still attain an

average maximum significance improvement of around 7.

In the plots in Fig. 4.1, the BDT hyperparameters are optimized once, using

the dataset with no irrelevant features, and then kept fixed as the classifier is
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applied to the datasets with 4 and 16 irrelevant features. This performance can

be further improved by dedicated hyperparameter optimization each time more

irrelevant features are added. The performances of xgboost on the augmented

dataset when the hyperparameters are properly tuned are shown in Fig. 4.2.

Impressively, much of the model’s original performance in the absence of ir-

relevant features can be recovered without too much of computational burden

(relative to neural networks). This shows the overall superiority of using BDTs

when the input data is of tabular form in the context of CWoLa hunting.

Another added bonus of using a tree-based classifier is that there exists a nat-

urally defined and easily computable notion of feature importance [138]. Recall

how a tree-based model is constructed: cuts along different feature directions

are selected so as to greedily minimize the loss function. Hence, for each feature

one can compute how much it contributes to the overall decrease in loss. This

adds a layer of interpretability to the model which can potentially be used to

shed light on what features are more relevant in discerning signal from back-

ground.5

We can use this notion of feature importance to understand why xgboost

is so much more robust compared to neural networks. In Fig. 4.3, we show

box plots of feature importance values as given by the 10 different classifiers in

the ensemble in the case of having 16 irrelevant features. Strikingly, the model

clearly utilizes the relevant features much more than the irrelevant ones, corrob-

orating with our intuition that tree-based models by nature perform a certain

degree of internal feature selection. This is likely the reason why the xgboost-

based CWoLa shows such favorable results.
5It is important to emphasize that this is meaningful only when the features are mostly un-

correlated from each other. If not, it becomes difficult to isolate the effect of each individual
feature.
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Figure 4.3: Box plots of feature importance values by 10 independent xgboost
BDT classifiers applied to dataset with 16 irrelevant features. The BDT hyper-
parameters are optimized on the same dataset (left panel) or on the dataset with
no irrelevant features (right panel). The four labeled boxed on the left side of
each plot correspond to relevant features, while the 16 unlabelled boxes corre-
spond to the artificially introduced Gaussian noise features. The relevant fea-
tures in the original dataset are found by the method to be more important for
signal/background discrimination compared to the Gaussian noise, and such a
difference is even more pronounced with proper hyperparameter tuning.

In conclusion, even a naive direct application of BDT algorithms to CWoLa

method can significantly increase its robustness to irrelevant features compared

to NN-based CWoLa.

4.4 Probability Density Estimation with BDTs

Even though the CWoLa method can achieve significant sensitivity improve-

ment in anomaly detection, its success hinges on the independence of the aux-

iliary features x⃗ with mJJ under the background hypothesis, which is quite a

strong assumption and does not hold in general. When this assumption is suf-

ficiently violated, CWoLa performance drops drastically [119, 122].

Since this is a strong assumption that does not always hold in physical anal-

yses scenarios of interest, various methods have been proposed to circumvent
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it. In particular, we examine the anomaly detection with density estimation

(ANODE) method [119], which was originally implemented using normaliz-

ing flows. While this is not the state-of-the-art anomaly detection method, it is

chosen since the lessons learned here can be easily transferred to other similar

density-estimation-based methods.

Unlike CWoLa, the ANODE method tries to estimate the two probability

densities: p(x⃗|m) of the full data set, and p(x⃗|m, bkgd) of the background only

(estimated from the sideband regions and extrapolated in the signal region).

Then, the likelihood ratio

R =
p(x⃗|m)

p(x⃗|m, bkgd)
(4.3)

is computed in the signal region. This ratio can be shown to be optimal (in the

Neyman–Pearson sense) without any need of additional assumptions.

In other words, the ANODE method mainly consists of two steps:

• Estimate the full density p(x⃗|m) directly from data,

• Estimate the background density p(x⃗|m, bkgd) by interpolating from the

SB regions into the SR region.

Note that a hidden assumption here is that the auxiliary features have smooth

distributions over the SR in the background, for otherwise there would be no

reason to believe that interpolation would give a sensible background estimate.

This is often true in practice given that the SR is rather small.

Below we explain how the same steps can be achieved using boosted trees.
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4.4.1 Boosted Density Estimation Trees

Motivated by the success of using BDTs with the CWoLa method, here we ex-

amine the possibility of applying them to density estimation. Specifically, we

follow the tree density estimation algorithm presented in [141], which we de-

scribe briefly here. For details, please refer to the original literature.

Conceptually, the BDT density estimation algorithm is very similar to that

of normalizing flows [142] — they both model the transformation between the

target density and some base density as a composition of simple, bijective maps.

Importantly, each composition is thought of as a round of boosting just as in the

traditional algorithm.

The major difference between the two is that in the case of BDT, the trans-

formations are built from cuts in the feature space (selected so that they locally

minimize the KL divergence between the empirical distribution of the trans-

formed data and the base distribution, which is uniform in our case) with Ja-

cobians admitting closed-form evaluations, whereas for normalizing flows they

are typically parameterized by neural networks [142]. The density estimated by

the corresponding tree is then a leaf-wise constant function. After each round of

boosting, one can define and compute the difference between the learned den-

sity and the target density, which is used as the target density for next round.

This procedure is recursively performed until some termination condition is sat-

isfied.
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Copula

When estimating probability densities, it is often helpful to separate the task of

estimating marginal densities and from the task of estimating the dependence

structure between variables. This can be achieved explicitly by Sklar’s theo-

rem [143], which states, as part of the theorem, that any multivariate probability

density p(x1, . . . , xd) (satisfying some very mild conditions) can be represented

in the following form:

p(x1, . . . , xd) = c
(
F1(x1), . . . , Fd(xd)

)
f1(x1) · · · fd(xd)

≡ c̃(x1, . . . , xd)f1(x1) · · · fd(xd) ,
(4.4)

where the fi’s are the marginal densities, the Fi’s are the corresponding cumu-

lative distribution function (CDF), and c is the so-called copula density func-

tion. This copula function completely encapsulates the information about de-

pendence structure among variables.

The input data considered in this paper consists of the dijet mass mJJ , the

auxiliary features x1, . . . , xK , and the additional features y1 . . . yN which con-

tain no information relevant for anomaly detection. Moreover, we assume that

irrelevant features are statistically independent of (mJJ , x1, . . . , xK). With this

assumption, the copula decomposition takes the form

p(mJJ , x1, . . . , xK , y1, . . . , yN) = c̃(mJJ , x1, . . . , xK) c̃(y1, . . . , yN)

× f1(x1) · · · fK(xK)g1(y1) · · · gN(yN) . (4.5)

Furthermore, if the irrelevant features are mutually independent among them-

selves, as in Eq. (4.1), the corresponding copula function is trivial,

c̃(y1, . . . , yN) = 1. (4.6)
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Then, the likelihood ratio in Eq. (4.3) takes the form

R =
c̃(mJJ , x1, . . . , xK)

c̃(mJJ , x1, . . . , xK |bkgd)

K∏
k=1

f(xk)

f(xk|bkgd)
. (4.7)

Note that by using the copula decomposition, the dependence on the irrelevant

features in R drops out in both the marginal and the copula densities. The can-

cellation in the marginal density ratio is easy to ensure in practice since it sim-

ply relies on univariate density estimation. As for the copula density, the model

needs to be able to learn that it is independent of (y1 . . . yN). This is where the

tree-structure shines — similar to the supervised case, the tree model should

be able to learn to not cut along the irrelevant directions, since they do not

contribute much towards the decrease in KL divergence when estimating the

copula density.

In view of the discussion above, we follow the basic two-stage strategy sug-

gested in [141]: we first fit models to the marginal variables, and then we use the

learned CDF to transform them to the copula space on which we estimate the

corresponding copula density. The final learned density is given by Eq. (4.4).

Note that neither the copula factorization, Eq. (4.5), nor the mutual indepen-

dence of the irrelevant features, Eq. (4.6), are hardwired into our algorithm.

Rather, these features are efficiently learned by the BDT from the structure of the

training data. The high quality of the trained tree model contributes to robust-

ness of the anomaly detection algorithm in the presence of irrelevant features.

At the same time, the underlying BDT has sufficient flexibility to remain useful

when the structure of the input data is more complex. This is evidenced by the

example with mutually dependent irrelevant features considered in App. B.3.
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4.4.2 Interpolation

Once the probability density in the SB region is estimated, the next step is to in-

terpolate it into the SR. Unlike the NN, a tree-based density estimator does not

automatically provide such an interpolation, and it needs to be implemented

by hand. This represents an additional step in the algorithm, but has an inher-

ent advantage of being controllable, in contrast to a black box-like interpolation

performed by the NN. As a baseline, we employ a naive linear interpolation:

p(x⃗|m) = p(x⃗|mL) +
p(x⃗|mR)− p(x⃗|mL)

mR −mL

(m−mL), m ∈ (mL,mR) , (4.8)

where m ≡ mJJ ; mL and mR are the lower and upper boundaries of the signal

region in mJJ ; and the vector x⃗ includes both auxiliary (relevant) and irrelevant

features. While more elaborate methods of interpolation exist [120, 123, 144],

this simple form is chosen here for the following reasons:

• Under the assumption that the SR is sufficiently small and that the SB

is not significantly signal-contaminated, we expect linear interpolation to

give reasonable results (there are however some subtleties, see Sec. 4.4.5).

• More importantly, in Eq. (4.8), the interpolated density is explicitly lin-

ear in the learned density. In the ideal case that the irrelevant features’

densities factorize from the learned density, this property ensures that de-

pendence on irrelevant variables will be cancelled out in the construction

of the likelihood ratio. As we shall see below, this linearity property is

important in ensuring robustness.
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n estimators max depth lr gamma
marginal 100 10 0.1 0.3
copula 2500 50 0.1 0.3

Table 4.2: Hyperparameters used to estimate the marginal and copula densities
with the tree-based algorithm in [141]. Please refer to the original literature or
App. B.2 for meanings of these parameters.

4.4.3 Training and Evaluation Procedures

The NN-based density estimator we use in our comparison is a masked-

autoregressive flow (MAF). The training procedure for a MAF is the same as

in [122], and we refer readers to the original paper for details.

The training of the tree-based density estimator is done by feeding the algo-

rithm the entire training dataset (560 000 events), with hyperparameters listed in

Tab. 4.2. The performance of the BDT density estimation algorithm is fairly in-

sensitive to the choice of hyperparameters as long as the resulting model is suf-

ficiently expressive, due to the fact that we are estimating the density from the

background sample for which we have large statistics. (This is in contrast with

the CWoLa case, where the BDT needs to learn a small difference between the

distributions of auxiliary features in the signal and side-band regions.) The pre-

processing of [122] is not necessary in this case, since trees are invariant under

monotonic transformations. The trained model is then used to evaluate p(x⃗|m),

p(x⃗|mL), and p(x⃗|mR). The latter two are used to estimate the background den-

sity in the signal region according to Eq. (4.8).

The performance of each method is evaluated on a separate test set con-

sisting of 20 000 signal events and 60 000 background events, all of which lie

in the SR. In particular, we train the tree-based model for 10 random training-

validation-test splits to cross-validate its variance. The same is not done for neu-
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Figure 4.4: Performance comparison between the BDT implementation of den-
sity estimator (green) and the NN-based implementation found in [141] (red),
for the original LHCO dataset. The error bands show 1 standard deviation of
significance improvement across 10 random training-validation-test splits. The
BDT implementation shows superior performance both with and without inclu-
sion of irrelevant features. In particular, even with 16 irrelevant features added,
the BDT only shows a small level of degradation.

ral networks due to their high computational costs. Comparisons are shown in

the next section.

4.4.4 Performance Comparison

In Fig. 4.4, we show the performance comparisons between MAF- and tree-

based density estimation algorithms. Without irrelevant features, the tree-based
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algorithm already provides a significant improvement over the NN in the low

signal efficiency region. Furthermore, just as in the case of CWoLa, the MAF-

based algorithm suffers from severe performance degradation as the number of

irrelevant features increases. In the case where 16 irrelevant features are added,

the method is essentially no different from a random classifier. On the other

hand, the tree-based algorithm is remarkably robust, showing almost no degra-

dation of performance with up to 16 irrelevant features.

As an additional note, the success of the tree-based density estimation algo-

rithm also shows that a simple linear interpolation for background estimation

is very effective, at least for the LHCO dataset. In Fig. 4.5 we show a scat-

ter plot of the data-to-background density ratio against mjj for both signal and

background events. It can be clearly seen that the simple linear interpolation

is effective in estimating the background density for the LCHO dataset. We

believe this is evidence that more considerations should go into studying the

interpolation method instead of relying on a black box like NNs.

4.4.5 Correleated Auxiliary Features

The primary motivation for density estimation methods is to address situations

where the CWoLa assumption of statistical independence between the auxiliary

features x⃗ and mJJ does not hold. However, in the example considered above,

x⃗ and mJJ were independent to a large degree. In this section we explore how

our strategies proposed above perform when x⃗ and mJJ are not independent.
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Figure 4.5: Scatter plot of the density ratio R defined in Eq. (4.3) against mjj

for 5000 signal events and 5000 background events in the test set (signal re-
gion). The plot shows that a naive linear interpolation is sufficient for the LHCO
dataset.

Specifically, we artificially introduce dependence between x⃗ and mJJ via6

mJ1 → mJ1 + logmJJ , (4.9)

∆mJ → ∆mJ + logmJJ , (4.10)

where all the masses are measured in units of TeV.

In this case, we immediately see a difficulty with our proposed interpolation

method. When x⃗ and mJJ are strongly dependent, the support of p(m, x⃗) can

be of arbitrary shape in general, but the interpolation in Eq. (4.8) implicitly as-
6We consider a non-polynomial dependence on mJJ instead of a linear one, as in [119, 122],

because our decorrelation scheme below will be able to completely undo linear correlation, thus
making the comparison not very useful.
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Figure 4.6: Scatter plot of mJ1 against mJJ for the log-shifted dataset over the
signal region. Before decorrelation (left panel), the plot clearly shows why a
naive linear interpolation should fail — the interpolation over the dashed line
crosses the support of data density, which would cause a sharp change in the
interpolated density. After decorrelation (right panel), we see that the support
is roughly axis-parallel, and we expect that a simple linear interpolation should
suffice.

sumes that for a fixed x⃗, p(x⃗|m) does not vary too much as a function of mJJ

across the SR.7 This is illustrated in the left panel of Fig. 4.6, where a naive lin-

ear interpolation over the dashed line would result in an abrupt and unphysical

drop in the interpolated density. This situation can be handled automatically by

NNs since they are able to perform more global interpolations, but we need to

be more careful when implementing the interpolation by hand.

It is clear from the above discussion that the quality of linear interpolation

Eq. (4.8) requires that x⃗ and mJJ be roughly independent over the SR. To achieve

this, we perform the following simple “decorrelation” procedure. For each fea-

7Note that this is different from the CWoLa assumption since we only require weak depen-
dence over the SR. In general this is easier to attain.
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ture x, consider the following transformation8:

m→ m, (4.11)

x→ f(x,m) , (4.12)

where f is such that the transformation is bijective so that no information car-

ried in x is lost. We can then search for f such that the dependence between x

and mJJ within the SR, as measured by distance correlation, is minimized. In

particular, we consider f belonging to a family of functions of the form

f(x,m) = a0(m) + a1(m)x. (4.13)

Since mJJ lies within the SR which we assume to be small, we further parame-

terize the coefficients a0 and a1 as9

a0(m) = αm+ βm2, a1(m) = 1 + γm+ δm2 . (4.14)

To summarize, we search for values of α, β, γ and δ that minimize the corre-

sponding distance correlation. This minimization is performed using the L-

BFGS method [145] implemented in SciPy [146].

The right panel of Fig. 4.6 shows the scatter plot of mJ1 against mJJ over the

SR after our decorrelation procedure. Visually we can observe that the support

of data density is now parallel to the mJJ -axis, and numerically we can achieve

a distance correlation of order 10−4 between auxiliary features and mJJ over the

SR. This signals the success of our decorrelation scheme.

With decorrelation carried out, the rest of the algorithm remains the same as

in the previous section. In Fig. 4.7 we compare the SIC curves of the NN-based
8We do not transform mJJ since this is a privileged variable under the localized-signal as-

sumption.
9Without loss of generality, we can take the constant term in a0 to be zero and the constant

term in a1 to be 1, since distance correlation remains invariant under such a choice.
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Figure 4.7: The SIC curves for NN-based (red) and tree-based (green) density-
estimation algorithms applied to the log-shifted dataset. The cases with 0 (left
panel) and 16 (right panel) irrelevant features are shown for comparison. The
error bands are defined in the same way as in Fig. 4.4.

and tree-based algorithms applied to the log-shifted dataset. We observe that

the tree-level algorithm still greatly outperforms the NN-based method when

irrelevant features are added. At the same time, we also note that the perfor-

mance of the tree-based algorithm is not as robust with respect to addition of ir-

relevant features as in the unshifted case (see Sec. 4.4.4). This is likely due to the

decorrelation procedure above, which by chance will find non-zero (α, β, γ, δ)

such that the in-sample distance correlation between mJJ and the transformed

irrelevant feature is minimized. This effect can in principle be mitigated by more

rigorous cross-validation technique, but we do not pursue this point here.

While the simple approach to decorrelation and interpolation taken in this

paper is effective, it may be seen as somewhat ad hoc. Many more elaborate

interpolation methods exist in the literature (e.g., Gaussian process regression,

high dimensional splines [138]), which may further improve the performance

and robustness of our algorithm. We leave the exploration of such methods for

future work.

73



4.5 Discussion and Conclusions

In this work, we have presented two tree-based approaches to detect anomalies

in the presence of irrelevant features. Anomaly detection methods are already

starting to be used in LHC analyses, with searches based on CWoLa hunting

at ATLAS already released [147]. Since BDT-based methods are already used

in experimental analyses, we hope that our methods would be readily able to

be adopted and calibrated for experimental use. We first considered a CWoLa-

inspired method, and showed that boosted decision trees are more robust to

irrelevant features compared to neural networks. By exploiting the inherent

feature selection of decision trees, the BDT-based classifier maintained good

performance even with the addition of significantly more irrelevant than dis-

criminating auxiliary features.

In analogy to density estimation methods like ANODE, we proposed using

tree-based models paired with a copula transformation and interpolation step.

By estimating the marginal and copula densities separately, irrelevant features

can be factorized out of the likelihood ratio assuming their mutual indepen-

dence. Even when this is not the case, we observe that the resulting reduction

in significance improvement still leaves the tree-based approach much less sen-

sitive to the presence of these features. Our results demonstrated the promis-

ing performance of the tree-based density estimator compared to normalizing

flows, especially in higher dimensionality with many irrelevant features. The

tree-based model allows for a simple and effective linear interpolation scheme

for estimating the background density.

Recently, [127] also explored the use of BDTs for anomaly detection in high-
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energy collider analyses. This study includes a larger and more physical set of

irrelevant features, while also finding increasingly improved performance and

greater stability as irrelevant features are added during training. However, it

assumes that a perfect sample of the background is available and does not deal

with the extrapolation of such a model into a resonant region, as we do. We thus

view our results as complementary and together making a compelling case for

the application of tree-based methods to anomaly detection.

Overall, tree-based methods seem well-suited for anomaly detection tasks

when operating on high-level observables with potential irrelevant features.

These naturally lend themselves to presentation as tabular data. The tech-

niques presented here could find useful application in collider searches and

other physics analyses aiming to be robust against the embedding of low-

dimensional signals in high-dimensional feature spaces. More advanced inter-

polation schemes than what we consider here might improve the performance

and stability of the density-based approach, while exploring other tree-based

algorithms like Bayesian Additive Regression Trees might improve the overall

fidelity of the learned functions. We leave these possibilities to future work.
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APPENDIX A

APPENDIX TO CHAPTER 3

A.1 Simplified Model and Feynman Rules

Our effective darkZ model is parameterized by the darkZ mass, mA′ , its kinetic

mixing to hypercharge, ε, and a dimensionless Z–darkZ mass mixing parame-

ter, κ. These are related to a benchmark ultraviolet model in Section 3.2. We use

the shorthand sW = sin θW , and similarly for cosine, tangent, and the massive

gauge boson mixing angle δ, (3.6).

Mass Spectrum. The mass spectrum comes from diagonalizing the mass terms

(3.4). AssumingmA′ > mZ , the Z boson mass to second order in the new physics

parameters is

m2
Z =MZ(v)

2

[
1− 2MZ(v)

2

m2
A′ −MZ(v)2

(εtW + κ)2
]

MZ(v)
2 ≡ g2v2

4c2W
, (A.1)

where v2 = (246 GeV)2 is the order parameter for electroweak symmetry break-

ing. For completeness, the darkZ mass is related to the benchmark ultraviolet

model parameters to leading order in the new physics parameters by

m2
A′ =M2

A′ +
2MZ(v)

4

M2
A′ −MZ(v)2

(εtW + κ)2 M2
A′ = g2dv

2
d +

κ

2qd

ggd

cW
v2 . (A.2)

Feynman Rules. The interactions with Standard Model fermions ψ are de-

scribed by

= iγµ
(
gV + gAγ5

)
= i

g

cW
γµ

(
qV
Z + qA

Zγ
5
)
. (A.3)

76



The effective couplings and charges to leading non-trivial order in ε and κ are

gV = εeQEM − g

cW

m2
Zκ+m2

A′εtW
m2

A′ −m2
Z

(
1

2
T 3 − s2WQEM

)
(A.4)

gA =
g

cW

m2
Zκ+m2

A′εtW
m2

A′ −m2
Z

1

2
T 3 (A.5)

qV
Z = (cδ + εtW sδ)

(
1

2
T 3 − s2WQEM

)
+
εe

g
cW sδ QEM (A.6)

qA
Z = − (cδ + εtW sδ)

1

2
T 3 , (A.7)

where T 3 = ±1/2 according to the SU(2)L weight of the left-chiral ψ and QEM

is the ψ electric charge. Additional interactions between the A′, Higgs, and

electroweak gauge bosons are not used in this study. The effects are well ap-

proximated using the Goldstone boson equivalence theorem, as discussed in

Section 3.2.4. See Ref. [89] for explicit expressions in the pure kinetic mixing

case.

A.2 UV Model and Decoupling Limit

In Section 3.2.2 we derive our three-parameter model for mass and kinetic mix-

ing as the low-energy theory of an extended Higgs sector. This appendix ad-

dresses some model-building aspects of the UV model and connects to known

results in the two-Higgs doublet literature.

Decoupling pseudo-Goldstone modes. There are a total of seven Goldstone

modes. Four are eaten by the massive Standard Model gauge bosons and the

darkZ. We decouple the remaining three by adding a trilinear potential that
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explicitly breaks the global symmetries of the Higgs sector:

V ⊃ µ′H†
EWHmixHd + h.c. . (A.8)

The scale µ′ is assumed to be large compared to the masses in the three-

parameter model. The uneaten Goldstones are an orthogonal linear combina-

tion to the eaten combination; see Appendix A of Ref. [148].

Decoupling the dark Higgs . We may tune the Hd potential such that that CP-

even state has the largest mass in the UV theory, we define this to be Λ. When

integrating out this mode, the trilinear coupling (A.8) generates four-point in-

teractions between the Higgs doublets with a quartic coupling of order (µ′/Λ)2.

In a given UV model, the perturbativity of the lower-energy two-Higgs doublet

theory requires this coupling to be smaller than ∼ 4π.

The decoupling limit of the two-Higgs doublet model. Upon integrating out

Hd, our Higgs sector is a CP-conserving two-Higgs doublet model. Gunion and

Haber examine the viability of a decoupling limit these models in [149]. In their

notation, Φ1 = HEW and Φ2 = Hmix and the parameters of their general potential

are:

m2
12 =

µ′vd√
2

λ4,5 =
µ′2

Λ2
λ3,6,7 = 0 . (A.9)

The diagonal quadratic and quartic terms are set to produce symmetry-breaking

potentials for each of Φ1,2 that yield the appropriate vacuum expectation values,

vEW and vmix, with mixing angle tβ = vmix/vEW ≪ 1. The mixing angle β encodes

the same information as our mass mixing parameter, κ, (3.5). This potential is

manifestly stable in all field directions. The masses for the CP-odd and charged
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Higgses—the uneaten would-be Goldstones–are

m2
A = m2

H± =
µ′vd√
2sβcβ

− v2µ′2

Λ2
≫ v2 . (A.10)

The mass matrix between CP-even Higgses is, to leading order in sβ ≪ 1,

M2 =

 λEWv
2

(
µ′2

Λ2 −m2
A

)
sβ(

µ′2

Λ2 −m2
A

)
sβ m2

A

 (A.11)

where λEW is the quartic coupling for Φ1 = HEW. The rotation to diagonalize the

CP-even mass matrix is α. The lighter eigenstate is identified with the 125 GeV

Higgs boson. The decoupling limit corresponds to the case where an entire

SU(2)L doublet is heavy. It corresponds to the limit (β − α) → π/2, or m2
A ≫

|λEW|v2. This is readily realized in our model.

Alternative UV completions. The minimal model in Refs. [87, 82] avoids any

extraneous would-be Goldstones. Another alternative is to introduce a Stuckel-

berg [150, 151] mass for the Abelian hidden sector.

A.3 Unpolarized Observables

The angular dependence of the differential e+e− → A′ → µ+µ− cross section

with spin-averaged e± beams is

dσ

dΩ
=
f(s)

4

[(
g4L + g4R

)
(1 + cos θ)2 + 2g2Lg

2
R (1− cos θ)2

]
, (A.12)

where f(s) is a kinematic factor independent of the scattering angle of the out-

going muon with respect to the electron beam, cos θ. The forward and backward

and cross sections are

σF ≡
∫ 1

0

d cos θ
dσ

d cos θ
σB ≡

∫ 0

−1

d cos θ
dσ

d cos θ
. (A.13)
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The forward–backward asymmetry is expressed in terms of a coupling asym-

metry Ae,

A0
FB ≡ σF − σB

σF + σB
=

3

4
A2

e Ae ≡
g2L − g2R
g2L + g2R

=
2qAqV

q2A + q2V
, (A.14)

where the superscript on AFB indicates an unpolarized asymmetry.

A.4 Polarized Beams and Observables

We review the collider phenomenology of polarized beams following the con-

ventions in Ref. [152]. Define the longitudinal electron beam polarization to be

P = (R − L)/(R + L) where R (L) is the number of right (left) helicity particles

in the beam. Similarly, let P̄ be the analogous quantity for the positron beam.

The polarized cross section σPP̄ is related to the pure helicity cross sections σRL̄

and σLR̄ as

σPP̄ =
1

4
(1 + P )(1− P̄ )σRL̄ +

1

4
(1− P )(1 + P̄ )σLR̄ , (A.15)

where we used σLL̄ = σRR̄ in the limit of massless fermions coupled to a a vector

boson. It is convenient to write this in terms of the symmetric (anti-symmetric)

combinations

σ(LR) = σLR̄ + σRL̄ = 4σ σ[LR] = σLR̄ − σRL̄ , (A.16)

where we note that the spin-averaged (unpolarized) cross section, σ, is one

fourth of σ(LR).1 This gives a compact expression for the polarized cross section

1The unpolarized cross section may be written in terms of helicity cross sections as

dσ

dΩ
=

1

4

(
dσ

dΩ

∣∣∣∣
RL→RL

+
dσ

dΩ

∣∣∣∣
LR→LR

+
dσ

dΩ

∣∣∣∣
RL→LR

+
dσ

dΩ

∣∣∣∣
LR→RL

)
.
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in terms of an effective luminosity Leff and an effective polarization Peff

σPP̄ ≡ 2σ
Leff

L
[1− PeffALR]

Leff

L
≡ 1− PP̄

2
Peff ≡

P − P̄

1− PP̄
. (A.17)

The effective polarization is zero for unpolarized beams and ±1 for perfectly

polarized beams.

The left–right asymmetry for perfectly polarized beams is A
perfect
LR =

σ[LR]/σ(LR). For partially polarized beams, we assume that one beam is mostly

left-helicity while the other is mostly-right helicity. The cross section the mostly-

left helicity electron configuration, σ−+, is related to that of the mostly-right he-

licity electron configuration, σ+−, by the replacements P → −P and P̄ → −P̄ .

The left–right asymmetry for the partially polarized beams is

ALR =
1

Peff

σ[−+]

σ(−+)

=
1

Peff

(
|P |+ |P̄ |
1 + |PP̄ |

)
σ[LR]

σ(LR)
=

1

Peff

(
|P |+ |P̄ |
1 + |PP̄ |

)
Ae , (A.18)

where σ(−+) and σ[−+] are the symmetric and antisymmetric combinations of the

partially polarized cross sections analogous to (A.16). These are related to the

helicity cross sections by

σ(−+) =
1

2

(
1 + |PP̄ |

)
σ(LR) σ[−+] =

1

2

(
|P |+ |P̄ |

)
σ[LR] . (A.19)

One may measure the forward–backward asymmetry for polarized beams.

In this case, (A.12) is replaced with

dσ

dΩ
=

f(s)

4

[
g4L(1− P )(1 + P̄ ) + g4R(1 + P )(1− P̄ )

]
(1 + cos θ)2 (A.20)

+
f(s)

4
g2Lg

2
R

[
(1 + P )(1− P̄ ) + (1− P )(1 + P̄ )

]
(1− cos θ)2 . (A.21)

The resulting forward-backward asymmetry for partially polarized beams is

AFB =
3

4

(g2R − g2L)
2 + Peff(g

4
R − g4L)

(g2R + g2L)
2 + Peff(g4R − g4L)

=
3

4

(Ae − Peff)Ae

1− PeffAe

. (A.22)
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APPENDIX B

APPENDIX TO CHAPTER 4

B.1 Hyperparameter Tuning for xgboost

Here we provide details regarding hyperparameter tuning for the xgboost

model used in CWoLa method. The hyperparameters we choose to optimize

are as follows1:

• n estimators: this controls the number of boosting rounds

• max depth: this controls how complex the base tree learner is by limiting

how deep each tree can be

• eta: this controls how much each tree contributes in building the ensem-

ble

• alpha: L1 regularizer on weights of the model

• lambda: L2 regularizer on weights of the model

xgboost has a lot of other parameters, but here we choose to focus on these

few because (i) n estimators, max depth and eta are known to have the

most impact on the model’s performance, and (ii) alpha and lambda explicitly

control the model’s weights, and therefore they have a direct impact on how

much the model will overfit, which is exactly our concern here. In addition,

we (arbitrarily) fix the subsample parameter, which measures how much of

the training data is used in fitting each individual tree, to be 0.75. In principle

one can also include it in the hyperparameter search but our empirical results

1More details about these hyperparameters can be found in [139]
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show that the final performance is not very dependent on its exact value. We

use default values for all other hyperparameters.

To search for the optimal hyperparameters, we perform Bayesian optimiza-

tion on the 10-fold cross-validation score, which we define to be the true pos-

itive rate of SR-SB labels at a fixed false positive rate of 10−3. Specifically, the

Bayesian optimization is carried out using the gp minimize function in the

scikit-optimize library, with default settings except we reduce the number

of calls to 30 in order to save time.

B.2 Hyperparameters of Boosted Density Estimation Tree Al-

gorithm

Here we describe briefly meanings of some of the hyperparameters used when

training on the LHCO dataset. Please refer to [141] for details.

• n estimators: number of boosting rounds

• max depth: maximum depth each base tree learner can grow to

• lr: global shrinkage parameter that helps smooth out density learned

during each boosting round. When it is equal to 0, each tree returns the

uniform base distribution (no learning); when it is equal to 1, each tree

returns the empirical distribution (most aggressive learning).

• gamma: amount of node-specific shrinkage. When it is 0, only the global

learning rate lr is used; when it is a positive real number, the amount of

shrinkage for each node grows as its volume in feature space decreases.
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Figure B.1: SIC curve of the tree-based density estimation algorithm with mutu-
ally correlated irrelevant features (blue), compared to the baseline case of mu-
tually independent irrelevant features studied in Sec. 4.4 (green).

B.3 Mutually Dependent Irrelevant Features

In the baseline model used throughout this paper, the irrelevant features enjoy

the extra property that they are mutually independent, see Eq. (4.1). While this

extra property has no bearing on the CWoLa hunting method, it does affect our

use of copula in Sec. 4.4: If the irrelevant features y⃗ are mutually independent,

the copula density c becomes independent of y⃗. While such independence was

not hardwired into our algorithm, it can potentially make the copula density

easier to learn, and one might wonder how robust the algorithm is if irrelevant

features are mutually dependent.

To test this, we rotate the original irrelevant features by a random matrix A:

y⃗ ′ = Ay⃗ . (B.1)

Here A is constructed by independently sampling each of its elements from the
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standard normal distribution. The elements of the rotated irrelevant feature

vector y⃗ ′ are now mutually dependent. We then apply the tree-based density

estimation algorithm described in Sec. 4.4 to the dataset (mJJ , x⃗, y⃗
′), where x⃗

are the relevant auxiliary features.

The resulting SIC curve is shown in Fig. B.1. We can see that our method’s

performance is very similar to the case considered in the main text, demonstrat-

ing that the method’s performance is not reliant on the factorization property of

Eq. (4.1). In other words, the BDT is able to learn the non-trivial copula function

involving irrelevant features well enough to not cause any degradation in the

overall performance. In future work, it would be interesting to further test this

aspect of the algorithm in realistic physical applications of anomaly detection.
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