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In this dissertation, we discussed the new development of scattering amplitudes

in gauge and gravities theories. The LHC era requires the new development of

scattering amplitude beyond the traditional Feynman diagram approach. We

reviewed the new scattering amplitude methods, inspired by string theory, ana-

lyticity and supersymmetry. With these new methods, we [37][54] proved (1) the

color/kinematics equivalence in Bern-Carrasco-Johansson (BCJ) recursive iden-

tity from the viewpoint of heterotic string theory and (2) the quadratic identities

for Yang-Mills theory via the Kawai-Lewellen-Tye (KLT) relation. Both identi-

ties simplify the Yang-Mills amplitude calculation and illustrate deep structures

in gauge and gravity theories.
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CHAPTER 1

INTRODUCTION

1.1 Background

Currently, gauge theories and the Einstein gravity theory describe our universe.

The standard model (SM), as a S U(3)C ×S U(2)L×U(1)Y gauge theory, accurately

predicted the electromagnetic, strong and weak interactions below the TeV scale

[29]. On the other hand, Einstein’s general relativity (GR) was verified in exper-

iments of the solar system scale to the cosmic microwave background observa-

tion [55].

However, there are still many open problems in gauge theories and the Ein-

stein gravity. The SM prediction has not been fully tested at the TeV scale, espe-

cially the Higgs boson in the SM, has not been discovered experimentally. And

the hierarchy problems in the standard model imply that the SM is only an effec-

tive field theory for the low-energy physics. On the other hand, experimentally

the Einstein gravity has not been tested in short distance or strong fields cases

like the black holes. Furthermore, there is no consistent quantization method

for the Einstein gravity. To answer these questions, we need to study the deeper

aspects of gauge theories and the Einstein gravity themselves and to formulate

theories of the new physics.

Scattering amplitudes play the central role in the study of gauge and gravity

theories. Scattering amplitude, is the quantum transition amplitude between

certain asymptotically free incoming states and outgoing states via interaction.

Schematically, if the α and β are the initial state and final states, the scattering
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amplitude A can be expressed as,

out〈β|α〉in ≡ 〈β|S |α〉 = δβα + i(2π)DδD(pα − pβ)A (1.1)

where D is the dimension of the spacetime.

Scattering amplitudes in gauge theories are the links between theories and

particle physics experiments: in particle physics experiments, scattering ampli-

tudes are directly related to the cross section measurement. In gauge theories,

scattering amplitudes are often precisely predicted by the perturbative calcula-

tion. So it is crucial to verify a gauge theory by calculating its scattering ampli-

tudes and comparing them with the experiments. For example, quantum elec-

trodynamics (QED) in the SM was verified to the greatest accuracy in the history

of physics. The QED four-loop scattering amplitude calculation agrees with the

electron anomalous magnetic moment experiment to more than 10 significant

figures [1].

Furthermore, the study of scattering amplitudes leads to the discovery of

deeper structures in gauge theories. Sometimes, the scattering amplitude calcu-

lation showed unexpected properties or symmetries, and required theorists to

reformulate gauge theories. A famous example is that, the quantum chromo-

dynamics (QCD) n-gluon tree amplitude vanishes when all the gluons except

one have the same helicity. This property is unexpected and it is hard to see

this feature from the original Yang-Mills action. The reason is actually deep: the

QCD tree amplitude coincides with the corresponding super-Yang-Mills ampli-

tude, and the latter’s symmetry forces the amplitude to vanish. So this is a hint

that the tree-level QCD amplitude can be reformulated as a super-Yang-Mills

amplitude.

In practice, as the Large Hadron Collider (LHC) started up in 2010, there are
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urgent demands for the development of gauge theory scattering amplitudes cal-

culation. Usually, the QCD scattering dominates LHC processes. To extract new

physics signals from the background QCD amplitudes, we have to calculate the

QCD amplitudes to great accuracy with new methods.

The scattering amplitude is as important in Einstein gravity but more subtly.

The Einstein gravity is a nonrenormalizable theory, which means to cancel the

divergence in gravity loop amplitudes, we have to introduce an infinite number

of coupling constants. So although the tree amplitude in the Einstein theory is

well-defined, the loop amplitude is a big problem. However, in the view point

of effective field theories, most coupling constants are highly suppressed by the

Planck scale, and it is meaningful to discuss the gravity amplitude in the low

energy limit. Also, the famous Kawai-Lewellen-Tye (KLT) relation implied that

the gravity and gauge tree amplitudes are closely related. Hence the study of

Einstein gravity amplitude provides the new insight for gauge theory ampli-

tudes.

There are many candidate theories beyond the SM and the Einstein grav-

ity theory, for example, supersymmetry, supergravity, extra-dimension theories

and string theories. It is very important to study scattering amplitudes in the

new physics, because their scattering amplitudes not only give predictions for

future experiments but also provide new techniques for the calculation of scat-

tering amplitudes in QCD.

This thesis discusses the new development of scattering amplitudes calcula-

tion in gauge and gravity theories, not limited to the SM or the Einstein grav-

ity. We will focus on the recursive relations of scattering amplitudes, which not

only greatly simplify the scattering amplitudes calculation, but also illustrate

3



the deep structure in gauge and gravity theories.

1.2 Scattering amplitudes, traditional approaches

Recall that in quantum field theories, Feynman diagram is the standard way to

calculate scattering amplitudes [48]: First, write down the Feynman rules for

fields propagation and interaction according to the action. Then, draw all the

possible Feynman diagrams up to some perturbative order and calculate each

diagram by Feynman rules. Finally, the scattering amplitude is determined by,

iA =
∑

(Feynman diagrams). (1.2)

The problem of the Feynman diagram approach in gauge theory is that, there

are too many diagrams and each diagram is not gauge invariant. For example,

the 2 gluon→ 4 gluon process has 220tree-level Feynman diagrams. There is no

clear physical meaning for each diagram, since it depends on the gauge choice.

Only when the diagrams are summed, the physical result is obtained.

Since the invention of Feynman diagrams, a lot of new techniques were de-

veloped to simplify the scattering amplitude calculation. An important tool for

gauge and gravity amplitudes is the spinor helicity formalism: The momentum

and polarization vectors can be written as the products of Weyl spinors. In this

way, the little group transformation is manifest, and we can make most of the

gauge Ward-Takahashi identity. Furthermore, in spinor helicity formalism, the

Maximal-Helicity-Violated (MHV) amplitudes, has a particular simple expression,

the Parke-Taylor formula [47],

Apartial,tree(−,−,+, ...+) =
〈12〉4

〈12〉..〈n − 1, n〉〈n1〉 (1.3)
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For gauge theories, the traditional Feynman diagrams contain color factors

which made the amplitudes complicated. There is an efficient way to strip

the color factors by introducing the partial amplitudes or color-stripped ampli-

tudes. These amplitudes are important, since they contain no color factor and

are gauge-invariant.

The calculation of the Einstein gravity tree amplitude is particularly compli-

cated. Since the Einstein theory is a nonrenormalizable theory, there are infinity

types of vertices in its Feynman rules. There is another way to calculate these

amplitudes without referring to Feynman rules. Kawai, Lewellen and Tye [39]

discovered that the closed string tree amplitude is the square of the correspond-

ing open string amplitudes. Take the low energy limit, this relation ensures

that the gravity amplitude is the square of Yang-Mills amplitudes so the gravity

Feynman rules are not needs. This is the KLT relation.

1.3 New recursive relations in scattering amplitudes

After the invention of the spinor helicity formalism and partial amplitudes, sev-

eral recursive relations were discovered to simplify the scattering amplitudes.

They are inspired by the unitarity, analytic properties, twistor space and string the-

ory techniques. These relations dramatically extend our ability in amplitude

calculation.

Cachazo, Svrcek and Witten [20] found that the Yang-Mills tree amplitude

is built out of diagrams whose vertices are MHV amplitudes. Britto, Cachazo,

Feng and Witten (BCFW) [17][18] proved a recursive relation, which can rewrite

a tree amplitude as the product of on-shell subamplitudes.
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The extremely powerful Grassmannian formalism in twistor space was dis-

covered, [4] [3] [46] [2] for N = 4 super Yang-Mills theory. It gives a simple and

unified formalism for the N = 4 Yang-Mills tree amplitude,

An;k =
1

Vol(GL(k))

∫

dk×nCαa

(12· · · k) (23· · · (k + 1) ) · · · (n1 · · · (k − 1) )

k
∏

α=1

δ4|4(CαaWa)

(1.4)

for Nk−2MHV tree amplitude. Its analytic structure also provides the loop am-

plitude information. All planer loop amplitudes in N = 4 Yang-Mills theory can

be generated recursively. Furthermore, by the Grassmannian formalism, dual

superconformal symmetry for N = 4 tree amplitude, is discovered.

Because the N = 4 Yang-Mills tree amplitude is the same as the non-

supersymmetric Yang-Mills tree amplitude, the Grassmannian formalism is

very important for the QCD tree amplitude calculation. However, the gener-

alization of the Grassmannian formalism for non-supersymmetric loop ampli-

tudes has not been proposed.

We focus on a new set of recursive relations, which reduce the number of

terms in scattering amplitude by a large factor. Recently, a new set of recursive

relations in Yang-Mills theory was conjectured by Bern, Carrasco and Johansson

(BCJ) [9]. The Yang-Mills tree scattering amplitude can be written as the channel

sum,

AYM
=

∑

i

cini

Pi
(1.5)

where ci is the color factor, ni is the kinematic factor and Pi is the pole for each

channel. If three channels satisfy the Jacobi identity,

ci + c j + ck = 0 (1.6)

BCJ [9] conjectured that the corresponding kinematics factors satisfy the dual
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identity,

ni + n j + nk = 0. (1.7)

For example, for the four-gluon scattering amplitudes, there are three channels,

s, t and u. The Jacobi identity reads cs + ct + cu = 0 while it can be checked

explicitly that ns + nt + nu = 0.

If BCJ conjecture is correct, then the number of independent terms in Yang-

Mills amplitudes drops dramatically. For example, in the 2g → 5g process, the

number of kinematics factors drops from 945to 120.

Furthermore, the BCJ conjecture is related to the gravity tree amplitude. [9]

proposed that the graviton amplitude is related to the QCD kinematics factors,

Agrav
=

∑

i

nini

Pi
. (1.8)

The gauge-invariant form of (1.7) was proven by the open string monodromy

relations in the low energy limit [15]. However, it is not easy to understand the

duality between (1.6) and (1.7) and the duality between (1.5) and (1.8).

We used heterotic string theory techniques to prove the two dualities [37].

Inspired by the (KLT) relation [39], we can treat the color factors and kinematic

factors equivalently by heterotic string theory techniques, and show the duality

between (1.6) and (1.7). Furthermore, with the KLT relation, we proved the

duality between (1.5) and (1.8). This work also provides an elegant way to study

N = 4 supergravity scattering amplitude.

The BCJ relation has also been explicitly verified in several examples up to

two-loop Yang amplitudes [9] [8]. The loop BCJ relation, if proved to be correct

in general, would be a very powerful tool in QCD loop amplitude calculation.
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Beyond the linear relations, surprising quadratic identities for QCD scatter-

ing amplitude were discovered by the BCFW methods [12][13]: products of two

QCD tree amplitudes with particular helicities sum to zero. These identities are

interesting, because they provide strong restrictions on the complicated NMHV

tree amplitudes in terms of the known simple MHV amplitudes. However, their

physical meaning is not transparent.

s12s34A
YM(1−2−3−4+5+)AYM(2−1+4+3−5+)

+s13s24A
YM(1−3−2−4+5+)AYM(3−1+4+2−5+) = 0, (1.9)

We [54] proved that these quadratic identities are the result of the global sym-

metries in gravity-scalar theory, via the KLT relation. Following this viewpoint,

generalized quadratic identities, which can include fermionic amplitudes, were

discovered [30] inspired by the R-symmetry in supergravity.

It is also promising that these quadratic identities would be used to study

the gluon inferred (IR) limit in QCD scattering amplitude. We find that by the

soft pion theorem in supergravity, the quadratic identities imply a new set of

identities for QCD scattering amplitudes in the IR limit.

It is interesting to see how the KK and BCJ relation and KLT relation look

like in the Grassmannian formalism. Because the Grassmanian formalism has

larger explicit symmetry, these relations should manifest themselves in a more

subtle way than the usual spacetime form. Furthermore, if the KLT relation

can be embedded in the Grassmanian formalism, it would be straightforward

to calculate N = 8 supergravity amplitudes and helpful for solving the long-

lasting problem on the finiteness of N = 8 supergravity.
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1.4 Outline

In this thesis, first the Yang-Mills theory and Einstein gravity theory is reviewed

in the appendix. Then beyond standard model theories, especially string theo-

ries are introduced to create the new methods for scattering amplitude calcu-

lation in gauge and gravity theories. After that, we present a review of new

scattering amplitude approaches beyond Feynman diagrams, like the color de-

composition, the spin-helicity formalism, the BCFW recursive relations and etc.

Then we would focus on our results of recursive relations,

• The BCJ identities in the viewpoint of heterotic string theory,

• The proof of quadratic identities by the KLT relation and the generalized

quadratic identities.

Finally, we conclude with an overview of the future directions of the devel-

opment of scattering amplitude calculation.
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CHAPTER 2

YANG-MILLS THEORY AND EINSTEIN GRAVITY THEORIES

EMBEDDED IN STRING THEORY

To solve fundamental problems in standard model and quantum gravity, string

theory was proposed in 1970’s. Instead of considering fundamental particles,

the fundamental object in string theory is one-dimensionally extended object,

string. Basic gradients in string theory are [50][51],

• Consistent quantum gravity. The spin-2 graviton appears in string theory

naturally and their interaction in string theory would reduce to Einstein’s

general relativity in the low energy limit. Furthermore, the quantum grav-

ity in string theory is free of UV divergence and therefore, consistent.

• Fixed gauge group. String theory also has gauge interaction and in the

low energy limit, it reduces to Yang-Mills theory. However, unlike the

field theory, the gauge group in string theory is fixed by the anomaly-free

condition.

• Critical Dimension. Strings can only be quantized without anomaly in crit-

ical dimension. This provides hints to the mysterious question, Why is our

spacetime four-dimensional?. However, in general, the string theory’s critical

dimension is not four, and we need to compactify the extra dimensions.

• No free parameter. Unlike the standard model, there is no free continuous

parameter in string theory.

• Supersymmetry. String theory requires supersymmetry to include

fermions and remove the unphysical tachyon modes.
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Until now (2011), there is no direct experimental proof of string theory. How-

ever, in practice, string theory provides new methods for perturbative scattering

amplitude calculation, other than Feynman diagrams. Since the string interac-

tion would reduce to Yang-Mills theory and Einstein gravity in the low energy

limit, string amplitude techniques are very important for Yang-Mills theory and

Einstein gravity amplitude calculation. String theory also illustrates the fun-

damental relation between gluon and graviton amplitude, by the famous KLT

relation.

And string theory has rich non-perturbative physics, for example, the

AdS/CFT duality. The (d + 1)-dimensional superstring theory in curved space

is dual to the d-dimensional super-Yang-Mills theory. This is a strong-weak

duality. So take the weak coupling limit in string theory side, we get the super-

gravity. The latter is due to the strongly coupled Yang-Mills theory. Since the

supergravity weakly coupled supergravity can be studied by the perturbative

method, the same calculation provides the answer for the long-lasting problem,

strongly-coupled Yang-Mills theory.

2.1 Quantization of string theories and string states

Basically, string theory, after quantization, has an infinite tower of quantum

states. The lightest string states are just the photon, gluon, graviton and their

supersymmetry partners. The other states are massive and have higher spins.

They satisfy the Regge behavior,

s = α′m2
+ const. (2.1)
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where α′ is the Regge slope. In the low energy limit, we can neglect the higher-

spin states, and study the effective theory of the lightest states.

2.1.1 Bosonic string theory

The simplest string theory is the bosonic string theory. The 2d world-sheet

Polyakov action is,

S = − 1
4πα′

∫

M
d2σ(−γ)ab∂aXµ∂bXµ (2.2)

where a, b = 1, 2 are the world-sheet coordinates. Xµ is the embedding coordi-

nators of the bosonic string and γab is the world sheet metric. Besides the space-

time Poincare symmetry for Xµ, the world-sheet covariance, this action further

symmetry,

Xµ(x) 7→ Xµ(x), gab(x) 7→ e2ω(x)gab(x) (2.3)

which is called Weyl symmetry. Weyl symmetry is equivalent to a conformal

transformation, specially, the dilatation. Hence (2.2) is a conformal field theory.

In a quantum theory, conformal symmetry is usually broken by the anomaly.

For bosonic string theory, the anomaly cancels out only if the spacetime dimen-

sion is 26, which is the critical dimension for bosonic string theory.

A well-defined bosonic string theory should satisfy certain boundary condi-

tion in its extension, i.e. the σ direction. If the string world-sheet is periodical,

Xµ(τ, 0) = Xµ(τ, 2π), (2.4)

then it is a closed string. Instead, if either the Neumann (2.5) or the Dirichlet

12



boundary condition (2.6) is satisfied,

∂σXµ(τ, 0) = ∂σXµ(τ, π) = 0 (2.5)

Xµ(τ, 0) = Xµ, Xµ(τ, π) = X′µ (2.6)

then it is an open string state.

The lowest open string state with Neumann boundary condition can be con-

structed from the mode expansion. In the conformal coordinators (z, z̄),

Xµ(z, z̄) = xµ − iα′pµ ln |z|2 + i
(

α′

2

)1/2 ∞
∑

m=−∞

α
µ
m

m

( 1
zm
+

1
z̄m

)

. (2.7)

where z is in the upper half plane. Open string states are constructed from the

vacuum state by the raising operator αµn, (n < 0). The physical condition is,

(Ln + δn,0A)|ψ〉 = 0, n ≥ 0 (2.8)

where Ln is the Virasoro generator and A is the sum of zero point energy of

the transverse modes. In this case, A = −1. (2.8) determines the mass and the

physical modes of string states. For the massless vector boson, the physical

condition is the same as that in gauge theory.

The d = 2 CFT has a state/operator duality, so we can also use CFT operator

to describe a string state. The lowest closed string states are summarized in

Table 2.1. Note that the tachyon would be removed in superstring theory.

state m2 operator physical condition spacetime interpretation
|0, k〉 − 1

α′ eik·X tachyon
εµα

µ

−1|0, k〉 0 εµ∂Xµeik·X kµεµ = 0, εµ ∼ εµ + kµ gauge vector boson

Table 2.1: Lowest open bosonic string states

To extend the U(1) gauge symmetry to Non-Abelian gauge symmetry, we

may introduce the Chan-Paton factor to the open string state. For the left end of
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the open string, we associate an integer index i. Similar we associate the index

j to the right end.

|N, k〉 → |N, k, i, j〉 (2.9)

The string action and the physical condition is the same as before. Let 1 ≤ i, j ≤

N and (λa)i j be the Lie algebra matrices of U(N). If (λa)i j is normalized as,

tr(λaλb) = δab, (2.10)

then

|N, k, a〉 ≡
∑

i j

(λa)i j|N, k, i, j〉 (2.11)

is the U(N)-gluon with the color index a. Furthermore, we can introduce the

gauge group S O(n) or S p(k) in the unoriented open string theory. However,

there is no way to introduce the exceptional Lie group by Chan-Paton factors.

The closed string have independent left and right-moving modes while the

open string modes are always the combination of left and right-moving modes.

Hence a close string mode with the momentum kµ can be regarded as the tensor

product of two open string modes, each of which has the momentum kµ/2. The

factor 1/2 comes from the normalization.

Similarly, the lowest closed string states are also constructed from the mode

expansion,

Xµ(z, z̄) = xµ − i
α′

2
pµ ln |z|2 + i

(

α′

2

)1/2 ∞
∑

m=−∞

1
m

(

α
µ
m

zm
+
α̃
µ
m

z̄m

)

(2.12)

All the string states can be constructed from the vacuum by two sets of raising

operators αµn, α̃
µ
n, (n < 0). And there are also two sets of physical conditions,

(Ln + δn,0A)|ψ〉 = 0, (L̃n + δn,0Ã)|ψ〉 = 0, n ≥ 0 (2.13)
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where Ln and L̃n are the Virasoro generators. The lowest closed string states are

summarized in Table. 2.2. The massless states contains both graviton, antisym-

metric field and dilaton. For the graviton, the physical condition is the same as

that in Einstein’s gravity.

state m2 operator physical condition spacetime inter-
pretation

|0, k〉 − 4
α′

eik·X tachyon
eµνα

µ

−1α̃
ν
1|0, k〉 0 eµν∂Xµ∂̄Xνeik·X kµeµν = kνeµν = 0, eµν ∼

eµν + aµkν + kµbν, k · a =
k · b = 0

graviton, anti-
symmetric field
and dilaton

Table 2.2: Lowest closed bosonic string states

2.1.2 Type II and Type I string theories

Although the bosonic string theories contain gauge symmetry and gravity, they

have some disadvantages: (1) lacks fermions (2) contains tachyons. Supersym-

metry will solve these problems. The (1, 1) world-sheet-supersymmetric action

is,

S =
1
4π

∫

d2z
( 2
α′
∂Xµ∂̄Xµ + ψ

µ∂̄ψµ + ψ̃
µ∂ψ̃µ

)

(2.14)

where the fermionic ψµ and ψ̃µ are the supersymmetric partners of Xµ. The addi-

tion fermionic fields change the total central charge, so the critical dimension for

superstring theory is 10.

For closed superstring theory, although Xµ is periodical in σ, ψµ and ψ̃µ could

be either periodical or anti-periodical. For the periodical case, we call it Ramond

boundary condition (R) while Neveu-Schwartz boundary condition (NS) for the anti-

periodical. Again, the mode expansion and physical condition determine the
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physical spectrum, and both left and right-moving sectors are open string sec-

tors with one half of the momentum.

For the left-moving sectors (Xµ

L and ψµ), in the light-cone gauge, the lowest

states are listed in (2.3), where 8v is the spacetime vector while 8 and 8′ are Weyl

sector spacetime spin m2

NS+ 8v 0
NS- 1 − 1

2α′

R+ 8 0
R- 8′ 0

Table 2.3: massless open superstring states

spinors with opposite helicities.

The left and right-moving sectors for closed strings could be in the same

or different sectors. Furthermore, not all the tensor products of left and right-

moving sectors have the consistent operator product expansion. The physical

closed string states can be chosen by the Gliozzi-Scherk-Olive (GSO) projection.

We have two types of closed superstring theories,

• Type IIA. (NS+,NS+), (R+, NS+), (NS+,R-), (R+,R-)

• Type IIB. (NS+,NS+), (R+, NS+), (NS+,R+), (R+,R+)

while the tensor product’s spacetime spin can be determined by group theory.

We have the following closed string states (2.4), Here C0, C1, C2, C3 and C4 are

Ramond-Ramond fields. The (1, 1) world-sheet supersymmetry generates d =

10,N = 2 spacetime supersymmetry. The type IIB closed string theory is a chiral

theory while IIA closed string theory is non-chiral.
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sector spacetime spin irreducible representation interpretation
(NS+,NS+) 8v × 8v 1+ 28+ 35 dilaton + anti-

symmetry ten-
sor+graviton

(R+,R+) 8× 8 1+ 28+ 35+ C0, C2, C4

(R+,R-) 8× 8′ 8v + 56t C1, C3

(NS+,R+) 8v × 8 8′ + 56 dilatino + grav-
itino

(NS+,R-) 8v × 8′ 8+ 56′ dilatino + grav-
itino

Table 2.4: massless closed superstring states

The open superstring theory can also be constructed from the mode expan-

sion. The GSO projection will select the following sectors in the massless level,

• Type I. NS+, R+

Again, the tachyon mode is removed by the GSO projection. The NS+ sector is

a spacetime vector and the R+ sector is a Weyl spinor. We can also introduce the

Chan-Paton factors, so the NS+ sector becomes the gluon while the R+ sector

becomes the gaugino. The open string boundary condition removes one of the

spacetime supercharge, so now the symmetry is d = 10,N = 1. In addition, we

need to include the unoriented closed string states.

To get the four dimensional effective theory, we have to compactify the extra

six dimensions. Different geometry for the extra dimension would constraint

the number of supercharges. In particular, if the extra dimension is a Calabi-Yau

manifold, then 3/4 supercharges are removed. So we get d = 4,N = 1 super-

Yang-Mills theory from the Type I string theory in this case.
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2.1.3 Heterotic string theory

There is another way to introduce the gauge symmetry, other than the Chan-

Paton factors in open string theory: heterotic string theory [34][35]. It is a closed

string theory and called heterotic, because the left-moving sector is a bosonic

string and the right-moving sector is superstring. Some of the bosonic modes

become the Lie algebra generators of the gauge symmetry. Heterotic string the-

ory compactified on Calabi-Yau manifold is a promising phenomenology model

for realizing the standard model physics in string theory. In our research, het-

erotic string theory plays a crucial role in our analysis of gauge theory scattering

amplitude structure.

Instead of considering the (1, 1) world-sheet supersymmetry, (0, 1) super-

symmetry is used: The left-moving sector is non-supersymmetric while the

right-moving part is the same as before, with NS and R sectors. The same

analysis implies that the spacetime dimension should be 10. However, if the

left-moving sector only contains Xµ

L, µ = 0, ..., 9, then the central charge c is not

zero and the Weyl anomaly is not canceled. Hence we have to add more matter

fields to the left-moving sector.

There are two ways to achieve that, which are called bosonic construction and

fermion construction. The Lie algebra’s Cartan structure is manifest in the former

one, so throughout this thesis, we are using the bosonic construction: 16 extra

field,

XI
L, I = 1, . . . , 16 (2.15)

are added to the left-moving sector, so the total central charge is zero. To get

the deserved spacetime dimension, XI
L are compactified on the torus. Hence the
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non-compact momenta,

kµL = kµR (2.16)

are continuous, while kI
L’s are discrete and take values in a lattice. Mathemati-

cally, it is convenient to use the dimensionless momenta,

lI ≡
√

α′

2
kI

L (2.17)

and l takes value in Γ. The OPE locality condition and the modular invariance

requires that Γ is even self-dual.

l · l ∈ 2Z, l ∈ Γ (2.18)

Γ = Γ
∗ (2.19)

where the inner product is Euclidean. There are only two types of even self-dual

lattices in 16-dimensional space:

• Γ16, which is defined as follows. We will see that this lattice corresponds

to the gauge group S O(32).

(n1, . . . , n16), (n1 +
1
2
, . . . , n16+

1
2

) (2.20)

16
∑

i=1

ni ∈ 2Z, ni ∈ Z (2.21)

• Γ8×Γ8, where Γ8 is defined as follows. This lattice corresponds to the gauge

group E8 × E8.

(n1, . . . , n8), (n1 +
1
2
, . . . , n8 +

1
2

) (2.22)

8
∑

i=1

ni ∈ 2Z, ni ∈ Z (2.23)

The massless left-moving states are shown in (2.5), where Ĉ(l) is the cocycle
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vertex operator spacetime spin interpretation

∂Xµeikµ ·Xµ

L(z) 8v vector sector

∂XIeikµ ·Xµ

L(z) 1 color sector, Cartan subalgebra

Ĉ(l)eikµ ·Xµ

L(z)+i( α
′

2 )1/2lI ·XI
L , l2 = 2 1 color sector, roots

Table 2.5: left-moving heterotic string states

operator for the normalization of the Lie algebra structure constant [39]. It is

defined as follows: first, choose a basis {eI
i }, i = 1, . . . , 16 for the lattice Γ. (This

basis may not be orthonormal.) For two normalized momenta l, v in Γ, l =
∑

i niei,

v =
∑

i miei. We define,

l ? v =
∑

i> j

nim j(ei · e j) (2.24)

Note that the even lattice condition implies that,

l ? v + v ? l − l · v =
∑

i

nimie
2
i ∈ 2Z (2.25)

Then the operator Ĉ(l) is defined as,

Ĉ(l) = (−1)p?l (2.26)

where p is the compact momentum operator. pI |l〉 = lI |l〉. Now we can confirm

the physical interpretation in (2.5). pI serves as the Cartan subalgebra genera-

tors. The roots are defined by,

E(l) ≡
∫

dz
2πiz

Ĉ(l)ei( α
′

2 )1/2lI ·XI
L(z). (2.27)

The commutators can be obtained by the OPE calculation and contour integral.

Then the Lie algebra is explicitly,

[pI, E(l)] = lIE(l) (2.28)

[E(l), E(v)] =







































0 if l · v ≥ 0

(−1)v?lE(l + v) if l · v = −1

(−1)l?llI pI if l + v = 0, i.e., l · v = −2

(2.29)
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Now we determine the gab in the {pI , EK} basis. First, we define,

Tr(pI pJ) = δIJ , Tr(pIEK) = 0 (2.30)

Second, Plug in Ta = EK , Tb = E−K and Tc = pI into the invariant relation f abc
=

f cab, it is easy to see that by Eq.(2.29)

Tr(EKE−K) = (−1)K?K . (2.31)

Third, if K1 + K2 , 0,

Tr(EK1EK2) = 0. (2.32)

Eq.(2.30), (2.31) and (2.32) completely fixed the gab. The Jacobi identity is

f ab
e f cde

+ f ca
e f bde

+ f bc
e f ade

= 0. (2.33)

The string tree amplitude can be viewed as the OPE’s expectation value, say,

〈0|V(x1; k1,K1)V(x1; k2,K2)...V(xn; kn,Kn)|0〉 (2.34)

where we suppressed the integral over xi. The co-cycle part gives,

co(12...n) ≡ (−1)K1?K1+
∑

1<i< j≤n K j?Ki (2.35)

It is easy to check that when the discrete momentum is conserved, i.e.,
∑n

i=1 Ki =

0, the notation co(12...n) has the following properties:

• Cyclic permutation.

co(12...n) = co(n12...n − 1) (2.36)

• Adjacent transpositions.

co(12...i j...n) · (−1)Ki ·K j = co(12... ji...n), (2.37)

when i and j is a pair of adjacent indices.
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The left-moving sectors, combined with the right-moving sectors, form

physical states (2.6). Again, the tachyon mode is removed by the level-matching

condition. Note that the heterotic string theory has gauge symmetry E8 × E8 or

sector spacetime spin irreducible representation interpretation
(v,NS+) 8v × 8v 1+ 28+ 35 dilaton + anti-

symmetry ten-
sor+graviton

(c,NS+) 1× 8v 8v gluon
(v,R+) 8v × 8 8′ + 56 dilatino + grav-

itino
(c,R+) 1× 8 8 gaugino

Table 2.6: heterotic string massless states

S O(32)and spacetime supersymmetry d = 10,N = 1.

2.2 String theory scattering amplitudes

String theory scattering amplitudes have many interesting new features, which

are different from Feynman diagrams in field theory. In particular, the holomor-

phic and anti-holomorphic structures in string theory induce many amazing

relations between scattering amplitudes [50] [51]. These relations are interest-

ing not only theoretically but also practically, because the low energy limit of

the string amplitude is Yang-Mills or Einstein gravity amplitude. Hence the

study of string theory amplitudes provides lots of new relations for field theory

amplitudes, especially for QCD calculation and graviton scattering.

The perturbative string interaction process is represented by the combined

world-sheet of several incoming and outgoing strings. For example, the 2 open

strings → 2 open string scattering amplitude could be represented by the dia-
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grams in Fig.2.7 and more complicated diagrams. The long stripes represent the

incoming and outgoing open string states and the “central part” is the interac-

tion region. In this diagram, the interaction region is (a) a disk (b) an annulus.

They have different topology: a disk’s Euler characteristic χD = 1 while an annu-

lus’ Euler characteristic χA = 0. To make a perturbative series, we add weights

to world-sheet action with different topology,

S ′p = S p + λχ = S p +
λ

4π

∫

dτdσg1/2R, (2.38)

where the Gauss-Bonnet theorem is used. Here,

λ = Φ (2.39)

is the v.e.v of the dilaton value. When λ is large, the contribution from diagrams

with high χ (more holes) is suppressed, and we get a well-defined perturba-

tive series. Fig.2.7(a) is an analogy to the gauge theory tree amplitude while

Fig.2.7(a) is an analogy of the one-loop vacuum polarization gauge theory dia-

gram.

34

1 2HaL

34

1 2HbL

Table 2.7: 2 open strings → 2 open string scattering processes: (a) Disk
diagram (b) Annulus diagram
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Note that unlike Feynman diagrams, there is no particular interacting point

in spacetime. It implies that the string theory interaction is “smoother” than

field theory interaction, and has better UV behavior.

Closed strings scattering is represented by the world-sheet without bound-

ary. Again, the 2 open strings→ 2 open string scattering amplitude could be rep-

resented by the diagrams in Fig.2.8 and more complicated diagrams. The long

tubes represent the incoming and outgoing open string states. (a) is a spheric

diagram and the Euler characteristic χS = −2, while (b) is a torus and the χT = 0.

Similarly, the diagrams with genus> 1 have larger Euler characteristic and are

suppressed. Again (a) is a tree level diagram while (b) is a one-loop diagram.

Table 2.8: 2 closed strings→ 2 open string scattering processes: (a) Sphere
diagram (b) torus diagram

The scattering amplitude can be calculated by path integral. For closed open

string theory, the long tubes are replaced of vertex operator insertions. Schemat-

ically, if the scattering process is represented by a compact world-sheet M with-

out boundary, the amplitude is,

A(k1, . . . , kn) =
∫

[dX][dg]
VDi f f×Weyl

exp(−S X − λχM)
n

∏

i=1

∫

M
d2σig(σi)

1/2Vi(ki, σi) (2.40)
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where Vi is the vertex operator for the i-th incoming (outgoing) state. We in-

tegrate the position of a vertex operator over the whole compact manifold M.

Therefore, there is no order for these incoming (outgoing) states. We also need

to add coupling constants to the vertex operators. For example, the bosonic

closed tachyon state, after integral, is now,

gc

∫

d2z eik·X, (2.41)

where gc is the closed string coupling constant. We would see that it is deter-

mined by the Newton gravitational constant. The vertex insertion should be

(Diff×Weyl) invariant: under the conformal transformation,

z→ z′, z̄→ z̄′ (2.42)

We have d2z → (∂zz′)(∂z̄z̄′)d2z. To compensate this change, the vertex operator

should transfer as,

V ′(z′, z̄′) = (∂zz
′)−h(∂z̄z̄

′)−h̃V(z, z̄) (2.43)

where the weight (h, h̃) = (1, 1). This is guaranteed by the on-shell condition.

The bosonic closed massless state is represented as,

2gc

α′

∫

d2z eµν∂Xµ∂̄Xνeik·X , (2.44)

where the normalization is fixed by the unitarity condition. Again, the weight

condition is satisfied by the massless on-shell condition.

Similarly, open string (without Chan-Paton factor) amplitude on a compact

world-sheet M with boundary is,

A(k1, . . . , kn) =
∫

[dX][dg]
VDi f f×Weyl

exp(−S X − λχM)
n

∏

i=1

∫

∂M
dsiVi(ki, si) (2.45)
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where we integrate over the boundary of M and si is the parameter of the vertex

operator’s position. It is not allowed to put the open string vertex operator

inside M. The lowest bosonic states are now represented as,

Tachyon: (2α′)1/2g
∫

∂M
ds eik·X (2.46)

Massless vector state: − ig
∫

∂M
ds εµ

dXµ

ds
eik·X (2.47)

where g is the open string coupling constant. We will see that g would serve as

the gauge theory coupling.

Since for compact M, its boundary ∂M is isomorphic to S 1 so it is possible

to define the cyclic order of the vertex operators. We can separate the integral

in (2.45) with n insertions into the sum of (n − 1)! integrals, each of which cor-

responds to a particular cyclic order. Although this separation seems trivial, it

becomes crucial in open string theory with Chan-Paton factors.

The scattering amplitude for open strings with Chan-Paton factors is treated

almost in the same way. The new feature is that the two adjacent Chan-Paton

factors should be the same. For example, the four-point open string gauge in-

teraction on a disk, for the ordering (1234) is, where the integral is the same

as before. There are other 5 orderings and the sum gives the tree level string

gauge interaction. We will see that this is a new way to organize the terms in

gauge amplitude. Note that each cyclic-order term is gauge invariant. The gauge

transformation ε
µ

i 7→ ε
µ

i + kµi , the vertex operator transfers as,

εµ
dXµ

ds
eik·X 7→ εµ

dXµ

ds
eik·X − i

d
ds

(

eik·X
)

, (2.48)

where the extra piece is a descent operator.

The above formalism is only formally defined, because the path integral has

(Diff×Weyl) redundancy and is divergent in general. The usual Faddeev-Popov

26



34

1 2

k

ll

i

i

j j

k

∝ (λa1)i j(λa2) jk(λa3)kl(λa4)li = tr(λa1λa2λa3λa4)

Table 2.9: Open string scattering with Chan-Paton factor

quantization can be used here, and we need to add the ghost determinant to the

scattering amplitude. However, even if the metric is fixed to be flat by Faddeev-

Popov procedure, there are still some residual global symmetries, which are

inside the conformal Killing group (CKG). For example, let M = S 2. The Mobius

transformation,

z→ az + b
cz + d

, a, b, c, d ∈ C, ad − bc , 0 (2.49)

is a diffeomorphism of S 2. This transformation is conformal, so an additional

Weyl transformation would rescale the metric to the flat case. Hence this sym-

metry is not fixed by the Faddeev-Popov procedure. However, for the scattering

amplitude with an enough number of incoming states, we can use CKG to fix

the position of vertex insertions, so all the symmetries are fixed. For example,

the Mobius group is complex 3-dimensional, so this symmetry is fixed when we

fix three vertex operators on S 2.

Furthermore, for a world-sheet M, there may not exist a global (Diff×Weyl)

symmetry which can transform M’s metric to be flat. In the other, there are

topologically equivalent M’s with different complex structures. This happens in
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string theory loop amplitude. For example, the tori,

z ∼ z + 1, z ∼ z + τ (2.50)

have different complex structures if two τ’s are not related by a Mobius trans-

formation. Such τ parameterizes the inequivalent world-sheet with the same

topology, and is called the moduli. So in the string scattering amplitude, we

have to integrate over the fundamental region of the moduli.

2.2.1 Gauge and gravitational string amplitude

In this subsection, we present several tree-level string amplitude examples.

There is a trick for the OPE calculation of the vector boson string state. We

can rewrite (2.47) as,

εµ
dXµ

ds
eik·X 7→ −ieik·X+iε·Ẋ (2.51)

and compute the OPE with this new operator. Now every operator is exponen-

tial and the OPE’s have a concise form. Since the gauge scattering amplitude is

always liner in the polarization, we just need to keep the linear term for every εi

and the physical result is obtained. The same trick works for the graviton string

state.

The gauge-vector-boson disk scattering amplitude can therefore be calcu-

lated as follows: for a particular cyclic ordering (12. . . n), we put the open string

vertex operators along the real axis with ∞, x1 ≤ x2 ≤ . . . xn. The disk OPE calcu-
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lation reads,

A(12. . . n) =
gn−2

2α′2

∫

x1≤x2≤...xn

dx1dx2 . . . dxn

dxadxbdxc
(xb − xa)(xc − xb)(xc − xa)

×
(

∏

i≤i< j≤n

(x j − xi)
2α′ki ·k j

)

exp
(

∑

i< j

2α′εi · ε j

(xi − x j)2
+

∑

i, j

2α′ki · ε j

xi − x j

)

∣

∣

∣

∣

∣linear
(2.52)

where the denominator dxadxbdxc (1 ≤ a < b < c ≤ n) means that the CKG of

the disk fixes the position of three vertex operators. xa < xb < xc, and (xb −

xa)(xc − xb)(xc − xa) is the ghost determinant. It is convenient to use xa = 0,

xb = 1 and xc = ∞. However, other choices are also useful in some calculation.

The scattering amplitude is the sum of color-ordered amplitudes with the Chan-

Paton factors,

A =
∑

σ∈S n−1

tr(taσ1 taσ2 . . . tan)A(σ1σ2 . . . n) (2.53)

where σ ∈ S n−1 is a permutation of the first (n − 1)! vertices. A(σ1σ2 . . . n) is also

called string partial amplitudes.

For this integral expression, the partial amplitude has the reverse symmetry,

A(12. . .n) = (−1)nA(n . . .21) (2.54)

This should be understood as the charge conjugation symmetry of the gauge

theory. Instead of (A.21), we consider the transformation on the generators,

λa 7→ −(λa)T , Aa
µ 7→ Aa

µ (2.55)

For the closed string amplitude with incoming gravitons, anti-symmetric

tensors or dilatons. We use the trick,

eµν∂Xµ∂̄Xµeik·X → εµε̄ν∂Xµ∂̄Xµeik·X → −eik·X+iεµ∂Xµ
+iε̄µ∂̄Xµ

(2.56)
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and the integral reads,

A(12. . . n) = gn−2
c 4π

( 2
α′

)n+1 ∫

dz1dz2 . . . dzn

dzadzbdzc
|zb − za|2|zc − zb|2|zc − za|2

×
(

∏

i≤i< j≤n

(z j − zi)
α′
2 ki·k j

)

exp
(

∑

i< j

α′εi · ε j

2(zi − z j)2
+

∑

i, j

α′ki · ε j

2(zi − z j)

)

×
(

∏

i≤i< j≤n

(z̄ j − z̄i)
α′
2 ki ·k j

)

exp
(

∑

i< j

α′ε̄i · ε̄ j

2(z̄i − z̄ j)2
+

∑

i, j

α′ki · ε̄ j

2(z̄i − z̄ j)

)

∣

∣

∣

∣

∣

bilinear
(2.57)

where the subscript “bilinear” means that only the εi,µε̄i,ν terms are kept in the

final result and recombined as εi,µε̄i,ν → ei,µν. Note that there is no ordering of the

closed string vertices.

Three-gluon string scattering

This is the simplest case, however, the string effect is already inside. By 2.52, for

the ordering (123), we have

A(123)= ig
(

ε1 · k23ε2 · ε3 + ε2 · k31ε3 · ε1 + ε3 · k12ε2 · ε3 +
α′

2
ε1 · k23ε2 · k31ε3 · k12

)

,

(2.58)

Furthermore, by the reflective symmetry, A(132) = −A(123). So the scattering

amplitude for three gluons is,

A = ig · tr(ta1[ta2, ta3])
(

ε1 · k23ε2 · ε3 + ε2 · k31ε3 · ε1 + ε3 · k12ε2 · ε3

+
α′

2
ε1 · k23ε2 · k31ε3 · k12

)

. (2.59)

The (ε · k)(k · k) terms already appear in Yang-Mills tree amplitude. The last

term, (ε · k)(ε · k)(ε · k) is the string theory correction. Note that in the lower

energy limit α′k2 → 0, this term is negligible and the amplitude is reduced to

Yang-Mills theory.
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Four-gluon string scattering

Here we need to carry on one integral. We can fix x1 = 0, x2 = 1 and x4 = ∞, and

integrate over x3. The evaluation of (2.52) is tedious but straightforward. It is

explicitly calculated in [39]: the ordering (1234)is

A(1234)=
ig2

2
Γ(−α′s)Γ(−α′t)
Γ(α′u + 1)

K(1234) (2.60)

Where K(1234) is the kinematic factors containing the polarization vectors.

Again, we used the Mandastem variables,

s = −(k1 + k2)
2, t = −(k1 + k4)

2, u = −(k1 + k3)
2 (2.61)

s + t + u = 0. (2.62)

And,

K(1234)= KType I(1234)+ KBosonic(1234) (2.63)

where KType I is the same kinetic term as that in Type I open string theory.

KType I(1234) = α′2(stε1 · ε3ε2 · ε4 + suε2 · ε3ε1 · ε4 + tuε1 · ε2ε3 · ε4)

−2α′2s(ε1 · k4ε3 · k2ε2 · ε4 + ε2 · k3ε4 · k1ε1 · ε3 + ε1 · k3ε4 · k2ε2 · ε3

+ε2 · k4ε3 · k1ε1 · ε4)

−2α′2t(ε2 · k1ε4 · k3ε3 · ε1 + ε3 · k4ε1 · k2ε2 · ε4 + ε2 · k4ε1 · k3ε3 · ε4

+ε3 · k1ε4 · k2ε2 · ε1)

−2α′2u(ε1 · k2ε4 · k3ε3 · ε2 + ε3 · k4ε2 · k1ε1 · ε4 + ε1 · k4ε2 · k3ε3 · ε4

+ε3 · k2ε4 · k1ε1 · ε2) (2.64)
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Supersymmetry puts strong constraints on the possible interactions, so the non-

supersymmetric theory have much more terms,

KBosonic(1234)= 4α′3s
[

ε1 · k3ε2 · k3(ε3 · k1ε4 · k1 + ε3 · k2ε4 · k2)+

1
3

(ε1 · k2ε2 · k3ε3 · k1 − ε1 · k3ε2 · k1ε3 · k2)(ε4 · k1 − ε4 · k2)
]

+4α′3t
[

ε2 · k1ε3 · k1(ε1 · k3ε4 · k3 + ε1 · k2ε4 · k2)+

1
3

(ε1 · k3ε2 · k1ε3 · k2 − ε1 · k2ε2 · k3ε3 · k1)(ε4 · k3 − ε4 · k2)
]

+α′3u[ε1 · k2ε3 · k2(ε2 · k1ε4 · k1 + ε2 · k3ε4 · k3)+

1
3

(ε1 · k2ε2 · k3ε3 · k1 − ε1 · k3ε2 · k1ε3 · k2)(ε4 · k3 − ε4 · k1)]

+(2α′)2 st
4

1
1+ α′u

(ε1 · ε3 − (2α′)ε1 · k3ε3 · k1)(ε2 · ε4 − (2α′)ε2 · k4ε4 · k2)

+(2α′)2 tu
4

1
1+ α′s

(ε1 · ε2 − (2α′)ε1 · k2ε2 · k1)(ε3 · ε4 − (2α′)ε3 · k4ε4 · k3)

+(2α′)2 su
4

1
1+ α′t

(ε1 · ε4 − (2α′)ε1 · k4ε4 · k1)(ε2 · ε3 − (2α′)ε2 · k3ε3 · k2)

−α′2(stε1 · ε3ε2 · ε4 − suε2 · ε3ε1 · ε4 − tuε1 · ε2ε3 · ε4) (2.65)

It is interesting to look at this amplitude in detail. First, from the Gamma func-

tion expansion, the only massless poles are s and t while the u pole is absent.

This is consistent with the color-ordered Yang-Mills Feynman diagram analy-

sis.

Second, KType I ∝ α′2, while KBosonic ∝ α′3. So in the low energy limit, the

leading order of the scattering amplitude is,

A(1234)⊃ 1
α′

1
st

KType I
= A(1234). (2.66)

This term is the same as the Yang-Mills theory scattering amplitude.

Third, A(1234)and A(1234) is cyclically symmetric, as it should be. How-

ever, A(1234)and A(1234)have a stronger symmetry. Note that, explicitly, both
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the kinematic factors KType I and KBosonic and totally symmetric in the incoming

states, for example, under 1↔ 2.

KType I(1234)= KType I(2134), KBosonic(1234)= KBosonic(2134). (2.67)

This permutation exchanges u and t. Hence,

A(1234) sin(πα′t) = A(2134) sin(πα′u) (2.68)

tA(1234)= uA(2134), (2.69)

where the second equality is the Bern, Carrasco and Johansson (BCJ) [9] iden-

tity for four-gluon scattering amplitude. The first equality is understood as the

string version of the BCJ identity. There is no simple Feynman-diagram-like

proof for these identities. We will later present the systematic string theory

proof.

Three-graviton amplitude

There is no integral of the vertex operator. The result is,

Ac(123;α) = πgc/g
2A(123;α/4)Ā(123;α/4) (2.70)

where A(123;α/4) is the open string three-gluon with the polarization vectors

εi, while the Regge slope α′ is replaced by α′/4. Similarly, A(123;α/4) is the

open string three-gluon with the polarization vectors ε̄i and the renormalized

α′. Finally, we use the trick εi,µε̄i,ν 7→ εµν. The normalization of α′ comes from

the fact that, both the left and right-moving sectors only carry a half of the total

momentum. Note that α′ has the dimension L2.

This explicit relation between open and closed string theory seems surpris-

ing. One may simply think that it is coming from the left-right moving sectors
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decomposition, and the closed string theory amplitude is always a simple prod-

uct of two open string amplitudes. However, the statement is not accurate. For

example, if,

Ac(1234;α) ∝ A(1234;α/4)Ā(1234;α/4) (?) (2.71)

then Ac(1234)would contain the 1/s2 pole. However, this is a contradiction to

the effective theory analysis. The correct relation, Kawai-Lewellen-Tye relation,

which involves delicate contour analysis, will be reviewed in the next section.

Effective action

From the previous examples, we see that in the low energy limit, the tree-level

interaction of massless string state is the same as the Yang-Mills theory and

Einstein gravity. The high order terms in string tree amplitude correspond to

the high-derivate terms, which vanishes in the low energy limit.

For example, the bosonic string theory’s gauge effective theory is,

S =
∫

dd x
(

− 1
4g2

tr(FµνF
µν) − 2iα′

3g2
tr(Fµ

νFν
ωFω

µ) + . . .
)

(2.72)

where the first term is the Yang-Mills action. All the other terms are high-

derivatives. The low energy limit is equivalent to,

α′ → 0, (2.73)

so all high-derivatives are vanishing in low energy. Type I open string theory

also contains the Yang-Mills action term. However, as the four-gluon example,

the high-derivative terms in Type I theory are different from that in the bosonic

string theory.
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In the low energy limit, Type IIA and IIB super string theory would reduce

to d = 10, Type IIA and IIB supergravity theory respectively.

2.3 Kawai-Lewellen-Tye relation

The tree level relation between open and closed string amplitude is discovered

by Kawai, Lewellen and Tye (KLT) [39]. KLT relation illustrates the fundamen-

tal connection between gauge and gravity theory. It is crucial to the scattering

amplitude calculation in this thesis.

The three point KLT relation is (2.70). Since there is no integral in the three

point case, the closed string amplitude is just the product of two open string

amplitudes.

The first nontrivial KLT relation is the four point scattering amplitudes. The

real and imaginary part of the integral in closed string amplitude, can be treated

as two independent real integrals. However, we have to take care of the con-

tours. Let z1 = 0, z2 = z, z3 = 1 and z4→ ∞, and (2.57) reads,

Ac(1234)= 4πg2
c

( 2
α′

)5 ∫

dz z
α′
2 k1·k2(1− z)

α′
2 k2·k3 f (z) z̄

α′
2 k1·k2(1− z̄)

α′
2 k2·k3 f̄ (z̄) (2.74)

where f (z) is a holomorphic function which contains the polarization vectors.

Similar f̄ (z̄) is the conjugation of f (z).

f (z) = lim
z4→∞

z2
4 exp

(

∑

i< j

α′εi · ε j

2(zi − z j)2
+

∑

i, j

α′ki · ε j

2(zi − z j)

)

∣

∣

∣

∣

∣

linear

f̄ (z̄) = lim
z̄4→∞

z̄2
4 exp

(

∑

i< j

α′ε̄i · ε̄ j

2(z̄i − z̄ j)2
+

∑

i, j

α′ki · ε̄ j

2(z̄i − z̄ j)

)

∣

∣

∣

∣

∣

linear
(2.75)

The integral is over the whole complex plane, and both z and z̄ are complex. Let
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z = x + iy,
∫

d2z 7→ 2
∫

dx
∫

dy (2.76)

and the integrand is analytic both in x and y. We would like to consider y on the

whole complex plane. Note the possible poles of y are

y = ix, i(1− x), i(x − 1),−ix (2.77)

which are all on the imaginary axis. Hence we can use the Wick rotation, as

Fig.(2.1). Now y is imaginary (up to the infinitesimal prescription), so both x+ iy

and x − iy are real. Define ξ = x + iy and η = x − iy, and the integral (2.57) reads,

Ù ây

Ù ây

Figure 2.1: Analytical continuation of y.
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Ac(1234)= 4πig2
c

( 2
α′

)5 ∫ ∞

−∞
dξ

∫ ∞

−∞
dη|ξ| α

′
2 k1·k2 |1− ξ| α

′
2 k2·k3 f (ξ) |η| α

′
2 k1·k2|1− η| α

′
2 k2·k3 f̄ (η)

× exp
(

iπ
α′

2
k1 · k2θ(−ξη) + iπ

α′

2
k2 · k3θ(−(1− ξ)(1− η))

)

(2.78)

where the phase term comes from the prescription of the contour. θ(. . .) is the

Heaviside step function. (2.78) looks like a product of open string amplitudes.

However, there are 3 different orderings in the ξ integral while 3 orderings

in the η integral. So it seems that (2.57) would be the sum of 3 × 3 = 9 pairs of

open string amplitudes. However, we can represent the phase as the contour of

η integral. Only when 0 < ξ < 1, the contour of η is nontrivial. It is shown in

(2.2). If we use the contour C1, (2.78) becomes,

0 1 C1

C2

Figure 2.2: Contour integral for η when 0 < ξ < 1. The original contour
can be deformed to either C1 or C2.

Ac(1234)= 8πg2
c

( 2
α′

)5

sin
(

α′πk2 · k3

2

)

×
∫ 1

0
dξ|ξ| α

′
2 k1·k2|1− ξ| α

′
2 k2·k3 f (ξ)

×
∫ ∞

1
dη|η| α

′
2 k1·k2 |1− η| α

′
2 k2·k3 f̄ (η)

= 4π
g2

c

α′g4
sin

(

α′πk2 · k3

2

)

A(1234;
α

4
)A(1324;

α

4
) (2.79)

and similarly if we use the C2, the result is,

Ac(1234)= 8πg2
c

( 2
α′

)5

sin
(

α′πk1 · k2

2

)

×
∫ 1

0
dξ|ξ| α

′
2 k1·k2|1− ξ| α

′
2 k2·k3 f (ξ)

×
∫ 0

−∞
dη|η| α

′
2 k1·k2|1− η| α

′
2 k2·k3 f̄ (η)

= 4π
g2

c

α′g4
sin

(

α′πk1 · k2

2

)

A(1234;
α

4
)Ā(2134;

α

4
) (2.80)

37



These two results are equivalent. There are also other contour choices, which

are summarized in table. 2.10. The permutation symmetry of the closed string

Ā(1234) Ā(1324) Ā(2134)
A(1234) t s
A(1324) t u
A(2134) s u

Table 2.10: Different expressions for four-point KLT relation. The kine-
matic factors in this table appear in the argument of the sine

function, sin
(

α′π...
4

)

.

amplitude is not manifest in (2.79) or (2.80). However, we can average out the

six equivalent expressions in table. 2.10, and then the permutation symmetry is

restored.

The equivalence of (2.79) and (2.80) implies that,

sin
(

α′πk2 · k3

2

)

A(1324;
α

4
) = sin

(

α′πk1 · k2

2

)

Ā(2134;
α

4
) (2.81)

or if α′ is renormalized,

sin(α′πt)A(1324)= sin(α′πs)Ā(2134). (2.82)

This is the explicit identity in (2.69). Hence the contour argument in KLT relation

proved the BCJ identity in four-point case.

It is also interesting to study the low energy limit of (2.79). Take α′ → 0, we

get,

Ac(1234) = −π2 g2
c

g4
tA(1234)Ā(1324)

= − κ
2t

4g4
A(1234)Ā(1324) (2.83)

This identity has no α′ dependence, because in the low energy limit, string the-

ory is reduced to Yang-Mills theory and Einstein gravity. Here we used the
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normalization κ = 2πgc. Since A(1234) and A(1324) can be calculated by field

theory, this identity provides a effective way for graviton tree amplitude calcu-

lation. Note that the graviton amplitude is suppressed by a small factor κ2t, as

it should be.

Similarly, n-point (n > 4) tree level closed string amplitude can be decom-

posed as the sum of open string amplitude products. For example, the five-point

KLT relation is,

Ac(12345)=
g3

c

g6α′2
sin

(

α′πk1 · k2

2

)

sin
(

α′πk3 · k4

2

)

A(12345)Ā(21435)

+
g3

c

g6α′2
sin

(

α′πk1 · k3

2

)

sin
(

α′πk2 · k4

2

)

A(13245)Ā(31425). (2.84)

Note that unlike the four point case, this identities are the sum of two pairs. [39]

counted the minimum number of pairs for general KLT relations,

(n − 3)!(
n − 3

2
)!(

n − 3
2

)!, n is odd

(n − 3)!(
n − 4

2
)!(

n − 2
2

)!, n is even (2.85)

The other KLT expressions have more terms. They are systematically studied in

[14].
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CHAPTER 3

SCATTERING AMPLITUDES TECHNIQUES BEYOND FEYNMAN

DIAGRAMS

In the previous chapter, we reviewed the string theory techniques in scattering

amplitudes computation. To use the full power of string techniques, we also

need recent new scattering amplitude techniques beyond Feynman diagrams.

In this chapter, we review the color decomposition, spinor helicity formalism,

BRST recursive relation and coherent symmetric space. We will also illustrate

how these methods can be combined with the string techniques.

3.1 Color decomposition

In open string theory with Chan-Paton factors, the gauge tree amplitude is,

A =
∑

σ∈S n−1

tr(taσ1taσ2 . . . tan)A(σ1σ2 . . . n). (3.1)

where A(σ1σ2 . . . n) is the partial amplitude with cyclic ordering (σ1σ2 . . . n). tai

is the generator associated with the i-th gluon. A(σ1σ2 . . . n) is gauge invariant.

Taking the limit α′ → 0, the amplitudes reduce to Yang-Mills amplitudes,

A→ AYM, A(σ1σ2 . . . n)→ A(σ1σ2 . . . n). (3.2)

So we have the Yang-Mills color decomposition.

A =
∑

σ∈S n−1

tr(taσ1taσ2 . . . tan)A(σ1σ2 . . . n), (3.3)

The gauge-invariant, cyclic and reflective properties of string partial amplitude

A(12. . . n) hold in each order of α′. Therefore, the Yang-Mills partial amplitudes

satisfy,
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• Gauge invariance. The longitudinal mode’s change εµ 7→ εµ + ckµ or the

change of ξ in the propagator does not change A(12. . . n).

• Cyclic symmetry. A(12. . . n) = A(2 . . . n1) = . . . = A(n1 . . . n − 1).

• Reflective symmetry. A(12. . . n) = (−1)nA(n . . .21).

Since the Yang-Mills partial amplitude A(12. . . n) = A has these good prop-

erties and is independent of the color factors, it would be the main focus in our

study of Yang-Mills theory.

Alternatively, we derive the Yang-Mills partial amplitude directly from

Feynman diagrams [27]. The partial amplitude Feynman rules are summered in

(3.1). To calculate the Yang-Mills partial amplitude A(12. . . n), we need to align

µ νk
=

−i
k2+iε (ηµν − (1− ξ) kµkν

k2 )

ρ

µ

ν

p

q

k
= i g√

2
[ηµν(k − p)ρ + ηνρ(p − q)µ + ηρµ(q − k)ν]

ρ

νµ

σ

= −ig2[ηµρηνσ − 1
2η

µσηνρ − 1
2η

µνηρσ]

Figure 3.1: Feynman rules for gluons in partial amplitude. (a) gluon prop-
agator (b) three-point gluon vertex (c) four-point gluon vertex.

the incoming gluon states 1, 2 . . .n clockwise on a circle. The partial amplitude

is the sum of Feynman diagrams with the new rules (3.1). Note that unlike usual
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Feynman diagrams, it is not allowed to swap two legs of a vertex or to cross a propaga-

tor with another propagator. For example, the partial amplitude A(1234)has only s

and t poles, while u-pole the absent. The result is that the u-pole diagram would

have propagator-crossing when 1, 2, 3, 4 are aligned in cyclic ordering.

For n-gluon tree amplitude, there are (n − 1)!/2 partial amplitudes by the

cyclic and reflective symmetry. Each channel corresponds to a way to cut a

convex polygon with n sides into triangles by connecting vertices with straight

lines: Put the incoming gluons on the edges of the polygon in clockwise order.

Then each triangle represents a three-gluon vertex and each straight line repre-

sents a propagator. Hence the number of Channels in one partial amplitude is

Cn, the Catalan number.

Cn =
1

n + 1

(

2n
n

)

. (3.4)

3.2 Spinor helicity formalism

The photon or gluon state is associated with the polarization vector εµ. The scat-

tering amplitude is proportional to the polarization. However, εµ has d compo-

nents while the photon or gluon just has d − 2 degrees of freedom. The spinor

helicity formalism manifestly gets rid of the redundancy of the unphysical de-

grees of freedom and organizes the amplitude in a compact form.

Spinor helicity formalism works only for the four-dimensional spacetime.

This formalism rewrites all the momentum, polarization vector and vertices as

the product of Weyl spinors. Instead of consider the amplitude,

A(12. . . n) = ε1µ1ε2µ . . . εnµA(12. . .)µ1µ2...µn , (3.5)
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we directly consider the amplitudes with particular helicities A(1±; 2±...; n±), where

±means the helicity of the incoming photon or gluons. Similarly, spinor helicity

formalism can also be used in gravity amplitude.

First, for light-like momentum p, we decompose it as the product of Weyl

spinors.

pµ(σ
µ)aȧ = λaλ̃ȧ (3.6)

where σµ
= (I2×2, σx, σy, σz), λa is a Weyl spinor with −1/2 helicity while λ̃ȧ is

a Weyl spinor with +1/2 helicity. Note that the components of λa and λ̃a are

complex numbers, not Grassmannian. The definition of the two spinors has a

rescale ambiguity,

λ→ tλ, λ̃→ t−1λ̃ (3.7)

For real momentum p in (+,−,−,−) Minkowski space, we can further require

that,

λ∗a = ±λ̃a. (3.8)

In Dirac spinor notations, λ and λ̃ can be written as,

γµ =























0 (σµ)aȧ

(σ̄µ)ḃb 0























, ψ− =























λa

0























, ψ+ =























0

λ̃ȧ























(3.9)

Note that for the ψ+ case, we have to use the upper-indice λ̃ȧ. The usual spin

sum rule
∑

s u(p)ū(p) = γµpµ reads,























λa

0























(

0 λ∗ȧ

)

+























0

λ̃ḃ























(

λ̃b∗ 0
)

=























0 (pµσµ)aȧ

(pµσ̄µ)ḃb 0.























(3.10)

A Lorentzian transformation parameterized byωµν acts on the spinors λa and

λ̃ȧ as,

λa → (e
1
2wµνσ

µν

)b
aλb, λ̃ȧ → (e

1
2wµνσ̄

µν

)ȧ
ḃ
λ̃ḃ (3.11)
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where

(σµν)b
a =

1
4

(σµσ̄ν − σνσ̄µ)b
a, (σ̄µν)ȧ

ḃ
=

1
4

(σ̄µσν − σ̄νσµ)ȧ
ḃ
, (3.12)

and (σµν)† = −σ̄µν. It is easy to check that by a θ-rotation along the momentum

direction,

λa → e−iθ/2λa, λ̃ȧ → e+iθ/2λ̃ȧ. (3.13)

The inner products for λa is defined to be,

〈λ, λ′〉 = εabλ
aλ′

b (3.14)

where ε12 = 1 and λa
= εabλb. It is Lorentzian-invariant because,

εabλ
aλ′

b → εab(e
− 1

2wµνσ
Tµν

)a
cλ

c(e−
1
2wµνσ

Tµν
)b
dλ
′d

= εcdλ
cλ′

d (3.15)

Similarly, The inner products for λ̃a is,

[λ̃, λ̃′] = εȧḃλ̃
ȧλ̃′ḃ (3.16)

where ε1̇2̇ = 1. Both 〈, 〉 and [, ] are anti-symmetric. Since,

(pµσ̄
µ)α̇α = εαβε α̇β̇(pµσ

µ)ββ̇, (3.17)

the inner product of two momentum paȧ = λaλ̃ȧ and p′aȧ = λ
′
aλ̃′ȧ is,

pµp′µ =
1
2

(pµσ
µ)aȧ(p′νσ̄

ν)ȧa
=

1
2
〈λ, λ′〉[λ̃, λ̃′] (3.18)

For a gluon with the light-like momentum pµpµ = 0 and paȧ = λaλ̃ȧ, the polariza-

tion vector can be chosen as,

ε+aȧ =
µaλ̃ȧ

〈µ, λ〉 , ε−aȧ =
λaµ̃ȧ

[λ̃, µ̃]
(3.19)

It is easy to check that ε± · p = 0 because of the antisymmetric products 〈, 〉 and

[, ]. The choice of µ and µ̃ is arbitrary as long as the products are nonzero.
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Particular choices of µ and µ̃ would simplify the amplitude calculation. One

practical choice is that:

• For the amplitude A(1h12h2 . . . nhn), choose a negative-helicity incoming

gluon, say i. Then for all gluons k with hk = +, we choose µk = λi.

• Choose a positive-helicity incoming gluon, say j. for all gluons l with

hl = +, we choose µ̃l = λ̃ j.

Then the product of polarization vectors with the same helicity vanishes, ε+k ·ε+k′ =

ε−l · ε−l′ = 0. Furthermore, pi · ε+k = p j · ε−k = 0. So many terms in Feynman diagram

calculation vanish automatically. For the calculation of scattering amplitude,

we may drop the letter λ and the spinor indices.

The tree-level partial amplitude with all gluons of the same helicity vanishes.

A(1+2+...n+) = A(1−2−...n−) = 0 (3.20)

Furthermore, the tree-level partial amplitude with all gluons of the same helicity but

one also vanish.

A(1−2+...n+) = A(1+2−...n−) = 0, n ≥ 4 (3.21)

These identities are hard to prove by Feynman diagrams. We will see that the

simplest proof is based on supersymmetry. Since the tree-level all-gluon ampli-

tude is the same as that in super-Yang-Mills theory, the supersymmetry identity

holds in the tree-level non-supersymmetric case.

The first non-vanishing tree-level amplitude is the partial amplitude with all

gluons of the same helicity but two. The amplitude with n − 2 negative-helicity

gluons and 2 positive-helicity gluon is called Maximum-helicity-violating ampli-

tude, or MHV amplitude. Similarly, The amplitude with n − 2 positive-helicity
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gluons and 2 negative-helicity gluon is called MHV amplitude. The amplitude

with n − 2− k negative-helicity gluons and 2+ k positive-helicity gluon is called

Nk MHV amplitude.

3.3 BCFW recursive relation

BCFW relation is an extremely important recursive relation [17][18]. It relates

the high point tree level scattering amplitude with the lower point scattering

amplitudes. So it is possible to build all the scattering amplitude systematically

from the lowest amplitude. The advantage is that all the scattering amplitudes

involved are on-shell.

BCFW relation holds for (super/non-super)-Yang-Mills theory, (super/non-

super)-gravity, but not for spin-0 field theories like φ4. We illustrate the BCFW

recursive relation by the Yang-Mills amplitude.

We consider a color-ordered tree level amplitude A(p1, h1; ...; pM, hM). Here

hi = ±1 is the helicity. Because the color-ordered amplitude is gauge indepen-

dent, the reference spinor µ is dropped out so we just need to specify the helici-

ties. BCFW method complexifies two momenta, say, p1 and pi,

p1 → p1(z) = p1 + zq, pi → pi(z) = pi − zq (3.22)

And the complexified scattering amplitude is A(z). The key is: A(z) vanishes at the

infinity z→ ∞.
∫

|z|=∞

A(z)dz
z
= 0 (3.23)

Note that (3.23) is highly nontrivial. For “simpler” quantum field theories,
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like λφ4 theory, this identity is not valid. For example, the four-point λφ4 tree-

level scattering amplitude is approaching a constant, in the limit z → ∞. In

general, for a quantum field theory with the highest spin s, the asymptotic be-

havior of A(z) is,

A(z) ∼ 1
zs
, z→∞. (3.24)

So BCFW recursive relation works for Yang-Mills theory, Super-Yang-Mills the-

ory, Einstein gravity and supergravity.

Pick up the residue, we get,

A(0) = −
∑

σ

∑

h=±1

A(pσ1, hσ1; pσ2, hσ2; ...; pl(σ), hl(σ);−P(z),−h)|z=−P2/2p·q

× i
P2
· A(P(z), h; pτ1, hτ1; pτ2, hτ2; ...; pl(τ), hl(τ))|z=−P2/2p·q (3.25)

where we separate the original color-ordered diagram into two subdiagrams. σ

is the indices such that (σ1, σ2, ..., σl(σ)) is the indices of the subdiagram which

contains 1 and l(σ) is the number of indices in this subdiagram. P is the uncom-

plexified total momentum in the subdiagram. Similarly, τ is the indices for the

other subdiagram.

BCFW relation implies that the tree level amplitude of arbitrary gluons can

be generated by three-point amplitude, which we would calculate explicitly be-

fore considering any example of BCFW relation.

Simple examples

The three-gluon partial amplitude A(p1, h1; p2, h2; p3, h3) vanishes if all the mo-

menta are real and on-shell, so we need to consider the complex momenta. Be-

cause of p1 · (p2 + p3) = 0 and the similar identities, pi · p j = 0 for arbitrary i and
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j,

〈λ1, λ2〉[λ̃1, λ̃1] = 0

〈λ2, λ3〉[λ̃2, λ̃3] = 0

〈λ3, λ1〉[λ̃3, λ̃1] = 0

If 〈λ1, λ2〉 vanishes, then λ1 and λ2 are linear dependent. If two of the 〈, 〉 products

vanish, then the rest 〈, 〉 also vanish. Therefore there are just two cases,

• 〈λ1, λ2〉=〈λ2, λ3〉=〈λ3, λ1〉=0

• [λ̃1, λ̃2]=[λ̃2, λ̃3]=[λ̃3, λ̃1]=0

So the amplitude does not contain the cross term, 〈〉[] . On the other hand, by

dimension analysis, each term in the amplitude shoule have the form.

()m+1

()m
(3.26)

where () should be either 〈〉 or [] , but not both.

Now we consider the different helicities,

• (+ + +). In this case, even () is [] , the amplitude just has +1 helicity, which

is a contradiction to the (+++) helicity. So A(+ + +) = 0.

• (+ + −). We need () = [] . The result is

A(p1,−; p2,+; p3,+) = i
√

2
[23]3

[12][13]
, (3.27)

which is antisymmetric under 2 ↔ 3, where [12] is short for [λ̃1, λ̃2]. This

result can also be explicitly, calculated,

i
√

2
ε+3 · ε−1 (p3 − p1) · ε+2 = i

√
2ε+3 · ε−1 p3 · ε+2

= i
√

2
〈µλ1〉[λ̃3, λ̃2]

〈µ, λ3〉[λ̃1, λ̃2]

〈λ3, µ〉[λ̃3, λ̃2]
〈µ, λ2〉

(3.28)
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where we choose ε−1 = λ1λ̃2/[λ̃1, λ̃2], ε+2 = µλ̃2/〈µ, λ2〉 and ε+2 = µλ̃3/〈µ, λ3〉.

Because λ1λ̃1 + λ2λ̃2 + λ3λ̃3 = 0,

〈µ, λ1〉
〈µ, λ2〉

=
[λ̃2, λ̃3]

[λ̃1, λ̃3]
.

therefore

A(p1,−; p2,+; p3,+) = i
√

2
[23]3

[12][13]
,

• (+ − −). Similarly,

A(p1,+; p2,−; p3,−) = i
√

2
〈23〉3
〈12〉〈13〉 , (3.29)

• (− − −). Similarly, A(− − −) = 0.

Now we can consider the four point amplitude for the helicity (+ − +−). p1

and p4 are complexified by,

λ̂1 = λ1 + zλ4

ˆ̃λ4 = λ̃4 − zλ̃1 (3.30)

So q = λ1λ̃4. There is only one way to separate the indices, σ1 = 1, σ2 = 2 and

τ1 = 3, τ2 = 4. P(z) = p1 + p2 + zq. z can be determined as,

p1 · p2 + zp2 · q = 0⇒ z =
〈12〉
〈24〉 (3.31)

Therefore,

P̂ = −11̃− 21̃− z41̃ = −2(2̃+
〈14〉
〈24〉 1̃) (3.32)

We define P = pp̃ where p = 2 and p̃ = 2̃+ 〈14〉
〈24〉 1̃. Similarly,

1̂1̃ =
(〈14〉
〈24〉2

)

1̃

4ˆ̃4 = 4
(

4̃− 〈12〉
〈24〉 1̃

)

(3.33)
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BCFW relation gives,

[1̂P̂]3

[P̂2][21̂]

1
〈12〉[12]

〈4̂P̂〉
〈3P̂〉〈34̂〉

=
[12]3

〈14〉
〈24〉 [21][21]

1
〈12〉[12]

〈42〉3
〈32〉〈34〉 =

〈24〉4
〈12〉〈23〉〈34〉〈41〉

which is the MHV scattering amplitude for four point.

3.4 Coherent super space and super KLT relation

Supersymmetry can be used in scattering amplitude calculation. The tree-level

gluon scattering amplitudes are the same in super or non-super Yang-Mills the-

ory. (See the appendix for details.) In the other word, the tree-level Yang-Mills

amplitude “knows it is supersymmetric.”

There are many super-Yang-Mills theories. The simplest one is the d = 4,N =

4 super-Yang-Mills theory, which contains the maximum supersymmetry with-

out graviton in 4D. (See the appendix for the review of d = 4,N = 4 super-Yang-

Mills theory.) Different scattering amplitudes are related by supersymmetry

transformations. To manifest the supersymmetry, we can use the coherent rep-

resentation of the states . This method also works for d = 4,N = 8 supergravity.

Again, let s be the highest spin in the theory, s = 1 for N = 4 super-Yang-Mills

theory while s = 2 for N = 8 supergravity. All the on-shell physical states can be

combined in a coherent state,

|η̄, λ, λ̄〉 = eQ̄Iα̇ω̄α̇η̄I | + s, λ, λ̄〉, |η, λ, λ̄〉 = eQIαω
αηI | − s, λ, λ̄〉 (3.34)

where QIα and Q̄Iα̇ are supercharges. I = 1, . . . , 4s. λ and λ̄ are the spinors for

the massless particles in spinor helicity formalism. η and η̄ are the Grassmann

coordinate for superspace. w and w̄ are spinors for the normalization,

〈w, λ〉 = 1, [w̄, λ̄] = 1 (3.35)
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Note that since η and η̄ are fermonic, the formal exponential series will truncate

at the 4s-th order. This is consistent with the helicities of one supermultiplet.

Instead of using |h, λ, λ̄〉 to label the incoming states, we would use |η, λ, λ̄〉 or

|η̄, λ, λ̄〉. Each physical state can be read off from the η or η̄ expansion.

Then the supersymmetric transformation is manifest,

eQIαζ
Iα |η〉 = |η + 〈ζλ〉〉, eQIαζ

Iα |η̄〉 = eη̄J 〈λζJ〉|η̄〉, (3.36)

where ζ is the parameter for the supersymmetric transformation. The above

notations are summarized in Table. (3.1). The anti-holomorphic part is just the

conjugate.

Notation Abbreviation Number
of compo-
nents

Statistics Comment

λα λ 2 complex num-
ber

momentum
spinor

ηI η N Grassmann
number

coherent coor-
dinate

QIα Q 2N Fermionic oper-
ator

supercharge

ζ Iα ζ 2N Grassmann
number

superspace co-
ordinates

Table 3.1: Notation for Coherent States

The Grassmann variable η and η̄ are Fourier conjugates of each other.

|η̄〉 =
∫

dNηeηη̄|η〉, |η〉 =
∫

dNeη̄η|η̄〉 (3.37)

For each incoming particle, we can use either η or η̄ representation, but not both.

Careful choice in η and η̄ may simplify computation.

We would consider the superamplitude. M({ηi, λi, λ̄i}, {η̄ī, λī, λ̄ī}). The super-
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symmetry transformations apply on the superamplitude as,

M(ηi, η̄ī) = e
∑

j[λ̄ j ζ̄I ]ηI
j M(ηi + 〈λiζ〉, η̄ī), Q transformation (3.38)

M(ηi, η̄i) = e
∑

j̄〈λ j̄ζ
I 〉η̄ j̄,I M(ηi, η̄ī + [λ̄īζ̄]), Q̄ transformation (3.39)

Note that Q and Q̄ do not commute, so the order of the two transformations is

important. Because ηI has 2N components, so the Q transformation can translate

2 ηi to zero. Similarly, the Q̄ transformation translates 2 η̄ī to zero.

Here can show that the amplitude A(1+, 2+, . . . , n+) vanishes. By the Fourier

transformation, and set η̄i = 0, we have,

A(1+, 2+, . . . , n+) =
∫

dNη1 . . . d
NηnM(η1, η2, . . . , ηn) (3.40)

By (3.39), M(η1, η2, . . . , ηn) = M(0, η2, . . . , ηn). Hence,

A(1+, 2+, . . . , n+) =
∫

dNη1 . . . d
NηnM(0, η2, . . . , ηn) = 0 (3.41)

Similarly,

A(1+, 2+, . . . , n−) =
∫

dNη1dNη2 . . . d
N η̄nM(η1, η2, . . . , η̄n). (3.42)

Using (3.39), and the detailed Grassmann calculation, this integral is also zero.

3.4.1 Super KLT relation

In coherent state representation, the KLT relation also has a compact form. We

can think that both the left and right-moving sectors have N = k spacetime su-

persymmetry, so the closed string has N = 2k spacetime supersymmetry. By

the super KLT relation, a N = 2k-supersymmetric closed string superampli-

tude would be decomposed as the products of two N = k-supersymmetric open

string superamplitudes.
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Again, string KLT relation can be reduced to field theory KLT relations. The

most interesting case is the d = 4,N = 8 supergravity, reduced to two copied of

d = 4,N = 4 super-Yang-Mills theories. We use the indices I = 1, 2, 3, 4 to label

the left-handed N = 4 supercharges and I′ = 5, 6, 7, 8 for the right-handed N = 4

supercharges. Furthermore, we use M = 1, 2, . . .8 as the common label for all

the 8 supercharges of the N = 8 supergravity.

Recall that, in the original KLT relation, the formalism is the same for ampli-

tudes with different helicities. This fact implies that the super KLT relation has

the same form of the original KLT relation. If for n-point amplitude, the KLT

relation reads,

Ac(k1, e1; k2, e2; . . . kn, en) =
∑

σ,σ′

f (σ, σ′)A(kσ1, εσ1; kσ2, εσ2; . . . kσn , εσn)

×Ā(kσ′1, ε̄σ′1; kσ′2, ε̄σ′2; . . . kσ′n , ε̄σ′n), (3.43)

where σ and σ′ are the permutations of the gluon color orderings. f (σ, σ′) is a

kinematic factor for the permutation pair (σ, σ′). Then the super KLT relation in

η representation is,

Ac(k1, η
c
1; k2, η

c
2; . . . kn, η

c
n) =

∑

σ,σ′

f (σ, σ′)A(kσ1, ησ1; kσ2, ησ2; . . . kσn , ησn)

×Ā(kσ′1, η
′
σ′1

; kσ′2, η
′
σ′2

; . . . kσ′n , η
′
σ′n

), (3.44)

where ηc
i is a 8-component Grassmann vector, while both ηi and η′i are 4-

component Grassmann vectors. There is a simple relation,

ηc
i = (ηi, η

′
i), ∀i. (3.45)

Similar, there is an equivalent super KLT relation for η̄ representation or

mixed representation.
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CHAPTER 4

BCJ RECURSIVE RELATIONS FROM THE VIEWPOINT OF HETEROTIC

STRING THEORY

In this chapter, we use [37] the new techniques mentioned above, to study the

an interesting class of scattering amplitude identities, Bern-Carrasco-Johansson

identity [9].

4.1 Introduction

Some years ago, Zhu showed that the terms in the 4-gluon tree amplitude obey

an identity [57]. Recently, Bern, Carrasco and Johansson conjectured the pres-

ence of such identities in higher-order amplitude as well as loop amplitudes [9].

If these identities are true, the evaluation of the tree-level M-gluon amplitudes

can simplify considerably. Furthermore, given the M-gluon tree amplitudes,

M-graviton tree scattering amplitudes can be written down immediately. Loop

amplitudes can be obtained from the tree amplitudes using the unitarity method

[10] [11] and these identities can be carried over [9]. In this paper, we use the

properties of the heterotic string and open string scattering amplitudes to refine

and prove parts of the BCJ conjecture and to extend the identities to include

scatterings of massless gluinos and gravitinos.

Consider the M-gluon tree scattering amplitude, which is a function of the

external gluon momenta kµi where k2
i = 0 (and

∑

i kµi = 0), polarizations ζµi where

ζi · ki = 0 and color ai, i = 1, 2, ..M,

AYM
M (ki, ζi, ai) = gM−2

∑

j

c j(ai)n j(ki, ζi)

P j
(4.1)
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where the sum is over all allowed channels (or terms) with different pole struc-

tures. There are (2M − 5)!! channels in AYM
M . Each denominator is a product

of (M − 3) pole factors : P j = Π
M−3
m=1 p j,m(ki), where each pole factor p j,m(ki) corre-

sponds to the kinematic invariant of an internal gluon propagator. For example,

a 2-particle channel pole p j,m takes the form sln = −(kl+kn)2. The kinematic factor

n j(ki, ζi) is a function of kµi and ζµi . Although the choice of the set of n j’s is far from

unique,AYM
M itself is independent of the specific choice of n j’s. In this paper, we

shall discuss the choices of the n j’s in some detail. The color factor c j(ai), a func-

tion of the colors ai, is a product of the (M − 2) group structure constants f̃ abc

corresponding to the respective pole structure, where, for a given Lie algebra,

Tr(T aT b) = δab, [T a, T b] = i
√

2 f abcT c ≡ f̃ abcT c. As an illustration, we see that the

5-point diagram in Figure 1 has denominator s13s54 and c(54)2(13)= f̃ a5a4b f̃ ba2d f̃ da1a3.

Note that AYM
M is unchanged if we flip the signs of both c j and n j (c j → −c j and

n j → −n j) in any term in Eq.(4.1). At times, we shall set the coupling g = 1.

The dual identities are best illustrated by the 4-gluon tree level scattering

amplitude,

AYM
4 (k1, ζ1, a1, ...k4, ζ4, a4) =

csns

s
+

cunu

u
+

ctnt

t
, (4.2)

where s, t, u are Mandelstam variables, s = s12 = −(k1+k2)2, t = s14 = −(k1+k4)2, u =

s13 = −(k1 + k3)2 and s + t + u = 0. Here the color factors,

cs = f̃ a1a2b f̃ ba3a4

ct = f̃ a2a3b f̃ ba1a4

cu = f̃ a3a1b f̃ ba2a4 (4.3)

depend on the color indices. By the Jacobi identity,

cs + cu + ct = 0. (4.4)
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Figure 4.1: Several examples of the poles P = Π jsln and the color factors.
The structure constants are labeled in the counter-clockwise di-
rection. The field theory tree amplitudes Atree are related to the
zero-slope limit of the open string amplitudes Aopen, which are
given by the disc diagrams in open string theory. The (yellow)
disc for each graph is shown to emphasize this feature.

It was shown [57] that the n j(ki, ζi)’s satisfy the dual identity,

ns + nu + nt = 0. (4.5)
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Note that ns(ki, ζi) is determined up to a term proportional to s:

ns → n′s = ns + sη(ki, ζi) (4.6)

and similarly for nu and nt, where η is an arbitrary function of the kinematic

variables. Following Ref.[9], we shall refer to this as a gauge transformation.

We shall consider only the η’s that have no pole term, so this “gauge free-

dom” changes only the “contact” part but not the “residue” or “non-contact”

part of ns. A redistribution of the contact (4-point coupling) term among the

3 terms inside AYM
4 (4.2) will lead to such a change in the n j’s. However, the

identity (4.5) is gauge-independent,

n′s + n′u + n′t = (ns + sη) + (nu + uη) + (nt + tη) = (s + t + u)η = 0.

Note thatAYM
4 is gauge-invariant, as it should be.

Let us now consider the generalAYM
M (ki, ζi, ai) (4.1). Here the n j’s are “gauge”-

dependent, even though AYM
M itself is invariant. Unless specified otherwise,

the n j’s are chosen to have no poles, that is, they are local. A convenient sym-

metrized way of expressing them may be found in Ref.[21]. There are many

triplets of c j inAYM
M (4.1) that satisfy,

c j + cl + ck = 0. (4.7)

Each color identity (4.7) is nothing but the Jacobi identity multiplied by an over-

all factor of a product of structure constants. One can take any 4 (internal and/or

external) gluons in a diagram that are connected by a single internal gluon prop-

agator. The 3 c j’s in a color identity (4.7) simply correspond to the 3 ways (i.e.,

the “s, t, u” channels) of connecting those 4 gluons. BCJ conjectured that when-

ever a set of 3 c j inAYM
M (4.1) satisfy the color identity (4.7), the corresponding 3
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n j’s in the sameAYM
M (4.1) satisfy the kinematic identity

n j + nl + nk = 0. (4.8)

In general, there are many such dual pairs of identities for the M-point ampli-

tude, not all of them are independent. One can explicitly check this for the 5-

gluon tree amplitude with its 9 independent kinematic identities [9, 42], which

we shall also discuss in some detail. BCJ also conjectured that these identities

can be carried over to loop amplitudes using the unitarity method [10] [11].

There are 2 key properties in the BCJ relation :

(1) There is a set of kinematic identities (4.8) in AYM
M (4.1) for an appropriate set

of n j’s;

(2) There is a duality between a color identity (4.7) and the corresponding kine-

matic identity (4.8).

In this paper, we shall use the properties of the heterotic string model [34][35] to

prove the duality property between a color identity (4.7) and the corresponding

kinematic identity for the n j’s,

(

n j + nl + nk

) ∣

∣

∣

residue
= 0. (4.9)

where the “residue” refers to the residue of the product of the (M − 4) poles that

are common among the n j, nl and nk channels.

To illustrate the difference between the M = 4 case and the M > 4 cases, let

us look at a M = 5 open string amplitude identity which yields the following

gauge-independent identity,

n(13)(42)5− n2(13)(45)+ n(13)4(52)

s13
+

n1(32)(45)− n(21)3(45)+ n(13)(45)2

s45
n(51)(32)4− n2(51)(34)+ n(51)3(42)

s15
+

n(34)2(51)− n(21)(34)5+ n1(34)(52)

s34
= 0 (4.10)
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where n(13)(42)5 is the numerator factor of the double pole s13s24 inAYM
5 (4.1). The

details of the M = 5 case will be explained in Section 5. Here it suffices to note

that the 3 n j’s in any one of the 4 triplets has a common pole which appears in

the respective denominator in the constraint (4.10). Actually, the corresponding

color factors obey identical relations to the n j’s in Eq.(4.10). Since the c j’s have

discrete values,
(

c j + cl + ck

) ∣

∣

∣

residue
= 0 implies the color identities (4.7). This

is not the case for the n j(ki, ζi)’s because the momenta ki are continuous and

because of the gauge freedom. Eq.(4.10) only implies that the residue of each

pole term must vanish. For example, the residue of (n(13)(42)5− n2(13)(45)+ n(13)4(52))

must vanish, but its regular component that is proportional to s13 need not. On

the other hand, the 4 regular pieces in Eq.(4.10) must sum to zero. This property

generalizes to arbitrary M. There are (M − 3)!(M − 3) independent open string

identities each of which involves 2M−3(M − 3)(2M − 7)!!/(M − 2)! triplets, where

each triplet of n j’s is the numerator of a product of (M−4) poles that are common

to the n j channels in that triplet. This yields the set of kinematic identities (4.9),

in one-to-one correspondence to the color identities (4.7).

As conjectured in Ref.[9], the kinematic identities (4.8) for M > 4 hold only

in specific gauge choices. In proving this for M = 5, we reveal the underlying

gauge choice issue. For larger M, we support (but do not prove) this part of

the BCJ conjecture, that there always exist gauge choices such that (4.8) holds

for the complete set of the kinematic identities. If true, the space of such gauge

choices will have dimension (M − 3)!(M − 3). On the other hand, the kinematic

identity (4.9) refers to the “gauge”-invariant part of the n j’s and so may be more

relevant. Since the string identities are among gauge-independent partial am-

plitudes, one should treat them as the defining identities.

59



Heterotic string model contains gauge fields, and their interactions agree

with that of the Yang-Mills theory in the zero slope limit (as can be shown in the

background field analysis). So their scattering yields tree amplitudes Ahet
M-gluon

that obey, in the zero Regge slope limit α′ → 0,

Ahet
M-gluon(α′ = 0) = AYM

M (4.11)

The amplitudes Ahet
M-gluon

are functions of open string amplitudes via the KLT

relation [39]; these open string amplitudes obey identities that yield both the

color identities and the kinematic identities on equal footings. As we shall see,

the duality between the c j and the n j also corresponds precisely to the duality

between M-gluon and M-graviton scattering amplitudes, proving yet another

BCJ conjecture. The implications of this gauge-gravity duality remain to be fur-

ther explored. In short, we see that there are 2 versions of duality, i.e, a double

duality.

Let us briefly review Type I open string theory and explain first why het-

erotic string theory helps. We then summarize its key properties relevant for

showing the duality property. If we treat the gluon field as a matrix, Aµ = Aa
µT

a

in perturbation expansion, we obtain the M-gluon tree scattering amplitude as

a sum of gauge invariant sub-amplitudes [5, 45, 43]

AYM
M = gM−2

∑

σ∈S M/ZM

Tr(T aσ1 T aσ2T aσ3 ...T aσM )Atree(σ1σ2σ3....σM) (4.12)

where S M is the set of all permutations of M lines, and ZM is the subset of cyclic

permutations that preserve the color trace. The sum over the set S M/ZM is over

all distinct cyclic orderings in the trace. The color-ordered sub-amplitudes Atree

are the partial amplitudes that receive contributions from diagrams with a par-

ticular cyclic ordering of the M external gluons, so the poles occur only in a
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limited set of momentum channels made out of sums of cyclically adjacent mo-

menta. They also satisfy the cyclic and the reflection properties,

Atree(1, 2, 3, ..., M) = Atree(2, 3, ..., M, 1), Atree(1, 2, ..., M) = (−1)MAtree(M, ..., 2, 1)

(4.13)

so there are (M−1)!/2 different Atrees inAM. Each Atree is gauge-invariant and has

2M−2(2M − 5)!!/(M − 1)! channels, i.e., terms of the form ni/Pi given in Eq.(4.1). It

is straightforward to show thatAM (4.12) is equal toAYM
M (4.1) by decomposing

each partial amplitude into the channels and calculate the commutators of the

matrices. For example, in the 4-gluon case, the terms in (4.12) which are related

to the ns/s is,

Tr(T a1T a2T a3T a4) − Tr(T a2T a1T a3T a4)

−Tr(T a1T a2T a4T a3) + Tr(T a2T a1T a4T a3) = cs. (4.14)

Next, we consider Type I open string M-gluon tree amplitudes,

Aopen
M = gM−2

∑

σ∈S M/ZM

Tr(T aσ1 T aσ2T aσ3 ...T aσM )Aopen(σ1σ2σ3....σM) (4.15)

where the color properties are contained in the Chan-Paton factor (the trace)

while Aopen is a function of the kinematic variables only. Again, the cyclic and

the reflection properties reduce the number of Aopens from M! to (M−1)!/2. Now,

relations among the Aopens follow from the analyticity properties of the open

string amplitudes, so, among the (M−1)!/2 Aopens inAopen
M , there are only (M−3)!

number of independent ones [39]. For a convenient set of the (M − 3)! basis

amplitudes, we may choose Aopen(1, σ2σ3....σM−2, M − 1, M), where the first and

the last 2 gluon positions are fixed, and the permutations involve the remaining

(M−3) gluons sandwiched between the first and the (M−1)th gluon. In the zero
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Regge slope limit,

lim
α′→0

Aopen(σ1σ2σ3....σM)→ Atree(σ1σ2σ3....σM), (4.16)

soAopen
M reduces to the M-gluon amplitudeAM. So it follows that there are only

(M − 3)! number of independent Atrees [15].

Consider the 4-gluon tree scattering amplitude in the open string case. In

the zero slope limit,

Atree(1234) = +
ns

s
− nt

t

Atree(2134) = −ns

s
+

nu

u

Atree(1324) = −nu

u
+

nt

t
. (4.17)

which are invariant under the transformation (4.6). Their analyticity properties

yield the identities among Aopen
4 s. In the zero slope limit, they take the forms

[15],

Atree(1234)+ Atree(2134)+ Atree(1324)= 0 (4.18)

sAtree(2134)= tAtree(1324) ⇐⇒ ns + nu + nt = 0 (4.19)

The first one is obvious; it is the photon decoupling identity [44], or the Kleiss-

Kuijf relation for M = 4 [41]. The second identity yields the kinematic identity

(4.5). Note that the relations among Aopen leads to relations among the gauge-

invariant partial amplitudes Atree. Using only the relation (4.18) and taking the

zero-slope limit, we can express the 4-gluon amplitude from open string theory

in terms of Atree (4.17),

AYM
4 = csA

tree(1234)− cuAtree(1324) (4.20)

Using the color identity (4.4), we see that this reproducesAYM
4 (4.2), as expected.

For general M-gluon amplitudes, the open string amplitudes identities that lead
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to only (M − 3)! independent partial amplitudes [39, 15, 53] among the Atrees

should also produce all the kinematic identities (4.9) given above. However, in

open string theory, the color properties are in the Chan-Paton factors, so the du-

ality between the color identities and the kinematic identities is not transparent

at all.

In the heterotic string theory, on the other hand, there are both compacti-

fied dimensions and spacetime dimensions. Discrete momenta in the compact-

ified directions correspond to color, so that the color properties are encoded in

the string partial amplitudes. Now the string amplitude identities produce the

color identities when we take the momenta in the compactified directions and

produce the kinematic identities when we take the momenta in the spacetime

directions. So the 2 sets of identities are now on equal footing. The emergence of

one assures the emergence of the other. This duality property allows us to write

down the kinematic identity (4.9) corresponding to each color identity (4.7). As

we shall see, in general, the kinematic identities apply only to the residue part,

which is gauge-invariant, but not to the “contact” part. However, we do be-

lieve the BCJ conjecture that there always exists a gauge choice such that the

kinematic identities (4.8) are true.

A couple of comments are in order. Since we are not concerned with the

finiteness of the string loop amplitudes, we do not have to restrict ourselves

to 10 spacetime dimensions for superstrings (the right-movers of the heterotic

string) or to 26 for bosonic strings (the left-movers of the heterotic string). We

shall consider gauge groups other than those with even self-dual lattices. To

simplify the discussion, we shall restrict our discussion to simply-laced Lie

groups, in particular U(N). A key fact we shall use is that the M-gluon heterotic
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tree scattering amplitudeAhet
M-gluon

equals the Yang-Mills M-gluon tree scattering

amplitude in the zero slope limit.

Note that the spectrum in the Type I open string model is very different

from that in the heterotic string model. However, both reproduce the M-gluon

amplitude AYM
M in the zero slope limit. So these 2 sets of stringy properties

provide different relations for and insights intoAYM
M .

To get a flavor of the properties of Ahet(α′ = 0) from the heterotic string per-

spective, let us consider the 4-point tree amplitude. The heterotic string theory

is a closed string model [34][35]. The KLT relation allows us to write the closed

string amplitudes in terms of a sum of products of open string amplitudes [39].

Since there is only one ((M − 3)! = 1) independent open string partial amplitude

for M = 4, the 4-point amplitude Ahet
4 is simply a product of a 4-point open

string amplitude AL for the left-movers (the bosonic string) and an appropriate

4-point open string amplitude AR for the right-movers (the superstring) multi-

plied by an appropriate sine factor. In the zero-slope limit (that is, keeping the

lowest order in the α′ expansion), the sine factor reduces to a Mandelstam vari-

able that removes the double poles present in the product, leaving only single

pole terms. More explicitly, we have the 3 left-moving partial amplitudes,

AL
1234 = +

nL
s

s
−

nL
t

t

AL
2134 = −

nL
s

s
+

nL
u

u

AL
1324 = −

nL
u

u
+

nL
t

t
. (4.21)
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and the 3 right-moving partial amplitudes,

AR
1234 = +

nR
s

s
−

nR
t

t

AR
2134 = −

nR
s

s
+

nR
u

u

AR
1324 = −

nR
u

u
+

nR
t

t
. (4.22)

For i = s, t, u,Ahet
4 (0) becomes

(1) the 4-gluon scattering amplitude AYM
4 if nL

j = c j are the color factors and

nR
j = n j(ki, ζi) are the kinematic factors in (4.1). In this case, the ALs are simply

the partial amplitudes in the scattering of 4 colored (in adjoint representation)

massless scalar particles with only cubic couplings;

(2) the 4-graviton scattering amplitude, if nL
j = n j(ki, ξi) and nR

j = n j(ki, ζi) so the

graviton polarization εµν is the traceless symmetric part of the product ξµζν.

The open string amplitude identity (4.19) then yields

nL
s + nL

t + nL
u = 0, nR

s + nR
t + nR

u = 0 (4.23)

The KLT relation tells us that there are 6 equivalent ways to write the full 4-point

tree scattering amplitude, using s + t + u = 0,

Ahet
4 (0) = −sAL

1234A
R
2134

(

=
nL

s nR
s

s
−

nL
t (nR

s + nR
u )

t
−

(nL
s + nL

t )nR
u

u

)

= −sAL
2134A

R
1234

(

=
nL

s nR
s

s
−

(nL
s + nL

u)nR
t

t
−

nL
u(nR

s + nR
t )

u

)

= −tAL
1234A

R
1324

(

= −
nL

s (nR
t + nR

u )

s
+

nL
t nR

t

t
−

(nL
s + nL

t )nR
u

u

)

= −tAL
1324A

R
1234

(

= −
(nL

t + nL
u)nR

s

s
+

nL
t nR

t

t
−

nL
u(nR

s + nR
t )

u

)

= −uAL
2134A

R
1324

(

= −
nL

s (nR
t + nR

u )

s
−

(nL
s + nL

u)nR
t

t
+

nL
unR

u

u

)

= −uAL
1324A

R
2134

(

= −
(nL

t + nL
u)nR

s

s
−

nL
t (nR

s + nR
u )

t
+

nL
unR

u

u

)

=
nL

s nR
s

s
+

nL
unR

u

u
+

nL
t nR

t

t
(4.24)
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where the identities (4.23) are used. This is the 4-gluon amplitudeAYM
4 (4.1) for

nL
j = c j and nR

j = n j(ki, ζi), j = s, t, u. Note that the wayAYM
4 (4.1) is reproduced in

the heterotic string approach (4.24) is very different from that in the open string

approach (4.20).

Here, the specific functions n j(ki, ζi) can be extracted from the string theory

amplitudes. Alternatively, we can start without knowing the identities (4.23).

Demanding that the 6 ways to express Ahet
4 (0) (4.24) be equal now yields both

the identities (4.23) and the diagonal form (4.2). The parallel (or dual) property

between the left and the right movers is also clear.

More generally, open string amplitude identities provide relations among

the (M−1)!/2 AL
M so there are only (M−3)! independent AL

Ms (similarly for ARs). It

is the freedom in choosing the set of independent partial amplitudes that allow

us to express the heterotic M-point scattering amplitudes Ahet
M in different but

equivalent ways. In general, we may obtain the identities (4.7) and (4.8) if we

use the relation (4.11) and compare (the many equivalent ways of expressing)

Ahet
M-gluon

(0) to AYM
M (4.1) directly. Notice that the identities are separate for left-

movers and right-movers, that is, the left identity follows from the (left-moving)

open string amplitude identities and the right identity follows from the (right-

moving) open string amplitude identities.

It is important to note that the open string amplitude identities do not de-

pend on the explicit forms of nL
j and nR

j . Choosing spacetime momenta instead

of internal discrete momenta, the left (bosonic) amplitudes describe the scat-

tering of massless vector particles, so the same set of (left-moving) open string

identities yields the corresponding kinematic identity (4.8). Since the right (su-

perstring) amplitudes also describe the scattering of massless vector particles,
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we have, in the zero slope limit, the same functional forms for nR
j and nL

j ,

nR
j = nL

j = n j (4.25)

Now, the open string amplitude identities do not care about the explicit form

of the kinematic factor nL
j or nR

j , so we can generalize the corresponding set of

relations (4.9) or (4.7,4.8) to

nR
j + nR

l + nR
k = 0, nL

j + nL
l + nL

k = 0 (4.26)

where at least the residue parts must hold. In general, each set of these identities

are not necessarily independent, so we are free to select a subset of them as an

independent set.

Although the open string identities are among the gauge-invariant partial

amplitudes, these kinematic identities (4.26) (for M > 4) are gauge-dependent

(that is, they are true only in specific gauges). This suggests that the open

string amplitude identities among the gauge-invariant partial amplitudes may

be more useful in general. In some applications, the knowledge of the existence

of the kinematic identities is already sufficient. Although we are not able to

prove this part of the BCJ conjecture, we do believe that there always exists a

gauge choice where the complete set of kinematic identities (4.26) are exact.

In summary, the open string amplitude identities hold for general nL
j and

separately for nR
j . Using Eq.(4.11), we see that, in the zero slope limit, Ahet

M has

the diagonal form for nL
i = c j and nR

j = n j,

Ahet
M (0) =

∑

j

nL
j n

R
j

P j
(4.27)

So, given the M-gluon amplitude AYM
M (4.1), the M-graviton amplitude Agrav

M

can be written down immediately by replacing c j by n j(ki, ξi) (more accurately,
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c j → α′n j(ki, ξi) and keeping the lowest order in α′), where ξµi are a new set of

polarizations (ξi · ki = 0),

Agrav
M (ki, εi) =

∑

j

n j(ki, ξi)n j(ki, ζi)

P j
(4.28)

where the graviton tensor polarizations ε
µν

i is given by the µν-symmetrized

product ξµi ζ
ν
i . This form ofAgrav

M is also conjectured by BCJ. We can also incorpo-

rate massless fermions fi into the right movers, so that nR
j = n j(ki, ψ, ζi) describes

the fermion-vector particle scatterings f + g → f + g + ... and its cross channels.

With nL
j = c j,Ahet

M
in the zero slope limit now becomes

(1) the gluon scattering (nR
j = n j(ki, ψ, ζi)) with gluinos;

(2) the graviton-gravitino scattering amplitude when nL
j = n j(ki, ζi) and nR

j =

n j(ki, ψ, ζi).

Further generalization to identities in tree scattering amplitudes involving

both gluon and gravitons as well as fermions and gravitinos is straightforward.

The rest of the chapter is organized as follows. Section 2 discusses properties

of the heterotic string amplitudes in the zero slope limit that are relevant for

understanding the identities and the duality property. The gauge choice issue

and open string amplitude properties are also reviewed. In Section 3, we focus

on the 4-gluon amplitude. In Section 4, we discuss general M-gluon amplitude,

and we illustrate the issues with the 5-gluon amplitude in Section 5. Since some

of the subtle issues appear only for M > 4, the reader may prefer to read parts of

the discussion on the M = 5 case before the general M case in Section 4. Section

6 contains the discussion on the relation between BCJ identity and Schouten

identiy.
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4.2 Yang-Mills, Heterotic and Open String Scattering Tree Am-

plitudes

The heterotic string theory [34][35] is a closed string model that contains the

bosonic string in the spacetime R1,D−1 × ΓN as the left-moving part, and the su-

perstring in the spacetime R1,D−1 as the right-moving part. Here the internal

discrete momenta span the N-dimensional torus ΓN to form a lattice λN . Loop

finiteness (modular invariance) requires D = 10 and N = 16 with an even self-

dual lattice. Since we are not concerned with this important stringy property,

we can choose other values of D, say D = 4 here, and λN for U(N) or S O(2N).

On the massless level, the left-movers contain the vector modes and the color

modes, where the color modes contain either the discrete momenta KI ’s, which

correspond to the roots of the Lie algebra, or the polarizations ζ I in the lattice

λN , which correspond to vectors in the Cartan subalgebra. The right-movers

contain the vector modes and the spinor modes. We shall use the superscript

(v), (c), (s) to denote the vector, color and spinor sectors.

The gluons in the heterotic string are the product of a left-moving color mode

and a right-moving vector mode, i.e., (color)×(vector). We shall use the fact that,

in the zero slope limit, the M-gluon tree heterotic scattering amplitudesAhet
M-gluon

equals the M-gluon amplitude in Yang-Mills theory: limα′→0Ahet
M-gluon

= AYM
M .

Recall that AYM
M is gauge-invariant. Let us take a closer look at this issue.

Consider the terms inside the M-gluon amplitude (1.1) that have (M−4) common

channels (poles), with P̂ as their product. It is easy to convince oneself that there
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are 3 and only 3 such terms for each choice of P̂, so

P j = P̂s j, Pk = P̂sk, Pl = P̂sl (4.29)

where s j, sk and sl label the the remaining pole in the c j, the ck and the cl term

respectively. As will be shown later, the corresponding color factors satisfy the

color identity c j + ck + cl = 0.

Now, under the gauge transformation

n j → n′j = n j + ηs j

nk → n′k = nk + ηsk

nl → n′l = nl + ηsl (4.30)

where η is a local function of ki and ζi, we have

AYM
M =

c jn j

P j
+

cknk

Pk
+

clnl

Pl
+ rest =

c jn j

P̂s j

+
cknk

P̂sk

+
clnl

P̂sl

+ rest

→ A′YM
M =

c jn′j

P̂s j

+
ckn′k
P̂sk

+
cln′l
P̂sl

+ rest

= AYM
M +

η

P̂

(

c j + ck + cl

)

= AYM
M (4.31)

So we see that AYM
M is invariant under this transformation. A general gauge

transformation of interest here can be decomposed into (M − 3)(2M − 5)!!/3 (not

all independent) transformations, each involving a triplet of terms inside AYM
M

as in the case just discussed. For the same product P̂ of (M − 4) poles, either

2 or 0 terms with P̂ in the denominator appear in each partial amplitude Atree.

For the partial amplitudes with 2 such terms appearing, these 2 terms always

appear with opposite signs (in the sign convention where c j + ck + cl = 0) so that

the gauge terms ∝ η cancel. So Atree is also gauge-invariant, as it should be.

An M-point L-loop heterotic string amplitude has only one closed string dia-

gram. The KLT relation [39] shows that the heterotic string tree scattering ampli-
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tude can be written as a sum of terms, each of which is a product of a left-moving

tree scattering amplitude, a right-moving tree scattering amplitude and a factor

involving only momentum invariants. These left and right tree amplitudes can

be expressed as open string amplitudes.

A typical M-point open string tree ordered amplitude is an integral with M

Koba-Nielsen variables xi. Mobius invariance allows us to fix any 3 of them, say

x1 = 0, xM−1 = 1 and xM = ∞. So the ordered A(1...M) takes the form (up to an

x-independent factor in front)

A(1...M) =
∫ 1

0
Π

M−2
i=2 dxiΘ(xi+1 − xi)ΠM> j>i≥1(x j − xi)

α′ki ·k j/2+m ji (4.32)

where m ji are integers. Extending any one of the variables from −∞ to +∞ and

closing the the contour leads to a vanishing integral. For example, extending

the integration of x2 to (−∞,+∞) and closing its contour, we have [49]
∫ ∞

−∞
dx2

∫ 1

0
Π

M−2
i=3 dxiΘ(xi+1 − xi)ΠM> j>i≥1(x j − xi)

α′ki ·k j/2+m ji = 0 (4.33)

Now we can break this x2 integral into ordered pieces: −∞ → 0, 0→ x3, x3→ x4,

... , and 1 → ∞. Up to a phase, each equals a different ordered open string

amplitude. This way, we obtain a relation among the set of Aopen’s. Extend-

ing the other xi from −∞ to +∞ on other ordered amplitudes yields additional

identities, not all of them are independent. As a result of these identities, there

are only (M − 3)! number of independent ordered open string partial ampli-

tudes Aopen’s. For a convenient set of the basis amplitudes, we may choose

A(1, σ2, σ3, ...., σM−2, M − 1, M), where the first and the last 2 particle positions

are fixed, and the permutations involve the remaining (M − 3) particles sand-

wiched between the first and the (M − 1)th ones [39].

In the zero slope limit, the phases drop out in the real part of the integral

mentioned above so it yields a relation among the (M − 1) ordered amplitudes
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[15],

A(213...(M−1)M)+A(123...(M−1)M)+A(132...(M−1)M)+...+A(13...(M−1)2M) = 0

(4.34)

This and similar relations (real-sid, or the real parts of the open string identities)

are known as the Kleiss-Kuijf relations [41]. These real-SID can be used to re-

duce the number of amplitudes to a smaller set with (M − 2)! Atrees. This allows

one to simplify the sum (4.35) into (M − 2)! terms [23],

AM = gM−2
∑

σ∈S M−2

f̃ a1aσ2 x1 f̃ x1aσ3 x2... f̃ xM−3aσM−1aM Atree(σ1σ2σ3....σM) (4.35)

where S M−2 is the permutation group for (2, ...M − 1). Using the Jacobi identity

repeatedly, one can show that it is equivalent to (4.1).

The imaginary part of the above integral yields another identity (im-SID)

among all of them except A(123...(M − 1)M) which is real to start with. This

yields [15],

(k2 · k1)A(213...(M − 1)M) −
M−1
∑

i=3

( i
∑

j=3

k2 · k j

)

A(13...i, 2, (i + 1)...(M − 1)M) = 0 (4.36)

Extending the other xi from −∞ to +∞ on other ordered amplitudes yields addi-

tional identities, not all them independent. These identities are among gauge-

invariant Atrees and so are gauge invariant themselves. As a result of these iden-

tities, there are now only (M −3)! number of independent Atrees. They form a set

of basis amplitudes.

The open string identities from the contour integral of analytic expressions

hold for both the left- and the right-moving parts. The residues of the left-

moving string identities for the discrete momenta (color factor) will yield the

color identities (4.7). The right-moving string identities for the partial ampli-
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tudes have exactly the same form as the left-movers. If we decompose the right-

moving partial amplitudes into channels, with numerators n j’s, then the right-

moving open string identities just give the identities for n j (even when the ni’s

are not gauge invariant). In particular, this leads to a set of kinematic identities

(4.9). This is summarized in Table 1.

Momenta String identity Comment
Left: ci(KI , ζ I) discrete momenta ci + c j + ck = 0 color id.
Right: ni(k, ζ) spacetime mo-

menta
ni + n j + nk = 0 kinematic id.

Table 4.1: Identities inside the M-gluon tree scattering amplitudes

The open string amplitude identities do not depend on the details of the nu-

merator factors in the channel decomposition of the partial amplitudes. They

can be the color factors c j or the kinematic factors n j. When applied to the left-

movers, the open string amplitude identities yield the color identities when ap-

plied to the internal dimensions, λh, and yields the kinematic identities when

applied to the spacetime dimensions. This one-to-one identity enables us to

use the Jacobi identity to locate the color identity and hence the corresponding

kinematic identities. Heterotic string also contains the graviton sector, which

has both the left-moving and right-moving momenta non-compact and in the

spacetime R1,D−1. The graviton scattering amplitude can also be calculated by

the KLT relation for the heterotic string, and the scheme is summarized as fol-

lowing:

Here ni(k, ξ) is simply ni(k, ζ) with the polarizations ζi replaced by a new set

of polarizations ξi. Note that there are 2 sets of dual pairs here:

(1) the c j’s and the n j’s in Table 1, which is present within YM amplitudes and

(2) the c j’s in Table 1 and the n j’s in the left-moving sector in Table 2.
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Momenta String identity Comment
Left: ni(k, ξ) spacetime mo-

menta
ni + n j + nk = 0 kinematic id.

Right: ni(k, ζ) spacetime mo-
menta

ni + n j + nk = 0 kinematic id.

Table 4.2: Identities inside the M-graviton scattering amplitudes

So, if we replace the left-moving amplitude with discrete momenta and polar-

izations inside the lattice λN for the Lie algebra (say S U(N)) by the left-moving

amplitude with spacetime momenta and polarizations, we convert the M-gluon

scattering amplitude into the M-graviton scattering amplitude (up to a factor of

α′M−3),

AYM
M =

∑

i

cini

Pi
⇐⇒ Agrav

M-graviton =

∑

i

ni(k, ξ)ni(k, ζ)
Pi

(4.37)

Now there are (M − 3)! independent left-moving partial amplitudes and

(M − 3)! independent right-moving partial amplitudes. Since a heterotic string

amplitude is a sum over the product of a left- and a right-moving amplitude, we

can express it as a sum over [(M − 3)!]2 terms of a left-moving basis amplitude

times a right-moving basis amplitude. However, a judicious choice of basis am-

plitudes can reduce the number of terms in the sum, especially when M is large.

The resulting smallest number of terms known is given in Table 3, which also

gives a summary of the counting of n j’s and other relevant quantities as well.

The counting of c j’s is exactly the same as that for the n j’s. Taking the (M − 3)!

independent AR
= Atree as the set of basis amplitudes, we can interpret the KLT

formula for Ahet
M (0) = AYM

M as expressing AYM
M as the linear combination of the

(M − 3)! basis amplitudes Atrees.
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# external gluons M 4 5 6 7
# channels inAYM

M = #
n j

(2M − 5)!! 3 15 105 945

# partial amplitudes
Atree

(M − 1)!/2 3 12 60 360

# channels in each
Atree

2M−2(2M − 5)!!/(M − 1)! 2 5 14 42

# independent im-
SID

(M − 3)!(M − 3) 1 4 18 96

#Atree in a real-SID M − 1 3 4 5 6
#Atree in an im-SID M − 2 2 3 4 5
# triplets in each im-
SID

2M−3(M − 3)(2M − 7)!!/(M − 2)! 1 4 15 56

# identities among n j (M − 3)(2M − 5)!!/3 1 10 105 1260
# indep. kin. identi-
ties

(2M − 5)!! − (M − 2)! 1 9 81 825

# independent n j (M − 2)! 2 6 24 120
# basis Atrees (M − 3)! 1 2 6 24
# of terms in the KLT (M − 3)![ 1

2(M − 3)]![ 1
2(M −

3)]!, M odd
1 2 12 96

relation (M − 3)![ 1
2(M − 4)]![ 1

2(M −
2)]!, M even

Table 4.3: Summary of the counting of the kinematic factors n j or equiv-
alently the color factors c j. Note that the number of identities
among the n j’s are not all independent. Here, real-SID refers to
the real part of an open string amplitude identities (equivalent
to the Kleiss-Kuijf relations) and im-SID refers to the imaginary
part of an open string amplitude identities [15]. The number of
Atree’s refers to the number before the real-SID and the im-SID.
Some entries are already given in Ref.[9, 39, 15].

4.3 The 4-Gluon Tree Amplitude from the Heterotic String

Model

As an illustration, we consider the 4-gluon tree scattering amplitudes in het-

erotic string model. This is a long path in obtaining the color identity as well

as the kinematic identity. However, its generalization to M-point is straightfor-
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ward once we see the underlying properties.

Here, we shall take the following steps to prove the BCJ conjecture forAYM
4 :

• We show that the color factor c j’s emerge as the residue of the different

channels in the left-moving amplitude in the color sector. Using the con-

tour integral for these left-moving open string amplitudes, we prove the

color identity (4.4) for the c’s.

• When applied to the right-moving open string amplitudes for the vector

sector, the same contour integral argument yields the kinematic identity

(4.5). In this manner, the kinematic identity (4.5) is dual to the color iden-

tity (4.4).

• Finally, the KLT relation is used to construct the complete 4-gluon ampli-

tude and show its decomposition (4.2). Here, the duality between c j and

n j are manifest.

Another way to see the duality property is to replace the c j’s in the left-movers

by the n j when we go from the compactified space to spacetime. This yields the

4-graviton scattering amplitude.

4.3.1 Left-moving amplitudes

The left-moving amplitude can be thought as open-string amplitudes with four

vertex operator with either compact momentum KI or the Cartan sub-Lie alge-

bra vector ζ I instead of the polarization ζµ. It is straightforward to write out the
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amplitudes for different orderings of the vertex operators,

AL(c)
2134 = i2 · co(2134)·

(

− α
′

4

)

·
∫ 0

−∞
dx2 (−x2)

α′
2 k1·k2+2α′K1·K2(1− x2)

α′
2 k2·k3+2α′K2·K3 f (x2) (4.38)

AL(c)
1234 = i2 · co(1234)·

(

− α
′

4

)

·
∫ 1

0
dx2 x

α′
2 k1·k2+2α′K1·K2

2 (1− x2)
α′
2 k2·k3+2α′K2·K3 f (x2) (4.39)

AL(c)
1324 = i2 · co(1324)·

(

− α
′

4

)

·
∫ ∞

1
dx2 x

α′
2 k1·k2+2α′K1·K2

2 (x2 − 1)
α′
2 k2·k3+2α′K2·K3 f (x2) (4.40)

The factor i2 comes from the vertex normalization, while for general M-point

scattering amplitude, it would be iM−2. The normalization factor (−α′4 ) is in-

cluded to obtain the correct normalization for the color factors, which are di-

mensionless, cancel the undeserved overall factors of the c’s. The coefficients

co(2134)etc. are cocycles for the root lattice,

co(2134)= (−1)K2?K2+K3?K1+K4?K3+K4?K1 (4.41)

co(1234)= (−1)K1?K1+K3?K2+K4?K3+K4?K2 (4.42)

co(1324)= (−1)K1?K1+K2?K3+K4?K3+K4?K2 (4.43)

The function f (x2) contains ζ I, the “polarization” in the Cartan subalgebra in

the color lattice,

f (x2) = exp
(

∑

i> j

ζ I
i ζ

I
j

(xi − x j)2
−

∑

i, j

ζi · K j

(xi − x j)

)

∣

∣

∣

∣

∣multiple-linear
, (4.44)

where only the multi-linear terms in ζ I
i ’s are kept. We have already shifted α′ to

α′/4 in order to use the KLT relation later. However, the discrete momentum KI

just appears on the left-moving amplitude, so the exponent like 2α′K1 · K2 is not

changed by this shift and we can just set α′ = 1/2 for this product in calculations

here.

77



The 3 amplitudes (3.1)-(4.40) are related since we can consider the contour

integral,

0 =
∫ ∞+iε

−∞+iε
dx2 x

α′
2 k1·k2+2α′K1·K2

2 (1− x2)
α′
2 k2·k3+2α′K2·K3 f (x2). (4.45)

In terms of the string amplitudes, this reads,

0 = (−1)K1·K2eiπ( α
′

2 k1·k2) · co(2134)AL(c)
2134+ co(1234)AL(c)

1234

+ (−1)K2·K3e−iπ( α
′

2 k2·k3)co(1324)AL(c)
1324 (4.46)

However, it is easy to check that,

(−1)K1·K2co(2134)= co(1234)= (−1)K2·K3co(1324). (4.47)

Therefore we get the string identity,

eiπ( α
′

2 k1·k2)AL(c)
2134+ AL(c)

1234+ e−iπ( α
′

2 k2·k3)AL(c)
1324= 0. (4.48)

In the low energy limit, we have AL(c)
1234

∣

∣

∣

α′→0
≡ AL(c)

1234 etc. Only the massless poles

survive in this limit, so we have

AL(c)
2134 = −

c̃s

s
+

cu

u

AL(c)
1234 =

cs

s
− c̃t

t

AL(c)
1324 = −

c̃u

u
+

ct

t
. (4.49)

The lowest order of (4.48)’s real part (real-SID) yields 1

AL(c)
2134+ AL(c)

1234+ AL(c)
1324= 0 (4.50)

which simplifies to the relations of the ci coefficients,

c̃s = cs, c̃u = cu, c̃t = ct. (4.51)

1Here the real (imaginary) part means that we choose the real (imaginary) part of the phases

eiπ( α
′

2 k1·k2). Because the left-moving partial amplitudes AL(c) are either pure real or pure imaginary
for fixed M, this separation of the phases is valid.
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Furthermore, the lowest order of the imaginary part (im-SID) of (4.48)’s gives,

sAL(c)
2134= tAL(c)

1324 (4.52)

which reduces to the Jacobi identity, cs + ct + cu = 0 (4.4).

In Appendix B, we explicitly see that cs = f̃ a1a2b f̃ ba3a4, cu = f̃ a3a1b f̃ ba2a4, and

ct = f̃ a2a3b f̃ ba1a4. So these c’s defined in (4.49) are the same as that in [9]. Hence

we see that the left-moving amplitude gives the color factors c’s and the Jacobi

identity (4.4) they satisfy. We readily admit that this is a complicated way to

obtain a very simple result. The payoff is in the parallel derivations of the color

identity and the kinematic identity, to which we now turn.

4.3.2 Explicit determination of the color factors for the 4-point

amplitude

Because Eq.(4.24) gives the correct Yang-Mills 4-gluon scattering amplitude, we

know that the factor cs must contain the color index like f̃ a1a2b f̃ ba3a4. In this

appendix, we explicit calculate the c’s and hence check Eq.(4.3). The pattern

for general M should be clear.

The emergence of the Lie group G in the heterotic string bosonic construc-

tion is interesting. To take advantage of the discrete momenta, we have to dis-

tinguish the generators in the Cartan-sub Lie algebra and those corresponding

to vectors in the root lattice. The calculation of the color factors c’s in the 2 cases

are different. However, as expected, the end result puts all the color indices on

an equal footing as claimed by Eq.(4.3).
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• Four color indices as root vectors. In this case, all the vertex operators

contain KI but no ζ I. As usual, the Mandelstam variables are defined

S = −(K1 + K2)
2,U = −(K1 + K3)

2, T = −(K1 + K4)
2, (4.53)

and S + T + U = −4/α′. For simplicity, we set α′ = 1/2 when it is com-

bined with the discrete momenta but still keep α′ when it is multiplying

the spacetime momentum.

We can write the amplitude in terms of the Beta functions, in the zero slope

limit,

A(c)
L,1234 =

α′

4
co(1234)· B(−α

′s
4
− 1

2
S − 1,−α

′t
4
− 1

2
T − 1)

∼ co(1234)· −1
s
(δS ,−2 + K1 · K3δS ,0)

+co(1234)· (−1)T/2
1
t
(δT,−2 + K1 · K2δT,0). (4.54)

Here “∼” means the lowest order in energy, i.e., in α′s etc. Comparing with

Eq.(4.49), we have,

cs = −co(1234)· (δS ,−2 + K1 · K3δS ,0) (4.55)

ct = −co(1324)· (δT,−2 + K1 · K2δT,0). (4.56)

Similarly, we have,

A(c)
L,2134 = co(2134)· B(−α

′s
4
− 1

2
S − 1,−α

′u
4
− 1

2
U − 1)

∼ co(2134)· −1
s
(δS ,−2 − K1 · K3δS ,0)

+co(2134)· 1
u

(δU,−2 + K2 · K3δU,0). (4.57)

Comparing with Eq.(4.49) again,

cs = co(2134)· (δS ,−2 − K1 · K3δS ,0) (4.58)

cu = −co(2134)· (δU,−2 + K2 · K3δU,0). (4.59)
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Again, we get the factor cs. Note that since co(2134)· (−1)S/2 = co(1234),

the two results are identical. This is a consequence of the contour integral

argument. Now we can compare them with the commutators. From the

normalization convention in Eq.(2.29), (2.30) and (2.31),

f̃ a1a2b f̃ ca3a4gbc = −co(1234)· (δS ,−2 + K1 · K3δS ,0) (4.60)

˜f a3a1b f̃ ca2a4gbc = −co(1324)· (δT,−2 + K1 · K2δT,0) (4.61)

˜f a2a3b f̃ ca1a4gbc = −co(2134)· (δU,−2 + K2 · K3δU,0). (4.62)

Hence in this case, Eq.(4.3) is checked explicitly.

• Three color indices as root vectors. Without loss of generality, we set the

first vertex operator has to have its color index in the Cartan subalgebra,

i.e., K1 = 0. The string amplitude calculation is straightforward; here we

just keep the lowest order in α′s etc,

A(c)
2134 = (−1)K4?K2+K4?K3+K3?K2

(1
s

K2 · ζ1 −
1
u

K3 · ζ1

)

(4.63)

A(c)
1234 = (−1)K4?K2+K4?K3+K3?K2

(

− 1
s

K2 · ζ1 −
1
t
(K3 + K2) · ζ1

)

(4.64)

A(c)
1324 = (−1)K4?K2+K4?K3+K3?K2

(1
t
(K2 + K3) · ζ1 −

1
u

K3 · ζ1

)

(4.65)

Hence we can read the value of c’s,

cs = −(−1)K4?K2+K4?K3+K3?K2K2 · ζ1 (4.66)

cu = −(−1)K4?K2+K4?K3+K3?K2K3 · ζ1 (4.67)

cs = −(−1)K4?K2+K4?K3+K3?K2K4 · ζ1 (4.68)

It is clear that cs+cu+ct = 0. We can compare the c’s with the commutators,

f̃ a1a2b f̃ ca3a4gbc = −(−1)K4?K2+K4?K3+K3?K2K2 · ζ1 (4.69)

f̃ a3a1b f̃ ca2a4gbc = −(−1)K4?K2+K4?K3+K3?K2K4 · ζ1 (4.70)

f̃ a2a3b f̃ ca1a4gbc = −(−1)K4?K2+K4?K3+K3?K2K3 · ζ1 (4.71)
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Again, Eq.(4.3) is checked explicitly.

• Two generators in Cartan subalgebra

For this case, we can set the first and third generator in the Cartan subal-

gebra, K1 = K3 = 0. The same calculation gives

A(c)
2134 = −

1
s
(−1)K2?K2(K2 · ζ1)(K2 · ζ3)

A(c)
1234 = (−1)K2?K2

{1
s
(K2 · ζ1)(K2 · ζ3) +

1
t
(K2 · ζ1)(K2 · ζ3)

}

A(c)
1324 = −

1
t
(−1)K2?K2(K2 · ζ1)(K2 · ζ3) (4.72)

so,

cs = (−1)K2?K2(K2 · ζ1)(K2 · ζ3)

cs = −(−1)K2?K2(K2 · ζ1)(K2 · ζ3)

cu = 0 (4.73)

It is easy to get

f̃ a1a2b f̃ ca3a4gbc = (−1)K2?K2(K2 · ζ1)(K2 · ζ3) (4.74)

f̃ a3a1b f̃ ca2a4gbc = −(−1)K2?K2(K2 · ζ1)(K2 · ζ3) (4.75)

f̃ a2a3b f̃ ca1a4gbc = 0 (4.76)

so Eq.(4.3) is again checked explicitly.

All the other cases are also straightforward. This completes the check of

the color properties for 4-point scattering amplitude, that the c j’s are the

correct color factors satisfying the Jacobi identity.
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4.3.3 Right-moving amplitudes

The right-moving superstring amplitudes are obtained in the same way as the

left-movers. Here we introduce the gluon polarizations ζµi and continuous mo-

menta kµi ,

AR(v)
2134 =

8i

α′2

( 1
√

2

)2 ∫ 0

−∞
dx2 (−x2)

α′
2 k1·k2(1− x2)

α′
2 k2·k3 f̄ (x2) (4.77)

AR(v)
1234 =

8i

α′2

( 1
√

2

)2 ∫ 1

0
dx2 x

α′
2 k1·k2

2 (1− x2)
α′
2 k2·k3 f̄ (x2) (4.78)

AR(v)
1324 =

8i

α′2

( 1
√

2

)2 ∫ ∞

1
dx2 x

α′
2 k1·k2

2 (x2 − 1)
α′
2 k2·k3 f̄ (x2) (4.79)

where the f̄ (x2) contains the polarizations,

f̄ (x2) = exp
(

α′

2

∑

i> j

ζi · ζ j

(xi − x j)2
− α

′

2

∑

i, j

ζi · k j

xi − x j

)

∣

∣

∣

∣

∣multiple-linear
. (4.80)

and we set x1 = 0, x3 = 1 and x4 = ∞. The overall factor 8i/α′2 comes from

the sphere amplitude normalization which is the same for arbitrary M-point

scattering amplitude. As the left-moving amplitude, we already replaced the α′

in open string amplitude, by α′/4, to match the close string decomposition. The

factor (1/
√

2)2 comes from the commutator convention [T a, T b] = i
√

2 f abcT c, and

exponent “2” in (1/
√

2)2 really means M − 2 in the general case.

By the same argument for the left-moving part, we have the identity,

eiπ( α
′

2 k1·k2)AR(v)
2134+ AR(v)

1234+ e−iπ( α
′

2 k2·k3)AR(v)
1324= 0. (4.81)

The right hand amplitude like A(v)
1234 etc. is just the open string amplitude Aopen

1234

with α′ replaced by α′/4. However, in the zero slope limit α′ → 0, the open

string amplitudes reduce to the Yang-Mills color-ordered partial amplitudes,

which have no dependence on α′. Therefore, in the same limit,

lim
α′→0

AR(v)
1234≡ AR(v)

1234= Atree(1234) (4.82)
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etc., because the right moving amplitudes have the same forms as the open

string amplitudes whose zero slope limit are the Yang-Mills color-ordered par-

tial amplitudes. The lowest order in α′ of (4.81) will determine the identities of

the partial amplitude.

AR(v)
2134+ AR(v)

1234+ AR(v)
1324= 0 (4.83)

sAR(v)
2134= tAR(v)

1324 (4.84)

which was obtained in [15]. Note that these identities involve only the gauge

invariant partial amplitudes. We can decompose the partial amplitudes A’s into

different channels to obtain

AR(v)
2134 = −

ns

s
+

nu

u

AR(v)
1234 =

ns

s
− nt

t

AR(v)
1324 = −

nu

u
+

nt

t
. (4.85)

so Eq.(4.84) yields the kinematic identity ns + nt + nu = 0 (4.5). which is dual to

the Jacobi identity cs + ct + cu = 0. Although the partial amplitudes are gauge

invariant, the n j are not. However, the kinematic identity (4.5) is also gauge-

invariant.

4.3.4 The Yang-Mills amplitude

Finally, we can use the KLT relation to find the 4-gluon string amplitude and its

field theory limit. For 4-gluon amplitude, the KLT relation [39] reads,

Ahet
4-gluon = −π

(g
π

)2

sin
(

π
α′

2
k2 · k3

)

·
(

− 4
α′

)

AL(c)
1234A

R(v)
1324. (4.86)
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The low energy limit can be obtained by keeping the lowest order in α′ in each

term,

Ahet
4-gluon(0) = −π2

(g
π

)2

tAL(c)
L,1234A

R(v)
1324. (4.87)

Note that all α′ cancel as they should. Using Eq.(4.49) and Eq.(4.85) we obtain

Ahet
4-gluon(0) = −π2

(g
π

)2

t(
cs

s
− ct

t
)(−nu

u
+

nt

t
) (4.88)

= g2
(csns

s
+

cunu

u
+

ctnt

t

)

, (4.89)

where the identities (4.4), (4.5) and s + t + u = 0 are used. This is the 4-gluon

amplitudeAYM
4 (4.2) or (4.24).

4.4 M-gluon Tree Scattering Amplitudes

The above analysis generalizes to the M-gluon amplitudes. However, for M > 4,

the subtle issue of gauge dependence emerges, complicating the analysis. In this

section, we consider the M-gluon heterotic string tree amplitude that yields the

corresponding Yang-Mills scattering amplitude,

• The heterotic string left-moving amplitudes for the color sector introduces

the ci’s, which are the color factors. By the contour integral argument, ci’s

satisfy linear identities, which are shown to be the color (Jacobi) identities

(4.7). The discreteness of the internal momenta makes the generalization

to general M straightforward.

• The heterotic string right-moving amplitudes for the vector sector intro-

duces the kinematic factors n j’s. The same contour integral arguments

yield the identities among the Atrees, and can be expressed into identities

among the n j’s. Due to the continuous nature of the spacetime momenta,
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the gauge dependence issue needs a more careful treatment. In particular,

we obtain a refined version of the BCJ conjecture [9], namely the kinematic

identities (4.9).

• By the KLT relations, the complete amplitude is a product of left and right

moving-amplitudes, which reproduces the M-gluon amplitude via the re-

lation (4.11).

4.4.1 Left-moving amplitudes

As before, the left-moving amplitude is the scattering amplitude of holomorphic

vertex operators with spacetime momenta kµi and color parts (discrete momen-

tum KI
i or discrete polarization ζ I

i ), but without the spacetime polarization.

For M-point scattering amplitude, up to cyclic symmetry, there are (M − 1)!

vertex orderings, say, AL(c)
σ1σ2...σM−1M, where σ is a permutation of the first M − 1

vertices. Again, its zero slope limit is AL(c)
σ1σ2...σM−1M, which will be used for the

Yang-Mills scatting amplitude. For the sake of simplicity, we shall use the Greek

letters α, β etc. to represent the vertex order like “σ1σ2...σM−1M”.

Each AL(c)
α contains 2M−2(2M − 5)!!/(M − 1)! channels [9],

AL(c)
α =

∑

P

cα,P
P
, (4.90)

where P is a product of (M − 3) poles, going through these different 2M−2(2M −

5)!!/(M − 1)! channels. (Note that the number of channels is C(M − 2), where

C(n) is simply the nth Catalan number.) For example, there are two channels for

AL(c)
1234, i.e., P is s or t.
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For M points, the generalization of Eq.(4.3) is,

cα,P = Contraction of the f̃ s. (4.91)

where the r.h.s. is determined by the rules in the channel decomposition sub-

section,

• Draw a color-ordered diagram according to the ordering α and the pole P

by using the 3-point vertices only.

• For each 3-point vertex, read f̃ abc if (abc) is CCW. For each propagator, read

δab.

Eq.(4.91) can be proven for general M by the unitarity relation of the tree ampli-

tude and the induction on M. As in the M = 4 case, cα,P, which corresponds to

the lowest order in α′ in string amplitude, does not have spacetime momentum

dependence. So there is no contact terms in the left-moving amplitude, and the

expansion (4.90) is well-defined.

It is obvious that two different vertex-operator orderings, α and β, may con-

tain a common channel and so there exist two factors cα,P and cβ,P with the same

P. An example is the two 6-point diagrams in Fig.4.1 (disc diagrams in open

string theory), where AL(c)
123456and AL(c)

341256contain the common channel which cor-

responds the same pole P = −(k1 + k2)2(k3 + k4)2(k5 + k6)2, which are related by

AL(c)
123456,P = −AL(c)

341256,P. In cases like this, we have,

cα,P = ±cβ,P, (4.92)

cases where a minus sign will appear each time when we flip the two legs of

an internal vertex. The color factors satisfy the color identities which always

involve 3 c’s. This can be verified either by the explicit formula Eq.(4.91) and

87



the Jacobi identity or the contour integral argument similar to the 4-point case,

as we shall explain now.

4.4.2 Contour integral method and the color (Jacobi) identities

As in the M = 4 case, we can use the contour integral argument on the left-

moving open string tree amplitudes to prove Eq.(4.92) and also all the identities

for the color factors.

The M-point open string tree amplitude involves M − 3 integrals over the

Koba-Nielsen variables (vertex operators’ positions along the real axis), so there

are many ways to use the contour integral argument. Here we just show a par-

ticular way which gives all the color (Jacobi) identities.

A general color identity for the color factors, which appears in the tree level

amplitude, corresponds to the “s”,“t”,“u” channels of four sub-diagrams con-

nected by an internal line. See the diagrams in Fig. 4.2, where A,B,C,D are four

sub-diagrams. [A],[B],[C],[D] are the color factors of the correspondent sub-

diagrams, while a, b, c, d are the “output” color indices of each diagram. The

sum of the three diagram’s color factors vanishes,

[A][ B][C][D]( f̃ abe f̃ ecd
+ f̃ bce f̃ ead

+ f̃ cae f̃ ebd) = 0 (4.93)

because of the Jacobi identity.

Without loss of generality, we use the following notations for the vertex la-

bels, orderings and poles,
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Figure 4.2: General color (Jacobi) identity for the color factors in tree dia-
grams. The discs A, B, C and D represent the sub-diagrams.

Sub-diagram Vertex ordering Pole Color factor

A α = 1, ..., p P(A) [A]

B β = p + 1, ..., p + q P(B) [B]

C γ = p + q + 1, ..., p + q + r P(C) [C]

D δ = p + q + r + 1, ..., p + q + r + s P(D) [D]

Here p + q + r + s = M.

The string amplitude for the vertex ordering 1....M is,

AL(c)
1...M = iM−2

(

− α
′

4

)M−3

co(1...M) ·
∫

x1<...<xp−1<0
dx1...dxp−1

∫ 1

0
dxp+1

∫ 1

xp+1

dxp+2...

∫ 1

xp+q+r−1

dxp+q+r

∫

1<xp+q+r+2<...xM

dxp+q+r+2...dxM s(x) f (x), (4.94)

where we fixed xp = 0, xp+q+r+1 = 1 and xM = ∞. As before,

s(x) = xM(xM − 1)
∏

1≤i< j≤M

(x j − xi)
α′
2 ki·k j+2α′Ki·K j (4.95)

and

f (x) = exp
(

∑

1≤i< j≤M

ζi · ζ j

(xi − x j)2
−

∑

1≤i, j≤M

ζi · K j

(xi − x j)

)

∣

∣

∣

∣

∣multiple-linear
, (4.96)

again the ζ I
i ’s are the discrete polarizations in the Cartan Lie sub-algebra in the

internal compactified space.
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0 1

xp+1xp xp+q+r+1 xM

Figure 4.3: The contour integral over xp+1.

Consider the contour-integral of the analytic function s(x) f (x) in xp+1 over

the straight line just above the real axis (see Fig. (4.3)),

∫ ∞

−∞
dxp+1

{

iM−2( − α
′

4
)M−3co(1...M)

∫

dx s(x) f (x)
}

= 0 (4.97)

where
∫

dx stands for all the other integrals appearing in (4.94). This equation

is similar to the M = 4 case but with more pieces:

• 0 < xp+1 < 1. Here, there is only one term which is the original vertex

ordering,

AL(c)
1...M = AL(c)

αβγδ
(4.98)

• xp+1 < 0. Here, the variables xp+2, ..., xp+q+r are still larger than xp+1. Al-

though the orderings inside βγ and α remain unchanged, the relative or-

dering between βγ and α may change. If all the vertex operators in B and

C are to the left of A, we have

co(1...M)
co(βγαδ)

AL(c)
βγαδ

exp
( iπα′

2

p+q+r
∑

i=p+1

p
∑

j=1

ki · k j

)

(−1)2α
′∑p+q+r

i=p+1

∑p
j=1 Ki·K j . (4.99)

where the ratio between the two co-cycles appears because the two order-

ings αβγδ and βγαδ have different cocycles. The exponential term and the

power of the (−1) factor comes from the changes of the vertex-operator or-

derings. By repeating the reduction of Eq.(2.37), it is clear that the power
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of the (−1) factor, which records every adjacent permutation of the ver-

tices, would at the end cancel the ratio of the co-cycles. This cancellation is

general for any contour integral. So this term simplifies to

AL(c)
βγαδ

exp
( iπα′

2
(kB + kC) · kA

)

(4.100)

where we define

p
∑

i=1

ki = kA,

p+q
∑

i=p+1

ki = kB,

p+q+r
∑

i=p+q+1

ki = kC . (4.101)

Similarly, when all the vertex operators in B are on the left of that in A and

all the vertex operators in C are still on the right of A, we have,

AL(c)
βαγδ

exp
( iπα′

2
kB · kA

)

. (4.102)

For the rest of the terms, the orderings α, β and γ are mixed, for example,

and some operators in β are inserted into α. For these terms, we get,

AL(c)
σ1...σp+q+r,p+q+r+1,...,M exp

( iπα′

2

p+q+r
∑

i=p+1

p
∑

j=1

c(i, j;σ)ki · k j

)

(4.103)

where σ is a permutation of the vertices αβγ = 1...(p + q + r) which keeps

intact the relative orderings inside α, β and γ, respectively. So c(i, j;σ) = 1

if σi < σ j and c(i, j;σ) = 0 if σi > σ j.

• xp+1 > 1. In this case, because the integrals over all the other variables in β

and γ have the original upper bound 1, we have to reverse their integrals,

and obtain

(−1)q+r−1AL(c)
α,σp+1...σM

exp
(−iπα′

2

∑

i< j

c(i, j;σ)ki · k j

)

(4.104)

where σ is a permutation of the vertices p+1, ...M. Note that the orderings

inside β and γ are reversed, i.e., for any two indices i < j in βγ, σi > σ j.

Since we have fixed xM = ∞, these terms have mixed indices, with the

vertices in β are inserted into δ.
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In summary, the contour integral identity (4.97) takes the form

Eq.(4.98) + Eq.(4.100) + Eq.(4.102) + Eq.(4.103) + Eq.(4.104) = 0 (4.105)

which is the generalization of Eq.(4.48). Again, as in Eq.(4.48), the co-cycles do

not appear explicitly in the identity.

In the zero slope limit, the real part of Eq.(4.105) just gives Eq.(4.92).

For example, Eq.(4.105) have two terms, which contain the pole P ≡

−p(A)p(B)p(C)p(D)(kA + kB)2,

cαβγδ,P = −cβαγδ,P (4.106)

where the first terms comes from the amplitude AL(c)
αβγδ

while the second one

comes from AL(c)
βαγδ

in the zero slope limit.

The imaginary part of Eq.(4.105) gives the color identities in the zero slope

limit. The calculation is similar to the 4-point case, although we need to be

more careful since the internal momenta may be off shell, i.e., k2
A , 0. For the

zero slope limit, each one has the form, k2A(c). So we are not looking at the poles

−P(A)P(B)P(C)P(D)(kA + kB)2 of the order k2(M−3) but that of the order k2(M−4), say,

P′ = p(A)p(B)p(C)p(D). The mixing terms (4.103) and (4.104) cannot give this

pole when multiplied by a k2 term. So the relevant terms are just from (4.100)

and (4.102), AL(c)
βγαδ

(kA · kB + kA · kC), AL(c)
βαγδ

kA · kB which gives the six possible terms,

cβγαδ,−(kB+kC )2P′
kA · kB

−(kB + kC)2P′
, cβγαδ,−(kB+kC )2P′

kA · kC

−(kB + kC)2P′
(4.107)

cβγαδ,−(kA+kC )2P′
kA · kB

−(kA + kC)2P′
, cβγαδ,−(kA+kC )2P′

kA · kC

−(kA + kC)2P′
(4.108)

cβαγδ,−(kA+kB)2p′
kA · kB

−(kA + kB)2P′
, cβαγδ,−(kA+kC )2p′

kA · kB

−(kA + kC)2P′
(4.109)

where the third term cancels the last term, i.e, cβγαδ,−(kA+kC )2p′ = −cβαγδ,−(kA+kC )2p′ . For
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the first two terms, we can rewrite the momentum invariants as,

kA · kB + kA · kC = −
1
2

k2
A +

1
2

k2
D −

1
2

(kB + kC)2 (4.110)

The last term will cancel the (kB+kC)2 in the denominator, so we get the expected

pole P′. The k2
A term is not involved in this numerator of the pole term because if

kA is on shell, then this term vanishes. If the kA is off shell, then the k2
A appearing

in P(A) and also P′ would be cancelled by this new k2
A factor and hence the

P′ pole structure would be changed. In this manner, we further simplify the

identity to,

−cβγαδ,−(kB+kC )2P′ + cβγαδ,−(kA+kC )2P′ + cβαγδ,−(kA+kB)2P′ = 0 (4.111)

which is the color (Jacobi) identity (4.93) by Eq.(4.91). Since the sub-diagrams A,

B, C, D are completely general, we obtain all the possible color identities in the

tree level by this analysis. There are (2M − 5)!! channels and each channel con-

tains (M −3) internal lines, so there are (2M −5)!!(M −3) choices of (A)(B)(C)(D).

Each color identity involves 3 terms, so there are (2M − 5)!!(M − 3)/3 color iden-

tities.

We now have the counting given in Table 4.2 (n j’s replaced by c j’s), where

the number of ci means the ci identified by Eq.(4.92) but before the consideration

of the color identities. The number of ci is calculated from choosing one internal

line of a tree diagram. An independent set may be chosen as [23]

f a1aσ2 x1 f x1aσ3 x2... f xM−3aσM−1aM (4.112)

where σ’s are the (M − 2)! permutations of (2, 3, ...M − 1). So there are (M − 2)!

linearly independent ci’s.
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4.4.3 Right-moving amplitudes

Here we choose the right-moving vertex-operators from the vector sector, so for

example, the string amplitude for the vertex ordering 1....M is,

AR(v)
1...M =

8i
α′2

( 1
√

2

)M−2

·
∫

x1<...<xp−1<0
dx1...dxp−1

∫ 1

0
dxp+1

∫ 1

xp+1

dxp+2...

∫ 1

xp+q+r−1

dxp+q+r

∫

1<xp+q+r+2<...xM

dxp+q+r+2...dxM s̄(x) f̄ (x), (4.113)

where again we fixed xp = 0, xp+q+r+1 = 1 and xM = ∞. As before the function

s̄(x) is,

s̄(x) = xM(xM − 1)
∏

1≤i< j≤M

(x j − xi)
α′
2 ki·k j (4.114)

and the function f̄ (x) is,

f̄ (x) = exp
(

α′

2

∑

1≤i< j≤M

ζi · ζ j

(xi − x j)2
− α

′

2

∑

1≤i, j≤M

ζi · k j

xi − x j

)

∣

∣

∣

∣

∣multiple-linear
, (4.115)

where the ζi’s are the gluon polarizations.

The right-moving amplitudes AR(v)(ki, ζi) in the general M case satisfy the

same open string identities as the AL(c)’s. More specifically, the contour inte-

gral method for the right-moving part will yield similar equations like Eq.(4.97),

with all the AL(c)’s replaced by AR(v). In the zero slope limit,

AR(v)
aσ1 ,aσ2 ,...,an

→ AR(v)
aσ1 ,aσ2 ,...,an

= Atree(aσ1, aσ2, ..., an) (4.116)

which are the Yang-Mills partial amplitudes. Therefore, the real (real-SID) and

imaginary (im-SID) part of the string identities will generate the set of relations

for the partial amplitudes. The key difference between color and kinematic

identities become clear for M > 4.

Let us take a closer look at the general im-SID formula. We begin with the

partial amplitude A123...M−1,M and consider the contour integral in x2 while the
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relative order of (13...M − 1, M) are fixed. This yields the relation (4.35),

(k2 · k1)A(213...(M − 1)M)−
M−1
∑

i=3

( i
∑

j=3

k2 · k j

)

A(13...i, 2, (i+ 1)...(M − 1)M) = 0 (4.117)

Note that this contour is the same as (4.97) if we set β = 2. However, unlike the

discussion following (4.97), here we cannot simply pick up the residues but have

to work out all the terms inside this open string identity and find the relative

signs. Besides β, the remaining 3 vertex orderings α, γ and δ, which correspond

to the sub-diagram A, B and C, would combine into αβγδ = 12...M − 1, M, up

to cyclic permutations. By the cyclic permutation, we can always put the index

“1” inside α, so α = ...1, 3, ...i.

These identities contain only the gauge independent amplitudes AR(v) so are

very convenient for the KLT relation based on the left-moving AL(c) and right-

moving AR(v). If we want to show that the dual kinematic identities have the

same form as the color identities, we need to decompose the AR(v) into different

channels,

AR(v)
α =

∑

P

nα,P
P

(4.118)

where P goes through all the 2M−2(2M − 5)!!/(M − 1)! channels within the order-

ing α. However, the choice of explicit expressions for the nα,P’s is not unique.

(We may start with a particular choice, like the symmetric way according to

the color factors [21].) In general, each n j contains both a “residue” (or “non-

contact’) piece and a “contact” piece, and only the “residue” piece will obey the

kinematic identities.
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The terms inside (4.117) and related to the decomposition A, B, C and D are,

{

k2 · (k3 + ... + ki + kC) − k2 · (k3 + ... + ki)
}
nαγ2δ,−P′(k2+kC )2

−P′(k2 + kC)2

{

k2 · (k3 + ... + ki + kC + kD) − k2 · (k3 + ... + ki)
}
n2αγδ,−P′(k2+kA)2

−P′(k2 + kA)2

{

k2 · (k3 + ... + ki + kC + kD) − k2 · (k3 + ... + ki + kC)
}
n2αγδ,−P′(k2+kD)2

−P′(k2 + kD)2
(4.119)

where P′ = P(A)P(C)P(D). The related terms inside can be simplified into,

nαγ2δ,−P′(k2+kC )2 − n2αγδ,−P′(k2+kA)2 + n2αγδ,−P′(k2+kD)2

P(A)P(C)P(D)
. (4.120)

Repeat this process, the open string identity (4.117) is reduced to the ‘coupled”

dual identity,

∑

(A,C,D)

nαγ2δ,−P′(k2+kC )2 − n2αγδ,−P′(k2+kA)2 + n2αγδ,−P′(k2+kD)2

P(A)P(C)P(D)
= 0 (4.121)

where the sum is over all the possible decomposition (A,C,D) such that α2γδ =

123...M − 1, M up to cyclic permutation. Each (A,C,D) gives three terms, which

have the same form of the color (Jacobi) identities. Because the three sub-

diagrams A, C and D, can be interpreted as a (M − 1)-point channel with one

vertex removed, the number of (A,C,D) is

2M−3(2M − 7)!!(M − 3)
(M − 2)!

, (4.122)

so each open string identity contains 2M−3(2M − 7)!!(M − 3)/(M − 2)! triplets,

each of which has the form of the color (Jacobi) identities. Eq.(4.121) is gauge

invariant and holds in arbitrary choice of the n’s. When we pick up the residues

of (4.121), we get,

{

nαγ2δ,−P′(k2+kC )2 − n2αγδ,−P′(k2+kA)2 + n2αγδ,−P′(k2+kD)2
}

∣

∣

∣

residue
= 0 (4.123)

However, when M > 4, the dual identities themselves with the non-residue

terms do not hold for an arbitrary choice of the n’s.
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Let us give an example to illustrate the difference between the M = 4 case

and the M > 4 cases. Let us consider the M = 5 case. Using Eq.(4.121),

we can first draw the disc diagram with only (1345) in CCW direction, so

there are two 4-point channels. For each channel, we can remove one of the

2 vertices to get the (A,C,D), so there are four choices of (A,C,D): ((13),4,5),

(1,3,(45)),((51),3,4),(1,(34),5). Eq.(4.121) yields the gauge-independent identity

(4.10),

0 =
n(13)(42)5− n2(13)(45)+ n(13)4(52)

s13
+

n1(32)(45)− n(21)3(45)+ n(13)(45)2

s45
n(51)(32)4− n2(51)(34)+ n(51)3(42)

s15
+

n(34)2(51)− n(21)(34)5+ n1(34)(52)

s34
(4.124)

where s13 = −(k1+k3)2 etc and n(13)(42)5is the numerator factor in the s13s24 channel

in the partial amplitude A13425 in AR(v)
α (4.118) or equivalently in AYM

5 (4.1). The

details of the M = 5 case will be explained in Section 5. Here it suffices to

note that the 3 n j’s in any of the 4 triplets has a common pole which appears

in the respective denominator. If we replace the kinematic factors by the color

factors, then each triplet of color factors must sum to zero. That is how the

color identities appear. However, since the spacetime momenta are continuous,

this im-SID only implies that the residue of each pole term must vanish. For

general M, each im-SID involves a set of triplets, where each triplet of n j’s is the

numerator of a product of (M−4) poles that are common to the n j’s in that triplet.

This yields the set of kinematic identities (4.9), in one-to-one correspondence to

the color identities (4.7). For M = 5, we can prove that there always exists a

gauge choice so that each triplet sums exactly to zero. We have not been able to

extend the proof to general M. It is clear that even if such a gauge choice exists,

it is hard to find and so the exact identity (4.8) may not be that useful. On the

other hand, the im-SID in terms of the n j’s is gauge-independent and so may be

more useful. However, the existence of the exact identity (4.8) (but without the
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explicit construction of the n j’s ) can sometimes be useful.

To get a feeling of what to expect as M increases, we give an explicit example

for (4.121) for the M = 6 case. Now we need to draw a 5-point disc diagram with

(13456)in CCW direction, which contains 5 channels. For each channel, we can

remove one of the 3 vertices to get a choice (A,C,D), so there are 15 choices,

yielding

0 =
n1((34)2)(56)− n(21)(34)(56)+ n1(34)((56)2)

s34s56
+

n(1(34))(52)6− n(2(1(34)))56+ n(1(34))5(62)

s34s134
n((56)1)(32)4− n(2((56)1))34+ n((56)1)3(42)

s56s156
+

n(61)(32)(45)− n(2(61))3(45)+ n(61)3((45)2)

s45s16
n((61)3)(42)5− n(2((61)3))45+ n(6(13))4(52)

s16s163
+

n1((3(45))2)6− n(21)(3(45))6+ n1(3(45))(62)

s45s345
n(13)(42)(56)− n(2(13))4(56)+ n(13)4((56)2)

s13s56
+

n((13)4)(52)6− n(2((13)4))56+ n(2((13)4))56

s13s134
n1(32)(4(56))− n(21)3(4(56))+ n13((4(56))2)

s56s456
+

n(61)((34)2)5− n(2(61))(34)5+ n(61)(34)(52)

s61s34
n(5(61))(32)4− n(2((56)1))34+ n(5(61))3(42)

s16s165
+

n1(((34)5)2)6− n(21)((34)5)6+ n1((34)5)(62)

s34s345
n(13)((45)2)6− n(2(13))(45)6+ n(13)(45)(62)

s13s45
+

n(6(13))(42)5− n(2(6(13)))45+ n(6(13))4(52)

s13s136
n1(32)((45)6)− n(21)3((45)6)+ n13(((45)6)2)

s45s456
(4.125)

where s156 = −(k1 + k5 + k6)2 etc.. Here, n1((34)2)(56) is the numerator factor in the

s34s234s56 channel in the partial amplitude A134256in AR(v)
α (4.118). For M = 6, there

are 18 independent im-SID’s and each im-SID contains 15 triplets.

4.4.4 Yang-Mills amplitudes

In this subsection, we determine the Yang-Mills amplitude for M gluons,

AYM
M = gM−2

∑

P

cPnP

P
(4.126)
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where P goes through all the (2M−5)!! channels, i.e., all the different pole struc-

tures. The product cPnP means cα,Pnα,P, which actually has no dependence of

the vertex ordering α. A different ordering choice β will introduce ± signs by

Eq.(4.92) cα,P = ±cβ,P, nα,P = ±nβ,P, however, they always take the same sign so

cα,pnα,p = cβ,pnβ,p.

We can use the KLT relation [39] to derive Eq.(4.126),

Ahet
M-gluon =

( i
2

)M−3

π

(g
π

)M−2(

− 4
α′

)M−3 ∑

α,β

AL(c)
α AR(v)

β
F(α, β) (4.127)

where α, β are the 1
2(M−1)! vertex orderings since three vertices are fixed. F(α, β)

is the phase factor,

F(α, β) = exp
(

iπ
∑

i> j

f (
α′

2
ki · k j;α, β)

)

(4.128)

where (i > j)

f (
α′

2
ki · k j;α, β) =































α′

2 ki · k j if (αi − α j)(βi − β j) < 0

0 if (αi − α j)(βi − β j) > 0

(4.129)

so F(α, β) is symmetric in α and β. Contour integral will simplify the expression

(4.127) into a sum of the products of left-moving partial amplitudes and right-

moving partial amplitude, where the number of terms is given in [39],

(M − 3)!
[1
2

(M − 3)
]

!
[1
2

(M − 3)
]

!, if M is odd (4.130)

(M − 3)!
[1
2

(M − 4)
]

!
[1
2

(M − 2)
]

!, if M is even. (4.131)

There is a large number of the channels involved in this sum: since each partial

amplitude contains 2M−2(2M − 5)!!/(M − 1)! channels a naive counting suggests

that there are

22M−4

(M − 1)!(M − 1)(M − 2)

[

(
1
2

(M − 3))!(2M − 5)!!
]2

(4.132)
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cin j terms in the Yang-Mills amplitude if M is odd and a similarly large number

if M is even. However, the zero slope limit for the gluon sector is the same as

Yang-Mills theory, so only the “diagonal” terms survive,

Ahet
M-gluon|α′→0 = AYM

M =

∑

P

cα,Pnα,P
P

. (4.133)

As in the 4-point case, we conjecture that this simplification uses all the color

identities for c j’s and all the independent kinematic identities for n j’s. This is

explicitly checked for M = 5, to which we now turn.

4.5 The 5-gluon Tree Amplitude Example

Let us now illustrate the above discussion with the 5-point example. The prop-

erties of the 5-point open string amplitudes and their zero slope limit are dis-

cussed in Ref.[15, 42], while the Yang-Mills amplitudes are discussed in Ref.[9].

So here we shall emphasize the heterotic string properties. We shall also discuss

the gauge choice issue to get a sense of the underlying structure.

4.5.1 Left-moving amplitudes and color identities

We fix the three points x1 = 0, x4 = 1 and x5 = ∞, so the amplitude A12345 has the

integration region
∫ 1

0
dx2

∫ 1

x2

dx3 (4.134)

As in Eq.(4.105), the contour integral in x2 over the line above the real axis gives

0 = AL(c)
12345+ AL(c)

23145e
i α
′

2 (k1·k2+k1·k3)
+ AL(c)

21345e
i α
′

2 (k1·k2) − AL(c)
14325e

i α
′

2 (k1·k5) (4.135)
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where in this case, α = 1, β = 2, γ = 3 and δ = 34. The correspond poles are

pA = 1, pB = 1, pC = 1 and pD = −(k4 + k5)2.

Here we follow the conventions in Ref.[9] in labeling the color factors within

the left-moving amplitudes, in the limit α′ → 0,

AL(c)
5 (1, 2, 3, 4, 5) ≡ c1

s12s45
+

c2

s23s51
+

c3

s34s12
+

c4

s45s23
+

c5

s51s34
,

AL(c)
5 (1, 4, 3, 2, 5) ≡ c6

s14s25
+

c5

s43s51
+

c7

s32s14
+

c8

s25s43
+

c2

s51s32
,

AL(c)
5 (1, 3, 4, 2, 5) ≡ c9

s13s25
− c5

s34s51
+

c10

s42s13
− c8

s25s34
+

c11

s51s42
,

AL(c)
5 (1, 2, 4, 3, 5) ≡ c12

s12s35
+

c11

s24s51
− c3

s43s12
+

c13

s35s24
− c5

s51s43
,

AL(c)
5 (1, 4, 2, 3, 5) ≡ c14

s14s35
− c11

s42s51
− c7

s23s14
− c13

s35s42
− c2

s51s23
,

AL(c)
5 (1, 3, 2, 4, 5) ≡ c15

s13s45
− c2

s32s51
− c10

s24s13
− c4

s45s32
− c11

s51s24
, (4.136)

where si j = s ji = −(ki+k j)2. The rest left-moving partial amplitudes are not linear

independent, so they do not contain new c’s, for example,

AL(c)
21345=

c8

s25s34
+
−c15

s13s45
+
−c1

s12s45
+
−c9

s25s13
+
−c3

s12s34
. (4.137)

The leading real part of the open string identity (4.135) yields

0 = AL(c)
12345+ AL(c)

23145+ AL(c)
21345− AL(c)

14325 (4.138)

which determines the relative sign for the c’s appearing in different sub-

amplitudes. Eq.(4.136) has already taken advantage of this identity.

The leading order of the imaginary part of the identity (4.135) is,

0 = AL(c)
23145(s12 + s13) + AL(c)

21345s12+ AL(c)
14325s15 (4.139)

This identity contains 20 terms, each of which may contain a “single pole”, like

c15/s45 or a “double pole”, like −s12c4/s23s45. The basic strategy to simplify the
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identity is to combine the terms with the same ci together and use the kinetic

identities like,

s12 + s13 + s23 = s45 (4.140)

to eliminate the double poles. Now each ci is just the residue of a single pole.

We are left with 3 single-pole terms for each of the 4 different single poles: s45,

s23, s25 and s34.

−c6 + c8 + c9

s25
+
−c3 + c5 − c8

s34
− c1 − c4 − c15

s45
− −c2 + c4 + c7

s23
= 0. (4.141)

Since the coefficient of each pole term must vanish, we get four color identities,

c4 + c15 − c1 = 0

c4 + c7 − c2 = 0

c8 + c9 − c6 = 0

c3 + c8 − c5 = 0 (4.142)

which correspond to residue of the four single poles s45, s23, s25 and s34, respec-

tively. Note that the first identity is the special case of the general identity (4.111)

with α = 1, β = 2, γ = 3 and δ = 34.

We can repeat the above contour integral argument to get the rest of the color

identities. Similarly, for the configuration x5 = 0, x3 = 1, x4 = ∞ and
∫ 1

0
dx1

∫ 1

x1
dx2,

the contour integral in x1 gives,

c6 − c7 − c14 = 0

−c2 + c4 + c7 = 0

−c3 + c5 − c8 = 0

c3 + c12 − c1 = 0 (4.143)
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For the configuration x2 = 0, x4 = 1, x5 = ∞ and
∫ 1

0
dx1

∫ 1

x1
dx3, the contour integral

in x1 gives,

−c9 + c10 + c15 = 0

c1 − c4 − c15 = 0

−c3 + c5 − c8 = 0

c2 − c5 − c11 = 0. (4.144)

while the configuration x3 = 0, x4 = 1, x5 = ∞ and
∫ 1

0
dx1

∫ 1

x1
dx2, the contour

integral in x1 gives,

−c10 + c11 − c13 = 0

c2 − c5 + c11 = 0

c3 + c12 − c1 = 0

c1 − c4 − c15 = 0. (4.145)

So we get all the 10 color identities from four contour integrals. Other con-

tour integrals do not yield additional identities. Since the sum of any 9 of the 10

identities yields the remaining one, there are 9 independent color identities.

Note that these color identities can be read off directly by looking at the

diagrams. Consider any 4 (internal and/or external) lines that are connected

by another internal line. These 4 lines can be connected 3 different ways, the

equivalent of ” s, t, u” channels. The corresponding 3 color factors obey a color

identity, which is simply the Jacobi identity multiplied by a common factor of

the structure constant. Actually, this is a more efficient way to find the color

identities.
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4.5.2 Right-moving amplitude and the gauge choices

Now turn to the right-moving part for the gluon momenta and polarizations.

The analysis is the same as that for the color factors except for the crucial issue

of the contact contributions or the gauge choice. Let us define the ni’s to be local,

so that,

Atree
5 (1, 2, 3, 4, 5) ≡ n1

s12s45
+

n2

s23s51
+

n3

s34s12
+

n4

s45s23
+

n5

s51s34
,

Atree
5 (1, 4, 3, 2, 5) ≡ n6

s14s25
+

n5

s43s51
+

n7

s32s14
+

n8

s25s43
+

n2

s51s32
,

Atree
5 (1, 3, 4, 2, 5) ≡ n9

s13s25
− n5

s34s51
+

n10

s42s13
− n8

s25s34
+

n11

s51s42
,

Atree
5 (1, 2, 4, 3, 5) ≡ n12

s12s35
+

n11

s24s51
− n3

s43s12
+

n13

s35s24
− n5

s51s43
,

Atree
5 (1, 4, 2, 3, 5) ≡ n14

s14s35
− n11

s42s51
− n7

s23s14
− n13

s35s42
− n2

s51s23
,

Atree
5 (1, 3, 2, 4, 5) ≡ n15

s13s45
− n2

s32s51
− n10

s24s13
− n4

s45s32
− n11

s51s24
, (4.146)

The contour integral argument is exactly the same after we replace, in the

partial amplitudes (4.136),

L→ R, (c)→ (v), c j → n j (4.147)

For example, now the contour integral in x2 for AR(v)
12345, analogous to the relation

(4.135), reads

0 = AR(v)
12345+ AR(v)

23145e
i α
′

2 (k1·k2+k1·k3)
+ AR(v)

21345e
i α
′

2 (k1·k2) − AR(v)
14325e

i α
′

2 (k1·k5) (4.148)

and its imaginary part in the zero slope limit yields,

−n6 + n8 + n9

s25
+
−n3 + n5 − n8

s34
− n1 − n4 − n15

s45
− −n2 + n4 + n7

s23
= 0. (4.149)

The residue of each pole term must vanish. However, each of the 4 terms do

not have to vanish by itself. That is, the non-pole terms (the contact terms) can
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cancel among the 4 terms. In particular, n3 + n8 − n5 = ∆(ki, ζi)s34. Consider the

gauge transformation

n3→ n′3 = n3 + βs12 (4.150)

where the kinematic function β(ki, ζi) is local. Then invariance of

AR(v)
12345=

n4

s23s45
+

n5

s34s15
+

n1

s12s45
+

n2

s23s15
+

n3

s12s34

implies that

n5→ n′5 = n5 − βs15 (4.151)

and invariance of all the remaining partial amplitudes means

n8→ n′8 = n8 + βs25 (4.152)

It follows that AYM
M is invariant under this triplet of simultaneous transforma-

tions. Under this gauge transformation, we can choose β such that

n′3 + n′8 − n′5 = ∆s34 + β(s12+ s15+ s25) = (∆ + β)s34 = 0 (4.153)

Now we can repeat this process for n4 + n15 − n1 and n4 + n7 − n2 to obtain

n′4 + n′15− n′1 = 0, n′4 + n′7 − n′2 = 0 (4.154)

It then follows that n′8 + n9 − n6 = 0. That is, we need to make 3 simultaneous

gauge transformations to obtain the above 4 kinematic identities from the string

identity (4.149). The key is that the gauge transformation always involves 3 n j at

a time. It is precisely such a triplet of n j that appears in each kinematic identity.

With this preliminary discussion, we are now ready to consider the full set.

Since there are (M−3)! = 2 basis amplitudes out of (M−2)! = 6 amplitudes Atrees,

there are 4 independent relations among them. We already obtained one in
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(4.155). Similarly, as we did for the left-moving amplitude, for the configuration

x5 = 0, x3 = 1, x4 = ∞ and
∫ 1

0
dx1

∫ 1

x1
dx2, the contour integral in x1 gives,

n6 − n7 − n14

s14
+
−n2 + n4 + n7

s23
− −n3 + n5 − n8

s34
− n3 + n12− n1

s12
= 0 (4.155)

For the configuration x2 = 0, x4 = 1, x5 = ∞ and
∫ 1

0
dx1

∫ 1

x1
dx3, the contour integral

in x1 gives the second equation in (4.166),

−n9 + n10 + n15

s13
+

n1 − n4 − n15

s45
− −n3 + n5 − n8

s34
− n2 − n5 − n11

s15
= 0. (4.156)

while the configuration x3 = 0, x4 = 1, x5 = ∞ and
∫ 1

0
dx1

∫ 1

x1
dx2, the contour

integral in x1 gives the last equation in (4.166).

−n10 + n11 − n13

s24
+

n2 − n5 + n11

s15
− n3 + n12− n1

s12
− n1 − n4 − n15

s45
= 0. (4.157)

Relations from other contour integral identities are redundant. Note that rela-

tions (4.149, 4.155, 4.156, 4.157) are gauge invariant. To avoid the gauge depen-

dence issues, one may choose to consider relations among the gauge-invariant

partial amplitudes only, which are equivalent to these relations.

It is clear that the residue of each pole term in these relations (4.149, 4.155,

4.156, 4.157) must vanish. This yields 10 relations, which are the 10 kinematic

identities for the residues of the n j’s. Now we like to show that there exists

a gauge choice such that every triplet vanishes completely, so we have the 10
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kinematic identities,

ñ3 − ñ5 + ñ8 = 0 ,

ñ3 − ñ1 + ñ12 = 0 ,

ñ4 − ñ1 + ñ15 = 0 ,

ñ4 − ñ2 + ñ7 = 0 ,

ñ5 − ñ2 + ñ11 = 0 ,

ñ7 − ñ6 + ñ14 = 0 ,

ñ8 − ñ6 + ñ9 = 0 ,

ñ10 − ñ9 + ñ15 = 0 ,

ñ10 − ñ11+ ñ13 = 0 ,

ñ13 − ñ12+ ñ14 = 0 (4.158)

Note that one of these 10 identities is redundant.

Because there are 15ni’s inside the 6 defining amplitudes (4.146) above, there

are 9 degrees of freedom to redefine ni’s without affecting the Atree’s, which can

be realized as,

ñ1 = n1 + a12s45− a45s12, ñ2 = n2 + a23s15− a15s23

ñ3 = n3 + a34s12− a12s34, ñ4 = n4 + a45s23− a23s45

ñ5 = n5 + a15s34− a34s15, ñ6 = n6 + a25s14− a14s25

ñ7 = n7 + a14s23− a23s14, ñ8 = n8 + a34s25− a25s34

ñ9 = n9 + a13s25− a25s13, ñ10 = n10+ a13s24− a24s13

ñ11 = n11 + a15s24− a24s15, ñ12 = n12+ a35s12− a12s35

ñ13 = n13 + a35s12− a12s35, ñ14 = n14+ a14s35− a35s14

n15 = n15 + a45s13− a13s45. (4.159)
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where a34, a12, a45, a23, a15, a14, a25, a13, a24, a35 are arbitrary local functions of k j and

ζ j. The signs are carefully chosen such that the partial amplitude is invariant.

Although the number of ai j is 10, a particular choice,

(a34, a12, a45, a23, a15, a14, a25, a13, a24, a35)

= (s34, s12, s45, s23, s15, s14, s25, s13, s24, s35) (4.160)

does not change any ni, so it is a trivial redefinition. Therefore we can simply

set any one of them to zero. Let us say a35 = 0, so we end up with 9 degrees of

gauge freedom. We already see that the non-contact terms inside ni satisfy the

dual identity (ni + n j + nk)|residue = 0, if the color factors with the same indices

satisfy ci + c j + ck = 0. We like to show that by using a proper redefinition of the

ni’s, the dual identities (4.158) hold exactly.

Since the redefinition of the n j’s are realized by the a’s in Eq.(4.159), and we

like to see whether a choice of the a’s exists for the set of kinematic identities

(4.158) to hold, these equations can be understood as the equations for the a’s.

For example, ñ3 − ñ5 + ñ8 = 0 reads,

a34 − a12 − a15 − a25 =
−n3 + n5 − n8

s34
(4.161)

where we used s15+ s25+ s12 = s34. Similarly, we can write all the 9 equations in

the matrix form,

Ka = b (4.162)
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where

K =

















































































































































1 −1 0 0 −1 0 −1 0 0

−1 1 −1 0 0 0 0 0 0

0 −1 1 −1 0 0 0 −1 0

0 0 −1 1 −1 −1 0 0 0

−1 0 0 −1 1 0 0 0 −1

0 0 0 −1 0 1 −1 0 0

−1 0 0 0 0 −1 1 −1 0

0 0 −1 0 0 0 −1 1 −1

0 0 0 0 −1 0 0 −1 1

















































































































































, a =

















































































































































a34

a12

a45

a23

a15

a14
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(4.163)

and

b =

(−n3 + n5 − n8

s34
,

n3 + n12 − n1

s12
,

n1 − n4 − n15

s45
,
−n2 + n4 + n7

s23
,

n2 − n5 − n11

s15
,

n6 − n7 − n14

s14
,
−n6 + n8 + n9

s25
,
−n9 + n10 + n15

s13
,
−n10 + n11− n13

s24

)T

(4.164)

Here we are trying to find a solution to the a’s so that Eq.(4.158) holds. Given

an arbitrary b, a solution is always guaranteed if the rank of K equals its size

(which is 9). However, here K is a degenerate matrix, with rank K = 5, that is,

rank K < 9. So a solution of the a’s exists only if 4 (=9-5) constraints among the

components of the column vector b are satisfied. That is, only 5 equations are

independent and they generate the remaining 4 equations. For example,

0 = (a25 − a14 − a34 − a13) + (a34 − a12− a15− a25)

−(a45 − a12− a13− a23) − (a23 − a15 − a45 − a14)

=
−n6 + n8 + n9

s25
+
−n3 + n5 − n8

s34
− n1 − n4 − n15

s45
− −n2 + n4 + n7

s23

(4.165)
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which is a constraint on the original n j’s. Similarly,

n6 − n7 − n14

s14
+
−n2 + n4 + n7

s23
− −n3 + n5 − n8

s34
− n3 + n12 − n1

s12
= 0,

−n9 + n10 + n15

s13
+

n1 − n4 − n15

s45
− −n3 + n5 − n8

s34
− n2 − n5 − n11

s15
= 0,

−n10 + n11 − n13

s24
+

n2 − n5 + n11

s15
− n3 + n12− n1

s12
− n1 − n4 − n15

s45
= 0. (4.166)

These 4 constraints (4.165,4.166) form the necessary and sufficient condition for

the existence of a solution to Eq.(4.162). Naively, just from the Feynman diagram

viewpoint, it is not clear why these conditions hold. However, we see that the

open string amplitude identities (4.149, 4.155, 4.156, 4.157) yield precisely these

4 relations. Hence open string identities ensure that (4.162) has solutions. That

is, there exists a gauge choice such that Eq.(4.158) is realized.

Since the column vector b has no pole (i.e., local), because −n3 + n5 − n8 ∝ s34

etc., the solution yields a set of local a’s. Because the solution for (4.162) exists,

there are 9 − rank K = 4 remaining transformations which keep the kinematic

identities invariant. They take the forms

















































































































































a34

a12

a45

a23

a15

a14

a25

a13

a24

















































































































































= f1

















































































































































0

−1

−1

0

1

0

0

0

1

















































































































































, f2

















































































































































−1

0

1

0

−1

0

0

1

0

















































































































































, f3

















































































































































1

0

−1

−1

0

0

1

0

0

















































































































































, f4

















































































































































−1

−1

0

1

0

1

0

0

0

















































































































































(4.167)

where fi are arbitrary local functions of the kinematic variables. This concludes

our proof that, for the (M = 5)-point case, the open string identities ensure that
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there exists choices of ni’s such that all the dual identities ni + n j + nk = 0 (4.158)

hold.

This pattern generalizes to the general M-point amplitudes. There are (2M −

5)!! ni’s which appeared in (M−2)! partial amplitudes so there are (2M−5)!!−(M−

2)! degrees of freedom to redefine the ni’s. We can use (M−3)(2M−5)!!
3 parameters ak

modulo some trivial ones to realization the redefinitions. The number of the

effective ak’s should be (2M − 5)!! − (M − 2)!, which are constraint by a linear

equation like (4.162) if we want to get the kinematic identities. Again the matrix

in the linear equation is degenerate with rank (2M−5)!!− (2M −5)((M−3)!). The

open string identities would ensure this linear equation has solutions. So the ni

choice for which the kinematic identities hold exist, and the “choice space” has

the dimension (M − 2)! − (M − 3)! = (M − 3)!(M − 3).

4.5.3 KLT relation and the 5-point amplitudes

We can now use the KLT relation in the zero slope limit to get the 5-point Yang-

Mills tree amplitude. Since the heterotic amplitude is a sum over the product

of a left-mover and a right mover, and since there are 2 independent partial

amplitudes for AL and 2 for AR, we can express the full amplitude as a sum over

2 × 2 = 4 terms. As shown in Ref.[39], a judicious choice of basis amplitudes

allows us to reduce the sum to only 2 terms. There are many equivalent ways
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to express the 5-point amplitude. For example,

Ahet
5-gluon(0) = g3s12s34AL(c)

12345A
R(v)
21435+ g3s13s24A

L(c)
13245A

R(v)
31425

= g3
( c4

s23s45
+

c5

s34s15
+

c1

s12s45
+

c2

s23s15
+

c3

s12s34

)

× s12s34

( −n12

s12s35
+
−n6

s14s25
+

n3

s12s34
+
−n14

s14s35
+
−n8

s34s25

)

+ g3
( c15

s13s45
+
−c2

s23s15
+
−c10

s13s24
+
−c4

s45s23
+
−c11

s15s24

)

× s13s24

( −n9

s13s25
+
−n14

s14s35
+
−n10

s13s24
+
−n6

s14s25
+

n13

s24s35

)

(4.168)

First we go to the gauge choice where all the 9 independent kinematic identi-

ties hold. Then using all 18 of the 9 independent color identities (4.142, 4.143,

4.144,4.145) and the 9 independent kinematic identities (4.158), it is straightfor-

ward (but tedious) to show that the 5-point Yang-Mills tree amplitude is repro-

duced,

Ahet
5-gluon(0) = AYM

5 = g3
15
∑

j=1

c jn j

P j

= g3

(

c1n1

s12s45
+

c2n2

s23s15
+

c3n3

s12s34
+ ...

)

(4.169)

If we want, we can now transform back to the original set of n j we started with.

In the choice of the particular way (4.168) to express Ahet
5-gluon

(0), the presence of

the diagonal term c3n3/(s12s34) is obvious, but the other diagonal terms are not.

Choosing a different basis to express Ahet
5-gluon

(0), a different diagonal term will

be obvious, but not the rest. It is the presence of the 9+ 9 identities that allows

us write Ahet
5-gluon

(0) in the diagonal form that is given inAYM
5 (4.1). On the other

hand, knowing thatAhet
5-gluon

(0) = AYM
5 , we can obtain the 9+ 9 identities as well,

by exploiting the many different but equivalent ways to expressAhet
5-gluon

(0).

On the other hand, instead of using the dual-Jacobi identities (4.158), one can

show Eq.(4.168) is equivalent to the diagonal form (4.1) using only the gauge-
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invariant im-SID’s (4.149, 4.155, 4.156, 4.157). First, we rewrite all the color fac-

tors ci’s in (4.168) in terms of (M − 2)! = 6 of them, say, c1, c6, c9, c12, c14 and

c15,

Ahet
5-gluon(0) = c1AR(v)

12345+ c12

(

− s34

s35
AR(v)

12345− AR(v)
12345+

s13

s35
AR(v)

13245

)

+ c6

(

− s12s34

s14s25
AR(v)

12345−
s12

s25
AR(v)

12345−
s13s34

s14s25
AR(v)

13245

)

+ ... (4.170)

Using all the im-SID’s,

−s34AR(v)
12345− s35AR(v)

12345+ s13A
R(v)
13245= s35AR(v)

12435, ... (4.171)

to simply the expression so each coefficient contains only one AR(v),

Ahet
5-gluon(0) = c1AR(v)

12345+ c15A
R(v)
13245+ c12A

R(v)
12435

+c9AR(v)
13425+ c14AR(v)

14235+ c6AR(v)
13245

=

∑

i

cini

Pi
, (4.172)

where the last equality is proven in [23] by using the color Jacobi identities only.

So the diagonal form (4.1) is obtained, if only one set of the numerators (ci here)

satisfy the Jacobi identities while the AR(v)s satisfy the im-SID. This property

should extend to all M. The KLT relation simply expressesAYM
M (4.1) in terms of

the (M − 3)! basis amplitudes AR(v)s. Furthermore, for the 5-graviton tree ampli-

tude, in the same manner, we have two sets of numerators, ni and ñi. As long as

the ni’s satisfy the dual Jacobi identities, the tree amplitude is simplified to the

diagonal form,

Agrav
5 =

∑

i

niñi

Pi
, (4.173)

where the other set ñi need not to satisfy the dual Jacobi identities.
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4.6 BCJ relation and Schouten identity

The Kleiss-Kuijf (KK) [41] and BCJ relations [9] for YM helicity amplitudes can

be proven by using Schouten identity repeatedly,

〈i j〉〈kl〉 = 〈ik〉〈 jl〉 + 〈il〉〈k j〉 (4.174)

Here we use the notation of [27, 19]: for lightlike momentum pµ, paȧ = pµσ
µ

aȧ =

λaλ̃ȧ. The spinor products are defined to be 〈λ, λ′〉 = εabλ
aλ′b and [λ̃, λ̃′] = εȧḃλ̃

ȧλ̃′ḃ.

Here si j = (pi + p j)2
= 2pi · p j = 〈i j〉[i j]. Note the similarity between Schouten

identity and Jacobi identity of Lie algebra.

To simplify the discussion, let us consider only the maximal helicity-

violating (MHV) amplitudes here. Checking the 4- and 5-point cases is straight-

forward. For example, the KK relation for 4-point, the photon decoupling iden-

tity

A(2−1−3+4+) + A(1−2−3+4+) + A(1−3+2−4+) = 0 (4.175)

which reads [47] [6],

〈12〉4(〈23〉〈41〉 + 〈13〉〈24〉 − 〈12〉〈34〉)

〈12〉〈23〉〈34〉〈41〉〈13〉〈24〉 = 0 (4.176)

because of Schouten identity. The 4-point BCJ relation, s12A(2−1−3+4+) =

s23A(1−3+2−4+) is self-evident from the MHV amplitude expression. The 5-point

case is similar: the KK relation is,

A(2−1−3+4+5+) + A(1−2−3+4+5+) +

A(1−3+2−4+5+) + A(1−3+4+2−5+) = 0 (4.177)

which reads,

〈12〉4
〈12〉〈23〉〈34〉〈45〉〈51〉〈13〉〈24〉〈25〉(〈23〉〈51〉〈24〉 + 〈13〉

〈24〉〈25〉 − 〈12〉〈34〉〈25〉 − 〈12〉〈23〉〈45〉) = 0 (4.178)
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where the Schouten identity is used twice. The BCJ relation is,

s12A(2−1−3+4+5+) − s23A(1−3+2−4+5+)

−(s23 + s24)A(1−3+4+2−5+) = 0 (4.179)

whose left hand side is proportional to,

〈32〉〈24〉〈51〉〈21〉[21] − 〈21〉〈34〉〈52〉〈23〉[23]

− 〈21〉〈45〉〈32〉〈32〉[32] − 〈21〉〈45〉〈32〉〈24〉[24]

= 〈32〉〈21〉〈24〉(〈51〉[21] + 〈53〉[23] + 〈54〉[24]
)

= 0 (4.180)

where the first step uses the Schouten identity and the last step follows from

momentum conservation :
∑M

j=1 pµj = 0→ ∑

j〈k j〉[ jl] = 0 and 〈ii〉 = 0 and [ii] = 0.

This feature can be generalized to the M-point MHV amplitudes. For example,

consider a BCJ identity for M-points [9] [15] [37],

M
∑

i=3

( i
∑

j=3

s2 j

)

A(13...i, 2, (i + 1)...M) = 0 (4.181)

where the helicities are (1−2−3+....M+) and the label j = M+1 should be identified

with j = 1. The left hand side of (4.181) reads,

M
∑

j=3

s2 j

(
M
∑

i= j

A(13...i, 2, (i + 1)...M)
)

=
〈12〉4

〈13〉〈34〉...〈M1〉

M
∑

j=3

s2 j

(
M
∑

i= j

〈i, i + 1〉
〈i2〉〈2, i + 1〉

)

(4.182)

The sum over i can be calculated by using Schouten identity in (M− j) steps, say,

〈 j, j + 1〉
〈 j, 2〉〈2, j + 1〉 +

〈 j + 1, j + 2〉
〈 j + 1, 2〉〈2, j + 2〉 =

〈 j, j + 2〉
〈 j, 2〉〈2, j + 2〉

(4.183)
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and etc. The final result is,

M
∑

i= j

〈i, i + 1〉
〈i2〉〈2, i + 1〉 =

〈 j, 1〉
〈 j, 2〉〈21〉 . (4.184)

Therefore, the left hand side of (4.181) reads,

〈12〉4
〈13〉〈34〉...〈M1〉

M
∑

j=3

s2 j〈 j, 1〉
〈 j, 2〉〈21〉

∝
M
∑

j=3

〈 j, 1〉[2, j]
〈21〉 = 0, (4.185)

where we have used momentum conservation.
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CHAPTER 5

QUADRATIC RECURSIVE RELATIONS FROM THE VIEWPOINT OF

SUPERGRAVITY

Recently, Bjerrum-Bohr, Damgaard, Feng and Sondergaard derived a set of new

interesting quadratic identities of the Yang-Mills tree scattering amplitudes, be-

sides Bern-Carrasco-Johansson (BCJ) identities. We claim that these quadratic

identities of YM amplitudes actually follow directly from the KLT relation for

graviton-dilaton-axion scattering amplitudes (in 4 dimensional spacetime). This

clarifies their physical origin and also provides a simpler version of the new

identities.

In deriving the field theory version of the KLT relation, Bjerrum-Bohr,

Damgaard, Feng and Sondergaard (BDFS) derived a new set of quadratic identi-

ties of YM amplitudes [12]. [31] gives its supersymmetric generalization. These

identities are non-trivial, in the sense that they do not follow from the linear

identities and very interesting, since they are unexpected, at least from the Yang-

Mills theory point of view.

We like to point out that these quadratic identities actually follow directly

from the KLT relation for the (massless) graviton-dilaton-axion scattering am-

plitudes. Recall that the KLT relation expresses the closed string tree scatter-

ing amplitudes in terms of the open string tree scattering amplitudes [39]. At

the zero-slope limit, the massless open string modes can include the YM fields

while the closed string modes can include the graviton, the dilaton and the anti-

symmetric tensor field, which is equivalent to an axion in 4 dimensional space-

time. The symmetry of the extended gravity theory, mysteriously constraint the

Yang-Mills amplitude in the form of quadratic identities.
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5.1 The action of graviton-axion-dilaton system

The massless sector of a closed string theory contains the graviton, the dilaton

and the antisymmetric tensor field Bµν. In 4-dimensional spacetime, Bµν has only

one degree of freedom, and one may identify it as an axion a : ∂µa = εµνρσ∂νBρσ.

To discuss the 4-dimensional polarization tensor structure for the graviton,

the dilaton and the axion, we use the light cone gauge: consider a massless parti-

cle and the polarization vector or tensor which has only transverse components.

In 4D, a polarization tensor can be decomposed as,

ei j =
ei j + e ji − δi jekk

2
+

ei j − e ji

2
+
δi jekk

2

where i = 1, 2 labels the two transverse directions. The three terms corre-

spond to the graviton, the axion (the antisymmetric tensor field) and the dilaton

modes. We may choose the positive polarization vector ε+ = (1, i) while the neg-

ative polarization ε− = (1,−i). The addition of two spin 1 (with polarizations ε

and ε̃) is straightforward. It is easy to see that a graviton has polarization mode

ε+ε̃+ or ε−ε̃−, an axion has polarization ε+ε̃− − ε−ε̃+ and the dilaton has polariza-

tion ε+ε̃− + ε−ε̃+.

The 4D graviton-axion-dilaton gravity action in Einstein frame,

S =
1

2κ2

∫

d4x
√
−G(R − 2∂µφ∂

µφ − 1
12

e−4φHµνρH
µνρ) (5.1)

where φ is the dilaton and Hµνρ is the strength of the antisymmetric field. We

just keep the two-derivative term and neglect the higher-derivative terms from

string theory correction. (So it is the low energy effective action for the gravity

sector of any string theory.) The Poincare dual of Hµνρ is an axion,

∂µb =
1
6

e−4φεµνρσHµνρ (5.2)
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where ε0123 = (− detG)1/2 and ε0123
= −(−detG)1/2. So the action can be rewritten

as

S =
1

2κ2

∫

d4x
√
−G(R − 2∂µφ∂

µφ − 1
12

e4φ∂µb∂
µb) (5.3)

Combining the axion and the dilaton, we have S ± = b ± ie−2φ and,

S =
1

2κ2

∫

d4x
√
−G(R − 1

2

|∂µS +|2

(ImS +)2
) (5.4)

Note that the axion b is characterized by the shift symmetry

b 7→ b + c (5.5)

where c is a dimensionful constant. Furthermore S + has S L(2,R) global symme-

try. The group S L(2,R)






















a b

c d























, ad − bc = 1 (5.6)

acts on S + as,

S + 7→
aS + + b
cS + + d

. (5.7)

S + takes value in the upper complex plane, which is the moduli space of this

theory. We may choose 〈S +〉 = i. Then the unbroken symmetry is S O(2),






















a b

c d























=























cosθ sinθ

− sinθ cosθ























(5.8)

We will see that this unbroken symmetry lead to the quadratic identities of

Yang-Mills theory.

To study the perturbative theory of the axion-dilaton, we may define S ± =
√

2κτ + i and τ = τ1 + iτ2. Now 〈τ〉 = 0 and τ has the canonical kinetic terms,

S =
1

2κ2

∫

d4x
√
−GR − 1

2

∫

d4x
√
−G

∂µτ∂
µτ̄

(1+
√

2κτ2)2

=
1

2κ2

∫

d4x
√
−GR − 1

2

∫

d4x
√
−G∂µτ∂

µτ̄(1− 2
√

2κτ2 + 6κ2τ2
2

−8
√

2κ3τ3
2 + ...) (5.9)
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all the interaction terms contain positive powers of κ, as it should be. To the

leading order, the symmetry 5.8 acts on τ as,

τ 7→ τ + 2iθτ, (5.10)

So τ has an infinitesimal U(1) symmetry. We may think that τ is positively

charged and corresponds to the polarization ε+ε̃−, while τ is negatively charged

and corresponds to the polarization ε−ε̃+.

It is possible to derive the Feynman rules for axion-dilaton system from (5.9).

However, as the gravity case, there is an infinite number of vertices. So in the

next section, we would use KLT relation to study its scattering amplitude and

manifest the quadratic identities.

5.2 Quadratic identity in the viewpoint of KLT relation

Now we see that the dilaton and the axion combine to form a massless complex

scalar field τ, which has a global conserved U(1) charge associated with it. All

scattering (tree or loop) amplitudes must obey this charge conservation.

Within helicity amplitudes, graviton j has helicity ε±j ε̃
±
j̃
= j± j̃± and an incom-

ing positively charged scalar field j may be identified with helicity j+ j̃− while

an incoming negatively charged scalar field may be identified with helicity j− j̃+.

Any charge conservation-violating amplitude A must vanish. That is, any am-

plitude with unequal numbers of positively and negatively charged scalar fields

will vanish. Let us start with a non-vanishing M-graviton scattering amplitude.

Following the BDFS notation, let n+ (n−) be the number of ” + ” (” − ” ) helicities in

YM amplitude A that have been flipped in YM amplitude Ã. Then the resulting
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amplitude vanishes whenever n+ , n−.

Let us consider the 4-point case to establish some notation: the graviton-

dilaton-axion scattering amplitude takes the form

A4 = −s12A(1234)Ã(2134) (5.11)

where both A and Ã are YM amplitudes. For 4-graviton amplitudes, helicity

conservation requires 2 with helicity (++) and 2 with helicity (−−). So the only

non-vanishing amplitude has the form

A4 = −s12A(1−2−3+4+)Ã(2−1−3+4+) (5.12)

Note that both A and Ã are maximal helicity-violating amplitudes. For (n+, n−) =

(1, 1), say

A4 = −s12A(1−2−3+4+)Ã(2+1−3−4+) (5.13)

the amplitude describes the graviton-φ scattering. For (n+, n−) = (2, 2), A4 de-

scribes the φ-φ scattering. For n+ − n− , 0, A4 = 0 because the charge conser-

vation is violated. Mathematically, we see that it vanishes because Ã = 0. This

case does not yield a quadratic identity. Rather it yields the well known results

Ã(1+2−3+4+) = 0 and Ã(1+2+3+4+) = 0 without having to look into the detailed

structure of these amplitudes.

Next consider the 5-graviton scattering case,

A5 = s12s34A(1−2−3+4+5+)Ã(2−1−4+3+5+)

+ s13s24A(1−3+2−4+5+)Ã(3+1−4+2−5+) (5.14)

For n+ − n− , 0, the resultingA5 = 0. For example, for (n+, n−) = (1, 0), we have

0 = s12s34A(1−2−3+4+5+)Ã(2−1−4+3−5+) +

s13s24A(1−3+2−4+5+)Ã(3−1−4+2−5+) (5.15)
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It is easy to verify this quadratic identity by using the explicit formulae for the

MHV amplitudes. For M ≥ 6, non-MHV amplitudes appear in the quadratic

identities.

Following from the KLT relation, each identity contains (M − 3)![ 1
2(M −

3)]![ 1
2(M − 3)]! (Modd) or (M − 3)![ 1

2(M − 4)]![ 1
2(M − 2)]! (Meven) terms quadratic

in the M-point YM amplitudes. So the number of terms in each identity is sub-

stantially less than [(M − 3)!]2 : 2 vs 4 for M = 5, 12 vs 36 for M = 6, 96 vs 576 for

M = 7 etc.. Of course, one may use the BCJ identity (repeatedly) to reduce the

number of terms in the quadratic identities to that in the KLT relations.

5.2.1 Additional Quadratic Identities

Although ordering is important in YM amplitudes AM and ÃM, AM is invariant.

For example, besides Eq.(5.11), one can express the sameA4 in other forms,A4 =

−s13A(2134)Ã(1324)= .... Comparing this expression to Eq.(5.11), one obtains a

quadratic identity,

s12A(1234)Ã(2134)− s13A(2134)Ã(1324)= 0

These identities are valid for any choice of helicities. Since the same AM can be

expressed in terms of AM and ÃM in many different ways, we obtain a large set of

new quadratic identities by equating any 2 different expressions. This result is

known but not emphasized in earlier work. Presumably, these identities can be

proven by using the BCJ identity (repeatedly); still their usefulness may follow

from the relative ease in writing them down.

For example, expressing the same A6 in 2 different ways [39], we end up
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with a quadratic identity

A(123456)[s35Ã(215346)+ s3(45)Ã(215436)]

−Ã(123456)[s13A(231546)+ s3(12)A(321546)]+ permutations of (234)= 0 (5.16)

where s3(45) = s34+ s35. Here, in each case whereA6 = 0, we get a set of quadratic

identities instead of only one. For example, besides

[s35Ã(2−1−5+3+4+6+) + s3(45)Ã(2−1−5+4+3+6+)]

×A(1−2−3−4+5+6+) + permutations of (234)= 0 (5.17)

we also get

[s13A(2−3−1−5+4+6+) + s3(12)A(3−2−1−5+4+6+)]

×Ã(1−2−3+4+5+6+) + permutations of (234)= 0

5.3 Super quadratic relations

We see that the global symmetry of gravity induced the quadratic identities for

Yang-Mills theory. Furthermore, the global symmetry of supergravity induced

a larger set of quadratic identities for super-Yang-Mills theory.

We may consider d = 4,N = 8 supergravity, which has the global E7(7) sym-

metry. This symmetry is reduced to S U(8) symmetry by the v.e.v. of the moduli

field. The elements in S U(8) are R-symmetries which transform the 8 super-

charges. A N = 8 supergravity amplitude would vanish if the S U(8)R symmetry

is broken. However, by the super KLT relation, the supergravity amplitude can

be decomposed as the product of super-Yang-Mills amplitudes. The latter may
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not vanish, so we obtain nontrivial identities of the super-Yang-Mills ampli-

tudes.

For example, we may the scattering process which involves one positive-

helicity graviton (++), two negative-helicity gravitons (−−) and two gravipho-

ton with the R index 12, 34, respectively. These particles form the representation

of S U(8)R, , which is not a singlet. Hence the amplitude vanishes,

A(1++, 2φ
12−, 3φ

34−, 4−−, 5−−) = 0, (5.18)

Then we rewrite it by the super KLT relation. For the graviphoton state 2φ
12−, we

decompose it as the left-handed scalar φ12 and the righ-handed negative-helicity

photon. Similar decomposition works for 3φ
34−. Then we get the identity,

0 = s12s34A(1−2φ
12

3φ
34

4+5+)Ã(2−1−4+3−5+)

+s13s24A(1−3φ
34

2φ
12

4+5+)Ã(3−1−4+2−5+) (5.19)

This is a quadratic identity for N = 4 super-Yang-Mills theory.

Note that the global symmetry in supergravity would be reduced to discrete

symmetry in superstring theory. So the open string theory amplitudes are not

constricted by this argument.

5.4 Pion theorem and its implication on Yang-Mills amplitudes

The above KLT treatment also implies that the pion theorem for supergravity put

constraints on Yang-Mills amplitude. We consider N = 8 supergravity, which con-

tains 70massless scaler fields. These scaler fields can be understood as the Gold-
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stone bosons (pion) from the symmetry breaking

E7(7) 7→ S U(8), 133− 63= 70. (5.20)

In effective action, Goldstone bosons only have derivative couplings. Pion the-

orem states that the scattering amplitude with pions vanishes, if the pion’s mo-

mentum is zero. By the KLT relation, the vanishing of N = 8 supergravity am-

plitude in the soft pion limit.

Recall that the KLT formula gives

(graviton-scalar amplitude ) =
∑

(kinematic factors)

(Yang-Mills amplitude) × (Yang-Mills amplitude) (5.21)

where a pair of scalars may be labeled as π+−, which are simply scalars with

helicity +− and −+ respectively.

It is interesting to see how, as the momentum of one of the scalars is becom-

ing soft, the gluon amplitudes are blowing up but the particular combination

of their products in KLT vanishes in this IR limit. For the soft momentum ∼ ε2,

usually both the left and right Yang-Mills amplitudes diverges as ε−2 and the

kinematic factors may vanish as ε2. So naively, it seems that an individual term

in KLT diverges. It is interesting to see how such leading and as well as next to

leading divergent terms in the product of the gluon amplitudes cancel out. This

way, we shall find new constraints of the Yang-Mills amplitudes.

Assume that the particle 1 is soft, so we can find a reference frame such that,

in spinor helicity formalism,

1 = ελ, 1̃ = ελ̃ (5.22)
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where ε is the small parameter. Note that all the other momenta has ε depen-

dence because of the momentum conservation,

2 = 2+ ε222 + ε
424 + ..., 2̃ = 2̃+ ε22̃2 + ε

42̃4 + ...,

3 = 3+ ε232 + ε
434 + ..., 3̃ = 3̃+ ε23̃2 + ε

43̃4 + ...,

... (5.23)

Here we use the bold font to emphasize the momenta dependent on ε while the

regular font for each order in the ε expansion. The momentum-conservation

constraints are,

M
∑

i=2

iĩ = 0 (5.24)

λλ̃ +

M
∑

i=2

(i2ĩ + iĩ2) = 0, (5.25)

Since all the momenta pi and the polarization vectors εi (i = 1, ...M) contain only

the even order of ε, the odd orders of ε in the amplitude are absent.

We consider the particle 1 to be the the pion (+−), in N = 8 supergravity , i.e.

+1 helicity from left-moving sector and −1 helicity from right-moving section.

(Because of the E7(7) global symmetry, it is without generality to consider one of

the pion (+−).) In the soft pion limit,

lim
ε→0

A(123...M ) = 0. (5.26)

Take 5-point amplitude as an example, expand the supergravity amplitude

A(12345) in the KLT form, we have

A(12345) = s12s34A
L(1+2345)AR(21−435) + s13s24AL(1+3245)AR(31−425). (5.27)

where AL and AR are left and right super Yang-Mills amplitudes. It is clear that

s12s34 ∼ ε2, AL(1+2345) ∼ ε−2, AR(21−435) ∼ ε−2, (5.28)
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so each term diverges as ε−2. However, from (5.26), A(12345) should vanish so it

seems to be a contradiction. We need to look at (5.27) in detail.

5.4.1 Leading order

First, we show that the divergence terms in (5.27) cancel out. The super Yang-

Mills amplitudes in the soft-pion limit read,

AL(1+2345) =
1
ε2

〈52〉
〈5λ〉〈λ2〉(A

L(2345)+ ε2BL(1+2345))+ ...

AR(21−435) =
1
ε2

[24]

[4λ̃][ λ̃2]
(AR(2435)+ ε2BR(21−435))+ ... (5.29)

where both AL(2345)and BL(1+2345)are indepedent of ε. Here we just need the

leading order.

In the soft gluon limit, the divergent terms of (5.27) are reduced to,

s12s34
〈52〉
〈5λ〉〈λ2〉

[24]
[4λ][λ2]

AL(2345)AR(2435)

+s13s24
〈53〉
〈5λ〉〈λ3〉

[34]
[4λ][λ3]

AL(3245)AR(3425)

=
〈52〉
〈5λ〉

[24]
[4λ]

s34A
L(2345)AR(2435)+

〈53〉
〈5λ〉

[34]
[4λ]

s24A
L(3245)AR(3425)= 0

(5.30)

It is easy to show that this requirement holds because of the 4-point KLT and

BCJ relations:

s34A
L(2345)AR(2435)= −A(2345), s24A

L(3245)AR(3425)= −A(3245). (5.31)

Because there is no order in the gravity amplitude, the divergent term is,

=

( 〈52〉
〈5λ〉

[24]
[4λ]

+
〈53〉
〈5λ〉

[34]
[4λ]

)

A(2345)= 0 (5.32)
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where we used momentum conservation 〈52〉[24] + 〈53〉[34] = 0.

It is also straightforward to show that the 5-point KLT and BCJ relations

ensure that in the soft pion limit, the 6-point sugergravity amplitude is not di-

vergent.

5.4.2 The next to leading order

The above result still have a non-vanishing finite term. The condition for the

vanishing ε0 order in the graviton amplitude gives the constraint for the next-

to-leading terms BL and BR,

A(2345)· K =
〈52〉[24]
〈5λ〉[4λ]

·
[

− s34

(

BL(1+2345)AR(2435)+ AL(2345)BR(21−435)
)

+s24

(

BL(1+3245)AR(3425)+ AL(3245)BR(31−425)
)]

(5.33)

where K is a kinematic factor indepedent of ε,

K =
(

1− 〈52〉[24]
〈5λ〉[4λ]

(
δs34

s34
− δs24

s24
)
)

(5.34)

where δ〈34〉 = 〈324〉 + 〈342〉 and so on. Furthermore, we may use 4-point BCJ

relation to simplify this above condition,

A(2345)· K =
〈52〉[24]
〈5λ〉[4λ]

· s34 ·
[( s24

s34
BL(1+3245)− BL(1+2345)

)

AR(2435)

+ AL(2345)
(

BR(31−425)− BR(21−435)
)]

(5.35)

• Example 1. (1+−2−+3++4++5−−). In this case, A(2345) = 0 because of the

global symmetry violation. On the other hand, AR(2435)= 0 and explicit

computation showes that

BR(3+1−4+2+5−) = 0, BR(2+1−4+3+5−) = 0
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Therefore (5.35) trivially holds.

• Example 2. (1+−2++3++4−−5−−). The explcit computation gives,

BL(1+3+2+4−5−) = AL(3+2+4−5−)
[

3
δ〈45〉
〈45〉 −

δ〈32〉
〈32〉 −

δ〈24〉
〈24〉 −

δ〈53〉
〈53〉

]

BL(1+2+3+4−5−) = AL(2+3+4−5−)
[

3
δ〈45〉
〈45〉 −

δ〈32〉
〈32〉 −

δ〈34〉
〈34〉 −

δ〈52〉
〈52〉

]

(5.36)

and also BR(2+1−4−3+5−) = BR(3+1−4−2+5−). So most terms in (5.35) van-

ished, and by using 4-point BCJ, (5.35) reads,

K =
〈52〉[24]
〈5λ〉[4λ]

[

δ〈24〉
〈24〉 +

δ〈53〉
〈53〉 −

δ〈34〉
〈34〉 −

δ〈52〉
〈52〉

]

(5.37)

which holds because of the kinematic identities like δs34/s34 = δ〈34〉/〈34〉+

δ[34]/[34] and the momentum conservation.

Note that the example 2 is actually trivial since the supergravity amplitude

(1+−2++3++4−−5−−) is zero to all the orders of ε, because of the R-symmetry viola-

tion. The similar but non-trivial example would be (1+−2−+3−−4−−5++6++), which

involves more calculation.
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CHAPTER 6

SUMMARY

6.1 Discussion and Remarks

In this dissertation, we discussed the new development of scattering amplitude

in gauge and gravities theories. We have shown that the study of LHC physics

requires the improvement of scattering amplitude computation, while the tra-

ditional Feynman diagram approach becomes inefficient for scattering process

with many particles. The string theory scattering amplitude calculation is re-

viewed, and we illustrated how to apply them for Yang-Mills and Einstein grav-

ity amplitude. To make the most of string theory techniques, we also introduced

other new techniques like spinor helicity formalism, BCFW recursive relations

and coherent superspace.

With these new methods, we studied two classes of recursive relations,

• BCJ identities, which is a linear relation of Yang-Mills amplitudes.

• Quadratic identities.

In our work[37], BCJ identity is studied by heterotic string theory. The het-

erotic string contains the gauge sector, as (color) ⊗ (vector). Both sectors satisfy

the same identity by the string monodromy relation. So the equivalence of the

kinematic and color identities in BCJ conjecture is proven.

The heterotic string also contains the graviton sector, as (vector)⊗(vector). So

we can calculate the graviton scattering amplitudes in the heterotic string theory
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and then take the limit α′ → 0 to get the graviton scattering amplitude in Ein-

stein gravity. The graviton sector has both left and right-moving non-compact

momenta, and the closed string amplitude can be separated into the product

of left and right-moving open string amplitude, both of which are calculated in

the Yang-Mill amplitude. As explained already, the M-graviton tree scattering

amplitude is

AM-graviton =

∑

j

ñ jn j

P j
(6.1)

where n j(ki, ζi) contains the polarizations ζµi while ñ j contains the polarization

ξ
µ

i . Otherwise, they have identical functional forms, i.e., ñ j(ki, ξi) = n j(ki, ξi). The

graviton polarization εµν is the symmetrized traceless product in ξµζν.

We can easily incorporate the scattering of fermions since spinors are present

in the right-moving superstring part of the heterotic string. This has been dis-

cussed in Ref.[28][16]. Keeping only the leading order in α′, we have where the

nL
j and separately the nR

j obey the same set of identities as the color factors. Here

nL
j can include both colors and/or vectors while nR

j can include both vectors

and fermions. These include scattering amplitudes involving gravitons, gluons,

gravitinos and gluinos. The resulting identities should be very helpful in the

evaluation of scattering amplitudes.

We can consider special polarizations to simplify the computation, for exam-

ple, by using the spinor helicity formalism [7][22] [40] [32][56] [36]. where qi is

the reference momentum. In this convention, by careful choices of the qi, many

terms in the Yang-Mills amplitude vanish. For example, within the four-point

partial amplitude A(1−, 2−, 3+, 4+), nt = 0. In this case, the kinematic identity

ns + nt + nu = 0 implies ns = −nu and we just need to consider one channel.

Spinor helicity formalism is used for the graviton polarization [52],
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For example, since the Yang-Mills amplitude with only one gluon with

opposite helicity vanishes: AYM
M (1−, 2+, 3+, ..., M+) = 0, the corresponding

Agrav
M (1−−, 2++, 3++, ..., M++) also vanishes.

The heterotic string involves modes in higher representations of the Lie

group. Keeping them will introduce generalized “structure constants” f abC, f aBC

and f ABC, where capital letters A, B,C signify modes in higher representations

(than the adjoint representation). Then the string amplitude identities (similar

to (4.48)) will yield the corresponding generalized Jacobi identities among them.

As shown in Ref.[57], the kinematic identities can be extended to in-

clude the scattering of massive particles. Since the open string amplitudes

are multivariable-integrals involving the Koba-Nielsen variables, such Koba-

Nielsen integrals can be generalized to include massive particles with higher

spins and to obtain the kinematic identities in the scattering of massive parti-

cles.

One can also start with D = 10 dimensions and compactify (toroidally) 6 of

them. The resulting theory in the zero slope limit is a low energy effectiveN = 4

supergravity theory. This allows us to study scattering amplitudes in N = 4

supersymmetric Yang-Mills theory as well as inN = 4 supergravity theory. The

identities in the tree amplitudes will be carried over to the loop diagrams using

the unitarity method. This should provide a better understanding of the loop

amplitudes in the N = 4 theory.

In this dissertation, we have restricted our discussions to the scattering of

massless particles only. However, the analysis of Ref.[57, 33] strongly suggests

that the kinematic identities can be generalized to massive particles as well.
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We also used KLT relation to study the quadratic identities for Yang-Mills

theory. The quadratic identities can be easily associated with the global sym-

metry in gravity theory. Furthermore, the symmetry in supergravity provides

generalized quadratic identities for super-Yang-Mills amplitudes. It is possible

to explore further properties of Yang-Mills theory amplitude by the global sym-

metry of gravity. In particular, the pion theorem in d = 4,N = 8 supergravity

may put important constraint for d = 4,N = 4 super-Yang-Mills amplitudes.

There are many interesting future directions:

• N = 8 supergravity amplitudes. Is there a neat formalism for N = 8 super-

gravity like N = 4 Grassmannian formalism?

• Massive recursive identities. We would like to find a systematic set of

recursive relations for amplitudes with massive fermion.

• Loop-level recursive identities. Although there are examples the BCJ iden-

tities hold in loop level, the systematic proof is not available right now.

The answer to these topics would lead a revolution in the understanding of

Yang-Mills and gravity theories.
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APPENDIX A

REVIEW OF YANG-MILLS THEORY AND EINSTEIN GRAVITY THEORY

In this chapter, we briefly review the Yang-Mills theory, Einstein gravity and

their possible extends. We will use the natural units,

~ = 1, c = 1, k = 1 (A.1)

Throughout this paper, we would use (+,−, . . . ,−) metric signature for field the-

ory calculation, while (−,+, . . . ,+) signature for string and gauge theories.

A.1 Yang-Mills theory

Yang-Mills theory was invented to describe the gauge interactions.

A.1.1 Abelian gauge theory

In 1940s, quantum electrodynamics (QED), the quantum theory of the electro-

magnetic field and the electron was discovered by H. Bethe, S. Tomonaga, J.

Schwinger, R. Feynman, F. Dyson and etc. QED precisely predicted the Lamb

shift in hydrogen atoms and the anomalous magnetic dipole of electrons. The

action of QED is,

LQED =

∫

d4x
(

− 1
4

FµνF
µν
+ ψ̄(i/∂ − m − e /A)ψ

)

(A.2)

where Fµν = ∂µAν − ∂νAµ is the electromagnetic field strength and ψ is the Dirac

field for electrons. QED has the U(1) gauge symmetry,

Aµ 7→ Aµ −
i
e

e−iα(x)∂µe
iα(x), ψ(x) 7→ e−iα(x)ψ(x) (A.3)
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for a local function α(x). e−iα(x)∂µeiα(x) is called the Maurer-Cartan form of U(1).

We keep this form in the transformation of A, to emphasize that it is the group

element eiα(x), not α(x) itself, that should satisfy certain boundary conditions if

we study topological defects.

The interaction term in QED action is −eψ̄ /Aψ, where e is the charge of the

fermion. The leading order QED interaction is proportional to the fine structure

constant α,

α =
e2

4π
. (A.4)

In the energy scale of the electron mass ∼ 511keV , α(me) ∼ 1/137, while in the

energy scale of the Z boson mass ∼ 90GeV , α(me) ∼ 1/128. These values are small

enough to allow the perturbative calculation, which can be effectively organized

as the QED Feynman diagrams series. The QED Feynman rules are shown in

Fig.A.1, where we used the Lorentz-like gauge condition ∂µAµ(x) = ω(x) and the

µ ν

=
−i

k2+iε (gµν − (1− ξ) kµkν

k2 )

p

=
i(/p+m)

p2−m2+iε

µ

= ieγµ

Figure A.1: QED Feynman rules. (a) photon propagator (b) fermion prop-
agator (c) Electromagnetic vertex.

parameter ξ is the weight for ω. The choice ξ = 1 is the Feynman gauge, while

ξ = 0 is the Landau gauge. The equivalence of all the choices of ξ is proven by the

following Ward-Takahashi identity.

The U(1) gauge symmetry manifests itself in QED amplitude as the Ward-

Takahashi identity. In general, for the off-shell Green function G with m photons,

n incoming electrons and n outgoing electrons, if the one photon’s polarization
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is taken to be longitudinal, i.e., ε1 = k1, this Green function is related to green

functions with one-fewer photons,

G(k1, ε1 = k1; ...; km; εm, p1, ...pn, q1, ...qn)

= e
n

∑

i=1

G(k2, ε2; ...; km, εm; p1, ...pn, q1, ...(qi − k), ...qn)

−e
n

∑

i=1

G(k2, ε2; ...; km, εm; p1, ...(pi + k1), ..., pn, q1, ...qn) (A.5)

In particular, the corresponding scattering amplitude is the residue of the pole

1/(
∏

i(/pi − m)
∏

i(/qi − m)). However, because the right-hand-side of (A.5) has no

such pole, the corresponding scattering amplitude is zero.

A(k1, ε1 = k1; ...; km; εm, p1, ...pn, q1, ...qn) = 0. (A.6)

This identity would play an important role for the study of gauge theory ampli-

tudes.

QED also satisfies the discrete symmetries, C, P and T . The charge conju-

gation symmetry C implies an important relation, the Furry theorem: since the

photon has negative C parity,

CψC = −i(γ2)Tψ∗, CAµ(x)C = −Aµ(x) (A.7)

the scattering amplitudes with an odd number of photons and without electron

vanishes to all orders,

A(k1, ε1; ...; km; εm) = 0, m is odd. (A.8)

Perturbatively, the beta function for e in QED is positive,

µ
de
dµ
=

e3

12π2
+ ... (A.9)

So the value of e increases as the energy scale increases.
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A.1.2 Non-Abelian gauge theory

After the success of QED, great effort was spent on the gauge theory description

of the hadron interactions. M. Gell-Mann and K. Nishijima proposed the quark

model for hadrons. In this model, the meson is made of quark and anti-quark

pairs while the baryon is made of three quarks. It leads to the discovery of

colors. For example, the ∆++ baryon consists three u quarks and their spacetime

and spin wavefunctions are totally symmetric. It seems that the Pauli exclusive

princlple for fermions is violated. To resolve this puzzle, we need to add the

three color degrees of freedom to quarks and assume the three quarks are in

color totally antisymmetric state.

The three color degrees of freedom have a S U(3) symmetry, which can be

gauged as a local symmetry in Yang-Mills theory, i.e. non-Abelian gauge theory.

The gauge vector boson is gluon. Different from photons, gluons are not neutral

under the gauge symmetry. The action for Yang-Mills theory with the gauge

group G is,

LYM = −
1
2

tr(FµνF
µν) + ψ̄(i/∂ − m + g /A)ψ (A.10)

where the Lie-algebra valued one-form Aµ = Aa
µT

a, are the gluon fields. T a’s are

the generators of G. The trace, tr, actually means the Killing-form for G and the

normalization is,

tr(T aT b) =
1
2
δab (A.11)

The field strength Fµν is related with the field potential Aµ as,

Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν], (A.12)

or equivalently,

Fa
µν = ∂µAa

ν − ∂νAa
µ + g f abcAb

µAc
ν. (A.13)
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where [T a, T b] = i f abcT c and f abc is the structure constant for G. ψ are the spinors

in a specific representation of G. For example, in the SM, quarks are in the

fundamental representation of G = S U(3). g is the coupling constant of Yang-

Mills theory. In general, if G is not a simple Lie group, i.e., G’s Lie algebra g can

be decomposed as,

g = g1 ⊕ ... ⊕ gn, (A.14)

then we can decompose (A.10) into n Yang-Mills terms, and we can give differ-

ent coupling constants gi’s for each sub Lie algebra.

The gauge transformation of (A.10) is,

Aµ(x) 7→ U(x)−1A(x)U(x) +
i
g

U(x)−1∂µU(x), ψ(x) 7→ U(x)−1ψ(x), (A.15)

where U(x) ∈ G. Again U(x)−1∂µU(x) is the Maurer-Cartan form of G.

The interaction terms in (A.10) are,

−g f abc∂µA
a
νA

µbAνc
+ g2 f abc f adeAb

µAc
νA

µdAνe
+ igψ̄ /Aa

µt
aψ (A.16)

where ta ≡ (ta)i j which is the representation matrix of T a. So unlike photons

in QED, gluons in Yang-Mills theory are self-interacting. The corresponding

Feynman rules for gluons are shown in Fig. (A.2).

Note that each vertex contains a color factor and a kinematic factor. Because

gluons are bosonic, the vertices are totally symmetric in the legs. In particular,

for three-gluon vertices, both the color and kinematic factor are antisymmetric

so the product is symmetric.

The fermion propagator and vertex in shown in Fig.(A.3). Furthermore, in

QED, the Faddeev-Popov ghost is decoupled from the theory, so there is no
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µ νk
a b =

−iδab

k2+iε (ηµν − (1− ξ) kµkν

k2 )

c, ρ

a, µ

b, ν

p

q

k
= g f abc[ηµν(k − p)ρ + ηνρ(p − q)µ + ηρµ(q − k)ν]

c, ρ

b, νa, µ

d, σ

= −ig2[ f abc f cde(ηµρηνσ − ηµσηνρ) + f ace f bde(ηµρηρσ − ηµσηνρ)
+ f ade f bce(ηµνηρσ − ηµρηνσ)]

Figure A.2: Feynman rules for gluons. (a) gluon propagator (b) three-
point gluon vertex (c) four-point gluon vertex.

pi j

=
i(/p+m)δi j

p2−m2+iε

a, µ

i

j

a, µ

= igγµ(ta)i j

Figure A.3: Feynman rules for fermions in Yang-Mills theory. (a) fermion
propagator (b) QCD vertex.

ghost Feynman rule in QED. However, in Yang-Mills theory, the Faddeev-Popov

ghost is in the adjoint representation of G,

Lghost = ∂µc̄
a∂µca − gc̄a f abc∂µ(Ab

µc
c), (A.17)

where the ghost ca is a spin-zero but fermonic field. Ghosts cancel the unphysical

degrees of freedom of gluons. The Feynman rules for ghosts are shown in Fig.

(A.4). Since ghosts do not appear in the incoming or outgoing physical states,

ghost propagators will form loops in any Yang-Mills Feynman diagram. Hence

in tree level Yang-Mills amplitudes, we do not include the ghosts.
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pa b

=
iδab

p2

c

a

p a, µ

= −g f abc pµ

Figure A.4: Feynman rules for ghosts in Yang-Mills theory. (a) ghost prop-
agator (b) ghost vertex.

Yang-Mills theory with G = S U(3) and quarks in the fundamental represen-

tation is used to describe QCD. However in the energy scale of hadrons’ mass

(∼ 100MeV), the S U(3) coupling constant αs = g2/(4π) is not a small parameter.

So the Feynman diagram expansion does not work for the low energy QCD, for

instance, the nuclear physics. In this energy scale, the degrees of freedom of

QCD are not gluon or quarks, but the color-neutral particles like the pions and

baryons. We can define the Yang-Mills theory on a lattice and calculate the QCD

processes in lattice by numerical methods.

On the other hand, Yang-Mills theory with certain number of matter fields

is asymptotically free, i.e., the coupling constant decreases as the energy scale

increases. Perturbatively, to the one-loop order,

µ
dg
dµ
= − g3

(4π)2
[
11
3

C2(G) − 4
3

n f C(r)] (A.18)

where C2(G) is the quadratic Casimir operator for the adjoint representation, and

C(r) is the representation constant for the matter field. n f is the number of matter

fields. For example, if G = S U(3) with n f fundamental quarks, C2(G) = 3, C(r) =

1/2, so as long as n f < 17, the beta function is negative in the leading order and

the theory is asymptotically free. Experimentally, we know that at the Z mass

(∼ 90GeV),

αs(mZ) = 0.1 (A.19)
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So in that energy scale or above, the Feynman diagram expansion is available.

Like the QED, the local non-Abelian gauge symmetry induces a set of iden-

tities, the Slavnov-Taylor identities. They are similar to QED’s Ward-Takahashi

identities but more complicated.

Again, if the fermions are Dirac spinors, the Yang-Mills theory has charge

conjugation symmetry. Note that the naive flip Aa
µ 7→ −Aa

µ is not a symmetry, be-

cause the Yang-Mills action contains cubic terms in A and also under the charge

conjugation of ψ (A.7), the representation becomes the conjugate representation,

ψ̄iti jγ
µψ j 7→ −ψ̄it jiγ

µψ j. (A.20)

So in the analog of the QED case, we may pick up the Cartan sub-Lie algebra

h of G so we have r U(1) gauge bosons As
µ, s = 1, ...r and r = dimh. All the

other gluons are paired and charged by these U(1)’s. We denote them as Bl±
µ ,

l = 1, ...(dimG − r)/2. Then the correct charge conjugation symmetry is

As
µ 7→ −As

µ, Bl±
µ 7→ −Bl∓

µ , ψ 7→ −i(γ2)Tψ∗. (A.21)

For example, consider G = S U(2) and the scattering amplitude with five incom-

ing gluons with the color indices, a1 = 1, a2 = a3 = 2 and a4 = a5 = 3. Choose

σ3 as the generator for S U(2)’s Cartan Lie-algebra. σ2 is antisymmetric while σ1

and σ3 are symmetric, so the charge conjugation reads

A1
µ 7→ −A1

µ, A2
µ 7→ A2

µ, A3
µ 7→ −A3

µ (A.22)

Hence the configuration is odd under the charge conjugation so the amplitude

vanishes to all orders,

A(k1, ε1, a1 = 1;k2, ε2, a2 = 2;k3, ε3, a3 = 2;k4, ε4, a4 = 3;k5, ε5, a5 = 3) = 0 (A.23)
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Yang-Mills gauge bosons can also coupled to chiral fermions. For example,

in the SM, the weak isospin gauge group S U(2)L coupled to left-handed quarks

and leptons. In this case, both C and P parities are broken, but the CP parity is

conserved up to the generation mixing effect (CKM matrix). The chiral fermions

one-loop diagram will induce anomalies which may break the gauge symmetry.

However, in the SM, all the gauge anomalies cancel out, and the gauge theory

is consistent.

It is possible to add the Yang-Mills angle term in the Yang-Mills action,

θ

32π2
FµνF̃

µν (A.24)

where F̃µν
=

1
2ε

µνρλFρλ is the dual of Yang-Mills field strength. This comes from

the nontrivial vacua structure of Yang-Mills theory, i.e., θ-vacua. This term is

topological, i.e., a closed form but may not be exact globally. So it does not

change the Yang-Mills Feynman rules. The Yang-Mills angle explicitly breaks

CP parity.

A.2 Einstein gravity theory

Currently, gravity is described by Einstein’s general relativity. General relativity

is based on the equivalence principle: at any point in spacetime, we can locally

choose a reference frame in which the matter satisfies the physical laws in spe-

cial relativity. So we can first write down the special-relativistic equations of

motion in the local frame, and then transfer them back to the original frame.

The transition law of the two frames determines the metric in the original frame,

ds2
= gµν(x)dxµdxν. (A.25)
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where ds is the proper time. The metric tensor gµν contains all the information

of gravity. We may treat general relativity in the analogy of Riemann geometry

and regard (A.25) as the metric for spacetime manifold.

Free particles travel in the geodesic curves of spacetime,

d2xµ

dτ2
+ Γ

µ
νλ

dxν

dτ
dxλ

dτ
= 0 (A.26)

Note that the mass does not appear in this equation, since by the equivalence

principle, the inertial mass equals the gravity mass. Furthermore, gravity couples

to matters via the minimal coupling,

∂µ 7→ Dµ, ηµν 7→ gµν,
∫

ddx 7→
∫

dd x
√
−g. (A.27)

So gravity couples to all the SM particles.

The action of Einstein gravity is,

I =
∫

dd x
√
−gLEH +

∫

ddx
√
−gLmatter (A.28)

LEH = − 1
16πG R is the Einstein-Hilbert action and G is the Newton gravitational

constant. The fundamental energy scale of gravity mp, the reduced Planck mass,

is related to G as, (~ = c = 1),

mp =

√

1
8πG

∼ 2.43× 1018GeV (A.29)

The variance of this action gives the Einstein equation,

Rµν −
1
2

gµνR = −8πGTµν (A.30)

where Rµν and R are the Ricci tensor and scalar curvature, respectively. Tµν is the

energy-momentum tensor defined as,

T µν(x) = 2
1
√−g

δIM

δgµν(x)
. (A.31)
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Note the energy-momentum tensor is symmetric by this definition.

As the electrodynamics, we want to find the plane-wave-like solution in the

vacuum. We defined the flat background as the Minkowski space etaµν and

perturb it,

gµν = ηµν + 2κhµν (A.32)

where κ ≡
√

8πG = m−1
p . We will see that the factor 2κ provides the correct nor-

malization for the canonical kinetic term and κ serves as the coupling constant

for Einstein gravity. Note that as the electrodynamics, hµν also has the gauge

symmetry: as we apply a infinitesimal transformation, xµ 7→ xµ + εµ(x),

hµν 7→ hµν − ∂µεν − ∂νεµ. (A.33)

So we can choose the de Donder gauge ∂µhµν = 1
2∂ν(h

µ
µ), and the equation of mo-

tion is

∂2hµν = 0 (A.34)

As the electrodynamics, the plane-wave solution is hµν(x) = eµνeik·x
+ e∗µνe

−ik·x. The

gauge and on-shell condition read,

k2
= 0, eµν = eνµ, kµe

µ
ν =

1
2

kνe
µ
µ. (A.35)

Furthermore, a gauge transformation will remove the trace mode in eµν, so the

gauge condition for eµν is simply,

eµν = eνµ, eµµ = 0, kµeµν = kνeµν = 0, eµν ∼ eµν + kµεν + kνεµ (A.36)

where k · ε = 0. Therefore, the number of physical modes in hµν is d(d+1)
2 − d −

1 − (d − 1) = d(d − 3)/2. By a Lorentz transformation on hµν, it is clear that the

helicity of the gravitational wave is ±2. The unphysical helicity-zero mode is

removed by the traceless condition, and the helicity-one modes are removed by

the gauge transformation eµν ∼ eµν + kµεν + kνεµ.
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Since Einstein, people spent great effort on the quantization of the gravity.

We may expand the Einstein-Hilbert action, and treat hµν as the particle graviton.

It is tedious but straightforward to expand the action in hµν. [24][25][26][38]

gµν = ηµν − 2κhµν + 4κ2hµλhνλ − 8κ3hµλhλαhαν + . . . , (A.37)

and,

√
−g = 1+ κh +

κ2

2
(h2 − 2hµνhµν) +

κ3

6
(h3 − 6hhµνhµν + 8hµνh

ν
λh

λ
µ) + . . . (A.38)

Hence the action would be,

LEH =
1

2κ2

√
−gR (A.39)

=
1
2

(

∂µhνλ∂µhνλ −
1
2
∂µh∂µh

)

+ 2κ

(

1
2

hαβ∂
µhβα∂µh −

1
2

hαβ∂αhµν∂
βhνµ − hαβ∂µh

ν
α∂

µhβν

+
1
4

h∂αhµν∂αhνµ + hβµ∂νh
α
β∂

µhνα −
1
8

h∂µh∂µh

)

+ . . . , (A.40)

From the quadratic terms, we can read the graviton propagator, However, the

p
µ1, ν1 µ2, ν2

=
−i

p2+iε

(

ηµ1µ2ην1ν2 − ηµ1ν2ην1µ2 − 2
D−2ηµ1ν1ηµ2ν2

)

Figure A.5: propagator for gravitons in de Donder gauge.

three-graviton vertex is very complicated. Furthermore, unlike the Yang-Mills

theory, the action expansion in hµν does not truncate at finite order. Therefore,

the quantized Einstein gravity contains infinite types of vertices.

Note that the three-graviton vertex is proportional to κ, which has the dimen-

sion 1− d/2. So for d > 2, this interaction term is non-renormalizable. Similarly,

all the other vertices in Einstein gravity are non-renormalizable. So to cancel
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the loop divergences in scattering amplitude, we have to introduce an infinite

number of counter terms and also renormalization conditions. So even to the

one-loop order, it is impossible to determine all the counter terms at once. In

this sense, the quantum Einstein gravity is not well-defined.

However, we may treat the quantum Einstein gravity as an effective theory,

i.e. quantum Einstein gravity is well-defined in the energy scale far below the

Planck mass. Since the high-order vertices are suppressed by powers of (E/mp),

for the cases if E << mp, we may neglect their contribution. Then in practice, we

can use quantum Einstein gravity to calculate low-energy scattering processes.

For example, it is possible, to get the one-loop order correction for the classical

Newton gravity equation. But the effective theory will break down near the

Planck scale, and the new quantum gravity theory is needed.

Even the quantum Einstein gravity can be treated as an effective theory, the

scattering amplitude calculation is still extremely complicated. For example,

although the tree-level amplitude in quantum gravity is well defined, there are

too many Feynman diagramsn and each diagram contains complicated vertices.

However, there is a surprising relation between the gravity tree amplitude and

the Yang-Mills gluon amplitude, KLT relation. [39].

(graviton tree amplitude) =
∑

(kinematic factors)× (A.41)

(gluon tree amplitude) × (gluon tree amplitude) (A.42)

So the quantum gravity amplitude calculation is greatly simplified and readily

calculable. This relation is inspired from the open/closed string theories and

difficult to find from the field theory viewpoint.

The KLT relation may imply a fundamental relation between the gravity and
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the gauge theories: “gravity is gauge theory squared”. However, until now

(2011), the loop-level extension of the KLT relation was not found yet. However,

the KLT relation inspires the discover of AdS/CFT duality, which is the duality

between the gauge theory and the gravity theory in different dimensions.

A.3 Supersymmetric extension of the Yang-Mill and gravity

theories

We know that symmetries, global or local, play the central role in Yang-Mill and

gravity theories. It is a natural question to ask: is there a symmetry beyond

the known Lorentz, CPT, conformal, chiral and gauge symmetries? The famous

Coleman-Mandula theorem claimed that there is no mixing between an inter-

nal symmetries T ’s and Poincare symmetries P’s, for a theory with mass gap.

Schematically,

[T, T ] ∼ T, [P, P] ∼ P, [T, P] = 0 (A.43)

So the T ’s are decoupled from the Poincare symmetry and just the usual global

or local bosonic symmetries. However, this theorem does not constrain the

fermionic symmetries. It is possible construct fermionic generators Q’s such that,

{Q,Q} ∼ P (A.44)

In particular, in d = 4, we can construct a Weyl spinor operators Q such that,

{Qα, Q̄α̇} = 2Pµσ
µ, [Pµ,Q] = 0 (A.45)

where Q̄α̇ = (Qα)† and Pµ is the momentum operator. Q is called the supercharge.

Since in 4D the Weyl spinor is the minimal spinor representation, (A.45) is the
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minimal possible representation in 4D. Equivalently, we can represent the su-

percharges as Majorana spinor in 4D.

{Q, Q̄} = 2Pµγ
µ, [Pµ,Q] = 0 (A.46)

where Q is a Dirac spinor satisfying the Majorana condition, Q = −iγ2Q∗. That

is the same supersymmetric algebra.

The supercharge would change the helicity of a particle by ±1
2, so it is a sym-

metry between a boson and a fermion. This pair of particles is called the super-

symmetry multiplet. Because the supercharge commutes with momentum and

gauge transformation,

[P,Q] = 0, [T a,Q] = 0, (A.47)

particles in the same multiplet have the same mass and in the same gauge rep-

resentation. So it is clear that the standard model itself does not have supersym-

metry, i.e. the partners of SM particles are outside the SM. And supersymmetry,

if exists, must be broken at some energy scalar higher than TeV so the partner

particles are heavy enough to avoid current experimental detection.

Exact supersymmetry forces the scalar one-loop quadratic divergence to

vanish. So the SM hierarchy problem can be solved by supersymmetry. In real

life, supersymmetry must be broken. However, in this manner, the hierarchy

problem between the Planck scale and the electroweak scale is greatly reduced

to the small hierarchy between the supersymmetry breaking scale and the EW

scale.
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A.3.1 d = 4 N = 1 super-Yang Mills theory

The N = 1 supersymmetric gauge theory action can be constructed from the

original Yang-Mills action. The chiral quarks are extended to the chiral supermul-

tiplets, ψα → (ψα, φ). We may call φ squark. ψ is a Weyl spinor and φ is a complex

scalar. And the gluons are extended to vector supermultiplets, Aa
µ → (Aa

µ, λ
a). λa is

the gaugino, which is a Weyl spinor in the adjoint representation.

It seems that the action, including (ψα, φ) and (Aa
µ, λ

a) would be very compli-

cated. However, the supersymmetry put strong constraints on the action. To

manifest the supersymmetry, we can introduce the superspace and superfields.

Let the Grassmann θα and θ̄α̇ = (θα)† be the coordinates for the superspace. The

supercharge can be realized as,

Qα =

(

∂

∂θα
− iσµ

αα̇θ̄
α̇ ∂

∂xµ

)

, Q̄α̇ =

(

− ∂

∂θ̄α̇
+ iθασµ

αα̇

∂

∂xµ

)

(A.48)

. A superfield F(x, θ, θ̄) is a field in both spacetime and superspace. The ex-

pansion in the Grassmann variables θ, θ̄ would give the component fields in one

supermultiplet. The supersymmetry transformation is explicitly on a superfield

is,

δF(x, θ, θ̄) = (ξQ + ξ̄Q̄)F(x, θ, θ̄). (A.49)

Again, the expansion in θ, θ̄ gives the supersymmetric transformation of each

component.

The chiral supermultiplet (ψα, φ), is embedded in the chiral supermultiplet,

Φ(x, θ, θ̄) = φ(x) + iθσµθ̄∂µφ(x) +
1
4
θ2θ̄2F(x) +

√
2θψ(x) − i

√
2
θ2∂µψσ

µθ̄ + θ2F(x)

(A.50)
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where F(x) is the auxiliary field to compensate the off-shell degrees of freedom.

The superfield Φ satisfies the chiral condition,

D̄α̇Φ(x, θ, θ̄) = 0. (A.51)

where the differential operator D̄α̇ = − ∂

∂θ̄α̇
− iθασµ

αα̇
∂
∂xµ . D̄α̇ commutes with Q

and Q̄, so this constraint is supersymmetric. The product of chiral fields and

furthermore the analytic function of Φ’s are still chiral superfield. However φ†

is not a superfield.

The kinetic term for the chiral superfield is
∫

d4x dθ2dθ̄2
Φ
†
iΦi =

∫

d4x
(

iψ†i σ̄
µ∂µψi + ∂

µφ∗i ∂µφi + F∗i Fi

)

(A.52)

Here i is the index for the copies of chiral supermultiplets. Note that the Grass-

mann integral only picks up the θ2θ̄2 term. This term, under the (A.49), is

changed by a total derivative term. Hence the action is supersymmetric. In

general, if we allow the non-renormalizable terms, the kinetic term can be cho-

sen as,
∫

d4x dθ2dθ̄2K(Φ†,Φ) (A.53)

where K is a real function which is called Kähler potential. The interaction is

generated by the superpotential,
∫

d4x dθ2W(Φ) + h.c. = Wi(φ)Fi −
1
2

Wi j(φ)ψiψ j + h.c. (A.54)

where W(Φ) is an analytic function. Since the product of chiral superfields are

still chiral superfields, W(Φ) is a chiral superfield. Again, under the (A.49), W(Φ)

is changed by a total derivative term so this term is supersymmetric.

Integrate out the auxiliary field Fi, i.e., Fi = −W∗
i , finally we get the action for

the chiral supermultiplets,

L = iψ†i σ̄
µ∂µψi + ∂

µφ∗i ∂µφi −
1
2

(W jk(φ)ψ jψk + h.c.) −Wi(φ)W∗
i (φ) (A.55)
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where the potential Wi(φ)W∗
i (φ) = FiF∗i is called the F-term.

The vector superfield is a superfield V which satisfies the condition V = V†.

In Wess Zumino gauge, the vector superfield is,

Va
= θσ̄µAa

µ + iθ2θ̄2λ†a − iθθ̄2λa
+

1
2
θ2θ̄2Da, (A.56)

where a is the Lie-algebra index. Again, Da is the auxiliary field. The field

strength, which is a chiral superfield, is,

T aWa
α = −

1
4

D̄α̇D̄α̇(e−T aVa
DαeT aVa

), (A.57)

where,

Wa
α = −iλa

α(y) + θαDa(y) − (σµνθ)αFa
µν(y) − θ2σµDµλ

†a(y). (A.58)

So the gauge field action is,

1
4g2

∫

d4xd2θWaαWa
α + h.c., (A.59)

and the kinetic term for the chiral matter is promoted to,

∫

d4θ Φ†eT aVa
Φ. (A.60)

and the superpotential is constrained to be gauge invariant. Again, integrate

out the auxiliary field Da, we get the D-term potential,

1
2

(φ∗T aφ)2 (A.61)

The Feynman rules for super-Yang-Mills theory contains all the Yang-Mills

vertices and many new vertices. The new gluon interaction vertices are,

Furthermore, by the supersymmetric transformation, the gluon vertices gen-

erate other gauge vertices. Note that when the auxiliary field Da is integrated
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Figure A.6: Super-Yang-Mills gluon interaction. (a) two-scaler-one-gluon
vertex (b) two-scalar-two-gluon vertex (c) two-gaugino-one-
gluon vetex.

Da

Figure A.7: Other gauge vertices in Super-Yang-Mills theory (a) gaugino-
scalar-fermion vertex (b) D-term vertex

out, the D-term vertex becomes the D-term potential interaction. And the su-

perpotential W(Φ) for chiral supermultiplets would generate the squark and

squark-quark vertices.

The one-loop beta function for super-Yang-Mills’ gauge coupling can be cal-

culated identically as the Yang-Mills case (A.18). The new ingredient is the

gaugino and squark gauge interaction, so the beta function is

µ
dg
dµ
= − g3

(4π)2
[
11
3

C2(G) − 4
3

n f C(r) − 2
3

C2(G) − 2
3

n f C(r)]

= − g3

(4π)2
[3C2(G) − 2n f C(r)] (A.62)

where in the first line, the last two term comes from the gaugino and squark

loops, respectively. Again, n f is the number of quarks, as Dirac spinors. For

G = S U(N), this result is βg = − g3

(4π)2 (3N − n f ).

However, unlike Yang-Mills theory, the beta function in super-Yang-Mills
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can be determined to all loops. The exact beta function, or NSVZ beta function

is,

µ
dg
dµ
= − g3

(4π)2

3C2(G) −∑

i 2C(ri)(1− γi)
1−C2(G)g2/8π2

. (A.63)

This result can be proven by the holomorphic method, which treats the coupling

constant g as a superfield. The difference between (A.62) and (A.63) is from the

wavefunction renormalization. (A.62) is also called the holomorphic beta function.

A.3.2 d = 4, N = 4 super-Yang-Mills theory

It is possible to have several supercharges,

{QA
α , Q̄

B
α̇} = 2δABPµσ

µ

αα̇
, (A.64)

{QA
α ,Q

B
β } = 2ZABεαβ, (A.65)

{QA
α ,Q

B
β } = 2Z∗ABεαβ, (A.66)

where ZAB is an antisymmetric matrix which is called the central charge. We can

diagonalize ZAB and just consider the eigenvalues Z1, ...Zk. In one supermulti-

plet, |Zi| ≤ M, ∀i, otherwise there would be negative-mode states. If one |Zi| = M,

we get a short supermultiplet, which is called the Bogomol’ny-Prasad-Sommerfield

state, or simply the BPS state.

In d = 4, the maximum supersymmetry without gravitons is N = 4 super-

symmetry. N = 2 super-Yang-Mills theory has rich moduli structure and leads

to the famous Seiberg-Witten theory. N = 3 supersymmetry can be decomposed

to N = 1 and N = 2 supersymmetry. In the subsection, we focus on the d = 4,

N = 1 super-Yang-Mills theory.

The vector supermultiplet in N = 4 super-Yang-Mills theory contains parti-
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cles with the following helicities,

(

1,
1
2

4

, 06,−1
2

4

,−16
)

(A.67)

so there are four gauginos and six scalars. Because of the strong constraint of

the N = 4 supersymmetry, the gauge action is very simple. d = 4, N = 4 super-

Yang-Mills has the same number of supercharges as the d = 10, N = 1 super-

Yang-Mills theory. The latter’s action is

− 1
4g2

tr(FMNFMN) − i
2g2

tr(λ̄ΓMDMλ) (A.68)

where M = 0, . . . , 9. By dimension reduction, µ = 0, . . . , 3, m = 4, . . . , 9, and the

six gluons in extra dimension Am becomes the scalars φm. The ten-dimensional

Weyl-Majorana spinor becomes four four-dimensional Weyl spinors. So the ac-

tion is

− 1
4g2

tr(FµνF
µν
+ 2DµφmDµφm − [φm, φn]

2) − i
2g2

tr(λ̄γµDµλ + iλ̄Γm[φm, λ]). (A.69)

The potential for scalars is minimal when,

[φm, φn] = 0,∀m, n (A.70)

so the v.e.v of φm can be taken simultaneously diagonal and confined in Cartan

sub-Lie algebra. Hence the moduli space is 6 × rank(G)-dimensional. Outside

the moduli space, the gauge symmetry is spontaneously broken.

N = 4 super-Yang-Mills theory can be treated as N = 1 super-Yang-Mills

theory. Since there are 4 adjoint chiral fermions (gaugino) and 6 adjoint scalars,

the holomorphic beta function vanishes.

µ
dg
dµ
∝

(11
3

C2(G) − 2
3

C(Ad) × 4− 1
6

C(Ad) × 6
)

= 0. (A.71)
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Note here we have real scalars instead of complex scalars. Furthermore, the

beta function not just vanishes perturbatively but also exactly, by the moduli

argument.

155



BIBLIOGRAPHY

[1] Tatsumi Aoyama et al. Tenth-order lepton g-2: Contribution from dia-
grams containing a sixth-order light-by-light-scattering subdiagram inter-
nally. Phys. Rev., D81:053009, 2010.

[2] Nima Arkani-Hamed, Jacob L. Bourjaily, Freddy Cachazo, Simon Caron-
Huot, and Jaroslav Trnka. The All-Loop Integrand For Scattering Ampli-
tudes in Planar N=4 SYM. JHEP, 01:041, 2011.

[3] Nima Arkani-Hamed, Freddy Cachazo, and Clifford Cheung. The Grass-
mannian Origin Of Dual Superconformal Invariance. JHEP, 03:036, 2010.

[4] Nima Arkani-Hamed, Freddy Cachazo, Clifford Cheung, and Jared Ka-
plan. A Duality For The S Matrix. JHEP, 03:020, 2010.

[5] Frits A. Berends and W. Giele. The Six Gluon Process as an Example of
Weyl-Van Der Waerden Spinor Calculus. Nucl.Phys., B294:700, 1987.

[6] Frits A. Berends and W. T. Giele. Recursive Calculations for Processes with
n Gluons. Nucl. Phys., B306:759, 1988.

[7] Frits A. Berends, R. Kleiss, P. De Causmaecker, R. Gastmans, and Tai Tsun
Wu. Single Bremsstrahlung Processes in Gauge Theories. Phys. Lett.,
B103:124, 1981.

[8] Z. Bern, J. J. M. Carrasco, and H. Johansson. The Structure of Multiloop
Amplitudes in Gauge and Gravity Theories. Nucl. Phys. Proc. Suppl., 205-
206:54–60, 2010.

[9] Z. Bern, J. J. M. Carrasco, and Henrik Johansson. New Relations for Gauge-
Theory Amplitudes. Phys. Rev., D78:085011, 2008.

[10] Zvi Bern, Lance J. Dixon, David C. Dunbar, and David A. Kosower. One-
Loop n-Point Gauge Theory Amplitudes, Unitarity and Collinear Limits.
Nucl. Phys., B425:217–260, 1994.

[11] Zvi Bern, Lance J. Dixon, David C. Dunbar, and David A. Kosower. Fusing
gauge theory tree amplitudes into loop amplitudes. Nucl. Phys., B435:59–
101, 1995.

156



[12] N. E. J. Bjerrum-Bohr, Poul H. Damgaard, Bo Feng, and Thomas Sonder-
gaard. New Identities among Gauge Theory Amplitudes. Phys. Lett.,
B691:268–273, 2010.

[13] N. E. J. Bjerrum-Bohr, Poul H. Damgaard, Bo Feng, and Thomas Sonder-
gaard. Proof of Gravity and Yang-Mills Amplitude Relations. JHEP, 09:067,
2010.

[14] N. E. J. Bjerrum-Bohr, Poul H. Damgaard, Thomas Sondergaard, and Pierre
Vanhove. The Momentum Kernel of Gauge and Gravity Theories. JHEP,
01:001, 2011.

[15] N. E. J. Bjerrum-Bohr, Poul H. Damgaard, and Pierre Vanhove. Minimal
Basis for Gauge Theory Amplitudes. Phys. Rev. Lett., 103:161602, 2009.

[16] N. E. J. Bjerrum-Bohr and Oluf Tang Engelund. Gravitino Interactions from
Yang-Mills Theory. Phys. Rev., D81:105009, 2010.

[17] Ruth Britto, Freddy Cachazo, and Bo Feng. New recursion relations for
tree amplitudes of gluons. Nucl.Phys., B715:499–522, 2005.

[18] Ruth Britto, Freddy Cachazo, Bo Feng, and Edward Witten. Direct proof of
tree-level recursion relation in Yang-Mills theory. Phys.Rev.Lett., 94:181602,
2005.

[19] Freddy Cachazo and Peter Svrcek. Lectures on twistor strings and pertur-
bative Yang-Mills theory. PoS, RTN2005:004, 2005.

[20] Freddy Cachazo, Peter Svrcek, and Edward Witten. MHV vertices and tree
amplitudes in gauge theory. JHEP, 0409:006, 2004.

[21] Predrag Cvitanovic. Group Theory for Feynman Diagrams in Nonabelian
Gauge Theories: Exceptional Groups. Phys. Rev., D14:1536–1553, 1976.

[22] P. De Causmaecker, R. Gastmans, W. Troost, and Tai Tsun Wu. Multiple
Bremsstrahlung in Gauge Theories at High-Energies. 1. General Formalism
for Quantum Electrodynamics. Nucl.Phys., B206:53, 1982.

[23] Vittorio Del Duca, Lance J. Dixon, and Fabio Maltoni. New color decompo-
sitions for gauge amplitudes at tree and loop level. Nucl. Phys., B571:51–70,
2000.

157



[24] Bryce S. DeWitt. Quantum Theory of Gravity. 1. The Canonical Theory.
Phys.Rev., 160:1113–1148, 1967.

[25] Bryce S. DeWitt. Quantum Theory of Gravity. 2. The Manifestly Covariant
Theory. Phys.Rev., 162:1195–1239, 1967.

[26] Bryce S. DeWitt. Quantum Theory of Gravity. 3. Applications of the Co-
variant Theory. Phys.Rev., 162:1239–1256, 1967.

[27] Lance J. Dixon. Calculating scattering amplitudes efficiently. 1996.

[28] Lance J. Dixon, Daniel Friedan, Emil J. Martinec, and Stephen H. Shenker.
The Conformal Field Theory of Orbifolds. Nucl.Phys., B282:13–73, 1987.

[29] J. F. Donoghue, E. Golowich, and Barry R. Holstein. Dynamics of the stan-
dard model. Camb. Monogr. Part. Phys. Nucl. Phys. Cosmol., 1992. and the
reference therein.

[30] Henriette Elvang and Michael Kiermaier. Stringy KLT relations, global
symmetries, and E7(7) violation. JHEP, 10:108, 2010.

[31] Bo Feng and Song He. KLT and New Relations for N=8 SUGRA and N=4
SYM. JHEP, 09:043, 2010.

[32] R. Gastmans and T.T. Wu. The Ubiquitous photon: Helicity method for
QED and QCD. 1990.

[33] C.J. Goebel, F. Halzen, and J.P. Leveille. Angular zeros of Brown, Mikaelian,
Sahdev, and Samuel and the factorization of tree amplitudes in gauge the-
ories. Phys.Rev., D23:2682–2685, 1981.

[34] David J. Gross, Jeffrey A. Harvey, Emil J. Martinec, and Ryan Rohm. Het-
erotic String Theory. 1. The Free Heterotic String. Nucl. Phys., B256:253,
1985.

[35] David J. Gross, Jeffrey A. Harvey, Emil J. Martinec, and Ryan Rohm.
Heterotic String Theory. 2. The Interacting Heterotic String. Nucl. Phys.,
B267:75, 1986.

[36] J. F. Gunion and Z. Kunszt. Improved Analytic Techniques for Tree Graph
Calculations and the G g q anti-q Lepton anti-Lepton Subprocess. Phys.
Lett., B161:333, 1985.

158



[37] S. H. Henry Tye and Yang Zhang. Dual Identities inside the Gluon and the
Graviton Scattering Amplitudes. JHEP, 06:071, 2010.

[38] Nahomi Kan, Koichiro Kobayashi, Teruki Hanada, and Kiyoshi Shiraishi.
Cancellation of long-range forces in Einstein-Maxwell- dilaton system.
2009.

[39] H. Kawai, D. C. Lewellen, and S. H. H. Tye. A Relation Between Tree Am-
plitudes of Closed and Open Strings. Nucl. Phys., B269:1, 1986.

[40] R. Kleiss and W.James Stirling. Spinor Techniques for Calculating p anti-p
—&gt; W+- / Z0 + Jets. Nucl.Phys., B262:235–262, 1985.

[41] Ronald Kleiss and Hans Kuijf. MULTI - GLUON CROSS-SECTIONS
AND FIVE JET PRODUCTION AT HADRON COLLIDERS. Nucl. Phys.,
B312:616, 1989.

[42] Carlos R. Mafra. Simplifying the Tree-level Superstring Massless Five-
point Amplitude. JHEP, 01:007, 2010.

[43] Michelangelo L. Mangano. The Color Structure of Gluon Emission. Nucl.
Phys., B309:461, 1988.

[44] Michelangelo L. Mangano and Stephen J. Parke. Multi-Parton Amplitudes
in Gauge Theories. Phys. Rept., 200:301–367, 1991.

[45] Michelangelo L. Mangano, Stephen J. Parke, and Zhan Xu. Duality and
Multi - Gluon Scattering. Nucl.Phys., B298:653, 1988.

[46] L. J. Mason and David Skinner. Dual Superconformal Invariance, Momen-
tum Twistors and Grassmannians. JHEP, 11:045, 2009.

[47] Stephen J. Parke and T.R. Taylor. An Amplitude for n Gluon Scattering.
Phys.Rev.Lett., 56:2459, 1986.

[48] Michael E. Peskin and Daniel V. Schroeder. An Introduction to quantum field
theory. Addison-Wesley.

[49] E. Plahte. Symmetry properties of dual tree-graph n-point amplitudes.
Nuovo Cim., A66:713–733, 1970.

159



[50] J. Polchinski. String theory. Vol. 1: An introduction to the bosonic string. Cam-
bridge, UK: Univ. Pr., 1998.

[51] J. Polchinski. String theory. Vol. 2: Superstring theory and beyond. Cambridge,
UK: Univ. Pr., 1998.

[52] D. Spehler and S.F. Novaes. Helicity wave functions for massless and mas-
sive spin-2 particles. Phys.Rev., D44:3990–3993, 1991.

[53] S. Stieberger. Open & Closed vs. Pure Open String Disk Amplitudes. 2009.

[54] S. H. Henry Tye and Yang Zhang. Remarks on the identities of gluon tree
amplitudes. Phys. Rev., D82:087702, 2010.

[55] Steven Weinberg. Gravitation and Cosmology: principles and applications of
the general theory of relativity. John Wiley & Sons, 1972. and the reference
therein.

[56] Zhan Xu, Da-Hua Zhang, and Lee Chang. Helicity Amplitudes for Multi-
ple Bremsstrahlung in Massless Nonabelian Gauge Theories. Nucl. Phys.,
B291:392, 1987.

[57] Dong-pei Zhu. ZEROS IN SCATTERING AMPLITUDES AND THE
STRUCTURE OF NONABELIAN GAUGE THEORIES. Phys. Rev.,
D22:2266, 1980.

160


