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Abstract:

We consider the computational complexity of several decidable
problems about program schemes and simple programming languages.
In particular we show that the equivalence problem for Ianov
schemes is NP-complete, but that the equivalence problem for
strongly free schemes, which approximate‘the class of Ianov
schemes which would actually be written, can be solved in time

guadratic in the size of the scheme.

We also show that many other simple scheme classes or simple
restricted programming languages have polynomially complete
equivalence problems. Some are complete for the same reason
that Ianov schemes are complete and some are complete for other

reasons.

This research was partially supported by NSIF grant GJ-579 and by an
NSI graduate fellowship in Computer Science at Cornell University.



§1 Introduction

Early work with program schemes was motivated by a quest for
optimization techniques, see [3,6,8]. Ideally one would find a
class of schemes rich enough to include many ordinary programs yet
simple enough to have a decidable equivalence problem. No attempt
was made to assess the difficulty of the known decidable problems
(such as equivalence for Ianov schemes [8,9]1, for free monadic
recursion schemes ([l], etc.). However since the work of Cook [2],
it has become possible to talk about matters of feasibility and
tractability in a theoretically meaningfﬁl way; In this paper we
consider the complexity of several decidaﬁle problems about program
schemes and simple programming languages. |

Our work has revealed several interesting findings. In Section
2 we show that the equivalence problem for Ianov echemes, though
decidable, is NP-complete. This is true even for schemes without
loops. Thus the reason why this problem is hard is quite different
than the reason why equivalence of multi-variable schemes is
undecidable. We prove a metatheorem that yields sufficient but
general conditions on a predicate P on the Ianov schemes for P to
be NP-hard. The predicates satisfying this theorem include halting,
divergence, equivalencelto the identity scheme, etc. An anaioéous
theorem yields sufficient conditions on a predicate P on the multi-
variable program schemes to be undecidable. Also an NP-complete
variant of the Post's Correspondence Problem is introduced and used
to show that freedom for 2 variable loop-free schemes is NP-complete.

In Section 3 we isolate subclasses of Ianov schemes for which

the equivalence problem can be solved in polynomial time. We
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suspect that the "naturally occurring Ianov schemes" have this

property. Our candidate for natural schemes are the free Ianov

schemes, i.e. those in which no predicate is tested twice on the
same value (in a free interpretation). But we are only able to
show that strongly free Ianov schemes (those with function
evaluations between tree like clusters of predicates) have a poly-
nomial time equivalence test. To show this we carefully consider
the relationship between Ianov schemes and finite automata.

In Section 4 sufficient conditions for a class of simple
programming languages to have an NP-hard equivalence problem are
presented. One class of programs satisfying these conditions is
the LOOP1l class of Tsichritzis [12].

We first state several definitions needed in the rest of the
paper.

Definition 1.1: P(NP) is the class of all languages over {0,1}

accepted by some deterministic (nondeterministic) polynomially
time-bounded Turing machine.

Definition 1.2: ©Let I,A denote finite alphabets. Let I be the

z,A

class of all functions from I* into A* computable by some

deterministic polynomially time bounded Turing machine. We say Ll

is p-reducible to Lo(written Ly < L.) if there exists f in I
-, . 0 L,A
ptime
such that x € Ly iff f(x) € LO. A language L, is NP-hard if
NP < LO'(i.e. VLENP L< LO). L0 is NP-complete if L0
ptime ptime

is both NP-hard and is accepted by some nondeterministic polynomially

time bounded Turing machine.



§2 Program and Recursion Schemes

We classify the complexity of several different decidable
predicates on the tree, free, single and multiple variable flow
chart schemes. We assume the reader is familiar with program
schames, interpretations, and the standard results concerning
Herbrand or free interpretations as presented in [1], [5], or [6].

Program schemes are finite sequences of

(i) assignment instructions

Ko oy ¢ E(xpeen,x) |
where k is a numeral, X and y are individual variables, and f is

a function variable;

(ii) conditional instructions

k. IF P(xy,...,x ) THEN GO TO k
ELSE GO TO k2,
where k, kl’ k2 are numerals, P is a predicate variable, and the

xi's are individual variables, and
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(iii) halt instructions

k. LOOP,
where k is a numeral. Instructions of the form k..LOOP are considered
as abbreviations for instructions of the form
k. IF P(xl,...,xn) THEN GO TO k ELSE GO TO k.
Finally, we frequently assume that the label of the ith element
of such a sequence is the binary numeral for i, the first element
of the sequence is the unique start or initial statement, and the

last element of the sequence is either a loop or halt instruction.

Definition 2.1: A tree scheme is a program scheme such that

(i) for each statement, there is exactly one way it can be reached
from the start statement and
(ii) the last statement in each maximal path is either a halt or

a loop statement.

The semantics for our program schemes is the conventional
one. Thus, an interpretation I of a program scheme S consists of
(a) a nonempty set of elements D together with
(b) assignments of fixed elements of D to the individual variables
of S, of functions fI p® > D to the function variables f of S, and
of functions from D" into {T,F} to the predicate variables of S.
The pair P = <§,I>, where S is a program scheme and I is an inter-
pretation of S, is called a program. Let the number of distinct
individual Qariables in S be n. Given o € 1" for the individual
variables of S, the program is executable; Thus we also talk about

computations <S$,I,0>. The value of a computation, denoted by



<5,I,0>,is the n-tuple of final values of the individual
variables Xl,...,Xn of S. If the computation does not terminate

then Value <S,I,0> is undefined.

Definition 2.2: For given programs <S,I> and <S',6I'> we say that

(i) = <S,I> halts if for every assignment of initial values ¢ € p"

to the variables of S Value <S,I,0> is defined;

(ii) <8,I> diverges if for every assignment of initall values ¢ e p"

to the variables of S Value <S,I,0> is undefined;

(iii)<S,I> and <S',I'> are (strongly) equivalent if for every

assignment of initial values o € D" to the wvariables

of S,S' Value <S,I,o0> 2 value <S',I‘,0>+ ; and

(iv) <S,I> and <S',I> are isomorphic if for ever assignment of
Y

initial values o € s™ to the variables of S, the sequences

of inétructions executed in the finite or infinite computation
of <S,I1,0> and <S',i,0> are identical.

Similarly, for given schemes S and S' we say that

(a) S halts if for every interpretation I of S, <§5,I> halts;

(b) S diverges if for every interpretation I of S, <S,I>

diverges;

(c) S and S' are (strongly) cquivalent if for every inter-

pretation I of S and S', <S,I> and <S',I> are strongly

equivalent; and

+The domains of I and I' are assumed to be equal. Furthermore,

S and S' arc assumed to have the same set of individual variables.
Finally, Value <S,I,o0> ¥ Value <S',I',0> iff either

(a) both Valuec <S,I,0> and Value <§',I',0> are undefined or

(b) they arc both defined and cqual.

X



(d) S and S' are isomorphic if for every interpretation

I of S and S', <S,I> and <S',I> are isomorphic.

Definition 2.3: A program scheme S is said to be free if every

finite path through its flow diagram is an initial segment of
some computation.
Given a scheme S with function variables fi of arity

n. i=1,...,p, the set of terms of S, denoted Terms(S) is

generated by the production

<term>::= xl]....lxp

n,
<term>::= fil(<term>l,...,<térm>n.). i=1,...,m
i
In the case of Ianov schemes, the set of terms is simply
s

l,...,fm}+x.

A Herbrand interpretation H of scheme S is an interpretation

such that
(i) domain of H is Terms(S)

(ii) (fi)I((tl)I):= fi(tl,...,tn)-

We also consider containment and weak equivalence which we will

not define here.

First, we study the relationship of the complexity of several
of the predicates mentioned above to the underlying graph structurec
of the flow diagrams of the schemes. Our first result, true for

all classes of program schemes, has cspecially strong corollaries

when applied to trce schemes.



Lemma 2.4: There is a deterministic polynomial time bounded algo-
rithm M to decide, given a pair (S,N) where S is a program scheme
and 1 is a path through S, if I is executable under some interpre-

tation.

Proof: We need consider only Herbrand interpretations. T is not

executable iff there are two occurrences of some predicate P in
such that (i) the values of XQreeo X, are the same for both occur-
rences of P for all Herbrand interpretations of S and (ii) T takes
different branches after the first and second occurrences of P.

For each node n; in I record the values of xl,...,xn'(denoted
by xl(i),...,xn(i)) at that node together with the values of
P(xl,...,xn) for those predicates P and values of Xy reee Xy that
have been determined by nodes ny through n, of . Thus, if the

instruction at node n; is of the form y < f(xl,...,xn), then for

all variables xj except y, xj(i) = xj(i—l). y(i) = £ xl(i—l),...,xn(i—l).

(We set xj(O) = Xj for all individual variables xj.) Similarly, if
the instruction at node n, is of the form IF P(xl,...,xn) THEN GO TO kl
ELSE GO TO k, and node nj_ 4 corresponds to the kq [or k2j£E instruction
of S, then for all individual variables xj,xj(i) = xj(i—l). But,
P(xl(i-l),..., xn(i-l)) must now be true [or false] in order to
execute I up to node Ni4pe

For each predicate Pj in 1 we need only consider each pair
of occurrences of Pj say at nodes n, and ny (denoted by Pj,k and
Pj,& and verify that the values forced by thgse occurrences of Pj
in I are consistent, i.e., either xl(k) # xl(z) V eeo V Xn(k) # xn(ﬂ),

or Pj k,...,xn(k)) # Pj jl(xl(ﬂ.),...,xn(S?,)). The number of predicates
! ’
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Py < max (|S],|N|). The number of nodes n; < |1]. Thus, the

algorithm needs at most time polynomial in max(|s]|,|T]).

The following two results are straightforward corollaries

of Lemma 2.4.

Proposition 2.5: There is a deterministic polynomial time bounded

algorithm for converting an arbitrary tree scheme into a strongly

equivalent free tree scheme.

Proof: For a tree scheme S the number of distinct maximal paths
in S is equal to the number of leaves of the underlying flow diagram,
which is a tree. Thus, the number of maximal paths < number of

instructions in S. Using 2.4 prune all unexecutable paths as

willustrated below. The remaining tree scheme S' is free and strongly

equivalent to S.

Theorem 2.6: For tree schemes there are deterministic polynomial

time bounded algorithms for
(1)  freedom,

(ii) divergence

(iii) halting,

(iv) isomorphism, and

(v) redundant function, redundant predicate, or reduﬁdant* loop.

Similarly for free schemes we have

Theorem 2.7: For free program schemes there are deterministic

polynomial time bounded algorithms for
(1) divergence,
(ii) halting, and

(iii) isomorphism.

Proof: (i) A frece program scheme diverges iff it does not contain

a halt instruction.



(ii) - A free program scheme halts iff it does not contain a loop
statement and its flow diagram contains no looping in its

graph structure.

(iii) We modify the construction of Kaplan [7].

We illustrate the construction by an example. In 8§83 we consider

the problem in more detail.

HLEMPIL RS
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incomplete incomplete
Dfsa M Dfsa M'

‘;3y+f (y) LU
IIP (y)=Fll

But M and M' are incomplete deterministic finite automata. They can

be completed without increasing their size by more than a square
factor. It is clear that S is isomorphic to S' iff L(M) = L(M').

Thus, given S construct M as follows:

STEP 1: TFor all nodes n, in the flow diagram of S there is exactly
one state q- The start state of M is that state that
corresponds to the start statement of S. The accepting
states of M are all states qy that correspond to halt

statements. There is one trap state distinct from the
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states mentioned above. If the statement at node i of

S is y +« f(xl,...,xn) and the next executable node is
: ] - " -

node j then G(qi, y f(xl,...,xn) ) qj. If the

statement at node i of S is IF Pk(xl,...,xn) THEN GO

TO k, ELSE GO TO k, , then
§(ays "Pyp (g, eve,x)) = T") = 9, and
G(qi, Pk(xl,...,xn) = F") = qk2 . We leave the re-

mainder of the construction to the reader.

STEP 2: Test the equivalence of M and M' using one of the known

deterministic polynomial algorithms, say Hopcroft's n fog n
algorithm in [ 5]. &3

Unfortunately it is well known that freedom for arbitrary

program schemes is undecidable. However, Theorem 2.7 does imply

that predicates (i), (ii), and (iii) are deterministic polynomial
for all subclasses of schemes which can be shown to be free. 1In
particular,

Lemma 2.8: There is a deterministic polynomial time bounded algo-
rithm to determine if a Ianov schcnc is

free.

Proof: Immediate from the facts that (i) a monadic single variable

scheme is not free iff it has a path in its flow diagram with two
identical tests and no assignment statement between them, (ii) only
paths of length < number of predicates appearing in the scheme need
be considered, and (iii) the number of nodes nj reachable from n,

is < the number of nodes of the flow diagram. E3
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Next we present simple sufficient conditions on predicates
on monadic single variable schemes which guarantee that any predicate
satisfying them is NP-hard. All our results for NP-hard predicates
on single variable schemcs follow from Proposition 2.11 below.

First, we need several definitions:

Definition 2.9: A Boolean form is a 23—Boolean form if £ is the

disjunction of clauses cl,..;,cp such that each clause ¢, is the

conjunction of at most three literals. Similarly, £ is a EZ—Boolean

form if f is the disjunction of clauses cl,...,cp such that each
clausec cy is the conjunction of at most two literals. Cook [2]
has shown that the set of nontautological D3—Eoolean forms is an
NP-complete form. He also has that the set of tautological D2—

Boolean forms € P.

Definition 2.10: A switching scheme $ is a monadic, single var-

iable, loop-free program scheme such that all its instructions are
either conditional or halt instructions. Those statements of

that are halt instructions are called terminal statemcnts.

1A scheme - whese underlying flow diagram has only nodes of indegree
< 1l is a tree schem ¢ provided its flow graph is connected.



13

Proposition 2.11: There exists a deterministic polynomial time

“bounded Tm M such that M, when given a D3—Boolean form f as input,
outputs a switching scheme é?} with exactly two terminal state-
ments labeled (:) and (:) such that statement <:) is reachable by

some computation path in 67} iff £ is not a tautology.

Proof: We illustrate the construction of @ by an example.
Let £ = XXX, V x,XaX, \% XX Xe V ... . The flow diagram for tg%

is given below.

1. Pl(x)

\
D F

w
. S
‘U <
o
3
C
|!§| *a
< //
¥
H
gy
g

F .\ T
(. HALT

12.Pj(x)

e
T F .
T :
We leave it to the reader to construct .. m :
~\ '

©. HALT
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We note that if we allow é?} to have O(t) terminal

statements where t is the number of terms in £, then

(i) the construction of é?% is still deterministic polynomial

time bounded in |f],

(ii) the flow diagram of JZ} is a directed acyclic graph each
of whose nodes has in-degree at most 2, and
(iii) ¢ is reachable by some computation path in & iff £ is

n
not a tautology.

Hh

Definition 2.12: Let & be a scheme with exactly two terminal

statements labeled ® and & . Given schemes B and C ,

&p also written cgp—a B,C is the scheme which results
by replacing statement @ by B and statement ©)
by C with some suitable renumbering of the state-

® B O C ments in B and C if necessary. For example let

é?l B and C be as below.

&F: 1. 1IF P, (X) THEN 2 ELSE 4. B: 1. LOOP.
2. X < X.
N—— C: 1. X <« f(x).
- 2. HALT.
5. HALT.

Then & is as given below.

K//\\\g 1. IF Pl(X) THEN 2 EL?E 4.
®B (& cC

2. X <« X.
3. LOOP
4. X < Xc

5. X « f(x).

6. HAL'T.
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Theorem 2.13: Let Q“be any predicate on

program schemes such that 4 monadic single variable program schemes
B and C such that V switching schemes & with exactly two terminal
statements @ and @, Q((F— B,C)) is true iff () is reachable

by some computation, - )
then {&|Fis a monadic

single variable flowchart scheme and Q (%)) is false} is NP-hard.

Moreover, if B and C are loop-free (have only léop instructions

but no looping in their flow diagrams) then {.%|&Fis a loop-free
monadict single variable program scheme (Fis a monadic single
variable program scheme which has only loop instructions but no

looping in its flow diagram) and Q(%) is falsel}l is NP-hard.

Proof: Let f be an arbitrary D3—Boolean form. Let Spé be

the switching scheme constructed in 2.11. Let statement @ be
statement @ of F;. Let statement © be statement (O of Fs -
Then & is reachable iff f is not a tautology. Since all
constructions are deterministic polynomial time bounded the theorem

follows., B

Corollary 2.14: The following predicates or their negations

satisfy the hypotheses of Theorem 2.13:
(i) divergence,
(ii) halting,
(iii) strong equivalence,
(iv) weak equivalence,

(v) containment,

o

(vi) isomorphism, and

|
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(viil redundant loop, predicate, or function.
(i), (ii), and redundant loop are NP-complete for mpltiple variable
schemes with loop instructions but no looping in their flow diagram.
(iii), (iv), (v), (vi), redundant loop, and redundant function are

NP.complete for loop-free multiple variable schemes.

Proof:

1. B is 1. LOOP. C is 1. HALT.
2. Bis 1. HALT, C is 1. LOOP.

3, Let B be 1. HALT. Let C be 1. X <« f(x).

2. HALT.
£ is strongly equivalent to 1. HALT iff
y////\\\g -1 is not reachable.
+1. HALT., -1. x <« £(x).
-2 . HALT.

4. For schemes without loop instructions or looping in their

computation graphs, strong and weak equivalence are the same.

5. F contains 1. HALT iff

/\ -1 is not reachable.

+1. HALT - 1. x <« f(x).

- 2., HALT.

g

6. Let S be L///,\i\g

+ 1, HALT - 1. HALT
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Let S' beL(//;?%\\N
+1',HALT -1'. x « f(x)
-2'. HALT,.
Then S is isomorphic to S' iff -1'., is not reachable.

7. Redundant loop: (1) B is 1. HALT and (2) C is 1. LOOP

Redundant function: (1) B is 1. HALT and (2) C is 1. x < f(x).

Redundant predicate: (1) B is 1, HALT and

(2) C is 1. IF Po(x) THEN
GO TO 2 ELSE
GO TO 2.

2. HALT,

Finally, in each case completeness follows from the absence of

looping in the flow diagrams of the schemes and Lemma 2.4. O

Theorem 2.13's importance lies in the weakness of the
hypotheses needed to guarantee that any predicate satisfying
them is NP-hard. Since we used no looping at all except possibly
trivial loops and only monadic functions and predicates, these
results are strongly upwards reducible, i.e., any class of schemes
containing the "complexity core" of 2.12 and 2.13 has at least
NP~hard equivalence, halting, divergence, and isomorphism problems
(e.g. Paterson's monadic schemes with nonintersecting loops [6]).
Also of interest is the relationship between the complexity of
these predicates on a class of schemes C and the undérlying graph

structurcs of the flow diagrams of the schemts in C. 1In parti-

[ Erhabiaeath o R C AT



18"

cular divergence, halting, isomorphism, and freedom for tree

schem s are all elements of P, However, they are NP-complete

for schem s whose underlying flow diagrams are directed acyclic
graphs all of whose nodes have in-degree < 2. This is analogous
combinatorially to the facts due to Cook mentioned above that

the set of nontautological D3—Boolean forms is NP-complete

while the set of nontautological D2-Boolean forms is an element

of P. Moreover, these results are directly embeddable in recursion

schemes. _
Definition 2.15: A monadic recursion scheme is a finite list of

definitional equations

F.X <« IF P.X THEN «

1 1 lX ELSE BlX

F X « 1IF P_¥X THEN o _X ELSE B_X,
n n n n

where F

l,...,Fn are new defined function symbols; Pl""’Pn (not

necessarily distinct) are predicate symbols; fl,...,fm are basis
function symbols; and Oy Bl,...,an, Bn are (possibly empty)
strings of defined and basis symbols. A monadic recursion schemé
is linear if at most one defined function symbol occurs in each
of the strings al, Sl,..., o , B . A mohadic recursion scheme

n n

is right linear if it is linear and in each string o Bl,..., o Bn

basis function symbols occur only to the right of the defined functiocn
symbol (if a defined function symbol is present). For the relation-
ship of the above to context-free grammars sce [3]. Again we assume
the reader knows the standard results cohcerning Herbrand interpreta-

tions.+ 3

*If not see [1] or [3].
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| It is well known that monadic single variable program schemes
are effectively translatable into strongly equivalent right-linear
monadic recursion schemes by assigning to each instruction in the
program scheme a defined function Fj and a defining equation for

Fj as follows:

(1) if statement j is of the form
j. x <« £(x)
then the defining equation for Fj is

F.x < IF P.X THEN F.
J 3t

1 £ X ELSE Fy,q £ X,

1

(ii) if statement j is of the form

j. IF P x THEN GO TO k, ELSE GO TO k,

} 1

then +he defining equation for F. is

k kl kz

FjX < IF P.x THEN F, X ELSL F_ x, and
(iii) if statement j is of the form
j. HALT

then the defining equation for Fj is

F.Xx < X .
J

We note that this translation can be effected by a deterministic
polynomial time bounded Tm. Thus as a corollary to 2.12, 2.13,

\

and 2.14 we have

Theorem 2.16: For right linear monadic recursion schemes and hence

for linear monadic recursion schemcs, the strong equivalence, weak
equivalence, halting, divergence, containment, and redundant

defining equation problems or their ncegations are NP-hard.

PR, L T,
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Next, we show that several of these predicates are in NP
for linear monadic recursion schemes. To do this we need the

following result of Garland and Luckham [3]:

Proposition 2.17: Let R and S be two linear monadic recursion

schemes such that

(i) R and S have at most e recursion equations,

(ii) each oy Bi in a defining equation of R or of S contains
at most £ function symbols, and

(iii)in any defining equation ij <~ IF Px THEN ajx ELSE Bjx,

Iajlrlsjl < 1.

Then ¥ a Herbrand interpretation I under which R and S differ

such that n, the minimum of the lengths of ValueI(R) and ValueI(S)

(at least one of which is defined), is < 3e3£.

For a proof see [3].

Theorem 2.18: The negations of the strong equivalence and diver-

gence problems for linear monadic recursion schemes are NP-complete.

Proof: They are both NP-hard by Theorem 2.66. We show that {(R,S) ]
R and S are linear monadic recursion schemes and R 1is not
strongly equivalent to S} € NP. We observe that, without loss of
generality, we can assume that cach time an input is changed, its
length is incrcased by exactly one basis function symbol. For
example, an equation Fx <« o F' fl...fix can be replaced by equations
F < Fifi, rl o« Fi”lfi_l,..., r? « o T £y

defined function symbols. All such replacements are deterministic

i 2
where F7°,...,F” are newly

polynomial time bounded.
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Without loss of generality assume ValueI(R) is defined.
The nondeterministic polynomial time bounded algorithm proceeds

as follows:

STEPl: Guess ValueI(R) = f., ...f. x, where £, ,...,f. are basis
n 11 11 n

function symbols and n < 3e32. Also for BO = X, Bl = fi X,

1

(Bl) 14

...,Bn = f ...fi x guess the values of Pl(Bl),...,Pm

i

n 1
ceny Pl(Bn),...,Pm(Bn), for all predicates Pl""'Pm in
R or S. This completely determines all information of

interpretation I used to find ValueI(R).

STEP2. Verify that under I determined in STEP 1

————

ValueI(R) = fi ...fi X.
n 1

STEP3. Verify that under I-determined in STEP1

n,
ValueI(S) # fi ...fi X.
n 1

At most & equations can be executed without changing the
length of an intermediate string of the form oFB, where o« and
B are strings of basis function symbols and F is a defined
function symbol, without getting into an infinite loop. Similarly,
the length of intermediary strings oFf can be changed at most n
times. Thus, since each application of a defining equation either
leaves o and B unchanged and replaces F by F' , or changes
aF to o' F' B' , where J|a | + |B] > |« + [B] + 1, the total
number of function evaluations in STEPS2 and 3 < 2+n(2 + 1).

As an immediate corollary we have

Corollary 2.19: For monadic single variable flowchart schemes (i.e.

Ianov schemes), the negations of the strong equiyvalence and divergence

problems arc NP-complete.p
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Analogoﬁs to Theorem 2.13 for multiple variable schemes the

following holds.

Theorem 2.20: If 3 two multiple variable schemes A and B such

that for all multiple variable flowchart schemes & with exactly
two terminal statements labeled ® and (@ ., P(F—A,B)) is
true iff statement (® is never executed and is false otherwise,
then { & | P( &) is true}l is not r.e.
Proof: From [9] we know that for all Turing machines M and for
all iniﬁial configurations X of M , we can effectively find a
multiple variable scheme 5Pﬁ,x with exactly two halt instructions
labeled ® and O such that @ is reachable iff M halts on X.
Thus P(éZh’X) is true iff M does not halt on X . Hence,
{ #| P(&¥) is true} is not r.e.y

We leave to the reader the verification that strong and weak
equivalence, divergence, and containment satisfy 2.20. Moreover,
any form of Paterson's "reasonable equivalence", see [9], also
satisfies 2.20. Theorem 2.20 shows that divergence, containment,
and any form of "reasonable equivalence" are undecidable for the
same reason. However, neither halting nor its negation satisfy the
conditions of 2.20; but halting does satisfy 2.13. This is because
the switching schemes of 2.13 are total, while the schemes of 2.20
are generally not total. In any case, informally, 2.13 and 2.20
show that any predicate on flowchart schemes whose truth or falsity
depends upon

(i) whether a particular instruction is ever: executed or

(ii) whether every terminating computation ultimately executes

a particular instruction
is NP~hard for single variable schemes and undecidable for multiple

variable schemes.
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The reader should also note that freedom does not satisfy
either (i) or (ii) . As shown by Paterson [9] or Manna [5],
freedom is undecidable because Post's Correspondence Problem is
embeddable in it. Analogously for 2 variable loop-free monadic

schemes we have

Proposition 2.21: The negation of freedom for 2 variable loop-iree

schemes is NP-complete.

Proof: We leave to the reader to verify (see Hopcroft and Ullman
(41, pb. 212-218) that for sufficiently large finite alphabets and

for sufficiently large polynomials p(x) the following variant of

Post's Correspondence Problem called the polynomial PCP is NP-complete.

Let A and B be two lists of strings in Z+, with the same

number of strings in each list, say A = wl,..Q,wk and B = Xl”"’xk

where wl = wll"‘wiii””’wk = wkl""’wkik{ Xy = xll""’xljl""'

and X Then the polynomial PCP has a solution

=X ,...’X : .
k k1l k]k
iff there is a sequence of integers il,...,im with
m < p(max(|w1|+...+lwk[,|xl[+...+|xk[) such that

wi ...wi = xi ...xi .
1 n 1 m

We construct the flow diagram F for a 2 variable loop-free
monadic program schem 5? such that all paths in F are executable
iff the polynomial PCP above has no solution. Let I = {Ol""’°£}°
To each element of I, O We associate a distinct function symbol
denoted by h(o;). Let n, = p(max([wl|+...+|wk|,|xl[+...+|xk|).

Then F 1is as constructed below.

Lo
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(
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if there exists some solution of the PCP of length i < io,
then the corresponding path in F ending in ai:Pg+l(xl),P(xl),P(x2),
y:HALT is not executable. g |

Finally we note that the polynomial PCP can be used to show
that a variety of decidable problems dealing with context-free

grammars are intractable, see [73.

§3 Equivalence algorithm for free Ianov schemes

Now that we know that the equivalence problem for Ianov schemes
is NP-hard, we inquire whether any interesting subclass of Ianov
schemes has a polynomial time bounded equivalence problem. We

notice that the proof of NP-hardness involves sieves of predicates

of the type




vt

26

That is, (a) some predicate, such as Pl’PZ or P3 above, tests
the same value twice so that not all paths are excecutable; and
(b) the sieve is not a tree but a directed acyclic graph (dag).

The first feature of predicate test is unlikely to occur in a
well—writtén program since the programmexr would know the outcome
of certain tests (e.g. second occurrences of Pl) and would consider
those tests unnecessary. Thus we are led to consider program
schemes which avoid such predicates. Namely we are interested in
Tanov schemes in which no predicate tests the same value more than

once. These are the free Ianov schemes. Our question is, "Do free

Ianov schemes have a decidable equivalence problem?"

In this paper we only answer part of the guestion. We show
that strongly free Ianov schemes have a polynomial time decidable
equivalence problem and that strongly free Ianov schemes in which
predicates are replaced by tree-like predicate clusters also have
a polynomial time decidable equivalence problem.

In a strongly free scheme there is a function application
between any two predicates. These are interesting because they

behave like finite automata: in fact, the

technique for showing that equivalence of strongly free

Tanov schemes can be decided in polynomial time is to consider such
schemes as (deterministic) finite automata. However, there is one
serious difficulty. A scheme S may have redundant predicates, i.e.
predicates such that the left branch is equivalent to the right branch.
(sce Examples 3.4, 3.5 ). This redundancy appcars at first sight
difficult to detect (see Example ;;iigl) because aquivalence of the
branches may involve strings in which the predicate p itself appears.
But there is a simple exponential time algorithm to test for redundancy.

To obtain a polynomial time equivalence algorithm we must find
a polynomial time redundancy test. This is done by modifying the

usual state minimization algorithm for finite automata (Thcorem 3:2).
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To begin the technical account we introduce the tool of
value languages, L(S) and L#(S). These are languages which describe
the possible outputs of a scheme (L(S)) and the possible computation
sequences (L#(S)). They were used extensively in Garland & Luckham
[ 3].

We then prove theorems relating value languages and equivalence.
We are not able to use exactly the methods of Garland & Luckham [ 3]
because of computational complexity considerations.

Recall that val(S,H,LO) is the value of scheme S under inter-
pretation H starting with statement LO , and val(S,H) is the value

under H starting at the start statement.

Definition 3.1: The value language of scheme S, denoted L(S) is

"{val(s,H) |H is a Herbrand interpretation}. Thus L(s) is the set of
all possible output terms. For Ianov schemes we usually leave off
the input variables, thus L(S):= {a]ax = val(s,H) for S Ianov and

H Herbrandl

Definition 3.2: A ' ‘computation of a scheme is a sequence of function

applications and predicate evaluations listed in the order performed.
A precise definition of a computation for general program schemes is
cumbersome, and since we need the concept only for Ianov schemes,

we define it only for them as follows:
. . . + +

Comp (S,H) is the unique string ...0 P.-...P.—a P.ia. such

ntl 1 i, 271, 1

n 2 171

S

that o € Term(s)+ and Pii arc signed predicates of (i.e. the

J
predicate plus its sign, either Pi+ or Pi—) and val(S,H) = cesO ve.Qy0y
. . . + . +
and (Pij)I((aj...al)I) is true iff Pig is Pij .

1‘Notc, the empty string is a term of S.

R L Tl TR T
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LC(s) := {Comp (S,H) |H is Herbrand}

LC#(S):= {y|y is finite, y = Comp(S,H), H Herbrand}.

Example 2.l:Using regular expressions we describe L(S) and LS (s)

for the scheme S below.

= g9
£ N ln -
S
L(S) = {h(gf)*g}
L% (5):= thp" (gfp7) *g)
L°(s) := {Lc#(S)‘U {¥(gfp-) g}
where “(gfp ) is ... gfp gfp ... gfp g.

Recall in Definition 2.3,that a scheme S is free iff no
predicate is tested twice with the same value under any Herbrand
interpretation. This means there must be a function application
between separate occurrences of the same predicate, We now define

a similar but stronger notion.

Definition 3.3: A scheme S is strongly frec iff no two predicates

test the same valuce in a Herbrand interpretation. Thus there must

be a function application between any two conditionals.
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Examples 3.2:

(1) not free fe=

v

(2) free but not strongly free

¥

P

F
Q
—

(3) strongly free

v

V

AR 7 AR e e e
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~For any class of schemes: Ianov, program, monadic recursion,
etc., it is a fact that of two schemes Sl and S, are strongly
equivalent, Sl = 82 , then their value languages are the same,
L(Sl) = L(Sz) . For future reference we cite this as a proposition.

Proposition 3.1: For schemes Syr S,

S, =S

1 => L(Sl) = L(Sz).

2

The converse of this proposition does not hold even for Ianov

schemes as the- following example shows.
Example 3.3: ¢‘ _ $

P .

A .

v

This example suggests that some form of converse to the
proposition might hold if the value language included information
about the order of predicates evaluation. Such a language is
L°(s). For general schemes , say even 2 variable program schemes
51 7 52

compute the same terms in very different ways (one of them working

does not imply Lc(Sl) = Lc(Sz) because the schemes may

on one variable first the other on the other variable first). How-

ever for any class of schenes we have the converse.

Proposition 3.2: For any schecmes S+ S,

(o} _ c — =
L (Sl) = L (82) => Sl = 82 .
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From the discussion we are led to suspect that for one
variable schemes we have both propositions, that is
* - - c - 1C
Sl_82<>L(Sl) L(SZ)'

This is almost true, but consider the following examples.

Example 3. 4:

(1)

- {\ p \

: A
A <

£ g - +

®1 !

Sy

Clearly Sl = 82 , but Lc(Sl) 7 Lc(sz) because the
predicate Q appecars in a superfluous way. These superfluous

predicates can be more disguised as (2) shows.



(2)
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A relationship such as Sl = 82 <=> LC(Sl) = Lc(Sz) is
important in designing an equivalence test for IanoV schemes.
So we pursue conditions under which the relationship holds. First
we find a set of sufficient conditions for a polynomial time
equivalence algorithm (Theorem 3.1),namely that there are no super-
fluous predicates. We then strengthen the result by testing
efficiently for superfluous predicates. Finally we generalize
to strongly free Ianov schemes. |

Example g;gghows that Sl = 82 <=> Lc(Sl) = LC(SZ) fails

because of the presence of superfluous . predicates; they are like

noise in the system. So we consider schemes without all the noise.

Dafinition 3.4: An occurrence of a predicate P (at Ll) in scheme S,

say

L1l: IF P(X) THEN LR ELSE LR

is called superfluous iff val(S,H,Lﬁ) = val(S,H,LR) for all

Herbrand interpretations H. More generally, two statements Li’ Lj

are called eguivalent in S iff val(S,H,Li) = Val(S,H,Lj) for all
Herbrand H. Thus a predicate occurrence is superfluous iff the
two exists are equivalent. A scheme S is called reduced iff there
are no equivalent statments.

We can easily show that recduced strongly free Ianov schemes
behave like finite automata and that they are characterized by

their computation language.

Theorem 3.1: If S] and 82 are reduced strongly free Ianov schemnes,
= = 7,C = ¢ G
then Sl =8, <=>1L (Sl) L (oz).

T ¢ v
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Proof:

(1) (=>) Suppose S; = 8, then we show LC(Sl) = 1%(s

2)0
For a proof by contradiction, assume Lc(Sl) # LC(Sz). Then let
X = eee XX _qee X X be a string in one language but not in the
other, say x € Lc(sl) - LC(Sz). Let x' be the subsequence of x
obtained by deleting all predicate tests. Find a sequence y in
LC(SZ) such that (a) deleting all predicate tests (giving y') re-
sults in x' , i.e. y' = x'. (There must be such a seguence because
Sl = 82

in L(Sz) satisfies (a) and agrees with x on a longer initial segment

=> L(Sl) = L(Sz) by Proposition 3.1 and (b) no other sequence

as (from right to left).

Let Yy be the first place where x # y. This must be a

predicate test since x' = y'. Suppose the test is Pi in x and
Pj in y appearing as
L.: IF P. THEN L, ELSE L
i i 1 2
L.: IF P, THEN L, ELSE L
J 2 2

Then Ll can not be equivalent to both il and iz otherwise Pj
would be superfluous. So suppose Ll and il are not equivalent.
Then for any W we can choose a Herbrand interpretation H( )+ such

that

val(Sl,H(w),Ll) # val(Sz,H(w),il).

We can also choose a finite interpretation HO which leads to

%, in Sl and Y in Sy If we let Gsl , 682 denote the state

TBy H(w) we mean the interpretation in which the input variable has

value w.
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transition functions and L, . iO denote the start states,

then we can symbolize this as

]

8 (H,,L,)
Sl 070

Xy

GSZ(HO,Ll)

Yk
We can now extend the inteppretation of HO by taking w as

Val(Sl,HO,LO) (which is egqual to Val(SZ’HO’LO)‘ Then

val(Sl,H(val(Sl,HO,LO)),LO) # val(Sz,H(val(Sz,Ho,Lo),LO).

Hence Sl F4 82. Therefore since we assumed Sl = 82 , it must

be that LC(Sl) = Lc(Sz).

(2) (=) DNow assume LC(Sl) = LC(Sz). We then show that S1 = 52.
Suppose that Sl Z Sz. Then there is some Herbrand interpretation,

H0 (see [3] for a proof that Herbrand interpretations suffice).

such that val(S,HO) # val(Sz,HO). Let the computation of S; on

H. be x and on S, be y. Then X # Y.

0 2 _
Since Lc(Sl) = Lc(sz) , the computation x must occur in
LC(SZ). Suppose it occurs under interpretation Hl' We claim
that it must also occur for interpretation Hy because in fact
H0 must be the same as Hl. This is because Hl is determined

by the computation x since the scheme S1 is deterministic.

Thus it must be that x = Yy SO val(Sl,H) = val(Sz,H) for all H.3

-

Proposition 3.3: For reduced strongly free Ianov schemes

- _. (Cf _ .ot

raIE P
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Proof: _Clearly we need only show <= .,

We need only consider the case where the computation of one
Si ijs infinite. In that case the other scheme on the same input
must also be infinite because if it were finite then by the reason-
ing in the previous theorem and the assumption Lc#(sl) = Lc#(sz)

we have that the first computation must be finite.O

Remark: We can view a strongly free scheme S (reduced or not) as
a finite automaton accepting 1.°(s) or as a finite state transducer

generating the set 1.°(s). To see how this works, consider the follow-

. ing simple example of a scheme S and its associated finite automaton,

A(S).

Example 3.5:
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A(S)

The alphabet of the automaton is

+ + - +

Z== {£, fp; + fop; + fpy . fp, , fgp,)
The state set is

K:= {start, pl

1 P% , p? , halt, error}

1

where Pg is the j-th occurrence of predicate Pi (in some arbitrary
method of ordering occurrences).

In this diagram we used an error state and intended that the
unlabeled edges be implicitly labeled by those elements from E;
not occurring as labels on outgoing edges.

Another way to handle the fact that not every state has a
meaningful transition under each element of j{l is to leave the
diagram incomplete, that is, allow the transition function to be

undefined at certain inputs <k,a> k € K, a‘ija.

N T B TT I
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Notice that automaton A(S) accepts precisely the set LC(s).
Thus using the standard notation between automata and their

acceptors (see Hopcroft & Ullman [ 6]) we have
1.°(s) = T(A(S)) := {tapes accepted by A(S)}.
Thus

s, =5, iff A(Sl) = A(SZ)’

That is, two schemes are strongly equivalent iff the two associated

automata accept the same sets.

Remark: Notice that this relationship between automata and schemes
would fail if we did not use the signed predicates such as Pl+ '

Pl , etc. as labels. Also notice that for relating the usual concept
of finite automaton acceptance to scheme equivalence, it is important
to have LE(S) consist only of the terminating computations. However
from the scheme viewpoint it is more convenient to have LS (S) include
the infinite computation as well. Our trivial proposition 3.3shows

———

that it does not matter which definition we use.

In order to extend the equivalence algorithm to arbitrary
strongly free Ianov schemes, we give a method of reducing such schemes.
We can not simply regard these schemes S as finite automata A(S) and

then reduce A(S). The difficulty is illustrated by this simple example.



Example 3.6:

; 39

R

HALT

oy
o
\/+ \
‘ ‘ :
1
o]
‘[ :
;

ey

scheme S
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R G

automaton A(S)

For simplicity we can represent the automaton as

automaton A
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When we reduce the automaton A we obtain

Now it is clear from the reduced automaton that the predicate
test in state 3 is redundant, but that state was not removed in the
reduction procedure.

In a more complex situation, the_detection of equivalence of
states such as 4,5 may depend on knowing that predicates Pi are
redundant (redundant perhaps because tﬁe states are equivalent).

For example, consider adding a state of the following type, labeled 7
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Now if 4 and 5 are equivalent, then Q is redundant because it

///’L\

has the form @___ so one might as well have
£

@ . On the other hand, if Q is not redundant, then

4,5 are not equivalent.

In order to decide whether a predicate test is superfluous
we need to apply an algorithm similar to the usual finite automatcn
reduction technique, We search for nonredundancy.
When we find it, we attach the predicate value Pi+ or Pi‘ to the
edges leading from the state. Then we repeat the algorithm.
Before we describe the technique of detection let us notice

that there is a straightforward technique.
Remark: An exponential time test for superfluous predicates.

Given an occurrence of a predicate Pi , to test whether
it is superfluous we examine whether its careful removal results
in an equivalent automaton. That is, given an occurrence of a

predicate, it is suspect iff both edges have the same label.

f \ £
3 \
We then remove this state from S and form two new automata SQ,

Sr. In S£ we assume that only the left branch nced be followed;

r

in S we take only the right branch,Thus'for instance given the
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connections
I 9 £
£
we form
f f
9/ A} £
in S2 in Sr
We then ask whether Sz = Sr. To decide this we must call

the redundancy test recursively but on smaller automata since P
is removed from S2 and st.
We now describe a polynomial time bounded algorithm to
reduce the automaton of a strongly free Ianov scheme, A(S).
Informally the algorithm is the usual Moore type reduction
algorithm on A(S) except that if a predicate appears to be swuperfluous
at stage n, that is,both branches lead to states which are equivalent
at stage n, then it is trcated as superfluous - (the predicate label
is not used in the cquivalence algorithﬁ). Wwhenever a suspected
superflucus predicate turns out to be necessary, then we restore
the predicate label and recompute the equivalence relation. This

algorithm succceds bocause if it is possible to reduce A(S) and
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assume at every stage that a state is redundant, then it is really
redundant.

Before we can describe the reduction algorithm we need a
number of definitions. First, given an automaton A(S) we associate
with each state the predicate Pi of S corresponding to it.
Labels from each state have the form xPi , yPl for x,y € {fj}*.
To remove a predicate from a label, say from XPI or sz , means
to replace these labels by x and Yy respectively.

In the reduction algorithm we will consider various sets of
labels for the edges .of the state diagram. At stage n of the
algorithm we will use an alphabet denoted Zn:='{a2,...,ag .
For any state in the automaton A(S) associated with a strgngly
free scheme S, at most two of these labels will apply (will lead
to a defined transitive or.a transition to other than an error state).
Call these letters Og (the predicate is false) and ls (the predicate
is true).

As in the Moore type minimization algorithm for finite auto-

mata (see [4,5]), we will group states into hlocks. The blocks

at stage n of the algorithm will be denoted B? .
The algorithm starts with two blocks, Bg:= {halt statel,
0 into smaller blocl
B2:= {all non-halt states}, and proceeds to split blocks/until no

further splitting is possible. It is possible to split a block

n s
Bi as long as condition ** given below holds:

% 4 g €30 ds ,8., € B" such that
: 1772 i

. .n n

G(Sl,a) € Bj G(SZ,a) ¢ B. .

J
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That is, there are two states in a block which we can
recognize as distinct (inequivalent).

The informal algorithm is this.

Reduction Algorithm

0

Start with I as the set of labels with predicates re-

moved and AO(S) as the automaton with predicates removed from

lébels (but written on the states). Let Bg contain the halt

state and Bg all non-halt states. Let N be the stage number,

initially N = 0.

\

BEGIN
e _ 0 0
initialize (set N=0, set up Bl , B2).
WHILE ** DO
BEGIN

(1) compute the output behavior of each state under

ZN (at stage N).

(2) locate the non-redundant states at stage N, i.e.

N - N . .
G(S,OS)E Bi and 6(8,15) € Bj P s

.
(3) form a new set of labels, Zk+l

, by rectoring the
predicates to the labels on the outgoing edges of
non-redundant states located in step (2). The new

L(s).

automaton diagram is denoted AN+

(4) recompute the output behavior using ZN+1.

(5) split blocks B? to form blocks BN+l by grouping only
those states of B? which have the same output behavior
as computed in (4).

END
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Redundant states are those whose outgoing edges do not have

predicates restored to their labels.

END

Given the reduced automaton, say A(S), we can construct

from it a scheme S having no redundant predicates. We remove

each redundant state, say

L: IF Pi THEN L, ELSE Lr

L
and connect all incoming edges to Lz (that is, replace any GOTO L
by GOTO Lg). In the state diagram this corresponds to the follow-

ing
fgq®t

+
+ fp .
g9d i
O ONOLNOS=OR
N

Combining this algorithm with the reducﬁion alggrithm we
have an algorithm for transforming strongly free Ianov schemes
S to reduced strongly free Ianov schemes % (we prove this below).
We now examine the details of carrying out steps (1)-(5)

in the Reduction Algorithm. We begin with ZO, AO(S).

Details of steps

(1) To compute the output behavior of state s at stage N,
find the labels on the outgoing edges of state s; let them be
denoted Oy ls(true). Find the block B? to which the edge labeled
Oy leads and form the pair <OS,B?>. Find the block to which the
edge labeled ls leads, say B? , and form the pair <lS,B§>. Now

form a finite function from N to {B?}_U {Q} by adding the pairs
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<aN,Q> for aN # 0 _, aN # 1 . Let FN denote this function, so
i i S i S s
e N > (BY) U {0)
S i
Notice that when the predicates are removed from labels,
it appears that the state transitions are non-deterministic,

£ may appear. But in fact either the target

4
stateé, B? and B? are distinct (i # j) in which case in step (4)
we restore thé labels and remove the non-determinism or else they

are identical (i=j) in which case the function value is uniquely

determined and hence deterministic.

(2) To locate the non-redundant states s at stage N, search
the states whose predicates have not yet been restored (in step (3))
and find those such that either:.
(1) Os # ls or
(ii) O = 1S and B? # B? in notation of step 1

(hence FS is non-deterministic)

Restore the predicates to the labels on.the outgoing edges of those

N+1

states. Call the new state diagram A (s).

(3) To form a new set of labels, ZN+1, take the labels

+1

of edges in AN (s).

(4) To recompute the finite functions FS , proceed as in

step (1) using the labels ZN+1. Notice that all such functions,

denoted FS, are deterministic.

L TTRINET R
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(5) Split each block B? into sub-blocks of states having

identical output behavior, i.e. FS = ﬁt . Let the new blocks
be numbered and denoted BT+1,...,B2+1 .

This completes a detailed description of the algorithm.

We next consider an example, then we analyze the running time

x|2)).

to obtain a crude but sufficient upper bound (o(|z

Finally we prove the correctness in Theorem 3, 2.
£

Example 3.7:

lav I\

2% (s)

{6} {1,2,3,4,5}
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To understand the relationship of this algorithm to the
Moore minimization algorithm, consider the following temporary

grouping which is not part of the algorithm.

Fl. F2 F3 F4 F5

0 0 0 0 0
<f’Bl> <f'B2> <f,B2> <f,Bl> <f,B2>
<f,Bg> <g,N> <g, > <g,Bg> <g,Bg>
<g,f>

A suggestive grouping ié
{6} {1,4} {2,3} {5}

but this is not the B' grouping because I' becomes {fp~, gpt,
fpt, gp~, £) since states 1,4,5 are recognized to be non-redundant.

Then A' (S) becomes

f
gpt 2 f 3
— 2 >
£
fp-
O
p gp
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So the finite functions are

0 0
£,9 B, B, Q0 Q
+ 50 0 0
fp IB2 Q2 £ Bl B2
fp‘,Bg Q Q Q Q
gpt,n Q Q Q Q
- 0 0
gp~,9 Q § B, B,

The Bi blocks are for i = 1,2,3,4,5:

1 1 1 1 1
By B, B3 By Bg
{6} {1} {2,3} {4} {5}

Finally AZ(S) is

gp~

and we sec that no states are redundant.
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The reader should try the algorithm on scheme S, in Example

3.4 item (2) and verify that 52 is the minimal scheme.

Analysis of runtime

It is easy to see that the Reduction Algorithm is in the
worst case bounded above by O(IZ]'IKlz). Consider the time for
each step, the bounds are
1 < Jzl-0x] @) < |kl ) < 1zl @) <zl (5) 2 K|
So the worst case occurs when at most one state is split off of
a block on each iteration. Thus the worst case is

k|- (5] k] + ]+ 2] ]k]+ KD < 5-]z]-]x]?

.

If we use a more efficient algorithm, such as Hopcroft [5]
(also see Gries [4]), then the time is O(|Z|+|K|-2og(|K[)). 1In
any case this is a polynomial time bounded algorithm in either

P

|x|,|Z] or in |sS

We now summarize our knowledge in a theorem.

Correctness of the algorithms.

Theorem32:There is an algorithm whose runtime is no more than a
A

polynomial in |S| which produces the reduced scheme S given S.

That is,

S and

1

(i) s

(ii) S contains no redundant predicates.

The time analysis given above shows that the algorithm is
polynomial in |S|. We need only show (i) and (ii). We first

consider (i).
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(1) Clearly if a predicate Pi remains in S then it is
not redundant because the algorithm produces an interpretation
under which the true and false branches from Pi are distinct.
So we need only show that if a predicate occurrence is removed,

say at state s as

s: IF Pi THEN LZ ELSE Lf '

then that occurrence is really redundant. To prove this, suppose
some predicates occurrences were erroneously removed, say Pil
at state sil,...,Pin at state sin . Then order these by the
length of the interpretation under which the true and false
branches are distinct. Suppose Pi is one with the least such
length interpretation. Then that interpretation cannot involve
another predicate erroneously removed in an essential way, that

is either the two computations, the true one which is x X X

nn-1"°"""1

or the false one, Y YoqeeYy either (a) do not contain any Pi.
(erroneously removed predicates) or (b) if such a Pi. does occar,
then the true branch from it to the halt state (xn or ym) is the
same as the false branch, because otherwise this P. would have a
shorter interpretation showing it to be non-redundant than Pi does,
contradicting the definition of Pi' Thus in either case (a) or

(b), the computations YooYy and X ..+X, appear already in some
Ak(S). That is, neither computation requires the presence of an
erroneously classified predicate. Therecfore, Pi would be discovered

to be non-redundant at some stage k of the Reduction Algorithm.

A

(2) Finally, to show S = S we noticc-that S and S are nearly

isomorphic. For every state s of S there is a corresponding

A

state s of S unless s is redundant. But if s is redundant, then
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we know that the edges in S which by-pass s do not change equiva-
lence. The reader can prove this carefully by considering these
"near isomorphisms" under any Herbrand interpretation H.

Q.E.D.

We now state a fact about finite automata.

Theorem3. 3:There is an o(]z]+nfog(n)) time algorithm to decide

the equivalence of finite automata Sl’ S, over I where

n = mag([KlI,LKzl), K,, K, the state sets of 5;,5,.

Using this we have the theorem we need.
Theorem 34 :There is a polynomial time bounded algorithm to decide
the equivalence of strongly free Ianov schemes.

Proof: Apply Theorem 3.,3.2,3.3.

Extension to free Ianov schemes

We now want to extend the reduction and equivalence algo-

rithms from strongly free Ianov schemes to strongly free Ianov schemes

with tree-like predicate clusters substituted for predicates. The

idea is to replace any tree-like cluster of predicates by a single

multi-exit predicate.

Definition3.5: Let S be a Ianov scheme, then a cluster of

predicates in S is a loop free subscheme of S containing no

function applications and such that no edge can be extended

without including a function application. A tree-1like cluster

is such that the cluster is a tree whose nodes are predicates.

P S N AN 3D 1
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Examples 3.8: ’*E————
P

Q £
g R

= v

£ g
f £

V

The tree-like clusters are
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Notice that in a free scheme no predicate can occur more
than once on a path from root to leaf in a cluster, but precdicates
may indeed occur more than once.

We represent these clusters by multi-exit predicates:

2 R

Q~p~ R™QtP~ otp™ oQp~ pt
\
R™P

r

pt RtP-

We can make this assignment of multi-exit predicates to
clusters uniform if we choose a specified ordering of predicates.
Say we have P, Q, R, T. We then agree to label all outputs in the

order P, Q, R, T. Thus the first cluster in the example becomes

_/( — \)\

PQ P otR~ p-QtRrt pt

To decide equivalence of free Ianov schemes Sl'SZ we convert
the predicate clusters to multi-exist predicates and then convert

the result to a finite autcmaton, A(S), with labels on predicates

given in a standard order. In the case of free Ianov schemes, the

generation of multi-exit prodicates may require exponential time.

'

Consider the following example. :

1
\
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Example 3.9:

This cluster generates the tree-like cluster

// \ \\‘“+_+

T e i - - it -+ - -
PRPL P, QoPoP . P3O,PoPy, PaQyPoPy [0 Py PaPo0 Py N P3Pyl Py QP 01 Py s P3QyPH04 Py
+ ~ 4+ =+ ToTpT
- P.P.P
P3Q,P201Py 372°1
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If all the predicate clusters in a Ianov scheme are tree-
like, then the multi-exit predicate has the same number of exits
as there are leaves in the tree, thus it can be generated in poly-
nomial time (in the number of edges) given the cluster. We state

this as a proposition.

Proposition 3.4: There is an algorithm which accepts a tree-like

predicate cluster with n leaves and generates in time cn a multi-

exit predicate with labels as described above.

The main difficulty in carrying over the results for
strongly free schemes is formulating the reduction algorithm.
Once this is done we use the same type of theorem as before.

Namely,

Theorem 3.5: If Sl’SZ are free Ianov schemes then

S, = 5, &= A(sy) = A(s,)

where 3(Si) is a finite automaton with no superfluous edges.

b an s ————

PRSI T S G b TR e e
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Thus to prove our main result we only need

Theorem3.6: There is a polynomial time bounded algorithm to

reduce any free Ianov scheme.whose only predicate clusters are

tree-like.
Then applying Theorems 3.5,3.6 we have

——

Theorem3.7: There is a polynomial time bounded algorithm to

decide the equivalence of free Ianov schemes.

So to finish this section we need only prove Theorem lhi.
We use the same type of reduction algorithm as before but we
must be careful to say exactly when a predicate in a cluster is
redundant on the basis of information gathered about the multi-

exit predicate in A(S).

During the reduction algorithm, the edges leaving a multi-
exit predicate will be grouped together into edge-groups, E?(s);
that is at stage N there may be i = 1,...,m edge-groups associated

with state s.

Definition 3.6 : We say that a predicate occurrence Q in a cluster

C is redundant with respect to the edge-groups E? i1ff for all se-

quences of predicate tests zy such that le+y_€ E? there is a se-

quence z, compatible with zl(no predicate P appears as p* in.zll
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and P~ in z, or vise versa) such that zzQ—y € E? . That is, Q

does not affect the decisions made by predicates tested after Q.

Example 3.10:Let the edge-groups be labeled A,B,C.

Q
N
P P
+ -
A Cc B C pfot  pot pfpT  PTQ
cluster ' multi-exit predicate

The seguences in the edge-groups are

A B | c
PO P Q po*
P Q
We see that predicate Q is redundant with respect to edge-
group C. (Therefore in the redunction algorithm we will replace
the labels P 0, PT0” by P”.) One can see the redundancy more

clearly if the predicate cluster is rewritten as

P
i///\\:
Q C
J/\‘
A B

Remark: This example suggests how inefficient a predicate cluster
might be. We do not need to consider methods of finding the minimum
cluster equivalent to a given cluster in order to obtain a polynomial

equivalence algorithm. We only need a method of eliminating the

[ s & g SR TR ST
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redundant predicates from the labels on outgoing edges of multi-
exit predicates.

This example's too simple to illustrate the difficulties
in testing for redundant predicate occurrences. It is not suffi-
cient to see whether xQ+y and xQ-y both appear in an edge group.

Consider this example.

//Y
‘Q/
Pj//\\-R
NN

Then in edge-group B we have P“Q+y, S—R+Q_y, RQy. So Q is
redundant for B because bdth S-R+ and R are compatible with P .
In order to mimic the reduction algorithm for strongly free
schemes, we need a procedure to check for redundancy in predicate
clusters given an assignment of edge-groups (this assignment comes

from the main algorithm).

Multi-exit non-redundancy proccdure.

, to

Given predicate cluster C and edge-groups El,...,Em

test whether a predicate occurrence Q in a label on an edge in E?

is redundant, do the following:
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BEGIN

(1) 1locate Q in the cluster (let y be the path to Q).
(2) 1list all prefixed of the form z where zQ+y is in E?.

(3) for each z in (2) check whether there is a prefix w
where (a) wQ y is in E?

(b) w and z are compatible.

(4) if there is a w for each z, then Q is redundant, other-
wise it is not and the predicate is output.

END

The reader can easily check the correctness of this pro-

cedure.

Proposition 3.5: A predicate occurrence Q in tree-like cluster C

is non-redundant wrt edge group Ei iff the multi-exit rédundancy
procedure generates Q given C and Ei‘

It is also easy to check that this procedure runs in polynomial
time in the number of predicates in the cluster.

Proposition 3.6: If tree-like predicate cluster C has n predicates,
2

then the multi-exit redundancy procedure runs in at most n” steps.

S U T
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84 Simple Programs

In this section we show that deciding equivalence of
programs from certain very elementary languages is NF-Complete.
We begin by looking at the well-known loop languages and then

we look at other simple languages.

Definition 4.1: A Loop program is a finite sequence of instruc-

tions of five types:

a) DO X
'b) END

c) X<+« 0
d) X <«Y

e) X<« X+ 1

Definition 4.2: é?l is the set of Loop programs in which the

. - . . . ' . ¢ . ~
maximum level of resting of the DO's is i. Inequiv (dgi) is the
problem of deciding whether two &?i programs are inequivalent.

. ¢ .
Theorem 4.1: Inequilv (é?l) is NP-Complete.

Proof: a) Inequiv (g?l) is NP-hard.

We show how, for each formula P, to construct a program,
Py, in‘gﬁ such that Output(Pl) = 0 for all inputs, (xl,...,xn),
iff the formula P is not satisfiable.

k
Let P = A Cc

and C. =
i

where cach Cij is a literal.

Let the variables of P be XqrXgpeee X o
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The &?l program Pl is then constructed as below:

Py has n input variables Xj,...,X .
x, = 0 will correspond to a truth value of
'False' for variable X of formula P.

Xy > 0 will correspond to a truth value of

'7rue' for variable X of formula P.

We define the following program blocks:

1) Ai
This computes ii which corresponds to the complement
of x.
i
x, =1
i
A = DO x.
i i
x, =0
i
L END
- 1 if %, = 0
Thus X, = ,
0 otherwise
2) B,

For any given values of Xl""’xn’gl""'in , this
computes, Ci , the value of the ith clause of formula

P.

We illustrate the construction of B by an example.

Suppose the ith clause is x, V §2 \Y X then we have

AR f
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DO Cy; P = 0; END; ...; DO C,; P = 0; END; OUTPUT(P)
Clearly, program Pl outputs a 1 for some input (xl,...,xn)

iff the formula P is sastisfiable. Otherwise it always outputs

‘o',
Hence P, = 0 iff P is not satisfiable (0 is the trivial
loop program [gzgput(x)])
b) Inequiv(é%&) € NP)
This follows immediately from theorems 4 and 7 of Tsichritzis
[12].
Remark 4.1: The Equivalence problem for ézb is solvable in linear

time as each program P. inégé defines a function fi of the type

X, + ki or ki. The particular fi being computed can be determined

64
(¢, =0
i
- DO X
Bi = 1
Ci =1
1 if the ith clause is true
END Thus Ci =
DO X 0 otherwise
2
C. =1
i
END
DO X3
C. =1
i
o | END _
3) D, _
' _ 1if C, =0 D, = c, =1
This code computes C, = 1
* 0 otherwise DO C;
C, =0
i
The program P, then has the form: | END
Program Pl:
INPUT (Xl,XZ,...,Xn); BAyi Byi eeeid AnjBlj...; By i Dyi eeei Dy ; P =1;
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in polynomial time. (Sece Tsichritzis [12]).

Remark 4.2: The equivalence problem for éz; is undecidable

(See Meyer and Ritchie [14]).

Definition 4.3: Pl is the class of programs defined by all

finite sequences of statements of type

. = . + . = -.- . 3 3 L]
a) X xJ Xy and X, 1 xj (the xj and X, may be constants)

P, is the class of programs defined by all finite sequences
of statements of type x, = xj - Xy (the xj and X, may be constants).

Theorem 4.2: Equiv(Pl) is NP-Complete.

Proof: Satisfiability X ptime ‘Inequiv(Py)
For any formula P in conjunctive normal form we construct

a program P, € P. such that Output(Pl) = 0 iff P is not satisfiable.

1
Let P = k C.
. i
i=1
m,
i
c.= Vv C,.
i L ij
J._.
and variables of P = Xyo XopreeesX e
The program Pl has n input variables Xyreee Xy where X, = 0

will correspond to a truth value of False for the variable X5

of P. All other values of Xy would correspond to a truth value

True (note that the inputs to program Pl are always nonnegative).
For each clausec Ci we define a program segment Di that

computes its "value", 1i.e. Ci = 0 iff clause Ci is false.

The construction of Di is similar to that for loop and so will

not be given.

o RN
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‘Remark 4.3: For programs using only instructions of type xi=xj+x
the equivalence problem takes only linear time. Now, we have
L
Output(P,) = ¥ ¢, x. + C
]
1 k=1 k i, 0
m IS
Output(Pz) = E o, X Jp + CO
k=1
where the c; are constants and xi's are variables and Pl = P2

iff the expressions for output(Pl) and Output(Pz) are identical.
The output expressions can be obtained in linear time on a

random access machine.

Remark:4.4: The equivalence problem for programs using only

statements of the type X, = 1= Xj is polynomially solvable.

It is ecasy to see that the output expressions for Pl and P2

are of the type:

Output (P,) = (1 (1 cens X5)ees)

1
Output (Py) = (1 - (1 = «.v0 & x50000)
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Pl = P2 iff the Xs and xj are the same variables or constant
also the number of '=' signs in both expressions is either
Oor even Or zero.

The output expressions are easily obtained by starting from
output statement in each program and back substituting until

reaches the input statement.

Remark 4.5: The programs of remark 3.4 can be extended to include

finite sequences of statements of type X, = k2 - Xj' The equiva-

lence problem is still decidable in polynomial time. To see this,

we note that the output functions as obtained using the procedure

suggested in remark 3.4 are of the form:

and

Output(Pl) = (kl =k, 2ot xi)...)
Output (P,) = (k; (ky = oo - xj)...)
Now, Pl = P2 iff (1) X and xj are the same variable or

constant
and (2) the range graphs for Pl and P2 are
identical for all integral values of

X (xi > 0).

Definition 4.4: The range graph of a program P is a plot of

Output (P) as a function of input values (The input is restricted

to positive real numbers).

For programs with output functions of the type (*) range

graphs are obtained as below.

a)

If Output(pP) = k2 =~ x then we get

Output (P) 4

A



v N

68

The output is completely characterized by the two set of coordinates

(C,/,k,) and (k,,0)

b) Output(P) = kl - (k2 =~ x)

k, > k, ky <k,
kg k,
Output (P)f
=k,
k, ky=ky K,
X —'—‘7\ i

For k, > k2 the output is characterized by the coordinat= pairs

1
(O,kl-kz), (k2'kl)‘ For kl < k2 the relevant pairs are (0,0), (O,kz—kl}
and (k2’k1)'

For an expression of type (kl = (k2 = ie. = (kg -~ X)...) at

most £+1 pairs of coordinates are needed to characterize its range

graph. Given the ki's , these points can be easily computed in poly-

nomial time using elementary trignometry.

[A] Output(Pl) = mix + ci < x < bi

mki + ci ai <x < bi = 0
[B] Output (P,) = mix + Ci Ovi X < bi

mzi + c2 az < h-i bi
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To test for integer equivalence of range graphs we need
1) If a line segment is valid for only one integer value of x
then the outputs of Pl and P, (as given by the relevant line

segments) are computed and checked for equality.

2) If a line segment 2i is valid for Pl and for a line segment

has at least two integer values of x in common

2
~with £, then for the outputs to be identical mi = m§ and ci = c?.

2j valid for P

So, using the line segments A[2] and [B] it is possible to
check for integer equivalence in polynomial time.

ﬁhat happens if we try to extend the programs of remarks
3.4 and 3.5 further. Suppose the ki are replaced by variables
i.e. the programs now are finite sequences of statements of the type
X, = xj = Xy where the xj and %, may be constants. This is the class

P, of definition 3.3. The equivalence problem now becomes NP-Complete!

Theorem 4.3: Equiv(é?)) is P-Complete.
2

Proof: (a) Satisfiability i'ptiméquulV (ggz)‘

We construct a , brogram, Pl’ whose size is linear in the

size of the formula P such that Output(Pl) = 0 iff P is not satis-

9.

fiable. Once again, we let P = A ¢, , ¢, = vl ¢, and
i=1l 1 i 429 1.

J= J

Var (P) = XyrXgreeo X o

The program uses program blocks of type D. Each such block
Di computes a value Ci such that Ci = 0 if the clausc Ci is false
for the given truth values of the xi's.' Each such D block assumes

that the xi's are 0/1 valued.

et NIRRT
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For example if Ci = % + X, + X, then

So Cl = 0 iff all the terms in clause Cl arc false (ie zero).

Program P,

INPUT(xl,xz,...,xn)

- . N
xl = 1 xl
Xl =1 - xl ?
x = 1 = X set X, X, = 0/1
Xn=1"xn J
Dy
Dy
. N\
Cl =1 = Cl
C1 =1 = Cl Ci = 0 if clause Ci is false
. > = 1 otherwise.
Ck =1 = Ck
Ck::l—ck J
P=k=*C }
Compute P such that
P=PpP = C2
k P =0 if at least one clause
P =P L C is false
k
P=1<P
/

Ooutput (P)
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From the construction of Pl it follows that Output(Pl) =0

iff P is not satisfiable. Further, the construction of Pl takes

only polynomial time.

b) Inequiv(gpé) is in NP,

85 Conclusion

Open- Problems:

- —_

Pl: How hard are divergence, halting, and freedom for recursion
schemas?
P2: What about containment and weak equivalence for single
variable free schemes? Are they in P?
F3: How hard is equivalence for free loop-free schemas? 1Is it in P?
P4: Are there other interesting subclasses of free schemas,

membership in which is P-decidable?

R
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