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h Abstiact:

It.is shown that e§ery deterministic multitape Turing
machine of time complexity t(n) can be simulaéed by.a deter-
ministic Turing machine of tape complexity tin)/log t(n).
Consequently for tape constructable.t(n),.the class of ian-
guagesirecognizabie by multitape Turing machines of time
complexity t(n) is strictly contained in £he clasé of lan-
guages recognized by Turing machines of tape complexity
it(n). In particular the context sensitive languages can

not be recognized in.linear time by deterministic multitape

Turing machines.

~-Keywords and phrases: Turing machines, time complexity,

tape complekity.
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1. Introduction

The main result of this paper is to settie in the affirmative
the fundamental questlon as to whether space is strlctly more power-
ful than time as a resource for deterministic multl-tape Turlng
machines. .

We establish for all functions t(n)'that the'class of sets
accepted in time t(n) is contained within the class of sets accepted
in space t(n)/log t(n). This implies by the standard diagonalization
arguments [11] that for functions t(n) and &(n) which are both con-
strpctable on tape.t(n) the class of sets accepted in time tkn) is
properly contaihed in the class of sets accepted in space
§(n)t(n) /log t(n) provided inf §(n) + = .

One.cohsequence of the abovelresult is that the context-
sensitive languages can not be :eéognized in linear time on a
'deterministic multi-tape Turing maéhine."In fact there exists a
deterministic context-sensitive language which cannot be recoghized
in time nlogn/A-l(n) on a deterministic multi-tape Turing machine

where A-l(n) is the inverse of Ackermann's function.

2. Efficient space simulation of time bounded Turing machines.

Let DTIME(t(n)) [NTIME(t(n))] be the class of sets accepted

by deterministic [ncndeterministic] multi-tape Turing machines of
time complexity t(n). Let DSPACE(s(n)) [NSPACE(s(n))] be the class

of sets accepted by deterministic [nondeterministic] multi-tape
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Turing machines of space complexity s(n).

Wé present an algorithm for simulating a deterministic
multi-tape Turing machine of time complexity t by a deterministic
Turing machine of space complexity t/logt.‘ For ease in under-
standing the construction involved we first present a nondeter-
ministic simulation.

Partitioh each tape into blocks of size t2/3. Next
modify the time bounded Turing machine so that it is block
respecting that is, tape heads will cross boundaries between

blocks only at times which are integer multiples of t2/3.

The modified Turing machine must be so constructed so that it

.runs slower by at most a constant factor c. To do this block

boundaries are marked on the tapes. An additional tape is

added with one block marked on it. The head on this new tape
éimplf moves back and forth over the block and serves as a
clock to indicate multiples of t2/3 units of time. If either
head on one of the original tapes attempts to cross a block

2/3, the simuiation

boundary at a time other than a multiple of t
temporarily halts until the clock tape indicates the next
multiple.

A difficulty arises in that a tape head may simply move
back and forth between two édjacent tape cells which are in
different blocks. In this case the simulation would be slower

by a factor of t2/3. This difficulty is overcome as follows.
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Let

be an inscription of the jth tape of the original Turing machine

2/3 2/3

after mt steps where |wi] =t . Then the corresponding

inscription for the block respecting Turing machine after cmt_z/3

steps is

r r r
b1 Y2 Wr-1
w1 W2 W3 e oo wr
r r
Yo W3

r. , ' ‘
where w stands for w reversed. The extra tracks are used to

2/3

guarantee that ¢ moves can be simulated without crossing a

block boundary. After t2/3

such moves of actual simulation, the
next (c—l)tz/3 moves are used to update the tapes of the block
respecting machine. The details of the simulation and of marking
the block boundaries are left to the reader. (For help, consult
the proof of Theorem 10.3 in ji]).

Without loss of generality let M be a block respecting
deterministic k-tape Turing ﬁachine 6f time complekity t and let w
be an input for M. Divide the computatién of M on input w inﬁo
time segments. Each segment A corresponds to a time period of

3

length t2/ . Note that a tape head can cross a boundary only at

S Y



ERCR R R - |

the end of a segment. Since the original Turing machine makes

2/3

moves between

at most t moves and there are always' t
' 1/3

crossings of 5lock boundarieé, there are at most t time
segments A.

Let h(i,A) ‘be the position of the tape head on the ith
tape of M after time segment A. Let h(A) = [h(1,4),...,h(k,4)]
and let h = [h(1),...,h(t/3)]. |

From the sequence of head positions h we construct a

directed graph G with a vertex corresponding to each time seg-

ment of the computation. Let v(A) be the vertex corresponding

to time segment A. For each tape i, let A, be the last time
segment prior to A such that the ith head was scanning-the same
block during the segment Ai as during the segment A. The

edges of G are v(A-1l) » v(A) and for 1 < i < k: v(Ai) - v(4).

1/3

Because there are only t time segments A, the above graph

1/3 vertices. - To write down a description of

the graph requires space on the order of (k+1) t1/3'

has at most ¢t
logt
since approximately logt bits are needed to specify each edge.
Let c¢(i,A) be the content after time segment A of
that block on the ith tape of M, scénned by the tape head during
the time segment A. Let c(A) = [c(l,A),...,c(k,A)]. Let £(A)
be the initial contents of those blocks, which are visited by
M for the first time during the time segment A. Now with each
vertex v(A) in G we can associaﬁe the information c(A) and
£(h). '
Let g(A) be the state of M after time Segment A and let
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q= [q(l),...,q(tl/B)]. In order to determine the outcome of the
original computation of M, we need only determine the state g(4)
after the final time segment A. |

Suppose we have guessed the sequence of head positions h
and the sequence of states g. We want then to simulate M without
using too much space and to verify that we guessed h and q
correctly. Because M is deterministic and block respecting, the

following holds for any A:

(2.1): g(a), h(a) and é(A) can be uniquely determined from
g(a-1), h(A-1), c(Al),...,c(Ak) and f(A) by direct
simulation of time segmeﬁt A. The simulation requires

2/3).

space to store the contents of k blocks or 0(kt

(2.2): - To store c(4) requires space 0(kt2/3j.
£(4), é(A;l),and h(A-1) can bé determinedlfrom £he guessed
sequences q and h, and the edges into vertex v(A) in the graph
G give us thg vertices associated with c(Al),...,c(Ak). This
suggests several strategies to simulate M. Our strategy will
be first to determine c(1l), then c(2), 5(3) and so on. |

Now observe, that in order to carry out the whole simu-
lation we need not keep in memory the contents of the blocks
corrésponding.to all vertices since we can go back and recon-
struct certain blocks whenever we need them. The gquestion is
what is the minimum number of blocks one must store at any

‘one time in order to carry out the simulation. To answer this

. question we study a game on graphs.



Let Gk be the set of all finite directed acyclic graphs

with indegree at most k. Vertices with indegree 0 are called

input vertices. The game consists in placing pebbles on the

vertices of such a graﬁh G according to the following rules:

(1) A pebble can alway be placed on an input vertex.
(2) If all fathers of a verfex v have pebbles, then a pebble
can be placed on vertex v.

. (3) A pebble can be removed at any time.

The goal of the game is to eventually place a pebble on
a particular vertex v, designated in advénce, by a scheme which
minimizes the maximum number of pebbles simuitaneously on the
graph at any instance of time. Let P#(n) be the maximum over
all graphs in Gk with n vertices of the number of pebbles re-
quired to place a pebble on an arbitrary vertex of such a graph.

We will show that for each k, Pk(n) is 0(n/logn).
Lemma 1: Fof each k, Pk(n) is 0(n/logn).

Proof: For conveniencé let Rk(n) be the minimum number of

edges of any graph in Gk. which requires n pebbles. Showing
that Rk(n) > cnlogn for some c is equivalent to proving that
QPk(n) is 0(n/logn). o

Let G = (V,E) be a graph.in Gk withmRk(n) e@ges‘which
requires n pebbles. Let V be the set of vertices of G to

1
which a pebble can be moved using n/2 or fewer pebbles. Let



2=V -V

<
I

E, = {(uwv)/(u+v) € E,"u,vE Vl} ..

t
n

1 ° (Vl,El) and G2 = (V2,E2).
Let A =E - (El U E2), that ig A is the set of edges from ver-
tices in vy to vertices in v, .

4 We claim that there exists a vertex in GZ. which requires
n/2-k pebbles if thg game is played on G2 only. Otherwise move
a pebble to any vertex Vv of. G with less than n pebbles by
the folléwing strategy. If v ié in Vl then oniy n/2 pebbles
are needed. Thus assume v is in V2 . Move a pebble to v in
G by using the strategy for GZ' .Whene§er we need to place a pebble
on a vertex w of G2 which in G has a father in Vl' move pebbles
one at a time to each father of w in V- Since w has at most k
fathers in Vl at most n/2+k ‘pebbles are ever pladed on vertices
in Vl. As soon as a pebble is placed on w remove all pebbles
from vertices in Vl; Hence at most n/2 - k-1 pebbles are ever
used, a contradiction. Thus Gz must have at least Rk(n/Z—k)
edges.

- Next observe that G, has a vertex which reéuires at least
n/2-k pebbles. This follows from the fact that a vertex requiring

n pebbles must have an ancestor which requirés at least n-k pebbles.

Thus G

1 must have at least Rk(n/2-k) edges.
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Now either |A| > n/4 in which case R, (n) > 2R (n/2-k) + n/4
or else |A| < n/4. 1In the latter case, pebbles can Be placed
simultaneously on all vertices of Vl which are tails of edges in
A using at most 3n/4 pebbles in the process. Leaving n/4 pebbles
on these vertices we have 3n/4 pebﬁles free aftei this has been
accomplished. Thus G2 must require 3n/4 pebbles for ofherwise
-G would not require n pebbles. Now a graph whicﬁ requires 3n/4
pebbles must have at least % n/4 edges more than a graph requiring
n/2 pebbles. (This is also a consequence of the fact that
a vertex requiring n pebbles must have a father requiring at least
n-k pebbles) . '

Thus in both cases
1
Rk(n) > 2Rk(n/2—k) + n/4 .
Solving this recurrence gives Rk(n) > C'nldgn for some constant c. O

Cook [2] has shown that Pz(n) > c/n for some constant c > 0.
It is an interesting question whether or.not one can prove a lower

bound of n/logn on the number of pebbles Pk(n) for some fixed k.
Lemma 2: DTIME(t)fE'NSPACE(t/logt).

Proof: Let M be a tlogt time bounded deterministic k-tape Turing
machine. We construct a nondeterministic machine M' which simulates
M in space t.

Make M block respecting and guess a sequence of states q'

and a sequence of head positions h'. We denote these by q' and h'



as opposed to the correct sequences g and h. Each such se-

quence has length at most t1/3. It ?equires space tl/3

to write down q' and space t1/3log t to write down h'.
From h' construct a graph G as described earlier.

1/3 1/3

G has t vertices and reqﬁires space t

log t to write
dowp.

By Leﬁma 1 there is a strategy.to move a -pebble to the
output node of G never using more than t1/3/1ogt pebbles.
We can assume that thié strategy has at most T = Ztl/3 moves
because there are only T patterns of pebbles on G and there
is no sense in rebeating a pattern in a strategy. Having guessed

‘the sequences g' and h', M' simulates M as follows:

begin
féE.x = step 1 until 1 do
nondeterministically guess'xth move of above strategy:
if xth move places pebble on v(4) then

compute and store q(4), h(Ai and c(4);
if q(A) # q'(8) or h(A) # h'(4) then reject;
if space used > 0(t) then reject;
end else if x*P move removes pebble from v(4) then
erase g(A), h(A) and c(A) from the working tape;
end

if after stage T simulation is not complete then reject

end

g R THNT I
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The essential feature of this simulation is, that after
stage x, M' has computed and stored {c(8)| vertex v(A) has a
pebble after the xth move}. By (2.2) stbring c(A) for one A
takes space 0(t2/3)._ Thus if M' happens to gue;s a strategy which
uses at most Oitl/3/logt) pebbles at a time (by Lemma 1 such a
strategy always exists), the simulation can indeed be carried out
in space'O(t/logt); in which case M' accepts iff the last component
of q' is the accepting state of M;
‘ The global correctness of the above simulation is proven
by induction on x and follows from (2.1), (2.2), the construction
lof_G and the rules of the pebble game. A small but important~point
is that there are tﬁe edges v(A-1) » v(A). This guarantees that the
time segment A of the computation of M cannot be simulated until
it has been verified that q(1),...,q(A-1) and h(1),...,h(A-1)

-had been gueséed correctly. The details of the correctness proof

are left to the reader.

‘At this point the reader should be familiar with all the
important ideas. We now explain how to ﬁake the simulation
deterministic. There are two nondeterministic steps in the simula-
tion algorithm. Guessing the sequences q' and h' can be replaced
by cycling through all possible ‘such sequences.

In order to determine the next move in the strategy which
moves the pebbles, first construct a nondeterministic machine which
given a descriptio§/gf G, a pattern D of pebbles on G and a number

X between 1 and 2t (each of which can be written down in space

t1/3109t or less) prints out the first move in a strategy.which
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starting from D, moves a pebble on the output vertex of G never

t1/3logt
-X

using more than 0(t1/3logt) pebbles and making at most 2
moves, provided such a strategy exists.
This machine can be constructed in a straightforward wéy

1/3logt). Using techhiques from [10] it can be

using space 0(t
made deterministic in space O(tz/Blogzt). Using this machine
. during the simulation as a submachine, one can always from the
achieved pattern of pebbles and from x deterministically find

the next move in the right strategy. Thus we have shown
Theorem 1l: If t is tape constructable,.then
DTIME(t)LS;DSPACE(t/logt);

Some easy corollaries of this have been stated in the

introduction. 1In addition one can show

Corollary 1l: For all t:

 DTIME(t) < DSPACE(t/logt).

Proof: Instead of precomputing t, successively try simulafion
of the proof of Theorem 1 for t(n) =1,2,3,... until one can

carry out the simulation.

-

Corollary 2: If t(n) and 6(n) are constructable on tape t(n)

and 2im &6(n) = =, then DTIME(t(n)) is properly contained in
the cliss of sets recognizable in time & (n)t(n)logt(n) on space

t(n).

T
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Proof: Instead of blocksize t2/3 choose blocksize t/(logé)t/2.

A time analysis of the proof of Theorem i with this modification shows
that each k-tape machine of time complexity t can be simulated

by a k+l-tape machiné of time complexity less than &t and tape
complexity 0(t/loglog §). Now an.apéeal to [5] yields the desired

result.

It is an interesting open prdblem whether NTIME(t)jghNSPACE(t/logt):
The difficulty here is that in going back and repeating a portion
of a computation, we cannot be sure that the same sequence of

choices is made the second time.

3. An applicatidn of Lemma 1

A straight line program of length n is a sequence of n

assignment statements of the form

xl - fl(Yllr---rle)

xn <« fn(ynll---lynz)

where the X and Y are (not necessarily distinct) variables

J
and the £f; are (not necessarily distinct) k-any operations.

Those variables which never appear on the left hand side of

- an assignment are called input variables.

Let us assume that each value for a variable occurring
during the execution of the straight line program can be stored
in one register and that given Yii through Yix’ f(yil"'f‘yik)

can be computed using a fixed number of registers. Holding k
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fixed, we can ask how many auxiliary cells, i.e. cells other
than those which contain the'values of the input variables,
are needed to execute a straight line program of length n.

We claim that O(n/logn) auxiliary cells are sufficient.
This can be seen‘as'follows: |

Modify the program such that no variable appears twice
on the left hand side of an assignment, hereby possibly in-
creasing the number of distinct variables gsgd.- Construct
a graph G as follows: the vertiqes of G are the distinct
variables of the modified program. There is an edge vy TV,
iff in one line v, occurs on the .left hand side and vy appears
on the right hand side. G is directed, acyclic, has fan in
k and has at most kn vertices and edges. A

By Lemma 1 there exists a pebble strategy for G using
at most O(n/logn) pebbles, which induées an evaluation strategy
for thé straight line program in an cbvious way. (Unfortunately
this strategy may be rather timé consuming) .

This result stands in perfect analogy to the fact, that
each formula of length n can be evaluated with 0O(logn)
auxiliary cells, because each k-ary tree with n leaves can be

pebbled with O(logn) pebbles.

[N
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