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Abstract:

THE EQUIVALENCE PROBLEM FOR REGULAR
EXPRESSIONS WITH INTERSECTION IS NOT
POLYNOMIAL IN TAPE

Harry B. Hunt III+

Cornell University
Ithaca, New York

We investigate the complexity of several predicates on

regular sets. In particular, we show:

(1)

(2)

(3)

(4)

(5)

the equivalence and emptiness problem for regular

expressions using only the operators - U, -, and

‘N are p-complete;

the emptiness problem for regular expressions using

the operators - U, +, N, and * is tape-hard;

the emptiness problem for regular expressions using

the operators - U, +, N, and 2 is tape-hard;

the equivalence problem for regular expressions
using the operators - U, -+, N, and * is not poly-

nomial in tape; and

the equivalence problem for regular expressions
using the operators - U, -+, N, and 2 requires

exponential time.
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§1.. Introduction

Before describing our results, we need several definitions.

Let I be some countably infinite alphabet.

Definition 1.1: For all positive integers k,'ndtape(nk) is

the class of all languages (over T) recognized by some nondeter-
‘ministic nk—tape bounded Turing machine. We define dtape(nk)

analogously.

Definition 1.2: PTIME is the ¢léss of all languages (over )

recognized by some deterministic polynomial time bounded Turing

machine.

Definition 1.3: NPTIME is the class of all languages (over I)

-recognized by some nondeterministic polynomial time bounded

Turing machine.

Definition 1.4: PTAPE is the class of all languages (over I)

recognized by some deterministic or nondeterministic polynomial

tape bounded Turing machine.

Definition 1.5: Let £ = {0,1}. Let I be the class of func-

tions from I* into I* computable by some polynomial time bounded

rn. Let & and JA{ be languages. Then & < A (& is p-

Ptime
reducible to ff) if there is a function £ € T such that

x €L <=> £(x) € M{. A language is p-complete ifbdgkoru4?) €

NPTIME and every language in NPTIME is p-reducible to M. A
languagebdz'is p-hard if every language in NPTIME is p-reducible

to it.
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Definition 1.6: A language & is tape-hard if PTAPE < & .
Ptime

A language & is tape-complete if &L is tape-hard and & € PTAPE.

| Definition 1.7: c\& = {x|c x €. éZ/b = {x|x ¢ €&}

s | e {o,1}*
pefinition 1.8: Let &P be a predicate on 2 .
?L = U {,N:(lb‘o(éi)=true}. ‘UOR = U {g/x P is truel.
x&{0,1}* = x€{o0,1}*
Definition 1.9:
(1) A (U,) - regular expression is defined recursively as
follows:
(a) x, ¢, 0, and 1 are (U,-) - regular expréssions;
(b) If A and B are (U,+) - regular expressions then
(A) U (B) and (A)-(B); and
(c) A is a (U;v) - regular expression iff it satisfies
(a) or (b).
(2) A (U,-,n) - regular expressiocn is defined analogously

with (b) replaced by
(b,) If A and B are (U,-,N) - regular expressions then
2 p
so are

(p) U (B), (A) - (B), and (A) N (B).

(3) A (U «,N,*) - regular expression is defined analogously
with (b) replaced by |
(b3) If A and B are (U,-,n,*) - regular expressions then
so are

(A) U (B), (A)-(B), (A) N (B), and (A)*.
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(4) a (U,-,n,2) - regular expression is defined analogously
with (b) replaced by
(b4) If A and B are (L,-,N,2) — regular expressions then so

are (a) U (8), (A)-(®), (&) N (B), and (@)°.

Definition 1.10:

(1) Emptiness((U,-,N)) ="{o]|a is a (U,~;ﬂ) - regular expression

and L(a) = ¢}.

(2) Equivalence ((U,~,ﬂ)) = {(a¢,B)]a and B are (U,+,N)-regular

expressions and L(a) = L(8)}.

Emptigess ((U,+)), Equivalence (Y,<)),
Empteness ((U,-,n,*)), Equivalence ((U,~,ﬂ,*)),
Emptiness (ﬂU,°}n,2)), and Equivalence ((U,-,n,2)) are defined
analogously.

In Section 2 we find several new p—compléte problems (e.g.,
;équivalence or emptiness of (U,+,N)-regular expressions). In
section 3 we show thét Emptiness ((U,+,n,*)) is tape-hard and
that Emptiness ((U,-;ﬂ,2)) is tape-hard.
| In Section 4 we present our most significant single result.
We show Equiv((Y,-,N,*)) is not polynomial in tape. We find a
hierarchy of problems of arbitrarily high polynomial tape com-
plexity. We also show that Egquiv((U,-,N,2)) requires exponential

time.



§2, P-complete Problems

In [2) we showed that Equiv((V,+)) is p-complete. For

the convenience of the reader we give the prbof here.

Theorem 2.1: Eguiv((U,+)) is p-complete.

Proof: Cook [1l] has shown that NPTIME < D3-Tautology.
m Ptime
Let £ = V c; be a D3-Boolean form. Then each c; is the
i=1
product of at most three literals. For each c; let Bi = Bil.
Biz-...-ein. (The number of variables appearing in f is n.)
B.. = (0 U 1) if x., and §, are not literals in.c.,
ij : J J 1
(0) if §j is a literal in c;, and

(1) if x. is a literal in c;..
m J ~ 1

Let B = U Bi. Then y € L(B) iff y satisfies some clause
i=1
ci. Then, L (8) = {0,1}" iff f is a tautology.

~ Next we show Inequiv((U,:)) = {(a,B)Ia_and B are (U,-)-Treg.
and L(d) # L(B)} € NPTIME. Given a regular expression
B and a string x, we can check if x € L(B) in deterministic fime
a polynomial in max(|B8],|x|). But, B a (U,-)—fegular expression
implies for all x € L(B), |x| < |8]. (Here B is a string over
the alphabet {(,),U,+,0,1}.) Hence, given two (U,:)-regular
expressioné.d and B, to verify L(a) # L(B), we need only guess
a string x.éf leﬁgth < max(|a|,|8|) such that x € L(a) N T(R)

or x € L(a) N L(B).
Lemma 2.2: Emptiness((U,) € PTIME.

Proof: Emptiness for context-free grammars is decidable in

deterministic polynomial time.

£I°pr..



Theorem 2.3: (Hopcroft and Hunt) Equiv((U,+,n)) is p-complete.

Proof: From 2.1 Equiv((U,-,N)) is trivially seen to be p-hard.
We now show Inequiv((VU,-,n)) € NPTIME. As in the proof of 2.1
a a (U,-,N)-regular expression implies Vx € L(a), [x| < [a].
Thus, the proof of 2.1 would also prove 2.3 provided given x
with |x| < max(|a],[B]) we can in det. polynomial time decide
if x € [L(a) N T(B)] U [L(a) N L(B)].

Let x = x CeeeX be a string that differentiates between

1
@ and B . n < max(|a|,|B]). W.2.g. assume x € L(a) n T(g).
There are at most Ei%ill proper substrings of x. There are at

most (|a|+|B8|) subregular expressions of a and B. (This is

easily seen by induction. a = a'+a", a' U a", or a' N a" implies
the number of subregular expressions of a < la'] + [a"] + 1 = |a].)
For each subregular expressions of a and for each subregular
- expression of 8, we construct an array that indicates which sub-
strings of x are in the regular set denoted by fhe subexpression
and which are not. The i,jth element of the array A corresponds
to that proper substring of x beginning with the ith and ending
with the j-1st element of x, i.e. X,;X; 5 ... X1 (Thus 3j5 = 0
for j < i+l.) '

For each subregular expression A we must know if A € L(a),
where A denotes the empty word.. Clearly given A and B if we know
whether A € L(A) or not and whethef A € L(B) or not, then we know
if A € L(A VU B), L(AN B), or L(A-B).

If |subregular expr[ = 1 then the number of nonzero elements

- of the corresponding array < n. -(It is easy in det. polynomial

time to compute this matrix.) If |expr|>l then expr = expr; U



expr,, expr, n expr,, Or expr; ° eXpr, . Let A, Al, and A2

be the corresponding matrices.

Case 1. If expr = exprlvU expr,, then A = Al v A2 and XA € L(expr)

iff A € L(exprl) or A € L(exprz), i.e., ald = Aij v A;J.

Case 2. If expr = expr, N expr,, then A = A, A A, and X € L(expr)

iff A € L(expr,y) and A € L(expr,), i.e., atd = Aij A A;J.

Case 3. If expr = expr; ° eXpr,, then X € L(expr) iff A € L(exprl)

and ) € L(exprz).

. s
ald = U Aik-Agj if A & L(exprl) and A & L(exprz),
1<k<j ‘ '
i ik k3 . '
A U U ATT-R if A € L(expr;) and A € L(expr,),
{ i<k<j ‘ .
Alj U V] Alkoékj if A € L(expr,) and A € A(expr,),
. 1 2 1 2
1<k<3
ij ij ik, k3o ' N
L Aj- U A, Ui<z<jAl ﬁ; if X € L(expr;) ard A € L(expr,).

Theorems 2.1 and 2.2 suggest by analogy that Equiv((n,-))
is p-complete. Reflection upon this should show that Equiv((n,*)

behaves as Emptiness ((U,-)).
Lemma 2.4: Equiv((N,+)) € PTIME.

Proof: a a (N,+)-regular expression implies ]L(a)li 1.

Theorem 2.5: Emptiness((U,-,N)) is p-complete.
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Prpof: D3

the variables appearing in f be {xl,...,xn}. Then f is a

-tautology is the same as C3-satisfiability. Let

: . m

D3-Boolean form iff (by def.) £ =V i where each term c;
i=1

is the product (and) of at most three literals, i.e., c; is

the product of at most three elements of {xl,§l,x2,§2,...,xn,§n}.

W.2.g. we assume no pair of literals x.,xj appears in any

(W]

m
term of f. Then f is a tautology iff m £ =A (Ry, V=y. V-Aay.

is not satisfiable. (Here c; = yil'YiZ'Yi3)‘

- ) _ 1 2 3
Lef B = ?l n 62 n...n Bm’ where Bi = Bi v Bi u Bi and
—r J. g J
BiJ = Bil PRIPE Bin and
J ( -
Bik = (0 U 1) if Yij # x, and yij # Xy r
4 1 if yij = X and
0 if yij = X .
\
Let x = t;...t € {0,1}". Then x € L(B) iff

—i(tl,...,tn) = true, i.e., —f is satisfiable. .

We have just seen that the addition of intersection
is enough to make an otherwise simple emptiness problem difficult.
We have also seen that the addition of intersection in some cases
‘does not radically alter the complexity of equivalence problems.
We‘shall investigate thesé'tﬁdiﬁﬁénomena repeatedly in the
remainder of this paper. Finally, Theorems 2.1 and 2.3 can.
be used to show that a variety of predicates on the finite

reéular sets are p-complete.

13

)



" Theorem 2.6: The following are p-complete.

(1) {8]8 is a (U,+)-regular expression and L(8) = L(B)ZEY};

(2) {B8|B is a (U,+,N)-regular expression and L(B) € {Rl,...,Ri 1,
0
where'{Ri,...,Ri } is some fixed finite set of finite sets
0
and R, = é};

Init(L(B))};

(3) {B|B is a (U,-)-regular expression and L(B)

(4) {B]|B is a (U,:)-regular expression and L(B) = Final ((L(B))};
(5) Vi > 2 {8|8 is a (U,+,N)-regular expression and L(B8) = L(B)i};

(6) '{BIB is a (U,+)-regular expression and L(B) = y(L(B))}

[Y(R) = {x|T y € R and [x| = |y|}; and
(7) (1), (3), (4), and (6) above with (U,+) replaced by (U,-,n).

Proof: Left to the reader.



§3. Emptiness Problems Using Intersection

We show that Emptiness((U,°,ﬂ,*)5 and Emptiness((U,+,N,2))
are tape-hard. 1In both cases the probf strongly utilizes the
parallel nature of "n". We feel that it is this parallel
structure that causes these emptiness problems to be difficult.

We first note that in either case if we delete “n", then

the corresponding emptiness problem € PTIME.

Lemma 3.1: Emptiness((U,-,*)) and Emptiness((U,+,2)) are

both elements of PTIME.

Proof We can convert a regular expression to an equivalent
type 3 grammar in det. polynomial time. As is well-known the
emptiness problem for context-free grammars is deterministic
polynomial in time. (It is interesting to point out that
this appears not to be the case for indexed context-free
grammars. See [3].)

In the second case if 8 is a ﬂU,',Z)—fegular expression,
then L(B) = ¢ iff L(Bf) = ¢, where B' results from B by delef-

ing all "2's".

We now introduce a certain amount of notation. If the
reader is familiar with our work ([2] or [3]) or the work of
Meyer‘and Stockmeyer ([4]1), he should skip directly to the
statement and proof of the next'theorem. Otherwise, he should

read the next several paragraphs.
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Def. 3.2: Let M be any Tm with tape symbols T and states S.
Assume 0,1, € T, where ¥ denotes the blank tape square. An

instantaneous description (i.d.) of M is a word in T*. (SxT)T*,

Definition 3.3: Given any i.d. x = y*(s x t)+z for y,z € T*,

the next i.d., NextM(x) is defined as follows: if when M is in
state s with its read-write head scanning symbol t, M enters

state s' and writes symbol t' then NextM(x) is

1) ye*(s' x t')ez if M does not shift its head,

2) yet'e(s' x u)*w if M shifts its head right and
z = u'w for u € T and w € T¥*,

3) we(s' x u)-t'+z if M' shifts its head left and
y = weu for u € T and w € T¥*,

and 4) undefined if (s x ﬁ) is a halting condition, or if

(s x t) is rightmost symbol of x and M shifts right,
or if (s x t) is the leftmost symbol of x‘and M shifts

Definition 3.4: NextM(x,O) = x if x is an i.d and is undefined

otherwise.

NextM(x,n+l) = NextM(NextM(x,n)).

Definition 3.5: Let # be a symbol not in T U (s x T). The

computation CM(x) of M from x is the following word in

({#} U T U (S x T))*:

CM(x) = #~NextM(x,0)0#-NextM(x,l)'#'...'

#-NextM(x,n)-#
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Here, n is the least positive integer such that (qf X t) occurs
in NextM(x,n) for some t,§ T and designated halting state dg-
The computation is undefined if there is no éuch n.

Given M as in the preceeding definitions, let
I={#UTU(SxT). For any i.d. x, let C,(i,x) be the ;2R
symbol of C,(x) for 1 < i < ICM(x)I. There is a function
fM: 23 + I such that for any i.d. x and any integer i, with
|x|+ 2 < i< ICM(X)], Cy (i, x) = fM(CM(i-(le+2),x),

CM(i-(lxl+l),x), CM(i-(Ix[,x)). This follows since the ith

symbol of NextM(y) is determined uniquely by the i-—Al§-E,-iEIr-l

and i+1§E symbols of y.

Theorem 3.6:

(1) Emptiness ((U,-,n,*)) > PTAPE,
Ptime

(2) Emptiness(((Y,-,n,2)) > PTAPE.
Ptime

Proof:

As shown in [2] we need only simulate all det. LBA's.
Let MAbe a linear bounded automaton with states S, tape alphabet
T, designated halting state de € s, and.designated start state
dq € S. We assume qg is final.

Let I = {#} UTU (S xT). Let x = x;°...°x be a given

1
input té M. We construct a (U,-,N,*)-regular expression Bx
such that L(B ) = ¢ iff M does not accept x and such that the
construction is det. polynomial in time.

Bx is characterized as follows: Bx is the intersection

of

1) all words that begin with #-(qo,xl)-xz-...-xn‘#,
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2) all words that contain exactly one dgs
3) all words of form #[(Z-#)n#]+, and

4) all words that do not violate the next-move requirement of M.

def. * :
By — #'(qo,gl)-x2°... x *#-L (1)
n
(z -1V (qf,t)])*°[ Y (qf,t)] . L (2)
t €T t€rT -
(z-101U (qf.t)J)* : . (3)
t€rT
n /
FL(E-H) 810 (z-4) 41
¥
n . .
: i e e . wD=1 . - (i+l)
;10 { z R G1°05,°03% 2 fM(cl,02,03) z (4)
L 01,02,036 X
Bo(z-4)"4, # ]
N A
n . .
: n i . +n-1, . #n-(i+l)
MolFr v 0y°0,°03* I T+f(07,05,03) " I
01,02,03,0,5 )X (5)
B (2-4)"4,% .
We claim L(Bx) = ‘¢ , 1f M does not accept x and

CM(x), otherwise.

Clearly from (1), (2), and (3) a string o € L(Bx) only if.

a E:# [(Z‘—#)n#]k for some k > 1, o begins properly with
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#°(qo,xl)'x2-...'xn-#, and o has an accepting state. If a
satisfies (4) then for each pair of consecutive i.d.'s

(id l,1d2i) starting with (1dl,1d2), 1d2i follows from

2i-

id2i—l° Similarly if « satisfies (5) then for each pair

- . ) ' - - L3 . 3 .
of consecutive i.d.'s (lei’lei+l) starting with (1d2,1d3),
id

follows from id2

2i+1 i’

Schematically this is illustrated by

AR 71 N\ N\

I# id;] [# id, 104 id;10# id, 1[# idgl[# id. ---
\\\\Véf// \\\\/g// \\\\\/éf/

Since id; is right by (1) this implies a = #idl#idz#...#idk#
is a valid computation if a € L(By). By noting the size of Bx’
it is clear that the reduction is deterministic polynomial time
bounded.

(2) ‘
As in the proof of (2) we need only simulate all det. LBA's.

Let M be defined as in the proof of (1).

cn
8, 5 4. (@-n™4,m%
2671

#elggrxy) Xy xgteex de (C=#)74,0) n

2%
[ u (qf,t) ] (Z lA)
t€T

2% (n+1) (n+1)

(£,A)
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n . _ )
n /< v 6.+ 0.+ IVF . £ (o ,0,,0.) gn- (1+1) V]
20 s oo x 1772793 M'91792%3
1= ll 2! 3'
cn-1
AY2. B (z-8)0 4,4
n n i n-1 n-(i+1)
n #-(z-%) - el U 010,053 I *£,(0,,05,03) 1
i=0 0'110'210'3 €z
cn-1
I S P AL P

Clearly using the squaring operator "2" the length of
B, < c|x|. Also if a string of length n is accepted by an det. LBA,
then the det. LBA makes fewer than 2°% moves for some positive

integer c¢. Thus any valid computation has at most 2€% j.d.'s. The

remainder of the proof is identical with that of (1) above.

Theorem 3.7: Let &2 be any predicate on the regular sets on

{0,1}* s.t.
(1) 3PNO is true and

(2 & =V AL &P(L) is true}
L xep= :

_[5’"R = U {rL/x|&%w) is truel}] e

XS
regular sets over {0,1}.
(W Co ~
Then ¢, = {B]8 is a (Y,*,N,*)-reg. expr. over {0,1} and P (L))

is true} is tape-hard.

Proof: Standard, see [2] or [3] for details.
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§4: Equiv((U,-,N,*)) is not Polynomial in Tape.

In this section we show that Equiv((U,-,n,*)) is not
polynomial in tape. We show that we can in space O(kn) embed
all nk det. (nondet.) tape bounded Turing machine computations.

We show that using intersection we can in space O(kn) write a

k
language Lk' such that, rcughly Ly = t® . We illustrate this

jdea with several examples.

Example 1: Let # ¢ L. (z™#) n (Z*#)h = ().

using N, | (Z™#)* n (z*$)"] = 0(n), here we mean the length

of the string (Z-Z-...-Z-#)* N (Txeg) e (Z*ef) e o (T*<F) .

Example 2: Let ¥, ¢ § I. (Z0+{#,gH)* n ((Z*-H)Tegxeg)s
n (Jzu aH* ox H® = 19" "A". using N
(22 {4, n (|z*-#)Res*-g)* n (2 U {#)*1*-H7| = 0(n).

In Lemmas 4.3, 4.4, and 4.5 we define Lk’ determine the
length of any string in Lk' and determine several of the other
properties of Lki We also show that using intersection in
space O(kn) we can define {x$y|yxs$ € Lk}, which is essentially
the set of cyclic permutations of elements of Lk'

We use essentially the same definitions of i.d.'s,
NextM(x), and CM(X) as those in Section 3. However, symbols
now are triples corresponding to the symbol triples 0,°0,°04

in Section 3. Thus, every tape square's left and right neighbor

is embedded in the symbol denoting it.

Def. 4.1: Let M be a det. Tm with state set S, tape alphabet T,

start state d, and acceptind state Qg- Let #l,...,#k €& T U (sxT).
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Then

(1) ' =TU (sxT) U {# #k} and

precer
(2) T = [2'U (sx {-1,11) x (#p,... 4 117,
(First, we could do this directly for nondet. Tm's but this would
only complicate the proofs. Second, I's seemingly odd definition
is due to the fact that the symbols {#i""’#k-l} are only used

as hash marks. They are not used as computation tape. Thus, the

expression describing the i.d.'s must allow for passing informaticn

about change of state and of direction of the move head across

them.) _
def.. def.
Let ¢ = (a,b,c) € L. Then pl(o) def a, pz(o) e b,
def.
and p3(c) — c.
. 3 1 = ; o3 -1; «1 . oA . OA
Def. 4.2: As in Section 3 CM(x) L ldl i 1d2 .o #k 1dn #k

with
(1) each idj a valid i.d. of the Tm M,

AN A A g ,on, \n-2
(2) 1d2 = (qQ'Xl) Xy eee X #l(% #l) e

(3) idj follows from idj_l by 1 application of a

move-rule of M, and

(4) idn is the first id in CM(X),in which an accepting
state appears.
However, there are several differences.
(1) Each character of CM(X) is of the form (a,b,c).
(2) If (a',b'c')-(a,b,c) is a proper substring of CM(x) then
b' = a.
(3) If (a,b,c)-(a',b',c') is a proper substring of CM(x) then

c = b'.
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[(2) and (3) guarantee that the left and right contexts

are compatible with P and P3- Thus knowing only (a,b,c)

we can calculate the middle coordinate of the corresponding

element of the next i.d. (a',b'c'). We cannot, however, tell

what a' and c' are given only (a,b,c).]

(4) We allow the Tm head to move left or right over #1,...,#k_l's
but not or #k's.

[Suppose (Sl' tl,sz,t2,+1) is a move of M, where S5, €s

and t,, tz‘e T. Then the value of ((Sl,tl),#i,c) in the next

i.d. is (tZ'(SZ,l)X#i'c)' The following value is (tz,#,(sz,c)).]

Lemma 4.3: Let k be a positive integer > 4. We define gk'Lk

to be the intersection of the following:

~ A A A

n fetee G Ao B ea-d B R

A

2) BTG o b B o

. M ‘ n-1,3 Dot
(z"(#k_zr #k_ll #k))*}' (#k_lr#k)]

3) o= (hy g b gs Bgs B0 - B oo

k-3’ "k-2" "k-1'

A

2 n-1,; 2 a1t
k=17 #k))f} (B _ortp_qriy)]

A

(Z—(#k_3l #k_zl #

A el A A A

k-1. #k [{(z- (#l, 2,...,#n))* #l (Z- (r 2,...,# ))*}07
(3,000,217 |
and k -4 +[(E-(4),4 2,...,#n))n4(§1,...,Qk)]+.
Then (1) #k occurs exactly twice;
(2) §k—l occurs exactly n-1 times;
(3) ;k 2 occﬁrs exactly n(n-1) times;

(k) # occurs exactly n¥"2(n-1) times.
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Proof: Clearly (1) and (2) are true.

There are n-1 #j's for each #i with j < i < k accept
for the first #k. Therefore, the number of
~ k :
$.'s = (n-1)[( I (number of #,'s))-1]
J i=j+1 N
k-(3+2)

(n-1) [1+(n-1) + n(n-1) + ... +n (n-1)1].

k-(3+2)

(n-1)+[n + n(n-1) + ... + n (n-1)1]
k- (3+3)
=ne(n-1)-[1 + (n-1)° I n
. i=0 .
(a=1) *n-[1 + (n-1) [nX"G*2)7
(n-1)

k- (j+1)

1

k-(3+2) (n-1) *n

(n-1)°n-n

We note that only the number of #k's change if we delete the first

occurrence of #k.

Lemma 4.4: x € Lk.=> x| > O(nk).

Proof: For each marker except 1 there are n distinct nonmarkers.

Thus the number of nonmarkers = n [1 + (n-1) + n*(n-1) + ... + n

= ne[l + n-1) + ne(n-1) = ... + k'2-(n-1)]

nhtn(n-1)+ ... + nknz(n—l)] = n [l + (n-1)-

~
o~

3i 2 k-2 k
n"] = n"e'n =n .

0

e

Lemma 4.5: Let Ek =

n+l ~ :: :l\ . ;1\ ~ . ~ N A _*_-
S DO A IO R R TERYE R AN CHPPRINE SO RN OENC SRRSO N by
n

A A A A n
2. - (- (#1,...,# ))*e (#1""'#k).[(E—(#l""'#k)) -
(Byreee 1% (B (B enn B0
n
3.0U(Z - B - 0 (- )%
I
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‘ A ~ * ~ -~ . A ~ ~ A *
5.1 (£ - (B _, B CGhys R0 LA - Gy b i)

A A ~ A A *1n_1 @ ;l\ *
b g o (B - Uiy B Y T Grerr )]

A A ~ *
€ - (& .50

'6 1: r - z ok (5 2 2 2 * n-1
. o [( #k)) (#k_sz) (z - (#k_zl#k_ll#k)) 1 °

(#k_zl#k_ll
A ~ . A*. ? 2 .
(#k—ll#k) Z (#k_llﬂk)

A ~ ~ @ * 2 . A A A * n-1
[(z - (#k_zl#k_ll k)) (ﬂk_er).(Z‘(#k_z#k_ll#k)) ] ’

*

7.1: [I(Z - # _,) -#

& 2 . n.*
k_z.(z - #k_z) ] ] 4

' 5,k'2: & _ i ~ *; N ~ . a _ ~ ~ V*.A .
(2 (*2!“'I#k)) (% ".'#k) [{(z (#11"-l#k)l #l

A ~ ~ * - A ~ ~ A

E - Gy A G it - dye BT

~ A * o . A _ A ~ * n'_l.

Lo ® ) B (E - By )T

.,%k)‘ L - (gzl“'lxk)' . |

(8 =B, & G - B AT, ana

*

A

71k—2: & _ a 2 *_A - ~ A * n
[[(Z (ﬂll"-rﬁk)) #1 (2 (%llo.-l#k)) ] ]

Then L

K = {x$ ylyx$€Lk}.

- Proof: (a) Ly < {x$y| xy$ € L. }.
From 1 and 2 Aéik => ) is of the form

|‘+-n+1 > || « n+tl » || + n+l > | | « n+1 > |
[ o, X By 10 o, X B, 10 a3 X B3 ]+ [nak X 8, 1,

‘ « n > ll « n > | |+ +|
where lall = lazl = ... = Iakl and |Bl| = |82| R lBk[

and |§i| + |ai+l| = n.
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From 3 X € i =>exactly 1 gk occurs in A.

k

X =>exactly n-1 gk—l's occur in A.

From 3,4,5.1,6.1, and 7.1 exactly n(n-1) @k_2'= occur in A.

From 4 A € L

Furthermore, (a) between any two consecutive #k's and #k_l's

exactly n-1 #k_?'s occur and (b) the sum of the number of

~

#x-p 'S occurring before the first gk or # _4, and after the

last #, or #).-1 equals n-1. , . .

A A A A A

_ p i .
S CEAN VP TRR Rl C R RS PIRT NS W S MU SPaees

L N 11} 1 0 ?,\ N A
A A L] v
no #,' or # ' po #y's a #y_y's.
first occurrence last occurrence
in X of either a  in,)\ of ei%her
#k—l a #n a #k-l in %, . o

(a) follows immediately from 5.1. From 7.1 we know that the
number of #k_z's occurring in A is divisible by n. Thus, if there

are too few #, ,'s in ) there are at least n too few. Similarly,

"if there are too many #k_z's in A, there are at least n too many.

We know that between #k and #k there are exactly
' #

L
k-1 k-1

£ L

(n-1) + (n-1) distinct #k_z's. Hence there are not at least n

& ] 4 |} 3

too few k-2 S- Suppose there are too many Tre.p S outside #k oo
#
k-1 £

#k » then there are at least n too many. But from 6.1

L2

k-1 L

i+j < 2(n-1) = 2n-2. But n+(n-1) = 2n-1 3 2n-2,

Hence, if A € L, and A ¥ {x $ yly x § € L}, the error

is not in the distribution or number of the #1_o'S.
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[We note that in proving that we have the right number and

distribution of #, ,'s we used only the facts that

(1) we knew that A had the right number of higher

level markers;

(2) between any 2 consecutive higher level markers,

we have exactly n-1 # _,'s;

(3) the number of #, ,'s is divisible by n; and

A

' .
(4) the number of #, ,'s appearing before [# 08, 11 2
n-1 and the number of #k_z's appearing after

[#k,#k__llL _<_ n“l-]

Assume that for all i > j that the #i's appearing in A

have the right distribution and number. By 5, j-2 between any

two consecutive markers #i ’#i with il,i2 > j, there are exactly
~ 1 2 -

(n-1) #.'s. Also there are no more than n-1 #j's before

[#k""'#j+l]f' and there are no more than n-1 #j's after

[#k""'#jil]L° Bv 6, j-2 the number of #j's appearing in A
is divisible by n. Hence, the number. of #j's occurring between
~ ~n - ’ A A ’ . k"‘ (j+?)

: _ < 2 _ . Ay, i, .
[#k'f"’ j+l]f._and [#k""'"j+1]L = (n-1)-[(n-1) iio n"] =

: VL . oL e = . Lo .. .
(n-1) [(nk—(3+1)—l)], which is exactly n-1 too few. Hence there

A~

#

. . A
are not n too few occurrences of #j in A. If there are too many

A

#j's in A there are at least n too many. But this implies

i+ 3> n+n-1 = 2n-1. But i+j i 2(n-1) = 2n-2. Hence both the

number and distribution of the #j's appearing in A is correct.

Thus, if A € L, and A € {x$ylyx$€ Lk}, it is not because

of the number or distribution of any of the markers appearing in
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A Finélly, the number and position of the nonmarkers is

correct from 1 and 2.

A S L => 1 €{x$ yly x $€L.1}.

(b) ik:"{x $ylxy $ €L},

From the definition of Ly, A€ {x$ yly x$ €L} =>1
SatiSfieS 1, 2, 3, 4, 5.1' 5-2'000’.5. k-z' and 6.1, 6-2,....,
6.k-2. From Lemma 4.1 A satisfies 7.1, 7e2,00e,7.%-2.

A€ {x$ylxy $ € Lk} => A is of the form

A A

i A A
Lhreerbypyde oon Bireeardynly

(—— #5 —)

(————-#JA;?——)l, where i+j = n-1,]

Theorem 4.5: For all positive integers k and € > 0,
-€
5.

Equiv(ﬁu,-,n,*)) requires tape at least O(n

Proof: A € I* is not a valid computation iff

(1) A £ # L.*, or

(ii) (a',b'c') (a,b,é) is a proper substring of A and
b' # a, or

(iii) (a,b,c)(a',b',c') is a proper substring of A and
c # b', or

(iv) A doesnot start with the right initial i.d., or

(v) A doesnot have an accepting state, or

(vi) X makes an error between one i.d. and the next i.d.

We can trivially write out a (U,,n,*) - regular
expression for (ii), (iii), and (v).

; o 0 .
If A K *k Ly then

(L.0) A = {A} or gk' or-



- 23 -

A : ~

(L.1) ) doesnot begin with a #k or end with a #k, or

(1.2) between some 2 consecutive ;k's there are fewer or
more than n-1 %k_l's, or

(1.3) between 2 consecutive ;k's or gk l's there are
fewer than or more than n-1 #k 2 'S, @ ..

(1.k) between 2 consecutive #2 s,...,#k s there are
fewer than or more than n-1 #1'5, or

(1.k+1) between 2 consecutive #l's;...,#k's there are

fewer than or more than n nonmarkers.

=AU (3D ) U
a-h ) - B U TEe I-(E)) }
v
. N c(z-fi 3 n-2.5 .px ) 1.2
E*ed, e [ {L RS LI E SRV S RN OLS LN SR DR #orx |1

v
pee[(T-{E D) *eh, ) (5= {8, 1) %1704, o0
LY
peep [(@-{3 ) %+3 - (-5 *1"
U

A A

z*-{#k,#k_l}-[(z-{#k, k_l,#k_z}) {4, 5T (z- {# Froqr?
{# _q}ez*
v

A A A A A

{F % B e (- n
R TR RPN PET NN RS CNPE NS L LS CPE NP R A

A

S T RO RSN S SR NIPRY ¢ L E NS DL kS
U ...

By ro-04 53U Nl

T*. {# wreeer ¥y k,...,#l}-z*

k,o..
n*e {3 £ }-1z-03 Yy }1ntloox
k,ooo, l Tfk,ooo,ﬂ’l

AU
LT P € 8 e € RS

_,h*] 5
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A doesnot begin with the right i.d.
Biv = #k'[(Z—{xl}),U xl'F(Z—{xz}) U...Ux [E-{#;D1...11-2
v

*

A

A A n A A . A A
Bes (E={d oo 8 D)ot (BT D e (3-Thy ol .80
(3- (8 )%y o

Since we know that all strings with improper marker-non-
marker structure are covered by Bl, the only possibilities |
for an invalid initial i.d. that'Biv need cover are

(1) X doesnot begin with :k ;1"‘;n§1"' and

(ii) there is a nonmarker nonblank to the right of the

first ;l and to the left of the second gk in X.
Finally,

= U [Z*c;tiko[ U g ]o Z*] .

B v
vl g .
a¥x pq:(ﬁ)#fM(a)

If we choose that string in Lk whose marker - nonmarker
structure alligns_with that of Z*-; above, then we find any
errors that occur. If we choose some string B € ik s.t. the
marker - nonmarker structure of B doesnot match up with that

of I*ea above, then for all » € I*.a g8 - U b L*, X is not

a valid i.d.

Theorem 4.7: Let ¥ be anv predicate on the regular sets on
{0,1}* s.t.

(1) v’({o,l}*) is true and

)% = U {i\Llé%L) is true} ¢ regular sets over
"{0,1} or -
¥ = u {1t Iﬁaun is truel € regular sets
R €T * . , +

over {0,1},



Then = {B|B is a (U,-,n,*)-regular expression over {0,1}

and (L(B)) is true} is not polynomial in tape.
Proof: Standard, see [2] or [3] for details.

We note that by bounding the depth of intersections
that may appear in a (U,-,n,*) - regular expression we get

a polynomial tape heirarchy of problems of arbitrary polynomial

tape complexity. Let (U,-,*)k - regular expressions be the
m

set of all r.e.i.'s of the form U R, where each R, is a
i=1 =

r.e.i. with k or fewer occurrences of intersection.

Theorem 4.8: For all nonnegative integers i and for all € > 0,

Inequiv((U,°,x)2i+l) requires nondet. tape O(nl_e).

Proof: We may rewrite i. in such a way that the number of
intersections used is 21?1- We do this by combining 1 and 3,
5.1 and 6.1, 5.2 and 6.2, etc.
1 and 3 combined is
[(z {ﬂ’l'ooo,# })* {#l'..', k l} (2 l'-o.,#k})*
]*'[(Z {# ,-..,n })*e # (Z {vl,-..,#k})*
1-[(z-{#l,...,#k})*-#k-(z—{#l,...,#k})*
n 2n+l]
5.1 and 6.1 are combined together as

The above construction works for 5.2 and 6.2 , etc.
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Thus for each i > 2 Li+l has 2 more occurrences of N
then Li. iz has exactly 5 occurrences of N, and io need have

none.

[We note that if we allow L _ to be O(knz), then we can write

-~

L

k

i+l in such a way that it requires only 1 more N then Li.]

But B (of Theorem 4.6) = R, g U Rj, where R, contains no N's

0 0
and the number (depth) of N's in each of the remaining Rj's

is 2i<l.
In [5] Meyer and Stockmeyer state the following theorem:

Theorem 4.9: et L be any language accepted by some non-deter-

. . . . n . .
ministic time ¢ Turing machine for some constant c >1].

Then L < Inequiv ((U,-,2)).
Ptime

Furthermore, there is a 4 > 1 such that Inequiv((U,-,2))

. . C s . n .
is recognized by a nondeterministic time d° machine.

Proof: We show how to simulate all the invalid computations
for all 2" det. time bounded Turing machines using only U, -,
and 2. A modified version of the same construction will simu-

late all 2n nondet. time bounded Tms.

We n&te that any valid computation is of the form
#[(2~#)2n#]k, where k < 2", Thus anv valid computation is
an element of.#-[(z—#)zn #_U'{A}]zn. (In the nondeterministic
case for any valid computation having more than 2™ i.d.s
there is a valid computation having less than or equal to 2"
i.d.'s, i.e., we can delete loops.) Thus, the maximum length

. 2n
for a valid computation is 1 + (2"+1) 2" = 2 + 2" + 1. we
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also demand that a valid computation have at least 1 i.d.
Thus all strings of length < 241 are invalid computations.
Let Bx equal the union of the following:

(1) all strings of length ¢ 2741,

(2) all strings with the wring initial configuration;

(3) all strings that contain no final state;

(4) all strings that do not end in a "#";

(5) all strings that contain an error; and

(6) all strings that are too long. on
’ n
[We write (5) as U (z U’{A})2 040,0 $2 L.
0,,0,,0, € Z ' 1723
17°2'°3
2n
(Z—fM(ol,02,03))'(Z.U (ah? -
2n n 2n
Any string in (5) is of length ¢ 2 +3+2-1+1+2 =
2n+! n : - 2t
2 + 2" + 3. We define 8 so that A € L(BX)A=>[A|1 2
(1)
241

g, = (Z.U{AD
(2)
((z-#) U ((3-(qg,xy)) Y (gprxp) s ((T=x%,)

<l
Xyt (B2 U oen = (Zox))) . en) I3 U0

™
Nr
I

+2n

U 2n
It i S B E CRL RN

n Y n
2.‘n-!-l b/ 2 —n+l-[2_U'{A}]2
n e ’ 2n
$2 1 gy -tz L an? 7t
(3)
2%
+ 241

5, = [(z- U (qg,t) U (a0’
€T

+ 20 + 3
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(4)

2n
B, = (z.U (an? Y2 z-p)
o)

B. = U (z U {Ah? 5271 (5o
5% 0 Lo 9y 92 %3 (Z-N(0y,0,,03))"

17°2'°3 ' . 2n

' (£ U {A}?"
, (6)
n n n

B =22 + 2.z uun?th

AU51ng 2 the lengths of 61,82,83,84,85, and 86 < 5n + constant.
Since 2 allows at most logarithmic shrinkings, given a
{U,',2)~regular expression we can find equivalent (U,°)-

8] by replacing a2 by a.a,

regular expression §' s.t. 8] <2
Since Inequiv((Y,-)) € NPTIME, Inequiv((U,*,2)) € ndtime (2°7)

for some c > 1.

We can use the proof of Theorem 4.7 to prove the follow-

ing extended theorem.

Theorem 4.10: Let Inequiv((U,°*,op,,...,0p,)) be p-complete.
v 1 k

Then

(1) Ve > 1, Inequiv((U,',opl,...,opk,z)) > natime (2°M);

Ptime
(2) Inequiv((U,',opl,...,opk,z)) € ndtime (d") for some d ” 1,

and

(3) Inequiv((U,',opl,...,opk,z)) € PTAPE iff PTAPE = U U

ndtime (2cn ). "
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Proof: (1) and (2) follow from the proof of 4.9.
(3) follows since in space 0(cn?) we can describe

2
arbitrary 2" nondet time bounded computations.

Corollary 4.11:

(1) For all positive integers c > 1, Inequiv((U,~,ﬂ,2)X 2
Ptime

ndtime (ch).

(2) Inequiv((U,-,ﬂ,z)) € ndtime (a%) for some d > 1.

(3) Inequiv((, -, Opl”"'°pk£2)) € PTAPE iff

PTAPE = U ‘U ndtime (27 ).

Proof:; Immediate from Theorems 2.3 and 4.8.

Finally we observe the following:

(1) (U,',n,rev,z) and (U,-,Y,z) satisfy the conditions of
Theorem 4.8 and

(2) the predicates in (1), (2), (3), (4), and (6) in Theorem

2.6 could be substituted for Inequiv in Theorem 4.8.
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